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Abstract

First Mack modes and crossflow instabilities play critical roles in supersonic
boundary layer transitions, whereas they have not received sufficient attention. Several
critical issues require further investigation: First Mack modes lack a physics-based
comprehension of their behavior across varying spanwise wavenumbers. Their distinct
responses to control techniques at different spanwise wavenumbers have not been
systematically evaluated. The identification of crossflow instabilities and their
independence from first Mack modes in hypersonic regime remain contested. The
stabilization mechanisms of crossflow modes have not been clearly elucidated. This
thesis addresses these theoretical and engineering challenges through direct numerical

simulation, linear stability theory, and momentum potential theory.

The first part focuses on the linear instability and control strategies of first Mack
modes at varying spanwise wavenumbers in a Mach 4.5 flat-plate boundary layer. As
the spanwise wavenumber increases, the streamwise wavenumber initially rises before
declining, with its maximum marking the transition of the first mode from an acoustic
to a vortical nature. These distinct physical characteristics result in divergent responses
to laminar control techniques and differing stabilization mechanisms: Wall cooling
slightly stabilizes planar first modes and significantly stabilizes oblique first modes by
suppressing the thermal components. Similarly, wall suction exhibits a weaker
stabilization effect on planar first modes compared to their oblique counterparts, with
thermal and vortical components in the oblique mode damped under steady suction. For
porous coatings, slightly oblique first modes are modulated by scattering effects and
wall admittance, whereas highly oblique first modes are destabilized by mean-flow
distortions induced by the coatings. Grooves, despite their macroscale geometry
relative to porous coatings, govern planar first modes through wall admittance
mechanisms, where acoustic components are modulated by wall admittance. For highly

oblique first modes, mean-flow distortions are responsible for the destabilizing effects.

The second part provides new evidence for the consistency of first Mack and
crossflow modes. Boundary-layer receptivity to three-dimensional slow acoustic and
vorticity waves over a Mach 5.9 sharp wing is systematically investigated under varying
sweep angles. Uniform behaviors between these modes highlight their consistency:
Linear stability theory categorizes both instabilities as S modes. The vortical component
dominates both modes, emphasizing their inherent vortical nature. These modes share

identical receptivity pathways: For slow acoustic waves, strong acoustic components



are generated at the leading edge through the synchronization mechanism and
subsequently diminish. The vortical components grow steadily throughout the
receptivity process, resulting in a high-growth-rate non-modal growth phase of
perturbations. After adjustments of acoustic and thermal components, the linear growth
occurs. While for vorticity waves, leading-edge disturbances primarily consist of
vortical components, arising from interactions between vorticity waves, shock waves,
and boundary layers. Acoustic and vortical components go through adjustment in their
shape, and thermal components exhibit initial decay followed by recovery, resulting in
a lower-growth-rate non-modal growth phase. Ultimately, the linear growth phase

commences.

The final part investigates the stabilization mechanisms of crossflow modes in a
Mach 6 blunt-wing boundary layer. Wall cooling can effectively stabilize the crossflow
mode by predominantly suppressing the thermal component. Wall suction exhibits
limited control effects and directly influences the vortical component. Porous coatings
and macro-slit grooves exhibit moderate stabilization effects on the crossflow mode.
Mean-flow distortions are identified as the primary driver of their stabilization effects.
Stabilization mechanisms of crossflow instabilities exhibit significant parallels with

those of first Mack modes, further highlighting their physical consistency.
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Chapter 1 Introduction

1.1. Background

Laminar—turbulent transition in supersonic boundary layers significantly impacts
the performance of supersonic vehicles by inducing substantial local skin friction and
heat flux!!?!. Analyses from the National Aerospace Plane (NASP) project suggest a
potential doubling of payload capacity if the fully laminar boundary layer is maintained,
compared to those in fully turbulent scenarios!. Furthermore, heat transfer during the
transition process can exceed that in fully turbulent regions!*!. Therefore, understanding
the transition mechanisms of boundary layers and developing effective flow control

techniques are critically important.

In low-disturbance flight environments, this transition process follows these
fundamental stages!: (1) receptivity, (2) linear instability, (3) nonlinear instability, and
(4) breakdown. During the receptivity phase, external free-stream perturbations, such
as acoustic waves, entropy fluctuations, or vortical disturbances, interact with the
boundary layer, generating instability modes within the shear layer!®”). The initial
amplitudes of unstable modes typically remain orders of magnitude below
characteristic flow scales, permitting linear stability theory (LST) to accurately model
the exponential growth of instabilities during the linear stage. Further downstream, the
amplitudes of the disturbances eventually saturate, nonlinear interactions and secondary
instabilities emerge, and the flow undergoes rapid breakdown to turbulence within a

brief downstream interval.

LST enables detailed analysis of linear instability mechanisms, with several
instabilities identified as primary drivers of transition in supersonic flows!® 1%
including the first Mack mode, the second Mack mode, and the crossflow mode. Along
quasi-two-dimensional supersonic aircraft leading edges, the first mode is the most
amplified instability at low-Mach-number boundary layers, whereas the second mode
exhibits higher growth rates as the Mach number exceeds 3.8!!''2]. In the three-
dimensional (3D) boundary layers subject to pressure gradients and sweep effects,
curved inviscid streamlines at the boundary layer edges generate a generalized
inflection point (GIP) within the crossflow profile and induce the crossflow
instability!!*!. Identifying the physical nature of these unstable modes is essential for
the prediction of boundary layer transition and designing laminar control techniques,

benefiting further engineering applications. A literature review is then presented, which



addresses pivotal aspects of supersonic boundary layer transition, including physical
properties of unstable modes, the receptivity process, laminar control techniques, and
the analysis tool.

1.2. Second Mack mode

The second mode has attracted significant attention due to its higher growth rates
in hypersonic boundary layers. As early as the 1980s, it was identified as an inviscid
mode!''l characterized by increasing maximum growth rates with larger Reynolds
number. Subsequent studies made significant progress in understanding its physical

ol14.15

nature, classifying the second mode as an acoustic mod 1 Tts instability waves were

interpreted as acoustic waves trapped between the wall and the sonic line.

In recent years, advances in numerical simulations and analytical methods have
further clarified the physics and energy sources of the second mode within different
theoretical frameworks: Kuehl"'®! suggested that the dynamics of the second mode align
with a forced, resonating, thermoacoustic standing wave trapped in a thermoacoustic
impedance well, deriving energy from thermoacoustic Reynolds stresses. Tian et al.[!7],
using a relative phase analysis based on the linearized Navier-Stokes equations,
demonstrated that wall-normal velocity perturbations dominate energy extraction from

the mean flow for the second mode.
1.3. First Mack mode

First Mack modes were traditionally regarded as dispensable drivers for
supersonic boundary layer transition when Mach number exceeds 3.8, as they show
obviously smaller growth rates. However, recent studies have also emphasized the
essential role of the first Mack mode in the transition process. Lee’s group!!®!]
systematically investigated boundary-layer transition in hypersonic cone experiments,
confirming that the first mode serves as the origin of soliton-like wave packets in
turbulence and plays a critical role in transition. Recent numerical studies by Guo et
al.?% on a Mach 6 flat-plate boundary layer revealed that the first mode acts as the
source of detuned modes responsible for boundary-layer transition. These findings
suggest that the first mode may assume a more pivotal role in hypersonic boundary-

layer transition, necessitating further investigations into its physical mechanisms.

Compared to the extensive investigations involving second Mack modes,
significant gaps remain in comprehending first modes. Mack!®, while solving LST

problems in compressible flows, concluded that the most unstable first mode must
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inherently be three-dimensional. The most unstable first mode is regarded as an
extension of Tollmien-Schlichting (TS) waves from incompressible boundary layers to
supersonic regimes?!! and is classified physically as a vortical mode!??). Smith[**!
identified the first mode as a viscous-inviscid mixed mode whose properties vary with
wave angle. When the wave angle y satisfies y > tan™' (v Ma® —1) , the first mode
manifests as a viscous mode, characterized by a maximum amplification rate that

1241 proposed an

increases as the Reynolds number decreases!'!l. Recently, Liang et a
inviscid energy analysis framework, revealing that the phase difference between
streamwise velocity and pressure perturbations near the GIP serves as the energy source

for the first mode.

Although previous research confirmed that the physical nature of the first mode is
closely related to its wave anglel®*), a systematic comparative analysis of its dynamical
behavior under different wave angles remains lacking. Schmid and Henningson[*!!
demonstrated that viscous instability completely vanishes when the Mach number
exceeds 3.8. Meanwhile, Mach 4.5 represents a proposed working Mach number for
future high-speed cruise aircraft?! and is also a typical operating condition during the
takeoft and landing phases of hypersonic vehicles, highlighting the necessity of further

investigations into flow dynamics and instability at this regime.
1.4. Crossflow mode

The crossflow modes originate from the GIP within the crossflow profile and serve
as a prevalent and important mechanism in the transition stage among various 3D

26-29]

configurations, such as yawed cones?®?%, swept wings**2 and other complex

33361 They can be classified into two categories: stationary crossflow

configurations!
modes and traveling crossflow modes, differentiated by their respective frequencies.
These two instabilities have different origins: Traveling crossflow modes are sensitive
to the freestream turbulence level, while stationary crossflow modes are affected by
surface roughness®’*]. Stationary crossflow modes are traditionally recognized as
being dominant in real high-speed flights and have received more attention than their
traveling counterparts™®22%4%, due to the low environmental noise at high altitudes and
inevitable surface roughness!*' 1. However, traveling crossflow modes were detected
and identified in recent model flight experiments by Wan et al.[*4], in which pressure
signals were obtained over an inclined blunt cone. The low-frequency signals peaked
at about 10 kHz, and were identified as traveling crossflow modes through the high
level of consistency between LST and experimental results. These results confirmed

that traveling crossflow modes can be responsible for hypersonic laminar—turbulent
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transitions under real flight conditions. Qiu’s™*!! numerical results also demonstrate that
traveling crossflow vortices are essential for forming low-frequency hairpin-like

structures that ultimately trigger turbulence.

A long-standing conceptual debate in hypersonic regimes concerns the
independence and identification of the first Mack and crossflow modes. In low Mach
number regimes, the crossflow instability and the Tollmien-Schlichting (T-S) wave (or
the first Mack mode) occupy distinct frequency ranges!!%*]. The crossflow instability
is near zero frequency over a large spanwise wavenumber range, while the first Mack
mode is present at positive frequencies. However, in high Mach-number flows,
distinguishing the dominant mode becomes challenging. Liul'®*! employed the
compressible Falkner-Skan-Cooke flow model and LST to investigate the theoretical
property of first and crossflow instabilities. They discovered that the crossflow
instability integrates with S modes, making it indistinguishable from the first mode at
large local sweep angles or Mach numbers greater than 1.6. Similar identification
challenges were observed by Peck et al.[*”! in a study of a highly swept fin positioned
over a cone at a Mach number of 6. In that configuration, the flow between the transition
front and the fin leading edge is subject to large crossflow velocities and strong pressure
gradients. However, their energy budget analysis indicated that the magnitudes of
crossflow-related terms were not substantial compared to streamwise terms. Whether
the primary mechanism for transition is driven by crossflow instability or the first Mack
mode remains uncertain. Several criteria attempt to determine whether the dominant
instability in transition is the first Mack mode or the crossflow mode. Reed and Saric!*®]
proposed a threshold for low-speed scenarios where transition is attributed to the
crossflow mode if the maximum crossflow velocity exceeds 3% of the boundary-layer-
edge velocity. Liul*®! suggested that the |u/| profile of T-S modes (or first modes) exhibits
dual peaks in the weakly compressible regime, versus crossflow modes display a single
peak. However, both metrics can be problematic in high-speed regimes and
geometrically complex flows with distorted boundary layers (e.g., Peck et al.l*”)). To
date, the only explicit criterion that can “distinguish” these two modes involves their
pressure gradient responses: first modes are damped by favorable pressure

549,50

gradient 1, whereas the crossflow instabilities are amplified™!l.

Fundamental questions persist regarding the mode identification, particularly
given overlapping frequency responses and analogous sensitivities to Mach number and
wall thermal conditions. This raises intriguing questions: Are the first and crossflow
modes of the same nature? Further, are they actually the same instability? Do these

consistent responses originate from their same nature?
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1.5. Receptivity process

The receptivity stage establishes the initial disturbance amplitudes of instabilities.

[52-53]  Fedorov and

That of second Mack modes has been thoroughly investigated
Khokhlov!®8! pioneered this field by establishing a theoretical framework via the
multiple-mode method, demonstrating that second Mack modes arise from the
excitation of the fast (F) or slow (S) mode near the leading edge and intermodal
conversion downstream at the synchronization point, where F and S modes share nearly
identical phase speeds. Subsequently, Ma and Zhong conducted a series of numerical
simulations on the receptivity of a Mach 4.5 sharp flat plate boundary layer to acoustic,
vortical, and entropy waves'>’ >, which physically relate to pressure, temperature (or
density), and velocity fluctuations!®”. Their results further affirm the synchronization
theory of Fedorov and Khokhlov. Balakumar et al. numerically investigated the
boundary-layer receptivity over diverse geometries, e.g. sharp and blunt cones¢!],

562

straight and flared cones!®, sharp and blunt wedges!”!, further confirming Fedorov’s

synchronization theory when the disturbance frequency supports the second mode.

Despite extensive investigations of second Mack modes, research on the
receptivity of first and crossflow modes to free-stream disturbances remains
limited™!-93641. When the frequency is not high enough to sustain the second mode, the
F mode remains neutral within the boundary layer, precluding synchronizations
between the F mode and vortical or S modes!®!. This results in fundamentally divergent
receptivity pathways compared to second Mack modes. Balakumar and King*!!
quantified the receptivity of a Mach 3 swept wing boundary layer with direct numerical
simulation (DNS), proposing receptivity coefficients for roughness, acoustic, and
vortical disturbances. Their results demonstrated that acoustic disturbances are about
eight times weaker in generating unstable traveling crossflow vortices compared to the
vorticity waves. Xu et al.[* applied LST in a Mach 6 three-dimensional boundary layer,
showing that the discrete-spectrum slow mode can be excited by the slow acoustic
waves from the continuous spectrum near the leading edge, and evolve downstream
into the unstable traveling crossflow mode. Liu et al.[! combined triple-deck theory
and DNS to reveal a pathway of generating first Mack modes through the interaction

between slow acoustic waves and streamwise isolated wall roughness.

As the receptivity stage explains the origins of instabilities, divergent receptivity
pathways would imply independent instability mechanisms. Clarifying whether first
Mack and crossflow modes share identical receptivity pathways provides new evidence

for the conceptual controversy between the oblique first and traveling crossflow mode.
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1.6. Laminar control techniques

After comprehending the dynamics of unstable modes, designing control methods
becomes necessary. Various laminar control techniques have been developed to delay

transition. Kimmel(®® categorized these approaches into active and passive methods.

[67-69 [70-72]

Active control methods include wall blowing-suction 1" wall heating-cooling ,

and plasma actuators!’>"

75,76

, while passive strategies encompass global or local
shaping!’>7®) and porous coatings!’’). These approaches exhibit distinct stabilization

effects on different instability modes.

For Mack modes, wall heating-cooling and blowing-suction have been
investigated since the last century. Lysenko and Maslov!”® experimentally confirmed
that wall cooling stabilizes first-mode instabilities while destabilizes second-mode
disturbances as early as the 1980s. Malik!”"! attributed this stabilizing effect on the first
mode to the formation and subsequent disappearance of a second GIP in regions where
u <1 - 1/M.. For the second mode, the destabilization effect is interpreted by the region
in the boundary layer where M? > 1 expands with cooling. In contrast, wall steady
blowing-suction exhibits aligned effects on first and second Mack modes®". Wall
suction reduces the peak growth rates of both first and second Mack modes. Malik also
linked the stabilizing effect on first Mack modes of wall suction to the second GIP.
Poulain et al.®!] employed an adjoint-based optimization technique to identify optimal
wall control strategies. Their analysis revealed that wall blowing-suction modifies
streamwise momentum transport between the critical layer and the boundary layer edge,

while wall heating and cooling targets thermally sensitive regions.

Building on the acoustic nature of second modes, Malmuth et al.'? proposed that
wall acoustic absorbers (porous materials) could potentially stabilize the second mode.

82831 numerical®, and experimental®#¢! investigations by

Follow-up theoreticall
Fedorov et al. confirmed that porous surfaces suppress second-mode growth through
acoustic absorption mechanisms. They further established an impedance model for
porous surfaces based on acoustic wave propagation theory in narrow pores. Currently,
acoustic porous walls, as a passive flow control technique, have been widely applied
and extensively studied for delaying second-mode-dominated boundary layer
transition!’”), In contrast, their impact on first Mack modes reveals complex behavior.
Fedorov et al.®) conducted experimental and theoretical studies on the effect of an
ultrasonically absorptive coating on a Mach 6 sharp cone, finding that the coating
strongly stabilizes the second mode while marginally destabilizing the first mode. Wang

and Zhong!®" discovered that this amplification effect can be mitigated by reducing the
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admittance phase of the coating. Tian et al.!®8] demonstrated that the planar first mode
can be marginally stabilized when the admittance phase ¢ approaches 0.5n. Zhao et
al.[®%1 designed an acoustic metasurface to suppress the planar first mode; however, their
DNS yielded results that contradicted LST predictions, which they attributed to a
“roughness” effect. Chen et al.’"! employed relative phase analysis to explain the
energy transfer of the planar first mode under porous coatings, attributing
destabilization to the wall-normal transport term, though their investigation was based
solely on LST. Liu et al.’!! integrated the admittance model into their nonlinear
parabolized stability equation (NPSE) code and observed that the admittance wall
boundary delays the oblique breakdown of the first mode. However, their study did not
consider the effects of real cavity structures and relied exclusively on NPSE, omitting
DNS. To date, the effects of porous coatings on first modes remain unresolved, and

investigations of 3D first modes are scarce.

