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Abstract

The stochastic vertical linear complementarity problem (SVLCP) provides a math-
ematical model encompassing the optimality conditions of stochastic linear and
quadratic programs, as well as stochastic bimatrix games. Various formulations and
variants of the SVLCP have been proposed and analyzed in the literature. This
thesis introduces a new stochastic minimization formulation designed to obtain robust
solutions for systems of SVLCPs. The proposed formulation minimizes a risk function
subject to stochastic vertical linear complementarity constraints. The content is
mainly divided into the following two aspects.

The first part of this thesis addresses the case where the underlying probability
space consists of finitely many scenarios. We reformulate the proposed formulation
with a finite support set as a linearly constrained piecewise smooth minimization
problem by a penalty method. We prove the existence of exact penalty parameters
regarding global and local minimizers. We define a smoothing function of the
piecewise smooth objective function and show that the smoothing function satisfies
the Kurdyka-Lojasiewicz (KL) property. Moreover, we propose a smoothing block
coordinate descent (SBCD) algorithm, and prove that the sequence generated by the
algorithm globally converges to an e-Clarke stationary point of the penalty problem
by the KL property for any € > 0. Finally, we apply our formulation and algorithm
to portfolio selection problems with real data. Numerical results demonstrate the

robustness of our approach.
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The second part of the thesis investigates the sample average approximation
(SAA) of the stochastic minimization formulation. We begin by introducing an
implicit reformulation of the original problem, which is then approximated through
the SAA scheme. The convergence properties of this approximation are analyzed in
two folds. First, as the sample size tends to infinity, the optimal value of the SAA
problem converges to the counterpart in the true problem. Second, as the sample
size approaches infinity, an optimal solution of the SAA problem becomes an optimal
solution of the true problem with probability one (w.p. 1). Moreover, we prove the
uniform exponential convergence of the objective values and further show that this
result implies exponential convergence of the SAA solutions toward the solution set of
the original problem. Finally, the theoretical findings are complemented by extensive
numerical experiments on portfolio selection problems, which confirm the convergence

behavior of the SAA method.
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Chapter 1

Introduction

The first chapter gives an introduction to our model and presents a literature review

on related topics.

1.1 Background

Let £ : © — R! be a random variable defined in the probability space (2, F,P)
with a support set = C R! and M : & — R™ be the space of measurable functions.

In this thesis, we consider the following stochastic minimization problem: find

(z,u(-)) € R™ x M which solves

A
min - E[A©)z — w(©°] + [
s.t. 0<Bx+bl Hr+h2>0,
0 < D(Qu(€) +c(§) L M(§u(§) +4q(§) =0 for ae. £ €E,

(1.1.1)

where E[-] denotes the expected value over =, A > 0 is a regularization parameter,
B,H ¢ R"*™ b h € R A(-) : 2 — R™" D(-),M(-) : 2 — R™>*™ and ¢(-), q(-) :
= — R™ are matrix and vector valued mappings, respectively; y L z means y'z = 0
for any 3,z € R? the abbreviation “a.e.” stands for “almost everywhere”. The
constraints in problem (1.1.1) is a system of stochastic vertical linear complementarity

problems. Obviously, the vertical linear complementarity problem (VLCP) is a



generalization of the linear complementarity problem (LCP). For VLCP and LCP,
see the references [15, 18, 21, 22, 44]

1.2 Literature review

Problem (1.1.1) can be viewed as a stochastic mathematical program with equilibrium
constraints (SMPEC), which has been studied for two decades [16, 31, 38, 42].

In [38], Patriksson and Wynter first introduced a clear and rigorous formulation
of SMPECs, combining stochastic optimization with equilibrium constraints. This
extends the classical framework of mathematical programs with equilibrium constraints
(MPECs) [33] to incorporate stochastic elements, making them applicable to real-
world problems involving uncertainty. They also discussed the existence of solutions
to SMPECs and provide sufficient conditions under which solutions exist. Then, in
[13], Christiansen et al. proposed an SMPEC model to address a class of stochastic
bilevel programming problems in structural optimization. Their approach captures
uncertainties such as material properties and loading conditions within a hierarchical
decision-making framework, where the upper-level represents the designer’s objectives
and the lower-level models system responses or constraints. Through numerical
examples, they demonstrate that the SMPEC model enables robust and efficient
structural designs under uncertainty. In [42], Shapiro and Xu considered the following
SMPEC

min  E[®(z,u(§),§)]
st. xzeX, (1.2.1)
0€ U(z,u(§),£) + Ne(u(§)) forae €5,

where X C R" is a nonempty set, ® : R* x R™ x R — R and ¥ : R” x R™ x Rl — R™,
C C R™ is a nonempty convex closed set and N¢(u(€)) denotes the normal cone to
C at u(§). Shapiro and Xu [42] discussed the sample average approximation (SAA)

method applied to (1.2.1) with a focus on the case where the variational constraint
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has a unique solution for every x € X and almost every realization of £ € =. In [16],
Cui et al. established complexity bounds of implicit smoothing first/zeroth-order
methods under assumption that ¥(z, -, &) is strongly monotone which can ensure the
stochastic variational constraint has a unique solution for every z € X and almost
every realization of £ € Z. In [31], Lin et al. considered a mathematical program with
linear complementarity constraints (SMPLCC) where the variational constraint in

(1.2.1) is the linear complementarity constraint as follows
0 < ul€) L M©)u(€) +q(€) + N(E)a + 2(€) 2 0, 2(6) > 0 forae. £ €Z, (1.22)

where N(§) € R™*™ and z(£) € R™. Under Assumption that M () is a Ry matrix
for every £ € Z, Lin et al. [31] established convergence of a combined smoothing
implicit programming and penalty method for the problem with a finite set =. From
[15, Proposition 3.9.23|, such assumption implies that the solution set of the linear
complementarity problem (LCP) in (1.2.2) is bounded for any z € & and £ € =.

To the best of our knowledge, the relatively complete recourse condition has been
assumed in most existing literature on SMPEC, which means that the “wait and
see” solution u(§) of the stochastic variational constraint of (1.2.1) exists for every
r € X and almost every ¢ € =. However, in practice, relatively complete recourse
condition may fail in many real-world applications. As an example given in [12], when
considering to make a decision on building a power station for providing electrical
power to satisfy the demand, it could be practically impossible to make sure that
the uncertain demand will be satisfied under any possible circumstances. Other
example is from forecast of future traffic state for public transport project design and
evaluation based on robust Wardrop’s user equilibrium assignment [53]. In a global
traffic network, some local traffic networks contain uncertainties in demand and road
capacity and have their own equilibrium state u(£) between the travel demand and
supply at any scenario £&. The forecast of traffic state of global networks is based on

3



the expected valued of Wardrop’s user equilibrium assignment which provides a set
X of “here and now” solutions. It is possible that some local networks do not have
equilibrium state with additional recourse N (&) in their demand for any x € X and
ek,

To find a robust solution without assuming the relatively complete recourse
condition for SMPEC, we propose the stochastic minimization model (1.1.1). For the
traffic equilibrium problems, a “here and now” solution z* is a solution of expected

value formulation of the stochastic LCP
0<z LE[H(E)x+h(€)] >0,

where H(€) € R™™ and h(£) € R” for £ € Z. A “wait and see” solution u(€) is a

solution of the stochastic LCP
0 <wu(é) L M(Eu()+q(€) >0 forae. ez

The objective is to minimize the expected distance between the sub-vector of z* at
local networks and u(€). For such case, in problem (1.1.1), ny =n,m; = m,n > m,
B =1, D) =I,b=0,c& =0, H=EH()),h=Eh()) and A(f) = A'is a
projection from a global variable to a local variable.

Problem (1.1.1) is a generalization of SMPLCC in the sense that the linear
complementarity constraints are vertical linear complementarity constraints (VLCC)
with ny < n,m; <m,m <n. Note that the stochastic VLCC is independent of the
“here and now” variable x, and thus the relatively complete recourse condition is not

necessary for the study of problem (1.1.1). The robustness of the “here and now”

solution is achieved by minimizing the objective function.



1.3 Summary of contributions of the the-
Sis
The contributions of this thesis are summarized as follows.

e In the first part, to find approximate solutions of problem (1.1.1), we consider
the probability space based on finitely many scenarios = = {¢1, ..., {n }, where
each & € R! has a known probability p; > 0 and these probabilities sum up to

one.

— We propose a stochastic minimization model (1.1.1) to find a robust
solution of a system of stochastic vertical linear complementarity problems
(SVLCPs). We present a penalty reformulation (3.0.2) of the discrete
problem (3.0.1). We show that the solution set of (3.0.1) is not empty
and bounded, and there is a penalty parameter p* > 0 such that problem
(3.0.1) and problem (3.0.2) with any p > p* have same global minimizers.
Moreover, any local minimizer of problem (3.0.1) is a local minimizer of

problem (3.0.2).

— Using the block structure of the constraints in problem (3.0.2), we develop
a smoothing block coordinate descent (SBCD) algorithm for (3.0.2). At
each step of the algorithm, we can solve N convex quadratic programs
in parallel. We prove that the smoothing function ¢ satisfies the KL
property and the sequence generated by the algorithm globally converges
to an e-Clarke stationary point of the penalty problem (3.0.2) by the KL

property for any € > 0.

— To verify the efficiency of our approach, we applied (3.0.2) and the SBCD
algorithm to robust portfolios selection problems under uncertain envi-

ronment. The “here and now” solution is expected valued formulation
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of stochastic LCP for global portfolios, while the “wait and see” solution
is from stochastic LCP formulation of local portfolios in unstable assets,
as the most active part of the global portfolios. Consequently, we obtain
favorable out-of-sample performances in both single-asset and industry

stress tests.

e In the second part, we consider the sample average approximation (SAA)

method for solving problem (1.1.1).

— First, we present an implicit reformulation for problem (1.1.1) which
eliminates the term «(§) and therefore is of help for convergence analysis.

Then we approximate it with the SAA method.

— Next, we conduct a convergence analysis for the SAA problem. Specifically,
we show that, as the sample size N — oo, the optimal value and optimal
solutions of the SAA problem converge to their counterparts of the true

problem with probability one.

— Next, we establish the uniform exponential convergence of the function
values and, furthermore, translate this convergence to the exponential
convergence of an optimal solution of the SAA problem converging to the

set of optimal solutions of the true problem.

— Finally, we also conduct extensive numerical experiments on the aforemen-
tioned portfolio selection problems to show the convergence of the SAA

method.

1.4 Organization of the thesis

The thesis is organized as follows.



e In Chapter 1, we introduce the background and provide a literature review on
the stochastic mathematical programming with equilibrium constraints and the

relatively complete recourse condition.

e In Chapter 2, we first give basic notation and concepts. Then, we give a
comprehensive introduction to the KL property and KL functions, especially

the semialgebraic functions.

e In Chapter 3, we consider the case of a discrete finite support set =. Specifically,
we first propose an exact penalization problem which partially penalizes the
constraints and then design a smoothing block coordinate descent (SBCD)
algorithm for solving the penalty problem. Then, we show the convergence
analysis of our SBCD algorithm. Finally, we conduct extensive numerical

experiments for the portfolio selection problem.

e In Chapter 4, we consider the SAA problem and its convergence analysis.
Specifically, we first give an implicit reformulation of the original problem and
then approximate it with the SAA method. Then, we present convergence
analysis on the SAA problem and show its exponential convergence rate. Finally,

numerical experiments do support the convergence analysis.

e In Chapter 5, we summarize the main results of our work and list some possible

future works.






