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Abstract

Convex composite quadratic programming (CCQP) plays a central role in machine
learning, finance, and engineering. This thesis develops efficient algorithms for large-
scale CCQP problems, with an emphasis on accelerated first-order methods that
exploit the massive parallelism of modern GPUs.

On the theoretical side, we propose two Halpern Peaceman—Rachford (HPR)
methods for solving different primal formulations of CCQP. Both enjoy an O(1/k)
complexity bound in terms of the Karush-Kuhn-Tucker (KKT) residual and objec-
tive error. By introducing auxiliary slack variables and appropriate proximal oper-
ators, each iteration admits an explicit closed-form update, avoiding linear system
solves and making the methods well-suited for GPU acceleration. More importantly,
we introduce a dual HPR method designed for solving the restricted Wolfe dual of
CCQP problems, which also enjoys a fast O(1/k) complexity bound in terms of the
KKT residual and the objective error. One distinctive feature of the dual approach is
that, instead of working with the primal formulations, it builds on the novel restricted
Wolfe dual introduced in recent years. It also leverages the symmetric Gauss—Seidel
technique to simplify subproblem updates without introducing auxiliary slack vari-
ables that typically lead to slow convergence. By restricting updates to the range
space of the Hessian of the quadratic objective function, the dual approach employs
proximal operators of smaller spectral norms to speed up the convergence. Shadow

sequences are elaborately constructed to deal with the range space constraints.

Vil



On the implementation side, we introduce three key enhancements. First, leverag-
ing the O(1/k) complexity results in terms of the KKT residual of the HPR methods,
we develop adaptive restart and penalty parameter updating strategies to accelerate
practical convergence. Second, we design a GPU-oriented implementation that avoids
linear solves and matrix inverse approximations, relying solely on matrix-vector mul-
tiplications and vector-level operations. Third, the solver operates without requiring
the explicit matrix form of the quadratic objective, making it highly scalable to ex-
tremely large CCQP instances such as quadratic assignment and LASSO regression.

In the numerical study, we first present case analyses comparing GPU versus CPU
performance, HPR against preconditioned alternating direction method of multipliers
(without acceleration), restricted Wolfe dual versus primal formulations, and the
impact of algorithmic enhancements on solver efficiency and convergence. Extensive
experiments demonstrate that the proposed methods achieve superior speed and

scalability compared to state-of-the-art solvers.
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Chapter 1

Introduction

1.1 Motivations and related topics

In this thesis, we focus on implementing efficient algorithms for solving convex com-
posite quadratic programming (CCQP) problems. Consider the CCQP with the

following formulation:

min 2 (2,Q2) + (e.2) + 6(2)

(1.1)
st. Az e K,

where ) : R" — R"” is a self-adjoint positive semidefinite linear operator, ¢ € R" is

a given vector, and ¢ : R" — (—o0,+0o0] is a proper, closed, and convex function.

Moreover, A : R” — R™ is a linear operator, and K := {y € R™ | —oo < [; < y; <

u; < 400,1 < i < m} is a simple polyhedral set. This flexible framework unifies

many problem classes of practical significance in large-scale applications. Below, we

briefly discuss some representative instances of CCQP.

1.1.1 Representative problem classes

Convex Quadratic Programming. If function ¢(-) is the indicator function of
a convex set dc(-), where C is a similar polyhedral set to K, as C := {x € R™ |

—o0 < L; <x; <U; < +00,1 < i < n}, then the problem is called convex quadratic



programming (CQP):

1

s.t. Axr e K,

z eC.

CQP problems are ubiquitous in operations research and engineering, including
scheduling (Skutella, 2001), network optimization (Lavei et al., 2011), and energy
systems (Chen et al., 2014). It has been extensively studied for several decades
(Cottle, 1963, 1964; Dantzig, 1961; Gould and Toint, 2000; Gould et al., 2001; No-
cedal and Wright, 2006).

Least absolute shrinkage and selection operator (LASSO). An important
special case of problem (1.1), obtained by setting ¢(z) = A||z[]1, is the LASSO
problem (Tibshirani, 1996):

1
min o[z — bl + Al

This formulation is central in high-dimensional statistics (Bithlmann and Van De Geer,
2011), compressed sensing (Donoho, 2006), and machine learning (Muthukrishnan
and Rohini, 2016). The number of features n can easily reach millions in genomics,
image reconstruction, and natural language processing (Chang and Lin, 2011), de-

manding scalable solvers.



Support Vector Machines (SVM). The training of linear SVM classifiers (Cortes

and Vapnik, 1995) can be cast as a convex quadratic programming:

1 -
min ofwllf+C) &
Y i=1

st yi(w'z;+b)>1-&, fori=1,...,m,

£=0,

where w is the classifier weight vector and &; are slack variables. SVMs are among
the most widely used methods in machine learning, with applications in text classifi-
cation, bioinformatics, and computer vision. The LIBLINEAR (Fan et al., 2008) and

LIBSVM repositories list datasets with millions of features and billions of samples.

Optimal Control and Model Predictive Control (MPC). The finite-horizon
MPC (Borrelli et al., 2017) problem can be formulated in sparse stage-wise form as

the quadratic programming;:

N-1
s (L] [§ 7] [2])+ 5o
st. w1 =Axg+ Bug, k=0,...,N—1,
Fooep < f., k=0,...,N,
Fou, < f.,, k=0,...,N—1,

FfZZJN S ff.

The variable z; € R™ is the state (z is given), uy € R™ is the input, @ = 0
and P > 0 are state weighting matrices, R > 0 is the input weighting matrix, and
(Fy, fz), (Fu, fu), (Ff, fr) encode polyhedral state, input, and terminal constraints,
respectively. These problems are critical in robotics, aerospace, and process engi-
neering with comprehensive studies (Garcia et al., 1989; Rawlings et al., 2020). In
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industrial applications, horizons N can be large and state dimensions high, leading

to structured QP problems with hundreds of thousands of variables.

Portfolio Optimization. In finance, the classical mean—variance model intro-

duced by Markowitz (1952) is a convex quadratic programming:

1

min o {z, Qz) — (1, )

where () is the covariance matrix of asset returns, u is the expected return vector,
and e is the vector of all ones in R”. Large-scale extensions of this model are relevant
for index tracking (Benidis et al., 2017), sparse portfolios (Brodie et al., 2009), and
risk-parity portfolios (Rockafellar et al., 2000). In practice, n may be in the order of

tens or hundreds of thousands of assets.

Quadratic Assignment Problem (QAP) and Relaxations. The QAP (Koop-
mans and Beckmann, 1957) can be approximated via convex quadratic relaxations,
which are special cases of CCQP. Such relaxations arise in combinatorial optimiza-
tion, facility location, and graph matching problems (Burkard et al., 1997; Loiola
et al., 2007; Cela, 2013; Anstreicher and Brixius, 2001). Even the convex relaxations

involve extremely large matrix variables and remain computationally demanding.



QAP is defined as follows:

~ -~

min  (vec(X), (B ® A)vec(X))

X cRdxd
st. Xe=e,
XTe=e,
X >0,
X € {0, 1},

where ﬁ, B € $? are given matrices, e is the vector of all ones in R%. A lower bound

of the QAP is given by the following CQP relaxation (Anstreicher and Brixius, 2001):

min (vee(X), Q vec(X))
vec(X)€eRd?

st. (el ®Iz)vece(X) =e,
(I;@e")vee(X) = e,

vec(X) > 0.

The matrix formulation @ e S is defined by @ = (§ RA-T®S-T® I), with

S, T € S% computed according to X, B described in Section 5.3.

These representative problem classes illustrate the versatility of the CCQP frame-
work. They span machine learning, finance, engineering, and operations research,
and often lead to optimization instances of unprecedented scale. Developing efficient,
scalable algorithms for CCQP is therefore a topic of both theoretical significance and

practical urgency.

1.1.2 Related algorithms

CQP has been a central topic in optimization for decades, with developments ranging
from classical theory to modern GPU-based solvers. We briefly review the main

algorithmic paradigms that motivate our work.
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Early Developments. The Karush-Kuhn-Tucker (KKT) conditions established
necessary conditions for constrained optimality, forming the theoretical basis of CQP
(Karush, 1939; Kuhn and Tucker, 1951). Early algorithms, such as Wolfe’s pivoting
method (Wolfe, 1959) and Fletcher’s general QP algorithm (Fletcher, 1971), intro-
duced the active-set paradigm: iteratively identifying active constraints and solving
equality-constrained subproblems. These approaches achieved exact solutions for
small- to medium-scale problems, and a comprehensive and practical guide can be

found in Gill et al. (1981) for active-set methods.

Interior-Point Methods. A major breakthrough came from Karmarkar’s polynomial-
time algorithm for LP (Karmarkar, 1984), which led to primal-dual interior-point
frameworks for QP (Kojima et al., 1989; Nesterov and Nemirovskii, 1994; Wright,
1997). These methods scale to much larger problems with strong complexity guar-
antees. Representative solvers include LOQO (Vanderbei, 1999), OOQP (Gertz and
Wright, 2003), and the more recent Clarabel (Goulart and Chen, 2024). Commercial
suites such as MOSEK, Gurobi, and CPLEX (MOSEK ApS, 2025; Gurobi Optimiza-
tion, LLC, 2025; IBM ILOG CPLEX, 2022) integrate IPM and active-set techniques
into industrial-grade packages. Although interior-point methods are well known for
their fast convergence rate, a high-quality and efficient solution is required for the

corresponding linear system.

Augmented Lagrangian methods. The augmented Lagrangian method (ALM),
originally introduced by Hestenes (1969) and Powell (1969), has played a central
role in constrained optimization, including quadratic programming (QP). By aug-
menting the classical Lagrangian with quadratic penalty terms, ALM overcomes the
ill-conditioning issues inherent in pure penalty approaches while retaining favorable

convergence properties. Rockafellar (1973, 1976) established a rigorous theoretical



foundation, showing that ALM can achieve global convergence under mild assump-
tions. Building on this foundation, a number of practical solvers have been developed,
such as QPALM (Hermans et al., 2019), QPPAL (phase-1I) (Liang et al., 2022), and
ProxQP (Bambade et al., 2025).

Operator-Splitting Methods. With the growth of machine learning and con-
trol applications, first-order methods such as operator-splitting approaches (Lions
and Mercier, 1979; Eckstein and Bertsekas, 1992; Boyd et al., 2011; Fazel et al.,
2013) have become central tools for large-scale QPs. These methods trace back to
the operator-splitting literature of the 1970s, particularly the alternating direction
method of multipliers (ADMM) (Glowinski and Marroco, 1975; Gabay and Mercier,
1976), which introduced decomposable augmented Lagrangian techniques for varia-
tional inequalities and convex optimization. The key idea is to exploit separability in
the objective by alternating between primal variable updates while maintaining dual
feasibility through multiplier adjustments, thereby enabling decomposition across
variable blocks and yielding substantial computational advantages.

Solvers such as SCS (O’donoghue et al., 2016; O’Donoghue, 2021), OSQP (Stellato
et al., 2020), and QPPAL (phase I) (Liang et al., 2022) have been developed based
on different QP formulations. Although their subproblems are relatively simple, per-
formance on large-scale problems may be limited by reliance on direct linear system
solvers or by iterative schemes that require well-designed preconditioners. More re-
cently, the award-winning solver PDLP (Applegate et al., 2021, 2023; Lu and Yang,
2023), which is built on the primal-dual hybrid gradient method (Esser et al., 2010;
Chambolle and Pock, 2011), has demonstrated the scalability of first-order methods
for large-scale LP. Two key insights from PDLP are the effectiveness of restarting
at the average iterate and the efficiency of GPU acceleration for factorization-free

methods.



Accelerated Operator-Splitting Methods. Recently, by leveraging the Halpern
iteration (Halpern, 1967; Sabach and Shtern, 2017; Lieder, 2021), substantial progress
has been achieved to accelerate the (semi-proximal) Peaceman—Rachford (PR) method (Eck-
stein and Bertsekas, 1992; Lions and Mercier, 1979). Notably, Zhang et al. (2022)
developed the HPR method by applying the Halpern iteration to the PR scheme
without proximal terms, establishing an O(1/k) convergence rate in terms of both
the KKT residual and the objective error. Building on this, Sun et al. (2025) re-
formulated the semi-proximal PR method as a degenerate proximal point method
(dPPM) (Bredies et al., 2022) with a positive semidefinite preconditioner, and fur-
ther applied the Halpern iteration to derive the semi-proximal HPR method, which
also enjoys O(1/k) complexity guarantees. More recently, Chen et al. (2024a) pro-
posed HPR-LP, a GPU-accelerated solver for large-scale linear programming, which
outperformed the award-winning PDLP solver (Applegate et al., 2021, 2023; Lu and

Yang, 2023) by a significant margin.

GPU-Oriented Solvers. GPUs provide massive parallelism well suited for matrix—
vector operations that dominate iterative optimization algorithms. Over the past
decade, GPU acceleration has evolved from prototypes to production-ready solvers
for linear, quadratic/conic, and nonlinear problems, with speedups largely stemming
from recasting iterations into memory-bound primitives such as sparse matrix—vector
multiplications (SpMV), map/reduce, and axpy operations. First-order splitting
methods have been particularly amenable to GPU implementation: for instance,
cuOSQP (Schubiger et al., 2020), a GPU version of OSQP (Stellato et al., 2020),
employs preconditioned conjugate gradients with a GPU-friendly Jacobi precondi-
tioner; NVIDIA’s cuOpt provides a GPU-accelerated PDLP for large-scale LP and
routing pipelines (NVIDIA, 2024, 2025a,b); and more recent solvers such as PDQP
(Lu and Yang, 2025) and PDCS (Lin et al., 2025) extend primal-dual hybrid gradi-



ent methods to quadratic and conic programs. Interior-point approaches have also
adopted GPU support, with CuClarabel (Chen et al., 2024b) and MadNLP (Shin
et al., 2024) exploiting GPU-accelerated linear algebra in conic and nonlinear pro-
gramming. These developments underscore the increasing importance of GPU-aware
design in modern large-scale optimization.

In summary, the evolution of CQP algorithms has progressed from active-set and
interior-point methods to modern augmented Lagrangian methods, first-order and
GPU-based solvers. Despite these advances, achieving both theoretical acceleration
and practical robustness for CCQP, including CQP, remains challenging. Motivated
by the strong theoretical guarantees and empirical success of HPR-based methods,
as well as the rapid advancement of GPU hardware, we pursue the development of
a GPU-accelerated HPR framework for solving large-scale CCQP problems, with a

particular emphasis on CQP as a fundamental subclass.

1.2 Contributions

This thesis develops efficient accelerated algorithms that fully leverage GPU archi-
tectures for solving large-scale CCQP problems. The main contributions are sum-

marized as follows:

Algorithmic Framework. We propose two HPR methods for solving different
primal formulations of CCQP. The complexity bounds of both methods are O(1/k)
in terms of KKT residual and objective error. We further introduce a dual HPR
method for solving the restricted Wolfe dual formulation. By incorporating the
restricted Wolfe dual formulation and symmetric Gauss—Seidel decomposition, the
algorithm achieves both robustness and computational efficiency, while inheriting the
O(1/k) KKT convergence guarantee of the HPR framework. The advantages of the

restricted Wolfe dual formulation are discussed for both computational efficiency and

9



theoretical effectiveness. The shadow sequences are carefully constructed to analyze

the relation between theory and practice.

Algorithmic Enhancements. Building on the O(1/k) complexity results in terms
of the KKT residual of the HPR method, we design and analyze practical strate-
gies—such as adaptive restart and penalty parameter updates—that significantly

enhance the convergence speed and robustness of the proposed algorithms.

GPU-Oriented Implementation. We implement a solver tailored for GPU ar-
chitectures that avoids linear system solves or matrix inverse approximations, rely-
ing solely on matrix-vector multiplications and vector-level operations. It perfectly
suits the case when the quadratic objective is given in an implicit form, such as in
quadratic assignment and LASSO regression problems. This design ensures excellent

scalability and efficient use of parallel hardware.

