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ABSTRACT 

This research aims to advance the field of physics-informed machine learning (PIML) in 

four critical aspects and to apply PIML methods to solve forward and inverse problems in 

structural engineering. The research begins with a detailed introduction to the basic knowledge 

of PIML including two powerful frameworks, namely physics-informed neural network (PINN) 

and physics-informed graph neural network (PIGNN), by reviewing extensive relevant 

literature. The core idea of PIML is to integrate the physical laws described by governing 

equations into neural network (NN) architectures by incorporating these equations, along with 

boundary and initial conditions and other essential constraints, as penalty terms in the loss 

function. Then, the applications of PINN and PIGNN in the field of structural engineering are 

comprehensively reviewed, and the current limitations of PIML are also discussed and 

summarized. To address the existing research gaps, several solutions are proposed in this 

research to enhance the performance of PIML methods. 

Automatic differentiation (AD) is a key function of PINN, as it computes the derivatives 

of the NN output based on the chain rule to form the physics-informed loss function. Vanilla 

PINN often struggles with high-order governing equations because the AD function should be 

applied multiple times to compute the high-order derivatives, which inevitably accumulates 

computational errors. Therefore, the first improvement lies in the introduction of auxiliary 

outputs of PINN for reducing the highest order of the governing equation. By defining auxiliary 

outputs representing the lower-order derivatives of the original NN output, the governing 
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equation can be reformulated in a downscaled form. The effectiveness of the proposed 

approach is validated through numerical examples involving high-order differential equations, 

demonstrating significant improvements in both training efficiency and prediction accuracy. 

In addition to high-order governing equations, the large number of boundary conditions 

and their treatment in vanilla PINN also pose computational challenges. Boundary conditions 

are embedded by defining a penalty term in the total loss function and are satisfied by enforcing 

this penalty term to approach zero, which is called the “soft” manner. However, this soft 

enforcement cannot guarantee zero residuals of the boundary after training. Thus, a series of 

modulating functions are derived as the second improvement for “hard” enforcement of all 

boundary conditions, thereby converting the original output of NN to automatically satisfy the 

boundary conditions without the need for a penalty term. The performance of this method is 

validated through both forward problems, i.e. structural response prediction, and inverse 

problems, i.e. identifying the unknown rotational stiffness of semi-rigid joints. Numerical case 

studies and experimental validation are carried out, showing that PINN with hard-embedded 

boundary conditions outperforms vanilla PINN in both forward and inverse cases. 

Although modulating functions are effective for tackling boundary conditions, this 

method exhibits limitations when applied to problems involving complex and irregular 

domains. Deriving analytical forms of modulating functions becomes challenging or even 

impossible in such cases. To address this issue, a unified framework termed two-phase physics-

informed neural network (TP-PINN) is proposed as the third improvement. TP-PINN 

framework employs pretrained NNs, which can be constructed in arbitrary shapes, to replace 

modulating functions. TP-PINN is not only suitable for irregular domains but also decouples 
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the enforcement of boundary conditions from the multi-objective loss function by separating 

the training process into two phases, thereby mitigating the negative impact of multi-objective 

optimization on computational efficiency. The effectiveness of this novel framework is 

demonstrated through a forward problem involving the computation of the deformation of an 

Euler-Bernoulli beam and a Kirchhoff-Love plate, which are governed by high-order ordinary 

and partial differential equations. 

In the analysis of structures with graph-like connectivity, such as truss structures and 

cable-strut systems, the geometry and topology of structures are important structural 

information that can be learned within the PIML framework. These inherent graph-like 

properties inspire the integration of graph neural network (GNN) into PIML frameworks. In 

the last part of this research, PIGNN, where GNN is leveraged to replace the commonly used 

fully-connected feedforward neural network (FCFNN), is proposed as the fourth aspect to 

improve vanilla PINN. The prestress design task of tensegrity structures, a type of prestressed 

cable-strut structure, is performed by both vanilla PINN and PIGNN. Two-dimensional and 

three-dimensional tensegrity structures with regular and irregular geometries are investigated. 

Results show that PIGNN outperforms PINN in terms of efficiency and accuracy by effectively 

capturing the geometry and topology information of structures. 
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CHAPTER 1 
 

Introduction 
 

 
 

1.1 Research Background 

The rapid advancements in machine learning (ML) and deep learning (DL) have shown 

great potential in solving complex problems across various domains, including engineering, 

healthcare, finance, and more. In the field of structural engineering, these techniques have been 

particularly useful for understanding and predicting the behavior of structural systems. In the 

prediction of structural behavior and the identification of structural parameters, numerical 

methods such as the finite element method (FEM) are often employed. Traditional approaches 

face challenges such as requirements of high-quality data, high computational complexity and 

resource demands, and limited ability to handle nonlinearity, especially in large-scale structures 

and complex models. To address these challenges, researchers have turned to ML approaches, 

which can learn intricate relationships and make predictions from measurement data. However, 

structural response data is often difficult to measure or too expensive to obtain. Meanwhile, 

traditional data-driven models often struggle with incorporating physics-based knowledge, 

leading to limitations in accuracy, interpretability, and computational efficiency. This has given 

rise to the development of scientific machine learning (SciML) techniques, such as physics-



 
Chapter 1 

 

2 
 

informed machine learning (PIML), which aims to integrate fundamental laws of physics into 

ML models, thereby improving their performance and interpretability, and overcoming the 

dilemma posed by limited measurement data. 

PIML (Karniadakis et al. 2021) is a rapidly growing interdisciplinary field that combines 

the strengths of physics-based modeling and data-driven ML to address complex problems in 

science and engineering. Physics-based models, while grounded in well-established scientific 

principles, often struggle with computational complexity, scalability, and adaptability, 

particularly in the presence of uncertainties, nonlinearities, or high-dimensional parameter 

spaces. On the other hand, purely data-driven ML models can be prone to overfitting, lack of 

interpretability, and poor generalization, especially when dealing with limited, noisy, or 

heterogeneous data. PIML was introduced as a solution to bridge the gap between these two 

approaches by leveraging the power of ML while incorporating underlying physical laws and 

previously derived principles. 

PIML has evolved through the integration of ML techniques such as artificial neural 

networks (ANNs) (Alhajeri et al. 2022) and Bayesian inference (Yang et al. 2021) with physical 

knowledge. The primary goal is to develop accurate, robust, and interpretable ML models that 

can learn underlying patterns and relationships from limited data while respecting the physical 

laws governing the system. This is achieved by incorporating physical information into the 

neural network (NN) architecture, training process, or loss function of ML models. 

Over the years, various PIML techniques have been developed, such as physics-informed 

neural network (PINN) (Raissi et al. 2019a), physics-informed neural ordinary differential 
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equation (PINODE) (Lai et al. 2021), physics-informed neural operator (PINO) (Li et al. 

2021b), and physics-informed graph neural network (PIGNN) (Shukla et al. 2022). These 

PIML techniques have found applications in numerous scientific and engineering fields. In 

structural engineering, PIML has been utilized for structural parameter identification (Rojas et 

al. 2021), damage detection (Xu et al. 2023), and topology optimization (Jeong et al. 2023). In 

fluid dynamics, PIML is employed to model and predict fluid flow, turbulence, and transport 

phenomena in complex geometries and boundary conditions (Cai et al. 2021a). In materials 

science, it contributes to the discovery, design, and characterization of new materials with 

tailored properties (Zhang and Gu 2021; Chen et al. 2020a). In geophysics and earth sciences, 

PIML can be applied to model and predict the behavior of geological, hydrological, or 

atmospheric systems (Ahmmed et al. 2022). In biological and medical sciences, it is used to 

model and understand intricate processes and interactions, such as protein folding, cellular 

signaling, and tumor growth (Alber et al. 2019). 

Despite its promise, there is still room for improvement in several areas of PIML. For 

example, improving the computational efficiency and robustness of PIML algorithms when 

solving high-dimensional problems or complex systems with numerous boundary conditions 

is a pressing need. Also, it is crucial to develop more general and flexible techniques for 

integrating physical principles and information with ML, as this will broaden its applicability 

across various problems. Therefore, this thesis focuses on improving PIML from the following 

four directions: First, reducing the order of the governing equation by decomposing higher-

order differential equations into a series of second- or third-order differential equations to 
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facilitate computation; Second, embedding boundary conditions in a hard manner to enhance 

the prediction accuracy especially near the boundary; Third, decoupling the training process 

for satisfying boundary conditions to alleviate the difficulty in multi-objective optimization; 

Fourth, introducing graph neural network (GNN) to PIML as PIGNN to improve the flexibility 

and training efficiency by leveraging more physical information. Also, the proposed methods 

will be applied to solve different kinds of structural problems. 

1.2 Research Motivations and Objectives 

PIML has emerged as a transformative approach that combines the strengths of data-

driven ML models with physical knowledge, offering significant potential for solving complex 

problems in engineering. Despite its promise, several critical challenges persist in applying 

PIML methods. These challenges stem from the inherent complexity and computational burden 

of large-scale, high-dimensional problems and from the difficulty of ensuring interpretability, 

robustness, and generalizability of the PIML models. This thesis seeks to address these 

challenges by developing novel PIML methods that enhance their accuracy, efficiency, 

interpretability, and scalability, ultimately contributing to their applications in structural 

engineering. The improvements in PIML presented in this thesis are motivated by the following 

four aspects: 

First, structural engineering problems often involve complex, high-order differential 

equations that describe the behavior of structures under various loads and conditions, such as 

the fourth-order Euler-Bernoulli beam equation and Kirchhoff-Love plate equation. Traditional 
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PIML methods may struggle with these high-order equations due to the errors that accumulated 

from repeated automatic differentiation (AD) functions and gradient vanishing, gradient 

exploding problems. High-order differential terms can lead to inaccurate computation, unstable 

solution, slow convergence, and even training failure in NNs. 

Second, some problems described by differential equations involve many boundary 

conditions, and the effective incorporation of these boundary conditions is a primary challenge 

in PIML. In the vanilla PINN framework, these constraints are often embedded as soft penalty 

terms in the loss function, meaning that their enforcement depends on the training process. 

Boundary conditions cannot be strictly satisfied because the penalty term can only be reduced 

toward zero. This treatment can lead to inaccurate predictions near the boundaries and critical 

regions, especially when faced with complex, high-dimensional problems. 

Third, in typical scenarios, multiple penalty terms in the loss function represent residuals 

of the governing equation, boundary conditions, initial conditions, and observed data, resulting 

in a multi-objective optimization problem during training. Balancing these penalty terms 

remains crucial, as poor weighting can lead to slow convergence, excessive computational cost, 

and low accuracy. 

Lastly, traditional PIML models, such as PINN, often treat the physical system as a 

continuous domain without explicitly considering the topological relationships between 

elements of the system. For example, structural systems, such as trusses, frames, and cable-

strut structures, are inherently composed of interconnected structural elements. Their elements 

and connectivity can be naturally represented as graphs. However, vital structural information, 
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including structural geometries and topologies, is often ignored when constructing the vanilla 

PINN framework. 

In summary, this thesis is motivated by the need to address current challenges in PIML 

frameworks and the applications of PIML in structural engineering, with a particular focus on 

parameter identification, response prediction, and design. 

This thesis aims to advance the state-of-the-art in PIML in terms of accuracy, efficiency, 

interpretability, and scalability, and provide more intelligent, reliable, and effective tools for 

tackling complex problems in structural engineering. To this end, the specific objectives are 

summarized as follows: 

1. Conduct a comprehensive review of state-of-the-art PIML methods. This objective 

surveys the latest developments in PIML frameworks, emphasizing PINN and PIGNN, 

and their applications in solving engineering problems. The review covers detailed 

introductions to the development, implementation, and computational challenges of 

these methods, followed by a critical assessment of their strengths, weaknesses, and 

areas for improvement. 

2. Develop a novel PINN framework with auxiliary outputs for reducing the order of 

governing equations. This objective aims to address the computational difficulties 

associated with high-order governing equations in vanilla PINN. This method 

introduces auxiliary outputs representing lower-order derivatives of the original output, 

is integrated into the vanilla PINN to simplify the governing equations. With this 

method, high-order governing equations are decomposed into a series of lower-order 
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differential equations, thus reducing the computational burden and improving the 

stability of the training process. 

3. Enhance prediction accuracy by handling boundary conditions in a hard manner within 

the proposed PINN framework. Modulating functions will be derived for various 

boundary conditions to transform the original outputs of the NN. By transforming the 

outputs to strictly satisfy boundary conditions, associated penalty terms are no longer 

needed. This approach ensures automatic, exact satisfaction of boundary conditions 

and yields more accurate, reliable predictions, especially near the boundaries. 

4. Extend the hard manner treatment of boundary conditions to problems with complex 

domains and optimize the multi-objective training process. Under this objective, a 

novel framework termed two-phase physics-informed neural network (TP-PINN) is 

proposed to decouple the entire training process into two phases. Boundary conditions 

are satisfied by pretrained NNs in the first phase, while the auxiliary output-based 

method is adopted in the second phase to reduce computational burden, improving 

both efficiency and accuracy. In addition, this two-phase design mitigates the 

challenges of multi-objective optimization. 

5. Integrate GNN into the PIML framework to leverage structural topology. This 

objective aims to develop a novel PIGNN framework by introducing GNN to replace 

the commonly used fully-connected feedforward neural network (FCFNN) in PINN. 

By leveraging inherent graph-like properties of certain structures, additional structural 

information such as structural topology can be naturally incorporated in PIGNN, thus 
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enhancing the model’s ability to capture interactions and dependencies within 

complex structures. 

6. Implement and validate the proposed PIML frameworks through numerical and 

experimental case studies involving diverse structural systems. The performance of 

these frameworks will be evaluated in terms of accuracy, computational efficiency, 

and robustness to noisy data. These results will demonstrate their applicability and 

effectiveness for a broad range of structural engineering problems. 

1.3 Thesis Outline 

This thesis is structured into seven chapters, covering various aspects of developing and 

advancing PIML frameworks for structural engineering applications. The vanilla PINN is 

selected as the baseline model, as it represents the most fundamental and widely adopted 

framework in PIML. Using this benchmark allows for a clear and fair comparison with the 

proposed frameworks, highlighting their effectiveness in addressing the limitations of the 

vanilla PINN. The outline of the thesis is as follows: 

Chapter 1 provides an overview of the research background, motivation, and objectives, 

emphasizing the significance of integrating ML techniques with physical knowledge to tackle 

complex problems. The key challenges in PIML are summarized as the motivation for this 

work. Finally, the objectives are clearly defined: to develop novel PIML methods that enhance 

model performance, scalability, and applicability in structural engineering applications. 

Chapter 2 presents a comprehensive literature review of the state-of-the-art in PIML, 
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focusing on PINN, PIGNN, and related techniques. This chapter examines the developments 

and practical applications of these methods, highlighting their strengths and limitations when 

applied to engineering problems. Based on the literature review, research gaps in PIML 

methods are identified, motivating the enhancements proposed in subsequent chapters. 

Chapter 3 begins with the basics of the vanilla PINN. It then analyzes the underlying 

reasons for the training failure of vanilla PINN on high-order differential equations from the 

perspective of training dynamics. Then, this chapter introduces a novel method of auxiliary 

outputs for reducing the highest order of governing equations. Lastly, numerical case studies 

of three high-order differential equations are performed to validate the effectiveness of the 

proposed method. 

Chapter 4 further enhances the proposed framework by introducing the concept of 

embedding boundary conditions in a hard manner using modulating functions. This chapter 

first details the development of modulating functions for various boundary conditions. Then, 

the auxiliary output-based method is also integrated to facilitate computation. After that, 

numerical case studies of structural response prediction and unknown parameter identification 

are carried out to demonstrate the performance of the proposed method. Finally, experimental 

validation is conducted to illustrate the practical application of the proposed method. 

Chapter 5 proposes the TP-PINN framework, which decouples the training process into 

two distinct phases. This chapter begins with detailed introduction to the fundamental 

principles, implementation approach, and training procedures of the TP‑PINN method. Then, 

two numerical case studies on structural analysis problems are presented to demonstrate the 
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performance of TP-PINN compared to vanilla PINN. Finally, a comprehensive discussion of 

TP-PINN, including its effectiveness and limitations, is provided. 

Chapter 6 introduces PIGNN as an innovative approach for incorporating structural 

topology into PIML models. The fundamentals of prestress design of tensegrity structures are 

presented first, followed by the development of PIGNN. A comparison between vanilla PINN 

and PIGNN is presented through several case studies, demonstrating PIGNN’s superior 

performance in this task. 

Chapter 7 presents the conclusions and recommendations for this thesis. It summarizes 

the key findings and contributions and outlines directions for future research. 
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CHAPTER 2 
 

Literature Review 
 

 
 

2.1 Physics-Informed Machine Learning 

This chapter presents a comprehensive literature review of PIML. The structure of this 

chapter is illustrated in Figure 2-1, and the contents are organized as follows. First, the 

fundamentals of PIML (Block 1 in Figure 2-1), including its definition, development, and 

applications, are reviewed. Second, as a well-established PIML framework, PINN (Block 2) is 

reviewed in detail, including its implementation, application scope, and related variants. Third, 

the promising PIGNN framework (Block 3) is briefly introduced. Finally, the research gaps 

(Block 4) are summarized. 

 

Figure 2-1 Overall structure of the literature review 



 
Chapter 2 

 

12 
 

2.1.1 Definition of PIML 

ML can be broadly defined as a field of study that gives computers the ability to learn 

without being explicitly programmed and to make predictions based on data (Samuel 1959). 

Building on this, Jordan and Mitchell (2015) describe “learning” as the transformation of 

information. ML, therefore, refers to automated learning processes that convert training data 

and prior knowledge into expertise used for performing tasks or making predictions. 

PIML (Karniadakis et al. 2021) is an emerging discipline within data science and artificial 

intelligence (AI), distinct in its explicit integration of physical knowledge into the learning 

process. While traditional ML relies solely on data, often leading to a “black box” model that 

lacks interpretability, PIML incorporates physical laws and domain-specific knowledge 

directly into the model. This approach enhances the robustness, interpretability, and reliability 

of the results, especially in areas such as fluid mechanics, structural engineering, and materials 

science, where predictions should align with the constraints of physical reality. 

2.1.2 Development of PIML 

PIML is developed to overcome the limitations of traditional data-driven ML methods, 

which may perform well when extensive training data is available but often struggle when data 

is scarce or when the problem requires adherence to known physical constraints (Karniadakis 

et al. 2021; Cuomo et al. 2022). By embedding physical principles directly into ML models, 

PIML addresses these issues, thereby improving accuracy and providing solutions consistent 

with physical laws. 
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Emergence and Evolution of PIML 

Traditional ML excels at pattern recognition and making predictions from large datasets, 

but these models often lack the ability to incorporate the physical laws governing the systems 

(Willard et al. 2022). This can lead to accurate predictions within a dataset but inconsistent 

results when applied to new scenarios. For instance, in fluid dynamics, purely data-driven 

models may capture turbulence patterns accurately during training but fail to generalize under 

different flow conditions, as they do not consider the underlying Navier-Stokes (NS) equations 

that govern fluid behavior. Therefore, PIML is proposed to overcome these shortcomings by 

embedding physical knowledge directly into the learning process, ensuring that models respect 

the governing laws, even in the absence of extensive training data. 

The emergence of PIML was facilitated by several critical factors. For example, advances 

in computer hardware such as graphics processing unit (GPU) and software frameworks like 

TensorFlow (Abadi et al. 2016) and PyTorch (Paszke et al. 2017; Paszke et al. 2019) also made 

significant contributions, while the development of AD (Rumelhart et al. 1986; Baydin et al. 

2018) allowed for the efficient computation of gradients. 

From the historical perspective, the increasing complexity of scientific problems drove 

the need for methods that could combine physical laws with data-driven models. Traditional 

numerical solvers, while effective, faced significant computational bottlenecks when dealing 

with high-dimensional, nonlinear, or multi-scale problems. Large-scale simulations in climate 

modeling, materials science, or computational fluid dynamics (CFD) often became 

computationally prohibitive using only classical numerical techniques. Therefore, researchers 

are looking for ML-based solutions to handle complex problems (Ling et al. 2016). 
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The evolution of PIML is characterized by the development of various methods aimed at 

embedding physics into ML models more effectively. Early approaches, such as the deep Ritz 

method (E and Yu 2018) and the deep Galerkin method (Sirignano and Spiliopoulos 2018), 

were designed to solve variational and differential problems by approximating the solutions of 

governing equations using NNs. These pioneering methods paved the way for more 

sophisticated frameworks, such as PINN. In addition, PINODE (Lai et al. 2021) further 

extended PIML’s capabilities to dynamic systems with continuous time evolution. 

Foundation of PIML 

PIML is built upon several core foundations. The development of NNs, including 

architectures like multilayer perceptron (MLP) (Gardner and Dorling 1998; Popescu et al. 

1998), convolutional neural networks (CNNs) (O’Shea and Nash 2015), and recurrent neural 

networks (RNNs) (Salehinejad et al. 2018), has provided the building blocks for PIML. These 

DL architectures enable the modeling of complex, high-dimensional relationships, which is 

crucial for accurately capturing the dynamics of physical systems. 

The evolution of programming languages and ML libraries has also been instrumental in 

the development of PIML. Python, with its ease of use and extensive community support, has 

become the primary language for implementing DL models. Libraries such as TensorFlow and 

PyTorch have further simplified the process of developing and training ML models. The 

availability of these tools has lowered the barrier to entry for researchers, enabling the rapid 

prototyping and testing of PIML models. 

Another key foundation of PIML is the development of optimization algorithms that allow 
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for efficient training of large-scale ML models. Methods such as stochastic gradient descent 

(SGD) (Amari 1993), Adam (Kingma and Ba 2017), and limited-memory Broyden-Fletcher-

Goldfarb-Shanno (L-BFGS) (Byrd et al. 1995) have proven essential for training PIML models, 

enabling them to converge efficiently even when dealing with high-dimensional systems. 

Cuomo et al. (2022) provide a detailed exploration of how these optimization techniques have 

improved the efficiency and scalability of ML, making it possible to apply these models to 

scientific problems that were previously unsolvable. 

The development of PIML has also been significantly influenced by advancements in 

computational hardware. The advancements of GPUs and other hardware accelerators have 

drastically reduced the training time of NNs, making it feasible to apply PIML models to large-

scale scientific problems. High-performance computing (HPC) resources have enabled the 

parallelized training of complex models (Owens et al. 2008; Nickolls et al. 2010), allowing 

researchers to tackle problems that were previously computationally intractable. 

Embed physics into ML 

Embedding physical principles into ML models is crucial for ensuring that the resulting 

predictions are physically consistent and reliable. In PIML, there are three primary paths, 

observational biases, inductive biases, and learning biases, that can be utilized independently 

or in combination to guide the learning process and enhance model generalization. 

Observational biases involve incorporating data that already reflects the underlying 

physical principles. This can be achieved by using datasets generated through experiments or 

simulations that embody physical laws, as well as through data augmentation techniques that 
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incorporate domain-specific knowledge (Yang and Perdikaris 2019a; Li et al. 2021a; Kashefi 

et al. 2021). 

Inductive biases are introduced by modifying the ML model’s architecture to explicitly 

enforce physical constraints. This could involve tailoring the model structure so that the 

predictions implicitly satisfy given physical laws, which are typically represented as 

mathematical constraints. For example, incorporating symmetries directly into the NN 

architecture ensures that the model inherently respects these properties (Bronstein et al. 2017; 

Cohen et al. 2019; Mattheakis et al. 2020). While inductive biases are a principled way to 

embed physical knowledge, they are often limited by the complexity of physical laws and may 

require specialized implementations (Pfau et al. 2020). 

Learning biases involve introducing physical constraints during the training process, often 

by modifying the loss function to include penalty terms representing physical laws. These 

constraints can be implemented as soft penalties, which guide the model to favor solutions that 

approximately satisfy the underlying physical equations (Lagaris et al. 1998; Raissi et al. 

2019a). This approach offers a flexible framework for incorporating a broad range of physical 

laws, which are expressed in integral, differential, or fractional form (Raissi et al. 2019a; Lu et 

al. 2021b; Pang et al. 2019). Although learning biases may not guarantee strict adherence to 

physical laws, they provide an adaptable way to ensure that the model’s predictions align with 

physical expectations while maintaining the flexibility to handle diverse scenarios. 

By embedding physics into the ML process through observational, inductive, and learning 

biases, PIML models are well equipped to generalize and provide physically meaningful 

predictions, even in cases where traditional ML methods may fail due to the lack of data. 
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Physics-Informed Neural Network 

PINN (Raissi et al. 2019a) is a class of PIML framework that integrates governing 

equations, such as partial differential equations (PDEs), directly into the ML framework. PINN 

is trained by minimizing a loss function that combines the residuals of governing PDEs, initial 

and boundary conditions, and observed data. This allows PINN to approximate the solutions to 

governing PDEs. Unlike traditional supervised ML methods that require labeled training data, 

PINN operates in an unsupervised manner by converting the solution of governing equations 

into a problem of loss function optimization. 

The concept of embedding physical knowledge in ML models is not entirely new. Early 

work by researchers such as Dissanayake and Phan-Thien (1994) employed simple NNs to 

approximate PDE solutions, laying the groundwork for more sophisticated methods like PINN. 

Building on these foundational ideas, Raissi et al. (2017a; 2017b) introduced Gaussian process 

regression to represent operator functionals and infer solutions with uncertainty estimates, 

which was extended to the development of PINN. 

PINN offers several advantages over traditional numerical methods like FEM and finite 

difference method (FDM). It provides a flexible framework for solving both forward and 

inverse problems using the same NN architecture. Moreover, solutions obtained through PINN 

are differentiable, enabling easy computation of analytical gradients, which is often beneficial 

for further analysis and optimization. PINN is advantageous in domains with complex 

geometries or in high-dimensional settings where traditional numerical solvers face significant 

challenges. Despite its promise, there remain areas for further research, such as improving 

optimization techniques, exploring new activation functions, and addressing theoretical 
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questions to enhance the robustness and efficiency of PINN. 

The detailed implementation and applications of PINN will be further elaborated in 

Section 2.2. 

Physics-Informed Neural Ordinary Differential Equation 

Neural ordinary differential equation (NODE) (Chen et al. 2018) represents a class of 

data-driven ML models that leverages ordinary differential equations (ODEs) to describe the 

evolution of hidden states within a system. NODE has shown significant promise in modeling 

complex dynamic systems, especially in continuous-time and continuous-depth modeling tasks. 

NODE originated from the residual networks (ResNets) (He et al. 2016), which can be thought 

of as approximating differential equations in a discrete manner. In ResNets, the desired 

mapping between states is expressed in terms of a residual function, allowing the evolution of 

hidden states to be learned iteratively. As the number of layers in the network becomes very 

large and the step size approaches zero, the relationship between hidden states can be 

interpreted as a continuous-time model governed by an ODE. 

The fundamental architecture of NODE involves representing the evolution of hidden 

states as a continuous dynamical system parameterized by a NN, which can be described by: 

𝑑𝑑ℎ(𝑡𝑡)
𝑑𝑑𝑑𝑑

= 𝑓𝑓(ℎ𝑡𝑡, 𝑡𝑡,𝜃𝜃) (2 − 1) 

where ℎ(𝑡𝑡) represents the hidden state at time t, and 𝑓𝑓(∙) is a NN parameterized by weights 

𝜃𝜃. The input and output of a NODE are related through an initial value problem (IVP), where 

the initial state ℎ(0) represents the input, and the later state ℎ(𝑇𝑇) is the output. To solve the 

IVP, an ODE solver such as Runge-Kutta methods is used to integrate the dynamics of the 
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system over time. 

With the development of NODE, several variants have been proposed to address specific 

limitations and extend their applicability. Augmented NODE (ANODE) (Dupont et al. 2019) 

is a prominent variant designed to overcome representational limitations of standard NODE. 

Another notable variant is the data-controlled NODE (DCNODE) (Massaroli et al. 2020), 

which improves NODE’s performance by embedding input data directly into the vector field. 

To further improve the versatility and applicability of NODE, PINODE was proposed (Lai 

et al. 2021; Lai et al. 2022). PINODE incorporates prior physical knowledge into the NODE 

framework, making it more applicable to real-world problems. Unlike standard data-driven 

NODE, which may struggle with high-dimensional or complex systems, PINODE leverages 

physical laws and domain knowledge to constrain the model and improve generalization. For 

instance, PINODE can be used in structural health monitoring (SHM) tasks, such as model 

updating and damage detection. 

PINODE has demonstrated success across various applications. For example, in the 

context of stochastic dynamical systems, the stochastic PINODE (O’Leary et al. 2022) has been 

developed to handle stochastic differential equations by predicting moment trajectories and 

aligning them with empirical data. Another application is the integration of attention 

mechanisms into NODE, as demonstrated by the attentive dual co-evolving NODE (Jhin et al. 

2021). The incorporation of attention mechanisms can enhance the ability of the model to focus 

on relevant aspects of the input data, improving the model’s performance in scenarios with 

complex dependencies. 

In conclusion, PINODE represents an important framework of PIML, bridging the gap 
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between purely data-driven models and those grounded in physical principles. By incorporating 

domain-specific knowledge, PINODEs provide improved generalization, robustness, and 

interpretability, making them well-suited for a wide range of scientific and engineering 

problems. 

Physics-Informed Neural Operator 

PINO represents a hybrid paradigm that combines data-driven operator learning with 

physics-constrained optimization to learn solution operators for families of parameterized 

PDEs (Li et al. 2021b). Based on the universal approximation properties of the Fourier neural 

operator (FNO) framework, PINO augments supervised learning on coarse-resolution datasets 

with high-resolution PDE residuals enforced via AD, thereby overcoming the optimization 

challenges and data scarcity issues inherent in the traditional PINN and purely data-driven 

neural operators (NOs). 

In the PINO methodology, NO parameterizes the mapping from input functions, such as 

initial or boundary conditions, to solution fields, while physics-based losses computed at finer 

discretization ensure strict adherence to governing equations. This multiresolution training 

regime enables PINO not only to match ground-truth operators where data are available but 

also to perform zero-shot super-resolution, accurately predicting solutions on meshes orders of 

magnitude finer than those seen during training (Li et al. 2021b). Importantly, PINO succeeds 

even in purely physics-constrained settings, where no labeled data exist, thanks to the stability 

and expressivity of its operator learning backbone. 

PINO attains superior accuracy and convergence rates. For canonical problems, including 
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Kolmogorov flows and nonlinear Burgers equations, PINO exhibits markedly low residual 

errors and fast training dynamics, while retaining conservation properties and facilitating 

efficient inference (Maust et al. 2022). Variants of PINO have been developed for coupled 

forward-backward PDE systems in mean field games and for closure-model-free learning of 

chaotic dynamics, achieving significant speedups and robust long-term predictions (Wang et 

al. 2024; Chen et al. 2023). 

Recent advances explore self-training strategies that iteratively refine PINO predictions 

with pseudo-labels to bridge remaining performance gaps when training exclusively with 

physics loss, further enhancing data efficiency and model robustness (Majumdar et al. 2023). 

By embedding physical laws into a discretization-free NO framework, PINO offers a powerful 

and generalizable approach for solving forward and inverse problems across scientific and 

engineering domains, positioning itself as a cornerstone of modern PIML. 

Physics-Informed Graph Neural Network 

PIGNN integrates the topological modeling capabilities of GNN with the physical 

constraints of PINN to solve PDE-governed problems on arbitrary, unstructured domains 

(Shukla et al. 2022; Peng et al. 2022). By representing spatial discretization as graph nodes and 

connectivity as edges, PIGNN naturally accommodates irregular meshes and complex 

geometries that challenge traditional grid-based approaches. The fusion of graph inductive 

biases with physics-based losses enhances both generalization to unseen configurations and 

interpretability of the learned surrogates. 

The training objective of PIGNN combines data-driven supervision with physics-
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informed residuals computed at graph nodes via AD or graph exterior calculus, ensuring strict 

enforcement of PDE constraints and boundary conditions without requiring dense labeled data 

(Zhang et al. 2025a; Chenaud et al. 2023). This approach decouples spatial connectivity from 

the underlying physics, yielding robust surrogate models suitable for both forward simulations 

and inverse parameter identification. 

Benchmark studies demonstrate that PIGNN trained on small-scale or simply meshed 

examples generalizes zero-shot to larger, more complex systems (Ramos-Osuna et al. 2025; 

Thangamuthu et al. 2022). Such scalability addresses the in-sample limitations of earlier PIML 

methods and opens the door to efficient large-scale modeling. 

PIGNN has been successfully applied across engineering and scientific domains, 

including urban wind-field forecasting on unstructured meshes (Liu and Pyrcz 2023), nonlinear 

fluid dynamics and elasticity modeling in complex geometries (Peng et al. 2023), and inverse 

material-property estimation using sparse sensor networks (Di Lorenzo et al. 2024). Their 

ability to embed prior physical knowledge within graph representations reduces data 

requirements and enhances solution fidelity. 

By embedding physical constraints into graph-based architectures, PIGNN bridges data-

driven learning and classical numerical solvers, paving the way for efficient, scalable 

simulations and inverse designs on real-world, unstructured domains (Shi et al. 2025; Goswami 

et al. 2023). Their growing adoption promises transformative advances in multidisciplinary 

modeling, from fluid flows and structural mechanics to astrophysical and biomedical systems. 

As a promising framework in the PIML family, PIGNN will be further introduced in 

Section 2.3. 
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2.1.3 Applications of PIML in Engineering and Beyond 

PIML has found widespread application across various fields of engineering and beyond. 

This section explores several key applications of PIML, emphasizing its use in solving 

differential equations in engineering, as well as its specific applications in fluid mechanics, 

solid mechanics, and materials science. 

Differential Equations 

PIML is built to solve engineering problems that can be described by differential equations, 

such as ODEs, PDEs, fractional-order differential equations (FODEs), as well as integro-

differential equations (IDEs). Before diving into specific applications, different types of 

differential equations governing various engineering problems that can be dealt with PIML will 

be reviewed and summarized. 

Ordinary Differential Equations 

ODEs are fundamental tools for modeling complex nonlinear systems, particularly those 

are difficult to represent using purely physics-based models (Lai et al. 2021). A typical ODE 

system is expressed as: 

𝑑𝑑𝑑𝑑(𝑥𝑥, 𝑡𝑡)
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑢𝑢(𝑥𝑥, 𝑡𝑡), 𝑡𝑡) (2 − 2) 

where initial or boundary conditions can be specified, leading to either an IVP or a boundary 

value problem (BVP). PINODE approaches have been employed in various engineering 

applications to solve ODEs effectively. For example, Lai et al. (2021) applied PINODE to the 

structural identification of a spring-mass system modeled as a four-degree-of-freedom 

dynamical system with cubic nonlinearity, using both simulated and noisy experimental data 
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to learn the governing dynamics of structures equipped with negative stiffness devices. 

Zhang et al. (2020b) employed a deep long short-term memory (LSTM) network within 

the PINN framework to solve nonlinear structural systems subjected to seismic excitation. 

Examples include steel moment-resisting frames and the single-degree-of-freedom Bouc-Wen 

model, which represents a nonlinear system with rate-dependent hysteresis. Their work aimed 

at addressing the challenges of modeling nonlinear equations of motion: 

𝑢̈𝑢 + 𝑔𝑔 = −Γ𝑎𝑎𝑔𝑔 (2 − 3) 

where 𝑔𝑔(𝑡𝑡) = 𝑀𝑀−1ℎ(𝑡𝑡) represents the mass-normalized restoring force, with 𝑀𝑀 being the 

mass matrix and ℎ the total nonlinear restoring force. 

The use of directed graph models for implementing ODEs as deep neural networks (DNNs) 

has also been explored (Viana et al. 2021), leveraging techniques such as Euler RNNs for 

numerical integration. Nascimento et al. (2020) provided a tutorial on how to implement ODE 

integration using Python and RNNs, offering practical guidance for researchers. 

PIML has also been applied to one-dimensional mechanics problems involving ODEs, 

such as the deformation of beams under various loading conditions. These problems are often 

described by the Euler-Bernoulli equation: 

𝜕𝜕2

𝜕𝜕𝑥𝑥2
�𝐸𝐸𝐸𝐸

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

� = 𝑞𝑞 (2 − 4) 

PIML approaches, such as PINN, provide a means to solve these ODEs. However, these 

high-order ODEs require multiple gradient computations within the PIML framework, which 

can hinder computational efficiency and accuracy. 
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Partial Differential Equations 

PDEs are essential for modeling a wide range of physical phenomena in engineering, 

including heat transfer, fluid flow, and elasticity. Traditional numerical approaches like FEM 

and FDM have been widely used to solve PDEs. However, these methods can be 

computationally intensive, especially for high-dimensional problems or those involving 

complex geometries. PINN presents an efficient alternative by incorporating the underlying 

physics directly into the ML framework. 

Kharazmi et al. (2019; 2021b) addressed general steady-state PDEs represented by: 

𝐹𝐹𝑠𝑠(𝑢𝑢(𝑥𝑥);𝑞𝑞) = 𝑓𝑓(𝑥𝑥)    𝑥𝑥 ∈ Ω (2 − 5) 

𝐵𝐵�𝑢𝑢(𝑥𝑥)� = 0     𝑥𝑥 ∈ 𝜕𝜕Ω (2 − 6) 

where 𝐹𝐹𝑠𝑠  typically includes differential or integro-differential operators, and 𝑓𝑓(𝑥𝑥)  is a 

forcing term. By incorporating physical constraints into PINN framework, they demonstrated 

that steady-state problems could be solved effectively, even for complex domains. 

Dwivedi and Srinivasan (2020) employed a hybrid approach combining PINN with 

extreme learning machine (ELM), to solve linear advection-diffusion problems in one and two 

dimensions. While effective for linear differential operators, this approach faced limitations for 

more complex cases. Ramabathiran and Ramachandran (2021) extended the use of PINN to 

linear elliptic PDEs, such as solving the Poisson equation in both regular and irregular domains, 

showing that PINN is robust in dealing with non-smooth solutions. 

