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Abstract

Nonmonotone variational inequalities represent a challenging class of problems that

arise in various applications, including economics, engineering, and network analysis,

where traditional monotonicity assumptions do not hold. The study of algorithms

for nonmonotone variational inequalities has consistently been a central topic in opti-

mization. This thesis aims to design efficient algorithms for solving pseudomonotone

variational inequality problems, which are a special class of nonmonotone variational

inequalities. The content is mainly divided into the following two aspects.

In the first part of the thesis, we propose an extra gradient Anderson-accelerated

algorithm for solving pseudomonotone variational inequalities, which uses the extra

gradient scheme with line search to guarantee the global convergence and Anderson

acceleration to achieve fast convergent rate. We prove that the sequence gener-

ated by the proposed algorithm from any initial point converges to a solution of

the pseudomonotone variational inequality problem without assuming the Lipschitz

continuity and contractive condition, which are used for convergence analysis of the

extra gradient method and Anderson-accelerated method, respectively in existing

literatures. Subsequently, under the condition that the operator is locally Lipschitz

continuous, we provide the convergence rate concerning the residual function. Addi-

tionally, we propose an improved version of the above algorithm, aiming to enhance

convergence efficiency by reducing the number of projections onto the feasible set.

Numerical experiments, particular emphasis on Harker-Pang problems, fractional
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programming problems, nonlinear complementarity problems, PDE problems with

free boundary and linear complementarity problems, are conducted to validate the

effectiveness and good performance of the proposed algorithm comparing with the

existing extra gradient method and Anderson-accelerated method.

In the second part of the thesis, we propose a stochastic extra gradient Anderson-

accelerated algorithm for solving pseudomonotone stochastic variational inequalities.

This algorithm is developed based on the extra gradient method and Anderson-

accelerated method, utilizing a stochastic approximation approach. By incorporat-

ing a line search technique to against the unknown Lipschitz constants, the pro-

posed stochastic algorithm is designed. We prove that the sequence generated by

the proposed stochastic algorithm converges almost surely to a solution of the pseu-

domonotone stochastic variational inequality problem. Additionally, we establish the

sublinear convergence rate of the proposed stochastic algorithm in terms of the mean

residual function, along with its optimal oracle complexity. Finally, we validate the

effectiveness of the proposed stochastic algorithm by some experiments.
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Chapter 1

Introduction

1.1 Background

Variational inequalities (VIs) are a fundamental concept in mathematical analysis

and optimization, introduced in the 1960s by Hartman and Stampacchia [31] as an

important tool for analyzing boundary value problems of partial differential equa-

tions (PDEs) and optimal control problems. VIs provide a unified framework for

representing various important concepts in applied mathematics such as nonlinear

equation systems, complementarity problems, optimality conditions for optimiza-

tion problems and network equilibrium problems. Thus, VIs have a wide range of

applications in physics, economics, engineering sciences and so on [6, 21, 32, 59, 68].

Given a closed convex set Ω ⊆ Rn and a continuous operator H : Rn → Rn, the

deterministic variational inequality (VI) is to find an x∗ ∈ Ω such that

⟨H(x∗), x− x∗⟩ ≥ 0, ∀x ∈ Ω. (1.1.1)

We denote problem (1.1.1) by VI(Ω, H), which includes the following important

cases:

(i) if H = ∇f for some smooth function f , then problem (1.1.1) reduces to the

first-order optimality condition for minimizing f over Ω;
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(ii) if Ω = Rn, then problem (1.1.1) reduces to the nonlinear equation system:

H(x) = 0;

(iii) if Ω = Rn
+, then problem (1.1.1) becomes the complementarity problem:

H(x) ≥ 0, x ≥ 0, ⟨H(x), x⟩ = 0.

To address decision-making problems that involve future uncertainty, the stochas-

tic version of VIs has been developed [37, 40, 45, 57, 78, 79]. Stochastic variational

inequalities (SVIs) are a powerful mathematical framework that generalizes deter-

ministic VIs to incorporate randomness and uncertainty. Let (Ξ,G) be a measurable

space and T : Ξ × Rn → Rn a measurable (random) operator. ξ : X → Ξ is a

random variable defined on a probability space (X,F ,P). The stochastic variational

inequality (SVI) is to find an x∗ ∈ Ω such that

⟨E[T (ξ, x∗)], x− x∗⟩ ≥ 0, ∀x ∈ Ω. (1.1.2)

We denote problem (1.1.2) by SVI (Ω,E[T (ξ, ·)]), which has many applications in

practice [39, 48, 56].

Since calculating expectations requires multi-dimensional integration and the

probability distribution of ξ may be unknown, existing numerical methods for the

deterministic problem (1.1.1) are typically not directly applicable to the stochas-

tic problem (1.1.2). To overcome this difficulty, stochastic approximation (SA) is a

commonly used approximation technique.

In this thesis, we focus on designing accelerated algorithms for solving nonmono-

tone VIs (1.1.1) and (1.1.2).

1.2 Literature reviews

One of the most interesting topics in the study of VIs is the development of efficient

and fast iterative algorithms for finding solutions. As a class of effective numerical
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methods for solving VIs, projection methods have received a lot of attention from

many researchers.

1.2.1 The projection methods for solving varia-

tional inequalities

The earliest projection method for solving VI(Ω, H) is the gradient projection (PG)

method [28]

xk+1 = PΩ(xk − tH(xk)), (1.2.1)

where PΩ denotes the projection onto the set Ω and t > 0. To guarantee the conver-

gence of the PG method, it is usually assumed that either H is strongly monotone

and L-Lipschitz continuous on Ω1, or H is cocoercive. In order to weaken the strong

monotonicity of H, many projection methods have been proposed to solve monotone

VIs [2, 14, 23, 15, 50, 51, 71, 72, 73]. These methods include using some accel-

eration techniques to solve monotone VIs. For example, an adaptive golden ratio

algorithm was proposed in [2] for solving VIs where the operator is monotone and lo-

cally Lipschitz continuous. Specifically, when the feasible set is Rn, the monotonicity

assumption of the operator in [2] can be replaced by the existence of a weak Minty

solution to VIs. Under these assumptions, convergence rates were provided for both

the gap function and the residual function. In [23], the authors introduced an iner-

tial projection and contraction algorithm and proved that, under the conditions that

the operator is monotone and Lipschitz continuous, the sequence generated by the

algorithm weakly converges to a solution of VIs in a Hilbert space.

Very recently, developing algorithms for different nonmonotone VIs has attracted

great attention due to applications in machine learning [12, 46, 63, 64, 69, 77]. In this

thesis, we focus on solving VIs with a pseudomonotone operator, which is a widely

used class of nonmonotone VIs. A most commonly used algorithm in the literatures

1 H is called L-Lipschitz continuous on Ω if ∥H(x)−H(y)∥ ≤ L∥x− y∥ for any x, y ∈ Ω.
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for solving pseudomonotone VIs is the Korpelevich’s extra gradient (EG) method

[44]. The EG method was originally used to solve VI(Ω, H) with a monotone and

L-Lipschitz continuous H, and was later extended by Facchinei and Pang [25] to

solve the pseudomonotone VIs. The structure of the EG method proceeds as follows:

xk+0.5 := PΩ(xk − tH(xk)),

xk+1 := PΩ(xk − tH(xk+0.5)),

where t > 0. It is important to note that the convergence results for the EG method

require H to be L-Lipschitz continuous on Ω and the stepsize t to satisfy tL < 1 [44].

Iusem [36] proposed a modified EG method with an updated stepsize to guarantee

the efficiency of the proposed algorithm for VI(Ω, H), in which H is monotone and

continuous. Recently, similar extensions have been developed not only for monotone

operators but also for pseudomonotone operators [12, 63, 64]. However, the conver-

gence rates are not mentioned in these works. Most results on convergence rates

of EG methods for VIs are established based on the L-Lipschitz continuity of H,

resulting in a sublinear rate of convergence for the best-iterate of the residual term.

In particular, when H is monotone and L-Lipschitz continuous, we known that the

EG method converges to a solution of VI(Ω, H) in terms of min0≤k≤N ∥xk − xk+0.5∥

with a rate of O(1/
√
N) [60], which has been extended to the EG method for solving

VIs with a pseudomonotone and L-Lipschitz continuous H in [25, Lemma 12.1.10].

One way to improve the EG method is to reduce the number of projections onto

the feasible set. The EG method requires computing two projections onto the feasible

set in each iteration. If the feasible set is simple enough, the projections are easy to

compute. However, if the feasible set is a general closed convex set, two minimum

distance problems must be solved to obtain the next iteration. For this reason,

some scholars have improved the EG method by reducing the number of required

projections.
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In 2012, Censor, Gibali, and Reich introduced the subgradient extra gradient

algorithm in [15]. In each iteration of the algorithm, a halfspace is constructed,

replacing the second projection onto the feasible set with a projection onto this

halfspace. This substitution is possible because the projection onto the constructed

halfspace has a closed-form expression (see Lemma 2.6), resulting in lower compu-

tational complexity compared to the EG method. The subgradient extra gradient

algorithm is structured as follows:
xk+0.5 := PΩ(xk − tH(xk)),

Bk := {x ∈ Rn : ⟨xk − tH(xk)− xk+0.5, x− xk+0.5⟩ ≤ 0} ,

xk+1 := PBk
(xk − tH(xk+0.5)),

where t > 0. Under the assumptions that the operator H is monotone, L-Lipschitz

continuous, and tL < 1, it was proved that the sequence generated by this algorithm

weakly converges to a solution of VI(Ω, H) in a Hilbert space. Subsequently, several

scholars have extended the subgradient extra gradient algorithm in [14, 61, 65, 1, 18,

66, 74].

After that, the EG method has been intensively studied and extended in various

ways [12, 14, 15, 22, 29, 35, 46, 49, 51, 63, 64, 69, 73, 75]. It is worth pointing out

that besides the L-Lipschitz continuity of H on Ω, some other conditions on H are

often required to guarantee the convergence of the EG method and its variants, such

as Minty condition, quasimonotonicity and pseudomonotonicity.

Furthermore, research on nonmonotone VIs under Minty condition has been con-

ducted. We say problem (1.1.1) satisfies the Minty condition if there exists an x∗ ∈ Ω

such that

⟨H(x), x− x∗⟩ ≥ 0, ∀x ∈ Ω. (1.2.2)

Under the Minty condition, Ye and He in [77] introduced a double projection

algorithm (DPA) with global convergence on the sequence, which requires computing
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the projection onto the intersection of a finite number of halfspaces and the closed

convex set Ω. Subsequently, Lei and He in [46] proposed a new extra gradient method

(NEG) that does not involve adding halfspaces during the projection computation

for solving this class of VIs under the same assumptions as in [77]. Then a new extra

gradient type projection algorithm (NEGTP) was presented in [69] to solve a class

of continuous quasimonotone VIs satisfying H(x) ̸= 0, ∀x ∈ Ω. All the algorithms

in [46, 69, 77] have the global sequence convergence, but do not have the estimation

of the convergence rate. In [76], Ye proved the global convergence of the sequence

for the proposed algorithm under the Minty condition. However, in each iteration,

the algorithm in [76] requires selecting the halfspace that has the largest distance

from xk to some generated halfspaces. As k increases, more information needs to

be computed and stored. Approximation-based Regularized Extra-gradient method

(ARE), a pth-order (p ≥ 1) algorithm, was proposed in [35] for solving monotone VIs

with a convergence rate of O(1/N
p+1
2 ) on the gap function. In [34], it was stated

that ARE also can solve the nonmonotone VIs satisfying the Minty condition with

the convergence rate of O(1/
√
N) for the residual function and O(1/N

p
2 ) for the gap

function. However, the algorithms in [35, 34] need the Lipschitz continuity of H and

do not have the sequence convergence on the iterates. A summary of some main

comparisons is provided in Table 1.1.

1.2.2 Stochastic approximation methods for solv-

ing stochastic variational inequalities

The SA method, first proposed by Robbins and Monro [57], was originally developed

for stochastic root-finding problems. This approach involves substituting the exact

mean operator E[T (ξ, ·)] with a random sample of T during the iteration process.

The first SA-based projection method for SVIs is derived from the combination of the

classical projection scheme and SA techniques, as introduced in [40]. This method
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Methods Assumptions Sequence convergence Convergence rate
(residual function)

EG [25] pseudomonotone
√

O( 1√
N
)

Lipschitz continuous

ARE [34] Minty condition × O( 1√
N
)

(the order p = 1) Lipschitz continuous

DPA [77] Minty condition
√

×
continuous

NEG [46] Minty condition
√

×
continuous

NEGTP [69] Minty condition
√

×
quasimonotone
continuous

H(x) ̸= 0,∀x ∈ Ω

Table 1.1: Summary of results on algorithms with global convergence to nonmonotone VIs

ensures convergence under the assumptions of Lipschitz continuity and strong mono-

tonicity of E[T (ξ, ·)]. Yousefian, Nedić and Shanbhag [78] extended the iterative

scheme from [40] to solve Cartesian SVIs. The convergence conditions in [78] still

require the operator E[T (ξ, ·)] to be strongly monotone and Lipschitz continuous.

Subsequently, some scholars weakened the strong monotonicity of the operator to

monotonicity. Yousefian, Nedić and Shanbhag [79] proposed a regularized smoothing

algorithm to solve monotone SVIs. Koshal, Nedić and Shanbhag [45] introduced a

stochastic iterative Tikhonov regularization method for SVIs, which requires the

operator E[T (ξ, ·)] to be monotone and Lipschitz continuous for convergence. Iusem,

Jofré, Oliveira and Thompson [37] introduced a stochastic extra gradient method for
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solving SVI (Ω,E[T (ξ, ·)]). The structure of the algorithm is as follows:


xk+0.5 := PΩ

(
xk − t

1

Sk

Sk∑
j=1

T (ξkj , xk)

)
,

xk+1 := PΩ

(
xk − t

1

Sk

Sk∑
j=1

T (ηkj , xk+0.5)

)
,

where t ∈ (0, 1√
6L
), L is the Lipschitz constant of E[T (ξ, ·)], {Sk} is the sample rate,

and {ξkj }
Sk
j=1, {ηkj }

Sk
j=1 are random samples. For this algorithm to achieve almost sure

convergence, the operator E[T (ξ, ·)] must be pseudomonotone.

Subsequently, Iusem, Jofré, Oliveira and Thompson [38] proposed a dynamic

stochastic extra gradient method for SVIs, establishing the first robust SA algorithm

with guaranteed convergence despite unknown Lipschitz constants. Based on this

pioneering work, Zhang et al. [81] introduced an infeasible projection algorithm

with line search for pseudomonotone SVIs, achieving the same iteration complexity

but higher oracle complexity than [38]. However, unlike [38], each iteration in [81]

requires only one projection and one sample family, significantly simplifying imple-

mentation. To reduce the computational cost, Yang et al. [74] proposed a variance-

based subgradient extra gradient algorithm with line search for SVIs. The approach

constructs a halfspace at each iteration and replaces the second projection onto the

feasible set with a projection onto this halfspace. There are also several variants of

variance-based extra gradient algorithms with line search for solving SVIs explored

in references [42, 47, 70]. Cui, Sun and Zhang in [19] established theoretical founda-

tions for the solvability of multistage pseudomonotone SVIs and proposed sufficient

conditions for their elicitability, enabling the application of Rockafellar’s progres-

sive hedging algorithm. Additionally, Cui and Zhang in [20] proposed a localized

progressive hedging algorithm for solving nonmonotone SVIs.
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1.2.3 Anderson acceleration for fixed point prob-

lems

It is known that (1.1.1) is equivalent to the following fixed point problem [25]:

x = G(x) := PΩ(x− tH(x)), (1.2.3)

where t > 0. Thus, the study of PG method in (1.2.1), which is a fixed point method,

can help to improve the performance of the algorithms for solving VIs. Anderson

acceleration is efficient to improve the convergence rate of fixed point methods, but

the existing convergence analysis of Anderson acceleration requires the fixed point

mapping G to be contractive and piecewise smooth.

Anderson acceleration was first proposed by Anderson in 1965 in the context

of integral equations [4]. This technique aims to improve the convergence rate of

fixed point iteration by utilizing the history of search directions. It is not nec-

essary to compute the Jacobian of G, which allows it to perform effectively in

various fields, including electronic structure computations [4, 16], machine learn-

ing [33], radiation diffusion and nuclear physics [3]. Anderson acceleration is for-

mally described in the following algorithm, commonly referred to as Anderson(m).
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Algorithm: Anderson(m)

1 Choose x0 ∈ Rn and an integer m > 0. Set x1 = G(x0) and F0 = G(x0)− x0.
2 for k = 1, 2, . . ., do
3 set Fk = G(xk)− xk;
4 choose mk = min{m, k};
5 solve

min

∥∥∥∥∥
mk∑
j=0

θjFk−mk+j

∥∥∥∥∥ , s.t.

mk∑
j=0

θj = 1 (1.2.4)

to find a solution {θkj : j = 0, . . . ,mk}, and set

xk+1 =

mk∑
j=0

θkjG(xk−mk+j).

