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Abstract

In this thesis, we develop two phase-field fracture models (PFFMs) to investigate:
(1) the mechanical failure mechanisms in all-solid-state batteries (ASSBs) using Landau-
Ginzburg framework, and (2) the fracture behavior of ion-exchange (IOX)-strengthened
cover glass using a variational framework. Although the phase-field (PF) method mitigates
the nonlinearity of crack propagation by introducing a diffusive interface and is compatible
with finite element (FE) solver, the standalone FE fracture simulations remain
computationally intensive. To overcome this limitation, we propose a numerical solver
acceleration, particularly through Al-accelerated FE framework, to enhance computational
efficiency. This approach offers a promising route for efficiently solving highly nonlinear
PFFMs in large scales and in multi-physical fields, eventually achieving quantitative

analysis to further guide experiments.

ASSBs are anticipated to achieve exceptional energy density and enhanced safety,
enabled by the direct use of lithium metal anodes and the suppression of dendrites through
solid-state electrolytes (SSEs). However, recent experimental studies have revealed
discharging-induced void formation at lithium/SSE (Li/SSE) interfaces and charging-
induced cracks within SSEs, both of which facilitate lithium penetration, finally resulting
in mechanical failure of cell. To address these challenges, we develop a high-fidelity
mechano-electrochemical model for ASSBs, particularly focusing on the coupled kinetics
of void and crack evolution. This model demonstrates that void growth results from lithium
stripping, driven by the disparate interfacial and bulk diffusivity of lithium. This process
results in nonuniform Li" distribution during electroplating, subsequently localized
interfacial damage zone, SSE cracking, and ultimately, lithtum plating within cracks. Our
findings indicate that while high stack pressures reduce void size, they do not prevent
cracking; in contrast, optimized lateral compressive stresses can effectively suppress SSE

fracture and inhibit dendrite formation.

Ion-exchange (IOX)-strengthened cover glass has become ubiquitous in portable

electronics due to its exceptional fracture resistance. However, establishing a quantitative
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relationship between residual stress profiles and fracture strength remains elusive, as the
experimental data are highly scattered due to the uncertainties in surface flaws severity. To
address this challenge, we develop a variational PFFM to systematically investigate the
fracture mechanisms and the stress-shielding effects of surface compressive stress (CS) on
pre-existing surface flaws. Our study specifically evaluates the strengthening effectiveness
of different combinations of surface CS and depth of layer (DOL) under compression,
employing both ring-on-ring (ROR) and ball-drop (BD) test. Simulations reveal that
surface CS plays a more dominant role in crack inhibition for ROR test; while for BD
scenarios, DOL emerges as the more critical parameter. These insights are illustrated

through comprehensive fracture strength contour maps and BD height analyses.

Numerical solvers for partial differential equations (PDEs) often face a trade-off
between computational efficiency and accuracy. Neural operators (NOs) offer a promising
avenue to accelerate simulations, but they are hindered by several challenges: the need for
large training datasets, error accumulation in dynamic settings, and poor generalization in
multi-physics scenarios. To tackle these problems, a novel hybrid framework is proposed,
which integrates physics-informed deep operator network (PI-DeepONet) with finite
element method (FEM) via domain decomposition. The core innovation lies in efficient
coupling FEM and DeepONet subdomains using a Schwarz alternating method, expecting
to solve complex and nonlinear regions by a pre-trained DeepONet, while the remainder is
handled by FEM. The Newmark-Beta time-stepping scheme is embedded directly into the
DeepONet architecture, substantially reducing long-term error propagation. Furthermore,
an adaptive subdomain evolution strategy enables the machine learning (ML)-resolved
region to expand dynamically, capturing emerging fine-scale features. The framework's
efficacy has been rigorously validated across a range of solid mechanics
problems—spanning static, quasi-static, and dynamic regimes for either linear elasticity or
hyper-elasticity—demonstrating accelerated convergence rates (up to 20% improvement
over traditional FE coupling approaches) while preserving solution fidelity with error
margins consistently below 3%. The validation in mechanics shows the potential of this

framework to further achieve high-fidelity multi-physical simulations.
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error between the converged solution at time step » = 4 and ground truth. The red-dashed
box contains: Columns 1-3 showing the evolution of u, in € for both coupling frameworks
at the same time steps, with column 4 displaying the absolute error relative to the ground
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Figure 6.5 Response in y-direction (u,) of the hyperelastic coupling model under quasi-
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FE-NO coupling (bottom row) at time step n = 0,2,4, with column 4 displaying the absolute
error between the converged solution at time step » = 4 and ground truth. The red-dashed
box contains: Columns 1-3 showing the evolution of u, in Q; for both coupling frameworks
at the same time steps, with column 4 displaying the absolute error relative to the ground
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Chapter 1 Introduction

1.1 Background

Throughout human history, fracture has remained one of the most prevalent failure
modes in engineering structures and materials. In modern manufacturing, while
technological advancements have enabled the development of novel materials and designs,

they have simultaneously introduced new and unpredictable fracture phenomena [1].

Though the material fracture can be found ubiquitously, the experimental study
presents significant challenges across both temporal and spatial dimensions. Temporally,
crack initiation and propagation occur at nanosecond (~ns) timescales, while spatially,
fracture constitutes a multiscale problem spanning from atomic-level (~nm) initiation to
macroscopic (~m) propagation [2]. These extreme spatiotemporal resolution requirements,
combined with the high costs of experimentation, make direct observation of fracture
processes particularly challenging. Furthermore, the inherent multiscale nature of fracture
and the unavoidable presence of randomly distributed microdefects introduce substantial
uncertainty and compromise experimental repeatability, thereby limiting the reliability of
experimental findings. Consequently, the development of highly accurate and
computationally efficient simulation methods has become essential for quantitative

analysis of fracture mechanisms and prevention of material and system failures.

Fracture mechanics, as a fundamental branch within solid mechanics, has been
theoretically studied for over a century, marking the beginning with the formulation of
Griffith's linear elastic fracture mechanics theory in 1921 [3]. The inherent strong
discontinuity and high nonlinearity of fracture processes pose great challenge in numerical
simulation. Furthermore, in realistic scenarios, the fracture process is significantly
influenced by various environmental factors, such as the Oxidation Assisted Cracking
(OAC) [4, 5], Hydrogen Induced Cracking (HIC) [4, 5], and stress corrosion cracking (SCC)

[6, 7], exhibiting the exponential growth of non-linearity in these multi-physical fracture
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systems. In fact, the corresponding partial differential equations (PDEs) to elaborate the
cracking mechanism in these systems can be derived without great efforts. However,
combined with the strong discontinuity, these multi-physical fracture problems present the
strenuosity in both mathematical description and computation: How to describe the multi-
physics induced cracking process within a sing PDE? And how to solve the governing

PDE:s accurately and efficiently?

It is found that the Phase-Field (PF) is an ideal framework to answer these questions.
By introducing a diffusive interface to quantitatively characterize interfacial evolution in
multiphase and multi-physics systems, the PF approach effectively regularizes the strong
discontinuity, thereby simplifying the mathematical formulation. Treating the crack region
as a specific phase, the PF method demonstrates remarkable capability in simulating crack

propagation while naturally incorporating various environmental factors.

Therefore, the phase field fracture models (PFFMs) are implemented in this thesis
to investigate the fracture mechanisms in industrial realities. A particularly critical research
focus is the solid-state electrolyte (SSE) cracking during electrochemical cycling in all-
solid-state batteries (ASSBs) [8], which is the key issue to hinder their way to
commercialization. We develop a mechano-electrochemical PFFM to quantitatively predict
crack propagation and demonstrate that surface strengthening offers an effective solution

to this challenge.

Among various surface strengthening techniques for inorganic nonmetallic
materials, ion-exchange (I0X) strengthening has emerged as a well-established and widely
implemented methodology [9]. The IOX process shows considerable promise for
enhancing SSE fracture resistance through the introduction of beneficial surface
compressive stresses. Despite its widespread industrial application in glass manufacturing,
quantitative tools for characterizing its fracture behavior under different compressive stress
(CS) profiles remain underdeveloped. To address this gap, we propose a novel PFFM
incorporating residual stresses, validated through standardized experimental tests, to

systematically investigate IOX-strengthened glass.



While PFFMs can be readily implemented within commercial finite element (FE)
software, their computational efficiency and accuracy remain constrained by two
fundamental limitations: (1) the stress singularity at crack tips necessitates prohibitively
fine meshes, and (2) extreme loading conditions often induce mesh distortion, leading to
solution inaccuracies or complete simulation failure. Mesh-free methods could be more
suitable for cracking simulation. However, conventional mesh-free methods, for instance

peri-dynamics [10], demands substantial computational efforts.

Many scientific machine learning (SciML) methods, which can also be regarded as
mesh-free methods in solving PDEs, have been utilized in solving fracture mechanical
problems. Among them, Deep Operator Neural Network (DeepONet) is recognized as the
most promising method due to its generalized prediction ability and fast inference after
pretraining. However, in large scale simulation, the standalone DeepONet requires huge
amount of computing resources for pretraining and introduces great inaccuracy, especially
in dynamic regime. To overcome the limitations and leverage the advantages of FE and
DeepONet, this thesis includes an Al-accelerated computational framework that
synergistically combines FE analysis with physics-informed DeepONet (PI-DeepONet).
Through domain decomposition, our approach selectively replaces only the highly
nonlinear regions in traditional FEM with PI-DeepONet, while retaining the FEM solver
in the remaining domains. This strategy effectively exploits DeepONet's nonlinear
mapping capabilities while avoiding large-scale implementation challenge, resulting in a
more robust, scalable, and computationally efficient simulation methodology. Another key
advantage of SciML lies in its ability to directly incorporate scarce experimental data,
effectively bridging the gap between physical experiments and numerical simulations. The
working flowchart of this thesis from experimental observation to Al-accelerated

framework is summarized in Fig. 1.1.
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Figure 1.1 Working flowchart of this thesis.
1.2 Objectives and Content outline

The primary research objectives of this doctoral thesis are delineated as follows:

(1) Establish a mechano-electrochemical PFFM within Landau-Ginzburg framework
to investigate the SSE cracking during electrochemical cycling, unveiling the
void-mediated fracture mechanism.

(2) Establish a residual-stress-existing PFFM within variational framework to study
the IOX-strengthened glass fracture, thereby deepening the understanding of its
fracture mechanism and enabling optimization of residual stress distribution
through critical parameter analysis.

(3) Establish an Al-accelerated framework by coupling the FE and PI-DeepONet,
significantly enhancing simulation efficiency and robustness while establishing a
platform for future PFFM integration.

The thesis is organized as follows:
e Chapter 2 presents a comprehensive review of the PF models from the

conventional PF model to the Landau-Ginzburg-based and Griffth-theory-
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generalized PFFM, the applications in SSE cracking and 10X strengthening
glass, and the state-of-the-art Al-accelerated methods.

Chapter 3 details the methodological framework for Landau-Ginzburg-based
PFFM in SSE cracking, the Griffth-theory-generalized PFFM in 10X-
strengthened glass, and the FE-neural operator (NO) coupling framework via

domain-decomposition.

Chapter 4 implements the Landau-Ginzburg-based PFFM to develop a
mechano-electrochemical model for all-solid-state lithium metal batteries
(ASSLMBs), which reproduces the void expansion in stripping, crack initiation
and propagation in SSE along with lithium penetration and finally unveils the

critical role of void in ASSLMBs’ mechanical failure.

Chapter 5 implements the Griffth-theory-generalized PFFM to investigate the
I0X-strengthened thin glass, illustrates the crack initiation and propagation with
different compressive stress (CS) profiles, and finally determines the most

optimal CS profile for fracture resistance and impact resistance, respectively.

Chapter 6 implements the FE-NO coupling framework with domain
decomposition to solve the mechanical problems for linear elasticity under static
loading, hyper-elasticity under quasi-static loading, and elasto-dynamic,
demonstrating the promising future of Al-accelerated in efficiently and robustly

solving highly non-linear problems.



Chapter 2 Literature review

2.1 Phase-field models

2.1.1 Conventional PF method

The PF method was originally developed for first-order phase transition description
by Langer in 1986 [11], addressing the fundamental challenge of tracking moving solid-
liquid interfaces. To distinguish the different phases and identify the interfacial regions, the
order parameter was first introduced by Landau and Khalatnikov [12]. For instance, in
solidification [13, 14], the order parameter ¢ varies continuously from 0 (liquid phase) to

1 (solid phase), with intermediate values (0 < ¢ < 1) representing phase interface.

The theoretical framework begins with the formulation of the system's free energy

F in terms of order parameter ¢ within domain Q:

]:(¢)=.[Qf(¢)+§(v¢)2+%gd(¢)da} 2.1)

Thus, this free energy functional can be divided into three distinct contributions in
order: bulk free energy density f, the gradient energy term, and the double-well potential.

Here, K denotes the gradient-energy coefficient, Wy represents the energetic barrier height

between two phases, and g, (¢) = (] — ¢)2 ¢’ vanishes at ¢=0 and ¢=1.

The bulk free energy density consists of the volumetric contribution of free energy
and the driving force for phase transition at the interface. Thus it does not contribute to the
interfacial energy at equilibrium between coexisting phases. In contrast, as demonstrated
by Cahn and Hillard 1958 [15], the gradient energy term is directly associated with the
interfacial energy. Regarding the expression gd(¢#), the double well potential remains
strictly positive within the interface region (0 < ¢ < 1). So, both the gradient term and
double-well potential contribute to interfacial energy yg , whose one-dimensional

expression is given by:



o 2w, P
ve=| {%(%} +7¢(1—¢) ¢ }dx (2.2)

The order parameter profile at equilibrium in one dimension can consequently be derived

[16, 17]:
s=1 l—tanh(ij 2.3)
2 26 '

The corresponding order parameter profile is shown in Figure 2.1. Notably, the PF model

yields a diffusive interface with a fixed width 6 = WL
¢
A Order parameter
——————— -1
0.5
0 >
Spatial
- ~ 8d -

Interface width in equilibrium coordinates, X

Figure 2.1 Order parameter profile at equilibrium of coexisting phases in one dimension [17].

Though the fixed-width expression of order parameter in Eq. 2.3 is derived without
considering driving forces, this characteristic fixed-width interface represents the most
fundamental and universal feature of PF model in both equilibrium and non-equilibrium
systems [16, 18]. Specifically, the order parameter exhibits a smooth transition from 0 to 1
across an interface of constant thickness, as illustrated in Fig. 2.2. By replacing the sharp
interface between two phases with a diffusive fixed-width interface, the PF method

eliminates the strong discontinuity, thereby mitigating computational difficulty. Unlike
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computationally intensive sharp-interface models that rely on explicit tracking
methodologies, the PF method with diffusive interface captures interfacial morphology
evolution without requiring additional assumptions [17]. Owing to these significant
strengths, the PF method becomes a natural choice to investigate the interfacial variations,

and it has been seamlessly extended in multi-phases and multi-physics systems [19].

Interface Interface
> < v
DA A
L
- — )
- \ =
> =
= 5
S >
> - >
Distance Distance

Figure 2.2 Diffuse interface (left column) and sharp interface (right column) [18].

By utilizing free energy in Eq. 2.1, two fundamental equations in PF models —
Cahn-Hillard (CH) and Allen-Cahn (AC) equations, can be derived to describe the phase

evolution with interfacial variations. The equations read:

CH equation: %9 =V:|M\V oF 2.4)
ot op

AC equation: %9 =-M, oF (2.5)
ot op

with the mobility My being a presumed constant. The CH equation is to describe the
evolution of conserved order parameters in phase separation process; a typical example is
the spinodal decomposition of alloys [20-22], as shown in Figure 2.3. Because of the
conservation property, CH equation has been extensively used in the ‘reaction-diffusion’
systems, achieving notable success in biological problems, such as tumor growth dynamics

[23, 24], cell mobility [25], and cellular aggregation [26].
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Figure 2.3 Spinodal decomposition of Mn-30 at. %Cu alloy at 300 °C from 1 min to 240 min. [27]

The AC equation, also known as time-dependent Ginzburg-Landau equation,
describes the non-conserved order parameter, which was first utilized in a
superconductivity theory [28]. The specific formulation in Eq. 2.5 was later established
within phase-field theory proposed by Allen and Cahn in 1977 [29]. This equation has
proven particularly effective for modeling order-disorder transitions in material systems.
The AC framework is subsequently extended to multi-phase systems by Fan and Chen [19]
establishing its utility for studying polycrystalline metal microstructure evolution [30]. The
equation’s versatility is evidenced by its successful application to diverse materials
phenomena, including: precipitation [31, 32], grain growth [19, 33], and martensitic
transformation [34-36]. The PF simulation of martensitic transformation is shown in Figure

24.
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Experimental EBSD map of lath martensite Simulated martensite microstructure

Figure 2.4 Martensitic microstructures in low-carbon steels: (left) EBSD orientation maps of a steel
containing 0.3 wt%C and (right) phase-field simulated microstructure with color map showing the 24
Kurdjumov-Sachs orientation variants [36].

In PF modeling, the CH and AC equations are often coupled to concurrently
describe the evolution of conserved and non-conserved order parameters within a unified
theoretical framework, enabling comprehensive simulation of complex interactions

between different physical quantities.

Over decades of development, PF modeling has emerged as a fundamental
computational framework for investigating multi-physics phenomena [37, 38], with
particularly successful applications in mechano-electrochemical systems. In these systems,
coupled PF models have been effectively employed to study various corrosion mechanisms
[39-41], demonstrating the PF method's capability to capture the intricate interplay between

mechanical deformation, electrochemical reactions, and microstructural evolution.

2.1.2 PF fracture models

PF methods have achieved remarkable success not only in material science but also
in computational mechanics, particularly in fracture mechanics [42, 43]. By treating cracks
as a specific phase, the PF approach enables the simulation of fracture phenomena through
a diffusive crack representation, thereby overcoming the fundamental challenges

associated with modeling discontinuities in conventional fracture mechanics. This
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innovative approach has led to the ongoing development of various PFFMs designed to
address diverse fracture problems [44-47]. PFFMs simulate crack initiation, propagation,
and branching through the minimization of a system’s free energy, expressed as an energy
functional. Based on their free energy formulations, PFFMs can be classified into two

primary categories: 1. Landau-Ginzburg-based PFFM; 2. Griffth-theory-generalized PFFM.

To overcome the difficulty in describing the singularity and discontinuity of cracks,
the continuum two-field fracture model was first proposed by Aranson et al. [48]. In this
continuum model, the order parameter is governed by pure dissipative dynamics derived
from the ‘free energy’ type functional, namely the Landau-Ginzburg type evolution. This
model successfully reproduced crack propagation and energy dissipation; however, it failed
to relieve the bulk strain and thus caused a logarithmic dependence of the crack opening
on the system size [42]. Additionally, discrepancies were observed between numerical
results and experimental observations. Inspired by solidification PF model [13, 49], a
PPFM based on the two-minimum Landau-Ginzburg equation is proposed by Karma ef al.
[42], referred to as Landau-Ginzburg-based PFFM in this thesis. Without any additional
prerequisites, the characteristic crack branching instability is achieved by using this

Landau-Ginzburg-based PFFM, as shown in Fig. 2.5 [43].

Figure 2.5 Contour of order parameter ¢ = 0.5 Crack branching[42].

Consistency with the conventional PF formulation enables seamless integration of
diverse energy into the total free energy functional of the system under investigation. This
characteristic allows the free energy functional to comprehensively describe order
parameter evolution under the influence of multi-physical driving forces. Consequently,
Landau-Ginzburg-based PFFMs provide a robust framework for addressing multi-physics
fracture phenomena, particularly material degradation under environmental attack, as
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reported in ref. [39, 50-54].

SCC 1is a typical multi-physical cracking problem, which involves complex
coupling between mechanical and electrochemical factors, as illustrated in Figure 2.6.
Kovacevic et al. [44] developed a mechano-electrochemical PFFM, whose fracture term
adheres to Landau-Ginzburg-based PFFM. Similar formulation of PFFM is also reported
in ref. [45], in which the HIC is quantitatively analyzed within the same PF framework.

]

1
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Figure 2.6 Experimental observation of SCC [55], schematic of SCC, and Landau-Ginzburg-based PFFM
result [44].

Despite the fact that the Landau-Ginzburg-based PFFM has been widely adopted,
it has certain limitations from mechanical perspective. Specifically, the length scale of a
crack is not introduced to regularize a diffusive crack, resulting in the omission of fracture
energy in the total free energy [56]. Additionally, the mechanical energy evolution violates
the physical laws; that is, the energy dissipation fluctuates with continuous crack growth
instead of increasing monotonically [57, 58]. To address these issues, Griffith-theory-
generalized PFFMs were developed to extend classical Griffith fracture theory through the
introduction of a length scale parameter for crack regularization [59, 60]. During crack
growth, these models ensure the strain energy decreases, fracture energy increases, and the

sum of these two energies continuously declines.

The theoretical foundation stems from Francfort and Marigo's variational
formulation of brittle fracture [61], which explicitly incorporates Griffith's fracture energy
Gc to quantify crack initiation and propagation. Introducing an auxiliary scalar s
continuously transiting between s =1 (intact material) and s =0 (full damaged material),
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Bourdin et al.[62] developed a regularized version of variational formulation. The fracture
energy term in total free energy is no longer strongly discontinuous; instead, there exists a
transition zone between the fully damaged and intact regions, of whose length scale is
controlled by parameter 1" . When Y0, the regularized approach can be recovered to the

original discontinuous variational approach in the sense of /-convergence[63].

By implementing the variational free energy proposed in ref. [62], Kuhn and Muller
[64] considered the cracking phenomenon as a phase transition and consequently derived
the Landau-Ginzburg-type evolution to describe the cracking process. However, due to the
lack of distinction between compression and tension in fracture mechanics, some
unrealistic crack patterns are obtained [62, 64]. Amor ef al. resolved these issues by
decomposing the elastic energy into volumetric and deviatoric components, ensuring that

crack occurs exclusively under tension [65].

The aforementioned PFFMs incorporating Griffith fracture energy G maintain
their evolution equations within the Landau-Ginzburg framework, reflecting the enduring
influence of conventional PF paradigms. A groundbreaking work by Miehe et al.[59, 60]
developed a thermodynamically consistent PFFM grounded exclusively in the continuum
mechanics and Griffith fracture theory [3]. In this Griffith-theory-generalized PFFM, the
order parameter ¢ (with ¢ = 1-5) possesses a clear physical interpretation for crack width
regulation, rather than merely smearing out discontinuous crack path (detailed
mathematical expression in Chapter 3.2). The sketch of a discrete fracture and the PF
representation in one dimension are shown in Fig. 2.7. with #(x) depending on the distance

from crack center.
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Figure 2.7 Sketch of a discrete fracture (top) and the PF representation (bottom) [66].

In their work [59, 60], the elastic energy is decomposed using the spectral
decomposition of strain tensor to simplify the calculations in PFFM; that is only principal
strains and their directions are involved. Given this simplification, Miehe’s model brings
about a highly non-linear stress-strain relationship [56]; the model’s expression is explicitly
illustrated in ref. [67], necessitating sophisticated algorithms for fourth-order isotropic
tensor operations [68]. The model's validity has been confirmed through fundamental

benchmark tests in purely mechanical systems [59, 60].

Subsequent extensions have successfully addressed various multi-physics fracture
phenomena, including: HIC [69, 70], SCC [71, 72], and electrode cracking [73, 74].
Compared to Landau-Ginzburg-based PFFM, a significant strength of Griffith-theory-
generalized PFFM is the straightforward implementation in three-dimensional simulations,
as shown in Fig. 2.8. Furthermore, the crack initiation, growth and coalescence can be
automatically determined through energy minimization. The complex crack interactions,
merging and branching of multiple cracks, are observed in dynamic mode of Griffith-

theory-generalized PFFM without additional efforts or presumption [57].
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n=140 ¢

Figure 2.8 3D realistic lithium electrode particle: evolution of the fracture order parameter ¢ contours for
n cycles [75].

Given the complex multi-physics coupling inherent in ASSLMBs, we employ a
Landau-Ginzburg-based PFFM to investigate solid-state electrolyte fracture during
electrochemical cycling. For the analysis of I0X-strengthened thin glass, we utilize a
Griftith-theory-generalized PFFM. The prior research of these two cracking phenomena is

systematically reviewed in the following two subsections, respectively.

2.2 Solid-State Electrolyte (SSE) Cracking

ASSLMBs represent a promising next-generation energy storage technology,
offering superior energy density and enhanced safety through the implementation of
metallic lithium anodes and non-flammable SSEs [76, 77]. Early optimism stemmed from
the Monroe-Newman conception [78] that SSEs with shear modulus twice that of lithium
could effectively suppress dendrite formation. This led to the expectation that developing
inorganic SSEs with ionic conductivity comparable to liquid electrolytes would enable
practical ASSLMB applications. However, despite significant advancements in
synthesizing highly conductive inorganic SSEs over the past decade, persistent lithium
dendrite penetration through SSEs continues to cause short-circuit failures. Hence, the
endeavor on lithium metal batteries (LMBs) returns to the lithium-dendrite problem.
Unlike conventional LMBs with liquid electrolyte, the mechanical failure mechanisms in

ASSLMBs are particularly counterintuitive, especially in systems satisfying the Monroe-
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Newman criterion.

How can soft lithium dendrites penetrate hard SSEs? Experiments revealed several
facts: (1) Li/SSE interface generally exhibit high impedance [79], (ii) current density cannot
exceed a critical value [80, 81], and (iii) lithium dendrites are observed to grow within SSE
cracks [81]. Based on these findings, several hypotheses have been proposed: (1) the
asperity contact between Li and SSE could increase the interfacial impedance and bring
down the critical current density (CCD) [80, 82], (2) the formation of solid electrolyte
interface (SEI) between Li and SSE could bring about cracks and dendrites, (3) the Li*
reduction could occur inside SSE [83], and (4) the void formation in a stripping process

could result in SSE cracks and Li dendrites in the subsequent plating process [81, 84].

