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Abstract

Optimization problems lie at the core of decision-making processes across multiple disci-
plines, including supply chain management, industrial engineering, and energy systems.
With the exponential growth of data volume and increasing complexity of industrial appli-
cations, these optimization problems have grown substantially in both scale (characterized
by the number of decision variables and constraints) and complexity (reflected in non-
convex, stochastic, or robust formulations). Conventional solution approaches often prove
inadequate when addressing such challenges, frequently encountering computational bot-
tlenecks due to either time or memory constraints. This growing computational challenge
has created an urgent need for developing more efficient solution approaches capable
of handling modern large-scale and complex optimization problems. In this thesis, we
present three recent studies on computationally efficient approaches for modern optimiza-

tion problems.

In this first study, we investigate moment-based distributionally robust optimization
(DRO), where the underlying joint distribution of random parameters runs in a distribu-
tional ambiguity set constructed by moment information. Although most moment-based
DRO problems can be reformulated as semidefinite programming (SDP) problems that
can be solved in polynomial time, solving high-dimensional SDPs is still time-consuming.
Unlike existing approximation approaches that first reduce the dimensionality of ran-
dom parameters and then solve the approximated SDPs, we propose an optimized di-

mensionality reduction (ODR) approach by integrating the dimensionality reduction of



random parameters with the subsequent optimization problems. Such integration en-
ables two outer and one inner approximations of the original problem, all of which are
low-dimensional SDPs that can be solved efficiently, providing two lower bounds and one
upper bound correspondingly. More importantly, these approximations can theoretically
achieve the optimal value of the original high-dimensional SDPs. As these approxima-
tions are nonconvex SDPs, we develop modified Alternating Direction Method of Mul-
tipliers (ADMM) algorithms to solve them efficiently. We demonstrate the effectiveness
of our proposed ODR approach and algorithm in solving multiproduct newsvendor and
production-transportation problems. Numerical results show significant advantages of our
approach regarding computational time and solution quality over the three best possible
benchmark approaches. Our approach can obtain an optimal or near-optimal (mostly
within 0.1%) solution and reduce the computational time by up to three orders of mag-

nitude.

In the second study, we consider non-convex quadratically constrained programs (QCPs),
which are generally NP-hard and challenging problems. We propose two novel mixed-
integer linear programming (MILP) approximations for a non-convex QCP. Our method
begins by utilizing an eigenvalue-based decomposition to express the non-convex quadratic
function as the difference of two convex functions. We then introduce an additional vari-
able to partition each non-convex constraint into a second-order cone (SOC) constraint
and the complement of an SOC constraint. We employ two polyhedral approximation
approaches to approximate the SOC constraint. The complement of an SOC constraint
is approximated using a combination of linear and complementarity constraints. As a
result, we approximate the non-convex QCP with two linear programs with complemen-
tarity constraints (LPCCs). More importantly, we prove that the optimal values of the
LPCCs asymptotically converge to that of the original non-convex QCP. By proving the
boundedness of the LPCCs, we further reformulate the LPCCs as MILPs. We demonstrate
the effectiveness of our approaches via numerical experiments by applying our proposed

approximations to randomly generated instances and two application problems: the joint

i



decision and estimation problem and the two-trust-region subproblem. The numerical
results show significant advantages of our approaches in terms of solution quality and

computational time compared to existing benchmark approaches.

In the third study, we focus on the planning of distributed energy resources in dis-
tribution systems. This problem has been challenged by the significant uncertainties
and complexities of distribution systems. To ensure system reliability, one often employs
chance-constrained programs to seek a highly likely feasible solution while minimizing
certain costs. The traditional sample average approximation (SAA) is commonly used
to represent uncertainties and reformulate a chance-constrained program into a deter-
ministic optimization problem. However, the SAA introduces additional binary variables
to indicate whether a scenario sample is satisfied and thus brings great computational
complexity to the already challenging distributed energy resource planning problems. In
this study, we introduce a new paradigm, i.e., the partial sample average approximation
(PSAA) using real data, to improve computational tractability. The innovation is that we
sample only a part of the random parameters and introduce only continuous variables cor-
responding to the samples in the reformulation, which is a mixed-integer convex quadratic
program. Our extensive experiments on the IEEE 33-Bus and 123-Bus systems show that
the PSAA approach performs better than the SAA because the former provides better
solutions in a shorter time in in-sample tests and provides better guaranteed probability

for system reliability in out-of-sample tests.
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Chapter 1

Introduction

1.1 Background

Mathematical optimization serves as a fundamental tool for decision-making across nu-
merous disciplines, from supply chain management to energy system operations. In con-
temporary industrial applications, two critical trends significantly increase the compu-
tational challenges in optimization problems: (i) the explosive growth in problem scale,
with modern applications often involving millions of decision variables and constraints
(Bertsimas et al. 2019a, Xavier et al. 2021), and (ii) the increasing complexity of problem
formulations, particularly with the incorporation of non-convexity (Dong and Luo 2018,
Belotti et al. 2009) and uncertainty (Birge and Louveaux 2011, Rahimian and Mehrotra
2022).

These challenges create an urgent need for more computationally efficient solution ap-
proaches. In this thesis, we develop such approaches for three challenging problems: (i)
the high-dimensional semidefinite programming (SDP) formulation from moment-based
distributionally robust optimization (DRO), (ii) the non-convex quadratically constrained
program (QCP), and (iii) the chance-constrained formulation from the power grid plan-

ning problem.



The first challenging problem arises from moment-based DRO. DRO is a modeling
framework that integrates statistical information with traditional optimization methods
(Scarf 1958, Delage and Ye 2010). Under this framework, the underlying joint distribu-
tion of random parameters is assumed to belong to a distributional ambiguity set inferred
from given data or prior belief. Decisions are then optimized against the worst-case dis-
tribution within the set (see Rahimian and Mehrotra 2019 and Lin et al. 2022 for detailed
reviews). Moment-based DRO considers moment-based ambiguity sets, which include all
distributions satisfying certain moment constraints. Examples of such constraints include
restricting the exact mean and covariance matrix (Scarf 1958) and bounding the first
and second moments (Ghaoui et al. 2003, Delage and Ye 2010). Although most moment-
based DRO problems can be reformulated as SDP problems solvable in polynomial time
using traditional interior-point methods, high-dimensional SDPs impose substantial com-
putational time and memory demands (Vandenberghe and Boyd 1996, Helmberg 2002).
Widely adopted commercial solvers (e.g., Mosek) exhibit prohibitively long computational
times when solving high-dimensional SDPs, with the burden escalating rapidly as problem
dimension increases. Thus, it is of great interest to study efficient algorithms for solving

SDPs in the context of moment-based DRO (Chapter 2).

The second challenging problem considered in this thesis is the non-convex QCP, char-
acterized by non-convex quadratic constraints. It has attracted substantial attention due
to its extensive applications across industries, including signal processing (Huang and
Palomar 2014, De Maio et al. 2010), portfolio optimization (Ban et al. 2018), wireless
communications (Zhang and So 2011, Xiang and Tao 2012), and machine learning (Zien
and Ong 2007, Bach et al. 2004). For example, the AC optimal power flow (ACOPF)
problem in power system operations—a fundamental industrial problem—has been exten-
sively studied and reformulated as a non-convex QCP (Cain et al. 2012). Similarly, the
joint decision and estimation (JDE) problem in signal processing can also be reformulated
as a non-convex QCP (Zang and Zhu 2022b). Solving non-convex QCPs remains a signifi-

cant challenge due to their NP-hard nature. Various optimization solvers (Sahinidis 1996,



Tawarmalani and Sahinidis 2004, Belotti et al. 2009, Lin and Schrage 2009, Misener and
Floudas 2013, 2014, Bestuzheva et al. 2021) have been developed to tackle them. Among
these, the Gurobi solver (Gurobi 2024) is currently one of the most widely used tools.
Specifically, a spatial branch-and-bound framework (Al-Khayyal et al. 1995, Audet et al.
2000, Linderoth 2005) is employed to search for the optimal solution. At each node of the
branch-and-bound tree, a relaxation of the subproblem must be solved to provide a dual
bound for pruning. The quality of this relaxation significantly impacts computational
time, as tighter relaxations can substantially reduce search time. Current relaxation
techniques primarily include McCormick inequalities (Misener and Floudas 2012), the
reformulation-linearization technique (RLT) (Sherali and Adams 2013), SDP (Burer and
Vandenbussche 2008), and various combinations thereof. However, these techniques often
yield loose dual bounds, leading to a time-consuming branch-and-bound process. In this

thesis, we introduce a novel approach to developing tighter relaxations for non-convex

QCPs (Chapter 3).

The final challenging problem studied in this thesis is the planning of distributed
energy resources in power grids, which is complicated by the significant uncertainties
and complexities of distribution systems (Ehsan and Yang 2018, Oree et al. 2017). To
ensure system reliability, we employ chance-constrained programs to seek highly likely
feasible solutions while minimizing costs, resulting in a chance-constrained formulation
of the planning problem. The traditional sample average approximation (SAA) is com-
monly used to represent uncertainties and reformulate chance-constrained programs into
deterministic optimization problems (Pagnoncelli et al. 2009). However, SAA introduces
additional binary variables to indicate whether a scenario sample is satisfied, adding com-
putational complexity to an already challenging problem. To address this, we propose a

new paradigm to improve computational tractability (Chapter 4).



1.2 Thesis Outline

In Chapter 2, we consider moment-based DRO, which provides a theoretical framework to
integrate moment-based information from available data with optimal decision-making.
Extensive studies have demonstrated the effectiveness of this framework in solving various
industrial applications under uncertainties. Although moment-based DRO problems can
be reformulated as SDPs that can be solved in polynomial time, solving high-dimensional
SDPs is significantly challenging. More importantly, high-dimensional random param-
eters are generally involved in industrial applications, demanding efficient approaches
to solve the high-dimensional SDPs in the context of moment-based DRO. Current ap-
proaches adopt the principal component analysis (PCA) to first reduce the dimensionality
of random parameters using only the statistical information and then solve the subsequent
low-dimensional approximation. We show that performing dimensionality reduction using
the components with the largest variability may not produce a good optimal value from
the subsequent PCA approximation and it can be even worse than using the components
with the least variability. Thus, we integrate the dimensionality reduction with subse-
quent SDP problems and hence propose an optimized dimensionality reduction (ODR)
approach for the moment-based DRO, aiming to drastically reduce the computational
time of solving the SDP reformulations while maintaining the optimal solution of the
original problem. We first derive an outer approximation under the ODR approach to
provide a lower bound for the optimal value of the original problem, where the lower
bound is nondecreasing in the reduced dimension m;. We aim to choose a small m; to
close the approximation gap between the derived lower bound and the original optimal
value. To that end, we show that the rank of each SDP matrix with respect to an optimal
solution of the original high-dimensional SDP reformulation is small, guiding us on how
to optimize the dimensionality reduction. With this low-rank property, we observe that
the derived lower bound can be close to the original optimal value but may not reach

it. Nevertheless, it demonstrates that we are not far from closing the approximation



gap and motivates us to derive an inner approximation to provide an upper bound for
the optimal value of the original problem. More importantly, this upper bound reaches
the original optimal value when the reduced dimension m; is small. Building on this
significant result, we further derive an outer approximation to provide the second lower
bound for the optimal value of the original problem, where the gap between the new lower
bound and the original optimal value can be closed when the reduced dimension m; is
small. The two outer and one inner approximations derived for the original problem are
all low-dimensional SDPs and nonconvex with bilinear terms. We accordingly develop
modified alternating direction method of multipliers (ADMM) algorithms to solve them
efficiently and analyze the convergence property of the ADMM algorithms. Based on the
near-optimal dimensionality reduction solution returned by the ADMM algorithms, we
also explain how to recover the corresponding lower and upper bounds for the original
optimal value. Finally, we demonstrate the effectiveness of our ODR approach in solv-
ing multiproduct newsvendor and production-transportation problems. We compare our
ODR approach and algorithms with three benchmark approaches: the Mosek solver, the
low-rank algorithm by Burer and Monteiro (2003), and existing PCA approximations by
Cheramin et al. (2022). The numerical results show that our ODR approach significantly
outperforms these benchmarks in computational time and solution quality. Our approach
can obtain an optimal or near-optimal (mostly within 0.1%) solution and reduce the com-
putational time by up to three orders of magnitude. More importantly, unlike the existing
approaches that become more computationally challenging when the dimension m of ran-
dom parameters increases, our approach is not sensitive to m, demonstrating significant
strength in solving large-scale practical problems. In addition, we provide insights into

why our ODR approach performs better than the existing PCA approximations.

In Chapter 3, we consider a non-convex QCP optimizes a linear objective function
subject to non-convex quadratic constraints. Despite its widespread applications in vari-
ous industries and academia, finding an optimal solution for a non-convex QCP remains

a challenging task. Currently, most QCP solvers utilize the spatial branch-and-bound al-



gorithm to search for an optimal solution. One of the most important components of this
algorithm is deriving efficient lower bounds, which help reduce the size of the branch-and-
bound tree. In this chapter, we propose two mixed-integer linear programming (MILP)
approximations to provide tighter lower bounds for a non-convex QCP. Initially, consid-
ering a non-convex QCP, we employ an eigenvalue-based decomposition to reformulate
non-convex quadratic constraints. Specifically, we transform each non-convex quadratic
constraint into a second-order cone (SOC) constraint ||y|| < ¢ and the complement of
an SOC constraint ||z|| > t. Subsequently, we introduce a polyhedral approximation
for ||y|| < t. Based on the approximation of ||y|| < ¢, we develop an approximation for
||z|| > ¢t. Combining these approximation results, we obtain a linear program with comple-
mentarity constraints (LPCC) approximation for the non-convex QCP. Furthermore, we
establish that the feasible solution of the LPCC satisfies the “e-relaxed” constraints of the
non-convex QCP. More importantly, we demonstrate that the optimal value of the LPCC
converges to the optimal value of the non-convex QCP asymptotically. Finally, we show
the boundedness of the LPCC when the original non-convex QCP is bounded. As a result,
we reformulate the LPCC into an MILP by utilizing this boundedness property. Moti-
vated by the trade-off between the number of variables and the number of constraints in
the context of extended formulations for approximations, we provide an alternative MILP
approximation, where the asymptotic convergence property also holds. Compared to the
first approximation, the second approximation typically introduces fewer variables but
may result in more constraints when the approximation quality parameter € is small. We
conduct extensive computational experiments to validate the effectiveness of our proposed
approximations over our randomly generated instances and the unitbox instances from
the literature. The numerical results demonstrate that the proposed approximations yield
smaller optimality gaps within shorter computational times than a state-of-the-art com-
mercial solver. Meanwhile, our proposed approximations show a significant improvement
in the optimality gap compared to the LP, SOCP, and SDP relaxations of the original non-

convex QCP. We also apply our approximations to two problems: the joint decision and



estimation problem and the two-trust-region subproblem. The numerical results highlight
the significant advantages of our proposed approximations in terms of computational time

and optimality gap.

In chapter 4, we focus on a planning problem that decides the locations and capacities
of renewable distributed generation (RDG) and energy storage (ES) units considering
significant uncertainties and complexities of distribution systems (e.g., ACOPF). To sup-
port such a decision-making problem, we develop a novel two-stage chance-constrained
(TCC) model to ensure system reliability, minimize costs, and improve renewable energy
penetration. One key feature of our model is that the chance constraint ensures that
all the operational constraints are satisfied simultaneously with a high probability, lead-
ing to system reliability. We use two sampling techniques to reformulate our developed
model, leading to the standard SAA formulation and our proposed partial sample average
approximation (PSAA) formulation. The novelty of the PSAA formulation is that it in-
troduces only continuous variables corresponding to the samples (as compared to integer
variables in the SAA formulation) and uses historical data to improve its performance.
Our extensive experiments show that the PSAA formulation performs better than the
SAA formulation. The PSAA provides better locations and capacities of the RDG and
ES units in a shorter time with a lower total cost and achieves a better desired probability
of ensuring system feasibility than the SAA. The PSAA also reduces the optimality gap
by more than 50% as compared to the SAA. We finally demonstrate the significance of

ES units in reducing total costs and improving the power system balance.

In Chapter 5, we provide concluding remarks for this thesis.



Chapter 2

Optimized Dimensionality Reduction
for Moment-based Distributionally

Robust Optimization

2.1 Introduction

Distributionally robust optimization (DRO) is a modeling framework that integrates sta-
tistical information with traditional optimization methods (Scarf 1958, Delage and Ye
2010). Under this framework, one assumes that the underlying joint distribution of ran-
dom parameters runs in a distributional ambiguity set inferred from given data or prior
belief and then optimizes their decisions against the worst-case distribution within the set

(see Rahimian and Mehrotra 2019 and Lin et al. 2022 for detailed review).

To solve different applications, researchers study the DRO under various ambiguity
sets. The ambiguity set plays a crucial role in connecting statistical information and opti-
mization modeling, providing a flexible framework to model uncertainties and incorporate
partial information of random parameters (e.g., from historical data and prior belief) into

the model. Moreover, the performance of DRO depends significantly on the distributional



ambiguity set (Mohajerin Esfahani and Kuhn 2018, Chen et al. 2023). This chapter fo-
cuses on moment-based ambiguity sets, which include all distributions satisfying certain
moment constraints. Examples of such constraints include restricting the exact mean and
covariance matrix (Scarf 1958) and bounding the first and second moments (Ghaoui et al.
2003, Delage and Ye 2010). Moment-based DRO has been extensively studied and has a
wide range of applications in industry, including but not limited to newsvendor problems
(Gallego and Moon 1993, Yue et al. 2006, Natarajan et al. 2018), portfolio optimization
(Ghaoui et al. 2003, Goldfarb and Iyengar 2003, Zymler et al. 2013, Rujeerapaiboon et al.
2016, Li 2018, Lotfi and Zenios 2018), knapsack problems (Cheng et al. 2014), trans-
portation problems (Zhang et al. 2017a, Ghosal and Wiesemann 2020), reward-risk ratio
optimization (Liu et al. 2017), scheduling problems (Shehadeh et al. 2020), and machine

learning (Lanckriet et al. 2002, Farnia and Tse 2016).

As a moment-based DRO model can be reformulated as a semi-infinite program (Xu
et al. 2018), three approaches are mainly used to solve such a reformulation: (i) the cutting
plane/surface method (Gotoh and Konno 2002, Mehrotra and Papp 2014), by which a
solution is first obtained by considering a subset of the ambiguity set and cuts are then
added iteratively until converging to an optimal solution; (ii) the dual method (Delage
and Ye 2010, Bertsimas et al. 2019b), by which the inner optimization problem (e.g., a
minimization problem) is dualized and integrated with the outer optimization problem
(e.g., a maximization problem); (iii) the analytical method (Scarf 1958, Popescu 2007),
by which the worst-case distribution is obtained and its properties are analyzed. Among
these methods, the dual method is the most popular. Most literature focuses on convex
reformulations of different moment-based DRO problems, mainly including second-order
cone programming (SOCP) (Ghaoui et al. 2003, Lotfi and Zenios 2018, Goldfarb and
Iyengar 2003) and semidefinite programming (SDP) (Ghaoui et al. 2003, Delage and Ye
2010, Cheng et al. 2014).

While SOCPs can be solved efficiently, theoretically efficient algorithms (e.g., the



interior-point methods) to solve SDPs impose substantial demands on computational time
and memory resources (Vandenberghe and Boyd 1996, Helmberg 2002), particularly when
addressing high-dimensional SDPs. Widely adopted commercial solvers (e.g., Mosek) ex-
hibit prohibitively long computational times when solving high-dimensional SDPs, and
the computational burden escalates considerably even as the problem dimension increases
gradually (see our numerical results in Section 2.7). Thus, it is of great interest to study
efficient algorithms for solving SDPs in the context of moment-based DRO. Besides the
generic methods (e.g., the interior point methods), two types of algorithms can speed
up solving SDP reformulations of moment-based DRO: low-rank SDP algorithms and
dimensionality reduction methods. First, some studies develop efficient algorithms by
exploiting the low-rank properties of SDP constraints (Burer and Monteiro 2003, Yurt-
sever et al. 2021). These algorithms rarely have theoretical guarantees but are practically
efficient. Specifically, the existing studies may reformulate convex SDPs as non-convex
problems and subsequently develop efficient algorithms to deliver high-quality solutions
within reduced time frames (Lemon et al. 2016). Second, dimensionality reduction tech-
niques represent data with important statistical information while omitting the trivial
one. In the context of moment-based DRO, such techniques can be extended to reduce
the dimension of random parameters and approximate the high-dimensional SDP refor-
mulations using low-dimensional SDPs (Cheng et al. 2018, Cheramin et al. 2022), thereby

reducing computational time significantly.

However, both the general SDP algorithms and existing dimensionality reduction
methods may not perform well for moment-based DRO. The general SDP algorithm aims
to solve general SDPs and may fail to consider the specific structure of the moment-based
DRO models. The existing dimensionality reduction methods fail to consider the sub-
sequent optimization problems when reducing the dimensionality space. For example,
Cheng et al. (2018) and Cheramin et al. (2022) first use the PCA to choose the random
parameters corresponding to the largest eigenvalues and then solve the low-dimensional

SDP problem with the chosen random parameters. Such a sequential process may not
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provide an optimal solution of the original problem because the aim of leveraging data is
to reduce the dimensionality space by focusing on only the statistical information, rather
than optimizing the subsequent SDP problems. Therefore, in this chapter, we integrate
the dimensionality reduction with subsequent SDP problems, leading to an optimized
dimensionality reduction (ODR) approach for moment-based DRO. We summarize our

contributions as follows:

e Unlike the PCA approximation approaches (Cheng et al. 2018, Cheramin et al.
2022) that first reduce dimensionality and then solve approximation problems, we
integrate the dimensionality reduction with the subsequent optimization problems
and provide an ODR approach. With the ODR approach, we develop two outer and
one inner approximations for the original problem, leading to three low-dimensional

SDP problems that can be solved efficiently.

e We prove the low-rank property of the original high-dimensional SDP reformulations
of moment-based DRO problems. Specifically, we show that there exists an optimal
solution such that the ranks of matrices in SDP reformulations are less than the
number of SDP constraints plus one. Such a property helps our low-dimensional

approximations achieve the original optimal value, closing the approximation gap.

e The low-dimensional SDP problems are nonconvex with bilinear terms and we de-
velop modified Alternating Direction Method of Multipliers (ADMM) algorithms to
solve them efficiently. We prove that any accumulation point of the sequence pro-
duced by the ADMM algorithm satisfies the first-order stationary conditions of the
low-dimensional bilinear SDP problem. We apply the ODR approach and ADMM
algorithms to solve multiproduct newsvendor and production-transportation prob-
lems. We compare our ODR approach with three benchmark approaches: the Mosek
solver, low-rank algorithm (Burer and Monteiro 2003), and PCA approximations
(Cheramin et al. 2022). The results demonstrate that our ODR approach signifi-

cantly outperforms them in terms of computational time and solution quality. Our
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approach can obtain an optimal or near-optimal (mostly within 0.1%) solution and
reduce the computational time by up to three orders of magnitude. More impor-
tantly, our approach is not sensitive to the dimension m of random parameters,

while the benchmark approaches perform much worse when m is larger.

Note that the ODR approach echoes the recently emerging framework that integrates
machine learning (e.g., parameter estimation) with decision-making (Bertsimas and Kallus
2020, Bertsimas and Koduri 2022, Elmachtoub and Grigas 2022). More relevant applica-
tions of such a framework are recently studied. For instance, Ban and Rudin (2019) and
Zhang et al. (2023) integrate feature data within the newsvendor problem; Liu et al. (2021)
integrate travel-time predictors with order-assignment optimization to provide last-mile
delivery services; Kallus and Mao (2023) propose a new random forest algorithm that
considers the downstream optimization problem; Zhu et al. (2022) develop a joint es-
timation and robustness optimization framework; Qi et al. (2023) and Ho-Nguyen and
Kiling-Karzan (2022) provide an end-to-end framework to integrate prediction and op-
timization. Unlike the above applications, we integrate dimensionality reduction with
optimization in this chapter (Jiang et al. 2023), which is recently followed by He and Mak
(2023). He and Mak (2023) integrate the PCA with a subsequent stochastic program
and provide a distributionally robust bound for the error between the objective values
of the original and integrated problems. The integrated approach in He and Mak (2023)
involves solving nonconvex and high-dimensional SDPs and may not reduce the error to
zero, while our approach solves low-dimensional SDPs and can achieve the optimal value
of the original moment-based DRO problem, thereby offering guidance on selecting the

reduced dimension for practical applicability.

The remainder of this chapter is organized as follows. Section 2.2 provides the SDP
reformulation of moment-based DRO problems and illustrates the disadvantages of the
PCA approximation approaches (Cheng et al. 2018, Cheramin et al. 2022). In Section 2.3,

we propose the first outer approximation under the ODR approach, leading to a lower
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bound for the original problem, and are then motivated to develop the low-rank property
of the original high-dimensional SDP reformulation, aiming to find a small reduced dimen-
sion to close the approximation gap. In Sections 2.4 and 2.5, motivated by the results in
Section 2.3, we provide an inner approximation and a second outer approximation for the
original problem, respectively, and both of them can achieve the original optimal value.
Section 2.6 develops efficient algorithms to solve the above three approximations, all of
which are low-dimensional bilinear SDP problems. In Section 2.7, we conduct extensive
numerical experiments on multiproduct newsvendor and production-transportation prob-
lems. Section 2.8 concludes the chapter. All proofs are presented in the Appendix if not

specified.

Notation

We use non-bold symbols to denote scalar values, e.g., s and v, and bold symbols to
denote vectors, e.g., x = (z1,... ,xn)T and q. Similarly, matrices are represented by bold
capital symbols, e.g., A and 3, and the size of a matrix is indicated by r x ¢, where r
and ¢ indicate the numbers of rows and columns, respectively. Italic subscripts indicate
indices, e.g., Sg, while non-italic ones represent simplified specifications, e.g., Q,. We use
Ep[-] to represent the expectation over distribution P and use ” 7 to denote the inner
product defined by AeB = ZZ ; A;;B,;, where A and B are two conformal matrices. For
any matrix M, we use M = 0 (resp. M > 0) to indicate that it is positive semi-definite
(PSD) (resp. positive definite). Symbols || - ||; and || - ||2 denote L1-Norm and L2-Norm,
respectively. For any integer number n > 1, we use [n] to denote the set {1,2,...,n}. The
identity matrix of size m is denoted by I,,. Symbols 0,, and 0,.. represent a zero vector
of size m and a zero matrix of size r X ¢, respectively. Symbols 1,, and 1,.. represent a
one vector of size m and a one matrix of size r x ¢, respectively. We use I(-) to denote
the indicator function, which takes 1 if all the conditions encompassed in (-) are satisfied

and takes 0 otherwise.
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2.2 SDP Reformulation

Given the distribution P of a random vector £ € R™, the following stochastic programming
(SP) formulation seeks an x € X C R"™ to minimize the expectation of an objective
function f(x,&):

min Eg [f (x,€)]. (2.1)

As the distribution P is often unknown, we assume that P belongs to a distributional
ambiguity set Dyig constructed by statistical information estimated from historical data,
and then minimize f(x,€&) against the worst-case distribution instead. It leads to the

following DRO formulation:

min max Ep[f (x,§)]. (2.2)

xeX PeDyo

We consider moment-based information (Delage and Ye 2010) is included in Dy as fol-
lows:
Da (8. .51 70) = A P PEecS) =1, (Epl¢]-p) S (Eel€] - p) <m |
Ep |(§ —p) (€ —p) | X0¥

which describes that (i) the support of € is S, (ii) the mean of £ lies in an ellipsoid of
size v, centered at p, and (iii) the covariance of £ is bounded from above by 7,3, with
71 > 0, % > 1, and ¥ > 0. Note that p is the sample mean and ¥ is the sample
covariance matrix, which can be estimated from the data. Meanwhile, the parameters v,
and 7, provide natural means of quantifying our confidence in g and 3, respectively, and
So (2011) proposes a way to select them. We perform eigenvalue decomposition on the

covariance matrix X as follows:

> — UAU' = UA? (UA%>T,

14



where U € R™*™ is an orthogonal matrix and A € R™*™ is a diagonal matrix. Without
loss of generality, we assume that the diagonal elements of A are arranged in a nonin-
creasing order. By letting & = UA%& + p, we can reformulate Problem (2.2) as:

Om(m) :=min max Ep, [f (x, UA%£I + p,)} , (2.3)

xeX PieDMm

where

P (& €S) =1, Ep, [&]Ep €] <
DM (817717’72) - PI I(€I I) : [EI] : |:€I:| " ’

EPI [515;} = Yeln

with & := {& € R™ | UA%EI + p € §}. Similar to Cheng et al. (2018) and Cheramin

et al. (2022), we make the following assumption throughout the chapter.

Assumption 1. Function f(x,§) is piecewise linear conver in &, i.e., f(x,€) = maxk |
{yR (%) +yi(x) "€} with yr(x) = (Yp(x), - .-, 4" (%)) " and y(x) affine in x for any k € [K],
and 8 is polyhedral, i.e., S = {€ | A& < b} with A € R™™ and b € R!, with at least one

mnterior point.

Note that Assumption 1 specifies a wide range of objective functions and support of
uncertainty (Cheramin et al. 2022). Meanwhile, it helps us reduce Problem (2.3) to an

SDP formulation.

Proposition 1 (Cheramin et al. 2022). Under Assumption 1, Problem (2.3) has the same

optimal value as the following SDP formulation:

GM(m) = mlp ¢(ma 5,4, Q) (24&)
P
1 T T
¥k, 5, A) %(q+ (UA?) wikx m)

s.t. T >0,
%(q+ (uas) zb(k,x,Ak)) Q

Vk € [K], (2.4b)

A €RL, VE € K], x€ X, (2.4c)
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where A = {A1,..., Ag}, q € R™, Q € R™™, ¢(m,s,q, Q) := 5+ 2L, ¢ Q + Vllall2s
X(k) X, s, A) =S5 = yl(c)(x) - ATb - yk(x)—r”’ + ATAI"U and 1/)(k7 X, A) = ATA - yk(x)

Note that the functions ¢(m, s, q, Q), x(k,x,s, A), and 1 (k,x, X) will also be used in
the remainder of this chapter to simplify other SDP formulations. Although Problem (2.4)
is a convex program when x is given, it can be difficult to solve because a large m leads
to high-dimensional SDP constraints at size m + 1. As such SDP constraints originate
from the covariance matrix X, early attempts in Cheng et al. (2018) and Cheramin et al.
(2022) exploit the statistical information 3 to address the computational challenge while
maintaining solution quality. Specifically, they adopt the PCA, a dimensionality reduction
method commonly used in statistical learning, to capture the dominant variability of
UA%£I by maintaining the first m; (< m) components of £; and fixing its other components

at 0; that is,
1 1
£~ UA:> [gr; Om—m1] + 1= Ui, A, & + 1, (2~5)

1
where £, € R™, and U,,x,n, € R™ and A7, € R™*™ are upper-left submatrices of
U and A, respectively. That is, the m; components of &; corresponding to the largest
eigenvalues are maintained as uncertain and the other components are fixed at their

means. With a lower-dimensional random vector &,, we can have a relaxation of Problem

(2.3):
Onm(my) = {(Iél)t(l ]Pr)neagi Ep, [f (x, UmeIAénfr +p,>] , (2.6a)
where
IP)r rESr:LEr :Er rS
DL (Sr771a ’72) = ]P)r <€ ) ; [E :| v |:€ :| " (26b)
EIPr [Erg;q j fVQIml
with

8= {& €R™ | Uy A, + € S} (2.6¢)
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Meanwhile, the corresponding SDP formulation of Problem (2.6) has SDP constraints
with smaller size at m; + 1 and can be solved more efficiently than Problem (2.4), leading
to an efficient “PCA approximation.” Specifically, Cheramin et al. (2022) show that the

following PCA approximation

@M(ml) = mlil qb(mh S, Ar, Qr) (27&)
ey
1\ T T
X(kaanaAk) % <qr + <Um><m1A7?nl> w(l{:?Xa Ak))
S.t. ) T i 07
% <qr + (UmxmlAgu) w(kaxv Ak)) Qr
Vk € [K], (2.7b)
A €RL, VE € K], x€ X, (2.7¢)

where A = {1, .., Ak}, ar € R™ and Q, € R™*™ | provides a lower bound for the op-
timal value of Problem (2.3) (i.e., Problem (2.4)). The PCA approximation that leads to
an upper bound for the optimal value of Problem (2.3) can be similarly derived. Note that
in the PCA approximation, we need to perform eigenvalue decomposition on the covari-
ance matrix 3, which can be time-consuming when the dimension of £ is high. However,
the time for eigenvalue decomposition is negligible compared with that of solving the SDP
problem. Therefore, in this thesis, we mainly focus on the dimensionality reduction of the
SDP problem. Hereafter, we call the problem whose optimal value is a lower bound of the
original Problem (2.3) as an outer approzimation. In contrast, the problem generating an

upper bound is called an inner approzimation of Problem (2.3).

However, relying on only the statistical information (i.e., dominant variability) to
choose the components and reducing the high-dimensional uncertainty space may not
lead to the best approximation performance. Although Cheramin et al. (2022) provide
a performance guarantee (Propositions 3 and 6 in Cheramin et al. (2022)) to bound the
gap between the original and approximated objective values, it is difficult to close the

gap when reducing the dimensionality of &;. Such a difficulty is not surprising because
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maintaining only the largest statistical variability in the PCA approximations does not
capture the optimality conditions of the original problems (e.g., Problem (2.3)). We pro-
vide an example as follows to illustrate that choosing the components of &; corresponding
to the largest eigenvalues can be even worse than choosing the components corresponding

to the least eigenvalues.

Example 1. Givenx € X, we consider the CVaR,_,, of a cost function g(x, &) formulated

as the following optimization problem (Rockafellar and Uryasev 2000):

: 1 n
min ¢+ —Ee [g(x,£) —1]", (2.8)
where a € (0,1) is a risk tolerance level and function [-|* := max{0,-}. For brevity,

we let g(x,§) = x"€, X = {x eRT | 33" 2, =1}, D={P | P € S) = 1, Ep[¢] =
w, Ep[(€—p)(€—p)"] X X}, S is compact, and p is in the interior of S. We reformulate
the distributionally robust counterpart of Problem (2.8) in Appendiz A.2.1 and obtain
Problem (A.2). Let a« = 0.05, S={€ e R |0<& <8,1 <& <122 <& <16},

1 02 01
po=[1,2,3, ¥ = |o2 3 o15| with eigenvalues 3.044, 1.983, and 0.973. Solving
01 015 2

Problem (A.2) gives the optimal value 5.021 with x1 = 0.719, x5 = 0.135, z3 = 0.145, and
t = 3.129. Following Cheng et al. (2018) and Cheramin et al. (2022) to perform PCA
approzimation over Problem (A.2) by capturing only one of the three components in &,

we observe the following:

e Choosing the component corresponding to the largest eigenvalue 3.044, the PCA
approximation gives the optimal value at 1.788 with x1 = 1, 9 = 0, x3 = 0, and

t=1.373.

e Choosing the component corresponding to the second largest eigenvalue 1.983, the
PCA approximation gives the optimal value at 1.3 with x1 = 0.7, x5 = 0.3, 3 =0,
and t = 1.3.

e Choosing the component corresponding to the smallest eigenvalue 0.973, the PCA
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approrimation gives the optimal value at 1.915 with x1 = 0.085, x5 = 0.915, x3 = 0,
and t = 1.915.

Example 1 shows that performing dimensionality reduction (i.e., from £ to &£,) using
the components with the largest variability may not produce a good optimal value from
the subsequent PCA approximation (i.e., an SDP) and it can be even worse than using
the component with the smallest variability. To solve this issue, we integrate the dimen-
sionality reduction with the subsequent approximation in the following sections, leading
to an optimized dimensionality reduction (ODR) approach. Correspondingly, we obtain
efficient lower and upper bounds in the following Sections 2.3-2.5 and more importantly,

the bounds can achieve the optimal value of the original Problem (2.3).

2.3 Lower Bound

We extend the dimensionality reduction method (i.e., PCA) in (2.5) by introducing a

decision variable B € B,,, := {B € R™™ | B'B =1,,,} € R™*™ such that
€ =UA2& + pu~UABE, + p, (2.9)

where B will be optimized in the subsequent PCA approximation, i.e., optimized di-
mensionality reduction. By (2.9), we project &; onto a subspace of R"*™ spanned by the
columns of B € B,,, and approximate &; by the projection B§,, instead of considering only
the random variables corresponding to the largest eigenvalues. When B = [0 tm } ,
(2.9) reduces to (2.5). Therefore, we would like to choose a good (even an opt(irry;;zﬁl)wlglto
obtain a better lower bound for Problem (2.3) than Problem (2.7). Unlike the existing
PCA approach that first reduces the dimension of the uncertainty space and then provides
approximations, our ODR method innovatively integrates dimensionality reduction with

the subsequent optimization problems. Such an integrated framework deviates from the

traditional dimensionality reduction method like PCA because we do not predetermine
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a low-dimensional space to consider in the subsequent optimization problem. Instead,
we linearly map the high-dimensional uncertainty space to a low-dimensional space while
such a mapping relationship (represented by the decision B) is carefully optimized to-

gether with the subsequent optimization problems.

Given any m; € [m] and B € B,,,, we obtain a relaxation of Problem (2.3) by
extending Problem (2.6). If the relaxation provides a lower bound for the optimal value
of Problem (2.3), then we may choose the best B € B,,, such that we obtain the largest
possible lower bound. Thus, we build the following integrated dimensionality reduction
and optimization problem:

Or(m;) = max min max Ep, [f (x, UA%BSr + u)} : (2.10)

BEBml xeX P.eDy,

where Dy, is defined in (2.6b) with

S, = {gr e R™

UAIBE, +p € S} . (2.11)

We will show that Problem (2.10) provides a lower bound for Problem (2.3) (see Theorem

1). Before presenting this theorem, we prepare the following two lemmas.

Lemma 1. When B € R™*™ | the following three constraints are equivalent: (i) L; IB }

mi

=0, (ii) BB' <1, and (i) B'B <X 1,,.

Lemma 1 shows that both BBT < 1,, and B'B < I,,,, can be reformulated as an SDP

B

constraint LI?,T } = 0. Although this SDP constraint has a high dimension at m +mq,

mi

it is very sparse and usually does not create additional computational challenges.

Lemma 2. For any matric V. € R"™" and symmetric matrices X € R™™ and Y €
R™™ we have: (i) If X =Y, then VXV = V'YV, (i) If n = m and V is invertible,
then X =Y is equivalent to VXV = VTYV.

Lemma 2 shows that a PSD matrix (e.g., X —Y) remains PSD if it is pre-multiplied by
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an arbitrary matrix with appropriate dimensions (e.g., V') and post-multiplied by this
arbitrary matrix’s transpose (e.g., V). Furthermore, if this arbitrary matrix is invertible,
then the original PSD matrix is equivalent to the matrix after the pre-multiplication and
post-multiplication. With Lemmas 1 and 2, we are now ready to present the following

theorem.

Theorem 1. The following three conclusions hold: (i) Problem (2.10) provides a lower
bound for the optimal value of Problem (2.3), i.e., Op(my) < Oum(m) for any my < m;
(i) the optimal value of Problem (2.10) is nondecreasing in my, i.e., Op(my) < Op(ms)
for any my < my < m; and (iii) when my = m, Problem (2.3) and Problem (2.10) have

the same optimal value, i.e., Op(m) = Oy (m).

Theorem 1 shows that we obtain a lower bound for the optimal value of Problem (2.3)
when reducing the dimensionality space of &; while optimizing the choice of B € B,,, in
Problem (2.10). When the reduced dimensionality (i.e., my) is higher, we obtain a better
lower bound. We maintain the optimal value of Problem (2.3) if the dimensionality space
is not reduced (i.e., m; = m). Note that the conclusions in Theorem 1 are similar to those
in Theorem 2 in Cheramin et al. (2022), both demonstrating the validity of dimensionality
reduction in solving the moment-based DRO problems. However, here by optimizing the
choice of B € B,,,, Problem (2.10) provides a better lower bound than Problem (2.6)
(i.e., the PCA approximation in Cheramin et al. 2022) does because the latter problem is
a special case of the former problem. More importantly, we may expect to close the gap
between O, (m;) and Oy (m) when we choose a small m;. To that end, we follow the PCA

approximation (2.7) to reformulate Problem (2.10) as the following SDP formulation:

Or(my) = max O(my,B), (2.12)

BeBm,
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where

O(my,B) :== min ¢(my,s,qr, Qr) (2.13a)
X,8,\,
ar,Qr

1 T T
X(k7X7S7Ak) % <qr+ (UAEB) ¢<k,X, )‘k))
s.t. T =0,
3 (qr + (UAEB) ¥ (k,x, )\k)) Q.
vk € [K], (2.13b)

x € X; X:{Al,...,)\K}, Ak GRZJF, Vk € [K]; q. € R™; Q, € R™*™ (2.13¢)

Now we would like to find an m; < m such that ©p(my) in Problem (2.12) is close
(even equal) to ©y(m) in Problem (2.4). Note that if O (m1) = Oy (m), then comparing
the SDP constraints between (2.4) and (2.12) shows that the rank of Q in the optimal
solution of Problem (2.4) can be smaller than m. Specifically, we are motivated to explore

the low-rank property of Problem (2.4) and obtain the following significant conclusion.

Theorem 2. Consider K < m and any optimal solution (x*,s*, X*,q*, Q*) of Problem
(2.4) with S, = s* — y2x*) — Ai'b — yp(x*) T + AT Ape for any k € [K]. We can
always construct another optimal solution (X*, 8*,3\*,(31,, Q') of Problem (2.4) such that
rank(Q') < K, q =V4, Q =VY V', and (UA%)T(ATAZ — yp(x*)) = Vg for any
k € [K], where Y1, € REXE Y, =0, V = [vy, Vk € [K]] € R™¥X with orthonormal

vectors v € R™, § € RE | and v, € RE for any k € [K] depend on the optimal solution

(X*7 S*7X 7q*7 Q*>‘

Proof. Proof. Note that the optimal solution (x*, s*, N q, Q") of Problem (2.4) leads to
the optimal value s*+7,1,,0Q*+,/71 [|q*||,. Based on this optimal solution, we construct a
feasible solution of Problem (2.4), denoted by (x', ¢/, 5\/, q’, Q') such that x' = x*, §' = s*,

%

andj\,:A.
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Now we construct the values of ¢’ and Q'. By constraints (2.4b), we have

T

S 1 (q* + (UA%)T (AT =y (x*))>

L (q* + (UA%)T (ATA; — u (X*))) Q

=0

Vk € [K]. (2.14)
We can equivalently rewrite (2.14) as
i\ T T 1\ T T T
48,Q* = <q* + (UAE) (ATX; - yk(x*))> (q* + (UA?) (ATA; - yk(x*))> ,Vk € [K];Q* = 0.
(2.15)

Note that, if Sy > 0 for any k € [K], then (2.14) is equivalent to (2.15) by Schur comple-
ment; otherwise, when Sy = 0 for some k € [K], we have (1/2)(q* + (UAY®)T(ATA; —
yr(x*))) = 0, by the definition of a PSD matrix. Thus, (2.14) is equivalent to Q* > 0,
ie., (2.15).

Note that K < m. Thus, through the Gram—Schmidt process, we can always construct
K orthonormal vectors v, € R™, Vk € [K], and K real vectors K, € RY| Vk € [K], such

that
i\ T
(Um) (ATAL = y(x")) = Vg, Wk € K], (2.16)

V = [vi, Vk € [K]] € R™K. We further extend V to [V, V] € R™™ with V € R™*(m=K)
such that all the column vectors of [V, V] can span the space of R™. As q* € R™, we can

find ko € RX and kg € R™ ¥ such that
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As Q* € R™™ we can then decompose Q* as

Y0 Y| [VT o ot o o
Q*: |:V V:| B :VY11V +VY21V +VY12V +VY22V 5
Y21 Y22 VT
(2.18)

where Y1, € REXK Y, € REX(m=K) Y, e R"FK)*XE and Yoy € R—E)x(m=—K) = Ag
Y11 Yo

-1
_ T
Q* = 0, we have [ ] =[v v] 'Qr {ET} = 0 by Lemma 2. By (2.15), (2.16),

Yor Y22
and (2.17), we have

4SkQ* >~ (VKIO + VRQ + Vl‘u':k) (VK,O + VR';O + Vli',k)—r y Vk € [K] (219)
By (2.18) and (2.19), we have

45, (VY VI + VY VI £ VY,V 4+ VY, VT =

(VK',O + \_/RO + Vlik) (VK/O + VR'JO + VK,k)T ,Vk € [K}
By Lemma 2, we further have

4SSV (VY VI + VY, VI + VY,V + VY, VIV

= VT (Vkog+ VR + Vk) (Vo + Vke + Vi)'V, VE € [K].  (2.20)
Because V'V =0, VIV =0, and V'V = I, constraints (2.20) become
45pY 11 = (ko + ki) (Ko + ki)', VE € [K]. (2.21)
Now we let ' = Vkg and Q' = VY1 V'. By (2.21) and Lemma 2, we have

48,Q =4S, VY11 V' = (VKo + Vkp) (VKo + Vi) |
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_ <q’ n (UA%)T (ATA;; _ yk(x*))> <q’ n (UA%)T (ATA; _ yk(x*)>>T WV € [K].

