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Abstract

Error correction codes form the backbone of reliable digital communication and
data storage systems. During information transmission, errors are inevitable due to
channel noise and interference. Error correction codes provide mathematical frame-
works to automatically detect and correct such errors. Their applications span a
wide range of critical fields, including communication systems, computer networks,
data storage, consumer electronics, and wireless networks.

Bose-Chaudhuri-Hocquenghem (BCH) codes, as a subclass of cyclic codes, play
an important role in both theoretical research and practical applications. Their
strong error-correcting capability and efficient encoding and decoding algorithms
make BCH codes widely used in various domains including telecommunications,
memory and storage technologies, and digital electronics.

Although BCH codes have been extensively studied theoretically and are widely
used in practice, their key parameters, including dimension, minimum distance, and
Bose distance, remain unknown in general. To date, only a limited family of BCH
codes has been fully characterized in terms of these parameters. The dimension
determines the number of information symbols a BCH code can carry, reflecting its
data transmission efficiency. The minimum distance dictates the error-correcting
capability of the code, with larger values enabling the correction of more errors.
The Bose distance provides a lower bound on the minimum distance and, for certain

families of BCH codes, equals it. Therefore, determining these parameters is essential
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for a deeper understanding and effective application of BCH codes.

Let m be a positive integer, ¢ be a prime power and A be a divisor of ¢ — 1.

qgm—1

In this thesis, we investigate the parameters of g-ary BCH codes of length ——,

which includes primitive BCH codes as a special case when A = 1. By deriving

some explicit formulas, we determine the dimension and Bose distance of BCH codes

with this length qm/\*l for m > 4 and for designed distances over a significantly wider
range of designed distances than previously known. Using these formulas, we identify

several optimal codes and linear codes with the best known parameters.

Keywords: Error correction codes, linear codes, cyclic codes, BCH codes, g-cyclotomic

cosets, finite fields, coding theory
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Chapter 1

Introduction

1.1 Background

In the information age, the accurate transmission and storage of data are funda-
mental to modern society. Whether it is scientific data sent from deep-space probes,
the clarity of a mobile phone call, the retrieval of digital content from optical discs,
or the massive data exchanges within cloud computing centers, all rely on highly
reliable information delivery. However, communication channels, such as wireless
links, optical fibers, and storage devices, are all susceptible to noise, interference,
and signal degradation. These issues can introduce errors into the transmitted data.
Ensuring complete and accurate transmission of information under such imperfect
conditions remains a major challenge in modern communication. Coding theory
provides a powerful framework to address this issue.

The birth of coding theory can be traced back to Claude Shannon’s seminal 1948
paper, “A Mathematical Theory of Communication.” Shannon demonstrated that
for any noisy communication channel, there exists a fundamental limit known as
the channel capacity. Reliable communication is achievable at any rate below this
capacity, provided that appropriate encoding and decoding methods are employed.
The core idea of coding theory is to intentionally introduce redundancy into the

transmitted data, thereby enabling the receiver to detect and correct errors that



occur during transmission.

However, incorporating redundancy in an efficient and intelligent manner is far
from trivial. This requires sophisticated mathematical tools to design codes that
optimize the trade-off between redundancy, error-correcting capability, and compu-
tational complexity.

Throughout the development of coding theory, many classes of error correction
codes have been designed. Key examples include Hamming codes [26] for single-
error correction, Reed—Solomon codes [49] for burst error correction, turbo codes
[7] for near-capacity iterative decoding, and polar codes [2] as the first capacity-
achieving constructive codes. Among these, Bose-Chaudhuri-Hocquenghem (BCH)
codes represent a particularly significant family of cyclic codes. Binary BCH codes
were first independently discovered by Hocquenghem [28] in 1959 and by Bose and
Ray-Chaudhuri [9, 10] in 1960. Gorenstein and Zierler [25] later extended binary
BCH codes to g-ary BCH codes in 1961.

BCH codes occupy a central place in coding theory due to their remarkable
properties. First, they offer great flexibility in the choice of code parameters, en-
abling error correction capabilities to be tailored to specific applications. Moreover,
for block lengths up to a few hundred bits, many binary BCH codes are among
the most powerful codes known for given length and dimension. Moreover, there
exist efficient encoding and decoding algorithms for BCH codes, such as Peter-
son—Gorenstein—Zierler algorithm, Berlekamp-Massey algorithm, and Sugiyama Eu-
clidean algorithm [6, 25, 43, 47]. These algorithms make BCH codes highly practical
for real-world applications, such as communication systems, storage devices, and
consumer electronics.

Although BCH codes have been extensively studied in the literature [1, 3, 4, 5,
11, 12, 13, 16, 17, 18, 19, 21, 22, 23, 27, 30, 31, 32, 33, 34, 35, 40, 45, 50, 52, 54,
55, 56, 58, 59] and are widely used in practice, the following fundamental questions
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about BCH codes remain open in general [18].
e What is the dimension of a BCH code?
e What is the Bose distance of a BCH code?
e What is the minimum distance of a BCH code?

The dimension and minimum distance offer a mathematical measure of the per-
formance of a BCH code. Specifically, a BCH code of dimension £ and minimum
distance d can transmit & information symbols and correct up to | (d —1)/2] symbol
errors. As noted by Charpin [14] and Ding [20], determining these two parameters
of BCH codes is a very difficult problem.

Another important parameter of BCH codes is the Bose distance dg, which is
defined as the largest designed distance. The BCH bound [10, 28] indicates that
d > dg. The equality can even be obtained for some codes. For example, a narrow
-sense primitive BCH code satisfies d = dp if its designed distance divides its length
[41, p. 259]. Furthermore, it has been conjectured by Charpin [12] that d < dp + 4
for a narrow-sense primitive BCH code. Therefore, determining the Bose distance is

also valuable for understanding BCH codes.

1.2 Contributions

The thesis primarily focuses on the study of the dimension and Bose distance of

BCH codes of length qu_l, where ¢ is a prime power, m is a positive integer, and
A is a divisor of ¢ — 1. This family includes primitive BCH codes (i.e., A = 1) as a

special case. The main contributions are as follows.

e We determine the dimension and Bose distance of narrow-sense primitive BCH

codes for m > 4 and designed distance § € [2,glm=D/3I+1].



e We determine the dimension of narrow-sense BCH codes of length % for

A

m > 4 and designed distance § € [2, el 1} )

qg"—1

5 for

e We determine the Bose distance of narrow-sense BCH codes of length

A

m > 4 and designed distance ¢ € [27 W]

e Asillustrations of our main results, we provide the dimension and Bose distance

of BCH codes of length qm/\_l for m > 4 and designed distance § such that
Ao = agq"™F+b, where h = | 2|, m—2h <k < |(2m—1)/3] —h,1<a <q—1,

A<b< g™ "% and q1fb.

e We extend the results on narrow-sense BCH codes to some non-narrow-sense

m_1
BCH codes of length 4—.

e Using the formulas provided in our main theorems, we have identified several
BCH codes that are either optimal or possess the best-known parameters com-
pared with the tables of best-known linear codes maintained by Markus Grassl

at http://www.codetables.de.

1.3 Organization

This thesis is structured into six chapters, systematically progressing from pre-
liminary concepts to specific theoretical contributions and concluding with future

research directions.

e Chapter 2. This chapter introduces the necessary preliminaries for the study,
covering fundamental concepts such as communication channel models, core al-
gebraic structures as well as an overview of error correction codes, linear codes,
and cyclic codes. Finally, it provides a concise introduction to BCH codes,
thereby laying the groundwork for the discussion in the subsequent chapters.
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e Chapter 3. The dimension and Bose distance of BCH codes are fundamentally
determined by its defining set, which is a union of some ¢-cyclotomic cosets.
This chapter presents some results on the sizes and coset leaders of ¢-cyclotomic
cosets modulo n, particularly for n = ¢™ — 1. These results provide the crit-
ical tools required for the determination of parameters of BCH codes in the

following chapters.

e Chapter 4. Building on the results of Chapter 3, this chapter focuses on
primitive BCH codes, i.e., BCH codes of length ¢™ — 1. Explicit formu-
las are derived for the dimension and Bose distance for a wide range of de-
signed distances 0. The results are further illustrated for a specific family
of BCH codes with designed distances of the form § = a¢"** + b, where
h=[2]m—2n<k<[2m—-1)/3] —h 1<a<qg—1,1<b<q¢g"""and
q1b.

e Chapter 5. This chapter generalizes the results of Chapter 4 to BCH codes of

qg"—1

5, where A is a divisor of ¢ — 1. The results are again illustrated for

length

designed distances ¢ such that \d takes a specific form.

e Chapter 6. The final chapter provides a summary of the thesis and outlines

some potential directions for future research.



Chapter 2

Preliminaries and fundamental
concepts

2.1 Communication channel

In real world applications, information media, such as communication systems
and data storage devices, are often affected by noise and various types of interference,
which can undermine their reliability. Coding theory plays a crucial role in addressing
these challenges by providing techniques for detecting and, when possible, correcting
errors. Coding strategies are typically divided into two main categories: source coding
and channel coding. Source coding involves converting the original message into an
encoded format that facilitates efficient transmission over a communication channel.

In classical information theory, messages are usually represented as sequences of
digits. One prominent example of source coding is the ASCII encoding scheme, which
assigns each character a unique sequence of 8 binary digits. The basic structure of a

communication system that utilizes these concepts is depicted in the following figure.

| message source | receiver

| source encoder | —:—‘ channel |—>- | source decoder ‘

Figure 2.1: Communication without channel coding [37, Figure 1.1]



Example 2.1. Consider the source encoding of two fruits, apple and banana, as
follows:

apple - 0 and banana — 1.

Suppose the message “apple” is encoded as the digit “0” for transmission over a noisy
channel. Due to channel noise, a single error may occur, altering the transmitted
“07 to “17. Upon receiving “17, the decoder, lacking error detection capability, in-
terprets it as a valid message without recognizing the corruption. Consequently, the

communication fails. This process is illustrated in the figure below.

apple banana
¢ A
0 > channel ————— 1
noise

To mitigate the transmission errors introduced by channel noise, the channel
coding is applied after source coding. The core principle of channel coding is to
embed carefully designed redundancy into the data stream. This extra information
allows the receiver to detect and correct certain errors arising during transmission.
A revised communication model that includes a channel encoder is illustrated in the

figure below.

| message source | receiver

| source encoder | | source decoder |
‘ channel encoder | —>~| channel |—,- | channel decoder ‘

Figure 2.2: Communication with channel coding [37, Figure 1.3]



Example 2.2. Consider the channel coding as follows:

0 — 000

and 1 — 111.

Suppose that the message ‘apple’, which is encoded as 000 after the source and channel

encoding, is transmitted over a noisy channel, and that only one digit error occurs.

Then the received word must be one of the following three: 100, 010 or 001.

In

this way, we can detect the error, as none of 100, 010 or 001 is among our encoded

messages. The whole process can be represented as follows.

apple

000

channel ———

noise

apple

000

om

In the preceding example, the digit “0” is transmitted as the sequence “000,”

providing protection against one digit error. This strategy is reminiscent of ordi-

nary conversation: when we doubt we have been heard correctly, we simply repeat

ourselves.

Increasing the number of repetitions naturally boosts error tolerance. More pre-

cisely, in a later section, we will see that if each digit is repeated r times, the receiver

can correct up to |“5*| digit errors. Codes built on this idea are called repetition

codes. Although repetition codes are easy to understand and implement, they are

extremely inefficient in terms of information rate.

To construct more efficient codes, a range of mathematical tools, including alge-
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bra, combinatorics, and finite field theory are necessary. In the following sections, we
first introduce fundamental algebraic concepts, then provide a rigorous definition of
error correction codes over finite fields, and describe key parameters used to evaluate
their performance. Finally, we give a brief overview of linear codes, cyclic codes, and

BCH codes.

2.2 Algebraic preliminaries

Algebra underpins much of coding theory. Many powerful families of codes arise
from explicit algebraic constructions. To set the stage for our treatment of error
correction codes in the thesis that follows, we begin with a concise survey of the

necessary algebraic concepts, including groups, rings, fields, and finite fields.

Group

Definition 2.1. A group is a nonempty set G equipped with a binary operation,

namely multiplication - : G X G — G satisfying the following axioms:
1. Associativity. For all a,b,c € G, (a-b)-c=a-(b-c).

2. Identity element. There exists an element e € G such that for every a € G,

3. Inverse element. For every a € G, there exists an element b € G such that

a-b=1>b-a=e. The element b is called the inverse of a, denoted by a='.

In addition, if the multiplication is commutative, i.e.,
a-b=b-a foralla,beQG,

then (G, -) is called an Abelian or commutative group.



Let G be a group. The number of elements in G is called the order of G, denoted
by |G|. If |G| is infinite, then G is called an infinite group; otherwise, G is called
a finite group. One subset S C G is called a subgroup if S is also a group under
the operation inherited from G. The following is a fundamental result regarding the

orders of a finite group and its subgroups.

Theorem 2.1 (Lagrange’s Theorem). Let G be a finite group and let H be a subgroup
of G. Then the order of H divides the order of G.

Denote by Z and Z* the sets of all integers and all positive integers, respectively.
Suppose that G is a group and a € G. For simplicity, we denote by a™ the product

of n copies of a, i.e.,

a*=a-a-----a forncZ".
—_———
n copies
We also define
a’ = e,

al™™ = (a7 for n € Z*.

The smallest integer n € Z* such that a™ = e is called the order of a, denoted by |a].

One special type of group is the cyclic group, which is defined as follows.

Definition 2.2. A group G is called a cyclic group if there exists an element a € G
such that

G = {a"|nelZ}.
The element a is then called a generator of G, and we denote G = (a).
For a finite cyclic group G = (a), we have

=———— forall k€ Z",
ged(|Gl, k)

where gcd denotes the greatest common divisor.
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Ring

Definition 2.3. A ring is a non-empty set R equipped with two binary operations,
namely addition + : R X R — R and multiplication - : R X R — R satisfying the

following axioms:
1. (R,+) is an Abelian group with an additive identity 0.
2. Multiplicative associativity. For all a,b,c € R, (a-b)-c=a- (b-c).

3. Multiplication distributes over addition on both the left and right. That is, for
all a,b,c € R,

a-(b+c)=a-b+a-c and (a+b)-c=a-c+b-c.

In addition, if the multiplication is commutative, i.e.,
a-b=b-a foralla,béeR,

then the ring R is called a commutative ring; if there exists a multiplicative identity

element 1 € R such that
l-a=a-1=a forallae€eR,

then R is called a ring with unity, and the multiplicative identity element 1 is called
the unity of R.

Let R be a ring with unity. An element a € R is said to be invertible if there
exists b € R such that a-b = b-a = 1. The element b is called the inverse of a,

denoted by a='.

Common examples of rings include the ring of integers Z, which is a commutative

ring with unity; the polynomial ring over the integers Z[x], which is a commutative

11



ring with unity; and the real matrix ring M, (R), consisting of all real n x n matrices,
which is non-commutative and has the identity matrix [,, as its unity.
Suppose that n is a positive integer. Another example is Z,, = {0,1,...,n — 1}

equipped with addition “+” and multiplication “-” defined as
a+b=(a+b)modn and a-b= (ab) modn. (2.1)

This is a commutative ring with 1 as its unity.

Let R be a ring. A subset S C R is called a subring of R if S is also a ring
equipped with the multiplication and addition inherited from R. For example, the
ring of integers Z is indeed a subring of the polynomial ring over the integers Z[z].

For an element a € R, we denote by —a its additive inverse. Define subtraction

—” in R as

a—b=a+ (=b) foralla,be R.

An ideal is another special type of subset of a ring, defined as follows.

Definition 2.4. Let R be a ring. A non-empty subset I C R is called an ideal of R

if it satisfies the following two conditions:

1. I is closed under subtraction, i.e., a—b € I for any a,b € I, This is equivalent

to that I is an additive subgroup of R.

2. 1 is absorbing with respect to multiplication, i.e.,

r-a€l and a-rel foralaclreR.

Note that the intersection of any collection of ideals of a ring R is still an ideal of
R. Suppose S C R is a non-empty subset of the ring R. The intersection of all ideals
of R that contain S is called the ideal generated by S, denoted by (S). In particular,

if an ideal I of R is generated by a single element a € R, then [ is called a principal

12



ideal, denoted by I = (a). If every ideal of R is a principal ideal, then R is called a

principal ideal ring.

Proposition 2.1. Let R be a commutative ring with unity and a € R be an element.
Then the set
aR={ar|reR}

is the principal ideal of R generated by a; therefore, it can be denoted by (a).

For example, the polynomial ring F[z] over a field F is a commutative ring with

unity. Therefore, the set

f(@)Flz] = {f(x)g(x) | g(x) € Flx]} (2:2)

is the principal ideal generated by f(z); hence it can be denoted by (f(z)).
In addition, the ring of integers Z is also a commutative ring with unity. Hence,

for any integer n € Z, the set
nZ = {na|la€Z} (2.3)
is the principal ideal of Z generated by n.

Definition 2.5. Let R be a ring and I C R be an ideal of R. Denote by R/I the set

of all additive cosets of I in R , i.e.,
R/I ={F:r € R},

where T = r+ 1 = {r+1i:1i € I} is the residue class of r. Define addition and

multiplication on R/I as

Then R/I is a ring equipped with the above operators, called the quotient ring of R

modulo 1.

13



We have the following properties of quotient rings.
Proposition 2.2. Let R be a ring and I C R be an ideal of R.
e If R is a ring with 1 as its unity, then R/I is a ring with 1 = 141 as its unity.
e If R is a commutative ring, then R/I is also a commutative ring.
e If R is a principal ideal ring, then R/I is also a principal ideal ring.

Recall that Z is a commutative ring with 1 as its unity and the set nZ defined in
(2.3) is an ideal of Z. Hence the quotient Z/nZ is a commutative ring with 1 = 1+nZ
as its unity. Moreover, one can verify that Z/nZ is isomorphic to Z, defined in (2.1),

denoted as Z/nZ = Z,.

Field

Definition 2.6. A field is a non-empty set F equipped with two binary operators,

namely addition + : F' X F — F' and multiplication - : F X F' — F satisfying the

following axioms:
1. (F,+) is an Abelian group with additive identity element 0.
2. (F\ {0},-) is an Abelian group.
3. Multiplication distributes over addition on both the left and right, i.e.,

a-(b+c)=a-b+a-c and (a+b)-c=a-c+b-c forallab,ceF.

Equivalently, a field is a commutative ring with unity in which every element a # 0 is
invertible. In addition, if a field F' contains finitely many elements, then F is called

a finite field or Galois field.
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Common examples of fields include the field of rational numbers Q, the field of
real numbers R, and the field of complex numbers C. We have already known that
Z, = 7Z/nZ is a commutative ring with unity for any integer n € Z. Furthermore,
by elementary number theory, one can show that when p is prime, every nonzero
element in Z, = Z/pZ is invertible. Thus, Z, = Z/pZ is a field if p is prime.

Let E be a field. A subset F' of E is called a subfield of E if F is a field under
the operations inherited from FE. In this case, we say that E is an extension field
of F, and this pair of fields is a field extension , denoted by E/F. For an element
a € E, we denote by n-a the sum of n copies of a. In particular, we denote by n the
sum of n copies of the multiplicative identity 1 € E. The smallest positive integer
n such that n = 0 is called the characteristic of E, denoted by Char(FE). If no such
integer n exists, the characteristic of £ is defined to be 0. It is clear that if a field
has characteristic 0, then it must be an infinite field. Moreover, we will see later that
the characteristic of a finite field must be a prime number.

Suppose that E/F is a field extension. Then the addition in E and the scalar
multiplication by elements of F' satisfy the axioms of a linear space. Therefore, the
field E can be regarded as a linear space over F'. The degree of the field extension
E/F, denoted by [E : F|, is defined to be the dimension of this linear space. If this
dimension is finite, the field extension E/F is called a finite extension; otherwise, it
is an infinite extension.

For example, the field of complex numbers C is an extension field of the field of
real numbers R. Moreover, since C can be seen as a 2-dimensional linear space over
R with a basis {1,i}, we also have [C : R] = 2.

To further discuss field extensions, we present the following definitions.
Definition 2.7. Let E/F be a field extension and let a € E be an element.

e A non-constant polynomial f(x) € F[x] is said to be irreducible over F' if it

15



cannot be factored into a product of two non-constant polynomials in F|x].

o The element a is said to be algebraic over F' if there exists a non-zero polynomial

f(z) € Flz| such that f(a) = 0.

o [f the element a is algebraic over F', then the monic irreducible polynomial
m(zx) € Flz] such that m(a) = 0 is said to be the minimal polynomial of a over

F.

Let E'/F be a field extension and let a € E be algebraic over F'. Define

Fla) = {f(a) | f(x) € Flz]}.

Then the set F'(a) is a field, and hence an extension field of F', under the operations
inherited from E. Moreover, the following theorem describes the degree of the field

extension F'(a)/F.

Theorem 2.2. Let E/F be a field extension. Suppose that a € E is algebraic over

F and m(x) € Flz] is the minimal polynomial of a over F. Then
[F(a) : F] = degm(x).

For example, the minimal polynomial of v/2 over Q is z2 — 2. As a linear space

over QQ, the field
Q(V2)={a+bV2|a,beQ}

has a basis {1,v/2}. Therefore, [Q(v/2) : Q] = 2, which is equal to the degree of
x? — 2.

Another useful result concerning field extension is stated below.
Theorem 2.3 (Lagrange’s Formula). Let F, K, E be three fields such that FF C K C
E. Then E/F is a finite extension if and only if both E/K and K/F are finite
extensions. In this case, the degrees of these field extensions satisfy

[E:F|=[F:K| [K:F|.
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Finite fields.

We know that a finite field is a field with finitely many elements, and we have
also seen that Z, is a finite field of p elements for any prime number p. We now
introduce further properties of finite fields.

Suppose that F is a finite field with Char(F') = p. Denote by 1z the multiplicative
identity of F'. If p is not prime, then there exist positive integers a > 1,b > 1 such

that ab = p. This implies

Hence, we have a- 1p =0 or b-1p = 0 in F. This is contrary to that Char(F) =p
is the smallest positive integer such that p- 1 = 0. So we can conclude that p must

be a prime number. In this case, Z, defined in (2.1) is a field. Define a map
fi1Zy —F, nw—n-lp,

This map is an injective ring homomorphism. Therefore, Z, can be identified with a
subfield of F. It follows that |F'| = p™, where m = [F': Z,| is the degree of the field
extension.

We summarize this property as follows.

Proposition 2.3. Let F be a finite field. Then Char(F) = p for some prime number

p, and the order of F' is given by |F| = p™ for some positive integer m.

A natural question arises: Given a prime power p” does there exist a finite field
F such that |F| = p™ ? The answer is yes. Moreover, the field of order p" is unique

up to isomorphism, as stated in the following two theorems:

Theorem 2.4. [29, Theorem 1.1] Let p be a prime number and n be a positive integer.

The splitting field of z" — x € Z,|x] has exactly p" elements.
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Theorem 2.5. [29, Theorem 1.2] Given a prime p and an integer n > 0, all finite

fields of order p" are isomorphic.

The two theorems above together guarantee the existence and uniqueness (up to
isomorphism) of a finite field of order ¢ for any prime power q. Therefore, we may
unambiguously denote such a field by F,, where ¢ is a prime power. Throughout the
remainder of this thesis, we always assume that ¢ is a prime power.

Additional results concerning finite fields that will be used later are stated below.
Theorem 2.6. [29, Theorem 1.3] The multiplicative group F,. = Fyn\{0} is a cyclic
group.

A generator of F. is called a primitive element of Fyn.

Lemma 2.1. [29, Proposition 2.4] Let a € Fym and g(x) be the minimal polynomial

of a over Fy. Then

1

),

g(x) = (z—a)(x —a®) - (z—a”
where | is the smallest integer such that ol = a.

Remark 2.1. Notice deg(g(z)) = [. By Theorem 2.2, this implies [F,(a) : F,] = 1.
By Theorem 2.3, we also have [Fym : Fy(a)]-[Fy(a) : Fy] = [Fygm : F,] = m. Therefore,

the integer | divides m.

2.3 Error correction codes over finite fields

In this thesis, we restrict our attention to error correction codes over finite fields,
that is, codes whose alphabet is a finite field. This section reviews the basic concepts
for such codes, including their definitions, parameters, and several bounds on these

parameters.
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Definition 2.8. Let q be a prime power and Fy denote the n-dimensional vector

space over IF,.
i. A g-ary code C of length n over F, is a non-empty subset of .
it. An element of C is called a codeword in C.
iii. The number of codewords in C, denoted by |C|, is called the size of C.

In what follows, a g-ary code is always understood to be a code over [F,. Conse-
quently, we will simply write “a g-ary code” instead of “a g-ary code over FF,.”

The length and size of a code can be viewed, respectively, as the resources it
requires and the amount of information it can carry. A g-ary code of length n and
size K is called an (n, K), code or, equivalently, an [n, k], code with k& = log, K. An
[n, k], code can be intuitively understood as using n symbols over F, to transmit k
symbols over F, of information. Therefore, the parameter k is also referred to as the
number of information bits. For example, the code {000,111} introduced earlier is
a (3,2), code, or equivalently, an [3, 1]s code. When this code is used, a single bit of
information is transmitted using three bits.

In addition to the length and size of a code, the minimum distance is another

fundamental parameter of a code.