Asperity contact can be attenuated by polishing SSE surfaces and applying a stack
pressure [85, 86]. Given lithium's yield strength range of 0.57-1.26 MPa [87], a stack
pressure of approximately 1 MPa should theoretically suffice to maximize interfacial
contact. Higher stack pressure leads to hydrostatic stress due to friction [88] and is
unnecessary; even worse, it may accelerate SSE mechanical degradation [89, 90]. When
properly optimized, stack pressure can bring about enhanced interfacial conductivity [90],
microcracks healing in SSE [91], and extended cycle life (> 200 electroplating-stripping
cycles) before mechanical failure [89]. However, the choice of stack pressure to avoid
mechanical failure of cells ranges from 0.1 MPa to 100 MPa [86, 92]. Many reported stack
pressure substantially exceed lithium’s yield strength, which is intended to force the flow
of lithium to mitigate the contact loss caused by void formation [93], that is, the initial Li-

SSE contact is not root cause of mechanical failure.

SEI is also an important factor that may either promote or prevent mechanical
failure. While SEI effects in liquid electrolyte systems are well-characterized [94], their
role in SSE-based cells remains ambiguous. Cheng et al. [95] investigated a LiPON-based
cell and revealed the formation of a dense passive SEI that prevented dendrite formation.
Sebastian et al. [96] compared LiioGeP2Si2 and LiosLaosTiOs and revealed that the

formation of electronically conductive Li-Ge alloy and titanates may promote dendrite
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formation. However, SEI-induced mechanical failure is unverified due to the lack of in situ
evidence. For example, the passive SEI of LigPSsCl, similar to the SEI of LiPON [95, 96],
cannot prevent SSE cracking and dendrite penetration [84], which is distinct from what

was hypothesized in [95].

Through a series of in situ experiments, Bruce and his collaborators [81, 84 ] unveils
a mechanical failure mechanism distinct from previously proposed concepts. Their work
[81] revealed that void formation during lithium stripping precedes subsequent dendritic
growth during plating. Utilizing in situ X-ray computed tomography (XCT), Ning et al.
[84] later observed spallation and cracks in an SSE (LisPSsCl) after plating above CCD.
More importantly, they found lithium in the spalled zone but not in the tips of cracks in the
early state of failure, i.e., cracks run faster than dendrites. Note that this mechanical failure
process indicates that vacancies and voids, which are inevitable in stripping-plating cycles,
are the root cause of mechanical failure. The question then becomes how to theorize this
mechanism, which could ultimately bring about a computational tool to predict and

optimize cell performances.

The complex multi-phase nature of ASSLMBs, with their migrating interfaces,
makes PFM particularly suitable for capturing the coupled mechano-electrochemical
processes. Yuan et al. [52] pioneered a mechano-electrochemical PFFM and introduced the
Faraday stress [97] to describe cracking. Such stress assumes that a crack tip is always
filled with lithtum during plating, leading to ultrahigh stresses (several GPa) at
dendrite/SSE interface when squeezing additional lithium. Later, Yuan ef al. [98] involved
the effects of stack pressure and grain boundaries in their PFM to simulate intergranular
and intragranular crack propagations, as well as lithium plating in grain boundaries and
cracks. However, these models assume direct SSE-to-lithium phase transformation, which
contrasts with the crack-outrunning phenomenon observed experimentally [84]. Zhao ef al.
[99] developed a PFM to describe void evolution during stripping, revealing significant
current density concentration at Li-void-SSE triple-phase boundaries. However, the
subsequent SSE cracking caused by this concentrated current density, as observed in [81,

84], has not been modeled.
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In this thesis, we developed a novel mechano-electrochemical multiple-phase
PFFM that explicitly incorporates with the key ingredients of void formation [81, 100] and
crack propagation [84, 101]. Using this model, several experimental findings can be vividly
reproduced enabling further study of parametric effects, in particular those causing
different CCD. Furthermore, it provides a platform for evaluating potential solutions to

SSE cracking and dendrite penetration challenges.

2.3 Fracture of lon-Exchange (I0X)-strengthened glass

The proliferation of portable electronics with touch screens has made thin cover
glass an essential component, providing both transparency and mechanical protection.
While the theoretical strength of glass reaches up to 16 GPa due to its strong ionic and
covalent bonding [102], its practical strength varies in a range of 10-100 times lower due
to the presence of Griffith flaws[103], particularly surface defects introduced during
manufacturing and handling processes [104]. To alleviate the impact of surface flaws, the
10X technology, started in the early 20™ century and industrialized after Kistler [105] as
well as Acloque and Tochon [106] in 1962, is employed to strengthen thin glass. This
strengthening effect stems from inducing CS of several hundred MPa in the vicinity of
glass surfaces [107] by replacing smaller host ions with larger foreign ions [108]. For
example, an alkali-aluminosilicate glass immersed in a KNO3 melt to exchange K" and Na*
can produce a surface bi-axial CS of 500-900 MPa [109]. It was demonstrated theoretically
[110] and experimentally [111] that this level of CS can make glass insensitive to surface

flaws, rendering an improved fracture strength.

10X strengthening has been widely used in the glass industry for decades [112, 113]
and has achieved great commercial success [114]. However, it is still obscure how to design
10X that can meet the increasingly stringent requirements of cover glass. For example, it
is unclear how the key indicators of an IOX process, namely surface CS and DOL under
compression, can be related to fracture strengths measured in various quasistatic loading
experiments and the impact velocity in BD experiments, let alone that experimental data

in these experiments are significantly scattered. This knowledge gap forces manufacturers
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to rely on empirical trial-and-error approaches for each IOX strengthening cover glass

product.

Numerous experimental investigations have been conducted to elucidate how
surface CS and DOL alter the fracture process of thin glass. These studies have led to
diverse understandings regarding the effects of surface CS and DOL. Based on ROR
experiments, Egboiyi and Sain [104] concluded that increasing surface CS was more
effective than increasing DOL in inhibiting a shallow crack, and vice versa for a deep crack.
Morris et al. [115] also observed the suppression of shallow cracks during Vickers
indentation when the indentation depths were less than DOL. In contrast, Li et al. [116]
observed radial cracks initiated from a shallow crack caused by a cube-corner indenter and
found that cracks initiated in an post-IOX glass more easily than in the pre-IOX glass
samples. Green et al. [117] asserted that the CS at the tip of the surface flaws was the most
effective factor in hindering crack propagation instead of surface CS or DOL. These
different views demonstrate the uncertainty of the glass fracture process under residual
stresses, especially given that the distribution and severity of surface defects in a glass
sample are generally unknown. IOX can reduce the sensitivity of glass to surface flaws but
cannot completely desensitize surface flaws. As a result, the strengths of post-IOX glass
samples are still widely distributed [108, 118, 119], and experimental investigations of
glass fracture in a residual-stress field are limited by these uncertainties. Therefore,
computational models of glass fracture are necessary to reveal the details of the fracture

process in post-IOX glass.

The fracture behavior of brittle materials has been extensively investigated over
several decades[120, 121], leading to the development of various numerical approaches,
including the extended finite element method [122, 123], peri-dynamics [10, 124],
molecular dynamics [125, 126], and Griffith-theory-generalized PFFM [59, 60]. Among
these, PFFM stands out as a variational approach that operates within a continuous
framework, replacing sharp cracks with a diffusive representation to circumvent the
mathematical and computational challenges posed by discontinuities [62]. The variational

structure of PFFM enables its seamless integration with multi-physics phenomena, such as
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electrochemical processes in solid-state batteries [51, 52, 99] or SCC [127]. Furthermore,
PFFM relies solely on energy minimization, eliminating the need for predefined crack
paths. So that the description of crack initiation, extension, branching, and multiplication
can be reproduced in the same theoretical framework without additional effort in defining
crack propagation paths or other strenuous strategies [57]. Given these advantages, PFFM
is particularly well-suited for quantitatively analyzing the fracture behavior of I0X-
strengthened glass. To our knowledge, Egboiyi et al. [118] pioneered the application of
PFFM to simulate ROR experiments for post-IOX glass sheets with pre-existing cracks.
Their model successfully predicted damage profiles and the influence of crack depth on
fracture strength. However, their analysis was restricted to small-strain theory, despite
experimental [128] and computational [108] evidence that thin glass undergoes large

deformation in ROR experiments.

In this thesis, we implemented Griffith-theory-generalized PFFM within a large
deformation framework to investigate both pre-IOX and post-IOX glass fracture with an
emphasis on the impact of CS distribution and DOL. We first calibrated our model against
experimental results, followed by a systematic examination of surface flaw effects in I0OX-
treated glass. Finally, we present contour maps that quantitatively relate surface CS and
DOL to fracture strength, as measured by ROR and BD experiments. These findings
provide critical insights for optimizing [IOX strengthening processes in industrial

applications.

2.4 Al-accelerated Solutions

Both Landau-Ginzburg-based PFFM and Griffith-theory-generalized PFFM are
formulated by establishing PDEs, for instance, the AC and CH equations given by Egs.
2.4-2.5. PDEs are foundational for modeling a wide range of scientific and engineering
phenomena. However, obtaining analytical solutions to these equations is often infeasible,
especially for complex or nonlinear systems. As a result, numerical solvers have become
indispensable tools. Achieving high accuracy with these solvers can be computationally

expensive, particularly when applied to multiscale and multi-physics systems. The
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accuracy of numerical methods is strongly influenced by mesh resolution — denser meshes
yield higher accuracy but incur significantly higher computational costs. Moreover, many
scientific and engineering applications — such as design optimization, sensitivity analysis,
and uncertainty quantification — require repeated solutions of these equations for different

parameter settings, further compounding the computational burden.

Surrogate models have gained significant attention for their ability to emulate high-
fidelity simulations at a fraction of the computational cost [129-132]. In the rapidly
growing field of SciML, deep neural networks (DNNs) are increasingly used as emulators
to analyze, solve, and optimize systems governed by PDEs [133-135]. These models are
typically trained on a finite set of labeled data, generated from expensive traditional solvers
such as finite difference methods, FEM, or computational fluid dynamics methods. Once
trained, these models offer fast and accurate predictions under varying initial conditions,

boundary conditions, system parameters, and geometric configurations.

Among these surrogate approaches, neural operators, which learn mappings
between infinite-dimensional function spaces, have emerged as a powerful class of
emulators [136-139]. However, neural operators often suffer from limited generalization
capabilities unless they are trained as heavily overparameterized networks [140-142].
High-dimensional systems require models with large trainable parameters to capture the
underlying physics, which can reduce their robustness and scalability. Additionally, these
models struggle with multiscale, multi-physics problems, where capturing complex
interactions across spatial and temporal scales is critical. They also tend to accumulate
errors over long-time integrations, making them less reliable for dynamic systems [143-

146].

While both traditional numerical solvers and DNN-based surrogate models offer
unique strengths, they each face fundamental limitations in scalability, reliability, and
generalization for large-scale, multi-physics problems. To overcome these challenges,
domain decomposition methods (hereafter referred to as DDM), long used to build parallel,

scalable solvers for PDEs-offer a promising framework [147-151]. Non-overlapping
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substructuring methods such as FETI (Finite Element Tearing and Interconnecting) [152,
153], BDDC (Balancing Domain Decomposition by Constraints) [154], and their
boundary-element coupled variants (BETI) [155, 156] have long provided scalable parallel
solvers for PDEs. These methods “tear” the global mesh into independent subdomains and
enforce continuity via Lagrange multipliers or primal constraints, yielding parallelizable
reduced interface systems. More recently, hybrid schemes that combine traditional FE
discretization with neural-network surrogates have emerged [146, 157-161]. For instance,
FEMIN [159] replaces large regions of finite element crash simulation meshes with neural
networks that predict interface forces based on kinematic data, thereby accelerating vehicle
crash simulations; DNNMG [160] uses neural networks to predict fine-scale corrections to
coarse finite element solutions, speeding up nonlinear FE calculations; and I-FENN [161]
introduces a framework that embeds physics-informed neural networks directly into the
finite element stiffness function to solve non-local damage mechanics problems at the
computational cost of local damage approach. These approaches typically replace or
augment parts of the FE solving with learned components, achieving orders-of-magnitude

speedups in certain regimes.

In this work, we present a DDM-based hybrid solver that combines traditional
numerical methods with physics informed operator learning-based surrogates to accelerate
simulations while preserving accuracy. While DDMs have been extensively employed in
SciML for data parallelism, model parallelism, and pipeline optimization, our work
introduces a novel framework that uniquely integrates pre-trained physics-informed neural
operators with numerical solvers, enabling seamless spatial coupling rather than merely
decomposing computational tasks. The core idea is to identify subdomains that are
computationally demanding, due to fine-scale features or non-linearities, and approximate
them using a DeepONet-based neural operator. The remaining regions, which can be
efficiently handled with coarser resolution, are solved using a standard numerical method.
The two solvers communicate via an overlapping interface using a Schwarz-type coupling
scheme to ensure consistency and continuity [162-164]. We first demonstrate the
effectiveness of this hybrid framework on a linear elastic system under static loading,

followed by a more complex quasi-static hyper-elastic problem. To handle dynamic
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systems, we incorporate a numerical time integrator-specifically the Newmark-Beta
method into the neural operator architecture [165, 166]. This integration significantly
mitigates error accumulation in longtime simulations, a known limitation of purely data-
driven models. Finally, we introduce an adaptive subdomain evolution strategy, where the
ML-based subdomain dynamically expands to capture emerging fine-scale features such
as stress concentrations, reducing the portion of the domain requiring costly numerical
solutions. This not only improves computational efficiency but also opens the door to more
autonomous and scalable multiscale simulation pipelines. Key innovations of our

framework include:

* Adaptive Coupling: A Schwarz alternating method facilitates efficient information
exchange between FE and neural operator subdomains through overlapping

interfaces, maintaining solution continuity while balancing accuracy and efficiency.

e Temporal Integration: A Newmark-Beta time-stepping scheme embedded within
the neural operator to significantly reduce the long-time error accumulation in
dynamic systems, addressing a key limitation of traditional data-driven ML

approaches.

eDynamic Subdomain Optimization: An adaptive algorithm allows the neural
operator region to grow in response to evolving fine-scale features (e.g., stress
localization), reducing dependence on dense mesh refinements and enhancing

overall performance.
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Chapter 3 Methodology

3.1 Landau-Ginzburg-based Phase-Field Fracture Model

The total Helmholtz free energy for F the mechano-electrochemical system can be

expressed as:
f = .[Q fda) =IQ fmech + chem + ﬁnt + elecda) (3 1)

where Q is the system domain, f represents the free energy density, f .. fuem JSix @0nd

S denote the mechanical energy density, chemical potential energy density, interface

energy density, and electric energy density, respectively. And the order parameters p and

concentrations ¢ are two sets of variables given by:

c, S G
—(p.p.p =il Qi Su 3.2
p {pl p2 p3} {Clref c;ef c;ef} ( )
c={c,nc,.¢,0,.¢, | 3.3)

note that p, , p, and p,, representing lithium, SSE, and void (or crack), respectively, can be

denotes the saturated concentration of the

i

- Cs .
equal to ¢, = —= withs e {Li Li",v,} where ¢/
C

species * in the corresponding phase 1. This treatment relates the order parameters p with
the concentrations of the main reactive species in the diffusion-reaction system. Hence, the
change of order parameters, rendering interface migration in the PFM, can be related to the
corresponding kinetic equations governing chemical reactions. In Eq. (3.3), we consider
two kinds of vacancies, i.e., vi and v2, respectively. The former is vacancies in SSE which
can merge to nucleate voids or diffuse into voids to make them grow. The latter only occurs
in Li/void interface that makes voids grow or shrink (e.g., through Li creep). Hereunder,

we write out the expressions for each energy density contribution.

24



The electric potential energy density can be expressed as:
Joee =F (¢SSEcLi+ —Pc,- +¢’Li/SSEcvl) (3.4)

where F, ¢, @,;, and @, are the Faraday constant, electric potential in SSE, in Li

electrode, and that in Li/SSE interface, respectively. For the vacancies in metal, previous

studies [167-170] point out that the charge on metal surface can influence the chemical

potential of vacancies. Thus, the charged vacancies constitute a part of £, . Because the

reactions referring to vacancies occur only in the Li/SSE interface, the relevant electric

potential energy density is proportional to @, . -

The interfacial energy density expressed as:

n=3 K )
S = Z(jWPJ j (3.5)

1

where K, are the gradient-energy coefficient of phase i. The chemical potential energy

density can be expressed as:

n=3

fon = Z(H,. p2(1- pi)2)+cu- (4. =RT)+c, RTIn(c, )+ eyl +c, 4 56

+e, RTIn (e )+c (1) —RT)+c RTIn(c, )+c, (40 —RT)+c,RTn(c, )

where the first term is the well-known double-well function to ensure the existence stability

for the phase. H, is the height of the energy barrier for each phase, R molar gas constant,
T temperature, and 4 the standard chemical potential. The mechanical energy density is

the strain energy considering crack propagation, which, according to Alain [42, 43, 171],

is expressed as:

foen () =8(P3)(E-E,)+E, 3.7)
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£ :E[se (p)(D(p)se (p))} (3.8)

where D:P( pl)DLi +P( ])2)D,SSE +P( p3)DVOid is the stiffness matrix involving three
phases in which the subscripts “Li”, “SSE” and “void” indicate the three phases,

P (x) =x (10 —15x+ 6x2) the interpolation function frequently used in PFMs [172, 173],

and ¢° the elastic strain. The function g(.) is defined as [42]: g(x) = (l—x)3 (1 +3x). In

an inorganic SSE, we assume volumetric chemical strains €™° due to the interstitial
insertion or depletion of Li*[174], along with the partial molar volume Q55 i.e.,
g™ = ™= (¢~ )1 (3.9)
Note that the concept of chemical strain €™ has been widely used in mechano-
electrochemical models [173-175], For example, Wan and Ciucci [174] described g™*
induced by Li" transport in LiPON, and Zuo and Zhao [175] simulated the cracking of an
electrode caused by €™, In addition, in solid oxide fuel cells, such a chemical strain, caused
by oxygen insertion and depletion, has been experimentally measured [176]. Following

these works, we introduce Eq. 3.9 to describe the mechanical response of an SSE in

conducting Li".

The total strain tensor € is obtained from a displacement field u as:

szw (3.10)

In lithium, the creep mainly affects its deformation [82], so the creep strain tensor &

is involved, i.e., €° = € - €'~ g™, The variation of & under a stress tensor o is governed by

a power law [177-180]:
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(3.11)

o _ Ac[ o, T édev(c)

2 o,

where A¢, om, Grer, and n are the creep parameters, von Mises stress, reference stress, power-
law-creep exponent, respectively, and dev(c) indicates the deviatoric part of the stress

tensor.

In ASSLMBs, we consider the following electrochemical reactions for a stripping

process:
Li>Li"+v, +e (3.12)
Li—>Li"+v,+¢ (3.13)

where v, and v, represent vacancies appear in the Li/SSE interfaces and the Li/Void

interfaces, respectively. Correspondingly, the electrochemical reactions for plating are

expressed as:
Li"+e +v, > Li (3.14)
Li"+e +v, > Li (3.15)
For stripping and plating, the reaction rates s and r, are, respectively, given by:

, ac .
}’;:—%:—C;Ef%:¢:c;ef% (3.16)
Ot ot ot Ot

oc,; 15 oc. . 1%
P L S Vi ) (3.17)
Pooot ot ot ot
Note that the reaction rates for stripping and plating only differ in the sign of convention;
hereunder we only give expression of 7s. Stripping is a kinetic process containing both

forward and backward reactions. The net reaction rate is expressed as:
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=T, — ey =k [exp{%] —exp {%J] (3.18)

where 7,_,, and 7,_, are the forward and backward reaction rates respectively, 5, 47,

and 1"

o are the excessive electrochemical potentials for the transition, initial, and final
states, respectively, and ko the kinetics constant. Eq. 3.18 is a modified form of the Butler-
Volmer equation, which has been widely adopted in phase-field modeling in the studies of

corrosions and oxidations [39, 177, 181].

The electrochemical potential, rationalized to be the functional derivatives of

Helmbholtz free energy with respect to the corresponding concentration, are expressed as:

5f int 1 1 dD 1 0
- — oty el — g ||+ 10 3.19
= e A g(za)[ ( W H w, (3.19)
oF oOF oOF OF
= =4
éc.. 6c_ oc, oc,
=RTln(ce,cLi+cvl)+,u;m—F(g0Li ~ Psse T Prissse ) (3.20)
int SSE 1 dg(p3) 0 0 0
=g (p) QT ()4 = (S ) A
3 3

1
— (Hip,- (1-p,)(1-2p,)- K,Vzp,») are the interfacial potentials with the

int
where 1, =

subscript i representing phase 1, 2, and 3. According to Bazant et al. [182], the transition
electrochemical potential can be expressed as a composition of excessive electrochemical

potentials pu7*and us*:
s = o™ +(1—a) 5" + RT In () (3.21)

where o is the asymmetry parameter, ars the activity for the transition state, and the

excessive electrochemical potentials can be defined as [182]:
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Therefore, for initial and final states the excessive electrochemical potentials are

respectively:

ex 1 el dD el 0
= e —e” ||+ 1. 3.23
H =8 (ps) 2c£eif { ( i ﬂ Hy; ( )

electrochem elastic fracture ( 3 2 4)

1= it

and these three terms can be expressed as:

electrochem __ F
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d
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& dp
Substituting Egs. 3.19, 3.20, 3.23, 3.24 into equation 3.18, assuming R7 >> 4™
[173] and RT >> 1", and applying the Taylor expansion, the net reaction rate can be

2

deduced as:

k y (l—a) ﬂex _uex
= 0 P tCXp (R} 2 )

Arg

a(us ")
RT

0 ( int int

o )

(1—0:)(#1"*—;4;") L M (3.25)

RT - (c@, .G, )exp

+—2| exp
TS




electrochem elastic

where 1" = 17 and 15* = 15 + 1

Note that the fourth term on the right-hand side of Eq. 3.25 is the contribution of
cracks, that is, the phase-field model based on the thermodynamics framework naturally
brings in the effect of Griffith (surface) energy on the chemical process. Considering that
a brittle SSE cracks under tensile stress, we require that the maximum principal stress o

must be positive to open cracks and that when the strain energy is larger than a critical

value, cracks can propagate. Hence, we introduce a function h,H (o,) ¥ (&) in Eq. 3.25,

where H(o;) and ¥ (£) are defined as:

1 ifo,>0 _tanh(&-&,)+1
H(G‘):{o ity <0 9 ()= 2

respectively. Note that cracks cannot be self-healed, that is, p3 can only increase in SSE.

This feature is realized by incorporating ‘¥ (cf ) .

Note that an advective term V( )2 Vadvective) is introduced into Eq. 3.26 governing

the evolution of p1. It accounts for the rigid-body motions [183, 184] as the centroid of the
Li anode should move towards or away from the SSE during stripping or plating under a

stack pressure. In addition, the creep of Li also leads to such a motion.

The Allen-Cahn equations [185] for the order parameters p and p, are expressed

as:
op,| &
—5 =§ =L (Hp,(1-p)(1-2p)-KV’p,)-L, (H,p, (1- p,)(1-2p,) - K,V’p, )
d c
1) A | (o[ ~%ea || (32
_LSs (H3p3 (1_p3)(1_2p3)_K3vzp3)+Lk1h12 (exp[$j_(06 cLﬁ cvl )CXP( OIZT/d jJ (3 6)

(1 — C() Ac/d — _aAC =
+L, s (exp [T - (ce, c..c, )exp T/d +V ( D,V advective )
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15/ 15
% :_aitz :le (H1P1(I_Pl)(1_2p1)—K1V2p1)—LSZ (H2p2 (1—p2)(1—2p2)—K2V2p2)
d c
I-a)A, - —al
10260 o o ] 027

dag(p

_LcthSH(O-I )M\P (5)(§ - gcr)
dp,

where L, is the coefficient to scale the contribution of the interfacial energy to the phase

migration for phase i, Ly is the coefficient to scale the contribution of reaction kinetics to

S . . . . 4p;p;
the phase migration for phase i, Ler is to regulate crack propagation rate in SSE, hy; = ;1;2]
1Fj

[186, 187] is to constrain the reaction in the interface of phase p;and p;, and A, denotes

the dimensionless reaction driving force for charge or discharge. These scaling terms are

expressed as:

L = K exp[(laxfulexﬂ;x)]

a RT (clref )2 RT

L-—* (e C_“)eXPLMJ

a.RT (clref )

L - k—o)z(gcwcj)exp{MJ

) aRT (cflc
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Aj=—A =
RT
Noted  that L, =Ly =Ly, Assuming RT >» ui* —p3* and  thus
(1-a)(uf=us\ _ Ly . .
exp (—RT ) ~ 1, we have L; = —CIefRT and determine L, based on experimental

results (i.e., Fig. 4.1(b)).
The lithium ions’ transport in the cell is described by the Nernst-Planck equation:

oc . D ,+F ap
—LU =V.ID Ve +—t—c (Vo)|-c— 3.28
8t |: Li Li RT Li ( ¢):| Li at ( )

where D_. =P(p,) D! +P(p,) D" +h;Dp. is the diffusivity of Li¥, in which D., D>"
and DE represent the diffusion coefficient of Li" in lithium (p1), SSE (p2) and the interface

between lithium electrode (p1) and void (p3), respectively.

The governing equation for the electric potential is the Gauss’s law:
V-(-££'Vp)=P(p,)p,, (3.29)

where &, = P( D )erL ‘+P (p, )85’ 4P ( p3)8rV ¢, &% is the vacuum permittivity, ¢, is the

relative permittivity, p . represents the volumetric charge density of lithium ions. Eq.

(3.29) is the Poisson equation with a nonzero charge on the right-hand side, that is, we
allow accumulation of charges due to a nonuniform ion transport. In doing so, the
depletion/accumulation of Li* caused by electrochemical reactions can occur. Note that

such a treatment is generally adopted in the models of ASSLMBs (e.g. [98, 174]).
Considering in a quasi-static regime, Newton’s second law can be expressed as:

V-6=0 (3.30)

32



where G represents the stress tensor.

To solve this multi-physical cracking problem, Egs. (3.26-3.30) are coded in a

finite-element solver (COMSOL Multiphysics). The parameters used in the numerical

simulation are listed in Table 3.1.

Table 3.1 Parameters used in the simulation of ASSLMBs.

