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Abstract

In recent years, large-scale decomposition optimization algorithms have played an increas-

ingly crucial role in maritime management, particularly in addressing complex and new

challenges and enhancing the precision and effectiveness of decision-making. This the-

sis collectively demonstrates the efficacy of large-scale decomposition algorithms in the

field of shipping management by facilitating optimal operational decisions, contributing

to reduced operational costs, improved service quality, and increased competitiveness in

the fast-evolving maritime industry.

The first study addresses the drone scheduling problem in shore-to-ship delivery (DSP-

SSD) to amid growing interest in the integration of drones into maritime logistics. We

introduce a mixed-integer programming model with time discretization that incorporates

drone-related constraints, moving targets, and the need for multiple drone trips. While

commercial solvers can handle this model in small-scale scenarios, we propose a tailored

branch-and-price-and-cut (BPC) algorithm for larger and more complex cases. This algo-

rithm integrates a drone-specific backward labeling algorithm, cutting planes, and accel-

eration methods to boost its effectiveness. Experiments show that the BPC algorithm sub-

stantially outperforms the commercial solvers in terms of solution quality and computa-

tional efficiency and that the inclusion of acceleration strategies in the algorithm enhances

its performance. We also provide detailed sensitivity analyses of critical parameters of the

model, such as the time discretization parameter and the number of ships, to gain insights

into how our approach could be applied in real-world DSP-SSD operations.
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The second study focuses on cruise fleet management, which demands innovative

and effective management strategies due to its growing popularity and the diversifica-

tion of consumer travel preferences. Our approach provides a cohesive framework for

the cruise fleet deployment and itinerary schedule problem. We first propose an integer

programming model based on a space-time network that captures the movement dynam-

ics of cruises over a planning horizon. To solve this comprehensive model efficiently,

we introduce a tailored Benders decomposition approach augmented by the simultaneous

Magnanti-Wong method, where a valid and easily computed Magnanti-Wong bound is

designed. We validate our approach using extensive numerical experiments on both sim-

ulation instances and a real case study. The results demonstrate the effectiveness of our

integrated solving scheme and the practical applicability of our advanced decomposition

method, marking a significant advancement in the field of cruise fleet management.

Keywords: maritime management; shore-to-ship delivery; drone scheduling; branch-

and-price-and-cut; cruise fleet deployment and itinerary scheduling; Benders decomposi-

tion; simultaneous Magnanti-Wong method
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Chapter 1

Introduction

1.1 Background

The maritime logistics industry, traditionally the backbone of global trade, is undergoing

a significant transformation driven by the need for digitalization, sustainability, service

quality, and operational efficiency (Yan et al., 2021; Bai et al., 2021). Modern maritime

problems are increasingly characterized by their high dimensionality and the integration of

multi-level decisions. This complexity is vividly illustrated in two emerging operational

contexts addressed in this thesis:

• Shore-to-ship drone delivery: Drones have emerged as a sustainable and safer al-

ternative to conventional tender boats for shore-to-ship delivery (SSD) operations

(Charles Alcock, 2024; Kumar and Devi, 2023; Muhammad and Gregersen, 2022).

This shift is driven by the potential for a markedly smaller carbon footprint and

a significant reduction in operational expenditure compared to conventional trans-

port methods. However, unlike traditional vehicle routing, drone routing in this

context introduces a unique challenge as customers (ships) are continuously mov-

ing along designated lanes. This requires precise synchronization between the aerial

vehicle’s flight path and the vessel’s trajectory under stringent battery and payload

2



1.2. Thesis outline 3

constraints. Furthermore, due to limited fleet sizes, drones must perform multiple

trips within a planning horizon, adding another layer of combinatorial difficulty.

• Integrated cruise operations: In recent years, the cruise tourism sector has expe-

rienced a substantial surge in popularity, driven by growing consumer demand for

unique and diverse travel experiences (Forbes, 2024). A critical challenge within

this sector lies in the vertical integration of decision-making. Traditionally, tacti-

cal fleet deployment, i.e., allocating ships to specific cruise lines, and operational

itinerary scheduling, i.e., determining arrival and departure times, are treated se-

quentially. However, this separation often leads to suboptimal outcomes. Conse-

quently, an integrated approach is required to balance operational costs, such as

fuel and deployment, against passenger utility derived from sightseeing time. The

complexity of the integrated optimization model is driven by coupling medium-

term tactical deployment decisions with micro-scheduling decisions across a vast

time-expanded network.

Mathematically, these problems are typically formulated as large-scale mixed inte-

ger programming (MIP) or integer programming (IP) models. However, the complicated

transport network and complex practical constraints often lead to a combinatorial explo-

sion in the number of variables and constraints, rendering standard commercial solvers

(e.g., CPLEX, Gurobi) intractable for realistic instances. Consequently, decomposition-

based exact algorithms have become the standard for addressing these NP-hard problems.

1.2 Thesis outline

The thesis is structured as follows:

• Study 1: Drone scheduling problem in shore-to-ship delivery
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Chapter 2 addresses the drone scheduling problem in shore-to-ship delivery (DSP-

SSD), which involves unique challenges like moving targets (ships) and the neces-

sity of multiple drone trips. We develop an MIP model based on a time-expanded

network that characterizes the dynamics of moving ships. For practical, large-

scale scenarios, we propose a tailored branch-and-price-and-cut (BPC) algorithm.

This exact approach integrates a drone-specific backward labeling algorithm for

column generation (CG) and specialized cutting planes to enhance efficiency and

strengthen solution quality. Computational results confirm that the BPC algorithm

substantially outperforms commercial solvers in both efficiency and solution qual-

ity, demonstrating its suitability for complex DSP-SSD operations.

• Study 2: Integrated cruise fleet deployment and itinerary schedule problem

Chapter 3 focuses on the integrated optimization of tactical cruise fleet deployment

and operational itinerary scheduling. The problem is modeled using an IP frame-

work based on a time-expanded network. For the itinerary scheduling subproblem,

we first establish the route-based reformulation and prove that it is totally unimodu-

lar (TU), allowing integer variables to be relaxed. Then, we introduce an enhanced

Benders decomposition (BD) algorithm, incorporating the simultaneous Magnanti-

Wong method. This method utilizes a problem-specific bound to efficiently gener-

ate Pareto-optimal cuts. Extensive experiments validate the integrated model and

demonstrate that this advanced decomposition method significantly enhances com-

putational efficiency and practical applicability.

Chapter 4 concludes the thesis by summarizing the main contributions and discussing

future research directions.



Chapter 2

Study 1: Drone scheduling problem in

shore-to-ship delivery

2.1 Introduction

Shore-to-ship delivery by supply or tender boat is a common practice in maritime logistics

to transport essential items such as letters, food, and medicine to ships (Squires, 1986).

Ships may need to call at non-cargo destinations for replenishment during the voyage.

Nevertheless, due to factors such as adverse weather conditions, limited time, crowded

traffic, and the ship’s excessive size, it may be neither feasible nor economical to dock a

ship at a port (Sulligoi et al., 2015; Service, 2023). In such circumstances, tender boats

provide the essential connection between the ship and the shore. These deliveries, which

provide both logistical support and emergency aid, are crucial for facilitating continuous

operations at sea and reducing the need for ships to make port calls for resupply. However,

the tender boat is fraught with inefficiencies that raise both safety and environmental con-

cerns (Nguyen et al., 2021). In busy ports, the presence of numerous tender boats darting

back and forth can exacerbate congestion, cause operational inefficiencies, and increase

the risk of collisions or other accidents. The need to make multiple trips to deliver supplies

5
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results in high fuel consumption, which increases the environmental footprint of maritime

operations. Besides, there are mainly two modes of shore-to-ship delivery by tender boat:

receiving supplies while the ship is fully anchored or receiving supplies while moving.

However, halting a ship, anchoring or drifting, is sometimes impractical, especially in

busy coastal areas. Anchoring incurs time and economic costs and is subject to many

governmental restrictions (Davis et al., 2016). Drifting, on the other hand, is only feasi-

ble in very open waters as it increases the risk of collision (Fowler and Sørgård, 2000).

Additionally, restarting and accelerating a ship consumes more energy, reduces stabil-

ity, and complicates management for the crew compared to when the vessel is moving.

Thus, maintaining a steady speed is generally more economical and practical for vessels

when drones are conducting deliveries. These issues indicate the need for more safe and

sustainable solutions for shore-to-ship delivery.

Recently, unmanned aerial vehicle (UAV) technology, or drones, has become a can-

didate solution to the longstanding logistical conundrum of shore-to-ship supply transfer

(Charles Alcock, 2024; Kumar and Devi, 2023; Muhammad and Gregersen, 2022). The

integration of drone technology into shore-to-ship operations promises a significant reduc-

tion in operational expenditure due to the lower battery consumption of drones compared

with tender boats, and their lower labor costs due to automation. Drones can also travel on

direct aerial routes, thus avoiding congested port traffic and complex docking procedures

and their associated costs. From an environmental perspective, the deployment of drones

for shore-to-ship delivery results in a markedly smaller carbon footprint than conventional

modes of transport that are heavily reliant on fossil fuels. There has been some applica-

tions of drone-assisted shore-to-ship delivery in Singapore, where there are limited drone

resources but many vessels requiring supplies (Airbus Helicopters, 2019).

Shore-to-ship delivery by drones offers great economic and environmental benefits.

However, although much attention has been devoted to navigation rule design in this con-

text (Asiimwe and Anvar, 2012; Thompson and Davies, 2021), the drone scheduling prob-
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lem (DSP) has attracted much less consideration. We address the pivotal role of this prob-

lem in shore-to-ship delivery in ensuring delivery punctuality and reducing operational

costs. An illustrative example of the DSP-SSD is given as follows.

Example 1. Figure 2.1 shows the scenario of six ships sailing through a coastal area

in need of supplies. Two drones are scheduled for the delivery task. Drone 1 performs

two trips serving four ships, trip 1–1: {ship 1–ship 2} and trip 1–2: {ship 5–ship 6}.

Drone 2 delivers supplies to ship 3 and then ship 4 in one trip. The drones depart from a

drone station, deliver supplies in sequence, and then return to the drone station for battery

replacement, all while the ships are moving along their designated courses. The deliveries

are completed within the drone flight boundary, as constrained by the drones’ carrying

capacity and battery life.

Figure 2.1: Drone scheduling in shore-to-ship delivery

Unlike the typical DSP, which is akin to the conventional vehicle routing problem

(VRP), the DSP-SSD involves unique challenges. The complexity arises from two as-

pects. Firstly, customers in the DSP-SSD, i.e., the vessels being supplied, are not station-

ary but moving. Therefore, it requires novel modeling and solving schemes that can adapt
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to moving targets. Furthermore, the limited number of drones available necessitates the

efficient planning of multiple round trips to ensure that drone resources are used optimally

to meet demand.

In response to these challenges, the goal of this paper is to provide a comprehensive

solution to the DSP-SSD that is practical for real-world applications. Our work makes

four main contributions:

• From a modeling perspective, we formulate a MIP model of the DSP-SSD that con-

siders moving targets and multiple trips (Section 2.3). We tackle the challenge of

moving targets by constructing a time-expanded network using time discretization.

We then use this network to develop the MIP model, which enables drones to per-

form delivery tasks sequentially using multiple trips. This model can be directly fed

into an off-the-shelf solver to provide an optimal solution for drone scheduling in

small-scale scenarios.

• From an algorithmic perspective, we develop a BPC algorithm for the DSP-SSD

for use at more practical scales than the basic MIP model (Section 2.4). In the

BPC algorithm, the original model is reformulated into a route-based model and

then solved by a branch-and-bound (B&B) tree in which each node represents a

subproblem, and CG is used to add enhanced pricing and cutting plane constraints to

tighten the linear relaxation. We propose several specialized acceleration strategies

to the BPC algorithm based on the time-expanded network, including three types of

tailored cutting planes, an efficient labeling algorithm, and an effective dominance

rule, which is specialized under the time-expanded network.

• From a computational perspective, we demonstrate the ability of our MIP model

and the BPC algorithm to generate high-quality solutions (Section 2.5.2). Various

experiments reveal the superiority of our tailored BPC algorithm compared with an
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off-the-shelf solver in handling a complex version of the DSP-SSD. The same com-

parative experiments also reveal the benefits of our node selection rule, branching

strategy, and acceleration strategies.

• From a practical perspective, we offer decision-makers insightful guidance on how

to navigate the critical considerations of shore-to-ship delivery scheduling (Sec-

tion 2.5.3). Sensitivity analysis of the discretization parameter reveals that adjusting

the time granularity enables a customizable compromise between solution speed and

decision quality. Moreover, our analysis of the relationship between drone fleet size

and various operational metrics—such as delivery time, workload, and the number

of trips per drone—informs drone deployment strategies.

2.2 Literature review

The paradigm of the DSP-SSD falls within the broader category of the DSP, which bears

similarities to the VRP and has gained increasing research attention in recent years. How-

ever, the DSP-SSD diverges from the VRP in that ships, unlike traditional customers in

the VRP, are moving, a feature that is characterized by a variant known as the vehicle

routing problem with floating targets (VRPFT). Besides, since the number of drones is

limited, the drones need to take multiple trips during the planning horizon, which is re-

lated to the multi-trip vehicle routing problem (MTVRP). Our literature review therefore

mainly covers three domains: the DSP, VRPFT, and MTVRP.

2.2.1 Drone scheduling problem

TheDSP is a contemporary optimization problem that has gained considerable research at-

tention due to the increasing commercial and logistical applications of drones. Despite its

close relationship with the VRP, the complexity of the DSP is amplified by constraints that
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are unique to drones, such as limited flight durations and payload capacity, and the need

to navigate through changing airspace. A number of heuristic and exact methods have

been developed to handle the DSP in this context, such as the vehicle routing problem

with drones (VRPD), which coordinates the efforts of several trucks with a fleet of drones

(Dorling et al., 2017; Poikonen et al., 2017; Wang and Sheu, 2019); the flying sidekick

traveling salesman problem (FSTSP), in which a drone is launched, operated, and retrieved

by its associated truck (Murray and Chu, 2015; Murray and Raj, 2020); and the traveling

salesman problem with drones (TSPD), which aims to determine the most efficient path

for a drone covering a group of customers by considering the complex constraints to which

drones are subject (Ha et al., 2018; Roberti and Ruthmair, 2021). A state-of-the-art review

of these methods is provided by Macrina et al. (2020). While these variants can be ap-

plied to various operational scenarios, our DSP-SSD features the unique difficulty that the

customers are moving during delivery, which therefore requires specialized modeling and

algorithmic approaches.

In practical terms, drone scheduling has applications that span a multitude of indus-

tries and services, including the logistics sector, where drones transform traditional deliv-

ery models and enable last-mile delivery solutions that significantly reduce time and costs

(Dorling et al., 2017; Poikonen et al., 2017; Garg et al., 2023); the field of agriculture,

where drones perform regular surveillance to improve yields and resource management

(Puri et al., 2017; Rejeb et al., 2022); and disaster operations, where drones are used for

search and rescue support (Pereira, 2021; Betti Sorbelli et al., 2022). A few studies have

explored the DSP in the maritime field for scheduling drones to monitor pollution emis-

sions in emission control areas (Xia et al., 2019; Shen et al., 2020; Liu et al., 2023). Specif-

ically, Xia et al. (2019) apply the DSP in inspecting ship emissions, and use a Lagrangian

relaxation-based method to provide a near-optimal solution. Based on their work, Liu

et al. (2023) further develop an exact approach for vessel emission monitoring with a het-

erogeneous fleet of drones. However, there is a notable scarcity of research addressing
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the DSP in the shore-to-ship context.

2.2.2 Vehicle routing problem with floating targets

The VRPFT is tailored to address scenarios in which targets or destinations are not fixed

but can change location dynamically, and is an advanced variation of the classic VRP.

Solving the VRPFT requires sophisticated algorithms that can adapt routes to the real-time

location of customers while ensuring the optimal deployment of resources and accommo-

dating the movement of the delivery target. Some studies focus on a simpler version of this

problem where the targets’ locations are restricted to a set of discrete points, for example

Zhen et al. (2023); Ozbaygin et al. (2017). When the targets are constantly moving, the

solving complexity of the problem increases dramatically. There are two main types of

model construction for the VRPFT: the coordination-based model, where time and loca-

tion are continuous, and the arc flow model, which relies on time discretization. Studies

applying the coordination-based model include Gambella et al. (2018), who propose a

mixed-integer second-order cone optimization that can be solved by a branch-and-price

(BP) algorithm, and Zhang et al. (2023), who design a new decomposition algorithm that

solves the continuous model as a one-stop subproblem. However, these continuous mod-

els are unable to handle more complex multi-trip scenarios, and also rest on the stringent

assumption that drones can cooperate with their customers’ vehicles. This assumption is

impractical in the DSP-SSD scenario, as ships lack the freedom to maneuver, particularly

in coastal areas. The other type of model, the arc flow model based on time discretization,

is also an effective approach to solving the VRPFT. For example, Stieber et al. (2015)

study the multiple traveling salesmen problem with moving targets, in which the move-

ment direction and speed are fixed. Xia et al. (2019) and Liu et al. (2023) focus on the

multi-trip drone scheduling problem in vessel monitoring scenarios. These discrete mod-

els have greater flexibility when dealing with multi-trip scenarios.
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2.2.3 Multi-trip vehicle routing problem

The MTVRP has gained increasing popularity in recent years. Azi et al. (2007) first

present a two-phase exact algorithm addressing a problem where a single vehicle com-

pletes multiple routes to serve a set of customers with specific time windows. Azi et al.

(2010) extend their previous work by considering the problem with multiple vehicles and

propose a BP approach to tackle it. Macedo et al. (2011) then propose a new exact al-

gorithm based on a pseudo-polynomial network flow model for this problem, which can

solve more instances to optimality compared to that proposed by Azi et al. (2010). Min-

gozzi et al. (2013) formally propose the MTVRP and present an exact method to solve the

MTVRP based on two set-partitioning-like formulations of the problem. Hernandez et al.

(2016) also consider the MTVRP with time windows, where there are no restrictions on

the duration but all customers should be visited. They develop a BP algorithm with tai-

lored route-generating approaches. Paradiso et al. (2020) summarize prior studies on the

MTVRP and identify four distinct variants. They develop an exact solution framework that

incorporates column generation, route enumeration, and cutting plane, capable of solving

all four MTVRP variants and surpassing previous state-of-the-art methods. Yang (2023)

follow the novel superstructure-based formulation proposed by Paradiso et al. (2020) and

develop an exact price-cut-and-enumerate method. Yang (2025) further put forward a

variable fixing strategy that largely improves the efficiency of the CG and can be used in

the MTVRP, capacitated vehicle routing problem (CVRP), and vehicle routing problem

with time windows.

Some studies consider the practical applications ofMTVRP, includingmulti-tripmulti-

repairman problem (Liu et al., 2018), drone delivery (Cheng et al., 2020), urban waste col-

lection (Huang et al., 2021, 2024b), worker teams routing for airport ground (Dall’Olio

and Kolisch, 2023), non-emergency patient transportation services (Huang et al., 2024a).

Our DSP-SSD presents a novel variant of the MTVRP with time windows, incorpo-
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rating the unique challenge of floating customers, which adds the solving difficulty to

the problem. Consequently, the existing state-of-the-art methods from previous studies

cannot be directly applied to our problem.

2.2.4 Summary

This paper fills the research gap by exploring a novel DSP for shore-to-ship delivery to

moving ships and providing a comprehensive solving scheme based on multiple drone

trips. An arc-flow model is constructed inspired by the time discretization strategy in

previous DSP in the maritime sector (Xia et al., 2019; Liu et al., 2023). However, our

approach differs from their work in three main aspects. Firstly, the shore-to-ship delivery

problem differs from the emissions inspection problem because it features payload ca-

pacity and nonlinear battery consumption constraints, adding new resources to the route

generation process. Secondly, the time discretization granularity is modeled as a param-

eter to create the versatility needed to optimize solving efficiency and solution quality.

Last but not least, Xia et al. (2019) propose a Lagrangian relaxation-based method that

gives a feasible approximation to the optimal solution, and Liu et al. (2023) propose a

structure enumeration-based exact approach whose bottleneck is reflected in a particular

gap between upper and lower bounds. By contrast, we propose a tailored BPC algorithm

that provides optimal solutions to large-scale instances with considerably higher quality

in a short computation time.

2.3 Time discretization and model construction

This section begins with a clear definition of the DSP-SSD. A time-expanded network is

then established based on time discretization as the foundation of the basic MIP model for

the DSP-SSD.
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2.3.1 Problem description

Within a planning period T , a set of ships (denoted by V) requiring supplies are to be

served by a set of identical drones (denoted by D). The drones have a constant travel

speed SD, deadweight WD, load capacity CD, and battery capacity QD that restrict the

range that they can fly when carrying a specified payload. The drones are located in the

same station with coordinates (0, 0) and take off with supplies for multiple ships and return

to the drone station after finishing their scheduled deliveries. When they return to the base

station, their batteries are replaced, which takes τ0 minutes. According to Dorling et al.

(2017), the battery consumption Q̄ of a drone during a certain period can be presented

linearly to its flying time T̄ and total weight W̄ , i.e., the sum of the drone’s deadweight

and the weight of its payload. Therefore, by introducing the parameter θ representing

the battery consumption per weight over one unit of time, we can define the relationship

by Q̄ = θW̄ T̄ (Meng et al., 2023; Jeong et al., 2019; Cheng et al., 2020). The delivery

must be finished in a coastal area within the drone flight boundary, which is defined by

the maximum flying distance of a drone without payload, i.e., in a circle centered on the

drone base station of radius R determined by R = QDSD/(2θWD).

Each ship v ∈ V requiring supplies weighing a total ofwv ≤ CD enters the drone flight

boundary and sails along its route at a constant speed of SV , where SV < SD. Each ship

needs to be served exactly once. We define Tv = [tve, tvl] as the time interval during which

ship v is sailing within the drone flight boundary, where the subscripts e and l represent

the earliest and latest time, respectively. This time interval can be regarded as the time

window for serving ship v. We assume that the navigational routes of the ships around the

coastal area are relatively fixed due to the need to adhere to established shipping lanes,

which are designed to ensure safe passage through potentially congested and hazardous

waters. Therefore, the location coordinates of each ship v ∈ V at any time t ∈ [tve, tvl],

denoted by (αv(t), βv(t)), are known a priori. Based on the coordinates of each ship and
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Euclidean distance, the flying time of each drone from ship v at time t to another ship v′,

denoted by τv,v′(t), can be calculated by (A.1) in A. Similarly, the expression of traveling

time between the drone station and ships is also provided in A. For calculation purposes,

we assume that the location of ship v at time t ≤ tve is (αv(tve), βv(tve)) and that at time

t ≥ tvl is (αv(tvl), βv(tvl)). Based on this assumption, we always have a nonnegative

delivery time for a drone to reach a ship as presented and proved in B.

In our shore-to-ship problem, each drone takes off from the base station, sequentially

delivers supplies to the ships following a predetermined route, and returns to the base sta-

tion for battery replacement. This constitutes a single cycle, referred to as a trip. Through-

out the planning period, a drone’s itinerary may encompass several such trips. The aim

is to finish all of the delivery tasks within the designated planning period and optimize

the scheduling of the limited drone resources at the base station by minimizing the total

activity time (battery replacement time included) of the drones.

2.3.2 Time-expanded network

Given the coordinates of each ship at different time points, it is appropriate to design a

time-expanded network such that each node represents a ship or drone station at a cer-

tain time point. The time can be discretized into K + 1 points with intervals of ∆ min-

utes, where the positive discretization parameter ∆ ∈ N>0 and K = ⌈T/∆⌉. Then,

the set of time points is denoted by T = {0,∆, 2∆, · · · , K∆}. The node set N of this

time-expanded network includes station-time nodes N 0 = {(0, t)|t ∈ T } and ship-time

nodes N V = {(v, t)|v ∈ V , t ∈ Tv}, where Tv is the set of time points obtained by

discretizing Tv into ⌊tvl/∆⌋ − ⌈tve/∆⌉ + 1 elements with intervals of ∆ minutes, i.e.,

Tv = {⌈tve/∆⌉∆, · · · , ⌊tvl/∆⌋∆}. We denote ui and ti as the corresponding ship (or

station) and time of node i (i ∈ N ), respectively. The weight of supplies required by node

i is wui
. As the weight of the required supplies of the station-time nodes is 0, we have
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wui
= 0 if i ∈ N 0.

Using these nodes, the ship-ship arcs, denoted by the set AV , are constructed by con-

necting ship node (v, t) and ship node (v′, t′) if τv,v′(t) lies in (t′− t−∆, t′− t]. Similarly,

the ship-station arcs, denoted by the set A0, are constructed by connecting station node

(0, t) and ship node (v, t′) if τ0,v(t) lies in (t′ − t − ∆, t′ − t], and by connecting ship

node (v, t) and station node (0, t′) if τv,0(t) + τ0 lies in (t′ − t − ∆, t′ − t]. The battery

replacement time τ0 is included in the ship-station arc to reduce the total number of arcs

in the network, which implies that there is no station-station arc. We denote each arc ai,j

in A = A0 ∪ AV as the arc from node i to node j.

The complete time-expanded graph can be presented as G∆ = (N ,A), where the

parameter ∆ determines the degree of segmentation of the network. We denote zt as the

number of available drones in the station at time t ∈ T (if there are drones landing or taking

off at time t, zt reflects the number of drones available immediately after this time point).

All of the drones located in the station have a full battery prior to flight, and the battery is

replaced with a full battery on returning to the station at the end of the planning horizon.

Therefore, we have z−∆ = |D| and zK∆ = |D|, where z−∆ is a constant that represents

the initial number of available drones in the station at virtual time point−∆. The original

problem can thus be conceptualized as selecting the appropriate arcs to finish all of the

delivery tasks while meeting the payload capacity and battery consumption constraints of

the drones.

2.3.3 Original model

The important notation for model construction can be summarized as follows.

• Ship-related parameters:

V: the set of ships, indexed by v.

SV : the sailing speed of the ships.
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Tv: the set of discretized time points within the time window for serving ship v.

wv: the weight of supplies required by ship v.

• Drone-related parameters:

D: the set of drones, indexed by d.

SD: the traveling speed of the drones.

WD: the deadweight of the drones.

CD: the load capacity of the drones.

QD: the battery capacity of the drones.

• Network-related parameters:

T : the set of discretized time points during the time planning period T .

∆: the discretization parameter.

N : the set of nodes in the time-expanded network, which includes the station-time

node set N 0 and the ship-time node set N V .

ui: the ship (or station) of node i ∈ N .

ti: the time of node i ∈ N .

A: the set of arcs in the time-expanded network, which includes the ship-ship arc set

AV and the ship-station arc set A0.

ai,j: the arc from node i ∈ N to node j ∈ N .

• Decision variables:

xi,j: a binary variable. xi,j = 1 if arc ai,j is included in the drones’ itineraries; and

xi,j = 0 otherwise.

yi: a continuous variable that indicates the loaded weight of the drone when arriving

at node i ∈ N V .

qi: a continuous variable that indicates the remaining battery level of the drone when

arriving at node i ∈ N V .

zt: an integer variable that captures the number of available drones with a full battery

in the station at time t ∈ T .
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Based on the discretized time-expanded network, we can formulate the following MIP

model:

[Original model]

min
x,y,q,z

∑
ai,j∈A

(tj − ti)xi,j (2.1a)

s.t.
∑
j∈NV

xi,j −
∑
j∈NV

xj,i = zti−∆ − zti ∀i ∈ N 0, (2.1b)

∑
i∈N

xi,j −
∑
i∈N

xj,i = 0 ∀j ∈ N V , (2.1c)

∑
i∈N

∑
j∈NV :uj=v

xi,j = 1 ∀v ∈ V , (2.1d)

yi − wui
xi,j + CD (1− xi,j) ≥ yj ∀i ∈ N V , ∀j ∈ N V , (2.1e)

yi − wui
xi,j ≥ 0 ∀i ∈ N V , ∀j ∈ N 0, (2.1f)

QD − θ(tj − ti)(yj +WD)xi,j ≥ qj ∀i ∈ N 0, ∀j ∈ N V , (2.1g)

qi − θ(tj − ti)(yj +WD)xi,j +QD (1− xi,j) ≥ qj ∀i ∈ N V , ∀j ∈ N V , (2.1h)

qi − θ(tj − ti − τ0)W
Dxi,j +QD (1− xi,j) ≥ 0 ∀i ∈ N V , ∀j ∈ N 0, (2.1i)

xi,j ∈ {0, 1} ∀ai,j ∈ A, (2.1j)

0 ≤ yi ≤ CD ∀i ∈ N V , (2.1k)

0 ≤ qi ≤ QD ∀i ∈ N V , (2.1l)

z−∆, zK∆ = |D|, (2.1m)

zt ∈ {0, 1, . . . , |D|} ∀t ∈ T . (2.1n)

The objective of the model is to minimize the total time taken to deliver the supplies

over the planning horizon. The battery replacement time is included in this horizon. Con-

straints (2.1b) are the flow balance restriction of the station-time nodes, which determine

the number of available drones at each station-time node by relating the decision variable
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xi,j to zt. Constraints (2.1c) are the flow balance restriction on each ship-time node. Con-

straints (2.1d) mandate that each ship must be served. Constraints (2.1e)–(2.1f) enforce

the load capacity of the drones when arriving at each node. Constraints (2.1g)–(2.1i) spec-

ify the battery depletion during drone service and the remaining battery level of the drone

when arriving at each node. Constraints (2.1j)–(2.1n) define the domains of the variables.