Extensive Numerical Evaluation. We conduct case studies comparing GPU
and CPU performance, HPR and preconditioned ADMM, restricted Wolfe dual and
primal formulations, and the impact of algorithmic enhancements on solver efficiency
and convergence. Extensive experiments on large-scale benchmarks further demon-
strate that the proposed algorithms consistently surpass state-of-the-art methods in

both speed and scalability.

1.3 Thesis organization

The thesis is structured as follows. In Chapter 2, we introduce some notations that
will be used in the later chapters. We introduce the restricted Wolfe dual formulation
and the base method HPR that will be used throughout the thesis. In Chapter 3, we

present two formulations of the primal HPR method for convex composite quadratic

10



programming. Their convergence properties are analyzed, and computational details
are discussed. In Chapter 4, we derive the HPR method based on the restricted
Wolfe dual formulation, together with the sGS decomposition. The implementation
details and convergence of the proposed method are presented. In Chapter 5, we first
present case studies to demonstrate the effectiveness of the numerical enhancements,
the GPU-oriented implementation, and other techniques. Extensive experiments are
conducted to compare the performance of the proposed methods with state-of-the-
art solvers on a variety of benchmark problems. Finally, we conclude the thesis in

Chapter 6 and discuss some possible future research directions.

11
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Chapter 2

Preliminaries

2.1 Notations

1. Let R™ denote the n-dimensional real Euclidean space, equipped with the stan-
dard inner product (x,y) for z,y € R™. The Euclidean norm induced by this
inner product is ||z|| := y/(z,z) for x € R". The infinity norm of z € R™ is

1 2]|oo 1= maxi<icy |-

2. For alinear operator B : R" — R™, we denote its adjoint by B* (with respect to
the Euclidean inner products). For a matrix A € R™*" we denote its transpose
by AT. The spectral norm of A is | A]| := \/Amax(AAT), where Ay, (+) denotes

the largest eigenvalue.

3. We denote the space of symmetric n X n matrices by S”. For a matrix variable
X € R™™ its vectorization vec(X) € R™ is the column-stacking operator:

X:,l

X:,2

vec(X) = |, equivalently <VeC(X))i+(j—1)m =X, 1<i<m,1<j<n

X
where X. ; € R™ is the j-th column of X.

4. We denote the Kronecker product of two matrices A € R™*™ and B € RP*? by

13



A® B € RmPxma:

f4L1l3 s 14Ln13
A®B = : :
Ap1B - AnnB

5. For a vector x € R™, we denote by D = diag(z) € R"*" the diagonal matrix

with the entries of x on its diagonal:

T O --- 0
D= 0 ) Q
0 o --- Tn

6. Given a self-adjoint positive semidefinite linear operator M : R™ — R", the

M-seminorm of x € R" is [|z||pm := /(x, Mx).

7. Let f : R" — (—o00,+0o0| be a proper, closed, convex function. Its effective
domain is dom(f) := {x € R" | f(z) < 400}. The subdifferential of f at

x € dom(f) is

0f(x) == {g €R" | f(4) = f(x) + {g.y — ) for all y € R"}.

The convex conjugate of f is

fi(z) = sup {(z,2) — f(x)}, z€R™

zeR™

The proximal mapping of f is
Prox;(z) := argmin { f(2) + 3|z — z[|*}, =z €R",
z€R™
and is single-valued.

8. Let C' C R" be a nonempty closed convex set. Its indicator function is

0, x e,
bolr) := {+oo x¢C
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The Euclidean distance from x € R" to C' is dist(z, C) := inf,cc ||z — z||. The
Euclidean projection onto C' is g (z) := argmin,cc ||z — z||; for nonempty

closed convex set C, I1(x) is uniquely defined for every z € R™.

2.2 Restricted Wolfe dual

The Wolfe dual (Dorn, 1960; Wolfe, 1961) formulation of the CCQP (1.1) is given by

. 1 . .
yeRmszl}’élﬂgln’zeRn §<w; Quw) + 05 (—y) + ¢*(—2) o)

st. —Qu+ATy+z=c¢,

where 05 and ¢* is the convex conjugate of the indicator function dx and the func-
tion ¢, respectively. Unfortunately, the solution set of (2.1), if nonempty, is always
unbounded as long as @ is not positive definite (the null space of @) is uncontrol-
lable). To address this issue, Li et al. (2018b) proposed the restricted Wolfe dual
formulation, which is given by

. 1 ) *
yGRm,z{)rgﬂg",zeRn §<w, Qw> + 516(‘?/) +¢ (—z)

st. —Qu+ATy+z=c¢, (2.2)

w e W,

where W := Range(Q), the range space of ). Notably, @ is self-adjoint and positive
definite on WW. The equivalence between the (Linear Independence Constraint Qual-
ification) strict Mangasarian—Fromovitz Constraint Qualification of the primal prob-
lem and the (strong) second-order sufficient conditions of the restricted Wolfe dual is
preserved (Sun, 2020). Moreover, the dual-based approaches, such as the augmented
Lagrangian method, can be employed. For instance, Li et al. (2018b) successfully
extended the SDPNAL software for solving the dual of semidefinite programming to

the restricted Wolfe dual of convex quadratic semidefinite programming.
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2.3 Preconditioned alternating direction method
of multipliers

A widely used first-order method for solving convex optimization problems is the
preconditioned ADMM with semi-proximal terms (Xiao et al., 2018). Let XY, and
Z denote three finite-dimensional real Euclidean spaces, each equipped with the
inner product (-,-) and the corresponding norm || - ||. Consider the following convex

optimization problem:

min - fi(y) + f2(2)

yeY, z€Z

(2.3)
s.t. Byy+ Bez =c,

where fi : Y — (—o0, +o0], fa : Z — (—00, +00] are proper closed convex functions,
By :Y = X, By : Z — X are given linear operators, and ¢ € X is a given point.

The augmented Lagrangian function of (2.3) is defined by, for any (y,z,z) €
Y X ZxX

g
Lo(y,z;7) = fi(y) + fo(2) + (x, Biy + Baz — ¢) + 5”319 + Bz — )%,

where ¢ > 0 is the penalty parameter. The dual of problem (2.3) is given by

max  —f{(=Bjz) — f3(=Byz) — (¢, z). (2.4)

zeX

The preconditioned ADMM with semi-proximal terms (Xiao et al., 2018) is given by
Algorithm 1.
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Algorithm 1 A preconditioned ADMM for solving the convex optimization (2.3)

1: Input: Let &; and &3 be two self-adjoint positive semidefinite linear operators
on Y and Z, respectively. Choose u® = (y°, 2°,2°) € dom(f1) x dom(f2) x X. Set
parameters p € (0,2) and o > 0. Denote u = (y, z,x) and @ = (¢, 2z, Z).

2: for k=0,1,2,... do

1

3: Step 1. z*™' = argmin {La(yk, z2®) + §||z - zk||§2},

2EZ

4: Step 2. z°T! = 2% + o(B" + By —¢);

1
5: Step 3. "' = argmin {Lg(y7 FHL ) + §Hy - Z/kH?Sl}’
yeY

. Step 4. v = patt 4 (1 — p)uF;
7: end for

To establish the convergence of Algorithm 1, we first introduce some notations.
For the closed convex functions f; and fs, there exist two self-adjoint and positive
semidefinite operators Xy, and Xy, such that, for any y,y’ € dom(f1), ¢ € dfi(y),
and ¢’ € df;(y') the following hold:

filu) = A+ (@) + Sl 1R,

(0—dy—y)>lly-vI3, -

Similarly, for any z, 2’ € dom(fs), ¥ € 0fa2(z), and ¢ € df2(2") the following hold:
/ / / ]' 1112
£2) 2 Bl + W= )+ Sl = 2R,

W=tz =) > ||z — 22,

According to Rockafellar (1970, Corollary 28.3.1), a point (y*,2*) € Y x Z is an
optimal solution to problem (2.3) if there exists 2* € X such that the following KKT
system is satisfied:

0e€ Biz"+0fi(y"),
0 € Biz* 4 0fa(2"), (2.5)
Biy* + Byz* — ¢ =0.
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We make the following assumptions:

Assumption 2.1. There exists a vector (y*,z*,2*) € Y x Z x X that satisfies the
KKT system (2.5).

Assumption 2.2. Both X, + BB, + &1 and Xy, + B5 By + Sy are positive definite.
The convergence result for Algorithm 1 is presented in Theorem 2.1.

Theorem 2.1 (Theorem 5.1 in Xiao et al. (2018)). Suppose that Assumptions 2.1
and 2.2 hold. Then the sequence {u*} = {(y*, 2% 2%} generated by the precon-
ditioned ADMM with semi-prozimal terms in Algorithm 1 converges to the point

u*t = (y*, 25, x*), where (y*, z*) solves the problem (2.3) and x* is a solution to prob-

lem (2.4).

We briefly review some complexity results for Algorithm 1 that are relevant to
this thesis. For the case p = 1, Monteiro and Svaiter (2013) established an ergodic
O(1/k) convergence rate with respect to the e-subdifferential residual, while Davis
and Yin (2016) showed a nonergodic o(1/v/k) complexity bound in terms of feasibility
violation and objective error. For the majorized ADMM with larger dual stepsizes,
Cui et al. (2016) proved a nonergodic O(1/v/k) convergence rate with respect to the
KKT residual.

2.4 Halpern Peaceman—Rachford (HPR) methods

Algorithm 1 admits only an O(1/v/k) complexity bound in terms of the KKT resid-
ual. Sun et al. (2025) proposed a Halpern-type acceleration scheme that attains an
O(1/k) rate with respect to both the KKT residual and the objective error. In par-
ticular, Algorithm 3.1 of their work, with parameters p = 2 and a = 2, coincides with

the HPR method with semi-proximal terms, presented as Algorithm 2. The HPR
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method derives its name from applying the Halpern iteration to the Peaceman—
Rachford splitting scheme, introduced by Zhang et al. (2022) for solving the Wasser-
stein barycenter problem. In this thesis, we use the HPR method as the baseline

algorithm for solving CCQP problems.

Algorithm 2 An HPR method with semi-proximal terms for solving the convex
optimization (2.3)

1: Input: Let S§; and S; be two self-adjoint positive semidefinite linear operators
on Y and Z, respectively. Choose u® = (y°, 2%, 2°) € dom(f1) x dom(f2) x X. Set
parameter o > 0. Denote u = (y, z,z) and @ = (y, Z, T).

2: for k=0,1,2,... do

1
3 Step 1. z2*"' = argmin {Lg(’yk, z2b) + sllz = Zk||§2}§
2E€Z

4 Step 2. T" = 2" + o(Biy* + By — o)
1
5 Step 3. g’““ = arg min {Lg(y, ZkH;ka) + §|Iy - Z/kH?’sl}a

yeY
6: Step 4. ot = 2" — o,
1 k+1
7 St 5.yt = 0 Thans
ep U o 2u -+ ot 2u ;
8: end for

Under Assumption 2.2, the subproblems in Steps 1 and 3 of Algorithm 2 have
unique solutions (Fazel et al., 2013). Under Assumption 2.1, solving problem (2.3)
is equivalent to finding a vector u* such that 0 € Tu*, where the maximal monotone
operator 7T is defined as

dfi(y) + Biz

Tu= | 0fz:(z)+Bsx |, Yu=(y,z,2) €eYXZxX.
c— By — Byz

The convergence result for Algorithm 2 is presented in Theorem 2.2.

Theorem 2.2 (Corollary 3.5 in Sun et al. (2025)). Suppose that Assumptions 2.1
and 2.2 hold. Then the sequence {u*} = {(y*, 2%, %)} generated by the HPR method
with semi-proximal terms in Algorithm 2 converges to the point u* = (y*,z*, x*),

where (y*, z*) solves the problem (2.3) and z* is a solution to problem (2.4).
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Note that in problem (2.3), the functions fi(-) and fo(-) often admit a composite

decomposition

fi=g1+Dp1, fo= g2+ Do,

where g, : Y — (—o00, +00) and gy : Z — (—00,400) are continuously differentiable

convex functions (e.g., convex quadratic functions), and p; : Y — (—o0, +00], ps :

Z — (—o0, +0o0] are proper closed convex functions. In this setting, Han et al. (2018)

introduced the residual mapping associated with the KKT system (2.5), defined as
y — Prox,, (y — Vai(y) — Biz)

R(w) := [ z—Prox,, (z — Vga(z) — Bix) Vw = (y,z,2) € Y x Z x X.
¢ — By — Byz

To measure complexity in terms of the objective, for the sequence { (7", %)} generated

by Algorithm 2, we define the objective error as

R(GE 2 = AT + L) = fily) — (7). VE >0,

where (y*, z*) is an optimal solution to problem (2.3). Moreover, we define the linear
operator M : U — U as
oBiB,+8 0 B:

M — 0 82 O
By 0 =I

=

Based on Proposition 2.9, Theorem 3.7, and Remark 3.8 in Sun et al. (2025), we

obtain the following iteration complexity result for Algorithm 2.

Theorem 2.3. Suppose that Assumptions 2.1 and 2.2 hold. Let {u*} = {(¢*, z*, z%)}
and {u*} = {(y*, 2, 2%)} be the sequences generated by the HPR method with semi-
prozimal terms in Algorithm 2, and let u* = (y*, z*,x*) be a solution to the KKT

system (2.5). Define Ry := ||u® — u*||sq. Then the following complexity bounds hold
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for all k > 0:

“uk—i-l

R
k < 0

_ o|Bi]| +1 R
IR@*) < (—” } +||¢sl||+||\/s2||> —
g

u

o) - 220
J’ k+1

R
S h<gk+172k+l) S <3R0—|—\/_” H> 0 .

2.5 The block symmetric Gauss-Seidel decompo-
sition theorem

In this subsection, we recall the symmetric Gauss—Seidel (sGS) technique introduced
in Li et al. (2016, 2019) for handling multi-block variables that arise in the restricted
Wolfe dual of CCQP (2.1). Let &; = R™ for i = 1,...,s with integer s > 2, and
define the product space X := &} x --- x X,. Consider the block-structured linear

operator () of the form

Qi1 - Qi
Q=11 . |, QieR"™ jj=1,..s.
Qis  Qss

We make the following assumption on Q).

Assumption 2.3. The operator Q) is symmetric positive semidefinite, and each di-

agonal block Q);; is symmetric positive definite fori=1,...,s.
We further decompose @ into the form

Q=U+D+U",
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where

0 Q2 -+ Qugs Qi 0 -+ 0
U : 7 D— 0 Q22 0
stl,s : : - :

0 0 O e Qs’s

Consider the proximal minimization problem

min p(1) + 3{z, Q) — (b, 2) + 3llw — 2*[17,. (2.6)

reX

where p : X1 — (—o00, +00] is a proper closed convex function, and the sGS operator
To := UD7'U*. The sGS decomposition theorem corresponding to (2.6) is stated in
Theorem 2.4.

Theorem 2.4 (sGS decomposition (Li et al., 2019, Theorem 1)). Assume that As-
sumption 2.3 holds. Then the following holds

Q =Q+Ty, = (D+U)DY(D+U*) = 0. (2.7)

Denote q(x) = %(m, Qz) —(b,x). Fori=s,...,2, suppose we have computed x}; € X;
defined by

x; = arg min p(z;) + Q(ff'gz’—l; Ti; Ilzz‘ﬂ)

T, €EX;
1—1 s
~o (- S0 Y )
j=1 j=i+1
Then the optimal solution x™ for (2.6) can be computed exactly via

xi =arg min p(zq) + q(21; 25,),
T1EX] =

+_ : + e -
L; = arg mn p(zy) +Q($§i_1a Zi; $2i+1)> 1=2,...,s,

T; €N

i—1 s

_ —1 E * 4+ § / .

