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Abstract

Accurate and safety-quantifiable localization is critical for safety-critical au-

tonomous robotic systems, such as unmanned ground vehicles (UGVs) and un-

manned aerial vehicles (UAVs). While visual-inertial odometry (VIO) provides

high-frequency pose estimation, it inherently suffers from cumulative drift. Mean-

while, current pose estimation approaches for localization predominantly rely on

local nonlinear optimization techniques, which lack guarantees of global optimal-

ity and are vulnerable to outliers. Additionally, a safety-critical robotic system is

required not only to achieve accurate pose estimation but also to predict and quan-

tify the associated localization uncertainty by providing an error bound for each

pose. These limitations severely compromise the accuracy, reliability, and safety of

localization, despite its pivotal role in safety-critical applications.

To address these challenges, this thesis develops a comprehensive three-stage

framework for robust and safety-quantifiable localization. The first study intro-

duces a novel line feature-based visual localization method that leverages prior 3D

maps while incorporating safety quantification strategy. Building upon VIO for

high-frequency local pose initialization, the proposed method establishes geomet-

ric constraints between 2D image lines and 3D lines belonging prior map through an

innovative foot-point based association. The safety quantification mechanism, in-

spired by global navigation satellite systems (GNSS) receiver autonomous integrity

monitoring (RAIM) methodology, employs a weighted sum of squares residual with
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Chi-squared testing for outlier rejection, complemented by a derived protection

level scheme that bounds potential errors in both position and orientation domains.

The second study advances the first work through a tightly-coupled factor graph

formulation that fully integrates 3D prior line maps with VIO measurements, ad-

dressing the complementarity limitations of loosely-coupled approaches. This frame-

work incorporates a robust cross-modality line association model between 3D maps

and 2D images, enhanced by an efficient line-tracking strategy for outlier rejection.

A theoretically grounded line feature cost model is developed for factor graph op-

timization, supported by the first rigorous observability analysis of such systems.

The analysis reveals full observability of global translations with only the yaw an-

gle around gravity remaining unobservable, providing critical insights for safety-

critical applications.

The final study overcomes fundamental limitations of local optimization meth-

ods by adopting a global estimation framework that unifies outlier rejection with

estimation error prediction. The solution employs Truncated Least Squares (TLS)

for robust estimation, with the non-convexity challenge addressed through a Grad-

uated Non-Convexity (GNC) strategy combined with Gaussian-Newton optimiza-

tion. This approach systematically approximates and solves progressively more

challenging subproblems to converge to globally optimal solutions. Furthermore,

the framework incorporates an error propagation model that explicitly accounts for

measurement uncertainties and residual outliers, enabling predictive error bounding

to guarantee estimation safety throughout the localization process.

This integrated three-stage approach systematically addresses the accuracy, ro-

bustness, and safety quantification challenges in modern localization systems, while

providing theoretical guarantees and practical implementation strategies suitable for

safety-critical robotic applications. The feasibility and practicality of the proposed
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frameworks have been validated through simulations and real-world datasets. To

benefit the research community, we have open-sourced the complete implementa-

tion, including algorithms and datasets.
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Chapter 1

Introduction

1.1 Motivation & Overview

Autonomous robotic systems are increasingly deployed in complex, dynamic,

and safety-critical environments, where both accurate localization and reliable safety

assurance are indispensable [3]. While modern localization systems—including

global navigation satellite system (GNSS), LiDAR, camera, and their combina-

tions—have achieved substantial progress, yet they continue to face significant

challenges in practice. For instance, GNSS signals can be degraded or blocked

by urban canyons or indoor structures, resulting in intermittent or inaccurate po-

sitioning [4]. LiDAR-based methods, while offering high-precision 3D mapping,

are expensive and generate large volumes of data that impose heavy computational

and storage burdens [5]. Vision-based sensors provide rich texture and semantic in-

formation, but are susceptible to illumination changes, motion blur, and low-texture

regions [6]. Even advanced multi-sensor fusion approaches, although improving ro-

bustness, still face challenges such as cross-modality alignment and heterogeneous

measurement integration [7]. These limitations not only reduce localization accu-

racy but also introduce risks that cannot be ignored in safety-critical applications.

Consequently, current localization frameworks often focus primarily on improv-

ing accuracy, with limited mechanisms to quantify the reliability or safety of the
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estimated states. In safety-critical domains such as aviation, localization is treated

as a safety-of-life function: systems continuously monitor estimation errors, de-

tect faults, and provide explicit upper bounds on worst-case errors (e.g., protection

levels in GNSS) [8]. In contrast, most robotic perception systems lack compara-

ble mechanisms, leaving a gap between high-precision localization and verifiable

safety assurance. Without explicit quantification of uncertainty and robust outlier

handling, autonomous robots are vulnerable to sensor faults, environmental distur-

bances, and modeling mismatches, which can lead to unsafe behavior or accidents

in real-world deployment.

These challenges motivate the need for a unified framework that addresses ac-

curate localization, outlier rejections, and real-time safety quantification. Accord-

ingly, this thesis explores the following directions. (1) Improving localization ac-

curacy through multi-modal constraints, including visual–inertial estimation, geo-

metric information from prior maps, and globally optimization strategies such as

GNC-based method [9]. (2) Safety-aware state estimation, which combines ro-

bust outlier rejection mechanisms—such as chi-squared tests, robust loss functions,

and dynamic outlier filtering—with analytical error propagation analysis to derive

conservative bounds on estimation uncertainty [10]. This approach enables the sys-

tem to mitigate the impact of sensor faults, mismatches, and environmental distur-

bances, while simultaneously predicting potential errors in its estimated states to

quantify and ensure the safety of the localization system in real time. Together,

these contributions aim to support autonomous systems that are not only accurate

and robust, but also verifiably safe under real-world uncertainties.

1.2 Localization Solutions

Accurate, cost-effective, and reliable localization is the fundamental function
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of safety-critical autonomous robotic systems, such as unmanned ground vehicles

(UGVs) [11, 12] and unmanned aerial vehicles (UAVs) [13, 14]. By employing

perception and state estimation, the localization module delivers position and ori-

entation information regarding the robot’s ego-motion within its environment. This

information underpins essential functions such as mapping, planning, and control,

which are critical for the robot to autonomously, efficiently, and safely execute its

assigned tasks. The global navigation satellite system (GNSS) [15] is widely used

for providing globally-referenced positioning for autonomous systems in outdoor

environments. However, GNSS signals are susceptible to blockage and multipath

reflection from urban environments and natural obstructions, such as tall buildings

and dense tree canopies, which can substantially degrade positioning accuracy [4].

Furthermore, GNSS signals are nearly ineffective in indoor environments. The

aforementioned limitations significantly restrict the applicability of GNSS in var-

ious scenarios. Consequently, alternative sensors, such as the point cloud-based

light detection and ranging (LiDAR) [16, 17] and vision-based camera [18, 19],

have become indispensable components in autonomous robotic systems.

Although LiDAR and vision-based systems have achieved exceptional perfor-

mance in robotic localization, their intrinsic sensor limitations restrict deployment

across diverse operational environments. LiDAR sensors provide dense 3D point

cloud that enable high-precision pose estimation through point cloud registration

algorithms [20]. However, single-modality LiDAR point clouds suffer from limited

color and semantic information and can impose significant computational burdens

due to their size. More critically, LiDAR-only localization may fail in geometri-

cally degenerate environments, such as featureless or repetitive scenes. Integrating

vision with LiDAR provides complementary texture and semantic cues, improv-

ing the robustness and accuracy of the localization system [1]. Furthermore, the
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susceptibility of visual sensors to illumination variations and their tendency to fail

in low-texture environments substantially limit their applicability [21, 22]. With

the increasing expectation of automation, intelligence, and generalization of robotic

systems, single-sensor solutions have become inadequate for reliable localization in

changing environments. To address this challenge, multi-sensor fusion—combining

LiDAR, camera, and inertial measurement unit (IMU)—has attracted increasing at-

tention. This approach leverages complementary sensor strengths to compensate for

individual shortcomings, enabling robust and high-precision pose estimation [23].

To mitigate the computational burden associated with processing real-time Li-

DAR point clouds and reduce the payload demands of heavy LiDAR systems during

robot operation, some researchers have turned their attention to an alternative fusion

approach that utilizes pre-built 3D point cloud maps as prior information instead of

real-time LiDAR data. This fusion of 3D prior map, vision, and IMU localiza-

tion system is called 3D prior map-aided visual-inertial odometry (VIO), which is

a hybrid localization framework that enhances traditional VIO systems by incorpo-

rating pre-built 3D environmental maps as spatial constraints. This approach aligns

real-time visual features and IMU measurements with the prior map information,

mitigating cumulative drift inherent in pure VIO while reducing computational and

payload demands compared to real-time LiDAR processing. It achieves robust,

globally consistent pose estimation in GNSS-denied or perceptually degraded envi-

ronments by leveraging offline map priors [24, 25, 26, 27].

Nevertheless, this solution still faces several challenges that demand further in-

vestigation. One limitation is the substantial storage requirement imposed by dense

prior maps, which can hinder deployment in resource-constrained systems. Addi-

tionally, the reliability of localization critically depends on the accuracy and consis-

tency of the prior map—any degradation or outdated information in the map may
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lead to significant localization errors. To address these issues, researchers have

explored high-definition (HD) maps as a promising alternative. These maps offer

high-level precision and rich semantic annotations, including detailed road geom-

etry, lane markings, and traffic signs, thereby enhancing both localization robust-

ness and scene understanding [28, 29]. On the other hand, integrating real-time

visual features with 3D prior maps introduces another layer of complexity due to

the heterogeneous measurements from LiDAR and cameras. The differences in data

representation (3D points vs 2D images) and inherent sensor noise complicate the

cross-modality alignment problem between the two data sources [30].

To fill the gap, some studies leverage mutual geometric line features between

2D images and 3D maps for cross-modality registration. Originally adopted in vi-

sual simultaneous localization and mapping (SLAM), line features serve as supple-

mentary correspondences for motion estimation [31, 32, 33]. Line features provide

distinct advantages in low-texture environments where point-based features (e.g.,

corners) are scarce, as they robustly encode structural geometry [34]. Addition-

ally, lines usually offer more stable constraints than points in both 3D space and

2D images, since they consist of multiple point correspondences [35]. Studies such

as [31, 32] demonstrate that line features can effectively exploit the potential of

the geometry information within the environment. Building on this, the work in

[36] introduces a line feature-based visual localization method that associates 2D

image lines with 3D map lines extracted from prior point, with the initial guess of

the pose from the visual-inertial navigation system (VINS) [1]. However, the ap-

proach in [36] relies on line-to-line distance constraints, which do not fully utilize

the geometric relationships between features.

The first work in this study presents an improved line feature-based visual local-

ization framework that combines robust point-to-point line-based geometric con-
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straints with a selective correspondence matching strategy. By loosely coupling

VIO state estimates with line-based map-matching constraints in a factor graph op-

timization (FGO), the method achieves reliable localization within prior maps [3].

Nevertheless, the shortcomings of loosely coupled frameworks are obvious. (1)

The sequential processing (from VIO to prior map matching) leads to cumulative

error propagation, since the drift in VIO state estimation directly influences the

subsequent map alignment stage. (2) As the prior map matching depends on the

VIO-estimated pose as initialization, the accumulated drift also degrades the effec-

tiveness of geometric associations between 2D image features and 3D prior map

features, thereby limiting the achievable accuracy improvement from cross-modal

constraints. (3) The overall system remains sensitive to initialization errors, particu-

larly in challenging scenarios with poor visual features or illumination disturbances,

where the VIO estimation itself may become unreliable.

To address these limitations, the second work of this study proposes a tightly

coupled framework that integrates classical VIO optimization factors with cross-

modal line feature constraints for unified pose estimation. Furthermore, we conduct

a comprehensive observability analysis of the proposed system to elucidate the in-

trinsic relationships between state variables and measurement constraints. To our

knowledge, this represents the first rigorous observability study of prior map-aided

VIO systems [37].

1.3 Safety-Guaranteed Pose Estimation

Returning to our original objective of developing high-precision, reliable, and

safety-critical robotic pose estimation systems, the aforementioned two works still

exhibit room for improvement. A key limitation stems from our adoption of weighted

least-squares-based factor graph optimization in both fusion frameworks. This lo-
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cal optimization framework fundamentally struggles with pose estimation’s non-

convex nature, converging to suboptimal local minima when handling noisy obser-

vations [38]. Moreover, pose estimation applications hold substantial real-world

relevance, underscoring the necessity to address their security implications.

Next, we will examine two key perspectives essential for achieving this goal.

(C1) Enhancing the accuracy and stability of pose estimation, which is vital for

making informed decisions in dynamic environments. A robust pose estimation

process minimizes the risk of errors that lead to unsafe operational conditions. (C2)

Forecasting the discrepancy between the estimated pose and the ground truth (GT).

Accurate pose error prediction enables systems to implement timely corrective ac-

tions, thereby bolstering confidence in the reliability of transformation estimations.

Concerning (C1), several elements impact the performance of pose estimation. Ob-

servations fed into the estimator often contain faulty measurements (i.e. outliers).

These observations typically include measurement noise, which is generally mod-

eled as a Gaussian distribution with zero mean [39]. Meanwhile, the inherent non-

linearity and non-convexity of the pose estimation problem mean that a local opti-

mizer cannot guarantee convergence to the global optimal solution [38]. For (C2), it

is recognized that pose estimation is subject to error. Our objective is to predict this

error by providing an error bound for each frame of poses, thereby quantifying the

uncertainty (i.e. error) involved [40]. This thought allows the algorithm to deliver

predicted pose errors, which serve as safety warnings for the system, even in cases

where pose estimation accuracy is compromised. In summary, the insensitivity of

pose estimation performance to outliers and model uncertainties is termed robust-

ness, while the system’s ability to prevent hazardous situations by self-evaluating

uncertainty (localization error) through the Protection Level is defined as safety.

Regarding the global optimal solution, although researchers have reformulated
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the original state estimation problem as a quadratically constrained quadratic pro-

gram (QCQP) and employed optimization techniques such as semidefinite program-

ming (SDP) and sum-of-squares (SOS) convex relaxations to achieve certifiably op-

timal solutions [41, 42, 43, 44], these globally optimal methods remain sensitive to

measurement noise and outliers and generally require the construction of specific

models tailored to the specific problem. Consequently, their practical applicability

in real-world scenarios is limited [45]. To achieve globally optimal estimation in

the presence of outliers, we introduce a robust loss function into the original least-

squares formulation and leverage graduated non-convexity (GNC) strategy, thereby

enabling outlier-resistant global pose estimation [38].

Current research on localization estimation rarely addresses the critical issue of

error prediction. However, error prediction is critical, as relying solely on optimiza-

tion results is insufficient for assessing their reliability, especially in safety-critical

applications. Therefore, further exploration is required not only to achieve accu-

rate pose estimation but also to predict and quantify associated errors. This would

enable the system to provide early warnings about potential uncertainties, thereby

enhancing operational safety and robustness.

When the localization errors can be estimated and monitored simultaneously, it

becomes possible to evaluate whether a navigation system remains within safe oper-

ational bounds [46]. To address this, we introduce the concept of safety quantifica-

tion, a mechanism that can predict and monitor localization errors within a naviga-

tion system. By quantifying these errors, it becomes possible to assess the system’s

safety in real-time. This approach enables a systematic evaluation of whether the

navigation system operates within safe parameters, ensuring both reliability and

accuracy. Safety quantification provides a framework for understanding and inter-

preting the prediction of localization errors, thereby enhancing the overall safety
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of navigation systems. Reliably quantifying the safety of the derived localization

solution is significant for safety-critical autonomous systems before their massive

production and deployment. For autonomous robotic and driving vehicles, large

localization error can affect the subsequent planning and decision-making steps,

which may lead to serious safety accidents. Consequently, localization error pre-

diction is important and necessary to reduce the probability of safety accidents and

guarantee the correctness of decision-making. Unfortunately, the safety quantifica-

tion of the localization solution has not been effectively studied, which still has a

big gap in the front.

As mentioned above, the localization accuracy of a navigation system is in-

evitably affected by observation noise. In addition, the outliers in the observa-

tions as erroneous constraints are also an important factor influencing the accuracy.

Therefore, the positioning accuracy of a navigation system is compromised by two

key error sources. (1) The measurements noise: typically modeled as zero-mean

Gaussian-distributed random noise, it introduces inherent uncertainty into obser-

vations. (2) Faulty measurements (outliers): These erroneous constraints deviate

significantly from true values and can severely degrade accuracy. Quantifying the

error of a localization solution thus hinges on reliably characterizing the errors con-

tributed by the both two components. In robotic localization, several outlier rejec-

tion algorithms have existed. The popular methods are random sample consensus

(RANSAC) and its variants [47, 48]. However, even after the outlier exclusion

operation, system cannot 100% guarantee that there are no outliers in the existing

observations. So, outliers remaining in the observations still have a negative impact

on localization accuracy, which is commonly ignored.

In civil aviation, Receiver Autonomous Integrity Monitoring (RAIM) is a widely

recognized method for assessing the performance of GNSS by predicting position-
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ing errors [8]. RAIM theory posits that positioning errors stem not only from mea-

surement noise but also from the quality of received satellite signals. Crucially,

even after fault detection and exclusion (FDE), residual outliers may persist in the

satellite data [49]. To predict positioning error, RAIM computes a statistical metric

called the protection level (PL), which estimates the maximum potential position-

ing error through the principle of error propagation in pose estimation. Specifically,

PL bounds the error contributions from both measurement noise and undetected

outliers, providing real-time alerts when GNSS reliability falls below navigation

safety thresholds [50]. Extensively validated in theory and practice, RAIM has

proven effective in aviation for error prediction [10]. Inspired by this approach, we

propose adapting RAIM principles to the autonomous robotics domain, leveraging

its robustness to quantify pose estimation uncertainties.

According to the two conditions presented above for building safety-critical

robotic pose estimation systems, the third work in this study proposes a compre-

hensive and safety-guaranteed state estimation method that can efficiently reject

outliers, estimate poses, and predict estimation errors.

1.4 Research Objectives

The primary objective of this study is to construct an accurate, safe, and reliable

universal robotic pose estimation system. In terms of improving accuracy, this re-

search first integrates prior point cloud maps with classical VIO to formulate a new

least-squares problem, which is then solved through FGO. Furthermore, consider-

ing the impact of outliers and non-convexity in pose estimation, we employ a robust

estimator with GNC strategy, which is capable of simultaneously performing outlier

rejection and global optimization, thereby improving both the localization accuracy

and stability of the robotic system. Regarding safety assurance, this work draws
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inspiration from the RAIM mechanism in the field of GNSS and rigorously derives

the localization errors under the aforementioned two pose estimation frameworks

(FGO and GNC) based on the error propagation theory, respectively. The specific

research objectives are as follows.

Objective 1: The first objective of this work is to mitigate the cumulative local-

ization error inherent in classical VIO. To address this, prior 3D point cloud map

is integrated as an additional data source into the VIO framework to enhance local-

ization performance. Specifically, for the cross-modality matching between prior

maps and real-time images, the geometric line structure coexisting in the 3D map

and 2D image is utilized to build the line feature-based correspondences. With the

initial guess of pose provided by VIO, the matched cross-model correspondences

are used as new constraints in a loosely coupled optimization model to refine pose

estimation.

Furthermore, inspired by the RAIM mechanism in GNSS, this study introduces

the concept of safety quantification into robotic localization systems. By analyzing

error sources and error propagation during pose estimation, the system predicts the

final localization error and defines this specific error bound as safety quantification

to ensure operational reliability.

Objective 2: Due to the inherent limitations of the loosely coupled integration

between VIO and prior maps in improving localization accuracy, the second objec-

tive focuses on constructing a tightly coupled framework. This framework jointly

optimizes IMU pre-integration factors, visual point feature factors, and cross-modal

line feature constraints for robust pose estimation. And cross-modal line corre-

spondences are established through line matching and a novel line tracking strategy

designed to reject outliers.

Meanwhile, an observability analysis of the proposed system is conducted to
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elucidate the intrinsic relationships between state variables and system measure-

ments, thereby enhancing the theoretical understanding of the framework’s perfor-

mance characteristics.

Objective 3: Because of the non-convex nature of the pose estimation problem,

local nonlinear optimization methods are prone to converge to local minima, partic-

ularly in the presence of outlier measurements. This issue not only degrades robotic

localization accuracy but also compromises the ability of the safety quantification

mechanism to reliably predict localization errors. To address these challenges, the

third objective proposes a globally optimal and safety-guaranteed pose estimation

framework capable of simultaneously rejecting outliers, estimating system states,

and predicting localization errors.

Specifically, a robust truncated least squares (TLS) cost function is adopted to

handle measurement outliers, while a GNC strategy progressively convexifies the

original non-convex optimization problem. Then, an error propagation analysis

based on Gaussian noise assumptions and this new optimization model is derived

to predict a state error bound for uncertainty quantification. This proposed system

achieves both globally optimal state estimates and theoretically grounded safety

guarantees while maintaining real-time performance.

1.5 Research Contributions

The contributions of this research and the academic articles are summarized as

follows.

Chapter 3 proposes a safety-quantifiable line feature-based visual localization

method, which fuses the classical VIO with prior point cloud maps in a loosely

coupled form. The detailed contributions of this work are listed as:

1. This study proposes a new line feature-based optimization model, which re-
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fines the conventional 2D-3D line constraints from minimizing the line-to-

line distance into a point-to-point reprojection model. This new constraint

improves the stability of line features in state estimation.

2. A RAIM-inspired safety quantification pipeline is proposed in this study,

which predicts the localization errors for the positioning and orientation do-

mains.

3. This is the first proposed integral framework including visual localization

and safety quantification for autonomous systems. The effectiveness of the

proposed pipeline is verified with challenging datasets collected by both UAV

and UGV systems. Moreover, a detailed analysis of the localization safety

towards the line features degeneracy is presented.

This work is published in:

• X. Zheng, W. Wen, and L. -T. Hsu, ”Safety-quantifiable Line Feature-based

Monocular Visual Localization with 3D Prior Map,” in IEEE Transactions on

Intelligent Transportation Systems. IEEE, 2025. Accept. [3] Project

Chapter 4 develops a tightly coupled framework that associates the classic VIO

optimization factors with the proposed cross-model line feature factor for pose es-

timation. The contributions of this work are listed as follows,

1. An optical flow-related fast line feature tracking method is used to remove

correspondence outliers and improve the reliability of cross-modality line

feature matching. The IMU pre-integration factors, visual point feature fac-

tor, and line feature factor are constructed into a tightly coupled optimization

structure to improve the accuracy of state estimation.

— 13 —

https://github.com/ZHENGXi-git/SafetyQuantifiable-PLVINS


CHAPTER 1. INTRODUCTION PhD Thesis

2. This work analyzes for the first time the observability of the prior map-aided

visual localization framework. The proposed system is constructed into a

nonlinear affine model and the observability properties are conducted by fi-

nite Lie derivatives through basis element factorization. The results show

that the yaw angle around gravity is the only unobservable direction of the

proposed system.

3. The proposed framework is evaluated in both simulation and real-world ex-

periments. The results demonstrate the effectiveness of the proposed method.

This study is published in:

• X. Zheng, W. Wen, and L. -T. Hsu, ”Tightly-coupled Visual/Inertial/Map In-

tegration with Observability Analysis for Reliable Localization of Intelligent

Vehicles,” in IEEE Transactions on Intelligent Vehicles. IEEE, 2024. [37]

Project

• X. Zheng, W. Wen, and L. -T. Hsu, ”Tightly-coupled Line Feature-aided Vi-

sual Inertial Localization within Lightweight 3D Prior Map for Intelligent

Vehicles,” in 2023 IEEE 26th International Conference on Intelligent Trans-

portation Systems (ITSC). IEEE, 2023. [51]

Chapter 5 proposes a global and safety-guaranteed state estimation method,

which can efficiently realize outlier rejection, pose estimation, and estimation error

prediction. The contributions of this study are summarized as follows,

1. A universal pose estimation framework that integrates TLS-GNC for outlier

rejection and global optimization, while also incorporating an error bound

prediction method. This dual mechanism offers enhanced reliability for spa-

tial transformation estimation.
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2. For outlier rejection, a threshold setting method based on the assumption of

Gaussian noise distribution is introduced, which could dynamically adjust the

threshold according to the characteristics of the observations.

3. We comprehensively consider both system measurement errors and outliers

remaining in the measurement set, deriving the error propagation within the

proposed optimization framework to predict the state estimation error.

4. We validate the proposed framework through both simulations and real-world

datasets, showing superior performance in outlier rejection, estimation accu-

racy, and error bound prediction compared to existing methods. The code and

datasets are publicly available, contributing to transparency and reproducibil-

ity in the field.

The work is submitted in:

• X. Zheng, X. Y. Wen, W. Wen, F. Gao, and L. -T. Hsu, ”A Global and Safety-

Guaranteed State Estimation Method for Spatial Transformation,” IEEE Trans-

actions on Robotics.

1.6 Thesis Outline

The outline of this thesis is as follows.