(2.22)

Comparing (2.4b) and (2.22), we have (x/, ¢, 5\,, qd, Q') is a feasible solution of Problem

(2.4) and the corresponding objective value is

$' +7ln e Q'+ V1 ldlly = 5"+ ln e Q"+ VA lla’]l,, (2.23)

where the inequality holds because (x/, s/, 5\/, q’, Q') is a feasible solution of Problem (2.4)

and Problem (2.4) is a minimization problem. Note that

. . 1 |Yu Yo |V
I, eQ = tr(Q") = tr {v v} Y
Y2l Y22 VT

Yll Y12 VT _
Y21 Y22 VT

Yll Y12
Y21 Y22
= IK o Y11 + Ime ° Y22 > IK [ ] Yll = tT(YH) = tT(YHVTV)

=tr(VY V') = tr(Q),

where the first equality holds by the definition of a matrix’s trace, the second equality
holds by (2.18), the third equality holds by the cyclic property of a matrix’s trace, the

-
fourth equality holds because KT} [V \7} = I,,, and the first inequality holds because

|:Y11 Yi2

v vy } = 0 and accordingly I,,_x ® Yo > 0. Meanwhile,

* * * \ 7 — T 7 — — T —
la*ll; =(a")" a" = (VKo + VRo) (Vo + Vi) = (K Ko + Rg Ro)
> kg ko = (Vo) (Vo) = () o = [ld][5,

where the second equality holds by (2.17), the third equality holds because V'V =

0, VIV=0, VIV =1Ig, VIV =1,_g, and the first inequality holds because & ko >
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0. Thus, we have

§ 4 ln e Q'+ v ], < 5" +72ln e Q"+ v [l (2.24)

Combining (2.23) and (2.24) leads to

S+ 7ln e Q'+ Vv ldll, = 5" +7elm e Q"+ V1l

which indicates that (x/, ¢/, 5\/, q’, Q') is also an optimal solution of Problem (2.4). Mean-
while, note that rank(Q’) = rank(VY; V') < min{rank(V),rank(Y1;)} < K, § = Ky,

and vy = Ky for any k € [K]. Thus, the proof is complete. [J

When K > m, we have rank(Q’) < m < K, thereby no need to consider this case in
Theorem 2. Note that K is the number of pieces formulating the piecewise linear function
f(x,€) and it is usually small for practical problems. For instance, in the CVaR and
newsvendor problems, we have K = 2 (see Example 1 and Section 2.7.1.1, respectively).
Thus, Theorem 2 shows that the rank of Q' that optimizes Problem (2.4), i.e., K, is usually
small. We then expect that for any m; € [m] and B € B,,,, the rank of the optimal Q, in
Problem (2.13) might also be no greater than K and hence small for practical problems.
With Problem (2.12), we then would like to choose a small m; > K and find a B € B,,,

such that ©p(m;) can be close to Oy (m).

We used to conjecture that the optimal value of Problem (2.12) equals that of Problem
(2.4) when m; > K. Most numerical experiments (see Section 2.7) show this conjecture
may be correct, while we also find a feasible solution of Problems (2.12) and (2.13) such
that the corresponding objective value is equal to the optimal value of the original Problem
(2.4) (see Theorem 9 in Appendix A.3.4). Nevertheless, we find an example to illustrate
that the optimal value of Problem (2.12) with m; = K can be strictly less than the opti-
mal value of Problem (2.4) (see Example 2 in Appendix A.3.5). Thus, while the optimized

dimensionality reduction maintains very high-quality solutions (mostly the optimal solu-
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tions as shown in our later numerical experiments in Section 2.7), we may still potentially
lose some useful information that achieves the optimal solution of the original problem.
To resolve this issue, we will also derive an upper bound and a new lower bound for the

optimal value of the original problem in the later sections.

Note that Problem (2.12) is a nonconvex optimization problem due to the max-min
operator. That is, we develop a low-dimensional nonconvex optimization technique to
solve the original high-dimensional SDP problem, which can be significantly difficult to
solve because of the large sizes of SDP matrices. To further efficiently solve Problem
(2.12), we first reformulate it into a bilinear SDP problem (see Proposition 2) under the

following assumption and then propose efficient algorithms (see Section 2.6) to solve it.

Assumption 2. The set X is convex with at least one interior point. More specifically, we
consider the convex set X in a generic SDP form: X = {x € R" | > (A;x;) + Ay = 0},

where A; € R™*7 is symmetric for any i € {0,1,...,n} and some 7 > 1.

We use a;;x +ay; (Vi € [7],j € [7]) to denote the elements of the matrix Y 7" | (A;z;) +
A, where a/; € R". We let y)(x) = wix +dj and y,(x) = (Wyx+dj, ..., wi'x+d]")" =
W;x + dj for any k € [K], where (wi)T € R" for any i € {0,1,...,m} and k € [K],
W, € R™*" for any k € [K], and dy € R™ for any k € [K]. The following proposition
holds.

Proposition 2. Under Assumption 2, Problem (2.12) has the same optimal value as the

following bilinear SDP formulation:

K T T

.
Or(my) = tril,gz Z (tkdg + (tkuT +p, <UA%B) ) dk> — Z Z zija?j (2.25a)

P, Vke[K], k=1 i=1 j=1
ZB
K K K
st 1= t=0, A1 — || D_pi|| =0, %ln, — Y Pp=0,(2.25b)
k=1 k=1 9 k=1
b (Ap—b)T +p] (UA%B)T AT <0, Vi € [K], (2.25¢)
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T T

K
Z (tkwg + <tkuT + pg (UA%B>T) Wk> — Z Z zija;; =0,

k=1 i=1 j=1
(2.25d)
t T
b PR 0, Vke[K], BIB=1,,, Z 0, (2.25¢)
P: Py

where p, € R™ (k € [K]), P, € R™>*™ (k€ [K]), Z € R™*", B € R™"™ and
zi; 15 the element of the matriz Z. In addition, Z is the dual variable of the constraint
Yo (Ax)+Ag = 0in X and Lt)}; i{] (Vk € [K]) are the dual variables of constraints
(2.13b).

Although solving Problem (2.25) may not achieve the optimal value of Problem (2.4),
Theorem 9 demonstrates that we are not far from our target to close the approximation
gap and motivates us to further develop an upper bound for the optimal value of Problem

(2.4) while closing the gap between them in the next section.

2.4 Upper Bound

Motivated by the benefits of introducing a decision variable B € B,,, in (2.9) to develop
an outer approximation, we develop an inner approximation for Problem (2.3) in this
section by relaxing the second-moment constraint in Dy; while optimizing the choice of
components in &; to be relaxed, leading to the best possible upper bound for the optimal
value of Problem (2.3). Specifically, given m; € [m], we build the following optimized

inner approximation of Problem (2.3):

Ou(my) = Brélziegl O(my,B), (2.26)
where
©(m,B) = {(Iél)t(l jnax Ep, [f (X, UA2& + u)] (2.27)
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with

]P)I (EI € SI) = 17 EPI [élT} EPI [EI] < §a!
EPI [BTSI ITB} = '72Im1

Dy(St,m,72) = { P (2.28)

The second-moment constraint in Dy is relaxed from Ep, [EIEIT] =< Y1,,, where we intro-
duce a decision variable B € B,,, to optimize such a relaxation of the ambiguity set,
leading to optimized dimensionality reduction over this second-moment constraint. In-
tuitively, the feasible region defined by the ambiguity set Dy is larger than that by Dy;.

Therefore, we have several conclusions based on this new ambiguity set Dy.

Theorem 3. The following three conclusions hold: (i) Problem (2.26) provides an upper
bound for the optimal value of Problem (2.3), i.e., Oy(my) > On(m) for any my < m;
(1) the optimal value of Problem (2.26) is nonincreasing in my, i.e., Oy(my) > Oy(ms)
for any my < mg < m; and (iii) when my; = m, Problem (2.26) and Problem (2.3) have

the same optimal value, i.e., Oy(m) = Oy (m).

Theorem 3 shows that Problem (2.26) provides a valid upper bound for the optimal
value of Problem (2.3), ©y(m), and the upper bound is closer to ©y;(m) if less information

is relaxed in Dy.

Proposition 3. Under Assumption 1, Problem (2.27) has the same optimal value as the

following SDP formulation:

O(my,B) = min  ¢(my,s,q,Q,) (2.29a)

X,8,A,

q,Q:,u

k.x, s A iuf
st | O e k). (2.20b)
%uk Qr
T

q+ (UA%) Wk, x, \) = Buy, Vk € [K], (2.29¢)
xe X, qeR", Q, e R™m>m (2.29d)

A={A, .. Ak}, A eRa={uy, ... ug},u € R™ Yk € [K].
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(2.29¢)

Proposition 3 shows that Problem (2.26) can be updated by replacing its inner opti-
mization Problem (2.27) with Problem (2.29). More importantly, Problem (2.26) becomes
a low-dimensional SDP formulation, which can be solved more efficiently than solving the
original high-dimensional formulation (2.4). With the updated Problem (2.26), we have

the following conclusion.

Theorem 4. Consider the optimal solution (x*, s*, 5\*, d', Q) of Problem (2.4), Sy (Vk €
(K]), V, 6, Y11, and vy, (Vk € [K]) that are defined in Theorem 2. If my > K, then
@U(ml) = @M(m)

Theorem 4 shows that when m; > K, the optimal value of Problem (2.26) is always
equal to the optimal value of the original problem, ©y(m). Specifically, when m; =
K, there exist optimal B = V and Q, = Yy; in Problem (2.26) such that Oy(m;) =
©(m4,V). Recall that K represents the number of pieces in the piecewise linear objective
function f(x,€&) and also determines the rank of the optimal Q in the original Problem
(2.4) (see Theorem 2). Thus, we can decompose an optimal Q with a rank of K into
VY, VT, where V € R™¥ gsuch that VTV = Ig and Y;; € REXX. In Problem (2.26),
when m; = K, we have B € R™¥ and Q, € RE*X in the subproblem (2.29), by which
constructing a solution with B =V and Q, = Y; shows that Oy (K) = Oy (m). Clearly,

such a tightness result also holds when m; > K by the monotonicity result in Theorem

3.

We may further interpret the insights as follows. Comparing the inner-approximation
Problem (2.26) and the original Problem (2.3), we can notice that they differ only in
the second-moment constraints in their ambiguity sets. When m; = K, we relax the
original second-moment constraint from Ep, [£,&]] < VoI, to BTEp [£,£] |B < v.Ix with
B € Bgi. That is, when such a relaxation is jointly optimized via the decision B with the

subsequent SDP reformulation, it eventually does not lead to a different optimal value.
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Specifically, under a worst-case distribution P} generated by solving Problem (2.3), we
have Ep: [£:&]] = 1oL, may be equivalent to B'Ep: [£,£ B < Ik, Such equivalence
largely depends on the low-rank property provided by Theorem 2, which states that the
rank of an optimal solution of Q of Problem (2.4) is not larger than K. Note that
the variable Q in Problem (2.4) is a dual variable with respect to the second-moment
constraint Ep [£,&]] = 7.l indicating that the rank of Ep: (€& ] may not be large.

More specifically, we have the following proposition holds.

Proposition 4. For any PSD matriz X € R™*™ such that rank(X) < m; < m, we have

the following equivalence holds:
X =<1, < (B'XB=1L,, VBEB,,).

Corollary 1. For any PSD matriz X € R™™ and rank(X) < my < m, there ezists a

B € B,,, such that X X 1,,, is equivalent to B'XB < L., .

In the context of solving Problem (2.3) and its inner-approximation Problem (2.26),
Proposition 4 and Corollary 1 show that there exist a worst-case distribution P} € Dy
such that the rank of Ep: [£,€]] is not larger than K and an optimal solution B* € B,,,
such that Ep: [£:&]] < 2L, is equivalent to (B*) "'Ep: [£,£]]B* < %Ik, As such, even
when we use a relaxed second-moment constraint, Problem (2.26) with m; > K does not

lose the optimality.

2.5 Lower Bound Revisited

Given that Problem (2.26) with m; = K maintains the optimal value of the original Prob-
lem (2.3), we can further perform dimensionality reduction based on Problem (2.26) as we
do in Section 2.3, thereby obtaining a new lower bound for the optimal value of Problem

(2.3). Specifically, we consider K < m and recall that By = {B € R™*X | BTB = Ig}.
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Given any m; € [K], we consider

min min max Ep, [f <X,UA%£I +p,>] (2.30)

BeBx xeX PieDie
with

Pi(&€S) =1, Er [6]]Er, & <m
Ez, [B{ & B1] < 70Ln,, Ee, [B3 &€& Ba] = 00k my)x(k—my)

Dro(S1,71,72) = { P

B = [B1,B;], B, € R™™ and B, € R™K=m1)  To obtain the above ambiguity set
Drs, we shrink the ambiguity set Dy of Problem (2.26) by replacing the second-moment
constraint Ep [BT&£] B] < vlIx with Ep [B]£,&/ By] < 1oL, and Ep [B] &£/ By] <
O(K —my)x (K —my)- The constraint Ep, [By &€ Ba] < 0(k _my)x (K —m,) implies that we project
the random vector &; to the space spanned by the columns of Bs and the second-moment
value of the projected random vector is fixed at 0. By doing so, we may slightly lose some
information to characterize the distribution P;, but we can obtain a formulation with an
even smaller size than Problem (2.26) and maintain high-quality solutions. Specifically,

the following theorem holds.

Theorem 5. Under Assumption 1, by dualizing the inner mazimization problem of Prob-

lem (2.30), we obtain the following SDP formulation:

Or2(mi) = miil ¢(m1, 5,9, Q) (2.31a)
q,Qf,f;’,h”,
B1,B2
k,x,s, A L)’
st X o () =0, Vk € [K], (2.31b)

N T
q+ (UA?) Wk, x, \) = By, + Bou!, Vk € [K], (2.31c)
x€X, q€R™ Q € R™™ (2.31d)

B, € R™™ B, ¢ R™E=m) B, By]"[By, By] = Ik,
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(2.31e)

A={A1,.. ., Ax}, M €RL, VE € [K], (2.31f)
ﬁ/:{u/b"'au/K}: u;celea VEk € [K]> (231g)
o ={uf,.. . uj}, ul e RE"™ vk ¢ [K]. (2.31h)

In addition, the following three conclusions hold: (i) Problem (2.31) provides a lower
bound for the optimal value of Problem (2.4), i.e., Ora(my) < Om(m) for any my < K;
(i) the optimal value of Problem (2.31) is nondecreasing in my, i.e., Ora(my) < Ora(msz)
for any my < my < K; and (i) when my; = K, Problem (2.31) and Problem (2.4) have

the same optimal value, i.e., Ora(K) = Op(m).

Recall that the lower bound provided by Problem (2.12) may not achieve the optimal
value of the original Problem (2.4) when reducing the dimensionality to K. However, the
new lower bound provided by Problem (2.31) achieves the optimal value of the original

problem when m; = K.

2.6 Efficient Algorithm

In Sections 2.3-2.5, we provide two outer approximations (i.e., Problems (2.25) and (2.31))
leading to lower bounds for the optimal value of Problem (2.3) and an inner approxima-
tion (i.e., Problem (2.26)) leading to an upper bound. Both Problems (2.26) and (2.31)
can achieve the same optimal value as the original problem when m; = K. Note that
the three approximations are low-dimensional bilinear SDP problems, which are noncon-
vex. It is hard to obtain the optimal solution of a bilinear SDP problem. To develop
computationally efficient algorithms for bilinear SDPs, we derive Alternating Direction
Method of Multipliers (ADMM) algorithms (Hajinezhad and Shi 2018, Wang et al. 2019,
Themelis and Patrinos 2020) to solve the three approximations (see Appendix A.6.1 for

more detailed reasons for choosing ADMM rather than other techniques). Meanwhile,
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it is important to note that our proposed algorithms are used to obtain a near-optimal
dimensionality reduction matrix B. Other solutions (e.g., x) returned by the ADMM al-
gorithm are not used here. Given this near-optimal B, we can solve the low-dimensional
SDP problems to retrieve the efficient lower and upper bounds for the original optimal

value (see details in Section 2.6.2).

Note that Problems (2.25), (2.26), and (2.31) share the following generic formulation:

B,x,ﬁkl}&}cl,lvke[fd g <X7 Ukt vk e [KD (232&)
s.t. (x,uy, g, Vk € [K]) €U, (2.32b)
B'B=1,,, (2.32¢)

where B € R™*™  u, € R™  q, € R™, Vk € [K], U is a convex set with at least one
interior point, and g(-) is a differentiable convex function. Note that constraints (2.32c)
and (2.32d) are bilinear constraints. We consider the following augmented Lagrangian
problem for Problem (2.32):

K

i X, uy, Uy, Vk € [K]) + I (i — Bu
o L L9058+ 32T 1 B
B; B, Vk€[K] =

K
Pk ||~ 2
+) 5 [t — Bugl,
k=1

(2.32b) — (2.320)}, (2.33)

where 3, € R™ (Vk € [K]) are Lagrangian multipliers and p;, > 0 (Vk € [K]) are the
penalty parameters. Thus, we design Algorithm 1 to solve Problem (2.33). Thereafter,
we use the superscript ¢ to denote the iteration step of Algorithm 1.

I,

In Algorithm 1, we initialize B? = [ } based on the PCA approximation in

O(m—m1)xm
Cheramin et al. (2022) and set 8% = 0 for any k € [K]. We terminate the iteration
when the improvement (regarding the relative gap) of the objective value is less than

10~*. In this algorithm, given B and 3, for any k € [K], Problem (2.33) becomes a low-
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Algorithm 1 ADMM for Problem (2.32)
Initialize: B°, 3%, Vk € [K]

Repeat: update (x, g, ug, Vk € [K]),B and B, (Vk € [K]) alternatingly by

Given B’ and @j, for any k € [K], solve Problem (2.33) to obtain the optimal solution
(Xa ﬁk) U, Vk € [KDH_l;

Given (x, iy, ug, Vk € [K])™ and 8L for any k € [K], solve Problem (2.33) to obtain
the optimal solution Bi*!;

(= B+ (87— B, Vi€ (K]

Until Convergence.

dimensional (i.e., m; + 1) SDP problem. Given (x, G, ug, 8;, Vk € [K]), Problem (2.33)
becomes a nonconvex optimization problem, while the following proposition shows that

it has an analytical optimal solution. Thus, Algorithm 1 can be performed efficiently.
Proposition 5. Given (x, U, ug, By, Vk € [K]), Problem (2.33) has an optimal solution
B* = UV", where Y1 (Byu] + priu] ) = USVT for U € R™™ 3 € R™*™  and

V € R™*™ by the singular value decomposition (SVD).

2.6.1 Convergence Analyses

We further analyze the convergence property of Algorithm 1 to ensure the dimension-
ality reduction solution B returned by this algorithm is near-optimal, i.e., a theoretical

guarantee. First, the following lemma holds.

Lemma 3. Given (x, 0z, uy, 8y, Vk € [K]), we have B* = UV (an optimal solution of

Problem (2.33)) is also an optimal solution of the following convex optimization problem:

K
max {Z (Bru;, + puu,) o B

B Rmel
€ k=1

B'B < Iml} : (2.34)

To the best of our knowledge, no proof of convergence exists for the proposed ADMM
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algorithm in our specific setting. Existing convergence results focus on different problem
settings. For instance, Hajinezhad and Shi (2018) employ the ADMM algorithm to solve a
general bilinear optimization problem. Similar to our approach, they penalize the linking
constraint and incorporate other constraints using an indicator function. However, in
their setting, all the constraints except the linking constraint are convex, whereas we
need to further deal with the nonconvex constraint B'B = I. In addition, Chen and
Goulart (2023) design an ADMM algorithm for diagonally constrained SDPs. Due to
such a specific structure, they can derive the analytical optimal solution at each step. In
contrast, the first step of our ADMM algorithm involves solving a general SDP problem

for which no analytical optimal solution can be obtained.

Next, we present the convergence properties of our proposed ADMM algorithm. We

let

LB, (x, 0, up, Vk € [K]), (B, Vk € [K])) =

K K
g <X7 ﬁ’mukaVk € [K]) + Zﬁ; (ﬁk - Buk) + Z % ”ﬁk - Buk”%?
k=1 k=1

and introduce the following assumption commonly used in the convergence analysis of

ADMM (Luo et al. 2008, Shen et al. 2014, Bertsekas 2014, Bai et al. 2021).

Assumption 3. Given any k € [K], the sequence {83} is bounded and > 2, ||B¢™" —

Bill3 < 0.

Because every bounded sequence has a convergent subsequence, we have
B — B, i — 00,i € I, Vk € [K], (2.35)

where {3 };c7 is a subsequence of {3:}. Meanwhile, under Assumption 3, by the update
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rule B, = 8L + pi (L — B ult), we have
- B = ph (e — Bt — 0, i — oo, Vk € [K].
Because pj, > 0 for any k € [K], we have

a;, — B'ul, — 0, i — oo, Yk € [K]. (2.36)

We are now ready to state the convergence theorem of Algorithm 1 as follows.

Theorem 6. Let (B*,x*, u},u;,Vk € [K]) be any accumulation point of the sequence {B,
x', ui,ul, Vk € [K|} generated by Algorithm 1. Then, (B*, x*, 0}, uf,Vk € [K]) satisfies

the first-order stationary conditions of Problem (2.32).

Note that one sufficient condition to ensure the existence of the accumulation point is
that, at each iteration step i + 1, given B’ and (8}, Vk € [K]) obtained from the previous
iteration 7, the optimal solution of the following problem is bounded:

min  {L£ (B, (x, 0y, u, Vk € [K]), (8;,Vk € [K])) | (2.32b)}. (2.37)

x,ﬁk,uk,VkE[K]

This implies that, at iteration step ¢ + 1, the optimal solution of Problem (2.37), i.e.,
(x, g, ug, Vk € [K])™, is bounded. By Assumption 3, the sequence {3} } is also bounded.
It follows that B! is also bounded because B*! depends on B, u}'', and G, by
Proposition 5. Therefore, the bounded sequence {B’ x’ 0}, ul,Vk € [K]} must have

accumulation points.

2.6.2 Quality of the Dimensionality Reduction Solution B

Although the optimal value of our proposed three approximations can provide efficient

lower or upper bounds for the original optimal value, our derived ADMM algorithms may
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not produce an optimal solution for each corresponding approximation problem because
all three approximations are nonconvex problems. Therefore, it is important to recover
the efficient lower or upper bounds using the dimensionality reduction solution BAPMM
returned by the ADMM algorithms. Clearly, a better dimensionality reduction solution
BAPMM Jeads to a better lower or upper bound. Thus, we focus on the near-optimal di-
mensionality reduction solution BAPMM that solving these outer and inner approximations
can produce, rather than the solution of x that the ADMM algorithm returns. Specifi-
cally, we use this BAPMM to recover the lower or upper bound for the optimal value of

Problem (2.3) as follows.

e For Problem (2.25) (the first outer approximation), given the BAPMM

returned by
the ADMM algorithm, we solve the low-dimensional SDP problem (2.13) to retrieve

the lower bound.

e For Problem (2.26) (the inner approximation), given the BAPMM returned by the
ADMM algorithm, we solve the low-dimensional SDP problem (2.29) to retrieve the

upper bound.

e For Problem (2.31) (the second outer approximation), given the [By, By]APMM re-

turned by the ADMM algorithm, we solve the low-dimensional SDP problem (2.13)

to retrieve the lower bound.

Note that for Problem (2.31), given the [By, BoJAPMM returned by the ADMM algorithm,
solving the subproblem of Problem (2.31) may not provide a lower bound for the original
optimal value. Therefore, to recover a lower bound, we solve the low-dimensional SDP

problem (2.13) to retrieve the lower bound.

In addition, we can measure the quality of the BAPMM by deriving a theoretical interval

in which the optimal value of Problem (2.3) is located via the following proposition.

Proposition 6. Given any my € [m] and B’ € B,,,, we use (X*,s*,j\*,qj,Q;‘) to de-

note an optimal solution of Problem (2.13). Let P = 2521(72/4)1,71 e M, and S =
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min{Sy, Vk € [K]}, where

M, = (B’q;f + (UA%)T (AT — yk(x*))> (B’q;* + (UAi)T (ATX; - yk(X*)))T,

Sk =" —yp(x") = A" — y(x) "+ N Ap, VE € [K].
We have

On(m) — O(my, B') < ZI(VP — S < 0) + (2VP — S)I(VP — S > 0).

»| o

Given any feasible B’ € B,,,, solving the low-dimensional SDP problem (2.13) to

obtain (x*, s*, 5\*, ql, Q) is efficient. Thus, by solving an easy problem, we can obtain

T

a theoretical lower bound ©(m,, B’) and upper bound ©(my,B’) + (P/S)I(vP — S <
0) + (2v/P — S)I(v/P — S > 0) for the original Problem (2.3) and quantify the gap
between them in Proposition 6. More specifically, we can obtain their theoretical relative
gap (denoted by “Theoretical Gap”) as follows:

PI(VP - S <0)+ (2VP - S)I(VP - S > 0)
|©(m1, BY)|

Theoretical Gap = x 100%.  (2.38)

Note that this theoretical gap can be applied to all the three proposed approximations
(i.e., Problems (2.25), (2.26), and (2.31)) because the theoretical gap can be calculated

for any B’ € B,,, and all three approximations can yield a high-quality dimensionality re-

BADMM BADMM)TBADMM =1

duction matrix satisfying ( m, by using our proposed ADMM

algorithm.

Proposition 6 implies that a better BAPMM returned by our proposed ADMM algo-
rithms leads to a tighter theoretical gap. Note that our proposed three approximations
provide efficient lower and upper bounds for the original Problem (2.3) and two of them
are exact when we reduce the dimensionality of the uncertain space from m to m; = K

(see Theorems 4 and 5). Thus, we expect to have a very high-quality dimensionality
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reduction solution BAPMM returned by our ADMM algorithms, thereby implying a high-
quality theoretical gap (2.38). Our numerical results in Section 2.7.2 show that such a

theoretical gap is usually less than 5%.

2.7 Numerical Experiments

We perform extensive numerical experiments to demonstrate the effectiveness of our ODR
approach in solving two moment-based DRO problems: multiproduct newsvendor and
production-transportation problems. The mathematical models are implemented in MAT-
LAB R2022a (ver. 9.12) by the modeling language CVX (ver. 2.2) and solved by the
Mosek solver (ver. 9.3.20) on a PC with 64-bit Windows Operating System, an Intel(R)
Xeon(R) W-2195 CPU @ 2.30GHz processor, and a 128 GB of memory. The time limit
for each run is set at two hours. In Section 2.7.1, we specify the proposed inner and outer
approximations under the ODR approach in the context of the multiproduct newsvendor
and production-transportation problems. In Section 2.7.2, we report and analyze all the
numerical results. All the data instances and source code can be found in Jiang et al.

(2025a).

2.7.1 Numerical Setup
2.7.1.1 Multiproduct Newsvendor Problem

In the deterministic multiproduct newsvendor problem (Cheramin et al. 2022), we consider

m products and the demand for each product i € [m] is §. Given the wholesale, retail,

m

and salvage prices: ¢ € R,

v € RT, and g € R, respectively, we decide an ordering

amount x € R’ to minimize the total cost
fx,86) =max{(c—v) x (c—g) x+(g—v) €}
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Note that this piecewise linear function f(x, &) has only two pieces, i.e., K = 2. When

the demand & is uncertain and its probability distribution belongs to a distributional

ambiguity set Dyjp as defined in Section 2.2, we obtain the following DRO counterpart:
min max Ep [max {(c — v)T X, (¢ — g)T x+ (g — V)T EH : (2.39)
x>0 PEDwo ’

We can apply Proposition 1 to reformulate Problem (2.39) and the proposed inner and

outer approximations (i.e., Problems (2.25), (2.26), and (2.31)) to approximate it (see

details in Appendix A.7.1).

When the dimension m of £ is large, the original SDP reformulation of Problem (2.39)
(i.e., Problem (A.64)) becomes very difficult to solve because of the large-scale SDP
constraints. Nevertheless, our approximations under the ODR, approach (i.e., Problems
(A.65)—(A.67)) have SDP matrices with very small sizes (e.g., K +1 = 3), largely reducing

the computational burden while maintaining the solution quality.

2.7.1.2 Production-Transportation Problem (Bertsimas et al. 2010)

The deterministic production-transportation problem considers GG suppliers, each with
normalized capacity one, and H customers, each with demand d; (Vj € [H]) such that
E]H:l d; < G. Supplier i € [G] produces z; goods with unit production cost ¢; and
delivers z;; goods to customer j € [H| with unit transportation cost &;;, thereby satisfying

all customer demands and minimizing the total cost. We can formulate this problem as

follows:
min ¢ x+€&'z (2.40a)
st.  0<uz; <1, Vield], (2.40b)

G H
ZZU = dj,Vj € [H]?ZZU = .CEZ,VZ € [G},Zij 2 O,VZ € [G],j € [H],(240C)
i=1 j=1
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where € = (§;, Vi € [G], j € [H])" and z; = (25, Vi € [G], j € [H])". Following
the same setting in Bertsimas et al. (2010), we consider £ is random and its probability
distribution P belongs to Dyg. Thus, we can derive the two-stage DRO counterpart:

min {ch+ max Ep [ (Q (x,€))] ’ (2.40b)}, (2.41)

PEDwmo

where U(Q(x,§)) = maxgex{arQ(x, &) + Bi} is a convex nondecreasing disutility func-
tion that incorporates risk attitudes into the second-stage cost and Q(x, &) = min,{£ 'z |
(2.40c)}. We can reformulate Problem (2.41) into an SDP problem and apply our inner

and outer approximations to approximate it (see details in Appendix A.7.2).

When the dimension GH of £ is large, the original SDP reformulation of Problem (2.41)
(i.e., Problem (A.68)) becomes very difficult to solve due to the high-dimensional SDP
constraints, while our approximations (i.e., Problems (A.70)—(A.72)) have SDP matrices

with very small sizes (e.g., K + 1) and can be solved efficiently.

2.7.2 Numerical Results

We compare the performance of our ODR approach (that provides two lower bounds and
one upper bound) with three benchmark approaches: (i) the Mosek solver with default
settings, which can provide the optimal value of the original problem; (ii) the low-rank
algorithm proposed by Burer and Monteiro (2003) to solve the SDP reformulation of the
original problem, i.e., Problem (2.4), generating a lower bound for the optimal value of
Problem (2.4); and (iii) the existing PCA approximation proposed by Cheramin et al.
(2022), generating PCA-based lower and upper bounds. For the third benchmark, we
consider the reduced dimension m; € {100% x dim(&), 80% x dim(&), 60% x dim(&), 40% x
dim(&),20% x dim(&), K}, where dim(&) represents the dimension of the random vector
&, Note that K = 2 in the multiproduct newsvendor problem. For the production-

transportation problem, we consider K € {5,10,15}. Our proposed inner and outer
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approximations under the ODR approach are solved using Algorithm 1, providing near-
optimal B* and recovering valid lower and upper bounds (see Section 2.6.2). For all
instances, through tuning a range of values, we set the initial Lagrangian multipliers

(B, Vk € [K]) to 0 and the penalty parameters (px, Vk € [K]) to 200 in Algorithm 1.

2.7.2.1 Instance Generation and Table Header Description

We consider various instances of the multiproduct newsvendor and production-transportation
problems. In the multiproduct newsvendor problem, the mean and standard deviation of

& are randomly generated from the intervals [0, 10] and [1, 2], respectively. We further gen-
erate a correlation matrix randomly using the MATLAB function “gallery(‘randcorr’,n)”
and then convert it to a covariance matrix. We follow Xu et al. (2018) to set the wholesale,
retail, and savage prices as ¢; = 0.1(5+i—1), v; = 0.15(5+i—1), and g; = 0.05(5+i—1) for
any i € [m], respectively. Meanwhile, we consider m € {100, 200, 400, 800, 1200, 1600, 2000}

in this problem.

In the production-transportation problem, we follow Bertsimas et al. (2010) to ran-
domly generate the locations of G suppliers and H customers from a unit square and
use &;; to measure the distance between supplier i € [G] and customer j € [H]. For any
i € [G] and j € [H], we generate 10,000 samples of &; from the interval [0.5;;, 1.5;;] and
use them to estimate the mean, standard deviation, and covariance matrix of €. Using
vo denoting the average transportation cost, we then generate production cost ¢; and de-
mand d; uniformly on the intervals [0.570, 1.57] and [0.5G/H, G/ H], respectively, for any
i € [G] and j € [H]|. The disutility function U(x) = 0.25(e** — 1) and is approximated by
a piecewise-linear function with K equidistant segments on the interval [0, 1]. Meanwhile,

we consider (G, H) € {(4,25), (5,20), (5,40), (8,25), (10, 40), (20, 30), (20, 40)}.

For any given value of m in the multiproduct newsvendor problem or (G, H) in the
production-transportation problem, we randomly generate five instances and report the

average performance in Tables 2.1-2.4. Here we describe several table headers that are
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shared by these tables. We use “Mosek” and “Low-rank” to represent the performance of
the Mosek solver and the low-rank algorithm (Burer and Monteiro 2003), respectively. The
abbreviations “LB,” “UB,” and “RLB” represent lower, upper, and revisited lower bounds,
respectively. Specifically, the labels “ODR-LB,” “ODR-UB,” and “ODR-RLB” denote the
lower-bound performance after solving the first outer approximation (2.25) with m; = K,
the upper-bound performance after solving the inner approximation (2.26) with m; = K,
and the other lower-bound performance after solving the second outer approximation
(2.31) with m; = K, respectively. Note that using the dimensionality reduction solution
B given by our proposed ADMM algorithms after solving each approximation, we retrieve
the corresponding lower or upper bound following the recovery process described in Section
2.6.2. We use “PCA-100%,” “PCA-80%,” “PCA-60%,” “PCA-40%,” “PCA-20%,” and
“PCA-K” to denote the performance of the PCA approximation by Cheramin et al.
(2022) when the reduced dimension m; equals 100% x dim(§), 80% x dim(&), 60% x dim(§),
40% x dim(&), 20% x dim(&), and K, respectively. For instance, “PCA-20%" and “PCA-2”
in Table 2.1 denote the performance of the case when m; = 20%xdim(§) and m; = K = 2,

respectively.

In all the tables, we use “Size” to represent the value of m in the multiproduct newsven-
dor problem or (G, H) in the production-transportation problem and “Time” to represent
the computational time in seconds required to solve each instance. Note that following the
recovery process described in Section 2.6.2, the computational time includes two parts.
The first part is the time spent using the ADMM algorithm to solve an approximation
problem. The second part is the time spent solving the lower- or upper-bound subprob-
lem. The lower-bound subproblem (2.13) and the upper-bound subproblem (2.29) are
low-dimensional SDP problems. In all our computational experiments, the time spent on
the second part is less than 1% of the time spent on the first part. Therefore, we report
the total time without separately distinguishing between the two parts. We use “Gapl”

(resp. “Gap2”) to represent the relative gap in percentage between a lower (resp. an
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upper) bound and the optimal value provided by the Mosek solver. That is,

optimal value — lower bound upper bound — optimal value

Gapl = x 100%, Gap2 = x 100%.

|optimal value| |optimal valuel

We further use “Interval Gap” to represent the relative gap in percentage between a lower

bound and an upper bound, i.e.,

upper bound — lower bound

Interval Gap = x 100%. (2.42)

|upper bound]|

Specifically, for both the ODR approach and the low-rank algorithm, we take the objective
value of “ODR-UB” as the value of “upper bound” in (2.42). For the PCA approximation
approach, the value of “upper bound” in (2.42) is provided by this approach itself. The

value of the “Theoretical Gap” for each instance is defined in (2.38).

To further illustrate how to calculate the “Interval Gap,” we consider the “Interval
Gap” in the row “ODR-LB” of Table 2.1 as an example. We first use our ADMM algo-
rithm to solve the first outer approximation, i.e., Problem (2.25), and record the obtained
dimensionality reduction solution BYB. Given this B* we solve Problem (2.13) and
obtain ©(m;, B¥®), which is a lower bound. We then use the ADMM algorithm to solve
the inner approximation, i.e., Problem (2.26), and record BVB. Given this BUB, we solve
Problem (2.29) and obtain ©(m;, BVB), which is an upper bound. Thus, we calculate the

“Interval Gap” by (©(my, BUB) — ©(my, B*®))/|0(m, BVB)| x 100%.

Finally, we use “-” to represent that no result can be obtained within the time limit
(i.e., two hours). For instance, the Mosek solver cannot solve the original problem to the

optimality within two hours for the newsvendor problem with m > 400. Hence, we cannot

obtain the value of “Gapl” for the “Mosek,” “ODR-LB,” and “ODR-RLB” approaches.
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Table 2.1: Average Performance on the Newsvendor Problem

Size (m) 100 | 200 400 800 1200 | 1600 | 2000
Mosek Time (secs) 13.02 | 363.54 - - - - -
Gapl (%) 2.52 1.79 - - - - -
Low-rank Time (secs) 0.26 | 0.80 5.46 47.34 | 110.33 | 309.00 | 825.62
Interval Gap (%) | 427 | 3.66 | 267 2.32 2.28 2.36 | 2.52
Gapl (%) 0.09 | 0.00 - - - - -
ODR-LB Time (secs) 0.77 | 0.78 0.83 0.85 1.13 2.01 2.54
Interval Gap (%) | 1.81 | 1.83 | 1.44 1.44 1.56 173 | 1.96
Theoretical Gap (%) | 2.73 | 3.27 | 247 3.15 4.28 291 | 3.58
Gapl (%) 0.03 | 0.03 - - - - -
ODR-RLB Time (secs) 1.95 | 2.60 4.33 9.75 20.83 | 38.36 | 56.68
Interval Gap (%) | 1.74 | 1.86 | 1.46 1.46 1.56 178 | 1.98
Theoretical Gap (%) | 1.92 | 2.36 | 1.27 2.44 1.90 301 | 258
ODR.UB Gap2 (%) 1.68 | 1.80 - - - - -
Time (secs) 1.95 2.60 4.33 9.75 20.83 38.36 56.68
Theoretical Gap (%) | 1.92 | 2.36 | 1.27 2.44 1.90 301 | 258
Gapl (%) 0.00 | 0.00 - - - - -
Time (secs) 13.04 | 361.54 - - - - -
PCA-100% Gap2 (%) 0.00 | 0.00 ; - ; . .
Time (secs) 12.99 | 361.91 - - - - -
Interval Gap (%) 0.00 0.00 - - - - -
Gapl (%) 0.50 | 0.31 - - - - -
Time (secs) 5.05 | 120.72 | 3348.00 - - - -
PCA-80% Gap2 (%) 1223 | 1113 | - - - . .
Time (secs) 7.77 | 155.39 | 4793.72 - - - -
Interval Gap (%) 14.54 | 12.90 | 13.57 - - - -
Gapl (%) 0.98 | 0.73 - - - - -
Time (secs) 1.44 | 28.73 | 785.63 - - - -
PCA-60% Gap2 (%) 93.33 | 24.07 - - - - .
Time (secs) 229 | 44.28 | 1196.98 - - - -
Interval Gap (%) 31.76 | 32.79 | 31.87 - - - -
Gapl (%) 169 | 1.20 - - - - -
Time (secs) 0.39 | 521 | 125.43 | 3351.00 - - -
PCA-40% Gap2 (%) 35.79 | 35.94 | - - - . .
Time (secs) 0.57 8.03 | 177.96 | 5237.40 - - -
Interval Gap (%) 58.50 | 58.26 | 56.45 57.18 - - -
Gapl (%) 271 | 1.90 - - - - -
Time (secs) 0.15 0.43 6.49 136.97 | 971.60 | 3546.30 -
PCA-20% Gap2 (%) 47.92 | 48.19 ; - - ; ;
Time (secs) 017 | 0.60 | 925 | 203.97 | 1340.46 | 4940.28 | -
Interval Gap (%) | 97.74 | 84.05 | 90.65 | 93.17 | 92.38 | 94.27 -
Gapl (%) 426 | 3.24 - - - - -
Time (secs) 011 | 012 | 0.13 0.20 0.26 0.36 | 0.50
PCA-2 Gap2 (%) 57.60 | 59.25 . - - .
Time (secs) 0.13 0.14 0.16 0.22 0.32 0.46 0.60
Interval Gap (%) | 147.12 | 154.40 | 141.39 | 149.18 | 146.92 | 150.96 | 153.57

46




Table 2.2: Average Performance on the Production-Transportation Problem with K =5

Size (G, H)) (4,25) | (5,20) | (5,40) | (8,25) | (10,40) | (20,30) | (20,40)
Mosek Time (secs) 56.04 | 70.10 | 1524.45 | 1612.68 - - -
Gapl (%) 3.69 | 417 | 294 3.42 - - -
Low-rank Time (secs) 14.87 | 1528 | 44.82 | 41.34 | 192.21 | 710.28 | 1678.21
Interval Gap (%) | 3.69 | 417 | 2.94 3.42 544 | 412 5.93
Gapl (%) 0.14 | 034 | 022 0.29 - - -
ODR.LB Time (secs) 403 | 363 | 6.01 482 | 1241 | 25.03 | 57.79
Interval Gap (%) | 0.15 | 0.34 | 0.43 0.29 0.52 0.55 0.51
Theoretical Gap (%) | 1.24 1.07 4.91 0.77 2.71 1.25 1.09
Gapl (%) 001 | 0.02 | 001 0.00 - - -
ODR.RLB Time (secs) 542 | 536 | 2240 | 20.86 | 123.64 | 330.29 | 665.43
Interval Gap (%) | 0.02 | 0.02 | 0.01 0.01 0.00 0.00 0.00
Theoretical Gap (%) | 1.13 | 1.17 | 1.80 0.81 1.22 1.92 1.32
Gap2 (%) 0.0l | 0.01 | 0.00 0.00 - - -
ODR-UB Time (secs) 548 | 532 | 2241 | 20.86 | 123.48 | 329.95 | 665.35
Theoretical Gap (%) | 1.13 | 1.17 | 1.80 0.81 1.22 1.92 1.32
Gapl (%) 0.00 | 0.00 | 0.00 0.00 - - -
Time (secs) 56.74 | 68.76 | 1521.32 | 1612.94 | - - -
PCA-100% Gap2 (%) 0.00 | 0.00 | 0.00 | 0.00 ; - -
Time (secs) 55.49 | 68.49 | 1521.04 | 1611.67 | - - -
Interval Gap (%) | 0.00 | 0.00 | 0.00 0.00 - - -
Gapl (%) 052 | 099 | 033 1.50 - - -
Time (secs) 23.41 | 27.68 | 589.74 | 625.65 - - -
PCA-80% Gap2 (%) 331 | 218 | 115 | 276 - - -
Time (secs) 29.33 | 31.20 | 657.78 | 639.09 - - -
Interval Gap (%) | 3.63 | 3.08 | 1.44 | 4.12 - - -
Gapl (%) 160 | 261 | 1.26 3.41 - - -
Time (secs) 8.54 | 841 | 143.60 | 115.54 | 3087.98 - -
PCA-60% Gap2 (%) 9.02 | 7.33 | 345 | 862 ; ; ;
Time (secs) 0.04 | 8.88 | 158.95 | 152.21 | 3484.45 - -
Interval Gap (%) 9.50 | 9.17 4.36 11.04 4.85 - -
Gapl (%) 375 | 423 | 233 | 4.00 - - -
Time (secs) 218 | 211 | 30.80 | 2344 | 512.53 | 3004.06 | -
PCA-40% Gap2 (%) 1405 | 1158 | 657 | 9.96 - - -
Time (secs) 2.61 | 237 | 37.08 | 30.60 | 633.00 | 3149.11 -
Interval Gap (%) | 1542 | 14.04 | 7.94 | 12.66 | 8.52 5.05 -
Gapl (%) 445 | 541 | 359 | 4.16 - - -
Time (secs) 074 | 069 | 621 559 | 38.03 | 205.25 | 741.71
PCA-20% Gap2 (%) 17.07 | 12.66 | 9.25 | 10.08 ; . -
Time (secs) 111 | 101 | 7.31 6.26 | 64.54 | 276.63 | 883.55
Interval Gap (%) | 18.35 | 15.95 | 11.32 | 1291 | 9.39 5.22 485
Gapl (%) 535 | 573 | 455 | 4.39 - - -
Time (secs) 038 | 036 | 0.52 0.45 0.66 0.79 1.00
PCA-5 Gap2 (%) 17.99 | 15.35 | 1271 | 10.08 - . .
Time (secs) 0.78 | 0.72 2.35 2.08 10.41 27.98 68.39
Interval Gap (%) | 19.76 | 18.26 | 15.15 | 13.12 | 9.69 5.48 5.14
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Table 2.3: Average Performance on the Production-Transportation Problem with K = 10

