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Abstract

Global Navigation Satellite System (GNSS) is widely used in intelligent navigation

systems. GNSS real-time kinematic (RTK) has shown centimeter-level absolute po-

sitioning results in open-sky areas. However, in areas with complex urban canyons

such as Hong Kong, the accuracy of GNSS is severely diminished due to signal block-

age and reflection. Polluted GNSS measurements as well as poor satellite geometry

are two main reasons for deteriorating urban GNSS-RTK positioning performance.

Such a problem significantly affects the application of intelligent navigation systems

in urban environments.

To address this problem, the complementary roles of the Light Detection and

Ranging (LiDAR) sensor and GNSS are explored in existing works. LiDAR, as an

active ranging sensor, not only enables precise relative positioning but also allows

digital modeling of the surrounding environment. Recently proposed 3D LiDAR-

aided (3DLA) GNSS methods employ the point cloud map to identify the non-line-

of-sight (NLOS) reception of GNSS signals for further exclusion and remodeling.

This facilitates the GNSS receiver to obtain improved urban positioning. However,

due to the remained multipath receptions and poor geometry, the positioning error

can still reach several meters. On the other side, GNSS and LiDAR odometry are

well combined as they provide absolute and relative positioning, respectively. Their

integration in a loosely-coupled manner is straightforward but is still challenged due

to the GNSS signal pollution and poor geometry. Therefore, utilizing tightly-coupled
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GNSS/LiDAR integration for improving GNSS geometry needs to be studied.

In this thesis, we explored the 3D LiDAR aided GNSS-RTK positioning method in

terms of 3D LiDAR aided GNSS outlier mitigation and tightly-coupled GNSS/LiDAR

integration for geometry improvement. We first focused on further improving the re-

liability of 3D LiDAR-aided NLOS mitigation and improving the efficiency of tightly-

coupled LiDAR/GNSS integration. Further, we proposed GLIO, a GNSS/LiDAR/IMU

integrated estimator that tightly fuses all raw measurements using two stages of fac-

tor graph optimization (FGO) to achieve globally consistent and continuous pose

estimation. Specifically, we designed an iterated coarse-to-fine batch integration be-

tween GNSS and LiDAR for global NLOS exclusion. Moreover, we proposed an

accurate NLOS correction method by Doppler-aided direction-of-arrival (DOA) esti-

mation and 3D LiDAR-aided reflection restoration. Different from the conventional

model, or LiDAR-based NLOS correction methods, the proposed method does not

rely on the shortest path assumption and therefore is able to correct NLOS receptions

with errors exceeding 100 meters.

The effectiveness of the proposed methods in this thesis are extensively evaluated

and verified through the challenging dataset involving highly urbanized areas. The

proposed system achieves great improvement in positioning accuracy compared with

the traditional GNSS positioning method and representative integration with the

LiDAR/IMU system. The results also show that the proposed system can achieve

real-time positioning capability with higher robustness in a highly urbanized area

using commercial-level GNSS receivers and LiDAR/IMU sensor kit.
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Chapter 1

Introduction

1.1 Background

Remarkable progress has been achieved in the development and deployment of un-

manned autonomous systems, including unmanned aerial vehicles (UAVs) [5], au-

tonomous ground vehicles, and mobile robots [6]. Specifically, in urban areas, these

systems are being applied in a wide range of domains such as transportation, logis-

tics, infrastructure inspection, and emergency response [7]. To operate autonomously

in dynamic and complex environments, accurate and robust localization is founda-

tional [8; 9]. Onboard sensor-based approaches, such as visual-inertial odometry [10]

and Light Detection and Ranging (LiDAR) simultaneous localization and mapping

(SLAM) [11], enable relative positioning by continuously estimating motion with re-

spect to the surrounding environment. These methods are effective in structured or

feature-rich scenes but often suffer from cumulative drift and fail under poor visibil-

ity or significant occlusion [12]. In contrast, absolute positioning techniques leverage

external signals, such as radio beacons [13] or satellite-based navigation [14], to de-

termine location within a global reference frame. Among them, Global Navigation

Satellite System (GNSS) stands out as the only globally accessible, standardized, and

infrastructure-independent solution for providing accurate and absolute position es-

timates.
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With the help of the corrections from reference stations in open-sky areas, the

GNSS real-time kinematic (RTK) [15] provides centimeter-level positioning accuracy.

To achieve this, we firstly estimate the float solution based on double-differenced

(DD) [16] GNSS raw measurements (pseudorange and carrier phase) and then per-

form the integer least-squares algorithm (e.g LAMBDA and its variants [17; 18])

based on the estimated float solution to resolve the integer ambiguity. However, the

positioning accuracy can be significantly degraded in the urban canyon due to signal

blockage and reflection by the surrounding environment. There are two main factors

leading to the impact. First (challenge 1), a considerable part of received GNSS raw

measurements in highly urbanized areas is so-called non-line-of-sight (NLOS) [19],

where the reflected satellite signal is received as the satellite is blocked by buildings

[20] or dynamic objects (e.g., double-decker buses) [21]. Such polluted measurements

can significantly degrade the accuracy of the float solution. Second (challenge 2), the

buildings and dynamic objects in the urban canyon block a huge number of signals

from satellites, resulting in a limited number of received satellites. In other words,

only satellites with high elevation angles are received. Such a case is called the

poor geometry distribution [22], which limits the success rate of integer ambiguity

resolution (AR) and positioning accuracy as well.

With more onboard sensors being available on autonomous systems, the integra-

tion of multiple sensors has been extensively explored over the past several decades.

In recent years, research on inertial measurement systems (INS), visual sensors, and

LiDAR sensor as well as their integration for positioning systems has demonstrated

impressive local positioning and environmental perception capabilities. It is a promis-

ing way to integrate the onboard sensors with GNSS to mitigate the above two chal-

lenges and ultimately improve positioning accuracy in challenging areas, especially in

urban canyons. Specifically, LiDAR sensors offer accurate and wide-range environ-

mental perception capabilities that are not significantly affected by ambient lighting
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(a) (b)

Figure 1.1: Illustration of GNSS NLOS reception and multi-path reception in urban
canyons. (a) For NLOS reception, only one reflected signal is received. (b) For multi-
path reception, it is a superposition of multiple signal components.

conditions, unlike cameras. More importantly, LiDAR provides precise relative lo-

calization constraints and enables high-precision reconstruction of the surrounding

environment. These properties make LiDAR an ideal complement to GNSS, par-

ticularly in dense urban areas where satellite signals are often degraded or blocked.

Therefore, the integration of LiDAR and GNSS is a natural and effective strategy to

enhance positioning robustness and accuracy in complex real-world scenarios.

1.2 Problem Statements and Research Objectives

The objective of this research is to utilize 3D LiDAR perceived environmental in-

formation to perform 3D LiDAR aided (3DLA) GNSS-RTK positioning in urban

canyons by tackling the above listed two major challenges. Existing 3DLA GNSS-

RTK methods have shown promising results by NLOS mitigation and integrated

positioning using filter or optimization. However, the performance is constantly lim-

ited by several unsolved problems. We summarize the existing problems and list key
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objectives of this research below.

1.2.1 Improving Reliability of 3DLA NLOS Detection and
Efficiency of GNSS/LiDAR Tight Integration

Over the past few years, a series of methods for 3DLA GNSS methods have been

continuously proposed, whereby 3D LiDAR is utilized to reconstruct the environ-

ment based on a point cloud map (PCM) to mitigate the GNSS NLOS receptions

[23; 24; 21; 20; 25]. However, these methods detect NLOS receptions based on either

a single frame point cloud, which is limited by the narrow field of view (FOV) of

LiDAR, or accumulated multiple frames point cloud by LiDAR/inertial odometry

(LIO) methods, which are subject to drift over time. How to reliably and comple-

mentarily integrate GNSS and LiDAR for GNSS NLOS mitigation remains to be

explored.

In terms of improving GNSS geometry distribution, tightly integrating GNSS

with LiDAR has a great potential for enhancing the state observability in the pres-

ence of poor satellite geometries and maintaining estimation accuracy during short-

term GNSS outages or GNSS pollution. However, current works on tightly-coupled

GNSS/LiDAR/INS integration mostly tend to use huge amounts of LiDAR observa-

tions, which requires significant time consumption for data processing and optimiza-

tion, especially for the current mainstream scan-to-map sliding-window-based factor

graph optimization (FGO) methods. Given the significant redundancy of LiDAR

observations, it is necessary to analyze the contribution of LiDAR observations to

the state observability in real scenarios. Therefore, we can figure out how can the

integration system use fewer LiDAR observations to ensure the state observability at

the same level. This can effectively reduce the complexity of the system and finally

achieve improvement on processing efficiency while maintaining accuracy.

With a focus on the above problems, this research extends the existing 3DLA
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GNSS-RTK positioning method by: (1) performing NLOS detection and exclusion

based on the drift-free 3D point cloud map (PCM) to eliminate the impact of un-

healthy GNSS measurements, (2) improving the satellite geometry distribution with

great efficiency through the selected low-lying virtual satellites provided by LiDAR

landmarks. The work is presented in:

• X. Liu, W. Wen, F. Huang, H. Gao, Y. Wang, and L. -T. Hsu, ”3D LiDAR

aided GNSS NLOS mitigation for Reliable GNSS-RTK Positioning in Urban

Canyons.” in IEEE Transactions on Instrumentation and Measurement

1.2.2 Optimization Consistency between LiDAR and GNSS
for Tight Integration

Tightly coupled GNSS/LiDAR integration [26; 1; 27] offers two major advantages:

First, tightly coupled integration allows for independent detection and mitigation

of GNSS outlier observations. Second, Tightly coupled integration means that any

number of GNSS observations can contribute to localization, even if fewer than 4.

In terms of LiDAR constraints, the mainstream approach in LiDAR SLAM incorpo-

rates observational constraints through a scan-to-map matching strategy [28; 29; 30],

which has been widely recognized as an effective method for mitigating trajectory

drift. An alternative approach is scan-to-scan matching. However, it tends to accu-

mulate drift rapidly and is therefore less commonly adopted. Following this principle,

most tightly coupled GNSS/LiDAR integration systems incorporate scan-to-map Li-

DAR constraints together with GNSS constraints [26; 31; 32; 33]. However, this

approach has inherent limitations. Since the map used for matching is fixed within

the coordinate frame, scan-to-map LiDAR constraints essentially provide absolute

constraints. When the map remains accurate, LiDAR observations effectively con-

strain the system state. However, after long term operation, inevitable map drift

occurs, especially in complex environments. In such cases, scan-to-map LiDAR ob-
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servations incorrectly constrain the state and may introduce inconsistencies with

GNSS observations. This issue also raises a long-standing, unresolved challenge:

how to balance the weighting of GNSS and LiDAR observations. When map drift

occurs, the quality of LiDAR observations cannot be properly evaluated, making it

difficult to develop an effective weighting strategy.

To tackle this problem, this research presents a novel GNSS/LiDAR/IMU tightly-

coupled odometry that: (1) tightly fuses the GNSS, LiDAR, and IMU all at raw

measurement level through FGO, and (2) employs two stages of optimization includ-

ing sliding-window-based optimization and batch-based fusion to achieve efficient,

consistent and robust positioning solutions. Within the proposed two stages of opti-

mization, different LiDAR factors such as the scan-to-map scheme in the first stage

and the scan-to-multiscan scheme in the second stage are employed. Moreover, the

consistent optimization provides great robustness against the GNSS observation er-

ror, enabling reliable outlier detection and mitigation. The work is published in:

• X. Liu, W. Wen, L. -T. Hsu, ”3D LiDAR aided GNSS real-time kinematic

positioning via coarse-to-fine batch optimization for high accuracy mapping

in dense urban canyons,” in Proceedings of the 35th International Technical

Meeting of the Satellite Division of The Institute of Navigation (ION GNSS+

2022), 2022.

• X. Liu, W. Wen, L. -T. Hsu, ”GLIO: Tightly-coupled GNSS/LiDAR/IMU

integration for continuous and drift-free state estimation of intelligent vehicles

in urban areas,” in IEEE Transactions on Intelligent Vehicles, vol. 9, no. 1,

pp. 1412–1422, 2023.
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1.2.3 Enhancing 3D LiDAR aided NLOS Correction with
GNSS Doppler Observations

Recent research revealed that the direct GNSS NLOS exclusion would lead to severe

geometry degradation which cannot guarantee positioning accuracy. Correcting or

remodeling the NLOS measurements rather than excluding them is critical due to

the potential poor satellite geometry. The conventional 3D model-aided (3DMA)

GNSS positioning method utilizes ray-tracing technology to predict signal transmis-

sion paths in a prior 3D city model. The recently proposed 3D LiDAR-aided (3DLA)

GNSS restores the reflection paths by traversing 360-degree azimuth with fixed eleva-

tion in a real-time reconstructed point cloud map (PCM)[22]. Nevertheless, existing

3DMA and 3DLA GNSS NLOS correction methods predominantly rely on the short-

est path assumption to identify the reflection path. This approach is premised on

the rationale that the signal traveling the shortest distance typically experiences

the least attenuation and, therefore, exhibits the highest signal power. However,

the validity of this assumption is frequently compromised in dense urban environ-

ments. Modern architectural features, particularly glass curtain walls, create highly

reflective surfaces that facilitate efficient specular reflections. Consequently, signals

propagating along longer paths may unexpectedly retain higher energy and domi-

nate the signal reception, leading to erroneous path identification. Beyond ranging

observables such as pseudorange and carrier phase, there are Doppler measurements,

which can be used for reliable velocity estimation [34; 35]. The Doppler effect reflects

frequency shifts due to relative motion between the receiver and the signal source.

For the LOS case, the measured Doppler frequency directly corresponds to the rel-

ative motion between the satellite and the receiver. However, for the NLOS case,

the satellite-emitted signal first reaches the reflection point before being received. In

such cases, the Doppler frequency reflects the relative motion between the reflection
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point and the receiver [25]. This relationship reveals that the Doppler measurement

in NLOS reception inherently encodes the Direction-of-Arrival (DOA) of the reflected

signal from the reflection point to the receiver. By incorporating Doppler-inferred

DOA into existing 3DLA GNSS NLOS correction methods, it is possible to actively

identify true reflection paths, eliminating the need for the shortest path assumption.

This research proposed a reliable NLOS DOA estimation and correction method

based on Doppler measurements. In detail, we first propose an optimization-based

DOA estimation method. Secondly, we propose the DOA-PCM-based NLOS correc-

tion method, which includes reflection point searching, correction formulation, and

validation. Different from the conventional methods, the proposed method does not

rely on the shortest path assumption and therefore is able to correct NLOS receptions

with enormous errors. The work is published in:

• X. Liu, W. Wen, and L. -T. Hsu, ”3D LiDAR Aided GNSS NLOS Correction

with Direction of Arrival Estimation Using Doppler Measurements,” in Pro-

ceedings of the 36th International Technical Meeting of the Satellite Division

of The Institute of Navigation (ION GNSS+ 2023), 2023.

• X. Liu, W. Wen, L. Zhang, and L. -T. Hsu, ”3D LiDAR Aided GNSS NLOS

Correction by Direction-of-Arrival Estimation Using Doppler Measurements in

Urban Canyons”, in IEEE Transactions on Intelligent Transportation Systems

1.3 Thesis Outline

The outline of this thesis is as follows:

Chapter 2 provides an overview of recent advancements in GNSS positioning

enhancement for urban environments, focusing on two primary research directions:

GNSS outlier mitigation and multi-sensor fusion. The first direction aims to mitigate

multipath and NLOS errors through techniques such as fault detection and exclusion
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(FDE), 3D model-aided GNSS, and LiDAR-based corrections. The second direction

explores the integration of GNSS with other sensor modalities—including LiDAR

and IMUs—through loosely and tightly coupled architectures. Optimization-based

frameworks, such as factor graph optimization, are highlighted for their ability to

exploit raw measurements and temporal correlations.

Chapter 3 provides a tightly-coupled GNSS-RTK/LiDAR/INS integration system

with 3D LiDAR aided NLOS mitigation for reliable positioning in urban areas, where

it focuses on further improving the reliability of 3D LiDAR aided NLOS mitigation

and achieving a more efficient tightly-coupled integration system. The effectiveness

of the proposed method has been validated by the evaluation conducted on the open-

sourced challenging dataset, UrbanNav.

Chapter 4 develops a GNSS/LiDAR/IMU integrated estimator that tightly fuses

GNSS pseudorange, Doppler, LiDAR, and IMU measurements using FGO. To fully

exploit the complementarity of the LiDAR and GNSS measurements, two stages of

the optimization scheme are utilized to achieve globally consistent and continuous

pose estimation. In the first stage of optimization, the sliding-window-based FGO

is employed to integrate the GNSS-related factors, IMU pre-integration factor, and

scan-to-map-based LiDAR factor for efficient odometry estimation. In the second

stage of optimization, the LiDAR factor is employed as a scan-to-multiscan scheme

to maintain global consistency and improve the robustness to the GNSS outlier by

large-scale batch optimization. Its performance is evaluated through the challenging

datasets UrbanNav.

Chapter 5 proposes a novel 3D LiDAR-aided GNSS NLOS correction method by

utilizing the Doppler measurement to infer the signal reflection routes, and impor-

tantly, without relying on the shortest path assumption. The evaluation of datasets

collected in urban canyons demonstrates the effectiveness of the proposed method.

Chapter 6 includes the conclusion and future work.
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Figure 1.2: Overall flowchart and the corresponding publications of this thesis.
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Chapter 2

Literature Review

Numerous studies have focused on improving GNSS positioning performance in dense

urban environments, where signal blockage, multipath propagation, and NLOS effects

significantly degrade localization accuracy. Existing efforts can be broadly divided

into two main research directions. The first aims to process and correct GNSS signals

to mitigate multipath and NLOS errors. This includes traditional FDE techniques,

as well as more advanced perception-based approaches. For the latter one, 3D model-

aided GNSS methods utilize detailed building models to simulate satellite visibility

and reflection paths, enabling signal classification and correction. More recently,

3D LiDAR-aided techniques have emerged, leveraging real-time point cloud data to

detect environmental obstructions and estimate reflection surfaces for GNSS outlier

exclusion and correction, which effectively improves positioning robustness.

The second research direction focuses on integrated estimators for enhancing lo-

calization accuracy through multi-sensor fusion. These approaches integrate GNSS

measurements with complementary sensor modalities such as LiDAR, cameras, and

inertial measurement units (IMUs). Depending on the integration architecture, sys-

tems are typically categorized as loosely coupled—where GNSS positions are fused

post-estimation—or tightly coupled—where raw observations from all sensors are

jointly optimized. In terms of modeling frameworks, both filter-based methods (e.g.,
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extended Kalman filters) and optimization-based approaches (e.g., factor graph op-

timization) have been widely adopted. These multi-sensor fusion techniques enable

more robust and drift-free state estimation in urban environments, particularly when

GNSS signals are intermittent or unreliable.

2.1 GNSS NLOS/Multipath Mitigation

2.1.1 Observation-based method

A foundational class of GNSS fault detection and exclusion (FDE) [36; 37] techniques

is observation-based methods. These methods operate directly on pseudorange,

carrier-phase, or Doppler observations, and are widely used due to their minimal

reliance on external data or prior maps. The core idea is to detect inconsistencies

among redundant satellite measurements or between predicted and actual obser-

vations. Classical approaches such as Receiver Autonomous Integrity Monitoring

(RAIM) [38] implement statistical consistency checks to identify and exclude outlier

satellites. In multi-sensor systems, innovation-based filtering evaluates measurement

residuals within Kalman filters to flag abnormal deviations [39]. Their effectiveness

has been significantly enhanced by the advent of multi-constellation GNSS, tighter

GNSS/IMU integration, and adaptive statistical models developed for urban envi-

ronments.

Redundancy-Based Consistency Checks and RAIM

One of the foundational approaches to FDE in GNSS is the use of redundant mea-

surements to perform consistency checks. If more satellites are tracked than the

minimum needed for a position fix, the extra measurements can be checked against

each other. RAIM is the classical framework that implements this idea [38; 40; 41; 42].

RAIM uses statistical consistency tests on pseudorange residuals or on position so-

lutions to detect outliers. In essence, the receiver computes its position using dif-
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ferent subsets of satellites and checks if all solutions agree within expected error

bounds. Any large disagreement suggests a faulty measurement. This method has

long been used in aviation to detect satellite faults [43; 44; 45], and it remains a com-

mon approach to handle multipath and NLOS-induced blunders in urban positioning

[46; 47; 48; 49; 50].

Traditional RAIM algorithms assumed at most one fault at a time, but in city en-

vironments multiple measurements can be compromised simultaneously [51; 52; 53].