Unsteady PDEs, which describe the temporal evolution of physical systems, are also 

effectively addressed by PINN. Niaki et al. (2021) studied heat transfer in composite materials 

using a system of PDEs, including the heat equation: 
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𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑎𝑎
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

+ 𝑏𝑏
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

(2 − 7) 

where parameters 𝑎𝑎  and 𝑏𝑏  are involved. They introduced a PINN consisting of two 

subnetworks and employed a sequential training algorithm to adaptively adjust the weights in 

the loss function, leading to improved prediction accuracy. 

He and Tartakovsky (2021) used PINN to solve advection-dispersion equations, such as: 

𝑢𝑢𝑡𝑡 + ∇ ∙ (−𝜅𝜅∇𝑢𝑢 + 𝜈𝜈𝜈𝜈) = 𝑠𝑠 (2 − 8) 

where 𝜅𝜅 is the dispersion coefficient. They found that PINN produced results superior to those 

obtained through traditional discretization-based methods. Moreover, Dwivedi and Srinivasan 

(2020) and He and Tartakovsky (2021) solved the same two-dimensional advection-dispersion 

problem, but PINN performed better due to a more effective weighting of boundary and initial 

conditions in the loss function. 

Overall, the versatility of PINN in handling both steady and unsteady PDEs makes it 

suitable for a broad range of engineering applications. Its ability to integrate complex boundary 

conditions, handle irregular geometries, and embed physical laws during training offers 

significant advantages over traditional numerical methods, particularly when high accuracy is 

needed in challenging scenarios. 

Fractional Order Differential Equations 

FODEs are useful for modeling complex phenomena that exhibit non-local behavior, such 

as anomalous diffusion and viscoelasticity, which are often challenging to capture using 

classical integer-order models. However, in practical spatiotemporal domains, experimental 

measurements are often scarce and affected by noise, making it difficult to accurately determine 
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the parameters of these models. 

PIML has been extended to fractional PDEs by leveraging modified numerical methods 

to address the challenges posed by fractional operators, which cannot be easily handled using 

standard AD. For example, Mehta et al. (2019) employed L1 scheme to approximate fractional 

derivatives and solve problems such as turbulent flow with one-dimensional mean flow. 

Pang et al. (2019) introduced the concept of fractional PINN (fPINN), which are designed 

to identify the parameters of fractional PDEs where the form of the equation is known, but 

coefficients and operators are unknown. Their approach was further extended by Kharazmi et 

al. (2021a), who addressed time-dependent fractional orders by employing separate NNs to 

represent each fractional order, along with a larger NN for representing the system states. 

The flexibility and adaptability of PINN to fractional PDEs demonstrate their potential for 

accurately modeling complex systems with non-local dynamics, even when data is limited or 

noisy. The hybrid methods employed, such as combining AD with numerical schemes, have 

paved the way for the effective use of PIML in solving FODEs. 

Fluid Mechanics 

Fluid mechanics is one of the most promising areas for applying PIML, given the complex 

and often turbulent nature of fluid flows that require advanced modeling techniques. PIML 

approaches, particularly PINN, have demonstrated success in modeling a wide range of fluid 

mechanics problems, including compressible flows, incompressible flows, and biomedical 

flows (Mao et al. 2020; Jin et al. 2021; Kissas et al. 2020; Arzani et al. 2021). 

PINN leverages governing PDEs to make accurate predictions in fluid systems, even in 
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data-sparse conditions, which allows for more robust and physically consistent models 

compared to purely data-driven approaches. For example, Mao et al. (2020) utilized PINN for 

modeling compressible flows, while Jin et al. (2021) applied it to incompressible flow problems, 

demonstrating the ability of PIML to handle both types of fluid dynamics effectively. 

The use of PINN has gained wide attention, especially for predicting spatiotemporal 

dynamics in fluid flows and for inverse modeling, such as parameter estimation in NS equations 

(Raissi et al. 2019b; Raissi et al. 2020; Cai et al. 2021; Eivazi et al. 2022). Besides PINN, other 

PIML methods have also been applied for spatiotemporal modeling in fluid mechanics, 

including PDE-preserved neural network (PPNN) (Liu et al. 2022) and physics-informed 

convolutional-recurrent network (PhyCRNet) (Ren et al. 2022). These methods provide robust 

frameworks for modeling both forward and inverse problems, leveraging physical constraints 

to improve generalization. 

Hybrid approaches are also extensively applied, particularly in turbulence closure 

modeling. Given the wide range of spatiotemporal scales present in turbulent flows, resolving 

all scales in practical configurations remains computationally infeasible. As a result, hybrid 

PIML approaches are commonly employed in Reynolds-Averaged Navier-Stokes (RANS) or 

large eddy simulations (LES) to model the effects of unresolved small-scale structures on larger 

scales (Duraisamy et al. 2019). ML-based turbulence closure models, such as those used for 

evaluating Reynolds stresses in RANS (Ling and Templeton 2015; Parish and Duraisamy 2016; 

Singh et al. 2017) or subgrid-scale statistics in LES (Lapeyre et al. 2019; Beck et al. 2019; 

Bode et al. 2021), have shown promising results in improving the accuracy and efficiency of 

turbulence simulations. 
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Solid Mechanics 

In the field of solid mechanics, PINN has been employed to solve a wide range of 

engineering problems, including structural mechanics, elastostatics, elastoplasticity, and 

fracture mechanics. Haghighat et al. (2021a) applied PINN to solve time-dependent PDEs 

related to structural mechanics and vibration, while Haghighat et al. (2021b) incorporated 

momentum balance and constitutive relations into PINN for tackling nonlinear problems in 

solid mechanics. 

PINN has demonstrated versatility in addressing both forward and inverse problems in 

solid mechanics. Forward problems involve solving IVPs and BVPs, whereas inverse problems 

focus on identifying material properties or detecting defects. For instance, Henkes et al. (2022) 

used PINN to model micromechanics for linear elastic materials, demonstrating the method’s 

effectiveness in capturing small-scale material behavior. Similarly, Haghighat et al. (2021b) 

developed surrogate models using PINN for elastostatics and elastoplastic solids, offering 

significant computational advantages compared to traditional numerical methods. 

Bastek and Kochmann (2023) used PINN to model the small strain response of shell 

structures, highlighting the applicability of PINN to structural elements with complex 

geometries. Zhang et al. (2020a; 2022a) demonstrated that PINN is capable of effectively 

identifying inhomogeneous material and geometric distributions under plane-strain conditions, 

making them useful for material characterization and defect detection in practical engineering 

scenarios. Although many of these applications rely on synthetic data as proof of concept, the 

PINN frameworks are also well-suited for experimental mechanics, where continuum 

mechanics theories apply seamlessly. 
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Beyond PINN, NO has also been employed for solving complex problems in solid 

mechanics, particularly those involving multiscale mechanics and nonlinear behavior. NO has 

been used for fracture mechanics (Goswami et al. 2022), multiscale mechanics (Yin et al. 

2022b), and biomechanics (Yin et al. 2022a; You et al. 2022), offering a flexible approach for 

learning complex system responses across multiple scales and material behaviors. 

Materials Science 

In materials science, PINN has been applied to various problems, including the design and 

optimization of novel metamaterials (MMs), modelling of soft biological tissues, and solving 

inverse problems in photonic materials. Chen et al. (2020) utilized PINN to tackle inverse 

scattering problems in photonic MMs, facilitating the design of new functional nanomaterials. 

Zhang and Gu (2021) developed a specialized PINN to emulate digital materials by 

minimizing the energy criteria within the loss function, thereby providing a new approach to 

designing and optimizing functional materials and structures. This approach enables the 

efficient exploration of a large design space, leading to optimized material properties that 

satisfy specific design requirements. 

PINN has also been employed to construct constitutive models for soft biological tissues, 

which are known for their complex, nonlinear behavior. Liu et al. (2020) used PINN to model 

the mechanical response of soft tissues, capturing their intricate material characteristics and 

providing a data-driven approach that aligns with the underlying physical laws. 

2.2 Physics-Informed Neural Network 

PINN is an important framework within PIML and serves as the primary method utilized 
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in this thesis. This section provides an extensive literature review on the concept and 

implementation of PINN, its scope of applications, and related variants. 

2.2.1 Introduction to PINN 

PINN represents a cutting-edge approach within PIML designed to address problems 

involving differential equations (Cuomo et al. 2022). One of the fundamental aspects of PINN 

is its unsupervised training strategy, which does not require labeled data derived from previous 

simulations or experiments. Instead, PINN transforms the process of solving differential 

equations into a loss function optimization problem, thereby leveraging the mathematical 

model of the system as a direct part of the learning process. This paradigm is built upon earlier 

research by Owhadi (2015) on structured prior knowledge and extended by Raissi et al. (2019a) 

as a significant advancement in SciML. 

The following contents will delve into the fundamental building blocks of PINN, 

highlighting the components and mechanisms that enable PINN to effectively integrate 

physical laws into the DL process. 

Building Blocks 

The building blocks of PINN comprise three primary components: the NN architecture, 

the physics-informed framework, and the training mechanism. These components work 

together to enable PINN to solve complex physical problems. 

The first component is the NN architecture, which serves as the backbone of the PINN. It 

is typically composed of multiple hidden layers with nonlinear activation functions, allowing 

it to approximate complex relationships and model the solution of the governing equations. 



 
Chapter 2 

 

32 
 

This NN takes input variables, such as spatial and temporal coordinates, and produces outputs 

of predicted field values. 

The second component is the physics-informed framework, which involves embedding 

physical laws directly into the NN through the loss function. The governing physical equations, 

such as ODEs and PDEs, are incorporated by computing their residuals at selected collocation 

points sampled within the problem domain. Also, initial and boundary conditions are 

considered in the same way. By adding these residuals to the loss function, PINN ensures that 

the NN predictions adhere to the underlying physical principles. 

The third component is the training mechanism, which optimizes the NN parameters, i.e. 

weights and biases, to minimize a combined loss function. This loss function includes both 

physics-based losses derived from the governing equations, initial conditions, and boundary 

conditions, and data-driven losses from measurement data, where available. Optimization 

algorithms, such as SGD, Adam, and L-BFGS are employed to iteratively update the NN 

parameters to minimize this loss function. 

In the following contents, these building blocks will be reviewed in detail. 

Neural Network Architecture 

NNs are a core component of PINN, providing the necessary expressiveness to 

approximate complex relationships. According to the universal approximation theorem, a NN, 

specifically a MLP with one hidden layer and a sufficient number of neurons, can approximate 

any continuous function arbitrarily closely (Cybenko 1989; Hornik 1989; Yarotsky 2017; 

Berman et al. 2019). This capability is vital in PINN, which leverage NNs to approximate the 
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solution of differential equations. However, identifying optimal parameters, including 

hyperparameters of the NN architecture, can be challenging in practice, especially when 

tackling specific PDEs (bin Waheed et al. 2021). Common NN architectures used in PINN 

include MLP, CNN, and RNN (LeCun et al. 2015). This section explores these architectures 

and their relevance to PINN. 

The MLP (Gardner and Dorling 1998; Popescu et al. 1998), also known as FCFNN, is the 

most widely used architecture in PINN due to its universal approximation capability and 

simplicity. MLP consists of multiple layers of neurons, where each neuron is connected to every 

neuron in the subsequent layer. The input layer receives the input data, while hidden layers 

perform nonlinear transformations using activation functions such as rectified linear unit 

(ReLU) and hyperbolic tangent (Tanh) functions, allowing the NN to capture complex, 

nonlinear relationships (Hornik 1989). 

CNN (LeCun et al. 2015; O’Shea and Nash 2015) is another type of NN architecture 

utilized in certain PINN extensions. CNN, initially popularized for image processing tasks, 

employes convolutional layers to extract spatial hierarchies from input data. The emergence of 

CNN began with pioneering work by LeCun et al. (2015) in the development of LeNet, which 

demonstrated the effectiveness of convolutional operations for feature extraction. In the context 

of PINN, CNN is useful when spatial patterns in the solution need to be captured efficiently, 

such as when applying finite-difference filters to construct differential equation residuals in a 

physics-based loss function. The ability of CNN to model local spatial dependencies makes 

them advantageous in applications where the underlying physical domain exhibits spatial 

invariance, such as in fluid mechanics and materials science. 
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RNN (Salehinejad et al. 2018), known for its ability to model sequential data, has also 

been adapted for use in PINN, particularly when temporal dependencies are involved. RNN 

contains cyclic connections, allowing it to maintain a memory of past inputs, which makes it 

suitable for modeling systems governed by time-dependent differential equations. However, 

standard RNN often struggles with long-term dependencies due to issues like vanishing 

gradients, which can impair its learning capabilities. LSTM network, a variant of RNN 

introduced by Hochreiter and Schmidhuber (1997), addresses this limitation by introducing 

memory cells that regulate the flow of information, making them more effective for capturing 

long-range dependencies. This characteristic makes RNN and LSTM suitable for PINN 

applications involving dynamic systems and problems requiring temporal forecasting. 

While MLP or FCFNN is the most commonly used NN architecture in PINN framework, 

the use of CNN, RNN, and LSTM highlights the versatility of NNs in addressing different 

types of physical problems. The selection of a suitable NN architecture in PINN is crucial, as 

it directly influences the model’s ability to approximate the solution of differential equations 

efficiently and accurately. 

Injection of Physics 

The key innovation of PINN is the incorporation of physical laws into the NN training 

process. To solve a differential equation using PINN, the network should approximate the 

solution while satisfying the underlying physics, which is realized by embedding the governing 

equations, such as ODEs and PDEs, directly into PINN’s loss function. The NN’s output is 

differentiated with respect to the input variables to calculate the residuals of the governing 
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equations, boundary conditions, and initial conditions. 

To achieve this, derivatives of the NN’s output are computed using AD (Paszke et al. 2017), 

which is the most commonly used function for PINN. AD offers several advantages over other 

differentiation methods, such as symbolic and numerical differentiation. Symbolic 

differentiation can be computationally intensive for complex functions, and numerical 

differentiation often suffers from floating-point precision errors. In contrast, AD computes 

exact derivatives without approximation errors, making it well-suited for incorporating 

physical constraints into PINN. 

AD works by systematically applying the chain rule to compute derivatives, generating a 

computational graph of all operations involved in the PINN framework. This allows for 

efficient calculation of gradients in both forward and reverse modes, depending on the problem 

requirements. The forward mode is typically used when the number of inputs is smaller than 

the number of outputs, while reverse mode is advantageous when the number of outputs is 

smaller (bin Waheed et al. 2021). In PINN, AD is used to evaluate the differential equation 

residuals, which are then included in the PINN’s loss function, ensuring that the network learns 

a solution that adheres to the governing physical laws (Yang and Perdikaris 2019b). 

Raissi and Karniadakis (2018) originally formulated the differential equation residual by 

differentiating the NN output with respect to the input variables, using AD to enforce the 

physical constraints. This formulation allows PINN to minimize the discrepancy between the 

NN approximation and the true solution by embedding the differential equation residuals into 

the loss function. The residuals for both the governing equations and the boundary or initial 

conditions are computed in this manner, ensuring that the learned solution satisfies the entire 
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problem domain. 

However, AD is not always suitable for every type of differential operator. For instance, 

Pang et al. (2019) proposed the use of discrete approximations for fractional differential 

operators, which are then incorporated into the PINN loss function to address situations where 

AD may not be applicable. Additionally, Fang (2021) used a local fitting method instead of AD 

to approximate differential operators, allowing for the verification of convergence in their 

specific implementation of PINN. 

The flexibility of AD in calculating derivatives makes it the preferred method for injecting 

physical constraints into PINN. This approach reduces the reliance on labeled training data and 

enhances the model’s generalizability, making PINN a powerful tool for solving complicated 

physical problems. 

Training Process 

The training of PINN involves optimizing the NN parameters, i.e. weights and biases, to 

approximate the solution of a given physical problem by minimizing a loss function consisting 

of different penalty terms. The penalty terms of this loss function include the residual loss 

related to the governing equation (Lf), boundary conditions (Lb), initial conditions (Li), and the 

data loss from measurement data (Lm), if it is an inverse problem. The overall objective is to 

find the NN parameters θ, which contain weights and biases, that minimize this combined loss 

function. 

The penalty term Lf represents the discrepancy between the predicted solution and the 

physical laws described by the governing equations (He et al. 2020). This residual is calculated 
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at a set of sampled collocation points, which can be distributed uniformly or non-uniformly 

throughout the problem domain. By minimizing Lf, the network is forced to satisfy the 

governing equation at these collocation points. 

The penalty terms for boundary and initial conditions, denoted as Lb and Li, respectively, 

ensure that the NN solution adheres to the given conditions at the domain boundaries or initial 

time. These conditions are enforced by penalizing deviations from the prescribed values at 

specific boundary or initial time points. 

In some cases, PINN is trained in a supervised manner, where Lm is introduced to account 

for measurement data points (e.g., observed data). Measurement data is introduced for two 

possible reasons. First, the problem is an inverse type, in which unknown parameters are to be 

identified with the involvement of measurement data. Second, measurement data can be 

incorporated to facilitate computation of some complex problems, in which the loss function 

is difficult to converge. This term Lm minimizes the difference between the NN’s output and 

the observed data, allowing for the incorporation of additional information into the model. The 

weight associated with this loss term can be adjusted to account for the quality or reliability of 

the available data. 

The optimization of the loss function is typically performed using gradient-based methods, 

such as SGD, the Adam optimizer, and the L-BFGS algorithm. The Adam optimizer, which 

combines adaptive learning rate and momentum techniques, is often used to accelerate 

convergence, particularly in high-dimensional problems (Zhu et al. 2021). L-BFGS, a quasi-

Newton method, is also popular in PINN training due to its faster convergence for smaller 

datasets or fewer residual points (He et al. 2020). A common training approach that combines 
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the advantages of different optimizers is to first use Adam for several iterations to achieve a 

good initialization, followed by L-BFGS to refine the solution. 

The initialization of NN parameters can significantly impact the training process. Poor 

initialization may lead to slow convergence or suboptimal solutions, while good initialization 

can facilitate faster convergence. To address this potential issue, Pang et al. (2019) proposed a 

two-step initialization technique that first generates a low-fidelity PINN model of the problem 

to obtain preliminary parameters, which is then used as the starting point for the second step 

training process. 

Overall, the training process of PINN is designed to optimize the loss function with a 

balance of different penalty terms. By minimizing the loss function through appropriate 

optimization techniques, PINN is able to accurately model complex physical systems, even in 

scenarios where data is scarce or incomplete (Zhang et al. 2020b). 

Treatment of Boundary Conditions in PINN 

Boundary conditions are constraints necessary for the solution of BVPs. A BVP is a 

differential equation (or system of differential equations) to be solved in a domain on whose 

boundary a set of conditions is known. It is opposed to the IVP, in which only the conditions 

on one extreme of the interval are known. 

BVPs are extremely important as they model a vast number of phenomena and 

applications, from solid mechanics to fluid mechanics, heat transfer, and acoustic diffusion. 

They arise naturally in every problem based on a differential equation to be solved in space, 

while IVPs usually refer to problems to be solved in time. 
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In a problem described by differential equations, boundary conditions can be commonly 

expressed by: 

𝐵𝐵(𝑢𝑢, 𝑥𝑥) = 0,      on 𝜕𝜕Ω (2 − 9) 

where 𝐵𝐵(𝑢𝑢, 𝑥𝑥)  could be different types of boundary conditions, e.g. Dirichlet boundary 

condition (also known as Type I), Neumann boundary condition (Type II), Robin boundary 

condition (Type III), Cauchy boundary condition, mixed boundary condition, and so on. 

For time-dependent problems, time t is considered as a special component of x, and Ω 

contains the temporal domain. The initial condition can be simply treated as a special type of 

Dirichlet boundary condition on the spatio-temporal domain. 

In the following contents, the soft and hard embedding methods for boundary conditions 

will be reviewed and introduced. 

Soft Constraints 

In PINN’s configuration, the boundary conditions are enforced as soft constraints through 

a penalty term 𝐿𝐿𝑏𝑏 in the total loss function as follows: 

𝐿𝐿𝑏𝑏(𝜃𝜃;𝑇𝑇𝑏𝑏) =
1
𝑇𝑇𝑏𝑏

�‖𝐵𝐵(𝑢𝑢� , 𝑥𝑥)‖22
𝑥𝑥𝑥𝑥𝑇𝑇𝑏𝑏

(2 − 10) 

in which, 𝑇𝑇𝑏𝑏 ∈ 𝜕𝜕Ω refers to the set of residual points, 𝑢𝑢�  is the output of NNs. In addition, 

there will be a penalty coefficient 𝜆𝜆𝑏𝑏  multiplied by 𝐿𝐿𝑏𝑏 , then integrated into the total loss 

function. 

This approach can be used for complex domains and any type of boundary conditions. 

However, the soft-embedding of boundary conditions has several major drawbacks: 

(1) There is no quantitative guarantee on how accurate the boundary conditions are being 
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imposed and thus the solution could be unsatisfactory; 

(2) The optimization performance depends on the relative importance of each penalty term, but 

how to assign weight for each term can be difficult. 

Alternatively, the boundary conditions can be imposed in a “hard” manner, where a 

particular solution that solely satisfies the boundary conditions is added. Hence, the constraints 

on boundary conditions are automatically fulfilled. By doing so, the penalty term for boundary 

conditions in the loss function will no longer be counted, thus, the computational efficiency 

and prediction accuracy can be improved. 

Hard Constraints 

In order to enforce boundary conditions in a hard manner, various methods for hard-

embedding of boundary conditions have been studied (Luo and Yang 2020; Du and Zaki 2021; 

Zhu et al. 2021; Chen et al. 2021; Zhang et al. 2022b; Huang et al. 2023; Lu et al. 2021c). In 

this subsection, some typical methods will be reviewed. 

Most studies concern Dirichlet boundary conditions. The common way to automatically 

satisfy Dirichlet boundary conditions is to reconstruct the NN output in the following form: 

ℎ(𝑥𝑥;𝜃𝜃) = ℎ∗(𝑥𝑥) + 𝑑𝑑(𝑥𝑥)𝑢𝑢(𝑥𝑥;𝜃𝜃) (2 − 11) 

where 𝑢𝑢(𝑥𝑥;𝜃𝜃) is the original output of the NN; ℎ∗(𝑥𝑥) is a particular function which exactly 

satisfies the Dirichlet boundary condition; and 𝑑𝑑(𝑥𝑥)  is a function which vanishes on the 

Dirichlet boundary. Due to the introduction of 𝑑𝑑(𝑥𝑥), it is easy to see that the newly constructed 

output ℎ(𝑥𝑥; 𝜃𝜃) automatically satisfies the Dirichlet boundary condition. 

Although the key idea is the same, there are different ways to construct ℎ∗(𝑥𝑥) and 𝑑𝑑(𝑥𝑥). 
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In Zhang (2022b), 𝑑𝑑(𝑥𝑥) is chosen as the distance function from the point x to the Dirichlet 

boundary: 

𝑑𝑑(𝑥𝑥) =
(𝑥𝑥 − 𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚)(𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑥𝑥)

(𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚)2
(2 − 12) 

In Luo and Yang (2020), a special NN satisfying three different types of boundary 

conditions are introduced. For Dirichlet boundary conditions 𝑢𝑢(𝑎𝑎) = 𝑎𝑎0  and 𝑢𝑢(𝑏𝑏) = 𝑏𝑏0 , 

𝑑𝑑(𝑥𝑥) is set as: 

𝑑𝑑(𝑥𝑥) = (𝑥𝑥 − 𝑎𝑎)𝑝𝑝𝑎𝑎(𝑥𝑥 − 𝑏𝑏)𝑝𝑝𝑏𝑏 (2 − 13) 

where 0 < 𝑝𝑝𝑎𝑎,𝑝𝑝𝑏𝑏 < 1, and ℎ∗(𝑥𝑥) can be chosen as: 

ℎ∗(𝑥𝑥) =
(𝑏𝑏0 − 𝑎𝑎0)(𝑥𝑥 − 𝑎𝑎)

𝑏𝑏 − 𝑎𝑎
+ 𝑎𝑎0 (2 − 14) 

For mixed boundary conditions 𝑢𝑢′(𝑎𝑎) = 𝑎𝑎0 and 𝑢𝑢(𝑏𝑏) = 𝑏𝑏0, 𝑑𝑑(𝑥𝑥) is constructed as: 

𝑑𝑑(𝑥𝑥) = (𝑥𝑥 − 𝑎𝑎)𝑝𝑝𝑎𝑎 (2 − 15) 

with 1 < 𝑝𝑝𝑎𝑎 ≤ 2, and ℎ∗(𝑥𝑥) is chosen as: 

ℎ∗(𝑥𝑥) = −(𝑏𝑏 − 𝑎𝑎)𝑝𝑝𝑎𝑎𝑢𝑢(𝑥𝑥;𝜃𝜃) + 𝑎𝑎0𝑥𝑥 + 𝑏𝑏0 − 𝑎𝑎0𝑏𝑏 (2 − 16) 

For Neumann boundary conditions 𝑢𝑢′(𝑎𝑎) = 𝑎𝑎0  and 𝑢𝑢′(𝑏𝑏) = 𝑏𝑏0 , ℎ(𝑥𝑥; 𝜃𝜃)  can be 

constructed as: 

ℎ(𝑥𝑥;𝜃𝜃, 𝑐𝑐1, 𝑐𝑐2) = exp �
𝑝𝑝𝑎𝑎𝑥𝑥
𝑎𝑎 − 𝑏𝑏

� (𝑥𝑥 − 𝑎𝑎)𝑝𝑝𝑎𝑎((𝑥𝑥 − 𝑏𝑏)𝑝𝑝𝑏𝑏𝑢𝑢(𝑥𝑥; 𝜃𝜃) + 𝑐𝑐2) 

+𝑐𝑐1 +
(𝑏𝑏0 − 𝑎𝑎0)
2(𝑏𝑏 − 𝑎𝑎)

(𝑥𝑥 − 𝑎𝑎)2 + 𝑎𝑎0𝑥𝑥 (2 − 17) 

where 1 < 𝑝𝑝𝑎𝑎,𝑝𝑝𝑏𝑏 ≤ 2 , 𝑐𝑐1  and 𝑐𝑐2  are two parameters to be trained together with NN’s 

parameter 𝜃𝜃. 

In Du and Zaki (2021), the form of the transformed NN output is slightly different. A two-

dimensional domain with an arbitrary point x inside is shown in Figure 2-2. Horizontal and 
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vertical rays emanating from x intersect the boundary 𝜕𝜕Ω  at 𝑥𝑥𝑒𝑒 , 𝑥𝑥𝑤𝑤 , 𝑥𝑥𝑛𝑛 , and 𝑥𝑥𝑠𝑠 , with 

corresponding distances 𝑎𝑎𝑒𝑒, 𝑎𝑎𝑤𝑤, 𝑎𝑎𝑛𝑛, and 𝑎𝑎𝑠𝑠, which are all functions of x. Then, ℎ(𝑥𝑥;𝜃𝜃) can 

be constructed as: 

ℎ(𝑥𝑥;𝜃𝜃) = ℎ∗(𝑥𝑥) + 𝑢𝑢(𝑥𝑥;𝜃𝜃) + 𝑐𝑐𝑒𝑒𝑢𝑢(𝑥𝑥𝑒𝑒;𝜃𝜃) + 𝑐𝑐𝑤𝑤𝑢𝑢(𝑥𝑥𝑤𝑤;𝜃𝜃) + 𝑐𝑐𝑛𝑛𝑢𝑢(𝑥𝑥𝑛𝑛;𝜃𝜃) + 𝑐𝑐𝑠𝑠𝑢𝑢(𝑥𝑥𝑠𝑠;𝜃𝜃)  

(2 − 18) 

where 𝑢𝑢(𝑥𝑥;𝜃𝜃) is the NN output that has nonzero boundary values. The coefficients 𝑐𝑐𝑒𝑒, 𝑐𝑐𝑤𝑤, 

𝑐𝑐𝑛𝑛, and 𝑐𝑐𝑠𝑠 are as follows: 

𝑐𝑐𝑒𝑒 = −
𝑎𝑎𝑤𝑤𝑎𝑎𝑛𝑛𝑎𝑎𝑠𝑠

𝑎𝑎𝑤𝑤𝑎𝑎𝑛𝑛𝑎𝑎𝑠𝑠 + 𝑎𝑎𝑒𝑒
 

𝑐𝑐𝑤𝑤 = −
𝑎𝑎𝑒𝑒𝑎𝑎𝑛𝑛𝑎𝑎𝑠𝑠

𝑎𝑎𝑒𝑒𝑎𝑎𝑛𝑛𝑎𝑎𝑠𝑠 + 𝑎𝑎𝑤𝑤
 

𝑐𝑐𝑛𝑛 = −
𝑎𝑎𝑤𝑤𝑎𝑎𝑒𝑒𝑎𝑎𝑠𝑠

𝑎𝑎𝑤𝑤𝑎𝑎𝑒𝑒𝑎𝑎𝑠𝑠 + 𝑎𝑎𝑛𝑛
 

𝑐𝑐𝑠𝑠 = −
𝑎𝑎𝑤𝑤𝑎𝑎𝑒𝑒𝑎𝑎𝑛𝑛

𝑎𝑎𝑤𝑤𝑎𝑎𝑒𝑒𝑎𝑎𝑛𝑛 + 𝑎𝑎𝑠𝑠
(2 − 19) 

in which, the choice of construction can be motivated by considering, for example, 

𝑐𝑐𝑒𝑒(𝑎𝑎𝑒𝑒 ,𝑎𝑎𝑤𝑤,𝑎𝑎𝑛𝑛,𝑎𝑎𝑠𝑠), which satisfies: 

𝑐𝑐𝑒𝑒(0,𝑎𝑎𝑤𝑤,𝑎𝑎𝑛𝑛,𝑎𝑎𝑠𝑠) = −1 

𝑐𝑐𝑒𝑒(𝑎𝑎𝑒𝑒 , 0,𝑎𝑎𝑛𝑛,𝑎𝑎𝑠𝑠) = 𝑐𝑐𝑒𝑒(𝑎𝑎𝑒𝑒,𝑎𝑎𝑤𝑤, 0,𝑎𝑎𝑠𝑠) = 𝑐𝑐𝑒𝑒(𝑎𝑎𝑒𝑒 ,𝑎𝑎𝑤𝑤,𝑎𝑎𝑛𝑛, 0) = 0 (2 − 20) 

 

Figure 2-2 An arbitrary two-dimensional domain 
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In Zhu et al. (2021), a Heaviside function is used to embed Dirichlet boundary condition 

in a hard manner: 

𝐻𝐻𝜖𝜖(𝑥𝑥) = �1 − cos �
𝑑𝑑(𝑥𝑥)𝜋𝜋
𝜖𝜖

� ,        𝑖𝑖𝑖𝑖 𝑑𝑑(𝑥𝑥) < 𝜖𝜖

1                                     𝑖𝑖𝑖𝑖 𝑑𝑑(𝑥𝑥) ≥ 𝜖𝜖
(2 − 21) 

where 𝑑𝑑(𝑥𝑥) is the distance to the Dirichlet boundary; 𝜖𝜖 defines an artificial thickness of the 

boundary. With 𝐻𝐻𝜖𝜖(𝑥𝑥), the ℎ(𝑥𝑥;𝜃𝜃) can be defined as: 

ℎ(𝑥𝑥;𝜃𝜃) = ℎ∗(𝑥𝑥)[1 − 𝐻𝐻𝜖𝜖(𝑥𝑥)] + 𝑢𝑢(𝑥𝑥;𝜃𝜃)𝐻𝐻𝜖𝜖(𝑥𝑥) (2 − 22) 

In addition, the penalty method and the augmented Lagrangian method are also used to 

enforce hard constraints in relevant study (Lu et al. 2021c). 

2.2.2 Scope of Application 

Forward Problems 

Forward problems in PINN involve determining the solution of a physical system based 

on governing equations, initial conditions, and boundary conditions with known parameters. 

Essentially, the objective of a forward problem is to predict the behavior of the system under 

given conditions. In PINN, forward problems are solved by embedding the known governing 

equations directly into the NN’s loss function, allowing the network to learn the system’s 

behavior while adhering to the underlying physics. 

An example of a forward problem is predicting the temperature distribution in a heat 

conduction scenario. Given the thermal properties of a material, boundary conditions, and an 

initial temperature distribution, the forward problem aims to determine how the temperature 

evolves over time and space. By using PINN, the heat equation, which governs heat conduction, 
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is embedded into the loss function, and the NN learns to predict the temperature profile without 

the need for extensive labeled data. 

Another common example is fluid flow simulation. In fluid dynamics, the NS equations 

describe the motion of fluid substances. A forward problem in this context would involve 

predicting the velocity and pressure fields of a fluid given initial and boundary conditions. By 

incorporating the NS equations into the training process, PINN can model complex fluid 

behaviors, such as laminar and turbulent flows, while ensuring that the solution is consistent 

with the physical laws. Also, PINN finds applications of forward problems in structural 

mechanics. PINN and its improved version are used to analysis the deformation of beams and 

steel frames under loading (Zhang et al. 2025b). 

The forward problem formulation in PINN is particularly useful in scenarios where 

traditional numerical methods, such as FEM or FDM, may be computationally expensive or 

challenging to implement. PINN provides an efficient alternative by leveraging NNs to 

approximate the solution, which can be applied to different scenarios by transfer learning (TL). 

Inverse Problems 

Inverse problems, on the other hand, involve identifying unknown parameters or 

determining unknown inputs of a physical system based on governing equations and 

measurement data. In PINN, the goal of an inverse problem is to infer certain properties or 

parameters of the system that are not directly measurable. The parameters to be determined are 

defined as trainable parameters and will be updated with NN’s parameters. The NN is trained 

to minimize a loss function that incorporates penalty terms of the governing equation, 
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measurement data, and boundary and initial conditions, if applicable. 

A common example of an inverse problem is parameter identification in a material under 

stress. Suppose the experimental data on the displacement of a material subject to loading is 

obtained, but the material’s elastic properties, such as Young’s modulus, are unknown. By 

embedding the governing equations of elasticity into the PINN framework and using the 

observed displacement data, the inverse problem can be formulated to estimate the unknown 

material properties. Furthermore, parameter identification is also performed by PINN in 

structural systems. For example, the unknown rotational stiffness of semi-rigid joints in beam 

structures and frame structures is identified by PINN with limited measurement data from 

statistic tests (Zhang et al. 2025b). 

Another example is in the field of groundwater flow. In hydrogeology, the properties of 

an aquifer, such as hydraulic conductivity, are often not directly measurable. By using PINN, 

one can infer these properties by embedding the governing equations for groundwater flow into 

PINN’s loss function and using observed data, such as water levels at specific locations. The 

network learns both the solution to the flow equations and the unknown aquifer properties, 

effectively solving the inverse problem. 

Inverse problems in medical imaging can also be handled by PINN, such as electrical 

impedance tomography, where the objective is to determine the internal conductivity 

distribution of a body from surface voltage measurements. By leveraging the governing 

equations of electrical conductivity and incorporating the observed data, PINN can be used to 

reconstruct the internal properties of the body, providing a non-invasive method for medical 

diagnostics. 
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Overall, PINN is powerful in dealing with inverse problems where the underlying physical 

properties are not fully known but sufficient measurement data is available. Another merit of 

PINN for inverse problems is that it requires the same architecture as forward problems, and 

only trainable parameters representing unknowns should be added into the framework and 

updated during the training process. By incorporating both the observed data and the governing 

physical laws, PINN can infer unknown parameters, providing a feasible approach to solving 

challenging inverse problems. 

2.2.3 Related Variants 

A-PINN 

The auxiliary physics-informed neural network (A-PINN) (Yuan et al. 2022) framework 

enhances traditional PINN by enabling direct solution of nonlinear IDEs without numerical 

integration. By introducing auxiliary outputs of NN to represent integral terms, A-PINN 

leverages AD to replace quadrature and eliminate discretization and truncation errors. 

Additional output constraints enforce the exact physical relationships between solution 

variables and integrals that are represented by auxiliary outputs, ensuring consistency. As a 

mesh-free, grid-independent method, A-PINN can predict solutions at any domain point 

without interpolation. Benchmark tests on Volterra and Fredholm IDEs demonstrate superior 

accuracy and computational efficiency compared to quadrature-based PINN approaches. 

Furthermore, treating unknown parameters as trainable variables allows A-PINN to address 

inverse IDE problems effectively, even in the presence of noisy data, offering a robust and 

versatile approach. 
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B-PINN 

Bayesian physics-informed neural network (B-PINN) (Yang et al. 2021) integrates 

Bayesian NNs with physics-informed loss functions to solve both forward and inverse PDEs 

under noisy observations. By treating NN’s weights as random variables, B-PINN encodes 

physical laws as priors and employes Hamiltonian Monte Carlo (HMC) or variational inference 

to estimate posterior distributions. This framework yields calibrated predictions with quantified 

aleatoric uncertainty and mitigates overfitting when data noise is large. Comparative studies 

demonstrate that HMC-based inference outperforms mean-field variational methods and 

dropout-based uncertainty, while truncated Karhunen-Loève expansions and deep normalizing 

flows offer alternative posterior representations. B-PINN thus provides an uncertainty-aware 

approach for data-driven PDE modeling. 

hp-VPINN 

Variational physics-informed neural network (VPINN) is extended via an hp-refinement 

strategy that combines global neural trial functions with local polynomial test spaces 

(Kharazmi et al. 2021b). In hp-VPINN, a feedforward network approximates the solution over 

the full domain, while the variational residuals are projected onto piecewise high-order 

polynomials defined on subdomains, enabling domain decomposition. By adjusting element 

sizes (h-refinement) and polynomial degrees (p-refinement), hp-VPINN localizes optimization 

and control approximation properties. This dual refinement leverages AD for differential 

operators and quadrature-based evaluation of integrals in each subdomain. Numerical 

experiments confirm that hp-VPINN achieves enhanced accuracy and reduced training cost 

compared to other PINN-based approaches. 
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2.3 Physics-Informed Graph Neural Network 

By introducing GNN into PIML family, PIGNN is proposed as a promising candidate for 

dealing with graph-structured data. Although PIGNN is not as commonly used as PINN, it 

holds great potential in engineering applications. In this thesis, a PIGNN framework is 

proposed for cable-strut structural systems. Besides, similar ideas have also been studied for 

various engineering fields. As another PIML framework proposed in this thesis, a brief review 

on PIGNN is presented in this section. 