As the battery consumption constraints (2.1g) and (2.1h) are nonlinear due to the term

yjxi,j , we introduce the new continuous variables γi,j = yjxi,j (i ∈ N , j ∈ N V) to

linearize it. Specifically, constraints (2.1g) and (2.1h) are transformed as follows:

QD − θ (tj − ti) (γi,j +WDxi,j) ≥ qj ∀i ∈ N 0, ∀j ∈ N V , (2.2a)

qi − θ (tj − ti) (γi,j +WDxi,j) +QD (1− xi,j) ≥ qj ∀i ∈ N V , ∀j ∈ N V , (2.2b)

γi,j ≥ yj − CD(1− xi,j) ∀i ∈ N , j ∈ N V , (2.2c)

γi,j ≥ 0 ∀i ∈ N , ∀j ∈ N V . (2.2d)

This model is a variant of the CVRP, which is a classic NP-hard problem. There are no

known algorithms that can solve all instances of the problem in polynomial time, which

reflects the computational difficulty of the problem.

2.4 Branch-and-price-and-cut algorithm

In this section, a BPC algorithm is presented to solve the DSP-SSD problem. We first

reformulate the original model into a set covering-like model by Dantzig-Wolfe decom-

position. Then, we demonstrate the specific procedures of the CG and B&B schemes,

where a set of cuts are proposed to enhance the solving efficiency. Finally, the overall

framework of the BPC algorithm is given.
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2.4.1 Dantzig-Wolfe decomposition

The original model (2.1) resembles the classic CVRP and can be formulated as a set

covering-like model by Dantzig-Wolfe decomposition. The following notation is defined:

• Parameters:

P: the set of feasible trips for the drones, indexed by p. Trip p is defined as a single cy-

cle (i0, i1, · · · , in) in which the drone takes off from the station-time node i0, sequentially

delivers supplies to ship-time nodes i1, · · · , in−1, and returns to the station-time node in

for battery replacement.

Ap: the set of arcs contained in trip p.

Vp: the set of vessels visited in trip p.

Tp: the set of time points contained in trip p. For the trip p = (i0, i1, · · · , in), we

assume that Tp = {t | t = k∆, ti0 ≤ t < tin , k ∈ N0}.

ci,j: the time cost of arc ai,j , i.e., tj − ti.

cp: the total time cost of trip p, i.e., tin − ti0 , which includes the total flying time and

the time required to replace the battery once.

1X(x): an indicator function that takes the value of 1 if x ∈ X , and 0 otherwise.

• Decision variable:

χp: a binary variable. χp = 1 if the trip is included in the drones’ itineraries; and

χp = 0 otherwise.

The original model can be reformulated to select the appropriate trips to serve all ships

with a minimized total drone activity time, written as follows:

[Set covering-like model]

min
χ

∑
p∈P

cpχp (2.3a)

s.t.
∑
p∈P

1Vp(v)χp ≥ 1 ∀v ∈ V , (2.3b)
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∑
p∈P

1Tp(t)χp ≤ |D| ∀t ∈ T , (2.3c)

χp ∈ N0 ∀p ∈ P . (2.3d)

The objective function (2.3a) attempts to minimize the total activity time of the drones

including battery replacement. Constraints (2.3b) ensure that every vessel is served. We

note that the constraints are relaxed to greater than or equal to 1, whereas under the optimal

solution, the left-hand side will naturally be 1. Constraints (2.3c) restrict the available

number of drones. Constraints (2.3d) regulate the variables are nonnegative integers.

Proposition 1. Constraints (2.3c) are equivalent to constraints (2.1b) and (2.1n).

The proof of Proposition 1 is given in C.

In the model, each column, corresponding to the variable χp, represents a feasible

trip that a drone can undertake. The number of columns increases dramatically as the

problem size grows. In this case, CG is crucial, as it introduces only the most promising

columns iteratively. This technique significantly reduces the computational burden, al-

lowing the practical solution of large-scale problems that would otherwise be intractable

(Desrochers et al., 1992). The linear relaxation of the master model is presented in Sec-

tion 2.4.2, where the candidate columns are generated by resolving a subproblem through

dynamic programming. Typically, the resulting solution offers superior relaxation, which

is then integrated into the B&B framework introduced in Section 2.4.3 to produce integer

solutions.

2.4.2 Column generation

In this section, the two-phase CG scheme is introduced. In the first phase, the optimal

solution of the linear master model is obtained, and in the second phase promising columns

with negative reduced costs are generated.
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2.4.2.1 Restricted master problem

The CG starts with a restricted master problem (RMP), which relaxes model (2.3) by

linearizing the binary variables and only introducing a subset of all possible columns. The

RMP can be written as follows:

[Restricted master problem]

min
χ

∑
p∈P ′

cpχp (2.4a)

s.t.
∑
p∈P ′

1Vp(v)χp ≥ 1 ∀v ∈ V , (2.4b)

∑
p∈P ′

1Tp(t)χp ≤ |D| ∀t ∈ T , (2.4c)

χp ≥ 0 ∀p ∈ P ′, (2.4d)

where P ′ ⊆ P and constraints (2.4d) are obtained by relaxing variable constraints (2.3d)

into nonnegative continuous variables.

As an initial step, a dummy column corresponding to χ0 is added into the RMP, where

1V0(v) for each ship v is set to 1, the occupied number of drones for each time point t is set

to |D|, and c0, which represents a huge cost in this column (also known as big-M ), is set to

an empirical value of 104 · |V| · 2R/SD. Theoretically, we will have χ0 = 0 after a certain

number of iterations by adding more promising columns with smaller costs; otherwise,

the model is infeasible.

2.4.2.2 Cutting planes

To accelerate the convergence, we augment model (2.4) by incorporating the rounded ca-

pacity inequalities (RCIs), 2-path inequalities (TPIs), and subset-row inequalities (SRIs).

The first two inequalities are robust cuts that do not change the structure of the pricing

problem, while SRIs belong to nonrobust cuts which are based on a subset of the con-
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straints in the RMP (Costa et al., 2019). We generate these inequalities at the early stage

of the BPC algorithm, for example, only the root node of the B&B tree.

Rounded capacity inequalities. We employ the RCIs first proposed by Augerat

(1995) to strengthen the RMP, which is to enforce drone capacity constraints more ef-

fectively by considering the total demand of a subset of vessels and ensuring that it cannot

be served by a given number of drones unless their combined capacity is sufficient. For

notation convenience, we denote RC, indexed by rc, as the set of RCIs. Specifically, for

a subset of vessels Vrc, an RCI states that the total number of drones required to serve Vrc

must be at least ⌈
∑

v∈Vrc wv/C
D⌉.

In this paper, we implement an exact separation procedure initially proposed by Fuka-

sawa et al. (2006) to effectively generate the RCIs. Specifically, given a solution χ∗ to

the RMP, we can obtain x∗i,j for each arc ai,j ∈ A. Then, we define a support graph

Ḡ∆ = {N , Ā}, where Ā = {ai,j ∈ A : x∗i,j > 0}. We denote binary variable rv,

v ∈ (V ∪ {0}), that represents whether a vessel v (0 is the station) is included in Vrc and

variable si,j , ai,j ∈ Ā, that equals 1 if arc ai,j satisfies ui ∈ Vrc and uj /∈ Vrc. A given

parameterM represents the number of drones that cannot serve the subset of vessels Vrc.

Then, for each value of M in {1, · · · , ⌈
∑

v∈V wv/C
D⌉ − 1}, we can solve the following

model:

min
s,r

∑
ai,j∈Ā

x∗i,jsi,j (2.5a)

s.t.si,j ≥ rui
− ruj

∀ai,j ∈ Ā, (2.5b)

si,j ≥ ruj
− rui

∀ai,j ∈ Ā, (2.5c)∑
v∈V

wvrv ≥M · CD + 0.001, (2.5d)

r0 = 0, (2.5e)

rv ∈ {0, 1} ∀v ∈ V , (2.5f)
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si,j ≥ 0 ∀ai,j ∈ Ā. (2.5g)

If the optimal objective
∑

ai,j∈Ā x
∗
i,js
∗
i,j < 2(M + 1), the capacity restriction over set

Vrc = {v ∈ V : r∗v = 1} is violated and we add the following cut into the RMP:

∑
p∈P ′

∑
a∈Arc

1Ap(a)χp ≥M + 1, (2.6)

where Arc = {ai,j ∈ A : ui ∈ Vrc, uj /∈ Vrc} is the set of arcs flowing out of the subset

of vessels Vrc.

2-path inequalities. Since considering capacity alone is not strong enough, we also

apply the TPIs to our problem. These cuts mitigate solutions involving subsets of ves-

sels that cannot be served by a single drone due to capacity, battery consumption, and

time-window constraints. Similarly, we denote T P , indexed by tp, as the set of TPIs.

Firstly, we use the heuristic proposed by Kohl et al. (1999) to generate candidate subsets

V tp. For each candidate subset, we check whether this subset of vessels can be served

by one drone (in one trip) satisfying all resource constraints. As the RCI has separated

all subsets of vessels that cannot be served by one drone due to capacity constraints, only

energy consumption and time window have to be checked here. In traditional TPIs, this

is equivalent to checking whether there is a feasible solution to the TSPTW defined on

V tp ∪ {0, |V tp| + 1} (with origin 0 and destination |V tp| + 1). While this problem can be

solved by a classic dynamic programming (DP) method (Dumas et al., 1995), our prob-

lem differs as the vessels are floating and nodes are defined on a time-expanded network.

Therefore, we propose a tailored DP algorithm specified in D to check the feasibility of

serving the subset of vessels with one drone. It should be noted that this DP algorithm

is similar to but much simpler than the labeling algorithm that will be proposed in Sec-

tion 2.4.2.3 as we only need to check the feasibility property here. Then, the TPI can be
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written as below.

∑
p∈P ′

∑
a∈Atp

1Ap(a)χp ≥ 2, (2.7)

where Atp = {ai,j ∈ A : ui ∈ V tp, uj /∈ V tp} is the set of arcs flowing out of the subset

of vessels V tp.

Partial reduced cost. TheRMP is solved to optimality, yielding dual pricesπ ≥ 0 and

λ ≤ 0 associated with constraints (2.4b) and (2.4c), respectively. We also denote δ ≥ 0

and ξ ≥ 0 as the dual variables corresponding to RCIs and TPIs, respectively. Therefore,

we let bp be the partial reduced cost of trip path p (we call bp a “partial” reduced cost

because it does not consider the nonrobust cuts), which can be written as

bp =cp −
∑
v∈V

1Vp(v)πv −
∑
t∈T

1Tp(t)λt −
∑

rc∈RC

∑
a∈Arc

1Ap(a)δrc −
∑

tp∈T P

∑
a∈Atp

1Ap(a)ξtp.

(2.8)

Then, the partial reduced cost for each arc ai,j ∈ Ap can be written as

bi,j =ci,j −
∑
v∈V

1ui
(v)πv −

∑
t∈T

1T(i,j)(t)λt −
∑

rc∈RC

1Arc(ai,j)δrc −
∑

tp∈T P

1Atp(ai,j)ξtp,

(2.9)

where T(i,j) = {t | t = k∆, ti ≤ t < tj, k ∈ N0}.

Subset-row inequalities. We concentrate on the inequalities specified for three ves-

sels because they can be separated by straightforward enumeration (Jepsen et al., 2008;

Tilk et al., 2018). We denote the index set of vessel subsets as SR, where |SR| =
(|V |

3

)
=

|V |!
3!(|V |−3)! , and the subsets of all three vessels as V

sr, sr ∈ SR. For each subset Vsr, an
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SRI is added to the RMP, which can be written as follows:

∑
p∈P ′

⌊
∑

v∈V 1Vsr∩Vp(v)

2
⌋χp ≤ 1. (2.10)

By incorporating inequality (2.10) for each sr ∈ SR into the RMP, we can cut out

many fractional solutions so as to lift the LB of the B&B tree. These SRIs require us to

make specific modifications to our pricing problems. We denote µsr ≤ 0 as the dual price

associated with sr ∈ SR. The value µsr is subtracted from the reduced cost of path p if

the path includes two or three vessels in subset Vsr. Therefore, the full reduced cost of p,

denoted by c̄p, can be computed as follows:

c̄p = bp −
∑

sr∈SR

1SR(p)(sr)µsr, (2.11)

where SR(p) = {sr ∈ SR : |Vp ∩ Vsr| ≥ 2}.

2.4.2.3 Pricing problem

The pricing problem in the CG is to identify new columns with a negative reduced cost,

i.e., promising trip path p ∈ P\P ′ for the drones. The binary decision variable xi,j takes

the value of 1 if arc ai,j is included in the new path, and 0 otherwise. We further define

V̂ := {ui ∈ V : xi,j = 1, i ∈ N V , j ∈ N} and ˆSR := {sr ∈ SR : |V̂ ∩ Vsr| ≥ 2}.

Then, given the dual prices obtained from the RMP, the pricing problem in our case can

be presented as follows.

[Pricing problem]

min
x,y,q

∑
ai,j∈A

bi,jxi,j −
∑

sr∈SR

1ŜR(sr)µsr (2.12a)

s.t.
∑

ai,j∈A0:ui=0

xi,j = 1, (2.12b)
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∑
aj,i∈A0:ui=0

xj,i = 1, (2.12c)

(2.1c), (2.1e)− (2.1l).

The classic pricing problem, which is always reduced to an elementary shortest path

problemwith resource constraints (ESPPRC), is NP-hard (Dror, 1994; Garey and Johnson,

1983). The labeling algorithm, a DP approach, has been demonstrated to be an effective

method for solving the ESPPRC (Feillet et al., 2004; Righini and Salani, 2006). Our

model (2.12) is a variant of the ESPPRC where the depot is differentiated by distinct time

points and battery consumption constraints are imposed. As a drone’s battery consumption

is associated with its total loaded weight, i.e., the total load required by the subsequent

ships that the drone visits, we propose a backward labeling algorithm to generate the trip

path.

Let Lp = (Vp, yp, qp, Tp, ip, bp, c̄p) be the label vector of the elementary backward

path p = (i0, i1, · · · , ip), which means that the drone flies to vessel-time nodes ip, · · · , i1

sequentially, and finally arrives at the station-time node i0. Vp is the visited vessel on path

p; yp is the total weight of supplies on path p; qp is the battery consumption of a drone

traveling from ip to i0; Tp is the set of time points covered on path p; ip is the last node of

backward path p; bp is the partial reduced cost of path p, including costs defined on every

single arc and excluding the cost contributed by the dual variables corresponding to the

SRIs; c̄p is the full reduced cost corresponding to path p. Due to the load capacity and

battery consumption constraints, a label Lp is feasible only if:

yp ≤ CD, qp ≤ QD. (2.13)

The feasible backward path is generated following F.2. Denote V̄p as the set of vessels

that path p can further access (satisfying capacity, battery consumption, and time-window
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constraints). To speed up the solution process and limit the number of labels generated,

the following dominance rule can be employed, the proof of which is presented in E.

Proposition 2. Given two labelsLp1 = (Vp1 , yp1 , qp1 , Tp1 , ip1 , bp1 , c̄p1) andLp2 = (Vp2 , yp2 ,

qp2 , Tp2 , ip2 , bp2 , c̄p2) in ListL or ListL∗ , Lp2 is dominated by Lp1 if the following condi-

tions are satisfied: (i) V̄p2 ⊆ V̄p1 , (ii) yp1 ≤ yp2 , (iii) qp1 ≤ qp2 , (iv) Tp1 ⊆ Tp2 , (v)

ip1 = ip2 , (vi) bp1 ≤ bp2 , and (vii) (Vsr ∪ Vp1) ⊆ (Vsr ∪ Vp2), ∀sr ∈ SR.

Heuristic labeling method. To avoid generating too many labels with poorly reduced

costs, we selectively retain only the first NumL partial labels with the most negative re-

duced costs during the label generation process. Notably, when no complete label with a

negative reduced cost can be generated through the selected partial labels, we extend all

of the partial labels to check again whether there are still columns with negative reduced

costs. An indicator parameter “flag” is used to control whether to extend all of the partial

labels. Additionally, when returning columns after each round of label generation, we

return the top NumL∗ columns with the most negative reduced costs (if there are fewer

than NumL∗ columns with negative reduced costs, we return as many as there are). The

new columns corresponding to the backward paths are then added to the RMP.

2.4.3 Branch-and-bound

The RMP with SRIs is solved by the CG algorithm until no more columns with negative

reduced costs can be generated. If the solution to the RMP is not integral, the B&B scheme

is introduced by selecting a branching variable and creating two new subproblems, each

with an additional constraint that forces the variable to take an integer value on one branch.

In this section, we first discuss how to obtain the upper bound (UB) and lower bound (LB)

of the B&B tree. We then demonstrate the specific branching strategy.
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2.4.3.1 Upper and lower bounds

In a B&B tree, the UB is the value of the best feasible solution found so far, which serves

as a benchmark for evaluating the potential of other solutions. To obtain a UB at the

early stage of the B&B tree, we apply two methods in the root node. Firstly, we adopt the

feasibility pump (FP) algorithm proposed by Fischetti et al. (2005), which is a heuristic al-

gorithm designed to quickly find a feasible solution by repeatedly adjusting a non-integer

solution to the RMP. The main idea of the algorithm is to round the fractional variables to

the nearest integer and then solve a modified version of the RMP to minimize the distance

from this rounded solution. This is called a pumping action between continuous and dis-

crete spaces, which seeks to strike a balance between satisfying the problem’s constraints

and adhering to the integrality requirements of the variables. The pseudocode of the FP

algorithm is given in F.1. If no feasible solution is found by FP, we solve the IP form

of the RMP in the root node, which includes a small scale of columns and can be solved

quickly by the state-of-the-art solver (Yang, 2023). If a feasible integer solution is found,

the global UB is set to the objective value of this solution; otherwise, the global UB is set

to +∞. The global UB is updated when a new feasible integer solution is found to have

an objective value smaller than the global UB.

The local LB is obtained by solving the RMP (2.4) with inequalities after CG, which

significantly improves the objective value compared with solving the simple linearized

version of the set covering-like model (Jepsen et al., 2008). The global LB is updated to

the smallest local LB of all leaf nodes. Notably, we will stop the CG prematurely if the

algorithm has reached the time limit and will compute an LB based on the LP value of the

current RMP and the current reduced cost (Vanderbeck and Wolsey, 1996).
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2.4.3.2 Branching scheme

In our B&B tree, we adopt a branching strategy by branching on arcs, which has been

proven to be powerful for the VRP in expediting convergence and simplifying the problem

structure through straightforward implementation (Desaulniers et al., 2006). Specifically,

we adhere to the procedures outlined below.

Node selection: When there are multiple nodes with fractional solutions to be ex-

tended, we follow the best-bound-first strategy proposed by Toth and Vigo (2014); Land

and Doig (1960). This strategy aims to speed up the convergence process by concentrating

on the region that is most likely to contain the optimal solution. In our minimization prob-

lem, this strategy selects the currently unexplored node with the smallest estimated bound

for branching, where the estimated bound for each node is set to the objective value of

its parent node. When multiple nodes have the same estimated bound, e.g., they are child

nodes branching from the same parent node, we randomly choose one of them.

Arc selection: Given a solution χ∗ to the RMP of the chosen node, we can calculate

the value of x∗i,j for each arc ai,j ∈ A. When the solution contains multiple fractional arcs,

we follow the arc selection rule proposed by Desrochers et al. (1992) and look for arc ai,j

such that x∗i,j is closest to 0.5 for branching. Ties are broken by selecting the arc with the

smallest cost ci,j .

Branching on arc: The chosen arc is fixed at 0 and 1 in each child node. In a node

where arc ai,j is fixed at 0, the arc is directly removed from the pricing subproblem of the

node. The columns corresponding to the path that contains arc ai,j are removed from the

RMP. In the other nodes where arc ai,j is fixed at 1, we remove the arcs in

Ā1(ai,j) = {(k, l) ∈ A|(uk = ui, k ̸= i) ∨ (k = i, l ̸= j) ∨ (ul = ui, l ̸= i)} if i ∈ N V ,

(2.14)
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and

Ā2(ai,j) = {(k, l) ∈ A|(uk = uj, k ̸= j) ∨ (l = j, k ̸= i) ∨ (ul = uj, l ̸= j)} if j ∈ N V .

(2.15)

Specifically, the three conditions in equation (2.14) forbid three kinds of arcs, i.e., the arcs

starting from the other nodes of the same vessel of node i, the arcs starting from node i but

not connecting to node j, and the arcs ending at other nodes of the same vessel of node

i. The three conditions in equation (2.15) forbid three kinds of arcs, i.e., the arcs starting

from the other nodes of the same vessel of node j, the arcs ending at node j but not starting

to node i, and the arcs ending at other nodes of the same vessel of node j. Therefore, the

arc ai,j must be chosen as long as the vessel ui is served. Similarly, columns with paths

that use specific arcs are removed from the RMP according to (2.14)–(2.15).

The overall pseudocode of the BPC algorithm is presented in F.3.

2.5 Numerical experiments

In this section, we generate several testing instances based on vessel data from real ports

and drone-related data obtained from UAV companies to implement our proposed BPC

algorithm and analyze the critical parameters. All of the experiments are carried out on

three computers running the Windows operating system with a 3.70-GHz Intel Core i7

processor with 64GB of RAM, using 12 threads to take advantage of the multiple cores

available. The models and algorithms are implemented by Java and solved by CPLEX

12.7.
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2.5.1 Experiment setting

This section introduces the data used to generate the instances.The drone-related data are

mostly sourced from DJI (2024) with the parameter θ adjusted to meet the shore-to-ship

delivery duration and the ship-related parameters are generated following the procedures

in Xia et al. (2019).

•Drones. Each drone travels at a constant speed (SD) of 0.72 km/min. The maximum

payload of a drone (CD) is 30 kg, where the dead weight (WD) is 65 kg. The battery’s

capacity (QD) is 38,000 mAh and the battery consumption ratio (θ) is 4.5 mAh/(kg·min).

Battery replacement takes 12 minutes (τ0).

• Ships. The speed of the ships is randomly generated from a uniform distribution

ranging from 5 to 7 knots (0.154 to 0.216 km/min). The demand of each ship (wv) is

generated from a uniform distribution over the interval [5, 8] kg. The earliest and latest

service points of each ship are determined by generating random coordinates in a semi-

circle of radius 32 km, which is the boundary of the service range that a fully loaded drone

can cover, centered on the drone station. The ships are assumed to sail along a straight

line within the service boundary. The earliest serving time, tve, for each ship is obtained

from a uniform distribution over the interval [0, 300] minutes, and the latest serving time,

tvl, is then computed based on the earliest service time, the ship’s speed, and the earliest

and latest service points.

• Instances. We denote each instance as V −D, where V is the number of ships and

D is the number of drones. The number of drones is selected from {5, 10, 15}, and the

number of ships is chosen from {10, 20, 30, 40, 50}. For each combination of V and D,

we generate 10 instances. For a particular instance at each scale, we add the suffix i to

represent the ith instance in this scale, denoted as V −D − i. To ensure the feasibility of

the instance as far as possible, we set the value of T to max{tvl, ∀v ∈ V} + R/SD + τ0,

which is the latest delivery time of the ship plus the maximum travel time of a drone from
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the ship to the station plus the battery replacement time.

• Algorithm parameters. The discretization granularity,∆, in all of the experiments

except that in Section 2.5.3.1 is set to 5 minutes. The time limit is designated as 3600

seconds for small- andmedium-scale instances where V < 30, and 7200 seconds for large-

scale instances where V = 30. The optimality gap is set to 0.001%. The label reduction

parameters NumL and NumL∗ are set to 2000 and 200, respectively. The maximum

iteration number is set to 100 and the number of variables to be flipped is set to |χ∗|/6 in

the FP algorithm.

2.5.2 Computational Results

In this section, we solve the instances using CPLEX, the BPC algorithm, and variants of

the BPC algorithm to demonstrate the superiority of our proposed BPC algorithm in terms

of computational efficiency and effectiveness.

2.5.2.1 Performance comparison of CPLEX and the BPC algorithm

Comparison of the average performance of CPLEX and the BPC algorithm for different

scales of instances are provided in Table 2.1. The following details are provided.

• #Opt: the number of instances that are solved to optimality at each scale within the

time limit.

• #Fea: the number of instances where feasible integer solutions are obtained at each

scale within the time limit but the algorithm has not converged to the optimality gap.

• #Unk: the number of instances where no feasible integer solution is obtained at each

scale within the time limit, i.e., the solution status is unknown.

• Gap(%): the average gap of the instances where feasible solutions are obtained at

each scale. The gap(%) of each instance is calculated by (UB− LB)/UB× 100.

•Gapmax(%): the maximum (worst) gap of the instances where feasible solutions are
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obtained at each scale.

• CPU(s): the total computational CPU time in seconds.

• Avg.: the average results of each metric for all instances at different scales.

Table 2.1: The results of CPLEX and BPC on different instances
Instance CPLEX BPC

#Opt #Fea #Unk Gap(%) Gapmax(%) CPU(s) #Opt #Fea Gap(%) Gapmax(%) CPU(s)

10−5 10 0 0 0.00 0.00 841.10 10 0 0.00 0.00 1.00
20−5 0 10 0 38.67 47.60 3600.00 6 4 0.62 3.10 1823.13
20−10 0 10 0 41.90 50.10 3600.00 8 2 0.56 3.50 1103.83
30−5 0 1 9 60.40 60.40 7200.00 2 8 1.62 3.80 6103.45
30−10 0 9 1 50.58 61.10 7200.00 3 7 1.01 2.70 5259.07
40−10 0 4 6 63.80 72.90 7200.00 1 9 3.02 12.80 6767.17
40−15 0 6 4 69.62 75.30 7200.00 0 10 2.14 9.03 7200.00
50−15 0 2 8 71.65 75.70 7200.00 0 10 5.21 20.20 7200.00
Avg. 1.25 5.25 3.50 49.58 55.39 5505.14 3.75 6.25 1.77 6.89 4432.20

For small-scale instances such as 10−5, both algorithms achieve optimal solutions

with a zero gap. However, the BPC algorithm demonstrates a clear advantage in compu-

tational efficiency, solving the problem in an average of 1 second compared with CPLEX’s

841.10 seconds. As the problem size increases to instances like 20−5 and 20−10, CPLEX

struggles to find optimal solutions, hitting the maximum computational time cap of 3600

seconds with high average gaps exceeding 38%. It fails to find an optimal solution in

any of the instances and the worst gaps of 20−5 and 20−10 soar to 47.6% and 50.1%,

respectively. In contrast, BPC manages to adapt more effectively to these moderate prob-

lem sizes, resolving many instances with substantially lower gaps and in considerably less

time, achieving a worst-case gap of just 3.1% and 3.5% in the 20−5 and 20−10 instances,

respectively.

As the problem complexity further increases (for instances like 30−5 and 30−10),

CPLEX’s performance deteriorates with no optimal solutions and worst-case gaps reach-

ing up to 61.1% in the 30−10 instance. The computational time reaches 7200 seconds for

these instances, highlighting significant limitations in scalability. The BPC algorithm, on

the other hand, demonstrates superior performance across all metrics, successfully finding

feasible solutions in all instances. It maintains a remarkably low average gap of 1.62% and
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1.01% for instance 30−5 and 30−10, respectively, indicating its effectiveness at closely

approximating or achieving an optimal solution. The BPC algorithm’s average CPU time

is also less than 7200 seconds, which is significantly lower than that of CPLEX.

In the largest and most complex instances, such as 40−10, 40−15, and 50−15, the

performance differential between CPLEX and BPC is markedly pronounced. CPLEX fails

to find feasible solutions for more than half of the instances and encounters the worst-

case gap peaking at 75.70% for the 50−15 instances, while consistently exhausting the

computational limit of 7200 seconds. BPC, while also reaching maximum computational

time, maintains significantly lower average gaps, with a comparatively small worst-case

gap of 20.20% in the 50−15 instance. Moreover, it can always find feasible solutions for

all instances.

In summary, our proposed BPC algorithm displays better performance not only in

consistently finding optimal solutions to more instances but also in maintaining lower gap

percentages. Moreover, this superiority is evident despite the BPC algorithm’s higher CPU

time in complex cases, as it still offers much lower average and worst gaps than CPLEX,

suggesting that the BPC algorithm is more effective at navigating and solving large-scale

problems.

2.5.2.2 Effectiveness of the branching and node selection strategies

In this section, we compare our branching and node selection strategies with other methods

commonly used in the literature.

Firstly, we test our best-bound-first strategy with depth-first, width-first, and random-

selection strategies on each instance on a scale of 20−5, the results of which are presented

in Table 2.2. It can be observed that the best-bound-first strategy demonstrates significant

efficacy by consistently achieving the lowest optimality gaps across multiple instances,

surpassing other strategies. The average gap for best-bound-first is 0.62%, considerably

lower than depth-first (1.25%), width-first (1.14%), and random (1.26%). In terms of com-
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putational efficiency, best-bound-first also outperforms the other methods with an average

CPU time of 1823.11 seconds, which is lower than the other strategies, reflecting not only

its ability to find closer solutions to the optimal but also its efficiency in computational

expenditure. Furthermore, the number of nodes processed by best-bound-first (average

of 145.4) illustrates a balanced approach, effectively navigating between exploring many

paths and focusing on promising ones.