Chapter 2 systematically reviews autonomous robot localization through five

critical perspectives: (1) Prior Map-aided Visual Localization analyzes cross-modality

matching techniques, exposing underutilization of line features in existing geomet-

ric approaches. (2) Pose Estimation Solvers contrasts local and global optimization

methods, revealing their accuracy-efficiency tradeoffs. (3) Outlier Rejection eval-

uates robustness strategies from classical RANSAC to robust loss function. (4)
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Observability Analysis dissects unobservable directions in VIO systems, empha-

sizing the need for rigorous analysis in map-aided cases. (5) State Error Predic-

tion demonstrates critical gaps in error bound prediction for pose estimation com-

pared to GNSS RAIM standards. These literature reviews collectively motivate the

methodological innovations in subsequent chapters.

Chapter 3 develops a loosely-coupled architecture for monocular visual local-

ization that bridges 3D prior maps and VIO through line feature constraints while

introducing the first safety quantification framework for this new system. The sys-

tem comprises: (1) a visual localization module establishing geometric constraints

between 2D image lines and 3D prior map lines via a foot-point-based optimiza-

tion model to eliminate VIO drift. (2) a safety quantification module that combines

Chi-squared test-based outlier rejection with GNSS-inspired protection level (PL)

computation—extended for the first time to six-DoF error prediction (position and

orientation) under multiple-fault assumptions. The effectiveness of the proposed

safety-quantifiable localization system is verified using the datasets collected by

UAV and UGV in indoor and outdoor environments, respectively.

Chapter 4 presents a novel tightly-coupled optimization framework that inte-

grates IMU pre-integration, visual point features, and cross-modal line constraints

from lightweight prior maps into a unified state estimator. The system introduces

three key innovations: (i) a computationally efficient line representation using end-

points with a fast line tracking strategy for outlier rejection, (ii) a theoretically-

grounded line feature cost model validated through rigorous proof, and (iii) the first

complete observability analysis for map-aided VIO systems, revealing full global

translatability (x,y,z) with only yaw remaining unobservable. The proposed system

is evaluated on both simulated outdoor and real-world indoor environments, and the

results demonstrate the effectiveness of the proposed methods.
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Chapter 5 proposes a comprehensive framework for robust state estimation that

addresses two fundamental challenges in safety-critical robotic systems: (1) achiev-

ing globally optimal solutions in the presence of significant measurement outliers,

(2) providing rigorous uncertainty quantification (error bound) for the estimated

states. The proposed methodology combines a graduated non-convexity (GNC) ap-

proach with truncated least squares (TLS) to form a robust optimization framework

(GNC-TLS) that guarantees convergence to globally optimal solutions while main-

taining computational efficiency for real-time implementation. The framework also

introduces an error propagation theory that systematically accounts for measure-

ment noise covariance, undetected outliers under the adopted GNC-TLS optimizer

to predict state error bounds. The feasibility and practicality of the proposed frame-

work have been validated through simulations and real-world datasets

Chapter 6 concludes this thesis and provides directions for future research.
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Literature Review

This chapter first reviews relevant research on prior map-aided visual localiza-

tion, focusing on heterogeneous matching schemes between 2D images and 3D

point cloud maps. Subsequently, we discuss various solvers—ranging from local

to global—for addressing the pose estimation problem, along with outlier rejection

strategies in measurements. Additionally, this chapter introduces the research status

of observability analysis in visual SLAM and error prediction in state estimation.

2.1 Prior Map-aided Visual Localization

The fundamental principle of cross-modality registration lies in employing dif-

ferent techniques to extract and integrate features from heterogeneous data, which

are used to construct constraints for state estimation. Photometric-based methods

typically project 3D points into synthetic images and align them with intensity im-

ages by maximizing normalized mutual information [52] or minimizing the nor-

malized information distance [53]. However, the nonlinear projection from sparse

point clouds to images is susceptible to discretization errors, which can degrade

localization accuracy. In contrast, geometric-based methods usually employ bun-

dle adjustment (BA) [54] to reconstruct a 3D point cloud and then align it with a

reference point cloud using registration techniques, such as iterative closest point
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(ICP) [55], and normal distribution transform (NDT) [56, 57]. Hybrid photometric-

geometric methods compute depth images from both point clouds and stereo cam-

eras, then align them for localization [25, 58]. However, large-scale BA operation is

time-consuming, and the reconstructed point clouds, derived from image features,

are often too sparse for robust alignment. Meanwhile, the range of the depth recov-

ery from the stereo camera is limited because of the requirement for dense texture

information.

The other research stream proposed to match the 2D representative features with

the 3D point cloud by estimating the scale and the pose of the system simultane-

ously. For example, Caselitz et al. [59] propose a 7-DoF ICP scheme to estimate the

scale and pose between 3D LiDAR map and sparse points calculated from the BA

method. Liu et al. [24] exploit global contextual information between 2D images

and 3D point maps to handle the matching ambiguity and solve it on a Markov graph

structure by a random walk algorithm. These methods only exploit the potential of

corner features but do not fully explore the geometry information (such as lines)

from environments. It cannot be ignored that HD map-based localization is favored

by academia and industry in autonomous driving [60]. Specifically, Schreiber et al.

[61] match road lane markings and curbs detected on stereo camera with an HD-

map for localization by Kalman Filter, where the maps are created by a sensor setup

containing a high precision GNSS unit, Velodyne laser scanner, and cameras. Ye et

al. [62] render vertex and normal maps from 3D surfel maps via principal compo-

nent analysis, projecting them into depth maps to provide depth priors for tracked

direct point features. Pose estimation is then performed by optimizing direct pho-

tometric error in a 6-DoF framework. Huang et al. [63] represent dense 3D prior

maps as Gaussian mixture models (GMMs), enabling association with online visual

measurements to construct hybrid structural factors for joint pose optimization.
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In addition, some researchers apply semantic information to get cross-modal

correspondences between 2D image matching with 3D prior maps to solve localiza-

tion problems. Specifically, Liang et al. construct a hybrid constraint with Dirichlet

distribution between semantic and structure information from prior maps, and then

apply the Expectation-Maximization algorithm to jointly optimize data associations

and poses [64]. Zhang et al. utilize semantic information to build a point-to-plane

ICP algorithm for cross-model registration and execute the localization task by a

decoupling optimization strategy [65]. Qin et al. [66] propose a lightweight HD-

map composed of semantic elements such as lane lines, crosswalks, and ground

signs on the road. Vehicles are localized in the semantic map by online image seg-

mentation and the ICP method. Zhou et al. [67] develop a unified pose graph-based

estimator including crowd-sourced mapping and a low-cost map-aided localization

system based on the semantic road marking.

2.2 Pose Estimation Solvers

Visual localization, point cloud registration, and data fusion in robotics and au-

tonomous driving systems can be formulated as pose estimation problems. The state

variables contained in pose estimation problem are scaling, rotation, and translation

[68], hence this problem is also called as spatial transformation issue.

The most straightforward method for spatial transformation involves randomly

selecting a finite number of correspondences to compute the analytical solution of

state variables. This approach is known as minimal solvers, where only the min-

imum number of observations is used to solve states [69]. A notable example is

the computation of the fundamental matrix F in computer vision, which uses the

8-point algorithm to estimate the camera pose transformation between two frames

[70]. However, due to the lack of redundancy in measurements, minimal solvers
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exhibit poor noise immunity and are typically employed to provide an initial guess

for subsequent state optimization [6]. To cope with inevitable observation noises, it

is usually assumed to follow a Gaussian distribution. In this context, spatial trans-

formation becomes a state estimation problem, aiming to find the optimal states

from noisy data. These solutions are called non-minimal solvers. Beyond the ex-

tended Kalman filter (EKF) and its variants, such as OpenVINS (MSCKF) [22],

observability-based consistent EKF (OC-EKF) [71], and invariant EKF (InEKF)

[72], nonlinear optimization based solutions have gained broader attention in re-

cent studies.

From the optimization perspective, state estimation is usually formulated as a

least squares problem,

min
xPX

ÿ

iPM
}rpzi,xq}

2 , (2.1)

where x is the state variables, X is the state domain, M is the measurements set,

zi is the i-th measurement, r means the residual error (e.g., in computer vision,

residual refers to the pixel reprojection error. For point cloud registration, residual

means the distance between correspondences). Meanwhile, from the probabilistic

view, the optimal solution of the weighted least squares problem is equivalent to the

maximum likelihood estimation of the state on the Gaussian noise assumption [73].

The solution of this least squares problem can be categorized into local and global

optimization based on the requirement of initial guesses or not.

Local optimization can be classified into two categories based on their search

modes: line search and trust region approaches. In line search, the search direction

is first fixed, and then seeks the incremental step is determined along this direction.

Representing methods are the steepest descent method and Gauss-Newton method

[74]. In contrast, trust region methods [75] define a region for searching, and then

step directions is chosen to find the optimal within this region. Examples include the
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Dog-leg and Levenberg–Marquardt (LM) algorithm (damped least-squares method)

[76]. In practice, widely used open-source C++ optimization libraries such as g2o

(general graphic optimization) [77], GTSAM (factor graph optimization) [78], and

Ceres [79] are commonly applied to solve spatial transformation problems. These

libraries implement various local optimization algorithms, with the distinction that

they adopt different approaches to model optimization problems and handle large-

scale matrix computations. For instance, g2o represents the least squares problem

as a graph, where state variables and constraints are denoted as vertices and edges

[80]. Thanks to the sparse connectivity of the graph, g2o efficiently handles large

matrix marginalization and elimination calculations. GTSAM introduces a novel

data structure called Bayes tree, which supports incremental reordering and dy-

namic relinearization, enhancing the efficiency of nonlinear optimization [81, 82].

On the other hand, Ceres is also built on a graph-based architecture and is highly

regarded for its accessibility and flexibility. It has been widely adopted in classical

SLAM frameworks such as VINS-Mono [1] and OKVIS [83].

However, local optimization methods require initial guesses of states and are

prone to getting trapped in local minima, which leads to erroneous results under

noise disturbances. This is especially problematic in safety-critical applications

[84]. To address these limitations, researchers have increasingly explored global

optimization methods for solving transformation estimation problems, aiming for

algorithms that can converge to a globally optimal without requiring initial guesses.

For example, Yang et al. [85] use the Branch-and-bound (BnB) framework to solve

point cloud registration. Parra et al. [86] improve the bound function of BnB to ac-

celerate the rotation search issue in 3D alignment. However, the time consumption

of BnB increases exponentially with the size of the observation set [87]. Besides,

the exploration of global optimization gradually shift to the convex relaxation of
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specific transformation problems, alongside discussions around the certification of

optimality. Carlone et al. reformulate the pose graph optimization (PGO) prob-

lem and achieve reliable, global solutions by Lagrangian duality [88, 89]. Rosen

et al. [43] propose SE-Sync, a Riemannian truncated-Newton trust-region method

designed to solve pose graph optimization globally and certifiably. Briales et al.

[42] formulate the relative pose problem as a quadratically constrained quadratic

program (QCQP) and then convert it into a semidefinite program (SDP) by Shor’s

relaxation to obtain the global optimum. Wu et al. [90] formulate the distance-

based relative state estimation as an edge-based SDP problem and use distributed

optimization methods to globally solve it in a scalable way.

However, global optimization algorithms based on convex relaxation suffer from

high computational costs, making it difficult to meet real-time requirements when

handling large-scale operations with numerous observations. To address this, sev-

eral compromise frameworks with higher practicality have been proposed. Wu et al.

[91] propose a specific formulation for planar PGO problem with efficient imple-

mentation of GNC. Zhou et al. [92] and Yang et al. [38] employ GNC to efficiently

solve point cloud registration and spatial perception questions in a globally optimal

manner, where the loss function used in the former is Geman-McClure, and in the

latter is truncated least squares cost. TEASER++ proposed by Yang et al. also

utilize the GNC mechanism to replace the SDP relaxation to accelerate calcula-

tions [44]. Based on this, we argue that GNC can achieve global convergence while

maintaining real-time performance in practical applications. Therefore, the study in

Chapter 5 adopts the GNC framework to achieve global convergence in nonlinear

optimization tasks.
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2.3 Outlier Rejection

Due to noise interference, false detection, and incorrect data association, out-

liers are inevitable in practical applications, which can seriously degrade the accu-

racy of state estimation. Outlier rejection can be regarded as a maximum consensus

problem (MC), its mathematical model is,

max
xPX ,IĎM

|I| s.t. |rpzi,xq| ă Γ, @i P I (2.2)

where I is the inlier measurement set, Γ is the inlier threshold. (2.2) expects to

find the maximum number of inliers from the observation set, thereby conforming

the consensus that residuals fall below a defined threshold [93]. RANSAC [48] and

BnB [94, 95] methods can be used to solve this problem (2.2). However, RANSAC

is ineffective with high outlier rates. BnB suffers from exponential growth in com-

putational complexity as the dataset size increases. Besides, some researchers use

chi-square tests and the greedy algorithm to iteratively remove outliers under the

assumption of Gaussian noise [96]. Nevertheless, these approaches often prove

inefficient due to their algorithmic limitations.

Another school of solution is M-estimation [97], which appends a robust loss

function to the original optimization cost in (2.1), shown as,

min
xPX

ÿ

iPM
ρp}rpzi,xq}

2
q, (2.3)

Here ρp¨q can be Huber [98], Geman-McClure, and truncated least squares (TLS)

cost [99]. For instance, Qin et al. [1] utilize Huber loss function to improve the

robustness of visual-inertial SLAM system. The Geman-McClure penalty is used in

[92] to deal with outliers in point cloud registration. Yang et al. [100] employ TLS

cost for robust registration under high outlier rates. Antonante et al. [101] compare

the performance of generalized MC and TLS in outlier scenarios, demonstrating
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that TLS more efficiently rejects outliers and produces more accurate estimates

[102].

Building on this, the present work in Chapter 5 adopts TLS as the strategy for

outlier rejection. It is important to note that the optimization problem in (2.3) re-

mains a maximum likelihood estimation question, with the goal of finding the opti-

mal least squares solution [101]. In essence, loss function in (2.3) restructures the

model in (2.1) to incorporate outlier rejection, enabling simultaneous optimization

of both outlier rejection and state estimation. However, the introduction of ρp¨q ex-

acerbates the nonconvexity of the optimization problem, making the limitations of

local solvers more prominent. As a result, the study in Chapter 5 leverages a global

solver framework to jointly optimize state estimation and outlier rejection.

2.4 Observability Analysis of Visual Localization

Observability plays a crucial role in state estimation, determining the ability to

estimate the states of a dynamic system based on its measurements, ensuring that

the state of the system can be effectively understood [103, 104]. In other words,

An unobservable state variable produces indistinguishable trajectories under the

system’s measurement constraints [105]. Observability analysis not only evaluates

estimation performance but also identifies degenerate motions that introduce addi-

tional unobservable directions, critically affecting estimator accuracy [106, 107].

Furthermore, it enables online self-calibration of camera-IMU systems by ensuring

the observability of calibration parameters [108, 109, 110].

Specifically, Martinelli et al. [111] derive a closed-form VINS solution that

analytically expresses IMU biases, 3D velocity, and absolute roll and pitch angles

are observable states. Hesch et al. [112] introduce basis elements in observabil-

ity analysis to factorize the observability matrix. The factorized matrix is used to
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determine the unobservable mode of nonlinear VIO systems by computing a finite

number of Lie derivatives, which shows that the monocular VINS has four unob-

servable DoFs, corresponding to the three global translations and global yaw angle

around the gravity vector. Guo et al. [113] extend this approach to IMU-RGBD

systems and study the observability properties based on Hesch’s method, incorpo-

rating both point and plane features. Further advancing the analysis, Yang et al.

[107] comprehensively examine the observability of VINS with various geometric

features, including points, lines, planes, and their combinations in linearized sys-

tems.

Observability analysis provides critical insights into a system’s limitations by

revealing its unobservable directions, which directly constrain state estimation per-

formance. A rigorous formulation of map-aided VIO is essential for ensuring reli-

able localization in safety-critical robotic applications.

2.5 State Error Prediction

Error analysis is a well-established discipline in mathematics, focusing on the

types and quantities of errors (uncertainties) [114]. However, in safety-critical ap-

plications such as robotics and autonomous driving, the emphasis has been on en-

hancing the accuracy of state estimation, with limited attention given to providing

performance guarantees or conducting detailed error analyses. In computer vision,

Szeliski et al. use the classical Cramér-Rao lower bound to characterize estimator

uncertainty, which can be calculated via the inverse of Hessian matrix [115]. The

work in [116] adopts the optimum of sparse semidefinite relaxation as the lower

bound to certify global optimality. However, these methods fail to offer a referable

upper bound for the estimation errors. Yang et al.[44] use the triangle inequality

to roughly compute an error bound for the worst-case state estimation, which often
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leads to a bound that is overly conservative and far from the true error, thus reducing

its practical value. In his recent work, the error bounds of the object pose estima-

tion are taken as optimization variables, followed by a convex relaxation to solve

the probabilistic worst-bound [40]. Yet, error bounds obtained from his method are

still much larger than true errors.

In GNSS, researchers have applied error analysis to global positioning sys-

tem and developed the RAIM theory for positioning safety [117]. A key metric

in RAIM, known as protection level (PL), models the error propagation within

weighted least squares (WLS) under Gaussian noise assumption, providing a way to

compute error bounds for state estimation [10]. Recently, this theory has found in-

creasing application in robotics. For example, Li et al. use PL to predict the visual

localization errors of UAVs based on ORB-SLAM2 [118]. Joerger et al. lever-

age RAIM theory to monitor the safety of robots and autonomous vehicles using

EKF and particle filter with LiDAR/IMU platform [119, 120, 121]. The widespread

application of PL in GNSS and its successful application in robotics demonstrate

its versatility across different domains. In this study, we integrate the PL concept

from GNSS into the proposed state optimization framework, proposing a theoret-

ical derivation for predicting error bounds to quantify uncertainty and ensure the

safety of state estimation.
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Chapter 3

Safety-quantifiable Line
Feature-based Monocular Visual
Localization with 3D Prior Map

3.1 System Overview

The proposed system pipeline is shown in Fig. 3.1. The system mainly in-

cludes two parts: the visual localization module and the safety quantification mod-

ule. Firstly, a high-precision 3D point cloud as a prior map is generated in advance,

in which all 3D lines are extracted and stored offline [122]. Then the 3D lines are

projected into image frames based on the initial field of view (FoV) of the cam-

3D Line 

Detection

Offline point cloud map

Point 

cloud

Acc, 

gyro

Field of View 

Reprojection

Camera

IMU

2D Line 

Detection Image

Visual/Inertial 

Odometry

Dense 3D 

lines

2D-3D Line 

Matching

Pose 

Initial guess

Selected 3D 

lines
Pixel-level 

lines

Image

Point-to-point 

Model

Line 

feature 

pairs

Non-linear 

Optimization

Constraints

Chi-squared 

Test

Multiple Fault based 

PL Estimation

State Estimation 

with FDE

UGV

UAV

Residuals

Outliers

Survived 

observations

Jacobian matrix, 

covariance
Safety-

quantification

1st contribution 

Existing work [3]

2rd contribution

Outliers 

Rejection

Offline process

Figure 3.1: Framework of the proposed system: 3D lines are pre-extracted from
the prior map, and 2D lines are detected online in the camera frame. With the
initial state from VINS [1], 2D-3D line pairs are optimized. Outliers are rejected
via a Chi-squared test (FDE), and passing cases compute a protection level (PL) to
quantify state estimation safety.
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era that is provided by the pose estimation from the VINS [1]. On the other hand,

the images captured by an onboard camera are used to detect 2D lines in real-time

(Chapter 3.2.2). The two types of lines are matched into line feature correspon-

dences, which serve as the predictions and measurements of the state optimization

model for absolute visual localization (Chapter 3.2.3) in this prior map. Secondly,

the safety quantification is implemented based on a reliable FDE and protection

level calculation. Specifically, a Chi-squared test is applied to detect outliers based

on the weighted least-squares model iteratively (Chapter 3.3.2). After removing

the detected outliers, the surviving observations are re-input into the optimization

model for state estimation until the Chi-squared test passes. Then the protection

level is estimated based on the multiple fault assumption by quantitatively evaluat-

ing the safety of the visual localization solution (Chapter 3.3.4).

The notations are defined as follows. p¨qw denotes the world frame, and the

origin coincides with the prior map starting point. p¨qb represents the body frame,

and the origin is defined on the inertial measurement unit (IMU). p¨qc is the cam-

era frame. The translation vector and rotation matrix are represented by R and t,

respectively, and also by their corresponding Lie algebra ξ [73]. Rb
w,t

b
w means the

transformation from the world frame to the body frame, Rc
b,t

c
b is from the body

frame to the camera frame. bk is the subscript of the body frame in kth image. The

state variables in this work are the pose of UGV or UAV at the world frame while

taking the kth image, expressed by Rw
bk

and tw
bk

. P px,y,zq is a 3D point and ppµ,νq

means a 2D image pixel point. The notation of Chi-Squared distribution is χ2.
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Figure 3.2: The line representation diagram.

3.2 State Estimation: Visual Localization with Prior
Map

3.2.1 Line Feature Representation

In visual-based state estimation, a line in 3D space is typically represented using

Pl :ucker coordinates and orthonormal representations [107, 123, 124]. The former is

employed for line initialization and projection, the latter is applied for optimization

in state estimation. As illustrated in Fig. 3.2, the Pl :ucker coordinate of a 3D line lw

can be expressed as a 6-vector L “ pnJ,vJqJ. The vector v denotes the direction of

the line, and n is the normal vector of the plane π that includes both the line lw and

the origin o. If there are two known points Ps, Pe on lw, the Pl :ucker coordinate of

the line can be expressed as

„

n
v

ȷ

“

„

Ps ˆPe
Pe ´Ps

ȷ

. (3.1)

However, infinite lines in 3D space possess four DoFs, necessitating an additional
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constraint on the Plücker coordinate:

nJv “ 0. (3.2)

This additional constraint complicates optimization calculations. Therefore, the

orthonormal representation pU,Wq is introduced to facilitate the computation of

partial derivatives and nonlinear optimization. This representation can be obtained

through the orthonormal decomposition of the Pl :ucker coordinate [123],

rn | vs “ U

»

–

ω1 0
0 ω2
0 0

fi

fl , W “

„

ω1 ´ω2
ω2 ω1

ȷ

. (3.3)

where ω1,ω2 are scalar parameters and U P R3ˆ2 is a 3D orthonormal basis for

the line, satisfying UJU “ I2. The columns of U span the plane defined by the

line’s Plücker coordinates and automatically enforce the orthogonality constraint.

Accordingly, the Pl :ucker coordinate can be transformed by orthonormal represen-

tation,

L “ pω1uJ
1 ,ω2uJ

2 q
J, (3.4)

where, u1,u2 are the i-th column of matrix U.

From (3.1) and (3.3), it is evident that both Pl :ucker and orthonormal represen-

tations can be derived from any two points Ps, Pe on the line. Thus, two points

uniquely determine a spatial line. The difference between the line segments used in

this article and the above is that the lines we used are extracted from prior maps. We

can obtain the line segments in 3D space directly without calculating their positions

by multi-view geometry principles, which means that the two endpoints of the lines

have explicit 3D coordinates rather than being infinite. Therefore, this study uses

the two explicit endpoints Ps, Pe to represent the spatial line segment and conducts

subsequent operations based on these endpoints. Compared to the previously men-
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Figure 3.3: An illustration of line similarity criteria. (a) The line distance is the sum
lengths of the dashed lines, denoted by

ř

di. The angle of two lines θ “ =p⃗l1,⃗ l2q

(b) the line overlap rate refers to the percentage of the orange dashed line on the
blue line.

tioned two methods, this representation is clearer and more direct in terms of both

projection and optimization.

3.2.2 2D-3D Cross-Modality Line Matching

In this study, the 2D lines are detected by a fast line detection (FLD) method

[125], and are indicated by two endpoints pps,peq in 2D images. Line features

existing in 3D point clouds are extracted by a segment-based 3D line detection

method [122]. In the method, the 3D points are segmented by planes and projected

into a virtual image, then the 2D lines detected on this image are re-projected into

3D space to get line segments. Once the 3D lines are obtained, the dense point

cloud can be replaced by line segments that are represented by two 3D endpoints

pPs,Peq, and only these lines need to be loaded during visual localization.

To get line correspondences, we first project the 3D lines into the camera imag-

ing plane according to the initial pose of the camera from VINS. Then, these lines

are matched with the 2D lines captured from the actual world in this image depend-

ing on the defined similarity criteria. The criteria in this work are mainly determined

by the distance, angle, and overlap between two line segments [30, 36], which are
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(a) (b)Figure 3.4: The red lines in the image are the detected 2D lines by FLD method.
And the red and green line pairs are the valid matching associations. The blue and
purple lines are the rejected outliers.

shown in Fig. 3.3. Specifically, the general function of a 2D line l is

Ax ` By `C “ 0, (3.5)

the line distance D is defined as the sum of distances from n equally interval sam-

pling points pµi,νiq, i “ 1 ¨ ¨ ¨n (containing endpoints) on one line segment to the

other (shown in Fig. 3.3 (a)), the equation is,

D “

n
ÿ

i“1

di “

n
ÿ

i“1

|Aµi ` Bνi `C|
?