2.3.1 Overview of PIGNN 

PIGNN represents an emerging fusion of two powerful paradigms, PINN and GNN, to 

address problems characterized by underlying physical laws on irregular domains or relational 

data structures (Shukla et al. 2022). Unlike traditional PINN that embeds differential equations 

directly into FCFNN, PIGNN leverages the inductive biases of GNN to process mesh-based 

discretization or graph-structured representations of physical systems, such as finite element 

(FE) meshes in computational fluid dynamics or molecular interaction networks. This 

hybridization enables the modeling of spatially complex problems with fewer training samples, 

capitalizing on graph connectivity to propagate physics constraints across non-Euclidean 

domains (Peng et al. 2022). Early applications of PIGNN span from rapid emulation of urban 

wind fields on unstructured meshes to circuit compact modeling, demonstrating improved 

generalization and interpretability compared to purely data-driven GNN or standard PINN. 

Benchmark studies have systematically compared various PIGNN architectures, such as 

Hamiltonian GNN (HGNN), Lagrangian GNN (LGNN), and graph NODE (GNODE), 
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highlighting the crucial role of explicit physics constraints in preserving conserved quantities 

and achieving zero-shot scalability to larger system sizes. The physics-informed approach also 

extends naturally to inverse problems, where model parameters or source terms are inferred 

from sparse and noisy measurements by incorporating additional regularization via physics-

based loss terms. As PIML advances towards multi-physics, multi-fidelity data, PIGNN stands 

out for its ability to harmonize domain knowledge, graph-based relational inductive biases, and 

DL flexibility into a coherent framework for both forward and inverse modeling tasks. 

Foundational Principles 

The core innovation of PIGNN lies in the integration of physical laws, typically expressed 

as differential equations or conservation constraints, into the message-passing mechanisms of 

GNN (Shukla et al. 2022). Graphs are constructed to represent discretized spatial domains (e.g., 

FE meshes) or relational structures (e.g., molecular graphs), with nodes encoding field values 

and edges capturing adjacency or interaction kernels. The physics-informed branch augments 

the standard GNN’s loss functions, which typically minimize prediction error on labeled data, 

with additional terms that penalize governing equation residuals evaluated via AD on the graph. 

In some forward problem cases, even the labeled data is not required. This approach ensures 

that learned representations satisfy governing equations and fit observed data, if applicable, at 

graph nodes or along edges, thereby enforcing global consistency with physical principles 

(Peng et al. 2022). In addition to residual-based penalties, PIGNN frequently incorporates 

variational formulations, projecting weak-form differential equation residuals onto test-

function spaces defined over each graph element, to improve numerical stability and reduce 
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sensitivity to discretization errors. Conservation laws (e.g., mass or energy) are enforced 

explicitly either through architectural constraints, such as Hamiltonian or symplectic message-

passing schemes, or via augmented Lagrangian methods that impose divergence-free or curl-

free conditions on learned fields. Moreover, the graph structure enables localized information 

aggregation, which respects the non-Euclidean geometry of domains and fosters zero-shot 

generalization to larger or more refined meshes (Thangamuthu et al. 2022). 

Core Architectures 

The architectural landscape of PIGNN is diverse, reflecting the rich interaction between 

graph representation learning and physics embedding. A typical PIGNN comprises several 

layers of graph convolution or message-passing, where at each layer node features are updated 

by aggregating neighbor information along edges weighted by learned functions of edge 

attributes (e.g., distance or material properties) (Shukla et al. 2022). Physics-informed variants 

augment these updates with differential operators discretized on the graph. For instance, graph 

Laplacian-based convolutions approximate diffusion terms, while custom edge-function 

modules capture advection or reaction kinetics. More specialized architectures include HGNN 

and LGNN, which parametrize the system’s Hamiltonian or Lagrangian to ensure symplectic 

integration and energy conservation over long-term predictions. GNODE further generalizes 

the concept by defining continuous-time dynamics on graph nodes parameterized by neural 

message functions, offering flexible step sizes and adaptive integration to handle stiff PDEs 

(Thangamuthu et al. 2022). Some PIGNN frameworks embed multi-scale hierarchies, using 

graph coarsening to capture global physics at coarse resolutions and refining with local graph 



 
Chapter 2 

 

51 
 

passes to resolve fine-scale features, which is particularly effective in fluid dynamics and 

materials science applications. Domain-specific modules, such as physics-informed graph 

attention layers, prioritize information flow along edges aligned with dominant physical 

gradients, improving focus on critical flow features or stress concentrations (Di Lorenzo et al. 

2024). These core architectures collectively provide a versatile toolkit for modeling diverse 

physics-driven phenomena on graph-structured data. 

Training Methodologies 

Training PIGNN involves optimizing network weights to minimize a loss function that 

balances different penalty terms for underlying physics and available data. The typical 

procedure employs SGD, Adam, or L-BFGS, with backpropagation through both physics-

informed and data-driven penalty terms, leveraging AD for efficiency. Data points are sampled 

from scattered sensors or simulation outputs for the supervised component, while collocation 

points, random or structured, are drawn across the graph for physics residual evaluation, 

ensuring coverage of the domain (Shukla et al. 2022). Adaptive sampling strategies, such as 

active learning loops, have been introduced to refine collocation point distributions based on 

physics loss magnitudes, thereby allocating computational effort to regions with high residual 

error. Hybrid training schemes combine pretraining on supervised tasks followed by physics-

informed fine-tuning to accelerate convergence and improve stability (Peng et al. 2022). 

Regularization techniques, dropout adapted to graph edges and weight decay, mitigate 

overfitting in data-scarce regimes, while multi-fidelity training incorporates low- and high-

resolution data streams via hierarchical loss weighting. For inverse problems, joint 
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optimization of GNN parameters and unknown physical parameters is performed, often aided 

by Bayesian formulations to quantify uncertainty in estimated parameters (Di Lorenzo et al. 

2024). Finally, scalable training on large graphs leverages mini-batch subgraph sampling and 

distributed computation frameworks, enabling PIGNN to tackle high-dimensional engineering 

problems with millions of nodes and edges. 

2.3.2 Applications of PIGNN in Engineering 

Computational Fluid Dynamics 

PIGNN has emerged as an effective tool for surrogate modeling in fluid dynamics, 

enabling efficient approximation of complex flow fields on unstructured meshes. By 

embedding conservation laws and boundary conditions directly into the learning process, 

PIGNN can predict velocity and pressure distributions with high fidelity, even in regimes 

characterized by turbulence or multiphase interactions (Shao et al. 2023). These models 

leverage graph representations of the mesh to propagate local physical constraints across the 

domain, thereby reducing the need for extensive labeled data and accelerating inference by 

orders of magnitude compared to traditional solvers (Suk et al. 2024). Recent studies also 

demonstrate that PIGNN maintains robustness under mesh refinement and can generalize 

across different geometries, offering a pathway toward real‐time flow control and optimization 

(Kim et al. 2025). 

Structural Health Monitoring 

In SHM, PIGNN facilitates the analysis of sensor networks by modeling the relationships 

among spatially distributed measurements on structures such as bridges and aircraft. Graph-
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based representations of sensor layouts allow PIGNN to infer damage indicators, such as crack 

initiation or material degradation, by enforcing mechanical equilibrium and modal behavior 

during training process (Bloemheuvel et al. 2021). By combining physics‐informed 

regularization with data‐driven feature extraction, these networks improve detection sensitivity 

and interpretability compared to purely statistical methods (Karimi and Gündel 2024). 

Applications have shown that PIGNN can be adapted to varying operational conditions and 

site‐specific characteristics, enhancing prognostic accuracy for maintenance scheduling and 

safety assessment (Jian et al. 2024). 

Power Systems 

Power‐system engineering has adopted PIGNN for real‐time grid management and state 

estimation by mapping network topology to graph representations. In distribution network 

reconfiguration, PIGNN integrates switch‐status physics constraints into graph message‐

passing, yielding fast, near‐optimal topology decisions under changing load scenarios (Authier 

et al. 2024). Physics‐informed graph state estimators incorporate nodal power‐balance 

equations into loss functions, improving robustness against measurement noise compared to 

classical approaches (Ngo et al. 2024). Line‐graph extensions further enable efficient power‐

flow calculations by enforcing Kirchhoff’s laws on edge‐centric networks, demonstrating 

PIGNNs’ versatility in energy‐system applications (Zhang et al. 2024). 

2.4 Research Gaps 

The research gaps identified in the application of PIML, especially PINN, in structural 

engineering can be summarized as follows: 
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(1) Difficulties in solving high-order differential equations in structural engineering: 

Many structural engineering problems involve high-order governing equations, such 

as the fourth-order Euler-Bernoulli beam equation and plate deflection equations. 

Solving these high-order equations using PINN presents challenges due to the need 

for repeated AD, which not only reduces computational efficiency but also leads to 

error accumulation, thereby decreasing accuracy. High-order derivatives require 

multiple rounds of differentiation during training, which often results in gradient 

vanishing or explosion issues, making training unstable and less efficient. One way to 

address this issue is by reducing the order of the governing equations. This can be 

achieved by introducing auxiliary outputs in the NN within the PINN framework to 

represent first- or second-order derivatives of the original outputs. By defining 

auxiliary variables that denote these lower-order derivatives, the high-order governing 

equations can be expressed in terms of a series of lower-order differential equations, 

which not only reduces the computational burden but also mitigates the accumulation 

of differentiation errors. 

(2) Soft enforcement of boundary conditions: In the vanilla PINN framework, boundary 

conditions are satisfied by incorporating the corresponding penalty term into the total 

loss function, which can only be minimized rather than reduced to zero, leading to 

approximate satisfaction of boundary conditions. Since multiple penalty terms are 

involved, the optimization process becomes a multi-objective problem, where each 

loss component competes during the training. This often results in a trade-off between 

minimizing different penalty terms, ultimately affecting the accuracy of PINN in 
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satisfying boundary conditions. Hard embedding of boundary conditions can 

overcome these limitations. By transforming the NN’s inputs through modulating 

functions, boundary conditions can be strictly satisfied. This method enhances the 

accuracy of PINN at boundaries and reduces the total number of penalty terms. 

Additionally, since boundary conditions are automatically satisfied, the corresponding 

penalty terms can be omitted, thus the loss function is simplified and the multi-

objective optimization can be alleviated. As a result, the computational efficiency is 

improved, and the training becomes more stable. 

(3) Generalization issues with hard enforcement of boundary conditions: Although the 

hard-embedding method enabled by modulating functions can effectively reduce the 

number of penalty terms, it comes with limitations. For different boundary conditions, 

new modulating functions should be derived, limiting the generalizability of the 

approach. This manual derivation is often difficult, particularly for problems with 

varying or complex boundary conditions. For irregular domains, deriving analytical 

modulating functions may be impossible. Therefore, there is a need for a unified 

framework that can flexibly handle various types of boundary conditions across 

different domains without requiring repetitive derivation of modulating functions. 

Such a framework would provide a generalizable mechanism for embedding boundary 

conditions into the NN architecture, making PINN applicable to a broader range of 

problems, including those with irregular geometries or complex boundary definitions. 

(4) Failure to incorporate structural topologies in PINN: Many structural systems, such as 

cable-strut structures, trusses, and frames, have inherent topological relationships 
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between nodes and elements that are crucial to their behavior. The traditional PINN 

framework, which uses the FCFNN as the NN architecture, cannot effectively capture 

these topological relationships, as FCFNN is designed for mapping input-output 

relationships without considering spatial or topological dependencies. By introducing 

GNN into the PIML family, replacing the FCFNN in vanilla PINN with the GNN, the 

structural topologies can be explicitly considered in the model. GNN is well-suited for 

problems involving graph-like data, where the relationships between nodes (e.g., 

joints in a truss) and edges (e.g., bars or cables) play a significant role. Incorporating 

GNN allows PINN to inherently account for the connectivity and topological features 

of the structure, making them more effective for structural analysis. This approach is 

analogous to FEM, where the connectivity of nodes and elements is explicitly modeled 

to analyze the behavior of structures. By using GNN, the influence of structural 

topology can be captured, leading to improved efficiency and accuracy in analyzing 

complex structural systems, particularly those that involve intricate connectivity and 

load distribution patterns. 
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CHAPTER 3 
 

Physics-Informed Neural Network with Auxiliary Outputs 

for Reducing the Order of Governing Equations 
 

 
 

3.1 Introduction 

PINN is proposed to approximate solutions or identify unknown coefficients in 

differential equations that describe complex physical systems. By integrating physical 

knowledge as prior information to NNs, it has been proven that PINN is a promising path to 

solve differential equations. Compared with existing numerical methods such as FEM, PINN 

is a mesh-free method that avoids complex mesh generation and eliminates discretization and 

truncation errors. It also offers good flexibility in handling complicated boundary and initial 

conditions and can naturally address both forward and inverse problems within the same 

framework. Nevertheless, it has been found that computational efficiency and accuracy 

significantly decrease for differential equations with high orders (Wight and Zhao 2020; 

Haghighat et al. 2021a). It has also been observed that PINN may fail for high order differential 

equations since the loss function fails to converge. Therefore, it is crucial to investigate the 

reasons for the failure of PINN’s training and improve the robustness of PINN. 

In this chapter, the basic knowledge of the vanilla PINN framework is introduced first. 
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Then, the training dynamics of PINN, especially for high order differential equations, are 

analyzed to provide insights into the failure associated with high order derivatives. To 

overcome this issue and improve PINN’s computational efficiency and accuracy, a novel 

method involving auxiliary outputs is proposed. 

The main content is organized as follows: The detailed introduction to the vanilla PINN 

framework and the analysis of training dynamics of PINN are presented in Section 3.2, 

followed by the proposed method in Section 3.3. The performance of the proposed method is 

validated through three numerical case studies in Section 3.4. 

3.2 Vanilla PINN Framework 

This section introduces the vanilla PINN framework in detail as the foundation of this 

study. Several critical concepts are detailed. For example, the vanilla PINN is built on a basic 

component called FCFNN, which is a commonly used type of DNN. AD is a vital function 

utilized in vanilla PINN to calculate gradients. The loss function is established based on 

physical laws governing the system and is optimized during the training process. The 

procedures for addressing both forward and inverse problems under vanilla PINN framework 

are also introduced. 

3.2.1 FCFNN and AD 

The FCFNN is the core component of a PINN framework. An example of a FCFNN with 

three hidden layers is shown in Figure 3-1. Typically, FCFNN takes several inputs and gives a 

certain number of outputs according to the network architecture. Except for the input and output 

layers, there are several hidden layers between them. Within a hidden layer, there are several 

neurons representing weights, biases, and nonlinear activation functions. The inputs will first 
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be calculated by the weights and biases in each hidden layer and then be transformed through 

activation functions such as Tanh, ReLU, and Sigmoid (Sun et al. 2020). The calculation of 

inputs is called the forward propagation of FCFNN, as shown in Figure 3-2, which can be 

expressed by the following formulae: 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 (𝑥𝑥) = 𝜎𝜎�𝑤𝑤𝑖𝑖 ∙ 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖−1 (𝑥𝑥) + 𝑏𝑏𝑖𝑖�, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 (3 − 1) 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥) = 𝑤𝑤𝑛𝑛+1 ∙ 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑛𝑛 (𝑥𝑥) + 𝑏𝑏𝑛𝑛+1 (3 − 2) 

where 𝑥𝑥 denotes the inputs of FCFNN; 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 (𝑥𝑥) and 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥) denote the outputs of the i-

th hidden layer and the output layer, respectively; 𝑤𝑤𝑖𝑖 and 𝑏𝑏𝑖𝑖 denote the weights and biases 

of hidden layers, respectively; 𝜎𝜎  is the activation function. In the following content, 𝜃𝜃  is 

used to represent the combination of weights 𝑤𝑤𝑖𝑖 and biases 𝑏𝑏𝑖𝑖 for brevity. 

AD (Baydin et al. 2018) is a useful self-embedded function in commonly used DL 

packages such as PyTorch (Paszke et al. 2017; Paszke et al. 2019) and TensorFlow (Abadi et 

al. 2016). From the perspective of forward propagation, the FCFNN can be expressed 

mathematically as an amalgamation of a series of matrix operations and activation functions 

on the inputs. If the activation function is differentiable, the derivatives of two related variables 

in the FCFNN can be calculated explicitly and easily through the AD function. Finally, by 

applying the chain rule to the network architecture, the derivatives of the outputs with respect 

to the inputs can be obtained. Although AD is an exact derivative method that avoids 

discretization and truncation errors at the mathematical level, the expressions of gradients are 

computed in floating-point, which means there still are round-off, cancellation, overflow, or 

underflow effects. These effects will bring errors, and these errors will be accumulated during 

training. The derivatives of outputs are calculated in the backpropagation of FCFNN, which is 

demonstrated in Figure 3-2. A cyclic combination of the forward and backward propagations 

constitutes the iteration process of training FCFNN. 



 
Chapter 3 

 

60 
 

The parameters 𝜃𝜃 of hidden layers, i.e., weights and biases, will be trained and updated 

by gradient descent algorithms during the training. The training of FCFNN is an optimization 

process that is usually achieved by optimizers such as Adam (Kingma and Ba 2017) and L-

BFGS (Byrd et al. 1995) according to the residuals between the outputs and the targets. The 

residuals are defined by the loss function, which will be introduced in the next subsection. 

 

Figure 3-1 A FCFNN with three hidden layers 

 

Figure 3-2 Forward and backward propagations 

3.2.2 Loss Function and Training of PINN 

PINN encodes the underlying physics of a system described by ODEs or PDEs into 

…

…

Forward

Backward
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FCFNN by defining a physics-informed loss function that contains penalty terms for the 

governing equation and each condition. By minimizing the loss function, PINN is able to 

generate an accurate surrogate model to make predictions. To demonstrate how to establish the 

physics-informed loss function, the following nonlinear governing equation is considered 

without losing generality: 

𝑓𝑓(𝑥𝑥, 𝑡𝑡) + 𝑁𝑁[𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆] = 0, 𝑥𝑥 ∈ Ω, 𝑡𝑡 ∈ Τ (3 − 3) 

with boundary conditions and initial conditions: 

𝐵𝐵[𝑢𝑢(0, 𝑡𝑡), 0, 𝑡𝑡] = 0  𝑜𝑜𝑜𝑜  Ω (3 − 4) 

𝐼𝐼[𝑢𝑢(𝑥𝑥, 0), 𝑥𝑥, 0] = 0  𝑜𝑜𝑜𝑜  Τ (3 − 5) 

where 𝑓𝑓(𝑥𝑥, 𝑡𝑡) is a function of spatial variable 𝑥𝑥 in the domain Ω and temporal variable 𝑡𝑡 

in the time domain Τ ; 𝑢𝑢(𝑥𝑥, 𝑡𝑡)  is the solution; 𝑁𝑁(∙)  is a nonlinear differential operator 

parameterized by 𝜆𝜆; 𝐵𝐵(∙) and 𝐼𝐼(∙) are operators for boundary and initial conditions. 

In forward problems, which are defined as determining the effects or outputs of a system 

given known causes or inputs and mathematical model that governing the system’s behavior, 

the parameter 𝜆𝜆 is known. Figure 3-3 depicts the vanilla PINN framework for solving forward 

problems. 

 

Figure 3-3 A diagram of vanilla PINN framework for forward problems 
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The total physics-informed loss function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 for the forward problem usually contains 

several penalty terms for the governing equation, boundary conditions, and initial conditions. 

Here, the mean square error (MSE) is used as the metric to quantify residuals between predicted 

values by PINN and exact values. The residuals are computed on collocation points sampled 

within the domain and on the boundary. There are different sampling methods for collocation 

points, but random uniform sampling is typically used to generate dense sampling of 

collocation points over the entire domain. Besides, since there is no labeled data involved in 

vanilla PINN when solving forward problems, the MSEs can be computed by substituting the 

predicted values into the governing equation and each condition that should be satisfied. 

Consequently, 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 can be formulated in the following expression: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑤𝑤𝑓𝑓 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑤𝑤𝑏𝑏 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑤𝑤𝑖𝑖 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 (3 − 6) 

where 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��𝑓𝑓�𝑥𝑥𝑖𝑖

𝑓𝑓 , 𝑡𝑡𝑖𝑖
𝑓𝑓� + 𝑁𝑁�𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓 , 𝑡𝑡𝑖𝑖
𝑓𝑓;𝜃𝜃���

2
𝑁𝑁𝑓𝑓

𝑖𝑖=1

(3 − 7) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 =
1
𝑁𝑁𝑏𝑏

��𝐵𝐵�𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�0, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃�, 0, 𝑡𝑡𝑖𝑖𝑏𝑏��
2

𝑁𝑁𝑏𝑏

𝑖𝑖=1

(3 − 8) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 =
1
𝑁𝑁𝑖𝑖
��𝐼𝐼�𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 , 0;𝜃𝜃�, 𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 , 0��

2
𝑁𝑁𝑖𝑖

𝑖𝑖=1

(3 − 9) 

in which 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓, 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏, and 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 represent the MSEs of residuals of the governing equation, 

boundary conditions, and initial conditions, respectively; 𝑤𝑤𝑓𝑓, 𝑤𝑤𝑏𝑏, and 𝑤𝑤𝑖𝑖 are the weights of 

the three penalty terms; 𝑁𝑁𝑓𝑓  denotes the number of collocation points �𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓�  randomly 

picked in the governing equation’s domain; 𝑁𝑁𝑏𝑏  denotes the number of collocation points 

(0, 𝑡𝑡𝑖𝑖𝑏𝑏) of the boundary conditions; 𝑁𝑁𝑖𝑖 denotes the number of collocation points (𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 , 0) of 



 
Chapter 3 

 

63 
 

the initial conditions; 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃� is the output, i.e., the predicted value, of the FCFNN; 

𝜃𝜃 is the trainable parameters of the FCFNN. 

The vanilla PINN is also competent for solving inverse problems, which are defined as 

determining the causes such as model parameters or inputs of a system from observed effects. 

Under vanilla PINN framework, the inverse problems aim to identify 𝜆𝜆  with few 

measurement datasets. In this case, the unknown parameter 𝜆𝜆  is treated as a trainable 

parameter and is trained together with the FCFNN parameters 𝜃𝜃. Figure 3-4 illustrates the 

vanilla PINN framework for addressing inverse problems, in which the boundary and initial 

conditions are not considered in the training process because it is oftentimes difficult to get 

exact boundary and initial conditions in inverse problems. Therefore, only the governing 

equations and some measured data are available. 

 

Figure 3-4 A diagram of vanilla PINN framework for inverse problems 

According to the framework shown in Figure 3-4, the total physics-informed loss function 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 for the inverse problem only contains two penalty terms for the governing equation and 

measurement data. Here, MSEs are adopted again to calculate the residuals. Thus, the 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 

can be expressed as follows: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑤𝑤𝑓𝑓 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑤𝑤𝑚𝑚 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 (3 − 10) 



 
Chapter 3 

 

64 
 

where 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓

��𝑓𝑓�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓� + 𝑁𝑁�𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓; 𝜆𝜆;𝜃𝜃�; 𝜆𝜆��
2

𝑁𝑁𝑓𝑓

𝑖𝑖=1

(3 − 11) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚

��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚; 𝜆𝜆;𝜃𝜃) − 𝑢𝑢𝑚𝑚(𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚

𝑖𝑖=1

(3 − 12) 

in which 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 and 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 are the MSEs of the governing equation and the measurement 

points’ residuals, respectively; 𝑤𝑤𝑓𝑓 and 𝑤𝑤𝑚𝑚 are the weights of the two penalty terms; 𝑁𝑁𝑚𝑚 is 

the number of measurement points (𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚) ; 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚; 𝜆𝜆;𝜃𝜃)  is the output, i.e., the 

predicted value, of the FCFNN; 𝑢𝑢𝑚𝑚(𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚)  denotes the measurement values; 𝜆𝜆  is the 

unknown parameter in the governing equation, which is treated as a trainable parameter and 

can be obtained after PINN training. 

3.2.3 Training of Vanilla PINN for High-Order Differential Equations 

The vanilla PINN framework for solving differential equations is straightforward and easy 

to implement as described in Section 3.2.2. However, some studies pointed out that there are 

potential difficulties observed when solving high-order differential equations with vanilla 

PINN (Wight and Zhao 2020; Yu et al. 2022; Mattey and Ghosh 2022). For example, when 

dealing with high order derivatives, AD will be repeated multiple times to compute Jacobian 

or Hessian matrices, which amplify floating-point errors. If the AD chain is long, the errors 

will be accumulated as well. In this subsection, the computational difficulty of the vanilla PINN 

is investigated numerically. After that, a novel method incorporating auxiliary outputs of 

FCFNN will be introduced to address the issue in Section 3.3. 
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To explore the potential obstacles in the training of vanilla PINN when solving high-order 

differential equations, a simple sixth-order ordinary differential equation is considered as a 

numerical example: 

𝑑𝑑6𝑢𝑢(𝑥𝑥)
𝑑𝑑𝑥𝑥6

= 0,       𝑥𝑥 ∈ [0,1] (3 − 13) 

With several specific boundary conditions, the exact solution of Equation (3-13) can be 

controlled as 𝑢𝑢(𝑥𝑥) = 𝑥𝑥5 . The vanilla PINN framework is used to solve this problem. The 

FCFNN contains 4 hidden layers with 40 neurons in each layer. The commonly used activation 

functions such as 𝑡𝑡𝑡𝑡𝑡𝑡ℎ(∙), 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(∙), and 𝑠𝑠𝑠𝑠𝑠𝑠(∙) are tested respectively. Several popular 

optimizers in vanilla PINN framework such as SGD, Adam, and L-BFGS are selected to 

optimize the loss function respectively. The total physics-informed loss function for this 

problem is as follows: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 (3 − 14) 

where 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��

𝜕𝜕6𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝜃𝜃�

𝜕𝜕𝑥𝑥6
�
2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(3 − 15) 

All combinations of above-mentioned activation functions and optimizers are tested, but 

all of them fail to obtain solutions of satisfied accuracy to this equation. They may fail due to 

two challenges: the difficulty of convergence caused by the gradient exploding and the notable 

computational error resulting from the gradient vanishing (Sun 2020). 

The potential reasons for vanilla PINN to fall into gradient exploding or vanishing when 

solving such a simple sixth-order differential equation are worthy exploring, and they may 



 
Chapter 3 

 

66 
 

provide insight into feasible solutions to these problems. Therefore, the training dynamic of the 

vanilla PINN is analyzed from the perspective of backpropagation. In order to simplify the 

symbol derivation process, a simple single-layer FCFNN is adopted to solve the sixth-order 

ODE for the demonstration purpose. The hidden layer of the FCFNN has only two neurons, 

and the activation function used is 𝑡𝑡𝑡𝑡𝑡𝑡ℎ(∙). The specific symbols are shown in Figure 3-5. 

 

Figure 3-5 The vanilla PINN framework with a single-layer FCFNN 

The forward propagation of the FCFNN can be expressed as: 

𝑢𝑢(𝑥𝑥;𝜃𝜃) = 𝒘𝒘𝟐𝟐 ∙ 𝜎𝜎(𝒘𝒘𝟏𝟏 ∙ 𝑥𝑥 + 𝒃𝒃𝟏𝟏) + 𝑏𝑏2 (3 − 16) 

where 𝜃𝜃 = (𝒘𝒘𝟏𝟏,𝒘𝒘𝟐𝟐,𝒃𝒃𝟏𝟏, 𝑏𝑏2) , 𝒘𝒘𝟏𝟏 = (𝑤𝑤11,𝑤𝑤12) , and 𝒃𝒃𝟏𝟏 = (𝑏𝑏11, 𝑏𝑏12)  are the weights and 

biases between the input layer and the hidden layer, respectively; 𝒘𝒘𝟐𝟐 = (𝑤𝑤21,𝑤𝑤22) and 𝑏𝑏2 

are the weights and bias between the hidden layer and the output layer, respectively. The n-th 

order derivative of 𝑢𝑢(𝑥𝑥) with respect to 𝑥𝑥 is calculated as: 

𝜕𝜕𝑛𝑛𝑢𝑢(𝑥𝑥;𝜃𝜃)
𝜕𝜕𝑥𝑥𝑛𝑛

= �𝒘𝒘𝟐𝟐 ∘ 𝒘𝒘𝟏𝟏
𝑇𝑇𝑛𝑛� ∙

𝜕𝜕𝑛𝑛𝜎𝜎(𝒘𝒘𝟏𝟏 ∙ 𝑥𝑥 + 𝒃𝒃𝟏𝟏)
𝜕𝜕𝑥𝑥𝑛𝑛

(3 − 17) 

where ∘ is the Hadamard product. 
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According to Equation (3-17), it is known that as the differential order of 𝑢𝑢(𝑥𝑥;𝜃𝜃) 

increases, there are two changes in the derivative of 𝑢𝑢(𝑥𝑥;𝜃𝜃): one is that the power of 𝒘𝒘1
𝑇𝑇 is 

increasing, i.e., 𝜕𝜕
𝑛𝑛𝑢𝑢(𝑥𝑥;𝜃𝜃)
𝜕𝜕𝑥𝑥𝑛𝑛

= 𝑂𝑂(𝒘𝒘1
𝑛𝑛) ; the other is that the differential order of the activation 

function 𝜎𝜎(∙)  is also increasing. The first step is to analyze the differential penalty term 

[Equation (3-15)] in the loss function. It is obvious that 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 is the 12-th order of 𝒘𝒘1, i.e., 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 = 𝑂𝑂(𝒘𝒘1
12). As the activation function 𝜎𝜎(∙) is a function of 𝑤𝑤11, if 𝑤𝑤11 is updated by 

the gradient of the 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓, then the 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 is  𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤11

= 𝑂𝑂(𝑤𝑤1112). Because the 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 of 𝑤𝑤11 is 

the high-order power of 𝑤𝑤11 itself, a terrible feedback mechanism is formed. If |𝑤𝑤11| > 1, 

the 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 is most likely to be a large number. According to the gradient descent method, the 

|𝑤𝑤11| will further increase, and its 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 will be further enlarged. Finally, the vanilla PINN 

will fail to converge, which leads to the gradient exploding. If |𝑤𝑤11| < 1, the 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 is most 

likely to be a small number, thus the |𝑤𝑤11| will not change significantly, and its 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 will 

keep a small number. Finally, 𝑤𝑤11 is still close to its initial value and the algorithm fails to 

converge, which leads to the gradient vanishing. 

A numerical test is performed on the 𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤11

 to verify the above statement. The 𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤11

 

involves multiple NN parameters and 𝑥𝑥. Therefore, the value of 𝑤𝑤11 is randomly set within 

[−2, 2]  to observe its effect on the gradient. Other NN parameters are initialized within 

[−1, 1], and 𝑥𝑥 is randomly taken from [0, 1]. The test is repeated 2000 times, and the test 

results are shown in Figure 3-6. The vertical axis in Figure 3-6 is the logarithm of the absolute 

value of the gradient, the blue shadow is the normal update area, the red shadow is the gradient 

exploding area, and the green shadow is the gradient vanishing area. 
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Figure 3-6 Gradients with different values of 𝑤𝑤11 

It can be observed from Figure 3-6 that as the |𝑤𝑤11|  increases, its |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|  increases 

significantly. When the |𝑤𝑤11| ≥ 1.5, the |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| is most likely to be greater than 100. When 

the |𝑤𝑤11| ≤ 0.25, its |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| is most likely to be less than 0.1. In the case that the 𝑤𝑤11 is 

updated using the gradient descent method with a learning rate of 0.01, the initial 𝑤𝑤11 = 0.5, 

and 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 200, after updating 𝑤𝑤11 = −1.5, the re-calculated |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| can be even larger. 

When the initial 𝑤𝑤11 = 0.5 and 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 0.1, after updating 𝑤𝑤11 = 0.499, the 𝑤𝑤11 cannot 

change significantly. For a learning rate of 0.01, the |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| ∈ [0.1, 100] can be considered 

as the range, within which 𝑤𝑤11 can be updated in a normal way, which is shaded in blue in 

Figure 3-6. The |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|  > 100 is prone to gradient exploding, while |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| < 0.1 is prone 

to gradient vanishing, as shown in red and green shadows in Figure 3-6, respectively. 

Although problems like gradient exploding and gradient vanishing occur in solving high-

order differential equations, vanilla PINN has been successfully applied to solve many second-

order differential equation problems, such as Poisson’s equation (Shin et al. 2020; Yang et al. 
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2021), wave equation (Wang et al. 2022; Moseley et al. 2020), and Burgers equation (Shukla 

et al. 2021). The difference between the gradient dynamics in the vanilla PINN framework for 

high-order and low-order (e.g. second-order) differential equation problems should be further 

studied. The above numerical test is conducted again by changing the sixth-order equation to a 

second-order equation to illustrate the training dynamic. 

According to the above analysis, it is known that 𝜕𝜕2𝑢𝑢(𝑥𝑥,𝜃𝜃)
𝜕𝜕𝑥𝑥2

= 𝑂𝑂(𝒘𝒘1
2) , and 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =

 𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤11

= 𝑂𝑂(𝑤𝑤114 ). The test results of the second-order differential equation are illustrated in 

Figure 3-7. It can be found that the gradients are mainly distributed in [10−3, 10] . If the 

learning rate is set to be 0.1, most gradients fall within the normal update range, thus 𝑤𝑤11 can 

be updated efficiently, and the training can be avoided falling into gradient exploding or 

gradient vanishing. 

Next, the situation for NN regression, which is a task without AD, is also investigated. 

The same numerical test is performed again, and the test results are plotted in Figure 3-8. It can 

be observed from the results that the gradients are mainly distributed in [10−3, 10], and the 

distribution of the gradient remains unchanged under different 𝑤𝑤11. If the learning rate is set 

as 0.1, 𝑤𝑤11 can be updated efficiently. From the above analysis, it can be concluded that the 

higher the order of derivatives is, the more obvious change in the distributions of the gradients 

of the NN parameters occur. For a fixed learning rate, the gradient descent method is more 

likely to make the NN model fall into gradient exploding or gradient vanishing. 
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Figure 3-7 Gradients with different values of 𝑤𝑤11 for the second-order differential equation 

 

Figure 3-8 Gradients with different values of 𝑤𝑤11 for the neural network regression 

The analysis above is based on a very simple NN architecture with only 1 hidden layer 

and 2 neurons in each hidden layer. The situation may change if the width or depth of the NN 

is increased, different activation functions are adopted, or the optimizer is varied. Next, 

different NN settings are investigated. 
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First, the network architecture with increased width of 6 neurons is tested. According to 

the above analysis result, 𝜕𝜕
𝑛𝑛𝑢𝑢(𝑥𝑥,𝜃𝜃)
𝜕𝜕𝑥𝑥𝑛𝑛

= 𝑂𝑂(𝒘𝒘1
𝑛𝑛) , it is known that the gradient 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔  of 𝑤𝑤11 

equals to 𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤11

= 𝑂𝑂(𝑤𝑤1112) for a wider network architecture. Therefore, the order of 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 is 

neither increased nor decreased and the vanilla PINN is still prone to gradient vanishing or 

gradient exploding. Although increasing the width of the hidden layer is not applicable to 

accurately solve high-order equations, it is helpful to improve the model’s ability to express 

complex functions. 

Then, the effect of increasing the depth of the NN, i.e., the number of hidden layers, is 

investigated. The symbolic calculation results of multi-layer NNs with multiple neurons are 

very complicated, which bring difficulties to theoretical analysis. In order to simplify the 

symbolic derivation, the NN with 4 hidden layers and 1 neuron in each layer is used to perform 

the test. Similarly, the 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔  is calculated to be  𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤1

  and results show that 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =

𝑂𝑂(𝑤𝑤112) ∗ 𝑂𝑂(𝑤𝑤2
12) ∗ 𝑂𝑂(𝑤𝑤3

12), indicating a worse situation. As long as one of |𝑤𝑤1|, |𝑤𝑤2| and 

|𝑤𝑤3| is greater than 1, the model is easy to face gradient exploding. Thus, it can be concluded 

that increasing the depth of the model is not an ideal solution to address the gradient exploding 

and gradient vanishing problems. 

Another alternative choice is to change the activation function. Based on Equation (3-17), 

it is known that the 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 is also related to the high-order derivative of the activation function. 

However, it is found that these activation functions have very limited influence on the order of 

gradient under the situation of the gradient exploding or gradient vanishing. 

The analysis above is based on the gradient descent method, which is the simplest among 

optimization methods. The influence of different choices of optimizers on the updating of NN 
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parameters is studied. Several optimizers commonly used in vanilla PINN are explored. 

First, SGD without momentum is employed. In the case of full batches, SGD is the same 

as the gradient descent method. Since the mini-batch is equally distributed with full batches, 

the number of samples in the training batch has little impact on the distribution of the gradient 

of 𝑤𝑤11 presented in Figure 3-6. If the SGD with momentum is used, the momentum 𝑣𝑣 is 

updated to be 𝛼𝛼𝛼𝛼 − 𝜖𝜖 ∗ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 , in which the 𝛼𝛼  is the momentum parameter, and 𝜖𝜖  is the 

learning rate. The parameter 𝑤𝑤11 is updated to be 𝑤𝑤11 + 𝑣𝑣. It can be noted that if |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| is 

a large number, the momentum term 𝛼𝛼𝛼𝛼 can be ignored. If |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔| is a small number and 𝑣𝑣 

is initialized as zero, 𝑣𝑣 remains a small number, and 𝑤𝑤11 will not change significantly as 

well. Thus, the SGD optimizer is not suitable for tackling gradient exploding and gradient 

vanishing problems. 

Adam (Kingma and Ba 2017) is another momentum-based optimizer. With Adam 

optimizer, 𝑤𝑤11 is updated to be 𝑤𝑤11 − 𝜖𝜖 𝑠̂𝑠
√𝑟̂𝑟+𝛿𝛿

, in which, the first-order moment 𝑠̂𝑠 is the first 

order of gradient, i.e. 𝑠̂𝑠 = 𝑂𝑂(𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔), and the second-order moment 𝑟̂𝑟 is the second order of 

gradient, i.e. 𝑟̂𝑟 = 𝑂𝑂(𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔2). Due to the stabilization of 𝑟̂𝑟 to 𝑠̂𝑠, 𝑠̂𝑠
√𝑟̂𝑟+𝛿𝛿

 is the lower-order of 

𝑤𝑤11. Consequently, Adam can alleviate the gradient exploding and gradient vanishing in the 

vanilla PINN framework. 