Researchers have recognized that conventional RAIM may fail to detect errors when

several satellites are affected by large multipath biases at once [37]. To address this,

modern RAIM schemes incorporate multi-constellation GNSS and multi-fault hy-

potheses [54]. The availability of GPS, GLONASS, Galileo, BeiDou, etc. on many

receivers since 2015 provides increased redundancy. Advanced RAIM (ARAIM) al-

gorithms [55; 56; 57] leverage this to consider multiple potential fault combinations

in a multiple-hypothesis solution separation approach. Beyond solution separation,

other statistical enhancements to RAIM have emerged. One notable development

is Bayesian RAIM [58; 59; 60; 61], which introduces a probabilistic treatment of

each measurement’s fault status. Instead of binary “good” or ”bad” assumptions, a

Bayesian approach assigns a prior probability to each satellite being faulty and up-

dates these probabilities based on the observed data consistency. Another adaptation

in consistency checking is the use of position-domain integrity measures rather than

raw residual tests [52; 62; 63; 64]. Instead of checking the residual of each range, some

RAIM algorithms (especially in multi-constellation ARAIM) compute protection lev-

els or error bounds on the position solution. If the bound exceeds a threshold or if

excluding a satellite significantly shrinks the bound, that satellite may be excluded.
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Innovation-Based Fault Detection in Filtering

While RAIM performs snapshot consistency checks (each epoch independently),

innovation-based detection refers to monitoring the residuals (innovations) of a se-

quential filter (typically a Kalman filter) for GNSS outliers [39; 65; 66]. When fusing

GNSS measurements with other sensors in a Kalman filter [67], the innovation is the

difference between the observed measurement and the predicted measurement (based

on the prior state estimate). These innovations provide a real-time assessment of

measurement consistency with the navigation solution. Large or systematically bi-

ased innovations indicate measurement faults or unmodeled errors. Innovation-based

FDE essentially extends the RAIM concept into the time domain, using the filter’s

redundancy over time and sensor inputs. A common approach is to perform a chi-

square test on the innovation vector at each epoch [68]. If the combined innovation

norm is above a threshold, it signals that the incoming measurements do not agree

with the predicted state, hence likely containing a fault [65; 69; 70]. The general

finding is that coupling an extra sensor with GNSS allows one to cross-verify the

two sources: the extra sensor can propagate position when GNSS is unreliable, and

conversely, GNSS innovations can be checked against current estimates. If GNSS

suddenly deviates from other sensors by more than the expected noise, a fault is

detected and those measurements can be rejected. This consistency check between

sensors significantly boosts reliability in urban settings, as evidenced by numerous

studies on vehicle navigation. For instance, recent high-accuracy urban positioning

experiments [71; 65; 39; 72; 73] tightly coupled single-frequency multi-GNSS RTK

with a MEMS IMU and implemented an innovation-based outlier rejection strategy.

Yet, just like RAIM, if most satellites are compromised (e.g., downtown skyscraper

scenario), the filter might simply see a large position error but struggle to attribute

it to specific measurements.
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In summary, traditional FDE methods rely on statistical consistency checks, such

as parity vector-based methods, innovation testing in Kalman filters, or residual

analysis, to isolate inconsistent observations within the measurement set. These

techniques have been shown to improve solution robustness in open-sky environments

but tend to degrade in urban areas where signal distortions are more prevalent and

harder to model accurately. On the other side, the high-rise buildings in urban

areas bring significant signal blockage, leaving only a limited number of satellites

visible in a narrow sky view. This so-called poor satellite geometry can lead to large

positioning errors and high estimation uncertainty. Excluding NLOS receptions,

while improving observation quality, further deteriorates the already limited satellite

geometry. Therefore, NLOS correction instead of exclusion is more critical for urban

GNSS positioning.

2.1.2 Enviromental Perception-based method

The harsh signal conditions of urban environments have both challenged existing

FDE methods and spurred new adaptations. One fundamental issue is that multi-

path and NLOS errors do not behave like random noise – they can introduce system-

atic biases and correlations that violate the assumptions of many statistical tests.

Classical RAIM and outlier tests assume measurement errors are independent and

normally distributed; in urban settings, errors from satellites at similar geometries

(e.g., all low-elevation satellites in the direction of a tall building) may all be biased

high or low together. This means the “redundancy” in measurements is somewhat

illusory, as they share error sources. To address these limitations, recent research

has increasingly explored perception-aided approaches that leverage complementary

sensor information—such as 3D building models, LiDAR, or camera data—to de-

tect and mitigate NLOS effects in GNSS measurements. Unlike traditional FDE

methods that rely solely on internal statistical consistency checks, these approaches
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incorporate external environmental cues to identify potential error sources. By re-

constructing a 3D understanding of the surrounding environment, a perception-based

system can infer satellite visibility, detect obstructions, and even predict the poten-

tial reflection pattern of GNSS signal. This enables more proactive and accurate

error detection and correction, especially in complex urban canyons where multipath

signals are prevalent and signal visibility is highly variable.

3D Model aided GNSS NLOS Mitigation

With the development and availability of urban building model resources, researchers

have developed 3D model-aided (3DMA) GNSS for NLOS detection and even correc-

tion utilizing ray-tracing technology [74; 75; 76; 77; 49; 78; 79; 80]. The 3DMA ray-

tracing GNSS performs positioning through the following steps: (1) Given an initial

position of the receiver, the positions of the satellites (calculated through ephemeris),

and a 3D model of the surrounding buildings (which can be a pre-downloaded city

map), (2) The algorithm emits simulated light rays from the satellite or reversely

emits light rays from the receiver to calculate the interaction between the signal and

the building. For non-direct signals, the algorithm calculates the possible propa-

gation paths of the signal based on the law of reflection (incident angle equals to

reflection angle), (3) Position calculation and correction. One method is to iden-

tify NLOS signals and directly reduce the weight of the satellite during calculation,

or simply eliminate it. Alternatively, the distance difference calculated using ray

tracing can be used to directly subtract the length of the reflection path from the

observed pseudo-range, restoring an approximate straight-line distance. Noteably,

the shortest path assumption is used to determine the actual reflection path when

there are multiple reflection candidates for a single satellite. This is due to the lack

of knowledge about building surface electrical properties. This approach assumes

that the signal traveling along the shortest path tends to retain the highest signal
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power, maximizing reception probability [77]. Using the predicted signal path, NLOS

reception can be corrected by subtracting the additional transmission length from

the NLOS trajectory compared to the Line-of-Sight (LOS) trajectory. However, the

3DMA GNSS NLOS correction is subject to certain limitations. First, it requires

comprehensive, city-scale 3D building models, rendering it ineffective for dynamic ob-

jects or unmodeled road infrastructure. Second, its performance is limited by large

initial position errors, which are common in urban environments. Third, it cannot

handle NLOS receptions with long reflection distances due to the reliance on the

shortest path assumption. These limitations constrain the reliability and practical

applicability of 3DMA GNSS methods in urban environments.

3D LiDAR aided GNSS NLOS Mitigation

To further address the challenges of urban GNSS positioning, the 3D LiDAR-aided

(3DLA) GNSS positioning methods have been proposed. Unlike the 3D building

models, LiDAR offers real-time 3D point cloud observation with detailed descrip-

tions of surrounding buildings and various dynamic objects. Moreover, the point

cloud map (PCM) is reconstructed in a sensor-centric manner, eliminating the ini-

tialization challenges associated with 3DMA GNSS methods. Recent advancements

have integrated single-frame LiDAR point clouds with building height lists from pub-

lic data sources to detect and correct NLOS signals [81; 20]. Building surfaces are

recovered through point cloud segmentation, supplemented by boundary extensions

derived from building height data. NLOS signals are then modeled based on azimuth

angle, elevation angle, and distance to the building surface. However, segmentation

performance is significantly affected by irregular surfaces. To improve the field of

view (FOV) of LiDAR and eliminate the reliance on building height lists, a combi-

nation with the sky-pointing camera for NLOS detection and correction is proposed

[82]. To essentially tackle the FOV limitation and reliably determine the reflection
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point for buildings with complex facades, LiDAR Simultaneous Localization And

Mapping (SLAM) is introduced in 3DLA methods with PCM-based reflection point

searching [22]. To be more specific, the point clouds from adjacent frames are accu-

mulated to reconstruct a PCM. Occlusion detection is performed using the PCM, the

receiver position, and the LOS vector for NLOS reception prediction. Afterward, ex-

haustive azimuth angle searches at a given elevation angle are performed to identify

reflection point candidates. The final reflection point as well as the reflection path

is determined under the shortest path assumption, similar to the above-mentioned

3DMA GNSS methods. Likewise, such an assumption oversimplifies signal behavior

and limits the 3DLA NLOS correction performance.

Despite the growing adoption of 3DMA and 3DLA techniques for urban GNSS po-

sitioning, a critical limitation persists in their reliance on the shortest-path assump-

tion when selecting among multiple potential reflection candidates. These methods

typically identify the signal path with the minimal geometric distance as the most

likely reflection route. However, as we discussed above, in real-world urban environ-

ments, signal propagation is not solely determined by path length, but also by the

physical characteristics of the reflecting surfaces. As a result, the actual dominant

reflected signal received by the GNSS antenna may not correspond to the shortest

path, undermining the accuracy of NLOS detection and correction. Addressing this

mismatch requires moving beyond simplistic geometric assumptions toward models

that incorporate information from other observations (e.g., Doppler, signal strength,

etc.) or reflection surface property. How to fundamentally resolve this issue remains

an open challenge, and continued exploration is essential for achieving robust GNSS

correction in dense urban.
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2.2 GNSS-based Sensor Integration

In addition to GNSS NLOS correction, a substantial body of research has focused on

multi-sensor fusion, where GNSS observations are integrated with additional modal-

ities such as IMU, LiDAR, and cameras. This integration enhances positioning ro-

bustness by supplementing more observations when GNSS signal degrades. Existing

fusion frameworks can be broadly characterized along two key dimensions. The

first concerns the degree of coupling between GNSS and auxiliary sensors: rang-

ing from loosely coupled architectures, where each sensor provides independent state

estimates, to tightly coupled systems, in which raw GNSS observations (e.g., pseudo-

range, carrier phase) are directly fused with inertial or perceptual data for improved

consistency and redundancy. The second dimension involves the design of the estima-

tor itself—from filter-based approaches (e.g., Kalman filters and extended Kalman

filters) to optimization-based methods, such as factor graph optimization, which

provide greater flexibility in handling asynchronous measurements and performing

estimation based on batch data. The following sections review key advances along

both dimensions.

2.2.1 Loosely-Coupled and Tightly-Coupled Integration

Depending on the level of fused information, these studies are divided into a loosely-

coupled manner based on the position-level information and a tightly-coupled manner

based on the raw measurements from sensors. The loosely-coupled methods process

the observations from GNSS and LiDAR/inertial systems separately and then fuse

the estimated poses from the different systems according to their weights and un-

certainties [28; 83; 84; 85; 86; 87; 88; 89]. However, the direct fusion of noisy GNSS

positioning results may introduce errors in the system. [85] proposed a scene opti-

mizer to assess the solutions from GNSS and the loosely-coupled fusion odometry.
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The better solution is selected as the current state for further smoothing with IMU

data through the Extended Kalman Filter. However, when a reliable GNSS solution

is not available, the system will degrade to a loosely coupled GNSS/LIO system.

Moreover, [86] performed GNSS degradation checks (e.g. Zero-Velocity update, satel-

lites number monitor, dilution of the precision monitor) to drop unhealthy GNSS

solutions to improve the overall positioning performance. Similarly, [87] proposed

to apply GNSS solution selection by comparing them with the predicted position.

Nevertheless, a prior map is needed [87] and the prediction is not always reliable

without map information. Furthermore, simply discarding the GNSS solutions pre-

vents the system from taking advantage of healthy GNSS observations, especially in

urban environments, where there are frequently insufficient satellites number. Dif-

ferent from loosely-coupled methods, the tightly-coupled methods estimate the state

directly based on raw measurements from all sensors, which enables separate mitiga-

tion of unhealthy GNSS measurements while maintaining healthy GNSS constraints

[32; 90; 91]. The tightly-coupled system can benefit from the absolute constraints of

GNSS even in highly urbanized areas with limited received satellite number. More

importantly, the tightly-coupled integration scheme can effectively exploit the com-

plementariness of GNSS and LiDAR measurements. The existing state-of-the-art

methods rely on accurate outlier exclusion by performing residual check [30] or tra-

ditional statistical methods [90; 91], which requests a good initial guess and more

healthy GNSS observations in a single epoch. Nevertheless, GNSS measurement error

from environmental reflection can dominate the observation and is not detectable by

traditional statistical methods. In other words, tightly-coupled methods outperform

loosely-coupled methods in terms of both data utilization and the potential to im-

prove positioning accuracy. Still, it remains to be explored how to further utilize the

information from different sensors while improving robustness to GNSS unhealthy

observations in a tightly-coupled GNSS/LiDAR/IMU framework.
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2.2.2 Filter-based and Optimization-based Integration

The study of GNSS/LiDAR/IMU integration systems can also be classified in terms

of fusion methods, mainly filter-based methods and optimization-based methods.

As mentioned above, the work [86; 32; 90; 91] performed efficient state estimation

using the Kalman filter (KF) and its variants. However, the KF-based methods

mainly utilize information from the two consecutive epochs for estimation and fail

to revisit or optimize the past states. On the contrary, optimization-based meth-

ods use batch data, which better exploits the temporal and special correlations.

Specifically, [92; 93] sufficiently demonstrate the ability of factor graph [35] to ex-

ploit information redundancy at the raw measurement level for resisting local min-

imal using GNSS or GNSS/IMU measurements. Research in [83; 84; 87; 94] sub-

sequently shows the improved performance and global consistency of optimization-

based GNSS/LiDAR/IMU integration. Nevertheless, the above-mentioned methods

use a loosely-coupled scheme for GNSS factors, which limits the potential of sensor

fusion. Recently, [95] proposed to tightly fuse GNSS raw measurements with the

LIO system through factor graph optimization. In this work, the factor graph con-

sists of pseudorange factors to provide absolute positioning constraints, inter-epoch

double-difference carrier-phase factors to provide relative positioning constraints, and

relative pose constraints provided by IMU and LiDAR. However, in urban area, the

carrier phase factors are hard to guarantee due to frequent cycle slip. Besides, the

Doppler measurements are not utilized. Moreover, the LiDAR measurement is used

in a loosely coupled manner in [95] which is based on relative pose rather than raw

measurements.

In summary, the optimization-based tightly-coupled GNSS/LiDAR/IMU integra-

tion has the opportunity to make full use of the raw measurements while taking full

account of the temporal and spatial correlations between the data, to obtain opti-
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mal state estimates. However, the tightly-coupled full suit integration of the GNSS

measurements (both the Doppler and the pseudorange measurements) and LIO us-

ing the state-of-the-art FGO is not available. Moreover, the most state-of-the-art

GNSS/LiDAR/IMU integrated solutions use a scan-to-map [28] scheme for LiDAR

registration. It should be noted that such LiDAR constraints scheme plays a role

as an absolute constraint. In the case that the trajectory has a large drift, the Li-

DAR factor is natural with drift error. This approach does not provide a consistent

estimate for each sensor, rather leads to inconsistency between LiDAR and GNSS

measurements. The challenge of how to design a tightly-coupled GNSS/LIDAR in-

tegration system based on globally consistent optimization is still to be explored.
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Chapter 3

3D LiDAR Aided GNSS NLOS
Mitigation for Reliable

GNSS-RTK Positioning in Urban

Canyons

3.1 Introduction

In this chapter, we propose a 3DLA GNSS-RTK/LiDAR/INS integrated positioning

method that achieves reliable 3DLA NLOS exclusion and efficient GNSS/LiDAR

tight integration. Specifically, GNSS NLOS reception is detected and excluded

through the incrementally generated and drift-free 3D sliding window PCM. Then,

the sparsely selected LiDAR landmarks are used to create a so-called virtual satel-

lite (VS) that improves the geometry distribution of the received standalone GNSS

signals by tightly integrating the raw measurements from GNSS, VS, and an inertial

measurement unit (IMU). After solving the above optimization problem, AR is per-

formed based on the float solution and covariance information improved by the VS.

Meanwhile, the improved float solutions and the fixed solutions are further employed

to correct the drift of the 3D sliding window PCM for reliable NLOS detection. The

main contributions of the proposed work are listed as follows:

(1) We propose a drift-free 3D sliding window PCM-based GNSS NLOS mitigation
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method to improve the quality of the raw GNSS measurements. The drift of the

3D sliding window PCM is corrected with the help of the proposed integrated

positioning system.

(2) We tightly fuse the scan-to-map LiDAR constraints and IMU constraints with

GNSS observations to improve the geometry distribution in urban canyons. In

particular, we focus on using fewer LiDAR observations to achieve the equiva-

lent level of geometry distribution improvement for the integration system.

(3) Experiments have been conducted on three challenging urbanized sequences

collected in Hong Kong and comprehensive comparisons are carefully conducted

to show the effectiveness of the proposed method.

3.2 Method

3.2.1 System Overview

The pipeline of the proposed system is depicted in Fig. 3.1. The system consists

of two major parts, namely 3D LiDAR-aided NLOS exclusion, and integrated posi-

tioning with VS-aided geometry improvement. The inputs of the system comprise

raw GNSS measurements (pseudorange measurements, carrier phase measurements,

and Doppler measurements), LiDAR measurements, and IMU measurements. All the

measurements are processed under a common keyframe mode [10] to keep the balance

between computational load and information redundancy. Firstly, the pre-integration

[96] technique is used to preprocess the raw IMU measurements. Meanwhile, the ini-

tial pose of each new keyframe in the sliding window is propagated through the IMU

measurements. Then the poses of the keyframes and the correspondingly generated

local 3D PCM are utilized to detect the NLOS and cycle slip [97] receptions. Mean-

while, the VS constraints are created from the extracted features and PCM [11].

After preprocessing, the states in the sliding window are jointly optimized through
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FGO based on the constraints from the VS, GNSS, and IMU to obtain the improved

float solution, which includes the positioning result and the covariance information.

Afterward, the optimized position and the covariance matrices are further applied for

AR to find a fixed solution. Finally, the global pose graph optimization is performed

based on the fixed and float solutions to get the final pose result. The updated

global poses, as well as the corresponding PCM, will further contribute to the next

iteration of GNSS NLOS detection. The marginalization strategy [10] is additionally

employed to ensure real-time performance by marginalizing the measurements out-

side the sliding window. The detail of the methodology is introduced in the following

sections.

Figure 3.1: Pipeline overview of the proposed system.
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Figure 3.2: Illustration of the proposed 3D LiDAR-aided NLOS detection based
on drift-free PCM. (a) shows the details of the detection method. (b) shows the
comparison of satellites’ occlusion in the same epoch by drifted- and drifted-free-
PCM. The red dots are detected NLOS satellites, while the blue dots represent the
LOS satellites. The detection result and the PCM are projected on Google Earth.

3.2.2 3D LiDAR-Aided GNSS NLOS Mitigation

For the newcoming GNSS measurements, NLOS detection and exclusion are first

performed. We employ a similar fast-searching method developed in our previous

work [22] to classify the satellite visibilities based on the local 3D PCM. The 3D

PCM is accumulated based on the point clouds of recent keyframes. Compared with

our previous method, the proposed method alleviates the attitude drift of the 3D

PCM by utilizing corrections from the GNSS-RTK. Although the satellite visibility

classification based on the 3D PCM is not new, we still briefly outlines the key steps

for completeness. Our method contains three major steps: First, a sliding window-

based local PCM, which is accumulated by the last nNL keyframes, is simultaneously

maintained. nNL is determined for PCM distances reaching up to approximately

250m, as GNSS NLOS is primarily caused by objects within a certain distance.

Second, as shown in Fig. 3.2(a), an orientation-based fixed-step search is applied

on the local PCM to classify the visibility of the satellite. To be more specific, we

calculate the line-of-sight (LOS) vector based on the current positions of the receiver

and satellite. Then, we set the search point to the receiver’s current position pENr,t

and move it in steps of ∆d along the LOS vector and check the number of the
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neighboring map points within the search range ∆r. If the neighboring number is

larger than the threshold, then the satellite will be classified as invisible, and the

relevant measurement is excluded as NLOS receptions. However, when the drift

is accumulated during vehicle driving, the attitude error subsequently brings great

bias to the local map direction, which leads to inaccurate NLOS classification. In

other words, the 3D PCM-aided NLOS detection relies heavily on accurate attitude

estimation, which is easily affected by the drift. Fig. 3.2(b) illustrates how the drifted

PCM will affect the detection result. Therefore, we further apply the global pose

graph optimization to update the local PCM simultaneously against the potential

drift error, which enables better NLOS detection by making it free from attitude bias.

The global optimization is based on the improved GNSS-RTK positioning results

introduced in the following sections. Fig. 3.2(b) also shows the illustration of the

proposed drift-free PCM-based NLOS exclusion. It is observed that, before LiDAR-

aided NLOS exclusion, nearly one-third of the satellites blocked by buildings and

trees were originally used as LOS satellites, which causes large positioning errors. On

the other hand, the drift-free PCM provides the correct environmental information,

which leads to accurate NLOS detection.

3.2.3 VS-aided GNSS-RTK/IMU Factor Graph Optimiza-
tion and Ambiguity Resolution

In this section, the method of tightly-coupled VS-aided GNSS-RTK/IMU FGO and

AR is introduced. The system states are initialized in the ENU frame based on ex-

trinsic parameters between different sensors [98]. Notably, the body frame is aligned

with the center of the IMU. All the involved system states are listed as:

1. The position pEN
b,k and orientation qEN

b,k of the IMU in ENU coordinates. k

represents the kth keyframe in the sliding window.
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2. The velocity vEN
b,k of the IMU in ENU coordinate. ba,k and bw,k represent the

bias of the gyroscope and accelerometer, respectively.