Table 2.2: The results of different node selection rules
Instance Best-bound-first Depth-first Width-first Random-selection

Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node

20−5−1 0.20 3600.00 410 2.10 3600.00 136 1.70 3600.00 174 1.70 3600.00 168
20−5−2 0.00 627.69 18 2.00 3600.00 162 1.90 3600.00 224 1.90 3600.00 228
20−5−3 0.00 23.77 0 0.00 24.74 0 0.00 24.24 0 0.00 24.20 0
20−5−4 3.10 3600.00 500 3.70 3600.00 440 3.70 3600.00 578 3.70 3600.00 558
20−5−5 0.00 278.03 10 0.00 530.66 18 0.00 540.44 18 0.00 673.36 24
20−5−6 0.40 3600.00 130 0.70 3600.00 150 0.10 3600.00 74 1.10 3600.00 70
20−5−7 0.00 2710.94 230 1.40 3600.00 194 1.40 3600.00 296 1.40 3600.00 258
20−5−8 0.00 153.93 0 0.00 156.87 0 0.00 155.36 0 0.00 160.61 0
20−5−9 0.00 36.74 0 0.00 36.83 0 0.00 36.60 0 0.00 37.49 0
20−5−10 2.50 3600.00 156 2.60 3600.00 78 2.60 3600.00 110 2.80 3600.00 106
Avg. 0.62 1823.11 145.4 1.25 2234.91 117.8 1.14 2235.66 147.4 1.26 2249.57 141.2

We also validate our branching strategy by comparing it to the strategy of branching

on the number of drones and then on the arc. The specific procedure of branching on

the number of drones is given in H and the performances of both methods are shown in

Table 2.3. These results highlight the efficiency and effectiveness of our strategy. Firstly,

our branching rule achieves consistently lower optimality gaps, with a remarkable zero

gap in 6 instances and an average gap of 0.62% versus 1.02% for the alternative approach.

Moreover, this strategy often requires less computational time, as evidenced by quicker

resolutions in instances like 20−5−2 and 20−5−5, and processes fewer nodes on average

(145.4 compared to 160.8), suggesting a more efficient and focused search path.

2.5.2.3 Benefits of acceleration strategies for the BPC algorithm

In this section, we verify the effect of acceleration strategies on the solving efficiency of

the BPC algorithm. We denote BPC-V1 as the BPC algorithm without performing the FP
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Table 2.3: The results of different branching strategies
Instance Branch on arc Branch on drone number then on arc

Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node

20−5−1 0.20 3600.00 410 1.40 3600.00 172
20−5−2 0.00 627.69 18 1.60 3600.00 282
20−5−3 0.00 23.77 0 0.00 24.94 0
20−5−4 3.10 3600.00 500 3.40 3600.00 640
20−5−5 0.00 278.03 10 0.00 557.65 18
20−5−6 0.40 3600.00 130 0.10 3600.00 80
20−5−7 0.00 2710.94 230 1.10 3600.00 300
20−5−8 0.00 153.93 0 0.00 162.75 0
20−5−9 0.00 36.74 0 0.00 37.80 0
20−5−10 2.50 3600.00 156 2.60 3600.00 116
Avg. 0.62 1823.11 145.4 1.02 2238.31 160.8

algorithm or solving the IP form of RMP in the root node, BPC-V2 as the BP algorithm

without SRIs, RCIs, and TPIs, and BPC-V3 as the BPC algorithm without the heuris-

tic labeling method. The original BPC algorithm and the variants with the acceleration

strategies are tested on medium-scale instances (20−5), the detailed results of which are

provided in Table 2.4. Note that the UB and LB are in hours.

Table 2.4: The acceleration effects of BPC on solution quality and solving efficiency
Instance BPC BPC-V1 BPC-V2 BPC-V3

UB Gap(%) CPU(s) #Node UB Gap(%) CPU(s) #Node UB Gap(%) CPU(s) #Node UB Gap(%) CPU(s) #Node

20−5−1 13.50 0.20 3600.00 410 13.50 1.30 3600.00 176 13.50 2.30 3600.00 5132 13.50 1.70 3600.00 90
20−5−2 13.00 0.00 627.69 18 /1 100.00 3600.00 290 13.00 1.60 3600.00 4902 13.00 1.70 3600.00 162
20−5−3 13.50 0.00 23.77 0 13.50 0.00 24.62 0 13.50 0.00 2.71 0 13.50 0.00 155.22 0
20−5−4 14.67 3.10 3600.00 500 / 100.00 3600.00 634 14.75 5.80 3600.00 7250 14.75 4.00 3600.00 644
20−5−5 13.50 0.00 278.03 10 13.50 0.00 561.48 18 13.50 1.40 3600.00 4868 13.50 0.00 1196.24 14
20−5−6 13.83 0.40 3600.00 130 14.83 6.90 3600.00 126 13.83 0.60 3600.00 2802 13.83 0.20 3600.00 24
20−5−7 15.25 0.00 2710.94 230 / 100.00 3600.00 326 15.25 0.70 3600.00 4172 15.42 2.20 3600.00 190
20−5−8 12.08 0.00 153.93 0 12.08 0.00 160.80 0 12.08 0.00 121.72 70 12.08 0.00 813.49 0
20−5−9 14.75 0.00 36.74 0 14.75 0.00 37.43 0 14.75 0.00 282.54 328 14.75 0.00 324.10 0
20−5−10 12.58 2.50 3600.00 156 / 100.00 3600.00 116 12.58 2.40 3600.00 1810 13.25 7.50 3600.00 30
Avg. 13.67 0.62 1823.11 145.4 / 40.82 2238.43 168.6 13.67 1.48 2560.70 3133.4 13.76 1.73 2408.91 115.4

1 : It means no upper bound is found in the time limit and the gap is 100%.

As shown in Table 2.4, from the perspective of solution quality, the original BPC al-

gorithm demonstrates robust performance, achieving optimal solutions in most instances

with an average gap of just 0.62%. This result indicates that using a combination of accel-

eration strategies with the BPC is highly effective. BPC-V1, which does not use IP form

or the FP algorithm to derive the UBs in the root node, fails to find a UB in four of the ten

instances and has a much larger gap of 40.82%, which suggests that the importance of rec-

ognizing a feasible integer solution at the early stages of the BPC algorithm. The second
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variant, which removes the inequalities used to cut out fractional solutions, results in a

significant drop in performance, with the average gap increasing to 1.48%. The increased

gap indicates that the inequalities are vital for the BPC algorithm’s ability to efficiently

solve these problems, and their absence leads to looser bounds and reduced overall effi-

ciency. Similar to BPC-V2, excluding the heuristic labeling method causes the average

gap and average UB to increase to 1.73% and 13.76, respectively. The degradation in the

optimality gaps and recognized UBs demonstrates the importance of heuristic labeling in

achieving efficient solutions. Heuristic labeling appears to be crucial for navigating the

solution space effectively and ensuring that solutions remain optimal.

Table 2.4 also compares the original BPC algorithm with its three variants on the CPU

time in seconds (CPU(s)) and the number of nodes explored (#Node). It can be observed

that BPC-V1 explores a greater number of nodes in five of the ten instances, indicating

that the lack of effective UBs results in inefficient pruning in the B&B tree, as it cannot

discard suboptimal branches early in the process. Therefore, it also has a larger average

computational time of 2238.43 seconds than the BPC. BPC-V2 often explores significantly

more nodes, indicating less effective pruning. Despite exploringmore nodes, BPC-V2 also

shows a larger average CPU time than both the original BPC algorithm and the other two

variants. This result suggests that BPC-V2, by not including the inequalities, is likely to

achieve faster processing times per node because it deals with a less constrained and thus

simpler pricing problem at each node. However, it leads to poorer relaxations in each node,

which makes it harder for the algorithm to converge. BPC-V3 explores fewer nodes but

has a larger computation time on average than the original BPC algorithm, which suggests

that each node’s processing is computationally more intensive due to the presence of too

many labels in each iteration of the CG procedure.
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2.5.2.4 Detailed analysis on different cuts

To assess the impact of each type of cut on our algorithm, we solve the medium-scale

instances (20−5) using algorithms that exclusively utilize either SRI, RCI, or TPI. The

detailed results are shown in Table 2.5. Our findings illustrate that employing a combina-

tion of all cuts significantly enhances performance over using any single type of cut. For

instance, the average optimality gap with all cuts is considerably lower at 0.62%, as op-

posed to 1.37% for SRI-only, 1.34% for RCI-only, and 1.31% for TPI-only. Furthermore,

both the computation time and the number of nodes processed are substantially reduced

when all types of cuts are employed. The average computation time for the algorithm in-

corporating all cuts stands at 1823.11 seconds, significantly lower than the times observed

when only one type of cut is used, which range from 2541.72 to 2881.00 seconds, indi-

cating a more efficient search process and potentially superior pruning within the B&B

tree.

When comparing the performances of employing each type of cut individually, notable

differences in efficiency and effectiveness emerge. The SRI-only algorithm exhibits a

slightly higher average optimality gap at 1.37%, closely followed by RCI-only and TPI-

only at 1.34% and 1.31%, respectively. Interestingly, both the SRI-only and TPI-only

algorithms achieve the optimal solution in three out of ten instances, whereas the RCI-only

algorithm obtains the optimal solution in only two. The relatively smaller optimality gap

of applying only TPI may stem from its effectiveness in cutting out the infeasible solutions

by including the capacity, battery consumption, and time-window constraints. In terms of

computational efficiency, SRI yields the longest CPU time per node. Specifically, the

average CPU times for the algorithms with each type of cut are all above 2500 seconds.

However, algorithms employing only RCI and TPI explore a significantly larger average

number of nodes (3419.4 and 3169.6, respectively) compared to those using SRI-only

(2220). This suggests that the SRI may be the least effective at reducing the gap when
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used alone, but it is crucial in closing the gap for certain instances.

Table 2.5: The results of applying different cuts
Instance All cuts SRI only RCI only TPI only

Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node

20−5−1 0.20 3600.00 410 1.60 3600.00 2390 0.90 3600.00 3126 1.60 3600.00 8290
20−5−2 0.00 627.69 18 1.50 3600.00 3032 1.70 3600.00 7284 1.70 3600.00 7308
20−5−3 0.00 23.77 0 0.00 24.27 0 0.00 1.68 0 0.00 1.66 0
20−5−4 3.10 3600.00 500 4.80 3600.00 4114 4.30 3600.00 7704 4.30 3600.00 8040
20−5−5 0.00 278.03 10 1.70 3600.00 3928 1.70 3600.00 7414 1.50 3600.00 5836
20−5−6 0.40 3600.00 130 1.10 3600.00 2632 1.10 3600.00 1176 1.10 3600.00 32
20−5−7 0.00 2710.94 230 0.40 3600.00 4066 1.00 3600.00 2622 0.30 3600.00 1940
20−5−8 0.00 153.93 0 0.00 155.65 0 0.10 3600.00 2168 0.00 3600.00 0
20−5−9 0.00 36.74 0 0.00 37.31 0 0.00 8.34 2 0.00 35.81 2
20−5−10 2.50 3600.00 156 2.60 3600.00 2038 2.60 3600.00 2698 2.60 3600.00 248
Avg. 0.62 1823.11 145.4 1.37 2541.72 2220.0 1.34 2881.00 3419.4 1.31 2883.75 3169.6

In addition, we also compare the algorithm efficiency by applying the SRI in different

layers of the B&B tree with results detailed in Table 2.6. The outcomes reveal marked

improvements in solving efficiency with the increased number of layers applying SRI.

Specifically, when SRI is applied only at the root node, the average optimality gap is

1.45%, which progressively decreases to 0.62% as SRI is extended to all nodes, highlight-

ing a significant tightening of the solution space. Concurrently, the average CPU time de-

creases from 2541.94 seconds to 1823.11 seconds, and the number of nodes processed dra-

matically reduces from 2822.6 to just 145.4 on average, indicating more effective pruning

and faster convergence towards optimal solutions when SRI is more extensively applied.

It is worth noting that the number of layers applying the SRI can serve as a hyperparameter,

which should be chosen reasonably for different datasets.

Table 2.6: The results of applying SRI in different nodes
Instance Only in root node First 3 levels of the B&B tree First 5 levels of the B&B tree In all nodes

Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node Gap(%) CPU(s) #Node

20−5−1 2.40 3600.00 5032 1.60 3600.00 4006 1.60 3600.00 4316 0.20 3600.00 410
20−5−2 1.80 3600.00 4304 1.50 3600.00 4094 0.00 616.59 238 0.00 627.69 18
20−5−3 0.00 23.20 0 0.00 23.03 0 0.00 24.03 0 0.00 23.77 0
20−5−4 5.20 3600.00 5442 4.80 3600.00 4972 4.80 3600.00 8428 3.10 3600.00 500
20−5−5 1.40 3600.00 4634 1.40 3600.00 4308 0.00 280.87 10 0.00 278.03 10
20−5−6 0.60 3600.00 2660 1.10 3600.00 2844 1.10 3600.00 2524 0.40 3600.00 130
20−5−7 0.70 3600.00 4064 0.60 3600.00 5414 0.60 3600.00 9458 0.00 2710.94 230
20−5−8 0.00 158.41 0 0.00 151.82 0 0.00 151.26 0 0.00 153.93 0
20−5−9 0.00 37.84 0 0.00 35.56 0 0.00 35.28 0 0.00 36.74 0
20−5−10 2.40 3600.00 2090 2.60 3600.47 2162 2.60 3600.00 1996 2.50 3600.00 156
Avg. 1.45 2541.94 2822.6 1.36 2541.09 2780.0 1.07 1910.80 2697.0 0.62 1823.11 145.4
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2.5.2.5 Summary of the algorithm comparison

Overall, the experiments in Section 2.5.2 reveal the superiority of the BPC in terms of

effective exploration of the solution space and handling of the complexities inherent in

large-scale instances. This superiority may be due to the advantages of a trip-based model

structure and algorithm design. Firstly, the BPC algorithm, with its CG technique, dy-

namically generates and incorporates only the most promising trips into the model, effi-

ciently handling this complexity. In contrast, the arc-flowmodel used by CPLEX involves

variables for every arc in the time-expanded network, leading to a large number of vari-

ables and constraints. Secondly, our design and choice of branching and node selection

strategies are appropriate for this problem. Thirdly, the BPC algorithm is enhanced by

integrating several acceleration strategies, which results in the algorithm handling com-

plex problems more effectively than CPLEX in specific problem contexts. For instance,

implementing problem-specific inequalities and heuristic labeling methods allows the al-

gorithm to quickly find high-quality feasible solutions, guiding the search process more

effectively than the general-purpose heuristics used in CPLEX.

2.5.3 Sensitivity analysis

2.5.3.1 Discretization granularity

In the following experiments, instances at scales of 20−5 are tested with different dis-

cretization granularity values ∆, varying from {1, 2, 5, 10} (minutes). The average num-

bers of time-space nodes and arcs with different discretization granularity are presented

in Table 2.7. As the granularity increases from 1 to 10, there is a notable reduction in both

the average number of time-space nodes and arcs across the instance 20−5. Specifically,

when ∆ is set at 1, the network is most dense with 3765.4 time-space nodes and 29195.6

arcs. However, increasing ∆ to 10 results in a significant decrease, reducing the number

of time-space nodes and arcs to 379.0 and 2920.7, respectively. This trend suggests that



2.5. Numerical experiments 42

while finer granularity enhances the network’s detail and potentially its modeling accu-

racy, it also substantially increases computational complexity. Based on the constructed

time-expanded network, the average performances of CPLEX and BPC are reported in

Table 2.8.

Table 2.7: The scale of the expanded-time network under different discretization granu-
larity

Instance ∆ #Avg. time-space nodes #Avg. arcs

20−5

1 3765.4 29195.6
2 1884.6 14614.5
5 755.6 5844.4
10 379.0 2920.7

Table 2.8: The results of CPLEX and BPC with different discretization granularity
Instance ∆

CPLEX BPC

#Opt #Fea #Unk Gap(%) UB CPU(s) #Opt #Fea #Infea1 Gap(%) UB CPU(s)

20−5

1 0 10 0 48.57 13.06 3600.00 7 3 0 0.84 11.97 1597.38
2 0 10 0 44.03 13.81 3600.00 7 3 0 0.60 12.56 1426.49
5 0 10 0 38.67 14.47 3600.00 6 4 0 0.62 13.67 1823.13
10 0 7 3 36.89 17.48 3600.00 7 1 2 0.28 16.29 484.73

1 : It presents that the model is infeasible. Notably, it differs from “#Unk” where the model may be
feasible but no feasible integer solution is found by the algorithm.

From the perspective of algorithm efficiency, we can observe that the BPC algorithm

consistently finds a larger number of optimal solutions across different granularities, while

CPLEX shows a general increase in the number of optimal solutions as∆ increases. BPC

experiences a notable reduction in CPU time as∆ increases (from 1597.38 seconds at∆ =

1minute to 484.73 seconds at∆ = 10minutes), suggesting that a coarser time granularity

substantially reduces computational complexity, while the CPU time of CPLEX remains

at 3600 seconds, indicating notably worse solving efficiency than BPC even with finer

discretizations.

From the standpoint of decision quality, increasing the value of∆ simplifies the prob-

lem, leading to shorter solution times but at the cost of solution quality (increased drone

delivery times). When the value of∆ increases to 10minutes, themodel may even become
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infeasible. Therefore, selecting an appropriate ∆ value is crucial for balancing model

accuracy and computational feasibility in network-based modeling. For real-world ap-

plications requiring precise drone scheduling decisions, a finer granularity is preferable

despite the higher computational cost. However, when computational resources or time

are constrained, a coarser granularity might be a viable compromise.

2.5.3.2 Number of ships

We fix the number of drones at 5 but vary the number of ships to 10, 20, and 30 to compare

the total number of trips and computation time, where the feasible integer solutions are

obtained by the BPC algorithm.

In Figure 2.2, the x-axis represents the total number of ships, i.e., |V|. The left y-axis

depicts the total number of trips taken by the drones over the planning horizon, while the

right y-axis shows the CPU time in seconds. The histogram displays these two metrics

for each instance, while the line graph presents the average values of these metrics across

instances of the same scale.

Figure 2.2: Different number of ships delivered by the same number of drones

It can be seen that scalability issues become apparent as the number of ships increases,
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as evidenced by significant increases in the computation time. For instances with 30 ships,

the computation time is notably high, often reaching the maximum time limit of 7200

seconds. For instances with 10 ships, the computation time is drastically smaller, mostly

approximately 0 seconds. In terms of the total number of drone trips, the results reveal a

more steady increasing trend with the number of ships. For instances with 20 or 30 ships,

the number of trips varies from 6 to 12, indicating multiple trips made by each drone. This

feature is less pronounced in instances of 10 ships, with the number of trips ranging from

3 to 6.

2.5.3.3 Summary of the sensitivity analysis

The sensitivity analysis conducted on the discretization granularity parameter demon-

strates that a finer granularity (smaller ∆) enhances the solution quality at the expense

of an increased computation time. Decision-makers are thus presented with the choice

of balancing these factors according to their strategic priorities. Furthermore, the experi-

ments reveal that a coarser granularity (larger ∆) can lead to model infeasibility, mainly

attributable to the inability to complete services within the required time window after

rough time discretization. The experiment on the number of ships highlights the capa-

bility of drones to undertake multiple trips in scenarios of high delivery demand versus

limited resources. These insights are invaluable for decision-makers determining the opti-

mal number of drones to deploy to ensure a balance between service efficiency and drone

workload for effective shore-to-ship delivery operations.

2.6 Conclusions

Motivated by the lack of attention paid to drone-assisted shore-to-ship delivery, we put

forward the DSP-SSD and provide a comprehensive solution to this problem. Firstly, we

develop theMIPmodel, which is tailored for scenarios involving dynamic targets andmul-
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tiple trips and can be solved directly by off-the-shelf solvers in small-scale instances. This

model leverages a time-expanded network created through time discretization, enabling

drones to execute sequential delivery tasks effectively.

To apply the model to larger, more practical scenarios, we introduce a tailored BPC al-

gorithm. This advanced algorithm transforms the original model into a route-based frame-

work, which is then processed using a B&B strategy. The algorithm incorporates CG for

dynamic variable integration and employs cutting planes to strengthen the linear relax-

ations. Our computational tests confirm that the BPC algorithm outperforms standard

solvers, particularly in managing the frequent demands of the DSP-SSD, and our acceler-

ation techniques further enhance its efficiency.

We offer decision-makers detailed analyses of how changes to the time discretization

parameter can optimize the trade-off between solution speed and decision accuracy, and

how varying the number of ships affects delivery times, workloads, and trip frequencies,

thereby aiding optimal drone fleet management. Moreover, our model and algorithms

are capable of handling regulatory constraints, such as low-altitude airspace safety rules

and maritime navigation limitations, which can be integrated into the model to enhance

feasibility in practical deployment.



Chapter 3

Study 2: Integrated cruise fleet deployment

and itinerary schedule problem

3.1 Introduction

Maritime transportation plays a vital role in global trade and tourism, encompassing di-

verse sectors such as container shipping and cruise shipping, each with distinct operational

and strategic priorities. While container shipping management has been widely investi-

gated in both industry and the literature (Fransoo and Lee, 2013; Ding and Chou, 2015;

Legros et al., 2019), the cruise shipping sector remains relatively underexplored. Fol-

lowing the upward trend in cruise tourism, the cruise industry has experienced a surge in

popularity, distinguishing itself from container shipping through its unique tactical con-

siderations, such as itinerary design, sailing frequency, and passenger-driven demand dy-

namics (Wang et al., 2017). This section begins by outlining the key challenges faced by

the cruise industry and then presents the primary focus and contributions of this article.

46
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3.1.1 Problem background

In recent years, there has been a noticeable surge in the popularity of cruise tourism, driven

by increasing consumer interest in unique and diverse travel experiences (Forbes, 2024).

This rise in demand necessitates a strategic reevaluation of how cruise companies manage

their fleets and design their itineraries, an area that has traditionally been overshadowed in

both academia and the industry compared to cargo fleet management (Wang et al., 2016).

As the market for cruise travel continues to expand, the imperative for effective cruise fleet

management becomes increasingly critical, which not only helps in reducing operational

costs but also plays a pivotal role in tapping into new market opportunities and maxi-

mizing profitability. Moreover, sophisticated cruise deployment and itinerary scheduling

strategies can enhance passenger satisfaction, thereby fostering continuous profit growth.

This paper specifically addresses the burgeoning issue of cruise fleet management.

The decision-making process in cruise fleet management can be categorized into three

distinct levels: strategic, tactical, and operational, which are presented in Figure 3.1 (Pap-

athanassis et al., 2011). Each level addresses different aspects of fleet and itinerary man-

agement, playing a critical role in the overall efficiency and profitability of cruise op-

erations. At the strategic level, decisions focus on the long-term aspects of cruise fleet

planning, usually lasting 5 to 10 years. This includes determining the optimal size of the

acquired cruise fleet and renting berths, by assessing market trends, forecasting future de-

mand, and making rational financial investments. The goal at this level is to set up a fleet

that is capable of delivering sustained growth and profitability over the years. At the tac-

tical level, the focus shifts to cruise deployment, which concerns the specific allocation of

the fleet across various locations. This medium-term planning, typically operating over 1

to 3 years, is crucial for optimizing the use of the fleet by positioning cruises in different

locations based on seasonal demand, regional popularity, and other logistical considera-

tions. Tactical decisions ensure that the right cruises are available in the right places to



3.1. Introduction 48

meet anticipated passenger loads, thereby maximizing operational efficiency and revenue.

At the operational level, the planning becomes more granular, focusing on the specifics

of itinerary planning. This includes the schedule of cruise arrivals and departures at each

port. Operational decisions are concerned with the day-to-day management of the fleet,

ensuring that each cruise operates on a schedule that enhances passenger satisfaction and

operational turnover.

Strategic level (long term)

Cruise fleet planning: fleet size and berth rental

Tactical level (medium term)

Cruise deployment: cruise fleet location

Operational level (short term)

Itinerary planning: cruise arrival and departure 

time

Figure 3.1: The decision levels for cruise management

In the previous studies, researchers always focus on optimizing a single level of de-

cision (Wang et al., 2017; Di Pillo et al., 2021), despite that each of these levels is inter-

dependent, forming a comprehensive framework for decision-making in cruise fleet man-

agement (Papathanassis, 2017). Based on the long-term goals and decisions, the cruise

company optimizes medium-term and short-term decisions, thus ensuring a harmonious

balance between profitability, customer satisfaction, and efficient fleet management. In

fact, integrated optimization has been proven to be quite effective in reducing costs and

improving supply-demand interactions in many industries, such as transportation (Birolini

et al., 2021; Yin et al., 2023a), production (Özer and Uncu, 2013), and health care (Liu

et al., 2019; Chen et al., 2019). Therefore, in this paper, we focus on both medium-term

and short-term decisions, providing an integrated solution method for the cruise fleet de-

ployment and itinerary scheduling problem (CFD-ISP).

Specifically, the integrated CFD-ISP can be defined below. In a given planning hori-
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zon, usually several months, we consider a cruise network with a set of potential cruise

lines, each containing different visited ports. We first need to decide the specific num-

ber of cruises to be deployed on each cruise line. There are usually hundreds of potential

cruise lines, and a cruise line can be either a bi-directional itinerary (with two home ports)

or a round-trip itinerary (with one home port) (Goldjoy Holidays, 2024). As shown in

Figure 3.2, there is a bi-directional cruise: “Shanghai–Jeju Island–Nagasaki–Fukuoka–

Beppu–Shimizu–Tokyo” with home ports Shanghai and Tokyo, and a round-trip cruise:

“Shanghai–Jeju Island–Fukuoka–Yeosu–Busan–Shanghai” with one home port Shanghai.

Notably, while the visiting ports of a bi-directional cruise in both directions are identical

in the illustrative example, they can vary without loss of generalization. The visited port

sequence of each line is given while the specific departure and arrival time at each home

port has to be determined. For cruise companies, the main objective is to optimize the de-

ployed number of cruises on each cruise line, thereby trying to minimize the sum of cruise

deployment cost, fuel cost, and opportunity cost associated with unmet demand. In ad-

dition to these explicit cost-related considerations, the sailing itinerary scheduling should

align with passenger expectations, specifically accommodating the majority preference to

engage in daytime sightseeing and return to the cruise for nocturnal rest.

However, effectively managing cruise schedules is highly challenging given the vast-

ness of the cruise network, the complexity of costs, and the varied demands of customers.

Traditional policy-based cruise deployment decisions and manual schedule methods fall

short of addressing these complexities, highlighting the need formore sophisticated decision-

making approaches. The itinerary scheduling problem with a fixed visiting sequence is

widely studied in logistics but remains computationally intractable due to its large scale

and high time granularity requirements (Wang et al., 2017; Yin et al., 2023b; Chai et al.,

2024). Consequently, integrating cruise deployment with itinerary scheduling presents a

formidable challenge, rendering the integrated problem unsolvable by commercial solvers

directly.



3.1. Introduction 50

Jeju Island

Shanghai

Nagasaki

Beppu
Shimizu

Yeosu

Busan

Fukuoka

Bi-directional itinerary

Round-trip itinerary

Home port

Station port

Tokyo

Figure 3.2: Two types of cruise itineraries

3.1.2 Main contributions

From amodeling perspective, we propose an IPmodel for the integrated CFD-ISP based on

the time-expanded network, which formulates the movement of cruises over a given plan-

ning horizon. Besides, we propose and apply multiple model reformulation techniques

that streamline the time-expanded network and enhance the model solvability. From an

algorithmic standpoint, we employ a tailored BD algorithm, enhanced with an advanced

simultaneousMagnanti-Wongmethod (Perrykkad et al., 2022), which can generate Pareto-

optimal cuts in each iteration by solving an augmented version of the subproblem (SP) only

once, thus accelerating the solving process. Extensive numerical experiments with sim-

ulation instances validate our model and demonstrate the effectiveness of incorporating

the simultaneous Magnanti-Wong method in the BD algorithm. This advancement not

only enhances the efficiency of solving the CFD-ISP but also broadens the applicability

of the simultaneous Magnanti-Wong method in addressing integration problems. From a

practical perspective, we utilize the cruise network obtained through Goldjoy Holidays

(2024) as a case study and incorporate in-depth sensitivity analysis on various types of
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cost components, which verifies the importance of integrating the tactical and operational

decisions, providing instructive implications on cruise management.

In particular, the multifaceted contributions of this paper are outlined as follows:

• We establish an IP model for the CFD-ISP that integrates medium-term tactical

cruise deployment decisions with short-term operational schedules.

• Our innovative route-based reformulation of the itinerary scheduling problem stream-

lines the time-expanded network, which is also expected to offer enhanced solving

efficiency to similar problems, such as rolling stock and aircraft schedules.

• Utilizing the cumulative-flow-based variables, we prove that the itinerary schedul-

ing problem is TU and the integer variables can be relaxed.

• We establish a tailored BD algorithm based on the simultaneous Magnanti-Wong

method that significantly outperforms commercial solvers and can handle large-

scale instances with up to 100 cruise lines in minutes.

• Sensitivity analysis on various cost components shows the superiority of our inte-

grated models compared to two policy-based sequential models, achieving an over

90% reduction in costs under benchmark parameters.

• A case study in the Asia-Pacific area provides four major management insights:

(i) the necessity of integrating tactical and operational decisions, (ii) the need for

dynamic adjustments in cruise deployment amidst operational cost fluctuations, (iii)

the strategic benefit of focused investments under an unstable market environment,

and (iv) the advantage of decentralizing cruise deployment in scenarios where utility

is emphasized.

The remainder of this paper is structured as follows. Section 3.2 provides an overview

of relevant work on cruise management and the BD method. In Section 3.3, we describe
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the CFD-ISP problem in detail and develop its mathematical model. Section 3.4 elucidates

the specific procedure for incorporating the simultaneousMagnanti-Wongmethod to solve

the proposed CFD-ISPmodel. Section 3.5 presents comprehensive numerical experiments

to validate our models and algorithms. Finally, Section 3.6 offers a summary and discusses

potential future research directions.