In addition to the above optimizers, second-order gradient optimizers such as the quasi-

Newton method-BFGS (Buckley 1978; Liu and Nocedal 1989) can also be utilized. To avoid 

computing the complicated Hessian matrix, only the gradient of 𝑤𝑤11 is considered and the 

second-order gradient 𝜕𝜕
2𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤112

 is used to replace the Hessian matrix. According to the previous 

analysis, the first-order gradient 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑂𝑂(𝑤𝑤1112)  and the calculation result show that the 
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second-order gradient 𝜕𝜕
2𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤112

  is 𝑂𝑂(𝑤𝑤1112)  as well. Applying the updating rule of BFGS to 

𝑤𝑤11, it becomes 𝑤𝑤11 − 𝜖𝜖 ∙ (𝜕𝜕
2𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤112

)−1 ∙ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔, in which, 𝜖𝜖 is the adaptive learning rate from 

the line search. It is obvious that the second-order gradient can reduce the order of (𝜕𝜕
2𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓
𝜕𝜕𝑤𝑤112

)−1 ∙

𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔. Thus, the BFGS method can effectively alleviate the gradient exploding and gradient 

vanishing caused by high-order of 𝑤𝑤11. In addition, since the linear search is used in BFGS to 

iteratively find the optimal learning rate, the adaptive learning rate is capable of preventing the 

gradient exploding when the learning rate is too large and avoiding the gradient vanishing when 

the learning rate is too small. 

To summarize, altering the architecture of the NN or choosing different activation 

functions shows limited ability to address the computational difficulties posed by high-order 

differential equations. Although the performance of vanilla PINN for solving high-order 

differential equations can be effectively improved by changing the optimizer, the problems of 

gradient exploding and gradient vanishing cannot be fundamentally eliminated. However, 

Figures 3-7 and 3-8 show a feasible solution. If the highest order of derivatives in the 

differential equation can be reduced, the order of AD in the vanilla PINN framework can be 

reduced subsequently, leading to a fundamental settlement of the challenging issue. In the 

following subsection, a novel solution by training with auxiliary outputs for reducing the 

highest order of derivatives will be proposed. 

3.3 Methods 

To address the challenge of computing high-order derivatives in vanilla PINN, a novel 

method that trains the FCFNN with auxiliary outputs to reduce the highest order of derivatives 
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in the governing equation is introduced in this section. 

3.3.1 Training with Auxiliary Outputs for Reducing the Order 

Usually, the FCFNN in the vanilla PINN only generates the primary output, i.e. target 

output, leading to high-order AD computation when high-order derivatives are involved. The 

rationale of the proposed method is to define additional outputs termed as auxiliary outputs to 

represent multiple order derivatives of the primary output and add an extra penalty term in the 

loss function in compliance with the connections between the auxiliary outputs and the primary 

output. The extra penalty term is used to constrain the auxiliary outputs to satisfy the governing 

equation. The overall schematic of the proposed method for solving forward problems is 

illustrated in Figure 3-9, in which 𝑢𝑢 is the primary output, while 𝑤𝑤 is the auxiliary output. 

To adjust the framework to deal with inverse problems, only a few modifications are needed, 

e.g. adding measurement data and incorporating a penalty term for measurement data in the 

total loss function. 

 

Figure 3-9 A framework of training with auxiliary outputs for forward problems 
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The core component of the proposed framework is still an FCFNN, which is employed to 

not only approximate the solution 𝑢𝑢(𝑥𝑥, 𝑡𝑡)  of the governing equation but also generate 

auxiliary outputs such as 𝑤𝑤(𝑥𝑥, 𝑡𝑡)  as shown in Figure 3-9. By using auxiliary outputs to 

approximate the derivatives of 𝑢𝑢(𝑥𝑥, 𝑡𝑡) , the high-order derivative of 𝑢𝑢(𝑥𝑥, 𝑡𝑡)  can be 

decomposed into multiple low-order derivatives, so as to avoid high-order AD computation. 

The relationship between 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and 𝑤𝑤(𝑥𝑥, 𝑡𝑡) is constrained by an extra penalty term in the 

physics-informed loss function. For example, the following fourth-order PDE is considered: 

𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

+
𝜕𝜕4𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥4

= 𝑓𝑓(𝑥𝑥, 𝑡𝑡) (3 − 18) 

An auxiliary output 𝑤𝑤(𝑥𝑥, 𝑡𝑡) can be defined to approximate the second-order derivative 

of 𝑢𝑢(𝑥𝑥, 𝑡𝑡). The relationship between 𝑤𝑤(𝑥𝑥, 𝑡𝑡) and 𝑢𝑢(𝑥𝑥, 𝑡𝑡) can be expressed as: 

𝑤𝑤(𝑥𝑥, 𝑡𝑡) =
𝜕𝜕2𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2

(3 − 19) 

Therefore, the extra penalty term can be computed as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 =
1
𝑁𝑁𝑓𝑓
��

𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃�
𝜕𝜕𝑥𝑥2

− 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃��
2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(3 − 20) 

With the help of 𝑤𝑤(𝑥𝑥, 𝑡𝑡), the fourth-order PDE can be transformed as: 

𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

+
𝜕𝜕2𝑤𝑤(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2

= 𝑓𝑓(𝑥𝑥, 𝑡𝑡) (3 − 21) 

in which, the highest order is reduced from fourth-order to second-order, avoiding computation 

of the high-order derivative. Consequently, the total loss function can be expressed as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑤𝑤𝑓𝑓 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑤𝑤𝑏𝑏 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑤𝑤𝑖𝑖 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 + 𝑤𝑤𝑎𝑎 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 (3 − 22) 

where 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏, 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖, and 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 are given by Equations (3-8), (3-9) and (3-20). 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 can be 
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obtained from Equation (3-23) as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓

��
𝜕𝜕𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓 , 𝑡𝑡𝑖𝑖
𝑓𝑓;𝜃𝜃�

𝜕𝜕𝜕𝜕
+
𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓 , 𝑡𝑡𝑖𝑖
𝑓𝑓;𝜃𝜃�

𝜕𝜕𝑥𝑥2
− 𝑓𝑓�𝑥𝑥𝑖𝑖

𝑓𝑓 , 𝑡𝑡𝑖𝑖
𝑓𝑓��

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(3 − 23) 

According to the analysis in Section 3.2.3, the second-order gradient optimizer can 

effectively avoid the PINN from falling into gradient vanishing and gradient exploding. 

Therefore, the L-BFGS can be utilized to minimize the total loss function to make the predicted 

values of the proposed method gradually approach the exact solution. Theoretically, since the 

optimization of the FCFNN is a non-convex problem, there is no guarantee that the loss 

function will finally converge to the global optimal. Nonetheless, according to the results of 

numerical examples, the accuracy of the proposed method can reach a satisfactory level. 

3.3.2 Hyperparameter Study 

The proposed framework decomposes the high-order governing differential equation into 

a set of low-order differential equations by employing auxiliary outputs of FCFNN. It can be 

noticed that there are different auxiliary output schemes for the decomposition of the high-

order differential equation. For example, a fourth-order PDE can be divided into two second-

order PDEs or one first-order PDE and one third-order PDE. Therefore, the main 

hyperparameter of the proposed framework is the auxiliary output scheme for the high-order 

governing equation. To investigate the performance of different auxiliary output schemes, a 

hyperparameter study of several cases with various schemes is carried out in this subsection. 

Since there are countless differential equations of various orders, it is impossible to explore the 

best setting schemes for all cases. A typical description of PDEs with various orders is adopted 

as test cases, which can be expressed as follows: 
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𝜕𝜕𝑛𝑛𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥𝑛𝑛

=
𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

        𝑥𝑥 ∈ [0,1], 𝑡𝑡 ∈ [0,1] (3 − 24) 

where 𝑛𝑛 is an integer representing the highest order of the PDE. Equation (3-24) can express 

a series of PDEs with different orders because 𝑛𝑛  varies. These PDEs consist of only two 

partial differential operators that are necessary components in all PDEs. 

PDEs from second-order to sixth-order with well-defined initial and boundary conditions 

are solved using both vanilla PINN and the proposed framework under different auxiliary 

output schemes. The relative 𝐿𝐿2 errors of different cases calculated by Equation (3-36) are 

presented in Table 3-1. 

Table 3-1 Relative 𝐿𝐿2 errors of different auxiliary output schemes 

Orders 

n 

Vanilla 

PINN 
Different auxiliary output schemes for the proposed framework 

2 0.382% 
1+1       

0.208%       

3 0.112% 
2+1 1+2 1+1+1     

0.043% 0.064% 0.061%     

4 0.060% 
3+1 2+2 1+3 2+1+1 1+2+1 1+1+2 1+1+1+1 

0.032% 0.010% 0.048% 0.022% 0.135% 0.103% 0.868% 

5 0.198% 
4+1 3+2 2+3 1+4 3+1+1 2+2+1 1+1+1+1+1 

0.061% 0.017% 0.025% 0.040% 0.102% 0.107% 0.066% 

6 Fail 
5+1 4+2 3+3 2+4 1+5 2+2+2 1+1+1+1+1+1 

0.108% 0.028% 0.017% 0.073% 0.078% 0.025% 0.115% 
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In Table 3-1, 𝑛𝑛 is the highest order of the PDEs, and the vanilla PINN column contains 

the relative 𝐿𝐿2 errors of the solutions obtained by the vanilla PINN. In the different auxiliary 

output schemes column, the first row of each order shows the different auxiliary output 

schemes. For example, the 4+2 scheme of the sixth-order PDE means that the FCFNN in the 

proposed framework has two outputs: one is the primary output 𝑢𝑢(𝑥𝑥,  𝑡𝑡) , the other is the 

auxiliary output 𝑣𝑣(𝑥𝑥,  𝑡𝑡). The auxiliary output 𝑣𝑣(𝑥𝑥,  𝑡𝑡) is the fourth-order derivative of the 

primary output 𝑢𝑢(𝑥𝑥,  𝑡𝑡), while the sixth-order derivative in the PDE is transformed into the 

second-order derivative of the auxiliary output 𝑣𝑣(𝑥𝑥,  𝑡𝑡). Consequently, the original sixth-order 

PDE is decomposed into the combination of a fourth-order and a second-order equations. The 

relationship between 𝑢𝑢(𝑥𝑥,  𝑡𝑡)  and 𝑣𝑣(𝑥𝑥,  𝑡𝑡)  is constrained by a penalty term according to 

𝑣𝑣(𝑥𝑥,  𝑡𝑡) = 𝜕𝜕4𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥4

. 

All auxiliary output schemes of PDEs with different orders are tested, while only some of 

the results of them are selected and presented in Table 3-1. It can be found that vanilla PINN 

successfully solves PDEs from second-order to fifth-order but fails in the sixth-order PDE 

problem. In most test cases, the strategy of using auxiliary outputs can effectively improve the 

computational accuracy of the vanilla PINN. The higher the order of the PDE problems, the 

better performance for improvement of the solution’s accuracy can be achieved by the proposed 

framework. It also can be observed that the optimal auxiliary output scheme always has only 

one auxiliary output. The reason is that more auxiliary outputs require more penalty terms to 

constrain their relationships. How to maintain the gradient balance between multiple penalty 

terms in the loss function during the training of FCFNN is also a difficult problem to address 

(Wang et al. 2021a). The principle of the optimal scheme is to minimize the order of the PDE 
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with the fewest auxiliary outputs. According to the relative 𝐿𝐿2  error results calculated for 

different auxiliary output schemes, the recommended schemes for second-order to sixth-order 

PDEs are summarized in Table 3-2. 

Table 3-2 Recommended auxiliary output scheme for PDEs with different orders 

The highest order of 

derivatives 
Recommended auxiliary output scheme 

2 
Primary output 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and an auxiliary output 

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢𝑥𝑥(𝑥𝑥, 𝑡𝑡) 

3 
Primary output 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and an auxiliary output 

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢𝑥𝑥𝑥𝑥(𝑥𝑥, 𝑡𝑡) 

4 
Primary output 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and an auxiliary output 

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢𝑥𝑥𝑥𝑥(𝑥𝑥, 𝑡𝑡) 

5 
Primary output 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and an auxiliary output 

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥(𝑥𝑥, 𝑡𝑡) 

6 
Primary output 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and an auxiliary output 

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥(𝑥𝑥, 𝑡𝑡) 

3.4 Numerical Case Studies 

In this section, three numerical case studies, including a Korteweg-de Vries (KdV) 

equation, a Euler-Bernoulli equation, and a sixth-order PDE, are conducted using the strategy 

of auxiliary outputs to validate the performance of the proposed framework for solving high-

order differential equations. 
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3.4.1 Korteweg-de Vries Equation 

In the first numerical case study, a third-order KdV equation is solved by the proposed 

framework. The KdV equation describes the physical phenomenon of waves on shallow water 

surfaces. It plays an important role in various fields of applied science and engineering, such 

as hydrodynamics, water waves, and quantum theory. In the research field of PINN, the KdV 

equation is treated as a benchmark problem involving high-order derivatives, related studies 

can be found in (Raissi et al. 2019a; Jagtap et al. 2020; Wang et al. 2022). 

The governing equation, nonlinear KdV equation parameterized by 𝜆𝜆1  and 𝜆𝜆2 , is 

expressed as: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜆𝜆1𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜆𝜆2
𝜕𝜕3𝑢𝑢
𝜕𝜕𝑥𝑥3

= 0        𝑥𝑥 ∈ [−1,1],   𝑡𝑡 ∈ [0,1] (3 − 25) 

The initial condition is considered as 𝑢𝑢(𝑥𝑥, 0) = cos(𝜋𝜋𝜋𝜋), the boundary conditions are 

considered periodic, 𝜆𝜆1 is taken as 1, and 𝜆𝜆2 is set as 0.0025. According to the suggested 

auxiliary output scheme in Table 3-2, one auxiliary output 𝑣𝑣(𝑥𝑥, 𝑡𝑡) is defined to represent the 

second-order derivative of 𝑢𝑢(𝑥𝑥, 𝑡𝑡). Then, the governing equation can be reformulated as: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜆𝜆1𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜆𝜆2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 (3 − 26) 

𝑣𝑣 =
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

(3 − 27) 

In the proposed framework, a two-output FCFNN is built to approximate the primary 

output 𝑢𝑢(𝑥𝑥, 𝑡𝑡) and the auxiliary output 𝑣𝑣(𝑥𝑥, 𝑡𝑡), simultaneously. 

For the loss function, MSE is used to quantify the residuals of the governing equation and 
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other conditions on collocation points. The penalty term for the governing equation can be 

formulated as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��

𝜕𝜕𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃�
𝜕𝜕𝜕𝜕

+ 𝜆𝜆1𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓, 𝑡𝑡𝑖𝑖

𝑓𝑓; 𝜃𝜃�
𝜕𝜕𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓, 𝑡𝑡𝑖𝑖
𝑓𝑓; 𝜃𝜃�

𝜕𝜕𝜕𝜕
+ 𝜆𝜆2

𝜕𝜕𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃�
𝜕𝜕𝜕𝜕 �

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

 

(3 − 28) 

To make the prediction satisfy the initial condition, a penalty term for calculating the 

residual of the initial condition is created as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 =
1
𝑁𝑁𝑖𝑖
��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 , 0;𝜃𝜃� − 𝑐𝑐𝑐𝑐𝑐𝑐�𝜋𝜋 ∙ 𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖��

2
𝑁𝑁𝑖𝑖

𝑖𝑖=1

(3 − 29) 

The periodic boundary conditions of the KdV equation are also integrated into the total 

loss function by a penalty term as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏1 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏2 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏3 (3 − 30) 

where 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏1 =
1
𝑁𝑁𝑏𝑏

��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�−1, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃� − 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�1, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃��
2

𝑁𝑁𝑏𝑏

𝑖𝑖=1

(3 − 31) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏2 =
1
𝑁𝑁𝑏𝑏

��
𝜕𝜕𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�−1, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃�

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�1, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃�

𝜕𝜕𝜕𝜕
�
2𝑁𝑁𝑏𝑏

𝑖𝑖=1

(3 − 32) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏3 =
1
𝑁𝑁𝑏𝑏

��
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�−1, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃�

𝜕𝜕𝑥𝑥2
−
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�1, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃�

𝜕𝜕𝑥𝑥2
�
2𝑁𝑁𝑏𝑏

𝑖𝑖=1

(3 − 33) 

The relationship between the primary output and the auxiliary output is constrained by an 

additional penalty term according to Equation (3-27), which is calculated as: 
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𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 =
1
𝑁𝑁𝑓𝑓
��

𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃�
𝜕𝜕𝑥𝑥2

− 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓 , 𝑡𝑡𝑖𝑖

𝑓𝑓;𝜃𝜃��
2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(3 − 34) 

Then, the total loss function can be formed by the weighted summation of the above four 

MSEs as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑤𝑤𝑓𝑓 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑤𝑤𝑏𝑏 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑤𝑤𝑖𝑖 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 + 𝑤𝑤𝑎𝑎 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 (3 − 35) 

where 𝑤𝑤𝑓𝑓, 𝑤𝑤𝑏𝑏, 𝑤𝑤𝑖𝑖, and 𝑤𝑤𝑎𝑎 are the weights of each penalty term. In this case, they are set as 

1. The four penalty terms can be optimized simultaneously during the training. 

In this case, the collocation points set includes 𝑁𝑁𝑖𝑖 = 200 points randomly sampled in the 

time domain for the initial condition, 𝑁𝑁𝑏𝑏 = 200 points randomly sampled on the boundary 

for boundary conditions, and 𝑁𝑁𝑓𝑓 = 2000 points randomly sampled inside the entire domain 

for the governing equation and the output relationship. 

The FCFNN in the proposed framework consists of 4 hidden layers and 40 neurons in 

each layer. The activation function used is Tanh. The L-BFGS is employed to minimize the loss 

function. The exact benchmark solution is referenced from (Raissi et al. 2019a). The relative 

𝐿𝐿2 error is chosen as the metric to evaluate the computational accuracy of the solution obtained 

by the proposed framework. The relative 𝐿𝐿2 error can be calculated by: 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐿𝐿2 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =
�∑ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 − 𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 �

2𝑀𝑀
𝑖𝑖=1

�∑ �𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 �
2𝑀𝑀

𝑖𝑖=1

(3 − 36) 

To fairly compare the accuracy of the vanilla PINN the proposed framework, a vanilla 

PINN model with the same FCFNN architecture is also built to solve the problem. 

The predicted solutions by vanilla PINN and the proposed framework after 2000 epochs 
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are illustrated in Figures 3-10 and 3-11, respectively. Also, the absolute error distributions of 

the vanilla PINN and the proposed framework compared to the benchmark solution are shown 

in Figures 3-12 and 3-13, respectively. 

The relative 𝐿𝐿2 error of the vanilla PINN is 2.899%, indicating that the vanilla PINN can 

successfully solve this third-order PDE without falling into gradient exploding or gradient 

vanishing with the help of the L-BFGS optimizer. The performance of the proposed framework 

is even better, with a relative 𝐿𝐿2  error of 0.993%. Moreover, by evaluating the error 

distribution, it can be noticed that the proposed framework can achieve higher accuracy of the 

solution than the vanilla PINN over almost the entire domain, which further shows its strong 

ability. 

 

Figure 3-10 The solution of the vanilla PINN for the KdV equation 
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Figure 3-11 The solution of the proposed framework for the KdV equation 

 

 

Figure 3-12 The absolute error of the vanilla PINN for the KdV equation 

 

 
Figure 3-13 The absolute error of the proposed framework for the KdV equation 
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3.4.2 Euler-Bernoulli Equation for Beam Vibration 

In the second numerical case study, a fourth-order PDE named Euler-Bernoulli equation 

for beam vibration is employed. The Euler-Bernoulli equation describes the vibration and 

deformation of beams in structural mechanics and is widely used in design and research in the 

field of structural engineering. The Euler-Bernoulli equation is expressed as: 

𝐸𝐸𝐸𝐸(𝑥𝑥)
𝜕𝜕4𝑢𝑢
𝜕𝜕𝑥𝑥4

+ 𝜌𝜌𝜌𝜌(𝑥𝑥)
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑡𝑡2

= 𝑓𝑓(𝑥𝑥, 𝑡𝑡)                𝑥𝑥 ∈ [0, 𝑙𝑙] (3 − 37) 

where 𝐸𝐸 denotes the Young’s modulus, 𝐼𝐼(𝑥𝑥) represents the inertia moment determined by 

the shape and size of the beam’s cross-section, 𝜌𝜌 is the density, 𝐴𝐴(𝑥𝑥) is the cross-section area 

of the beam, and 𝑓𝑓(𝑥𝑥, 𝑡𝑡) depicts the external force on the beam. If the cross-section of the 

beam remains unchanged along the length, 𝐼𝐼(𝑥𝑥) and 𝐴𝐴(𝑥𝑥) are constant. In this case study, a 

simplified case where 𝐸𝐸𝐸𝐸(𝑥𝑥) = 1, 𝜌𝜌𝜌𝜌(𝑥𝑥) = 1, and 𝑓𝑓(𝑥𝑥, 𝑡𝑡) = 0 is considered for simplicity. 

For the boundary condition, only the left side end (𝑥𝑥 = 0) of the beam is fixed, while 

elsewhere is unconstrained. An initial load is applied to deform the beam and then cancel the 

load to make the beam vibrate freely. According to the suggested auxiliary output scheme in 

Table 3-2, one auxiliary output 𝑣𝑣(𝑥𝑥, 𝑡𝑡) is defined. Accordingly, the governing equation can be 

reformulated in the following form: 

𝐸𝐸𝐸𝐸(𝑥𝑥)
𝜕𝜕2𝑣𝑣
𝜕𝜕𝑥𝑥2

+ 𝜌𝜌𝜌𝜌(𝑥𝑥)
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑡𝑡2

= 𝑓𝑓(𝑥𝑥, 𝑡𝑡) (3 − 38) 

𝑣𝑣 =
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

(3 − 39) 

The loss function can be constructed by four penalty terms, 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓, 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏, 𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖, and 

𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎  for the governing equation, the boundary condition, the initial condition, and the 

relationship between primary and auxiliary outputs, respectively. They can be formulated 
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similarly to those in Section 3.4.1. 

For the collocation points, 100 points are randomly sampled in the time domain, 200 

points are randomly sampled on the boundary, and 1000 points are randomly sampled inside 

the entire domain. 

The FCFNN architectures, activation functions, and optimizers of both the proposed 

framework and the vanilla PINN are the same as those for solving the KdV equation. The 

relative 𝐿𝐿2 error is also used for comparison of models’ performance. 

The solutions by the vanilla PINN and the proposed framework after 3000 epochs are 

illustrated in Figures 3-14 and 3-15. The absolute errors of the vanilla PINN and the proposed 

framework compared to the exact solution obtained by the FEM are shown in Figures 3-16 and 

3-17. The relative 𝐿𝐿2  error of the vanilla PINN is 2.899%, while that of the proposed 

framework is 1.977%, showing improved computational accuracy. 

 

Figure 3-14 The solution of the vanilla PINN for the Euler-Bernoulli equation 
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Figure 3-15 The solution of the proposed framework for the Euler-Bernoulli equation 

 

 

Figure 3-16 The absolute error of the vanilla PINN for the Euler-Bernoulli equation 
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Figure 3-17 The absolute error of the proposed framework for the Euler-Bernoulli equation 

3.4.3 A Sixth-Order Partial Differential Equation 

In the third numerical case study, a sixth-order PDE that is more difficult to solve than the 

previous two examples is considered. It can be expressed as: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕6𝑢𝑢
𝜕𝜕𝑥𝑥6

+ 𝑔𝑔(𝑥𝑥, 𝑡𝑡) = 0      𝑥𝑥 ∈ [0,1], 𝑡𝑡 ∈ [0,1] (3 − 40) 

in which, the initial condition is set as 𝑢𝑢(𝑥𝑥, 0) = 𝑥𝑥 ∙ 𝑒𝑒−𝑥𝑥, the boundary conditions are defined 

to be the Dirichlet boundary conditions, and 𝑔𝑔(𝑥𝑥, 𝑡𝑡) = −𝑥𝑥(𝑥𝑥 ∙ 𝑒𝑒𝑡𝑡−𝑥𝑥 − 6𝑒𝑒𝑡𝑡−𝑥𝑥 + 1) ∙ e𝑡𝑡−𝑥𝑥. The 

exact solution of the PDE is 𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑥𝑥 ∙ 𝑒𝑒𝑡𝑡−𝑥𝑥. According to the suggested auxiliary output 

scheme in Table 3-2, one auxiliary output 𝑣𝑣(𝑥𝑥, 𝑡𝑡)  is defined to represent the third-order 

derivative of 𝑢𝑢(𝑥𝑥, 𝑡𝑡). Then, the original PDE can be transformed as: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕3𝑣𝑣
𝜕𝜕𝑥𝑥3

+ 𝑔𝑔(𝑥𝑥, 𝑡𝑡) = 0 (3 − 41) 
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𝑣𝑣 =
𝜕𝜕3𝑢𝑢
𝜕𝜕𝑥𝑥3

(3 − 42) 

The loss function can be formed in the same way as the previous case study. The 

collocation point set includes three parts: 100 points randomly sampled in the time domain, 

200 points randomly sampled on the boundary, and 2000 points randomly sampled inside the 

entire domain. The depth and the width of the FCFNN in the vanilla PINN and the proposed 

method are 4 and 40, which are the same as the previous cases. Also, the activation functions 

and optimizers remain the same, i.e. Tanh and L-BFGS. The relative 𝐿𝐿2 error is used again to 

evaluate models’ performance. 

The vanilla PINN fails to solve this sixth-order PDE since its loss function does not 

converge during training, while the proposed method successfully addresses this problem. 

Therefore, only the results after 2000 epochs of the proposed method are shown in Figures 3-

18 and 3-19, illustrating the predicted solution and error distribution, respectively. 

It can be noted that the proposed framework can obtain the solution to this high-order 

problem with very high accuracy, proved by a relative 𝐿𝐿2 error of only 0.0787%. The strong 

ability of the proposed framework, which trains the FCFNN with auxiliary outputs, is 

demonstrated by solving a high-order PDE with high accuracy. 
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Figure 3-18 The solution of the proposed framework for the sixth-order PDE 

 

 

Figure 3-19 The absolute error of the proposed framework for the sixth-order PDE 



 
Chapter 3 

 

91 
 

3.5 Summary 

In this chapter, the basic knowledge of PINN is introduced as the foundation of this thesis. 

Besides, the difficulty encountered when solving high order differential equations are 

theoretically investigated through the training dynamics of PINN. To address this difficulty, an 

auxiliary output-based method is proposed to avoid computing high order derivatives in 

governing equations, thus facilitating computation. The effectiveness of the proposed method 

in improving PINN’s computational efficiency and accuracy is validated through several 

numerical case studies. 
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CHAPTER 4 
 

Physics-Informed Neural Network with Modulating 

Functions for Hard-Embedding of Boundary Conditions 
 

 
 

4.1 Introduction 

In addition to high order derivatives in governing equations, numerous boundary 

conditions also hinder computational efficiency and prediction accuracy, especially near the 

boundary, of PINN. Traditionally, each boundary condition is incorporated through individual 

penalty term in the total loss function, which can slow down convergence and reduce 

computational efficiency. The soft constraints approach often fails to ensure boundary residuals 

reach zero by the end of training. To address this issue, modulating functions for hard-

embedding of boundary conditions are introduced in this chapter, enabling automatic 

satisfaction of boundary conditions without additional penalty terms. Moreover, the auxiliary 

outputs introduced in Chapter 3 are also adopted to further improve PINN’s performance. 

For the application case, the identification of rotational stiffness of semi-rigid joints in 

structural engineering exemplifies the practical benefits of this approach. Semi-rigid joints, 

which possess rotational stiffness between that of fully rigid and ideally pinned joints, play a 

significant role in structural performance. Traditional modeling often assumes joints are either 
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fully rigid or pinned, leading to inaccuracies in FE modeling if simplified assumptions are used. 

PINN with the proposed method effectively addresses these limitations, allowing for accurate 

identification of rotational stiffness with minimal data and high noise tolerance, which is crucial 

for reliable structural analysis and design. 

The main content of this chapter is organized as follows. In Section 4.2, the modulating 

functions are derived and applied to the auxiliary outputs-based framework to hard-embed 

boundary conditions and reduce the order of governing equations. In Section 4.3, the proposed 

method is validated through two numerical case studies, in which the unknown rotational 

stiffness of semi-rigid joints is identified. Then, the experimental validation on a single-bay 

steel frame is conducted in Section 4.4. 

4.2 Methods 

The fundamentals of vanilla PINN have been introduced in Section 3.2. In this section, an 

innovative method for hard-embedding boundary conditions using modulating functions is 

proposed to improve the vanilla PINN. Moreover, the auxiliary output-enabled training method 

proposed in Chapter 3 will also be employed to facilitate the hard-manner treatment of 

boundary conditions and reduce the order of governing equations. 

4.2.1 Establishment of Modulating Functions 

In the vanilla PINN framework, all boundary conditions will be satisfied by enforcing a 

penalty term for boundary conditions to approach zero. Nevertheless, there will be errors 

because the penalty term can only be close to zero but not equal to zero. Dealing with boundary 

conditions in the above way is called soft constraints (Lu et al. 2021b; Lu et al. 2021c). Even 
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in a simple structure, for example a cantilever beam (in Section 4.3.1), four boundary 

conditions with different orders are involved due to the high order of the governing equation. 

The number of boundary conditions and continuity conditions is significantly increased for 

multiple-member structural systems, a steel frame for instance (in Section 4.3.2), which results 

in high complexity of the loss functions and large errors of the boundary condition losses. To 

handle this problem and improve computational efficiency and accuracy, modulating functions 

that enables hard embedding of all boundary conditions is derived. 

Consider the Euler-Bernoulli beam equation (Gere and Timoshenko 1997) that are widely 

used to describe the deformation of beam structures under loading: 

𝜕𝜕2

𝜕𝜕𝑥𝑥2
�𝐸𝐸𝐸𝐸

𝜕𝜕2𝑢𝑢(𝑥𝑥)
𝜕𝜕𝑥𝑥2

� = 𝑞𝑞, 𝑥𝑥 ∈ [0, 𝑙𝑙] (4 − 1) 

Without losing generality, the following normalized equation (it can be easily elicited 

through a transformation of Equation (4-1) by scaling the 𝑥𝑥 domain from [0, 𝑙𝑙] to [0, 1] and 

defining a dimensionless deflection variable) is considered: 

𝜕𝜕4𝑢𝑢
𝜕𝜕𝑥𝑥4

+ 1 = 0, 𝑥𝑥 ∈ [0, 1] (4 − 2) 

with the following boundary conditions 

𝑢𝑢(0) = 𝑎𝑎,    𝑢𝑢′(0) = 𝑏𝑏,    𝑢𝑢′′(1) = 𝑐𝑐,    𝑢𝑢′′′(1) = 𝑑𝑑 (4 − 3) 

where the first two conditions are on the left side of the boundary, while the other two are on 

the right side. Because the boundary conditions are in different orders and on different sides of 

the domain, the hard embedding of them is complicated and not addressed. 

The following five cases are discussed: 

(1) In the case with only the boundary condition 𝑢𝑢(0) = 𝑎𝑎, define 

𝑣𝑣(𝑥𝑥) = 𝑎𝑎 + 𝑥𝑥𝑥𝑥(𝑥𝑥) (4 − 4) 

which satisfies 𝑣𝑣(𝑥𝑥) = 𝑣𝑣(0) = 𝑎𝑎 at 𝑥𝑥 = 0. In the PINN formulation, the FCFNN represents 
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the solution, i.e. 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) , to the governing equation without considering boundary 

conditions. Then the FCFNN output is modified to satisfy the boundary condition using the 

following modulating function: 

𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑎𝑎 + 𝑥𝑥𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) (4 − 5) 

and train the PINN by minimizing the loss function as follows: 

𝐿𝐿(𝜃𝜃) = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��

𝜕𝜕4𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖;𝜃𝜃)
𝜕𝜕𝑥𝑥𝑖𝑖4

+ 1�
2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 6) 

The new output 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖;𝜃𝜃)  automatically satisfies the boundary condition. As such, 

there is no need to add the penalty term for boundary conditions in PINN, thus reducing the 

number of penalty terms of the loss function and enhancing the computation efficiency. If it is 

a parameter identification problem (inverse problem), consider 𝑎𝑎 as an unknown while adding 

one more penalty term for measurement data to minimize 𝐿𝐿(𝑎𝑎;𝜃𝜃). 

(2) In the case with only the boundary condition 𝑢𝑢′(0) = 𝑏𝑏, define 

𝑣𝑣(𝑥𝑥) = 𝑢𝑢(0) + 𝑏𝑏𝑏𝑏 + 𝑥𝑥2𝑢𝑢(𝑥𝑥) (4 − 7) 

which satisfies 𝑣𝑣′(𝑥𝑥) = 𝑣𝑣′(0) = 𝑏𝑏 at 𝑥𝑥 = 0. In the PINN configuration, the FCFNN output 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  is modified to satisfy the boundary condition using the following modulating 

function: 

𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃) + 𝑏𝑏𝑏𝑏 + 𝑥𝑥2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) (4 − 8) 

and train the PINN by minimizing the loss function Equation (4-6). If it is a parameter 

identification problem, consider 𝑏𝑏 as an unknown while adding one more penalty term for 

measurement data to minimize 𝐿𝐿(𝑏𝑏;𝜃𝜃). 

(3) In the case with two boundary conditions 𝑢𝑢(0) = 𝑎𝑎 and 𝑢𝑢′(0) = 𝑏𝑏, define 

𝑣𝑣(𝑥𝑥) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑥𝑥2𝑢𝑢(𝑥𝑥) (4 − 9) 
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which satisfies 𝑣𝑣(𝑥𝑥) = 𝑣𝑣(0) = 𝑎𝑎  and 𝑣𝑣′(𝑥𝑥) = 𝑣𝑣′(0) = 𝑏𝑏  at 𝑥𝑥 = 0 . It is evident that this 

case is a combination of cases (1) and (2). In the PINN configuration, the FCFNN output 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  is modified to satisfy the two boundary conditions automatically by using the 

following modulating function: 

𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑥𝑥2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) (4 − 10) 

and use the new output 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  to train the PINN by minimizing the loss function 

Equation (4-6). If it is a parameter identification problem, consider both 𝑎𝑎  and 𝑏𝑏  as two 

unknowns while adding one more penalty term for measurement data to minimize 𝐿𝐿(𝑎𝑎, 𝑏𝑏;𝜃𝜃). 

(4) In the case with three boundary conditions 𝑢𝑢(0) = 𝑎𝑎, 𝑢𝑢′(0) = 𝑏𝑏, and 𝑢𝑢′′(1) = 𝑐𝑐, 

define 

𝑣𝑣(𝑥𝑥) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 +
𝑐𝑐
2
𝑥𝑥2 + �

1
6
𝑥𝑥3 −

1
2
𝑥𝑥2� [𝑢𝑢(0) + 𝑢𝑢′(0) + 𝑢𝑢′′(1)] + 𝑥𝑥2(𝑥𝑥 − 1)3𝑢𝑢(𝑥𝑥)  

(4 − 11) 

which satisfies 𝑣𝑣(𝑥𝑥) = 𝑣𝑣(0) = 𝑎𝑎 and 𝑣𝑣′(𝑥𝑥) = 𝑣𝑣′(0) = 𝑏𝑏 at 𝑥𝑥 = 0, and 𝑣𝑣′′(𝑥𝑥) = 𝑣𝑣′′(1) =

𝑐𝑐 at 𝑥𝑥 = 1. Note that the boundary condition of the second-order derivative of 𝑢𝑢(𝑥𝑥) is on 

the right side of the boundary, i.e., 𝑥𝑥 = 1. Therefore, this case is different from cases (1) to (3). 

Furthermore, the values of 𝑣𝑣(1) , 𝑣𝑣′(1) , and 𝑣𝑣′′(0)  are not fixed, which means no extra 

conditions are added to the problem. In the PINN configuration, the FCFNN output 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) is modified to satisfy the three boundary conditions automatically by using the 

following modulating function: 

𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 +
𝑐𝑐
2
𝑥𝑥2 + �

1
6
𝑥𝑥3 −

1
2
𝑥𝑥2� �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (1;𝜃𝜃)� 

+𝑥𝑥2(𝑥𝑥 − 1)3𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) (4 − 12) 

and train the PINN by minimizing the loss function Equation (4-6). If it is a parameter 
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identification problem, consider 𝑎𝑎 , 𝑏𝑏 , and 𝑐𝑐  as three unknowns while adding one more 

penalty term for measurement data to minimize 𝐿𝐿(𝑎𝑎, 𝑏𝑏, 𝑐𝑐;𝜃𝜃). 

(5) In the case with four boundary conditions 𝑢𝑢(0) = 𝑎𝑎 , 𝑢𝑢′(0) = 𝑏𝑏 , 𝑢𝑢′′(1) = 𝑐𝑐 , and 

𝑢𝑢′′′(1) = 𝑑𝑑, define 

𝑣𝑣(𝑥𝑥) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 +
𝑐𝑐 − 𝑑𝑑

2
𝑥𝑥2 +

𝑑𝑑
6
𝑥𝑥3 + �

1
6
𝑥𝑥4 −

1
6
𝑥𝑥3 +

1
4
𝑥𝑥2� ∙  

[𝑢𝑢(0) + 𝑢𝑢′(0) + 𝑢𝑢′′(1) + 𝑢𝑢′′′(1)] + 𝑥𝑥3(𝑥𝑥 − 1)4𝑢𝑢(𝑥𝑥) (4 − 13) 

which satisfies 𝑣𝑣(𝑥𝑥) = 𝑣𝑣(0) = 𝑎𝑎 and 𝑣𝑣′(𝑥𝑥) = 𝑣𝑣′(0) = 𝑏𝑏 at 𝑥𝑥 = 0, and 𝑣𝑣′′(𝑥𝑥) = 𝑣𝑣′′(1) =

𝑐𝑐 and 𝑣𝑣′′′(𝑥𝑥) = 𝑣𝑣′′′(1) = 𝑑𝑑 at 𝑥𝑥 = 1. This case is similar to case (4), while adding one more 

boundary condition at the right side of the boundary. Furthermore, the values of 𝑣𝑣(1), 𝑣𝑣′(1), 

𝑣𝑣′′(0), and 𝑣𝑣′′′(0) are not settled, therefore, no extra conditions are added to the problem as 

well. In the PINN configuration, modify the DNN output 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  to satisfy the four 

boundary conditions automatically by using the following modulating function: 

𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 +
𝑐𝑐 − 𝑑𝑑

2
𝑥𝑥2 +

𝑑𝑑
6
𝑥𝑥3 + �

1
24

𝑥𝑥4 −
1
6
𝑥𝑥3 +

1
4
𝑥𝑥2� ∙ 

�𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (1;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′′ (1;𝜃𝜃)� + 𝑥𝑥3(𝑥𝑥 − 1)4𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  

(4 − 14) 

and train the PINN by minimizing the loss function Equation (4-6). If it is a parameter 

identification problem, consider 𝑎𝑎, 𝑏𝑏, 𝑐𝑐, and 𝑑𝑑 as four unknowns while adding one more 

penalty term for measurement data to minimize 𝐿𝐿(𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑;𝜃𝜃). 