6 end for

Even after a long period of use and attention, the first mathematical conver-

gence result for Anderson acceleration had not been given until 2015 by Toth and

Kelley [67]. They showed that when G is Lipschitz continuously differentiable and

contractive, Anderson(m) has local r-linear convergence with r-factor ĉ ∈ (c, 1), and

Anderson(1) has q-linear convergence with q-factor c, where c is the contraction co-

efficient of the fixed point mapping. In 2019, Chen and Kelley [16] weakened the

condition of G, proving that this conclusion can be obtained as long as G is a contin-

uously differentiable operator. Additionally, Bian, Chen and Kelley [8] demonstrated

the q-linear convergence of Anderson(1) for general nonsmooth fixed point problems

in a Hilbert space, and r-linear convergence of Anderson(m) for a special nonsmooth

operator. Then, Bian and Chen [7] proved that Anderson(1) is q-linear convergent

for the composite max fixed point problem with a smaller q-factor than the exist-

ing q-factors. Zhang, O’Donoghue and Boyd [80] introduced a variant of Anderson

acceleration that guaranteed global convergence for nonsmooth fixed point prob-

lems, but did not provide a convergence rate. Ouyang, Tao, Milzarek and Deng
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[54] established a globalization strategy for Anderson acceleration incorporating a

nonmonotone trust-region framework. They demonstrated that the algorithm has

global convergence for a class of nonexpansive mappings and showed a local r-linear

convergence for contractive mappings. Moreover, the local properties of Anderson

acceleration with restarting were investigated in [53] in terms of function values when

applied to a basic gradient scheme.

This thesis primarily investigates the case in which the operatorH is pseudomono-

tone in problems (1.1.1) and (1.1.2). Due to the nonmonotonicity of H, the mapping

G in (1.2.3) is not contractive, and may be even expansive, which means that we can-

not directly use Anderson acceleration to solve the corresponding fixed point problem

of VI(Ω, H) in (1.2.3). Moreover, G is nonsmooth, because of the projection oper-

ator PΩ. In this thesis, we introduce Anderson acceleration technique into the EG

method to ensure the global sequence convergence of the algorithm and improve the

convergence rate of the EG method.

1.3 Contribution of the thesis

The contributions of this thesis are summarized as follows.

• In the first part, we propose a new algorithm to solve pseudomonotone VI(Ω, H)

by combining Anderson(1) with the EG method. This algorithm uses the EG

method with line search to guarantee the global convergence of the sequence

and incorporates the Anderson acceleration strategy to enhance its conver-

gence rate. We prove that the sequence generated by the proposed algorithm

converges to a solution of pseudomonotone VIs from any initial point. This

convergence is achieved without relying on the assumptions of Lipschitz conti-

nuity and contractive conditions, which are typically required for the conver-

gence analysis of the EG algorithm and the Anderson acceleration algorithm
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in existing literatures.

Under the assumption thatH is locally Lipschitz continuous, the convergence

rate of the proposed algorithm with respect to the residual function is no worse

than that of the EG method. This assumption is weaker than the requirement

of the EG method, which assumes that H is globally Lipschitz continuous.

Additionally, we propose an improved version of the algorithm by reducing

the number of projections onto the feasible set. The improved algorithm is

suitable for situations where projections onto the feasible set are difficult to

compute. In these cases, the improved algorithm retains the same convergence

properties as the original algorithm while improving its efficiency. Finally,

numerical experiments are conducted to demonstrate the effectiveness and su-

periority of the proposed algorithm compared to the Anderson acceleration and

the EG algorithms.

• In the second part, we develop an accelerated algorithm for solving pseu-

domonotone SVI (Ω,E[T (ξ, ·)]). This algorithm combines the EG method with

Anderson acceleration and utilizes the SA method. The proposed stochastic

algorithm does not require prior knowledge of the Lipschitz constant due to

the implementation of a line search technique. We demonstrate that the se-

quence generated by the proposed stochastic algorithm converges almost surely

to a solution of SVI (Ω,E[T (ξ, ·)]). Furthermore, we show that the proposed

stochastic algorithm achieves a sublinear convergence rate of O (N−1) in terms

of the mean residual function, as well as an optimal oracle complexity of O(ϵ−3).

Finally, the numerical experiments ultimately demonstrate the superior per-

formance of the proposed stochastic algorithm compared to the stochastic EG

method. Furthermore, when applied to the portfolio selection with real data,

the solution found by the proposed stochastic algorithm performs better than
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the naive evenly weighted portfolio.

1.4 Organization of the thesis

The thesis is organized as follows.

• In Chapter 1, we provide an overview of the thesis background and conduct a

review of the existing literatures on related topics.

• In Chapter 2, we establish the basic notation and summarize the key concepts

and preliminary lemmas that underpin our analysis, including Opial’s Lemma,

which is essential for proving the main convergence results of this work.

• In Chapter 3, we propose an algorithm for solving pseudomonotone VIs, based

on the Anderson acceleration and the EG methods. First, we prove the global

convergence of the sequence generated by the proposed algorithm without rely-

ing on the Lipschitz continuity or contraction conditions of the operator. Then,

under the condition that the operator is locally Lipschitz continuous, we pro-

vide the convergence rate concerning the residual function. Additionally, by

reducing the number of projections onto the feasible set, we present an im-

proved version of the proposed algorithm, enhancing its efficiency while main-

taining its convergence properties. Finally, through numerical experiments, we

demonstrate the effectiveness of the proposed algorithm, showing that its nu-

merical performance is superior to both the Anderson acceleration and the EG

methods.

• In Chapter 4, we present a stochastic version of the proposed algorithm using

the SA method to solve pseudomonotone SVIs. The algorithm employs the line

search to overcome the difficulty of knowing the Lipschitz constant of the oper-

ator in advance. We analyze the asymptotic convergence of the algorithm and
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provide the convergence rate concerning the mean residual function and the

oracle complexity. Finally, the proposed stochastic algorithm is shown to be

effective compared to the stochastic EG algorithm through two illustrative ex-

amples. Moreover, the solution obtained by the proposed stochastic algorithm

outperforms the naive evenly weighted portfolio on the portfolio selection prob-

lem with real data.

• In Chapter 5, we summarize the main results of the thesis and propose possible

directions for future research.
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Chapter 2

Basic Notation and Preliminaries

In this chapter, we introduce the basic notation and some fundamental concepts that

will be used throughout the thesis.

2.1 Basic notation

Let ∥x∥ denote the Euclidean norm of a vector x ∈ Rn, and let ∥A∥ and ∥A∥F

denote the ℓ2-norm and the Frobenius norm of a matrix A ∈ Rm×n, respectively.

Given Ω ⊆ Rn and x ∈ Rn, we use the notation PΩ(x) := argminy∈Ω ∥y − x∥2 when

Ω is closed. Let N be the set of all positive integers and N0 := N∪{0}. Let e denote

the base of the natural logarithm, and e ∈ Rn denote the vector of all ones, i.e.,

e = (1, 1, . . . , 1)T ∈ Rn. For any a ∈ R, ⌈a⌉ represents the smallest integer greater

than or equal to a. Given a random variable ξ and a σ-algebra F , we denote the

expectation of ξ by E[ξ] and the conditional expectation of ξ by E[ξ|F ]. We use

[m] := {1, 2, · · · ,m} for m ∈ N, and denote the σ-algebra generated by the random

variables ξ1, · · · , ξk as σ(ξ1, · · · , ξk). Given the random variable ξ and p ≥ 1, |ξ|p is

the Lp-norm of ξ and |ξ|F|p := (E[|ξ|p|F ])
1
p is the Lp-norm of ξ conditional to the

σ-algebra F .We write ξ ∈ F if ξ is F -measurable, i.i.d. for ‘ independent identically

distributed’, and a.s. for ‘almost surely’.
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2.2 Preliminaries

Definition 2.1. [43] Let Ω be a subset of Rn and H : Rn → Rn an operator. Then

(i) H is said to be monotone on Ω, if for any x, y ∈ Ω it holds

⟨H(x)−H(y), x− y⟩ ≥ 0;

(ii) H is said to be pseudomonotone on Ω, if for any x, y ∈ Ω it holds

⟨H(x), y − x⟩ ≥ 0 ⇒ ⟨H(y), y − x⟩ ≥ 0.

Remark 2.1. From Definition 2.1 and (1.2.2), the following relation holds

monotone ⇒ pseudomonotone ⇒ Minty condition.

Lemma 2.1. [27] For any x ∈ Rn, the following statements hold.

(i) ∥PΩ(x)− PΩ(y)∥ ≤ ∥x− y∥, ∀y ∈ Rn;

(ii) ∥PΩ(x)− PΩ(y)∥2 ≤ ⟨PΩ(x)− PΩ(y), x− y⟩, ∀y ∈ Rn;

(iii) ⟨x− PΩ(x), y − PΩ(x)⟩ ≤ 0, ∀y ∈ Ω.

Lemma 2.2. [22] For any x ∈ Rn and t1 ≥ t2 > 0, the following inequalities hold:

∥x− PΩ(x− t1H(x))∥
t1

≤ ∥x− PΩ(x− t2H(x))∥
t2

,

∥x− PΩ(x− t2H(x))∥ ≤ ∥x− PΩ(x− t1H(x))∥.

Lemma 2.3. [55] [Opial’s Lemma] Let S be a nonempty subset of Rn, and {xk} a

sequence of elements in Rn. Assume that

(i) every sequential cluster point of {xk}, as k → ∞, belongs to S;
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(ii) for every z ∈ S, limk→∞ ∥xk − z∥ exists.

Then the sequence {xk} converges as k → ∞ to a point in S.

Lemma 2.4. [29] Suppose that the mapping H : Rn → Rn is continuous. Then, for

all bounded sequences {xk}, {yk} ⊆ Rn satisfying limk→∞ ∥xk−yk∥ = 0, it holds that

limk→∞ ∥H(xk)−H(yk)∥ = 0.

Lemma 2.5. [5] Let {ak} and {εk} be real number sequences. Assume that {ak} is

bounded from below,
∑∞

k=1 εk <∞ and

ak+1 − ak ≤ εk

for every k. Then limk→∞ ak exists.

Lemma 2.6. [10] Let v be a fixed vector and Bu,a := {x ∈ Rn : ⟨u, x⟩ ≤ a}. Then

PBu,a(v) = v −max

{
⟨u, v⟩ − a

∥u∥2
, 0

}
u.

Definition 2.2. [24] A σ-algebra F on a set X is a collection of subsets of X if it

satisfies the following conditions:

(i) ∅ ∈ F ;

(ii) if B ∈ F , then its complement Bc is also in F ;

(iii) if B1, B2, · · · is a countable collection of sets in F , then ∪∞
n=1Bn ∈ F .

Definition 2.3. [24] If {xk} is a sequence with

(i) E[|xk|] <∞ for all k,

(ii) xk is Fk-measurable for each k,

(iii) E[xk+1|Fk] = xk for all k,

then {xk,Fk} is said to be a martingale.
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Chapter 3

An Extra Gradient (EG)

Anderson-Accelerated Algorithm

for Pseudomonotone Variational
Inequalities

In this chapter, we propose an accelerated algorithm for solving the pseudomonotone

VI(Ω, H), based on the EG method and Anderson acceleration. In section 3.1, we

present the framework and convergence analysis of the proposed algorithm. First,

we prove that the proposed algorithm is well-defined. Then, we provide the global

convergence of the sequence, followed by the convergence rate of the residual function,

which is O(N−1). Additionally, we present an improved version of the proposed

algorithm and analyze its convergence properties in section 3.2. This is achieved by

constructing a halfspace in each iteration and using the projection onto the halfspace

instead of a second projection onto the feasible set. Since the halfspace projection

has a closed-form solution, this algorithm is particularly useful when projections

onto the feasible set are computationally expensive. It preserves the convergence

properties of the original algorithm while improving efficiency. Finally, in section 3.3,

we demonstrate the effectiveness of the proposed algorithm through five numerical

examples.
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3.1 EG-Anderson(1) algorithm and its con-
vergence analysis

Reformulate the case where the operator in problem (1.1.1) is pseudomonotone: find

an x∗ ∈ Ω such that

⟨H(x∗), x− x∗⟩ ≥ 0, ∀x ∈ Ω, (3.1.1)

where Ω is a closed convex set of Rn and H : Rn → Rn is a continuous operator,

and pseudomonotone on Ω, but not necessarily smooth or even Lipschitz continu-

ous. Throughout this thesis, we denote the solution set of the problem (3.1.1) by

SOL(Ω, H), and assume SOL(Ω, H) ̸= ∅.

We begin by introducing two operators that play a crucial role in the proposed

algorithm, along with a lemma that will be used for its convergence analysis.

Define the following operators

Gt(x) := PΩ(x− tH(x)) and G̃t(x) := PΩ(x− tH(Gt(x))),

where t > 0. Let

Ft(x) := Gt(x)− x and F̃t(x) := G̃t(x)− x.

Lemma 3.1. [25, Proposition 1.5.8, Exercise 1.8.29] x∗ ∈ SOL(Ω, H) if and only if

it is a fixed point of Gt, and if and only if it is a fixed point of G̃t, where t can be

any positive number.

3.1.1 Framework of the EG-Anderson(1) algorithm

The proposed algorithm, called the EG-Anderson(1) algorithm, is presented in Algo-

rithm 1. In this algorithm, Step 2 incorporates the line search framework introduced

in [12], which is designed to adaptively select the step size and thereby improve the

robustness and efficiency of the iterative process.
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Algorithm 1: EG-Anderson(1)

1 Initialization: Choose x0 ∈ Ω, ν ≥ 0, γ > 0, τ > 1
2
, ρ, µ ∈ (0, 1) and σ0 = 1.

Give a sufficiently large M > 0.
2 for k = 0, 1, 2, . . ., do
3 Step 1: Compute Fγ(xk) = PΩ(xk − γH(xk))− xk.
4 If Fγ(xk) = 0, then stop.
5 Otherwise, let tk = γ and go to Step 2.
6 Step 2: Compute

yk+0.5 = PΩ(xk − tkH(xk)) and yk+1 = PΩ(xk − tkH(yk+0.5)).

If
tk⟨H(yk+0.5)−H(xk), yk+0.5 − yk+1⟩

≤ µ

2

(
∥xk − yk+0.5∥2 + ∥yk+0.5 − yk+1∥2

)
,

(3.1.2)

7 go to Step 3.
8 Otherwise, set tk = ρtk and repeat Step 2.

9 Step 3: Compute Ftk(xk) = yk+0.5 − xk and F̃tk(xk) = yk+1 − xk.

10 If ∥F̃tk(xk)∥ < min{∥Ftk(xk)∥, νσ−τ
k }, set

αk =
⟨F̃tk(xk), F̃tk(xk)− Ftk(xk)⟩

∥F̃tk(xk)− Ftk(xk)∥2
. (3.1.3)

11 Otherwise, set αk =M + 1.
12 Step 4: If |αk| ≤M , set

xk+1 = αkxk + (1− αk)yk+1, σk+1 = σk + 1. (3.1.4)

13 Otherwise, set

xk+1 = yk+1, σk+1 = σk. (3.1.5)

14 end for

From the notations and definitions for yk+0.5 and yk+1 in the EG-Anderson(1)

algorithm, we find that

yk+0.5 = Gtk(xk) and yk+1 = G̃tk(xk);

yk+0.5 − xk = Ftk(xk) and yk+1 − xk = F̃tk(xk).
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3.1.2 Convergence analysis

In this subsection, we will analyze the convergence properties of the EG-Anderson(1)

algorithm, including the global convergence of the sequence and the convergence rate

evaluated by the residual function. In order to categorize the iteration counts, we

divide them into two subsets:

KAA = {k0, k1, · · · } and KEG = {l0, l1, · · · },

where KAA consists of iterations setting by (3.1.4) and KEG includes the remaining

iterations setting by (3.1.5).

If the EG-Anderson(1) algorithm is terminated in finite iterations, then the final

output point is a solution of the problem (3.1.1). Therefore, in the following analysis

we assume that the EG-Anderson(1) algorithm loops infinitely.

Remark 3.1. For ki ∈ KAA, note that ∥F̃tki
(xki)−Ftki

(xki)∥ ̸= 0 due to ∥F̃tki
(xki)∥ <

∥Ftki
(xki)∥, thus αki is well-defined. Moreover, αki is the optimal solution of

min
α∈R

∥∥∥αFtki
(xki) + (1− α)F̃tki

(xki)
∥∥∥ .

We start the convergence analysis of the EG-Anderson(1) algorithm by proving

that (3.1.2) terminates after a finite number of loops.

Lemma 3.2. The EG-Anderson(1) algorithm is well-defined.

Proof We will show that the EG-Anderson(1) algorithm is well-defined by prov-

ing that for every k there exists tk satisfying (3.1.2) when xk /∈ SOL(Ω, H).

From the updated form of tk in the EG-Anderson(1) algorithm, it can be refor-

mulated as tk = γρmk , where mk is the smallest nonnegative integer m satisfying

γρm
〈
H
(
y
(m)
k+0.5

)
−H (xk) , y

(m)
k+0.5 − y

(m)
k+1

〉
≤ µ

2

(∥∥∥xk − y
(m)
k+0.5

∥∥∥2 + ∥∥∥y(m)
k+0.5 − y

(m)
k+1

∥∥∥2) , (3.1.6)
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where y
(m)
k+0.5 := PΩ (xk − γρmH (xk)) and y

(m)
k+1 := PΩ

(
xk − γρmH

(
y
(m)
k+0.5

))
.