A2 ` B2
. (3.6)

By assigning appropriate thresholds, which are experimentally determined, the

algorithm can obtain line correspondences that meet requirements. The line detec-

tion and matching results at a single camera frame are shown in Figure 3.4.

3.2.3 Point-to-point line-based Optimization Model

Typically, the cost function for line features is formulated by summing the dis-

tances between corresponding lines. In this work, we reformulate the optimization

problem by converting line-distance minimization into a point reprojection error

model [73].

Assuming there is a line pair l1, l2, the general function of l1 is shown in (3.5),

and the distance between them can be calculated by the sum distance of the points
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on l2 from l1, which is consistent with (3.6). Take one point ppµ,νq on l2 as an

example, the distance from p to l1 is equivalent to the distance from the point p to

its vertical foot point p̂ f pµ̂ f , ν̂ f q on l1. This point-to-point distance is essentially

the same as the reprojection error in visual pose estimation, both of them are used

to represent the difference between the coordinates of two-pixel points.

Based on this, the objective function can be built by minimizing the square sum

of the point pair error. This is a classical weighted least squares (WLS) problem

and can be formulated as,

min
ÿ

›

›

›
p̂ f

´p
›

›

›

2

Q
, (3.7)

where p̂ f and p are the measurement and prediction of this function, respectively.

The Q is the covariance of observations and is experimentally determined. In par-

ticular, Q typically arises from camera calibration errors, as well as feature detec-

tion errors caused by camera over-exposure and motion blur. For point features,

these errors are commonly in the range of 1–3 pixels, which can be used as a guide-

line for setting Q [50]. The coordinate of the foot point p̂ f pµ̂ f , ν̂ f q can be com-

puted based on (3.5) as below [124]

µ̂
f

“
B2µ ´ ABν ´ AC

A2 ` B2 , ν̂
f

“
A2ν ´ ABµ ´ BC

A2 ` B2 . (3.8)

The specific process of constructing an optimization model is illustrated in

Fig. 3.5. Suppose that there is a 3D line segment lw in 3D space at the time while

the kth image is taken by the camera, and one of its endpoints is P px,y,zq. The

transformation of the camera during this time from the world frame is T c
w “ rR|ts

(corresponding to Lie algebra ξ [126]), the 3D line lw is projected into the image

plane of the camera shown as lc, which is matched with the line segment l̂c in this

image. Based on the pre-calibrated extrinsic matrix T c
w, this projection model can
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Figure 3.5: An illustration of line reprojection error from the 3D prior map to the 2D
image. A 3D point P px,y,zq on lw is projected into a camera image with ppµ,νq

based on the transformation R,t. The foot point p̂ f pµ̂ f , ν̂ f q of ppµ,νq on lc is
found to build a pixel cost function that is minimized.

be expressed as

s

»

–

µ

ν

1

fi

fl “ KT

»

—

—

–

x
y
z
1

fi

ffi

ffi

fl

“ K exppξ^
qP , (3.9)

where ppµ,νq is the pixel location of the endpoint P px,y,zq in an image plane. s is

the scale and K is the intrinsic matrix of the camera [70]. The symbol ^ is a vector

to skew-symmetric conversion. Combined with the state variables we defined in

Chapter 3.1, the transformation T c
w can be decomposed as

Rc
w “ Rc

bk
Rbk

w

tc
w “ Rc

bk
tbk

w ` tc
bk

. (3.10)

where Rc
bk

and tc
bk

refer to the transformation between the camera and IMU at the

kth image, which are invariant parameters because the camera and IMU are fixedly

mounted on autonomous robots, so we have T c
bk

“T c
b0

“T c
b , and this transformation

can be obtained by the joint camera-IMU calibration [127]. In our system, the initial

guess of states T bk
w is provided by VINS [1].
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In the image plane, After obtaining the prediction ppµ,νq based on (3.9), the

measurement p̂ f pµ̂ f , ν̂ f q on the matched line pair lc can be computed by (4.16). So

the error function depended on the point-to-point reprojection error can be shown

as

r “

›

›

›
p̂ f

´p
›

›

›
“ pµ̂

f
´ µq

2
` pν̂

f
´ νq

2. (3.11)

Therefore, the cost function (3.7) can be rewritten by

ξ˚
“ min

ξ

N
ÿ

k“1

›

›

›

›

p̂
f
k pµ̂

f
pξq, ν̂ f

pξqq ´
1
sk

pK exppξ^
qPkq

›

›

›

›

2

Q,

(3.12)

where N is the number of line pairs on the current image. The proposed method

selects two endpoints from each set of pairs as observations for the optimization

model. Moreover, the measurements p̂ f are variable related to the state ξ.

3.2.4 Optimization Solver

For the non-linear optimization problem in this study, the Gauss-Newton (GN)

method is employed and is implemented by the Ceres solver [79] for solving. First,

the error function is linearized by Taylor expansion about x shown as

r “ fpx` ∆xq « fpxq `JJ
∆x. (3.13)

where x is the state variable, and J is the Jacobian matrix. If the Jacobian matrix

is known, given the initial guess of states x, the optimization increment ∆x can be

obtained by

H∆x “ g (3.14)

where H “ JJJ , g “ ´JJfpxq [128]. Then the states are updated by xi`1 “

xi ` ∆x, until the algorithm converges, where i is the iterative index.

In terms of the Jacobian matrix in this work, the proposed method utilizes the

perturbation model in Lie algebra to derive it [73]. Based on the chain rule and
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(3.11), the derivation of each error term with respect to the state variable can be

calculated by

J “
Br

Bδξ
“ lim

δξÑ0

r pδξ‘ξq ´rpξq

δξ
“

Br

Bp

Bp

BP 1

BP 1

Bδξ
. (3.15)

Here ‘ refers to the disturbance left multiplication in Lie algebra, δξ is the pertur-

bation value. The P 1 is a point in the camera frame, which is transformed by the

3D space point P in the world frame, referring to Equation (3.9), we have

P 1
“ pTP q1:3 “ exppξ^

qP1:3 “ rX 1,Y 1,Z1
s
J. (3.16)

The specific calculation procedure for the three components of the Jacobian

matrix in (3.15) is shown below. Based on the chain rule in (3.15), we need to solve

each partial derivative of this equation. The first item based on (4.16) and (3.11)

can be computed by

Br

Bp
“

”

Br
Bµ

Br
Bν

ı

“
2

A2 ` B2

„

A2pµ f ´ µq ` ABpν f ´ νq

ABpµ f ´ µq ` B2pν f ´ νq

ȷJ

. (3.17)

For the second item, according to (3.9) and (3.16), P 1 is a projected point in the

camera frame and its pixel location ppµ,νq on the image plane is

sp “ KP 1, (3.18)

µ “ fx
X 1

Z1
` cx, ν “ fy

Y 1

Z1
` cy, (3.19)

fx, fy, cx and cy is the intrinsic parameters of the camera,

Bp

BP 1
“ ´

„

Bµ

BX 1
Bµ

BY 1
Bµ

BZ1

Bν

BX 1
Bν

BY 1
Bν

BZ1

ȷ

“ ´

«

fx
Z1 0 ´

fxX 1

Z12

0 fy
Z1 ´

fyY 1

Z12

ff

. (3.20)

For the third part, P 1 “ TP and give T a left perturbation ∆T “ exppδξ^q, whose
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Lie algebra is δξ “ rδρ,δϕsT [73], then,

B pTP q

Bδξ
“ lim

δξÑ0

exppδξ^qexppξ^qP ´ exppξ^qP

δξ

“ lim
δξÑ0

pI ` δξ^qexppξ^qP ´ exppξ^qP

δξ

“ lim
δξÑ0

δξ^ exppξ^qP

δξ

“ lim
δξÑ0

„

δϕ^ δρ
0T 0

ȷ„

RP ` t
1

ȷ

δξ

“ lim
δξÑ0

„

δϕ^ pRP ` tq ` δρ
0T

ȷ

rδρ,δϕsT

“

„

I ´pRP ` tq^

0T 0T

ȷ

,

(3.21)

taking out the first 3 dimensions, we have

BP 1

Bδξ
“

“

I ´P 1^
‰

, (3.22)

where,

´P 1^
“

»

–

0 Z1 ´Y 1

´Z1 0 X 1

Y 1 ´X 1 0

fi

fl . (3.23)

Merging formula (3.17) (3.20) and (3.21), the final Jacobian matrix can be solved

as

J “
Br

Bδξ
“ ´

2
A2 ` B2 rJ1,J2,J3,J4,J5,J6s, (3.24)
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among that,

J1 “ m
fx

Z1
,

J2 “ n
fy

Z1
,

J3 “ ´
m fxX 1 ` n fyY 1

Z12

J4 “ ´n fy ´
m fxX 1 ` n fyY 1

Z12 Y 1

J5 “ m fx `
m fxX 1 ` n fyY 1

Z12 X 1

J6 “ ´m
fxY 1

Z12 ` n
fyX 1

Z12 ,

(3.25)

with,

m “ A2
pµ̂

f
´ µq ` ABpν̂

f
´ νq

n “ ABpµ̂
f
´ µq ` B2

pν̂
f
´ νq

. (3.26)

Therefore, the localization problem could be solved iteratively based on the devised

Jacobian matrices.

3.3 Safety Quantification of Visual Localization with
Prior Map

3.3.1 Observation Model

Considering the state estimation problem in the previous chapter, a general ob-

servation equation could be constructed as follows,

z “ hpxq `v, (3.27)
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where x is the state variable and v is the noise item. z is the measurements, cor-

responding to the foot point p̂ f . hp¨q is a nonlinear measurement model and cor-

responds to (3.9) in Chapter 3.2.3, which can be linearized by a first-order Taylor

expansion as shown in Chapter 3.2.4 to get an approximated linear model,

ẑ “ J∆x`v (3.28)

where J is the Jacobian matrix. ẑ “ z´hpx0q is the shifted measurement accord-

ing to the operating point x0 (initial guess of state variables). Here, we assume

that the error introduced by the linearization is negligible. As in typical visual lo-

calization scenarios, the frame frequency is usually high and the motion between

successive frames is relatively small, making the operating point close to the state

convergence value. [129]. However, it is worth noting that this assumption may

not always hold in cases of abrupt or large camera motions, where the linearization

error could become non-negligible.

Generally, the noise item v is assumed to be a Gaussian distribution with zero

mean and a known covariance matrix Q,

v „ N p0,Qq . (3.29)

However, in this section a fixed bias b is added into the error model as

v „ N pb,Qq . (3.30)

The bias b represents another source of error, called outliers. The details will be

discussed in the section 3.3.4.

For the linear problem in (3.28), we can solve it by the weighted least squares

method, and the solution is

∆x̂ “ pJJWJq
´1JJWẑ, (3.31)
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where W is the weighted matrix or information matrix and is the inverse of noise

covariance matrix Q, Note that the Jacobian matrix J could be updated in each

iteration.

3.3.2 Outlier Rejection

Referring to Zhu’s work [50], we could briefly classify the errors associated

with the raw measurements (line features in this work) in the proposed framework

as follows. The first category is the photometric noise caused by camera calibration

error, camera over-exposure, and motion blur. These errors will affect the detection

accuracy of line features and are expressed as the covariance matrix Q of the error

model in (3.30). The second category is the fixed estimation deviations introduced

by outliers, and we use the bias b in (3.30) to represent the effect of the outliers

on the state estimation. However, it is undeniable that the presence of outliers is

associated with the first category, as the category can cause feature misdetection

and mismatching.

Due to the existence of noise and bias in measurements, the results of state

estimation could contain residual ε . Combining (3.28) and (3.31), the residual ε

can be written as

ε “ ẑ´J∆x̂ “ pI ´P qẑ

P “ JpJJWJq
´1JJW

. (3.32)

In the actual calculation, the residual is obtained from the optimization solver in the

previous section.

To evaluate the quality of measurements, a weighted sum of the squared errors

(WSSE) [49] based on the residual is defined as

ε
JW ε “ rpI ´P qsẑJW rpI ´P qẑs, (3.33)
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which can be further simplified as

ε
JW ε ñ ẑJW pI ´P qẑ “ ẑJSẑ

S “ W pI ´JpJJWJq
´1JJW q

. (3.34)

with P ,I ´P are idempotent matrices [130]. Next, a Chi-squared test for WSSE

is used to determine whether there are outliers in the measurements:

ẑJSẑ ą χ
2
1´αpn ´ mq ” T D, (3.35)

where, χ2
1´α

pn ´ mq is the 1 ´ α quantile of the central Chi-squared distribution

with n ´ m degrees of freedom (DoF) [10]. n is the number of measurements, m

is the number of state variables, α is the probability of false alarm (Pf a) and is set

to 0.05 in this study. T D is a threshold that can be obtained by checking the χ2

distribution table according to the DoF and quantile 1 ´ α . If

ẑJSẑ ą T D, (3.36)

the probability of outliers existing in the measurements is 1 ´ α (95%).

Because of the properties of the χ2 distribution and the error model (3.30),

outliers in the measurements can be rejected by (3.35). If the bias b in (3.30) is

not equal to 0, the WSSE will not fit a central χ2 distribution but a non-central

distribution. The non-centrality parameter is λ ” bJSb [10], which is shown as

EpẑJSẑq ´ pn ´ mq “ bJSb. (3.37)

Therefore, the central Chi-squared distribution in (3.35) cannot be satisfied only if

all outliers are theoretically removed from the observations (i.e. the bias in the error

model is equal to 0). In this way, a greedy algorithm [118] can be applied to iter-

atively exclude the observations corresponding to the largest residuals (considered

to be outliers) until the (3.35) is satisfied.
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3.3.3 The Proof of Central χ2 Distribution of WSSE withtout
Outliers

Under the assumption of being without outliers, the detailed proof of the central

Chi-squared (χ2) distribution of WSSE is shown below. As mentioned in (3.34),

the matrix P and I ´P are idempotent matrices. According to the properties of

idempotent matrix, we have

tracepP q “ rankpP q “ rankpJq “ n

rankpI ´P q “ trackpI ´P q “ tracepIq ´ tracepP q “ m ´ n
, (3.38)

with m is the number of measurements, n is the DoF of states. Meanwhile, based

on the properties of matrix trace, the WSSE in (3.33) can be expressed by

ε
JW ε ñ ẑJW pI ´P q

2ẑ “ tracepV ẑẑJV J
q “ uJu, (3.39)

where V “ LpI ´P q. W “ LJL is the Cholesky decomposition of W , because

the information matrix is symmetric positive definite. Among (3.39), we have

u “ LpI ´P qẑ, (3.40)

since ẑ „N p0,Qq, u„N p0,Uq comes from the linear transformation of Gaussian

distribution with U “ LpI ´P qQLpI ´P qJ. Combining (3.38), it can be seen

that WSSE is the sum of squares of zero-mean Gaussian distribution with (m ´ n)

DoFs, which is consistent with the definition of the central χ2 distribution [131].

3.3.4 Protection Level Calculation

Even if the Chi-squared test is passed, one or more outliers may still remain in

the measurements and the existence of the potential outliers is denoted by the Pf a.

Therefore, the error of the localization results based on the surviving measurements
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is mainly caused by two factors: (1) the potential missed outliers described by the

probability Pf a. (2) the Gaussian noise associated with the surviving measurements.

The general expression of PL can be expressed as

Ebound “ Eout `En. (3.41)

In particular, the first term is used to predict the bias-induced error in localization,

and the second term is used to bound the noise-induced error.

Noise-induced Error

When only the error caused by the random noise is considered, the impact of

the measurement noise on the state estimation can be found from (3.31). Due to

ẑ „ N p0,Qq, ∆x̂ is also described by a standard Gaussian distribution according

to its linear propagation theory, we have

∆x̂ „ N p0,Σq, (3.42)

substituting (3.31), the covariance matrix Σ of ∆x̂ can be computed by

covp∆x̂q “ Ep∆x̂∆x̂J
q

“ ErpJJWJq
´1JJWẑẑJWJJpJJWJq

´J
s

“ pJJWJq
´1JJWEpẑẑJ

qWJJpJJWJq
´J

“ pJJWJq
´1

, (3.43)

with EpẑẑJq “ Q “ W´1. Then, the state estimation error induced by measure-

ment noises can be calculated by

Eni “ k
b

rpJJWJq´1s j, j, (3.44)

where j is the index of the state variable, such as j “ 1,2,3 mean the x-direction,

y-direction, and z-direction, respectively. When k “ 3, (3.44) is the typical 3σ
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method, the corresponding probability of the values that lie within the 3σ interval

is 99.73% [132]. This method is utilized to calculate the state error bound (i.e. PL)

induced by measurement noise.

Outlier-induced Error

This study aims at considering the case where multiple outliers are contained

in observations even after the Chi-squared test. Referring to RAIM and [118], we

divide the translation into the x, y, z and rotation into the roll, pitch, yaw when

calculating the PL in the proposed method, and then use an index vector formed by

0 and 1 to represent a state variable, for example

x : H1 “ r1,0,0,0,0,0s;roll : H4 “ r0,0,0,1,0,0s

y : H2 “ r0,1,0,0,0,0s; pitch : H5 “ r0,0,0,0,1,0s

z : H3 “ r0,0,1,0,0,0s;yaw : H6 “ r0,0,0,0,0,1s

. (3.45)

In terms of the first term in PL in (3.41), the bias vector for the ith state can be

given based on error propagation and (3.31) [10]:

b˚
j “ H jpJ

JWJq
´1JJWb, (3.46)

so the norm of the bias vector is

}b˚
j } “

b

bJD jb

D j “ WJpJJWJq
´1HJ

j H jpJ
JWJq

´1JJW

. (3.47)

For the multiple-outliers case, assuming there are n measurements in total, r of

them have biases, and 1 ď r ď pn ´ mq, for example n “ 7, r “ 2. Since we do

not know which two observations are true outliers, An index matrix cluster Ak

composed of 0 and 1 with size n ˆ r is defined to choose the two outliers from the

seven observations, where the observation referred by number 1 is an outlier. For
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instance,

A1 “

„

1 0 0 0 0 0 0
0 1 0 0 0 0 0

ȷJ

, (3.48)

which means the first and second measurements are outliers. In this case, matrix

cluster Ak need to iterate through all combinations of ”two of seven”, which is

denoted by C2
7 “ 7ˆ6

2! “ 21, so j “ 21 this cluster has 21 different matrices. Then,

the biases in observations can be selected iteratively by

b jk “ Akb j, (3.49)

To make sure the PL is to bound the error caused by biases, the maximum bias-

induced error results from the example n “ 7, r “ 2 needs to be calculated. However,

since the Chi-squared test has been passed, the condition bJSb ď T D also needs to

be satisfied [10]. Based on (3.47) and (3.49) , a constrained optimization model can

be constructed as

Eout j “ maxb˚
jk “

b

bJ
jkD jb jk

“ max
AkPAr,b j

b

bJ
j A

J
k D jAkb j

s.t.bJ
j A

J
k SAkb j ď T D

, (3.50)

where, S and Di can be found in (3.34), (3.47). According to [10], this optimization

question can be equally simplified by linear algebra theory as follows,

maxb˚
jk “ max

AkPAr

b

ΛmaxpAk,D j,SqΓ, (3.51)

where, Γ “ T D, ΛmaxpAk,D j,Sq is the largest eigenvalue of

AJ
k D jAkpAJ

k SAkq
´1. (3.52)

By iterating through all Ak and comparing the corresponding largest eigenvalue of

(3.52), we can obtain the maximum bias-induced error in this direction.
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On the other hand, the noise-induced error can be computed by 3σ method in

(3.44), Substituting (3.51),(3.44) into (3.41), we got

Ebound j “ max
AkPAr

b

ΛmaxpAk,D j,SqΓ ` k
b

rpJJWJq´1s j, j. (3.53)

The integral calculation of PL about jth state variable can be obtained from the

above equation.

3.4 Experiments & Discussions

The proposed framework is evaluated in real-world environments using both

public indoor datasets for the UAVs and outdoor datasets collected by UGVs. We

compare the performance of the proposed method with other state-of-the-art meth-

ods to evaluate the proposed optimization model and the safety-quantification method.

The root mean squared error (RMSE) of absolute trajectory error (ATE) [2] is the

evaluation criterion of algorithm accuracy. All experiments are implemented on a

desktop with Intel-Core i9-12900K and Ubuntu 20.04. The proposed framework is

developed by the robot operating system (ROS) [133] and C++ language. In terms

of the evaluation of the localization performance, the algorithms compared include:

1. VINS: the VINS framework developed in [1].

2. Benchmark: the line-to-line visual localization method developed in [36].

3. PPL: the proposed visual localization method without outlier rejection.

4. PPL-OR: the proposed visual localization method with outlier rejection.

To evaluate the proposed safety-quantification function, the estimated PL is

compared with the exact localization error. The localization system is considered

safe when the estimated PL effectively bounds the actual localization error. The

comparison methods include:
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1. 3σ : a typical method used to represent the uncertainty of the state [118], the

computational model can be seen in (3.44).

2. PL: the proposed safety-quantification model.

3.4.1 UAV Indoor Experiment

Dataset & Comparison Methods

The EuRoc MAV (Micro Aerial Vehicle) dataset [134] is selected for evaluation,

which is collected by global shutter stereo cameras (Aptina MT9V034, WVGA

burri2016euroc, 20 FPS), synchronized IMU unit (ADIS16448, 200 Hz). The 3D

point cloud prior maps are constructed by a Leica MS50 with an accuracy of about 1

mm, and the ground-truth states are obtained by a Vicon (100 Hz) and Leica MS50.

The dataset includes six trajectories in two different rooms (V1 and V2), and there

are three separate tracks of varying difficulty in each room. The MAV can be seen

in Fig. 3.1. In particular, our current algorithm applies the direct output of VINS

without loop-closure for state initialization. However, in the proposed framework,

the 3D point cloud prior map is introduced to compensate for VINS drift while

obtaining absolute localization results.

Verification of Optimization Model & Outlier Rejection

The comparison results of the pose estimation accuracy of VINS [1], benchmark

[36], and ours are presented through the RMSE of ATE in Table 3.1. Specifically,

the average accuracy improvements of ours over benchmark are 27.1% and 22.8%

with and without outlier rejection (OR). Among that, both the PPL (our method

without OR module) and the benchmark utilize line features for state estimation.

The key distinction is that PPL employs a newly proposed line-based optimization

model, which differs from the model used in the benchmark. This experimental
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Table 3.1: RMSE [2] of ATE (m)

Sequence VINS Benchmark PPL PPL-OR
[1] [36] [ours] [ours]

V1 01 esay 0.098 0.164 0.153 0.152
V1 02 medium 0.110 0.152 0.092 0.099
V1 03 difficult 0.189 0.217 0.186 0.161

V2 01 esay 0.096 0.192 0.185 0.166
V2 02 medium 0.167 0.281 0.155 0.136
V2 03 difficult 0.327 0.441 0.319 0.312

RMSE of ATE: The root mean squared error of absolute trajectory error.

result validates the proposed optimization model has better convergence perfor-

mance than benchmark. The medium and difficult datasets in Table 3.1 refer to the

fast flying speed and trajectory maneuverability of UAVs, which is challenging for

visual-based localization methods. As shown in Table 3.1, in medium and difficult

scenarios, the accuracy of our method with OR (PPL-OR) is 12.0% and 35.4% bet-

ter than VINS and benchmark, respectively. However, in easy sequences, the initial

alignment error introduced by the transformation between VIO and prior map out-

weighs its marginal benefit in drift correction. This means that our method based

on structured lines is more resistant to disturbances in complex motion scenarios.

In addition, the proposed method with outlier rejection (PPL-OR) has generally

a better performance than PPL, which reflects the effectiveness of the Chi-squared

test-based outlier rejection algorithm. Details about the OR effectiveness are shown

in Fig. 3.6, which displays the variation of WSSE of four keyframes as the outliers

are detected and removed by a greedy algorithm sequentially. The x-axis is the

number of outliers removed, and the y-axis represents the residual of the observa-

tion model. By sequentially rejecting the visual outliers, the WSSE decreases.

Verification of PL

This subsection presents a protection level-based safety quantitative analysis by
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Figure 3.6: The plot of the relevance WSSE and the number of outliers. The 4
frames are selected from the V1 02 medium dataset. As the outliers are detected
and excluded in turn, the residual gradually decreases.

taking the classic V1 02 medium sequence as an example. In this experiment, we

compare the bound rate of PL and 3σ (3.44) [118] on state estimation errors, the

bound rate br can be computed as

br “
n
m

(3.54)

where, n is the number of PL ě error or 3σ ě error, separately. m is the number of

all frames. If the estimated PL could bound the actual error of localization solution,

it indicates that the proposed safety quantification is effective.