Definition 2.9. Let c = (c1,...,¢,),c = (¢, ..., ¢,) € Fy.

e The Hamming weight of ¢, denoted by w(c), is defined by

we)={i|l1<i<nandc#0}|

e The distance from c to ¢, denoted by d(c,c) is defined by

dle,d)=|{i|1<i<nandc #d }|
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It is clear that d(c,c') = w(c — ). Let u,v,w € Fy. One can verify that the

Hamming distance has the following three properties:
Definiteness: d(u,v) > 0, and d(u,v) = 0 if and only if u = v;
Symmetry: d(u,v) = d(v,u);
Triangle inequality: d(u,w) + d(w,v) > d(u,v).

Definition 2.10 (Minimum distance). Let C C Fy be a g-ary code. The minimum

distance of C, denoted by d(C), is defined by
d(C) = min{d(c,c) | ¢,d € C and ¢ # '}.
Or equivalently,
d(C) = min{w(c—) | ¢,d € C and ¢ # '}. (2.4)

One natural question is: What kind of errors can a given error correction code
C C I} detect or correct? Mathematically, an error can be represented by a nonzero
vector £ € [y that corrupts a transmitted codeword ¢ € C, resulting in the received
word ¢ + £. Suppose a codeword ¢ € C is transmitted through a communication
channel, but due to errors in the channel, the received word is ¢/, which is a vector

in IF, and not equal to c. There are two possible scenarios:

1. ¢ ¢ C: In this case, the receiver can detect the presence of the error, since ¢

is not a valid codeword.

2. ¢ € C: In this case, the receiver cannot determine whether an error occurred

during transmission, as the received word is still a valid codeword.

From the above, we can see that a non-zero vector £ € Fy is an undetectable error by
C if and only if £ = ¢ — ¢ for some distinct codewords ¢, ¢ € C. Recall equation (2.4).
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Therefore, the minimum distance of C is exactly the minimum Hamming weight of

undetectable errors by C, that is,
d(C) = min{w(&) | £ € F} is an undetectable error by C}.

This means that the code C can detect any error of Hamming weight at most d(C)—1.
Furthermore, the minimum distance also determines its error-correcting ability as
shown by the following theorem. It can be easily derived by the triangle inequality

property of the Hamming distance.

Theorem 2.7. Let C C Fy be a q-ary code with minimum distance d. Then C can

correct any error of Hamming weight at most L%J

We have introduced the parameters of a code, including its length, size and
minimum distance. For simplicity, if a g-ary code is of length n, size K and minimum
distance d, then it is said to be an (n, K, d), code or an [n, k, d, code with k = log, K.
The main goal in code design is to construct codes that require fewer resources, is
to design efficient codes, that is, codes that require fewer resources, convey more
information, and can correct more errors. If we momentarily ignore the complexity
of encoding and decoding, the discussion above shows that this goal translates into
reducing the length n, while increasing both the size K and the minimum distance
d of a code. However, these parameters are mutually constrained and must satisfy

certain bounds, such as the Hamming bound and Singleton bound, as follows.

Theorem 2.8 (Hamming Bound). If an (n, K,d), code exists, then

[(d—1)/2] N
"< K — 1) . 2.5
vy () 25)

The Hamming bound is also called the sphere-packing bound, which was first
derived by Hamming in 1950. A code that meets the Hamming bound, i.e., one for
which equality holds in (2.5), is called a perfect code.
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Theorem 2.9 (Singleton Bound). If an [n, k,d], code exists, then
n > k+d-1 (2.6)

A code that meets the Singleton bound, i.e., one for which n = k+d—1, is called

a mazimum distance separable (MDS) code.

Definition 2.11. An [n,k,d], code is called optimal if there is no [n,k',d], linear

code with k' >k, or no [n, k,d'|, linear code with d' > d.

It is clear that both perfect codes and MDS codes are optimal.

2.4 Linear codes

Linear codes form the most widely studied family of error correction codes. They

admit a compact algebraic description as follows.

Definition 2.12. A g-ary code C C Fy is called a linear code if C is a linear subspace

of FY.

Assume C is a linear code. By its linearity, we have ¢ — ¢’ € C for any two distinct

codewords ¢, ¢ € C. Hence,

d(C) =min{ d(c,d) | ¢,d €C, c# '}
=min{w(c—¢) | ¢,d €C, c#}
=min{ w(c) | c€C, c#0}.
That is, the minimum distance of C is equal to the minimum weight of nonzero
codewords in C. If C has dimension k, denoted by dim(C) = k, then |C| = ¢*; hence

C is an [n, k|, code. We usually quote its dimension instead of its size when discussing

the parameters of a linear code.
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Suppose that dim(C) = k. Choose a basis {vy,vs, ..., v} of C, where

v; = (@1, iz, - - -, Qin), a;; € Fy.
Let
u1 a1 Q@2 -+ Qin
G V2 _ Q21 Q22 -+ Q2qp
Uk a1 Qg2 - Qkn

Then each codeword ¢ € C can be represented uniquely as
¢ = by +byvy + -+ + byu,, = (bl,bg,...,bk)G, b; € Fq.

The matrix G is called a generator matriz of the linear code C.

Let C*+ denote the orthogonal complement of C, i.e.,
ct={ue IF’;|uTv =0forallveC}.

It is clear that C* is also a linear subspace of [y, thus a g-ary linear code of length

n. The dimension of C* is n — k. Choose a basis {uy, uy, ..., u, 1} of C*, where

u; = (bir, biz, .., bin), by € Fy.

Let
Uy b11 bi2 bin
- U2 _ b1 5?2 ban
Un—k b1 bn—k2 - bp_pn

Then ¢ = (¢y_1,¢Cn_29,...,¢) € C if and only if
Hc' =0.

The matrix H is said to be a parity-check matriz of C. From the definition, we can
easily see that H and G are a generator matrix and a parity-check matrix of C*,
respectively.
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The following theorem gives a useful way to find the minimum distance of a linear

code from its parity-check matrix.

Theorem 2.10. [37, Corollary 4.5.7] Let C be an [n, k], linear code with a parity-
check matriz H. Then the minimum distance of C is equal to d if and only if any set
of d—1 columns of H 1is linearly independent, and there exists a set of d columns of

H that is linearly dependent.

2.5 Cyclic codes

Cyclic codes constitute a fundamental class of linear codes with widespread ap-
plications in both theory and practice. One of their key advantages lies in their
algebraic structure, which allows for efficient encoding and decoding procedures us-
ing shift registers and simple logic circuits, thanks to their representation as ideals
over the quotient ring F [z]/(2" —1). This efficiency makes cyclic codes particularly
attractive for implementation in hardware and real-time systems.

Several prominent families of error correction codes, such as the binary Hamming
codes, BCH codes, Reed—Solomon codes, and quadratic residue codes, are either
cyclic or closely related to cyclic codes.

In this section, we introduce basic concepts about cyclic codes. We first introduce
some fundamental facts about the structure of the polynomial ring F,[z] and its
quotient rings, which play a central role in the algebraic description of cyclic codes.
Let f(z) € F,[z] be a nonzero polynomial over the finite field F,. Recall equation

(2.2). We know that

(f(x)) = {f(x)g(x) | g(x) € Fylz]}

is a principal idea of F,[x]. Therefore, we have the quotient ring F,[z]/(f(z)).

Moreover, it is straightforward to verify that every element in the quotient ring

24



F,[z]/(f(z)) has a unique representative of degree less than deg f(x). Consequently,
in the following discussion, we shall simply identify each element in F,[z]/(f(z)) with
its unique polynomial representative whose degree is less than deg f(x). In this way,

we have the following result regarding ideals of F,[x]/(f(z)).

Theorem 2.11. Let f(x) € F,[z] be a nonzero polynomial and I be an ideal of the
quotient ring F,[z]/(f(x)). Then there exists a unique monic polynomial g(x) such

that g(x) divides f(x), denoted by g(x) | f(z), and

I'=(g(x)) = {g(x)h(x) : h(x) € Fylz]/(f(2))} - (2.7)

Proof. Note that F,[z] is a principal ideal ring. By Proposition 2.2, we can conclude
that the quotient ring F,[z]/(f(x)) is also a principal ideal ring. This implies that [
is a principal ideal. Therefore, there exists a monic polynomial g(z) such that (2.7)
holds.

We now show that g(x) divides f(x). By the division theorem, there exist poly-

nomials h(z),r(x) € Fy[z] such that degr(z) < deg g(z) and

f(x) = g(x)h(z) + r(z).

It follows that

Note that f(x) is the zero element in Fy[z]/(f(x)). Therefore, we have r(z) € (g(x)).

Since degr(z) < deg g(x), this implies that r(z) = 0. Consequently, g(z) | f(x).
Finally, suppose that there exists a monic polynomial ¢ (z) such that (g(z)) =

(¢ (z)). Then we have g(z) | ¢ (z) and ¢'(z) | g(z). Since both polynomials are

monic, it follows that g(z) = ¢'(z). This shows the uniqueness of g(z). O
We now give the definition of a cyclic code.

Definition 2.13. A g-ary code C C Fy is said to be a cyclic code if
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(1) C is a linear code, i.e., C is a linear subspace of Fy; and
(2) (¢p-1,Cn—2,-..,¢0) € C implies (cp—2,...,Co,Cn1) € C.

The quotient ring F,[z]/(2™ — 1), equipped with the addition inherited from
F,[z]/(z™ — 1) and scalar multiplication by elements of F,, forms a vector space iso-
morphic to Fy. Therefore, each vector ¢ = (Cno1,Cn_2,---,C0) € [y, can be identified

with its polynomial representation
c(x) = 1@ H ey o™ P4+ ¢ € Fyfz] /(2" - 1),

and a g-ary code C C Fy can be identified with a subset of the quotient ring
Ffa]/ ("~ 1).

Suppose that C C F [z]/(z™ — 1) is a cyclic code. Then C satisfies the conditions
(1) and (2) in the above definition. Condition (1) implies that C is an additive

subgroup of F [z]/(z™ — 1) and condition (2) implies
ze(x) € C forall c € C.
It follows that
f(x)e(x) € C for all f(z) € F,lz]/(z" — 1) and ¢ € C.

Therefore, we can conclude that C is an ideal of Fy[z]/(z" — 1). By Theorem 2.11,

there exists a unique monic divisor g(z) of ™ — 1 such that

C = (9(z)) = {c(x)g(x) | c(x) € Fylz]/ (2" = 1)}.

The polynomials g(z) and h(x) = (2" — 1)/g(z) are called the generator polynomial
and check polynomial of C, respectively.

Generator polynomials and check polynomials are useful for understanding and
constructing cyclic codes. The following facts summarize some properties of genera-

tor and check polynomials of cyclic codes.

26



Proposition 2.4. Suppose that C C F,[z]/(z™ — 1) is a g-ary cyclic code with gen-
erator polynomial g(x) and check polynomial h(x), where g(x) = igixi 1s of degree
k.

o For any c(x) € F,[z]/(z™ — 1),

c(x) €C <= g(x) | c(x) <= (2" —=1) | c(x)h(z).

e As a vector space, C has a basis {g(x),xg(x),..., 2" *1g(z)}, and hence

dim(C) =n — k.

e The code C has a generator matrix

g({[) g9 9 92 - g 0 - 0
= g'( ) _ 0 Jdo 91 92 g
L SR D DT S 0
x g9(z) O - 0 9 9 9 - Gl 4w

From the above, we have seen that every g¢-ary cyclic code of length n has a
unique generator polynomial, which is a monic divisor of 2™ — 1. Conversely, any
monic divisor g(z) of 2™ — 1 generates an ideal (g(x)) of F,[z]/(z™ — 1) that satisfies
the definition of a cyclic code. Therefore, there exists a one-to-one correspondence
between g¢-ary cyclic codes of length n and the monic divisors of 2™ — 1 € F,[z]
Consequently, a complete characterization of g-ary cyclic codes of length n reduces
to determining all monic divisors of 2" — 1 in F[x].

We now restrict to the case where ged(n,q) = 1. Under this assumption, the
residue class g € Z/nZ is invertible. Since Z/nZ is finite, there must exist a positive
integer m such that g™ = g, which implies (g™ — 1) = 0. As g is invertible, it
follows that g™ =1, i.e.,

¢"=1 (mod n). (2.8)



The smallest positive integer m such that (2.8) holds is called the multiplicative order
of ¢ modulo n, denoted by ord,(q).

Now, let m = ord,(q). Recall Theorem 2.6. Let o be a primitive element of
Fym, i.e., F¥. = (a). Then there exists a primitive n-th root of unity 3 in Fym; for

example, take 3 = al¢" =D/ This yields the factorization of 2" — 1 in Fym[]:

n—1

2" —1=[]- 8. (2.9)

a=0

Definition 2.14. Let n be an integer such that ged(n,q)=1, and let a € [0,n — 1] be

an integer. The g-cyclotomic coset of a modulo n is defined by
Cy(a) ={a¢" mod n | k=0,... 1, —1}, (2.10)

where 1, is the smallest integer such that ag'® = a (mod n). The smallest integer in

Ch(a) is called the coset leader of Cy,(a), or simply a coset leader modulo n.

For each integer a € [0,n — 1], we denote by m,(x) the minimal polynomial of 5

over F,. We can apply Theorem 2.1 to obtain

me(x) = H (z — ). (2.11)

iGCn (a)

Moreover, by Remark 2.1, we also have |C),(a)| divides m.

For two integers b,c € [0,n — 1] with b < ¢, let £™(b,c) denote the set of all
coset leaders modulo n in the interval [b,¢|. In particular, we simply denote L™ =
L"(0,n —1). Note that each g-cyclotomic coset has a unique coset leader. We now
can conclude from (2.9) and (2.11) that

at—1= Hma(x): H H (z — 3Y).

aceLn a€Llm™ ieCp(a)
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Let C C F be a g-ary cyclic code with generator polynomial g(z). Note that
g(x) is a monic divisor of ™ — 1. Moreover, for each a € L™, the minimal polynomial

mq(z) is irreducible in Fy[z]. Therefore, there exists a subset Z C L™ such that

g@)=[Ima@) =] ] (z—5.

a€l a€Z ieCp(a)

The set T'= {0 <i<n—1:g(B") =0} is called the defining set of C with respect

to f. It is clear that I' = |J C,(a). Therefore, degg(x) = ||J Cn(a)| and the
a€l a€l
dimension of C can be given by
dim(C) = n — | Cula)|. (2.12)
acl

2.6 BCH codes

As discussed in the previous section, the defining set of a g-ary cyclic code of
length n is a union of several g-cyclotomic cosets modulo n, and the dimension of
the code can be determined by the size of its defining set.

Moreover, the defining set may also provide information about the code’s mini-
mum distance. In particular, if the defining set contains a sufficient number of con-
secutive elements, it guarantees a lower bound on the minimum distance, as stated

in the following theorem.

Theorem 2.12. [10, 28, BCH Bound] Let C C F} be an [n, k,d|, cyclic code with
defining set I'. If T contains 6 — 1 consecutive elements for some integer o > 2, then

d>9.

This theorem can be derived from the structure of the parity-check matrix of a

cyclic code by applying Theorem 2.10. It helps us design cyclic codes with strong
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error-correcting capability, or equivalently, with a large minimum distance. For ex-

ample, BCH codes are defined as follows.

Definition 2.15. Let q be a prime power and n be a positive integer such that
ged(n,q) = 1. Let m = ord,(q) and B € Fym be a primitive n-th root of unity. A
q-ary cyclic code of length n is called a BCH code with designed distance ¢ if its

generator polynomaial takes the form

lem(my(z), mpr1(x), ..., mprs_2(x))

for some integers b and 6 with 2 < § < n, where lem denotes the least common
multiple of the polynomials. We denote such a code by Ciynsp). In particular, the

code is called narrow-sense if b = 1, and is simply denoted by C(qns)-
From the definition, we can easily see that the defining set of C(, s With respect
b4-6—2

to fis |J Cp(a), which contains b,b+ 1,...,0 — 1 as § — 1 consecutive elements.
a=b

Therefore, by BCH bound, the minimum distance d of C(, 55 satisfies d > 4.

Common choices for the length n of a BCH code include:

e n = ¢ —1 for some positive integer m; in this case, the code is called primitive.

e n = ¢ + 1 for some positive integer m; in this case, the code is called an-

tiprimitive.
_gm—1 . ..
e n = 15—, where A is a divisor of ¢ — 1.

Note that there may exist distinct 6 and 6 such that

br6—2 bts —2

U Cnla) = U Cn(a),

and hence the codes C(q,n,d,b) and C(g,n,d ,b) are identical. The Bose distance of
Clgnop), denoted by dg(Cignsp)) or simply dp, is defined as the largest integer such
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that Cigns56) = Cign,dpp)- The BCH bound indicates that d > dp > 6. For some BCH
codes, the Bose distance and the minimum distance can even be equal, as shown by

the following results.

Theorem 2.13. [41, p. 260] For any k with 1 < k < m—1, a primitive BCH code of

length n = ¢"™ — 1 and design distance § = ¢* — 1 has minimum distance d = ¢* — 1.
The next result was given by Kasami and Lin [31].

Theorem 2.14. For binary primitive BCH codes of length n = 2™ — 1 and Bose
distance dg = 2™ 175 —2m=1=s=1 _ 1 with1 <i<m—s—2and 0 < s <m — 2i,

we have d = dp.
Peterson [48] proved the following result.

Theorem 2.15. Suppose that a q-ary narrow-sense primitive BCH code with Bose
distance 6 has minimum distance d = 6, and 0 + 1 is divisible by Char(F,). Then the
q-ary narrow-sense primitive BCH code with Bose distance dp = (6 + 1)g™ % — 1,

where k > 0, has minimum distance d = dp.
One can find a proof for the following result in [8, p. 247].

Theorem 2.16. Let C be a narrow-sense BCH code of length n with design distance
0. If § divides n, then d = dg = 9.

In addition to the results mentioned above, there is a well known conjecture

regarding narrow-sense primitive BCH codes, proposed by Charpin [12].

Conjecture 2.1. For a primitive narrow-sense BCH code, the minimum distance d

and the Bose distance dg satisfy d < dg + 4.

For linear codes, including BCH codes, the dimension and minimum distance

are two crucial parameters. They determine the number of information symbols
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and the error-correcting capability of a linear code. Despite decades of research,
our understanding of the dimension and minimum distance of BCH codes remains
limited. As noted by Charpin [14], determining the minimum distance d of BCH
codes in general is a challenging problem. In comparison, obtaining the Bose distance
is relatively more tractable. Furthermore, as seen from the previous results on Bose
distance, determining the Bose distance is also valuable for understanding BCH
codes.

Next, we examine how to determine the Bose distance and minimum distance of
a BCH code from its defining set. By equation (2.12), the dimension of C, 55 can

be given by

b+d6—2

dim(C(q,mg,b)) =n— U Cn(a)
a=b

In particular, for a narrow-sense BCH code C(y, 5), we have

6—1
dim(Cgme) =n— || JCula)|=n - D |Cula)]. (2.13)
a=1 aceLln(1,6—1)

Thus, determining the coset leaders modulo n within [1,d — 1] and the sizes of the
corresponding g-cyclotomic cosets allows us to compute the dimension of Cy ).

Regarding the Bose distance of C(q,n,d), for ' > §, we observe that

§—1

6—1
U Cn(a) = U Cn(a)

if and only if none of the integers in [0, " — 1] is a coset leader. Therefore, the Bose

distance of C(gq,n,d) is equal to the smallest coset leader modulo n in [0, n — 1].
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Chapter 3

Some results on g-cyclotomic
cosets

We have established the relationship between g-cyclotomic cosets and both the
dimension and Bose distance of BCH codes. This demonstrates that determining
coset leaders and the sizes of their corresponding cosets is crucial for establishing the
dimension and Bose distance of BCH codes.

In this Chapter, we present some known and new results concerning the sizes and
coset leaders of g-cyclotomic cosets. These results will be applied in the subsequent

chapters to determine the dimension and Bose distance of certain BCH codes.

3.1 g-cyclotomic cosets modulo n

Let n be an integer such that ged(n, ¢) = 1. For two integers b, ¢ € [0,n — 1] with
b < ¢, recall that £"(b, ¢) denotes the set of all coset leaders modulo n in the interval
b, c]. For a positive integer [, we define L}'(b, ¢) as the set of all coset leaders modulo

n in [b, ¢] whose corresponding coset has size [, that is,
Ll(b,c) ={a € [bc|:ae LD, c)and |Cpyla)] =1}.

We first present a necessary condition for an integer a € [0,n — 1] to be a coset

leader modulo n as follows.
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Lemma 3.1. Let n be a positive integer such that ged(n,q) = 1. If a is the coset
leader of Cy(a), then q 1 a.

Proof. Note that if ¢ | a, then a/q € C,,(a), which is less than a. This is contrary to

that a is the coset leader of C),(a). Therefore, we must have ¢ 1 a. O

The following result originated from the proof of [60, Lemma 6]. For completeness,

we provide a proof here.

Lemma 3.2. Suppose that n and \ are two integers such that ged(n,q) = 1 and
ged(N, q) = 1. Let a € [0,n — 1] be an integer. Then

e a is the coset leader of Cy(a) if and only if Aa is the coset leader of Cy,(Aa);
o |Cnla)] = |Crn(Aa)l.
Proof. By definition, the integer a is the coset leader of C,,(a) if and only if
amod n < aq' mod n  for any integer i > 0. (3.1)

Noticing that a mod n = a—n- [ %] and Aa mod An = a — An - [{2], we can assert

that

A
A-(amodn) = Xa— An- ng =Xa— An - L—aj = Aa mod An.
n an
Similarly, we also have
A - (aq' mod n) = Aag’ mod An. (3.2)
Therefore, the inequality in (3.1) is equivalent to
Aa mod M\ < Aag' mod A\n for any integer i > 0.

By definition, this holds if and only if Aa is the coset leader of Cy,(Aa). Therefore,
the first statment follows.
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In addition, the equality in (3.2) also implies that
ag' mod n = a if and only if Aag’ mod An = \a.

It follows that the smallest integer [, such that ags mod n = a is equal to the smallest
integer [y, such that Aag»s mod An = Xa. Therefore, we have |C,,(a)| = |Cyn(Aa)|.

This completes the proof. O

For an integer A\, we define D, as the set of integers that are divisible by A, that
is,
Dy={a€Z:\|a}.

Then one can directly derive the following corollary from the above lemma.

Corollary 3.1. Let n be an integer such that ged(n,q) = 1 and let X be a positive
divisor of ¢ — 1. Then
1L (b, )| = |L£]™(Ab, Ac) N D,

for any positive integer |, and integers b,c € [0,n — 1] with b < c.

Later, we will present some results on the sizes and coset leaders of ¢g-cyclotomic

cosets modulo ¢™ — 1. Applying this corollary, these findings can be extended to

g-cyclotomic cosets modulo qu_l for any positive divisor A of ¢ — 1. This extension

is useful for determining the parameters of BCH codes of length qm/\_l in Chapter 5.

3.2 The size of ¢g-cyclotomic cosets modulo ¢ — 1

Throughout the remainder this chapter, we always assume that m is a positive
integer, h = |m/2|, and n = ¢™ — 1. We first determine the sizes of certain g-

cyclotomic cosets modulo n = ¢™ — 1 by presenting the following theorem.
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Theorem 3.1. Let m be a positive integer, h = |5 | andn = ¢™ — 1. If m is an odd

integer, then for any integer a € [1, q’”"‘Lm/gJ)7
|Cn(a)| = m.

If m is an even integer, then for any integer a € [1,qm"/3]),

O (a)] = 5 ouf ag" mod n = a, (3.3)
" m if ag" mod n # a.

In order to prove the above theorem, we introduce some additional notations and

concepts. Let Z, be the set of all non-negative integers less than ¢g. Each integer

m—1
a € [0,n — 1] can be uniquely represented by its g-adic expansion as a = Y. asq’
=0

with a, € Z,. Let Z" be the set of all length-m sequences of integers in Z,. For
simplicity, denote by 0, the sequence in Z;* whose elements are all zero. We define a
lexicographic order on Z". Specifically, for any two sequences U = (Um—1y -+, Up, Ug)
and W = (Wp—1, ..., w1, wp) in Z7",

1. U and W are said to be equal, denoted as U = W, if uy = w, for £ =0, ..., m—1;

2. U is less than W, denoted as U < W, if either u,,_1 < w,,_1 or there exists an

integer ¢ € [0, m — 2] such that u; < v; and up = w, forall  =i+1,...,m—1;
3. U<Wisdenoted f U =W orU < W.
We define a map V' from the set of all integers in [0,n — 1] to Z;" as

V((I) = (am_l, e ,(Zl,a,0>,

m—1
where > a,q* forms the g-adic expansion of the integer a € [0,n — 1]. Let I,,_; be
(=0

the identity matrix of order m — 1, and let



It is clear that for any sequence (@m—1,am—2,-..,a0) € Z;",

(amflv Am—2; - - - ,CL())Q = (am727 -+ -5 o, amfl)-
Let a,b € [0,n — 1] be two integers with a < b. We have the following observations:

Observation 3.1. a = b if and only if V(a) = V(b), a < b if and only if V(a) <
V(b), and a < b if and only if V(a) < V(b).

Observation 3.2. V(ag"' mod n) = V(a)Q" for any integer t € [1,m — 1].

Observation 3.3. The integer a is a coset leader modulo n if and only if V(a) <

V(a)Q" for all integer t € [1,m — 1].