H, the height of the model
W, the width of the model

R, ideal gas constant

T, absolute temperature

Dy, diffusion coefficient for Li* in Li

D i diffusion coefficient for Li" in LisPS¢Cl
D{.,, diffusion coefficient for Li* in Li/void interface
o, ion conductivity for Li" in Li

o™, ion conductivity for Li* in LisPS¢Cl

o, ion conductivity for Li* in Li/void interface

&', relative permittivity of lithium metal

& relative permittivity of LisPSeCl

., relative permittivity of void

Evi, Young’s modulus for lithium metal

100 um

50 um

8.314 J/(Kemol )
298 K

1 x107'° cm%/s

5 x10° cm?/s [188]
5x10” cm?/s
10* mS/cm
0.12 mS/cm

1.2 mS/cm

1 x10'2 [189]

2.5 x10° [189]

7.82 GPa[179]
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Erips.c1, Young’s modulus for lithium metal

v, Poisson’s ratio

L, coefficients to scale the contributions of the interfacial energy

Li= Li= Li/100, coefficients to scale the contributions of the

kinetics

L, coefficients to scale the contributions of cracks
a, asymmetry factor

7, interfacial energy density

i, interfacial thickness

F, Faraday’s constant

¢, reference concentration for phase 1(lithium metal)
c5", reference concentration for phase 2 (LisPSeCl)
Ae, creep parameter

n, power law creep exponent

oref, reference stress

22.1 GPa [190]

0.37 [190]
5.28x10” mes/kg

11/s

0.01 1/(s+Pa)

0.5

0.6 J/m*[181]

4 um

96483 C/mol
76400 mol/m>[191]
24146 mol/m> [192]
6.81x10™ 1/5 [178]
6.56 [178]

1 MPa [178]

3.2 Griffith-theory-generalized Phase-Field Fracture Model

We consider an arbitrary elastic body Q c Rd(d is dimension) with the boundary

0Q) and a set of discrete internal discontinuity denoted by I'. The total potential energy Y.+
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can be expressed in terms of the elastic energy density Y., fracture energy and energy due

to body force f and traction t, i.e.,
Viw = [, vo(e°(u).0)V + [ GdA~[ foudV —[ tudd  (331)

where €°, u, and G. are elastic strain tensor, displacement vector, and critical fracture
energy density, respectively. We then define a crack phase field ¢ € [0,1] with ¢ = 1
denoting cracked zones, ¢ = 0 for intact zones, and ¢ € (0,1) the diffusive interfaces
between cracks and the elastic body. Miege ef al. [60] introduced the crack energy density

function for diffusive cracks (i.e., ¢ € [0,1]), given by:
1 5 2
y(4.Vp)=—¢"+2|Vg| (3.32)
21, 2

where /y is a parameter controlling the thickness of the diffusive interface. In limiting

case of sharp crack topology, /, = 0[193]. Thus, the energy release caused by fracture

is approximated as [70]:

J.Gdd= | Gr(gvpur (3.33)

A thin glass sheet in ROR test undergoes large deformation. Hence, the finite strain
theory is employed and the total deformation gradient tensor Fg can be decomposed into
elastic deformation gradient F° and residual deformation gradient F' caused by 10X [75]
which is simplified to be the deformation gradient caused by volume change. Therefore,

we have the relations below:

F,=F.F (3.34)

F =(£,(D)+1)I (3.35.a)
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g, D<DOL
0 and D denotes the depth of the glass.

where £, (D) - {O otherwise

& :—((Fr ) F —1) (3.35.b)

€ =(F) & F +e (3.35.0)

We assume that glass cracking is only caused by tension. Hence, the elastic strain
energy is decomposed into tensile and compressive parts following the treatments
suggested in ref. [59]. To decompose the elastic strain energy, the elastic strain tensor €° is

decomposed as:

a1 (3.36)

where & and &’ are the tensile and compressive elastic strain tensors, respectively; & and

n, indicate a principal elastic strain and its direction vector. The operators (-), and (-)_ are

defined as: <>+ =%H and <>_ :_TH

With Eq. (6), the strain energy density can be decomposed into two parts:

l//e(ae (u))zt//; (se (u))+l//e’ (ae(u)) (3.37)
with
w! = %ﬂ.o <‘[1r(se )>j + ,uotr(si si)
: 2 (3.38)
Y, = 5/10 <tr(se )>f +,uotr(se_ -ai)
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where the Ao and po are Lamé constants.

In cracked regions, stiffness is reduced with ¢. This is described by a so-called

degradation function g(¢), given by [57]:
g.(#)=(1-k)(1-p) +k (3.39)

where £ is a sufficiently small and positive parameter to ensure that the numerical scheme
can be stable (i.e., stiffness tensors in the body Q are all positive-definite). In this work,

k=1x107 is adopted.

With the above treatments, the strain energy density can be expressed as:
v (e (u).0) =g, (#)we (& (w) +w (° () (3.40)

Using Egs. (3.31, 3.33, and 3.40), the total Lagrangian energy functional can be formulated

as:

L= é [ puzadV —[ Gy(aVe)dV —[ g(p)w: (& (u))+v. (¢ (n))dV
(3.41)
+[ foudy+| tudd

where p is the density of glass.

Letting the functional derivatives of L with respect to u and ¢ be zero (minimizing

the Lagrange), the corresponding equations of motion are given by:

Ve+b=pi in Q

21, (l_k)’//:
G

¢

2"’0(1_k)‘//:
G

¢

+1}¢5—15V2¢— in Q

o-n=t onodQ (3.42)
V¢g-n=0 ondQ
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oy, N oy,
og®  0g°

where 6 =g, (¢)

, and n is the outward normal vector on the boundaries, 0Q.

An irreversible condition is needed to ensure the crack cannot be self-healed.

Therefore, we define a history strain field / being the maximum of the strain energy

[194, 195], given by:

H (x,t)=max {l//: (x,s)}

s€[0,¢]

which replaces v in Eq. (3.42) and recast it as:

Ve+b=pi in Q
{210(1—@1{

¢

+1}¢—12v2¢— 21, (1-k)H
0 _T

c-n=t onoQ
Vg-n=0 onoQ

in Q)

With Eq. (3.36), the stress tensor ¢ can be derived as:

S [(1—k)(1_¢2)+k][/10 <tr(a)>+ I+2yosi]+/10 (tr(e)) T+2u,e

oe°

and the stiffness matrix (fourth-order tensor) D is obtained as[67, 196]:

D =% =4, {[(l—k)(l—¢2)+k]Hg <tr(s)>+[—[€ <-tr(8)>}J
+ 21, [ (1-k) (1= k| Z‘z 2, g‘zz

(3.43)

(3.44)

(3.45)

(3.46)

where H, () is the Heaviside function with H, (x) =1 when x>0and H, (x) =0 when

x<0, and J is a fourth order tensor defined in ref. [67]. To let D be well-defined, we

follow ref. [68] to modify the principal strains as follows in numerical realization:
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(1+5) ifeg =g,

3.47
&(1-6) ife, =g (47

—
Sh
Il Il
Y

with 6= 1x107 in this work.

To investigate cases with initial cracks I" and avoid the self-healing of these

cracks, the initial magnitude of strain history field Ho(x) = H(x, 0) may be predefined as:

G, (I_M] d(x,T)<l,

H, (x)=B{ 4, Iy
0 d(x,T)>1,

(3.48)

where d(x, I) is the closest distance from point x to the discontinuity I" and B is a scalar

[194] from 0 to 1000, and correspondingly, Ho(x) ranges from 0 to 1.

To solve this initial-boundary value problem, Eqgs. 3.43, 3.44, 3.46 are coded in
COMSOL Multiphysics. The parameters used in the numerical simulation are listed in

Table 3.2.

Table 3.2 Parameters used in the simulation of IOX glass.

E, Young’s modulus 68 GPa[197]

v, Poisson’s ratio 0.22 [198]

G., critical energy release rate 30 J/m?

lo, the length scale parameter 1 um

p, density 2.5 g/em3[199]
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3.3 FEM-NO coupling framework

This work focuses on solid mechanics problems under static, quasi-static, and
dynamic loading conditions. The governing equations for momentum equilibrium over a

computational domain Q are given by:
Static or quasi-static: Ve +f =0 (3.49)
Dynamic: Veo +f = pii (3.50)

where o, f, u and p denote the stress tensor, body force, displacement vector, and density,
respectively. To develop a physics-informed coupling framework, we integrate neural
operators — specifically DeepONet — with an FE solver. All FE simulations are carried
out using FEniCSx [200], an open-source Python-based FE platform. The FE models utilize
triangular meshes generated via Gmsh [201], and implement a first order continuous

Galerkin formulation [202] from Chapter 6.1-6.4.

DeepONet is employed to learn nonlinear operators that map between infinite-
dimensional function spaces defined over a bounded open set Q* c RP, given a set of input-

output function pairs. Let ¢/ and S be Banach spaces defined as:

U

{Qh: y >R}, ycR" (3.51)

S

{Qs: Y >R}, YR (3.52)

where U and S denote the spaces of input and output functions, respectively. The goal is

to approximate a nonlinear operator G: U/ — S via a parametric mapping:
GUxO->S or GoU—S,0€80, (3.53)

where O is a finite-dimensional parameter space and 0 represents the tunable parameters

(weights and biases) of the neural network.
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To construct a physics-informed DeepONet (PI-DeepONet), we embed the
governing Egs. (3.49) and (3.50) into the learning process to build static and dynamic
surrogate models. In PI-DeepONet, physical systems governed by PDEs are described
through multiple components: the PDE solution, forcing terms, and initial and boundary
conditions. By minimizing a composite loss function incorporating these components, we
learn the optimal parameters 0" to predict functions in S, conditioned on variations in U/ .
This capability to learn function mappings governed by PDEs makes PI-DeepONe a
powerful tool for building high-fidelity surrogate models.

We develop three distinct PI-DeepONet architectures — summarized in Table 3.3
— to handle static, quasi-static and dynamic regimes, as detailed in Chapter 3.3.1 and
3.3.2. The developed surrogate models are designed to be embedded into traditional

numerical solvers using a DDM approach, as illustrated in Chapter 3.3.3.

3.3.1 PI-DeepONet for static and quasi-static loading

In static or quasi-static cases, the governing equations are time independent,
meaning there is no inertia term, as shown in Eq. 3.49. We consider two material models
in this context: linear elasticity for small deformations and hyperelasticity for scenarios

involving large deformations.

For linear elasticity with infinitesimal strains, the strain tensor is expressed as:
1 T
£=E(Vu+(Vu) ) (3.54)

with the corresponding stress given by:
6 = Atr(e) I+ 2,8 (3.55)

Substituting Egs. 3.54 and 3.55 into Eq. 1, we obtain the standard FE formulation
[203]:

Ku
41
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where K and F are the global stiffness matrix and external force vector.

For hyperelasticity, we must account for large deformations within the framework
of continuum mechanics. In this case, the stress term in Eq. 3.49 is replaced by the first
Piola-Kirchhoff stress tensor, P1, which normalizes forces in the current configuration over

areas in the reference configuration. The key kinematic quantities are defined as follows:

F,=1+Vu, (3.57)
T

C=F'F,, (3.58)

I = tr(C), (3.59)

J=detF, (3.60)

where F, represents the deformation gradient tensor, C is the right Cauchy-Green
deformation tensor, I; denotes the first invariant of C, and J is the volume change factor
(determinant of Fy). In this work, we utilize the Neo-Hookean hyperelastic model with the

strain energy density function expressed as:
1 A 5
\|l=3,u0(11—3)+7ln(J )= 11, In(J) (3.61)

The first Piola-Kirchhoff stress tensor is then derived through:

oy

P=—" 3.62
) (3.62)

For both linear elasticity and hyperelasticity in static or quasi-static conditions, we
implement the conventional PI-DeepONet architecture as outlined in Table 3.3. This
structure comprises two fully connected neural networks (FNNs): one functioning as the
branch network and the other as the trunk network [137], as illustrated in Fig. 3.1(a). For
static and quasi-static loading scenarios, only the ‘Branchl’ network is utilized, while the

‘Branch2’ network shown in Fig. 3.1(a) is exclusively used for dynamic models. In the
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branch network (labeled ‘Branchl1’ in Fig. 3.1(a)), we use the Dirichlet boundary condition
upq as input functions from the space U. To ensure robust generalization capabilities, these
input functions are generated using the Gaussian Random Field (GRF) approach [136]. The
trunk network (labeled Trunk in Fig. 3.1(a)) takes spatial coordinates x € R as inputs,

where d represents the spatial dimensionality of the model.

By minimizing loss functions derived from the PDE residual loss and boundary
conditions, we determine the optimal parameters to establish accurate NOs for static
problems, which we refer to as static PI-DeepONet. The specific PDEs and boundary
conditions for linear elasticity and hyperelasticity are presented in Chapter 6.1 and 6.2,
respectively. The training methodology for static PI-DeepONet in both linear elasticity and
hyperelasticity contexts will be detailed in Chapter 3.3.2.

3.3.2 PI-DeepONet for dynamic loading

PI-DeepONet can be extended beyond static problems to model time-dependent
behaviors in structural dynamics by introducing time discretization in the trunk network.
However, this approach has demonstrated the accumulation of errors for the problem over
long time horizons [143]. To resolve the error accumulation issue, we propose a time-
marching framework, which is inspired by the Newmark-Beta method [204] (hereafter
referred to as the Newmark method for brevity), a widely-used time-discretization scheme
in FE analysis. This hybridization leads to a time-advancing surrogate model that leverages
concepts from numerical analysis, enabling the prediction of dynamic responses such as
displacement, velocity, and acceleration fields across space and time. In this section, we
formulate this dynamic PI-DeepONet, drawing on principles from FE solvers and

convolutional architectures to encode spatial information efficiently.

Neglecting damping, the semi-discrete elastodynamic equations over a

computational domain Q are expressed using the Newmark method as:

u' =u"" (1 y) Adi" + pAdE” (3.63)
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2
u' =u""+Am" +A7’((1—2ﬂ)ii"’ +2pii") (3.64)

Mii” + Ku" = F" (3.65)

where n — 1 and n indicate the previous and current time steps, respectively; u, i, and i
are the displacement, velocity, and acceleration vectors; At is the time increment; M is the

mass matrix; and y, f are Newmark parameters with typical values in the range y € [0,1],

b E [O,%]. To simplify, we use y = = % , resulting in:

0 =u" +§(ﬁ”’ +ii") (3.66)
2
w =u 4 A +A7tii" (3.67)

From Eq. 3.67, we can isolate acceleration, ii" as:

. 2 N 2 ..
=—(u"-u")——u" 3.68
Aﬂ( ) At (3.68)

Substituting this into Eq. 3.65 (assuming zero external force) yields:

2 2 . 2 .
M—+Ku"-M—u"" ——ua"" =0 3.69
( At ) At At (3.69)

2 . . . . .
Here, the term (M ol K ) is recognized as the effective stiffness matrix.

In standard FE methods, Eq. 3.69 is solved for displacement u”, with velocity and
acceleration subsequently updated via Eq. 3.66 and 3.68. Instead, we embed this equation
into the DeepONet architecture to form a time-marching PI-DeepONet. This modified
architecture introduces a second branch network (‘Branch2’ as shown in Fig. 3.1(a)), in

1

addition to Branchl. Branch2 encodes prior-step displacement u"' and velocity

1" Lacross the domain Q. To extract domain-wide features efficiently, multi-channel
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CNNss are used in Branch2, as shown in Fig. 3.1(a). CNNs not only reduce computational
cost compared to FNNs, but also naturally align with the local interaction principles of the
FE method-i.e., only neighboring nodes significantly affect computations at a given node.

We combine outputs from both branches (Branch1 FNNs and Branch2 CNN + FNNs) with

u . .
the trunk network to form two operators, G:l * and Gy Zy , for displacements in x- and y-

direction. It is noted that Ggl" and G: Zy , employ identical DeepONet structures but are

parameterized by separate weights and bias (01#02), allowing them to predict distinct ux
and u,. The network is trained by minimizing the residual and boundary losses, £,.; and
Lycs, to accurately learn displacement fields at each time step without needing to include

time in the trunk network.

A schematic of this architecture and the prediction workflow with numerical solvers
is shown in Fig. 3.1(b). The trained PI-DeepONet receives inputs from the previous time
step (red-dashed box) and current boundary displacements obtained from numerical solver
(green-dashed box) to predict the full-field displacement (orange-dashed box). Using
Newmark integration (green arrow), the velocity and acceleration are then inferred (purple-
dashed box), enabling recursive forward prediction. This work is the first to incorporate
classical time-advancing schemes into DeepONet, offering a novel route for hybrid time-
marching surrogate modeling. Moreover, this framework can be extended to other time-
integration methods such as the generalized-a method [205] or Runge-Kutta schemes [206].

The concept can also be adapted to construct fully data-driven, time-advancing DeepONet.
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Figure 3.1:Time-advancing DeepONet: (a) The DeepONet structure: Branchl is the branch network with
input functions of the Dirichlet boundary condition (1| 5o, Uy| 9o ) from square edges at time step 7; Branch2

for input functions of the displacement and velocity (uyq’, Uyjg » Vija'» Vyja ) over the entire domain Q at
time step n—1; Each branch net returns features embedding [bl’,b;,,,,,b;] eR? with i = 1,2 as output, and

their dot product obtains [b1,b,,...,b,]7; Trunk denotes the trunk networks taking the spatial coordinates (x,y)
€ Q as input, returning [#1,%,...,%,]” € R? as output. Two identical sets of branch and trunk networks are
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merged via two element-wise dot products to output two solution operators G; *and G:zy , predicting u;}| q and

Uy|q- Given the PDEs and boundary conditions, the residual loss (L) and boundary conditions loss (Lpcs)

are defined. The optimal parameters 0* are obtained by minimizing the addition of these two loss functions;
(b) Flowchart of integrating time-advancing DeepONet and Numerical solver in structural dynamics: the
green arrow denotes the Newmark method predicting process, blue arrow indicates NO prediction, the
orange-dashed and red-dashed box denote the output and input of NO, and purple-dashed box shows the
parameters needed for Newmark method.

From a mathematical standpoint, both static and dynamic PI-DeepONet

frameworks reduce to boundary value problems (BVPs) across spatial domains:

./\/'[s(x)](x):fd(x), ses, xeQ (3.70)
B[h(x)](x):gb (x), hel, xedQd (3.71)

where A and B are spatial differential operators, f7: Q@ — R is the driving force, g :

0Q — R“is the boundary condition with the dimension d. In this work, the driving force
(i.e., body force) is not considered, all the boundary conditions are Dirichlet boundary
conditions, and the mechanical system is 2 dimensional. Thus, the G(/4,0) can be

represented as:
G(h,0)={G(,.9,),G(x,.0,)} (3.72)

where u, and u, are x-displacement and y-displacement with 4 = (ux, u,). For simplification,
G(ux,01) and G(uy,02) are denoted as G:l *and G:Z Y. Consequently, Eq. 3.70 and Eq. 3.71 are

expressed as:

N, (Gy. Gy )(x)=0, xeQ, 0={6,,0,} <© (3.73)
N, (Gy,Gy )(%) =0, x€©, 0=1{6,,0,} €@ (3.74)
Gy’ (x)=s,(x), x€dQ, s={s,,s5,} €S (3.75)
Gy’ (x)=s5,(x), xedQ, s={s,,5,} €S (3.76)
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where N, and N, are the spatial differential operators in x and y-directions, respectively.

It is noteworthy that Eq. 3.73-3.76 are the loss functions of the PI-DeepONet and

can be defined as:

E(G) = .Cres(e) + Ch(:S(e)

NT NI
1 - Uy i 4 1 - Uy Uy i)
= 7 2 (GG GEI)" + 37 D (MG, G (%))’
=1 2 =1
Nb Nb
1 - i iV 1 - Uy 3 i
+ 3 2 (G 6) = 5(x))"+ 77 > (G ) = s(x,))

=1

(3.77)
i VY ) J\‘T{J : T __ AT b __ arb

where L, and L, are residual loss derived from Egs. 3.73-3.74 and boundary condition
loss derived from Egs. 3.75-3.76; NI, N5, NP and N2 denote the number of collocation
points and boundary points. By minimizing the loss function, the 8* = {07, 05} optimal

parameter can be obtained as:

0 =argmein(ﬁ) (3.78)

3.3.3 DDM and coupling strategy

We introduce a hybrid computational framework that couples a traditional FE
solver with a PI-DeepONet to enable efficient and accurate simulations of complex
physical phenomena. The coupling is achieved via a DDM approach based on the Schwarz
alternating method, which facilitates iterative information exchange across overlapping
subdomains in static and dynamic settings [146, 207]. To the best of our knowledge, this is
the first study to demonstrate the integration of a PI-DeepONet with an FE solver, forming
a cohesive FE-Neural Operator (FE-NO) architecture capable of simulating dynamic
physical systems. While we present the methodology in a two-dimensional (2D) context,

the approach is readily extendable to three dimensions.
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The computational domain QcR’ is decomposed into two overlapping

subdomains, ;and Qy, such that Q = Q; (J Qjand the overlapping region is defined as €,

= Q;NQy. Figure 3.2 illustrates the decomposition, where €;(gray + orange) is governed

by the FE model, and Qy(green + orange) is modeled by the PI-DeepONet.

We denote the interface boundary between subdomains as I'’r (blue line), the
external boundary of Qas T' (red line), and the external boundary of Q;as T (yellow
line).

Two configurations are considered in this work: Figure 3.2(a) corresponds to the
static and quasi-static settings involving linear elastic and hyperelastic materials, where Qy;

is circular. Figure 3.2(b) depicts the dynamic setting involving elastodynamics, with a

square-shaped Q. Importantly, this framework allows € to assume arbitrary geometry,

even in cases where the interface I lacks smoothness (i.e., I';' € C' (R) as shown in the

dynamic case.

l—‘(l)lll
QI
ry
€, ) i
| Q, =Q,NQ, «mmeeefreees
Iy =T,
(a) (b)

Figure 3.2 Schematics of DDM: Q;denotes the gray region and orange region, Q;;denotes the green region
and the orange region, (€,) is the overlapping region in orange. ['?" (yellow lines) and ') (red lines)

denote the outer boundary of Q;and Qy, respectively. I} = F’I’I' (blue lines) is the inner boundary lines for
both Q;and Q.

The algorithm of the Schwarz alternating method at the overlapping boundary in

quasistatic or dynamic mode is illustrated in Algorithm 1. The core of the coupling strategy
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lies in the Schwarz alternating method, outlined in Algorithm 1. At each iteration, the FE
and NO models alternately solve their respective subdomains. Each solver uses the most
recent interface data from the other, which ensures consistency and continuity across the
overlapping region. Relaxation parameter (denoted as p,) is introduced at the interface to

stabilize the iteration and accelerate convergence.

Algorithm 1: Schwarz alternating method at overlapping boundary in the coupling
framework

1 Initialization: Set u%, = 0 in ©;; and u%.,; = 0 in Q;
2 Main loop:
3 forn=10:n.,., — 1 do:

4 Set j =0, and ¢ a critical value

5  while 5 = 0 do:

6 j=7+1

7 Model FE:

8 1. Receive the interface information 1l|r:'~§n_ ' from Model NO and uﬁ';f::[l

from the external soureces.

9 2. Solve uﬁ{f bascd on the boundary conditions.

10 3. Obtain the u™ at T'9}" and pass it to Model NO.
11 Model NO:
12 1. Receive the interface information 1.1?}"‘,:1;}.I from Model FE.
13 2. Solve WLfl';.‘fr , based on the boundary conditions and obtain u'l':';:j,;.
14 3. Calculate the relaxation formula: ﬁﬁ‘,;:_,} =(1—- pr}uT:‘,;}} 4 p,.u"lr;‘j:_,,;

and pass it back to Model FE.

15 If [lug — “Ei’,_l”-‘ﬁ + g — uﬁ‘ﬂi_lnf_z < ¢, end while
16 End for

In static problems, time stepping is unnecessary and only the inner iteration loop is

executed. The convergence criterion is defined by the L? norm of successive iterates:

2 — n,j _ g n,j=1 o gqged 1
L error Hulgl u

n,j
Ug, ~Uq,

L+ (3.79)

LZ

Once convergence is achieved, the solutions are assembled for each subdomain at

time step n, as:

ug, =ug (3.80)
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u, =ug (3.81)

This results in a global solution ujgover the entire domain. The Schwarz method,

long used in classical DDM for PDEs [208], proves equally effective in this hybrid FE-NO

context.
3.3.4 Expansion of ML-subdomain in dynamic simulations

A key objective of the FE-NO coupling framework is to accelerate the simulation
of complex mechanical systems, particularly under dynamic loading conditions. In many
such problems, the regions requiring the most computational effort evolve spatially and
temporally throughout the simulation. For example, during crack propagation, the highest
stress and computational intensity is localized near the moving crack front. As the crack
advances or branches, the surrogate model must adapt accordingly to maintain efficiency
and accuracy. In such cases, one needs to either shift the ML-subdomain to the desired

location or to adaptively expand its size.

To address this challenge, we propose a strategy for ML-subdomain expansion,
which enables the PI-DeepONet to follow and encapsulate the most demanding
computational regions during the simulation. This is achieved by expanding or
repositioning the PI-DeepONet subdomain dynamically, replacing the original region with
a larger or differently located one as needed. Initially, only a small region-typically centered
in the domain-is modeled by the PI-DeepONet, as shown in Fig. 3.2. After a certain number
of time steps, this region may be expanded to include more area of interest, such as a
propagating crack tip. As illustrated in Fig. 3.3, two DeepONet subdomains are combined
to form a larger surrogate domain. To efficiently train the PI-DeepONet for the expanded
subdomain, we apply transfer learning [208] by fine-tuning only the trunk network of the
original PI-DeepONet while keeping the branch network fixed (frozen). These DeepONet
models are used in parallel to model the extended region. This dynamic strategy maintains
high accuracy while reducing the burden on the FE solver, which continues to handle the

remainder of the computational domain.
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Figure 3.3 Schematic of adaptive DeepONet subdomain expansion: (a) Qf is the FE domain (gray region)
with a central hole representing the initial DeepONet region. (b) Two PI-DeepONet regions Qf, and QF,
(green squares) are activated and combined to cover a larger area. The yellow area represents their overlap.
(c) The full domain showing the overlapping region (orange) between the FE domain QF and the union of the
expanded DeepONet domains.