By applying the above modulating functions, the transformed outputs of FCFNNs will be 

exactly the defined boundary values, which means the boundary conditions are automatically 

and strictly fulfilled. The major advantage of the preceding hard-embedding of constraints 

approach is the elimination of penalty terms associated with all boundary conditions. This 
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approach is easily adaptable to various scenarios, such as the cases in Section 4.3, and its 

applications will be discussed in the same section. 

4.2.2 Training with Auxiliary Outputs 

It has been proven that training with auxiliary outputs can significantly improve the 

computational efficiency of PINN in solving high-order differential equations by reducing the 

order of governing equations. Therefore, this useful approach is also employed in this chapter. 

For example, consider an inverse problem based on Equation (4-1) in Section 4.2.1, and take 

the primary output 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  and one auxiliary output 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑥𝑥;𝜃𝜃) . By 

doing so, the original governing equation (4-1) is converted as: 

𝜕𝜕2𝑤𝑤
𝜕𝜕𝑥𝑥2

+ 1 = 0,    𝑤𝑤 =
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

,    𝑥𝑥 ∈ [0, 1] (4 − 15) 

and the total loss function is expressed as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑤𝑤𝑓𝑓 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑤𝑤𝑏𝑏 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑤𝑤𝑚𝑚 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑤𝑤𝑎𝑎 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 (4 − 16) 

where 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 and 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 are given by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 =
1
𝑁𝑁𝑏𝑏

��𝐵𝐵�𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�0, 𝑡𝑡𝑖𝑖𝑏𝑏;𝜃𝜃�, 0, 𝑡𝑡𝑖𝑖𝑏𝑏��
2

𝑁𝑁𝑏𝑏

𝑖𝑖=1

(4 − 17) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚

��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚; 𝜆𝜆;𝜃𝜃) − 𝑢𝑢𝑚𝑚(𝑥𝑥𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚

𝑖𝑖=1

(4 − 18) 

while 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 and 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 can be obtained from Equation (4-15) as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓

��
𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

+ 1�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 19) 
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𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 =
1
𝑁𝑁𝑓𝑓
��𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝜃𝜃� −
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 20) 

Minimizing 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎  will make 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  as close to the second-order derivative of 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) as possible. 

Apart from reducing the order of the governing equation, this approach is also helpful to 

the hard embedding of boundary conditions. By using this method, the two boundary conditions 

on the left side in Equation (4-3) remain unchanged, but the two right boundary conditions will 

be altered because of the lowered order. With the defined auxiliary output, Equation (4-3) can 

be rewritten as follows: 

𝑢𝑢(0) = 𝑎𝑎,    𝑢𝑢′(0) = 𝑏𝑏,   𝑤𝑤(1) = 𝑐𝑐,    𝑤𝑤′(1) = 𝑑𝑑 (4 − 21) 

It can be seen from the comparison between Equations (4-15) and (4-21) that the highest 

order of derivatives is now second-order instead of fourth-order. Thus, the potential gradient 

exploding and gradient vanishing problems can be avoided. 

Combining the hard-embedding method in Section 4.2.1 with this training with auxiliary 

output method, an improved PINN framework is obtained as illustrated in Figure 4-1 (HC = 

Hard Constraints). In Section 4.3, both the vanilla PINN and the improved PINN frameworks 

will be applied to identify unknown rotational stiffness of semi-rigid joints, and their 

performance will be examined through comparison of experimental results. 

 

Figure 4-1 A diagram of the improved PINN framework for inverse problems 
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4.3 Numerical Case Studies 

To explore potential applications of PINN and evaluate the performance of the proposed 

framework in identification of unknown structural parameters, both the vanilla PINN and the 

improved PINN frameworks are applied to discover the unknown rotational stiffness of semi-

rigid joints of different structures. 

Variable cross-section cantilever beam with single semi-rigid joint 

The first structure is a variable cross-section cantilever beam with one semi-rigid joint on 

its fixed end, as shown in Figure 4-2. The structure is simple because only one structural 

member is involved, but its governing equation is a fourth-order differential equation and its 

boundary conditions include a third-order differential equation, both of which will hinder 

computation accuracy. Hence, it is a suitable application scenario for the improved PINN 

method to show its ability in handling boundary conditions and reducing the highest order of 

both governing equation and boundary conditions. The material and loading properties of the 

structure are as follows: the left cross-section area 𝐴𝐴1 = 48 𝑚𝑚𝑚𝑚 × 60 𝑚𝑚𝑚𝑚, the right cross-

section area 𝐴𝐴2 = 48 𝑚𝑚𝑚𝑚 × 40 𝑚𝑚𝑚𝑚, Young’s modulus 𝐸𝐸 = 2.1 × 105 𝑁𝑁/𝑚𝑚𝑚𝑚2, length 𝑙𝑙 =

1 𝑚𝑚, distributed load 𝑞𝑞 = −1 𝑘𝑘𝑘𝑘/𝑚𝑚. 

 

Figure 4-2 Schematic of a variable cross-section cantilever beam with a semi-rigid joint 

The governing equation can be expressed by Euler-Bernoulli beam theory (Gere and 

Timoshenko 1997) as 
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𝜕𝜕2

𝜕𝜕𝑥𝑥2
�𝐸𝐸𝐸𝐸(𝑥𝑥)

𝜕𝜕2𝑢𝑢(𝑥𝑥)
𝜕𝜕𝑥𝑥2

� = 𝑞𝑞, 𝑥𝑥 ∈ [0, 𝑙𝑙] (4 − 22) 

with four boundary conditions 

𝑢𝑢(0) = 0,    𝑢𝑢′(0) = 𝛼𝛼,    𝑢𝑢′′(𝑙𝑙) = 0,    𝑢𝑢′′′(𝑙𝑙) = 0 (4 − 23) 

where 𝐸𝐸 denotes Young’s modulus of the beam; 𝐼𝐼(𝑥𝑥) denotes moment of inertia of the cross-

section at position 𝑥𝑥 of the beam; 𝑥𝑥 is the coordinate in the domain of [0, 𝑙𝑙]; 𝑢𝑢(𝑥𝑥) is the 

deflection of the beam; 𝑞𝑞 is the distributed load on the beam; 𝛼𝛼 is the unknown parameter 

involved in one of the boundary conditions, representing the rotation angle at the fixed end due 

to the semi-rigid joint. Due to the nonlinearity caused by the changing 𝐼𝐼(𝑥𝑥), it is difficult to 

obtain the analytical solution to the beam response. Hence, the commercial software ANSYS 

2021 R1 is used to compute numerical solutions as the training data. 

After identifying the unknown parameter 𝛼𝛼, the rotational stiffness 𝑘𝑘 of the semi-rigid 

joint can be obtained by 

𝑘𝑘 =
𝑀𝑀(0)
𝛼𝛼

=
𝑞𝑞𝑙𝑙2

2𝛼𝛼
(4 − 24) 

where 𝑀𝑀(0) denotes the moment on the left boundary of the beam. 

Thus, the identification of the rotational stiffness amounts to the identification of the 

rotation angle cast in the boundary condition. The fourth-order derivative in the nonlinear 

governing equation together with the third-order boundary condition may lead to low 

computational accuracy by PINN (Lu et al. 2021b). Also, the PINN may result in inaccuracy 

in the identified parameter since the unknown parameter is included in a boundary condition 

and all boundary condition loss functions are not necessarily equal to zero when training PINN 

by the conventional way explicitly considering boundary conditions and their soft embedding. 
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Steel frame with semi-rigid joints 

The second structure is a single-bay steel frame with two semi-rigid joints connecting the 

beam and two columns, as shown in Figure 4-3. For simplicity, ignore the axial deformation of 

the members and assume Euler-Bernoulli beams again. The local coordinates of the three 

members are shown in Figure 4-4. It is symmetric in material, geometry, and loading, but the 

two semi-rigid joints possess different rotational stiffness values 𝑘𝑘1 and 𝑘𝑘2. The material and 

geometrical properties of the two columns are: the cross-section area 𝐴𝐴1 = 30 𝑚𝑚𝑚𝑚 × 40 𝑚𝑚𝑚𝑚, 

Young’s modulus 𝐸𝐸 = 2.1 × 105 𝑁𝑁/𝑚𝑚𝑚𝑚2 , moment of inertia 𝐼𝐼1 = 1.6 × 105 𝑚𝑚𝑚𝑚4 , height 

ℎ = 4 𝑚𝑚; the material and geometrical properties of the beam are as follows: the cross-section 

area 𝐴𝐴2 = 24 𝑚𝑚𝑚𝑚 × 40 𝑚𝑚𝑚𝑚 , Young’s modulus 𝐸𝐸 = 2.1 × 105 𝑁𝑁/𝑚𝑚𝑚𝑚2 , moment of inertia 

𝐼𝐼2 = 1.28 × 105 𝑚𝑚𝑚𝑚4, length 𝑙𝑙 = 4 𝑚𝑚, distributed load 𝑞𝑞 = −1 𝑘𝑘𝑘𝑘/𝑚𝑚. 

 

Figure 4-3 Single-bay steel frame with two semi-rigid joints 

 

Figure 4-4 Local coordinates for structural members 
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The governing equations of the three members can be expressed as 

−
𝜕𝜕
𝜕𝜕𝑥𝑥1

�𝐸𝐸𝐸𝐸1
𝜕𝜕2𝑢𝑢1(𝑥𝑥1)
𝜕𝜕𝑥𝑥12

� = 𝐹𝐹𝐴𝐴, 𝑥𝑥1 ∈ [0,ℎ]  

𝜕𝜕2

𝜕𝜕𝑥𝑥22
�𝐸𝐸𝐸𝐸2

𝜕𝜕2𝑢𝑢2(𝑥𝑥2)
𝜕𝜕𝑥𝑥22

� = 𝑞𝑞, 𝑥𝑥2 ∈ [0, 𝑙𝑙]  

−
𝜕𝜕
𝜕𝜕𝑥𝑥3

�𝐸𝐸𝐸𝐸1
𝜕𝜕2𝑢𝑢3(𝑥𝑥3)
𝜕𝜕𝑥𝑥32

� = 𝐹𝐹𝐷𝐷 , 𝑥𝑥3 ∈ [0,ℎ] (4 − 25) 

with eight boundary conditions: 

𝑢𝑢1(0) = 𝑢𝑢1(ℎ) = 0 

𝑢𝑢2(0) = 𝑢𝑢2(𝑙𝑙) = 0 

𝑢𝑢3(0) = 𝑢𝑢3(ℎ) = 0 

𝑢𝑢1′ (0) = 0 

𝑢𝑢3′ (0) = 0 (4 − 26) 

In addition, there are four continuity conditions at two conjunction nodes: 

𝑢𝑢1′ (ℎ) = 𝑢𝑢2′ (0) + 𝛼𝛼1 

𝑢𝑢2′ (𝑙𝑙) = 𝑢𝑢3′ (ℎ) + 𝛼𝛼2 

𝐸𝐸𝐸𝐸1𝑢𝑢1′′(ℎ) = 𝐸𝐸𝐸𝐸2𝑢𝑢2′′(0) 

𝐸𝐸𝐸𝐸2𝑢𝑢2′′(𝑙𝑙) = −𝐸𝐸𝐸𝐸1𝑢𝑢3′′(ℎ) (4 − 27) 

where 𝐸𝐸 denotes Young’s modulus of each member; 𝐼𝐼1 and 𝐼𝐼2 are moments of inertia of the 

cross-sections of the beam and columns, respectively; 𝑥𝑥1 , 𝑥𝑥2 , and 𝑥𝑥3  denote local 

coordinates; 𝑢𝑢1(𝑥𝑥1), 𝑢𝑢2(𝑥𝑥2), and 𝑢𝑢3(𝑥𝑥3) are deflections of the members AB, BC, and DC; 

𝑞𝑞 is the distributed load on the beam; 𝐹𝐹𝐴𝐴 and 𝐹𝐹𝐷𝐷 are shear forces at the two columns; 𝛼𝛼1 

and 𝛼𝛼2 are unknown relative rotation angles of the beam and columns at nodes B and C. 



 
Chapter 4 

 

104 
 

The shear forces of the columns AB and DC are 𝐹𝐹𝐴𝐴 = −𝐹𝐹𝐷𝐷 = − 𝐸𝐸𝐸𝐸1
4𝐸𝐸𝐸𝐸2

∙ 𝑞𝑞𝑙𝑙3

ℎ2+2ℎ𝑙𝑙
 . The 

analytical solution to the deflection responses of the structure is 

𝑢𝑢1(𝑥𝑥1) = 𝑎𝑎1𝑥𝑥13 + 𝑏𝑏1𝑥𝑥12, 𝑥𝑥1 ∈ [0,ℎ]  

𝑢𝑢2(𝑥𝑥2) = 𝑎𝑎2𝑥𝑥24 + 𝑏𝑏2𝑥𝑥23 + 𝑐𝑐2𝑥𝑥22 + 𝑑𝑑2𝑥𝑥2, 𝑥𝑥2 ∈ [0, 𝑙𝑙]  

𝑢𝑢3(𝑥𝑥3) = 𝑎𝑎3𝑥𝑥33 + 𝑏𝑏3𝑥𝑥32, 𝑥𝑥3 ∈ [0,ℎ] (4 − 28) 

where 𝑎𝑎1 = − 𝐹𝐹𝐴𝐴
6𝐸𝐸𝐼𝐼1

 , 𝑏𝑏1 = 𝐹𝐹𝐴𝐴ℎ
6𝐸𝐸𝐼𝐼1

 ; 𝑎𝑎2 = 𝑞𝑞
24𝐸𝐸𝐼𝐼2

 , 𝑏𝑏2 = 3𝑎𝑎3ℎ2+2𝑏𝑏3ℎ−2𝑎𝑎2𝑙𝑙3+𝑑𝑑2+𝛼𝛼2
𝑙𝑙2

 , 𝑐𝑐2 =

−3𝑎𝑎3ℎ2−2𝑏𝑏3ℎ+𝑎𝑎2𝑙𝑙3−2𝑑𝑑2−𝛼𝛼2
𝑙𝑙

, 𝑑𝑑2 = 3𝑎𝑎1ℎ2 + 2𝑏𝑏1ℎ − 𝛼𝛼1; and 𝑎𝑎3 = − 𝐹𝐹𝐷𝐷
6𝐸𝐸𝐼𝐼1

, 𝑏𝑏3 = 𝐹𝐹𝐷𝐷ℎ
6𝐸𝐸𝐼𝐼1

. 

After identifying 𝛼𝛼1 and 𝛼𝛼2, the rotational stiffness 𝑘𝑘1 and 𝑘𝑘2 of the semi-rigid joints 

can be obtained by 

𝑘𝑘1 =
𝐸𝐸𝐼𝐼1𝑢𝑢1′′(ℎ)

𝛼𝛼1
 

𝑘𝑘2 = −
𝐸𝐸𝐼𝐼1𝑢𝑢3′′(ℎ)

𝛼𝛼2
(4 − 29) 

In this case, the three governing equations need to be solved by PINN simultaneously, and 

the third- and fourth-order derivatives involved would hinder the computational efficiency. If 

the soft embedding method is imposed to both boundary and continuity conditions, the 

identification accuracy would be further undermined. 

As aforementioned, PINN can be pursued to address forward as well as inverse problems. 

The inverse problem concerned here is the identification of the unknown parameters, while the 

forward problem is the deflection calculation of the structure with given parameters. In the 

inverse problem, the unknown parameters are identified with the aid of limited measurement 

data. In the forward problem, with given structural parameters, the response (deflection) of the 

structure at any location can be directly inferred by PINN without need of any measurement 
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data, nor need of discretization and approximation such as transferring distributed loads to 

equivalent nodal forces or interpolating defection by shape functions. As a result, PINN is a 

mesh-free approach escaping from discretization and truncation errors. A rational way to verify 

the accuracy of the identified parameters is to compare the calculated responses of the structure 

using the identified parameter values and true responses. Since the response calculation is also 

pursued by PINN in this study, the improved PINN method is used to deal with both forward 

and inverse problems of the above examples in the following case studies. 

To evaluate the effectiveness of the improved PINN method, the identification of 

rotational stiffness of semi-rigid joints in both the cantilever beam and steel frame is pursued 

by three schemes: (1) vanilla PINN, denoted as S1, (2) vanilla PINN with hard constraints, 

denoted as S2, (3) improved PINN (vanilla PINN with hard constraints and training with 

auxiliary outputs), denoted as S3. In all FCFNN configurations, the activation function is taken 

as Tanh, and L-BFGS with a learning rate of 0.1 is adopted as the optimizer. All codes are 

written in Python using the ML library PyTorch. The influences of the number of collocation 

points and measurement noise on the accuracy of identification are also addressed. 

4.3.1 Variable Cross-Section Cantilever Beam 

The variable cross-section cantilever beam structure subjected to a distributed load is 

illustrated in Figure 4-2. The unknown rotational stiffness 𝑘𝑘 of the semi-rigid joint can be 

represented in terms of the rotation angle 𝛼𝛼, as shown in Equation (4-24). Thus, PINN can be 

constructed to identify the unknown parameter 𝛼𝛼 involved in the boundary conditions and 

compute the structural response. 
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S1: Forward and inverse problems by the vanilla PINN 

First, start with the forward problem to show that PINN can solve the governing equation 

without any simulation or measurement data. Here 𝛼𝛼 is given as -5.0000×10-2. 

A one-output FCFNN is constructed to approximate 𝑢𝑢(𝑥𝑥) in Equation (4-22). The input 

is the coordinate 𝑥𝑥, while the output is the deflection 𝑢𝑢 of the beam. Three hidden layers with 

20 neurons in each layer are considered, since this FCFNN architecture is found to offer 

sufficient capacity while avoiding overfitting based on preliminary experiments. The total loss 

function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is expressed as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 (4 − 30) 

The first component 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 is the penalty term for the governing equation, which is the 

MSE of the governing equation’s residuals at collocation points. It can be obtained by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓

��
𝜕𝜕2

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2
�𝐸𝐸𝐸𝐸�𝑥𝑥𝑖𝑖

𝑓𝑓�
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

� − 𝑞𝑞�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 31) 

where 𝑁𝑁𝑓𝑓 denotes the number of collocation points; 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 denotes the output of FCFNN, 

which is the deflection of the beam; 𝜃𝜃  denotes the parameters of the FCFNN; 𝑞𝑞  is the 

distributed load; and 𝑥𝑥𝑖𝑖
𝑓𝑓  denotes the randomly sampled collocation points within the 

coordinate’s domain. 

The second component 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 is the penalty term for the boundary conditions, which is 

the MSE of residuals on the boundaries. In the vanilla PINN framework, 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 is expressed 

as: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 = �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃)�
2

+ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃) − 𝛼𝛼�
2

+ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑙𝑙;𝜃𝜃)�
2

+ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′′ (𝑙𝑙;𝜃𝜃)�
2 (4 − 32) 

The training data consists of 1000 random sampled collocation points within the area of 

𝑥𝑥 ∈ [0, 𝑙𝑙]  using Latin hypercube sampling (LHS). The reason for using LHS is that it is a 
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stratified sampling method, which ensures better coverage of the sample space compared to 

traditional uniform random sampling. The validation data contains 10 selected points as shown 

in Table 4-1, which should be excluded from the training data to ensure an unbiased assessment 

of the model’s performance. Thus, during the collocation points sampling, points within the 

interval centered at validation points with a small radius ε (ε = 0.005l in this case) are removed 

from the training dataset. The relative 𝐿𝐿2  error representing the difference between the 

predicted value and the exact value is adopted to assess the accuracy of vanilla PINN solution, 

and it is calculated by 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐿𝐿2 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =
�∑ �𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 − 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 �𝑖𝑖

2

�∑ �𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 �𝑖𝑖
2

(4 − 33) 

where 𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 denotes the exact solution at selected points. 

The solution by vanilla PINN at 10 selected points is shown in Table 4-1 and Figure 4-5 

in comparison with the exact solution. The computation time is 13.64 seconds for this forward 

problem case, and it is recorded as a reference for further comparison. Comparing the vanilla 

PINN solution and the true value, their relative 𝐿𝐿2 error is 0.0798%, showing that with given 

𝛼𝛼, vanilla PINN can provide accurate prediction of the structural response without using any 

simulation or measurement data. 

Table 4-1 Comparison of the vanilla PINN solution and exact solution for the forward problem of the 

variable cross-section cantilever beam 

x  

(m) 

Exact value  

(m) 

Vanilla PINN 

solution (m) 

Relative 

error 

x  

(m) 

Exact value  

(m) 

Vanilla PINN 

solution (m) 

Relative 

error 

0.1 -5.0135×10-3 -5.0155×10-3 0.0399% 0.6 -3.0390×10-2 -3.0365×10-2 0.0816% 

0.2 -1.0052×10-2 -1.0047×10-2 0.0434% 0.7 -3.5504×10-2 -3.5475×10-2 0.0820% 
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0.3 -1.5112×10-2 -1.5102×10-2 0.0667% 0.8 -4.0624×10-2 -4.0591×10-2 0.0810% 

0.4 -2.0190×10-2 -2.0175×10-2 0.0766% 0.9 -4.5746×10-2 -4.5710×10-2 0.0801% 

0.5 -2.5284×10-2 -2.5264×10-2 0.0807% 1.0 -5.0870×10-2 -5.0830×10-2 0.0776% 

 

Figure 4-5 The exact value and the vanilla PINN solution of the variable cross-section cantilever 

beam 

Then proceed to the inverse problem to demonstrate vanilla PINN’s ability to discover the 

unknown parameter 𝛼𝛼 with using a small amount of measurement data. A one-output FCFNN 

with 𝛼𝛼  being a trainable parameter is constructed to approximate 𝑢𝑢(𝑥𝑥) . The input is the 

coordinate 𝑥𝑥, and the output is the deflection 𝑢𝑢. Again, consider three hidden layers, and 20 

neurons in each layer. In the inverse problem, the total loss function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  contains three 

components: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 (4 − 34) 

The first component 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓  is the penalty term for the governing equation. It can be 

calculated including the trainable parameter 𝛼𝛼 by: 
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𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓

��
𝜕𝜕2

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2
�𝐸𝐸𝐸𝐸�𝑥𝑥𝑖𝑖

𝑓𝑓�
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
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2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 35) 

The second component 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏  is the penalty term for boundary conditions, which is 

calculated including the trainable parameter 𝛼𝛼 by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 = �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝛼𝛼;𝜃𝜃) − 𝛼𝛼�
2

+ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑙𝑙;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′′ (𝑙𝑙;𝛼𝛼;𝜃𝜃)�
2  

(4 − 36) 

The third component 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚  is the penalty term for residuals between the predicted 

values and the measured values on measurement points: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚

��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚

𝑖𝑖=1

(4 − 37) 

where 𝑁𝑁𝑚𝑚  is the number of measurement points; 𝑥𝑥𝑖𝑖𝑚𝑚  denotes the coordinates of 

measurement points; and 𝑢𝑢𝑚𝑚 denotes the measured values of 𝑢𝑢(𝑥𝑥) at measurement points. 

The training data consists of two sets. The first set includes 5 measurement points evenly 

sampled on the beam, while the second set includes 1000 collocation points randomly sampled 

on the beam. 

The computation time for this inverse problem case is measured to be 12.67 seconds, 

which is comparable to that of the forward problem case (13.64 seconds), showing that the 

vanilla PINN is highly adept at solving inverse problems, with only one or more additional 

parameters to be trained compared to solving forward problems. The parameter 𝛼𝛼 is identified 

to be -5.0096×10-2, and the difference between the identified value and the true value (-

5.0000×10-2) is 0.1920%. The result shows that vanilla PINN can discover unknown 

parameters even with a small set of measurement data. With the identified 𝛼𝛼, Table 4-2 shows 

a comparison of the vanilla PINN solution and the exact values of beam response at 10 selected 

points. The relative 𝐿𝐿2  error is 0.0840%, showing the ability of vanilla PINN for both 
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parameter and response discovery. 

Table 4-2 Comparison of the vanilla PINN solution and exact solution for the inverse problem of the 

variable cross-section cantilever beam 

x  

(m) 

Exact value  

(m) 

Vanilla PINN 

solution (m) 

Relative 

error 

x  

(m) 

Exact value  

(m) 

Vanilla PINN 

solution (m) 

Relative 

error 

0.1 -5.0135×10-3 -4.9874×10-3 0.5208% 0.6 -3.0390×10-2 -3.0376×10-2 0.0443% 

0.2 -1.0052×10-2 -1.0023×10-2 0.2877% 0.7 -3.5504×10-2 -3.5501×10-2 0.0085% 

0.3 -1.5112×10-2 -1.5083×10-2 0.1913% 0.8 -4.0624×10-2 -4.0634×10-2 0.0253% 

0.4 -2.0190×10-2 -2.0164×10-2 0.1312% 0.9 -4.5746×10-2 -4.5773×10-2 0.0577% 

0.5 -2.5284×10-2 -2.5263×10-2 0.0829% 1.0 -5.0870×10-2 -5.0915×10-2 0.0898% 

To understand how the quantity of collocation points affects the effectiveness of the 

vanilla PINN, more numerical experiments are conducted. Keeping the architecture of FCFNN 

unchanged, the quantity of collocation points varies from 100 to 2000. The corresponding 

results are illustrated in Table 4-3. It is observed that the relative errors of 𝛼𝛼 are lower than 

0.3000% in all cases, which suggests that the precision of parameter identification does not 

change considerably as the number of collocation points alters; however, the relative 𝐿𝐿2 errors 

of 𝑢𝑢 in the cases with 100 and 200 collocation points are an order of magnitude larger than 

those in the other cases, which indicates that the accuracy of response solution is considerably 

affected by the number of collocation points. Another observation is that, when the number of 

collocation points exceeds 1000, both the relative error of α and relative 𝐿𝐿2 error of u increase, 

implying some overfitting of the model. Therefore, setting no less than 500 and no more than 

1000 collocation points is suggested in this case. 
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Table 4-3 Comparison of the relative 𝐿𝐿2 errors with different numbers of collocation points 

𝑁𝑁𝑓𝑓 100 200 500 1000 2000 

Relative error of 𝛼𝛼 0.2934% 0.2235% 0.2026% 0.1920% 0.2105% 

Relative L2 error of 𝑢𝑢 0.6631% 0.2059% 0.0478% 0.0840% 0.0872% 

S2: Inverse problem by the vanilla PINN with hard constraints 

As indicated in Section 4.2.1, the hard embedding of boundary conditions has advantages 

such as reducing the number of penalty terms in the loss function to facilitate computation. In 

this section, the performance of vanilla PINN with hard constraints is examined. According to 

the modulating functions derived in Section 4.2.1, the output of the FCFNN, 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃), that 

only satisfies the governing equation, is transformed to satisfy all boundary conditions 

automatically by setting: 

𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) = 𝑎𝑎𝑎𝑎 + �
1

24
𝑥𝑥4 −

1
6
𝑥𝑥3 +

1
4
𝑥𝑥2� �𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃) + 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑙𝑙;𝜃𝜃) 

+𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′′ (𝑙𝑙;𝜃𝜃)� + 𝑥𝑥3(𝑥𝑥 − 1)4𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) (4 − 38) 

where 𝛼𝛼 is the unknown parameter to be identified. 

A one-output FCFNN including the trainable parameter 𝛼𝛼  is constructed to represent 

𝑢𝑢(𝑥𝑥). The input is the coordinate 𝑥𝑥, and the output is the deflection response 𝑢𝑢. Again, three 

hidden layers with 20 neurons in each layer are considered. Since all boundary conditions are 

satisfied automatically, the total loss function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 consists of only two components: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 (4 − 39) 

The first component 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 is the penalty term for the governing equation, which is given 

by: 
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(4 − 40) 

The second component 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 is the penalty term for measurement points, and given by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚

��𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚

𝑖𝑖=1

(4 − 41) 

The training data used is the same as that in the previous case. The computation time in 

this case is 8.59 seconds. Although the computation time appears to have only improved by 

around 4 seconds compared to the previous two cases, the increases are 37.02% and 32.19%, 

respectively. This indicates that reducing the number of penalty terms by applying hard 

boundary conditions can enhance computational efficiency. The parameter 𝛼𝛼 is identified to 

be -4.9918×10-2, and the relative error of the identified value and the true value (-5.0000×10-2) 

is 0.1640%. The result shows that the identification accuracy has been improved compared 

with the vanilla PINN with soft constraints (the relative error is reduced from 0.1920% to 

0.1640%). A comparison of the predicted values and the theoretical solution of beam response 

at 10 selected points is shown in Table 4-4. The relative 𝐿𝐿2 error is 0.0783%. 

Table 4-4 Comparison of the vanilla PINN with hard constraints solution and exact solution for the 

inverse problem of the variable cross-section cantilever beam 

x  

(m) 

Exact value  

(m) 

PINN with HC 

solution (m) 

Relative 

error 

x  

(m) 

Exact value  

(m) 

PINN with HC 

solution (m) 

Relative 

error 

0.1 -5.0135×10-3 -5.0226×10-3 0.1801% 0.6 -3.0390×10-2 -3.0360×10-2 0.0968% 

0.2 -1.0052×10-2 -1.0049×10-2 0.0317% 0.7 -3.5504×10-2 -3.5473×10-2 0.0867% 

0.3 -1.5112×10-2 -1.5099×10-2 0.0863% 0.8 -4.0624×10-2 -4.0593×10-2 0.0758% 

0.4 -2.0190×10-2 -2.0170×10-2 0.1011% 0.9 -4.5746×10-2 -4.5718×10-2 0.0619% 

0.5 -2.5284×10-2 -2.5258×10-2 0.1015% 1.0 -5.0870×10-2 -5.0845×10-2 0.0477% 
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S3: Inverse problem by the improved PINN 

The governing equation described by Equation (4-22) is a fourth-order ODE. Thus, the 

AD manipulation will be executed four times in vanilla PINN, which will inevitably bring 

about errors and trim down computational efficiency. In the following, the training with 

auxiliary method is introduced to reduce the order of the governing equation. 

First, apply Equation (4-38) to transform the FCFNN output 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥; 𝜃𝜃) to 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥; 𝜃𝜃) 

that satisfies all boundary conditions. Then, define an auxiliary output 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) which is 

the second-order derivative of the transformed output 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃). The relationship between 

𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥; 𝜃𝜃) and 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) is expressed by 

𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) =
𝜕𝜕2𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)

𝜕𝜕𝑥𝑥2
(4 − 42) 

Thus, the fourth-order derivative of 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃)  in the governing equation can be 

downscaled to the second-order derivative of 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) . With the introduction of the 

auxiliary output, a two-output FCFNN with hard constraints can be constructed as shown in 

Figure 4-6. 

 

Figure 4-6 Framework of a two-output FCFNN with hard constraints for inverse problems 

The input of the two-output FCFNN is the coordinate 𝑥𝑥, and the outputs are the deflection 

𝑢𝑢 and the second-order derivative of 𝑢𝑢, respectively. Consider again three hidden layers with 
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20 neurons in each layer. The total loss function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 consists of three components: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 (4 − 43) 

The first component 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓, which is the penalty term for the governing equation, can be 

calculated with the auxiliary output 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��

𝜕𝜕2

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2
�𝐸𝐸𝐸𝐸�𝑥𝑥𝑖𝑖

𝑓𝑓�𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃�� − 𝑞𝑞�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 44) 

where the auxiliary output 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 is equal to the second derivative of 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝. 

The second component 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚, which is the penalty term for measurement points, can be 

calculated with the output 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚

��𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚

𝑖𝑖=1

(4 − 45) 

The third component 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎  in Equation (4-43) is the extra penalty term for the 

relationship between the auxiliary output and the primary output. It represents the MSE of 

residuals between the auxiliary output 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) and the transformed output 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝜃𝜃) 

on collocation points inside the domain in compliance with Equation (4-42). It can be 

calculated by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 =
1
𝑁𝑁𝑓𝑓
��𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃� −
𝜕𝜕2𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 46) 

There is no need to consider the penalty term associated with the boundary conditions 

because they are satisfied automatically by the hard-embedding method. The training data used 

is the same as that in the previous case. The computation time for this case is 12.38 seconds, 

which is slightly higher compared to the example using only hard boundary conditions. It is 

reasonable, as the introduction of the additional penalty term 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎  slightly reduces 
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computational efficiency. The parameter 𝛼𝛼 is identified to be -5.0023×10-2, and the relative 

error between it and the true value (-5.0000×10-2) is 0.0464%. The result shows that the 

accuracy of identification is further improved by one order of magnitude by the improved PINN 

(the relative error is reduced from 0.1640% to 0.0464%). It is worth mentioning that the vanilla 

PINN in general performs well for ODEs or PDEs when the highest order of derivatives is not 

higher than the second order. A comparison of the predicted values by the improved PINN and 

the exact values of beam response is shown in Table 4-5. The relative 𝐿𝐿2 error between them 

is 0.0434%, showing that by the improved PINN, the surrogate model can maintain high 

prediction accuracy. 

Table 4-5 Comparison of the improved PINN solution and exact values of structural response for the 

inverse problem of the non-prismatic cantilever beam 

x  

(m) 

Exact value  

(m) 

Improved 

PINN solution 

(m) 

Relative 

error 

x  

(m) 

Exact value  

(m) 

Improved 

PINN solution 

(m) 

Relative 

error 

0.1 -5.0135×10-3 -5.0159×10-3 0.0466% 0.6 -3.0390×10-2 -3.0373×10-2 0.0553% 

0.2 -1.0052×10-2 -1.0048×10-2 0.0338% 0.7 -3.5504×10-2 -3.5486×10-2 0.0499% 

0.3 -1.5112×10-2 -1.5104×10-2 0.0539% 0.8 -4.0624×10-2 -4.0606×10-2 0.0423% 

0.4 -2.0190×10-2 -2.0179×10-2 0.0573% 0.9 -4.5746×10-2 -4.5730×10-2 0.0354% 

0.5 -2.5284×10-2 -2.5269×10-2 0.0572% 1.0 -5.0870×10-2 -5.0855×10-2 0.0282% 

4.3.2 Steel Frame 

The steel frame structure is illustrated in Figure 4-3. The unknown rotational stiffness of 

the two semi-rigid joints can be obtained from 𝛼𝛼1 and 𝛼𝛼2 by Equation (4-29). Therefore, the 

purpose of PINN frameworks in this case study is to identify the two different unknown 

parameters 𝛼𝛼1 and 𝛼𝛼2 that are directly related to the rotational stiffness. 
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S1: Forward and inverse problems by the vanilla PINN 

Again, start with the forward problem to first demonstrate the ability of vanilla PINN to 

predict the deflection responses of this frame structure without using any simulation or 

measurement data. In the forward problem, 𝛼𝛼1  and 𝛼𝛼2  are assumed as 2.0000×10-2 and 

4.0000×10-2, respectively. 

In the vanilla PINN, three one-output FCFNNs are constructed and connected in parallel 

to approximate 𝑢𝑢1(𝑥𝑥1), 𝑢𝑢2(𝑥𝑥2), and 𝑢𝑢3(𝑥𝑥3) in Equation (4-25). As a result, there are three 

inputs which are the local coordinates of the three structural members. Also, there are three 

outputs which represent the deflection responses of the three structural members. Three hidden 

layers with 20 neurons in each layer are considered in each of the three FCFNNs. The total loss 

function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is expressed as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 (4 − 47) 

The first component 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 is the penalty term for governing equations, which is the MSE 

of the three governing equations’ residuals and is calculated by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕3𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓3

+ 𝐹𝐹𝐴𝐴�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼2

𝜕𝜕4𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓4

− 𝑞𝑞�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

 

+
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕3𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓3

+ 𝐹𝐹𝐷𝐷�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 48) 

where 𝑁𝑁𝑓𝑓  is the number of collocation points; 𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 , 𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 , and 𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  denote the 

outputs of the three FCFNNs, each representing the deflection of a member; 𝜃𝜃 denotes the 

parameters of the three FCFNNs; 𝑞𝑞 denotes the distributed load; 𝐹𝐹𝐴𝐴 and 𝐹𝐹𝐷𝐷 are the shear 

forces of the two columns; and 𝑥𝑥𝑖𝑖
𝑓𝑓 denotes the collocation points randomly chosen within the 

domain of the three coordinates. 
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The second component 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 is the penalty term for boundary conditions, which is the 

MSE of residuals on the boundaries and is calculated by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 = �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃)�
2

+ �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(ℎ;𝜃𝜃)�
2

+ �𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃)�
2

+ �𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑙𝑙;𝜃𝜃)�
2
 

+�𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝜃𝜃)�
2

+ �𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(ℎ;𝜃𝜃)�
2

+ �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃)�
2

+ �𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃)�
2 (4 − 49) 

The third component 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐  is the penalty term for continuity, which is the MSE of 

residuals of the continuity conditions and is given in the following form: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 = �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝜃𝜃) − 𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝜃𝜃) − 𝛼𝛼1�
2

+ �𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (𝑙𝑙;𝜃𝜃) − 𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝜃𝜃) − 𝛼𝛼2�
2
 

+�𝐸𝐸𝐼𝐼1𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (ℎ;𝜃𝜃) − 𝐸𝐸𝐼𝐼2𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (0;𝜃𝜃)�
2
 

+�𝐸𝐸𝐼𝐼2𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑙𝑙;𝜃𝜃) + 𝐸𝐸𝐼𝐼1𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (ℎ;𝜃𝜃)�
2 (4 − 50) 

where 𝛼𝛼1 and 𝛼𝛼2 are the relative rotation angles between each column and the beam. 