The geometric dimensions of porous coatings are typically much smaller than
boundary-layer thicknesses to preserve aerodynamic smoothness®>°?. An intriguing
question emerges regarding groove effects when cavity dimensions exceed these
thresholds, especially when the geometric scales are close to the boundary-layer
thicknesses. For second Mack modes, increasing the slit spacing will lead to stronger
scattered waves at the surface and weaken the acoustic stabilization capability!®+*3],

This scale-related behavior remains uncharacterized for first modes.

For crossflow instabilities, these laminar flow control techniques have also been
developed. A detailed investigation of wall suction by Friederich and Kloker®* found
that both the primary and secondary crossflow instability can be stabilized by
homogeneous suction at the wall, while strong, localized “pinpoint” suction has a much
better control effect. Eppink and Wlezien® analyzed data obtained from the
NASA/Boeing Hybrid Laminar Flow Control Crossflow Experiment and found that the
traveling crossflow mode is highly sensitive to the wall temperature. Subsequent
experiments by Saric and Reed®!! demonstrated that providing initial subcritical 3D
biasing to the baseflow (via holes, glow discharge, or bumps) can suppress the
amplification of the stationary crossflow mode. Recently, Fedorov and Novikov®" used
LST to show that spanwise-invariant grooves can delay the onset of crossflow-induced

transition.

Despite these advancements, the mechanisms behind these control techniques
remain inadequately interpreted due to a lack of suitable analysis techniques. Key
unresolved challenges include the divergent responses of two-dimensional (2D) and 3D
first modes to control techniques and the absence of a physics-based interpretation of
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their stabilization effects.
1.7. Momentum potential theory

Infinitesimal freestream disturbances can be decomposed into three modes,
namely the vortical, acoustic, and entropic modes. Kovasznay®’! first performed this
decomposition based on three independent differential equations. However,
Kovasznay’s approach is not applicable to nonuniform flow fields. Doak proposed a
new decomposition for time-stationary fluctuating flow fields, namely Doak’s

Y891 In Doak’s approach, the momentum density

momentum potential theory (MPT
field pu is decomposed into vortical, acoustic, and thermal components. The vortical
component contains all rotational motion, while the irrotational motion is split into
acoustic (irrotational and isentropic) and thermal (irrotational and isobaric) components.
The explicit physical significance of the decomposition makes MPT an elegant tool for
identifying the physical essence of disturbances and providing physics-based

explanations in time-stationary fluctuating flows!!%0-102],

In recent years, MPT has been employed to provide an intuitive and systematic
interpretation for the evolution and damping of unstable modes. Unnikrishnan and
Gaitonde!'%1%4 ysed MPT to decompose the instability modes in a Mach 6 boundary-
layer flow, providing a detailed analysis of the evolution of unsteady modes and the
effect of wall cooling in transition processes. Long et al.l!1%1%] employed MPT to
explore the underlying energy mechanisms of the second mode and its response to a

107] further examined the stabilization mechanisms of

grooved porous coating. Liu et al.[
absorptive, near-zero-impedance, and reflection-controlled metasurfaces on the second
mode in the MPT framework. Zhu and Lee!'®® used this framework to clarify the
heating reduction mechanism caused by a wavy surface. MPT will be employed to
provide an intuitive and systematic interpretation for the evolution and damping of

unstable modes in this thesis.
1.8. Thesis Outline

As critical gaps have been identified hereinbefore, this thesis investigates the
linear instability and control methods of first Mack and crossflow instabilities. The
study will first analyze the mechanism evolution of first Mack modes under varying
spanwise wavenumbers, followed by a systematic assessment of their responses to
stabilization techniques, including wall cooling—heating, wall blowing—suction, porous

coatings, and grooves. Subsequently, the stabilization mechanisms of crossflow modes



under these control methods will be examined. Finally, the conceptual debates between

the oblique first mode and traveling crossflow mode will be addressed.

The thesis is structured into six chapters. An overview of each chapter is provided

as follows, and the structure of the thesis is depicted in Figure 1-1:

Chapter 1 is the introduction, beginning with an overview of the research
background. This is followed by a literature review on the transition of supersonic
boundary layers, which encompasses key aspects such as physical properties of
unstable modes, the receptivity process, laminar control techniques, and the analysis

tool. The chapter concludes by outlining the structure and objectives of the present study.

~

Introduction [ Boundary Layer Transition ]
|
Introduce the background, - v v
motivations. and aims [ First Mack Mode ]4—»[ Crossflow Mode ]
Aim 4:
Methodology Identification of

. . these two modes
Numerical approach: Direct

Numerical Simulation (DNS) v v Jr
Stab}l}’ry analysis: Linear Aim 1- Aim 2- ' ™\
Stability Theory (LST) . e Aim 3:

; Physical Stabilization e
Analyzing tool: Momentum RO . Stabilization
Potential Tl MPT characteristics mechanisms mechanisms

otential Theory ( ) with varying £ at different f ' )
e N\ A
Chapter 3 Chapter 4
Aim 1 & Aim 2 Aim 3
Investigate the physical characteristics Explore the stabilization mechanisms of
of first modes at varying spanwise traveling crossflow modes in a hypersonic
wavenumbers in a supersonic flat—plate blunt—wing flow and discuss similarities
boundary layer. kwi‘rh oblique first Mack modes . )
Evaluate the responses of planar and
highly oblique first Mack modes to ( )
stabilization techniques and explore the Chapter S
Lmechanmms. ) Aim 4
- N Establish unified explanations (S—mode
classification, receptivity pathways,
Chapter 6 vortical nature) between the oblique first
Conclusions and future work Mack and traveling crossflow instabilities
' ' in a hypersonic sharp—wing flow.

\ ) )

Figure 1-1 A flowchart depicting the structure of the thesis.




Chapter 2 describes the numerical and analytical tools employed in this study,
including direct numerical simulation (DNS), linear stability theory (LST), and
momentum potential theory (MPT).

Chapter 3 addresses Aims 1 and 2. First Mack modes in a Mach 4.5 flat-plate
boundary layer are systematically investigated. The evolution of their physical
properties across varying spanwise wavenumbers is first examined, followed by an
analysis of their divergent responses to control techniques and the associated

stabilization mechanisms at different spanwise wavenumbers.

Chapter 4 addresses Aim 3. The stabilization mechanisms of traveling crossflow

modes are investigated in a Mach 6 blunt swept-wing boundary layer.

Chapter 5 addresses Aims 4. The receptivity of first Mack and crossflow modes to
3D slow acoustic and vorticity waves is investigated over a Mach 4.5 sharp wing.
Detailed analysis of the receptivity pathways reveals fundamental consistencies

between first Mack and crossflow modes.

Chapter 6 concludes the thesis by summarizing the key findings and providing a
brief discussion on the possible future studies emerging from the observations reported

in this work.
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Chapter 2 Methodology

2.1. Direct Numerical Simulation

The direct numerical simulation is used for simulating the steady baseflows and
unsteady perturbation fields in the thesis, which is governed by the 3D compressible
Navier-Stokes equations for a calorically perfect gas with appropriate boundary and
initial conditions. The equations in a curvilinear coordinate (¢, ¢, () can be written in

the conservation form:

a_Q+a_E+a_F+6_G—O

ot of oc ol @D

where ¢ is time, @ is the vector of conservative variables, E, F, and G are the flux vectors
in each direction. The projection of these vectors from the curvilinear coordinate

(&, ¢, ¢) to the Cartesian coordinate (x, y, z) is:

0=J0. E=J Ec%+Fca—é+Gca—é
ox oy 0z

F=J Ec@+Fc$+Gca—g G=J GC%+GC%+GC%
ox oy oz ox oy oz

(2.2)

here J = 0(x,y,z)/0(&,c,{)| is the transformation Jacobian matrix. Vectors in the

Cartesian coordinate system are:

p
pu
0. =1pv (2.3)
pw
e
pu
pu'+p—1,
E =4puv—r, (2.4)
PUW—T
u(e+p)—ur, - VT, —WIT. +q,
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pv
puv—r,,

_ 2
F.=<pv+p-1,

pYw—r1,,

p W
puw - 7:XZ

pyw—71,

2
pw +p-1,

v(e + p) - I/l‘[xy

W(€ + p) —Uut,,

(2.5)

_VTW —W‘L'yz +qy

(2.6)

—VT, —WT_+q,

where p is the density, u, v, and w are the components of velocity, e is the specific total

energy, defined as

(2.7)

The specific heat ratio y = 1.4, p is pressure. The stress tensor 7 and heat flux ¢ are

T =2 ou_2
o ﬂ@x 3,U
ov 2
T, =2u———
Y ”ay 3,u
=2 ow_2
zz ﬂ@x 3lLt
T.XZ:TZX:ILt
Tyz:‘[zy:lu
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(2.8)

ou oOv
R J’_ R
oy Ox
ou awj
R + -
0z Ox

ov ow
—_— + —_—
0z Oy j

(2.9)



p__or

=" Pr(y—1)Ma> ox
oT
g, =-——"F = (2.10)
Pr(y—-1)Ma;, Oy
oT
q. = £

- Pr(y—1)Ma’ oz

T is the temperature, Ma., is the freestream Mach number, the subscript o« denotes
freestream quantities. The Prandtl number Pr = 0.72. The dynamic viscosity coefficient
w is calculated by Sutherland’s law. The governing equations are closed by the equation
of state of an ideal gas. The density p, velocity (u, v, w), temperature 7, and pressure p
T',and p U .Here,
U. refers to the freestream velocity magnitude. The symbol * denotes dimensional

o0

are made dimensionless by the freestream parameters p., U,
variables. The fifth-order upwind scheme is employed to discretize the inviscid flux
derivatives. The second-order central difference scheme is used to discretize viscous
terms. The lower-upper symmetric Gauss-Seidel (LUSGS) scheme is employed to
resolve the steady flow field, and a third-order total variation diminishing Runge-Kutta

scheme is used for unsteady temporal integration.
2.2. Linear Stability Analysis

Spatial LST is used to capture the unsteady modes in the boundary layers. The
vector @ is decomposed into a 1D steady solution and an unsteady perturbation under

the assumption of a local-parallel flow:

Q(x,y,2,1)=0(»)+Q'(x,y.2.1) .11

!’

where @ is the baseflow variable vector, Q' represents the perturbation. After

linearization, the perturbation term in normal-model form is written as follows:

Q'(x,y,z,t)= Q(y) exp(iox +ifz —iwt) +c.c. (2.12)

Q is the eigenfunction in the wall-normal direction, « is the streamwise wavenumber,
B is the spanwise wavenumber, @ is the angular frequency and c.c. is the complex
conjugate. For spatial analysis, a is considered to be complex with real (subscript ) and
imaginary parts (subscript 7). —o; represents the spatial growth rate of unstable modes.
The spatial wavenumbers a and /8 are normalized by 1/L", while the circular frequency
o is normalized by U’ / L", where L is the reference length and will be specified in
the following sections. The transformations between the dimensional frequency F~, the

dimensionless angular frequency w, the dimensional spanwise wavelength £, and the
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dimensionless spanwise wavenumber /5 are:

_27[><F*><L* ﬂ_?_nxL*
U: X

0 zZ

w (2.13)

The LST incorporating local curvature effects « is utilized for spatial analysis. The
Lamé coefficients are #; = 1 + kxy and 42> = h3 =1. Substituting equation (2.12) into the

linearized compressible Navier-Stokes equations forms the governing equation:

CO=(o, +ia,)Q (2.14)

where C is the Jacobian matrix composed of both the inviscid and viscous fluxes and
is expressed in terms of baseflow quantities. The detailed formulations can be found in

previous studies!!?!'% The boundary conditions for this eigenvalue problem are:

. 2.15)
b=w=T=0, |yow

h=Ww=T=0,9=4p, |y=0

u

where A= |A| ¢’ is the complex wall acoustic admittance, |4| denotes the admittance
magnitude and 6 denotes the admittance phase. For a solid smooth wall, |4]| = 0. For
porous coatings, the impedance model proposed by Zhao et al.”*! is used to calculate 4.
The detailed relationship between coating geometric parameters (cavity height A, half-

width b, periodic s.) and 4 is:

1 R, -1

A:lz
Z pcRy+1

(2.16)

where Z is the impedance, c is the sound velocity, Roo is the reflection coefficient of
zeroth-order diffraction:

2jtan(k, H)(p/ p)o(k, | ky)
1= jtan(k, H)(p/ p)o Y, (k,S2/Jke —(2rm/s.) —(2qm/5,)")

r,q=—o0

R, =1+ 2.17)

The definitions of parameters are the same as in Ref. [93].
2.3. Momentum Potential Theory

Doak’s MPT approach decomposes fluctuations into vortical, acoustic, and
thermal components. The momentum density m(=pu) is chosen as the primary
dependent vector field to be decomposed. By Helmholtz’s theorem, the momentum

density field can be expressed as:
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m=pu=my—Vy,V-my,=0 (2.18)

where m, is the rotational vortical part and —Vy 1is the irrotational component
written in the form of a potential function. For a time-stationary flow field, an
instantaneous flow quantity can be divided into a mean part (denoted by an overbar)

and a fluctuation part (denoted by a prime):
m=im,—-Vy, m'=m,—-Vy' (2.19)

The mean continuity equation and the fluctuation continuity equation can be expressed
as follows:
_ op’ ,
V-m =0, §+V-m =0 (2.20)
By substituting equation (2.19) into equation (2.20), the mean scalar potential w is
zero. Consequently, a form of Poisson’s equation is derived for the scalar potential of
the fluctuation component:

!

ap 201
=V 2.21
o y (2.21)

For a single-chemical-component continuum in thermal equilibrium, the density p can

be defined as a function of the thermodynamic pressure p and entropy S:

op' opaop opoS op 1 1 op (y=Dp
PR P BT (2.22)
ot dpot S ot op a  yRT OS YR

Thus, the scalar potential of the fluctuation component is divided into acoustic part and
thermal part:

o ., @-DpoS _,,
= =V ,— — =V 2.23
JRT ot "7 R a7 (223)

y' =y, +yr,

The fluctuation momentum density m' is finally decomposed into the vortical

component m/',, the acoustic component m’,, and the thermal component m’', as
’ ! ’ ’ ! / ’ ’
m=my+m,+m;, m,=-Vy,, m, =—Vy, (2.24)

These MPT components have different physical natures. The vortical component m',
1s 1sobaric and isentropic. The acoustic component m', is irrotational and isentropic.

The thermal component m', is irrotational and isobaric.

In this thesis, the MPT decomposition serves as a post-processing mathematical

framework for characterizing perturbation fields. The acoustic, vortical, and thermal
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components are inherently coupled for a certain instability. MPT can reveal
fundamental mechanistic distinctions across different instabilities by clarifying the
equilibrium state. It can also provide interpretive insights by quantifying disruptions to
the equilibrium under control techniques, thereby revealing mechanistic differences

between control approaches.
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Chapter 3 Stabilization Mechanisms of First Mack Mode

As mentioned in the introduction, the physical nature of the first Mack mode is
closely related to its wave angle, whereas a systematic comparative analysis of its
dynamical behavior under different wave angles remains lacking. This chapter
examines the first Mack modes in a Mach 4.5 flat-plate boundary layer. Specifically,
their distinct physical natures under varying spanwise wavenumbers will be discussed,

followed by their different responses to stabilization techniques.
3.1. Problem Description

This study investigates the first Mack mode in a Mach 4.5 flat-plate boundary layer
with identical frequencies but varying spanwise wavenumbers, as illustrated in Figure
3-1. The flow parameters align with those in Ref. [111]: a free-stream temperature of
65.15 K, a unit Reynolds number of 7.2x10° m™, and a wall temperature of 260.6 K.
The most unstable oblique first mode parameters reported in Ref. [111] are adapted as
the baseline case, whose frequency F~ = 21 kHz, spanwise wavelength A =0.016 m
(corresponding to @ = 0.547 and f = 1.18). The computational domain for the DNS of
the supersonic boundary layer is set up between x* = 0.4 and 0.8 m. The inlet boundary
layer thickness at x; =0.4m is &, =3.016x10" m , which also serves as the
reference length. The wall-normal length of the domain is set to 0.1 m, while the
spanwise length is determined by the spanwise wavenumber of each case. Periodic
boundary conditions are applied along the spanwise direction, the outflow boundary
conditions are used at the top and outlet of the computational domain. The wall is
modeled as iso-thermal and non-penetrative. Stabilization techniques are applied within
x"=0.6 and 0.8 m and will be introduced in Sec. 3.3. The first mode is introduced via

a slot of wall-normal blowing-suction, defined as a velocity perturbation:
v(x,y=0,z,t):Apf(x)g(z)h(t) 3.1

where:

f(x)=4sind(1-cos8) /27

=270 (%" = X0 ) (X0 = X ) Ko S X7 S,
g(z)=cos(27z"/ 1.

h(t)= sin(ZnF*t*)

S

(3.2)
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where 4, is the dimensionless magnitude of disturbances, set to 10°, x* =0.412m

start

and x’ , =0.44m are the beginning and end of the blowing-suction slot.

a . a0 D, v
(a) Periodic boundary Porous coatings / grooves

Outflow

< M

BlD\\an suction l 1

Cooling-heating
Boundary layer 7 7 77 7 777
Slot of 3D disturbance

in

Figure 3-1 Schematic of the problem formulation: (a) supersonic boundary-layer flow
over a flat plate, (b) stabilization techniques, and (c) geometric parameters for

cavities.