The underlying algorithm follows a similar structure to the Schwarz alternating
method introduced earlier (Algorithm 1), with the main difference being the multiple
DeepONet regions that must be synchronized. These DeepONet models are treated as a
combined surrogate system, exchanging information with each other and with the FE solver.
The modified Schwarz algorithm is outlined in Algorithm 2, where the inner iteration
handles FE-NO coupling and an additional layer handles synchronization between the two

NO regions.
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Algorithm 2: Schwarz alternating method for multi-region DeepONet coupling

1 Initialization: Set u%,, =0 in QF,, u%5, = 0 in O, and ul., = 0 in
2 Main loop:
3 forn =0: N, — 1 do:

4  Sct 7=0,k=0, cand ¢ the critical valucs
5 while 7 = 0 do:
6 j=7+1
7 Model FE:
8 1. R('-: c1ve the interface information u| I - ! from Model combined NOs and
uII o tr(;-m the external sources.
9 2. Solve u If »» based on the boundary conditions.
10 3. Obtain the u™ at F;f;::w and pass it to Model combined NOs.
11 Model combined NOs:
12 while k£ > () do:
13 E=k+1
14 Model NO1:
15 Ifn=0,7=0k=0do:
16 1. Receive the boundary conditions of Model NO1 from interface
. . n,j.k
information u] L fm obtained in Model FE; and assume u%", = 0.
| inner | inner
17 Else do:
18 1. Receive the boundary (’01‘1ditionﬂ; of Model NO1 from interface
19 information u“ w3 and u” g J ! obtained in Model FE and Model
inner | inner
20 NOZ2, respectively.
21 2. Solve urni basced on the boundary conditions and obtain ullf,( 2
i EFETLET
22 and pass it to Model NO2.
23 Model NO2:
24 1. Receive the interface information ullﬁm from Model FE and
ATETRTLET
gk
25 u f“ from Model NO1
|1 inner . 1 . ;c I
e+ TS - +
26 2. Solve u ;}f hased on the boundary conditions, then obtain uln' T
I inner
27 and pass 1t to Model NO2.
7,3,k n,j.k—1 ngk _n,gk— N 1 - .
28 If lugh —wg e + lug Lo "Iz < ¢, end while, obtain the
boundary conditions u‘lﬂ‘-f-',, and pass it to Model FE.
‘IL,j k n,j— ‘n. =1,k . T
29 If |jug ulﬂ; u'oa,,, Iz < ¢ end while
30 End ior

To ensure consistency between the FE and ML subdomains and among the ML

subdomains themselves, we define two L?-based convergence metrics:

LZ

», measures convergence between the DeepONet subdomains:
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n,j.k _ o on,j.k=1
‘Qll ‘QII

ko mjk-l
(I 1y

+[u (3.82)

LZ‘

1}:\

P

LZ
Lf,z evaluates convergence between the combined DeepONet region and the FE domain:

n,j.k n,j—1.k
u —us5
1, UQy, 1€, UQy;

(3.83)

r ‘ r

Convergence is achieved when both L3, < eand L;, < €. The final solution at

time step n across all three subdomains is then defined as:

ug, =ug” (3.84)
u, =ug” (3.85)
wo,, =g, (3.86)

The global solution u|"Q is assembled by stitching together these subdomain

solutions. In this work, we manually expanded the ML subdomain to demonstrate the
feasibility of adaptive surrogate integration. In future work, we aim to develop a fully
automated scheme that dynamically expands the ML subdomain based on parametric
thresholds derived from physical or error-based indicators. Furthermore, we demonstrate
the method using two DeepONet subdomains; however, the strategy naturally extends to
more regions. By incrementally activating and repositioning DeepONet subdomains during
simulation, the surrogate model can continuously track and adapt to evolving regions of
interest. Additionally, due to the interchangeable roles of the FE and DeepONet solvers,
the PI-DeepONet region can be translated across the domain as needed, allowing dynamic
redistribution of computational resources. This adaptive strategy offers a powerful way to
accelerate large-scale simulations without sacrificing accuracy-enabling simultaneous

model refinement and physical prediction throughout the simulation.
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Table 3.3 PI-DeepONet architectures for different material models.

Model Branch Net Trunk Net Activation
Linear Elastic [200 x2, 100 x4, 800] [2, 100x4, 800] tanh
Hyper-elastic [200 X2, 100 x4, 800] [2, 100x4, 800] tanh
CNN + [822x4, 256, 800]
Elasto-dynamic [2, 1004, 800] tanh

and [82x4x2, 100 x 4, 800]
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Chapter 4 Void-Mediated Cracking and
Lithium Penetration in ASSLMBs

4.1 Modelling and validation
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Figure 4.1 Numerical model and experimental verification: (a) left: the voids in Li/LicPSsCl interface
obtained in Bruce’s experiments [81]; right: The schematic for the model, blue arrows represent the stack
pressure, the red line denotes the fixed boundary, and the green lines for periodic boundary, the radius of
semicircle region for void is R, in discharging case and stack pressure at SMPa and 10MPa, R=5 um, in
charging case, R=10 pm; (b) current density, jo versus applied voltage Vappiy for experiment and simulation
respectively, and the inset figure shows jo versus time for applied voltage at 20 mV and 2 mV; left figures in

(c) (d) are the cracks after plating observed by Ning et al. [84], right figures in (c)(d) are the cracks obtained
in our simulations.
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We consider a multiphase system comprising lithium metal (p1), SSE (p2), and
voids (p3), where pi represents the corresponding phase-field order parameter. The
constraint p;1 + p2 + p3 = 1 holds at every material point, allowing for complete
characterization of pure phases, lithium (p; = 1), SSE (p> = 1), void (p3 = 1), as well as
interfacial regions (0 < p; < 1). In the case of a three-phase mixture, besides interfaces, it
can also be a damaged area in SSE with some microcracks partially filled with lithium or
a lithium zone that has been partially stripped, leaving vacancies. To quantitatively
describe the evolution of this complex microstructure in this multiphase system, we
assumed diffusive interfaces instead of sharp interface to evade mathematical difficulties
in dealing with discontinuities [175]. Within a PF framework, the diffusive interface
thickness remains constant and is determined by the gradient energy density and a double-

well potential, as expressed in Eq. 2.3.

In the concerned electrochemical system, there are two categories of phase
transformations. First, the electro-stripping or plating of lithium leads to the migration of
Li-SSE interfaces, which is described by the competitive processes of electron loss and
gain; this can be described using the Butler-Volmer (BV) equation [173, 181]. Second,
cracking leads to separation of material, which can be regarded as the enlargement of the
void phase. This is a one-way process; that is, a cracked SSE cannot be self-healed in a
mechano-electrochemical process. To enforce the thermodynamic irreversibility of
fracture in this mechano-electrochemical system, a special Heaviside-like continuous

function H(oy) is introduced in the equation governing crack propagation. Since voids or
cracks are designated by ps3, the employment of ‘¥ (f ) is to ensure monotonic increase of

p3 in SSE.

The derivation of the governing equations is detailed in Chapter 3.1 and consists
of four components: (i) generalized AC equations derived from the BV equation [181] with
an advective term dealing with rigid body motion [183], (ii) Nernst-Planck equations
describing ion transport, (iii) equilibrium equations governing mechanical deformation,
and (iv) Alain’s fracture term in PFFM [209], which activates crack propagation when the

strain energy exceeds a critical threshold under tensile stresses. This coupled formulation
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provides a comprehensive framework for simulating the complex interplay between

electrochemical processes and mechanical degradation in ASSBs.

Let us exhibit some of the results based on the numerical model shown in Fig. 4.1(a).
This numerical model represents a small area near a Li/SSE interface referring to the
experimental result presented in [81], which is captured on the left in Fig. 4.1(a). The model
dimensions are 50 um in width (W) and 100 pm in height (H), containing a semicircular
void (radius R =5 pum) in the lithium anode. A uniform stack pressure of 1 MPa is applied,
as indicated by the blue arrows. The bottom (red line) of the SSE model is mechanically
fixed (no vertical displacement) and set with a constant Li" concentration to absorb or
provide the flux of lithium ions during discharging or charging, respectively. The latter
setting is to ensure the bulk electroneutrality of the SSE. The two sides (green lines) are
periodic boundaries. It is noted that the problem has been simplified to be two-dimensional
(2D), representing a cuboid with thickness several times larger than the width, thus
satisfying the plane-strain assumption in solid mechanics. This simplification can stand
considering that the actual ASSLMB system is much larger than the numerical model. On
the other hand, the 2D model can reveal most of experimental phenomena, and thus, suffice

to study parametric effects.

Model calibration was performed through current-voltage characteristic matching,
as shown in Fig. 4.1(b). After removing the void and adjusting parameters within
experimentally reported ranges [81], the simulated charging behavior agreed well with
experimental measurements. The inset in Fig. 4.1(b) demonstrates two simulation results
of the time-dependent current densities under applied voltages of 2 and 20 mV,
demonstrating stable current densities in the absence of mechanical failure. After
calibration (calibrated parameters are listed in Appendix A.2), the semicircular void is
introduced in the lithium and applied voltage V' is gradually increased. Notably, charging
and discharging voltage merely differ in sign, and our description in this section focuses
solely on the magnitude of V. In charging, at V=40 mV (corresponding to the applied
current density of 40 A/m? based on current density-applied voltage relation shown in Fig.

4.1(b)), two successive cracking morphologies of SSE at the simulation time of 0.8s and
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1.1s are captured by the numerical model, as shown in Fig. 4.1(c, d), respectively. It is
found that the SSE is damaged (i.e., with nonzero p3) initially near the interface, then
fractured with a main crack propagating toward to the cathode and a transverse crack
parallel to the Li/SSE interface as shown in Fig. 4.1(d). These two typical cracks are both
caused by the non-uniform ion transport near three-phase points, leading to large stresses
over there. These results are consistent with the in situ experimental observations from [81],
which are shown on the left-hand side of each simulated result for direct comparison. These
results let us have the confidence to further investigate the mechanical failure mechanism

of ASSLMBs and suggest methods to improve the stability of SSE.

4.2 Voids induced by stripping

The simulation results confirm that stripping-induced voids (Fig. 4.1(a)) constitute
the fundamental cause of SSE cracking during high-voltage or high-current charging.
While the origin of these voids and the effectiveness of stack pressure remain subjects of
debate [93, 210, 211], our phase-field model provides new insights into these
phenomena. It has been argued that the transport of lithium along free surfaces can be
faster than that in the bulk [97], causing void growth in stripping. The model incorporates
a diffusivity ratio (DR) between lithium transport at free surfaces (Li/void interfaces) and
within the bulk anode, enabling detailed investigation of void evolution during stripping.
In particular, it also allows the quantitative examination of how stack pressure can affect

the voids.
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Figure 4.2 Void’s evolution in discharge process with stack pressure at IMPa: (a)(b)(c) and (d)(e)(f) are the
morphology and lithium ions concentration respectively at 1s 5s and 7s.

Figure 4.2 presents the void evolution during stripping under a potential of 40 mV
and stack pressure of 1 MPa, assuming an initial semicircular void (R =5 pm) and DR =
100. It is noted that the results demonstrate void growth during stripping, with lithium creep
under stack pressure deforming the void into a "straw hat" morphology, consistent with
previous findings [99]. The streamlines in the upper panel of Figs. 4.2(a-c) indicate the
displacement of lithium under the stack pressure, which tends to fill the void. The
expediated surface diffusion and creep under stack pressure are the competing mechanisms,
achieving a dynamic equilibrium that stabilizes the void size after initial growth. It is

evidenced by the unchanged geometry between the 5™ and 7 seconds in Fig. 4.2.

The stabilized void size depends critically on DR, stack pressure, and the initial
size. Our analysis shows that DR > 1 inevitably leads to transient void growth during
stripping (see Fig. A.3 in Appendix A.3 for cases of DR =5, 10, 50); while even DR =1

cannot completely eliminate preexisting voids under stack pressure. Voids initially form at
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the Li/SSE interface either as inherent defects or through accumulation during stripping
processes, with subsequent coalescence leading to larger void structures. Therefore, in
experiments voids of different sizes were observed. This mechanism explains the
experimental observation of voids with varying dimensions. When subjected to substantial
stack pressures (1 MPa), the voids develop a characteristic straw-hat morphology. The
merging of these deformed voids likely accounts for the flattened, oval-shaped voids of
significant size documented in reference [81]. In experimental settings, researchers have
employed elevated stack pressures to leverage lithium's viscoplastic creep behavior at room
temperature, aiming to minimize void formation and enhance Li-SSE contact. However,
such high pressures merely modify void geometry through flattening rather than complete
elimination. Furthermore, this approach may inadvertently increase susceptibility to
cracking. A detailed examination of these critical issues will be presented in subsequent

sections.

Figures 4.2(d-f) show the Li+ concentration distribution at 1, 5, and 7 seconds,
revealing maximum concentration at the three-phase points due to enhanced Li" transport
and electrochemical reactivity at Li/void interfaces. These excess Li* ions, existing as
interstitials in the SSE lattice [212, 213], induce the local chemical expansion [177] and
high strain energy in the SSE. Interestingly, the strain energy density is not the highest in
the region next to the three-phase point, though Li" concentration maximizes there. Instead,
the highest strain energy density occurs in the middle between the two three-phase points.
During stripping, the local chemical expansion leads to compressive stresses from the
constraint of surrounding SSE; hence, the crack of SSE is absent in stripping, aligning with
the experimental results in Ref. [84]. Conversely, the plating process reverses these effects,
creating tensile stresses ( o7 > 0) at void/SSE interfaces that ultimately lead to crack

nucleation.

4.3 Embryo and extension of cracks in plating

The numerical simulations corroborate experimental observations that crack

initiation and propagation precede lithium dendrite formation, as demonstrated in Fig.
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4.3(h). During charging, lithium-ion depletion near void edges generates substantial tensile
stresses at the void/SSE interface, ultimately inducing crack formation. Subsequent lithium
deposition occurs on crack surfaces, with high stack pressures further squeezing lithium

into cracks.
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Figure 4.3 Cracks and dendrites’ formation and evolution in charge process with stack pressure at | MPa:
(a) the initial morphology at Os of cell; (b) the relation between the crack length in SSE (LisPSsCl) versus
time for crack 1 and crack 2 at 2.5s noted in inset figure, respectively; (d)(e)(f) are the order parameters (p1);
(g)(h)(i) are the order parameter of lithium (p1+2p3), (j)(k)(1) are the dimensionless strain energy distribution
(&&y) at 0.8s and 1.5s and 2s.

We first consider the stack pressure of 1 MPa, applied a charging voltage of 40 mV,
and critical strain energy & = 6 MJ/m?® (corresponding to the mode-I fracture toughness
Kic = 0.22 MPa-m®, cf. Appendix A.1 Fig. A.1 for the correspondence) with the initial
morphology (void radius R = 10 um) shown in Fig. 4.3(a). The cracking depth versus time
are depicted in Fig. 4.3(b) with the final cracked SSE morphology in the inset Figure 4.3(¢).
As shown in Fig. 4.3(b), the competition of two cracks nucleated from the two three-phase
points, where only one develops into the dominant crack propagating toward the bottom

(or cathode), as its advancement effectively releases strain energy and suppresses the
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competing crack to further propagate. These asymmetric cracks generation results from the
use of triangular meshes, introducing inherent asymmetry and minor geometric
imperfections. These initial irregularities, combined with the inherent instability of the
cracking process, result in slight differences in early crack growth. Given the unfair strain

energy release feature, only one crack unceasingly propagates.

The evolutions of order parameters pi (lithium), pi1+2p3 (lithium and void), and
dimensionless strain energy are presented in Fig. 4.3(d-1). In the simulation, lithium plating
is manifested by the migration of three-phase points where lithium ions can be reduced,
and empty spaces are available to accommodate newly formed lithium metal. Fig. 4.3(d)
and (g) show that the deposition near the three-phase point is much faster than that in other
areas, leading to partially closure of the initial semicircular or straw-hat-shaped void in Fig.
4.3(d, e), aligning with the mechanism reported in Ref. [81]. Fig. 4.3(g-1) shows a void-
closing process, which is similar to those demonstrated in [99]. Concomitantly, cracks are

formed, and lithium preferentially grows on crack surfaces [214], as shown in Fig. 4.3(f).

During the electroplating process, lithium ions depletion near three-phase points
arises from the high rates of ion transport and reduction (deposition), leading to a tendency
of local contraction that is constrained by surrounding media (SSE). Therefore, tensile
stresses are generated near three-phase points, as presented in Fig. 4.3(j-1). Notably, at 0.8
s, the local strain energy ¢ is almost four times & (Fig. 4.3(j)), causing damaged zones
(i.e., p3 > 0) near the Li/SSE interface. Before the propagation of main cracks, the SSE near
the interface has been spalled, and lithium deposits in this spalled zone. Crack formation
induces stress concentration at tips, further elevating strain energy (Figures 4.3(k, 1)) and
driving crack advancement. Continued plating expands the spalled zone, with lithium

growth progressing through both spalled regions and crack, found in Fig. 4.3(f; 1).

4.4 Critical current density (CCD)

The CCD of our simulation model was determined by systematically increasing the
applied current (or equivalently the voltage, based on their relationship established in

Figure 4.1(b) for non-failure cases). The detailed methodology for current density
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application is provided in Appendix A.2. Figure 4.4(a) presents the temporal evolution of
voltage under various current densities ranging from 15 to 25 A/m?, revealing three distinct
response regimes: (i) at current densities between 15-17 A/m?, the voltage initially rises
before gradually decreasing, with complete void occlusion occurring without crack
formation, as shown in Fig. 4.4(b); (i1) in the 17-22 A/m? range, the voltage exhibits a
steeper initial increase followed by sustained oscillations at high levels, accompanied by
slow crack propagation, as shown in Fig. 4.4(c); (iii) above 22 A/m?, the voltage increases
monotonically with rapid, catastrophic crack growth. It should be noted that the CCD of
our simulation model is identified between 17-18 A/m?, as crack initiation occurs within
this range. Though crack propagation is slow in this range of current density, repeated
cycling, in particular plating, ultimately leads to mechanical failure of cell. Notably, when
the current density is below CCD, the SSE remains intact, and voids can be fully closed.
When the applied current density is slightly larger than CCD, although the void can also
be quickly closed, the accompanying crack formation degrades local Li/SSE contact,
manifesting as voltage oscillations. When the applied current density is even larger, the
crack propagation is accelerated, driving continuous voltage rise until complete mechanical

failure.

A 0.6V increase in voltage during plating is observed by Porz et al. [97] at a cracked
area of their SSE. To probe such a local area, the researchers employed a brass tip electrode.
If a whole macroscopic cell is concerned, the overpotential is much lower (e.g., 0.05 V as
reported in [81]). This difference arises from the strong nonuniformity in electric field near
a cracked area, caused by the microscale contact loss. Fig. 4.4 shows that the increase in

overpotential can be as high as 1.8 V if a transient local (50 um in width) potential is probed.
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Figure 4.4 Analysis of critical current density (CCD): (a) the voltage (V) versus time (s) at constant current
density ranging from 15 to 25A/m?, (b)(c) are the morphology (p;+2p:) for the current density at 17A/m? and
18A/m? at 20s, respectively.

The simulations reveal a remarkable sensitivity of crack propagation behavior to
the applied current density, with just a 1 A/m? difference producing the distinct outcomes
shown in Figures 4.4(b) and 4.4(c). This demonstrates the critical nature of the mechanical
failure threshold. Notably, crack initiation occurs in subsurface layers rather than at the
SSE surface (Figure 4.4(c)), attributable to partial stress relief at the surface, i.e., the surface
is not under tension along the normal direction or under compressive stress due to stack
pressure. Experimental observations confirm that current densities exceeding the CCD
produce unstable voltage responses. The elevated voltages during charging stem from
reduced contact area caused by cracking. Interestingly, when operating slightly above the
CCD threshold (before catastrophic mechanical failure occurs), lithium plating within
cracks can temporarily increase contact area, potentially leading to gradual voltage
reduction over multiple cycles. After several stripping and plating cycles, in final cycle the
starting voltage in charging will become very large then quickly decrease to 0 due to the

short circuit, as revealed experimentally in ref. [81]. This phenomenon, accurately captured
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by our simulations, elucidates the mechanism behind accelerated battery degradation under
high charging currents. Extreme current densities (e.g., 25 A/m? in our model) produce
continuously rising plating voltages, as shown in Fig. 4.4(a), consistent with Porz et al.’s
experimental findings [97]. Thus, the different voltage profiles in the two experiments [81,
97] fundamentally arise from the dynamic competition between two opposing processes:
crack propagation (increasing the contact loss) and lithium penetration (reducing the

contact loss)

4.5 Effect of stack pressure
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Figure 4.5 Cell performance with stack pressure at 5 MPa and 10 MPa: (a)(b) are the morphology with and
without the consideration of electrochemical reaction at 5 MPa at 0.6 s and 0.5 s, respectively. (c)(d) are at
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10MPa respectively at 0.8 s and 0.31 s. The radius of the void is 5 um for these four models.

The above sections discussed the evolutions of void, crack, and lithium dendrite. In
this section, we concentrate on the methods to prevent the ASSLMBs from cracking based
on the preceding mechanical failure analysis. We first examine the most popular approach:
applying stack pressure. As elucidated in Chapter 4.2, moderate stack pressures can
stabilize void size and minimize contact loss. To investigate this further, we increased the
pressure to 5 MPa and 10 MPa while monitoring dendrite and crack development,
maintaining an initial void radius of 5 um. The simulations revealed that higher pressures

do reduce void dimensions, but with significant trade-offs.

Fig. 4.5(a) and (c) present purely mechanical simulations excluding
electrochemical processes, i.e., we only consider lithium creep and SSE crack based on the
multiphase PF model. The velocity streamlines and arrows demonstrate that lithium can
creep and reduce the void. It can be found that under 5 MPa stack pressure, the lithium
creep effectively reduces the semicircular void to straw hat shape, as shown in Fig. 4.5(a).
In the 10 MPa case, damage to the SSE and insertion of lithium are observed, indicating
that extreme stack pressure can directly induce SSE damage due to the stress concentration
at the boundary of voids. This phenomenon suggests that such an extreme stack pressure
could be harmful to a SSE, aligning with experimental observation of Doux ef al. [89], that
is, applying a high stack pressure on a sintered SSE with inevitable porosity and low
fracture toughness can cause a mechanically induced short-circuit. Fig. 4.5(b) and (d) show
that simulation results incorporating electrochemical processes under high stack pressure.
Under 5 MPa, the occurrence of the cracks precedes the closure of the void, and mechanical
insertion of lithium is facilitated by the high pressure. Under 10 MPa, the void can be
closed but the SSE has already been damaged. The mechanical force pushes lithium
dendrites into the SSE, resulting in further SSE cracking. In both scenarios, synergistic
acceleration occurs between lithium creep and crack propagation, hastening mechanical

failure of cell.

These results challenge the perceived benefits of using high stack pressure to

improve cell performance; in fact, it could even accelerate cell’s mechanical failure. The
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generally accepted view is that stack pressure is a necessary condition to have a stable cell.
Some studies advocate high pressures for dendrite suppression [85, 215], while others warn
of catastrophic mechanical failure [90, 91]; therefore, many researchers attempted to
estimate a specific ideal stack pressure for each ASSLMB cell [89]. However, our
simulations suggest that no matter how large the stack pressure is, cracks and dendrites
appear in an SSE if the applied current density is larger than a finite CCD, because crack
formation is independent on stack pressure and may even be accelerated by a high stack
pressure. Then why a high stack pressure can indeed render the high recyclability of some

cells [215]?

4.6 Effect of lateral pressure

While a high stack pressure is often applied to enhance Li/SSE contact and,
hopefully, stabilize stripping-plating cycles, the lateral constraint on the SSE caused by
high vertical pressure is often overlooked. Fig. 4.6(a) is a schematic of a typical ASSLMB
testing assembly, in which the cell is sleeved and compressed between two flat punches. In
such an assembly, the interaction between the SSE and the side wall of the sleeve is
important, as the side constraint can impose lateral pressures on the SSE. Such a lateral
pressure is proportional to stack pressure due to Poisson’s effect. Under a high stack
pressure, the lateral pressure is already remarkable. In addition, clamping the SSE in the
sleeve can lead to an even higher lateral pressure. Here, our simulations specifically

investigate these underappreciated lateral stress effects.

The model configuration applies 1 MPa vertical stack pressure combined with 3
GPa lateral pressure, as shown in Fig. 4.6(b). While this compressive stress is high, it is
noted that engineering ceramics can generally withstand a compressive stress in the range
of 1-5 GPa [216]. Remarkably, the applied charging voltage is 40 mV, which, without
lateral pressure, should induce cracks as shown in Fig. 4.3. However, the high lateral
pressure prevents the SSE from cracking; the corresponding morphology at 5 s is shown in

Fig. 4.6(c). Under such lateral pressure, even at applied current density (40 A/m?) far

68



exceeding the CCD (17 A/m?), cracking and lithium penetration can be inhibited, and the

void is ultimately closed.

The cell’s morphological evolution is illustrated in Fig. 4.6(d, e, f) at 1.5, 2.5, and 5s,
respectively. Compared with Fig. 4.3(c, d, e), the common point is that the lithium deposits
faster near the three-phase point and the void tends to be occluded by the lithium deposition.
However, the discrepancy between the cases with and without lateral pressure is obvious.
For example, both Fig. 4.3(c) and Fig. 4.6(e) are the results at 1.5s; the former exhibits
spallation and crack nucleation, whereas the latter has a much smaller spallation zone
which does not further transform into cracks. Figures 4.6(g, h, i) demonstrate the
distribution of dimensionless strain energy (&/ &) at 1.5, 2.5 and 5s. Although the spallation
occurs in the SSE near the Li/SSE interface, compared with Fig. 4.3(j, k, 1), the strain
energy is much smaller and &/ & is below 1 near the void/SSE interface because the lateral
compressive stress compensates for the tension induced by the chemical eigenstrain

associated with the depletion of Li" during plating.
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Figure 4.6 Inhibition of cracks by applying lateral stress: (a) Possible set for the ASSLIBs cell; (b)
schematic for our model, the lateral stress is added, and the others are the same as Fig. 4.1(a); (c) lithium’s
morphology. (d)(e)(f) and (g)(h)(i) are respectively the morphology and dimensionless strain energy (&/&.)
with 3GPa lateral stress at 1.5s,2.5s, and 5s.