In the forward problem, measurement data is not needed. Therefore, the training data only 

contains 3 sets of 1000 collocation points randomly sampled on each structural member using 

LHS. The relative 𝐿𝐿2 error between the predicted values and true values, defined in Equation 

(4-33), is used to evaluate the precision of the vanilla PINN solution. Since three high-order 

differential equations are solved simultaneously in this frame case, which is much more 

complex than the cantilever beam case, the computation time is 131.12 seconds. Table 4-6 and 

Figure 4-7 show the comparison of the vanilla PINN solution and true values at 7 selected 

points on each of the members. Considering the symmetry of the structure, only the results of 

𝑢𝑢1 and 𝑢𝑢2 are provided. The relative 𝐿𝐿2 errors of 𝑢𝑢1 and 𝑢𝑢2 are 0.0299% and 0.0135%, 

respectively, showing that given structural parameters, vanilla PINN can generate a high-

fidelity surrogate model for response prediction without need of simulation or measurement 

data. 
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Table 4-6 Comparison of the vanilla PINN solution and exact solution for the forward problem of the 

steel frame 

x  

(m) 

Exact value 

of 𝑢𝑢1 (m) 

PINN solution 

of 𝑢𝑢1 (m) 

Relative 

error 

Exact value 

of 𝑢𝑢2 (m) 

PINN solution 

of 𝑢𝑢2 (m) 

Relative 

error 

0.5 1.8084×10-3 1.8059×10-3 0.1426% -2.9059×10-2 -2.9057×10-2 0.0051% 

1.0 6.2004×10-3 6.2012×10-3 0.0136% -5.7502×10-2 -5.7504×10-2 0.0025% 

1.5 1.1626×10-2 1.1628×10-2 0.0202% -7.8582×10-2 -7.8587×10-2 0.0065% 

2.0 1.6534×10-2 1.6536×10-2 0.0124% -8.7870×10-2 -8.7879×10-2 0.0102% 

2.5 1.9376×10-2 1.9376×10-2 0.0004% -8.3269×10-2 -8.3281×10-2 0.0142% 

3.0 1.8601×10-2 1.8597×10-2 0.0212% -6.5002×10-2 -6.5015×10-2 0.0196% 

3.5 1.2659×10-2 1.2650×10-2 0.0733% -3.5621×10-2 -3.5633×10-2 0.0334% 

  

Figure 4-7 The exact value and the vanilla PINN solution of the steel frame 

Next, proceed to the inverse problem on identifying the values of the two different 

parameters 𝛼𝛼1  and 𝛼𝛼2  by using a small amount of measurement data. Three one-output 
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FCFNNs with two trainable parameters (𝛼𝛼1  and 𝛼𝛼2 ) are constructed in the vanilla PINN 

framework to approximate 𝑢𝑢1(𝑥𝑥1), 𝑢𝑢2(𝑥𝑥2) and 𝑢𝑢3(𝑥𝑥3), respectively. There are three inputs 

(𝑥𝑥1 , 𝑥𝑥2 , 𝑥𝑥3 ) and three outputs (𝑢𝑢1 , 𝑢𝑢2 , 𝑢𝑢3 ). In each FCFNN, three hidden layers with 20 

neurons in each layer are considered. The total loss function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, which consists of four 

components, is expressed as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 (4 − 51) 

The first component 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 is the penalty term for the three governing equations, and it 

is computed by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕3𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓3

+ 𝐹𝐹𝐴𝐴�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼2

𝜕𝜕4𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓4

− 𝑞𝑞�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

 

+
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕3𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓3

+ 𝐹𝐹𝐷𝐷�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 52) 

in which 𝛼𝛼 denotes the two unknown parameters 𝛼𝛼1 and 𝛼𝛼2. 

The second component 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 is the penalty term for the boundary conditions, and it is 

computed by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏 = �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(ℎ;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑙𝑙;𝛼𝛼;𝜃𝜃)�
2
 

+�𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(ℎ;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝛼𝛼;𝜃𝜃)�
2

+ �𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝛼𝛼;𝜃𝜃)�
2  

(4 − 53) 

The third component 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 is the penalty term for the continuity conditions, and it is 

computed by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 = �𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝛼𝛼;𝜃𝜃) − 𝛼𝛼1�
2

+ 

�𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (𝑙𝑙;𝛼𝛼;𝜃𝜃) − 𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝛼𝛼2�
2

+ 
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�𝐸𝐸𝐼𝐼1𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝐸𝐸𝐼𝐼2𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (0;𝛼𝛼;𝜃𝜃)�
2

+ 

�𝐸𝐸𝐼𝐼2𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑙𝑙;𝛼𝛼; 𝜃𝜃) + 𝐸𝐸𝐼𝐼1𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (ℎ;𝛼𝛼;𝜃𝜃)�
2 (4 − 54) 

The fourth component 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚  is the penalty term for measurement points, and it is 

computed by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚1

��𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚1(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚1

𝑖𝑖=1

+ 

1
𝑁𝑁𝑚𝑚2

��𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚2(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚2

𝑖𝑖=1

+ 

1
𝑁𝑁𝑚𝑚3

��𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚3(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚3

𝑖𝑖=1

(4 − 55) 

where 𝑁𝑁𝑚𝑚1, 𝑁𝑁𝑚𝑚2, and 𝑁𝑁𝑚𝑚3 are the numbers of measurement points on the three members; 

𝑥𝑥𝑖𝑖𝑚𝑚  denotes the coordinates of measurement points; 𝑢𝑢𝑚𝑚1 , 𝑢𝑢𝑚𝑚2 , and 𝑢𝑢𝑚𝑚3  denote the 

measured deflection responses at measurement points. 

The training data comprises two sets. The first set consists of 7 measurement points, 

including 5 evenly sampled on the beam and 2 respectively at the mid-span of the two columns. 

The second set contains 3 sets of 1000 collocation points randomly sampled on the three 

members using LHS. 

The computation time is 117.10 seconds, which is 14 seconds faster than the forward 

problem case. This is because the assistance of measurement data has improved the 

convergence speed of vanilla PINN. The parameters 𝛼𝛼1  and 𝛼𝛼2  are identified to be 

1.9888×10-2 and 4.0116×10-2; and the relative errors compared to their true values (2.0000×10-

2 and 4.0000×10-2) are 0.5576% and 0.2911%, respectively. It can be seen that the vanilla PINN 

can satisfactorily identify unknown parameters with a small amount of measurement data. 
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Table 4-7 shows a comparison of the predicted values by vanilla PINN and the theoretical 

solution of structural response at 7 selected points on each of the three members. The relative 

𝐿𝐿2 errors of 𝑢𝑢1 and 𝑢𝑢2 are 0.0640% and 0.0283%, respectively, showing that vanilla PINN 

is capable of solving the governing equations while identifying the unknown parameters. 

Table 4-7 Comparison of the vanilla PINN solution and exact solution for the inverse problem of the 

steel frame 

x  

(m) 

Exact value  

of 𝑢𝑢1 (m) 

Vanilla PINN 

solution of 𝑢𝑢1 

(m) 

Relative 

error 

Exact value  

of 𝑢𝑢2 (m) 

Vanilla PINN 

solution of 𝑢𝑢2 

(m) 

Relative 

error 

0.5 1.8084×10-3 1.8035×10-3 0.2759% -2.9059×10-2 -2.9042×10-2 0.0555% 

1.0 6.2004×10-3 6.1910×10-3 0.1516% -5.7502×10-2 -5.7477×10-2 0.0450% 

1.5 1.1626×10-2 1.1614×10-2 0.0996% -7.8582×10-2 -7.8564×10-2 0.0221% 

2.0 1.6534×10-2 1.6523×10-2 0.0719% -8.7870×10-2 -8.7870×10-2 0.0000% 

2.5 1.9376×10-2 1.9366×10-2 0.0524% -8.3269×10-2 -8.3286×10-2 0.0207% 

3.0 1.8601×10-2 1.8594×10-2 0.0391% -6.5002×10-2 -6.5028×10-2 0.0395% 

3.5 1.2659×10-2 1.2658×10-2 0.0124% -3.5621×10-2 -3.5637×10-2 0.0446% 

S2: Inverse problem by the vanilla PINN with hard constraints 

The case study S2 given in Section 4.3.1 has shown that the hard embedding of boundary 

conditions is helpful to improve the accuracy of the vanilla PINN. Regarding the inverse 

problem of the frame structure where there are eight boundary conditions, the penalty term 

associated with the boundary conditions can be significantly reduced by imposing the hard 

embedding of boundary conditions. 

In the vanilla PINN, 𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) , 𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) , and 𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃)  are the 

outputs of FCFNNs without considering boundary conditions. They can be transformed to 
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satisfy the boundary conditions automatically by using the following formulae: 

𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥1;𝛼𝛼;𝜃𝜃) = (ℎ𝑥𝑥12 − 𝑥𝑥13)𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥1;𝛼𝛼;𝜃𝜃)  

𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥2;𝛼𝛼;𝜃𝜃) = (𝑥𝑥22 − 𝑙𝑙𝑥𝑥2)𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥2;𝛼𝛼;𝜃𝜃)  

𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥3;𝛼𝛼;𝜃𝜃) = (𝑥𝑥33 − ℎ𝑥𝑥32)𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥3;𝛼𝛼;𝜃𝜃) (4 − 56) 

where 𝛼𝛼 denotes the unknown parameters. 

Three one-output FCFNNs with two trainable parameters (𝛼𝛼1 and 𝛼𝛼2) are configured in 

the vanilla PINN framework to approximate 𝑢𝑢1(𝑥𝑥1), 𝑢𝑢2(𝑥𝑥2) and 𝑢𝑢3(𝑥𝑥3), respectively. Again, 

three hidden layers with 20 neurons in each layer are considered in each FCFNN. The total loss 

function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, which contains three components, is expressed as: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 (4 − 57) 

The penalty term for the governing equations, 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓, is given by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕3𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓3

+ 𝐹𝐹𝐴𝐴�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼2

𝜕𝜕4𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓4

− 𝑞𝑞�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

 

+
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕3𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓3

+ 𝐹𝐹𝐷𝐷�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 58) 

The penalty term for the continuity conditions, 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐, is given by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 = �𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝛼𝛼;𝜃𝜃) − 𝛼𝛼1�
2

+ 

�𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (𝑙𝑙;𝛼𝛼;𝜃𝜃) − 𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝛼𝛼2�
2

+ 

�𝐸𝐸𝐼𝐼1𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝐸𝐸𝐼𝐼2𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (0;𝛼𝛼;𝜃𝜃) −𝑀𝑀1�
2

+ 

�𝐸𝐸𝐼𝐼2𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (𝑙𝑙;𝛼𝛼;𝜃𝜃) + 𝐸𝐸𝐼𝐼1𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′′ (ℎ;𝛼𝛼;𝜃𝜃) −𝑀𝑀2�
2 (4 − 59) 

The penalty term for measurement points, 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚, is given by: 



 
Chapter 4 

 

123 
 

𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 =
1
𝑁𝑁𝑚𝑚1

��𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚1(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚1

𝑖𝑖=1

+ 

1
𝑁𝑁𝑚𝑚2

��𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚2(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚2

𝑖𝑖=1

+ 

1
𝑁𝑁𝑚𝑚3

��𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖𝑚𝑚;𝛼𝛼;𝜃𝜃) − 𝑢𝑢𝑚𝑚3(𝑥𝑥𝑖𝑖𝑚𝑚)�
2

𝑁𝑁𝑚𝑚3

𝑖𝑖=1

(4 − 60) 

As all boundary conditions are satisfied automatically, there is no penalty term for 

boundary conditions. The training data used is the same as the previous. With the hard 

embedding of boundary conditions in the vanilla PINN, the computation time decreases to 

88.35 seconds compared to conventional PINN (117.10 seconds), resulting in a 24.55% 

improvement in computational efficiency. The unknown parameters 𝛼𝛼1 and 𝛼𝛼2 are identified 

to be 2.0023×10-2 and 4.0048×10-2, respectively; the relative errors compared to their true 

values (2.0000×10-2 and 4.0000×10-2) are 0.1148% and 0.1194%. It can be seen that the 

accuracy of parameter identification has been improved by using the hard embedding method 

compared with the vanilla PINN. Table 4-8 shows a comparison of the predicted values and 

the true values at 7 selected points on each of the three members. The relative 𝐿𝐿2 errors of 𝑢𝑢1 

and 𝑢𝑢2 are 0.0132% and 0.0104%, respectively. 

Table 4-8 Comparison of the vanilla PINN with hard constraints solution and exact solution for the 

inverse problem of the steel frame 

x  

(m) 

Exact value  

of 𝑢𝑢1 (m) 

PINN with HC 

solution  

of 𝑢𝑢1 (m) 

Relative 

error 

Exact value  

of 𝑢𝑢2 (m) 

PINN with HC 

solution  

of 𝑢𝑢2 (m) 

Relative 

error 

0.5 1.8084×10-3 1.8096×10-3 0.0625% -2.9059×10-2 -2.9063×10-2 0.0148% 

1.0 6.2004×10-3 6.2025×10-3 0.0344% -5.7502×10-2 -5.7513×10-2 0.0177% 
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1.5 1.1626×10-2 1.1628×10-2 0.0201% -7.8582×10-2 -7.8592×10-2 0.0134% 

2.0 1.6534×10-2 1.6537×10-2 0.0141% -8.7870×10-2 -8.7878×10-2 0.0091% 

2.5 1.9376×10-2 1.9378×10-2 0.0115% -8.3269×10-2 -8.3273×10-2 0.0045% 

3.0 1.8601×10-2 1.8602×10-2 0.0068% -6.5002×10-2 -6.5001×10-2 0.0016% 

3.5 1.2659×10-2 1.2659×10-2 0.0020% -3.5621×10-2 -3.5617×10-2 0.0114% 

S3: Inverse problem by the improved PINN 

To evaluate the improved PINN, apply Equation (4-51) to transform the FCFNN outputs 

𝑢𝑢1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) , 𝑢𝑢2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃)  and 𝑢𝑢3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃)  to 𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃) , 𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃)  and 

𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃)  that satisfy all boundary conditions. Then, define three auxiliary outputs 

𝑤𝑤1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃), 𝑤𝑤2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) and 𝑤𝑤3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃), which are the second-order derivatives of 

𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃) , 𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼; 𝜃𝜃)  and 𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) , respectively. The relationships between 

the transformed outputs and their corresponding auxiliary outputs are expressed as: 

𝑤𝑤1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) =
𝜕𝜕2𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥2
 

𝑤𝑤2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) =
𝜕𝜕2𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥2
 

𝑤𝑤3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃) =
𝜕𝜕2𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥2
(4 − 61) 

After introducing the auxiliary outputs, the highest order of the governing equations in 

Equation (4-25) is lowered to the second-order. In the improved PINN framework, three two-

output FCFNNs with two trainable parameters (𝛼𝛼1 and 𝛼𝛼2) are constructed to approximate 

𝑢𝑢1(𝑥𝑥1), 𝑢𝑢2(𝑥𝑥2) and 𝑢𝑢3(𝑥𝑥3), respectively. There are three inputs (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3) and six outputs 

(𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3, 𝑣𝑣1, 𝑣𝑣2, 𝑣𝑣3) in total. In each FCFNN, three hidden layers with 20 neurons in each 

layer are considered. The total loss function 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 can be expressed by: 



 
Chapter 4 

 

125 
 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 (4 − 62) 

The penalty term for the three governing equations, 𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓, is determined by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑓𝑓 =
1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕𝑤𝑤1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓 + 𝐹𝐹𝐴𝐴�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+ 

1
𝑁𝑁𝑓𝑓

��𝐸𝐸𝐼𝐼2
𝜕𝜕2𝑤𝑤2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

− 𝑞𝑞�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+ 

1
𝑁𝑁𝑓𝑓
��𝐸𝐸𝐼𝐼1

𝜕𝜕𝑤𝑤3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓 + 𝐹𝐹𝐷𝐷�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 63) 

The penalty term for the continuity conditions, 𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐, is determined by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑐𝑐 = �𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (0;𝛼𝛼;𝜃𝜃) − 𝛼𝛼1�
2

+ 

�𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (𝑙𝑙;𝛼𝛼;𝜃𝜃) − 𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ (ℎ;𝛼𝛼;𝜃𝜃) − 𝛼𝛼2�
2

+ 

�𝐸𝐸𝐼𝐼1𝑤𝑤1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(ℎ;𝛼𝛼;𝜃𝜃) − 𝐸𝐸𝐼𝐼2𝑤𝑤2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(0;𝛼𝛼;𝜃𝜃) −𝑀𝑀1�
2

+ 

�𝐸𝐸𝐼𝐼2𝑤𝑤2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑙𝑙;𝛼𝛼;𝜃𝜃) + 𝐸𝐸𝐼𝐼1𝑤𝑤3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(ℎ;𝛼𝛼;𝜃𝜃) −𝑀𝑀2�
2 (4 − 64) 

The penalty term for measurement points, 𝑀𝑀𝑀𝑀𝑀𝑀𝑚𝑚, is determined by Equation (4-60). 

The fourth component 𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎  in Equation (4-62) is the extra penalty term for the 

auxiliary outputs. It is the MSE of residuals between the auxiliary outputs and the transformed 

outputs in compliance with Equation (4-61), and is determined by: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎 =
1
𝑁𝑁𝑓𝑓
��𝑤𝑤1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃) −
𝜕𝜕2𝑣𝑣1𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+ 

1
𝑁𝑁𝑓𝑓
��𝑤𝑤2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃) −
𝜕𝜕2𝑣𝑣2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖

𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

+ 
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1
𝑁𝑁𝑓𝑓

��𝑤𝑤3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃� −

𝜕𝜕2𝑣𝑣3𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�𝑥𝑥𝑖𝑖
𝑓𝑓;𝛼𝛼;𝜃𝜃�

𝜕𝜕𝑥𝑥𝑖𝑖
𝑓𝑓2

�

2𝑁𝑁𝑓𝑓

𝑖𝑖=1

(4 − 65) 

Owing to adopting the hard embedding of boundary conditions, there is no penalty term 

for boundary conditions. The computation time measured for this case is 100.41 seconds. The 

training data used is the same as previous case. The unknown parameters 𝛼𝛼1  and 𝛼𝛼2  are 

identified to be 2.0016×10-2 and 3.9973×10-2, respectively; the relative errors compared to their 

true values (2.0000×10-2 and 4.0000×10-2) are 0.0783% and 0.0684%. It is observed that 

although the additional loss term slightly reduces computational efficiency, it still shows a 

14.25% improvement over conventional PINN, which means the reduced order can enhance 

computational efficiency. Moreover, the identification accuracy has been further enhanced by 

using the improved PINN framework. Table 4-9 shows a comparison of the improved PINN 

solution and the exact values of structural response at selected points. The relative 𝐿𝐿2 errors 

of 𝑢𝑢1 and 𝑢𝑢2 are 0.0079% and 0.0041%, respectively. 

Table 4-9 Comparison of the improved PINN solution and exact values for the inverse problem of the 

frame structure 

x  

(m) 

Exact value  

of 𝑢𝑢1 (m) 

Improved PINN 

solution of 𝑢𝑢1 

(m) 

Relative 

error 

Exact value  

of 𝑢𝑢2 (m) 

Improved PINN 

solution of 𝑢𝑢2 

(m) 

Relative 

error 

0.5 1.8084×10-3 1.8090×10-3 0.0321% -2.9059×10-2 -2.9060×10-2 0.0067% 

1.0 6.2004×10-3 6.2017×10-3 0.0202% -5.7502×10-2 -5.7507×10-2 0.0073% 

1.5 1.1626×10-2 1.1627×10-2 0.0133% -7.8582×10-2 -7.8585×10-2 0.0045% 

2.0 1.6534×10-2 1.6536×10-2 0.0070% -8.7870×10-2 -8.7872×10-2 0.0016% 

2.5 1.9376×10-2 1.9378×10-2 0.0067% -8.3269×10-2 -8.3268×10-2 0.0014% 

3.0 1.8601×10-2 1.8602×10-2 0.0051% -6.5002×10-2 -6.5000×10-2 0.0043% 

3.5 1.2659×10-2 1.2659×10-2 0.0013% -3.5621×10-2 -3.5619×10-2 0.0067% 
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Since LHS is adopted as the sampling method to ensure that the collocation points cover 

the entire domain, it is important to discuss how the model’s performance might be affected 

when other non-uniform sampling methods are used. For more complex physical problems, it 

may be challenging to achieve full coverage of the domain with collocation points. Here, a 

different sampling method called importance sampling (IS) is employed and applied two 

different sampling strategies. In the first strategy (ST1), higher importance is assigned to the 

central region around x = 2, while in the second strategy (ST2), higher importance is given to 

the areas near the boundaries. The 3 sets of 1000 collocation points are sampled within the 

domain [0, 4]. The collocation points sampled on the beam by LHS, ST1 and ST2 are visualized 

in Figure 4-8 for a better illustration. 

 

Figure 4-8 The collocation points sampled on the beam by LHS, ST1, and ST2 

In ST1, where collocation points are more densely concentrated near the center of the 

domain, the identification accuracies for the two rotational angles are 3.5560% and 1.3194%, 

respectively, with relative 𝐿𝐿2 errors of 0.4438% and 0.1848% for 𝑢𝑢1 and 𝑢𝑢2. In contrast, in 

ST2, where collocation points are concentrated near the boundaries, the identification 

accuracies are 1.6330% and 0.6787%, with relative 𝐿𝐿2 errors of 0.1962% and 0.1161% for 
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𝑢𝑢1 and 𝑢𝑢2, respectively. While both methods show a decrease in accuracy compared to the 

proposed framework with LHS, likely due to the incomplete coverage of the domain by the 

non-uniform sampling, ST2 outperforms ST1 slightly. This suggests that concentrating 

collocation points near the boundaries yields better results than focusing on the central region. 

Overall, these results indicate that in the proposed method, using non-uniform sampling leads 

to worse results. Therefore, to achieve satisfactory outcomes, collocation points should be 

sampled as comprehensively and uniformly as possible across the entire domain. 

In order to evaluate the ability of PINN frameworks in dealing with noisy data, random 

noise of different levels is added to the measurement data. The noisy data is yielded via adding 

Gaussian noise to noise-free measurement data: 

𝑢𝑢𝑚𝑚
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛(𝑥𝑥) = (1 + 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 ∙ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟) ∙ 𝑢𝑢𝑚𝑚(𝑥𝑥) (4 − 66) 

where 𝑢𝑢𝑚𝑚
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛(𝑥𝑥) denotes the noisy data; 𝑢𝑢𝑚𝑚(𝑥𝑥) denotes the noise-free measurement data; 

𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 denotes the noise level; 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is a random data sequence generated from the standard 

normal distribution. Table 4-10 shows the relative errors of the identified unknown parameters 

𝛼𝛼1 and 𝛼𝛼2 under noise levels varying from 0% to 10%. The relative errors of both 𝛼𝛼1 and 

𝛼𝛼2 are getting larger with the increase of noise level. However, even in the case of 10% noise 

level, the error is less than 5%, indicating that PINN frameworks are tolerant of noise in 

parameter identification. It is worth mentioning that if the noise level is not larger than 2%, the 

unknown parameters can be precisely identified with no more than 1% relative error. 

Table 4-10 Relative errors of 𝛼𝛼1 and 𝛼𝛼2 under different noise levels 

Noise level 0% 1% 2% 5% 10% 

Relative error of 𝛼𝛼1 0.0783% 0.2623% 0.8114% 2.4417% 4.5267% 

Relative error of 𝛼𝛼2 0.0684% 0.2164% 0.3592% 1.6150% 2.5898% 
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4.4 Experimental Validation 

To validate the capability of the proposed approach, an experimental study, in which the 

improved PINN is applied to identify rotational angles of semi-rigid joints in a steel frame 

under static loading, is carried out. 

4.4.1 Experimental Setup 

The experimental setup comprises two key components: one is a steel frame with semi-

rigid joints, the other is a measuring system designed to capture displacements of the frame 

and rotational angles of the semi-rigid joints. 

Steel frame with semi-rigid joints 

The steel frame, as depicted in Figure 4-9, is designed with a single span, incorporating 

two columns and a beam. The columns are affixed to square plates, then securely fixed to the 

ground. Bolts connect the beam to the columns, with two bolts at each joint, as shown in Figure 

4-10. The critical aspect of these joints is their semi-rigid nature, which is adjustable through 

the use of bolts. By regulating the tightness of the bolts, the rotational stiffness of the joints can 

be controlled, allowing for variable degrees of rotational angles at the beam-column 

connections when subjected to loading. 

The material and geometrical properties of the columns are measured or tested as follows: 

the cross-section area 𝐴𝐴1 = 30 𝑚𝑚𝑚𝑚 × 30 𝑚𝑚𝑚𝑚 , Young’s modulus 𝐸𝐸 = 2.0 × 105 𝑁𝑁/𝑚𝑚𝑚𝑚2 , 

moment of inertia 𝐼𝐼1 = 6.75 × 104 𝑚𝑚𝑚𝑚4, height ℎ = 400 𝑚𝑚𝑚𝑚; the material and geometrical 

properties of the beam are measured or tested as follows: the cross-section area 𝐴𝐴2 =

30 𝑚𝑚𝑚𝑚 × 5 𝑚𝑚𝑚𝑚 , Young’s modulus 𝐸𝐸 = 6.85 × 104 𝑁𝑁/𝑚𝑚𝑚𝑚2 , moment of inertia 𝐼𝐼 =

312.5 𝑚𝑚𝑚𝑚4, length 𝑙𝑙 = 400 𝑚𝑚𝑚𝑚. The load is concentrated on the mid-point of the beam and 
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is ranging from 10 𝑁𝑁 to 40 𝑁𝑁. 

 

Figure 4-9 The steel frame with semi-rigid joints 

 

Figure 4-10 The semi-rigid joints connected by adjustable bolts 

Measuring system 

The measuring system is designed to capture two types of quantities: the deformation of 

the frame’s components (the beam and columns) and the rotational angles of the semi-rigid 

joints under loadings. 

Deformation of the components is measured using digital micrometers, depicted in Figure 

4-11. The digital micrometer boasts an accuracy of 0.001 mm and is securely mounted on an 

existing steel frame. Four measurement points on the beam and two measurement points on the 

columns are selected to gauge their deformation accurately. 
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Figure 4-11 Digital micrometers for deformation measurement 

For the measurement of rotational angles, two methods are considered before testing. The 

first one is using inclinometers. However, the accuracy of the inclinometer cannot meet the 

requirement. Thus, the second method is adopted, which is using laser pointers. 

In this method, small laser pointers are affixed to both sides of the beam and the top ends 

of two columns. For each laser pointer attached to the beam, it is strategically positioned so 

that only a single point on one side of the beam, which is at the edge of the column, comes in 

contact with the laser pointer. Similarly, laser pointers are attached to two columns at two points 

that are very close to the beam. The details of the placement of the laser pointers are shown in 

Figure 4-12. Consequently, when rotational angles at both sides of the beam and the ends of 

two columns occur, they can be precisely reflected by the laser point. 

By measuring two values, one is the distance between the laser pointer and the point where 

the laser intersects with a white paper, the other is the distance traversed by that point, the 

rotational angles of each component can be calculated accordingly, as demonstrated in Figure 

4-13 and Figure 4-14. The difference between the rotational angles of the beam’s end and 

column’s end represents the absolute rotational angle of the semi-rigid joint. 
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(a) 

 

(b) 

 

(c) 

Figure 4-12 Placement of the laser pointers 
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Figure 4-13 Measurement of rotational angles using laser pointers 

4.4.2 Experimental Results 

The experimental results under different loading scenarios are presented in this subsection. 

The deformation of the beam and the columns will be used as the input of the proposed 

framework to identify the rotational stiffness of the semi-rigid joints, while the rotational angles 

of semi-rigid joints measured by the laser pointers will be used to validate the accuracy of the 

identified results. 

Deformation of the beam and the columns 

Only four measurement points on the beam, which are eight-division points 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 

and 𝑃𝑃4, and two measurement points on two columns, which are mid-points 𝑃𝑃5 and 𝑃𝑃6, were 

monitored to capture their displacements under various loading conditions, as shown in Figure 

4-14. The recorded displacements under different scenarios are detailed in Table 4-11. 
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Table 4-11 Displacements on measurement points under different loadings (mm) 

Loading P1 P2 P3 P4 P5 P6 

10 N -0.358 -0.846 -0.797 -0.402 0.016 -0.019 

20 N -0.636 -1.507 -1.454 -0.702 0.028 -0.034 

30 N -0.913 -2.184 -2.152 -1.040 0.041 -0.050 

40 N -1.165 -2.776 -2.711 -1.296 0.052 -0.063 

Rotational angles of semi-rigid joints 

The distances between the laser pointers and four reference points are depicted in Figure 

4-14. The calculated absolute rotational angles 𝛼𝛼1  and 𝛼𝛼2  under different loadings are 

presented in Table 4-13. Then, the rotational stiffness can be obtained according to Equation 

(4-29). 

 

Figure 4-14 Illustration for the measurement points and distances for calculating rotational angles 

4.4.3 Comparison of Results 

The measurement data of only 6 measurement points in Table 4-12 is used as the training 

data in both the vanilla PINN and the improved PINN frameworks (i.e. hard constraints and 

training with auxiliary outputs) to identify the rotational angles. Tables 4-12 and 4-13 provide 
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the identified rotational angles by the vanilla and improved PINN frameworks, respectively, 

and those measured by the laser pointer system. It is seen that the relative errors between the 

identified and measured rotational angles in all four loading scenarios are around 10% when 

the vanilla PINN is used, while relative errors are all less than 5% when the improved PINN is 

employed. The relative errors for the vanilla PINN are relatively large because there exist 

inevitable measurement errors in the limited training data and the governing equation used to 

train the model is based on several assumptions leading to discrepancies between the theoretical 

solution and the true structural response. However, the improved PINN reduces the relative 

errors from around 10% to below 5%, indicating enhanced identification accuracy and high 

robustness in handling noisy data. It is therefore concluded that the improved PINN framework 

can achieve high accuracy of identification using limited measurement data in practical cases. 

Table 4-12 Comparison of the rotational angles identified by the vanilla PINN and measurement data 

Loading 
Measured 

value of 𝛼𝛼1 

PINN solution 

of 𝛼𝛼1 

Relative 

error 

Measured 

value of 𝛼𝛼2 

PINN solution 

of 𝛼𝛼2 

Relative 

error 

10 N 0.3876 0.4349 12.2033% 0.3706 0.4180 12.7901% 

20 N 0.6993 0.7723 10.4390% 0.6645 0.7371 10.9255% 

30 N 0.9942 1.0913 9.7666% 0.9626 1.0611 10.2327% 

40 N 1.2805 1.4102 10.1289% 1.2096 1.3356 10.4167% 

 

 

 



 
Chapter 4 

 

136 
 

Table 4-13 Comparison of the rotational angles identified by the improved PINN and measurement 

data 

Loading 
Measured 

value of 𝛼𝛼1 

Improved PINN 

solution of 𝛼𝛼1 

Relative 

error 

Measured 

value of 𝛼𝛼2 

Improved PINN 

solution of 𝛼𝛼2 

Relative 

error 

10 N 0.3876 0.4057 4.6698% 0.3706 0.3881 4.7221% 

20 N 0.6993 0.7310 4.5331% 0.6645 0.6956 4.6802% 

30 N 0.9942 0.9703 2.4039% 0.9626 0.9404 2.3063% 

40 N 1.2805 1.2531 2.1398% 1.2096 1.2412 2.6124% 

4.5 Summary 

The method of hard-embedding of boundary conditions is proposed to fully eliminate the 

penalty term associated with all boundary conditions, and the training method enabled by 

auxiliary outputs is introduced to reduce the order of derivatives involved in the governing 

equations while facilitating the training of FCFNN. Both improvements help to enhance the 

performance of the vanilla PINN framework. 

Numerical studies of a variable cross-section cantilever beam and a frame structure 

embracing semi-rigid joints are conducted to illustrate the capability of PINN frameworks in 

solving forward problems (prediction of structural response) without the use of any simulation 

and measurement data and solving inverse problems (identification of unknown structural 

parameters) with using only a small amount of measurement data. In the cantilever beam case, 

the unknown parameter is identified accurately by the vanilla PINN with only 5 measurement 

points, giving a relative error of 0.192%. The computation time is 12.7 seconds. In the frame 

structure case, the relative errors of the two identified parameters are 0.558% and 0.291% when 

using only 7 measurement points. The computation time is 117 seconds. When adopting the 

improved PINN framework, both computational efficiency and identification accuracy are 
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improved in two cases. In the cantilever beam case, the relative error is reduced from 0.192% 

to 0.0464%, and the computation time decreases slightly from 12.7 seconds to 12.4 seconds; 

in the frame structure case, the relative errors are reduced from 0.558% and 0.291% to 0.0783% 

and 0.0684%, and the computation time decreases from 117 seconds to 100 seconds, showing 

a 14.3% improvement in efficiency. The results indicate that using hard constraints and 

lowering the order of governing equations provide a viable way to ameliorate the efficiency 

and accuracy of vanilla PINN in parameter identification. Also, the proposed approach is 

tolerant of noise in measurement data. The experimental study demonstrates that the relative 

errors between the identified and measured rotational angles in all test scenarios are less than 

5%, testifying the capability of the proposed method in practical applications. 

Despite advantages in handling boundary conditions, the proposed method still faces 

limitations when applied to more complex structural systems. Specifically, for problems 

involving complex boundaries, achieving uniform and dense sampling is challenging, and 

deriving the modulating functions is not always feasible. To address these limitations, a unified 

framework that combines pretrained NNs will be explored in the next chapter. 
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CHAPTER 5 
 

Two-Phase Physics-Informed Neural Network for Efficient 

Training and Accurate Solution 
 

 
 

5.1 Introduction 

The modulating function-based method proposed in Chapter 4 can effectively achieve the 

hard manner treatment of boundary conditions. However, when involving complex boundaries, 

it is difficult to obtain modulating functions. To extend the method to more complex scenarios, 

the TP-PINN framework is introduced in this chapter. TP-PINN divides the training of PINN 

into two separate phases, where boundary conditions can be totally or partially satisfied and 

the multi-objective optimization can be eased in the first phase, while the order of governing 

equations can be reduced in the second phase. Through this novel configuration, both 

computational efficiency and prediction accuracy can be significantly improved. By comparing 

the performance of TP-PINN with vanilla PINN, it shows promising potential of TP-PINN in 

solving structural mechanics problems. 

The main content of this chapter is structured as follows. The proposed TP-PINN 

framework is illustrated in Section 5.2 and validated via numerical case studies in Section 5.3. 

Then, a detailed discussion is presented in Section 5.4. 
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5.2 Methods 

In this section, a novel framework termed TP-PINN is proposed. The implementation of 

TP-PINN is detailed, including the establishment of loss functions, training approaches in two 

phases, and parameters of both the FCFNN (denoted as NN in this section for brevity) and the 

training process. 

5.2.1 Establishment of Two-Phase PINN 

As the basic model, the vanilla PINN is illustrated in Figure 5-1(a). To improve the vanilla 

PINN, modulating functions are proposed in Chapter 4 to transform the NN output, thereby 

enabling a “hard enforcement” of the boundary conditions: 

𝑢𝑢𝑡𝑡(𝑥𝑥) = 𝑑𝑑(𝑥𝑥)𝑢𝑢(𝑥𝑥) + 𝑢𝑢∗(𝑥𝑥) (5 − 1) 

where 𝑢𝑢(𝑥𝑥) is the original output of the NN, 𝑑𝑑(𝑥𝑥) is a distance function that vanishes on the 

boundary, 𝑢𝑢∗(𝑥𝑥) is a function that satisfies boundary conditions, 𝑑𝑑(𝑥𝑥) and 𝑢𝑢∗(𝑥𝑥) together 

are called modulating functions, and 𝑢𝑢𝑡𝑡(𝑥𝑥) is the transformed output. By deriving specific 

𝑑𝑑(𝑥𝑥) and 𝑢𝑢∗(𝑥𝑥) and applying them to 𝑢𝑢(𝑥𝑥), the resulting 𝑢𝑢𝑡𝑡(𝑥𝑥) automatically satisfies all 

boundary conditions, allowing the penalty term for boundary conditions in the loss function to 

be omitted, thereby effectively enhancing both computational efficiency and accuracy. 

However, for problems with complex and irregular boundaries (such as the irregularly shaped 

plate illustrated in Figure 5-3(a)), this method exhibits limitations, which are the difficulties in 

deriving analytical forms of the modulating functions. 

To address this issue, a unified TP-PINN framework, which decouples the treatment of 

boundary conditions from the multi-objective loss function by separating the training process 
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into two phases and reduces the order of the governing equation, is proposed. The proposed 

framework leads to substantial improvements in computational efficiency and accuracy when 

solving high-order differential equations in structural mechanics and extends its applicability 

to problems with irregular domains. 

The TP-PINN framework is illustrated in Figure 5-1(b). In TP-PINN framework, the 

training process is divided into two phases. In Phase 1, one or several pretrained NNs, denoted 

as PreNN, are generated that satisfy certain predetermined conditions. These conditions will be 

derived and explained in detail in this section, while the construction of loss function will be 

introduced in Section 5.2.2. Different forms can be taken for PreNNs, and the forms have 

significant influences on the computational performance. Three forms are shown in Figure 5-

1(b) as examples, and their performance will be examined in Sections 5.3.1 and 5.4.2. In Phase 

2, a primary NN, denoted as PriNN, is trained to solve the differential equation. During this 

phase, the PreNN serves as the 𝑑𝑑(𝑥𝑥) term in Equation (5-1), together with 𝑢𝑢∗(𝑥𝑥), typically 

the boundary value, to transform the output 𝑢𝑢(𝑥𝑥) of PriNN to 𝑢𝑢𝑡𝑡(𝑥𝑥) so that it automatically 

satisfies part of or all boundary conditions. Because the PreNN is trained by collocation points 

sampled on and within the boundaries, they are applicable to problems with complex and 

irregular boundaries. In this way, the use of the PreNN realizes a universal solution of “hard-

enforcement” of boundary conditions in arbitrary domains without the need for complicated 

derivations of modulating functions. 