— Ql,l b'L - Q%,L.T] - QZ,]Z'J 9 1= 27 o .. ,S.
j=1

L j=i+1
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Chapter 3

The primal HPR method for
convex composite quadratic
programming

In this chapter, we propose two HPR methods for solving different primal formula-
tions of CCQP. Both enjoy an O(1/k) complexity bound in terms of the KKT residual
and objective error. By introducing auxiliary slack variables and appropriate proxi-
mal operators, each iteration admits an explicit closed-form update, avoiding linear

system solves and making the methods well-suited for GPU acceleration.

3.1 Formulation I

To apply the HPR method to the primal CCQP (1.1), we first rewrite the problem

with a slack variable s € R™ as follows:

min S (5,Qu)+ {ew) + 9la) + 0i(s)

s.t. Ax =s.

The augmented Lagrangian function of (3.1) is given by

L (2, 59) = 5, Q) + {e,) + 6(2) + 5x(s) + (g5 — Ar) + 5| Az — o],
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where y is the Lagrange multiplier, and o > 0 is the penalty parameter. For conve-
nience, we denote the tuple (z, s,y) by u, and define the space U := R" x R™ x R™ in
this section. The HPR method with semi-proximal terms for problem (3.1) is given

by Algorithm 3:

Algorithm 3 An HPR method for solving the primal formulation (3.1)

1: Input: Choose u° = (29, 5%, 9") € R™ x R™ x R™. Set parameter ¢ > 0. Let
S, +Q+0ATA = 0. Denote u = (x,s,y) and 4 = (Z, 3, 7).
2: for k=0,1,2,... do
3: Step 1. §*"! = argmin {Lfl(xk, s;yk)};
SGR"L
4: Step 2. " = yF + o(5M! — Azh);

5: Step 3. 7" = arg g}}n {Lfl(x, ghL gty 4 %Hx — xk||?gz},
6: Step 4. a1 = 255“ —u”

7 Step 5. vt = p i 2u0 :i;ﬂk“;

8: end for

3.1.1 Convergence and complexity results

We will establish the convergence and O(1/k) complexity results with respect to
KKT residual and objective error for Algorithm 3. According to Rockafellar (1970,
Corollary 28.3.1), (z*,s*) € R" x R™ is an optimal solution to problem (3.1) if there

exists y* € R™ such that the KKT system below is satisfied:

0€Qr*+c— ATy + 0¢(x*),
0 € i (s™) +y7, (3.2)

Ax® —s* = 0.
We make the following assumption:

Assumption 3.1. There ezists a vector (x*,s*,y*) € U satisfying the KKT system
(3.2).
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Under Assumption 3.1, solving problem (3.1) is equivalent to finding a vector
u* € U such that 0 € Tu*, where the maximal monotone operator 7 is defined by
9p(x) + Qu +c— ATy

Tu= 0bxc(s) +y Vu = (z,s,y) € R" x R™ x R™.
Az — s

We define the linear operator M : U — U as

cATA+S, 0 —AT
M = 0 0o 0 |. (3.3)
A0 L,
Based on Theorem 2.2, the convergence result for Algorithm 3 is established as

follows.

Theorem 3.1. Suppose that Assumption 3.1 holds. Then the sequence {u*} =
{(z*,5* y*)} generated by the HPR method with semi-prozimal terms in Algorithm
3 converges to the point u* = (x*,s*,y*), where (z*,s*) solves the primal problem

(3.1).

To establish the complexity results of Algorithm 3, we consider the residual map-

ping associated with the KKT system (3.2), introduced in Han et al. (2018):

x — Proxg(z — Qr —c+ ATy)
R(u) = s — k(s —y) Vu=(z,s,y) € R" x R™ x R™.
Ar — s

For the sequence {(z*, 5"} generated by Algorithm 3, we define the objective error

as

h(z*, 5) = %@;k, Q) + (e, ) + 6(#) + 6(5)
1 * * * * *
— <§<x ,Qx™) + (e, ") + o(x™) + 0 (s )> Vk>1,
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where (z*, s*) is a solution to the primal problem (3.1). Based on the iteration com-
plexity results in Theorem 2.3, we obtain the following iteration complexity bounds

for the HPR method with semi-proximal terms for solving the primal problem (3.1).

Theorem 3.2. Suppose that Assumption 3.1 holds. Let {u*} = {(z*,5% 4*)} and
{uF} = {(2%, s y*)} be the sequences gemerated by the HPR method with semi-
proximal terms in Algorithm 3, and let u* = (z*,s*,y*) be a solution to the KKT
system (3.2). Define Ry := ||u® — u*||pm, where M is defined in (3.3). Then the

following complexity bounds hold for all k > 0:

~ R B ol|AT] +1
k+1 _ k < 0 k1Y) <
o~ < 0 RG] < (D)
R R
< R(FF1 gFHY) < 3R 0
- < ) < (3R )

3.1.2 Implementation details

Now we introduce the step-by-step implementation of Algorithm 3. In general, Al-
gorithm 3 is not practically implementable for arbitrary choices of S,. For instance,
if S, = 0, Step 3 cannot be solved efficiently when ¢(z) # 0. A practical and

implementable choice is to set
S. = Aol — Q+ (Ml — AT A),

for some A\, A4 > 0 ensuring that S, is positive semidefinite. With this linearization
choice of S, the update formula can be explicitly derived as follows.

In Step 1, the optimality condition of the subproblem is given by
0 € o (3") + ¢ + o (5" — AP,

which is equivalent to
§k+1 — HK(AQ]k o O_flyk).
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For Step 2, the formula of the update has the following equivalence
Pt =yf +o(M = A2¥) = o (kg (42" — o7 yF) — (A2* — o7 'y")).
In Step 3, the optimality condition of the subproblem is given by
0 € dp(z*) + Qz* ! + ¢ — ATgFT 4 g AT (AZFTT — ) 4 S (2R — 2F).

By substituting S, = A\gl, — Q + o(Aal, — ATA) into the above condition, we have

1
{Z'k+1 = PI'OX¢ <l’k —f— m(-Ql‘k — C —f— ATgk—’_l — O'AT(A{Ek — Sk+1)))
1
=P ky = Ok AT (2gF Y —_ ofF
TOX (:L‘ +)\Q+U)\A( Q" —c+ A (2y y)))
1 N
= PI‘OX¢ <$k + m(-@l’k —Cc+ ATykJrl)) .

Remark 3.1. The update of "+, formally given in Step 4 of Algorithm 3, can in
fact be computed immediately after Step 2. Moreover, the quantity 51 need not
be explicitly evaluated at every iteration, except when it is required for computing

residuals used in the stopping criteria.

The corresponding proximal operator S, = Agl, — Q + d(Aal,, — AT A) consists
of both @, A, and a penalty parameter ¢ which may be extremely small or large in
practice. Practically, the proximal operator S, with a large spectral norm ||S,|| can

significantly slow down the convergence rate.

3.2 Formulation I1

In this section, we show another primal formulation where the matrices () and A

in proximal terms are separated. We rewrite the problem with two slack variables
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s € R™ and v € R" as follows:

. 1
xER",sIgIé%,UGR" §<U’ QU> T <C7 QZ’> + QS(Q:) + 5]C($)
s.t. Ar =s, (3.4)
r =7

The augmented Lagrangian function of (3.4) is given by

L2, 5,090, 2) = 50, Qu) + (e,2) + 6(z) + 3 (s)

+ {yrs = Ax) + 2| Az — o]

where y; and y, are the Lagrange multipliers, and ¢ > 0 is the penalty parameter.
For convenience, we denote the tuple (x, s, v, 41, y2) by u, and define the space U :=
R” x R™ x R™ x R™ x R™ in this section. The HPR with semi-proximal terms for

solving problem (3.4) is given by Algorithm 4.

Algorithm 4 An HPR for solving the primal reformulation (3.4)

1: Input: Let S, and S, be two self-adjoint positive semidefinite operators on
R" such that S, + cATA and S, + @ are positive definite. Choose u° =
(2°,59 09, 9. 49) € U. Set parameter ¢ > 0. Denote u = (z,s,v,y1,y2) and
u= (j:,g,@,gh%).

2: for k=0,1,2,... do

3: Step 1. (5**1,o*t!) = argmin {LfQ(xk,s,v;y’f,yS) + l||v —oF||% };

(s,v)ER™XR" 2 !

: Step 2-1. g™ = yF + o(5" — AxF);

5: Step 2-2. 75t = b + o(DFT! — 2F);

1
k41 : P2 k41 —ktl. —k+1 —k+1 k(2
6: Step 3. 7" :arglrénn L (x5 R VAR VAR )+§||$—:v ||3x};
rER™
7: Step 4. ¢! = 2uFt — oF;

k1 Lo k+1 40y

8: St 5. =
ep -t Kyl TRyt

9: end for
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Remark 3.2. We formulate the update in Step 1 as a joint minimization over (s,v).

Since s and v are not coupled, it reduces to two independent minimization problems.

3.2.1 Convergence and complexity results

Now we establish the convergence and complexity results for Algorithm 4. According
to Rockafellar (1970, Corollary 28.3.1), (z*,s*,v*) € R™ x R™ x R" is an optimal
solution to problem (3.4) if there exist y; € R™ and y; € R™ such that the following

KKT system is satisfied:

(0 € 0g(a") +c— Aly; — s,

0 € 0oxc(s") + y7,

Qu + 45 =0, (3.5)
Ax* — s =0,

\x*—v* = 0.

We make the following assumption:

Assumption 3.2. There exists a vector (z*,s*,v*,y;,y5) € U satisfying the KKT
system (3.5).

Under Assumption 3.2, solving problem (3.4) is equivalent to finding a vector

u* € U such that 0 € Tu*, where the maximal monotone operator 7T is defined by

Op(z) +c— ATy — o
Dok (8) + 11
Tu= Qu + Yo Vu = (z,8,0,y1,92) € R"XR™xR" x R™ xR".
Ax — s

Tr—v
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We define the linear operator M : U — U as

cATA+S, 0 0 —AT -—I,
0 00 0 0
M = 0 0S, 0 0 |. (3.6)
—A 00 i1, o0
—I, o0 o0 1,

Based on Theorem 2.2, we establish the following convergence result for Algorithm 4.

Theorem 3.3. Suppose that Assumption 3.2 holds. Then the sequence {u*} =
{(z*, 5% o*, y¥, y5)} generated by the HPR method with semi-prozimal terms in Al-
gorithm 4 converges to the point u* = (x*,s*,v*, yf, ys), where (x*,s*,v*) solves the

primal problem (3.4).

The residual mapping associated with the KKT system (3.5) was introduced
by Han et al. (2018), as follows:

x — Proxg(z —c+ Alys + 1y2)
s — (s —y1)
R(u) = Qu + Y2 Vu=(x,80v,y1,y2) € R"XR"xR"xR™xR".
Ax — s
T—v

For the sequence {(z*, 5, 9%} generated by Algorithm 4, we define the objective error

as

(a8, 04) 1= S8, Q) + o) + 0(a*) + (5

- (§<v*,czv*> o)+ o) + 5,c<s*>> k> 1,

where (z*,s*,v*) is a solution to the primal problem (3.4). Based on the itera-
tion complexity results in Theorem 2.3, we obtain the following iteration complexity
bounds for the HPR method with semi-proximal terms for solving the primal problem
(3.4).
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Theorem 3.4. Suppose that Assumption 3.2 holds. Let {u*} = {(z*, 5% % i¥ v5)}
and {uk} = {(xF, s* % y¥ yk)} be the sequences generated by the HPR method with
semi-proximal terms in Algorithm 4, and let u* = (z*,s*,v*, yT,y5) be a solution to
the KKT system (3.5). Define Ry := |[u®—u*||p, where M is defined in (3.6). Then

the following complexity bounds hold for all k > 0:

) R - ag||A]| +1
7 — e < |m<u'f+1>us< ” f” FIVSI+1V3 H)

R
kE+1’

IN

1 * RO — - — 1 * ok
-t R < b ) < (3Rl )

where A = [:}ﬂ .

3.2.2 Implementation details

Algorithm 4 is not practically implementable for all choices of S,. For example, if
S; = 0, Step 3 cannot be solved efficiently when ¢(x) # 0. We therefore adopt the
linearizations

Sy i=0(Aal, — ATA), So = Agln = Q,

with parameters Ay > Apax(ATA) and Ao > A\pax(Q), so that S,,S, = 0. The
corresponding update formulas are derived as follows.

In Step 1, the optimality conditions of the subproblems with respect to s and v
are given by

0 € Ok (8" + yf + o(3"F! — AaP),
QUM 4k 4 o (0P — 2F) + S, (0F T — k) =0,

which are equivalent to

k+1 _ H/C(A:Ek o U—ka)7

_ 1
P = F — . (QUF + yb + o (v* — ).
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For Step 2-1, the formula of update has the following equivalence

Bt =yl + o3 - A2h) =0 (HK(ACL’k — o yp) — (Az* - Uﬁlyf)) :

For Step 2-2, the formula of update is

gk—&-l — y2 + 0_( ~k+1 l’k)

In Step 3, the optimality condition of the subproblem is given by
= agb( k+1)+c AT k:+1 y§+1—|—O'AT(AZf'k+1—§k+1)—|—0'(ff‘k+1 k+1)+8 ( k+1 Ik)

By substituting S, = o(Aal,, — AT A) into the above condition, we obtain

jk—i—l — PI“OX¢ (xk + ( C—{—AT —k+1 Zj§+1 OAT(ALEk _ §k+l) _ U(il?k _ vk-l—l)))

O'+U)\A

1
= Pl"OXd) (ZEk + m( c+ AT( T yl) + ka+1 - yg))

:PI’OXd) ($k+ ( C+AT k+1_|_yk+1)>

O'—i-(f)\A

Remark 3.3. The updates of ¥ and §5™, although written in Step 4 of Algo-
rithm 4, can in fact be computed immediately after Step 2. Moreover, the slack

+1

variable 3**' need not be explicitly evaluated at every iteration, except when it is

required for computing residuals for checking the stopping criteria.
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Chapter 4

A dual HPR method for solving

convex composite quadratic
programming

In this chapter, we introduce a dual HPR method designed for solving the restricted
Wolfe dual of CCQP problems, which also enjoys a fast O(1/k) complexity bound
in terms of the KKT residual and the objective error. One distinctive feature of
the dual approach is that, instead of working with the primal formulations, it builds
on the novel restricted Wolfe dual introduced in recent years. It also leverages the
symmetric Gauss—Seidel technique to simplify subproblem updates without introduc-
ing auxiliary slack variables that typically lead to slow convergence. By restricting
updates to the range space of the Hessian of the quadratic objective function, the
dual approach employs proximal operators of smaller spectral norms to speed up the
convergence. Shadow sequences are elaborately constructed to deal with the range

space constraints.
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4.1 A dual HPR method incorporating the sym-
metric (Gauss-Seidel technique

Recall the following restricted Wolfe dual formulation of CCQP,

yGRm,trngIRr{l”,zER" §<w’ Qw> + 6’C(_y) + ¢ (_Z)
st. —Qu+ATy+z=c, (4.1)
weWw.

Since () is positive definite on YW = Range((Q)), one may consider applying a con-
vergent three-block semi-proximal ADMM (Li et al., 2015) to solve problem (4.1).
However, its convergence guarantee requires the penalty parameter o proportional
to the smallest positive eigenvalue of (), which may lead to slow convergence rate in
practice.

In this chapter, we introduce an HPR method incorporating the symmetric Gauss-
Seidel technique for solving problem (4.1). The augmented Lagrangian function, for

any (y,w, z,x) € R™ x W x R" x R", is given by

]' * *
La(y7w7 <3 .I') = §<w7 QU)> + 5K<_y) + (b (_Z)
+(z,~Qu+ ATy +z—¢)
g T 2
+§H —Qu+Ay+z—c|.
For convenience, we denote the tuple (y,w,z,z) by u, and define the space U :=

R™ x W x R™ x R™ in this chapter. The HPR with semi-proximal terms for solving

problem (4.1) is given by Algorithm 5.
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Algorithm 5 An HPR for solving the restricted Wolfe dual problem (4.1)

1: Input: Choose a self-adjoint positive semidefinite linear operator S,,, on R™xW.
Set parameter o > 0. Denote u = (y,w, z,z) and u = (y,w, 2, ). Let u® =
(y°,w® 2% 2%) € R™ x W x R™ x R™.