If there exists a nonnegative integer m̄ such that y
(m̄)
k+0.5 = y

(m̄)
k+1, then there must

exist an integer mk between 0 and m̄ such that (3.1.6) holds. We consider the

situation y
(m)
k+0.5 ̸= y

(m)
k+1 for any nonnegative integer m and assume the contrary that

for all m we have

γρm
〈
H
(
y
(m)
k+0.5

)
−H(xk), y

(m)
k+0.5 − y

(m)
k+1

〉
>
µ

2

(∥∥∥xk − y
(m)
k+0.5

∥∥∥2 + ∥∥∥y(m)
k+0.5 − y

(m)
k+1

∥∥∥2) .
(3.1.7)

On one hand, by Cauchy–Schwarz inequality, we obtain

γρm
〈
H
(
y
(m)
k+0.5

)
−H (xk) , y

(m)
k+0.5 − y

(m)
k+1

〉
≤γρm

∥∥∥H (y(m)
k+0.5

)
−H(xk)

∥∥∥∥∥∥y(m)
k+0.5 − y

(m)
k+1

∥∥∥ . (3.1.8)

On the other hand, we also find∥∥∥xk − y
(m)
k+0.5

∥∥∥2 + ∥∥∥y(m)
k+0.5 − y

(m)
k+1

∥∥∥2 ≥ 2
∥∥∥xk − y

(m)
k+0.5

∥∥∥∥∥∥y(m)
k+0.5 − y

(m)
k+1

∥∥∥ . (3.1.9)

Combining (3.1.7) with (3.1.8) and (3.1.9), we deduce that∥∥∥xk − y
(m)
k+0.5

∥∥∥
γρm

≤ 1

µ

∥∥∥H (y(m)
k+0.5

)
−H(xk)

∥∥∥ . (3.1.10)

Since xk /∈ SOL(Ω, H), we discuss the following two cases.

(i) If xk ∈ Ω, from the definition of y
(m)
k+0.5 and the continuity of PΩ, we have

lim
m→∞

∥∥∥xk − y
(m)
k+0.5

∥∥∥ = 0.

In view of the continuity of H, we get limm→∞

∥∥∥H(xk)−H
(
y
(m)
k+0.5

)∥∥∥ = 0.

This together with (3.1.10) yields

lim
m→∞

∥∥∥xk − y
(m)
k+0.5

∥∥∥
γρm

= 0. (3.1.11)
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By the definition of y
(m)
k+0.5 and using Lemma 2.1-(iii), we get

〈
y
(m)
k+0.5 − xk + γρmH(xk), x− y

(m)
k+0.5

〉
≥ 0, ∀x ∈ Ω,

which implies

〈
y
(m)
k+0.5 − xk

γρm
+H(xk), x− y

(m)
k+0.5

〉
≥ 0, ∀x ∈ Ω. (3.1.12)

Taking the limitm→ ∞ in (3.1.12) and using (3.1.11) and limm→∞ y
(m)
k+0.5 = xk,

we obtain ⟨H(xk), x−xk⟩ ≥ 0,∀x ∈ Ω. It can be deduced that xk ∈ SOL(Ω, H)

and this leads to a contraction.

(ii) If xk /∈ Ω, we can conclude that

lim
m→∞

∥∥∥xk − y
(m)
k+0.5

∥∥∥ = ∥xk − PΩ(xk)∥ > 0, (3.1.13)

and

lim
m→∞

γρm
∥∥∥H (y(m)

k+0.5

)
−H(xk)

∥∥∥ = 0. (3.1.14)

Rearranging the terms in (3.1.10), we find

∥∥∥xk − y
(m)
k+0.5

∥∥∥ ≤ 1

µ
γρm

(∥∥∥H (y(m)
k+0.5

)
−H(xk)

∥∥∥) .

Taking the limit m → ∞ in the above inequality, we can find a contradiction

with (3.1.13) and (3.1.14). Hence, the proof is fully established.

The next two lemmas are instrumental in establishing the key findings of this

section.
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Lemma 3.3. Let {xk} be the sequence generated by the EG-Anderson(1) algorithm.

Then we have(
1−

√
µ

2− µ

)
∥Ftk(xk)∥ ≤ ∥F̃tk(xk)∥ ≤

(
1 +

√
µ

2− µ

)
∥Ftk(xk)∥.

Proof For any k, by the condition of tk in (3.1.2) and Lemma 2.1-(ii), we

obtain

∥yk+0.5 − yk+1∥2 = ∥PΩ(xk − tkH(xk))− PΩ(xk − tkH(yk+0.5))∥2

≤ ⟨yk+0.5 − yk+1, tk (H(yk+0.5)−H(xk))⟩

≤ µ

2
∥xk − yk+0.5∥2 +

µ

2
∥yk+0.5 − yk+1∥2,

which implies

∥yk+1 − yk+0.5∥2 ≤
µ

2− µ
∥xk − yk+0.5∥2. (3.1.15)

Since µ ∈ (0, 1), then µ
2−µ

∈ (0, 1). From the triangle inequality and (3.1.15), we

have

∥F̃tk(xk)∥ = ∥yk+1 − xk∥ ≥ ∥yk+0.5 − xk∥ − ∥yk+1 − yk+0.5∥

≥ ∥yk+0.5 − xk∥ −
√

µ

2− µ
∥yk+0.5 − xk∥

=

(
1−

√
µ

2− µ

)
∥Ftk(xk)∥

and

∥F̃tk(xk)∥ = ∥yk+1 − xk∥ ≤ ∥yk+0.5 − xk∥+ ∥yk+1 − yk+0.5∥

≤
(
1 +

√
µ

2− µ

)
∥Ftk(xk)∥.

The proof is completed.

Lemma 3.4. Let {xk}, {yk+0.5} and {yk+1} be the sequences generated by the EG-

Anderson(1) algorithm and x∗ ∈ SOL(Ω, H). For every k, it holds that

∥yk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − (1− µ)∥yk+0.5 − xk∥2 − (1− µ)∥yk+1 − yk+0.5∥2.

25



Proof In view of the pseudomonotonicity ofH and x∗ ∈ SOL(Ω, H), we deduce

that ⟨tkH(yk+0.5), x
∗ − yk+0.5⟩ ≤ 0, which gives

⟨tkH(yk+0.5), x
∗ − yk+1⟩ ≤ ⟨tkH(yk+0.5), yk+0.5 − yk+1⟩. (3.1.16)

By the definition of yk+0.5, Lemma 2.1-(iii) and (3.1.2), we obtain

⟨xk − tkH(yk+0.5)− yk+0.5, yk+1 − yk+0.5⟩

= ⟨xk − tkH(xk)− yk+0.5, yk+1 − yk+0.5⟩+ tk⟨H(xk)−H(yk+0.5), yk+1 − yk+0.5⟩

(3.1.2)

≤ ⟨xk − tkH(xk)− PΩ(xk − tkH(xk)), yk+1 − PΩ(xk − tkH(xk))⟩

+
µ

2
∥xk − yk+0.5∥2 +

µ

2
∥yk+0.5 − yk+1∥2

≤ µ

2
∥xk − yk+0.5∥2 +

µ

2
∥yk+0.5 − yk+1∥2.

(3.1.17)

Let zk = xk − tkH(yk+0.5) for simplicity. Based on the definition of yk+1, Lemma

2.1-(iii), (3.1.16) and (3.1.17), we conclude that

∥yk+1 − x∗∥2 = ∥PΩ(zk)− x∗∥2

= ∥zk − x∗∥2 − ∥zk − PΩ(zk)∥2 + 2⟨PΩ(zk)− zk, PΩ(zk)− x∗⟩

≤ ∥zk − x∗∥2 − ∥zk − PΩ(zk)∥2

= ∥xk − tkH(yk+0.5)− x∗∥2 − ∥xk − tkH(yk+0.5)− yk+1∥2

≤ ∥xk − x∗∥2 − ∥xk − yk+1∥2 + 2⟨tkH(yk+0.5), x
∗ − yk+1⟩

(3.1.16)

≤ ∥xk − x∗∥2 − ∥xk − yk+1∥2 + 2⟨tkH(yk+0.5), yk+0.5 − yk+1⟩

= ∥xk − x∗∥2 − ∥xk − yk+0.5∥2 − ∥yk+0.5 − yk+1∥2

+ 2⟨xk − tkH(yk+0.5)− yk+0.5, yk+1 − yk+0.5⟩

(3.1.17)

≤ ∥xk − x∗∥2 − (1− µ)∥xk − yk+0.5∥2 − (1− µ)∥yk+0.5 − yk+1∥2.

(3.1.18)

26



Now, utilizing the Opial’s Lemma, we can state and prove our main convergence

result in what follows.

Theorem 3.1. Let {xk} be the sequence generated by the EG-Anderson(1) algorithm.

Then the sequence {xk} converges to a solution of the problem (3.1.1).

Proof We will prove this theorem from three steps.

Step 1: {xk} is bounded.

Let x∗ be a solution of problem VI(Ω, H). If ki ∈ KAA, let βki := 1− αki and by

the definition of xki+1 in (3.1.4), we know that

∥xki+1 − x∗∥2

= ∥αkixki + βkiyki+1 − x∗∥2

= α2
ki
∥xki − x∗∥2 + β2

ki
∥yki+1 − x∗∥2 + 2αkiβki⟨xki − x∗, yki+1 − x∗⟩

= α2
ki
∥xki − x∗∥2 + β2

ki
∥yki+1 − x∗∥2

+ 2αkiβki

(
1

2
∥xki − x∗∥2 + 1

2
∥yki+1 − x∗∥2 − 1

2
∥xki − yki+1∥2

)
= αki∥xki − x∗∥2 + βki∥yki+1 − x∗∥2 − αkiβki∥xki − yki+1∥2.

(3.1.19)

From Lemma 3.4, we can obtain

∥yki+1−x∗∥2 ≤ ∥xki−x∗∥2−(1−µ)∥yki+0.5−xki∥2−(1−µ)∥yki+1−yki+0.5∥2. (3.1.20)

Since ∥F̃tki
(xki)∥ < ∥Ftki

(xki)∥ when ki ∈ KAA, then

⟨Ftki
(xki), F̃tki

(xki)⟩ < ∥Ftki
(xki)∥2,

which implies

⟨F̃tki
(xki), F̃tki

(xki)− Ftki
(xki)⟩ < ∥F̃tki

(xki)− Ftki
(xki)∥2.

By (3.1.3), we have αki < 1. Thus βki = 1− αki > 0.

27



Introducing (3.1.20) into (3.1.19), we deduce that

∥xki+1 − x∗∥2 ≤ ∥xki − x∗∥2 − (1− µ)βki∥yki+0.5 − xki∥2

− (1− µ)βki∥yki+0.5 − yki+1∥2 − αkiβki∥xki − yki+1∥2.
(3.1.21)

In view of |αki | ≤ M and βki = 1 − αki , we get |βki | ≤ M + 1. This together with

(3.1.21), µ ∈ (0, 1), βki > 0 and ∥xki − yki+1∥ = ∥F̃tki
(xki)∥ ≤ νσ−τ

ki
= ν(σ0 + i)−τ =

ν(1 + i)−τ , we deduce that

∥xki+1 − x∗∥2 ≤ ∥xki − x∗∥2 + |αki ||βki |∥F̃tki
(xki)∥2

≤ ∥xki − x∗∥2 + εki ,
(3.1.22)

where εki :=M(M + 1)ν2(1 + i)−2τ .

If lj ∈ KEG, by Lemma 3.4 and µ ∈ (0, 1), we conclude that

∥xlj+1 − x∗∥2 = ∥ylj+1 − x∗∥2

≤ ∥xlj − x∗∥2 − (1− µ)∥ylj+0.5 − xlj∥2 − (1− µ)∥ylj+1 − ylj+0.5∥2

≤ ∥xlj − x∗∥2.
(3.1.23)

By defining εlj = 0 and combining (3.1.22) and (3.1.23), for every k, we find

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 + εk, (3.1.24)

where
∑∞

k=0 εk =
∑∞

i=0 εki <∞ because of τ > 1
2
. From (3.1.24), we further have

∥xk − x∗∥2 ≤ ∥x0 − x∗∥2 +
∞∑
k=0

εk <∞.

Hence {xk} is bounded.

Step 2: any cluster point of {xk} belongs to SOL(Ω, H), i.e., a solution of the

problem (3.1.1).

By the boundedness of {xk}, it has at least one cluster point, denoted by x̄

with convergence subsequence {xpj} satisfying limj→∞ xpj = x̄. Next, we will prove

x̄ ∈ SOL(Ω, H) from the following two steps.
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Step 2.1: limk→∞ ∥Ftk(xk)∥ = 0.

We know that KAA ∪ KEG is infinite. The following proof is divided into two

cases for discussion.

(i) We first consider the case that both KAA and KEG are infinite. Rearranging

the terms in (3.1.23) and using µ ∈ (0, 1), we infer that

(1−µ)∥Ftlj
(xlj)∥2 = (1−µ)∥ylj+0.5−xlj∥2 ≤ ∥xlj−x∗∥2−∥xlj+1−x∗∥2. (3.1.25)

Combining (3.1.22) and (3.1.25), we deduce that

∞∑
j=0

∥Ftlj
(xlj)∥2 ≤

1

1− µ
∥x0 − x∗∥2 + 1

1− µ

∞∑
i=0

εki <∞. (3.1.26)

Moreover, we know ∥F̃tki
(xki)∥ ≤ ν(1 + i)−τ when ki ∈ KAA. Together with

Lemma 3.3, we have

∥Ftki
(xki)∥2 ≤

(
1−

√
µ

2− µ

)−2

∥F̃tki
(xki)∥2 ≤

(
1−

√
µ

2− µ

)−2

ν2(1+ i)−2τ .

Thus

∞∑
i=0

∥Ftki
(xki)∥2 ≤

(
1−

√
µ

2− µ

)−2

ν2
∞∑
i=0

(1 + i)−2τ <∞. (3.1.27)

Since τ > 1
2
, there exists a C0 > 0 such that

∑∞
i=0(1 + i)−2τ ≤ C0. Combining

(3.1.26) and (3.1.27), we deduce that

∞∑
k=0

∥Ftk(xk)∥2 =
∞∑
i=0

∥Ftki
(xki)∥2 +

∞∑
j=0

∥Ftlj
(xlj)∥2 ≤ C, (3.1.28)

where C :=

((
1−

√
µ

2−µ

)−2

+ 1
1−µ

M(M + 1)

)
ν2C0 +

1
1−µ

∥x0 − x∗∥2. Hence

we conclude that limk→∞ ∥Ftk(xk)∥ = 0.

29



(ii) We then consider the case that either KAA or KEG is finite. In this situation,

the proof becomes simpler, as we only need to use either (3.1.26) or (3.1.27) to

obtain
∑∞

k=0 ∥Ftk(xk)∥2 <∞.

Therefore, we have limk→∞ ∥Ftk(xk)∥ = 0.

Step 2.2: limk→∞ ∥Fγ(xk)∥ = 0.

Let ỹk+0.5 := PΩ(xk − tkρ
−1H(xk)). Applying Lemma 2.2 and tkρ

−1 > tk, we get

∥xk − ỹk+0.5∥ ≤ ρ−1∥xk − yk+0.5∥ = ρ−1∥Ftk(xk)∥, (3.1.29)

which implies limk→∞ ∥xk − ỹk+0.5∥ = 0.

Below, we will estimate 1
tk
∥xk− ỹk+0.5∥ by dividing it into two cases based on the

value of tk.

(i) If tk = γ, we have

1

tk
∥xk − ỹk+0.5∥ =

1

γ
∥xk − ỹk+0.5∥. (3.1.30)

(ii) If tk < γ, let ỹk+1 := PΩ(xk − tkρ
−1H(ỹk+0.5)). From the condition of tk in

(3.1.2), we know that tkρ
−1 satisfies

tkρ
−1 ⟨H(ỹk+0.5)−H(xk), ỹk+0.5 − ỹk+1⟩ >

µ

2

(
∥xk − ỹk+0.5∥2 + ∥ỹk+0.5 − ỹk+1∥2

)
,

(3.1.31)

which implies ỹk+0.5 ̸= ỹk+1. Then for (3.1.31), based on a similar estimation

as for (3.1.7), we can conclude that

1

tk
∥xk − ỹk+0.5∥ < µ−1ρ−1∥H(xk)−H(ỹk+0.5)∥. (3.1.32)

Combining (3.1.30) and (3.1.32), we can obtain

1

tk
∥xk − ỹk+0.5∥ ≤ max

{
1

γ
∥xk − ỹk+0.5∥, µ−1ρ−1∥H(xk)−H(ỹk+0.5)∥

}
. (3.1.33)
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Since {xk} is bounded and limk→∞ ∥xk − ỹk+0.5∥ = 0, we find {ỹk+0.5} is bounded.

Combining the continuity of H and Lemma 2.4, we conclude that

lim
k→∞

∥H(xk)−H(ỹk+0.5)∥ = 0.

This together with limk→∞ ∥xk − ỹk+0.5∥ = 0 and (3.1.33) yields

lim
k→∞

1

tk
∥xk − ỹk+0.5∥ = 0.

Again by Lemma 2.2 and tkρ
−1 > tk, we get

∥xk − ỹk+0.5∥ ≥ ∥xk − yk+0.5∥. (3.1.34)

Then, we obtain

lim
k→∞

1

tk
∥xk − yk+0.5∥ ≤ lim

k→∞

1

tk
∥xk − ỹk+0.5∥ = 0,

which means limk→∞
1
tk
∥Ftk(xk)∥ = limk→∞

1
tk
∥xk − yk+0.5∥ = 0. Hence, we conclude

that limk→∞
1
tk
∥Ftk(xk)∥ = 0.

Recalling Lemma 2.2 and tk ≤ γ, we have 1
tk
∥Ftk(xk)∥ ≥ 1

γ
∥Fγ(xk)∥ and ∥Ftk(xk)∥ ≤

∥Fγ(xk)∥. Then we conclude that

∥Ftk(xk)∥ ≤ ∥Fγ(xk)∥ ≤ γ

tk
∥Ftk(xk)∥, (3.1.35)

which gives

lim
k→∞

∥Fγ(xk)∥ = 0.

Together with limj→∞ xpj = x̄ and Lemma 3.1, we deduce that x̄ ∈ SOL(Ω, H).