Size (G, H)) (4.25) | (5.20) | (5.40) | (8,25) | (10,40) | (20,30) | (20,40)
Mosek Time (secs) 115.52 | 103.52 | 2866.54 | 2857.47 - - -
Gapl (%) 341 | 392 | 321 | 4.08 - - -
Low-rank Time (secs) 17.67 | 1841 | 56.22 | 54.17 | 227.71 | 929.00 | 1907.28
Interval Gap (%) | 341 | 3.92 | 321 | 408 | 527 6.2 4.62
Gapl (%) 012 | 019 | 013 | 025 - - -
ODR.LE Time (secs) 6.65 | 641 | 1111 | 10.31 | 3142 | 6141 | 13110
Interval Gap (%) | 0.12 | 019 | 013 | 025 | 022 | 019 | 025
Theoretical Gap (%) | 1.78 1.97 2.96 1.19 2.10 1.49 1.22
Gapl (%) 0.00 | 0.00 | 000 | 0.00 - - -
ODR.RLB Time (secs) 1122 | 1065 | 40.34 | 3295 | 122.54 | 342.80 | 748.11
Interval Gap (%) | 0.00 | 0.00 | 000 | 000 | 000 | 000 | 000
Theoretical Gap (%) | 1.86 | 227 | 174 | 122 | 210 | 1.39 | 230
Gap2 (%) 0.00 | 0.00 | 000 | 0.00 - - -
ODR-UB Time (secs) 11.14 | 10.69 | 40.28 | 32.92 | 122.48 | 344.10 | 747.90
Theoretical Gap (%) | 1.86 | 227 | 174 | 122 | 210 | 1.39 | 230
Gapl (%) 0.00 | 0.00 | 000 | 0.00 - - -
Time (secs) 115.74 | 102.90 | 2852.43 | 2851.00 | - - -
PCA-100% Gap2 (%) 0.00 | 000 | 000 | 0.00 - - -
Time (secs) 116.32 | 103.70 | 2853.10 | 2859.01 | - - -
Interval Gap (%) | 0.00 | 0.00 | 0.00 | 0.00 - - -
Gapl (%) 047 | 039 | 038 | 058 - - -
Time (secs) 52.31 | 50.48 | 1101.61 | 979.90 - - -
PCA-80% Gap2 (%) 0.04 | 004 | 002 | 002 ; - -
Time (secs) 58.12 | 58.88 | 1392.67 | 1364.82 - - -
Interval Gap (%) 0.51 0.42 0.40 0.61 - - -
Gapl (%) 154 | 139 | 098 | 157 - - -
Time (secs) 14.48 | 1554 | 270.80 | 240.40 | 4182.33 | - -
PCA-60% Gap2 (%) 0.96 | 034 | 034 | 040 - - -
Time (secs) 19.64 | 20.83 | 455.00 | 440.12 | 4582.31 | - -
Interval Gap (%) | 2.46 | 172 | 1.32 | 195 | 261 - -
Gapl (%) 230 | 231 | 176 | 218 - - -
Time (secs) 419 | 4.04 | 5367 | 4522 | 831.61 | 4312.63 | -
PCA-40% Gap2 (%) 1.85 | 1.63 | 1.10 | 0.77 - - -
Time (secs) 6.19 | 596 | 94.74 | 97.70 | 931.48 | 4792.10 | -
Interval Gap (%) | 4.05 | 387 | 281 | 292 | 501 | 4.95 -
Gapl (%) 208 | 320 | 226 | 2.39 - - -
Time (secs) 226 | 1.91 | 772 | 7.02 | 52.34 | 361.81 | 1038.72
PCA-20% Gap2 (%) 224 | 244 | 171 | 107 - - -
Time (secs) 3.83 3.52 18.70 18.07 71.38 | 428.93 | 1391.25
Interval Gap (%) | 5.00 | 549 | 390 | 342 | 621 | 548 | 4.29
Gapl (%) 336 | 326 | 240 | 253 - - -
Time (secs) 083 | 076 | 119 | 1.00 | 201 | 195 | 254
PCA-10 Gap2 (%) 251 | 248 | 209 | 1.11 - - -
Time (secs) 193 | 181 | 712 | 597 | 2115 | 4362 | 79.15
Interval Gap (%) | 572 | 559 | 440 | 3.60 | 636 | 728 | 6.04
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Table 2.4: Average Performance on the Production-Transportation Problem with K = 15

Size (G, H)) (4.25) | (5.20) | (5.40) | (8,25) | (10,40) | (20,30) | (20,40)
Mosek Time (secs) 154.22 | 159.12 | 4004.18 | 4099.14 - - -
Gapl (%) 451 | 352 | 406 | 591 - - -
Low-rank Time (secs) 2173 | 28.14 | 74.20 | 62.18 | 331.01 | 1124.41 | 2271.82
Interval Gap (%) | 4.51 | 352 | 406 | 591 | 422 | 511 | 483
Gapl (%) 0.05 | 010 | 012 | 015 - - -
ODR.LE Time (secs) 13.92 | 1656 | 22.11 | 26.16 | 43.02 | 80.51 | 168.90
Interval Gap (%) | 0.05 | 010 | 012 | 015 | 011 | 013 | 0.09
Theoretical Gap (%) | 4.69 | 522 | 557 | 638 | 320 | 441 | 3.95
Gapl (%) 0.00 | 0.00 | 000 | 0.00 - - -
ODR.RLB Time (secs) 22.60 | 21.45 | 77.18 | 63.99 | 241.03 | 689.24 | 1550.21
Interval Gap (%) | 0.00 | 0.00 | 000 | 000 | 000 | 000 | 000
Theoretical Gap (%) | 1.38 | 2.61 | 179 | 173 | 214 | 1.94 | 2.25
Gap2 (%) 0.00 | 0.00 | 000 | 0.00 - - -
ODR-UB Time (secs) 22.61 | 21.44 | 76.99 | 64.08 | 149.21 | 401.63 | 878.68
Theoretical Gap (%) | 1.38 | 2.61 | 179 | 173 | 214 | 1.94 | 2.25
Gapl (%) 0.00 | 0.00 | 000 | 0.00 - - -
Time (secs) 154.64 | 158.67 | 4024.62 | 4095.91 | - - -
PCA-100% Gap2 (%) 0.00 | 000 | 000 | 0.00 - - -
Time (secs) 156.32 | 155.64 | 4050.04 | 4050.01 | - - -
Interval Gap (%) | 0.00 | 0.00 | 0.00 | 0.00 - - -
Gapl (%) 047 | 053 | 062 | 058 - - -
Time (secs) 68.31 | 69.22 | 1439.48 | 1428.65 | - - -
PCA-80% Gap2 (%) 0.04 | 006 | 015 | 008 ; - -
Time (secs) 79.55 | 80.20 | 2120.31 | 2146.05 - - -
Interval Gap (%) 0.51 0.57 0.75 0.62 - - -
Gapl (%) 095 | 1.13 | 1.28 | 125 ] - -
Time (secs) 92,50 | 25.11 | 411.27 | 398.64 - - -
PCA-60% Gap2 (%) 022 | 031 | 047 | 062 - - -
Time (secs) 33.28 | 38.11 | 658.16 | 624.21 - - -
Interval Gap (%) 1.17 1.40 1.74 1.85 - - -
Gapl (%) 1.68 | 1.67 | 178 | 181 - - -
Time (secs) 6.61 | 853 | 81.20 | 80.88 |1553.12| - -
PCA-40% Gap2 (%) 1.65 | 258 | 254 | 1.96 - - -
Time (secs) 1021 | 12.37 | 137.98 | 155.84 | 2206.17 | - -
Interval Gap (%) 3.23 4.27 4.31 3.76 4.53 - -
Gapl (%) 222 | 301 | 209 | 1.91 - - -
Time (secs) 474 | 498 | 1321 | 14.20 | 81.28 | 375.81 | 1671.21
PCA-20% Gap2 (%) 3.07 | 361 | 208 | 248 - - -
Time (secs) 9.24 | 819 | 27.26 | 28.79 | 124.04 | 496.38 | 2517.39
Interval Gap (%) | 527 | 659 | 506 | 422 | 578 | 629 | 588
Gapl (%) 224 | 332 | 294 | 3.00 - - -
Time (secs) 191 | 207 | 252 | 273 | 425 | 487 | 627
PCA-15 Gap2 (%) 310 | 412 | 357 | 401 - - -
Time (secs) 474 | 512 | 12.86 | 1292 | 23.16 | 4821 | 95.72
Interval Gap (%) | 531 | 740 | 641 | 7.03 | 642 | 719 | 6.83
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2.7.2.2 Numerical Performance

From Tables 2.1-2.4, we have the following observations. First, in the newsvendor prob-
lem with m € {100,200} and the production-transportation problem with (G, H) €
{(4,25), (5,20), (5,40), (8,25)}, the Mosek solver solves each instance of the original prob-
lem to the optimality. Our ODR approach performs much better than the three bench-
mark approaches. Both the “ODR-LB” and “ODR-RLB” provide a smaller value of
“Gapl” than the low-rank algorithm and the PCA approximation, and require a shorter
computational time than the three benchmark approaches. The “ODR-UB” also provides
a smaller value of “Gap2” than the PCA approximation if m; # 100% x dim(&) therein

and requires shorter computational time.

Specifically, the objective value of our “ODR-LB” reaches the optimal value of the
original problem for some instances of the multiproduct newsvendor problem (see Table
2.1) and provides near-optimal solutions for the production-transportation problem with
“Gapl” less than 0.34% (see Tables 2.2-2.4). More importantly, the “ODR-LB” reduces
the computational time by up to three orders of magnitude compared to the Mosek solver.
In addition, the “ODR-RLB” and “ODR-UB” reach the optimal value of the original
problem for all instances in Tables 2.3-2.4 and provide objective values that are near-
optimal (within 1.8% for all instances and 0.03% for most instances) in Tables 2.1-2.2
while reducing the computational time significantly. The results imply that our ADMM
algorithms return the optimal B* for most instances and the numerical gap between our

derived lower and upper bounds (i.e., “Interval Gap”) can be tight.

In addition, Tables 2.1-2.4 show that our ODR approach (including “ODR-LB,”
“ODR-UB,” and “ODR-RLB”) provides a better solution in terms of the objective value
than the PCA approximation if the reduced dimension m; < 80% x dim(&) in the latter
approach. That is, even if we maintain 80% of the random parameters corresponding to
the largest eigenvalues to be uncertain in the PCA approximation by focusing on only

their statistical information, the performance is worse than our ODR approach, where we
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optimize the dimensionality reduction from dim(£) to K (i.e., maintaining only 1% of the
original dimensionality size when m = 200 and K = 2 for the multiproduct newsvendor
problem). More importantly, the inner and outer approximations of our ODR approach

can be solved efficiently.

Second, when the problem size is large, i.e., m > 400 in the newsvendor problem
and (G, H) € {(10,40),(20,30),(20,40)} in the production-transportation problem, the
Mosek solver cannot solve any instance of the original problem to the optimality. Our
ODR approach also performs better than the three benchmark approaches. Tables 2.1—
2.4 show that “ODR-LB” provides a smaller value of “Interval Gap” (within 2%) and
requires a much shorter computational time than both the low-rank algorithm and the
PCA approximation. For instance, when m = 1600 in the multiproduct newsvendor
problem, the low-rank algorithm and “ODR-LB” take 309 and 2.01 seconds to solve an
instance of the multiproduct newsvendor problem and provide the value of “Interval Gap”
at 2.36% and 1.73%, respectively. The PCA approximation solves this instance only when
the reduced dimension m; is not larger than 20% x m, by which it takes 3546.3 seconds
while the solution quality is very poor, providing the value of “Interval Gap” at 94.27%.
Tables 2.2-2.4 show that the “ODR-RLB” and “ODR-UB” reach the optimal value of
the original problem for all instances (with “Interval Gap” at 0); that is, our ADMM
algorithms return the optimal B*. Meanwhile, the value of the “Theoretical Gap” is
mostly within 5%. More importantly, our ODR approach is not sensitive to the value
of dim(€), while the benchmark approaches perform much worse when dim(&) is larger.
Thus, when we cannot obtain the optimal value of the original problem, the “ODR-LB”,
“ODR-RLB”, and “ODR-UB” can be efficiently solved to provide a narrower interval that
includes the optimal value than the benchmark approaches. That is, our ODR approach
can provide a near-optimal solution very efficiently for the moment-based DRO problems

where other best possible benchmark approaches are struggling.

Third, “ODR-RLB” leads to better solution quality than “ODR-LB”. From Tables 2.1-
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2.4, we observe that (i) there is no significant difference between the theoretical gaps of
two outer approximations, (ii) the “Gapl” and “Interval Gap” of “ODR-RLB” are smaller
than those of “ODR-LB” for most instances. Thus, we recommend that practitioners solve
the second outer approximation to obtain a lower bound, where this approximation also

provides a theoretical optimality guarantee when m; = K (see Theorem 5).

Furthermore, although we obtain near-optimal solutions by setting m; = K in the
ODR approach, the sensitivity analyses of our ODR approach in Tables A.3-A.5 (see
details in Appendix A.7.4) with respect to m; also show valuable results. Specifically,
we consider the production-transportation problem (2.41), where m; takes values from
{3,5,7} when K =5, {8,10,12} when K = 10, and {13, 15,17} when K = 15. Concerning
our ODR approach (i.e., “ODR-LB,” “ODR-UB,” and “ODR-RLB"), we observe a general
trend where the values of “Gapl,” “Gap2,” and “Interval Gap” all tend to decrease as
my increases. This trend aligns with the theoretical results in Theorems 1, 3, and 5.
Meanwhile, we consider the same problem with G = 5, H = 20, and K = 10 and
provide a line chart in Figure 2.1 to demonstrate the trend concerning the value of my
in a higher granularity. These results demonstrate that (i) the computational times of
our three approximations increase when we choose a larger my, (ii) for the first outer
approximation, the gap between the lower bound and the optimal value decreases from
0.28% to 0.01% when we increase my from 2 to 40, (iii) for the second outer approximation
and the inner approximation, a similar conclusion holds, and they will achieve the original
optimal value when we choose m; > 6. These results also demonstrate that m; = K is
a good choice, and increasing m; further may not bring significant improvement in terms
of solution quality. Combining the tightness results from Theorems 4 and 5 and the
sensitivity analyses here, we recommend that practitioners choose m; = K to ensure that

the proposed approximations yield high-quality results.
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Figure 2.1: Sensitivity Analyses on the Production-Transportation Problem

2.7.2.3 Numerical Insights

In the multiproduct newsvendor problem, Tables 2.1 show that our ODR approach per-
forms better than the PCA approximation with respect to the objective values for all the
cases except that the “PCA-100%" (i.e., the original problem) provides the optimal value
when the problem size is small. Note that the PCA approximation reduces the dimen-
sionality of the random vector & by focusing on only the statistical information of &, while
the ODR approach integrates the dimensionality reduction with the optimization of the
original problem. Here we would like to further demonstrate the benefits of our approach,
thereby providing insights into how we can choose the value of B without solving the

models in our ODR approach.

Consider the multiproduct newsvendor problem. The PCA approximation chooses the
random parameters corresponding to the largest eigenvalues by maximizing the expecta-
tion of €&, i.e., the variability of £&. Adopting the idea of our ODR approach to integrate
the dimensionality reduction with the subsequent optimization problem, we can consider
the objective function f(x,€&) when choosing the random parameters in &. Specifically,

we can maximize the variability of (g — v) &, which is the only random component in
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f(x,€). By (2.9), we solve the following problem to reduce the dimension from m to my:

i Er[(g—v)Teg" (g —v)]

~Ep (g —v)' (UA%BEr + ,u) (U_/\%Bﬁr + u)T (g — V):|

B |(g- V)T ((UA%Bsr) (UAIBe,) +2UA'BEw" + mf) (8 - v)}

_Ep :(g )T ((UAéBgr> (UA%Bgr)T + mﬁ) (g — v)] . (2.43)

By introducing r = (A%UT)(g —v), Problem (2.43) clearly has the same optimal solution

as
max r' BB'r. (2.44)
BTB=I,,,
Proposition 7. We have B* = r/||r|l2, O (my—1)| %5 an optimal solution of Problem
(2.44).

By considering the partial feature of the original optimization problem, the optimal
B* of Problem (2.43) by Proposition 7 performs better than the PCA approximation that
only considers statistical information of random parameters. Note that our proposed in-
ner and outer approximations of the ODR approach consider the complete feature of the
original optimization problem and can provide an even better choice of B. In the multi-
product newsvendor problem with K = 2, we can compare the B* of Problem (2.43) with
the optimal B provided by our proposed outer approximation (2.25) with m; = K. Specif-
ically, letting m = 10, we have (i) the optimal value given by the PCA approximation
(lower bound) with m; = K is —18.62; (ii) the optimal value given by (2.43) is —1T7.53 with

—0.8696 —0.0478 0.3285 —0.0930 —0.2762 0.2126 —0.0456 —0.0034 0.0361 0.0097
B = ; (iii) the
0 0 0 0 0 0 0 0 0 0

optimal value given by (2.25) (lower bound) with m; = K is —17.38 with B =

-
—0.8964 —0.1886 0.2094 —0.0327 —0.2497 0.2215 —0.0548 —0.0216 0.0289  0.0104
. Clearly,

0.0143  0.0052 —0.0014 —0.0004 0.0034 —0.0035 0.0010  0.0006 —0.0003 —0.0002
our ODR approach performs the best and the value of B from solving (2.43) is close to

that from our ODR approach (the Frobenius norm of the difference between the two ma-
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trices is less than 0.1). That is, if a decision-maker does not have enough capacity to solve
the approximations of our ODR approach, the decision-maker may consider the partial

feature of the optimization problem when reducing the dimensionality.

2.8 Conclusion

Moment-based DRO provides a theoretical framework to integrate moment-based infor-
mation from available data with optimal decision-making. Extensive studies have demon-
strated the effectiveness of this framework in solving various industrial applications under
uncertainties. Although moment-based DRO problems can be reformulated as SDPs that
can be solved in polynomial time, solving high-dimensional SDPs is significantly chal-
lenging. More importantly, high-dimensional random parameters are generally involved
in industrial applications, demanding efficient approaches to solve the high-dimensional

SDPs in the context of moment-based DRO.

Current approaches adopt the PCA to first reduce the dimensionality of random
parameters using only the statistical information and then solve the subsequent low-
dimensional approximation (SDPs). We show that performing dimensionality reduction
using the components with the largest variability may not produce a good optimal value
from the subsequent PCA approximation and it can be even worse than using the com-
ponents with the least variability (Example 1). Thus, we integrate the dimensionality
reduction with subsequent SDP problems and hence propose an optimized dimension-
ality reduction (ODR) approach for the moment-based DRO (Sections 2.3-2.5), aiming
to drastically reduce the computational time of solving the SDP reformulations while

maintaining the optimal solution of the original problem.

We first derive an outer approximation under the ODR approach to provide a lower
bound for the optimal value of the original problem (Theorem 1), where the lower bound

is nondecreasing in the reduced dimension m;. We aim to choose a small m; to close the
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approximation gap between the derived lower bound and the original optimal value. To
that end, we show that the rank of each SDP matrix with respect to an optimal solution of
the original high-dimensional SDP reformulation is small, guiding us on how to optimize
the dimensionality reduction (Theorem 2). With this low-rank property, we observe that
the derived lower bound can be close to the original optimal value (Theorem 9) but may
not reach it (Example 2). Nevertheless, Theorem 9 demonstrates that we are not far
from closing the approximation gap and motivates us to derive an inner approximation
to provide an upper bound for the optimal value of the original problem (Theorem 3).
More importantly, this upper bound reaches the original optimal value when the reduced
dimension m; is small (Theorem 4). Building on this significant result, we further derive
an outer approximation to provide the second lower bound for the optimal value of the
original problem, where the gap between the new lower bound and the original optimal

value can be closed when the reduced dimension my is small (Theorem 5).

The two outer and one inner approximations derived for the original problem are all
low-dimensional SDPs and nonconvex with bilinear terms (Propositions 2 and 3 and The-
orem 5). We accordingly develop modified ADMM algorithms to solve them efficiently
(Section 2.6) and analyze the convergence property of the ADMM algorithms (see Section

BAPMM returned by

2.6.1). Based on the near-optimal dimensionality reduction solution
the ADMM algorithms, we also explain how to recover the corresponding lower and up-
per bounds for the original optimal value (see Section 2.6.2). Finally, we demonstrate the
effectiveness of our ODR approach in solving multiproduct newsvendor and production-
transportation problems. We compare our ODR approach and algorithms with three
benchmark approaches: the Mosek solver, the low-rank algorithm by Burer and Mon-
teiro (2003), and existing PCA approximations by Cheramin et al. (2022). The numerical
results show that our ODR approach significantly outperforms these benchmarks in com-
putational time and solution quality. Our approach can obtain an optimal or near-optimal

(mostly within 0.1%) solution and reduce the computational time by up to three orders of

magnitude. More importantly, unlike the existing approaches that become more computa-
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tionally challenging when the dimension m of random parameters increases, our approach
is not sensitive to m, demonstrating significant strength in solving large-scale practical
problems (Section 2.7.2.2). In addition, we provide insights into why our ODR approach

performs better than the existing PCA approximations (Section 2.7.2.3).

Our research can be further extended in various directions. First, this chapter consid-
ers a piece-wise linear cost function in the original problem. Thus, it would be attractive
to consider a more general objective function. Second, it would be interesting to apply
our approach to more application problems to generate practical insights. Third, it is
also of great interest to integrate the idea of dimensionality reduction into the Wasser-
stein DRO or two-stage stochastic programming. Fourth, our ODR approach can be
potentially generalized to solve general SDPs with certain structures. Thus, it would be
appealing to exploit the structures of SDP constraints and apply the ODR approach to
solve more general SDPs. Fifth, it would be an interesting extension to consider cases
with K > m. Note that for these cases, our proposed ODR approach can still be used to
improve the traditional PCA approximation by choosing an appropriate m, such that the
solution quality is good and the computational time is short, and also provide theoreti-
cal guarantees that bound the gap between the proposed upper bound and the original
optimal value, as well as the gap between the original optimal value and the proposed
lower bound. Nevertheless, we may not provide clear guidance on choosing m; so that
our proposed approximations achieve the optimal value of the original problem. We leave

the above extensions for future research.
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Chapter 3

Asymptotically Tight MILP
Approximations for a Non-convex

QCP

3.1 Introduction

Quadratically constrained programs (QCPs), characterized by quadratic constraints, have
attracted substantial attention due to their extensive applications across various indus-
tries, including signal processing (Huang and Palomar 2014, De Maio et al. 2010), portfolio
optimization (Ban et al. 2018), wireless communications (Zhang and So 2011, Xiang and
Tao 2012), and machine learning (Zien and Ong 2007, Bach et al. 2004). For example, the
AC optimal power flow (ACOPF) problem in power system operations, as a fundamental
industrial problem, has been extensively studied and reformulated as a non-convex QCP
(Cain et al. 2012). Similarly, the joint decision and estimation (JDE) problem in signal
processing can also be reformulated as a non-convex QCP (Zang and Zhu 2022b). Such

significant applications of QCPs motivate us to develop efficient approaches to solve them.

Solving a QCP currently presents a significant challenge. If all quadratic functions are
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convex, the QCP can be reformulated as a second-order cone program (SOCP), which can
be solved in polynomial time. However, including non-convex quadratic functions makes
the QCP NP-hard, leading to a computational challenge. Various optimization solvers
(Sahinidis 1996, Tawarmalani and Sahinidis 2004, Belotti et al. 2009, Lin and Schrage
2009, Misener and Floudas 2013, 2014, Bestuzheva et al. 2021) have been developed to
tackle non-convex QQCPs. Among them, the Gurobi solver (Gurobi 2024) currently stands
as one of the most widely used tools for solving non-convex QCPs. Specifically, a spatial
branch-and-bound framework (Al-Khayyal et al. 1995, Audet et al. 2000, Linderoth 2005)
is employed to search for the optimal solution. At each node of the branch-and-bound tree,
a relaxation of the subproblem needs to be solved, providing a dual bound for bounding
and pruning. The quality of the relaxation significantly impacts computational time, as a

tighter relaxation can substantially reduce the search time in the branch-and-bound tree.

Current relaxation techniques primarily involve McCormick inequalities (Misener and
Floudas 2012), reformulation-linearization technique (RLT) (Sherali and Adams 2013),
semidefinite programming (SDP) (Burer and Vandenbussche 2008), and various combi-
nations thereof. McCormick inequalities typically yield a linear programming relaxation
at each node, which is easy to solve but provides a loose dual bound. SDP relaxation
may offer a tighter dual bound but is time-consuming to solve. RLT can be employed
to further tighten existing relaxations. Shor relaxation (Shor 1987) represents a funda-
mental SDP relaxation for general QCPs, introducing the variable X = xx ' and relaxing
it to X = xx'. Building upon these foundations, Sturm and Zhang (2003) and Burer
and Yang (2015) combine SDP relaxations with the RLT (Sherali and Adams 2013) to
achieve exact relaxations for specific classes of QCPs. A comprehensive survey by Bao
et al. (2011) conducts an in-depth comparison of existing SDP relaxations for QCPs. This
survey covers various approaches, including standard Lagrangian relaxation (Wolkowicz
2000) and its variants (Poljak et al. 1995, Shor 1992, Wolkowicz 2000), Shor relaxation

(Shor 1990) and its variants (Sherali 2007), and doubly nonnegative relaxation (Burer

29



2009). Specifically, Bao et al. (2011) demonstrate that the doubly nonnegative relaxation
and a specific variant of the Shor relaxation may outperform others in terms of relaxation
gap. In addition, other convex relaxations for non-convex QQCPs are also studied. For ex-
ample, Jiang and Li (2019) use RLT to tighten the second-order cone (SOC)-constrained

convex relaxations of non-convex QCPs.

In this chapter, we present a novel approach to developing tighter relaxations for a non-
convex QCP using mized-integer linear programming (MILP) approximations. The goal is
to provide a small optimality gap for the non-convex QCP within a short computational
time. To the best of our knowledge, we are among the first to utilize MILP approxima-
tions to solve non-convex QCPs, thereby providing an advantageous method to leverage
state-of-the-art MILP solvers. One relevant research is by Xia et al. (2020), which pro-
vides an MILP reformulation for non-convex quadratic programs with linear constraints.
Another relevant research in this context is by Dong and Luo (2018), which primarily
focuses on general mixed-integer quadratically constrained programs (MIQCPs). The
authors convexify all the non-convex quadratic constraints using diagonal perturbation

and consolidate the non-convexity within the constraint y = 2.

They then approxi-
mate the relationship y = 22, eventually relaxing the MIQCP into a mixed-integer SOCP
(MISOCP). In our work, we develop a different approach by decomposing a non-convex
quadratic constraint into two constraints: ||y|| <t and ||z|| > ¢, where y, z, and t will be
properly defined. Such a decomposition allows us to incorporate the non-convexity of the
entire problem within the constraint ||z|| > ¢. Subsequently, we employ two methods to

approximate ||y|| <t and ||z|| > ¢, thereby approximating the non-convex QCP with two

MILPs. The key contributions of our research can be summarized as follows:

e We first utilize an eigenvalue-based decomposition to express a non-convex quadratic
function as the difference of two convex functions. We then introduce an additional
variable t to partition each non-convex quadratic constraint into an SOC constraint

lyl] < t and the complement of an SOC constraint ||z|| > ¢. To approximate
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lyl] < t, we employ two polyhedral approximation approaches. The constraint
|z|| > t is approximated using a combination of linear and complementarity con-
straints. That is, we approximate the non-convex QCP with two linear programs
with complementarity constraints (LPCCs). Generally, the first LPCC approxima-
tion involves more variables, while the second has more constraints. We investigate

the trade-off between them through computational experiments.

e We demonstrate that the optimal values of the LPCCs asymptotically converge to
the optimal value of the original non-convex QCP as the approximation precision
increases. In addition, we establish the boundedness of the LPCCs by leveraging the
boundedness property of the original non-convex QCP. This boundedness allows the
LPCCs to be reformulated as MILPs. To the best of our knowledge, we are among

the first to propose LPCC/MILP approximations for non-convex QCPs.

e We perform extensive experiments to validate the effectiveness of our proposed
approximations, which yield smaller optimality gaps within shorter computational
times compared to a state-of-the-art commercial solver. To demonstrate the practi-
cality of our approach, we consider two applications: the joint decision and estima-
tion (JDE) problem and the two-trust-region subproblem (TTRS). The numerical
results substantiate the advantages of our proposed approximations in terms of op-

timality gap and computational time.

The remainder of this chapter is organized as follows. In Section 3.2, we approximate
a non-convex QCP with an LPCC and present theoretical results for this LPCC, which
can be further reformulated as an MILP. In Section 3.3, we propose an alternative MILP
approximation using a different polyhedral approximation of the SOC constraint. In
Section 3.4, we perform extensive experiments on our MILP approximations and provide

two applications. In Section 3.5, we conclude this chapter.

Notation
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For any integer n > 1, we use [n] to represent the set {1,2,...,n}. Vectors in n-
dimensional Euclidean space R™ are denoted by bold-faced lowercase letters (e.g., zero vec-
tor 0), and matrices are denoted by bold-faced uppercase letters (e.g., zero matrix O). The
symbol T denotes transposition. For any vector x € R™, we denote |x| = [|z1], ..., |z,|] .
For any matrix X € R™*", |X] represents the matrix with elementwise absolute values of
X. We let the symbol || - || denote the L2-norm. The nonnegative orthant is denoted by
R :={x € R" | z; > 0, Vi € [n]}. The notation I, represents the n x n identity matrix
with columns e; for all ¢ € [n], while e := zn: e; =[1,...,1]T € R". We use R*? and RC?
to denote the set of all d x p matrices anza 1the subset of those with nonnegative entries,
respectively. For a given symmetric matrix H = H', H = 0 indicates that H is positive

semidefinite (PSD). We let §¢ := {X € R*¢ | X = X} be the set of d x d symmetric

matrices, and Z, , denote the set of all strictly positive integers.

3.2 Approximation of QCP

In this section, we present our approach to approximating a non-convex QCP. We decom-
pose each non-convex quadratic constraint in the non-convex QCP into an SOC constraint
and the complement of an SOC constraint. We introduce a method for approximating
these components and then approximate the non-convex QCP with an LPCC. We demon-
strate that the optimal value of the LPCC asymptotically converges to that of the QCP.
We further establish the boundedness of the feasible region for the LPCC, which allows

us to reformulate it into an MILP.

3.2.1 Decomposition of Quadratic Constraints

We consider the following non-convex QCP:

O :=min c;x (3.1)
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st x Qx4 2¢, x < by, Vi€ [m],

where Q; € 8" for all i € [m], ¢; € R" for all i € {0,1,...,m}, and b := [by,...,b,]" €
R™. Throughout this chapter, we assume that the feasible region of Problem (3.1) is
bounded. That is, ||x|| < U, where U > 0. Note that Problem (3.1) includes more
general quadratically constrained quadratic programs because we can make the objective
function linear by considering the epigraph form of the quadratically constrained quadratic

program.
For each i € [m], we let Q; = A;A] —B;B] where A; € R™% | B; € R |k is the

number of nonnegative eigenvalues of Q;, and k; is the number of negative eigenvalues

of Q;. Thus, Problem (3.1) becomes

©" = min cy X (3.2a)

s.t. (A/x)TA/x - (B/x)'B/x+2¢/x < b;, Vi€ [m]. (3.2b)
By the definition of L2-norm, for any i € [m|, we have

(3.2b) <= ||ATx|" = ||BTx| < (wy _ (w)z

) >
b — 2 x —1\° b —2cTx +1\°
— AT« + <—“5 x ) < IBIx| + <—‘; Tt )
2 2
— H{A;X; w] < H {B;X; w}
2 2
— H {AIX; b; — 2c2;.'—x — 11 H < H {BIX; b; — 202?}( + 1} H '

By inserting auxiliary variables between two norms, Problem (3.2) can be further refor-

mulated as
©® = min co X (3.3a)
X,y,z,t
s.t. ly:|| <t;, Vie[m], (3.3b)
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|zi|| > t;, Vie [m], (3.3¢)

b, —2c!x—1

v, = {ij; +] e RM 1 Vi [m], (3.3d)
b —2¢Tx + 1 .

2 — {B;x; —H] CRNL Vicm,  (3.30)

where y;, z;, and t; are auxiliary variables for all i € [m]. Under the boundedness assump-
tion of x, we have that y; and z; are also bounded for all ¢ € [m]. That is, there exists
U, > 0 and U, > 0 such that ||y;|| < U, and ||z;|| < U, for all i € [m] (see Appendix B.2
for further details of U, and U,). We approximate ||y;|| < ¢; and ||z;|| > ¢; for each i € [m)]

in the following Sections 3.2.2 and 3.2.3, respectively.

3.2.2 Polyhedral Approximation of ||y| <t

Given |ly;|]| < t; for all i € [m] in (3.3b), here we omit the subscript ¢ and consider the

SOC constraint ||y|| <t withy e R¥ k € Z,,, and t € R. We let
LF={(y,t) eR* xR | |ly|| <t}

be the (k + 1)-dimensional SOC. Given an approximation quality parameter ¢ € (0, 1],

Ben-Tal and Nemirovski (2001) construct a polyhedral e-approximation of L*
Pt = {(y,t) € R" xR | P¥y + Hlu + pft > 0 for some u}

such that LF C P* and if (y,t) € PF, then [ly| < (1 + ¢)t.

To derive the detailed formulation of P¥, we first represent ||y|| <t using a system of
tower constraints. We let § be the smallest integer such that & < 2% and use y! to denote
the ith variable of level £ of the tower for any ¢ € [0] and i € [2°7¢]. Specifically, 39, ..., 9

-1

represent the original variables in the vector y, y{ = ¢, and variables 55", and y5; ' are the

“parents” of y! for any ¢ € [f]. Note that ), ,...,y5 and y} (Vi € [2°7¢],¢ € [0 — 1]) are
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extra variables and not included in the vector y. Using this system of tower constraints,

we represent L* as

V) + W) <ul vie [, e o)

for some yp, 1,...,y%, and yf, Vi e [27f], L€ [§ —1]

LF =< (y,t) e R* xR

(3.4)

Then, for each ¢ € [0] and i € [2°7¢], we use linear constraints to approximate

\/ (o )2 + (y51)2 < ot In the end, P* is defined by the following linear constraints:

§2i > yé;_ll, Vie [294} , Leld], (3.5a)
&> —ysih, Vie 2071, te o], (3.5b)
Me: > ys L Vi€ [27F], te ], (3.5¢)
Me: > —ys L Yie [2°7, L eld], (3.5d)

55, = cos (%) z;l + sin (%) 77;:.1, Vi€l i€ 2], te[0], (3.5)
nl, > —sin (2;11) 77 cos (2;1) iyt Vel i€ 27, Leld], (356)

i . T i ™ i . . _
77;,1’ > sin (ﬁ) iil — cos <F) 77;72-1, Vi€lvl, i€ [29 q , Lelf], (3.5g)

ey <of, Vie 2], Cel] 5
s < tan (o ) €04 Vie [2°7], £ [o), (3.50)

where y? = y; for all i € [k], 4¢ = ¢, and the vector u in the simplified definition of P* is the
collection of all extra variables &, 0, y 1, ..., Y%, and y! (Vi € [2°7¢],¢ € [0 — 1]). Note
that vy € Z,, (V€ € [A]) are parameters used to control the quality of the polyhedral
approximation. Specifically, as demonstrated by Ben-Tal and Nemirovski (2001), the

overall quality € can be expressed as

0
e=J0+e) -1, (3.6)

(=1
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where g, is the approximation quality at level £, defined as

R (3.7)

c0s (2r)

It is worth noting that the number of additional variables and linear constraints in this

approximation is in the linear order of k1n (2/¢).

Remark 1. Given any e € (0,1] and 0 € Z, , P* and P*2 share the same formulation

3

for any k, and ky that belong to {2071 +1,...,2°}. Therefore, without loss of generality,

we assume k = 2° for some 0 € Z such that y € R¥ in the set L*.

Remark 2. Given thaty andt are bounded due to the setting in Section 3.2.1, it is clear

that P* is bounded, implying that the variable u is bounded.

€

3.2.3 Approximation of ||z|| >t

Given ||z;|| > ¢; for all ¢ € [m] in (3.3c), we omit the subscript ¢ and consider ||z|| > ¢
withz € R¥ k € Z,,, and t € R. We let L* := {(z,t) € R¥ x R | ||z|| > t} be the
complement of the (k + 1)-dimensional SOC L*. By the definition of Euclidean norm,

|z|| = maxy{w'z | |w| < 1}. As discussed in Section 3.2.2, we have

|z| >t <= Fwst |w|<landw'z>t

— Jwst. (w,1)ePandw'z >t

As a result, L* can be approximated by the set G := {(z,t) | (w,1) € P*, w'z >

t for some w}.

We then represent G by linear and complementarity constraints. Specifically, we have

the following proposition:
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Proposition 8. (z,t) € G if and only if

t< max w'z (3.8a)
st. Pfw+Hs+pf>o0. (3.8b)

Proof. By definition of GG, we have

G:={(z1) | (w,1) € P, w'z >t for some w}
={(z,t) | P*w+ HEs +pf >0, w'z >t for some w,s}

:{(z,t) | max{sz | P*w + H"s 4 p* > 0} > t},

where the second equality holds by the definition of P* and the last equality holds by the

equivalence between “for some” and “max”. O

Equivalently, (z,t) € G if and only if

t < min (") v (3.9a)
st. (PH'v=—z, (3.9b)
(HY'v =0, (3.9¢)

v >0, (3.9d)

(ph)'v < M, (3.9¢)

where M > 0 is a large enough number. Here (3.9¢) is a redundant constraint to bound
the objective function (pf)Tv. Note that (3.8) is equivalent to (3.9a)—(3.9d) by the strong
duality of linear programming. Since the vectors w and z in (3.8) are bounded, the optimal
value of the optimization problem min,{ (pf)Tv | (3.9b) — (3.9d)} is bounded. Therefore,
we can claim that (3.9e) is a redundant constraint. This redundant constraint will be

useful in Section 3.2.5.
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Remark 3. In (3.9¢), we can set M = (1 + ¢)U, because |w|| < 1+¢, ||z]| < U, and

w'z < |[lwlz]| < (1+¢)U..

By the KKT conditions of linear programming, condition (3.9) can be further repre-

sented by the following linear and complementarity constraints:

(p) v —t>0, (3.100)
Prw + Hs > —pF, (3.10b)
(P*) v +2z=0, (3.10¢)
(HY v =0, (3.10d)
v >0, (3.10e)
" 'v < M, (3.10f)
v' (Pfw +HEs + pl) = 0. (3.10g)

To summarize, we have
LF C {(z,t) e R* x R | (3.10) for some w,s,v}.

Remark 4. In (3.10), it is clear that variables z, t, w, and s are bounded (see Ap-
pendiz B.2 and Remark 2). However, the variable v may be unbounded because it is the

dual variable of an LP. Thus, we add the redundant constraint (3.10f), which will be useful

later in proving the boundedness of v.
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3.2.4 LPCC Approximation

With the approximation results in Sections 3.2.2 and 3.2.3, for any ¢ € (0, 1], we can now

approximate Problem (3.3) with the following LPCC:

O, = xgl,iznm cy X (3.11a)
v,w,s,t

st PE Yy HN Ty s T >0, Vi€ [m), (3.11b)
(p’?“)Tvi —t; >0, Vi€ [m], (3.11c)

Pl Tlwi+ HY s, > —pli Y Vi e [m), (3.11d)

(Pfi_H)Tvi +2z;,=0, Vi€ |m)], (3.11e)

(Hfi_H)Tvi =0, Vi e [m], (3.11f)

v; >0, Vie [m], (3.11g)

(p];i_H)Tvi < M, Vi [m], (3.11h)

v/ (Pfi_ﬂwi +HE s 4 p’?‘_“) —0,Vie[m], (3.110)

(3.3d) — (3.3¢). (3.11j)

Clearly, the optimal value of the LPCC described above provides a lower bound for the

optimal value of Problem (3.1).

Subsequently, we prove that the optimal value of the LPCC asymptotically converges
to that of the original non-convex QCP, i.e., Problem (3.1). This result is based on the

following proposition.

Proposition 9. If (x,y,z,u,v,w,s,t) is feasible for (3.11), then (x,y,z) is feasible to

the following “c-relazation” of Problem (3.1):

O, := min c) X (3.12a)
X,y.,z

st |yl < A +e)? ||z, Vi€ [m], (3.12b)

(3.3d) — (3.3e). (3.12¢)
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Proof. We prove that the feasible set of (x,y,z) induced by constraints (3.11b)—(3.11i)
is a subset of the feasible region induced by constraints (3.12b). Note that Problem

(3.11) is derived using the approximations to Problem (3.3) in Sections 3.2.2 and 3.2.3.

+
Thus, for any ¢ € [m], if constraints (3.11b) are satisfied, that is, (y;, ;) € PE ! then
lly:ll < (14 ¢e)t;. If constraints (3.11c)—(3.111) are satisfied, then
t; < max {WTZZ' (w,1) € Pf;H} <max{w'z | [|[w]| <14} =(1+¢)|z].
Therefore, if constraints (3.11b)—(3.11i) are satisfied, then |y;|| < (1 + &)?||z]|. O

Proposition 9 indicates that the violation of constraints approaches zero as ¢ tends to
zero. Based on this proposition, we derive the following asymptotic convergence conclusion

for the LPCC.

Theorem 7. We have lim,_,g+ ©. = ©*.

Proof. By Proposition 9, we have ©, < 0. < ©* for any ¢ € (0, 1]. Therefore, it suffices

to show that lim._,o+ O, = ©*.

It is clear that ©, < ©O_, < O~ for any 0 < &3 <& < 1. Thus, lim._,o+ O, exists and
lim. ,o+ ©. < ©*. For any ¢ = 1/k with k € Z, ., let (x},¥y},2;) be an optimal solution
of (3.12). Since {x}} is a bounded sequence, it has a convergent subsequence {xj, } such

that k; — 0o as 7 — oo and lim;_, X",;j exists. Denote the limit by x. Then, we have

c'x=limc'x} =limBO: = lim O..
j—ro0 i jooo K esot

In addition, since (xj ,yj,.2;,) is feasible to (3.12) for each j, it follows that

1 /1 b; — 2¢) xp. + 1)
X, Qixy; + 2¢] x5, — b < = (k_ + 2) (ijBiBjxkj - ( Z4 y +1) ) , Vi€ [m].
i \Kj

As j — oo, we have X' QX + 2¢/x — b; < 0 for all i € [m]. That is, % is feasible to
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Problem (3.1). Therefore, lim,_,o+ ©. = ¢'x > ©*, which completes the proof. H

3.2.5 MILP Reformulation

In Section 3.2.4, we approximate a non-convex QCP (i.e., Problem (3.1)) with an LPCC
(i.e., Problem (3.11)). This approach enables us to utilize all existing and further devel-
oped LPCC solvers to solve the approximation of QCP. Currently, MILP solvers are more
mature and efficient than LPCC solvers. Therefore, to leverage the efficiency of current
MILP solvers, we transform the LPCC into an MILP. Specifically, we employ the Big-
M method to reformulate (3.11i) into mixed-integer linear constraints. To achieve this,
we need to establish the boundedness of v; (Vi € [m]) and Py T'w, + HY s, 4+ p T

(Vi € [m]).

By the construction of the polyhedral approximation in Section 3.2.2 and the approx-

imation in Section 3.2.3, for any i € [m], we have

[wil| <1+e, [si| < (1+e)e.

Given that w; and s; are bounded for each i € [m], it is clear that Pf;ﬂwi + HE;HSZ- +

pti ™! is bounded from above by (1+ €)|P];;+1|e +(1+ 5)|H§;+1]e + |p]§;+1|. It follows
that we only need to confirm the boundedness of v; (Vi € [m]). This is equivalent to

demonstrating that the dual variable v in Problem (3.9) is bounded.

To that end, we will prove that the feasible region of Problem (3.9) is bounded. Note
that Problem (3.9) is in an abstract form, and its specific formulation depends on two
parameters: k and €. Without loss of generality (as stated in Remark 1), we will prove
that, for any k = 2% with @ € Z,,, the feasible region of Problem (3.9) is bounded. We
will achieve this through mathematical induction, starting with Problem (3.9) when k = 2

and then extending the conclusion to the case with a general k. Specifically, when k = 2,
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Problem (3.8) can be written as follows:

. wmQagno 21W7 + Z9Wo (3.13a)

& Viel]
(A1 >0) s.t. w, — &Y <0, (3.13b)
(A2 >0) —w; — &Y <0, (3.13¢)
(A3 >0) wy —n° <0, (3.13d)
(A >0) —wy — " <0, (3.13e)
(wj free) Cos (qu) &1 4 sin <%) Wt —¢ =0, V5, (3.13f)
(k; >0) —sin (2j+1> &7+ cos (ﬁ) -l <0, Vje [v]3.13g)
(uj >0) sin (2]+1) &1 — cos (2]+1) Wt —n? <0, Vje [y, (3.13h)
(\s > 0) ~ tan (%) &+ <0, (3.131)
(s > 0) &< (3.13))

We use the notation in the parentheses on the left side of Problem (3.13) to denote the

corresponding dual variables for the constraints. Accordingly, we derive the following dual

formulation of (3.13), corresponding to Problem (3.9) with k = 2.

min
A1,A2,A3,A4,A5,A6,
k] sUg Wy 7V]e [V]

s.t.

)\6 (314&)

)\1 - )\2 = Z1, (314b)

)\3 - )\4 = Z9, (3140)

— A1 — Ay + wy cos (%) — ky sin (%) + u; sin (%) =0, (3.14d)

—A3 — A4 + wy sin (%) + k1 cos (%) — Uy COS (%) =0, (3.14e)

T . T ) T

—w; + Wjq1 COS (W) — kjiqsin (ﬁ) + Uj4q Sin (W) =0,

Vijelv—-1], (3.14f)

. 7T _71- 7T
_k;j — U + Wj41 S111 (ﬁ) + kj-i-l coS <2j+2) — Uj41 COS (2j+2) - 07

Vielp—1], (3.14g)
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™
—w, — tan (W) )\5 + )\6 = O, (3].4h)

—ky — uy + A5 =0, (3.14i)
AL, A2, A, Ads As, Ag > 0, (3.14j)
kju; >0, Vje v, (3.14k)
As < M. (3.141)

Note that the constraint (3.141) is redundant but useful to prove the boundedness con-
clusion. The specific value of the M in (3.141) can be set by Remark 3. We then have the

following lemma holds.

Lemma 4. For any M > 0, the feasible region of Problem (3.14) is bounded.

Proof. By (3.14d) + (3.14e), we have

™

LT
Wi (cos <Z> + sin <Z>> = A1+ Xy + A3+ Ay (3.15)
As \; > 0 for any ¢ € [4], we have
w > 0. (3.16)

For any j € [v — 1], by (3.14f) / tan(7/2772) + (3.14g), we have

Wi Wi+l

-k —u; + ——— =0.
tan (QJ%) ! 7 sin (QJ”T)
That is,
. m Wj .
wji1 = sin (2j+2> (tan (;%) +k; +U/j> , Vjev—1]. (3.17)

73



By (3.14k), (3.16), and (3.17), we have

Wy > 0, VJ S [I/]

By (3.14h), we have

)\5_ )\6—(,01, < /\6 M

= <
tan () o (y7r)  fan (o)

and

T
M Z /\6 :wy+)\5tan <2y+1> Zwl,.