Furthermore, extra outputs, such as 𝑢𝑢(𝑛𝑛)(𝑥𝑥) and 𝑢𝑢(𝑚𝑚)(𝑥𝑥), are defined as the n-th and m-

th derivatives of 𝑢𝑢(𝑥𝑥) (with 1 ≤ n < m < h, where h represents the highest order of derivatives 

in the governing equation). Consequently, the governing equation is transformed into a (h - m)-
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th order differential equation in terms of 𝑢𝑢(𝑚𝑚)(𝑥𝑥), thereby reducing the burden of high-order 

differentiation in the original equation. Finally, based on the governing equation, the boundary 

conditions, and the relationships among 𝑢𝑢(𝑥𝑥), 𝑢𝑢(𝑛𝑛)(𝑥𝑥), and 𝑢𝑢(𝑚𝑚)(𝑥𝑥), a physics-informed loss 

function is constructed. In this loss function, the boundary condition terms are simplified or 

even eliminated due to the involvement of the PreNN. 

In summary, the advantages of the TP-PINN framework are threefold. First, it reduces the 

highest order of the governing equation by converting the high-order differential equation into 

a series of first- and second-order equations, which effectively enhances computational 

efficiency and reduces computation errors. Second, the boundary condition penalty term is 

decoupled from the total loss function, originally optimized simultaneously with other penalty 

terms, by addressing them in a preliminary training phase, thereby mitigating the negative 

impact of multi-objective optimization on computational efficiency. Third, because the PreNNs 

in the first training phase satisfy certain predetermined criteria, the transformed output of the 

PriNN in the second phase inherently meets part of or all boundary conditions in arbitrary 

domains. In this way, not only Dirichlet boundary conditions but also Neumann boundary 

conditions and even higher order of boundary conditions can be handled in a “hard” manner, 

thus improving accuracy near the boundaries. 
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Figure 5-1 The vanilla PINN framework and the TP-PINN framework 
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Next, a problem with Dirichlet and Neumann boundary conditions is taken as an example 

to detail the predetermined requirements that the PreNN should fulfill. In the case that the 

boundary of the domain can be expressed analytically as: 

𝜕𝜕Ω:𝐵𝐵(𝑥𝑥,𝑦𝑦) = 0 (5 − 2) 

with Dirichlet and Neumann boundary conditions as follows: 

𝑢𝑢(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω = 𝑎𝑎 (5 − 3) 

𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑦𝑦)
𝜕𝜕𝜕𝜕

�
(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω

= 𝑏𝑏 (5 − 4) 

If only the Dirichlet boundary condition [Equation (5-3)] is applied, the output of the 

PriNN can be transformed as: 

𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦) = 𝑢𝑢(𝑥𝑥, 𝑦𝑦) ∙ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦) + 𝑎𝑎 (5 − 5) 

where 𝑢𝑢(𝑥𝑥,𝑦𝑦) is the original output of PriNN, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦) is the PreNN, and 𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦) is 

the transformed output. The boundary values of 𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦) can be computed as: 

𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω = 𝑢𝑢(𝑥𝑥, 𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω ∙ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω + 𝑎𝑎 (5 − 6) 

To ensure 𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω  satisfies Equation (5-3), the 𝑃𝑃𝑃𝑃𝑃𝑃𝑁𝑁𝑁𝑁1(𝑥𝑥,𝑦𝑦)  should fulfill 

the following requirement: 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω = 0 (5 − 7) 

Then, the transformed output 𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦)  automatically satisfies the Dirichlet boundary 

condition. 

If both the Dirichlet boundary condition [Equation (5-3)] and the Neumann boundary 

condition [Equation (5-4)] are applied, the output of the PriNN can be transformed as: 

𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦) = 𝑢𝑢(𝑥𝑥,𝑦𝑦) ∙ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥, 𝑦𝑦) + 𝑏𝑏 ∙ 𝑃𝑃𝑃𝑃𝑃𝑃𝑁𝑁𝑁𝑁2(𝑥𝑥,𝑦𝑦) + 𝑎𝑎 (5 − 8) 
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where 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦)  and 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃2(𝑥𝑥,𝑦𝑦)  are two PreNNs. The first-order derivative of 

𝑢𝑢𝑡𝑡(𝑥𝑥,𝑦𝑦) is computed as: 

(𝑢𝑢𝑡𝑡)′(𝑥𝑥,𝑦𝑦) =
𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

∙ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦) + 𝑢𝑢(𝑥𝑥,𝑦𝑦) ∙
𝜕𝜕𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥, 𝑦𝑦)

𝜕𝜕𝜕𝜕
+ 𝑏𝑏 ∙

𝜕𝜕𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃2(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

 

(5 − 9) 

Therefore, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦) should fulfill two requirements, one is Equation (5-7), and the 

other is: 

𝜕𝜕𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

�
(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω

= 0 (5 − 10) 

Also, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃2(𝑥𝑥,𝑦𝑦) should fulfill two requirements: 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃2(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω = 0 (5 − 11) 

𝜕𝜕𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃2(𝑥𝑥, 𝑦𝑦)
𝜕𝜕𝜕𝜕

�
(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω

= 1 (5 − 12) 

For cases with higher order boundary conditions, the construction of the transformed 

output can be performed similarly to Equation (5-5) and Equation (5-8). Also, the PreNNs can 

be obtained by calculating their derivatives and fulfilling corresponding requirements as the 

procedure shown above. 

5.2.2 Loss Functions and Training in Two Phases 

The loss function for the PreNN in the first training phase can be constructed as follows: 

𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 = ���𝑢𝑢𝑖𝑖
(𝑗𝑗)(𝑥𝑥𝑘𝑘,𝑦𝑦𝑘𝑘)�

(𝑥𝑥𝑘𝑘,𝑦𝑦𝑘𝑘)∈𝜕𝜕Ω
− 𝑐𝑐𝑖𝑖𝑖𝑖�

2

𝑘𝑘𝑗𝑗

+ ��𝑢𝑢𝑖𝑖(𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠)|(𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠)∈𝑆𝑆 − 𝑐𝑐𝑖𝑖�
2

𝑠𝑠

(5 − 13) 

where 𝑢𝑢𝑖𝑖(𝑥𝑥,𝑦𝑦) is the output of i-th PreNN, 𝑗𝑗 represents the order of derivatives of PreNN, 

𝑥𝑥𝑘𝑘  and 𝑦𝑦𝑘𝑘  are collocation points uniformly sampled on the boundary 𝜕𝜕Ω , 𝑥𝑥𝑠𝑠  and 𝑦𝑦𝑠𝑠  are 
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collocation points in the set 𝑆𝑆 sampled within the domain, 𝑐𝑐𝑖𝑖𝑖𝑖 is a constant that make PreNN 

fulfill the requirements of Equations (5-7), (5-10), (5-11), and (5-12), 𝑐𝑐𝑖𝑖 is a positive constant. 

The first penalty term of Equation (5-13) is to make PreNN satisfy the requirements on 

the boundary derived in Section 3.2 and further make the transformed output in the second 

training phase automatically satisfy all or part of boundary conditions. The collocation points 

on the boundary can be sampled densely based on the expression of the boundary [Equation 

(5-2)]. The aim of the second penalty term of Equation (5-13) is to ensure that PreNN is positive 

and a smooth surface within the domain, which will not bring additional computational 

difficulty for the second training phase. The collocation points within the domain can be 

sampled uniformly and sparsely at a certain distance from the boundary and included in set 𝑆𝑆. 

The number of collocation points and the value of 𝑐𝑐𝑖𝑖 are determined on a case-by-case basis, 

e.g. one collocation point on the center of the domain is used and 𝑐𝑐𝑖𝑖 is chosen as 0.1 (see 

Figure 5-3(b)) in the beam examples, while 20 collocation points are used and 𝑐𝑐𝑖𝑖 is chosen as 

0.025 (see Figure 5-4(c)) and 0.08 (see Figure 5-5(a)) in the plate examples. Although there are 

two target penalty terms to be optimized, only the first one should be strictly satisfied. The 

other one can be loosely fulfilled because there are no specific requirements on the shape of 

the PreNN. Therefore, the training process of the first phase is very simple and costs little 

computation time. 

The loss function in the second training phase is composed of different penalty terms, 

which are defined as the 𝑀𝑀𝑀𝑀𝑀𝑀 of residuals of the governing equation, the boundary conditions, 

and the relationship between the extra output and the transformed output. 

Before constructing the penalty terms for governing equations, extra outputs are 
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introduced to reduce the order of governing equations. The extra output in the beam case is as 

follows: 

𝑢𝑢�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥) =
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥)

𝜕𝜕𝑥𝑥2
(5 − 14) 

where 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥) is the transformed output of the primary NN PriNN in the second training 

phase according to Equation (5-8), and 𝑢𝑢�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥) represents the second-order derivative of 

𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥). The extra outputs in the plate case are as follows: 

𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑥𝑥
𝑡𝑡 (𝑥𝑥,𝑦𝑦) =

𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑡𝑡 (𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑥𝑥2

(5 − 15) 

𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑦𝑦
𝑡𝑡 (𝑥𝑥, 𝑦𝑦) =

𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑡𝑡 (𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑦𝑦2

(5 − 16) 

where 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑡𝑡 (𝑥𝑥,𝑦𝑦)  is the transformed output of PriNN according to Equation (5-8), 

𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝_𝑥𝑥
𝑡𝑡 (𝑥𝑥, 𝑦𝑦) and 𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝_𝑦𝑦

𝑡𝑡 (𝑥𝑥,𝑦𝑦) represent the second-order derivative of 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑡𝑡 (𝑥𝑥,𝑦𝑦) in 𝑥𝑥 

and 𝑦𝑦 directions, respectively. Then, the governing equations are updated from Equations (5-

27) and (5-31) in Section 5.3 to the following: 

𝜕𝜕2

𝜕𝜕𝑥𝑥2
�𝐸𝐸𝐸𝐸(𝑥𝑥)𝑢𝑢�(𝑥𝑥)� = 𝑞𝑞(𝑥𝑥) (5 − 17) 

𝜕𝜕2𝑤𝑤�𝑥𝑥(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑥𝑥2

+ 2
𝜕𝜕2𝑤𝑤�𝑥𝑥(𝑥𝑥,𝑦𝑦)

𝜕𝜕𝑦𝑦2
+
𝜕𝜕2𝑤𝑤�𝑦𝑦(𝑥𝑥,𝑦𝑦)

𝜕𝜕𝑦𝑦2
=
𝑞𝑞(𝑥𝑥,𝑦𝑦)
𝐷𝐷

(5 − 18) 

where 𝑢𝑢�(𝑥𝑥) is the second-order derivative of 𝑢𝑢(𝑥𝑥), 𝑤𝑤�𝑥𝑥(𝑥𝑥,𝑦𝑦) and 𝑤𝑤�𝑦𝑦(𝑥𝑥,𝑦𝑦) are the second-

order derivatives of 𝑤𝑤(𝑥𝑥,𝑦𝑦) in 𝑥𝑥 and 𝑦𝑦 directions. 

Based on the above transformation, the penalty terms for the governing equations of the 

beam (𝑀𝑀𝑀𝑀𝑀𝑀𝑔𝑔𝐵𝐵) and the plate (𝑀𝑀𝑀𝑀𝑀𝑀𝑔𝑔𝑃𝑃) are as follows: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑔𝑔𝐵𝐵 = ��
𝜕𝜕2

𝜕𝜕𝑥𝑥𝑖𝑖2
�𝐸𝐸𝐸𝐸(𝑥𝑥𝑖𝑖)𝑢𝑢�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥𝑖𝑖)� − 𝑞𝑞(𝑥𝑥𝑖𝑖)�

2𝑁𝑁𝑔𝑔𝐵𝐵

𝑖𝑖=1

(5 − 19) 
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𝑀𝑀𝑀𝑀𝑀𝑀𝑔𝑔𝑃𝑃 = ��
𝜕𝜕2𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑥𝑥

𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)
𝜕𝜕𝑥𝑥𝑖𝑖2

+ 2
𝜕𝜕2𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑥𝑥

𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)
𝜕𝜕𝑦𝑦𝑖𝑖2

+
𝜕𝜕2𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑦𝑦

𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)

𝜕𝜕𝑦𝑦𝑖𝑖2
−
𝑞𝑞(𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖)

𝐷𝐷
�
2𝑁𝑁𝑔𝑔𝑃𝑃

𝑖𝑖=1

 

(5 − 20) 

where 𝑁𝑁𝑔𝑔𝐵𝐵 and 𝑁𝑁𝑔𝑔𝑃𝑃 are numbers of collocation points within the domain of the beam and plate 

cases, respectively. 

The penalty terms for boundary conditions can be totally waived in the cases of beam and 

plate with fixed boundaries due to their continuously ordered boundary conditions. However, 

if their boundaries are simply supported, which means the existence of discontinuously ordered 

boundary conditions, only the first few boundary conditions with continuous orders can be 

automatically satisfied. The rest should be softly enforced by penalty terms of the beam (𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝐵𝐵) 

and the plate (𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝑃𝑃) as follows: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝐵𝐵 = ��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 �
′′(0)�

2
+ ��𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 �

′′(𝑙𝑙)�
2

(5 − 21) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝑃𝑃 = ��
𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)
𝜕𝜕𝑛𝑛𝑖𝑖2

�
(𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)∈𝜕𝜕Ω

�
2𝑁𝑁𝑏𝑏

𝑃𝑃

𝑖𝑖=1

(5 − 22) 

The penalty terms for the relationship between the extra output and the transformed output 

of the beam (𝑀𝑀𝑀𝑀𝑀𝑀𝑒𝑒𝐵𝐵) and the plate (𝑀𝑀𝑀𝑀𝑀𝑀𝑒𝑒𝑃𝑃) can be established based on Equation (5-14) and 

Equations (5-15) and (5-16) as follows: 

𝑀𝑀𝑀𝑀𝑀𝑀𝑒𝑒𝐵𝐵 = ��𝑢𝑢�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥𝑖𝑖) −
𝜕𝜕2𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡 (𝑥𝑥𝑖𝑖)

𝜕𝜕𝑥𝑥𝑖𝑖2
�
2𝑁𝑁𝑔𝑔𝐵𝐵

𝑖𝑖=1

(5 − 23) 

𝑀𝑀𝑀𝑀𝑀𝑀𝑒𝑒𝑃𝑃 = ���𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑥𝑥
𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖) −

𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)
𝜕𝜕𝑥𝑥𝑖𝑖2

�
2

+ �𝑤𝑤�𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑦𝑦
𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖) −

𝜕𝜕2𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑡𝑡 (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖)
𝜕𝜕𝑦𝑦𝑖𝑖2

�
2

�

𝑁𝑁𝑔𝑔𝑃𝑃

𝑖𝑖=1

 

(5 − 24) 

Finally, the total loss function of the beam (𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝐵𝐵 ) and the plate (𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑃𝑃 ) in the second 
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training phase can be built as follows: 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝐵𝐵 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑔𝑔𝐵𝐵 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝐵𝐵 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑒𝑒𝐵𝐵 (5 − 25) 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑃𝑃 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑔𝑔𝑃𝑃 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝑃𝑃 + 𝑀𝑀𝑀𝑀𝑀𝑀𝑒𝑒𝑃𝑃 (5 − 26) 

in which, the penalty term 𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝑖𝑖   can be cancelled if all boundary conditions have been 

automatically satisfied by involving the PreNN in the first training phase. 

By optimizing the total loss function in the second training phase, TP-PINN framework 

can finally solve the high-order differential problems with enhanced accuracy and efficiency 

compared to vanilla PINN. Although the penalty term for boundary conditions is simplified or 

waived in the second training phase, there exist more than one target penalty terms to be 

optimized simultaneously and fulfilled strictly. Thus, the computation time of the second phase 

is much longer than that of the first phase. 

5.2.3 Neural Network and Training Parameters 

All codes are written in Python based on the ML library PyTorch. 

In beam cases, a NN containing three hidden layers with 20 neurons in each is used in the 

vanilla PINN framework and both the first and the second training phases of TP-PINN 

framework. Tanh is used as the activation function, and Adam with a learning rate of 10-3 is 

used as the optimizer. The training of the first phase of TP-PINN is terminated when the loss 

falls below 10-6 or when 5000 epochs have been reached. The training of both vanilla PINN 

and the second phase of TP-PINN is terminated when the loss falls below 10-6 or when 10000 

epochs have been reached. 

In plate cases, a NN containing five hidden layers with 20 neurons in each is used in the 
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first phase of TP-PINN, while a NN containing five hidden layers with 50 neurons in each is 

used in vanilla PINN and the second phase of TP-PINN. Tanh is used as the activation function, 

and Adam with a learning rate of 10-4 is used as the optimizer. The training of the first phase of 

TP-PINN is terminated when the loss drops below 10-6 or when 50000 epochs have been 

reached. The training of both vanilla PINN and the second phase of TP-PINN is terminated 

when the loss drops below 10-6 or when 1000000 epochs have been reached. 

5.3 Numerical Case Studies 

Building on the theoretical background described in Section 5.1, the vanilla PINN and 

TP-PINN frameworks are applied to two representative structural mechanics problems. 

Deformation of an Euler-Bernoulli beam 

In the first example, the deformation of a Euler-Bernoulli beam under variable distributed 

load (Figure 5-2(a)), which is typically governed by a high-order ODE, is examined. The 

material properties of the Euler-Bernoulli beam are as follows: the length of the beam 𝑙𝑙 =

1000 𝑚𝑚𝑚𝑚 , the flexural rigidity 𝐸𝐸𝐸𝐸(𝑥𝑥) = (0.5 + 0.1𝑥𝑥2) × 106 𝑁𝑁 ∙ 𝑚𝑚𝑚𝑚2 , and the variable 

distributed load 𝑞𝑞(𝑥𝑥) = 0.01 + 0.01𝑠𝑠𝑠𝑠𝑠𝑠(𝜋𝜋𝜋𝜋) 𝑁𝑁/𝑚𝑚𝑚𝑚. 

The deformation of a 1D Euler-Bernoulli beam is governed by the following fourth-order 

ODE: 

𝜕𝜕2

𝜕𝜕𝑥𝑥2
�𝐸𝐸𝐸𝐸(𝑥𝑥)

𝜕𝜕2𝑢𝑢(𝑥𝑥)
𝜕𝜕𝑥𝑥2

� = 𝑞𝑞(𝑥𝑥), 𝑥𝑥 ∈ [0, 𝑙𝑙] (5 − 27) 

where 𝑥𝑥 is the coordinate, 𝑢𝑢(𝑥𝑥) is the deformation along the 𝑥𝑥-axis. 

If both ends of the beam are fixed, there are two boundary conditions: 
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𝑢𝑢(0) = 𝑢𝑢(𝑙𝑙) = 0 (5 − 28) 

𝑢𝑢′(0) = 𝑢𝑢′(𝑙𝑙) = 0 (5 − 29) 

Equation (5-28) is the Dirichlet boundary condition, while Equation (5-29) is the 

Neumann boundary condition. 

If both ends are simply supported, the Dirichlet boundary condition Equation (5-28) and 

another second-order boundary condition constraining the moment are applied: 

𝑢𝑢′′(0) = 𝑢𝑢′′(𝑙𝑙) = 0 (5 − 30) 

Deformation of a Kirchhoff-Love plate 

In the second example, the deformation of a Kirchhoff-Love plate with irregular geometry 

under distributed load (Figure 5-3(a)), which involves a high-order PDE, is investigated. The 

plate is a square with a quarter circle removed from the lower-left corner of the square. The 

material properties of the Kirchhoff-Love plate are as follows: the side length of the square 

𝑙𝑙1 = 1200 𝑚𝑚𝑚𝑚, the radius of the circle 𝑟𝑟 = 600 𝑚𝑚𝑚𝑚, the thickness of the plate 𝑡𝑡 = 10 𝑚𝑚𝑚𝑚, 

the Young’s modulus 𝐸𝐸 = 2.1 × 105 𝑀𝑀𝑀𝑀𝑀𝑀, the Poisson’s ratio 𝜇𝜇 = 0.3, and the distributed 

load 𝑞𝑞(𝑥𝑥,𝑦𝑦) = 0.5 𝑁𝑁/𝑚𝑚𝑚𝑚2. 

The deformation of a 2D Kirchhoff-Love plate is expressed by a fourth-order PDE: 

𝜕𝜕4𝑤𝑤(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑥𝑥4

+ 2
𝜕𝜕4𝑤𝑤(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑥𝑥2𝜕𝜕𝑦𝑦2

+
𝜕𝜕4𝑤𝑤(𝑥𝑥,𝑦𝑦)

𝜕𝜕𝑦𝑦4
=
𝑞𝑞(𝑥𝑥, 𝑦𝑦)
𝐷𝐷

, (𝑥𝑥,𝑦𝑦) ∈ Ω (5 − 31) 

where 𝑥𝑥 and 𝑦𝑦 are the coordinates, Ω is the domain of the plate, including the boundary 𝜕𝜕Ω 

and the internal area, 𝑤𝑤(𝑥𝑥,𝑦𝑦) is the deformation in the domain, and 𝐷𝐷 is a constant that can 

be computed by: 

𝐷𝐷 =
𝐸𝐸𝑡𝑡3

12(1 − 𝜇𝜇2)
(5 − 32) 
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If the boundary of the plate is clamped (fixed), the Dirichlet and Neumann boundary 

conditions are accordingly applied: 

𝑤𝑤(𝑥𝑥,𝑦𝑦)|(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω = 0 (5 − 33) 

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

�
(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω

= 0 (5 − 34) 

where 𝑛𝑛 is the normal vector on the boundary. 

If the boundary of the plate is simply supported, the Dirichlet boundary condition 

Equation (5-33) and the second-order boundary condition are applied: 

𝜕𝜕2𝑤𝑤(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑛𝑛2

�
(𝑥𝑥,𝑦𝑦)∈𝜕𝜕Ω

= 0 (5 − 35) 

 

 

(a) Euler-Bernoulli beam under distributed load 

 

 

(b) Fixed-end boundary condition 

 

 

(c) Simply-supported boundary condition 

Figure 5-2 Illustration of an Euler-Bernoulli beam 
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(a) Kirchhoff-Love plate under distributed load 

 

(b) Clamped (fixed) boundary condition 

 

(c) Simply-supported boundary condition 

Figure 5-3 Illustration of a Kirchhoff-Love plate 
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5.3.1 Results of Euler-Bernoulli Beam Example 

First, the vanilla PINN and the TP-PINN frameworks are applied to solve the deformation 

of Euler-Bernoulli beams under two different boundary conditions: fixed and simply-supported 

at both ends, as shown in Figures 5-2(b) and 5-2(c). FE results are used as reference solutions 

to compute the relative 𝐿𝐿2 error on validation points of both the vanilla PINN framework and 

the TP-PINN framework, allowing for an assessment of their solution accuracy. The relative 

𝐿𝐿2 error can be computed by: 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐿𝐿2 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =
�∑ �𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 − 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 �

2
𝑖𝑖

�∑ �𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖 �
2

𝑖𝑖

(5 − 36) 

where 𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖   denotes the reference solution computed by FEM, and 𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖   denotes the 

predicted solution by PINN or TP-PINN. Additionally, the training time per 100 epochs for 

both the vanilla PINN and the second phase of TP-PINN is recorded to evaluate their 

computational efficiency. As stated in Section 5.2.2, the computation time of the first phase of 

TP-PINN is much shorter than that of the second phase that is negligible, it is not counted in 

the comparison of computational efficiency. 

In vanilla PINN framework, collocation points are commonly sampled uniformly and 

randomly. However, collocation points are sampled using a modified method in this study. In 

addition to uniform random sampling, points near the boundaries are sampled more densely, 

yielding a total of 200 collocation points over the entire domain, as illustrated in Figure 5-4. 

Detailed discussion of various sampling methods is provided in Section 5.4.1. The PreNNs for 

the fixed-end beam and the simply-supported beam are depicted in Figures 5-5 and 5-8, 



 
Chapter 5 

 

154 
 

respectively, and the conditions they should satisfy, along with the specific training procedures, 

have been derived and explained comprehensively in Sections 5.2.1 and 5.2.2. 

Figures 5-6 and 5-9 display the deformation of the beams computed by the FEM, the 

vanilla PINN, and TP-PINN under two boundary conditions. Figures 5-7 and 5-10 illustrate 

absolute errors compared to the reference FE solution for both the vanilla PINN and TP-PINN 

under two boundary conditions. The relative 𝐿𝐿2 errors and training time are summarized in 

Table 5-1. The relative 𝐿𝐿2 errors between the vanilla PINN and the FE solution are calculated 

based on 100 evenly distributed points on the beam, they are 2.10×10-3 and 1.19×10-3 for fixed 

and simply-supported conditions, whereas those between TP-PINN and the FE solution are 

2.55×10-5 and 1.57×10-5, demonstrating a marked improvement in computational accuracy 

with TP-PINN. Moreover, by examining the regions near the boundaries in Figures 5-7 and 5-

10, it reveals that the hard embedding of boundary conditions significantly enhances accuracy 

in these areas. 

In addition, the average training time per 100 epochs for the TP-PINN is 3.24 seconds and 

3.87 seconds in fixed-end and simply-supported cases, compared to 3.54 seconds and 4.18 

seconds for the vanilla PINN, corresponding to an efficiency increase of approximately 8%. 

These results indicate that by partitioning the training into two independent phases to separately 

address the boundary conditions and other requirements, as well as reducing the order of the 

governing equation, training efficiency can be slightly improved. Although the training 

efficiency is improved, the improvement is not significant due to the additional computation 

required for the PreNN during backpropagation, which slightly impacts overall efficiency. 

Another observation is that, when comparing cases with different boundary conditions, the 
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simply-supported beam case requires more computation time than the fixed-end beam case. 

Despite using the same number of collocation points, only the Dirichlet boundary condition of 

the simply-supported beam has been automatically satisfied, which results in one more penalty 

term in the loss function compared to the fixed-end case and consequently increases the 

computation time. 

Table 5-1 Relative 𝐿𝐿2 error and training time of vanilla PINN and TP-PINN for beam cases 

Boundary conditions Fixed-end beam Simply-supported beam 

Methods Vanilla PINN TP-PINN Vanilla PINN TP-PINN 

Relative 𝐿𝐿2 error 2.10×10-3 2.55×10-5 1.19×10-3 1.57×10-5 

Training time per 100 epochs (s) 3.54 3.24 4.18 3.87 

 

Figure 5-4 Collocation points of the Euler-Bernoulli beam case 

 

Figure 5-5 The PreNN for the fixed-end beam 
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Figure 5-6 The displacements of the fixed-end beam 

 

Figure 5-7 The relative errors of vanilla PINN and TP-PINN solutions for the fixed-end beam 

 

Figure 5-8 The PreNN for the simply-supported beam 
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Figure 5-9 The displacements of the simply-supported beam 

 

Figure 5-10 The relative errors of vanilla PINN and TP-PINN solutions for the simply-supported 

beam 
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The collocation points of PreNN (as shown in Figure 5-12) and PriNN (as shown in Figure 

5-14) for both cases are the same. In both Figures 5-12 and 5-14, there are 32 points on 

Boundaries 1 and 4 each and 64 points on Boundaries 2, 3, and 5 each. For collocation points 

inside the domain, there are 20 points uniformly sampled at a certain distance from the 

boundary for the PreNN as illustrated in Figure 5-12, while a modified method is employed to 

achieve a denser sampling near the boundaries, yielding 2048 points for the PriNN as shown 

in Figure 5-14. The PreNNs are three-dimensional functions, as shown in Figure 5-13 and 

Figure 5-20. The conditions they should satisfy as well as the specific training procedures have 

been detailed in Section 5.2.1. 

Figure 5-11 and Figure 5-19 show the FE solutions for both cases. Figure 5-15 and 

Figure 5-21 show the deformation of the plates with two boundary conditions computed by the 

vanilla PINN, while absolute errors compared to FE solutions are illustrated in Figure 5-16 and 

Figure 5-22, respectively. Figure 5-17 and Figure 5-23 show the results computed by the TP-

PINN of two cases, while absolute errors compared to FEM are presented in Figure 5-18 and 

Figure 5-24. The relative 𝐿𝐿2 errors and training time are summarized in Table 5-2. The relative 

𝐿𝐿2  errors between the vanilla PINN and the FEM solution are measured based on 186324 

points in the domain, computed as 0.142 and 0.184 for clamped and simply-supported 

conditions, whereas those for TP-PINN are 0.0108 and 0.0180. Moreover, results reveal that 

the absolute errors near the boundaries are smaller for TP-PINN. These results indicate that 

TP-PINN, with its hard-embedding approach, achieves higher computational accuracy. 

In addition, the average training time per 100 epochs for the TP-PINN is 7.76 seconds and 

8.61 seconds in clamped and simply-supported cases, while 10.02 seconds and 11.56 seconds 
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for the vanilla PINN, corresponding to an efficiency improvement of TP-PINN of around 24% 

compared with the vanilla PINN. Hence, TP-PINN can also effectively enhance training 

efficiency. Compared to the improvement in computational efficiency observed in the beam 

examples (about 8%), the plate examples more clearly demonstrate the effectiveness of TP-

PINN in enhancing computational efficiency. Although the PDE governing plate deformation 

is more complex than the ODE for beam deformation, reducing the order of the governing 

equations and employing two-phase training yields even more significant enhancement in 

efficiency. While additional computation is required for the PreNN during backpropagation, 

the cost of this extra computation is outweighed by the positive impact of TP-PINN on 

efficiency. Besides, similar to the beam cases, the clamped case with fewer penalty terms 

computes faster than the simply-supported case. 

 

Table 5-2 Relative 𝐿𝐿2 error and training time of vanilla PINN and TP-PINN for plate cases 

Boundary conditions Clamped plate Simply-supported plate 

Methods Vanilla PINN TP-PINN Vanilla PINN TP-PINN 

Relative 𝐿𝐿2 error 0.142 0.0108 0.184 0.0180 

Training time per 100 epochs (s) 10.02 7.76 11.56 8.61 
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Figure 5-11 The FEM solution for the clamped plate 

 

Figure 5-12 The collocation points of the PreNN 
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Figure 5-13 The PreNN for the clamped plate 

 

Figure 5-14 The collocation points of the PriNN 
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Figure 5-15 The PINN solution for the clamped plate 

 

Figure 5-16 The absolute error of PINN for the clamped plate 
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Figure 5-17 The TP-PINN solution for the clamped plate 

 

Figure 5-18 The absolute error of TP-PINN for the clamped plate 
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Figure 5-19 The FEM solution for the simply-supported plate 

 

Figure 5-20 The PreNN for the simply-supported plate 
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Figure 5-21 The PINN solution for the simply-supported plate 

 

Figure 5-22 The absolute error of PINN for the simply-supported plate 
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Figure 5-23 The TP-PINN solution for the simply-supported plate 

 

Figure 5-24 The absolute error of TP-PINN for the simply-supported plate 
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5.4 Discussion 

In the numerical examples of this study, various collocation points sampling methods and 

forms of PreNNs are available. To compare their respective performances and to clarify the 

rationale behind the choices made for the examples, this section provides a detailed discussion 

of these approaches. In addition, the limitations of the method proposed in this paper are 

explained and discussed. 

5.4.1 Collocation Points Sampling Methods 

In the vanilla PINN framework, uniform random sampling for collocation points over the 

entire domain is commonly performed to ensure that the collocation points densely cover the 

whole domain. However, such a sampling method does not necessarily guarantee optimal 

computational results. For example, if the absolute error is larger near the boundaries, it 

becomes necessary to increase the density of collocation points in those regions. Another 

potential issue is that, in practical applications, achieving dense sampling may not be feasible, 

which could adversely affect computational accuracy. This section compares and discusses the 

performance of various sampling methods in the TP-PINN framework based on the simply-

supported plate example. 

Figures 5-25, 5-28, and 5-31 illustrate three sampling methods different from the method 

used in Section 5.3.2, including uniform random sampling over the entire domain (S1), dense 

sampling away from the boundaries (S2), and sparse sampling (S3), with 2048, 2048, and 200 

collocation points in total, respectively. Figures 5-26, 5-29, and 5-32 display deformation 

results under different sampling methods, and Figures 5-27, 5-30, and 5-33 show absolute 
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errors compared to the FE solution, respectively. The relative 𝐿𝐿2 errors and training time per 

100 epochs for each sampling method are presented in Table 5-3. For computational accuracy, 

dense sampling near the boundaries (Figure 5-14) yields the highest accuracy (0.0180) 

compared with all cases with S1, S2, and S3, demonstrating that the appropriate choice of 

collocation point sampling can enhance computational precision. Under conditions of sparse 

sampling, accuracy is the lowest, indicating that computational accuracy relies on both the 

number and density of the collocation points. 

For computation efficiency, the training time for S1 and S2 is roughly equivalent to that 

of TP-PINN for simply-supported plate (8.61 seconds), since the number of collocation points 

and other configurations used in different schemes are the same. It is worth noting that the 

training time for S3 is the shortest due to the smallest amount of collocations points is used, 

illustrating the tradeoff between computational accuracy and efficiency. 

Table 5-3 Relative 𝐿𝐿2 error and training time of TP-PINN with different sampling methods for the 

simply supported plate case 

Sampling methods S1 S2 S3 

Relative 𝐿𝐿2 error 0.0495 0.0822 0.165 

Training time per 100 epochs (s) 8.55 8.63 6.40 
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Figure 5-25 Collocation points using sampling method S1 

 

Figure 5-26 The TP-PINN solution for sampling method S1 
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Figure 5-27 The absolute error of TP-PINN for sampling method S1 

 

Figure 5-28 Collocation points using sampling method S2 
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Figure 5-29 The TP-PINN solution for sampling method S2 

 

Figure 5-30 The absolute error of TP-PINN for sampling method S2 
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Figure 5-31 Collocation points using sampling method S3 

 

Figure 5-32 The TP-PINN solution for sampling method S3 
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Figure 5-33 The absolute error of TP-PINN for sampling method S3 
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The computation failed using Form 1. Figures 5-36 and 5-37 present the deformation 

result and error using Form 2. The training time per 100 epoch for Form 2 is 3.49 seconds, 

which is at the same level as that in Section 5.3.1. However, it takes much longer for this case 

to converge, indicating the importance of adopting a proper form of PreNN. Moreover, it can 

be observed that when both types of PreNN are employed, the results are inaccurate or even 

fail to compute. The reason is that they generate excessively large or discontinuous gradients 

on some points, leading to gradient explosion or vanishing problems during computation. 

Therefore, when choosing the form of PreNN, it is important to obey the principle that the 

entire function maintains relatively moderate gradients. 

 

Figure 5-34 The PreNN form 1 
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Figure 5-35 The PreNN form 2 

 
Figure 5-36 The displacements of the simply-supported beam based on PreNN form 2 

 

Figure 5-37 The relative error between numerical solution and TP-PINN solution based on PreNN 
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5.4.3 Limitations 

Although the TP-PINN framework proposed in this study, which divides the training 

process into two distinct phases, can significantly improve the efficiency and accuracy of PINN 

for solving structural mechanics problems involving high-order differential equations, it is 

undeniable that this method still has certain limitations. 

First, as stated in Sections 5.3.1 and 5.3.2, TP-PINN requires additional training of 

PreNNs, and the introduction of PreNNs in the second training phase will bring extra 

computational cost in backpropagation. When the domain concerned is regular and the 

modulating functions proposed in Chapter 4 can be derived analytically, adopting modulating 

functions is preferable to TP-PINN, since it avoids additional training of PreNNs. 

Second, as demonstrated by the simply-supported Euler-Bernoulli beam and Kirchhoff-

Love plate examples, when the boundary conditions are discontinuous in order (for instance, 

when constraints are imposed only on the function values, first-order derivatives, and third-

order derivatives, while no constraint is provided for the second-order derivatives), the PreNN 

in the first phase can only ensure that the output of the PriNN in the second-phase automatically 

satisfies the boundary conditions with continuous orders (i.e., the function values and first-

order derivatives). The remaining boundary conditions (i.e., the third-order derivatives) still 

need to be enforced through the loss function. This limitation arises from the inherent 

mathematical coupling during differentiation, which restricts the method to automatically 

satisfy only those boundary conditions of continuous orders, meaning that perfect hard 

embedding of all boundary conditions cannot be achieved in some cases. 
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Third, as discussed in the section on collocation point sampling methods, uniformly and 

densely sampling collocation points across the entire domain may not yield sufficient accuracy 

in certain regions; therefore, collocation points should be adaptively allocated based on the 

relative importance of different areas. Moreover, if practical constraints necessitate sparse 

sampling of collocation points, the solution accuracy will likewise be compromised. Thus, 

enhancing accuracy under conditions of sparse sampling remains an area for further 

improvement of the proposed method. 

5.5 Summary 

A novel framework termed TP-PINN is proposed to achieve efficient computation and 

accurate solution for solving structural mechanics problems governed by differential equations. 

Building on the limitations of vanilla PINN framework, TP-PINN divides the training process 

into two distinct phases. In the first phase, PreNNs are employed to decouple the optimization 

target associated with boundary conditions from the multi-objective loss function. In the second 

phase, PreNNs are applied to transform the output of the PriNN to enable a hard-manner 

treatment of boundary conditions even in irregular domains. Moreover, additional outputs 

representing lower-order derivatives of the output of PriNN are introduced, which effectively 

reduce the highest order of the governing equations. This two-phase architecture overcomes 

the challenges of handling high-order derivatives and complicated boundary conditions that 

often lead to error accumulation and slow convergence in vanilla PINN. 

Several numerical examples on Euler-Bernoulli beams and Kirchhoff-Love plates 

demonstrate the considerable advantages of the TP-PINN framework. For the beam problems, 
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relative 𝐿𝐿2 errors were reduced from the order of 10-3 with vanilla PINN to the order of 10-5 

with TP-PINN, alongside a training time reduction of around 8%. In the plate examples, the 

framework achieved a significant drop in relative 𝐿𝐿2 errors, from over 0.14 to 0.19 down to 

approximately 0.01 to 0.02, with a significant efficiency improvement of about 24%. These 

results not only confirm the high accuracy of TP-PINN, particularly near the boundaries, but 

also its potential to efficiently solve high-order differential equations in structural mechanics. 