The results of translation and rotation are shown in Fig. 3.7 and Fig. 3.8, respec-

tively, expressed by XPL, YPL, ZPL, RollPL, PitchPL, and YawPL. In Fig. 3.7, it

is clear PL performs much better than 3σ for error bounding, with PL having more

than 70% bound rate in all three directions, while 3σ is only about 20% (see Table

3.3). And it can be seen that PL has a similar trend to the error in most cases. In

Fig. 3.8, PL quantifies the error significantly better than 3σ , but its performance is

uneven in three directions, especially in yaw rotation. The main reasons for this
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Figure 3.7: The comparison results of protection level, 3σ , and estimation error
in translation under V1 02 medium sequence. The measurement covariance is 7-
pixel2 and the number of outliers is set to two.

phenomenon are the limitations of the line features and the IMU sensor. In terms

of line features, since there are many horizontal lines in space, when the object is

rotated around z-axis to produce yaw rotation, the motion will be parallel to the

lines making the motion useless for feature matching and state optimization, which

is one of the most common degradation symptoms of line features [33].

The Discussion on PL

Ideally, the PL should bound the actual localization error; however, in practice,

uncertainties such as unknown outliers and imperfectly modeled observation noise

may limit its ability to fully bound the error. Based on the derivation of PL in

Chapter 3.3.4, the calculation of PL is affected by bias-induced error resulting from

outliers and noise-induced error because of observation noises. Firstly, the number

of outliers existing in the current observations after passing the Chi-squared test is

unknown. Secondly, the noise covariance matrix of the visual measurements cannot

be obtained exactly, which is given empirically in this study. All these uncertainties

are factors that can affect the performance of PL estimation.
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Figure 3.8: The comparison results of protection level, 3σ , and estimation error in
rotation under V1 02 medium sequence. The measurement covariance is 7-pixel2

and the number of outliers is set to two.

Table 3.2: The br (%) of PL / 3σ with error using different number of outliers in
translation and rotation. The covariance is 7-pixel2.

Num. 1 2 3

x 71.6%/ 19.6% 74.2%/ 19.6% 74.2%/ 19.6%
y 75.7%/ 24.8% 76.8%/ 24.8% 76.8%/ 24.8%
z 71.3%/ 22.9% 73.5%/ 22.9% 73.5%/ 22.9%

roll 43.9%/ 20.8% 65.2%/ 20.8% 65.2%/ 20.8%
pitch 66.6%/ 31.0% 85.3%/ 31.0% 85.3%/ 31.0%
yaw 8.23%/ 1.99% 18.8%/ 1.99% 18.8%/ 1.99%

To gain more insight into PL, we evaluate the bound rate of PL and 3σ under

different assumptions with multiple outliers and noise covariances in Table 3.2 and

Table 3.3, respectively. From Table 3.2, it can be seen that increasing the number

of outliers can improve the bound rate of PL, but when the number of outliers is

set to 3 or more, it will not change, indicating that the largest number of outliers

in all sequences is 2. In Table 3.3, the measurement noise of the line feature is set

to 3, 5, and 7 pixels, respectively. In particular, the measurement noise of a single

pixel point feature is usually set between 1-3 pixels [135]. Since this work uses line
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Table 3.3: The br (%) of PL / 3σ with error using different covariance assumptions
in translation and rotation. The number of outliers is two.

Cov. 3-pixel2 5-pixel2 7-pixel2

x 42.5%/ 7.51% 59.8%/ 13.5% 74.2%/ 19.6%
y 47.1%/ 10.0% 64.2%/ 18.3% 76.8%/ 24.8%
z 48.0%/ 11.8% 61.3%/ 16.0% 73.5%/ 22.9%

roll 36.5%/ 11.0% 51.8%/ 15.3% 65.2%/ 20.8%
pitch 60.3%/ 14.8% 74.8%/ 22.5% 85.3%/ 31.0%
yaw 6.03%/ 0.81% 10.9%/ 1.53% 18.8%/ 1.99%

features, the detection of lines will introduce more errors than point features. Also,

the 3D line features extracted from the point cloud map could impose observation

error, so the covariance assumption is amplified here. As shown in Table 3.3 , the

br for both the PL and 3σ increase with the growing covariance of the line features,

which is consistent with the theoretical expectation that their computational formu-

las both include a covariance term. Moreover, PL demonstrates a sharper response

to this change than 3σ , reflecting its advantage in characterizing how uncertainty

evolves with observation quality. In summary, more outliers and larger covariance

increase PL, which is consistent with the definition of PL for quantifying safety.

The PL & Feature Degeneration

It is well known that when discussing localization safety, it is inevitable to con-

sider the impact of the feature quality on it [136]. Here, the quality of features can

be considered in terms of the feature detection error and the feature distribution. In

this study, PL is used as a metric for safety quantification, so we will discuss the

impact of features on the reliability of safety quantification around anomalous PL

values. The following analysis is done for two special cases. First, near frame 400

in Fig. 3.7, the PL is too conservative to bound the localization error. Two images

in the area around frame 400 are shown in Fig. 3.9 (a) and (b). It is clear to see
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(a) (b)

(c) (d)

Figure 3.9: (a), (b) two examples of the motion blur. (c), (d) two examples of the
feature degeneration. The blue and green lines are the feature matching pairs.

that images suffer from severe motion blur, which could potentially trigger addi-

tional detection errors in feature measurements [50]. Since the feature covariance

that we assume during PL computation is not dynamically changing, PL is unable

to accurately estimate localization errors in scenarios where feature detection errors

increase, which means that the safety quantification is inaccurate when the feature

detection error is suddenly large.

In the second case, the anomalous PL values were significantly larger than the

localization error and were not informative, such as the frame 200. In addition

to the feature detection errors described above, the spatial distribution of the line

features utilized for the localization is the other source affecting the PL estimation.

It is expected that the features are evenly distributed within the field of view, which

could introduce ideal constraints. However, the features can flock together where
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the degeneration of the state estimation will occur [137]. To assess the impacts of

the feature distribution on the localization performance, the condition number (CN)

is introduced in [138]. In particular, CN is determined by the ratio between the

maximum and minimum eigenvalues of JJJ , which can be shown as

κ “
σmax

σmin
(3.55)

where the J denotes the Jacobian matrix of the visual line constraint. A low condi-

tion number means to be well-conditioned, while a high condition number indicates

ill-conditioning.
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Figure 3.10: The comparison of condition number (CN) and protection level in
six transformation directions. The assumption of the measurement covariance is
7-pixel and the number of outliers is set to two.

Fig. 3.10 displays the CN and PL in six directions. As seen from the figure,

PL has a highly consistent trend with CN at the anomalous mutation, which indi-

cates these frames have ill-conditional constraints and feature degeneration. Based

on this discovery, we can conclude that feature degeneration largely causes excep-

tional maxima peaks in PL. On the other hand, we could utilize PL to remind the
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feature degeneration phenomenon during state estimation to avoid serious optimiza-

tion failures. Fig. 3.9 (c) and (d) show two typical feature degeneration scenarios. It

is clear that most of the features in images are parallel, which makes the constraint

with its vertical direction very weak, resulting in an ill-conditioned case.

3.4.2 UGV Outdoor Experiment

Experiment Setup

LiDAR

RealSense

IMU

(a) (b)

Figure 3.11: (a) The UGV platform loaded with customized sensor unit. (b) The
detailed Sensor unit including LiDAR, IMU, and RealSense camera.

The UGV experiment is conducted on the CARLA simulator [139] and real-

world environment in the Hong Kong Polytechnic University (PolyU) campus. The

real-world UGV platform used in this experiment is shown in Fig. 3.11 (a). The

detailed sensor module is displayed in Fig. 3.11 (b), which contains a LiDAR (HDL

32E Velodyne), an IMU (Xsens Mti 10), and a RealSense camera (D435i, 640ˆ480,

30 Hz). The dataset is collected by driving around a square on the Hong Kong

Polytechnic University (PolyU) campus (Fig. 3.12). The total path length is 295.5
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(a) (b)
Figure 3.12: (a) The regional point cloud of the Hong Kong Polytechnic University.
(b) The corresponding Google 3D map of the same area. The red line indicates the
trajectory of the UGV during the testing.

m. The IMU data and images captured by RealSense are the input of VINS. The

data from LiDAR and IMU are processed by LIO SAM implementation [16], and

used to build a prior point cloud map shown in Fig. 3.12 (a), the origin of this

3D map is defined at the starting position of the IMU. The trajectory estimated

by LIO SAM is regarded as the ground truth of localization. With the help of the

LiDAR loop closure, centimeter-level accuracy can be obtained from the LIO SAM

in the evaluated scene.

In CARLA simulator, a vehicle equipped with a 64-channels LiDAR (rotation

frequency 100, range 200m), IMU (100Hz, measurement noise 10´2, bias random

walk 10´4), and a monocular camera (resolution 900ˆ600, FoV 90 degree) derived

around a town to construct prior point cloud map and dataset. The view of the town

and the trajectory of vehicles are shown in Fig. 3.13. In this town, we run three

different routes with lengths of 1km (red trajectory labeled with CARLA 01), 2km

(green trajectory labeled with CARLA 02), and 3km (blue trajectory labeled with
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(a)

(b)

(c)

Figure 3.13: (a) The Carla simulation town and three driving trajectories with dif-
ferent lengths. (b) A scene in the town. (c) The tunnel scene marked by the red
circle in the figure (a).

CARLA 03). The speed of the car is 30km/h. These three paths pass through a

variety of scenarios, such as urban canyons, tunnels, and shrubs, which are used

to verify the effectiveness of our algorithm compared to the VINS and benchmark.

Accordingly, similar evaluation criteria and comparisons with UAV experiment are

adopted in this section.

System Evaluation

Table 3.4: RMSE [2] of ATE (m)

Dataset VINS Benchmark PPL PPL-OR
[1] [36] [ours] [ours]

PolyU 1.688 2.191 1.607 1.602
CARLA 01 2.380 3.626 2.137 1.931
CARLA 02 4.613 4.312 3.677 3.321
CARLA 03 7.894 7.986 7.733 7.311

RMSE of ATE: The root mean squared error of absolute trajectory error.

Table 3.4 lists the RMSE of ATE comparison results of the proposed method

with VINS and benchmark. It can be seen that our method outperforms others in
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CARLA simulated dataset and real-world environment. Specifically, as the running

trajectory grows gradually in CARLA dataset, the proposed methods have higher

accuracy than VINS by 18.91%, 27.98%, 5.10%, and than benchmark by 46.83%,

22.97%, 8.46% in 1-3km. Meanwhile, our method (PPL-OR) improves the local-

ization accuracy by 5% and 26.9% over VINS and benchmark in the real-world

environment. Fig. 3.14 presents the estimation errors of translation and rotation, it

is clear our algorithm is able to reduce the drift problem of VINS to some extent,

which is evident in the z and yaw motions, while the errors in other directions can

be offset periodically because the UGV trajectory is a constantly repeating circular

motion. However, as the path keeps getting longer and the VINS drift increases,

the effectiveness of our algorithm for removing the cumulative error gradually di-

minishes (see Fig. 3.14) due to the fact that the proposed method uses the output of

VINS as the initial guess.
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Figure 3.14: The position and orientation error of PPL-OR compared with VINS.

Additionally, the time statistics of VINS, benchmark, and our method on three

datasets are displayed in Table 4.3, where Feature Processing includes the feature

detection and matching modules. Optimization consists of pose estimation and
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Table 3.5: Time statistics of Feature Processing / Optimization Treads (ms)

Datasets VINS Benchmark PPL-OR
[1] [36] [ours]

EuRoC 5.8 / 15.4 11.3 / 7.5 9.9 / 1.5
PolyU 2.9 / 23.3 5.6 / 4.8 4.8 / 1.3

CARLA 01 8.2 / 20.1 48.9 / 52.1 46.5 / 1.8

marginalization modules. The optimization computation of our method is fast due

to the fact that we use fewer line constraints than point constraints during pose

estimation as well as the proposed outlier rejection module refines the constraints

to accelerate the convergence of the estimator. However, on the CARLA dataset,

the feature processing module of the prior-map based methods has significantly in-

creased in time consumption. This is because the prior line maps are large in size,

which requires the algorithm to spend more time completing cross-modal matching.

Overall, our algorithm satisfies the real-time requirement while loading a reason-

able prior line map. Therefore, in practice, maintaining the size of the loaded prior

map within a rational range is vital to the real-time performance of the method.

Table 3.6: The br (%) of PL with error using different numbers of outliers in trans-
lation and rotation with covariance is 7-pixel

Num. x y z roll pitch yaw

1 83.1% 66.2% 50.8% 64.6% 53.9% 5.13%
2 85.1% 69.2% 54.9% 66.7% 56.4% 5.64%
3 85.1% 69.2% 54.9% 66.7% 56.4% 5.64%

PL Result

Based on the discussion of PL in the previous subsection, the safety quantifica-

tion of UGV in the real-world environment is verified by adjusting the number of

outliers and the covariance of measurements. By fixing the covariance to 7 pixel2,

the relationship between the bound rate of PL and the number of outliers is shown in
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Figure 3.15: The bound rate (br) of six directions with different measurement noises
from 3-pixel to 15-pixel. The red dash line means the br “ 95%. The covariance
corresponding to the black line is 13.1-pixel2.

Table 3.7: The br (%) of PL / 3σ under six transformation directions with covari-
ance is 13.1-pixel2 and outliers are 2.

x y z roll pitch yaw

PL 93.9% 89.7% 88.2% 85.6% 80.5% 7.69%
3σ 40.0% 16.4% 6.67% 20.5% 12.8% 0.51%

Table 3.6. It is clear that the number of residual outliers in the UGV dataset is two,

which is the same as the UAV experiment. Next, by fixing the number of outliers to

2 and changing the covariance from 3-pixel2 to 15-pixel2, the trends of the bound

rate of the PL in six directions are shown in Fig. 3.15. As seen from the figure,

the bound rates of the PL in six directions gradually level off when covariance is

equal to 13.1-pixel2 (the black line). In particular, the bound rate in x-direction is

infinitely close to 95% (the red dashed line), which is consistent with the probability

(1 ´ α) set in the outlier rejection section. Based on this figure, the final covariance

in the UGV experiment is set to 13.1-pixel2, and the corresponding bound rates of

PL and 3σ are shown in Table 3.7. Fig. 3.16 and Fig. 3.17 are the trends of PL, 3σ ,
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Figure 3.16: The CN and comparison of protection level, 3σ , and error in three translation directions.
The assumption of the measurement covariance is 13.1-pixel2 and the number of outliers is set to
two.
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Figure 3.17: The comparison results of protection level, 3σ , and error in three
rotation directions. The assumption of the measurement covariance is 13.1-pixel2

and the number of outliers is set to two.
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error, and the ICN in translation and rotation, respectively.

Discussion

In terms of accuracy improvement, the proposed method can eliminate the cu-

mulative drift of VINS to a certain extent by using prior map-based localization.

However, because of the loosely coupled form with VINS, the proposed method is

greatly influenced by the initial guess of the state from VINS, and when the drift

is severe, our method will have difficulty converging (Fig. 3.14). Furthermore, the

measurement noise of the line feature in UGV dataset is about 13 pixels, which is

even greater than the noise in UAV experiment. Excluding the noise of 2D line fea-

ture detection in images, the 3D line detection in point cloud map could induce more

errors than UAV experiment because of the low-precision point cloud. It follows

that the denseness and precision of the point cloud map are alse important factors

affecting the performance of the algorithm and the PL calculation, as it impacts the

line detection and the error model.

Meanwhile, the same to the UAV experiment, the performance of PL is particu-

larly poor at the yaw rotation. Comparing the localization error and PL of the yaw

axis with the roll and pitch axes in Fig. 3.8 and Fig. 3.17, it is obvious that the over-

all error of the yaw axis is larger than the others, and the PL is indeed smaller. Apart

from the degeneration caused by the poor geometry of the visual line features, the

error involved in the IMU is another source leading to the conservative estimation

of the PL. On the one hand, the yaw angle of the IMU is not directly observable by

the system [140]. On the other hand, the circular trajectory of the UGV experiment

leads to additional challenges for the yaw estimation, which will excite more errors

on the yaw. As a result, the accuracy of initial guess of the state from the VINS is

not guaranteed, which can lead to poor estimation of the yaw. This phenomenon

is shown in the yaw axis of Fig. 3.14, which presents a severe divergence trend. In
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summary, the above-mentioned reasons are leading to the poor performance of PL

on the yaw axis.

3.5 Summary

This study presents a safety-quantifiable line feature-based monocular visual lo-

calization framework with point cloud maps. A new point-to-point line constrained

optimization model is built to achieve accurate and robust localization in point cloud

maps to eliminate cumulative drift occurring in relative positioning. Furthermore,

a safety quantification strategy motivated by RAIM system is introduced into the

current autonomous systems to evaluate the maximum value of the state estimation

errors, including three translation and three rotation directions with multiple faults

assumption. The experimental results on UAV and UGV platforms show the pro-

posed method outperforms the comparison algorithms in accuracy and robustness,

and the error quantification of PL for state estimation is efficient in the multiple

outlier assumption as well as in the translational and rotational motions. We also

provide the open-source implementation to benefit the community.

There is still potential for improving our algorithm. For instance, the current

system’s loosely coupled model with VINS has limitations in enhancing localiza-

tion accuracy. Future work could explore a tightly coupled approach to improve

precision and make fuller use of prior 3D map information, such as surface struc-

tures, to further refine the algorithm’s performance. Moreover, the impact of prior

map size on computational efficiency also needs to be considered. When the prior

map has a large coverage area, the calculation can be accelerated by adjusting the

map storage data structure. The performance of PL predicting localization errors

can be improved by incorporating dynamic error models and feature quality. In

this study, the computed PL is used solely for predicting state estimation errors. A
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promising direction for future research is to explore its broader applicability within

robotic systems. Inspired by the GNSS domain, we could predefine a localization

accuracy threshold and utilize PL-predicted errors to evaluate whether the current

localization results meet operational requirements, enabling safer real-world robotic

deployments. Additionally, PL’s potential applications extend beyond localization;

its error predictions could also be leveraged in mapping and planning processes,

opening new avenues for exploration.
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Chapter 4

Tightly-coupled Visual/Inertial/Map
Localization and Observability
Analysis

The loosely coupled framework presented in the previous chapter, while effec-

tive in integrating visual localization with prior point cloud maps, still exhibits sev-

eral inherent limitations. First, the optimization relies heavily on the initial guess

provided by the VIO subsystem, meaning that drift or biases accumulated in VIO

directly influence the final pose estimation. Second, because the visual–inertial es-

timation and the map-based refinement are executed in two separate optimization

stages, the system cannot fully exploit the joint constraints among visual, inertial,

and prior-map measurements, and the repeated optimization also increases com-

putational cost. In addition, the loosely coupled structure shows relatively weak

estimation performance in the yaw direction, and the underlying cause requires fur-

ther investigation to better understand the system’s rotational behavior.

To address these limitations, this chapter introduces a tightly coupled frame-

work that integrates all sensing modalities within a unified optimization process.

Such a design enables the simultaneous use of all measurements, reduces reliance

on VIO initial guesses, and allows the system to more effectively exploit the struc-
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Figure 4.1: The flowchart of the proposed framework. The 3D lines in the prior
map are detected offline, which are matched with the online detected 2D lines.
After feature matching and tracking, the line correspondences, IMU measurements,
and point feature pairs are integrated as constraints for factor graph optimization in
a tightly coupled form.

tural information contained in the prior map. Furthermore, by incorporating prior-

map constraints directly into the estimation pipeline, the proposed system provides

a clearer foundation for analyzing the observability properties introduced by map-

based measurements, thereby enabling a deeper understanding of the intrinsic rela-

tionships between these measurements and the system states.

4.1 System Overview

Building on the limitations identified above, this chapter adopts a tightly-coupled

scheme that simultaneously optimizes visual, IMU, and prior-map measurements

within a unified framework. Specifically, this framework associated the classic VIO

optimization factors with the cross-modal line features-based constraints for pose

estimation, which is shown in Fig. 5.1. In this framework, the 3D lines are extracted

from the prior map offline, and then the original point cloud map can be condensed

to a lightweight line map containing building edges and road segment markings.
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The cross-modal line correspondences are obtained by line matching and a pro-

posed line tracking strategy for outlier rejection. The novel line feature-based cost

model proposed in Section 3 is tightly coupled with the IMU pre-integration factor

and point feature factor for state estimation. Meanwhile, we justify the rationality

of this novel model in this work. Besides, we analyze the observability of the pro-

posed system to better understand the internal relationships between state variables

and system measurements. To the best of our knowledge, we are the first group that

analyze the observability of the prior map-aided VIO system.

This study utilizes IMU measurements, visual point features, and line features to

construct constraints for nonlinear optimization-based state estimation. To improve

stability and accuracy, the proposed method applies the sliding window structure,

which can compose multi-frame constraints simultaneously and is the same as the

classic VIO system [1]. Based on the sliding window pipeline, the states are defined

as

X “

”

xk, . . . ,xk`N ,x
b
c ,λm, . . . ,λm`M

ı

xi “
“

pw
bi
,vw

bi
,qw

bi
,ba,bg

‰

, i P rk,k ` Ns

xb
c “

”

pb
c ,q

b
c

ı

, (4.1)

For clarity, the notations used in (4.1) are summarized as follows. The coordinate

systems involved include the global world frame p¨qw, the body (IMU) frame p¨qb,

and the camera frame p¨qc. The rotation matrix Ra
b denotes the rotation from frame

b to frame a. The estimated states in the localization problem include the body

pose T w
b “ ppw

b ,q
w
b q, velocity vw

b , IMU accelerometer bias ba, and gyroscope bias

bg. The extrinsic parameters from the camera frame to the body frame are pb
c and

qb
c , while λ denotes the inverse depth of each point feature. Here, N `1 denotes the

number of frames in the sliding window, and M ` 1 represents the number of point

features observed within it.
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Line Representation
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Figure 4.2: Factor graph structure in the proposed system. The different symbols
indicate the prior, IMU, point, and line constraints used in the optimization problem.

The factor graph structure of the proposed optimization model is displayed in

Fig. 4.2. The model can be expressed by

X ˚
“ min

X

#

}rp ´HpX }
2

`
ÿ

kPB
}rbpzb,X q}

2
Qb

`
ÿ

kPC
}rcpzc,X q}

2
Qc

`
ÿ

kPL
}rlpzl,X q}

2
Ql

+

,

(4.2)

where, the four cost terms rx are the prior factor, IMU measurement factor, point

feature-based factor, and line feature-based factor. zp¨q means the different mea-

surements. It should be mentioned that the prior factor comes from the marginal-

ized constraints shown in Fig. 4.2 and Hp is the Jacobian matrix of the prior factor.

The construction of the other factors is derived in the next section.

4.2 State Estimation with Multiple Factors

— 69 —



CHAPTER 4. TIGHTLY-COUPLED VISUAL/INERTIAL/MAP
LOCALIZATION AND OBSERVABILITY ANALYSIS PhD Thesis

4.2.1 IMU Pre-integration

For monocular visual localization systems, the addition of IMU can provide

scale information for vision, and the gyroscope and accelerometer equipped with

IMU can deliver high-frequency angular velocity and acceleration data for state es-

timation. This has profound significance in improving the positioning accuracy of

low-cost automatic robot systems. However, the measurement noise and random

walk of IMU lead to gradually increasing drift errors in inertial measurements.

Meanwhile, as the optimization progresses, the measurement bias of IMU will

change, so that the position, velocity, and angle increments need to be recalculated.

To avoid repeated integration computations, pre-integration provides an approxi-

mate correction for IMU measurements [141]. In VIO system, the low-frequency

image keyframes are used as time nodes for state estimation. The pre-integration of

IMU combines high-frequency inertial measurements between two keyframes into

relative motion constraints in factor graph optimization in this study [142].