3.2 Literature review

The CFD-ISP falls within the broader category of cruise management and belongs to

the integrated optimization problem of fleet assignment and itinerary scheduling, which

is well-suited for the BD solution method. To improve the computational efficiency of

the BD algorithm, various acceleration methods have been proposed (Golari et al., 2017;

Sudermann-Merx et al., 2021; Wu et al., 2023). Consequently, our literature review fo-

cuses primarily on three key areas: advancements in cruise management, common inte-

grated problems, and recent enhancements of the BD algorithm.

3.2.1 Cruise management

While container shipping management has been extensively studied (Fransoo and Lee,

2013; Ding and Chou, 2015; Legros et al., 2019), the domain of cruise shipping remains

notably underexplored in the relevant literature. Wang et al. (2016) provide a comprehen-

sive review on cruise shipping, analyzing current trends in the cruise sector and demon-

strating that it is relatively young with significant potential for improvement and growth.

Early research regarding cruise management usually adopts data analysis and empiri-

cal studymethods, where some qualitative conclusions regarding the global cruise network

are usually drawn (Soriani et al., 2009; Véronneau and Roy, 2009; Gui and Russo, 2011;

Rodrigue and Notteboom, 2013; Santos et al., 2021).

Recently, cruisemanagement has gained increasing attention, with researchers actively
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employing optimization models to enhance cruise management strategies. Biehn (2006)

argues that cruise ship cannot be regarded as a floating hotel and develops a deterministic

linear programming (LP) model to optimize revenue for cruise ships. Based on this study,

Maddah et al. (2010) develop a discrete-time dynamic capacity control model for cruise

ships that addresses multiple capacity constraints, specifically cabin and lifeboat capac-

ities. Wang et al. (2017) develop a dynamic programming approach to solve the cruise

itinerary scheduling problem by enumerating all port sequences and optimizing timings

to maximize net utility. Zhen et al. (2018) propose a MIP model designed to schedule

the voyage considering fuel cost optimization under emission control area regulations,

where a tabu search based solution method is developed. Wang et al. (2018a) establish

both deterministic and stochastic models for managing waste disposal in the cruise indus-

try under various scenarios: static and dynamic itineraries. They develop a polynomial-

time solution algorithm, which is adaptable across different models. Di Pillo et al. (2021)

address the cruise itinerary scheduling problem at the tactical level and develop a MIP

model, which successfully maximizes revenue for cruise ships by determining optimal

cruise schedules within specific maritime areas and season windows, validated through

real-world applications by a major cruise company. Nevertheless, in these previous stud-

ies, the decision types are limited, typically encompassing only a single level of decision-

making and focusing on the narrow objective of minimizing fuel costs.

3.2.2 Related integrated problems

Although integrated decision-making in CFD-ISP remains largely unexplored, it falls

within the scope of scheduled service network design with resource acquisition and man-

agement (SSND-RAM) (Crainic and Hewitt, 2021), which integrates tactical decisions

related to service network design and strategic decisions related to resource acquisition

and allocation. In this section, we provide a brief overview of representative methodolog-
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ical approaches and studies of SSND-RAM in the transportation sector. We then highlight

why current methodologies developed for SSND-RAM in urban rail transit cannot be di-

rectly applied to the CFD-ISP context.

Due to the NP-hard nature of the SSND-RAM problem, previous studies have empha-

sized the need for solution methods capable of efficiently generating near-optimal solu-

tions for practical-sized instances, often embedding heuristics andmetaheuristics in the so-

lution algorithms. Crainic et al. (2016) are the first to introduce the integrated SSND-RAM

formulation in freight transportation. Their model uses a time–space network to jointly

optimize service selection, commodity routing, and resource allocation under terminal ca-

pacity constraints. To solve this complex problem, they propose a hybrid approach that

combines column generation, metaheuristics, and exact optimization methods, and vali-

date its performance through computational experiments against both a commercial solver

and a column generation-based heuristic. Building on this foundation, Crainic et al. (2018)

propose a matheuristic solution method for the SSND-RAM problem and conduct exten-

sive computational experiments to explore the interactions between resource planning and

network design under varying demand and cost scenarios. Addressing uncertainty, Hewitt

et al. (2019) formulate a stochastic model for the SSND-RAM problem that incorporates

demand variability. A column generation-based matheuristic is developed to efficiently

solve the model, demonstrating strong performance on realistic freight and postal network

instances. Recently, a few studies have used exact methods to obtain higher quality so-

lutions for SSND-RAM (Fontaine et al., 2021; Li et al., 2023b), which, however, differ

significantly from the specific problem setting and decision-making content of this paper,

as they often address practical and context-dependent challenges. More recently, several

studies have adopted exact methods to obtain higher quality solutions for SSND-RAM

(Fontaine et al., 2021; Li et al., 2023b). However, these works typically focus on spe-

cific, context-dependent applications and differ significantly from the problem scope and

decision-making structure considered in this paper. For comprehensive reviews of the



3.2. Literature review 55

SSND-RAM problem, particularly in the context of transit network design and schedul-

ing, we refer readers to Guihaire and Hao (2008) and Farahani et al. (2013).

A subset of SSND-RAM studies more closely aligned with our context involves appli-

cations in urban rail transit systems. Such studies always consider the integrated optimiza-

tion of fleet size and rolling stock circulation by establishing IP models (Pu et al., 2022;

Yin et al., 2023a). However, these studies are generally limited to smaller scales, such as

instances with only 4 lines and 7 depots in Pu et al. (2022) by commercial solvers or 11

lines and 13 depots in Yin et al. (2023a) by the BD algorithm. Meanwhile, in cruise man-

agement, complexity escalates as companies have to manage more than 50 cruise lines,

thus increasing network complexity and computational challenges.

3.2.3 Accelerations in Benders decomposition

We provide a concise overview of various strategies in the literature that aim to enhance

and expedite the BD within the MIP framework. According to Rahmaniani et al. (2017),

there are four main categories of acceleration strategies, among which, enhancing the cut-

generation process is mostly discussed (Magnanti and Wong, 1981; Shen et al., 2017;

Rahmaniani et al., 2018; Perrykkad et al., 2022) and widely used in various problems (Wu

et al., 2023; Yin et al., 2023a; Li et al., 2023a).

One branch of studies proposes some valid inequalities to complement the feasibility

and optimality cuts (Shen et al., 2017; Rahmaniani et al., 2018), whereas another branch

follows the idea of Magnanti and Wong (1981) by generating Pareto-optimal cuts. Mag-

nanti and Wong (1981) first introduce the concept of Pareto-optimal cuts when a feasible

master problem solution is associated withmultiple optimal solutions (i.e., extreme points)

from the dual SP. In their approach, often referred to as the Magnanti-Wong method, an

additional dual SP, called Magnanti-Wong SP, using a key from the master, is solved to

identify a Pareto-optimal cut. The introduction of Pareto-optimal cuts substantially en-
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hanced the BD algorithm by effectively leveraging the lower bound of the master prob-

lem. Based on their study, Papadakos (2008) demonstrate that certain alternative points,

which are easily computed, could serve as substitutes for core points in solving the SP

to produce Pareto-optimal cuts. Fischetti et al. (2010) offer a distinct approach to gener-

ating Pareto-optimal cuts by redefining the SP as a feasibility problem, where cuts, both

for optimality and feasibility, are derived by identifying minimal infeasible subsystems.

Later, Sherali and Lunday (2013) advance these techniques to create maximal nondom-

inated cuts. While the Magnanti-Wong method is widely used, Perrykkad et al. (2022)

point out that the main shortcomings of this method include (i) two LPs to be solved and

(ii) loss of SP structure. Therefore, they propose a simultaneous Magnanti-Wong method

to address the aforementioned points. The key to this method is to obtain a Magnanti-

Wong bound that can be computed in the pre-processing stage, under which solving one

simultaneous Magnanti-Wong SP is equivalent to solving the SP and the Magnanti-Wong

SP sequentially, thereby protecting the original structure of the SP and avoiding solving

two LPs in each iteration. Although well-defined in their problem, it is worth noting that

determining a Magnanti-Wong bound is as difficult as solving the two phases separately,

which is unlikely to be possible for all LPs (Sherali and Soyster, 1983), thereby restricting

its applicability to broader problems.

3.2.4 Research gap

First, despite the increasing body of research focused on cruise schedule optimization

using mathematical models, the current literature predominantly focuses on optimization

at the operational level, such as the cruise itinerary scheduling problem, with a notable lack

of comprehensive approaches that integrate broader strategic and tactical considerations.

Besides, most existing optimization models for cruise management consider only a narrow

range of factors, primarily focusing on elements like fuel costs. To fill this gap, this paper
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addresses the integrated CFD-ISP that optimizes both tactical and operational decisions

in cruise management considering various cost- and revenue-related elements, where we

derive essential management implications through a real case study.

Second, while similar integrated optimization problems have been explored in other

sectors, such as the railway and aircraft industries, their model and solution methods are

restricted on limited scales and cannot perfectly suit our specific needs in the cruise indus-

try. Consequently, we propose an IP model for our CFD-ISP, where some critical model

properties (TU property of the coefficient matrix) and reformulation methods (route-based

reformulation) are drawn, which largely reduce the complexity of the model and can also

be applied to similar problems in other fields such as rolling stock.

Third, while the simultaneous Magnanti-Wong method stands out as an effective ac-

celeration technique for the BD algorithm, the absence of a generalized approach for

computing the Magnanti-Wong bound hinders its broader application. To tackle our inte-

grated model on a practical scale, we develop a BD algorithm based on the simultaneous

Magnanti-Wongmethod, where a problem-specificMagnanti-Wong bound is innovatively

designed.

3.3 Problem description

We first describe the CFD-ISP in Section 3.3.1. Then, we construct the time-expanded

network of the CFD-ISP in Section 3.3.2. The mathematical formulation of this problem

is given in Section 3.3.3.

3.3.1 Integrated CFD-ISP

The cruise deployment problem is to deploy a total of Zmax identical cruises to different

home ports and then allocate to the lines starting from the home ports. Notably, the cruise

deployed to different lines cannot be shared during the planning horizon. We denote Lb
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and Lr as the set of bi-directional and round-trip itineraries, respectively. For each line

l ∈ L = Lb ∪Lr, we denote the set of visited ports by Pl, which includes the set of home

port(s) (Hl) and the set of ports of call (Sl), also referred to as station ports. Notably, for

a bi-directional line l ∈ Lb, the set of station ports is Sl = S0
l ∪ S1

l , where S0
l and S1

l

are the station ports in direction 0 and 1, respectively. For example, in Figure 3.2, there is

a bi-directional cruise line “Shanghai–Jeju Island–Nagasaki–Fukuoka–Beppu–Shimizu–

Tokyo,” with two directions: Shanghai to Tokyo (direction 0) and Tokyo to Shanghai

(direction 1). Then, each station port s ∈ S0
l representing a port in direction 0 shares the

same physical port with a port s′ ∈ S1
l in the other direction 1 (Wang et al., 2018b). For

notation convenience, we define H = H1 ∪ H2 · · · ∪ H|L|, S = S1 ∪ S2 · · · ∪ S|L|, and

P = H ∪ S . Different lines may share the same home port(s).

Based on the cruise deployment decisions, the itinerary scheduling problem is to de-

termine the specific timetable for each cruise line during the planning horizon. We assume

that the sailing time between two ports (denoted by tsailp,q , where p, q ∈ Pl are two succes-

sive ports along the same line l ∈ L), the touring time at each station port (denoted by topps,l ,

s ∈ Sl, l ∈ L), and the layover time at each home port (denoted by tlayoverh,l , h ∈ Hl, l ∈ L)

are given. These assumptions align with real-world applications, as the cruise company

already offers several optional cruise lines with predefined tourism plans but needs to

determine the times to provide these services.

Passenger demand, measured by the number of tourists, varies considerably among

cruise lines and times of year. This variation can be described along two dimensions:

cruise line and travel period. First, demand is associated with a specific cruise line l ∈ L,

which defines a fixed sequence of port visits that tourists choose as their travel itinerary.

Second, demand is also linked to a preferred period k ∈ K, indicating when tourists wish

to take their trip. For instance, the number of passengers tends to increase during holi-

days and on Tokyo lines during the cherry blossom season. To account for these seasonal

fluctuations, the entire planning horizon is divided into a set of periods, such as weeks or
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months, represented by K. The length of each period may vary, depending on the gran-

ularity needed to accurately reflect demand patterns. Together, each combination (l, k)

thus defines a particular demand, specifying both the route and the time of the desired

trip. Based on historical data, the expected number of passengers starting their journey

on the round-trip line k ∈ K of a round trip l ∈ Lr is denoted by dl,k. Similarly, for a

bidirectional line l ∈ Lb, we denote the required numbers of cruises for each direction in

period k as d0l,k and d1l,k, respectively.

For cruise companies, the objective is to jointly optimize strategic-level cruise deploy-

ment decisions and tactical-level itinerary scheduling decisions to minimize total costs

while maintaining service quality. Total costs encompass not only direct expenditures,

such as deployment costs and sailing costs associated with cruise operations, but also the

opportunity costs incurred due to unmet demand. Beyond these cost-related factors, the

chosen schedule also significantly influences the overall cruise experience. In particular,

the timing of port visits plays a vital role in passenger satisfaction. For example, schedules

that allow for sightseeing during the day and provide rest periods at night are generally

preferred by tourists. To capture this aspect of service quality, we incorporate a measure

of passenger satisfaction into the objective function by translating it into a utility-based

revenue component, following the framework of Wang et al. (2017). The alignment be-

tween scheduled port visit times and passenger preferences thus directly contributes to the

overall profitability of the service, balancing cost minimization with utility-driven revenue

maximization.

3.3.2 Time-expanded network for CFD-ISP

To model the movement of cruises, we divide the planning horizon into distinct times-

tamps, represented by T = {0, 1, · · · , T}, where the timestamp 0 represents the start of

the planning horizon, T represents the end of the planning horizon. The unit of time is
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generally an hour, as this granularity suffices for the planning of cruise itineraries (Wang

et al., 2017). The decision-makers can choose this discretization parameter appropriately

to achieve a trade-off between model accuracy and solving efficiency. Note that the set of

time periods K and timestamps T serve distinct roles in the modeling framework. Time

periods characterize the temporal structure of demand, capturing broader seasonal or cycli-

cal patterns relevant to the planning horizon (e.g., weekly, or monthly variations). In con-

trast, timestamps represent the discretized time units of the time-expanded network that

define the resolution of the operational timeline. They are used to track and schedule spe-

cific events and decisions at a finer temporal granularity, often on the scale of minutes or

hours. We adopt Tt = {t′ ∈ T |t′ ≤ t} to represent the set of timestamps at or before

time t, which is indexed by τ . We also denote the set of timestamps contained in a time

period k ∈ K as T̃k = {τ(k), · · · , τ(k)}, where τ(k) and τ(k) represent the first and last

timestamps of time period k, respectively.

After breaking down the planning horizon into these timestamps, we then create a

time-expanded network G(N ,A), where each node np,t ∈ N denotes a port p ∈ P at the

specific timestamp t ∈ T , andA denotes set of arcs in the network. We haveA = ∪l∈LAl,

where Al is the arc set of cruise line l including the following three types of arcs:

• station-station port arc: An arc (ns,t, ns′,t′ , l), where s, s′ ∈ Sl are two successive

station ports in the same line l. And we have t′ − 1 < t+ tsails,s′ + topps′,l ≤ t′.

• station-home port arc: (ns,t, nh,t′ , l), where s ∈ Sl stands for the last station port

and h ∈ Hl represents the destination home port of line l. And we have t′ − 1 <

t+ tsails,h + tlayoverh,l ≤ t′.

• home-station port arc: (nh,t, ns,t′ , l), where h ∈ Hl stands for the origin home

port and s ∈ Sl represents the first station port of line l. And we have t′ − 1 <

t+ tsailh,s + topps,l ≤ t′.
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It should be noted that in our model, we assign a capacity of one to each arc a ∈ A,

signifying that only one cruise can leave port p to port q on the same line l at any given

timestamp t. This constraint, also seen in similar problems such as rolling stock (Yin

et al., 2023a), is due to various resource limitations, including berth availability at ports

and staffing constraints. For modeling convenience, we define o(a) and d(a) as the origin

and destination port of arc a, respectively; t1(a) and t2(a) as the time of the origin and

destination node of arc a, respectively.

Then, we can further present the following arcs:

• outflow arc of np,t for line l: δ+(np,t, l) = {a ∈ Al|o(a) = p, t1(a) = t}, where

p ∈ P , t ∈ T .

• inflow arc of np,t for line l: δ−(np,t, l) = {a ∈ Al|d(a) = p, t2(a) = t}, where

p ∈ P , t ∈ T .

Notably, δ+(np,t, l) (δ−(np,t, l), respectively) is either a singleton or empty, which in-

dicates that there is either one or no outflow (inflow, respectively) arc of np,t for line l.

This signifies that only one cruise for a line l can leave or arrive at a port p at a certain

timestamp t, which is consistent with our previous assumption due to various resource

limitations, including berth availability at ports and staffing constraints. Besides, the

outflow arcs of a home port h of line l ∈ Lr during time period k can be presented as

Al,k = {a ∈ Al|o(a) = h, t1(a) ∈ T̃k}. Similarly, for a bi-directional line, we use A0
l,k

and A1
l,k to present the set of outflow arcs of the origin home port h in direction 0 and 1,

respectively.

Example 2. We give an illustrative example of the time-expanded construction. Suppose

that there is a round-trip line lr: “A–B–C–D–A” and a bi-directional line lb: “E–F–

G–A” (direction 0), “A–G′–F′–E” (direction 1). Ports G and F in direction 0 share the

same physical port with G′ and F′ in the other direction 1, respectively. We discretize
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the planning horizon into T = {0, 1, · · · , 8}. The sailing times between two successive

ports are set to 0.5, and the touring times of all station ports are 0.5. We assume the

layover times tlayoverA,lr
= 1.5, tlayoverA,lb

= 0.5, and tlayoverE,lb
= 2.5. Then, we can construct a

time-expanded network shown in Figure 3.3.
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Figure 3.3: An example of the time-expanded network

3.3.3 Mathematical model

As our previous discussion revealed, we jointly consider a cruise company’s medium-

term fleet deployment alongside its short-term itinerary scheduling decisions within the

context of the predefined strategic framework. Therefore, the decision variables of CFD-

ISP include:

• zh: nonnegative integer, indicating the number of cruises allocated at home port h.

• uh,l: nonnegative integer, indicating the number of cruises allocated at home port h

and assigned to line l.

• xa: binary, taking 1 if arc a is included in the cruises’ itineraries and 0, otherwise.
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• yl,k: nonnegative integer, indicating the number of unsatisfied demands of a round-

trip itinerary l ∈ Lr at time period k.

• yil,k: nonnegative integer, indicating the number of unsatisfied demands of a bi-

directional itinerary l ∈ Lb at time period k in direction i ∈ {0, 1}.

In the model, we use N0 to represent the set of nonnegative integers. Besides, we let z =

(zh)h∈H, u = (uh,l)h∈H,l∈L, x = (xa)a∈A, and y = ((yl,k)l∈Lr,k∈K, (y
i
l,k)l∈Lb,k∈K,i∈{0,1})

be the vector of each kind of decision variable.

The objective of CFD-ISP comprises two parts, tactical-level and operational-level

costs. The first part is the fixed cost of cruise deployment, which can be presented by

C1 =
∑
h∈H

cloch zh, (3.1)

where cloch is the cost of locating a cruise at home port h. The second part is the overall cost

of the itinerary schedule, which consists of the cost of cruise sailing, the opportunity cost,

and the minus revenue of service utility. We let cfuela be the fuel cost of traveling through

arc a, coppl,k be the penalty of unsatisfied demand of line l during time period k, and rutia be

the utility of sailing through arc a. Notably, rutia corresponds to visiting port d(a) during a

certain time period, usually reflecting the passengers’ preference for daytime sightseeing

activities and nighttime rest back on the cruise. We give an example of how to calculate

the utility of arc a as follows.

Example 3. Given an arc a ∈ Al such that d(a) ∈ Sl, we present the utility distribution

of passengers visiting port d(a) during different times of a day in Figure 3.4. The touring

time at port d(a), i.e., toppd(a),l, is 10 hours, lasting from 8:00 to 18:00. Therefore, the utility

of arc a can be calculated by summing up the utility from 8:00 to 18:00, which equals 149

dollars.
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Figure 3.4: The utility revenue distribution and touring time at one port

Then, the second part of the overall operational cost can be written as

C2 =
∑
a∈A

(cfuela − rutia )xa +
∑
l∈Lr

∑
k∈K

coppl,k yl,k +
∑
l∈Lb

∑
i∈{0,1}

∑
k∈K

coppl,k y
i
l,k. (3.2)

Key notation for parameters, sets, and decision variables used in themodel formulation

are provided in G. The mathematical model of CFD-ISP is presented below.

[OP] min
z,u,x,y

: C1 + C2 (3.3a)

s.t.
∑
h∈H

zh ≤ Zmax, (3.3b)

∑
l∈Lh

uh,l ≤ zh ∀h ∈ H, (3.3c)

∑
τ∈Tt

(
∑

a∈δ+(nh,τ ,l)

xa −
∑

a∈δ−(nh,τ ,l)

xa) ≤ uh,l ∀l ∈ L, h ∈ Hl, t ∈ T \{T}, (3.3d)

∑
τ∈T

(
∑

a∈δ+(nh,τ ,l)

xa −
∑

a∈δ−(nh,τ ,l)

xa) = 0 ∀l ∈ L, h ∈ Hl, (3.3e)

∑
a∈δ+(ns,t,l)

xa −
∑

a∈δ−(ns,t,l)

xa = 0 ∀l ∈ L, s ∈ Sl, t ∈ T , (3.3f)

∑
a∈Al,k

xa + yl,k = dl,k ∀l ∈ Lr, k ∈ K, (3.3g)
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∑
a∈Ai

l,k

xa + yil,k = dil,k ∀i ∈ {0, 1}, l ∈ Lb, k ∈ K, (3.3h)

zh, uh,l ∈ N0 ∀h ∈ H, l ∈ Lh, (3.3i)

yl,k, y
i
l′,k ∈ N0 ∀i ∈ {0, 1}, l ∈ Lr, l′ ∈ Lb, k ∈ K,

(3.3j)

xa ∈ {0, 1} ∀a ∈ A. (3.3k)

Objective (3.3a) minimizes the sum of tactical and operational costs. Constraint (3.3b) re-

stricts that the total number of deployed cruises should not exceed the limitZmax defined by

strategic-level decision. Constraints (3.3c) regulate that the number of cruises allocated to

all lines associated with each home port should not surpass the available number of cruises

deployed there. Constraints (3.3d) represent the used cruises along each line should be no

larger than the deployed number of cruises on this line. Constraints (3.3e) control that at

the end of the planning horizon, all cruises on a cruise line should go back to their home

port. Constraints (3.3f) are the flow-balance constraints for each time-expanded node of

station ports. Constraints (3.3g) and (3.3h) are the demand constraints for round-trip and

bi-directional itineraries, respectively. Constraints (3.3i)–(3.3k) define the domains of the

variables. We note that the strategic decision on the number of cruises is set as a parame-

ter in our model, as they are often long-term and predetermined in practice; however, our

model can readily incorporate this decision by treating Zmax as a variable and associating

a corresponding cost with it through minor modifications.

3.4 Benders decomposition algorithm

This section first introduces the BD for the proposed model of CFD-ISP, where we refor-

mulate the itinerary scheduling problem by employing cumulative-flow-based variables

and introducing route-based representation. Then, the BD algorithm with tailored accel-
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erating strategies for CFD-ISP is developed.

3.4.1 Model decomposition

We apply the BD algorithm to our CFD-ISP and decompose the original model, i.e., OP,

into the fleet deployment problem, i.e., RMP, and the itinerary scheduling problem, i.e.,

SPs. Notably, given the assigned number of cruises of each line l, its itinerary schedul-

ing problem can be solved separately. Therefore, we can further decouple the itinerary

scheduling problem into |L| independent SPs. Specifically, for each iteration, the as-

signed number of cruises of each line at different home ports uh,l is fixed as ûh,l. Each SP

is an IP model characterized by the vector û. For a round-trip l ∈ Lr, the SPl(û) can be

presented as below.

[SPl(û)] min
x,y

:
∑
a∈Al

(cfuela − rutia )xa +
∑
k∈K

coppl,k yl,k (3.4a)

s.t.
∑
τ∈Tt

(
∑

a∈δ+(nh,τ ,l)

xa −
∑

a∈δ−(nh,τ ,l)

xa) ≤ ûh,l ∀h ∈ Hl, t ∈ T \{T}, (3.4b)

∑
τ∈T

(
∑

a∈δ+(nh,τ ,l)

xa −
∑

a∈δ−(nh,τ ,l)

xa) = 0 ∀h ∈ Hl, (3.4c)

∑
a∈δ+(ns,t,l)

xa −
∑

a∈δ−(ns,t,l)

xa = 0 ∀s ∈ Sl, t ∈ T , (3.4d)

∑
a∈Al,k

xa + yl,k = dl,k ∀k ∈ K, (3.4e)

yl,k ∈ N0 ∀k ∈ K, (3.4f)

xa ∈ {0, 1} ∀a ∈ Al. (3.4g)
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Similarly, for a bi-directional itinerary l ∈ Lb, we also have model SPl(û) except that the

objective (3.4a) is modified into:

min
x,y

:
∑
a∈Al

(cfuela − rutia )xa +
∑

i∈{0,1}

∑
k∈K

coppl,k y
i
l,k, (3.5)

and the constraints (3.4e) and (3.4f) are replaced by:

∑
a∈Ai

l,k

xa + yil,k = dil,k ∀i ∈ {0, 1}, k ∈ K, (3.6)

yil,k ∈ N0 ∀i ∈ {0, 1}, k ∈ K. (3.7)

For simplicity, in the following descriptions, we only discuss the round-trip cruise line

l ∈ Lr and its itinerary scheduling problem SPl(û), as the problem structure and solving

method for the bi-directional cruise line l ∈ Lb remain similar.

Remark 1. Despite the above decomposition, the original problem remains difficult to

solve for the following reasons:

• The SPl(û) is an IP model that cannot be dualized and thus cannot be used directly

to generate Benders cuts.

• Solving the SPl(û) takes a considerable amount of time since there are many integer

variables and summation operations over each time point in constraints (3.4b)–

(3.4c). For example, if we consider a planning horizon of 3 months with time

discretized into 1 hour, there will be 2160 timestamps, leading to computational

burden-related issues.

Considering the complexity of the SPs, we reformulate them by employing the cumu-

lative flow variables, utilizing techniques similar to those discussed in previous studies on

other network flowmodels (Shi and Zhou, 2015;Mahmoudi et al., 2019; Yin et al., 2023a).
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Moreover, we further propose a route-based model, where the numbers of time-expanded

nodes and arcs are greatly reduced. Based on the reformulated model, we prove that the

new SPs can be solved equivalently by relaxing the integer variables, whose coefficient

matrix is proved to be TU. The specific model reformulations and model property analysis

are given in the subsequent section.

3.4.1.1 Subproblem reformulation

Route-based reformulation Considering that the visiting sequence and touring time of

each cruise line is given in advance, we transform the original arc-based itinerary schedul-

ing problem into a route-based one. Specifically, provided that the cruise leaves its home

port h for itinerary l at time t, we can denote its visiting arcs asAl(h, t). The total traveling

time of a cruise line l can be calculated by Tl =
∑

a∈Al(h,t)
tsailo(a),d(a) +

∑
s∈Sl t

opp
s,l + tlayoverh,l .

Then, the total cost for a cruise to take an itinerary l at time t can be calculated based on

the fuel cost and utility reward of each arc a ∈ Al(h, t), i.e., the route cost denoted by

croutel,t =
∑

a∈Al(h,t)
(cfuela − rutia ). Thus, we can delete all time-expanded nodes and arcs of

station ports and construct the outflow arc of each home port connecting directly to its

target home port node. We denote Āl as the set of arcs for line l in the route-based time-

expanded network. An illustrative example of the route-based time-expanded network is

provided below.

Example 4. Suppose that the arc-based time-expanded network of a cruise line l “H-A-B-

H” is presented as Figure 3.5(a). We can reformulate it into a route-based one as shown

in Figure 3.5(b).

Cumulative flow variable For each line l, we introduce a set of new variables χa ∈

N0, ∀a ∈ Āl, signifying the cumulative flow occurring at and before arc a with the same

origin and destination port. Specifically, for each a ∈ Āl, we define A(a) = {a′ ∈

Āl|o(a′) = o(a), d(a′) = d(a), t1(a′) ≤ t1(a)}. Then, we have χa =
∑

a′∈Ā(a) xa′ .
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Time
0 1 2 3 4 5
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Arcs in 4$

Space-time nodes

(a) Arc-based time-expanded network for line l

Time
0 1 2 3 4 5

3

Arcs in 4̅$

Space-time nodes

(b) Route-based time-expanded network for line l

Figure 3.5: An illustrative example of the reformulated time-expanded network

Additionally, we define χa− as the cumulative flow between the same pair of ports occur-

ring at least 1 timestamp before arc a, i.e., χa− =
∑

a′∈A−(a) xa′ , where A−(a) = {a′ ∈

Āl|o(a′) = o(a), d(a′) = d(a), t1(a
′) ≤ t1(a)−1}. In simple terms, a− is the adjacent arc

one timestamp before arc a. Recall the definition of T̃k = {τ(k), · · · , τ(k)}, which is the

set of timestamps contained in a time period k. We can present the cumulative flow of a

home port h of line l before the start of time period k as χa− , where o(a) = h, t1(a) = τ(k)

and at the end of time period k as χa′ , where o(a′) = h, t1(a
′) = τ(k).

