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Abstract

Optimization problems lie at the core of decision-making processes across multiple disci-

plines, including supply chain management, industrial engineering, and energy systems.

With the exponential growth of data volume and increasing complexity of industrial appli-

cations, these optimization problems have grown substantially in both scale (characterized

by the number of decision variables and constraints) and complexity (reflected in non-

convex, stochastic, or robust formulations). Conventional solution approaches often prove

inadequate when addressing such challenges, frequently encountering computational bot-

tlenecks due to either time or memory constraints. This growing computational challenge

has created an urgent need for developing more efficient solution approaches capable

of handling modern large-scale and complex optimization problems. In this thesis, we

present three recent studies on computationally efficient approaches for modern optimiza-

tion problems.

In this first study, we investigate moment-based distributionally robust optimization

(DRO), where the underlying joint distribution of random parameters runs in a distribu-

tional ambiguity set constructed by moment information. Although most moment-based

DRO problems can be reformulated as semidefinite programming (SDP) problems that

can be solved in polynomial time, solving high-dimensional SDPs is still time-consuming.

Unlike existing approximation approaches that first reduce the dimensionality of ran-

dom parameters and then solve the approximated SDPs, we propose an optimized di-

mensionality reduction (ODR) approach by integrating the dimensionality reduction of
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random parameters with the subsequent optimization problems. Such integration en-

ables two outer and one inner approximations of the original problem, all of which are

low-dimensional SDPs that can be solved efficiently, providing two lower bounds and one

upper bound correspondingly. More importantly, these approximations can theoretically

achieve the optimal value of the original high-dimensional SDPs. As these approxima-

tions are nonconvex SDPs, we develop modified Alternating Direction Method of Mul-

tipliers (ADMM) algorithms to solve them efficiently. We demonstrate the effectiveness

of our proposed ODR approach and algorithm in solving multiproduct newsvendor and

production-transportation problems. Numerical results show significant advantages of our

approach regarding computational time and solution quality over the three best possible

benchmark approaches. Our approach can obtain an optimal or near-optimal (mostly

within 0.1%) solution and reduce the computational time by up to three orders of mag-

nitude.

In the second study, we consider non-convex quadratically constrained programs (QCPs),

which are generally NP-hard and challenging problems. We propose two novel mixed-

integer linear programming (MILP) approximations for a non-convex QCP. Our method

begins by utilizing an eigenvalue-based decomposition to express the non-convex quadratic

function as the difference of two convex functions. We then introduce an additional vari-

able to partition each non-convex constraint into a second-order cone (SOC) constraint

and the complement of an SOC constraint. We employ two polyhedral approximation

approaches to approximate the SOC constraint. The complement of an SOC constraint

is approximated using a combination of linear and complementarity constraints. As a

result, we approximate the non-convex QCP with two linear programs with complemen-

tarity constraints (LPCCs). More importantly, we prove that the optimal values of the

LPCCs asymptotically converge to that of the original non-convex QCP. By proving the

boundedness of the LPCCs, we further reformulate the LPCCs as MILPs. We demonstrate

the effectiveness of our approaches via numerical experiments by applying our proposed

approximations to randomly generated instances and two application problems: the joint
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decision and estimation problem and the two-trust-region subproblem. The numerical

results show significant advantages of our approaches in terms of solution quality and

computational time compared to existing benchmark approaches.

In the third study, we focus on the planning of distributed energy resources in dis-

tribution systems. This problem has been challenged by the significant uncertainties

and complexities of distribution systems. To ensure system reliability, one often employs

chance-constrained programs to seek a highly likely feasible solution while minimizing

certain costs. The traditional sample average approximation (SAA) is commonly used

to represent uncertainties and reformulate a chance-constrained program into a deter-

ministic optimization problem. However, the SAA introduces additional binary variables

to indicate whether a scenario sample is satisfied and thus brings great computational

complexity to the already challenging distributed energy resource planning problems. In

this study, we introduce a new paradigm, i.e., the partial sample average approximation

(PSAA) using real data, to improve computational tractability. The innovation is that we

sample only a part of the random parameters and introduce only continuous variables cor-

responding to the samples in the reformulation, which is a mixed-integer convex quadratic

program. Our extensive experiments on the IEEE 33-Bus and 123-Bus systems show that

the PSAA approach performs better than the SAA because the former provides better

solutions in a shorter time in in-sample tests and provides better guaranteed probability

for system reliability in out-of-sample tests.
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Chapter 1

Introduction

1.1 Background

Mathematical optimization serves as a fundamental tool for decision-making across nu-

merous disciplines, from supply chain management to energy system operations. In con-

temporary industrial applications, two critical trends significantly increase the compu-

tational challenges in optimization problems: (i) the explosive growth in problem scale,

with modern applications often involving millions of decision variables and constraints

(Bertsimas et al. 2019a, Xavier et al. 2021), and (ii) the increasing complexity of problem

formulations, particularly with the incorporation of non-convexity (Dong and Luo 2018,

Belotti et al. 2009) and uncertainty (Birge and Louveaux 2011, Rahimian and Mehrotra

2022).

These challenges create an urgent need for more computationally efficient solution ap-

proaches. In this thesis, we develop such approaches for three challenging problems: (i)

the high-dimensional semidefinite programming (SDP) formulation from moment-based

distributionally robust optimization (DRO), (ii) the non-convex quadratically constrained

program (QCP), and (iii) the chance-constrained formulation from the power grid plan-

ning problem.
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The first challenging problem arises from moment-based DRO. DRO is a modeling

framework that integrates statistical information with traditional optimization methods

(Scarf 1958, Delage and Ye 2010). Under this framework, the underlying joint distribu-

tion of random parameters is assumed to belong to a distributional ambiguity set inferred

from given data or prior belief. Decisions are then optimized against the worst-case dis-

tribution within the set (see Rahimian and Mehrotra 2019 and Lin et al. 2022 for detailed

reviews). Moment-based DRO considers moment-based ambiguity sets, which include all

distributions satisfying certain moment constraints. Examples of such constraints include

restricting the exact mean and covariance matrix (Scarf 1958) and bounding the first

and second moments (Ghaoui et al. 2003, Delage and Ye 2010). Although most moment-

based DRO problems can be reformulated as SDP problems solvable in polynomial time

using traditional interior-point methods, high-dimensional SDPs impose substantial com-

putational time and memory demands (Vandenberghe and Boyd 1996, Helmberg 2002).

Widely adopted commercial solvers (e.g., Mosek) exhibit prohibitively long computational

times when solving high-dimensional SDPs, with the burden escalating rapidly as problem

dimension increases. Thus, it is of great interest to study efficient algorithms for solving

SDPs in the context of moment-based DRO (Chapter 2).

The second challenging problem considered in this thesis is the non-convex QCP, char-

acterized by non-convex quadratic constraints. It has attracted substantial attention due

to its extensive applications across industries, including signal processing (Huang and

Palomar 2014, De Maio et al. 2010), portfolio optimization (Ban et al. 2018), wireless

communications (Zhang and So 2011, Xiang and Tao 2012), and machine learning (Zien

and Ong 2007, Bach et al. 2004). For example, the AC optimal power flow (ACOPF)

problem in power system operations—a fundamental industrial problem—has been exten-

sively studied and reformulated as a non-convex QCP (Cain et al. 2012). Similarly, the

joint decision and estimation (JDE) problem in signal processing can also be reformulated

as a non-convex QCP (Zang and Zhu 2022b). Solving non-convex QCPs remains a signifi-

cant challenge due to their NP-hard nature. Various optimization solvers (Sahinidis 1996,
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Tawarmalani and Sahinidis 2004, Belotti et al. 2009, Lin and Schrage 2009, Misener and

Floudas 2013, 2014, Bestuzheva et al. 2021) have been developed to tackle them. Among

these, the Gurobi solver (Gurobi 2024) is currently one of the most widely used tools.

Specifically, a spatial branch-and-bound framework (Al-Khayyal et al. 1995, Audet et al.

2000, Linderoth 2005) is employed to search for the optimal solution. At each node of the

branch-and-bound tree, a relaxation of the subproblem must be solved to provide a dual

bound for pruning. The quality of this relaxation significantly impacts computational

time, as tighter relaxations can substantially reduce search time. Current relaxation

techniques primarily include McCormick inequalities (Misener and Floudas 2012), the

reformulation-linearization technique (RLT) (Sherali and Adams 2013), SDP (Burer and

Vandenbussche 2008), and various combinations thereof. However, these techniques often

yield loose dual bounds, leading to a time-consuming branch-and-bound process. In this

thesis, we introduce a novel approach to developing tighter relaxations for non-convex

QCPs (Chapter 3).

The final challenging problem studied in this thesis is the planning of distributed

energy resources in power grids, which is complicated by the significant uncertainties

and complexities of distribution systems (Ehsan and Yang 2018, Oree et al. 2017). To

ensure system reliability, we employ chance-constrained programs to seek highly likely

feasible solutions while minimizing costs, resulting in a chance-constrained formulation

of the planning problem. The traditional sample average approximation (SAA) is com-

monly used to represent uncertainties and reformulate chance-constrained programs into

deterministic optimization problems (Pagnoncelli et al. 2009). However, SAA introduces

additional binary variables to indicate whether a scenario sample is satisfied, adding com-

putational complexity to an already challenging problem. To address this, we propose a

new paradigm to improve computational tractability (Chapter 4).
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1.2 Thesis Outline

In Chapter 2, we consider moment-based DRO, which provides a theoretical framework to

integrate moment-based information from available data with optimal decision-making.

Extensive studies have demonstrated the effectiveness of this framework in solving various

industrial applications under uncertainties. Although moment-based DRO problems can

be reformulated as SDPs that can be solved in polynomial time, solving high-dimensional

SDPs is significantly challenging. More importantly, high-dimensional random param-

eters are generally involved in industrial applications, demanding efficient approaches

to solve the high-dimensional SDPs in the context of moment-based DRO. Current ap-

proaches adopt the principal component analysis (PCA) to first reduce the dimensionality

of random parameters using only the statistical information and then solve the subsequent

low-dimensional approximation. We show that performing dimensionality reduction using

the components with the largest variability may not produce a good optimal value from

the subsequent PCA approximation and it can be even worse than using the components

with the least variability. Thus, we integrate the dimensionality reduction with subse-

quent SDP problems and hence propose an optimized dimensionality reduction (ODR)

approach for the moment-based DRO, aiming to drastically reduce the computational

time of solving the SDP reformulations while maintaining the optimal solution of the

original problem. We first derive an outer approximation under the ODR approach to

provide a lower bound for the optimal value of the original problem, where the lower

bound is nondecreasing in the reduced dimension m1. We aim to choose a small m1 to

close the approximation gap between the derived lower bound and the original optimal

value. To that end, we show that the rank of each SDP matrix with respect to an optimal

solution of the original high-dimensional SDP reformulation is small, guiding us on how

to optimize the dimensionality reduction. With this low-rank property, we observe that

the derived lower bound can be close to the original optimal value but may not reach

it. Nevertheless, it demonstrates that we are not far from closing the approximation
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gap and motivates us to derive an inner approximation to provide an upper bound for

the optimal value of the original problem. More importantly, this upper bound reaches

the original optimal value when the reduced dimension m1 is small. Building on this

significant result, we further derive an outer approximation to provide the second lower

bound for the optimal value of the original problem, where the gap between the new lower

bound and the original optimal value can be closed when the reduced dimension m1 is

small. The two outer and one inner approximations derived for the original problem are

all low-dimensional SDPs and nonconvex with bilinear terms. We accordingly develop

modified alternating direction method of multipliers (ADMM) algorithms to solve them

efficiently and analyze the convergence property of the ADMM algorithms. Based on the

near-optimal dimensionality reduction solution returned by the ADMM algorithms, we

also explain how to recover the corresponding lower and upper bounds for the original

optimal value. Finally, we demonstrate the effectiveness of our ODR approach in solv-

ing multiproduct newsvendor and production-transportation problems. We compare our

ODR approach and algorithms with three benchmark approaches: the Mosek solver, the

low-rank algorithm by Burer and Monteiro (2003), and existing PCA approximations by

Cheramin et al. (2022). The numerical results show that our ODR approach significantly

outperforms these benchmarks in computational time and solution quality. Our approach

can obtain an optimal or near-optimal (mostly within 0.1%) solution and reduce the com-

putational time by up to three orders of magnitude. More importantly, unlike the existing

approaches that become more computationally challenging when the dimension m of ran-

dom parameters increases, our approach is not sensitive to m, demonstrating significant

strength in solving large-scale practical problems. In addition, we provide insights into

why our ODR approach performs better than the existing PCA approximations.

In Chapter 3, we consider a non-convex QCP optimizes a linear objective function

subject to non-convex quadratic constraints. Despite its widespread applications in vari-

ous industries and academia, finding an optimal solution for a non-convex QCP remains

a challenging task. Currently, most QCP solvers utilize the spatial branch-and-bound al-
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gorithm to search for an optimal solution. One of the most important components of this

algorithm is deriving efficient lower bounds, which help reduce the size of the branch-and-

bound tree. In this chapter, we propose two mixed-integer linear programming (MILP)

approximations to provide tighter lower bounds for a non-convex QCP. Initially, consid-

ering a non-convex QCP, we employ an eigenvalue-based decomposition to reformulate

non-convex quadratic constraints. Specifically, we transform each non-convex quadratic

constraint into a second-order cone (SOC) constraint ∥y∥ ≤ t and the complement of

an SOC constraint ∥z∥ ≥ t. Subsequently, we introduce a polyhedral approximation

for ∥y∥ ≤ t. Based on the approximation of ∥y∥ ≤ t, we develop an approximation for

∥z∥ ≥ t. Combining these approximation results, we obtain a linear program with comple-

mentarity constraints (LPCC) approximation for the non-convex QCP. Furthermore, we

establish that the feasible solution of the LPCC satisfies the “ϵ-relaxed” constraints of the

non-convex QCP. More importantly, we demonstrate that the optimal value of the LPCC

converges to the optimal value of the non-convex QCP asymptotically. Finally, we show

the boundedness of the LPCC when the original non-convex QCP is bounded. As a result,

we reformulate the LPCC into an MILP by utilizing this boundedness property. Moti-

vated by the trade-off between the number of variables and the number of constraints in

the context of extended formulations for approximations, we provide an alternative MILP

approximation, where the asymptotic convergence property also holds. Compared to the

first approximation, the second approximation typically introduces fewer variables but

may result in more constraints when the approximation quality parameter ϵ is small. We

conduct extensive computational experiments to validate the effectiveness of our proposed

approximations over our randomly generated instances and the unitbox instances from

the literature. The numerical results demonstrate that the proposed approximations yield

smaller optimality gaps within shorter computational times than a state-of-the-art com-

mercial solver. Meanwhile, our proposed approximations show a significant improvement

in the optimality gap compared to the LP, SOCP, and SDP relaxations of the original non-

convex QCP. We also apply our approximations to two problems: the joint decision and
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estimation problem and the two-trust-region subproblem. The numerical results highlight

the significant advantages of our proposed approximations in terms of computational time

and optimality gap.

In chapter 4, we focus on a planning problem that decides the locations and capacities

of renewable distributed generation (RDG) and energy storage (ES) units considering

significant uncertainties and complexities of distribution systems (e.g., ACOPF). To sup-

port such a decision-making problem, we develop a novel two-stage chance-constrained

(TCC) model to ensure system reliability, minimize costs, and improve renewable energy

penetration. One key feature of our model is that the chance constraint ensures that

all the operational constraints are satisfied simultaneously with a high probability, lead-

ing to system reliability. We use two sampling techniques to reformulate our developed

model, leading to the standard SAA formulation and our proposed partial sample average

approximation (PSAA) formulation. The novelty of the PSAA formulation is that it in-

troduces only continuous variables corresponding to the samples (as compared to integer

variables in the SAA formulation) and uses historical data to improve its performance.

Our extensive experiments show that the PSAA formulation performs better than the

SAA formulation. The PSAA provides better locations and capacities of the RDG and

ES units in a shorter time with a lower total cost and achieves a better desired probability

of ensuring system feasibility than the SAA. The PSAA also reduces the optimality gap

by more than 50% as compared to the SAA. We finally demonstrate the significance of

ES units in reducing total costs and improving the power system balance.

In Chapter 5, we provide concluding remarks for this thesis.
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Chapter 2

Optimized Dimensionality Reduction

for Moment-based Distributionally

Robust Optimization

2.1 Introduction

Distributionally robust optimization (DRO) is a modeling framework that integrates sta-

tistical information with traditional optimization methods (Scarf 1958, Delage and Ye

2010). Under this framework, one assumes that the underlying joint distribution of ran-

dom parameters runs in a distributional ambiguity set inferred from given data or prior

belief and then optimizes their decisions against the worst-case distribution within the set

(see Rahimian and Mehrotra 2019 and Lin et al. 2022 for detailed review).

To solve different applications, researchers study the DRO under various ambiguity

sets. The ambiguity set plays a crucial role in connecting statistical information and opti-

mization modeling, providing a flexible framework to model uncertainties and incorporate

partial information of random parameters (e.g., from historical data and prior belief) into

the model. Moreover, the performance of DRO depends significantly on the distributional

8



ambiguity set (Mohajerin Esfahani and Kuhn 2018, Chen et al. 2023). This chapter fo-

cuses on moment-based ambiguity sets, which include all distributions satisfying certain

moment constraints. Examples of such constraints include restricting the exact mean and

covariance matrix (Scarf 1958) and bounding the first and second moments (Ghaoui et al.

2003, Delage and Ye 2010). Moment-based DRO has been extensively studied and has a

wide range of applications in industry, including but not limited to newsvendor problems

(Gallego and Moon 1993, Yue et al. 2006, Natarajan et al. 2018), portfolio optimization

(Ghaoui et al. 2003, Goldfarb and Iyengar 2003, Zymler et al. 2013, Rujeerapaiboon et al.

2016, Li 2018, Lotfi and Zenios 2018), knapsack problems (Cheng et al. 2014), trans-

portation problems (Zhang et al. 2017a, Ghosal and Wiesemann 2020), reward-risk ratio

optimization (Liu et al. 2017), scheduling problems (Shehadeh et al. 2020), and machine

learning (Lanckriet et al. 2002, Farnia and Tse 2016).

As a moment-based DRO model can be reformulated as a semi-infinite program (Xu

et al. 2018), three approaches are mainly used to solve such a reformulation: (i) the cutting

plane/surface method (Gotoh and Konno 2002, Mehrotra and Papp 2014), by which a

solution is first obtained by considering a subset of the ambiguity set and cuts are then

added iteratively until converging to an optimal solution; (ii) the dual method (Delage

and Ye 2010, Bertsimas et al. 2019b), by which the inner optimization problem (e.g., a

minimization problem) is dualized and integrated with the outer optimization problem

(e.g., a maximization problem); (iii) the analytical method (Scarf 1958, Popescu 2007),

by which the worst-case distribution is obtained and its properties are analyzed. Among

these methods, the dual method is the most popular. Most literature focuses on convex

reformulations of different moment-based DRO problems, mainly including second-order

cone programming (SOCP) (Ghaoui et al. 2003, Lotfi and Zenios 2018, Goldfarb and

Iyengar 2003) and semidefinite programming (SDP) (Ghaoui et al. 2003, Delage and Ye

2010, Cheng et al. 2014).

While SOCPs can be solved efficiently, theoretically efficient algorithms (e.g., the
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interior-point methods) to solve SDPs impose substantial demands on computational time

and memory resources (Vandenberghe and Boyd 1996, Helmberg 2002), particularly when

addressing high-dimensional SDPs. Widely adopted commercial solvers (e.g., Mosek) ex-

hibit prohibitively long computational times when solving high-dimensional SDPs, and

the computational burden escalates considerably even as the problem dimension increases

gradually (see our numerical results in Section 2.7). Thus, it is of great interest to study

efficient algorithms for solving SDPs in the context of moment-based DRO. Besides the

generic methods (e.g., the interior point methods), two types of algorithms can speed

up solving SDP reformulations of moment-based DRO: low-rank SDP algorithms and

dimensionality reduction methods. First, some studies develop efficient algorithms by

exploiting the low-rank properties of SDP constraints (Burer and Monteiro 2003, Yurt-

sever et al. 2021). These algorithms rarely have theoretical guarantees but are practically

efficient. Specifically, the existing studies may reformulate convex SDPs as non-convex

problems and subsequently develop efficient algorithms to deliver high-quality solutions

within reduced time frames (Lemon et al. 2016). Second, dimensionality reduction tech-

niques represent data with important statistical information while omitting the trivial

one. In the context of moment-based DRO, such techniques can be extended to reduce

the dimension of random parameters and approximate the high-dimensional SDP refor-

mulations using low-dimensional SDPs (Cheng et al. 2018, Cheramin et al. 2022), thereby

reducing computational time significantly.

However, both the general SDP algorithms and existing dimensionality reduction

methods may not perform well for moment-based DRO. The general SDP algorithm aims

to solve general SDPs and may fail to consider the specific structure of the moment-based

DRO models. The existing dimensionality reduction methods fail to consider the sub-

sequent optimization problems when reducing the dimensionality space. For example,

Cheng et al. (2018) and Cheramin et al. (2022) first use the PCA to choose the random

parameters corresponding to the largest eigenvalues and then solve the low-dimensional

SDP problem with the chosen random parameters. Such a sequential process may not
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provide an optimal solution of the original problem because the aim of leveraging data is

to reduce the dimensionality space by focusing on only the statistical information, rather

than optimizing the subsequent SDP problems. Therefore, in this chapter, we integrate

the dimensionality reduction with subsequent SDP problems, leading to an optimized

dimensionality reduction (ODR) approach for moment-based DRO. We summarize our

contributions as follows:

• Unlike the PCA approximation approaches (Cheng et al. 2018, Cheramin et al.

2022) that first reduce dimensionality and then solve approximation problems, we

integrate the dimensionality reduction with the subsequent optimization problems

and provide an ODR approach. With the ODR approach, we develop two outer and

one inner approximations for the original problem, leading to three low-dimensional

SDP problems that can be solved efficiently.

• We prove the low-rank property of the original high-dimensional SDP reformulations

of moment-based DRO problems. Specifically, we show that there exists an optimal

solution such that the ranks of matrices in SDP reformulations are less than the

number of SDP constraints plus one. Such a property helps our low-dimensional

approximations achieve the original optimal value, closing the approximation gap.

• The low-dimensional SDP problems are nonconvex with bilinear terms and we de-

velop modified Alternating Direction Method of Multipliers (ADMM) algorithms to

solve them efficiently. We prove that any accumulation point of the sequence pro-

duced by the ADMM algorithm satisfies the first-order stationary conditions of the

low-dimensional bilinear SDP problem. We apply the ODR approach and ADMM

algorithms to solve multiproduct newsvendor and production-transportation prob-

lems. We compare our ODR approach with three benchmark approaches: the Mosek

solver, low-rank algorithm (Burer and Monteiro 2003), and PCA approximations

(Cheramin et al. 2022). The results demonstrate that our ODR approach signifi-

cantly outperforms them in terms of computational time and solution quality. Our
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approach can obtain an optimal or near-optimal (mostly within 0.1%) solution and

reduce the computational time by up to three orders of magnitude. More impor-

tantly, our approach is not sensitive to the dimension m of random parameters,

while the benchmark approaches perform much worse when m is larger.

Note that the ODR approach echoes the recently emerging framework that integrates

machine learning (e.g., parameter estimation) with decision-making (Bertsimas and Kallus

2020, Bertsimas and Koduri 2022, Elmachtoub and Grigas 2022). More relevant applica-

tions of such a framework are recently studied. For instance, Ban and Rudin (2019) and

Zhang et al. (2023) integrate feature data within the newsvendor problem; Liu et al. (2021)

integrate travel-time predictors with order-assignment optimization to provide last-mile

delivery services; Kallus and Mao (2023) propose a new random forest algorithm that

considers the downstream optimization problem; Zhu et al. (2022) develop a joint es-

timation and robustness optimization framework; Qi et al. (2023) and Ho-Nguyen and

Kılınç-Karzan (2022) provide an end-to-end framework to integrate prediction and op-

timization. Unlike the above applications, we integrate dimensionality reduction with

optimization in this chapter (Jiang et al. 2023), which is recently followed by He and Mak

(2023). He and Mak (2023) integrate the PCA with a subsequent stochastic program

and provide a distributionally robust bound for the error between the objective values

of the original and integrated problems. The integrated approach in He and Mak (2023)

involves solving nonconvex and high-dimensional SDPs and may not reduce the error to

zero, while our approach solves low-dimensional SDPs and can achieve the optimal value

of the original moment-based DRO problem, thereby offering guidance on selecting the

reduced dimension for practical applicability.

The remainder of this chapter is organized as follows. Section 2.2 provides the SDP

reformulation of moment-based DRO problems and illustrates the disadvantages of the

PCA approximation approaches (Cheng et al. 2018, Cheramin et al. 2022). In Section 2.3,

we propose the first outer approximation under the ODR approach, leading to a lower
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bound for the original problem, and are then motivated to develop the low-rank property

of the original high-dimensional SDP reformulation, aiming to find a small reduced dimen-

sion to close the approximation gap. In Sections 2.4 and 2.5, motivated by the results in

Section 2.3, we provide an inner approximation and a second outer approximation for the

original problem, respectively, and both of them can achieve the original optimal value.

Section 2.6 develops efficient algorithms to solve the above three approximations, all of

which are low-dimensional bilinear SDP problems. In Section 2.7, we conduct extensive

numerical experiments on multiproduct newsvendor and production-transportation prob-

lems. Section 2.8 concludes the chapter. All proofs are presented in the Appendix if not

specified.

Notation

We use non-bold symbols to denote scalar values, e.g., s and γ1, and bold symbols to

denote vectors, e.g., x = (x1, . . . , xn)
⊤ and q. Similarly, matrices are represented by bold

capital symbols, e.g., A and Σ, and the size of a matrix is indicated by r × c, where r

and c indicate the numbers of rows and columns, respectively. Italic subscripts indicate

indices, e.g., Sk, while non-italic ones represent simplified specifications, e.g., Qr. We use

EP[·] to represent the expectation over distribution P and use ” • ” to denote the inner

product defined by A •B =
∑

i,j AijBij, where A and B are two conformal matrices. For

any matrix M, we use M ⪰ 0 (resp. M ≻ 0) to indicate that it is positive semi-definite

(PSD) (resp. positive definite). Symbols ∥ · ∥1 and ∥ · ∥2 denote L1-Norm and L2-Norm,

respectively. For any integer number n ≥ 1, we use [n] to denote the set {1, 2, . . . , n}. The

identity matrix of size m is denoted by Im. Symbols 0m and 0r×c represent a zero vector

of size m and a zero matrix of size r × c, respectively. Symbols 1m and 1r×c represent a

one vector of size m and a one matrix of size r × c, respectively. We use I(·) to denote

the indicator function, which takes 1 if all the conditions encompassed in (·) are satisfied

and takes 0 otherwise.
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2.2 SDP Reformulation

Given the distribution P of a random vector ξ ∈ Rm, the following stochastic programming

(SP) formulation seeks an x ∈ X ⊆ Rn to minimize the expectation of an objective

function f(x, ξ):

min
x∈X

EP [f (x, ξ)] . (2.1)

As the distribution P is often unknown, we assume that P belongs to a distributional

ambiguity set DM0 constructed by statistical information estimated from historical data,

and then minimize f(x, ξ) against the worst-case distribution instead. It leads to the

following DRO formulation:

min
x∈X

max
P∈DM0

EP [f (x, ξ)] . (2.2)

We consider moment-based information (Delage and Ye 2010) is included in DM0 as fol-

lows:

DM0 (S,µ,Σ, γ1, γ2) =

P

∣∣∣∣∣∣∣
P (ξ ∈ S) = 1, (EP [ξ]− µ)⊤Σ−1 (EP [ξ]− µ) ≤ γ1

EP

[
(ξ − µ) (ξ − µ)⊤

]
⪯ γ2Σ

 ,

which describes that (i) the support of ξ is S, (ii) the mean of ξ lies in an ellipsoid of

size γ1 centered at µ, and (iii) the covariance of ξ is bounded from above by γ2Σ, with

γ1 ≥ 0, γ2 ≥ 1, and Σ ≻ 0. Note that µ is the sample mean and Σ is the sample

covariance matrix, which can be estimated from the data. Meanwhile, the parameters γ1

and γ2 provide natural means of quantifying our confidence in µ and Σ, respectively, and

So (2011) proposes a way to select them. We perform eigenvalue decomposition on the

covariance matrix Σ as follows:

Σ = UΛU⊤ = UΛ
1
2

(
UΛ

1
2

)⊤
,
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where U ∈ Rm×m is an orthogonal matrix and Λ ∈ Rm×m is a diagonal matrix. Without

loss of generality, we assume that the diagonal elements of Λ are arranged in a nonin-

creasing order. By letting ξ = UΛ
1
2ξI + µ, we can reformulate Problem (2.2) as:

ΘM(m) := min
x∈X

max
PI∈DM

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
, (2.3)

where

DM (SI, γ1, γ2) =

PI

∣∣∣∣∣∣∣
PI (ξI ∈ SI) = 1, EPI

[
ξ⊤I
]
EPI

[
ξI

]
≤ γ1

EPI

[
ξIξ

⊤
I

]
⪯ γ2Im

 ,

with SI := {ξI ∈ Rm | UΛ
1
2ξI + µ ∈ S}. Similar to Cheng et al. (2018) and Cheramin

et al. (2022), we make the following assumption throughout the chapter.

Assumption 1. Function f(x, ξ) is piecewise linear convex in ξ, i.e., f(x, ξ) = maxKk=1

{y0k(x)+yk(x)⊤ξ} with yk(x) = (y1k(x), . . . , y
m
k (x))

⊤ and y0k(x) affine in x for any k ∈ [K],

and S is polyhedral, i.e., S = {ξ | Aξ ≤ b} with A ∈ Rl×m and b ∈ Rl, with at least one

interior point.

Note that Assumption 1 specifies a wide range of objective functions and support of

uncertainty (Cheramin et al. 2022). Meanwhile, it helps us reduce Problem (2.3) to an

SDP formulation.

Proposition 1 (Cheramin et al. 2022). Under Assumption 1, Problem (2.3) has the same

optimal value as the following SDP formulation:

ΘM(m) = min
x,s,λ̂,
q,Q

ϕ(m, s,q,Q) (2.4a)

s.t.

 χ(k,x, s,λk)
1
2

(
q+

(
UΛ

1
2

)⊤
ψ(k,x,λk)

)⊤

1
2

(
q+

(
UΛ

1
2

)⊤
ψ(k,x,λk)

)
Q

 ⪰ 0,

∀k ∈ [K], (2.4b)

λk ∈ Rl
+, ∀k ∈ [K], x ∈ X , (2.4c)
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where λ̂ = {λ1, . . . ,λK}, q ∈ Rm, Q ∈ Rm×m, ϕ(m, s,q,Q) := s+ γ2Im •Q+
√
γ1∥q∥2,

χ(k,x, s,λ) := s− y0k(x)− λ
⊤b− yk(x)

⊤µ+ λ⊤Aµ, and ψ(k,x,λ) := A⊤λ− yk(x).

Note that the functions ϕ(m, s,q,Q), χ(k,x, s,λ), and ψ(k,x,λ) will also be used in

the remainder of this chapter to simplify other SDP formulations. Although Problem (2.4)

is a convex program when x is given, it can be difficult to solve because a large m leads

to high-dimensional SDP constraints at size m + 1. As such SDP constraints originate

from the covariance matrix Σ, early attempts in Cheng et al. (2018) and Cheramin et al.

(2022) exploit the statistical information Σ to address the computational challenge while

maintaining solution quality. Specifically, they adopt the PCA, a dimensionality reduction

method commonly used in statistical learning, to capture the dominant variability of

UΛ
1
2ξI by maintaining the firstm1(≤ m) components of ξI and fixing its other components

at 0; that is,

ξ ≈ UΛ
1
2 [ξr;0m−m1 ] + µ = Um×m1Λ

1
2
m1ξr + µ, (2.5)

where ξr ∈ Rm1 , and Um×m1 ∈ Rm×m1 and Λ
1
2
m1 ∈ Rm1×m1 are upper-left submatrices of

U and Λ, respectively. That is, the m1 components of ξI corresponding to the largest

eigenvalues are maintained as uncertain and the other components are fixed at their

means. With a lower-dimensional random vector ξr, we can have a relaxation of Problem

(2.3):

ΘM(m1) := min
x∈X

max
Pr∈DL

EPr

[
f
(
x,Um×m1Λ

1
2
m1ξr + µ

)]
, (2.6a)

where

DL (Sr, γ1, γ2) =

Pr

∣∣∣∣∣∣∣
Pr (ξr ∈ Sr) = 1, EPr

[
ξ⊤r
]
EPr

[
ξr

]
≤ γ1

EPr

[
ξrξ

⊤
r

]
⪯ γ2Im1

 (2.6b)

with

Sr :=
{
ξr ∈ Rm1

∣∣∣ Um×m1Λ
1
2
m1ξr + µ ∈ S

}
. (2.6c)
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Meanwhile, the corresponding SDP formulation of Problem (2.6) has SDP constraints

with smaller size at m1+1 and can be solved more efficiently than Problem (2.4), leading

to an efficient “PCA approximation.” Specifically, Cheramin et al. (2022) show that the

following PCA approximation

ΘM(m1) = min
x,s,λ̂,
qr,Qr

ϕ(m1, s,qr,Qr) (2.7a)

s.t.

 χ(k,x, s,λk)
1
2

(
qr +

(
Um×m1Λ

1
2
m1

)⊤
ψ(k,x,λk)

)⊤

1
2

(
qr +

(
Um×m1Λ

1
2
m1

)⊤
ψ(k,x,λk)

)
Qr

 ⪰ 0,

∀k ∈ [K], (2.7b)

λk ∈ Rl
+, ∀k ∈ [K],x ∈ X , (2.7c)

where λ̂ = {λ1, . . . ,λK}, qr ∈ Rm1 , and Qr ∈ Rm1×m1 , provides a lower bound for the op-

timal value of Problem (2.3) (i.e., Problem (2.4)). The PCA approximation that leads to

an upper bound for the optimal value of Problem (2.3) can be similarly derived. Note that

in the PCA approximation, we need to perform eigenvalue decomposition on the covari-

ance matrix Σ, which can be time-consuming when the dimension of ξ is high. However,

the time for eigenvalue decomposition is negligible compared with that of solving the SDP

problem. Therefore, in this thesis, we mainly focus on the dimensionality reduction of the

SDP problem. Hereafter, we call the problem whose optimal value is a lower bound of the

original Problem (2.3) as an outer approximation. In contrast, the problem generating an

upper bound is called an inner approximation of Problem (2.3).

However, relying on only the statistical information (i.e., dominant variability) to

choose the components and reducing the high-dimensional uncertainty space may not

lead to the best approximation performance. Although Cheramin et al. (2022) provide

a performance guarantee (Propositions 3 and 6 in Cheramin et al. (2022)) to bound the

gap between the original and approximated objective values, it is difficult to close the

gap when reducing the dimensionality of ξI. Such a difficulty is not surprising because
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maintaining only the largest statistical variability in the PCA approximations does not

capture the optimality conditions of the original problems (e.g., Problem (2.3)). We pro-

vide an example as follows to illustrate that choosing the components of ξI corresponding

to the largest eigenvalues can be even worse than choosing the components corresponding

to the least eigenvalues.

Example 1. Given x ∈ X , we consider the CVaR1−α of a cost function g(x, ξ) formulated

as the following optimization problem (Rockafellar and Uryasev 2000):

min
t∈R

t+
1

α
EP [g(x, ξ)− t]+ , (2.8)

where α ∈ (0, 1) is a risk tolerance level and function [·]+ := max{0, ·}. For brevity,

we let g(x, ξ) = x⊤ξ, X = {x ∈ Rm
+ |

∑m
i=1 xi = 1}, D = {P | P(ξ ∈ S) = 1, EP[ξ] =

µ, EP[(ξ−µ)(ξ−µ)⊤] ⪯ Σ}, S is compact, and µ is in the interior of S. We reformulate

the distributionally robust counterpart of Problem (2.8) in Appendix A.2.1 and obtain

Problem (A.2). Let α = 0.05, S = {ξ ∈ R3 | 0 ≤ ξ1 ≤ 8, 1 ≤ ξ2 ≤ 12, 2 ≤ ξ3 ≤ 16},

µ = [1, 2, 3], Σ =

 1 0.2 0.1

0.2 3 0.15

0.1 0.15 2

 with eigenvalues 3.044, 1.983, and 0.973. Solving

Problem (A.2) gives the optimal value 5.021 with x1 = 0.719, x2 = 0.135, x3 = 0.145, and

t = 3.129. Following Cheng et al. (2018) and Cheramin et al. (2022) to perform PCA

approximation over Problem (A.2) by capturing only one of the three components in ξ,

we observe the following:

• Choosing the component corresponding to the largest eigenvalue 3.044, the PCA

approximation gives the optimal value at 1.788 with x1 = 1, x2 = 0, x3 = 0, and

t = 1.373.

• Choosing the component corresponding to the second largest eigenvalue 1.983, the

PCA approximation gives the optimal value at 1.3 with x1 = 0.7, x2 = 0.3, x3 = 0,

and t = 1.3.

• Choosing the component corresponding to the smallest eigenvalue 0.973, the PCA
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approximation gives the optimal value at 1.915 with x1 = 0.085, x2 = 0.915, x3 = 0,

and t = 1.915.

Example 1 shows that performing dimensionality reduction (i.e., from ξ to ξr) using

the components with the largest variability may not produce a good optimal value from

the subsequent PCA approximation (i.e., an SDP) and it can be even worse than using

the component with the smallest variability. To solve this issue, we integrate the dimen-

sionality reduction with the subsequent approximation in the following sections, leading

to an optimized dimensionality reduction (ODR) approach. Correspondingly, we obtain

efficient lower and upper bounds in the following Sections 2.3–2.5 and more importantly,

the bounds can achieve the optimal value of the original Problem (2.3).

2.3 Lower Bound

We extend the dimensionality reduction method (i.e., PCA) in (2.5) by introducing a

decision variable B ∈ Bm1 := {B ∈ Rm×m1 | B⊤B = Im1} ⊆ Rm×m1 such that

ξ = UΛ
1
2ξI + µ ≈ UΛ

1
2Bξr + µ, (2.9)

where B will be optimized in the subsequent PCA approximation, i.e., optimized di-

mensionality reduction. By (2.9), we project ξI onto a subspace of Rm×m spanned by the

columns ofB ∈ Bm1 and approximate ξI by the projectionBξr, instead of considering only

the random variables corresponding to the largest eigenvalues. When B =

[
Im1

0(m−m1)×m1

]
,

(2.9) reduces to (2.5). Therefore, we would like to choose a good (even an optimal) B to

obtain a better lower bound for Problem (2.3) than Problem (2.7). Unlike the existing

PCA approach that first reduces the dimension of the uncertainty space and then provides

approximations, our ODR method innovatively integrates dimensionality reduction with

the subsequent optimization problems. Such an integrated framework deviates from the

traditional dimensionality reduction method like PCA because we do not predetermine
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a low-dimensional space to consider in the subsequent optimization problem. Instead,

we linearly map the high-dimensional uncertainty space to a low-dimensional space while

such a mapping relationship (represented by the decision B) is carefully optimized to-

gether with the subsequent optimization problems.

Given any m1 ∈ [m] and B ∈ Bm1 , we obtain a relaxation of Problem (2.3) by

extending Problem (2.6). If the relaxation provides a lower bound for the optimal value

of Problem (2.3), then we may choose the best B ∈ Bm1 such that we obtain the largest

possible lower bound. Thus, we build the following integrated dimensionality reduction

and optimization problem:

ΘL(m1) = max
B∈Bm1

min
x∈X

max
Pr∈DL

EPr

[
f
(
x,UΛ

1
2Bξr + µ

)]
, (2.10)

where DL is defined in (2.6b) with

Sr :=
{
ξr ∈ Rm1

∣∣∣ UΛ
1
2Bξr + µ ∈ S

}
. (2.11)

We will show that Problem (2.10) provides a lower bound for Problem (2.3) (see Theorem

1). Before presenting this theorem, we prepare the following two lemmas.

Lemma 1. When B ∈ Rm×m1, the following three constraints are equivalent: (i)

[
Im B

B⊤ Im1

]
⪰ 0, (ii) BB⊤ ⪯ Im, and (iii) B⊤B ⪯ Im1.

Lemma 1 shows that both BB⊤ ⪯ Im and B⊤B ⪯ Im1 can be reformulated as an SDP

constraint

[
Im B

B⊤ Im1

]
⪰ 0. Although this SDP constraint has a high dimension at m+m1,

it is very sparse and usually does not create additional computational challenges.

Lemma 2. For any matrix V ∈ Rm×n and symmetric matrices X ∈ Rm×m and Y ∈

Rm×m, we have: (i) If X ⪰ Y, then V⊤XV ⪰ V⊤YV; (ii) If n = m and V is invertible,

then X ⪰ Y is equivalent to V⊤XV ⪰ V⊤YV.

Lemma 2 shows that a PSD matrix (e.g., X−Y) remains PSD if it is pre-multiplied by
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an arbitrary matrix with appropriate dimensions (e.g., V⊤) and post-multiplied by this

arbitrary matrix’s transpose (e.g., V). Furthermore, if this arbitrary matrix is invertible,

then the original PSD matrix is equivalent to the matrix after the pre-multiplication and

post-multiplication. With Lemmas 1 and 2, we are now ready to present the following

theorem.

Theorem 1. The following three conclusions hold: (i) Problem (2.10) provides a lower

bound for the optimal value of Problem (2.3), i.e., ΘL(m1) ≤ ΘM(m) for any m1 ≤ m;

(ii) the optimal value of Problem (2.10) is nondecreasing in m1, i.e., ΘL(m1) ≤ ΘL(m2)

for any m1 < m2 ≤ m; and (iii) when m1 = m, Problem (2.3) and Problem (2.10) have

the same optimal value, i.e., ΘL(m) = ΘM(m).

Theorem 1 shows that we obtain a lower bound for the optimal value of Problem (2.3)

when reducing the dimensionality space of ξI while optimizing the choice of B ∈ Bm1 in

Problem (2.10). When the reduced dimensionality (i.e., m1) is higher, we obtain a better

lower bound. We maintain the optimal value of Problem (2.3) if the dimensionality space

is not reduced (i.e., m1 = m). Note that the conclusions in Theorem 1 are similar to those

in Theorem 2 in Cheramin et al. (2022), both demonstrating the validity of dimensionality

reduction in solving the moment-based DRO problems. However, here by optimizing the

choice of B ∈ Bm1 , Problem (2.10) provides a better lower bound than Problem (2.6)

(i.e., the PCA approximation in Cheramin et al. 2022) does because the latter problem is

a special case of the former problem. More importantly, we may expect to close the gap

between ΘL(m1) and ΘM(m) when we choose a small m1. To that end, we follow the PCA

approximation (2.7) to reformulate Problem (2.10) as the following SDP formulation:

ΘL(m1) = max
B∈Bm1

Θ(m1,B), (2.12)
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where

Θ(m1,B) := min
x,s,λ̂,
qr,Qr

ϕ(m1, s,qr,Qr) (2.13a)

s.t.

 χ(k,x, s,λk)
1
2

(
qr +

(
UΛ

1
2B
)⊤
ψ(k,x,λk)

)⊤

1
2

(
qr +

(
UΛ

1
2B
)⊤
ψ(k,x,λk)

)
Qr

 ⪰ 0,

∀k ∈ [K], (2.13b)

x ∈ X ; λ̂ = {λ1, . . . ,λK} , λk ∈ Rl
+, ∀k ∈ [K]; qr ∈ Rm1 ; Qr ∈ Rm1×m1 .(2.13c)

Now we would like to find an m1 < m such that ΘL(m1) in Problem (2.12) is close

(even equal) to ΘM(m) in Problem (2.4). Note that if ΘL(m1) = ΘM(m), then comparing

the SDP constraints between (2.4) and (2.12) shows that the rank of Q in the optimal

solution of Problem (2.4) can be smaller than m. Specifically, we are motivated to explore

the low-rank property of Problem (2.4) and obtain the following significant conclusion.

Theorem 2. Consider K < m and any optimal solution (x∗, s∗, λ̂
∗
,q∗,Q∗) of Problem

(2.4) with Sk = s∗ − y0k(x
∗) − λ∗⊤

k b − yk(x
∗)⊤µ + λ∗⊤

k Aµ for any k ∈ [K]. We can

always construct another optimal solution (x∗, s∗, λ̂
∗
,q′,Q′) of Problem (2.4) such that

rank(Q′) ≤ K, q′ = Vδ, Q′ = VY11V
⊤, and (UΛ

1
2 )⊤(A⊤λ∗

k − yk(x
∗)) = Vνk for any

k ∈ [K], where Y11 ∈ RK×K, Y11 ⪰ 0, V = [vk, ∀k ∈ [K]] ∈ Rm×K with orthonormal

vectors vk ∈ Rm, δ ∈ RK, and νk ∈ RK for any k ∈ [K] depend on the optimal solution

(x∗, s∗, λ̂
∗
,q∗,Q∗).

Proof. Proof. Note that the optimal solution (x∗, s∗, λ̂
∗
,q∗,Q∗) of Problem (2.4) leads to

the optimal value s∗+γ2Im•Q∗+
√
γ1 ∥q∗∥2. Based on this optimal solution, we construct a

feasible solution of Problem (2.4), denoted by (x′, s′, λ̂
′
,q′,Q′) such that x′ = x∗, s′ = s∗,

and λ̂
′
= λ̂

∗
.
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Now we construct the values of q′ and Q′. By constraints (2.4b), we have

 Sk
1
2

(
q∗ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk (x
∗)
))⊤

1
2

(
q∗ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk (x
∗)
))

Q∗

 ⪰ 0,

∀k ∈ [K]. (2.14)

We can equivalently rewrite (2.14) as

4SkQ
∗ ⪰

(
q∗ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

q∗ +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

,∀k ∈ [K];Q∗ ⪰ 0.

(2.15)

Note that, if Sk > 0 for any k ∈ [K], then (2.14) is equivalent to (2.15) by Schur comple-

ment; otherwise, when Sk = 0 for some k ∈ [K], we have (1/2)(q∗ + (UΛ1/2)⊤(A⊤λ∗
k −

yk(x
∗))) = 0m by the definition of a PSD matrix. Thus, (2.14) is equivalent to Q∗ ⪰ 0,

i.e., (2.15).

Note that K < m. Thus, through the Gram–Schmidt process, we can always construct

K orthonormal vectors vk ∈ Rm, ∀k ∈ [K], and K real vectors κk ∈ RK , ∀k ∈ [K], such

that

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
)
= Vκk, ∀k ∈ [K], (2.16)

V = [vk, ∀k ∈ [K]] ∈ Rm×K . We further extendV to [V, V̄] ∈ Rm×m with V̄ ∈ Rm×(m−K)

such that all the column vectors of [V, V̄] can span the space of Rm. As q∗ ∈ Rm, we can

find κ0 ∈ RK and κ̄0 ∈ Rm−K such that

q∗ = Vκ0 + V̄κ̄0. (2.17)
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As Q∗ ∈ Rm×m, we can then decompose Q∗ as

Q∗ =

[
V V̄

]Y11 Y12

Y21 Y22


V⊤

V̄⊤

 = VY11V
⊤ + V̄Y21V

⊤ +VY12V̄
⊤ + V̄Y22V̄

⊤,

(2.18)

where Y11 ∈ RK×K , Y12 ∈ RK×(m−K), Y21 ∈ R(m−K)×K , and Y22 ∈ R(m−K)×(m−K). As

Q∗ ⪰ 0, we have

[
Y11 Y12

Y21 Y22

]
=
[
V V̄

]−1
Q∗
[
V⊤

V̄⊤

]−1

⪰ 0 by Lemma 2. By (2.15), (2.16),

and (2.17), we have

4SkQ
∗ ⪰

(
Vκ0 + V̄κ̄0 +Vκk

) (
Vκ0 + V̄κ̄0 +Vκk

)⊤
, ∀k ∈ [K]. (2.19)

By (2.18) and (2.19), we have

4Sk

(
VY11V

⊤ + V̄Y21V
⊤ +VY12V̄

⊤ + V̄Y22V̄
⊤) ⪰(

Vκ0 + V̄κ̄0 +Vκk

) (
Vκ0 + V̄κ̄0 +Vκk

)⊤
, ∀k ∈ [K].

By Lemma 2, we further have

4SkV
⊤(VY11V

⊤ + V̄Y21V
⊤ +VY12V̄

⊤ + V̄Y22V̄
⊤)V

⪰ V⊤(Vκ0 + V̄κ̄0 +Vκk)(Vκ0 + V̄κ̄0 +Vκk)
⊤V, ∀k ∈ [K]. (2.20)

Because V⊤V̄ = 0, V̄⊤V = 0, and V⊤V = IK , constraints (2.20) become

4SkY11 ⪰ (κ0 + κk)(κ0 + κk)
⊤, ∀k ∈ [K]. (2.21)

Now we let q′ = Vκ0 and Q′ = VY11V
⊤. By (2.21) and Lemma 2, we have

4SkQ
′ =4SkVY11V

⊤ ⪰ (Vκ0 +Vκk)(Vκ0 +Vκk)
⊤
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=

(
q′ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

q′ +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

,∀k ∈ [K].

(2.22)

Comparing (2.4b) and (2.22), we have (x′, s′, λ̂
′
,q′,Q′) is a feasible solution of Problem

(2.4) and the corresponding objective value is

s′ + γ2Im •Q′ +
√
γ1 ∥q′∥2 ≥ s∗ + γ2Im •Q∗ +

√
γ1 ∥q∗∥2 , (2.23)

where the inequality holds because (x′, s′, λ̂
′
,q′,Q′) is a feasible solution of Problem (2.4)

and Problem (2.4) is a minimization problem. Note that

Im •Q∗ = tr(Q∗) = tr

[V V̄

]Y11 Y12

Y21 Y22


V⊤

V̄⊤




= tr


Y11 Y12

Y21 Y22


V⊤

V̄⊤

[V V̄

] = tr


Y11 Y12

Y21 Y22




= IK •Y11 + Im−K •Y22 ≥ IK •Y11 = tr(Y11) = tr(Y11V
⊤V)

= tr(VY11V
⊤) = tr(Q′),

where the first equality holds by the definition of a matrix’s trace, the second equality

holds by (2.18), the third equality holds by the cyclic property of a matrix’s trace, the

fourth equality holds because

[
V⊤

V̄⊤

] [
V V̄

]
= Im, and the first inequality holds because[

Y11 Y12

Y21 Y22

]
⪰ 0 and accordingly Im−K •Y22 ≥ 0. Meanwhile,

∥q∗∥22 =(q∗)⊤ q∗ =
(
Vκ0 + V̄κ̄0

)⊤ (
Vκ0 + V̄κ̄0

)
=
(
κ⊤

0 κ0 + κ̄
⊤
0 κ̄0

)
≥ κ⊤

0 κ0 = (Vκ0)
⊤ (Vκ0) = (q′)

⊤
q′ = ∥q′∥22 ,

where the second equality holds by (2.17), the third equality holds because V⊤V̄ =

0, V̄⊤V = 0, V⊤V = IK , V̄
⊤V̄ = Im−K , and the first inequality holds because κ̄⊤

0 κ̄0 ≥
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0. Thus, we have

s′ + γ2Im •Q′ +
√
γ1 ∥q′∥2 ≤ s∗ + γ2Im •Q∗ +

√
γ1 ∥q∗∥2 . (2.24)

Combining (2.23) and (2.24) leads to

s′ + γ2Im •Q′ +
√
γ1 ∥q′∥2 = s∗ + γ2Im •Q∗ +

√
γ1 ∥q∗∥2 ,

which indicates that (x′, s′, λ̂
′
,q′,Q′) is also an optimal solution of Problem (2.4). Mean-

while, note that rank(Q′) = rank(VY11V
⊤) ≤ min{rank(V), rank(Y11)} ≤ K, δ = κ0,

and νk = κk for any k ∈ [K]. Thus, the proof is complete. □

When K ≥ m, we have rank(Q′) ≤ m ≤ K, thereby no need to consider this case in

Theorem 2. Note that K is the number of pieces formulating the piecewise linear function

f(x, ξ) and it is usually small for practical problems. For instance, in the CVaR and

newsvendor problems, we have K = 2 (see Example 1 and Section 2.7.1.1, respectively).

Thus, Theorem 2 shows that the rank ofQ′ that optimizes Problem (2.4), i.e.,K, is usually

small. We then expect that for any m1 ∈ [m] and B ∈ Bm1 , the rank of the optimal Qr in

Problem (2.13) might also be no greater than K and hence small for practical problems.

With Problem (2.12), we then would like to choose a small m1 ≥ K and find a B ∈ Bm1

such that ΘL(m1) can be close to ΘM(m).

We used to conjecture that the optimal value of Problem (2.12) equals that of Problem

(2.4) when m1 ≥ K. Most numerical experiments (see Section 2.7) show this conjecture

may be correct, while we also find a feasible solution of Problems (2.12) and (2.13) such

that the corresponding objective value is equal to the optimal value of the original Problem

(2.4) (see Theorem 9 in Appendix A.3.4). Nevertheless, we find an example to illustrate

that the optimal value of Problem (2.12) with m1 = K can be strictly less than the opti-

mal value of Problem (2.4) (see Example 2 in Appendix A.3.5). Thus, while the optimized

dimensionality reduction maintains very high-quality solutions (mostly the optimal solu-
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tions as shown in our later numerical experiments in Section 2.7), we may still potentially

lose some useful information that achieves the optimal solution of the original problem.

To resolve this issue, we will also derive an upper bound and a new lower bound for the

optimal value of the original problem in the later sections.