IMU-driven System Kinematic Model

The raw measurements of IMU gyroscope rω and accelerometer ra are modeled

as

rωptq “ ωptq `bgptq `ngptq

raptq “ Rb
wpaptq ´gw

q `baptq `naptq
, (4.3)

where ω and a are the acceleration and angular velocity of the body frame with

respect to the inertial frame. gw “ r0,0,gsT is the Gravity acceleration in the world

frame. The ng and na are measurement Gaussian white noise with zero-mean,

as ng „ N p0,σ2
gq, na „ N p0,σ2

aq [1]. bgptq and baptq are modeled as random-

walk processes and their derivatives are zero-mean, white Gaussian noise, nbg „
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N p0,σ2
bg

q, nba „ N p0,σ2
ba

q, we have

9bgptq “ nbg,
9baptq “ nba. (4.4)

The kinematic model can be described as [112]

9pw
b ptq “ vw

b ptq

9vw
b ptq “ Rw

b ptqaptq

9qw
b ptq “

1
2
Ωpωptqqqw

b ptq

9bgptq “ nbgptq

9baptq “ nbaptq

, (4.5)

where,

Ωpωq “

„

´tωuˆ ω
´ωJ 0

ȷ

, tωuˆ “

»

–

0 ´ωz ωy
ωz 0 ´ωx

´ωy ωx 0

fi

fl (4.6)

IMU pre-intergration

If the IMU body states in frame k is known (position pw
bk

, velocity vw
bk

, and

rotation qw
bk

), according to the (4.3) and (4.5), these states in frame k ` 1 can be

calculated by the following continuous integral formula,

pw
bk`1

“ pw
bk

`vw
bk

∆t `

ĳ

tPrtk,tk`1s

Rw
b ptqpraptq ´baptq ´ gw

qdt2

vw
bk`1

“ vw
bk

`

ż

tPrtk,tk`1s

Rw
b ptqpraptq ´baptq ´ gw

qdt

qw
bk`1

“ qw
bk

b

ż

tPrtk,tk`1s

1
2
Ωprωptq ´bgptqqqbk

b ptqdt

, (4.7)

Where ∆t is the time different between two frames, Rw
b ptq means the rotation from

body to world frame at time t. It can be seen from (4.7), when IMU body states at
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frame k changes because of optimization updates, the states at frame k ` 1 require

reintegration. To avoid this computational consumption, (4.7) is decomposed and

simplified to

pw
bk`1

“ pw
bk

`vw
bk

∆t ´
1
2
gw

∆t2
`pw

bk
α

bk
bk`1

vw
bk`1

“ vw
bk

´gw
∆t `pw

bk
β

bk
bk`1

qw
bk`1

“ qw
bk

b γ
bk
bk`1

, (4.8)

among that,

α
bk
bk`1

“

ĳ

tPrtk,tk`1s

Rbk
b ptqpraptq ´baptqqdt2

β
bk
bk`1

“

ż

tPrtk,tk`1s

Rbk
b ptqpraptq ´baptqqdt

γ
bk
bk`1

“

ż

tPrtk,tk`1s

1
2
Ωprωptq ´bgptqqγ

bk
t dt

. (4.9)

Where, α
bk
bk`1

,β bk
bk`1

,γbk
bk`1

are called as IMU pre-integration measurements and can

be solved without knowing the IMU body states in frame k [34]. The three new

measurements will be used for IMU constraints during state optimization. How-

ever, (4.9) include the state variables ba and bg. To avoid repeat integration op-

eration when ba and bg are changed during optimization, the solution of (4.9) is

approximated by a first-order expansion [1],

α
bk
bk`1

“ α̂
bk
bk`1

`Jα
ba

δbak `Jα
bg

δbgk

β
bk
bk`1

“ β̂
bk
bk`1

`J
β

ba
δbak `J

β

bg
δbgk

γ
bk
bk`1

“ γ̂
bk
bk`1

` b

«

1
1
2J

γ

bg
δbgk

ff

, (4.10)

where Ja
b is the Jacobian matrix of pre-integrated measurements with respect to

bias at time k [34]. So far, the IMU pre-integration has been converted to a linear
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operation, which greatly reduces the complexity of the computation.

Combining the (4.8) and (4.10), the measurement residual of IMU preintegra-

tion between two consecutive frames bk and bk`1 can be defined as

rbpzbk
bk`1

,X q “

»

—

—

—

—

—

—

–

δα
bk
bk`1

δβ
bk
bk`1

δγ
bk
bk`1

δba
δbg

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

Rbk
w ppw

bk`1
´pw

bk
´vw

bk
∆t ` 1

2g
w∆t2q ´ α̂

bk
bk`1

Rbk
w pvw

bk`1
´vw

bk
`gw∆tq ´ β̂

bk
bk`1

2rpqw
bk

q´1 bqw
bk`1

b pγ̂
bk
bk`1

q´1s

babk`1 ´ babk

bgbk`1 ´ bgbk

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(4.11)

4.2.2 Point Feature Measurements Model

This work retains the point feature as an optimization factor in the VIO system.

The factor graph optimization is illustrated in Fig. 4.2. In terms of point features,

the measurement residual is built by the re-projection error. This error means the

pixel distance in an image between the projected feature p and the observed feature

p̂. Assuming the k-th point feature is co-measured in the i-th and j-th frame as

p̂ci
k pµ

ci
k ,ν

ci
k q and p̂c j

k pµ
c j
k ,ν

c j
k q, respectively. Its measurement residual model can be

written as

rcpzc,X q “ pc j
k ´ p̂c j

k

pc j
k “ π

´

Rc
b

´

R
b j
w

´

P w
k ´pw

b j

¯

´pb
c

¯¯
, (4.12)

P w
k “

»

–

Xw
k

Y w
k

Zw
k

fi

fl “ Rw
bi

ˆ

Rb
c

1
λi

π
´1

ˆ„

µ̂
ci
k

ν̂
ci
k

ȷ˙

`pb
c

˙

`pw
bi
, (4.13)
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where, P w
k is the position of the k-th point feature in the world frame, and πp¨q

means the projection function and π´1p¨q is the back-projection.

4.2.3 Line Feature Measurements Model

Consistent with the representation of line feature in Chapter 3, this work still

uses the two explicit endpoints Pspxs,ys,zsq,Pepxe,ye,zeq to represent the spatial

line and performs subsequent operations based on these two endpoints.

Line Representation
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Figure 4.3: The line matching criteria and reprojection error.

Line Matching & Tracking

Before constructing optimization constraints using line segment features, it is

necessary to detect and match lines in 2D images and 3D prior maps. First, the line

segments in prior map are extracted by a segment-based 3D line detection method

[122] and the lines in 2D images are detected by fast line detection (FLD) method

[125]. For line matching, 3D lines in prior map are projected onto image plane

based on the field of view (FoV) of camera first. Then these 3D lines falling into

FoV will be matched with the line features detected in 2D images. Fig. 4.3 shows
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the matching criteria. A 3D line lw is projected into an image plane by the initial

pose T c
w, which is the line lc containing two endpoints pc

s, pc
e. The line lc is matched

with a detected line l̂c by the line distance: D “ d1 ` d2, the angle θ between the

two lines, and the overlap shown by the red dash line (p̂c
s f
, p̂c

e f
). As mentioned

above, a sliding window structure is used to improve the robustness and accuracy

of state estimation. The visual features within the field of view (FoV) of the sliding

window are tracked and filtered by the Lucas-Kanade (LK) optical flow method

[143] to improve feature reliability.

Line Tracking Strategy

1
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3D lines
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Figure 4.4: The line tracking strategy.

For the line feature tracking strategy in this work, we still focus on the two

endpoints of lines. By drawing on the point tracking method, the line features

introduced in this study adopts a comparable optical flow-based tracking approach.

As shown in Fig. 4.4, when a detected 2D line lc1
k on frame k is matched with a 3D
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line lw1 , the two endpoints on lc1
k are tracked by LK optical flow method to predict

its position l
c1
k`1 on the next keyframe k `1. The detected line lc1

k`1, which is closest

to the predicted line l
c1
k`1 on the next frame k ` 1, is taken as the corresponding

tracked line feature of lc1
k . Next, if the line lc1

k`1 has the same matching 3D line lw1

as lc1
k , then this set of matching pairs is considered reliable. Otherwise, this set of

features is removed from observations. Fig. 4.4 demonstrates the two cases: frame

k to k`1 shows the case of successful tracking, and frame k`1 to k`2 is the failed

case.

Line Feature-based Optimization Model

As shown in Fig. 4.3, a 3D line lw with two endpoints P w
s ,P w

e is projected

into lc (called as the predicted line) on the image plane, its endpoints are pc
s, pc

e.

This projected line lc is matched with the detected line l̂c on this image and with

endpoints pc
s, pc

e have two corresponding foot points p̂c
s f
, p̂c

e f
on l̂c. For the line pair,

the error function can be built by the distance between the endpoint and its foot

point (taking the point pair (pc
s , p̂c

s f
) as example),

rlpzl,X q “ pc
s ´ p̂c

s f

pc
l “ π

´

Rc
b

´

Rb
w pP w

s ´pw
b q ´pb

c

¯¯

p̂c
s f

“ f ppc
sq

. (4.14)

where, f p¨q is to solve the foot point p̂c
s f

on the matched line l̂c, which is related to

the states Rc
b, pc

b, Rb
w, pb

w. Firstly, the general equation of line l̂c on the image is

Aµ̂ `Bν̂ `C “ 0. (4.15)

pµ̂, ν̂q is the pixel coordinate on the image plane. If the pixel location of the end-
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point pc
s on image is pµ,νq, its foot point p̂c

s f
on l̂c can be computed by [124]

µ̂ f “
B2µ ´ABν ´AC

A2 `B2 , ν̂ f “
A2ν ´ABµ ´BC

A2 `B2
. (4.16)

So, the function f p¨q can be written by

p̂c
s f

“

»

–

µ̂ f
ν̂ f
1

fi

fl “ f ppc
sq “ F

»

–

µ

ν

1

fi

fl

F “
1

A2 `B2

»

–

B2 ´AB ´AC
´AB A2 ´BC

0 0 A2 `B2

fi

fl

(4.17)

Rationality Analysis of the New Cost Function

By combining formulas (4.14) and (4.17), the line feature-based residual can be

expressed as

rlpzl,X q “ pc
s ´ f ppc

sq “ pI ´F qpc
s

“
1

A2 `B2

»

–

A2 AB AC
AB B2 BC

0 0 0

fi

fl

»

–

µ

ν

1

fi

fl

. (4.18)

In an ideal situation, when the model converges to the global optimal, the residual

rl “ 0. Based on the (4.18), we have

Aµ `Bν `C “ 0, (4.19)

which means that the two endpoints on the predicted line lc satisfy the line equation

of the matched line l̂c. This implies that the two lines coincide exactly, proving that

our proposed optimization model has optimal convergence under ideal conditions.

This proof indicates the rationality and feasibility of our proposed model.

4.3 Observability Analysis

During the state estimation process, observability analysis is regularly used to

describe whether a system is observable over different state spaces [112, 144, 145].
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Unobservability may lead to the non-convergence of the direction of the state to

be estimated. Therefore, the properties of the system state estimation can be pro-

foundly understood through observability analysis.

First, the proposed system can be modeled as a nonlinear affine expression as

follows:
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

9x “ f0pxq `

n
ÿ

i“1

fipxqui

zp “ h1pxq

zl “ h2pxq

(4.20)

where, x is the states, u “ rrω,ras is the IMU inputs. 9x is from IMU system kine-

matic model in (4.5), where the gyroscope and accelerometer biases bg and ba are

assumed as piecewise constant between consecutive keyframes for discrete-time

state estimation. which is equivalent to adopting the model 9bg “ 0, 9ba “ 0, the

derivative of the extrinsic parameters 9qb
c “ 03ˆ1, 9pb

c “ 03ˆ1, and the derivative of the

point feature 3D position 9P w
k “ 03ˆ1. zp is the point feature-based measurement

model, which can be seen in our work. zl is the line feature-based measurement

model.
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Therefore, the complete model in (4.20) can be expressed by

9x “ f0pxq `f1pxqrω`f2pxqra

ùñ

»

—

—

—

—

—

—

—

—

—

—

—

–

9p
9v
9s1
9bg
9ba
9pb
c

9s2
9P w
k

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

—

–

v
gw ´Rw

b ba
´D1bg
03ˆ1
03ˆ1
03ˆ1
03ˆ1
03ˆ1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

`

»

—

—

—

—

—

—

—

—

—

—

–

03
03
D1
03
03
03
03
03

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

rω`

»

—

—

—

—

—

—

—

—

—

—

–

03
Rw

b
03
03
03
03
03
03

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ra

zp “ π

´

Rc
b

´

Rb
w pP w

k ´pw
b q ´pb

c

¯¯

zl “ π

´

Rc
b

´

Rb
w pP w

l ´pw
b q ´pb

c

¯¯

(4.21)

where, P w
l means the endpoint of the line segment, s1 corresponds to the qw

b , s2

means the qb
c . s is the Cayley-Gibbs-Rodrigues (CGR) parameterization represen-

tation of the orientation to facilitate the derivation calculation, and s “ n tan θ

2 with

n is the rotation axis and θ is the axial angle [146][147]. The partial derivative of

qw
b ptq respect to time is

9sw
b ptq “ Dp rω ´bgq

D fi
Bs

Bθ
“

1
2

pI ` tsuˆ `ssJ
q

. (4.22)

Typically, the observability analysis of a nonlinear system can be performed

by taking the Lie derivatives of the measurement function hpxq to construct the

observability matrix O [112, 144] , i.e.,

O “

»

—

—

—

–

▽xL0hk
▽xL1

fi
hk

▽xL2
fif j

hk
...

fi

ffi

ffi

ffi

fl

,

$

&

%

k “ 1,2,

i, j “ 1,2,3,
(4.23)

— 79 —



CHAPTER 4. TIGHTLY-COUPLED VISUAL/INERTIAL/MAP
LOCALIZATION AND OBSERVABILITY ANALYSIS PhD Thesis

L0hk “ hkpxq,

Li`1
f j

hk “ ▽xLihk ¨f j,

▽xLihk “

”

BLihk
Bx1

BLihk
Bx2

¨ ¨ ¨
BLihk

Bxm

ı

.

(4.24)

The right null space of O identifies the unobservable directions of the system.

However, the full expression of O can be cumbersome. To simplify the computa-

tion, we adopt the approach from [112] by introducing a set of basis elements of the

state variables, denoted as βpxq “ rβ1pxqJ,β2pxqJ, ¨ ¨ ¨ ,βtpxqJs. This allows the

observability matrix to be factorized as

O “

»

—

—

—

–

L0hk
L1
fi
hk

L2
fif j

hk
...

fi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

BL0hk
Bβ

BL1
fi
hk

Bβ
BL2

fif j
hk

Bβ
...

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Bβ

Bx
“ Ξ ¨B. (4.25)

Here, Ξ is a full-rank matrix, which ensures that B shares the same null space

as O, i.e.,

nullpOq “ nullpBq. (4.26)

The matrix B can be expressed as

B “

”

Bβ1
Bx

Bβ2
Bx ¨ ¨ ¨

Bβ8
Bx

ıJ

,

Bβi

Bx
“

”

Bβi
Bx1

Bβi
Bx2

¨ ¨ ¨
Bβi
Bxm

ı

,

(4.27)

where m denotes the number of states. Therefore, the unobservable directions of

the system can be efficiently derived by computing the right null space of B.

Specifically, the derivation can be formalized by the following theorem [112].

Theorem 1: Assume a nonlinear transformation βpxq “ rβ1pxqJ, . . . ,βtpxqJs

exists, where each βi is a function of the state x and t is the number of basis ele-
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ments, satisfying

pC1q β1pxq “ zpxq,

pC2q
Bβ

Bx
¨fi “ 0, i “ 0, . . . , l,

pC3q

#

9β “ g0pβq `
řl

i“1gipβqui,

z “ h “ β1pxq.

(4.28)

Then, the observability matrix of the original system can be factorized as O “

Ξ ¨B and nullpOq “ nullpBq.

Applying Theorem 1 to our system, we first determine the basis functions ac-

cording to (C1) and (C2). From (C1), the first basis function is

β1 “ zp “
1
pz

„

px
py

ȷ

, (4.29)

where zp denotes the normalized pixel coordinates of a feature point. Next, condi-

tion (C2) is used to determine the remaining basis functions.

We start by computing the span of Bβ1 with respect to x, i.e.

Bβ1

Bx
“

”

Bβ1
Bp

Bβ1
Bv

Bβ1
Bθ1

Bθ1
Bs1

Bβ1
Bbg

Bβ1
Bba

Bβ1
Bpb

c

Bβ1
Bθ2

Bθ2
Bs2

Bβ1
Bpw

k

ı

“
Bzp

BP c
k

¨
BP c

k
Bx

“

«

1
pz

0 ´
px
p2

z

0 1
pz

´
py
p2

z

ff

”

C2C1 03 C2tP b
k uˆ

Bθ1
Bs1

03 03 C2 tP c
k uˆ

Bθ2
Bs2

´C2C1

ı

.

(4.30)

Where, C1 “ Rb
w, C2 “ Rc

b, Bzp
BP c

k
comes from the normalized camera intrinsic pro-

jection model. Regarding as Bβ

Bθ
, it can be solved by a small-perturbation model

about the derivation of Rp respect to the rotation R [73], it is

BRp

Bϕ
“ ´tRpuˆ, (4.31)
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among that, p is a space point, R is a rotation matrix, ϕ “ ∆R is the small pertur-

bation and equal to θ , t¨uˆ means the notation of the skew symmetric matrix, same

with (4.6).

Then, the Bβ1
Bx f0 is

Bβ1

Bx
f0 “

« 1
pz

0 ´
px
p2

z

0 1
pz

´
py
p2

z

ff

pC2C1v´C2tP b
k uˆbgq

“
“

I2 ´β1
‰

ˆ

1
pz
C2C1v´

Z„

β1
1

ȷ

`
1
pz
C2p

b
c

^

ˆ

C2bg

˙

,

(4.32)

since

C2tP b
k uˆ “ C2tRb

cP
c
k `P b

c uˆ “ tC2C
J
2 P c

k `C2P
b
c uˆC2 “ tP c

k `C2P
b
c uˆC2

(4.33)

based on the skew symmetric matrix operation rule:

tUauˆ “ U tauˆU
J

ùñ tUauˆU “ U tauˆ, (4.34)

with U is a rotation matrix, a is a vector.

It is obvious that Bβ1
Bx f0 cannot be expressed by the basis function β1, so we add

other basis functions as:

β2 fi
1
pz

β3 fi C1v

β4 fi C2

β5 fi P b
c

β6 fi bg

, (4.35)

then, we have

Bβ1

Bx
f0 “

“

I2 ´β1
‰

pβ2β4β3 ´

Z„

β1
1

ȷ

` β2β4β5

^

ˆ

β4β6q (4.36)
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The Bβ1
Bx f1 is

Bβ1

Bx
f1 “

« 1
pz

0 ´
px
p2

z

0 1
pz

´
py
p2

z

ff

C2tP b
k uˆ “

“

I2 ´β1
‰

β4

Z„

β1
1

ȷ

` β2β4β5

^

ˆ

β4 (4.37)

We do not need to add any other functions.

For Bβ1
Bx f2, we have

Bβ1

Bx
f2 “ 0. (4.38)

So far, we have completed the calculation of the first basis function β1. Next, we

will apply this calculation process to other basis functions.

For basis function β2 “ 1
pz

, the span space is

Bβ2

Bx
“

”

Bβ2
Bp

Bβ2
Bv

Bβ2
Bθ1

Bθ1
Bs1

Bβ2
Bbg

Bβ2
Bba

Bβ2
Bpb

c

Bβ2
Bθ2

Bθ2
Bs2

Bβ2
Bpw

k

ı

“
Bβ2

BP c
k

¨
BP c

k
Bx

“ ´
1
p2

z
eJ

3

”

C2C1 03 C2tP b
k uˆ

Bθ1
Bs1

03 03 C2 tP c
k uˆ

Bθ2
Bs2

´C2C1

ı

,

(4.39)

where e3 is the third column of a 3 ˆ 3 identity matrix. re1 e2 e3s “ I3.

Similar to (4.57), (4.37), (4.38), we have

Bβ2

Bx
f0 “ ´β2e

J
3 pβ2β4β3 ´

Z„

β1
1

ȷ

` β2β4β5

^

ˆ

β4β6q

Bβ2

Bx
f1 “ ´β2e

J
3 β4

Z„

β1
1

ȷ

` β2β4β5

^

ˆ

β4

Bβ2

Bx
f2 “ 0.

(4.40)

For basis function β3 “ C1v, we have

Bβ3

Bx
“

”

Bβ3
Bp

Bβ3
Bv

Bβ3
Bθ1

Bθ1
Bs1

Bβ3
Bbg

Bβ3
Bba

Bβ3
Bpb

c

Bβ3
Bθ2

Bθ2
Bs2

Bβ3
Bpw

k

ı

“

”

03 C1 tC1vuˆ
Bθ1
Bs1

03 03 03 03 03

ı

, (4.41)
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then,

Bβ3

Bx
f0 “ C1g

w
´ba ´ tC1vuˆbg, (4.42)

here, we need to define two new basis functions as

β7 fi C1g
w

β8 fi ba

, (4.43)

so, we have

Bβ3

Bx
f0 “ β7 ´ β8 ´ tβ3uˆβ6

Bβ3

Bx
f1 “ tC1vuˆ “ tβ3uˆ

Bβ3

Bx
f2 “ I3

(4.44)

For basis function β4 “ C2, we have

Bβ4

Bx
“

”

Bβ4
Bp

Bβ4
Bv

Bβ4
Bθ1

Bθ1
Bs1

Bβ4
Bbg

Bβ4
Bba

Bβ4
Bpb

c

Bβ4
Bθ2

Bθ2
Bs2

Bβ4
Bpw

k

ı

“
“

03 03 03 03 03 03 I3 03
‰

, (4.45)

then,

Bβ4

Bx
f0 “ 0

Bβ4

Bx
f1 “ 0

Bβ4

Bx
f2 “ 0

(4.46)

For basis function β5 “ P b
c , we have

Bβ5

Bx
“

”

Bβ5
Bp

Bβ5
Bv

Bβ5
Bθ1

Bθ1
Bs1

Bβ5
Bbg

Bβ5
Bba

Bβ5
Bpb

c

Bβ5
Bθ2

Bθ2
Bs2

Bβ2
Bpw

k

ı

“
“

03 03 03 03 03 I3 03 03
‰

, (4.47)
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with,

Bβ5

Bx
f0 “ 0

Bβ5

Bx
f1 “ 0

Bβ5

Bx
f2 “ 0

. (4.48)

For basis function β6 “ bg, we have

Bβ6

Bx
“

”

Bβ6
Bp

Bβ6
Bv

Bβ6
Bθ1

Bθ1
Bs1

Bβ6
Bbg

Bβ6
Bba

Bβ6
Bpb

c

Bβ6
Bθ2

Bθ2
Bs2

Bβ6
Bpw

k

ı

“
“

03 03 03 I3 03 03 03 03
‰

, (4.49)

with,

Bβ6

Bx
f0 “ 0

Bβ6

Bx
f1 “ 0

Bβ6

Bx
f2 “ 0

. (4.50)

For basis function β7 “ C1g
w, we have

Bβ7

Bx
“

”

Bβ7
Bp

Bβ7
Bv

Bβ7
Bθ1

Bθ1
Bs1

Bβ7
Bbg

Bβ7
Bba

Bβ7
Bpb

c

Bβ7
Bθ2

Bθ2
Bs2

Bβ7
Bpw

k

ı

“

”

03 03 tC1g
wuˆ

Bθ1
Bs1

03 03 03 03 03

ı

, (4.51)

with,

Bβ6

Bx
f0 “ ´tC1g

wuˆbg “ tβ7uˆβ6

Bβ6

Bx
f1 “ tC1g

wuˆ “ tβ7uˆ

Bβ6

Bx
f2 “ 0

(4.52)
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For basis function β8 “ ba, we have

Bβ8

Bx
“

”

Bβ8
Bp

Bβ8
Bv

Bβ8
Bθ1

Bθ1
Bs1

Bβ8
Bbg

Bβ8
Bba

Bβ8
Bpb

c

Bβ8
Bθ2

Bθ2
Bs2

Bβ8
Bpw

k

ı

“
“

03 03 03 03 I3 03 03 03
‰

, (4.53)

with,
Bβ6

Bx
f0 “ 0

Bβ6

Bx
f1 “ 0

Bβ6

Bx
f2 “ 0

. (4.54)

Besides, there is another measurement model zl in the proposed method, which

is similar to the basis function β1. We define it as

β9 “ zl “
1
pzl

„

pxl

pyl

ȷ

, (4.55)

where zl is the pixel coordinate of an endpoint of a line feature under the normalized

camera model.

Therefore, referring to the calculation of the basis function β1, we have
Bβ9

Bx
“

”

Bβ9
Bp

Bβ9
Bv

Bβ9
Bθ1

Bθ1
Bs1

Bβ9
Bbg

Bβ9
Bba

Bβ9
Bpb

c

Bβ9
Bθ2

Bθ2
Bs2

Bβ9
Bpw

k

ı

“
Bzl

BP c
l

¨
BP c

l
Bx

“

»

–

1
pzl

0 ´
pxl
p2

zl

0 1
pzl

´
pyl
p2

zl

fi

fl

”

C2C1 03 C2tP b
l uˆ

Bθ1
Bs1

03 03 C2 tP c
l uˆ

Bθ2
Bs2

03

ı

.

(4.56)

with

Bβ9

Bx
f0 “

»

–

1
pzl

0 ´
pxl
p2

zl

0 1
pzl

´
pyl
p2

zl

fi

flpC2C1v´C2tP b
l uˆbgq

“
“

I2 ´β9
‰

p
1
pzl

C2C1v´ t

„

β9
1

ȷ

`
1
pzl

C2p
b
cuˆC2bgq.