3. The DD integer ambiguities NS
DD,r,t of all received satellites s P S to receiver r

at time epoch t.

4. The clock drift 9δr,t of receiver r at time epoch t.

The system states within the sliding window can be further expressed as:

χ “

”

x0, ¨ ¨ ¨ ,xK´1, N
S
DD,r,t0

, ¨ ¨ ¨ , NS
DD,r,tn´1

, 9δr,t0 , ¨ ¨ ¨ , 9δr,tn´1

ı

xk “
“

pENb,k ,q
EN
b,k ,v

EN
b,k ,ba,k,bw,k

‰

NS
DD,r,t “

”

NS0
DD,r,t, ¨ ¨ ¨ , N

Sm´1

DD,r,t

ı

(3.1)

where k P r0, ¨ ¨ ¨ , K´1s,K represents the size of the sliding window, t P rt0, ¨ ¨ ¨ , tn´1s

represents the received epoch of the GNSS signal, n represents the epoch number

of the received GNSS measurements within the time interval of the sliding window,

and m denotes the number of received satellites at time epoch .

To obtain the optimal state estimation based on the given measurements, the

maximum posterior probability should be reached. The measurements are regarded

as independent and with zero-mean Gaussian-distributed noise. The problem can be

further simplified by solving the following objective function:

χ˚
“ argmin

χ

ÿ

S,r,k,t

´

}rp ´ Hpχ} ` }rL,k}
2
ΣL

` }rB,k}
2
ΣB

`
›

›rSDD,ρ,r,t
›

›

2

σρ

`
›

›rSDD,ψ,r,t
›

›

2

σψ
`

›

›rSDD,N,r,t
›

›

2

σN
`

›

›rSd,r,t
›

›

2

σd

¯

(3.2)

where trp,Hpu denotes the marginalized term as prior constraints. rB,k represents

the IMU factor, which is weighted by the relative covariance matrix ΣB. ΣB is es-
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timated based on the inverse of the measurement noise covariance which is linearly

propagated based on the given measurement white noise and the bias random walk

within the integration interval [96]. rL,k represents the VS factor from LiDAR mea-

surements and is weighted by the covariance matrix ΣL. The estimation of ΣL will

be introduced in the following section. rSDD,ρ,r,t, r
S
DD,ψ,r,t, and rSd,r,t denote the DD

GNSS pseudorange, carrier phase, and Doppler factors, respectively. The uncertain-

ties of different observations are given as σψ “
σρ
100

and σd “ σρ, where the σρ is

initialized by SNR and elevation angle following the method in goGPS software [99].

The parameters are A “ 30, s0 “ 10, s1 “ 50, a “ 30. The parameters s1, s0, A,

and a define the specific shape of the C/N0-dependent weighting curve, particularly

for lower-quality signals. s1 serves as a quality threshold; if the C/N0 exceeds this

value, the measurement is considered ”good” and the weight factor defaults to 1.

The parameters s0 and A act as an anchor point for the curve, where s0 is the spe-

cific C/N0 value at which the function is ”forced” to take on the weight specified by

A. Finally, a controls the ”bending” or curvature of the function, determining how

steeply the weight drops as signal quality decreases. rSDD,N,r,t denotes the constant

integer ambiguity factor weighted by σN “ σψ.

The factor graph structure of the proposed system is shown in Fig. 3.3. The

VS factors and IMU factors directly constrain the system states xk. Notably, due

to the difference in the data frequency, the GNSS factors (DD pseudorange, DD

carrier phase, and Doppler factors) constrain the system states xk and xk`1 through

interpolated states xt at time epoch t, with xt P pxk,xk`1q.

GNSS DD Pseudorange/Carrier Phase Factor

The pseudorange measurement ρsr,t of the GNSS receiver r at time t is expressed by:

ρsr,t “ rsr,t ` c pδr,t ´ δs,tq ` Isr,t ` T sr,t ` εsρ,r,t (3.3)
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Figure 3.3: The factor graph of the proposed tightly-coupled integration system.

where rsr,t denotes the geometric range between satellite s and receiver r at time

epoch t. Isr,t represents the ionospheric delay distance, T sr,t represents the tropospheric

delay distance. εsρ,r,t denotes the other errors including multipath error, NLOS error,

receiver noise error, and antenna phase-related noise error.

Similar to the pseudorange, the carrier phase measurements of the GNSS receiver

r at time t can be expressed as:

λψsr,t “ rsr,t ` c pδr,t ´ δs,tq ´ Isr,t ` T sr,t ` λBs
r,t ` dψsr,t ` εsψ,r,t (3.4)

where Bs
r,t “ ψr,t,0 ´ ψs0,r,t ` N s

r,t represents the carrier phase bias. The variable

ψr,t,0 denotes the initial phase of the receiver’s local oscillator. ψs0,r,t is the initial

phase of the transmitted navigation signal from the satellite. The variable N s
r,t is

the carrier phase integer ambiguity which should be an integer value. λ denotes

the carrier wavelength of the respective satellite system. dψsr,t represents the carrier

phase correction terms, which contain antenna phase offsets and variations, station

displacement by earth tides, phase windup effects, and a relativity correction on the

satellite clock. εsψ,r,t represents errors caused by multipath effects, NLOS receptions,
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receiver noise, and antenna delay.

Based on the measurement model, it is observed that the clock-based and atmosphere-

based systematic errors have great influences on positioning accuracy. Therefore, the

DD technique is introduced in the GNSS-RTK positioning method. The DD method

first conducts a single-difference between the measurements from different receivers

(receiver r and reference station e) from the same satellite and then performs a

subtraction between the results of the single difference from two satellites. Partic-

ularly, the master satellite w is selected with the highest elevation angle among all

received satellites, as satellites with higher elevation angles are inclined to suffer less

from multipath and NLOS receptions. For certain time epochs and satellite systems,

all the other satellites share the same master satellite. The formulation of the DD

pseudorange and DD carrier phase can be concluded as:

ρsDD,r,t “
`

ρsr,t ´ ρse,t
˘

´
`

ρwr,t ´ ρwe,t
˘

(3.5)

ψsDD,r,t “
`

ψsr,t ´ ψse,t
˘

´
`

ψwr,t ´ ψwe,t
˘

(3.6)

Considering that the receiver r and reference station e are under similar atmo-

spheric conditions, a single difference operation can eliminate the effect of atmo-

spheric errors as well as the satellite clock bias, but the receiver clock bias term

remains. The second difference operation further eliminates the receiver clock bias.

Therefore, the DD pseudorange and DD carrier phase measurements model can be

further expressed as:

ρsDD,r,t “
`

rsr,t ´ rse,t
˘

´
`

rwr,t ´ rwe,t
˘

` εsDD,ρ,r,t (3.7)

λψsDD,r,t “
`

rsr,t ´ rse,t
˘

´
`

rwr,t ´ rwe,t
˘

` N s
DD,r,t ` εsDD,ψ,r,t (3.8)

where εsDD,ρ,r,t and εsDD,ψ,r,t represent the noise of DD pseudorange measurements

and carrier phase measurements. N s
DD,r,t is the DD integer ambiguity of satellite s,
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which is one of the system states to be estimated. Given the DD measurement model

above, the DD pseudorange residuals and DD carrier phase residuals are formed as:

rsDD,ρ,r,t “ ρsDD,r,t ´ prsr,t ´ rse,tq ´ prwr,t ´ rwe,tq (3.9)

rsDD,ψ,r,t “ λψsDD,r,t ´ prsr,t ´ rse,tq ´ prwr,t ´ rwe,tq ´ N s
DD,r,t (3.10)

where the range distances rsr,t, r
s
e,t, r

w
r,t, and r

w
e,t are calculated based on the positions

of the GNSS receiver:

rsr,t “
›

›pEC
r,t ´ pEC

s,t

›

› , rse,t “
›

›pEC
e ´ pEC

s,t

›

› (3.11)

rwr,t “
›

›pEC
r,t ´ pEC

w,t

›

› , rwe,t “
›

›pEC
e ´ pEC

w,t

›

› (3.12)

where } ¨ } denotes the norm of the vector. pEC
s,t and pEC

w,t are satellite positions

transformed in the ECEF frame, pEC
e is the position of the reference station in the

ECEF frame. The estimated pEC
r,t is the position of the GNSS receiver r at time epoch

t in the ECEF frame transformed from pEN
r,t . Notably, the transformation from ENU

to ECEF according to the origin point pEC
o is calculated as:

pEC
r,t “ REC

ENp
EN
r,t ` pEC

o (3.13)

REC
EN “

»

–

´ sinλo ´ sinϕo cosλo cosϕo cosλo
cosλo ´ sinϕo sinλo cosϕo sinλo
0 cosϕo sinϕo

fi

fl (3.14)

where λo and ϕo denote the geographic latitude and longitude of the known origin

point pEC
o .

Further, the receiver’s position pEN
r,t is obtained from the estimated states pEN

b,t

maintained in the body frame as:

pEN
r,t “ pEN

b,t ` Rb
rp

b
r (3.15)
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In addition, the maintained states are with LiDAR keyframe time tK rather than

GNSS epoch time t. Therefore, linear interpolation is adopted between the system

states pEN
b,k and pEN

b,k`1 in the adjacent epochs tk and tk`1 with t P rtk, tk`1s to obtain

the corresponding state pEN
b,t , which is calculated based on the ratio of the time

interval:

pEN
b,t “

"

t ´ tk
tk`1 ´ tk

pEN
b,k `

tk`1 ´ t

tk`1 ´ tk
pEN
b,k`1

*

(3.16)

GNSS Constant Integer Ambiguity Factor

GNSS-RTK positioning accuracy suffers if cycle slips are not detected and properly

handled. Cycle slip occurs when the receiver’s phase lock on the signal is lost. In

urban canyons, the most common reason for cycle slips is an obstruction (e.g., build-

ings, trees) which blocks the signal and therefore results in signal tracking failure.

In this case, the previously resolved integer ambiguities become instantly unknown

and need to be resolved again. When there is no cycle slip, the integer ambiguity of

one satellite in adjacent epochs remains the same. The constant integer ambiguity

residual can be formed as:

rsDD,N,r,t “ N s
DD,r,t ´ N s

DD,r,t´1 (3.17)

where N s
DD,r,t and N s

DD,r,t´1 represent the integer ambiguities of satellite s at time

epoch t and epoch t ´ 1, respectively.

To effectively eliminate the impact of cycle slips, we adopt a LiDAR-aided cycle

slip detection method [97], which employs the consistency check of the triple dif-

ference, which is formed from two double differences over two different epochs. To

perform TD estimation, we predict the states by LiDAR and IMU measurements.

According to 3.8, the DD integer ambiguity for satellite s at time epoch t is estimated
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as:

N s
DD,r,t “ λψsDD,r,t ´

`

prsr,t ´ rse,tq ´ prwr,t ´ rwe,tq
˘

(3.18)

then the TD integer ambiguity between time epoch t and t´ 1 can be calculated by:

N s
TD,r,t “ N s

DD,r,t ´ N s
DD,r,t´1 (3.19)

when N s
TD,r,t is larger than a certain threshold N threshold

TD , the cycle slip occurs at time

t. The threshold N threshold
TD is set as 3 cycles as described in [97]. According to 3.18,

the TD uses range distance to estimate the DD integer ambiguity, which relies on

the high quality of the initial guess of the position. Thanks to LiDAR and IMU, the

system can provide a high-quality initial guess, which even enables the detection of

small cycle slips.

GNSS Doppler Factor

Doppler measurement dsr,t at receiver r from satellite s at time epoch t is denoted as:

λdsr,t “ es,LOS
r,t ¨ pvEC

s,t ´ vEC
r,t q ` cp 9δir,t ´ 9δs,tq ` ζsr,t (3.20)

where ζsr,t represents the noise of the received Doppler measurement, c denotes the

speed of light, and λ denotes the carrier wavelength of the respective satellite con-

stellation system. The velocity of the receiver in the ECEF frame is transformed

from the ENU frame using vEC
r,t “ REC

ENv
EN
r,t . es,LOS

r,t is the LOS unit vector between

the position of receiver r and the satellite s at time epoch t, which is calculated by:

es,LOS
r,t “

˜

pEC
s,t ´ pEC

r,t
›

›pEC
s,t ´ pEC

r,t

›

›

¸T

(3.21)

Given the Doppler measurement model above, the residual is derived as:
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rsd,r,t “ dsr,t ´
1

λi

´

es,LOS
r,t ¨ pvEC

s,t ´ vEC
r,t q ` cp 9δir,t ´ 9δs,tq

¯

(3.22)

Inertial Factor

The IMU measurements comprise linear acceleration and angular velocity with the

effect of corresponding bias and additive noises. Knowing that the frequency of

the inertial measurements is practically much higher than other sensors (LiDAR,

GNSS), the pre-integration method [10; 96] is further adopted in our optimization

to integrate multiple raw inertial measurements into a single relative pose constraint

between two consecutive keyframes k and k ` 1. We follow the work from [10] for

the implementation. The readers can refer to [10; 96] for detailed formulation of the

inertial factors.

LiDAR Landmark-Based VS Factor

The satellite geometry is often poor in urban areas and will be further deteriorated

by NLOS exclusion. As shown in Fig. 3.4(a), only LOS satellites (the blue circles)

with high elevation angles remain after the GNSS NLOS exclusion. In this scenario,

the position estimation has a large uncertainty in the direction perpendicular to the

street, and thus the float solutions that can be obtained are more likely to suffer from

large errors due to small observation bias. On the contrary, as shown in Fig. 3.4(b),

the green stars denote the VS, which mainly arise from low-lying environmental

structures and are highly complementary with high-elevation angle LOS satellites.

The state uncertainties arising from GNSS observations can be adequately bounded

by VS.

The employment of VS measurements and constraints follows a similar manner

to the popular feature-based LiDAR-SLAM methods [11]. We have evaluated edge-

based and plane-based LiDAR odometry in urban areas. The results showed that
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Figure 3.4: Illustration of VS-aided GNSS-RTK positioning.

planar features obtained better accuracy and higher robustness. Therefore, planar

constraints are applied in a scan-to-map scheme, where the map denotes a local

3D point cloud feature map accumulated by recent keyframes. For each keyframe,

feature points of planes are extracted by evaluating the local distribution of the

neighboring patch. Then the plane correspondences are found by a nearest neighbor

search between the keyframes and the local feature map and examined by eigenvalue

analysis on the feature patches. Given the transformed planar point pEN
p,k in frame

k and corresponding planar points pEN,M
p,k,a , pEN,M

p,k,b and pEN,M
p,k,c representing the planar

patch in the local feature map M in the ENU frame, the point-to-plane residual is

calculated as [11]:

rl,s,k “

›

›

›

›

›

›

´

pEN
p,k ´ pEN,M

p,k,a

¯

¨

”´

pEN,M
p,k,a ´ pEN,M

p,k,b

¯

ˆ

´

pEN,M
p,k,a ´ pEN,M

p,k,c

¯ı

›

›

›

´

pEN,M
p,k,a ´ pEN,M

p,k,b

¯

ˆ

´

pEN,M
p,k,a ´ pEN,M

p,k,c

¯›

›

›

›

›

›

›

›

›

(3.23)
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pEN
p,k “ REN

b,k

`

Rb
lp

l
p,k ` pbl

˘

` pEN
b,k (3.24)

where plp,k represents the planar point in kth LiDAR keyframe, Tb
l “

“

Rb
l pbl

‰

de-

notes the transformation matrix from the LiDAR frame to the body frame, TEN
b,k “

“

REN
b,k pEN

b,k

‰

denotes the transformation matrix from the kth local body frame to the

ENU frame.

Compared with GNSS observations, which are usually fewer than 20 in urban

areas due to limited satellite availability, LiDAR provides far more observations in a

single frame (averaging more than 2000 per frame for a 32-line mechanical LiDAR

in our experiment). Integrating a huge amount of LiDAR constraints with limited

GNSS observations leads to two problems. First, it will increase the complexity of

the optimization problem exponentially, requiring more computational resources and

decreasing the system efficiency. Second, it would prevent a balanced contribution of

satellite and LiDAR information to the optimization. The large number of LiDAR

constraints will dominate the optimization problem when the weighting strategy only

considers the observation error and not the number of observations.

Knowing that each LiDAR frame has a large information redundancy, using fewer

LiDAR observations can significantly reduce system complexity and improve opera-

tional efficiency while ensuring sufficient state observability [100]. We want to analyze

the effect of different numbers of LiDAR observations on the estimation uncertainty

and provide its minimum interval in real environments that maintains the estimation

accuracy of the integrated system. To evaluate the contribution of the number of Li-

DAR observations to state estimation, we construct the information matrix based on

LiDAR observations and track its eigenvalues [101]. This method was originally used

for investigating the degeneracy of LiDAR constraints in different environments, and

we adopt it to assess the degeneracy of LiDAR constraints with different numbers
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of observations. The information matrix is the inverse of the covariance matrix of

the state, which indicates the certainty of the final estimates under the observations.

The degeneracy of LiDAR constraints is defined as [101]:

Degeneracy Level “ λmin ` 1 (3.25)

where λmin represents the smallest eigenvalue of information matrix Λl. For the

calculation of Λl, we have:

Λl “ JL
T

p JLp (3.26)

where JLp denotes the Jacobian matrix of the residuals of LiDAR constraints with

respect to the pose states.

The weighting strategy of the VS factor is jointly determined by three aspects,

namely the LiDAR observation uncertainty, the position uncertainty of the local

map, and the quantity ratio between LiDAR and GNSS observations. The LiDAR

observation uncertainty is given by measuring the geometric and appearance consis-

tencies of associated features between the scan and the map [30]. Noticing that the

local map is consistently extended and updated by the latest estimates, therefore, in

the absence of a reliable GNSS epoch for a certain period, the uncertainty of posi-

tion estimation and the corresponding map gradually increase due to the lack of a

global constraint [28]. As a result, the uncertainty of the VS factors increases along

with the uncertainty of the map. Moreover, to balance the impact of the VS and

the original satellites in the optimization, the constraints constructed from VS are

further dynamically weighted based on the quantity ratio between the numbers of

VS and real satellites instantly, which is calculated by:

wlt “
nlvirtual
nlreal

(3.27)
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where nlvirtual represents the constraint’s number of VS, nlreal represents the constraint

number of real satellites. This enables real satellites to be effective even in small

numbers, which is common in urban cases.

Marginalization Factor

To release the computational load and meanwhile maintain the impacts of the con-

straints from the previous information, marginalization is adopted in the sliding win-

dow optimization. We gradually marginalize the constraints from the older keyframes

sliding out the window through the Schur complement [102]. The corresponding new

prior factor is further added in the updated window.

Given the factors above, the optimized states and their respective covariance

matrix are obtained after the tightly-coupled optimization. Knowing that the double-

differenced integer ambiguities should indeed be integer values, the estimated float

values of integer ambiguities can be resolved as integer values and the position results

can be corrected with higher accuracy, whereas a fixed solution is reached. To solve

the integer ambiguity resolution problem, the modified LAMBDA algorithm [18] is

adopted for its efficiency.

3.3 Experimental Results

The proposed system is implemented using C++ on Robot Operation System (ROS)

[103]. We use Ceres Solver [104] and GTSAM [105] for the nonlinear optimization as

well as the pose graph optimization. The experimental evaluation is conducted on

three challenging sequences collected in Hong Kong, namely Urban Canyon 1, Urban

Canyon 2, and Urban Canyon 3, which contain various levels of urbanized scenarios.

Urban Canyon 1 and 2 are collected in Kowloon Tong with durations around 150s

and 400s, respectively. Urban Canyon 3 (1500s) is from our open-sourced dataset,

UrbanNav [106], which is collected in Whampoa. There are densely distributed static
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buildings, tall trees, and dynamic objects (wagons, double-decker buses) that bring

potential GNSS NLOS receptions.

3.3.1 Experiment Platform

The data collection is based on the experimental platform proposed in UrbanNav. A

low-cost GNSS receiver, the u-blox M8T, is employed to collect raw single-frequency

GPS/BeiDou signals at 10 Hz. The Xsens MTi-10 IMU is adopted to collect inertial

measurements at a frequency of 100 Hz. A HDL-32E LiDAR collects 3D measure-

ments at a frequency of 10 Hz. Moreover, the NovAtel SPAN-CPT, an integration

system from multi-frequency and constellation GNSS-RTK and IMU with fiber-optic

gyroscopes (FOG, 1 degree per hour for gyroscope bias, 0.067 degrees per hour as

random walk), is employed to provide ground truth. In the implementation, data

from different sources are synchronized via Pulse-Per-Second (PPS) hardware in the

computer. The extrinsic parameters between different sensors are carefully calibrated

before the experiments. The initial transformation from local coordinates to global

coordinates is provided in advance by aligning the first position to the ground truth.