Chapter 2

Preliminary

2.1 Notation

Throughout the thesis, we use the following notation. We use || - || to denote the
ly-norm for both vectors and matrices. Let [N] be the index set {1,---, N}. For
any vectors z,y € R", min(x,y) = (min(zy, 1), - - ,min(xn,yn))T. For a closed set

X C R, denote its convex hull by conv(&X’), and the distance of z € R™ to X’ by

dist(, ) = it |}o — y].

For two closed sets &', Y C R", let D(Y, X') := sup,¢y dist(y, X') denote the deviation
of YV from the set X'. Furthermore, the normal cone of a closed and convex set X at

r € X is denoted by
Ny(x)={veR": (v,z—x) <0, forall z€ X}.
Denote by B, (a) the k-dimensional closed ball of radius v > 0 centered at a point
a €RF ie., By(a) = {z e R¥: ||z —a|| <~v}. We use B% to denote B,(0) for 0 € R*.
For a proper lower semicontinuos function ¢ : R* — R U {400}, the domain is
defined by dom ¢ = {y : p(y) < co}. For each y € dom ¢, the regular subdifferential
[39, Definition 8.3(a)] is defined by

R Co(z) —ely) = (02— y) }
o) = {o em: g A= G =0 >




The limiting subdifferential [39, Definition 8.3(b)] at y € dom ¢ is then given by

Dp(y) = {v e R™: 3y, — y,0(y) — @(y), v € Dply) — v} :

For a locally Lipschitz continuous function ¢ : R® — R, the Clarke subdifferential

[14, section 1.2] at y* € R™ is defined by

dp(y*) = conv { lim Vo(y) : ¢ is differentiable at y} :

y—y*

We say that x* € X is an e-Clarke stationary point of ¢ over a nonempty closed

convex set X if

dist (0, 0p(x*) + Nx(z*)) < e

for € > 0.

2.2 Kurdyka-Lojasiewicz property
First, recall the definition of Kurdyka-Lojasiewicz (KL) property.

Definition 2.1 (KL property and KL function). We say that a proper closed function
g:R" = (—o0,00] has the KL property at w € domdyg if there exist a neighborhood
N of w, a € (0,00] and a continuous concave function v : [0, a) — Ry with (0) =0

such that the following conditions hold.
(i) 1 is continuously differentiable on (0, ) with ¥ > 0 over (0, «).

(ii) For Vw € N with g(w) < g(w) < g(w) + «, one has

W (g(w) — g(w)) dist(0, dg(w)) = 1.

Furthermore, if g satisfies the KL property at every point in domOg, then it is called

a KL function.

10



Definition 2.2 (KL exponent). For a proper closed function g satisfying the KL
property at w € domdf, if the corresponding function 1 can be chosen as(s) = cs'™7

for some ¢ >0 and o € [0,1), i.e., there exist c,e > 0 and a € (0,00] so that

dist(0, dg(w)) = c(g(w) — g(w))".

where ||w — w|| < € and g(w) < g(w) < g(w) + «, then we say that g has the KL
property at w with an exponent of v. If f is a KL function and has the same exponent

v at any w € domdf, then we say that g is a KL function with an exponent of .

Remark 2.1. A proper closed function f satisfies the KL property with any exponent
v € [0,1] at any non-critical point & € domOf [29, Lemma 2.1]. Thus, to show that
a proper closed function f is a KL function, it suffices to show that f satisfies the

KL property at critical points.

The KL property is a fundamental concept in optimization and variational analysis,
especially in the study of nonsmooth and nonconvex problems. It provides a unifying
framework to analyze the convergence behavior of iterative algorithms for a broad
class of optimization problems. This property traced its origins to the work of
Lojasiewicz in 1963 [32], who introduced a gradient inequality for analytic functions,
and was later extended by Kurdyka in 1998 [25] to more general settings.

Originally introduced for real analytic functions, Lojasiewicz [32] showed that

every critical point of a real analytic function f, satisfies a gradient inequality

IVf(@)]] = Clf(x) = flaD)], (2.2.1)

where z* is a critical point, C' > 0, and v € [0,1) is a constant depending on the
function and the critical point. This inequality became a cornerstone in proving
the local convergence of gradient-based method near critical points for analytic

functions. Then, Kurdyka [25] extended the gradient inequality to the class of

11



differentiable functions definable in an o-minimal structure. Subsequently, in [6],
Bolte et al. explored and proposed the KL property for nonsmooth functions,
including those encountered in modern optimization. The KL property has been
instrumental in analyzing the convergence of various first-order methods including
proximal algorithm [1, 24|, difference-of-convex algorithm [45], proximal alternating
linearized minimization algorithm [7], Douglas-Rachford splitting algorithm [28],
alternating direction method of multipliers [23, 27, 50, 51], block prox-linear method
[49], and random reshuffling method [30].

Furthermore, the KL exponent plays a key role in understanding the convergence
rate of optimization algorithms, particularly in problems involving nonsmooth and
nonconvex functions. For a certain optimization problem and a specific algorithm
applied, we first construct a suitable potential function which is supposed to satisfy
the KL property. Assume that {2*} is a bounded sequence generated by the algorithm.
Furthermore, assume that somehow one can determine the KL exponent. Then, the

following results on the convergence rate hold:
e If v =0, then {z*} converges finitely;
e If v € (0, 3], then {2*} converges locally linearly;
o If v € (3,1], then {z*} converges locally sublinearly.

Consequently, the KL exponent has garnered significant attention in recent research.
We refer interested readers to [29, 36, 37, 52] for the calculus rules for computing
explicitly the KL exponent.

Finally, we focus on semialgebraic functions, a large class of functions which
are the KL functions. Recall that a set C C R" is called semialgebraic if it can be

represented as a finite union of sets of the form

{z € R" : pi(z) =0,¢(z) >0,i=1,..., N},
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where p;, ¢; are real polynomial functions. A function is called semialgebraic if its
graph is a semialgebraic set. Semialgebraic function satisfies the KL property [5, 6]
with exponent v € [0,1). Some basic rules and properties for semialgebraic sets and

functions are summarized as below.
1. For a semialgebraic set C, its closure cl(C) is also semialgebraic.
2. Indicator functions of semialgebraic sets are semialgebraic.
3. Finite sums and products of semialgebraic functions are semialgebraic.
4. Scalar products are semialgebraic.
5. The composition of semialgebraic functions or mappings are semialgebraic.

6. A parametrized supremum (infimum) function f(x) = sup,cy g(7,y) (respec-

tively, f(x) = inf,cy g(x,y)) is semialgebraic if Y and g are semialgebraic.

Specifically, note that the fo-norm ||z|| is semialgebraic [4].
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Chapter 3

A smoothing block coordinate
descent algorithm

In this chapter, to find approximate solutions of problem (1.1.1), we consider the
probability space based on finitely many scenarios = = {£y, ..., éx }, where each & € R
has a known probability p; > 0 and these probabilities sum up to 1. Specifically, we
first propose an exact penalization which partially penalize the constraints and then
design a smoothing block coordinate descent (SBCD) algorithm for solving the penalty
problem. Then, we show the convergence analysis of our SBCD algorithm. Finally,
we conduct extensive numerical experiments for the portfolio selection problem.

Let A; = A(&),D; = D(&), ¢ = (&), M; = M(&),q = q(&) for & € = and

i € [N]. Specifically, we suppose that the following assumption holds.
Assumption 3.1. The sets
X:={reR":0<Bx+bl Hr+h>0}
U :=={u; e R": 0 < Dju; +¢; L Myu; +¢q; >0}, Vie|[N]
are not empty.

Some sufficient conditions for the solvability of vertical linear complementar-
ity problems can be found in [21]. Moreover, some recent results on stochastic
complementarity problems can be found in [43].
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Then, the discrete form of problem (1.1.1) has the following form

N
min f(z,0) = 3 pi [ Az — il + 3]
z, =1

2 (3.0.1)
st. ze X, u; €U,;, i € [N],

N
where U = (uf ,-+ ,uy)" € R™V. Let S=[] S; CR” with v =n +mN and

1=0
S = {r€R":Bx+b>0, Hr + h > 0};

We consider the following piecewise smooth penalty [34] optimization problem

with linear constraints for (3.0.1)
N
Juin - o(z, U) = f(z, )+p< ($)+;T(u )) (3.0.2)

with a penalty parameter p > 0, and

O(x) = e (Bx+b)—e' (Bx+b— Hx—h)y,

ri(u) = e"(Dju; +¢;) — e (Dyu; + ¢; — Myu; — ¢;)4, Vi € [N],
where e is the all-one vector with appropriate dimension and
(5)4 = (max(sy,0),..., max(sg, 0))"

for a k-dimensional vector s.

We use the following smoothing function with x> 0 to approximate (s),:

- 1
t(si, 1) = 3 (si + /87 + 4,u2) ., 1=1,...,k, (3.0.3)

and define a smoothing function of ¢(x,U) as follows,
) ) N
O, U, p) = f(,U) + pbla, p) + p Y #ilui, p),

=1

where 6 and 7; are smoothing functions for 8 and r; respectively.
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3.1 Exact penalty

In this section, we show that (3.0.2) is an exact penalty reformulation of (3.0.1)
whenever the penalty parameter p exceeds a certain positive number.

Let z=[z",U"]" and

C = {ZGR” : H(x)—l—Zr,-(ui) §O}.

The feasible set F := X X Uy X --- x Uy of problem (3.0.1) is the intersection of two

sets S and C, namely, F = S(C. By Assumption 3.1, there is z° € F. Let

VZW(\/%+§;\/E+||Ai||\/§).

Lemma 3.1. The solution set of problem (3.0.1) is not empty and contained in BY.

Proof. Since the objective function f is continuous and the feasible set F is not

empty, the solution set of problem (3.0.1) is not empty and contained in the level set

D(f) ={z € R": f(2) < f(z")}.
Now we show D(f) C BY. Note that z € D(f) implies that §[|z[|* < f(z°), ie.,

x| < \/%ZO). Moreover, z € D(f) also implies that p; || Az — wi|® < f(29), ie.,

| Ajz — w]| < ,/%Z,o), which implies

N N N 1 5
S il <3l — Azl + Az < VFED) D <\/pj + mu@ .
i=1 i=1 i=1 !

Hence, we obtain

I2l < el + 3l < 4/ 2A2) 4 FET Y (\/pI - HAM) -

We complete the proof. O
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Let K = {z € R” : ||z]l0 < 7v}. Obviously, S N K is a nonempty bounded
polyhedral convex set and SN BY € SN K. Note that § and r;,7 € [N] are piecewise

linear concave functions. From Theorem 5 in [26], we obtain the following lemma.

Lemma 3.2. There is a 7 > 0 such that

dist(z, FNK) < 7 <9(x) +y n(ui))

forall z€ SN K.

We are now ready to show the equivalence between (3.0.1) and (3.0.2) regarding

global minimizers.
Theorem 3.1. The following statements hold.

(i) There is a p* > 0 such that any global minimizer z* of (3.0.1) is a global

minimizer z* of (3.0.2) whenever p > p*.