By (3.17), we have

™ Wjt1 Wi41 .
) . — k. — . < —" - —1].
w]—tan<2]+2> (sin( =) k; u])_cos( - ),VJG[I/ ]

27+2 27+2

By (3.19) and (3.20), we have

Wy < M

w; < Vﬁl — < ”ﬁl p. , Vjelv—1].
cos <—> cos (—)
k=j+2 2k k=j+2 2k

By (3.14j), (3.15), and (3.21), we have

2M
kl;[gcos <ﬁ>

By (3.17), we have

Wi Wi Wi
kj = —I  — I —uy< 2 viev-1).

(o)t (p) ()
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By (3.21) and (3.22), we have

M

ki< - ( - ) = <T> Vjely—2; (3.23)
sin ( —— cos | =
2%2) kZivs 2
M
ki < L Vi=v—L (3.24)

. T
i (52

Similarly, we also have

M ,
u; < — — Vijelv-—2 (3.25)
sin <2j+2> k;zl;[+3 cos <?>
M
sin (572
By (3.14i) and (3.18), we have
M
ku < )\5 < -
tan (2v+1)
and
U, <A < ———.
’ ta‘n (21];1)
Therefore, all the variables in (3.14) are bounded. [

With Lemma 4, we are now ready to prove the following theorem:

Theorem 8. For any M > 0, the feasible region of Problem (3.9) is bounded.

Proof. We prove this theorem by using mathematical induction. We only give a brief

proof here. Detailed proof can be found in Appendix B.4. Recall that Problem (3.9) has
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the following specific form:

min

s.t.

6.1 (3.27a)
M= M= mio, Vi€ 2], (3.27b)
AL — AL =2, Vie 271 (3.27c¢)
M= Al — Ne_1io1 =0, VL€ ]\ {1},i € 2°71, (3.27d)
A?,i - )‘é,i - )‘?71,21‘ =0, Vle[d\{1},i¢€ [2976]; (3.27e)
—Az},i — )\zi + wéi coS (%) — ]fe},@' sin (%) + u%z sin (%) =0,

Ve [0),ie[2°7Y, (3.27f)

. m T T
_)\i’ﬂ- — )\?ﬂ- + w}ﬂ. sin (Z) + k:}l oS <Z) — uéz cos (Z) =0,
Vie[d),ie 2071, (3.27g)

14
i jt1 T\ _gitlgs T L T\ =
Wy T wp; €os <2j+2> k;z’i sin <2j+2 + up; sin 5ivz) = 0,

Veeh],ic 27,5 € v—1], (3.27h)
—ki,i - U%l + wﬂl sin (#) + k’ﬂl cos 2;;) - uf;l cos <2;12> =0,

Vield,ie 27,5 € v—1], (3.271)
—wy; — tan (2511) Api+ A =0, Veelf),ie 2], (3.275)
—ki; —uy; + Xy, =0, VL€ [0],ie2°7, (3.27k)
Mois Mis Neis Mas Npin X§; >0, VL €[00 € 2071, (3.271)
kZZ,UL >0, Veell,iec2 )€, (3.27m)
Mg < M. (3.27n)

With A3, bounded, by Lemma 4, \), (Vi € [6]), k), (Vj € [v]), uj, (Vj € [V]), and

wy, (Vj € [v]) are bounded. It follows that AS_,, and Aj_, , are bounded by (3.27d)

and (3.27¢). With A§_,, bounded, by Lemma 4, Xj_,, (Vi € [6]), kgfl,l (Vj € [v]),

ug_u (Vj € [v]), and Wg—l,l (Vj € [v]) are bounded. With A§_, , bounded, by Lemma 4,

we have that \j_, , (Vi € [6]), kj_,, (Vj € V]), uj_y, (V5 € [V]), and w)_,, (V] € [V])
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are bounded. By (3.27d) and (3.27e), we further have A§_,,, A\j_55, A§_o3, and A§_,,
are bounded. It further follows that, by Lemma 4, for all 7 € [4], Xy, (Vi € [6]),
kg,'_?ﬁ (Vj € [v]), uz_Q’T (Vj € [v]), and wg_% (V7 € [v]) are bounded. Repeating the
above process (see details in Appendix B.4), we can conclude that all the variables are

bounded. O

Note that M in (3.27n) can be set as (1 + €)U, (see Remark 3). Theorem 8 implies
that v; (Vi € [m]) in Problem (3.11) are also bounded from above. For each i € [m],
we let K; be the dimension of v;. Now we can introduce additional binary variables

k741 kT +1

B, € RE: (Vi € [m]) such that constraints v; (P:* * w; + H_’ si—i—pf;ﬂ) =0 (Vie [m])

are equivalent to

Plgi—HWi + H];i_—HSi + p]gi—+1 < MB,, Vi€ [m], (3.28)
v, < M(e—pB3,), Vi€ [m], (3.29)
Bij € {0,1}, Vi € [m],j € [K], (3.30)

where M > 0 is a large enough number. In (3.28), we can set M = (1 +8)]P§;+1\e+ (1+
5)|H5;+1|e + |p§;+1|. In (3.29), we can set M as the upper bound of variable v; for each
i € [m] by Theorem 8. To obtain such an upper bound, we can first change the objective
of the LP problem (3.9), i.e., Problem (3.27), to ZjK:l v;; and obtain the corresponding
optimal value ¢. Then, we can set M in constraints (3.29) as ¢. Finally, the LPCC (3.11)
can be reformulated as the following MILP:

©. = min ¢jx (3.31)

x7y7z7u7
V7W7S7t 7ﬂ

s.t. (3.11b) — (3.11h), (3.3d) — (3.3¢), (3.28) — (3.30).
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3.3 An Alternative Approximation

In this section, we present an alternative MILP approximation for Problem (3.1). This
alternative MILP approximation typically introduces fewer variables than the first MILP
approximation in Section 3.2, although it may result in more constraints when the ap-
proximation quality parameter ¢ is small. The trade-off between the number of variables
and the number of constraints is crucial in the context of extended formulations for ap-
proximations (Vielma et al. 2017). Thus, we aim to evaluate which MILP approximation

performs better in approximating the non-convex QCP (3.1).

We first provide alternative approximations for constraints (3.3b) and (3.3c¢) while
maintaining the same tightness as the original approximations proposed in Sections 3.2.2
and 3.2.3. Next, we introduce an alternative LPCC approximation for Problem (3.1)
and demonstrate that it shares the same properties as the previous one in Section 3.2.4,
ensuring that all the conclusions from Section 3.2.4 remain applicable here. Finally, we

reformulate this alternative LPCC into an MILP.

3.3.1 Polyhedral Approximation of ||y|| <t

Note that the first polyhedral approximation of ||y|| < ¢ proposed in Section 3.2.2 is
an approximation in a lifted space with an aim to introduce fewer constraints when
approximating ||y|| < ¢. Here, we provide an alternative polyhedral approximation of
|ly|] < t, which focuses on the original space of (y, t) and aims to introduce fewer variables
when approximating ||y|| < ¢. The basic idea is to select a regular m-sided polygon as
the polyhedral outer approximation of a 2-dimensional disk. We eventually obtain the

following polyhedral approximation of the set L* (see detailed derivation procedure in
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Appendix B.3):

.

& = Y31 lmi = |y, () +miB(n) < yje, Vi e [2°71],
-1 —1 ¢ . 60—t

yz-fla(llg)—i-ygl B(W)Sy'e, V]G [2 :|7 66{2’70}

0, ) =S () | ’ ! !

for some §;,7m;, Vj € [29_1], y2+17 e ,yge,

and yf, Vj e [29_5] , Leld—1]

where 6 is the smallest integer such that k < 29 ¢9 = y; for all i € [k], o} = ¢,
a(v) = (cos(rm/22))2%" € R+ and B(v) = (sin(rm/27))2%," € R¥ '+, Note

=0

that vy (V¢ € ) are parameters used to control the approximation quality €, in level /.

It is important to note that the polyhedral approximation IT*(vy, ..., vy) has the same
approximation quality as P* proposed in Section 3.2.2. To that end, we first show that
[1%(v) and P? have the same approximation quality when approximating L?, as stated in

the following proposition.

Proposition 10. The set I13(v) is a polyhedral §(v)-approzimation of L* with

i(v) = ! —1.

" cos (50)

Proof. First, we prove that L? C II%(v). For any (yi,vs,y3) € L?, we set & = |y1| and
no = |y2|, which satisfy constraints (B.1a)—(B.1b). By the Cauchy-Schwarz inequality, we

have

2 2
Cos <72—7VT> §o + sin (g) o < \/ Y7+ y%\/COS (g) + sin (g) <ys, V7 e {0ju[2",

where the last inequality holds because (y1,vs,y3) € L?. Thus, (B.1c) is also satisfied and

accordingly L? C IT%(v).

Next, we show that (yi,ys,ys) € II?(v) implies that /y? +y2 < (1 + §(v))ys. By
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constraints (B.1), we have

cos ( > |y1| + sin ( ) o] < ys, V7€ {0}U[2"7]. (3.32)

Let 6y := arccos (|y1|/+/yi + ¥3), then [y1] = cos(fo)\/y7 + y3 and yz| = sin(6o)/yi + ¥3.

Therefore,

Yz > (cos <g—l7jr) cos(6p) + sin <72—I7j> sin(90)> \/ Y2 + y3 = cos (T— — 90> i+ s

for all 7 € {0}U[2"!]. Since there exists 75 € [2“7!] such that (10— 1)7/2" < 6y < To7/2",

it follows that

-1
Y3 Zmax{cos (90—(7—02—V)7T>,COS (7;)—7r—90>}\/y%+y§7
1
=cos | min Go—u,mw \V Vi + 3,
2v 2v
T
ZCOS<2V+1> \V Vi + 3,

where the last inequality holds because (1 — 1)7/2" < 0y < 797/2" induces min{fy —

(10 — V) /2%, 1w /2" — g} < /2" T1. Therefore,

Y
VU183 < —F—— = (1+6(1))ys,
cos ()

which completes the proof. O]

By Proposition 2.1 of Ben-Tal and Nemirovski (2001) and Proposition 10 above,
[1?(v) and P? have the same approximation quality when approximating L?. Because

[1*(vy,...,vp) shares the same tower-of-variables construction as PF

e

we have LF C

[I*(1y, ..., vp), and the overall quality ¢ is equal to



Comparing it with (3.6) shows that IT*(vy, . .., 1) has the same approximation quality as

Pk

£

Remark 5. We introduce two additional variables and 2*~1 + 3 linear constraints in
[I%(v) to approzimate the set L*. In contrast, P? has 2v + 2 additional variables and
3v + 6 linear constraints for its polyhedral approzimation of L*. Clearly, when we choose
v <5, I1*(v) has fewer variables and constraints compared to P%. Notably, when v =5,
the approrzimation quality is € = 0.00121, indicating that for a target approrimation quality
e > 0.00121, the size of I1?(v) is smaller than that of P?. For a general k, when the target
approzimation quality € > 0.01, the number of variables and constraints in the polyhedral
approzimation 11¥(vy, ... vp) may be less than that in P (see details in Table 3.1 in
the coming Section 3.4.1). This suggests that the second polyhedral approximation may

outperform the first when € > 0.01.

3.3.2 Approximation of ||z|| >t

Recall that L* := {(z,t) € R* xR | ||z|| > t} is the complement of the (k+ 1)-dimensional
SOC. By the definition of the Euclidean norm, we have ||z|| = maxy{w'z | ||w| < 1}.
We use the polyhedral approximation given in Section 3.3.1 to represent ||[w| < 1. As a
result, we can provide an approximation of ||z|| by considering the optimal value of the

following problem:

max W'z (3.33a)
w,w2+1,...,wge,s

(ujl) s.t. —sgj_l + ng_l <0, Vje [29_1} ; (3.33b)

(u?) —s9,  —wd_ <0, Vje[2°7], (3.33¢)

() —s9; +wd, <0, Vj e [27], (3.33d)

) g —uly <0, vy e 2], (3.3%)

(vﬁ) sgjf_lla(yg) + sgj_-lﬁ(y@) < sfe, Vje [294] , Le0—1],(3.33f)
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(v)) sie(vp) + 557" B(vg) < e, (3.33g)

si>0,vje 2], tefo,...,0 -1}, (3.33h)

where the symbols in the brackets on the left side are the corresponding dual variables.

By the strong duality of linear programming, Problem (3.33) is equivalent to

Ilrllivn e'vl (3.34a)

(ng—1> s.t. uj1 — u? = 2,1, Vj € 2771, (3.34Db)

(w9;) ul —uj = 2z, Vj €271, (3.34¢)

(s —uli — ug + a(yl)Tvﬁ# >0, Vje{1,3,...,2° — 1}, (3.34d)

(s —u3 — u4 + B(ul)Tv% >0, Vj€{2,4,...,27, (3.34e)
(sf) —eva + a(ugH)TV‘;%} >0, Vje{1,3,..., 20—t _ 1}, [0 —1],

(3.34f)

(s%) —e'vi+ 5(V¢+1)Tv€;1 >0, Vje{2,4,....2°7"} e [0 —1], (3.34g)

uj s, udul >0, Vi€ 271, vi>0, vie 27, 0elf],  (3.34h)

7770

where M > 0 is a large enough number and we can set M = (1 + &)U, in (3.34i) (see
Remark 3). Here (3.34i) is a redundant constraint to bound the objective function (3.34).
Note that the primal problem (3.33) is equivalent to the dual problem (3.34) by the strong
duality of linear programming. However, as the feasible region of the primal problem
(3.33) is bounded and the feasible region of the dual problem (3.34) can be unbounded,
we add the redundant constraint (3.34i) to ensure that the latter is also bounded, as

shown in the following proposition.

Proposition 11. The feasible region of Problem (3.34) is bounded.

Proof. First, constraint (3.34i) shows that v¢ is upper-bounded. As a(vp) and B(vy) are
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1 1

nonnegative, we then have that ve and Vg_ are upper-bounded by constraints (3.34f)

and (3.34g). Repeating applying constraints (3.34f) and (3.34g), we have v/

is upper-
bounded for any j € [2°~‘] and ¢ € [f]. Second, constraints (3.34h) show that v is lower-
bounded for any j € [2°] and ¢ € [0]. Therefore, v¢ (Vj € [2°7¢],¢ € [0]) are bounded.

In the end, by constraints (3.34d), (3.34e), and (3.34h), we have that u}, u? u? u} (Vj €

VR R R

[2°71]) are also bounded, which completes the proof. O

Finally, by applying the above approximations in Sections 3.3.1 and 3.3.2, we have an

alternative approximation of Problem (3.1) as follows:

min cTx (3.35a)

£nu,v,s
st &g > e als Mg = Wials &io(n) + migBn) <yl e,

Ve [29?—1} i€ [m], (3.35b)

Yizj1a(ve) + ;51 B(ve) < yi e,
Ve [29?4], ve{2,...,0"), icml, (3.35¢)
—s0 g S0, =80 —wdy <0,V € [2%7] i€ [m],  (3.35d)
=800 Wy <0, =80y —wdy <0, Vi€ 2%, i€ [m], (3.35¢)
Siai_10(ve) + si51B(ve) < si e, V5 € 2% £ € 67 —1],i € [m)], (3.35¢)
sszla(ueiz) + si’{lﬂ(ugf) <e,Vie [m], (3.35g)
si;>0,Vje [2%7], 0e{0,...,6; — 1}, i € [m], (3.35h)
Uzlg - Ufj = Zi2j-1, U?] — uﬁj = Zi9j, Vj € 2971, i € [m), (3.351)

2 2 2
Vi€ {1,3,...,2% —1}, i € [m), (3.35§)
—u?l - ufi +[3(V1)Tvzll 0,Vj € {2,4,...,2%},i € [m], (3.35k)
—e'vi 4+ avy) v >0,

Vie{1,3,...,2% —1} L e [0; — 1], i € [m], (3.351)
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Toe T 0+
—e v; ;i + B(ve1) VZE >0,

Vjie{2,4,...,2% " te 9y —1],iem],  (3.35m)

1 2 3 4
U gy Wi 5 Ui, Wi j = 0,

vie 2%, vi; >0, Vi€ 2%, 0 e 6], i € [m], (3.35n)
t; < eTVft1 < M, Vi € m], (3.350)
uz{j(_s?gjq + wzo,2j71) =0,Vj € [20571} , 1€ [m], (3.35p)
Ui (—80g_1 — Wheyy) =0, Vi € [2%71] i€ [m], (3.35q)
ui i (—s0g; +uwly) =0, Vje 2971, i€ [m], (3.351)
Ui (=Sia; — Wig) =0, Vj € [271] i € [m], (3.355)

v! (855}_101(Vg) + S%}ﬂ(yg) - sf,je) =0,Vje [295_q , Lel0f —1], i € [m],

2,] 7

(3.35t)
07 , 07—1 0% —1 .
Vz‘,zl(Sifl 04(7/0;) + 8 :3(7/0;) —e) =0, Vie [m], (3.35u)
S5 (=) i =l o + @) v ) =0,¥5 € {1,3,...,2% — 1}, i € [m],
(3.35v)
st i(—uly; —ul, +Bn) v ) =0, Vje{2,4,...,2%} i€ [m] (3.35w)
sﬁj(—evaJ + a(ng)va*J‘.li) =0,
’ 2
vie{1,3,...,2% =1} 0 e[0; — 1], i € [m], (3.35x)

sti(—eTvi, + Bven) Vi) =0,V € {2,4,...,2% "} e e (07 — 1], i € [m],
2
(3.35y)

(3.3d) — (3.3¢).

where 6 and 67 are the corresponding € in y; and z;. Note that the LPCC approximation

(3.35) has the same approximation quality as (3.11). Thus, the asymptotic convergence

property (Proposition 9 and Theorem 7) also holds for (3.35). By the boundedness result

in Proposition 11, we can also obtain an MILP reformulation for (3.35) by the Big-M
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As we explain in Remark 5, when the target approximation quality is larger than
0.01, the second MILP approximation has fewer variables and constraints than the first
one. However, when the target approximation quality is no larger than 0.01, the second
MILP approximation results in more constraints while still fewer variables. Depending
on a trade-off between the number of variables and the number of constraints, the MILP

approximations developed in Sections 3.2 and 3.3 can be both useful and relevant.

3.4 Computational Experiments

In this section, we present computational analyses of our proposed approximations for
non-convex QCPs. First, we perform extensive experiments to evaluate the effectiveness
of these approximations over various instances. Then, we perform sensitivity analyses to
examine the impact of various parameters, including the number of convex quadratic con-
straints my, the number of non-convex quadratic constraints ms, and the approximation
quality parameter €, on the performance of our approximations. Finally, to demonstrate
the applicability of our methods, we apply the proposed approximations to solve two
specific problems: the joint decision and estimation problem and the two-trust-region
subproblem. All mathematical models are implemented in Python (ver. 3.10.0) using
the Gurobi solver (ver. 10.0.3) on a high-performance computing cluster consisting of 13
nodes. Each node has 24 CPU cores and 400 GB of usable memory. The operating sys-
tem is CentOS 7.6, and the CPU used is an Intel(R) Xeon(R) E5-2699 CPU @ 2.30GHz
processor. A time limit of 2 hours is set for each run. All the data instances and source

code can be found in Jiang et al. (2025b).

3.4.1 Simplification of Approximation and Selection of v,

Recall that we propose two polyhedral approximations for the SOC constraint ||y|| < ¢

in Sections 3.2 and 3.3, respectively. Henceforth, we refer to the first polyhedral approxi-
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mation in Section 3.2.2 as “P1” and its corresponding LPCC/MILP approximation (i.e.,
Problem (3.11)/(3.31)) as “A1.” Similarly, the second polyhedral approximation in Sec-
tion 3.3.1 is denoted by “P2,” with its corresponding LPCC/MILP approximation (i.e.,
Problem (3.35)) referred to as “A2.” It is important to note that the number of con-
straints in P1 and P2 significantly affects the computational time because such a number
determines the number of complementarity constraints in the LPCCs, which further de-
termines the number of binary variables introduced in the MILPs. Therefore, we aim to
reduce the number of constraints in P1 and P2 as much as possible while ensuring that

the overall approximation quality does not exceed a predefined threshold, i.e., ¢.

One possible approach to simplifying the polyhedral approximation for P1 is detailed
below. First, in constraints (3.5), for each ¢, i, and j, we substitute the variable 5@1 and
accordingly eliminate (3.5¢). Second, given that y¢ > 0 (V¢ € []), we can drop the second
and fourth constraints in (3.5) for all £ € {2,...,0} and i € [297%]. After rearrangement,

(3.5) is equivalent to the following system:

5(1),1' = ygiflv Vi e [2971]7
&> _ygifla Vi e [2971]7
M > Yo Vi€ 2771,
M >y, Vie 2777,

]
1

vp_1—1
1 ‘<~ sin? (5755 ) _
£0i > . i (21’41 2 T %ﬁ1,2i1 Vie 27, 0=2,...,0,
Sin (W) k=0
ve_1—1
1 1 w sin? (525
e = (2 §aan T %nﬁmg Vie 2 0=2,....6,
sin [(—7 _
(21'15—1"'1) k=0
1 1 12 sin? (2 s
j B 0 2k+2 jfl
77@72‘ > 9 oS (2;11) (2j1 gf,z + kz_; 2j—2—k > + cos <2j+1> 772,1 )

Vi€ [wl,i €27, ¢ €[,

-2
i 1 sin® k75r2 s 1
N +§ 2 v —COS<. )J-,
77@,1 = 9cos (2;5_1) (2] 1 521 — 2j—2—k 77[,1) 2j+1 T]E,z
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Vi€ [wl,i € 27,0 €[,

k=0
1 1, = sin? (2{12) .
t> m (ﬁ §o1 T kzg o1k o | -

We denote the above simplified P1 by “S-P1.” Note that P2 does not contain equality
constraints, making it difficult to simplify. Thus, the simplification is only applied to P1

in this context.

Another approach to reducing the number of constraints in our approximations in-
volves optimizing the selection of v, for any ¢ € [A]. Specifically, we propose three strate-
gies for selecting v, for all £ € [f], ensuring that the overall approximation quality remains

below a predefined threshold e:

e The “Decision Rule” strategy: We set ¢, = ke (V/ € [f]), where &, represents the
quality of the level £ and 0 < k < 1 is a scalar to be optimized. A larger k leads to a
larger ey, which results in a smaller v, and fewer constraints. We choose the largest k

such that

0
[Ja+ke-1<e (3.36)

=1
In the end, we set v, = [log,(7/ arccos(1/(1 + €,))) — 1] to satisfy (3.7).

e The “Same” strategy: We set v, = v (V¢ € [f]) such that

0
() 1T

Clearly, the smallest choice of v is v = [log,(7/ arccos(1/v/1 4 €)) — 1].
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e The “Primary” strategy: We let v, = |[gfIn gj (V¢ € [A]) by following Ben-Tal and
Nemirovski (2001), where g is a scalar to be optimized. We choose the smallest g such

that

To summarize, we have three polyhedral approximations (P1, S-P1, and P2) for the
SOC constraint ||y|| < ¢ and three strategies to choose v, (V¢ € [f]). We compare
their performance in Table 3.1. In this table, K represents the dimension of the SOC
constraint ||y|| <t (i.e., the sum of the dimensions of y and t) and € represents the target
approximation quality parameter . The paired values represent the number of variables
and the number of constraints in the corresponding polyhedral approximation. From Table
3.1, we have the following observations. First, the “Decision Rule” strategy consistently
outperforms the other strategies. For all K € {50,200,400} and ¢ € {0.1,0.01,0.001},
the “Decision Rule” strategy introduces fewer variables and constraints for the three
polyhedral approximations compared to the “Same” strategy and the “Primary” strategy.
Therefore, we will only focus on the “Decision Rule” strategy in the subsequent discussion.
Second, S-P1 outperforms P1. For all K € {50,200,400} and ¢ € {0.1,0.01,0.001}, both
the number of variables and the number of constraints in S-P1 are less than those in P1.
Third, P2 consistently has fewer variables than S-P1. However, the number of constraints
in P2 increases rapidly. When € = 0.1, the number of constraints in P2 is about half
that of S-P1. When ¢ = 0.01, P2 and S-P1 have a similar number of constraints. When

e = 0.001, P2 has approximately twice as many constraints as S-P1.

Based on the above observations, we will utilize the “Decision Rule” strategy to select
ve and simplify P1 into S-P1 for the first LPCC/MILP approximation A1 in the following

experiments.
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Table 3.1: Problem Sizes of Polyhedral Approximations with Different Rules and Param-

eters
Decision Rule Same Primary
K € P1 S-P1 P2 P1 S-P1 P2 P1 S-P1 P2
0.1 | (637,1146) (383, 638)  (127,224) | (757,1386)  (443,758) (127, 504) (733, 1338) (431, 734) (127, 1056)
50 0.01 | (849, 1570)  (489,850) (127, 896) | (883,1638) (506, 884)  (127,1008) | (1213,2298) (671, 1214) (127, 599424)
0.001 | (1033,1938) (581, 1034) (127, 2176) | (1135, 2142) (632, 1136) (127, 4032) | (1693, 3258) (911, 1694) too large
0.1 | (2601, 4690) (1557, 2602) (511, 1024) | (3061, 5610) (1787, 3062) (511, 2040) (3029, 5546) (1771, 3030) (511, 16512)
2000 0.01 | (3453, 6394) (1983, 3454) (511, 3968) | (3571, 6630) (2042, 3572) (511, 4080) (5037, 9562) (2775, 5038) too large
0.001 | (4209, 7906) (2361, 4210) (511, 10752) | (4591, 8670) (2552, 4592) (511, 16320) | (7045, 13578) (3779, 7046) too large
0.1 (5221, 9418) (3123, 5222) (1023, 2176) | (6133, 11242) (3579, 6134) (1023, 4088) | (6097, 11170) (3561, 6098) (1023, 65792)
400 0,01 | (6927, 12830) (3976, 6928) (1023, 8064) | (8177, 15330) (4601, 8178) (1023, 16352) | (10149, 19274) (5587, 10150)  too large
0.001 | (8445, 15866) (4735, 8446) (1023, 23552) | (9199, 17374) (5112, 9200) (1023, 32704) | (14201, 27378) (7613, 14202)  too large

3.4.2 Instance Generation and Table Header Description

We now consider a general QCP with m; convex and ms non-convex quadratic constraints

as well as a convex bounded constraint (i.e., ||x|| < U), as shown below:

m)in cy X (3.37a)
st x Qx4 2cSTx < S, Vi € [my], (3.37h)
x Qx4 2¢M 'x < Y, Vi € [my), (3.37c)
x| < U, (3.37d)

where Qf is a PSD matrix for any i € [m] and Q} is an indefinite matrix for any

n C n C n
2 co, S, bs, bY)

1771

i € [mg]. We follow a predefined set of rules to generate data (i.e., Qf,
for our experiments. To generate the matrices Qf and Q', we proceed as follows. Given
a dimension N of the decision variable x, our goal is to generate a matrix Q with N — N
positive eigenvalues and N; negative eigenvalues (i.e., Ny = 0 leads to a PSD matrix).
First, we generate two orthogonal matrices Y and Z of size N x N. Then, we generate
two diagonal matrices A; and Ay. The matrix A; contains N — N; non-zero values and
Nj zeros along the diagonal, while As contains N — N; zeros and N; non-zero values along
the diagonal. We obtain A by right multiplying Y to A, and B by right multiplying Z
to Ay. Finally, we set Q = AT A —BTB, ensuring that Q has N — N; positive eigenvalues

and N; negative eigenvalues. For vectors ¢, ¢ (Vi € [m4]), and ¢} (Vi € [ms]), scalars bS
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(Vi € [mq]) and b} (Vi € [ms]), and diagonal matrices Ay and Ay, each element therein is
uniformly generated from the interval [—100, 100]. We set the value of U to be twice the
value of N (i.e., U = 2 x N) for our experiments. In addition to the randomly generated
instances above, we also evaluate our MILP approximations on the unitbox instances from

Bao et al. (2009) (see details in Appendix B.5).

We set m; = 4, mg = 2, and € = 0.01 for all the experiments here, while sensitivity
analyses over these three parameters will be presented in Section 3.4.4. We consider six
combinations of parameters N and N, with N taking values from {100, 150,200} and Ny
from {1,3}. For each combination of N and N;, we generate ten instances and report
the average result. To demonstrate the effectiveness of our proposed approximations, we
conduct extensive experiments and compare their performance with the Gurobi solver
in solving Problem (3.37). On the one hand, we use the Gurobi solver with default
parameters to solve Problem (3.37) directly. On the other hand, we use Gurobi to solve
our proposed MILP approximations, which provide lower bounds. Note that each of
our MILP approximations can be divided into two parts: the first part includes the LP
constraints from the polyhedral approximation of ||y| < ¢, and the second part includes
the MILP constraints from the approximation of ||z|| > ¢. To evaluate the independent
performance of each part, we further solve Problem (3.37) in the following two cases:
(i) approximating the |ly|| < ¢ part while keeping the ||z|| > ¢ part unchanged and (ii)

approximating the ||z|| > ¢ part while keeping the ||y|| < ¢ part unchanged.

To further demonstrate the advantages of our approximations, we also compare our
MILP approximations with the standard LP, SOCP, and SDP relaxations of the original

Problem (3.1). First, we consider the following standard LP relaxation of Problem (3.1):

min ¢y X
x,X
st. XeQ;+2c/x<b, Vic[m],

Xij —ujzi — Livy < —uyly, Vi € [N],j € [N,
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Xi‘ — ljl’i — Uy S —ljui, Vi € [N],] S [N],
Xij —Uj.flﬁi — ’LLiilfj Z —’LLj’LLi, Vi c [N],] € [N],

Xi‘ —ljl'i — lil'j Z —ljli, Vi € [N],j € [N],

where [; (resp. u;) denotes the lower (resp. upper) bound of z; for any i € [N]. For our
randomly generated instances, we set [; = —2N and u; = 2N by the bounded constraint
|x|| < 2N. For the unitbox instances (see Appendix B.5), we set [; = 0 and u; =
1. Second, for the SOCP relaxation, we relax Problem (3.1) into the following convex
program (Kim and Kojima 2001):

n)rclizn cg X

st. x'Qfx+ Z Nijzij +2¢] x < b, Vi € [m],
j=li+1
XT(uiju;;)X < zj, Vie[m],je{l;+1,...,n},
2ij < Pmaz, Vi € [m],

j=l;+1
where for each i € [m], Q; = 7 \ijuju,; with Ay; (V) € [n]) representing the eigenval-
ues in non-increasing order and w;; (V5 € [n]) representing the corresponding eigenvectors,
l; denotes the number of nonnegative eigenvalues, and Q; = Zéle )\ijuijuiTj. Note that
Pmaz Should be appropriately selected to bound z;; from above (Kim and Kojima 2001).
For our randomly generated instances, we set pyq. = 2N. For the unitbox instances (see
Appendix B.5), we set pae = N. Third, for the SDP relaxation, we introduce X = xx"
and relax it to the constraint X > xx'. Because the Gurobi solver is unable to solve

SDP problems, we utilize the Mosek solver (ver. 10.1) with default parameters to solve

the SDP problem.

To summarize, for each instance described above, we consider the following experi-

ments:

e We use the Gurobi solver with default parameters to solve Problem (3.37) directly.

91



We use the Gurobi solver with default parameters to solve the LP relaxation of

Problem (3.37).

We use the Gurobi solver with default parameters to solve the SOCP relaxation of

Problem (3.37).

We use the Mosek solver with default parameters to solve the SDP relaxation of

Problem (3.37).

We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3b) (i.e.,
ly:ll < t;, Vi € [m]) are approximated using the first polyhedral approximation
proposed in Section 3.2.2 and constraints (3.3c) (i.e., ||z;|| > t;, Vi € [m]) are not
approximated. We then use the Gurobi solver with default parameters to solve this

approximation.

We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3c)
(i.e., ||z;|| > ti, Vi € [m]) are approximated using MILP constraints based on Sec-
tions 3.2.3 and 3.2.5 and constraints (3.3b) (i.e., ||y:l| < t;, Vi € [m]) are not
approximated. We then use the Gurobi solver with default parameters to solve this

approximation.

We approximate Problem (3.37) with the MILP approximation (3.31) in Section
3.2 (i.e., both constraints (3.3b) and (3.3c) are approximated) and use the Gurobi

solver with default parameters to solve this approximation.

We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3b) (i.e.,
|ly:ll < t;, Vi € [m]) are approximated using the second polyhedral approximation
proposed in Section 3.3.1 and constraints (3.3c) (i.e., ||z;]| > t;, Vi € [m]) are not
approximated. We then use the Gurobi solver with default parameters to solve this

approximation.

We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3c) (i.e.,

|z;|| > t;, Vi € [m]) are approximated using MILP constraints based on Section
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3.3.2 and constraints (3.3b) (i.e., |ly:|| < t;, Vi € [m]) are not approximated. We

then use the Gurobi solver with default parameters to solve this approximation.

e We approximate Problem (3.37) with the MILP approximation (3.35) in Section
3.3 (i.e., both constraints (3.3b) and (3.3c) are approximated) and use the Gurobi

solver with default parameters to solve this approximation.

We report the average performance in Table 3.2. Here, we provide a description of
the table headers used in the following tables. The column “N” represents the dimension
of the decision variable x, i.e., the number of variables. The column “N;” represents the
number of negative eigenvalues in matrix Q' of non-convex constraints for all i € [my].
The column “Time” indicates the computational time in seconds required to solve each
instance. We use “Gap” to represent the relative gap in percentage between a lower bound

and an upper bound, as defined in the following equation:

upper bound — lower bound
Gap =

1007%. 3.38
lupper bound| X 100% (3:38)

To focus on the quality of the lower bound, we unify the upper bounds used in the
columns “Gurobi,” “LP relaxation,” “SOCP relaxation,” “SDP relaxation,” “Al,” and
“A2.” Specifically, the upper bound used in (3.38) is given by the best-known feasible
solution. Note that besides the feasible solution provided by Gurobi, we can also use the
“rust-constr” local method in SciPy (Virtanen et al. 2020) to retrieve a feasible solution
providing an upper bound. Local methods are commonly used in QCP algorithms (Dong
and Luo 2018, Kannan et al. 2022, Bestuzheva et al. 2021) to provide upper bounds.
Note also that there may be two values separated by “/” in each of the columns “Gap”
and “Time” within the column “Gurobi.” It is because we would like to obtain the
computational time of Gurobi when it obtains the solution with an optimality gap of
10%. Specifically, we set the Gurobi parameter “MIPGap” to 10%. This setting instructs

Gurobi to stop the optimization process when the optimality gap reaches 10%.
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Table 3.2: Average Performance of Experiments

Gurobi LP Relaxation | SOCP Relaxation | SDP Relaxation Al A2
N N Gap Time Gap Time Gap Time Gap Time | Gap Time | Gap Time
100 1 | 0%/10.00% 1653/1210 | 1538.82% 1 571.36% 4 213.08% 113 | 8.07% 987 | 3.25% 626
3 | 0%/10.00% 1793/1337 | 1936.25% 1 661.47% 2 247.11% 141 | 8.34% 1100 | 3.19% 658
150 1 | 0%/10.00% 3685/2419 | 1141.96% 1 354.45% 5 247.82% 496 | 7.83% 2053 | 3.35% 1701
3 | 0%/10.00% 4745/3081 | 1529.38% 1 645.70% 2 271.01% 439 | 9.50% 2484 | 1.22% 2088
200 1 273.28% 7200 1000.71% 1 434.76% 6 227.32% 1202 | 9.21% 3752 | 3.91% 4911
3 182.91% 7200 1529.38% 1 803.18% 4 209.74% 1387 | 8.78% 5291 | 4.26% 5986

3.4.3 Numerical Performance

Note that only relaxing the ||y|| < t part or the ||z|| > ¢ part of Problem (3.3) results
in a difficult problem that cannot be solved to optimality within the time limit (i.e.,
two hours). Therefore, we do not report related results in Table 3.2. Together with the
performance of A1 and A2 in Table 3.2, we conclude that the speed-up of approximation
comes from the final MILP approximations, and merely approximating the ||y|| < ¢ part

or the ||z|| > ¢ part leads to poor performance.

Based on the information provided in Table 3.2, we further have the following obser-
vations. First, when N = 100 and 150, where the Gurobi solver can solve each instance
to optimality within the time limit, our proposed approximations exhibit efficient perfor-
mance in obtaining lower bounds. On the one hand, our proposed two approximations
require less time to provide better lower bounds (with smaller optimality gaps) than the
Gurobi solver. For example, when N = 150 and N; = 3, the Gurobi solver takes 3081
seconds to obtain a solution with a gap of 10.00%, but A2 only takes 2088 seconds to
obtain a solution with a gap of 1.22%. On the other hand, the two approximations show
significant improvement in the optimality gap compared to the LP, SOCP, and SDP re-
laxations of the original non-convex QCP, where these relaxations require less time to be
solved. Moreover, A2 achieves smaller optimality gaps (mostly less than 4%) within a

shorter time compared to Al.

Second, when N = 200, where the Gurobi solver cannot solve all the instances within

the time limit of two hours, our proposed approximations still deliver tight lower bounds.
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In such cases, our approximations ensure that the optimality gap remains below 10.00%.
For instance, when N = 200 and N; = 1, the Gurobi solver obtains a solution with a gap
of 273.28% within two hours, but A1l can obtain a solution with a gap of 9.21% in 3752
seconds. Moreover, when N = 200, A2 requires more computational time to be solved

compared to Al.

Third, A2 generally outperforms Al in terms of the optimality gap. However, as N
increases, the computational time of A2 increases faster than that of Al. To summarize,
our introduced MILP approximations yield better lower bounds within shorter compu-
tational times compared to the Gurobi solver when N; is small. Note that we do not
consider larger N; because our approximations may introduce too many binary variables
and they are time-consuming to deal with by the solver. The further advancement of
the MILP solver can handle this problem and many QCP applications have small N;
(see Section 3.4.5.1), which justifies the significant applicability of our proposed MILP

approximations.

3.4.4 Sensitivity Analyses

To investigate the sensitivity of the approximations to different parameters, we conduct
sensitivity analyses by varying the values of m;, mo, and €. In these analyses, we keep
N and N, fixed at certain values to focus on the impact of the specific parameters being
studied. Specifically, we set N = 100 and N; = 3. These analyses provide valuable infor-
mation on how the performance of the proposed approximations is affected by variations
in the parameters my, mq, and . For each set of parameters, we generate ten instances

and analyze the average performance.
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3.4.4.1 Number of Convex Quadratic Constraints m;

First, we examine the effect of the number of convex quadratic constraints. We consider
different values of my € {2,3,4,5,6} while keeping my = 2 and ¢ = 0.01. We summarize

the average performance in Table 3.3.

Our observations indicate that the computational times of both approximations ex-
hibit a slow increase as m; increases. This behavior can be attributed to the fact that
convex quadratic constraints only introduce linear constraints in the two approximations.
In addition, we find that the optimality gap has little correlation with my. This sug-
gests that the presence of convex quadratic constraints does not significantly affect the

approximation quality.

Table 3.3: Sensitivity Analysis on my
Gurobi Al A2

my Gap  Time | Gap Time | Gap Time
10.00% 1294 | 8.93% 842 | 3.00% 721
10.00% 1297 | 7.69% 934 | 3.00% 767
10.00% 1393 | 8.34% 1100 | 3.19% 658
10.00% 1313 | 7.41% 1070 | 2.78% 801
6 10.00% 1448 | 8.06% 1139 | 3.77% 945

average | 10.00% 1349 | 8.09% 1017 | 3.15% 778

CUo W

3.4.4.2 Number of Non-convex Quadratic Constraints m,

Next, we investigate the influence of the number of non-convex quadratic constraints.
Similar to the analysis for my, we vary msy while keeping m; = 4 and ¢ = 0.01. We

consider my € {1,2,3,4,5}. We summarize the average performance in Table 3.4.

Our observations indicate that the computational times of both approximations in-
crease significantly as ms increases. This can be attributed to the fact that non-convex
quadratic constraints introduce additional binary variables in our MILP approximations,
which pose computational challenges for two approximations. Specifically, the computa-

tional time of A2 increases faster than Al. This can be attributed to the fact that A2
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generally introduces more complementarity constraints than Al (see Table 3.1). Similar
to our findings with my, the optimality gap exhibits little correlation with ms. This sug-
gests that the presence of non-convex quadratic constraints does not significantly affect
the solution quality. Moreover, compared to the Gurobi solver, we know that our ap-
proximations are more suitable for a QCP with a few non-convex constraints, which is

common in the industry for many QCP problems (see Section 3.4.5).

Table 3.4: Sensitivity Analysis on ms
Gurobi Al A2

Mo Gap Time | Gap Time| Gap Time
1 10.00% 1428 | 8.60% 648 | 3.28% 465
2 10.00% 1593 | 8.34% 1100 | 3.19% 658
3 10.00% 1885 | 7.44% 2126 | 3.43% 2314
4 10.00% 1578 | 8.63% 3186 | 3.17% 4260
5 10.00% 1720 | 8.51% 4308 | 2.90% 6087

average | 10.00% 1641 | 8.30% 2274 | 3.19% 2757

3.4.4.3 Quality Parameter ¢

Lastly, we examine the impact of the quality parameter € on the results of our approx-
imations. We test different values of ¢ while fixing m; = 4 and my = 2. We consider
e € {0.014,0.012,0.01,0.008,0.006, 0.004, 0.002} and summarize the average performance
in Table 3.5. Note that the performance of the Gurobi solver is not affected by €. The

Gurobi solver needs 1337 seconds to obtain a solution with a gap of 10%.

Our observations reveal that the gap provided by A2 is smaller than that provided
by A1l. This suggests that A2 yields tighter lower bounds. Meanwhile, for both approx-
imations, the computational time grows rapidly as the value of ¢ decreases. This can be
intuitively explained by the fact that when ¢ decreases, the number of constraints required
to approximate the SOC constraints increases. Consequently, the number of binary vari-
ables in each MILP approximation also increases. Therefore, we suggest using a slightly
large ¢ for our approximations because such a € has little effect on the optimality gap but

a significant effect on the computational time.
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Table 3.5: Sensitivity Analysis on ¢
Al A2

€ Gap Time | Gap Time
0.014 | 887% 716 | 3.55% 508
0.012 | 8.68% 857 | 3.45% 535
0.010 | 834% 1100 | 3.19% 658
0.008 7.62% 1886 | 2.87% 1585
0.006 7.01% 2725 | 2.56% 2698
0.004 |6.38% 3492 | 2.23% 3935
0.002 5.59% 4625 | 1.99% 4749

average | 7.50% 2200 | 2.83% 2096

3.4.5 Two Applications
3.4.5.1 Joint Decision and Estimation Problem

As an application of our proposed approximations, we consider the JDE problem, which
has been widely applied in the fields of signal processing, wireless communication, power
systems, biological information, and medical imaging. In the context of signal processing,

Zang and Zhu (2022b) show that the JDE problem can be formulated as:

. . T, T
min min L CiCi Vs 3.39a
JE{0,1} ¥4, Yi €Y ( )

—(A;+A]) Aje ;
s.t. - (A5 + A7) Agel 1 <0, (3.39b)
Yi ;i
eTA;-l— 0 Tj
(1—kj)1; <1, (3.39¢)
bleij‘ — R;T;j < 0, (339d)
bjTyj =1, (3.39¢)
0 S Yj S Tje, (339f)
7; >0, (3.39g)

where for each j € {0,1}, b; >0, ¢; >0, and A; = bjc{_; —c;b]_; are coefficient vectors

and matrix and 0 < k; < 1is ascalar. Note that the number of negative eigenvalues in the
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matrix of (3.39b) is usually small (Zang and Zhu 2022a). We consider the epigraph form
of Problem (3.39) such that it has the same form as Problem (3.1). In the experiment, we
set kg = k1 = 0.9 and every element in by, by, ¢y, and c; is uniformly generated in the
interval [0,10]. We then consider the JDE problems with N decision variables for each
j € {0,1}, i.e., variables y; and 7;, where N € {100,200, 300,400, 500}. For each case, we
generate ten instances and summarize the average performance in Table 3.6. Note that ¢

is set to be 0.01.

Table 3.6: Average Performance of the JDE Problem
Gurobi Al A2

N Gap Time | Gap Time | Gap Time

100 10.00% 1018 | 7.34% 279 | 3.07% 163

200 10.00% 1832 | 7.30% 308 | 3.64% 142

300 10.00% 4745 | 7.39% 515 | 3.39% 222

400 43.19% 7200 | 8.08% 603 | 4.11% 443

500 82.82% 7200 | 7.29% 710 | 3.68% 623

average | 31.20% 4399 | 7.48% 483 | 3.58% 319

3.4.5.2 Two-trust-region Subproblem

The TTRS is a non-convex quadratic problem with two ellipsoidal constraints, i.e.,

min x' Qx+c'x (3.40a)
st.  |JAx — bl < dy, (3.40b)
|| < ds, (3.40c)

where ¢, b, Q, and A are coefficient vectors and matrices and d; and dy are two scalars.
Similar to Problem (3.39), we consider the epigraph form of Problem (3.40) such that it
has the same form as Problem (3.1). Note that Problem (3.40) has two convex quadratic
constraints and one non-convex quadratic constraint. In this experiment, we follow Section
5.3 of Burer and Anstreicher (2013) to randomly generate instances. The number of

negative eigenvalues in Q is randomly chosen from {1,2,3}. We then consider the TTRS
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problems with N decision variables, i.e., x € R, where N € {100,200, 300, 400, 500}. For
each case, we generate ten instances and summarize the average performance in Table 3.7.