. for k=0,1,2,... do

Step 1. z¥*! = argmin {La(yk,wk,z;xk)};

z€R"
4: Step 2. zF! = 2% + o(—Qu" + ATyF + T —¢);
5. Step 3. (f"™, 0" =

1
argmin { L (y,w, 25250) + Sy w) - (o, wh)]3,, }:

W N

(y,w)ER™ X W
6: Step 4. a1 = 2" — o
1 k+1
- Step 5. uf+! — 0 Akt
°p 9. k+2u+k+2u ’
8: end for

Define the linear operator H : R™ x W — R™ x W as follows:

o 0 0\ [ ocAAT —cAQ
H = O-AgAQ + (0 Q> - (—O'QAT O'Q2 + Q> )

where Ag = [AT — Q] € R™ ™) According to Rockafellar (1970, Corollary
28.3.1), (y*,w*, z*) € R™ x W x R" is an optimal solution to problem (2.2) if there

exists * € R" such that the KKT system below is satisfied:
(0 € 96 (—y*) — Az™,
Qw* - QZE* = 07

(4.2)
0 € dp*(—z") — a*,

* T % *
( —Qu'+A Yy +2"—c=0.
We make the following assumptions:

Assumption 4.1. There exists a vector (y*,w*, z*,2*) € U satisfying the KKT
system (4.2).

Assumption 4.2. The operator Sy, is a self-adjoint positive semidefinite linear

operator such that S, +H is positive definite on R™ x W.
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To simplify the subproblem in Step 3 of Algorithm 5, we use the proximal operator
Syw based on the sGS decomposition technique (Li et al., 2016, 2019). Specifically,

define the block operator

Q0 = cAAT + 0S8, —0AQ)
yw —oQAT 0Q*+Q+08,)"

This operator admits the decomposition

Qyw = Uyw + Dyw + U;;m

where

U 0 —cAQ Do o AAT + 08, 0
yw — 0 0 ) yw 0 UQ2+Q+0'8w .

The associated sGS operator is given by

SSGS — UDflUT _ (O'QAQ(UQQ + QO+ O'Sw)ilQAT 8) . (43)

By Theorem 2.4, Step 3 of Algorithm 5 can be solved with an sGS order, as described

in Proposition 4.1.

Proposition 4.1. Let S, and S,, be two self-adjoint positive semidefinite linear op-
erators on R™ and W, respectively, such that S, + AAT is positive definite. Define
the operator

S, O
Syw =0 ( Oy Sw) + SsGS7 (44)

where Ssas are given in (4.3). Then for any k > 0,

1
(7 @*h) = argmin ¢ Lo(y, w, 2752 4 2y, w) — (0, w)IE,,
(y,w)ER™ xW 2
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15 equivalent to the following updates:

okt = rgmln{L y* w, 2R ) 4 %Hw_wkH?Sw}’
weW

o+ = argénin {La(y’,u—]kﬁ’ Zh+1. i,k:—i—l) + %Hy _ ka%y} ’
yekRm

whktl = argmm{L gPtL w, ZRTL R L) %Hw—wkH% }
weW ’

Moreover, Sy, + H s positive definite on R™ x W.

Applying the Proposition 4.1, an HPR method with sGS technique for solving

problem (4.1) is given in Algorithm 6.

Algorithm 6 An HPR method for solving the restricted Wolfe dual problem (4.1)

1: Input: Let S, and S,, be two self-adjoint positive semidefinite linear operators
on R™ and W, respectively, and S, + AAT is positive deﬁnite Set o > 0. Denote
= (y,w, z,z) and u = (y,w, z,7). Let u® = (y°, w’, 2% 2% € R™"x W xR" xR".

2: for k=0,1,2,... do

3: Step 1. 2°*' = argmin { L, (y*, w", 2;2%) };
z€R™

4: Step 2. 2" = 2" + o(—Qu" + ATyP 4 ZF+1 c);
5: Step 3-1. whte = argmin{L (y, w, 281 2H) 4 %Hw — wk||§w};

wew
6: Step 3-2. g"T = arge]{Rnin{L (v, wk+2 PR mkﬂ) %Hy - Z/kH?Sy},
yeRm
7 Step 3-3. ottt = arg min {La(gk“,w, Zk“; ikH) + %Hw - wkH?sw},
8: Step 4. ﬁkH = QQkﬁez\} uk:
9: Step 5. u® k’nlLQ O+zi;%+1,

10: end for

Remark 4.1. The proposed HPR method, as outlined in Algorithm 6, which incorpo-
rates the sGS technique, provides a unified and flexible framework for solving general
CCQP problems of the form (1.1). In particular, when Q = 0 and ¢(-) = oc(-), it
reduces to the HPR method for LP introduced in Chen et al. (2024a). Moreover, if
the constraint Ax € K is absent, such as for the LASSO problem (Li et al., 2018a),
Algorithm 6 simplifies to the update cycle z — x — w. These special cases highlight
the flexibility and broad applicability of the dual HPR method in Algorithm 6.
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Now we establish the convergence and complexity results for Algorithm 6. Under
Assumption 4.1, solving problems (1.1) and (2.2) is equivalent to finding a vector

u* € U such that 0 € Tu*, where the maximal monotone operator 7 is defined by

—005-(—y) + Az
B Quw — Qx
Tu= —0¢*(—2)+x
c— ATy 4+ Quw — 2

Yu = (y,w,z,x) € R™ x W x R" x R".

We define the linear operator M : U — U as

O'AAT + SSGS + Sy —O'AQ 0 A
B —oQAT cQ? + S, 0 Q
M = 0 0 0 0 (4.5)
AT Q 0o I,

Under Assumption 4.2, each subproblem in Algorithm 6 admits a unique solution.

Based on Theorem 2.2, we establish the following convergence result for Algorithm 6.

Theorem 4.1. Suppose that Assumptions 4.1 and 4.2 hold. Then the sequence
{ak} = {(g*, @, 2% 7*)} generated by the HPR method with semi-proximal terms in
Algorithm 6 converges to the point u* = (y*, w*, z*, x*), where (y*, w*, z*) solves the

dual problem (4.1) and z* solves the primal problem (1.1).

The residual mapping associated with the KKT system (4.2) was introduced
in Han et al. (2018), as follows:

Az — i (Az — y)
R(u) = © — Prox,(z — 2) Vu=(y,w,zz)€R™x W xR"x R",

c— ATy 4+ Quw — 2

For the sequence {(7*, w*, 2*)} generated by Algorithm 6, we define the objective
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€eIrror as
A ¥, 2) = St Q) 4 G~ + 0 ()
- (3. Qu) + i) + 07 (=) 21,

where (y*, w*, z*) is a solution to the dual problem (4.1). Based on the iteration com-
plexity results in Theorem 2.3, we obtain the following iteration complexity bounds
for the HPR method with semi-proximal terms for solving the restricted Wolfe dual
problem (4.1).

Theorem 4.2. Suppose that Assumptions 4.1 and 4.2 hold. Let {u*} = {(y*, w*, 2%, z*)}
and {uF} = {(y*,w* ¥ 2*)} be the sequences generated by the HPR method with
semi-proximal terms in Algorithm 6, and let u* = (y*, w*, z*, z*) be a solution to the
KKT system (4.2). Define Ry := ||[u” — u*||p, where M is given by (4.5). Then the

following complexity bounds hold for all k > 0:

U||A |+ 1

_ R _
175 — | < k—+01 IR < < o +v ywH)

Ry
kE+1

Ry
17

:L,*H S h(gk+1,wk+172k+l) S <3RO+ ||.T ”)
\/_

-
Vo
where Aqg = [AT — Q] and S,,, is defined in (4.4).

4.2 HPR-QP: A convex composite quadratic pro-
gramming solver based on the dual HPR method

We adopt Algorithm 6 as the main scheme for solving CCQP, and develop the easy-
to-implement solver HPR-QP by incorporating algorithmic enhancements such as
restart strategies and penalty parameter updates, as detailed in the following sub-

sections.
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4.2.1 Efficient solution of subproblems

We will introduce the computation details of Step 3 of Algorithm 6, starting from
the subproblem of y in Step 3-2. In Step 3-2, the optimality condition for the

subproblem is given by
0 € 805 (—7" ") + AT 4+ g A(—QuM 2 + ATgH! + 21 — ¢) + 68, (T — o).

The above condition can be equivalent to a closed-form expression (linearization),
or a linear system (direct). We will introduce two practical choices of S, and the

corresponding implementations.

Direct. When K = b € R™, we can choose S, = nl,,, where p > 0 is a constant.

Then the update of 7**! can be computed by solving the linear system
1
(AAT 4 9L) J4 = Z(b— AGE 4 o(—Qab s + 2 — o)) 4 myh. (46)
o

The main computation is on the factorization of the matrix AA" + nl,, (only one

time) and the subsequent triangular solves.

Linearization. We can choose the linearization semiproximal operator as
S, = Al — AAT, (4.7)
where Ay > Anax(AAT) is a constant. Then the update of %! can be computed by

1
k1 k k
gt = -~ (H;c(ry) — Ty) , (4.8)

where 7 = A(zZF! +0o(—Quwtz + ATyk+ Z*1 —¢)) — oA 4y*. The main computation

is on the matrix-vector multiplication and vector operations.
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In Steps 3-1 and 3-3, our target is to find a @2 € W and w**' € W which

satisfies the condition

Qurtz — QTF — oQ(—Quwrtz + ATyk + ZFH — ¢) + 08, (Wh2 — wh) =0,
ka+1 _ Qi‘k+1 o O.Q(_ka+1 + ATgk+1 _|_ 2’64’1 _ C) + O.Sw(wk+1 _ wk) — 0

1

We use the computation of w*™! as the example to illustrate the details, where

both the Wolfe dual and the restricted Wolfe dual formulations are discussed for

comparison.

Direct. For the Wolfe dual formulation W = R", we set S, = nl,,, then Step 3-3

is equivalent to the following positive definite linear system
(Q(oQ + I,) + onl,)w = Q(Z* + o (AT + 2F — ¢)) + onu. (4.9)

The linear system (4.9) can be solved by the direct method if the explicit matrix
formulation of @) is available. If () has no explicit formulation, we can use iterative
solvers to solve it.

For the restricted Wolfe dual formulation WW = Range(Q), we set S,, = 0, then

Step 3-3 is equivalent to the following linear system
Q(oQ + L)w = Q" +o(ATy" + 2" —¢)), weWw.

To handle the constraint w € W, we can obtain an alternative solution wg by the

following proposition (Li et al., 2018b, Proposition 4.1).
Proposition 4.2. Let W = Range(Q). The linear system

Q(oQ + I)w = Qry. (4.10)
and the solution wq of the linear system

(0Q + In)w =1y
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have the following relations:

(a) wh = Thw(wg) is a solution of the linear system (4.10);

These properties imply that we can obtain the alternative solutions wgﬂ by

solving the linear system
(0Q + L)w = 7" 4 o(ATgFH 4 284 — o), (4.11)
_k+3 . :
and wg * by solving the linear system
(0Q 4 I)w = Z* 4 o (ATy* + 2F1 —¢). (4.12)

Linearization. We introduce similar results for the linearization case. For the
Wolfe dual formulation W = R”, we set S, = Aol — (Q? + Q/0), where Ao >
Amax(@% + Q/0) is a constant, then Step 3-3 is equivalent to the following formula

1 /-
o — = <)\ka FQEM — wh + o(—Qut + AT 4 R c))) '
Q

For the restricted Wolfe dual formulation W = Range(Q), we set

Sw = QNI — Q), (4.13)

k

where Ao > Anax(Q) is a constant, then @**! is the solution of the following formula

1

skl
Qw 1 +O’)\Q

Q (O’)\ka + J—:k—i-l + O_(_kaz + ATgk—‘rl + zk—i-l . C)) : wk_H cW.

(4.14)
To handle the constraint w € W, we can obtain an alternative solution wg according

to the following proposition.
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Proposition 4.3. Let W = Range(Q) and r,, € R*. For wg with the following
formula

1

= Trorg (cAqu” + T + o(—Qu* + AT + 2 —¢)) .

wq

We have the following properties:

(a) wh = Myw(wg) is a solution of the (4.14);

(b) Qug = Qug and (wg, Qug) = (wg, Qug).

The proposition implies that we can obtain the alternative solutions w’gjl by the
formula
k1 1

'UJQ = m (O’)\ka + Li'kJrl + O'(—ka + AT’gk+1 + ZkJrl — C)) s (415)

_k+3
and wg * by the formula

_k+3 1 k| =k+1 k T,k | sk+l

=—— (o) — A —0)). 4.16
W, 1+0/\Q(0 QW'+ T 4 o(—Qut + Ayt +Z c)) ( )
Remark 4.2. In Algorithm 6, the updates for WF2 and W+ for k > 0 are restricted
to the subspace W = Range(Q). Although it may seem easier to update @tz and

k41 in the full space R™, for example, under the linearization case, the proximal

w
operator has a larger spectral norm, such as Sy = Mpar(Q* + Q/0) I, — (Q* + Q/0).
Restricting the update to W allows HPR-QP to employ a proximal operator with
a smaller spectral norm, namely S, = Q(M(Q)I, — Q). The algorithm using the

prozimal operator with a smaller spectral norm theoretically converges faster.

Based on Propositions 4.2 and 4.3, an easy-to-implement dual HPR method for
the restricted-Wolfe dual (4.1) is presented in Algorithm 7. The convergence of
Algorithm 7 is established in Theorem 4.3.
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Algorithm 7 An easy-to-implement dual HPR method for the restricted-Wolfe dual
problem (4.1)

1: Input: Let S, be the linearization proximal term Q(Agl, — @) or 0, and let S,
be the linearization proximal term As1,,, — AAT or T]I with 7 > 0. Denote ug =
(y,wq, z,x) and ug = (y,wq, Z, 7). Let uQ = (", wQ,z 1%) € R"xR"xR"xR",
and set o > 0.

2: for k=0,1,2,... do

3: Step 1. Zk+1 = argmln{L y wQ,z Q?k)}
zER”

4: Step 2. ThHt = oF 4 0(—QwQ + ATyk + ZhH c);
1
5: Step 3-1. Update u—/gjz by (4.16) for linearization, otherwise (4.12);
6: Step 3-2. Update g*** by (4.8) for linearization, otherwise (4.6);
7 Step 3-3. Update w’“rl by (4.15) for linearization, otherwise (4.11);
8: Step 4. u = 2@’31 — ug,
1 k+1

9: Step 5. uftl — — =40 G

ep 0. Ug D) u +— D) Uy s
10: end for

Theorem 4.3. Suppose Assumption 4.1 holds. Then the sequence { (i, ng, ZF 7k}
generated by Algorithm 7 is equivalent to the sequence {(i*, Quw*, 28, %)} produced
by Algorithm 6 starting from the same initial point. Moreover, both sequences con-
verge to the point (y*, Qw*, z*, z*), where (y*, w*, z*) solves the dual problem (4.1)

and z* solves the primal problem (1.1).

Proof. We state the proof for the linearization case, and the proof for the direct
case follows similarly. According to the formulas and optimality conditions of the

subproblems in Algorithm 6, for any & > 0, we have

(0 ¢ _a¢*(_2k+l) + ok 4 J(_ka + ATyk 4 Z6H — (),

T = 2P £ o(—Qut + ATyF 4 2 —¢),

Qurtz — QTR — oQ(—Quwtz + ATyk + ZFH — ) + 08, (W2 — wh) =0, @tz e W,
0 € 005 (=) + AZF! 4 g A(—QuM e + ATgE 4 ZM1 — ) 4+ 68, (F — yb),
\ka—l-l _ Q$k+1 . JQ(_ka+1 + AT —k+1 + Zk+1 )+ US ( —k+1 ) — O, wk—H cW.