The numerical codes and grid independence are systematically validated in Figure
3-2 with the baseline case. The coarse grid comprises 781 x 201 x 21 points, while the
fine grid has 1171 % 301 x 31 points. Figure 3-2(a) compares the velocity and
temperature profiles at x* = 0.6 m and x” = 0.8 m, and Figure 3-2(b) presents the growth
rates of the oblique first mode from DNS and LST under both grids.

3 - 0.04
E i . u Ref. i
4 ucoarse grid
I —z ————— u fine grid I
s b { = T Ref. 0.02
I T coarse grid LET S = O
IZQE T fine grid S e e
. ) DNS coarse grid
g Yoy 0 [ s DNS fine grid
/ O X ———— LST coarse grid
3 :*‘ L - LST fine grid
. 002 L. I :
3 4 0.5 0.6 0.7 0.8

x (m)

(a) baseflow profiles at x*= 0.6 m and x" = 0.8 m (b) spatial growth rate under coarse and fine grids

Figure 3-2 Code and grid-independence verification for the baseline case.
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The nondimensional spatial growth rate of the DNS data is calculated by:

*

L du'
—0. = —n:kax 3 .3
Cou dx (3-3)

max

L" is the reference length and is equal to J;, in this chapter. The results demonstrate
excellent agreement between the coarse and fine grids for both the base flow and growth
rates, with strong consistency against reference data, confirming the reliability of the
numerical methodology and code. The coarse grid will be utilized for further

simulations.

3.2. Acoustic—Vortical Evolution Mechanisms of First Mack Mode

3.2.1. Linear stability theory results

Figure 3-3 summarizes the LST results at x” = 0.7 m. As shown in Figure 3-3(a),
both the streamwise wavenumber o, and growth rate ¢; initially increase and then
decrease with the spanwise wavenumber £. The maximum streamwise wavenumber
occurs at = 0.7, while the peak growth rate is observed at f = 1.0. Beyond = 1.9, the
first mode stabilizes at this frequency. The non-monotonic relationship between o; and
B consists with the finding of Mack®!. Figure 3-3(b)—(d) illustrate the eigenfunctions of
flow variables (u', v, w', p', T') under different S, normalized by their respective
maximum values. Dashed lines indicate the location of the GIP (where
d ( pdu/ dy) / dy =0), while arrows show the direction of eigenfunction variation as
increases. In the planar first mode (f = 0), the u’ profile exhibits an obvious double-
peak structure, which aligns with Liu's result'*®! that dual peaks in u’ profiles are a sign
of the first mode. With f increasing, the peak u' perturbation beyond the GIP gradually
diminishes, while those beneath the GIP and near the solid wall decrease in magnitude
and shift toward the wall. A new peak emerges at the GIP, eventually dominating
throughout the boundary layer in large-f cases (f > 1.6). This evolution results in the u’
profile going through “dual peaks—triple peaks—single peak” configurations. The v’
profile also displays two peaks at f = 0, with the peak beyond the GIP being dominant.
Previous studies on second Mack modes have observed similar dual-peak
configurations in the v’ profile!!®¥), but with the lower peak being dominant. This
contrast aligns with Liang’s viewpoint!*! that the first mode is an “off-wall” mode. As
p increases, the v’ peak beneath the GIP shifts toward the wall and vanishes, while a
secondary peak forms near the GIP, implying off-wall motions. The w' profiles remain
nearly unchanged across . The p' profiles exhibit a shift of the peak value from the
wall to the GIP. The 7" profiles show small changes, except for the vanishing of the
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near-wall peak. Collectively, as f increases, all perturbation components of the first
mode concentrate near the GIP, reinforcing the growing importance of off-wall motion.

The evolution of these patterns will be further examined using DNS results.

0.015 0.7 3 T

$=0
\ ——emme B=0.4
0.68 \ p=0.7

0.66
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~ 0.62

s

(a) ar, o;under different (b) u'profile (c) v' profile

Iw

(d) w' profile (e) p' profile (f) T profile

Figure 3-3 a, and a; eigenfunctions at x“ = 0.7 m under different . Legends from (b)

to (f) are the same.

3.2.2. Direct numerical simulation results

The following analysis presents the flow fields at the z© = 0 m cross-section
obtained from DNS, as depicted in Figure 3-4. Here, p' is represented using contour
plots. As previously demonstrated, #' and v’ exhibit significant changes with increasing
p, while w’ shows minimal differences, implying the alterations in streamwise motion
patterns may be the primary driver of property changes in first modes. Consequently,
to illustrate particle motion patterns of the unstable mode, perturbation streamlines
derived from u'-v' velocity perturbations are superimposed. White dashed lines mark

the sonic line positions, and dark gray dashed lines indicate the GIP.
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Figure 3-4 p’ contours and perturbation streamlines under different S.

From contour plots, the perturbation amplitudes roughly align with the growth rate
trend predicted by LST, i.e., the maximum p’ happens between f = 0.7 and 1.18. In
weakly oblique cases (f = 0 and 0.4), two distinct regions of the perturbation field can
be observed beyond and beneath the sonic line: in the upper regions, perturbation
streamlines are featured as counter-rotating vortex pairs (V1), while the lower regions
are dominated by oscillatory sound waves (S1) trapped between the sonic line and the
wall. These dual-regime behaviors closely resemble the second mode, described as
“trapped-acoustic” waves. A critical transition happens at f = 0.7, characterized as the
emergence of a new set of vortices (V2) centered on the sonic line. This shift of motion
patterns marks the transition of physical properties from sound-dominant to vortex-
dominant. For highly oblique cases (f > 0.7), the new vortex pairs (V2) grow in size
and shift toward the wall, suppressing the original near-wall trapped waves (S1). The
perturbation structure transitions to a dual-vortex pair configuration (V1 and V2)
separated by the GIP, signifying a vortex-dominant mechanism for highly oblique first

modes, corroborating classifications of the oblique first mode as a vortical mode!??].
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3.2.3. Momentum potential theory results

The momentum density fields obtained from DNS are decomposed using MPT.
Figure 3-5 illustrates the instantaneous snapshots of acoustic, vortical, and thermal
components in representative cases (f =0, 0.7, 1.18). The black solid lines indicate the
GIP.
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0 ] " " A o " " " " " e
0.55 0.6 0.65 0.7 0.75 £ 0.6 0.65 0.7 5 § 0.6 0.65 0.7
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(a) = 0 acoustic component (b) g = 0 vortical component (c) = 0 thermal component

0. 0.6 Q.65 0.7 0.75 0.55 0.6 (2‘65 0.7 0.75
x (m) x (m) x (m)

(d) p=0.7 acoustic component  (e) f= 0.7 vortical component  (f) = 0.7 thermal component

0.6 (}65 0.7 ; 0.6 (2.65
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(g) = 1.18 acoustic component (h) # = 1.18 vortical component (i) f = 1.18 thermal component

Figure 3-5 Instantaneous snapshots of MPT components when £ =0, 0.7, 1.18. unit:
kg/(m?s).

As p increases, m', decreases in magnitude, m', and m’', intensify. In all
cases, m', remains concentrated near the wall, while m', dominates near the GIP.

m', initially exhibiting near-wall behavior, shifts toward the GIP as f increases.

Figure 3-6 presents the normalized MPT components for the three representative
cases, where each component is normalized by the corresponding local maximum
momentum density. Black dashed lines indicate the GIP. m’, is significant near the
wall, but diminishes with increasing f. In the highly oblique first mode, m’,
contributes less than 2% of the total momentum density. m’, becomes increasingly

concentrated near the GIP with increasing f, while its contribution away from the GIP
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declines, indicating a reinforcement of their vortical nature. m', makes up a smaller
proportion during this process. The mechanism evolution of the first mode from an
acoustic mode to an “off-wall” vortical mode is clearly demonstrated. As shown in
Figure 3-3(a), the most unstable first mode occurs at § = 1.0, hereby categorized as a
highly oblique first mode with dominantly vortical characteristics. Consequently,
laminar control strategies targeting vortical instabilities hold greater promises for

engineering applications in first-mode-dominant scenarios.

0 0.05 0.1 0.15 0.2 0 0.2 0.4 0.6 0.8 |
[ || 1m | [’ ||/ ||| [[mm",||/] ||

(a) acoustic component (b) vortical component (¢) thermal component

Figure 3-6 Normalized MPT components at x = 0.7 m when £ =0, 0.7, 1.18.

3.3. Stabilization of First Mack Mode

3.3.1. Wall cooling-heating

Wall cooling-heating is applied between x = 0.6 m and x" = 0.8 m, the wall
temperatures 7, are set to 2 (cooling), 3 (cooling), 4 (baseline), and 5 (heating).
Baseflow profiles at x* = 0.6 m are illustrated in Figure 3-7. The sonic line positions (u
= ¢,—a) are marked with the horizontal color lines in Figure 3-7(a). A vertical black
dashed line is drawn at 0 to facilitate identifying the position of GIPs in Figure 3-7(b).
Notably, sonic line positions remain nearly identical for 2D and 3D first modes due to
their comparable a, values at these two . Reducing wall temperature yields thinner
boundary layers, shifting the sonic lines and GIPs toward the wall. A second GIP
emerges in the wall cooling case where u < 1—1/M.. This second GIP moves outwards
while the primary GIP shifts toward the wall under lower 7. The first mode can be
stabilized when both GIPs disappear at critically low T, as described by Malik[”!.
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Figure 3-7 Baseflow profiles at x“ = 0.7 m for wall cooling-heating cases.

The growth of 2D and 3D first modes is quantified by the maximum streamwise
velocity perturbation amplitudes at each streamwise station, as depicted in Figure 3-8.
The beginning and end of the wall cooling-heating zone are marked by the vertical
black dashed lines. Wall cooling exhibits stabilizing effects on first modes, while wall
heating exerts a destabilizing influence. The stabilization effect is marginal for 2D

modes but pronounced for 3D modes. This disparity likely originates from inherent

differences in the physical mechanisms at different £.
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Figure 3-8 The maximum u'in wall cooling-heating cases.
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Figure 3-9 illustrates the u'—V' perturbation streamlines when T, = 2. The red
dashed lines represent the GIP, the dark dashed lines mark the sonic line, and the red
dashed-dotted lines represent the second GIP generated by wall cooling. For the 2D
mode, the motion pattern where the sonic line splits the upper vortex pair (V1) and
lower trapped sound wave (S1) persists under wall cooling. Both V1 and S1 shift
marginally toward the wall, consistent with the sonic line displacement, which is likely
related to the marginal stabilization effect on the 2D first mode. The 3D first mode
exhibits a dual-vortex pair configuration (V1 and the lower vortex pair (V2)) partitioned

by the primary GIP.
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Figure 3-9 Perturbation streamlines in case 7, = 2.

3.3.2. Wall blowing-suction

Wall blowing-suction is also applied between x” = 0.6 m and x* = 0.8 m, with the

intensity quantified by the suction coefficient 4, defined by the wall mass flux:

A =—p v (3.4)

S wow

where p, and v, denote wall density and wall-normal velocity, respectively. For the
suction case, 4;= +0.0005, while 4,=—0.0005 is employed for the wall-blowing case.
Baseflow profiles are plotted in Figure 3-10. The sonic lines and GIPs are depicted in a
pattern similar to Figure 3-7. Wall suction has a similar effect to wall cooling: the sonic
line and GIP shift toward the wall. These displacements are more pronounced in wall

blowing-suction cases than in cooling-heating cases, with wall suction also generating
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the second GIP, which is nearly at the same height as the sonic line.
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(a) u profiles and sonic line positions (b) GIPs

Figure 3-10 Baseflow profiles at x*= 0.7 m for wall blowing-suction cases.

The evolution of maximum streamwise velocity perturbations u/  for 2D and 3D
first modes under wall blowing-suction is plotted in Figure 3-11. Steady wall suction
stabilizes both modes, whereas blowing exerts destabilizing effects. Despite equal Aj
magnitudes, wall blowing produces stronger destabilization effects than wall suction,
which is likely attributed to its pronounced modifications to the baseflow. The 2D first

mode is also less sensitive to the stabilization effect of steady wall suction.
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6E-07 = —— baseline 6E-06 |

————————— blowing
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Figure 3-11 The maximum «'in wall blowing-suction cases.
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The perturbation streamlines for wall-suction cases are illustrated in Figure 3-12.
Both GIPs and sonic lines are marked with dashed lines in a pattern similar to those in
Figure 3-9. This strong wall suction does not fundamentally alter the motion patterns
of first modes: S1 in the 2D first mode case and V2 in the oblique first mode case persist
despite the obvious downward displacement of the sonic line and the GIP. However, S1

and V2 undergo significant wall-normal compression under wall suction.
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Figure 3-12 Perturbation streamlines in wall-suction cases.

3.3.3. Porous coatings

Aiming at stabilizing the proposed first mode, porous coatings with different
admittance phases 6 (0.5m, 1mt, 1.5m) are designed based on the admittance equation
proposed by Zhao et al.l’’], and their effects on first modes are predicted using LST.
Table 3-1 summarizes the coating geometry parameters, admittance values and
corresponding growth rates for the planar first mode and the highly oblique first mode
(f=1.18) atx” = 0.7 m. The coatings are labeled according to their designed admittance
phase. Stabilizing or destabilizing effects relative to the no-coating case are indicated
alongside the LST growth rates. According to LST predictions, porous coatings
marginally stabilize the first mode when 6 = 0.5n, while destabilizing the first mode
under larger admittance phases. The destabilization effect is much larger in planar cases

than that in oblique cases.

These coatings are applied to the flat plate, as depicted in Figure 3-1(b, c). For the

porous coatings, the DNS grid resolutions for each real cavity are: 0 = 1zt (9 x 81), =
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0.5t (9 x 41), and € = 1.51 (9 x 101). The grid resolution of the porous coatings is
verified using the coarsest case, # = 1.5x, by increasing the grid density of each cavity
to 17 x 201. The instantaneous wall pressure perturbations for oblique first modes under
these two mesh conditions are depicted in Figure 3-13. The wall pressure distributions
closely align, confirming that the current grid resolution is sufficient to capture the
effects of the porous coatings.

Table 3-1 Porous coating parameters and growth rates at x” = 0.7 m.

0=1n 6=0.5m 0=1.5mn
b /m 2x107* 3x1074 9x10™*
H/m 5x1073 1x1073 5.14x1073
aspect ratio 0.08 0.6 0.35
porosity 0.5 0.8 0.5
Admittance —3.717+0.0831  —0.548+3.542i  —1.421+4.844i
LST (6 =0) 0.011 (+231%) 0.003 (—8%) 0.008 (+140%)
LST (p = 1.18) 0.014 (+22%) 0.010 (—6%) 0.014 (+22%)
SE-08
9x101
17x201
ot
Y o "0

x (m)

Figure 3-13 Instantaneous wall pressure perturbations under different grid resolutions
when = 1.18.
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The baseflow profiles at x“= 0.7 m in porous coating cases, obtained by averaging
the flow field within porous coating periods, are summarized in Figure 3-14. Average

profiles align closely with the baseline, exhibiting a small impact of porous coatings.
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Figure 3-14 Averaged baseflow profiles at x” = 0.7 m for porous coating cases.

The evolution of first modes under the influence of porous coatings is illustrated
by the maximum u-velocity perturbations at each streamwise station, as depicted in
Figure 3-15. The beginning of porous coatings is marked by the vertical dark dashed
lines. The LST predictions of growth rate (slopes) at x” = 0.7 m are also depicted with
the colored dashed lines for comparison. Porous coatings exhibit distinct impacts on
first modes in 2D (f = 0) and 3D (f = 1.18) cases.

For planar first modes, growth rate changes roughly resemble the LST prediction
within the porous wall region except for the solid—porous junction (x" = 0.62 ~ 0.8 m):
the slopes in cases 8 = I and 6 = 1.57 strongly surpass the baseline, while that in case
6 = 0.5m closely matches the baseline (Figure 3-15(a)). However, scattering effects
emerge at the solid—porous junction, inducing a sudden discontinuity in u, . The
scattering effect introduced by Song and Zhao!'!'?l describes the impact of abrupt
boundary condition changes at the solid—porous junction on instability modes. Their
study showed that the solid—porous junction strongly suppresses the majority of the
second modes but slightly enhances first modes when the admittance phase is 0.75n. In
this study, scattering effects under different admittance phases are observed: Case 6 =

In, f = 0 exhibits a slight amplification effect, case § = 0.57, f = 0 shows a strong
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Figure 3-15 Evolution of maximum velocity perturbations with different porous

coatings.

amplification effect, and case 8 = 1.5m, f = 0 shows a significant stabilization effect. In
general, wall admittance is a key parameter for controlling planar first modes. These
modes undergo scattering effects at solid-to-porous junctions, subsequently exhibiting

growth rates aligned with LST predictions.