Additionally, for modeling rigor, we clarify the following boundary cases:

• χa− = 0 if A−(a) = ∅.

• We construct a dummy arc a for each node np,t with o(a) = np,t and d(a) = np,t+Tl
,

if δ−(np,t, l) = ∅ and δ+(np,t, l) ̸= ∅. To ensure that there is no flow on the dummy

arc, we set its arc-related cost cfuela − rutia as maxa′∈Āl
: (cfuela′ − rutia′ )+

∑
k∈K c

opp
l,k dl,k.

That is, if a cruise leaving home port at time t cannot finish the itinerary within the
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planning horizon, its total cost croutel,t would be an extremely large real number.

An illustrative example of the cumulative flow variable is provided below.

Example 5. Considering a route-based time-expanded network for line l in Figure 3.6,

according to the above definition, we have A(a3) = {a1, a2, a3}. Then, we can calculate

the cumulative flow occurring at and before arc a3 by χa3 = xa1 +xa2 +xa3 . Also, we can

present A−(a3) = {a1, a2} and χa−3
= χa2 = xa1 + xa2 . For arc a1, we have χa1 = xa1

and χa−1
= 0. We need to construct dummy arcs for node nH,3, nH,4, nH,5.

Arcs in 𝒜̅𝒜𝑙𝑙

Space-time nodes

Dummy arcs

Time
0 1 2 3 4 5

𝐻𝐻

𝑎𝑎2𝑎𝑎1 𝑎𝑎3

6 7 8

Figure 3.6: An illustrative example of cumulative flow variable for line l

Based on these reformulations, the SPl(û) can be transformed as follows:

[S̃Pl(û)] min
χ,y

:
∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χa − χa−) +
∑
k∈K

coppl,k yl,k (3.8a)

s.t.
∑

a∈δ+(nh,t,l)

χa −
∑

a∈δ−(nh,t,l)

χa ≤ ûh,l ∀h ∈ Hl, t ∈ T \{T}, (3.8b)

∑
a∈δ+(nh,T ,l)

χa −
∑

a∈δ−(nh,T ,l)

χa = 0 ∀h ∈ Hl, (3.8c)

χa − χa− ≥ 0 ∀a ∈ Āl, (3.8d)

χa − χa− ≤ 1 ∀a ∈ Āl, (3.8e)∑
a∈δ+(nh,τ(k),l)

χa −
∑

a∈δ+(nh,τ(k),l)

χa− + yl,k = dl,k∀k ∈ K, (3.8f)

χa, yl,k ∈ N0 ∀k ∈ K, a ∈ Āl. (3.8g)
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Objective (3.8a) corresponds to objective (3.4a), minimizing the operational cost of line l.

Constraints (3.8b)–(3.8c) align with constraints (3.4b)–(3.4c), specifying the flow balance

constraint for each homeport node. Constraints (3.8d) and (3.8e) restrict that the incremen-

tal flow between a− and its next arc a is between 0 and 1. Constraints (3.8f) represent the

demand requirement in each time period, where
∑

a∈δ+(nh,τ(k),l)
χa is the cumulative flow

by the end of the time period k and
∑

a∈δ+(nh,τ(k),l)
χa− is the flow accumulated before

time period k. We have Lemma 1, the proof of which is detailed in I.

Lemma 1. The original subproblem SPl(û) is equivalent to the reformulated subproblem

S̃Pl(û).

We further analyze the mathematical properties of the reformulated S̃Pl(û). First, we

state Lemma 2, the proof of which is given in J.

Lemma 2. The coefficient matrix of S̃Pl(û) is TU.

Therefore, the integer variables can be relaxed, and S̃Pl(û) can be written as an LP

model as follows:

[LSPl(û)] min
χ,y

:
∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χa − χa−) +
∑
k∈K

coppl,k yl,k

s.t. (3.8b)–(3.8f),

χa, yl,k ≥ 0 ∀k ∈ K, a ∈ Āl.

Furthermore, we show that the following Lemma 3 holds in K, which implies that we

only need to generate Benders optimality cuts.

Lemma 3. For any feasible RMP solution û, the subproblem S̃Pl(û) is feasible and

bounded.
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3.4.1.2 Master problem

To derive the master problem, we first write out the optimality cut. We associate dual

variables α = (αh,t)h∈H,t∈T , β = (βh)h∈H, γ = (γa)a∈Āl
, λ = (λa)a∈Āl

and ω =

(ωk)k∈K with constraints (3.8b)–(3.8f), respectively. Formodeling convenience, we define

the indicator function 1X(x) that takes the value of 1 if x ∈ X , and 0 otherwise. Similar

to the definition of a− in Section 3.4.1.1, we let a+ be the adjacent arc of a, where o(a) =

o(a+), d(a) = d(a+), and t1(a) = t1(a
+)−1. Then, the dual of LSPl(û) can be presented

as below.

[DSPl(û)] max
α,β,γ,λ,ω

:
∑

h∈Hl,t∈T \{T}

ûh,lαh,t +
∑
k∈K

dl,kωk +
∑
a∈Āl

λa (3.9a)

s.t.
∑
h∈Hl

∑
t∈T \{T}

(1δ+(nh,t,l)(a)− 1δ−(nh,t,l)(a))αh,t +
∑
h∈Hl

(1δ+(nh,T ,l)(a)− 1δ−(nh,T ,l)(a))βh

+ γa + λa − 1Āl
(a+)(γa+ + λa+) +

∑
k∈K

(1δ+(nh,τ(k),l)(a)− 1δ+(nh,τ(k),l)(a
+))ωk

≤
∑
t∈T

(1δ+(nh,t,l)(a)− 1δ+(nh,t,l)(a
+))croutel,t ∀a ∈ Āl, (3.9b)

ωk ≤ coppl,k ∀k ∈ K, (3.9c)

α,λ ≤ 0,γ ≥ 0. (3.9d)

Given any optimal solution (α̂, λ̂, ω̂) to DSPl(û), the Benders optimality cut can be writ-

ten as:

ζl ≥
∑

h∈Hl,t∈T \{T}

uh,lα̂h,t +
∑
k∈K

dl,kω̂l,k +
∑
a∈Āl

λ̂a, (3.10)

where ζl is a nonnegative continuous variable representing a lower bound of the opera-

tional cost of line l.

LetΨl represent the feasible region of the dual SP of line l. Then, we denote the set of
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extreme points of Ψl by EΨl
. Through the above discussion, the Benders master problem

can be written as follows:

[MP] min
z,u,ζ

:
∑
h∈H

cloch zh +
∑
l∈L

ζl (3.11a)

s.t.
∑
h∈H

zh ≤ Zmax, (3.11b)

∑
l∈Lh

uh,l ≤ zh ∀h ∈ H, (3.11c)

ζl ≥
∑

h∈Hl,t∈T \{T}

uh,lα̂h,t +
∑
k∈K

dl,kω̂l,k +
∑
a∈Āl

λ̂a ∀(α̂, ω̂, λ̂) ∈ EΨl
, l ∈ Lr,

(3.11d)

ζl ≥
∑

h∈Hl,t∈T \{T}

uh,lα̂h,t +
∑
k∈K

∑
i∈{0,1}

dil,kω̂
i
l,k +

∑
a∈Āl

λ̂a ∀(α̂, ω̂, λ̂) ∈ EΨl
, l ∈ Lb,

(3.11e)

zh, uh,l ∈ N0 ∀h ∈ H, l ∈ Lh, k ∈ K,

(3.11f)

where constraints (3.11d) and (3.11e) are the Benders optimality cuts.

3.4.2 Accelerating Benders decomposition algorithm

Based on the model decomposition in Section 3.4.1, we can solve the CFD-ISP by the

classic BD algorithm. However, the DSPl(û) may have multiple optimal solutions, and

excessive valid Benders optimality cuts can be derived with some cuts weaker than others,

increasing the number of iterations needed for convergence. Besides, given the thousands

of arcs in the time-expanded network, solving the SP can be computationally challenging.

Some studies also explore enhanced frameworks for Benders cut generation. For instance,

Rahmaniani et al. (2020) propose the Benders dual decomposition (BDD) method, which

strengthens the classic Benders decomposition method by reformulating the SP to include
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local copies of the master variables. This reformulation enables the generation of stronger

cuts and facilitates early convergence to high-quality integer solutions. However, applying

BDD to our problem is inefficient, as it requires solving a non-decomposed SP, which is an

IP involving all lines and becomes computationally expensive and intractable for large-

scale instances, especially given the inherent difficulty of our SP. Furthermore, in our

setting, decomposing the SP by line yields more effective and tighter cuts, as confirmed

by the findings of Rahmaniani et al. (2017). In addition, Fischetti et al. (2010) show that

Benders cut generation can be interpreted as identifying aminimal source of infeasibility in

a model with a normalization constraint on the dual variables. However, their framework

is primarily designed to unify the generation of feasibility and optimality cuts, which is

less effective in our context because our subproblems are always feasible. Therefore,

we employ the Magnanti-Wong method, which can generate Pareto-optimal cuts that are

more likely to be binding and thus more impactful to strengthen the RMP, for our CFD-

ISP (Magnanti and Wong, 1981). Since the Magnanti-Wong method needs to solve two

LPs for each SP, we further develop a valid problem-specific bound, called the Magnanti-

Wong bound, based on which the simultaneous Magnanti-Wong method can be applied to

generate Pareto-optimal cuts by solving one LP for each SP (Perrykkad et al., 2022).

3.4.2.1 Magnanti-Wong method for CFD-ISP

For our problem, we say that a Benders optimality cut defined by dual solution (α̂, λ̂, ω̂)

dominates another cut defined by dual solution (ᾱ, λ̄, ω̄) if for every feasible u the in-

equality

∑
h∈Hl,t∈T \{T}

uh,lα̂h,t +
∑
k∈K

dl,kω̂l,k +
∑
a∈Āl

λ̂a ≥
∑

h∈Hl,t∈T \{T}

uh,lᾱh,t +
∑
k∈K

dl,kω̄l,k +
∑
a∈Āl

λ̄a

(3.12)
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always holds, with the inequality being strictly satisfied for at least one feasible u. Fur-

thermore, we refer to the cut defined by (α̂, λ̂, ω̂) as Pareto-optimal if it is not dominated

by any other valid cut.

The Magnanti-Wong method constructs an LP model, known as the Magnanti-Wong

dual subproblem, to generate the Pareto-optimal cuts. The main idea is to incorporate

a core point, which is in the relative interior of the convex hull of the RMP’s feasible

region, to the objective coefficients of the original dual SP, while including an additional

constraint that fixes the objective to the optimal objective value of the original dual SP. By

first solving the original dual SP and then the Magnanti-Wong dual SP, the Pareto-optimal

cuts can be generated in each iteration (Theorem 1 in Magnanti and Wong (1981)).

In our model, we obtain a core point denoted by u0, where each component u0
h,l is

calculated by the formula u0
h,l = Zmax/(2 · |H| · |L|) because it ensures that u0 > 0 and∑

h∈H
∑

l∈Lh u
0
h,l < Zmax. We denote η̂l as the optimal objective value of the original dual

SP, i.e., DSPl(û). Then, the Magnanti-Wong dual SP can be presented as follows:

[MW-DSPl(u0, û, η̂)] max
α,β,γ,λ,ω

:
∑

h∈Hl,t∈T \{T}

u0
h,lαh,t +

∑
k∈K

dl,kωk +
∑
a∈Āl

λa (3.13a)

s.t. (3.9b)–(3.9d),∑
h∈Hl,t∈T \{T}

ûh,lαh,t +
∑
k∈K

dl,kωk +
∑
a∈Āl

λa = η̂l. (3.13b)

By solving theMW-DSPl(u0, û, η̂), we can obtain a Pareto-optimal cut defined by (α∗,λ∗,ω∗).

The pseudocode of the Magnanti-Wong BD is provided in L.

3.4.2.2 Simultaneous Magnanti-Wong method for CFD-ISP

To accelerate the Magnanti-Wong BD, this section applies the simultaneous Magnanti-

Wong method and proposes a tailored method to compute the Magnanti-Wong bound for

our CFD-ISP.
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As described in Section 3.4.2.1, the classic Magnanti-Wong method is equivalent to a

lexicographic optimization problem, where the DSPl(û) is first solved to obtain the objec-

tive value η̂l and then the optimal dual solution (α∗,λ∗,ω∗) is obtained by the Magnanti-

Wong dual problem MW-DSPl(u0, û, η̂). According to Sherali and Soyster (1983), for

LPs, these two phases can be merged into a single optimization problem by assigning a

weight to the objective functions. Perrykkad et al. (2022) extend this idea and develop

a simultaneous Magnanti-Wong method, where the two-phase Magnanti-Wong method

can be combined into a single optimization model, proving a valid lower bound of the

weight, i.e., the Magnanti-Wong bound. This bound can be substituted directly into the

Magnanti-Wong dual problem to generate Pareto-optimal cuts. Our two-phase Magnanti-

Wongmethod can be transformed into a single optimization problemwithMagnanti-Wong

bound σl, which can be written as follows:

[sMW-DSPl(u0, û)] max
α,β,γ,λ,ω

:
∑

h∈Hl,t∈T \{T}

u0
h,lαh,t +

∑
k∈K

dl,kωk +
∑
a∈Āl

λa

+ σl

 ∑
h∈Hl,t∈T \{T}

ûh,lαh,t +
∑
k∈K

dl,kωk +
∑
a∈Āl

λa

 (3.14a)

s.t. (3.9b)–(3.9d).

Then, we have the lemma below, the proof of which is given in M.

Lemma 4. Provided a Magnanti-Wong bound σl, solving the sMW-DSPl(u
0, û) is equiv-

alent to solving the DSPl(û) and MW-DSPl(u
0, û, η̂) sequentially.

However, Perrykkad et al. (2022) demonstrate that calculating aMagnanti-Wong bound

can be as computationally intensive as solving the two phases independently and the bound

should be redesigned in different problem structures. We innovatively put forward a tai-

lored Magnanti-Wong bound for our problem. For ease of description, we omit the sub-

script l in the subsequent discussion, which focuses on one SP. Additionally, we denote
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ψ as the decision variable vector (α,λ,ω) and b(u) as the objective coefficient vector

of ψ in the DSP(u). We also denote the feasible region of ψ subject to the constraints of

DSP(u) as Ψ. Based on the above notation, the DSP(u) can be re-written as

[DSP(u)] max
ψ

: ψTb(u)

s.t. ψ ∈ Ψ,

and the sMW-DSP(u0, û) can be re-written as

[sMW-DSP(u0, û)] max
ψ

: ψTb(u0) + σψTb(û)

s.t. ψ ∈ Ψ.

We let UB and LB be an upper bound and a lower bound of the objective value of the

DSP(u) for all feasible u. Then, we demonstrate that the UB and LB can be computed

in the preprocessing stage of our algorithm, which are independent of u, so that can be

used over all iterations. Proposition 3 specifies the computational method of UB and

LB. Specifically, UB is derived by assuming that no passenger demand is satisfied in

any period and that no utility-related revenue is generated. This results in a purely cost-

based evaluation that reflects the worst-case scenario in terms of system performance. As

any other feasible solution would attempt to satisfy part of the demand and generate the

corresponding revenue, its objective value must be lower than this bound, thus ensuring

that the computed cost serves as a valid upper bound. In contrast, LB is computed under

the optimistic assumption that the entire fleet is fully available at all home ports at all times.

This allows for maximum operational flexibility and ensures that all demand can be met

in a way that maximizes utility-related revenue. Consequently, the resulting objective

value will be at least as high as that of any feasible solution to the original problem, thus

providing a valid lower bound.



3.4. Benders decomposition algorithm 78

Proposition 3. We can calculateUB =
∑

k∈K dkc
opp
k andLB = minψ∈Ψ :

∑
h∈H,t∈T \{T}

Zmaxαh,t +
∑

k∈K dkωk +
∑

a∈Ā λa.

Proof. We can calculate the upper bound UB of ψTb(u) as follows:

ψTb(u) =
∑

h∈H,t∈T \{T}

uhαh,t +
∑
k∈K

dkωk +
∑
a∈Ā

λa

≤
∑
k∈K

dkωk since α,λ ≤ 0

≤
∑
k∈K

dkc
opp
k since ωk ≤ coppk , dk ≥ 0, ∀k ∈ K

=UB.

We can calculate the lower bound LB of ψTb(u) as follows:

ψTb(u) =
∑

h∈H,t∈T \{T}

uhαh,t +
∑
k∈K

dkωk +
∑
a∈Ā

λa

(i)
>

∑
h∈H,t∈T \{T}

Zmaxαh,t +
∑
k∈K

dkωk +
∑
a∈Ā

λa

≥min
ψ∈Ψ

:
∑

h∈H,t∈T \{T}

Zmaxαh,t +
∑
k∈K

dkωk +
∑
a∈Ā

λa

=LB.

Inequality (i) holds since we haveα ≤ 0, 0 ≤ uh ≤ Zmax, ∀h ∈ H, ∃uh < Zmax. Notably,

the optimization problem minψ∈Ψ :
∑

h∈H,t∈T \{T} Zmaxαh,t +
∑

k∈K dkωk +
∑

a∈Ā λa is

bounded since its primal problem is feasible.

Then, theMagnanti-Wong bound can be defined usingUB andLB as stated in Lemma 5.

Lemma 5. σ = UB − LB is a Magnanti-Wong bound of the sMW-DSPl(u
0, û).

Proof. We complete the proof in two steps:
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(i) Given σ = UB−LB, an optimal solution to sMW-DSP(u0, û)must be an optimal

solution to DSP(û).

Since the SP(u) is an LP and is always feasible and bounded given any feasible

RMP solution u, the optimal solutions to sMW-DSP(u0, û) are on the extreme points

of the feasible region, denoted by EΨ. We denote the set of optimal extreme points of

sMW-DSP(u0, û) by E̊Ψ := argmaxψ∈EΨ [(ψ)Tb(u0) + σ(ψ)Tb(û)]. Then, for any opti-

mal solution ψi ∈ E̊Ψ and non-optimal solution ψj ∈ EΨ\E̊Ψ, we have

(ψi)Tb(u0) + σ(ψi)Tb(û) > (ψj)Tb(u0) + σ(ψj)Tb(û)

⇒
(
(ψi)Tb(û)− (ψj)Tb(û)

)
σ > (ψj)Tb(u0)− (ψi)Tb(u0).

Since the objective coefficients of S̃P(u) are all integers and the constraint matrix of S̃P(u)

is TU, the extreme points ofΨ are integer vertices. Considering that the vector b(û) is also

an integer vector, we have (ψi)Tb(û)−(ψj)Tb(û) ≥ 1, or (ψi)Tb(û)−(ψj)Tb(û) ≤ −1,

or (ψi)Tb(û) = (ψj)Tb(û).

Assume that (ψi)Tb(û)− (ψj)Tb(û) ≤ −1, we have

(
(ψi)Tb(û)− (ψj)Tb(û)

)
σ > (ψj)Tb(u0)− (ψi)Tb(u0)

⇒
(
(ψj)Tb(û)− (ψi)Tb(û)

)
σ < (ψi)Tb(u0)− (ψj)Tb(u0) multiply both sides by− 1

⇒σ <
(ψi)Tb(u0)− (ψj)Tb(u0)

(ψj)Tb(û)− (ψi)Tb(û)
since (ψi)Tb(û) < (ψj)Tb(û)

⇒σ < (ψi)Tb(u0)− (ψj)Tb(u0) according to the assumption

⇒UB − LB < (ψi)Tb(u0)− (ψj)Tb(u0). since σ = UB − LB

Since this conclusion contradicts UB ≥ (ψi)Tb(u0), LB < (ψj)Tb(u0), the original

assumption (ψi)Tb(û) − (ψj)Tb(û) ≤ −1 is rejected. Therefore, if ψi ∈ E̊Ψ and ψj ∈

EΨ\E̊Ψ, we must have (ψi)Tb(û) ≥ (ψj)Tb(û).
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Following the same logic, we can prove that for any optimal solution ψi ∈ E̊Ψ and

another optimal solution ψi′ ∈ E̊Ψ, we must have (ψi)Tb(û) = (ψi′)Tb(û). Thus, an

optimal solution ψi to sMW-DSP(u0, û) must be an optimal solution to DSP(û).

(ii) Given σ = UB − LB, solving the sMW-DSP(u0, û) is equivalent to the lexico-

graphic optimization problem, where the DSP(û) is first solved to obtain the objective

value η̂ and then the Magnanti-Wong dual problem MW-DSP(u0, û, η̂) is solved.

According to (i), an optimal solution ψi ∈ E̊Ψ to sMW-DSP(u0, û) is also an op-

timal solution to DSP(û). Therefore, the set of optimal solutions to sMW-DSP(u0, û)

can be defined by E∗Ψ := argmaxψ∈E̊Ψ(ψ)
Tb(u0), i.e., solving the sMW-DSP(u0, û) is

equivalent to solving the DSP(u0) among the optimal solutions of DSP(û).

Based on this Magnanti-Wong bound, the pseudocode of the simultaneous Magnanti-

Wong BD is specified in N. By incorporating the simultaneous Magnanti-Wong BD, only

one LP needs to be solved in each iteration to generate a Pareto-optimal cut, which is

expected to reduce the computation time significantly.

Note that Lemma 5 requires thatUB andLB be globally valid bounds on the objective

value of DSP(u) for all feasibleu. Although the bounds of the incumbent SP DSP(û) can

be updated iteratively using values computed at the current master solution û, such bounds

are only valid locally. As a result, the corresponding weight σ may no longer satisfy the

global validity condition. This would undermine the theoretical equivalence between our

reformulated single SP approach sMW-DSP(u0, û) and the classic sequential Magnanti-

Wong method, and could compromise the Pareto-optimality of the generated cuts.

3.5 Computational experiments

In this section, we first use randomly generated instances of different scales to assess

the proposed algorithms and SP models. We then take the real data in Goldjoy Holidays
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company in the Asia-Pacific area (Goldjoy Holidays, 2024) as a case study to evaluate

the integrated model of CFD-ISP. Extensive sensitivity analyses on crucial parameters are

also conducted to provide decision-makers with actionable insights on cruisemanagement.

The algorithms were coded in Java using CPLEX 12.7 as the solver. All experiments are

conducted on a desktop runningWindows 10 equipped with an Intel(R) Core(TM) i7-8700

CPU and 64 GB of RAM. All the computing times in this section are measured in seconds

and the time limit is set as 3,600 seconds.

3.5.1 Comparison of solving methods

This section validates and compares our proposed algorithms and SP models. The simu-

lation instances are generated referring to real data, with each parameter adhering to the

data ranges obtained from Goldjoy Holidays (2024), which are detailed in O. Each in-

stance is denoted by |L|-i, where |L| represents the number of cruise lines, and the suffix

i indicates the index of the instance within that particular scale. We generate instances for

different numbers of cruise lines, specifically {30, 50, 80, 100}, producing five instances

at each scale. For description convenience, the specific notation of different solving meth-

ods are presented in Table 3.1. While the first three methods are established in previous

literature, the latter four methods incorporate our proposed algorithm and/or our proposed

(SP) model.

The average performances of all solving methods on each scale of instances are shown

in Table 3.2, with the detailed results given in Q. All costs in the result tables are measured

in 10,000 dollars. Columns “#Line”, “#Iter”, “#Cut” represent the number of lines, the

average number of iterations, and the average number of cuts generated, respectively. The

average computation time for solving an instance and the average computation time for

solving an SP in seconds are shown in Columns “Total CPU(s)” and “Per SP CPU(s)”, re-

spectively. The number in Column “Diff(%)” indicates the percentage difference in CPU
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Table 3.1: Notation of different solving methods
Name Algorithm (SP) Model Type

CPLEX-a CPLEX arc-based model Existing
CPLEX-r CPLEX route-based model Proposed
t-BD-a traditional BD arc-based model1 Existing
MW-BD-a Magnanti-Wong BD arc-based model Existing
sMW-BD-a simultaneous Magnanti-Wong BD arc-based model Proposed
t-BD-r traditional BD route-based model2 Proposed
MW-BD-r Magnanti-Wong BD route-based model Proposed
sMW-BD-r simultaneous Magnanti-Wong BD route-based model Proposed

1 : The arc-based model after introducing the cumulative flow variable is provided in P,
where the integer variables are relaxed due to the TU property that can be proven similarly
to Lemma 2.

2 : The route-based model LSPl(û) is presented in Section 3.4.1.1.

time between various solving methods and the t-BD-a method for each instance scale. The

Column “Gap(%)” is the average optimality gap of instances in each scale. We also pro-

vide the average computation time of each solving method on different scales of instances

in Figure 3.7.

From the perspective of the solution quality, across all test instances, the decomposi-

tion algorithms consistently close the gap (0.00%), indicating they all find optimal solu-

tions. In contrast, CPLEX-a fails to close the gap within the allotted time (3,600 seconds)

for the smallest instances of 30 cruise lines and encounters memory overflow errors when

processing larger-scale instances due to the extensive number of variables and constraints

of the integrated model. Besides, all algorithms experience longer computation time as

the scale of instances grows larger, reflecting the increased computational complexity of

a more sophisticated cruise network.

From the perspective of solving efficiency, while all algorithms experience increased

CPU time as the scale of the instance grows, the sMW-BD algorithm consistently achieves

the shortest computation time across various instance sizes and different SP models. As

shown in Figure 3.7, this is particularly evident in algorithms employing arc-based SPs,

where the sMW-BD algorithm significantly reduces CPU time, achieving a reduction of

19.79% to 36.09% compared to the t-BD algorithm. In contrast, the MW-BD algorithm
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Table 3.2: Average performances of different solving methods
#Line Solving method Gap(%) Total CPU(s) Diff(%) Per SP CPU(s) #Iter #Cut

30

CPLEX-a 625.94 3,600.00 / / / /
CPLEX-r 0.00 221.49 −23.01 / / /
t-BD-a 0.00 287.67 base 1.44 39 158
MW-BD-a 0.00 281.88 −2.01 1.60 34 120
sMW-BD-a 0.00 183.86 −36.09 1.05 34 112
t-BD-r 0.00 31.17 −89.17 0.14 39 153
MW-BD-r 0.00 35.89 −87.52 0.18 34 112
sMW-BD-r 0.00 28.02 −90.26 0.14 33 111

50

CPLEX-a1 / / / / / /
CPLEX-r 0.00 443.05 −24.58 / / /
t-BD-a 0.00 587.43 base 1.92 60 258
MW-BD-a 0.00 562.32 −4.28 2.09 53 218
sMW-BD-a 0.00 406.95 −30.72 1.52 52 184
t-BD-r 0.00 63.91 −89.12 0.20 59 249
MW-BD-r 0.00 66.34 −88.71 0.22 53 187
sMW-BD-r 0.00 61.04 −89.61 0.20 53 184

80

CPLEX-a / / / / / /
CPLEX-r 0.00 1,213.95 −5.27 / / /
t-BD-a 0.00 1,281.54 base 2.74 92 424
MW-BD-a 0.00 1,251.32 −2.36 2.90 84 391
sMW-BD-a 0.00 960.66 −25.04 2.23 84 307
t-BD-r 0.00 159.02 −87.59 0.32 91 418
MW-BD-r 0.00 170.65 −86.68 0.36 84 327
sMW-BD-r 0.00 157.45 −87.71 0.34 84 308

100

CPLEX-a / / / / / /
CPLEX-r 0.00 2,178.54 30.20 / / /
t-BD-a 0.00 1,673.26 base 2.93 113 511
MW-BD-a 0.00 1,514.41 −9.49 2.79 107 551
sMW-BD-a 0.00 1,342.21 −19.79 2.50 106 377
t-BD-r 0.00 236.10 −85.89 0.38 112 504
MW-BD-r 0.00 240.85 −85.61 0.41 106 377
sMW-BD-r 0.00 229.75 −86.27 0.37 109 407

1 : Note that the results for CPLEX are not presented for instances involving 50, 80, and 100 cruise
lines, as it encountered an out-of-memory error.

shows amoremodest improvement in arc-based SPs, with less than 10% reduction in com-

putation time compared to the t-BD algorithm. The limited improvement of the MW-BD

algorithm is attributed to the fact that although the algorithm can generate Pareto-optimal

cuts in each iteration, the time required to solve the SPs during a single iteration increases.

When using the route-based SPmodel, while the sMW-BDmethod still consistently solves

most instances more quickly, the computation time of the three algorithms is relatively
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comparable. This is attributed to the notably brief duration required to solve the route-

based SP model, typically under one second. Consequently, the primary bottleneck in this

scenario shifts towards solving the RMP rather than the SPs. Besides, CPLEX-r consis-

tently outperforms its arc-based counterpart (CPLEX-a) in all instances where comparison

is possible. This improvement demonstrates the computational advantage of route-based

reformulation, which provides a more compact model structure that is easier for commer-

cial solvers to exploit. While CPLEX-r demonstrates fast solution times for small and

medium-sized instances, outperforming the t-BD-a and MW-BD-a methods, its scalabil-

ity becomes a notable limitation as the problem size increases. Specifically, for instances

with 100 cruise lines, the total solving time of CPLEX-r (2,178.54 seconds) exceeds that of

all BDmethods. This sharp increase in computational time is primarily due to the NP-hard

nature of the direct MIP formulation. In contrast, decomposition-based methods benefit

from exploiting the problem structure and dividing the solving process into smaller, more

manageable SPs.
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Figure 3.7: The computation time comparison of different solving methods

From the perspective of iteration times, the results also reveal that both the MW-BD
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and sMW-BD algorithms require fewer iterations overall than t-BD, particularly as the in-

stance size increases. This efficiency is attributed to the two algorithms’ ability to generate

Pareto-optimal cuts. Besides, the number of cuts is larger than the number of iterations.