Proof of Theorem 3.1. We first consider the case when m is an odd integer.

m—1

Suppose that a € [1,¢™~"/3]) is an integer. Denote by > asq’ the g-adic expansion
(=0
of a. It is clear that a, = 0 for all £ =m — [m/3],...,m — 1, and hence
V(CZ) = (OL%J,am,L%J,l,...,ao). (3.4)

By the definition of the coset C,(a), we have ag'* modn = a. It follows that
V(a)Q' = V(ag's mod n) = V(a), i.e.,

(am—l—la7 c 00y Am—1, - - - 7am—la) = (am—la cee 7a17a0)~

For simplicity, denote U = (a1, ..., am_1,)- Recall [, | m. Then we can conclude

from the above equation that
Via)=(U,U,...,U). (3.5)
Assume that [, < |m/3]. We can conclude from (3.4) that

U= (CLm_l, c ,am_la) = Ola-
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With (3.5), it follows that V(a) = 0,,, which implies @ = 0. This contradicts the
initial assumption that a € [1,¢™~™/3]). Therefore, we must have I, > [m/3].
Given that m is an odd integer and [, | m, it follows that [, = m. Equivalently,
|Cn(a)] = m.

When m is an even integer, we can use a similar argument as in the first paragraph
to show that I, > [m/3] for any integer a € [1,¢™ l"™/3]). Note that I, divides m
and m is even. It follows that [, = m/2 or m. Consequently, we have [, = m/2 = h
if ag" mod n = a, and I, = m otherwise. Equivalently, the equality in (3.3) holds.
This completes the proof. n

It is straightforward to verify that ag" mod n # a for any integer a € [1,¢") when
m is even. Therefore, we can derive the following corollary, which can also be derived

from [58, Lemma 5.
Corollary 3.2. If m is an even integer, then |C,(a)| = m for any integer a € [1,q").

Define H as the set of all coset leaders modulo n = ¢™ —1 in the interval [1,n—1]

such that the corresponding coset has size m/2, that is,
Hzﬁé(l,n—l), n=q"—1. (3.6)
Then we also have the following corollary of Theorem 3.1.

Corollary 3.3. Let m and k integers such that m is even 0 < k < [(2m —1)/3] —h.
Suppose that a € [¢"*,¢"™*1) is an integer. Then a € H if and only if V(a) has

the form
(Oh—k—17 ag, ..., Qo, Oh—k—b Afy - - ,Clo) (37)

with ag > 0 and a; > 0.

Proof. Necessity part. Suppose that a € H. By the definition of H and Lemma 3.1,

we first have ¢ { a. By applying Theorem 3.1, we also have aq” mod (¢™—1) = a. This
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is equivalent to V(a)Q" = V(a). Moreover, V (a) has the form (0, __1,ap4---,a0)

with aj,r > 0. Therefore,

(Oh—k—1, @tk - - - a0) = (@h—1, .-, G0,0p_p—1, Qps - .., Qp).

This implies that
(Clh—h ces ,ak+1) =0pr1
and
(ks ya0) = (Apiky .-, Qn).
Thus, V(a) has the form specified in (3.7). Furthermore, since ¢ 1 @ and ap,y > 0,
we also have ag > 0 and a; = app > 0.

Sufficiency part. Suppose that V' (a) has the form specified in (3.7) with ag > 0
and a > 0. Then it is straightforward to verify that V(a) < V(a)Q" for any integer
t € [1,m — 1]. In particular, V(a) = V(a)Q", which is equivalent to aq" mod (¢™ —
1) = a. By applying Theorem 3.1 and Observation 3.3, we can conclude that a is the

coset leader of Cy,(a) and |Cy(a)| = m/2 with n = ¢™ — 1, i.e., a € H. O

By counting the sequences in Z]* having the form in (3.7) with ag > 0 and a; > 0,

we can directly derive the following corollary.

Corollary 3.4. Let m and k be integers such that m is even and 1 < k < [(2m —

1)/3] — h. Then we have

’ [qh-i-k’ qh+k+1) N H’ — qk—l(q o 1)2‘ (38)

3.3 Coset leaders modulo ¢ — 1

We now turn to the coset leaders modulo n = ¢™ — 1. By Lemma 3.1, we know

that an integer a is not a coset leader modulo n if ¢ | a. Therefore, we only need
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to focus on finding those integers that are neither divisible by ¢ nor coset leaders

modulo n. We define S as the set of all such integers in [1,n — 1]. That is,

S={ac[l,n—1]:qtaanda g L}, n=q¢" -1 (3.9)

Notably, the following lemma demonstrates that the condition ¢ 1 a is also sufficient

for a being a coset leader when a is sufficiently small.

Lemma 3.3. [57, Theorem 2.3] Let m be a positive integer, h = || andn = ¢™ —1.

h+1

e When m is an odd integer, for any integer a < ¢"', a is the coset leader of

Cy(a) if and only if ¢ 1 a.

o When m is an even integer, for any integer a < 2q", a is the coset leader of

Cy(a) if and only if ¢ 1 a.

Let m and k be two integers such that m > 4 and m—2h < k < |(2m — 1)/3]| —h.

When m is an odd integer, for each integer i € [—k + 1, k|, we define Ag(i) as the

htk
set of all integers a € [¢"*, ¢"T#*1) with g-adic expansion Y a,q’ that satisfies:
=0
Apyi > 0; (310)
(Ahti-1,---500) < (Apyis - ap—ir1) and ag > 0; (3.11)
V(a) = (On—r, niks - - 5 Ahyis Onp, Qi1 - - -, Qo). (3.12)

When m is an even integer, for each i € [—k, k|, we define By (i) as the set of all

integers a € [¢", ¢"* 1) with g-adic expansion Zi:k aeq’ that satisfies the condition
=0
in (3.10) and the following:
(akaiy- -y a0) < (Apak,-- - an_;) with ag > 0; (3.13)
V(a)=(0p—k—1,Cnsky - ChiisOp_k—1,0k1i,---,00)- (3.14)

We make the following remarks about the above definitions of A (i) and By(7).
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Remark 3.1. The condition that k < |(2m — 1)/3| — h implies the following con-

sequences:
o When m is odd, |2i — 1| < h —Fk for alli € [k + 1,k].

o When m is even, |2i| < h—Fk—1 for alli € [—k, k].

hetk ,
Remark 3.2. The condition in (3.10) is satisfied if and only if ¢t > apq'="+9.
(=hti

Remark 3.3. The condition in (3.11) can be equivalently expressed as

kti—1 htk
Z anq’ < Z arg"= "D and  ag > 0. (3.15)
=0 t=h—i+1

Moreover, the form of V(a) in (3.12) implies that

hotk htk
Z azqﬁ—(h—z—‘rl) _ Z aeqﬁ—(h—‘rz) . q22—1
(=h—i+1 =h+i
if i € [1,k], and
h-tk o h-tk ’ h—i .
Z agqé—(h—&-z) . q27,—1 _ Z a£q£—(h—z+1) + Z aeqé—(h—z—&-l)
O=h+i t=h—it1 t=h+i
h—i ‘
ifi € [~k +1,0]. Noticing that 0 < > a,q" "=V <1 fori € [~k +1,0], and the
O=hti

two summations in (3.15) are both integers, we can conclude that (3.15) is equivalent

to
kti—1 htk
Z argt < Z a2 and ag > 0. (3.16)
=0 (=h-+i

Similarly, the condition in (3.13) can also be written as

ke+i htk
Zagqg < Z arg" """ and ag > 0, (3.17)
=0 t=h—i
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which is further equivalent to

ket htk
Z argt < Z a2 and  ag > 0. (3.18)
=0 t=h—i
htk
Remark 3.4. If a € Ai(i) is an integer with q-adic expansion . a.qt, then
=0
h—k htk
Zazqz < Z agq'— (=D,
(=0 t=h—i+1
htk
Similarly, if a € By(i) is an integer with g-adic expansion > aq’, then
(=0
h—k—1 h+k
> ag <> a0,
=0 (=h—i
htk
Remark 3.5. If a € A.(i) is an integer with g-adic expansion > aeq’, then i is the
=0

smallest integer in [—k + 1, k] such that aps; > 0. Consequently, Ax(i) N A(j) = @

for distinct integers i,j € [—k + 1, k].

htk
Similarly, if a € By(i) is an integer with q-adic expansion > auq’, then i is the
=0

smallest integer in [—k, k| such that apy; > 0. As a result, Bg(i) N Bi(j) = & for

distinct integers i,j € [—k, k.

We denote by | | A; the disjoint union of a family of sets {A; : i € I}, where I is
i€l

an index set. Recall the definitions of sets H and S in (3.6) and (3.9), respectively.

Then we have the following Theorem.

Theorem 3.2. Let m and k be two integers such that m > 4 and m — 2h < k <
|(2m —1)/3] — h.
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e Ifm is odd, then

8 N [qh+k h+k+1 |—| Ak (319>

i=—k+1

e [fm is even, then

(SUH) N [g"F, ¢ rt |_| By (4) (3.20)

i=—k

Proof. We first consider the case when m is an odd integer. Suppose that a €

k htk
U Ai(7) is an integer with g-adic expansion > a,q’. By the definition of A (i),
i=—k+1 =0

we have (3.10) (3.11) and (3.12) for some integer i € [~k + 1, k]. It follows that ¢t a

and
( )Qh = (Oh ks Qk+i—1, - - -, A0, 0h—k7 Aptky - - 7ah+i)' (321)

If i € [k + 1,0], then we can conclude from (3.10) and (3.11) that

(Argiz1,--+500,0-2i41) < (@htks - - - Qhps)- (3.22)

Recalling the fact that |20 — 1| < h — k in Remark 3.1, it follows from (3.21) and
(3.22) that V(a)Q" ! < V(a). By the definition of S and Observation 3.3, we have
a € §. On the other hand, if i € [1, k], we conclude from |2 — 1| < h —k and (3.12)

that

(hths - Oh—ig1) = (Qhgks - - - 5 i, O2i1).

With (3.11), it follows that

(akﬂ-,l, o ,(121‘,1) < ((thrk, .. ,CLthi).
Consequently, we still have V(a)Q"~**! < V(a), which implies a € S. By now, we
have already demonstrated that U Ai(i) €SN ghtF, ghtrth.

i=—k+1
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Conversely, let us assume that a € S N [¢"* ¢"t¥*1) is an integer with g-adic
h+k

expansion Y. asq’. We first have aj,, > 0. By the definition of S and Observation
=0

3.3, we also have ag > 0 and V(a)Q" < V(a) for some integer ¢t € [1,m — 1]. Noticing
that V(a) = (0Op—k, Ghik, - - -, a0), it follows that the first h — k entries of V(a)Q" are
all equal to zero. Considering apr > 0 and ag > 0, we have h —k+1 <t < h+ k.

Consequently, we can conclude that

V(G)Qt = (Oh_k, Aptk—ts - - -5 a0, Oh—k; Ah+ks - - - ,am_t)

and
V(CL) = (Oh—lm Ahtky - -+ s Am—t, 0h—k7 Aht+k—ts - - - ,ao).

Given that apyr > 0, we can chose i to be the smallest integer in [m — h — ¢, k] such
that apy; > 0. Then V(a) has the form specified in (3.12) with (agyi—1,...,a0) =
(Ohtttiom, Qhsk—t,- - -, Qo). Furthermore, the inequality h —k+1 < ¢ < h+ k implies
that i € [—k + 1, k].

Additionally, if ¢ > m — h — t, we can obtain (3.11) from the fact that apr > 0
and ag > 0. On the other hand, if i = m — h — ¢, then we can derive (3.11) from

V(a)Q' < V(a) and ag > 0. Now we can conclude that a € A (i) for some integer

k
i € [—k+1,k]. Tt follows that SN [¢"T* ¢" ) C ) Ar(d).
i=—k+1

k
We now can conclude from the above argument that |  Ax(i) = SN[, ¢"tE+L).
i=—k+1

Finally, applying Remark 3.5 directly yields equation (3.19).
If m is an even integer, with Corollary 3.3, we can utilize a similar argument as

above to show that

k
SN [qh+k>qh+k+1) _ U Bk(l) \ [H N [qh+k’qh+k+1)] )

i=—k
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k
It follows that (SUH) N [¢""*, ¢"T*+1) = |J Bx(i). Then by applying Remark 3.5
i=—k

again, we have equation (3.20). This completes the proof of Theorem 3.2. O
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Chapter 4

Dimension and Bose distance of
primitive BCH codes

4.1 Introduction

In this chapter, we investigate the Bose distance and dimension of some primitive
BCH codes. Throughout the chapter, we assume that m is a positive integer, let
h = |m/2] and n = ¢™ — 1. In this chapter, the notations Ciynsp) and Cign.s)
denote, respectively, a primitive BCH code and a narrow-sense primitive BCH code,
i.e., codes of length n = ¢™ — 1. For a real number a, we define N(a) as the
number of integers in the interval [1,a — 1| that are not divisible by ¢, that is,
N(a) = la—=1] = [(a=1)/q].

It is well known that the dimension and Bose distance are two crucial parameters
of BCH codes. However, determining them in general remains a difficult problem
20, 45]. To date, only limited results are available, most of which concentrate on
primitive BCH codes. For narrow-sense primitive BCH codes C(,,,.5), the dimension
is fully determined for m < 2 [35, 45]. For m > 3, the problem remains largely un-
solved. For convenience, we summarize some known results regarding the dimension
of narrow-sense primitive BCH codes C(4,5) in Table 4.1. For primitive BCH codes

C(q,n,5,6) that are not necessarily narrow-sense, there are quite limited results available.
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See [39] for the dimensions of some BCH codes that are not narrow-sense. While the
dimension captures the number of information symbols a code can carry, the Bose
distance provides a lower bound on its error-correction capability. Compared to the
dimension, results on the Bose distance are even more scarce. For previous studies
on the Bose distance of Cy, 5), readers are referred to [5, 15, 17, 18, 19, 24].

The reader may also refer to [46, Table 1] and [20] for summaries of the existing

results on the parameters of BCH codes.

Table 4.1: Some known results on the dimension of C(, )

m d Year | Reference
m>1 d=¢" 1962 [42]
m is odd 2<6<qmTD/Z 11 1996 [58]
m is even 2<8<2gm/2 41 1996 [58]
§=(q—lo)g™h-T—-1
m>1 with 0 <l < g — 2 2015 [17]

and 0<[l; <m-—1
5=kg" 7+ 1)

m is even with1 <k <q—1 2015 [17]
m > 1 b=q — 1 2015 [17]
— 5

m>1 < 36 L(qqt fll’)/vf;ff{tJ o 2015 (18]

m>1 6= (qg—1)gm 1 —1—¢lm=D72I T 2017 [19]

m>4 5= (qg—1)gm 1 —1—qglm+D/2I T 2017 [19]

m >4 2 < § < glm+1)/2]+1 2017 39

m=2 2<6<q™—2 2017 39
d=ua(@g"-1)/q—1

m > 1 ord=aqgm -1 2020 [15]
withl1 <a<gqg-—1

m> 11 §=(q—1)gm1 —1—¢lm+3)72] 1 2023 [44]

0 = q* + b with [m/2] <t < m and
Lt/s]—1 )
0<b< q'mft + Z qm+7,('mft);
1 i=1 2024 24
m= §=¢q' —bwith [m/2] <t<m 0 [24]

m—t
and0<b< (¢g—1) > ¢
i=1

As established in Section 2.6 of Chapter 2, the dimension of C, s can be de-
termined by identifying all coset leaders modulo n within the interval [1,4 — 1] and
computing the sizes of their corresponding ¢-cyclotomic cosets. The Bose distance
can be derived by finding the smallest coset leader within [0,n — 1]. In general,
determining the size of a ¢-cyclotomic coset modulo n = ¢™ — 1 is relatively straight-
forward, since it must divide m. However, finding all the coset leaders modulo
n = ¢™ — 1 within the interval [1,J — 1] in general remains a challenging problem,
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since the distribution of coset leaders is highly irregular. Only for sufficiently small a,
the integer a is a coset leader if and only if ¢ does not divide a. This observation was
applied in [58] to determine the dimension of C(y,g) for 2 < ¢ < ¢*1/2 + 1 when
m is odd, and for 2 < § < 2¢"™/? +1 when m is even. Later, Liu et al. [39] improved
this result by giving the dimension of C(, .4 for m > 4 and 2 < § < glm+D/21+1,
Beyond this range, the dimension is determined for a few special cases. For example,

Mann [42] established the dimension of C(y,.g) for 0 = ¢'. Cherchem et al. [15]

gave the dimension and Bose distance of C(g ) for 6 = a(q;:l) and 0 = a¢™ — 1,
where a € [1,q — 1] is an integer. By identifying the first few largest coset leaders
and the sizes of the corresponding cosets, the parameters of C(, 5 for § as the four
largest coset leaders were determined in [19] [36] and [44]. One can also obtain the
parameters of some BCH codes by comparing them with those of codes with known
parameters. Building on Mann’s work [42], Ding et al. determined the dimensions
of Cigm,qgt—1y [17, Theorem 14}, Cignqgt4+p) for 1 < b < [(¢* —1)/¢™ "] + 1 [18, The-
orem 13], and Cgpqt—2) for ¢ > 2 [17, Theorem 15]. Recently, the dimension of
[t/s]—1 .
Clgmagt+n) for [m/2] <t <mand 0 <b< g™ t+ Y ¢™"m=D and Ciyp et for

i=1
m—t

(m/2] <t<mand 0<b< (q—1) > ¢" were provided in [24].
i=1

In this chapter, we determine the dimension and Bose distance of narrow-sense

2m=1)/3]+1 We also extend these results to

primitive C(gpn s for m > 4 and 2 < 4§ < gl
some non-narrow-sense primitive BCH codes. In the existing literature, for m > 4,

the dimension of C,.5) is known only for 6 € [2,gl(m*+V/2+1] and for some special

m+1)/2]+1 ,[(m—4)/6]

gl . Therefore, our

cases. Moreover, it is clear that gLGm—D/341 > 4l
results provide the dimension of C(, ) for 6 in a much larger range than previously
known.

This chapter is organized as follows. In Section 4.2, we present some auxiliary
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lemmas. These lemmas together with our findings on ¢-cyclotomic cosets modulo
q" — 1 in Chapter 3 are then utilized to determine the dimension of some primitive
BCH codes in Section 4.3. Moreover, we also apply the findings on g-cyclotomic
cosets to obtain the Bose distance of some narrow-sense primitive BCH codes in
Section 4.4. Furthermore, in Section 4.5, as an illustration of our main results,
we present the dimension and Bose distance of narrow-sense primitive BCH codes
Cign,s) for 0 = aq"* + b, where k,a and b are integers satisfying m — 2h < k <

[2m—1)/3] —hl,1<a<qg—1and 1 <b< g™ "% and qtb.

4.2 Auxiliary lemmas

Lemma 4.1. Let m be a positive integer and t be a real number with t < q™. Then

= N(t+1).

m—1
H(am_l,...,ag) S Zagqe <t,ag > 0}

=0

Proof. There exists a one-to-one correspondence between the sequences in the above

set and the integers in [1,¢] that are not divisible by ¢ by mapping (a,,_1, - .., ag) to
m—1

> asq’. Therefore, the result follows. ]
=0

Lemma 4.2. Let k > 0 be an integer. Then

g* -1 1,2 -
Z N(t—i—l): E(q —Q), ka:()a
1 g —1)%*q+1), ifk>1.
t=qk 2q q ) -

Proof. By definition, we first have

qk+1_1 k:+1_1 qk+l_1

YN+ = > t= > |t/ql. (4.1)
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Through direct computation, we obtain

k+1_
qzlt_ 5( —q), if k=0, 4
= WP =g =g gh), k> 1 ‘
qk+1_1
Next, we compute the value of > [t/q|. If & = 0, then |t/q] = 0 for all
t:qk
qk+1_1
t € [qk,qkzﬂ _ 1], and hence > |t/q| = 0. If kK > 1, then [qquk—i-l _ 1} can be
t=qk
partitioned as
qkfl(qil)il
("¢ —1= || [¢+igd+(i+1)g—1].
i=0

Moreover, for each integer i € [0, " (q — 1)—1} and t € [qk +iq,q" + (i +1)q — 1],

we have [t/q] = ¢"~! + i. Therefore,

q*ti-1 "1 (g—1)—1 ¢F+(i+1)g—-1
S ltfal = > Y@+
t=qF i=0 t=qF+iq
1 _
—5 (g — 1 — gt 4 gF)
qk+l_1
for £ > 1. Combining (4.1), (4.2) and the value of " [t/q|, we obtain the desired
t:qk
equality. O]

Lemma 4.3. Let k and a € [1,q] be two positive integers, and let i be an integer.

Then we have

aghb—i—1 _ p o
qZ Nt 4 1) = L@ —1)(q— 1)2¢*3, ifie[—k+2,k—1], (4.3)
t=gk—i qft %(I(CL - 1)((] - 1)q2k72’ ZfZ =kor —k+ 17 .

50



and

e = — 12 ifie kL k— 1\ {0,
2i _ Jia(a—1)(g—1)g* 1, ifi=4kor —k,
S Nt +1) = l( X _)1((1 _)1q2 o f
t:qkfi,qft 2(0’ )(q ) q Zfl — 0
+3(a—=1)(g—1)g*")" '
(4.4)

Proof. The arguments to obtain the equations (4.3) and (4.4) are similar, so we only
demonstrate here that equation (4.3) holds.

If 1 <i <k, then we have N(t¢* ' + 1) = t¢*%(q — 1). It follows that

g io1 o1 agF—i—1
Z N(tg" " + Z t" (1) — >t *(g—1),
k=i gft —i t=W;

where W, = [qk_i, gttt — 1} N{teZ:qlt}

If « = k, then W; = @. Consequently,

Z t¢* *(q—1)=0 fori=k.
teW;

If1<i<k-—1,then
Wi={d""+aqg:a=0,...,a""(a—1) -1}

Thus,

qk_i_l(afl)fl

Dt Pg-1) = Y. (@ +ag)d -1

tew; a=0
1 2k—3 k+i—2
L= 1= 1) [la+ D =

Furthermore, one can easily obtain

St Sa(a —1)g* (g - 1), ife =k,
Z tg" (g —1) = 4 (3(> = (g = Dg* if1<i<k—1
2 Sla-g-ne) s PEETERTE
2
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Then we can conclude from the above four equations that the equality in (4.3) holds
for1 <¢<k.
If —k+1<1i<0, then for any integer ¢ € [qk_i, agh—t — 1} N{t €Z:q1t} with
k—i

the g-adic expansion Y #,¢°, we have the following observations:
=0

° N(tq%—l + 1) — N(Ltq2z—1J + 1>’

—2
The integer ¢ admits the unique decomposition ¢ = [t¢* 1| - ¢~ + 3 t,¢";
=0

As t ranges over integers in [qk_i,aqk_i — 1} not divisible by ¢, the value of

tg*~1| ranges over integers from ¢**~! to agFti-! — 1;
q g g q q ;

, 2
For each fixed |tg®~!], the summation Y t,¢° ranges from the integers in
=0

[1,¢~%*1 — 1] not devisble by ¢, yielding exactly ¢~?'(¢ — 1) distinct integers.

Therefore, for —k + 1 <12 < 0, we have

aqk_ifl aqk“'i_lfl
dON@PT T+ = Y ¢ (g— DN ([t + 1) (4.5)
t:qk_i,q{t LtqQ'L—lJ:qk—Q—i—l

In addition, we can use a similar argument to the proof of Lemma 4.2 to obtain

kti—1_q

Y. N+ = {

|tq2i—1|=gk+i—1

aq

(a> = 1)(qg — 1)g**+* =3 if —k+2<i<0,
_1)gkHo-2, if i = —k+1.

N = N[
Q
—~
S

Substituting this into equation (4.5), we can conclude that equation (4.3) holds for

—k 41 <i <0. This completes the proof. O
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follows:

4.3 Dimension of primitive BCH codes

Let m > 4 and § € [2, ¢l®m~1D/31+1] be integers. Let ks = [log,(6 —1)] — h. This

h+ks
implies that ¢"t% < § — 1 < ¢"*s+1. Let Z 8,q" be the g-adic expansion of § — 1.
If ks > m — 2h, let ss denote the smallest integer in [m — 2h — ks, ks] such that
5h+35 > 0.
If m is odd, we define the function f(9) for integers 6 € [2, ¢gl?™~V/31+1] as follows

(

O, 5 S qh-l—l’
¢ (ks — 1) (g — 1)
_ N (u(d) +1
fo =1+ (u( )+1) e g (4.6)
Z Z 21 1
L i=—ks+1teT;(5)
where
h+k§
Ti(6) = {tEZ:qk‘S‘i <t< Y 6eq“h‘i,qw}
l=h+ss
and

h—ks h+ks
mln{Z(qu, Z Seq"™ hs““}

l=h—ss+1

If m is even, we define the function f(8) for integers § € [2,¢l@m—1/31+1]

as
(O § < q",
%<5h—1)6h+N< O +1), " <<,
(ks — 3)a* (g — 1)?
fo =<1+ (g -1 (47)
—l—N(() ) 7(5>qh+17
+ Z > N(tg* +1)
L i=—ks t€7;(d)
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h—ks—1 h+ks
where 11(0) = min{ S0t DD §gq€_(h_55)} . We define the function 7(9) for
=0 ¢

=h—ss

2m—1)/3J+1]

integers 6 € (¢", gl as follows:

h+ks h—1
1, if 6, >0and > 647" < 6,4,
7(6) = i=h (=0

0, otherwise.