For 3D cases, growth rate changes deviate from LST predictions, and no scattering
effects are observed. As illustrated in Figure 3-15(b), case # = 0.5n has a marginal
stabilization effect from LST, while the DNS result reveals a slight amplifying effect.
Furthermore, LST suggests identical growth rates for cases § =n and 8 = 1.51, whereas
the amplitude of case € =n slightly surpasses case § = 1.5n from DNS. All 3D coating
cases exhibit mild destabilization effects. LST captures the impact of porous-wall
admittance but neglects the mean flow distortions. However, the highly oblique first
Mack mode is of a vortical nature. This physical nature of oblique first modes may lead
to a weaker sensitivity to wall acoustic admittance, necessitating DNS with cavity

geometries.

Figure 3-16 illustrates growth rates from LST and baseflow pressure contours.
Here, the LST is applied on cavity-distorted baseflows and neglects wall admittance
effects (4 = 0). The growth rate for the solid wall case is also included as a reference.
For cases 8 = = and 0 = 0.57, the growth rate will always be beyond or equal to the
value in the solid wall case. However, the growth rate for § = 1.5z case, which holds

the largest cavity, can fall below the values in the solid wall case. These trends further
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confirm that destabilization effects of oblique first modes are governed by mean flow
modifications, rather than acoustic admittance, despite some errors introduced because
cavities violate the parallel flow assumption. This result demonstrates that LST analysis
of cavity-distorted baseflows provides more reliable predictions than admittance

models for oblique first-mode scenarios.

The perturbation streamlines for case § = 1.5x are illustrated in Figure 3-17, with
pressure contours superposed for reference. For the 2D first mode, the near-wall
acoustic waves S1 are nearly eliminated by the coating, and V1 persists. For the 3D
case, V1 is nearly unchanged, while V2 is distorted. All changes in motion patterns
show no connection with the background pressure field, aligning with its small impact

on the baseflow.

solid wall solid wall ~ solid-wall
e coating 0=n OB coating 0=0.57 003 s cogting Q=157
- R L 280 = - g ) -~ .l S ¢ gq #
& T I R A A B S 7 ) & 3
v e g v v v v : ! !
0.011 F 0011 F 0011 X 7 ]
i i i 1 i i 1 kil 1 1 =
0.698 07 0.702 0.698 07 0.702 0.698 0.7 0.702
x'(m) x'(m) x'(m)
3 3 , 3 )
2 2 . 2 - 0.0359
- E . 5 - 5
3! S 21
N = 2
0 0 0
0.0356
-l 0698 07 0702 -l 0698 07 0702 2 0698 07 0702

X (m) x'(m) x'(m)

(a)case =1 (b) case =0.57 (c)case 0= 1.5z

Figure 3-16 Growth rates from LST and baseflow pressure contours of porous-coating
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Figure 3-17 Perturbation streamlines in coating case 6 = 1.5x.
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These findings reinforce the understanding of first-mode properties: As the planar
first mode is an acoustic mode, applying porous coatings strongly affects its evolution,
with growth rate trends aligning with LST predictions. Scattering effects can
significantly modulate the evolution of first modes and should be considered in
engineering applications. By contrast, highly oblique first modes, dominated by vortical
dynamics, are destabilized by mean flow distortion rather than acoustic modulations.
Previous research!®! attributed the destabilization effect of porous coatings on first
Mack modes to an ambiguous “roughness effect”. The present results further clarify
this phenomenon into two distinct mechanisms: wall admittance effects (predominantly
governing 2D first modes) and mean-flow distortion dynamics (for 3D first modes),
providing physics-based interpretations for porous coating effects. Given that the most
unstable first mode (5 = 1.0, Figure 3-3(a)) occurs at a large /3, porous coatings are likely
an ineffective laminar control technique in first-mode-dominant scenarios.
Nevertheless, porous coatings are effective in controlling the Mack 2nd mode instability
at high Mach number (Ma > 6.0) and only mildly amplify the most unstable first mode

at lower Mach number.

3.3.4. Grooves

The parallel grooves are then designed to estimate their impact on the first mode
and are positioned between x* = 0.6 m and x" = 0.8 m. The structure scales of grooves
are much larger than porous coatings, thus the reference length for the groove structures
is set to Lgroove = 0.004 m, which is close to the boundary layer thickness at x* = 0.7 m.
The groove period sc is set to 2Lgroove. The cavity height A and half-width b (defined in

Figure 3-1(c)) are varied to estimate the stabilizing or destabilizing effects.

This investigation first examines the impact of cavity widths with a fixed cavity
height H = 1Lgoove, Wwhereas the half-width varies as follows: 0.125Lgo0ve (H150.125),
0.25Lgroove (H1b0.25), 0.5Lgroove (H1b0.5), 0.75Lgroove (H1b0.75), and 0.875Lgroove
(H1b0.875). The grid dimensions for the narrowest groove are specified as 6 x 101
for each cavity, whereas the widest groove has grid dimensions of 36 x 101. The grid
convergence is validated using case H1b0.5, with the grid resolutions of 21x101 (coarse
grid) and 31x151 (fine grid) for each cavity. Figure 3-18 compares the evolution of 2D
first-mode amplitudes. The strong agreement between coarse and fine grids confirms

grid independence. The coarse grid is used for subsequent calculations. Figure 3-19

’
max °*

presents the evolution of u All grooves destabilize first modes within grooved

regions.

For 2D first modes, abrupt u,  jumps occur at each cavity leading edge due to
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expansion waves, followed by recoveries. These zigzag oscillations associated with the
compression or expansion waves induced by macro-slit grooves have also been

131 Macro-slit grooves amplify 2D first modes, with

observed for second Mack modes!
amplification effects being positively correlated with cavity widths. The maximum
amplification occurs in case H1b0.875 (3x1077 to 1.1x107° at x" = 0.85 m). Table 3-2
compares DNS-derived wall admittance (via equation (2.15)) with theoretical model
predictions (equation (2.16)). Significant divergences between admittance values of
the DNS and the theoretical model indicate that the admittance model becomes invalid
for macro-slit cavities. Table 3-2 also presents LST-predicted growth rates, along with
the stabilizing or destabilizing effects relative to the no-coating case. LST calculations
use DNS-derived admittance values and the undisturbed baseflow profile at x*= 0.7 m.
Conventional methods typically use the undisturbed baseflow profile and theoretical
admittance values to assess the effects of porous coatings!®®!, whereas this study uses

admittance values from DNS as the theoretical model is invalid. The growth rates

!
max

increase with larger cavity widths, closely aligning with u __ amplitude trends shown
in Figure 3-19(a). This alignment identifies wall admittance as a mechanism for the

impact of macro-cavity grooves.

In contrast, oblique first modes experience marginal amplification. Saturation
occurs for b > 0.75Lgr00ve, Where widening cavities no longer enhance destabilization
effects. This amplification behavior is similar to the effects of porous coatings, which

manifest a mechanism related to mean-flow distortions.
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Figure 3-18 The maximum u'in case H1b0.5 under different grid resolutions.

33



baseline
HI1b0.125
HI1b0.25
HIb0.5

- HIb0.75

HI1b0.875

R
0.6 0.7 0.8

x (m)

(ap=0 (b)f=1.18

Figure 3-19 The maximum u'in grooved cases with different widths.

Table 3-2 Wall admittances and growth rates of grooves with different cavity widths.

HIb0.125 HIP0.25  HIB0.5  HIb0.75 HIb0.875
Model |4]  2.10 4.72 12.27 34.03 62.86
Model 8/n  1.35 1.43 1.46 1.45 1.43
DNS |4 4.14 9.67 10.54 12.21 15.77
DNS 8 /n 111 1.34 1.32 1.03 0.88
00142 00160  0.0165 0.0189  0.0216
“ (26.79%)  (42.86%) (47.32%)  (68.75%)  (92.86%)

The influence of cavity height is analyzed with a fixed cavity width b = 0.5Lg00ve,
with heights varying as follows: 0.1Lgove (H0O.150.5), 0.5Lgroove (H0.5b0.5), 1Lgroove
(H1b0.5), 1.25Lgroove (H1.25b0.5), 1.5Lgroove (H1.5b0.5), and 2Lgroove (H2b0.5). The
shallowest groove has grid dimensions of 21 x 23 for each cavity, whereas the deepest
groove has grid dimensions of 21 x 201. The evolutions of u/_  are illustrated in
Figure 3-20.

For 2D first modes, destabilization exhibits a nonmonotonic response, with the
maximum amplification effects observed in cases H0.5b0.5 and HI1b0.5. Wall
admittance values calculated from DNS data and the admittance model are shown in
Table 3-3, along with the LST-predicted growth rates. The admittance model

predictions remain inconsistent with DNS results, and the DNS-derived admittance
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Figure 3-20 The maximum ' in grooved cases with different heights.

Table 3-3 Wall admittances and growth rates of grooves with different cavity heights.

HO0.1b0.5 HO0.5b0.5  HIb0.5 HI1.25b0.5 HI1.5b0.5 H2b0.5

Model |4] 0.79 6.90 12.27 5.34 2.74 1.10
Model 6 /n 0.51 0.52 1.46 1.47 1.46 0.64

DNS [4] 0.97 13.92 10.54 6.74 4.20 3.46
DNS 0 /n 0.53 0.72 1.32 1.45 1.48 1.24

0.0108  0.0196  0.0165 00141 00130  0.0136
(-3.57%) (75.00%) (47.32%) (25.89%) (16.07%) (21.43%)

phase varies from 0.537 to 1.48m, resulting in distinct admittance-related behaviors: For
grooves with phases near 1.5w (cases H1.25b0.5 and H1.5b0.5), the scattering effect at
the solid-groove joint causes a sudden decrease of /. amplitudes (x"=0.6 ~0.62 m),
followed by an accelerated growth of the instabilities due to the wall admittance. At the
end of grooves (x"=0.78 ~ 0.8 m), a reverse scattering effect is induced by the groove-
solid joint. The stronger amplification in case H1.25b0.5 in Figure 3-20(a) correlates
with its larger LST-predicted growth rate. For smaller-phases cases (cases H/b(0.5 and
H2b0.5), the initial stabilizing scattering effect vanishes, and first modes are gradually
destabilized following LST predictions. The initial destabilizing scattering effect in case
HO0.5b0.5 is covered up by the strong destabilization effect (75.00%), while a stabilizing

scattering effect is exhibited at the porous-solid joint. Case H0.1b0.5 shows minimal
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impact due to its small admittance magnitude |4|. These observations suggest that wall
acoustic conditions are the dominant mechanism for grooves, despite their significantly

larger geometric scale compared to porous coatings.

For 3D first modes, the grooves only destabilize the first mode. The destabilization
effect increases monotonically with cavity depth. These distinct responses reflect the

differing physical properties of 2D and 3D first modes.

Cases HI1b0.5 and HI.5b0.5 are analyzed to further validate the mean-flow
distortion mechanism of grooves on 3D first modes. The pressure contours are depicted
in Figure 3-21, revealing nearly identical pressure fields despite different cavity heights.
Both cases exhibit expansion waves at the leading edge and compression waves at the
trailing edge of each cavity. Figure 3-22 depicts the LST growth rates in cases H1b0.5
and H1.5b0.5, along with the baseline for comparison. It should be noted that LST
calculations use distorted baseflow profiles (including cavity flows) around x"= 0.7 m
while omitting the wall admittance boundary condition, thereby directly accounting for
mean-flow distortion effects. Growth rates are higher in case H1.5b0.5, indicating the
first mode is more significantly amplified by the deeper cavity. The flow profiles at x~
= (0.7 m in these two cases, obtained by averaging the flow field within a groove period
(x"=0.696 ~ 0.704 m), are shown in Figure 3-23. Sonic lines and GIPs of grooved cases
are not marked due to their small deviations from the baseline positions. Average
profiles align closely with the baseline, exhibiting only small displacements toward the
wall. These results indicate that distinct LST strategies should be used to evaluate the

impacts of grooves on 2D and 3D first modes.
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(a) H1b0.5 (b) H1.560.5

Figure 3-21 The baseflow pressure contours in grooved cases.
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Figure 3-22 Comparison of LST growth rates between cases H/b0.5 and H1.5b0.5.
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Figure 3-23 Baseflow profiles at x = 0.7 m for grooved cases.

Perturbation streamlines for grooved cases are illustrated in Figure 3-24, with
pressure contours superposed for reference. Macro-slit grooves impose pronounced
modulations on perturbation streamline topology, especially for the 2D first mode: In
case H1b0.5, perturbation patterns (V1 and S1) are entirely disrupted and unidentifiable,
whereas case H1.5b0.5 partially preserves these patterns except for upper-region
distortions (y*/d; > 2), where perturbation streamlines align with compression and
expansion waves. 3D modes demonstrate less sensitivity compared to 2D cases: V1 and
V2 remain identifiable despite geometric warping, indicating greater resistance of

vortical modes to groove-induced perturbations.
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Figure 3-24 Perturbation streamlines in grooved cases.

3.4. MPT Analysis of Stabilization Mechanisms

3.4.1. Wall cooling-heating

The momentum density fields obtained from DNS are decomposed using MPT.
The magnitudes of MPT components at x"= 0.7 m in T\, = 2 cases are depicted in Figure
3-25 and Figure 3-26, with baseline profiles provided for comparison. The dash-dotted
lines represent the primary GIP position, the dashed lines mark the sonic line, and the

second GIP is not plotted because it is relatively close to the sonic line.
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Figure 3-26 The MPT component magnitudes at x = 0.7 m in 3D T,, = 2 case. Unit:
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Besides the magnitudes, the spatial wavelength is also a key characteristic of any

instability!!%), The variations in the wavelengths of MPT components reflect their

sensitivity to stabilization techniques!! %!, In the present study, the averaged streamwise

wavelengths for first modes and MPT components are calculated by examining the

periodicity in ', m',, mj,and m; at the sonic line (for 2D cases) and GIP (for 3D

A
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cases) within the controlled regions, considering u' peaks are located nearly at the
sonic line at f = 0 and at the GIP at f = 1.18 from Figure 3-3. The streamwise
wavelengths /1. of the perturbation (evaluated and represented by u') and the

corresponding MPT components for wall-cooling cases are summarized in Table 3-4.

Table 3-4 Comparison of /. between the baseline case and the wall-cooling case.

' i i i

u m, my m;

baseline 0.0289 0.0289 0.0289 0.0287
2D cooling 0.0289 0.0289 0.0289 0.0291
proportion 0.00% 0.00% 0.00% 1.30%

baseline 0.0282 0.0291 0.0284 0.0273
3D cooling 0.0289 0.0291 0.0286 0.0291
proportion 2.65% 0.00% 0.66% 6.85%

For the 2D first mode, MPT components exhibit minor modifications under wall
cooling, as illustrated in Figure 3-25, m', decreases slightly above the sonic line,
while mj, and m, shift marginally toward the wall. For the wavelengths, only

undergoes amplification, indicating a thermal-dominated mechanism.

The 3D first mode exhibits distinct behaviors. All MPT component magnitudes
undergo significant reductions alongside their shift toward the wall. Streamwise
wavelength analysis reveals a larger wavelength of the first-mode instability, with m,
showing an increased wavelength, indicating that the thermal component is directly

influenced.

3.4.2. Wall blowing-suction

The MPT decomposition is subsequently applied to wall-suction cases. With the
same pattern, Figure 3-27 and Figure 3-28 depict MPT component magnitudes at x* =
0.7 m for 2D and 3D wall-suction cases. Table 3-5 summarizes the streamwise

wavelengths.
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Figure 3-27 The MPT component magnitudes at x = 0.7 m for 2D wall-suction case.
Unit: kg/(m?s).
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Figure 3-28 The MPT component magnitudes at x”= 0.7 m for 3D wall-suction case.
Unit: kg/(m?s).

Table 3-5 Comparison of 4 between the baseline case and the wall-suction case.

' i i

u m, m m

~

baseline 0.0289 0.0289 0.0289 0.0287
2D
suction 0.0289 0.0289 0.0289 0.0289
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proportion 0.00% 0.00% 0.00% 0.65%

baseline 0.0282 0.0291 0.0284 0.0273
3D suction 0.0301 0.0291 0.0299 0.0302
proportion 6.62% 0.00% 5.26% 10.96%

For the 2D first mode, m/, decreases slightly above the GIP but increases
marginally below it. m, follows a similar trend, with its peak magnitude diminishing
above the GIP and amplifying beneath it. mj, and m, shift significantly toward the
wall. For the wavelengths, the first-mode streamwise wavelength remains unchanged.
Only mj exhibits a distinguishable increment in wavelength, indicating that the

thermal component is active in 2D first modes.

For the 3D first mode, m’, reduces throughout the boundary layer, mj exhibits
a significant reduction at its peak, while m; shows a similar change to 2D case.
Streamwise wavelength analysis reveals a larger wavelength of the first-mode
instability, with m; displaying the most pronounced wavelength increase and my,
experiencing a secondary increase. The analogous m; response in 2D and 3D
configurations may be attributed to inherent thermal component susceptibility to wall-

normal flow modifications.