Note that Problem (2.12) is a nonconvex optimization problem due to the max-min

operator. That is, we develop a low-dimensional nonconvex optimization technique to

solve the original high-dimensional SDP problem, which can be significantly difficult to

solve because of the large sizes of SDP matrices. To further efficiently solve Problem

(2.12), we first reformulate it into a bilinear SDP problem (see Proposition 2) under the

following assumption and then propose efficient algorithms (see Section 2.6) to solve it.

Assumption 2. The set X is convex with at least one interior point. More specifically, we

consider the convex set X in a generic SDP form: X = {x ∈ Rn |
∑n

i=1(∆ixi) +∆0 ⪰ 0},

where ∆i ∈ Rτ×τ is symmetric for any i ∈ {0, 1, . . . , n} and some τ ≥ 1.

We use aijx+a
0
ij (∀i ∈ [τ ], j ∈ [τ ]) to denote the elements of the matrix

∑n
i=1(∆ixi)+

∆0, where a
⊤
ij ∈ Rn. We let y0k(x) = w0

kx+ d
0
k and yk(x) = (w1

kx+ d
1
k, . . . ,w

m
k x+ d

m
k )

⊤ =

Wkx + dk for any k ∈ [K], where (wi
k)

⊤ ∈ Rn for any i ∈ {0, 1, . . . ,m} and k ∈ [K],

Wk ∈ Rm×n for any k ∈ [K], and dk ∈ Rm for any k ∈ [K]. The following proposition

holds.

Proposition 2. Under Assumption 2, Problem (2.12) has the same optimal value as the

following bilinear SDP formulation:

ΘL(m1) = max
tk,pk,

Pk,∀k∈[K],
Z,B

K∑
k=1

(
tkd

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

dk

)
−

τ∑
i=1

τ∑
j=1

zija
0
ij (2.25a)

s.t. 1−
K∑
k=1

tk = 0,
√
γ1 −

∥∥∥∥∥
K∑
k=1

pk

∥∥∥∥∥
2

≥ 0, γ2Im1 −
K∑
k=1

Pk = 0, (2.25b)

tk (Aµ− b)⊤ + p⊤
k

(
UΛ

1
2B
)⊤

A⊤ ≤ 0, ∀k ∈ [K], (2.25c)
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K∑
k=1

(
tkw

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

Wk

)
−

τ∑
i=1

τ∑
j=1

zijaij = 0,

(2.25d) tk p⊤
k

pk Pk

 ⪰ 0, ∀k ∈ [K], B⊤B = Im1 , Z ⪰ 0, (2.25e)

where pk ∈ Rm1 (k ∈ [K]), Pk ∈ Rm1×m1 (k ∈ [K]), Z ∈ Rτ×τ , B ∈ Rm×m1, and

zij is the element of the matrix Z. In addition, Z is the dual variable of the constraint∑n
i=1(∆ixi)+∆0 ⪰ 0 in X and

[
tk p⊤

k

pk Pk

]
(∀k ∈ [K]) are the dual variables of constraints

(2.13b).

Although solving Problem (2.25) may not achieve the optimal value of Problem (2.4),

Theorem 9 demonstrates that we are not far from our target to close the approximation

gap and motivates us to further develop an upper bound for the optimal value of Problem

(2.4) while closing the gap between them in the next section.

2.4 Upper Bound

Motivated by the benefits of introducing a decision variable B ∈ Bm1 in (2.9) to develop

an outer approximation, we develop an inner approximation for Problem (2.3) in this

section by relaxing the second-moment constraint in DM while optimizing the choice of

components in ξI to be relaxed, leading to the best possible upper bound for the optimal

value of Problem (2.3). Specifically, given m1 ∈ [m], we build the following optimized

inner approximation of Problem (2.3):

ΘU(m1) := min
B∈Bm1

Θ(m1,B), (2.26)

where

Θ(m1,B) = min
x∈X

max
PI∈DU

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
(2.27)
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with

DU(SI, γ1, γ2) =

PI

∣∣∣∣∣∣∣
PI (ξI ∈ SI) = 1, EPI

[
ξ⊤I
]
EPI

[
ξI

]
≤ γ1

EPI

[
B⊤ξIξ

⊤
I B
]
⪯ γ2Im1

 . (2.28)

The second-moment constraint in DU is relaxed from EPI
[ξIξ

⊤
I ] ⪯ γ2Im, where we intro-

duce a decision variable B ∈ Bm1 to optimize such a relaxation of the ambiguity set,

leading to optimized dimensionality reduction over this second-moment constraint. In-

tuitively, the feasible region defined by the ambiguity set DU is larger than that by DM.

Therefore, we have several conclusions based on this new ambiguity set DU.

Theorem 3. The following three conclusions hold: (i) Problem (2.26) provides an upper

bound for the optimal value of Problem (2.3), i.e., ΘU(m1) ≥ ΘM(m) for any m1 ≤ m;

(ii) the optimal value of Problem (2.26) is nonincreasing in m1, i.e., ΘU(m1) ≥ ΘU(m2)

for any m1 < m2 ≤ m; and (iii) when m1 = m, Problem (2.26) and Problem (2.3) have

the same optimal value, i.e., ΘU(m) = ΘM(m).

Theorem 3 shows that Problem (2.26) provides a valid upper bound for the optimal

value of Problem (2.3), ΘM(m), and the upper bound is closer to ΘM(m) if less information

is relaxed in DU.

Proposition 3. Under Assumption 1, Problem (2.27) has the same optimal value as the

following SDP formulation:

Θ(m1,B) = min
x,s,λ̂,
q,Qr,û

ϕ(m1, s,q,Qr) (2.29a)

s.t.

χ(k,x, s,λk)
1
2
u⊤
k

1
2
uk Qr

 ⪰ 0, ∀k ∈ [K], (2.29b)

q+
(
UΛ

1
2

)⊤
ψ(k,x,λk) = Buk, ∀k ∈ [K], (2.29c)

x ∈ X , q ∈ Rm, Qr ∈ Rm1×m1 , (2.29d)

λ̂ = {λ1, . . . ,λK} ,λk ∈ Rl
+, û = {u1, . . . ,uK} ,uk ∈ Rm1 ,∀k ∈ [K].
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(2.29e)

Proposition 3 shows that Problem (2.26) can be updated by replacing its inner opti-

mization Problem (2.27) with Problem (2.29). More importantly, Problem (2.26) becomes

a low-dimensional SDP formulation, which can be solved more efficiently than solving the

original high-dimensional formulation (2.4). With the updated Problem (2.26), we have

the following conclusion.

Theorem 4. Consider the optimal solution (x∗, s∗, λ̂
∗
,q′,Q′) of Problem (2.4), Sk (∀k ∈

[K]), V, δ, Y11, and νk (∀k ∈ [K]) that are defined in Theorem 2. If m1 ≥ K, then

ΘU(m1) = ΘM(m).

Theorem 4 shows that when m1 ≥ K, the optimal value of Problem (2.26) is always

equal to the optimal value of the original problem, ΘM(m). Specifically, when m1 =

K, there exist optimal B = V and Qr = Y11 in Problem (2.26) such that ΘU(m1) =

Θ(m1,V). Recall that K represents the number of pieces in the piecewise linear objective

function f(x, ξ) and also determines the rank of the optimal Q in the original Problem

(2.4) (see Theorem 2). Thus, we can decompose an optimal Q with a rank of K into

VY11V
⊤, where V ∈ Rm×K such that V⊤V = IK and Y11 ∈ RK×K . In Problem (2.26),

when m1 = K, we have B ∈ Rm×K and Qr ∈ RK×K in the subproblem (2.29), by which

constructing a solution with B = V and Qr = Y11 shows that ΘU(K) = ΘM(m). Clearly,

such a tightness result also holds when m1 > K by the monotonicity result in Theorem

3.

We may further interpret the insights as follows. Comparing the inner-approximation

Problem (2.26) and the original Problem (2.3), we can notice that they differ only in

the second-moment constraints in their ambiguity sets. When m1 = K, we relax the

original second-moment constraint from EPI
[ξIξ

⊤
I ] ⪯ γ2Im to B⊤EPI

[ξIξ
⊤
I ]B ⪯ γ2IK with

B ∈ BK . That is, when such a relaxation is jointly optimized via the decision B with the

subsequent SDP reformulation, it eventually does not lead to a different optimal value.
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Specifically, under a worst-case distribution P∗
I generated by solving Problem (2.3), we

have EP∗
I
[ξIξ

⊤
I ] ⪯ γ2Im may be equivalent to B⊤EP∗

I
[ξIξ

⊤
I ]B ⪯ γ2IK . Such equivalence

largely depends on the low-rank property provided by Theorem 2, which states that the

rank of an optimal solution of Q of Problem (2.4) is not larger than K. Note that

the variable Q in Problem (2.4) is a dual variable with respect to the second-moment

constraint EPI
[ξIξ

⊤
I ] ⪯ γ2Im, indicating that the rank of EP∗

I
[ξIξ

⊤
I ] may not be large.

More specifically, we have the following proposition holds.

Proposition 4. For any PSD matrix X ∈ Rm×m such that rank(X) ≤ m1 ≤ m, we have

the following equivalence holds:

X ⪯ Im ⇐⇒
(
B⊤XB ⪯ Im1 , ∀B ∈ Bm1

)
.

Corollary 1. For any PSD matrix X ∈ Rm×m and rank(X) ≤ m1 ≤ m, there exists a

B ∈ Bm1 such that X ⪯ Im is equivalent to B⊤XB ⪯ Im1.

In the context of solving Problem (2.3) and its inner-approximation Problem (2.26),

Proposition 4 and Corollary 1 show that there exist a worst-case distribution P∗
I ∈ DM

such that the rank of EP∗
I
[ξIξ

⊤
I ] is not larger than K and an optimal solution B∗ ∈ Bm1

such that EP∗
I
[ξIξ

⊤
I ] ⪯ γ2Im is equivalent to (B∗)⊤EP∗

I
[ξIξ

⊤
I ]B

∗ ⪯ γ2IK . As such, even

when we use a relaxed second-moment constraint, Problem (2.26) with m1 ≥ K does not

lose the optimality.

2.5 Lower Bound Revisited

Given that Problem (2.26) with m1 = K maintains the optimal value of the original Prob-

lem (2.3), we can further perform dimensionality reduction based on Problem (2.26) as we

do in Section 2.3, thereby obtaining a new lower bound for the optimal value of Problem

(2.3). Specifically, we consider K ≤ m and recall that BK = {B ∈ Rm×K | B⊤B = IK}.
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Given any m1 ∈ [K], we consider

min
B∈BK

min
x∈X

max
PI∈DL2

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
(2.30)

with

DL2(SI, γ1, γ2) =

PI

∣∣∣∣∣∣∣
PI (ξI ∈ SI) = 1, EPI

[
ξ⊤I
]
EPI

[
ξI

]
≤ γ1

EPI

[
B⊤

1 ξIξ
⊤
I B1

]
⪯ γ2Im1 , EPI

[
B⊤

2 ξIξ
⊤
I B2

]
⪯ 0(K−m1)×(K−m1)

 ,

B = [B1,B2], B1 ∈ Rm×m1 , and B2 ∈ Rm×(K−m1). To obtain the above ambiguity set

DL2, we shrink the ambiguity set DU of Problem (2.26) by replacing the second-moment

constraint EPI
[B⊤ξIξ

⊤
I B] ⪯ γ2IK with EPI

[B⊤
1 ξIξ

⊤
I B1] ⪯ γ2Im1 and EPI

[B⊤
2 ξIξ

⊤
I B2] ⪯

0(K−m1)×(K−m1). The constraint EPI
[B⊤

2 ξIξ
⊤
I B2] ⪯ 0(K−m1)×(K−m1) implies that we project

the random vector ξI to the space spanned by the columns of B2 and the second-moment

value of the projected random vector is fixed at 0. By doing so, we may slightly lose some

information to characterize the distribution PI, but we can obtain a formulation with an

even smaller size than Problem (2.26) and maintain high-quality solutions. Specifically,

the following theorem holds.

Theorem 5. Under Assumption 1, by dualizing the inner maximization problem of Prob-

lem (2.30), we obtain the following SDP formulation:

ΘL2(m1) = min
x,s,λ̂,

q,Q′
r,û

′,û′′,
B1,B2

ϕ(m1, s,q,Qr) (2.31a)

s.t.

χ(k,x, s,λk)
1
2
(u′

k)
⊤

1
2
u′
k Q′

r

 ⪰ 0, ∀k ∈ [K], (2.31b)

q+
(
UΛ

1
2

)⊤
ψ(k,x,λk) = B1u

′
k +B2u

′′
k, ∀k ∈ [K], (2.31c)

x ∈ X , q ∈ Rm, Q′
r ∈ Rm1×m1 , (2.31d)

B1 ∈ Rm×m1 ,B2 ∈ Rm×(K−m1), [B1,B2]
⊤[B1,B2] = IK ,
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(2.31e)

λ̂ = {λ1, . . . ,λK} , λk ∈ Rl
+, ∀k ∈ [K], (2.31f)

û′ = {u′
1, . . . ,u

′
K} , u′

k ∈ Rm1 , ∀k ∈ [K], (2.31g)

û′′ = {u′′
1, . . . ,u

′′
K} , u′′

k ∈ RK−m1 , ∀k ∈ [K]. (2.31h)

In addition, the following three conclusions hold: (i) Problem (2.31) provides a lower

bound for the optimal value of Problem (2.4), i.e., ΘL2(m1) ≤ ΘM(m) for any m1 ≤ K;

(ii) the optimal value of Problem (2.31) is nondecreasing in m1, i.e., ΘL2(m1) ≤ ΘL2(m2)

for any m1 < m2 ≤ K; and (iii) when m1 = K, Problem (2.31) and Problem (2.4) have

the same optimal value, i.e., ΘL2(K) = ΘM(m).

Recall that the lower bound provided by Problem (2.12) may not achieve the optimal

value of the original Problem (2.4) when reducing the dimensionality to K. However, the

new lower bound provided by Problem (2.31) achieves the optimal value of the original

problem when m1 = K.

2.6 Efficient Algorithm

In Sections 2.3–2.5, we provide two outer approximations (i.e., Problems (2.25) and (2.31))

leading to lower bounds for the optimal value of Problem (2.3) and an inner approxima-

tion (i.e., Problem (2.26)) leading to an upper bound. Both Problems (2.26) and (2.31)

can achieve the same optimal value as the original problem when m1 = K. Note that

the three approximations are low-dimensional bilinear SDP problems, which are noncon-

vex. It is hard to obtain the optimal solution of a bilinear SDP problem. To develop

computationally efficient algorithms for bilinear SDPs, we derive Alternating Direction

Method of Multipliers (ADMM) algorithms (Hajinezhad and Shi 2018, Wang et al. 2019,

Themelis and Patrinos 2020) to solve the three approximations (see Appendix A.6.1 for

more detailed reasons for choosing ADMM rather than other techniques). Meanwhile,
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it is important to note that our proposed algorithms are used to obtain a near-optimal

dimensionality reduction matrix B. Other solutions (e.g., x) returned by the ADMM al-

gorithm are not used here. Given this near-optimal B, we can solve the low-dimensional

SDP problems to retrieve the efficient lower and upper bounds for the original optimal

value (see details in Section 2.6.2).

Note that Problems (2.25), (2.26), and (2.31) share the following generic formulation:

min
B,x,ũk,uk,∀k∈[K]

g (x,uk, ũk,∀k ∈ [K]) (2.32a)

s.t. (x,uk, ũk, ∀k ∈ [K]) ∈ U , (2.32b)

B⊤B = Im1 , (2.32c)

ũk = Buk, ∀k ∈ [K], (2.32d)

where B ∈ Rm×m1 , uk ∈ Rm1 , ũk ∈ Rm, ∀k ∈ [K], U is a convex set with at least one

interior point, and g(·) is a differentiable convex function. Note that constraints (2.32c)

and (2.32d) are bilinear constraints. We consider the following augmented Lagrangian

problem for Problem (2.32):

min
x,ũk,uk,∀k∈[K];
B; βk,∀k∈[K]

{
g (x,uk, ũk,∀k ∈ [K]) +

K∑
k=1

β⊤
k (ũk −Buk)

+
K∑
k=1

ρk
2
∥ũk −Buk∥22

∣∣∣∣ (2.32b)− (2.32c)

}
, (2.33)

where βk ∈ Rm (∀k ∈ [K]) are Lagrangian multipliers and ρk > 0 (∀k ∈ [K]) are the

penalty parameters. Thus, we design Algorithm 1 to solve Problem (2.33). Thereafter,

we use the superscript i to denote the iteration step of Algorithm 1.

In Algorithm 1, we initialize B0 =

[
Im1

0(m−m1)×m1

]
based on the PCA approximation in

Cheramin et al. (2022) and set β0
k = 0 for any k ∈ [K]. We terminate the iteration

when the improvement (regarding the relative gap) of the objective value is less than

10−4. In this algorithm, given B and βk for any k ∈ [K], Problem (2.33) becomes a low-
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Algorithm 1 ADMM for Problem (2.32)

Initialize: B0,β0
k,∀k ∈ [K]

Repeat: update (x, ũk,uk,∀k ∈ [K]) ,B and βk(∀k ∈ [K]) alternatingly by

Given Bi and βi
k for any k ∈ [K], solve Problem (2.33) to obtain the optimal solution

(x, ũk,uk,∀k ∈ [K])i+1;

Given (x, ũk,uk,∀k ∈ [K])i+1 and βi
k for any k ∈ [K], solve Problem (2.33) to obtain

the optimal solution Bi+1;

βi+1
k = βi

k + ρik
(
ũi+1
k −Bi+1ui+1

k

)
, ∀k ∈ [K];

Until Convergence.

dimensional (i.e., m1 + 1) SDP problem. Given (x, ũk,uk,βk,∀k ∈ [K]), Problem (2.33)

becomes a nonconvex optimization problem, while the following proposition shows that

it has an analytical optimal solution. Thus, Algorithm 1 can be performed efficiently.

Proposition 5. Given (x, ũk,uk,βk,∀k ∈ [K]), Problem (2.33) has an optimal solution

B∗ = ŨṼ⊤, where
∑K

k=1(βku
⊤
k + ρkũku

⊤
k ) = ŨΣ̃Ṽ⊤ for Ũ ∈ Rm×m1, Σ̃ ∈ Rm1×m1, and

Ṽ ∈ Rm1×m1 by the singular value decomposition (SVD).

2.6.1 Convergence Analyses

We further analyze the convergence property of Algorithm 1 to ensure the dimension-

ality reduction solution B returned by this algorithm is near-optimal, i.e., a theoretical

guarantee. First, the following lemma holds.

Lemma 3. Given (x, ũk,uk,βk,∀k ∈ [K]), we have B∗ = ŨṼ⊤ (an optimal solution of

Problem (2.33)) is also an optimal solution of the following convex optimization problem:

max
B∈Rm×m1

{
K∑
k=1

(
βku

⊤
k + ρũku

⊤
k

)
•B

∣∣∣∣∣ B⊤B ⪯ Im1

}
. (2.34)

To the best of our knowledge, no proof of convergence exists for the proposed ADMM
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algorithm in our specific setting. Existing convergence results focus on different problem

settings. For instance, Hajinezhad and Shi (2018) employ the ADMM algorithm to solve a

general bilinear optimization problem. Similar to our approach, they penalize the linking

constraint and incorporate other constraints using an indicator function. However, in

their setting, all the constraints except the linking constraint are convex, whereas we

need to further deal with the nonconvex constraint B⊤B = I. In addition, Chen and

Goulart (2023) design an ADMM algorithm for diagonally constrained SDPs. Due to

such a specific structure, they can derive the analytical optimal solution at each step. In

contrast, the first step of our ADMM algorithm involves solving a general SDP problem

for which no analytical optimal solution can be obtained.

Next, we present the convergence properties of our proposed ADMM algorithm. We

let

L (B, (x, ũk,uk,∀k ∈ [K]) , (βk,∀k ∈ [K])) =

g (x, ũk,uk,∀k ∈ [K]) +
K∑
k=1

β⊤
k (ũk −Buk) +

K∑
k=1

ρk
2
∥ũk −Buk∥22 ,

and introduce the following assumption commonly used in the convergence analysis of

ADMM (Luo et al. 2008, Shen et al. 2014, Bertsekas 2014, Bai et al. 2021).

Assumption 3. Given any k ∈ [K], the sequence {βi
k} is bounded and

∑∞
i=0 ∥β

i+1
k −

βi
k∥22 <∞.

Because every bounded sequence has a convergent subsequence, we have

βi
k → β∗

k, i→ ∞, i ∈ I, ∀k ∈ [K], (2.35)

where {βi
k}i∈I is a subsequence of {βi

k}. Meanwhile, under Assumption 3, by the update
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rule βi+1
k = βi

k + ρik(ũ
i+1
k −Bi+1ui+1

k ), we have

βi+1
k − βi

k = ρik(ũ
i+1
k −Bi+1ui+1

k ) → 0, i→ ∞, ∀k ∈ [K].

Because ρik > 0 for any k ∈ [K], we have

ũi
k −Biui

k → 0, i→ ∞, ∀k ∈ [K]. (2.36)

We are now ready to state the convergence theorem of Algorithm 1 as follows.

Theorem 6. Let (B∗,x∗, ũ∗
k,u

∗
k,∀k ∈ [K]) be any accumulation point of the sequence {Bi,

xi, ũi
k,u

i
k,∀k ∈ [K]} generated by Algorithm 1. Then, (B∗,x∗, ũ∗

k,u
∗
k,∀k ∈ [K]) satisfies

the first-order stationary conditions of Problem (2.32).

Note that one sufficient condition to ensure the existence of the accumulation point is

that, at each iteration step i+1, given Bi and (βi
k, ∀k ∈ [K]) obtained from the previous

iteration i, the optimal solution of the following problem is bounded:

min
x,ũk,uk,∀k∈[K]

{
L
(
Bi, (x, ũk,uk,∀k ∈ [K]) ,

(
βi

k,∀k ∈ [K]
)) ∣∣ (2.32b)} . (2.37)

This implies that, at iteration step i + 1, the optimal solution of Problem (2.37), i.e.,

(x, ũk,uk,∀k ∈ [K])i+1, is bounded. By Assumption 3, the sequence {βi
k} is also bounded.

It follows that Bi+1 is also bounded because Bi+1 depends on βi
k, ui+1

k , and ũi+1
k by

Proposition 5. Therefore, the bounded sequence {Bi,xi, ũi
k,u

i
k,∀k ∈ [K]} must have

accumulation points.

2.6.2 Quality of the Dimensionality Reduction Solution B

Although the optimal value of our proposed three approximations can provide efficient

lower or upper bounds for the original optimal value, our derived ADMM algorithms may
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not produce an optimal solution for each corresponding approximation problem because

all three approximations are nonconvex problems. Therefore, it is important to recover

the efficient lower or upper bounds using the dimensionality reduction solution BADMM

returned by the ADMM algorithms. Clearly, a better dimensionality reduction solution

BADMM leads to a better lower or upper bound. Thus, we focus on the near-optimal di-

mensionality reduction solution BADMM that solving these outer and inner approximations

can produce, rather than the solution of x that the ADMM algorithm returns. Specifi-

cally, we use this BADMM to recover the lower or upper bound for the optimal value of

Problem (2.3) as follows.

• For Problem (2.25) (the first outer approximation), given the BADMM returned by

the ADMM algorithm, we solve the low-dimensional SDP problem (2.13) to retrieve

the lower bound.

• For Problem (2.26) (the inner approximation), given the BADMM returned by the

ADMM algorithm, we solve the low-dimensional SDP problem (2.29) to retrieve the

upper bound.

• For Problem (2.31) (the second outer approximation), given the [B1,B2]
ADMM re-

turned by the ADMM algorithm, we solve the low-dimensional SDP problem (2.13)

to retrieve the lower bound.

Note that for Problem (2.31), given the [B1,B2]
ADMM returned by the ADMM algorithm,

solving the subproblem of Problem (2.31) may not provide a lower bound for the original

optimal value. Therefore, to recover a lower bound, we solve the low-dimensional SDP

problem (2.13) to retrieve the lower bound.

In addition, we can measure the quality of theBADMM by deriving a theoretical interval

in which the optimal value of Problem (2.3) is located via the following proposition.

Proposition 6. Given any m1 ∈ [m] and B′ ∈ Bm1, we use (x∗, s∗, λ̂
∗
,q∗

r ,Q
∗
r ) to de-

note an optimal solution of Problem (2.13). Let P =
∑K

k=1(γ2/4)Im • Mk and S =
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min{Sk, ∀k ∈ [K]}, where

Mk =

(
B′q∗

r +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

B′q∗
r +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

,

Sk = s∗ − y0k(x
∗)− λ∗⊤

k b− yk(x
∗)⊤µ+ λ∗⊤

k Aµ, ∀k ∈ [K].

We have

ΘM(m)−Θ(m1,B
′) ≤ P

S
I(
√
P − S < 0) + (2

√
P − S)I(

√
P − S ≥ 0).

Given any feasible B′ ∈ Bm1 , solving the low-dimensional SDP problem (2.13) to

obtain (x∗, s∗, λ̂
∗
,q∗

r ,Q
∗
r ) is efficient. Thus, by solving an easy problem, we can obtain

a theoretical lower bound Θ(m1,B
′) and upper bound Θ(m1,B

′) + (P/S)I(
√
P − S <

0) + (2
√
P − S)I(

√
P − S ≥ 0) for the original Problem (2.3) and quantify the gap

between them in Proposition 6. More specifically, we can obtain their theoretical relative

gap (denoted by “Theoretical Gap”) as follows:

Theoretical Gap =
P
S
I(
√
P − S < 0) + (2

√
P − S)I(

√
P − S ≥ 0)

|Θ(m1,B′)|
× 100%. (2.38)

Note that this theoretical gap can be applied to all the three proposed approximations

(i.e., Problems (2.25), (2.26), and (2.31)) because the theoretical gap can be calculated

for any B′ ∈ Bm1 and all three approximations can yield a high-quality dimensionality re-

duction matrix BADMM satisfying (BADMM)⊤BADMM = Im1 by using our proposed ADMM

algorithm.

Proposition 6 implies that a better BADMM returned by our proposed ADMM algo-

rithms leads to a tighter theoretical gap. Note that our proposed three approximations

provide efficient lower and upper bounds for the original Problem (2.3) and two of them

are exact when we reduce the dimensionality of the uncertain space from m to m1 = K

(see Theorems 4 and 5). Thus, we expect to have a very high-quality dimensionality
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reduction solution BADMM returned by our ADMM algorithms, thereby implying a high-

quality theoretical gap (2.38). Our numerical results in Section 2.7.2 show that such a

theoretical gap is usually less than 5%.

2.7 Numerical Experiments

We perform extensive numerical experiments to demonstrate the effectiveness of our ODR

approach in solving two moment-based DRO problems: multiproduct newsvendor and

production-transportation problems. The mathematical models are implemented in MAT-

LAB R2022a (ver. 9.12) by the modeling language CVX (ver. 2.2) and solved by the

Mosek solver (ver. 9.3.20) on a PC with 64-bit Windows Operating System, an Intel(R)

Xeon(R) W-2195 CPU @ 2.30GHz processor, and a 128 GB of memory. The time limit

for each run is set at two hours. In Section 2.7.1, we specify the proposed inner and outer

approximations under the ODR approach in the context of the multiproduct newsvendor

and production-transportation problems. In Section 2.7.2, we report and analyze all the

numerical results. All the data instances and source code can be found in Jiang et al.

(2025a).

2.7.1 Numerical Setup

2.7.1.1 Multiproduct Newsvendor Problem

In the deterministic multiproduct newsvendor problem (Cheramin et al. 2022), we consider

m products and the demand for each product i ∈ [m] is ξi. Given the wholesale, retail,

and salvage prices: c ∈ Rm
+ , v ∈ Rm

+ , and g ∈ Rm
+ , respectively, we decide an ordering

amount x ∈ Rm
+ to minimize the total cost

f (x, ξ) = max
{
(c− v)⊤ x, (c− g)⊤ x+ (g − v)⊤ ξ

}
.
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Note that this piecewise linear function f(x, ξ) has only two pieces, i.e., K = 2. When

the demand ξ is uncertain and its probability distribution belongs to a distributional

ambiguity set DM0 as defined in Section 2.2, we obtain the following DRO counterpart:

min
x≥0

max
P∈DM0

EP

[
max

{
(c− v)⊤ x, (c− g)⊤ x+ (g − v)⊤ ξ

}]
. (2.39)

We can apply Proposition 1 to reformulate Problem (2.39) and the proposed inner and

outer approximations (i.e., Problems (2.25), (2.26), and (2.31)) to approximate it (see

details in Appendix A.7.1).

When the dimension m of ξ is large, the original SDP reformulation of Problem (2.39)

(i.e., Problem (A.64)) becomes very difficult to solve because of the large-scale SDP

constraints. Nevertheless, our approximations under the ODR approach (i.e., Problems

(A.65)–(A.67)) have SDP matrices with very small sizes (e.g., K+1 = 3), largely reducing

the computational burden while maintaining the solution quality.

2.7.1.2 Production-Transportation Problem (Bertsimas et al. 2010)

The deterministic production-transportation problem considers G suppliers, each with

normalized capacity one, and H customers, each with demand dj (∀j ∈ [H]) such that∑H
j=1 dj ≤ G. Supplier i ∈ [G] produces xi goods with unit production cost ci and

delivers zij goods to customer j ∈ [H] with unit transportation cost ξij, thereby satisfying

all customer demands and minimizing the total cost. We can formulate this problem as

follows:

min
x,z

c⊤x+ ξ⊤z (2.40a)

s.t. 0 ≤ xi ≤ 1, ∀i ∈ [G], (2.40b)
G∑
i=1

zij = dj, ∀j ∈ [H],
H∑
j=1

zij = xi,∀i ∈ [G], zij ≥ 0, ∀i ∈ [G], j ∈ [H],(2.40c)
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where ξ = (ξij, ∀i ∈ [G], j ∈ [H])⊤ and zij = (zij, ∀i ∈ [G], j ∈ [H])⊤. Following

the same setting in Bertsimas et al. (2010), we consider ξ is random and its probability

distribution P belongs to DM0. Thus, we can derive the two-stage DRO counterpart:

min
x

{
c⊤x+ max

P∈DM0

EP [U (Q (x, ξ))]

∣∣∣∣ (2.40b)} , (2.41)

where U(Q(x, ξ)) = maxk∈[K]{αkQ(x, ξ) + βk} is a convex nondecreasing disutility func-

tion that incorporates risk attitudes into the second-stage cost and Q(x, ξ) = minz{ξ⊤z |

(2.40c)}. We can reformulate Problem (2.41) into an SDP problem and apply our inner

and outer approximations to approximate it (see details in Appendix A.7.2).

When the dimensionGH of ξ is large, the original SDP reformulation of Problem (2.41)

(i.e., Problem (A.68)) becomes very difficult to solve due to the high-dimensional SDP

constraints, while our approximations (i.e., Problems (A.70)–(A.72)) have SDP matrices

with very small sizes (e.g., K + 1) and can be solved efficiently.

2.7.2 Numerical Results

We compare the performance of our ODR approach (that provides two lower bounds and

one upper bound) with three benchmark approaches: (i) the Mosek solver with default

settings, which can provide the optimal value of the original problem; (ii) the low-rank

algorithm proposed by Burer and Monteiro (2003) to solve the SDP reformulation of the

original problem, i.e., Problem (2.4), generating a lower bound for the optimal value of

Problem (2.4); and (iii) the existing PCA approximation proposed by Cheramin et al.

(2022), generating PCA-based lower and upper bounds. For the third benchmark, we

consider the reduced dimension m1 ∈ {100%×dim(ξ), 80%×dim(ξ), 60%×dim(ξ), 40%×

dim(ξ), 20%× dim(ξ), K}, where dim(ξ) represents the dimension of the random vector

ξ. Note that K = 2 in the multiproduct newsvendor problem. For the production-

transportation problem, we consider K ∈ {5, 10, 15}. Our proposed inner and outer
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approximations under the ODR approach are solved using Algorithm 1, providing near-

optimal B∗ and recovering valid lower and upper bounds (see Section 2.6.2). For all

instances, through tuning a range of values, we set the initial Lagrangian multipliers

(βk,∀k ∈ [K]) to 0 and the penalty parameters (ρk,∀k ∈ [K]) to 200 in Algorithm 1.

2.7.2.1 Instance Generation and Table Header Description

We consider various instances of the multiproduct newsvendor and production-transportation

problems. In the multiproduct newsvendor problem, the mean and standard deviation of

ξ are randomly generated from the intervals [0, 10] and [1, 2], respectively. We further gen-

erate a correlation matrix randomly using the MATLAB function “gallery(‘randcorr’,n)”

and then convert it to a covariance matrix. We follow Xu et al. (2018) to set the wholesale,

retail, and savage prices as ci = 0.1(5+i−1), vi = 0.15(5+i−1), and gi = 0.05(5+i−1) for

any i ∈ [m], respectively. Meanwhile, we considerm ∈ {100, 200, 400, 800, 1200, 1600, 2000}

in this problem.

In the production-transportation problem, we follow Bertsimas et al. (2010) to ran-

domly generate the locations of G suppliers and H customers from a unit square and

use ξij to measure the distance between supplier i ∈ [G] and customer j ∈ [H]. For any

i ∈ [G] and j ∈ [H], we generate 10, 000 samples of ξij from the interval [0.5ξ̄ij, 1.5ξ̄ij] and

use them to estimate the mean, standard deviation, and covariance matrix of ξ. Using

γ0 denoting the average transportation cost, we then generate production cost ci and de-

mand dj uniformly on the intervals [0.5γ0, 1.5γ0] and [0.5G/H,G/H], respectively, for any

i ∈ [G] and j ∈ [H]. The disutility function U(x) = 0.25(e2x − 1) and is approximated by

a piecewise-linear function with K equidistant segments on the interval [0, 1]. Meanwhile,

we consider (G,H) ∈ {(4, 25), (5, 20), (5, 40), (8, 25), (10, 40), (20, 30), (20, 40)}.

For any given value of m in the multiproduct newsvendor problem or (G,H) in the

production-transportation problem, we randomly generate five instances and report the

average performance in Tables 2.1–2.4. Here we describe several table headers that are
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shared by these tables. We use “Mosek” and “Low-rank” to represent the performance of

the Mosek solver and the low-rank algorithm (Burer and Monteiro 2003), respectively. The

abbreviations “LB,” “UB,” and “RLB” represent lower, upper, and revisited lower bounds,

respectively. Specifically, the labels “ODR-LB,” “ODR-UB,” and “ODR-RLB” denote the

lower-bound performance after solving the first outer approximation (2.25) with m1 = K,

the upper-bound performance after solving the inner approximation (2.26) with m1 = K,

and the other lower-bound performance after solving the second outer approximation

(2.31) with m1 = K, respectively. Note that using the dimensionality reduction solution

B given by our proposed ADMM algorithms after solving each approximation, we retrieve

the corresponding lower or upper bound following the recovery process described in Section

2.6.2. We use “PCA-100%,” “PCA-80%,” “PCA-60%,” “PCA-40%,” “PCA-20%,” and

“PCA-K” to denote the performance of the PCA approximation by Cheramin et al.

(2022) when the reduced dimensionm1 equals 100%×dim(ξ), 80%×dim(ξ), 60%×dim(ξ),

40%×dim(ξ), 20%×dim(ξ), andK, respectively. For instance, “PCA-20%” and “PCA-2”

in Table 2.1 denote the performance of the case whenm1 = 20%×dim(ξ) andm1 = K = 2,

respectively.

In all the tables, we use “Size” to represent the value ofm in the multiproduct newsven-

dor problem or (G,H) in the production-transportation problem and “Time” to represent

the computational time in seconds required to solve each instance. Note that following the

recovery process described in Section 2.6.2, the computational time includes two parts.

The first part is the time spent using the ADMM algorithm to solve an approximation

problem. The second part is the time spent solving the lower- or upper-bound subprob-

lem. The lower-bound subproblem (2.13) and the upper-bound subproblem (2.29) are

low-dimensional SDP problems. In all our computational experiments, the time spent on

the second part is less than 1% of the time spent on the first part. Therefore, we report

the total time without separately distinguishing between the two parts. We use “Gap1”

(resp. “Gap2”) to represent the relative gap in percentage between a lower (resp. an
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upper) bound and the optimal value provided by the Mosek solver. That is,

Gap1 =
optimal value− lower bound

|optimal value|
× 100%, Gap2 =

upper bound− optimal value

|optimal value|
× 100%.

We further use “Interval Gap” to represent the relative gap in percentage between a lower

bound and an upper bound, i.e.,

Interval Gap =
upper bound− lower bound

|upper bound|
× 100%. (2.42)

Specifically, for both the ODR approach and the low-rank algorithm, we take the objective

value of “ODR-UB” as the value of “upper bound” in (2.42). For the PCA approximation

approach, the value of “upper bound” in (2.42) is provided by this approach itself. The

value of the “Theoretical Gap” for each instance is defined in (2.38).

To further illustrate how to calculate the “Interval Gap,” we consider the “Interval

Gap” in the row “ODR-LB” of Table 2.1 as an example. We first use our ADMM algo-

rithm to solve the first outer approximation, i.e., Problem (2.25), and record the obtained

dimensionality reduction solution BLB. Given this BLB, we solve Problem (2.13) and

obtain Θ(m1,B
LB), which is a lower bound. We then use the ADMM algorithm to solve

the inner approximation, i.e., Problem (2.26), and record BUB. Given this BUB, we solve

Problem (2.29) and obtain Θ(m1,B
UB), which is an upper bound. Thus, we calculate the

“Interval Gap” by (Θ(m1,B
UB)−Θ(m1,B

LB))/|Θ(m1,B
UB)| × 100%.

Finally, we use “-” to represent that no result can be obtained within the time limit

(i.e., two hours). For instance, the Mosek solver cannot solve the original problem to the

optimality within two hours for the newsvendor problem with m ≥ 400. Hence, we cannot

obtain the value of “Gap1” for the “Mosek,” “ODR-LB,” and “ODR-RLB” approaches.
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Table 2.1: Average Performance on the Newsvendor Problem
Size (m) 100 200 400 800 1200 1600 2000

Mosek Time (secs) 13.02 363.54 - - - - -

Low-rank
Gap1 (%) 2.52 1.79 - - - - -

Time (secs) 0.26 0.80 5.46 47.34 110.33 309.00 825.62

Interval Gap (%) 4.27 3.66 2.67 2.32 2.28 2.36 2.52

ODR-LB
Gap1 (%) 0.09 0.00 - - - - -

Time (secs) 0.77 0.78 0.83 0.85 1.13 2.01 2.54

Interval Gap (%) 1.81 1.83 1.44 1.44 1.56 1.73 1.96

Theoretical Gap (%) 2.73 3.27 2.47 3.15 4.28 2.91 3.58

ODR-RLB
Gap1 (%) 0.03 0.03 - - - - -

Time (secs) 1.95 2.60 4.33 9.75 20.83 38.36 56.68

Interval Gap (%) 1.74 1.86 1.46 1.46 1.56 1.78 1.98

Theoretical Gap (%) 1.92 2.36 1.27 2.44 1.90 3.01 2.58

ODR-UB
Gap2 (%) 1.68 1.80 - - - - -

Time (secs) 1.95 2.60 4.33 9.75 20.83 38.36 56.68

Theoretical Gap (%) 1.92 2.36 1.27 2.44 1.90 3.01 2.58

PCA-100%

Gap1 (%) 0.00 0.00 - - - - -

Time (secs) 13.04 361.54 - - - - -

Gap2 (%) 0.00 0.00 - - - - -

Time (secs) 12.99 361.91 - - - - -

Interval Gap (%) 0.00 0.00 - - - - -

PCA-80%

Gap1 (%) 0.50 0.31 - - - - -

Time (secs) 5.05 120.72 3348.00 - - - -

Gap2 (%) 12.23 11.13 - - - - -

Time (secs) 7.77 155.39 4793.72 - - - -

Interval Gap (%) 14.54 12.90 13.57 - - - -

PCA-60%

Gap1 (%) 0.98 0.73 - - - - -

Time (secs) 1.44 28.73 785.63 - - - -

Gap2 (%) 23.33 24.07 - - - - -

Time (secs) 2.29 44.28 1196.98 - - - -

Interval Gap (%) 31.76 32.79 31.87 - - - -

PCA-40%

Gap1 (%) 1.69 1.20 - - - - -

Time (secs) 0.39 5.21 125.43 3351.00 - - -

Gap2 (%) 35.79 35.94 - - - - -

Time (secs) 0.57 8.03 177.96 5237.40 - - -

Interval Gap (%) 58.50 58.26 56.45 57.18 - - -

PCA-20%

Gap1 (%) 2.71 1.90 - - - - -

Time (secs) 0.15 0.43 6.49 136.97 971.60 3546.30 -

Gap2 (%) 47.92 48.19 - - - - -

Time (secs) 0.17 0.60 9.25 203.97 1340.46 4940.28 -

Interval Gap (%) 97.74 84.05 90.65 93.17 92.38 94.27 -

PCA-2

Gap1 (%) 4.26 3.24 - - - - -

Time (secs) 0.11 0.12 0.13 0.20 0.26 0.36 0.50

Gap2 (%) 57.60 59.25 - - - - -

Time (secs) 0.13 0.14 0.16 0.22 0.32 0.46 0.60

Interval Gap (%) 147.12 154.40 141.39 149.18 146.92 150.96 153.57
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Table 2.2: Average Performance on the Production-Transportation Problem with K = 5
Size ((G,H)) (4,25) (5,20) (5,40) (8,25) (10,40) (20,30) (20,40)

Mosek Time (secs) 56.04 70.10 1524.45 1612.68 - - -

Low-rank
Gap1 (%) 3.69 4.17 2.94 3.42 - - -

Time (secs) 14.87 15.28 44.82 41.34 192.21 710.28 1678.21

Interval Gap (%) 3.69 4.17 2.94 3.42 5.44 4.12 5.93

ODR-LB

Gap1 (%) 0.14 0.34 0.22 0.29 - - -

Time (secs) 4.03 3.63 6.01 4.82 12.41 25.03 57.79

Interval Gap (%) 0.15 0.34 0.43 0.29 0.52 0.55 0.51

Theoretical Gap (%) 1.24 1.07 4.91 0.77 2.71 1.25 1.09

ODR-RLB

Gap1 (%) 0.01 0.02 0.01 0.00 - - -

Time (secs) 5.42 5.36 22.40 20.86 123.64 330.29 665.43

Interval Gap (%) 0.02 0.02 0.01 0.01 0.00 0.00 0.00

Theoretical Gap (%) 1.13 1.17 1.80 0.81 1.22 1.92 1.32

ODR-UB
Gap2 (%) 0.01 0.01 0.00 0.00 - - -

Time (secs) 5.48 5.32 22.41 20.86 123.48 329.95 665.35

Theoretical Gap (%) 1.13 1.17 1.80 0.81 1.22 1.92 1.32

PCA-100%

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 56.74 68.76 1521.32 1612.94 - - -

Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 55.49 68.49 1521.04 1611.67 - - -

Interval Gap (%) 0.00 0.00 0.00 0.00 - - -

PCA-80%

Gap1 (%) 0.52 0.99 0.33 1.50 - - -

Time (secs) 23.41 27.68 589.74 625.65 - - -

Gap2 (%) 3.31 2.18 1.15 2.76 - - -

Time (secs) 29.33 31.20 657.78 639.09 - - -

Interval Gap (%) 3.63 3.08 1.44 4.12 - - -

PCA-60%

Gap1 (%) 1.60 2.61 1.26 3.41 - - -

Time (secs) 8.54 8.41 143.60 115.54 3087.98 - -

Gap2 (%) 9.02 7.33 3.45 8.62 - - -

Time (secs) 9.04 8.88 158.95 152.21 3484.45 - -

Interval Gap (%) 9.50 9.17 4.36 11.04 4.85 - -

PCA-40%

Gap1 (%) 3.75 4.23 2.33 4.00 - - -

Time (secs) 2.18 2.11 30.80 23.44 512.53 3004.06 -

Gap2 (%) 14.05 11.58 6.57 9.96 - - -

Time (secs) 2.61 2.37 37.08 30.60 633.00 3149.11 -

Interval Gap (%) 15.42 14.04 7.94 12.66 8.52 5.05 -

PCA-20%

Gap1 (%) 4.45 5.41 3.59 4.16 - - -

Time (secs) 0.74 0.69 6.21 5.59 38.03 205.25 741.71

Gap2 (%) 17.07 12.66 9.25 10.08 - - -

Time (secs) 1.11 1.01 7.31 6.26 64.54 276.63 883.55

Interval Gap (%) 18.35 15.95 11.32 12.91 9.39 5.22 4.85

PCA-5

Gap1 (%) 5.35 5.73 4.55 4.39 - - -

Time (secs) 0.38 0.36 0.52 0.45 0.66 0.79 1.00

Gap2 (%) 17.99 15.35 12.71 10.08 - - -

Time (secs) 0.78 0.72 2.35 2.08 10.41 27.98 68.39

Interval Gap (%) 19.76 18.26 15.15 13.12 9.69 5.48 5.14
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Table 2.3: Average Performance on the Production-Transportation Problem with K = 10
Size ((G,H)) (4,25) (5,20) (5,40) (8,25) (10,40) (20,30) (20,40)

Mosek Time (secs) 115.52 103.52 2866.54 2857.47 - - -

Low-rank
Gap1 (%) 3.41 3.92 3.21 4.08 - - -

Time (secs) 17.67 18.41 56.22 54.17 227.71 929.00 1907.28

Interval Gap (%) 3.41 3.92 3.21 4.08 5.27 6.2 4.62

ODR-LB

Gap1 (%) 0.12 0.19 0.13 0.25 - - -

Time (secs) 6.65 6.41 11.11 10.31 31.42 61.41 131.10

Interval Gap (%) 0.12 0.19 0.13 0.25 0.22 0.19 0.25

Theoretical Gap (%) 1.78 1.97 2.96 1.19 2.10 1.49 1.22

ODR-RLB

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 11.22 10.65 40.34 32.95 122.54 342.80 748.11

Interval Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Theoretical Gap (%) 1.86 2.27 1.74 1.22 2.10 1.39 2.30

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 11.14 10.69 40.28 32.92 122.48 344.10 747.90

Theoretical Gap (%) 1.86 2.27 1.74 1.22 2.10 1.39 2.30

PCA-100%

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 115.74 102.90 2852.43 2851.09 - - -

Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 116.32 103.70 2853.10 2859.01 - - -

Interval Gap (%) 0.00 0.00 0.00 0.00 - - -

PCA-80%

Gap1 (%) 0.47 0.39 0.38 0.58 - - -

Time (secs) 52.31 50.48 1101.61 979.90 - - -

Gap2 (%) 0.04 0.04 0.02 0.02 - - -

Time (secs) 58.12 58.88 1392.67 1364.82 - - -

Interval Gap (%) 0.51 0.42 0.40 0.61 - - -

PCA-60%

Gap1 (%) 1.54 1.39 0.98 1.57 - - -

Time (secs) 14.48 15.54 270.80 240.40 4182.33 - -

Gap2 (%) 0.96 0.34 0.34 0.40 - - -

Time (secs) 19.64 20.83 455.00 440.12 4582.31 - -

Interval Gap (%) 2.46 1.72 1.32 1.95 2.61 - -

PCA-40%

Gap1 (%) 2.30 2.31 1.76 2.18 - - -

Time (secs) 4.19 4.04 53.67 45.22 831.61 4312.63 -

Gap2 (%) 1.85 1.63 1.10 0.77 - - -

Time (secs) 6.19 5.96 94.74 97.70 931.48 4792.10 -

Interval Gap (%) 4.05 3.87 2.81 2.92 5.01 4.95 -

PCA-20%

Gap1 (%) 2.98 3.20 2.26 2.39 - - -

Time (secs) 2.26 1.91 7.72 7.02 52.34 361.81 1038.72

Gap2 (%) 2.24 2.44 1.71 1.07 - - -

Time (secs) 3.83 3.52 18.70 18.07 71.38 428.93 1391.25

Interval Gap (%) 5.09 5.49 3.90 3.42 6.21 5.48 4.29

PCA-10

Gap1 (%) 3.36 3.26 2.40 2.53 - - -

Time (secs) 0.83 0.76 1.19 1.00 2.01 1.95 2.54

Gap2 (%) 2.51 2.48 2.09 1.11 - - -

Time (secs) 1.93 1.81 7.12 5.97 21.15 43.62 79.15

Interval Gap (%) 5.72 5.59 4.40 3.60 6.36 7.28 6.04
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Table 2.4: Average Performance on the Production-Transportation Problem with K = 15
Size ((G,H)) (4,25) (5,20) (5,40) (8,25) (10,40) (20,30) (20,40)

Mosek Time (secs) 154.22 159.12 4004.18 4099.14 - - -

Low-rank
Gap1 (%) 4.51 3.52 4.06 5.91 - - -

Time (secs) 21.73 28.14 74.20 62.18 331.01 1124.41 2271.82

Interval Gap (%) 4.51 3.52 4.06 5.91 4.22 5.11 4.83

ODR-LB

Gap1 (%) 0.05 0.10 0.12 0.15 - - -

Time (secs) 13.92 16.56 22.11 26.16 43.02 80.51 168.90

Interval Gap (%) 0.05 0.10 0.12 0.15 0.11 0.13 0.09

Theoretical Gap (%) 4.69 5.22 5.57 6.38 3.29 4.41 3.95

ODR-RLB

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 22.60 21.45 77.18 63.99 241.03 689.24 1550.21

Interval Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Theoretical Gap (%) 1.38 2.61 1.79 1.73 2.14 1.94 2.25

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 22.61 21.44 76.99 64.08 149.21 401.63 878.68

Theoretical Gap (%) 1.38 2.61 1.79 1.73 2.14 1.94 2.25

PCA-100%

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 154.64 158.67 4024.62 4095.91 - - -

Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 156.32 155.64 4050.04 4059.01 - - -

Interval Gap (%) 0.00 0.00 0.00 0.00 - - -

PCA-80%

Gap1 (%) 0.47 0.53 0.62 0.58 - - -

Time (secs) 68.31 69.22 1439.48 1428.65 - - -

Gap2 (%) 0.04 0.06 0.15 0.08 - - -

Time (secs) 79.55 80.20 2120.31 2146.05 - - -

Interval Gap (%) 0.51 0.57 0.75 0.62 - - -

PCA-60%

Gap1 (%) 0.95 1.13 1.28 1.25 - - -

Time (secs) 22.50 25.11 411.27 398.64 - - -

Gap2 (%) 0.22 0.31 0.47 0.62 - - -

Time (secs) 33.28 38.11 658.16 624.21 - - -

Interval Gap (%) 1.17 1.40 1.74 1.85 - - -

PCA-40%

Gap1 (%) 1.68 1.67 1.78 1.81 - - -

Time (secs) 6.61 8.53 81.20 80.88 1553.12 - -

Gap2 (%) 1.65 2.58 2.54 1.96 - - -

Time (secs) 10.21 12.37 137.98 155.84 2296.17 - -

Interval Gap (%) 3.23 4.27 4.31 3.76 4.53 - -

PCA-20%

Gap1 (%) 2.22 3.01 2.09 1.91 - - -

Time (secs) 4.74 4.98 13.21 14.20 81.28 375.81 1671.21

Gap2 (%) 3.07 3.61 2.98 2.48 - - -

Time (secs) 9.24 8.19 27.26 28.79 124.04 496.38 2517.39

Interval Gap (%) 5.27 6.59 5.06 4.22 5.78 6.29 5.88

PCA-15

Gap1 (%) 2.24 3.32 2.94 3.09 - - -

Time (secs) 1.91 2.07 2.52 2.73 4.25 4.87 6.27

Gap2 (%) 3.10 4.12 3.57 4.01 - - -

Time (secs) 4.74 5.12 12.86 12.92 23.16 48.21 95.72

Interval Gap (%) 5.31 7.40 6.41 7.03 6.42 7.19 6.83
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2.7.2.2 Numerical Performance

From Tables 2.1–2.4, we have the following observations. First, in the newsvendor prob-

lem with m ∈ {100, 200} and the production-transportation problem with (G,H) ∈

{(4, 25), (5, 20), (5, 40), (8, 25)}, the Mosek solver solves each instance of the original prob-

lem to the optimality. Our ODR approach performs much better than the three bench-

mark approaches. Both the “ODR-LB” and “ODR-RLB” provide a smaller value of

“Gap1” than the low-rank algorithm and the PCA approximation, and require a shorter

computational time than the three benchmark approaches. The “ODR-UB” also provides

a smaller value of “Gap2” than the PCA approximation if m1 ̸= 100% × dim(ξ) therein

and requires shorter computational time.

Specifically, the objective value of our “ODR-LB” reaches the optimal value of the

original problem for some instances of the multiproduct newsvendor problem (see Table

2.1) and provides near-optimal solutions for the production-transportation problem with

“Gap1” less than 0.34% (see Tables 2.2–2.4). More importantly, the “ODR-LB” reduces

the computational time by up to three orders of magnitude compared to the Mosek solver.

In addition, the “ODR-RLB” and “ODR-UB” reach the optimal value of the original

problem for all instances in Tables 2.3–2.4 and provide objective values that are near-

optimal (within 1.8% for all instances and 0.03% for most instances) in Tables 2.1–2.2,

while reducing the computational time significantly. The results imply that our ADMM

algorithms return the optimal B∗ for most instances and the numerical gap between our

derived lower and upper bounds (i.e., “Interval Gap”) can be tight.