(4.57)
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Here, we need to define a new basis function

β10 fi
1
pzl

(4.58)

then,

Bβ9

Bx
f0 “

“

I2 ´β9
‰

pβ10β4β3 ´ t

„

β9
1

ȷ

` β10β4β5uˆβ4β6q

Bβ9

Bx
f1 “

»

–

1
pzl

0 ´
pxl
p2

zl

0 1
pzl

´
pyl
p2

zl

fi

flC2tP b
k uˆ “

“

I2 ´β9
‰

β4t

„

β9
1

ȷ

` β10β4β5uˆβ4

Bβ9

Bx
f1 “ 0

(4.59)

For basis function β10 “ 1
pzl

, the span space is

Bβ10

Bx
“

”

Bβ10
Bp

Bβ10
Bv

Bβ10
Bθ1

Bθ1
Bs1

Bβ10
Bbg

Bβ10
Bba

Bβ10
Bpb

c

Bβ10
Bθ2

Bθ2
Bs2

Bβ10
Bpw

k

ı

“
Bβ10

BP c
l

¨
BP c

l
Bx

“ ´
1
p2

zl

eJ
3

”

C2C1 03 C2tP b
l uˆ

Bθ1
Bs1

03 03 C2 tP c
l uˆ

Bθ2
Bs2

03

ı

,

(4.60)

with,

Bβ10

Bx
f0 “ ´β10e

J
3 pβ10β4β3 ´ t

„

β9
1

ȷ

` β10β4β5uˆβ4β6q

Bβ10

Bx
f1 “ ´β10e

J
3 β4t

„

β9
1

ȷ

` β10β4β5uˆβ4

Bβ10

Bx
f2 “ 0.

(4.61)

Until now, we have obtained the new nonlinear system constructed with all basis
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functions β based on Theorem 1 C(3)

9β “
Bβ

Bx

Bx

Bt
“

Bβ

Bx
9x “

Bβ

Bx
pf0 `f1ω `f2aq “ g0 `g1ω `g2a

z1 “ β1

z2 “ β9

(4.62)

According to the Theorem 1 (ii), nullpOq “ nullpBq with B fi
Bβ
Bx . Combining

(4.30), (4.39), (4.41), (4.45), (4.47), (4.49), (4.51), (4.53), (4.56), (4.60), we get B

B fi B1 ¨B2

“

»

—

—

—

—

—

—

—

—

—

—

–

ζ 03 03 03 03 03 03 03
03 η 03 03 03 03 03 03
03 03 I3 03 03 03 03 03
03 03 03 I3 03 03 03 03
03 03 03 03 I3 03 03 03
03 03 03 03 03 I3 03 03
03 03 03 03 03 03 I3 03
03 03 03 03 03 03 03 I3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

¨

»

—

—

—

—

—

—

—

—

—

—

—

–

C2C1 03 C2tP b
k uˆ

Bθ1
Bs1

03 03 C2 tP c
k uˆ

Bθ2
Bs2

´C2C1

C2C1 03 C2tP b
l uˆ

Bθ1
Bs1

03 03 C2 tP c
l uˆ

Bθ2
Bs2

03

03 C1 tC1vuˆ
Bθ1
Bs1

03 03 03 03 03

03 03 03 03 03 03 I3 03
03 03 03 03 03 I3 03 03
03 03 03 I3 03 03 03 03

03 03 tC1g
wuˆ

Bθ1
Bs1

03 03 03 03 03

03 03 03 03 I3 03 03 03

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(4.63)

where,

ζ “

»

—

—

–

1
pz

0 ´
px
p2

z

0 1
pz

´
py
p2

z

0 0 ´ 1
p2

z

fi

ffi

ffi

fl

, η “

»

—

—

—

–

1
pzl

0 ´
pxl
p2

zl

0 1
pzl

´
pyl
p2

zl

0 0 ´ 1
p2

zl

fi

ffi

ffi

ffi

fl

. (4.64)

where the first row of the matrix B2 comes from the combination of Bβ1
Bx and Bβ2

Bx .

Similarly, the second row of the matrix B2 is the combination of Bβ9
Bx and Bβ10

Bx . For

ease of operation, we adjust it to the second row of B2.
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It is obvious that B1 is full rank. The null space of B2 is the same as that of B.

Assuming the left null space of B2 is NL “ rN1,N2,N3,N4,N5,N6,N7,N8s,

we have

0 “

»

—

—

—

—

—

—

—

—

—

—

–

N1
N2
N3
N4
N5
N6
N7
N8

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

J

¨

»

—

—

—

—

—

—

—

—

—

—

—

–

C2C1 03 C2tP b
k uˆ

Bθ1
Bs1

03 03 C2 tP c
k uˆ

Bθ2
Bs2

´C2C1

C2C1 03 C2tP b
l uˆ

Bθ1
Bs1

03 03 C2 tP c
l uˆ

Bθ2
Bs2

03

03 C1 tC1vuˆ
Bθ1
Bs1

03 03 03 03 03

03 03 03 03 03 03 I3 03
03 03 03 03 03 I3 03 03
03 03 03 I3 03 03 03 03

03 03 tC1g
wuˆ

Bθ1
Bs1

03 03 03 03 03

03 03 03 03 I3 03 03 03

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(4.65)

It can be seen from (4.65) that N3C1 “ 0, N6I1 “ 0, N8I1 “ 0, and ´N1C2C1 “

0, so N1 “ 0, N3 “ 0, N6 “ 0, and N8 “ 0. Then N2C2C1 “ 0 Ñ N2 “ 0,

so N5 “ 0 and N4 “ 0 based on the sixth and seventh columns of matrix B2.

Therefore, only the N7 is non-zero vector, and it can be seen from the third column

of B2,

N7tC1g
wuˆ

Bθ1

Bs1
“ 0. (4.66)

Since the matrix Bθ1
Bs1

is full rank, we have

N7 “ ˘pC1g
w

q
J, (4.67)

because of the another skew symmetric matrix operation rule,

tauˆa “ 0, aJtauˆ “ 0 (4.68)

In summary, the left null space of B2 is

NL “ r01ˆ3,01ˆ3,01ˆ3,01ˆ3,01ˆ3,01ˆ3,pC1g
w

q
J,01ˆ3s1ˆ24 (4.69)
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Its dimension is 1. Therefore, the dimension of the right null space of 24 ˆ 24

matrix B2 is also 1. The right null space of B2 is,

NR “

»

—

—

—

—

—

—

—

—

—

—

—

–

tCJ
1 P b

c u
ˆ
gw

´tvuˆg
w

Bs1
Bθ1

C1g
w

03
03
03

´
Bs2
Bθ2

C2C1g
w

03

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

24ˆ1

. (4.70)

The definition of unobservable state variables is as follows: a small perturbation

is applied to state variables utilizing the span of right null space, state variables

affected by the disturbance are unobservable [112]. It can be seen from NR that the

only 1 dimension right null space is related to the gravity gw. Here, we use NR to

exert a small perturbation on states, which is a small rotation disturbance around

the gravity Rw1

w , and we have

Rw1

w « I3 ´ ctḡwuˆ, (4.71)

where, c is a constant, ḡw is the unit vector along the direction of gravity.

Taking the rotation matrix C1 “ Rb
w as an example, the impact of Rw1

w on the

rotation matrix is,

Rb
w1 « pI3 ´ tδθ uˆqRb

w

“ pI3 ´ tδθ uˆqRb
w1Rw1

w “ pI3 ´ tδθ uˆqRb
w1pI3 ´ ctḡwuˆq

“ Rb
w1 ´ tδθ uˆR

b
w1 ´ cRb

w1tḡwuˆ ` ctδθ uˆR
b
w1tḡwuˆ

« Rb
w1 ´ tδθ uˆR

b
w1 ´ cRb

w1tḡwuˆ

(4.72)

ùñ

tδθ uˆR
b
w1 “ ´cRb

w1tḡwuˆ

tδθ uˆ “ ´cRb
w1tḡwuˆR

b
w1

J
“ ´ctRb

w1 ḡwu
ˆ

(4.73)
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ùñ

δθ “ ´cRb
w1 ḡw

“ ´cRb
wR

w1

w ḡw
“ ´cRb

wḡ
w

“ ´
c

∥ gw ∥2
Rb

wg
w

(4.74)

since Rw1

w express a rotation around the direction of gravity, then Rw1

w ḡw “ ḡw.

Based on (4.72) (4.73) (4.74), we have the perturbation of matrix Rb
w is

δs1 “
Bs1

Bθ1
δθ “ ´

c
∥ gw ∥2

Bs1

Bθ1
Rb

wg
w

“ ´
c

∥ gw ∥2

Bs

Bθ
C1g

w. (4.75)

For rotation matrix C2 “ Rb
c , we have a similar derivation. For states other than

rotation matrix, we take state v as an example,

v1
“ Rw1

w x « pI3 ´ ctḡwuˆqv

“ x´ ctḡwuˆv “ x´
c

∥ gw ∥2
p´tvuˆg

w
q

(4.76)

therefore, the perturbation of state v is

δv “ ´
c

∥ gw ∥2
p´tvuˆg

w
q (4.77)

Combining (4.75) and (4.77), it can be seen that

δx “ ´
c

∥ gw ∥2
NR (4.78)

The impact of states caused by the small perturbation induced by the rotation around

the vector of gravity is shown in (4.78), which means that the rotation around the

gravity (yaw angle) is unobservable. Among that, the first row of (4.78) is not

strictly equal to ´ c
∥gw∥2

p´tpuˆg
wq. However, CJ

1 P b
c “ Rw

bP
b
c can be regarded as

the mapping of the extrinsic translation in the global coordinate system.
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In summary, the observability analysis indicates that the global x, y, z translation

directions of the proposed system after fusing prior line map are observable. The

only unobservable direction corresponds to global rotation about the gravity vector

(yaw angle).

4.4 Experiments & Discussions

In this section, we evaluate the performance of the proposed method through

experiments in both simulation and real-world environments. The simulation en-

vironment is conducted in the CARLA simulator [139] and the real-world exper-

iments are based on the public EuRoC micro aerial vehicle (MAV) dataset [134].

The comparison methods we executed include

1. VINS: the VINS-Mono method without loop-closure module that is devel-

oped by Qin [1].

2. Benchmark: a loosely coupled structure between prior line feature factor

and VIO proposed by Yu [36].

3. LCL: our previous proposed loosely coupled line feature-aided framework

with outlier rejection module [3].

4. TCL: the proposed tightly coupled line-aided framework in this work.

The criteria of localization accuracy used in this section are the root mean squared

error (RMSE), absolute trajectory error (ATE) [148], and Euclidean distance error.

All methods are implemented on Ubuntu 20.04 with robot operating system (ROS)

and conducted on a PC with Inter-Core i9-12900K and 32 GB memory.

4.4.1 Simulation Experiments
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Figure 4.5: Two driving trajectories and scenarios in CARLA simulator. The red
and green curves represent the trajectories of 1km and 2km, respectively.

Figure 4.6: Images in the top row show simulated urban environments on CARLA
and images in the bottom row display indoor scenarios of the EuRoC dataset. Red
marks are the point features and green lines denote the line features.

Setup

CARLA simulator is widely used in autonomous driving and SLAM domains.

It supports flexible sensor combinations, such as cameras, LiDAR, IMU, and radar,

etc al. We can synthesize diverse scenarios to simulate real-world environments. In

this section, we apply an unmanned ground vehicle (UGV) running in urban envi-

ronments. A LiDAR (64 channels, 100 Hz), IMU (100 Hz), and camera (960x600,

30 Hz) are used to collect datasets. The UGV runs two different trajectories with
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Table 4.1: RMSE of ATE (m) on CARLA dataset

Sequence VINS Benchmark LCL TCL

CARLA 01 2.070 2.726 1.931 1.712
CARLA 02 4.613 4.312 3.621 3.205

lengths of 1km and 2km in a town, which are shown in Fig. 4.5 and called CARLA 01

and CARLA 02. Some selected city and tunnel scenes in this map and feature de-

tection results are shown in Fig. 4.6. It can be seen that lines can provide more

robust features than points in challenging scenarios with low texture and high sim-

ilarity.

Results
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Figure 4.7: The ATE results of the CARLA 01 dataset.

We have named the simulation trajectories CARLA 01 and CARLA 02 accord-

ing to their lengths. Fig. 4.7 shows the ATE comparison results of VINS-Mono,

Benchmark, LCL, and TCL based on dataset CARLA 01. We can see that our

proposed TCL method outperforms others. Our methods greatly improve the com-

putational stability compared to Benchmark and have a better absolute positioning
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Figure 4.8: The positioning error of CARLA 01 dataset.

accuracy than VINS-Mono. The RMSE of ATE results about two trajectories are

displayed in Table 4.1. On three sets of simulation datasets, our proposed TCL

method has an average improvement of 11.44% in positioning accuracy compared

to LCL, 26.42% compared to VINS-Mono, and 30.15% compared to Benchmark.

As an example, Fig. 4.8 and Fig. 4.9 depicts the positioning error and rotation er-

ror of CARLA 01 compared with VINS-Mono and Benchmark, respectively. It can

be observed that the proposed method has better accuracy and robustness perfor-

mances than Benchmark in six directions and its error distribution does not exhibit

as many abrupt changes as Benchmark. This is one of the advantages of tightly cou-

pled structures, which have smoother trajectories than loosely coupled structures

and are similar to VINS-Mono. Compared to VINS-Mono, TCL has lower errors in

x-direction positioning and yaw-angle results, and it has shown some improvement

in accuracy in the y-direction, roll, and pitch rotation angles. However, the position-
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Figure 4.9: The Rotation error of CARLA 01 dataset

ing result in the z-direction is somewhat inferior to that of VINS-Mono. Combined

with the observability analysis in the previous section, this result is reasonable. The

proposed method can alleviate cumulative drifts, but cannot completely solve this

problem.

4.4.2 Real-world Experiments

setup

We have also assessed the performance of the proposed method based on real-

world environments. The first dataset we utilized is part of the public EuRoC

dataset, which consists of six sequences recorded by an MAV flying through two

distinct rooms with three different challenges. These challenges are related to the

motion and speed of the MAV, illumination, and texture of environments. Besides,
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LiDAR

RealSense

IMU

(a) (b)

Figure 4.10: (a) The vehicle platform. (b) Sensor unit

the prior point cloud maps of rooms and the ground truth are collected by a Leica

MS50 scanner, Vicon motion capture platform, IMU (ADIS16448, 200 Hz), and

cameras (640ˆ480, 30 Hz) [134]. The environments of indoor rooms can be seen

in Fig. 4.6 and the corresponding line maps are shown in Fig. 4.12.

Besides, we conduct an unmanned ground vehicle (UGV) real-world experi-

ment on the Hong Kong Polytechnic University (PolyU) campus. Fig. 4.10 dis-

plays the vehicle platform and the sensor unit, which consists of a LiDAR (HDL

32E Velodyne, 10 Hz), an IMU (Xsens Mti 10, 200 Hz), and a RealSense cam-

era (D435i, 640ˆ480, 30 Hz). Fig. 4.11 shows the collected 3D point cloud of

the PolyU square and the motion trajectory of the vehicle on Google Maps. The

ground-truth are calculated by LIO SAM implementation. [16]

Localization Results

The RMSE of ATE is used to validate the performance of localization accuracy.

The results of the proposed method and comparison methods are shown in Table
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(a) (b)
Figure 4.11: (a) The 3D point cloud of the PolyU square. (b) Motion trajectory of
vehicle on Google 3D map.

4.2. It can be seen that the proposed method is superior to the others on PolyU

dataset. Specifically, the accuracy of our algorithm is 17.7% 40.3%, and 13.3%

better than VINS, benchmark, and LCL, respectively. The ATE curve results are

shown in Fig. 4.13. For EuRoC dataset, the first three and last three datasets in this

table correspond to three trajectories in the same room. The same room means the

same point cloud prior map and shares a prior lightweight line map. As can be seen

Figure 4.12: The indoor line maps of two rooms on EuRoC dataset
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Figure 4.13: The ATE results of the PolyU dataset.

Table 4.2: RMSE of ATE (m) statistics on real-world dataset

Sequence VINS Benchmark LCL TCL

PolyU 1.588 2.191 1.502 1.307
V1 01 esay 0.078 0.164 0.152 0.068

V1 02 medium 0.110 0.152 0.092 0.084
V1 03 difficult 0.189 0.217 0.161 0.182

V2 01 esay 0.096 0.192 0.166 0.068
V2 02 medium 0.167 0.281 0.136 0.108
V2 03 difficult 0.253 0.341 0.218 0.254

in this table, the results in the same room show the effectiveness of the proposed

method in performing different trajectories based on the same prior map. It can also

be seen that the method proposed in this work outperforms others in the easy and

medium scenarios and barely increases the accuracy in the difficult scenarios. The

reason is that the performance of the prior map-aided localization method relies on

the initial guess of the cross-modality matching. However, in difficult scenarios, it

is unstable to provide a good enough initial guess for the tightly coupled method.

As an example, the positioning error and rotation error of the V1 02 medium

dataset are shown in Fig. 4.14 and Fig. 4.15, respectively. It can be seen that
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Figure 4.14: The positioning error of V1 02 medium

our method performs better in the x-direction and yaw rotation angle than other

methods, which is consistent with the simulation experiments. In addition, the

trajectories of ground truth, VINS-Mono, and ours based on the EuRoC dataset

V1 02 medium are illustrated in Fig. 4.16. It can be seen that the proposed method

has better performance than VINS-Mono.

Time Statistics

The time consumption statistics of VINS, benchmark, LCL, and the proposed

TCL method on three datasets are displayed in Table 4.3, where the feature process-

ing includes the image feature detection and tracking module, and the optimization

involves sliding window state estimation and marginalization. As seen in the table,

after fusing a priori maps in a tightly coupled manner, our algorithm takes more
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Figure 4.15: The rotation error of V1 02 medium

Figure 4.16: The trajectory error map of the EuRoC V1 02 medium dataset. The
color of the trajectory corresponds to localization error.
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Table 4.3: Time statistics of Feature Processing / Optimization Treads (ms)

Datasets VINS Benchmark LCL TCL

EuRoC 5.8/17.4 11.3/7.5 9.9/1.5 8.9/25.5
PolyU 2.9/23.3 5.6/4.8 4.8/1.3 4.5/28.1

CARLA 01 8.2/20.1 48.9/52.1 46.5/1.8 24.2/32.2

time than VINS, mainly in feature processing. However, compared to benchmark

and LCL in a loosely coupled structure, our method has an advantage in overall

time consumption.

4.5 Summary

In this work, we proposed a tightly coupled nonlinear optimization-based state

estimation method that integrates the classic VIO and a lightweight prior line map

containing IMU pre-integration, point feature, and cross-modality line feature fac-

tors. For the line factor, we utilize the simple two endpoints to represent a line

feature and present a fast line tracking strategy to monitor and reject outliers for

improving the stability of the cross-model line matching. Moreover, a novel line

feature-based cost model is proposed and proved in this study, and we also analyze

the observability of the proposed framework for the first time. The result shows that

global translation directions x, y, and z are observable in this method and only the

global yaw rotation is unobservable. Finally, we conducted experiments in both

simulated outdoor and real-world indoor environments to verify the performance of

our system, and the results show the effectiveness of our method.

Our subsequent work will focus on several identified limitations. First, we will

discuss the impact of line feature degeneration on state observability, as our current

analysis assumes known endpoint coordinates, unlike the actual optimization which

uses segment constraints. Second, the initial map-to-VIO transformation remains
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critical. To address these issues and further improve robustness, we will explore

online estimation of the initial transformation and the integration of additional con-

straints. For instance, incorporating planar features or a downward-facing laser

rangefinder could provide direct observations to mitigate z-axis drift and strengthen

overall system stability.
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Chapter 5

A Global and Safety-Guaranteed
State Estimation Method for Spatial
Transformation

The tightly-coupled visual–inertial–prior map framework developed in the pre-

vious chapter has further improved localization accuracy by jointly leveraging iner-

tial cues, visual features, and geometric constraints from the prior map. However,

several limitations still remain. First, line features may degenerate in certain envi-

ronments—such as long corridors, planar facades, or repetitive structures—reducing

the effectiveness of cross-modal geometric constraints and limiting precision gains.

Second, the current outlier detection and rejection mechanisms are neither suffi-

ciently effective nor efficient, potentially compromising robustness. Third, from

a safety-quantification perspective, the reliability of predicted state uncertainties

fundamentally depends on the convergence quality of the underlying optimization;

as reflected in the error-bound formulations, locally optimal solutions may lead to

unreliable uncertainty estimations.

To address these limitations, this chapter introduces a two-pronged strategy

for safety-aware state estimation. First, we adopt a GNC-TLS–based global op-

timization framework that provides adjustable, iteration-adaptive outlier rejection
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Estimated trajectory

Estimated object pose

Pose error bound

Ground truth

iFrame

True pose

Frame at time step
Actual error

i

Error bound

Figure 5.1: Trajectory estimation with pose error bounds. Ground truth (green
solid) and estimated trajectory (black dashed) are shown, along with estimated
poses (blue stars) and true poses (green dots). Predicted pose error bounds are
visualized as orange ellipses. The zoom-in at time step i shows the actual pose
error (red arrow) within the predicted bound.

and improves both robustness and estimation accuracy. More importantly, the near-

global convergence property of the GNC-TLS formulation helps mitigate the neg-

ative impact of local minima on subsequent uncertainty prediction. Second, based

on the optimized states obtained under this robust optimization framework, we de-

rive the corresponding error propagation process to predict state uncertainties and

compute explicit error bounds for surrounding objects, as illustrated in Fig. 5.1. To-

gether, these components enhance the reliability of the estimator and enable safety-

guaranteed state uncertainty prediction.

5.1 Preliminaries

Spatial transformations typically consist of state variables such as scale, trans-

lation, and rotation, denoted by a scalar s, vector t, and matrix R (or quaternion q),

respectively. Common challenges in robotics and autonomous driving, such as vi-

sual localization, point cloud registration, and multi-sensor fusion, can be converted
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to a spatial transformation issue by solving s, t, and R. Depending on the type of

sensors, the optimization models associated with these problems are generally con-

structed using either pixel-based reprojection error or spatial-based distance error.

Equations (5.1) and (5.2) below present the two classical optimization model:

min
ξPΞ

ÿ

iPM

›

›

›

›

ui ´
1
si
K exppξ^

qPi

›

›

›

›

2

, (5.1)

where ui is the pixel coordinate of a feature in image, K is the camera intrinsic

parameter, ξ is the Lie algebra of object pose rR|ts, ^ denotes the cross product,

and Pi is a 3D point in space.

min
tPSOp3q

są0,RPR3

ÿ

iPM

›

›Pi ´ psRP 1
i ` tq

›

›

2
, (5.2)

where Pi and P 1
i are a pair of 3D correspondence.

The aforementioned spatial transformation problems can be generally cast as

state estimation problems and solved via a least-squares optimization framework,

which forms the basis for the approaches discussed in this chapter.

5.2 Approximate Global Estimation with Outlier Re-
jection

To handle outliers in the least-squares optimization problem described above,

this section adopts the M-estimation [97] strategy, which introduces a robust loss

function ρp¨q into the classical cost function, as shown in,

min
xPX

ÿ

iPM
ρp}rpzi,xq}

2
q. (5.3)

However, while the introduction of the loss function enhances robustness against

outliers, it also increases the non-convexity of the original optimization problem,
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Figure 5.2: (a) the comparison of TLS and quadratic cost with residual. (b) the
corresponded gradient with residual.

making convergence to the global optimum more challenging. To address this is-

sue, we employ the GNC method to approximate the original problem as convex.

This approach progressively converges towards the global optimum throughout the

optimization process.

5.2.1 Truncated Least Squares

The function ρp¨q employed in this work is the truncated least squares (TLS),

defined as

ρprq “

"

r2 |r| ď Θ

Θ2 |r| ą Θ
(5.4)

where Θ is the threshold used to distinguish between inliers and outliers. The TLS

function can be expressed using auxiliary binary variables wi as follows,

min
xPX

wiPt0,1u

ÿ

iPM
rwi }rpzi,xq}

2
` p1 ´ wiqΘ

2
s. (5.5)

From (5.5), it is evident that when wi “ 1, only the first term contributes to the op-

timization, indicating that the corresponding measurements are inliers. Conversely,
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when wi “ 0, the constant term Θ2 remains, signifying that the associated measure-

ment is an outlier, thus ensuring that it does not affect the optimization process and

achieving the purpose of outlier rejection.

Taking one-dimension state problem as an example, Fig. 5.2 illustrates the cost

curves and gradient changes for TLS and traditional quadratic LS. Compared to

quadratic LS, TLS truncates residuals that exceed a specified threshold, resulting

in its gradient approaching zero for those values. Meanwhile, the optimization

model becomes non-differentiable at points A and A1, which means that TLS is

strictly non-convex. This is an intractable challenge for optimization algorithms.

To address this, we expect to approximate the original problem as a convex one

without altering the optimal solution, utilizing methods such as GNC.

5.2.2 Graduated Non-Convexity Optimization

The GNC method begins by introducing a surrogate function, along with a con-

trol parameter, to approximate the original non-convex problem in a convex man-

ner. The goal is to find the minimum of this new convex. Subsequently, a series

of new surrogate functions are generated by progressively adjusting the control pa-

rameter and solving for the minimum, with each iteration starting from the previous

solution [149, 150]. Throughout the process, GNC continuously refines the approx-

imation function, solving for the minimum of the newest surrogate function at each

step. In this process, the approximation function gradually converges towards the

original non-convex function, and the resulting minimum increasingly approaches

the global optimum.