Note that € is set to 0.01.

Table 3.7: Average Performance of the TTRS Problem

Gurobi Al A2
N Gap Time | Gap Time | Gap Time
100 10.00% 2295 | 7.31% 519 | 3.01% 369

200 10.00% 2820 | 6.75% 608 | 3.53% 429
300 10.00% 4124 | 7.54% 666 | 3.02% 489
400 10.00% 5510 | 6.88% 787 | 2.94% 669
500 49.27% 7200 | 7.14% 971 | 3.23% 781

average | 17.85% 4390 | 7.12% 710 | 3.15% 547

3.4.5.3 Numerical Performance

Our observations indicate that the computational time of the Gurobi solver increases
significantly as the value of N increases. In contrast, the computational times of our
proposed two approximations increase at a slower rate with increasing N. Specifically,
even for relatively large values of N, such as N = 500, the two approximations can obtain
solutions with much smaller gaps within 1000 seconds, whereas the Gurobi solver requires
two hours to obtain solutions with a larger gap. This highlights the advantage of our ap-
proximations in terms of optimality gaps. Furthermore, our findings demonstrate that A2
outperforms A1 in the context of the JDE problem and the TTRS problem. The approx-
imation A2 consistently yields smaller values for the optimality gap and computational

time than Al.

3.5 Conclusion

A non-convex QCP optimizes a linear objective function subject to non-convex quadratic
constraints. Despite its widespread applications in various industries and academia, find-

ing an optimal solution for a non-convex QCP remains a challenging task. Currently,
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most QCP solvers utilize the spatial branch-and-bound algorithm to search for an opti-
mal solution. One of the most important components of this algorithm is deriving efficient
lower bounds, which help reduce the size of the branch-and-bound tree. In this chapter,
we propose two MILP approximations to provide tighter lower bounds for a non-convex
QCP. To the best of our knowledge, we are among the first to develop asymptotically

tight MILP approximations for a non-convex QCP.

Initially, considering a non-convex QCP, we employ an eigenvalue-based decomposition
to reformulate non-convex quadratic constraints. Specifically, we transform each non-
convex quadratic constraint into an SOC constraint ||y|| < ¢ and the complement of an
SOC constraint ||z|| > ¢. Subsequently, we introduce a polyhedral approximation for
|ly|] < t. Based on the approximation of ||y|| < ¢, we develop an approximation for ||z| >
t. Combining these approximation results, we obtain an LPCC approximation for the non-
convex QCP. Furthermore, we establish that the feasible solution of the LPCC satisfies
the “e-relaxed” constraints of the non-convex QCP (Proposition 9). More importantly,
we demonstrate that the optimal value of the LPCC converges to the optimal value of
the non-convex QCP asymptotically (Theorem 7). Finally, we show the boundedness of
the LPCC when the original non-convex QCP is bounded (Section 3.2.5). As a result, we
reformulate the LPCC into an MILP by utilizing this boundedness property. Motivated
by the trade-off between the number of variables and the number of constraints in the
context of extended formulations for approximations, we provide an alternative MILP
approximation in Section 3.3, where the asymptotic convergence property also holds.
Compared to the first approximation, the second approximation typically introduces fewer
variables but may result in more constraints when the approximation quality parameter

€ 1s small.

We conduct extensive computational experiments to validate the effectiveness of our
proposed approximations over our randomly generated instances and the unitbox in-

stances from the literature. The numerical results demonstrate that the proposed approx-
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imations yield smaller optimality gaps within shorter computational times than a state-
of-the-art commercial solver. Meanwhile, our proposed approximations show a significant
improvement in the optimality gap compared to the LP, SOCP, and SDP relaxations of
the original non-convex QCP. We also apply our approximations to two problems: the
joint decision and estimation problem and the two-trust-region subproblem. The numer-
ical results highlight the significant advantages of our proposed approximations in terms

of computational time and optimality gap.
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Chapter 4

Data-Driven Chance-Constrained
Planning for Distributed Generation:

A Partial Sampling Approach

4.1 Introduction

With technological development and governments’ support, renewable energy has drawn
significant attention and investment. A widely used strategy to exploit renewable en-
ergy is to integrate renewable distributed generation (RDG) units into existing power
distribution grids. Correct installation of RDG units can help power system operators
provide customers with affordable and reliable energy, while improper placement may
result in many problems, e.g., system instability and power losses (Keane et al. 2013),
due to the intermittency of renewable energy. Such intermittency from RDG units may
lead to cascading problems such as an imbalance of electricity supply and demand and
system blackouts (Georgilakis and Hatziargyriou 2013). Therefore, proper siting (i.e., lo-
cation) and sizing (i.e., capacity) decisions of the RDG units are of great significance for

power system operators to ensure the benefits of renewable energy and maintain reliable
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operations of the power distribution grids.

Besides RDG units, energy storage (ES) has also been considered for use in power
distribution grids. It is because ES units can provide a buffer against an imbalance of
supply and demand, thereby reducing operating costs and increasing a power distribution
grid’s probability of meeting demand. Such benefits may offset the installation and op-
erating costs of ES units and even lead to profits. For example, Abbey and Joos (2007)
adopts ES to help support wind energy applications and Barton and Infield (2004) uses
ES to increase the penetration of more general renewable generation by smoothing out the
effects of intermittency. The positive results from these studies indicate the necessity to
integrate ES units into a power distribution grid with RDG units. Thus, it is important

to determine the optimal siting and sizing decisions of both the RDG and ES units.

For ease of exposition, we refer to the problem of siting and sizing both RDG and
ES units in a power distribution grid as the planning problem thereafter. Such a prob-
lem largely relies on accurate power flow analysis. Two mathematical models are often
considered to calculate the optimal power flow in power grids: the direct current optimal
power flow (DCOPF) and the alternating current optimal power flow (ACOPF) models.
The DCOPF model is composed of linear constraints and thus is easier to solve, while it
oversimplifies the physical features. In contrast, the ACOPF model is relatively accurate
by considering active and reactive power-generation limits, demand limits, bus voltage
limits, and network flow limits (Kuang et al. 2016), while it is nonlinear and nonconvex.
The DCOPF model provides a linear approximation of the ACOPF model, with system-
atic errors though. Such inaccuracy is acceptable for large-scale power networks but is
often unacceptable for local distribution grids. Therefore, this chapter uses the ACOPF

model to accurately simulate a power distribution grid.

Different variants of the planning problem have recently drawn much attention from
academia and industry. Ehsan and Yang (2018) provides a review of related studies on

the RDG planning in the power distribution network, and Oree et al. (2017) reviews
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related studies on more general generation expansion planning. Specifically, Celli et al.
(2005) plans the locations and capacity sizes of RDG units based on simplified load
flow calculation in a multiobjective optimization model that is further solved by a ge-
netic algorithm, while ES units are not considered. Similarly, without ES units included,
Melgar-Dominguez et al. (2018) considers the siting and sizing of RDG units in a power
distribution grid in a two-stage robust optimization model. Pandzi¢ et al. (2014) makes
the siting and sizing decisions for the ES units in a power transmission grid via a three-
stage mixed-integer linear program, while the DCOPF model is adopted. A recent work
can be found in Fathabad et al. (2020), which considers only the sizing of RDG units in
a two-stage distributionally robust optimization model and makes the siting decisions via
sensitivity analyses. The above existing efforts demonstrate the significance of siting and

sizing RDG and ES units.

However, the large-scale installation of RDG units adds significant uncertainties to a
power distribution grid due to the intermittency of renewable energy, requiring method-
ological innovation to deal with the already challenging operations of a power distribution
grid. To that end, many stochastic programming models dealing with uncertainties have
been developed to support effective distribution grid operations. For example, Zhou et al.
(2013) proposes a two-stage stochastic programming model for the optimal planning of
distributed energy systems under demand and supply uncertainties. Tan et al. (2014)
proposes a two-stage stochastic programming-based optimal power flow model for the

operation of distribution networks with uncertainties from wind power.

In this chapter, we adopt chance-constrained programming to model the planning
and operational decisions under uncertainties, including renewable generation and load
uncertainties, to ensure the feasibility of the distribution system under a high probability.
Specifically, we note that, due to such uncertainties, a power distribution grid may face
various reliability issues. For instance, power outages often happen when the power

supply is insufficient, such as facing a natural disaster like a typhoon. A load bus that

105



is far away from the upper stream grid may not receive the power injected from the
upper stream grid or local distributed generators because of distribution line capacity
limit and line loss. The distribution line contingency may also happen. Therefore, to
help relieve such pressure and ensure system reliability, we build a two-stage chance-
constrained (TCC) model (where the siting and sizing decisions are in the first stage
and operational decisions are in the second stage) to solve the planning problem. More
importantly, considering various reliability issues, we adopt a chance constraint to ensure
all the operational constraints in the second stage are satisfied simultaneously, rather than
ensuring load satisfaction only. As such, our proposed TCC model becomes extremely

difficult to solve, requiring further innovation in solution approaches.

We note that the chance-constrained model is a risk-averse decision-making tool that
can help grid operators actively control the probability of unfavorable outcomes (e.g.,
system blackouts). The chance-constrained model is widely used for power system oper-
ations. For instance, Roald and Andersson (2017) solves the chance-constrained ACOPF
problems to ensure that operational constraints are satisfied with the desired probabil-
ity. Lubin et al. (2019) further provides convex approximations via second-order conic
programming, and Fathabad et al. (2023) provides asymptotically tight conic approxima-
tions for the chance-constrained ACOPF problems. Similarly, Ozturk et al. (2004) studies
the chance-constrained unit commitment formulations, and Wu et al. (2014) investigates
the chance-constrained day-ahead scheduling. Several studies use TCC models, which
are much more complex than single-stage chance-constrained models. For instance, Wang
et al. (2012) is among the first to propose a TCC model for the unit commitment problem,
while it considers a single chance constraint to ensure load satisfaction only. Zhang et al.
(2017b) considers a similar TCC model for the unit commitment problem while present-
ing a bilinear mixed-integer reformulation solved by Benders decomposition following the
study in Zeng et al. (2014). Pozo and Contreras (2012) formulates the chance constraints
based on the definition of conditional value at risk in a TCC model for the unit com-

mitment problem and reformulates these constraints using sampling-based approaches.
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Wu et al. (2016) specifically considers wind uncertainty in the chance-constrained unit
commitment model. However, to the best of our knowledge, few studies apply the TCC
models in the planning of RDG and ES units together in a distribution system consider-
ing the ACOPF model. More importantly, different from the existing studies above, this
chapter considers all the operational constraints simultaneously in a difficult joint chance

constraint.

Nevertheless, the TCC model is intractable in general, specifically when the random
parameters follow an underlying continuous (yet unknown) probability distribution and
are of high dimensions, posing severe computational challenges (Nemirovski and Shapiro
2007). The existing studies primarily adopt two approximation approaches to solve a
chance-constrained model: a convex (or tractable) approximation approach (Lubin et al.
2019) and a sampling-based approach (Wang et al. 2012). The former is not applicable
to a TCC model because the second-stage recourse decision is a function of the first-
stage decision and random parameters and it is impossible to algebraically characterize
this function. Thus, this chapter uses the latter. Specifically, we propose two sampling
techniques to reformulate our TCC model: the standard sample average approximation
(SAA) method and a new partial sample average approximation (PSAA) method. Both
approximations lead to mixed-integer convex quadratic programs. However, the SAA
introduces many additional binary variables corresponding to the samples, creating com-
putational complexity to the already challenging distributed energy resource planning
problem. In contrast, the PSAA samples only a part of the random parameters, and we
use a non-parametric estimation method to approximate the probability distribution of
the remainder, leading to an efficient data-driven approach. We only need to introduce
additional continuous variables corresponding to the samples to reformulate the model,
reducing the computational complexity. Thus, the reformulation can be scaled up to solve

large-scale instances.

The main contributions of the chapter are as follows.
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e We develop a novel TCC model for the distributed energy resource planning prob-
lem that considers both the placement and capacity of RDG and ES units under
uncertainty, combined with the ACOPF model, in a distribution grid with multi-
ple periods. We consider all the operational constraints in the second stage to be

satisfied simultaneously in a joint chance constraint.

e We are the first to develop the PSAA approach using historical data to solve the
above TCC model for a significant industry problem. We extend the PSAA idea

that solves single-stage chance-constrained models.

e Our extensive experiments on the IEEE 33-Bus and 123-Bus systems using real data
show that the PSAA approach performs better than the standard SAA approach
because the former provides better solutions in a shorter time in in-sample tests and
provides better guaranteed probability for system reliability in out-of-sample tests.
The effectiveness of ES units in reducing total costs and improving system balance

is also demonstrated.

The remainder of this chapter is organized as follows. A two-stage model and its
TCC counterpart for the planning problem are presented in Section 4.2. The TCC model
is then approximated using the SAA and PSAA methods in Section 4.3. We provide
computational results and explanations in Section 4.4. Section 4.5 concludes this chapter.

The notation used throughout this chapter is summarized in Appendix C.1.

4.2 Mathematical Model

In this section, we present a two-stage stochastic programming model and its TCC coun-

terpart for the planning problem.
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4.2.1 A Two-Stage Model

We focus on a typical distribution grid topology: the radial network. Such a network
has a tree structure and connects to a transmission network via a single bus (Bus 0). In
our distribution network, the power supply comes from four sources: the transmission
network, the traditional dispatchable distributed generation (DDG) units and reactive
sources, the RDG units, and the ES units. The last three sources are located in some
buses of the distribution grid. While the DDG units and reactive sources have already
been placed (i.e., given system input data), the RDG and ES units are to be installed
(i.e., system decision variables). The operating costs for the supply sources include the
payment to the transmission network, the cost of power generation from the DDG units,
and the cost of charging/discharging the ES units. Here we investigate the optimal siting
and sizing of K candidate RDG units and R candidate ES units in a distribution grid
with buses A, to minimize the total cost across the planning horizon. The cost includes
deterministic investment/maintenance costs and stochastic operating costs (due to the
uncertainties in load and renewable power generation). In the following, we formulate
the planning problem as a two-stage optimization model and describe the corresponding

first-stage and second-stage objectives and constraints.

1) First-stage model: The first-stage objective minimizes the total cost of building,

maintaining, and operating the RDG and ES units, with the model formulated as follows.

%iln Ci () +E[Q (Q4,¢)] (4.1a)
st. Yz <1, Vke K], (4.1b)
neN
K
> s <K, (4.1¢)
k=1 neN
L
€Ty = Zuklil, Vk e [K], (4.1d)
=1
L
D un =Y 2k, VE € [K], (4.1¢)
=1 neN
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> w, <1, Vre|R], (4.1f)

neN
> wmy <y <D wendy, Vr € [R), (4.1g)
neN neN

where Q! := [z, z,u,w,y|" is the vector of first-stage variables. The first part in the

objective function (4.1a)

. K(chn%n (cp +Tcp) x )+Z<Zd Wen + (A} + Td?) y >

neN r=1 neN

represents the total deterministic cost, including the setup costs and the size-based in-
vestment /maintenance costs of the RDG and ES units. Specifically, C; (') includes two
parts: (i) the setup costs of the RDG and ES units, Y5, (3 en Conzin) +2m 1 (X nen 4%
W), and (i) the investment /maintenance costs of the RDG and ES units, Y1 ((ch+T¢
)Tk) +Zf:1 ((d! + Td?)y,). In part (i), 21, is a binary variable indicating whether the kth
candidate RDG unit is located at bus n and w,,, is a binary variable indicating whether
the rth candidate ES unit is located at Bus n. In part (ii), x; and y, are continuous
variables indicating the capacities of kth candidate RDG unit and rth candidate ES unit,

respectively.

The second part in the objective function (4.1a), E[Q(Q2!, £)], represents the expected
minimum operating costs over all T' periods, which is defined explicitly in (4.2). Note
that & is defined as the vector of all random variables (see Table C.1 for the details),
with (Z, F,P) denoting its probability space. Regarding the constraints (4.1b) - (4.1g),
they link the variables zp,, Wy, Tk, Y, and ug;, by which the setup costs are linked with
the investment/maintenance cost. Specifically, constraints (4.1b) show that a given kth
candidate RDG unit, if installed, should be in one of the buses in N'. Constraint (4.1c)

enforces that the total number of RDG units installed should not exceed the limit K.

In constraints (4.1d) and (4.1e), ug is a binary variable indicating whether the capacity

of the kth candidate RDG unit is the /th element in X', ;. Thus, constraints (4.1d) and
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(4.1e) ensure that if a given kth candidate RDG unit is installed, then the capacity of
this RDG unit should be one of the pre-defined values in X'. For any given kth candidate
RDG unit, the summation Zle up is equivalent to the ) - 2k,, which may take only
the value 0 or 1. Such equivalence is not related to the locations of candidate RDG units.
Constraints (4.1d) and (4.1e) are motivated by the practice where various regions and
institutions have different regulations on the capacity of distributed generation, and thus

the capacity of RDG units vary (Ackermann et al. 2001).

Similar to (4.1b), constraints (4.1f) show that a given rth candidate ES unit, if in-
stalled, should be in one of the buses in A. Constraints (4.1g) show that if a given rth
candidate ES unit is installed (i.e., w,, = 1 for a bus n), then its capacity should be
between the lower bound Y, and the upper bound #,.. Note that multiple new assets

(including RDG and ES units) may be installed eventually.

From the above constraints, we can observe that zy, impacts x; and w,, impacts y,,
i.e., the binary variables indicating the location of new assets have an impact on the

investment /maintenance cost.

2) Second-stage model: Given a first-stage decision ! and a realization & of the
uncertain load and renewable generation, the second-stage objective minimizes the dis-
tribution grid’s operating costs Q(!, £), where & := [¢!,...,£T]", while respecting a set
of physical constraints such as the ACOPF constraints. The operating costs include the
cost of purchasing active/reactive energy via Bus 0, the cost of fuel used and emissions
created in generating active power in the DDG units, and the cost of charging and dis-
charging the stored energy. The operating costs also include the load-shedding variables

LS LSt

1mn> and a penalty factor p to account for any unsatisfied load. Meanwhile, note

mn?

that introducing the load-shedding makes the resulting two-stage stochastic programming

model satisfy the complete recourse assumption. Let 2 be the vector of all second-stage

111



variables and let

Cy (°) =) (CZPS +elgh+ Dl + > chwpl,

t=1 neby neby

R R
+ Z elf: + Z 629£ + Z p (Lsfmn + L‘ngn)
r=1 r=1

(m,n)e€

be the total operating costs in the second stage. The second-stage problem, whose optimal

value is denoted by Q(€2!,€), can be formulated as follows. (For ease of exposition, all

constraints with a superscript ¢ hold for all ¢ € [T7].)

. 2
I?)IQH Cy (Q )
s.t. E;szg pl, ¥Yn € B,
¢ <q, <d,, Vn € By,

v < VI <w, ¥ne N\ {0},

pf): ZP(I;WJ qSZZQan

neBy neBy

K R
Py — R [ 12+ LSt = db — > zmshrr = Onph + D P+ Y wen (ff -
k=1

leN, r=1

Y (m,n) €&,

2
srm - :{mn ‘]frm’ + L‘Sémn = dfm - anz + Z szl’ V(m,n) € 5’
leNn

b =0, Vr € [R],
0<bL <y, Vre|R]

by — bt =ft—gl/v, Vr € [R],

VAP = [V = 2Rn Pl + 2800 Qb — (82, + X2,) 1| ¥ (mym) € €,

| (2Pt 2@t VA = 16| < VAP + [ () € €,

(PL)? + (Q4n)” < (LCn)?, ¥ (mym) € €,

po >0, g5 >0,

LS, >0, LS, >0, V(mmn)ckE.
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(4.2n)

(4.20)



Here, 2 consists of ph, ¢} for t € [T, pl,, q', Vi, Pt Qb forn e N, te[T], ft,gt, bt for

r e [R,t € [T], P!

n

1, Qb for n such that (m,n) € &€ for some m, | € Ny, t € [T], and

LS}

2mn

Pl Q. It LS,

mn?’ -mn’ Imn>

for (m,n) € &€,t € [T1.

We explain all the constraints in the model (4.2) as follows. The power generated
by the DDG units and the reactive sources is bounded by (4.2b) and (4.2¢), respectively.
Constraint (4.2d) sets the bounds on the voltage of each bus. Constraint (4.2¢) represents
the active and reactive balance equations at Bus 0. Constraints (4.2f) and (4.2g) are active
and reactive power balance equations from Kirchhoft’s current law. The following Fig.

4.1 illustrates the active power flow balance for each distribution line (m,n) € £. The

> wmgt
Ny pPL o4+ LSt / l !
/ m nE——— > cn, Ph
Ron |1, | \
Ef:l wrnf:
dt

Figure 4.1: Power Flow Blance.

balance of power in storage is initialized by (4.2h) and bounded by (4.2i). ES balance
between two consecutive periods is shown in (4.2j), considering ES charging/discharging
efficiency. Constraint (4.2k) represents the voltage drop on each line. Constraint (4.21) is
the branch power-flow constraint, and the capacity of each distribution line is limited by

(4.2m). Nonnegativity constraints are listed in (4.2n) and (4.20).

Note that the load-shedding variables LSt —and LS — are defined over each distri-
bution line (m,n) € £. Once the model is solved, one can also compute the load-shedding
values at each bus easily. We also note that the branch flow model is applied here to for-

mulate the ACOPF constraints in (4.2f) — (4.2g) and (4.2k) — (4.2m), where (4.21) includes

a set of a second-order conic (SOC) constraints. These constraints represent the ACOPF
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constraints via convex relaxation following the study in Farivar and Low (2013). Specif-
ically, Farivar and Low (2013) removes the voltage and current angles while introducing
squared voltage and current magnitudes, and relaxes the nonconvex quadratic constraints
with convex SOC constraints. More importantly, Farivar and Low (2013) shows that the
obtained convex relaxation is exact when the distribution network is radial. As most
practical distribution networks are radial grids (Farivar and Low 2013), we also consider
a radial network in this chapter. Therefore, the constraints (4.2f) — (4.2g) and (4.2k) —
(4.2m) form an exact reformulation of the ACOPF constraints. As such, we obtain a
second-order conic programming (SOCP) formulation in (4.2), which enables large-scale
applications due to the computational efficiency of SOCP formulations. We note that
there are also other types of approximations to formulate the ACOPF constraints, such
as linearized distribution flow (LinDistFlow) (Baran and Wu 1989), where voltage drop

and line power flows are approximately linearly related to power injections.

We summarize the two-stage stochastic programming model of the planning problem

as
in O (Q') +E[C, (@ 4.3
Quin - G (2) +E[C, (2°)] (4.3)

st. (4.1b) — (4.1g), (4.2b) — (4.20).

Note that €2 and constraints (4.2b) — (4.20) are dependent on €. As the first-stage
problem (4.1) is an integer program and the second-stage problem (4.2) is an SOCP, the

entire two-stage problem (4.3) is a mixed-integer SOCP.

4.2.2 A TCC Model

In the two-stage stochastic programming model (4.3), we allow the load to be unsatisfied
with a penalty cost, and the goal is to choose the best first-stage decision Q! such that

the total first-stage and second-stage cost can be minimized. However, the power system
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operators often need to control the reliability of the power system, which is measured
as the probability of load satisfaction. Therefore, in this section, we use the chance

constraints to ensure this requirement and propose a two-stage chance-constrained model.

First, let us revisit the two-stage stochastic programming model (4.3) here:

min C; (2) +E [Q (2',)]

s.t. (4.1b) — (4.1g),

where Q(',€) = ming2{C»(02?) | (4.2b) — (4.20)}. Note that this two-stage stochastic
programming model satisfies the complete recourse assumption because the load-shedding

and LS?!

2mn

variables LS!

Tmn in Q2 can be seen as slack variables, which are penalized in

the objective function Cy(0?).

Second, for any feasible Q! and the realization of &, “load satisfaction” means that

there exists Q2 can satisfy (4.2b) — (4.20) and LS!

Imn

= LS}

2mn

=0, V(m,n) €&, telT].

For the ease of presentation, we denote another second-stage problem:

QL&) =min Cu(?)
s.t. (4.2b) — (4.20),

LS. . =LS, =0 V(mmn)e&, tell) (4.4)

2mn

Note that Q(Q', &) has extra constraints (4.4) compared with Q(Q',¢). Meanwhile,
Q(2',€) can be seen as the recovery operation problem (Liu et al. 2016). The main
difference between the two problems is that, given any Q! and &, Problem Q(Q*', £) can

always be satisfied, but Problem Q(Q*, &) may not.

Third, we denote the following new two-stage stochastic programming model:

Héigl G (QY) +E[Q (4, ¢)] (4.5)
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s.t. (4.1b) — (4.1g).
Meanwhile, for any & € =, we define:
P(¢) = {Q! satisfies (4.1b) — (4.1g) | 3 Q? satisfies (4.2b) — (4.20) and (4.4)}.

Note that Problem (4.5) implicitly enforces that Q! € P(£) for almost every € € =, since
otherwise the objective value is infinite. Although Problem (4.5) can ensure the load
satisfaction with probability one, it may lead to an infeasible model or may lead to a

model in which the first-stage solutions are too costly.

Thus, in this section, the constraint that the second-stage must be feasible in all
possible realizations is replaced with the relaxed version that enforces this to hold with

high probability, i.e.,
P (9% in (4.2) satisfies (4.4) | Q') >1—1n. (4.6)

In other words, P(Q' € P(£)) > 1 — 7. As a result, we can follow Liu et al. (2016) to

provide the following TCC model (two-stage chance-constrained programs with recovery):

1311’111 Ci(Q)+PI=0E[Q(Q,€) | I =0] +P(I=1)E[Q(Q", &) | I =1] (4.7)
s.t.  (4.1b) — (4.1g), (4.6),
I =0=Q'eP(§), VEe&E,

Ig € {0, 1}, V€ € =,

where I¢ are indicator decision variables. However, the above problem (4.7) is difficult
to solve. Specifically, constraint (4.6) is nonconvex and thus problem (4.7) becomes in-

tractable. Next, we introduce two approximation methods to address this challenge.
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4.3 Solution Approaches

In this section, we describe two approximation methods for solving the problem (4.7): the

SAA and PSAA methods.

4.3.1 The SAA Formulation

The SAA is a classic sampling technique that is widely used in chance-constrained prob-
lems. It approximates the expectation of random variables using their sample means. The

probability of an event E can be reformulated as an expectation as follows:

where [(-) is an indicator function that takes a value of 1 when the event happens and
0 otherwise. Let II; be the total number of samples of the random vector & and [II;] be
the set of all the samples, and let &, be a specific sample for any 7 € [II;]. The SAA
approximates P {2 in (4.2) satisfies (4.4) | Q'} in (4.6) with

II1
1
— ) I(92 satisfies (4.2b) — (4.20), (4.4) | Q") ,
=1

where Q2 is a copy of the second-stage variables Q? corresponding to &, for each 7 € [II].
Let (4.2b),_ — (4.20)_ be constraints (4.2b) — (4.20) with & replaced by &, and Q2 replaced

by Q2. The SAA approximation of (4.7) thus becomes:

' Cr(QY) +=) G (22)
o i O (1) + 22

1
s.t. — Z]I (€22 satisfies (4.2b) — (4.20), (4.4) | 2') > 1 —1. (4.8)
IT, 2~

(4.1b) — (4.1g), (4.2b)_ — (4.20)_, Y € [IT,].
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We further introduce a binary variable 6, € {0, 1} for each sample 7 € [II;]. When 6, = 0,
it indicates that I(22 satisfies (4.4) | 22') = 1, i.e., all the constraints in the second-stage
model (4.2) are satisfied; when 6, = 1, it indicates 1(£22 satisfies (4.4) | Q') = 0, i.e.,
all the constraints in the second-stage model (4.2) are not satisfied. Therefore, we can

reformulate (4.8) as the following mixed-integer quadratic program:

I
i O Q') + Hil Z:l C, (Q2) (4.92)
s.t. (11b) — (4.1g). (4.9b)
(4.2b)_ — (4.20)_, V7 € [IL4], (4.9¢)
LS. < 0.M, LS. <60.M;V(mn)eEVnrell] (4.9d)
i@w <IIin, (4.9¢)
Zle {0,1}, V 7 € [I1], (4.9f)

where M, is a sufficiently large number for any = € [II;]. Specifically, with constraints
(4.9d) and (4.9¢), we ensure that all but a few number (i.e., nll;) of samples in [II;]
satisfy the constraints in the second-stage model (4.2). That is, with the probability of
1 — 7, the constraints in the second-stage model (4.2) are satisfied. In addition, as in the

second-stage model (4.2), all constraints in (4.9) with a superscript ¢ hold for all ¢ € [T7].

All of the constraints in (4.9) are convex except for (4.2f) .7 € [II;]. Specifically,
constraints (4.9b) are from the first-stage model, and all of them are linear constraints.
Constraints (4.9d) - (4.9f) are also linear constraints. Constraints (4.9¢), i.e., (4.2b)_—
(4.20)_, Vm € [II], are from the second-stage model, and they are either linear or second-
order conic (SOC) constraints when the first-stage decision variables are given. However,
as problem (4.9) needs to optimize both the first-stage and second-stage decision variables,
constraints (4.2f) , 7 € [II;] include bilinear terms (zg,ug and w,,fL.), by which these
constraints are nonconvex. Specifically, after substituting z; with (4.1d), we achieve

bilinear terms zg,uy for k& € [K],n € N, € [L]. The bilinear terms can be linearized
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using McCormick inequalities.

McCormick inequalities are commonly used to linearize a bilinear term, say w =
ry with 2 < 2z < 2V and y¥ < y < 9Y, in (mixed-integer) nonlinear programming
(McCormick 1976). The general form of McCormick inequalities for w = xy can be

written as:

w >ty +ay" —2tyt, w >y 4+ ay - 2y,
w < 2%y +zyt — 2y, w < ay? + 2ty — atyY

When z and y are both continuous variables, the above four McCormick inequalities
provide convex and concave envelopes of the bilinear term zy. When at least one of x and
y is binary, w = xy can be implied by the above four McCormick inequalities, resulting

in an equivalent mixed-integer linear reformulation of the bilinear expression.

Thus, for all k € [K],n € N, € [L], we replace zj,up with SBy,, and add the following

constraints

Bint = 0, Brni = 2kn + g — 1,

Brnt < ugg, and Byng < Zkn,

to enforce B, = zpnui, Wwhere both zp, and uy are binary. Using the same technique,
for all » € [R],n € N,t € [T],n € [II], we denote fi_ := wy,fL., where w,, is binary,

and add the following constraints:

pt tpt t 7t 7t
TN Z wrniﬂrv Trn Z f7r'r + wrnfm« - f7r7'7

¢ t t ¢ -t
frrn S f7trr + wrniﬂ_r - imn and f7tr7‘n S anfm"?

where 7; and iir are the lower and upper bounds of fL. The bilinear term w,,g.,

can be managed similarly. As a result, the SAA formulation (4.9) is transformed into a
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mixed-integer convex quadratic program.

4.3.2 The PSAA Formulation

The SAA is relatively accurate when there are sufficient samples. However, more samples
lead to more binary auxiliary variables (i.e., 0,), greatly increasing the computational
burden. Thus, we use partial sampling to reduce the computational difficulty and improve
the solution quality. We extend the preliminary studies on partial sampling in Cheng et al.
(2019) to approximate our proposed TCC model, which is more complicated than the
single-stage chance-constrained model considered in Cheng et al. (2019), as evidenced in
Liu et al. (2016). This leads to an extended PSAA model, referred to as the PSAA model
for simplicity. It samples a part of the random parameters and estimates the probability
distribution of the remainder. We first present the basic PSAA idea and then detail our

PSAA model.

We consider a general chance constraint

P{g(x,£) > 0} > 1 -1, (4.10)

where € = (&1,&2) and & is independent of &. Clearly, P{g(x,&) > 0} = E[I(g(x, &) >
0)] = E¢, &, [I(g(x, &1,&2) > 0)] = E¢, Eg, [I(g(x, &1, &2) > 0)], where the third equation is
because of the independence between & and &. The PSAA idea then reformulates one
of the above two expectations (i.e., E¢, and Eg,) by its sample mean. For instance, if

we replace the inner expectation Eg, by a sample mean of NV independent samples of &

(denoted by é%, . ,ﬁ%v), then the PSAA formulation of (4.10) is as follows:

Ee, [I(g(x, &1, £5))]

=] -
WE

e
Il
—_

P{g(w,ﬁl,ég) > 0} >1- 7,

I
=] =
[]=

T
I
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which is further equivalent to the following

P{g(x, &, &5) > 0} > yi., Vk € [N], (4.11)

N
% >1—mn, yr > 0,Vk € [N]. (4.12)

In contrast to constraints (4.9d) - (4.9f) (SAA formulation), constraints (4.11)-(4.12)
(PSAA formulation) introduce only continuous variable yg, while N new chance con-
straints are added. In our proposed PSAA model, We will show that (4.11) has a convex
approximation for the planning problem in this chapter, which contributes to the existing

literature.

To apply the above PSAA idea, we need to have the sampled random parameters
independent of the unsampled ones. We first convert the random vector £ into an un-
correlated random vector & using an affine transformation, thereby approximating the
independence requirement. Specifically, let ¥ be the covariance matrix of £ and p be the
mean vector of £ Suppose that ¥ = UAU is an eigenvalue decomposition of ¥, where
U is an orthogonal matrix and A is a diagonal matrix with the eigenvalues of ¥ on the
diagonal. Without loss of generality, we assume that Aj; is the largest eigenvalue of X.
Let

¢ = A_%UT(E — ), or equivalently, & = UAz¢' + L.
It is straightforward to see that &’ is an uncorrelated random vector with a mean of 0.

We partition & as (£, &), where &/ is the first component of £ and &} is the vector of
the other components. Note that when £ is sampled, & is the first principal component.
The PSAA then considers 11 Monte Carlo samples &, , k € [Il5] of &, and approximates

the probability of an event E as

1>
1
P e (E) = m > Py (E|&,).
k=1
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In our PSAA model, we retain the objective function of (4.8) and constraints (4.1b) —
(4.1g) and (4.2b)_ — (4.20)_. We also develop a different approximation of the chance
constraint using the PSAA. To be compatible with the PSAA framework, given the first-
stage variables Q' instead of requiring (4.2b) — (4.20) and (4.4) to be satisfied with
a high probability by a specified 22, we relax the chance constraint (4.6) to require
the consistency of (4.2b) — (4.20) and (4.4). That is, we consider the following chance

constraint:
P (3 a solution satisfying (4.2b) — (4.20), (4.4) | Q") > 1 — 1. (4.13)

Let (4.2b), — (4.20), and (4.4), be a copy of (4.2b) — (4.20) and (4.4), with & replaced
by (&1,&),) for any x € [IIo]. The PSAA approximates (4.13) with

1 &
LY B (6 eA(@ k)21 n
k=1

where A(Q', k) := {£]|(4.2b) -(4.20),, (4.4), are consistent with ©Q'}. For a given Q!
and k, A(Q' k) is a convex set of &. That is, if £ < & are both in A(Q', ), then
€ e A(QY k) for all & € [€],€}]. Let U(-) be the cumulative distribution function (CDF)
of & . Then,

Pe (&5 € A(Q',5)) = sup {W(Zy) —V(Z1) | Z1,Zy € A (D' 5) } .

21,22

Therefore, our PSAA model is as follows.

min €1 (@) + g1 Z_: Gy (22)
s.t. (4.1b) — (4.1g), (4.14a)
(4.2b) — (4.20) , V7 € [I], (4.14D)

(Q',Q2) satisfies (4.2b), — (4.20),, (4.4), with (Zy,,€&),), Vr € [TIy], (4.14c)
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(Q', Q%) satisfies (4.2b), — (4.20),, (4.4), with (Zy,, &),), Vr € [TI], (4.14d)

\IJ(ZQH) — \I/(Zl,.;) Z Ure Vk € [Hg], (4146)
im > (1 —n), (4.14f)
77; >0, Vi € [Ily]. (4.14g)

QZ

Here, the decision variables are ', Q2 for any 7 € [II;], and Q2 _, 2

Zlm Z2m Nk fOI'

1k

any k € [IIy).

For the model to be practical, we need to estimate the CDF W¥(-) of £]. Two types of
methods are primarily used for estimating distributions: parametric and nonparametric
estimation methods. Parametric estimation methods assume that the sample data con-
form to a parametrized family of probability distributions, and the sample data are used
to find the best-fitting parameters. In contrast, nonparametric estimation methods do not
depend on any prior assumption of the distribution family, and they fit the distribution
according to the characteristics and properties of the data. Here we make no assumptions
on the distribution of & and estimate W(-) using the kernel density estimation, a com-
monly used nonparametric method proposed by Rosenblatt (Rosenblatt 1956) and Parzen
(Parzen 1962).

Let II3 be the total number of samples of &), and |, be a specific sample for any
€ [II3]. The kernel density estimation of the probability density function ¢ of £; can be

written as

&) th¢( 517)

where h is a user-specified bandwidth parameter and ¢ is a kernel function. Among the
popular choices, we choose the standard normal density function as the kernel function

for our estimation. Thus, the CDF of £| can be estimated by

1 I3 I
(&) ~ H-gZ@ (51 héh) : (4.15)

=1
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where ®(-) is the CDF of the standard normal distribution.

We further approximate ®(-) in (4.15) using the following piecewise linear function:

min {a.x +a.y ifz>05
d(z) ~ { €A (4.16)

max {acr + « if v < 0.5,
CE[AQ]{ ¢t + ok

where A; and A, are the numbers of pieces used to approximate the upper half and the
lower half of ®(-), respectively. An example of such an approximation is depicted in the

following Fig. 4.2.
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Figure 4.2: Piecewise linear approximation of the CDF of the standard normal distribution

() (A=A =3)

When the probability level 1 — 7 is close to 1, @(%”T%) is usually greater than 0.5

le{_gll-,-
h

and thus concave, while ®( ) is usually less than 0.5 and thus convex(Karimi et al.

2021). Therefore, with the approximation in (4.16), we can remove the min and max

operators in (4.16) and approximate constraint (4.14e) by the following constraints:

T — €
ez o (28 ) g vee 0] m e M) e
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Zow — &
p;T < a. <QT§1T) + o, Vee [Al], T € [Hg], K€ [HQ],
1 &
= 2 (P5 = piy) = e, Vi € [I].
H3 T=1

Finally, the bilinear terms in (4.14b) — (4.14d) can be linearized using McCormick
inequalities, as in the SAA model. As a result, the PSAA model (4.14) is simplified to a

mixed-integer convex quadratic program.

4.4 Numerical Results

We conduct two sets of experiments on the IEEE 33-Bus system and the IEEE 123-Bus
system using real data acquired from Pecan Street Inc. and ERCOT. We first compare
the effectiveness of the SAA and PSAA models and then investigate the potential benefits
of installing ES units. We use in-sample and out-of-sample tests to validate the quality of
the obtained solutions to the planning problem. All numerical tests are executed on the
high-performance computing (HPC) cluster of leria with 27 computing nodes. We allocate
four CPUs to every instance, and every CPU is allocated 4 GB of memory. CPLEX 22.1.0,
with its default setting, is used to solve all optimization models. For ease of exposition,
we use the following flowchart in Fig. 4.3 to summarize the sequential steps we follow to

perform the numerical experiments in this section.

4.4.1 IEEE 33-Bus System

We first consider the modified IEEE 33-Bus radial distribution network examined in
Fathabad et al. (2020) (see Fig. 4.4). In the network, Bus 0 is connected to the major
transmission network, from which we can purchase active and reactive power via Bus 0
if needed. Buses 1-32 are connected to Bus 0, directly or indirectly. Two DDG units

are located at Buses 15 and 29, and three reactive power sources are located at Buses
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Figure 4.3: The Procedure of Numerical Experiments
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11, 13, and 32. The reactive power sources are of the hybrid (capacitive and inductive)
compensator type, and they can both generate and absorb reactive power to stabilize the
voltage. Nevertheless, our model can also consider other types. With the fixed location
of the DDG units and reactive power sources, we then focus on the location and capacity

planning of candidate RDG and ES units to be installed.

Demand(KW)

Below 100

[ 100-150
22 25 [ 26 '— 28 150-200

18 11
19 H 20 — 21

Figure 4.4: IEEE 33-Bus Distribution Network

4.4.1.1 Data

We consider two sources of uncertainties: the weekly active/reactive load at each bus,
ie., d,/d,, and the renewable generation efficiency of each candidate RDG unit, i.e.,
st € [0,1]. The active-load data are obtained from Pecan Street Inc. and the wind
generation data from ERCOT. The reactive-load data are randomly generated based
on the bounds of the total reactive-power output. Specifically, the reactive-power load is
uniformly generated in the interval [—0.01,0.019]. Here [—0.01,0.019] is an interval, which
specifies a range of possible values of reactive-power load that we can possibly generate.
By using such a random data generation, we obtain different values of reactive-power
loads at different buses in different periods. All data are for a range of 4 years, leading
to 208 (= 52 weeks x 4) data samples for each specific random variable. To perform

more practical tests, we randomly generate more data samples to better demonstrate our

proposed models’ effectiveness, via in-sample and out-of-sample tests. To that end, we
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first calculate the mean value and covariance matrix using the given data samples, and
then generate 3792 data samples by following the multivariate log-normal distribution,
which has been widely adopted in academia and industry in similar scenarios (Park et al.

2015, Qin et al. 2012, Qian et al. 2010). Thus, we have 4000 data samples in total.

4.4.1.2 Parameters

All of the parameters used in our experiments are slightly modified based on the param-
eters’ used in Fathabad et al. (2020). For instance, the electricity price of purchasing
active/reactive power from the main grid is mainly from ERCOT. The detailed modifi-
cation is as follows. In the first stage, the setup costs of candidate RDG units ¢, are
uniformly generated in the interval [0.95 x 2000, 1.05 x 2000]. The size-based investment
costs ¢;. and maintenance costs c¢; of candidate RDG units are uniformly generated in
the intervals [0.9 x 238,1.1 x 238] and [0.9 x 4,1.1 x 4], respectively. The setup costs
of candidate ES units d2,, are uniformly generated in the interval [0.9 x 200, 1.1 x 200].
The size-based investment costs d' and maintenance costs d? of candidate ES units are
both uniformly generated in the interval [0.9 x 2,1.1 x 2|. The active power purchase
prices ¢, are uniformly generated in the interval [0.9 x 130, 1.1 x 130]. The reactive power
purchase prices CZ are uniformly generated in the interval [0.9 x 4,1.1 x 4]. The emission
costs for the DDC units at Buses 15 and 29 are ¢}y = ¢}y = 630. The emission factor w
of the DDG units is 3 kg/MWh. A maximum of K = 3 out of K = 4 candidate RDG
units are to be installed in this distribution network. The maximum number of ES units
to be installed is R = 3. The active-power output bounds (Q;,ﬁb) of both DDG units
are (0.5,4.5). The reactive-power output bounds (¢',q;,) are (—0.1,0.2), (=0.15,0.25),
and (—0.1,0.2) for the three reactive-power sources at Buses 11, 13, and 32, respectively.
We further consider four types of RDG units (z; = 4 MW, Z5 = 5 MW, 3 = 6 MW,
and 7, = 7 MW). The maximum capacity g, of an ES unit is 3 MW, and the minimum

capacity y is 0. The initial power level b? of a candidate ES unit is set to 0. When an ES

!See https://www.dropbox.com/s/psqv9yr3atgd6bk. Accessed: Jul. 2022.
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unit is charged, the unit cost e; is 0.1, whereas the discharging cost e; is 0.1. The energy

loss factor v is set to 0.9.

4.4.2 ITEEE 123-Bus System

We then consider the commonly used IEEE 123-Bus radial distribution network (Bazraf-
shan and Gatsis 2017, Daratha et al. 2013, Zhang et al. 2013) (see Fig. 4.5). In the
network, Bus 149 is connected to the major transmission network. Eight DDG units are
located at Buses 8, 25, 44, 57, 67, 87, 97, and 108, and twelve reactive power sources are

located at Buses 7, 14, 15, 25, 47, 54, 62, 68, 80, 91, 98, and 109.
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Figure 4.5: IEEE 123-Bus Distribution Network

4.4.2.1 Data

All the data are obtained following the same process used for the IEEE 33-Bus system.

The only difference is the dimension of uncertainty. Here we consider the renewable
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generation efficiency of each candidate RDG unit st uncertain and use an estimated value
for the weekly active/reactive load at each bus, i.e., d;,,/d;,. In particular, as the IEEE
123-Bus system is of large scale, both the SAA and PSAA formulation become difficult
to solve when the test system is large. Thus, to better show the performance of these
two approaches, we consider the system loads are given and the renewable generation is

uncertain, by which the computational difficulty is relatively reduced.

4.4.2.2 Parameters

We continue to use the parameters designed for the IEEE 33-Bus system, except that some
parameters are modified as follows. First, the electrical resistance (MR,,,) and reactance
(X,un) of each line (m,n) € &£ and the upper/lower bound of voltage magnitude (i.e.,
v/0) at each bus are obtained from the IEEE PES Test Feeders?. Second, we consider a
maximum of K = 6 out of K = 8 candidate RDG units to be installed in this distribution
network. We consider three types of RDG units (z; = 8 MW, Z5 = 10 MW, and z3 = 12
MW). The maximum capacity ¢, of an ES unit is 6 MW. The maximum number of
candidate ES units to be installed is R = 6. The reactive-power output bounds (gi, qt)
are (-0.15, 0.25).

4.4.3 Decomposition Framework

To reduce the computational difficulty of solving both the SAA and PSAA formulations,
we adopt the Benders decomposition algorithm (Benders 1962) to improve the compu-
tational efficiency. Specifically, we first linearize the SOCP constraints (4.21) and (4.2m)
as Fathabad et al. (2020) does by using the polyhedral e-approximation in Ben-Tal and
Nemirovski (2001). With such an approximation, both the SAA formulation (4.9) and
PSAA formulation (4.14) are transformed into mixed-integer linear programming (MILP)

formulations, which can be used practically in large-scale settings.