(4.17)

Based on (4.17) and Propositions 4.2 and 4.3, we can derive that the sequence
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{(7", Qug, z*, %)} generated by Algorithm 7 is equivalent to {(7*, Qu*, z*, %)}
from Algorithm 6, under the same initialization.

Furthermore, Proposition 4.1 establishes that Algorithm 6 is a special case of
Algorithm 5 with S, defined in (4.4). Thus, the convergence result in Theorem 4.1

k

applies, and the sequence {(7*, w*, ¥, z*)} from Algorithm 6 converges to the op-

timal solution of the primal-dual pair (1.1) and (4.1). This completes the proof. [

The main computation overhead of Algorithm 7 is the matrix-vector multiplica-
tion for the linearization case, and is the linear system solving for the direct case.
For the linearization case, the computational cost for each iteration of Steps 1-3 in

Algorithm 7 can be further reduced. We summarize them as follows:

e Step 1. The update for z**! can be computed by
1
skl _ 2 (p ky ok
z 0( roxy(rf) — r¥),

where r¥ = 2F + 0(—Qw’é + ATyk — o).

e Step 2. The update for z¥T! can be expressed by

T ="+ o(—Qup + ATyF + 2 — ¢) = Proxy(rf).

1
e Step 3-1. The update for wlz;z can be computed by

1 1
wl£32+2 - m (U)\ng_i_jkﬂ +U(_ng +ATyk;_|_5k+1 _ C))

1 (a)\ng + 27 — b)) = !

_ by k ~k+1 )
1+O’)\Q 1+0’>\Q(0 QwQ+x )

e Step 3-2. The update for %! can be evaluated by

1 k+1 k+1
m (HIC(Ty ) - ,ry ) )
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where

1
r’;H —A <fk+1 +0(_ng+2 ATy 4 B C)> — oAyt

= A 4 o(Qub — Qi ?)) — oAyt

e Step 3-3. The update for wg“ can be computed by

1

wly = o (Pauly + 7+ o Qul + ATP 42 )
_ [ ks O AT (gh+ _
<wQ + 14 U)\Q ( Y )>

Remark 4.3. The update of £¥*! is presented in Step 4 of Algorithm 7, but

we can compute it after Step 2. The value of ZF+1

does not have to be explicitly
computed for every iteration, unless we will compute the residuals for stopping

criteria in the current iteration.

4.2.2 Restart and penalty parameter selection

In Algorithm 8, we present HPR-QP for solving problem (4.1), incorporating the
adaptive restart and penalty parameter update strategies that will be introduced in

this section.
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Algorithm 8 HPR-QP: A dual HPR method for the CCQP (4.1)

1: Input: Let S, be the linearization proximal operator Q(Agl,—@) or 0, and let S,
be the linearization proximal operator Aal,,, — AAT or nl,,, with n > 0. Let ug =
(y,wg, 2, 1), ug = (y,wq, 2, ), and initial point u%o = (y*°, w%’o, 200 200) €
R™ x R™ x R™ x R".

2: Initialization: Set outer loop counter r = 0, total iteration counter k£ = 0, and
initial penalty parameter oy > 0.

3: repeat
4: Initialize inner loop: set inner counter ¢ = 0;
5: repeat
. srt+l ] ,t rt . b .
6: ZTt = ariﬁlln {Lar(yr WG 25T )},
7 J—:r,t-i-l _ CCr,t +0r<_Qw5t —f-ATyT’t + 27",75—}—1 . C);
1
8: Update wgt“ by (4.16) for linearization, otherwise (4.12);
9: Update ¢! by (4.8) for linearization, otherwise (4.6);
10: Update wgtﬂ by (4.15) for linearization, otherwise (4.11);
AT 1 -yl 1 U,
11: u’éﬁ = 2u%t+ - uerl; 1
+1 e
12: ur,t—l—l — ur,O + rt+ :
@ k+2 9 " k42 ¢
13: t—t+1, k< k+1;
14: until restart or termination criteria are met;
15: Restart: Set 7, =, ugrl’o = Uy

16: Opp1 = SigmaUpdate(ﬁgT’”,ugo,Sy,Sw, A, Q);
17: rr+1;

18: until termination criteria are met;

19: Output: {ua"'}.

Inspired by the restart strategy proposed in PDLP (Applegate et al., 2021; Lu
and Yang, 2023; Lu et al., 2023), Chen et al. (2024a) introduced an adaptive restart
mechanism based on the O(1/k) iteration complexity with respect to KKT residual,
which has demonstrated practical success on large-scale LP problems. Motivated
by this, we extend this adaptive restart strategy to the CCQP (1.1) by defining a
suitable merit function grounded in the complexity result established in Theorem 4.2.

Specifically, we define the following idealized merit function:
R, = Hug —u||m Vr>0,t>0,

where u* denotes any solution to the KKT system (4.2). Note that R, corresponds
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to the upper bound given by the complexity result in Theorem 4.2 at the start of
the r-th outer iteration. Since u* is unknown in practice, we approximate R, ; using

the computable surrogate:

Ry = llug — g™ | m-

Based on this surrogate merit function, we introduce the following adaptive restart

criteria for the HPR-QP method:

1. Sufficient decay:

Ri1 < ayRyp; (4.18)

2. Insufficient local progress despite overall decay:

Rr,t+1 S OQRT,O and Rr,t—l—l > Rr,t;

3. Excessively long inner loop:

t> ask; (4.19)

where oy € (0, 9), g € (0,1), and a3 € (0, 1) are user-defined parameters. When-
ever any of the above conditions is satisfied, we terminate the current inner loop

r+1.0 — 477 and updating the penalty

and begin a new outer iteration by setting
parameter 0,1 accordingly.
Now, we describe the update rule for the penalty parameter o in HPR-QP. Specif-

ically, at the beginning of the (r+1)-th outer iteration, we determine 0,1 by solving

the following minimization problem:

: 1,0
or1 = argmin [lug"™ " — [, (4.20)
where u* denotes a solution to the KKT system (4.2), and the metric ||u22+1’0 —u*|| m

corresponds to the upper bound derived in Theorem 4.2. The rationale behind this
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formulation is that minimizing this bound is expected to yield a smaller quantity
HuTQH’t — QTQH’HIHM for all ¢ > 0, which reduces the KKT residual HR(@SLHI)H.
This guides the adjustment of o to enhance the practical performance of the method.

For the linearization case (similar for the direct case but some approximation
needed), substituting (4.3), (4.7), (4.13), and (4.5) into (4.20), the update rule for
0,41 reduces to solving the following one-dimensional minimization problem:

Or11 = arg min f(O')'—QO—F@—Fﬂ (4.21)
rl = arg i Ry '

where the coefficients 61, 65, 63 are given by
01 = Mally™0 =y [P + Agllwg™” — wllg — 2(Q(wg™ —w*), ATy —y)),
Oy = |20 — 2|2, 0y = ATy — ATy |3

When coefficients 6; > 0, i = 2, 3, the function f(o) is strictly convex on o > 0, since

its second derivative satisfies

2y o,

——= >0 forallo>0.
03+(1+)\Q0)3 or all o

" (o)

This guarantees both the existence and uniqueness of the optimal solution to problem
(4.21). This scalar optimization problem can be efficiently solved using the golden
section search method (Gerald, 2004). Moreover, since the exact values of §; involve

the solution u*, we estimate them as
O = Mallg"™ = 5O + Al —will — 2(Qag" —wg’), AT —y™)),

by = |27 —a"0))?, O3 =[|ATy" — ATy,

(4.22)
Using these approximations, the updated penalty parameter ¢ is obtained by solving

the following scalar optimization problem:

Onew = argmin f(a)—50+é+L§3 (4.23)
new — gg>0 — V1 o 1+>\Q0_ . .
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To further stabilize the update and prevent the approximations from deviating
significantly from the true values, we apply an exponential smoothing scheme. The

complete update procedure for ¢ is summarized in Algorithm 9.

Algorithm 9 SigmaUpdate

Input: ugj",gg(l,)\A,)\Q,A,Q.

Compute 0y, 65,05 as defined in (4.22);

Ensure numerical stability: 6; < maX(Qi, 10*12), 1=1,2;

Solve problem (4.23) using golden section search method to obtain oyey;
Compute smoothing factor: 5 = exp <—§wr_1 / §0,70—1>§

Output: 0,11 = exp (810g(0new) + (1 — ) log(a,)).
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Chapter 5

Numerical experiments

In this chapter, we will first present the experimental setup, including the datasets,
evaluation metrics, and implementation details. Then, we will conduct some case
studies to demonstrate the effect of different components of the proposed methods.
At last, we will compare our methods with some state-of-the-art solvers for convex

composite quadratic programming.

5.1 Experimental setup

Julia. We implement the proposed optimization algorithm in Julia (Bezanson et al.,
2017), a modern programming language designed for high-performance numerical
computing. Julia provides a natural balance between the ease of a high-level dynamic
language and the efficiency of low-level implementations, making it particularly well-
suited for large-scale optimization research. Its built-in support for parallelism, seam-
less GPU integration, and efficient linear algebra backends allow us to directly exploit
GPU acceleration. Since our solver is dominated by matrix-vector multiplications
and vector-level operations, Julia’s just-in-time (JIT) compilation and array-oriented
abstractions enable us to implement the algorithm in a concise yet highly efficient

way, achieving scalability across both CPU and GPU architectures.
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Main algorithm. Our main algorithm, termed HPR-QP and presented in Algo-
rithm 8, is the HPR method with semi-proximal terms applied to the restricted Wolfe
dual formulation of CCQP, augmented with adaptive restart, penalty parameter up-
dating, and preconditioning techniques. For comparison, we also implement several
related methods, including variations of preconditioned ADMM and the Halpern
Douglas—Rachford (HDR) method.

Linearization. For the linearization case, we use the power method (Golub and
Van Loan, 2013) to compute the largest eigenvalue of Q or AA". The major com-

putations in the algorithms are matrix-vector multiplications and vector operations.

Direct. For the direct case, the linear system (AA" +¢1,,)y = rhs is reformulated

as the quasi-definite augmented system

-

which usually uses less memory for large-scale problems. The computation bottleneck

lies in the linear system solvers.

CPU implementation. The sparse matrices are stored in the compressed sparse
column (CSC) format. We use the Julia built-in function mul/ for sparse matrix
vector multiplication, Cholesky factorization in the SuiteSparse library for the sym-
metric positive definite linear system, and the LDLT factorization in the QDLDL

library for the quasi-definite linear system.

GPU implementation. The sparse matrices are stored in the compressed sparse
row (CSR) format. We use the function CUDA.CUSPARSE.mv! in the CUSPARSE

library for sparse matrix vector multiplication, where the underlying algorithm is
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set to CUSPARSE_SPMV_CSR_ALG?2 for the reproductive results. We implement a
customized sparse vector multiplication that is faster than the CUSPARSE library
when the instance is small or sparse enough. We use the CUDSS library for the

linear system solver, which supports the direct solver for sparse linear systems.

Computing Environment. All solvers are benchmarked on a SuperServer SYS-
420GP-TNR equipped with an NVIDIA A100-SXM4-80GB GPU, an Intel Xeon
Platinum 8338C CPU @ 2.60 GHz, and 256 GB of RAM. All the experiments are

conducted in Julia.

Real-world Datasets. We evaluate the solvers on several real-world datasets.
These include Mittelmann LP instances (https://plato.asu.edu/ftp/Ipfeas.html), a
benchmark for most commercial and open-source LP solvers; Maros—Mészaros QP
dataset (Maros and Mészaros, 1999), a commonly used benchmark for convex QP
solvers; LASSO instances from UCI Machine Learning Repository (used in Li et al.
(2018a)), originally sourced from the LIBSVM datasets (Chang and Lin, 2011); QAP

relaxation instances from the QAPLIB dataset (Burkard et al., 1997).

Synthetic Datasets. Following OSQP (Stellato et al., 2020), we generate 30 in-
stances from 6 problem classes (random QP, equality constrained QP, optimal con-
trol, portfolio optimization, huber fitting), and 5 extremely large LASSO instances
as a supplement for the experiment on LASSO problems. We randomly generate

large-scale QAP instances to show the scalability of HPR-QP.

Parameter Setting. HPR-QP is initialized at the origin, and the initial penalty

parameter is set to 09 = ||b||so/]|¢|lc, When both ||b]| and ||¢|| lie within the range
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[10716,106].1 Otherwise, we set oy = 1 to ensure numerical stability. The adaptive
restart mechanism follows the criteria in (4.18)-(4.19), with parameters oy = 0.2,
as = 0.8, and a3 = 0.5. If the residual ratio satisfies Er,n—l/éo,m—l < 0.1, then as
is tightened to 0.2. The penalty parameter o is updated according to Algorithm 9.

We use the linearization proximal terms if not specified otherwise.

Preconditioning. The diagonal preconditioning is a commonly used technique to
improve the numerical performance of first-order methods such as SCS (O’donoghue
et al., 2016) and OSQP (Stellato et al., 2020). Consider the following CQP problem
with an explicit matrix representation of Q:

min l(x, Qz) + (¢, )

z€R" 2

s.t. Axr e K,

z eC.

We employ a diagonal preconditioning strategy similar to PDQP (Lu and Yang,
2025) and HPR-LP (Chen et al., 2024a). In detail, we perform 10 iterations of Ruiz
equilibration (Ruiz, 2001), followed by the diagonal preconditioning method of Pock
and Chambolle (Pock and Chambolle, 2011) with parameter o = 1. Either scaling

technique is applied to the following system

_ @ AT
=13 %)
which results in a scaling matrix
_|De 0
o= |7 b

! The vector b := max(|l|,|u|) is taken componentwise, treating any infinite entries in [ or u as
zero when computing the norm.
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such that the preconditioned system becomes DGD. Specifically, the preconditioned

problem can be expressed as

N SR L
Inin 5(30, T) + (¢, 7)
st. Az e /@,
ieC,

where Q = DcQDe,¢ = Do, A = DrADc, K = DgK, and C = DEIC. The

variable = Dglx.

The scaled dual problem is

. L
yeR™, 1%%1@1{{171, Z€Rn §<w7 Qw> + 6/6(_y) -+ 66(_2)
st. —Qu+ATg+i=2¢
wew,

where W = range(Q). The dual variables @ = Dg'w, § = Dp'y and 2 = Dz, If

@ is not stored in explicit matrix form, as in QAP relaxations or LASSO instances,

preconditioning is not applied.

Termination criteria. We terminate HPR-QP when the following conditions hold

for the unscaled problem with a given tolerance ¢ € (0, c0)

@ Qa) +(e,) +6(0) — (= 35,Q0) —5k(—y) — (=) _
Ngap = IS
1+ max (|3, Q) + (e.2) + 6(2)], | 1z, Q) + 6 (—y) + 9*(~2))

— T —
|- Qu+ATy+z—clo  __

Az — (A2 | .
T mas (el TATy T T QaT) =

= T+ max (|, [Az]le0) =

All other solvers are tested with the same tolerances . The time limit is set to 3600
seconds, and the tolerance ¢ is set to 10~% if not specified otherwise.
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Shifted Geometric Mean. To evaluate solver performance over multiple prob-
lems, we use the shifted geometric mean (SGM), as in Mittelmann benchmarks. For
a shift A = 10, the SGM10 is defined as ([[\_, (¢; + A)NY™ — A, where t; denotes the
solve time (or iteration count) in seconds for the i-th instance. Unsolved instances

are assigned a time limit.

Absolute Performance Profile. We also evaluate solver performance using the
absolute performance profile f¢ : R, — [0, 1], which represents the fraction of prob-
lems solved by solver s within time 7. It is defined as f&(7) = & > L<r(tys), where

Zo,(u) =11if u < 7, and 0 otherwise.