(i1) If z* is a global minimizer of (3.0.2) for some p > p*, then z* is a global

minimizer of (3.0.1).

Proof. The objective function f of problem (3.0.1) is continuously differentiable. Let
Ly be a Lipschitz constant of f over the compact set SN K.
From Lemma 3.1 and By C K, the set of global minimizers of problem (3.0.1) and

the set of global minimizers of the following problem
min f(z), st. zeCNSNK (3.1.1)

are equal.

From Lemma 3.2 and Lemma 3.1 in [11], the following problem

min  f(z)+p (9(:5) + én(w)) (3.1.2)

st. zeSNK
18



with some p > p* := 7Ly is an exact penalty reformulation of (3.1.1), where 7 is the
error bound parameter in Lemma 3.2. Therefore, any global minimizer of (3.0.1) is a
global minimizer of (3.1.2), whenever p > p*, and any global minimizer of (3.1.2) for

some p > p* is a global minimizer of (3.0.1).
N
From 2° € F, we have 0(z°) + > r;(u?) = 0 and thus the level set of the objective
i=1

function of (3.1.2) is contained in the level set of the objective function of (3.0.1)

with f(z°). Hence

{Z ER”: f(2) +p(b(z) + ) rilu) < f(ZO)} CD(f) B CK,

=1

which implies that the set of global minimizers of problem (3.1.2) and the set of

global minimizers of the following problem

IZTlGiél f(z)+p (0(1‘) + Zrz(uz)) )

that is problem (3.0.2), are equal.

We complete the proof. O]

We next present a result on the local minimizers of problems (3.0.1) and (3.0.2),

which can be proved using the similar proof of Theorem 3.1.

Corollary 3.1. Suppose that z* is a local minimizer of (3.0.1). Then there exists a

p* > 0 such that z* is a local minimizer of (3.0.2) whenever p > p*.

Proof. Suppose z* is a local minimizer of (3.0.1). Then there is v; > 0 such that z*
is a global minimizer of (3.0.1) in F Ny, where K1 :={z € R” : ||z — z*||oc < 11}

Similar to Lemma 3.2, there is a 71 > 0 such that

dist(z, FNKy) <7 (9($) + Zn(uﬂ)

i=1
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for all z € S N KCy. Then, following the proof of Theorem 3.1, we can show that there

exists a p* > 0 such that z* is a local minimizer of (3.0.2) whenever p > p*. O

Remark 3.1. The penalty parameter p depends on the error bound parameter T and
the Lipschitz constant Ly. It is extremely hard to estimate the threshold value p*.
Therefore, in practice, we just set p to be large enough according to the residual of

our final solution. Trivially, we can show that

¢(2) = f(2) + pobf(x) + pr Z ri(u;) (3.1.3)

is also an exact penalty reformulation of (3.0.1) whenever min(pg, p1) > T7Ly¢. There-

fore, we can adjust the penalty parameters in a more flexible way.

3.2 Algorithm design and analysis

In this section, we define a smoothing function of ¢ and prove that it satisfies
the Kurdyka-Lojasiewicz (KL) property. Moreover we present a smoothing block
coordinate descent (SBCD) algorithm for the exact penalty problem (3.0.2) of problem
(3.0.1) based on the block structures of its constraints. We prove that the sequence
generated by the SBCD algorithm globally converges to an e-Clarke stationary point

of problem (3.0.2) by using the KL property for any ¢ > 0.

3.2.1 Algorithm description

In this subsection, we present the SBCD algorithm which combines block coordinate
descent (BCD) methods and smoothing methods. First, we use smoothing functions
0(-, 1) and 7;(-, ) to approximate 6(-) and r(-),7 € [N] where z > 0 is the smoothing
parameter. Then, we use the BCD method to solve N 4 1 smooth strongly convex
problems for a fixed p > 0. Moreover, we update the smoothing parameter based on

the reduction of the smoothing objective function values.
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We illustrate how to obtain a smoothing function @ of 6(-) and give its relevant
properties. Similar definitions and properties hold for each r;(-) and 7;, i € [N].

Before processing, we give the definition of the smoothing function.

Definition 3.1. We call  : R x R, — R a smoothing function of the piecewise
linear concave function 6 in (3.0.2), if 9(, ) is continuously differentiable in R™ for

any fized p > 0 and lim,_z 10 é(x, p) =0(z),vz € S.

We use the smoothing function in (3.0.3) to construct a smoothing function of

the plus function (s); and define a smoothing function of 6 as follows

é(x,u):eT(ijLb)—if([B:c—i—b—H:c—h]j,u). (3.2.1)

Jj=1

Similarly,
fi(uh ,U) D iU + Cz Z Diui + ¢ — Mu; — Qi]j> N) . (3-2-2)

From [9, 10], we have the following proposition.

Proposition 3.1. The function 6 (3.2.1) with t defined in (3.0.3) is a smoothing

function of 0 and has the following properties.
(i) O(x,-) is strictly decreasing for any fived x € R™;
(ii) (-, 1) is concave for any fived p > 0;

(iti) conv{lim, o VO(Z, 1)} = 00(Z),V € Sp;

() 0(x, -) 1s Lipschitz continuous with the Lipschitz constant ko = ny, namely,

|§(ZL’,ILL1) - é(l’“l,bgﬂ < /{0|M1 - M2|a Vr € Rn’

21



(v) VO(-, ) is Lipschitz continuous with the Lipschitz constant % and Ly >

m(|Blly + [|H]l) for any fired p > 0.

For (i), (ii) and (iv), see [9, Proposition 2.1]. For (iii), see [10, Theorem 1]. Finally,
(v) can be shown by definition (3.2.1) with (3.0.3).

Similarly, we can easily show that the function 7; (3.2.2) is a smoothing function
of r;, Vi € [N], with properties in Proposition 3.1. We use % to denote the Lipschitz
constant V7, (-, ) with respect to u;, and k; = m; the Lipschitz constant for each 7;

with respect to pu. By Definition 3.1 and Proposition 3.1, we have

0 < 6(x) — O(z, 1)
0 < ri(uq) — 7w, pt)

kot YV € R™;

<
< Kip, Yu; € R™ Vi€ [N].

When it is clear from context, we simply denote the gradient of 6(-, u) and 7;(-, p) at

z and u; as VO(x, 1) and V7;(u;, p), respectively.

Now we present the SBCD algorithm for problem (3.0.2).
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Algorithm 1 The SBCD algorithm for (3.0.2)
Require: Initialize (z°,U°%) € F, g =p_1 >0,¢ >0, 3> 0,0 € (0,1), and set
k=0.
Ensure: (2F, U*).
1: while a termination criterion is not met do
2: Update z:

k+1 : k i( .k T B k|2
"7 = argmin f(x,U )—i—p(VQ(x ,,uk)> z+— ||z —2"|". (3.2.3)

€Sy 2,uk

3 Update u; for all i € [N]:

U?H = argmin p; ||Az‘l7CkJr1 - Uz‘||2+P (Vfi(U57 Mk))T Uz‘+£ Huz - UfHQ (3.2.4)

u; €ES; 2,“]4:
4: If
~ ~ 62
¢(xk+17 UkJrla uk) + Kk — ¢<$k7 Uka /kal) — Rg—1 < _%ulm (325)
set prr1 = px; Otherwise, set
M1 = O flg- (3.2.6)

5: Let k <+ k41 and go to step 1.
6: end while

Remark 3.2. At each step of Algorithm 1, we apply the SBCD method [48, 49] to
the smoothing problem

in oz, U 3.2.7
Jnin oz, U, ) (3.2.7)

and update the variables (x,U) in the Gauss-Seidel fashion. The subproblems (3.2.3)
and (3.2.4) are strongly convexr quadratic programs and can be efficiently solved
by many software packages, e.q., MOSEK, IPOPT, OSQP, quadprog in Matlab.
Moreover, we update the smoothing parameter j by monitoring the reduction of the

value of the smoothing function with the smoothing parameter and the reducing scheme

(3.2.6).

The following proposition on gradient consistence of ¢ will be used in the conver-
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gence analysis of the SBCD algorithm in the next subsection.

Proposition 3.2. For any (z,U) € S, we have

{( lim vé(x,U,u)}gagb(x,U). (3.2.8)

z,U)—(z,0),140

Proof. Note that the functions —6, —r;,Vi € [N] are piecewise linear convex and

therefore regular. By [8, Corollary 1], we have

{ lim Vé(x,u)} C 00(x),
z—Z,ul0

{ lim Vfi(ui,u)} C ary(a), i € [N].

U=, 110

Since f is continuously differentiable, and variables of 6 and r; for i € [N] are

separable, we obtain (3.2.8) from (3.2.9) and [14, Corollary 2, p. 39]. O

3.2.2 Convergence analysis

In this subsection, we show the convergence analysis for the SBCD algorithm. Through-
out this subsection, let {z*t1 U*" 1,1} be the sequences generated by Algorithm 1.
For simplicity, let 2% := [(z¥)T, (U*)T]" when it is appropriate.

First, we estimate the decrease of the objective function in (3.2.7) as the number

of iterations increases.

Lemma 3.3. For any k € N, there holds

BF ) — D) > S [+

k112
o 2| (3.2.10)

Proof. First, it follows from Proposition 3.1-(ii) that é(, i) is concave, namely, it

holds that

0(z*, ) — O(a* ) > <V0~(a7k, f), ¥ — xk+1> . (3.2.11)
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Since x*! is the minimizer of (3.2.3), we have

ek oM (3.2.12)

F(ak,U%) = F@H,U%) 2 p (VR ), = ab) +
24

Together with (3.2.11) and (3.2.12), we have

é(xk7 Uk? ll’k) - é('rk+17 Uka Mk)
= f(a" UF) + p0(a®, ) — f(a2, UR) = p0(aF+1, )

~ B
> p<V9~(a:k,uk),xkt1 - xk> + 2 |kt — ﬂﬁkHQ (3.2.13)
- (Ba*, ) = O, )
Lt
24

Similarly, by the concavity of 7; and the fact that uf“ is the minimizer of (3.2.4),

we can show that for Vi € [N]

Pi ”Aixkurl - “sz + pri(uy, ) — [pz' ||Az'93kJrl - ufHHz + pr(uf T, )

; (3.2.14)
> 2 -t
241,
Summing up inequalities (3.2.14) for all i € [N], we have
B, Ut ) — B, U ) 2 0 ()
Hk

Finally, sums up inequalities (3.2.15) and (3.2.13). Then, the statement is established.
[l

Next we show the convergence of the sequence {¢(z¥)} of the objective function

values in (3.0.2), by utilizing the following auxiliary function
E(z,p) = Pz, 1) + Kips
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with x := p(ny + Nm;). From (iv) of Proposition 3.1, we have

P(2, 1) — @2, p2)| < K|p1 — puo (3.2.16)

for any z € RN and p; > 0, pg > 0.

Lemma 3.4. The following statements hold.
(i) The sequence of smoothing parameters converges to 0, i.e., limy_ o i, = 0;
(ii) The sequence {E(2"T ux)} is convergent;

(iii) The sequence {z*} is bounded.