3.4.3. Porous coatings

As previously discussed, the case § = 0.5x leads to a marginally lower growth rate
than the baseline, but the stabilization effect is eradicated by the scattering effect.
Conversely, the case 6 = 1.5 initially exhibits a stabilizing scattering effect before a
significantly higher growth rate. These two cases are selected for further analysis. The
average magnitudes of MPT components for porous coating cases are depicted in Figure
3-29 and Figure 3-30. Sonic lines and GIPs in porous coating cases are omitted due to
their small deviations from the baseline positions. Table 3-6 and Table 3-7 exhibit the

wavelengths in cases 8 = 0.5t and 0 = 1.57.
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Figure 3-29 The average MPT component magnitudes at x“ = 0.7 m for 2D porous
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Figure 3-30 The average MPT component magnitudes at x”= 0.7 m for 3D porous
coating cases. Unit: kg/(m?s).

Table 3-6 Comparison of X between the baseline case and case 6 = 0.5m.

’ ’ ’

u m, my my

~

baseline 0.0289 0.0289 0.0289 0.0287
2D
0=0.5n 0.0291 0.0294 0.0293 0.0293
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proportion  0.71%  1.46%  1.12%  1.78%

baseline 0.0282 0.0291 0.0284 0.0273
3D 6=0.5=n 0.0283 0.0291 0.0284 0.0292
proportion 0.55% —0.17% 0.02% 6.96%

Table 3-7 Comparison of /. between the baseline case and case 6 = 1.5x.

' i i i

u m, my my

baseline 0.0289 0.0289 0.0289 0.0287
2D f=1.5=n 0.0288 0.0285 0.0287 0.0287
proportion  —0.45%  -1.53%  —-0.77%  —0.27%

baseline 0.0282 0.0291 0.0284 0.0273
3D 6#=15=n 0.0284 0.0290 0.0285 0.0269
proportion 0.79% —0.36% 0.60% -1.37%

Inthe 2D 0=0.5m case, m', and mj, exhibit marginal amplification, while m;
is obviously amplified. In contrast, for the 2D 6 = 1.5x case, m/, is nearly doubled,
m} slightly exceeds the baseline value, and m, similarly demonstrates marked
amplification. This divergence aligns with their distinct admittance characteristics: At
0 = 0.5w, LST indicates damping effects on 2D first modes, which corresponds to the
low amplitude of the acoustic component. At € = 1.5x, the first mode exhibits large
growth rates and experiences direct amplification through the acoustic component. The
wavelength data in Table 3-6 and Table 3-7 corroborate these observations: For the 2D
0 = 0.5m case, m', and m; show significant modifications, and m’', is the most

strongly affected component in the 2D 6 = 1.5x case.

For 3D cases, the near-wall m’, (below the sonic line) and m, (below the GIP)
experience mild damping, while off-wall MPT components are marginally amplified.
These responses originate from two mechanisms: the absence of a solid wall, leading
to near-wall damping, and the appearance of compression/expansion waves, causing
off-wall amplification. These baseflow distortions can be credited to the amplifying
effect on 3D first modes. Case HI1.5b0.5 has slightly stronger compression and
expansion waves than case H1b0.5, resulting in a stronger off-wall amplification,

whereas their near-wall amplitudes are nearly the same.

Instantaneous snapshots of MPT components are presented in Figure 3-31 and
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Figure 3-32. The MPT behaviors further clarify the baseflow distortion mechanisms for
3D first modes: near-wall components exhibit damping at each cavity opening, while
off-wall components undergo amplification due to compression and expansion waves.

These phenomena demonstrate greater prominence under large half-width (6 = 1.5m).
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Figure 3-31 Instantaneous magnitude of MPT components for case § = 0.5w. Unit:
kg/(m?s).
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Figure 3-32 Instantaneous magnitude of MPT components for case § = 1.5w. Unit:
kg/(m?s).

3.4.4. Grooves

The MPT component magnitudes in grooved cases HI1b0.5 and HI1.5b0.5 are
depicted in Figure 3-33 and Figure 3-34, where the magnitudes are obtained by
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averaging the MPT components within a groove period (x” = 0.696 ~ 0.704 m), similar
to the treatment in Figure 3-23. Sonic lines and GIPs in grooved cases are not depicted
due to their small deviations from the baseline positions. Table 3-8 and Table 3-9 exhibit
the wavelengths in cases H/b0.5 and H1.5b0.5.
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Figure 3-33 The average MPT component magnitudes at x"= 0.7 m for 2D grooved
cases. Unit: kg/(m?s).
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Figure 3-34 The average MPT component magnitudes at x“= 0.7 m for 3D grooved
cases. Unit: kg/(m?s).
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Table 3-8 Comparison of /. between the baseline case and case H150.5.

! ! ! 12

u m, mgy my

baseline 0.0289 0.0289 0.0289 0.0287
2D HIb0.5 0.0281 0.0282 0.0294 0.0283
proportion  —2.88% —2.43% 1.51% -1.57%

baseline 0.0282 0.0291 0.0284 0.0273
3D  HIbO.5 0.0284 0.0284 0.0285 0.0259
proportion 0.76% -2.33% 0.50% —5.05%

Table 3-9 Comparison of /1. between the baseline case and case H1.5b0.5.

' i i i

u m, my my

baseline 0.0289 0.0289 0.0289 0.0287
2D HI1.5b0.5 0.0293 0.0282 0.0290 0.0283
proportion 1.15% —2.70% 0.06% —1.46%

baseline 0.0282 0.0291 0.0284 0.0273
3D  HI.5b0.5 0.0284 0.0283 0.0285 0.0258
proportion 0.76% —2.67% 0.61% —5.36%

For 2D cases, all MPT components exhibit significant amplification in case
HI1b0.5, especially m', , which nearly doubles in magnitude. In contrast, case H1.560.5
only slightly exceeds the baseline. This divergence correlates with their distinct
admittance characteristics: Case HI/b0.5 deviates from 1.5m, making the initial
stabilizing scattering effect vanish. The acoustic component is strongly amplified by
the wall admittance. Further increasing the cavity height to 1.5 makes the admittance
reach 1.5m, resulting in weaker amplification of the acoustic component due to the
initial scattering effect and the smaller LST-predicted growth rate. The wavelengths in
Table 3-8 and Table 3-9 corroborate the acoustic-dominated mechanism. It is interesting
to find that the wall admittance is still a governing mechanism for large-cavity grooves,

despite the failure of admittance models for these structures.

For 3D cases, the near-wall m’, (below the sonic line) and m, (below the GIP)

experience mild damping, while off-wall MPT components are marginally amplified.

47



These responses originate from two mechanisms: the absence of a solid wall, leading
to near-wall damping, and the appearance of compression/expansion waves, causing
off-wall amplification. These baseflow distortions can be credited to the amplifying
effect on 3D first modes. Case HI1.5b0.5 has slightly stronger compression and
expansion waves than case H1b0.5, resulting in a stronger off-wall amplification,

whereas their near-wall amplitudes are nearly the same.

Instantaneous snapshots of MPT components are presented in Figure 3-35 and
Figure 3-36.
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Figure 3-35 Instantaneous magnitude of MPT components for case H7b0.5. Unit:
kg/(m?s).
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Figure 3-36 Instantaneous magnitude of MPT components for case H1.5b0.5. Unit:
kg/(m?s).
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Compared to porous coating cases (Figure 3-31 and Figure 3-32), large-cavity
grooves exert more significant impacts on the components: For 2D cases, acoustic and
vortical components are modified by the compression and expansion waves. For 3D
cases, MPT components exhibit similar changes to the large half-width porous coating

case, but the changes are more pronounced.
3.5. Summary

The first Mack modes in a Mach 4.5 flat-plate boundary layer are comprehensively
investigated using LST, DNS, and MPT, focusing on their physical properties and
responses to stabilization techniques under different spanwise wavenumbers. The

significant findings are listed as follows:

As the spanwise wavenumber increases, the streamwise wavenumber initially rises
before declining, with its maximum marking the transition of the first mode from an
acoustic to a vortical nature. Momentum potential theory is then applied to decompose
fluctuating momentum in the perturbation field into vortical, acoustic, and thermal
components. The results indicate that as the spanwise wavenumber increases, the
proportion of acoustic components diminishes, while vortical components

progressively dominate.

These distinct physical characteristics lead to divergent responses to control
techniques and stabilization mechanisms: Wall cooling provides a slight stabilization to
planar first modes and significantly stabilizes oblique first modes by suppressing the
thermal component. Wall suction similarly exhibits a weaker stabilization effect on
planar first modes compared to their oblique counterparts, with thermal and vortical
components in the oblique mode damped under steady suction. Slightly oblique first
modes are modulated by scattering effects and wall admittance, while highly oblique
first modes are destabilized by mean flow distortions induced by the coatings. Grooves,
despite their macroscale geometry relative to porous coatings, govern planar first modes
through wall-admittance mechanisms, where the acoustic component is modulated by
wall admittance. For highly oblique first modes, baseflow distortions are also

responsible for the destabilization effects of grooves.

Oblique first modes exhibit significantly higher growth rates and are therefore
more relevant in transition. The current result suggest that wall cooling and suction can
be designed focusing primarily on the most unstable oblique case. However, porous
coatings and grooves should be analyzed for both planar and oblique first modes, as

they have significantly different effects on planar and oblique first modes.
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Chapter 4 Stabilization Mechanisms of Crossflow Mode

Stabilizing methods of traveling crossflow modes are then examined. The
stabilization mechanisms are discussed with MPT, and some parallel stabilization
characteristics between oblique first Mack and traveling crossflow modes are further
discussed. This chapter is reorganized based on my article published in the 4744
Journal, titled “Stabilization Mechanisms of Traveling Crossflow Mode in Hypersonic

Swept Wing Flows”.
4.1. Problem Description

This work concerns the crossflow instability over a spanwise-infinite swept wing.
The swept wing in this study is modeled by a swept parabolic body, as in the work of
Mack and Schmid!"'*! and Xu et al.?!:

x =ﬁ and R"=10mm 4.1)
2R

where R" is the radius of the leading edge. Figure 4-1 depicts the schematic of the
geometry and problem formulation. The Cartesian coordinates (x, y, and z) and the local
body-fitted coordinates (s, #, and z) are also defined in Figure 4-1. For laminar control,
wall cooling is applied on the whole surface, while the regions of wall suction and
grooves are located between x* = 60 mm and x" = 80 mm (corresponding to s~ = 72.2—
92.9 mm). The freestream conditions are consistent with those used by Xu et al.*?!, as
summarized in Table 4-1. The adiabatic wall condition is implemented. The case with

the adiabatic wall condition and no control techniques is set as the baseline case.

\

wall suction
region

L.~y A ‘~._.  Slotof 3D wall
U disturbance

,7 K
Y Z Grooves or

Figure 4-1 Schematic of the geometry and problem formulation.
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Table 4-1 Freestream conditions.

Ma Rew T’ A

0

6 8X10°m™! 57K 45°

Spatial LST is used to capture the unsteady modes in this hypersonic flow. The
contour of the spatial growth rate at s = 60 mm is presented in Figure 4-2(a). The

reference length L is defined as:

= 4 (4.2)

The most significantly amplified traveling crossflow instability occurs for F~ = 13 kHz
and £ =7.5 mm. Thus, this is chosen as the objective perturbation. The spatial growth
rate of this crossflow mode is depicted in Figure 4-2(b). Within the computational

domain, the traveling crossflow wave exhibits continuous amplification.
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(a) spatial growth rate contour at s” = 60 mm (b) growth rate of the objective perturbation

Figure 4-2 Spatial growth rate from LST.

In the simulations of the perturbation field, as shown in Figure 4-1, a 3D
perturbation is introduced by periodic suction-blowing through a slot positioned near
the leading edge, with a form close to that used in Ref. [34]:

* * % *_ *12 2 * . * ok
q,(x,2 1) = A,e 1 7T cos( ;z )sin(2zFt") (4.3)

z
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where ¢, =p, v, represents the mass flux in the wall-normal direction. The
perturbation is centered at x’, = 8 mm and has a spatial extent of 4x" =4 mm. cis a
constant that determines the width of the suction-blowing perturbation; for this study,
o = 3. The forcing amplitude 4, is set to 107® to ensure the linear evolution of
perturbations. As depicted in Figure 4-2(b), there is good consistency between the
results obtained from DNS and those predicted by LST. The slight disparity between
the DNS and LST results is due to the parallel flow assumption.

Figure 4-3(a) illustrates the instantaneous streamwise velocity fluctuation u'at s
= 60 mm, and Figure 4-3(b) depicts the instantaneous iso-surface of u' disturbance at u’
=+107° in the flow field. The distribution of u’ closely resembles the contours of ' in
the crossflow mode reported by Haas et al.''3]. Both the consistency of the spatial
growth rate and the contour of u' confirm that the 3D disturbance from the slot

successfully evolves to the objective traveling crossflow mode.

E 1

4 u':  -4E-06 0 4E-06
_ kfx
g
g2
i = - - -
0 1 ’ Bl i q 1 100
0 5 1*0 15 20 . 0 40 60 80
z (mm) " (mm)
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Figure 4-3 Evolutions of disturbances from DNS.

The validation of grid independence is carried out using a fine grid (417x401x31)
and a coarse grid (321x301x21). The growth rates of both grids and the LST result are
plotted in Figure 4-4. The growth rates in these two cases are highly consistent. The
slight disparity between DNS and LST is due to the parallel flow assumption. Hence,

the grid independence is confirmed, and the coarse grid can be used for calculations.
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Figure 4-4 Spatial growth rates in the baseline case using different grids.

4.2. Stabilization of Crossflow Mode

The impacts of laminar control techniques on baseflows, such as the reduction of
the crossflow velocity and the movement of the GIP!6 %1 are regarded as the source
of the stabilization effects. In this section, the details of laminar control techniques are

introduced, before the impacts on baseflows and the stabilization effects are discussed.

4.2.1. Wall cooling-heating

In the present study, laminar control through wall cooling is applied by changing
the temperature of the whole solid wall. Two cooled-wall cases and a heated-wall case
are considered, with wall temperatures prescribed at 0.57" =210.9K, 0.87" =337.5
K,and 1.27° =506.2 K. The wall recovery temperature 7" is computed by

T = T:[l+y7_1Mf\/Prj (4.4)

where T and M. represent the temperature and Mach number at the outer edge of the

boundary layer at x“= 70 mm.

The influence of wall temperature on the baseflow is first examined. The
temperature, crossflow velocity, d(p du/dn)/dn, and d°u./dy’ are plotted in Figure 4-5.
The crossflow velocity u. is the velocity component that is perpendicular to the
direction of the inviscid streamline. The last two variables are used to identify the
position of the GIP (where d(p du/dn)/dn=0) and the crossflow inflection point (CFIP,
where d’u./di’=0), respectively. In Figure 4-5(c) and (d), black dashed lines denote the
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zero value to facilitate the identification of the GIP and the CFIP. Wall cooling strongly

alters the temperature distribution near the wall. The magnitude of crossflow velocity
exhibits a corresponding decrease. From Figure 4-5(c) and (d), both the GIP and CFIP

are shifted towards the wall when the wall temperature decreases. The maximum

crossflow velocity and the position of the GIP and CFIP change almost linearly with

respect to the wall temperature.
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Figure 4-5 Baseflow quantities at s” = 80 mm in wall cooling cases.

The linear growth of the traveling crossflow mode is quantified by the N factor,

which is defined in terms of the localized maximum streamwise velocity fluctuation
U'max Obtained from DNS:



N=In(u'_ /u'

max ce,max )

(4.5)

where u/ is the maximum streamwise velocity perturbation at the center of the

ce,max

disturbance slot. The N factors of the baseline and wall cooling cases are plotted in

Figure 4-6 to assess the influence of the laminar control techniques.

N factor

60 70 80 90 100 110
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Figure 4-6 N factors in wall cooling cases.

There is a notable reduction in the N factor in Figure 4-6. The N factor decreases
by more than 2 when the wall temperature is set to 0.57,. This emphasizes the efficacy
of wall cooling as a stabilizing technique. In contrast, the application of wall heating

results in the destabilization of the traveling crossflow mode.

4.2.2. Wall blowing-suction

Steady wall blowing and suction are considered in the form of mass flux as shown
in equation (3.4). A large suction coefficient of 4;=0.001 is utilized for the wall suction
case, whereas 4;,=—0.001 is employed for the wall blowing case. As depicted in Figure

4-1, the blowing-suction region is located between x" = 60 mm and x" = 80 mm.

Constant wall suction removes the low-energy fluid at the solid surface and may
stabilize the boundary layer. The baseflow quantities in the wall blowing-suction cases
are plotted in Figure 4-7. Black dashed lines in Figure 4-7(c) and (d) denote the zero
value. The GIP and CFIP are all closer to the wall when wall suction is applied. The
crossflow velocity increases in this case. Wall blowing has the opposite effect on the

baseflow.
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Figure 4-7 Baseflow quantities at s = 80 mm in wall suction cases.

The N factors of the blowing-suction cases are depicted in Figure 4-8. The results

indicate that wall blowing and suction both have only a marginal influence on the

crossflow waves, with the observed variation in the N factor being on the order of 0.1.

Wall suction provides only a slight stabilization effect on the traveling crossflow waves.

A reduction in the N factor is associated with an increase in ..
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Figure 4-8 N factors in wall suction cases.

4.2.3. Porous coatings

Porous coatings with different admittance phases 8 = 0.5w, In, and 1.57 are
designed using the admittance equation proposed by Zhao et al.]. Figure 4-9 presents
definitions of the porous coating parameters, where shadowed regions denote solid
walls. Table 4-2 details coating geometric parameters, admittance values, and
corresponding LST-predicted growth rates for the crossflow mode at s* = 80 mm. The
coatings are labeled according to their respective € values. Stabilizing or destabilizing
effects relative to the no-coating case are indicated alongside the LST growth rates.
According to LST predictions, porous coatings strongly stabilize the crossflow mode
when 6 = 0.5, slightly stabilize the crossflow mode when 6 = m, but destabilize the

crossflow mode when 6 = 1.57.