5.2 Analysis of algorithmic and implementation
choices

In this section, we evaluate the impact of several algorithmic and implementation

variants of HPR-QP, including:
1. HPR, HDR, and preconditioned ADMM;
2. different penalty parameters and restart frequencies;
3. restricted Wolfe dual, Wolfe dual, and primal formulations;

4. GPU and CPU implementations using either linearization or direct linear sys-

tem solvers;
5. different update orders of the variables.

We report numerical results where the y-axis corresponds to a residual measure

derived from the KKT conditions, defined as

mac { | As—Tlx (Az =) oo, [|-QurtATy+2—clloe, o—Tle(w=2) e, [Q—Quuc ).
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5.2.1 Case study I: Halpern acceleration

To evaluate the relative performance of the HDR method and the HPR method, we

consider the following implementations:

e HDR method: based on Algorithm 8, except that Step 12 is modified as

ur,t—l—l _ 1 7,0 k + 1 —rt+1

Q¢ TEr2'e Tl
¢ HPR method: Algorithm 8, applied without modification.

We implement the HPR method and the HDR method with different restart fre-
quencies across several test instances. Since the optimal restart frequencies for the
HPR method and the HDR method typically differ, we report only near-optimal
configurations for each method. The penalty parameter is fixed to 1 throughout this
experiment. The results are presented in Figure 5.1. For the instances in Figure 5.1a,
two phases can be observed: Phase I (slow convergence) and Phase II (fast conver-
gence). Phase I of HPR terminates earlier than that of HDR, and in Phase II, HPR
exhibits a faster convergence rate. This advantage of HPR over HDR in Phase II is

even more evident in Figure 5.1b.
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10° -
4
107° F
1
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0 2000 4000 6000
Iteration

(b) Instance QSTANDAT.

Figure 5.1: KKT residuals of HDR, and HPR with different restart frequencies on
two QP problem instances.

Next, we compare the performance of HPR, HDR, and preconditioned ADMM.
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The implementation of the preconditioned ADMM corresponds to Algorithm 8 with
Line 12 removed and Line 11 replaced by u™*! = ﬂgtﬂ. We denote this method
as DR, as it corresponds to the linearized Douglas—Rachford scheme. The same
restart and penalty parameter update strategies are applied to DR, although the
restart mechanism has no practical effect other than providing points for updating
the penalty parameter. Figures 5.2a and 5.2b report the iteration counts of HPR and
DR on the Maros-Mészaros dataset using the linearization and direct approaches,
respectively. As shown in Figure 5.2a, HPR converges in fewer iterations than DR on
approximately 60% of the problems, while for the remaining 40% the two methods
exhibit comparable iteration counts. Notably, in about 20% of the problems, HPR
is more than ten times faster than DR. Figure 5.2b reveals a similar trend for the

direct method compared to the linearization case.
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Figure 5.2: Iteration counts of HPR vs DR with (a) linearization and (b) direct
proximal terms on the Maros-Mészaros dataset.
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It was shown that the HPR is around 1.7x faster than HDR for the linear pro-
gramming by Chen et al. (2024a). We present the comparison between HPR and
HDR for QP instances from the Maros-Mészaros dataset. Figure 5.3 shows that the
HPR converges faster than HDR for most of the problems, and the median of the
iteration ratio of HPR to HDR is around 1.8.
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Figure 5.3: Iteration counts of HPR vs HDR on the Maros-Mészaros dataset.

5.2.2 Case study II: Penalty parameter

We evaluate the impact of the penalty parameter on the HPR with fixed and adaptive
penalty parameters introduced in Section 4.2.2 with o9 = 1. The adaptive restart
introduced in Section 4.2.2 is applied. Figure 5.4 shows the KK'T residuals of on two
problem instances, QSCAGR7 and QPCSTAIR (Maros-Mészaros dataset). It shows
that for HPR with most fixed o choices has similar phase I that converges slowly as

previously discussed. For the case QPCSTAIR, if the o is chosen properly, the phase
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I can be very short. For the case QPCAGRY, the different values of fixed ¢ cannot
affect the phase I significantly except for the case ¢ = 10. Such behavior indicates
that the choice of ¢ is crucial for the performance of the algorithm, especially the
convergence speed in phase I. With the adaptive penalty parameter updates, the
algorithms can potentially escape the slow convergence in phase I and turn to the

linear convergence rate.
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(b) Instance QPCSTAIR.

Figure 5.4: KKT residuals of HPR with fixed and adaptive penalty parameters on
two instances.
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5.2.3 Case study III: Restricted Wolfe dual

We will illustrate that solving the restricted Wolfe dual formulation (2.2) is better

than the Wolfe dual by two examples. The first example is a QP with a singular @:

1 00 -1
Q=(02 0], ec=[-1|], K=R? C=(—00,1]x (~00,1] x (—00,1],
000 -1

(5.1)
where A has no influence since I is the whole space. We compare Algorithm 8 applied
to the restricted Wolfe dual and to the Wolfe dual, using penalty parameter o = 1
and near-optimal restart frequencies. For the restricted Wolfe dual, the proximal

operator is

1 00
Sw = Q(Amax(Q)[n - Q) =({0 00
000
For the Wolfe dual, the proximal operator becomes
4 00
Sqlu = )‘maX(Qz + Q)[n - <Q2 + Q) =10 0 0
0 0 6

Figure 5.5a shows the KKT residual of the algorithm on the restricted Wolfe dual
and Wolfe dual of the example (5.1), respectively. For the restricted Wolfe dual, the
accuracy is around 107 for 80 iterations with a restart every 2 steps, while for the
Wolfe dual, it needs 180 iterations with a restart every 2 steps.

The second example is a quadratic program with a strongly convex but ill-

conditioned matrix Q:

(1 0.1 (-1 2 2
oo () e (), eem o com 6o

where A has no influence since K is the whole space. Figure 5.5b shows the residuals

of the algorithm on the restricted Wolfe dual and Wolfe dual of the example (5.2),
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respectively. For the restricted Wolfe dual, the accuracy is around 107! for 150
iterations with a restart every 8 steps, while for the Wolfe dual, it needs 300 iterations

with a restart every 32 steps.
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(a) Example (5.1).
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(b) Example (5.2).

Figure 5.5: KKT residuals of HPR for the Wolfe dual and the restricted Wolfe dual
with near-optimal restart frequencies: (a) example (5.1); (b) example (5.2).
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To compare the difference between the restricted Wolfe dual and primal formu-
lations, we test the HPR-QP (Algorithm 8), the HPR-QP-primal-1 (Algorithm 3),
and the HPR-QP-primal-2 (Algorithm 4). The adaptive restart and penalty pa-
rameter selection are implemented in a similar manner for HPR-QP-primal-1 and
HPR-QP-primal-2. The iteration numbers of the algorithms are presented in Figure
5.6. It shows that the HPR-QP converges faster than the HPR-QP-primal-1 and
HPR-QP-primal-2 for most of the problems. There are around 15% of the problems
that HPR-QP is 5x faster than the HPR-QP-primal-1, and around 10% of the prob-
lems that HPR-QP is 20x faster. HPR-QP-primal-1 is faster than HPR-QP-primal-2
for most of the problems. Figure 5.7 shows the absolute performance profiles of the
three algorithms. It indicates that HPR-QP can solve 80% of instances within 15
seconds, while HPR-QP-primal-1 and HPR-QP-primal-2 need around 50 seconds and

400 seconds, respectively.
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Figure 5.7: Absolute performance profiles of HPR-QP, HPR-QP-primal-1, and HPR-
QP-primal-2 on the Maros-Mészaros dataset.

5.2.4 Case study IV: GPU vs CPU

GPU speedup. In this subsection, we evaluate the GPU speedup over CPU by
testing HPR-QP (Algorithm 8) with both linearization and direct implementations
on two datasets: the Maros—Mészaros QP dataset and the Mittelmann LP dataset.

The implementation and number of threads may influence the performance of
the algorithm on the CPU, especially for the linearization version. The instances in
the Maros—Mészaros dataset are relatively small (dimensions up to the magnitude
of 10%), while the instances in Mittelmann LP dataset are larger (dimensions up
to 107). For the Maros—Mészdros dataset, we implement the CPU version with
the Single Instruction Multiple Data (SIMD) technique for parallel processing. For

the Mittelmann LP dataset, we implement the CPU version by the multi-threading
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technique with 16 threads, which is the fastest in our experiments.

To evaluate the speedup of GPU compared to CPU, we test the linearization and
the direct on Maros—Mészédros QP dataset (Figures 5.8a and 5.9) and the linearization
on Mittelmann LP dataset (Figure 5.8b). For the linearization version, we observe
that the GPU is slower than the CPU for the instances with problem size less than
103, and faster with problem size larger than 10%, up to 100 times faster with problem
size larger than 10°. For the direct version, the GPU is faster than the CPU for most
of the problems with size larger than 10, up to 7x faster, while CPU is faster (around

10x on average) for most problems with size smaller than 10,
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Figure 5.8: GPU speedup of the linearization version HPR-QP on (a) Maros—
Mészaros dataset and (b) Mittelmann LP dataset.
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Figure 5.9: GPU speedup of the direct version HPR-QP on Maros-Mészaros dataset.

To assess the impact of the linearization technique versus direct linear system
solvers on GPU, we report the runtimes for 30 instances from the Mittelmann LP
dataset and 126 instances from the Maros—Mészaros dataset, restricted to those that
can be solved within one hour by both methods. In Figure 5.10a, we observe that
the linearization is faster for most instances, and it is 2 times faster as a median.
Figure 5.10b suggests that the linearization is faster than the direct for most of the

problems in Mittelmann LP dataset, up to more than 50 (median is 20) times faster.
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Figure 5.10: Time ratio (GPU) of linearization to direct on (a) Maros—Mészéros
dataset and (b) Mittelmann LP dataset.
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To assess the impact of the linearization technique versus direct linear system

solvers using CPU, we show the runtime of 124 instances in the Maros-Mészéros

dataset that can be solved within one hour for both methods. Figure 5.11 indicates

that the linearization is faster for most instances, and it is 2 times faster as a median.
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Figure 5.11: Time ratio (CPU) of linearization to direct on Maros—Mészédros dataset.

We list several representative instances (4 from Maros—Mészaros QP dataset and

4 synthetic instances) in Table 5.1, to compare the performance of linearization and

direct proximal terms on GPU and CPU. For instances like STADAT?2 and control_s,

the direct version is faster than the linearization on the GPU, since the iteration

numbers of the linearization are hundreds of times more. For instances like equality_s

and huber_s, the linearization is faster than the direct version on the GPU, where

the iteration numbers of them are similar. We can also observe that the GPU can

have a significant (though smaller than linearization) speedup if the problem is large
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Table 5.1: Comparison of linearization and direct: iteration counts, GPU runtime, and CPU runtime. Values in parentheses
indicate the iteration counts when reaching 3600 seconds. The first 4 instances are from the Maros—Mészaros dataset, and
the last 4 instances are synthetic.

. rows cols nnz(A) nnz(Q) linearization direct
mstance

iter gpu time cpu time iter gpu time cpu time
BOYD1.mps 18 93,261 558,985 93,261 148,000 20.6 348.2 4,260 17.1 41.0
DTOC3 9,998 14,999 34,993 14,997 199,800 7.6 53.3 3,880 3.1 6.7
EXDATA 3,001 3,000 7,500 2,250,000 73,900 11.7 180.3 8,540 10.7 59.2
STADAT?2 3,999 4,001 11,997 2,000 6,315,900 293.6 561.5 53,780 29.4 26.4
control_5 22,000 32,000 60,022,000 4,023,950 250,400 278.3  (29,905) 3600* 1,160 51.1 963.5
equality_3 10,000 20,000 399,621 30,712,896 800 0.7 45.0 180 68.3 322.2
huber_4 5,000,000 15,050,000 16,000,000 5,000,000 800 5.7 487.4 260 791.7 886.0
portfolio_5 801 80,800 32,080,800 80,800 112,500 74.5 (61,687) 3600* 2,020 33.7 421.7




We make a brief conclusion as follows. If the problem is small (up to 10%), the
CPU is faster than the GPU. If the problem scale grows, the linearization with GPU
is a robust and efficient choice, especially memory-wise. The above suggestion is
just a guideline for the tested dataset, since the performance also depends on the

sparsity, the condition number, and the structure of the problem.

5.2.5 Case study V: Variable update orders

Update Orders For the linear programming, Chen et al. (2024a) set the update
order of the variables to be z,z,y in the HPR method, due to the complementarity
relationship between the variables z and x. Following this idea, by applying the sGS
technique to the restricted Wolfe dual formulation in the CCQP, one may update
the variables z,x,y,w in the orders w — z > w - x s yorz o - w —y > w
(the one discussed in Chapter 4). There are other possible update orders, such as
Z—=w — 2z —> T —yorz—x —y — w — y, which are not proved to be
convergent with the current analysis, since the double-updated variable has a non-
smooth objective. Interestingly, these update orders may still be useful in practice,
and further research is needed to explore their convergence properties.

We show the performance profile of the update orders z — » - w — y —
w (main used), w — z — w — x — y (another theoretically convergent), and
z = w — z - x — y (not yet proved convergent) for solving Maros—Mészéros
dataset in Figure 5.12. It shows that the main used order z — * — w — y — w
outperforms the w — z — w — x — y, and the not yet proved convergent order

z — w — z — x — y also demonstrates competitive performance.
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Figure 5.12: Absolute performance profiles of different update orders for HPR on
the Maros—Mészéaros dataset.

5.3 Comparisons with other solvers

Solvers. We compare to other open-source solvers, including PDQP (Lu and Yang,

2025), an accelerated first-order method based GPU solver for quadratic program-

ming (https://github.com/jinwen-yang/PDQP.jl, downloaded in April 2025); cuPDLP (Lu

and Yang, 2023; Applegate et al., 2021), an accelerated first-order method based GPU

solver for linear programming (https://github.com/jinwen-yang/cuPDLP.jl, down-

loaded in July 2024); CuClarabel (Goulart and Chen, 2024; Chen et al., 2024b), an

interior point solver for convex optimization including QP, SDP, and conic program-

ming (https://github.com/oxfordcontrol/CuClarabel.jl, version 0.10.0); SCS (O’donoghue

et al., 2016; O’Donoghue, 2021), a splitting based conic programming solver (https://github.com /jump-
dev/SCS.jl, version 2.1.0); OSQP (Stellato et al., 2020; Schubiger et al., 2020), a split-
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ting based solver for convex quadratic programming (https://github.com/osqp/OSQP.jl,
version 0.8.1); Gurobi (Gurobi Optimization, LLC, 2025) (version 12.0.2, academic
license), a commercial software for (mixed-integer) linear/quadratic programming.
A summary of the solvers is provided in Table 5.2. SCS only supports the itera-
tive linear system solver on the GPU, while other computations are performed on
the CPU. We only test OSQP on CPU since its GPU version is not robust in our
preliminary experiments. For some instances, the objective value of OSQP results
is not optimal with the tolerance, which might be due to the lack of the objective
gap in its stopping criteria. For QP, Gurobi also supports the simplex method, but
we only test the interior point method since it is more efficient. The presolve and
crossover techniques in Gurobi are turned off in our experiments. The output status
other than optimal will be viewed as failed, and the time will be recorded as 3600
seconds. We turn off the infeasibility detection in SCS, CuClarabel.

For PDQP, we exclude the time spent on data loading and preconditioning from
the measured solve time. In HPR-QP, the time consumed by the power method is
counted as part of the solve time, while PDQP does not include it. For SCS and
CuClarabel, we record only the solve time and exclude any setup overhead. For
Gurobi (Gurobi Optimization, LLC, 2025), we report the solve time as provided by
the solver itself.

In the first experiment, we compare the performance of the solvers for the Maros—
Mészéaros QP dataset on GPU and CPU. In the later experiments, we will focus on

the GPU solvers and present Gurobi’s performance for reference.
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Table 5.2: Summary of the tested solvers.