The preceding analysis, combined with the discussion on stack pressure in Chapter
4.5, demonstrates that lateral pressure application can significantly improve cell stability.
This finding clarifies why certain studies report enhanced performance under high stack
pressures—such conditions inherently induce beneficial lateral constraints. This concept

aligns with Ban et al. [217], who proposed stabilizing cells through compressive residual
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stresses at the Li/SSE interface. Additionally, Xu et al. [93] developed a 3D-micropatterned
SSE to maintain interfacial integrity and suppress crack formation, further underscoring
the critical role of lateral compressive stresses in preventing mechanical failure

mechanisms.

4.7 Stability map

After demonstrating the significant effect of lateral pressure, additional simulations
were conducted to construct a stability map for the simulated ASSLMB considering the
combined effect of lateral compressive stress o»2 and critical strain energy & on the cell
performance. Note that the critical strain energy is determined by the toughness of SSE
(i.e., the fracture resistance of SSE), such that higher &; is more desirable. However, as an
inherent materials parameter, & depends merely on chemical bonding and can be
substantially affected by unavoidable microdefects in sintering inorganic SSEs, making it
difficult to improve & for an SSE. In various SSEs, & ranges from 1.8x10° to 1.6x10®
J/m3, corresponding to fracture toughness Kjc values between 0.1 and 1 MPa-m®° (cf.
Appendix A.1). In contrast, lateral or residual compressive stresses offer a more practical
means of performance enhancement, as they can be readily adjusted over a wide range. To
generalize our findings across SSEs with varying Young’s modulus (E) and & we
introduce two dimensionless parameters: & /E (normalized critical strain energy) and -
on/E (normalized lateral stress). Figure 4.7 presents stability boundaries derived from
these parameters, with each boundary representing conditions under which crack formation
and lithium penetration are suppressed, as exemplified in Figure 4.6. It should be noted
that the partial molar volume ()*" determines the magnitude of eigenstrain in charging and

discharging, with lager (O*" values shifting the stability boundary toward upright corner as

shown in Fig. 4.7. Overall, superior cell performance is achieved at higher lateral stress
and higher critical strain energy, with stable operation occurring in the regions above the

plotted curves.
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The stability boundaries clearly indicate the important role of high toughness. With
a small " (e.g., 13.4 cm®/mol), an SSE with high toughness (103 &./E >0.54) can already

achieve stable performance even without lateral stress. This suggests that increasing the
fracture toughness of SSE can circumvent mechanical failure of cells. However, increasing
fracture toughness meanwhile meeting the electrochemical needs, such as a high ionic
conductivity and chemical stability, is difficult and probably unviable based on the existing

SSEs. Instead, the application of lateral or residual compressive stresses is a more viable

approach.
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Figure 4.7 The map for cell design to eliminate crack: the map of 103&./E versus -on/E for three different
partial molar volume in SSE 13.4 cm?*/mol, 17.9 cm?*/mol and 22.4 cm3/mol.

The preceding analysis demonstrates that lateral compression effectively
suppresses SSE cracking and lithium penetration. Such compressive stress can be localized

specifically at the SSE surface layer in contact with lithium [217], where crack initiation
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typically occurs. For instance, in multilayer ASSLMB configurations [218], a 200-nm
LiPON protective layer has proven effective in preventing lithium penetration. Studies by
Cheng et al. [95] found that the SEI of LiPON was a dense amorphous matrix embedded
with the decomposition products of LiPON (Li2O, LisN and LizPOs). These crystalline
inclusions may induce residual compressive stress in the SEI, which can stabilize cell
performance. Similarly, Ye and Xin took the advantage of Ge reduction from LGPS
decomposition [96]—as it induces local compressive stress—to create an multilayer
ASSLMB with a long life (10* cycles) and high current density (86 A/m?) [219]. These
experimental results demonstrate the stabilizing effect of lateral compression in SSE
surface in contact with lithium. Furthermore, ion-exchange technology—well-established
for surface strengthening in glass and ceramics [109, 111]—could potentially be adapted
to induce similar compressive residual stresses in SSE surfaces [220], offering another

promising approach to performance enhancement.
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Figure 4.8 The stability map for fracture toughness and corresponding CCD: the map of applied current
density J versus 10°&,/E for partial molar volume 22.4 cm3/mol in SSE, where blue dot and black dot
represent the upper bound and lower bound of CCD at corresponding 103&,/E.

Another question is how the fracture toughness affects the CCD of ASSLMBs,
which is critical in the development of the manufacturing technology of SSEs. To quantify
this dependence, we employed our computational model to establish the correlation
between CCD and the dimensionless parameter &./E. Through systematic simulations, we
determined upper and lower bounds for CCD—defined as the current densities (differing
by 1 A/m?) that respectively induce or prevent crack formation—while maintaining Q***
=22.4 cm*/mol, as illustrated in Fig. 4.8. It is noted that the trend of CCD in Figure 4.8
exhibits an increase in the range of 0.3<10°&./E<I, then a reduced rate of increase when
10°&4/E>1, and approaches infinity when 103&./E>1.6. Such a nonlinear increase in CCD
stems primarily from the nonlinearity of the BV equation, which causes a significant

(exponential) increase in Li" concentration when the CCD is high. Notably, infinite CCD
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is achieved when 10°&,/E ~1.6, a threshold corresponds to a fracture toughness Kic of ~1.1
MPa.m'? for an oxide-based SSE with E ~70 GPa. It should be noted that this is not a
stringent requirement of Kjc as many engineering ceramics exceed this toughness

requirement [221].

4.8 Summary

A multiphase Landau-Ginzburg-based PFFM has been established to elucidate the
mechanical failure mechanism of ASSLMBs. This model reveals the critical role of voids
in initiating crack formation and dendritic growth. Key insights derived from the model
include the following: (1) During discharging, vacancy accumulation at the Li/SSE
interface leads to void nucleation. Subsequent void growth and size are governed by the
ratio of surface and bulk diffusivities of lithium, as well as lithium creep under applied
stack pressure. (2) The presence of voids induces nonuniform distribution of Li" in the SSE
surface near the void during a charging process, resulting in localized stress concentrations
that promote crack propagation and lithium dendrite formation. While elevated stack
pressure mitigates void size, it simultaneously exacerbates crack initiation and lithium
penetration during charging. (3) The analysis demonstrates that lateral stress can
effectively suppress crack propagation within the SSE. Based on these findings, a stability
map correlating lateral pressure and SSE fracture toughness is proposed to guide material

design.

This model is established based on experiments with inorganic SSEs. To extend it
to other battery systems, modifications are needed. For example, the linear stress-strain
relation may be changed to a non-linear (e.g., viscoelastic) constitutive model for polymer
electrolytes, and the linear law of ion transport, i.e., the Nernst-Planck equation, may also
be modified to study the nonlinearity caused by cooperative segmental motion in polymers
[222]. Additionally, size effects are also worth investigating. For example, there are
experimental results showing the increase in yield strength when lithium samples are at
micro- or nanoscale [223]. Hence, lithium dendrites could be harder than bulk lithium,

which requires a high-order theory, such as the strain-gradient plasticity [224], to describe.
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This work proposed one possible mechanical failure mechanism of ASSLMBs. In
fact, this failure is largely influenced by synergistic effects of multiple factors. For example,
the lithium insertion in SSE crack. In experiments, the cracks are only partially filled with
lithium dendrite. Thus, lithium insertion cannot directly lead to cracking. However, after
the crack generation, lithium metal can be inserted into the crack by stack pressure, which
accelerates the crack propagation. Therefore, the relevant mechanical failure mechanisms
should be carefully considered, eventually bringing about a generalized mechanism

capable of exploring various SSE cracking phenomena.
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Chapter 5 Fracture of IOX-strengthened thin
cover glass

In investigation of SSE cracking, it is found that the lateral compressive stresses at
the SSE surface in contact with lithium can effectively inhibit the SSE cracking. Instead of
externally applying compressive loadings as illustrated in Fig. 4.6(b), a more feasible way
for brittle materials resisting cracking is to introduce the surface compressive residual
stresses through 10X [220, 225] or ion implantation [226, 227]. Among these methods,
IOX strengthening has emerged as particularly promising for SSE applications [220], given
its widespread industrial use in glass strengthening and its potential for precise engineering

of residual stress profiles.

Despite the proven effectiveness of 10X strengthening in industrial applications,
quantitative analysis of its mechanical benefits remains scarce. In this chapter, we address
this gap by developing a PFFM for [OX-glass. While our previous Landau-Ginzburg-based
PFFM successfully described SSE cracking in mechano-electrochemical environments, it
lacked proper consideration of fracture energy and transition between fracture energy and

strain energy during crack propagation.

To overcome these limitations, we implement a Griffith-theory-generalized PFFM
within a finite deformation framework. This enhanced formulation properly accounts for
the energy transition from strain energy to fracture energy during crack propagation. The
model is rigorously calibrated against standard mechanical tests, that is, ROR tests. The
four-point bending and tensile tests exhibit significantly scattered fracture strength data,
resulting from the pronounced influence of flaws at the glass edges. Thus, they are excluded
from the standard tests in our work. The ROR tests establish a robust foundation for
quantitative analysis of fracture processes in IOX-strengthened brittle materials. This
approach enables precise evaluation of how engineered residual stress profiles could

influence fracture resistance in SSEs.
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5.1 Crack initiation and formation in pre-IOX and post-10X
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Figure 5.1 Model establishment and calibration: (a) cross section of a ROR test schematic, dot dash line
represents central axis of symmetry, R; = 7.5mm and R, = 15mm denote radius of small ring and large
supporting ring, L=17mm and W=0.5mm indicate the length and width of glass sample; (b) 3D sectional
view of an post-IOX glass in ROR test with radial stress o; (c) CS profile, the distribution of o, along post-
10X glass depth (D) before loading; (d) and (e) are curves of load force (F) versus displacement (d) of loading
ring d in experiments (ex 1-10) and in simulation (simu) for pre-IOX and post-IOX glass, respectively, and
the inset figures are the corresponding simulation results for the first principal stress (o7) versus F at the
fracture origin.

The numerical model for ROR experiments, depicted in Figure 5.1(a), maintains
dimensional and boundary condition consistency with the experimental setup described in
Appendix B. Figure 5.1(b) presents a 3D sectional view of a post-IOX glass in ROR test
with o distribution, exhibiting characteristic CS distribution with a maximum at glass
surface. The presumed o; profile (i.e., CS profile) is demonstrated in Fig. 5.1(c), featuring
an 800 MPa surface CS that transitions linearly to a 62.7 MPa tensile stress at DOL=40um,
with this linear profile serving as the baseline assumption unless otherwise noted. By

applying the Griffith-theory-generalized PFFM, as illustrated in Chapter 3.2, the resulting
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load(F)-deflection(d) curves for glass samples pre and post IOX can be obtained in Fig. 5.1
(d) and (e), respectively. Due to the large deformation, the F-d curves obtained in
experiments and simulations are curved instead of linear. The inset figures in Fig. 5.1(d)
and (e) are the first principal stress (o1) versus load force (£) curves at the fracture origins

in Fig. 5.2 (a) and (b), showing the non-linearity of " and o1.

It is found that the fracture strengths of glass, as measured by the breaking loads in
ROR experiments, are scattered over a wide range. The glass samples could have been
severely flawed, rendering very low fracture strength even post IOX-strengthened, such as
ex5 in Fig. 5.1(d) and ex8 and ex9 in Fig. 5.1(e). If we only consider the least flawed glass
samples with the highest fracture strength before and after [OX, that is, ex1 and ex9, whose
improvement of fracture strength due to 10X is from 1466N to 2010N, i.e., 37.1%. In
simulations, without consideration about any surface flaws, the enhancement is only from
1752N (pre-10X) to 2040 N (post-10X), i.e., 15.3%, as shown by the ‘simu’ curves in Fig.
5.1(d, e). This strengthening effect after IOX is only half of the experimental result,
suggesting the critical importance of incorporating realistic surface flaws in numerical

models to accurately capture IOX strengthening effects.
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Figure 5.2 Crack initiation and formation in: (a) pre-IOX glass and (b) post-IOX glass.

Prior to incorporating surface flaws in our computational model, we first examine
79



the fracture mechanisms in both intact glass pre-IOX (Fig. 5.2(a)) and post-10X (Fig.
5.2(b)). Under bending loads, membrane forces induce maximum tensile stresses in the
bottom surface region beneath the loading ring [128], making this area most susceptible to
crack initiation. Note that the value of the order parameter ¢ represents the severity of
damage, ranging from ¢ = 0 (intact) to ¢ = 1 (crack), with 0 < ¢ <1 indicating flaws or
microcracks. The simulated cracking process in pre-I0OX glass, as shown in Fig. 5.2(a),
demonstrates that damage initiates uniformly along the bottom surface at displacement d =
0.03 mm, then concentrates at the lower surface area underneath the smaller loading ring,
and eventually develops into a crack. For the post-IOX glass, as shown in Fig. 5.2(b), the
damage initiates at the depth of DOL, then also concentrates in an area under the smaller
loading ring (still at the depth of DOL), and eventually spreads to the glass surface, leading
to a crack. It is noted that the crack in the post-IOX glass is initiated at DOL rather than
glass surface; hence, surface flaws can be shielded to a certain extent. To quantitatively
investigate the influence of surface flaws, an initial surface flaw or crack are introduced in

our numerical model.

5.2 Inhibition effect of IOX for a pre-existing surface flaw

In this subsection, the numerical model incorporates a predefined flaw (¢ = 0.3)
with dimensions of 1 pm in width and 20 pm in depth, located 7.3 mm from the glass center
as shown in Fig. 5.3(a). Note that because the numerical model is axisymmetric, the
predefined surface flaw represents a ring of defects (i.e., microcracks). Under ROR testing
conditions, the combination of high membrane stresses is expected to transform this

artificial flaw into a crack.

Figure 5.3(b) presents a comparative analysis of F-d curves responses for three
cases: the pre-I0X glass models with and without the flaw, and the post-IOX glass model
with the flaw. With the flaw, IOX results in a 62.7% improvement of fracture strength (from
1254N to 2020N), closely matching experimental measurements ex4 (1307N) and ex5
(2010N), as shown in Fig. 5.1(d, e). This agreement suggests that the predefined surface

flaw may represent the experimental scenario to some extent. It is noted that the difference
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in fracture strength for post-IOX with and without the flaw is insignificant (15.3 %), while
a substantial difference (39.7%) can be found between the pre-10X glass with and without
the flaw. This confirms that implementing IOX strengthening makes the glass insensitive
to the surface flaw, bringing about the flaw-tolerant cover glass products for potable
electronics. However, this enhancement is not always true if the depth and intensity (i.e.,

@) of the flaw are varied.

The distinct fracture processes of the flawed glass before and after IOX are shown
in Fig. 5.3(c) and (d), respectively. In Fig. 5.3(c), for a pre-IOX glass, the pre-defined flaw
evolves into a crack at an upper-ring displacement of d = 1.035mm. Conversely, I0X-
treated glass maintains the initial flaw severity (¢ = 0.3) at the same loading displacement,
as shown in Fig. 5.3(d) for the post-IOX glass. It is noted that flaws still initiate at DOL
and eventually the crack is generated from the DOL rather than the pre-defined flaw region,
aligning with the fracture process the unflawed post-IOX glass in Figure 5.2(b). Hence,
they give rise to a similar magnitude of fracture strength. The distributions of radial stress
or at the same deflection (d = 1.035 mm) for the flawed glass pre and post IOX are exhibited
in Fig. 5.3(e) and (f), respectively. Figure 5.3(e) shows stress concentration at the tip of the
predefined flaw. While under the same loading condition, no stress concentration or tensile
stress can be found in Figure 5.3(f), demonstrating the prohibitive effect of the compressive

residual stress in the DOL layer.
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Figure 5.3 Inhibition effect of [OX for pre-existing flaw: (a) initial damage zone (1umx20pm) in post-I0OX
and pre-10X glass at a radius of 7.3 mm from the center of glass with ¢ = 0.3; (b) F-d curves for post-I0OX
glass with flaw, pre-IOX glass with flaw and pre-IOX intact glass; Morphological evolution (enlarged view
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and post-10X glass, respectively.
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5.3 Inhibition effect of IOX for a pre-existing surface crack

What would happen if the surface flaw were changed to a pre-existing crack? In
this chapter, a pre-defined circumferential notch (1 um width x 4 pm depth) is introduced
at the previously studied location (7.3 mm from the glass center). This geometric
discontinuity serves as a stress concentrator, inducing crack initiation at the notch tip in
both pre-I0OX and post-I0OX glass. As demonstrated in Figure 5.4(a), the fracture strength
of the post-IOX glass is 3 times higher than that of pre-IOX glass. This substantial
improvement significantly exceeds the strengthening effect observed in specimens
containing milder flaws (¢ = 0.3), rendering the remarkable efficacy of IOX treatment in

mitigating the detrimental effects of severe surface defects.

Figures 5.4(b) and (c) illustrate o distribution at the moment just before crack
extension, i.e., at d = 0.74 mm and 1.245 mm for the pre-IOX and post-IOX glass,
respectively. It is noted that the pre-IOX glass exhibits highly localized tensile stresses
(>500 MPa) concentrated at the notch tip, while the IOX-strengthened glass shows a

82



broader stress distribution due to the combined effects of greater deflection and residual
tensile stresses. This observation aligns with experimental findings [228], where the
residual tensile stress in the core layers (known as central tension, CT) induced by 10X
treatment governs fracture fragment size — higher CT values producing smaller fragments
and consequently safer fracture behavior [119]. We then set the numerical scheme to

capture the dynamic process of cracking.

The dynamic fracture processes reveal fundamentally different crack propagation
mechanisms between the pre and post IOX glass. For the pre-IOX glass shown in Fig.
5.4(d), the crack propagates straight upwards at 7 ns after fracture initiates, then widens
and continues to propagate upwards at 17 ns, and finally slightly branches at 25 ns. The
fracture pattern obtained in an experiment shows that the crack in pre-IOX glass occurs in
the vicinity of two rings, with slight fragmentation especially at the ring under the smaller
loading ring. In contrast, a more complex fracture process is exhibited in Fig. 5.4(e) for the
post-IOX glass: the crack also propagates straightly in the first 3 ns, then widens, and
another two cracks initiate from DOL at 9 ns; these three cracks propagate and start to
branch at 20 ns. The initial crack branches at DOL, connecting with the other two cracks,
meanwhile the latter two cracks’ branches spread to the bottom of the initial crack to break
the glass into small pieces. The simulated crack multiplication and fragmentation patterns
show excellent agreement with experimental observations in Figure 5.3(e), demonstrating
how IOX treatment promotes the formation of numerous small cracks and fragments. This
fragmentation of glass is always accompanied by the tiny-rounded-cornered glass pieces,

bringing about the safety of post-IOX glass fracture.
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Figure 5.4 Inhibition effect of IOX for pre-existing crack: (a) F-d curves for post-IOX glass with notch,
pre-I0X glass with notch (notch size 1umx4um). (b) (c) are o, distribution in pre-I0X glass at d=0.74mm
and post-10X glass at d=1.245mm, i.e., Ons for each case. The morphological evolution in simulation and the
fracture pattern in experiments for (d) pre-IOX and (e) post-10X.

5.4 Effects of initial flaw intensity and depth

After demonstrating the effectiveness of IOX in inhibiting a pre-existing flaw and
crack, we summarize how the flaw intensity ¢ and depth L; influence the fracture strength
in Fig. 5.5. For a mild damage intensity (e.g., ¢ = 0.3), the fracture strength of the post-
10X glass maintains at 2020N when L1 < 20 um, rendering a plateau zone that demonstrates
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the remarkable insensitivity of IOX-strengthened glass to mild and shallow defects. This
behavior correlates with the stress distribution patterns shown in Fig. 5.3(d, f), where pre-
existing flaws remain stable rather than developing stress concentrations at the flaw tip. An
approximately linear decline is observed when 25 um < L; <45 um; then the decreasing
rate gradually weakens when 45 pm < L; <90 pum, and finally levels off at 1425N when L;

=90 um. For a more severe damage density ¢ = 0.6, a similar trend can be observed, but
the fracture strength stabilizes at lower value of 759N when L1 =90 um. Pre-existing cracks

show fundamentally distinct behavior, with catastrophic linear strength reduction to 935N

as depth increases to 30 pm.

The results shown in Fig. 5.5 demonstrate that surface flaws can be effectively
inhibited by the IOX-induced residual stress fields, and they can also explain why some
post-IOX glass samples do not exhibit a significant strengthening effect, i.e., the fracture
strength can be similar to that of pre-10X glass, for example, “ex8” shown in Fig. 5.1(e).
When surface imperfections remain as microcracks with limited severity (characterized by
a flaw intensity factor ¢ = 0.3), post-IOX glass exhibits fracture strengths ranging from
1425N to 2020N in ROR experiments, consistent with experimental measurements shown
in Fig. 5.1(e). However, the presence of more severe defects, particularly pre-existing
notches or cracks exceeding 10 pm in depth, leads to dramatic strength reduction. This
sensitivity to defect severity represents a fundamental challenge for industrial
implementation of IOX strengthening, directly impacting production yields. In engineering
practice, engineers may find that the post-IOX glass treatment needs to be ground and
polished to remove a surface layer of several micrometers to improve the yield. This

practice can be well explained by the results in Fig. 5.5.
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Figure 5.5 Fracture load force F (N) versus depth (L) of pre-existing damage zone (¢ = 0.3 and ¢ = 0.6)
and pre-existing crack.

5.5 Influence of CS profile on fracture strength

The effectiveness of IOX in glass is proven and discussed in the above subchapters,
based on a traditional binary-ion IOX that possesses a residual-stress profile as shown Fig.
5.1(c). This subchapter systematically examines alternative stress distributions in post-IOX
glass. Through comparative evaluation of various strengthening configurations, we
quantitatively assess the influence of surface CS, DOL, and the other parameters on

mechanical performance.

Green et al.[117] proposed a quadric CS profile to replace the traditional linear CS
profile. It is believed that maximizing CS at the crack tips should be the most effective in
inhibiting crack propagation. Following their approach, a quadric CS profile as shown in
Fig. 5.6(a) was set in the numerical model, with peak compressive stress occurring at a
depth of 10 um. Figure 5.6(b) compares the F-d curves of an intact glass and a post-IOX
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glass with 10 um surface notch, exhibiting only a slight decrease (5%) of fracture strength
caused by the notch. The numerical models allow a more detailed investigation of the initial
crack pattern. For the intact post-IOX glass, cracks (the regions with ¢ =1) initiate at
depths greater than the DOL, as shown in Fig. 5.6(c). The corresponding o distribution
indicates that the internal crack tends to propagate to the lower surface because the highest
tensile stresses are at DOL and the lower layers, as depicted in Fig. 5.6(d). For glass with
a pre-existing crack (i.e., the 10 um notch), it is found that the pre-existing crack does not
propagate; instead, another two cracks are initiated at DOL, as shown in Fig. 5.6(e). The
corresponding o distribution in Fig. 5.6(f) suggests that the two internal cracks are
propagating downwards to connect with the notch. The excellent performance of quadric
CS profile supports the argument of Green et al. [117]. However, in applications, the depths
of surface damage are unknown, and the quadratic CS profile is difficult to control. Hence,

we simplified CS profiles to be piecewise linear to clarify the most critical factors.
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Figure 5.6 Quadric post-IOX glass fracture: (a) distribution of o, within quadric post-10X glass width, (b)
F-d curves for intact post-IOX glass and a post-IOX glass with 10um pre-existing crack; (c) crack
morphology of intact quadric post-I0OX glass at d=1.325 mm, and its corresponding o; in (d); (e) and (f) for
quadric post-I0X glass with al0um pre-existing crack.

We first assumed several linear CS profiles with similar “compressed area” (i.e.,
surface CS x DOL), and the resulting F-d curves are shown in Fig. 5.7(a-c) for an intact
glass, a flawed glass with ¢= 0.3 and L; = 10 um, and a cracked glass with a 10 um notch,
respectively. The CS values in these figures denote the highest surface CS. It is noted that
in Fig. 5.7(a) and (b), the fracture strengths are almost identical and all above 2000N. These
results illustrate that the post-IOX glass with similar “compressed area” can achieve a
similar fracture strength if flaws are mild. For the notched glass, the three different CS

profiles lead to three different fracture strengths, and the profile with the highest surface
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CS results in the highest fracture strength. Hence, to inhibit surface cracks, larger surface
CS is more effective. But is the CS at crack tip still more important? In Fig. 5.7(d, e), we
compare four CS profiles and their corresponding F-d curves. Profiles 1-3 have the same

CS at the crack tip, i.e., 10 um, but different surface CS and DOL, which are to compare

with the best case—‘surface CS = 1455 MPa, and DOL = 20 um”—shown in Fig. 5.7(c).
The corresponding F-d curves for glasses with a 10 um crack, as shown in Fig. 5.7(e),
depict the differences in fracture strength. The CS at crack tip may not be as important as
presumed by Green et al. [117]. Instead, the high surface CS is the more important factor.
If the surface CS is reduced, a larger DOL is needed to compensate for the loss in surface
CS, as indicated by the result of Profile 3 in Fig. 5.7. These results suggest that the
combined effect of surface CS and DOL determines the fracture strength in ROR

experiments for cracked glass.
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Figure 5.7 Influence of CS and DOL in post-IOX glass fracture: (a)(b)(c) are F-d curves for intact post-
10X glass, post-IOX glass with a pre-existing 10um flaw, and crack, respectively; (d) is the CS profile for
different profiles from glass depth (D) from 450um to 500um, (e) is the corresponding F-d curves.