Step 3: {xk} is convergent to a solution of the problem (3.1.1).

Since ∥xk − x∗∥2 is nonnegative,
∑∞

k=0 εk < ∞ and (3.1.24) holds, by applying

Lemma 2.5 with ak = ∥xk − x∗∥2, limk→∞ ∥xk − x∗∥2 exists for any x∗ ∈ SOL(Ω, H).

Together this with Step 2, the proof is completed by Lemma 2.3.
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If H is also locally Lipschitz continuous at any solution of the problem (3.1.1), we

derive the following conclusion about the convergence rate on the residual function.

Theorem 3.2. (Best-iterate convergence rate) Suppose that H is locally Lipschitz

continuous at any solution of the problem (3.1.1). Let {xk} be the sequence generated

by the EG-Anderson(1) algorithm. Then there exists a positive integer N0 such that

min
N0+1≤k≤N

∥Fγ(xk)∥2 = O

(
1

N

)
.

Proof By Theorem 3.1, the sequence {xk} converges to a solution x∗ of the

problem (3.1.1) and limk→∞ ∥xk − ỹk+0.5∥ = 0. Thus, we know that the sequence

{ỹk+0.5} also converges to x∗. From the locally Lipschitz continuity of H, there exist

an r ∈ (0, 1), an L∗ > 0 and a positive integer N0 such that for k > N0, we have

∥xk − x∗∥ ≤ r and

∥H(xk)−H(ỹk+0.5)∥ ≤ L∗∥xk − ỹk+0.5∥.

First, we will discuss the relationship between ∥Fγ(xk)∥ and ∥Ftk(xk)∥ in two cases.

(i) For tk = γ, we have

∥Fγ(xk)∥ = ∥Ftk(xk)∥. (3.1.36)

(ii) For tk < γ, combining (3.1.29), (3.1.32), (3.1.34) and (3.1.35) yields that

∥Fγ(xk)∥
(3.1.35)

≤ γ

tk
∥Ftk(xk)∥

(3.1.34)

≤ γ

tk
∥xk − ỹk+0.5∥

(3.1.32)
< γρ−1µ−1∥H(xk)−H(ỹk+0.5)∥

≤ γρ−1µ−1L∗∥xk − ỹk+0.5∥

(3.1.29)

≤ γρ−2µ−1L∗∥Ftk(xk)∥, ∀k > N0.

(3.1.37)
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Combining (3.1.36) and (3.1.37), we know that for any k > N0, we have

∥Fγ(xk)∥ ≤ max{γρ−2µ−1L∗, 1}∥Ftk(xk)∥. (3.1.38)

Next, we will prove that
∑∞

k=N0+1 ∥Ftk(xk)∥2 is finite. We only consider the case

that both KAA and KEG are infinite, as the analysis is similar or simpler when

either of them is finite. For the aforementioned N0, there exist i0 and j0 such that

{ki : i ≥ i0} ∪ {lj : j ≥ j0} = {k : k ≥ N0 + 1}. Then we know

∞∑
k=N0+1

∥Ftk(xk)∥2 =
∞∑

i=i0

∥Ftki
(xki)∥2 +

∞∑
j=j0

∥Ftlj
(xlj)∥2. (3.1.39)

From (3.1.22) and (3.1.25), we get

0 ≤
∞∑

i=i0

(
∥xki − x∗∥2 − ∥xki+1 − x∗∥2

)
+

∞∑
i=i0

εki (3.1.40)

and

(1− µ)
∞∑

j=j0

∥Ftlj
(xlj)∥2 ≤

∞∑
j=j0

(
∥xlj − x∗∥2 − ∥xlj+1 − x∗∥2

)
, (3.1.41)

respectively.

Adding (3.1.40) and (3.1.41), and using ∥xN0+1 − x∗∥ ≤ r < 1, we obtain

∞∑
j=j0

∥Ftlj
(xlj)∥2 ≤

1

1− µ
∥xN0+1 − x∗∥2 + 1

1− µ

∞∑
i=0

εki

≤ 1

1− µ
+

1

1− µ
M(M + 1)ν2C0.

(3.1.42)

By (3.1.27), (3.1.39) and (3.1.42), we conclude that

∞∑
k=N0+1

∥Ftk(xk)∥2 ≤ C̃,
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where C̃ :=

((
1−

√
µ

2−µ

)−2

+ 1
1−µ

M(M + 1)

)
ν2C0 +

1
1−µ

.

This together with (3.1.38) yields

∞∑
k=N0+1

∥Fγ(xk)∥2 ≤ max{γρ−2µ−1L∗, 1}2
∞∑

k=N0+1

∥Ftk(xk)∥2 ≤ C∗

with C∗ := max{γρ−2µ−1L∗, 1}2C̃. Hence we conclude that

min
N0+1≤k≤N

∥Fγ(xk)∥2 ≤
1

N −N0

N∑
k=N0+1

∥Fγ(xk)∥2 ≤
1

N −N0

C∗.

Remark 3.2. If the pseudomonotone operator H is L-Lipschitz continuous, we will

no longer need the line search step (3.1.2) in the EG-Anderson(1) algorithm, in which

case we can take tk to be the constant t > 0 satisfying tL < 1. In this situation, let

{xk} be the sequence generated by the EG-Anderson(1) algorithm, then the following

statements hold.

(i) (Sequence convergence) The sequence {xk} converges to a solution of the

problem (3.1.1);

(ii) (Best-iterate convergence rate) min0≤k≤N ∥Ft(xk)∥2 = O
(

1
N

)
.

It can be seen that the EG-Anderson(1) algorithm can guarantee the sequence con-

vergence as well as the EG method under the condition tL < 1, and we will show

that it is faster than the EG method by numerical experiments.

3.2 Subgradient EG-Anderson(1) algorithm
and its convergence analysis

The subgradient extra gradient algorithm [15] can be regarded as an improved version

of the EG method [44]. It constructs a halfspace at each iteration and replaces the
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second projection onto the feasible set with a projection onto this halfspace, which

admits a closed-form solution (see Lemma 2.6). Under the same conditions, the

subgradient extra gradient algorithm maintains the same convergence properties as

the EG method while significantly improving computational efficiency, especially

when the feasible set has a complex structure and its projection is expensive to

compute.

Based on the above ideas, in this section we present an improved version of the

EG-Anderson(1) algorithm, referred to as the subgradient EG-Anderson(1) algo-

rithm. In cases where computing the projection onto the feasible set is challenging,

the subgradient EG-Anderson(1) algorithm maintains the convergence behavior of

EG-Anderson(1) algorithm and improves efficiency.

3.2.1 Framework of the subgradient EG-Anderson(1)

algorithm

The structure of the subgradient EG-Anderson(1) algorithm is as follows:

3.2.2 Convergence analysis

According to the definitions of yk+0.5 and yk+1 in the subgradient EG-Anderson(1)

algorithm, we have

yk+0.5 − xk = Ftk(xk) and yk+1 − xk = F̄tk(xk). (3.2.6)

To classify the iteration counts, we partition them into two distinct subsets:

KGAA = {k0, k1, · · · } and KGEG = {l0, l1, · · · }, (3.2.7)

where KGAA consists of iterations determined by (3.2.4), while KGEG contains the

remaining iterations defined by (3.2.5).

In the analysis of this section, we assume that the subgradient EG-Anderson(1)

algorithm runs infinitely.
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Algorithm 2: Subgradient EG-Anderson(1)

1 Initialization: Choose x0 ∈ Ω, ν ≥ 0, γ > 0, τ > 1
2
, ρ, µ ∈ (0, 1) and σ0 = 1.

Give a sufficiently large M > 0.
2 for k = 0, 1, 2, . . ., do
3 Step 1: Compute Fγ(xk) = PΩ(xk − γH(xk))− xk.
4 If Fγ(xk) = 0, then stop.
5 Otherwise, let tk = γ and go to Step 2.
6 Step 2: Compute yk+0.5 = PΩ(xk − tkH(xk)) and

yk+1 =argmin
x∈Bk

∥x− xk + tkH(yk+0.5)∥2 , (3.2.1)

where Bk = {x ∈ Rn : ⟨xk − tkH(xk)− yk+0.5, x− yk+0.5⟩ ≤ 0}.
7 If

tk⟨H(yk+0.5)−H(xk), yk+0.5 − yk+1⟩

≤ µ

2

(
∥xk − yk+0.5∥2 + ∥yk+0.5 − yk+1∥2

)
,

(3.2.2)

8 go to Step 3.
9 Otherwise, set tk = ρtk and repeat Step 2.

10 Step 3: Compute Ftk(xk) = yk+0.5 − xk and F̄tk(xk) = yk+1 − xk.
11 If ∥F̄tk(xk)∥ < min{∥Ftk(xk)∥, νσ−τ

k }, set

ᾱk =
⟨F̄tk(xk), F̄tk(xk)− Ftk(xk)⟩

∥F̄tk(xk)− Ftk(xk)∥2
. (3.2.3)

12 Otherwise, set ᾱk =M + 1.
13 Step 4: If |ᾱk| ≤M , set

xk+1 = ᾱkxk + (1− ᾱk)yk+1, σk+1 = σk + 1. (3.2.4)

14 Otherwise, set

xk+1 = yk+1, σk+1 = σk. (3.2.5)

15 end for

Remark 3.3. In each iteration k, the unique solution yk+1 to problem (3.2.1) can

be equivalently written as

yk+1 = PBk
(xk − tkH(yk+0.5)).

Remark 3.4. Similar to the proof of Lemma 3.2, it can be shown that for each k,
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the line search (3.2.2) in the subgradient EG-Anderson(1) algorithm terminates after

a finite number of iterations.

Lemma 3.5. Let {xk}, {yk+0.5} and {yk+1} be the sequences generated by the sub-

gradient EG-Anderson(1) algorithm and x∗ ∈ SOL(Ω, H). For every k, it holds that

∥yk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − (1− µ)∥yk+0.5 − xk∥2 − (1− µ)∥yk+1 − yk+0.5∥2.

Proof Similar to the proof of Lemma 3.4, according to the definition of Bk

and the fact that yk+1 ∈ Bk, we have

⟨xk − tkH(xk)− yk+0.5, yk+1 − yk+0.5⟩ ≤ 0. (3.2.8)

From the definition of yk+0.5 in the subgradient EG-Anderson(1) algorithm and

Lemma 2.1-(iii), we have

⟨xk − tkH(xk)− yk+0.5, x
∗ − yk+0.5⟩ ≤ 0,

which implies x∗ ∈ Bk. By applying Lemma 2.1-(iii) again, we obtain

⟨PBk
(zk)− zk, PBk

(zk)− x∗⟩ ≤ 0, (3.2.9)

where zk = xk − tkH(yk+0.5).

In the first equality of (3.1.17), by utilizing (3.2.8) and following an estimation

approach similar to that in (3.1.17), we obtain

⟨xk − tkH(yk+0.5)− yk+0.5, yk+1 − yk+0.5⟩ ≤
µ

2
∥xk − yk+0.5∥2 +

µ

2
∥yk+0.5 − yk+1∥2.

The proof can be completed by following the same arguments as in Lemma 3.4, by

substituting yk+1 = PBk
(xk − tkH(yk+0.5)) into (3.1.18) and applying (3.2.9) to the

second equality in (3.1.18).

Below, we use Opial’s Lemma to prove that the sequence generated by the sub-

gradient EG-Anderson(1) has the global convergence property.
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Theorem 3.3. Let {xk} be the sequence generated by the subgradient EG-Anderson(1)

algorithm. Then the sequence {xk} converges to a solution of the problem (3.1.1).

Proof Following a similar approach to Theorem 3.1, we divide the proof into

three steps.

Step 1: {xk} is bounded.

Let x∗ be a solution of the problem (3.1.1). If ki ∈ KGAA, let β̄ki := 1 − ᾱki .

Since ∥F̄tki
(xki)∥ < ∥Ftki

(xki)∥ when ki ∈ KGAA, there exists β̃ ∈ (0, 1
2
] such that

β̃∥F̄tki
(xki)∥2 + (1− 2β̃)⟨Ftki

(xki), F̄tki
(xki)⟩

≤β̃∥F̄tki
(xki)∥2 + (1− 2β̃)∥Ftki

(xki)∥∥F̄tki
(xki)∥

<(1− β̃)∥Ftki
(xki)∥2,

which implies

⟨F̄tki
(xki), F̄tki

(xki)− Ftki
(xki)⟩ < (1− β̃)∥F̄tki

(xki)− Ftki
(xki)∥2.

By (3.2.3), we have ᾱki < 1− β̃. Thus β̄ki = 1− ᾱki > β̃. Using Lemma 3.5, similar

to the estimation of (3.1.21), we obtain

∥xki+1 − x∗∥2 ≤ ∥xki − x∗∥2 − (1− µ)β̄ki∥yki+0.5 − xki∥2

− (1− µ)β̄ki∥yki+0.5 − yki+1∥2 − ᾱki β̄ki∥xki − yki+1∥2.
(3.2.10)

Combining |ᾱki | ≤M , β̃ < β̄ki < M +1, µ ∈ (0, 1) and ∥xki − yki+1∥ = ∥F̄tki
(xki)∥ ≤

νσ−τ
ki

= ν(σ0 + i)−τ = ν(1 + i)−τ , we conclude that

∥xki+1 − x∗∥2 ≤ ∥xki − x∗∥2 − (1− µ)β̄ki∥yki+0.5 − xki∥2 + |ᾱki ||β̄ki |∥xki − yki+1∥2

≤∥xki − x∗∥2 − (1− µ)β̃∥yki+0.5 − xki∥2 + εki

≤∥xki − x∗∥2 + εki ,
(3.2.11)

where εki :=M(M + 1)ν2(1 + i)−2τ .
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If lj ∈ KGEG, by Lemma 3.5 and µ ∈ (0, 1), we deduce that

∥xlj+1 − x∗∥2 = ∥ylj+1 − x∗∥2

≤ ∥xlj − x∗∥2 − (1− µ)∥ylj+0.5 − xlj∥2

− (1− µ)∥ylj+1 − ylj+0.5∥2

≤ ∥xlj − x∗∥2.

(3.2.12)

By setting εlj = 0 and combining (3.2.11) and (3.2.12), for every k, we get

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 + εk, (3.2.13)

where
∑∞

k=0 εk =
∑∞

i=0 εki <∞ holds due to τ > 1
2
. From (3.2.13), we have

∥xk − x∗∥2 ≤ ∥x0 − x∗∥2 +
∞∑
k=0

εk <∞.

Hence {xk} is bounded.

Step 2: any cluster point of {xk} belongs to SOL(Ω, H), i.e. a solution of the

problem (3.1.1).

Due to the boundedness of {xk}, it has at least one cluster point x̃. Let {xqj} be

a convergent subsequence such that limj→∞ xqj = x̃. We now verify x̃ ∈ SOL(Ω, H)

in two steps:

Step 2.1: limk→∞ ∥Ftk(xk)∥ = 0.

Similar to the proof in Theorem 3.1, we only focus on the case where both KGAA

and KGEG are infinite, as the situation where one of them is finite would be simpler.

Rearranging the terms in (3.2.11) and (3.2.12) respectively, we infer that

(1− η)β̃∥yki+0.5 − xki∥2 ≤ ∥xki − x∗∥2 − ∥xki+1 − x∗∥2 + εki (3.2.14)

and

0 ≤ ∥xlj − x∗∥2 − ∥xlj+1 − x∗∥2. (3.2.15)
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Combining (3.2.14) and (3.2.15) with µ ∈ (0, 1) and β̃ ∈ (0, 1
2
], we have

∞∑
i=0

∥Ftki
(xki)∥2 =

∞∑
i=0

∥yki+0.5 − xki∥2

≤ 1

(1− µ)β̃
∥x0 − x∗∥2 + 1

(1− µ)β̃

∞∑
i=0

εki <∞.

(3.2.16)

Using (3.2.11) and (3.2.12), a similar estimation for (3.2.16) can yield

∞∑
j=0

∥Ftlj
(xlj)∥2 ≤

1

1− µ
∥x0 − x∗∥2 + 1

1− µ

∞∑
i=0

εki <∞. (3.2.17)

Combining (3.2.16) and (3.2.17), we deduce that

∞∑
k=0

∥Ftki
(xki)∥2 =

∞∑
i=0

∥Ftki
(xki)∥2 +

∞∑
j=0

∥Ftlj
(xlj)∥2 <∞,

which implies limk→∞ ∥Ftk(xk)∥ = 0.

Step 2.2: limk→∞ ∥Fγ(xk)∥ = 0.

Let ỹk+0.5 := PΩ(xk − tkρ
−1H(xk)) and ỹk+1 := PBk

(xk − tkρ
−1H(ỹk+0.5)).

Following the same proof method as in Step 2.2 of Theorem 3.1, we can obtain

limk→∞ ∥Fγ(xk)∥ = 0. Furthermore, combining this with Lemma 3.1, we conclude

that x̃ ∈ SOL(Ω, H).

Step 3: {xk} is convergent to a solution of the problem (3.1.1).

From (3.2.13) and Lemma 2.5, it follows that limk→∞ ∥xk − x∗∥2 exists for any x∗ ∈

SOL(Ω, H). Combining with the result in Step 2 that any cluster point of {xk} is a

solution of the problem (3.1.1), we conclude the proof by applying Lemma 2.3.

If H is locally Lipschitz continuous at any solution of the problem (3.1.1), the

following conclusion regarding the convergence rate of the residual function still

holds.
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Theorem 3.4. (Best-iterate convergence rate) Suppose that H is locally Lipschitz

continuous at any solution of the problem (3.1.1). Let {xk} be the sequence generated

by the subgradient EG-Anderson(1) algorithm. Then there exists a positive integer

N̄0 such that

min
N̄0+1≤k≤N

∥Fγ(xk)∥2 = O

(
1

N

)
.