2See https://cmte.ieee.org/pes-testfeeders/resources/. Accessed: Jul. 2022.
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For each MILP formulation, we then decompose the problem into two parts: a master
problem and a set of subproblems. The master problem includes all the integer vari-
ables and associated constraints, and the subproblems contain the remaining continuous
variables and associated constraints. As such, we iteratively solve the master problem
and subproblems until convergence. At each iteration, the master problem is solved to
optimality, and its optimal solution is then used to construct the subproblems. Feasible
and optimality cuts are generated after solving the subproblems and added back to the

master problem.

Note that we have II; subproblems for the SAA formulation, where each sample 7 €
[IT;] corresponds to one subproblem, as shown in (4.9¢), and these subproblems can be
solved in parallel. For the PSAA formulation, we have II; + 1 subproblems, where each
sample m € [II;] corresponds to one subproblem, as shown in (4.14b), and constraints

(4.14c) — (4.14g) are included in one subproblem.

4.4.4 SAA vs. PSAA

Here we analyze the performance of the SAA and PSAA models using the data and
parameters mentioned above. We thus ignore ES units and consider 7' = 1. Specifically,
terms related to ES units, including w,.,, y,, ff, gt, and b%, are temporarily removed from

the models.

We first divide the 4000 data samples into two sets for the experiment: a training data
set and a testing data set. The former is used to obtain our planning decision in the first
stage, and the latter is used to test the effectiveness of the obtained decision. To make full
use of the real data and better simulate real-world decision-making, we ensure that the
training data are selected from the first 208 samples, as it is very straightforward to feed
the available historical real data into an optimization model to support decision-making.
Each data sample is used as a scenario in the SAA and PSAA models. We solve the SAA

and PSAA models using the training data and obtain two optimal sizing/siting plans.
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We then compare the performance of the plans using the testing data. Specifically, we
calculate the first-stage cost and the average second-stage cost of all test samples for each
plan. To verify our approximation formulations and demonstrate their ability to ensure
that the demand can be satisfied with a high probability, we also calculate the actual
feasible probability of the test samples. This probability is defined as the percentage of
the test samples for which constraints (4.2b) — (4.20) and (4.4) can be simultaneously

satisfied.

The experiments are conducted using different settings for (i) the size of the training
data (i.e., II; = Ily), (ii) the maximum running time (i.e., time limit) of the solver (denoted
by 9 in hours), and (iii) the desired feasible probability of the chance constraint (i.e., 1—n),
as shown in Tables 4.1 — 4.4. The training data size II; = Il € {60, 100,140} for the
IEEE 33-Bus system and II; = Il € {30,45,60} for the IEEE 123-Bus system. The
maximum running time ¥ € {4, 8,12} for the IEEE 33-Bus system and ¢ € {10, 13,16}
for the IEEE 123-Bus system. The desired feasible probability 1 —n € {0.8,0.9} for both
systems. These settings lead to 18 = 3 x 3 X 2 combinations in total for each system.
For some instances, when both models are too large to be solved to optimality within the
given time limits, we take the incumbent solutions returned by the solver as the optimal
solutions. We also record the relative optimality gap, (2, — z4)/2p, Where z, is the primal
objective bound (i.e., the incumbent objective value) and z4 is the dual objective bound
(i.e., the lower bound for minimization problems). Intuitively, a smaller gap indicates a

better-quality incumbent solution.

We illustrate the performance of both models in Tables 4.1 — 4.4. The columns in the
SAA/PSAA section represent, from left to right, the first-stage cost, the average second-
stage cost of testing samples, the average total cost, the relative optimality gap, and the

actual feasible probability.

Compared with the SAA model, the PSAA model leads to lower first-stage costs, lower

second-stage costs, and thus lower total costs in all cases. The lower costs indicate that the
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siting and sizing decisions provided by the PSAA approach help more effectively satisfy
the same required demands than those provided by the SAA approach. Thus, compared
to the SAA solutions, the PSAA solutions require fewer RDG units to be installed and/or
the installed RDG units can be of smaller capacity. Moreover, the effective plans made by
the PSAA approach lead to lower operating costs for the distribution grid than the plans
made by the SAA approach. A direct comparison of the total costs is shown in Fig. 4.6,
where the horizontal axis represents the training-data size, the vertical axis represents
the total cost, and different colors represent different running times. The total costs of
the SAA solutions are labeled with triangular symbols, and the total costs of the PSAA

solutions are marked with circular symbols.

n=0.1
A SAAt=4 ® PSAAt=4
127001 . saat=s ® PSAAt=8
A SAA-t=12 ® PSAAt=12
12500 - A
A
_ A
¥ 123001 i
2
S A
5 a
8 12100
11900 o
4 0 |}
[ ]
11700 o
60 100 140
N

Figure 4.6: SAA vs. PSAA solutions in the total cost (n = 0.1)

Within the same time limits, we observe that the relative optimality gap of the PSAA
solution is always less than that of the SAA solution in all cases. Specifically, for the cases
where the PSAA model can solve the instance to optimality (i.e., the optimality gap is 0)
within the time limits, we report the corresponding computational time in hours used by
the PSAA model in the column “Gap” and label it by x. The SAA model cannot solve any

instance to optimality within the time limits. The result clearly indicates that the PSAA
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model is more computationally efficient than the SAA model. The difference is due to how
the chance constraint is dealt with in the models. The SAA model introduces II; binary
variables (i.e., 8;), whereas the PSAA model introduces Il continuous variables (i.e., ;).
Although there are more continuous variables and more constraints in the PSAA model,
the binary variables in the SAA model are more difficult to manage. A direct comparison

of the gap is shown in Fig. 4.7, where the vertical axis represents the relative optimality

gap.
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Figure 4.7: SAA vs. PSAA solutions in the optimality gap (n = 0.1)

To further illustrate the computational improvement of the PSAA approach compared
with the SAA approach, we summarize the optimality gap improvement (i.e., reduction)
from the SAA approach to the PSAA approach in Fig. 4.8 and Fig. 4.9. In the figures,
the horizontal axis represents the setting of  and II;. For instance, “0.1 — 60” means
that n = 0.1 and II; = 60. The vertical axis represents the optimality gap improvement

in percentage, as given by:

|the gap by PSAA — the gap by SAA|

100%.
the gap by SAA X 100%
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From Fig. 4.8 and Fig. 4.9, we find that the improvement is mostly above 50% and even

reaches 100% when the PSAA solves an instance to optimality.
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Figure 4.8: Optimality Gap Improvement (IEEE 33-Bus system)
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Figure 4.9: Optimality Gap Improvement (IEEE 123-Bus system)

In each of the tested cases, the actual feasible probability of the PSAA solution is

clearly higher than that of the SAA solution and is almost equal to the desired probability.
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This indicates that the PSAA performs better than the SAA as an approximation method
for the chance constraint. In fact, the actual feasible probability of the PSAA solution
is less than 1% different from the desired solution, which in practice will give the grid
decision-makers more control of the confidence level. A direct comparison is shown in

Fig. 4.10, where the vertical axis represents the actual feasible probability.
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Figure 4.10: SAA vs. PSAA solutions in the actual feasible probability (n = 0.1)

To conclude this section, we illustrate the performance difference between the two
models with a specific example. When II; = Il = 140, ¥ = 8, and n = 0.1 in the
IEEE 33-Bus system, the SAA solution sites (sizes) the candidate RDG units at Buses 3
(6 MW), 9 (6 MW), and 12 (4 MW), and the PSAA solution sits (sizes) the candidate
RDG units at Buses 3 (5 MW), 8 (4 MW), and 26 (6 MW). Thus, compared to the SAA
solution, the PSAA solution results in a lower first-stage cost, due to the smaller total
capacities of the installed RDG units. In addition, the output p! of the DDG unit at
Bus 29 in the PSAA solution is significantly less than that in the SAA solution for most
testing data, and the load-shedding penalties of the PSAA solution are also much less
than those of the SAA solution. The two factors above account for most of the difference

between the methods in the second-stage costs. We know that Buses 27, 29, and 30 have
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higher loads and that the DDG units have been installed at Buses 15 and 29. Thus, it is
reasonable to place a candidate RDG unit at Bus 26 to reduce the output pressure on the
DDG unit at Bus 29. In addition, in a distribution network structure, it is likely that the
power purchased from Bus 0 and generated by the RDG unit at Bus 3 (6 MW) or Bus
3 (5 MW) is mainly used to fulfill the loads at Buses 1-4 and 18-24. Given the desired
feasible probability of 0.9 (i.e., the power system operator expects to satisfy the load with
a confidence level of 0.9), the PSAA solution shows that a 5 MW RDG unit is sufficient

to satisfy the load, and thus a 6 MW unit (given by the SAA solution) may be excessive.

Table 4.1: IEEE 33-Bus System: SAA vs. PSAA (n =0.1)

9 (h) SAA PSAA
1st (3) 2nd ($) Total cost ($§) Gap Prob | 1st ($) 2nd ($) Total cost (§) Gap Prob
4 10674.5 1692.8 12367.3 0.40 0.85 | 10226.3 1639.2 11865.5 0.08 0.90
60 8 10510.0 1679.4 12189.4 0.36  0.85 | 10184.6 1645.8 11830.4 7.33x  0.89
12 ] 10510.0 1679.4 12189.4 0.34 0.84 | 10184.6 1645.8 11830.4 7.33%  0.89
4 10586.3 1713.0 12299.3 0.52 0.86 | 10275.5 1607.6 11883.1 0.12  0.90
100 8 104472 1708.5 12155.7 047 0.86 | 10224.5 1616.2 11840.7 0.06  0.90
12| 103974 1721.3 12118.7 0.39 0.86 | 10105.6 1606.5 11712.1 0.03 0.89
4 10800.2 1716.0 12516.2 0.60 0.86 | 10231.8 1629.0 11860.8 0.21 0.90
140 8 10749.0 1691.2 12440.2 0.54 0.87 | 10209.0 1632.7 11841.7 0.16  0.90
121107239 1711.9 12435.8 0.49 0.86 | 10173.0 1625.1 11798.1 0.11  0.90

Table 4.2: IEEE 33-Bus System: SAA vs. PSAA (n =0.2)

L o SAA PSAA
Ist ($) 2nd (3) Total cost ($) Gap Prob | 1st ($) 2nd ($) Total cost (§) Gap Prob
4 99479  1756.2 11704.1 0.21 0.78 | 9536.3 1723.3 11259.6 2.55%  0.80
60 8 99479  1756.2 11704.1 0.12 0.78 | 9536.3 1723.3 11259.6 2.55%  0.80
12 9664.2  1742.8 11407.0 0.08 0.77 | 9536.3 1723.3 11259.6 2.55« 0.80
4 9772.3  1722.6 11494.9 0.35 0.78 | 9652.7 1720.1 11372.8 0.06  0.80
100 8 9651.9  1743.9 11395.8 0.27 0.78 | 9574.9 1652.2 11227.1 4.73%  0.80
12 9633.8  1739.7 11373.5 0.21 0.77 | 9574.9 1652.2 11227.1 4.73%  0.80
4 10039.0 1740.1 11779.1 042 0.79 | 9705.0 1692.1 11397.1 0.13  0.80
140 8 9974.3  1748.7 11723.0 0.33  0.79 | 9639.5 1683.0 11322.5 0.06  0.80
12 9974.3  1748.7 11723.0 0.27 0.79 | 9592.1 1666.8 11258.9 0.04 0.80

Table 4.3: IEEE 123-Bus System: SAA vs. PSAA (n =0.1)
9 (h) SAA PSAA

1st ($) 2nd ($) Total cost ($) Gap Prob | 1st (3) 2nd ($) Total cost (§) Gap Prob
10 | 26715.3 6422.7 33138.0 0.33 0.86 | 25937.3 6396.0 32333.3 0.15 091
30 13 | 261275 6248.7 32376.2 0.28 0.86 | 25372.6 6210.7 31583.3 0.11  0.90
16 | 259724  6255.3 32227.7 0.21 0.85 | 25047.2 6251.8 31299.0 0.09 0.90
10 | 27019.2  6392.3 33411.5 0.42 0.87 | 26252.8 6305.3 32558.1 0.21  0.90
45 13 | 26407.7  6268.9 32676.6 0.39 0.86 | 26043.7 6365.3 32409.0 0.13 0.90
16 | 26149.3 6274.3 32423.6 0.34 0.86 | 25392.6 6216.6 31609.2 0.10 0.89
10 | 26931.0 6561.9 33492.9 0.61 0.87 | 25892.4 6410.8 32303.2 0.30 091
60 13 | 267724 6347.2 33119.6 0.57 0.87 | 25465.3 6304.3 31769.6 0.25 091
16 | 26073.5 6403.6 32477.1 0.53 0.87 | 25428.0 6309.8 31737.8 0.21 0.90
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Table 4.4: TEEE 123-Bus System:

SAA vs. PSAA (n=0.2)

m, 9 (k) SAA PSAA
1st ($) 2nd ($) Total cost ($) Gap Prob | 1st (3) 2nd ($) Total cost (§) Gap Prob
10 | 25894.3 6407.1 32301.4 0.24 0.78 | 25283.4 6392.2 31675.6 0.14 0.80
30 13 | 25607.6 6379.2 31986.8 0.21 0.78 | 25076.9 6359.4 31436.3 0.11 0.80
16 | 25313.7 63924 31706.1 0.16 0.77 | 24764.0 6271.2 31035.2 0.07  0.79
10 | 26021.9 6307.6 32329.5 0.37 0.78 | 25506.3 6293.2 31799.5 0.18 0.80
45 13 | 25528.3 65174 32045.7 0.30 0.78 | 24892.6 6268.1 31160.7 0.13 0.80
16 | 24986.1 6492.2 31478.3 0.27 0.78 | 24508.3 6238.9 30747.2 0.11  0.80
10 | 26328.0 6398.2 32726.2 0.56 0.78 | 26017.3 6344.5 32361.8 0.26 0.81
60 13 | 26148.7 6362 32510.7 0.48 0.78 | 25370.4 6308.8 31679.2 0.24 0.80
16 | 25693.3 64174 32110.7 0.44 0.78 | 25091.2 6284.5 31375.7 0.19 0.80
Table 4.5: IEEE 33-Bus System: Storage vs. No Storage (n = 0.1)
(01, 09) without energy storage with energy storage
’ 1st ($) 2nd ($) Total cost ($) Gap Prob | 1st ($) 2nd ($) Total cost (3) Gap Prob
(0.5,0.5) | 10592.0 5243.3 15835.3 0.24 0.89 | 9952.0 55014 15453.4 0.26 0.90
(0.4,0.6) | 10464.3 5372.8 15837.1 0.23 0.90 | 9873.8 5427.6 15301.4 0.29 0091
(0.6,0.4) | 10726.9 5194.2 15921.1 0.27 0.89 | 9908.2  5462.9 15371.1 0.28 0.90
(0.3,0.3) * 10143.7  5576.1 15719.8 0.38 0.89
(0.2,0.4) * 10471.5  5560.8 16032.3 0.39 0.89
(0.4,0.2) * 10239.2  5602.5 15841.7 0.43 0.89
Table 4.6: IEEE 33-Bus System: Storage vs. No Storage (n = 0.2)
(01, 02) without energy storage with energy storage
’ Ist ($) 2nd ($) Total cost ($) Gap Prob | 1st ($) 2nd ($) Total cost (§) Gap Prob
(0.5,0.5) | 10527.7 5293.7 15821.4 0.16 0.80 | 9903.2  5460.4 15363.6 0.22 0.82
(0.4,0.6) | 10332.5 5268.3 15600.8 0.20 0.79 | 9764.0  5503.9 15267.9 0.26 0.80
(0.6,0.4) | 10200.4 5372.9 15573.3 0.21 0.80 | 9672.4  5423.5 15095.9 0.23 0.81
(0.3,0.3) * 10021.3  5690.3 15711.6 0.33 0.80
(0.2,0.4) * 10206.5 5575.1 15781.6 0.40 0.80
(0.4,0.2) * 10164.8  5625.0 15789.8 0.38 0.81
Table 4.7: IEEE 123-Bus System: Storage vs. No Storage (n = 0.1)
(Ql 02) without energy storage with energy storage
’ Ist ($) 2nd ($) Total cost ($) Gap Prob | 1st ($) 2nd ($) Total cost ($) Gap Prob
(0.5,0.5) | 28274.9 19707.3 47982.2 0.44 0.89 | 26922.5 20311.6 47234.1 0.46 0.90
(0.4,0.6) | 27944.6  19638.2 47582.8 0.37 0.89 | 26327.3 20610.4 46937.7 0.46 0.91
(0.6,0.4) | 27826.9 19648.2 47475.1 0.39 0.89 | 26281.7 20409.3 46691.0 0.49 0.90
(0.3,0.3) * 28037.3 20416.3 48453.6 0.57 0.90
(0.2,0.4) * 27614.0 20882.5 48496.5 0.54 0.89
(0.4,0.2) * 27932.4 20741.3 48673.7 0.52  0.90
Table 4.8: IEEE 123-Bus System: Storage vs. No Storage (n = 0.2)
(o1, 09) without energy storage with energy storage
’ Ist () 2nd ($) Total cost ($) Gap Prob | 1st ($) 2nd ($) Total cost ($) Gap Prob
(0.5,0.5) | 27970.4 19504.8 47475.2 0.38 0.80 | 26392.7 19903.2 46295.9 0.37 0.81
(0.4,0.6) | 27822.6 19762.4 47585.0 0.29 0.80 | 27041.5 20113.4 47154.9 0.41 0.81
(0.6,0.4) | 28203.0 19793.0 47996.0 0.33 0.80 | 26808.3 20513.6 47321.9 0.35 0.81
(0.3,0.3) | 29409.4 19442.7 48852.1 0.52 0.78 | 27751.4 19862.4 47613.8 0.45 0.79
(0.2,0.4) | 29143.6 19627.1 48770.7 0.44 0.79 | 27948.3 20172.3 48120.6 0.48 0.79
(0.4,0.2) | 29527.1 20062.6 49589.7 0.49 0.79 | 27684.0 20194.0 47878.0 0.38 0.80
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4.4.5 Storage vs. No Storage

Here we compare the experimental results to show the effects of ES installation. From
previous experiments, we observe that the PSAA model produces higher-quality solutions
than the SAA model. Thus, all subsequent experiments are conducted using the PSAA

model.

In the experiments, the maximum running time ¥ = 12 hours for the IEEE 33-Bus
system and ¥ = 16 hours for the IEEE 123-Bus system, and the planning horizon T" = 3
weeks. Note that our proposed TCC model (4.7) is general enough to consider a longer-
term setting because one can always set T to be years or seasons. Here our experiments
consider a representative snapshot of the long-term future by setting T' to be a relatively
small number. Correspondingly, the cost parameters in the first stage of model (4.7),
including the setup costs and the size-based investment/maintenance costs of the RDG

and ES units, have also been levelized over the specific T' time periods (weeks).

To match the planning horizon, we integrate every 3 of the 4000 weekly samples into a
3-week-long sample (without repetition) to obtain 1333 new samples. For computational
efficiency, the size of the training data is set to II; = Il = 50 for the IEEE 33-Bus system
and II; = II; = 30 for the IEEE 123-Bus system. As the training set is relatively small
compared with the number of random variables, we use the k-means clustering algorithm
to improve the reliability of the training samples. In particular, we randomly choose 200
of the 1333 samples and divide them into 50 groups by the k-means algorithm. We then
use the centers of the 50 groups as our training samples. The remaining 1133 samples are

used for testing.

We modify the active-power upper bounds of the DDG units (i.e., pf,) and the standard
capacities in X of the RDG units to match their designed load share in different cases. In
particular, let p; and g, be two nonnegative parameters, and let SUM be the expected
total active load (estimated from the real data and invariant to t). For each of the

two DDG units, the active-power upper bound pf, is adjusted to gy x SUM/2 for all
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t € [T]. The maximum standard capacity of the RDG units Z,4 is adjusted from 7 MW to
02 X SUM /4. The other three standard capacities in X" are adjusted proportionally. For
example, the minimum standard capacity z; is adjusted from 4 MW to oo x SUM /4 x4 /7.
We conduct two sets of experiments with n = 0.1 and n = 0.2, respectively. For each set of
experiments, we set (01, 02) to take six different pairs of values; i.e., (0.5,0.5), (0.4,0.6),
(0.6,0.4), (0.3,0.3), (0.2,0.4), and (0.4,0.2). Note that (o1, 02) does not represent an
interval. When (o1, 02) = (0.4,0.6), it means that we set o; = 0.4 and g, = 0.6. The

results are shown in Tables 4.5 — 4.8.

When g, 4+ 0o = 1.0, the solutions with ES units lead to higher second-stage costs
but lower total costs than those without ES units. This indicates that ES installation is
beneficial overall, despite leading to higher operational costs. Regarding computational
efficiency, the optimality gaps for the solutions with ES are no smaller than those with-
out ES, but the difference is negligible. Thus, considering ES installation increases the

problem complexity, but not significantly.

When g; + 02 = 0.6 (i.e., the DDG and RDG units may be insufficient to satisfy the
load), ES units are more crucial. Without ES units, we cannot find a feasible solution
within the time limit in any case. This indicates that the problems without ES units
are likely to be infeasible. However, with ES units, feasible solutions are found within
the time limit, and the actual feasible probabilities of the solutions are very close to the
desired probabilities. This is because more active power can be purchased or generated

in advance when there are ES units, and thus fulfill the load when the demand is high.

As an illustrative example, we consider the instance with (o1, 02) = (0.6,0.4) and
n = 0.2 in the IEEE 33-Bus system. Without ES units, the solution sites (sizes) candidate
RDG units at Buses 4 (7 MW), 9 (6 MW), and 28 (7 MW). With ES units, the result
shows that candidate RDG units should be installed at Buses 3 (5 MW), 12 (3 MW), and
29 (7 MW), and that ES units should be installed at Buses 2 (2.3 MW), 12 (1.8 MW),

and 27 (2.8 MW). The latter solution agrees with our intuition that storage units placed
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close to high-load buses play an important role in balancing the supply and demand in
the power grid. We also observe that ES installation reduces the total required capacities
of RDG units. This reduction lowers the first-stage costs so much that the total costs are

reduced, even though the operating costs increase due to the operation of storage units.

Finally, all the above numerical results demonstrate that our proposed TCC model
and PSAA approach can effectively deal with the RDG and ES planning problem under
significant uncertainties. We note that, although we focus on such a planning problem
in this chapter, the proposed model and approach can also be applied to other practical
problems under uncertainty in the industry. For instance, we can apply the PSAA ap-
proach to solve the chance-constrained unit commitment problems in Wang et al. (2012)
and chance-constrained optimal power flow problems in Roald and Andersson (2017),
thereby reducing computational challenge. In general, many practical problems that con-
sider two-stage decision-making under uncertainty may be formulated as a TCC model
and solved by the PSAA approach. In addition, our proposed PSAA approach is a data-
driven approach because (i) we use historical data to represent the possible scenarios of
uncertain parameters and accordingly characterize chance constraints in our model; (ii)
we use historical data to estimate the cumulative distribution function of a single ran-
dom parameter &/ by a non-parametric estimation technique; and (iii) once we obtain the
first-stage solution of our model, we use real data to test the effectiveness of the obtained
solution, simulating real practices. Such an approach can be applied to a wider range of

practical problems.

4.5 Conclusions

Distribution grid operators face great challenges in deciding the locations and capacities
of RDG and ES units due to significant uncertainties and complexities of distribution

systems (e.g., ACOPF). To support such a decision-making problem, we develop a novel
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TCC model to ensure system reliability, minimize costs, and improve renewable energy
penetration. One key feature of our model is that the chance constraint ensures that
all the operational constraints are satisfied simultaneously with a high probability, lead-
ing to system reliability. We use two sampling techniques to reformulate our developed
model, leading to the standard SAA formulation and our proposed PSAA formulation.
The novelty of the PSAA formulation is that it introduces only continuous variables cor-
responding to the samples (as compared to integer variables in the SAA formulation) and
uses historical data to improve its performance. Our extensive experiments show that
the PSAA formulation performs better than the SAA formulation. The PSAA provides
better locations and capacities of the RDG and ES units in a shorter time with a lower
total cost and achieves a better desired probability of ensuring system feasibility than
the SAA. The PSAA also reduces the optimality gap by more than 50% as compared to
the SAA. We finally demonstrate the significance of ES units in reducing total costs and

improving the power system balance.

This research can be extended in various directions. First, as our proposed TCC
model and PSAA approach is general enough, it would be interesting to apply the TCC
model and PSAA approach to solve other practical problems in power system planning
and operations. Second, the PSAA approach always finds a better solution in a shorter
time than the SAA approach in our numerical experiments, but we do not have a theoret-
ical proof for such results. A theoretical study would be appealing. Third, although we
consider a radial distribution network in this chapter, there can be other types of distribu-
tion networks, e.g., meshed grids (Farivar and Low 2013) and multiphase grids (Gan and
Low 2014). One can apply various approximations (e.g., semidefinite programming (Low
2014)) to formulate the corresponding ACOPF constraints. Fourth, although we adopt
Bender’s decomposition algorithms to improve computational efficiency, more advanced

algorithms can be developed. We leave them to future research.
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Chapter 5

Conclusions

In this thesis, we present three studies on computationally efficient approaches for modern

optimization problems.

The first study considers the moment-based DRO problem. Although most moment-
based DRO problems can be reformulated as SDP problems that can be solved in polyno-
mial time, solving high-dimensional SDPs is still time-consuming. Unlike existing approx-
imation approaches that first reduce the dimensionality of random parameters and then
solve the approximated SDPs, we propose an ODR approach by integrating the dimen-
sionality reduction of random parameters with the subsequent optimization problems.
Such integration enables two outer and one inner approximations of the original prob-
lem, all of which are low-dimensional SDPs that can be solved efficiently, providing two
lower bounds and one upper bound correspondingly. More importantly, these approxima-
tions can theoretically achieve the optimal value of the original high-dimensional SDPs.
As these approximations are nonconvex SDPs, we develop modified ADMM algorithms
to solve them efficiently. We demonstrate the effectiveness of our proposed ODR ap-
proach and algorithm in solving multiproduct newsvendor and production-transportation
problems. Numerical results show significant advantages of our approach regarding com-

putational time and solution quality over the three best possible benchmark approaches.
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Our approach can obtain an optimal or near-optimal (mostly within 0.1%) solution and
reduce the computational time by up to three orders of magnitude. This chapter can be
further extended in various directions. First, we consider a piece-wise linear cost function
in the original problem. Thus, it would be attractive to consider a more general objective
function. Second, it would be interesting to apply our approach to more application prob-
lems to generate practical insights. Third, it is also of great interest to integrate the idea
of dimensionality reduction into the Wasserstein DRO or two-stage stochastic program-
ming. Fourth, our ODR approach can be potentially generalized to solve general SDPs
with certain structures. Thus, it would be appealing to exploit the structures of SDP
constraints and apply the ODR approach to solve more general SDPs. Fifth, it would be
an interesting extension to consider cases with K > m. Note that for these cases, our
proposed ODR approach can still be used to improve the traditional PCA approximation
by choosing an appropriate m; such that the solution quality is good and the computa-
tional time is short, and also provide theoretical guarantees that bound the gap between
the proposed upper bound and the original optimal value, as well as the gap between the
original optimal value and the proposed lower bound. Nevertheless, we may not provide
clear guidance on choosing m; so that our proposed approximations achieve the optimal

value of the original problem. We leave the above extensions for future research.

The second study explores the non-convex QCPs, which are generally NP-hard and
challenging problems. We propose two novel MILP approximations for a non-convex QCP.
Our method begins by utilizing an eigenvalue-based decomposition to express the non-
convex quadratic function as the difference of two convex functions. We then introduce
an additional variable to partition each non-convex constraint into an SOC constraint
and the complement of an SOC constraint. We employ two polyhedral approximation
approaches to approximate the SOC constraint. The complement of an SOC constraint
is approximated using a combination of linear and complementarity constraints. As a re-
sult, we approximate the non-convex QCP with two LPCCs. More importantly, we prove

that the optimal values of the LPCCs asymptotically converge to that of the original
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non-convex QCP. By proving the boundedness of the LPCCs, we further reformulate the
LPCCs as MILPs. We demonstrate the effectiveness of our approaches via numerical ex-
periments by applying our proposed approximations to randomly generated instances and
two application problems: the joint decision and estimation problem and the two-trust-
region subproblem. The numerical results show significant advantages of our approaches
in terms of solution quality and computational time compared to existing benchmark
approaches. This study can be extended in various directions. First, there are a lot of
auxiliary variables in our proposed MILP approximations. It would be interesting to study
how to reduce the number of these auxiliary variables. Second, Proposition 9 provides a
relaxation for the original quadratic problem. It is interesting to quantify the difference
between the relaxed problem and the original problem in terms of the optimal value and
optimal solutions. Third, as our proposed MILP approximations are general enough, it
would be interesting to apply them to solve other practical problems in various fields. We

leave them to future research.

The third study considers the planning of distributed energy resources in distribution
systems. This problem has been challenged by the significant uncertainties and com-
plexities of distribution systems. To ensure system reliability, one often employs chance-
constrained programs to seek a highly likely feasible solution while minimizing certain
costs. The traditional SAA is commonly used to represent uncertainties and reformu-
late a chance-constrained program into a deterministic optimization problem. However,
the SAA introduces additional binary variables to indicate whether a scenario sample is
satisfied and thus brings great computational complexity to the already challenging dis-
tributed energy resource planning problems. In this study, we introduce a new paradigm,
i.e., PSAA using real data, to improve computational tractability. The innovation is that
we sample only a part of the random parameters and introduce only continuous vari-
ables corresponding to the samples in the reformulation, which is a mixed-integer convex
quadratic program. Our extensive experiments on the IEEE 33-Bus and 123-Bus systems

show that the PSAA approach performs better than the SAA because the former pro-
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vides better solutions in a shorter time in in-sample tests and provides better guaranteed
probability for system reliability in out-of-sample tests. This research can be extended
in various directions. First, as our proposed TCC model and PSAA approach is general
enough, it would be interesting to apply the TCC model and PSAA approach to solve
other practical problems in power system planning and operations. Second, the PSAA
approach always finds a better solution in a shorter time than the SAA approach in our
numerical experiments, but we do not have a theoretical proof for such results. A theoret-
ical study would be appealing. Third, although we consider a radial distribution network
in this chapter, there can be other types of distribution networks, e.g., meshed grids (Fari-
var and Low 2013) and multiphase grids (Gan and Low 2014). One can apply various
approximations (e.g., semidefinite programming (Low 2014)) to formulate the correspond-
ing ACOPF constraints. Fourth, although we adopt Bender’s decomposition algorithms
to improve computational efficiency, more advanced algorithms can be developed. We

leave them to future research.
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Appendix A

Supplements for Chapter 2

A.1 Table of Notations

Table A.1: Summary of Notations

Notation Description
Random
Variables:
I3 The random vector £ € R™
&1 The random vector §; € R™ obtained by the linearly
transformation of &
&, The random vector &, € R™! obtained by reducing the dimension
of &
Distributions:
P The probability distribution of the random vector &
P The probability distribution of the random vector &
P, The probability distribution of the random vector &,
Decision
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Variables:

X

87 Ak? q? Q

A

ar, Qv
B

tkv Pk, Pk7 Z

I nDon
u,u 7B17B2

T

The decision variable x € R"

Decision variables in original SDP problem
Ai={A, .., A}

Decision variables in PCA approximation

The decision variable used in the optimized dimensionality
reduction

Decision variables used in the lower bound

Decision variables used in the revisited lower bound

Parameters
and Sets:
X

Do

ga!

V2

The feasible set of decision variable x

The distributional ambiguity set constructed by statistical
information

The distributional ambiguity set corresponding to &;

The support of &

A scalar v1 >0

A scalar 9 > 1

The estimated mean of &

The estimated covariance matrix of &

Two matrices produced by the eigenvalue decomposition on the
covariance matrix %

S={¢| AE <D}

The support of &;

The support of &,

The distributional ambiguity set corresponding to &,

The feasible set of decision variable B € R"*"™1

The distributional ambiguity set by relaxing the second-moment

constraint in Dy
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Optimal Value

Functions:

Om(m) The optimal value of the original problem

On(my) The optimal value of the PCA approximation

O1,(m1) The optimal value of the first outer approximation
©(m1,B) The optimal value of the subproblem of the first outer

approximation

Oy(my) The optimal value of the inner approximation
O(m1,B) The optimal value of the subproblem of the inner approximation
OLa(m1) The optimal value of the second outer approximation

A.2 Supplement to Section 2.2

A.2.1 Reformulations in Example 1

The distributionally robust counterpart of the CVaR problem (2.8) can be formulated as

) . 1 +
E{Iél}(l %Eagc rtrélﬂg t+ EEIP’ [9 (X7 5) - t]

. 1 +
Wl B T Rl (o8 = A
where the equality holds by the Sion’s minimax theorem (Sion 1958) because t+ (1/a)Ep|
g(x,€) — t]T is convex in ¢, concave (specifically, linear) in P, and D is compact. By

Proposition 1, Problem (A.1) has the same optimal value with the following SDP formu-

lation:
min  s+1,eQ (A.2a)
X,s,t,A1,
A27':1’(2
T T 1 N AT !
s—t—Alb+ A Ap 1 q+(UA2> AT
s.t. =0, (A.2b)

§<q+ (UA%)TATA1> Q

149



T T
s—(1-Yt-Mb- () p+AJAp L <q—|— (Ua?) (ATxs - ;x)>
=0
T p— b
: <q—|— (UA%) (AT — ;x)> Q
(A.2¢)

xeX, teR, M eRY, A eRL. (A.2d)

A.3 Supplement to Section 2.3

A.3.1 Proof of Lemma 1

First, we have

»0 < I,-BI,'B" -0 « BB' <1,
B' I,

where the first equivalence is by Schur complement and the second is because I} = I,,,.

Second, we have

L, B T T
=0 <=1, -B'I.'B~0 +<— B'B=1,,

BT I,

where the first equivalence is by Schur complement and the second is because I} = T,,,.

Thus, the lemma is proved. [

A.3.2 Proof of Lemma 2

(i) Suppose X = Y. For any a € R", we have Va € R™. It follows that

X =Y =(Va)"(X -Y)(Va) >0, Vac R"

—a' (VI(X-Y)V)a>0, VacR"
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— V' (X-Y)V>0 < VXV>-V'YV.

(ii) First, for any V € R™*™, we have
X-2Y—=VXV:V'YV

by (i). Second, suppose VI XV = VTYV. Note that V-1 € R™*™_ According to (i),
the matrix VXV — VTYV remains as PSD if it multiplies (V=1)T before it and V1

after it, i.e.,
(V' VIXVV = (VY VIYVVL

It follows that X = Y because (V71)"VT =1, and VV~! = I,,. Thus, X = Y is
equivalent to VIXV > VYV if V. € R™™ is invertible. (]

A.3.3 Proof of Theorem 1

(i) Given any x € X and B € B,,,, i.e., B'B = 1,,,,, we define ¢ = UA%BEr + p and
use S¢ and D, to denote its support and ambiguity set, respectively. As S, = {§, €
R™ | UA%B&—I—/JJ eStandS;={(eR" | (= UA%BSr—i-p,, &, €S}, we can deduce
S¢ € S. We also have
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= Er, [¢/]BTBEs, [¢,] = Er, [¢/] Ex [&] <, (A3)

where the inequality holds because of (2.6b). Meanwhile, we have

Ep, [(¢—p)(¢ —m)"] = Ep, [UA%BgrngTA%UT]

<UA2B71, BTA2UT = 1, UAZBBTA2UT < 1, UAUT = 1,3, (A.4)

where the first inequality holds because of (2.6b) and the second inequality holds because
B'B =1, leading to B'B < I,,,,, which is further equivalent to BB" < I,,, by Lemma

1. By §¢ € S, (A.3), and (A.4), it follows that D, lies in Dy, i.e., D C Dyp.

Therefore, given any x € X and B € B,,,, we have

max Ep, [f <X,UA%B£r +u>} = ]P{?ealgi Ep, [f (x,¢)] < max Ep[f(x,€)],

P.€Dy, PeDio

where the equality holds by change of variables and the inequality holds because D, C

Dao- It follows that

| ]E[(,UALB >}< E o,
SR, R AR B [F 0 UASBE )| Sy g Bel/ G 0)

which demonstrates that the optimal value of Problem (2.10) is a lower bound for that of

Problem (2.3) (i.e., Problem (2.2)).

(ii) For any m; < my < m, By € R™™ and C € R™*(Mm2=™1) gych that B{ B, = I,,,
and [By, C]"[By,C| = L,,,, we have B, = [By, C] € R™*™2. Meanwhile, we have B,,, =
{B € R™™ | BTB =1,,} and define ¢; = UAZB;£,, + p € R™ for any i € [2], where
., € R™i. Clearly, By € B,,,, because B) B, = 1,,,. We further define the ambiguity set
of ¢, as

D¢, = {PQ Ci~ P, ¢ = I'I‘A%BzgrZ +u, £ri ~ P, € Dri} , Vie [2]7 (A5)

152



where D,, represents the ambiguity set of £ for any i € [2]. Given {; ~ P, € D¢,
there exists a &, ~ Py, € Dy, such that ¢, = UATB.&,, + pu = UAZBoE,, + p, where

e T T m
€1‘2 - (£r170m27m1)—r € R 2.

By using S, (see definition in (2.11)) to denote the support of &, for any i € [2], we

have
P{¢, €8,} =P {UA%Blgn fpe S} —Pp {UA%Bgém fpe S} — 1,

where the second equality holds because UA%Blﬁr L= UA%BgérQ. It follows that }P’{Em €
S:,} = 1 by the definition of S,,. In addition, we have E[EL]E[EQ} = E[¢JE[E.,] <m

T1

and

= j 721m2 .

O(mz—m1) Xmi O(mg—ml)x (ma—m1)

B [_ —T] E [EUEI} Oy (my—ma)

Thus, the probability distribution of Erz belongs to D,,. Meanwhile, by the definition of
D, for any i € [2] in (A.5) and {; = UA%BQEr2 + p, we have P, € D¢, and further
D¢, € D¢,. Therefore, for any x € X, B; € R™™ and C € R™*(m2=m1) guch that

B/B, =1, and [By,C]"[B,,C] = 1,,,, we have

max Epgl [f (X7 Cl)] < max EPQ [f (Xa CQ)] : (A6)

P¢, €D¢,y P, €D,

Together with the definitions of ¢; (Vi € [2]) and Bs, inequality (A.6) leads to

max Ep_ [f (x, UAIB, +u)} < max Ep, [f (x, UA}[B,, Cle,, +u)] |

Pr, €Dy, ro €Dry

Considering an optimal solution B € R™ ™ of Problem (2.10), for any x € X and

C € Rm™*(m2=m1) gquch that [B}, C]"[B}, C] = 1,,,, we have

max Ep. [f (X, UA%BTSrl + ,u)} < max Ep,_ [f (x, UA%[B’{,C]ﬁr2 + u)] .

Pr, €Dr, r5€Dr,
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For any C € R™*(m2=m1) gych that [B%, C]"[B?, C] = L,,,,, we have

min max Ep [f (X, UA%B}‘&rl + u)] <min max Ep_ [f (X, UA%[BT,C]Er2 + u)} )

x€X P, €Dyy x€X Pry€Dyy

(A7)

It follows that

. 1
2
e, By ma B |/ (0 UATBAS, +u)

1 - mi1

=min max Ep_ [f (X, UA%BKrl + p)}

x€X Py €Dy

<min max Ep, [f (X, UA%[B’{,C]Sr2 + Mﬂ

X€EX Pry€Dr,

< max min max Ep, [f (X, UA%BQEI.Q —i—,u)] ,

T B2€Bm, x€X P.,€Dr,

where the first inequality holds by (A.7) and the second inequality holds because B}, C| €

B,,,. That is, the optimal value of Problem (2.10) is nondecreasing in m;.

(iii) When m; = m, we have B € B,, C R™™ ie., B'B = I,,. First, we have
Or(m) < Oy (m) by the conclusion (i). Second, when B = I,,,, Problem (2.10) becomes
Problem (2.3). Because B = I,,, is a feasible solution of Problem (2.10), it follows that
OL(m) > Oy (m). Therefore, we have O (m) = Oy (m). O

A.3.4 Theorem 9

Theorem 9. Consider the optimal solution (x*,s*, 5\*, d, Q) of Problem (2.4), Sk(Vk €
[K]), V, 6, vi(Vk € [K]), and Y11 that are defined in Theorem 2. When my > K,
there exists a feasible solution Bt = [V, C] in Problem (2.12) with C € R™(m=K) gnd
[V,C|"[V,C] = L,, and given this BT, there exists a feasible solution (x! = x* s’ =
s*,S\T =X ,ql = (67,0} )7, Qf = Yo O (m1 =) ) in Problem (2.13) such

O(mi—K)xK  O(mi—K)x(mi—K)

that the corresponding objective value equals the optimal value of Problem (2.4), ©y(m).
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Proof. Proof. We construct a solution (x', sf, S\T, ql, Q!, Bf) of Problems (2.12) and (2.13)
by setting XT — X*, ST — 8*, XT _ 5\*7 q;[ _ (5T70;1_K)T7 QI _ Y1 Ok x(m1—K) ,
O(mi—K)xK  O(mi—K)x(mi—K)
and Bf = [V, C], where C € R™*(m~K) and [V,C]"[V,C] = 1,,,. First, we show this
constructed solution is feasible to Problems (2.12) and (2.13). Clearly, this solution satis-
fies constraints (2.13c). In addition, from Problem (2.4), asq' = V§ and Q' = VY, V',

for any k € [K], we have

T

S 1 <V6 + (UA%)T (AT — yk(X*>))

=0
i\ T
L <V5 +(UAd) (ATA - yk(x*))) VY, VT

— Y

which, by Schur complement, is equivalent to

S (VYHVT) - i (V(S n (UA%)T (ATA;; _ yk(x*))> <V6 n (UA%)T (ATA;; - yk(X*)))T-
(A.8)

From (A.8), for any k € [K], we have the following inequality holds by Lemma 2:

Se (IV,Cl"VY VTV, C})

)T (ATA; - yk(x*))> <V5 + (UA%)T (ATA;; - yk(x*))>T v.,c],

S

S =~

- —v.q” (VJ + (ua

which is equivalent to

]
51! = ¢ (al+ (UATB) (AT - ) ) (al+ (UATBY) (ATAL - nx))

(A.9)
by the construction of the solution qf, Qf,B' and [V,C]'V = [Ix,Oxxm -x)] - By
Schur complement, (A.9) indicates that the constructed solution (XT,ST,XT,qI,QI,BT)

also satisfies constraints (2.13b) and thus it is a feasible solution of Problems (2.12) and

(2.13).

Second, we show the objective value of this feasible solution (x, s, ;\T, ql, Qf, Bf) is
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equal to the optimal value of Problem (2.4). The objective value corresponding to this

solution is

s+ 2Ln # QL+ VA1 [lall], = 87+ 7oLic @ Vi + /31 6],
= 5 +plx o (Y VIV) + /A1 |16],
— 5" + 7L, e (VY VD) + /71 |16],
= 5" + L, e Q + 1 |16,
= s*%—72Im°Ql+\/%\/ﬁ
= s*—i—”YzIm'Ql‘i‘ﬁm
— s +pl, e Q + v VA Tq
= 5"+l e Q + v A,

where the first equality holds by the construction of (xT, ST,S\T,qI , QI BY), the second
equality holds because V'V = I, the third equality holds by the cyclic property of a
matrix’s trace, the fourth equality holds by the definition of Q' in Theorem 2, and the

seventh equality holds because ' = Vé. O

Theorem 9 shows that, when m; > K, we can always find a feasible solution of
Problems (2.12) and (2.13) such that the corresponding objective value is equal to the
optimal value of the original Problem (2.4). More importantly, the SDP constraints in
Problem (2.12) have smaller sizes (i.e., m; + 1) than those in Problem (2.4) (i.e., m + 1),
potentially reducing computational challenges because K is usually small (e.g., K =2 in

the distributionally robust CVaR problem in Example 1).

It is important to note that, although the constructed feasible solution of Problem
(2.12) has an objective value of ©y(m) and Problem (2.12) serves as an outer approx-
imation for Problem (2.4), this does not imply that the constructed feasible solution is

optimal for Problem (2.12). The primary reason is that Problem (2.12) is a max-min
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problem. For any m; < m, we would like to have an optimal B* € B,,, such that the
optimal value of the inner minimization problem given this B* can be maximized. By

Theorem 1, we have ©(m, B*) = Or,(m;) < Oy (m) for any m; < m.

According to Theorem 9, when m; > K, we can construct a feasible solution BT =
[V,C] of the outer maximization problem. Note that BT is not necessarily optimal

for Problem (2.12). Because the outer problem is a maximization problem, we have

O(my,BY) < ©(my,B*) = OL(my) < On(m).

Given this feasible Bf, we can construct a feasible solution of the inner minimization
problem (2.13) such that the corresponding objective value (here denoted by ¢) is equal
to ©Op(m). Note that this constructed feasible solution is not necessarily optimal for
Problem (2.12) or Problem (2.13). Because the inner problem is a minimization problem,

we have O(my, BT) < ¢ = Oy(m).

Now, we construct a feasible solution BT for the outer maximization problem and,
given this B, we also construct a feasible solution for the inner minimization problem.
Although the corresponding objective value ¢ is equal to ©y(m) and Problem (2.12) is
an outer approximation for the original problem, we cannot claim that this constructed
feasible solution is optimal due to the max-min natrue. One key reason is that the

constructed solution of the inner minimization problem (2.13) may not be optimal. Thus,

O(my,BT) < ¢ = Oy(m) may hold.