In addition, Tables 2.1–2.4 show that our ODR approach (including “ODR-LB,”

“ODR-UB,” and “ODR-RLB”) provides a better solution in terms of the objective value

than the PCA approximation if the reduced dimension m1 ≤ 80%× dim(ξ) in the latter

approach. That is, even if we maintain 80% of the random parameters corresponding to

the largest eigenvalues to be uncertain in the PCA approximation by focusing on only

their statistical information, the performance is worse than our ODR approach, where we
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optimize the dimensionality reduction from dim(ξ) to K (i.e., maintaining only 1% of the

original dimensionality size when m = 200 and K = 2 for the multiproduct newsvendor

problem). More importantly, the inner and outer approximations of our ODR approach

can be solved efficiently.

Second, when the problem size is large, i.e., m ≥ 400 in the newsvendor problem

and (G,H) ∈ {(10, 40), (20, 30), (20, 40)} in the production-transportation problem, the

Mosek solver cannot solve any instance of the original problem to the optimality. Our

ODR approach also performs better than the three benchmark approaches. Tables 2.1–

2.4 show that “ODR-LB” provides a smaller value of “Interval Gap” (within 2%) and

requires a much shorter computational time than both the low-rank algorithm and the

PCA approximation. For instance, when m = 1600 in the multiproduct newsvendor

problem, the low-rank algorithm and “ODR-LB” take 309 and 2.01 seconds to solve an

instance of the multiproduct newsvendor problem and provide the value of “Interval Gap”

at 2.36% and 1.73%, respectively. The PCA approximation solves this instance only when

the reduced dimension m1 is not larger than 20%×m, by which it takes 3546.3 seconds

while the solution quality is very poor, providing the value of “Interval Gap” at 94.27%.

Tables 2.2–2.4 show that the “ODR-RLB” and “ODR-UB” reach the optimal value of

the original problem for all instances (with “Interval Gap” at 0); that is, our ADMM

algorithms return the optimal B∗. Meanwhile, the value of the “Theoretical Gap” is

mostly within 5%. More importantly, our ODR approach is not sensitive to the value

of dim(ξ), while the benchmark approaches perform much worse when dim(ξ) is larger.

Thus, when we cannot obtain the optimal value of the original problem, the “ODR-LB”,

“ODR-RLB”, and “ODR-UB” can be efficiently solved to provide a narrower interval that

includes the optimal value than the benchmark approaches. That is, our ODR approach

can provide a near-optimal solution very efficiently for the moment-based DRO problems

where other best possible benchmark approaches are struggling.

Third, “ODR-RLB” leads to better solution quality than “ODR-LB”. From Tables 2.1-
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2.4, we observe that (i) there is no significant difference between the theoretical gaps of

two outer approximations, (ii) the “Gap1” and “Interval Gap” of “ODR-RLB” are smaller

than those of “ODR-LB” for most instances. Thus, we recommend that practitioners solve

the second outer approximation to obtain a lower bound, where this approximation also

provides a theoretical optimality guarantee when m1 = K (see Theorem 5).

Furthermore, although we obtain near-optimal solutions by setting m1 = K in the

ODR approach, the sensitivity analyses of our ODR approach in Tables A.3–A.5 (see

details in Appendix A.7.4) with respect to m1 also show valuable results. Specifically,

we consider the production-transportation problem (2.41), where m1 takes values from

{3, 5, 7} whenK = 5, {8, 10, 12} whenK = 10, and {13, 15, 17} whenK = 15. Concerning

our ODR approach (i.e., “ODR-LB,” “ODR-UB,” and “ODR-RLB”), we observe a general

trend where the values of “Gap1,” “Gap2,” and “Interval Gap” all tend to decrease as

m1 increases. This trend aligns with the theoretical results in Theorems 1, 3, and 5.

Meanwhile, we consider the same problem with G = 5, H = 20, and K = 10 and

provide a line chart in Figure 2.1 to demonstrate the trend concerning the value of m1

in a higher granularity. These results demonstrate that (i) the computational times of

our three approximations increase when we choose a larger m1, (ii) for the first outer

approximation, the gap between the lower bound and the optimal value decreases from

0.28% to 0.01% when we increasem1 from 2 to 40, (iii) for the second outer approximation

and the inner approximation, a similar conclusion holds, and they will achieve the original

optimal value when we choose m1 ≥ 6. These results also demonstrate that m1 = K is

a good choice, and increasing m1 further may not bring significant improvement in terms

of solution quality. Combining the tightness results from Theorems 4 and 5 and the

sensitivity analyses here, we recommend that practitioners choose m1 = K to ensure that

the proposed approximations yield high-quality results.
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Figure 2.1: Sensitivity Analyses on the Production-Transportation Problem

2.7.2.3 Numerical Insights

In the multiproduct newsvendor problem, Tables 2.1 show that our ODR approach per-

forms better than the PCA approximation with respect to the objective values for all the

cases except that the “PCA-100%” (i.e., the original problem) provides the optimal value

when the problem size is small. Note that the PCA approximation reduces the dimen-

sionality of the random vector ξ by focusing on only the statistical information of ξ, while

the ODR approach integrates the dimensionality reduction with the optimization of the

original problem. Here we would like to further demonstrate the benefits of our approach,

thereby providing insights into how we can choose the value of B without solving the

models in our ODR approach.

Consider the multiproduct newsvendor problem. The PCA approximation chooses the

random parameters corresponding to the largest eigenvalues by maximizing the expecta-

tion of ξ⊤ξ, i.e., the variability of ξ. Adopting the idea of our ODR approach to integrate

the dimensionality reduction with the subsequent optimization problem, we can consider

the objective function f(x, ξ) when choosing the random parameters in ξ. Specifically,

we can maximize the variability of (g − v)⊤ξ, which is the only random component in
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f(x, ξ). By (2.9), we solve the following problem to reduce the dimension from m to m1:

max
B⊤B=Im1

EP
[
(g − v)⊤ξξ⊤(g − v)

]
≈EP

[
(g − v)⊤

(
UΛ

1
2Bξr + µ

)(
UΛ

1
2Bξr + µ

)⊤
(g − v)

]
=EP

[
(g − v)⊤

((
UΛ

1
2Bξr

)(
UΛ

1
2Bξr

)⊤
+ 2UΛ

1
2Bξrµ

⊤ + µµ⊤
)
(g − v)

]
=EP

[
(g − v)⊤

((
UΛ

1
2Bξr

)(
UΛ

1
2Bξr

)⊤
+ µµ⊤

)
(g − v)

]
. (2.43)

By introducing r = (Λ
1
2U⊤)(g−v), Problem (2.43) clearly has the same optimal solution

as

max
B⊤B=Im1

r⊤BB⊤r. (2.44)

Proposition 7. We have B∗ =

[
r/∥r∥2,0m×(m1−1)

]
is an optimal solution of Problem

(2.44).

By considering the partial feature of the original optimization problem, the optimal

B∗ of Problem (2.43) by Proposition 7 performs better than the PCA approximation that

only considers statistical information of random parameters. Note that our proposed in-

ner and outer approximations of the ODR approach consider the complete feature of the

original optimization problem and can provide an even better choice of B. In the multi-

product newsvendor problem with K = 2, we can compare the B∗ of Problem (2.43) with

the optimal B provided by our proposed outer approximation (2.25) withm1 = K. Specif-

ically, letting m = 10, we have (i) the optimal value given by the PCA approximation

(lower bound) withm1 = K is−18.62; (ii) the optimal value given by (2.43) is−17.53 with

B =

[
−0.8696 −0.0478 0.3285 −0.0930 −0.2762 0.2126 −0.0456 −0.0034 0.0361 0.0097

0 0 0 0 0 0 0 0 0 0

]⊤
; (iii) the

optimal value given by (2.25) (lower bound) with m1 = K is −17.38 with B =[
−0.8964 −0.1886 0.2094 −0.0327 −0.2497 0.2215 −0.0548 −0.0216 0.0289 0.0104

0.0143 0.0052 −0.0014 −0.0004 0.0034 −0.0035 0.0010 0.0006 −0.0003 −0.0002

]⊤
. Clearly,

our ODR approach performs the best and the value of B from solving (2.43) is close to

that from our ODR approach (the Frobenius norm of the difference between the two ma-
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trices is less than 0.1). That is, if a decision-maker does not have enough capacity to solve

the approximations of our ODR approach, the decision-maker may consider the partial

feature of the optimization problem when reducing the dimensionality.

2.8 Conclusion

Moment-based DRO provides a theoretical framework to integrate moment-based infor-

mation from available data with optimal decision-making. Extensive studies have demon-

strated the effectiveness of this framework in solving various industrial applications under

uncertainties. Although moment-based DRO problems can be reformulated as SDPs that

can be solved in polynomial time, solving high-dimensional SDPs is significantly chal-

lenging. More importantly, high-dimensional random parameters are generally involved

in industrial applications, demanding efficient approaches to solve the high-dimensional

SDPs in the context of moment-based DRO.

Current approaches adopt the PCA to first reduce the dimensionality of random

parameters using only the statistical information and then solve the subsequent low-

dimensional approximation (SDPs). We show that performing dimensionality reduction

using the components with the largest variability may not produce a good optimal value

from the subsequent PCA approximation and it can be even worse than using the com-

ponents with the least variability (Example 1). Thus, we integrate the dimensionality

reduction with subsequent SDP problems and hence propose an optimized dimension-

ality reduction (ODR) approach for the moment-based DRO (Sections 2.3–2.5), aiming

to drastically reduce the computational time of solving the SDP reformulations while

maintaining the optimal solution of the original problem.

We first derive an outer approximation under the ODR approach to provide a lower

bound for the optimal value of the original problem (Theorem 1), where the lower bound

is nondecreasing in the reduced dimension m1. We aim to choose a small m1 to close the
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approximation gap between the derived lower bound and the original optimal value. To

that end, we show that the rank of each SDP matrix with respect to an optimal solution of

the original high-dimensional SDP reformulation is small, guiding us on how to optimize

the dimensionality reduction (Theorem 2). With this low-rank property, we observe that

the derived lower bound can be close to the original optimal value (Theorem 9) but may

not reach it (Example 2). Nevertheless, Theorem 9 demonstrates that we are not far

from closing the approximation gap and motivates us to derive an inner approximation

to provide an upper bound for the optimal value of the original problem (Theorem 3).

More importantly, this upper bound reaches the original optimal value when the reduced

dimension m1 is small (Theorem 4). Building on this significant result, we further derive

an outer approximation to provide the second lower bound for the optimal value of the

original problem, where the gap between the new lower bound and the original optimal

value can be closed when the reduced dimension m1 is small (Theorem 5).

The two outer and one inner approximations derived for the original problem are all

low-dimensional SDPs and nonconvex with bilinear terms (Propositions 2 and 3 and The-

orem 5). We accordingly develop modified ADMM algorithms to solve them efficiently

(Section 2.6) and analyze the convergence property of the ADMM algorithms (see Section

2.6.1). Based on the near-optimal dimensionality reduction solution BADMM returned by

the ADMM algorithms, we also explain how to recover the corresponding lower and up-

per bounds for the original optimal value (see Section 2.6.2). Finally, we demonstrate the

effectiveness of our ODR approach in solving multiproduct newsvendor and production-

transportation problems. We compare our ODR approach and algorithms with three

benchmark approaches: the Mosek solver, the low-rank algorithm by Burer and Mon-

teiro (2003), and existing PCA approximations by Cheramin et al. (2022). The numerical

results show that our ODR approach significantly outperforms these benchmarks in com-

putational time and solution quality. Our approach can obtain an optimal or near-optimal

(mostly within 0.1%) solution and reduce the computational time by up to three orders of

magnitude. More importantly, unlike the existing approaches that become more computa-
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tionally challenging when the dimension m of random parameters increases, our approach

is not sensitive to m, demonstrating significant strength in solving large-scale practical

problems (Section 2.7.2.2). In addition, we provide insights into why our ODR approach

performs better than the existing PCA approximations (Section 2.7.2.3).

Our research can be further extended in various directions. First, this chapter consid-

ers a piece-wise linear cost function in the original problem. Thus, it would be attractive

to consider a more general objective function. Second, it would be interesting to apply

our approach to more application problems to generate practical insights. Third, it is

also of great interest to integrate the idea of dimensionality reduction into the Wasser-

stein DRO or two-stage stochastic programming. Fourth, our ODR approach can be

potentially generalized to solve general SDPs with certain structures. Thus, it would be

appealing to exploit the structures of SDP constraints and apply the ODR approach to

solve more general SDPs. Fifth, it would be an interesting extension to consider cases

with K ≥ m. Note that for these cases, our proposed ODR approach can still be used to

improve the traditional PCA approximation by choosing an appropriate m1 such that the

solution quality is good and the computational time is short, and also provide theoreti-

cal guarantees that bound the gap between the proposed upper bound and the original

optimal value, as well as the gap between the original optimal value and the proposed

lower bound. Nevertheless, we may not provide clear guidance on choosing m1 so that

our proposed approximations achieve the optimal value of the original problem. We leave

the above extensions for future research.
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Chapter 3

Asymptotically Tight MILP

Approximations for a Non-convex

QCP

3.1 Introduction

Quadratically constrained programs (QCPs), characterized by quadratic constraints, have

attracted substantial attention due to their extensive applications across various indus-

tries, including signal processing (Huang and Palomar 2014, De Maio et al. 2010), portfolio

optimization (Ban et al. 2018), wireless communications (Zhang and So 2011, Xiang and

Tao 2012), and machine learning (Zien and Ong 2007, Bach et al. 2004). For example, the

AC optimal power flow (ACOPF) problem in power system operations, as a fundamental

industrial problem, has been extensively studied and reformulated as a non-convex QCP

(Cain et al. 2012). Similarly, the joint decision and estimation (JDE) problem in signal

processing can also be reformulated as a non-convex QCP (Zang and Zhu 2022b). Such

significant applications of QCPs motivate us to develop efficient approaches to solve them.

Solving a QCP currently presents a significant challenge. If all quadratic functions are
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convex, the QCP can be reformulated as a second-order cone program (SOCP), which can

be solved in polynomial time. However, including non-convex quadratic functions makes

the QCP NP-hard, leading to a computational challenge. Various optimization solvers

(Sahinidis 1996, Tawarmalani and Sahinidis 2004, Belotti et al. 2009, Lin and Schrage

2009, Misener and Floudas 2013, 2014, Bestuzheva et al. 2021) have been developed to

tackle non-convex QCPs. Among them, the Gurobi solver (Gurobi 2024) currently stands

as one of the most widely used tools for solving non-convex QCPs. Specifically, a spatial

branch-and-bound framework (Al-Khayyal et al. 1995, Audet et al. 2000, Linderoth 2005)

is employed to search for the optimal solution. At each node of the branch-and-bound tree,

a relaxation of the subproblem needs to be solved, providing a dual bound for bounding

and pruning. The quality of the relaxation significantly impacts computational time, as a

tighter relaxation can substantially reduce the search time in the branch-and-bound tree.

Current relaxation techniques primarily involve McCormick inequalities (Misener and

Floudas 2012), reformulation-linearization technique (RLT) (Sherali and Adams 2013),

semidefinite programming (SDP) (Burer and Vandenbussche 2008), and various combi-

nations thereof. McCormick inequalities typically yield a linear programming relaxation

at each node, which is easy to solve but provides a loose dual bound. SDP relaxation

may offer a tighter dual bound but is time-consuming to solve. RLT can be employed

to further tighten existing relaxations. Shor relaxation (Shor 1987) represents a funda-

mental SDP relaxation for general QCPs, introducing the variable X = xx⊤ and relaxing

it to X ⪰ xx⊤. Building upon these foundations, Sturm and Zhang (2003) and Burer

and Yang (2015) combine SDP relaxations with the RLT (Sherali and Adams 2013) to

achieve exact relaxations for specific classes of QCPs. A comprehensive survey by Bao

et al. (2011) conducts an in-depth comparison of existing SDP relaxations for QCPs. This

survey covers various approaches, including standard Lagrangian relaxation (Wolkowicz

2000) and its variants (Poljak et al. 1995, Shor 1992, Wolkowicz 2000), Shor relaxation

(Shor 1990) and its variants (Sherali 2007), and doubly nonnegative relaxation (Burer
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2009). Specifically, Bao et al. (2011) demonstrate that the doubly nonnegative relaxation

and a specific variant of the Shor relaxation may outperform others in terms of relaxation

gap. In addition, other convex relaxations for non-convex QCPs are also studied. For ex-

ample, Jiang and Li (2019) use RLT to tighten the second-order cone (SOC)-constrained

convex relaxations of non-convex QCPs.

In this chapter, we present a novel approach to developing tighter relaxations for a non-

convex QCP using mixed-integer linear programming (MILP) approximations. The goal is

to provide a small optimality gap for the non-convex QCP within a short computational

time. To the best of our knowledge, we are among the first to utilize MILP approxima-

tions to solve non-convex QCPs, thereby providing an advantageous method to leverage

state-of-the-art MILP solvers. One relevant research is by Xia et al. (2020), which pro-

vides an MILP reformulation for non-convex quadratic programs with linear constraints.

Another relevant research in this context is by Dong and Luo (2018), which primarily

focuses on general mixed-integer quadratically constrained programs (MIQCPs). The

authors convexify all the non-convex quadratic constraints using diagonal perturbation

and consolidate the non-convexity within the constraint y = x2. They then approxi-

mate the relationship y = x2, eventually relaxing the MIQCP into a mixed-integer SOCP

(MISOCP). In our work, we develop a different approach by decomposing a non-convex

quadratic constraint into two constraints: ∥y∥ ≤ t and ∥z∥ ≥ t, where y, z, and t will be

properly defined. Such a decomposition allows us to incorporate the non-convexity of the

entire problem within the constraint ∥z∥ ≥ t. Subsequently, we employ two methods to

approximate ∥y∥ ≤ t and ∥z∥ ≥ t, thereby approximating the non-convex QCP with two

MILPs. The key contributions of our research can be summarized as follows:

• We first utilize an eigenvalue-based decomposition to express a non-convex quadratic

function as the difference of two convex functions. We then introduce an additional

variable t to partition each non-convex quadratic constraint into an SOC constraint

∥y∥ ≤ t and the complement of an SOC constraint ∥z∥ ≥ t. To approximate
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∥y∥ ≤ t, we employ two polyhedral approximation approaches. The constraint

∥z∥ ≥ t is approximated using a combination of linear and complementarity con-

straints. That is, we approximate the non-convex QCP with two linear programs

with complementarity constraints (LPCCs). Generally, the first LPCC approxima-

tion involves more variables, while the second has more constraints. We investigate

the trade-off between them through computational experiments.

• We demonstrate that the optimal values of the LPCCs asymptotically converge to

the optimal value of the original non-convex QCP as the approximation precision

increases. In addition, we establish the boundedness of the LPCCs by leveraging the

boundedness property of the original non-convex QCP. This boundedness allows the

LPCCs to be reformulated as MILPs. To the best of our knowledge, we are among

the first to propose LPCC/MILP approximations for non-convex QCPs.

• We perform extensive experiments to validate the effectiveness of our proposed

approximations, which yield smaller optimality gaps within shorter computational

times compared to a state-of-the-art commercial solver. To demonstrate the practi-

cality of our approach, we consider two applications: the joint decision and estima-

tion (JDE) problem and the two-trust-region subproblem (TTRS). The numerical

results substantiate the advantages of our proposed approximations in terms of op-

timality gap and computational time.

The remainder of this chapter is organized as follows. In Section 3.2, we approximate

a non-convex QCP with an LPCC and present theoretical results for this LPCC, which

can be further reformulated as an MILP. In Section 3.3, we propose an alternative MILP

approximation using a different polyhedral approximation of the SOC constraint. In

Section 3.4, we perform extensive experiments on our MILP approximations and provide

two applications. In Section 3.5, we conclude this chapter.

Notation
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For any integer n ≥ 1, we use [n] to represent the set {1, 2, . . . , n}. Vectors in n-

dimensional Euclidean space Rn are denoted by bold-faced lowercase letters (e.g., zero vec-

tor 0), and matrices are denoted by bold-faced uppercase letters (e.g., zero matrixO). The

symbol ⊤ denotes transposition. For any vector x ∈ Rn, we denote |x| = [|x1|, . . . , |xn|]⊤.

For any matrix X ∈ Rn×n, |X| represents the matrix with elementwise absolute values of

X. We let the symbol ∥ · ∥ denote the L2-norm. The nonnegative orthant is denoted by

Rn
+ := {x ∈ Rn | xi ≥ 0, ∀ i ∈ [n]}. The notation In represents the n× n identity matrix

with columns ei for all i ∈ [n], while e :=
n∑

i=1

ei = [1, . . . , 1]⊤ ∈ Rn. We use Rd×p and Rd×p
+

to denote the set of all d × p matrices and the subset of those with nonnegative entries,

respectively. For a given symmetric matrix H = H⊤, H ⪰ 0 indicates that H is positive

semidefinite (PSD). We let Sd := {X ∈ Rd×d | X = X⊤} be the set of d × d symmetric

matrices, and Z++ denote the set of all strictly positive integers.

3.2 Approximation of QCP

In this section, we present our approach to approximating a non-convex QCP. We decom-

pose each non-convex quadratic constraint in the non-convex QCP into an SOC constraint

and the complement of an SOC constraint. We introduce a method for approximating

these components and then approximate the non-convex QCP with an LPCC. We demon-

strate that the optimal value of the LPCC asymptotically converges to that of the QCP.

We further establish the boundedness of the feasible region for the LPCC, which allows

us to reformulate it into an MILP.

3.2.1 Decomposition of Quadratic Constraints

We consider the following non-convex QCP:

Θ∗ := min
x

c⊤0 x (3.1)
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s.t. x⊤Qix+ 2c⊤i x ≤ bi, ∀ i ∈ [m],

where Qi ∈ Sn for all i ∈ [m], ci ∈ Rn for all i ∈ {0, 1, . . . ,m}, and b := [b1, . . . , bm]
⊤ ∈

Rm. Throughout this chapter, we assume that the feasible region of Problem (3.1) is

bounded. That is, ∥x∥ ≤ U , where U > 0. Note that Problem (3.1) includes more

general quadratically constrained quadratic programs because we can make the objective

function linear by considering the epigraph form of the quadratically constrained quadratic

program.

For each i ∈ [m], we let Qi = AiA
⊤
i −BiB

⊤
i , where Ai ∈ Rn×k+i , Bi ∈ Rn×k−i , k+i is the

number of nonnegative eigenvalues of Qi, and k
−
i is the number of negative eigenvalues

of Qi. Thus, Problem (3.1) becomes

Θ∗ = min
x

c⊤0 x (3.2a)

s.t. (A⊤
i x)

⊤A⊤
i x− (B⊤

i x)
⊤B⊤

i x+ 2c⊤i x ≤ bi, ∀ i ∈ [m]. (3.2b)

By the definition of L2-norm, for any i ∈ [m], we have

(3.2b) ⇐⇒
∥∥A⊤

i x
∥∥2 − ∥∥B⊤

i x
∥∥2 ≤ (bi − 2c⊤i x+ 1

2

)2

−
(
bi − 2c⊤i x− 1

2

)2

⇐⇒
∥∥A⊤

i x
∥∥2 + (bi − 2c⊤i x− 1

2

)2

≤
∥∥B⊤

i x
∥∥2 + (bi − 2c⊤i x+ 1

2

)2

⇐⇒
∥∥∥∥[A⊤

i x;
bi − 2c⊤i x− 1

2

]∥∥∥∥2 ≤ ∥∥∥∥[B⊤
i x;

bi − 2c⊤i x+ 1

2

]∥∥∥∥2
⇐⇒

∥∥∥∥[A⊤
i x;

bi − 2c⊤i x− 1

2

]∥∥∥∥ ≤
∥∥∥∥[B⊤

i x;
bi − 2c⊤i x+ 1

2

]∥∥∥∥ .
By inserting auxiliary variables between two norms, Problem (3.2) can be further refor-

mulated as

Θ∗ = min
x,y,z,t

c⊤0 x (3.3a)

s.t. ∥yi∥ ≤ ti, ∀ i ∈ [m], (3.3b)
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∥zi∥ ≥ ti, ∀ i ∈ [m], (3.3c)

yi =

[
A⊤

i x;
bi − 2c⊤i x− 1

2

]
∈ Rk+i +1, ∀ i ∈ [m], (3.3d)

zi =

[
B⊤

i x;
bi − 2c⊤i x+ 1

2

]
∈ Rk−i +1, ∀ i ∈ [m], (3.3e)

where yi, zi, and ti are auxiliary variables for all i ∈ [m]. Under the boundedness assump-

tion of x, we have that yi and zi are also bounded for all i ∈ [m]. That is, there exists

Uy > 0 and Uz > 0 such that ∥yi∥ ≤ Uy and ∥zi∥ ≤ Uz for all i ∈ [m] (see Appendix B.2

for further details of Uy and Uz). We approximate ∥yi∥ ≤ ti and ∥zi∥ ≥ ti for each i ∈ [m]

in the following Sections 3.2.2 and 3.2.3, respectively.

3.2.2 Polyhedral Approximation of ∥y∥ ≤ t

Given ∥yi∥ ≤ ti for all i ∈ [m] in (3.3b), here we omit the subscript i and consider the

SOC constraint ∥y∥ ≤ t with y ∈ Rk, k ∈ Z++, and t ∈ R. We let

Lk :=
{
(y, t) ∈ Rk × R

∣∣ ∥y∥ ≤ t
}

be the (k + 1)-dimensional SOC. Given an approximation quality parameter ε ∈ (0, 1],

Ben-Tal and Nemirovski (2001) construct a polyhedral ε-approximation of Lk

Pk
ε :=

{
(y, t) ∈ Rk × R

∣∣ Pk
εy +Hk

εu+ pk
εt ≥ 0 for some u

}
such that Lk ⊆ Pk

ε and if (y, t) ∈ Pk
ε , then ∥y∥ ≤ (1 + ε)t.

To derive the detailed formulation of Pk
ε , we first represent ∥y∥ ≤ t using a system of

tower constraints. We let θ be the smallest integer such that k ≤ 2θ and use yℓi to denote

the ith variable of level ℓ of the tower for any ℓ ∈ [θ] and i ∈ [2θ−ℓ]. Specifically, y01, . . . , y
0
k

represent the original variables in the vector y, yθ1 = t, and variables yℓ−1
2i−1 and y

ℓ−1
2i are the

“parents” of yℓi for any ℓ ∈ [θ]. Note that y0k+1, . . . , y
0
2θ

and yli (∀i ∈ [2θ−ℓ], ℓ ∈ [θ− 1]) are
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extra variables and not included in the vector y. Using this system of tower constraints,

we represent Lk as

Lk =

(y, t) ∈ Rk × R

∣∣∣∣∣∣∣
√(

yℓ−1
2i−1

)2
+
(
yℓ−1
2i

)2 ≤ yℓi , ∀ i ∈
[
2θ−ℓ

]
, ℓ ∈ [θ]

for some y0k+1, . . . , y
0
2θ
, and yℓi , ∀i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ − 1]

 .

(3.4)

Then, for each ℓ ∈ [θ] and i ∈ [2θ−ℓ], we use linear constraints to approximate√
(yℓ−1

2i−1)
2 + (yℓ−1

2i )2 ≤ yℓi . In the end, Pk
ε is defined by the following linear constraints:

ξ0ℓ,i ≥ yℓ−1
2i−1, ∀ i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5a)

ξ0ℓ,i ≥ −yℓ−1
2i−1, ∀ i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5b)

η0ℓ,i ≥ yℓ−1
2i , ∀ i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5c)

η0ℓ,i ≥ −yℓ−1
2i , ∀ i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5d)

ξjℓ,i = cos
( π

2j+1

)
ξj−1
ℓ,i + sin

( π

2j+1

)
ηj−1
ℓ,i , ∀ j ∈ [νℓ], i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5e)

ηjℓ,i ≥ − sin
( π

2j+1

)
ξj−1
ℓ,i + cos

( π

2j+1

)
ηj−1
ℓ,i , ∀ j ∈ [νℓ], i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5f)

ηjℓ,i ≥ sin
( π

2j+1

)
ξj−1
ℓ,i − cos

( π

2j+1

)
ηj−1
ℓ,i , ∀ j ∈ [νℓ], i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5g)

ξνℓℓ,i ≤ yℓi , ∀ i ∈
[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5h)

ηνℓℓ,i ≤ tan
( π

2νℓ+1

)
ξνℓℓ,i, ∀ i ∈

[
2θ−ℓ

]
, ℓ ∈ [θ], (3.5i)

where y0i = yi for all i ∈ [k], yθ1 = t, and the vector u in the simplified definition of Pk
ε is the

collection of all extra variables ξ, η, y0k+1, . . . , y
0
2θ
, and yℓi (∀i ∈ [2θ−ℓ], ℓ ∈ [θ − 1]). Note

that νℓ ∈ Z++ (∀ℓ ∈ [θ]) are parameters used to control the quality of the polyhedral

approximation. Specifically, as demonstrated by Ben-Tal and Nemirovski (2001), the

overall quality ε can be expressed as

ε =
θ∏

ℓ=1

(1 + εℓ)− 1, (3.6)
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where εℓ is the approximation quality at level ℓ, defined as

εℓ =
1

cos
(

π
2νℓ+1

) − 1. (3.7)

It is worth noting that the number of additional variables and linear constraints in this

approximation is in the linear order of k ln (2/ε).

Remark 1. Given any ε ∈ (0, 1] and θ ∈ Z++, Pk1
ε and Pk2

ε share the same formulation

for any k1 and k2 that belong to {2θ−1 + 1, . . . , 2θ}. Therefore, without loss of generality,

we assume k = 2θ for some θ ∈ Z++ such that y ∈ Rk in the set Lk.

Remark 2. Given that y and t are bounded due to the setting in Section 3.2.1, it is clear

that Pk
ε is bounded, implying that the variable u is bounded.

3.2.3 Approximation of ∥z∥ ≥ t

Given ∥zi∥ ≥ ti for all i ∈ [m] in (3.3c), we omit the subscript i and consider ∥z∥ ≥ t

with z ∈ Rk, k ∈ Z++, and t ∈ R. We let L̄k := {(z, t) ∈ Rk × R | ∥z∥ ≥ t} be the

complement of the (k + 1)-dimensional SOC Lk. By the definition of Euclidean norm,

∥z∥ = maxw{w⊤z | ∥w∥ ≤ 1}. As discussed in Section 3.2.2, we have

∥z∥ ≥ t ⇐⇒ ∃ w s.t. ∥w∥ ≤ 1 and w⊤z ≥ t

=⇒ ∃ w s.t. (w, 1) ∈ Pk
ε and w⊤z ≥ t.

As a result, L̄k can be approximated by the set G := {(z, t) | (w, 1) ∈ Pk
ε , w⊤z ≥

t for some w}.

We then represent G by linear and complementarity constraints. Specifically, we have

the following proposition:
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Proposition 8. (z, t) ∈ G if and only if

t ≤ max
w,s

w⊤z (3.8a)

s.t. Pk
εw +Hk

εs+ pk
ε ≥ 0. (3.8b)

Proof. By definition of G, we have

G :=
{
(z, t) | (w, 1) ∈ Pk

ε , w
⊤z ≥ t for some w

}
=
{
(z, t) | Pk

εw +Hk
εs+ pk

ε ≥ 0, w⊤z ≥ t for some w, s
}

=

{
(z, t) | max

w,s

{
w⊤z | Pk

εw +Hk
εs+ pk

ε ≥ 0
}
≥ t

}
,

where the second equality holds by the definition of Pk
ε and the last equality holds by the

equivalence between “for some” and “max”.

Equivalently, (z, t) ∈ G if and only if

t ≤ min
v

(pk
ε)

⊤
v (3.9a)

s.t. (Pk
ε)

⊤
v = −z, (3.9b)

(Hk
ε)

⊤
v = 0, (3.9c)

v ≥ 0, (3.9d)

(pk
ε)

⊤
v ≤M, (3.9e)

where M > 0 is a large enough number. Here (3.9e) is a redundant constraint to bound

the objective function (pk
ε)

⊤
v. Note that (3.8) is equivalent to (3.9a)–(3.9d) by the strong

duality of linear programming. Since the vectorsw and z in (3.8) are bounded, the optimal

value of the optimization problem minv{(pk
ε)

⊤
v | (3.9b)− (3.9d)} is bounded. Therefore,

we can claim that (3.9e) is a redundant constraint. This redundant constraint will be

useful in Section 3.2.5.
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Remark 3. In (3.9e), we can set M = (1 + ε)Uz because ∥w∥ ≤ 1 + ε, ∥z∥ ≤ Uz, and

w⊤z ≤ ∥w∥∥z∥ ≤ (1 + ε)Uz.

By the KKT conditions of linear programming, condition (3.9) can be further repre-

sented by the following linear and complementarity constraints:

(pk
ε)

⊤
v − t ≥ 0, (3.10a)

Pk
εw +Hk

εs ≥ −pk
ε , (3.10b)

(Pk
ε)

⊤
v + z = 0, (3.10c)

(Hk
ε)

⊤
v = 0, (3.10d)

v ≥ 0, (3.10e)

(pk
ε)

⊤
v ≤M, (3.10f)

v⊤ (Pk
εw +Hk

εs+ pk
ε

)
= 0. (3.10g)

To summarize, we have

L̄k ⊆
{
(z, t) ∈ Rk × R | (3.10) for some w, s,v

}
.

Remark 4. In (3.10), it is clear that variables z, t, w, and s are bounded (see Ap-

pendix B.2 and Remark 2). However, the variable v may be unbounded because it is the

dual variable of an LP. Thus, we add the redundant constraint (3.10f), which will be useful

later in proving the boundedness of v.
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3.2.4 LPCC Approximation

With the approximation results in Sections 3.2.2 and 3.2.3, for any ε ∈ (0, 1], we can now

approximate Problem (3.3) with the following LPCC:

Θε := min
x,y,z,u,
v,w,s,t

c⊤0 x (3.11a)

s.t. P
k+i +1
ε yi +H

k+i +1
ε ui + p

k+i +1
ε ti ≥ 0, ∀ i ∈ [m], (3.11b)

(p
k−i +1
ε )

⊤
vi − ti ≥ 0, ∀ i ∈ [m], (3.11c)

P
k−i +1
ε wi +H

k−i +1
ε si ≥ −p

k−i +1
ε , ∀ i ∈ [m], (3.11d)

(P
k−i +1
ε )

⊤
vi + zi = 0, ∀ i ∈ [m], (3.11e)

(H
k−i +1
ε )

⊤
vi = 0, ∀ i ∈ [m], (3.11f)

vi ≥ 0, ∀ i ∈ [m], (3.11g)

(p
k−i +1
ε )

⊤
vi ≤M, ∀ i ∈ [m], (3.11h)

v⊤
i

(
P

k−i +1
ε wi +H

k−i +1
ε si + p

k−i +1
ε

)
= 0, ∀ i ∈ [m], (3.11i)

(3.3d)− (3.3e). (3.11j)

Clearly, the optimal value of the LPCC described above provides a lower bound for the

optimal value of Problem (3.1).

Subsequently, we prove that the optimal value of the LPCC asymptotically converges

to that of the original non-convex QCP, i.e., Problem (3.1). This result is based on the

following proposition.

Proposition 9. If (x,y, z,u,v,w, s, t) is feasible for (3.11), then (x,y, z) is feasible to

the following “ε-relaxation” of Problem (3.1):

Θε := min
x,y,z

c⊤0 x (3.12a)

s.t. ∥yi∥ ≤ (1 + ε)2 ∥zi∥ , ∀ i ∈ [m], (3.12b)

(3.3d)− (3.3e). (3.12c)
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Proof. We prove that the feasible set of (x,y, z) induced by constraints (3.11b)–(3.11i)

is a subset of the feasible region induced by constraints (3.12b). Note that Problem

(3.11) is derived using the approximations to Problem (3.3) in Sections 3.2.2 and 3.2.3.

Thus, for any i ∈ [m], if constraints (3.11b) are satisfied, that is, (yi, ti) ∈ Pk+i +1
ε , then

∥yi∥ ≤ (1 + ε)ti. If constraints (3.11c)–(3.11i) are satisfied, then

ti ≤ max
w

{
w⊤zi

∣∣∣ (w, 1) ∈ Pk−i +1
ε

}
≤ max

w

{
w⊤zi

∣∣ ∥w∥ ≤ 1 + ε
}
= (1 + ε)∥zi∥.

Therefore, if constraints (3.11b)–(3.11i) are satisfied, then ∥yi∥ ≤ (1 + ε)2∥zi∥.

Proposition 9 indicates that the violation of constraints approaches zero as ε tends to

zero. Based on this proposition, we derive the following asymptotic convergence conclusion

for the LPCC.

Theorem 7. We have limε→0+ Θε = Θ∗.

Proof. By Proposition 9, we have Θε ≤ Θε ≤ Θ∗ for any ε ∈ (0, 1]. Therefore, it suffices

to show that limε→0+ Θε = Θ∗.

It is clear that Θε1
≤ Θε2

≤ Θ∗ for any 0 < ε2 ≤ ε1 ≤ 1. Thus, limε→0+ Θε exists and

limε→0+ Θε ≤ Θ∗. For any ε = 1/k with k ∈ Z++, let (x
∗
k,y

∗
k, z

∗
k) be an optimal solution

of (3.12). Since {x∗
k} is a bounded sequence, it has a convergent subsequence {x∗

kj
} such

that kj → ∞ as j → ∞ and limj→∞ x∗
kj

exists. Denote the limit by x̄. Then, we have

c⊤x̄ = lim
j→∞

c⊤x∗
kj

= lim
j→∞

Θ 1
kj

= lim
ε→0+

Θε.

In addition, since (x∗
kj
,y∗

kj
, z∗kj) is feasible to (3.12) for each j, it follows that

x⊤
kj
Qixkj + 2c⊤i xkj − bi ≤

1

kj

(
1

kj
+ 2

)(
x⊤
kj
BiB

⊤
i xkj +

(
bi − 2c⊤i xkj + 1

)2
4

)
, ∀ i ∈ [m].

As j → ∞, we have x̄⊤Qix̄ + 2c⊤i x̄ − bi ≤ 0 for all i ∈ [m]. That is, x̄ is feasible to
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Problem (3.1). Therefore, limε→0+ Θε = c⊤x̄ ≥ Θ∗, which completes the proof.

3.2.5 MILP Reformulation

In Section 3.2.4, we approximate a non-convex QCP (i.e., Problem (3.1)) with an LPCC

(i.e., Problem (3.11)). This approach enables us to utilize all existing and further devel-

oped LPCC solvers to solve the approximation of QCP. Currently, MILP solvers are more

mature and efficient than LPCC solvers. Therefore, to leverage the efficiency of current

MILP solvers, we transform the LPCC into an MILP. Specifically, we employ the Big-

M method to reformulate (3.11i) into mixed-integer linear constraints. To achieve this,

we need to establish the boundedness of vi (∀i ∈ [m]) and P
k−i +1
ε wi +H

k−i +1
ε si + p

k−i +1
ε

(∀i ∈ [m]).

By the construction of the polyhedral approximation in Section 3.2.2 and the approx-

imation in Section 3.2.3, for any i ∈ [m], we have

∥wi∥ ≤ 1 + ε, |si| ≤ (1 + ε)e.

Given that wi and si are bounded for each i ∈ [m], it is clear that P
k−i +1
ε wi +H

k−i +1
ε si +

p
k−i +1
ε is bounded from above by (1 + ε)|Pk−i +1

ε |e + (1 + ε)|Hk−i +1
ε |e + |pk−i +1

ε |. It follows

that we only need to confirm the boundedness of vi (∀i ∈ [m]). This is equivalent to

demonstrating that the dual variable v in Problem (3.9) is bounded.

To that end, we will prove that the feasible region of Problem (3.9) is bounded. Note

that Problem (3.9) is in an abstract form, and its specific formulation depends on two

parameters: k and ε. Without loss of generality (as stated in Remark 1), we will prove

that, for any k = 2θ with θ ∈ Z++, the feasible region of Problem (3.9) is bounded. We

will achieve this through mathematical induction, starting with Problem (3.9) when k = 2

and then extending the conclusion to the case with a general k. Specifically, when k = 2,

71



Problem (3.8) can be written as follows:

max
w1,w2,ξ0,η0,
ξj ,ηj ,∀j∈[ν]

z1w1 + z2w2 (3.13a)

(λ1 ≥ 0) s.t. w1 − ξ0 ≤ 0, (3.13b)

(λ2 ≥ 0) −w1 − ξ0 ≤ 0, (3.13c)

(λ3 ≥ 0) w2 − η0 ≤ 0, (3.13d)

(λ4 ≥ 0) −w2 − η0 ≤ 0, (3.13e)

(ωj free) cos
( π

2j+1

)
ξj−1 + sin

( π

2j+1

)
ηj−1 − ξj = 0, ∀ j ∈ [ν], (3.13f)

(kj ≥ 0) − sin
( π

2j+1

)
ξj−1 + cos

( π

2j+1

)
ηj−1 − ηj ≤ 0, ∀ j ∈ [ν],(3.13g)

(uj ≥ 0) sin
( π

2j+1

)
ξj−1 − cos

( π

2j+1

)
ηj−1 − ηj ≤ 0, ∀ j ∈ [ν], (3.13h)

(λ5 ≥ 0) − tan
( π

2ν+1

)
ξν + ην ≤ 0, (3.13i)

(λ6 ≥ 0) ξν ≤ 1. (3.13j)

We use the notation in the parentheses on the left side of Problem (3.13) to denote the

corresponding dual variables for the constraints. Accordingly, we derive the following dual

formulation of (3.13), corresponding to Problem (3.9) with k = 2.

min
λ1,λ2,λ3,λ4,λ5,λ6,
kj ,uj ,ωj ,∀j∈[ν]

λ6 (3.14a)

s.t. λ1 − λ2 = z1, (3.14b)

λ3 − λ4 = z2, (3.14c)

−λ1 − λ2 + ω1 cos
(π
4

)
− k1 sin

(π
4

)
+ u1 sin

(π
4

)
= 0, (3.14d)

−λ3 − λ4 + ω1 sin
(π
4

)
+ k1 cos

(π
4

)
− u1 cos

(π
4

)
= 0, (3.14e)

−ωj + ωj+1 cos
( π

2j+2

)
− kj+1 sin

( π

2j+2

)
+ uj+1 sin

( π

2j+2

)
= 0,

∀ j ∈ [ν − 1], (3.14f)

−kj − uj + ωj+1 sin
( π

2j+2

)
+ kj+1 cos

( π

2j+2

)
− uj+1 cos

( π

2j+2

)
= 0,

∀ j ∈ [ν − 1], (3.14g)
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−ων − tan
( π

2ν+1

)
λ5 + λ6 = 0, (3.14h)

−kν − uν + λ5 = 0, (3.14i)

λ1, λ2, λ3, λ4, λ5, λ6 ≥ 0, (3.14j)

kj, uj ≥ 0, ∀ j ∈ [ν], (3.14k)

λ6 ≤M. (3.14l)

Note that the constraint (3.14l) is redundant but useful to prove the boundedness con-

clusion. The specific value of the M in (3.14l) can be set by Remark 3. We then have the

following lemma holds.

Lemma 4. For any M > 0, the feasible region of Problem (3.14) is bounded.

Proof. By (3.14d) + (3.14e), we have

ω1

(
cos
(π
4

)
+ sin

(π
4

))
= λ1 + λ2 + λ3 + λ4. (3.15)

As λi ≥ 0 for any i ∈ [4], we have

ω1 ≥ 0. (3.16)

For any j ∈ [ν − 1], by (3.14f) / tan(π/2j+2) + (3.14g), we have

− ωj

tan
(

π
2j+2

) − kj − uj +
ωj+1

sin
(

π
2j+2

) = 0.

That is,

ωj+1 = sin
( π

2j+2

)( ωj

tan
(

π
2j+2

) + kj + uj

)
, ∀ j ∈ [ν − 1]. (3.17)

73



By (3.14k), (3.16), and (3.17), we have

ωj ≥ 0, ∀ j ∈ [ν].

By (3.14h), we have

λ5 =
λ6 − ων

tan
(

π
2ν+1

) ≤ λ6

tan
(

π
2ν+1

) ≤ M

tan
(

π
2ν+1

) (3.18)

and

M ≥ λ6 = ων + λ5 tan
( π

2ν+1

)
≥ ων . (3.19)

By (3.17), we have

ωj = tan
( π

2j+2

)( ωj+1

sin
(

π
2j+2

) − kj − uj

)
≤ ωj+1

cos
(

π
2j+2

) , ∀ j ∈ [ν − 1]. (3.20)

By (3.19) and (3.20), we have

ωj ≤
ων

ν+1∏
k=j+2

cos
( π
2k

) ≤ M
ν+1∏

k=j+2

cos
( π
2k

) , ∀ j ∈ [ν − 1]. (3.21)

By (3.14j), (3.15), and (3.21), we have

λi ≤
√
2ω1 ≤

√
2M

ν+1∏
k=3

cos
( π
2k

) , ∀ i ∈ [4].

By (3.17), we have

kj =
ωj+1

sin
(

π
2j+2

) − ωj

tan
(

π
2j+2

) − uj ≤
ωj+1

sin
(

π
2j+2

) , ∀ j ∈ [ν − 1]. (3.22)
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By (3.21) and (3.22), we have

kj ≤
M

sin
( π

2j+2

) ν+1∏
k=j+3

cos
( π
2k

) , ∀ j ∈ [ν − 2]; (3.23)

kj ≤
M

sin
( π

2j+2

) , ∀ j = ν − 1. (3.24)

Similarly, we also have

uj ≤
M

sin
( π

2j+2

) ν+1∏
k=j+3

cos
( π
2k

) , ∀ j ∈ [ν − 2]; (3.25)

uj ≤
M

sin
( π

2j+2

) , ∀ j = ν − 1. (3.26)

By (3.14i) and (3.18), we have

kν ≤ λ5 ≤
M

tan
(

π
2ν+1

)
and

uν ≤ λ5 ≤
M

tan
(

π
2ν+1

) .
Therefore, all the variables in (3.14) are bounded.

With Lemma 4, we are now ready to prove the following theorem:

Theorem 8. For any M > 0, the feasible region of Problem (3.9) is bounded.

Proof. We prove this theorem by using mathematical induction. We only give a brief

proof here. Detailed proof can be found in Appendix B.4. Recall that Problem (3.9) has
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the following specific form:

min λ6θ,1 (3.27a)

s.t. λ11,i − λ21,i = z2i−1, ∀ i ∈ [2θ−1], (3.27b)

λ31,i − λ41,i = z2i, ∀ i ∈ [2θ−1], (3.27c)

λ1ℓ,i − λ2ℓ,i − λ6ℓ−1,2i−1 = 0, ∀ ℓ ∈ [θ] \ {1}, i ∈ [2θ−ℓ], (3.27d)

λ3ℓ,i − λ4ℓ,i − λ6ℓ−1,2i = 0, ∀ ℓ ∈ [θ] \ {1}, i ∈ [2θ−ℓ], (3.27e)

−λ1ℓ,i − λ2ℓ,i + ω1
ℓ,i cos

(π
4

)
− k1ℓ,i sin

(π
4

)
+ u1ℓ,i sin

(π
4

)
= 0,

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (3.27f)

−λ3ℓ,i − λ4ℓ,i + ω1
ℓ,i sin

(π
4

)
+ k1ℓ,i cos

(π
4

)
− u1ℓ,i cos

(π
4

)
= 0,

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (3.27g)

−ωj
ℓ,i + ωj+1

ℓ,i cos
( π

2j+2

)
− kj+1

ℓ,i sin
( π

2j+2

)
+ uj+1

ℓ,i sin
( π

2j+2

)
= 0,

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], j ∈ [ν − 1], (3.27h)

−kjℓ,i − ujℓ,i + ωj+1
ℓ,i sin

( π

2j+2

)
+ kj+1

ℓ,i cos
( π

2j+2

)
− uj+1

ℓ,i cos
( π

2j+2

)
= 0,

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], j ∈ [ν − 1], (3.27i)

−ων
ℓ,i − tan

( π

2ν+1

)
λ5ℓ,i + λ6ℓ,i = 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (3.27j)

−kνℓ,i − uνℓ,i + λ5ℓ,i = 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (3.27k)

λ1ℓ,i, λ
2
ℓ,i, λ

3
ℓ,i, λ

4
ℓ,i, λ

5
ℓ,i, λ

6
ℓ,i ≥ 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (3.27l)

kjℓ,i, u
j
ℓ,i ≥ 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], j ∈ [ν], (3.27m)

λ6θ,1 ≤M. (3.27n)

With λ6θ,1 bounded, by Lemma 4, λiθ,1 (∀i ∈ [6]), kjθ,1 (∀j ∈ [ν]), ujθ,1 (∀j ∈ [ν]), and

ωj
θ,1 (∀j ∈ [ν]) are bounded. It follows that λ6θ−1,1 and λ6θ−1,2 are bounded by (3.27d)

and (3.27e). With λ6θ−1,1 bounded, by Lemma 4, λiθ−1,1 (∀i ∈ [6]), kjθ−1,1 (∀j ∈ [ν]),

ujθ−1,1 (∀j ∈ [ν]), and ωj
θ−1,1 (∀j ∈ [ν]) are bounded. With λ6θ−1,2 bounded, by Lemma 4,

we have that λiθ−1,2 (∀i ∈ [6]), kjθ−1,2 (∀j ∈ [ν]), ujθ−1,2 (∀j ∈ [ν]), and ωj
θ−1,2 (∀j ∈ [ν])
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are bounded. By (3.27d) and (3.27e), we further have λ6θ−2,1, λ
6
θ−2,2, λ

6
θ−2,3, and λ6θ−2,4

are bounded. It further follows that, by Lemma 4, for all τ ∈ [4], λiθ−2,τ (∀i ∈ [6]),

kjθ−2,τ (∀j ∈ [ν]), ujθ−2,τ (∀j ∈ [ν]), and ωj
θ−2,τ (∀j ∈ [ν]) are bounded. Repeating the

above process (see details in Appendix B.4), we can conclude that all the variables are

bounded.

Note that M in (3.27n) can be set as (1 + ε)Uz (see Remark 3). Theorem 8 implies

that vi (∀i ∈ [m]) in Problem (3.11) are also bounded from above. For each i ∈ [m],

we let Ki be the dimension of vi. Now we can introduce additional binary variables

βi ∈ RKi (∀i ∈ [m]) such that constraints v⊤
i (P

k−i +1
ε wi+H

k−i +1
ε si+p

k−i +1
ε ) = 0 (∀ i ∈ [m])

are equivalent to

P
k−i +1
ε wi +H

k−i +1
ε si + p

k−i +1
ε ≤Mβi, ∀i ∈ [m], (3.28)

vi ≤M(e− βi), ∀i ∈ [m], (3.29)

βij ∈ {0, 1}, ∀i ∈ [m], j ∈ [Ki], (3.30)

where M > 0 is a large enough number. In (3.28), we can set M = (1+ ε)|Pk−i +1
ε |e+(1+

ε)|Hk−i +1
ε |e+ |pk−i +1

ε |. In (3.29), we can set M as the upper bound of variable vi for each

i ∈ [m] by Theorem 8. To obtain such an upper bound, we can first change the objective

of the LP problem (3.9), i.e., Problem (3.27), to
∑Ki

j=1 vij and obtain the corresponding

optimal value ϕ. Then, we can setM in constraints (3.29) as ϕ. Finally, the LPCC (3.11)

can be reformulated as the following MILP:

Θε = min
x,y,z,u,
v,w,s,t,β

c⊤0 x (3.31)

s.t. (3.11b)− (3.11h), (3.3d)− (3.3e), (3.28)− (3.30).
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3.3 An Alternative Approximation

In this section, we present an alternative MILP approximation for Problem (3.1). This

alternative MILP approximation typically introduces fewer variables than the first MILP

approximation in Section 3.2, although it may result in more constraints when the ap-

proximation quality parameter ε is small. The trade-off between the number of variables

and the number of constraints is crucial in the context of extended formulations for ap-

proximations (Vielma et al. 2017). Thus, we aim to evaluate which MILP approximation

performs better in approximating the non-convex QCP (3.1).

We first provide alternative approximations for constraints (3.3b) and (3.3c) while

maintaining the same tightness as the original approximations proposed in Sections 3.2.2

and 3.2.3. Next, we introduce an alternative LPCC approximation for Problem (3.1)

and demonstrate that it shares the same properties as the previous one in Section 3.2.4,

ensuring that all the conclusions from Section 3.2.4 remain applicable here. Finally, we

reformulate this alternative LPCC into an MILP.

3.3.1 Polyhedral Approximation of ∥y∥ ≤ t

Note that the first polyhedral approximation of ∥y∥ ≤ t proposed in Section 3.2.2 is

an approximation in a lifted space with an aim to introduce fewer constraints when

approximating ∥y∥ ≤ t. Here, we provide an alternative polyhedral approximation of

∥y∥ ≤ t, which focuses on the original space of (y, t) and aims to introduce fewer variables

when approximating ∥y∥ ≤ t. The basic idea is to select a regular m-sided polygon as

the polyhedral outer approximation of a 2-dimensional disk. We eventually obtain the

following polyhedral approximation of the set Lk (see detailed derivation procedure in
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Appendix B.3):

Πk(ν1, . . . , νθ) :=


(y, t)

∣∣∣∣∣∣∣∣∣∣∣∣∣

ξj ≥ |y02j−1|, ηj ≥ |y02j |, ξjα(ν1) + ηjβ(ν1) ≤ y1je, ∀ j ∈
[
2θ−1

]
,

yℓ−1
2j−1α(νℓ) + yℓ−1

2j β(νℓ) ≤ yℓje, ∀ j ∈
[
2θ−ℓ

]
, ℓ ∈ {2, . . . , θ}

for some ξj , ηj , ∀j ∈ [2θ−1], y0k+1, . . . , y
0
2θ
,

and yℓj , ∀j ∈
[
2θ−ℓ

]
, ℓ ∈ [θ − 1]


,

where θ is the smallest integer such that k ≤ 2θ, y0i = yi for all i ∈ [k], yθ1 = t,

α(νℓ) := (cos(τπ/2νℓ))2
νℓ−1

τ=0 ∈ R2νℓ−1+1
+ , and β(νℓ) := (sin(τπ/2νℓ))2

νℓ−1

τ=0 ∈ R2νℓ−1+1
+ . Note

that νℓ (∀ℓ ∈ θ) are parameters used to control the approximation quality εℓ in level ℓ.