Proof Using the similar estimation approach as in (3.1.38), we deduce that

there exists a positive integer N̄0 such that for all k > N̄0,

∥Fγ(xk)∥ ≤ max{γρ−2η−1L∗, 1}∥Ftk(xk)∥,

where L∗ is the local Lipschitz constant of H at the solutions of the problem (3.1.1).

We only consider the case where both KGAA and KGEG are infinite. For the

aforementioned N̄0, there exist Ī0 and J̄0 such that

{ki : i ≥ Ī0} ∪ {lj : j ≥ J̄0} = {k : k ≥ N̄0 + 1}.

Using (3.2.11) and (3.2.12), and following the similar estimation approach as in

(3.2.16) and (3.2.17), we obtain

∞∑
k=N̄0+1

∥Ftk(xk)∥2 =
∞∑

i=Ī0

∥Ftki
(xki)∥2 +

∞∑
j=J̄0

∥Ftlj
(xlj)∥2 <∞.

The proof can be completed by the same way in Theorem 3.2.

3.3 Numerical experiments

In this section, we perform some numerical examples to compare the EG-Anderson(1)

with Anderson(1) [7] and the EG method [44]. All the codes were written in Matlab

(R2023b) and run on a MacBook Air (16.00GB of RAM).

41



In the following numerical experiments, the stopping rule for Examples 3.1-3.4 is

set by

r(xk) := ∥F1(xk)∥ = ∥xk − PΩ(xk −H(xk))∥ < 10−8

or the maximum iteration exceeds 104 times. The parameters in the EG-Anderson(1)

are set as follows

ν = 30,M = 5000, τ = 0.6, ρ = 0.8, µ = 0.5.

In the figures and tables of this section, ‘Sec.’ represents the CPU time in seconds and

‘Iter.’ represents the number of iterations. Specifically, the numbers in parentheses

represent the number of Anderson step (3.1.4) executed. Moreover, ‘\’ indicates

that the number of iterations exceeds 104, and the corresponding CPU time is not

counted, represented by ‘–’. Furthermore, the best performing algorithm in terms

of the average number of iterations and CPU time is highlighted in bold for each

combination of dimension n and parameter γ.

Example 3.1. [30] Consider the Harker-Pang problem with linear mapping H(x) :=

Wx+ w0, where w0 ∈ Rn and

W := ATA+ S +D.

Here, A is an n×n matrix, S is an n×n skew-symmetric matrix and D is an n×n

diagonal matrix with nonnegative diagonal entries. Therefore, it follows that W is

positive semidefinite. Let the feasible set be Ω := {x ∈ Rn : 0 ≤ x ≤ 20e}. It is clear

that H is monotone and Lipschitz continuous.

We can easily obtain that the Lipschitz constant of H is L = ∥W∥. Applying the

EG-Anderson(1) to this example, instead of using line search, we can do experiment

with a constant stepsize t that satisfies tL < 1.
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In the following experiments, we let t = 0.7
L
, and every entry of the skew-

symmetric matrix S is uniformly generated from (−5, 5), and every diagonal entry

of D is uniformly generated from (0, 2), and A,w0 are randomly generated.

Figure 3.1 compares the decreasing on the residual function by the EG-Anderson(1),

Anderson(1) and the EG algorithms at the same random initial point for Example

3.1 with n = 500 and n = 2000, respectively. For different dimension n, Table 3.1

illustrates the average number of iterations and CPU time of the corresponding ex-

periments at ten random initial points, where we see that the superiorities of the

EG-Anderson(1) over Anderson(1) and the EG algorithms gradually emerges as the

dimension increases.
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Figure 3.1: Comparisons of the convergence behaviours of the EG-Anderson(1), An-
derson(1) and the EG algorithms for Example 3.1

Example 3.2. [62] Consider the quadratic fractional programming problem

min φ(x) :=
xTQx+ aTx+ a0

bTx+ b0
,

s.t. x ∈ Ω := {x ∈ Rn : 2e ≤ x ≤ 10e}
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Sec.(avr)
Iter.(avr) EG-Anderson(1) Anderson(1) EG

n = 100
0.0038 0.0028 0.0040

97.8 (96.6) 226.4 501.7

n = 500
0.0233 0.0243 0.1171

169 (166.4) 402.6 1103.8

n = 1000
0.0972 0.1172 0.5764

197.5 (195.6) 545.8 1417.8

n = 2000
0.3462 0.4789 2.2768

214.5 (211.6) 595.4 1465.2

n = 5000
2.2158 2.7644 14.1645

244 (240.6) 600.9 1538

n = 10000
9.6154 10.5268 63.4244

260.3 (256.7) 563.4 1685

Table 3.1: Comparisons of the three algorithms for Example 3.1

with

Q := QT
0Q0 + I, a := e+ c, b := e+ d, a0 := 1 + c0, b0 := 1 + d0,

where I ∈ Rn×n is the identity matrix, and Q0 ∈ Rn×n, c, d ∈ Rn, c0, d0 ∈ R are

randomly generated from a uniform distribution.

It is easily verified that Ω ⊆ {x ∈ Rn : bTx + b0 > 0} and Q is positive definite,

and consequently φ is pseudoconvex on Ω. Thus, H(x) := ∇φ(x) in the problem

(3.1.1) can be written in the following explicit form:

H(x) =
(bTx+ b0)(2Qx+ a)− b(xTQx+ aTx+ a0)

(bTx+ b0)2
.

Let γ = 0.6. Starting from the same random initial point, Figure 3.2 shows the

comparisons of the results obtained by the EG-Anderson(1), Anderson(1) and the

EG algorithms for Example 3.2 with n = 500 and n = 2000. Table 3.2 presents the

average number of iterations and CPU time for the experiments with more cases on
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n, conducted with ten different random initial points. Thus, the results indicate that

the EG-Anderson(1) outperforms both Anderson(1) and the EG algorithms across

various dimensions in terms of iterations and CPU time.
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Figure 3.2: Comparisons of the convergence behaviours of the EG-Anderson(1), An-
derson(1) and the EG algorithms for Example 3.2

Example 3.3. [9] Consider the following nonlinear complementarity problem (NCP)

H(x) ≥ 0, x ≥ 0, xTH(x) = 0, (3.3.1)

where H : Rn → Rn is defined by

H(x) = (e−xTUx + κ)(Px+ ι).

Here U is an n×n positive definite matrix, P is an n×n positive semidefinite matrix,

ι ∈ Rn and κ > 0. It is also shown that H is pseudomonotone [9]. Furthermore, the

NCP in (3.3.1) can be equivalently formulated as the problem (3.1.1) with Ω := {x ∈

Rn : x ≥ 0}.

In numerical tests, we take κ = 0.01, P = P T
0 P0, U = UT

0 U0, where matrices

P0, U0 ∈ Rn×n and vector ι ∈ Rn are randomly generated as follows with an input
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Sec.(avr)
Iter.(avr) EG-Anderson(1) Anderson(1) EG

n = 100
0.0051 0.0044 0.0105
99 (99) 299.7 609

n = 500
0.0439 0.0446 0.1819

93.2 (91.4) 238.5 531

n = 1000
0.1631 0.1937 0.7851

102.6 (101.3) 285.2 588.8

n = 2000
0.6839 0.8337 3.4400

101.2 (99.9) 285.3 576

n = 5000
5.5632 6.9468 27.9809

95.3 (93.7) 276 538

n = 10000
18.7886 20.7397 89.8027

102.3 (100.9) 262 556

Table 3.2: Comparisons of the three algorithms for Example 3.2

integer n:

P0 = randn(n, n);U0 = randn(n, n); x̂ = max (0, randn(n, 1)) ;

ι = (−P ∗ x̂). ∗ (x̂ > 0) + (−P ∗ x̂+ rand(n, 1)). ∗ (x̂ == 0).

From the above generation, we know that x̂ is a solution of (3.3.1).

In Figure 3.3, we present a comparative analysis of the outcomes achieved by ap-

plying the EG-Anderson(1), Anderson(1) and the EG algorithms to Example 3.3. All

three methods in Figure 3.3 are initialized with the same random initial point. Table

3.3 summarizes the average number of iterations and CPU time for each method,

where the corresponding experiments are repeated ten times with different random

initial points.

In all dimensions, the average number of iterations and CPU time of the EG-

Anderson(1) are significantly less than those of Anderson(1) and the EG algorithms.

The advantages of the EG-Anderson(1) become more pronounced as the dimension
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increases. For instance, in the case of n = 10000, the EG-Anderson(1) achieves an

average number of iterations of 552.2 and an average CPU time of 31.5962 seconds,

significantly outperforming Anderson(1) and the EG algorithms.
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Figure 3.3: Comparisons of the convergence behaviours of the EG-Anderson(1), An-
derson(1) and the EG algorithms for Example 3.3

Example 3.4. Consider the following partial differential equation (PDE) problem

with free boundary

−△ u+
9

(1− p)2
up + δe−u = c(ξ, ς) in Λ+,

u = 0 in Λ0,

u = |∇u| = 0 on Γ,

u = v(ξ, ς) on ∂Λ,

(3.3.2)

where p ∈ (0, 1), δ ≥ 0, Λ = (0, 1) × (0, 1), Λ+ = {(ξ, ς) ∈ Λ : u(ξ, ς) > 0},

Λ0 = {(ξ, ς) ∈ Λ : u(ξ, ς) = 0} and Γ = ∂Λ0 = ∂Λ+ ∩ Λ are unknown. Let

r2 = ξ2 + ς2. We choose

c(ξ, ς) = D(r, p)R(r, p) + δe−R(r,p)
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Sec.(avr)
Iter.(avr) EG-Anderson(1) Anderson(1) EG

n = 100
γ = 0.27

0.0041 0.0027 0.0090
128.2 (125.4) 256.7 710.3

n = 500
γ = 0.03

0.0405 0.0424 0.2523
253.2 (249) 566.2 1754.4

n = 1000
γ = 0.02

0.1802 0.1823 1.0553
232.9 (228.8) 504 1513.1

n = 2000
γ = 0.008

0.9466 0.9478 6.1649
321.2 (316.6) 622.3 2122.6

n = 5000
γ = 0.002

7.3880 8.3522 63.3128
485.2 (478.6) 1097 4146.3

n = 10000
γ = 0.0009

31.5962 33.8899 287.9682
552.2 (544.5) 1173.7 4836.6

Table 3.3: Comparisons of the three algorithms for Example 3.3

and

v(ξ, ς) = R(r, p),

where

D(r, p) := −3(3− p) [(3r − 1)(1− p) + 6r]

r(1− p)2(3r − 1)2
+

27

2(1− p)2

(
2

3

)p(
3r − 1

2

)p−3

and R(r, p) :=
(
3r−1
2

) 2
1−p max

(
0, r − 1

3

)
.

Then problem (3.3.2) has a solution as follows

u(ξ, ς) = R(r, p) =

(
3r − 1

2

) 2
1−p

max

(
0, r − 1

3

)
.

Dividing the interval (0,1) into N subintervals of equal width h provides mesh points

(ξi, ςj) where

ξi = ih, i = 0, 1, . . . , N,
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ςj = jh, j = 0, 1, . . . , N.

Using the five point finite difference method for the problem (3.3.2) at grid (ξi, ςj)

gives

−ui,j+1−ui,j−1+4ui,j−ui+1,j−ui−1,j+
9h2

(1− p)2
upi,j+h

2δe−ui,j = h2ci,j, (ξi, ςj) ∈ Λ+

and

ui,j = vi,j, (ξi, ςj) ∈ ∂Λ.

Let x := (u1,1, u2,1, . . . , uN−1,1, u1,2, . . . , uN−1,N−1)
T ∈ R(N−1)2 and c̃, ṽ ∈ R(N−1)2 be

the corresponding vectors transformed by ci,j and vi,j. Then, we obtain an NCP with

H(x) := Bx+ Emax(0, x)p + V f(x) + q,

where B is a block tri-diagonal positive definite matrix of dimension (N−1)2× (N−

1)2, E and V are both (N−1)2×(N−1)2 dimensional diagonal matrices with the diag-

onal elements being 9h2

(1−p)2
and δh2 respectively, f(x) := (e−u1,1 , e−u2,1 , . . . , e−uN−1,N−1)

T

∈ R(N−1)2 and q = −h2c̃− ṽ ∈ R(N−1)2 . Note that the dimension of the corresponding

complementarity problem is n = (N−1)2. Furthermore, the NCP can be equivalently

formulated as the problem (3.1.1) with Ω := {x ∈ Rn : x ≥ 0}.

In the experiments, let δ = 1. We set p = 0.9 and p = 0.8, respectively. The

effectiveness of the EG-Anderson(1), Anderson(1) and the EG algorithms for Exam-

ple 3.4 with n = 900 and n = 1600 is compared in Figure 3.4. All three methods are

started from the same random initial point for each case.

As can be seen from Table 3.4, the average number of iterations for the EG-

Anderson(1) is consistently smaller than that of Anderson(1) and the EG algorithms

in all dimensions. Additionally, the EG-Anderson(1) has a shorter CPU time, high-

lighting its higher computational efficiency. In high-dimensional problems, such as

n = 8100 and n = 10000, the EG-Anderson(1) outperforms the other two algorithms
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in terms of the average number of iterations and CPU time, demonstrating its higher

efficiency and performance.

Table 3.5 presents the average number of iterations and CPU time required for

each algorithm in Example 3.4 with a different value of p = 0.8.
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(c) p = 0.9, n = 900, γ = 0.39
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Figure 3.4: Comparisons of the convergence behaviours of the EG-Anderson(1), An-
derson(1) and the EG algorithms for Example 3.4

Example 3.5. Consider the following linear complementarity problem (LCP)

M̃x+ q̃ ≥ 0, x ≥ 0, xT(M̃x+ q̃) = 0, (3.3.3)
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Sec.(avr)
Iter.(avr) EG-Anderson(1) Anderson(1) EG

n = 100
γ = 0.01

0.0036 0.0056 0.0135
64.7 (47.7) 280 530

n = 900
γ = 0.06

0.0165 0.0158 0.0604
121.1 (73.1) 300.3 656

n = 1600
γ = 0.07

0.0236 0.0246 0.1022
147.2 (79.2) 398.6 964

n = 2500
γ = 0.08

0.0349 0.0412 0.1740
186.9 (97.9) 526.7 1288

n = 4900
γ = 0.09

0.0857 0.1050 0.5587
296.8 (156.8) 771.8 2178

n = 8100
γ = 0.1

0.1693 0.1972 1.0951
421.3 (228.3) 1064.9 3181

n = 10000
γ = 0.1

0.2659 0.3225 1.8438
502.9 (276.9) 1270.7 3899

Table 3.4: Comparisons of the three algorithms for Example 3.4 with p = 0.9

where M̃ is an n × n P -matrix and q̃ ∈ Rn is a vector. Additionally, the LCP in

(3.3.3) can be equivalently expressed as a nonmonotone VI(Ω, H), where H(x) =

M̃x+ q̃ and Ω = {x ∈ Rn : x ≥ 0}.

Note that an n× n matrix M̃ = (mij) is called a P -matrix if all principal minors

of M̃ are positive. We refer to Example 4.4 from [17] to generate the matrix M̃

and vector q̃. First, we randomly generate a dense matrix Ã ∈ Rn×n and a vector

q̃ ∈ Rn, with elements uniformly distributed in the range (−5, 5). By applying the

QR decomposition to Ã, we obtain an upper triangular matrix Ñ . Next, we replace

the diagonal elements of Ñ with their absolute values, resulting in a triangular matrix

M̃ with positive diagonal entries. This ensures that M̃ is a P -matrix.

Below, we compare the performance of the EG-Anderson(1) algorithm, iPCA
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Sec.(avr)
Iter.(avr) EG-Anderson(1) Anderson(1) EG

n = 100
γ = 0.005

0.0115 0.0088 0.0426
371.2 (371.2) 774 2448.3

n = 900
γ = 0.02

0.0383 0.0683 0.3788
376.4 (376.4) 1478.4 4512.3

n = 1600
γ = 0.03

0.0843 0.1161 0.8202
375.1 (375.1) 1427 5183.8

n = 2500
γ = 0.05

0.0640 0.1019 0.6231
397.9 (397.9) 1417.5 4761.1

n = 4900
γ = 0.06

0.1355 0.2959 1.8412
474.4 (474.4) 2275.9 7554.5

n = 8100
γ = 0.07

0.2472 0.4831 –
639.4 (638.4) 2692.5 \

n = 10000
γ = 0.08

0.3341 0.6177 –
671.7 (669.7) 2660.8 \

Table 3.5: Comparisons of the three algorithms for Example 3.4 with p = 0.8

from [23], IPAL from [76] and the semi-smooth Newton algorithm1 from [26] for

solving (3.3.3). The stopping criterion for the experiments is the same as that for

the semi-smooth Newton algorithm, specifically,

0.5∥sk − xk − (M̃xk + q̃)∥2 < 10−8

or the maximum iteration exceeds 104 times, where sk = ((sk)1, (sk)2, . . . )
T with

(sk)i =
√

(xk)2i + (M̃xk + q̃)2i , i = 1, . . . , n. Note that for an n-dimensional vector z,

(z)i represents the i-th component of z.