3.3.2 Evaluation of the impact of different numbers of Li-
DAR observations on the degeneracy factor of state
estimation

We analyze the variation of the degeneracy factor with different numbers of LiDAR

observations. The minimum number interval of observations will be set to maintain

the degeneracy factor not decrease significantly. The variation of degeneracy factor

with changing observation number is presented in Fig. 3.5. It is observed that the

degeneracy factor consistently stays at low values utilizing 20 LiDAR observations per

frame, which indicates that the constraints are insufficient and the final estimation

results are subject to greater uncertainty.
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Accordingly, larger LiDAR relative positioning errors are observed in the right

panel of Fig. 3.5 for the case of using 20 observations, and these positioning errors

will be introduced into the integration system, which will eventually affect the final

positioning accuracy. As the number of LiDAR observations increases, the degra-

dation factor has a clear upward trend and the relative positioning accuracy using

LiDAR observation shows a downward trend.

This means that with more available observations, the state uncertainty will

be significantly reduced due to stronger constraints. As shown in the right panel

of Fig. 3.5, we use the degeneracy factor ratio (DFR) and the maximum relative

positioning error (Max RPE) to illustrate the trending of positioning error with

different observation number. The DFR is obtained by calculating the ratio of the

degradation factor with a specific number of LiDAR observations and with a sufficient

number of LiDAR observations (the sufficient number is set to 1200). To present

the data more clearly, we directly use the minimum eigenvalue of the information

matrix in the calculation of the DFR, which is slightly different from the definition

of the above 3.25. The Max RPE is obtained by evaluating the relative positioning

performance of the LIO system [30] with a specific number of LiDAR observations.

We consider that the interval where both the degradation factor and the relative

positioning accuracy curve have reached an initial smooth state can be regarded as

an effective interval to set the minimum number of LiDAR observations. We use 200

LiDAR observations per frame. The evaluation of final positioning accuracy and the

system efficiency is provided in the following sections.

3.3.3 Evaluation of the performance of the 3D LiDAR aided
NLOS mitigation

Different from traditional NLOS detection methods, the 3D LiDAR aided NLOS

detection approach is independent of position estimation, and completely relies on
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Figure 3.5: Illustration of degeneracy factor (DF) with different LiDAR observation
numbers is given on the left panel, LiDAR observation numbers are compared from 20
observations to 1200 observations, represented by yellow, green, red, blue, and black
curves with circle marks. The tendency curve of degeneracy factor ratio (DFR) and
maximum relative positioning error (Max RPE) with different LiDAR observation
numbers are given on the right panel, where the maximum relative positioning error
is depicted by the black curve and the degeneracy factor ratio is depicted by the red
curve.

the precision of attitude and the degree of reconstruction about the surroundings,

especially in the vertical direction. Compared to the previous 3DLA method, in this

system, we incorporate global pose graph optimization to update the 3D PCM used

for NLOS detection. This improvement addresses the issue of false positives of NLOS

detection caused by PCM drift in the previous method [22]. Fig. 3.6 illustrates how

the drift error of attitude estimation will mislead the NLOS classification. The left

figure shows the result of NLOS detection based on the global optimized drift-free

PCM while the right figure represents the results on drifted PCM. The accumulated

attitude drift significantly alters actual satellite occlusion, preventing correct detec-

tion of NLOS receptions. Furthermore, the positioning error of the above two cases

is compared in Table. 3.1, the method with accumulated drift shows higher error,

which is because some NLOS receptions are not detected, and healthy measurements
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are mistakenly classified as NLOS and excluded.

Figure 3.6: Comparison between the NLOS detection methods based on the globally
optimized drift-free PCM (left) and the drifted PCM (right). The skymasks gener-
ated from different PCMs are shown in gray.

Table 3.1: Positioning Performance (meters) of the Evaluated Three Cases for the
Selected Epoch in Urban Canyon 1.

Drift PCM Proposed (20 keyframes) Proposed (60 keyframes)

3D Error (m) 1.96 1.17 0.55

We have also evaluated the proposed method with different sliding window lengths

to demonstrate the ability of the PCM to reconstruct the environment and thus aid

NLOS detection. Fig. 3.7 shows the comparison of NLOS detection through the

PCM generated by the different sliding window sizes. As the window size in the

left figure is 60 keyframes as default and in the right figure is 20 keyframes, it is

apparent that the upper part of the building has been more thoroughly rebuilt in

the left figure than in the right one. In other words, the larger sliding window size

represents a more complete reconstruction of the environment, thus allowing a more

accurate determination of the satellite occlusion. The evaluation results are shown

in Table. 3.1.
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Figure 3.7: Comparison between the results of NLOS detection methods based on
different sliding window sizes.

To demonstrate the long-term effectiveness of the proposed 3DLA NLOS mitiga-

tion method in real-world environments and compare it with representative existing

methods, we further compared the proposed method with the 3DMA GNSS-RTK

[107] in terms of NLOS detection results, as shown in Fig. 3.8. Both methods are

evaluated in Urban Canyon 3.

Figure 3.8: Comparison between the results of different NLOS detection methods.
The black dashed line represents the number of the received satellites. The red line
marked with circles denotes the number of detected NLOS satellites from the 3DMA
GNSS-RTK method, and the blue line marked with circles denotes the number of
detected NLOS satellites from the proposed method.
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The data from the Hong Kong Common Spatial Data Infrastructure Portal is

used to generate the 3D building model. Based on the result, it is observed that

both methods exhibit similar overall trends, showing an increased number of NLOS

detections when the available satellite number changes rapidly. Notably, the aver-

age number of NLOS detections in the proposed method is relatively higher com-

pared to the 3DMA GNSS-RTK, which is because the proposed method utilizes 3D

PCM constructed from real-time observation information, which can fully and accu-

rately represent the occlusion of signals by surrounding environmental factors such

as buildings, large vehicles, vegetation, road infrastructure, and so on. In contrast,

the 3DMA GNSS-RTK method is limited by the accuracy and resolution of the 3D

model, unable to consider the effects of various dynamic and static objects in the

real environment other than buildings. On the other hand, this suggests that the

proposed method is more sensitive to dynamic environments, and excessive exclu-

sion of NLOS measurements can significantly impact satellite geometry distribution.

Therefore, in loosely-coupled systems, the proposed method can be combined with

traditional residual-based outlier detection methods when the system is initialized.

3.3.4 Evaluation of the positioning performance of the pro-
posed tightly-coupled GNSS/LiDAR/INS integration
with 3D LiDAR aided NLOS mitigation

To evaluate the positioning performance of the proposed method, the following meth-

ods are evaluated and compared qualitatively and quantitatively in multiple aspects.

First, mean error, maximum error, and standard deviation in both 2D and 3D cases

will demonstrate the positioning accuracy of different methods. Second, we utilize

the ambiguity fixing rate to indicate the effectiveness of geometry improvement by

the proposed method. The ambiguity fixing rate indicates the percentage of fixed

solutions to the total number of solutions. The successfully fixed solution is deter-
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mined when the 3D positioning error is less than 20cm and the ratio test is passed

with threshold 3. Moreover, the availability is evaluated to compare the positioning

ability, which is the percentage of the number of solutions to the total number of

epochs. The evaluated methods are listed as follows:

1. GNSS-RTK: RTKLIB [108] is evaluated to represent the performance of con-

ventional GNSS-RTK. Forward filtering is adopted under the fix-and-hold con-

dition.

2. LIO: LiDAR/Inertial integration method [30] is evaluated to demonstrate the

performance of pure LiDAR/inertial odometry.

3. LC GNSS-RTK-LIO: Loosely-coupled (LC) integration between GNSS-RTK

and LIO system [28]. This is performed to show the improvement of positioning

by loosely integrating the GNSS-RTK with the LIO system compared with

standalone systems.

4. 3DLA GNSS-RTK: The proposed tightly-coupled VS-aided GNSS-RTK/IMU

integrated system. This is to show the effectiveness of geometry improvement

by VS.

5. 3DLA GNSS-RTK-NE: The proposed tightly-coupled VS-aided GNSS-RTK/IMU

integrated system with drift-free NLOS exclusion. This is to demonstrate the

final performance of the proposed method.

Evaluation of Urban Canyon 1

Table. 3.2 shows the evaluation results of each method. The trajectory and the 3D

positioning error are illustrated in Fig. 3.9 and Fig. 3.10 GNSS-RTK obtains 1.55

meters as the 2D mean error and 3.54 meters as 3D mean errors, and its maximum

error reaches 15.88 meters in 2D and 29.23 meters in 3D. By analyzing the locations
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where large errors occur (the orange box in Fig. 3.9 corresponds to time intervals

around the 70s and 120s in Fig. 3.10), it is found that these spots all suffer from

dense buildings and trees, which caused severe NLOS receptions with greatly deteri-

orated accuracy. As a result, the conventional GNSS-RTK method only achieves an

ambiguity fixing rate of 1.61%. and LiDAR/IMU.

On the other hand, the LIO method achieved a mean error of 0.32 meters in

2D and 1.30 meters in 3D. Notably, we provide accurate initialization for LIO. We

can observe that the LIO can maintain a high relative positioning accuracy within a

short trajectory. However, it suffers from drift with increasing driving distance and

ends with a maximum 3D error of 2.79 meters. We further refer to the result of the

loosely-coupled method LC GNSS-RTK-LIO and notice the deteriorated positioning

accuracy, which is between GNSS-RTK and LIO, as LIO can only help GNSS-RTK

with relative pose constraints to provide a smoother positioning result, but the global

positioning accuracy is dominated by GNSS-RTK solutions. The positioning accu-

racy of LC GNSS-RTK-LIO is 1.42 meters in 2D and 3.00 meters in 3D with better

smoothness compared with the result of GNSS-RTK. In other words, the loosely-

coupled method can cope with the drift problem in long-term operation but the

local positioning accuracy is greatly affected by the GNSS-RTK result. Therefore,

the improvement is still limited by unhealthy GNSS measurements and underutilized

complementary characteristics of GNSS 3DLA GNSS-RTK as a tightly-coupled

system integrating the raw measurements from GNSS DD pseudorange, DD carrier

phase, and Doppler with VS and IMU measurements, shows significant improve-

ment compared with the conventional GNSS-RTK method and its loosely-coupled

integration method with LIO: 2D error and 3D error decrease to 0.39 and 1.53 me-

ters, whereas the standard deviation and maximum error are 1.78 and 5.29 meters

respectively for the 3D case.
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Figure 3.9: The trajectory in Urban Canyon 1. The upper panel shows the projected
trajectories on Google Earth. The orange box denotes the area with challenging
signal blockage by trees. The lower panel shows the 3D trajectories of different
methods. The red, green, cyan, magenta and blue curves denote GNSS-RTK, LIO,
LC GNSS-RTK-LIO, 3DLA GNSS-RTK, and 3DLA GNSS-RTK-NE, respectively.
The black curve denotes the ground truth (GT) trajectory.

Firstly, compared with loosely-coupled integration through relative pose, the

tightly-coupled integration fuses all the raw measurements and is able to separately

mitigate the impact of outliers. Secondly but more importantly, the VS measure-

ments make a great contribution to improving the original satellite geometry. The

ambiguity fixing rate of 3DLA GNSS-RTK reaches 5.98%, yet the potential NLOS

receptions are still not excluded. Therefore, 3DLA GNSS-RTK-NE is performed to

further demonstrate the effectiveness of the proposed NLOS exclusion method.

— 48 —



PhD Thesis
CHAPTER 3. 3D LIDAR AIDED GNSS NLOS MITIGATION FOR RELIABLE

GNSS-RTK POSITIONING IN URBAN CANYONS

Figure 3.10: 3D positioning error in Urban Canyon 1. The red, green, cyan, magenta
and blue curves denote GNSS-RTK, LIO, LC GNSS-RTK-LIO, 3DLA GNSS-RTK,
and 3DLA GNSS-RTK-NE, respectively.

3DLA GNSS-RTK-NE eventually shows the best performance with 0.36 meters

and 0.44 meters respective 2D and 3D errors, 0.15 meters and 0.87 meters respective

3D standard deviation and 3D maximum error. The ambiguity fixing rate of the

whole trajectory by 3DLA GNSS-RTK-NE reaches 11.24%. These two observations

demonstrate that the NLOS exclusion and the geometry improvement through the

VS can make significant contributions to the final positioning result.

In conclusion, the proposed 3D LiDAR-aided GNSS-RTK/IMU integrated po-

sitioning method firstly filters out unhealthy GNSS measurements from potential

NLOS receptions based on precisely modeled PCM, and secondly improves the satel-

lite geometry by VS from LiDAR measurements, which leads to better positioning

accuracy, higher ambiguity fixing rate, and improved robustness. One should note

that the maximum remaining error still reaches 0.87 meters, which can be inferred

as caused by multipath receptions, which cannot be detected directly through the

PCM. How to infer the uncertainty of the multipath effects from the 3D PCM is also

an interesting topic to be investigated which is one of our future directions.
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Table 3.2: Positioning performance in Urban Canyon 1. MEAN represents horizontal
(2D) and overall (3D) positioning errors in meters. Max represents the maximum
positioning errors in meters. STD represents the standard deviation of positioning
errors in meters. The improvement (IMPR.) is calculated concerning the MEAN of
GNSS-RTK. “Avail.” denotes the availability.

All Data GNSS-RTK LIO LC GNSS-RTK-LIO 3DLA GNSS-RTK 3DLA GNSS-RTK-NE

2D MEAN 1.54 0.32 1.42 0.39 0.36
2D MAX 18.79 0.97 3.35 0.76 0.83
2D STD 1.37 0.23 0.63 0.16 0.16
2D IMPR. - 79.35% 8.39% 74.84% 76.77%

3D MEAN 2.96 1.30 3.00 1.53 0.44
3D MAX 21.38 2.79 6.07 5.29 0.87
3D STD 2.41 0.81 0.88 1.78 0.15
3D IMPR. - 63.28% 15.25% 56.78% 87.57%

Ambiguity Fixing Rate 1.43% - - 5.98% 11.24%
Avail. 88.35% 100% 100% 100% 100%

Evaluation of Urban Canyon 2

We further evaluate the proposed system in Urban Canyon 2 to show the effectiveness

of the proposed method applied in a more urbanized area. Table. 3.3 demonstrates

the results of the compared methods, and Fig. 3.11 and Fig. 3.12 illustrate the

3D trajectory and 3D positioning errors. Urban Canyon 2 is more challenging for

positioning compared with Urban Canyon 1 due to more buildings and trees. GNSS-

RTK achieves a 1.81 meter 2D mean error and a 3.65 meter 3D mean error. The

maximum 3D error reaches 55.59 meters with 5.27 meters as the standard deviation.

The overall ambiguity fixing rate is 2.86%. Moreover, compared with GNSS-RTK

standalone method, LIO shows a better performance with 1.76 meters of 2D error

and 1.97 meters of 3D error. The increasing trend of the LIO positioning error in Fig.

3.12 indicates the accumulated drift. Furthermore, the LC GNSS-RTK-LIO achieves

1.38 meters mean error in the 2D case and 2.77 meters in the 3D case. Although the

quality of GNSS-RTK solutions in Urban Canyon 2 is still as low for Urban Canyon

1, LC GNSS-RTK-LIO outperforms LIO because the trajectory is longer and the

drift error of LIO is larger. In conclusion, the loose integration between LIO and

GNSS-RTK helps to obtain a better positioning result, but the impact of the NLOS
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Figure 3.11: The trajectory in Urban Canyon 2. The upper panel shows the projected
trajectories on Google Earth. The lower panel shows the 3D trajectories of different
methods. The red, green, cyan, magenta and blue curves denote GNSS-RTK, LIO,
LC GNSS-RTK-LIO, 3DLA GNSS-RTK, and 3DLA GNSS-RTK-NE, respectively.
The black curve denotes the ground truth (GT) trajectory.

receptions and non-ideal geometry distribution are still not compensated.

The geometry problem can be properly tackled by the proposed tightly-coupled

VS-aided GNSS-RTK. 3DLA GNSS-RTK shows an increase of 2D mean error as 0.61

meters and an ambiguity fixing rate of 5.64% compared with GNSS-RTK and LIO.

However, the 3D mean error reaches 2.02 meters as the remaining NLOS receptions

are not excluded. Therefore, 3DLA GNSS-RTK-NE with accurate NLOS exclusion

is finally performed and achieves the best accuracy with 2D mean error and 3D

mean error decreasing to 0.49 meters and 0.79 meters respectively. Meanwhile, the

maximum error and the standard deviation in 2D and 3D cases are 1.44/0.22 meters
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Figure 3.12: 3D positioning error in Urban Canyon 2. The red, green, cyan, magenta
and blue curves denote GNSS-RTK, LIO, LC GNSS-RTK-LIO, 3DLA GNSS-RTK,
and 3DLA GNSS-RTK-NE, respectively.

Table 3.3: Positioning performance in Urban Canyon 2. MEAN represents horizontal
(2D) and overall (3D) positioning errors in meters. Max represents the maximum
positioning errors in meters. STD represents the standard deviation of positioning
errors in meters. The improvement (IMPR.) is calculated concerning the MEAN of
GNSS-RTK. “Avail.” denotes the availability.

ALL DATA GNSS-RTK LIO LC GNSS-RTK-LIO 3DLA GNSS-RTK 3DLA GNSS-RTK-NE

2D MEAN 1.81 1.76 1.38 0.61 0.49
2D MAX 47.28 3.15 6.74 1.54 1.44
2D STD 2.20 0.95 1.21 0.36 0.22
2D IMPR. - 2.76% 23.75% 68.72% 74.87%
3D MEAN 3.65 1.97 2.77 2.02 0.79
3D MAX 55.59 3.15 9.39 5.55 2.16
3D STD 5.27 0.97 1.58 1.70 0.42
3D IMPR. - 46.02% 24.11% 44.65% 78.36%
Ambiguity Fixing Rate 2.86% - - 5.64% 7.43%
Avail. 94.7% 100% 100% 100% 100%

and 2.16/0.42 meters. The ambiguity fixing rate of the 3DLA-NE reaches the highest

level of all five methods at 7.43%. The evaluation of Urban Canyon 2 further proves

the effectiveness of the proposed method of two key contributions as LiDAR-aided

NLOS exclusion and geometry improvement.
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Figure 3.13: The trajectory in Urban Canyon 3. The upper panel shows the projected
trajectories on Google Earth. The lower panel shows the 3D trajectories of different
methods. The red, green, cyan, magenta and blue curves denote GNSS-RTK, LIO,
LC GNSS-RTK-LIO, 3DLA GNSS-RTK, and 3DLA GNSS-RTK-NE, respectively.
The black curve denotes the ground truth (GT) trajectory.

Evaluation of Urban Canyon 3

We conducted a further evaluation of the proposed system in Urban Canyon 3,

representing a highly urbanized area. Table. 3.4 presents the results of the compared

methods, while Fig. 3.13 and Fig. 3.14illustrate the 3D trajectory and 3D positioning

error. The GNSS-RTK method achieves a 2D mean error of 5.11 meters and a 3D

mean error of 9.90 meters. The maximum 3D error reaches nearly 100 meters, with

a standard deviation of 15.67 meters. The overall ambiguity fixing rate is 1.22%.
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Figure 3.14: 3D positioning error in Urban Canyon 3. The red, green, cyan, magenta
and blue curves denote GNSS-RTK, LIO, LC GNSS-RTK-LIO, 3DLA GNSS-RTK,
and 3DLA GNSS-RTK-NE, respectively.

Table 3.4: Positioning performance in Urban Canyon 3. MEAN represents horizontal
(2D) and overall (3D) positioning errors in meters. Max represents the maximum
positioning errors in meters. STD represents the standard deviation of positioning
errors in meters. The improvement (IMPR.) is calculated concerning the MEAN of
GNSS-RTK. “Avail.” denotes the availability.

ALL DATA GNSS-RTK LIO LC GNSS-RTK-LIO 3DLA GNSS-RTK 3DLA GNSS-RTK-NE

2D MEAN 5.11 12.63 2.67 2.08 1.02
2D MAX 45.38 45.51 7.89 6.70 2.57
2D STD 7.75 12.56 1.80 1.54 0.52
2D IMPR. - - 47.75% 59.29% 80.04%
3D MEAN 9.90 28.37 4.41 4.54 2.13
3D MAX 98.85 69.07 16.68 17.77 6.27
3D STD 15.67 16.94 3.34 4.09 1.50
3D IMPR. - - 55.44% 54.14% 78.48%
Ambiguity Fixing Rate 1.22% - - 1.26% 8.72%
Avail. 60.11% 100% 100% 100% 100%

The LIO method shows a 2D error of 12.63 meters and a 3D error of 28.37

meters due to significant trajectory drift. The LC GNSS-RTK-LIO method achieves

a mean error of 2.67 meters in the 2D case and 4.41 meters in the 3D case, and the

maximum 3D positioning error reaches 16.68 meters, which is better than the GNSS-

RTK or LIO methods, however, the margin of the error is still relatively large. When

tightly-coupled integration is adopted, only limited improvement in 2D positioning

accuracy is obtained. The improvement in the ambiguity fixing rate is also minimal

reaching 1.26%. A large 3D positioning error is observed around 570s and 890s
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in Fig. 3.14, where the presence of double-decker buses and dense buildings in the

surrounding area results in a significant amount of reflected signal receptions. Finally,

the 3DLA GNSS-RTK-NE method is performed with NLOS exclusion, achieving the

best accuracy with a 2D mean error of 1.02 meters and a 3D mean error of 2.13

meters. The maximum error and standard deviation in the 2D and 3D cases are

2.57/0.52 meters and 6.27/1.50 meters, respectively. The ambiguity fixing rate of

the 3DLA-NE method reaches the highest level at 8.72%. The evaluation of Urban

Canyon 3 highlights the significance of accurate and reliable NLOS mitigation for

long-term system stability, particularly in densely populated urban areas. LiDAR

observations often face degradation when encountering a large number of dynamic

objects or traversing featureless regions (such as the 250s and 900s intervals). If both

the geometry distribution of LiDAR observations and GNSS observations are poor,

the estimation accuracy of the system will inevitably degrade.