It is important to note that the polyhedral approximation Πk(ν1, . . . , νθ) has the same

approximation quality as Pk
ε proposed in Section 3.2.2. To that end, we first show that

Π2(ν) and P2
ε have the same approximation quality when approximating L2, as stated in

the following proposition.

Proposition 10. The set Π2(ν) is a polyhedral δ(ν)-approximation of L2 with

δ(ν) =
1

cos
(

π
2ν+1

) − 1.

Proof. First, we prove that L2 ⊆ Π2(ν). For any (y1, y2, y3) ∈ L2, we set ξ0 = |y1| and

η0 = |y2|, which satisfy constraints (B.1a)–(B.1b). By the Cauchy-Schwarz inequality, we

have

cos
(τπ
2ν

)
ξ0 + sin

(τπ
2ν

)
η0 ≤

√
y21 + y22

√
cos
(τπ
2ν

)2
+ sin

(τπ
2ν

)2
≤ y3, ∀ τ ∈ {0} ∪ [2ν−1],

where the last inequality holds because (y1, y2, y3) ∈ L2. Thus, (B.1c) is also satisfied and

accordingly L2 ⊆ Π2(ν).

Next, we show that (y1, y2, y3) ∈ Π2(ν) implies that
√
y21 + y22 ≤ (1 + δ(ν))y3. By
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constraints (B.1), we have

cos
(τπ
2ν

)
|y1|+ sin

(τπ
2ν

)
|y2| ≤ y3, ∀ τ ∈ {0} ∪ [2ν−1]. (3.32)

Let θ0 := arccos (|y1|/
√
y21 + y22), then |y1| = cos(θ0)

√
y21 + y22 and |y2| = sin(θ0)

√
y21 + y22.

Therefore,

y3 ≥
(
cos
(τπ
2ν

)
cos(θ0) + sin

(τπ
2ν

)
sin(θ0)

)√
y21 + y22 = cos

(τπ
2ν

− θ0

)√
y21 + y22

for all τ ∈ {0}∪ [2ν−1]. Since there exists τ0 ∈ [2ν−1] such that (τ0−1)π/2ν ≤ θ0 ≤ τ0π/2
ν ,

it follows that

y3 ≥max

{
cos

(
θ0 −

(τ0 − 1)π

2ν

)
, cos

(τ0π
2ν

− θ0

)}√
y21 + y22,

=cos

(
min

{
θ0 −

(τ0 − 1)π

2ν
,
τ0π

2ν
− θ0

})√
y21 + y22,

≥ cos
( π

2ν+1

)√
y21 + y22,

where the last inequality holds because (τ0 − 1)π/2ν ≤ θ0 ≤ τ0π/2
ν induces min{θ0 −

(τ0 − 1)π/2ν , τ0π/2
ν − θ0} ≤ π/2ν+1. Therefore,

√
y21 + y22 ≤ y3

cos
(

π
2ν+1

) = (1 + δ(ν))y3,

which completes the proof.

By Proposition 2.1 of Ben-Tal and Nemirovski (2001) and Proposition 10 above,

Π2(ν) and P2
ε have the same approximation quality when approximating L2. Because

Πk(ν1, . . . , νθ) shares the same tower-of-variables construction as Pk
ε , we have Lk ⊆

Πk(ν1, . . . , νθ), and the overall quality ε is equal to

ε =
θ∏

ℓ=1

(1 + εℓ)− 1 =
θ∏

ℓ=1

(1 + δ(νℓ))− 1 =
θ∏

ℓ=1

1

cos
(

π
2νℓ+1

) − 1.
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Comparing it with (3.6) shows that Πk(ν1, . . . , νθ) has the same approximation quality as

Pk
ε .

Remark 5. We introduce two additional variables and 2ν−1 + 3 linear constraints in

Π2(ν) to approximate the set L2. In contrast, P2
ε has 2ν + 2 additional variables and

3v + 6 linear constraints for its polyhedral approximation of L2. Clearly, when we choose

ν ≤ 5, Π2(ν) has fewer variables and constraints compared to P2
ε . Notably, when ν = 5,

the approximation quality is ε = 0.00121, indicating that for a target approximation quality

ε ≥ 0.00121, the size of Π2(ν) is smaller than that of P2
ε . For a general k, when the target

approximation quality ε ≥ 0.01, the number of variables and constraints in the polyhedral

approximation Πk(ν1, . . . , νθ) may be less than that in Pk
ε (see details in Table 3.1 in

the coming Section 3.4.1). This suggests that the second polyhedral approximation may

outperform the first when ε ≥ 0.01.

3.3.2 Approximation of ∥z∥ ≥ t

Recall that L̄k := {(z, t) ∈ Rk×R | ∥z∥ ≥ t} is the complement of the (k+1)-dimensional

SOC. By the definition of the Euclidean norm, we have ∥z∥ = maxw{w⊤z | ∥w∥ ≤ 1}.

We use the polyhedral approximation given in Section 3.3.1 to represent ∥w∥ ≤ 1. As a

result, we can provide an approximation of ∥z∥ by considering the optimal value of the

following problem:

max
w,w0

k+1,...,w
0
2θ

,s
w⊤z (3.33a)

(u1j) s.t. −s02j−1 + w0
2j−1 ≤ 0, ∀j ∈

[
2θ−1

]
, (3.33b)

(u2j) −s02j−1 − w0
2j−1 ≤ 0, ∀j ∈

[
2θ−1

]
, (3.33c)

(u3j) −s02j + w0
2j ≤ 0, ∀j ∈

[
2θ−1

]
, (3.33d)

(u4j) −s02j − w0
2j ≤ 0, ∀j ∈

[
2θ−1

]
, (3.33e)

(vℓ
j) sℓ−1

2j−1α(νℓ) + sℓ−1
2j β(νℓ) ≤ sℓje, ∀ j ∈

[
2θ−ℓ

]
, ℓ ∈ [θ − 1],(3.33f)
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(vθ
1) sθ−1

1 α(νθ) + sθ−1
2 β(νθ) ≤ e, (3.33g)

sℓj ≥ 0, ∀ j ∈
[
2θ−ℓ

]
, ℓ ∈ {0, . . . , θ − 1}, (3.33h)

where the symbols in the brackets on the left side are the corresponding dual variables.

By the strong duality of linear programming, Problem (3.33) is equivalent to

min
u,v

e⊤vθ
1 (3.34a)

(w0
2j−1) s.t. u1j − u2j = z2j−1, ∀j ∈ [2θ−1], (3.34b)

(w0
2j) u3j − u4j = z2j, ∀j ∈ [2θ−1], (3.34c)

(s0j) −u1j+1
2

− u2j+1
2

+α(ν1)
⊤v1

j+1
2

≥ 0, ∀j ∈ {1, 3, . . . , 2θ − 1}, (3.34d)

(s0j) −u3j
2

− u4j
2

+ β(ν1)
⊤v1

j
2

≥ 0, ∀j ∈ {2, 4, . . . , 2θ}, (3.34e)

(sℓj) −e⊤vℓ
j +α(νℓ+1)

⊤vℓ+1
j+1
2

≥ 0, ∀j ∈
{
1, 3, . . . , 2θ−ℓ − 1

}
, ℓ ∈ [θ − 1],

(3.34f)

(sℓj) −e⊤vℓ
j + β(νℓ+1)

⊤vℓ+1
j
2

≥ 0, ∀j ∈
{
2, 4, . . . , 2θ−ℓ

}
, ℓ ∈ [θ − 1], (3.34g)

u1j , u
2
j , u

3
j , u

4
j ≥ 0, ∀j ∈ [2θ−1], vℓ

j ≥ 0, ∀j ∈
[
2θ−ℓ

]
, ℓ ∈ [θ], (3.34h)

e⊤vθ
1 ≤M, (3.34i)

where M > 0 is a large enough number and we can set M = (1 + ε)Uz in (3.34i) (see

Remark 3). Here (3.34i) is a redundant constraint to bound the objective function (3.34).

Note that the primal problem (3.33) is equivalent to the dual problem (3.34) by the strong

duality of linear programming. However, as the feasible region of the primal problem

(3.33) is bounded and the feasible region of the dual problem (3.34) can be unbounded,

we add the redundant constraint (3.34i) to ensure that the latter is also bounded, as

shown in the following proposition.

Proposition 11. The feasible region of Problem (3.34) is bounded.

Proof. First, constraint (3.34i) shows that vθ
1 is upper-bounded. As α(νθ) and β(νθ) are
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nonnegative, we then have that vθ−1
1 and vθ−1

2 are upper-bounded by constraints (3.34f)

and (3.34g). Repeating applying constraints (3.34f) and (3.34g), we have vℓ
j is upper-

bounded for any j ∈ [2θ−ℓ] and ℓ ∈ [θ]. Second, constraints (3.34h) show that vℓ
j is lower-

bounded for any j ∈ [2θ−ℓ] and ℓ ∈ [θ]. Therefore, vℓ
j (∀j ∈ [2θ−ℓ], ℓ ∈ [θ]) are bounded.

In the end, by constraints (3.34d), (3.34e), and (3.34h), we have that u1j , u
2
j , u

3
j , u

4
j (∀j ∈

[2θ−1]) are also bounded, which completes the proof.

Finally, by applying the above approximations in Sections 3.3.1 and 3.3.2, we have an

alternative approximation of Problem (3.1) as follows:

min
x,y,z,

ξ,η,u,v,s

c⊤0 x (3.35a)

s.t. ξi,j ≥ |y0i,2j−1|, ηi,j ≥ |y0i,2j|, ξi,jα(ν1) + ηi,jβ(ν1) ≤ y1i,je,

∀ j ∈
[
2θ

y
i −1
]
, i ∈ [m], (3.35b)

yℓ−1
i,2j−1α(νℓ) + yℓ−1

i,2jβ(νℓ) ≤ yℓi,je,

∀ j ∈
[
2θ

y
i −ℓ
]
, ℓ ∈ {2, . . . , θyi }, i ∈ [m], (3.35c)

−s0i,2j−1 + w0
i,2j−1 ≤ 0,−s0i,2j−1 − w0

i,2j−1 ≤ 0,∀j ∈
[
2θ

z
i −1
]
, i ∈ [m], (3.35d)

−s0i,2j + w0
i,2j ≤ 0,−s0i,2j − w0

i,2j ≤ 0, ∀j ∈
[
2θ

z
i −1
]
, i ∈ [m], (3.35e)

sℓ−1
i,2j−1α(νℓ) + sℓ−1

i,2jβ(νℓ) ≤ sℓi,je,∀j ∈
[
2θ

z
i −ℓ
]
, ℓ ∈ [θzi − 1], i ∈ [m], (3.35f)

s
θzi −1
i,1 α(νθzi ) + s

θzi −1
i,2 β(νθzi ) ≤ e,∀i ∈ [m], (3.35g)

sℓi,j ≥ 0, ∀j ∈
[
2θ

z
i −ℓ
]
, ℓ ∈ {0, . . . , θzi − 1}, i ∈ [m], (3.35h)

u1i,j − u2i,j = zi,2j−1, u
3
i,j − u4i,j = zi,2j, ∀j ∈ [2θ

z
i −1], i ∈ [m], (3.35i)

−u1
i, j+1

2

− u2
i, j+1

2

+α(ν1)
⊤v1

i, j+1
2

≥ 0,

∀j ∈ {1, 3, . . . , 2θzi − 1}, i ∈ [m], (3.35j)

−u3
i, j

2

− u4
i, j

2

+ β(ν1)
⊤v1

i, j
2

≥ 0,∀j ∈ {2, 4, . . . , 2θzi }, i ∈ [m], (3.35k)

−e⊤vℓ
i,j +α(νℓ+1)

⊤vℓ+1

i, j+1
2

≥ 0,

∀j ∈
{
1, 3, . . . , 2θ

z
i −ℓ − 1

}
, ℓ ∈ [θzi − 1], i ∈ [m], (3.35l)
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−e⊤vℓ
i,j + β(νℓ+1)

⊤vℓ+1

i, j
2

≥ 0,

∀j ∈
{
2, 4, . . . , 2θ

z
i −ℓ
}
, ℓ ∈ [θzi − 1], i ∈ [m], (3.35m)

u1i,j, u
2
i,j, u

3
i,j, u

4
i,j ≥ 0,

∀j ∈ [2θ
z
i −1], vℓ

i,j ≥ 0, ∀j ∈
[
2θ

z
i −ℓ
]
, ℓ ∈ [θzi ], i ∈ [m], (3.35n)

ti ≤ e⊤vθ
i,1 ≤M, ∀i ∈ [m], (3.35o)

u1i,j(−s0i,2j−1 + w0
i,2j−1) = 0,∀j ∈

[
2θ

z
i −1
]
, i ∈ [m], (3.35p)

u2i,j(−s0i,2j−1 − w0
i,2j−1) = 0, ∀j ∈

[
2θ

z
i −1
]
, i ∈ [m], (3.35q)

u3i,j(−s0i,2j + w0
i,2j) = 0, ∀j ∈

[
2θ

z
i −1
]
, i ∈ [m], (3.35r)

u4i,j(−s0i,2j − w0
i,2j) = 0, ∀j ∈

[
2θ

z
i −1
]
, i ∈ [m], (3.35s)

vℓ
i,j(s

ℓ−1
i,2j−1α(νℓ) + sℓ−1

i,2jβ(νℓ)− sℓi,je) = 0,∀ j ∈
[
2θ

z
i −ℓ
]
, ℓ ∈ [θzi − 1], i ∈ [m],

(3.35t)

v
θzi
i,1(s

θzi −1
i,1 α(νθzi ) + s

θzi −1
i,2 β(νθzi )− e) = 0, ∀i ∈ [m], (3.35u)

s0j(−u1i, j+1
2

− u2
i, j+1

2

+α(ν1)
⊤v1

i, j+1
2

) = 0,∀j ∈ {1, 3, . . . , 2θzi − 1}, i ∈ [m],

(3.35v)

s0i,j(−u3i, j
2

− u4
i, j

2

+ β(ν1)
⊤v1

i, j
2

) = 0, ∀j ∈ {2, 4, . . . , 2θzi }, i ∈ [m], (3.35w)

sℓi,j(−e⊤vℓ
i,j +α(νℓ+1)

⊤vℓ+1

i, j+1
2

) = 0,

∀j ∈
{
1, 3, . . . , 2θ

z
i −ℓ − 1

}
, ℓ ∈ [θzi − 1], i ∈ [m], (3.35x)

sℓi,j(−e⊤vℓ
i,j + β(νℓ+1)

⊤vℓ+1

i, j
2

) = 0,∀j ∈
{
2, 4, . . . , 2θ

z
i −ℓ
}
, ℓ ∈ [θzi − 1], i ∈ [m],

(3.35y)

(3.3d)− (3.3e).

where θyi and θzi are the corresponding θ in yi and zi. Note that the LPCC approximation

(3.35) has the same approximation quality as (3.11). Thus, the asymptotic convergence

property (Proposition 9 and Theorem 7) also holds for (3.35). By the boundedness result

in Proposition 11, we can also obtain an MILP reformulation for (3.35) by the Big-M

method.
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As we explain in Remark 5, when the target approximation quality is larger than

0.01, the second MILP approximation has fewer variables and constraints than the first

one. However, when the target approximation quality is no larger than 0.01, the second

MILP approximation results in more constraints while still fewer variables. Depending

on a trade-off between the number of variables and the number of constraints, the MILP

approximations developed in Sections 3.2 and 3.3 can be both useful and relevant.

3.4 Computational Experiments

In this section, we present computational analyses of our proposed approximations for

non-convex QCPs. First, we perform extensive experiments to evaluate the effectiveness

of these approximations over various instances. Then, we perform sensitivity analyses to

examine the impact of various parameters, including the number of convex quadratic con-

straints m1, the number of non-convex quadratic constraints m2, and the approximation

quality parameter ε, on the performance of our approximations. Finally, to demonstrate

the applicability of our methods, we apply the proposed approximations to solve two

specific problems: the joint decision and estimation problem and the two-trust-region

subproblem. All mathematical models are implemented in Python (ver. 3.10.0) using

the Gurobi solver (ver. 10.0.3) on a high-performance computing cluster consisting of 13

nodes. Each node has 24 CPU cores and 400 GB of usable memory. The operating sys-

tem is CentOS 7.6, and the CPU used is an Intel(R) Xeon(R) E5-2699 CPU @ 2.30GHz

processor. A time limit of 2 hours is set for each run. All the data instances and source

code can be found in Jiang et al. (2025b).

3.4.1 Simplification of Approximation and Selection of νℓ

Recall that we propose two polyhedral approximations for the SOC constraint ∥y∥ ≤ t

in Sections 3.2 and 3.3, respectively. Henceforth, we refer to the first polyhedral approxi-
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mation in Section 3.2.2 as “P1” and its corresponding LPCC/MILP approximation (i.e.,

Problem (3.11)/(3.31)) as “A1.” Similarly, the second polyhedral approximation in Sec-

tion 3.3.1 is denoted by “P2,” with its corresponding LPCC/MILP approximation (i.e.,

Problem (3.35)) referred to as “A2.” It is important to note that the number of con-

straints in P1 and P2 significantly affects the computational time because such a number

determines the number of complementarity constraints in the LPCCs, which further de-

termines the number of binary variables introduced in the MILPs. Therefore, we aim to

reduce the number of constraints in P1 and P2 as much as possible while ensuring that

the overall approximation quality does not exceed a predefined threshold, i.e., ε.

One possible approach to simplifying the polyhedral approximation for P1 is detailed

below. First, in constraints (3.5), for each ℓ, i, and j, we substitute the variable ξjℓ,i and

accordingly eliminate (3.5e). Second, given that yℓi ≥ 0 (∀ℓ ∈ [θ]), we can drop the second

and fourth constraints in (3.5) for all ℓ ∈ {2, . . . , θ} and i ∈ [2θ−ℓ]. After rearrangement,

(3.5) is equivalent to the following system:

ξ01,i ≥ y02i−1, ∀i ∈ [2θ−1],

ξ01,i ≥ −y02i−1, ∀i ∈ [2θ−1],

η01,i ≥ y02i, ∀i ∈ [2θ−1],

η01,i ≥ −y02i, ∀i ∈ [2θ−1],

ξ0ℓ,i ≥
1

sin
(

π

2νℓ−1+1

) ( 1

2νℓ−1
ξ0ℓ−1,2i−1 +

νℓ−1−1∑
k=0

sin2
(

π
2k+2

)
2νℓ−1−1−k

ηkℓ−1,2i−1

)
,∀i ∈ [2θ−ℓ], ℓ = 2, . . . , θ,

η0ℓ,i ≥
1

sin
(

π

2νℓ−1+1

) ( 1

2νℓ−1
ξ0ℓ−1,2i +

νℓ−1−1∑
k=0

sin2
(

π
2k+2

)
2νℓ−1−1−k

ηkℓ−1,2i

)
, ∀i ∈ [2θ−ℓ], ℓ = 2, . . . , θ,

ηjℓ,i ≥ − 1

2 cos
(

π
2j+1

) ( 1

2j−1
ξ0ℓ,i +

j−2∑
k=0

sin2
(

π
2k+2

)
2j−2−k

ηkℓ,i

)
+ cos

( π

2j+1

)
ηj−1
ℓ,i ,

∀j ∈ [νℓ], i ∈ [2θ−ℓ], ℓ ∈ [θ],

ηjℓ,i ≥
1

2 cos
(

π
2j+1

) ( 1

2j−1
ξ0ℓ,i +

j−2∑
k=0

sin2
(

π
2k+2

)
2j−2−k

ηkℓ,i

)
− cos

( π

2j+1

)
ηj−1
ℓ,i ,
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∀j ∈ [νℓ], i ∈ [2θ−ℓ], ℓ ∈ [θ],

ηνℓℓ,i ≤
1

cos
(

π
2νℓ+1

) ( 1

2νℓ
ξ0ℓ,i +

νℓ−1∑
k=0

sin2
(

π
2k+2

)
2νℓ−1−k

ηkℓ,i

)
, ∀i ∈ [2θ−ℓ], ℓ ∈ [θ − 1],

ηνθθ,1 ≤
1

cos
(

π
2νθ+1

) ( 1

2νθ
ξ0θ,1 +

νθ−1∑
k=0

sin2
(

π
2k+2

)
2νθ−1−k

ηkθ,1

)
,

t ≥ 1

sin
(

π
2νθ+1

) ( 1

2νθ
ξ0θ,1 +

νθ−1∑
k=0

sin2
(

π
2k+2

)
2νθ−1−k

ηkθ,1

)
.

We denote the above simplified P1 by “S-P1.” Note that P2 does not contain equality

constraints, making it difficult to simplify. Thus, the simplification is only applied to P1

in this context.

Another approach to reducing the number of constraints in our approximations in-

volves optimizing the selection of νℓ for any ℓ ∈ [θ]. Specifically, we propose three strate-

gies for selecting νℓ for all ℓ ∈ [θ], ensuring that the overall approximation quality remains

below a predefined threshold ε:

• The “Decision Rule” strategy: We set εℓ = kℓε (∀ℓ ∈ [θ]), where εℓ represents the

quality of the level ℓ and 0 < k ≤ 1 is a scalar to be optimized. A larger k leads to a

larger εℓ, which results in a smaller νℓ and fewer constraints. We choose the largest k

such that

θ∏
ℓ=1

(1 + kℓε)− 1 ≤ ε. (3.36)

In the end, we set νℓ = ⌈log2(π/ arccos(1/(1 + ϵℓ)))− 1⌉ to satisfy (3.7).

• The “Same” strategy: We set νℓ = ν (∀ℓ ∈ [θ]) such that

(
1

cos
(

π
2ν+1

))θ

− 1 ≤ ε.

Clearly, the smallest choice of ν is ν = ⌈log2(π/ arccos(1/ θ
√
1 + ϵ))− 1⌉.
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• The “Primary” strategy: We let νℓ = ⌊gℓ ln 2
ε
⌋ (∀ℓ ∈ [θ]) by following Ben-Tal and

Nemirovski (2001), where g is a scalar to be optimized. We choose the smallest g such

that

θ∏
ℓ=1

1

cos
(

π
2νℓ+1

) − 1 ≤ ε.

To summarize, we have three polyhedral approximations (P1, S-P1, and P2) for the

SOC constraint ∥y∥ ≤ t and three strategies to choose νℓ (∀ℓ ∈ [θ]). We compare

their performance in Table 3.1. In this table, K represents the dimension of the SOC

constraint ∥y∥ ≤ t (i.e., the sum of the dimensions of y and t) and ε represents the target

approximation quality parameter ε. The paired values represent the number of variables

and the number of constraints in the corresponding polyhedral approximation. From Table

3.1, we have the following observations. First, the “Decision Rule” strategy consistently

outperforms the other strategies. For all K ∈ {50, 200, 400} and ε ∈ {0.1, 0.01, 0.001},

the “Decision Rule” strategy introduces fewer variables and constraints for the three

polyhedral approximations compared to the “Same” strategy and the “Primary” strategy.

Therefore, we will only focus on the “Decision Rule” strategy in the subsequent discussion.

Second, S-P1 outperforms P1. For all K ∈ {50, 200, 400} and ε ∈ {0.1, 0.01, 0.001}, both

the number of variables and the number of constraints in S-P1 are less than those in P1.

Third, P2 consistently has fewer variables than S-P1. However, the number of constraints

in P2 increases rapidly. When ε = 0.1, the number of constraints in P2 is about half

that of S-P1. When ε = 0.01, P2 and S-P1 have a similar number of constraints. When

ε = 0.001, P2 has approximately twice as many constraints as S-P1.

Based on the above observations, we will utilize the “Decision Rule” strategy to select

νℓ and simplify P1 into S-P1 for the first LPCC/MILP approximation A1 in the following

experiments.
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Table 3.1: Problem Sizes of Polyhedral Approximations with Different Rules and Param-
eters

Decision Rule Same Primary

K ε P1 S-P1 P2 P1 S-P1 P2 P1 S-P1 P2

50
0.1 (637, 1146) (383, 638) (127, 224) (757, 1386) (443, 758) (127, 504) (733, 1338) (431, 734) (127, 1056)

0.01 (849, 1570) (489, 850) (127, 896) (883, 1638) (506, 884) (127, 1008) (1213, 2298) (671, 1214) (127, 599424)

0.001 (1033, 1938) (581, 1034) (127, 2176) (1135, 2142) (632, 1136) (127, 4032) (1693, 3258) (911, 1694) too large

200
0.1 (2601, 4690) (1557, 2602) (511, 1024) (3061, 5610) (1787, 3062) (511, 2040) (3029, 5546) (1771, 3030) (511, 16512)

0.01 (3453, 6394) (1983, 3454) (511, 3968) (3571, 6630) (2042, 3572) (511, 4080) (5037, 9562) (2775, 5038) too large

0.001 (4209, 7906) (2361, 4210) (511, 10752) (4591, 8670) (2552, 4592) (511, 16320) (7045, 13578) (3779, 7046) too large

400
0.1 (5221, 9418) (3123, 5222) (1023, 2176) (6133, 11242) (3579, 6134) (1023, 4088) (6097, 11170) (3561, 6098) (1023, 65792)

0.01 (6927, 12830) (3976, 6928) (1023, 8064) (8177, 15330) (4601, 8178) (1023, 16352) (10149, 19274) (5587, 10150) too large

0.001 (8445, 15866) (4735, 8446) (1023, 23552) (9199, 17374) (5112, 9200) (1023, 32704) (14201, 27378) (7613, 14202) too large

3.4.2 Instance Generation and Table Header Description

We now consider a general QCP withm1 convex andm2 non-convex quadratic constraints

as well as a convex bounded constraint (i.e., ∥x∥ ≤ U), as shown below:

min
x

c⊤0 x (3.37a)

s.t. x⊤Qc
ix+ 2cci

⊤x ≤ bci , ∀ i ∈ [m1], (3.37b)

x⊤Qn
i x+ 2cni

⊤x ≤ bni , ∀ i ∈ [m2], (3.37c)

∥x∥ ≤ U, (3.37d)

where Qc
i is a PSD matrix for any i ∈ [m1] and Qn

i is an indefinite matrix for any

i ∈ [m2]. We follow a predefined set of rules to generate data (i.e., Qc
i ,Q

n
i , c0, c

c
i , c

n
i , b

c
i , b

n
i )

for our experiments. To generate the matrices Qc
i and Qn

i , we proceed as follows. Given

a dimension N of the decision variable x, our goal is to generate a matrix Q with N −N1

positive eigenvalues and N1 negative eigenvalues (i.e., N1 = 0 leads to a PSD matrix).

First, we generate two orthogonal matrices Y and Z of size N × N . Then, we generate

two diagonal matrices Λ1 and Λ2. The matrix Λ1 contains N − N1 non-zero values and

N1 zeros along the diagonal, while Λ2 contains N−N1 zeros and N1 non-zero values along

the diagonal. We obtain A by right multiplying Y to Λ1, and B by right multiplying Z

to Λ2. Finally, we set Q = A⊤A−B⊤B, ensuring that Q has N−N1 positive eigenvalues

and N1 negative eigenvalues. For vectors c0, c
c
i (∀i ∈ [m1]), and cni (∀i ∈ [m2]), scalars b

c
i
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(∀i ∈ [m1]) and b
n
i (∀i ∈ [m2]), and diagonal matrices Λ1 and Λ2, each element therein is

uniformly generated from the interval [−100, 100]. We set the value of U to be twice the

value of N (i.e., U = 2×N) for our experiments. In addition to the randomly generated

instances above, we also evaluate our MILP approximations on the unitbox instances from

Bao et al. (2009) (see details in Appendix B.5).

We set m1 = 4, m2 = 2, and ε = 0.01 for all the experiments here, while sensitivity

analyses over these three parameters will be presented in Section 3.4.4. We consider six

combinations of parameters N and N1, with N taking values from {100, 150, 200} and N1

from {1, 3}. For each combination of N and N1, we generate ten instances and report

the average result. To demonstrate the effectiveness of our proposed approximations, we

conduct extensive experiments and compare their performance with the Gurobi solver

in solving Problem (3.37). On the one hand, we use the Gurobi solver with default

parameters to solve Problem (3.37) directly. On the other hand, we use Gurobi to solve

our proposed MILP approximations, which provide lower bounds. Note that each of

our MILP approximations can be divided into two parts: the first part includes the LP

constraints from the polyhedral approximation of ∥y∥ ≤ t, and the second part includes

the MILP constraints from the approximation of ∥z∥ ≥ t. To evaluate the independent

performance of each part, we further solve Problem (3.37) in the following two cases:

(i) approximating the ∥y∥ ≤ t part while keeping the ∥z∥ ≥ t part unchanged and (ii)

approximating the ∥z∥ ≥ t part while keeping the ∥y∥ ≤ t part unchanged.

To further demonstrate the advantages of our approximations, we also compare our

MILP approximations with the standard LP, SOCP, and SDP relaxations of the original

Problem (3.1). First, we consider the following standard LP relaxation of Problem (3.1):

min
x,X

c⊤0 x

s.t. X •Qi + 2c⊤i x ≤ bi, ∀ i ∈ [m],

Xij − ujxi − lixj ≤ −ujli, ∀i ∈ [N ], j ∈ [N ],
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Xij − ljxi − uixj ≤ −ljui, ∀i ∈ [N ], j ∈ [N ],

Xij − ujxi − uixj ≥ −ujui, ∀i ∈ [N ], j ∈ [N ],

Xij − ljxi − lixj ≥ −ljli, ∀i ∈ [N ], j ∈ [N ],

where li (resp. ui) denotes the lower (resp. upper) bound of xi for any i ∈ [N ]. For our

randomly generated instances, we set li = −2N and ui = 2N by the bounded constraint

∥x∥ ≤ 2N . For the unitbox instances (see Appendix B.5), we set li = 0 and ui =

1. Second, for the SOCP relaxation, we relax Problem (3.1) into the following convex

program (Kim and Kojima 2001):

min
x,z

c⊤0 x

s.t. x⊤Q+
i x+

n∑
j=li+1

λijzij + 2c⊤i x ≤ bi, ∀ i ∈ [m],

x⊤(uiju
⊤
ij)x ≤ zij, ∀i ∈ [m], j ∈ {li + 1, . . . , n},

n∑
j=li+1

zij ≤ ρmax,∀i ∈ [m],

where for each i ∈ [m], Qi =
∑n

j=1 λijuiju
⊤
ij with λij (∀j ∈ [n]) representing the eigenval-

ues in non-increasing order and uij (∀j ∈ [n]) representing the corresponding eigenvectors,

li denotes the number of nonnegative eigenvalues, and Q+
i =

∑li
j=1 λijuiju

⊤
ij. Note that

ρmax should be appropriately selected to bound zij from above (Kim and Kojima 2001).

For our randomly generated instances, we set ρmax = 2N . For the unitbox instances (see

Appendix B.5), we set ρmax = N . Third, for the SDP relaxation, we introduce X = xx⊤

and relax it to the constraint X ⪰ xx⊤. Because the Gurobi solver is unable to solve

SDP problems, we utilize the Mosek solver (ver. 10.1) with default parameters to solve

the SDP problem.

To summarize, for each instance described above, we consider the following experi-

ments:

• We use the Gurobi solver with default parameters to solve Problem (3.37) directly.
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• We use the Gurobi solver with default parameters to solve the LP relaxation of

Problem (3.37).

• We use the Gurobi solver with default parameters to solve the SOCP relaxation of

Problem (3.37).

• We use the Mosek solver with default parameters to solve the SDP relaxation of

Problem (3.37).

• We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3b) (i.e.,

∥yi∥ ≤ ti, ∀i ∈ [m]) are approximated using the first polyhedral approximation

proposed in Section 3.2.2 and constraints (3.3c) (i.e., ∥zi∥ ≥ ti, ∀i ∈ [m]) are not

approximated. We then use the Gurobi solver with default parameters to solve this

approximation.

• We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3c)

(i.e., ∥zi∥ ≥ ti, ∀i ∈ [m]) are approximated using MILP constraints based on Sec-

tions 3.2.3 and 3.2.5 and constraints (3.3b) (i.e., ∥yi∥ ≤ ti, ∀i ∈ [m]) are not

approximated. We then use the Gurobi solver with default parameters to solve this

approximation.

• We approximate Problem (3.37) with the MILP approximation (3.31) in Section

3.2 (i.e., both constraints (3.3b) and (3.3c) are approximated) and use the Gurobi

solver with default parameters to solve this approximation.

• We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3b) (i.e.,

∥yi∥ ≤ ti, ∀i ∈ [m]) are approximated using the second polyhedral approximation

proposed in Section 3.3.1 and constraints (3.3c) (i.e., ∥zi∥ ≥ ti, ∀i ∈ [m]) are not

approximated. We then use the Gurobi solver with default parameters to solve this

approximation.

• We reformulate Problem (3.37) into the form of (3.3), where constraints (3.3c) (i.e.,

∥zi∥ ≥ ti, ∀i ∈ [m]) are approximated using MILP constraints based on Section

92



3.3.2 and constraints (3.3b) (i.e., ∥yi∥ ≤ ti, ∀i ∈ [m]) are not approximated. We

then use the Gurobi solver with default parameters to solve this approximation.

• We approximate Problem (3.37) with the MILP approximation (3.35) in Section

3.3 (i.e., both constraints (3.3b) and (3.3c) are approximated) and use the Gurobi

solver with default parameters to solve this approximation.

We report the average performance in Table 3.2. Here, we provide a description of

the table headers used in the following tables. The column “N” represents the dimension

of the decision variable x, i.e., the number of variables. The column “N1” represents the

number of negative eigenvalues in matrix Qn
i of non-convex constraints for all i ∈ [m2].

The column “Time” indicates the computational time in seconds required to solve each

instance. We use “Gap” to represent the relative gap in percentage between a lower bound

and an upper bound, as defined in the following equation:

Gap =
upper bound− lower bound

|upper bound|
× 100%. (3.38)

To focus on the quality of the lower bound, we unify the upper bounds used in the

columns “Gurobi,” “LP relaxation,” “SOCP relaxation,” “SDP relaxation,” “A1,” and

“A2.” Specifically, the upper bound used in (3.38) is given by the best-known feasible

solution. Note that besides the feasible solution provided by Gurobi, we can also use the

“trust-constr” local method in SciPy (Virtanen et al. 2020) to retrieve a feasible solution

providing an upper bound. Local methods are commonly used in QCP algorithms (Dong

and Luo 2018, Kannan et al. 2022, Bestuzheva et al. 2021) to provide upper bounds.

Note also that there may be two values separated by “/” in each of the columns “Gap”

and “Time” within the column “Gurobi.” It is because we would like to obtain the

computational time of Gurobi when it obtains the solution with an optimality gap of

10%. Specifically, we set the Gurobi parameter “MIPGap” to 10%. This setting instructs

Gurobi to stop the optimization process when the optimality gap reaches 10%.
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Table 3.2: Average Performance of Experiments
Gurobi LP Relaxation SOCP Relaxation SDP Relaxation A1 A2

N N1 Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time

100
1 0%/10.00% 1653/1210 1538.82% 1 571.36% 4 213.08% 113 8.07% 987 3.25% 626

3 0%/10.00% 1793/1337 1936.25% 1 661.47% 2 247.11% 141 8.34% 1100 3.19% 658

150
1 0%/10.00% 3685/2419 1141.96% 1 354.45% 5 247.82% 496 7.83% 2053 3.35% 1701

3 0%/10.00% 4745/3081 1529.38% 1 645.70% 2 271.01% 439 9.50% 2484 1.22% 2088

200
1 273.28% 7200 1000.71% 1 434.76% 6 227.32% 1202 9.21% 3752 3.91% 4911

3 182.91% 7200 1529.38% 1 803.18% 4 209.74% 1387 8.78% 5291 4.26% 5986

3.4.3 Numerical Performance

Note that only relaxing the ∥y∥ ≤ t part or the ∥z∥ ≥ t part of Problem (3.3) results

in a difficult problem that cannot be solved to optimality within the time limit (i.e.,

two hours). Therefore, we do not report related results in Table 3.2. Together with the

performance of A1 and A2 in Table 3.2, we conclude that the speed-up of approximation

comes from the final MILP approximations, and merely approximating the ∥y∥ ≤ t part

or the ∥z∥ ≥ t part leads to poor performance.

Based on the information provided in Table 3.2, we further have the following obser-

vations. First, when N = 100 and 150, where the Gurobi solver can solve each instance

to optimality within the time limit, our proposed approximations exhibit efficient perfor-

mance in obtaining lower bounds. On the one hand, our proposed two approximations

require less time to provide better lower bounds (with smaller optimality gaps) than the

Gurobi solver. For example, when N = 150 and N1 = 3, the Gurobi solver takes 3081

seconds to obtain a solution with a gap of 10.00%, but A2 only takes 2088 seconds to

obtain a solution with a gap of 1.22%. On the other hand, the two approximations show

significant improvement in the optimality gap compared to the LP, SOCP, and SDP re-

laxations of the original non-convex QCP, where these relaxations require less time to be

solved. Moreover, A2 achieves smaller optimality gaps (mostly less than 4%) within a

shorter time compared to A1.

Second, when N = 200, where the Gurobi solver cannot solve all the instances within

the time limit of two hours, our proposed approximations still deliver tight lower bounds.
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In such cases, our approximations ensure that the optimality gap remains below 10.00%.

For instance, when N = 200 and N1 = 1, the Gurobi solver obtains a solution with a gap

of 273.28% within two hours, but A1 can obtain a solution with a gap of 9.21% in 3752

seconds. Moreover, when N = 200, A2 requires more computational time to be solved

compared to A1.

Third, A2 generally outperforms A1 in terms of the optimality gap. However, as N

increases, the computational time of A2 increases faster than that of A1. To summarize,

our introduced MILP approximations yield better lower bounds within shorter compu-

tational times compared to the Gurobi solver when N1 is small. Note that we do not

consider larger N1 because our approximations may introduce too many binary variables

and they are time-consuming to deal with by the solver. The further advancement of

the MILP solver can handle this problem and many QCP applications have small N1

(see Section 3.4.5.1), which justifies the significant applicability of our proposed MILP

approximations.

3.4.4 Sensitivity Analyses

To investigate the sensitivity of the approximations to different parameters, we conduct

sensitivity analyses by varying the values of m1, m2, and ε. In these analyses, we keep

N and N1 fixed at certain values to focus on the impact of the specific parameters being

studied. Specifically, we set N = 100 and N1 = 3. These analyses provide valuable infor-

mation on how the performance of the proposed approximations is affected by variations

in the parameters m1, m2, and ε. For each set of parameters, we generate ten instances

and analyze the average performance.
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3.4.4.1 Number of Convex Quadratic Constraints m1

First, we examine the effect of the number of convex quadratic constraints. We consider

different values of m1 ∈ {2, 3, 4, 5, 6} while keeping m2 = 2 and ε = 0.01. We summarize

the average performance in Table 3.3.

Our observations indicate that the computational times of both approximations ex-

hibit a slow increase as m1 increases. This behavior can be attributed to the fact that

convex quadratic constraints only introduce linear constraints in the two approximations.

In addition, we find that the optimality gap has little correlation with m1. This sug-

gests that the presence of convex quadratic constraints does not significantly affect the

approximation quality.

Table 3.3: Sensitivity Analysis on m1

Gurobi A1 A2

m1 Gap Time Gap Time Gap Time

2 10.00% 1294 8.93% 842 3.00% 721

3 10.00% 1297 7.69% 934 3.00% 767

4 10.00% 1393 8.34% 1100 3.19% 658

5 10.00% 1313 7.41% 1070 2.78% 801

6 10.00% 1448 8.06% 1139 3.77% 945

average 10.00% 1349 8.09% 1017 3.15% 778

3.4.4.2 Number of Non-convex Quadratic Constraints m2

Next, we investigate the influence of the number of non-convex quadratic constraints.

Similar to the analysis for m1, we vary m2 while keeping m1 = 4 and ε = 0.01. We

consider m2 ∈ {1, 2, 3, 4, 5}. We summarize the average performance in Table 3.4.

Our observations indicate that the computational times of both approximations in-

crease significantly as m2 increases. This can be attributed to the fact that non-convex

quadratic constraints introduce additional binary variables in our MILP approximations,

which pose computational challenges for two approximations. Specifically, the computa-

tional time of A2 increases faster than A1. This can be attributed to the fact that A2
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generally introduces more complementarity constraints than A1 (see Table 3.1). Similar

to our findings with m1, the optimality gap exhibits little correlation with m2. This sug-

gests that the presence of non-convex quadratic constraints does not significantly affect

the solution quality. Moreover, compared to the Gurobi solver, we know that our ap-

proximations are more suitable for a QCP with a few non-convex constraints, which is

common in the industry for many QCP problems (see Section 3.4.5).

Table 3.4: Sensitivity Analysis on m2

Gurobi A1 A2

m2 Gap Time Gap Time Gap Time

1 10.00% 1428 8.60% 648 3.28% 465

2 10.00% 1593 8.34% 1100 3.19% 658

3 10.00% 1885 7.44% 2126 3.43% 2314

4 10.00% 1578 8.63% 3186 3.17% 4260

5 10.00% 1720 8.51% 4308 2.90% 6087

average 10.00% 1641 8.30% 2274 3.19% 2757

3.4.4.3 Quality Parameter ε

Lastly, we examine the impact of the quality parameter ε on the results of our approx-

imations. We test different values of ε while fixing m1 = 4 and m2 = 2. We consider

ε ∈ {0.014, 0.012, 0.01, 0.008, 0.006, 0.004, 0.002} and summarize the average performance

in Table 3.5. Note that the performance of the Gurobi solver is not affected by ε. The

Gurobi solver needs 1337 seconds to obtain a solution with a gap of 10%.

Our observations reveal that the gap provided by A2 is smaller than that provided

by A1. This suggests that A2 yields tighter lower bounds. Meanwhile, for both approx-

imations, the computational time grows rapidly as the value of ε decreases. This can be

intuitively explained by the fact that when ε decreases, the number of constraints required

to approximate the SOC constraints increases. Consequently, the number of binary vari-

ables in each MILP approximation also increases. Therefore, we suggest using a slightly

large ε for our approximations because such a ε has little effect on the optimality gap but

a significant effect on the computational time.

97



Table 3.5: Sensitivity Analysis on ε

A1 A2

ε Gap Time Gap Time

0.014 8.87% 716 3.55% 508

0.012 8.68% 857 3.45% 535

0.010 8.34% 1100 3.19% 658

0.008 7.62% 1886 2.87% 1585

0.006 7.01% 2725 2.56% 2698

0.004 6.38% 3492 2.23% 3935

0.002 5.59% 4625 1.99% 4749

average 7.50% 2200 2.83% 2096

3.4.5 Two Applications

3.4.5.1 Joint Decision and Estimation Problem

As an application of our proposed approximations, we consider the JDE problem, which

has been widely applied in the fields of signal processing, wireless communication, power

systems, biological information, and medical imaging. In the context of signal processing,

Zang and Zhu (2022b) show that the JDE problem can be formulated as:

min
j∈{0,1}

min
yj ,τj

y⊤
j cjc

⊤
j yj (3.39a)

s.t.

[
yj τj

]−(Aj +A⊤
j ) Aje

e⊤A⊤
j 0


yj

τj

 ≤ 0, (3.39b)

(1− κj)τj ≤ 1, (3.39c)

b⊤
1−jyj − κjτj ≤ 0, (3.39d)

b⊤
j yj = 1, (3.39e)

0 ≤ yj ≤ τje, (3.39f)

τj ≥ 0, (3.39g)

where for each j ∈ {0, 1}, bj ≥ 0, cj ≥ 0, and Aj = bjc
⊤
1−j−cjb

⊤
1−j are coefficient vectors

and matrix and 0 ≤ κj ≤ 1 is a scalar. Note that the number of negative eigenvalues in the
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matrix of (3.39b) is usually small (Zang and Zhu 2022a). We consider the epigraph form

of Problem (3.39) such that it has the same form as Problem (3.1). In the experiment, we

set κ0 = κ1 = 0.9 and every element in b0, b1, c0, and c1 is uniformly generated in the

interval [0, 10]. We then consider the JDE problems with N decision variables for each

j ∈ {0, 1}, i.e., variables yj and τj, where N ∈ {100, 200, 300, 400, 500}. For each case, we

generate ten instances and summarize the average performance in Table 3.6. Note that ε

is set to be 0.01.

Table 3.6: Average Performance of the JDE Problem
Gurobi A1 A2

N Gap Time Gap Time Gap Time

100 10.00% 1018 7.34% 279 3.07% 163

200 10.00% 1832 7.30% 308 3.64% 142

300 10.00% 4745 7.39% 515 3.39% 222

400 43.19% 7200 8.08% 603 4.11% 443

500 82.82% 7200 7.29% 710 3.68% 623

average 31.20% 4399 7.48% 483 3.58% 319

3.4.5.2 Two-trust-region Subproblem

The TTRS is a non-convex quadratic problem with two ellipsoidal constraints, i.e.,

min
x

x⊤Qx+ c⊤x (3.40a)

s.t. ∥Ax− b∥ ≤ d1, (3.40b)

∥x∥ ≤ d2, (3.40c)

where c, b, Q, and A are coefficient vectors and matrices and d1 and d2 are two scalars.

Similar to Problem (3.39), we consider the epigraph form of Problem (3.40) such that it

has the same form as Problem (3.1). Note that Problem (3.40) has two convex quadratic

constraints and one non-convex quadratic constraint. In this experiment, we follow Section

5.3 of Burer and Anstreicher (2013) to randomly generate instances. The number of

negative eigenvalues in Q is randomly chosen from {1, 2, 3}. We then consider the TTRS
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problems with N decision variables, i.e., x ∈ RN , where N ∈ {100, 200, 300, 400, 500}. For

each case, we generate ten instances and summarize the average performance in Table 3.7.

Note that ε is set to 0.01.

Table 3.7: Average Performance of the TTRS Problem
Gurobi A1 A2

N Gap Time Gap Time Gap Time

100 10.00% 2295 7.31% 519 3.01% 369

200 10.00% 2820 6.75% 608 3.53% 429

300 10.00% 4124 7.54% 666 3.02% 489

400 10.00% 5510 6.88% 787 2.94% 669

500 49.27% 7200 7.14% 971 3.23% 781

average 17.85% 4390 7.12% 710 3.15% 547

3.4.5.3 Numerical Performance

Our observations indicate that the computational time of the Gurobi solver increases

significantly as the value of N increases. In contrast, the computational times of our

proposed two approximations increase at a slower rate with increasing N . Specifically,

even for relatively large values of N , such as N = 500, the two approximations can obtain

solutions with much smaller gaps within 1000 seconds, whereas the Gurobi solver requires

two hours to obtain solutions with a larger gap. This highlights the advantage of our ap-

proximations in terms of optimality gaps. Furthermore, our findings demonstrate that A2

outperforms A1 in the context of the JDE problem and the TTRS problem. The approx-

imation A2 consistently yields smaller values for the optimality gap and computational

time than A1.

3.5 Conclusion

A non-convex QCP optimizes a linear objective function subject to non-convex quadratic

constraints. Despite its widespread applications in various industries and academia, find-

ing an optimal solution for a non-convex QCP remains a challenging task. Currently,
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most QCP solvers utilize the spatial branch-and-bound algorithm to search for an opti-

mal solution. One of the most important components of this algorithm is deriving efficient

lower bounds, which help reduce the size of the branch-and-bound tree. In this chapter,

we propose two MILP approximations to provide tighter lower bounds for a non-convex

QCP. To the best of our knowledge, we are among the first to develop asymptotically

tight MILP approximations for a non-convex QCP.

Initially, considering a non-convex QCP, we employ an eigenvalue-based decomposition

to reformulate non-convex quadratic constraints. Specifically, we transform each non-

convex quadratic constraint into an SOC constraint ∥y∥ ≤ t and the complement of an

SOC constraint ∥z∥ ≥ t. Subsequently, we introduce a polyhedral approximation for

∥y∥ ≤ t. Based on the approximation of ∥y∥ ≤ t, we develop an approximation for ∥z∥ ≥

t. Combining these approximation results, we obtain an LPCC approximation for the non-

convex QCP. Furthermore, we establish that the feasible solution of the LPCC satisfies

the “ε-relaxed” constraints of the non-convex QCP (Proposition 9). More importantly,

we demonstrate that the optimal value of the LPCC converges to the optimal value of

the non-convex QCP asymptotically (Theorem 7). Finally, we show the boundedness of

the LPCC when the original non-convex QCP is bounded (Section 3.2.5). As a result, we

reformulate the LPCC into an MILP by utilizing this boundedness property. Motivated

by the trade-off between the number of variables and the number of constraints in the

context of extended formulations for approximations, we provide an alternative MILP

approximation in Section 3.3, where the asymptotic convergence property also holds.

Compared to the first approximation, the second approximation typically introduces fewer

variables but may result in more constraints when the approximation quality parameter

ϵ is small.

We conduct extensive computational experiments to validate the effectiveness of our

proposed approximations over our randomly generated instances and the unitbox in-

stances from the literature. The numerical results demonstrate that the proposed approx-
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imations yield smaller optimality gaps within shorter computational times than a state-

of-the-art commercial solver. Meanwhile, our proposed approximations show a significant

improvement in the optimality gap compared to the LP, SOCP, and SDP relaxations of

the original non-convex QCP. We also apply our approximations to two problems: the

joint decision and estimation problem and the two-trust-region subproblem. The numer-

ical results highlight the significant advantages of our proposed approximations in terms

of computational time and optimality gap.
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Chapter 4

Data-Driven Chance-Constrained

Planning for Distributed Generation:

A Partial Sampling Approach

4.1 Introduction

With technological development and governments’ support, renewable energy has drawn

significant attention and investment. A widely used strategy to exploit renewable en-

ergy is to integrate renewable distributed generation (RDG) units into existing power

distribution grids. Correct installation of RDG units can help power system operators

provide customers with affordable and reliable energy, while improper placement may

result in many problems, e.g., system instability and power losses (Keane et al. 2013),

due to the intermittency of renewable energy. Such intermittency from RDG units may

lead to cascading problems such as an imbalance of electricity supply and demand and

system blackouts (Georgilakis and Hatziargyriou 2013). Therefore, proper siting (i.e., lo-

cation) and sizing (i.e., capacity) decisions of the RDG units are of great significance for

power system operators to ensure the benefits of renewable energy and maintain reliable

103



operations of the power distribution grids.

Besides RDG units, energy storage (ES) has also been considered for use in power

distribution grids. It is because ES units can provide a buffer against an imbalance of

supply and demand, thereby reducing operating costs and increasing a power distribution

grid’s probability of meeting demand. Such benefits may offset the installation and op-

erating costs of ES units and even lead to profits. For example, Abbey and Joos (2007)

adopts ES to help support wind energy applications and Barton and Infield (2004) uses

ES to increase the penetration of more general renewable generation by smoothing out the

effects of intermittency. The positive results from these studies indicate the necessity to

integrate ES units into a power distribution grid with RDG units. Thus, it is important

to determine the optimal siting and sizing decisions of both the RDG and ES units.

For ease of exposition, we refer to the problem of siting and sizing both RDG and

ES units in a power distribution grid as the planning problem thereafter. Such a prob-

lem largely relies on accurate power flow analysis. Two mathematical models are often

considered to calculate the optimal power flow in power grids: the direct current optimal

power flow (DCOPF) and the alternating current optimal power flow (ACOPF) models.

The DCOPF model is composed of linear constraints and thus is easier to solve, while it

oversimplifies the physical features. In contrast, the ACOPF model is relatively accurate

by considering active and reactive power-generation limits, demand limits, bus voltage

limits, and network flow limits (Kuang et al. 2016), while it is nonlinear and nonconvex.

The DCOPF model provides a linear approximation of the ACOPF model, with system-

atic errors though. Such inaccuracy is acceptable for large-scale power networks but is

often unacceptable for local distribution grids. Therefore, this chapter uses the ACOPF

model to accurately simulate a power distribution grid.

Different variants of the planning problem have recently drawn much attention from

academia and industry. Ehsan and Yang (2018) provides a review of related studies on

the RDG planning in the power distribution network, and Oree et al. (2017) reviews
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related studies on more general generation expansion planning. Specifically, Celli et al.

(2005) plans the locations and capacity sizes of RDG units based on simplified load

flow calculation in a multiobjective optimization model that is further solved by a ge-

netic algorithm, while ES units are not considered. Similarly, without ES units included,

Melgar-Dominguez et al. (2018) considers the siting and sizing of RDG units in a power

distribution grid in a two-stage robust optimization model. Pandžić et al. (2014) makes

the siting and sizing decisions for the ES units in a power transmission grid via a three-

stage mixed-integer linear program, while the DCOPF model is adopted. A recent work

can be found in Fathabad et al. (2020), which considers only the sizing of RDG units in

a two-stage distributionally robust optimization model and makes the siting decisions via

sensitivity analyses. The above existing efforts demonstrate the significance of siting and

sizing RDG and ES units.

However, the large-scale installation of RDG units adds significant uncertainties to a

power distribution grid due to the intermittency of renewable energy, requiring method-

ological innovation to deal with the already challenging operations of a power distribution

grid. To that end, many stochastic programming models dealing with uncertainties have

been developed to support effective distribution grid operations. For example, Zhou et al.

(2013) proposes a two-stage stochastic programming model for the optimal planning of

distributed energy systems under demand and supply uncertainties. Tan et al. (2014)

proposes a two-stage stochastic programming-based optimal power flow model for the

operation of distribution networks with uncertainties from wind power.