The GNC scheme is first proposed by Blake and Zisserman [149] and they con-

struct a polynomial surrogate function to approximate TLS problem, as illustrated
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Figure 5.3: (a) The cost curve of ρµ with different µ value. (b) The corresponding
gradient with residual.

by the following formulation:

ρµprq “

$

’

’

’

&

’

’

’

%

r2 |r| P

´

0,
b

µ

1`µ
Θ

ı

2Θ|r|
a

µp1 ` µq ´ µpΘ2 ` r2q |r| P

´
b

µ

1`µ
Θ,

b

1`µ

µ
Θ

ı

Θ2 |r| P

´b

1`µ

µ
Θ,`8

¯

(5.6)

where µ is the control parameter to adjust the approximation function during the

intermediate stages of solving the non-convex problem in (5.6). Fig. 5.3 shows an

example of GNC-TLS with different control parameters µ . As depicted, µ mod-

ulates both the shape and differentiability of the surrogate function ρµp¨q. When

µ Ñ 0, the cost becomes smoother and more convex-like. As µ Ñ 8, the surrogate

function ρµp¨q gradually approaches the original truncated quadratic. In practice,

the initial value of µ is typically set to a constant near 0 for convexity approxima-

tion. As the iteration progresses, µ is incrementally scaled up, allowing ρµp¨q to

approach the true ρp¨q gradually.

To recover the outlier rejection process from ρµp¨q function and unify it with

robust estimation, the GNC-TLS function presented in (5.6) can be equivalently
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reformulated as a new objective function. This function introduces an additional

variable 0 ď w ď 1 and a penalty function Ψpwq, which is uniformly represented as

follows [38],

min
xPX

wiPr0,1s

ÿ

iPM
rwi }rpzi,xq}

2
` Ψpwiqs, (5.7)

the variable w is equal to the weight of measurements. The conversion process is

known as Black-Rangarajan Duality [99]. For the GNC-TLS framework described

in (5.6), the associated penalty function is defined as [99],

Ψpwiq “
µp1 ´ wiq

µ ` wi
Θ

2, (5.8)

the detailed derivation can be found in the next Chapter 5.2.3. Fig. 5.4(a) illustrates

the behavior of the penalty function Ψpwiq for various values of µ . Subsequently, a

new optimization problem is established that simultaneously performs global state

estimation and outlier rejection. This is formulated as follows,

min
xPX

wiPr0,1s

ÿ

iPM
rwi }rpzi,xq}

2
`

µp1 ´ wiq

µ ` wi
Θ

2
s. (5.9)

where measurements with w “ 0 are identified as outliers, thereby facilitating robust

state estimation.

5.2.3 The Penalty Function Derivation of GNC-TLS

The Black-Rangarajan Duality is a mechanism for recovering the outlier pro-

cess from a robust ρp¨q, so that the cost function can be transformed as [99],

ρprpxqq ùñ wr2
pxq ` Ψpwq. (5.10)

The steps of Black-Rangarajan Duality are summarized as follows,
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Figure 5.4: (a) the curve of penalty function Ψpwq in (5.8) with different µ . (b) the
weight changes in (5.17) with residual under different µ . This figure reflects the
influence of the control parameter µ in GNC towards the measurements’ weight.

1. Define an auxiliary function φpaq “ ρp
?

aq, and compute its first and second

partial derivatives φ 1paq, φ 2paq with respect to a.

2. If lim
aÑ0

φ 1paq “ 1, lim
aÑ8

φ 1paq “ 0, and φ 2paq ă 0, the function φp¨q can be

derived.

3. Define outlier weight w “ φ 1paq, then a “ pφ 1q´1pwq.

4. The penalty function Ψpwq is calculated as

Ψpwq “ φpaq ´ wa

“ φppφ
1
q

´1
pwqq ´ wpφ

1
q

´1
pwq.

(5.11)

According to the GNC-TLS function in (5.6) and duality condition 1), the aux-

iliary function φp¨q, φ 1p¨q, and φ 2p¨q are

φprq “

$

’

’

’

&

’

’

’

%

r |r| P

´

0,
b

µ

1`µ
Θ

ı

2Θ
a

rµp1 ` µq ´ µpΘ2 ` rq |r| P

´
b

µ

1`µ
Θ,

b

1`µ

µ
Θ

ı

Θ2 |r| P

´b

1`µ

µ
Θ,`8

¯

, (5.12)
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φ
1
prq “

$

’

’

’

&

’

’

’

%

1 |r| P

´

0,
b

µ

1`µ
Θ

ı

Θ

b

µp1`µq

r ´ µ |r| P

´
b

µ

1`µ
Θ,

b

1`µ

µ
Θ

ı

0 |r| P

´b

1`µ

µ
Θ,`8

¯

, (5.13)

φ
2
prq “

$

’

’

’

&

’

’

’

%

0 |r| P

´

0,
b

µ

1`µ
Θ

ı

´Θ

2

b

µp1`µq

r3 |r| P

´
b

µ

1`µ
Θ,

b

1`µ

µ
Θ

ı

0 |r| P

´b

1`µ

µ
Θ,`8

¯

. (5.14)

From (5.13) and (5.14), it can be seen that the condition 2) of Black-Rangarajan

Duality is satisfied.

Then, we focus on the middle section of φp¨q, since this phase includes informa-

tion about the GNC approximation of the ρp¨q. Based on the condition 3) w “ φ 1p¨q,

we get

r “ pφ
1
q

´1
pwq “

µp1 ` µq

pµ ` wq2 Θ
2, (5.15)

substituting (5.12) and (5.15) into (5.11), the formula of penalty function is shown

as

Ψpwq “ 2
µp1 ` µq

µ ` w
Θ

2
´ µΘ

2
´ pµ ` wqr

“
µp1 ´ wq

µ ` w
Θ

2

, (5.16)

which is consistent with (5.8). When the GNC control parameter µ Ñ 8 in (5.16),

the Ψpwq “ p1 ´ wqΘ2, and then the optimization function is the same with (5.5).

This is consistent with the GNC property described in Chapter 5.2.2, i.e. as µ Ñ 8,

GNC-TLS gradually returns to the original quadratic LS.

5.2.4 The Solver of GNC-TLS

To tackle the optimization problem in (5.9), we employ an alternating optimization

strategy, focusing first on the state variables and then on the observation weights.
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Initially, to compute the weights, we treat the state variables x as constants. We

then take the first-order partial derivative of cost function in (5.9) with respect to

weight wi and set it equal to 0 [38, 99]. This leads to a closed-form expression for

weights updating, given as follows,

wi “

$

’

’

’

&

’

’

’

%

1 |ri| P

´

0,
b

µ

1`µ
Θ

ı

Θ

|ri|

a

µp1 ` µq ´ µ |ri| P

´
b

µ

1`µ
Θ,

b

1`µ

µ
Θ

ı

0 |ri| P

´b

1`µ

µ
Θ,`8

¯

. (5.17)

The choice of threshold Θ is discussed in the section 5.3.2. Fig. 5.4 (b) shows how

measurement weights change with residual for different µ .

Algorithm 1: The Global State Estimator with Outlier Rejection
(GNC+TLS)

Input: Measurements zi, i P M; Parameters : τ , Pf a, µ0; GNC iteration
times: NIter, WLS iteration times: Niter.

Output: States x; Jacobian matrix J ; Weight w, µ .
1 Ź Initialization begin
2 Threshold: Θ “

a

chi2invp1 ´ Pf a,kq ¨ τ by (5.29);
3 Initial state: s “ 0, t “ 03ˆ1, R “ I3ˆ3, w0 “ I;
4 Computing r0 by (5.18).

5 Ź Optimization for m ă NIter do
6 Weight update: wm by (5.17).
7 Ź Gauss-Newton method for n ă Niter do
8 State update: ∆x by (5.25)
9 if ∆x ă 1e´4 then

10 break
11 xn Ð xn´1 ` ∆x

12 xm Ð xm´1 `xn
13 µm Ð 1.4 ˚ µm´1
14 if IsBinary(wm) then
15 break

16 return state: xm, Jacobian: J , Weight wm, µm

Next, when calculating the states, we consider the weights as constants and
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omit the penalty term from (5.9) because it is independent of the states. The current

optimization problem degenerates into a classical weighted least squares (WLS)

problem, which can be formulated as,

min
xPX

wiPr0,1s

ÿ

iPM
wi }rpzi,xq}

2 . (5.18)

This problem can be solved using the generalized optimization methods, such as

the Gauss-Newton (GN) method. Although GN is classified as a local optimiza-

tion approach, the GNC framework approximates the original problem as convex,

enabling convergence gradually towards the global optimal without relying on an

initial guess. Algorithm 1 summarizes the pseudo-code of the GNC-TLS method.

In general, GNC serves to find high-quality regions of the search space for the origi-

nal estimation problem. The essence of solving this nonlinear optimization problem

is still rooted in the classical least squares algorithms.

5.3 State Error Bound Prediction

As mentioned above, we need to solve a weighted least squares (WLS) problem,

as formulated in (5.18). In this section, we delve into the analysis of error propaga-

tion in Gauss-Newton (GN) optimization method under the assumption of Gaussian

noise distribution, while also considering the impact of outliers present within the

measurement set on state estimation. Based on this analysis, we aim to predict state

error bounds to guarantee the safety and reliability of the system throughout the

estimation phase.

5.3.1 Error Propagation in Gauss-Newton Method

For state estimation, the generalization of the observation model can be written

— 114 —



PhD Thesis
CHAPTER 5. A GLOBAL AND SAFETY-GUARANTEED STATE

ESTIMATION METHOD FOR SPATIAL TRANSFORMATION

as,

zi “ hpxq `vi, (5.19)

where v „ N p0,Qq is the measurement noise item, which follows a zero-mean

Gaussian distribution. The corresponding least squares problem of (5.19) can be

expressed as,

min
xPX

ÿ

iPM
}zi ´hpxq}

2 , (5.20)

with the error function r is fpxq “ z´hpxq. When the observation error is caused

only by stochastic measurement noise and the observations are mutually indepen-

dent, we have r „ N p0,Qq based on (5.19) and Q is a real diagonal matrix, shown

as

Q “

»

—

—

—

–

σ2
1

σ2
2

. . .
σ2

m

fi

ffi

ffi

ffi

fl

mˆm

, (5.21)

where m is the number of measurements.

Taking GN method as an example, its solution scheme is to perform a first-order

Taylor expansion on fpxq, as shown below,

fpx` ∆xq “ fpxq `Jr∆x, (5.22)

where Jr is the derivative of fpxq with respect to x. The state increment update

equation is

JJ
r Jr∆x “ ´Jrfpxq ñ ∆x “ pJJJq

´1JJfpxq, (5.23)

with J is the derivative of hpxq with respect to x and ´Jr “ J (Jacobian matrix).

Substituting (5.23) into (5.22), we have

fpx` ∆xq “ fpxq ´JpJJJq
´1JJfpxq

“ pI ´JpJJJq
´1JJ

qfpxq

. (5.24)
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Formula (5.24) presents the residual propagation of GN method during optimiza-

tion. Similarly, for the weighted GN method, we have

∆x “ pJJWJq
´1JJWfpxq, (5.25)

fpx` ∆xq “ pI ´JpJJWJq
´1JJW qfpxq, (5.26)

where W is the weight matrix (or information matrix) and W “ Q´1.

5.3.2 The Setting of Threshold for Outlier Rejection

As known in the section 5.2, a threshold Θ is required to update the weight of

each measurement and determine whether it is an outlier or not, which is shown

in (5.17). In this section, we analyze the sources of system errors and discuss the

selection strategy of the threshold Θ in detail. First, we acknowledge that system

errors arise from two primary sources: stochastic measurement noise and determin-

istic measurement bias. The former is typically modeled as a zero-mean Gaussian

distribution, the latter is treated as outliers within measurement set [151].

At the beginning, we assume that the system error is solely caused by random

measurement noise, with no outliers present in the observation set. Under this con-

dition, we can expand the cost function around the initial state using a Taylor se-

ries. By combining (5.18) and (5.26), the cost of the optimization problem can be

expressed as
ÿ

iPM
wi }rpzi,xq}

2
“ fpx` ∆xq

JWfpx` ∆xq

“ rJW pI ´P q
2r

“ rJW pI ´P qr

, (5.27)

where P “ JpJJWJq´1JJW . P ,I ´P are idempotent matrices [130] and the

cost in (5.27) is referred to as the weighted sum of squares errors (WSSE). Mean-

while, WSSE follows a central Chi-squared (χ2) distribution with m ´ n degree of
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freedoms (DoFs) under the mentioned assumption of Gaussian noise distribution

and none of the observations are outliers, shown as

WSSE „ χ
2
pm ´ nq, (5.28)

where m denotes the number of measurements, n is the DoFs of the state variables.

The proof process has been derived in Chapter 3.3.3.

According to the definition of central χ2 distribution with k DoFs, it represents

the sum of the squares of k independent standard normal distributions. Thus, equa-

tion (5.28) is satisfied when observation errors contain only zero-mean Gaussian

measurement noises. Therefore, when measurement biases (outliers) are present,

the WSSE follows a noncentral χ2 distribution [152]. For a given probability of

false alarm Pf a, a threshold Td for the central χ2 distribution with k DoF can be

determined via a table look-up directly. This threshold can be used to determine

whether the specified central χ2 distribution is satisfied for the purpose of detecting

outliers. For instance, if WSSE ă Td, we hypothesize that that no outliers exist in

the measurement set. If WSSE ą Td, there is a probability of 1 ´ Pf a that outliers

are present in the measurements [118]. The threshold Td can be computed using

MATLAB function chi2invp1 ´ Pf a,kq.

This method of outlier detection, known as the classic Chi-square test, is also

used in our previous work. However, its use of a greedy algorithm, which itera-

tively updates and compares the sum of squared residuals from all valid observa-

tions against the threshold Td to remove outliers one by one, is inefficient and lacks

precision. To address these shortcomings, drawing inspiration from the Chi-square

test, we propose an improved threshold-setting scheme within the framework of the

GNC-TLS algorithm outlined in the previous section. The threshold Θ is defined

as,

Θ “

b

chi2invp1 ´ Pf a,kq ¨ τ, (5.29)
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where τ is an adjustable parameter that reflects the assumed percentage of residuals

caused by outliers in the sum of residuals. This new method enables the weight

updates for all measurements to be more flexible and efficient, improving both the

speed and accuracy of outlier rejection.

5.3.3 Error Bound Calculation

As discussed in section 5.3.2, the sources of errors in state estimation are caused

by measurement noises and measurement biases (outliers). Since the noise-induced

error has been deduced in Chapter 3.3.4, which is shown in

En “ k
b

rpJJWJq´1s, (5.30)

we directly discuss the state estimation error induced by outliers in Gaussian New-

ton optimization methods in the following chapter.

Outlier-induced Error

Due to the absence of ground truth concerning outliers, we cannot confirm that

the outlier rejection strategy will completely eliminate all outliers from the mea-

surement set. Consequently, it is essential to consider the potential impact of out-

liers on the state estimation and incorporate this uncertainty into the state error

bounds.

Based on the above assumption, we denote the additional residual caused by

outliers as f . The expansion of the error function in (5.22) can be rewritten as

fpx` ∆xq “ fpxq `Jr∆x`f , (5.31)

so, the new state and residual update function using weighted GN method is ex-

pressed by

∆x “ pJJWJq
´1JJW pfpxq `fq, (5.32)
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fpx` ∆xq “ pI ´JpJJWJq
´1JJW qpfpxq `fq. (5.33)

According to (5.32), the state estimation bias induced by outliers can be expressed

as

b “ pJJWJq
´1JJWf . (5.34)

However, there is still a problem to be solved, we cannot determine which mea-

surements in the state estimation process are outliers. To address this, we introduce

a matrix Ak comprised of binary values (0 and 1) to index potential outliers within

the measurement set, where a value of 1 indicates the presence of a selected outlier.

By changing the matrix Ak, we can suppose the number and locations of outliers.

Then, we have

f “ Akf
˚, (5.35)

where f˚ is the potential outlier-induced residual set. The potential state error

caused by outliers in (5.34) is presented as

bk “ pJJWJq
´1JJWAkf

˚. (5.36)

Similar to (5.27), the WSSE induced by outliers is expressed as

Γ “ f˚JAJ
k W pI ´P qAkf

˚

“ f˚JAJ
k SAkf

˚

, (5.37)

with

S “ W pI ´JpJJWJq
´1JJW q. (5.38)

On the other hand, to consider the impact of outliers on individual states, we

similarly introduce a new index vector H j composed of 0 and 1, for example,

x ñ H1 “ r1,0,0,0,0,0s,y ñ H2 “ r0,1,0,0,0,0s. (5.39)

Then, a specific state error vector caused by outliers is

b jk “ H jpJ
JWJq

´1JJWAkf
˚, (5.40)
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the norm of the b jk is used to express the scalar of the error, shown as

}b jk} “

b

f˚JAJ
k D jAkf˚

D j “ WJpJJWJq
´JHJ

j H jpJ
JWJq

´1JJW
. (5.41)

For precautionary reasons, we expect to estimate the maximum of }b jk} as the

predicted error of states. Besides, since the outlier rejection module in the previous

section has been passed, according to (5.17) and (5.37), the following constraint

should be satisfied,

f˚JAJ
k SAkf

˚
ď

1 ` µ

µ
Θ

2, (5.42)

where µ is the final control parameter when the state estimator (5.9) stops opti-

mizing. As a result, we obtain an inequality constrained optimization problem as

follows,

max
f˚

f˚JAJ
k D jAkf

˚

s.t. f˚JAJ
k SAkf

˚
ď

1 ` µ

µ
Θ

2
. (5.43)

It is worth noting that for problem (5.43), we do not need to solve f˚, but only to

obtain the maximum of the objective function. Through Lagrangian duality theory

[41], this question can be solved by the following closed-form expression,

max}b jk}
2

“ ΛmaxpAk,D j,Sq
1 ` µ

µ
Θ

2, (5.44)

where ΛmaxpAk,D j,Sq is the largest eigenvalue of matrix:

pAJ
k SAkq

´1AJ
k D jAk. (5.45)

The detailed derivation is shown in the next Chapter 5.3.4.
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Besides, relying on the variation of matrix Ak and (5.44), we can obtain a set of

potential state errors caused by measurement biases under different outlier assump-

tions. Next, we employ an enumeration method to find the maximum state error

from this error set, which we ultimately designate as the error bound resulting from

outliers. This can be expressed as

Eout “ max
AkPA

d

1 ` µ

µ
ΛmaxpAk,D j,SqΘ. (5.46)

So far, we have obtained predicted state errors caused by measurement noises and

outliers through (5.30) and (5.46), respectively. The final error bound of a specified

state can be presented as the sum of both, as shown

Ebound “ En `Eout

“ k
b

rpJJWJq´1s j, j ` max
AkPA

d

1 ` µ

µ
ΛmaxpAk,D j,SqΘ

. (5.47)

The pseudo code of error bound calculation can be seen in algorithm 2, where the

input Jacobian J , Weight w and µ are derived from the output of the GNC-TLS

algorithm 1.

5.3.4 The Derivation of the Closed-form Expression of the Outlier-
induced Error

The inequality constrained optimization problem in 5.43 is shown as,

max
f˚

f˚JAJ
k D jAkf

˚

s.t. f˚JAJ
k SAkf

˚
ď

1 ` µ

µ
Θ

2
, (5.48)

which can be rewritten as

min
f˚

´f˚JAf˚

s.t. f˚JBf˚
´

1 ` µ

µ
Θ

2
ď 0

, (5.49)
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Algorithm 2: State Error Bound Calculation
Input: Jacobian J ; Weight w; Covariance Q; Parameters: Pf a,Θ,µ; Index

vector H j; Number of measurements: M.
Output: State error bound Ebound

1 begin
2 W “ w ¨Q´1

3 Noise-induced error: En “ 3
a

rpJJWJq´1s j, j
4 Computing S, D j by (5.38) and (5.41)
5 for k ă M do
6 Outlier-induced error:

7 Eout “ max
AkPA

b

1`µ

µ
ΛmaxpAk,D j,SqΘ

8 Ebound “ En `Eout

9 return error bound: Ebound

with A “ AJ
k D jAk, B “ AJ

k SAk. By introducing the Lagrange multiplier λ , we

have the new Lagrangian function as shown

Lpf˚,λ q “ ´f˚JAf˚
` λ

ˆ

f˚JBf˚
´

1 ` µ

µ
Θ

2
˙

. (5.50)

Then, the original problem (5.48) is converted into an equivalent unconstrained

optimization problem, shown as

min
f˚,λ

Lpf˚,λ q, (5.51)

with the listed Karush-Kuhn-Tucker (KKT)[9] conditions:

p1q ∇f˚L “ ´Af˚
` λBf˚

“ 0

p2q f˚JBf˚
´

1 ` µ

µ
Θ

2
ď 0

p3q λ ě 0

p4q λ

ˆ

f˚JBf˚
´

1 ` µ

µ
Θ

2
˙

“ 0

. (5.52)

From condition (1), we have B´1Af˚ “ λf˚, i.e. the eigenvalues of matrix

B´1A meet the requirement of extremes of (5.51), and λ P pλ1,λ2, ¨ ¨ ¨ ,λnq is the
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eigenvalue set of matrix B´1A. Since the matrix B´1A is nonnegative, we have

λ ě 0, the KKT condition (3) is satisfied. Also, when λ “ 0, condition (4) is held.

When λ ą 0, we have

f˚JBf˚
´

1 ` µ

µ
Θ

2
“ 0 ñ f˚JBf˚

“
1 ` µ

µ
Θ

2. (5.53)

Substituting condition (1) and (5.53) into the original optimization function (5.48),

we have

max
f˚

f˚JAf˚
“ maxλf˚JBf˚

“ λmax
1 ` µ

µ
Θ

2, (5.54)

where λmax is the maximum eigenvalue of matrix B´1A. Thus, (5.44) is proved.

Meanwhile, this problem can also be proved by Rayleigh Quotient properties [153].

5.4 Experiments & Discussion

In this section, we verify the performance of the proposed system using both

simulation and real-world datasets. We compare the results of our method with

others in terms of state estimation accuracy, outlier rejection, and error bound pre-

diction. Regarding visual experiments, the accuracy comparison algorithms include

the local Gauss-Newton (GN) optimization method [154]. For point cloud experi-

ments, comparison methods are Go-ICP [85], FGR [92], and Teaser++ [44]. Outlier

rejection methods for comparison are RANSEC and the Chi-squared test (χ2-test).

For error bound comparison, we compare our approach with the 3σ method and

PURSE proposed by Yang [40]. All experiments are implemented on Ubuntu 20.04

and performed on a desktop PC equipped with an Inter-Core i9-12900K and 32 GB

of memory.

5.4.1 Simulation Experiments
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Figure 5.5: Demonstration of the synthetic dataset. The left figure shows simulated
3D spatial points, while the right figure depicts the projection of these points onto
the pixel plane through a virtual camera model.

Setup

Taking classic visual state estimation as an example, the source of simulation

dataset is shown below. First, we define a series of 3D spatial points as features

and project them into the image pixel plane by a virtual camera model, resulting in

noise-free correspondences of 2D pixel features and 3D spatial points [? ]. Next,

we apply a ground truth transformation to the 3D points and then introduce zero-

mean Gaussian noise to the features to simulate measurement errors. Finally, we

randomly select a percentage of features and impose a range of deviations to create

outliers. The synthetic dataset is constructed as shown in Fig. 5.5, with detailed

parameters available in the open-source implementation.

Accuracy Validation

We set up 40 measurements, with the ground truth transformation varying cycli-

cally within the ranges x, y, z P r0,0.3s meters and roll, pitch, and yaw angles

P r0,15s degree. Subsequently, we calculate the state estimation accuracies of mul-

tiple algorithms as the outlier rates increased from 0% (all inliners) to 70%. The
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Table 5.1: RMSE of ATE (m) statistics on synthetic dataset

Outlier R-PnP R-GN χ2-GN GNCTLS-GN
Rate

0 0.0029 0.0028 0.0018 0.0012
10% 0.0041 0.0040 0.0037 0.0033
20% 0.0054 0.0054 0.0054 0.0047
30% 0.0067 0.0067 0.0069 0.0057
40% 0.0078 0.0072 0.1704 0.0072
50% 0.0095 0.0095 1.0948 0.0089
60% 0.0113 0.0114 3.3816 0.0106
70% 0.0146 0.0151 5.2704 0.2540

comparison methods include

1. GNCTLS-GN: is our proposed method, which applies the GNC-TLS for out-

lier rejection and Gauss-Newton method for state optimization.

2. R-GN/Ransac-GN: the classical visual state estimation method uses the RANSAC

strategy [47] for outlier rejection and Gauss-Newton method for optimization

with initial guesses given by Perspective-n-Point (PnP) method [155].

3. R-PnP/Ransac-PnP: a similar framework to R-GN but without Gauss-Newton

optimization.

4. χ2-GN: utilizes the mentioned χ2-test for outlier rejection and PnP with

Gauss-Newton for state estimation.

Among them, the four algorithms are implemented in MATLAB.