3.3.5 Running efficiency of the proposed method

Computational efficiency is crucial for real-time positioning systems. The time per-

formance of the proposed system is now analyzed. The testing device is equipped

with an i9-12900K CPU and 32GB of memory, and the proposed system is oper-

ated based on a single-core, single-thread execution. It is worth mentioning that

we also provide the runtime of the system based on different numbers of LiDAR

observations. Fig. 3.15 illustrates the computational consumption, where we divide

the total runtime into three parts: preprocessing, optimization, and AR. The pre-

processing stage includes sensor data processing, NLOS detection, and constructing

the factor graph. For different numbers of LiDAR observations, this step takes a

relatively similar amount of time. It can be further observed that the optimization

process consistently consumes the most time, followed by AR. Additionally, as the

number of LiDAR observations increases, the time required for optimization rapidly
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extends. This is because multi-sensor tightly-coupled optimization is a non-convex

optimization problem, and the solving efficiency is influenced by the consistency of

sensor observations and the system complexity. Increasing the number of observa-

tions raises the system complexity, thereby reducing the efficiency of solving this

optimization problem. The time usage of AR demonstrates a slower upward trend

with more LiDAR observations, where the most time-consuming part is the estima-

tion of the variance-covariance matrix. Different from optimization, the estimation

efficiency of the variance-covariance matrix is primarily related to the state size, as

the proposed system calculates it by taking the inverse of the Hessian matrix approx-

imated by the Jacobian matrix. Computing the inverse of larger matrices requires

more time. In our implementation, the sliding-window size is consistently set to

5 to ensure the efficiency of AR. Overall, using 1200 or more observations would

result in a runtime exceeding 500ms, which is not applicable for real-time position-

ing. However, with an average runtime of around 70ms using 200 observations, it

meets real-time requirements and is conducive to practical applications that require

integration with other systems.

Figure 3.15: Illustration of time consumption of the proposed system with different
numbers of LiDAR observations. The total runtime is divided into three parts,
namely preprocessing, optimization, and ambiguity resolution.
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3.4 Conclusion

GNSS-RTK can provide reliable accurate positioning results in the opening areas, yet

will suffer from NLOS receptions and poor satellite distribution in urban canyons.

This chapter presents 3D LiDAR-aided GNSS-RTK positioning that: (1) performs

NLOS detection and exclusion based on the drift-free 3D PCM to eliminate the

impact of unhealthy GNSS measurements, and (2) improves the satellite geometry

distribution with great efficiency through selected low-lying VS provided by LiDAR

landmarks. We evaluate the proposed system in three challenging sequences in Hong

Kong. The result shows that the proposed system can achieve real-time positioning

capability with higher accuracy and robustness in a highly urbanized area using

commercial-level GNSS receivers and LiDAR/IMU sensor kit.
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Chapter 4

Tightly-Coupled

GNSS/LiDAR/IMU Integration

with Global Optimization

Consistency

4.1 Introduction

As we discussed in Chapter 2, optimization-based tightly coupled integration of

GNSS, LiDAR, and IMU offers a powerful framework for fusing raw measurements

while accounting for their temporal and spatial correlations, thereby enabling high-

precision and robust state estimation in challenging urban environments. However,

existing solutions have yet to fully realize this potential. In particular, current

state-of-the-art methods rarely incorporate both pseudorange and Doppler GNSS

measurements into a joint FGO framework alongside LIO. Moreover, many existing

GNSS/LiDAR/IMU fusion systems rely on scan-to-map registration schemes for Li-

DAR constraints [26; 31; 91], which act as absolute pose priors. Such methods are

inherently susceptible to drift: when accumulated LiDAR drift is present, the LiDAR

constraints themselves become inconsistent, and this inconsistency propagates to the

fused solution, degrading global accuracy. Consequently, the fusion often fails to

produce globally consistent and drift-free state estimates across sensors. These limi-
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tations point to a critical need for a tightly-coupled GNSS/LiDAR/IMU framework

that not only leverages raw multi-sensor data, but also maintains internal consistency

through globally optimized estimation. To relax the listed two limitations above, this

chapter introduces GLIO—a globally consistent, tightly-coupled GNSS/LiDAR/imu

integration framework designed to provide continuous and drift-free state estimation

for intelligent vehicles operating in urban areas. Specifically, the contributions are

listed as:

(1) Raw measurements level GNSS/LiDAR/IMU tightly-coupled integration with

FGO: A tightly-coupled integration scheme fusing GNSS pseudorange, Doppler

measurements, LiDAR measurements, and IMU measurements through factor

graph optimization.

(2) Robust and globally consistent state estimation: A two-stage optimization-

based estimator is proposed to improve robustness to unhealthy GNSS mea-

surements and maintain the global consistency of the estimation.

(3) Open-sourced code and extensive experimentation in challenging scenarios:

The proposed method has been demonstrated through experimentation in var-

ious challenging urban scenarios in Hong Kong. To contribute to the com-

munity, the implementation of the proposed method is also open-sourced by

https://github.com/XikunLiu-huskit/GLIO.

To the best of our knowledge, this is the first attempt to integrate GNSS, LiDAR,

and IMU all at raw measurement levels based on factor graph optimization together

with open-sourced implementation.

4.2 Methodology
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Figure 4.1: The overview of the system pipeline.

4.2.1 System Overview

The workflow of the proposed system is illustrated in Fig. 4.1, It comprises four main

steps, which are the data preprocessing, the factor formulation, the sliding-window-

based first stage optimization, and the batch-optimization-based second stage fusion.

The system’s inputs consist of GNSS measurements (including raw pseudorange and

Doppler measurements), LiDAR measurements, and IMU measurements. To manage

computational load, the proposed system utilizes a keyframe mode for processing

measurements. The pre-integration method [96] is implemented to convert raw IMU

measurements into relative constraints and propagate the initial pose of keyframes.

Subsequently, a first stage sliding-window-based factor graph is formulated, which

includes a double-differenced (DD) pseudorange factor, Doppler factor, scan-to-map

LiDAR factor, and IMU pre-integration factor. Once the preprocessing is completed,

the states are optimized using factor graph optimization (FGO) in a joint manner.

Moreover, the second stage batch optimization is performed at a certain time interval.
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For batch fusion, a large factor graph is maintained with similar GNSS and IMU

constraints. Notably, the LiDAR factor is formulated as a scan-to-multi-scan scheme

to avoid local minimum and maintain global consistency.

The states are maintained as IMU-centric body frame in the ENU coordinate.

The following are the states in detail:

(a) The kth keyframe’s pose states, including the position pENb,k and orientation

qENb,k .

(b) The kth keyframe’s velocity vENb,k . Additionally, ba denotes the bias of the

accelerometer and bw represents the bias of the gyroscope.

(c) The receiver clock drift δrr,t.

The states can be further expressed as:

X “
“

x0, ¨ ¨ ¨ ,xk, δ
r
t0
, ¨ ¨ ¨ , δrtn´1

‰

(4.1)

xk “
“

pENb,k ,q
EN
b,k ,v

EN
b,k ,ba,bw

‰

where t P rt0, ¨ ¨ ¨ , tn´1s denotes the GNSS epoch, while n denotes the received GNSS

total epochs within the sliding window.

The optimal state estimation is determined by maximizing the posterior proba-

bility of the given measurements. Assuming that the measurements are uncorrelated

and the corresponding noise follows a zero-mean Gaussian distribution, the problem

can be transferred to:

X ˚
“ argmin

X

ÿ

S,r,k,t

´

}rp ´ HpX } ` }rL,k}
2
ΣL

` }rB,k}
2
ΣB

` }rSDD,ρ,r,t}
2
σρ ` }rSd,r,t}

2
σd

¯

(4.2)
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where the marginalized term as prior constraints is denoted by trp,Hpu. The IMU

factor is represented by rB,k, with a weighting scheme according to the covariance

matrix ΣB. Similarly, the LiDAR factor is represented by rL,k and is accordingly

weighted by its relative covariance matrix ΣL. The GNSS pseudorange and Doppler

factors are denoted by rSDD,ρ,r,t and rSd,r,t, respectively. The corresponding uncertainty

of Doppler measurements is specifically set for ten times smaller than pseudorange

measurements as 10 ¨σd “ σρ, where the initial calculation of σρ is based on the SNR

and elevation angle from [99].

4.2.2 Factor Formulation

In this section, the modeling and the factor formulation of the sensors are introduced,

including DD pseudorange factor, the Doppler factor, the LiDAR factor, and the IMU

pre-integration factor.

GNSS DD Pseudorange Factor

The pseudorange observation function is given by [108]:

ρsr,t “ rsr,t ` c pδr,t ´ δs,tq ` Isr,t ` T sr,t ` εsρ,r,t (4.3)

where ρsr,t denotes the received pseudorange measurement by receiver r from satellite

s at epoch t. The real geometric range is given by rsr,t. The ionospheric delay

and the tropospheric delay are represented by Isr,t and T sr,t, respectively. The rest

errors, including the error arising from NLOS or multipath receptions, receiver, and

antenna-related noise errors are represented by εsρ,r,t.

To prevent the system from introducing gross errors caused by clock synchro-

nization problems or the atmosphere delay, we adopt the DD technique [108] by

performing single-difference twice between receivers (user receiver r and reference

station e) and between satellites (satellite s and master satellite w). The satellite

— 62 —



PhD Thesis
CHAPTER 4. TIGHTLY-COUPLED GNSS/LIDAR/IMU INTEGRATION

WITH GLOBAL OPTIMIZATION CONSISTENCY

with the highest elevation angle in the corresponding epoch is selected as the master

satellite, which is less prone to multipath and NLOS receptions. The DD pseudor-

ange measurement is given by [108]:

ρsDD,r,t “ pρsr,t ´ ρse,tq ´ pρwr,t ´ ρwe,tq (4.4)

With other error sources being eliminated, the DD pseudorange prediction model

can be further derived as:

ρsDD,r,t “ prsr,t ´ rse,tq ´ prwr,t ´ rwe,tq ` εsDD,ρ,r,t (4.5)

where εsDD,ρ,r,t represents the noise error term and the residual is given as:

rsDD,ρ,r,t “ ρsDD,r,t ´ prsr,t ´ rse,tq ´ prwr,t ´ rwe,tq (4.6)

where the range distances rsr,t, r
s
e,t, r

w
r,t and r

w
e,t are the distance from receiver r and

base station e to satellite s and w at epoch t, which are calculated based on their

ECEF positions. As the states are maintained in the ENU frame, to calculate the

residual, we convert the receiver position at epoch t in the ENU frame pENr,t to ECEF

frame pECr,t through the following equations:

pECr,t “ REC
ENp

EN
r,t ` pEC0 (4.7)

REC
EN “

»

–

´ sinλ0 ´ sinϕ0 cosλ0 cosϕ0 cosλ0
cosλ0 ´ sinϕ0 sinλ0 cosϕ0 sinλ0
0 cosϕ0 sinϕ0

fi

fl (4.8)

where the ECEF origin point is denoted as pEC0 , which can be obtained through var-

ious initialization methods, such as trajectory alignment between locally generated

trajectory (e.g., by LIO) and globally generated trajectory (e.g., by GNSS). The

geographic longitude ϕ0 and geographic latitude λ0 are directly calculated from the

ECEF origin point pEC0 .
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The lever-arm transformation from an IMU-centered position pENb,t to receiver

position pENr,t is obtained through extrinsic parameters:

pENr,t “ pENb,t ` REN
r,t p

b
r (4.9)

where pbr is lever-arm translation.

Notably, the timestamp of the LiDAR keyframe tk is different from GNSS epoch

time t. We use the interpolation method to align GNSS measurements to LiDAR

timestamps. Given the LiDAR keyframe-related states pENb,k and pENb,k`1 in the adja-

cent moment tk and tk`1 with t P rtk, tk`1s, the GNSS epoch-related state pENb,t can

be calculated as:

pENb,t “

"

t ´ tk
tk`1 ´ tk

pENb,k `
tk`1 ´ t

tk`1 ´ tk
pENb,k`1

*

(4.10)

GNSS Doppler Factor

The Doppler observation function is given by [108]:

λdsr,t “ es,LOS
r,t

`

vECs,t ´ vECr,t
˘

` c
`

δir,t ´ δis,t
˘

` ζsr,t (4.11)

where ζsr,t denotes the noisy error term, c represents the speed of light, while λ is the

carrier wavelength of the signal. The receiver velocity in the ECEF frame is obtained

from the states in the ENU frame by:

vECr,t “ REC
ENv

EN
r,t .

es,LOS
r,t is the line-of-sight unit vector, which points the satellite from the receiver. It

is calculated by:

es,LOS
r,t “

˜

pECs,t ´ pECr,t
}pECs,t ´ pECr,t }

¸J

(4.12)

Therefore, the residual of Doppler measurement is given by:

rsd,r,t “ dsr,t ´
1

λi

´

es,LOS
r,t

`

vECs,t ´ vECr,t
˘

` cpδir,t ´ δis,tq
¯

(4.13)
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Inertial Factor

The inertial sensor provides acceleration and angular velocity observations, which

are affected by bias and additive noises. In comparison to other perception and po-

sitioning sensors like LiDAR and GNSS, its higher measurement frequency leads to

the development of pre-integration method and wide utilization of the correspond-

ing method for efficient sensor fusion [96]. The method pre-integrates multiple raw

measurements to establish a relative pose constraint from keyframe k to its next

adjacent keyframe k ` 1. The implementation of IMU pre-integration follows [10],

the relevant theories are omitted here and interested readers can refer to [96; 10] for

more information in detail.

Figure 4.2: The illustration of the scan-to-map vs scan-to-multi-scan association for
LiDAR factor formulation.
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LiDAR Factor of Scan-to-map Model

In this work, LiDAR measurements are utilized in a manner similar to that of pop-

ular feature-based LiDAR SLAM methods [11]. The so-called scan-to-map scheme

data association for the LiDAR factor is depicted in Fig. 4.2. By evaluating the per-

formance using edge-feature and plane-feature for LiDAR odometry, it is observed

that the planar features provide better performance for better robustness and higher

accuracy. Therefore, planar points are utilized in the implementation and the edge

points are not involved. To select planar feature points, we extract local patches to

evaluate their local distribution, the points satisfying the planar distribution are se-

lected. Then, to identify plane correspondences, the nearest-neighbor search method

is adopted between the source point clouds and the target point cloud, which are from

keyframes and local map. Additionally, we analyze the eigenvalue of each feature

patch to verify the plane correspondences.

Finally, the point-to-plane scan-to-map residual is computed based on the feature

point pENp,k in keyframe k, and the corresponding feature points pEN,Mp,k,a , pEN,Mp,k,b , and

pEN,Mp,k,c , which represent the planar patch in the local point cloud map M [11]:

rs-mpl,s,k “

›

›

›

´

pENp,k ´ pEN,Mp,k,a

¯

¨

´´

pEN,Mp,k,a ´ pEN,Mp,k,b

¯

ˆ

´

pEN,Mp,k,a ´ pEN,Mp,k,c

¯¯›

›

›

›

›

›

´

pEN,Mp,k,a ´ pEN,Mp,k,b

¯

ˆ

´

pEN,Mp,k,a ´ pEN,Mp,k,c

¯
›

›

›

(4.14)

pENp,k “ REN
b,k

`

Rb
lp

l
p,k ` pbl

˘

` pENb,k (4.15)

where the planar point in the local sensor frame is represented by plp,k. It is trans-

formed from the LiDAR frame to the IMU frame through Tb
l “

“

Rb
l pbl

‰

. Then

the feature point is further transformed from the body frame to the ENU frame by

TEN
b,k “

“

REN
b,k ,p

EN
b,k

‰

.
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LiDAR Factor of Scan-to-multi-scan Model

As we have discussed above, since the local point cloud map is fixed, the scan-to-

map-based LiDAR constraint essentially can be regarded as an absolute constraint

without global positioning information. This approach is problematic for large-scale

integration as drift-free alignment between local coordinate and global coordinate

cannot be guaranteed. Therefore, we proposed to use scan-to-multi-scan LiDAR fac-

tor for tight integration with global constraints, which is illustrated in Fig. 4.2. For

each keyframe k, the adjacent m keyframes are associated to provide only on relative

pose but correct constraints, where the same plane residual formulation model is

adopted and the pose states of both corresponding target and source keyframes are

involved. In detail, the residual is formed as:

rs-msl,s,k “

›

›

`

pENp,k ´ pENp,k`i,a

˘

¨
“`

pENp,k`i,a ´ pENp,k`i,b

˘

ˆ
`

pENp,k`i,a ´ pENp,k`i,c

˘‰
›

›

›

›

`

pENp,k`i,a ´ pENp,k`i,b

˘

ˆ
`

pENp,k`i,a ´ pENp,k`i,c

˘
›

›

(4.16)

pENp,k “ REN
b,k

`

Rb
lp

l
p,k ` pbl

˘

` pENb,k (4.17)

pENp,k`i,abc “ REN
b,k`i

`

Rb
lp

l
p,k`i,abc ` pbl

˘

` pENb,k`i,abc (4.18)

where i P r´m,ms.

The proposed scan-to-multi-scan LiDAR factor brings two advantages. On the

one hand, it provides relative constraints only, which enables consistent integration

between global GNSS and local LiDAR. On the other hand, the scan-to-multi-scan

association between multiple keyframes enhances the relative pose information and

thus increases the weight during optimization, which contributes to a smoother local

trajectory and better robustness to outliers from other sensors.
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Marginalization Factor

To reduce computational complexity while retaining the impact of previous informa-

tion constraints, we adopt marginalization in the sliding-window-based optimization

process in the first stage fusion. This involves gradually marginalizing constraints

from previous keyframes using the Schur complement method [102]. After marginal-

izing the constraints from older keyframes, a new prior factor is added to the updated

window.

4.2.3 Factor Graph Construction on the First Stage and the
Second Stage Fusion

The factor graph of two stages optimization is shown in Fig. 4.3. We design sliding-

window-based first stage fusion and batch-optimization-based second stage fusion

separately. The main difference between the first and the second stage lies in the

formulation of the LiDAR factor. For the first stage, the factor graph is formulated

in a short sliding window to provide an efficient estimation. Within the short time

window, the GNSS measurements are limited and prone to outliers. Differently, the

LiDAR measurements can maintain high accuracy over a short period. Therefore,

the LiDAR factor is employed based on a scan-to-map scheme, where the local map is

built through previous keyframe states as high-quality prior information. In this way,

the GNSS measurements can assist LIO for reliable position and velocity estimation

in highly dynamic environments. To ensure a balanced impact of GNSS, LiDAR, and

IMU during optimization, we limit the number of LiDAR features to 100 for each

keyframe by random selection, and the LiDAR residuals are dynamically weighted

based on the number ratio between LiDAR and GNSS measurements [33].

On the other side, we follow our previous work in [33] and proposed to fuse

the GNSS factor, IMU factor, with the scan-to-multi-scan LiDAR factor for the

second stage optimization. Notably, the second stage batch optimization uses a
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Figure 4.3: The illustration of the factor graph structure of the proposed first stage
fusion and second stage optimization.

sufficient number of GNSS measurements over a long period, and together with

the strong relative pose constraints from LiDAR and IMU, the globally consistent

and locally robust optimization is achieved. Specifically, each LiDAR keyframe is

associated with 12 adjacent keyframes, for each frame pair, only 25 planar features

are randomly selected to decrease the computational load and balance the weight

between different factors. Moreover, the second stage batch optimization is iterated

3 times for residual-based outlier detection and exclusion [3]. The second stage

fusion is performed in another thread and updates the global states once finishing

the optimization.

4.3 Experimental Results

In this work, we implement the proposed system through C++ on Robot Operation

System (ROS) [103]. Ceres Solver [104] is utilized to solve the nonlinear optimiza-

tion problem. To evaluate the performance, we conduct experiments on challenging

sequences from the UrbanNav dataset [106]. The sequences can represent typical

urban canyons, which pose significant challenges to GNSS receptions due to densely

distributed tall blockages.

In the first evaluated sequence, denoted as TST, the vehicle started underneath
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an overpass and passed through a commercial area densely occupied by tall office

buildings, and the road was always accompanied by heavy traffic. The overall nar-

rowness of the roadway makes the sky visibility area limited at most times. A small

portion of the trajectory has a one-sided distribution of tall buildings, which will help

to mitigate the consistently unhealthy GNSS signal. For the second sequence, named

Whampoa, the data lasts for more than 25 min and 4.5 km. Vehicle departed from

the open sky area and passed through dense urban areas in Hong Kong, involving

dense buildings, small tunnels, and busy traffic-related environments. The tunnel en-

vironments and the narrow residential road environments make it difficult for GNSS

to provide healthy measurements. In addition, the vehicle is often surrounded by

multiple double-deckers, which severely affects both GNSS and LiDAR observations.