In this chapter, we adopt chance-constrained programming to model the planning

and operational decisions under uncertainties, including renewable generation and load

uncertainties, to ensure the feasibility of the distribution system under a high probability.

Specifically, we note that, due to such uncertainties, a power distribution grid may face

various reliability issues. For instance, power outages often happen when the power

supply is insufficient, such as facing a natural disaster like a typhoon. A load bus that
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is far away from the upper stream grid may not receive the power injected from the

upper stream grid or local distributed generators because of distribution line capacity

limit and line loss. The distribution line contingency may also happen. Therefore, to

help relieve such pressure and ensure system reliability, we build a two-stage chance-

constrained (TCC) model (where the siting and sizing decisions are in the first stage

and operational decisions are in the second stage) to solve the planning problem. More

importantly, considering various reliability issues, we adopt a chance constraint to ensure

all the operational constraints in the second stage are satisfied simultaneously, rather than

ensuring load satisfaction only. As such, our proposed TCC model becomes extremely

difficult to solve, requiring further innovation in solution approaches.

We note that the chance-constrained model is a risk-averse decision-making tool that

can help grid operators actively control the probability of unfavorable outcomes (e.g.,

system blackouts). The chance-constrained model is widely used for power system oper-

ations. For instance, Roald and Andersson (2017) solves the chance-constrained ACOPF

problems to ensure that operational constraints are satisfied with the desired probabil-

ity. Lubin et al. (2019) further provides convex approximations via second-order conic

programming, and Fathabad et al. (2023) provides asymptotically tight conic approxima-

tions for the chance-constrained ACOPF problems. Similarly, Ozturk et al. (2004) studies

the chance-constrained unit commitment formulations, and Wu et al. (2014) investigates

the chance-constrained day-ahead scheduling. Several studies use TCC models, which

are much more complex than single-stage chance-constrained models. For instance, Wang

et al. (2012) is among the first to propose a TCC model for the unit commitment problem,

while it considers a single chance constraint to ensure load satisfaction only. Zhang et al.

(2017b) considers a similar TCC model for the unit commitment problem while present-

ing a bilinear mixed-integer reformulation solved by Benders decomposition following the

study in Zeng et al. (2014). Pozo and Contreras (2012) formulates the chance constraints

based on the definition of conditional value at risk in a TCC model for the unit com-

mitment problem and reformulates these constraints using sampling-based approaches.
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Wu et al. (2016) specifically considers wind uncertainty in the chance-constrained unit

commitment model. However, to the best of our knowledge, few studies apply the TCC

models in the planning of RDG and ES units together in a distribution system consider-

ing the ACOPF model. More importantly, different from the existing studies above, this

chapter considers all the operational constraints simultaneously in a difficult joint chance

constraint.

Nevertheless, the TCC model is intractable in general, specifically when the random

parameters follow an underlying continuous (yet unknown) probability distribution and

are of high dimensions, posing severe computational challenges (Nemirovski and Shapiro

2007). The existing studies primarily adopt two approximation approaches to solve a

chance-constrained model: a convex (or tractable) approximation approach (Lubin et al.

2019) and a sampling-based approach (Wang et al. 2012). The former is not applicable

to a TCC model because the second-stage recourse decision is a function of the first-

stage decision and random parameters and it is impossible to algebraically characterize

this function. Thus, this chapter uses the latter. Specifically, we propose two sampling

techniques to reformulate our TCC model: the standard sample average approximation

(SAA) method and a new partial sample average approximation (PSAA) method. Both

approximations lead to mixed-integer convex quadratic programs. However, the SAA

introduces many additional binary variables corresponding to the samples, creating com-

putational complexity to the already challenging distributed energy resource planning

problem. In contrast, the PSAA samples only a part of the random parameters, and we

use a non-parametric estimation method to approximate the probability distribution of

the remainder, leading to an efficient data-driven approach. We only need to introduce

additional continuous variables corresponding to the samples to reformulate the model,

reducing the computational complexity. Thus, the reformulation can be scaled up to solve

large-scale instances.

The main contributions of the chapter are as follows.
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• We develop a novel TCC model for the distributed energy resource planning prob-

lem that considers both the placement and capacity of RDG and ES units under

uncertainty, combined with the ACOPF model, in a distribution grid with multi-

ple periods. We consider all the operational constraints in the second stage to be

satisfied simultaneously in a joint chance constraint.

• We are the first to develop the PSAA approach using historical data to solve the

above TCC model for a significant industry problem. We extend the PSAA idea

that solves single-stage chance-constrained models.

• Our extensive experiments on the IEEE 33-Bus and 123-Bus systems using real data

show that the PSAA approach performs better than the standard SAA approach

because the former provides better solutions in a shorter time in in-sample tests and

provides better guaranteed probability for system reliability in out-of-sample tests.

The effectiveness of ES units in reducing total costs and improving system balance

is also demonstrated.

The remainder of this chapter is organized as follows. A two-stage model and its

TCC counterpart for the planning problem are presented in Section 4.2. The TCC model

is then approximated using the SAA and PSAA methods in Section 4.3. We provide

computational results and explanations in Section 4.4. Section 4.5 concludes this chapter.

The notation used throughout this chapter is summarized in Appendix C.1.

4.2 Mathematical Model

In this section, we present a two-stage stochastic programming model and its TCC coun-

terpart for the planning problem.
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4.2.1 A Two-Stage Model

We focus on a typical distribution grid topology: the radial network. Such a network

has a tree structure and connects to a transmission network via a single bus (Bus 0). In

our distribution network, the power supply comes from four sources: the transmission

network, the traditional dispatchable distributed generation (DDG) units and reactive

sources, the RDG units, and the ES units. The last three sources are located in some

buses of the distribution grid. While the DDG units and reactive sources have already

been placed (i.e., given system input data), the RDG and ES units are to be installed

(i.e., system decision variables). The operating costs for the supply sources include the

payment to the transmission network, the cost of power generation from the DDG units,

and the cost of charging/discharging the ES units. Here we investigate the optimal siting

and sizing of K̄ candidate RDG units and R candidate ES units in a distribution grid

with buses N , to minimize the total cost across the planning horizon. The cost includes

deterministic investment/maintenance costs and stochastic operating costs (due to the

uncertainties in load and renewable power generation). In the following, we formulate

the planning problem as a two-stage optimization model and describe the corresponding

first-stage and second-stage objectives and constraints.

1) First-stage model: The first-stage objective minimizes the total cost of building,

maintaining, and operating the RDG and ES units, with the model formulated as follows.

min
Ω1

C1

(
Ω1
)
+ E

[
Q
(
Ω1, ξ

)]
(4.1a)

s.t.
∑
n∈N

zkn ≤ 1, ∀ k ∈ [K], (4.1b)

K∑
k=1

∑
n∈N

zkn ≤ K̄, (4.1c)

xk =
L∑
l=1

uklx̄l, ∀ k ∈ [K], (4.1d)

L∑
l=1

ukl =
∑
n∈N

zkn, ∀ k ∈ [K], (4.1e)
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∑
n∈N

wrn ≤ 1, ∀ r ∈ [R], (4.1f)∑
n∈N

wrnyr ≤ yr ≤
∑
n∈N

wrnȳr, ∀ r ∈ [R], (4.1g)

where Ω1 := [z,x,u,w,y]⊤ is the vector of first-stage variables. The first part in the

objective function (4.1a)

C1

(
Ω1
)
:=

K∑
k=1

(∑
n∈N

c0knzkn +
(
c1k + Tc2k

)
xk

)
+

R∑
r=1

(∑
n∈N

d0rnwrn +
(
d1r + Td2r

)
yr

)
,

represents the total deterministic cost, including the setup costs and the size-based in-

vestment/maintenance costs of the RDG and ES units. Specifically, C1 (Ω
1) includes two

parts: (i) the setup costs of the RDG and ES units,
∑K

k=1

(∑
n∈N c0knzkn

)
+
∑R

r=1(
∑

n∈N d0rn

wrn), and (ii) the investment/maintenance costs of the RDG and ES units,
∑K

k=1((c
1
k+Tc

2
k

)xk)+
∑R

r=1 ((d
1
r + Td2r) yr). In part (i), zkn is a binary variable indicating whether the kth

candidate RDG unit is located at bus n and wrn is a binary variable indicating whether

the rth candidate ES unit is located at Bus n. In part (ii), xk and yr are continuous

variables indicating the capacities of kth candidate RDG unit and rth candidate ES unit,

respectively.

The second part in the objective function (4.1a), E[Q(Ω1, ξ)], represents the expected

minimum operating costs over all T periods, which is defined explicitly in (4.2). Note

that ξ is defined as the vector of all random variables (see Table C.1 for the details),

with (Ξ,F ,P) denoting its probability space. Regarding the constraints (4.1b) - (4.1g),

they link the variables zkn, wrn, xk, yr, and ukl, by which the setup costs are linked with

the investment/maintenance cost. Specifically, constraints (4.1b) show that a given kth

candidate RDG unit, if installed, should be in one of the buses in N . Constraint (4.1c)

enforces that the total number of RDG units installed should not exceed the limit K̄.

In constraints (4.1d) and (4.1e), ukl is a binary variable indicating whether the capacity

of the kth candidate RDG unit is the lth element in X , x̄l. Thus, constraints (4.1d) and
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(4.1e) ensure that if a given kth candidate RDG unit is installed, then the capacity of

this RDG unit should be one of the pre-defined values in X . For any given kth candidate

RDG unit, the summation
∑L

l=1 ukl is equivalent to the
∑

n∈N zkn, which may take only

the value 0 or 1. Such equivalence is not related to the locations of candidate RDG units.

Constraints (4.1d) and (4.1e) are motivated by the practice where various regions and

institutions have different regulations on the capacity of distributed generation, and thus

the capacity of RDG units vary (Ackermann et al. 2001).

Similar to (4.1b), constraints (4.1f) show that a given rth candidate ES unit, if in-

stalled, should be in one of the buses in N . Constraints (4.1g) show that if a given rth

candidate ES unit is installed (i.e., wrn = 1 for a bus n), then its capacity should be

between the lower bound y
r
and the upper bound ȳr. Note that multiple new assets

(including RDG and ES units) may be installed eventually.

From the above constraints, we can observe that zkn impacts xk and wrn impacts yr,

i.e., the binary variables indicating the location of new assets have an impact on the

investment/maintenance cost.

2) Second-stage model: Given a first-stage decision Ω1 and a realization ξ of the

uncertain load and renewable generation, the second-stage objective minimizes the dis-

tribution grid’s operating costs Q(Ω1, ξ), where ξ := [ξ1, . . . , ξT ]⊤, while respecting a set

of physical constraints such as the ACOPF constraints. The operating costs include the

cost of purchasing active/reactive energy via Bus 0, the cost of fuel used and emissions

created in generating active power in the DDG units, and the cost of charging and dis-

charging the stored energy. The operating costs also include the load-shedding variables

LSt
1mn, LS

t
2mn, and a penalty factor p to account for any unsatisfied load. Meanwhile, note

that introducing the load-shedding makes the resulting two-stage stochastic programming

model satisfy the complete recourse assumption. Let Ω2 be the vector of all second-stage
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variables and let

C2

(
Ω2
)
:=

T∑
t=1

(
ctpp

t
0 + ctqq

t
0 +

∑
n∈B1

cfnp
t
n +

∑
n∈B1

cenωp
t
n

+
R∑

r=1

e1f
t
r +

R∑
r=1

e2g
t
r +

∑
(m,n)∈E

p
(
LSt

1mn + LSt
2mn

)
be the total operating costs in the second stage. The second-stage problem, whose optimal

value is denoted by Q(Ω1, ξ), can be formulated as follows. (For ease of exposition, all

constraints with a superscript t hold for all t ∈ [T ].)

min
Ω2

C2

(
Ω2
)

(4.2a)

s.t. p
¯

t
n
≤ ptn ≤ p̄tn, ∀n ∈ B1, (4.2b)

q
¯

t
n
≤ qtn ≤ q̄tn, ∀n ∈ B2, (4.2c)

v ≤
∣∣V t

n

∣∣2 ≤ v̄, ∀n ∈ N \ {0}, (4.2d)

pt0 =
∑
n∈B0

P t
0n, qt0 =

∑
n∈B0

Qt
0n, (4.2e)

P t
mn −Rmn

∣∣Itmn

∣∣2 + LSt
1mn = dtpn −

K∑
k=1

zkns
t
kxk − δnp

t
n +

∑
l∈Nn

P t
nl +

R∑
r=1

wrn

(
f t
r − gtr

)
,

∀ (m,n) ∈ E , (4.2f)

Qt
mn − Xmn

∣∣Itmn

∣∣2 + LSt
2mn = dtqn − τnq

t
n +

∑
l∈Nn

Qt
nl, ∀ (m,n) ∈ E , (4.2g)

b0r = 0, ∀ r ∈ [R], (4.2h)

0 ≤ btr ≤ yr, ∀ r ∈ [R], (4.2i)

btr − bt−1
r = γf t

r − gtr/γ, ∀ r ∈ [R], (4.2j)∣∣V t
m

∣∣2 − ∣∣V t
n

∣∣2 = 2RmnP
t
mn + 2XmnQ

t
mn −

(
R2

mn + X2
mn

) ∣∣Itmn

∣∣2 , ∀ (m,n) ∈ E , (4.2k)∥∥∥[2P t
mn, 2Q

t
mn,

∣∣V t
m

∣∣2 − ∣∣Itmn

∣∣2]∥∥∥
2
≤
∣∣V t

m

∣∣2 + ∣∣Itmn

∣∣2 , ∀ (m,n) ∈ E , (4.2l)(
P t
mn

)2
+
(
Qt

mn

)2 ≤ (LCmn)
2, ∀ (m,n) ∈ E , (4.2m)

pt0 ≥ 0, qt0 ≥ 0, (4.2n)

LSt
1mn ≥ 0, LSt

2mn ≥ 0, ∀ (m,n) ∈ E . (4.2o)
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Here, Ω2 consists of pt0, q
t
0 for t ∈ [T ], ptn, q

t
n, V

t
n , P

t
0n, Q

t
0n for n ∈ N , t ∈ [T ], f t

r , g
t
r, b

t
r for

r ∈ [R], t ∈ [T ], P t
nl, Q

t
nl for n such that (m,n) ∈ E for some m, l ∈ Nn, t ∈ [T ], and

P t
mn, Q

t
mn, I

t
mn, LS

t
1mn, LS

t
2mn for (m,n) ∈ E , t ∈ [T ].

We explain all the constraints in the model (4.2) as follows. The power generated

by the DDG units and the reactive sources is bounded by (4.2b) and (4.2c), respectively.

Constraint (4.2d) sets the bounds on the voltage of each bus. Constraint (4.2e) represents

the active and reactive balance equations at Bus 0. Constraints (4.2f) and (4.2g) are active

and reactive power balance equations from Kirchhoff’s current law. The following Fig.

4.1 illustrates the active power flow balance for each distribution line (m,n) ∈ E . The

m n
P t
mn + LSt

1mn

Rmn |Itmn|
2

dtpn

∑K
k=1 zkns

t
kxk + δnp

t
n

∑
l∈Nn

P t
nl

∑R
r=1 wrng

t
r

∑R
r=1 wrnf

t
r

Figure 4.1: Power Flow Blance.

balance of power in storage is initialized by (4.2h) and bounded by (4.2i). ES balance

between two consecutive periods is shown in (4.2j), considering ES charging/discharging

efficiency. Constraint (4.2k) represents the voltage drop on each line. Constraint (4.2l) is

the branch power-flow constraint, and the capacity of each distribution line is limited by

(4.2m). Nonnegativity constraints are listed in (4.2n) and (4.2o).

Note that the load-shedding variables LSt
1mn and LSt

2mn are defined over each distri-

bution line (m,n) ∈ E . Once the model is solved, one can also compute the load-shedding

values at each bus easily. We also note that the branch flow model is applied here to for-

mulate the ACOPF constraints in (4.2f) – (4.2g) and (4.2k) – (4.2m), where (4.2l) includes

a set of a second-order conic (SOC) constraints. These constraints represent the ACOPF
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constraints via convex relaxation following the study in Farivar and Low (2013). Specif-

ically, Farivar and Low (2013) removes the voltage and current angles while introducing

squared voltage and current magnitudes, and relaxes the nonconvex quadratic constraints

with convex SOC constraints. More importantly, Farivar and Low (2013) shows that the

obtained convex relaxation is exact when the distribution network is radial. As most

practical distribution networks are radial grids (Farivar and Low 2013), we also consider

a radial network in this chapter. Therefore, the constraints (4.2f) – (4.2g) and (4.2k) –

(4.2m) form an exact reformulation of the ACOPF constraints. As such, we obtain a

second-order conic programming (SOCP) formulation in (4.2), which enables large-scale

applications due to the computational efficiency of SOCP formulations. We note that

there are also other types of approximations to formulate the ACOPF constraints, such

as linearized distribution flow (LinDistFlow) (Baran and Wu 1989), where voltage drop

and line power flows are approximately linearly related to power injections.

We summarize the two-stage stochastic programming model of the planning problem

as

min
Ω1,Ω2(·)

C1

(
Ω1
)
+ E

[
C2

(
Ω2
)]

(4.3)

s.t. (4.1b)− (4.1g), (4.2b)− (4.2o).

Note that Ω2 and constraints (4.2b) – (4.2o) are dependent on ξ. As the first-stage

problem (4.1) is an integer program and the second-stage problem (4.2) is an SOCP, the

entire two-stage problem (4.3) is a mixed-integer SOCP.

4.2.2 A TCC Model

In the two-stage stochastic programming model (4.3), we allow the load to be unsatisfied

with a penalty cost, and the goal is to choose the best first-stage decision Ω1 such that

the total first-stage and second-stage cost can be minimized. However, the power system
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operators often need to control the reliability of the power system, which is measured

as the probability of load satisfaction. Therefore, in this section, we use the chance

constraints to ensure this requirement and propose a two-stage chance-constrained model.

First, let us revisit the two-stage stochastic programming model (4.3) here:

min
Ω1

C1

(
Ω1
)
+ E

[
Q
(
Ω1, ξ

)]
s.t. (4.1b)− (4.1g),

where Q(Ω1, ξ) = minΩ2{C2(Ω
2) | (4.2b) − (4.2o)}. Note that this two-stage stochastic

programming model satisfies the complete recourse assumption because the load-shedding

variables LSt
1mn and LSt

2mn in Ω2 can be seen as slack variables, which are penalized in

the objective function C2(Ω
2).

Second, for any feasible Ω1 and the realization of ξ, “load satisfaction” means that

there exists Ω2 can satisfy (4.2b)− (4.2o) and LSt
1mn = LSt

2mn = 0, ∀ (m,n) ∈ E , t ∈ [T ].

For the ease of presentation, we denote another second-stage problem:

Q̄(Ω1, ξ) = min
Ω2

C2(Ω
2)

s.t. (4.2b)− (4.2o),

LSt
1mn = LSt

2mn = 0, ∀ (m,n) ∈ E , t ∈ [T ]. (4.4)

Note that Q̄(Ω1, ξ) has extra constraints (4.4) compared with Q(Ω1, ξ). Meanwhile,

Q(Ω1, ξ) can be seen as the recovery operation problem (Liu et al. 2016). The main

difference between the two problems is that, given any Ω1 and ξ, Problem Q(Ω1, ξ) can

always be satisfied, but Problem Q̄(Ω1, ξ) may not.

Third, we denote the following new two-stage stochastic programming model:

min
Ω1

C1

(
Ω1
)
+ E

[
Q̄
(
Ω1, ξ

)]
(4.5)

115



s.t. (4.1b)− (4.1g).

Meanwhile, for any ξ ∈ Ξ, we define:

P(ξ) = {Ω1 satisfies (4.1b)− (4.1g) | ∃ Ω2 satisfies (4.2b)− (4.2o) and (4.4)}.

Note that Problem (4.5) implicitly enforces that Ω1 ∈ P(ξ) for almost every ξ ∈ Ξ, since

otherwise the objective value is infinite. Although Problem (4.5) can ensure the load

satisfaction with probability one, it may lead to an infeasible model or may lead to a

model in which the first-stage solutions are too costly.

Thus, in this section, the constraint that the second-stage must be feasible in all

possible realizations is replaced with the relaxed version that enforces this to hold with

high probability, i.e.,

P
(
Ω2 in (4.2) satisfies (4.4) |Ω1

)
≥ 1− η. (4.6)

In other words, P(Ω1 ∈ P(ξ)) ≥ 1 − η. As a result, we can follow Liu et al. (2016) to

provide the following TCC model (two-stage chance-constrained programs with recovery):

min
Ω1,I

C1

(
Ω1
)
+ P (Iξ = 0)E

[
Q̄(Ω1, ξ) | Iξ = 0

]
+ P (Iξ = 1)E

[
Q(Ω1, ξ) | Iξ = 1

]
(4.7)

s.t. (4.1b)− (4.1g), (4.6),

Iξ = 0 =⇒ Ω1 ∈ P(ξ), ∀ξ ∈ Ξ,

Iξ ∈ {0, 1}, ∀ξ ∈ Ξ,

where Iξ are indicator decision variables. However, the above problem (4.7) is difficult

to solve. Specifically, constraint (4.6) is nonconvex and thus problem (4.7) becomes in-

tractable. Next, we introduce two approximation methods to address this challenge.
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4.3 Solution Approaches

In this section, we describe two approximation methods for solving the problem (4.7): the

SAA and PSAA methods.

4.3.1 The SAA Formulation

The SAA is a classic sampling technique that is widely used in chance-constrained prob-

lems. It approximates the expectation of random variables using their sample means. The

probability of an event E can be reformulated as an expectation as follows:

P(E) = E [I(E)] ,

where I(·) is an indicator function that takes a value of 1 when the event happens and

0 otherwise. Let Π1 be the total number of samples of the random vector ξ and [Π1] be

the set of all the samples, and let ξπ be a specific sample for any π ∈ [Π1]. The SAA

approximates P {Ω2 in (4.2) satisfies (4.4) |Ω1} in (4.6) with

1

Π1

Π1∑
π=1

I
(
Ω2

π satisfies (4.2b)− (4.2o), (4.4) |Ω1
)
,

where Ω2
π is a copy of the second-stage variables Ω2 corresponding to ξπ for each π ∈ [Π1].

Let (4.2b)π – (4.2o)π be constraints (4.2b) – (4.2o) with ξ replaced by ξπ and Ω2 replaced

by Ω2
π. The SAA approximation of (4.7) thus becomes:

min
Ω1,Ω2

π ,∀π∈[Π1]
C1

(
Ω1
)
+

1

Π1

Π1∑
π=1

C2

(
Ω2

π

)
s.t.

1

Π1

Π1∑
π=1

I
(
Ω2

π satisfies (4.2b)− (4.2o), (4.4) |Ω1
)
≥ 1− η. (4.8)

(4.1b)− (4.1g), (4.2b)π − (4.2o)π, ∀π ∈ [Π1].
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We further introduce a binary variable θπ ∈ {0, 1} for each sample π ∈ [Π1]. When θπ = 0,

it indicates that I(Ω2
π satisfies (4.4) |Ω1) = 1, i.e., all the constraints in the second-stage

model (4.2) are satisfied; when θπ = 1, it indicates I(Ω2
π satisfies (4.4) |Ω1) = 0, i.e.,

all the constraints in the second-stage model (4.2) are not satisfied. Therefore, we can

reformulate (4.8) as the following mixed-integer quadratic program:

min
Ω1,Ω2

π ,∀π∈[Π1]
C1

(
Ω1
)
+

1

Π1

Π1∑
π=1

C2

(
Ω2

π

)
(4.9a)

s.t. (4.1b)− (4.1g), (4.9b)

(4.2b)π − (4.2o)π, ∀ π ∈ [Π1], (4.9c)

LSt
1πmn ≤ θπMπ, LS

t
2πmn ≤ θπMπ,∀ (m,n) ∈ E ,∀ π ∈ [Π1], (4.9d)

Π1∑
π=1

θπ ≤ Π1η, (4.9e)

θπ ∈ {0, 1}, ∀ π ∈ [Π1], (4.9f)

where Mπ is a sufficiently large number for any π ∈ [Π1]. Specifically, with constraints

(4.9d) and (4.9e), we ensure that all but a few number (i.e., ηΠ1) of samples in [Π1]

satisfy the constraints in the second-stage model (4.2). That is, with the probability of

1− η, the constraints in the second-stage model (4.2) are satisfied. In addition, as in the

second-stage model (4.2), all constraints in (4.9) with a superscript t hold for all t ∈ [T ].

All of the constraints in (4.9) are convex except for (4.2f)π, π ∈ [Π1]. Specifically,

constraints (4.9b) are from the first-stage model, and all of them are linear constraints.

Constraints (4.9d) - (4.9f) are also linear constraints. Constraints (4.9c), i.e., (4.2b)π −

(4.2o)π, ∀ π ∈ [Π1], are from the second-stage model, and they are either linear or second-

order conic (SOC) constraints when the first-stage decision variables are given. However,

as problem (4.9) needs to optimize both the first-stage and second-stage decision variables,

constraints (4.2f)π, π ∈ [Π1] include bilinear terms (zknukl and wrnf
t
πr), by which these

constraints are nonconvex. Specifically, after substituting xk with (4.1d), we achieve

bilinear terms zknukl for k ∈ [K], n ∈ N , l ∈ [L]. The bilinear terms can be linearized
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using McCormick inequalities.

McCormick inequalities are commonly used to linearize a bilinear term, say w =

xy with xL ≤ x ≤ xU and yL ≤ y ≤ yU , in (mixed-integer) nonlinear programming

(McCormick 1976). The general form of McCormick inequalities for w = xy can be

written as:

w ≥ xLy + xyL − xLyL, w ≥ xUy + xyU − xUyU ,

w ≤ xUy + xyL − xUyL, w ≤ xyU + xLy − xLyU .

When x and y are both continuous variables, the above four McCormick inequalities

provide convex and concave envelopes of the bilinear term xy. When at least one of x and

y is binary, w = xy can be implied by the above four McCormick inequalities, resulting

in an equivalent mixed-integer linear reformulation of the bilinear expression.

Thus, for all k ∈ [K], n ∈ N , l ∈ [L], we replace zknukl with βknl, and add the following

constraints

βknl ≥ 0, βknl ≥ zkn + ukl − 1,

βknl ≤ ukl, and βknl ≤ zkn,

to enforce βknl = zknukl, where both zkn and ukl are binary. Using the same technique,

for all r ∈ [R], n ∈ N , t ∈ [T ], π ∈ [Π1], we denote f̂ t
πrn := wrnf

t
πr, where wrn is binary,

and add the following constraints:

f̂ t
πrn ≥ wrnf

t

πr
, f̂ t

πrn ≥ f t
πr + wrnf

t

πr − f
t

πr,

f̂ t
πrn ≤ f t

πr + wrnf
t

πr
− f t

πr
, and f̂ t

πrn ≤ wrnf
t

πr,

where f
t

πr and f t

πr
are the lower and upper bounds of f t

πr. The bilinear term wrng
t
πr

can be managed similarly. As a result, the SAA formulation (4.9) is transformed into a
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mixed-integer convex quadratic program.

4.3.2 The PSAA Formulation

The SAA is relatively accurate when there are sufficient samples. However, more samples

lead to more binary auxiliary variables (i.e., θπ), greatly increasing the computational

burden. Thus, we use partial sampling to reduce the computational difficulty and improve

the solution quality. We extend the preliminary studies on partial sampling in Cheng et al.

(2019) to approximate our proposed TCC model, which is more complicated than the

single-stage chance-constrained model considered in Cheng et al. (2019), as evidenced in

Liu et al. (2016). This leads to an extended PSAA model, referred to as the PSAA model

for simplicity. It samples a part of the random parameters and estimates the probability

distribution of the remainder. We first present the basic PSAA idea and then detail our

PSAA model.

We consider a general chance constraint

P{g(x, ξ) ≥ 0} ≥ 1− η, (4.10)

where ξ = (ξ1, ξ2) and ξ1 is independent of ξ2. Clearly, P{g(x, ξ) ≥ 0} = E[I(g(x, ξ) ≥

0)] = Eξ1,ξ2 [I(g(x, ξ1, ξ2) ≥ 0)] = Eξ1Eξ2 [I(g(x, ξ1, ξ2) ≥ 0)], where the third equation is

because of the independence between ξ1 and ξ2. The PSAA idea then reformulates one

of the above two expectations (i.e., Eξ1 and Eξ2) by its sample mean. For instance, if

we replace the inner expectation Eξ2 by a sample mean of N independent samples of ξ2

(denoted by ξ̂12, . . . , ξ̂
N
2 ), then the PSAA formulation of (4.10) is as follows:

1

N

N∑
k=1

Eξ1 [I(g(x, ξ1, ξ̂k2))]

=
1

N

N∑
k=1

P{g(x, ξ1, ξ̂k2) ≥ 0} ≥ 1− η,
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which is further equivalent to the following

P{g(x, ξ1, ξ̂k2) ≥ 0} ≥ yk,∀k ∈ [N ], (4.11)∑N
k=1 yk
N

≥ 1− η, yk ≥ 0,∀k ∈ [N ]. (4.12)

In contrast to constraints (4.9d) - (4.9f) (SAA formulation), constraints (4.11)-(4.12)

(PSAA formulation) introduce only continuous variable yk, while N new chance con-

straints are added. In our proposed PSAA model, We will show that (4.11) has a convex

approximation for the planning problem in this chapter, which contributes to the existing

literature.

To apply the above PSAA idea, we need to have the sampled random parameters

independent of the unsampled ones. We first convert the random vector ξ into an un-

correlated random vector ξ′ using an affine transformation, thereby approximating the

independence requirement. Specifically, let Σ be the covariance matrix of ξ and µ be the

mean vector of ξ. Suppose that Σ = UΛU⊤ is an eigenvalue decomposition of Σ, where

U is an orthogonal matrix and Λ is a diagonal matrix with the eigenvalues of Σ on the

diagonal. Without loss of generality, we assume that Λ11 is the largest eigenvalue of Σ.

Let

ξ′ = Λ− 1
2U⊤(ξ − µ), or equivalently, ξ = UΛ

1
2ξ′ + µ.

It is straightforward to see that ξ′ is an uncorrelated random vector with a mean of 0.

We partition ξ′ as (ξ′1, ξ
′
2), where ξ

′
1 is the first component of ξ′ and ξ′2 is the vector of

the other components. Note that when ξ is sampled, ξ′1 is the first principal component.

The PSAA then considers Π2 Monte Carlo samples ξ′2κ, κ ∈ [Π2] of ξ
′
2 and approximates

the probability of an event E as

P(ξ′1,ξ
′
2)
(E) ≈ 1

Π2

Π2∑
κ=1

Pξ′1
(E | ξ′2κ) .
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In our PSAA model, we retain the objective function of (4.8) and constraints (4.1b)−

(4.1g) and (4.2b)π − (4.2o)π. We also develop a different approximation of the chance

constraint using the PSAA. To be compatible with the PSAA framework, given the first-

stage variables Ω1, instead of requiring (4.2b) – (4.2o) and (4.4) to be satisfied with

a high probability by a specified Ω2, we relax the chance constraint (4.6) to require

the consistency of (4.2b) – (4.2o) and (4.4). That is, we consider the following chance

constraint:

P
(
∃ a solution satisfying (4.2b)− (4.2o), (4.4) |Ω1

)
≥ 1− η. (4.13)

Let (4.2b)κ − (4.2o)κ and (4.4)κ be a copy of (4.2b) – (4.2o) and (4.4), with ξ replaced

by (ξ′1, ξ
′
2κ) for any κ ∈ [Π2]. The PSAA approximates (4.13) with

1

Π2

Π2∑
κ=1

Pξ′1

(
ξ′1 ∈ A

(
Ω1, κ

))
≥ 1− η,

where A(Ω1, κ) := {ξ′1 | (4.2b)κ-(4.2o)κ, (4.4)κ are consistent with Ω1}. For a given Ω1

and κ, A(Ω1, κ) is a convex set of ξ′1. That is, if ξ̂′1 < ξ̄′1 are both in A(Ω1, κ), then

ξ′1 ∈ A(Ω1, κ) for all ξ′1 ∈ [ξ̂′1, ξ̄
′
1]. Let Ψ(·) be the cumulative distribution function (CDF)

of ξ′1. Then,

Pξ′1

(
ξ′1 ∈ A

(
Ω1, κ

))
= sup

Z1,Z2

{
Ψ(Z2)−Ψ(Z1) | Z1, Z2 ∈ A

(
Ω1, κ

)}
.

Therefore, our PSAA model is as follows.

min C1

(
Ω1
)
+

1

Π1

Π1∑
π=1

C2

(
Ω2

π

)
s.t. (4.1b)− (4.1g), (4.14a)

(4.2b)π − (4.2o)π, ∀ π ∈ [Π1], (4.14b)

(Ω1,Ω2
1κ) satisfies (4.2b)κ − (4.2o)κ, (4.4)κ with (Z1κ, ξ

′
2κ), ∀κ ∈ [Π2], (4.14c)
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(Ω1,Ω2
2κ) satisfies (4.2b)κ − (4.2o)κ, (4.4)κ with (Z2κ, ξ

′
2κ), ∀κ ∈ [Π2], (4.14d)

Ψ(Z2κ)−Ψ(Z1κ) ≥ ηκ, ∀κ ∈ [Π2], (4.14e)
Π2∑
κ=1

ηκ ≥ Π2(1− η), (4.14f)

ηκ ≥ 0, ∀κ ∈ [Π2]. (4.14g)

Here, the decision variables are Ω1, Ω2
π for any π ∈ [Π1], and Ω2

1κ,Ω
2
2κ, Z1κ, Z2κ, ηκ for

any κ ∈ [Π2].

For the model to be practical, we need to estimate the CDF Ψ(·) of ξ′1. Two types of

methods are primarily used for estimating distributions: parametric and nonparametric

estimation methods. Parametric estimation methods assume that the sample data con-

form to a parametrized family of probability distributions, and the sample data are used

to find the best-fitting parameters. In contrast, nonparametric estimation methods do not

depend on any prior assumption of the distribution family, and they fit the distribution

according to the characteristics and properties of the data. Here we make no assumptions

on the distribution of ξ′1 and estimate Ψ(·) using the kernel density estimation, a com-

monly used nonparametric method proposed by Rosenblatt (Rosenblatt 1956) and Parzen

(Parzen 1962).

Let Π3 be the total number of samples of ξ′1, and ξ′1τ be a specific sample for any

τ ∈ [Π3]. The kernel density estimation of the probability density function ψ of ξ′1 can be

written as

ψ(ξ′1) ≈
1

Π3h

Π3∑
τ=1

ϕ

(
ξ′1 − ξ′1τ

h

)
,

where h is a user-specified bandwidth parameter and ϕ is a kernel function. Among the

popular choices, we choose the standard normal density function as the kernel function

for our estimation. Thus, the CDF of ξ′1 can be estimated by

Ψ(ξ′1) ≈
1

Π3

Π3∑
τ=1

Φ

(
ξ′1 − ξ′1τ

h

)
, (4.15)
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where Φ(·) is the CDF of the standard normal distribution.

We further approximate Φ(·) in (4.15) using the following piecewise linear function:

Φ(x) ≈


min
ϵ∈[∆1]

{aϵx+ αϵ} if x ≥ 0.5

max
ζ∈[∆2]

{aζx+ αζ} if x < 0.5,

(4.16)

where ∆1 and ∆2 are the numbers of pieces used to approximate the upper half and the

lower half of Φ(·), respectively. An example of such an approximation is depicted in the

following Fig. 4.2.

Figure 4.2: Piecewise linear approximation of the CDF of the standard normal distribution
Φ(·) (∆1 = ∆2 = 3)

When the probability level 1 − η is close to 1, Φ(
Z2κ−ξ′1τ

h
) is usually greater than 0.5

and thus concave, while Φ(
Z1κ−ξ′1τ

h
) is usually less than 0.5 and thus convex(Karimi et al.

2021). Therefore, with the approximation in (4.16), we can remove the min and max

operators in (4.16) and approximate constraint (4.14e) by the following constraints:

ρκ1τ ≥ aζ

(
Z1κ − ξ′1τ

h

)
+ αζ , ∀ ζ ∈ [∆2], τ ∈ [Π3], κ ∈ [Π2],
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ρκ2τ ≤ aϵ

(
Z2κ − ξ′1τ

h

)
+ αϵ, ∀ ϵ ∈ [∆1], τ ∈ [Π3], κ ∈ [Π2],

1

Π3

Π3∑
τ=1

(ρκ2τ − ρκ1τ ) ≥ ηκ, ∀κ ∈ [Π2].

Finally, the bilinear terms in (4.14b) – (4.14d) can be linearized using McCormick

inequalities, as in the SAA model. As a result, the PSAA model (4.14) is simplified to a

mixed-integer convex quadratic program.

4.4 Numerical Results

We conduct two sets of experiments on the IEEE 33-Bus system and the IEEE 123-Bus

system using real data acquired from Pecan Street Inc. and ERCOT. We first compare

the effectiveness of the SAA and PSAA models and then investigate the potential benefits

of installing ES units. We use in-sample and out-of-sample tests to validate the quality of

the obtained solutions to the planning problem. All numerical tests are executed on the

high-performance computing (HPC) cluster of Ieria with 27 computing nodes. We allocate

four CPUs to every instance, and every CPU is allocated 4 GB of memory. CPLEX 22.1.0,

with its default setting, is used to solve all optimization models. For ease of exposition,

we use the following flowchart in Fig. 4.3 to summarize the sequential steps we follow to

perform the numerical experiments in this section.

4.4.1 IEEE 33-Bus System

We first consider the modified IEEE 33-Bus radial distribution network examined in

Fathabad et al. (2020) (see Fig. 4.4). In the network, Bus 0 is connected to the major

transmission network, from which we can purchase active and reactive power via Bus 0

if needed. Buses 1–32 are connected to Bus 0, directly or indirectly. Two DDG units

are located at Buses 15 and 29, and three reactive power sources are located at Buses
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Figure 4.3: The Procedure of Numerical Experiments
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11, 13, and 32. The reactive power sources are of the hybrid (capacitive and inductive)

compensator type, and they can both generate and absorb reactive power to stabilize the

voltage. Nevertheless, our model can also consider other types. With the fixed location

of the DDG units and reactive power sources, we then focus on the location and capacity

planning of candidate RDG and ES units to be installed.

Figure 4.4: IEEE 33-Bus Distribution Network

4.4.1.1 Data

We consider two sources of uncertainties: the weekly active/reactive load at each bus,

i.e., dtpn/d
t
qn, and the renewable generation efficiency of each candidate RDG unit, i.e.,

stk ∈ [0, 1]. The active-load data are obtained from Pecan Street Inc. and the wind

generation data from ERCOT. The reactive-load data are randomly generated based

on the bounds of the total reactive-power output. Specifically, the reactive-power load is

uniformly generated in the interval [−0.01, 0.019]. Here [−0.01, 0.019] is an interval, which

specifies a range of possible values of reactive-power load that we can possibly generate.

By using such a random data generation, we obtain different values of reactive-power

loads at different buses in different periods. All data are for a range of 4 years, leading

to 208 (= 52 weeks × 4) data samples for each specific random variable. To perform

more practical tests, we randomly generate more data samples to better demonstrate our

proposed models’ effectiveness, via in-sample and out-of-sample tests. To that end, we

127



first calculate the mean value and covariance matrix using the given data samples, and

then generate 3792 data samples by following the multivariate log-normal distribution,

which has been widely adopted in academia and industry in similar scenarios (Park et al.

2015, Qin et al. 2012, Qian et al. 2010). Thus, we have 4000 data samples in total.

4.4.1.2 Parameters

All of the parameters used in our experiments are slightly modified based on the param-

eters1 used in Fathabad et al. (2020). For instance, the electricity price of purchasing

active/reactive power from the main grid is mainly from ERCOT. The detailed modifi-

cation is as follows. In the first stage, the setup costs of candidate RDG units c0kn are

uniformly generated in the interval [0.95× 2000, 1.05× 2000]. The size-based investment

costs c1k and maintenance costs c2k of candidate RDG units are uniformly generated in

the intervals [0.9 × 238, 1.1 × 238] and [0.9 × 4, 1.1 × 4], respectively. The setup costs

of candidate ES units d0rn are uniformly generated in the interval [0.9 × 200, 1.1 × 200].

The size-based investment costs d1r and maintenance costs d2r of candidate ES units are

both uniformly generated in the interval [0.9 × 2, 1.1 × 2]. The active power purchase

prices ctp are uniformly generated in the interval [0.9× 130, 1.1× 130]. The reactive power

purchase prices ctq are uniformly generated in the interval [0.9× 4, 1.1× 4]. The emission

costs for the DDG units at Buses 15 and 29 are cf15 = cf29 = 630. The emission factor ω

of the DDG units is 3 kg/MWh. A maximum of K̄ = 3 out of K = 4 candidate RDG

units are to be installed in this distribution network. The maximum number of ES units

to be installed is R = 3. The active-power output bounds (pt
n
, p̄tn) of both DDG units

are (0.5, 4.5). The reactive-power output bounds (qt
n
, q̄tn) are (−0.1, 0.2), (−0.15, 0.25),

and (−0.1, 0.2) for the three reactive-power sources at Buses 11, 13, and 32, respectively.

We further consider four types of RDG units (x̄1 = 4 MW, x̄2 = 5 MW, x̄3 = 6 MW,

and x̄4 = 7 MW). The maximum capacity ȳr of an ES unit is 3 MW, and the minimum

capacity y
r
is 0. The initial power level b0r of a candidate ES unit is set to 0. When an ES

1See https://www.dropbox.com/s/psqv9yr3atg46bk. Accessed: Jul. 2022.
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unit is charged, the unit cost e1 is 0.1, whereas the discharging cost e2 is 0.1. The energy

loss factor γ is set to 0.9.

4.4.2 IEEE 123-Bus System

We then consider the commonly used IEEE 123-Bus radial distribution network (Bazraf-

shan and Gatsis 2017, Daratha et al. 2013, Zhang et al. 2013) (see Fig. 4.5). In the

network, Bus 149 is connected to the major transmission network. Eight DDG units are

located at Buses 8, 25, 44, 57, 67, 87, 97, and 108, and twelve reactive power sources are

located at Buses 7, 14, 15, 25, 47, 54, 62, 68, 80, 91, 98, and 109.

Figure 4.5: IEEE 123-Bus Distribution Network

4.4.2.1 Data

All the data are obtained following the same process used for the IEEE 33-Bus system.

The only difference is the dimension of uncertainty. Here we consider the renewable
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generation efficiency of each candidate RDG unit stk uncertain and use an estimated value

for the weekly active/reactive load at each bus, i.e., dtpn/d
t
qn. In particular, as the IEEE

123-Bus system is of large scale, both the SAA and PSAA formulation become difficult

to solve when the test system is large. Thus, to better show the performance of these

two approaches, we consider the system loads are given and the renewable generation is

uncertain, by which the computational difficulty is relatively reduced.

4.4.2.2 Parameters

We continue to use the parameters designed for the IEEE 33-Bus system, except that some

parameters are modified as follows. First, the electrical resistance (Rmn) and reactance

(Xmn) of each line (m,n) ∈ E and the upper/lower bound of voltage magnitude (i.e.,

v/v̄) at each bus are obtained from the IEEE PES Test Feeders2. Second, we consider a

maximum of K̄ = 6 out of K = 8 candidate RDG units to be installed in this distribution

network. We consider three types of RDG units (x̄1 = 8 MW, x̄2 = 10 MW, and x̄3 = 12

MW). The maximum capacity ȳr of an ES unit is 6 MW. The maximum number of

candidate ES units to be installed is R = 6. The reactive-power output bounds (qt
n
, q̄tn)

are (-0.15, 0.25).

4.4.3 Decomposition Framework

To reduce the computational difficulty of solving both the SAA and PSAA formulations,

we adopt the Benders decomposition algorithm (Benders 1962) to improve the compu-

tational efficiency. Specifically, we first linearize the SOCP constraints (4.2l) and (4.2m)

as Fathabad et al. (2020) does by using the polyhedral ϵ-approximation in Ben-Tal and

Nemirovski (2001). With such an approximation, both the SAA formulation (4.9) and

PSAA formulation (4.14) are transformed into mixed-integer linear programming (MILP)

formulations, which can be used practically in large-scale settings.

2See https://cmte.ieee.org/pes-testfeeders/resources/. Accessed: Jul. 2022.
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For each MILP formulation, we then decompose the problem into two parts: a master

problem and a set of subproblems. The master problem includes all the integer vari-

ables and associated constraints, and the subproblems contain the remaining continuous

variables and associated constraints. As such, we iteratively solve the master problem

and subproblems until convergence. At each iteration, the master problem is solved to

optimality, and its optimal solution is then used to construct the subproblems. Feasible

and optimality cuts are generated after solving the subproblems and added back to the

master problem.

Note that we have Π1 subproblems for the SAA formulation, where each sample π ∈

[Π1] corresponds to one subproblem, as shown in (4.9c), and these subproblems can be

solved in parallel. For the PSAA formulation, we have Π1 + 1 subproblems, where each

sample π ∈ [Π1] corresponds to one subproblem, as shown in (4.14b), and constraints

(4.14c) – (4.14g) are included in one subproblem.

4.4.4 SAA vs. PSAA

Here we analyze the performance of the SAA and PSAA models using the data and

parameters mentioned above. We thus ignore ES units and consider T = 1. Specifically,

terms related to ES units, including wrn, yr, f
t
r , g

t
r, and b

t
r, are temporarily removed from

the models.

We first divide the 4000 data samples into two sets for the experiment: a training data

set and a testing data set. The former is used to obtain our planning decision in the first

stage, and the latter is used to test the effectiveness of the obtained decision. To make full

use of the real data and better simulate real-world decision-making, we ensure that the

training data are selected from the first 208 samples, as it is very straightforward to feed

the available historical real data into an optimization model to support decision-making.

Each data sample is used as a scenario in the SAA and PSAA models. We solve the SAA

and PSAA models using the training data and obtain two optimal sizing/siting plans.
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We then compare the performance of the plans using the testing data. Specifically, we

calculate the first-stage cost and the average second-stage cost of all test samples for each

plan. To verify our approximation formulations and demonstrate their ability to ensure

that the demand can be satisfied with a high probability, we also calculate the actual

feasible probability of the test samples. This probability is defined as the percentage of

the test samples for which constraints (4.2b) – (4.2o) and (4.4) can be simultaneously

satisfied.

The experiments are conducted using different settings for (i) the size of the training

data (i.e., Π1 = Π2), (ii) the maximum running time (i.e., time limit) of the solver (denoted

by ϑ in hours), and (iii) the desired feasible probability of the chance constraint (i.e., 1−η),

as shown in Tables 4.1 – 4.4. The training data size Π1 = Π2 ∈ {60, 100, 140} for the

IEEE 33-Bus system and Π1 = Π2 ∈ {30, 45, 60} for the IEEE 123-Bus system. The

maximum running time ϑ ∈ {4, 8, 12} for the IEEE 33-Bus system and ϑ ∈ {10, 13, 16}

for the IEEE 123-Bus system. The desired feasible probability 1− η ∈ {0.8, 0.9} for both

systems. These settings lead to 18 = 3 × 3 × 2 combinations in total for each system.

For some instances, when both models are too large to be solved to optimality within the

given time limits, we take the incumbent solutions returned by the solver as the optimal

solutions. We also record the relative optimality gap, (zp − zd)/zp, where zp is the primal

objective bound (i.e., the incumbent objective value) and zd is the dual objective bound

(i.e., the lower bound for minimization problems). Intuitively, a smaller gap indicates a

better-quality incumbent solution.

We illustrate the performance of both models in Tables 4.1 – 4.4. The columns in the

SAA/PSAA section represent, from left to right, the first-stage cost, the average second-

stage cost of testing samples, the average total cost, the relative optimality gap, and the

actual feasible probability.

Compared with the SAA model, the PSAA model leads to lower first-stage costs, lower

second-stage costs, and thus lower total costs in all cases. The lower costs indicate that the
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siting and sizing decisions provided by the PSAA approach help more effectively satisfy

the same required demands than those provided by the SAA approach. Thus, compared

to the SAA solutions, the PSAA solutions require fewer RDG units to be installed and/or

the installed RDG units can be of smaller capacity. Moreover, the effective plans made by

the PSAA approach lead to lower operating costs for the distribution grid than the plans

made by the SAA approach. A direct comparison of the total costs is shown in Fig. 4.6,

where the horizontal axis represents the training-data size, the vertical axis represents

the total cost, and different colors represent different running times. The total costs of

the SAA solutions are labeled with triangular symbols, and the total costs of the PSAA

solutions are marked with circular symbols.

Figure 4.6: SAA vs. PSAA solutions in the total cost (η = 0.1)

Within the same time limits, we observe that the relative optimality gap of the PSAA

solution is always less than that of the SAA solution in all cases. Specifically, for the cases

where the PSAA model can solve the instance to optimality (i.e., the optimality gap is 0)

within the time limits, we report the corresponding computational time in hours used by

the PSAA model in the column “Gap” and label it by ⋆. The SAA model cannot solve any

instance to optimality within the time limits. The result clearly indicates that the PSAA

133



model is more computationally efficient than the SAA model. The difference is due to how

the chance constraint is dealt with in the models. The SAA model introduces Π1 binary

variables (i.e., θπ), whereas the PSAA model introduces Π2 continuous variables (i.e., ηκ).

Although there are more continuous variables and more constraints in the PSAA model,

the binary variables in the SAA model are more difficult to manage. A direct comparison

of the gap is shown in Fig. 4.7, where the vertical axis represents the relative optimality

gap.

Figure 4.7: SAA vs. PSAA solutions in the optimality gap (η = 0.1)

To further illustrate the computational improvement of the PSAA approach compared

with the SAA approach, we summarize the optimality gap improvement (i.e., reduction)

from the SAA approach to the PSAA approach in Fig. 4.8 and Fig. 4.9. In the figures,

the horizontal axis represents the setting of η and Π1. For instance, “0.1 − 60” means

that η = 0.1 and Π1 = 60. The vertical axis represents the optimality gap improvement

in percentage, as given by:

|the gap by PSAA− the gap by SAA|
the gap by SAA

× 100%.
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From Fig. 4.8 and Fig. 4.9, we find that the improvement is mostly above 50% and even

reaches 100% when the PSAA solves an instance to optimality.

Figure 4.8: Optimality Gap Improvement (IEEE 33-Bus system)

Figure 4.9: Optimality Gap Improvement (IEEE 123-Bus system)

In each of the tested cases, the actual feasible probability of the PSAA solution is

clearly higher than that of the SAA solution and is almost equal to the desired probability.
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This indicates that the PSAA performs better than the SAA as an approximation method

for the chance constraint. In fact, the actual feasible probability of the PSAA solution

is less than 1% different from the desired solution, which in practice will give the grid

decision-makers more control of the confidence level. A direct comparison is shown in

Fig. 4.10, where the vertical axis represents the actual feasible probability.

Figure 4.10: SAA vs. PSAA solutions in the actual feasible probability (η = 0.1)

To conclude this section, we illustrate the performance difference between the two

models with a specific example. When Π1 = Π2 = 140, ϑ = 8, and η = 0.1 in the

IEEE 33-Bus system, the SAA solution sites (sizes) the candidate RDG units at Buses 3

(6 MW), 9 (6 MW), and 12 (4 MW), and the PSAA solution sits (sizes) the candidate

RDG units at Buses 3 (5 MW), 8 (4 MW), and 26 (6 MW). Thus, compared to the SAA

solution, the PSAA solution results in a lower first-stage cost, due to the smaller total

capacities of the installed RDG units. In addition, the output ptn of the DDG unit at

Bus 29 in the PSAA solution is significantly less than that in the SAA solution for most

testing data, and the load-shedding penalties of the PSAA solution are also much less

than those of the SAA solution. The two factors above account for most of the difference

between the methods in the second-stage costs. We know that Buses 27, 29, and 30 have
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higher loads and that the DDG units have been installed at Buses 15 and 29. Thus, it is

reasonable to place a candidate RDG unit at Bus 26 to reduce the output pressure on the

DDG unit at Bus 29. In addition, in a distribution network structure, it is likely that the

power purchased from Bus 0 and generated by the RDG unit at Bus 3 (6 MW) or Bus

3 (5 MW) is mainly used to fulfill the loads at Buses 1-4 and 18-24. Given the desired

feasible probability of 0.9 (i.e., the power system operator expects to satisfy the load with

a confidence level of 0.9), the PSAA solution shows that a 5 MW RDG unit is sufficient

to satisfy the load, and thus a 6 MW unit (given by the SAA solution) may be excessive.