Solver Method Source Hardware
HPR-QP ADMM/LADMM | Julia CPU/GPU
PDQP LADMM Julia GPU
CuClarabel | IPM Julia/Rust | CPU/GPU
SCS ADMM C Hybrid
OSQP ADMM C CPU/GPU
Gurobi IPM C CPU

We test the solvers, HPR-QP, SCS (direct linear solver), Gurobi, OSQP, on 137
instances of the Maros—Mészaros dataset (excluding the instance VALUES, because
Gurobi reports it to be non-convex) on CPU, and the solvers, HPR-QP, SCS (itera-
tive linear solver), CuClarabel, PDQP, on GPU. Figures 5.13a and 5.13b show that
HPR-QP is the best among first-order solvers on both CPU and GPU, and the in-
terior point solvers Gurobi and CuClarabel are faster than first order solvers. Table
5.3 summarizes the numerical performance of GPU solvers on the Maros-Mészaros
dataset under tolerances 104, 107%, and 1078. It indicates that for 10~® accuracy,
HPR-QP is 3.4x faster than PDQP and 11.6x faster than SCS in terms of SGM10,
and it solves more problems than CuClarabel, though with a slightly higher SGM10.
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Figure 5.13: Absolute performance profiles of solvers on the Maros—Mészaros in-
stances. 31



Table 5.3: Numerical performance of GPU solvers for 137 Maros—Mészéaros instances
under varying tolerances.

Tolerance Metric HPR-QP PDQP SCS CuClarabel

10-4 SGM10 7.4 11.3 328 0.3
Solved 130 133 126 137
10-6 SGM10 10.5 33.1 111.5 3.1
Solved 129 125 106 131
10-8 SGM10 12.6 425 146.6 7.0
Solved 128 124 96 125
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Table 5.4: Benchmark results. GPU solvers (left block) and CPU solvers (right block). Times are in seconds. T =
Timeout. Values like “< 0.01” denote less than 1072

) GPU solvers CPU solvers
instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
AUG2D 0.39 0.99 0.01 1.89 1.63 0.08 0.04 0.04
AUG2DC 0.78 0.86 0.01 1.49 1.80 0.10 0.11 0.07
AUG2DCQP 1.91 76.4 0.19 2.35 3.27 2.45 0.04 0.79
AUG2DQP 0.41 77.4 0.21 3.26 3.08 2.61 0.12 0.81
AUG3D 0.2 0.36 0.02 0.7 0.06 0.07 0.01 0.01
AUG3DC 0.11 0.36 0.01 0.72 0.03 0.02 0.03 0.01
AUG3DCQP 0.17 1.56 0.12 0.8 0.07 0.09 0.01 0.03
AUG3DQP 0.09 1.51 0.14 0.91 0.06 0.12 0.03 0.02
BOYD1 20.64 256 T 397.88 348.20 11.50 0.50 836.94
BOYD2 418.42 T T 393.56 T T 5.89 T
CONT-050 3.69 81.1 0.13 16.28 4.19 2.48 0.04 0.97
CONT-100 8.14 906 0.24 47.94 49.60 42.30 0.17 12.41
CONT-101 41.71 1060 0.26 242.35 253.43 76.60 0.17 35.59
CONT-200 46.7 T 0.62 234.24  1228.11 680.00 0.67 827.03
CONT-201 118.94 T 0.66 1268.57  2991.11 2320.00 0.66 736.72
CONT-300 245.68 T 0.72 3013.98 T T 1.55 T
CVXQP1_L 12.22 115 0.54 54.15 64.65 26.30 F 135.52
CVXQP1M 0.83 8.31 0.15 5.19 0.36 0.18 0.14 0.19
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GPU solvers CPU solvers
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instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
CVXQP1-S 0.21 4.7 0.06 1.54 0.01 0.04 < 0.01 <0.01
CVXQP2_L 0.49 14.5 0.27 1.58 1.00 7.86 2.19 6.93
CVXQP2-M 0.37 3.18 0.12 0.94 0.04 0.09 0.08 0.06
CVXQP2-S 0.11 0.55 0.06 0.77 < 0.01 0.02 < 0.01 <0.01
CVXQP3_L 5.43 319 0.38 37.4 32.06 59.00 43.93  213.33
CVXQP3-M 1.93 63.8 0.21 13.89 1.16 1.51 0.23 0.55
CVXQP3-S 0.22 1.65 0.12 2.44 < 0.01 0.08 0.01 < 0.01
DPKLO1 0.07 0.54 < 0.01 0.79 0.00 0.02 0.00 < 0.01
DTOC3 7.62 102 < 0.01 52.41 53.30 0.13 0.04 0.86
DUALI1 0.08 2.39 0.08 0.86 0.02 0.02 0.01 < 0.01
DUAL2 0.06 1.71 0.07 0.74 0.02 0.01 0.01 < 0.01
DUAL3 0.06 1.52 0.09 0.77 0.02 0.01 0.01 < 0.01
DUAL4 0.04 0.27 0.08 0.75 0.01 0.06 < 0.01 <0.01
DUALC1 0.11 0.62 0.07 3.47 0.01 0.02 0.02 < 0.01
DUALC2 0.08 1.01 0.07 1.93 0.01 0.02 0.02 < 0.01
DUALCH 0.1 4.78 0.06 1.39 0.01 0.02 0.02 < 0.01
DUALCS 0.61 2.03 0.06 1.28 0.02 0.02 0.03 < 0.01
EXDATA 11.66 26.2 0.37 90.66 180.34 4.29 1.44 6.84
GENHS28 0.23 0.18 < 0.01 0.69 < 0.01 0.07 <0.01 <0.01
GOULDQP2 1.53 2110 0.11 5.46 0.15 0.78 0.01 0.08
GOULDQP3 0.18 1.2 0.06 0.9 0.02 0.03 0.01 < 0.01
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GPU solvers

CPU solvers

instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
HS118 0.08 1.48 0.07 0.9 < 0.01 0.01 < 0.01 <0.01
HS21 0.03 0.49 0.05 0.52 < 0.01 0.09 < 0.01 <0.01
HS268 1.05 0.6 0.06 410.76 0.01 0.07 < 0.01 <0.01
HS35 0.03 0.19 0.03 0.71 < 0.01 0.01 < 0.01 <0.01
HS35MOD 0.03 0.17 0.06 0.71 < 0.01 0.01 < 0.01 <0.01
HS51 0.03 0.11 < 0.01 0.81 < 0.01 0.05 < 0.01 <0.01
HS52 0.03 0.17 < 0.01 0.72 < 0.01 0.07 < 0.01 <0.01
HS53 0.05 0.14 0.04 0.71 < 0.01 0.03 < 0.01 <0.01
HS76 0.03 0.24 0.03 0.71 < 0.01 0.01 < 0.01 <0.01
HUES-MC 0.13 0.303 0.2 0.83 0.10 0.09 0.01 0.48
HUESTIS 0.15 0.204 0.06 0.87 0.11 0.06 0.01 4.96
KSIP 0.93 T 0.08 22.66 0.15 482.00 0.02 3.35
LASER 0.5 2.68 0.11 0.77 0.05 0.15 0.03 0.02
LISWET1 T T T T T T 0.74 T
LISWET10 T T T T T T 0.24 T
LISWET11 T T T T T T 2.32 T
LISWET12 T T T T T T 0.16 T
LISWET?2 T T 0.13 T T T 0.11 289391
LISWET3 17.04 T 0.18 183.34 96.34 T 0.11  1244.35
LISWET4 111.28 T 0.2 348.18 632.99 T 0.11  2151.58
LISWET5 42.68 T 0.1 242.85 233.92 2000.00 0.10 806.09
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GPU solvers

CPU solvers

instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
LISWET6 105.33 T 0.15 606.32 273.14 T 0.10  1878.52
LISWET7 T T T T T 1910.00 0.14 T
LISWETS T T T T T T 1.03 T
LISWET9 T T T T T T 2.03 T
LOTSCHD 0.07 1.16 0.06 0.72 < 0.01 0.22 < 0.01 <0.01
MOSARQP1 0.38 1.36 0.2 1.06 0.08 0.86 0.02 0.12
MOSARQP2 0.45 0.41 0.07 0.72 0.02 0.29 0.01 0.02
POWELL20 7.57 99.3 0.139 84.46 31.70 0.25 0.47 323.75
PRIMAL1 0.05 0.46 0.06 0.95 0.02 0.18 0.01 < 0.01
PRIMAL2 0.05 0.4 0.05 0.78 0.02 0.16 0.01 < 0.01
PRIMALS3 0.06 0.55 0.06 1.21 0.04 0.13 0.02 0.01
PRIMALA4 0.06 0.34 0.08 2.02 0.04 0.07 0.01 0.01
PRIMALC1 0.58 239 0.13 T 0.08 T < 0.01 T
PRIMALC2 0.28 64.7 0.08 3.68 0.03 1.61 < 0.01 T
PRIMALC5 0.16 0.9 0.07 1.11 0.02 0.55 < 0.01 T
PRIMALCS 0.42 4.49 0.07 1.36 0.03 0.63 < 0.01 T
Q25FV4T 32.36 T 0.46 245.64 62.62 279.00 0.15 36.44
QADLITTL 0.24 40.8 0.11 1.28 0.01 3.12 < 0.01 0.01
QAFIRO 0.09 1.39 0.08 1.02 < 0.01 0.36 < 0.01 <0.01
QBANDM 1.44 1530 0.15 37.6 0.28 66.40 0.01 1.29
QBEACONF 0.79 2580 0.12 09.41 0.06 6.04 0.01 0.10
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GPU solvers CPU solvers

instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
QBORE3D 8.75 T 0.24 154.75 1.35 442.00 0.01 T
QBRANDY 2.3 437 0.19 24.61 0.39 11.00 0.01 1.41
QCAPRI 30.03 T 0.27 524.47 8.07 T 0.02 55.97
QE226 1.31 T 0.18 43.15 0.32 T 0.01 T
QETAMACR 2.32 T 0.2 29.34 1.26 768.00 0.05 10.08
QFFFFFS80 11.26 T 0.31 198.04 5.54 377.00 0.12 11.68
QFORPLAN 12.65 T 0.18 502.31 3.27 541.00 0.01 15.43
QGFRDXPN 7.1 T 0.17 398.83 291 824.00 0.02 29.65
QGROW15 1.65 T 0.26 127.94 0.66 325.00 0.01 T
QGROW22 2.19 T 0.3 27.55 1.11 444.00 0.02  1864.26
QGROWT 1.58 T 0.18 83.65 0.34 130.00 < 0.01 350.02
QISRAEL 1.26 531 0.16 30.32 0.21 23.10 0.01 1.29
QPCBLEND 0.53 461 0.11 6.97 0.02 2.13 < 0.01 0.01
QPCBOEI1 0.48 320 0.15 4.02 0.20 2.58 0.01 0.57
QPCBOEI2 2.3 T 0.14 64.76 0.58 302.00 0.01 20.17
QPCSTAIR 0.64 62.3 0.19 4.2 0.15 2.00 0.02 0.11
QPILOTNO 143.46 T T T 84.82 T 0.08 T
QPTEST 0.04 0.24 0.04 0.71 < 0.01 0.02 < 0.01 <0.01
QRECIPE 0.25 1.18 0.12 1.08 0.01 0.07 < 0.01 <0.01
QSC205 1.26 12.5 0.13 16.1 0.07 0.09 < 0.01 <0.01
QSCAGR25 1.05 2050 0.16 17.46 0.23 8.15 0.01 T
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instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
QSCAGRT7 0.92 1390 0.12 36.54 0.05 9.60 < 0.01 T
QSCFXM1 4.18 T 0.23 51.12 1.28 146.00 0.01 T
QSCFXM2 10.61 T 0.29 129.63 4.85 437.00 0.03 53.95
QSCFXM3 12.71 T 0.34 119.68 6.82 1710.00 0.04 101.04
QSCORPIO 2.02 70.8 0.09 29.43 0.59 0.67 0.01 T
QSCRS8 4.07 T 0.33 04.4 1.72 138.00 0.02  1281.18
QSCSD1 0.16 10.5 0.08 1.61 0.03 0.13 0.01 0.11
QSCSD6 0.28 315 0.11 3.85 0.13 7.28 0.01 T
QSCSD8 1.31 68.9 0.1 14.92 1.39 2.24 0.02 0.16
QSCTAP1 0.24 224 0.16 3.67 0.04 2.18 0.01 T
QSCTAP2 0.2 2.27 0.15 1.89 0.08 0.50 0.03 T
QSCTAP3 0.73 8.57 0.14 1.86 0.13 0.82 0.04 T
QSEBA 6.01 T 0.28 166.81 2.68 32.10 0.07 5.61
QSHARE1B 3.48 T 0.23 81.64 0.45 5.25 < 0.01 27.23
QSHARE2B 3.46 013 0.11 629.62 0.19 24.80 < 0.01 T
QSHELL 1.68 605 0.54 15.38 3.01 5.48 0.19 1.13
QSHIPO4L 1.31 386 0.1 23.31 0.66 10.10 0.01 1.68
QSHIP04S 1.75 40.2 0.1 10.87 0.46 0.83 0.01 0.22
QSHIPOSL 2.11 434 0.2 7.27 3.74 19.60 0.09 5.38
QSHIPO8S 1.22 122 0.15 8.57 1.18 6.54 0.06 0.55
QSHIP12L 4.49 143 0.21 38.42 20.32 8.91 0.15 2.62
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GPU solvers CPU solvers

instance

HPR-QP SCS (iterative) CuClarabel PDQP HPR-QP SCS (direct) Gurobi OSQP
QSHIP12S 1.79 35.6 0.14 17.4 3.50 0.99 0.06 0.69
QSIERRA 0.46 689 T 64.41 0.34 15.10 0.02 1.17
QSTAIR 1.38 390 0.16 9.53 0.46 4.57 0.02 6.13
QSTANDAT 0.38 109 0.14 2.79 0.02 1.01 0.01 0.50
S268 1.06 0.54 0.06 395.58 0.01 0.10 < 0.01 <0.01
STADAT1 1005.33 T 0.08 T 2187.98 T F T
STADAT?2 293.6 T 0.18 1006.87  561.55 3140.00 0.03 T
STADAT3 426.29 T 0.23 1567.37  1622.14 T 0.09 T
STCQP1 0.07 0.68 0.11 0.74 0.11 0.12 0.16 0.02
STCQP2 0.16 0.7 0.13 1.27 0.34 0.23 0.25 0.06
TAME 0.01 0.1 0.03 0.64 < 0.01 0.06 < 0.01 <0.01
UBH1 442.78 T 0.14 T T 10.10 0.08 6.76
YAO T T T T T T 0.03 T

ZECEVIC2 0.43 0.25 0.04 0.62 < 0.01 0.03 < 0.01 <0.01




The scale of Maros—Mészaros dataset is relatively small, which may not fully cap-
ture the performance of GPU solvers. Following Section 8 of Stellato et al. (2020),
we generated 30 large-scale synthetic CQP instances across six problem classes: ran-
dom QP, equality constrained QP, optimal control, portfolio optimization, and huber
fitting. The dimension of the instances can be up to 107, and the number of nonzeros
in A and Q is up to 10®. Details can be found in Table 5.6. The performance of GPU
solvers and Gurobi is listed in Table 5.5 and visualized in Figure 5.14. HPR-QP suc-
cessfully solves all instances within one hour. Its SGM10 in runtime is approximately
2.2x and 3.3x faster than CuClarabel and PDQP, respectively. As shown in Fig-
ure 5.14, HPR-QP solves about 85% of the instances in approximately 100 seconds,
whereas CuClarabel solves about 75% of the instances in the same time frame, and
PDQP solves about 60%. These results clearly demonstrate the superior efficiency
and scalability of HPR-QP. The performance of CuClarabel compared to Gurobi also
partially proves that the interior point method on GPU can have a clear speedup
over the CPU version. We list the runtime of the solvers for synthetic instances with

108 accuracy in Table 5.7.