Proof. (i) Tt is not hard to observe that the sequence {4} is nonincreasing and
bounded, and therefore converges. Next, we prove the statement by contradiction,

i.e., assume that klim pr = f1 > 0. It implies that (3.2.6) happens at most finite times.
—00

Then, there must exist a large enough K € N such that u, = i for any £ > K, and

moreover,
2
€ .
E(Y ) — E( ) < =52
2p
which implies that klim E(2*1 ) = —oo. However, by (i) of Proposition 3.1, we
—00
have
ECM ) > d(2FTH) > 0. (3.2.17)

Hence, the assumption leads to a contradiction. This finishes the proof of (i).
(ii) By (3.2.17), we know that the sequence {€(2*™, uz)} is lower bounded. Next,
we show that it is monotonically nonincreasing.

Recall that from Lemma 3.3 we have

B 1) = B ) +

Q—ank“ —2F|2 (3.2.18)
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By (i) and (vi) of Proposition 3.1, we have

0 < @(2*, ) — (2%, pm1) < Ky — p)- (3.2.19)
Together with (3.2.18) and (3.2.19), we have

ﬂuz’“*l — 2F|?, (3.2.20)

k okl >
5(2 7:“16*1) 8(’2 7:U’k> = 2/va

which implies that the statement (ii) is true.

(iii) Tt follows from (3.2.17) and the nonincreasing of {£(2*", ux)} that we have
o) < EGM ) < (21 o)
Therefore, by z¥ € S and
{z R ¢(2) (2 o)} C{z €R” : f(2) < E(2 o)},

we conclude that {z*} is bounded from the boundedness of the level set of f. See the

proof of Lemma 3.1. O]
Theorem 3.2. The sequence {p(2¥)} generated by the SBCD algorithm is convergent.

Proof. By (i) of Proposition 3.1, for any fixed £ > 1, we have
0 < p("1) = o(", ) < g,
which implies that
E(Z ) — g < G(25Y) < ECEM, ),

It then follows from Lemma 3.4 that we have

lim £(zF ) = lim ¢(2M).
k—o00 k—o0

This finishes the proof. O
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Next, we show that there exists a subsequence of {2*} such that its any accumu-
lation point is an e-Clarke stationary point of (3.0.2), which lays a foundation for the

sequence convergence of {z*}.

Lemma 3.5. Let N* :={k : pps1 # pw}. For any e > 0, every accumulation point
of {z% : k € N*} is an e-Clarke stationary point of (3.0.2).

Proof. By Lemma 3.4, {z* : k € N} is bounded. Let 2* := [(z*)", (U*)"]" be an
accumulation point of {z¥ : k € N*} with a convergent subsequence {z*};cq and

R C N*. Since (3.2.5) fails for k € N'*, we have

~ 62

O, ) + o — (2, 1) — Ropt1 > ~o5H
Considering (3.2.20), we then have 2}%“2’““ — 282 < %,uk for k € K, which together
with Lemma 3.4 -(i) implies that

K+l _ Lk
Bl = 1) <e fork€ R and lim 2"t = 2" (3.2.21)

keER
Hk k—o00

Then, according to the first-order necessary optimality condition of subproblem

(3.2.3), we have

- [Vx FELUR) + pVO (", ) + ﬁ(x’““ - x’“)} € Ns, (21, VEk € /. (3.2.22)

ok

Similarly, for subproblem (3.2.4) with any i € [N], we have that for Vk € 8

— {2pi(uf+1 — A" 4+ pVE (Ul ) + Mﬁ(ugngl — uf)] € Ns,(uF™).  (3.2.23)
k

Together with (3.2.22) and (3.2.23), we obtain

—Gy + Mﬁ(z’“ — M) € N (25, VEk € &, (3.2.24)
k
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with
Vo f(@F1 UR) + pV (2", )

2p1 (uf ™ — Akt + oV (uf, )
Gy =

_2PN(U§V+1 — A"t + pVEN (ulyy, ) |

By (3.2.21) and the gradient consistency of the smoothing function ¢ in Proposition
3.2, we have

}Clé% G, € 09(2).

k—o0

Finally, using the outer semicontinuity of normal cone [39], (3.2.21), and the gradient
consistency of the smoothing function ¢ in Proposition 3.2, and taking limits on both

sides of (3.2.24) as k € R and k — oo, we obtain
dist(0, 0¢(2") + Ns(z")) <.
We complete the proof. O

Remark 3.3. With inequality (3.2.5), we can give Lemma 8.7 which presents an
upper bound for the sum of py. This upper bound will be used in Theorem 3.3 to prove
the KL property and the whole sequence convergence. On the other hand, from the

proof of Lemma 3.5, it is easy to verify that if (3.2.5) in Algorithm 1 is changed to

2

(;(karl? Uk+17 ,uk) + Rt — é(xkv Uka ,ukfl) — Kllg—1 S _5_27 (3225)

that s, set € = \/jux, then the statement of Lemma 3.5 has the following version “Any

accumulation point of {2 : k € N**} is a Clarke stationary point of (3.0.2).”

Finally, by the KL property, we show the sequence generated by the SBCD
algorithm converges to an e-Clarke stationary point. First, we prove that certain

functions are semialgebraic and therefore KL functions.

29



Lemma 3.6. The function 0 of (z, ) as defined in (3.2.1) is a KL function.

_1 T 1n1 -Bj—Hj 0 X bj—hj
—26(B$+b+Hx+h)— Z }[]—l—[ 0

Proof. 1t is trivial to show that

ni

- 1 1
e(x,ﬂ):§eT(Ba:+b+Hx+h)——Z

[(Bj — Hj)'w + b — ha}
2

=11t

l

with Bj, H; denoting the j-th row of the matrices B and H respectively, and b;, h;

N |

Jj=17"

denoting the j-th element of the vectors b and h respectively. First, note that the
Euclidean norm || - || is semialgebraic [4, 48]. Also it is well-known that the composition
of semialgebraic functions is semialgebraic. Moreover, it is well-known that finite
sums of semialgebraic functions is semialgebraic. Therefore, we conclude that the

function 0 is semialgebraic and therefore a KL function. O

Corollary 3.2. Let F(z,U, p) = ¢(x, U, p) + £+ 0, () + SN | s, (w;). Then F is

i

semialgebraic and therefore a KL function.

Proof. In a similar way to the proof of Lemma 3.6, we can show that each function
7; of (u;, p) is semialgebraic. Therefore, the function ¢ of (z, U, j1) is semialgebraic.
Note that indicator function of a polyhedral set is semialgebraic. Hence, we conclude

that the function F' is semialgebraic and therefore a KL function. m

In what follows, let z* = [(z*)", (U*)"]" be an arbitrary accumulation point of {z* :
k € N*} with a convergent subsequence {z¥}pcq and & C N, w® = [(2F) ", 1] "
and w* = [(2*)",0]". For simplicity, we set F}, := F(w*) and F* := F(w*).

Let Ly be the Lipschitz constant of V£, % and % be the Lipschitz constants of

VO(x, 1) and V7;(u;, 1), with 1 > 0, respectively, and let L, = pmax{Lg, L1,--- , Ly }.

First, let us give the following lemma.
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Lemma 3.7. The following statement holds:

+ 2€_§<F0 — F*).

ZMS

Proof. First note that

Z Nk—ZMOU] =

keN's

Since {z*} C Sy and {uf} C S;, we have Fy, = E(2F, puy_1).
When k£ ¢ N*, (3.2.5) gives that

62
< F, — F
26!% k k+1-

According to the nonincreasing property of {Fj} and Lemma 3.4-(ii), we conclude

that

kgNs

Overall, we have

- Mo 26 *
g < —(Fy — F
kZOMk—1_0+EQ( 0 )7

which completes the proof. O

Lemma 3.5 shows a subsequence convergence of {z*} to an e-Clarke stationary
point of problem (3.0.2). Next, in Theorem 3.3, by the KL property together with
Lemma 3.5, we can further prove that {2*} is a Cauchy sequence and, therefore, has

whole sequence convergence to an e-Clarke stationary point of problem (3.0.2).

Theorem 3.3. For any € > 0, the sequence {2*} generated by Algorithm 1 converges

to an e-Clarke stationary point of problem (3.0.2).
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Proof. Since {z*} C 8y and {uf} C S;, by (3.2.20), we have

b |25 — 25| (3.2.26)

Fy — Frp = EC" o) — EGF ) > CY
1223

Moreover, from Lemma 3.4, inequality (3.2.19) and Theorem 3.2, we have

F* < Fy, klirn pr, =0 and lim Fj = F*. (3.2.27)
—00

k—o00

By Corollary 3.2, F' is a KL function. Denote by N of the neighborhood of w*, «
and 1 : [0,) — R, the associated objects in Definition 2.1 relative to F' and w*.
Since 2* is an accumulation point of {z* : k € N*}, from (3.2.26) and (3.2.27),

there are ko and ¢ such that for Vk > ko, Be(w*) C N, F* < F, < F* + a,

2,uko<Fk0 — F*)+2BFO

3 2 (Fiy—F7) =27 < ¢, (3.228)

FQMkO+F1¢(FkO—F*)+2\/

2(L L 2 r
(Lyspo + 5+ p>,F0 _ = O 4+ 1 are constants. Here

3 Bry % 1-o

(3.2.28) means that, to use the KL property for proving whole sequence convergence,

where '} =

we need to start from an initial point w* that is close enough to w*.
Note that 1 in Definition 2.1 is concave and ¢/'(Fy — F*) > 0. The KL property
and (3.2.26) yield
Y(Fy — F*) = p(Fpyr — F7)
> (Fy = F*)(Fy = Fipa)

@D/(Fk _ F*)ﬂsz _ zk+1H2
2 '

(3.2.29)

>

Without loss of generality, in the rest of this proof, we set ky = 0 for simplicity of
the proof.
We first claim that
w* € Be(w*), Y k>0. (3.2.30)
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Let us check (3.2.30) for k =0 and k£ = 1. In view of (3.2.28), w" lies in B¢ (w*).

As for w!, (3.2.26) yields in particular

ﬁnzﬂ —AP<Fy-F <F—F*~ (3.2.31)
2410

Hence,

(3.2.32)

Therefore, w! lies in By (w*) in view of (3.2.28).
Suppose w* € B:(w*) for all 0 < k < K with K > 1. We next show whk*t ¢
Be(w*). Since w® € Be(w*) and F* < Fy < F* + a for all 0 < k < K, we have the

Kurdyka-Lojasiewicz inequality

Y/ (Fj, — F*)dist (0, 0F (w")) > 1 (3.2.33)

with

Vo f(@*, UF) + pVO(xF, pe_r) + Ns, (zF) T
2p1 (uf — Avz®) + pV7 (uf, 1) + N, (uf)

2pn (uly — Ana®) + pVin (U, p—1) + Ny (uf)
K+ Vﬂé(x"‘, U, 1)

which is due to the feasibility of z*, the regularity of each set S; and therefore
the regularity of each indicator function. By the first-order optimality condition of

subproblems (3.2.3) and (3.2.4), we have

— | Ve Fat UM 4 p VB ) +

- [21%(“? — Agah) + pVT (T ) + = (uf —U'-H)} € Ns,(uf), Vi€ [N].