Table 4.1: IEEE 33-Bus System: SAA vs. PSAA (η = 0.1)

Π1 ϑ (h)
SAA PSAA

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob

60

4 10674.5 1692.8 12367.3 0.40 0.85 10226.3 1639.2 11865.5 0.08 0.90
8 10510.0 1679.4 12189.4 0.36 0.85 10184.6 1645.8 11830.4 7.33⋆ 0.89
12 10510.0 1679.4 12189.4 0.34 0.84 10184.6 1645.8 11830.4 7.33⋆ 0.89

100

4 10586.3 1713.0 12299.3 0.52 0.86 10275.5 1607.6 11883.1 0.12 0.90
8 10447.2 1708.5 12155.7 0.47 0.86 10224.5 1616.2 11840.7 0.06 0.90
12 10397.4 1721.3 12118.7 0.39 0.86 10105.6 1606.5 11712.1 0.03 0.89

140

4 10800.2 1716.0 12516.2 0.60 0.86 10231.8 1629.0 11860.8 0.21 0.90
8 10749.0 1691.2 12440.2 0.54 0.87 10209.0 1632.7 11841.7 0.16 0.90
12 10723.9 1711.9 12435.8 0.49 0.86 10173.0 1625.1 11798.1 0.11 0.90

Table 4.2: IEEE 33-Bus System: SAA vs. PSAA (η = 0.2)

Π1 ϑ (h)
SAA PSAA

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob

60

4 9947.9 1756.2 11704.1 0.21 0.78 9536.3 1723.3 11259.6 2.55⋆ 0.80
8 9947.9 1756.2 11704.1 0.12 0.78 9536.3 1723.3 11259.6 2.55⋆ 0.80
12 9664.2 1742.8 11407.0 0.08 0.77 9536.3 1723.3 11259.6 2.55⋆ 0.80

100

4 9772.3 1722.6 11494.9 0.35 0.78 9652.7 1720.1 11372.8 0.05 0.80
8 9651.9 1743.9 11395.8 0.27 0.78 9574.9 1652.2 11227.1 4.73⋆ 0.80
12 9633.8 1739.7 11373.5 0.21 0.77 9574.9 1652.2 11227.1 4.73⋆ 0.80

140

4 10039.0 1740.1 11779.1 0.42 0.79 9705.0 1692.1 11397.1 0.13 0.80
8 9974.3 1748.7 11723.0 0.33 0.79 9639.5 1683.0 11322.5 0.06 0.80
12 9974.3 1748.7 11723.0 0.27 0.79 9592.1 1666.8 11258.9 0.04 0.80

Table 4.3: IEEE 123-Bus System: SAA vs. PSAA (η = 0.1)

Π1 ϑ (h)
SAA PSAA

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob

30

10 26715.3 6422.7 33138.0 0.33 0.86 25937.3 6396.0 32333.3 0.15 0.91
13 26127.5 6248.7 32376.2 0.28 0.86 25372.6 6210.7 31583.3 0.11 0.90
16 25972.4 6255.3 32227.7 0.21 0.85 25047.2 6251.8 31299.0 0.09 0.90

45

10 27019.2 6392.3 33411.5 0.42 0.87 26252.8 6305.3 32558.1 0.21 0.90
13 26407.7 6268.9 32676.6 0.39 0.86 26043.7 6365.3 32409.0 0.13 0.90
16 26149.3 6274.3 32423.6 0.34 0.86 25392.6 6216.6 31609.2 0.10 0.89

60

10 26931.0 6561.9 33492.9 0.61 0.87 25892.4 6410.8 32303.2 0.30 0.91
13 26772.4 6347.2 33119.6 0.57 0.87 25465.3 6304.3 31769.6 0.25 0.91
16 26073.5 6403.6 32477.1 0.53 0.87 25428.0 6309.8 31737.8 0.21 0.90
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Table 4.4: IEEE 123-Bus System: SAA vs. PSAA (η = 0.2)

Π1 ϑ (h)
SAA PSAA

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob

30

10 25894.3 6407.1 32301.4 0.24 0.78 25283.4 6392.2 31675.6 0.14 0.80
13 25607.6 6379.2 31986.8 0.21 0.78 25076.9 6359.4 31436.3 0.11 0.80
16 25313.7 6392.4 31706.1 0.16 0.77 24764.0 6271.2 31035.2 0.07 0.79

45

10 26021.9 6307.6 32329.5 0.37 0.78 25506.3 6293.2 31799.5 0.18 0.80
13 25528.3 6517.4 32045.7 0.30 0.78 24892.6 6268.1 31160.7 0.13 0.80
16 24986.1 6492.2 31478.3 0.27 0.78 24508.3 6238.9 30747.2 0.11 0.80

60

10 26328.0 6398.2 32726.2 0.56 0.78 26017.3 6344.5 32361.8 0.26 0.81
13 26148.7 6362 32510.7 0.48 0.78 25370.4 6308.8 31679.2 0.24 0.80
16 25693.3 6417.4 32110.7 0.44 0.78 25091.2 6284.5 31375.7 0.19 0.80

Table 4.5: IEEE 33-Bus System: Storage vs. No Storage (η = 0.1)

(ϱ1, ϱ2)
without energy storage with energy storage

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob
(0.5,0.5) 10592.0 5243.3 15835.3 0.24 0.89 9952.0 5501.4 15453.4 0.26 0.90
(0.4,0.6) 10464.3 5372.8 15837.1 0.23 0.90 9873.8 5427.6 15301.4 0.29 0.91
(0.6,0.4) 10726.9 5194.2 15921.1 0.27 0.89 9908.2 5462.9 15371.1 0.28 0.90
(0.3,0.3) * 10143.7 5576.1 15719.8 0.38 0.89
(0.2,0.4) * 10471.5 5560.8 16032.3 0.39 0.89
(0.4,0.2) * 10239.2 5602.5 15841.7 0.43 0.89

Table 4.6: IEEE 33-Bus System: Storage vs. No Storage (η = 0.2)

(ϱ1, ϱ2)
without energy storage with energy storage

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob
(0.5,0.5) 10527.7 5293.7 15821.4 0.16 0.80 9903.2 5460.4 15363.6 0.22 0.82
(0.4,0.6) 10332.5 5268.3 15600.8 0.20 0.79 9764.0 5503.9 15267.9 0.26 0.80
(0.6,0.4) 10200.4 5372.9 15573.3 0.21 0.80 9672.4 5423.5 15095.9 0.23 0.81
(0.3,0.3) * 10021.3 5690.3 15711.6 0.33 0.80
(0.2,0.4) * 10206.5 5575.1 15781.6 0.40 0.80
(0.4,0.2) * 10164.8 5625.0 15789.8 0.38 0.81

Table 4.7: IEEE 123-Bus System: Storage vs. No Storage (η = 0.1)

(ϱ1, ϱ2)
without energy storage with energy storage

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob
(0.5,0.5) 28274.9 19707.3 47982.2 0.44 0.89 26922.5 20311.6 47234.1 0.46 0.90
(0.4,0.6) 27944.6 19638.2 47582.8 0.37 0.89 26327.3 20610.4 46937.7 0.46 0.91
(0.6,0.4) 27826.9 19648.2 47475.1 0.39 0.89 26281.7 20409.3 46691.0 0.49 0.90
(0.3,0.3) * 28037.3 20416.3 48453.6 0.57 0.90
(0.2,0.4) * 27614.0 20882.5 48496.5 0.54 0.89
(0.4,0.2) * 27932.4 20741.3 48673.7 0.52 0.90

Table 4.8: IEEE 123-Bus System: Storage vs. No Storage (η = 0.2)

(ϱ1, ϱ2)
without energy storage with energy storage

1st ($) 2nd ($) Total cost ($) Gap Prob 1st ($) 2nd ($) Total cost ($) Gap Prob
(0.5,0.5) 27970.4 19504.8 47475.2 0.38 0.80 26392.7 19903.2 46295.9 0.37 0.81
(0.4,0.6) 27822.6 19762.4 47585.0 0.29 0.80 27041.5 20113.4 47154.9 0.41 0.81
(0.6,0.4) 28203.0 19793.0 47996.0 0.33 0.80 26808.3 20513.6 47321.9 0.35 0.81
(0.3,0.3) 29409.4 19442.7 48852.1 0.52 0.78 27751.4 19862.4 47613.8 0.45 0.79
(0.2,0.4) 29143.6 19627.1 48770.7 0.44 0.79 27948.3 20172.3 48120.6 0.48 0.79
(0.4,0.2) 29527.1 20062.6 49589.7 0.49 0.79 27684.0 20194.0 47878.0 0.38 0.80
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4.4.5 Storage vs. No Storage

Here we compare the experimental results to show the effects of ES installation. From

previous experiments, we observe that the PSAA model produces higher-quality solutions

than the SAA model. Thus, all subsequent experiments are conducted using the PSAA

model.

In the experiments, the maximum running time ϑ = 12 hours for the IEEE 33-Bus

system and ϑ = 16 hours for the IEEE 123-Bus system, and the planning horizon T = 3

weeks. Note that our proposed TCC model (4.7) is general enough to consider a longer-

term setting because one can always set T to be years or seasons. Here our experiments

consider a representative snapshot of the long-term future by setting T to be a relatively

small number. Correspondingly, the cost parameters in the first stage of model (4.7),

including the setup costs and the size-based investment/maintenance costs of the RDG

and ES units, have also been levelized over the specific T time periods (weeks).

To match the planning horizon, we integrate every 3 of the 4000 weekly samples into a

3-week-long sample (without repetition) to obtain 1333 new samples. For computational

efficiency, the size of the training data is set to Π1 = Π2 = 50 for the IEEE 33-Bus system

and Π1 = Π2 = 30 for the IEEE 123-Bus system. As the training set is relatively small

compared with the number of random variables, we use the k -means clustering algorithm

to improve the reliability of the training samples. In particular, we randomly choose 200

of the 1333 samples and divide them into 50 groups by the k -means algorithm. We then

use the centers of the 50 groups as our training samples. The remaining 1133 samples are

used for testing.

We modify the active-power upper bounds of the DDG units (i.e., p̄tn) and the standard

capacities in X of the RDG units to match their designed load share in different cases. In

particular, let ϱ1 and ϱ2 be two nonnegative parameters, and let SUM be the expected

total active load (estimated from the real data and invariant to t). For each of the

two DDG units, the active-power upper bound p̄tn is adjusted to ϱ1 × SUM/2 for all
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t ∈ [T ]. The maximum standard capacity of the RDG units x̄4 is adjusted from 7 MW to

ϱ2 × SUM/4. The other three standard capacities in X are adjusted proportionally. For

example, the minimum standard capacity x̄1 is adjusted from 4 MW to ϱ2×SUM/4×4/7.

We conduct two sets of experiments with η = 0.1 and η = 0.2, respectively. For each set of

experiments, we set (ϱ1, ϱ2) to take six different pairs of values, i.e., (0.5, 0.5), (0.4, 0.6),

(0.6, 0.4), (0.3, 0.3), (0.2, 0.4), and (0.4, 0.2). Note that (ϱ1, ϱ2) does not represent an

interval. When (ϱ1, ϱ2) = (0.4, 0.6), it means that we set ϱ1 = 0.4 and ϱ2 = 0.6. The

results are shown in Tables 4.5 – 4.8.

When ϱ1 + ϱ2 = 1.0, the solutions with ES units lead to higher second-stage costs

but lower total costs than those without ES units. This indicates that ES installation is

beneficial overall, despite leading to higher operational costs. Regarding computational

efficiency, the optimality gaps for the solutions with ES are no smaller than those with-

out ES, but the difference is negligible. Thus, considering ES installation increases the

problem complexity, but not significantly.

When ϱ1 + ϱ2 = 0.6 (i.e., the DDG and RDG units may be insufficient to satisfy the

load), ES units are more crucial. Without ES units, we cannot find a feasible solution

within the time limit in any case. This indicates that the problems without ES units

are likely to be infeasible. However, with ES units, feasible solutions are found within

the time limit, and the actual feasible probabilities of the solutions are very close to the

desired probabilities. This is because more active power can be purchased or generated

in advance when there are ES units, and thus fulfill the load when the demand is high.

As an illustrative example, we consider the instance with (ϱ1, ϱ2) = (0.6, 0.4) and

η = 0.2 in the IEEE 33-Bus system. Without ES units, the solution sites (sizes) candidate

RDG units at Buses 4 (7 MW), 9 (6 MW), and 28 (7 MW). With ES units, the result

shows that candidate RDG units should be installed at Buses 3 (5 MW), 12 (3 MW), and

29 (7 MW), and that ES units should be installed at Buses 2 (2.3 MW), 12 (1.8 MW),

and 27 (2.8 MW). The latter solution agrees with our intuition that storage units placed
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close to high-load buses play an important role in balancing the supply and demand in

the power grid. We also observe that ES installation reduces the total required capacities

of RDG units. This reduction lowers the first-stage costs so much that the total costs are

reduced, even though the operating costs increase due to the operation of storage units.

Finally, all the above numerical results demonstrate that our proposed TCC model

and PSAA approach can effectively deal with the RDG and ES planning problem under

significant uncertainties. We note that, although we focus on such a planning problem

in this chapter, the proposed model and approach can also be applied to other practical

problems under uncertainty in the industry. For instance, we can apply the PSAA ap-

proach to solve the chance-constrained unit commitment problems in Wang et al. (2012)

and chance-constrained optimal power flow problems in Roald and Andersson (2017),

thereby reducing computational challenge. In general, many practical problems that con-

sider two-stage decision-making under uncertainty may be formulated as a TCC model

and solved by the PSAA approach. In addition, our proposed PSAA approach is a data-

driven approach because (i) we use historical data to represent the possible scenarios of

uncertain parameters and accordingly characterize chance constraints in our model; (ii)

we use historical data to estimate the cumulative distribution function of a single ran-

dom parameter ξ′1 by a non-parametric estimation technique; and (iii) once we obtain the

first-stage solution of our model, we use real data to test the effectiveness of the obtained

solution, simulating real practices. Such an approach can be applied to a wider range of

practical problems.

4.5 Conclusions

Distribution grid operators face great challenges in deciding the locations and capacities

of RDG and ES units due to significant uncertainties and complexities of distribution

systems (e.g., ACOPF). To support such a decision-making problem, we develop a novel

141



TCC model to ensure system reliability, minimize costs, and improve renewable energy

penetration. One key feature of our model is that the chance constraint ensures that

all the operational constraints are satisfied simultaneously with a high probability, lead-

ing to system reliability. We use two sampling techniques to reformulate our developed

model, leading to the standard SAA formulation and our proposed PSAA formulation.

The novelty of the PSAA formulation is that it introduces only continuous variables cor-

responding to the samples (as compared to integer variables in the SAA formulation) and

uses historical data to improve its performance. Our extensive experiments show that

the PSAA formulation performs better than the SAA formulation. The PSAA provides

better locations and capacities of the RDG and ES units in a shorter time with a lower

total cost and achieves a better desired probability of ensuring system feasibility than

the SAA. The PSAA also reduces the optimality gap by more than 50% as compared to

the SAA. We finally demonstrate the significance of ES units in reducing total costs and

improving the power system balance.

This research can be extended in various directions. First, as our proposed TCC

model and PSAA approach is general enough, it would be interesting to apply the TCC

model and PSAA approach to solve other practical problems in power system planning

and operations. Second, the PSAA approach always finds a better solution in a shorter

time than the SAA approach in our numerical experiments, but we do not have a theoret-

ical proof for such results. A theoretical study would be appealing. Third, although we

consider a radial distribution network in this chapter, there can be other types of distribu-

tion networks, e.g., meshed grids (Farivar and Low 2013) and multiphase grids (Gan and

Low 2014). One can apply various approximations (e.g., semidefinite programming (Low

2014)) to formulate the corresponding ACOPF constraints. Fourth, although we adopt

Bender’s decomposition algorithms to improve computational efficiency, more advanced

algorithms can be developed. We leave them to future research.
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Chapter 5

Conclusions

In this thesis, we present three studies on computationally efficient approaches for modern

optimization problems.

The first study considers the moment-based DRO problem. Although most moment-

based DRO problems can be reformulated as SDP problems that can be solved in polyno-

mial time, solving high-dimensional SDPs is still time-consuming. Unlike existing approx-

imation approaches that first reduce the dimensionality of random parameters and then

solve the approximated SDPs, we propose an ODR approach by integrating the dimen-

sionality reduction of random parameters with the subsequent optimization problems.

Such integration enables two outer and one inner approximations of the original prob-

lem, all of which are low-dimensional SDPs that can be solved efficiently, providing two

lower bounds and one upper bound correspondingly. More importantly, these approxima-

tions can theoretically achieve the optimal value of the original high-dimensional SDPs.

As these approximations are nonconvex SDPs, we develop modified ADMM algorithms

to solve them efficiently. We demonstrate the effectiveness of our proposed ODR ap-

proach and algorithm in solving multiproduct newsvendor and production-transportation

problems. Numerical results show significant advantages of our approach regarding com-

putational time and solution quality over the three best possible benchmark approaches.
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Our approach can obtain an optimal or near-optimal (mostly within 0.1%) solution and

reduce the computational time by up to three orders of magnitude. This chapter can be

further extended in various directions. First, we consider a piece-wise linear cost function

in the original problem. Thus, it would be attractive to consider a more general objective

function. Second, it would be interesting to apply our approach to more application prob-

lems to generate practical insights. Third, it is also of great interest to integrate the idea

of dimensionality reduction into the Wasserstein DRO or two-stage stochastic program-

ming. Fourth, our ODR approach can be potentially generalized to solve general SDPs

with certain structures. Thus, it would be appealing to exploit the structures of SDP

constraints and apply the ODR approach to solve more general SDPs. Fifth, it would be

an interesting extension to consider cases with K ≥ m. Note that for these cases, our

proposed ODR approach can still be used to improve the traditional PCA approximation

by choosing an appropriate m1 such that the solution quality is good and the computa-

tional time is short, and also provide theoretical guarantees that bound the gap between

the proposed upper bound and the original optimal value, as well as the gap between the

original optimal value and the proposed lower bound. Nevertheless, we may not provide

clear guidance on choosing m1 so that our proposed approximations achieve the optimal

value of the original problem. We leave the above extensions for future research.

The second study explores the non-convex QCPs, which are generally NP-hard and

challenging problems. We propose two novel MILP approximations for a non-convex QCP.

Our method begins by utilizing an eigenvalue-based decomposition to express the non-

convex quadratic function as the difference of two convex functions. We then introduce

an additional variable to partition each non-convex constraint into an SOC constraint

and the complement of an SOC constraint. We employ two polyhedral approximation

approaches to approximate the SOC constraint. The complement of an SOC constraint

is approximated using a combination of linear and complementarity constraints. As a re-

sult, we approximate the non-convex QCP with two LPCCs. More importantly, we prove

that the optimal values of the LPCCs asymptotically converge to that of the original
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non-convex QCP. By proving the boundedness of the LPCCs, we further reformulate the

LPCCs as MILPs. We demonstrate the effectiveness of our approaches via numerical ex-

periments by applying our proposed approximations to randomly generated instances and

two application problems: the joint decision and estimation problem and the two-trust-

region subproblem. The numerical results show significant advantages of our approaches

in terms of solution quality and computational time compared to existing benchmark

approaches. This study can be extended in various directions. First, there are a lot of

auxiliary variables in our proposed MILP approximations. It would be interesting to study

how to reduce the number of these auxiliary variables. Second, Proposition 9 provides a

relaxation for the original quadratic problem. It is interesting to quantify the difference

between the relaxed problem and the original problem in terms of the optimal value and

optimal solutions. Third, as our proposed MILP approximations are general enough, it

would be interesting to apply them to solve other practical problems in various fields. We

leave them to future research.

The third study considers the planning of distributed energy resources in distribution

systems. This problem has been challenged by the significant uncertainties and com-

plexities of distribution systems. To ensure system reliability, one often employs chance-

constrained programs to seek a highly likely feasible solution while minimizing certain

costs. The traditional SAA is commonly used to represent uncertainties and reformu-

late a chance-constrained program into a deterministic optimization problem. However,

the SAA introduces additional binary variables to indicate whether a scenario sample is

satisfied and thus brings great computational complexity to the already challenging dis-

tributed energy resource planning problems. In this study, we introduce a new paradigm,

i.e., PSAA using real data, to improve computational tractability. The innovation is that

we sample only a part of the random parameters and introduce only continuous vari-

ables corresponding to the samples in the reformulation, which is a mixed-integer convex

quadratic program. Our extensive experiments on the IEEE 33-Bus and 123-Bus systems

show that the PSAA approach performs better than the SAA because the former pro-
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vides better solutions in a shorter time in in-sample tests and provides better guaranteed

probability for system reliability in out-of-sample tests. This research can be extended

in various directions. First, as our proposed TCC model and PSAA approach is general

enough, it would be interesting to apply the TCC model and PSAA approach to solve

other practical problems in power system planning and operations. Second, the PSAA

approach always finds a better solution in a shorter time than the SAA approach in our

numerical experiments, but we do not have a theoretical proof for such results. A theoret-

ical study would be appealing. Third, although we consider a radial distribution network

in this chapter, there can be other types of distribution networks, e.g., meshed grids (Fari-

var and Low 2013) and multiphase grids (Gan and Low 2014). One can apply various

approximations (e.g., semidefinite programming (Low 2014)) to formulate the correspond-

ing ACOPF constraints. Fourth, although we adopt Bender’s decomposition algorithms

to improve computational efficiency, more advanced algorithms can be developed. We

leave them to future research.

146



Appendix A

Supplements for Chapter 2

A.1 Table of Notations

Table A.1: Summary of Notations

Notation Description

Random

Variables:

ξ The random vector ξ ∈ Rm

ξI The random vector ξI ∈ Rm obtained by the linearly

transformation of ξ

ξr The random vector ξr ∈ Rm1 obtained by reducing the dimension

of ξI

Distributions:

P The probability distribution of the random vector ξ

PI The probability distribution of the random vector ξI

Pr The probability distribution of the random vector ξr

Decision
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Variables:

x The decision variable x ∈ Rn

s, λk, q, Q Decision variables in original SDP problem

λ̂ λ̂ := {λ1, . . . ,λK}

qr, Qr Decision variables in PCA approximation

B The decision variable used in the optimized dimensionality

reduction

tk,pk,Pk,Z Decision variables used in the lower bound

Q′
r, û

′, û′′,B1,B2 Decision variables used in the revisited lower bound

Parameters

and Sets:

X The feasible set of decision variable x

DM0 The distributional ambiguity set constructed by statistical

information

DM The distributional ambiguity set corresponding to ξI

S The support of ξ

γ1 A scalar γ1 ≥ 0

γ2 A scalar γ2 ≥ 1

µ The estimated mean of ξ

Σ The estimated covariance matrix of ξ

U, Λ Two matrices produced by the eigenvalue decomposition on the

covariance matrix Σ

A,b S := {ξ | Aξ ≤ b}

SI The support of ξI

Sr The support of ξr

DL The distributional ambiguity set corresponding to ξr

Bm1 The feasible set of decision variable B ∈ Rm×m1

DU The distributional ambiguity set by relaxing the second-moment

constraint in DM
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Optimal Value

Functions:

ΘM(m) The optimal value of the original problem

ΘM(m1) The optimal value of the PCA approximation

ΘL(m1) The optimal value of the first outer approximation

Θ(m1,B) The optimal value of the subproblem of the first outer

approximation

ΘU(m1) The optimal value of the inner approximation

Θ(m1,B) The optimal value of the subproblem of the inner approximation

ΘL2(m1) The optimal value of the second outer approximation

A.2 Supplement to Section 2.2

A.2.1 Reformulations in Example 1

The distributionally robust counterpart of the CVaR problem (2.8) can be formulated as

min
x∈X

max
P∈D

min
t∈R

t+
1

α
EP [g (x, ξ)− t]+

= min
x∈X , t∈R

max
P∈D

t+
1

α
EP [g (x, ξ)− t]+ , (A.1)

where the equality holds by the Sion’s minimax theorem (Sion 1958) because t+(1/α)EP[

g(x, ξ) − t]+ is convex in t, concave (specifically, linear) in P, and D is compact. By

Proposition 1, Problem (A.1) has the same optimal value with the following SDP formu-

lation:

min
x,s,t,λ1,
λ2,q,Q

s+ Im •Q (A.2a)

s.t.

 s− t− λ⊤
1 b+ λ⊤

1 Aµ
1
2

(
q+

(
UΛ

1
2

)⊤
A⊤λ1

)⊤

1
2

(
q+

(
UΛ

1
2

)⊤
A⊤λ1

)
Q

 ⪰ 0, (A.2b)
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s−
(
1− 1

α

)
t− λ⊤

2 b−
(
1
αx
)⊤
µ+ λ⊤

2 Aµ
1
2

(
q+

(
UΛ

1
2

)⊤ (
A⊤λ2 − 1

αx
))⊤

1
2

(
q+

(
UΛ

1
2

)⊤ (
A⊤λ2 − 1

αx
))

Q

 ⪰ 0,

(A.2c)

x ∈ X , t ∈ R, λ1 ∈ Rl
+, λ2 ∈ Rl

+. (A.2d)

A.3 Supplement to Section 2.3

A.3.1 Proof of Lemma 1

First, we have

 Im B

B⊤ Im1

 ⪰ 0 ⇐⇒ Im −BI−1
m1

B⊤ ⪰ 0 ⇐⇒ BB⊤ ⪯ Im,

where the first equivalence is by Schur complement and the second is because I−1
m1

= Im1 .

Second, we have

 Im B

B⊤ Im1

 ⪰ 0 ⇐⇒ Im1 −B⊤I−1
m B ⪰ 0 ⇐⇒ B⊤B ⪯ Im1 ,

where the first equivalence is by Schur complement and the second is because I−1
m = Im.

Thus, the lemma is proved. □

A.3.2 Proof of Lemma 2

(i) Suppose X ⪰ Y. For any a ∈ Rn, we have Va ∈ Rm. It follows that

X ⪰ Y =⇒(Va)⊤(X−Y)(Va) ≥ 0, ∀a ∈ Rn

⇐⇒ a⊤ (V⊤(X−Y)V
)
a ≥ 0, ∀a ∈ Rn
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⇐⇒ V⊤(X−Y)V ⪰ 0 ⇐⇒ V⊤XV ⪰ V⊤YV.

(ii) First, for any V ∈ Rm×m, we have

X ⪰ Y =⇒ V⊤XV ⪰ V⊤YV

by (i). Second, suppose V⊤XV ⪰ V⊤YV. Note that V−1 ∈ Rm×m. According to (i),

the matrix V⊤XV −V⊤YV remains as PSD if it multiplies (V−1)⊤ before it and V−1

after it, i.e.,

(
V−1

)⊤
V⊤XVV−1 ⪰

(
V−1

)⊤
V⊤YVV−1.

It follows that X ⪰ Y because (V−1)⊤V⊤ = Im and VV−1 = Im. Thus, X ⪰ Y is

equivalent to V⊤XV ⪰ V⊤YV if V ∈ Rm×m is invertible. □

A.3.3 Proof of Theorem 1

(i) Given any x ∈ X and B ∈ Bm1 , i.e., B
⊤B = Im1 , we define ζ = UΛ

1
2Bξr + µ and

use Sζ and Dζ to denote its support and ambiguity set, respectively. As Sr = {ξr ∈

Rm1 | UΛ
1
2Bξr+µ ∈ S} and Sζ = {ζ ∈ Rm | ζ = UΛ

1
2Bξr+µ, ξr ∈ Sr}, we can deduce

Sζ ⊆ S. We also have

(
EPζ

[ζ]− µ
)⊤

Σ−1
(
EPζ

[ζ]− µ
)
=
(
EPr

[
UΛ

1
2Bξr

])⊤
Σ−1EPr

[
UΛ

1
2Bξr

]
= EPr

[
ξ⊤r
]
B⊤
(
UΛ

1
2

)⊤
Σ−1

(
UΛ

1
2

)
BEPr [ξr]

= EPr

[
ξ⊤r
]
B⊤
(
UΛ

1
2

)⊤ (
UΛU⊤)−1

(
UΛ

1
2

)
BEPr [ξr]

= EPr

[
ξ⊤r
]
B⊤
(
UΛ

1
2

)⊤((
UΛ

1
2

)(
UΛ

1
2

)⊤)−1 (
UΛ

1
2

)
BEPr [ξr]

= EPr

[
ξ⊤r
]
B⊤
(
UΛ

1
2

)⊤((
UΛ

1
2

)⊤)−1 (
UΛ

1
2

)−1 (
UΛ

1
2

)
BEPr [ξr]
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= EPr

[
ξ⊤r
]
B⊤BEPr

[
ξr

]
= EPr

[
ξ⊤r
]
EPr

[
ξr

]
≤ γ1, (A.3)

where the inequality holds because of (2.6b). Meanwhile, we have

EPζ

[
(ζ − µ)(ζ − µ)⊤

]
= EPr

[
UΛ

1
2Bξrξ

⊤
r B

⊤Λ
1
2U⊤

]
⪯UΛ

1
2Bγ2Im1B

⊤Λ
1
2U⊤ = γ2UΛ

1
2BB⊤Λ

1
2U⊤ ⪯ γ2UΛU⊤ = γ2Σ, (A.4)

where the first inequality holds because of (2.6b) and the second inequality holds because

B⊤B = Im1 , leading to B⊤B ⪯ Im1 , which is further equivalent to BB⊤ ⪯ Im by Lemma

1. By Sζ ⊆ S, (A.3), and (A.4), it follows that Dζ lies in DM0, i.e., Dζ ⊆ DM0.

Therefore, given any x ∈ X and B ∈ Bm1 , we have

max
Pr∈DL

EPr

[
f
(
x,UΛ

1
2Bξr + µ

)]
= max

Pζ∈Dζ

EPζ
[f (x, ζ)] ≤ max

P∈DM0

EP [f (x, ξ)] ,

where the equality holds by change of variables and the inequality holds because Dζ ⊆

DM0. It follows that

max
B∈Bm1

min
x∈X

max
Pr∈DL

EPr

[
f
(
x,UΛ

1
2Bξr + µ

)]
≤ min

x∈X
max
P∈DM0

EP [f (x, ξ)] ,

which demonstrates that the optimal value of Problem (2.10) is a lower bound for that of

Problem (2.3) (i.e., Problem (2.2)).

(ii) For any m1 < m2 ≤ m, B1 ∈ Rm×m1 , and C ∈ Rm×(m2−m1) such that B⊤
1 B1 = Im1

and [B1,C]⊤[B1,C] = Im2 , we have B2 = [B1,C] ∈ Rm×m2 . Meanwhile, we have Bm2 =

{B ∈ Rm×m2 | B⊤B = Im2} and define ζi = UΛ
1
2Biξri + µ ∈ Rm for any i ∈ [2], where

ξri ∈ Rmi . Clearly, B2 ∈ Bm2 because B⊤
2 B2 = Im2 . We further define the ambiguity set

of ζi as

Dζi =
{
Pζi

∣∣∣ ζi ∼ Pζi , ζi = UΛ
1
2Biξri + µ, ξri ∼ Pri ∈ Dri

}
, ∀i ∈ [2], (A.5)
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where Dri represents the ambiguity set of ξri for any i ∈ [2]. Given ζ1 ∼ Pζ1 ∈ Dζ1 ,

there exists a ξr1 ∼ Pr1 ∈ Dr1 such that ζ1 = UΛ
1
2B1ξr1 + µ = UΛ

1
2B2ξ̄r2 + µ, where

ξ̄r2 = (ξ⊤r1 ,0
⊤
m2−m1

)⊤ ∈ Rm2 .

By using Sri (see definition in (2.11)) to denote the support of ξri for any i ∈ [2], we

have

P
{
ξr1 ∈ Sr1

}
= P

{
UΛ

1
2B1ξr1 + µ ∈ S

}
= P

{
UΛ

1
2B2ξ̄r2 + µ ∈ S

}
= 1,

where the second equality holds because UΛ
1
2B1ξr1 = UΛ

1
2B2ξ̄r2 . It follows that P{ξ̄r2 ∈

Sr2} = 1 by the definition of Sr2 . In addition, we have E[ξ̄⊤r2 ]E[ξ̄r2 ] = E[ξ⊤r1 ]E[ξr1 ] ≤ γ1

and

E
[
ξ̄r2 ξ̄

⊤
r2

]
=

 E
[
ξr1ξ

⊤
r1

]
0m1×(m2−m1)

0(m2−m1)×m1 0(m2−m1)×(m2−m1)

 ⪯ γ2Im2 .

Thus, the probability distribution of ξ̄r2 belongs to Dr2 . Meanwhile, by the definition of

Dζi for any i ∈ [2] in (A.5) and ζ1 = UΛ
1
2B2ξ̄r2 + µ, we have Pζ1 ∈ Dζ2 and further

Dζ1 ⊆ Dζ2 . Therefore, for any x ∈ X , B1 ∈ Rm×m1 , and C ∈ Rm×(m2−m1) such that

B⊤
1 B1 = Im1 and [B1,C]⊤[B1,C] = Im2 , we have

max
Pζ1

∈Dζ1

EPζ1
[f (x, ζ1)] ≤ max

Pζ2
∈Dζ2

EPζ2
[f (x, ζ2)] . (A.6)

Together with the definitions of ζi (∀i ∈ [2]) and B2, inequality (A.6) leads to

max
Pr1∈Dr1

EPζ1

[
f
(
x,UΛ

1
2B1ξr1 + µ

)]
≤ max

Pr2∈Dr2

EPζ2

[
f
(
x,UΛ

1
2 [B1,C]ξr2 + µ

)]
.

Considering an optimal solution B∗
1 ∈ Rm×m1 of Problem (2.10), for any x ∈ X and

C ∈ Rm×(m2−m1) such that [B∗
1,C]⊤[B∗

1,C] = Im2 , we have

max
Pr1∈Dr1

EPζ1

[
f
(
x,UΛ

1
2B∗

1ξr1 + µ
)]

≤ max
Pr2∈Dr2

EPζ2

[
f
(
x,UΛ

1
2 [B∗

1,C]ξr2 + µ
)]
.
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For any C ∈ Rm×(m2−m1) such that [B∗
1,C]⊤[B∗

1,C] = Im2 , we have

min
x∈X

max
Pr1∈Dr1

EPζ1

[
f
(
x,UΛ

1
2B∗

1ξr1 + µ
)]

≤ min
x∈X

max
Pr2∈Dr2

EPζ2

[
f
(
x,UΛ

1
2 [B∗

1,C]ξr2 + µ
)]
.

(A.7)

It follows that

max
B⊤

1 B1=Im1

min
x∈X

max
Pr1∈Dr1

EPζ1

[
f
(
x,UΛ

1
2B1ξr1 + µ

)]
= min

x∈X
max

Pr1∈Dr1

EPζ1

[
f
(
x,UΛ

1
2B∗

1ξr1 + µ
)]

≤ min
x∈X

max
Pr2∈Dr2

EPζ2

[
f
(
x,UΛ

1
2 [B∗

1,C]ξr2 + µ
)]

≤ max
B2∈Bm2

min
x∈X

max
Pr2∈Dr2

EPζ2

[
f
(
x,UΛ

1
2B2ξr2 + µ

)]
,

where the first inequality holds by (A.7) and the second inequality holds because [B∗
1,C] ∈

Bm2 . That is, the optimal value of Problem (2.10) is nondecreasing in m1.

(iii) When m1 = m, we have B ∈ Bm ⊆ Rm×m, i.e., B⊤B = Im. First, we have

ΘL(m) ≤ ΘM(m) by the conclusion (i). Second, when B = Im, Problem (2.10) becomes

Problem (2.3). Because B = Im is a feasible solution of Problem (2.10), it follows that

ΘL(m) ≥ ΘM(m). Therefore, we have ΘL(m) = ΘM(m). □

A.3.4 Theorem 9

Theorem 9. Consider the optimal solution (x∗, s∗, λ̂
∗
,q′,Q′) of Problem (2.4), Sk(∀k ∈

[K]), V, δ, νk(∀k ∈ [K]), and Y11 that are defined in Theorem 2. When m1 ≥ K,

there exists a feasible solution B† = [V,C] in Problem (2.12) with C ∈ Rm×(m1−K) and

[V,C]⊤[V,C] = Im1 and given this B†, there exists a feasible solution (x† = x∗, s† =

s∗, λ̂
†
= λ̂

∗
,q†

r = (δ⊤,0⊤
m1−K)

⊤,Q†
r =

[
Y11 0K×(m1−K)

0(m1−K)×K 0(m1−K)×(m1−K)

]
) in Problem (2.13) such

that the corresponding objective value equals the optimal value of Problem (2.4), ΘM(m).
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Proof. Proof. We construct a solution (x†, s†, λ̂
†
,q†

r,Q
†
r,B

†) of Problems (2.12) and (2.13)

by setting x† = x∗, s† = s∗, λ̂
†
= λ̂

∗
, q†

r = (δ⊤,0⊤
m1−K)

⊤,Q†
r =

[
Y11 0K×(m1−K)

0(m1−K)×K 0(m1−K)×(m1−K)

]
,

and B† = [V,C], where C ∈ Rm×(m1−K) and [V,C]⊤[V,C] = Im1 . First, we show this

constructed solution is feasible to Problems (2.12) and (2.13). Clearly, this solution satis-

fies constraints (2.13c). In addition, from Problem (2.4), as q′ = Vδ and Q′ = VY11V
⊤,

for any k ∈ [K], we have

 Sk
1
2

(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

1
2

(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))

VY11V
⊤

 ⪰ 0,

which, by Schur complement, is equivalent to

Sk

(
VY11V

⊤
)
⪰ 1

4

(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

Vδ +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

.

(A.8)

From (A.8), for any k ∈ [K], we have the following inequality holds by Lemma 2:

Sk

(
[V,C]⊤VY11V

⊤[V,C]
)

⪰ 1

4
[V,C]⊤

(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

Vδ +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

[V,C],

which is equivalent to

SkQ
†
r ⪰

1

4

(
q†
r +
(
UΛ

1
2B†

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

q†
r +
(
UΛ

1
2B†

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

(A.9)

by the construction of the solution q†
r,Q

†
r,B

† and [V,C]⊤V = [IK ,0K×(m1−K)]
⊤. By

Schur complement, (A.9) indicates that the constructed solution (x†, s†, λ̂
†
,q†

r,Q
†
r,B

†)

also satisfies constraints (2.13b) and thus it is a feasible solution of Problems (2.12) and

(2.13).

Second, we show the objective value of this feasible solution (x†, s†, λ̂
†
,q†

r,Q
†
r,B

†) is
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equal to the optimal value of Problem (2.4). The objective value corresponding to this

solution is

s† + γ2Im1 •Q†
r +

√
γ1
∥∥q†

r

∥∥
2
= s∗ + γ2IK •Y11 +

√
γ1 ∥δ∥2

= s∗ + γ2IK • (Y11V
⊤V) +

√
γ1 ∥δ∥2

= s∗ + γ2Im • (VY11V
⊤) +

√
γ1 ∥δ∥2

= s∗ + γ2Im •Q′ +
√
γ1 ∥δ∥2

= s∗ + γ2Im •Q′ +
√
γ1

√
δ⊤δ

= s∗ + γ2Im •Q′ +
√
γ1

√
δ⊤V⊤Vδ

= s∗ + γ2Im •Q′ +
√
γ1
√

q′⊤q′

= s∗ + γ2Im •Q′ +
√
γ1 ∥q′∥2

= ΘM(m), (A.10)

where the first equality holds by the construction of (x†, s†, λ̂
†
,q†

r,Q
†
r,B

†), the second

equality holds because V⊤V = IK , the third equality holds by the cyclic property of a

matrix’s trace, the fourth equality holds by the definition of Q′ in Theorem 2, and the

seventh equality holds because q′ = Vδ. □

Theorem 9 shows that, when m1 ≥ K, we can always find a feasible solution of

Problems (2.12) and (2.13) such that the corresponding objective value is equal to the

optimal value of the original Problem (2.4). More importantly, the SDP constraints in

Problem (2.12) have smaller sizes (i.e., m1 + 1) than those in Problem (2.4) (i.e., m+ 1),

potentially reducing computational challenges because K is usually small (e.g., K = 2 in

the distributionally robust CVaR problem in Example 1).

It is important to note that, although the constructed feasible solution of Problem

(2.12) has an objective value of ΘM(m) and Problem (2.12) serves as an outer approx-

imation for Problem (2.4), this does not imply that the constructed feasible solution is

optimal for Problem (2.12). The primary reason is that Problem (2.12) is a max-min
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problem. For any m1 ≤ m, we would like to have an optimal B∗ ∈ Bm1 such that the

optimal value of the inner minimization problem given this B∗ can be maximized. By

Theorem 1, we have Θ(m1,B
∗) = ΘL(m1) ≤ ΘM(m) for any m1 ≤ m.

According to Theorem 9, when m1 ≥ K, we can construct a feasible solution B† =

[V,C] of the outer maximization problem. Note that B† is not necessarily optimal

for Problem (2.12). Because the outer problem is a maximization problem, we have

Θ(m1,B
†) ≤ Θ(m1,B

∗) = ΘL(m1) ≤ ΘM(m).

Given this feasible B†, we can construct a feasible solution of the inner minimization

problem (2.13) such that the corresponding objective value (here denoted by ϕ) is equal

to ΘM(m). Note that this constructed feasible solution is not necessarily optimal for

Problem (2.12) or Problem (2.13). Because the inner problem is a minimization problem,

we have Θ(m1,B
†) ≤ ϕ = ΘM(m).

Now, we construct a feasible solution B† for the outer maximization problem and,

given this B†, we also construct a feasible solution for the inner minimization problem.

Although the corresponding objective value ϕ is equal to ΘM(m) and Problem (2.12) is

an outer approximation for the original problem, we cannot claim that this constructed

feasible solution is optimal due to the max-min natrue. One key reason is that the

constructed solution of the inner minimization problem (2.13) may not be optimal. Thus,

Θ(m1,B
†) < ϕ = ΘM(m) may hold.

We used to conjecture that this constructed feasible solution is an optimal solution of

Problems (2.12) and (2.13) such that the optimal value of Problem (2.12) equals that of

Problem (2.4) when m1 ≥ K. Most numerical experiments (see Section 2.7) show this

conjecture may be correct, but we find a counter-example (see Example 2 in Appendix

A.3.5). Example 2 illustrates that the optimal value of Problem (2.13) with m1 = K and

B = V is strictly less than the optimal value of Problem (2.4), which means that the

constructed feasible solution (B = V) is not optimal.
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A.3.5 Counter-Example

Now we provide an example as follows to illustrate that the optimal value of Problem

(2.13) with m1 = K and B = V is strictly less than the optimal value of Problem (2.4),

which means that the constructed feasible solution (B = V) is not optimal.

Example 2. We consider an instance of Problem (2.4), where m = n = 4, γ1 = 1,

γ2 = 2, A = 0l×m, b = 0l, µ = 1m, Σ = Im, K = 3, y0k(x) = 0 (∀k ∈ [K]), yk(x) =

Wkx (∀k ∈ [K]) with W1 =


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

, W2 =


0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 2

, and W3 =


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

,
and X = {x ∈ R4 | x1 = x3 = x4 = 1, x2 ∈ {−7, 1}}, then Problem (2.4) becomes

min
x∈X ,s,q,Q

s+ 2Im •Q+ ∥q∥2

∣∣∣∣∣∣∣
s− x⊤W⊤

k 1m
1
2
(q−Wkx)

⊤

1
2
(q−Wkx) Q

 ⪰ 0, ∀k ∈ [K]

 .

(A.11)

Solving Problem (A.11) gives the optimal value 5.9882 with x = [1, 1, 1, 1]⊤, Q =
0.0911 −0.0558 −0.0354 −0.0558

−0.0558 0.1115 −0.0558 0.1115

−0.0354 −0.0558 0.0911 −0.0558

−0.0558 0.1115 −0.0558 0.1115

, and rank(Q) = 2. By Theorem 2, we can correspond-

ingly obtain a feasible V =


0.7071 −0.5774 −0.1543

0 0.5774 −0.3086

0 0 0.9258

0.7071 0.5774 0.1543

. Now given m1 = K = 3 and B = V,

Problem (2.13) becomes

min
x∈X ,s,qr,Qr

s+ 2Im1 •Qr + ∥qr∥2

∣∣∣∣∣∣∣
 s− x⊤W⊤

k 1m
1
2

(
qr −V⊤Wkx

)⊤
1
2

(
qr −V⊤Wkx

)
Qr

 ⪰ 0, ∀k ∈ [K]

 .

(A.12)

Solving Problem (A.12) gives the optimal value 5.1139 with x = [1,−7, 1, 1]⊤. That is,

the optimal value of Problem (2.13) with B = V is strictly less than the optimal value of
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Problem (2.4).

A.3.6 Proof of Proposition 2

We consider the Lagrangian dual of the inner minimization part (i.e., Problem (2.13)) of

Problem (2.12) as follows:

max
tk p⊤

k

pk Pk

⪰0,

∀k∈[K],
Z⪰0

min
x,s,λ̂≥0,
qr,Qr

L
(
x, s, λ̂,qr,Qr;Z, tk,pk,Pk,∀k ∈ [K]

)
, (A.13)

where the Lagrangian function

L
(
x, s, λ̂,qr,Qr;Z, tk,pk,Pk,∀k ∈ [K]

)
=s+ γ2Im1 •Qr +

√
γ1 ∥qr∥2 − Z •

(
n∑

i=1

(∆ixi) +∆0

)
−

K∑
k=1

 tk p⊤
k

pk Pk

 •

 s− y0k(x)− λ
⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2

(
qr +

(
UΛ

1
2B
)⊤ (

A⊤λk − yk(x)
))⊤

1
2

(
qr +

(
UΛ

1
2B
)⊤ (

A⊤λk − yk(x)
))

Qr


=

(
1−

K∑
k=1

tk

)
s−

K∑
k=1

(
tk (Aµ− b)⊤ + p⊤

k

(
UΛ

1
2B
)⊤

A⊤
)
λk +

√
γ1 ∥qr∥2 −

K∑
k=1

p⊤
k qr

+

(
γ2Im1 −

K∑
k=1

Pk

)
•Qr −

τ∑
i=1

τ∑
j=1

zij
(
aijx+ a0ij

)
+

K∑
k=1

(
tky

0
k(x) +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

yk(x)

)

=

(
1−

K∑
k=1

tk

)
s−

K∑
k=1

(
tk (Aµ− b)⊤ + p⊤

k

(
UΛ

1
2B
)⊤

A⊤
)
λk +

√
γ1 ∥qr∥2 −

K∑
k=1

p⊤
k qr

+

(
γ2Im1 −

K∑
k=1

Pk

)
•Qr −

τ∑
i=1

τ∑
j=1

zijaijx−
τ∑

i=1

τ∑
j=1

zija
0
ij

+
K∑
k=1

(
tkw

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

Wk

)
x
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+
K∑
k=1

(
tkd

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

dk

)

=

(
1−

K∑
k=1

tk

)
s−

K∑
k=1

(
tk (Aµ− b)⊤ + p⊤

k

(
UΛ

1
2B
)⊤

A⊤
)
λk +

√
γ1 ∥qr∥2 −

K∑
k=1

p⊤
k qr

+

(
γ2Im1 −

K∑
k=1

Pk

)
•Qr +

 K∑
k=1

(
tkw

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

Wk

)
−

τ∑
i=1

τ∑
j=1

zijaij

x

+
K∑
k=1

(
tkd

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

dk

)
−

τ∑
i=1

τ∑
j=1

zija
0
ij .

To present the objective value of the inner minimization problem of (A.13) from going to

negative infinity, we require

1−
K∑
k=1

tk = 0,
√
γ1 −

∥∥∥∥∥
K∑
k=1

pk

∥∥∥∥∥
2

≥ 0, γ2Im1 −
K∑
k=1

Pk = 0, (A.14a)

tk (Aµ− b)⊤ + p⊤
k

(
UΛ

1
2B
)⊤

A⊤ ≤ 0, ∀k ∈ [K], (A.14b)

K∑
k=1

(
tkw

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

Wk

)
−

τ∑
i=1

τ∑
j=1

zijaij = 0, (A.14c) tk p⊤
k

pk Pk

 ⪰ 0, ∀k ∈ [K], Z ⪰ 0. (A.14d)

Then, the dual problem of Problem (2.13) can be described as follows:

max
tk,pk,Pk,∀k∈[K],Z

K∑
k=1

(
tkd

0
k +

(
tkµ

⊤ + p⊤
k

(
UΛ

1
2B
)⊤)

dk

)
−

τ∑
i=1

τ∑
j=1

zija
0
ij (A.15)

s.t. (A.14a)− (A.14d).

By integrating the outer maximization part of Problem (2.12) and Problem (A.15), we

obtain the bilinear SDP problem (2.25). Now we would like to prove the strong duality

between Problem (2.13) and Problem (A.15); that is, these two problems share the same

optimal value, which further shows that Problem (2.12) has the same optimal value as

Problem (2.25). To that end, we find an interior point of Problem (2.13).
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Let x′ be an interior point in X , we can construct an interior point by setting

λ̂
′
= {1l, . . . ,1l}, s′ =

∑K
k=1

∣∣y0k(x′) + 1⊤
l b+ yk(x

′)⊤µ− 1⊤
l Aµ

∣∣ + 1, q′
r = 0, and Q′

r =∑K
k=1 1/(4(s

′ − y0k(x
′) − 1⊤

l b − yk(x
′)⊤µ + 1⊤

l Aµ))(UΛ
1
2B)⊤(A⊤1l − yk(x

′))(A⊤1l −

yk(x
′))⊤(UΛ

1
2B)+ Im1 . Clearly, (UΛ

1
2B)⊤(A⊤1l−yk(x

′))(A⊤1l−yk(x
′))⊤(UΛ

1
2B) ⪰ 0.

Thus, Q′
r ≻ 0. Now we only need to show that constraints (2.13b) hold in the positive-

definite sense with respect to this constructed solution.

By the construction of Q′
r, for any k ∈ [K], we have

Q′
r −

((
UΛ

1
2B
)⊤ (

A⊤1l − yk(x
′)
))((

UΛ
1
2B
)⊤ (

A⊤1l − yk(x
′)
))⊤

4
(
s′ − y0k(x

′)− 1⊤
l b− yk(x′)⊤µ+ 1⊤

l Aµ
)

=
∑

∀k′∈[K]:k′ ̸=k

((
UΛ

1
2B
)⊤ (

A⊤1l − yk′(x
′)
))((

UΛ
1
2B
)⊤ (

A⊤1l − yk′(x
′)
))⊤

4
(
s′ − y0k′(x

′)− 1⊤
l b− yk′(x′)⊤µ+ 1⊤

l Aµ
) + Im1 ≻ 0,

(A.16)

where s′ − y0k′(x
′) − 1⊤

l b − yk′(x
′)⊤µ + 1⊤

l Aµ > 0 by the construction of s′. By Schur

complement, (A.16) is equivalent to

s′ − y0k(x
′)− 1⊤l b− yk(x

′)⊤µ+ 1⊤l Aµ
1
2

((
UΛ

1
2B
)⊤ (

A⊤1l − yk(x
′)
))⊤

1
2

((
UΛ

1
2B
)⊤ (

A⊤1l − yk(x
′)
))

Q′
r

 ≻ 0, ∀k ∈ [K].

Thus, (x′, s′, λ̂
′
,q′

r,Q
′
r) is an interior point of Problem (2.13) and the strong duality

between Problem (2.13) and Problem (A.15) holds. □
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A.4 Supplement to Section 2.4

A.4.1 Proof of Theorem 3

(i) For any ξI ∼ PI ∈ DM, we have EPI
[ξIξ

⊤
I ] ⪯ γ2Im1 . Then, by Lemma 2, for any given

x ∈ X and B ∈ Bm1 , i.e., B
⊤B = Im1 , we further have B⊤(EPI

[ξIξ
⊤
I ])B ⪯ B⊤(γ2Im1)B,

i.e., EPI
[B⊤ξIξ

⊤
I B] ⪯ γ2B

⊤Im1B = γ2Im1 . It follows that DM ⊆ DU. Thus, given any

x ∈ X and B ∈ Bm1 , we have

max
PI∈DU

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
≥ max

PI∈DM

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
.

It follows that

min
B∈Bm1

min
x∈X

max
PI∈DU

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
≥ min

x∈X
max
PI∈DM

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
,

which demonstrates that the optimal value of Problem (2.26) is an upper bound for that

of Problem (2.3) (i.e., Problem (2.2)).

(ii) Consider anym1 < m2 ≤ m. We have Bm2 := {B ∈ Rm×m2 |B⊤B = Im2} and con-

sider an optimal solution (B∗,x∗) of Problem (2.26), i.e., min
B∈Bm1

min
x∈X

max
PI∈DU

EPI
[f(x,UΛ

1
2ξI+

µ)].

Note that (B∗)⊤B∗ = Im1 . We can then construct B′ = [B∗,C] ∈ Rm×m2 such that

C ∈ Rm×(m2−m1) and B′ ∈ Bm2 , i.e., (B
′)⊤B′ = Im2 . With B′, we use D′

U to denote the

corresponding ambiguity set defined in (2.28). By the second-moment constraint in D′
U,

we have

EPI

[
(B′)⊤ξIξ

⊤
I B

′]
=EPI

[
[B∗,C]⊤ξIξ

⊤
I [B

∗,C]
]
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=EPI

(B∗)⊤ξIξ
⊤
I B

∗ (B∗)⊤ξIξ
⊤
I C

C⊤ξIξ
⊤
I B

∗ C⊤ξIξ
⊤
I C


⪯γ2Im2 ,

which implies that EPI
[(B∗)⊤ξIξ

⊤
I B

∗] ⪯ γ2Im1 . It follows that D′
U ⊆ DU. Therefore, we

have

max
PI∈DU

EPI

[
f
(
x∗,UΛ

1
2ξI + µ

)]
≥ max

PI∈D′
U

EPI

[
f
(
x∗,UΛ

1
2ξI + µ

)]
. (A.17)

Because B′ ∈ Bm2 and x∗ ∈ X , the constructed solution (B′,x∗) is feasible to the problem

min
B∈Bm2

min
x∈X

max
PI∈D′

U

EPI
[f(x,UΛ

1
2ξI + µ)]. Then, we have

ΘU(m2) = min
B∈Bm2

min
x∈X

max
PI∈D′

U

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
≤ max

PI∈D′
U

EPI

[
f
(
x∗,UΛ

1
2ξI + µ

)]
≤ max

PI∈DU

EPI

[
f
(
x∗,UΛ

1
2ξI + µ

)]
= min

B∈Bm1

min
x∈X

max
PI∈DU

EPI

[
f
(
x,UΛ

1
2ξI + µ

)]
= ΘU(m1),

where the first inequality holds because (B′,x∗) is a feasible solution of the problem

min
B∈Bm2

min
x∈X

max
PI∈D′

U

EPI
[f(x,UΛ

1
2ξI + µ)], the second inequality holds by (A.17), and the

second equality holds because (B∗,x∗) is an optimal solution of Problem (2.26). That is,

the optimal value of Problem (2.26) is nonincreasing in m1.