This is because our algorithms can solve multiple SPs within a single iteration, thereby

generating several cuts simultaneously in one iteration, which also contributes to the solv-

ing efficiency.

From the perspective of SPmodels, as shown in Figure 3.7, all three algorithms demon-

strate substantial enhancements when employing the route-based SP model compared to

the arc-based SP model, with improvements reaching more than 9 times. Moreover, the

average computation time in each iteration is reduced tenfold. This marked efficiency is

due to our newly proposed route-based model, which effectively addresses the previously

identified main bottlenecks: the extensive number of time-expanded arcs and nodes.

In conclusion, our proposed sMW-BD algorithm effectively addresses the issue of

increasing SP computation time criticized in the traditional MW-BD method, while en-

suring the generation of Pareto-optimal cuts. This significantly enhances both the solving

efficiency and solution quality across various instance scales, particularly when the SP

is challenging to solve. Additionally, our route-based SP model yields substantial im-

provements in computational efficiency, highlighting the potential for problem-specific

reformulations in similar time-expanded networks, such as railway systems characterized

by predefined traveling sequences and durations.

3.5.2 Comparison with other variants of Benders decomposition al-

gorithms

In this section, we compare our simultaneous Magnanti-Wong BD framework with three

BD variants.
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3.5.2.1 Benders decomposition with pre-generated cuts

As each round-trip line involves only one RMP variable uh,l, we adopt a modified BD

approach by precomputing the SP values for fixed values of uh,l. For each round-trip line,

we enumerate all possible values of uh,l, solve the corresponding SPs offline, and directly

embed the resulting cuts in the RMP. This eliminates the need to generate Benders cuts for

the round-trip lines during the solving process. To evaluate the impact of incorporating

pre-generated round-trip SP values into the RMP in an enumerative manner, we conduct

a computational study across all instance scales. Table 3.3 summarizes the average per-

formance of the six BD methods listed in Table 3.1 in this setting. For each method, we

report the number of optimally solved instances (#Opt), the total CPU time in seconds

(Total CPU(s)), the percentage difference in CPU time compared with the baseline meth-

ods t-BD-a (Diff(%)), the CPU time spent per SP (Per SP CPU(s)), the number of Benders

iterations (#Iter), and the number of generated Benders cuts (#Cut).

Overall, the results show that presolving round-trip SPs has a notable effect on the

decomposition process. As expected, the total number of Benders iterations and gener-

ated cuts is consistently lower across all methods compared with the results without pre-

generated cuts (see Table 3.2). This confirms that embedding the value functions for the

round-trip lines strengthens the master formulation and accelerates convergence.

However, this improvement in convergence behavior does not necessarily translate

into reduced overall computational time. In fact, the total CPU times are generally higher

than those observed in the original decomposition framework. For instance, in the largest

instance group with 100 lines, all methods incur a CPU time increase compared with their

non-pre-generated counterparts. In addition, in several large-scale instances with 80 and

100 lines, the enumeration of round-trip cuts results in out-of-memory errors. As a result,

only a few instances are solved to optimality, while the remaining cases yield no output

due to computational failure. This prohibits the method from successfully completing
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Table 3.3: Average performances of different solving methods with pre-generated cuts
#Line Solving method #Opt Total CPU(s) Diff(%) Per SP CPU(s) #Iter #Cut

30

t-BD-a 5 486.58 base 1.95 24 106
MW-BD-a 5 475.47 −2.28 2.22 20 78
sMW-BD-a 5 362.91 −25.42 1.19 20 72
t-BD-r 5 58.17 −88.05 0.18 23 103
MW-BD-r 5 57.16 −88.25 0.22 20 75
sMW-BD-r 5 51.80 −89.35 0.15 20 73

50

t-BD-a 5 667.11 base 2.24 59 257
MW-BD-a 5 625.27 −6.27 2.54 44 188
sMW-BD-a 5 389.65 −41.59 1.49 52 184
t-BD-r 5 66.61 −90.02 0.22 57 255
MW-BD-r 5 66.48 −90.03 0.25 52 189
sMW-BD-r 5 54.51 −91.83 0.20 51 184

80

t-BD-a 4 1,888.12 base 3.85 91 434
MW-BD-a 5 1,763.37 −6.61 4.75 78 384
sMW-BD-a 5 961.64 −49.07 2.27 84 310
t-BD-r 5 179.23 −90.51 0.38 89 431
MW-BD-r 5 211.26 −88.81 0.43 77 316
sMW-BD-r 5 155.19 −91.78 0.35 83 310

100

t-BD-a 1 1,922.47 base 16.29 117 524
MW-BD-a 1 2,034.95 5.85 15.93 126 552
sMW-BD-a 1 1,098.85 −42.84 8.27 128 418
t-BD-r 1 312.59 −83.74 2.50 114 524
MW-BD-r 1 367.92 −80.86 2.65 127 414
sMW-BD-r 1 307.27 −84.02 2.26 126 413

the solving process, limiting its practical viability for real-world large-scale applications.

The main reason is the additional computational burden introduced by precomputing and

storing all possible SP solutions for round-trip lines, which significantly increases the size

and complexity of the RMP.

Moreover, the sMW-BD-rmethod continues to demonstrate superior performance across

all instance sizes. It maintains the lowest total CPU time and the fewest cuts. This result

further reinforces the effectiveness of the simultaneous Magnanti-Wong BD framework

combined with route-based reformulation.
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3.5.2.2 Branch-and-Benders-cut framework

The Branch-and-Benders-cut (BBC) algorithm that integrates the principles of BD with

a branch-and-cut framework, first proposed by Geoffrion and Graves (1974), is highly

appreciated when the RMP including discrete variables is difficult to solve (Rahmaniani

et al., 2017). In this section, we implement the BBC framework using CPLEX’s user-

written lazy constraint callback and compare the results of BBC-based BD algorithms with

BD algorithms where the RMP is solved directly to optimality. The results are presented

in Table 3.4 with performance metrics similar to those in Table 3.3. The column “#Node”

represents the average number of nodes in the branch-and-bound tree.

Table 3.4: Average performances of different solving methods in a BBC framework
#Line Solving method #Opt Gap(%) Total CPU(s) Diff(%) Per SP CPU(s) #Cut #Node

30

t-BD-a 5 0.00 209.20 base 0.55 184 438,050
MW-BD-a 5 0.00 199.59 −0.05 0.51 137 10,417
sMW-BD-a 5 0.00 177.94 −0.15 0.48 120 27,415
t-BD-r 5 0.00 30.72 −0.85 0.33 182 78,110
MW-BD-r 5 0.00 29.41 −0.87 0.08 119 25,733
sMW-BD-r 5 0.00 27.63 −0.86 0.07 120 31,803

50

t-BD-a 3 0.25 2278.07 base 0.83 297 31,845,226
MW-BD-a 5 0.00 788.44 −0.65 0.91 236 6,113,983
sMW-BD-a 5 0.00 688.09 −0.70 0.88 198 4,178,604
t-BD-r 5 0.00 365.69 −0.84 0.17 361 2,782,084
MW-BD-r 5 0.00 315.75 −0.87 0.18 200 4,597,827
sMW-BD-r 5 0.00 286.38 −0.86 0.18 201 5,024,406

80

t-BD-a 0 /1 / / / / /
MW-BD-a 1 3.37 3600.00 / 2.24 420 51,151,880
sMW-BD-a 1 3.57 3600.00 / 2.17 337 58,387,371
t-BD-r 0 / / / / / /
MW-BD-r 1 3.53 3600.00 / 1.54 348 55,891,976
sMW-BD-r 1 3.27 3600.00 / 0.62 342 52,979,246

1 : Instances not solved to optimality may have either reached the computational time limit or encountered
an out-of-memory error.

It can be observed that while all variants achieve optimality on moderate-sized in-

stances, performance deteriorates significantly as the problem size increases. Notably,

in instances with 80 lines, most methods fail to solve the problems to optimality, either

because they reach the time limit or because they encounter out-of-memory errors. In
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contrast, the traditional framework, as shown in Table 3.2, where the RMP is solved to

optimality at each iteration and the subproblems are then solved based on the current mas-

ter solution, demonstrates superior performance by solving all instances to optimality in

shorter computational times.

The inferior performance of the BBC framework in our context can be attributed to

several key factors. First, the RMP in our formulation is relatively simple and can be

solved very efficiently at each iteration. As a result, the primary advantage of the BBC

framework, namely reducing the number of RMP solving times by integrating cut genera-

tion into the branch-and-bound tree, offers limited benefit in our case. Second, managing

a large BB tree incurs substantial memory and computational overhead, which outweighs

the potential gains from early cut generation. For example, even in instances with 50 lines,

all methods generate more than 2 million nodes, with some exceeding 5 million. Fur-

thermore, for instances with 80 lines, all BD methods encounter out-of-memory errors.

Third, using CPLEX’s callback mechanism to implement Benders cuts disables several

of the solver’s internal acceleration features (such as pre-solved routines, dynamic search

strategies, and parallelism), leading to further degradation of overall performance (IBM

Corporation, 2021).

3.5.2.3 Minimal infeasible subsystem Benders cut

The minimal infeasible subsystem (MIS) cut, which is another stream that enhances the

cut selection scheme, compares favorably with the classic BD cut (Fischetti et al., 2010).

To further evaluate the performance of our adopted simultaneous BD with route-based

reformulation (sMW-BD-r), we conduct a comparative study against the MIS BD with

route-based reformulation (MIS-BD-r) method. Detailed descriptions of MIS cuts and the

corresponding SP for our CFD-ISP are detailed in R. The experiment is also performed

on instances with 30 and 50 lines. The results are presented in Table 3.5 with performance

metrics similar to those in Table 3.3.
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Table 3.5: Performances of sMW-BD-r and MIS-BD-r on instances with 30 and 50 lines
Instance Solving method Gap% Total CPU(s) Diff(%) Per SP CPU(s) #Iter #Cut

30-1
sMW-BD-r 0.00 26.01 base 0.66 32 105
MIS-BD-r 0.00 78.72 202.66 7.86 10 123

30-2
sMW-BD-r 0.00 28.09 base 0.69 33 106
MIS-BD-r 0.00 69.05 145.80 7.66 9 119

30-3
sMW-BD-r 0.00 27.44 base 0.72 34 112
MIS-BD-r 0.00 72.22 163.19 4.81 15 107

30-4
sMW-BD-r 0.00 27.17 base 0.69 33 114
MIS-BD-r 0.00 78.25 187.99 4.56 4 51

30-5
sMW-BD-r 0.00 31.42 base 0.73 35 119
MIS-BD-r 0.00 34.79 10.74 3.86 9 67

50-1
sMW-BD-r 0.00 60.47 base 0.99 54 191
MIS-BD-r 0.00 112.56 86.14 7.50 15 256

50-2
sMW-BD-r 0.00 63.43 base 1.01 54 179
MIS-BD-r 0.00 84.24 32.81 16.85 5 82

50-3
sMW-BD-r 0.00 54.40 base 0.93 54 170
MIS-BD-r 0.00 125.76 131.18 11.43 11 118

50-4
sMW-BD-r 0.00 60.86 base 1.14 48 190
MIS-BD-r 0.00 143.90 136.44 11.99 12 132

50-5
sMW-BD-r 0.00 66.03 base 1.02 57 191
MIS-BD-r 0.00 138.77 110.16 10.67 13 216

In all instances, the sMW-BD-rmethod consistently outperforms theMIS-BD-rmethod

in terms of total CPU time. On average, sMW-BD-r achieves more than 100% time sav-

ings compared with MIS-BD-r. For example, in instance 30-1, sMW-BD-r solves the

problem in 26.01 seconds, while MIS-BD-r takes 78.72 seconds, which is more than three

times as long as sMW-BD-r. Similar trends are observed in instances with 30 and 50 lines.

A key observation lies in the average SP solving time. The MIS-BD-r method exhibits

significantly higher per SP CPU times, often exceeding 7–10 seconds, while sMW-BD-r

maintains SP solving times below 1.2 seconds in all instances. This large discrepancy

highlights a critical numerical issue in the MIS-BD-r formulation.

The inferior performance of MIS-BD-r can be attributed to two main factors. First,

although MIS-BD-r is designed to generate feasibility and optimality cuts in a unified

framework, this advantage is not realized in our setting. As the SPs in our model are al-
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ways feasible by construction, the benefit of feasibility cuts becomes redundant. More

importantly, the MIS-BD-r SP method includes a normalization constraint (R.14d) that

forces the dual ray to have unit norm. Although this constraint is necessary for the valid-

ity of MIS cuts, it introduces severe numerical instability in our context due to the large

magnitude of the dual variables. As a result, commercial solvers encounter significant

numerical difficulties, manifested by substantially increased SP solving times.

3.5.3 Case study

In this section, we utilize the 46 cruise lines in the Pacific Ocean area derived fromGoldjoy

Holidays company as a case study. As in the simulation test, the total number of available

cruises is set as 3×46 = 138. We evaluate our CFD-ISPmodel alongside two policy-based

models, where the cruise deployment decision and the itinerary scheduling decisions are

made sequentially, in terms of the impact of cost parameters. Specifically, we implement

two cruise deployment policies currently utilized by cruise companies: the minimum cost

policy (P1) and the maximum demand policy (P2). In policy P1, we randomly deploy

all available cruises to the home ports with minimized location costs; whereas, in policy

P2, we randomly allocate the cruises to the home ports experiencing the highest demand

during the planning period. To ensure a fair comparison, we enforce that all cruises are

deployed. For itinerary scheduling decisions in P1 and P2, we employ an optimization

model that aims to minimize the total operational costs.

By varying the cost parameters as presented in Table 3.6, we compare the decisions

made by the CFD-ISP model, P1, and P2 in terms of each cost component. Significantly,

the benchmark scenario, characterized bymedium cloc, low cfuel, medium copp, and low ruti,

most closely mirrors real-world conditions and aligns with the settings in our simulation

tests. The specific results of different models under various cost settings are presented in

Table 3.7, where the costs are measured in million dollars. For notation convenience, we
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denote “Obj” as the objective value, including the cruise deployment cost (“CDC”) and

overall operational cost (“OC”), and we denote the number of trips that cruises take during

the planning horizon as “#Trips”. The last two columns show the percentage difference

between the total cost of P1 (P2) and that of the CFD-ISP model.

Table 3.6: Cost settings
Cost parameter Level Value

Cruise deployment cost (cloc)
High selected within {20, 40, 60, 80} (×1,000,000

dollars)
Medium selected within {10, 20, 30, 40} (×1,000,000

dollars)
Low selected within {2, 4, 6, 8} (×1,000,000 dollars)

Fuel cost (cfuel)
High 30,000/per hour (dollar)
Medium 20,000/per hour (dollar)
Low 10,000/per hour (dollar)

Opportunity cost (copp)
High 2,000 × single economy class cabin fare1(dollar)
Medium 1,000 × single economy class cabin fare (dollar)
Low 200 × single economy class cabin fare (dollar)

Utility revenue (ruti)
High 10,000 × utility (×10,000 dollars)
Medium 5,000 × utility (×10,000 dollars)
Low 1,000 × utility (×10,000 dollars)

1 : This is the price of the single economy class cabin of each cruise line gained from the Goldjoy Holidays
company.

Table 3.7: Integrated and policy-based model comparison under different cost-related pa-
rameters

CFD-ISP model P1 P2 Diff(%)

Factor Obj2 CDC OC #Trips Obj CDC OC #Trips Obj CDC OC #Trips P1 P2

Cruise deployment cost1 (cloc)
High 328.0 490.0 −162.0 835 1,357.9 276.0 1,081.9 40 1,223.6 828.0 1,211.2 70 75.9 73.2
Medium 73.5 267.0 −193.5 849 1,338.3 138.0 1,200.3 70 1,223.6 414.0 1,211.2 70 94.5 94.0
Low −152.6 60.6 −213.2 881 1,257.0 27.6 1,229.4 80 1,223.6 82.8 1,211.2 70 112.1 112.5
Fuel cost (cfuel)
High 1,103.3 236.0 867.3 633 1,386.4 138.0 1,248.4 0 1,260.8 414.0 1,248.4 0 20.4 12.5
Medium 602.4 261.0 341.4 769 1,336.0 138.0 1,198.0 80 1,260.8 414.0 1,248.4 0 54.9 52.2
Low 73.5 267.0 −193.5 849 1,338.3 138.0 1,200.3 70 1,223.6 414.0 1,211.2 70 94.5 94.0
Opportunity cost (copp)
High 914.0 267.0 647.0 871 2,533.9 138.0 2,395.9 60 2,460.2 414.0 2,447.7 70 63.9 62.9
Medium 73.5 267.0 −193.5 849 1,338.3 138.0 1,200.3 70 1,223.6 414.0 1,211.2 70 94.5 94.0
Low −633.1 271.0 −904.1 797 344.7 138.0 206.7 70 234.3 414.0 221.9 66 283.7 370.2
Utility revenue (ruti)
High −14,638.9 303.0 −14,941.9 801 334.5 138.0 196.5 80 563.6 414.0 551.1 70 4,476.5 2,697.6
Medium −6,454.6 299.0 −6,753.6 801 871.0 138.0 733.0 80 930.2 414.0 917.8 70 841.0 793.9
Low 73.5 267.0 −193.5 849 1,338.3 138.0 1,200.3 70 1,223.6 414.0 1,211.2 70 94.5 94.0

1 : All costs are measured in million dollars in the table.
2 : Negative objective value means that the utility revenue is larger than the costs; while positive objective value means that the
sum of cruise deployment cost, opportunity cost, and fuel cost is larger than the utility revenue.
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3.5.3.1 Sensitivity analysis of cost settings

Focusing on the results of our CFD-ISP model, we can observe that the overall cost fluc-

tuates across various levels of parameters. Notably, when the location cost, denoted as

cloc, decreases, the total cost also diminishes from 328 million dollars to a negative value

of −152.6 million dollars, which means the utility revenue is larger than the total cost.

This trend is primarily driven by the reduction in cruise deployment cost as well as a mod-

est decrease in operational cost. Conversely, increases in either fuel cost or opportunity

cost lead to a corresponding rise in the total cost, primarily due to escalated operational

expenses, while the cruise deployment cost remains comparatively stable. Additionally,

when utility profits increase, total cost turns negative, indicating more profitability.

Regarding the number of trips during the planning horizon, these appear to be closely

linked to operational-related parameters. An increase in fuel cost results in fewer trips

being taken; conversely, higher opportunity cost prompts more trips to mitigate the impact

of high unmet demand. While these results generally align with expectations, the number

of trips decreases as the utility revenue parameter increases, which contradicts general

intuition. This could be attributed to cruises opting for longer, more utility-rich routes,

therebymaintaining or reducing the number of trips while decreasing the operational costs.

In Figure 3.8, we display the integratedmodel’s cruise deployment and itinerary schedul-

ing results on a geographic map, whose numerical results are detailed in S. The size of

the circle presents the number of cruises deployed in this port, while the color of the circle

indicates the number of trips that cruises take from this port during the planning horizon,

which are shown in the sidebar.

As shown in Figure 3.8(a), the benchmark scenario features cruises deployed across

eight home ports, with Tokyo serving as the home port hosting the largest number of

cruises. Conversely, Figure 3.8(b) demonstrates that when the cost associated with cruise

placement increases, the number of ports used for cruise deployment is reduced to six,
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(a) Benchmark scenario
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(b) Benchmark scenario except high cloc
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(c) Benchmark scenario except high cfuel
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(d) Benchmark scenario except high ruti

Figure 3.8: Results comparison on the geographic map with different cost settings

notably excluding higher-cost ports such as Hong Kong. Further centralization is evident

in Figure 3.8(c), where, in response to rising cruise fuel costs, deployment is restricted

to just five ports. This strategic adjustment significantly affects more remote ports such

as Goa, which are excluded from cruise placements. As a result, cruise lines associated

with these ports also see a reduction in operations. Figure 3.8(d) shows that when utility

revenue is prioritized, cruise placement expands to include an additional home port, Kyoto,

alongside the original eight ports. This strategy likely arises as a strategic approach to

maximize utility profits by enhancing flexibility in cruise line selection and timing of

stops.

In conclusion, these decision adaptations highlight our CFD-ISP model’s capability
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to effectively respond to variations in input parameters, thereby minimizing overall ex-

penses through the optimized deployment of cruises at the tactical level. Furthermore, the

network design reveals that in times of market instability, the optimized results favor a

more centralized placement of cruises. This indicates that concentrating investments in a

smaller area can yield higher profits under such conditions. Additionally, when the utility

is prioritized, positioning cruises in multiple home ports enhances the flexibility of the

itinerary schedules, which in turn increases overall profits.

3.5.3.2 Comparison of the integrated and policy-based models

As demonstrated in Table 3.7, our CFD-ISP model consistently outperforms the other

two policy-based sequential models, i.e., P1 and P2, by achieving lower total cost across

various cost settings. The degree of improvement ranges from 12.5% to over 4,000%.

Notably, the superiority of our CFD-ISP model becomes particularly evident when there

are fluctuations in utility revenue, underscoring the model’s effectiveness in generating

optimized itinerary schedules that enhance utility revenue. This increase in utility revenue

is indicative of higher customer satisfaction and improved service quality.

Furthermore, the CFD-ISP model consistently facilitates a larger number of trips com-

pared to models P1 and P2. The significantly small number of trips derived from sequen-

tial decisions in two levels may be attributed to inefficient cruise placements, leading to

reduced profits or even losses that discourage trip execution. This issue is more evident

when the fuel cost increases, as sometimes no trip is taken by P1 and P2. Besides, the

small number of trips also results in the elevated opportunity cost associated with sequen-

tial decisions.

We further analyze the total cost of different models under varying cost parameters, as

depicted in the box plot, Figure 3.9. It can be observed that the median total cost of our

CFD-ISP model is consistently lower than that of the other two models. In approximately

half of the scenarios, our model achieves negative total costs, indicating more profit gain
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through utility revenue. Additionally, the outliers in the CFD-ISP model suggest that total

profits are highly sensitive to the settings of utility-related parameters. In contrast, the

outliers of the other two policy-based sequential models mainly correspond to the settings

of opportunity cost, specifically the opportunity cost coefficient, highlighting that unmet

demand is the predominant factor influencing the total cost of these models.
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Figure 3.9: Total costs of different models under different cost settings

In summary, the model comparison underscores the critical importance of integrat-

ing itinerary scheduling within the cruise deployment phase. This integrated approach

is particularly valuable in scenarios characterized by high cost and high utility revenue,

suggesting a high-risk, high-return market environment.

3.5.3.3 Comparison of the integrated model and the greedy strategy

In this section, we further compare our integrated model with a greedy heuristic, which

iteratively assigns ships to line–port combinations to maximize system revenue. The al-

gorithm initializes with no assigned ships, i.e., u = 0, and iteratively deploys one cruise

at a time. At each iteration, the algorithm evaluates all feasible line–port combinations by

temporarily increasing uh,l by one and solving the associated itinerary scheduling problem

to estimate the resulting system revenue. The combination (h∗, l∗) that yields the high-
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est marginal increase in revenue is selected and the corresponding deployment decision is

updated. The process continues until all cruises are deployed. The pseudocode is given

in T. Similar to Table 3.7, Table 3.8 reports the performance of the integrated CFD-ISP

model and a greedy baseline strategy as the key cost-related parameters vary.

Table 3.8: Integrated model and greedy strategy comparison under different cost-related
parameters

CFD-ISP model Greedy
Diff(%)

Factor Obj2 CDC OC #Trips Obj CDC OC #Trips

Cruise deployment cost1 (cloc)
High 328.0 490.0 −162.0 835 1,085.7 60.0 1,025.7 140 69.8
Medium 73.5 267.0 −193.5 849 1,051.8 35.0 1,016.8 130 93.0
Low −152.6 60.6 −213.2 881 1,023.4 8.2 1,015.2 136 114.9
Fuel cost (cfuel)
High 1,103.3 236.0 867.3 633 1,201.2 32.0 1,169.2 104 8.2
Medium 602.4 261.0 341.4 769 1,130.4 35.0 1,095.4 160 46.7
Low 73.5 267.0 −193.5 849 1,051.8 35.0 1,016.8 130 93.0
Opportunity cost (copp)
High 914.0 267.0 647.0 871 2,200.8 35.0 2,165.8 180 58.5
Medium 73.5 267.0 −193.5 849 1,051.8 35.0 1,016.8 130 93.0
Low −633.1 271.0 −904.1 797 126.0 31.0 95.01 134 602.4
Utility revenue (ruti)
High −14,638.9 303.0 −14,941.9 801 −1,011.9 60.0 −1,071.9 140 1,346.7
Medium −6,454.6 299.0 −6,753.6 801 167.1 60.0 107.1 140 3,962.1
Low 73.5 267.0 −193.5 849 1,051.8 35.0 1,016.8 130 93.0
1 : All costs are measured in million dollars in the table.
2 : Negative objective value means that the utility revenue is larger than the costs; while positive objective value means that the sum of
cruise deployment cost, opportunity cost, and fuel cost is larger than the utility revenue.

Across all parameter settings, the CFD-ISP model consistently achieves significantly

lower total costs than the greedy strategy. Under high cruise deployment cost settings, the

CFD-ISPmodel yields an objective value ofUSD328.0million, comparedwithUSD1,085.7

million under the greedy strategy, a reduction of approximately 69.8%. Similar trends are

observed in themedium and low cost scenarios, where the CFD-ISPmodel achieves 93.0%

and 114.9% lower total costs, respectively. This indicates the integrated model’s ability

to make globally coordinated ship deployment and itinerary scheduling decisions.

In the case of fuel cost variations, the CFD-ISP model outperforms the greedy ap-



3.5. Computational experiments 98

proach with lower objective values of 8.2% to 93.0%. The difference is particularly

marked when opportunity costs vary. In the high opportunity cost case, the CFD-ISP

model reduces total costs by 58.5% relative to the greedy strategy. Remarkably, under low

opportunity costs, the CFD-ISP model achieves a negative objective value of USD633.1

million, suggesting a net gain in utility revenue, while the greedy strategy results in a

positive cost of USD126 million. Most importantly, changes in utility revenue have the

greatest impact on model performance. Under high utility revenue, the CFD-ISP model

achieves a significantly lower negative objective value, highlighting its superior ability to

capture and exploit revenue potential. Similar trends, with differences exceeding 1,000%

in relative terms, are observed under medium utility revenue. The number of trips fur-

ther reflects the operational efficiency of the two strategies. In all scenarios, although

the greedy approach yields more trips than the industry-standard policies P1 and P2 (as

shown in Table 3.7), its number of trips remains substantially lower than that achieved by

the CFD-ISP model.

Overall, the CFD-ISPmodel demonstrates its clear superiority over the greedy strategy

both in terms of cost-effectiveness and operational capacity. The integrated optimization

framework enables the model to make globally optimal deployment decisions that balance

costs and utility, while the greedy strategy, lacking coordination and foresight, leads to

suboptimal outcomes. These findings reinforce the value of solving the CFD-ISP problem

in an integratedmanner, especially when cost structures and revenue potentials vary across

the network.

3.5.3.4 Managerial implications

Through the case study based on real data from the cruise company, the managerial impli-

cations of our work can be drawn as follows: (i) Integration of itinerary scheduling with

cruise deployment: Our comparison ofmodels reveals that integrating itinerary scheduling

within the cruise deployment phase is crucial, especially in high-risk, high-return mar-
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ket environments. This holistic approach ensures that the schedule aligns with strate-

gic deployment goals, enhancing market responsiveness and profitability. (ii) Tactical-

level responsiveness to operational dynamics: Our sensitivity analysis shows that adapt-

ing tactical-level decisions dynamically in response to operational-level fluctuations can

significantly reduce overall expenses, which allows the company to remain competitive

and efficient in a volatile market. (iii) Focused investment: Interestingly, our results in-

dicate that concentrating investments in a geographically smaller area can lead to higher

profits, particularly in unstable market conditions. This strategy enables more directed

resource allocation and potentially higher returns on investment. (iv) Decentralization of

cruise deployment: The decentralization of cruise deployment can increase the flexibility

of itinerary schedules when utility is prioritized. This enhanced flexibility not only adapts

more effectively to passenger preferences but also boosts overall profitability.

3.6 Conclusions

Driven by the growing popularity of cruise tourism, cruise companies are keen to explore

this burgeoning market to boost their revenues. Nevertheless, to take full advantage of this

increasing demand, managers need to integrate cruise deployment and itinerary scheduling

decisions that not only reduce overall costs but also enhance passenger satisfaction. To

address this issue, this paper formulates an IP model for the CFD-ISP, which, however, is

limited to small-scale instances when solved using commercial solvers.

From the perspective of the algorithm, this paper develops an advanced BD algorithm

that incorporates several tailored accelerating approaches: (i) applying cumulative-flow

variables, (ii) proving the TU property of the SP, (iii) proposing a route-based reformu-

lation of the time-expanded network, and (iv) implementing the simultaneous Magnanti-

Wong method by introducing a problem specific Magnanti-Wong bound. Theoretically,

the key advancement lies in that the integer variables of the reformulated SP can be relaxed
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to generate Benders cuts and the Magnanti-Wong bound can be pre-solved to guarantee

a Pareto-optimal cut by solving a single LP model. Computationally, experiment results

demonstrate that our simultaneous Magnanti-Wong algorithm surpasses both CPLEX and

other traditional BD algorithms in terms of computational efficiency and effectiveness by

obtaining the optimal solutions for instances with up to 100 cruise lines in minutes. More-

over, our proposed route-based SP can streamline the time-expanded network, achieving

an average CPU time that is 9 times faster for large-scale instances, which can also be ap-

plied to similar problems such as rolling stock and aircraft schedules. We note that while

our model and algorithm integrate tactical and operational decisions, omitting strategic

decisions as they are often long-term and predetermined, they can easily be adapted to

include strategic decisions by treating the total number of available cruises as a decision

variable.