A contour map of ROR fracture strength affected by surface CS and DOL (with CS
decreasing linearly with depth) is shown in Fig. 5.8 for a glass with a crack depth of 10 um.
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For the same fracture strength, a decrease in surface CS must be compensated by an
increase in DOL. It is found that the CS is proportional to DOL™ for each fracture strength.
And a higher fracture strength corresponds to a higher power n, leading to a larger decrease
in CS by increasing DOL to maintain the same fracture strength. As DOL reaches 40 pm,
the decline in CS becomes subtle, indicating that the fracture strength is no longer sensitive
to the pre-existing crack, i.e., a 40-um DOL is very effective in inhibiting the effect of a
10-um pre-existing crack, and further increasing DOL has little additional benefit. In
general, achieving a surface CS over 1 GPa is very difficult in an IOX process due to stress
relaxation. If the surface CS can be maintained at approximately 800 MPa, increasing DOL
can effectively improve the ROR fracture strength. However, it should be noted that
achieving a large DOL needs a long time, and this long-time process leads to the surface
stress relaxation in post-IOX glass [107], consequently reducing fracture strength. To
recapitulate, the ideal CS profile is one with a high surface CS and adequate DOL to
desensitize the surface flaw. It is also noted that modern IOX process generally involves
three ions, i.e., K-Na-Li IOX, in which Na-Li exchange can produce a large DOL, and K-
Na exchange can produce high surface CS in a short time. Hence, the ternary 10X is

gradually replacing binary IOX in the industry.
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Figure 5.8 Fracture strength map for different post-10X glasses (i.e., different CS and DOL) with a 10pm
pre-existing crack

5.6 The effect of CS profile on impact resistance
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Figure 5.9 Simulation results of BD tests: (a) cross-sectional view of a BD test, the size of glass sample is
the same as before with a pre-existing 10um central crack at the lower surface as shown in the enlarged view,
Vo denotes the initial velocity of the dropping steel ball with a diameter of 50 mm; (b) enlarged view of an
post-IOX (DOL = 20 um) glass just before the fracture occurrence in BD test with radial stress o ; (c) the
effect of DOL on the critical impact velocity leading to glass fracture if the glass has same ROR fracture
strength(i.e., 1291N, cf. Fig. 5.8); (d-f) the distributions of the order parameter (damage intensity factor) ¢
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for DOL= 20, 30 and 40um, respectively.

ROR is a quasi-static testing method to characterize the fracture strength of glass.
In this subchapter, we use numerical simulations to study the dynamic fracture of thin glass
in standard BD experiments, in which a thin glass is subjected to the impact of a steel ball
with a diameter of 50 mm. We assume a pre-existing crack (with a width of 1 pm and a
depth of 10 um) at the center of the lower surface, as shown in the enlarged view in Fig.
5.9(a). Because the dropping ball impacts the center of the glass, its lower surface
experiences a higher tensile stress than the other areas. Figure 5.9(b) shows the distribution
of radial stress near the crack when the glass is dynamically deformed by the impact

loading and is about to fracture. A tensile stress of 400 MPa at the crack tip is observed.

Figure 5.9(c) shows the critical impact velocities that lead to glass fracture. In this
figure, we set the ROR strength constant (1291 N) and vary DOL, corresponding to the
lowest curve in Fig. 5.8. This setup is intended to clarify to what extent the ROR strength
reflects the impact resistance of cover glass. In Fig. 5.9(¢c), the data points include an error
bar, indicating the possible range of the critical impact velocity with the upper and lower
bounds pertaining to the velocities at which fracture does and does not occur in our
simulations, respectively. The actual critical BD velocity for glass fracture must fall in this

range.

Through simulations of ROR tests, Fig. 5.8 demonstrates that the different
combinations of surface CS and DOL can result in constant fracture strength. Intuitively,
in BD tests, the critical velocity would also remain constant if the static fracture strength
of the glass samples is the same. However, it is surprisingly found that the lower CS
combined with a deeper DOL renders the higher critical velocity. This counterintuitive
(from an industrial perspective) phenomenon resulted from the different loading types of
ROR and BD tests; that is, continuous loading and instantaneous loading, respectively. In
ROR test, once the loading-induced strain energy exceeds the critical fracture energy, a
crack propagates catastrophically from the pre-existing crack tip. In BD test, because the
whole impact process lasts only about 0.2 ms, even when a damage zone starts to develop,

it may not evolve into a crack before the ball rebounds. In this case, although the
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instantaneous local strain energy (e.g., at the crack tip) may exceed critical fracture energy,
the limited loading time and the surrounding compressive stresses can inhibit the extension

of the main crack.

Fig. 5.9(d-f) demonstrate the damaged zone when DOL = 20, 30, and 40 pum,
respectively. A change of cracking mode along with the increase of DOL is observed, which
explains why DOL is more effective than surface CS in resisting dynamic fracture caused
by BD. When DOL = 20 um, the crack extends from the pre-existing crack. When DOL =
40 pum, cracking starts from DOL, where the residual stresses change from compression to
tension. For the case of DOL =30 um, cracks initiate from both places. It can be concluded
that the increase in DOL leads to better inhibitive effect to shield the propagation of
dynamic cracks. However, this trend slows down when DOL is larger than 40 pm due to

the increase in central tension.

5.7 Summary

A Griffith-theory-generalized PFFM was employed to examine the mechanical
behavior of post-IOX glass. This study yields several key findings: (1) crack initiation
occurs within the DOL in post-I0X glass, even in the presence of surface flaws. However,
this shielding effect diminishes as the severity and depth of surface flaws increase; (2) the
PFFM successfully simulates the fragmentation of post-IOX glass ,i.e., multiplication of
cracks, unveiling that the CT in layers deeper than the DOL leads to this phenomenon; (3)
high surface CS is the dominant factor in suppressing crack formation in ROR experiments,
while the DOL plays a more critical role than surface CS in BD impact resistance. Due to
stress relaxation during the IOX process, surface CS is typically constrained to values
below 1 GPa. Consequently, enhancing the DOL is essential for improving resistance to
both static and dynamic loading conditions. To guide material design, a fracture strength

contour map is constructed, correlating surface CS and DOL based on simulation results.
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Chapter 6 FEM-NO coupling with Domain
Decomposition

In the above two chapters, the PDEs are solved by FEM solvers to reproduce the
experimental observations and quantitatively investigate the cracking mechanisms. The
wealthy information obtained in FEM is at the cost of substantial computation time. For
instance, in the previous chapter, the dynamic cracking of IOX-strengthened in 32ns, in
Fig. 5.4, requires more than 48 hours computation time on an AMD Ryzen Threadripper
PRO 5975WX CPU. Although the PFFM significantly mitigates the discontinuity of a
crack path, the fracture process is highly non-linear and very demanding in computational

efforts.

It should be emphasized that the high non-linearity is dominated at a crack tip
instead of the whole domain. Thus, the extremely fine meshes are required at the crack tip,
while coarse meshes are acceptable in other intact domains. Motivated by the non-uniform
meshes, the domain decomposition (DD) is consequently considered as a promising
method to reduce computational cost: replacing the dense meshes subdomain by high-
efficient method, remaining coarse meshes out of the replaced subdomain. As functional
non-linear mappings for PDEs solutions, DeepONet is such a highly efficient method, only
demanding offline training. In addition, a Physics-informed (PI) method [133] is
implemented in DeepONet training, namely, no substantial data are needed to generate for
the DeepONet training. A FE-PI-DeepONet framework can potentially be more efficient
than conventional approaches (i.e., FEM) to solve mechanical and multiphysical problems

with PFFM formulism.

In this chapter, five case studies are presented to demonstrate the robustness and
versatility of the proposed FE-PI-DeepONet coupling framework. These cases have
different material models, loadings, and mesh distributions, with increasing complexity in

physics, coupling strategy, and meshed geometry.
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e Case 1 (Chapter 6.1): A linear elastic model under static loading, where displacement

responses are mapped from prescribed boundary conditions.

e Case 2 (Chapter 6.2): A hyperelastic model subjected to quasi-static loading, capturing

large deformations in nonlinear materials.

e Case 3 (Chapter 6.3): A linear elastic model under dynamic loading, incorporating time-

dependent behavior and field evolution.

e Case 4 (Chapter 6.4): A dynamic case that also demonstrates adaptive expansion of the

ML-resolved subdomain within the simulation.

e Case 5 (Chapter 6.5): A static case with non-uniform mesh distribution over complex
geometry, demonstrating the potential of our coupling framework for multi-scale

problems that require adaptive mesh refinement.

In all examples, the PI-DeepONet is coupled with the FE solver across a designated
spatial subdomain. Each architecture has a single trunk network, which encodes the spatial
coordinates (x,y). For each case, two identical PI-DeepONet are trained independently to
predict the u,- and u,-displacements, enabling efficient and accurate inference during
coupled simulations. The Adam optimizer [229] is used for training, with a learning rate of
1073 for the linear elastic models and 10~ for the hyperelastic model. Once trained, the
resulting network parameters 0* define a displacement-predicting surrogate that integrates
seamlessly within the FE-NO framework. The branch network design varies between

static/quasi-static and dynamic cases:

e For the static and quasi-static cases, the branch network encodes Dirichlet boundary
conditions from [[}*¢ using 200 boundary points and 2 displacement components per

point, yielding a total of 400 input features.

e For the dynamic cases, the square domain allows for richer input features. The branch

network incorporates both field variables (e.g., displacement, velocity) and boundary data.
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A CNN or a large fully connected network is used to encode uy, uy, vy, and v, on an 82 x

82 grid, boundary data are provided separately as input.

Time integration for the dynamic cases (Chapters 6.3 and 6.4) is performed using
the Newmark method. Nondimensionalized formulae are employed with fixed material
properties: density p =5, time increment Az = 1, Young’s modulus £ = 1000, and Poisson’s
ratio v = 0.3. All governing equations of this work are presented in non-dimensional form,
along with their corresponding dimensional parameters, in Appendix D. All simulations in
Chapters 6.1 - 6.4 are performed on a square domain of length 2 units. To demonstrate the
prediction accuracy of the training of DeepONet, we have provided additional plots in the

Appendix C.

6.1 Hybrid framework for static loading

In the first example, we consider a linear elastic problem defined on a square
domain subject to displacement-controlled loading applied to the top face of the domain.
The schematic representation of the decomposed domains for the FE-NO coupling is
shown in Fig. 6.1(a), where the inner domain Q is a disk with radius 0.35 and the outer
domain €;1s a square with a circular hole of radius 0.3. The displacement along the bottom
face of the domain is fixed, while a constant displacement u, = 0.01 in the y-direction is
uniformly imposed on the top face. Figures 6.1(b) and 6.2(b) present the results for
displacement in x direction and y direction respectively, obtained by FE simulation on the
entire domain. These results serve as the ground truth against which the accuracy of the
DDM based approaches is evaluated. Our first task in implementing the proposed spatial
coupling framework is to train the PIDeepONet. For this purpose, we generate 1000
boundary conditions as a Gaussian random field with length scale parameters /, = /,= 2 for

displacements u. and u,, respectively. By substituting these displacements into the PI-
DeepONet operators G;Lf and G;L zy in Eq. 3.54, 3.55, and 3.49, and considering the case

with no body force (f = 0), the physics-informed neural operator is trained using the

following governing equations:
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After training this PI-DeepONet for 2 x 10° iterations, the loss plot is obtained as
shown in Fig. C.1(a) with the boundary conditions loss (L) and the residual loss (L),
which are based on the Eq.6.3-6.4 and Eq.6.1-6.2, respectively.

To evaluate the performance of the trained DeepONet prior to the coupling process,
we test the trained DeepONet with one unseen boundary conditions of €. For example,

we apply boundary conditions extracted from the ground truth in Fig. 6.1(b) and 6.2(b).

Comparing the prediction results with ground truth, the absolute error for u, and

u, are both lower than 1.75x 1073, as shown in Fig. C.1 in Appendix C. This indicates that

our ML model is trained well for accurate generalization.

The domain €; shown in Fig. 6.1(a) is modeled in FEniCSx with uniform
displacement on the top face, fixed bottom face, and responding displacement from €;; at
the interface F,i”.The domain €; i1s discretized into 38,812 elements, with 200 nodes

uniformly distributed along the interfaces I7%¢ and I'* to facilitate information transfer.
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Figure 6.1: Response in x-direction (u.) of the linear elastic coupling model under static loading conditions:
(a) Schematic of decomposed domains for the spatial coupling framework, where the bottom edge has fixed
boundary conditions and the top edge is subjected to an applied displacement in the y-direction (u, = 0.01);
(b) Ground truth displacement u, obtained by solving the intact domain using FEniCSx. The blue-dashed box
contains: Columns 1-3 showing the evolution of u, in Q;for FE-FE coupling (top row) at iterations j = 0,8,16
and FE-NO coupling (bottom row) at iterations j = 0,5,11, with column 4 displaying the absolute error
between the converged solution (j = 16 for FE-FE and j = 11 for FE-NO) and the ground truth. The red-
dashed box contains: Columns 1-3 showing the evolution of u, in Qy for both coupling frameworks at the
same iterations, with column 4 similarly displaying the absolute error relative to the ground truth.

We first present our results for the FE-NO coupling before comparing its
convergence with the FE-FE coupling approach. The coupling process begins by solving
for Q;using the FEniCSx solver and transferring the displacement information (u. and uy)
at TO"" to the pre-trained PI-DeepONet. The neural operator then predicts the

displacements throughout €, providing values for Uy rin and Uy pin that are passed back

to €;. This exchange of information continues until convergence between the solutions of

the two subdomains is achieved, as calculated using Eq. 3.79.
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For the FE-FE coupling, we follow the same process, except that subdomain €y is
simulated using the FE solver instead of the PI-DeepONet. In this case, € 1s discretized
into 21,490 elements with 200 nodes on I'}/* and T'3%t. The nodes are positioned at the same
coordinates as those in Q;to ensure efficient boundary condition exchange. In Figures 6.1
and 6.2, we use the notations ui‘FE_ rpand u;,FE_ rgpto denote the x and y displacements
obtained using the FE-FE coupling at the j-th iteration of the Schwarz coupling strategy.
For the FE-NO coupling, we use the same notation with the subscript modified to FE-NO.

It should be emphasized that the superscript » in Chapter 6.2 - Chapter 6.4 indicates the

time step.
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Figure 6.2 Response in y-direction (u,) of the linear elastic coupling model under static loading conditions:
(a) Schematic of decomposed domains for the spatial coupling framework, where the bottom edge has fixed
boundary conditions and the top edge is subjected to an applied displacement in the y-direction (u, = 0.01);
(b) Ground truth displacement u, obtained by solving the intact domain using FEniCSx. The blue-dashed box
contains: Columns 1-3 showing the evolution of u, in €;for FE-FE coupling (top row) at iterations j = 0,8,16
and FE-NO coupling (bottom row) at iterations j = 0,5,11, with column 4 displaying the absolute error
between the converged solution (j = 16 for FE-FE and j = 11 for FE-NO) and the ground truth. The red-
dashed box contains: Columns 1-3 showing the evolution of u, in Q; for both coupling frameworks at the

99



same iterations, with column 4 similarly displaying the absolute error relative to the ground truth.

Figure 6.1 presents the x-displacement results for FE-FE at inner iterations j =
0,8,16 and for FE-NO atj =0,5,11, along with the computed errors at the final iteration for
both Q;and Q. At j = 0, both uS'FE_FE'QI and ug’FE_NO‘QI exhibit sharp gradients in
displacement field near €y, which appears as a hole for the FE solver of ;. After 9
iterations (j = 8), the sharp gradients in the displacement field in ug,FE—FE,QI are

significantly reduced across both domains. A similar mitigation is also observed

.5
MUy rp-No,Q;-

After additional iterations, the difference between uj pp_rpq, and uyGr_pzq,

becomes nearly indistinguishable, similar to that between ui FE-No,o; and Uy pp_ NO,Q, -

The final column in Fig. 6.1 shows the absolute error between the FE reference
solution urr and final converged solutions in both domains. For both coupling methods,
the largest errors occur near the interface between €;and Q. While the FE-NO coupling
yields slightly lower errors than the FE-FE coupling, all absolute errors remain within the

same order of magnitude 107>

Similarly, Fig. 6.2 illustrates the evolution of the y-displacement for both coupling
frameworks. The absolute error between the final converged solution and ground truth,
depicted in the last column of Fig. 6.2, is comparable to that observed for u,, also on the

order of 107,

Given the uniaxial loading in the y-direction, the u, displacement is approximately
10 times greater than u,, the latter arising primarily from the Poisson effect. Consequently,
similar absolute error magnitudes translate into different relative errors for u, (less than 5%)

and uy (less than 0.5%).

Due to symmetry in both loading and geometry, the displacement distribution and
the absolute error in the FE-FE coupling exhibit symmetric patterns. The maximum error

in Uy pp — UrSE_rg| appears along the x-direction, while for |uy, gz — u}Sg_ g |, it occurs
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along the y-direction. In contrast, the FE-NO coupling introduces asymmetric error
distributions, leading to slight asymmetries in the final u, and u, fields, as shown in Fig. 6.1
and Fig. 6.2. However, due to the small magnitude of the errors, these asymmetries are not

visually noticeable.

Following Algorithm 1, the Schwarz alternating method terminates based on the L?
error defined in Eq. 3.79. The error profile for the linear elastic material in the static regime
is shown in Fig. 6.3. For both coupling approaches, the L? error decreases with each
iteration, indicating a continuous reduction in the displacement difference between
successive iterations. Eventually, the L? error falls below the critical threshold € = 1073,
signifying convergence in both domains as defined by Eq. 3.80 and 3.81. With this
threshold, absolute errors remain on the order of 10>, as demonstrated in Fig. 6.1 and Fig.
6.2. While a smaller € would require more iterations, it does not significantly improve the

absolute error.

Figure 6.3 presents the error L? versus the number of inner iterations for the FE-FE
and FE-NO coupling. As shown, the FE-NO solution starts with a higher L? error in the
initial iteration (f = 1), which can be attributed to the limitations of the PI-DeepONet model.
Specifically, the model was trained using relatively large length parameters (/, = [, = 2),
while the radius of Qyis only 0.35. This mismatch hinders the model’s ability to accurately

capture the complex boundary conditions in this region.

This behavior is evident in Figs. 6.1 and 6.2 at j = 0: due to the sharp displacement
gradient in €, the FE-FE coupling yields an arc-shaped displacement distribution, while

the FE-NO solution remains nearly uniform.

Since the inner iteration process in linear elasticity serves to smooth sharp
displacement gradients, the FE-NO coupling converges faster than the FE-FE approach,
requiring five fewer inner iterations to meet the convergence criterion. As a result, the total
computation time is reduced from 102 seconds for FE-FE to 80 seconds for FE-NO-
yielding a 20% improvement in efficiency for this simple, small-scale linear elastic

example.
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It should be emphasized that at each iteration of the FE-FE coupling, the inner
domain Q;must be completely recalculated. In contrast, for the FE-NO coupling, uyq,, is
obtained through direct evaluation of the neural operator at spatial coordinates (x, y),
without requiring additional calculations or training. It is anticipated that highly nonlinear
materials and complex geometries would pose greater challenges to the FE solver, making

FE-FE significantly more time-consuming than FE-NO in such scenarios.

-} FE-NO
-®- FE-FE
& 10-2-
=
]
o~
~
\\.
1073+ \'\\‘
T T T T T T T T
0 2 4 6 8 10 12 14 16

inner iteration #

Figure 6.3 L? error norm evolution across iterations for the linear elastic model under static loading
conditions.

6.2 Hybrid framework for quasi-static loading

In this subsection, a hyperelastic material in a square domain is examined under
quasistatic loading. The schematic of the decomposed domains for the FE-NO coupling is
similar to that of the previous Chapter 6.1, as displayed in Fig. 6.4(a). The discretization
in FE analysis is also the same as before; however, the boundary conditions are different.
The left and bottom edges are fixed, and the monotonically increasing displacement is
uniformly applied on the top (1, = 0.05%(n+1)) and right (ux = 0.05%(n+1)) edges at the
time step n (with » denoting the quasi-static time step). The ground truth values are

computed using FE over the entire domain. The displacement components u, and u,in n =

102



4 are shown in Fig. 6.4(b) and Fig. 6.5(b), respectively. It is worth noting that in this
example, the FE solvers employ Newton’s nonlinear solver in FEniCSx [230], as each

loading step involves solving a nonlinear equation due to the Neo-Hookean material model.

To enable FE-NO coupling, a PI-DeepONet is trained for the hyperelastic system,
following the same approach as for the linear elastic case in the static setting. A total of

1000 boundary conditions are sampled from a Gaussian random field with length scale
parameters /,= [, = 1. These are used as input to the DeepONet operators Gglx and G: Zy (see

Eq. 3.57-3.62). Substituting these predicted displacements into the constitutive equations
yields the first Piola-Kirchhoff stress tensor P{* at time step 7 under quasi-static conditions.

The equilibrium condition in the reference configuration (neglecting body forces) is:
VeP' =0 (6.5)

Substituting the PI-DeepONet predictions into this equation, the governing system

for the hyper-elastic model at time step n becomes:

0 0Gy: - i 8G”2“
ax ﬂ”(H@_z}(%log(J(G"”G"z ))_“")J(G;‘;,Gé’;)[1+ 3 }

6.6)
+§ " ag(;; +(),0 log(J(Ggl“,Gg;))_,UO)J(G: Gu})[ ag;z] =0, (x,y)eﬁn,
0, > Yo,
a—ax[uo (u 5;;;;’ }(,10 tog( (G, Gy ))—uo)J( 9] & [1+ 5;2’;‘ ]
o ©6.7)
-7 uo%%ﬂo log(J(G;':,G;’;))—uo)J(Guf Gu‘)ﬂagjl ~0, (vy)eQ,,
0, > Yo,

where the Jacobian determinant J represents the local volume change:

103



0Gy” oGy | 060Gy 0G,
J=|1+— || [+—= |-— - (6.8)
ox oy oy Ox

The boundary conditions were imposed as:

Gy (x,y)=u](x.), (x.y)ely (6.9)
Gy, (x.y)=u}(x,y), (x.y)el}y" (6.10)

The PI-DeepONet described by Eqs. 6.6-6.10 is trained over 2 million iterations to
optimize the parameters 0 = {9?,0;} . Figure C.2(a) shows the loss reduction over

iterations, accounting for both the residual and the boundary components. To assess
generalization, the trained PI-DeepONet is tested on an unseen boundary condition at time
step n = 4, corresponding to uniform displacement loading. The ground truth FE solutions
s FE,q,, and uf, FE,q,,are compared with PI-DeepONet predictions s No,q, and u; NOQ -
The absolute errors, |uf§ FEQ; — uy NO‘QH| and |u;1', FEQ; — u;}, NO’QHL are both below 1.2
x 1073, as presented in Fig. C.2 in Appendix C. Given the maximum displacement
magnitude of 0.139, the relative error is below 1%, which is acceptable for engineering
applications. These results confirm that the PI-DeepONet accurately generalizes to unseen

inputs and is well suited for use in FE-NO coupling frameworks.

The FE-NO coupling framework under quasi-static conditions follows the same
setup as described in Chapter 6.1, with convergence determined by the L? error criterion
in Eq. 3.79, using € = 107>, A key difference here is that for each time step, the inner
iterations must converge before advancing to the next step. This time-marching scheme
and the information exchange procedure are outlined in Algorithm 1. For comparison, the
FE-FE coupling uses the same algorithm, with Qy solved by FE rather than a neural

operator. We denote the converged displacements in time step n as wy pg_pp and Uy pp_pg

for the FE-FE case, and uy rp_yo and uy pg_yo for the FE-NO case.
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Figure 6.4 Response in x-direction (uc) of the hyperelastic coupling model under quasi-static loading
conditions: (a) Schematics of decomposed domains for spatial coupling framework, where the left and bottom
edges have fixed boundary conditions and the top and right edges are subjected to an applied displacement
at time step # in y-direction (u,= 0.05(x + 1)) and x-direction (¢, = 0.05(n + 1)); (b) Ground truth displacement
uy at time step n = 4 obtained by solving the intact domain using FEniCSx; The blue-dashed box contains:
Columns 1-3 showing the evolution of u, in Q;for FE-FE coupling (top row) and FE-NO coupling (bottom
row) at time step n = 0,2,4, with column 4 displaying the absolute error between the converged solution at
time step n = 4 and ground truth. The red-dashed box contains: Columns 1-3 showing the evolution of u, in
Qy; for both coupling frameworks at the same time steps, with column 4 displaying the absolute error relative
to the ground truth.

The last columns of Fig. 6.4 display the absolute error of the coupling frameworks
against the reference solution of FE at n =4 in both domains. This FE-FE coupling presents
a comparable absolute error to that in the linear elastic example, at the same order of
magnitude 107, Due to the large deformation in the hyperelastic model, the displacement
is at magnitude 107!, and the relative error is below 0.1%. Although the absolute error in
FE-NO is an order of magnitude higher than that in FE-FE, it remains negligible in relative

terms, below 1% compared to the reference solution of FE.

105



n
Ugrp-rr, 0,

4
Hypr =

1
Uyrrrr,, le-s
0.25 154

0.20
0.15
0.10

0.05 001

0.00 =-0.51

4 4
Uy 7”)‘11 -NO.0; l1e-3

yrn
0.25 154

QOuter domain

0.20
1.04

T 1 =
:-NO, Q Uyre ~ Uyrp-No. 0, |1c,3

< 2.5
0.7
t / 2.0
0.12 0.6
i >05 3
0.10 10
2 0.4
0.3 0.5
5 0.08 0.2
i 62 oo 02 -62 00 02
x X

Inner domain

Figure 6.5 Response in y-direction (u,) of the hyperelastic coupling model under quasi-static loading
conditions: (a) Schematics of decomposed domains for spatial coupling framework, where the left and bottom
edges have fixed boundary conditions and the top and right edges are subjected to an applied displacement
at time step » in y-direction (u,= 0.05(n + 1)) and x-direction (u,= 0.05(x + 1)); (b) Ground truth displacement
uy at time step n = 4 obtained by solving the intact domain using FEniCSx; the blue-dashed box contains:
Columns 1-3 showing the evolution of u, in Q; for FE-FE coupling (top row) and FE-NO coupling (bottom
row) at time step n = 0,2,4, with column 4 displaying the absolute error between the converged solution at
time step # = 4 and ground truth. The red-dashed box contains: Columns 1-3 showing the evolution of u, in
Qy; for both coupling frameworks at the same time steps, with column 4 displaying the absolute error relative
to the ground truth.