Figure 4-9 Definitions of porous coating and groove parameters.
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Table 4-2 Porous coating parameters.

0=n 0=0.51 0=1.5n
b/m 2x107* 2.5x107* 9x107*
H /m 8x1073 2.5x1073 1.06x1072
aspect ratio 0.05 0.2 0.17
porosity 0.5 0.5 0.5
Admittance —9.007+0.1281  —1.228+5.310i  —2.976+8.942i
0.00723 0.00352 0.00902
LST
(—8.6%) (—55.4%) (14.0%)

The N factors of porous-coating cases are illustrated in Figure 4-10. The beginning

and end of porous coatings are marked by the vertical dark dashed lines. DNS results

demonstrate notable discrepancies from LST predictions: Coatings € = w and 0.5%

exhibit marginal influence on the crossflow mode, while coating § = 1.5x stabilizes the

crossflow mode. These stabilizing effects appear correlated with the coating's geometric

dimensions.
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Figure 4-10 N factor in porous coating cases.



The flow quantities are averaged over one porous coating period around s* = 80
mm. The average flow quantities are depicted in Figure 4-11. Porous coatings
marginally influence the average baseflow characteristics except for a small region near
the wall.
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Figure 4-11 Average baseflow quantities at s" = 80 mm in porous coating cases.

Adopting the analytical framework from Sec. 3.3.3, LST is applied to the distorted
baseflows to investigate correlations between baseflow distortion and growth rates.
Although first Mack and crossflow modes share the same nature, a distinct LST strategy
from the first mode yields better predictions. For crossflow modes, LST analysis
excludes cavity flow fields, focusing solely on distorted baseflows, as depicted in
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Figure 4-12. The LST-predicted growth rates and baseflow pressure contours are
depicted in Figure 4-13. From baseflows, low-pressure regions are induced by the
expansion waves at beginnings of open cavities, while weak compression waves are
formed at ends of cavities. In small half-width cases (6§ = m and 6 = 0.5m), weak
compression and expansion waves are generated, confining mean-flow pressure
disturbances to small near-wall regions. Growth rates are lower than or equal to the
values in the baseline case. The growth rates decline in solid wall regions and recover
at each cavity. The large half-width case (6 = 1.57) produces intensified compression
and expansion waves that significantly alter off-wall pressure distributions. The
changes in growth rate become stronger and can exceed baseline values at compression
wave positions. Enhanced stabilization effects in the larger half-width case correlate
with changes in N factors near s* = 80 mm in Figure 4-10. These agreements between
LST and DNS results confirm that baseflow distortions, not wall admittance, drive the
stabilization of crossflow instabilities, while the flows in the cavities are less important
compared to first Mack modes.

(a) first mode LST region (b) crossflow mode LST region

Figure 4-12 Schematic of LST regions for different modes.
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Figure 4-13 Growth rates from LST and baseflow pressure contours of porous-coating

casces.
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4.2.4. Grooves

The stabilizing effects of parallel grooves, located between x* = 60 mm and x" =
80 mm, are investigated in the current study. Groove parameters are defined in
consistent with Figure 4-9. For all grooved cases, the period s. is set to 25" = 4.32 mm,
where 6" is the boundary-layer thickness at x“= 60 mm, distinguished by dw/dn < 0.01.
This criterion is close to the mean-shear-based methods in Ref. [120]. The groove

widths and heights are varied to determine the optimal control effect.

The investigation first focuses on the impact of the cavity half-width. The cavity
height H is maintained at 6", while the half-width varies as follows: 0.056" (case
H1b0.05), 0.255" (case H1b0.25), 0.56" (case HI1b0.5), 0.756" (case H1b0.75), 0.96
(case H1b0.9). The grid dimensions for the narrowest groove are specified as 8 x 178
(width x depth) for each cavity, while the widest groove has grid dimensions of 31 X
178. The grid convergence for the grooved cases is illustrated in Figure 4-14. The
HI1b0.5 case is selected as the test case. The grid in each cavity is changed from 11 x
178 x 21 to 16 x 267 x 21. There is no visible difference between the results using these
two grids. The corresponding N factors are plotted in Figure 4-15(a). In the grooved
regions, only case H1bh0.9 amplifies the crossflow mode. After the grooved regions, all
the grooves stabilize the crossflow mode. The N factors at s"= 110 mm are summarized
in Figure 4-16, with a spline drawn to show the trend. As shown in Figure 4-16(a), the
maximum stabilization effect is achieved when b = 0.56". Beyond this width, the

stabilization effect diminishes.

N factor
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Figure 4-14 N factors in the H/b0.5 case using different grids.
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Figure 4-15 N factor in grooved cases.
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Figure 4-16 N factor at s*= 110 mm.

The influence of the cavity height is studied with 5 = 0.5 and heights of 0.56"
(case H0.5b0.5),1.06" (case H1b0.5), and 1.55" (case H1.5b0.5). The shallowest groove
has grid dimensions of 11 x 123 for each cavity, while the deepest groove has grid
dimensions of 11 x 216. The N factors are plotted in Figure 4-15(b) and Figure 4-16(b).
All cases exhibit a stabilizing effect on the crossflow modes, both during and after the
grooved regions. The control effect is positively correlated with the cavity height, while

the slope becomes small after H=5".

Across all grooved cases, the variations in the N factor are on the order of 0.1,
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suggesting that the traveling crossflow waves are moderated by the grooves. Although
the stabilizing effect is small, it is interesting to consider why the traveling crossflow
mode is stabilized and why the control effect is maximized when W = §°. Hence, the
baseflows of the H1b0.5 case and the H1b0.9 case are analyzed to provide a possible
interpretation. The LST-predicted growth rates and pressure contours are depicted in
Figure 4-17. As shown, the grooves generate expansion waves at beginnings of cavities,
while compression waves form at the ends. Growth rates decrease in low-pressure
regions but recover at compression wave positions. This behavior closely resembles the
large half-width porous coating case (# = 1.5m), indicating shared stabilization
mechanisms between porous coatings and grooves when the half-width is large. For
case H1b0.9, LST results significantly diverge from DNS results, suggesting non-
parallel effects and cavity-related motions become critical in these oversized cavities.
Except for the baseflow distortion, local scattering effects at solid-cavity and cavity-
solid junctions constitute an additional mechanism for both porous coatings and
grooves, producing the wavy patterns of N factors in the controlled cases. The detailed
mechanisms need further investigation with MPT.
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Figure 4-17 Growth rates from LST and baseflow pressure contours of grooved cases.

The flow quantities are averaged across one groove period at around s* = 80 mm.
The average flow quantities are plotted in Figure 4-18. Black dashed lines in Figure
4-18 (c) and (d) denote the zero value. The flow quantities shift towards the wall under

the influence of the grooves, while the maximum crosstflow velocity is unchanged.
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Figure 4-18 Average baseflow quantities at s° = 80 mm in grooved cases.

4.3. MPT Analysis of Stabilization Mechanisms

4.3.1. Wall cooling-heating

The 0.87, case is analyzed in the MPT framework. To analyze the characteristics
of the traveling crossflow mode, the fluctuation momentum density is decomposed into
the instantaneous MPT components. Snapshots of the acoustic component m', ,
vortical component m',, and thermal component m', in the baseline case and the
0.87; case are plotted in the local body-fitted coordinates in Figure 4-19. The upper

lines are the boundary layer edge; the middle lines are the GIP, and the lower lines are
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Figure 4-19 The instantaneous snapshots of MPT components.

the CFIP in Figure 4-19. For the baseline case, the vortical component m', associated
with the traveling crossflow wave exhibits the largest magnitude, while m', is the
smallest. “Two-cell” structures can be observed for m', and m’', , whereas the
vortical field is characterized by “single-cell” structures. Furthermore, m', is several
orders of magnitude greater than m', and m', . This significant disparity in the
magnitude of the MPT components highlights the vortical nature of the crossflow
instability. The GIP reflects the phase shift of m', in the wall-normal direction,
whereas the CFIP indicates the peak value of m', and the phase shift of m’',,
emphasizing the significance of the crossflow velocity in the traveling crossflow mode.
Comparing the contours of the baseline case and the 0.87; case, the three components
for the cold wall behave in a similar manner to the adiabatic wall case, albeit with much
smaller magnitudes. Specifically, the single-cell and two-cell structures are still
apparent in Figure 4-19 (b), 11(d), and 11(f). The peak value of m', and the phase
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shift of m', are still located in the vicinity of the CFIP.

As discussed in Sec. 3.3.1, the variations in the wavelength of the MPT
components are indicative of the sensitivity of a certain component to the stabilization
technique. In this section, the spanwise wavelength of the perturbations remains
constant at £, =7.5 mm. The wavelengths £ in the s-direction of the perturbations
(evaluated and represented by u’) and the corresponding MPT components are
summarized in Table 4-3. The averaged streamwise wavelengths of the crossflow mode
(and MPT components) are obtained by examining the periodicity of u’, m',,m’',, and
m', at "= 1 mm within the groove or wall suction region (x* = 60~80 mm),
considering #" = 1 mm is approximately the height of CFIP. From the change in the
wavelength of u', larger-wavelength traveling crossflow modes are more likely to be
amplified under low-wall-temperature conditions. For the MPT components, the
changein m’, isthe most significant among all MPT components under wall cooling
(i.e., 9% difference compared with the baseline case). This difference is related to the
change in the baseflow, as shown in Figure 4-5. This variation in the MPT components
suggests that reducing the wall temperature stabilizes the traveling crossflow waves
directly through the thermal component, while the acoustic and vortical components are

subsequently changed.

Table 4-3 Comparison of £, between the baseline case and the wall cooling case.

/; (mm) u' m', m'y m';

Baseline 7.68 7.66 7.68 8.00

Wall cooling 7.83 7.38 7.83 8.72
Proportion 1.95% —3.66% 1.95% 9.00%

The magnitudes of the MPT components in the baseline and 0.87, cases at s = 80
mm are depicted in Figure 4-20. The boundary layer edge (solid lines) and the CFIP
(dashed lines) are plotted to allow the wall-normal position to be identified in Figure
4-20. When reducing the wall temperature, all the MPT components slightly towards
the wall. This can be attributed to the thinner boundary layer and lower GIP at lower
wall temperatures. ||m 'B|| and ||m ' || become significantly smaller, indicating that
less fluctuating momentum is transported off the wall in the form of vortical and thermal
components. MPT components show similar changes with those in the highly oblique
first mode (Sec. 3.4.1).
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Figure 4-20 The amplitudes of MPT components in the 0.87; case.

4.3.2. Wall blowing-suction

The wall suction case with 4, =0.001 is analyzed in the MPT framework. From
Figure 4-21, neither the instantaneous behaviors nor the magnitudes of the MPT
components exhibit significant changes. The boundary layer edge (upper lines), the GIP
(middle lines), and the CFIP (lower lines) are plotted in Figure 4-21. From Table 4-4, a
larger wavelength of the traveling crossflow mode is identified under wall suction. The
wavelength of m', obviously increases, while the other two components remain
relatively unchanged. This result suggests that wall suction predominantly impacts the

vortical component.

Table 4-4 Comparison of 1, between the baseline case and the wall suction case.

X (mm) u' m', m', m',

Baseline 7.68 7.66 7.68 8.00

Wall suction 7.98 7.68 7.98 7.98
Proportion 391% 0.26% 3.91% —0.25%
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Figure 4-21 The instantaneous snapshots of MPT components in wall suction cases.

The magnitudes of the MPT components are depicted in Figure 4-22. All the
components shift slightly towards the wall, which aligns with the change in the baseflow.
The peak value of ||m 'B|| slight decreases, while those of ||m ' || and ||m'T|| remain
nearly unchanged. These changes in MPT components align with those in the highly
oblique first mode (Sec. 3.4.2), except for that the thermal component of the 3D first

mode is more active.
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Figure 4-22 The amplitudes of MPT components in the wall suction case.

4.3.3. Grooves

Considering small half-width porous coatings yield nearly no impact on traveling
crossflow modes, and large half-width coatings have a highly similar stabilization
mechanism with the grooves, the porous coating cases will not be analyzed with MPT.
Instead, the grooved cases (HI1b0.5 and HI1b0.9) are analyzed with MPT. The
instantaneous magnitudes of the MPT components in these two cases are plotted in
Figure 4-23. The upper lines are the boundary layer edge, the middle lines are the GIP,
and the lower lines are the CFIP in Figure 4-23. Different from wall cooling and suction,
grooves strongly alter the behavior of the MPT components. For m’,, the acoustic
field is perturbed by the compression and expansion waves induced by the cavities. The
two-cell structures do not even appear in the H7b0.9 case. The m', component
exhibits a lower sensitivity to the waves. The single-cell structure persists in these cases,
although some deformations can be observed in Figure 4-23(c) and (d). The m’,
component appears to be relatively unaffected by the compression and expansion waves.
Instead, it moves down towards the cavity due to the lack of a solid wall. The
wavelengths of the MPT components quantify their sensitivity to the grooves. The

wavelength of m’, undergoes the most substantial change in both cases. The change
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in the wavelength of m', is also noteworthy. According to Table 4-5, both grooves
shorten the wavelength. The wavelength of m’', undergoes the most substantial

change in both cases. The change in the wavelength of m', is also noteworthy.

(a) acoustic component in the H/b50.5 case (b) acoustic component in H/b0.9 case

(e) thermal component in the H7b0.5case (f) thermal component in H/b0.9 case

Figure 4-23 The instantaneous snapshots of MPT components in grooved cases.

Table 4-5 Comparison of 1, between the baseline case and grooved cases.

% (mm) u’ m', m', m’,
Baseline 7.68 7.66 7.68 8.00
HIb0.5 7.62 6.47 7.48 7.91
Proportion —0.78% —15.54% —2.60% -1.13%
HI1b0.9 7.39 6.82 7.31 7.68
Proportion —3.78% —10.97% —4.82% —4.00%
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Figure 4-24 depicts the magnitudes of the MPT components, with spatial
averaging conducted over one groove period. In Figure 4-24, solid lines denote the
boundary layer edge and dashed lines are the CFIP. For both cases,

|| and flm ;|
decrease at the wall due to the lack of solid walls, while ||m 'y || increases near the wall.
In the H1b0.9 case, |m 'B|| has a broad distribution under the CFIP, while the peak

value decreases. These trends indicate that more fluctuating momentum is transported

to the cavities, while off-wall fluctuating momentum is damped due to mean flow
distortions. This mechanism has also been found to be responsible for the
destabilization of oblique first modes in Sec. 3.4.4.

baseline
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3r 3r 3r
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(a) acoustic component (b) vortical component (c) thermal component

Figure 4-24 The amplitudes of MPT components in grooved cases.

4.4. Summary

The traveling crossflow wave over a spanwise-infinite swept wing has been
thoroughly investigated. Wall cooling, wall suction, and grooves have been used to
stabilize the traveling crossflow wave. The physical properties of the traveling
crossflow instability and the mechanisms of these laminar control techniques were

analyzed within the MPT framework.

For the baseline case, the vortical component constitutes the largest proportion in
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the traveling crossflow mode, followed by the thermal component. This dominance of
the vortical component emphasizes the inherent vortical nature of the crossflow
instability. Both the acoustic component and the thermal component exhibit
characteristic two-cell structures, whereas the vortical component displays single-cell
behavior. The center of the single cell, which also exhibits the maximum magnitude of
the vortical component, is roughly aligned with the CFIP. Although the vortical
component is the most important in the traveling crossflow mode, different control
techniques impact various components, thereby exhibiting different stabilization

mechanisms.

Wall cooling is an efficient laminar control technique. The N factor can be reduced
by more than 2 when the wall temperature is set to 0.57. Analysis of the behavior and
wavelengths of MPT components suggests that wall cooling primarily affects the

thermal component.

Wall suction is less effective than wall cooling. A strong suction amplitude of 4=
0.001 only reduces the N factor by 0.1. Wall suction shifts the flow quantities toward
the wall. The vortical component is directly influenced, although its sensitivity remains

relatively weak.

Porous coatings exhibit negligible influence on crossflow modes at small half-
widths but impart a mild stabilization effect at large half-widths. Their stabilization
mechanism is the same as that of grooves, thus they can be regarded as micro-slit

grooves.

Grooves are also not particularly efficient in stabilizing the traveling crossflow
mode, with the maximum reduction of the N factor being on the order of 0.1. For a
groove period of 26°, the control effect is positively correlated with the cavity height,
but does not change monotonically with respect to the cavity width. The control effect
reaches its maximum when the width is §°. MPT analysis indicates that the acoustic and
vortical components are sensitive to the grooves. Baseflow distortions are identified as

the primary mechanism for the stabilization effect.