Armed with this algorithm, we conduct a case study to emphasize the necessity of

integration and to obtain critical management insights. We benchmark our CFD-ISP

model against two policy-based sequential models where cruise deployment and itinerary

scheduling decisions are made independently. The results reveal that our CFD-ISP model

can significantly enhance performance, yielding over a 90% increase in profits under

benchmark parameters. Sensitivity analysis further confirms that our integrated model

consistently outperforms the policy-based models by maintaining lower costs across var-

ious cost settings, especially when the utility factor is emphasized. From a practical per-

spective, several management insights are drawn.



Chapter 4

Concluding remarks

4.1 Conclusions

This thesis develops mathematical models for complex maritime logistics problems, in-

cluding the DSP-SSD and the integrated CFD-ISP, by leveraging time discretization and

time-expanded network structures. To solve these combinatorial challenges, we propose

tailored large-scale decomposition algorithms, such as BPC and BD, that incorporate ad-

vanced acceleration techniques to achieve scalability and obtain high-quality optimal so-

lutions for real-world instances.

Chapter 2 addresses the DSP-SSD, a unique variant of vehicle routing characterized by

moving targets (vessels) and the necessity of planning multiple drone trips under strict ca-

pacity and battery constraints. The problem ismodeled using anMIP formulation based on

a time-expanded network created via time discretization. To achieve practical scalability,

the authors propose a tailored BPC algorithm. This exact approach incorporates special-

ized cutting planes and a unique labeling algorithm to consistently outperform commercial

solvers in terms of both solution quality and computational speed for complex instances.

Chapter 3 developed an integrated model and provides a scalable algorithmic solution

for the CFD-ISP. Themodel couplesmedium-term tactical deployment with short-term op-
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erational scheduling tominimize costs while optimizing passenger utility. We establish the

route-based reformulation of the time-expanded network and prove the subproblem’s TU

property, simplifying the model significantly. The problem is solved using an enhanced

BD approach, which incorporates the tailored simultaneous Magnanti-Wong method to

efficiently generate strong Pareto-optimal cuts in each iteration. This integrated method-

ology is shown to yield significantly lower costs (over 90% reduction in benchmarks)

compared to traditional sequential policy models.

Collectively, these studies underscore the great potential of the application of large-

scale decomposition algorithms in modern maritime logistics. The proposed model and

exact algorithms not only significantly enhance operational efficiency but also promote

more sustainable industry practices by optimizing resource allocation and improving de-

cision quality. Given the continuously increasing complexity of integrated and dynamic

maritime operations, the specific algorithms developed in this research establish a vital

foundation for future innovations in network design and scalable resource management

within the sector. At the same time, our models and algorithms can also serve as a foun-

dational basis for future research in related domains, inspiring further extensions or the

development of practical heuristics and managerial rules tailored for real-world industry

applications.

4.2 Future research directions

The first study introduces the drone scheduling problem in the shore-to-ship delivery and

establishes a BPC algorithm. This research could be further extended in several aspects.

Methodologically, more advanced methods could be adopted to find a better UB at the

early stages of the BPC algorithm (Desaulniers et al., 2006). Anti-degradation techniques

such as the dual stabilization method could be considered (Neame, 2000) to avoid the

discrete time-expanded network inducing many solutions with the same objective value.
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Additionally, statistical hypothesis tests (e.g., paired t-tests or Wilcoxon signed-rank tests)

can be employed to rigorously compare the performance of alternative algorithms under

various scenarios, providing more robust empirical validation. Practically, to promote the

application of shore-to-ship delivery, more realistic operational factors could be consid-

ered in the model. One promising direction is to investigate the synergy between drones,

ships, and tender boats, enabling hybrid delivery strategies that leverage the strengths of

multiple transport modes. For instance, drones and tender boats could be deployed simul-

taneously to increase delivery capacity within a given time window. Tender boats could

also serve as mobile drone launch platforms, effectively expanding the service range of

drones beyond their standalone battery, i.e., limited flight radius. Moreover, uncertain

elements, such as weather conditions (Cheng et al., 2024), sea state, and battery power

consumption, can be incorporated into the planning process through stochastic or robust

optimization frameworks. These extensions would significantly improve the resilience

and reliability of delivery operations in real-world maritime environments. Finally, from

a managerial perspective, it is valuable to analyze how the integration of complementary

resources, i.e., drones and tender boats, can contribute to cost savings and operational

efficiency. Such insights can support decision-making for shipping operators and port

authorities considering the deployment of unmanned aerial delivery systems.

The second study provides a comprehensive solving scheme for the CFD-ISP. This

research can be extended in two major directions. First, from a modeling perspective,

considering the primary bottleneck in solving efficiency is the extensive scale of the time-

expanded network, employing new solution methods that utilize dynamic time discretiza-

tion could effectively manage a large number of time points (Boland et al., 2017). Second,

from a practical standpoint, the proposedmodel can be extended by incorporating fleet siz-

ing decisions, enabling more accurate and long-term strategic planning for cruise opera-

tions. Furthermore, the modeling framework and solution methodology have the potential

to be adapted to other integrated planning problems, such as rolling stock optimization in
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railway systems (Yin et al., 2023a) and aircraft scheduling in airline operations (Drabas

and Wu, 2013), thereby broadening the applicability of the approach across transportation

domains.



Appendices

A Calculating the traveling time

The flying time of each drone from ship v at time t to another ship v′, denoted by τv,v′(t),

can be calculated by

[
SDτv,v′(t)

]2
= [αv(t)− αv′ (t+ τv,v′(t))]

2 + [βv(t)− βv′ (t+ τv,v′(t))]
2 . (A.1)

Similarly, the flying time of a drone from ship v at time t to the drone station, denoted by

τv,0(t), can be calculated by

[
SDτv,0(t)

]2
= [αv (t)− 0]2 + [βv (t)− 0]2 . (A.2)

The flying time from the drone station at time t to ship v, denoted by τ0,v(t), can be

computed by

[
SDτ0,v(t)

]2
= [0− αv (t+ τ0,v(t))]

2 + [0− βv (t+ τ0,v(t))]
2 . (A.3)

The valid ranges of t in the above equations (A.1)–(A.3) are provided as follows.

Notably, we abbreviate τv,v′(t), τv,0(t) and τ0,v(t) as τ in the following proof.

(i) For equation (A.2), the range of t is [tve, tvl].

(ii) For equation (A.3), a drone leaves the station at time t and arrives at the ship v
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at time t + τ , which should be in the vessel’s time window, i.e., [tve, tvl]. Therefore, we

denote the range of t as [tmin, tmax], where tmin is calculated by

tmin + τ = tve,

τ ≥ 0,[
SDτ

]2
= [0− αv (tve)]

2 + [0− βv (tve)]
2 ,

and tmax is calculated by

tmax + τ = tvl,

τ ≥ 0,[
SDτ

]2
= [0− αv (tvl)]

2 + [0− βv (tvl)]
2 .

(iii) For equation (A.1), firstly, we have t ∈ [tve, tvl]. Besides, the drone leaving vessel

v at time t should arrive at vessel v′ within its time window [tv′e, tv′l]. Therefore, we have

T̂ = {t ∈ [tve, tvl] |

tv′e ≤ τ + t ≤ tv′l,
[
SDτ

]2
= [αv(t)− αv′ (t+ τ)]2 + [βv(t)− βv′ (t+ τ)]2 , τ ≥ 0}.

In this case, the valid t is in T̂ .

B Existence of delivery time

Proposition 4. Given SD > SV , there always exists a unique and positive root of τ·,·(t)

for equations (A.1), (A.2) and (A.3).

The proof is given as follows. Notably, we abbreviate τv,v′(t), τv,0(t) and τ0,v(t) as τ

in the following proof.
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(i) For equation (A.2), the right-hand side is a positive value. Therefore, we have

τ = ±

√
[αv (t)− 0]2 + [βv (t)− 0]2

SD
.

Then, there always exists one unique positive root of τ =

√
[αv(t)]

2+[βv(t)]
2

SD .

(ii) For equations (A.1) and (A.3), we first prove that there is at least one positive

root of τ . We assume that the drone leaves the current station (or ship) at time t1 and

arrives at the next ship v at t2 and t2 = t1 + τ . The original location of the drone is

(α0, β0), and its distance to the next ship v at time t1 is denoted as l0. Then, we define

g(τ) = [SDτ ]2 − [αv(t2)− α0]
2 − [βv(t2)− β0]

2, which is a function of τ .

When τ = 0, we have

g(0) = [SD · 0]2 − l20 < 0.

When τ > 0, we have

g(τ) = [SDτ ]2 − [αv(t2)− α0]
2 − [βv(t2)− β0]

2

= [SDτ ]2 − [αv(t1 + τ)− α0]
2 − [βv(t1 + τ)− β0]

2

≥ [SDτ ]2 − [l0 + SV · τ ]2 (By triangle inequality)

= ([SD]2 − [SV ]2)τ 2 − (l0)
2 − 2l0S

Vτ. (B.4)

The quadratic formula (B.4) is equal to 0 when

τ =
2l0S

V ±
√

4(l0)2[SV ]2 + 4(l0)2([SD]2 − [SV ]2)

2([SD]2 − [SV ]2)

=
2l0S

V ± 2l0S
D

2([SD]2 − [SV ]2)

=
l0(S

V ± SD)

[SD]2 − [SV ]2
(since SD > SV and τ > 0)



B. Existence of delivery time 108

=
l0

SD − SV
.

Therefore, we have τ > l0
SD−SV such that the quadratic formula (B.4) is greater than

0. Therefore, when τ grows large enough, we have g(τ) > 0. Together with g(0) < 0 and

g(τ) is continuous, we have at least one positive root of τ .

Next, we prove that the root is unique by contradiction. As shown in Figure B.1,

assume that there are two positive roots of τ , i.e., the drone can leave its current location

and arrive at the next ship after τ1 or τ2, where τ1 < τ2. The distance between the current

location of the drone and the location where the drone arrives at the next ship is l1 and l2,

respectively. The distance between the locations of the ship after τ1 and τ2 is l3.

Figure B.1: The situation that the drone can arrive at a ship at two different time points

Then, we have

l2 − l1 = SD(τ2 − τ1)

≤ l3 (By triangle inequality)

≤ SV(τ2 − τ1) (The ship’s sailing route cannot be shorter than the straight line).

The result implies SD(τ2 − τ1) ≤ SV(τ2 − τ1), i.e., SD ≤ SV , which contradicts our
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assumption SV < SD. Therefore, there can not be more than one positive root of τ .

Conclusively, given SD > SV , there always exists one unique and positive root of

τ·,·(t) for equations (A.1), (A.2) and (A.3).

C Proof of Proposition 1

Constraints (2.1b) and (2.1n) restrict that the number of available drones in the station at

each time point should be larger than 0 and smaller than |D|, that is, the number of working

drones at each time point should be smaller than |D| and larger than 0, which is exactly

the meaning of constraints (2.3c). This completes the proof.

D Dynamic programming method for 2-path inequalities

A tailored backward DP formulation is introduced to check whether a subset of vessels

V tp can be served by one drone. We perform the DP for each station-time node i0 ∈ N 0,

and the procedure stops once a feasible solution that visits all vessels can be found. Firstly,

we define the state (Ṽ , j, q̃) as the family of all feasible paths, which starts in vessel uj at

time tj , visits an unordered set of vessels Ṽ ⊆ V tp, and arrives at the station-time node

i0. q̃ represents the minimum battery consumption of a path starting at node j, passing

through every vessel of Ṽ exactly once, ending at node i0. Let Sk be the set of states that

visits k vessels.

Step 1: Initialization. Set S0 = {(∅, i0, 0)} and Sk = ∅, for k = 2, · · · , |V tp|. Let

k̂ = 1.

Step 2: Expansion of every state in set Sk̂−1. For each (Ṽ , j, q̃) ∈ Sk̂−1, repeat the

Step 3.

Step 3: Generate reachable states of Sk̂ from (Ṽ , j, q̃). For each ai,j ∈ A such that

ui ∈ V tp\Ṽ , we generate (Ṽ ′, i, q̃′), where Ṽ ′ = Ṽ∪{ui} and q̃′ = q̃+θ
(∑

v∈Ṽ ′ wv +WD) (ti − tj).
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The state is rejected if any of the following conditions folds: (i) feasibility check: q̃′ ≥ QD;

(ii) dominance check: Sk̂ contains a state (Ṽ ′, i, q̃′′) such that q̃′ > q̃′′. If the state is not

rejected, let Sk̂ = Sk̂ ∪ {(Ṽ ′, i, q̃′)} and remove any state in Sk̂ that is dominated by

(Ṽ ′, i, q̃′).

Step 4: Update. Set k̂ ← k̂ + 1; if k̂ ≤ |Ṽ| go to Step 2, otherwise the DP is finished.

If we have any state (Ṽ , j, q̃) ∈ S|Ṽ| such that q̃+θt
(∑

v∈Ṽ wv +WD) (ti − tj − τ0) ≤

QD, this subset of vessels can be visited by one drone; otherwise, perform the DP for an-

other unexplored station-time node until all station-time nodes have been tested.

E Proof of Proposition 2

It suffices to show that if (i) to (vii) hold, then ∀j ∈ N V : uj ∈ V̄p2 such that Lp2 can

be extended to a feasible Lp′2
, we have that Lp1 can also be extended to a feasible Lp′1

by

visiting j and (i) to (v) still hold for Lp′1
and Lp′2

.

Step 1: We show that the resource vector of Lp′1
is less than Lp′2

. Firstly, according to

(F.5), condition (i), (ii), and (iv) hold trivially.

Note that when we extend Lp1 to Lp′1
, ip1 = ip2 cannot be a station-time node. Then,

the battery energy consumption of p′1 and p′2 are qp
′
1 = qp1 + θ(tip1 − tj)(y

p′1 +WD) and

qp
′
2 = qp2 + θ(tip2 − tj)(y

p′2 + WD), respectively. According to condition (v), we have

tip1 = tip2 . Therefore, we can prove that

qp
′
1 = qp1 + θ(tip1 − tj)(y

p′1 +WD)

≤ qp2 + θ(tip1 − tj)(y
p′1 +WD) (By initial condition (ii) qp1 ≤ qp2)

= qp2 + θ(tip2 − tj)(y
p′1 +WD) (Since tip1 = tip2 )

≤ qp2 + θ(tip2 − tj)(y
p′2 +WD) (Since yp′1 ≤ yp

′
2)

= qp
′
2 ,
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which completes condition (iii).

In addition, recalling the definition of the partial reduced cost, we have

bp′1 = bp1 + bj,ip1 (By definition)

= bp1 + bj,ip2 (By initial condition (iv) ip1 = ip2)

≤ bp2 + bj,ip2 (By initial condition (v) bp1 ≤ bp2)

= bp′2 . (By definition)

Therefore, condition (vi) holds.

In view of the condition (vii), since (Vsr ∪ Vp1) ⊆ (Vsr ∪ Vp2), ∀sr ∈ SR, we have

(Vsr ∪ Vp′1) ⊆ (Vsr ∪ Vp′2), ∀sr ∈ SR.

Step 2: We show that the full reduced cost of Lp′1
is less than Lp′2

. Since Vp′1 ⊆ Vp′2 ,

we have

Kp′1
= {k ∈ K : |Vp′1 ∩ V

k| ≥ 2} ⊆ {k ∈ K : |Vp′2 ∩ V
k| ≥ 2} = Kp′2

.

Thus, ∀k ∈ K, we have 0 ≤ 1Kp′1
(k) ≤ 1Kp′2

(k). Furthermore, since µk ≤ 0, we have

−
∑
k∈K

1Kp′1
(k)µk ≤ −

∑
k∈K

1Kp′2
(k)µk.

Considering initial condition (vi) bp′1 ≤ bp′2 , we can prove that

c̄p′1 = bp′1 −
∑
k∈K

1Kp′1
(k)µk ≤ bp′2 −

∑
k∈K

1Kp′2
(k)µk = c̄p′2 .

Step 3: We then prove the feasibility of Lp′1
by showing that constraints (2.13) hold

for Lp′1
. Since conditions (ii) and (iii) hold for Lp′1

and Lp′2
, i.e., yp′1 ≤ yp

′
2 and qp′1 ≤ qp

′
2 .
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Therefore, considering the feasibility of Lp′2
, we have

yp
′
1 ≤ yp

′
2 ≤ CD, qp

′
1 ≤ qp

′
2 ≤ QD.

F Algorithms

F.1 Feasibility pump pseudocode

Algorithm F.1: Feasibility pump algorithm.
Input: The number of variables to be flipped κ, maximum iteration number η̂.
Output: Feasible integer solution χ∗.

1 Compute χ∗ ∈ argmin{
∑

p∈P ′ cpχp : s.t.(2.4b)− (2.4d), (2.10)}
2 if χ∗ is integer then
3 return χ∗
4 else
5 Let χ̃ := [χ∗], η = 0 // [x] means round x to the nearest integer.
6 while η < η̂ do
7 Let η = η + 1
8 Compute χ∗ ∈ argmin{

∑
p∈P ′:χ̃p=0 χp +

∑
p∈P ′:χ̃p=1(1− χp) :

s.t.(2.4b)− (2.4d), (2.10)}
9 if χ∗ is integer then
10 return χ∗
11 end
12 if ∃p ∈ P ′ : χ̃p ̸=

[
χ∗p

]
then

13 χ̃ := [χ∗]
14 else
15 Flip the κ̃ entries χ̃p (p ∈ P ′) with highest

∣∣χ∗p − χ̃p

∣∣, where κ̃ is a
random integer between [κ/2, 3κ/2]

16 /* Flip is to prevent stalling issues by taking the
reverse rounding of some variables when all rounded
variables are the same as the last iteration. */

17 end
18 end
19 end

F.2 Labeling algorithm pseudocode
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Algorithm F.2: Backward labeling algorithm to generate drone path.
Input: The time-expanded network and the reduced cost of each arc. Parameters

NumL, NumL∗ and flag.
Output: The generated columns and revised flag.

1 ListL∗ = ∅ and ListL = ∅
2 foreach i0 ∈ N 0 do
3 Initialization: a single label Lp = (Vp, yp, qp, Tp, ip, bp, c̄p) is generated,

where Vp = ∅, qp = 0, yp = 0, Tp = ∅, ip = i0, bp = 0, c̄p = 0,
ListL.add(Lp)

4 if ListL.size> NumL& flag then
5 Sort ListL by the increasing order of the reduced costs of the labels
6 Delete the last ListL.size−NumL labels with the largest reduced costs
7 end
8 while ListL ̸= ∅ do
9 Get label Lp = (Vp, yp, qp, Tp, ip, bp, c̄p) from ListL
10 foreach aj,ip ∈ A do // There are arcs whose target node is ip

11 Extension: extend Lp towards node j such that aj,ip ∈ A and uj /∈ Vp;
generate label Lp′ = (Vp′ , yp

′
, qp

′
, Tp′ , ip

′
, bp′ , c̄p′) if it is feasible

according to (2.13), where

Vp′ =
{
Vp if j ∈ N 0

Vp ∪ {uj} if j ∈ N V
yp

′
= yp + wuj

qp
′
=

{
qp + θ(yp +WD)(tip − tj − τ0) if ip ∈ N 0

qp + θ(yp +WD)(tip − tj) if ip ∈ N V
Tp′ = Tp ∪ {t | t = k∆, tj ≤ t < tip , k ∈ N0}
ip

′
= j

bp′ = bp + bj,ip
compute c̄p′ by (2.11)

(F.5)

if ip′ ∈ N 0 then // A complete feasible path is generated
12 ListL∗ .add(Lp′)
13 else
14 ListL.add(Lp′)
15 Dominance rule: apply Proposition 2 and delete the dominated

labels from ListL or ListL∗

16 end
17 end
18 Delete Lp from ListL
19 end
20 end
21 Sort List∗L by the increasing order of the labels’ reduced costs, set flag = false
22 if the first label’s reduced cost of List∗L is negative then
23 Select the first NumL∗ paths with the most negative reduced costs from

ListL∗ and set flag = true
24 end
25 Return the columns corresponding to paths and flag.
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F.3 Branch-and-price-and-cut pseudocode

Algorithm F.3: Branch-and-price-and-cut algorithm for drone scheduling prob-
lem.
Input: The constructed expanded network and a convergence gap ϵ.
Output: Optimal integer solution χ∗.

1 Create a B&B tree and insert the root node into the tree
2 Set LB= −∞, UB= +∞, BestSol← ∅
3 while UB−LB ≥ ϵ do
4 Select a node from the tree by best-bound-first strategy
5 if the current node is the root node then
6 Add the SRIs
7 Solve the RMP by CG and generate the RCIs and TPIs iteratively
8 else
9 Solve the RMP by CG with existing SRIs, RCIs and TPIs
10 end
11 if the RMP is infeasible then
12 Mark the current node as explored
13 else
14 Get an optimal solution χ̄ with objective value Ψ
15 Set LB = min{the local objective of all leaf nodes}
16 if χ̄ is integral then
17 if Ψ <UB then Set BestSol← χ̄ and UB = Ψ
18 Mark the current node as explored
19 else
20 if the current node is the root node then
21 Perform the FP algorithm or solve the IP form of RMP to get the

solution χ̂ with objective value Ψ̂
22 if χ̂ is integeral then Set BestSol← χ̂, UB= Ψ̂

23 end
24 if Ψ <UB then
25 Branch on χ̄ on the arc
26 Set the estimated bound for each child node as Ψ
27 Insert two resulting child nodes into the tree
28 end
29 Mark the current node as explored
30 end
31 end
32 end
33 Return the BestSol and UB
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G Summary of critical notations

Table G.1: Summary of sets, parameters, and decision variables

Notation Description

L Set of cruise lines, indexed by l. It includes the set of bi-directional Lb and round-trip itineraries

Lr.

H Set of home ports, indexed by h. The set of home port(s) for a cruise line l is denoted byHl.

S Set of station ports, indexed by s. The set of station ports for a cruise line l is denoted by Sl.

P Set of ports, indexed by p. It includes the set of home portsH and station ports S . The set of

ports for a cruise line l is denoted by Pl = Hl ∪ Sl.

K The set of time periods.

T The set of timestamps in the time-expanded network after discretization. The set of timestamps

in the time-expanded network before time t is denoted by Tt.

T̃k The set of timestamps contained in a time period k.

N The set of nodes in the time-expanded network.

A The set of arcs in the time-expanded network. The arc set of cruise line l is denoted by Al.

Al,k The set of outflow arcs of a home port h of a round cruise line l ∈ Lr.

Ai
l,k The set of outflow arcs of a home port h of a bi-directional line l ∈ Lb in directional i ∈ {0, 1}.

tsailp,q The sailing time from port p ∈ Pl to q ∈ Pl.

topps,l The touring time at each station port s ∈ Sl of cruise line l ∈ L.

tlayoverh,l The layover time at each home port h ∈ Hl of cruise line l ∈ L.

dl,k The required number of cruises for each period k ∈ K of a round-trip l ∈ Lr.

dil,k The required number of cruises for each period k ∈ K of a bi-directional line l ∈ Lb in direction

i ∈ {0, 1}.

zh Nonnegative integer, indicating the number of cruises allocated at home port h.

uh,l Nonnegative integer, indicating the number of cruises allocated at home port h and assigned to

line l.

xa Binary, taking 1 if arc a is included in the cruises’ itineraries and 0, otherwise.

yl,k Nonnegative integer, indicating the number of unsatisfied demands of a round-trip itinerary

l ∈ Lr at time period k.

yil,k Nonnegative integer, indicating the number of unsatisfied demands of a bi-directional itinerary

l ∈ Lb at time period k in direction i ∈ {0, 1}.
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H Branching on the number of drones

For each station-time node i ∈ N 0, we let di be the number of drones flying out of node i,

which can be calculated by
∑

p∈P ′
∑

ai,j∈A:j∈NV 1Ap(ai,j)χ
∗
p. If di is factional, we impose

a constraint
∑

p∈P ′
∑

ai,j∈A:j∈NV 1Ap(ai,j)χp ≥ ⌈di⌉ to the RMP of one child node and

force
∑

p∈P ′
∑

ai,j∈A:j∈NV 1Ap(ai,j)χp ≤ ⌊di⌋ to the RMP of the other child node. We

choose to branch on the earlier time point when there are multiple fractional di. Notably,

the dual prices associated with each drone-number branching constraint should also be

included when calculating the reduced cost of each path.

I Proof of Lemma 1

We prove that SPl(û) and S̃Pl(û) are equivalent by showing that any feasible solution to

SPl(û) is also feasible to S̃Pl(û) with the objective value remaining the same, and the

converse is also true.

(i) Assume that (x∗,y∗) is a feasible solution to SPl(û). Firstly, the binary restriction

of xa can be achieved by constraints (8d)–(8e) combined with integer restrictions of χa.

According to the definition, we have
∑

τ∈Tt(
∑

a∈δ+(nh,τ ,l)
x∗a −

∑
a∈δ−(nh,τ ,l)

x∗a) =∑
a∈δ+(nh,t,l)

χa −
∑

a∈δ−(nh,t,l)
χa. Therefore, constraints (8b) and constraints (8c) hold

trivially. Similarly, by definition, we have
∑

a∈Al,k
x∗a =

∑
a∈δ+(nh,τ(k),l)

∑
a′∈A(a) x

∗
a′ −∑

a∈δ+(nh,τ(k),l)

∑
a′∈A−(a) x

∗
a′ =

∑
a∈δ+(nh,τ(k),l)

χa−
∑

a∈δ+(nh,τ(k),l)
χa− . Thus, constraints (8f)

are met.

Moreover, according to x∗a = χa−χa− for a ∈ δ+(nh,t, l) and constraints (4d), we have

x∗a′ = χa−χa− , ∀a′ ∈ Al(h, t), a ∈ δ+(nh,t, l). Combining with croutel,t =
∑

a∈Al(h,t)
(cfuela −

rutia ), the objective values are equivalent.

(ii) Conversely, assume that (χ∗,y∗) is a feasible solution to S̃Pl(û). Based on the

definition and proof in (i), constraints (4b)–(4c) and (4e)–(4g) are straightforward. By
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defining xa′ = χ∗a − χ∗a− , ∀a′ ∈ Al(h, t), a ∈ δ+(nh,t, l), constraints (4d) are satisfied.

The proof is completed.

J Proof of Lemma 2

For ease of explanation, we denote A as the coefficient matrix of constraints (8b)–(8f),

which includes matrix A1 associating to the coefficients of χ, matrix 0 associating to the

coefficients of y in constraints (8b)–(8e), and matrix I associating to the coefficients of y

in constraints (8f). The structure of A can be presented as follows:

Firstly, according to Hoffman and Kruskal (2010), a sufficient condition for a matrix

M to be TU is: row indices of matrixM can be partitioned into two sets such that the fol-

lowing four conditions are all satisfied: (i) each entrymij ofM satisfiesmij ∈ {0, 1,−1};

(ii) each column ofM contains at most two non-zero entries; (iii) if a column has two en-

tries of the same sign, their row indices are in different sets; and (iv) if a column has two

entries of different signs, their row indices are in the same set.

For our matrix A1, we consider its transpose matrix AT
1 . Considering the coefficients

structure of matrixA1, it contains at most one 1 and one−1 in each row, which implies that

there are no more than two nonzero entries per column in the matrixAT
1 . Then, conditions

(i) and (ii) are satisfied immediately. Therefore, we can partition all rows of AT
1 into a

single group such that the sum of the columns results in a vector with entries of 0, 1, and

−1, meeting the criteria (iii) and (iv). Thus, we conclude that matrix AT
1 is TU.

Following the properties of a TU matrix (Fulkerson and Gross, 1965), we have (i) the

transpose matrix of TU is also TU; and (ii) the resulting matrix after appending a unit



K. Proof of Lemma 3 118

vector e to a TU, is also TU. Therefore, after appending the coefficient matrix associated

with y, the original coefficient matrix A is still TU.

K Proof of Lemma 3

(i) Feasibility: For each S̃Pl(û), consider a valid solution û ≥ 0, there always exists a

solution χa = 0, ∀a ∈ Āl and yl,k = dl,k, ∀k ∈ K such that the model is feasible.

(ii) Boundedness: Since 0 ≤ χa−χa− ≤ 1, we can calculate a lower bound of the first

term of the objective, i.e.,
∑

t∈T
∑

a∈δ+(nh,t,l)
croutel,t (χa − χa−), as

∑
t∈{t′∈T |croute

l,t′ <0} c
route
l,t .

We can also calculate an upper bound for the first term as
∑

t∈{t′∈T |croute
l,t′ >0} c

route
l,t . Besides,

the second term
∑

k∈K c
opp
l,k yl,k lies in [0,

∑
k∈K c

opp
l,k dl,k]. Therefore,

∑
t∈{t′∈T |croute

l,t′ <0} c
route
l,t

and
∑

t∈{t′∈T |croute
l,t′ >0} c

route
l,t +

∑
k∈K c

opp
l,k dl,k is a lower and upper bound of the objective,

respectively. In summary, S̃Pl(û) is bounded.

L Magnanti-Wong Benders cut generation algorithm

Algorithm L.4:Magnanti-Wong Benders cut generation.
Input: RMP feasible solution (û, ζ̂).
Output: Benders cuts.