In addition, we define the function g() for integers 0 € [2, gl®~1/3+1] as follows:
0, 6 <q",
o — 1 ) h < § < ghtt,
g(d) = h th; 7( )7 q ~4q (4.8)
N ( 3 5L/q£_h> +7(8), &> gt
(=h
Theorem 4.1. Let m > 4 and § € [2, ¢ m=V/341 pe integers.
e [fm is odd, then
dim(Cign,)) =n —m[N(0) — f(6)] . (4.9)
e Ifm is even, then
. ~ m
dim(Clgne)) =1 —m [N(8) = F(0)] = T900). (4.10)

Outline of the proof. The proof is lengthy and involves intricate calculations.
To provide clarity for the reader, we briefly outline the main strategy here. The
complete argument is established through Assertions 4.1 — 4.4.

As established in equation (2.13), the dimension of Cy .5 can be determined if
we can identify all the coset leaders modulo n in the interval [1,4 — 1] and find the
sizes of their corresponding ¢-cyclotomic cosets modulo n.

Our first step is to determine the coset sizes. Theorem 3.1 provides the size of
any g-cyclotomic coset C,(a) for integers a in the range |1, qmlm/ 81), which, given
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the condition § € [2, qmm*l)/?’J“}, contains our interval of interest 1,0 — 1]. Thus,
the size of C),(a) is known for all a € [1,d — 1]. We now consider the cases for odd
and even m separately.

Case 1: mis odd. For an odd integer m > 4, Theorem 3.1 shows that |C,,(a)] = m
for all integers a € [1,¢™ ™/3]]. Consequently, for any integer a € [1,0 — 1], the
coset size |C,(a)| = m. The general dimension formula from equation (2.13) therefore

simplifies to:
dim(Cigns) =n —m-|{a € [1,6 — 1] : a is a coset leader modulo n}|.  (4.11)

By applying Lemma 3.1 and recalling the definition of the set S from (3.9), the
number of coset leaders in [1,6 — 1] is the count of integers in this range that are

neither divisible by ¢ nor belong to S. This leads to:
[{a € [1,0 — 1] : a is a coset leader modulo n}| = N(0) — [[1,d — 1] N S].

The core task is now to compute [[1,d — 1] N S|. According to Theorem 3.2, this
value is the sum of |[1, § —1]N.A(¢)| over the relevant indices k£ and i. To evaluate this
sum, we partition the interval [1,d — 1] into several disjoint subintervals, as detailed
in Assertions 4.1 — 4.4. Within each subinterval, we explicitly calculate the size of
these intersections. Summing these results yields the final value for |[1,d — 1] N S|,
which we will show is precisely f(9). Substituting this into equation (4.11) gives the
desired dimension formula in (4.9) for odd m.

Case 2: m is even. The argument for an even m is similar but more complex
because the coset size |Cy(a)| can be either m or m/2. The dimension formula

involves separating the leaders based on their coset size:
: n m n
Qi (Clgny) = —m - [£3, (1,6 = D = 2 £5(1,5— 1),

where L£7(1,0 — 1) = {a € [1,0 — 1] : a is a leader modulo n and |C,(a)| = [}.
Recall the definitions of sets H and S in (3.6) and (3.9), respectively, where H pre-
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cisely identifies the integers a for which |C,(a)| = m/2. Using a similar partitioning
strategy as in the odd case, we determine the number of leaders in each category.

Specifically, we will show that:

o 10%] =[5~ 1N = g(5).

o |Lo]=N(©) =10 =1]N(SUH)| = N(d) = f(9).

Substituting these quantities into the dimension formula yields the result for even m
as stated in (4.10).

Our analysis begins with the upper portion of the interval [1,d — 1]. Specifically,
we first focus on the subinterval [¢" ™% §—1] and partition it into two smaller, disjoint
pieces based on the g-adic expansion of § — 1. Assertions 4.1 and 4.2 then compute

the required intersection sizes on these two pieces, respectively.
Assertion 4.1. Suppose that g™ < § < gl@Gm=D/31+1,

o Ifm is odd, then

htks
[ Z 6eg',0 — 1] NS = N(u(d) +1). (4.12)
(=h—ks+1
e Ifm is even, then
h+ks
[ Z 60t 0 — 1 ﬂ(SU’H)‘ = N(u(d)+1) (4.13)
t=h—k;

and

h+ks
[Z 6ug’, 6 — 1] N 7—[‘ = 7(6). (4.14)

{=h

56



Proof. If m is odd, our first goal is to show that

h+ks h+ks
[ > bt o—1nS=1| > bqo— 1] N Ags (55)- (4.15)
l=h—ks+1 l=h—ks+1
h+k5
Recall that Y d,¢" is the g-adic expansion of § — 1. We have
(=0

V((s - 1) = (Ohfk(w 5h+k57 s 750)

and
h+ks
Vv ( Z 5qu) = (On—ts> Ohrkss -+ > Oh—ks+1> On—pst1)-
{=h—ks+1
htks h+ks
Suppose that a € S 8egb, 0 — 1| is an integer with g-adic expansion > a,q’.
l=h—ks+1 £=0
h+k5
It follows that V(> d,¢°) < V(a) < V(6 —1). The above two equalities imply
{=h—ks+1
that
V(&) = (Ohfk(;: Ahtksy - - - ,Clo)
(4.16)

= (Oh—kys Ohthgs - - - s Oh—kiyt1s Qh—kys - - - » (0)-
Recalling the definition of sy, it follows that ss is the smallest integer in [—ks + 1, ks]

such that apis; > 0. By Remark 3.5, this implies that a ¢ A, (i) for any integer

h+k5
i # ss. Therefore, [ S g0 — 1] N Ay, (i) = @ for any integer ¢ # ss. Then
l=h—ks+1
applying Theorem 3.2, we can conclude that (4.15) holds.
h+ks
Now, let us count the number of integers in the set S 8ugh 8 — 1 NA, (ss).
l=h—ks+1

By the definition of Ay, (ss) and (4.16), we can conclude that

h+k5
a € [ Z 8eq, 0 — 1] N Ay, (s5)

(=h—ks+1
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if and only if V(a) has the form

(Oh—kss Ohtgs - - - » Ontsgs On—kgs Qhogtss—1s - - - » Q0)

ks+ss—1
with > awq’® < p(d) and ag > 0. Consequently, we have

h+k’5
[ Z (5qu, 0 — 1] N .Aké (85)

O=h—kgs+1

ks+ss—1
k
- {(ak§+86—17"'7a Z 6+86 : Z aeq <,U’ a0>0}"

Noticing that u(8) < ¢"%% we apply Lemma 4.1 to obtain

= N(u(0) +1).

h+k5
[ Z (qug, 5 — 1] N Ak5<$5)

(=h—ks+1

Recalling the equality in (4.15), it follows that equation (4.12) holds.
If m is even, we can apply a similar method as above to derive equation (4.13).
Next, we establish equation (4.14). We can employ an analogous argument to that

used in deriving (4.16) to conclude that V'(a) takes the form

(0h—tks—1> Ohthgs - - -+ Oy @h—1, - - -, Ag)

h+ks
for any integer a € [Z 8eqt, 0 — 1] . Applying Corollary 3.3, it follows that an
i=h

h+ks
integer a € [ S 6eqt, 6 — 1] NH if and only if V' (a) has the form
i=h
(Oh—ks—15 Ohtkss - - - s Ohy Op—s—1, Ontkss - - -, On)
htks
with 6, > 0 and > &, < Z d¢q*. This implies that equation (4.14) holds. [
i=h =0
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Assertion 4.2. Suppose that ¢7 " < § < ¢lm—D/31+1

o Ifm is odd, then

Z > N(tg* ' +1). (4.17)

i=—ks+1t€T;(6)

h—l—k(g
[ h—l—ka Z 5€q )

l=h—ks+1

e Ifm is even, then

h+ks ks
[h+k5 Z 5€q> N(SUH) | = Z Z N(tg¥ +1) (4.18)

(=h—Fk;s i=—ks t€T; (5)

and

h+ks hetks

[q’”ké, Z (nqﬂ) N 7—[' =N (Z (W-h) — N (¢"). (4.19)
=h (=h

Proof. If m is odd, we have ks > m — 2h = 1. By the definition of A, (i), we can

h+k5
conclude that an integer a € [qh”’“‘, > §gq€> N Ay, (@) if and only if
l=h—ks+1

h+k5

V(") < Vi) <V( Y dg), (4.20)

th—k‘(;-i-l

and V' (a) has form specified in (3.12) with k£ = ks while satisfying the conditions in
(3.10) and (3.11). Notice that

V(g"™*) = (0, _p,, 1,0p11,)

and

h+k5

E 60G") = (O ks, Ohskgs - -+ Ong1> On s 1)-
t—h—ks+1
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The form of V(a) in (3.12) and the inequality ay > 0 in (3.11) imply that the

inequality in (4.20) holds if and only if

(1,00,-1) < (@hikss - -+ » iy Opgi1)

< ((Sthké, . 75h7k5+1)-

Since s; is the smallest integer in [—ks + 1, ks| such that dj4s, > 0, this is further

equivalent to

h+k5 h+k6
ks—i 0—(h+i (—h—i
¢ <Y agm M < T G
{=h+i L=h+ss

Recall the definition of the set 7;(6) and Remarks 3.2 and 3.3. We can conclude

h+k‘5
that an integer a € [qh““, > (5qu> N Ay, (i) if and only if V(a) has the form
(=h—ks+1

specified in (3.12) with k& = ks and

h+ks

S a0 € T(0): (421)
(=h+i
ks+i—1 h+ks
Z arg’ < Z aeg" " g? L and ap > 0. (4.22)
=0 hti

To enumerate such integers, we have the following observations:

e Bach sequence (@pig,, ..., ant;) satisfying (4.21) corresponds to one integer
h+k‘(5 )
t= Y aq"~"* in the set 7;(), and vice versa.
¢=h+i
e For each fixed (ap+iks,---,0n+i), Lemma 4.1 yields that there exist exactly
N(tg*~' 4+ 1) sequences (ag,1i 1,-..,a9) meeting the requirement in (4.22),
h+]€5 )
where t = Y a,q' =",
e=h+i
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Therefore, we can conclude that for any integer i € [—ks + 1, k).

= Y N(tg" ' +1).

teT;(0)

h-l—k:,;
[thrka’ Z (5£q£> N Ak5 (Z)

b=h—ks+1

Then by Theorem 3.2, we obtain the equality in (4.17).

If m is an even integer, then ks > m — 2h = 0. The equality in (4.18) can be
obtained using a similar argument as presented above. Next, we establish equation
(4.19).

By applying Corollary 3.1, we can conclude that an integer
h+k5
ac [qh”“, Z (5ng> NH
t=h

if and only if

h+k‘5

V(") < Vi(a) < V() biq") (4.23)

and V(a) has the form specified in (3.7) with & = ks and ay > 0. Noting that

h+ks
v<qh+k5> — (Oh—k57 170h+k5) and V( Z 6Zqﬁ) = (Oh—k}575h+k§7' .. 75h70h)7 it follows
{=h

that the inequality in (4.23) holds if and only if

(1, Oké) < (aké, RN ,CLQ) < ((Sthk(;, RN 75h)-
This can be equivalently represented as

h+ks

ks
¢ < ag <) dg'"
=0 {=h

Consequently, we have

h+k6 k5 h+k5
[qh+k5, Z 5€q£> ﬁ7"[| = '{(aké, RN E ¢t < Z:agqZ < Z 60q" " ag > OH
t=h

=0 {=h
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By Lemma 4.1, it follows that equation (4.19) holds. O

Having analyzed the interval [qh““é 0 — 1} in Assertions 4.1 and 4.2, we now turn
to the remaining part, [1, qh+’“5). For an odd m, we aim to compute ‘ [1, qh+k5) N S‘.
By Lemma 3.3, the intersection over the first part of this interval is zero, i.e.,
} [1, ¢t — 1] ns ‘ = 0. The remainder is handled by the decomposition

ks—1

th-&-l,qh—i-ka) ﬂS‘ — Z th-i-k’qh—i—k—&-l) ﬂS‘ )
k=1

By Theorem 3.2, each term |[¢"**, ¢"™ 1) N S| is a sum of |Ax(i)| over integers
i € [=k+1,k]. For an even m, a similar analysis requires the sizes of the sets By ().

The following assertions provide these required sizes.
Assertion 4.3. Suppose that k € [1,|(2m — 1)/3] — h] is an integer.

e [fm is odd, then

1 2k—1 2 if 1
| 1 q—1)?2, ifi=kor —k+1,
4= 42, " 2
3 (a—=1DYg+ 1), ifie[-k+2k-1].
e [fm is even, then
L (g —1)? ifi=kor —k
B = )24 (g , ) 4.25
By (i) {%qzk—Q(q —1)3(q+1), ifie[-k+1,k—1]\{0}. 2

Proof. The arguments to obtain (4.24) and (4.25) are similar, so we here only demon-
strate that (4.24) holds if m is odd. We can use the same approach as in the proof

of Assertion 4.2 to conclude that an integer a € Ag(7) if and only if V(a) has the
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form specified in (3.12) with

h+k
Zagql_(h“) € [qk_i, qk_i+1—1] N{teZ:qtt}; (4.26)
(=h+i
ki1 h+k
Z agt < Z arg" =) . g%V and ay > 0. (4.27)
=0 (=h+i

Furthermore, we have the following observations:

e Each sequence (apyg, - .., anyi) satisfying (4.26) corresponds to one integer t =
htk

S apg= ") in the set [¢F7, ¢ — 1] N {t € Z | ¢ 1 t}, and vice versa.
(=h+i

e For each fixed sequence (apig, - -.,ant;), we can utilize Lemma 4.1 to conclude

that there exist N (t¢*'+1) sequences (axti-1, . . ., ag) € Zi satisfying (4.27),
h+k

where t = Y a,q"~ ).
(=h+i

Consequently, we conclude that

gh—iti_1
A= D N(tg ' +1).
t:qk_ivq)(t
Then applying Lemma 4.3 with a = ¢, we derive (4.24). ]

Assertion 4.4. Suppose that m is even and k € [0, [(2m — 1)/3] — h] is an integer.
Then

5 ( 1)7 Zf k=20
Bu(0)] = ¢ 24 ; s
Hg—=1*g* =2+ 45, ifk>1.
Proof. By the definition of B (0), we can use a similar argument as in the proof of

Assertion 4.2 to derive

qk’+1_1

Bu(0) = > N(t+1).

t=q" qft
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If £ > 1, by substituting ¢ = 0 and a = ¢ into equation (4.4) in Lemma 4.3, we

obtain
1 _ _
[B(0)] = 5(a - 1)?(¢* — 2+ g5 ).

If £k =0, then we have

Bu0)] = SN+ 1) = Sala— D).

This completes the proof of Assertion 4.4. n

Proof of Theorem 4.1. If m is odd, we first aim to show that
1,6 = 1] NS| = f(8) for § € [2, gl D/3HT] (4.28)

If 2 < § < ¢"*!, recalling the definition of S and applying Lemma 3.3, we can
obtain

[1,6 —1]NS| = 0. (4.29)

In particular,

I[1,""" = 1] nS)| =0. (4.30)
If ¢"t1 < § < ¢l®m=D/31+1 gince m is odd, we first have
o 1< ks < |(2m—1)/3] — ks

° quh ) < q|_(2m71)/3j+1'

By applying Theorem 3.2, we can conclude from Assertion 4.3 that for any integer

k

|[qh+k7qh+k+1) ﬂS‘ _ Z |~Ak(2)|

i=—k+1

=(k—1)¢* (= 1)*(q+ 1)+ ¢ (g —1)%
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Therefore, we have

k;(;,l
th+1,qh+k5) ﬂS‘ — Z |[qh+k’qh+k+1) ﬂS‘
k=1

ks—1 ks—1
= k-1 q- D g+ D)+ Y ¢ g 1)
k=1 k=1
It is easy to verify that
ks—1
X q2szl(q . 1)2 _ (q2k:5 '—q)(g—1)
k=1 ¢+1
and
ks—1 2ks—3 2ks—1
— (ks — 1)g™" 7> + (ks — 2)g~" -1
Z(k_l)qgk_3(q_1)3(q+1): [q ( 6 )q ( é )q ] (q )
k=1 ¢+1
By adding these two sums together, we have
th-i-l’qh-‘rka) ﬂ8| — (ké _ 1)q2k5—3(q _ 1)2. (431)
We can also conclude from Assertions 4.1 and 4.2 that
h+ks h+ks
[¢"*. 6 —1]nS| = [h+k5 3 54q> Y e-1|nsS
{=h—ks+1 l=h—ks+1

— Z > ON(tg T +1) + N(u(8) +1).

i=—ks+1 tET(5)

It follows from (4.30), (4.31) and (4.32) that

I[1,6 — 1] N S| :Hl,qthl —1]nsS|+ th+1,qh+k5) nS|+ |[qh+k5,5— 1] NS

=(ks = 1)g™ (g = 1)° + N(p Z > N(te* '+

i=ks+1teT;(6)
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By the definition of the function f(¢), we now can conclude from (4.29) and (4.32)
that equation (4.28) holds. Recalling the fact that an integer cannot be a coset leader

if ¢ | a, and the definition of S, it follows that
[£7(1,0 = 1) = N(6) - f(9) (4.31)
for any integer § € [2, quZm*l)/?’J“]. In addition, it is easy to verify that
|(2m —1)/3] +1<m—|m/3].

This implies that 6 — 1 < ¢l@m=1/31+1 < gm=1m/3]  Then applying Theorem 3.1, we
have

|C(a)| = m for any integer a € [1,6 — 1]. (4.32)

Recalling equation (2.13), we obtain (4.9) from (4.31) and (4.32).
If m is even, our first goal is to to establish

1,6 — 1N (SUH)| = f(5) (4.33)

and
I[1,6 — 1] NH| = g(6) (4.34)

for any integer § € [2, ¢lm=D/3IH1].

If 2 <6 < ¢", we can apply Lemma 3.3 to conclude that
I[1,6 —1]NS| =0.
In addition, by applying Corollary 3.2, we obtain
I[1,0 — 1] NH| =0.

In particular, we have

1,¢" =1 N(SUH)| =0 (4.35)

66



and

I[1,¢" —1]nH| =0. (4.36)
If ¢" < § < ¢"*1, since m is even, we first have
o ks =0;
e To(0)={teZ :1<t<d,—1}
o g < § < glem-1/3l+L
Therefore, by substituting ks = 0 into (4.13) and (4.18), we obtain
|[60g", 0 — 1] N (SUH)| = N(1(5) + 1)

and

1
[¢" 0ng") N(SUH)| = Y N(Et+1)= 5 (0 = 1)d.
teTo(0)

With (4.35), it follows that

1,6 - 1N (SUH)| = %((n — 1)), + N(Fi(8) + 1). (4.37)

Additionally, by substituting ks = 0 into (4.14) and (4.19), we obtain

|[6ng", 6 — 1] N H| = 7(5)

and

| [qh,5hqh) N H‘ = (Sh — 1.
Combing these two equalities with (4.36), we obtain

16— 1 NH| =8 —1+7(). (4.38)

By now we have already demonstrated that both (4.33) and (4.34) hold for 2 < ¢ <

h+1
q .
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h
Notice that ¢"*! — 1 = 3" (¢ — 1)¢*. Therefore, for 6 = ¢"*!, we have 7(§) = 1
=0

and 11(6) = ¢ — 1. Consequently, we can conclude from (4.37) and (4.38) that
1
[[1, " =1 N (SUH)| = 5q(q —1) (4.39)

and

1,¢""' =1 NnH|=q-1. (4.40)
If ¢"1 < 6 < ¢l®m=D/31+1 gince m is even, we have
o 1<ks<[(2m—1)/3] —
o < 5 < glemmn/a

By applying Theorem 3.2, we can conclude from Assertions 4.3 and 4.4 to conclude

that for k € [1, [(2m —1)/3]| — h],

k
‘[qh—l—k?qh—l—k;—i—l) N (3 UH)l _ Z |Bk(z)|

i=—k
1
=(k — 5)61% (=1 (g+ 1)+ (¢—1)% +q*)
It follows that
ks—1
‘[qh+l’qh+k5) ﬂ(SU’H)‘ _ thJrk,thrkH) ﬂ(SUH)|
k=1
1 2](:5 2 2 1 ks—1
=(ks — 2) (¢—1) +§(q— (g™ —q).

We can also conclude from Assertions 4.1 and 4.2 that

[¢"*5,6 — 1] N (SUH)| = Z S°ON(tF 1)+ NE6) +1).  (4.41)

i=—ks teT;(6)
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Combining (4.39), (4.41) and (4.41), we obtain
1,6 = 1N (SUH)|

=|[L"* A SUH)| + [ ") N (S UH)| + | [, — 1] N (SUH)|
- b1 L NGO D+ S Y N )
i=—ks teT;(9)
for ¢t < § < gl@m=1)/3]+1,

In addition, by applying Corollary 3.4, we have

ks—1
[" ") N =D ", ¢ ) N

k=1
= (@ = 1D(g—1).
With (4.40), it follows that
[L ") nH| =¢"" (g~ 1D). (4.42)

Noting that N(¢") = ¢*~(q — 1) for ks > 1, we can combine (4.14), (4.19) and
(4.42) to obtain

L, 6—1]NH] = [[1,¢" ) NH|+
{=h

h+]€5
g Z 5qu> N H |+

h+ks
>, 5—1] mH|
t=h

h+ks
=N (Z 5gq€_h) + 7(9).

{=h

We now have showed that (4.33) and (4.34) also hold for ¢"*! < § < lGm=1/3]+1,
Next, we establish equation (4.10). Note that § < ¢l?m=D/3I+1 < gm=lm/4] for
even m. Thus, by Theorem 3.1, we have |C,| = m or |C,| = m/2 for any integer
€ [1,6 — 1]. Recall the definitions of S and H. We can conclude from (4.33) and
(4.34) that

£2(1,6—1)| = N(8) — (6) and |L% (1,8~ 1)| = g(0). (4.43)
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Consequently, we conclude that the equality in (4.10) holds. This completes the
proof of Theorem 4.1. n
As examples of Theorem 4.1, we present the following two corollaries, which give
explicit formulas to compute the dimension of C(, 5 for § € [2, qf%Hl]. It can be
verified that these two corollaries are equivalent to Theorem 17 and Theorem 18 in

[39], respectively.

Corollary 4.1. Let m > 4 be an even integer and § € [2,¢" ] be an integer. Then

(n—mN((S), if 6 < q",
h-1
152 : h ¢
dim(Clgns) = n—m (N((S) — §5h) , if 0 > q" and &, < ZZ:% 00q",
h—1
n—m[N@©0)—3(6,—1)* = 8], ifd>q¢" and s, > Y biq".
=0

\

Proof. We consider the following cases:

Case 1. If § < ¢", we immediately have f(J) = 0 and g(§) = 0 by definition.
Case 2. If § > ¢", we can observe that 8, > 0 and ss = ks = 0. Then we

distinguish the following two subcases:

h—1
Subcase 1. If 6, < >° 8o¢*, then 7(8) = 1 and ji(6) = 6, which implies that
=0
~ 1
f(0) = 5(0n = 1)0n + 6 and  g(6) = I

h—1 h—1
Subcase 2. If 6, > > 8,¢", then 7(6) = 0 and f1(8) = Y 6,¢° = y, which implies
=0 =0

that

7(6) = %(&1 )6+ 0y and g(d) = 6, — 1.

By substituting the values of f(0) and g(J) into equation (4.10) for each corre-

sponding case, we obtain the desired equality. O
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Corollary 4.2. Let m > 5 be an odd integer and § € [2,¢"*?] be an integer. Then

(0 —mN(), if § < ¢,
n—m[N()—(qg—1)62,, — (0n — 1)0hs1 — b0 ,

h—1
if 6 > ¢"1, 6, >0 and 0p > Y. 64,
=0

n—m[N()—(¢—1)87,, — 0ndpi1]
if § > ¢", 6, > 0 and 641 < hi:ldgqe,
n—m [N(8) — (g —1)(67,, — 5h+€1:0+ d1) — ),
if § > ¢"*1, 6, =0 and Sp1q > %54967
nem[N@) - (- Vi)

h-1
if & > ¢"1, 6, =0 and 8,019 < Y 6ugh
\ =0

Proof. We consider the following cases:
Case 1. If § < ¢"*!, we can directly have f(J) = 0 by definition.
Case 2. If § > ¢"*!, we have ks = 1, then we distinguish the following subcases:

Subcase 1. If §;, > 0, then ss = 0, which leads to
° 76(5) = [q,5h+1q+5h— 1] ﬂ{t €7 (]'flf};

o Ti(d) = [1,0n41l;
h—1

° ,LL((;) = min {5h+1; Z 5gq€}.
/=0

h—1 h—1
Noticing that u(8) = > deg* = o if 61 > > deg’, we can substitute these terms
=0 =0

into equation (4.6) to obtain

h—1
(q — 1)5}21+1 + (5h — 1)5}14—1 + 50, if (Sh > 0 and 5h+1 > Z (5[(%7
f(6) = =
(q — 1)(5]21+1 + 6h6h+1> if 5h > 0 and 6h+1 < 2 5ng.