Similarly, in Fig. 6.5, the diagonal-symmetric results of u, with respect to u, are
shown in both domains, resulting from the diagonal symmetry of the loading and fixed
boundary conditions. The arc-shaped distribution of u, can be found in Q;and Qyat n =0,
2, 4 with loading conditions increasing from 0.05 to 0.25. Relative to edge length 2, it can
be considered as a large deformation. The absolute errors in y-displacement for FE-FE are
almost in the same range as those in x-displacement. Meanwhile, in FE-NO, the absolute

error is slightly larger than in u,.
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Except for the NO predictions in Qy, all absolute errors obtained by the FE solver
reach the maximum at the edges of Q. The higher errors within Qj in |u§ FE —
U rE-No, 0| @nd |Uf g — U5 pE_No, | are probably derived from the intrinsic error of
our trained PI-DeepONet. Due to coupling, |ujpz — Ujpe-no o,| and |uf gz —
ug‘, FE—NO, | are slightly higher, while at the same order of magnitude 10>. Moreover, the
large error region (indicated in light yellow) appears along the edges of Qy, rather than

being completely isolated, as observed in |ujpg — Ugpg-no,q,| and |uj g —

4
Uy FE-NO, Q; |

10_1-:

L, error

10‘3-:

0 10 20 30 40 50
inner iteration #

Figure 6.6 L? error norm evolution across iterations for the hyper-elastic model under quasi-static loading
conditions at time step n = 4.

Figure 6.6 presents the L? error profiles of FE-FE and FE-NO in the hyperelastic
model in quasi-static regime at time step n = 4. The L? error is defined in Eq. 3.79. As
shown in Fig. 6.6, the error L drops below the threshold € = 102, indicating convergence

of the coupling.

Thus, the displacement over the entire domain is obtained, as illustrated in Egs.

3.80-3.81. During the first 20 inner iterations, the FE-FE and FE-NO error profiles overlap
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closely. As the inner iterations progress, the deviation between them becomes increasingly
noticeable. Ultimately, FE-FE reaches the convergence condition at 48 inner iterations,
while FE-NO converges at 50 iterations. This indicates the comparable convergence

behaviors and the robustness of both coupling frameworks.

However, the computational efficiency in FE-FE and FE-NO is different. As
mentioned in the linear elastic model in a static regime, the FE-FE coupling method needs
recalculation by the FE solver in €7 at each inner iteration step. In the hyperelastic model,
this process involves the Newton solver, necessitating additional iteration steps to obtain
the solution at each inner iteration. In particular, at n = 4, the FE-FE approach takes 184.8
seconds for 49 inner iterations, whereas the FE-NO method completes 51 inner iterations
in 160.8 seconds. Moreover, once trained, FE-NO leverages the direct evaluation of PI-

DeepONet without requiring recalculations or further training.

In addition to computational efficiency, the stability of the FE-FE framework is also
challenged by the implementation of the nonlinear FE solver. The nonlinear FE solver is
prone to divergence due to various factors, such as large load increments, element
distortion, and other highly nonlinear behaviors. In contrast, neural operators are
specifically designed for nonlinear mappings in a mesh-free form, offering significant

stability in simulating highly nonlinear models.

6.3 Neural operator coupling for dynamic loading

In this elasto-dynamic example, the entire computational domain is a square. As
shown in Fig. 6.7(a), the schematic illustrates the DDM used in the FE-NO coupling
framework. The outer domain, €, is a 2x2 square with an embedded 0.6x0.6 square hole,
while the inner domain, Qy, is a square with side length 0.7. The boundary conditions
remain consistent with those described in Chapter 3.2, except that a constant displacement
is applied, with u, = 0.01 and u, = 0.01. Figure 6.7(b) and 6.8(b) show the displacement
results for the intact square domain at the final time step n = 139, obtained from the FE
simulation in the intact domain. These results serve as the ground truth against which the

accuracy of DDM-based methods is evaluated.
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To establish an elastodynamic FE-NO coupling framework, we begin by
implementing the FE-FE coupling approach. The domain is divided into two regions: €,
and Q. At each time step, data is transferred between the subdomains using the Schwarz
alternating method, as outlined in Algorithm 1. The discretization, computation, and
information exchange closely follow the FE-FE coupling procedure used in the quasi-static
hyperelastic model. The key difference under dynamic loading is the incorporation of the
time dependency, which is handled using the Newmark method, as described in Eq. 3.69.
The results of the FE-FE coupling under dynamic conditions are shown in Fig. 6.7, 6.8,

and 6.10, demonstrating high accuracy and validating the effectiveness of this approach.

For the FE-NO coupling, a pretrained PI-DeepONet is used to transfer displacement

5% at each time step. Since the system is dynamic

information (uy and uy,) across I'7* and
and involves both acceleration and velocity, the time dimension must be considered.
Therefore, the inner domain’s PI-DeepONet is designed as an auto-regressive model.
Moreover, to ensure compatibility with the Newmark method used in the FE analysis of
the outer domain, the PI-DeepONet must also reflect the underlying time integration
scheme. This motivates the development of a time-advancing PI-DeepONet architecture,
inspired by the Newmark method, as illustrated in Fig. 3.1(a). In this architecture, the
Branch1 network incorporates current time step’s boundary conditions, while the Branch2
network uses a convolutional neural network (CNN) to extract velocity and displacement

features from the previous time step. The trunk network then predicts the current

displacement at spatial coordinates (x,y) € Q.

The time-advancing prediction process is further detailed in the flowchart in Fig.
3.1(b). Functionally, this PI-DeepONet acts as a Newmark-integrated surrogate for the FE
solver, allowing consistent prediction of displacements at each time step. Thus, the time-
advancing PI-DeepONet and the FE solver are naturally coupled in the time domain.
Meanwhile, spatial coupling is achieved via the Schwarz alternating method through
boundary data exchange. Importantly, the time-advancing PI-DeepONet is not restricted to
single-step predictions; it can sequentially predict multiple future time steps, thereby
broadening its applicability to long-term dynamic simulations.
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The next step involves training the time-advancing PI-DeepONet. Unlike earlier
DeepONet models that rely solely on boundary conditions, the time-advancing variant
requires full domain information as input to the branch network. Therefore, constructing a
suitable dataset for PI-DeepONet pretraining is essential. This dataset is generated from a
square domain solved using a FE solver, as shown in the reference ground truth results in
Fig. 6.7(b) and Fig. 6.8(b). To begin, we generate 200 Gaussian random field samples with
length scale parameters /, = [, = 0.2 to replace the constant displacements u, and u,. The
boundary conditions applied to the intact square are identical to those shown in Fig. 6.7(a),
except that the constant values of u, and u, are substituted by the generated Gaussian
random field data. We employ the Newmark method within the FE solver to simulate the
dynamic response of this square domain. For each of the 100 random field samples, we

[9%t as well as the domain displacements and

extract the boundary conditions on
velocities (vy and v,) within Qy, across 11 time steps. To train the PI-DeepONet for
prediction over 10 specific time steps, we select the corresponding segment of the dataset.
The domain displacements and velocities from time steps O through 10 are used as inputs
to the Branch2 network, while the boundary conditions from time steps 1 through 11 serve
as inputs to the Branch1 network. As the domain displacements and velocities are generated
from FEM with unstructured girds, the radial basis function interpolation in Scipy library
[231] should be utilized to obtain the structured data, which can be used as inputs of
CNN.This process yields 1000 total training samples (10 time steps x 100 samples) for the
displacement components ux, u,, and velocity components vy, vy, along with their

corresponding boundary values on I'3%* . During training, batches of size 100 are randomly

sampled at each step.

The PI-DeepONet is trained using the governing equations in strong form, as

defined in Eq. 3.50, by substituting uy and uy into the PI-DeepONet networks Ggl" and

u .
Gy Zy , respectively.

The acceleration is computed using Eq. 3.68. The resulting physics-informed

residual equations used for training are:
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(A +2u,) axz"' + K, ay;' +( Ay + 1) axdy :(ﬁd1)2 (u;?"+vj"dz—G;’l~‘), (x,)eQ,(6.11)

0’Gy oGy o*G™ i) )
(Ao +2445) - =t 8x§2 +( Ao+ 14y) axa; = (,Bdt)2 (u;l'1+va"1dt—G92”), (x,y)eq, (6.12)
Gy (x,y)=u](x.), (x.y)ely (6.13)
Gy, (% y) =} (x.y), (xy)ely (6.14)

It is important to note that the choice of 11 time steps in this study is arbitrary and
can be extended to a larger number of steps, depending on the application requirements.
After training the PI-DeepONet for 1 million iterations, the corresponding loss history is
shown in Fig. C.3(a). In this plot, Ly, refers to the boundary condition loss, and L,qg
denotes the residual loss, which correspond to Eq. 6.13-6.14 and Eq. 6.11-6.12, respectively.
Before proceeding to the coupling process, we evaluate the trained PI-DeepONet using an
unseen test case. Specifically, we apply the domain information at the time step n = 112
and the boundary conditions at n = 113, taken from the ground truth solution of an intact
square domain under constant dynamic loading simulated using FEniCSx. When
comparing the predicted results to the ground truth, the absolute errors in displacement
components are found to be |uzio, —Urnoo,| <5%107° and |u}io, —
w800, <7%107%, which is depicted in Fig. C.3 in Appendix C. These results

demonstrate that the PI-DeepONet is well-trained and capable of accurate generalization

to unseen dynamic conditions.

After training the PI-DeepONet surrogate model, we can couple it with the FE
solver over ;. At each time step, the information transfer is carried out following the
Algorithm 1. The coupling process for each inner iteration at each time step remains the
same as described in Chapter 3.2. For the FE-FE coupling, the process remains the same,
with the only difference being that €;is solved using an FE solver. Instead of repeating

the inner iteration process at each time step in the elastodynamic case, we present only the
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converged result at every time step, requiring that L? error falls below the critical threshold
€ = 107, For elastodynamic results, we use the same notations for converged results
Wy FE-FE » Wy FE—FE » Ux rE—No aNd Uy pg_ypas in Chapter 3.2, with n the superscript

indicating the time step.
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Figure 6.7 Response in x-direction (u,) of the linear elastic coupling model under dynamic loading
conditions: (a) Schematics of decomposed domains for spatial coupling framework, where the left and bottom
edges have fixed boundary conditions and the top and right edges are subjected to an applied displacement
in y-direction (u, = 0.01) and x-direction (u,= 0.01); (b) Ground truth displacement u, at time step n = 139
obtained by solving the intact domain using FEniCSx; The blue-dashed box contains: Columns 1-4 showing
the evolution of u, in Q; for FE-FE coupling (top row) and FE-NO coupling (bottom row) at time step n =
90,106,120,139, with column 5 displaying the absolute error between the converged solution at time step n
=139 and ground truth. The red-dashed box contains: Columns 1-4 showing the evolution of u, in Q for
both coupling frameworks at the same time steps, with column 5 displaying the absolute error relative to the
ground truth.

Fig. 6.7 shows the evolution of displacement u, for both coupling frameworks from
time step n = 90, 106, 120, 139. Note that the domain information at n = 89 is obtained
from the FE-FE coupling framework. Based on the u8%;_rr, uf,gFE_pE, v e rE Vy FE—FE>

9
u

Ol—-out and u’ Fout, we can calculate and predict domain displacements u; q, and ul

x| y Q11
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FE-FE and FE-NO, respectively. At n = 90, U35 _pg o, and U3 %g_yo o, both show that

the high displacement values have not reached the domain Q;;.

The entire blue region in Uy g o, and U3z _yo q,, confirms that displacements
are small in Qz. Due to the negligible displacement value in Qy, the inner iteration until
time step 90 only requires 5 steps in FE-NO and 6 steps in FE-FE. However, as soon as
high displacement values reach €y, a higher number of inner iterations (e.g., 9 — 10) are

required for convergence.

After 16 time steps (n = 106), it is found in both u)%_ FE,Q, and ul%_ No,o, that

high displacement values u, reach the right edge of I'™, and have already occupied the

right area of the overlap region (€2,).

After another 14 time steps (n = 120), the x-displacement surpasses the '™,
stepping into the center hole of Q;. The upper and lower wings of the displacement in

120 120 : . .
Uy FE-FE,Q, 30 UyFE_po o, Uniformly propagate, and no reflection or sharp gradients of

displacement field can be observed. This indicates the continuity between the two domains

and the convergence of the inner iterations.

After an additional 20 time steps (n = 139), the higher values of u, propagate further
toward the left edge of the square.

The absolute error |uldy — ul3%_pz| in both Q; and Qy is on the order of
magnitude 107>, while |ul3% — ul3?._yo| is slightly higher in both domains. Specifically,
the highest value reaches 8x107°in Q;and 1.25x10~*in Q. In both coupling frameworks,

the highest absolute errors in Q;can be found around I''", especially for FE-NO coupling.

113



v e ren, | e -5

no =
vFE-NO, Q, j e T

urewop 13nQ

urewop Jouuy

Figure 6.8 Response in y-direction (u,) of the linear elastic coupling model under dynamic loading
conditions: (a) Schematics of decomposed domains for spatial coupling framework, where the left and bottom
edges have fixed boundary conditions and the top and right edges are subjected to an applied displacement
in y-direction (u,= 0.01) and x-direction (u,= 0.01); (b) Ground truth displacement u, at time step n = 139
obtained by solving the intact domain using FEniCSx; the blue-dashed box contains: Columns 1-4 showing
the evolution of u, in ; for FE-FE coupling (top row) and FE-NO coupling (bottom row) at time step n =
90,106,120,139, with column 5 displaying the absolute error between the converged solution at time step n
= 139 and ground truth. The red-dashed box contains: Columns 1-4 showing the evolution of u, in € for
both coupling frameworks at the same time steps, with column 5 displaying the absolute error relative to the
ground truth.

In Fig. 6.8, the evolution of displacement in y direction, u,, from n = 90 to 139 is
illustrated. In the first time steps, the red region of displacement uniformly propagates
towards the bottom of the domain, then it gradually extends into €y and propagates along
with the transition interface as shown by a white line. Column 5 of the blue-dashed box
and red-dashed box show the |u}3%: —uyz_pe| and |uj% — us3%_no|. The order

magnitude of the absolute error is the same as that in displacement ;.
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Regarding the absolute error in ;, the maximum error occurs in [}™ . Similarly, the

highest error in |uy%; — U} _pE o,,| is also observed near IY™. In contrast, the maximum

- [,,139 139 TS
error in |uy FE — Uy FE— NO,Q”| appears near the transition interface between the blue and

red regions. As noted in [132], such relatively sharp interfaces are particularly challenging

to accurately approximate in scientific machine learning frameworks.
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Figure 6.9 The maximum absolute error value in Qy: (a) absolute error of u, from time step #» = 90 to 139
for FE-NO (|u}rg — Uy pp—nol) and FE-FE (|u} pg — uZ rr_rg|) coupling (b) absolute error of u, by auto-
regressive data-driven DeepONet. (c) and (d) are for u,

The detailed evolution of the absolute error for both coupling frameworks is
depicted in Fig. 6.9. It is noteworthy that the auto-regressive method is used in both
coupling frameworks, meaning that information from the previous time step is used to
derive the results for the next time step. As a result, if there is an error in the previous time
step, it will be carried over to the next time step’s result. This is a commonly observed issue
in auto-regressive models within scientific machine learning, where error accumulation

often leads to an exponential increase in error, potentially causing it to exceed several
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orders of magnitude [143]. In Fig. 6.9(a, c), the absolute errors for both FE-FE and FE-NO
have an increased tendency. The |u} pp — Uy pg_pg| changes smoothly, remaining within a
small value range (below 5x107°), while the |ul zz — u? pg_no| varies more drastically,
exhibiting abrupt fluctuations, specifically in the last 10 time steps. Similarly, the
|u; FE — Uy re_rpg| keeps increasing in smooth manner, and the |u;,l FE — Uy pE— ol

oscillates abruptly.

Notably, in |u37}FE - u;FE_N0| from n = 113 to n = 118, the error value jumps
steeply, showing three spikes with the highest value 1.68x10*at n = 116. Despite these
error spikes, the absolute error |u§} FE — Uy pE— N0| self-corrects to lower values
(approximately 1.02 x 10™*) during time steps n = 119 — 129, demonstrating the resilience
of the framework. This self-heal phenomenon indicates that the auto-regressive error
accumulation is not dominant in FE-NO coupling, though it is an auto-regressive surrogate
model. We hypothesize that the significant error attenuation is because of the accurate

boundary conditions provided by the FE solver in €.

We compare our model against a purely data-driven DeepONet to demonstrate the
substantial accuracy improvements achieved through the incorporation of boundary
conditions. This data-driven DeepONet implements the identical dataset utilized in time-
advancing PI-DeepONet. The 100 samples of domain information (. and u,) at each time
step from n = 99 to 108 (100 x 10 samples in total) are provided as input of the branch
network. The corresponding 100 samples for each time step from n» =100 to 109 are set as
the output. Notably, the architecture of the data-driven model is identical to the
elastodynamic model in Table 3.3, except that the Branchl network responsible for
enforcing boundary conditions is removed. We train this data-driven DeepONet to predict
the next time step’s displacements in x-direction and y-direction. Consequently, we obtain
two auto-regressive models for x-displacement and y-displacement, which predict the
displacement in €y only depending on the domain displacement from the previous time

step without boundary conditions. The accurate results for n = 99 are provided by the FE
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solver. The data-driven DeepONet predicts the displacements in Qy7, denoted as u}; L, and
n
Uya0
: n _n n _an
The corresponding absolute error |ux FE — Uy de”| and |uy FE — Uy d,Q”| are

shown in Fig. 6.9(b, d). Both exhibit enormous increases of the order of magnitude 10~*to
10°. In the first step at n = 100, both absolute errors are smaller than 1 x 10~*exhibiting the
accuracy of the data-driven DeepONet for the trained timestep. However, when this model
is used to predict the next 7 steps (i.e., from n» = 100 to 107), the auto-regressive error
accumulates significantly, resulting in an increase of five orders of magnitude. This
highlights the superiority of our time-advancing PI-DeepONet over the data-driven
DeepONet.

Although the error accumulation in our FE-NO framework seems unavoidable in
the current method, the absolute error for u, and uy are still lower than 3x10~* after 49 time-
steps, while the displacement values of u, and u, are at 1072 orders. To restrict the FE-NO
error within a bounded threshold, we perform FE-FE coupling for a few timesteps after a
few FENO coupling for significantly large timesteps, as a recalibration for the coupling
framework. As displayed in Fig. 6.9(a,c), after 139-time steps, the absolute error in FE-FE

is still in 107>, varying continuously and smoothly without any spikes.
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Figure 6.10 Response in x-direction (ox) and y-direction (oy,) of the linear elastic coupling model under
dynamic loading in Q7 First two rows are the evolution of oy, at n = 90,106,120,139, obtained in FE-FE and
FE-NO respectively, with column 5 displaying the absolute error between the converged solution at time step
n =139 and ground truth. The last two rows are oy, for both coupling frameworks, with column 5 displaying
the absolute error relative to the ground truth.

Figure 6.10 presents the stress fields for the elastodynamic example. The stress
distributions in both coupling frameworks (i.e, FE-FE and FE-NO) are consistent with the
displacement fields, with o and oy, propagating toward the left and bottom edges,

respectively. The displacements u} o and ul shown in Fig. 6.7 and Fig. 6.8 remain

Y Qo
nearly constant within the red and blue regions, separated by a single transition interface.
As a result, on and o, exhibit stripe-like patterns centered around this displacement
interface. Due to the Poisson effect, a light blue stripe intersects a red stripe in both oy, and

oy, leading to a localized maximum in the intersection region.
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Due to the use of the first-order continuous Galerkin method, stress discontinuities
appear in the FE-FE coupling results. These are particularly evident in the white regions of

Oy FE—FEQ, » Oyy FE—FEQ, A0d Oy Fp_ppq, - In contrast, FE-NO coupling stress

distributions are smoother because of the high-order differentiability. Therefore, in absolute

139 139 139 139 :
errors, |axxFE axxFE_NO,Q”| and | yFE—anyE_NO‘QIJ are slightly lower than

139 139 139
|<7xx FE — xx FE FE Q,,l and | yy FE — Oyy FE—FE,Q,,l-

It is worth noting that increasing the element order in finite element methods can
mitigate the stress discontinuity issue. However, this comes at the cost of significantly
increased computational effort, resulting in reduced efficiency. Instead of compromising
between accuracy and efficiency in traditional FE solvers, employing neural operators to

solve high-order PDEs presents a promising alternative.

6.4 Expansion of the ML-subdomain

In Chapter 6.3, the computational domain was pre-partitioned into two
subdomains, €;and €y, with Qjreplaced by a DeepONet surrogate. Therefore, during the
simulation in Chapter 6.3, the DeepONet region remained fixed. However, in realistic
multi-scale and dynamic systems, computationally intensive regions often evolve over time.
To optimize the performance of our framework in such scenarios, we propose the dynamic
expansion of the DeepONet region, which allows the DeepONet domain to expand

adaptively in a tile-like manner following Algorithm 2.

In this subsection, we consider the same global computational domain and
boundary conditions as in Chapter 6.3. As shown in Fig. 3.3, the DeepONet region €Q;is
now extended to include two additional square domains, €;;and Qyy, positioned 0.3 units
above and below €y, respectively, and having the same length (0.7 units). This
configuration results in a larger rectangular surrogate composed of three adjacent

DeepONet domains. The outer domain €2is a 2 x 2 square with a 0.12 x 0.6 rectangle hole.

To train these two time-advancing PI-DeepONet, we implement the same method

as illustrated in previous section. For Qy, the DeepONet is trained with suitable dataset
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extracted from the intact square domain solved by FE solver. For the DeepONet on Q,
we have implemented a transfer learning strategy [232], leveraging the trained model for
Q. These two PI-DeepONet can also be trained using Eq. 6.11, 6.12, 6.13 and 6.14. We
refer to the DeepONet for Qp as upper DeepONet, Q7as lower DeepONet. After training
the two PI-DeepONets in the FE-NO coupling framework, we first couple them together.
The combined DeepONet model is then treated as a single solver and coupled with the FE
solver in Q, as outlined in Algorithm 2. The two different L? errors, L%, and L%, defined
in Eq. 3.82 and Eq. 3.83, should be lower than the critical thresholds e =1 x 10 and € =

1 x 1073, respectively. In this FE-NO coupling framework, FE is discretized into 47,828

elements, with 162 nodes uniformly distributed along the left and right edges of T2, and

82 nodes on the top and bottom edges.

For FE-NO coupling, we first solve Q;using FEniCSx and pass the displacement

information at [2%¢

mner 10 QiU Q. Having received the boundary conditions provided from

Q;and Qg (at first coupling iteration of W rin = 0, as detailed in Algorithm 2), the
innery

upper DeepONet predicts the displacement throughout €y, giving the values of Uy pin
inners

and u that are passed to Q7. Then, based on the boundary conditions from €;and

in
xlrinner3

Qy, the displacement over € is obtained, which provides the value u and

in
xlFinnerz

u to Q. Information exchange between Qj and € continues until the iteration

in
ylrinnerz

converges, as calculated in Eq. 3.82. Then, the QU Qi predicted by the DeepONet passes

inner mner

the Uy rout and U, pout back to the €, Consequently, the FE solver updates the

displacement in €, providing the new boundary conditions to QU Q. It is important to
note that once convergence is achieved for the coupling between Qp and €y, each
subsequent update from €, requires only one additional iteration to satisfy the convergence

criterion L%, ,<1x 1075, Information is continuously transferred between Q;and Qy U
Qu1, until the inner iteration convergence condition Lf,z < 1 X 10~%is achieved. Eventually,

we can get uj by composing the subdomains of the results 7 —//I. In this example, we use
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the same notations as Section 3.3 Uy pg_pyo and Uy pp_po to denote the converged x and y

displacement at time step n obtained using FE-NO coupling.

Applying the domain information obtained at » = 139 by FE-FE coupling in
previous Chapter 6.3, further displacement propagation of the dynamic system is

illustrated in Fig. 6.11 — 6.12.
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Figure 6.11 Response in x-direction (u,) of NO replacement for linear elastic FE-NO coupling model under
dynamic loading conditions: first row showing the evolution of u. at time step n = 140,149,159,169 in Q;,
second row and third row displaying the evolution in Qyand Qg respectively.

Fig. 6.11 illustrates the evolution of Uy pg_no In Q7, Qrand Qyy at time step n =
140,149,159,169. At n = 140, the displacement u, in €2;1is similar to that in Fig. 6.7, with
two triangle wings on the upper and lower regions. In € and gy, the almost constant
results show up, uniformly distributed red and blue regions along with a transition interface.
After 9 time steps (n = 149), the transition interface of displacement u, almost reaches the
central axis (x = 0). The non-uniformity can be observed in the red region of Q;, where the
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right top is slightly lighter than the others. The transition interface is still relatively straight.
After another 10 time steps (n = 159), the displacement u, has already surpassed the central
axis (x = 0), and the non-uniformity becomes more pronounced. Moreover, the transition
interface is no longer a straight line; instead, it evolves into a curved shape-particularly
near the upper end in Qy and the lower end in €. This phenomenon becomes more
pronounced after an additional 10 time steps at n = 169, where the transition interface in

ULSe No,q,, €xhibits a more prominent curvature. Additionally, the light red region extends

toward the upper-right corner. In Qyy;, a similar light red area appears symmetrically in the

lower-right corner; however, the transition interface in {;771s not symmetrically curved.

The difference of the transition interface in £;;and €y originates from the Poisson’s
effect. The dark blue propagates from the left-top region to the right-bottom region. After
red region passing the central axis, the dark blue influences the transition interface. Due to
fixed boundary conditions on the left and bottom edges, there is no displacement wave

from the left-bottom region. Therefore, the transition interface is not greatly influenced.
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Figure 6.12 Response in y-direction (u,) of NO replacement for linear elastic FE-NO coupling model under
dynamic loading conditions: first row showing the evolution of u, at time step n = 140,149,159,169 in Q,,
second row and third row displaying the evolution in Qyand Qg respectively.

The evolution of u, from n = 140 to 169 is shown in Fig. 6.12, where the non-
uniformity becomes clearly noticeable. Despite the non-uniformity and transition interface

variance for u,, the more intriguing process is the displacement propagation from €;to Q.