1 for l ∈ L do
2 Solve DSPl(û) and obtain optimal objective value η̂l
3 if η̂l > ζ̂l then
4 Solve MW-DSPl(u0, û, η̂) and obtain optimal solution (α∗,λ∗,ω∗)
5 Add the Benders optimality cut (10) based on (α∗,λ∗,ω∗) to RMP
6 end
7 end
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M Proof of Lemma 4

We prove the statement from the perspective of primal problems. We first write out the

Magnanti-Wong primal problem MW-PSPl(u0, û, η̂) as follows:

min
χ,y,σl

:
∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χa − χa−) +
∑
k∈K

coppl,k yl,k− η̂lσl (M.6)

s.t.
∑

a∈δ+(nh,t,l)

χa −
∑

a∈δ−(nh,t,l)

χa ≤ u0
h,l + ûh,lσl ∀h ∈ H, t ∈ T \{T}, (M.7)

χa − χa− ≤ 1 + σl ∀a ∈ Āl, (M.8)∑
a∈δ+(nh,τ(k),l)

χa −
∑

a∈δ+(nh,τ(k),l)

χa− + yl,k = dl,k + dl,kσl∀k ∈ K, (M.9)

(8c)− (8d),

χa, yl,k ≥ 0 ∀k ∈ K, a ∈ Āl, (M.10)

σl ∈ R, (M.11)

where σl is the dual of constraint (13b).

We next show that given an optimal solution to SP LSPl(û), i.e., (χ̂, ŷ), with optimal

objective η̂l, and an optimal solution to theMagnanti-Wong primal problemMW-PSPl(u0, û, η̂),

i.e., (χ∗,y∗, σ∗l ), the solution defined by χ = χ∗+ νχ̂,y = y∗+ νŷ, σl = σ∗l + ν, where

ν ≥ 0, is also an optimal solution to MW-PSPl(u0, û, η̂).

(i) Feasibility: Since all variables are nonnegative variables, their combinations with

ν ≥ 0 are also nonnegative, which adhere to constraints (M.10)–(M.11). Besides, as the

right-hand side of constraints (8c)–(8d) are the same in LSPl(û) and MW-PSPl(u0, û, η̂),

these constraints also hold trivally. For constraints (M.7), we have

∑
a∈δ+(nh,t,l)

(χ∗a + νχ̂a)−
∑

a∈δ−(nh,t,l)

(χ∗a + νχ̂a)
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=
∑

a∈δ+(nh,t,l)

χ∗a −
∑

a∈δ−(nh,t,l)

χ∗a +
∑

a∈δ+(nh,t,l)

νχ̂a −
∑

a∈δ−(nh,t,l)

νχ̂a

≤ u0
h,l + ûh,lσ

∗
l + νûh,l

= u0
h,l + ûh,l(σ

∗
l + ν).

Similarly, constraints (M.8)–(M.9) are satisfied. Therefore, the new solution is feasible.

(ii) Optimality: for the new objective, we have

∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χ∗a − χ∗a− + ν(χ̂a − χ̂a−)) +
∑
k∈K

coppl,k (y
∗
l,k + νŷl,k)− η̂l(σ

∗
l + ν)

=
∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χ∗a − χ∗a−) +
∑
k∈K

coppl,k y
∗
l,k − η̂lσ

∗
l

+ ν

∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χ̂a − χ̂a−) +
∑
k∈K

coppl,k ŷl,k − η̂l


=
∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χ∗a − χ∗a−) +
∑
k∈K

coppl,k y
∗
l,k − η̂lσ

∗
l + ν(η̂l − η̂l)

=
∑
t∈T

∑
a∈δ+(nh,t,l)

croutel,t (χ∗a − χ∗a−) +
∑
k∈K

coppl,k y
∗
l,k − η̂lσ

∗
l ,

which equals the optimal objective value of MW-PSPl(u0, û, η̂).Therefore, given a σl

larger than σ∗l , there always exists an optimal solution to the MW-PSPl(u0, û, η̂). Then,

we can fix σl and solve the model only with variables χ and y, that is, we can drop

the term −η̂lσl and there is no need to solve the original LSPl(û). Besides, the dual of

MW-PSPl(u0, û, η̂) after removing the term−η̂lσl in the objective leads to sMW-DSPl(u0, û).

Conclusively, provided a sufficient large σl, solving the sMW-DSPl(u0, û) is equiva-

lent to solving the DSPl(û) and MW-DSPl(u0, û, η̂) sequentially.
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N SimultaneousMagnanti-Wong Benders cut generation

algorithm

Algorithm N.5: Simultaneous Magnanti-Wong Benders cut generation.
Input: RMP feasible solution (û, ζ̂), UBl and LBl.
Output: Benders cuts.

1 for l ∈ L do
2 Set σ = UBl − LBl

3 Solve sMW-DSPl(u0, û) and obtain optimal solution (α∗,λ∗,ω∗) with
objective value η̂l

4 if η̂l > ζ̂l then
5 Add the Benders optimality cut (10) based on (α∗,λ∗,ω∗) to RMP
6 end
7 end

O Simulation instance generation

The parameters for each instance are determined according to the following procedures:

• Cruise-related parameters. Each line is first assigned a type, either bi-directional

or round-trip, with a probability of 0.5 for each type. The number of station ports for

each line, i.e., |Sl| for round-trip line or |S0
l | = |S1

l | for bi-directional line, is selected

uniformly at random from {5, 6, · · · , 9}. The demand for each time period k ∈ K is

selected uniformly at random from {0, 1, 2, 3}. The total number of available cruises, i.e.,

Zmax, is set as 3|L|.

• Cost-related parameters. The fixed cruise deployment cost for each home port is

selected uniformly at random from {10, 20, 30, 40} million dollars. The hourly fuel cost

is set as 10,000 dollars/hour according to the daily fuel consumption of a cruise (Marine

Insight, 2024) and the fuel cost (Ship & Bunker, 2024). We establish the time utility

function based on the model presented in Wang et al. (2017). The utility is multiplied



P. Arc-based model 122

by a constant of 10,000,000, considering that the number of people on a medium-sized

cruise ship is approximately 1,000 and each unit of utility corresponds to a revenue gain

of 10,000 dollars. Additionally, we assume a 0.1 probability that a port city is suitable

for evening excursions, in which case the time utility function is shifted by 12 hours from

the original utility function. The unit opportunity cost of one cruise line is set to 5×|Sl|

million dollars as usually the longer the cruise line the higher the price.

• Time-related parameters. The sailing time between two successive ports is generated

based on a uniform distribution ranging from 10 to 100 hours. The traveling time at each

station port is generated following a uniform distribution ranging from 5 to 50 hours. The

layover time of each home port is set as 48 hours. The planning horizon is set as 180 days

and the time discretization parameter is set as 1 hour. Each time period k ∈ K is set to 9

days.

P Arc-based model

min
χ,y

:
∑
a∈Āl

(cfuela − rutia )(χa − χa−) +
∑
k∈K

coppl,k yl,k (P.12a)

s.t.
∑

a∈δ+(nh,t,l)

χa −
∑

a∈δ−(nh,t,l)

χa ≤ ûh,l ∀h ∈ H, t ∈ T \{T}, (P.12b)

∑
a∈δ+(nh,T ,l)

χa −
∑

a∈δ−(nh,T ,l)

χa = 0 ∀h ∈ H, (P.12c)

∑
a∈δ+(ns,t,l)

χa −
∑

a∈δ−(ns,t,l)

χa = 0 ∀s ∈ S, t ∈ T , (P.12d)

χa − χa− ≥ 0 ∀a ∈ Āl, (P.12e)

χa − χa− ≤ 1 ∀a ∈ Āl, (P.12f)∑
a∈δ+(nh,τ(k),l)

χa −
∑

a∈δ+(nh,τ(k),l)

χa− + yl,k = dl,k ∀k ∈ K, (P.12g)
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χa, yl,k ≥ 0 ∀k ∈ K, a ∈ Āl. (P.12h)

Q Detailed results on simulation instances

The detailed results on simulation instances are given in Table Q.1–Q.4. All costs in the

table below are measured in 10,000 dollars.

Table Q.1: Detailed results of different solving methods on each instance I
Instance Solving method UB LB Gap% Total CPU(s) Per SP CPU(s) #Iter #Cut

30-1

CPLEX-a 2,916,500 −28, 459 1075.80 4426.92 / / /
CPLEX-r 958,229 958,229 0.00 142.65 / / /
t-BD-a 958,229 958,229 0.00 254.64 7.55 33 111
MW-BD-a 958,229 958,229 0.00 284.99 7.21 39 157
sMW-BD-a 958,229 958,229 0.00 166.46 5.09 32 105
t-BD-r 958,229 958,229 0.00 31.28 0.78 33 105
MW-BD-r 958,229 958,229 0.00 27.53 0.67 37 142
sMW-BD-r 958,229 958,229 0.00 26.01 0.66 32 105

30-2

CPLEX-a 779,573 746,679 4.20 4609.87 / / /
CPLEX-r 767,103 767,103 0.00 208.36 / / /
t-BD-a 767,103 767,103 0.00 290.43 7.94 36 111
MW-BD-a 767,103 767,103 0.00 301.39 7.26 41 159
sMW-BD-a 767,103 767,103 0.00 199.75 5.61 35 109
t-BD-r 767,103 767,103 0.00 38.31 0.99 35 110
MW-BD-r 767,103 767,103 0.00 31.55 0.69 40 153
sMW-BD-r 767,103 767,103 0.00 28.09 0.69 33 106

30-3

CPLEX-a 2,658,000 −28,459 1089.10 5313.91 / / /
CPLEX-r 864,246 864,246 0.00 228.42 / / /
t-BD-a 864,246 864,246 0.00 298.24 8.67 34 134
MW-BD-a 864,246 864,246 0.00 286.79 7.65 37 155
sMW-BD-a 864,246 864,246 0.00 184.94 5.32 34 112
t-BD-r 864,246 864,246 0.00 32.69 0.87 34 114
MW-BD-r 864,246 864,246 0.00 31.94 0.72 39 152
sMW-BD-r 864,246 864,246 0.00 27.44 0.72 34 112

30-4

CPLEX-a 740,110 682,989 0.08 4560.30 / / /
CPLEX-r 691,084 691,084 0.00 228.86 / / /
t-BD-a 691,084 691,084 0.00 259.86 7.30 35 120
MW-BD-a 691,084 691,084 0.00 268.59 6.45 41 157
sMW-BD-a 691,084 691,084 0.00 164.94 4.85 33 115
t-BD-r 691,084 691,084 0.00 40.66 1.11 33 114
MW-BD-r 691,084 691,084 0.00 31.92 0.69 41 160
sMW-BD-r 691,084 691,084 0.00 27.17 0.69 33 114
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Table Q.2: Detailed results of different solving methods on each instance II
Instance Solving method UB LB Gap% Total CPU(s) Per SP CPU(s) #Iter #Cut

30-5

CPLEX-a 3,000,500 1,059,046 952.90 5306.40 / / /
CPLEX-r 1,134,948 1,134,948 0.00 299.14 / / /
t-BD-a 1,134,948 1,134,948 0.00 306.24 8.56 35 125
MW-BD-a 1,134,948 1,134,948 0.00 296.60 7.50 39 163
sMW-BD-a 1,134,948 1,134,948 0.00 203.20 5.45 36 119
t-BD-r 1,134,948 1,134,948 0.00 36.51 0.85 35 120
MW-BD-r 1,134,948 1,134,948 0.00 32.90 0.72 39 161
sMW-BD-r 1,134,948 1,134,948 0.00 31.42 0.73 35 119

50-1

CPLEX-r 1,409,465 1,409,465 0.00 390.56 / / /
t-BD-a 1,409,465 1,409,465 0.00 568.85 10.42 54 209
MW-BD-a 1,409,465 1,409,465 0.00 594.25 9.50 62 261
sMW-BD-a 1,409,465 1,409,465 0.00 404.70 7.51 53 191
t-BD-r 1,409,465 1,409,465 0.00 63.89 1.07 54 192
MW-BD-r 1,409,465 1,409,465 0.00 63.19 0.95 61 245
sMW-BD-r 1,409,465 1,409,465 0.00 60.47 0.99 54 191

50-2

CPLEX-r 1,454,338 1,454,338 0.00 516.35 / / /
t-BD-a 1,454,338 1,454,338 0.00 558.89 10.80 51 199
MW-BD-a 1,454,338 1,454,338 0.00 605.38 10.01 60 259
sMW-BD-a 1,454,338 1,454,338 0.00 411.23 7.70 52 177
t-BD-r 1,454,338 1,454,338 0.00 66.06 1.11 52 177
MW-BD-r 1,454,338 1,454,338 0.00 64.08 0.99 59 249
sMW-BD-r 1,454,338 1,454,338 0.00 63.43 1.01 54 179

50-3

CPLEX-r 1,061,253 1,061,253 0.00 375.92 / / /
t-BD-a 1,061,253 1,061,253 0.00 523.61 9.41 55 224
MW-BD-a 1,061,253 1,061,253 0.00 545.40 8.84 61 246
sMW-BD-a 1,061,253 1,061,253 0.00 376.16 7.01 53 170
t-BD-r 1,061,253 1,061,253 0.00 58.23 0.99 54 174
MW-BD-r 1,061,253 1,061,253 0.00 56.04 0.87 59 226
sMW-BD-r 1,061,253 1,061,253 0.00 54.40 0.93 54 170

50-4

CPLEX-r 1,406,902 1,406,902 0.00 469.78 / / /
t-BD-a 1,406,902 1,406,902 0.00 558.80 11.35 49 210
MW-BD-a 1,406,902 1,406,902 0.00 599.46 10.04 59 264
sMW-BD-a 1,406,902 1,406,902 0.00 402.30 8.27 48 189
t-BD-r 1,406,902 1,406,902 0.00 69.25 1.26 49 192
MW-BD-r 1,406,902 1,406,902 0.00 68.95 1.09 59 269
sMW-BD-r 1,406,902 1,406,902 0.00 60.86 1.14 48 190

50-5

CPLEX-r 1,317,487 1,317,487 0.00 462.61 / / /
t-BD-a 1,317,487 1,317,487 0.00 601.45 10.38 57 250
MW-BD-a 1,317,487 1,317,487 0.00 592.67 9.62 61 263
sMW-BD-a 1,317,487 1,317,487 0.00 440.38 7.56 57 194
t-BD-r 1,317,487 1,317,487 0.00 74.28 1.12 58 202
MW-BD-r 1,317,487 1,317,487 0.00 67.30 1.02 60 258
sMW-BD-r 1,317,487 1,317,487 0.00 66.03 1.02 57 191
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Table Q.3: Detailed results of different solving methods on each instance III
Instance Solving method UB LB Gap% Total CPU(s) Per SP CPU(s) #Iter #Cut

80-1

CPLEX-r 476,774 476,774 0.00 2,472.60 / / /
t-BD-a 476,774 476,774 0.00 675.30 6.83 96 406
MW-BD-a 476,774 476,774 0.00 580.17 6.33 90 376
sMW-BD-a 476,774 476,774 0.00 535.60 5.31 96 319
t-BD-r 476,774 476,774 0.00 183.65 1.71 95 324
MW-BD-r 476,774 476,774 0.00 150.21 1.51 90 377
sMW-BD-r 476,774 476,774 0.00 182.69 1.68 96 318

80-2

CPLEX-r 2,592,712 2,592,712 0.00 881.04 / / /
t-BD-a 2,592,712 2,592,712 0.00 1,393.19 16.32 84 383
MW-BD-a 2,592,712 2,592,712 0.00 1,394.31 15.22 91 429
sMW-BD-a 2,592,712 2,592,712 0.00 1,094.07 12.66 85 313
t-BD-r 2,592,712 2,592,712 0.00 160.07 1.70 85 344
MW-BD-r 2,592,712 2,592,712 0.00 153.19 1.57 90 428
sMW-BD-r 2,592,712 2,592,712 0.00 159.26 1.67 85 316

80-3

CPLEX-r 2,555,774 2,555,774 0.00 774.38 / / /
t-BD-a 2,555,774 2,555,774 0.00 1,384.78 17.06 80 357
MW-BD-a 2,555,774 2,555,774 0.00 1,486.20 16.04 92 432
sMW-BD-a 2,555,774 2,555,774 0.00 1,070.59 13.26 80 301
t-BD-r 2,555,774 2,555,774 0.00 145.66 1.71 79 301
MW-BD-r 2,555,774 2,555,774 0.00 160.11 1.60 93 422
sMW-BD-r 2,555,774 2,555,774 0.00 144.58 1.70 79 301

80-4

CPLEX-r 2,490,002 2,490,002 0.00 1,088.33 / / /
t-BD-a 2,490,002 2,490,002 0.00 1,411.77 17.00 82 425
MW-BD-a 2,490,002 2,490,002 0.00 1,467.53 15.43 94 442
sMW-BD-a 2,490,002 2,490,002 0.00 1,042.78 12.81 80 302
t-BD-r 2,492,727 2,492,727 0.00 184.83 1.78 81 358
MW-BD-r 2,490,002 2,490,002 0.00 168.03 1.58 94 431
sMW-BD-r 2,490,002 2,490,002 0.00 148.79 1.68 79 305

80-5

CPLEX-r 2,774,685 2,774,685 0.00 853.42 / / /
t-BD-a 2,774,685 2,774,685 0.00 1,391.55 16.73 82 388
MW-BD-a 2,774,685 2,774,685 0.00 1,479.46 15.22 96 442
sMW-BD-a 2,774,685 2,774,685 0.00 1,060.25 12.73 82 303
t-BD-r 2,774,685 2,774,685 0.00 179.04 1.99 82 309
MW-BD-r 2,774,685 2,774,685 0.00 163.55 1.61 92 435
sMW-BD-r 2,774,685 2,774,685 0.00 151.92 1.71 81 304

100-1

CPLEX-r 618,540 618,540 0.00 2,200.52 / / /
t-BD-a 618,540 618,540 0.00 1,189.86 9.40 122 517
MW-BD-a 618,540 618,540 0.00 899.37 7.88 113 477
sMW-BD-a 618,540 618,540 0.00 914.68 7.13 122 407
t-BD-r 618,540 618,540 0.00 299.09 2.04 122 408
MW-BD-r 618,540 618,540 0.00 272.66 1.92 116 485
sMW-BD-r 618,540 618,540 0.00 309.53 2.08 122 425
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Table Q.4: Detailed results of different solving methods on each instance IV
Instance Solving method UB LB Gap% Total CPU(s) Per SP CPU(s) #Iter #Cut

100-2

CPLEX-r 2,749,930 2,749,930 0.00 2,331.50 / / /
t-BD-a 2,749,930 2,749,930 0.00 1,010.78 9.44 103 475
MW-BD-a 2,749,930 2,749,930 0.00 1,960.79 17.05 114 527
sMW-BD-a 2,749,930 2,749,930 0.00 1,477.71 14.35 102 383
t-BD-r 2,749,930 2,749,930 0.00 222.30 2.05 102 383
MW-BD-r 2,749,930 2,749,930 0.00 215.48 1.80 112 517
sMW-BD-r 2,749,930 2,749,930 0.00 223.39 2.05 103 424

100-3

CPLEX-r 2,665,245 2,665,245 0.00 2,109.65 / / /
t-BD-a 2,665,245 2,665,245 0.00 1,774.21 16.64 106 562
MW-BD-a 2,665,245 2,665,245 0.00 1,763.24 15.67 112 504
sMW-BD-a 2,665,245 2,665,245 0.00 1,429.67 13.75 103 374
t-BD-r 2,665,245 2,665,245 0.00 206.74 1.92 104 373
MW-BD-r 2,665,245 2,665,245 0.00 206.47 1.75 112 513
sMW-BD-r 2,665,245 2,665,245 0.00 200.98 1.85 103 376

100-4

CPLEX-r 3,068,185 3,068,185 0.00 2,271.02 / / /
t-BD-a 3,068,185 3,068,185 0.00 1,968.29 18.99 103 558
MW-BD-a 3,068,185 3,068,185 0.00 2,111.83 17.97 117 566
sMW-BD-a 3,068,185 3,068,185 0.00 1,612.21 15.58 103 377
t-BD-r 3,068,185 3,068,185 0.00 282.89 2.52 104 381
MW-BD-r 3,068,185 3,068,185 0.00 295.93 2.45 113 541
sMW-BD-r 3,068,185 3,068,185 0.00 181.36 1.37 105 384

100-5

CPLEX-r 2,326,163 2,326,163 0.00 1,980.01 / / /
t-BD-a 2,326,163 2,326,163 0.00 1,628.90 15.97 101 646
MW-BD-a 2,326,163 2,326,163 0.00 1,631.11 14.61 111 481
sMW-BD-a 2,326,163 2,326,163 0.00 1,276.76 12.65 100 346
t-BD-r 2,326,163 2,326,163 0.00 193.24 1.82 100 344
MW-BD-r 2,326,163 2,326,163 0.00 189.95 1.65 110 468
sMW-BD-r 2,326,163 2,326,163 0.00 233.50 1.92 116 426

R Minimal infeasible subsystems cuts

According to Fischetti et al. (2010), the Benders’ cuts generation can be regarded as de-

tecting a minimal source of infeasibility of the following model [MIS-SPl(û)], so as to

detect a small set of constraints in the slave that suffices to cut the master solution.

[MIS-SPl(û)] max
α,β,γ,λ,ω

:
∑

h∈Hl,t∈T \{T}

ûh,lαh,t +
∑
k∈K

dl,kωk +
∑
a∈Āl

λa − ζ̂lπ

(R.13a)

s.t.
∑
h∈Hl

∑
t∈T \{T}

(1δ+(nh,t,l)(a)− 1δ−(nh,t,l)(a))αh,t +
∑
h∈Hl

(1δ+(nh,T ,l)(a)− 1δ−(nh,T ,l)(a))βh

+ γa + λa − 1Āl
(a+)(γa+ + λa+) +

∑
k∈K

(1δ+(nh,τ(k),l) (a)− 1δ+(nh,τ(k),l)(a
+))ωk
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≤
∑
t∈T

(1δ+(nh,t,l)(a)− 1δ+(nh,t,l)(a
+))croutel,t π ∀a ∈ Āl, (R.13b)

ωk ≤ coppl,k π ∀k ∈ K, (R.13c)

−
∑

h∈Hl,t∈T \{T}

v1h,tαh,t + v0π = 1,

α,λ ≤ 0,γ,v ≥ 0, π ≥ 0. (R.13d)

The classic Benders’ decomposition algorithm arises as a special case by setting v0 = 1

and v1h,t = 0, for all h ∈ Hl, t ∈ T \{T}. Fischetti et al. (2010) point out that a more clever

choice is however to set v0 = 1 and v1h,t = 1, for all h ∈ Hl, t ∈ T \{T}. Then, the SP

can be written as follows:

[MIS-SP′l(û)] max
α,β,γ,λ,ω

:
∑

h∈Hl,t∈T \{T}

ûh,lαh,t +
∑
k∈K

dl,kωk +
∑
a∈Āl

λa − ζ̂lπ

(R.14a)

s.t.
∑
h∈Hl

∑
t∈T \{T}

(1δ+(nh,t,l)(a)− 1δ−(nh,t,l)(a))αh,t + γa + λa − 1Āl
(a+)(γa+ + λa+)

+
∑
h∈Hl

(1δ+(nh,T ,l)(a)− 1δ−(nh,T ,l)(a))βh +
∑
k∈K

(1δ+(nh,τ(k),l)(a)− 1δ+(nh,τ(k),l)(a
+))ωk

≤
∑
t∈T

(1δ+(nh,t,l)(a)− 1δ+(nh,t,l)(a
+))croutel,t π ∀a ∈ Āl, (R.14b)

ωk ≤ coppl,k π ∀k ∈ K, (R.14c)

−
∑

h∈Hl,t∈T \{T}

αh,t + π = 1, (R.14d)

α,λ ≤ 0,γ ≥ 0, π ≥ 0. (R.14e)

Then, the correspondingMISBenders’ cuts associatedwith a given solution of [MIS-SP′l(û)]
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reads

ζlπ̂ ≥
∑

h∈Hl,t∈T \{T}

uh,lα̂h,t +
∑
k∈K

dl,kω̂k +
∑
a∈Āl

λ̂a. (R.15)

S Detailed numerical results on Figure 3.8

The detailed numerical results in Figure 8 are given in Table S.1–S.4.

Table S.1: Opened cruise lines and deployed number of cruises under benchmark scenario
Opened cruise line name #Trips Home port 1 #Cruises Home port 2 #Cruises

10 Nights Grand Voyage 90 Tokyo 5 Hong Kong /
11 Nights Hong Kong To Tokyo 80 Hong Kong / Tokyo 5
16 Nights World Cruise 80 Hong Kong 3 Tokyo 5
18 Nights World Cruise 50 Bali 5 Hong Kong /
21 Nights Grand Voyage 90 Singapore 5 Taipei 5
22 Nights Grand Voyage 80 Tokyo 5 Bangkok 5
27 Nights Grand Voyage 42 Singapore 7 Incheon /
29 Nights Grand Voyage 30 Singapore 5 Kyoto /
32 Nights Grand Voyage 50 Tokyo 5 Bali 5
33 Nights Grand Voyage 50 Singapore 5 Tokyo 5
36 Nights Grand Voyage 50 Goa 5 Hong Kong 5
41 Nights Grand Voyage 12 Tokyo 3 Phuket /
42 Nights Grand Voyage 20 Hong Kong / Singapore 5
60 Nights Grand Voyage 50 Tokyo 5 Sydney 15
63 Nights Grand Voyage 60 Tokyo 10 Sydney 10
57 Nights Grand Voyage1 15 Singapore 5 / /

1: This cruise line with only one home port is a round-trip cruise line.

Table S.2: Opened cruise lines and deployed number of cruises with high ruti
Opened cruise line name #Trips Home port 1 #Cruises Home port 2 #Cruises

10 Nights Grand Voyage 90 Tokyo 4 Hong Kong 1
16 Nights World Cruise 82 Hong Kong 4 Tokyo 4
18 Nights World Cruise 10 Bali / Hong Kong 1
21 Nights Grand Voyage 90 Singapore 5 Taipei 5
22 Nights Grand Voyage 80 Tokyo 5 Bangkok 5
57 Nights Grand Voyage 15 Singapore 5 / /
27 Nights Grand Voyage 54 Singapore 9 Incheon /
29 Nights Grand Voyage 60 Singapore 5 Kyoto 5
32 Nights Grand Voyage 50 Tokyo 5 Bali 5
33 Nights Grand Voyage 50 Singapore 5 Tokyo 5
36 Nights Grand Voyage 50 Goa 5 Hong Kong 5
57 Nights Grand Voyage 15 Singapore 5 / /
41 Nights Grand Voyage 40 Tokyo 10 Phuket /
42 Nights Grand Voyage 40 Hong Kong 5 Singapore 5
60 Nights Grand Voyage 30 Tokyo 5 Sydney 5
63 Nights Grand Voyage 60 Tokyo 10 Sydney 10
57 Nights Grand Voyage 15 Singapore 5 / /
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Table S.3: Opened cruise lines and deployed number of cruises with high cloc
Opened cruise line name #Trips Home port 1 #Cruises Home port 2 #Cruises

10 Nights Grand Voyage 90 Tokyo 5 Hong Kong /
11 Nights Hong Kong To Tokyo 80 Hong Kong / Tokyo 5
16 Nights World Cruise 74 Hong Kong / Tokyo 8
18 Nights World Cruise 50 Bali 5 Hong Kong /
21 Nights Grand Voyage 88 Singapore 4 Taipei 6
22 Nights Grand Voyage 80 Tokyo 5 Bangkok 5
27 Nights Grand Voyage 54 Singapore 9 Incheon /
29 Nights Grand Voyage 30 Singapore 5 Kyoto /
32 Nights Grand Voyage 50 Tokyo 5 Bali 5
33 Nights Grand Voyage 54 Singapore 6 Tokyo 5
41 Nights Grand Voyage 40 Tokyo 10 Phuket /
42 Nights Grand Voyage 20 Hong Kong / Singapore 5
60 Nights Grand Voyage 50 Tokyo 5 Sydney 15
63 Nights Grand Voyage 60 Tokyo 10 Sydney 10
57 Nights Grand Voyage 15 Singapore 5 / /

Table S.4: Opened cruise lines and deployed number of cruises with high cfuel
Opened cruise line name #Trips Home port 1 #Cruises Home port 2 #Cruises

10 Nights Grand Voyage 90 Tokyo 5 Hong Kong /
16 Nights World Cruise 74 Hong Kong / Tokyo 8
21 Nights Grand Voyage 80 Singapore / Taipei 10
22 Nights Grand Voyage 80 Tokyo 5 Bangkok 5
29 Nights Grand Voyage 6 Singapore 1 Kyoto /
33 Nights Grand Voyage 70 Singapore 5 Tokyo 10
41 Nights Grand Voyage 40 Tokyo 10 Phuket /
42 Nights Grand Voyage 20 Hong Kong / Singapore 5
60 Nights Grand Voyage 70 Tokyo 15 Sydney 15
63 Nights Grand Voyage 70 Tokyo 15 Sydney 15
57 Nights Grand Voyage 33 Singapore 14 / /

T Greedy heuristic

Algorithm T.6: Greedy heuristic for CFD-ISP.
Input: The number of cruises Zmax.
Output : Cruise deployment strategy u∗ and itinerary plan.

1 u← 0, z ← 0
2 while z < Zmax do
3 Set best revenue rev∗ ← −∞
4 Set best position (h∗, l∗)← None
5 foreach l ∈ L do
6 foreach h ∈ Hl do
7 Compute the increased revenue, denoted by rev, by solving the itinerary scheduling SP with the number

of cruises at line l and port h as uh,l + 1
8 if rev > best-revenue then
9 rev∗ ← rev
10 (h∗, l∗)← (h, l)

11 end
12 end
13 uh∗,l∗ ← uh∗,l∗ + 1
14 z ← z + 1

15 end
16 end
17 Compute the itinerary scheduling SPs with the cruise deployment result u
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