These stabilization mechanisms show high similarities with the oblique first mode
except for a less active thermal component, reinforcing the relationships between the

oblique first and traveling crossflow instabilities.
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Chapter 5 Unified Identification of First Mack and Crossflow

Instabilities

After clarifying stabilization mechanisms of first Mack and crossflow modes, this
chapter focuses on the long-standing conceptual debate involving the independence of
the oblique first Mack and traveling crossflow instabilities. The present chapter aims to
introduce a new perspective on these debates by examining the receptivity process of
first and crossflow modes. As the receptivity stage explains the origins of instabilities,
divergent receptivity pathways would imply independent instability mechanisms.
Clarifying whether these modes share identical receptivity pathways provides new

evidence for the controversy.
5.1. Problem Description

This investigation specifically examines the first Mack mode and crossflow
instabilities over a spanwise-infinite swept wing, as illustrated in Figure 5-1. Here x, y,
and z represent the Cartesian coordinates, and s, #, and z denote the local body-fitted
coordinates, A is the sweep angle, U is the free-stream velocity, and k- is the free-
stream wave vector in the x-z plane. It should be noted that the wave angle 0. is defined
between the wave vector k» and the free-stream velocity U, to facilitate further
calculations. The geometry of the biconvex airfoil is an arc, designed to sustain quasi-
constant pressure gradients, with a chord length of 200 mm and a thickness of 1 mm.
The 1:200 thickness-to-chord ratio ensures moderate pressure gradient ranges, as the
first Mack modes are fully damped under large favorable pressure gradients. This small
thickness also results in relatively small discrepancies between x and s. The free-stream
conditions align with the experiment setup of Ref. [121], which are summarized in
Table 5-1. The wall is modeled as no-slip and adiabatic. The sweep angle A ranges from
0° to 45°, enabling a systematic analysis of receptivity mechanism evolution across the
first Mack mode and crossflow instabilities. This DNS framework achieves resolution
fidelity via very dense grids (1281 x 501 x 21), ensuring that the interactions between

the boundary layer and free-stream waves are captured exactly.
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Figure 5-1 The schematic of the spanwise-infinite swept wing and coordinate systems

Table 5-1 Free-stream conditions.

Ma Res T A

o0

59 9.15X10" m™! 76.74 K 0°, 15°, 30°, 45°

Mach number distributions and pressure contours over the front airfoil (x" = 0 ~
40 mm) for the A4 = 0° case are displayed in Figure 5-2. A weak shock forms at the
leading edge of the airfoil, followed by progressive pressure reduction through surface-
generated expansion waves. Away from near-wall regions, Mach numbers exceed 5,
maintaining hypersonic boundary layer conditions. Both first Mack mode and crossflow
instabilities are examined within the hypersonic regime. Figure 5-3(a) details wall
pressure p, and streamwise pressure gradient m distributions, where pressure

gradient m is calculated by:

p, ds

Based on this definition, negative m values denote favorable pressure gradients. As
shown in Figure 5-3(a), the pressure exhibits a localized shift at the leading edge due to
the shock wave, followed by a steady downstream decrease attributed to constant

curvatures of the thin-wing configuration, with m achieving near-constant values. The
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crossflow velocity u., defined as the velocity component perpendicular to the inviscid
streamline, constitutes a fundamental component of crossflow instabilities. Figure 5-3(b)
depicts crossflow velocity profiles across all swept cases. Elevated sweep angles induce
higher crossflow velocities, suggesting that the crossflow instability is more likely to
dominate the transition process with increasing sweep angles. The maximum crossflow
velocity is 1.5% of the freestream velocity, which is smaller than the criterion proposed
by Reed and Saric!*®!. Because this criterion is proposed from low-speed scenarios, it is
not applicable to the current configuration. The subsequent LST results will further
confirm the existence of crossflow instability.
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(a) Mach number (b) pressure

Figure 5-2 The baseflow contours over the front airfoil (x" = 0 ~ 40 mm) for the A =

0° case.
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Figure 5-3 Baseflow variables in different cases.
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5.2. Linear Stability Theory Results

Spatial LST is employed to capture the unsteady modes in this hypersonic flow,
where L"= 0.001 m serves as the reference length. Figure 5-4 illustrates the spatial
growth rate contours at s* = 40 mm for the 4 = 0° case in the Cartesian coordinate, the
A = 45° case in the Cartesian coordinate, the 4 = 45° case in the streamline-aligned
coordinate, and the A4 = 45° case in the streamline-aligned coordinate with u.
deliberately set to 0. The contour line at —a; = 0.025 is plotted to facilitate identifying
different instability regions. Positions at f = 0 are marked as dashed lines to enable

observing the symmetry of instabilities.
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coordinate coordinate with u. deliberately set to 0

Figure 5-4 Growth rate contours at s~ = 40 mm.
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The instability mechanism is first discussed within the Cartesian coordinate, where
velocity components # and w are employed. Since the DNS is applied in Cartesian
coordinates, this LST approach enables direct comparisons in subsequent analyses. For
A =0°, two instability regions, which are symmetric to = 0, span extensive ranges of
S values within the lower frequency domain. These instability regions correspond to the
first Mack mode, as expected for 2D configurations. At 4 = 45° in the Cartesian
coordinate, three distinct instability regions are identified: Region 1 spans a wide range
of f and connects to zero-frequency branches, typifying the emergence of crossflow
instability in the traditional terminology. Region 2, a modified mode, is confined to a
narrow f region. This instability originates from the coalescence of the negative
spanwise wavenumber of the first mode under the asymmetric effect of the 3D baseflow,
consistent with observations in Refs. [10] and [31]. The asymmetry between regions 1
and 2 also highlights the emergence of crossflow instability. Region 3, typifying the
oblique second Mack mode, occupies the high-frequency domain. Under the current
flow condition, second Mack modes can exhibit higher growth rates, whereas this study
focuses on lower-frequency first Mack and crossflow instabilities. Therefore, the
disturbance frequency and spanwise wavelength are set to guarantee the evolution of a
highly amplified crossflow instability, where F* =80 kHz, 1 =4 mm (o =0.485,5=
1.571).

LST results in the streamline-aligned coordinate are then analyzed to clarify the
mechanisms of each instability region. For the 4 = 45° case in the streamline-aligned
coordinate, regions 1 and 2 remain asymmetric. Region 3 still characterizes the second
Mack mode, with its maximum growth rate shifted away from f = 0. In Figure 4(d), the
crossflow velocity is artificially set to 0, thereby illustrating the instability originating
from the streamwise velocity. Compared to the 4 = 0° case, the first mode becomes less
significant and the second Mack mode shifts to lower-frequency regions. Crossflow
components universally destabilize the positive-f branch, while stabilizing the
negative-f branch, confirming that crossflow components act as a modulating

mechanism rather than constituting a distinct instability mode

As discussed before, favorable pressure gradients suppress first Mack modes[*%,
while amplifying crossflow modes®!l. A comparative analysis employs a decreased
airfoil thickness of 0.5 mm. Pressure gradients and spatial growth rates from LST at s~
=40 mm for both thickness configurations are summarized in Figure 5-5. As depicted,
thinner profiles substantially decrease favorable pressure gradients across all sweep
angles. At 4 =0° and 15°, the spatial growth rate diminishes with strengthened pressure

gradients. For 4 = 30° and 45°, the instability is amplified under an enhanced favorable
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pressure gradient, confirming the predominance of the crossflow instability. Based on
the instability's response to pressure gradients, the dominant mechanism is the first
Mack mode when 4 = 0° and 15°, whereas the crossflow instability for the 4 =30° and

45° cases.
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(a) Pressure gradients (b) spatial growth rates at s* = 40 mm

Figure 5-5 Pressure gradients and spatial growth rates under different thicknesses.

Although disturbances at distinct 4 exhibit differential responses to pressure
gradients, both oblique first modes and crossflow modes belong to S modes based on
LST. Figure 5-6 presents eigenspectra at s =2, 4, 6, 8, 10, 15, 20, 25, 30, 35, and 40
mm for both 4 = 0° and 4 = 45° cases. Solid black trajectories track the evolution of
the S modes from stable to unstable states with increasing s°, while green circles
highlight persistently neutral F modes. This consistent behavior in both cases indicates
a fundamental connection between these instabilities. Table 5-2 documents neutral
point locations where the first Mack or crossflow modes' growth rates transition to

positive values. The neutral point shifts upstream with increasing sweep angles.
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Figure 5-6 The evolution of F and S modes.
Table 5-2 Locations of neutral points at different sweep angles.
Y| 0° 15° 30° 45°
Location of the neutral point (mm) 6 5.6 4.6 34

5.3. Receptivity to Freestream Waves

This section investigates the boundary layer receptivity mechanisms to free-stream
acoustic and vorticity perturbations at a frequency of F* = 80 kHz and a spanwise
wavelength of £ =4 mm. As established in the prior analysis, the first Mack mode
(at 4 = 0°) or the crossflow mode (at 4 = 45°) serves as the dominant instability under
these parametric conditions. The wave field for the receptivity simulation is expressed
as:

Q,(x:yazat):Q(xayazat)_é(xayaz) (52)

where Q'(x,y,z,t) is the perturbation of a flow variable, Q(x, y, z, f) represents the
instantaneous value from unsteady DNS, and Q(x,y,z) corresponds to the time-
averaged values from steady DNS. The computational framework assumes spanwise-
periodic conditions for swept-wing geometries, with free-stream disturbance wave
propagation occurring exclusively in the x-z plane. For small-amplitude free-stream
perturbations, the perturbations of an arbitrary flow variable can be described in the
following form:
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= exp(i[ar,wx+ﬁz—a)t]) (5.3)

Pl Lorl,

where du, ow, Jdp, and Jp represent dimensionless amplitudes of the free-stream
perturbations in the Cartesian coordinate. The dispersion relations and perturbation
magnitudes for the slow acoustic waves and vorticity waves are represented as follows
(align with the definition in Ref. [59], the usage of different axis directions causes

differences on the sign):

0

: 1
slow acoustic waves (AC): w=k, (_M_ +cos ij
MOO

=

Pk, "k, (5.4)
op=4,, op = ApMi

vorticity waves (VO): w =k, cosl,

p O
ou=A4,-—, ow=-4 ——,
"k k (5.5)

where AC denotes slow acoustic waves, VO represents vorticity waves. Hereinafter, the
case nomenclature combining disturbance type and sweep angle, AC-0°, as an example,
corresponds to the slow acoustic wave case under 4 = 0°. 4, is the dimensionless
magnitude of free-stream waves, set to 107 in this study. The relationships between the
free-stream wavenumber vector kw, the incident wave angle 6w (see Figure 5-1), a,,

and p are:

k, =\’ +f tan(,+A)=pla, , (5.6)

The current research employs perturbations with identical frequencies (w) and spanwise
wavenumbers () to enable systematic comparison, where @ and S have been derived

from LST. The undetermined quantities, i.e., o kv, and 6., are resolved by

combining equation (5.6) with either equation (5.4) or (5.5). Table 5-3 catalogs
computed a, , values across all configurations, where negative values indicate that
trace velocities of the waves propagate opposite to the chordwise direction. Note that

linear growth phases occur upstream of x“ =40 mm in all cases. Unlike the second Mack
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mode, neither the first Mack nor crossflow instabilities exhibit a synchronization point
between F and S modes, and no new flow structures emerge after linear growth onsets.
Receptivity calculations are hereby restricted to the front airfoil regions (x* < 40 mm)
to reduce calculation cost. After obtaining the perturbation field with DNS, MPT is
applied on the perturbation fields for a physics-based interpretation of the receptivity

process.

Table 5-3 The spatial wavenumbers o, , of freestream disturbances.

Y| 0° 15° 30° 45°
AC 0.783 0.364 —0.039 —0.490
VO 0.485 0.081 —0.347 —0.885

5.3.1. Receptivity to slow acoustic waves

The spatial evolution of perturbation fields is systematically examined through
density p"and velocity u' distributions shown in Figure 5-7 and Figure 5-8. Figure 5-7
displays slices taken at z" =0 mm, streamwise stations s* = 1, 10, 20, 30, 40 mm, and
the wall, while Figure 5-8 details instantaneous snapshots of u’ at z* = 0 mm and s~ =
30 mm. Shock waves and boundary layer edges are marked by white solid lines and
dashed lines in Figure 5-8. Following Balakumar's analytical framework!”), the whole
perturbation field comprises four distinct regions: the freestream disturbance region,

the shock layer, the area between the shock and boundary layer, and the boundary layer.

The first region, located outside the shock, is characterized by uniformly
propagating acoustic waves, as shown in Figure 5-7. For slow acoustic waves, the
magnitude of p'is at the same level as that of the boundary layer disturbance, while '
is relatively small compared to the boundary layer values and consequently absent in
Figure 5-8. This originates from the magnitude relationship in equation (5.4). The
second region encompasses the shock layer, where interactions between shock waves
and slow acoustic waves result in localized amplifications of p'. However, u’
disturbances remain too weak to be visible in Figure 5-8. The third region between the
shock and the boundary layer comprises transmitted external acoustic fields and
disturbances radiating from the boundary layer. These transmitted waves soon dissipate,
whereas the radiating disturbances exhibit continuous amplifications as propagating
downstream. Interestingly, Figure 5-7(c) reveals exclusively positive p' values across

these three regions at z* = 0 mm. This is attributed to the small a,, value (as shown
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Figure 5-7 The density fluctuation contours.

in Table 5-3), yielding elongated streamwise wavelengths for free-stream disturbances.
Free-stream disturbances still propagate uniformly in this case, which can be observed
in the spanwise direction from the streamwise slices, for example, s = 30 mm. The
behaviors of acoustic waves and transmitted waves in these three regions quite align
with 2D receptivity simulations in Ref. [7] for acoustic waves, while diverging
behaviors in the boundary layer arise due to distinct instability modes. Disturbances
evolve and manifest as single-cell structures in the p"and u' fields in the boundary layers.
In all scenarios, the boundary-layer disturbances start from the leading edge and rapidly
surpass free-stream amplitudes. The disturbances within the boundary layer are critical
to the transition process, therefore, they will be examined in detail through the analysis
of wall density fluctuations.

The amplitudes and wavenumbers of wall density disturbances from DNS are
presented in Figure 5-9, compared against the N factors and wavenumbers of S modes
from LST. The time series of fluctuating pressure at the wall is processed by Fourier
transformation to obtain phase angle ¢'. The local wavenumber «, of wall density

disturbances is subsequently calculated by!”!:
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Figure 5-8 The streamwise velocity fluctuation contours.
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. dy'
o = _— 5.7
ks (5.7)

The N factor from the LST is calculated by!!?2]:

N= j —a,dx (5.8)

neutral

where Xueurar 18 the neutral point location. The formation of first and crossflow modes
goes through a non-modal stage. The beginning of linear growth is set to where the
disparity in both amplitudes and wavenumbers between DNS and LST is less than 5%
(for oscillating «, from DNS, a  should be closely around LST values). The

beginning of linear growth is marked by dark gray lines in Figure 5-9.
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Figure 5-9 The wall density fluctuation amplitudes and streamwise wavenumbers.
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The results indicate first Mack and crossflow modes undergo a uniform receptivity
pathway. At leading edges, the interactions between acoustic waves, shock waves, and
boundary layers induce sudden amplitude enlargement followed by rapid damping,
accompanied by abrupt shift. After the local minimum of p;,,max , perturbation growth
rates surpass LST predictions, along with the wavenumbers gradually converge toward
S-mode values. During this rapid growing region, wavenumbers approach S-mode
values sooner than the amplitudes, implying the perturbations possess some key natures
of the S mode before the onset of linear growth. This is corroborated by u'-profiles at
the neutral point (as depicted in Figure 5-10), where cases AC-0° and AC-45° exhibit
strong agreement with LST eigenfunctions prior to linear growth phases. After this
rapid growth stage, both spatial growth rates and wavenumbers of perturbations align
with LST solutions, indicating linear growths of first Mack or crossflow instabilities
occur. Two fundamental questions arise from these observations: Why does rapid
damping occur at the leading edge despite the synchronization between S modes and
slow acoustic waves? How does non-modal growth persist when perturbation profiles
already approximate S-mode eigenfunctions? The underlying mechanisms of this

receptivity pathway are then discussed with MPT.
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g
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Figure 5-10 The u' profiles for AC-0° and AC-45° cases at neutral points.

Instantaneous snapshots of MPT components in cases AC-0° and AC-45° are
illustrated in Figure 5-11. Shock waves and boundary layer edges are marked by white
solid lines and dashed lines, whereas the vertical black dashed line refers to the
beginning of linear growth stage. MPT components exhibit distinct behaviors in
different regions: In the freestream disturbance region, the acoustic component m’,
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propagates uniformly, whereas m) and m; remain negligible in the free stream. At
the shock layer, m’, experiences localized distortion, accompanied by weak m}

generation due to baroclinity, while my persists at negligible levels. Su and Geng[123]
demonstrate that transmitted waves, generated by the interaction between freestream
waves and shock waves, also play a role in the receptivity process. Freestream
disturbance waves have intrinsic physical connection with MPT components: acoustic
waves correspond to acoustic components, vorticity waves to vortical components, and
entropy waves to thermal components. This relationship allows for a preliminary
analysis of the transmitted waves behind the shock. From Figure 5-11, the post-shock
region contains significant acoustic components and small vortical components,

indicating that the transmitted waves are composed of acoustic and vortical waves.
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Figure 5-11 The instantaneous snapshots of MPT components.
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Figure 5-12 depicts the amplitudes of MPT components at s~ = 1, 20, 40 mm,
aiming to capture the leading edge, non-modal growth, and linear growth behaviors.
Each amplitude is normalized by the maximum fluctuation momentum density m' in
boundary layers. During the linear growth stage (the s* = 40 mm profile), m), is the
dominant component, exceeding both m’, and m; in magnitudes, which reflects the

vortical nature of the oblique first mode and crossflow mode.
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Figure 5-12 The normalized amplitudes of MPT components.