HE—1




Then,

[V, f(ak, U") =V, f(a*, UF1) 4 p (vé@:'ﬂ ) = VO o)) -
p (V'Fl(ulfaﬂkfl) Vi (uh ™ g 1)) — % (Ulf —ub 1)

p (Vin(uhy, pr—1) — Vin (ul ™, 1)) —
K+ v,ugg(xka Uka ,ukfl)

Hk—1

is an element of JF(w*) for k > 1. Note that 0 < k4 V,¢(z*, U*, ur_1) < x from

(3.2.16). Therefore, for k > 1, we have

dist (0, OF (w*))

< |[Va £ UR) = Vo faR US|+ 52 (|8, 0%) = @ UF )|
s 1 UF) = @ U] 4 s

< Log [[UF = UF1| 4 R @, UF) = @, UR Y| 4+ 2 b, U -

< (Lot + ) I =2+

Therefore, we have

1
+ B > |2k — 251 + &

Y(Fp— F") >

#kl HE—1

(Los+ 2
Together with (3.2.26) and (3.2.29), we further have

V(Fy = F) = p(Fpn — F7)

it |

B _
i ) I 2

R i

>

2 (lﬁvf-+

Mk 1 || :
) Ik — 21+ ]

Hk—1 He—1
2
I=* = =)

2| (Losts + 1,4 +1) 2% — 251 + wtt ]
k+1”

v

2 (12VV?%—

v

1 Hz
Ty 2% = 251 + Toppy
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2(Lvyspo + Ly + ) r,— 2%
g ’ '

By
Hence, for 1 <k < K

with I'y =

Nl
o=

(2% = 1) + Do) (L ((Fx — F?) = (g — FO))} 2 125 — 2541
Together with ab < (a® + b*)/2, we have

25 — 51 4 Topaes + Ty (@(Fx — F*) — (Fis — F9)) > 22" — 21| (3.2.34)
Since (3.2.34) holds for all 1 < k < K, let us sum over k

128 = 200 + To Yopey ptr1 + Ta((Fy — F*) = (Fic 1 — F¥))

> Zi(:l ||Zk _ Zk+1|| + HZK+1 _ ZKH )

Hence, in view of the monotonicity of v and Fj,

K K
ST < 2 = 0+ TR~ )+ Lo >
k=1 k=1

Recall Lemma 3.7, we have

= 2
> ey < T + B m -,
1 — 0 €

We finally get

HwKH
HZK+1

—w|
— 2" +

IN

IA

I = 2|+ Sy [|2F = 22|+

[ = 2|+ [l2! = 2% + Thp (Fo — F*) + Tapo

2|2 = 20+ [12° = 2*[| + T (Fo — F*) + Tapo

2p0(Fy — F™) N 20T
p €2

IN

IN

IN

2 (Fo — F*) 4+ ||2° = 2*|| + T1¢(Fy — F*) 4 Tapo,
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I

with [’y = . + 1, which shows w®*! € B;(w*). Here the last inequality is due to

—0
(3.2.31).
Hence we complete the proof of (3.2.30).
Therefore, the inequality (3.2.34) indeed holds for Vk > 1; let us sum it for k

running from some K; to some K > K

K 28T
Sk R (|20 — 2 T (Fig — F) + Doy + g

k=Ko

(FKO _F*)'

Let K — oo, together with (3.2.26), we have

o) ko k+1
Zk:Kon w H

< ZIC:;O:KO sz - ZkHH + Mk—1 — Mk

2 _ 20T
< \/%\/FKol — F* + T1(Fg, — F*) 4+ Dopige, + %(FKO — F*) 4 pgcy—1
<

I 20T
P = 4 Ty = F) (a4 a1+ 2o (P = ).

which implies that {2*} is a Cauchy sequence and therefore convergent. In view of

Lemma 3.5, we conclude that its limit is an e-Clarke stationary point of (3.0.2). [

3.3 Numerical experiments

In this section, we conduct the empirical tests by applying our proposed method to the
stochastic mean-variance portfolio selection problem. Our purposes are to demonstrate
the robust performance of the SBCD algorithm with a prescribed tolerance, and
explore the impact of different tolerances on algorithm performance.

In the tests, our termination criterion in Algorithm 1 is set as

number of iterations > 1000 or p; < 107% (3.3.1)
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The parameters in the penalty problem (3.1.3) and Algorithm 1 are set as
A =0.001, pp =100, p; =200, po=10,5=1, o =0.5. (3.3.2)

All the computational tests were conducted on an Lenovo ThinkCentre Desktop (Intel

core 17-12700 CPU, 2.1 GHz, 64 GB RAM) with using Matlab R2024b.

3.3.1 Problem statement

Based on the optimality conditions, a solution to the LCP corresponds to a solution
of the convex constrained quadratic program with its associated Lagrange multipliers,
which play a significant role in portfolio optimization applications. The classic
Markowitz’s mean-variance (MV) portfolio optimization [35] is formulated as

min  Yw'Xw — pTw

wERK (3.3.3)

st. 0<w<a,e'w=1,
where w € R* denotes the portfolio weights of assets; o € R* and ¥ € Sﬁ are the
mean vector and the covariance matrix of returns on assets, respectively; a € R* is
upper bounds enforced on w, satisfying e"a > 1; ¥ > 0 is the risk aversion factor. In
what follows, unless otherwise specified, we set ¥ = % and a = 0.2 - e in all the tests.

Obviously, it is equivalent to the LCP(q, M) with

b oll el _i) w
= o = —_ T = o =
M - |:C 0 :| I C - _GI ) q 1 ) x |:y:| 9
a

with the dual variables y € R¥™2.
Without loss of generality, we assume that the financial market contains two types
of assets: stable assets (e.g., LondonGold, US10Y) and unstable assets (e.g., stocks).

As well known, the above MV-based LCP is of high input sensitivity, mainly derived
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from multi-scenario variations of unstable assets [3]. Here, we attempt to construct a
global portfolio including stable and unstable assets that has the minimum expected

43

Euclidean distance to the “wait and see” solution set of unstable assets, in order to
remain highly effective in almost all scenario variations. Therefore, a global robust
decision-making model is formulated as problem (1.1.1) with ny = n,m; = m,n > m,
B =1,,D(&) = I,,b=0,¢(§) =0, and A({) = A being a projected matrix from
global assets to unstable assets.

In practical, we consider the following discretized form:
min %ﬁ’jl Iz — il + S

xz,U

x>0, He+h>0, 2" (Hz+h)=0 (3.3.4)

w; >0, Myu; +¢q >0, ul (Myu; +q;) =0, i € [N],

where the input matrices and vectors H, h, M;, ¢; are constructed from historical data.

We will illustrate how to construct these matrices and vectors in the next subsection.

3.3.2 Experimental setup

As aforementioned, the unstable assets are from stock exchange market while the
stable assets are London golden investment (LondonGold) and US Treasury 10-Year
Notes (US10Y). The stock data sets used in our experiments are selected from the
standard ones in OR-library (termed data 1-3) and China A-share market (termed
data 4-6), respectively. For the standard data sets, weekly prices of the stocks from
1992 to 1997 of Hang Seng (Hong Kong), Standard and Poor’s 100 (USA), and the
Nikkei index (Japan) are used. For data 4-5, the daily closing prices from 2010 to
2017 in China A-share market are used. Initially, we collect the daily prices of 3980
stocks from 2010 to 2017 in China stock market. For each stock, the prices before
IPO (initial public offering) are labeled as zero. We delete the stocks with more than
200 daily prices of zero and obtain 1100 stocks with more consistent daily prices. We
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sort the 1100 stocks by their average return over 2010 to 2017, and take the top 200
stocks of the sorted as the sample, where the first half is used as data 4 and the
remaining as data 5. See Table 3.1 for the description of all the data sets. For data
6, the daily closing prices from 2015 to 2024 for the CSI 300 index ! components in
China A-share market are used. Initially, we collect the daily prices of the 300 stocks
from 2015 to 2024 in China stock market. Then we do the same preprocessing as in

the case for data 4 and data 5 and take the top 100 stocks as data 6.

Table 3.1: Description of the six real data sets.

Data set J Location Index T Description

data 1 31 Hong Kong Hang Seng 291  weekly prices from 1992 to 1997
data 2 98 USA S&P 100 291 weekly prices from 1992 to 1997
data 3 225 Japan Nikkei 225 291  weekly prices from 1992 to 1997
data 4 100 China A-share 1939  daily prices from 2010 to 2017
data b 100 China A-share 1939  daily prices from 2010 to 2017
data 6 100 China CSI300 2431  daily prices from 2015 to 2024

For each data set, let the observations of the stock closing prices be {P;; : j €

[J],t € [T]}. Then, we can compute the (logarithmic) returns on stocks:

P.
;¢ = log gﬂ, jeJ], telT —1).
it

As a result, we obtain a return matrix R € RZ=Y* with R(t,j) = r;,,7 € [J],t €
[T — 1]. Each data set is partitioned into two subsets at the ratio of 9:1, termed
a training set and a testing set. The training set, called in-sample set, consists of
the first 9/10 of the data and is used to compute the optimal portfolio. The testing
set, called out-of-sample set, contains the rest of the data and is used to test the

performance of the resulting optimal portfolio.

I The CSI 300 is a capitalization-weighted stock market index designed to replicate the performance
of the top 300 stocks traded on the Shanghai Stock Exchange and the Shenzhen Stock Exchange.
The CSI 300 index is deemed the Chinese counterpart of the S&P 500 index. Source: Wikipedia
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Next, we elaborate on how to construct the input data H, h, M;, ¢; with rolling

window procedure.

(i)

Set up M;,q. Let R € RT=D*7 he the return matrix of the unstable assets
over the period [1,T — 1]. By the splitting ratio, we have R;, € RTn*/ and
Rou € RTeutxd yith Ty, = [0.9(T — 1)] and T,y = (T — 1) — T}y, namely, Ry,
is the first T}, rows of R and the rest of R is R,,;. Let W be a rolling window
and ¢ be a step size. For i =1,2, ..., (%L we take o; € R7 and ¥; € R7*7 in

the following way:
oi =mean(R;,((1 — s+ 1: (i — 1)s + W,2)),

Yi=cov(Ripn((i —Ds+1: (i —1)s+W,2)).

Then,
- el —0i
_|Z —C T _ |-
M; = |:C 0 } ) C —€ y i 1
—1
a

Set up H,h. We can also obtain a return matrix R € RT-Dx(/+2) of a]]
assets including stable assets, where the last two columns are the returns of
LondonGold and US10Y. Then, we take g € R/*2 and ¥ € RU+2x(/+2) iy the
following way:

A — A

0 =mean(R), X = cov(R).

Then, we take

» c7 e! _—f
_ - _ T _
H_[C 0 },0_ e |, h= )
-1
a
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For data 1-3, we use W = 3 and ¢ = 1; for data 4-5, we take W = 15 and ¢ = 3.
Then, each window has almost the same duration either 3 trading weeks or 15 trading
days.

Note that the covariance matrix 3 is positive semi-definite, and the LCP(q, M) is
equivalent to the convex quadratic program (3.3.3). The LCP(gq, M) has a solution
when e"a > 1. Hence problem (3.3.4) satisfies Assumption 3.1 when e'a > 1.

Moreover, the out-of-sample portfolio performance is more concerned in practice
because it represents the possible future returns of the portfolio in a sense. For
comparison, we define the two criteria to measure the out-of-sample performance as

follows:
e the annualized return (AR) of the portfolio x constructed by strategy Z:

AR(z) = Ci(x) x 50 or Cljvix)

x 250,

where CR(z) is the out-of-sample cumulative return of z; N,, and Ny denote

the number of weeks and days, respectively, in the out-of-sample set.

e the Sharpe ratio (SR) of x constructed by strategy Z:

QTIE—T’f

SR ="y

where ¢ and ¥ are the out-of-sample mean vector and covariance matrix,
respectively, and r¢ denotes the risk free rate which is set to be 25—%7 for data 1-3

and % for data 4-6.