We can find that the Lipschitz constant of H is ∥M̃∥. When we run the EG-

Anderson(1) to this example, rather than employing a line search, we do experiment

with a constant step size t that meets the condition t∥M̃∥ < 1. In the following

1 The solver, developed by Y. Tassa, https://www.mathworks.com/matlabcentral/fileexchange/20952-
lcp-mcp-solver-newton-based
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experiments, we let t = 0.7
∥M̃∥ . In both the iPCA and the IPAL, the step size is taken

to be the same as that in the EG-Anderson(1) algorithm. In addition, we set the

parameter γ = 1.5 in the iPCA.

Table 3.6 presents the average number of iterations and CPU time required by the

four algorithms to meet the stopping criterion for (3.3.3) across different dimensions,

starting from ten random initial points. It can be observed that the EG-Anderson(1)

algorithm consistently outperforms the other three algorithms in terms of CPU time

across various dimensions.

Sec.(avr)
Iter.(avr) EG-Anderson(1) semi-smooth Newton iPCA IPAL

n = 100
0.0038 0.0237 0.0044 0.0215
64 (63.2) 29.4 149 281.5

n = 500
0.0188 0.3223 0.0464 0.4225

125.2 (124.8) 45.7 286.8 638.7

n = 1000
0.1372 1.3163 0.7139 19.1573

293.6 ( 288.2) 50.8 1221.2 2718.1

n = 2000
0.5563 8.0195 2.3217 32.1018

306.4 (293.8) 68.9 913.1 2048.6

n = 5000
4.3059 17.1193 959.8955 854.2569

408.3 (337.7) 578.4 976.8 4994.4

Table 3.6: Comparisons of the four algorithms for Example 3.5

53



54



Chapter 4

A Stochastic Accelerated
Algorithm for Pseudomonotone

Variational Inequalities via

Anderson Acceleration

In this chapter, we propose a stochastic accelerated algorithm by utilizing the Ander-

son acceleration method to solve pseudomonotone SVI (Ω,E[T (ξ, ·)]), which does not

require prior knowledge of the Lipschitz constant L of E[T (ξ, ·)] nor the contractivity

of the fixed point mapping.

We begin by reviewing the SVIs. By combining the EG method with Anderson

acceleration and the SA method, we present the framework of the proposed stochas-

tic algorithm in section 4.1 and introduce some definitions and properties used in

the subsequent convergence analysis. Then, in this section, we also analyze the

convergence properties of the proposed stochastic algorithm, providing almost sure

convergence of the sequence, the convergence rate of the mean residual function, and

the oracle complexity. Finally, in section 4.2, we conduct numerical experiments on

two examples to compare the numerical performance of the proposed stochastic al-

gorithm with that of the stochastic EG method. Additionally, we perform numerical

experiments on portfolio selection problems with real data, comparing the perfor-
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mance of the portfolio solving by the proposed stochastic algorithm with that of the

naive evenly weighted portfolio.

4.1 Stochastic EG-Anderson(1) algorithm
and its convergence analysis

We begin with a review of SVI (Ω,E[T (ξ, ·)]). Let (Ξ,G) be a measurable space and

T : Ξ×Rn → Rn a measurable (random) operator. Given a nonempty closed convex

set Ω, the SVI is to find an x∗ ∈ Ω such that

⟨E[T (ξ, x∗)], x− x∗⟩ ≥ 0, ∀x ∈ Ω, (4.1.1)

where ξ : X → Ξ is a random variable defined on a probability space (X,F ,P). In

this thesis, we refer to the solution set of the problem (4.1.1) as SSOL(Ω,E[T (ξ, ·)]),

and we assume that SSOL(Ω,E[T (ξ, ·)]) ̸= ∅.

For any x ∈ Rn and t > 0, we denote the residual function by

rt(x) := ∥PΩ (x− tE[T (ξ, x)])− x∥ . (4.1.2)

The following lemma demonstrates that the residual function (4.1.2) can be em-

ployed to quantify solutions to SVI(Ω,E[T (ξ, ·)]).

Lemma 4.1. [25, Proposition 1.5.8] x∗ ∈ SSOL(Ω,E[T (ξ, ·)]) if and only if it is a

solution of rt(x) = 0, where t can be any positive number.

4.1.1 Framework of the stochastic EG-Anderson(1)

algorithm

Before presenting the framework of the proposed stochastic algorithm, we first in-

troduce some key notations.

We define the oracle error ϵ : Ξ× Rn → Rn by

ϵ(ξ, x) := T (ξ, x)− E[T (ξ, x)], ∀ξ ∈ Ξ, ∀x ∈ Rn. (4.1.3)
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Given N ∈ N, let ξN = {ξj}Nj=1 be an i.i.d. sample from Ξ. We define the empirical

mean operator and the oracle’s empirical mean error associated to ξN by

Ĥ(ξN , x) :=
1

N

N∑
j=1

T (ξj, x) and ϵ̂(ξN , x) :=
1

N

N∑
j=1

ϵ(ξj, x) (4.1.4)

respectively. In this section, we propose a stochastic algorithm based on the EG-

Anderson(1) algorithm to solve the problem (4.1.1). The following Algorithm 3

presents the proposed algorithm, called the stochastic EG-Anderson(1) algorithm,

in which the line search framework from [74] is utilized in Step 2.

We will analyze the convergence properties of the stochastic EG-Anderson(1)

algorithm under the following assumptions.

Assumption 4.1. The mean operator E[T (ξ, ·)] : Rn → Rn is pseudomonotone on

Ω.

Remark 4.1. [41] Suppose T (ξ, ·) is pseudomonotone on Ω in an almost sure sense.

Then E[T (ξ, ·)] is pseudomonotone on Ω. However, the reverse implication does not

hold in general. For example, consider T (ξ, x) =

{
x, if ξ = 0,
−x, if ξ = 1.

It is easy to see

that E[T (ξ, x)] = 0 is pseudomonotone, while T (ξ, x) = −x is not pseudomonotone

for ξ = 1.

Assumption 4.2. (i) There exists a measurable function L : Ξ → R such that

L(ξ) ≥ 1 holds with probability 1, and for any x, y ∈ Rn,

∥T (ξ, x)− T (ξ, y)∥ ≤ L(ξ)∥x− y∥.

(ii) There exist x̌ and p ≥ 2 such that E[∥T (ξ, x̌)∥2p] <∞ and E[L(ξ)2p] <∞.

Assumption 4.3. Let ξk := {ξkj : j ∈ [Sk]} and ηk := {ηkj : j ∈ [Sk]}. For all k,

{ξk} and {ηk} are i.i.d. samples of ξ such that {ξk} and {ηk} are independent of

each other. Moreover,
∑∞

k=0
1√
Sk
<∞.
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Algorithm 3: Stochastic EG-Anderson(1)

1 Initialization: Choose x0 ∈ Ω, ν ≥ 0, γ ∈ (0, 1], ρ ∈ (0, 1), µ ∈ (0,
√
3
3
), τ >

1
2
, σ0 = 1 and the sample rate {Sk}. Give a sufficiently large M > 0.

2 for k = 0, 1, 2, . . ., do

3 Step 1: Let tk = γ and generate samples ξk := {ξkj }
Sk
j=1 of the random

4 variable ξ. Compute Ĥ(ξk, xk) =
1
Sk

∑Sk

j=1 T (ξ
k
j , xk) and

Fγ(ξ
k, xk) = PΩ

(
xk − γĤ(ξk, xk)

)
− xk.

5 If Fγ(ξ
k, xk) = 0, set

xk+1 = xk, σk+1 = σk. (4.1.5)

6 Otherwise, go to Step 2.

7 Step 2: Compute yk+0.5 = PΩ

(
xk − tkĤ(ξk, xk)

)
and Ĥ(ξk, yk+0.5) =

8
1
Sk

∑Sk

j=1 T (ξ
k
j , yk+0.5).

9 If

tk∥Ĥ(ξk, xk)− Ĥ(ξk, yk+0.5)∥ ≤ µ∥xk − yk+0.5∥, (4.1.6)

go to Step 3.
10 Otherwise, set tk = ρtk and repeat Step 2.
11 Step 3: Compute Ftk(ξ

k, xk) = yk+0.5 − xk. Generate samples ηk :=

12 {ηkj }
Sk
j=1 of the random variable ξ. Compute Ĥ(ηk, yk+0.5) =

13
1
Sk

∑Sk

j=1 T (η
k
j , yk+0.5), yk+1 = PΩ

(
xk − tkĤ(ηk, yk+0.5)

)
and

14 F̃tk(η
k, xk) = yk+1 − xk.

15 If ∥F̃tk(η
k, xk)∥ < min{∥Ftk(ξ

k, xk)∥, νσ−τ
k }, set

αk(ξ
k, ηk) =

⟨F̃tk(η
k, xk), F̃tk(η

k, xk)− Ftk(ξ
k, xk)⟩

∥F̃tk(η
k, xk)− Ftk(ξ

k, xk)∥2
. (4.1.7)

16 Otherwise, set αk(ξ
k, ηk) =M + 1.

17 Step 4: If |αk(ξ
k, ηk)| ≤M , set

xk+1 = αk(ξ
k, ηk)xk + (1− αk(ξ

k, ηk))yk+1, σk+1 = σk + 1. (4.1.8)

18 Otherwise, set

xk+1 = yk+1, σk+1 = σk. (4.1.9)

19 end for

58



Remark 4.2. Denote L := E[L(ξ)] and Lp := (E[L(ξ)p])
1
p + L for any p ≥ 1. If

Assumption 4.2 holds, then

(i) by Jensen’s inequality, for any x, y ∈ Rn, we obtain

∥E[T (ξ, x)]− E[T (ξ, y)]∥ = ∥E[T (ξ, x)− T (ξ, y)]∥

≤E[∥T (ξ, x)− T (ξ, y)∥] ≤ E[L(ξ)∥x− y∥] = L∥x− y∥,

which means that E[T (ξ, ·)] is L-Lipschitz continuous;

(ii) by Minkowski’s inequality and (i), for any x, x∗ ∈ Rn, we have

(E[∥ϵ(ξ, x)∥p])
1
p

=(E[∥T (ξ, x)− E[T (ξ, x)]∥p])
1
p

≤ (E[∥T (ξ, x)− T (ξ, x∗)∥p])
1
p + (E[∥T (ξ, x∗)− E[T (ξ, x∗)]∥p])

1
p

+ ∥E[T (ξ, x)]− E[T (ξ, x∗)]∥

≤(E[L(ξ)p])
1
p∥x− x∗∥+ (E[∥ϵ(ξ, x∗)∥p])

1
p + L∥x− x∗∥

=Lp∥x− x∗∥+ (E[∥ϵ(ξ, x∗)∥p])
1
p , ∀p ≥ 1.

(4.1.10)

Define

F0 = σ(x0) and F̂0 = σ(x0, ξ
0),

and for k ≥ 1,

Fk = σ(x0, ξ
0, · · · , ξk−1, η0, · · · , ηk−1) and F̂k = σ(x0, ξ

0, · · · , ξk, η0, · · · , ηk−1)

as the σ-algebras related to the generation of yk+0.5, yk and xk. It can be observed

that Fk ⊂ F̂k, xk, yk ∈ Fk, yk+0.5 ∈ F̂k and yk+0.5 /∈ Fk. Recalling (4.1.3)-(4.1.4) and

the stochastic EG-Anderson(1) algorithm, we define the oracle errors by


ϵ̂k1 := ϵ̂(ξk, xk) = Ĥ(ξk, xk)− E[T (ξ, xk)],
ϵ̂k2 := ϵ̂(ηk, yk+0.5) = Ĥ(ηk, yk+0.5)− E[T (ξ, yk+0.5)],

ϵ̂k3 := ϵ̂(ξk, yk+0.5) = Ĥ(ξk, yk+0.5)− E[T (ξ, yk+0.5)].

(4.1.11)
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Then yk+0.5 and yk+1 in the stochastic EG-Anderson(1) algorithm can be written as

follows: {
yk+0.5 = PΩ

(
xk − tk(E[T (ξ, xk)] + ϵ̂k1)

)
,

yk+1 = PΩ

(
xk − tk(E[T (ξ, yk+0.5)] + ϵ̂k2)

)
.

(4.1.12)

Remark 4.3. Since ξk is independent of Fk and xk ∈ Fk, we have

E[ϵ̂k1|Fk] =E

[
1

Sk

Sk∑
j=1

T (ξkj , xk)− E[T (ξ, xk)]|Fk

]

=
1

Sk

Sk∑
j=1

E[T (ξkj , xk)|Fk]− E[T (ξ, xk)]

=
1

Sk

Sk∑
j=1

E[T (ξ, xk)]− E[T (ξ, xk)] = 0.

Similarly, from the fact that ηk is independent of F̂k and yk+0.5 ∈ F̂k, we obtain

E[ϵ̂k2|F̂k] = 0. In view of Fk ⊂ F̂k, we conclude that E[ϵ̂k2|Fk] = E
[
E[ϵ̂k2|F̂k]|Fk

]
= 0.

Thus, {ϵ̂k1} and {ϵ̂k2} are the martingale difference sequences with respect to Fk.

The following result on super-martingale convergence will be utilized, serving as

a key instrument in demonstrating the convergence of SA methods.

Theorem 4.1. [58] Let (X,F ,P) be a probability space and F0 ⊂ F1 ⊂ . . . a

sequence of sub-σ-algebras of F . For each k = 0, 1, . . . , let {yk}, {uk}, {ak}, {bk} be

four sequences of random variables. Suppose

(i) the random variables {yk}, {uk}, {ak} and {bk} are nonnegative Fk-measurable;

(ii) a.s. for each k,

E[yk+1|Fk] ≤ (1 + ak)yk − uk + bk;

(iii) a.s.
∑∞

k=0 ak <∞,
∑∞

k=0 bk <∞.

Then, a.s. {yk} converges and
∑∞

k=0 uk <∞.
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4.1.2 Convergence analysis

In this section, we will present some convergence properties of the stochastic EG-

Anderson(1) algorithm. Similar to EG-Anderson(1) algorithm, we divide the itera-

tions of the stochastic EG-Anderson(1) algorithm into three subsets

KSRE = {u0, u1, · · · }, KSAA = {k0, k1, · · · } and KSEG = {l0, l1, · · · },

where KSRE consists of the iterations defined by (4.1.5), KSAA comprises iterations

defined by (4.1.8), and KSEG contains the remaining iterations defined by (4.1.9).

We begin by proving that the stochastic EG-Anderson(1) algorithm is well-

defined.

Lemma 4.2. Suppose that Assumption 4.2 holds. For each iteration k where line

search is performed, the line search (4.1.6) in the stochastic EG-Anderson(1) algo-

rithm terminates in a finite number of iterations.

Proof In the stochastic EG-Anderson(1) algorithm, the updated form of tk

can be re-expressed as tk = γρmk , where mk is defined as the smallest nonnegative

integer m that satisfies the following inequality:

γρm∥Ĥ(ξk, xk)− Ĥ(ξk, y
(m)
k+0.5)∥ ≤ µ∥xk − y

(m)
k+0.5∥,

where y
(m)
k+0.5 = PΩ

(
xk − γρmĤ(ξk, xk)

)
. We prove the lemma by contradiction,

assuming that the line search (4.1.6) does not terminate within a finite number of

iterations. This means that, for every m, we have

γρm∥Ĥ(ξk, xk)− Ĥ(ξk, y
(m)
k+0.5)∥ > µ∥xk − y

(m)
k+0.5∥. (4.1.13)

We will discuss it in two cases.

(i) If xk ∈ Ω, then limm→∞ ∥y(m)
k+0.5 − xk∥ = 0. Combining Assumption 4.2, we

deduce that

lim
m→∞

∥Ĥ(ξk, xk)− Ĥ(ξk, y
(m)
k+0.5)∥ = 0. (4.1.14)
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From (4.1.13) and Lemma 2.2, we have

∥Ĥ(ξk, xk)− Ĥ(ξk, y
(m)
k+0.5)∥ >

µ

γρm
∥xk − y

(m)
k+0.5∥ ≥ µ

γ
∥Fγ(ξ

k, xk)∥ > 0.

Taking the limit m → ∞ in the above inequality, we can find a contradiction

with (4.1.14).

(ii) If xk /∈ Ω, then

lim
m→∞

∥xk − y
(m)
k+0.5∥ > 0, (4.1.15)

and

lim
m→∞

γρm∥Ĥ(ξk, xk)− Ĥ(ξk, y
(m)
k+0.5)∥ = 0. (4.1.16)

Letting m → ∞ in (4.1.13), we obtain a contradiction with (4.1.15) and

(4.1.16).

Thus, the line search (4.1.6) is well-defined.

The stochastic EG-Anderson(1) algorithm employs a dynamic sampled SA line

search method to address the lack of Lipschitz constants. The following lemma

provides a lower bound for the step size.

Lemma 4.3. Suppose that Assumptions 4.2 and 4.3 hold. Let {tk} be the step-

size sequence generated by the stochastic EG-Anderson(1) algorithm and L̂k(ξ
k) :=

1
Sk

∑Sk

j=1 L(ξ
k
j ). Then we have that a.s. tkL̂k(ξ

k) ≥ min {ρµ, γ} and (E[t2k|Fk])
1
2 ·

(E[L(ξ)2])
1
2 ≥ min {ρµ, γ}.

Proof We first discuss the lower bound of tk by dividing it into two cases.

(i) If line search (4.1.6) is not performed, or γ satisfies (4.1.6) during the line

search, then tk = γ.
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(ii) Otherwise, tk < γ. Let ŷk+0.5 := PΩ(xk−tkρ−1Ĥ(ξk, xk)). By tk < γ, tk < tkρ
−1

and Lemma 2.2, we have

∥yk+0.5 − xk∥ ≥ tk
γ
∥Fγ(ξ

k, xk)∥ > 0

and

∥ŷk+0.5 − xk∥ ≥ ∥yk+0.5 − xk∥ > 0.