This poses a serious challenge to the positioning capability of the system.

4.3.1 Experiment Platform

The UrbanNav experimental platform includes multiple sensors. In this work, the

u-blox F9P as a low-cost GNSS receiver is used to collect raw single-frequency

GPS/BeiDou/Galileo/GLONASS signals at a rate of 10 Hz. Inertial measurements

are collected at 100 Hz using the Xsens Ti-10 IMU, and HDL-32E is obtained point

cloud at 10 Hz. To provide ground truth, we utilize the NovAtel SPAN-CPT,

which performs multiple frequencies and constellations GNSS Real-time kinematic

(RTK) with a tactical IMU. The trajectory is further post-processed to ensure the

centimeter-level accuracy. Besides, the extrinsic parameters are priorly calibrated

for use.

4.3.2 Evaluation Comparison

The proposed method is evaluated by conducting a qualitative and quantitative

comparison with several other representative methods based on multiple aspects. To
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evaluate the positioning accuracy of different methods, three aspects of error in terms

of mean, maximum, and standard deviation in 2D and 3D cases are compared. The

methods we evaluate are listed as:

1. RTK: RTKLIB [108] is first evaluated to demonstrate the performance of the

conventional GNSS-RTK method. All GNSS measurements are involved, in-

cluding pseudorange, carrier phase, and Doppler measurements. In detail, for-

ward and backward filtering is set with fix and hold function.

2. LIO: As one of the representative LIO systems as well as part of the basis for

the proposed system, LILI-OM [30] is evaluated for comparison. The alignment

of the local frame to the world frame is given by the ground truth.

3. LIO-GNSS: As the state-of-the-art GNSS/LiDAR/IMU fusion method, LIO-

SAM [28] is evaluated with differential GNSS (DGNSS) result from RTKLIB

[108].

4. GLIO-SS: The proposed tightly-coupled GNSS/LiDAR/IMU integrated sys-

tem with only the single stage optimization implemented. This is to show the

effectiveness of the fusion of GNSS, IMU, and scan-to-map LiDAR factors.

5. GLIO-DS: The proposed tightly-coupled GNSS/LiDAR/IMU integrated sys-

tem with both first and second stages optimization. This is to show the ef-

fectiveness of the integration of GNSS, IMU, and scan-to-multi-scan LiDAR

factors and the final performance of the proposed method.
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Figure 4.4: 3D trajectory in TST. The black, red, blue, cyan, magenta, and green
curves denote the trajectory of ground truth, RTKLIB, LIO, LIO-GNSS, GLIO-SS,
and GLIO-DS, respectively.

Figure 4.5: Positioning error in TST. The red, blue, cyan, magenta, and green curves
denote the error of RTKLIB, LIO, LIO-GNSS, GLIO-SS, and GLIO-DS, respectively.
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Evaluation of Data TST

The first experiment is conducted in the medium urban environment of Hong Kong.

Table. 4.1 shows the evaluation results of each method, where MEAN denotes the

positioning error in meters, MAX denotes the maximum error in the trajectory, and

STD denotes the standard deviation. FIX represents the fix rate of GNSS-RTK

provided by RTKLIB. Fig. 4.4 and Fig. 4.5 depict the trajectory and the posi-

tioning errors. Notably, the initial state is provided by ground truth for LIO and

GNSS-SS method for coordinate alignment. There are tens of meters of jumps in

the error of the RTKLIB throughout the traveling interval. They are due to unin-

terrupted tall buildings, frequent overpasses, and billboards, as well as interference

from surrounding dynamic objects. It is observed that the RTKLIB only achieves

a 7.1% fix rate, which indicates the degree of deterioration of the quality of GNSS

signal in urban areas. The RTKLIB only resulted in a 2D mean error of 7.53 meters

with a maximum error of 46.27 meters, and a 3D mean error of 18.02 meters with a

maximum error of 93.69 meters. The LIO method achieved a 2D mean error of 2.21

meters. Due to the short length of the trajectory, the overall 2D accuracy of LIO is

less affected by drift. However, the tendency of the trajectory to drift is still clearly

evident.

The LIO-GNSS achieves a 2D mean error of 3.24 meters and a 3D mean error

of 5.28 meters. Compared with LIO, the LIO-GNSS significantly reduced the 3D

mean error through loosely-coupled pose graph optimization (PGO). However, the

LIO-GNSS fails to achieve consistent result in the TST sequence. The maximum

error reaches 5.26 meters in 2D and 19.01 meters in 3D. Fig. 4.5 shows that there

is a large error margin within the first 50 seconds. The reasons are for two aspects:

(1) The TST sequence starts from a highly urbanized area, where the filter-based

DGNSS by RTKLIB fails to obtain reliable accuracy and covariance of the estimated
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Table 4.1: The evaluated positioning error of the four methods in TST. MEAN
represents the mean positioning errors in meters. Max represents the maximum
positioning errors in meters. STD represents the standard deviation of positioning
errors in meters. FIX denotes the GNSS-RTK fix rate.

ALL DATA RTKLIB LIO LIO-GNSS GLIO-SS GLIO-DS

2D MEAN 7.53 2.21 3.24 1.53 1.21
2D MAX 46.27 4.47 5.26 4.00 2.57
2D STD 7.76 1.19 0.61 1.11 0.39

3D MEAN 18.02 10.33 5.28 9.64 2.07
3D MAX 93.69 30.15 19.01 28.38 4.69
3D STD 14.70 9.35 3.01 9.10 0.88

FIX 7.1% – – – –

position, which introduces large bias to the pose graph. (2) Severe satellite occlusion

over long periods prevents the correction of the current epoch by neighboring epochs.

This illustrates that, for loosely-coupled systems, a long period of continuous harsh

environment can seriously deteriorate the final performance.

On the other side, The GLIO-SS method, which tightly fuses the raw GNSS

measurements with scan-to-map LiDAR and IMU measurements, demonstrates sub-

stantial improvement over RTKLIB and standalone LIO methods. Specifically, it

reduces the 2D error to 1.53 meters, while the standard deviation and maximum

error are 1.11 and 4.00 meters. As mentioned above, the LIO can maintain accu-

racy at a pretty high level in such a short trajectory. Therefore, when the LiDAR

is assigned with higher weight, the adopted scan-to-map LiDAR factor is effective

in mitigating the impact of unhealthy GNSS observations for integrated system and

helping to achieve better results. However, GNSS-SS fails to mitigate the vertical

drift from LIO.

It can be concluded that there are two drawbacks to GLIO-SS. Firstly, the weight-

ing of the residuals from different sensors is not well balanced. During the epochs

with few satellite observations, reducing the weight of the GNSS residuals prevents
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Figure 4.6: 2D positioning error through RTKLIB and GLIO-DS with different multi-
scan pairs. The red, blue, and green curves denote the error of RTKLIB, GLIO-DS
with 2 adjacent frame pairs as well as with 12 adjacent frame pairs, respectively.
Notably, the error from lever arm is compensated by subtracting 1meter and then
taking the absolute value.

the system from using the GNSS information effectively, and enlarging the GNSS

residuals makes the system less robust to outliers. Secondly, the lack of consistency

in the construction of the optimization problem makes the system always biased when

estimating the state. These two drawbacks limit the performance of a tightly-coupled

integration system.

Eventually, GLIO-DS is performed to further demonstrate the effectiveness of

the proposed two stages of optimization. GLIO-DS demonstrates superior perfor-

mance with 2D errors of 1.21 meters, with standard deviation and maximum error

of 0.39 meters and 2.57 meters, respectively. More importantly, the vertical drift

is corrected substantially. It should be noted that there is no prior information

for GNSS-DS, therefore, it proved that the second stage optimization effectively

mitigates the impact of unhealthy GNSS observations through the construction of

consistent optimization problems and batched utilization of long periods of data to

achieve the ideal performance.
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To further demonstrate the effectiveness of the scan-to-multi-scan LiDAR factor

in the integration optimization problem, we further compared the GLIO-DS with

different associated frame numbers, namely with 2 adjacent frames and 12 adjacent

frames. The latter frame number is selected considering both accuracy and com-

putational efficiency. As shown in Fig. 4.6, GLIO-DS with more associated frames

achieves significant local smoothness and global accuracy. GLIO-DS with only 2

associated frames suffered from geometrical and quantitative limitations on relative

pose information. The comparison results proved that the scan-to-multi-scan LiDAR

factor can provide high-quality relative constraint information, which is highly com-

plementary to other absolute positioning information, enabling lossless and consistent

global estimation.

Figure 4.7: 3D trajectory in Whampoa. The black, red, blue, cyan, magenta,
and green curves denote the trajectory of ground truth, RTKLIB, LIO, LIO-GNSS,
GLIO-SS, and GLIO-DS, respectively.
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Figure 4.8: Positioning error in Whampoa. The red, blue, cyan, magenta, and
green curves denote the error of RTKLIB, LIO, LIO-GNSS, GLIO-SS, and GLIO-
DS, respectively.

Evaluation of Data Whampoa

The second experiment is conducted in the complex urban environment of Hong

Kong, including a large number of high-rising buildings and dynamic objects, which

are challenging for both GNSS and LiDAR measurements. The evaluated positioning

error of the four methods in Whampoa is shown in Table. 4.2. MEAN denotes the

positioning error in meters. MAX denotes the maximum error in the trajectory.

STD denotes the standard deviation. FIX represents the fix rate of GNSS-RTK

provided by RTKLIB. First, the LIO method shows significant drift with increasing

driving distance, resulting in a maximum 2D error of 45.51 meters at the end of the
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trajectory. Second, the quality of GNSS measurements is also clearly shown by the

low fix rate in Table. 4.2. The vehicle starts the trajectory at open sky areas, where

the positioning result of RTKLIB is maintained within two meters. However, based

on Fig. 4.7 and Fi. 4.8, in the intervals from 300s to 350s, from 400s to 600s, and

around 1000s, when the vehicle travels through sparse high-rise buildings, dense and

narrow residential paths, and medium-height building environments, respectively,

the GNSS positioning accuracy is severely affected by up to several tens of meters.

As a result, the RTKLIB method resulted in a 2D mean error of 7.74 meters with a

maximum error of 49.37 meters and a 3D mean error of 9.90 meters with a maximum

error of 98.85 meters.

With huge biases in both GNSS and LiDAR measurements, the first stage fusion

only accomplishes a fixed weighted estimation based on each sensor’s measurements

separately and is unable to find the global optimal by exploiting the consistency

of the correlation between the sensors. Table. 4.2 shows the evaluation results of

the GLIO-SS method by suppressing the system errors to some extent but failing

to maintain local smoothness and therefore resulting in relatively high positioning

error. Specifically, it achieves a 2D error of 4.40 meters, while the standard deviation

and maximum error are 3.80 and 15.27 meters. LIO-GNSS achieves reliable accuracy

and robustness with a 2D mean error of 2.68 meters and a 3D mean error of 7.44

meters. However, the loosely-coupled method strongly relies on the quality of the

position estimation for accuracy and uncertainty. As a result, the accuracy of LIO-

GNSS fluctuates considerably in several challenging areas, especially for the vertical

axis. Ultimately, GLIO-DS achieves the best performance among all the compared

methods with 2D errors of 1.68 meters and standard deviation and maximum error

of 0.96 meters and 4.17 meters, respectively. Specifically, the GLIO-DS also achieves

much better performance on vertical accuracy and obtains a 3D mean error of 3.34

with 9.15 meters as a maximum, despite the challenging environments.
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Table 4.2: Evaluated positioning error of the four methods in Whampoa. MEAN
represents the mean positioning errors in meters. Max represents the maximum
positioning errors in meters. STD represents the standard deviation of positioning
errors in meters. FIX denotes the GNSS-RTK fix rate.

ALL DATA RTKLIB LIO LIO-GNSS GLIO-SS GLIO-DS

2D MEAN 7.74 12.63 2.68 4.40 1.68
2D MAX 49.37 45.51 5.73 15.27 4.17
2D STD 10.11 12.55 1.44 3.80 0.96

3D MEAN 9.90 28.36 7.44 14.72 3.34
3D MAX 98.85 69.06 23.91 30.09 9.15
3D STD 15.67 16.94 5.84 7.76 2.21

FIX 17.3% – – – –

In conclusion, the proposed tightly-coupled GNSS/LiDAR/IMU integrated posi-

tioning method firstly tightly fused the GNSS pseudorange measurements, Doppler

measurements, LiDAR measurements, and IMU measurements through a common

factor graph optimization. Secondly, it effectively mitigates the effects of GNSS out-

liers through globally consistent large-scale FGO at the second stage fusion, which

effectively improves positioning accuracy and robustness.

Analysis of Computational Efficiency

Regarding computational efficiency, data preprocessing, the first stage fusion and

the second stage optimization are the main parts for time-consuming. We adopt

the open-sourced LILI-OM as the LIO basis for the proposed system, therefore, the

data preprocessing and frontend optimization share a similar cost of time. The

preprocessing of GNSS, IMU measurements, and scan-to-map LiDAR features for

the first stage and the scan-to-multi-scan LiDAR features for the second stage fusion

together cost less than 40ms per frame. The first stage fusion takes around 30ms,

which is less than baseline backend fusion as fewer LiDAR constraints are selected

for the optimization problem. Moreover, we set the maximum iteration number as

50 and the maximum optimization time as 3s for the second stage optimization on a
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separate thread. The local pose re-initialization takes less than 10ms. Therefore, the

total time consumption for the system is less than 100ms per frame, which enables

real-time operation on 10Hz LiDAR sensors.

4.4 Conclusion

Modern intelligent vehicles demand higher continuous positioning accuracy due to

their diverse outdoor application scenarios. This chapter presents GNSS/LiDAR/IMU

tightly-coupled odometry that: (1) tightly fuses the GNSS, LiDAR, and IMU all

at raw measurement level through FGO, and (2) employs two stages optimization

including sliding-window based frontend and batched backend fusion to achieve ef-

ficient, consistent and robust positioning solutions. Within the proposed two stages

of optimization, different LiDAR factors such as the scan-to-map scheme in the fron-

tend and the scan-to-multi-scan scheme in the backend are employed. Experimental

results on several challenging sequences collected in Hong Kong have demonstrated

the effectiveness of the proposed method. The system has exhibited reliable accu-

racy and robustness in challenging urban environments by utilizing commercial-level

GNSS receivers and a LiDAR/IMU sensor kit.
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Chapter 5

3DLA GNSS NLOS Correction by

DOA Estimation Using Doppler

Measurements in Urban Canyons

5.1 Introduction

While existing 3D LiDAR-aided GNSS NLOS correction methods have significantly

improved urban positioning performance, they still largely rely on the shortest-path

assumption to identify the most likely reflection route among multiple candidates.

This assumption, however, neglects the underlying physical propagation characteris-

tics, especially in complex urban environments where longer paths may yield stronger

reflections due to surface materials such as glass. To move beyond this limitation, re-

cent research has highlighted the potential of Doppler measurements—traditionally

used for velocity estimation—as an alternative information source. In particular,

Doppler shifts under NLOS conditions implicitly encode the Direction-of-Arrival

(DOA) of the reflected signal, offering a new perspective for path discrimination.

However, practical DOA estimation from Doppler remains underexplored, especially

in systems with a single antenna and no access to ground-truth velocity. Existing

approaches, such as [35], have demonstrated the feasibility of DOA-based reflec-

tion path identification using Doppler observations and ray-tracing simulations, but
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their reliance on exhaustive search and ground-truth motion limits their real-world

applicability. To address these challenges, the following chapter introduces a 3D

LiDAR-aided GNSS NLOS correction framework that leverages Doppler-based DOA

estimation, supported by LiDAR-derived velocity information. This method enables

accurate identification of the true reflection path without the shortest-path assump-

tion, the contributions of this work can be concluded as follows:

(1) We propose a 3D LiDAR-aided GNSS signal DOA estimation method using

the Doppler measurement, together with a thorough accuracy analysis of DOA

estimation based on LiDAR-derived prior velocity.

(2) We propose a 3D LiDAR-aided GNSS NLOS correction framework leveraging

signal DOA and LiDAR PCM, which includes multi-ray reflection point track-

ing and residual-based reflection point determination, addressing challenges

such as signal penetration, modeling inaccuracies, and DOA biases.

(3) Extensive experimentation in challenging scenarios: The proposed method has

been demonstrated through experimentation in various challenging urban sce-

narios in Hong Kong.

To the best of our knowledge, this work represents the first attempt to accurately

track NLOS signal paths for urban GNSS applications by integrating 3D LiDAR and

GNSS Doppler measurements.

5.2 Methods

5.2.1 System Overview

The proposed method is illustrated in Fig. 5.1 and comprises three main stages.

First, the system initializes using GNSS/LiDAR/IMU integrated odometry to deter-
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mine the initial position, velocity, and PCM. For this stage, we adopt an open-sourced

tightly-coupled GNSS/LiDAR/IMU integrated odometry (GLIO) [1]. In the second

stage, receiver clock bias drift estimation in snapshot mode is performed alongside

GNSS signal DOA estimation. The third stage involves candidate reflection path

restoration, pseudorange correction evaluation, and positioning with final pseudor-

ange correction. For simplicity, all the states and the positions are transformed in

an earth-centered, earth-fixed (ECEF) frame in this chapter.

Figure 5.1: The overview of the system pipeline.
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5.2.2 3D LiDAR aided GNSS Signal Direction-of-Arrival Es-
timation using Doppler Measurement

This section introduces the 3D LiDAR-aided DOA estimation method based on

Doppler observations, encompassing the first two stages outlined in the system

overview. The following discussion will cover the Doppler observation model for

NLOS signals, system initialization, and optimization-based Doppler DOA estima-

tion. The first part establishes the theoretical foundation, while the latter two demon-

strate the implementation of the proposed method.

Doppler Observation Modeling for NLOS Signal

We first analyze the effect of signal reflection on Doppler observations based on the

Doppler observation function. The Doppler observation function is described as [109]:

λdsr,t “ es,SatLOS
r,t vs,t ´ es,SourceLOS

r,t vr,t ` c
´

9δir,t ´ 9δs,t

¯

` ζsr,t (5.1)

where λ represents the signal wavelength of the individual satellite, dsr,t is the Doppler

measurement from the receiver. The satellite velocity and the receiver velocity

are given by vs,t and vr,t, respectively. ζ
s
r,t denotes the Doppler observation noise.

c
´

9δir,t ´ 9δs,t

¯

represents the observation bias by the clock drift with c as the speed

of light, while the satellite clock bias drift 9δs,t can be priorly calibrated, the receiver

clock drift 9δir,t is an unknown and needs to be estimated. es,SatLOSr,t represents the

direction between the receiver and the satellite while es,SourceLOSr,t represents the LOS

vector from the receiver to the signal source, which can be regarded as signal DOA.

Generally, es,SourceLOSr,t is the same as es,SatLOSr,t when the signal is directly received

from the satellite. However, for NLOS receptions, as depicted in Fig. 5.2, the receiver

can only receive the reflected signal, where es,SourceLOSr,t represents the LOS vector

between the receiver and the reflection point rather than the satellite. With the
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Figure 5.2: Demonstration of directional vector for NLOS reception. The blue boxes
are buildings, the blue line and dash line represent the LOS transmission direction,
the red line represents the NLOS reflection transmission direction, θ represents the
elevation angle.

receiver velocity and receiver clock drift, the Doppler observation provides the angle

between the receiver velocity and es,SourceLOSr,t according to (1). This relationship

serves as a constraint for estimating the DOA. Furthermore, assuming that most

reflecting planes are perpendicular to the ground, the elevation angle θ of the reflected

signal’s DOA is equivalent to that of the LOS signal, offering an additional constraint

for DOA estimation. These constraints collectively establish the theoretical basis for

estimating the signal DOA (es,SourceLOSr,t ).

System Initialization and Receiver Clock Bias Drift Estimation

Based on the Doppler observation function, the initialization of receiver velocity, and

the clock bias drift is required for DOA estimation. We adopt GLIO [1] as a tightly

coupled integration system for velocity initialization, which fuses Differential GNSS

(DGNSS) [16] (raw pseudorange measurements and Doppler measurements), LiDAR,

and IMU measurements. The factor graph design in GLIO ensures global consistency

between GNSS and LiDAR measurements, enabling reliable velocity estimation even

in highly urbanized areas.

After velocity initialization, we perform snapshot clock bias drift estimation using

Doppler observations from all satellites in an epoch. Assuming no NLOS reception,

the receiver clock bias drift can be calculated using a single Doppler observation with
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the equation:

9δr,t “

´

λdsr,t ´ es,SatLOSr,t vs,t ` es,SatLOSr,t vr,t ` 9δs,t

¯

{c (5.2)

By averaging Doppler observations across all visible satellites, random measure-

ment noise is reduced, allowing for a reliable estimation of the receiver clock bias

drift [35].