The Sharpe ratio is a widely used metric in finance to measure the risk-adjusted
return of an investment or portfolio. It helps investors understand how much excess
return they are earning for the risk they are taking. Apparently, the greater the two
criteria, the better the strategy in terms of the out-of-sample AR and SR, respectively.
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3.3.3 Out-of-sample robustness

To demonstrate the robust performance of the SBCD algorithm with a prescribed

tolerance, we compare the out-of-sample performances of the following four strategies:

e SVLCP z*: the SVLCP model (3.3.4) solved with our proposed SBCD algo-

rithm with € = 1073;

e EV 1., the expected valued formulation LCP(h, H) solved with the semi-

smooth Newton algorithm 2;
e Naive x,,: the naive evenly weighted portfolio [17];

e DRO zg4,,: inspired by [2, 20|, we solve the following penalized distributionally

robust optimization with the Kullback-Leibler divergence

N N
. Pi
min  71go(z) + sup {Zpigi(fc) —12 Y pilog (—) }
’ Sl = i=1 pi

st. x>0,

(3.3.5)

where

. ) — Yy — 212
go(a) 1= max { (Hx + b, = y) = Ty — al]*}

0% .
(Mi(Aix) + g, Aiw = y) = S lly = Aa]* i € [NV),

S

8
S~—

I

B

oY)

i

—

with some a > 0, are the regularized gap functions, p denotes a nominal
distribution, A := {p ERYN:p>0,e'p= 1} and 7,79 are positive constants.

Specifically, we take p = ¢/N.

In the tests, we simulate three market scenarios including no-shock, single-asset

shock and group shock as follows:

2 The solver, developed by Y. Tassa, https://www.mathworks.com/matlabcentral /fileexchange/20952-
lep-mcep-solver-newton-based.
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e no-shock (NS): no perturbations on the out-of-sample sets.

e single-asset shock (SS): randomly choose a stock and add a disturbance
(£0.05% rand(T,,;, 1) for weekly prices data 1-3 and +0.01x rand(7,y, 1)
for daily prices data 4-6) to its returns. The sign is chosen by a Bernoulli
distribution with p = 0.5 and stands for a positive or negative news for the

specific stock.

e group shock (GS): cluster all the stocks into 5[] groups or industries by
using the Matlab package spectralcluster; and then add a disturbance of the
same sign (£0.05% rand(7,,,, group size) for weekly prices data 1-3 and +0.01x
rand(7,,;, 1) for daily prices data 4-6) to all members in a random group. The
sign is chosen in the same way. This group disturbance indeed simulates a

positive or negative news for the specific group or industry.

In addition, we investigate the impact of investment strategies on three types
of investors with different risk-attitudes, which are characterized by various pre-
allocated weights on stable assets. When the pre-allocated weights are set to 0,0.1 or
0.25 on both LondonGold and US10Y, we call the investors as risk-taking (RT),
risk-neutral (RN) and risk-averse (RA), respectively. Accordingly, we need to
modify the budgetary constraint “e’w = 17 to “e’w = 1,0.8,0.5” for restricting the
cumulative weight of unstable assets.

Now, we report the out-of-sample performance for the three types of investors
on the six data sets. Firstly, under the NS scenario, we compare the out-of-sample

trends of cumulative returns over time on the six data sets reported in Figures 3.1-3.6.
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Figure 3.1: Comparisons of out-of-sample Figure 3.2: Comparisons of out-of-sample
cumulative returns over time for the four cumulative returns over time for the four
strategies on data 1. strategies on data 2.
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Figure 3.4: Comparisons of out-of-sample
cumulative returns over time for the four
strategies on data 4.

Figure 3.3: Comparisons of out-of-sample
cumulative returns over time for the four
strategies on data 3.
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Figure 3.6: Comparisons of out-of-sample
cumulative returns over time for the four
strategies on data 6.
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Moreover, we calculate the out-of-sample values of AR and SR of the portfolios
generated by the aforementioned three strategies, respectively. Numerical results are
presented in the columns of “NS” of Tables 3.2-3.7. Then, under the SS and GS
scenarios, we conduct 10000 random tests for verifying the robustness of portfolios,
and report the means of AR/SR and also the averages of the worst 5% of AR/SR,
denotes as AR?” and SR®”, listed under the columns of “SS” and “GS” in Tables
3.2-3.7, respectively.

From the results of the NS, SS and GS scenarios, we have the following observa-

tions.

(i) Compared with the EV, Naive and DRO strategies, our SVLCP strategy shows
advantages for investors with three different risk-attitudes in terms of the
out-of-sample AR and SR. This is because our AR and SR are both higher
than those of the other three strategies in all instances no matter the market
scenarios. Furthermore, under the SS and GS scenarios, considering investors
with three different risk-attitudes, our SVLCP strategy has the best AR®” in
72.2% (26/36) instances and best SR®” in 80.6% (29/36) instances which also

show the robustness of our solution.

(ii) Moreover, our SVLCP strategy shows advantages throughout the process of
cumulative returns than the others. This is because the cumulative returns
of our strategy are mostly higher than that of the other three strategies for

different investors on all the data sets.

3.3.4 The impact of tolerance

Next, we illustrate the impact of € on the out-of-sample performance of our SVLCP

strategy under different market scenarios. Specially, we set € = 10" (1 = —4, =3, -+ ,0),

47



Table 3.2: Out-of-sample performances for 10000 random tests on data 1 under three
market scenarios.

Scenarios Investors Criteria z* Tew Tna Tdro
RT AR 0.305 0.162 0.038 0.073
SR 0.138 0.084 0.011  0.052
NS RN AR 0.253 0.057 0.002 0.011
SR 0.132 0.025 -0.014 -0.012
RA AR 0.176 0.049 -0.053 -0.036
SR 0.116 0.024 -0.082 -0.094
RT AR 0.305 0.161 0.037 0.073

AR’ 0.038 -0.106 -0.010 -0.038

SR 0.138 0.083 0.011  0.052

SR°”  0.009 -0.075 -0.019 -0.057

SS RN AR 0.251 0.056 0.001 0.010
AR -0.009 -0.205 -0.037 -0.082

SR 0.131 0.025 -0.014 -0.012

SR .0.017 -0.152 -0.044 -0.124

RA AR 0.176 0.049 -0.053 -0.036
AR -0.034 -0.153 -0.077 -0.087

SR 0.115 0.023 -0.083 -0.094

SR -0.040 -0.140 -0.109 -0.179

RT AR 0.304 0.159 0.037 0.072
AR .0.243 -0.369 -0.417 -0.239

SR 0.137 0.082 0.010 0.051

SR .0.127 -0.230 -0.272 -0.254

GS RN AR 0.251 0.054 0.001 0.009
AR _0.281 -0.239 -0.363 -0.177

SR 0.131 0.023 -0.015 -0.013

SR  .0.170 -0.176 -0.295 -0.241

RA AR 0.175 0.046 -0.053 -0.037
AR 0.225 -0.236 -0.280 -0.139

SR 0.114 0.021 -0.083 -0.095

SR  -0.181 -0.207 -0.340 -0.267
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Table 3.3: Out-of-sample performances for 10000 random tests on data 2 under three
market scenarios.

Scenarios Investors Criteria z* Tew Tna Tdro
RT AR 0.760 0.568 0.346  0.234
SR 0.330 0.310 0.309 0.304
NS RN AR 0.615 0.398 0.249 0.160
SR 0.316 0.252 0.270  0.266
RA AR 0.376 0.239 0.102 0.043
SR 0.246 0.193 0.136  0.053
RT AR 0.759 0.568 0.346  0.234

AR 0.643 0453 0.331  0.209

SR 0.329 0.310 0.308 0.304

SR  0.273 0244 0.294 0.267

SS RN AR 0.615 0.398 0.248 0.160
AR  0.513 0.308 0236 0.141

SR 0.316 0252 0270 0.266

SR  0.262 0.192 0.256  0.230

RA AR 0.376 0239 0.102 0.043
AR 0.309 0.184 0.094 0.033

SR 0.245 0.193 0.136  0.053

SR®”*  0.199 0.145 0.123  0.030

RT AR 0.763 0570 0.347 0.235
AR 0.032 0.062 0.116 0.093

SR 0.331 0.310 0.309 0.304

SR 0.005 0.023 0.091 0.103

GS RN AR 0.617 0.399 0249 0.161
AR 0.127 -0.106 0.063  0.044

SR 0.317 0252 0270 0.266

SR*”*  0.056 -0.083 0.052 0.045

RA AR 0.378 0240 0.102 0.043
AR _0.105 -0.033 -0.013 -0.012

SR 0.246 0.194 0.136  0.053

SR _0.085 -0.047 -0.056 -0.075
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Table 3.4: Out-of-sample performances for 10000 random tests on data 3 under three
market scenarios.

Scenarios Investors Criteria T* Tew Tna Tdro
RT AR 0.344 0.330 -0.262 -0.094
SR 0.212 0.192 -0.204 -0.176
NS RN AR 0.230 0.195 -0.238 -0.123
SR 0.167 0.122 -0.234 -0.253
RA AR 0.105 0.073 -0.202 -0.135
SR 0.095 0.050 -0.303 -0.334
RT AR 0.344 0.330 -0.262 -0.094

AR 0.287 0273 -0.269 -0.103

SR 0.211 0.191 -0.204 -0.176

SR®”*  0.175 0.156 -0.208 -0.190

SS RN AR 0.230 0.195 -0.238 -0.123
AR 0.190 0.151 -0.243 -0.130

SR 0.167 0.122 -0.235 -0.253

SR°”*  0.135 0.092 -0.239 -0.265

RA AR 0.105 0.073 -0202 -0.135
AR’ 0.079 0.044 -0.206 -0.139

SR 0.095 0.050 -0.303 -0.334

SR°”  0.066 0.023 -0.308 -0.342

RT AR 0.345 0.331 -0.261 -0.094
AR’ -0.108 -0.145 -0.369 -0.160

SR 0.212 0.192 -0.203 -0.175

SR®”*  -0.083 -0.101 -0.281 -0.278

GS RN AR 0.231 0.196 -0.237 -0.123
AR -0.159 -0.197 -0.324 -0.178

SR 0.168 0.123 -0.234 -0.253

SR®”*  -0.140 -0.150 -0.313 -0.349

RA AR 0.106 0074 -0.202 -0.135
AR’ -0.138 -0.175 -0.256 -0.164

SR 0.096 0.051 -0.303 -0.334

SR°*  -0.174 -0.183 -0.377 -0.396
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Table 3.5: Out-of-sample performances for 10000 random tests on data 4 under three
market scenarios.