The root mean squared error (RMSE) of the absolute trajectory error (ATE)

[148] under different outlier rates is presented in Table 5.1. It can be seen that

our proposed method consistently outperforms the others until the outlier rate ex-

ceeds 70%. R-PnP and R-GN exhibit better accuracy and stability, highlighting

the advantages of RANSAC. However, the time consumption of RANSAC grows
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Figure 5.6: Comparison of the time consumption of various algorithms under dif-
ferent outlier ratios.

drastically as the percentage of outliers rises (see Fig. 5.6). Besides, the accu-

racy comparison of these two methods reveals that GN optimization relies on the

initial guess provided by PnP for the non-convex transformation estimation prob-

lem. In contrast, our proposed method performs effectively without initialization,

underscoring the efficacy of the global optimization of the GNC-TLS framework.

Moreover, the accuracy of χ2-GN declines gradually when the outlier rate reaches

40%, finally failing to converge. According to the principle of its algorithm, χ2-test

removes outliers sequentially during the optimization iteration, leading to increased

time consumption as outlier rates increase, as shown in Fig. 5.6.

Meanwhile, Fig. 5.6 displays that the time consumption of our proposed method

remains unaffected by the number of outliers. Fig. 5.7 and Fig. 5.8 provide a

detailed comparison of the translation and rotation errors [156] of various meth-

ods, with the outlier rate changes from 0% to 50%. The results indicate that all

algorithms demonstrate consistent estimation accuracy for both translation and ro-
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Figure 5.7: Position error comparison of simulation dataset under different outlier
ratios.

tation, with our method being superior to the others. Therefore, considering the

comprehensive performance, our method has a significant advantage in terms of

high-precision, robustness, and real-time capability.

Error Bound Validation

In this part, we compare the state error prediction performance of our proposed

error bound Ebound and classical 3σ under different state estimation frameworks

with outlier rate changes from 10% to 60%. At the beginning, we assume that

there is still one outlier remaining in the measurement set after outlier rejection,

which is involved in state optimization and affects estimation results. However, it

is impossible to determine which measurement is the outlier directly. At this point,

we can adjust the form of the index matrix Ak in (5.35) to go through all situations,
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Figure 5.8: Rotation error comparison of simulation dataset under different outlier
ratios.

such as

Ak “

„

1 0 0 0 ¨ ¨ ¨ 0 0
0 1 0 0 ¨ ¨ ¨ 0 0

ȷJ

2ˆ2m
, (5.55)

which implies that the first measurement is the outlier. Typically, we assess the

validity of error bounds from two perspectives. First, the predicted error bound

needs to be greater than the true error. Secondly predicted error is expected to

be close to the error. For the first point, we use the bounded rate to evaluate the

effectiveness of the Ebound and 3σ , which is expressed as

br “
a
b
, (5.56)

where, a is the frame number of the predicted error ě the true error, b is the number

of all frames.
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Table 5.2: The br (%) of Ebound / 3σ on translation error

Outlier Rate χ2-GN R-GN GNCTLS-GN

10% 99.30 / 66.95 99.50 / 80.67 100.0 / 97.13
20% 97.45 / 56.90 99.07 / 71.37 99.97 / 90.43
30% 93.85 / 50.25 98.47 / 67.03 99.47 / 83.07
40% 84.75 / 39.75 96.73 / 62.23 98.53 / 76.97
50% ˆ 93.83 / 59.30 97.93 / 70.77
60% ˆ 91.57 / 56.17 92.43 / 60.27

Table 5.3: The br (%) of Ebound / 3σ on rotation error

Outlier Rate χ2-GN R-GN GNCTLS-GN

10% 98.70 / 36.80 99.37 / 57.73 100.0 / 84.53
20% 95.60 / 36.95 99.00 / 55.77 99.90 / 73.77
30% 90.85 / 36.45 97.97 / 54.53 99.13 / 67.30
40% 80.70 / 30.80 96.00 / 51.83 98.10 / 63.67
50% ˆ 92.97 / 52.03 97.50 / 59.57
60% ˆ 90.67 / 51.13 93.70 / 56.40

Table 5.2 and Table 5.3 display the bounded rate br of the proposed error bound

Ebound and 3σ metric for translation and rotation directions, respectively, across dif-

ferent state estimation front-end methods. It is evident that our proposed method

consistently outperforms 3σ in all cases. In principle, this improvement can be

attributed to our method takes into account the effect of outliers on the state esti-

mation accuracy in addition to the measurement noise. Furthermore, at a constant

outlier rate, the choice of front-end state estimation methods affects the result of

error bounds. From (3.44) and (5.47), the calculation of 3σ and Ebound is related to

the Jacobian matrix. The Jacobian is defined as the first-order partial derivative of

the error function with respect to the state variables. In non-convex problems, the

Jacobian corresponding to both local and global minima of the objective function

tends to be close to the zero matrix. However, the state errors associated with these

local and global optima are distinct, which means that the convergence of the op-
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Figure 5.9: The Ebound , 3σ and the state error comparison of GNCTLS-GN and
Ransec-GN with outlier rate is 20%.

timization problem to the global optimum has a direct impact on the prediction of

state errors.

The results in Table 5.2 and Table 5.3 validate this conclusion that our proposed

framework achieves global optimality, with its error bound prediction outperform-

ing the other local optimization algorithms. Fig. 5.9 and Fig. 5.10 show the Ebound ,

3σ , and the state error curves of our method and Ransac-GN during translation

and rotation displacements at outlier rates of 20% and 40%. These figures clearly

demonstrate that our proposed framework has remarkable reliability in state error

prediction. Meanwhile, it illustrates the high fitness of the global optimization and

the proposed error bound calculation method.

On the other hand, as the outlier rate increases, the br decreases gradually. We

consider the effect of outliers to be intensifying, so we assume the number of re-

maining outliers in the measurement set to be 2. For example, the matrix Ak in
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Figure 5.10: The Ebound , 3σ and the state error comparison of GNCTLS-GN and
Ransec-GN with outlier rate is 40%.
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Figure 5.11: A comparison of the br varying with the increase in the number of
outliers

(5.35) is

Ak “

„

1 0 1 0 ¨ ¨ ¨ 0 0
0 1 0 1 ¨ ¨ ¨ 0 0

ȷJ

2ˆ2m
, (5.57)

which means that the first and second measurements are outliers. Taking the pro-

posed GNCTLS-GN as an example, Fig. 5.11 shows that the br is boosted as the

number of assumed outliers increases. This is because this hypothesis expands the
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Figure 5.12: The benchmark of 6D pose estimation dataset. The left shows the 3D
models of some targets, the right is one of the dataset sampling scenarios.

Eout part in (5.47). However, the time consumption of Ebound also surges. Therefore,

a trade-off is necessary in practical applications.

5.4.2 Real-world Experiments

In real-world experiments, we employ public point cloud and object pose esti-

mation datasets to verify the effectiveness of our proposed framework.

Camera Pose Estimation

Table 5.4: RMSE of ATE (m) statistics on BOP dataset

Corres PURSE R-PnP R-GN χ2-GN GNCTLS-GN
Number

20 0.0925 0.0436 0.0423 0.0465 0.0279
40 0.0656 0.0376 0.0377 0.0410 0.0138
All ˆ 0.0385 0.0385 0.0410 0.0091

All: around 60 in total.

The benchmark of 6D pose estimation (BOP) serves as a deep learning dataset

within the computer vision (CV) domain, designed to estimate the pose of objects

relative to the camera for each frame. It includes a set of images (pixel: 640ˆ480),

multiple object models (3D point cloud with mesh information) and corresponding

— 132 —



PhD Thesis
CHAPTER 5. A GLOBAL AND SAFETY-GUARANTEED STATE

ESTIMATION METHOD FOR SPATIAL TRANSFORMATION

20 40 all
The number of correspondence

10-3

10-2

10-1

100

T
ra

n
s
la

ti
o
n
 e

rr
o
r 

(m
)

20 40 all
The number of correspondence

10-2

10-1

100

R
o
ta

ti
o
n
 e

rr
o
r 

(r
a
d
)

GNCTLS-GN Ransac-GN Ransac-PnP 2
-GN PURSE

Figure 5.13: The translation and rotation error comparison of BOP dataset with
different numbers of correspondences.

ground-truth data (shown in the Fig. 5.12). We leverage an existing deep learn-

ing network [157] to train the 2D feature and 3D point correspondences present in

each frame, using these pairs for camera pose estimation. The comparison meth-

ods include GNCTLS-GN (ours), R-GN/Ransac-GN, R-PnP/Ransac-GN, χ2-GN,

and PURSE, where PURSE is a PnP-based random sample averaging estimator and

computes the worst-case error bounds via semidefinite relaxation [40].

We calculate the state estimation results using varying numbers of correspon-

dences, with accuracy measured by the RMSE of ATE, as displayed in Table 5.4.

It can be seen that our method is better than the others across all scenarios. Mean-

while, accuracy improves progressively with an increasing number of observations.

However, the success rate of PURSE declines significantly, ultimately failing when

utilizing all correspondences. Additionally, Fig .5.13 illustrates the comparison of

translation and rotation estimation errors, which reflect that our method excels par-

ticularly in translation estimation.

For error bound evaluation, we compare the br of the proposed Ebound and 3σ

under Ransac-GN, χ2-GN, and GNCTLS-GN methods, alongside the br of PURSE.
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Table 5.5: The br (%) comparison of translation error on BOP dataset

Corres PURSE R-GN χ2-GN GNCTLS-GN
Number

20 66.50 97.49 / 81.91 97.49 / 82.91 98.24 / 90.00
40 53.50 82.32 / 33.33 77.78 / 32.83 98.04 / 77.12
All ˆ 67.68 / 22.73 72.00 / 18.50 97.35 / 81.46

Table 5.6: The br (%) comparison of rotation error on BOP dataset

Corres PURSE R-GN χ2-GN GNCTLS-GN
Number

20 64.80 92.46 / 76.88 92.46 / 77.89 94.71 / 79.41
40 40.31 93.43 / 70.71 93.94 / 67.68 92.16 / 56.21
All ˆ 91.92 / 63.13 91.00 / 61.50 90.13 / 33.77

Specifically, we assume that one outlier escapes rejection when computing Ebound .

The translation and rotation error bounded rates are shown in Table 5.5 and Table

5.6, respectively. Fig .5.14 demonstrates the state error prediction results of Ebound ,

3σ , and PURSE for both translation and rotation motions. It is clear that br for

Ebound surpasses both 3σ and PURSE. The specific error curve presented in Fig

.5.14 reveals that PURSE provides a significantly large error bound, which is inef-

fective for predicting state errors. In contrast, Ebound offers a bound closely aligned

with the actual state error and follows a similar trend with the error, which is essen-

tial for safety-critical systems. Moreover, due to the global optimization required

for semidefinite relaxation, the error bound computation of PURSE is extremely

time-consuming. The average computational cost of PURSE with 20 measure-

ments is 26.47s (using MATLAB), which does not meet real-time requirements.

By contrast, the computation of Ebound is swift. The average computation times are

0.66ms, 2.34ms, and 8.16ms for 1, 2, and 3 remaining outliers assumptions with 20

measurements, respectively.
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Figure 5.14: The Ebound , 3σ , and the state error comparison of GNCTLS-GN and
PURSE method with correspondence number is 20.

Figure 5.15: Display of five point clouds. The top row shows clean point clouds
without noise. Point clouds in the bottom row have added zero-mean Gaussian
noise as well as outliers.

Point Cloud Registration

In this part, we apply the point cloud datasets from literature [92, 44] for test-

ing, randomly selecting points in cloud to add random offsets as outliers (0.05-0.1

times the range of the point cloud). The original and noise-contained point clouds

are displayed in Fig .5.15. We compare the point cloud registration results of sev-

eral global optimization methods for outlier percentages of 20%, 40%, and 60%.

These include Go-ICP [85], TEASER++ [44], FGR [92], and the proposed method

(GNCTLS-GN). Among that, TEASER++ uses GNC to estimate rotation subprob-

lems and Douglas-Rachford Splitting (DRS) to certify global optimality [44]. The

translation accuracy of point cloud registration is characterized by RMSE of ATE.

The criteria for rotation error is adopted from the method in [156].
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Table 5.7: RMSE of ATE (m) statistics on point cloud dataset

Outlier Go-ICP TEASER++ FGR GNCTLS-GN
Rate

20% 0.1597 0.0879 0.0690 0.0630
40% 0.1646 0.0900 0.0752 0.0961
60% 0.1694 0.2464 0.2383 0.1623

Table 5.8: Rotation error (rad) statistics on point cloud dataset

Outlier Go-ICP TEASER++ FGR GNCTLS-GN
Rate

20% 0.0626 0.0723 0.0621 0.0333
40% 0.0743 0.0935 0.0805 0.0549
60% 0.0782 0.1849 0.1792 0.1179

Statistics are shown in Table 5.7 and Table 5.8. The Go-ICP demonstrates stable

accuracy under varying proportions of outliers, attributable to its inherent ability to

consistently find the global optimal solution. However, this comes at the cost of sig-

nificant variability in computational time, with execution times ranging from mil-

liseconds to hours in certain scenarios. Meanwhile, due to the presence of outliers,

the optimal solution to the estimation problem may not equal the ground truth [158].

The accuracy of TEASER++, FGR, and our algorithm decreases as the proportion

of outliers increases, with our method showing only a marginal improvement over

the others. Additionally, the computation times for the three methods are approxi-

mately at the millisecond level. This can be attributed to the fact that the underlying

approach to state estimation in all three algorithms is fundamentally similar, as they

all utilize the GNC convergence strategy. Specifically, the main distinction between

GT and TEASER++ lies in the choice of the optimizer solver, while the difference

from FGR stems from the variation in the loss function. The TLS method we em-

ployed demonstrates slightly better performance in outlier removal compared to the

GM function used by FGR, which is consistent with the findings reported in [101].
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Figure 5.16: The Ebound , 3σ , and the state error comparison of GNCTLS-GN
method with outlier rates are 20%, 40%, and 60%.

Under the assumption of one outlier remained, the comparison results of Ebound ,

3σ , and state estimation error of point clouds registration are presented in Fig .5.16.

The figure indicates that the Ebound has a highly consistent fluctuation trend with

state errors. However, the effect of the Ebound gradually degrades as the percent-

age of outliers increases, which means that the single outlier assumption no longer

satisfies the demand. and more remaining outliers need to be set. Meanwhile, the

results show that the proposed Ebound method has consistent effectiveness on the

point cloud registration and visual pose estimation problem, which verifies the gen-

erality of this method.

5.5 Summary

In this work, we propose a comprehensive spatial transformation framework

that effectively addresses the challenges of pose estimation in the presence of out-

liers and measurement errors. By integrating the TLS-GNC approach for outlier

rejection and global optimization, our method significantly improves estimation ac-

curacy while maintaining real-time performance, even in scenarios with high outlier

rates. Furthermore, we introduce a dynamic thresholding mechanism based on the

Gaussian noise distribution to enhance outlier detection, and we derive the propa-

gation of estimation errors within the framework to predict state estimation errors

with over 90% error coverage. Our experimental validation on both simulated and
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real-world datasets demonstrates that the proposed method outperforms existing

approaches in both accuracy and robustness. The contributions of this work, in-

cluding the error prediction method and the optimization framework, offer practical

insights and solutions for improving the reliability of state estimation in safety-

critical robotics and autonomous systems. The code and datasets have been made

publicly available, encouraging further research and practical applications in the

field.

Additionally, the error bound we propose is a versatile error prediction method

based on a least squares optimization framework. It is not limited to the GNC-

TLS framework utilized in this work. Users can easily implement error bound

predictions by making simple adaptive adjustments tailored to their specific opti-

mization algorithms. We outline some potential applications for this error bound:

1) Positioning safety alerts: For example, a predefined safety threshold can be set,

and when the predicted positioning error exceeds this threshold, an alert can be

triggered, indicating a potential risk to the system’s positioning accuracy. 2) For

planning and control phase: The error bound derived from our theoretical anal-

ysis and experimental validation can serve as a more reliable alternative to previ-

ously used empirical upper bounds. This can provide a reference for planning and

control phase, enabling more reasonable and effective safety threshold settings in

autonomous robotic systems.
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Chapter 6

Conclusions and Future Work

This thesis presents a comprehensive exploration of advanced localization and

state estimation techniques for autonomous systems, focusing on safety-critical ap-

plications such as UGVs and UAVs. The research presented in this study addresses

key challenges in visual localization, including accuracy, outlier rejection, and error

quantification, by leveraging innovative methodologies across three distinct studies.

6.1 Conclusion of Researches

6.1.1 Safety-Quantifiable Visual Localization with Loosely Cou-
pled Architecture

In Chapter 3, a loosely-coupled monocular visual localization framework is pre-

sented, which achieves safety quantification through line feature matching with 3D

prior maps. The system’s modular design consists of two main components: (1) an

independent visual localization module that mitigates VIO drift by optimizing 2D-

3D line correspondences using a foot-point-based approach, and (2) a safety quan-

tification module that employs a Chi-squared test for outlier rejection and computes

a GNSS-inspired protection level (PL). This loosely-coupled structure enhances

computational efficiency and provides the first six-degree-of-freedom (six-DoF) er-
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ror prediction, encompassing both position and orientation, under multiple-fault

assumptions.

The effectiveness of the proposed method is validated through a series of exper-

iments conducted with UAVs in indoor environments and UGVs in both real and

simulated outdoor settings. The experimental results demonstrate that, on the UAV

dataset in real environments, the proposed algorithm improves localization accu-

racy by 12% compared to VINS and by 35.4% compared to the benchmark. On

the UGV dataset, the accuracy improvements are 5% and 26.9%, respectively. In

terms of error bound prediction, the proposed safety quantification module achieves

bounded rates exceeding 60% and 80% for localization errors on UAV and UGV

data, respectively, after excluding the yaw angle direction. The undesirable perfor-

mance in the yaw direction is attributed to the degradation and unobservability of

the current localization system in this orientation.

6.1.2 Tightly-Coupled Map-Aided VIO with Observability Anal-
ysis Localization

In Chapter 4, a tightly coupled state estimation framework is introduced, in-

tegrating IMU measurements, visual point features, and cross-modal line features

within a sliding window structure. This approach constructs a factor graph-based

optimization model, enhancing stability and accuracy through multi-frame con-

straints. The observability analysis of the proposed framework shows that global

translations (x, y, and z) are observable, with only the yaw rotation remaining un-

observable.

The effectiveness of the proposed method is validated through experiments con-

ducted in both simulated and real-world environments. The results demonstrate that

the system achieves significant improvements in localization precision and robust-

ness compared to traditional VIO systems. For the simulation data, our proposed
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tightly coupled method demonstrates an average improvement of 11.44% in posi-

tioning accuracy compared to the loosely coupled method, 26.42% compared to

VINS, and 30.15% compared to the benchmark. On the Hong Kong Polytech-

nic University dataset, the proposed method outperforms the others, with accuracy

improvements of 13.3%, 17.7%, and 40.3% over the loosely coupled framework,

VINS, and the benchmark, respectively.

6.1.3 Globally Robust State Estimation with Error Prediction

In Chapter 5, a comprehensive spatial transformation framework designed to ad-

dress pose estimation challenges in robotics and autonomous driving is presented.

This framework integrates a global optimization algorithm with outlier rejection,

specifically utilizing the Graduated Non-Convexity (GNC) strategy combined with

Truncated Least Squares (TLS) to enhance both accuracy and robustness. By ap-

proximating the non-convex problem as convex, the method gradually converges

to the global optimum, even in scenarios with high outlier rates. The framework

also introduces the error propagation theory during the used GNC-TLS optimizer,

which predicts state estimation uncertainties and provides robust error bounds. This

approach ensures the reliability and safety of the estimation process, crucial for

safety-critical applications.

Experimental validation conducted on both simulated and real-world datasets

demonstrates that our algorithm significantly outperforms existing methods in terms

of outlier rejection and estimation accuracy. The experimental results indicate that

the optimization structure we employed is capable of excluding over 60% of out-

liers while maintaining estimation accuracy. Notably, the time consumption for

outlier rejection does not significantly increase with a higher proportion of outliers.

Additionally, the error prediction method achieves over 90% coverage, providing a

reliable measure of state estimation errors.
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6.2 Future Directions

While the presented works have made significant strides in advancing local-

ization and state estimation techniques for autonomous robotic systems, they also

highlight several areas where further research and development are needed. The

promising results achieved in various experimental settings underscore the poten-

tial for these methodologies to be refined and expanded. As the field continues to

evolve, addressing the limitations and exploring new avenues for improvement will

be crucial. This sets the stage for future work, which aims to build upon the current

findings and tackle the remaining challenges to enhance the robustness, scalability,

and applicability of these systems in increasingly complex and dynamic environ-

ments.

6.2.1 Prior Map-aided Visual Localization

1. Enhanced Utilization of Prior Map Information: Future research can fo-

cus on leveraging more comprehensive information from prior maps to im-

prove localization accuracy. This includes integrating semantic information

and planar features, which can provide additional context and constraints for

more precise localization.

2. Cross-Modal Fusion of 2D and 3D Data: The accurate registration of initial

positions is crucial for subsequent localization precision. Developing a robust

initial position registration scheme will be essential for enhancing the accu-

racy of cross-modal data fusion, thereby improving the overall localization

performance.

3. Handling Large-Scale Prior Maps: As the coverage area of prior maps

expands, the volume of data that needs to be preloaded for real-time localiza-
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tion becomes a challenge. Future work should explore engineering solutions

to manage large datasets efficiently, such as utilizing GPU acceleration and

cloud-based map updates, to ensure the system remains responsive and scal-

able.

6.2.2 Globally Robust State Estimation

1. Incorporation of Diverse Constraints: The current global state estimator

primarily relies on single-type constraints, such as visual features and point

cloud data. Future research could explore the development of adaptive sensor

fusion strategies that dynamically adjust the weighting of different sensor in-

puts based on environmental conditions and sensor reliability. This approach

would enhance the robustness of state estimation by allowing the system to

prioritize the most reliable data sources in real-time, thereby improving per-

formance in diverse and challenging environments.

2. Analysis and Improvement of Global Optimization Strategies: The cur-

rent global optimization approach employs a heuristic graduated non-convexity

strategy, which can occasionally fail to converge to the global optimum due to

non-convexity issues. Future work could focus on conducting a detailed anal-

ysis of these failure cases to understand the underlying causes. Additionally,

exploring alternative global optimization strategies that are more robust to

GNC, such as stochastic optimization methods or hybrid approaches combin-

ing convex relaxation techniques, could enhance the reliability and optimality

of the state estimation process.

6.2.3 The Application of Error Bound Prediction
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1. Improving Accuracy and Stability: By incorporating dynamic measure-

ment error models and accounting for feature degradation phenomena, future

work can enhance the accuracy and stability of error estimation, leading to

more reliable predictions.

2. Versatile Error Prediction Method: The proposed error bound is a flexible

prediction method based on a least squares optimization framework. It is

not limited to the proposed frameworks used in this study. Researchers can

implement error bound predictions by making adaptive adjustments tailored

to their specific optimization algorithms, broadening their applicability.

3. Broader Applicability in Robotic Systems: A promising direction for fu-

ture research is to explore the broader applicability of error bounds within

robotic systems. By predefining localization accuracy thresholds and utiliz-

ing predicted errors, we can evaluate whether current localization results meet

operational requirements, thereby enabling safer real-world robotic deploy-

ments.

4. Extending Applications Beyond Localization: The potential applications

of error bounds extend beyond localization. Its error predictions could also

be leveraged in mapping and planning processes, opening new avenues for

exploration and enhancing the overall capabilities of autonomous systems.

Collectively, these works demonstrate a comprehensive approach to enhancing

the accuracy, reliability, and safety of autonomous robotic systems. The innova-

tive methodologies and experimental validations provide a solid foundation for fu-

ture research, with potential applications extending beyond localization to include

mapping, planning, and control in dynamic environments. The open-source im-

plementations further contribute to the research community, encouraging continued
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exploration and development in this vital field.

6.3 Harnessing Artificial Intelligence for Advanced
Robotic Systems: Challenges and Opportunities

In recent years, the rapid advancement of artificial intelligence (AI) has pro-

foundly impacted various industries, presenting both challenges and opportunities

for the traditional field of robotics. Learning-based networks are increasingly being

employed by researchers to enhance various modules within robotic systems. Sim-

ilarly, the application of AI is indispensable for the research presented in this work.

Future research is expected to leverage advanced AI technologies, such as deep

learning and reinforcement learning, to further enhance the intelligence of robotic

systems.

Specifically, deep learning can be utilized to improve perception modules by

enabling more accurate feature extraction and classification, thereby enhancing en-

vironmental understanding. Reinforcement learning can optimize decision-making

and control strategies, allowing robots to autonomously learn and adapt in complex

and dynamic environments. Additionally, predictive models powered by AI can

improve the accuracy and robustness of state estimation, particularly when dealing

with uncertainty and nonlinear problems.

By integrating AI technologies with traditional robotic methods, future robotic

systems will achieve greater autonomy and efficiency, driving the application and

development of robotics across more domains. This integration not only helps over-

come current technical bottlenecks but also opens new research directions and ap-

plication scenarios, laying a solid foundation for the future advancement of robotics

technology.
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