Optimization-based DOA Estimation

Essentially, estimating the signal DOA involves determining a two-degree-of-freedom

(DoF) rotation, namely the elevation angle and the azimuth angle. The elevation

angle can be determined by following the elevation angle assumption, which assumes

the elevation angle of the reflected signal is equivalent to the LOS signal. Therefore,

the DOA estimation is simplified to a one DoF estimation, which estimates the az-

imuth angle with a given elevation. We translate the above problem into estimating a

rotation angle α of the LOS vector about a vertical axis perpendicular to the ground.

This rotation inherently incorporates the elevation angle constraint. The observation

equation for this rotation angle can be derived from the Doppler observation equa-

tion. Specifically, we take the ground normal vector p̂r,t as the vertical axis, which is

calculated from the unitization of the receiver ECEF coordinate pr,t. Then the DOA

vector es,SourceLOSr,t can be represented as a rotated LOS vector es,SatLOSr,t around the

ground normal vector p̂r,t by the rotation angle α. Mathematically, es,SourceLOSr,t can

be expressed by:

es,SourceLOSr,t “ cosα es,SatLOSr,t `p1´cosαqpp̂r,t ¨e
s,SatLOS
r,t qp̂r,t`sinα

´

p̂r,t ˆ es,SatLOSr,t

¯

(5.3)

With the initial velocity and the estimated receiver clock bias drift, a Doppler

observation function in terms of α by combining (5.1) and (5.3) can be constructed.
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Therefore, the constraint from Doppler measurements for α estimation is carried out

with the residual formulated as:

ress,DoppDOAr,t “ λdsr,t ´ λds,predictr,t (5.4)

where ds,predictr,t is the predicted Doppler measurement with a certain α. In conclusion,

the optimization problem for DOA estimation for satellites in a single epoch t can

be formulated as:

χ˚
“ argmin

χ

ÿ

S

›

›

›
ress,DoppDOAr,t

›

›

›

2

(5.5)

with states being expressed as:

χ “ ra0r, ¨ ¨ ¨ , asrs

For each satellite s, we optimize α to reduce the Doppler residual ress,DoppDOAr,t

towards zero and obtain the estimated DOA with (5.3). To be noted, solving such

a problem involves solving a cosine function, which yields two results. The selec-

tion and validation of the final DOA of the signal are performed together with the

following NLOS correction process.

5.2.3 DOA-based NLOS Correction with 3D PCM

In this section, we introduce the signal reflection path restoration using signal DOA

and NLOS correction. This work adopts the single reflection assumption. The NLOS

detection is performed based on a combination of our previous 3DLA NLOS detection

method [22] and residual check using the initialized receiver positions. Considering

that the reflected signals experience a longer transmission path, the satellites with

PCM occlusion and double-difference (DD) pseudorange residual larger than a certain

threshold will be classified as NLOS receptions. In our implementation, the threshold

is experimentally determined as 5 meters. Notably, this approach can still involve

part of multipath receptions as NLOS receptions.
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Intersection point searching for Reflection Point Determination

The determination of the reflection point involves identifying the intersection point

between the ray emitted from the receiver along the signal’s DOA and the 3D PCM.

The search strategy is first developed in our previous 3DLA NLOS detection and

correction methods [22]. It uses a nearest-point search within a moving spherical

region, as depicted in Fig. 5.3. The search begins with the receiver’s position as the

initial center and progressively shifts the search center along the specified direction in

increments of step size d. Centered at each search point, the nearest neighbor search

with a radius r is performed within the 3D PCM. At the beginning, the search

space does not overlap with the reflection region and therefore does not return the

nearest point. When the radius search successfully returns the nearest point, it is

identified as a potential reflection point, and the searching process is terminated.

The maximum searching range is 100 meters. The selection of step size d and radius

r depends on the resolution of 3D PCM. In this work, d is set to 0.5 meters and the

r is 0.8 meters.

Figure 5.3: Demonstration of intersection point searching.
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Figure 5.4: Demonstration of multi-ray tracking with given receiver position and
signal DOA.

Multi-Ray Tracking

The estimation of NLOS DOA may be influenced by initial velocity error, Doppler

observation noise, or the inaccurate receiver clock bias drift, all of which can affect

the determination of the reflection point. More importantly, factors such as veg-

etation, dynamic object artifacts, and smooth surfaces like glass curtain walls can

significantly affect the reliability of reflection point determination. Reflection point

identification relies on occlusion detection, and sparse vegetation presents challenges

in handling signal penetration. Meanwhile, point cloud reconstruction with dynamic

objects and smooth surfaces cannot accurately represent the true reflective envi-

ronment. To address these challenges, we leverage the similarity of environmental

structures within a small region and propose to adopt the multi-ray searching strat-

egy, which is inspired by conventional 3DMA GNSS position candidate sampling, as

illustrated in Fig. 5.4. Given the antenna position and the signal DOA, we sample

multiple antenna position candidates and perform intersection point searching for

all candidates, generating a set of reflection points and corresponding signal path

candidates. Antenna position sampling is conducted in two directions: the first is
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along the vehicle’s driving direction, and the second is vertically upward. This choice

ensures that changing the antenna position does not alter its relative distance to the

buildings. Since the street direction is not explicitly estimated, the vehicle’s driving

direction is used as an approximation. To balance computational efficiency and the

accuracy gains from a larger sampling range, the sampling range in the driving di-

rection is set to ±7 meters, while the vertical sampling range is set to 0 to 3 meters.

Additionally, the sampling resolution is set to 1 meter. By doing so, the searching

range of the reflection point can be effectively expanded by leveraging environmental

similarity within a small spatial area without significantly modifying the DOA of

the signal. For each NLOS reception, the search of reflection point candidates is

performed twice due to two DOA solutions.

NLOS Correction Formulation and Validation

For each NLOS reception, two sets of reflection point candidates are identified due

to two DOA solutions. The reflection path for each candidate is reconstructed by

sequentially connecting the receiver position, the reflection point, and the satellite.

NLOS correction is then performed by calculating the additional travel distance of the

reflected signal, determined by subtracting the direct LOS path from the reflection

path. There are two models for correction calculation categorized by different angle

β between the reflected signal and the LOS signal, which is shown in Fig. 5.5. For

reflected signals with β larger than 90 degrees, the correction of the pseudorange

observation can be calculated by:

∇ρ “
›

›LRefl
›

› `
›

›LProj
›

› (5.6)

›

›LProj
›

› “
›

›LRefl ˚ eSatLOS
›

› “ ´
›

›LRefl
›

› cos β (5.7)

where LRefl represents the vector from the receiver position to the reflection point.
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Figure 5.5: Two cases of NLOS correction.

LProj denotes the projected vector of LRefl on the LOS vector eSatLOS. }¨} represents

vector modulus.

For reflected signals with β smaller than 90 degrees, the correction can be ex-

pressed by:

∇ρ “
›

›LRefl
›

› ´
›

›LProj
›

› (5.8)

›

›LProj
›

› “
›

›LRefl ˚ eSatLOS
›

› “
›

›LRefl
›

› cos β (5.9)

Combining 5.6, 5.7, 5.8, 5.9, the correction formulation is summarized as:

∇ρ “
›

›LRefl
›

› ˚ p1 ´ cos βq, β P p0, πq (5.10)

To determine the final reflection point for each NLOS reception, the residual check

is applied for the selection and validation among the reflection point candidates. In

this work, we perform residual-check based on DD pseudorange residual calculated

by initial position, which is given by:

ρsDD,r,t “ pρsr,t ´ ρse,tq ´ pρwr,t ´ ρwe,tq (5.11)

rsDD,ρ,r,t “ ρsDD,r,t ´ prangsr,t ´ rangse,tq ´ prangwr,t ´ rangwe,tq (5.12)

where the range distances rangsr,t, rang
s
e,t, rang

w
r,t and rangwe,t are calculated based

on the initial position of the receiver pr,t:
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rangsr,t “ }pr,t ´ ps,t}, rangse,t “ }pe ´ ps,t} (5.13)

rangwr,t “ }pr,t ´ pw,t}, rangwe,t “ }pe ´ pw,t} (5.14)

where ps,t and pw,t are satellite positions, pe is the position of the reference station.

The final correction candidate is selected with minimum difference between rsDD,ρ,r,t

and ∇ρ.

5.3 Experimental Evaluation

The proposed method is evaluated on two challenging sequences collected in Hong

Kong from an open-source dataset, UrbanNav [106]. Fig. 5.6 shows the experimen-

tal trajectories and the environment, characterized by densely distributed buildings

and tall trees. These features result in considerable GNSS NLOS and multipath

receptions. To demonstrate the effectiveness of the proposed method, we conduct

analyses and evaluations in the following aspects, namely (1) the impact of velocity

bias on DOA estimation, (2) the accuracy of NLOS correction results, (3) positioning

performance comparison with and without the proposed NLOS correction, and (4)

the computational efficiency of the proposed method. Notably, only driving periods

are evaluated. The proposed method is implemented in a post-processing manner

using C++ and ROS [103], and the optimization is performed via Ceres Solver [104].

The data collection platform in this study is described in the UrbanNav dataset

[106]. It includes a u-blox F9P GNSS receiver for collecting raw single-frequency

GPS/BeiDou signals at 1 Hz, an Xsens Ti-10 IMU for inertial measurements at 100

Hz, and a Velodyne HDL-32E LiDAR for point cloud observations at 10 Hz. The

ground truth is provided by the NovAtel SPAN-CPT system, which integrates a high-

precision multi-frequency, multi-constellation GNSS receiver with a tactical-grade

inertial sensor to ensure absolute accuracy. All data sources are well-synchronized,
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Figure 5.6: The trajectory of the vehicle in the evaluation, together with demonstra-
tions of data collection scenes.

with time synchronization and extrinsic parameters calibration. To eliminate the

impact of the single LiDAR’s limited FOV in the evaluation, a public 3D city dataset

in Hong Kong [110] is used to enhance the actual point cloud observations. The large-

scale PCM from the dataset is segmented into local subdivisions with a specification

of 100100 meters, whose resolution is set to 1 meter. For each epoch, the related

subdivision is transformed according to the initialized position by GLIO to simulate

the actual sensor-centric 3D point cloud observation, as shown in Fig. 5.7.

Figure 5.7: The demonstration of subdivision cloud and single LiDAR frame cloud.
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Figure 5.8: The distribution and the cumulative distribution function (CDF) of the
angle bias between the estimated DOA and the satellite LOS in the open-sky area.

5.3.1 Evaluation of Velocity Bias on DOA Estimation

To demonstrate the accuracy of the proposed DOA estimation method, we provide

the DOA estimation results using the satellite observations collected in less urbanized

areas, which are believed to be healthy observations with DOA closely aligning the

LOS vectors. Using the proposed method, the DOA is estimated based on Doppler

measurements and the vehicle velocity ground truth. The estimated DOA is then

compared with the original LOS direction. Fig. 5.8 presents the distribution of the

angle between the estimated DOA and the LOS direction, referred to as the DOA

angle bias. The results indicate that the estimated DOA aligns well with the LOS

direction for the majority of satellites, accounting for observation noise. Specifically,

the Cumulative Distribution Function (CDF) of the DOA angle bias reveals that

over 80% of the cases exhibit deviations within 4 degrees. A small subset of satellites

displays larger discrepancies between the estimated DOA and the LOS direction,

likely due to environmental interference.
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Figure 5.9: The distribution of DOA estimation error (angle bias) for different ve-
locity biases.

Table 5.1: Satellite Information (PRN: Pseudorandom Noise Code, Ele.: Elevation
Angle, IA: Included Angle Between the Direction of Receiver Velocity and Satellite
LOS Vector)

PRN 17 49 50 106 116
Ele. (degree) 35 22 42 82 55
IA (degree) 130 (-50) 107 (-73) 62 96 (-84) 90
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To illustrate how velocity bias affects the proposed DOA estimation, we introduce

velocity offsets in three separate aspects to the healthy satellite observations, namely

(1) horizontal directional bias (yaw error) with a range of ±10 degrees, (2) vertical

directional bias (pitch error) with a range of ±10 degrees, and (3) magnitude bias

with a range of ±1 meters/second. Fig. 5.9 depicts how the estimated DOAs of

different satellites vary under different velocity biases, while Table. 5.1 provides

details about the selected healthy satellites involved in the evaluation. From the

figure we can observe that the DOA angle bias increases with a larger velocity bias.

With horizontal directional velocity bias, satellites with higher elevation angles are

less affected by DOA estimation. The DOA angle bias is always smaller than the

horizontal directional bias of velocity as elevation is always larger than 0 degrees.

As an example, satellite 106 has a 1.2 degrees DOA angle bias when the horizontal

directional bias of velocity is 9 degrees, while satellite 49 has an 8.2 degrees DOA

angle bias in the same case.

The DOA angle bias exhibits a similar upward trend when subjected to vertical

directional velocity bias. However, satellites with larger elevation angles experience

larger DOA angle bias. Notably, satellite 116, which has an included angle (IA) of 90

degrees between the receiver’s velocity vector and the LOS vector, demonstrates a

symmetric trend in DOA bias as the vertical velocity directional bias varies between

-9 degrees and 9 degrees, while the variation in DOA angle bias of other satellites is

asymmetric. The DOA angle bias grows faster with negative pitch error for satellites

with IA less than 90 degrees, and it is reversed for satellites with IA larger than

90 degrees. This indicates that the DOA angle bias induced by vertical directional

velocity bias is influenced by both the satellite’s elevation angle and its IA with

respect to the receiver velocity vector.

The variation in DOA angle bias due to velocity magnitude bias is exclusively

dependent on the IA between the DOA and the velocity direction. More specifically,
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it is related to the degree of collinearity between DOA and velocity direction. Satellite

17 with the smallest IA between DOA and velocity direction obtains the largest DOA

angle bias under velocity magnitude bias while satellite 116 is unaffected with 90

degrees IA between DOA and velocity direction. For all the selected satellites, the

DOA angle bias is larger when the velocity magnitude is underestimated compared

with overestimated. This observation underscores the asymmetric impact of velocity

magnitude bias on DOA estimation.

Overall, deviations in both the direction and magnitude of velocity have an impact

on the accuracy of the proposed DOA estimation, which depends on the velocity

deviation conditions, the satellite elevation, and the IA between DOA and velocity.

Consequently, the proposed DOA estimation method relies on a reliable velocity prior

to ensuring accurate performance.

Figure 5.10: The illustration of velocity initialization bias with GLIO. The upper
part shows the magnitude bias while the direction bias is depicted at the bottom.
Green boxes denote the driving period.
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Table 5.2: Velocity Estimation Results (Mag. MEAN: Mean Velocity Magnitude
Bias, Mag. MAX: Maximum of Velocity Magnitude Bias, Ang. MEAN: Mean Ve-
locity Directional Bias, Ang. MAX: Maximum of Velocity Directional Bias)

Mag. MEAN (m/s) Mag. MAX (m/s) Ang. MEAN (degree) Ang. MAX (degree)
0.10 0.31 2.45 8.82

5.3.2 NLOS Correction Evaluation in Urban Canyon 1

In this section, the NLOS correction result of the proposed method is evaluated. The

evaluation begins with an assessment of velocity initialization using GLIO. Fig. 5.10

illustrates the velocity initialization magnitude bias and direction bias, the driving

period is marked by green boxes. The results demonstrate high accuracy in velocity

estimation during the driving period. In contrast, a larger angle bias is observed

during the parking period, which is attributed to small local drift. Table. 5.2 provides

the statistical result in detail.

To evaluate the NLOS correction results, we compare the actual observation, the

conventional 3DMA GNSS NLOS correction method [111; 79], and our proposed

3DLA NLOS correction method in terms of observation error. The ground truth

position is used for calculating the actual observation error and initializing the posi-

tion for the 3DMA method. Fig. 5.11 compares the CDF of DD pseudorange error

before correction (actual observation error) and after correction using 3DMA and

the proposed 3DLA NLOS correction methods. It shows that around 20% of the ob-

servations have more than 20 meters error. Beyond the display area, the maximum

observation error can reach 100 meters, this can be caused by potential long-range

reflection NLOS receptions or multi-reflection NLOS receptions. The conventional

3DMA GNSS NLOS correction method provides limited improvement and fails to

correct the significant NLOS receptions. The proposed method shows a more ef-

fective performance for the NLOS correction. The percentage of observations with

errors exceeding 20 meters is reduced from 20.8% to 9.6%.
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Figure 5.11: The CDF of the actual observation error (double-difference pseudorange
error labeled by ground truth position) and observation error after NLOS correction,
including 3DMA-based and the proposed 3DLA-based methods. The actual obser-
vation error is depicted by dark blue, the corrected CDF of 3DMA and the proposed
3DLA method are given as red and orange curves, respectively.

Table 5.3: Overview of the NLOS Correction Result for Selected Satellites (PRN:
Pseudorandom Noise Code, Ele.: Elevation Angle of the Satellite, MCE: Mean Cor-
rection Error, STD.: Standard Deviation of MCE. Avail.: Availability of the NLOS
Correction Result. 3DLA. and 3DMA.: Correction Result by the 3DMA Method
and 3DLA Method, respectively)

PRN 6 17 19 50 111
Ele. (degree) 47 49 39 23 43

3DMA
MCE (m) 9.0 9.8 12.4 61.9 24.6
STD (m) 11.9 10.1 11.0 80.7 20.2
Avail. 32.9% 27.7% 56.0% 11.8% 20.0%

3DLA
MCE (m) 4.9 2.9 5.7 7.9 2.8
STD (m) 8.0 3.4 11.4 8.2 3.3
Avail. 88.6% 95.7% 88.0% 97.1% 93.3%

For detailed information on NLOS correction results, Fig. 5.12 compares the ac-

tual pseudorange observation error with the predicted error (correction) of the indi-

vidual NLOS reception among epochs by 3DMA and 3DLA methods. The horizontal

axis represents the epoch indices for individual satellites, the vertical axis represents

the observation error in meters. For each epoch, three bars are depicted: the ac-

tual observation error in purple, the observation error predicted by the proposed

3DLA method in red, and the observation error predicted by the 3DMA method
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in orange, respectively. A close alignment between the predicted observation error

and the actual observation error can be regarded as a successful correction. Table.

5.3 summarizes the NLOS correction results for selected satellites, where the mean

correction error is calculated by averaging the difference between the predicted ob-

servation error and the actual observation error. It is observed that the 3DMA NLOS

correction obtains lower correction availability compared with the proposed method.

This is primarily due to the limitations of 3D city models, which use planar repre-

sentations to describe environmental reflectance. The resolution and reconstruction

accuracy of these planar models are insufficient to reliably determine reflection points

on actual building facades. Regarding the available 3DMA correction results, there

exists a considerable discrepancy between the predicted observation error and the

actual observation error, indicating that the NLOS reflection paths are not restored

correctly. For example, the 3DMA predicted errors for satellite 19 are smaller than

actual errors in most epochs. This discrepancy arises not only from the limitations

of the models but also from the shortest path assumption employed by 3DMA, which

often selects shorter but incorrect reflection paths. Excitingly, the proposed 3DLA

NLOS correction method achieves a much more reliable performance. As shown in

Table. 5.3, the 3DLA method achieves high correction availability and strong consis-

tency between predicted and actual observation errors across numerous epochs. For

satellite 17, the availability of 3DMA GNSS NLOS correction stands at 27.7%, and

the mean correction error is 9.8 meters, with a standard deviation of 10.1 meters,

while the 3DLA achieves an availability of 95.7% with a mean correction error of 2.9

meters and a standard deviation of 3.4 meters.
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Figure 5.12: Individual demonstration of the observation error and correction of
selected satellites in Urban Canyon 1. The actual observation error (Actual Obs.
Error) and the predicted error for correction among epochs by 3DMA (3DMA Pred.
Error) and the proposed 3DLA (3DLA Pred. Error) methods are presented.

To better visualize and analyze the correction result for individual receptions, we

illustrate the restored signal transmission paths of selected satellites within the 3D

PCM in Fig. 5.13. For Satellite 19 at epoch 10, the reception is identified as NLOS

with an observation error of 41.6 meters and an elevation angle of 39.5 degrees, while

the proposed 3DLA method successfully corrects the error, reducing the final error

to 0.8 meters. The predicted reflection path by the 3DLA method is depicted in Fig.

5.13(a). The white line represents the blocked LOS transmission path (denoted as

the LOS signal), and the green and blue lines depict the estimated DOA directions.

Based on the DOA directions, the reflection path (denoted as the NLOS signal) and

the reflection point (red line and dot, respectively) are reconstructed. The figure
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clearly shows that the LOS transmission path is obstructed by a building. It is

noticed that both estimated DOAs form large included angles with the LOS direction.

This indicates the building facade is not parallel to the direction of receiver velocity,

which is proved by the PCM data. Fig. 5.13(b) shows another correction for satellite

6 with a 47-degree elevation angle, where the building facade is approximately parallel

to the driving direction and the LOS is collinear to one of the estimated DOAs.