(iii) When m1 = m, we have B ∈ Bm ⊆ Rm×m, i.e., B⊤B = Im. First, we have

ΘU(m) ≥ ΘM(m) by the conclusion (i). Second, when B = Im, Problem (2.26) becomes

Problem (2.3). Because B = Im is a feasible solution of Problem (2.26), it follows that

ΘU(m) ≤ ΘM(m). Therefore, we have ΘU(m) = ΘM(m). □
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A.4.2 Proof of Proposition 3

First, by Theorem 3 in Cheramin et al. (2022), Problem (2.27) has the same optimal value

as the following problem:

min
x,s,q,Qr

s+ γ2Im1 •Qr +
√
γ1 ∥q∥2 (A.18a)

s.t. s ≥ f
(
x,UΛ

1
2ξI + µ

)
− ξ⊤I BQrB

⊤ξI − q⊤ξI, ∀ξI ∈ SI, (A.18b)

Qr ⪰ 0, x ∈ X , Qr ∈ Rm1×m1 , q ∈ Rm. (A.18c)

Next, we apply the strong duality theorem to constraints (A.18b). We define

gk(ξI) = s+ ξ⊤I BQrB
⊤ξI + q⊤ξI − y0k(x)− yk(x)

⊤
(
UΛ

1
2ξI + µ

)
, ∀k ∈ [K].

As function f(x, ξ) is piecewise linear convex, we can reformulate (A.18b) as

gk(ξI) ≥ 0, ∀ξI ∈ SI, ∀k ∈ [K],

which is equivalent to

min
A
(
UΛ

1
2 ξI+µ

)
≤b, ξI∈Rm

gk(ξI) ≥ 0, ∀k ∈ [K]. (A.19)

For any k ∈ [K], the Lagrangian dual problem of min
A(UΛ

1
2 ξI+µ)≤b, ξI∈Rm

gk(ξI) is

max
λk≥0

min
ξI∈Rm

gk(ξI) + λ
⊤
k

(
A
(
UΛ

1
2ξI + µ

)
− b

)
,

where λk ∈ Rl. Because there exists an interior point for the primal problem, the strong

duality holds. Thus, constraints (A.19) are equivalent to

max
λk≥0

min
ξI

gk(ξI) + λ
⊤
k

(
A
(
UΛ

1
2ξI + µ

)
− b

)
≥ 0, ∀k ∈ [K],
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which are further equivalent to

∃λk ≥ 0 : s+ ξ⊤I BQrB
⊤ξI + q⊤ξI − y0k(x)− yk(x)

⊤
(
UΛ

1
2ξI + µ

)
+ λ⊤

k

(
A
(
UΛ

1
2ξI + µ

)
− b

)
≥ 0, ∀ξI ∈ Rm, ∀k ∈ [K]. (A.20)

Note that B⊤B = Im1 ; that is, all the column vectors of B are orthogonal. We can

then extend B to [B, B̄] ∈ Rm×m with B̄ ∈ Rm×(m−m1) such that all the column vectors

of [B, B̄] span the space of Rm. Thus, we can always find ξ1 ∈ Rm1 and ξ2 ∈ Rm−m1 such

that

ξI = Bξ1 + B̄ξ2.

It follows that constraints (A.20) become

∃λk ≥ 0 : s+ ξ⊤1 Qrξ1 + q⊤ (Bξ1 + B̄ξ2
)
− y0k(x)− yk(x)

⊤
(
UΛ

1
2

(
Bξ1 + B̄ξ2

)
+ µ

)
+ λ⊤

k

(
A
(
UΛ

1
2

(
Bξ1 + B̄ξ2

)
+ µ

)
− b

)
≥ 0, ∀ξ1 ∈ Rm1 , ξ2 ∈ Rm−m1 , ∀k ∈ [K].

(A.21)

We further define

Zk =

 s− y0k(x)− λ
⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2

(
B⊤q+

(
UΛ

1
2B
)⊤ (

A⊤λk − yk(x)
))⊤

1
2

(
B⊤q+

(
UΛ

1
2B
)⊤ (

A⊤λk − yk(x)
))

Qr

 ,

∀k ∈ [K].

Thus, we have

(A.21)

⇐⇒ ∃λk ≥ 0 :
(
1, ξ⊤1

)
Zk

(
1, ξ⊤1

)⊤
+ ξ⊤2

(
B̄⊤q+

(
UΛ

1
2 B̄
)⊤ (

A⊤λk − yk(x)
))

≥ 0,
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∀ξ1 ∈ Rm1 , ξ2 ∈ Rm−m1 , ∀k ∈ [K].

⇐⇒ ∃λk ≥ 0 :
(
1, ξ⊤1

)
Zk

(
1, ξ⊤1

)⊤ ≥ 0, ∀ξ1 ∈ Rm1 , ∀k ∈ [K]; (A.22)

B̄⊤q+
(
UΛ

1
2 B̄
)⊤ (

A⊤λk − yk(x)
)
= 0, ∀k ∈ [K].

⇐⇒ ∃λk ≥ 0 : Zk ⪰ 0, B̄⊤q+
(
UΛ

1
2 B̄
)⊤ (

A⊤λk − yk(x)
)
= 0, ∀k ∈ [K].

⇐⇒ ∃λk ≥ 0 : Zk ⪰ 0, B̄⊤
(
q+

(
UΛ

1
2

)⊤ (
A⊤λk − yk(x)

))
= 0, ∀k ∈ [K]. (A.23)

⇐⇒ ∃λk ≥ 0,uk ∈ Rm1 : Zk ⪰ 0, q+
(
UΛ

1
2

)⊤ (
A⊤λk − yk(x)

)
= Buk, ∀k ∈ [K].

(A.24)

The first equivalence holds due to the definition of Zk. For the third equivalence, clearly

⇐= follows from the definition of a PSD matrix. To prove =⇒, we consider two possible

cases for any (η0 ∈ R,η⊤ ∈ Rm1)⊤ ∈ Rm1+1: (i) if η0 = 0, then (η0,η
⊤)Zk(η0,η

⊤)⊤ =

η⊤Qrη ≥ 0 because Qr is PSD; (ii) if η0 ̸= 0, then we have (η0,η
⊤)Zk(η0,η

⊤)⊤ =

η20(1,
η⊤

η0
)Zk(1,

η⊤

η0
)⊤ ≥ 0 according to (A.22). Therefore, =⇒ holds. For the fifth equiva-

lence, (A.23) shows that q + (UΛ
1
2 )⊤(A⊤λk − yk(x)) is in the null space of B̄ and thus

cannot be represented by basis vectors in the space of B̄. Because [B, B̄] span the space of

Rm, we have q+(UΛ
1
2 )⊤(A⊤λk−yk(x)) should be in the space of B. That is, there exists

uk ∈ Rm1 such that q + (UΛ
1
2 )⊤(A⊤λk − yk(x)) = Buk for any k ∈ [K]. Meanwhile,

because B⊤B = Im1 , we have

B⊤q+
(
UΛ

1
2B
)⊤ (

A⊤λk − yk(x)
)
= B⊤Buk = uk, ∀k ∈ [K].

Finally, we obtain Problem (2.29) by replacing constraints (A.18b) with (A.24) and

replacing B⊤q+ (UΛ
1
2B)⊤(A⊤λk − yk(x)) with uk. □
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A.4.3 Proof of Theorem 4

Consider m1 = K. We construct a solution (x†, s†, λ̂
†
,q†,Q†

r, û
†,B†) of Problem (2.26)

by setting x† = x∗, s† = s∗, λ̂
†
= λ̂

∗
, q† = q′ = Vδ, Q†

r = Y11, B† = V, and

û†
k = δ + νk (k ∈ [K]).

First, we show this constructed solution is feasible to Problem (2.26). Clearly, this

solution satisfies constraints (2.29d)–(2.29e). By the construction of the solution, for any

k ∈ [K], we further have

q† +
(
UΛ

1
2

)⊤ (
A⊤λ†

k − yk(x
†)
)
= Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
)

= Vδ +Vνk = B†û†
k,

where the first equality holds by the construction of q†, the second equality holds by

(2.16), and the third equality holds by the construction of û†
k. Thus, this solution satisfies

constraints (2.29c). Meanwhile, V⊤V = IK = Im1 . It follows that (B
†)⊤B† = Im1 .

In addition, from Problem (2.4), as q′ = Vδ and Q′ = VY11V
⊤, for any k ∈ [K], we

have

 Sk
1
2

(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

1
2

(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))

VY11V
⊤

 ⪰ 0,

which, by Schur complement, is equivalent to

4Sk

(
VY11V

⊤
)
⪰
(
Vδ +

(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))(

Vδ +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

=
(
Vu†

k

)(
Vu†

k

)⊤
, (A.25)

where the equality holds by (2.16) and the construction of û†
k. From (A.25), for any
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k ∈ [K], we have the following inequality holds by Lemma 2:

4Sk

(
V⊤VY11V

⊤V
)
⪰ V⊤

(
Vu†

k

)(
Vu†

k

)⊤
V,

which is equivalent to

4SkY11 ⪰ u†
ku

†⊤
k (A.26)

because V⊤V = IK . By Schur complement, for any k ∈ [K], (A.26) further becomes

 Sk
1
2
u†⊤
k

1
2
u†
k Y11

 ⪰ 0,

which indicates that the constructed solution (x†, s†, λ̂
†
,q†,Q†

r, û
†,B†) also satisfies con-

straints (2.29b) and thus it is a feasible solution of Problem (2.26).

Second, we show this feasible solution (x†, s†, λ̂
†
,q†,Q†

r, û
†,B†) is an optimal solution

of Problem (2.26). The objective value corresponding to this solution is

s† + γ2Im1 •Q†
r +

√
γ1
∥∥q†∥∥

2
= s∗ + γ2Im1 •Y11 +

√
γ1 ∥q′∥2

= s∗ + γ2Im1 • (Y11V
⊤V) +

√
γ1 ∥q′∥2 = s∗ + γ2Im • (VY11V

⊤) +
√
γ1 ∥q′∥2

= s∗ + γ2Im •Q′ +
√
γ1 ∥q′∥2 = ΘM(m),

where the first equality holds by the construction of (x†, s†, λ̂
†
,q†,Q†

r, û
†,B†), the second

equality holds because V⊤V = IK , the third equality holds by the cyclic property of

a matrix’s trace, and the fourth equality holds by the definition of Q′ in Theorem 2.

Therefore, the solution (x†, s†, λ̂
†
,q†,Q†

r, û
†,B†) is an optimal solution of Problem (2.26).

Finally, when m1 > K and m1 ≤ m, we have ΘU(m1) ≥ ΘM(m) by the conclusion (i)

in Theorem 3 and ΘU(m1) ≤ ΘU(K) = ΘM(m) by the conclusion (ii) in Theorem 3. It

follows that ΘU(m1) = ΘM(m). □
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A.4.4 Proof of Proposition 4

First, by Lemma 2, for any B ∈ Bm1 , we have

X ⪯ Im =⇒ B⊤XB ⪯ B⊤ImB = Im1 .

Second, we perform eigenvalue decomposition on X, i.e., X = QΛQ⊤, where Q ∈

Rm×m is a matrix with orthonormal column vectors and Λ ∈ Rm×m is a diagonal matrix.

Without loss of generality, we assume that the diagonal elements of Λ are arranged in a

nonincreasing order and let Λm1×m1 represent the upper-left submatrix of Λ.

Now we let B = Qm×m1 , where Qm×m1 is the left submatrix of Q. Then we have

B ∈ Bm1 and

B⊤XB ⪯ Im1 =⇒ B⊤QΛQ⊤B ⪯ Im1 =⇒ Q⊤
m×m1

QΛQ⊤Qm×m1 ⪯ Im1

=⇒ [Im1 ,0m1×(m−m1)]Λ[Im1 ,0m1×(m−m1)]
⊤ ⪯ Im1

=⇒ Λm1×m1 ⪯ Im1 =⇒ Λ ⪯ Im =⇒ QΛQ⊤ ⪯ QImQ
⊤ =⇒ X ⪯ Im

where the first deduction holds by the eigenvalue decomposition of X, the second deduc-

tion holds by the construction of B, the third deduction holds because all the column

vectors in Q are orthonormal, the fourth deduction holds by the definition of Λm1×m1 ,

the fifth deduction holds because rank(X) ≤ m1, the sixth deduction holds by Lemma 2.

Thus, if B⊤XB ⪯ Im1 for any B ∈ Bm1 , then we have X ⪯ Im. The proof is complete. □
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A.5 Supplement to Section 2.5

A.5.1 Proof of Theorem 5

By dualizing the inner maximization problem of Problem (2.30) and integrating it with

the outer minimization operators, we first obtain the following formulation:

min
x,s,q,Q′

r,Q
′′
r

B1,B2

s+ γ2Im1 •Q′
r +

√
γ1 ∥q∥2 (A.27a)

s.t. s ≥ f
(
x,UΛ

1
2ξI + µ

)
− ξ⊤I B1Q

′
rB

⊤
1 ξI − ξ⊤I B2Q

′′
rB

⊤
2 ξI − q⊤ξI, ∀ξI ∈ SI,

(A.27b)

Q′
r ⪰ 0, Q′′

r ⪰ 0, x ∈ X , Q′
r ∈ Rm1×m1 , Q′′

r ∈ R(K−m1)×(K−m1), q ∈ Rm,

(A.27c)

B1 ∈ Rm×m1 ,B2 ∈ Rm×(K−m1), [B1,B2]
⊤[B1,B2] = IK . (A.27d)

Next, we apply the strong duality theorem to constraints (A.27b). We define

gk(ξI) = s+ ξ⊤I B1Q
′
rB

⊤
1 ξI + ξ

⊤
I B2Q

′′
rB

⊤
2 ξI + q⊤ξI − y0k(x)− yk(x)

⊤
(
UΛ

1
2 ξI + µ

)
, ∀k ∈ [K].

As function f(x, ξ) is piecewise linear convex, we can reformulate (A.27b) as

gk(ξI) ≥ 0, ∀ξI ∈ SI, ∀k ∈ [K],

which is equivalent to

min
A
(
UΛ

1
2 ξI+µ

)
≤b, ξI∈Rm

gk(ξI) ≥ 0, ∀k ∈ [K]. (A.28)
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For any k ∈ [K], the Lagrangian dual problem of min
A(UΛ

1
2 ξI+µ)≤b, ξI∈Rm

gk(ξI) is

max
λk≥0

min
ξI∈Rm

gk(ξI) + λ
⊤
k

(
A
(
UΛ

1
2ξI + µ

)
− b

)
,

where λk ∈ Rl. Because there exists an interior point for the primal problem, the strong

duality holds. Thus, constraints (A.28) are equivalent to

max
λk≥0

min
ξI

gk(ξI) + λ
⊤
k

(
A
(
UΛ

1
2ξI + µ

)
− b

)
≥ 0, ∀k ∈ [K],

which are further equivalent to

∃λk ≥ 0 : s+ ξ⊤I B1Q
′
rB

⊤
1 ξI + ξ

⊤
I B2Q

′′
rB

⊤
2 ξI + q⊤ξI − y0k(x)− yk(x)

⊤
(
UΛ

1
2ξI + µ

)
+ λ⊤

k

(
A
(
UΛ

1
2ξI + µ

)
− b

)
≥ 0, ∀ξI ∈ Rm, ∀k ∈ [K]. (A.29)

Note that B⊤B = Im1 ; that is, all the column vectors of B are orthogonal. We can

then extend B to [B, B̄] ∈ Rm×m with B̄ ∈ Rm×(m−K) such that all the column vectors

of [B, B̄] span the space of Rm. Thus, we can always find ξ1 ∈ Rm1 , ξ2 ∈ RK−m1 , and

ξ3 ∈ Rm−K such that

ξI = B1ξ1 +B2ξ2 + B̄ξ3.

It follows that constraints (A.29) become

∃λk ≥ 0 : s+ ξ⊤1 Q
′
rξ1 + ξ

⊤
2 Q

′′
rξ2 + q⊤ (B1ξ1 +B2ξ2 + B̄ξ3

)
− y0k(x)

− yk(x)
⊤
(
UΛ

1
2

(
B1ξ1 +B2ξ2 + B̄ξ3

)
+ µ

)
+ λ⊤

k

(
A
(
UΛ

1
2

(
B1ξ1 +B2ξ2 + B̄ξ3

)
+ µ

)
− b

)
≥ 0,

∀ξ1 ∈ Rm1 , ξ2 ∈ RK−m1 , ξ3 ∈ Rm−K , ∀k ∈ [K]. (A.30)
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We further define

Zk =


s− y0k(x)− λ

⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2
(h′

k)
⊤ 1

2
(h′′

k)
⊤

1
2
h′
k Q′

r 0m1×(K−m1)

1
2
h′′
k 0(K−m1)×m1 Q′′

r

 , ∀k ∈ [K],

where h′
k = B⊤

1 q+(UΛ
1
2B1)

⊤(A⊤λk−yk(x)) and h′′
k = B⊤

2 q+(UΛ
1
2B2)

⊤(A⊤λk−yk(x))

for any k ∈ [K]. It follows that

(A.30)

⇐⇒ ∃λk ≥ 0 :
(
1, ξ⊤1 , ξ

⊤
2

)
Zk

(
1, ξ⊤1 , ξ

⊤
2

)⊤
+ ξ⊤3

(
B̄⊤q+

(
UΛ

1
2 B̄
)⊤ (

A⊤λk − yk(x)
))

≥ 0,

∀ξ1 ∈ Rm1 , ξ2 ∈ RK−m1 , ξ3 ∈ Rm−K , ∀k ∈ [K].

⇐⇒ ∃λk ≥ 0 :
(
1, ξ⊤1 , ξ

⊤
2

)
Zk

(
1, ξ⊤1 , ξ

⊤
2

)⊤
≥ 0, ∀ξ1 ∈ Rm1 , ξ2 ∈ RK−m1 , ∀k ∈ [K]; (A.31)

B̄⊤q+
(
UΛ

1
2 B̄
)⊤ (

A⊤λk − yk(x)
)
= 0, ∀k ∈ [K].

⇐⇒ ∃λk ≥ 0 : Zk ⪰ 0, B̄⊤q+
(
UΛ

1
2 B̄
)⊤ (

A⊤λk − yk(x)
)
= 0, ∀k ∈ [K].

⇐⇒ ∃λk ≥ 0 : Zk ⪰ 0, B̄⊤
(
q+

(
UΛ

1
2

)⊤ (
A⊤λk − yk(x)

))
= 0, ∀k ∈ [K]. (A.32)

⇐⇒ ∃λk ≥ 0,u′
k ∈ Rm1 ,u′′

k ∈ RK−m1 :

Zk ⪰ 0, q+
(
UΛ

1
2

)⊤ (
A⊤λk − yk(x)

)
= B1u

′
k +B2u

′′
k, ∀k ∈ [K]. (A.33)

The first equivalence holds due to the definition of Zk. For the third equivalence, clearly

⇐= follows from the definition of a PSD matrix. To prove =⇒, we consider two pos-

sible cases for any (η0 ∈ R,η⊤
1 ∈ Rm1 ,η⊤

2 ∈ RK−m1)⊤ ∈ RK+1: (i) if η0 = 0, then

(η0,η
⊤
1 ,η

⊤
2 )Zk(η0,η

⊤
1 ,η

⊤
2 )

⊤ = η⊤
1 Q

′
rη1 + η

⊤
2 Q

′′
rη2 ≥ 0 because Q′

r and Q′′
r are PSD; (ii)

if η0 ̸= 0, then we have (η0,η
⊤
1 ,η

⊤
2 )Zk(η0,η

⊤
1 ,η

⊤
2 )

⊤ = η20(1,
η⊤
1

η0
,
η⊤
2

η0
)Zk(1,

η⊤
1

η0
,
η⊤
2

η0
)⊤ ≥ 0

according to (A.31). Therefore, =⇒ holds. For the fifth equivalence, (A.32) shows

that q + (UΛ
1
2 )⊤(A⊤λk − yk(x)) is in the null space of B̄ and thus cannot be repre-

sented by basis vectors in the space of B̄. Because [B, B̄] span the space of Rm, we have

q+ (UΛ
1
2 )⊤(A⊤λk − yk(x)) should be in the space of B. That is, there exists u′

k ∈ Rm1
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and u′′
k ∈ RK−m1 such that q+ (UΛ

1
2 )⊤(A⊤λk − yk(x)) = B1u

′
k +B2u

′′
k for any k ∈ [K].

Meanwhile, because B⊤B = IK , we have

h′
k = B⊤

1 q+
(
UΛ

1
2B1

)⊤ (
A⊤λk − yk(x)

)
= B⊤

1 B1u
′
k = u′

k, ∀k ∈ [K],

h′′
k = B⊤

2 q+
(
UΛ

1
2B2

)⊤ (
A⊤λk − yk(x)

)
= B⊤

2 B2u
′′
k = u′′

k, ∀k ∈ [K].

By replacing constraints (A.27b) with (A.33), we obtain the following problem:

min
x,s,λ̂,q,

Q′
r,Q

′′
r ,û

′,û′′,
B1,B2

s+ γ2Im1 •Q′
r +

√
γ1 ∥q∥2 (A.34a)

s.t.


s− y0k(x)− λ

⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2
(u′

k)
⊤ 1

2
(u′′

k)
⊤

1
2
u′
k Q′

r 0m1×(K−m1)

1
2
u′′
k 0(K−m1)×m1 Q′′

r

 ⪰ 0,

∀k ∈ [K], (A.34b)

q+
(
UΛ

1
2

)⊤ (
A⊤λk − yk(x)

)
= B1u

′
k +B2u

′′
k, ∀k ∈ [K], (A.34c)

x ∈ X , q ∈ Rm, Q′
r ∈ Rm1×m1 , Q′′

r ∈ R(K−m1)×(K−m1), (A.34d)

B1 ∈ Rm×m1 ,B2 ∈ Rm×(K−m1), [B1,B2]
⊤[B1,B2] = IK , (A.34e)

λ̂ = {λ1, . . . ,λK} , λk ∈ Rl
+, ∀k ∈ [K], (A.34f)

û′ = {u′
1, . . . ,u

′
K} , u′

k ∈ Rm1 , ∀k ∈ [K], (A.34g)

û′′ = {u′′
1, . . . ,u

′′
K} , u′′

k ∈ RK−m1 , ∀k ∈ [K]. (A.34h)

Note that the value of Q′′
r does not contribute to the objective function (A.34a). We can

then let M be an arbitrarily large positive number and Q′′
r = MI(K−m1)×(K−m1) be an

optimal solution, by which constraints (A.34b) become

s− y0k(x)− λ
⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2
(u′

k)
⊤

1
2
u′
k Q′

r

 ⪰ 0, ∀k ∈ [K]. (A.35)
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By replacing (A.34b) with (A.35), we obtain the formulation of Problem (2.31).

Based on the formulation of Problem (2.31), now we show that the three conclusions

hold. Note that for any B ∈ BK = {B ∈ Rm×K | B⊤B = IK}, the optimal value of

Problem (2.26), i.e., ΘU(K), reaches the optimal value of the original Problem (2.4), i.e.,

ΘM(m). We would like to show that by relaxing the constraints in Problem (2.26), we

can obtain the exact formulation of Problem (2.31), thereby the three conclusions hold.

First, we rewrite constraints (2.29b)–(2.29c) in Problem (2.26) with m1 = K by di-

viding B into [B1,B2] and uk into ((u′
k)

⊤, (u′′
k)

⊤)⊤. Thus, we obtain the following formu-

lation:

min
x,s,λ̂,

q,Qr,û′,û′′,
B1,B2

s+ γ2IK •Qr +
√
γ1 ∥q∥2 (A.36a)

s.t.

s− y0k(x)− λ
⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2

(
(u′

k)
⊤, (u′′

k)
⊤)

1
2

(
(u′

k)
⊤, (u′′

k)
⊤)⊤ Qr

 ⪰ 0,

∀k ∈ [K], (A.36b)

q+
(
UΛ

1
2

)⊤ (
A⊤λk − yk(x)

)
= B1u

′
k +B2u

′′
k, ∀k ∈ [K], (A.36c)

x ∈ X , [B1,B2]
⊤[B1,B2] = IK , (A.36d)

q ∈ Rm, Qr ∈ RK×K , B1 ∈ Rm×m1 ,B2 ∈ Rm×(K−m1), (A.36e)

λ̂ = {λ1, . . . ,λK} , λk ∈ Rl
+, ∀k ∈ [K], (A.36f)

û′ = {u′
1, . . . ,u

′
K} , u′

k ∈ Rm1 , ∀k ∈ [K], (A.36g)

û′′ = {u′′
1, . . . ,u

′′
K} , u′′

k ∈ RK−m1 , ∀k ∈ [K]. (A.36h)

Second, we relax constraints (A.36b) into

s− y0k(x)− λ
⊤
k b− yk(x)

⊤µ+ λ⊤
k Aµ

1
2
(u′

k)
⊤

1
2
u′
k Q′

r

 ⪰ 0, ∀k ∈ [K], (A.37)
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where Q′
r ∈ Rm1×m1 is the upper-left submatrix of Qr. Note that if we use (A.37) to

replace (A.36b), we obtain a relaxation and accordingly lower bound for Problem (A.36).

In addition, we further reduce the optimal value of the relaxation by replacing Qr in the

objective function (A.36a) with Q′
r. That is, we obtain a lower bound for the optimal

value of Problem (2.26) with m1 = K (i.e., Problem (2.4)). After these two steps of

relaxations, we obtain the exact formulation of Problem (2.31). Thus, we can conclude

that Problem (2.31) is a relaxation of Problem (2.26) with m1 = K. Therefore, by the

conclusion in Theorem 4, we have

ΘL2(m1) ≤ ΘU(K) = ΘM(m).

That is, the conclusion (i) holds.

For the conclusion (ii): For any 0 ≤ m1 < m2 ≤ K, we can follow the above two steps

of relaxations to relax Problem (A.36) to the problem with the optimal value ΘL2(m2),

and based on this relaxed problem, we can further relax it to the problem with the

optimal value ΘL2(m1). Because all these problems are minimization problems, we have

ΘL2(m1) ≤ ΘL2(m2).

For the conclusion (iii): When m1 = K, Problem (2.31) becomes Problem (2.26) with

m1 = K. Thus, by the conclusion in Theorem 4, we have

ΘL2(K) = ΘU(K) = ΘM(m).

A.6 Supplement to Section 2.6

A.6.1 Motivation to Derive ADMM Algorithms

Several techniques, including the McCormick envelopes and spatial branch-and-bound,

can handle bilinear constraints and solve bilinear SDP problems like Problems (2.25),
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(2.26), and (2.31). However, to the best of our knowledge, the currently available bilinear

SDP solvers, such as PENLAB and BMIBNB (Löfberg 2004), are not yet fully mature

and only succeed on relatively small and simple problems. Therefore, we derive ADMM

algorithms to solve the three approximations efficiently. To illustrate this, we consider

the multiproduct newsvendor problem (2.39) in Section 2.7 as an example to compare our

ADMM algorithms with benchmark solvers with default settings in solving this problem,

where no time limit is given.

First, we use the Mosek solver to solve the original high-dimensional SDP problem (2.4)

and report the optimality gap and computational time. Note that the Mosek solver uses

the interior-point algorithm to solve an SDP problem and terminates when the relative

gap between the primal and dual objective values is no greater than 10−9. Second, we

use the BMIBNB solver (the state-of-the-art bilinear SDP solver, to the best of our

knowledge) to solve the low-dimensional bilinear SDP problem (2.26) with m1 = K. Note

that the BMIBNB solver uses the spatial branch-and-bound algorithm to solve a bilinear

SDP problem. In the BMIBNB solver, we set “Mosek” as the lower bound solver and

“fmincon” as the upper bound solver. The default termination condition of the BMIBNB

solver is that the relative gap between the lower and upper bounds is no greater than

0.01 or the maximum number of nodes in the branch-and-bound tree is greater than 100.

Third, we use our derived ADMM algorithms to solve Problems (2.25), (2.26), and (2.31),

respectively. For each of the three problems, we follow the instructions in Section 2.6.2

to recover the lower or upper bounds in the following two steps: (i) We use the ADMM

algorithm to solve the approximation problem and obtain a near-optimal dimensionality

reduction matrixBADMM; (ii) Given thisBADMM, we solve a low-dimensional SDP problem

to recover the lower or upper bound for the original optimal value. Kindly note that the

reported time for our lower or upper bounds reflects the combined time for both steps.

Other numerical setups are detailed in Section 2.7.

Table A.2 shows the numerical results, where “Optimality Gap (%)” and “Time (secs)”
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Table A.2: Performance of Bilinear SDP Solver on the Newsvendor Problem
Size (m)-Instance Id 100-1 100-2 100-3 200-1 200-2 200-3

Mosek
Optimality Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00

Time (secs) 12.32 11.34 13.36 342.00 432.57 368.04

BMIBNB
Optimality Gap (%) 4.31 3.89 3.65 4.25 3.83 3.85

Time (secs) 3840.00 5552.10 6412.50 9885.50 9942.50 10643.00

ODR-LB
Gap1 (%) 0.07 0.07 0.09 0.00 0.00 0.00

Time (secs) 0.58 0.72 0.83 0.42 0.91 0.88

ODR-RLB
Gap1 (%) 0.03 0.04 0.03 0.06 0.02 0.02

Time (secs) 2.45 1.74 1.98 2.57 2.42 2.76

ODR-UB
Gap2 (%) 1.56 1.81 1.65 1.73 1.92 2.03

Time (secs) 2.45 1.74 1.98 2.57 2.42 2.76

are reported by the corresponding solver, and “Gap1 (%)” (resp. “Gap2 (%)”) represents

the relative gap in percentage between a lower (resp. an upper) bound and the optimal

value provided by the Mosek solver. Note that whenm > 200, the BMIBNB solver fails to

obtain any feasible solution within three hours, and thus, these cases are not reported in

Table A.2. For the reported six instances, the Mosek solver can solve them to optimality,

and the BMIBNB solver terminates when reaching the limit of the maximum number of

nodes. These numerical results demonstrate that using the bilinear SDP solver to solve the

low-dimensional bilinear SDP reformulation of the high-dimensional SDP leads to poor

performance. It is not surprising. The Mosek solver employs the interior-point method

to solve the high-dimensional SDP problem, leading to a polynomial-time algorithm. In

contrast, the BMIBNB solver uses spatial branch-and-bound to solve the low-dimensional

bilinear SDP problem, leading to an exponential-time algorithm. More importantly, the

bilinear SDP problem is nonconvex, significantly increasing the computational challenge.

Finally, these numerical results demonstrate that the ADMM algorithms bring significant

improvement in terms of optimality gap and computational time.

A.6.2 The ADMM Algorithm for Problem (2.26)

Note that Algorithm 1 serves as a unified ADMM algorithm for all the three proposed

approximations, i.e., Problems (2.25), (2.26), and (2.31). Here, we take Problem (2.26)
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as an example to demonstrate corresponding specific details for this problem. Recall that

Problem (2.26) can be formulated as follows:

ΘU(m1) = min
B,x,s,q,Qr,

λk,ũk,uk,∀k∈[K]

ϕ(m1, s,q,Qr) (A.38a)

s.t.

χ(k,x, s,λk)
1
2
u⊤
k

1
2
uk Qr

 ⪰ 0, ∀k ∈ [K], (A.38b)

q+
(
UΛ

1
2

)⊤
ψ(k,x,λk) = ũk, ∀k ∈ [K], (A.38c)

x ∈ X , B⊤B = Im1 , B ∈ Rm×m1 , q ∈ Rm, Qr ∈ Rm1×m1 ,

(A.38d)

λk ∈ Rl
+, uk ∈ Rm1 , ũk ∈ Rm, ∀k ∈ [K], (A.38e)

ũk = Buk, ∀k ∈ [K]. (A.38f)

where constraints (A.38f) and B⊤B = Im1 are bilinear constraints. We consider the

following augmented Lagrangian problem for Problem (A.38):

min
x,s,q,Qr,

λk,ũk,uk,∀k∈[K];
B; βk,∀k∈[K]

{
s+ γ2Im1 •Qr +

√
γ1 ∥q∥2 +

K∑
k=1

β⊤
k (ũk −Buk)

+
K∑
k=1

ρk
2
∥ũk −Buk∥22

∣∣∣∣ (A.38b)− (A.38e)

}
, (A.39)

where βk ∈ Rm (∀k ∈ [K]) are Lagrangian multipliers and ρk > 0 (∀k ∈ [K]) are the

penalty parameters. Thus, we design Algorithm 2 to solve Problem (A.38).

In this algorithm, given B and βk for any k ∈ [K], Problem (A.39) becomes a low-

dimensional (i.e., m1 + 1) SDP problem. Given (x, s,q,Qr,λk, ũk,uk,βk,∀k ∈ [K]),

Problem (A.39) becomes a nonconvex optimization problem, while the following proposi-

tion shows that it has an analytical optimal solution. Thus, Algorithm 2 can be performed

efficiently.
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Algorithm 2 ADMM for Problem (A.38)

Initialize: B0,β0
k,∀k ∈ [K]

Repeat: update (x, s,q,Qr,λk, ũk,uk,∀k ∈ [K]) ,B and βk(∀k ∈ [K]) alternatingly by

Given Bi and βi
k for any k ∈ [K], solve Problem (A.39) to obtain the optimal solution

(x, s,q,Qr,λk, ũk,uk,∀k ∈ [K])i+1;

Given (x, s,q,Qr,λk, ũk,uk,∀k ∈ [K])i+1 and βi
k for any k ∈ [K], solve Problem (A.39)

to obtain the optimal solution Bi+1;

βi+1
k = βi

k + ρik
(
ũi+1
k −Bi+1ui+1

k

)
, ∀k ∈ [K];

Until Convergence.

Proposition 12. Given (x, s,q,Qr,λk, ũk,uk,βk,∀k ∈ [K]), Problem (A.39) has an

optimal solution B∗ = ŨṼ⊤, where
∑K

k=1(βku
⊤
k + ρkũku

⊤
k ) = ŨΣ̃Ṽ⊤ for Ũ ∈ Rm×m1,

Σ̃ ∈ Rm1×m1, and Ṽ ∈ Rm1×m1 by the singular value decomposition (SVD).

We further analyze the convergence property of Algorithm 2 to ensure the dimension-

ality reduction solution B returned by this algorithm is near-optimal, i.e., a theoretical

guarantee. First, the following lemma holds.

Lemma 5. Given (x, s,q,Qr,λk, ũk,uk,βk,∀k ∈ [K]), we have B∗ = ŨṼ⊤ (an optimal

solution of Problem (A.39)) is also an optimal solution of the following convex optimiza-

tion problem:

max
B∈Rm×m1

{
K∑
k=1

(
βku

⊤
k + ρũku

⊤
k

)
•B

∣∣∣∣∣ B⊤B ⪯ Im1

}
. (A.40)

We then present the convergence properties of our proposed ADMM algorithm. We

let

L (B, (x, s,q,Qr,λk, ũk,uk,∀k ∈ [K]) , (βk,∀k ∈ [K])) =

s+ γ2Im1 •Qr +
√
γ1 ∥q∥2 +

K∑
k=1

β⊤
k (ũk −Buk) +

K∑
k=1

ρk
2
∥ũk −Buk∥22 ,

and continue to adopt Assumption 3. We state the convergence theorem of Algorithm 2
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as follows.

Theorem 10. Let (B∗,x∗, s∗,q∗,Q∗
r ,λ

∗
k, ũ

∗
k,u

∗
k, ∀k ∈ [K]) be any accumulation point of

the sequence {Bi,xi, si,qi,Qi
r,λ

i
k, ũ

i
k,u

i
k,∀k ∈ [K]} generated by Algorithm 2. Then,

(B∗,x∗, s∗,q∗,Q∗
r ,λ

∗
k, ũ

∗
k,u

∗
k, ∀k ∈ [K]) satisfies the first-order stationary conditions of

Problem (A.38).

Proof. Proof. Let (B∗,x∗, s∗,q∗,Q∗
r ,λ

∗
k, ũ

∗
k,u

∗
k,∀k ∈ [K]) be an accumulation point of

the sequence {Bi,xi, si,qi,Qi
r,λ

i
k, ũ

i
k,u

i
k,∀k ∈ [K]}. Then, there exists a subsequence

{Bi,xi, si,qi,Qi
r,λ

i
k, ũ

i
k,u

i
k, ∀k ∈ [K]}i∈I that converges to (B∗,x∗, s∗,q∗,Q∗

r ,λ
∗
k, ũ

∗
k,u

∗
k,

∀k ∈ [K]).

First, note that (x, s,q,Qr,λk, ũk,uk,∀k ∈ [K])i+1 is the optimal solution of the

convex problem

min
x,s,q,Qr,

λk,ũk,uk,∀k∈[K]

{
L
(
Bi, (x, s,q,Qr,λk, ũk,uk,∀k ∈ [K]) ,

(
βi
k,∀k ∈ [K]

)) ∣∣ (A.38b)− (A.38e)
}
.

(A.41)

We show that there exists an interior point in the feasible region of Problem (A.41), by

which the KKT conditions are first-order necessary conditions for the optimal solution of

Problem (A.41). Specifically, by letting x′ be an interior point in X (by Assumption 2),

we can set λ̂
′
= {1l, . . . ,1l}, s′ =

∑K
k=1

∣∣y0k(x′) + 1⊤
l b+ yk(x

′)⊤µ− 1⊤
l Aµ

∣∣+ 1, q′ = 0m,

ũk = (UΛ
1
2 )⊤(A⊤1l − yk(x

′)), uk = 0m1 , and Q′
r = Im1 . Clearly, (x

′, s′, λ̂
′
,q′,Q′

r, ũk,uk,

∀k ∈ [K]) is an interior point in the feasible region of Problem (A.41). Therefore, the

following first-order stationary conditions hold; that is, there exists

 tik (pi
k)

⊤

pi
k Pi

k

 ⪰ 0,

πi
k ≥ 0, ηi

k ∈ Rm, and Zi ⪰ 0 such that

1−
K∑
k=1

tik = 0, (A.42a)
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γ2Im1 −
K∑
k=1

Pi
k = 0m1×m1 , (A.42b)

√
γ1(q

i+1)⊤

∥qi+1∥2
+

K∑
k=1

(ηi
k)

⊤ = 0, (A.42c)

tik (b−Aµ)⊤ + (ηi
k)

⊤
(
UΛ

1
2

)⊤
A⊤ − (πi

k)
⊤ = 0, ∀k ∈ [K], (A.42d)

−(pi
k)

⊤ − (βi
k)

⊤Bi − ρik(ũ
i+1
k −Biui+1

k )Bi = 0, ∀k ∈ [K], (A.42e)

−(ηi
k)

⊤ + (βi
k)

⊤ + ρik(ũ
i+1
k −Biui+1

k ) = 0, ∀k ∈ [K], (A.42f)
K∑
k=1

(
tikw

0
k +

(
tikµ

⊤ + (ηi
k)

⊤
(
UΛ

1
2

)⊤)
Wk

)
−

τ∑
i′=1

τ∑
j′=1

zii′j′ai′j′ = 0. (A.42g)

By (A.42a) and tik ≥ 0 (∀k ∈ [K]), we have that {tik}i∈I (∀k ∈ [K]) are bounded.

Because every bounded sequence has a convergent subsequence, without loss of generality,

we can assume that tik → t∗k (i→ ∞, i ∈ I,∀k ∈ [K]). Taking limits in (A.42a) for i ∈ I,

we have

1−
K∑
k=1

t∗k = 0. (A.43)

Similarly, by (A.42b), we have Pi
k → P∗

k (i→ ∞, i ∈ I,∀k ∈ [K]) and

γ2Im1 −
K∑
k=1

P∗
k = 0m1×m1 . (A.44)

Taking limits in (A.42e) and (A.42f) for i ∈ I, by (2.35)and (2.36), we have that pi
k → p∗

k,

ηi
k → η∗

k (i→ ∞, i ∈ I,∀k ∈ [K]), and

− (p∗
k)

⊤ − (β∗
k)

⊤B∗ = 0, ∀k ∈ [K], (A.45)

− (η∗
k)

⊤ + (β∗
k)

⊤ = 0, ∀k ∈ [K]. (A.46)

Taking limits in (A.42d) and (A.42g) for i ∈ I, we have that Zi → Z∗, πi
k → π∗

k
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(∀k ∈ [K]), and

t∗k (b−Aµ)⊤ + (η∗
k)

⊤
(
UΛ

1
2

)⊤
A⊤ − (π∗

k)
⊤ = 0, ∀k ∈ [K], (A.47)

K∑
k=1

(
t∗kw

0
k +

(
t∗kµ

⊤ + (η∗
k)

⊤
(
UΛ

1
2

)⊤)
Wk

)
−

τ∑
i′=1

τ∑
j′=1

z∗i′j′ai′j′ = 0. (A.48)

Taking limits in (A.42c) for i ∈ I, we have

√
γ1(q

∗)⊤

∥q∗∥2
+

K∑
k=1

(η∗
k)

⊤ = 0. (A.49)

Next, note that Bi+1 is the optimal solution of the nonconvex problem

min
B

{
L
(
B, (x, s,q,Qr,λk, ũk,uk,∀k ∈ [K])i+1 ,

(
βi

k,∀k ∈ [K]
)) ∣∣∣ (A.38b)− (A.38e)

}
.

In Proposition 12, we give an analytical optimal solution of Bi+1. However, there is no

optimality condition for this Bi+1. By Lemma 5, we have that Bi+1 is an optimal solution

of the convex problem (A.40). Clearly, B = 0m×m1 is an interior point of Problem (A.40).

Therefore, Bi+1 satisfies the first-order stationary conditions of Problem (A.40); that is,

there exists Ci+1 ⪰ 0 such that

−
K∑
k=1

βi
k(u

i+1
k )⊤ +Bi+1(Ci+1)⊤ − ρik

K∑
k=1

(
ũi+1
k −Bi+1ui

k

)
(ui

k)
⊤ = 0. (A.50)

Taking limits in (A.50) for i ∈ I, we have thatBi(Ci)⊤ →
∑K

k=1 β
∗
k(u

∗
k)

⊤ (i→ ∞,∀i ∈ I).

Because (Bi)⊤Bi = Im1 and Bi → B∗ (i→ ∞,∀i ∈ I), it follows that

(Bi)⊤Bi(Ci)⊤ → (Bi)⊤
K∑
k=1

β∗
k(u

∗
k)

⊤, i→ ∞,∀i ∈ I,

=⇒ (Ci)⊤ → (Bi)⊤
K∑
k=1

β∗
k(u

∗
k)

⊤, i→ ∞,∀i ∈ I,

=⇒ (Ci)⊤ → (B∗)⊤
K∑
k=1

β∗
k(u

∗
k)

⊤, i→ ∞,∀i ∈ I,
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=⇒ Ci → C∗ :=

(
K∑
k=1

u∗
k(β

∗
k)

⊤

)
B∗, i→ ∞,∀i ∈ I.

Thus, taking limits in (A.50) for i ∈ I, we have

−
K∑
k=1

β∗
k(u

∗
k)

⊤ +B∗(C∗)⊤ = 0. (A.51)

Finally, combining (A.43)–(A.49) and (A.51), we have that (B∗,x∗, s∗,q∗,Q∗
r ,λ

∗
k, ũ

∗
k,

u∗
k,∀k ∈ [K]) satisfies the stationary conditions of Problem (A.38); that is, there exists tk p⊤

k

pk Pk

 ⪰ 0, ηk, ωk, πk ≥ 0, C, and Z ⪰ 0 such that

1−
K∑
k=1

tk = 0, (A.52a)

γ2Im1 −
K∑
k=1

Pk = 0m1×m1 , (A.52b)

√
γ1(q

∗)⊤

∥q∗∥2
+

K∑
k=1

η⊤
k = 0, (A.52c)

tk (b−Aµ)⊤ + η⊤
k

(
UΛ

1
2

)⊤
A⊤ − π⊤

k = 0, ∀k ∈ [K], (A.52d)

−p⊤
k − ω⊤

k B
∗ = 0, ∀k ∈ [K], (A.52e)

−η⊤
k + ω⊤

k = 0, ∀k ∈ [K], (A.52f)

−
K∑
k=1

ωk(u
∗
k)

⊤ +B∗C⊤ = 0, (A.52g)

K∑
k=1

(
tkw

0
k +

(
tkµ

⊤ + η⊤
k

(
UΛ

1
2

)⊤)
Wk

)
−

τ∑
i=1

τ∑
j=1

zijaij = 0. (A.52h)

This completes the proof. □
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A.6.3 Proof of Propositions 5 and 12

In Proposition 5, given (x, ũk,uk,βk,∀k ∈ [K]), we can omit the constant in the objective

function of Problem (2.33) and rewrite this problem as follows:

min
B∈Rm×m1

{
K∑
k=1

−β⊤
k Buk +

K∑
k=1

(
−ρkũ⊤

k Buk +
ρk
2
u⊤
k B

⊤Buk

) ∣∣∣∣∣ B⊤B = Im1

}
. (A.53)

In Proposition 12, given (x, s,q,Qr,λk, ũk,uk,βk,∀k ∈ [K]), we can also omit the

constant in the objective function of Problem (A.39) and rewrite this problem as Problem

(A.53).

By B⊤B = Im1 , the term u⊤
k B

⊤Buk is also a constant. Because β⊤
k Buk = (βku

⊤
k )•B

and ũ⊤
k Buk = (ũku

⊤
k ) •B, we can further rewrite Problem (A.53) as follows:

max
B∈Rm×m1

{
K∑
k=1

(
βku

⊤
k + ρkũku

⊤
k

)
•B

∣∣∣∣∣ B⊤B = Im1

}
.

By the SVD, i.e.,
∑K

k=1(βku
⊤
k + ρkũku

⊤
k ) = ŨΣ̃Ṽ⊤, we have

B∗ = argmax
B⊤B=Im1

(
ŨΣ̃Ṽ⊤

)
•B = argmax

B⊤B=Im1

tr
(
ŨΣ̃Ṽ⊤B⊤

)
= argmax

B⊤B=Im1

tr
(
Σ̃Ṽ⊤B⊤Ũ

)
= argmax

B⊤B=Im1

Σ̃ •
(
Ũ⊤BṼ

)
,

where the second and fourth equalities hold by the definition of a matrix’s trace and the

third equality holds by the cyclic property of a matrix’s trace. Eldén and Park (1999)

show that B∗ = ŨṼ⊤ is an optimal solution. □
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A.6.4 Proof of Lemmas 3 and 5

By the SVD in Propositions 5 and 12, we have

K∑
k=1

(βku
⊤
k + ρkũku

⊤
k ) = ŨΣ̃Ṽ⊤.

We construct Ū ∈ Rm×m by addingm−m1 orthonormal columns to Ũ ∈ Rm×m1 such that

Ū⊤Ū = Im, and addm−m1 zero rows to Σ̃ ∈ Rm1×m1 to construct Σ̄ = [Σ̃;0(m−m1)×m1 ] ∈

Rm×m1 . It follows that ŨΣ̃Ṽ⊤ = ŪΣ̄Ṽ⊤.

Meanwhile, by the cyclic property of a matrix’s trace, we have

(
ŪΣ̄Ṽ⊤

)
•B = tr

(
ŪΣ̄Ṽ⊤B⊤

)
= tr

(
Σ̄Ṽ⊤B⊤Ū

)
= Σ̄ •

(
Ū⊤BṼ

)
.

It follows that Problem (A.40) is equivalent to

max
B∈Rm×m1

{
Σ̄ •

(
Ū⊤BṼ

) ∣∣∣ B⊤B ⪯ Im1

}
. (A.54)

Note that we have ŪŪ⊤ = Im and ṼṼ⊤ = Im1 by the SVD and the construction of Ū.

We then have

B⊤B ⪯ Im1 ⇐⇒ B⊤ŪŪ⊤B ⪯ Im1 ⇐⇒ Ṽ⊤B⊤ŪŪ⊤BṼ ⪯ Im1 ,

where the first equivalence holds by ŪŪ⊤ = Im and the second equivalence holds by

ṼṼ⊤ = Im1 and Lemma 2.

Therefore, Problem (A.54) is equivalent to

max
B∈Rm×m1

{
Σ̄ •

(
Ū⊤BṼ

) ∣∣∣ (Ṽ⊤B⊤Ū
)(

Ū⊤BṼ
)
⪯ Im1

}
. (A.55)
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Because Σ̄ ∈ Rm×m1 is a rectangular diagonal matrix with non-negative numbers on the

diagonal, we have that Ū⊤BṼ = [Im1 ;0(m−m1)×m1 ] will lead to the optimal value. Note

that when we choose B = ŨṼ⊤, we have

Ū⊤BṼ = Ū⊤ŨṼ⊤Ṽ = [Im1 ;0(m−m1)×m1 ]Im1 = [Im1 ;0(m−m1)×m1 ].

Therefore, B∗ = ŨṼ⊤ is an optimal solution of Problem (A.55), i.e., Problem (A.40). □

A.6.5 Proof of Theorem 6

Let (B∗,x∗, ũ∗
k,u

∗
k,∀k ∈ [K]) be an accumulation point of the sequence {Bi,xi, ũi

k,u
i
k,

∀k ∈ [K]}. Then, there exists a subsequence {Bi,xi, ũi
k,u

i
k,∀k ∈ [K]}i∈I that converges

to (B∗, ũ∗
k,u

∗
k,∀k ∈ [K]).

First, note that (x, ũk,uk,∀k ∈ [K])i+1 is the optimal solution of the convex problem

min
x,ũk,uk,∀k∈[K]

{
L
(
Bi, (x, ũk,uk,∀k ∈ [K]) ,

(
βi

k,∀k ∈ [K]
)) ∣∣ (2.32b)− (2.32c)

}
. (A.56)

Because there exists an interior point in the feasible region of Problem (A.56), by which the

KKT conditions are first-order necessary conditions for the optimal solution of Problem

(A.56). Specifically, the following first-order stationary conditions hold; that is,

−∇g(xi+1,ui+1
k , ũi+1

k ,∀k ∈ [K]) +



0

(Bi)⊤βi
1 + ρi1(B

i)⊤
(
ũi+1
1 −Biui+1

1

)
...

(Bi)⊤βi
K + ρiK(B

i)⊤
(
ũi+1
K −Biui+1

K

)
−βi

1 − ρi1
(
ũi+1
1 −Biui+1

1

)
...

−βi
K − ρiK

(
ũi+1
K −Biui+1

K

)


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∈ NU(x
i+1,ui+1

k , ũi+1
k ,∀k ∈ [K]), (A.57)

whereNU(x
i+1,ui+1

k , ũi+1
k ,∀k ∈ [K]) is the normal cone of U at (xi+1,ui+1

k , ũi+1
k ,∀k ∈ [K]).

Taking limits in (A.57) for i ∈ I, we have

−∇g(x∗,u∗
k, ũ

∗
k,∀k ∈ [K]) +



0

(B∗)⊤β∗
1

...

(B∗)⊤β∗
K

−β∗
1

...

−β∗
K



∈ NU(x
∗,u∗

k, ũ
∗
k, ∀k ∈ [K]). (A.58)

Next, note that Bi+1 is the optimal solution of the nonconvex problem

min
B

{
L
(
B, (x, ũk,uk,∀k ∈ [K])i+1 ,

(
βi

k,∀k ∈ [K]
)) ∣∣∣ (2.32b)− (2.32c)

}
.

In Proposition 5, we give an analytical optimal solution of Bi+1. However, there is no

optimality condition for this Bi+1. By Lemma 3, we have that Bi+1 is an optimal solution

of the convex problem (2.34). Clearly, B = 0m×m1 is an interior point of Problem (2.34).

Therefore, Bi+1 satisfies the first-order stationary conditions of Problem (2.34); that is,

there exists Ci+1 ⪰ 0 such that

−
K∑
k=1

βi
k(u

i+1
k )⊤ +Bi+1(Ci+1)⊤ − ρik

K∑
k=1

(
ũi+1
k −Bi+1ui

k

)
(ui

k)
⊤ = 0. (A.59)

Taking limits in (A.59) for i ∈ I, we have thatBi(Ci)⊤ →
∑K

k=1 β
∗
k(u

∗
k)

⊤ (i→ ∞,∀i ∈ I).

Because (Bi)⊤Bi = Im1 and Bi → B∗ (i→ ∞,∀i ∈ I), it follows that

(Bi)⊤Bi(Ci)⊤ → (Bi)⊤
K∑
k=1

β∗
k(u

∗
k)

⊤, i→ ∞,∀i ∈ I,
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=⇒ (Ci)⊤ → (Bi)⊤
K∑
k=1

β∗
k(u

∗
k)

⊤, i→ ∞,∀i ∈ I,

=⇒ (Ci)⊤ → (B∗)⊤
K∑
k=1

β∗
k(u

∗
k)

⊤, i→ ∞,∀i ∈ I,

=⇒ Ci → C∗ :=

(
K∑
k=1

u∗
k(β

∗
k)

⊤

)
B∗, i→ ∞,∀i ∈ I.

Thus, taking limits in (A.59) for i ∈ I, we have

−
K∑
k=1

β∗
k(u

∗
k)

⊤ +B∗(C∗)⊤ = 0. (A.60)

Finally, combining (A.58) and (A.60), we have that (B∗,x∗, ũ∗
k,u

∗
k,∀k ∈ [K]) satisfies

the stationary conditions of Problem (2.33); that is, there exist ωk and C such that

−∇g(x∗,u∗
k, ũ

∗
k,∀k ∈ [K]) +



0

(B∗)⊤ω1

...

(B∗)⊤ωK

−ω1

...