Table 5.5: Numerical performance of different solvers for 30 synthetic QP instances
under varying tolerances.

Tolerance Metric HPR-QP PDQP SCS CuClarabel Gurobi

10-4 SGM10 8.6 42.6 648.9 39.1 230.4
Solved 30 28 13 25 20
10-6 SGM10 14.3 51.9 781.5 41.4 238.2
Solved 30 28 13 25 19
10-8 SGM10 19.6 63.8 847.7 43.1 242.8
Solved 30 27 12 25 19
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Figure 5.14: Absolute performance profiles of solvers on the synthetic dataset.
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Table 5.6: Problem dimensions and sparsity of matrices A and () in the synthetic
CQP instances.

Instance Rows Cols nnz(A) nnz(Q)

random_1 5.00 x 10° 5.00 x 10* 1.00 x 106 2.50 x 10°
random_2 1.00 x 106 1.00 x 10° 2.00 x 108 5.01 x 10°
random_3 5.00 x 10° 5.00 x 10° 1.00 x 107 2.50 x 10°
random _4 1.00 x 107 1.00 x 106 2.00 x 107 5.00 x 10°
random_5 5.00 x 107 5.00 x 108 1.00 x 108 2.50 x 107
equality_1 5.00 x 10? 5.00 x 103 1.99 x 10° 6.80 x 10°
equality_2 5.00 x 10° 1.00 x 10* 2.00 x 10° 1.47 x 107
equality_3 1.00 x 10* 2.00 x 10* 4.00 x 10° 3.07 x 107
equality_4 2.50 x 10* 5.00 x 10* 1.00 x 106 7.87 x 107
equality_H 5.00 x 10* 1.00 x 10° 2.00 x 10° 1.59 x 108
control_1 2.20 x 10? 3.20 x 10° 6.02 x 10° 4.24 x 10*
control_2 5.50 x 10° 8.00 x 10? 3.76 x 106 2.56 x 10°
control_3 1.10 x 10* 1.60 x 10* 1.50 x 107 1.01 x 108
control 4 1.65 x 104 2.40 x 10* 3.38 x 107 2.27 x 106
control_5 2.20 x 10* 3.20 x 10* 6.00 x 107 4.02 x 10°
portfolio_1 4.01 x 102 4.04 x 10* 8.04 x 10° 4.04 x 10*
portfolio_2 5.01 x 102 5.05 x 10* 1.26 x 107 5.05 x 10*
portfolio_3 6.01 x 102 6.06 x 10* 1.81 x 107 6.06 x 10*
portfolio_4 7.01 x 102 7.07 x 10* 2.46 x 107 7.07 x 10*
portfolio_5 8.01 x 102 8.08 x 10* 3.21 x 107 8.08 x 10*
huber_1 5.00 x 10° 1.51 x 106 1.60 x 106 5.00 x 10°
huber_2 1.00 x 108 3.01 x 10° 3.20 x 10° 1.00 x 106
huber_3 2.00 x 108 6.02 x 108 6.40 x 109 2.00 x 109
huber_4 5.00 x 10° 1.51 x 107 1.60 x 107 5.00 x 10°
huber_5 1.00 x 107 3.01 x 107 3.20 x 107 1.00 x 107
svm_1 1.00 x 106 1.01 x 106 1.40 x 106 1.00 x 10*
svm_2 2.00 x 108 2.02 x 106 2.80 x 109 2.00 x 10*
svm_3 5.00 x 10° 5.05 x 109 7.00 x 109 5.00 x 10*
svm_4 1.00 x 107 1.01 x 107 1.40 x 107 1.00 x 10°
svm_b 2.00 x 107 2.02 x 107 2.80 x 107 2.00 x 10°
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Table 5.7: Comparison of solver runtimes (in seconds) for synthetic QP instances. T
= Timeout, M = Memory out.

Instance HPR-QP PDQP SCS CuClarabel Gurobi

random_1 6.5 342.7 T 144.0 T
random_2 11.2 1442.2 T 1010.0 M
random_3 73.7 T T M M
random_4 198.6 T T M M
random_5 2173.4 T T M M
equality_1 0.3 1.3 1.1 0.1 16.6
equality_2 0.5 1.5 1.6 0.3 71.8
equality_3 1.0 1.9 3.0 1.9 449.2
equality_4 8.6 3.4 9.3 32.1 T
equality_5 5.5 5.9 21.7 M M
control_1 14.5 46.5 32.7 0.5 0.5
control_2 22.4 77.8 84.1 1.9 4.7
control_3 66.1 233.4 367.0 11.9 29.9
control_4 131.5 433.6 577.0 9.1 92.1
control_5 270.5 655.6 1470.0 30.2 215.9
portfolio_1 12.2 56.8 T 1.3 3.6
portfolio_2 22.2 190.3 T 1.5 5.9
portfolio_3 33.3 179.5 T 1.5 9.7
portfolio_4 45.8 179.2 T 2.2 13.9
portfolio_5 72.3 458.3 T 3.2 20.1
huber_1 2.0 2.0 T 1.3 5.6
huber_2 1.6 2.2 T 2.7 17.6
huber_3 3.7 3.1 T 5.0 1732.2
huber_4 7.2 6.5 T 14.0 M
huber_5 14.3 12.1 T 41.8 M
svm_1 0.7 0.9 300.0 1.1 42.6
svm_2 0.8 1.1 2190.0 3.2 116.8
svm_3 1.8 1.6 T 23.9 398.7
svm_4 5.6 2.6 T 158.0 M
svm_b 8.3 4.2 T M M

Given matrices E, B € S4, a good lower bound for the QAP (Anstreicher and
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Brixius, 2001) can be obtained by solving the following CQP:

min {(Vec(X), Qvec(X)) | (eT @ I)vec(X) =, (I; @€' ) vec(X) = e, vec(X) > 0} :
vec(X)eR4?

where matrix @ e S* is given by @ = (§ RA-T®S — T®I), with S,T € S,
which corresponds to the self-adjoint positive semidefinite linear operator @ defined

by O(X) := (AXB — SX — XT)VX € R¥? HPR-QP uses the operator form in

practice.

Computation of the matrices S and 7. Let A= V4DV, and B = VDpVy
be the eigenvalue decompositions of A and E, where Dy = diag(ay,...,aq), Dp =
diag(f1,...,04), with ag > -+ > ag and By < --- < B4. Let (5,1) be the solution to
the linear program: max{(e,s +1) | s; +t; < a;f5;, Vi,j =1,...,d}, which admits
a closed-form solution as described in Anstreicher and Brixius (2001). Then, S =
Vydiag(s)V,, T = Vg diag(t)Vy .

We tested 36 instances with 50 < d < 256 from the QAPLIB benchmark
set (Burkard et al., 1997) (excluding instance sko90, which Gurobi reports as non-
convex). The numerical results are summarized in Table 5.8. It shows that HPR-QP
significantly outperforms SCS, the second-best first-order solver in this category,
achieving a speedup of approximately 18.3x at 10~® tolerance and 6.3x at 10~°
tolerance. Table 5.8 demonstrates that HPR-QP outperforms SCS approximately
18.3x, and Gurobi approximately 5.7x at 1078 tolerance. We list the runtime of the
solvers for QAP instances from QAPLIB with 10~® accuracy in Table 5.9.
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Table 5.8: Numerical performance of different solvers for 36 QAP relaxation instances
under varying tolerances.

Tolerance Metric HPR-QP PDQP SCS CuClarabel Gurobi

104 SGM10 0.4 1.3 0.5 4.2 22.8
Solved 36 36 36 36 36
10-6 SGM10 1.8 1241 11.3 13.6 24.8
Solved 36 23 36 33 36
10-8 SGM10 4.7 1494 86.0 114.9 26.8
Solved 36 23 36 22 36
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Table 5.9: Comparison of solver runtimes (in seconds) for QAP instances from
QAPLIB. T = Timeout, F = Failure.
Instance HPR-QP PDQP SCS CuClarabel Gurobi

escl28 1.9 0.7 0.3 F 1.5
escb4a 0.1 0.7 0.2 0.2 0.2
lipab0a 0.8 5.8 9.4 0.5 2.7
lipa50b 1.2 5.7 4.5 0.6 2.7
lipa60a 0.9 14.3 17.7 0.8 7.5
lipa60b 1.5 4.3 8.3 0.9 7.6
lipa70a 1.1 5.1 19.6 1.5 18.2
lipa70b 1.3 6.2 10.8 1.4 19.0
lipa80a 1.2 31.6 14.5 2.0 40.3
lipa80b 1.6 12.4 15.7 2.3 40.5
lipa90a 1.0 11.7 26.3 3.0 84.5
lipa90b 1.7 11.4 26.9 3.5 88.4
sko100a 8.1 T 703.0 F 30.7
sko100b 5.8 T 501.0 F 30.2
sko100c 16.0 T 906.0 F 32.8
sko100d 11.4 T 1150.0 F 32.8
sko100e 56.9 T 1510.0 F 34.3
sko100f 30.1 T 761.0 F 32.1
skob6 2.5 754.4 102.0 F 2.1
sko64 8.2 T 249.0 F 4.3
sko72 6.5 T 267.0 F 6.8
sko81 6.6 T 421.0 F 12.1
tail00a 0.5 38.2 14.4 4.9 149.5
tail00b 2.4 145.1 455.0 16.0 204.4
tail50b 1.9 277.2 562.0 152.0 3525.4
tai2b6¢ 0.1 2.5 3.0 55.9 108.2
taib0a 0.5 2.5 2.3 0.5 2.6
taib0b 2.0 62.5 125.0 0.8 2.9
tai60a 0.7 2.6 2.7 0.8 7.1
tai60b 2.7 21.2 192.0 1.4 7.6
taib4dc 0.1 0.7 0.2 0.2 0.1
tai80a 0.6 3.5 6.6 2.1 41.4
tai80b 2.3 T 257.0 4.4 48.8
tho150 31.8 T 2570.0 F 494.0
wil100 18.1 T 1760.0 F 36.9
wilb0 15.7 T 250.0 F 1.6
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We generate synthetic QAP instances with size d > 256 for testing the scalability

of HPR-~QP, and the advantage of the implicit matrix representation of ().

Generation of A and B for synthetic QAP. We uniformly sample d points in
the unit square [0,1)?, and define the matrix A as their pairwise Euclidean distance
matrix, i.e., /Alij = |[(x;,y:) — (x,y;)||. The matrix B is constructed as a symmetric
random matrix with entries drawn uniformly from [0, 1) and zero diagonal.

We report the results for HPR-QP in Table 5.10, highlighting its crucial advantage
of operating without an explicit matrix form of ). Notably, HPR-QP successfully

solves QAP relaxation instances up to d = 8192, demonstrating its scalability and

efficiency in matrix-free settings.

Table 5.10: The runtimes of HPR-QP on extremely large-scale QAP relaxations.

d 104 106 10-8
256 0.8 3.0 6.0
512 1.3 4.0 9.3
1024 3.6 26.3 73.3
2048 73.0 291.0 700.0
4096 32.0 3640.0 9580.7
8192 188.6 61905.6 126547.9

Consider the following LASSO problem:

1 - -
min{—||Ax—b||2+/\||x||1}, (5.3)

zeRa | 2

where A € RP*4 beRP , and A > 0 is the regularization parameter. This problem

can be equivalently reformulated as the following CQP:

, 1L 2 ~ - .
L {§||8H —i—)\izlti s=Ax—b, —t; <x; <t;, 1= 1,...,q}. (5.4)

We evaluate performance on 11 LASSO instances from the UCI Machine Learn-
ing Repository (as used in Li et al. (2018a)), originally sourced from the LIBSVM
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datasets (Chang and Lin, 2011). Table 5.11 summarizes the dimensions and number
of nonzeros in A. The parameter A = 10’3||;1\r3||00. We apply HPR-QP directly to
the original LASSO problem (5.3) without forming the explicit matrix representa-
tion of Q) = AT ﬁ’ while other solvers solve the equivalent CQP reformulation (5.4).
We list the runtime of the solvers for UCI LASSO instances with 10~% accuracy in

Table 5.12.

Table 5.11: Dimensions and number of nonzeros in A for UCI LASSO instances.

Instance P q nnz(A)

abalone7 4177 6435 22873422
bodyfat7 252 116280 29302560
E2006.test 3308 150358 4559533
E2006.train 16087 150360 19971015
housing7 506 77520 39225120

log1p.E2006.test 3308 4272226 22474250
loglp.E2006.train 16087 4272227 96731839

mpg 392 3432 1174932
pyrimb 74 201376 8054057
space_ga9 3107 5005 15550535
triazines4 186 635376 77638169

Table 5.12: Solver runtime comparison (in seconds) for UCI LASSO instances. T =
Timeout.

Name HPR-QP PDQP SCS CuClarabel Gurobi
abalone7 10.5 372.5 T 24.4 127.3
bodyfat7 1.2 33.3 T 2.2 30.8
E2006.test 0.2 1.3 T 15.4 9.0
E2006.train 0.7 1.9 T 116.0 277.8
housing7 22.6 123.3 T 5.7 125.9
loglp.E2006.test 7.0 1416.9 T 196.0 137.0
loglp.E2006.train 17.3 2983.2 T 361.0 878.8
mpg7 0.6 18.1 2000.0 0.3 1.2
pyrimb 49.1 410.6 T 3.5 35.9
space_ga9 0.6 62.7 1210.0 6.7 38.1
triazines4 401.3 3533.3 T 26.0 843.1

To further evaluate the scalability of the proposed method, we generated 5 larger
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LASSO instances following Appendix A.5 of Stellato et al. (2020) with p = 2x10°,4x
10°,6x10%,8x10%,10% and ¢ = 107. The parameter A = £||ATb||o. Numerical results
are summarized in Figure 5.15. HPR-QP consistently outperforms PDQP on these
instances and is 5x faster on average. PDQP cannot solve the largest instance due

to the memory limit.

103

EEE HPR-QP
== PDQP

10?2

Solve Time

101! A

p=2e5, p=4e5, p=6e5, p=8e5, p=1e6,
q=1e7 q=1e7 q=1le7 gq=1e7 q=1e7

Problem (p, q)

Figure 5.15: The performance of HPR-QP and PDQP on the synthetic LASSO
instances.

99



100



Chapter 6

Conclusions and future work

6.1 Conclusions

In this thesis, we developed a GPU-oriented solver for convex composite quadratic
programming based on the Halpern Peaceman—Rachford (HPR) method. By inte-
grating the restricted Wolfe dual formulation and symmetric Gauss—Seidel decompo-
sition, we established an efficient and robust algorithm with an O(1/k) convergence
rate in terms of the KKT residual. Numerical enhancements, including adaptive
restart and penalty parameter tuning, were shown to further improve practical per-
formance. On the implementation side, the solver was carefully designed to exploit
GPU parallelism without any linear system solver or preconditioner, relying only on
matrix-vector multiplications and vector-level operations. This design enables scal-
ability to very large problem instances and applicability to important domains such
as quadratic assignment and LASSO regression. Extensive experiments confirmed
that the proposed solver consistently outperforms state-of-the-art methods in both
speed and scalability, demonstrating its potential as a practical tool for large-scale

optimization.
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6.2 Future work

Looking ahead, several directions appear promising. First, extending the HPR
framework to more general constrained optimization problems, such as quadratically
constrained quadratic programming and structured nonconvex formulations, could
broaden its scope. Second, incorporating presolve routines and mixed-precision com-
putation may enhance robustness and GPU efficiency. Third, adaptive parameter
selection strategies, informed by machine learning or problem-specific heuristics, of-
fer potential for automated solver tuning. At last, integrating the solver into broader
optimization toolkits and testing it on large-scale real-world applications in machine
learning, finance, control, and combinatorial optimization would both validate its

effectiveness and provide avenues for further refinement.
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