(=0
Subcase 2. If §;, = 0, then ss = 1, which leads to
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® T0(6) =[q,0n1qg = 1N{t €EZ: qtt};

o T1(0) = [1,0n41 — 1J;

h=1
e 1(d) = min {5h+1q, > 5gq£}.

(=0

h—1 h=1
Noting that u(8) = 3 d,¢° = d1q + & if Spy1qg > D 64q°, we can substitute these
£=0 £=0

terms into equation (4.6) to derive

h—1
(g — 1)o7 4, if 6 = 0 and dp11¢ < Y- deq’,
1(8) = il
(q - 1)((5}21+1 — 6h+1 + 51) + 50, if 5h =0 and 5h+1q > Z 5gq£.
=0

Finally, substituting the value of f(d) into equation (4.9) for each corresponding

case yields the result. O
Based on the proof of Theorem 4.1, we can easily generalize the results in Theorem
4.1 to some primitive BCH codes that are not necessarily narrow-sense as follows.

Theorem 4.2. Let m > 4 be an integer, and let b and § be two positive integers such

that b > 2 and b(q — 1) +1 <6 < gl@m=1/BI+1 1 .
o Ifm is odd, then

dim(Clymsny) = n—m[N(b+35—1) = f(b+35—1)].

e [fm is even, then

dim(Cypsp) = n—m [N(b Fo—1)—f(b+6-1) —%g(b Y1),

Proof. Since § > b(q — 1) + 1, for each integer = € [1,b — 1], there exists i such that

b<xq"<bg—1<b+6— 2. Therefore,

b+0—2
C,C |J Cu forallze1,b—1].
a=b
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It follows that
b+6—2 b+6—2

LJ C%/:: LJ C&v
a=1 a=b

which is equivalent to Ciyn.s5) = Clgmpis—1). Noticing that b+ § — 1 < glGm=D/31+1

we can apply Theorem 3 to obtain the result. O

4.4 Bose distance of primitive BCH codes

When § = ¢l®m=1/31+1 " the Bose distance of C(y .5 was given by [18, Theorem
13]. In this section, we determine the dimension of C(, 5 for § € [2, glGm—D/3I+1),
We can first apply Lemma 3.3 to determine the Bose distance of C,,,s) for 0 €

2,¢™ ") as follows.

Theorem 4.3. Let § € [2,¢™ ") be an integer. Then

o, if q19,

dp(Cgns) = {5 +1, ifq]|e.

Proof. Note that m —h = h when m is odd, and m —h = h+1 when m is even. We
can apply Lemma 3.3 to conclude that § is the smallest coset leader in [d,n] if ¢ 1 6,

and ¢ + 1 is the smallest coset leader in [0, n] if ¢ | §. Then the result follows. O

Next, we determine the the Bose distance of C(y .4 for § € [qm", glm=1/31+1)

and m > 4 by giving the following Theorem 4.4 and Theorem 4.5.

Theorem 4.4. Suppose that m > 5 is an odd integer and 6 € [¢"T, glCm=D/31+1) s

) ) h+3js
an integer. Let js be the integer such that ¢"75 < § < "5t Let S 8,q¢° denote
(=0

the g-adic expansion of 0, and let rs be the smallest integer in [—js + 1, js| such that

~ h+j6 h+j5
Shirs > 0. Defined = 5. 00¢" + 5. g h7moFD),
{=h+rs l=h—rs+1
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o Ifq1d, then

ISR " —(h—rs+1
4, if Y 0t > Y degt ey,
=0 (=h—rs+1

h—js h+js
o+1, of Z 0ot < >0 egt (et

{=h— 7‘5+1

cmd 5h ret1 #q—
h+j§
042, if Z Segt < Y Gegthreth
l=h—rs+1

cmd 5}1—7“5-‘,-1 =q— 1.

dp(Clgn.s)) = (4.44)

o Ifq|d, then

( h—js h+js
S+1, if > bt > Y, St et
{=0 £=h7T§+1
h—js h+js
o+1, if Z Segt < Y egt et

l=h— rs+1

and 5h re+1 #q-—1,
h+js

0+2, of 2512(1 < Z Spqt (st D)
{=h—rs+1

cmd 5h—r5+1 =q-—1.

dp(Cigns)) = (4.45)

Proof. We will show that equation (4.44) holds if ¢ 1 § through the following cases.

h—js h+js
Case 1. Suppose that Y. 6,¢° > 5. 6,¢'"7s%D. By Remark 3.4, we first
=0 t=h—r5+1

have § ¢ A;,(rs). Furthermore, recalling the definition of 75 and applying Remark
3.5, we can also conclude that 0 ¢ Aj, (i) for any ¢ # rs. By applying Theorem

3.2, it follows that 0 ¢ S, which implies that ¢ is a coset leader. It follows that

h—js h+js
Case 2. Suppose that > 6,¢° < S 6,¢" 75+ We first aim to show that
(=0 t=h—rs+1
, R h+js )
any integer § € [5, 5] is not a coset leader. Noticing Y. gt~ (b=t < gistrs,
f=h71”5+1
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h—js )
we have > 6,q° < ¢/*7. This implies that
=0

0y =0 for€:j5+7’5,...,h—j5.
Recalling the definition of rs, it follows that

V(5) — (Oh—j57 5h+j67 [N 75h+"'67 0h—j57 6j6+7'6—17 ce ,(50).

It is clear that

V(5) — (Oh—j57 5h+j5, N 75h+,~8, 0h—j57 5h+j67 ce . 75h—7‘5+1>'

, R h+js ,
Consequently, for any integer § € [5, 6} with g-adic expansion > §,¢°, we have
=0

V(5’) _ (Oh_jg,é;bﬂ.&, o .56) o
.46

/ /

= (Oh*js? 6h+j5’ o 76h+r57 On—js> 5j5+r5717 cee '50>

and

/

(6;'6+7"5*17 co ’50) S <5h+j57 s 75h—'r5+1)
(4.47)

/

= Bagyr Orryit)

/

If §, = 0, then ¢ | ¢', indicating that & is not a coset leader. If &, # 0, then we can
conclude from (4.46) and (4.47) that § € Aj,(r5). Thus, by applying Theorem 3.2,
we can still can conclude that § is not a coset leader.

In addition, we can use a similar argument in Case 1 to conclude that
o If dp_p;41 # ¢ — 1, then 5+ 1 is a coset leader.
o If 4p_p,41 = ¢ — 1, then 5 +2is a coset leader.

Furthermore, since ¢ | 6+ 1 when Oh—rs+1 = q — 1, we can also conclude that 541 is
not a coset leader in this case. Consequently, we conclude that dp(Cgns)) = S+ 1if
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Oh—rs+1 7 q—1, and dg(Cigns)) = S+2if On—rs+1 = ¢—1. We now have demonstrated
that equation (4.44) holds if ¢ 1 6.

If ¢ | 6, then ¢ is not a coset leader. It follows that dg(Cigns)) = dB(Cigm,s+1))-
Notably ¢ | 0 implies that ¢t + 1. Therefore, we can obtain (4.45) by substituting
d + 1 into equation (4.44). O

Theorem 4.5. Suppose that m > 4 is an even integer, and 6 € [¢", gl®m=D/31+1) s
) . h+js

an integer. Let js be the integer such that ¢"75 < § < "5+t Let S 8,q° denote
=0

the g-adic expansion of &, and let rs be the smallest integer in [—js, js| such that

A~ h‘+.]6 h+]5
Snirs > 0. Defined = 5. 0g° + > Suq =),
l=h+rs b=h—rs

o I[frs#0 and q19, then

( h—js—1 hids
d, if 3 0t > 30 Geg T,
=0 t=h—rs
. h—js—1 h+js
o+ 1, if Y St < Y Gegtmhme)
/=0 {=h—rs
p _ 4.4
B(C(Q7n75)) < a,nd 5]1—7'5 % q - ]" ( 8)
R h—js—1 h+js
042, if Y dgt < Y Gegthre)
=0 {=h—rs
\ and Op—r; = q — 1.
o Ifrs# 0 and q| 9, then
¢ h—js—1 h+js
41, if > bt = > g,
=0 t=h—rs
. h—js—1 h+js
S+1, if Y Gt < > Gegt
=0 l=h—rs
p _ 4.4
B<C(Q7n76)) and 5h—r5 # q— ]'7 ( 9)
. h—j§—1 h+]§
0+2, if > dg < 30 g
/=0 {=h—rg
and Op—r; =q— 1




o [frs =0, then

4 h—js—1

9, if Z Seq" > Z Seq"™" and q 1 6,
h— ]5 1
dp(Cigme)) = {0+ 1, if z Seq’ > z Seq"™" and q | 6, (4.50)
A h— ]6 1
J, if Z begt " < Z deg" .

Proof. First, by an argument similar to that in the proof of Theorem 4.4, we conclude
that (4.48) holds if r5 # 0 and ¢ 1 ¢, and that (4.49) holds if r5 # 0 and ¢ | . Next,

we will show that (4.50) holds if 75 = 0 by considering the following cases.
h—js—1
Case 1. Suppose that Y d,¢° > Z 8e¢"" and ¢ 1 0. Then by applying
=0 =h

Remarks 3.4 and 3.5, we see that 6 & B, (i) for any ¢ € [—Js, js|. Hence a ¢ SUH.
Therefore, we can conclude ¢ is a coset leader. Consequently, we have dg(Cign5)) = 0

in this case.

h—js—1
Case 2. Suppose that Z Seq" > Z 8eq* " and ¢ | 6. Then the assumption

that ¢ | 6 implies that § is not a coset leader. Furthermore, by an argument similar to

that in Case 1, we conclude that 041 is a coset leader. Therefore, dg(Cign5)) = 0+1.

h—js—1
Case 3. Suppose that Z degth < Z 8¢¢"~". Then we distinguish the fol-

lowing two subcases:

h—js—1
Subcase 1. If Z Seqt = Z 8", then we have
=0

0p=0 forl=js+1,...,h—js—1

and

(5@2(544_}1 fOI‘EZO,...,j(;
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It follows that 6 = &, and V(#) has the form

(Ohfj(;fla 5j57 ce 7507 Ohfj(gfla 5]'57 s 760)
with 6y > 0 and ¢;, > 0. By applying Corollary 3.3, we can conclude that § € H,
which implies that 4 is a coset leader. Therefore, we have dg(d) = § = 0.

h—js—1 h+js
Subcase 2. If > ,¢"" < 3 6,¢"". By an argument similar to that in Case 1
(=0 (=h

of the proof of Theorem 4.4, we first conclude that any integer § € [5, 3) is not a

. htys h+js
coset leader. Note that d, > 0 and 6 = > &,q° + 80¢"~" when r5 = 0. Applying
(=h (=h

Corollary 3.3, one can easily verify that 6 € H. This implies that & is a coset leader.

~

Consequently, we have dg(Cigns)) = 0. O

An [n, k,d] code over F, is called optimal if there is no [n, k', d] linear code with
k' >k, or [n, k,d'] linear code with d’ > d over F,. We provide examples of narrow-
sense BCH codes discussed in this chapter in Tables 4.2 and 4.3. The dimensions
k and Bose distances dg of the BCH codes presented in these tables are calculated
using the formulas from Theorems 4.1, 4.3, 4.4, and 4.5, with all parameters verified
using Magma. We compare these codes with the Database and find that they are
either optimal or match the parameters of the best-known linear codes. We also
utilized Magma to calculate the minimum distance of the codes. For codes whose
minimum distance could not be determined by Magma within a reasonable time, we
denote this with ”—”. Notably, the Bose distance and minimum distance of these

codes are equal.
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Table 4.2: Examples of binary narrow-sense primitive BCH codes

q m ) n k dp d Optimality
2 4 2-3 15 11 3 3 Optimal
2 4 4-5 15 7 5 5 Optimal
2 4 6 —7 15 5 7 7 Optimal
2 5 2-3 31 26 3 3 Optimal
2 5 4-5 31 21 5 5 Optimal
2 5 6 -7 31 16 7 7 Optimal
2 5 8 —11 31 11 11 11 Optimal
2 5 12 - 15 31 6 15 15 Optimal
2 6 2-3 63 57 3 3 Optimal
2 6 4-5 63 51 5 5 Optimal
2 6 8-9 63 39 9 9 Best Known
2 6 10 -11 63 36 11 11 Best Known
2 6 12 -13 63 30 13 13 Best Known
2 7 2-3 127 120 3 3 Optimal
2 7 4-5 127 113 5 5 Optimal
2 7 6—-7 127 106 7 7 Best Known
2 7 8-9 127 99 9 9 Best Known
2 7 10 -11 127 92 11 11 Best Known
2 7 12 -13 127 85 13 13 Best Known
2 7 14 -15 127 78 15 15 Best Known
2 7 16 — 19 127 71 19 19 Best Known
2 7 20 - 21 127 64 21 21 Best Known
2 7 24 — 27 127 50 27 27 Best Known
2 8 2-3 254 247 3 3 Optimal
2 8 5 254 239 5 5 Optimal
2 8 6—-7 254 231 7 7 Best Known
2 8 8-9 254 223 9 9 Best Known
2 8 10 -11 254 215 11 11 Best Known
2 8 12 -13 254 207 13 13 Best Known
2 8 14 -15 254 199 15 15 Best Known
2 8 16 — 17 254 191 17 17 Best Known
2 8 18 -19 254 187 19 19 Best Known
2 8 20 - 21 254 179 21 21 Best Known
2 8 22 — 23 254 171 23 23 Best Known
2 8 24 — 25 254 163 25 25 Best Known
2 8 26 — 27 254 155 27 27 Best Known
2 8 28 — 29 254 147 29 29 Best Known
2 8 30 — 31 254 139 31 31 Best Known
2 8 32 - 37 254 131 37 37 Best Known
2 8 38 — 39 254 123 39 39 Best Known
2 8 40 — 43 254 115 43 43 Best Known
2 8 44 — 45 254 107 45 45 Best Known
2 8 46 — 47 254 99 47 47 Best Known
2 8 48 — 51 254 91 51 51 Best Known
2 8 52 — 53 254 87 53 53 Best Known

79




Table 4.3: Examples of nonbinary narrow-sense primitive BCH codes

q m 0 n k dp d Optimality
3 4 2 80 76 2 2 Optimal

3 4 3—-4 80 72 4 4 Best Known
3 4 8 80 60 8 8 Best Known
3 4 9-10 80 56 10 10 Best Known
3 4 11 80 54 11 11 Best Known
3 4 12-13 80 50 13 13 Best Known
3 4 14 80 46 14 14 Best Known
3 5 2 242 237 2 2 Optimal

3 5 3-4 242 232 4 4 Optimal

3 5 5 242 227 5 5 Best Known
3 5 6-7 242 222 7 7 Best Known
3 5 8 242 217 8 8 Best Known
3 5 9-10 242 212 10 10 Best Known
3 5 11 242 207 11 11 Best Known
3 5 12 -13 242 202 13 13 Best Known
3 5 14 242 197 14 14 Best Known
3 5 15 - 16 242 192 16 16 Best Known
3 5 17 242 187 17 17 Best Known
3 5 18 - 19 242 182 19 - Best Known
3 5 20 242 177 20 - Best Known
3 5 21 — 22 242 172 22 - Best Known
3 5 23 242 167 23 - Best Known
3 5 24 — 25 242 162 25 - Best Known
3 5 26 242 157 26 - Best Known
3 5 27 - 31 242 152 31 — Best Known
3 5 32 242 147 32 - Best Known
3 5 33 - 34 242 142 34 - Best Known
3 5 35 242 137 35 - Best Known
3 5 36 — 38 242 132 38 - Best Known
3 5 39 — 40 242 127 40 - Best Known
3 5 41 242 122 41 — Best Known
3 5 42 — 43 242 117 43 - Best Known
4 4 2 255 251 2 2 Best Known
4 4 4-5 255 243 5 5 Best Known
4 4 6 255 239 6 6 Best Known
4 4 8-9 255 231 9 9 Best Known
4 4 10 255 227 10 10 Best Known
4 4 11 255 223 11 11 Best Known
4 4 12-13 255 219 13 13 Best Known
4 4 14 255 215 14 14 Best Known
4 4 15 255 211 15 15 Best Known
4 4 16 — 17 255 207 17 17 Best Known
4 4 18 255 205 18 - Best Known
4 4 19 255 201 19 - Best Known
4 4 20 - 21 255 197 21 - Best Known
4 4 22 255 193 22 - Best Known
4 4 23 255 189 23 - Best Known
4 4 24 — 25 255 185 25 — Best Known
4 4 25 255 185 25 - Best Known
4 4 26 255 181 26 - Best Known
4 4 27 255 177 27 - Best Known
4 4 28 — 29 255 173 29 - Best Known
4 4 30 255 169 30 - Best Known
4 4 32 -34 255 161 34 - Best Known
4 4 35 255 159 35 - Best Known
4 4 36 — 37 255 155 37 - Best Known
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4.5 Narrow-sense primitive BCH codes with de-
signed distance § = a¢"™" + b

As a special case of our main results on primitive BCH codes in the above sections,
in the following corollaries, we give the dimension and Bose distance of C(,y,s) for
m > 4 and § = a¢"* + b, where k, a and b are integer satisfying m — 2h < k <

[2m—1)/3] —h,1<a<g—1land 1 <b< g "

Corollary 4.3. Let m > 5 be an odd integer and k € [1,[(2m — 1)/3| — h] be an

integer. If § = aq"** +b for some integers a € [1,q—1] and b € [1,¢"*] with q 1,

then
0, if b > ag® 1,
dp(Cions)) = 4.51
B(Clgn.0)) {athrk Cag® 11, ifb<ag? !, ( )
and
(
n —mN(6)
. if b > ag? 1,
(+ ma(q — 1)@ (g — )k + 11) Jb=
dim(Cgns) = n —maq"™ (g — 1) (4.52)
—ma(qg —1)g* 2 cif b < ag?L.
k—
L\ +ma?(g—1)¢* 7 [(g — 1)k +1]

Proof. By applying Theorem 4.4, we can directly derive equation (4.51). Therefore,

we only demonstrate that (4.52) holds. It is clear that V(6 — 1) has the form

(0p—k;a, 021, 0p—f, . - ., 0p)

h—k
with 3" d,¢° = b — 1. By definition, it follows that
=0

o 55 = ks = k;
e () = min {b -1, aq%_l};

o T:(6) = [¢" " ag"" = 1] N{t € Z: q{ t} for each integer i € [~k + 1, k.
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Then applying Lemma 4.3, we can obtain

2,2k—-3

Z N(tqul_i_l) — %(CLQ—l)(q— 1) q B ) le € [_k+27k_ 1]7
teTi(6) %a(a—l)(q—l)q%—2, ifit=kor —k+1.

It follows that

> Y N = Y Y Nt

i=—ks+1t€T;(6) i=—k+11eT; (6)
=a(a—1)(g — 1)¢®* % + (a®> = 1)(k — 1)(g — 1)*¢** 2.

By substituting the values of ks, 1(J) and the above expression into (4.6), we obtain

£(6) = a®(q — )¢ k(g — 1) + 1], if b > ag®,
 alg—1D)g* P lak(g—1) +a— g + N(b), if b <ag*!

Finally, noticing that N(§) — N(b) = aq"™*~(¢ — 1), we can apply Theorem 4.1 to
derive the result. O

Corollary 4.4. Let m > 4 be an even intger and 0 < k < [(2m — 1)/3] — h be an

integer. If & = aq"** + b for some integers a € [1,q — 1] and b € [1,¢"*] with q 1 b,

then
aq" + a, ifk=0,b<a,
0, ifk=0,b>a,
d5(Cand) = 5 FE b (4.53)
ag"™* +ag®* +1, ifk>1,b<ag®
and
(1 — maq" (g —1) + %m(a — 1?2, ifk=0,b<a,
n—mN(cS)—l—%maZ, if k=0,b> a,
ma®(q — 1)2¢%2 (k — 1)
dim(Cynp) = § |+ e = Vg™ o UkzLbart (g sy
o +n —mN(J)
ma2(q _ 1)2q2k—2 (k? _ %)
+mala—1)(g —1)¢* |, if k> 1,b < ag®.
+n —mag" (g —1)

\
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Proof. By applying Theorem 4.5, it is easy to derive equation (4.53). Therefore, we
only need to demonstrate that (4.54) holds. If k = 0, then we have § —1 = ag" +b—1
with 0 < b—1 < ¢"!. It follows that ¢" < § < ¢"*! and 6, = a. Consequently, we

have s5 = ks = 0, which implies
e /i(0) =min{b—1,a};
e 7(0)=1ifa <b—1, and 7(0) = 0 if otherwise.

Thus, by substituting d;, = a, and the values of 7(9) and 1i(d) for the corresponding

case into equations (4.7) and (4.8), we derive

~ sa(a—1) + N(b), if k=0andb<a,
sala—1)+ N(a+1), ifk=0andb>a,

and

a—1, ifk=0andb<a,
9(0) = .
a, if k=0 and b > a.

If k> 1, then we have ks = k and V(6 — 1) has the form

(On—r—1,a,00%, 01, 00)
h—k
with 3" d,¢° = b — 1. By definition, it follows that

£=0

085:]€5:l€;

e /i(d) = min {b -1, aq%};

o T:(6)=[¢" " ag""" = 1] N{t € Z: q 1t} for each integer i € [k, k].
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Applying Lemma 4.3, we obtain

)(g — 1)g* 1, ifi=Fkor —k,

ZN(U]%WLU: 1 2_ 2 2k—2
teTi(9) <5a_1)(q e ), if i = 0.

It follows that

Z > Nt +1) = Z > N(tg” +1)

i=—ks teT;(d) i=—k teT;(5)

(@ = 1)(g— 12— 5

(g —1)%¢%2 ifie[-k+1,,k—

1]\ {0},

D 4 ala— (g - Ve + o 1)¢ g 1),

By substituting the values of ks, 12() and the above expression into (4.7) and (4.8),

we obtain

([a%(q — 1)%¢*2 (k— 1)
+a®(q — 1)g* ! , ifk>1,b> ag®*
= +3a¢" (g — 1)

)) = 2 _
f( ) a2(q_1)2q2k 2(]6—%)
+ala—1)(g— 1) |,if k>1,b<ag*

+ 2a¢* (¢ — 1)+ N(b)

and

g(0) =aq" ' (¢g—1) fork>1.

Finally, by applying Theorem 4.1, we obtain the result.
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Chapter 5

Dimension and Bose distance of
BCH codes of length #

5.1 Introduction

In this chapter, we study the dimension and Bose distance of some BCH codes
of length (¢™ — 1)/, where X is a positive divisor of ¢ — 1. This class notably
includes primitive BCH codes when A = 1. Throughout this chapter, let m be a
positive integer, A be a positive divisor of ¢ — 1, h = |m/2], and n = (¢™ — 1)/\.
The notation Cyn s always denotes a BCH code of length (¢™ — 1)/, while Cq,,,5)
denotes the corresponding narrow-sense BCH code. For any real number a, we define
N(a) as the number of integers in the interval [1,a — 1] that are not divisible by g,
ie, N(a)=|la—1] = [(a—1)/q].

While our understanding of primitive BCH codes is already limited, as discussed
in previous chapters, the BCH codes of length (¢™ —1)/A with A # 1 are understood
to an even lesser extent. Even for specific cases, such as A = 2 [38, 53] and A = ¢—1
[34, 39], the dimension and Bose distance are known only for a restricted range
of designed distances. For positive general divisors A of ¢ — 1, Zhu et al. [60]

determined the dimension of narrow-sense BCH codes C 4 5) for designed distances

[(m+1)/2] _1
q
2<6< X

+ 1. More recently, Sun [51] provided results on the dimension
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and minimum distance of C(,, ) for other specific designed distances.

As established in Section 2.6 of Chapter 2, a thorough understanding of ¢-
cyclotomic cosets, particularly their sizes and coset leaders, is fundamental for char-
acterizing the dimension and Bose distance of BCH codes. Building upon our prior
analysis of ¢-cyclotomic cosets modulo ¢™ — 1, presented in Chapter 3, we previ-
ously determined the Bose distance and dimension of some primitive BCH codes in
Chapter 4.

To extend this analysis to BCH codes of length (¢™ — 1)/, we need investigate
g-cyclotomic cosets modulo (¢™—1)/A. A key insight, provided by Lemma 3.2 and its
corollary, establishes a direct correspondence: an integer a is a coset leader modulo
(g™ — 1)/ if and only if Aa is a coset leader modulo ¢"™ — 1. Furthermore, the size
of the g-cyclotomic coset of @ modulo (¢ — 1)/A equals the size of the g-cyclotomic
coset of Aa modulo ¢ — 1. This reduces the determination of coset leaders and
sizes of g-cyclotomic cosets modulo (¢ — 1)/ to identifying integers that are both
divisible by A and coset leaders modulo ¢™ — 1, as well as computing the sizes of
their corresponding cosets.

Leveraging this observation and our prior analysis of ¢-cyclotomic cosets modulo
q"™ — 1, we determine, for any positive divisor A of ¢ — 1 and any integer m > 4:

< gl@m-1)/3]+1_1

e the dimension of C(y 5 for 2 <6 5

+ 1;

e the Bose distance of Cg g for 2 <0 < w

This significantly extends the current state of knowledge for such codes. Existing

results for the dimension of narrow-sense BCH codes of length (¢ — 1)/ are limited

m+1)/2] _q

to designed distances 2 < § < gl 5 + 1 and a few specific cases. Our work

substantially broadens this range, as evidenced by the inequality:
A B L G S
A - A
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Additionally, we extend these results to some non-narrow-sense BCH codes of length

-1
-

This chapter is organized as follows. In Section 5.2, we present several aux-
iliary lemmas that will be employed in subsequent sections. Based on these the-

oretical foundations, we then determine the dimension of BCH codes C(y, ) for

gl@m=1/3]+1_y

2 <8< .