We used to conjecture that this constructed feasible solution is an optimal solution of
Problems (2.12) and (2.13) such that the optimal value of Problem (2.12) equals that of
Problem (2.4) when m; > K. Most numerical experiments (see Section 2.7) show this
conjecture may be correct, but we find a counter-example (see Example 2 in Appendix
A.3.5). Example 2 illustrates that the optimal value of Problem (2.13) with m; = K and
B = V is strictly less than the optimal value of Problem (2.4), which means that the

constructed feasible solution (B = V) is not optimal.
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A.3.5 Counter-Example

Now we provide an example as follows to illustrate that the optimal value of Problem
(2.13) with m; = K and B =V is strictly less than the optimal value of Problem (2.4),

which means that the constructed feasible solution (B = V) is not optimal.

Example 2. We consider an instance of Problem (2.4), where m = n = 4, 74 = 1,
Yo = 2, A = 0,4, b = 0, n=1,, =1, K =3, y,g(x) =0 (Vk‘ S [K]), yk(X) =
1 00 0 00 0 0 00 0 0
Wix (Vk € [K]) with Wy = | ° % L ow,=|° 0 % % anaws = |° 0% 7,
00 0 0 000 0 00 1 0
000 1 00 0 2 00 0 1
and X = {x € R | xy = 23 = w4 = 1,29 € {—T,1}}, then Problem (2.4) becomes
s—x'W, 1, lq—WXT
min 35 +2L, ¢ Q+ all, clo 2 @EWH G ke ()
et fa-Wi)  Q
(A.11)

Solving Problem (A.11) gives the optimal value 5.9882 with x = [1,1,1,1]7, Q =
0.0911  —0.0558 —0.0354 —0.0558
0098 OIS S0.0558 01D , and rank(Q) = 2. By Theorem 2, we can correspond-
—0.0354 —0.0558 0.0911  —0.0558

—0.0558 0.1115  —0.0558  0.1115

0.7071 —0.5774 —0.1543
‘ . : 0 0.5774  —0.3086 ,
ingly obtain a feasible V. = . Now givenm; =K =3 and B=V,
0 0 0.9258
0.7071  0.5774  0.1543

Problem (2.13) becomes

TwWT 1 T T
s—x W, 1 s (qr — V' 'Wix
min Qs+ 2L, 0 Qi eln 5 (@ ) =0, Vk € [K]
XEX,8,qr,Qr %(qr —VTWkX) Q.

(A.12)

Solving Problem (A.12) gives the optimal value 51139 with x = [1,—7,1,1]". That is,

the optimal value of Problem (2.13) with B =V is strictly less than the optimal value of
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Problem (2.4).

A.3.6 Proof of Proposition 2

We consider the Lagrangian dual of the inner minimization part (i.e., Problem (2.13)) of

Problem (2.12) as follows:

max  min £ (x s @ Qu: Z b, pr Pr, VE € [K]) (A.13)
xs)\>0
tk p];r qr, Qr
to7
pr Py
Vke[K],
Z>0

where the Lagrangian function

L (X,S,S\,qr, Qi;Z,ty, pr, Pr, Vk € [K]>

K

tk
=s+72lm, @ Qe + V71 [larlly — Z @ (Z(Aﬂz )+ Ao) >
=1

i=1 Pk Pk
1 T T
s—yk — b — (X)) T+ AL Ap ;<qr+(UAzB) (ATAk—yk(xD)

+ UAzB)T (AT A, — yk(x))> Q:

K K K
1 T
<1 E tk s — g <tk (Ap — b)T + p; (UAiB) AT> e+ v llar]ls — g p;qr
k=1

k=1 k=

1
K T T

+ (’Yzlml - Z Pk:) *Q: — Z Z Zij (asz + a?j)
k=1

i=1 j=1

tiw” + Py (UA%B>T) yk(x))

_l_
(1=

7~

=

<

O

_l_
7~

K K
1 T
=Y (wtan=b) ] (UAIB) AT At Vit lanlh - Yopla
=1 k=1

K T T T T
+ <721m1 - Z Pk) *Q:; — Z Z ZijaijX — Z Z Zija;
k=1

i=1 j=1 i=1 j=1

K T
+> <tk:W2 + (tk:NT +pL (UA%B) > Wk) x
k=1

I
7
—_

!

Eond
Hngls
o~

ol
N———
ol
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k=1 k=1
K K ) T T T
+ (’Yzlml — ZH:) °Q; + (Z (tkwg + <tkuT +p) (UA?B) > Wk> — Z Z Zijaij) X
k=1 k=1 =1 j=1
K T T T
+ Z <tkd2 + <tk[LT + p; (UA%B> ) dk> — Z Z zija?j.
k=1 i=1 j=1

To present the objective value of the inner minimization problem of (A.13) from going to

negative infinity, we require

K K K
1= te=0, a1 — D pe|| >0, %Ly, =Y Pp=0, (A.14a)
k=1 k=1 2 k=1
T
te (A —b) +p) (UA%B> AT <0, Vk € [K], (A.14b)
K 1 T T T
Z (tkwg + (tkHT + p; (UAEB) ) Wk) — Z Z Zijij = O, (A14C)
=1 =1 j=1
t pT
M -0, VEe K], Z >0, (A.14d)
P: P

Then, the dual problem of Problem (2.13) can be described as follows:

K T T T
tudi +  to’ + Py (UA%B> di | - gad% (A5
tk,pki{il,@(e[K],z Z ( ke, ( K Py k ZZz]aw ( )

k=1 i=1 j=1

s.t. (A.14a) — (A.14d).

By integrating the outer maximization part of Problem (2.12) and Problem (A.15), we
obtain the bilinear SDP problem (2.25). Now we would like to prove the strong duality
between Problem (2.13) and Problem (A.15); that is, these two problems share the same
optimal value, which further shows that Problem (2.12) has the same optimal value as

Problem (2.25). To that end, we find an interior point of Problem (2.13).

160



Let x’ be an interior point in X, we can construct an interior point by setting
N={l 1) 8 = 0 [0) + 1 b+ (X)) T — 1 Ap| +1, ¢, = 0, and Q =
S /(A = ) = b — ()T + 1] Ap))(UATB)T(AT1, — y(x))(AT1, —
e (X)) T(UAZB) +1,,. Clearly, (UA2B)T(AT1, — y;(x))(AT1,— y(x)) T (UAZB) = 0.
Thus, Q. > 0. Now we only need to show that constraints (2.13b) hold in the positive-

definite sense with respect to this constructed solution.

By the construction of QZ, for any k € [K|, we have

((UAéB)T (AT1, yk(x’))) ((UA;B)T A yk(X,))) .

/ —
» 17— ) — 10— ) T+ 1 A)
1 T . T T
((vat) (a7t ((0A1B) " (AT1 =)
- +1,,, >0,
Vk’e[%]::k’yék 4(s' =y (x) = 1/b—yp(x) T+ 1] Ap) 1
(A.16)

where s’ — 40 (x') — 10 — yp (x') T + 1] A > 0 by the construction of s’. By Schur

complement, (A.16) is equivalent to

s —yd(x') —1/b—y(x) T+ 1] Ap

N[

<(UA§B)T (AT1, - yk(X/))>T

0, Vk € [K].
L ((UA%B)T (AT1,— yk(x’))> Q. : )

Thus, (x/,s’ ,S\I,q;,Q;) is an interior point of Problem (2.13) and the strong duality
between Problem (2.13) and Problem (A.15) holds. O
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A.4 Supplement to Section 2.4

A.4.1 Proof of Theorem 3

(i) For any &; ~ Py € Dy, we have Ep,[£;€]] < 721,,,. Then, by Lemma 2, for any given
x € X and B € B,,,, i.e., BTB =1,,,, we further have BT (Ep,[£,£&; |)B < B (121,,,)B,
ie., Ep, [BT£I£ITB] < %B'L,,B = %I, . It follows that Dy; C Dy. Thus, given any
x € X and B € B,,,, we have

max [Ep, [f (x, UA%(‘SI —|—p,>} > max [Ep, [f <X, UA%.SI —I—,u,)] .

PreDy P1eD\

It follows that

min min max Ep, [f <X,UA%£I + p,)] > min max [Ep, [f (X, UA%& + ,u)} ,

BEBml xeX P1eDy xeX PieDy

which demonstrates that the optimal value of Problem (2.26) is an upper bound for that
of Problem (2.3) (i.e., Problem (2.2)).

(ii) Consider any m; < mg < m. We have B,,,, :== {B € R™*™2 | B'B = 1,,,, } and con-
sider an optimal solution (B*, x*) of Problem (2.26),i.e., min min max Ep[f(x, UA%él—i-

BeB,,, x€X PieDy

)]

Note that (B*)"B* = I,,,. We can then construct B’ = [B*, C] € R™ ™2 such that
C € R™*(m2=m1) and B’ € B,,,, ie., (B')'B’ =1,,. With B’, we use D}; to denote the
corresponding ambiguity set defined in (2.28). By the second-moment constraint in Dy,

we have

Ep, [(B")'&&/ B]

=Ep, [[B*,C]"&¢/ [B*, C]]
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L |B)TEE BT (BT C
_Ep,
CT¢/B*  CTggC

572 Im2 )

which implies that Ep [(B*)T&,&] B*] < 4ol,,,. It follows that D} C Dy. Therefore, we

have

max Ep, [f <x*,UA%51+u>} > max Ep, [f (x*,UA%51+u)]. (A.17)

P1eDy Py GD{j

Because B € B,,, and x* € X, the constructed solution (B’, x*) is feasible to the problem

1
i i E UA: . Th h
Gin min max p [f(x, UA2&; + p)]. Then, we have

Ou(me) = min min max Ep, [f (x, UA%& —i—u)}

BeBm, x€X PeDy

< max Ep, [f <x*,UA%£I +u>}

]PIG'D{J

< max Ep, [f (X*,UA%EI —i-pj)}

Py EDU

= min min max Ep, [f (x,UA%&—l—u)}

BB, x€X PieDy

= GU(m1>7

where the first inequality holds because (B’,x*) is a feasible solution of the problem
min min max Ep [f(x, UA2E, + p)], the second inequality holds by (A.17), and the
BeBm, xeX PieDy

second equality holds because (B*,x*) is an optimal solution of Problem (2.26). That is,

the optimal value of Problem (2.26) is nonincreasing in m;.

(iii) When m; = m, we have B € B,, € R™™ ie., B'B = I,,. First, we have
Oy(m) > Oy (m) by the conclusion (i). Second, when B = I,,,, Problem (2.26) becomes
Problem (2.3). Because B = I, is a feasible solution of Problem (2.26), it follows that

Ou(m) < Oy (m). Therefore, we have Oy(m) = Oy (m). O
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A.4.2 Proof of Proposition 3

First, by Theorem 3 in Cheramin et al. (2022), Problem (2.27) has the same optimal value

as the following problem:

min s+ 7L, 0 Qo+ A1 fally (A.184)

xv&Qer

st s> f (X,UA%& + ,1,) _¢/BQBTE — qTé, VE €S, (A.18D)

Q >0, xeX, Q eR™™ qeR™ (A.18c¢)

Next, we apply the strong duality theorem to constraints (A.18b). We define
gu(&r) = 5+ &/ BQBTE + & — (%) — ue(x) (UATE +pa) , ¥k € [K].
As function f(x, &) is piecewise linear convex, we can reformulate (A.18b) as
9r(&1) = 0, V& € 81, Vk € [K],
which is equivalent to

min ge(&) >0, Vk € [K]. (A.19)
A(UAZE +p)<b, greRm

For any k € [K], the Lagrangian dual problem of minA(UA%gﬁmgb’ P k(&) is

max min gi(&;) + A, <A (UA%EI + u) = b) ,

AL>0 £ER™

where A, € R!. Because there exists an interior point for the primal problem, the strong

duality holds. Thus, constraints (A.19) are equivalent to

max min gi(&;) + A, (A (UA%& + u) — b) >0, Vk € [K],

Ap>0 &

164



which are further equivalent to

=00 s+ E BQBTE + a6 — (%) — ue(x)” (UAE + )

A <A (UAégI + u) - b) >0, V&, € R™, Vk € [K].  (A.20)

Note that BTB = I,,,,; that is, all the column vectors of B are orthogonal. We can
then extend B to [B, B] € R™™ with B € R™*(m~™1) gych that all the column vectors
of [B, B] span the space of R™. Thus, we can always find & € R™ and &, € R™ ™ such

that
& = B¢, + BE,.
It follows that constraints (A.20) become

Az 00+ € Qg +a’ (BE +BE) —1(x) () (UAF (BE, +BE,) + )
TS (A (UA% (B€, + BE,) + u) - b) >0, V&, € R™, ¢, € R™™ Yk € [K].

(A.21)

We further define

-
L NT
5 — yg(x) — )\gb — yk(X)Tu + )\ZA[J/ % (BTq + (UA§B> (AT)\k — yk(x))>

7. —
' ;<BTq+ (UAéB)T(ATAk—yk(x))) Q.

)

Vk € [K].

Thus, we have

(A.21)

= N0 (1,&]) 2 (1,6]) +&] (BTq+ (UAéB)T (AT, —yk(x))) >0,
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V€, e R™M g, e R™™ Yk € [K].
— IN>0: (LE])Ze (1,€]) >0, V&, € R™, Vk € [K]; (A.22)
B'q+ (UAéB)T (AT, —yr(x)) =0, Vk € [K].
= N >0: Z, =0, B'q+ (UA%B)T (ATA, — y(x)) =0, V& € [K].

— 1 T
= N >0: Z, >0, BT (q+ (UAa) (AT, — yk(x))> =0, Vk € [K]. (A.23)

1\ T
<~ d\, > 0,u € R™ 7 0, 9+ <UA§> (AT)\k —yk(X)) = Buk, vk € [K]

(A.24)

The first equivalence holds due to the definition of Z;. For the third equivalence, clearly
< follows from the definition of a PSD matrix. To prove =, we consider two possible
cases for any (o € R,p" € R™)T € R™*L: (i) if 5y = 0, then (no,n")Zr(no,n")" =
n'Q,m > 0 because Q, is PSD; (ii) if 7y # 0, then we have (no,n")Zz(no,m")" =
ne(1, ’Z]—Z)Zk(l, Z—Z)T > () according to (A.22). Therefore, = holds. For the fifth equiva-
lence, (A.23) shows that q + (UA%)T(ATAk — yr(x)) is in the null space of B and thus
cannot be represented by basis vectors in the space of B. Because [B, B] span the space of
R™, we have q+ (UA%)T(AT)\;c —yk(x)) should be in the space of B. That is, there exists
u; € R™ such that q + (UA%)T(ATAk — yp(x)) = Buy for any k € [K]|. Meanwhile,

because B'B = I,,,,, we have

B'q+ <UA%B>T (ATA, — yk(x)) = B'Buy, = uy, Vk € [K].

Finally, we obtain Problem (2.29) by replacing constraints (A.18b) with (A.24) and
replacing BTq + (UA2B)T(ATA, — yi(x)) with u,. O
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A.4.3 Proof of Theorem 4

Consider m; = K. We construct a solution (x, s, S\T,qT, QI, 4", BY) of Problem (2.26)
by setting xI = x*, st = s*, S\T = 5\*, g =q = V4, Q =Yy, Bt =V, and
af =0 + vy, (k € [K]).

First, we show this constructed solution is feasible to Problem (2.26). Clearly, this

solution satisfies constraints (2.29d)—(2.29¢). By the construction of the solution, for any

k € [K], we further have

qt + (UA%)T (ATAL - yk(xT)) —Vé+ (UA%)T (ATAL — yi(x))

= Vé + Vv, = Bl

where the first equality holds by the construction of qf, the second equality holds by
(2.16), and the third equality holds by the construction of ﬁL. Thus, this solution satisfies

constraints (2.29¢). Meanwhile, V'V = Ix = I,,,. It follows that (B) "B = 1,,,,.

In addition, from Problem (2.4), as @' = V§ and Q' = VY, V', for any k € [K], we
have

T

S, L <v5 + (UA%)T (ATA; - yk(X*>)>

=0
i\ T -
1 (V5 +(UAf) (ATA - yk(x*))) VY, VT

)

which, by Schur complement, is equivalent to

48}, (VYHVT> - (Va v (UA%)T (ATX" - yk(x*)>> (w + (UA%>T (AT ' _ yk(x*)>>T
T

= (Vu;i) (VuL) ) (A.25)

where the equality holds by (2.16) and the construction of ﬁL. From (A.25), for any
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k € [K], we have the following inequality holds by Lemma 2:
18, (VIVYVIV) = VT (val) (VuL)T \2
which is equivalent to
45.Y 1, = uLu,tT (A.26)
because V'V = Ig. By Schur complement, for any k € [K], (A.26) further becomes

:
sl

)

luL Y11

which indicates that the constructed solution (x', sf, S\T, q',Qf,af, BY) also satisfies con-

straints (2.29b) and thus it is a feasible solution of Problem (2.26).

Second, we show this feasible solution (x, s, S\T, q',Ql, af, BT) is an optimal solution

of Problem (2.26). The objective value corresponding to this solution is

'+ oL, ¢ QL+ 1 [|dT]], = 57+ 7oLy ¢ Yiu + v |4l
="+ %Ly, ¢ (YuV V) + 1 [ld ]y, = s +7eln e (VY VD) + A1 |d ]|,

= 5"+ 7l e Q'+ VA [dl, = Ou(m),

where the first equality holds by the construction of (xT, s, XT, q',Qf,uf, BT), the second
equality holds because V'V = Iy, the third equality holds by the cyclic property of
a matrix’s trace, and the fourth equality holds by the definition of Q' in Theorem 2.

Therefore, the solution (x', s, S\T, q',Q!, uf, BT) is an optimal solution of Problem (2.26).

Finally, when m; > K and m; < m, we have Oy(m;) > Oy(m) by the conclusion (i)
in Theorem 3 and Oy(m;) < Oy(K) = Oy(m) by the conclusion (ii) in Theorem 3. It

follows that Oy(m;) = Oy (m). O
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A.4.4 Proof of Proposition 4

First, by Lemma 2, for any B € B,,,, we have

X=<I,=B'XB=<B'L,B=1,,.

Second, we perform eigenvalue decomposition on X, i.e., X = QAQT, where Q €

Rmxm Rm)(m

is a matrix with orthonormal column vectors and A € is a diagonal matrix.
Without loss of generality, we assume that the diagonal elements of A are arranged in a

nonincreasing order and let A, «.,, represent the upper-left submatrix of A.

Now we let B = Quxm,, where Q,,xm, is the left submatrix of Q. Then we have

B € B,,, and

B'XB <1I,, = B'QAQ'B <L, = Q) .., QAQ " Qs < L,

- [ImU 0m1 X(mfml)]A[ITrn y Omlx(mfml)]—r j Im1

— Ay X Ln, = A 2L, — QAQ' <QI,Q" — X <1,

where the first deduction holds by the eigenvalue decomposition of X, the second deduc-
tion holds by the construction of B, the third deduction holds because all the column
vectors in Q are orthonormal, the fourth deduction holds by the definition of A, xm,,
the fifth deduction holds because rank(X) < my, the sixth deduction holds by Lemma 2.

Thus, if BTXB < 1,,,, for any B € B,,,, then we have X < I,,,. The proof is complete. [J
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A.5 Supplement to Section 2.5

A.5.1 Proof of Theorem 5

By dualizing the inner maximization problem of Problem (2.30) and integrating it with

the outer minimization operators, we first obtain the following formulation:

min s+ 7Ly, ¢ Q.+ /71 ldll, (A.27a)
x,5,9,Q;,Q;
B1,B2
1 T T T T T
st s> f(x UARE + ) — €/ BIQUBIE — €/ BaQUBI & —q' &, Y6 € S,
(A.27D)

Q) =0, Q=0 x € X, Qe R™™, Qe REmIHm) g R
(A.27¢)

B, € R™™ B, ¢ R™E-m) B By]"[By, By = Ix. (A.27d)

Next, we apply the strong duality theorem to constraints (A.27b). We define
g1(€) = s+ &/ BIQIB[ €& + €] BoQBI & +q &1 — y)(x) — ye(x) " (UASEs+ ), Wk € [K).
As function f(x, &) is piecewise linear convex, we can reformulate (A.27b) as
91(&1) = 0, V& € S, VK € [K],
which is equivalent to

min g(&) >0, Vk € [K]. (A.28)
A(UAZE+p)<b, £eRm
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For any k € [K], the Lagrangian dual problem of Wil b tp)<b, &crm gr(&;) s

max min gp(&;) + A} (A (UA%EI + u) — b) :

AL>0 & eR™

where X\, € R!. Because there exists an interior point for the primal problem, the strong

duality holds. Thus, constraints (A.28) are equivalent to

max min ge(&;) + A (A (UAégI + u) - b) >0, vk € [K],

Ag20 &
which are further equivalent to

=005+ 6T BIQUBIE + €] BaQUBIE +a" € — (%) — u(x) | (UASE + )

A (A (UA%gI n ,J,) - b) >0, Ve, € R™, Wk € [K]. (A.29)

Note that BTB = I,,,,; that is, all the column vectors of B are orthogonal. We can
then extend B to [B,B] € R™™ with B € R™* (=) guch that all the column vectors
of [B,B] span the space of R™. Thus, we can always find & € R™, &, € RE=™ and

&, € R™ X such that

& = Bi&, + By, + BE,.

It follows that constraints (A.29) become

A, >0: s+ EIQ;& + £;Q¥€2 + qT (B1£1 + Ba, + ]_353) - yg(x)
— ()" (UAS (Bi&, + Bak, + BE,) + 1)
AL <A (UA% (Bi€, + Bog, + BE,) + u) - b) >0,

Ve, € R™ &, e RET™ ¢ e R™F ) Vk € [K]. (A.30)
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We further define

s—yh(x) = Aib—ye(x) T+ ALAp  2(h})T s(h)T
Zk - %hﬁf Q; 0m1><(K7m1) ) Vk € [K]7
hy Ok —my) i Q/

where hl, = B] q-+(UAZB;) T (AT A, —y4(x)) and hY = Bl q+(UAZB) T (AT Ap —yi(x))
for any k € [K]. It follows that

(A.30)

= =00 (Lelel)z (el e]) +el (BTq+ (uaiB)’ (ATAk—yk@c))) >0,
VE, € R™ &y e RE-™ ¢, e R K vk e [K].

= I >0: (1,5{,53) Z (1,§I,g§)T >0, V&, € R™, ¢, € RE-™ vk € [K]; (A.31)

B'q+ (UA%B)T (AT)\k — yk.(x)> =0, Vk € [K].

— 3N >0: Zy =0, BTq+ (UA%B)T (ATAk - yk(x)) =0, Vk € [K].

— N, >0: Z, =0, B" <q+ (UA%)T (ATAk - yk(x)>> =0, Vk € [K]. (A.32)

— 3N, >0,u}, € R™ uf e RE"™ .

.
Z, = 0, q+ (UA%) (ATAk - yk(x)) = Byu, + Bou/, Vk € [K]. (A.33)

The first equivalence holds due to the definition of Z,. For the third equivalence, clearly
<= follows from the definition of a PSD matrix. To prove =, we consider two pos-
sible cases for any (ny € R,np/ € R™,n; € RE-™)T ¢ REFL (i) if 5y = 0, then
(0,11 M5 ) Zi(mo,mi ,m3)" = n{ Qiny + 13 Q/ny > 0 because Q; and Q' are PSD; (ii)
if 70 # 0, then we have (o0, n1,13)Zu(n0, ], m3) " = 3(1, 10, ) Z (1,1, )T > 0
according to (A.31). Therefore, = holds. For the fifth equivalence, (A.32) shows
that q + (UA%)T(ATAk — 9x(x)) is in the null space of B and thus cannot be repre-

sented by basis vectors in the space of B. Because [B, B] span the space of R™, we have

q+ (UA%)T(ATAk — yx(x)) should be in the space of B. That is, there exists uj, € R™
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and u} € RE~™ such that q + (UA%)T(ATA;C — yk(x)) = Byuj, + Bou] for any k € [K].

Meanwhile, because B'B = I, we have

.
h, =B/q+ (UA%BI) (ATA, — yk(x)) = B{Byuj, = u}, Vk € [K],

.
h =B, q+ (UA%B2> (AT, = yi(x)) = By Bouy = uj, Vk € [K].

By replacing constraints (A.27b) with (A.33), we obtain the following problem:

Join s+ 2L, @ Q + V1 [lall (A.34a)
s—yp(x) = A b— () T+ A Ap 5T s’
s.t. Tu), Q! Oy x(i—my) | = 05
suy 05 —my)xms Q/

Vk € [K], (A.34D)

q+ (UA%)T (AT, — ye(x)) = Byuj, + Bouj, Vk € [K], (A.34c)

x € X, qeR™ Q. e R™M*m Q¢ RE-m)x(K=m) (A.34d)

B, € R™™ B, e R™*E=m1) B, B,|"[By, By] = I, (A.34e)
A={A,..., Ak}, A\ €RL, VE € [K], (A.34f)

u ={u},...,u}, u, e R™ Vi e K], (A.34g)

W' ={uf, ... uy}, ul e RE"™ Vi€ [K]. (A.34h)

Note that the value of QY does not contribute to the objective function (A.34a). We can
then let M be an arbitrarily large positive number and Q) = MI(x_n,)x(k—m;) be an

optimal solution, by which constraints (A.34b) become

s = yp(x) = Agb = y(x) T+ ApAp g ()T

1
sy Q.

=0, Vk € |K]. (A.35)
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By replacing (A.34b) with (A.35), we obtain the formulation of Problem (2.31).

Based on the formulation of Problem (2.31), now we show that the three conclusions
hold. Note that for any B € B = {B € R™¥ | B'B = Ix}, the optimal value of
Problem (2.26), i.e., Oy (K), reaches the optimal value of the original Problem (2.4), i.e.,
Onm(m). We would like to show that by relaxing the constraints in Problem (2.26), we

can obtain the exact formulation of Problem (2.31), thereby the three conclusions hold.

First, we rewrite constraints (2.29b)—(2.29¢) in Problem (2.26) with m; = K by di-
viding B into [By, Bs] and uy, into ((u},)", (u})")". Thus, we obtain the following formu-

lation:

mi£1 s+ 7lk ¢ Q.+ /1 |ldll, (A.36a)
qé‘r’fﬁ,,h,,’
B1,B2

s = yp(x) = Agb = y(x) T+ ApAp 5 ((w))T, (u))T)

s.t. = 0,
3 ()T (@)T) Q.

Vk € [K], (A.36b)
q+ (UA§>T (AT A, — ye(x)) = Byuj, + Bouy, Vk € [K], (A.36¢)
x € X, [By, By [By, By = I, (A.36d)
q€R™, Q, e REXK B, e R™™ B, ¢ R HE-m) (A.36e)
A={A,..., Ak}, M €RL, VE € [K], (A.36f)
u = {ul,...,u}, u, e R™, Vk e [K], (A.36g)
W = {u},... u}, ul e RE"™ vk ¢ [K]. (A.36h)

Second, we relax constraints (A.36b) into

s—yn(x) = Ab—ye(x) T+ A Ap S(u))T

1
AL Q;

=0, Yk € [K], (A.37)
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where Q. € R™*™ is the upper-left submatrix of Q,. Note that if we use (A.37) to
replace (A.36b), we obtain a relaxation and accordingly lower bound for Problem (A.36).
In addition, we further reduce the optimal value of the relaxation by replacing Q, in the
objective function (A.36a) with Q.. That is, we obtain a lower bound for the optimal
value of Problem (2.26) with m; = K (i.e., Problem (2.4)). After these two steps of
relaxations, we obtain the exact formulation of Problem (2.31). Thus, we can conclude
that Problem (2.31) is a relaxation of Problem (2.26) with m; = K. Therefore, by the

conclusion in Theorem 4, we have
@Lg(ml) S @U(K) = @M(m)

That is, the conclusion (i) holds.

For the conclusion (ii): For any 0 < m; < mg < K, we can follow the above two steps
of relaxations to relax Problem (A.36) to the problem with the optimal value Os(ms),
and based on this relaxed problem, we can further relax it to the problem with the
optimal value ©p(m;). Because all these problems are minimization problems, we have

Or2(m1) < Ora(ma).

For the conclusion (iii): When m; = K, Problem (2.31) becomes Problem (2.26) with

my = K. Thus, by the conclusion in Theorem 4, we have

A.6 Supplement to Section 2.6

A.6.1 Motivation to Derive ADMM Algorithms

Several techniques, including the McCormick envelopes and spatial branch-and-bound,

can handle bilinear constraints and solve bilinear SDP problems like Problems (2.25),
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(2.26), and (2.31). However, to the best of our knowledge, the currently available bilinear
SDP solvers, such as PENLAB and BMIBNB (Lofberg 2004), are not yet fully mature
and only succeed on relatively small and simple problems. Therefore, we derive ADMM
algorithms to solve the three approximations efficiently. To illustrate this, we consider
the multiproduct newsvendor problem (2.39) in Section 2.7 as an example to compare our
ADMM algorithms with benchmark solvers with default settings in solving this problem,

where no time limit is given.

First, we use the Mosek solver to solve the original high-dimensional SDP problem (2.4)
and report the optimality gap and computational time. Note that the Mosek solver uses
the interior-point algorithm to solve an SDP problem and terminates when the relative
gap between the primal and dual objective values is no greater than 107°. Second, we
use the BMIBNB solver (the state-of-the-art bilinear SDP solver, to the best of our
knowledge) to solve the low-dimensional bilinear SDP problem (2.26) with m; = K. Note
that the BMIBNB solver uses the spatial branch-and-bound algorithm to solve a bilinear
SDP problem. In the BMIBNB solver, we set “Mosek” as the lower bound solver and
“fmincon” as the upper bound solver. The default termination condition of the BMIBNB
solver is that the relative gap between the lower and upper bounds is no greater than
0.01 or the maximum number of nodes in the branch-and-bound tree is greater than 100.
Third, we use our derived ADMM algorithms to solve Problems (2.25), (2.26), and (2.31),
respectively. For each of the three problems, we follow the instructions in Section 2.6.2
to recover the lower or upper bounds in the following two steps: (i) We use the ADMM
algorithm to solve the approximation problem and obtain a near-optimal dimensionality
reduction matrix BAPMM: (i) Given this BAPMM e solve a low-dimensional SDP problem
to recover the lower or upper bound for the original optimal value. Kindly note that the
reported time for our lower or upper bounds reflects the combined time for both steps.

Other numerical setups are detailed in Section 2.7.

Table A.2 shows the numerical results, where “Optimality Gap (%)” and “Time (secs)”
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Table A.2: Performance of Bilinear SDP Solver on the Newsvendor Problem

Size (m)-Instance Id | 100-1 100-2 100-3 200-1 200-2 200-3
Mosek Optimality Gap (%) | 0.00 0.00 0.00 0.00 0.00 0.00
Time (secs) 12.32 11.34 13.36 342.00 | 432.57 368.04
BMIBNB Optimality Gap (%) 4.31 3.89 3.65 4.25 3.83 3.85
Time (secs) 3840.00 | 5552.10 | 6412.50 | 9885.50 | 9942.50 | 10643.00
ODR.LB Gapl (%) 0.07 0.07 0.09 0.00 0.00 0.00
Time (secs) 0.58 0.72 0.83 0.42 0.91 0.88
9
ODR-RLB Gapl (%) 0.03 0.04 0.03 0.06 0.02 0.02
Time (secs) 2.45 1.74 1.98 2.57 2.42 2.76
0,
ODR.UB Gap2 (%) 1.56 1.81 1.65 1.73 1.92 2.03
Time (secs) 2.45 1.74 1.98 2.57 2.42 2.76

are reported by the corresponding solver, and “Gapl (%)” (resp. “Gap2 (%)”) represents
the relative gap in percentage between a lower (resp. an upper) bound and the optimal
value provided by the Mosek solver. Note that when m > 200, the BMIBNB solver fails to
obtain any feasible solution within three hours, and thus, these cases are not reported in
Table A.2. For the reported six instances, the Mosek solver can solve them to optimality,
and the BMIBNB solver terminates when reaching the limit of the maximum number of
nodes. These numerical results demonstrate that using the bilinear SDP solver to solve the
low-dimensional bilinear SDP reformulation of the high-dimensional SDP leads to poor
performance. It is not surprising. The Mosek solver employs the interior-point method
to solve the high-dimensional SDP problem, leading to a polynomial-time algorithm. In
contrast, the BMIBNB solver uses spatial branch-and-bound to solve the low-dimensional
bilinear SDP problem, leading to an exponential-time algorithm. More importantly, the
bilinear SDP problem is nonconvex, significantly increasing the computational challenge.
Finally, these numerical results demonstrate that the ADMM algorithms bring significant

improvement in terms of optimality gap and computational time.

A.6.2 The ADMM Algorithm for Problem (2.26)

Note that Algorithm 1 serves as a unified ADMM algorithm for all the three proposed

approximations, i.e., Problems (2.25), (2.26), and (2.31). Here, we take Problem (2.26)
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as an example to demonstrate corresponding specific details for this problem. Recall that

Problem (2.26) can be formulated as follows:

Ou(mi) = [ min — ¢(mi,s,q,Qx) (A.38a)
Ariie, un VRE[K]

k,x,s, A Lu/
t. X Do e (K], (A.38D)
%uk Qr

q+ (UA%)T Wk, x, M) = @y, Yk € [K], (A.38¢)

Nl

xeX, B'B=1,,, BER™™ qecR" Q, ¢ R™*™,

(A.38d)
A €RL, u € R™, wy, € R™, VK € (K], (A.38¢)
where constraints (A.38f) and B'TB = I,,, are bilinear constraints. We consider the

following augmented Lagrangian problem for Problem (A.38):

K
Jnin {s ot Qe VALl + 3087 (- B
A G VRE[K]; h=1

B; B,.Vke|K]

K

+3° % i, — Bugl|f? | (A.38b) — (A.38e)}, (A.39)
k=1

where 3, € R™ (Vk € [K]) are Lagrangian multipliers and p, > 0 (Vk € [K]) are the

penalty parameters. Thus, we design Algorithm 2 to solve Problem (A.38).

In this algorithm, given B and 3, for any k € [K]|, Problem (A.39) becomes a low-
dimensional (i.e., m; + 1) SDP problem. Given (x,s,q, Q;, Ag, Ux, Ui, By, VE € [K]),
Problem (A.39) becomes a nonconvex optimization problem, while the following proposi-
tion shows that it has an analytical optimal solution. Thus, Algorithm 2 can be performed

efficiently.

178



Algorithm 2 ADMM for Problem (A.38)
Initialize: B°, 3%, Vk € [K]
Repeat: update (x, s, q, Q;, Ag, Uk, U, Vk € [K]),B and B, (Vk € [K]) alternatingly by

Given B’ and 3}, for any k € [K], solve Problem (A.39) to obtain the optimal solution
(XJ $,q, Qra Alm ﬁka Ug, Vk € [K])H_l;

Given (x, s, q, Qr, Ag, Uy, g, Vk € [K])i+1 and ﬁ}; for any k € [K], solve Problem (A.39)
to obtain the optimal solution B*!;

= B (87 - B vk € (K]
Until Convergence.

Proposition 12. Given (x,s,q, Qr, Ag, Uy, Uk, B, Vk € [K]), Problem (A.39) has an
optimal solution B* = UV, where ZkK:l(Bku; + pplpu) ) = UXV' for U € R™™,

> e R™m*™ qnd V e R™>X™ by the singular value decomposition (SVD).

We further analyze the convergence property of Algorithm 2 to ensure the dimension-
ality reduction solution B returned by this algorithm is near-optimal, i.e., a theoretical

guarantee. First, the following lemma holds.

Lemma 5. Given (X7S)q7 Qr7Aka ﬁk7uk718k7v}€ S [K])7 we have B* = INJ\N]T (G/fl Optlmal
solution of Problem (A.39)) is also an optimal solution of the following convex optimiza-

tion problem:

BcRmXxXm1
< k=1

K
max {Z (Bru;, + puyu,) o B

B'B < Iml} : (A.40)

We then present the convergence properties of our proposed ADMM algorithm. We

let

‘C(Ba (X7$>q7 Qra)\kaﬁk>uk7Vk € [KD ) (/BIka € [K])) =

K K
i Pi |~
s+ %l @ Qe+ lall, + ) Bi (W — Buy) + > 5 1 — Buy[;,
ot st

and continue to adopt Assumption 3. We state the convergence theorem of Algorithm 2
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as follows.

Theorem 10. Let (B*,x*,s*,q*, QF, Ay, u}, u;,Vk € [K]) be any accumulation point of
the sequence {B',x',s', q', Q, A, 0k, ui,Vk € [K]|} generated by Algorithm 2. Then,
(B*, x*, s*,q*, QX A, u;,u;, Vi € [K]) satisfies the first-order stationary conditions of

Problem (A.38).

Proof. Proof. Let (B*,x*, s*,q*, Qf, AL, 0}, u;,Vk € [K]) be an accumulation point of
the sequence {B? x', s, q', Q}, A}, 0}, ui,Vk € [K]}. Then, there exists a subsequence
{B',x', 5", q", Q}, A}, ttk, v, Vk € [K]}icr that converges to (B*, x*,s*, q*, Q, A\, G}, uf,

Vk € [K]).

First, note that (x,s,q,Q:, Ay, Uy, ug, Vk € [K])™ is the optimal solution of the
convex problem
min {£ (B, (x,s,9, Qr, Mg, T, uy,, V& € [K]), (B}, Vk € [K])) | (A.38b) — (A.38e)} .

X,S,q,Qu
Ak,ﬁk,uk,Vke[K]

(A.A41)

We show that there exists an interior point in the feasible region of Problem (A.41), by
which the KKT conditions are first-order necessary conditions for the optimal solution of
Problem (A.41). Specifically, by letting x” be an interior point in X (by Assumption 2),
we can set A = {1,,..., 1}, s =K lyh(x) +1b+y(x) T — 1] Ap| + 1, ¢ = 0,,
a, = (UA%)T(ATll — (X)), ug = 0,,,, and Q. = 1,,,. Clearly, (x/, s’,j\/,q’, Q. ug, uy,

Vk € [K]) is an interior point in the feasible region of Problem (A.41). Therefore, the

ti pz T
following first-order stationary conditions hold; that is, there exists k ( k) > 0,
p. Pj
wi >0, ni, € R™, and Z' = 0 such that
K
1= t,=0, (A.42a)
k=1
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™~

oL, — Pﬁf = 01, xmy » (A.42Db)
qth) K
\/@“Hz + ; (A.42¢)
ti(b—Ap) + ()" (UAé)T AT~ (w7 =0, Vk e [K], (A.42d)
—(pi)" = (BL) "B — pi(uit! — Buit")B' = 0, Vk € [K], (A.42¢)
—my)" +(B)" + (@ = Bluy) =0, Vk € [K], (A.42f)
K
Z(t;wﬁ(t;u +(ny) " (UAz) ) ) ZZ Zhagy = 0. (A42g)
k=1 i'=1j'=1

By (A.42a) and t. > 0 (Vk € [K]), we have that {ti};cr (Vk € [K]) are bounded.
Because every bounded sequence has a convergent subsequence, without loss of generality,
we can assume that i — 5 (i — 00,1 € Z,Vk € [K]). Taking limits in (A.42a) for i € Z,

we have
1= th=0. (A.43)
Similarly, by (A.42b), we have Pi — P} (i — oo,i € Z,Vk € [K]) and
K
72]:7711 - Z PZ - 0m1 Xmq -+ (A44)
k=1

Taking limits in (A.42¢) and (A.42f) for i € Z, by (2.35)and (2.36), we have that p% — pj,

n, — n; (i = 00,1 € Z,Vk € [K]), and

- (pl:)—r - (BZ)TB* = 0’ Vk € [K]v (A45)

— ()" + (BT =0, Vk € [K]. (A.46)

Taking limits in (A.42d) and (A.42g) for ¢ € Z, we have that Z' — Z*, = — =}
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(Vk € [K]), and

.

ti(b—Aw) "+ () (UAT) AT = (m)7 =0, ¥k € [K], (A.47)
K 1 T T T

> (t;wg + (t;;,ﬂ + ()T (UA5> ) Wk) =YD zany =0. (A.48)
k=1 i'=1j'=1

Taking limits in (A.42c¢) for i € Z, we have

*

||q IIz

+ Z (A.49)

Next, note that B! is the optimal solution of the nonconvex problem

min {c <B, (%, 5, @, Qu. A, iy, uy, VE € [K)), (8L, VE € [K])) ( (A.38b) — (A.38e)} .

In Proposition 12, we give an analytical optimal solution of Bi™!. However, there is no
optimality condition for this B!, By Lemma 5, we have that B! is an optimal solution
of the convex problem (A.40). Clearly, B = 0,,x.,, is an interior point of Problem (A.40).
Therefore, B! satisfies the first-order stationary conditions of Problem (A.40); that is,

there exists C'*! > 0 such that

K

K

Y B+ BT - Y (@ B ) )T -0 (A5
k=1 k=1

Taking limits in (A.50) for i € Z, we have that BY(C)T — S°r | Bi(up)T (i — o0,Vi € T).

Because (BY) 'B! =1,,,, and B' — B* (i — 00, Vi € T), it follows that

K

(B1>TB1(Cz>T N (Bl)TZBZ(UZ)Ta P OO,Vi c 1-7
k=1

Bi(up)", i = oo, VieT,

— (CH)"T = (BY)"
Bi(up)', i = oo0,Vi€ T,
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K
— C' = C* = (Z u;;(ﬁ;)T> B*, i = o00,Vi €.
k=1

Thus, taking limits in (A.50) for i € Z, we have

K

= Bi(up" +B(CY)" =0. (A.51)

k=1

Finally, combining (A.43)-(A.49) and (A.51), we have that (B*,x*, s*,q*, Q, A;, u;,

u;, Vk € [K]) satisfies the stationary conditions of Problem (A.38); that is, there exists

te DL
= 0, g, wi, >0, C, and Z > 0 such that
pr P
K
1= =0, (A.52a)
k=1
K
/VQIml - Z Pk - Om1 Xmi <A52b)
k=1
V)T
Yo ml =0, (A.52c)
la*|l2 —
.
te(b—Ap) +n) (UA%) AT —x] =0, Vk € K], (A.52d)
—pp —w.B* =0, Vk € [K], (A.52¢)
—n, +w] =0, Vk € [K], (A.52f)
K
—> wi(u;)" +BCT =0, (A.52g)
k=1
K AT T T
k=1 =1 j=1

This completes the proof. [J
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A.6.3 Proof of Propositions 5 and 12

In Proposition 5, given (x, Uy, ug, B, Vk € [K]), we can omit the constant in the objective

function of Problem (2.33) and rewrite this problem as follows:

K K
min {Z —ﬁ;Buk + Z (—pkﬁ;Buk + %u;—BTBUk>
k=1 k=1

BGRmel

B'B = Iml} . (A53)

In Proposition 12, given (x,s,q, Q;, Ak, U, Ug, 85, Vk € [K]), we can also omit the
constant in the objective function of Problem (A.39) and rewrite this problem as Problem

(A.53).

By B'B =1,,,, the term u] B'Buy is also a constant. Because 3, Buy, = (B,u, ) ¢ B

and 1, Buy, = (zu; ) @ B, we can further rewrite Problem (A.53) as follows:

K
max {Z (,6'ku,;r + pkﬁkug) eB

BeRmXm1
k=1

BTB:Iml}.

By the SVD, i.e., Y i (Byu + pripu)) = ULV, we have
B* = argmax <[~JX~)\~/T> e B = argmax tr <[~IX~3\~7TBT>
BTB=I,,, BTB=I,,,
= arg max tr <§~]\~/TBT[~J> — argmax X e <I~JTB\~/) ,
BTB=I, BTB=In,
where the second and fourth equalities hold by the definition of a matrix’s trace and the
third equality holds by the cyclic property of a matrix’s trace. Eldén and Park (1999)

show that B* = UV is an optimal solution. OJ

184



A.6.4 Proof of Lemmas 3 and 5

By the SVD in Propositions 5 and 12, we have

K

Z(ﬁkuZ + oy ) = UV

k=1

We construct U € R™ ™ by adding m—m; orthonormal columns to U € R"™*™ guch that

U'U =1,,, and add m—my zero rows to 3 € R™M*mi 4 construct 3 = (3 O(m_ml)xml] €

R™ ™1 Tt follows that ULV = UXVT.

Meanwhile, by the cyclic property of a matrix’s trace, we have
(USVT)eB =t (USVTBT) —1r (SV'BTU) =S e (UTBV) .
It follows that Problem (A.40) is equivalent to

max {z‘: . (GTB\?) ‘ B'B < Iml}. (A.54)

BcR™mxm1

Note that we have UUT =1, and VVT = I,,, by the SVD and the construction of U.

We then have
B'B=<1I, <— B'UU'B=<I, < V'B'UU'BV<I,,,

where the first equivalence holds by UUT = I,, and the second equivalence holds by

VVT =1, and Lemma 2.

Therefore, Problem (A.54) is equivalent to

max {f] ) (IjTBV> ‘ (VTBTIj> (IjTBV> = Iml}. (A.55)

BeRmel
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Because X € R™*™ ig a rectangular diagonal matrix with non-negative numbers on the
diagonal, we have that UTBV = [L,,; 0(n_my)xm,;] will lead to the optimal value. Note

that when we choose B = UV, we have
I_JTBV = [_JT[NIVTV = [Imla O(m—ml)xml]lml = [Imlu O(m—ml)xml]-

Therefore, B* = UV is an optimal solution of Problem (A.55), i.e., Problem (A.40). O

A.6.5 Proof of Theorem 6

Let (B*,x*, 0}, u},Vk € [K]) be an accumulation point of the sequence {B?,x' u},u},
Vk € [K]}. Then, there exists a subsequence {B’,x’, 0}, u.,Vk € [K]};ez that converges

to (B*, uy, u;, Vk € [K]).