Scenarios Investors Criteria z* Tew Tna Tdro
RT AR 0.385 -0.096 0.248  0.088

SR 0.140 -0.040 0.092 0.045

NS RN AR 0.331 -0.091 0.196 0.054
SR 0.133 -0.041 0.088  0.028

RA AR 0.217 -0.044 0.118 0.036

SR 0.104 -0.031 0.062 0.013

RT AR 0.385 -0.096 0.248  0.088

AR 0.261 -0.195 0234 0.066

SR 0.147 -0.033 0.100 0.058

SR 0.100 -0.067 0.095 0.043

SS RN AR 0.332 -0.091 0.196 0.053
AR  0.235 -0.194 0.185 0.034

SR 0.142 -0.033 0.098 0.045

SR 0.101 -0.071 0.092  0.029

RA AR 0.217 -0.044 0.118 0.036
AR 0.153 -0.108 0.112  0.026

SR 0.114 -0.021 0.074 0.029

SR 0.081 -0.052 0.070 0.021

RT AR 0.387 -0.093 0.249 0.090
AR’ 0.016 -0.507 -0.002 -0.057

SR 0.148 -0.032 0.101 0.059

SR*”  0.006 -0.174 -0.001 -0.038

GS RN AR 0.334 -0.088 0.197 0.055
AR .0.038 -0.550 -0.004 -0.052

SR 0.143 -0.032 0.098 0.045

SR*”  -0.016 -0.201 -0.002 -0.043

RA AR 0.219 -0.042 0.119 0.036
AR _0.145 -0.318 -0.006 -0.029

SR 0.116 -0.020 0.075 0.029

SR .0.076 -0.153 -0.004 -0.023
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Table 3.6: Out-of-sample performances for 10000 random tests on data 5 under three
market scenarios.

Scenarios Investors Criteria x* Tew Tna Tdro
RT AR 0.111 -0.548 0.043 -0.077
SR 0.035 -0.172 0.009 -0.063
NS RN AR 0.168 -0.460 0.033 -0.056
SR 0.074 -0.173 0.006 -0.059
RA AR 0.079 -0.322 0.016 -0.028
SR 0.030 -0.158 -0.002 -0.037
RT AR 0.111 -0.548 0.043 -0.077

AR .0.014 -0.660 0.030 -0.101

SR 0.043 -0.166 0.017 -0.050

SR -0.005 -0.200 0.012 -0.066

SS RN AR 0.167 -0.460 0.032 -0.056
AR 0.062 -0.553 0.022 -0.074

SR 0.084 -0.166 0.016 -0.044

SR 0.031 -0.199 0.010 -0.057

RA AR 0.079 -0.322 0.016 -0.028
AR 0.013 -0.382 0.010 -0.037

SR 0.041 -0.148 0.010 -0.022

SR 0.007 -0.176 0.006 -0.029

RT AR 0.112 -0.546 0.045 -0.076
AR .0.390 -1.213 -0.419 -0.376

SR 0.043 -0.165 0.018 -0.049

SR _-0.150 -0.367 -0.164 -0.245

GS RN AR 0.168 -0.458 0.034 -0.055
AR -0.215 -0.980 -0.338 -0.290

SR 0.084 -0.165 0.016 -0.043

SR -0.108 -0.352 -0.162 -0.226

RA AR 0.078 -0.320 0.017 -0.027
AR _0.172 -0.646 -0.215 -0.164

SR 0.040 -0.148 0.010 -0.021

SR -0.088 -0.298 -0.131 -0.129
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Table 3.7: Out-of-sample performances for 10000 random tests on data 6 under three
market scenarios.

Scenarios Investors Criteria z* Tew Tna Tdro
RT AR 0.569 0.108 0.176  0.097
SR 0.080 0.016 0.041 0.031
NS RN AR 0.288 0.128 0.171  0.102
SR 0.089 0.025 0.049 0.045
RA AR 0.355 0.133 0.163  0.091
SR 0.108 0.035 0.064 0.057
RT AR 0.569 0.107 0.176  0.097

AR 0.444 -0.010 0.163 0.072

SR 0.083 0.019 0.047 0.037

SR’  0.064 -0.002 0.043 0.027

SS RN AR 0.379 0.127 0.171 0.058
AR 0.278 0.022 0.160 0.051

SR 0.094 0.029 0.056 0.069

SR 0.069 0.005 0.053 0.060

RA AR 0.355 0.133 0.163 0.091
AR 0.294 0.070 0.156 0.087

SR 0.114 0.041 0.073  0.072

SR 0.095 0.022 0.071 0.070

RT AR 0.566 0.105 0.175 0.097
AR _0.181 -0.233 -0.211 -0.105

SR 0.082 0.019 0.046 0.039

SR .0.026 -0.042 -0.056 -0.042

GS RN AR 0.379 0.126 0.170  0.057
AR’ 0.005 -0.128 -0.139 -0.005

SR 0.094 0.029 0.056 0.068

SR 0.001 -0.030 -0.046 -0.005

RA AR 0.355 0.131 0.162 0.091
AR 0.105 -0.098 -0.031 0.059

SR 0.114 0.041 0.073  0.072

SR 0.034 -0.030 -0.014 0.047
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respectively, and then, when all else is the same as aforementioned, compare the
out-of-sample cumulative returns on the six data sets. To avoid repetition, we take
the SS scenario as an example; the results under the GS scenario are similar and
therefore ignored. Under the NS scenario, we plot the out-of-sample cumulative
returns for each i, and connect them with yellow lines. Under the SS scenario, we
conduct 10000 positive and 10000 negative random tests for each i, respectively, and
present a blue (positive) and a magenta (negative) box plots of the cumulative returns,
along with the connecting lines of the mean points. The comparison results on data
1-6 are reported separately in Figures 3.7-3.12.

From Figures 3.7-3.12, we have the following observations.

(iii) When the tolerance ¢ is less than 1072, the out-of-sample performance of our
SVLCP strategy tends to stabilize on almost all data sets regardless of the
market shock. It implies that our proposed SBCD method converges consistently

to an e-Clarke stationary point in most instances.

(iv) In addition, under the SS scenario, our SVLCP strategy obtains very concen-
trated out-of-sample cumulative returns on almost all data sets whether under
positive or negative shock, which further demonstrates the robustness of our

proposed algorithm.
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3.3.5 Sensitivity analysis on S and \

In this subsection, we conduct sensitivity analysis on the parameters § and A\. We
plot the objective function values of (3.0.2) at e-stationary solutions corresponding
to different parameter settings. Specifically, we set § = [0.1,1,5, 10,20, 50] and
A = [0.0001,0.001,0.01,0.1,1]. The other parameters are just the same as (3.3.2).

Here we take data 1 as an example and give the 3D plots in Figure 3.13.

3880

3860
107
3820
10?2
107°
ot
A

//// 107" o 20
15 102 15 N 2860
10 3 430
10 10 3800
5 10 “z0 5 o0
3 A 8
1 10° 1 10
(a) Risk-taking (b) Risk-neutral (C) Risk-averse

Figure 3.13: 3D plot of the objective function values (3.0.2) on data 1 for different (
and .

Furthermore, we calculate the relative errors with taking the function value for
S = 10 and A\ = 0.001 as a benchmark. The relative errors fluctuate between
[—0.14%, 1.77%)], [—0.84%,2.52%)] and [—0.30%, 1.92%)], respectively, which shows
that the function value does not change significantly, and therefore our model is

robust.
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Chapter 4

Sample average approximation
method

In this chapter, we consider a sample average approximation (SAA) problem of (1.1.1)
and present its convergence analysis.

The SAA method [19, 42, 46, 47] is a widely used approach for solving stochastic
optimization problems, where the objective function or constraints involve uncertainty
modeled by random variables. The method replaces the involved expectations or
probabilistic terms in the original problem with their sample averages computed using
a finite number of samples of the random variables. This transforms the stochastic

problem into a deterministic optimization problem that is easier to solve.

4.1 An implicit reformulation

In this section, we give an implicit reformulation of problem (1.1.1) and then approx-
imate it with the SAA method.

Intuitively, we could write the SAA problem of (1.1.1) as follows

. A 1 & 2, Ay
min  fy(x) = N Z [A(&)z — wil|” + §H$H
= (4.1.1)

0<Bzx+blHr+h>0
0 <O u +d(&) L M(&)u; + q(&) >0, for i € [N].
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However, this formulation is not appropriate for SAA convergence analysis. The
increasing variables uq,...,uy make it hard to analyze the behavior of the SAA
method. Therefore, we consider an implicit reformulation of problem (1.1.1) which
“eliminates” the variables uq, ..., uy.

Alternatively, we reformulate problem (1.1.1) as following

min f(z) := E[F(x,§)]

(4.1.2)
s.t. re X,
where F(z,§) = p(x,&) + —HxH2 with p(z, £) being the optimal value of
min || A()z —u(&)|
(4.1.3)

st u(&) eU(§).

For equivalence of formulations (1.1.1) and (4.1.2), see [40, Chapter 1, section 2.4]
and [42]. Then, problem (4.1.3) is a projection of A(§)x onto U().

4.2 Convergence analysis

In this section, we consider the convergence of the SAA method for problem (4.1.2).

Let random sample &1, ...,&y be N realizations of the random vector 5 and the ex-
pected value E[F'(z, £)] is approximated by the following sample average — ZZ L F(x,&).

Hence, problem (4.1.2) is approximated by the following SAA problem

N
min ful(a) = x, &)
Z:: (4.2.1)
st. re X,
A : .
where F(z,&;) = p(z,&) + §Hx|| with p(z,&;) being the optimal value of
(4.2.2)
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Problem (4.2.1) is an implicit formulation where variables u;,7 = 1, ..., N are “elimi-
nated”. This type of formulation is of help for the convergence analysis.

Next, we show a convergence analysis for the SAA problem (4.2.1). Let Iy
and Sy denote the optimal value and set of optimal solutions of problem (4.2.1)
respectively. It is important to note that Jy and Sy depend on the generated samples
and should, therefore, be considered as random variables. We discuss the convergence
properties of ¥y and Sy viewed as statistical estimators of counterparts ¥* and S*
of the true problem (4.1.2). Throughout this section, we assume that the random

sample &, ..., &y is independent and identically distributed (i.i.d).

Let
o [2f(@%)
’Y L >\ I
and
C=4Xn B,:L

with 2° being an arbitrary feasible point of problem (4.1.2). Then we have the

following result on the boundedness of the optimal solution sets §* and Sw.

Lemma 4.1. The solution set of problem (4.1.2) is not empty and contained in C.

Moreover, w.p.1 for N large enough the set Sy is nonempty and contained in C.

Proof. Note that the objective function of problem (4.1.2) is continuous and coercive.
Given that the feasible set X" is not empty, the solution set of problem (4.1.2) is not
empty and contained in the level set D(f) = {z € R" : f(z) < f(2°)}. Note that
z € D(f) implies that 2|jz[|> < f(20), ie., [z] < /222 Therefore, S* C C.
Together with the law of large numbers, similarly, we can show that w.p.1 for N

large enough the set Sy is nonempty and Sy C B. m
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Note that fN(x) converges to f(z) w.p. 1 uniformly on C [41, pp. 375] if

A

sup [fv(z) — f(z)] =0 wop. 1 as N — oc.
zeC

Lemma 4.2. The expected value function f is finite valued and continuous on C, and

fN(x) converges to f(x) w.p. 1, as N — 0o, uniformly in z € C.