+ 1 in Section 5.3 and the Bose distance of Cy ) for

w in Section 5.4, both by providing explicit formulas. Further-

2<60<
more, in Section 5.5, as an illustration of our main results, we provide explicit formu-
las for determining the dimension and Bose distance of C(y .5 when AJ = ag"™ +b,
where k,a, b are integers satisfying m —2h <k < |[2m —1)/3| —h,1 <a <q—1,
A< b < g% and q t b. Following this, Section 5.6 extends our analysis to

determine the dimension and Bose distance of certain non-narrow-sense BCH codes.

5.2 Auxiliary Lemmas

The reader may recall from Chapter 4 that determining the dimension of primitive
BCH codes involves extensive calculations. These computations primarily consist
of counting integers in specific intervals that are not divisible by ¢ and evaluating
related summations. The task of determining the dimension of BCH codes of length
n = (¢"™ — 1)/X is considerably more intricate. This is because it requires counting
integers within specific intervals that are divisible by A, and more challengingly, those
that are simultaneously divisible by A but not by ¢, as well as handling a series of
complex summations involving these counts.

In this section, we provide a series of lemmas designed to tackle these specific
counting and summation problems. These lemmas are utilized in obtain our formulas
for the dimension of BCH codes of length (¢ — 1)/ in subsequent sections.

The first two lemmas, Lemma 5.1 and Lemma 5.2, , both concern counting inte-
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gers that are divisible by A but not by ¢.

Lemma 5.1. Suppose that x and y are two positive integers. Then

{aell,a]:gta and X a+y} = {nyJ - {Lx/qin_

Proof. 1t is clear that

{ael,z] :qtaand \|a+y}

(5.1)
={aec[l,z]: A at+y}—{a€e[l,z]:q|aand X|a+y}.
Next, we show that
{ae[l,z]:qlaand A|at+y}|=[{ac[l,[z/q]]: Aa+y}l.  (52)

Notice that there exists a bijective a +— a/q between the integers in [1,z] that are
divisible by ¢ and the integers in [1, |2/q]]|. Furthermore, for any integer a such that

q | a, we have

a a
a+y=—-(¢—1)+—-+uy.
q q

Since A | ¢ — 1, it follows that A | a + y if and only if A | ety for any integer a such
that ¢ | a. Therefore, we can conclude that there exists a one-to-one correspondence
between the two sets in (5.2) by mapping a to a/q, and hence the equality in (5.2)
holds. With (5.1), it follows that

H{ae[lz]:qgtaand A |a+y}[ = [{a €[|z/q] +1,2]: A a+y}
T4y lz/q] +y
=[5 [

This completes the proof. n

Lemma 5.2. Suppose that x and y are two integers such that x <y. Then we have

13-15 - V%‘”J ﬂw‘ﬁ‘lj ,if M s odd,
LzTyJ - L%)\_QJ - {2%(}% + V[m/f]qj . if A is even.
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Proof. First, we can apply a similar argument as utilized in the proof of Lemma 5.1

to conclude that

{a€lz,y]: A |20 and q | o} = [{a € [[z/q], ly/q] ] : M| 20}].

It follows that
Ha € [z,y] : M| 2a and g 1 a}|
=[{a€[z,y]: N 2a} — [{a € [[z/q], ly/a]] : M| 2a}]

Then we distinguish the following two cases:

Case 1. Suppose that A is odd. Then A | 2« holds if and only if A | . Therefore,

o€ frg] A 20}] = o€ [ : A ] = | £ - f;lJ |
Similarly, we also have
o€ foql. Lyfal] A 20} = |20 — | EEL=2

Case 2. Suppose that A is even. Then A | 2a holds if and only if § | o

e 1) -[2]- 257

Consequently,

{a € lz,yl - A 2a}] =

Similarly, we also have

o€ [fo/al, /el ) s Al 20 = | 208 | - | 2222

We now can derive the desired equation from equation (5.3) and the discussion

for the above two cases. This completes the proof. O
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The next two lemmas, Lemma 5.3 and Lemma 5.4, are dedicated to evaluating
summations where each term represents a count of integers divisible by A within a
dynamically defined interval. Specifically, Lemma 5.3 sums terms counting integers
in (t + y,t + x| divisible by A, while Lemma 5.4 sums terms counting integers in

(t + x, 2t + z| divisible by .

Lemma 5.3. Suppose that x and y are two integers. Then

(1L

Proof. For simplicity, we set f; =z — \ - w and fo =y — \- HJ Then

,_.

S5 -]l - 1 [ -2 o

It is straightforward to verify that

4B 0, fort € [1,A— ) — 1],
L /\IJ: i, fort € [iA— By, 1+ A — 1 — 4],
%, forteg—1—p,q9— 1],

where i can be any integer in [1, % — 1]. Therefore, we can obtain

q—1

St B —D)(B+1) s
§ | L =nen S,

t=1 =1

Similarly, we can also derive

g—1

S IR CES RS
tl{ 3 J: 3 —l—;z)\.

Combining the above two equalities, we obtain

S HH@J B HﬂQH ERIGE)

t=
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With the equality in (5.4), it follows

9l e R [ (RN R

t=1

(¢— (= —y)
; .

This completes the proof. n
Lemma 5.4. Suppose that x is an even integer. Then

q1H2t+xJ V—l—x”_ el if A is odd,
— A A %, if X is even.

Proof. Notice that each integer t € [0, ¢ — 2] admits a uniquely unique decomposition
: . q—1 :
t=1iA+j withie€ O’T_l and j € [0, A — 1].

Therefore, we have

(2t +a| [t+a]]
A A
t=1 -L - - -
_q_l 2t +x t+x
- A A
t=0 LL - L -
g—1_
S 22| i+t L|2a-Dra] Ja-1+a
B . A A A A
=0 j5=0 *
s IV . . -
B it 2]+ |t +q—1
L s A A A
i=0 j=0 - -

(¢—1)(g+1) q_1+q_1H:Fj;xJ‘VH]‘
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Lety:x—)\-EJ. Then we have 0 <y <A —1 and

R e

Noting that L%J = 0 for each integer j € [0, A — y — 1], and V%J = 1 for each

integer j € [\ —y, A — 1], we can derive

v V +yJ (5.7)

=0

<.

A1
Next, we determine the value of Z L2j +yJ through the following two cases:
j_

Case 1. Suppose that A is even. Since z is even, it follows that y is also even.

We can obtain

JTY - . _
\‘ )\ J ) lf¥§j§2)\Ty_1a
2, AL j<A-1

It follows that

A—1 .
2] +y 22—y A—y 2\ —y A
- - 2()— =24y
Z{ N\ J ( 2 > )7 2 3 Y

J=0

Case 2. Suppose that A is odd. Then we can obtain

i < <A,
VWJ: Lo - [ <g < A=,

A\ 2 2
fA-[8]+1<j<A-1

»N

Consequently, we have
A1 o

2] +y y+1 A+1 y+1 y+1
2 { ) J (A S e R Rt U

i=0
A—1 +1 +1
:——1+[y2 1+V2 J+1
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From equations (5.6) and (5.7), and the discussion for the above two cases, we can

conclude that

if )\ is even

0l | R
— A A =L if M is odd.

Then by applying (5.5), we obtain the desired equation. This completes the proof.

]

The following lemma is a generalization of Lemma 4.2 from Chapter 4 and will

be used in the proof of Lemma 5.6 below.

Lemma 5.5. Let k and a € [1,q] be two integers. Then

ala —1), if k=0,
(@® = 1D(g— 1", ifk>1.

qi N(t+1):{

t=qgk

D= D=

Proof. By definition, we first have

agk—1 agh—1 agb—1
SNONt+1)=> t— > |t/q]. (5.8)
t:qk t:qk t:qk

Through direct computation, we obtain

aqkfl 1 .
sala—1 tk=0
3 t‘{? R e (5:9)
5@ —1)¢* — 3(a—1)¢F, ifk>1
agk—1
To determine the value of Y. |[t/q], first note |¢/q] = 0 for all ¢ € [¢*, ag" — 1]
t=q"
agk—1
when k£ = 0. This implies that Z |t/q] = 0if k = 0. While when k& > 1, the
t=q*

interval [¢", ¢**' — 1] can be partitioned as

(¢ =1 = || [¢"+igd"+ G+ 1)g—1].
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Moreover, for each integer ¢ € [O,qkfl(a—l)—l] and t € [qk+iq,qk+(i -+ 1)q—1],

we have |t/q] = ¢*' +i. Therefore,

agk—1 ¢ Ta—1)—1 ¢*+(i+1)g—1
> lt/g) = Z @+
t=g* t=q*+iq

1 2 2k 1 k
— (2 =1)¢* — Z(a—1
2(@ )q 2(@ )q

qk+1_1
if £ > 1. Combining (5.8), (5.9) and the value of > |[t/q] as above, we obtain the
t=qk
desired equality. O]

Lemma 5.6. Let k and a € [1,q] be two positive integers. Then

b3l Httq”‘;J S W_;J =

t=q*~,qft

(5.10)
(@ =1)(g—1)%¢, ifie[~k+2k—1],
T\ ala—1)(g—1)g*2, ifi=kor —k+1
and
agk—i—1 I-tqzzj 4t LtQQi—IJ +t
D el |
o (5.11)

sala—1)(g—1)¢* ", ifi=k or —k.

{23(60 —1)(q—1)%¢*2, ifie[~k+1,00U(0,k—1],

The summations in the lemma above are the most challenging to evaluate in
our analysis. Before presenting the detailed proof, we use the identity in (5.10) as
an example to introduce the combinatorial meaning of these summations. Note that
Lemma 5.1 implies that the summation term in (5.10) is exactly the count of integers

in the set {« € [1, [t¢*']] : ¢f @ and A | @ +t}. Thus, the summation in (5.10) is
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exactly

agk—1—1

Z Hae [1, Ltq%’lﬂ cqtaand A | oz—l—t}‘.

t=gk—4 gft
This value is needed in the determination of the dimension of C(, 5 in Sections 5.3

and 5.5. Therefore, we present the lemma above. We now give the detailed proof as

follows.

Proof. The arguments used to derive (5.10) and (5.11) are analogues, so we only
demonstrate equation (5.10) holds through the following two cases.

Case 1. Suppose that 1 < i < k. In this case, we first have

wtq%_lj +tJ _ ¢ 1) N {mJ and wtqzi_QJ +tJ _ -1 N P&J .

A A By A A By

It follows that

{LtqQ";J +tJ i wtq”;J +tJ _ tq?”(Aq— 0}

This leads to

b3l [ e

e (5.12)
aqk*iflt 2i-2(, _ 1 ta%—2(g — 1
_y (¢—1) yo (¢—1)
. A A
t:qk*2 tEWi
with W; = [¢* " ad*" = 1] n{t € Z: q | t}.
Note that W; = @ if i = k. Thus,
b2 — 1
% —0 ifi=*k (5.13)
teWw;
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On the other hand, it can be easily verified that
Wi={d"+jqlj=0,....¢""Ha=1) -1}
if 1 <i <k — 1. Therefore,

qkii*l(afl)fl

t* g —1) (" "+ i) (g —1)
P e 3 ;
- %ﬂm—nm—lﬂw+&m%*+@“”ﬂ (5.14)

if 1 <i <k —1. Additionally, by straightforward computation, we can obtain

ag*' -1 tq2i—2<q _ 1) %a(a - 1)(q - 1)2q2k_27 if i = k,
—— = m@—De—1 [(a+1)¢** — g2, (5.15)
t=qt~! if1<i<k—1.

By substituting equations (5.13)-(5.15) into equation (5.12), we conclude that equa-
tion (5.10) holds for 1 <i < k.

Case 2. Suppose that —k+1 < ¢ < 0. Then for any integer t € [qk_i, agh—t — 1} N

k—i
{t € Z : q {1t} with g-adic expansion Y t,¢’, we have
=0

12| = [t%2] - g+ tosin, (5.16)
This leads to

k—1 k—1 )
>te(qt —1) Sttt + i
=0

t+ [t | [t 2] (1) , | =
{ S S S A * A
We also have
k—i , k—i o
) t -1 te+ |tg” ™
t+ LtqQZ_QJ _ ggo f(q ) N g;o l L q J
A A A
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Combining the above two equalities, we can obtain

E el EE e

k—i k—i
STte+ [t¢¥ 2] + o to+ [tq* 72| .
_ =0 ’ = n [tq* %] (¢ — 1)
A A A '
k—i , k—i ,
By applying Lemma 5.3 with x = >t + [t¢* 2] +t_9;41 and y = >t + |t¢* 2],
=1 =1
we have
k—i . k—i '
g1 to+ [tq* 2] + togip > te+ [tg* ]
=0 0=0 (q - 1)t—2i+1

D

to=1

A A

Noticing that the value of |t¢* 2] is independent of ¢y, we get

St (g - 1) |tg% 2] (g — 1)?
Z A A '

to=1

) 2i—1
Noting that [t¢* 2] = { [1a - | J and recalling equation (5.16), we can add the above

two sums to obtain

Z Ht i) J . V L1 H USSR ey 2 .
_a-1
A

N([tg® ] +1).

In addition, each integer t € [¢"7% ag" "' —1] N{t € Z : ¢ 1 t} with g-adic

k—i
expansion Y t,¢’ can be uniquely decomposed as
=0

—2i
;= UQQFIJ i Zteqe Tt
=1
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Furthermore, as ¢ ranges over integers from ¢*~% to ¢*~"*! — 1 that are not divisible

22’—1J

by ¢, the value of |tq ranges from ¢"**~! to ag®**~! — 1. Additionally, for each

Y
fixed value of |tg*~!], the sum Y t,q° ranges over integers from 0 to g% — 1, while
=1

to varies from 1 to ¢ — 1. Therefore, we can conclude that

[ -
_ aqkif—l qi_l f'rﬂiﬂi—lj _Vﬂzﬁ;ﬁ—ﬂﬂ

|tq2i=t |=gh+i=1 3o 2y qr g to=1 -

aghti=1-1

_ Z q > (q - DN(\_tq%_lj 1),

, _ A
Ltq2z—1J:qk+2—1

where the second equality follows from equation (5.17). We can now apply Lemma

5.5 to conclude that (5.10) holds for —k +1 < <0. O

Lemma 5.7. Let k and a € [1,q] be two positive integers. Then

t=q",qft

Proof. Note that each integer t € [qk, aqk} such that ¢ 1 ¢ can be uniquely decom-
posed as

t=iq+j withic[¢* ' ag"™"' —1]and j € [1,¢q—1].
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Therefore, by replacing t with iq 4+ 7, we obtain
Z 20 | Lta )+t
- A A
ag"~t—1 qg—1 . . . . .
_ Z Z 2ig+2j| |itig+]
, — | A A
_“qki‘l S [ila=1) |2+ |j+2
o . ) ) A

agk—1-1 . agk—1— . .
B K 12((]—1)2 T ] HQ]—FZ@J j+21H

It is straightforward to obtain

k—l_l . B _ _
3 ilg—1)% ¢ Ha—1)*(ag" "+ 1)
A 2) ‘

i:qk—l
In addition, by applying Lemma 5.4, we have
—1_1¢-1

o Fg-1)(a-1) oy
Z Z 23—1—22 a2 T if \ is odd,
A ) Mg (a=1) ey s

1 o , if X is even.

Combining the above three equalities, we obtain the desired equation. This completes

the proof. O

In addition to establishing the above lemmas, we also need to make some remarks

regarding the sets of Ay (i) and By(i), which are defined in section 3.3 of Chapter 3

htk ‘ ki1
For each integer a € Ag(i), we define t(a) = > amg" " " and ala) = > awg’;
t=h+i =0
h-tk ‘ ki
For each integer a € By(i), we define t(a) = . a,¢" "% and a(a) = 3_ axq’. Then
e=h+i =0

we have the following remarks.
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Remark 5.1. The condition in (3.10) can be equivalently represented as q 1 t(a).

Remark 5.2. The condition in (3.12) implies that each integer a € Ag(i) can be
uniquely decomposed as
a = t(a)d""" + a(a).
Since N | ¢ — 1, it follows that for any integer a € A(i),
A a if and only if A t(a) + a(a).
Similarly, each integer a € By (i) can be uniquely decomposed as
o = Ha)g" + a(a),
and
Aa ifand only if A t(a) + ala).
Remark 5.3. The condition in (3.11) can be equivalently expressed as
htk
1 <afa) < Z agg"”" "D and gt a(a). (5.18)
(=h—i+1

Moreover, the form of V(a) in (3.12) implies that

h+k
S ag Y =t(a) ¥ fori e [1H],
t=h—i+1
and
h+k h—i
Z aeqff(hfz+1) + Z aeqéf(hfwrl) _ t(a)-qm’l fori e [~k +1,0].
{=h—i+1 {=h-+i

h—i
Noticing that 0 < 3" a1 < 1 for i € [~k + 1,0], we can conclude that
(=hti

(5.18) is equivalent to

1 <afa) < |t(a)- ¢ and qfa(a). (5.19)
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Similarly, the condition in (3.13) can also be written as

h+k

1 <afa) < Z ad” " and ¢t a(a), (5.20)
¢=h—i

which s further equivalent to
1<a(a) < |t(a)-¢| and qfala). (5.21)

h+k
Remark 5.4. If a € Ai(i) is an integer with q-adic expansion . a.qt, then
=0

h—k h+k

Zazqeﬁ Z agqt— (=),

=0 l=h—i+1

htk
Similarly, if a € By(i) is an integer with q-adic expansion > aq", then
(=0

h—k—1 h+k

E ag" < Y a0

k
=0 {=h—i

htk
Remark 5.5. If a € A.(i) is an integer with q-adic expansion > aeq’, then i is the
(=0
smallest integer in [—k + 1, k] such that ap.; > 0. Consequently, Ay(i) N Ax(j) = @
for distinct integers i,j € [—k + 1, k].
htk
Similarly, if a € By(i) is an integer with q-adic expansion > a,q’, then i is the
(=0
smallest integer in [—k, k| such that apy; > 0. As a result, B(i) N Br(j) = & for

distinct integers i,j € [—k, k].

5.3 Dimension of BCH codes of length qu_l

Let m > 4 and 0 € |2, w + 1] be an integer. Let ks be the integer
h+k5

such that ¢"**s < \(§ — 1) < ¢"**+1 Let Y ,¢° denote the g-adic expansion of
=0
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A —1). If ks > m — 2h, let ss denote the smallest integer in [m — 2h — kg, ks] such

h+k5
that dp.s, > 0 and define ws = > dyq".
f=h+55
: : Lem—1)/3]+1_1 :
If m is odd, for each integer § € [2, &—————— + 1], we define the function f(9)
by
(0, o<ty
(qfl)Q(k(s _ 1>q2k5 -3 V((;)/\JFWJ _ {Lu(é)/;\zJeraJ
f((S) = 2i—2 , (522)
e 0 3 [l [
1=—ks+1t€T; (6
\ if o > qh“ Ly,
where

h—ks h+ks
mln{z 5eq’, Z Seq" ™ (h=s5+1) }

l=h—ss+1
and
h+k5
T:(0) = {t cZ:¢" " <t< Z Seg" """ and th} :
Z:h-i-sg

g glem=n/a+1

If m is even, for each integer § € [2, + 1], we define the function

A
f(6) by
(0,  ifs< i
MJ [wﬁ Z [13] =151
if -1 +1<5<‘1“‘1+1
_ ¢ Q(ka—a) OS2 gl (gt 4 HGI)
f(6) = S

LA

AJ
-]
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h—ks—1 h+ks
where 11(0) = min{ S0t DD §gq€_(h_55)} . We define the function 7(9) for
=0 ¢

=h—ss

: L(2m—1)/3]+1 _
each integer § € [2, ————=1 4+ 1] by
( h+ks h—1
17 if Z 5zq€_h < Z 55(]47
{=h ZhZOk
_ +ks
T(5> B 5h > 0 and A | 2 Z (54, (524>
i=h
\ 0, otherwise.

[(2m—1)/3]+1_
P

Additionally, we define the function g(d) for integers 0 € | 5 + 1] by

(

0, ifd< 4,
8p—1)(3+(—=1)*
(h 1)(2/‘:( ) )J +T((5>
g0) =4 Ll prcs< (5.25)
#(8) (3+(—1)A L¢(8)/a (3+(-1)*
(2)\ )J - L g)\ )J +7(9),
| i<y,
h+k5
where ¢(6) = Y. d,¢" " — 1.
i=h
Theorem 5.1. Let m > 4 and ) € |2, w + 1] be two integers.

o Ifm is odd, then
dim(Ciy ) = n — m[N(8) - £(5)]. (5.26)
e If m is even, then

dim(Clgns) =n —m [N(é) . f(é)] ~ ). (5.27)

Outline of the proof. The proof of Theorem 5.1 proceeds via Assertions 5.1—
5.5. The overall strategy is analogous to the proof of Theorem 4.1 for primitive BCH
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codes. We determine the dimension by identifying the coset leaders in [1,6 — 1] and
their corresponding coset sizes.

The key distinction in this setting is the code length, which is n = (¢™ — 1)/
for some divisor A of ¢ — 1. Consequently, we should work with g-cyclotomic cosets
modulo (¢" — 1)/\, not ¢" — 1. Fortunately, Lemma 3.2 and its corollary provide
a crucial bridge between g-cyclotomic cosets modulo (¢™ — 1)/\ and g-cyclotomic
cosets modulo ¢™ — 1. We now outline the argument for odd and even m separately.

Case 1: m is odd. For an odd m > 4, applying Lemma 3.2 allows us to relate the
coset sizes and coset leaders back to the primitive setting. First, the coset size for
any integer a € [1,0 — 1] is |C,(a)| = |Can(Aa)| = m. Second, the set of coset leaders
modulo n = (¢"™ — 1)/ in the interval [1, — 1] corresponds to coset leaders modulo

¢™ — 1 in the expanded range [1, A(§ — 1)] that are divisible by A. Formally,
{a € [1,6 — 1] : a is a leader modulo n}

={a € [1,A(0 —1)] : a is a leader modulo ¢" — 1 and A | a}.
This leads to
dim(Cgn,5)) = n—m-|{a € [1,\(0—1)] : a is a coset leader modulo ¢™—1 and X | a}|.

Recall the definition of the set S in (3.9). Note that coset leaders modulo ¢™ — 1
are integers not divisible by ¢ and not in the set §. Thus, the number of such coset

leaders is:
{a € [1,\(0 — 1)] : a is a coset leader modulo ¢" — 1 and A | a}|
={ae[L,AN(d—=1)]:gtaand A | a}| —|[1,A\(6 — )] NS ND,|

=N(9) — [[1,A(0 = 1)] NS ND,|,

where Dy = {a € Z : A | a}. The problem is now reduced to computing the size of

the intersection with & N D,.
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Case 2: m is even. The argument is similar but more complex, as the coset sizes
|Cy(a)], which equal |Cy,(Aa)|, can be either m or m/2. We must therefore count
the coset leaders in each category separately. Recall the definitions of the sets H
and S in (3.6) and (3.9). Using the same correspondence from Lemma 3.2, we can
show that this task is equivalent to counting coset leaders modulo ¢™ — 1 that are
divisible by A, while also keeping track of whether they belong to the set H. This

leads to determining the quantities:
o [[LLA(O—1)|NHND,;

o |[LLA(O—1)]N(SUH)ND,.

To compute these intersection sizes, we adopt the same partitioning strategy
as in the proof of Theorem 4.1. We divide the interval [1,A\(0 — 1)] into disjoint
subintervals and, for each piece, count the number of integers belonging to S N D,
for odd m or (SUH) N D, and H N D, for even m. This task is accomplished by
applying Theorem 3.2, which allows us to break down these intersections into a sum
of disjoint intersections with the families A (i) and By (7).

Assertions 5.1 and 5.2 provide the counts for the upper interval range [¢"**5, (6 —
1)]. To do this, the interval is divided into two parts, with Assertion 5.1 analyzing

the first part and Assertion 5.2 the second.