At n = 140, the displacement u, in €7 is observed to remain nearly constant at
approximately 1 x 1072, In contrast, the value of ujl,‘}oE_ No,q,,; 18 significantly lower, with
a maximum around 3 x 107>, The light blue region in the lower-right corner is attributed to
the Poisson effect, as previously discussed. After 9 additional time steps (n = 149), the
displacement u, continues to propagate toward the bottom edge, with its maximum value
in Qyreaching 6.7 x 10~3—more than twice the value observed at n = 140. After another
9 time steps (n = 159), the maximum value reaches 1 x 1072, indicating that the uniform
displacement field has extended into Q. Finally, at n = 169, the minimum of u, in Qy;is

higher than 7.5 x 1073, indicating that the transition interface leaves Quto Q.

123



n

o

xx FE - NO
n=140 n= 149 n=159 n= 169
1.0- |
C: 0.8+
0.6 .
> K !
0.4+ | |
le2
N 021 | |
G
0.0-
1.0

yy FE - NO

0.5
1.0- . i 1
0.8- : i 1
0.0
0.6 : ! 1
» — ——
04 - ' +—-
0.2- ! 1 !
0.0+ 1 1
-02 00 012 -02 00 02
X X

-0.2 00 0.2 -02 00 0.2
X

QI[

Q[II

Figure 6.13 Response in x-direction (o) and y-direction (a,,) of NO replacement for linear elastic coupling
model under dynamic loading in Qy: First two rows are the evolution of g at n = 140,149,159,169 in Q;and
Qi respectively, last two rows are oy, at corresponding time steps in Qyand Qg

In Fig. 6.13, the evolution of stress gxxand gy, in Qrand Qyyr1s depicted. It is evident
that the o, 1s not straight at the upper end in Q;7and lower end in Qyy;, confirming the curved
transition interface obtained in Fig. 6.7. This adaptive ML-subdomain expansion strategy
offers a powerful tool for enabling real-time optimization of computational resources. This
approach is particularly promising for dynamic multi-physics systems, such as phase-field
models [18, 51, 233, 234], which require high-resolution computations near evolving
interfaces. For instance, in phase-field fracture mechanics, mesh refinement is necessary at
the crack tip, where localized stress singularities demand high resolution, which requires

significant increase in computational cost. Therefore, adaptively replacing the crack-tip
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region with DeepONet, as proposed in [235], can significantly improve simulation

efficiency.

6.5 Neural operator coupling as surrogate of adaptive mesh
refinement: An essential key in multiscale modeling

In preceding examples, our framework has been validated using domains with
uniform mesh refinement to demonstrate the efficiency of the spatial and temporal coupling.
This section extends our investigation to applications with non-uniform mesh density, a
critical consideration for multiscale modeling problems. Adaptive mesh refinement (AMR)
allows for selectively increasing the resolution in regions exhibiting fine-scale features
(smaller length scale), such as stress concentrations near crack tips in fracture mechanics.
However, both the identification of regions requiring refinement and the subsequent

numerical solution of these densely meshed domains incur substantial computational costs.

Our approach addresses this challenge by strategically replacing computationally
intensive fine-mesh regions with neural operator surrogates. The current implementation
demonstrates this capability for static loading conditions with predetermined location of
the ML subdomain (i.e. we are aware of the locations that require refinement). This
represents a foundational step toward our future research objective: developing a fully
adaptive framework for static and dynamic problems where the neural operator subdomain
automatically expands to encompass evolving regions that would otherwise require

progressive mesh refinement.

In this subsection, we examine a linear elastic thick cylinder with an inner radius
of 1 and an outer radius of 4 under static loading conditions. A non-uniform mesh with
varying mesh densities is used in this example: the coarse-mesh region is modeled using
the FE, while the fine-mesh region is modeled using the neural operator. To simplify the
analysis, the full cylinder domain is reduced to a quarter-cylinder by imposing roller
support boundary conditions along the left and bottom edges. The schematic of the
decomposed domains for the FE-NO coupling approach is shown in Figure 6.14(a). The

outer cylindrical region, €, extending from a radius of 1.8 to 4, is discretized and solved
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using the FE method, while the inner cylindrical region, Qy;, spanning a radius of 1 to 2, is
resolved using the neural operator. A non-uniform, displacement-controlled loading, u, is

imposed on the inner circular boundary, 0€;, and is defined as:
u=(0.01xx*,0.01x)”), (x,y)€dQ, (6.15)

The resulting displacement fields in the x and y directions, obtained from FE

analysis over the entire domain, are presented in Figures 6.14(b) and 6.15(b), respectively.
For training of the PI-DeepONet operators, Gé‘l * and Guzy , the loss functions £;.s and
L, are formulated similar to those described in Chapter 6.1, following Eq. 6.1-6.3. Due

to the roller support boundary conditions imposed along the left and bottom edges, an

additional loss function, Ly fiy, is introduced to enforce the following constraints:
Gy, (0,y)=0, yeoQ, (6.16)
Gy (x,0)=0, xeoQ, (6.17)

The PI-DeepONet was trained for 2x 10 iterations, with the corresponding loss plot
shown in Fig. C.4(a). Here, Ly, fix.is the loss function defined by Eq. 6.16-6.17. Notably,
Lpcs rix» can be regarded as a specialized contribution to the broader boundary condition

loss L. At each training iteration, 1600 collocation points were randomly sampled across
the entire domain to compute the loss functions. This dense sampling strategy ensures that
the trained PI-DeepONet achieves sufficient resolution to accurately predict results

comparable to those obtained from FE analysis on highly refined meshes.

To evaluate the accuracy of the surrogate model, the trained neural operators were
tested under the non-uniform displacement loading u specified in Eq. 6.15. The predictions,

Uy No,0;; 0 Uy, o ,,» Were compared against the FE ground truth solutions. The absolute
errors were found to be negligible, with magnitudes of 9.5 x 107> for |ux FEQ, — Ux N0,9"|

and 8.5 x 107 for |uy FEQ; — Uy NO,QHL as illustrated in the last column of Fig. C.4 in
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Appendix C. Given this high level of accuracy, the trained neural operators are deemed

suitable for integration within the FE-NO coupling framework.

As a linear elastic system under static loading, the thick cylinder model follows the
same computational methodology and governing equations detailed in Chapter 6.1.
However, the mesh density distribution differs significantly from those used in Chapter
6.1, 6.2, 6.3, and 6.4, as a non-uniform mesh is employed in this case, in contrast to the
uniform mesh density used in the previous examples. Specifically, Q;is discretized with a
coarser mesh compared to the meshes used in the earlier sections, while Qyis resolved with

a much finer mesh, as illustrated in Figures 6.14(b) and 6.15(b).
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Figure 6.14 Response in x-direction (u,) of the linear elastic coupling model for thick cylinder: (a)
Schematic of decomposed domains for the spatial coupling framework, where the left and bottom edge have
support roller boundary conditions and inner circular edge is subjected to an applied displacement u = (0.01
x x2,0.01 x y?); (b) Ground truth displacement u, obtained by solving the intact domain using FEniCSx.
Middle column shows the u, in Q;(first row) and Q(second row) for FE-NO coupling at iteration j = 19, the
last column displays the absolute error relative to the ground truth.

Figure 6.14 (middle column) shows the converged solution of ul%;_y, for both
domains €; and €y in iteration j = 19. The maximum absolute errors, quantified as

|ux FE — u}gE_NO'Qll and |ux FE — u,l;gE_No’Q" |, both peak at approximately 1.7 x 1074, This
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slightly exceeds the error levels observed in Figure C.4, reflecting the minor accuracy
reduction typically introduced by domain decomposition methods (DDM). Moreover, the

largest errors are mostly concentrated near the Q~Qj interface, indicating that the

dominant contributions to the total error arise from interface-related discrepancies inherent

in DDM.
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Figure 6.15 Response in y-direction (u,) of the linear elastic coupling model under static loading conditions:
(a) Schematic of decomposed domains for the spatial coupling framework, where the left and bottom edge
have support roller boundary conditions and inner circular edge is subjected to an applied displacement u =
(0.01 x x2,0.01 x »?); (b) Ground truth displacement u, obtained by solving the intact domain using FEniCSx.
Middle column shows the u, in ; (first row) and €;;(second row) for FE-NO coupling at iteration j = 19, the
last column displays the absolute error relative to the ground truth.

Figure 6.15 similarly presents the converged solutions for the vertical displacement
components, Uy, xz_yo.q, ad Uy Fr_yoq, » in its middle column. The corresponding
absolute errors, shown in the last column, demonstrate excellent agreement with the
reference solution, with maximum errors of approximately 9 x 107>, This level of accuracy
is comparable to that achieved by the standalone NO model in Qp without DDM, as

discussed previously. These results confirm that the pre-trained NO successfully captures
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the displacement field in Qy, further validating the effectiveness of our FE-NO coupling
approach.

Previous studies [236-238] have consistently demonstrated that accurate simulation
of sharp gradients near cylindrical inner boundaries requires substantial mesh refinement.
Adaptive refinement techniques enable appropriate variations in discretization density
across subdomains [239, 240]. However, these methods involve an iterative computational
cycle comprising pre-processing, solution, error estimation, marking, refinement, and
resolution steps [237, 241]. This computationally intensive process typically demands

multiple iterations before achieving satisfactory accuracy.

The implementation of NOs presents a transformative alternative to conventional
refinement methodologies. The example in this subsection indicated that by randomly
sampling points throughout the computational domain at each iteration, NOs are capable
of predicting solutions on highly dense point grids. They only require that dense

coordinates (x,y) be provided as input to the trunk network.

Therefore, here we briefly demonstrated that our method remains robust across
varying mesh densities and does not require mesh conformity, unlike traditional numerical
solvers. In our future work, we will deploy the proposed method for studying local
behaviour like fracture analysis. In our future work, we plan to extend the method to multi-
physics couplings and phase-field fracture problems. This extension will draw on prior
studies such as [242] and [151]. Unlike those works, which employ physics-informed
neural networks (PINNs) as surrogates, our approach uses physics-informed neural
operators and handles time-dependent systems using the time-marching scheme introduced
in this work. In particular, by incorporating velocity fields into the Branch Net architecture,
our framework substantially mitigates autoregressive error accumulation over long time

horizons.

129



6.6 Summary

In this chapter, we introduce a hybrid computational framework that synergistically
integrates PI-DeepONet with FE to solve several mechanical problems. We develop two
specialized DeepONet architectures: the first is optimized for static and quasi-static
problems; the second incorporates an innovative time-marching scheme for dynamic
systems, substantially mitigating error propagation prevalent in conventional ML solvers.
The framework employs efficient domain decomposition, with inter-subdomain coupling
achieved via the Schwarz alternating method across overlapping boundaries. The key

contributions of this work are as follows:

1. A spatial coupling framework is proposed, allowing a pre-trained ML model to replace
high-resolution discretized regions in numerical solver. The model is trained
exclusively on governing physical laws, obviating the need for additional data

generation.

2. A traditional time discretization technique, i.e., the Newmark-Beta method, from
numerical solvers are embedded into DeepONet structures, resulting in a high-fidelity
surrogate model that substantially attenuates error accumulation in dynamic

simulations.

3. The ML region expansion is presented to serve as a dynamic subdomain optimization
strategy during simulation, enabling computationally efficient and flexible multiscale

modeling.

While our current investigations focus on solid mechanics, this coupling framework
can readily extend to other physical systems, potentially transforming computational
mechanics in terms of efficiency, scale, and generalization capabilities. The rapid inference
capabilities of pre-trained DeepONet models, coupled with their ability to capture complex
nonlinear mappings, make the FE-NO framework particularly effective for replacing

computationally intensive nonlinear components.
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The FE-NO coupling framework in this work employs a Dirichlet-Dirichlet
information exchange scheme at overlapping boundaries. While this approach, given the
architecture of our PI-DeepONet, is straightforward and has demonstrated stability, its
primary limitation is low efficiency. Factors such as subdomain partitioning and overlap
size can influence this efficiency, yet they cannot overcome the inherent computational
bottleneck. Therefore, we continue to explore new information exchange methods, such as,
Neumann-Dirichlet, Robin-Neuman, Robin-Robin etc., at non-overlapping boundary

condition, outperforming in both efficiency and robustness.
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Chapter 7 Conclusions and suggestions for
future work

7.1 Conclusions

In this thesis, the mechanical failure mechanisms of ASSLMBs and I0X-
strengthened cover glass are studied by establishing a Landau-Ginzburg-based PFFM and
a Griffith-theory-generalized PFFM, respectively. These PFFMs can be easily integrated
into the FEM. However, the complex multiphysical coupling and highly non-linear features
of crack restrict the current PFFMs to limited temporal and spatial scales, resulting in
extreme difficulty in quantitative investigations and exact reproduction of experimental
observations. An FE—PI-DeepONet coupling framework is subsequently established to
reduce computational cost, which has the potential to be an effective method for solving
PFFM and multiphysical problems on large scales. The key insights obtained from the two

PFFMs and Al-accelerated FE framework are summarized as below.

A multiphase Landau-Ginzburg-based PPFM has been established to elucidate the
mechanical failure mechanism of ASSLMBs. This model unveils the role of voids in

leading to cracks and dendrites. The key findings are as follows:

(1) The accumulation of vacancies at the Li/SSE interface forms voids during a
discharging, and these voids can grow to a size determined by the ratio of surface
and bulk diffusivities of lithium, as well as lithium creep under stack pressure.

(2) The presence of voids causes Li" ions to distribute nonuniformly within SSE near
the void during charging, leading to nonuniform stresses that eventually induce
cracks and Li dendrites. Although a high stack pressure can reduce the size of
voids, it also accelerates cracking and lithium insertion in a charging process.

(3) The lateral stress can effectively inhibit cracks in SSE, and a stability map in

terms of lateral pressure and fracture toughness of SSEs is proposed.

A Griffith-theory-generalized PFFM is implemented to investigate the mechanical

performance of post-IOX glass. The main findings are:
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(1) In ROR experiments, cracks initiate from DOL in a post-IOX glass even when
surface flaws are present, whereas this shielding effect diminishes as the intensity
and depth of surface flaws increase.

(2) The fragmentation of post-IOX glass, i.e., multiplication of cracks, can be
simulated by Griffith-theory-generalized PFFM, and it is confirmed that the CT
in layers deeper than the DOL leads to this phenomenon.

(3) High surface CS is considered to be the most important factor in inhibiting
cracking in ROR experiments, while DOL is more important than surface CS in
BD experiments. Considering stress relaxation in the IOX process, surface CS is
often limited to below 1 GPa; therefore, increasing DOL is important for resisting
both static and dynamic loadings, and a contour map of fracture strength relating

surface CS and DOL is provided based on simulations.

A hybrid framework that integrates PI-DeepONet with FE solvers is proposed to
solve a series of mechanical problems (linear elastic and static cases, hyperelastic and
quasi-static cases, and elasto-dynamic cases). We develop two specialized DeepONet
architectures tailored to these settings—one for static and quasi-static problems, and
another for dynamic problems. The dynamic architecture is further enhanced with an
innovative time-marching technique that drastically reduces error accumulation observed
in traditional ML solvers. Our framework supports efficient domain decomposition, with
inter-domain communication facilitated by the Schwarz alternating method across

overlapping boundaries. The primary contributions of this research are threefold:

(1) We propose a spatial coupling framework that enables a pre-trained ML model
to replace localized regions requiring high-resolution discretization. The model
is trained using the governing physics of the system, eliminating the need for
additional data generation.

(2) We incorporate traditional time discretization techniques in numerical solvers
specifically, the Newmark-Beta method, into the DeepONet architecture. This
integration results in a high-accuracy surrogate operator-learning model with

significantly reduced error accumulation in dynamical simulations.
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(3) We present a dynamic subdomain optimization strategy that adaptively expands
machine learning subdomains during simulation, providing significant

flexibility for reducing computational costs

7.2 Suggestions for future work

The Landau-Ginzburg-based PFFM achieved great success in multi-physical
problems due to its compatibility with conventional PF framework; however, the fracture
energy dissipation fluctuates rather than monotonically increase during cracking. Hence,
the Griffith-theory-generalized PFFM is considered a more promising method for
investigating fracture problems. Despite the Griffith-theory-generalized has been
exploited in multi-physical systems, further development is needed to establish a unified
framework for Griffith-theory-generalized PFFM in coupled problems [72]. We plan to
leverage this unified framework to develop a new thermodynamically consistent PFFM for
the SSE cracking in ASSBs and other multi-physical fracture problems in industrial

applications.

It should be noted that Griffith-theory-generalized PFFMs can be readily utilized to
solve three-dimensional (3D) cracking problems. However, only a few purely mechanical
fracture benchmarks are reported in three dimensions, without considering any other
physical field. In addition to the lack of a unified framework, the main barrier of 3D multi-
physical fracture simulation stems from the computational inefficiency of current
numerical solvers, generally FEM. The high non-linearity at the crack tip requires
extremely fine meshes, bringing about formidable computational costs; meanwhile, the
multi-physical coupling can exponentially escalate computational difficulty, making 3D
multi-physical PFFM impractical. Thus, even though such 3D models can be developed
and integrated into FEM, they are limited to small scales. This curse of dimensionality

prevents numerical models from precise quantitative analysis.

Therefore, we are planning to further develop the FE-NO coupling framework in
three dimensions. To achieve high efficiency, the computationally expensive regions in

FEM, such as those requiring extremely fine meshes, can be replaced by NO in this 3D
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model. In addition, the NO expansion will also be utilized in 3D FE-NO coupling method,
allowing for continuous enhancements in efficiency. Currently, this coupling framework
focuses solely on solid mechanics in this thesis; however, it can be readily extended to
describe other physical phenomena and is also compatible with PF methods. With its non-
linear mapping capability and mesh-free feature, this coupling framework is well-suited
for PFFM with coupled problems. Eventually, we aim to build up an Al-accelerated 3D
multi-physical PFFM, enabling real-time and full-scale quantification of multi-physical

fracture problems.
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Appendix A. Supplementary information for SSE
cracking

A.1 Correspondence between the phase-field model and
fracture mechanics

In the Egs. 3.26 and 3.27, we introduced the critical strain energy & that determines
whether a crack will nucleate and propagate. This term should be related to the fracture
toughness Kic (i.e., critical stress intensity factor for Mode-I cracks). For SSE with Kic
ranging from 0.1 to 1 MPa-m®® [243], the corresponding &; is from 1.8x10° to 1.6x10®
J/m3. The relation between &; and Kj. can be determined by simulating a standard fracture
mechanics test for a SSE model with a pre-notch [244], as shown in Fig. A.1(a). Under the
far-field tensile stresses, the strain energy concentrates near the crack tip is shown in Fig.
A.1(b). Applying different stresses, the relation between & and Kic? can be obtained in Fig.
A.1(c), which appears to be linear.

16 —
linear fitting
1 ¢ simulation
12
a
x10° § .
1.5 . 8
1 a
= i
0.5 =
0 4 —
(c)
0 T T T T T 1
0 04 0.8 1.2

K5 (MPaZem)

Figure A.1 Relation between &; and K.: (a) simulation result of a standard test with a pre-notched specimen
under an applied tensile stress of 21 MPa, (b) the enlarged view of strain energy distribution near the crack
tip, and (c) the simulated relation between 107&; and Kic?.
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In Eq. 3.27, the last term on the right-hand side describes crack propagation,

2
wherein the parameters Ler, Q5F, and & affect crack evolution. Note that & oc (QSSE) and

the product L, (¢ —£&,) determine the crack growth velocity. The determination of these

parameters is currently arbitrary. For example, consider two cases:
(I) La=0.01 (Pa-s)!, Q5E = 0.5 cm*/mol, and &,=3000 J/m?, and
(IT) Le=5x10* (Pa-s)!, Q5SE =22 .4 ecm?/mol, and &,=6x10° J/m?

For these two cases, one will obtain the same morphology of cracks and
distributions of lithium ions in SSE. Moreover, as &, o (K, )2 oc (QSSE )2 and & o (QSSE )2 ,
the distribution of dimensionless strain energy (&/&:) induced by chemical expansion is
also identical for both cases. In simulations, a large Q5F leads to convergence problems
due to the large local strains that distorted meshes. Therefore, we employed the equivalent

parameter set with low Q55 to conduct simulations for cases with large Q5SE in order to

avoid convergence problems in the numerical solution.

The estimation of Q°E is based on the assumption that the lithium concentration in
lithium-deficient areas is approximately 5% lower than the nominal value. Hence, the

volumetric chemical strains can be expressed as &M = ™I = QSE(¢ v — )i )T =

mis)2
—0.0505% ¢, 1. This causes a strain energy: § = @ = g(—O.OSQSSEC&Jr)Z. Note

that the lowest critical strain energy & is 1.8x10° J/m?. To initiate a crack, & > min(&,,) =
1.8 X 10° J/m3. In this case, O55F > 10.6 cm®/mol. This estimate provides the order of
magnitude of Q5F. Then, in our simulation, we adjusted Q5°F in the range of 10-30
cm’/mol. Higher Q55F makes an SSE more easily cracked and leads to a lower CCD. Hence,

in principle, Q55Ecan be determined if CCD and Kjc are measured.

A.2 Application of constant current density

In the numerical model, it is more convenient to apply the constant voltages at
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boundaries. However, in the experimental studies of ASSBs, a constant current density is
more commonly applied. The method to implement a constant current density in our PF
model is to set a constant ion flux Jy on the bottom of the model as shown in Fig. 4.1(a).
With equations 3.26 and 3.27,

Jo=D, Ve, +0,.Vo (A.1)

Jo=—C&,600, Vo (A2)
where Cy is a constant to achieve the consistent current-voltage relation between the cases

with constant current and with constant voltage.

A.3 Effect of key parameters

Based on the experimental results [81, 84, 101], several assumptions need to be made.
First, the relation between current density and applied voltage, as shown in Fig. 4.1(b)
requires that the mobility coefficients for Li (Ly,) and SSE (L;,) are dependent on the
applied voltage. To fit the experimental results as shown in Fig. 4.1(b), we assume the
following relations between mobility coefficient Ly and voltage:

L 2%24.87XV

m apply
ArgCrj

~5.37x107" (A3)

Note that ko is the coefficient of reaction kinetics (Eq. 3.18). This extended relation
indicates the effect of the applied voltage on the rate of electrodeposition, i.e., it is not just
exponentially dependent on the Vapply, and the corresponding experimental results and fitted

curve are shown in Fig. A.2.
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Figure A.2 The simulation results and its fitted line of L, versus V., .

Secondly, in ref. [82] it points out that diffusion in pore surfaces is speedier than
that in the bulk lithium, therefore, a higher mobility coefficient for the void is used in this
model, i.e., Ly, > Ly, = Ly,. In this work, we assume that L, is 100 times higher than L.,
that is DR = 100, which gives rise to the results shown in Fig. 4.2. And for different DRs,
e.g., 5, 10, and 50, the morphology of the maintained void during discharging is shown in
Fig. A.3. The voids become oblate because of a stack pressure of 1 MPa. Apparently, DR
larger than 1 gives rise to the void growth; however, it can be observed that larger DR leads
only to a slightly bigger void, as shown in Fig. 4.1(a). Hence, the magnitude of DR, though

arbitrarily determined, does not affect our results of the mechanical failure mechanism.
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(a) DR=5 (b) DR=10 (¢) DR=50

y . N
I

Figure A.3 Void’s maintained morphology in discharge process with stack pressure at 1 MPa for DR at (a)
5, (b) 10 and (c) 50.

A
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Appendix B. Experimental method in IOX-
strengthened glass

The glass samples used to calibrate our model are sodium-aluminosilicate square
sheets with a side length of 100 mm and thickness of 0.5 mm (provided by Biel Crystal
(HK) Manufactory Ltd., Hong Kong). The glass samples were immersed in a molten
potassium nitrate bath at 420 °C for 3 h. The obtained DOL, CS and CT are determined
through birefringence stress measurement (FSM-6000LEUV Premium, ORIHARA, Japan).
Note that in experiments, we selected five post-I0X glass samples with consistent surface
CS (800 MPa) and DOL (40 um) (scattering within 1%), which led to the residual-stress

profile assumed in our numerical model as shown in Fig. 5.1(c).

The fracture strengths of glass samples before and after IOX were investigated
through ROR experiments conducted using a universal testing machine (Instron 68TM-10).
The fixtures comprised a loading ring and a supporting ring with radii of 7.5 mm and 15
mm, respectively. Both rings had a thickness of 0.5 mm and were rounded with a radius of
0.25 mm. To retain fragments after glass fracture, adhesive tapes were applied to both sides
of glass. The resulting load-displacement curves are shown in Fig. 5.1(d, e) for pre and post
10X glass samples, respectively. The curves labeled by “ex1-5 are obtained from five pre-

10X glass samples and “ex6-10” for post-IOX glass samples.

141



Appendix C. Additional plots for FE-NO coupling

framework
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Appendix D. Non-dimensionalized Equations

This appendix presents the non-dimensional expression of momentum equilibrium
equations in terms of displacement for linear elastic and static case (Eq. 3.49), elasto-
dynamic case (Eq. 3.50), and hyper-elastic and quasi-static case (Eq. 6.5), which are
directly adopted in numerical implementations.

Substituting Eqs. 3.54 and 3.55 into Eq. 3.49, the non-dimensional equilibrium
equation for linear elastic material under static loading (assuming no external force) is

derived as:

2’ + * * * * *
O_'UOV (V ou ).;.ﬂv =0 (D.1)
E,L E,L

where * denotes a non-dimensional quantity or operator; L and E,; are reference length (1
cm) and reference elastic Young’s modulus (2 x 10° Pa), respectively. Similarly, the non-

dimensional equilibrium equation under dynamic loading is expressed as:

2’ + * * £ E3 * L3 .ok

Ly (Vi )+ L v = 2B (D.2)
EelL EelL mOtO

where mo and 1o are reference mass (1 g) and reference time (4x107*s). For quasi-static

loading at time step # (in the absence of external forces), the non-dimensional form of Eq.

6.6 and Eq. 6.7 is given by:

%v*- ﬂ(nv*u"*)+%‘{]_“O+Cof(l+v*u"*)}=0 (D.3)

hp hp

where Cof(-) denotes the cofactor matrix and Ej is the reference Young’s modulus (1 Pa)
for hyperelastic material.
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