Then we find

tkρ
−1∥Ĥ(ξk, xk)− Ĥ(ξk, ŷk+0.5)∥ > µ∥xk − ŷk+0.5∥ > 0. (4.1.17)

By Assumption 4.2-(i), we have

∥Ĥ(ξk, xk)− Ĥ(ξk, ŷk+0.5)∥ =

∥∥∥∥∥ 1

Sk

Sk∑
j=1

T (ξkj , xk)−
1

Sk

Sk∑
j=1

T (ξkj , ŷk+0.5)

∥∥∥∥∥
≤L̂k(ξ

k)∥xk − ŷk+0.5∥.
(4.1.18)

Combining (4.1.17) and (4.1.18), we obtain tk ≥ ρµ

L̂k(ξk)
.

Thus, we conclude that tk ≥ min
{

ρµ

L̂k(ξk)
, γ
}
.

Since a.s. L(ξ) ≥ 1, we have that a.s. tkL̂k(ξ
k) ≥ min {ρµ, γ}. Combining the

Hölder’s inequality, we deduce that

min {ρµ, γ} ≤ E
[
tkL̂k(ξ

k)|Fk

]
≤
(
E[t2k|Fk]

) 1
2

(
E[L̂k(ξ

k)2|Fk]
) 1

2

≤
(
E[t2k|Fk]

) 1
2

(
1

Sk

Sk∑
j=1

E[L(ξkj )2|Fk]

) 1
2

=
(
E[t2k|Fk]

) 1
2 ·
(
E[L(ξ)2]

) 1
2 ,

where the last equality follows from Assumption 4.3.

The recursive relations given by the following two lemmas play a crucial role in

the main convergence results.
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Lemma 4.4. Suppose that Assumptions 4.1 and 4.2 hold. Let {xk}, {yk+0.5} and

{yk+1} be the sequences generated by the stochastic EG-Anderson(1) algorithm. Then

for all x∗ ∈ SSOL (Ω,E[T (ξ, ·)]), we have

∥yk+1 − x∗∥2 ≤∥xk − x∗∥2 − (1− 3µ2)t2k
2γ2

rγ(xk)
2 + (1− 3µ2)γ2∥ϵ̂k1∥2

+ 3γ2∥ϵ̂k2∥2 + 3γ2∥ϵ̂k3∥2 + 2⟨tk ϵ̂k2, x∗ − yk+0.5⟩.

(4.1.19)

Proof By Assumption 4.1 and x∗ ∈ SSOL(Ω,E[T (ξ, ·)]), we have

⟨E[T (ξ, yk+0.5)], yk+0.5 − x∗⟩ ≥ 0,

which implies

⟨tkE[T (ξ, yk+0.5)], x
∗ − yk+1⟩ ≤ ⟨tkE[T (ξ, yk+0.5)], yk+0.5 − yk+1⟩ . (4.1.20)

By the definition of yk+0.5 and Lemma 2.1-(iii), we find

⟨xk − tkĤ(ξk, xk)− yk+0.5, yk+1 − yk+0.5⟩ ≤ 0.

This implies

⟨xk − tkE[T (ξ, yk+0.5)]− yk+0.5, yk+1 − yk+0.5⟩

≤⟨tkĤ(ξk, xk)− tkE[T (ξ, yk+0.5)], yk+1 − yk+0.5⟩.
(4.1.21)

Using (4.1.20) and (4.1.21), and following a similar approach to the estimation in

(3.1.18), we have

∥yk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − ∥xk − yk+1∥2 + 2⟨tkĤ(ηk, yk+0.5), x
∗ − yk+1⟩

= ∥xk − x∗∥2 − ∥xk − yk+1∥2 + 2⟨tkE[T (ξ, yk+0.5)], x
∗ − yk+1⟩

+ 2⟨tk ϵ̂k2, x∗ − yk+1⟩

(4.1.20)

≤ ∥xk − x∗∥2 − ∥xk − yk+1∥2 + 2⟨tkE[T (ξ, yk+0.5)], yk+0.5 − yk+1⟩

+ 2⟨tk ϵ̂k2, x∗ − yk+1⟩
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= ∥xk − x∗∥2 − ∥xk − yk+0.5∥2 − ∥yk+0.5 − yk+1∥2

+ 2⟨xk − tkE[T (ξ, yk+0.5)]− yk+0.5, yk+1 − yk+0.5⟩

+ 2⟨tk ϵ̂k2, x∗ − yk+1⟩

(4.1.21)

≤ ∥xk − x∗∥2 − ∥xk − yk+0.5∥2 − ∥yk+0.5 − yk+1∥2

+ 2⟨tkĤ(ξk, xk)− tkE[T (ξ, yk+0.5)], yk+1 − yk+0.5⟩

+ 2⟨tk ϵ̂k2, x∗ − yk+1⟩

= ∥xk − x∗∥2 − ∥xk − yk+0.5∥2 − ∥yk+0.5 − yk+1∥2

+ 2⟨tkĤ(ξk, xk)− tkĤ(ηk, yk+0.5), yk+1 − yk+0.5⟩

+ 2⟨tk ϵ̂k2, x∗ − yk+0.5⟩. (4.1.22)

Next, we estimate the term 2⟨tkĤ(ξk, xk)− tkĤ(ηk, yk+0.5), yk+1− yk+0.5⟩ in (4.1.22).

By the Cauchy-Schwarz inequality and the Young’s inequality, we have

2⟨tkĤ(ξk, xk)− tkĤ(ηk, yk+0.5), yk+1 − yk+0.5⟩

≤ t2k∥Ĥ(ξk, xk)− Ĥ(ηk, yk+0.5)∥2 + ∥yk+1 − yk+0.5∥2

≤ 3t2k∥Ĥ(ξk, xk)− Ĥ(ξk, yk+0.5)∥2 + 3γ2∥ϵ̂k2∥2 + 3γ2∥ϵ̂k3∥2

+ ∥yk+1 − yk+0.5∥2

(4.1.6)

≤ 3µ2∥xk − yk+0.5∥2 + 3γ2∥ϵ̂k2∥2 + 3γ2∥ϵ̂k3∥2 + ∥yk+1 − yk+0.5∥2.

(4.1.23)

Substituting (4.1.23) into (4.1.22), we deduce that

∥yk+1 − x∗∥2 ≤∥xk − x∗∥2 − (1− 3µ2)∥xk − yk+0.5∥2 + 3γ2∥ϵ̂k2∥2 + 3γ2∥ϵ̂k3∥2

+ 2⟨tk ϵ̂k2, x∗ − yk+0.5⟩. (4.1.24)

Recalling the function rt(x) := ∥PΩ(x− tE[T (ξ, x)])− x∥ defined in (4.1.2), and

65



combining this with tk ≤ γ and Lemma 2.2, we obtain

t2krγ(xk)
2 ≤γ2rtk(xk)2 = γ2∥PΩ(xk − tkE[T (ξ, xk)])− xk∥2

≤2γ2∥xk − yk+0.5∥2 + 2γ2∥PΩ(xk − tkE[T (ξ, xk)])− PΩ(xk − tkĤ(ξk, xk))∥2

≤2γ2∥xk − yk+0.5∥2 + 2γ4∥ϵ̂k1∥2,

which implies

∥xk − yk+0.5∥2 ≥
t2k
2γ2

rγ(xk)
2 − γ2∥ϵ̂k1∥2. (4.1.25)

Plugging (4.1.25) into (4.1.24) yields

∥yk+1 − x∗∥2 ≤∥xk − x∗∥2 − (1− 3µ2)t2k
2γ2

rγ(xk)
2 + (1− 3µ2)γ2∥ϵ̂k1∥2

+ 3γ2∥ϵ̂k2∥2 + 3γ2∥ϵ̂k3∥2 + 2⟨tk ϵ̂k2, x∗ − yk+0.5⟩.

Lemma 4.5. Suppose that Assumptions 4.1 and 4.2 hold. Let {xk} and {yk+0.5} be

the sequences generated by the stochastic EG-Anderson(1) algorithm. Then, there

exists β̂ ∈ (0, 1
2
] such that for any x∗ ∈ SSOL(Ω,E[T (ξ, ·)]),

∥xk+1 − x∗∥2 ≤∥xk − x∗∥2 − (1− 3µ2)β̂t2k
2γ2

rγ(xk)
2 + (1− 3µ2)(M + 1)γ2∥ϵ̂k1∥2

+ 3γ2(M + 1)∥ϵ̂k2∥2 + 3γ2(M + 1)∥ϵ̂k3∥2

+ 2(M + 1)
∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣+ ϱk,

(4.1.26)

where

ϱk =

M(M + 1)ν2(1 + i)−2τ , if k ∈ KSAA := {ki, i = 1, 2, . . .},

0, if k ∈ KSRE ∪KSEG.
(4.1.27)

Proof We will discuss this by dividing it into three cases.
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(i) For um ∈ KSRE, we know that ∥Fγ(ξ
um , xum)∥ = ∥PΩ(xum − γĤ(ξum , xum)) −

xum∥ = 0 and xum+1 = xum . Then we have

rγ(xum)
2 =∥PΩ (xum − γE[T (ξ, xum)])− xum∥2

≤2∥Fγ(ξ
um , xum)∥2 + 2∥PΩ(xum − γE[T (ξ, xum)])

− PΩ(xum − γĤ(ξum , xum))∥2

≤2γ2∥ϵ̂um
1 ∥2.

Combining with tum = γ and µ ∈ (0,
√
3
3
), we obtain − (1−3µ2)t2um

2γ2 rγ(xum)
2+(1−

3µ2)γ2∥ϵ̂um
1 ∥2 ≥ 0. Therefore, we conclude that

∥xum+1 − x∗∥2

=∥xum − x∗∥2

≤∥xum − x∗∥2 −
(1− 3µ2)t2um

2γ2
rγ(xum)

2 + (1− 3µ2)γ2∥ϵ̂um
1 ∥2

+ 3γ2∥ϵ̂um
2 ∥2 + 3γ2∥ϵ̂um

3 ∥2 + 2 |⟨tum ϵ̂
um
2 , x∗ − yum+0.5⟩| .

(4.1.28)

(ii) For ki ∈ KSAA, let βki(ξ
ki , ηki) := 1 − αki(ξ

ki , ηki). By the definition of xki+1

in (4.1.8), applying a similar estimation method as in (3.1.19) yields

∥xki+1 − x∗∥2 =αki(ξ
ki , ηki)∥xki − x∗∥2 + βki(ξ

ki , ηki)∥yki+1 − x∗∥2

− αki(ξ
ki , ηki)βki(ξ

ki , ηki)∥xki − yki+1∥2.
(4.1.29)

Since ∥F̃tki
(ηki , xki)∥ < ∥Ftki

(ξki , xki)∥ when ki ∈ KSAA, then there exists β̂ ∈

(0, 1
2
] such that

β̂∥F̃tki
(ηki , xki)∥2+(1−2β̂)⟨Ftki

(ξki , xki), F̃tki
(ηki , xki)⟩ < (1−β̂)∥Ftki

(ξki , xki)∥2,

which implies

⟨F̃tki
(ηki , xki)−Ftki

(ξki , xki), F̃tki
(ηki , xki)⟩ < (1−β̂)∥F̃tki

(ηki , xki)−Ftki
(ξki , xki)∥2.
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By (4.1.7), we have αki(ξ
ki , ηki) < 1− β̂. Thus βki(ξ

ki , ηki) = 1−αki(ξ
ki , ηki) >

β̂. Substituting (4.1.19) into (4.1.29) and using µ ∈ (0,
√
3
3
), |αki(ξ

ki , ηki)| ≤M,

β̂ < βki(ξ
ki , ηki) ≤ M + 1, ∥xki − yki+1∥ = ∥F̃tki

(ηki , xki)∥ ≤ νσ−τ
ki

= ν(σ0 +

i)−τ = ν(1 + i)−τ and (4.1.27), we deduce that

∥xki+1 − x∗∥2 ≤∥xki − x∗∥2 −
(1− 3µ2)β̂t2ki

2γ2
rγ(xki)

2 + (1− 3µ2)(M + 1)γ2∥ϵ̂ki1 ∥2

+ 3γ2(M + 1)∥ϵ̂ki2 ∥2 + 3γ2(M + 1)∥ϵ̂ki3 ∥2

+ 2(M + 1)
∣∣⟨x∗ − yki+0.5, tki ϵ̂

ki
2 ⟩
∣∣+ ϱki .

(4.1.30)

(iii) For lj ∈ KSEG, by Lemma 4.4, we deduce that

∥xlj+1 − x∗∥2 =∥ylj+1 − x∗∥2

≤∥xlj − x∗∥2 −
(1− 3µ2)t2lj

2γ2
rγ(xlj)

2 + (1− 3µ2)γ2∥ϵ̂lj1 ∥2

+ 3γ2∥ϵ̂lj2 ∥2 + 3γ2∥ϵ̂lj3 ∥2 + 2
∣∣∣⟨tlj ϵ̂lj2 , x∗ − ylj+0.5⟩

∣∣∣ . (4.1.31)

Since ϱlj = ϱum = 0 in (4.1.27), and by combining (4.1.28), (4.1.30) and (4.1.31), for

every k, we find

∥xk+1 − x∗∥2 ≤∥xk − x∗∥2 − (1− 3µ2)β̂t2k
2γ2

rγ(xk)
2 + (1− 3µ2)(M + 1)γ2∥ϵ̂k1∥2

+ 3γ2(M + 1)∥ϵ̂k2∥2 + 3γ2(M + 1)∥ϵ̂k3∥2

+ 2(M + 1)
∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣+ ϱk,

where
∑∞

k=0 ϱk =
∑∞

i=0 ϱki <∞ holds because τ > 1
2
.

Lemma 4.5 indicates that both bounding E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣ |Fk

]
and the sec-

ond order moments of the sequences {ϵ̂k1}, {ϵ̂k2} and {ϵ̂k3} are essential for establishing

the convergence properties of the stochastic EG-Anderson(1) algorithm.

The following lemma is mainly used to control the oracle errors given above.
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Lemma 4.6 (Burkholder-Davis-Gundy inequality). [11] For any p ≥ 2 and N ∈ N,

there exists Bp > 0 such that for any vector-valued martingale (yi,Fi)
N
i=1 taking values

in Rn with y0 = 0, it holds that

(E[∥yN∥p])
1
p ≤

(
E
[(

sup
i≤N

∥yi∥
)p]) 1

p

≤ Bp

E

( N∑
i=1

∥yi − yi−1∥2
) p

2

 1
p

≤Bp

√√√√ N∑
i=1

(E[∥yi − yi−1∥p])
2
p .

Recalling the definitions of ϵ(ξ, x) in (4.1.3) and ϵ̂(ξN , x) in (4.1.4), respectively,

we know that

ϵ̂(ξN , x) :=
1

N

N∑
j=1

(T (ξj, x)− E[T (ξ, x)]) .

In [37], the estimation of
(
E[∥ϵ̂(ξN , x)∥p]

) 1
p is provided under certain conditions. To

present the conclusions of this thesis more clearly, Lemma 4.7 gives a proof similar

to the method used in [37].

Lemma 4.7. Suppose that Assumption 4.2 holds. Given N ∈ N, let ξN := {ξj}Nj=1

be an i.i.d. sample of ξ. Then, for any p ≥ 2, x, x∗ ∈ Rn, we have

(
E[∥ϵ̂(ξN , x)∥p]

) 1
p ≤ Bp

δp(x∗) (1 + ∥x− x∗∥)√
N

and (
E
[∣∣⟨v, ϵ̂(ξN , x)⟩∣∣p]) 1

p ≤ ∥v∥Bp
δp(x∗) (1 + ∥x− x∗∥)√

N
, ∀v ∈ Rn,

where Bp is the same as in Lemma 4.6 and δp(x∗) = max
{
(E[∥ϵ(ξ, x∗)∥p])

1
p , Lp

}
with Lp defined in Remark 4.2.

Proof Given N ∈ N, we define the sequence {U t}Nt=0 by setting U0 = 0

and U t :=
∑t

j=1
T (ξj ,x)−E[T (ξ,x)]

N
for 1 ≤ t ≤ N . We also define G0 := σ(U0) and
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Gt := σ(ξ1, . . . , ξt) for 1 ≤ t ≤ N . Since {ξj}Nj=1 is an i.i.d. sample drawn from

Ξ, {U t,Gt}Nt=0 is an Rn-valued martingale. By Assumption 4.2 and (4.1.10), for any

p ≥ 2 and x∗ ∈ Rn, we deduce

(
E
[
∥U t − U t−1∥p

]) 1
p =

(
E
[(

∥T (ξ, x)− E[T (ξ, x)]∥
N

)p]) 1
p

≤(E [∥ϵ(ξ, x∗)∥p])
1
p + Lp∥x− x∗∥
N

.

Then from Lemma 4.6, there exists Bp > 0 such that

(
E
[
∥ϵ̂(ξN , x)∥p

]) 1
p =

(
E
[
∥UN∥p

]) 1
p ≤ Bp

√√√√ N∑
t=1

(E[∥U t − U t−1∥p])
2
p

≤Bp
(E[∥ϵ(ξ, x∗)∥p])

1
p + Lp∥x− x∗∥√
N

≤Bp
δp(x∗) (1 + ∥x− x∗∥)√

N
.

Moreover, for any v ∈ Rn, we find that(
E
[∣∣⟨v, ϵ̂(ξN , x)⟩∣∣p]) 1

p ≤∥v∥
(
E
[
∥ϵ̂(ξN , x)∥p

]) 1
p

≤∥v∥Bp
δp(x∗) (1 + ∥x− x∗∥)√

N
.