Assertion 5.1. Suppose that qm;h_l +1<6< w ey
e Ifm is odd, then
h+ks
0 )
[ > gt M6-1) | NSNDy| = W ); wéJ B W( )/iJ +w5J  629)
l=h+ss

e [fm is even, then

[ f(ggqé,)\((s—l)] N(SUH)ND,

l=h+sg

:W);wé J_W@)/AQHWJ (5.20)
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and

= 7(5). (5.30)

{=h

h+ks
[Z 50", (6 — 1)] NHNDy

Proof. Suppose that m is odd. We first aim to show that

[ f (5ng, )\((5 - 1)] N S N D)\ == [ f 5ng, /\((5 — 1)] N Ak5(85) N ’D)\. (531)

l=h+sg l=h+sg
htks htks
For any integer a € S 8g%, A6 — 1) | with g-adic expansion > ayq’, we have
t=h—ks+1 =0
h+ks
V(Y 6g) < V(a) S VAG - 1))
Z=h7k5+l
Noting that
V(A0 = 1)) = (On—ps, Onsiss - - - 60)
and
h+k5
V( Z 00q") = (On—ky Ohss - - -+ On—ig1, Ons41)
th—k‘g-‘rl
it follows that
V(CL) = (Oh—k‘ga ah+k6,. .. ,ao) = (Oh—k‘ga 5h+k57- .. 75h—k‘5+1a ah_ké,. .. ,(lo). (532)

Recalling the definition of sy, it follows that ss is the smallest integer in [—ks + 1, ks]

such that apys; > 0. By Remark 5.5, this implies a & Ay, (i) for any integer i # ss.
]’H—k(g

Therefore, S 60qh 6 — 1| N Ay, (i) = @ for any integer i # s;. Then applying

f=h—k5+l

Theorem 3.2, we can conclude that (5.31) holds.
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Now, let us count the number of integers in the set

h-tks
[ Z 5€q£75_ 1] mAk[g(Sé) N D,.
l=h—ks+1
Recall
htks ks+ss—1 h—ks It ks
W= Z 3eq’, afa) = Z aq" and p1(8) =min { Z 8eq’, Z 5Zqﬁ—(h—sa+1)} .
£=0 =0

{=h+sg l=h—s5+1

h+k5
for each integer a € A, (ss) with g-adic expansion Y. a,q’. We conclude from
(=0

equation (5.32) and the definition of Ay, (ss) that an integer

h+ks
a € [ Z 5gqe,5—1] ﬂ.Ak(;(S(s)ﬂ'DA

f=h7k5+l

if and only if @ admits the decomposition
a=ws + a(a)

with a(a) € {a € [1,u(0)] : ¢ a and A | o + ws}. Consequently, we have

=NHae[l,u)]:qgtaand A | a+ ws}.

h+ks
[ Z 6eq" N0 — 1)] N Ak, N Dy

€=h+85

Then by applying Lemma 5.1, equation (5.28) follows.
Suppose that m is even. The equality in (5.29) can be obtained by emplying

a similar argument as above. It remains to establish equation (5.30). By applying

h+k5

Lemma 3.3, we can conclude that a € | Y. d,¢°, \(0 — 1)| NH N Dy, if and only if
i=h

V(a) has the form

(Oh—ks—1 Ontkss - -+ > Oy On—ks—1, Onkss - - - 5 On)
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h+ks
with &, > 0, Z5gq£h<25gq and A | Z(quzh%—z&q Since A\ | ¢ — 1,

htks htks htks
the condition A\ | >° §i¢"™" + > i¢° is equivalent X\ | 2 Z 8¢q°. Therefore, an
i=h i=h

integer satisfying the above condition exists and is unique if and only if ¢, > 0,

h+ks
Z 8" < Z Seqt and A | 2 Z Seqt. Tt follows that equation (5.30) holds. O

Assertion 5.2. Suppose that < O M +1.

e Ifm is odd, then

h+k‘§
[q’”’“% > W) NSN Dy

l=h+sg

(5.33)
Z Z |:\‘ 21 1 +tJ B \‘Ltqu—QJ +tJ:|
||
i=—ks+1teT; ()
e [fm is even, then
h+ks
[qh+k5, > @g‘) N(SUH)ND,
l=h+sg
(5.34)
Z > Httq’” +tJ B WQ%_IJ +tH
A
i=—ks teT;(8)
and
h+k‘(5
[qh+k57 Z 5Zq£> NH N Dy
t=h
(6h—1)(;+<—1>k) Cifks =0, (5.35)

= ¢(5)(3+(—1)*) [#(6)/4q] (3+(—1)*) q’“éfl(q—l)(3+(—1)k)
2\ B 2\ o 2\ )

katszlv
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h+ks
where ¢(0) = > Seg" " — 1.
i=h

Proof. Suppose that m is odd. By definition, an integer
h+k§
ac [qh+k57 Z 5€q€> mAk(g(i)
l=h—ks+1
if and only if the following conditions are satisfied:

(i) V(a) is of the form given in (3.12) and satisfies (3.10) and (3.11) for k = ks;
h+k5
(i) V(g") <Via) <V | 3 deq" |.
t=h—ks+1
Notice that
V(q"™*) = (0p-,, 1, Ony,)

and

h+k’5
V ( Z 5qu> = (Oh—kys» Onthgs - - - s Oh—kist15 On—tog+1)-

(=h—ks+1
Therefore, the form of V(a) in (3.12) together with the inequality ap > 0 in (3.11)
imply that condition (ii) is satisfied if and only if
(1,0015-1) < (@hsgs - - Ahtis Opgio1) < (Onhgs - - - » Oh—kst1)-

Since s; is the smallest integer in [—ks + 1, ks| such that dj4s, > 0, this is further

equivalent to

h+ks h+ks
ks—1 l—h—1i l—h—1i
g < E aeq < E deq :
{=h+1i f=h+ss

Recall the definition of the set 7;(6) and Remarks 5.1 —5.3. We now can conclude

that for each integer ¢ € [—ks + 1, k5], an integer

h+k5
a € [qh+k6, Z (5[(%) N Aké (Z) N D)\

(=h—ks+1
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if and only if @ admits the decomposition
a=t(a) ¢"" + ala)

with

Al t(a) + aa),
t(a) € 7:(0),
1 < ala) < [t(a) - '] and ¢ 1 ala).

Consequently, we can apply Lemma 5.1 to conclude that

h+ks
[ h+k’5 Z 55(] > N Ak§ (Z) N D/\

{=h—ks+1

Z {ae 1, [t¢* ] qtaand X | a+t}]

tETi(5)

s

teTi(4)

Then applying Theorem 3.2, it follows that (5.33) holds.
Suppose that m is even. We can first utilize a similar argument as above to obtain

(5.34). Next, we demonstrate that equation (5.35) holds. By applying Lemma 3.3,

h+ks
we can conclude that an integer a € {q“’%, > (5gq€) NH N D, if and only if a can
i=h

be decomposed as decomposition

ks ks
a= Z arqt - " + Z arqt (5.36)
=0 =0
h+ks
with ¢ ¢t Z arqt, "R < a < Y 0pq" and N | a. Tt is easy to see that ¢tk <
(=0 i=h
h+ks h+ks
a < Y 6,q° holds if and only if ¢ < Z argt < 3 6, — 1. Furthermore, since
(=h (=0 i=h

ks
A | ¢ — 1, the condition A | a is satisfied if and only if A | 2 a,q’. Therefore, an
=0
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h+ks
integer a € {q’”ké, > 5qu) N H N D, if and only if a admits the decomposition
i=h

given in (5.36) with

r ks htk
¢" <Y argt <Y bt -1
(=0 i=h
ks
{ qu Z afqga
=0
ks
M 25 angt
\ =0
Consequently,
h+k5
[thrké, Z (que) NHN ,D)\
=h
h+ks
— {a € [qk‘s, Z Y 1] : A | 2 and q’[a}‘.
(=h
By applying Lemma 5.2, it follows that equation (5.35) holds. O

Having addressed the interval [qh+k5, A6 — 1)] in Assertions 5.1 and 5.2, we pro-
ceed to analyze the remaining segment, [1, qh+k5). First, consider the case where m is
odd. The quantity to be determined is ‘ [1, qh+k5) NnSN D,\‘. We begin by applying
Lemma 3.3, which establishes that | [1, gt — 1} NnSN D,\‘ = (. The analysis of the

non-trivial portion is then facilitated by the following summation:

ks—1
|[qh+1’qh+k5) NS ﬂDA’ — Z ’[qh+k’qh+k+1) nsS HDA _
k=1
Theorem 3.2 provides the mechanism for computing each term in this sum, expressing
|[¢""*,¢" 1) NS ND,| as a summation over the quantities [A(i) N D,| for i €
[—k + 1,k]. Similarly, for even m, the calculation depends on the sizes of both

By.(i)ND, and the intersection size ‘ (", ) NN D,\|. The required formulas
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for the terms involving A (7) and By (i) are given in Assertions 5.3 and 5.4, while the

value for the H intersection is given in Assertion 5.5.
Assertion 5.3. Suppose that k € [1, |(2m — 1)/3] — h] is an integer.

o [fm is odd, then

(g —13(q+ 1)g*3, ifie|-k+2,k—1]
. q q q ) ) )
| Ak (i) N Dy| = {E( g O (5.37)
55 (4 q , if 1 +1 ork.
e Ifm is even, then
S (q—1)3(q+1)g* 2, if [k +1,0) U (0,k — 1]
. q q q Y Y Y Y
|By.(i)NDy| = {E(Q gty Fim —F or k (5.38)
2 g :

Proof. The arguments used to establish (5.37) and (5.38) are analogous. Therefore,
we only demonstrate that (5.37) holds when m is odd. Using reasoning similar to
that in the proof of Assertion 2, we can conclude that an integer a € Ay, (i) N D, if

and only if a admits the decomposition
a=t(a) ¢"" + ala)

with
A ta) + ala);
t(a) € [¢" " ¢ =1 N{t € Z:qft}
1 <afa) < [t(a)- ¢! and g1 afa).

Consequently, by applying Lemma 5.1, we derive

qk_i-‘rl*l

| Ay, (1) N Dy| = Z Hae[l, [tq%_lﬂ:q{a and)\|a—i—t}‘

t=g*—,qft

gF—itl_q

TE )

t=q*~,qft

Then applying Lemma 5.6, we obtain equation (5.37). O
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Assertion 5.4. Suppose that m is even and k € [0, |(2m — 1)/3] — h| is an integer.

e If )\ is odd, then

q(qfl)’ if k=0,

|Br(0) N D,| = 2A, a B )
(qul) (q% _q2k 2+qk 1) ifk>1.

o [f )\ is even, then

(q+1)(q—1)’ if k=0,

Br(0)ND,| = 2
| Bi(0) N Dy {(‘I;i)2<q2k_q2k_2+2qk_l) ifk>1.

Proof. Following a similar approach to the proof of Assertion 5.3, we can obtain
"t -1 _
2t Lt~ + ¢
B = il N SRR
onms =5 [3]- |15
t:quq'ft
Then applying Lemmas 5.4 and 5.7, the assertion follows. ]

Assertion 5.5. Suppose that m > 4 is an even integer, and k € [0, | (2m — 1)/3] —h]

18 an integer.

o [f \is odd, then

1 for k=0
htk  htk+1 X ’
) NHNDy|l = — 5.39
[l ) ! {(q_l)j—qk L fork > 1. (5.39)
o If \ is even, then
hik htk+l 2(q;1) Jor k=20
, NHND,| = 2 k-1 ’ 5.40
‘ [q q ) A‘ 2(q71/)\ q* ’ fO’f’ k 2 1. ( )

Proof. By applying Lemma 3.3, we can conclude that an integer

aceHN [qh+k’qh+k+l) N D)\
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if and only if a adimits the decomposition

k k
a= Z argt - " + Z aeqt. (5.41)
=0 =0

with ag > 0, a;, > 0, and X | a. Since A | ¢ — 1, it follows that A | a is equivalent to

k
A 25 argt. In addition, it is straightforward to verify that the conditions ag > 0 and
=0

k k
aj > 0 are satisfied if and only if ¢* < 3" ay¢* < ¢**' —1and ¢t > arq’. Therefore,
(=0 =0

h+k h+k+1)
)

an integer a € HN|q q N D, if and only if a has the decomposition as given

in (5.41) with

( k
q1 > ad
€=0k
" <> agt < -1,
=0
k

A 25 angt.
=0

\

Consequently,
‘7‘[ N [qh+k7qh+k+1) mD>\| = Hoz € [qk,qu — 1] : A | 2ac and qfoz}‘ )

Then by applying Lemma 5.2, the assertion follows. O

Having established the above assertions, we now prove Theorem 5.1.

Proof of Theorem 5.1. Suppose that m is odd. We first aim to show that

gl@m=1/31+1 1

[LAG — 1] NSNADy| = f(6) forde |2, 5 +1]. (5.42)
If2<o6< qht\l*l +1, then A < A\(d — 1) < ¢""' — 1. By applying Lemma 3.3, we

can obtain
(LA —-1]NSND,=0.
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In particular,

[[1,¢"" =1 nSNnD,|=0. (5.43)

If 2 ] < g < SOV L then gt < A0 — 1) < gl@mD/3+1 Thig

implies 1 < ks < [(2m — 1)/3| — h. By applying Theorem 3.2, we can conclude from

Assertion 5.3 that for any integer k € [1, [(2m — 1)/3]| — h],

k
‘[qh+k7qh+k+l) NS ﬂ'D)\‘ _ Z ’Ak(l) ﬂ'D,\’
i=—k+1
-~ % [(k=1)¢* (g =1 g+ 1) +¢* g —1)%].

Therefore,

‘ [qh-&-l7 qh-i-ka) NSnN D)\‘

ks—1
— | |:qh+k‘7 qh+k+1) N S N D}\|
k=1
ks—1 3 ks—1 o1 2
-1 1
— ((] ) (q + 1)(k’ . 1)q2k73 4 (q )
A A
k=1 k=1
It is straightforward to verify that
ks—1 op_ _
5 q2k‘ l(q _ 1)2 _ (q2k§ 1 _ q)<q _ 1)
— A Ag+1)
and
ks—1 3 2ks—3 2ks—1
—1 —(ks—1)q"" > + (ks —2)q°" —1
Z(q)\) (q+1)(k‘—1)q2k_3: [(] ( 0 )C] 5 ( 51 )q }(C] )
— (¢+1)
By adding these two sums, we can obtain
h+1 _h+ks SND,| = (q_1)2 ks — 2ks—3 44
[ ") nSND,| = ) (ks—1)g™"". (5.44)
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Combining equations (5.28), (5.33), (5.43) and (5.44) we obtain
I[1,A(6 = 1)]NSND,|

:@;W%Fﬁwma+V@;wJ_wmw§+mJ
R e B |

Recalling the definition of f(§), we can now claim that equation (5.42) holds.

Next, we establish equation (5.26). Noticing that [ (2m —1)/3]+1 < m—|m/3],
we have \(§ — 1) < ¢ l"/3] Therefore, we can apply Theorem 3.1 and Lemma 3.2
to obtain

|Cr(a)| = |Chn(Aa)| =m forallae[l,0—1] (5.44)

and

LI, — 1)) = LY(1, (6 — 1)).

Recalling the definition of § and noting that an integer a cannot be the coset leader
of C,(a) if q | a, it follows that
[£3(1, M5~ 1) N Dy

= [LA"(1, M6 — 1)) N Dy
=Hae[LLAO—=1)]:qta}NDy| —|[1,A(6 —1)]NSND,.
It can be easily verified that
Ha € [1L,LA(0 —1)]:qta} NDy| = N(6).
Utilizing Corollary 3.1 and equation (5.42), we have
L0 (1,6 = 1)] = [£)2(1,A(6 — 1)) N Dy| = N(6) — f(9). (5.45)

Recalling the equality in (2.13), we can now conclude from (5.44) and (5.45) that
(5.26) holds.
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Suppose that m is even. Our first goal is to show that

LA — D] N (SUH)NDy| = F(5) (5.46)

and
I[1,A\(0 — 1)]NHNDy| = g(d) (5.47)

for § € [2, —qlamflysﬁl_l +1].

f2<o< th_l + 1, then we have 2\ < A\(§ — 1) < ¢" — 1. By applying Lemma

3.3, we can conclude that
[LAOG—=1)]N(SUH)ND,| =0
and
[[L,A(0 = D)]NHND,| =0.

In particular, we have
I[1," = 1] N(SUH)ND,| =0 (5.48)

and

[1,¢" = 1] NHND,| =0. (5.49)

qh+171

h—1
If—+1<6 <4

+ 1, then we have ¢" < A\(§ — 1) < ¢"*! — 1. Since m is

even, we have
® ks =0;
e To(0)={teZ :1<t<d,—1}

By substituting ks and 7(d) as above into equations (5.29) and (5.34), we obtain

[0, A6 — 1)] N (SUH) N Dy = V@; waJ . {Lﬁ(é)/ij g J
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and

|[¢",610") N (SUH) N Dy :5}12_1 H%J _ HH |

t=1

Combining the above two equalities with (5.48), we obtain
[L,AQG = DN (SUH)ND;

:f(é);wsJ_w<>/qJ+w5J+t:1 [H H] (5.50)

Additionally, by substituting ks = 0 into (5.30) and (5.35), we have

| [60d", A0 = 1) N H N D,| =7(5)

and

|[¢",0rd") "H N Dy| = V?”F <_1)21) (0 — 1)J |

Combining these two equalities with (5.49), we obtain

[L,AG - D] NHNDy| = {(3 i H;;) (O ”J +7(5). (5.51)

Notice that A\(6 — 1) = ¢"™ —1 = >>(¢ — 1)¢* when § = £ +1_1 + 1. Therefore,
=0

for(5:q +1 we have

1(6) =q—1,ws = (¢ —1)¢" and &, = ¢ — 1.

"

Consequently, by substituting § = L + 1 into equation (5.50) and applying

Lemma 5.4, we obtain
I[1,¢"™ = 1] N (SUH) N D,

2

o e s Il B0 O [ 1| RS
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! glEm/at

A

If 4 +1<6< 41, then we have ¢! < A\(6—1) < ¢l@Gm=1/31+1,

This implies that 1 < ks < [(2m — 1)/3] — h. By applying Theorem 3.2, we can
conclude from Assertions 5.3 and 5.4 that

k

|[qh+k7qh+k’+1) N(SUH)N DA‘ = Z | By (7)]

i=——k
(q—1)° 1, o (q—1)% 1 ,_

= k=) g+ )G + ) (5.53)

for each integer k € [1, [(2m — 1)/3]| — h]. It follows that
ks—1
P un] = 3 [ nsum 550
—1)2 -1
_ (q - ) (k;5 2)q2k5 2 4 q2)\ (qk5—1 . q).

Combing (5.29), (5.34), (5.52) and (5.54), we derive
[LAG— 1IN (SUH) Dy

b (qka-l . 1+<2—1>A) . W); ws J _ {Lma)/g + ws J

+(q—)\1)2(k _Lywen Z 3 HLtq”JHJ LLtq?i‘;JHH

i=—ks teT;(5)

On the other hand, we conclude from Assertion 5.5 that

ks—1
[¢", ") DA =D |[¢"*, ) nHN D,
k=0
3+ (=D — D

2\
With (5.30) and (5.35), it follows that

$(5) (3+ (—1)A)J_{L¢>(5)/qJ (3+ (1"

|[1,A(5-1))m%mm|{ :
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h+ks
where ¢(8) = > S — 1.
=h

By now, we have already demonstrated that both (5.46) and (5.47) hold for
gl@m—1)/3]+1_1

§ € [2,%——=—— + 1]. Next, we show that equation (5.27) holds. Notice that

A6 — 1) < g™~ m/4 We can apply Theorem 3.1 and Lemma 3.2 to obtain
1C,1(a)| = |Crn(Xa)| = m or % for a € [1,6 — 1]. (5.55)
By applying Corollary 3.1, we can derive from (5.46) and (5.47) that
Lo (1,6 = 1)] = [£3 (1, M0 — 1)) N Dx| = N (8) — f(0) (5.56)

and

5"%(1,5—1)‘ - ‘E)‘%"(l,)\(cS—l))ﬂDA‘ — 4(9). (5.57)

Recalling the equality in (2.13), we can now conclude from (5.55), (5.56) and (5.57)
that (5.27) holds. This completes the proof. O

As examples of Theorem 5.1, we present the following two corollaries, Corol-
lary 5.1 and Corollary 5.2, that determine the dimension of C(, s for designed

distances in the range 2 < § < w—i—l.

We compare the formulas in the these two corollaries with those given by Zhu

et al. in [60], which determined the dimension for designed distances 2 < § <

g[m+1)/21_q

5 + 1. Note that [2] +1 > [2H] when m is odd, and [2] +1 = [Z]

2 2
when m is even. Consequently, Corollary 5.2 extends the known range of designed
distances for odd m. For even m, Corollary 5.1 covers the same range as Zhu’s result

but provides a more concise formula for the dimension.

qh+171
A

Corollary 5.1. Let m > 4 be an even integer and § € [2, + 1] be an integer.
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Then

dim(Cgn,s5))
(1 — mN(5),
if 6 < 141,
n—mN() +mz [13) - (4] - 3 | o)
if 6> L 41,6, < Z(qu and X\ | 26y,
= o mN@) £ m 3 (13- 1)) - g | S
if 6 > = —1 +1,8, < Z(qu and M\ {20,
wm ) e z 3] 5]+ 152 - 2] -3 | L]
.
if 6> L2 41 and 6, > Z(qu
\ (5.58)
L 11, then we have f(§) = 0 and g(6) = 0.

Proof. If 2 <y < 14—

It th_l + 1 < 4, then we distinguish the following two cases.

h—1
Case 1. Suppose that 6, < > §,¢°. Then we have [i(0) = &), and ws = §,¢". By
=0

substituting them into equation (5.23), we obtain
Sp—1
~ op + (5hqh 5hqh 2t t
)= | —— | — | = Z =
1) { A N ; NERE
Bk
B A IR
t=1
In addition, it is straight forward to verify that

1, ifA[2
SOES S
O, 1f)\J(25h
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Recalling equaiton (5.25), it follows that

1A -
W +1, if A | 20y,

900) = (3+ (D) (Gh—1)

2 ’

if \ £ 25),.

h—1 h—1
Case 2. Suppose that 6, > > d,q%, then f1(6) = > 6g* = 6. ws = Spq" and
£=0 =0

7(9) = 0. By substituting these values into equations (5.23) and (5.25), we obtain

o= 252 -3 s[5 G)]

and

B+ EDY) (60— 1)
g9(d) = { 7 J :

Finally, substituting the values of ¢(d) and f(0) for corresponding cases into

equation (5.27), we derive the desired equation (5.58). ]

To prove Corollary 5.2, we need the following lemma.
Lemma 5.8. Suppose that a > 1 is an integer. Then

5 [l - g

t=q,qft

Proof. Notice that each integer t € [q, aq] such that ¢t ¢ adimits a unique decompo-
sition

t=ig+j withie[l,a—1]and je[l,q¢—1].

|- 24222

521

It follows that




Then by applying Lemma 5.3, we obtain

> (15 B -EE [ -1

t=q,qft

This completes the proof. O

h+2 -1

Corollary 5.2. Let m > 5 be an odd integer and 6 € [2, 4 + 1} be an integer.

dim(Cg,n.6))
(n —mN(6),
if 0 < 5=,

n—mN(6)+m <Vo+6h;1+5hj _ {%hith)

(B[] ) ).
i=1

if 6> 5= 4, 5h>0and(5h+1>25gq,

26 1+1 13 1+1 .
_ n—mN(5)+m<h+1 +ZH 20p41+4 J_Lh& H)’ (5.59)
. "1 h—1 ;
Zf6> by +1,5h>0 andéh_;'_ng(Seq’
/=0
n— mN((S) +m <(5§+16h+)1\+51)(q1) + {51+50;5h+1J o {51+§h+1J) :

: "1 _ Sy
if 0 > 45—+ 1,0, = 0 and 0p11q0 > Y 0eq",
=0

Opi1(a—1)
n —mN () +m=LH—

)

, R B S
if 0 > L5— + 1,0, = 0 and 0p119 < ) 0¢q".
=0

h+1_ 1

Proof. If § < 1

+ 1, we can directly have f(0) =

If§> <0 71 + 1, then we have ks = 1. We distinguish following cases.
Case 1. Suppose that d, > 0. Then we have ss = 0. This leads to
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o To(0)={t€Z:q<t<6p1q+,—1and q1t};
e T1(0)={t€Z:1<t<dp1};
o ws = Opp1q" + g
h—1
e () = min {5h+1, > 5gq€}.
(=0

Recall equation (5.22). It follows that

£(6) = m(0) +ws | | Lp(6)/q + ws
A A
. 6h+1qz+5h—1 Ltqilj Ly B E
\ \ (5.60)
t=q,qft
T gt 2t
255
t=1
h—1 h—1 h—1
Note that p(8) = dpp1 if S < 30 6eqt, and p(8) = 2 0eg" = 0o if S > . 0o’
=0 =0 =0
We obtain
p(0) +ws || Lu(d)/q) + ws
A A
( h—1
L5o+5h;1+5hJ . L5h+;+5hJ ’ if 5h+1 > Z 5£qg’ (561)
_ (=0

26p41+0p Opy1+0n if 5 < h_lé ¢
S el e s well IR | R USRI R V7
\ /=0

By applying Lemma 5.8, we derive

3 HW;J |

t=q,qft
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Since each integer t € [0p419 + 1,0n419 + 65 — 1] can be uniquely expressed as t =

Opi1q + 1 with ¢ € [1, Op — 1], we have
1

B3l T B e e}

t=0p419+1

Adding above two sums, we get

PR EEEE

t=q,qft
(5.62)
01 (01 — 1)(g — 1) n (shzl 20p1+4| | Opgr t
2\ — A A '
Furthermore, it is straightforward to verify that
On41 Oh+1
A A A
t=1 t=1 (5.63)
_ 1 (01 +1)(g — 1)

2\

We now can conclude from (5.60) — (5.63) that

( op—1
S0+0n4 1+, Spi1+0 67, 1 (g—1) % 2611 +i Sp1+i
Lo 1 hJ_Lh+E\ hJ+h+1>\ 4_;[{ e J_Lh+}\l H’
h—1 B
if 6, > 0 and 8,41 > > 0o,
=0
5
62L+1/(\q—1) i Zhl Hzaht\ﬁiJ B Vht\ﬁiﬂ 7

h—1
if 6h > 0 and 5h+1 < Z 5@(]2.
\ =0

Case 2. Suppose that §, = 0. Then we have ss = 1. This leads to
o To(0) ={t€Z:q<t<0p1q—1and qft};

e T1(0)={t€Z :1<t<p1—1};
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_ ht1.
o w5 = 0p1q" T

=0

h—1
o 1(0) = win {51210, 5 g}

h-1 h-1
Note that p(0) = > 6¢q" = d1q + 0o if dpy1q > Y- deq’, and p(6) = dpy1q if dpi1q <
(=0 (=0

h—1
3" 6e¢*. By substituting these terms into equation (5.22), we can use an analogous
(=0

argument as in Case 1 to obtain

( 5}2L+1(‘1*1) . h=1 )
S, if 6 = 0 and dp19 < Y 0eq,
£=0
f@) = (0% 41 =Ont1+61)(a—1) 4 \‘51+50+5h+1J o VIJF&LHJ

A A A

h—1
if 6h =0 and 5h+1q > Z (qué.
=0

Finally, substituting the value of f(d) into equation (5.26) for each corresponding

case, we can conclude that (5.59) holds. This completes the proof. ]

5.4 Bose distance of BCH code of length qu_l

In this section, we investigate the Bose distance of BCH codes C(q ) for 0 €

L[(2m—1)/3]+1_1
q
2555

Note that if ¢ 1 0, we can apply Lemma 3.1 to conclude that
d is not a coset leader modulo n, and hence dp(Cgns)) = da(Cigns+1)). Thus, it is
enough to focus on BCH codes C(y 5y With ¢ 1 6. Their Bose distances are established

as follows.

e For ¢ € [2, qm_/\hfl} with ¢ 10, the result is given in Theorem 5.2.

m—h __ [(2m—1)/3]4+1 _
oFor§€[q)\1,q 3 1

} with ¢ 1 d, the Bose distance is determined in

Theorems 5.3 and 5.4.
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Theorem 5.2. Let m and § € [2, qmi\h_l] be two integers with q¢ 1 0. Then

dp (C(qynﬁ)) =0.