For the disturbance evolution in boundary layer regions, the origin of non-modal
stages is explained by MPT component dynamics. At the leading-edge, significant m/,
is generated through the synchronization mechanism/®. m' rapidly decays as this
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large acoustic component can not persist in boundary layers. Concurrently, mj, makes
up a smaller proportion than the linear stage, while m, constitutes a large fraction.
The high amplitude and fast dissipation at the leading edge observed in Figure 5-9
correspond to the damping of acoustic perturbations. During the rapid non-modal
growth stage, m’', dissipating to a small proportion, with m; reduces to a lower level
than the linear growth. In Figure 5-11(c, d) and Figure 5-12(b, e¢), mj, exhibits
continuous growth in magnitudes from s* = 1 to 20 mm. The predominance of m),
near the neutral point results in the good agreement between perturbation profiles and
LST eigenfunctions in Figure 5-10, since the vortical component is the primary
contributor to first Mack and crossflow modes. In this stage, the adjustment of m/,
and my drive p| . and a toward convergence with LST results, whereas the
high growth rate is credited to the growth of mj . Further downstream, all MPT
components enter a steady growth phase, signaling the free-stream acoustic waves
successfully excite the oblique first mode or crossflow mode, thereby completing the

receptivity process.

Both cases 4C-0° and AC-45° share the same receptivity mechanisms, with their
divergence manifesting in amplitudes of MPT components. The underlying
mechanisms of the receptivity pathway can be summarized as: m’, initially penetrates
the boundary layer at high proportions, subsequently undergoing damping and recovery.
m}, exhibits continuous growth throughout the receptivity process. m, goes through
a similar pathway with m', but with lower initial proportions among the three

components.

The receptivity coefficient refers to the efficiency of disturbance waves in
generating instability waves, thus is a crucial factor in engineering. According to
Balakumar's definition!*!!] the receptivity coefficient to slow acoustic waves is defined

at the neutral point, formed as:

Cyc = (ur’nax/ 1P’ |4c )neutral (5.9)

As neutral points lie in non-modal regions and after the minimum of p;, ., where
dynamics are governed by the behavior of increasing mj, , this metric effectively
quantifies the efficiency of acoustic waves in exciting vortical components, offering
practical insight for engineering applications. The receptivity coefficients to slow
acoustic waves for various sweep angles are summarized by the red line in Figure 5-13.
C4c demonstrates a consistent decrease as the sweep angle increases. The absence of
abrupt discontinuities in C4c when the sweep angle increases further highlights that

these two instabilities are of the same nature.
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5.3.2. Receptivity to vorticity waves

Consistent with equation (5.5), vorticity waves are introduced into the flow field.
Figure 5-14 illustrates the spatial distributions of u’ across all cases with vorticity
disturbances. White solid lines are plotted in the z* = 0 mm slice to mark the shock wave
positions. Instantaneous snapshots of p’at z* = 0 mm and s* = 30 mm are presented in
Figure 5-15. Shock waves and boundary layer edges are marked by white solid lines
and dashed lines. Given the unique receptivity behavior associated with vorticity waves,
perturbation fields near leading edges are presented in zoomed-in views to facilitate
observation. The flow field is also divided into four regions: the freestream disturbance
region, the shock layer, the area between the shock and boundary layer, and the

boundary layer.

In the freestream disturbance regions, only velocity disturbances (u') are observed,
while p'remain absent, consistent with the governing relation defined in equation (5.5).
Shock layers generate density disturbances at a comparable order of magnitude to those
in the boundary layer, while changes in u' are small. Impacts of weak leading-edge
shock waves on vorticity disturbances are less significant than that on slow acoustic
waves. The transmitted waves closely resemble vorticity waves and connect to
boundary layers, which complicate the identification of unstable modes with u’ in
boundary layers. A practical method for identifying unstable modes is to observe p’in
Figure 5-15. Disturbances with short spatial wavelengths are generated through the
interaction between shock waves, vorticity waves, and boundary layers at the leading
edge. These disturbances dissipate quickly, forming “dead zones”, which are
characterized as the relatively low magnitudes of perturbations. Downstream of these
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Figure 5-14 The streamwise velocity fluctuation contours.

“dead zones”, first and crossflow modes are established. Within a considerable distance
(until approximately s* = 30 mm), «' amplitudes within boundary layers remain smaller

than the free-stream perturbation levels (see Figure 5-14).

Figure 5-16 summarizes the amplitudes and spatial wavenumbers of wall density
disturbances from DNS, along with N factors and «, of S modes from LST. The
beginning of linear growth is marked by vertical black lines. In all cases, p;, ... peaks
form at the leading edge but soon undergo rapid attenuation (start at approximately x"
=2 mm), accompanied by steep reductions in «, . These leading-edge declines persist
over longer streamwise distances compared to AC cases. The “dead zones” emerge as
a direct consequence of this prolonged attenuation phase. Previous studies suggest that
F modes are easily excited by vorticity waves!’>®). However, the leading-edge
wavenumbers are incompatible with F modes, indicating this mechanism does not
occur under current flow configurations, where F modes remain neutral throughout the
boundary layer (depicted in Figure 5-6). The decline of p; .. and a, after the
leading-edge peak (x" =2 to 10 mm) is similar to the leading-edge decline observed in
acoustic wave cases (Figure 5-9, x” = 0 to 4 mm). This parallel demonstrates that the
dissipation may act as the governing mechanism in this region, while the mechanism

of forming p; ... peaks remains unresolved, requiring further analysis with MPT.
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Figure 5-15 The density fluctuation contours.
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Following this dissipating region, p; .. exhibit plateaus (nearly vanish in case VO-
45°) and subsequently lower growth rates compared to S modes. During this regime,
a, remain marginally dispart from LST predictions. Finally, linear growth occurs in
region III, where both p; .~ growth and « converge with LST predictions.
Interestingly, the non-modal stage persists longer than that in case 4C-0°, while this
trend reverses in cases 45°, implying a stronger receptivity of crossflow instabilities to

vorticity waves.
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Figure 5-16 The wall density fluctuation amplitudes and streamwise wavenumbers.
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Instantaneous snapshots of MPT components for the cases VO-0° and VO-45° are
presented in Figure 5-17. Shock waves and boundary layer edges are marked by white
solid lines and dashed lines, whereas the vertical black dashed line refers to the
beginning of linear growth stage. As both the incoming perturbations and S modes are
of vortical nature, the receptivity process in VO cases mainly involves the behaviors of
m}, . Magnified views of mj near the leading edge are included to highlight its
behavior. Upstream of shock waves, mj, is uniformly transported by the free-stream
vorticity waves, while m’, are observed due to the contamination from the shock layer.
At the shock layer, m’, undergoes significant generation, alongside weaker m,
generation, while m} is locally disturbed. Notably, within the shock layer, m/,
achieves higher amplitudes compared to its presence in the boundary layer, whereas
m, is less prominent. The transmitted waves comprise a predominant vortical
component, a small acoustic component, and the smallest thermal component,
indicating that the post-shock transmitted waves remain primarily vorticity waves. At
the boundary layer edge, Figure 5-17(c) and (d) reveal a distinctive phenomenon: the
vorticity components are effectively blocked from the boundary layer. This observation
aligns with the inference in Ref. [56] that the boundary layer effectively swallows
vorticity waves. These results provide direct support that the primary source of
boundary-layer modes originates from the interactions at the leading edge, with external
vorticity waves contributing as a secondary mechanism, transferring limited energy at

the boundary-layer edge.

Figure 5-18 depicts the amplitudes of MPT components at s~ = 1, 10, 40 mm,
aiming to capture the leading edge, non-modal growth, and linear growth behaviors.
Profile at s = 10 mm is selected because it is the location where the dissipating at
leading edge ends and the plateau initiates. Each amplitude is normalized by the
maximum fluctuation momentum density m' in boundary layers. Different from AC
cases, the interactions between the vorticity wave, shock wave, and boundary layer
produce strong vortical components, whereas acoustic and thermal components exhibit
lower proportions of the total fluctuation momentum density m'. This different
behavior forms the p|, .. peak in Figure 5-16 (compared to Figure 5-9 for AC cases).
These components undergo adjustment. m’, and m) exhibit a shape similar to that
of linear regimes at s* = 10 mm, except for comparatively large transmitted wave
amplitudes (~ > 0.4 mm), while m] undergoes attenuations and recoveries (see
Figure 5-17). Subsequently, the linear growth phase commences, enabling boundary-
layer modes to develop in a manner consistent with linear stability theory. The

proportions of MPT components become highly similar with AC cases in Figure 5-12.
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Figure 5-17 The instantaneous snapshots of MPT components.

Cases VO-0° and VO-45° also share the same receptivity mechanisms, with their
divergence manifesting in amplitudes of MPT components. The underlying
mechanisms of the receptivity pathway can be summarized as: m}, initially penetrates
the boundary layer as a dominant component, then adjusts its eigenfunction to fit the
linear growth. m’, undergoes a similar pathway but initiates at a low proportion. m;,
attenuates initially but recovers downstream. These parallels highlight the first and

crossflow modes are of the same nature.
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Figure 5-18 The normalized amplitudes of MPT components.

The receptivity coefficients are then calculated with the definition in Ref. [41]:

CVO = (u:nax/ | U' |V0 )neutral

(5.10)

These coefficients are summarized in Figure 5-13. All the receptivity coefficients are
nearly 1 because the neutral points align with the dissipating phase of leading-edge

disturbances. This situation renders them inadequate for effectively quantifying the

genuine efficiency of vorticity waves in inducing unstable modes.
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5.4. Summary

The receptivity of a spanwise-infinite wing to 3D slow acoustic waves and
vorticity waves at various sweep angles has been comprehensively investigated. LST
was utilized to provide a preliminary prediction of the properties of the relevant
instabilities, offering a foundational understanding. DNS was then employed to obtain
the detailed perturbation fields, capturing the precise dynamics of the receptivity
processes. Furthermore, the MPT decomposition was employed to analyze these
receptivity processes in detail, providing insight into the generation and evolution of

boundary-layer instabilities.

For the baseflows, the sharp wing configuration with a constant curvature
establishes a nearly constant favorable pressure gradient downstream of the leading
edge. As the sweep angle increases, there is a noticeable rise in both the crossflow
velocity and the boundary layer thickness. LST categorizes both the first Mack modes
and crossflow instabilities as S modes. At the prescribed frequency and spanwise
wavelength, S modes convert to an unstable state in the downstream region, whereas F
modes remain neutral across the boundary layer. With increasing sweep angle, the
location of the neutral point for the dominant modes shifts upstream. The dominant
instability is the first mode at 4 = 0° and 15°, whereas the crossflow mode becomes

dominant when A4 = 30° and 45°.

First and crossflow modes go through the same receptivity pathway to slow
acoustic waves: A strong perturbation with large «, is generated through the
synchronization mechanism at the leading edge. Strong acoustic components m/', are
produced through synchronization. Then a rapid damping of disturbance amplitudes
and a_ happens as this strong acoustic component cannot persist in boundary layers.
Then the non-modal growth exhibits a higher growth rate than that of the S mode, and
a, deviates slightly from the S mode. In this phase, high growth rates are governed by
the continuous growth of the vortical components (m} ), meanwhile adjustments of
m!, and the thermal component (m; ) drive the convergence of p! =~ and a, to
LST predictions. The linear growth stage begins after the MPT components adjust and
the results of DNS and LST match each other. At this final stage, m} is the dominant
component, exceeding both m', and m; in magnitude. The oblique first mode and
traveling crossflow mode are both of vortical nature. The receptivity coefficient

demonstrates a consistent decrease as the sweep angle increases.

The receptivity to vorticity waves of these two modes is also consistent, while the
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pathway is different from acoustic wave cases: At the leading edge, disturbances are
generated at the leading edge through the complex interactions between the incoming
vorticity wave, the shock wave, and the boundary layer. These disturbances comprise
mainly mj . Then the disturbances dissipate and exhibit a plateau in magnitudes. In
this phase, all components undergo spatial reshaping, exhibiting similar behaviors with
linear growth but at different proportions. Finally, the MPT components achieve
equilibrium, and the linear growth occurs. In vorticity wave cases, all the receptivity
coefficients are nearly 1. The receptivity coefficient is ineffective for quantifying the
capability on exciting unstable modes.

The current results highlight the consistency between oblique first Mack modes
and traveling crossflow modes in hypersonic boundary layers: Both instabilities belong
to S modes. my, isthe dominant component in both instabilities for their linear growth.
The receptivity processes of both instabilities to slow acoustic waves and vorticity
waves do not show qualitative differences. These observations suggest that the first and

crossflow modes are of the same nature.

Based on the unified characterization of first and crossflow instabilities as
inherently consistent S modes, systematic parametric studies are required to quantify
the impacts of flow parameters, i.e., Mach number and Reynolds number, on these
instabilities. This unified understanding sheds light on the design of laminar control
techniques. Control methods such as wall cooling and blowing-suction may be refined

within a unified framework, potentially reducing the cost of such techniques.
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Chapter 6 Conclusion

6.1. Summary and Conclusions

The thesis studies the linear instability and control methods of first Mack mode
and crossflow mode with direct numerical simulation, linear stability theory, and
momentum potential theory. The aims depicted in Figure 1-1 are achieved by discussing
the first Mack and crossflow modes in different cases. Complete physical

interpretations of first Mack and crossflow modes are given as follows:

Slightly oblique first modes manifest oscillatory waves trapped between the sonic
line and the wall, resembling second-mode behaviors. For larger £, however, new vortex
pairs emerge at the sonic line, rapidly expanding to dominate the region beneath the
generalized inflection point, signifying a vortex-dominant mechanism. The critical

point for this transition coincides with the maximum streamwise wavenumber o;-

The distinct physical characteristics of first modes lead to differing responses to
stabilization techniques: Wall cooling marginally stabilizes 2D first modes and
significantly stabilizes highly oblique first modes by suppressing the thermal
component. Wall suction similarly exhibits a weaker stabilization effect on 2D first
modes compared to their highly oblique counterparts, with the latter showing damped
thermal and vortical components under steady suction. Porous coatings and grooves
share similar stabilization mechanisms, despite their different geometric scales. They
both govern 2D first modes through wall-admittance mechanisms, where acoustic
component modulations are responsible for their stabilization and destabilization
effects. For highly oblique first modes, destabilization effects arise primarily from

baseflow distortions.

Traveling crossflow modes exhibit similar stabilization mechanisms except for a
less active thermal component compared to oblique first Mack modes: The stabilization
effect of wall cooling originates from the damping of the thermal component. Wall
suction influences the vortical component directly. Mean-flow distortions of grooves
interpret their slight stabilization effects, which also account for the minimal impact of

porous coatings.

Oblique first Mack and traveling crossflow instabilities share identical receptivity
pathways: For slow acoustic waves, strong acoustic components are generated at the
leading edge through the synchronization mechanism and subsequently diminish. The
vortical components grow steadily throughout the receptivity process, resulting in a
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high-growth-rate non-modal growth phase of perturbations. After adjustments of
acoustic and thermal components, the linear growth occurs. While for vorticity waves,
leading-edge disturbances primarily consist of vortical components, arising from
interactions between vorticity waves, shock waves, and boundary layers. Acoustic and
vortical components go through adjustment in their shape, and thermal components
exhibit initial decay followed by recovery, resulting in a lower-growth-rate non-modal

growth phase. Ultimately, the linear growth phase commences.

The consistencies between oblique first Mack and traveling crossflow instabilities
are highlighted by their identical categorization as S modes, unified receptivity

pathways, shared vortical nature, and similar stabilization mechanisms.
6.2. Possible Directions for Future Work

The observations noted in this thesis encourage a future course of work in the

following directions:

® Further investigation into the relationship between the first Mack and

crossflow instabilities:

Chapter 5 demonstrates that oblique first Mack and traveling crossflow
instabilities share identical receptivity pathways, suggesting a common physical nature.
However, a critical issue remains unresolved, which concerns their divergent responses
to pressure gradients. Clarifying the underlying mechanisms could contribute to the
design of laminar control techniques within a unified theoretical framework.
Establishing the energy budget for their disturbance growth offers a promising pathway

to resolving this problem.

® Secondary instabilities of first Mack and crossflow modes:

The linear instability of these two modes has been analyzed in detail, while their
secondary instabilities and breakdown processes remain unexamined. As noted in
Chapter 1, previous experimental and numerical studies highlight the critical role of
these modes in boundary-layer transition. Considering their fundamental similarities,
the secondary instability of these two modes may exhibit analogous behaviors. These
parallels could establish a unified framework for predicting and controlling transitions

driven by these instabilities.

® Spanwise-uneven control strategies for first Mack modes:

Crossflow instabilities are efficiently stabilized by 3D biasing of the baseflow!!.
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The 3D biasing can be introduced by patterned roughness!!*¥l, localized pinpoint
suction®, and volume-force actuators!'?®l. Since the first Mack and crossflow modes
share similar physical properties, the effects of spanwise-uneven control strategies on
first Mack modes have not been systematically investigated.

® Combined control strategies for first Mack and crossflow modes:

Since the stabilizing mechanisms of wall blowing-suction, wall cooling-heating,
and grooves are clarified, combining these strategies becomes a viable option. For
example, groove cavities could simultaneously function as suction pores, potentially
enhancing the stabilization effect on crossflow instabilities. Further investigations on

combined control strategies are needed.
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