First, note that (x, g, uy, Vk € [K])"™ is the optimal solution of the convex problem

_ min - {£ (B, (x,u, ui,Vk € [K]), (B, Vk € [K])) | (2.32b) — (2.32¢)}. (A.56)
X,u,ug,Vke

Because there exists an interior point in the feasible region of Problem (A.56), by which the

KKT conditions are first-order necessary conditions for the optimal solution of Problem

(A.56). Specifically, the following first-order stationary conditions hold; that is,

0
(BY) 81 +pi(B)" (8" — Buy™)

_vg< H—l z+1 z+1 \V/kie[ ])‘l‘ (BZ>TBK+pK(BZ) ( i+1 Bz z+1)
_/621 _p ( i+1 Bz z—i—l)

_ﬁl'K_pi ( i+l _ gi z+1)
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€ NMy(x" uit ot vk € [K)), (A.57)

where NV, (x*1 ui™ 4t Vk € [K]) is the normal cone of U at (x'+!, i 4.t vk € [K]).

Taking limits in (A.57) for ¢ € Z, we have

(B*)' B

—Vg(x*,up, @, Vk € [K]) + |(B*)T8% | € Nu(x", uf, af, Vk € [K]). (A.58)
—Bi

—Bk

Next, note that B! is the optimal solution of the nonconvex problem

min {L (B, (x, i, g, VE € [K)), (8L, VE € [K])) ‘ (2.32b) — (2.320)} .

In Proposition 5, we give an analytical optimal solution of B*™!. However, there is no
optimality condition for this B*!. By Lemma 3, we have that Bi*! is an optimal solution
of the convex problem (2.34). Clearly, B = 0,;,x, is an interior point of Problem (2.34).
Therefore, B! satisfies the first-order stationary conditions of Problem (2.34); that is,

there exists C't! > 0 such that

K K
=3 BT+ BT(CT)T = p Y (a = By (u)) " =0. (A.59)
k=1 k=1
Taking limits in (A.59) for i € Z, we have that BY(C)T — S°r | Bi(up)T (i — o0,Vi € T).
Because (BY) "B =1,,, and B! — B* (i — 00, Vi € Z), it follows that
K

(BY)TBI(C)T — (B)T Y Br(up)T, i — oo, Vi€ T,
k=1



— (C)' = BH"Y Bi(u})', i = oo,Vie€T,

M= 11>

— (CHT = (B Bi(u})', i = o00,VieT,

1

M= 7

— C' - C* = ( u,:(,BZ)T> B*, i — o0o,Vi €.

£
Il

1
Thus, taking limits in (A.59) for i € Z, we have
K

=B +BY(C) =0, (4.60)

k=1

Finally, combining (A.58) and (A.60), we have that (B*,x*, aj, u;, Vk € [K]) satisfies

the stationary conditions of Problem (2.33); that is, there exist wy and C such that

— Vy(x*,up, a5, Vk € [K]) + |(B*)Twy | € NMu(x*, up, 05, Vk € [K])

K
=) wi(up) " +BCT =0 (A.61)

k=1

This completes the proof. [J

A.6.6 Proof of Proposition 6

First, we have Oy(m) > Op(my) > O(my, B) = s* + 1L, o Q¢ + Arlal|ls, where

the first inequality holds by conclusion (i) of Theorem 1 and the second inequality holds
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because B’ is a feasible solution of Problem (2.12) and this problem is a maximization

problem.

Next, we would like to construct a feasible solution (x/, s, 5\,, q’, Q) of Problem (2.4).

o !

Weset X' =x A =X, 8 =s +s0, ¢ = B'q’, and Q' = B'Q*(B')" + Qq, where
so > 0 and Qg = 0 and their values will be decided later. Clearly, this solution satisfies
constraints (2.4c). For this solution to satisfy constraints (2.4b), the values sy and Qg

should satisty

(St o) (BQUB)T+Qu) = 1 (Bai + (UAR) (ATX — x) )
X (B’qj + (UA%>T (ATX; — yk(x*>))T — iMk, vk € [K].
(A.62)

Note that, if (S + $0)Qo = (1/4)My for any k € [K], then (A.62) holds. By the
definition of My, we have My = 0 for any k € [K]. Therefore, for any sy > 0, we can

construct

K
kg S+SQ

such that (A.62) holds and hence (x/, ¢/, ;\/, qd’, Q') is a feasible solution of Problem (2.4).

The objective value (denoted by ©},) with respect to this constructed solution is

s'+ 7l 0 Q'+ 1 lldlly = 5"+ 50 + 72l @ B'QI(B') " + 721 Qo + 11 1B/l

=35+ So + ’YQIml ° Ql’: + '72:[m ° QO + ﬁ ”q:HQ

K
= 00m, B) 50+ Y T oM
k=1 0

where the second equality holds because I,, e B'Q*(B)" =1,,, e Q*(B)'B’' =1,,, e Q"

and (q7)"(B')"B'q* = (q*)"q’. As this constructed solution is a feasible solution of
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Problem (2.4), which is a minimization problem, we have Oy(m) < ©}; It follows that

I,, @ M,. (A.63)

K

/ / Y2
On(m) — O1(my) <O —@m,B):s—i—E—
M( ) L( 1) M —( 1 0 £ 4(S—|—80)

We further choose a value of sy to minimize the right-hand side (RHS) of (A.63). Note
that (i) If VP — S < 0, then the RHS of (A.63) is minimized at P/S with sy = 0; (ii)
If VP — S > 0, then the RHS of (A.63) is minimized at 2v/P — S with so = VP — S.

Therefore, we conclude that the proposition holds. [J

A.7 Supplement to Section 2.7

A.7.1 Multiproduct Newsvendor Problem

By Proposition 1, Problem (2.39) has the same optimal value as the following SDP for-

mulation:
min s+ 720, ¢ Q+ /71 [lall (A.G4a)
X,8,A1,
A2,9,Q

T T
s—(c—v)Tx=A{(b—Ap) 1 <q+ (UA%) AT)\1>
=0

s.t. T -~ Y,
1 <q+ (UA%) ATA1> Q

(A.64b)

eV Tx - A (b — T 1 %T T _ !
s—(c—g)' x—A(b—Ap)+(v—g)'pn 2(q+<UA) (ATx +v g))

;<q+(UA§)T(AT>\2+v—g)> Q

=0, (A.64c)

x€RT, A eRL, M eR,L, geR™, Qe R™™, (A.64d)

By the first outer approximation (2.25), the following problem provides a lower bound
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for the optimal value of Problem (A.64):

max
B,t1,p1,P1,

t2,p2,P2

s.t.

.
(tzﬂT +py <UA%B) ) (g—v)
1—t1 =t =0, /7 —|lp1 +p2l, >0,
T
{(Ap—b)T +pl (UA%B) AT <0,
T
2(Ap—b) +pJ (UA%B) AT <0,

Yol =P1 =Py =0, ti(c—v)+ty(c—g) >0,

t1 p; ts Py

=0

?

p1 Py p: P>

(A.65a)

(A.65b)
(A.65¢)
(A.65d)

(A.65€)

(A.65f)

B c R™™ p; € R™, py € R™, Py € R™*™ Py € R™*™ (A.65g)

By the inner approximation (2.26), the following problem provides an upper bound

for the optimal value of Problem (A.64) and achieves the optimal value of Problem (A.64)

when m, > 2:

min

B,x,5,A1,A2,

q,Qr,ug,uz

s.t.

s+ 72lm, © Qv + V71 [all,

s—(c—v)'x=Al (b—Ap) Iuf

%ul Qr

s—(c—g)'x=A(b-Ap)+(v-g)p

FU
i .
q+ (UA?) AT\, = Buy,
i\ T
a+ (UAY) (ATx+v - g) = Buw,

xR, M eR, AeR, B'B=1,,,

(A.66a)

(A.66b)
20, (A660)
Q:

(A.66d)

(A.66¢)

(A.66t)

qE Rm, Qr e R’leTrﬂ’ B 6 RmXWLl, ul 6 RT’M’ u2 E le‘ (A66g)

By the second outer approximation (2.31), the following problem with m; < 2 provides
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another lower bound for the optimal value of Problem (A.64) and achieves the optimal

value of Problem (A.64) when m; = 2:

i 1 N A.67
ppln st el e Q: + v llally (A.67a)
q,Qr,ui,uz,hy ho

s—(c—v)'x=X (b—Ap) iu

s.t. =0, (A.67Dh)
%ul Qr
T T T 1..T
s—(c—g) x—XA(b-—Au)+(v—g su
( ) 2 ( p) + ( ) U - 0,(A.67c)
%UQ Qr
L . )
q+ (UAE) ATA, = Bu, + Bhy, (A.67d)
T _
a+ (UA}) (A"A;+v—g) = Bu; + Bh, (A.67e)
x €RT, A eRL, X eRY, [B,B]'B,B| = I, (A.67f)

q€eR™, Q e R™*™ BeR™™, BeR™E™)  (A67g)

u; € R™, uy, € R™, h; e RE-™ h, e RE-™ (A.67h)

A.7.2 Production-Transportation Problem

By the reformulation results of Section 4.1 of Bertsimas et al. (2010) and Appendix C of
Cheramin et al. (2022), we have the following SDP reformulation for Problem (2.41):

. 4ol i A .68
x,zk(glk}g[f(]), ST 72lGH ® Q ﬁ"Q|’2 ( a)

5,Ak(Vke[K]),q,Q

T T
s—c'x— B, —Ab—apzfp+ A Ap 1L <q + (UA%) (AT — akzk))>
s.t. =0
T —_ )
% <q+ (UA%> (1&TA]C — akzk))) Q
Vk e [K], (A.68b)
A, €RL ) VE € [K],q € ROH Q ¢ REHXCH (A.68c)
0<x<1, (A.68d)
G
>z =d;, Vj € [H], k€ [K], (A.68¢)

=1
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H
> zigr =i, Vi€ (G, ke K], (A.68f)
j=1

zijr > 0, Vi € [G], j € [H], k € [K], (A.63g)

where z, is a vector whose (( — 1)G + j)-th element is z;j,. Note that, by Theorem 1 in
Cheramin et al. (2022), the following problem can be reformulated as Problem (A.68):

min  max Ep [max {CTX + oz, (UA%SI + H) + 5k}] (A.69a)

x,21,Vk€[K] P1€DM ke[K]

st. (A.68d) — (A.68g). (A.69D)

By the first outer approximation (2.25), the following problem provides a lower bound

for the optimal value of Problem (A.68):

K G K H
bebr = i ik A.70
tk,pk,glk%e[m, ; kP ;U +Zzwﬂk J ( a)

Wk,uk,Vk‘E[K},V,B k=1 j=1

K K
s.t. L= =0, vii—|>_pi|| >0, (A.70b)
k=1 k=1 2
1 T
te(Ap —b)T +pl (UAaB) AT <0, Vk € [K], (A.70¢)
K K
Yol =Y Pr= 0, > (tie+w) +v >0, (A.70d)
k=1 k=1

T
aptpp’ + arpy <UA%B) — Wy, W)
repeat G times

—(ulk, ey Uk - s UGKs - - - ,’LLGk) > 0,Vk € [K], (A70e)
——_———

repeat H times
>0, Vk € [K], B'B =1,,, v€ RS, B e REIx™,

(A.70f)

pr € R™ P, c R™ ™ w, cR” u, e RC Vke[K]. (A.70g)

By the inner approximation (2.26), the following problem provides an upper bound
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for the optimal value of Problem (A.68) and achieves the optimal value of Problem (A.68)

when my; > K:

. I eQ A1
Braonek), S 2m * Q. + 71 llall, (A.T1a)

ug,Ag,VkE [K] :quaQr

s—C'X— [y —Ab—apzlpu+ A Ap su,)

s.t. =0, Vk € [K],
%uk Qr
(A.71b)
i\ T
q+ <UA§> (AT)\k — Oszk)) = Bu,, Vk € [KL (A71C)

A €RL, u, € R™, Vk € [K],q € R Q, € R™*™, (A.71d)

(A.68d) — (A.68¢), B'B =1, B € RE#xm, (A.T1e)

By the second outer approximation (2.31), the following problem with m; < K pro-
vides another lower bound for the optimal value of Problem (A.68) and achieves the

optimal value of Problem (A.68) when m; = K:

min s+ vl e Q,+ +/ A.72a
B,B,x,z1,(Vk€[K]), Yolim, @ Q 71 lldll, ( )
uk7hk’Ak7Vk€[K],

5,9,Qr
st X~ = Ncb-auzipt NAn quf =0, Vk € [K], (A.72b)
U Q:
q+ (UA§>T (AT, — axzi)) = Bug + Bhy, Vk € [K], (A.72¢)
AL €ERL, up € R™, hy € RE"™ | Vk € [K],q € R%? Q, € R™*™(A.72d)
[B,B]"[B,B] =1,,, Bc R B¢ R K-m) (A.72¢)
(A.68d) — (A.68g). (A.72f)
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A.7.3 Proof of Proposition 7

Because B'B = 1,,,,, we have B'B =< I,,,,, which implies BBT < I,, by Lemma 1. It

follows that r 'BB'r < r'r. Meanwhile, we have

r'r
TR*R*T+. _ | rTr [|x]]2 T
r B'B" r = |:||r2 le(ml—l):| =rr,
(ml—l)Xl

indicating that B* = {r/HrH% 0 ] is an optimal solution of Problem (2.44). [

mi—1)

A.7.4 Sensitivity Analyses
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Table A.3: Sensitivity Analyses on the Production-Transportation Problem with K =5

Size (G, H)) (4,25) | (5,20) | (5,40) | (8,25) | (10,40) | (20,30) | (20,40)
Capl (%) 0.37 | 0.71 | 0.67 | 047 - - -
ODR-LB Time (secs) 286 | 2.81 | 4.87 | 4.32 | 1516 | 27.51 | 57.45
Interval Gap (%) 0.69 | 0.79 | 0.73 | 0.51 | 0.49 0.51 0.57
Theoretical Gap (%) | 1.27 | 0.62 | 220 | 1.36 - - -
my =3 Gapl (%) 0.07 | 0.17 | 0.02 | 0.02 - - -
ODR-RLB Time (secs) 13.53 | 14.19 | 43.93 | 57.79 | 205.99 | 442.26 | 1092.43
Interval Gap (%) 0.39 | 0.25 | 0.08 | 0.06 | 0.03 0.02 0.02
Theoretical Gap (%) | 1.08 | 3.19 | 1.96 | 0.96 - - -
Gap2 (%) 0.32 | 0.08 | 0.06 | 0.04 - - -
ODR-UB Time (secs) 6.03 | 5.60 | 22.31 | 20.53 | 122.04 | 332.10 | 660.08
Theoretical Gap (%) | 1.28 1.03 3.20 2.05 - - -
Gapl (%) 0.14 | 034 | 0.22 | 0.29 - - -
ODR-LB Time (secs) 4.03 | 3.63 | 601 | 4.82 | 1241 | 25.03 | 57.79
Interval Gap (%) 0.15 | 0.34 | 043 | 029 | 0.52 0.55 0.51
Theoretical Gap (%) | 1.24 | 1.07 | 491 | 0.77 | 2.71 1.25 1.09
my=5 Capl (%) 0.01 | 0.02 | 0.01 | 0.00 - - -
ODR-RLB Time (secs) 542 | 5.36 | 22.40 | 20.86 | 123.64 | 330.29 | 665.43
Interval Gap (%) 0.02 | 0.02 | 0.01 | 0.01 | 0.00 0.00 0.00
Theoretical Gap (%) | 1.13 | 1.17 | 1.80 | 0.81 | 1.22 1.92 1.32
Gap2 (%) 0.01 | 0.01 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 548 | 5.32 | 22.41 | 20.86 | 123.48 | 329.95 | 665.35
Theoretical Gap (%) | 1.13 | 1.17 | 1.80 | 0.81 | 1.22 1.92 1.32
Capl (%) 0.16 | 0.21 | 0.53 | 0.23 - - -
ODR.LE Time (secs) 3.56 | 429 | 539 | 570 | 19.27 | 22.89 | 58.38
Interval Gap (%) 0.17 | 0.22 | 053 | 0.24 | 0.31 0.56 0.50
=T Theoretical Gap (%) | 1.22 | 0.88 | 1.67 | 0.79 - - .
Gap2 (%) 0.02 | 0.01 | 0.00 | 0.00 - - .
ODR-UB Time (secs) 5.62 | 548 | 2242 | 21.24 | 121.61 | 330.94 | 660.85
Theoretical Gap (%) | 1.15 | 1.04 | 1.28 | 0.59 - - -
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Table A.4: Sensitivity Analyses on the Production-Transportation Problem with K = 10

Size ((G, H)) (4,25) | (5,20) | (5,40) | (8,25) | (10,40) | (20,30) | (20,40)
Gapl (%) 0.17 | 0.15 | 0.16 | 0.28 - - -
ODR-LB Time (secs) 6.26 | 5.75 | 9.80 | 887 | 29.94 | 54.71 | 133.58
Interval Gap (%) | 0.17 | 0.15 | 0.16 | 0.28 | 0.23 0.22 0.27
Theoretical Gap (%) | 4.32 | 453 | 6.22 | 6.09 - - -
my =8 Gapl (%) 0.01 | 0.00 | 0.01 | 0.00 - - -
ODR-RLB Time (secs) 13.03 | 12.91 | 53.84 | 35.92 | 205.07 | 593.38 | 1334.02
Interval Gap (%) 0.01 | 0.00 | 0.01 | 0.01 0.00 0.00 0.00
Theoretical Gap (%) | 3.53 | 3.02 | 4.24 | 4.86 - - -
Gap2 (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 10.31 | 10.23 | 39.26 | 31.59 | 119.58 | 339.84 | 755.18
Theoretical Gap (%) | 2.21 2.40 3.98 3.04 - - -
Gapl (%) 0.12 | 0.19 | 0.13 | 0.25 - - -
ODR.LB Time (secs) 6.65 | 6.41 | 11.11 | 10.31 | 31.42 | 61.41 | 131.10
Interval Gap (%) | 0.12 | 0.19 | 0.13 | 0.25 | 0.22 0.19 0.25
Theoretical Gap (%) | 1.78 | 1.97 | 2.96 | 1.19 2.10 1.49 1.22
my = 10 Gapl (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-RLB Time (secs) 11.22 | 10.65 | 40.34 | 32.95 | 122.54 | 342.80 | 748.11
Interval Gap (%) | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 0.00 0.00
Theoretical Gap (%) | 1.86 | 2.27 | 1.74 | 1.22 | 2.10 1.39 2.30
Gap2 (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 11.14 | 10.69 | 40.28 | 32.92 | 122.48 | 344.10 | 747.90
Theoretical Gap (%) | 1.86 | 2.27 | 1.74 | 1.22 | 2.10 1.39 2.30
Gapl (%) 0.11 | 0.14 | 0.15 | 0.23 - - -
ODR-LB Time (secs) 8.89 | 7.90 | 11.78 | 13.44 | 32.16 | 63.96 | 12291
Interval Gap (%) 0.11 | 0.14 | 0.15 | 0.23 0.19 0.19 0.27
m =12 Theoretical Gap (%) | 3.64 | 501 | 741 | 7.85 | - ; -
Gap2 (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 11.71 | 11.55 | 38.59 | 29.68 | 123.40 | 346.68 | 761.21
Theoretical Gap (%) | 0.81 | 1.32 | 2.20 | 2.75 - - -
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Table A.5: Sensitivity Analyses on the Production-Transportation Problem with K = 15

Size ((G, H)) (4,25) | (5,20) | (5,40) | (8,25) | (10,40) | (20,30) | (20,40)
Capl (%) 0.08 | 0.21 | 0.15 | 0.18 - - -
ODR-LB Time (secs) 11.12 | 11.10 | 18.00 | 24.05 | 31.32 | 71.04 | 142.88
Interval Gap (%) 0.08 | 0.21 | 0.15 | 0.18 | 0.25 0.19 0.23
Theoretical Gap (%) | 4.56 | 7.01 | 579 | 6.95 - - -
my = 13 Capl (%) 0.00 | 0.03 | 0.00 | 0.00 - - -
ODR-RLB Time (secs) 26.19 | 25.91 | 97.35 | 68.99 | 213.44 | 641.74 | 1451.80
Interval Gap (%) 0.00 | 0.03 | 0.00 | 0.00 | 0.00 0.01 0.00
Theoretical Gap (%) | 6.09 | 583 | 588 | 6.12 - - -
Cap2 (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 19.46 | 19.15 | 71.71 | 50.62 | 128.92 | 367.33 | 833.81
Theoretical Gap (%) | 2.44 3.00 2.52 3.07 - - -
Gapl (%) 0.05 | 0.10 | 0.12 | 0.15 - - -
ODR.LB Time (secs) 13.92 | 16.56 | 22.11 | 26.16 | 43.02 | 80.51 | 168.90
Interval Gap (%) 0.05 | 0.10 | 0.12 | 0.15 | 0.11 0.13 0.09
Theoretical Gap (%) | 4.69 | 522 | 557 | 6.38 | 3.29 4.41 3.95
my =15 Gapl (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-RLB Time (secs) 22.60 | 21.45 | 77.18 | 63.99 | 241.03 | 689.24 | 1550.21
Interval Gap (%) 0.00 | 0.00 | 0.00 | 0.00 | 0.00 0.00 0.00
Theoretical Gap (%) | 1.38 | 261 | 1.79 | 1.73 | 2.14 1.94 2.25
Gap2 (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 22.61 | 21.44 | 76.99 | 64.08 | 149.21 | 401.63 | 878.68
Theoretical Gap (%) | 1.38 | 261 | 1.79 | 1.73 | 2.14 1.94 2.25
Gapl (%) 0.10 | 0.09 | 0.13 | 0.16 - - -
ODR-LB Time (secs) 18.10 | 21.04 | 28.81 | 32.61 | 52.71 | 84.10 | 188.21
Interval Gap (%) 0.10 | 0.09 | 0.13 | 0.16 | 0.10 0.08 0.13
m =17 Theoretical Gap (%) | 4.75 | 4.13 | 550 | 6.16 - - -
Cap2 (%) 0.00 | 0.00 | 0.00 | 0.00 - - -
ODR-UB Time (secs) 26.83 | 27.84 | 84.70 | 63.17 | 161.79 | 447.03 | 926.33
Theoretical Gap (%) | 2.20 | 3.61 | 2.58 | 2.20 - - -
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Appendix B

Supplements for Chapter 3

B.1 Notation and Abbreviations

Table B.1: Summary of Notation and Abbreviations

Notation/Abbreviation  Description

Decision Variables:

X The decision variable
Vi, Z;, t; The auxiliary decision variables
u, w,s, v The extra variables used in approximations
Parameters:
Co The coefficient of the objective function
Q;, c;, b; The parameters in constraints
A, B; The parameters obtained by decomposing Q;
U, v, U, The upper bounds of decision variables
€ The quality parameter of approximations
P, H p The parameters in the first polyhedral approximation
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Optimal Values:

e* The optimal value of the original non-convex QCP
(3.1)
O, The optimal value of the LPCC/MILP
approximations
[CR The optimal value of the “c-relaxation” of the
original non-convex QCP (3.1)
Abbreviations:
LP Linear Program
MILP Mixed-Integer Linear Program
QCP Quadratically Constrained Program
SOC Second-Order Cone
SOCP Second-Order Cone Program
SDP Semidefinite Program
MISOCP Mixed-Integer Second-Order Cone Program
LPCC Linear Program with Complementarity Constraints
RLT Reformulation-Linearization Technique
ACOPF AC Optimal Power Flow
JDE Joint Decision and Estimation
TTRS Two-Trust-Region Subproblem
P1 The first polyhedral approximation (Section 3.2.2)
P2 The second polyhedral approximation (Section 3.3.1)
S-P1 The simplified version of the first polyhedral
approximation (Section 3.4.1)
Al The first LPCC/MILP approximation (Problem

(3.11)/(3.31))
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A2 The second LPCC/MILP approximation (Problem
(3.35))

B.2 Boundedness of y; and z; for any i € [m)]

For each i € [m], we have

b —2¢]x — 1\ 1 2
Iyill = \/xTAiAZ e (M) < \/Amax@i)m + (-1 el ) =0,

b —2¢]x +1\° 1 2
||z@-||=\/xTB¢BIx+(‘;"+> s\/—Amm@i)Uu(sz-+1|+||ci||U) =1,

where A\pax(Q;) and Apin(Q;) denote the largest and smallest eigenvalues of Q;, respec-
tively. Therefore, we can set U, = max{U;,Vi € [m]} and U, = max{U.,Vi € [m]}. Note
that the upper bounds on ||y;|| and ||z;|| can be refined by solving trust-region problems.

Specifically, an upper bound of y; y; can be computed by solving

bi — 1 bi— 1\
max XT(AZ-AZ-T—i—CZ-CiT)x— 5 C;_X—l—( 5 )

st x'x < U

Similarly, an upper bound of z; z; can be computed by solving

b + 1 b+ 1)’
max X' (BiB:+cicj)x—%ch+< ;_ )

st x'x < U
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B.3 An Alternative Polyhedral Approximation of ||y||

<t

First, we consider
Vyitus < ys} :

With a given integer number v > 1, we provide an alternative polyhedral approximation

L? = {(ybyz,ys)

of the set L? using the following constraints:

S 2 Il (B.1a)
T T
- i — < - v—1
cos<2y>§o+sm<2y>no_y3, Vre{0}u[2" ] (B.1c)

This polyhedral approximation of the set L? can be described as

1% (v) == {(y1, 92, y3) | (B.1) is satisfied for some & and 7} .

Next, the same as (3.4), we extend the set L? to the following set L* with k > 2:

V)T + ") <ol vie [271, te o)

LF =S (y,t) e RF xR
for some ), ..., y5, and y, Vj € (2974, ¢ e [0 —1]

Note that yj,,,. ..,y and ¢ (Vj € [2°77], £ € [§—1]) are extra variables and not included
in the vector y. Using IT1?(v) to approximate L?, we obtain the following polyhedral

approximation of L*:

(v, ..., vp)

{—1 =1 ¢ 2 . ),
=14 (y,t) eRF xR (y%—l’y?i ’yﬂ‘) € I (wy), Vj € [2°7], L€ 0] |
for some y2+1, . ,ygg, and y§7 = [20—4} L lef9—1]
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5] > ‘ygj—l‘an] > ’ygj‘vfga(lfl) +77]/3(V1) < yjl‘ev V] € [26_1] ’
=19 (¥:1) ygﬁla(ug) +y§;1,8(1/g) < yfe, Vje [29_5] , 0ef2,...,0} )

for some &;,n;, Vj € [2071], y2+1,...,y39, and yf, Vj e [29_6] , Lelf—1]

where a(vy) = (cos(rm/27))2% " € R¥* '+, B(yy) = (sin(rm/27))2%," € R '+ and

7=0

vy (V0 € 6) are selected to control the approximation quality €, in level £.

B.4 Proof of Theorem 8

By Lemma 4, when the dimension of z is 2!, the feasible region of Problem (3.9) is

bounded.

When the dimension of z is 2/, Problem (3.9) becomes:

min )\271 (B.2a)
s.b Al — AT =2, Vie 2071, (B.2b)
A = AL =2, Vi 2071 (B.2c)
M= Aoi— No_yai =0, VL ]\ {1},i € [2°71], (B.2d)
NS = Ao — Ao_10;=0, VL e [0\ {1},i € [2°71], (B.2e)
—Ai; — A+ wy,; cos (%) — ky;sin (%) + uy,; sin (%) =0, (B.2f)
Vee[d),ie 2071, (B.2g)
—Ap; — Xj; + wy,; sin (%) + ky ; cos (%) — Uy ; COS %) =0, (B.2h)
Vee[d),ie 2077, (B.2i)

—wiyi + wijl cos (#) — kﬁl sin (#) + uf{l sin (#) =0,
Veeh],iec 27,5 ¢ v—1], (B.2j)

o ,
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14 ™ . —
—wY, — tan (F) N4 AL, =0, Vee[f]ie 27, (B.21)

—k}; —uy;+X,; =0, Vle[f],ie 2, (B.2m)
Nois Nois Nois Neas Noin Aoy = 0, VL€ [6],i € [2°71], (B.2n)
kg oup, >0, Veeld],ie 2, j€ v, (B.20)
Mo < My, (B.2p)

Now we assume that the feasible region of Problem (B.2) is bounded for any My > 0. We
only need to prove that, when the dimension of z is 2°*!, for any My, > 0, the feasible
region of Problem (3.9) is bounded. Specifically, we should prove the feasible region of

the following problem is bounded:

min - Aj,, (B.3a)

st.  (B.4), Vi e [2°71,(B.5), Vi € [2°71, (B.3b)

(B.4), Vie {271 +1,...,2°},(B.5), Vie {207F +1,..., 20717, (B.3c)

)\é+1,1 - )\§+1,1 - Ag,l =0, (B-3d)

)\2+1,1 - >\g+1,1 - )‘2,2 =0, (B.3e)

_>‘619+1,1 - )\§+1,1 + wé+1,1 cos (%) - k;+1,1 sin (%) + ué+1,1 sin (%) =0, (B.3f)

_>‘3+1,1 - )‘3+1,1 + w;+1,1 sin (%) + k;+1,1 cos <%> - ué+1,1 cos (%) =0, (B.3g)
_ngJ + ng;l oS (#) — kgi@ sin (%) + uéiil sin (%) =0,

Vie v —1], (B.3h)

1 L 1 ™ j+1 Q gt T .
k9+171 Uyyqq + Wy S (—2j+2> + k9+111 cos (—2j+2 Uy q COS z) = 0,

Vi€ v —1], (B.3i)
—Wpy1, — tan (%) )‘2+1,1 + )‘2+1,1 =0, (B.3j)
—kgi1 1 — Ugi t+ )‘ngl,l =0, (B.3k)
Mo1,1 N1, Ao 1,10 Aga1,10 Mt Agrrg = 0, (B.3)
ngrl,l?uZ?Jrl,l >0, Vj € [v], (B.3m)
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>\3+1,1 < Mgy, (B.3n)

where (B.4) and (B.5) are denoted as follows:

)\ii - )‘ii = 22;-1, (B.4a)
)\ii — )\111,7, = Z9;. (B4b)
/\é,i - /\?,z‘ - )‘?—1,21'—1 =0, Vee [0\ {1}, (B.5a)
A?,i - A?,i - )‘?—1,21' =0, VL [0\ {1}, (B.5b)

—Aii — Abi +wy, cos (%) — kzt}isin< ) +u“sm< > =0, Vlel[f], (B.5c)
—)\h )\h+whsm<4>—l—k‘hcos< )

j+1 T G+ T ]+1 T\ _
—w“—l—w“ Ccos (—)—kg,i sin (— + up; sin o2 =0,

uhcos( ) =0, Vlelf, (B.5d)

27+2 20+
Ve elb],7€v—1], (B.5e)
T , T T

—kﬁl uh + wJ+1 sin (W) + kﬁl cos <ﬁ> — uﬂl cos (W) =0,

vVl elf],5€v—1], (B.5f)
_wZ’L - tan <2y+1> )\fl + )\52 — 0 Vf E [9] <B5g)
—ki; —ug; + A =0, Ve ], (B.5h)
)\Z'L?/\Ew)\éw>\€w)‘é’iy)\?i Z O; Ve S [9]7 (B51)
k;jz,u;Z >0, Vleld],je v (B.5j)

First, we consider the set

)\6

)‘g_+1,1’>‘3+1,1’A3+1,1»A2+1,17 6+1,1° (B 3d) o (B 311)}

J J J .
Kgp1,1>%041,1Wot1,1-VIEV]

A(Mpy) = {’\"“vl’

By Lemma 4, for any Mgy, > 0, we have that A(Mpy1) is a bounded set and A, 1, A3, 1,

Aj41.1 Ao are bounded variables. By (B.3d) and (B.3e), we can add two redundant
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constraints A§; < My = 2Mpy1 + 1 and A§, < My = 2Mp,y + 1 and do not change the

feasible region.

Second, we consider two sets

B(M)) = M AR iAo AT A o el iE20 71,
6/ k) g g wi oV LELB] i€ 2074 jElV]

[

(B.3b), X, < M},

1 2 3 4 5 6 1 0—¢ 04+1—¢
AR oA oA AT AL o 0] {2074, 2010,

M) = - ;
C< 9> kj o gowy W EE[B]ie{207 041, 20010} je[y]

(B.30), Ay < My}

Since the feasible region of Problem (B.2) is bounded for any My > 0, we have that B(Mj)

and C(My) are bounded sets.

Finally, by the boundedness of A(Myy1), B(My), and C(M}), we have that the feasible

region of Problem (B.3) is bounded for any My, > 0.

B.5 Numerical Results on Unitbox Instances

We also evaluate our MILP approximations on the unitbox instances introduced by Bao

et al. (2009). Specifically, we consider the following problem:

min  x' Qox +c)x
X
T T -
st.  x Qix+c, x<b, Vie[m],

0<z;<1, Vie|[N]

The number of variables N takes values from {50,100, 150,200}, while the number of
constraints m takes values from {1,2,3}. All the matrices (Q;,Vi € {0,1,...,m}) are
generated with the same density d, where d takes values from {1.0,0.5,0.25}. When con-

sidering d = 1.0, all the entries in the matrix are randomly generated. When considering

0 Q
d = 0.5, we first generate a matrix Q} with density 1.0 and then let Q; = for
Q)" o

eachi € {0,1,...,m}. When considering d = 0.25, we first generate the matrix Q} by ran-
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0 Q
Q)" o

for each ¢ € {0,1,...,m}. All nonzero coefficients in c¢; and Q; are randomly gener-

domly selecting half of the entries in each row to be zero and then let Q; =

ated on [—1, 1] and the coefficient b; is randomly chosen as integers from [1,100] for each

i€{0,1,...,m}.

To consider an appropriate number of negative eigenvalues in Q; for each i € {0,1,...,m},
we further update all the diagonal elements in Q; to a positive number such that the num-
ber of negative eigenvalues in Q; is less than 4. Specifically, for N = 50, we update all
diagonal elements of all the matrices (Q;,Vi € {0,1,...,m}) to 4.8, 4.8, and 3.5 when d =
1.0, 0.5, and 0.25, respectively. Similarly, for N = 100, all diagonal elements are updated
to 7.5, 7.3, and 5.2 when d = 1.0, 0.5, and 0.25, respectively. For N = 150, all diagonal
elements are updated to 9.2, 9.2, and 6.6 when d = 1.0, 0.5, and 0.25, respectively. For
N = 200, all diagonal elements are updated to 10.7, 10.7, and 7.5 when d = 1.0, 0.5, and
0.25, respectively. For example, when N = 200 and d = 0.25, all diagonal elements of
all the matrices (Q;,Vi € {0,1,...,m}) are updated to 7.5. For each combination of m,
N, and d, we generate three instances and report the average performance in Tables B.2,
B.3, and B.4. We set the time limit to three hours and ¢ to 0.01 for all the experiments.

Other numerical settings and table header descriptions are provided in Section 3.4.2.

Table B.2: Average Performance of Unitbox Instances with m = 1

Gurobi LP Relaxation | SOCP Relaxation | SDP Relaxation Al A2
N d Gap Time Gap Time Gap Time Gap Time | Gap Time | Gap Time
0.25 | 0%/10.00% 3361/2684 | 58.61% 1 46.46% 1 30.94% 143 6.12% 256 | 4.32% 159
50 05 | 0%/10.00%  933/692 | 56.65% 1 | 46.19% 1 23.20% 167 |9.20% 151 |583% 174
1.0 | 0%/10.00% 5463/4082 | 61.45% 1 40.28% 1 33.36% 119 8.18% 287 | 5.28% 166
0.25 23.63% 10800 98.35% 1 51.03% 1 33.33% 213 8.92% 1346 | 4.05% 1164
100 05 26.07% 10800 92.38% 1 44.81% 1 24.29% 220 6.88% 1356 | 3.83% 892
1.0 14.24% 10800 84.94% 1 38.14% 1 31.12% 207 7.85% 445 | 4.45% 745
0.25 36.29% 10800 126.52% 1 52.78% 1 28.15% 576 7.84% 2314 | 5.26% 2271
150 05 116.85% 10800 252.52% 1 117.10% 2 45.53% 519 9.00% 718 | 4.07% 2364
1.0 89.58% 10800 202.66% 1 84.56% 1 56.54% 498 5.37% 3143 | 3.92% 2791
0.25 321.08% 10800 407.92% 1 167.43% 1 59.01% 1423 | 7.37% 9010 | 6.08% 8511
2000 05 | 271.18% 10800 | 441.63% 1 |211.86% 1 | 6546% 1627 | 8.94% 5482 | 4.62% 9421
1.0 288.43% 10800 431.91% 1 192.72% 1 66.83% 1405 | 7.89% 3911 | 5.73% 9836

Tables B.2-B.4 show the following results. First, when N = 50, where the Gurobi
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Table B.3: Average Performance of Unitbox Instances with m = 2
Gurobi LP Relaxation | SOCP Relaxation | SDP Relaxation Al A2
N d Gap Time Gap Time Gap Time Gap Time Gap Time | Gap Time
0.25 | 0%/10.00% 3462/2841 | 72.19% 1 | 39.62% 1 25.59% 273 | 7.82% 321 | 7.42% 192
50 05 | 0%/10.00% 4355/3122 | 68.66% 1 | 42.07% 1 34.91% 197 | 8.91% 349 |4.94% 207
1.0 | 0%/10.00% 5211/4329 | 59.05% 1 | 46.17% 1 31.43% 212 | 7.42% 426 | 6.32% 385
0.25 | 25.96% 10800 | 113.42% 1 | 56.18% 1 34.71% 298 | 6.81% 1532 | 4.64% 1328
100 05 | 19.15% 10800 | 99.83% 1 | 48.08% 1 31.22% 312 | 7.24% 1543 | 5.12% 815
1.0 | 27.61% 10800 | 95.48% 1 | 41.11% 1 20.74% 247 | 7.85% 1782 | 3.97% 974
0.25 | 174.66% 10800 | 263.84% 1 | 87.53% 1 34.56% 623 | 9.21% 4325 | 4.82% 4893
150 05 | 161.79% 10800 | 202.37% 1 | 94.21% 1 57.23% 702 | 8.02% 5321 | 5.81% 4723
1.0 | 189.45% 10800 | 192.74% 1 | 69.19% 1 46.12% 539 | 6.61% 5322 | 5.94% 5481
0.25 | 266.12% 10800 | 412.85% 1 | 263.43% 1 71.83% 1849 | 9.24% 8234 | 5.61% 9712
2000 05 | 429.82% 10800 | 496.36% 1 | 207.11% 1 62.81% 2052 | 6.98% 7342 | 4.61% 8281
1.0 | 381.38% 10800 | 457.07% 1 | 242.79% 1 83.94% 1792 | 7.57% 6234 | 7.02% 8792
Table B.4: Average Performance of Unitbox Instances with m = 3
Gurobi LP Relaxation | SOCP Relaxation | SDP Relaxation Al A2
N d Gap Time Gap Time Gap Time Gap Time | Gap Time | Gap Time
0.25 | 0%/10.00% 4271/3012 | 69.71% 1 | 49.28% 1 41.29% 308 | 865% 532 |591% 293
50 0.5 | 0%/10.00% 4521/3472 | 72.94% 1 | 53.74% 1 38.49% 247 |8.93% 491 |7.22% 311
1.0 | 0%/10.00% 6183/4717 | 60.05% 1 | 49.29% 1 32.08% 197 | 6.19% 482 | 4.08% 297
0.25 | 27.41% 10800 | 152.71% 1 | 84.28% 1 40.11% 402 | 7.89% 2014 | 4.92% 1693
100 05 | 31.29% 10800 | 87.62% 1 | 51.29% 1 33.85% 384 | 6.19% 1974 | 6.03% 2503
1.0 | 25.41% 10800 | 95.82% 1 | 61.72% 2 30.59% 292 | 8.42% 2285 |2.93% 1649
0.25 | 192.41% 10800 | 252.60% 1 | 102.71% 1 54.82% 704 | 6.94% 5832 | 4.92% 6831
150 05 | 201.52% 10800 | 249.61% 1 88.91% 1 54.48% 692 | 8.82% 5732 | 6.16% 8319
1.0 | 228.64% 10800 | 309.82% 1 | 72.71% 1 40.43% 815 | 7.18% 6294 | 4.05% 7406
0.25 | 494.45% 10800 | 552.84% 2 | 225.04% 1 88.02% 2081 | 9.01% 7295 | 7.21% 10039
2000 05 | 374.81% 10800 | 482.44% 2 | 188.07% 1 59.15% 2207 | 9.12% 9451 | 6.62% 10518
1.0 | 422.38% 10800 | 501.02% 1 | 215.74% 1 73.59% 2498 | 7.82% 9703 | 4.53% 9984

solver can solve each instance to optimality (see the column

approximations exhibit efficient performance in obtaining lower bounds (see the columns
“A1” and “A2”). On the one hand, our proposed two approximations require less time
to provide better lower bounds (with smaller gaps) than the Gurobi solver. For example,
when m = 1, N = 50, and d = 0.25, the Gurobi solver takes 2684 seconds to obtain
a solution with a gap of 10.00%, but our second approximation A2 only takes 159 sec-
onds to obtain a solution with a gap of 4.32%. On the other hand, our proposed two
approximations show significant improvement in the optimality gap compared to the LP,
SOCP, and SDP relaxations of the original non-convex QCP (3.1), where the relaxations

need less time to be solved. Moreover, A2 achieves smaller gaps quicker than our first

approximation Al.
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Second, when N > 100, where the Gurobi solver cannot solve all the instances within
the time limit of three hours, our proposed approximations still deliver tight lower bounds.
In such cases, our approximations ensure that the gap remains below 10.00%. For instance,
when m = 1, N = 200, and d = 1.0, the Gurobi solver obtains a solution with a gap of
288.43% within three hours, but Al can obtain a solution with a gap of 7.89% in 3911

seconds. Moreover, when N = 200, A2 requires more computational time to solve than

Al.

Third, A2 generally outperforms Al in terms of the optimality gap. However, when
N increases, the computational time of A2 grows faster than Al. These findings align
with the conclusions drawn from our randomly generated instances in Section 3.4.2 and
also reflect our discussions at the end of Section 3.3 that both approximations, with their

respective advantages and disadvantages, can be useful and relevant.
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Appendix C

Supplements for Chapter 4

C.1 Table of Notation

Table C.1: Summary of Notations

Notation

Description

Indices and
Sets:

n/k/r

/KT

Index of buses/ renewable distributed generation (RDG) units/
energy storage (ES) units.

Index of different data samples.

N/EIN, Set of all the buses/ all the power distribution lines/ the buses
connected to a given Bus n € NV, i.e., N, :={m | (n,m) € £}.
By/B1 /B Set of buses that are connected to Bus 0/ installed with
dispatchable distributed generation (DDG) units/ installed with
reactive power sources.
X Set of standard capacities of RDG units, i.e., X := {Z1,...,Z1}.
K {1,2,...,K}, for any K € Z.
Parameters:
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o/ A
ch/
dy/d;
cz; / cfl
cﬁ/c%

w

K/R/T/N

K
L Cmn
(Pl 2!

(@ 4")

9{mn/%mn
On/Tn

v/v

Setup cost of placing the k™ candidate RDG unit/ the "
candidate ES unit at Bus n.

Size-based investment/ maintenance cost of the k' candidate
RDG unit.

Size-based investment/ maintenance cost of the r** candidate ES
unit.

Electricity price of purchasing active/reactive power from the
main grid via Bus 0.

Fuel/emission price for the DDG units at Bus n.

Emission factor of the DDG units (kg/kWh).

Total number of candidate RDG units to be installed/ candidate
ES units to be installed/ all the time intervals in the planning
horizon/ all the buses.

Maximum number of RDG units to be installed.

Capacity of a power distribution line (m,n) € £.

Active power output bounds of DDG unit n in period t.
Reactive power output bounds of reactive power source n in
period t.

Electrical resistance/reactance of line (m,n).

Binary indicator of whether a DDG unit/ a reactive power source
is at Bus n.

Upper/lower bound of voltage magnitude at a bus.

Urly, Maximum /minimum capacity of the r*" candidate ES unit.
e1/es ES charging/discharging unit cost.
n/~/b% Violation probability/ ES efficiency/ Initial power level of the "
candidate ES unit.
11, /115 /115 Total number of data samples of different types.
Random
Variables:
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Active/reactive load at Bus n in period t.

sy, Active power output efficiency of the k" candidate RDG unit in
period t.
¢t Vector of uncertainty in compact form in period ¢, i.e.,
[dhy, .. dh iy dhy, o dy, st sy T
Decision
Variables:

Zkn /ukl /wrn

Ty /Yr

frl g

Ph/ 6
P/ Qn
Vi /IViP?

L/ L |?

Ph/ah

Binary indicator of whether the k** candidate RDG unit is
located at Bus n/ of whether the capacity of the k" candidate
RDG unit is the I element in X'/ of whether the r'* candidate
ES unit is located at Bus n.

Size of the k' candidate RDG unit/ Capacity of the r*" candidate
ES unit.

Active power that is charged/ discharged at the r*" candidate ES
unit in period t.

Active/ reactive power purchased from the main grid via Bus 0 in
period t.

Active/ reactive power flow from Bus m to n in period ¢.
Complex voltage at Bus n in period ¢/ its magnitude.

Complex current from Bus m to n in period ¢/ its magnitude.
Active/ reactive power output of the DDG unit/ reactive power
source at Bus n in period ¢.

Active power of the r*" candidate ES unit in period ¢.
Load-shedding variables.

[2en, Yk € [K],n € NT.

[z1,...,25]", [up, V€ [K], 1€ [L]]T.

1, yr] T, [wem, Y7 € [R],n € NTT.
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