Proof. First, note that for any = € C the function p(-, ) is continuous at z for almost
every £ € =.
Let u*(€) be an optimal solution of (4.1.3). Then u*(:) : = — R™ is a measurable

function. Moreover,
A
* 2 A 2
= [A©)z = w (I + S|

< (I A@Mll + Nl ©)1)* + %II?L’H2

2

< (1A©)Iy + @) + 2T

Therefore, by [41, Theorem 7.48], together with the i.i.d assumption, we conclude
that the expected value function f is finite value and continuous on C, and fy ()

converges to f(z) w.p. 1, as N — oo, uniformly in z € C. O]
Then, we have the following theorem which establishes the SAA convergence.
Theorem 4.1. Uy — 9* and D(Sy,S*) = 0 w.p. 1 as N — co.

Proof. Due to Lemma 4.1 and Lemma 4.2, by [41, Theorem 5.3], we established the

statement. O
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4.3 Exponential convergence rate

In the previous section, we established the convergence of the SAA problem. Specifi-
cally, we show that the optimal value and set of optimal solutions of the SAA problem
converge to the counterparts of the true problem with probability one as the sample
size increases. However, an important issue remains unaddressed, which is both
conceptually and computationally significant: how large should the sample size be
to achieve the desired accuracy of the SAA estimators? Next, we show the uniform
exponential convergence of fy(z) to f(z) on X. Furthermore, we translate the
uniform exponential convergence of functional value to the exponential convergence
of solutions of the SAA problem to the set of optimal solution of the true problem.
Cramér’s Large Deviation Theorem plays an important role in the following
analysis. It is a fundamental result in probability theory that describes the asymptotic
behavior of the probabilities of rare events for sums of i.i.d. random variables.
Specifically, it provides an exponential decay rate for the probability that the sum
deviates significantly from its expected value. The formal definition is given as follows

[41, pp. 387-388].

Definition 4.1 (Cramér’s Large Deviation Theorem). Consider an i.i.d. sequence
Zh, ..., 4N of replications of a real valued random variable Z, and let Yy = % Zf\il Z;
be the corresponding sample average. Suppose that Z has finite mean py = E[Z].

Then, for any real number a > uz, it holds that

P(Yy > a) < e N@), (4.3.1)

where

I(y) := sup{ty — A(t)},

teR

called the rate function, is the conjugate of the logarithmic moment-generating function
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A(t) := In M(t) and M(t) := E[e'?] is the moment-generating function (MGF) of

random variable Z .

We denote by
M:E<t) = ]E {et[F(:v,ﬁ)—f(x)]}

the moment generating function of the random variable F(z,&) — f(z). Furthermore,

let us make the following assumption.

Assumption 4.1. For every x € C the moment generating function M,(t) is finite

valued for all t in a neighborhood of zero.

Proposition 4.1. Suppose Assumption 4.1 holds. Then, for any e > 0, there exist

positive constants c(€) and B(€), independent of N, such that

P {sup |fn(z) — f(z)] > 6} < c(e)e NAO), (4.3.2)

zeC

Proof. This proof is primarily based on the proof of [42, Theorem 5.1].

First note that C is a compact subset of X'. Therefore, we can construct a v-net
to approximate C. Specifically, for a v > 0, let Zy,...,2Zr € C be such that for every
x € C there exists 7;,i € {1,...,T}, such that ||z — z;|| < v, i.e. {Zy,..., 27} is
a v-net in C. We can choose this net in such a way that 7' < [O(1)d/v]", where
d := sup, ,ec ||7" — x| is the diameter of C and O(1) is a generic constant.

For an x € C, let i(x) € argmin, ;.7 ||z — Z;||. By construction of the v-net we

have that ||z — Zi) || < v for every x € C. Then

A

[fn(@) = f@)] < |fn(x) = In@i)| + | n (@) = F(@iw)| + | Eiw) — F(@)]
<21+ M + v (@) — f(Eiw)].
Here the second inequality is due to the Lipschitz continuity of functions f ~ and f

on C.
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According to the Cramér’s Large Deviation Theorem, we have that for any x € C

and € > 0 it holds that
P { Fu(z) — flz) > e} < e N, (4.3.3)

where

I.(y) == sup{ty — In M, (t)}

teR

is the rate function of random variable F'(z,&) — f(x).

Similarly,

and hence

P {\fw(:c) — f(2)| > e} < e NEa(€) 4 o= NLo(=9), (4.3.4)

By Assumption 4.1, we have that both I, (¢) and I,(—¢) are positive for every x € C.
Consider Z; := fN(:Z'Z)—f(:E@),z =1,...,T. We have that the event {max;<;,<r | Z;| >

€} is equal to the union of the events {|Z;| > €},i =1,...,T, and hence

T
P <max |Z:| > €> < ZIP’(\ZJ > €).
i=1

1<<T

Together with (4.3.4) this implies that

P (mx (@) - f2)] > ) <23 exp (- N min{ (), L(0)}}

€

Now let us take a v-net with such v that 2(1 4+ Ay)v =¢€¢/2,ie. v : = ———.
(L+ My =¢/ S
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Hence,

<P { o () - 2] 2 § (159

Since the above choice of the v-net does not depend on the sample, and both Iz,(5)
and I, (—%) are positive, 7 = 1,...,T, we obtain that (4.3.5) implies (4.3.2), and

hence completes the proof. O

Next, based on the uniform exponential convergence of fy(x) to f(z), we further
show an exponential convergence of an optimal solution of the SAA problem to the set
of optimal solutions of the true problem. For this translation, we first introduce the
following lemma which basically states that when sup, .y | fv(z) — f(z)| is sufficiently
small, the set of optimal solutions of the SAA problem is close to the set of optimal

solutions of the true problem if both sets are nonempty.

Lemma 4.3. For any e > 0, there exists a § > 0 such that if sup,c | f (z)—f(2)| < 6,
then D(Sy,S*) < e.

Proof. First, we show that if sup,cy | /v () — f(z)| < 8, then |[Jy — 0% < 6.
Suppose 0 N, U* are attained at z1, x5 € X respectively. Without loss of generality,

we may assume that Iy > 0. Then,
On =9 = fn(a1) = f(z2) < (@) — fla) < 6.

Similarly, if 9* > 1§N, we have 9% — Jy < 4.

Then, we prove that if sup,cy |fn(z) — f(z)| < 3, then [0y — 9*| < 6.
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Let

R(e):= inf  f(z)—10".

z:d(x,5*)>e
Obviously, R(e) > 0. Let § = R(e)/3 and sup,. | fv(z) — f(z)| < 6.
Then, for any point z € X with d(z, S*) > ¢, we have
[ (x) = x| = |fv(@) =Dy = (fla) = 0%) + fla) = 0"
> | f(x) = 0| = | fn (@) = f(2)| = [On — 0|
>30—6—06=0>0.

This indicates that = ¢ Sy. Therefore, for any #* € Sy, d(z*,8*) < €, which implies
D(SN, S*) < €. ]

Theorem 4.2. Let &* be a solution of the SAA problem (4.2.1). Suppose Assumption
4.1 holds. Then, for every e > 0, there exist positive constants ¢(€) and B(e),

independent of N, such that
P{dist(*,S*) > €} < é(e)e NP (4.3.6)
for N sufficiently large.

Proof. Let € > 0 be any small positive number. By Lemma 4.3, there exists a d(¢) > 0
such that if sup,cy |fn(z) — f(x)| < 8(e) then D(i*,S*) < e.

On the other hand, under Assumption 4.1, by Proposition 4.1, we have that for
the d(e) > 0 there exist positive constants ¢(d(¢)) and 5(0(¢€)) (for the simplicity of

notation we write them as é(e) and 3(¢)) independent of N, such that

p {sup Fn(e) - f@)] 2 5<e>} < ()N,

zeC

for N sufficiently large.
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Consequently, we have

zeC

P (dit(a*,5°) 2 ) < P {suplfv(o) — S(0)] 2 5(6)} < fe)e 0
This completes the proof. O

4.4 Numerical experiments

In this section, we aim to show the convergence of the SAA method. We still take the
portfolio selection problem in Chapter 3 as an example. Specifically, we take the data
sets 4, 5, 6 in Table 3.1 as examples. For these three data sets, by the rolling window
method for generating M; and ¢;, we have 577,577,725 samples in total, respectively.

To investigate the behavior of the SAA problem, we randomly select N =
100, 300, 500 samples for data sets 4 and 5 and N = 100,400, 700 samples for data
set 6, and solve the corresponding SAA problem (4.1.1) with Algorithm 1. The
parameters setting is also the same as those in Chapter 3. We repeat this process 25
times and box plot the objective value of problem (4.1.1).

All the computational tests were conducted on an Lenovo ThinkCentre Desktop
(Intel core 17-12700 CPU, 2.1 GHz, 64 GB RAM) with using Matlab R2024b.

Figures 4.1-4.3 show the convergence trend of the function value as the sample

size N increases.
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Figure 4.1: Boxplot of optimal values on Figure 4.2: Boxplot of optimal values on
data 4 for different sample size N. data 5 for different sample size N.
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Chapter 5

Conclusions and future work

In this chapter, we conclude the whole thesis and provide some possible remarks for

the future work.

5.1 Conclusions

In this thesis, we propose stochastic optimization model (1.1.1) to find a robust
solution of a system of SVLCPs and consider its applications in portfolio selection

problems.

e We prove that there are penalty parameters such that problem (3.0.2) is an
exact penalty problem of (1.1.1) with a finite support set regarding global
minimizers and local minimizers. The objective function of problem (3.0.2)
is piecewise smooth and the constraints are linear with block structure. We
develop a smoothing block coordinate descent (SBCD) algorithm for solving
problem (3.0.2). We prove the smoothing function satisfies the KL property
and the sequence generated by the SBCD algorithm converges to an e-Clarke
stationary point of problem (3.0.2) by using the KL property. Our preliminary
numerical experiments on portfolio selection problems with real data show the
robustness of solutions obtained by our methods, comparing with the single-

stage stochastic expected value formulation, the naive evenly weighted portfolio
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and the portfolio arising from the distributionally robust optimization problem

with the Kullback-Leibler divergence defined ambiguity set.

e We propose an implicit reformulation of the true problem and then approximate
it with the SAA method. Next, we analyze the SAA convergence. Specifically,
we show that, as the sample size goes to infinity, the optimal value and set
of optimal solutions of the SAA problem converge to the counterparts of the
true problem. Also we establish the uniform exponential convergence of the
function values and translate it to the exponential convergence of an optimal
solution of the SAA problem converging to the set of optimal solutions of the
true problem. Finally, we also conduct extensive numerical experiments on the

portfolio selection problems to show the convergence of the SAA method.

5.2 Future work

Some possible extensions for future work are listed below.

e Although it is extremely challenging, we are still interested in obtaining an
explicit expression or at least an lower bound for the threshold value p* in our

exact penalty problem;

e We are interested in deriving the KL exponent for our problem, which will
help us establish the convergence rate of our algorithm. Specifically, it might
be interesting to investigate the KL exponent of a smoothing function if the

original function has a KL exponent ~.

e As Remark 3.3 pointed out, if we choose the rule (3.2.25) for updating the
smoothing parameter, is it possible that we can still show the whole sequence

convergence with the KL property?
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e A deeper discussion on the choice of smoothing function and the smoothed

function satisfying the KL property would be a valuable topic for future research.

e We are also interested in stochastic approximation method and designing a
stochastic algorithm for solving problem (4.1.2) directly instead of using the
SAA method.
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