Nonetheless, some limitations remain. When boundary conditions exhibit discontinuities 

in order, the PreNNs can automatically enforce only part of boundary conditions, leaving the 

rest to be softly treated via penalty terms. Moreover, the performance of the proposed 

framework is sensitive to the distribution of collocation points. Future research will focus on 

incorporating adaptive collocation points sampling strategies, refining PreNN configurations 

to better handle discontinuous boundary conditions, and extending the TP-PINN approach to 

more complex and multi-physics problems. 
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CHAPTER 6 
 

Physics-Informed Graph Neural Network for Prestress 

Design of Tensegrity Structures 
 

 
 

6.1 Introduction 

In previous chapters, the problems addressed by PINN are all described by differential 

equations because the useful AD function can effectively solve derivatives in complex 

functions. However, the application of PINN can be expanded to solve other forms of equations. 

In this chapter, vanilla PINN and a novel PIGNN frameworks will be applied to the prestress 

design task for tensegrity structures based on solving equilibrium equations. 

Tensegrity structures, a class of self-stressed systems, have gathered significant attention 

due to their unique properties and potential applications (Skelton and De Oliveira 2009). These 

structures consist of an assembly of compression elements, i.e. struts, and tension elements, i.e. 

cables, arranged in a stable pre-stressed configuration. The stability of tensegrity structures 

stems from the continuous tensile stress in the cables and compressive stress in the struts, 

resulting in a lightweight yet robust system (Zhang and Ohsaki 2015). 

Form-finding is a crucial task for the design of tensegrity structures. Form-finding 

involves determining the geometric configuration and the internal force distribution within the 
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elements (struts and cables) that satisfies the equilibrium and stability conditions. In this 

chapter, the main focus is the determination of the internal force distribution under a given 

structural topology and geometric configuration, which is called prestress design or force-

finding. Numerous force-finding methods have been developed. Tran and Lee (2010) proposed 

a numerical form-finding method based on the techniques of eigenvalue decomposition (EVD) 

and singular value decomposition (SVD). Koohestani and Guest (2013) developed a new 

optimization approach for form-finding using grouping method. Wang (2021b) proposed a 

general computational form-finding framework through rank minimization of force density 

matrix. Besides, particle swarm optimization algorithm-based method is proposed by Chen 

(2020b). However, these approaches rely on structural symmetry and other numerical methods. 

When dealing with complicated and asymmetric structures, it may be difficult to find a feasible 

prestress distribution. 

In recent years, ML techniques have emerged as powerful tools for solving complex 

problems in structural engineering. ML algorithms can learn patterns and relationships from 

data or physical knowledge, enabling them to make accurate predictions or decisions. Efforts 

on application of ML techniques to force-finding problems in tensegrity structures have been 

made as it offers the potential to overcome the abovementioned limitations of traditional 

methods. For example, Lee et al. (2022) applied DNN for form-finding of tensegrity structures, 

and Zhu et al. (2023) used ANN to aid force-finding of cable domes. These methods are data-

driven, which means that a large number of data is required for training the NNs. Their 

performance cannot be guaranteed because of the insufficiency of training data and the black-

box feature of NNs without the guidance of physical knowledge. To make use of physical 
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knowledge and improve the interpretability of NNs, PINN is considered in this study to tackle 

this prestress design problem. The performance of vanilla PINN in prestress design will be 

evaluated in this chapter and the results show that vanilla PINN is able to handle this task. 

However, although vanilla PINN successfully overcomes the complex preparation of dataset 

by integrating physical knowledge, it is found that it requires a large number of computational 

resources and it fails to make full use of known structural information such as the geometry 

and topology of structures, which remains a huge room for improvement of vanilla PINN’s 

computational efficiency. 

To step forward, further modification of vanilla PINN is demanded. GNN is found to be 

an ideal solution to this problem because GNN can effectively deal with graph-structured data. 

Inspired by the similarity between the inherent graph-like connectivity of tensegrity structures 

and the GNN architecture, the paradigm of integrating physical knowledge is introduced to 

GNN. A novel PIGNN framework is proposed for prestress design of tensegrity structures, 

which improves the computational efficiency by involving more structural information 

including the structural geometry and topology compared to vanilla PINN. The graph-like 

properties of tensegrity structures are naturally embedded through GNN, and it is self-

supervised by constructing the loss function based on the equilibrium equation. The proposed 

framework is able to predict the force density distribution effectively without using grouping 

and SVD techniques. Moreover, the proposed method can be easily extended to 3D cases, 

showing a promising potential for dealing with more complicated and asymmetric structures. 

The rest of this chapter is arranged as follows: Section 6.2 briefs the method, including 

the prestress design procedure of tensegrity structures with given topology of elements and 
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nodal coordinates, the vanilla PINN framework for prestress design, and the detailed 

introduction to PIGNN. Several numerical cases including regular and irregular forms of two-

dimensional and three-dimensional tensegrity structures are presented in Section 6.3, the results 

of both the vanilla PINN and PIGNN frameworks are presented and compared. Lastly, the 

conclusion and future research directions are summarized in Section 6.4. 

6.2 Methods 

In this section, the basic knowledge of tensegrity structures is first introduced as the 

fundamental of this study, including the concept of force density, equilibrium equation, and the 

prestress design procedure. Then, physical knowledge is incorporated into PINN framework. 

After introducing how to achieve prestress design by the vanilla PINN, the proposed PIGNN 

framework is then detailed for the same task. 

6.2.1 Prestress Design of Tensegrity Structures Based on Force Density 

First of all, the following assumptions are considered in this chapter for prestress design 

of tensegrity structures: 

(1) Geometry (i.e. nodal coordinates) and topology (i.e. connectivity of cables and struts) 

of tensegrity structures are given. 

(2) Cables and struts are connected by pin joints. 

(3) Self-weight of tensegrity structures, external loads, and global and local buckling are 

not considered. 

Since the self-weight and external loads are not considered, tensegrity structures can be 

self-equilibrated without any support nodes, which are called free-standing rigid structures 

(Zhang and Ohsaki 2015). 
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A two-dimensional tensegrity structure with four nodes and six elements, shown with the 

numbering of elements and coordinates in Figure 6-1, is used as an example to illustrate the 

process of prestress design based on force density. 

 

Figure 6-1 An illustrative two-dimensional tensegrity structure with four nodes and six elements 

The force density vector q (Pellegrino and Calladine 1986) consists of force density 𝑞𝑞𝑘𝑘 

of element k, which is defined as the ratio of internal force 𝑓𝑓𝑘𝑘 to length 𝑙𝑙𝑘𝑘: 

𝑞𝑞𝑘𝑘 =
𝑓𝑓𝑘𝑘
𝑙𝑙𝑘𝑘

(6 − 1) 

The connectivity matrix 𝐂𝐂 ∈ ℝ𝑏𝑏×𝑛𝑛 is defined to describe the topology of a tensegrity 

structure with b elements and n nodes, i.e. connectivity of nodes and elements. In Figure 6-1, 

the nodes and elements are numbered respectively. The i-th and j-th entries 𝑐𝑐𝑘𝑘,𝑖𝑖 and 𝑐𝑐𝑘𝑘,𝑗𝑗 in 

k-th row in connectivity matrix C are set to -1 and 1 if the element k connects nodes i and j 

(i<j), as follows: 

𝑐𝑐𝑘𝑘,𝑚𝑚 = �
   1 for 𝑚𝑚 = 𝑖𝑖
−1 for 𝑚𝑚 = 𝑗𝑗
    0 otherwise

(6 − 2) 

Then, for a two-dimensional tensegrity structure (d=2), the equilibrium matrix 𝐀𝐀 ∈

ℝ𝑑𝑑𝑑𝑑×𝑏𝑏  can be denoted by the connectivity matrix C and nodal coordinates x and y as 

(Pellegrino and Calladine 1986): 

𝐀𝐀 = �𝐂𝐂
T𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐂𝐂𝐂𝐂)

𝐂𝐂T𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐂𝐂𝐂𝐂)
� (6 − 3) 
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For example, the connectivity matrix 𝐂𝐂 ∈ ℝ𝑏𝑏×𝑛𝑛 = ℝ6×4 and the equilibrium matrix 𝐀𝐀 ∈

ℝ𝑑𝑑𝑑𝑑×𝑏𝑏 = ℝ8×6 of the illustrative structure are shown respectively as follows: 

𝐂𝐂 =

⎣
⎢
⎢
⎢
⎢
⎡
1 −1 0 0
0 1 −1 0
0 0 1 −1
1 0 0 −1
1 0 −1 0
0 1 0 −1⎦

⎥
⎥
⎥
⎥
⎤

(6 − 4) 

𝐀𝐀 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−1 0 0 0 −1 0
1 0 0 0 0 1
0 0 1 0 1 0
0 0 −1 0 0 −1
0 0 0 −1 −1 0
0 −1 0 0 0 −1
0 1 0 0 1 0
0 0 0 1 0 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

(6 − 5) 

For a three-dimensional tensegrity structure (d=3), the connectivity matrix C also belongs 

to ℝ𝑏𝑏×𝑛𝑛, while the equilibrium matrix 𝐀𝐀 ∈ ℝ𝑑𝑑𝑑𝑑×𝑏𝑏 = ℝ3𝑛𝑛×𝑏𝑏 can be formulated as: 

𝐀𝐀 = �
𝐂𝐂T𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐂𝐂𝐂𝐂)
𝐂𝐂T𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐂𝐂𝐂𝐂)
𝐂𝐂T𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐂𝐂𝐂𝐂)

� (6 − 6) 

The equilibrium equation can be derived by satisfying the equilibrium condition for zero 

unbalanced forces on each node as follows: 

𝐀𝐀𝐀𝐀 = 𝟎𝟎 (6 − 7) 

The aim of prestress design is to find a feasible force density vector by solving the above 

equilibrium equation. A tensegrity structure may have one or more independent self-stress 

modes. The number of independent self-stress modes is denoted by s, which is related to the 

rank deficiency of the equilibrium matrix A and can be computed by: 

𝑠𝑠 = 𝑏𝑏 − rank(𝐀𝐀) (6 − 8) 

The entire space of self-stress modes is given by the null space of the equilibrium matrix 

𝐀𝐀 . The solution to Equation (6-7) can be a linear combination of these self-stress modes. 

However, not all solutions are feasible. To verify the feasibility of the obtained prestress, the 
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unilateral properties of elements and the stability of the entire structure should be checked. 

Specifically, for cables that can only carry tension, their force densities must satisfy: 

𝑞𝑞𝑖𝑖 ≥ 0 (6 − 9) 

while struts that are under compression, their force densities must satisfy: 

𝑞𝑞𝑖𝑖 ≤ 0 (6 − 10) 

These conditions ensure that cables are not subjected to compression and struts are not in 

tension. Verification involves checking that every component of the obtained force density 

vector 𝐪𝐪 meets its corresponding inequality. 

In addition to verifying unilateral behavior, the stability of the entire structure must be 

confirmed by analyzing the minimum rank deficiency 𝑑𝑑 + 1 and the force density matrix 𝐅𝐅: 

𝐅𝐅 = 𝐂𝐂T𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐪𝐪)𝐂𝐂 (6 − 11) 

The minimum rank deficiency 𝑑𝑑 + 1 should be three in two-dimensional case and four 

in three-dimensional case. If the force density matrix 𝐅𝐅 is positive semi-definite, the structure 

is super stable (Connelly 2002; Zhang and Ohsaki 2007) without considering other properties. 

In the case that 𝐅𝐅 is negative semi-definite, the structure can be considered as stable if the 

tangent stiffness matrix is positive definite by investigating its eigenvalues (Ohsaki and Zhang 

2006; Guest 2006). By satisfying the above requirements, the prestress design procedure is 

finally completed. 

Many prestress design methods were developed based on the member grouping technique, 

SVD, genetic algorithm, and rank minimization. However, it is still hard to find feasible force 

density vectors when the structure is complicated or asymmetric. To tackle this problem, ML 

methods are explored as possible solutions because of their promising potential in dealing with 

complex structural forms. In the following subsections, the detailed implementation of PINN 

frameworks is introduced. 
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6.2.2 Vanilla PINN for Prestress Design 

First of all, the reasons of applying PINN frameworks for prestress design of tensegrity 

structures can be summarized as follows: (1) PINN is not only able to solve differential 

equations but also flexible to solve non-differential equations; (2) PINN can transform prestress 

design into a NN parameter optimization problem, which can be handled by mature 

optimization algorithms; (3) Under the PINN framework, asymmetrical geometries can be 

easily handled and complex matrix operations can be avoided. 

The framework of the vanilla PINN for prestress design of tensegrity structures is 

illustrated in Figure 6-2, which contains the representation of the inputs, the type of NN, the 

outputs, and the formulation of the loss function. 

There are different choices for the inputs. For example, the coordinates of the nodes of 

each cable or strut can represent the element. To reduce the number of inputs, the middle point 

of each element can be used. These two choices contain structural information, i.e. the nodal 

coordinates, which are physical knowledge of the structure. However, non-structural 

information can also be treated as inputs, e.g. the numbering of each element, as shown in the 

Input box in Figure 6-2, which means that the only requirement for the choice of inputs is to 

represent the elements, and the structural information is actually not necessary in this vanilla 

PINN framework. In this chapter, the numbering of each element is adopted as the input, and 

therefore, the dimension of the input is one. 

Similar to previous chapters, the NN employed in this framework is FCFNN, which is 

detailed in Chapter 3. The parameters of the FCFNN are the optimization objects. 
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The output is the force density of each corresponding structural element predicted by the 

FCFNN. Therefore, the dimension of the output is the same as the dimension of the input. Then, 

the force density vector can be obtained. 

Next, to formulate the loss function, the predicted force density vector is substituted into 

Equation (6-7) to calculate the unbalanced force of each node. According to the force 

equilibrium condition, the unbalanced forces are squared and summed as the loss function: 

𝐿𝐿 =
1
𝑛𝑛𝑛𝑛

�𝜀𝜀𝑖𝑖2�𝒒𝒒(𝜃𝜃)�
𝑛𝑛𝑛𝑛

𝑖𝑖=1

(6 − 12) 

where 𝑛𝑛𝑛𝑛 is the number of elements, 𝒒𝒒 is the force density vector, 𝜃𝜃 is the parameters of 

the FCFNN, and 𝜀𝜀 is the unbalanced forces. 

By minimizing the loss function, a design of the prestress distribution can be obtained 

without using any grouping and SVD techniques and complicated matrix operations. 

Finally, the unilateral property and stability condition will be used to check the feasibility 

of the prestress design. 

 

Figure 6-2 The vanilla PINN framework for prestress design of tensegrity structures 
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6.2.3 Establishment of Physics-Informed Graph Neural Network (PIGNN) 

To improve the efficiency of vanilla PINN in prestress design, a novel framework PIGNN 

is proposed, in which GNN is employed to replace the FCFNN in vanilla PINN. The idea of 

introducing GNN into PIML family is inspired by the following reasons: (1) The graph-like 

connectivity of tensegrity structures can be naturally represented by GNN, in other words, 

GNN is especially suitable for dealing with cable-strut systems such as tensegrity structures; 

(2) By utilizing GNN, additional structural information including geometries and topologies 

can be incorporated into the GNN architecture, bringing promising potential for learning 

structural behaviors. 

Before looking into the proposed PIGNN framework, it is better to provide a brief 

introduction of GNN. GNN is a class of ML models designed to operate on graph-structured 

data. A GNN is a transformation on attributes of a graph, i.e. nodes, edges, and global 

information, which preserves the graph topology. 

In a typical GNN framework, as shown in Figure 6-3, a “graph-in, graph-out” architecture 

is adopted. This model takes a graph as input, with information embedded in its nodes, edges, 

and global-level content, progressively transforms those attributes through several layers of 

graph convolutional network (GCN) and activation function, ReLU for example, and finally 

outputs a graph without changing its topology. More details about GCN and activation 

functions can be found in other references (Zhou et al. 2020). 

A GNN can address different types of tasks including node-level, edge-level, and graph-

level tasks. They are concerned with predicting the properties of nodes, edges, and the entire 
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graph, respectively. It is obvious that the task type is edge-level in the concerned prestress 

design problem because it is trying to find the feasible force density vector of elements. 

However, in the present case, the only information that is already known is the node-level 

feature, i.e. the nodal coordinates. Therefore, the edge prediction problem should be 

transformed into node prediction by pooling information, which means the node-level 

information will be first collected and aggregated, then given to edges for prediction. The 

pooling operation is illustrated in Figure 6-4. 

 

Figure 6-3 A GNN framework 

 

Figure 6-4 The pooling operation 

Based on the general GNN framework and the pooling operation, the PIGNN is proposed 

for prestress design of tensegrity structures. The detailed description of PIGNN is as follows. 

The input of PIGNN is a graph representation of the tensegrity structure, where structural 

information is embedded, including coordinates of nodes and connectivity of elements (i.e. 

structural topology). The graph is undirected, and the topology is described by an adjacent 



 
Chapter 6 

 

190 
 

matrix, which is slightly different from the connectivity matrix in the form. The unilateral 

properties of elements are defined, under which cables can only carry tension and struts are 

only under compression. Then, the input graph is processed through forward propagation with 

several GNN layers and activation functions. In this chapter, GCN and ReLU are adopted as 

the hidden layer and the activation function. The final layer is the transformed graph with 

sufficient information on nodes. GCN’s outputs are set to be positive when initially generated. 

The pooling operation is applied to node information to generate edge information for 

prediction. For example, each node yields 𝑛𝑛𝑒𝑒 values, where 𝑛𝑛𝑒𝑒 is the number of edges. The 

sum of the i-th value of each node represents the predicted information of the i-th edge. Then, 

these outputs on edges are multiplied by 1 for cables and -1 for struts. In this case, the prediction 

of each edge means the force density q, which results in the force density vector q that satisfies 

unilateral properties. Subsequently, the unbalanced force on each node can be computed 

according to Equation (6-7) and the sum of these unbalanced forces are treated as the loss 

function to be minimized as follows: 

𝐿𝐿 =
1
𝑛𝑛𝑛𝑛

�𝜀𝜀𝑖𝑖2�𝒒𝒒(𝜃𝜃)�
𝑛𝑛𝑛𝑛

𝑖𝑖=1

=
1
𝑛𝑛𝑛𝑛

‖𝐀𝐀𝐀𝐀‖22 (6 − 13) 

where 𝑛𝑛𝑛𝑛 is the number of unbalanced forces, 𝜀𝜀𝑖𝑖 is the entry of the vector 𝐀𝐀𝐀𝐀, and θ is the 

trainable parameters of GCN layers. After the calculation of the loss function, it can be 

minimized by an optimizer, e.g. Adam in this case, through backpropagation during the training 

process. In the numerical cases in the following section, the GNN is trained for 1000 epochs 

with a learning rate of 0.01. In the backpropagation process, the gradients of the loss function 

with respect to inputs will be computed automatically based on the chain rule by AD function 
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and the trainable parameters θ of GNN will be updated accordingly. The candidate feasible 

force-density vector q will be obtained with the loss function approaching zero. After the 

prestress design procedure, the candidate q will be checked based on unilateral properties of 

elements, equilibrium condition, and stability condition as described in Section 6.2.1. 

The overall framework of the proposed PIGNN framework is illustrated in Figure 6-5. It 

can be noticed that there is no training data involved in the whole process, which means this 

framework is physics-informed and self-supervised. The merits of this method are manifolds. 

It is easier to achieve compared to other data-driven ML methods by waiving the requirement 

of large amount of training data and the complicated data preparation process; it is explainable 

due to the involvement of structural geometry, topology, and physical laws; it is feasible to 

realize prestress design through gradient descent algorithms without any grouping or SVD 

techniques; finally, it is more efficient compared to vanilla PINN framework by integrating 

additional structural information. 

 

Figure 6-5 The PIGNN framework for prestress design of tensegrity structures 
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6.3 Numerical Case Studies 

In this section, comprehensive numerical case studies, including two-dimensional, three-

dimensional, regular geometry, and irregular geometry cases, solved by vanilla PINN and 

PIGNN frameworks will be presented and compared to demonstrate the effectiveness of the 

proposed framework. All codes are written based on Python 3.7.13, the DL library PyTorch 

1.11.0, and the GNN library PyG 2.0.4. 

6.3.1 Two-Dimensional Cases 

Five-unit Snelson’s X-shape tensegrity arches with regular and irregular geometries are 

adopted as two-dimensional cases. They have the same topology but different geometries. 

2D regular geometry case 

The five-unit Snelson’s X-shape tensegrity arch with regular geometry is shown in Figure 

6-6. It contains 12 nodes and 26 elements (16 cables and 10 struts), and they are numbered 

respectively. The coordinates of nodes are also illustrated in Figure 6-6. This structure is 

statically indeterminate and kinematically determinate. 

The feasible force density of each element of this structure predicted by vanilla PINN and 

PIGNN is listed in Table 6-1. The results are checked to satisfy the unilateral properties, 

equilibrium condition, and stability condition. Therefore, the results of both methods can be 

considered as feasible force density distributions. As for the computational performance, 

vanilla PINN takes 300 epochs to reach a loss value of 2×10-5, while PIGNN only requires 90 

epochs to reach a lower loss value of 1×10-5. It is obvious that computational efficiency is 

highly improved by the proposed PIGNN framework compared to vanilla PINN because 
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processing structured data is the core competency of GNN. 

 

Figure 6-6 A five-unit Snelson’s X-shape tensegrity arch with regular geometry 

Table 6-1 The feasible force densities of the regular tensegrity arch predicted by vanilla PINN and 

PIGNN 

Force density PINN PIGNN Force density PINN PIGNN 

q1 0.4732 0.5191 q14 0.9488 1.0000 

q2 0.4732 0.5191 q15 0.7687 0.6848 

q3 0.3691 0.4228 q16 1.0000 0.7995 

q4 0.3691 0.4228 q17 -0.4732 -0.5191 

q5 0.3483 0.4624 q18 -0.4732 -0.5191 

q6 0.3483 0.4624 q19 -0.3691 -0.4228 

q7 0.5796 0.5772 q20 -0.3691 -0.4228 

q8 0.5796 0.5772 q21 -0.3483 -0.4624 

q9 0.4204 0.2223 q22 -0.3483 -0.4624 

q10 0.4204 0.2223 q23 -0.5796 -0.5772 

q11 0.4732 0.5191 q24 -0.5796 -0.5772 

q12 0.3691 0.4228 q25 -0.4204 -0.2223 

q13 0.8215 0.9815 q26 -0.4204 -0.2223 
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2D irregular geometry case 

The five-unit Snelson’s X-shape tensegrity arch with irregular geometry, which is a variant 

of the previous case, is shown in Figure 6-7. It has the same components and topology as the 

regular case, containing 12 nodes and 26 elements (16 cables and 10 struts), and they are 

numbered respectively. The coordinates of nodes are listed in Table 6-2. This structure is also 

statically indeterminate and kinematically determinate. 

 

Figure 6-7 A five-unit Snelson’s X-shape tensegrity arch with irregular geometry 
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Table 6-2 Nodal coordinates of the 2D tensegrity arch with irregular geometry 

Node No. (x, y) Node No. (x, y) 

1 (0.0, 0.0) 7 (0.3, 1.7) 

2 (1.4, -0.2) 8 (1.4, 1.4) 

3 (2.5, 0.0) 9 (2.5, 3.2) 

4 (3.7, -0.5) 10 (3.6, 2.5) 

5 (4.6, -0.7) 11 (5.6, 3.6) 

6 (6.0, 0.0) 12 (6.3, 3.3) 

The feasible force density of each element of this structure predicted by vanilla PINN and 

PIGNN is shown in Table 6-3. The results of both methods are feasible force density 

distributions because they fulfill the unilateral property requirement, equilibrium condition, 

and stability condition. Compared to the previous regular geometry case, vanilla PINN takes 

800 epochs to reach a loss value of 8×10-5, which means a more complicated geometry will 

influence the performance of vanilla PINN. However, it only takes 80 epochs for the proposed 

PIGNN framework to reach a lower loss value of 1×10-5, which means that the performance 

of PIGNN framework is not affected by changing the structural geometry. It shows the 

powerful ability of the proposed framework in dealing with more complex problems. 
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Table 6-3 The feasible force densities of the irregular tensegrity arch predicted by vanilla PINN and 

PIGNN 

Force density PINN PIGNN Force density PINN PIGNN 

q1 0.1437 0.3691 q14 0.5502 0.5350 

q2 0.2277 0.5848 q15 0.4238 0.4417 

q3 0.2141 0.2446 q16 0.7575 0.7666 

q4 0.6324 0.7224 q17 -0.1789 -0.4595 

q5 0.4004 0.2442 q18 -0.1829 -0.4697 

q6 0.4004 0.2442 q19 -0.3442 -0.3931 

q7 0.7414 0.5852 q20 -0.3935 -0.4494 

q8 0.1765 0.1393 q21 -0.4004 -0.2442 

q9 0.2217 0.3169 q22 -0.4004 -0.2442 

q10 0.2659 0.3800 q23 -0.3252 -0.2567 

q11 0.1643 0.4218 q24 -0.4024 -0.3176 

q12 0.4747 0.5422 q25 -0.2419 -0.3457 

q13 1.0000 1.0000 q26 -0.2437 -0.3483 

6.3.2 Three-Dimensional Cases 

The performance of both vanilla PINN and PIGNN frameworks is demonstrated in two-

dimensional cases. The proposed PIGNN outperforms vanilla PINN in terms of computational 

efficiency because it is not notably influenced by irregular geometry. Moreover, the proposed 

framework can be easily extended to solve more complex prestress design problems of three-
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dimensional tensegrity structures, which involve more structural elements (i.e. more design 

variables) and more complex structural topology (i.e. more complicated matrix operations). 

In this subsection, prestress design of three-dimensional tensegrity structures with regular 

and irregular geometries is solved by the proposed PIGNN framework to demonstrate its 

performance in 3D cases. 

3D regular geometry case 

The 3D tensegrity structure with regular geometry is composed of repeated 3D units. The 

3D unit contains 8 nodes, 12 cables, and 4 struts. The perspective and top views of the 3D unit 

are shown in Figures 6-8 and 6-9, respectively. The length of the cable of the bottom square is 

100 cm, and the height of the unit is 50 cm. The concerned regular tensegrity structure consists 

of 9 units. Therefore, it contains 40 nodes, 96 cables, and 36 struts. The perspective and top 

views of this structure are shown in Figures 6-10 and 6-11, respectively. 

Although geometry and topology of the 3D tensegrity structure are much more 

complicated compared to 2D cases, e.g. the connectivity matrix 𝐂𝐂 ∈ ℝ132×40 is a very large 

sparse matrix, and 132 unknown force densities should be determined simultaneously, PIGNN 

can easily handle this complex case. The prestress distribution obtained by PIGNN is shown in 

Figure 6-12, in which blue lines stand for struts under compression and red lines represent 

cables in tension. By checking the unilateral property requirement, equilibrium condition, and 

stability condition, the result is a feasible solution. As for the computational efficiency, PIGNN 

takes 180 epochs to reach a loss value of 1×10-5, more epochs are required than those of the 

2D case. However, it still shows the ability of PIGNN framework in prestress design that 

involves more than 100 design variables and adaptability when applying it to complex 3D cases. 
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Figure 6-8 The perspective view of the 3D unit 

 

Figure 6-9 The top view of the 3D unit 
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Figure 6-10 The perspective view of the 3D tensegrity structure with regular geometry 

 

Figure 6-11 The top view of the 3D tensegrity structure with regular geometry 
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Figure 6-12 The feasible prestress distribution of the 3D tensegrity structure with regular geometry 

3D irregular geometry case 

The 3D tensegrity structure with irregular geometry is created based on the regular one 

(Figures 6-10 and 6-11) by modifying the coordinates of four nodes, which are labelled in 

Figure 6-14. The coordinates of the four changed nodes are (-30, 50, 60), (250, -40, 50), (-30, 

250, 40), and (250, 360, 50), respectively. The unit is cm. The coordinates of other nodes remain 

unchanged, and the structure contains 40 nodes, 96 cables, and 36 struts. The perspective and 

top views of this irregular structure are shown in Figures 6-13 and 6-14, respectively. 

PIGNN is used to design the prestress distribution, and the results are shown in Figure 6-
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15, in which blue lines represent struts under compression and red lines depict cables in tension. 

This prestress distribution is feasible since it fulfills the unilateral property requirement, 

equilibrium condition, and stability condition. It costs 200 epochs for PIGNN to reach a loss 

value of 1×10-5, which means that the computational efficiency is comparable to that of the 

regular geometry case. It leads to the same conclusion as in the 2D case that the irregular 

geometry does not affect PIGNN’s performance. 

 

  

Figure 6-13 The perspective view of the 3D tensegrity structure with irregular geometry 
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Figure 6-14 The top view of the 3D tensegrity structure with irregular geometry 

 
Figure 6-15 The feasible prestress distribution of the 3D tensegrity structure with irregular geometry 
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6.4 Summary 

In this chapter, a novel PIGNN framework is proposed to search for feasible prestress 

distribution designs of tensegrity structures. This framework is inspired by the inherent graph-

like topology of tensegrity structures, and its advantages are manifold. First, it is self-

supervised compared to other data-driven methods because the loss function is established 

based on the equilibrium condition, which means no labelled training data is required; Second, 

more physical information of tensegrity structures is embedded compared to vanilla PINN 

because the topology of the structure is naturally incorporated in GNN; Third, it avoids 

complicated matrix operations involved in numerical methods such as EVD and SVD. Fourth, 

complex 2D or 3D geometries can be easily tackled without using grouping techniques. 

The performance of the proposed PIGNN framework is presented via several 2D and 3D 

numerical cases with regular and irregular geometries. It can achieve smaller loss values while 

less training epochs are required compared with vanilla PINN method. It shows great potential 

in solving the force-finding problem with complicated structural topologies and geometries, 

since the geometric configuration has little influence on the efficiency of PIGNN framework. 

This novel PIGNN framework is proposed and applied to the prestress design of tensegrity 

structures for the first time, exhibiting feasibility and strong ability in this field. The potential 

of PIGNN in addressing more complex problems of tensegrity structures such as topology 

optimization needs further exploration in the future. 
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CHAPTER 7 
 

Conclusions and Recommendations 
 

 
 

7.1 Conclusions 

This thesis aims to advance PIML for applications in structural engineering by targeting 

four critical challenges: (1) the computational burden and error accumulation arising from 

high-order differential equations; (2) the difficulty of strictly satisfying boundary conditions 

within the vanilla PINN framework; (3) the computational difficulty and inaccuracy caused by 

the multi-objective optimization process; (4) the limited capacity of the vanilla PINN to exploit 

the intrinsic geometric and topological properties of certain structural systems. To address these 

challenges, four methodological innovations are proposed in the thesis and validated through 

comprehensive numerical studies and experiments: 

1. Auxiliary outputs for reducing the order of differential equations. Vanilla PINN relies 

on AD to compute derivatives of the network’s outputs. When the differential equation 

involves high-order derivatives, high-order AD may lead to severe gradient exploding 

or gradient vanishing issues, slow convergence, and reduced accuracy. In Chapter 3, 

the cause of training failure for such high-order differential equations is analyzed 

theoretically. To address this issue, auxiliary outputs are introduced to approximate 
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lower-order derivatives of primary outputs. By reformulating the high-order 

differential equation (e.g. a fourth-order differential equation) into a coupled system 

of lower-order equations (e.g. two second-order differential equations), the original 

differential equation is reduced to lower order. Numerical tests on three cases, 

including the third-order KdV equation, the fourth-order Euler-Bernoulli equation, 

and a sixth-order equation, demonstrate that the proposed method can effectively 

achieve higher solution accuracy compared to the vanilla PINN. 

2. Hard enforcement of boundary conditions via modulating functions. The vanilla PINN 

traditionally embeds boundary conditions as “soft” penalty terms in the loss function, 

resulting in non-zero boundary residuals and sometimes poor convergence near 

critical regions. In Chapter 4, analytical modulating functions are derived to transform 

the original outputs of the NN to automatically satisfy Dirichlet, Neumann, and mixed 

boundary conditions in simple geometries. This “hard” manner treatment ensures zero 

boundary residuals by construction, and therefore, eliminates the need for the penalty 

term for boundary conditions. The proposed method is validated through the 

identification of unknown rotational stiffness of semi-rigid joints, which is an inverse 

problem. Numerical case studies, including identifying the rotational stiffness of a 

variable cross-section cantilever beam and a steel frame, are carried out to 

comprehensively analyze the performance of the vanilla PINN and the proposed 

method. In addition, experimental validation on a single-bay steel frame is conducted 

to demonstrate the proposed method in practical applications. The results show that 

the proposed modulating function-based method can improve prediction accuracy as 
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well as computational efficiency. 

3. TP-PINN framework for decoupling the penalty term for boundary conditions to a 

separate training stage. To extend the “hard” enforcement of boundary conditions to 

irregular domains, Chapter 5 develops a unified framework employing pretrained NNs 

in place of closed-form modulating functions. By structuring the overall framework 

into two phases, one phase encodes boundary conditions, and the other handles the 

governing equation, any domain shape can be accommodated. Moreover, since the 

training of boundary conditions and the training of the governing equation are 

decoupled, the adverse effects of the multi-objective optimization can be mitigated. 

The proposed TP-PINN framework significantly enhances computational efficiency 

and prediction accuracy. The performance of TP-PINN is demonstrated through two 

classic structural problems: deformation of an Euler-Bernoulli beam and a Kirchhoff-

Love plate under loading. 

4. Leverage additional structural information with PIGNN. Structural systems such as 

trusses, frames, and tensegrity structures exhibit intrinsic graph‐like connectivity, 

which FCFNN in the vanilla PINN cannot exploit. In Chapter 6, a novel framework 

termed PIGNN that integrates equilibrium‐based physical penalty and structural 

topology with GNN, is proposed. In the PIGNN framework, structural topology can 

be learned naturally from the connectivity of nodes and edges of graphs. Both vanilla 

PINN and PIGNN are applied to solve prestress design problems of tensegrity 

structures using a force density-based method. Results show that by incorporating 

structural topology, PIGNN outperforms vanilla PINN in prestress design and offers a 
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scalable way to PIML solutions for large, complex structures. 

These methodological advances collectively broaden the applicability of PIML in 

structural engineering, ranging from forward problems, e.g. structural analysis, to inverse 

problems, e.g. parameter identification. 

Despite these advancements, several limitations warrant further consideration: 

1. The auxiliary output approach increases network complexity and memory demands, 

which may strain hardware by introducing multiple auxiliary outputs when scaling to 

very high dimensional or very fine discretization. 

2. The additional penalty term introduced by auxiliary outputs may cause difficulties in 

the balance of multiple loss terms during training. 

3. While analytical modulating functions excel in simple geometries by completely 

eliminating the penalty term for boundary conditions, they cannot be derived for 

complex domains. TP-PINN addresses this gap but may fail in certain cases. 

4. For cases with boundary conditions involving high-order derivatives, pretrained NNs 

in the first phase of TP-PINN bring additional computational cost, which may hinder 

computational efficiency. 

5. PIGNN targets structures with graph-like connectivity such as cable-strut systems. 

Its applicability in continuum-like domains or multi-scale structures needs further 

exploration. 

6. Finally, it is essential to translate these theoretical PIML innovations into robust, 

deployable tools for real world structural engineering applications. The following 

difficulties might be encountered. First, measurement data is often noisy, incomplete, 
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and irregularly sampled, which may lead to unstable and complicated training 

dynamics of PIML models. Second, real structures involve complex boundary 

conditions, heterogeneous materials, and uncertain loading conditions, which may 

cause difficulties in establishing accurate loss functions and uncertainties in results. 

Third, computational costs may become significant for large-scale structures due to 

the high dimensionality of the degrees of freedom (DOFs) and the huge volume of 

measurement data. Fourth, validation may become more challenging because the 

ground truth is typically unavailable, requiring indirect assessment against 

monitoring data or reduced-order models. These aspects indicate both difficulties and 

potentials of applying the proposed methods in real world engineering practice. 

7.2 Recommendations 

Building on the foundational methods proposed in this thesis, the following avenues are 

recommended for future investigation to further enhance PIML’s capabilities and practical 

impact in structural engineering: 

1. Laboratory and field validation. While numerical studies have confirmed the 

improvements in efficiency and accuracy achieved by auxiliary outputs, modulating 

functions, TP-PINN, and PIGNN, their performance under practical conditions 

should be further tested. Laboratory experiments such as vibration tests on beams and 

plates, and field tests on existing structures will expose noise in measurements and 

uncertainty in identified parameters. Experimental validation will identify gaps 

between simulation and practice, guiding improvements in the robustness of the 
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proposed frameworks. 

2. Hybrid coupling with FE solvers. To leverage established engineering analysis tools, 

future work should integrate PIML models into finite element analysis (FEA) 

packages. One promising approach is to use PIML models (e.g. PINN with auxiliary 

outputs or TP-PINN) to approximate local constitutive or structural behavior, 

embedding them as custom element models within an FE solver. This integrated 

framework combines the global discretization accuracy of FEA with high adaptability 

of PIML, enabling efficient real-time simulations for design iterations, digital twins, 

and SHM. 

3. Uncertainty quantification (UQ) via Bayesian-based PIML. Experimental data and 

model parameters inevitably carry uncertainties. Incorporating UQ into PIML is 

crucial for risk-informed decision-making. Future research should extend the 

proposed methods to Bayesian frameworks. By treating trainable parameters of NNs 

as random variables, uncertainties in inputs and measurements can be propagated 

through the PIML framework, yielding posterior distributions for predicted fields and 

parameters. This probabilistic PIML would provide confidence intervals for stress, 

displacement, and stiffness estimates, which are vital for engineering applications. 

4. Extending to multi-physics problems. Many real-world challenges such as fluid-

structure interaction and thermal-stress coupling require solving multi-physics PDE 

systems. Future work should generalize the proposed frameworks to handle coupled 

PDE systems and expand applications of PIML into aerospace, geotechnical, and 

biomedical engineering. 
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5. Automated architecture search and TL. Designing the optimal NN architecture 

currently requires manual tuning of NN hyperparameters, including network depth, 

width, and activation functions. Automated ML techniques can be employed to 

discover optimal network architecture for a specific condition. Furthermore, TL 

across multiple problem scenarios could yield pretrained models that accelerate 

convergence on new tasks using minimal additional data. 

By pursuing these directions, the methods developed in this thesis can evolve into robust, 

versatile, and widely adopted tools that redefine the modelling, designing, and analyzing of 

structural engineering systems. 
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