−ωK



∈ NU(x
∗,u∗

k, ũ
∗
k,∀k ∈ [K])

−
K∑
k=1

ωk(u
∗
k)

⊤ +B∗C⊤ = 0 (A.61)

This completes the proof. □

A.6.6 Proof of Proposition 6

First, we have ΘM(m) ≥ ΘL(m1) ≥ Θ(m1,B
′) = s∗ + γ2Im1 • Q∗

r +
√
γ1∥q∗

r∥2, where

the first inequality holds by conclusion (i) of Theorem 1 and the second inequality holds
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because B′ is a feasible solution of Problem (2.12) and this problem is a maximization

problem.

Next, we would like to construct a feasible solution (x′, s′, λ̂
′
,q′,Q′) of Problem (2.4).

We set x′ = x∗, λ̂
′
= λ̂

∗
, s′ = s∗ + s0, q

′ = B′q∗
r , and Q′ = B′Q∗

r (B
′)⊤ + Q0, where

s0 ≥ 0 and Q0 ⪰ 0 and their values will be decided later. Clearly, this solution satisfies

constraints (2.4c). For this solution to satisfy constraints (2.4b), the values s0 and Q0

should satisfy

(Sk + s0)
(
B′Q∗

r (B
′)⊤ +Q0

)
⪰ 1

4

(
B′q∗

r +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))

×
(
B′q∗

r +
(
UΛ

1
2

)⊤ (
A⊤λ∗

k − yk(x
∗)
))⊤

=
1

4
Mk, ∀k ∈ [K].

(A.62)

Note that, if (S + s0)Q0 ⪰ (1/4)Mk for any k ∈ [K], then (A.62) holds. By the

definition of Mk, we have Mk ⪰ 0 for any k ∈ [K]. Therefore, for any s0 ≥ 0, we can

construct

Q0 =
K∑
k=1

1

4(S + s0)
Mk

such that (A.62) holds and hence (x′, s′, λ̂
′
,q′,Q′) is a feasible solution of Problem (2.4).

The objective value (denoted by Θ′
M) with respect to this constructed solution is

s′ + γ2Im •Q′ +
√
γ1 ∥q′∥2 = s∗ + s0 + γ2Im •B′Q∗

r (B
′)⊤ + γ2Im •Q0 +

√
γ1 ∥B′q∗

r∥2

= s∗ + s0 + γ2Im1 •Q∗
r + γ2Im •Q0 +

√
γ1 ∥q∗

r∥2

= Θ(m1,B
′) + s0 +

K∑
k=1

γ2
4(S + s0)

Im •Mk,

where the second equality holds because Im •B′Q∗
r (B

′)⊤ = Im1 •Q∗
r (B

′)⊤B′ = Im1 •Q∗
r

and (q∗
r )

⊤(B′)⊤B′q∗
r = (q∗

r )
⊤q∗

r . As this constructed solution is a feasible solution of
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Problem (2.4), which is a minimization problem, we have ΘM(m) ≤ Θ′
M It follows that

ΘM(m)−ΘL(m1) ≤ Θ′
M −Θ(m1,B

′) = s0 +
K∑
k=1

γ2
4(S + s0)

Im •Mk. (A.63)

We further choose a value of s0 to minimize the right-hand side (RHS) of (A.63). Note

that (i) If
√
P − S < 0, then the RHS of (A.63) is minimized at P/S with s0 = 0; (ii)

If
√
P − S ≥ 0, then the RHS of (A.63) is minimized at 2

√
P − S with s0 =

√
P − S.

Therefore, we conclude that the proposition holds. □

A.7 Supplement to Section 2.7

A.7.1 Multiproduct Newsvendor Problem

By Proposition 1, Problem (2.39) has the same optimal value as the following SDP for-

mulation:

min
x,s,λ1,
λ2,q,Q

s+ γ2Im •Q+
√
γ1 ∥q∥2 (A.64a)

s.t.

s− (c− v)⊤x− λ⊤
1 (b−Aµ) 1

2

(
q+

(
UΛ

1
2

)⊤
A⊤λ1

)⊤

1
2

(
q+

(
UΛ

1
2

)⊤
A⊤λ1

)
Q

 ⪰ 0, (A.64b)

s− (c− g)⊤x− λ⊤
2 (b−Aµ) + (v − g)⊤µ 1

2

(
q+

(
UΛ

1
2

)⊤ (
A⊤λ2 + v − g

))⊤

1
2

(
q+

(
UΛ

1
2

)⊤ (
A⊤λ2 + v − g

))
Q


⪰ 0, (A.64c)

x ∈ Rm
+ , λ1 ∈ Rl

+, λ2 ∈ Rl
+, q ∈ Rm, Q ∈ Rm×m. (A.64d)

By the first outer approximation (2.25), the following problem provides a lower bound

190



for the optimal value of Problem (A.64):

max
B,t1,p1,P1,
t2,p2,P2

(
t2µ

⊤ + p⊤
2

(
UΛ

1
2B
)⊤)

(g − v) (A.65a)

s.t. 1− t1 − t2 = 0,
√
γ1 − ∥p1 + p2∥2 ≥ 0, (A.65b)

t1(Aµ− b)⊤ + p⊤
1

(
UΛ

1
2B
)⊤

A⊤ ≤ 0, (A.65c)

t2(Aµ− b)⊤ + p⊤
2

(
UΛ

1
2B
)⊤

A⊤ ≤ 0, (A.65d)

γ2Im1 −P1 −P2 ⪰ 0, t1 (c− v) + t2 (c− g) ≥ 0, (A.65e) t1 p⊤
1

p1 P1

 ⪰ 0,

 t2 p⊤
2

p2 P2

 ⪰ 0, B⊤B = Im1 , (A.65f)

B ∈ Rm×m1 , p1 ∈ Rm1 , p2 ∈ Rm1 , P1 ∈ Rm1×m1 , P2 ∈ Rm1×m1 .(A.65g)

By the inner approximation (2.26), the following problem provides an upper bound

for the optimal value of Problem (A.64) and achieves the optimal value of Problem (A.64)

when m1 ≥ 2:

min
B,x,s,λ1,λ2,
q,Qr,u1,u2

s+ γ2Im1 •Qr +
√
γ1 ∥q∥2 (A.66a)

s.t.

s− (c− v)⊤x− λ⊤
1 (b−Aµ) 1

2
u⊤
1

1
2
u1 Qr

 ⪰ 0, (A.66b)

s− (c− g)⊤x− λ⊤
2 (b−Aµ) + (v − g)⊤µ 1

2
u⊤
2

1
2
u2 Qr

 ⪰ 0, (A.66c)

q+
(
UΛ

1
2

)⊤
A⊤λ1 = Bu1, (A.66d)

q+
(
UΛ

1
2

)⊤ (
A⊤λ2 + v − g

)
= Bu2, (A.66e)

x ∈ Rm
+ , λ1 ∈ Rl

+, λ2 ∈ Rl
+, B

⊤B = Im1 , (A.66f)

q ∈ Rm, Qr ∈ Rm1×m1 , B ∈ Rm×m1 , u1 ∈ Rm1 , u2 ∈ Rm1 . (A.66g)

By the second outer approximation (2.31), the following problem withm1 ≤ 2 provides
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another lower bound for the optimal value of Problem (A.64) and achieves the optimal

value of Problem (A.64) when m1 = 2:

min
B,B̄,x,s,λ1,λ2,

q,Qr,u1,u2,h1,h2

s+ γ2Im1 •Qr +
√
γ1 ∥q∥2 (A.67a)

s.t.

s− (c− v)⊤x− λ⊤
1 (b−Aµ) 1

2
u⊤
1

1
2
u1 Qr

 ⪰ 0, (A.67b)

s− (c− g)⊤x− λ⊤
2 (b−Aµ) + (v − g)⊤µ 1

2
u⊤
2

1
2
u2 Qr

 ⪰ 0,(A.67c)

q+
(
UΛ

1
2

)⊤
A⊤λ1 = Bu1 + B̄h1, (A.67d)

q+
(
UΛ

1
2

)⊤ (
A⊤λ2 + v − g

)
= Bu2 + B̄h2, (A.67e)

x ∈ Rm
+ , λ1 ∈ Rl

+, λ2 ∈ Rl
+, [B, B̄]⊤[B, B̄] = IK , (A.67f)

q ∈ Rm, Qr ∈ Rm1×m1 , B ∈ Rm×m1 , B̄ ∈ Rm×(K−m1), (A.67g)

u1 ∈ Rm1 , u2 ∈ Rm1 , h1 ∈ RK−m1 , h2 ∈ RK−m1 . (A.67h)

A.7.2 Production-Transportation Problem

By the reformulation results of Section 4.1 of Bertsimas et al. (2010) and Appendix C of

Cheramin et al. (2022), we have the following SDP reformulation for Problem (2.41):

min
x,zk(∀k∈[K]),

s,λk(∀k∈[K]),q,Q

s+ γ2IGH •Q+
√
γ1 ∥q∥2 (A.68a)

s.t.

s− c⊤x− βk − λ⊤
k b− αkz

⊤
k µ+ λ⊤

k Aµ
1
2

(
q+

(
UΛ

1
2

)⊤ (
A⊤λk − αkzk)

))⊤

1
2

(
q+

(
UΛ

1
2

)⊤ (
A⊤λk − αkzk)

))
Q

 ⪰ 0,

∀k ∈ [K], (A.68b)

λk ∈ Rl
+, ∀k ∈ [K],q ∈ RGH ,Q ∈ RGH×GH , (A.68c)

0 ≤ x ≤ 1, (A.68d)
G∑
i=1

zijk = dj , ∀j ∈ [H], k ∈ [K], (A.68e)
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H∑
j=1

zijk = xi, ∀i ∈ [G], k ∈ [K], (A.68f)

zijk ≥ 0, ∀i ∈ [G], j ∈ [H], k ∈ [K], (A.68g)

where zk is a vector whose ((i− 1)G+ j)-th element is zijk. Note that, by Theorem 1 in

Cheramin et al. (2022), the following problem can be reformulated as Problem (A.68):

min
x,zk,∀k∈[K]

max
PI∈DM

EP

[
max
k∈[K]

{
c⊤x+ αkz

⊤
k

(
UΛ

1
2ξI + µ

)
+ βk

}]
(A.69a)

s.t. (A.68d)− (A.68g). (A.69b)

By the first outer approximation (2.25), the following problem provides a lower bound

for the optimal value of Problem (A.68):

max
tk,pk,Pk,∀k∈[K],
wk,uk,∀k∈[K],v,B

K∑
k=1

tkβk −
G∑
i=i

vi +
K∑
k=1

H∑
j=1

wjkdj (A.70a)

s.t. 1−
K∑
k=1

tk = 0,
√
γ1 −

∥∥∥∥∥
K∑
k=1

pk

∥∥∥∥∥
2

≥ 0, (A.70b)

tk(Aµ− b)⊤ + p⊤
k

(
UΛ

1
2B
)⊤

A⊤ ≤ 0, ∀k ∈ [K], (A.70c)

γ2Im1 −
K∑
k=1

Pk ⪰ 0,
K∑
k=1

(tkc+ uk) + v ≥ 0, (A.70d)

αktkµ
⊤ + αkp

⊤
k

(
UΛ

1
2B
)⊤

− (w⊤
k , . . . ,w

⊤
k︸ ︷︷ ︸

repeat G times

)

−(u1k, . . . , u1k︸ ︷︷ ︸
repeat H times

, . . . , uGk, . . . , uGk) ≥ 0,∀k ∈ [K], (A.70e)

 tk p⊤
k

pk Pk

 ⪰ 0, ∀k ∈ [K], B⊤B = Im1 , v ∈ RG
+, B ∈ RGH×m1 ,

(A.70f)

pk ∈ Rm1 , Pk ∈ Rm1×m1 , wk ∈ RH , uk ∈ RG, ∀k ∈ [K]. (A.70g)

By the inner approximation (2.26), the following problem provides an upper bound
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for the optimal value of Problem (A.68) and achieves the optimal value of Problem (A.68)

when m1 ≥ K:

min
B,x,zk(∀k∈[K]),

uk,λk,∀k∈[K],s,q,Qr

s+ γ2Im1 •Qr +
√
γ1 ∥q∥2 (A.71a)

s.t.

s− c⊤x− βk − λ⊤
k b− αkz

⊤
k µ+ λ⊤

k Aµ
1
2
u⊤
k

1
2
uk Qr

 ⪰ 0, ∀k ∈ [K],

(A.71b)

q+
(
UΛ

1
2

)⊤ (
A⊤λk − αkzk)

)
= Buk, ∀k ∈ [K], (A.71c)

λk ∈ Rl
+, uk ∈ Rm1 , ∀k ∈ [K],q ∈ RGH ,Qr ∈ Rm1×m1 , (A.71d)

(A.68d)− (A.68g), B⊤B = Im1 , B ∈ RGH×m1 . (A.71e)

By the second outer approximation (2.31), the following problem with m1 ≤ K pro-

vides another lower bound for the optimal value of Problem (A.68) and achieves the

optimal value of Problem (A.68) when m1 = K:

min
B,B̄,x,zk(∀k∈[K]),
uk,hk,λk,∀k∈[K],

s,q,Qr

s+ γ2Im1 •Qr +
√
γ1 ∥q∥2 (A.72a)

s.t.

s− c⊤x− βk − λ⊤
k b− αkz

⊤
k µ+ λ⊤

k Aµ
1
2
u⊤
k

1
2
uk Qr

 ⪰ 0, ∀k ∈ [K], (A.72b)

q+
(
UΛ

1
2

)⊤ (
A⊤λk − αkzk)

)
= Buk + B̄hk, ∀k ∈ [K], (A.72c)

λk ∈ Rl
+, uk ∈ Rm1 , hk ∈ RK−m1 , ∀k ∈ [K],q ∈ RGH ,Qr ∈ Rm1×m1 ,(A.72d)

[B, B̄]⊤[B, B̄] = Im1 , B ∈ RGH×m1 , B̄ ∈ RGH×(K−m1), (A.72e)

(A.68d)− (A.68g). (A.72f)
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A.7.3 Proof of Proposition 7

Because B⊤B = Im1 , we have B⊤B ⪯ Im1 , which implies BB⊤ ⪯ Im by Lemma 1. It

follows that r⊤BB⊤r ≤ r⊤r. Meanwhile, we have

r⊤B∗B∗⊤r =

[
r⊤r
∥r∥2 01×(m1−1)

] r⊤r
∥r∥2

0(m1−1)×1

 = r⊤r,

indicating that B∗ =

[
r/∥r∥2,0m×(m1−1)

]
is an optimal solution of Problem (2.44). □

A.7.4 Sensitivity Analyses
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Table A.3: Sensitivity Analyses on the Production-Transportation Problem with K = 5
Size ((G,H)) (4,25) (5,20) (5,40) (8,25) (10,40) (20,30) (20,40)

m1 = 3

ODR-LB

Gap1 (%) 0.37 0.71 0.67 0.47 - - -

Time (secs) 2.86 2.81 4.87 4.32 15.16 27.51 57.45

Interval Gap (%) 0.69 0.79 0.73 0.51 0.49 0.51 0.57

Theoretical Gap (%) 1.27 0.62 2.20 1.36 - - -

ODR-RLB

Gap1 (%) 0.07 0.17 0.02 0.02 - - -

Time (secs) 13.53 14.19 43.93 57.79 205.99 442.26 1092.43

Interval Gap (%) 0.39 0.25 0.08 0.06 0.03 0.02 0.02

Theoretical Gap (%) 1.08 3.19 1.96 0.96 - - -

ODR-UB
Gap2 (%) 0.32 0.08 0.06 0.04 - - -

Time (secs) 6.03 5.60 22.31 20.53 122.04 332.10 660.08

Theoretical Gap (%) 1.28 1.03 3.20 2.05 - - -

m1 = 5

ODR-LB

Gap1 (%) 0.14 0.34 0.22 0.29 - - -

Time (secs) 4.03 3.63 6.01 4.82 12.41 25.03 57.79

Interval Gap (%) 0.15 0.34 0.43 0.29 0.52 0.55 0.51

Theoretical Gap (%) 1.24 1.07 4.91 0.77 2.71 1.25 1.09

ODR-RLB

Gap1 (%) 0.01 0.02 0.01 0.00 - - -

Time (secs) 5.42 5.36 22.40 20.86 123.64 330.29 665.43

Interval Gap (%) 0.02 0.02 0.01 0.01 0.00 0.00 0.00

Theoretical Gap (%) 1.13 1.17 1.80 0.81 1.22 1.92 1.32

ODR-UB
Gap2 (%) 0.01 0.01 0.00 0.00 - - -

Time (secs) 5.48 5.32 22.41 20.86 123.48 329.95 665.35

Theoretical Gap (%) 1.13 1.17 1.80 0.81 1.22 1.92 1.32

m1 = 7

ODR-LB

Gap1 (%) 0.16 0.21 0.53 0.23 - - -

Time (secs) 3.56 4.29 5.39 5.70 19.27 22.89 58.38

Interval Gap (%) 0.17 0.22 0.53 0.24 0.31 0.56 0.50

Theoretical Gap (%) 1.22 0.88 1.67 0.79 - - -

ODR-UB
Gap2 (%) 0.02 0.01 0.00 0.00 - - -

Time (secs) 5.62 5.48 22.42 21.24 121.61 330.94 660.85

Theoretical Gap (%) 1.15 1.04 1.28 0.59 - - -
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Table A.4: Sensitivity Analyses on the Production-Transportation Problem with K = 10
Size ((G,H)) (4,25) (5,20) (5,40) (8,25) (10,40) (20,30) (20,40)

m1 = 8

ODR-LB

Gap1 (%) 0.17 0.15 0.16 0.28 - - -

Time (secs) 6.26 5.75 9.80 8.87 29.94 54.71 133.58

Interval Gap (%) 0.17 0.15 0.16 0.28 0.23 0.22 0.27

Theoretical Gap (%) 4.32 4.53 6.22 6.09 - - -

ODR-RLB

Gap1 (%) 0.01 0.00 0.01 0.00 - - -

Time (secs) 13.03 12.91 53.84 35.92 205.07 593.38 1334.02

Interval Gap (%) 0.01 0.00 0.01 0.01 0.00 0.00 0.00

Theoretical Gap (%) 3.53 3.02 4.24 4.86 - - -

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 10.31 10.23 39.26 31.59 119.58 339.84 755.18

Theoretical Gap (%) 2.21 2.40 3.98 3.04 - - -

m1 = 10

ODR-LB

Gap1 (%) 0.12 0.19 0.13 0.25 - - -

Time (secs) 6.65 6.41 11.11 10.31 31.42 61.41 131.10

Interval Gap (%) 0.12 0.19 0.13 0.25 0.22 0.19 0.25

Theoretical Gap (%) 1.78 1.97 2.96 1.19 2.10 1.49 1.22

ODR-RLB

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 11.22 10.65 40.34 32.95 122.54 342.80 748.11

Interval Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Theoretical Gap (%) 1.86 2.27 1.74 1.22 2.10 1.39 2.30

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 11.14 10.69 40.28 32.92 122.48 344.10 747.90

Theoretical Gap (%) 1.86 2.27 1.74 1.22 2.10 1.39 2.30

m1 = 12

ODR-LB

Gap1 (%) 0.11 0.14 0.15 0.23 - - -

Time (secs) 8.89 7.90 11.78 13.44 32.16 63.96 122.91

Interval Gap (%) 0.11 0.14 0.15 0.23 0.19 0.19 0.27

Theoretical Gap (%) 3.64 5.01 7.41 7.85 - - -

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 11.71 11.55 38.59 29.68 123.40 346.68 761.21

Theoretical Gap (%) 0.81 1.32 2.20 2.75 - - -
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Table A.5: Sensitivity Analyses on the Production-Transportation Problem with K = 15
Size ((G,H)) (4,25) (5,20) (5,40) (8,25) (10,40) (20,30) (20,40)

m1 = 13

ODR-LB

Gap1 (%) 0.08 0.21 0.15 0.18 - - -

Time (secs) 11.12 11.10 18.00 24.05 31.32 71.04 142.88

Interval Gap (%) 0.08 0.21 0.15 0.18 0.25 0.19 0.23

Theoretical Gap (%) 4.56 7.01 5.79 6.95 - - -

ODR-RLB

Gap1 (%) 0.00 0.03 0.00 0.00 - - -

Time (secs) 26.19 25.91 97.35 68.99 213.44 641.74 1451.80

Interval Gap (%) 0.00 0.03 0.00 0.00 0.00 0.01 0.00

Theoretical Gap (%) 6.09 5.83 5.88 6.12 - - -

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 19.46 19.15 71.71 50.62 128.92 367.33 833.81

Theoretical Gap (%) 2.44 3.00 2.52 3.07 - - -

m1 = 15

ODR-LB

Gap1 (%) 0.05 0.10 0.12 0.15 - - -

Time (secs) 13.92 16.56 22.11 26.16 43.02 80.51 168.90

Interval Gap (%) 0.05 0.10 0.12 0.15 0.11 0.13 0.09

Theoretical Gap (%) 4.69 5.22 5.57 6.38 3.29 4.41 3.95

ODR-RLB

Gap1 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 22.60 21.45 77.18 63.99 241.03 689.24 1550.21

Interval Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Theoretical Gap (%) 1.38 2.61 1.79 1.73 2.14 1.94 2.25

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 22.61 21.44 76.99 64.08 149.21 401.63 878.68

Theoretical Gap (%) 1.38 2.61 1.79 1.73 2.14 1.94 2.25

m1 = 17

ODR-LB

Gap1 (%) 0.10 0.09 0.13 0.16 - - -

Time (secs) 18.10 21.04 28.81 32.61 52.71 84.10 188.21

Interval Gap (%) 0.10 0.09 0.13 0.16 0.10 0.08 0.13

Theoretical Gap (%) 4.75 4.13 5.50 6.16 - - -

ODR-UB
Gap2 (%) 0.00 0.00 0.00 0.00 - - -

Time (secs) 26.83 27.84 84.70 63.17 161.79 447.03 926.33

Theoretical Gap (%) 2.20 3.61 2.58 2.20 - - -
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Appendix B

Supplements for Chapter 3

B.1 Notation and Abbreviations

Table B.1: Summary of Notation and Abbreviations

Notation/Abbreviation Description

Decision Variables:

x The decision variable

yi, zi, ti The auxiliary decision variables

u, w, s, v The extra variables used in approximations

Parameters:

c0 The coefficient of the objective function

Qi, ci, bi The parameters in constraints

Ai, Bi The parameters obtained by decomposing Qi

U , Uy, Uz The upper bounds of decision variables

ε The quality parameter of approximations

P, H, p The parameters in the first polyhedral approximation
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Optimal Values:

Θ∗ The optimal value of the original non-convex QCP

(3.1)

Θε The optimal value of the LPCC/MILP

approximations

Θε The optimal value of the “ε-relaxation” of the

original non-convex QCP (3.1)

Abbreviations:

LP Linear Program

MILP Mixed-Integer Linear Program

QCP Quadratically Constrained Program

SOC Second-Order Cone

SOCP Second-Order Cone Program

SDP Semidefinite Program

MISOCP Mixed-Integer Second-Order Cone Program

LPCC Linear Program with Complementarity Constraints

RLT Reformulation-Linearization Technique

ACOPF AC Optimal Power Flow

JDE Joint Decision and Estimation

TTRS Two-Trust-Region Subproblem

P1 The first polyhedral approximation (Section 3.2.2)

P2 The second polyhedral approximation (Section 3.3.1)

S-P1 The simplified version of the first polyhedral

approximation (Section 3.4.1)

A1 The first LPCC/MILP approximation (Problem

(3.11)/(3.31))
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A2 The second LPCC/MILP approximation (Problem

(3.35))

B.2 Boundedness of yi and zi for any i ∈ [m]

For each i ∈ [m], we have

∥yi∥ =

√
x⊤AiA⊤

i x+

(
bi − 2c⊤i x− 1

2

)2

≤

√
λmax(Qi)U2 +

(
1

2
|bi − 1|+ ∥ci∥U

)2

:= U i
y,

∥zi∥ =

√
x⊤BiB⊤

i x+

(
bi − 2c⊤i x+ 1

2

)2

≤

√
−λmin(Qi)U2 +

(
1

2
|bi + 1|+ ∥ci∥U

)2

:= U i
z,

where λmax(Qi) and λmin(Qi) denote the largest and smallest eigenvalues of Qi, respec-

tively. Therefore, we can set Uy = max{U i
y,∀i ∈ [m]} and Uz = max{U i

z,∀i ∈ [m]}. Note

that the upper bounds on ∥yi∥ and ∥zi∥ can be refined by solving trust-region problems.

Specifically, an upper bound of y⊤
i yi can be computed by solving

max
x

x⊤ (AiA
⊤
i + cic

⊤
i

)
x− bi − 1

2
c⊤i x+

(
bi − 1

2

)2

s.t. x⊤x ≤ U2.

Similarly, an upper bound of z⊤i zi can be computed by solving

max
x

x⊤ (BiB
⊤
i + cic

⊤
i

)
x− bi + 1

2
c⊤i x+

(
bi + 1

2

)2

s.t. x⊤x ≤ U2.
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B.3 An Alternative Polyhedral Approximation of ∥y∥

≤ t

First, we consider

L2 =

{
(y1, y2, y3)

∣∣∣∣ √y21 + y22 ≤ y3

}
.

With a given integer number ν ≥ 1, we provide an alternative polyhedral approximation

of the set L2 using the following constraints:

ξ0 ≥ |y1|, (B.1a)

η0 ≥ |y2|, (B.1b)

cos
(τπ
2ν

)
ξ0 + sin

(τπ
2ν

)
η0 ≤ y3, ∀ τ ∈ {0} ∪ [2ν−1]. (B.1c)

This polyhedral approximation of the set L2 can be described as

Π2(ν) := {(y1, y2, y3) | (B.1) is satisfied for some ξ0 and η0} .

Next, the same as (3.4), we extend the set L2 to the following set Lk with k ≥ 2:

Lk =

(y, t) ∈ Rk × R

∣∣∣∣∣∣∣
√(

yℓ−1
2j−1

)2
+
(
yℓ−1
2j

)2 ≤ yℓj, ∀ j ∈
[
2θ−ℓ

]
, ℓ ∈ [θ]

for some y0k+1, . . . , y
0
2θ
, and yℓj, ∀j ∈

[
2θ−ℓ

]
, ℓ ∈ [θ − 1]

 .

Note that y0k+1, . . . , y
0
2θ

and ylj (∀j ∈ [2θ−ℓ], ℓ ∈ [θ−1]) are extra variables and not included

in the vector y. Using Π2(ν) to approximate L2, we obtain the following polyhedral

approximation of Lk:

Πk(ν1, . . . , νθ)

:=

(y, t) ∈ Rk × R

∣∣∣∣∣∣∣
(
yℓ−1
2j−1, y

ℓ−1
2j , yℓj

)
∈ Π2(νℓ), ∀ j ∈

[
2θ−ℓ

]
, ℓ ∈ [θ]

for some y0k+1, . . . , y
0
2θ
, and yℓj , ∀j ∈

[
2θ−ℓ

]
, ℓ ∈ [θ − 1]

 ,
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=

(y, t)

∣∣∣∣∣∣∣∣∣∣
ξj ≥ |y02j−1|, ηj ≥ |y02j |, ξjα(ν1) + ηjβ(ν1) ≤ y1je, ∀ j ∈

[
2θ−1

]
,

yℓ−1
2j−1α(νℓ) + yℓ−1

2j β(νℓ) ≤ yℓje, ∀ j ∈
[
2θ−ℓ

]
, ℓ ∈ {2, . . . , θ}

for some ξj , ηj , ∀j ∈ [2θ−1], y0k+1, . . . , y
0
2θ
, and yℓj , ∀j ∈

[
2θ−ℓ

]
, ℓ ∈ [θ − 1]

 ,

where α(νℓ) := (cos(τπ/2νℓ))2
νℓ−1

τ=0 ∈ R2νℓ−1+1
+ , β(νℓ) := (sin(τπ/2νℓ))2

νℓ−1

τ=0 ∈ R2νℓ−1+1
+ , and

νℓ (∀ℓ ∈ θ) are selected to control the approximation quality εℓ in level ℓ.

B.4 Proof of Theorem 8

By Lemma 4, when the dimension of z is 21, the feasible region of Problem (3.9) is

bounded.

When the dimension of z is 2θ, Problem (3.9) becomes:

min λ6θ,1 (B.2a)

s.t. λ11,i − λ21,i = z2i−1, ∀ i ∈ [2θ−1], (B.2b)

λ31,i − λ41,i = z2i, ∀ i ∈ [2θ−1], (B.2c)

λ1ℓ,i − λ2ℓ,i − λ6ℓ−1,2i−1 = 0, ∀ ℓ ∈ [θ] \ {1}, i ∈ [2θ−ℓ], (B.2d)

λ3ℓ,i − λ4ℓ,i − λ6ℓ−1,2i = 0, ∀ ℓ ∈ [θ] \ {1}, i ∈ [2θ−ℓ], (B.2e)

−λ1ℓ,i − λ2ℓ,i + w1
ℓ,i cos

(π
4

)
− k1ℓ,i sin

(π
4

)
+ u1ℓ,i sin

(π
4

)
= 0, (B.2f)

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (B.2g)

−λ3ℓ,i − λ4ℓ,i + w1
ℓ,i sin

(π
4

)
+ k1ℓ,i cos

(π
4

)
− u1ℓ,i cos

(π
4

)
= 0, (B.2h)

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (B.2i)

−wj
ℓ,i + wj+1

ℓ,i cos
( π

2j+2

)
− kj+1

ℓ,i sin
( π

2j+2

)
+ uj+1

ℓ,i sin
( π

2j+2

)
= 0,

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], j ∈ [ν − 1], (B.2j)

−kjℓ,i − ujℓ,i + wj+1
ℓ,i sin

( π

2j+2

)
+ kj+1

ℓ,i cos
( π

2j+2

)
− uj+1

ℓ,i cos
( π

2j+2

)
= 0,

∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], j ∈ [ν − 1], (B.2k)
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−wν
ℓ,i − tan

( π

2ν+1

)
λ5ℓ,i + λ6ℓ,i = 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (B.2l)

−kνℓ,i − uνℓ,i + λ5ℓ,i = 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (B.2m)

λ1ℓ,i, λ
2
ℓ,i, λ

3
ℓ,i, λ

4
ℓ,i, λ

5
ℓ,i, λ

6
ℓ,i ≥ 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], (B.2n)

kjℓ,i, u
j
ℓ,i ≥ 0, ∀ ℓ ∈ [θ], i ∈ [2θ−ℓ], j ∈ [ν], (B.2o)

λ6θ,1 ≤Mθ. (B.2p)

Now we assume that the feasible region of Problem (B.2) is bounded for any Mθ > 0. We

only need to prove that, when the dimension of z is 2θ+1, for any Mθ+1 > 0, the feasible

region of Problem (3.9) is bounded. Specifically, we should prove the feasible region of

the following problem is bounded:

min λ6θ+1,1 (B.3a)

s.t. (B.4), ∀i ∈ [2θ−1], (B.5), ∀i ∈ [2θ−ℓ], (B.3b)

(B.4), ∀i ∈ {2θ−1 + 1, . . . , 2θ}, (B.5), ∀i ∈ {2θ−ℓ + 1, . . . , 2θ+1−ℓ}, (B.3c)

λ1θ+1,1 − λ2θ+1,1 − λ6θ,1 = 0, (B.3d)

λ3θ+1,1 − λ4θ+1,1 − λ6θ,2 = 0, (B.3e)

−λ1θ+1,1 − λ2θ+1,1 + w1
θ+1,1 cos

(π
4

)
− k1θ+1,1 sin

(π
4

)
+ u1θ+1,1 sin

(π
4

)
= 0, (B.3f)

−λ3θ+1,1 − λ4θ+1,1 + w1
θ+1,1 sin

(π
4

)
+ k1θ+1,1 cos

(π
4

)
− u1θ+1,1 cos

(π
4

)
= 0, (B.3g)

−wj
θ+1,1 + wj+1

θ+1,1 cos
( π

2j+2

)
− kj+1

θ+1,1 sin
( π

2j+2

)
+ uj+1

θ+1,1 sin
( π

2j+2

)
= 0,

∀j ∈ [ν − 1], (B.3h)

−kjθ+1,1 − ujθ+1,1 + wj+1
θ+1,1 sin

( π

2j+2

)
+ kj+1

θ+1,1 cos
( π

2j+2

)
− uj+1

θ+1,1 cos
( π

2j+2

)
= 0,

∀j ∈ [ν − 1], (B.3i)

−wν
θ+1,1 − tan

( π

2ν+1

)
λ5θ+1,1 + λ6θ+1,1 = 0, (B.3j)

−kνθ+1,1 − uνθ+1,1 + λ5θ+1,1 = 0, (B.3k)

λ1θ+1,1, λ
2
θ+1,1, λ

3
θ+1,1, λ

4
θ+1,1, λ

5
θ+1,1, λ

6
θ+1,1 ≥ 0, (B.3l)

kjθ+1,1, u
j
θ+1,1 ≥ 0, ∀j ∈ [ν], (B.3m)
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λ6θ+1,1 ≤Mθ+1, (B.3n)

where (B.4) and (B.5) are denoted as follows:

λ11,i − λ21,i = z2i−1, (B.4a)

λ31,i − λ41,i = z2i. (B.4b)

λ1ℓ,i − λ2ℓ,i − λ6ℓ−1,2i−1 = 0, ∀ ℓ ∈ [θ] \ {1}, (B.5a)

λ3ℓ,i − λ4ℓ,i − λ6ℓ−1,2i = 0, ∀ ℓ ∈ [θ] \ {1}, (B.5b)

−λ1ℓ,i − λ2ℓ,i + w1
ℓ,i cos

(π
4

)
− k1ℓ,i sin

(π
4

)
+ u1ℓ,i sin

(π
4

)
= 0, ∀ ℓ ∈ [θ], (B.5c)

−λ3ℓ,i − λ4ℓ,i + w1
ℓ,i sin

(π
4

)
+ k1ℓ,i cos

(π
4

)
− u1ℓ,i cos

(π
4

)
= 0, ∀ ℓ ∈ [θ], (B.5d)

−wj
ℓ,i + wj+1

ℓ,i cos
( π

2j+2

)
− kj+1

ℓ,i sin
( π

2j+2

)
+ uj+1

ℓ,i sin
( π

2j+2

)
= 0,

∀ℓ ∈ [θ], j ∈ [ν − 1], (B.5e)

−kjℓ,i − ujℓ,i + wj+1
ℓ,i sin

( π

2j+2

)
+ kj+1

ℓ,i cos
( π

2j+2

)
− uj+1

ℓ,i cos
( π

2j+2

)
= 0,

∀ℓ ∈ [θ], j ∈ [ν − 1], (B.5f)

−wν
ℓ,i − tan

( π

2ν+1

)
λ5ℓ,i + λ6ℓ,i = 0, ∀ ℓ ∈ [θ], (B.5g)

−kνℓ,i − uνℓ,i + λ5ℓ,i = 0, ∀ ℓ ∈ [θ], (B.5h)

λ1ℓ,i, λ
2
ℓ,i, λ

3
ℓ,i, λ

4
ℓ,i, λ

5
ℓ,i, λ

6
ℓ,i ≥ 0, ∀ ℓ ∈ [θ], (B.5i)

kjℓ,i, u
j
ℓ,i ≥ 0, ∀ℓ ∈ [θ], j ∈ [ν]. (B.5j)

First, we consider the set

A(Mθ+1) :=
{

λ1
θ+1,1,λ

2
θ+1,1,λ

3
θ+1,1,λ

4
θ+1,1,λ

5
θ+1,1,λ

6
θ+1,1,

kjθ+1,1,u
j
θ+1,1,w

j
θ+1,1,∀j∈[ν]

∣∣∣ (B.3d)− (B.3n)
}
.

By Lemma 4, for anyMθ+1 > 0, we have that A(Mθ+1) is a bounded set and λ1θ+1,1, λ
2
θ+1,1,

λ3θ+1,1, λ
4
θ+1,1 are bounded variables. By (B.3d) and (B.3e), we can add two redundant
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constraints λ6θ,1 ≤ M ′
θ = 2Mθ+1 + 1 and λ6θ,2 ≤ M ′

θ = 2Mθ+1 + 1 and do not change the

feasible region.

Second, we consider two sets

B(M ′
θ) :=

{
λ1
ℓ,i,λ

2
ℓ,i,λ

3
ℓ,i,λ

4
ℓ,i,λ

5
ℓ,i,λ

6
ℓ,i,∀ ℓ∈[θ],i∈[2θ−ℓ],

kjℓ,i,u
j
ℓ,i,w

j
ℓ,i,∀ ℓ∈[θ],i∈[2θ−ℓ],j∈[ν]

∣∣∣ (B.3b), λ6θ,1 ≤M ′
θ

}
,

C(M ′
θ) :=

{
λ1
ℓ,i,λ

2
ℓ,i,λ

3
ℓ,i,λ

4
ℓ,i,λ

5
ℓ,i,λ

6
ℓ,i,∀ ℓ∈[θ],i∈{2θ−ℓ+1,...,2θ+1−ℓ},

kjℓ,i,u
j
ℓ,i,w

j
ℓ,i,∀ ℓ∈[θ],i∈{2θ−ℓ+1,...,2θ+1−ℓ},j∈[ν]

∣∣∣ (B.3c), λ6θ,2 ≤M ′
θ

}
.

Since the feasible region of Problem (B.2) is bounded for anyMθ > 0, we have that B(M ′
θ)

and C(M ′
θ) are bounded sets.

Finally, by the boundedness of A(Mθ+1), B(M ′
θ), and C(M ′

θ), we have that the feasible

region of Problem (B.3) is bounded for any Mθ+1 > 0.

B.5 Numerical Results on Unitbox Instances

We also evaluate our MILP approximations on the unitbox instances introduced by Bao

et al. (2009). Specifically, we consider the following problem:

min
x

x⊤Q0x+ c⊤0 x

s.t. x⊤Qix+ c⊤i x ≤ bi, ∀ i ∈ [m],

0 ≤ xi ≤ 1, ∀ i ∈ [N ].

The number of variables N takes values from {50, 100, 150, 200}, while the number of

constraints m takes values from {1, 2, 3}. All the matrices (Qi,∀i ∈ {0, 1, . . . ,m}) are

generated with the same density d, where d takes values from {1.0, 0.5, 0.25}. When con-

sidering d = 1.0, all the entries in the matrix are randomly generated. When considering

d = 0.5, we first generate a matrix Q′
i with density 1.0 and then let Qi =

 0 Q′
i

(Q′
i)
⊤ 0

 for

each i ∈ {0, 1, . . . ,m}. When considering d = 0.25, we first generate the matrixQ′
i by ran-
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domly selecting half of the entries in each row to be zero and then let Qi =

 0 Q′
i

(Q′
i)
⊤ 0


for each i ∈ {0, 1, . . . ,m}. All nonzero coefficients in ci and Qi are randomly gener-

ated on [−1, 1] and the coefficient bi is randomly chosen as integers from [1, 100] for each

i ∈ {0, 1, . . . ,m}.

To consider an appropriate number of negative eigenvalues inQi for each i ∈ {0, 1, . . . ,m},

we further update all the diagonal elements in Qi to a positive number such that the num-

ber of negative eigenvalues in Qi is less than 4. Specifically, for N = 50, we update all

diagonal elements of all the matrices (Qi,∀i ∈ {0, 1, . . . ,m}) to 4.8, 4.8, and 3.5 when d =

1.0, 0.5, and 0.25, respectively. Similarly, for N = 100, all diagonal elements are updated

to 7.5, 7.3, and 5.2 when d = 1.0, 0.5, and 0.25, respectively. For N = 150, all diagonal

elements are updated to 9.2, 9.2, and 6.6 when d = 1.0, 0.5, and 0.25, respectively. For

N = 200, all diagonal elements are updated to 10.7, 10.7, and 7.5 when d = 1.0, 0.5, and

0.25, respectively. For example, when N = 200 and d = 0.25, all diagonal elements of

all the matrices (Qi, ∀i ∈ {0, 1, . . . ,m}) are updated to 7.5. For each combination of m,

N , and d, we generate three instances and report the average performance in Tables B.2,

B.3, and B.4. We set the time limit to three hours and ε to 0.01 for all the experiments.

Other numerical settings and table header descriptions are provided in Section 3.4.2.

Table B.2: Average Performance of Unitbox Instances with m = 1
Gurobi LP Relaxation SOCP Relaxation SDP Relaxation A1 A2

N d Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time

50
0.25 0%/10.00% 3361/2684 58.61% 1 46.46% 1 30.94% 143 6.12% 256 4.32% 159

0.5 0%/10.00% 933/692 56.65% 1 46.19% 1 23.20% 167 9.20% 151 5.83% 174

1.0 0%/10.00% 5463/4082 61.45% 1 40.28% 1 33.36% 119 8.18% 287 5.28% 166

100
0.25 23.63% 10800 98.35% 1 51.03% 1 33.33% 213 8.92% 1346 4.05% 1164

0.5 26.07% 10800 92.38% 1 44.81% 1 24.29% 220 6.88% 1356 3.83% 892

1.0 14.24% 10800 84.94% 1 38.14% 1 31.12% 207 7.85% 445 4.45% 745

150
0.25 36.29% 10800 126.52% 1 52.78% 1 28.15% 576 7.84% 2314 5.26% 2271

0.5 116.85% 10800 252.52% 1 117.10% 2 45.53% 519 9.00% 718 4.07% 2364

1.0 89.58% 10800 202.66% 1 84.56% 1 56.54% 498 5.37% 3143 3.92% 2791

200
0.25 321.08% 10800 407.92% 1 167.43% 1 59.01% 1423 7.37% 9010 6.08% 8511

0.5 271.18% 10800 441.63% 1 211.86% 1 65.46% 1627 8.94% 5482 4.62% 9421

1.0 288.43% 10800 431.91% 1 192.72% 1 66.83% 1405 7.89% 3911 5.73% 9836

Tables B.2–B.4 show the following results. First, when N = 50, where the Gurobi
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Table B.3: Average Performance of Unitbox Instances with m = 2
Gurobi LP Relaxation SOCP Relaxation SDP Relaxation A1 A2

N d Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time

50
0.25 0%/10.00% 3462/2841 72.19% 1 39.62% 1 25.59% 273 7.82% 321 7.42% 192

0.5 0%/10.00% 4355/3122 68.66% 1 42.07% 1 34.91% 197 8.91% 349 4.94% 207

1.0 0%/10.00% 5211/4329 59.05% 1 46.17% 1 31.43% 212 7.42% 426 6.32% 385

100
0.25 25.96% 10800 113.42% 1 56.18% 1 34.71% 298 6.81% 1532 4.64% 1328

0.5 19.15% 10800 99.83% 1 48.08% 1 31.22% 312 7.24% 1543 5.12% 815

1.0 27.61% 10800 95.48% 1 41.11% 1 29.74% 247 7.85% 1782 3.97% 974

150
0.25 174.66% 10800 263.84% 1 87.53% 1 34.56% 623 9.21% 4325 4.82% 4893

0.5 161.79% 10800 202.37% 1 94.21% 1 57.23% 702 8.02% 5321 5.81% 4723

1.0 189.45% 10800 192.74% 1 69.19% 1 46.12% 539 6.61% 5322 5.94% 5481

200
0.25 266.12% 10800 412.85% 1 263.43% 1 71.83% 1849 9.24% 8234 5.61% 9712

0.5 429.82% 10800 496.36% 1 207.11% 1 62.81% 2052 6.98% 7342 4.61% 8281

1.0 381.38% 10800 457.07% 1 242.79% 1 83.94% 1792 7.57% 6234 7.02% 8792

Table B.4: Average Performance of Unitbox Instances with m = 3
Gurobi LP Relaxation SOCP Relaxation SDP Relaxation A1 A2

N d Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time

50
0.25 0%/10.00% 4271/3012 69.71% 1 49.28% 1 41.29% 308 8.65% 532 5.91% 293

0.5 0%/10.00% 4521/3472 72.94% 1 53.74% 1 38.49% 247 8.93% 491 7.22% 311

1.0 0%/10.00% 6183/4717 60.05% 1 49.29% 1 32.08% 197 6.19% 482 4.08% 297

100
0.25 27.41% 10800 152.71% 1 84.28% 1 40.11% 402 7.89% 2014 4.92% 1693

0.5 31.29% 10800 87.62% 1 51.29% 1 33.85% 384 6.19% 1974 6.03% 2503

1.0 25.41% 10800 95.82% 1 61.72% 2 30.59% 292 8.42% 2285 2.93% 1649

150
0.25 192.41% 10800 252.60% 1 102.71% 1 54.82% 704 6.94% 5832 4.92% 6831

0.5 201.52% 10800 249.61% 1 88.91% 1 54.48% 692 8.82% 5732 6.16% 8319

1.0 228.64% 10800 309.82% 1 72.71% 1 40.43% 815 7.18% 6294 4.05% 7406

200
0.25 494.45% 10800 552.84% 2 225.04% 1 88.02% 2081 9.01% 7295 7.21% 10039

0.5 374.81% 10800 482.44% 2 188.07% 1 59.15% 2207 9.12% 9451 6.62% 10518

1.0 422.38% 10800 501.02% 1 215.74% 1 73.59% 2498 7.82% 9703 4.53% 9984

solver can solve each instance to optimality (see the column “Gurobi”), our proposed

approximations exhibit efficient performance in obtaining lower bounds (see the columns

“A1” and “A2”). On the one hand, our proposed two approximations require less time

to provide better lower bounds (with smaller gaps) than the Gurobi solver. For example,

when m = 1, N = 50, and d = 0.25, the Gurobi solver takes 2684 seconds to obtain

a solution with a gap of 10.00%, but our second approximation A2 only takes 159 sec-

onds to obtain a solution with a gap of 4.32%. On the other hand, our proposed two

approximations show significant improvement in the optimality gap compared to the LP,

SOCP, and SDP relaxations of the original non-convex QCP (3.1), where the relaxations

need less time to be solved. Moreover, A2 achieves smaller gaps quicker than our first

approximation A1.
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Second, when N ≥ 100, where the Gurobi solver cannot solve all the instances within

the time limit of three hours, our proposed approximations still deliver tight lower bounds.

In such cases, our approximations ensure that the gap remains below 10.00%. For instance,

when m = 1, N = 200, and d = 1.0, the Gurobi solver obtains a solution with a gap of

288.43% within three hours, but A1 can obtain a solution with a gap of 7.89% in 3911

seconds. Moreover, when N = 200, A2 requires more computational time to solve than

A1.

Third, A2 generally outperforms A1 in terms of the optimality gap. However, when

N increases, the computational time of A2 grows faster than A1. These findings align

with the conclusions drawn from our randomly generated instances in Section 3.4.2 and

also reflect our discussions at the end of Section 3.3 that both approximations, with their

respective advantages and disadvantages, can be useful and relevant.
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Appendix C

Supplements for Chapter 4

C.1 Table of Notation

Table C.1: Summary of Notations

Notation Description

Indices and

Sets:

n/k/r Index of buses/ renewable distributed generation (RDG) units/

energy storage (ES) units.

π/κ/τ Index of different data samples.

N/E/Nn Set of all the buses/ all the power distribution lines/ the buses

connected to a given Bus n ∈ N , i.e., Nn := {m | (n,m) ∈ E}.

B0/B1/B2 Set of buses that are connected to Bus 0/ installed with

dispatchable distributed generation (DDG) units/ installed with

reactive power sources.

X Set of standard capacities of RDG units, i.e., X := {x̄1, . . . , x̄L}.

K {1, 2, . . . ,K}, for any K ∈ Z+.

Parameters:
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c0kn/d
0
rn Setup cost of placing the kth candidate RDG unit/ the rth

candidate ES unit at Bus n.

c1k/c
2
k Size-based investment/ maintenance cost of the kth candidate

RDG unit.

d1r/d
2
r Size-based investment/ maintenance cost of the rth candidate ES

unit.

ctp/c
t
q Electricity price of purchasing active/reactive power from the

main grid via Bus 0.

cfn/cen Fuel/emission price for the DDG units at Bus n.

ω Emission factor of the DDG units (kg/kWh).

K/R/T/N Total number of candidate RDG units to be installed/ candidate

ES units to be installed/ all the time intervals in the planning

horizon/ all the buses.

K̄ Maximum number of RDG units to be installed.

LCmn Capacity of a power distribution line (m,n) ∈ E .

(p̄tn, p
t
n
) Active power output bounds of DDG unit n in period t.

(q̄tn, q
t
n
) Reactive power output bounds of reactive power source n in

period t.

Rmn/Xmn Electrical resistance/reactance of line (m,n).

δn/τn Binary indicator of whether a DDG unit/ a reactive power source

is at Bus n.

v/v̄ Upper/lower bound of voltage magnitude at a bus.

ȳr/yr Maximum/minimum capacity of the rth candidate ES unit.

e1/e2 ES charging/discharging unit cost.

η/γ/b0r Violation probability/ ES efficiency/ Initial power level of the rth

candidate ES unit.

Π1/Π2/Π3 Total number of data samples of different types.

Random

Variables:
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dtpn/d
t
qn Active/reactive load at Bus n in period t.

stk Active power output efficiency of the kth candidate RDG unit in

period t.

ξt Vector of uncertainty in compact form in period t, i.e.,

[dtp1, . . . , d
t
pN , dtq1, . . . , d

t
qN , st1, . . ., s

t
k]

⊤.

Decision

Variables:

zkn/ukl/wrn Binary indicator of whether the kth candidate RDG unit is

located at Bus n/ of whether the capacity of the kth candidate

RDG unit is the lth element in X/ of whether the rth candidate

ES unit is located at Bus n.

xk/yr Size of the kth candidate RDG unit/ Capacity of the rth candidate

ES unit.

f t
r/g

t
r Active power that is charged/ discharged at the rth candidate ES

unit in period t.

pt0/q
t
0 Active/ reactive power purchased from the main grid via Bus 0 in

period t.

P t
mn/Q

t
mn Active/ reactive power flow from Bus m to n in period t.

V t
n/|V t

n|2 Complex voltage at Bus n in period t/ its magnitude.

Itmn/|Itmn|2 Complex current from Bus m to n in period t/ its magnitude.

ptn/q
t
n Active/ reactive power output of the DDG unit/ reactive power

source at Bus n in period t.

btr Active power of the rth candidate ES unit in period t.

LSt
1mn/LS

t
2mn Load-shedding variables.

z [zkn, ∀ k ∈ [K], n ∈ N ]⊤.

x, u [x1, . . . , xK ]⊤, [ukl,∀ k ∈ [K], l ∈ [L]]⊤.

y,w [y1, . . . , yR]
⊤, [wrn, ∀ r ∈ [R], n ∈ N ]⊤.
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Löfberg, J. (2004). Yalmip: A toolbox for modeling and optimization in matlab. In In Proceed-

ings of the CACSD Conference, Taipei, Taiwan.

Lotfi, S. and Zenios, S. A. (2018). Robust VaR and CVaR optimization under joint ambigu-

ity in distributions, means, and covariances. European Journal of Operational Research,

269(2):556–576.

219



Low, S. H. (2014). Convex relaxation of optimal power flow—part I: Formulations and equiva-

lence. IEEE Transactions on Control of Network Systems, 1(1):15–27.

Lubin, M., Dvorkin, Y., and Roald, L. (2019). Chance constraints for improving the security of

AC optimal power flow. IEEE Transactions on Power Systems, 34(3):1908–1917.

Luo, H., Sun, X., and Li, D. (2008). On the convergence of augmented lagrangian methods for

constrained global optimization. SIAM Journal on Optimization, 18(4):1209–1230.

McCormick, G. P. (1976). Computability of global solutions to factorable nonconvex programs:

Part I—convex underestimating problems. Mathematical Programming, 10(1):147–175.

Mehrotra, S. and Papp, D. (2014). A cutting surface algorithm for semi-infinite convex program-

ming with an application to moment robust optimization. SIAM Journal on Optimization,

24(4):1670–1697.

Melgar-Dominguez, O. D., Pourakbari-Kasmaei, M., and Mantovani, J. R. S. (2018). Adaptive

robust short-term planning of electrical distribution systems considering siting and sizing of

renewable energy based dg units. IEEE Transactions on Sustainable Energy, 10(1):158–169.

Misener, R. and Floudas, C. A. (2012). Global optimization of mixed-integer quadratically-

constrained quadratic programs (MIQCQP) through piecewise-linear and edge-concave re-

laxations. Mathematical Programming, 136(1):155–182.

Misener, R. and Floudas, C. A. (2013). Glomiqo: Global mixed-integer quadratic optimizer.

Journal of Global Optimization, 57(1):3–50.

Misener, R. and Floudas, C. A. (2014). Antigone: algorithms for continuous/integer global

optimization of nonlinear equations. Journal of Global Optimization, 59(2-3):503–526.

Mohajerin Esfahani, P. and Kuhn, D. (2018). Data-driven distributionally robust optimiza-

tion using the wasserstein metric: Performance guarantees and tractable reformulations.

Mathematical Programming, 171(1):115–166.

Natarajan, K., Sim, M., and Uichanco, J. (2018). Asymmetry and ambiguity in newsvendor

models. Management Science, 64(7):3146–3167.

Nemirovski, A. and Shapiro, A. (2007). Convex approximations of chance constrained programs.

SIAM Journal on Optimization, 17(4):969–996.

Oree, V., Hassen, S. Z. S., and Fleming, P. J. (2017). Generation expansion planning optimi-

220



sation with renewable energy integration: A review. Renewable and Sustainable Energy

Reviews, 69:790–803.

Ozturk, U. A., Mazumdar, M., and Norman, B. A. (2004). A solution to the stochastic unit

commitment problem using chance constrained programming. IEEE Transactions on Power

Systems, 19(3):1589–1598.

Pagnoncelli, B. K., Ahmed, S., and Shapiro, A. (2009). Sample average approximation method

for chance constrained programming: theory and applications. Journal of Optimization

Theory and Applications, 142(2):399–416.
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