In Fig. 5.12, we can also observe instances where the predicted observation

error obtained by the proposed method deviates from the actual ones. Most of

the unsuccessful correction cases are due to multipath reception. Notably, Doppler

observations are reliable only in specific multipath scenarios, such as when there

is one direct signal and one reflected signal, and the vehicle’s velocity direction

is parallel to the building facades [109]. In other cases, Doppler observations are

greatly biased and DOA estimation is no longer valid. Therefore, the proposed

method cannot accurately predict the multipath error or even the correction result

is not available. An example is shown in Fig. 5.13(c), where satellite 6 experiences

multipath reception consisting of a direct signal and a reflected signal while the

vehicle is driving along the street. Considering that the velocity of the vehicle is

parallel to the facade of the building, we can see the collineation of the red and

green lines in the figure (with the angle difference between the original LOS and the

estimated DOA being 1.2 degrees). The error prediction of the reflected signal by

the proposed method is 12.3 meters while the true observation error is 5.3 meters.

This indicates that, although we cannot accurately predict the observation error, the

signal transmission paths of a multipath reception with a direct signal and a reflected

signal can be reliably restored when the moving direction of the receiver is parallel

to the street by the proposed method.
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Figure 5.13: The demonstration of the reflection restoration by the proposed method
with the 3D PCM in Urban Canyon 1 in top view. The white line denotes the LOS
path, the green and blue lines are predicted signal DOA by the proposed method. The
red line represents the predicted signal transmission path by the proposed method.
The error compares the actual observation error with predicted error by the proposed
method.

Figure 5.14: Demonstration of the observation error and correction of satellite 111
with and without the multi-ray tracking strategy.

Evaluation for Multi-ray Searching

In this section, we provide the experimental evaluation of the multi-ray search for

reflection point determination. We take satellite 111 as an example, Fig. 15 demon-

strates the comparison of NLOS correction results using the proposed method with

multi-ray tracking (3DLA MR) and with only single-ray tracking (3DLA SR). Com-

pared with 3DLA MR, the 3DLA SR shows both lower availability and larger incon-

sistency between actual observation error and prediction. For example, in epochs
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1, 8, 20, and 21, 3DLA SR fails to provide valid correction solutions. In epochs 2,

5, 9, 11, 14, 16, 17, 22, and 24, the observation error predicted by 3DLA SR shows

larger differences compared with the actual observation error. This is due to artifacts

by dynamic objects, incorrect handling of signal penetration, inaccurate model, and

DOA estimation bias. On the one hand, searching along a single line can fail to

determine the reflection point due to artifacts and signal penetration, in turn, the

NLOS correction cannot be obtained. On the other hand, when the building facade

is irregular, a small DOA estimation bias or model reconstruction inaccuracy can

affect the determination of the reflection point, causing errors in NLOS correction.

The proposed multi-ray searching strategy leverages the environmental similarities

within a small region to generate additional reflection point candidates and employs

residual checks to select the most probable reflection point for NLOS correction. As

demonstrated in Fig. 5.14, the 3DLA MR method outperforms 3DLA SR, achieving

better availability and accuracy for NLOS correction.

Figure 5.15: The illustration of velocity initialization bias with GLIO. The upper
part shows the magnitude bias while the direction bias is depicted at the bottom.
Green boxes denote the driving period.
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5.3.3 NLOS Correction Evaluation in Urban Canyon 2

We further evaluate the NLOS correction performance of the proposed method in

Urban Canyon 2, an area characterized by narrower streets and much taller buildings,

as depicted in Fig. 5.6. Fig. 5.15 and Tab. 5.4 V provide the accuracy of velocity

initialization and how it varies during the experiment. Fig. 5.16 compares the CDF

of actual observation error and the predicted observation error using 3DMA and the

proposed 3DLA methods. The initialization of the 3DMA method is based on the

ground truth position. The results show that approximately 66% of the NLOS obser-

vations exhibit errors exceeding 20 meters. In this scenario, the conventional 3DMA

GNSS NLOS correction method produces limited NLOS correction results. In con-

trast, the proposed method provides reliable correction performance, the percentage

of observations with errors exceeding 20 meters decreasing from 66% to 30%.

Figure 5.16: The CDF of the actual observation error (double-difference pseudorange
error labeled by ground truth position) and observation error after NLOS correction,
including 3DMA-based and the proposed 3DLA-based methods. The actual obser-
vation error is depicted by dark blue, the corrected CDF of 3DMA and the proposed
3DLA method are given as red and orange curves, respectively.

Table 5.4: Velocity Estimation Results (Mag. MEAN: Mean Velocity Magnitude
Bias, Mag. MAX: Maximum of Velocity Magnitude Bias, Ang. MEAN: Mean Ve-
locity Directional Bias, Ang. MAX: Maximum of Velocity Directional Bias)

Mag. MEAN Mag. MAX Ang. MEAN Ang. MAX
(m/s) (m/s) (degree) (degree)
0.16 0.44 3.54 7.02
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Figure 5.17: Individual demonstration of the observation error and correction of
selected satellites in Urban Canyon 2. The actual observation error (Actual Obs.
Error) and the predicted error for correction among epochs by 3DMA (3DMA Pred.
Error) and the proposed 3DLA (3DLA Pred. Error) methods are presented.

Fig. 5.17 presents the predicted observation error of 3DMA and 3DLA methods

with a comparison to the actual observation error for selected satellites. A statistical

comparison is provided in Table. 5.5. The results indicate a notable decrease in cor-

rection availability for the conventional 3DMA method in Urban Canyon 2 compared

to Urban Canyon 1. Furthermore, the 3DMA method demonstrates low correction

accuracy, as evidenced by the significant deviations between its predicted error and

the actual observation error. In contrast, the proposed 3DLA NLOS correction

method achieves more reliable performance with higher availability and accuracy.

Notably, accurate corrections are observed for NLOS receptions with significant er-

rors, such as satellite 9 in epochs 2, 3, 4, 9, and 14, and satellite 116 in epochs 3 and

10. Fig. 5.18 provides a visualization of these correction results.
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Figure 5.18: The demonstration of the reflection restoration by the proposed method
with the 3D PCM in Urban Canyon 2 in top view. The white line denotes the LOS
path, the green and blue lines are predicted signal DOA by the proposed method. The
red line represents the predicted signal transmission path by the proposed method.
The error compares the actual observation error with predicted error by the proposed
method.

Many NLOS receptions with large observation errors remain uncorrected. For

instance, satellite 4 exhibits severe NLOS receptions during the experiment, with

the maximum error reaching up to 180 meters. The proposed 3DLA method fails to

identify reflection paths matching the actual observed error in most epochs. In these

cases, the identified reflection points are still occluded by the point cloud of buildings

along the signal transmission path toward the satellite, suggesting the presence of

multi-reflection. We trace the signal from the obtained reflection point with a 3D

building model using reflection law to explore the potential subsequent reflection
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Table 5.5: Overview of the NLOS Correction Result for Selected Satellites (PRN:
Pseudorandom Noise Code, Ele.: Elevation Angle of the Satellite, MCE: Mean Cor-
rection Error, STD.: Standard Deviation of MCE. Avail.: Availability of the NLOS
Correction Result. 3DLA. and 3DMA.: Correction Result by the 3DMA Method
and 3DLA Method, respectively)

PRN 1 4 9 57 95 116

Ele. (degree) 42 20 28 41 49 51

3DMA
MCE (m) 15.8 110.3 50.6 22.9 38.5 39.0
STD (m) 10.8 49.4 33.1 12.1 24.9 23.9
Avail. 50.0% 4.3% 16.6% 18.8% 38.4% 20.0%

3DLA
MCE (m) 7.4 74.5 23.8 9.2 21.5 20.5
STD (m) 6.6 52.0 26.6 6.1 19.5 20.2
Avail. 92.8% 86.9% 94.4% 100.0% 92.3% 93.3%

points for multiple reflections, as depicted in Fig. 5.18(d). The analysis reveals

a triple reflection, with a predicted observation error exceeding 160 meters, which

closely matches the actual observation error. This further validates the effectiveness

of DOA estimation in the proposed method.

5.3.4 Positioning Performance Evaluation Using the Pro-
posed 3DLA NLOS Correction

To demonstrate how the proposed method can help with positioning performance

with NLOS correction, the following methods are evaluated and compared qualita-

tively and quantitatively in multiple aspects in Urban Canyon 1 and Urban Canyon

2. The mean error, maximum error, and standard deviation in both 2D and 3D cases

are compared. The evaluated methods are listed as follows:

(a) LC-GNSS-LIO:A loosely-coupled GNSS/LIO integration system (LIO-SAM)

[28] fusing position-level GNSS solutions and LIO solutions. RTKLIB [108] is

used to obtain DGNSS solutions with filter type settings to “combined” and

RAIM FDE enabled.
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(b) GLIO: A tightly-coupled GNSS/LiDAR/INS integration system [1] using orig-

inal GNSS raw measurements.

(c) GLIO-COR:GLIO with corrected GNSS raw measurements, which can demon-

strate the effectiveness of the proposed NLOS correction method.

Table. 5.6 provides the evaluation results. The first epoch of the trajectory is

fixed for all three methods. The trajectory and positioning errors in 2D and 3D

for the evaluation in Urban Canyon 1 are given in Fig. 5.19. The 2D positioning

performance of the LC-GNSS-LIO demonstrated a mean error of 4.2 meters, with a

maximum error of 6.6 meters, and a standard deviation of 1.5 meters, while the 3D

positioning results show a mean error of 7.0 meters, a maximum error of 12.5 meters,

and a standard deviation of 3.8 meters. At the start and end points of the trajectory,

the vehicle traverses through open intersections where the GNSS observation quality

is significantly higher compared to other segments. This is reflected in the relatively

lower errors of the trajectory in these regions. In contrast, the middle portion of the

trajectory features a more complex environment, where GNSS observations become

unreliable. With the application of a filter-based GNSS positioning method [108] with

Fault Detection and Exclusion (FDE) and forward-backward filtering, the resulting

GNSS positioning solutions still exhibit substantial errors.

Table 5.6: Positioning Performance of the Evaluated Methods in Urban Canyon
1 (2D MEAN and 3D MEAN: 2D and 3D Positioning Errors in Meters. IMPR.:
Improvement Calculated based on GLIO Results. STD: Standard Deviation. MAX:
Maximum Error)

ALL DATA Urban Canyon 1 Urban Canyon 2
LC-GNSS-LIO GLIO GLIO-COR LC-GNSS-LIO GLIO GLIO-COR

2D MEAN (m) 4.2 2.8 2.6 9.0 1.5 1.6
2D MAX (m) 6.6 4.1 3.9 16.5 4.3 4.7
2D STD (m) 1.5 0.9 0.7 4.5 0.7 0.9

3D MEAN (m) 7.0 9.8 4.3 9.2 5.1 3.2
3D MAX (m) 12.5 15.9 8.0 17.0 8.2 5.8
3D STD (m) 3.8 3.9 1.6 4.7 2.1 1.3
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Figure 5.19: The comparison of the trajectory and positioning error in Urban Canyon
1.

The loosely coupled system also demonstrates relatively large errors in this seg-

ment. Using raw GNSS measurement, GLIO achieves 2.8 meters horizontal position-

ing accuracy with maximum positioning error reaching 4 meters, which is greatly

improved compared with the loosely coupled method. However, the 3D positioning

accuracy only achieves 9.8 meters with a maximum error reaching 15.9 meters. We

can observe that the GLIO trajectory shows an obvious drift at the Z axis due to

severe NLOS receptions. By utilizing the proposed 3DLA NLOS correction method

to improve the quality of the original GNSS observations, the GLIO-COR finally

improves the 2D positioning accuracy to 2.6 meters, and more importantly, the 3D
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positioning accuracy reaches 4.3 meters, with a maximum error of 8.0 meters. The

trajectory of GLIO-COR illustrates that the drift in the vertical direction is effec-

tively reduced, which means the proposed method accurately corrected a considerable

part of the polluted GNSS receptions.

Figure 5.20: The comparison of the trajectory and positioning error in Urban Canyon
2.

Fig. 5.20 shows the 3D trajectory and error curves of the three methods in

Urban Canyon 2. Due to a further reduction in the availability of healthy GNSS

observations, the standalone GNSS positioning solution shows a significant decline

in availability. Moreover, the errors associated with the available GNSS solutions

remain substantial. As a result, large trajectory errors of the loosely coupled method

can be observed. GLIO obtains a 1.5 meters 2D mean error and a 5.1 meters 3D
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mean error. It should be noted that the corner in both trajectories is due to large

observation errors during the parking period. After the NLOS correction by the

proposed method, the 3D positioning accuracy of GLIO-COR shows improvement

from 5.1 meters to 3.2 meters. However, the 2D positioning accuracy decreases and

the 2D positioning error increases from 1.5 meters to 1.6 meters. It is observed that

the GLIO-COR shows an obvious upward trend after 60 seconds, which is because

multipath and multi-reflection receptions dominate the raw measurements. They are

not effectively corrected by the proposed method.

5.3.5 Running Efficiency Analysis

In this section, we provide the processing time of the proposed method to illustrate its

computational efficiency for real-time application. The evaluation is performed on a

device with an i9-12900k CPU under single-thread operation. During the experimen-

tation, the algorithm runtime mainly consists of two aspects: DOA estimation and

NLOS correction formulation. In our evaluation, we set around 20 satellites for DOA

estimation, it takes 0.8-1.1 ms for each epoch. Such efficiency is attributed to the

proposed optimization-based estimator. The NLOS correction formulation includes

multi-ray searching and reflection point determination, where multi-ray searching

takes the most time consumption. For individual satellites where a reflection point

cannot be identified, the computational overhead for multi-ray tracking is the high-

est, as finding the reflection point allows for the early termination of the process.

Based on the experimental settings in this work, the maximum computational time

for multi-ray tracking per satellite, in the absence of a reflection point, is approxi-

mately 12 ms. For cases where a reflection point is identified, the computational time

ranges from 1 to 12 ms, with the majority being less than 5 ms. Considering that

the number of satellites for which a reflection point cannot be determined is mini-

mal, the average processing time per satellite is less than 10 ms. The improvement
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of the running efficiency can be eplored by utilizing smaller or more sparse point

cloud, which is a trade-off between the performance and the efficiency. Therefore,

the proposed method achieves real-time performance and has the potential beneficial

for real ITS applications in challenging environments.

5.4 Conclusion

GNSS positioning has long suffered from NLOS receptions in urbanized areas. The

conventional NLOS correction methods utilize a 3D model or 3D LiDAR to predict

the signal transmission. However, their reliance on the shortest path assumption

places difficulty in the accurate restoration of the true reflection, let alone precisely

correct the NLOS observation. In this chapter, a 3D LiDAR-aided GNSS NLOS

correction method is proposed, which: (1) develops a 3D LiDAR-aided GNSS DOA

estimator using Doppler measurement together with the evaluation of the impact of

velocity bias on DOA estimation, (2) proposes a NLOS correction method using the

estimated DOA and the surrounding PCM, which includes multi-ray tracking and

residual-based evaluation to effectively improve the robustness of reflection point de-

termination, and thus improve the NLOS correction performance. The experiment

evaluates the effectiveness of the proposed method in two challenging sequences

in Hong Kong, which shows a much more reliable NLOS correction performance

compared with the representative 3DMA method. Overall, more than 90% cor-

rection availability is achieved, and the observation accuracy of NLOS receptions

improves significantly as the reflection transmission path is reliably restored. With

the reception corrections by the proposed method, the 3D positioning errors of the

GNSS/LiDAR/INS integrated positioning decrease from 9.8 meters to 4.3 meters in

Urban Canyon 1, and from 5.1 meters to 3.7 meters in Urban Canyon 2.
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Conclusions and Future Work

This dissertation investigates the integration of LiDAR with GNSS to improve posi-

tioning accuracy and robustness in urban environments, where signal blockage and

multipath effects often degrade GNSS performance. Specifically, three key studies

are conducted: (1) 3D LiDAR aided NLOS detection and a computationally efficient

tightly-coupled GNSS/LiDAR integration framework; (2) a globally consistent factor

graph-based method for tightly-coupled GNSS/LiDAR/IMU fusion; and (3) a novel

approach that incorporates LiDAR-derived motion and Doppler measurements for

signal DOA-aided NLOS correction. Together, these contributions enhances the po-

sitioning performance of autonomous systems in urban areas. Moreover, extension

works and potential future research directions will be discussed afterwards.

6.1 Conclusion of this Research

In Chapter 3, we presented a LiDAR-aided GNSS positioning framework that inte-

grates NLOS exclusion and VS-aided geometry improvement within a FGO pipeline.

The system leverages local PCM to represent the environments and predict the satel-

lite visibility with intersection detection. To improve the robustness of NLOS detec-

tion, PGO is introduced to correct the historical states and local PCM is constantly

updated. Another key contribution includes using selected dlow-lying LiDAR fea-
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tures as virtual-satellites to improve the poor satellite geometry in the tightly-coupled

integration framework. The feature selection contributes the computational efficiency

of the estimator while maintain a similar positioning accuracy. This chapter demon-

strates a complete pipeline from 3D LiDAR-aided GNSS raw data preprocessing to

tightly-coupled GNSS-RTK/LiDAR integration with ambiguity resolution. Exper-

imental results on three challenging urban sequences in Hong Kong demonstrate

that the system achieves real-time performance and delivers enhanced positioning

accuracy and robustness using commercial-grade GNSS and LiDAR/IMU sensors.

In chapter 4, we addressed a key limitation in existing multi-sensor fusion meth-

ods—the lack of consistency across different sensing modalities—by proposing a

tightly-coupled GNSS/LiDAR/IMU odometry framework. The system performs

tight integration of raw GNSS, LiDAR, and IMU measurements through a two-

stage FGO architecture, comprising a sliding-window-based frontend and a batched

backend. Within this architecture, different LiDAR constraints are employed: a

scan-to-map approach in the frontend ensures local accuracy during GNSS degrada-

tion, while a scan-to-multi-scan scheme in the backend promotes global consistency

between LiDAR and GNSS constraints. The proposed method enables the system

to generate efficient, robust, and consistent state estimates across all sensor sources.

Experimental results on multiple challenging urban sequences in Hong Kong demon-

strate that the proposed method achieves high-accuracy, real-time positioning using

only commercial-grade GNSS receivers and LiDAR/IMU sensors, even under severe

urban signal degradation. Moreover, the full algorithm has been open-sourced and

released on GitHub, where it has been widely recognized and adopted by researchers

and developers in different communities.

In chapter 5, we tackled a core limitation in existing GNSS NLOS correction

methods—their reliance on the shortest-path assumption, which often leads to in-

correct identification of reflection points and inaccurate correction of NLOS obser-
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vations in urban environments. To overcome this, we proposed a 3D LiDAR-aided

GNSS NLOS correction framework that leverages Doppler-based DOA estimation.

First, we introduce a DOA estimator using Doppler measurements with LiDAR-

derived motion information, and assess the influence of velocity bias on DOA accu-

racy. Secondly, we develop a correction pipeline based on estimated DOA and the

surrounding 3D PCM, employing multi-ray tracking and residual-based validation to

robustly identify true reflection points. Evaluations on two urban canyon sequences

in Hong Kong demonstrate that the proposed approach achieves over 90% correction

availability and significantly enhances the quality of NLOS observations. With more

accurate reception corrections, the integrated GNSS/LiDAR/IMU positioning error

is reduced from 9.8m to 4.3m in Urban Canyon 1, and from 5.1m to 3.7m in Ur-

ban Canyon 2, highlighting the method’s practical effectiveness in addressing signal

degradation in dense urban areas.

6.2 Future Directions

While this dissertation presents a comprehensive framework for 3D LiDAR-aided

GNSS positioning in urban environments, several challenges remain unresolved, of-

fering promising directions for future research. These challenges span from raw data

quality and signal modeling to optimization strategies and system scalability. Specif-

ically, future work can focus on the following aspects:

1. Multipath reception detection and correction. Although the pro-

posed framework effectively detects and corrects NLOS signals, multipath recep-

tions—especially those resulting from short-delay single or multiple reflections—remain

a dominant source of residual error. Unlike NLOS signals, multipath is more subtle

and difficult to detect through LiDAR occlusion checks or signal geometry alone. A

promising approach involves leveraging optimization residuals to identify multipath-
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affected observations after NLOS signals have been processed. Developing principled

models for multipath reflections and integrating them into the factor graph could

further improve system robustness and accuracy.

2. Multi-reflection modeling using point cloud semantics The current

framework assumes at most one dominant reflection per signal path, which may not

hold in dense urban environments where multi-reflection paths (e.g., glass–concrete–glass)

are common. Future research can explore planar extraction from point cloud maps

and implement a “shoot-and-bounce” strategy to simulate signal propagation across

multiple surfaces. This would enable multi-reflection path reconstruction, improving

correction accuracy and reducing residual error in severe multipath scenarios.

3. Generalization to PPP and GNSS signal recovery. While RTK enables

high-precision positioning with relative corrections, it requires local base stations

and may not generalize to large-scale deployments. Future work can investigate

the integration of the proposed 3D LiDAR-aided signal processing techniques with

Precise Point Positioning (PPP) to enable infrastructure-independent high-accuracy

GNSS positioning. In addition, point cloud information can be leveraged not just

for pseudorange observations, but for reconstructing corrupted or ambiguous raw

GNSS carrier observations, thereby improving the quality of the input data itself.

This direction opens the possibility for GNSS signal restoration using spatial priors,

fundamentally enhancing measurement reliability in urban canyons.
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