Proof. Tt is clear that 2 < A6 < ¢™ " and ¢ { \d. By [57, Theorem 2.3], it follows

that \J is a coset leader modulo An. Then applying Lemma 3.2, we conclude that

is a coset leader modulo n. Then the result follows. O

Theorem 5.3. Suppose that m > 5 is odd and § € [qh+;_1 +1, qt(gm_l))\/gﬁl_l s an
h+js

integer such that q19. Let js = Uogq()\é)J —h and Y 8,q° be the q-adic expansion
(=0

of A0. Define rs as the smallest integer in [—js + 1, js| such that dpir, > 0 and

A h+js h+3js
b= > S+ Y gt Then
{=h+rs l=h—rs+1
( h—js h+js
4, if Y 0" > YD gt
=0 t=h—rs+1
;  h—js h+js
M +1, if Y0t <Y Gt et
d5(Clgme)) = - N (5.64)

and Op—rs41 + A —q # 6 mod A,

5 ~ h=js ' h+js ' (h )
HEER S S TR Ens
(=0 l=h—rs+1 R
and Op—rs41 + A —q = 0 mod .

Proof. We show that equation (5.64) holds by considering the following cases.

h—js h+js
Case 1. Suppose that Y &,¢° > > 6,4~ 5+, By Remarks 5.4 and 5.5,
=0 th—T,;-Q—].

the inequality implies that A\ & A;, for every integer ¢ € [—js + 1, js|. Therefore, by
Theorem 3.2, we conclude A\§ ¢ S. Note that the assumptions ¢ t d and A | ¢ — 1
imply ¢ t AJd. It follows that AJ is a coset leader modulo An. Applying Lemma

3.2, we further obtain that 0 is a coset leader modulo n. Consequently, we have

dp(Cigne) = 9.
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h—js h+js
Case 2. Suppose that > d,¢° < > 6, +). With an argument
=0 (=h—rs+1

~

similar to that in the proof of Theorem 4.4, we can show that each integer in [Ad, ¢]

is not a coset leader modulo An. Applying Lemma 3.2, it follows that each integer

in [0, {%J] is not a coset leader modulo n. Notice that when m is odd,
A 5 A h+js h+js
=M\ \‘XJ +d mod A = Z Seqt + Z &gqe_(h_”“).
t=htrs t=h—rs+1

Thus, we have

5 h+js h+js R
A \‘XJ + A= Z Seqt + Z Soqt e tl) 4 On—rs+1 — 0 mod A + A.
{=h+rs {=h—rs+2

This implies that

q|/\\‘§J+)\ if and only if (5h_T6+1+)\—q:3mod)\.

Then we distinguish the following two subcases:

Subcase 1. If Op_pyi1 + X — q # dmod A, then ¢ 1 A L%J + A. Applying a
similar argument as in Case 1, we can show that A L%J + A is a coset leader modulo
An = ¢™—1. By applying Lemma 3.2, it follows that L%J +1 is a coset leader modulo
n. Consequently, dg(Cigns)) = {%J +1.

Subcase 2. If 0p—psi1 + A —q= 6 mod A, then ¢ | A L%J +Aand g1 A {%J + 2.
This implies that A L%J -+ A is not a coset leader of An. Furthermore, using a similar
argument as in Case 1 again, we can conclude that while A L%J + 2\ is a coset

leader modulo An. By applying Lemma 3.2, it follows that {%J + 1 is not a coset
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leader modulo n, while L%J + 2 is a coset leader modulo n. Therefore, we have

dB(C(q,n,é)) = L%J + 2. ]

Theorem 5.4. Suppose that m > 4 is even and 6 € [qh% + l,w 18
h+js

an integer such that q t 6. Let js = \_logq()\é)J — h and Y. 8q° be the q-adic
(=0

expansion of X\o. Define rs as the smallest integer in [—js, js] such that dpirs > 0

N h+js h+js
and 0= Y, St + Y gt
{=h+rs {=h—rs

o Ifrs #0, then

( h—j5 —1 h+]§
57 Zf Z 5€q£ > Z 5£q€—(h—r5)’
6.20 l=h—rg

P ~hegs—1 ’ h+js i(h
HESRE I YN S P Eeg
=0 (=h=rs

dB(C(quL,(s)) = and 5h_T6 + A . q # S mod A7 (565)
. h—js—1 h+js
B2 i S G S b
=0 th*T‘(gA
\ anddh*ﬁ;‘i‘)\_q:(smOd)\.
o Ifrs =0, then
( h—js—1
6, if z S > Z Sog ",
< h— Jé 1
%v if Z Seqt < Z(quehcmd)\]é
5 h— j5 1 "
dB(Cigms)) = 4 {XJ +1 if Z deq’ < Z Segt" )\J((S (5.66)

andéh—l-)\—q;é&mod)\

R h—js—1
HH 7> Suq <z<sgq“M5
and5h+)\—q—6mod>\

Proof. We can use an argument analogous to that in the proof of Theorem 5.3 to
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conclude that 5.65) holds if r5 # 0. Thus, we now only demonstrate equation (5.66)

by considering the following cases.

h—js—1 h+js
Case 1. Suppose that Y. d,¢° > > 6, " If the inequality is strict, by
=0 i=h

Theorem 3.2 together and Remarks 5.4-5.5, we have A ¢ S U H; If equality holds,
by Lemma 3.3, we Ad € H. Note that the assumptions ¢ { § and A | ¢ — 1 imply
q 1 Ad. Therefore, in either case, AJ is a coset leader modulo An. By Lemma 3.2, it

follows that ¢ is a coset leader of modulo n. Therefore, dg(Cigns) = 0.

h—js—1 h+js
Case 2. Suppose that Y d,¢° < > 9,¢°". We can use an analogous argu-
=0 i=h

ment, as in the proof of Theorem 4.4 to show that each integer in [Ad, 3) is not a
coset leader modulo An. By Lemma 3.2, it follows that each integer a € [5, L%J) is

not a coset leader modulo n. Then we distinguish the following two subcases:
Subcase 1. Assume that \ | 5. Using Lemma 3.3, it is straightforward to verify

that § € ‘H, and hence 5 is a coset leader modulo An. It follows that é is a coset

leader modulo n. Therefore, we can obtain dg(Cigns)) = %.

Subcase 2. Assume that X { 6. Then we have \ L%J < 6. Recalling that each

~

integer in [A\d,d) is not a coset leader modulo An, this implies that A {%J is not a

coset leader modulo An. By Lemma 3.2;it follows that {%J is not a coset leader

modulo n. Then we can use an analogous argument as in the proof of Case 2 of

Theorem 5.3 to conclude that dg(Cigns)) = {%J +1if 6, + A — ¢ # d mod X, and

Ap(Clame)) = | ] +2 i 1+ A — g = 6 mod A O

Using the formulas provided in the above sections, we identify several narrow-

gm=1

sense BCH codes of length

that are either optimal or have parameters matching

those of the best known linear codes in the database. Most of these codes occur in

130



the primitive case A = 1, which are presented in Table 4.2 and Table 4.3 in Chapter
4. In addition, we list further examples of narrow-sense BCH codes C(g gm—1)/x.0)
with A # 1 in Table 5.1. The parameters of these codes are nearly optimal or best
known. All parameters were verified by Magma, and for all BCH codes in the table,

the Bose distance dg coincides with the minimum distance d.

Table 5.1: Examples of BCH code Ciq (gm—1)/x,6) With A # 1

n ) k | dg | Optimality
40 | 910 | 18 | 10 | dpest = 13
40 11 16 | 11 | dpest = 15
40 | 12-13 | 12 | 13 | dpest = 18
121 2 116 | 2
121 3—-4 |111 ] 4
121 5 106 | 5 dpest = 6
7
8

doptimal =3

121 6-7 | 101
121 8 96
121 9-10 | 91 | 10 | dposs = 11
121 11 86 | 1

121 [12 - 13| 81 | 13 | dypy = 15
121 | 14— 16 | 76 | 16 | dps = 17
121 17 71 | 17 | dypost = 19
121 | 18— 19| 66 | 19 | dposs = 21
121 20 61 | 20 | dpost = 23
121 | 21 =22 | 56 | 22 | dpost = 27
121 [ 23-25 | 51 | 25 | dpost = 29
121 26 46 | 26 | dpost = 33
121 | 27 — 31 | 41 | 31 | dpest = 37
121 | 32— 34 | 36 | 34 | dpos = 42
121 35 31 | 35 | dpest = 45
121 [ 36 — 38 | 26 | 38 | dpest = 49
121 [ 39— 40 | 21 | 40 | dye = 55
85 2 81 | 2
85 3 77 | 3 | doptimar = 5
85 | 4-5 | 73 | 5 | dpst=6
85 6 69 | 6 | dps =3

7
9

doptimal =3

85 7 65
8 | 8-9 | 61

W W W W W NN NN NN NN NN NN NN NN DN >

r-lkrlk%%»lk%WWUCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂCﬂ%%%3
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5.5 BCH codes with designed distance § = “—

As an illustration of our main results, this section presents the dimension and

Bose distance of the BCH code C(y,,5) for 6 = w, where k,a and b are integers

satisfyingm —2h <k < [2m —1)/3] —h, 1 <a<qg—-1, A< b< g™ " *and qtb.

Corollary 5.3. Let m > 5 be an odd integer and k € [1,[(2m —1)/3| — h] be an

integer. If A0 = aq"*t* + b for some integers a € [1,q — 1] and b € [\, ¢" %] with

q1b, then
A (Clan) = {5’_qh+k+ P A (5.67)
s {a o J+1’ if b < ag? !
and
dim(Cg,n,5))
B {n—mN((S)—i—%moﬂq%_3 [(q—1)k+1], ifb>ag® 1 4 )\, (5.68)
| = mad" 4+ Tmag? 3 [a(g—Dk+a—q], ifb < ag® T+ A,

Proof. Note that ¢ 1 b implies that ¢ 1 Ad. Since A is a factor ¢ — 1, it follows that
q1 0. Then by applying Theorem 5.3, we can directly derive equation (5.67).
We now demonstrate that (5.68) holds. It is clear that V/(A(d — 1)) has the form

(Op—k, @, 02k —1, Op—, - - -, 0p)

h—k
with Y 6,¢° = b — X. By definition, it follows that

=0
o ss=ks=Fk;
o ws = aq" ¥,

e 4(0) = min {b — A aqzk*l};

o T:(6) = [¢" ", ag" "] N{t € Z: q{t} for each integer i € [~k + 1, k.

132



Then applying Lemma 5.6, we can obtain

Z) HLtqu)J\ +tJ B {Ltq%_;j HH

teTi (6

_ (e =g =120, ifie [k + 2,k - 1],
sala—1)(g—1)¢*2%, ifi=kor —k+1.

It follows that

> Y N ten= Y YN

i=—ks+1t€T;(5) i=—k+1t€T;(5)

[a(a — 1) (g — )™ + (a® = 1)(k — 1) (¢ — 1)*¢** 7] .

> =

By substituting the values of ks, () and the above expression into (5.22), we obtain

s [ e k1) + 1], if > ag™ A,
f( )_ qT q2k 3 [ak:(q o 1>+a_q]+b+z/z\—)\_ {L(b*Aiaq)/qJJ : if b<aq2k—1—i—)\.

Furthermore, notice that

N(5) - {bﬂ;—A B Lt(b—kjaq)/qJH

:aqh+k+b_)\_ ag"tF 4+ b — A _bJra—)\+ L(b—A+aq)/q]
A g A A

:aqh+k_;(q -1) Laq +)\l;— )\J N LL(b —A i aq)/qJJ

aqh-i-k—l(q o 1)
\ .

Therefore, we can apply Theorem 5.1 to derive the desired equality in (5.68). O

Corollary 5.4. Let m > 4 be an even intger and 0 < k < [(2m —1)/3] — h be an

integer. If A6 = aq"™* +b for some integers a € [1,q—1] and b € [\, ¢"~*] with ¢ 1 b.
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o [f k=0, then

0 ifb>a,
L,\Jraa if b<a and \ | 2a,

d(C 5): ah+a .

pan) T +1, ifb<a,A2a and a+ X —q# 2amod A,
aqh;ra +2, ifb<a,A{2a and a+ X\ —q=2amod A,

(5.69)
dim(Cg,n))
nemN() b | <52 2] 5 (3] L4 -,
if b<a+ A,
nemN() +m 32 (|3 =[] -
ifb>a+ X and \ 1 2a,
n—mN(5)—}-mt§1 H%J _ L%H B m(afl)gf:r(fl) )_%’

\ ifb>a+ X\ and \ | 2a.
(5.70)

o [fk>1, then

0 if b > aq?,
dp(Cign) = aqh+k,\+ank +1, ifb<a¢® and a+ X —q # 2amod A,
M +2, ifb<ag®* and a+ )\ — q = 2a mod )\,

(5.71)
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dim(Cg,n.5))

rn —mN () + m%cﬁq%—? [(k‘ _ %) (G—1)+ q} 7
if b>ag®™ + X and X is odd,
N (0) ittt (k) (g1) ] - oA,

27
if b> aq® + X\ and X is even, (5.72)
= ntmitag? 2 a(k — §)(q — 1) + (a — 1)q] — 0,

if b < ag®* + X\ and X is odd,
n+mSrag®? [a(k — 3)(¢ — 1) + (a — 1)q]

_mag"tF T g-1)  m(g=D)(¢"F"'-1)
22 )

if b < ag® + X\ and X is even.

Proof. By Theorem 5.4, it is easy to conclude that the(5.69) holds if & = 0, and
(5.71) holds if k£ > 1. Therefore, we only demonstrate that (5.70) and (5.72)hold.
If k=0, then we have A\(0 — 1) = ag" +b— X with 0 < b— X < ¢" 1. Tt follows

that

gt

s— t L

° th’l+1<5§
e )y = a;

e 1(6) =min{b— A\, a};
o ws = aq”;

e 7(§)=1ifa <b— X and \|2a, and 7(5) = 0 if otherwise.

By substituting the above values for the corresponding case into equations (5.23)

and (5.25), we derive

[ (3 - ) et

S I12) - 4], 5> a4\
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and

2
(a=1)(3+(=1)*)

@DEHEDY 4y if > g+ A and A | 2a,
9(6) =
2

, otherwise.

Then by Theorem 5.1, it follows that (5.70) holds.
If £ > 1, then we have ks = k and V(A(d — 1)) has the form

(0p—k—1,a, 02k, Op——1, - - ., 0p)

h—k
with 3" d,¢° = b — \. By definition, it follows that

=0
o ws = aq™;
o ss=ks=k;
o 7(§) = 0;

e () =min {b— X, ag®*};
. $(6) = agt — 1
o T:(6) = [¢" " ad"" = 1] N{t € Z: q {1t} for each integer i € [k, k).

Then applying Lemmas 5.7 and 5.6, we obtain

| I

teT; (6
%(GQ - 1)((] - 1)2q2k727 if i € [_k + 17 k— 1] \ {0}7
_ ) sxala—1)(g — 1)g* 1, ifi=kor —k

1 2 2 2k—2
m(@® —1)(g—1)%g ) .
_DA , ifi=0.
<+@%%Jm—nm—¢Mkl
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It follows that

3 gl

i=—ks t€T7;(0
— (k= D)~ Dlg 1% 4 Safa  1)(g — )¢
B+ (=))(a—-1)¢"q-1)
+ o .

By substituting the values of ks, 7(0) ws, 11(6), ¢(d) and the above expression into
(5.23) and (5.25), we obtain

(q— 1a2q2k 2[(k — >(q_1)+Q]+Taq
if b > ag®* + X\ and \ is odd,
%QQQ%_Q [(k - %) (¢—1)+ q] + % [(2a _ 1)qk—1 + 1} ’
if b > ag®* + X\ and ) is even,
- —aq2k 2 [a(k‘ - %)(q — 1)+ (a— 1)q]
( + 2 aq - LL(a+bq;A)/qJJ >,
1f b < ag®* 4+ X and ) is odd,
Tag* 2 [a(k — 3)(g — 1) + (a — 1)q] + =22
(+ o (20— 1) +1] - {MJ >
if b < ag®* + X and \ is even,

and

o(6) = {% if A is odd,

2a(q—1)g*—1 : .
%, if \ is even.

By Theorem 5.1, it follows that (5.72) holds. O

5.6 Some non-narrow-sense BCH codes

In this section, we determine the Bose distance and dimension of certain non-

narrow-sense BCH codes C(gn5p)-
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gl@m—1)/3]+1_1
<

Theorem 5.5. Let m > 4 and b be two integers with S <b<

h+jb
Let js = Uogq()\é)J — h, let Y bg® be the g-adic expansion of \b, and let 7,
(=0

h—jy—1
be the smallest integer in [m — 2h — jy, jy] such that byy., > 0. If > bg* >
(=0
h+jp
S beg" =) | then
{=h—ry,
dim(Cignsp) =n —m(0 — 1) (5.73)
and
dB(C(qm,(S,b)) =9 (574)
h—jp—1
h=jp 1 2 bt
for any integer 6 such that 2 < § < &—5— — | =% +1.

Proof. We demonstrate the proof only for the case where m is even, as the case m

is odd follows similarly. First, observe that

h+jp
V ( Z bﬁqe +qh7]b - 1) = <0h717jb>bh+jba s ,bh+rb702rb>q - 17 A 1)7

£:h+7‘b
and
h+jp
V(Ab) <V(ha) <V ( Z beg" +¢" 7 — 1 )
{=h+ry
—jp—1
iy > b’ h—jp—1 h+s
for all integers a € |b,b + &—— — [=%5——1|. Since KZ b£q€>€ > begtm ),
=0 =h—ry

it follows that V' (Aa) must have the form

V(/\G) = (Oh—l_jb, bh+jb7 R 7bh+7‘b7 027’57 Ap—jp—1y - - - 7a0) (575)
h—jp—1
i s h—jy_1 > beqt
with > ag? > > b ") for all integers a € |b, b+ 2 — = |5
E:O Z:hf’f‘b
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Next, we define a function f for the integers in |b,b + qh71571 e ey as
a
f a)=—,
(a) 4
where t, is largest integer such that ¢’ | a. We now show that
h—jy—1
h—i Z béqé
n g —1 =0
fla)e L forallae bbb+ — | (5.76)

by considering the following cases.

Case 1. Suppose that t, =0, i.e., ¢fa. Then f(a) = a. It follows that V(Af(a))
has the form given in (5.75). By Remarks 3.4 and 3.5, this implies that Af(a) & B,, (%)
for any ¢ € [—jp, Js]. Applying Theorem 3.2, we conclude that Af(a) € HUS.
Therefore, Af(a) € £L)". By Lemma 3.2, this implies that f(a) € L.

Case 2. Suppose that 1 <t, < j,. In this case, we first have f(a) < b— 1. Since

V(Aa) has the form given in (5.75), we derive

Vv (Af(a)) = (Ohflfjb+ta7 bh+jb7 s 7bh+7"b7 027’1,7 Ap—jy,—15 - - - 7ata>-

h—jp—1 h4j
Furthermore, the inequality > a,q® > beg= =) implies that @jy+r, > 0. It
£=0 l=h—ry

follows that \f(a) & Bj,_+,(7) for any i € [t, — jp, jo — ta], and hence Af(a) € HUS.
This implies that A\f(a) € £)", and hence f(a) € L7,.

Case 3. Suppose t, > j, + 1. In this case, we have Af(a) < ¢" and \f(a)g" mod
An # Af(a). By Lemma 3.1, we have |C\,(Af(a))| = m. Moreover, by applying [57,
Theorem 2.3], we conclude that Af(a) is a coset leader modulo An. It follows that

fla) € L.
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By now we have demonstrated that (5.76) holds. Noticing that C,,(a) = C,,(f(a))

and f is injective, it follows that

bt-6—2 b4-5—2 b4-6—2

U G| =] U Culfa)]| = > Calf(@)] =m(s - 1)

a=b a=b a=b
and

b+5—2 b+5—2 b+5—1 b45—1

U Gu@= | Culf@) # | Culf@) = |J Cula)

a=b a=b a=b a=b

h—j hijbilbzqe

for any integer § such that 2 < ¢ < 4 /\b_l — | % + 1. Therefore, both (5.73)
and (5.74) hold. O

Example 5.1. Applying the above theorem, we find the following optimal BCH codes.

o Letq=3,m=4and A = 1. We have n = 80. The BCH code C(3502p) has
parameters [80,76,2] for all integers b € [11,17] U [21, 25].

o Letq=4, m=4 and A =1. We have n = 255. The BCH code C42552) has
parameters [255,251, 2] for all integers b € [18,30] U [35,46] U [52, 62].
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Chapter 6

Conclusion and future directions

This thesis has presented a study on the dimension and Bose distance of BCH

qg"—1
Y

codes of length , Where ¢ is a prime power, m is a positive integer, and A is a
divisor of ¢ — 1. This family includes primitive BCH codes as a special case.

A central contribution of this work is the establishment of explicit formulas for
both the dimension and Bose distance of some narrow-sense primitive and non-
narrow-sense BCH codes, covering designed distances over a significantly wider range
than previously known.

Our results rely critically on the analysis of the distribution of coset leaders
modulo ¢™ — 1 in the interval [1,¢l>m=1/31*1] By utilizing a one-to-one, order-
preserving map between integers in [0, ¢™ — 2] and sequences of length m over non-
negative integers less than ¢, we partition integers that are neither divisible by ¢ nor

htk g" ) into distinct classes with uniform representations

coset leaders within [q
form —2h <k < L%j — h. This classification enables a systematic computation
of the number of such integers in each class.

Furthermore, we divide the interval [1,§ — 1] into subintervals according to the
distribution of coset leaders. This allows us to formulate an equation expressing the

number of integers that are neither divisible by ¢ nor coset leaders in each subinterval.

As a result, we derive the exact count of coset leaders in [1,0 — 1] for every integer
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)€ [2, qlm=1/ 3J+1}. Combined with our results on the sizes of g-cyclotomic cosets,
we ultimately determine the dimension of the primitive BCH codes C(y, ) for all
§c [2’ qL(2m—1)/3J+1:|‘

Additionally, we show that the Bose distance of C(4 ) is equal to the smallest
integer not less than 0. Thus, based on our analysis of the distribution of coset
leaders, the Bose distance of narrow-sense primitive BCH codes can be efficiently
determined.

In extending these results to BCH codes of length W%, we observe that the coset
leaders modulo qu*l are exactly those coset leaders modulo ¢™ — 1 that are divisible
by A. Leveraging this observation and our prior analysis of coset leader modulo
q"™ — 1, we successfully obtain the dimension and Bose distance for this broader class

of codes.

Several promising directions for future research emerge from this work:

e Although our results significantly extend the known range of designed distances
for which the dimension and Bose distance are determined, the problem remains
far from fully solved. Further improvements may require new technical insights

or novel discoveries regarding the distribution of coset leaders.

e A natural next step is to pursue the true minimum distance of these codes,
going beyond the Bose distance lower bound. This remains a challenging open

problem.

e The techniques and results on cyclotomic cosets, particularly those concerning
the distribution and properties of coset leaders established in this thesis, could
be adapted and applied to BCH codes with other lengths, such as antiprimitive

BCH codes, potentially enabling broader generalizations.

In summary, this work provides a substantial advancement in the understanding
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of the parameters of BCH codes and establishes a foundation for further theoretical

investigations and practical applications in BCH codes.
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