(4.1.32)

The following lemma establishes an upper bound on the second order moment

of the martingale difference sequences {ϵ̂k1} and {ϵ̂k2}. While prior works [37, 38]

prove similar bounds using the Burkholder-Davis-Gundy inequality, we present a

more direct characterization.

For any x∗ ∈ SSOL(Ω,E[T (ξ, ·)]), we define

Dk,p(x
∗) := γ

1√
Sk

Bpδp(x
∗) and Ik,p(x

∗) := 1 + γL+Dk,p(x
∗). (4.1.33)
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Lemma 4.8. Suppose that Assumptions 4.2 and 4.3 hold. Then for any k, x∗ ∈

SSOL(Ω,E[T (ξ, ·)]), p = 2q and q ≥ 1, it holds that

(i)
(
E
[
∥ϵ̂k1∥2q|Fk

]) 1
q ≤ 2B2

p

δp(x
∗)2 (1 + ∥xk − x∗∥2)

Sk

;

(ii)
(
E
[
∥ϵ̂k2∥2q|Fk

]) 1
q ≤ 2

Sk

B2
pδp(x

∗)2 (1 + 2Ik,p(x
∗)2∥xk − x∗∥2 + 2Dk,p(x

∗)2) ;

(iii)
(
E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣q |Fk

]) 1
q ≤

(
1
2
Dk,p(x

∗) + 2Dk,p(x
∗)Ik,p(x

∗)2
)
∥xk−x∗∥2+

1
2
Dk,p(x

∗)Ik,p(x
∗)2 +Dk,p(x

∗)2 + 2Dk,p(x
∗)3.

Proof We will prove the above three statements separately.

(i) Using Lemma 4.7, xk ∈ Fk, and the independence of ξk with Fk, we get

(
E
[
∥ϵ̂k1∥p|Fk

]) 1
p =

(
E
[
∥ϵ̂k1∥p

]) 1
p ≤ Bp

δp(x
∗) (1 + ∥xk − x∗∥)√

Sk

, (4.1.34)

which implies(
E
[
∥ϵ̂k1∥2q|Fk

]) 1
q =

(
E
[
∥ϵ̂k1∥p|Fk

]) 2
p

=
(
E
[
∥ϵ̂k1∥p

]) 2
p ≤ 2B2

p

δp(x
∗)2 (1 + ∥xk − x∗∥2)

Sk

.

(ii) Recall that yk+0.5 := PΩ

(
xk − tk

(
E[T (ξ, xk)] + ϵ̂k1

))
in (4.1.12). By Lemma

4.1 and x∗ ∈ SSOL(Ω,E[T (ξ, ·)]), we have x∗ = PΩ (x∗ − tkE[T (ξ, x∗)]). Then,

combining Lemma 2.1-(i) with Remark 4.2-(i) and tk ≤ γ, we conclude that

∥x∗ − yk+0.5∥ =
∥∥PΩ(x

∗ − tkE[T (ξ, x∗)])− PΩ

(
xk − tk(E[T (ξ, xk)] + ϵ̂k1)

)∥∥
≤∥xk − x∗∥+ tk∥E[T (ξ, xk)]− E[T (ξ, x∗)]∥+ tk∥ϵ̂k1∥

≤∥xk − x∗∥+ γL∥xk − x∗∥+ γ∥ϵ̂k1∥,
(4.1.35)
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where L = E[L(ξ)]. Taking (E[| · |p|Fk])
1
p in (4.1.35) and using Minkowski’s

inequality, xk ∈ Fk, and (4.1.34), we deduce that

(E [∥x∗ − yk+0.5∥p|Fk])
1
p

≤
(
E
[(
∥xk − x∗∥+ γL∥xk − x∗∥+ γ∥ϵ̂k1∥

)p |Fk

]) 1
p

≤(1 + γL)∥xk − x∗∥+ γ
(
E[∥ϵ̂k1∥p|Fk]

) 1
p

≤(1 + γL)∥xk − x∗∥+ γBp
δp(x

∗) (1 + ∥xk − x∗∥)√
Sk

=

(
1 + γL+ γ

1√
Sk

Bpδp(x
∗)

)
∥xk − x∗∥+ γ

1√
Sk

Bpδp(x
∗)

=Ik,p(x
∗)∥xk − x∗∥+Dk,p(x

∗).

(4.1.36)

Then, we have

(E [∥x∗ − yk+0.5∥p|Fk])
2
p ≤ 2Ik,p(x

∗)2∥xk − x∗∥2 + 2Dk,p(x
∗)2. (4.1.37)

Since ηk is independent of F̂k and yk+0.5 ∈ F̂k, Lemma 4.7 implies that

(
E
[
∥ϵ̂k2∥p|F̂k

]) 1
p
=
(
E
[
∥ϵ̂k2∥p

]) 1
p ≤ Bp

δp(x
∗) (1 + ∥yk+0.5 − x∗∥)√

Sk

. (4.1.38)

Combining with Minkowski’s inequality, (4.1.37), (4.1.38),
(
E[| · |q|F̂k]

) 1
q ≤(

E[| · |p|F̂k]
) 1

p
and

(
E
[(

E[| · |q|F̂k]
)
|Fk

]) 1
q
= (E[| · |q|Fk])

1
q , we deduce that

(
E[∥ϵ̂k2∥2q|Fk]

) 1
q =

(
E[∥ϵ̂k2∥p|Fk]

) 2
p =

(
E
[(

E[∥ϵ̂k2∥p|F̂k]
)
|Fk

]) 2
p

(4.1.38)

≤

(
E
[(

1√
Sk

Bpδp(x
∗) (1 + ∥yk+0.5 − x∗∥)

)p

|Fk

] 1
p

)2

≤
(

1√
Sk

Bpδp(x
∗) +

1√
Sk

Bpδp(x
∗)E [∥yk+0.5 − x∗∥p|Fk]

1
p

)2
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≤ 2

Sk

B2
pδp(x

∗)2
(
1 + (E [∥x∗ − yk+0.5∥p|Fk])

2
p

)
(4.1.37)

≤ 2

Sk

B2
pδp(x

∗)2
(
1 + 2Ik,p(x

∗)2∥xk − x∗∥2 + 2Dk,p(x
∗)2
)
.

(iii) By Lemma 4.7, yk+0.5 ∈ F̂k, (4.1.38) and tk ≤ γ, we deduce that(
E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣p |F̂k

]) 1
p

≤ γ∥x∗ − yk+0.5∥
(
E
[
∥ϵ̂k2∥p|F̂k

]) 1
p

(4.1.38)

≤ γ∥x∗ − yk+0.5∥Bp
δp(x

∗) (1 + ∥yk+0.5 − x∗∥)√
Sk

= Dk,p(x
∗)∥x∗ − yk+0.5∥+Dk,p(x

∗)∥x∗ − yk+0.5∥2.

(4.1.39)

Taking (E[| · |q|Fk])
1
q in (4.1.39) and using

(
E[| · |q|F̂k]

) 1
q ≤

(
E[| · |p|F̂k]

) 1
p
,(

E
[(

E[| · |q|F̂k]
)
|Fk

]) 1
q
= (E[| · |q|Fk])

1
q , we deduce that

(
E
[(

E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣p |F̂k

]) q
p |Fk

]) 1
q

≥
(
E
[(

E
[∣∣⟨x∗ − yk+0.5, tkϵ̂

k
2⟩
∣∣q |F̂k

])
|Fk

]) 1
q

=
(
E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣q |Fk

]) 1
q .

(4.1.40)

Once again, using the properties
(
E
[(

E[| · |q|F̂k]
)
|Fk

]) 1
q
= (E[| · |q|Fk])

1
q ,(

E[| · |q|F̂k]
) 1

q ≤
(
E[| · |p|F̂k]

) 1
p
, and combining them with (4.1.36), (4.1.37),

(4.1.39) (4.1.40) and Minkowski’s inequality, we deduce that(
E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣q |Fk

]) 1
q

≤
(
E
[(

E
[∣∣⟨x∗ − yk+0.5, tkϵ̂

k
2⟩
∣∣p |F̂k

]) q
p |Fk

]) 1
q
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≤
(
E
[(
Dk,p(x

∗)∥x∗ − yk+0.5∥+Dk,p(x
∗)∥x∗ − yk+0.5∥2

)q |Fk

]) 1
q

≤Dk,p(x
∗) (E [∥x∗ − yk+0.5∥q|Fk])

1
q +Dk,p(x

∗)
(
E
[
∥x∗ − yk+0.5∥2q|Fk

]) 1
q

≤Dk,p(x
∗) (E [∥x∗ − yk+0.5∥p|Fk])

1
p +Dk,p(x

∗) (E [∥x∗ − yk+0.5∥p|Fk])
2
p

≤Dk,p(x
∗) (Ik,p(x

∗)∥xk − x∗∥+Dk,p(x
∗))

+Dk,p(x
∗)
(
2Ik,p(x

∗)2∥xk − x∗∥2 + 2Dk,p(x
∗)2
)

≤Dk,p(x
∗)

(
1

2
Ik,p(x

∗)2 +
1

2
∥xk − x∗∥2 +Dk,p(x

∗)

)
+Dk,p(x

∗)
(
2Ik,p(x

∗)2∥xk − x∗∥2 + 2Dk,p(x
∗)2
)

=

(
1

2
Dk,p(x

∗) + 2Dk,p(x
∗)Ik,p(x

∗)2
)
∥xk − x∗∥2

+
1

2
Dk,p(x

∗)Ik,p(x
∗)2 +Dk,p(x

∗)2 + 2Dk,p(x
∗)3.

The bound for the second-order moment of the oracle error sequence {ϵ̂k3}, which

is not a martingale difference sequence, can be found in [38]. We present this result

as a lemma.

Lemma 4.9. [38] Suppose that Assumption 4.2 holds. Let ξN := {ξj}Nj=1 be an

i.i.d. sample of ξ, and tN : Ξ → [0, γ] be a random variable for some γ ∈ (0, 1].

Let y(ξN , x, t) := PΩ(x − tĤ(ξN , x)). Then for any p ≥ 2, x ∈ Rn and x∗ ∈

SSOL(Ω,E[T (ξ, ·)]), there exist positive constants {ci}4i=1 (depending on n, p and

L2pγ) such that,

(
E
[
∥ϵ̂(ξN , y(ξN , x, tN))∥p

]) 1
p ≤ c1 (E [∥ϵ(ξ, x∗)∥2p])

1
2p + L̂2p∥x− x∗∥√
N

,

where L̂2p := c2L2 + c3Lp + c4L2p, with Lp defined in Remark 4.2.
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For any x∗ ∈ SSOL(Ω,E[T (ξ, ·)]), we define

Dp(x
∗) := γBpδp(x

∗) and Ip(x
∗) := 1 + γL+Dp(x

∗). (4.1.41)

Then, combining (4.1.33) and (4.1.41), we obtain

Dk,p(x
∗) =

1√
Sk

Dp(x
∗) and Ik,p(x

∗) = 1 + γL+
1√
Sk

Dp(x
∗).

Moreover, we define

P (x∗) :=2(1− 3µ2)(M + 1)D2(x
∗)2 + 6(M + 1)D2(x

∗)2(1 + 2D2(x
∗)2)

+ 6γ2(M + 1)c21
(
E
[
∥ϵ(ξ, x∗)∥4

]) 1
2

+ 2(M + 1)

(
1

2
D2(x

∗)I2(x
∗)2 +D2(x

∗)2 + 2D2(x
∗)3
) (4.1.42)

and

Q(x∗) :=2(1− 3µ2)(M + 1)D2(x
∗)2 + 12(M + 1)D2(x

∗)2I2(x
∗)2

+ 6γ2(M + 1)L̂4 + 2(M + 1)

(
1

2
D2(x

∗) + 2D2(x
∗)I2(x

∗)2
)
.

(4.1.43)

Lemma 4.10. Suppose that Assumptions 4.1, 4.2 and 4.3 hold. Let {xk} be the

sequence generated by the stochastic EG-Anderson(1) algorithm, and define ι :=

(min{ρµ,γ})2
|L(ξ)|22

. Then, there exists β̂ ∈ (0, 1
2
] such that for any x∗ ∈ SSOL(Ω,E[T (ξ, ·)]),

E[∥xk+1 − x∗∥2|Fk] ≤
(
1 +

1√
Sk

Q(x∗)

)
∥xk − x∗∥2 − (1− 3µ2)β̂ι

2γ2
rγ(xk)

2

+
1√
Sk

P (x∗) + ϱk,

where ϱk is as defined in Lemma 4.5.
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Proof Taking E[·|Fk] in (4.1.26) and using the fact that xk ∈ Fk, we obtain

E[∥xk+1 − x∗∥2|Fk] ≤∥xk − x∗∥2 − (1− 3µ2)β̂

2γ2
rγ(xk)

2E[t2k|Fk]

+ (1− 3µ2)(M + 1)γ2E[∥ϵ̂k1∥2|Fk]

+ 3γ2(M + 1)E[∥ϵ̂k2∥2|Fk] + 3γ2(M + 1)E[∥ϵ̂k3∥2|Fk]

+ 2(M + 1)E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣ |Fk

]
+ ϱk.

(4.1.44)

In the following, we will bound the terms in (4.1.44) separately.

(i) From Lemma 4.8, we have

E[∥ϵ̂k1∥2|Fk] ≤ 2B2
2δ2(x

∗)2
(1 + ∥xk − x∗∥2)

Sk

, (4.1.45)

E[∥ϵ̂k2∥2|Fk] ≤
2

Sk

B2
2δ2(x

∗)2
(
1 + 2Ik,2(x

∗)2∥xk − x∗∥2 + 2Dk,2(x
∗)2
)

(4.1.46)

and

E
[∣∣⟨x∗ − yk+0.5, tk ϵ̂

k
2⟩
∣∣ |Fk

]
≤
(
1

2
Dk,2(x

∗) + 2Dk,2(x
∗)Ik,2(x

∗)2
)
∥xk − x∗∥2

+
1

2
Dk,2(x

∗)Ik,2(x
∗)2 +Dk,2(x

∗)2 + 2Dk,2(x
∗)3.

(4.1.47)

(ii) From Lemma 4.9 and the fact that ξk is independent of Fk, it follows that

E[∥ϵ̂k3∥2|Fk] =E[∥ϵ̂(ξk, y(ξk, xk, tk))∥2]

≤2c21 (E [∥ϵ(ξ, x∗)∥4])
1
2 + 2L̂2

4∥xk − x∗∥2

Sk

.

(4.1.48)

From Lemma 4.3, we get

E[t2k|Fk] ≥
(min {ρµ, γ})2

E[L(ξ)2]
. (4.1.49)
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Substituting (4.1.45)-(4.1.49) into (4.1.44), we conclude that

E[∥xk+1 − x∗∥2|Fk] ≤
(
1 +

1√
Sk

Q(x∗)

)
∥xk − x∗∥2 − (1− 3µ2)β̂ι

2γ2
rγ(xk)

2

+
1√
Sk

P (x∗) + ϱk.

(4.1.50)

Based on the above lemmas, we present the main conclusion.

Theorem 4.2. Suppose that Assumptions 4.1, 4.2 and 4.3 hold. Let {xk} be the

sequence generated by the stochastic EG-Anderson(1) algorithm. Then, a.s. the

sequence {xk} converges to a solution of the problem (4.1.1) and rγ(xk) converges to

0.

Proof Let x∗ be a solution of the problem (4.1.1). From Lemma 4.10, we find

E[∥xk+1 − x∗∥2|Fk] ≤
(
1 +

1√
Sk

Q(x∗)

)
∥xk − x∗∥2 − (1− 3µ2)β̂ι

2γ2
rγ(xk)

2

+
1√
Sk

P (x∗) + ϱk.

(4.1.51)

Since
∑∞

k=0
1√
Sk
< ∞ (Assumption 4.3) and

∑∞
k=0 ϱk < ∞ (Lemma 4.5), it follows

that
∑∞

k=0
1√
Sk
Q(x∗) < ∞ and

∑∞
k=0

(
1√
Sk
P (x∗) + ϱk

)
< ∞. Using µ ∈ (0,

√
3
3
) and

applying Theorem 4.1 with yk = ∥xk−x∗∥2, ak = 1√
Sk
Q(x∗), uk =

(1−3µ2)β̂ι
2γ2 rγ(xk)

2 and

bk =
1√
Sk
P (x∗)+ ϱk, we conclude that a.s. ∥xk − x∗∥2 converges and

∑∞
k=0 rγ(xk)

2 <

∞.

In particular, a.s. {xk} is bounded, which implies that, a.s., there exists a cluster

point x̂ and a subsequence {xsj} satisfying

lim
j→∞

xsj = x̂. (4.1.52)

77



Moreover, we have that a.s.

lim
k→∞

rγ(xk)
2 = lim

k→∞
∥xk − PΩ (xk − γE[T (ξ, xk)]) ∥2 = 0. (4.1.53)

From (4.1.53) and the continuity of both H and PΩ, we deduce that a.s. ∥x̂ −

PΩ(x̂ − γE[T (ξ, x̂)])∥ = 0. Together with Lemma 4.1, this implies that a.s. x̂ ∈

SSOL(Ω,E[T (ξ, ·)]). Since a.s. ∥xk−x∗∥ converges for any x∗ ∈ SSOL(Ω,E[T (ξ, ·)]),

it follows that a.s. ∥xk− x̂∥ also converges. Together with (4.1.52), we have that a.s.

lim
k→∞

∥xk − x̂∥ = lim
j→∞

∥xsj − x̂∥ = 0.

Before presenting the conclusion about the convergence rate, we first provide an

upper bound for supk≥k0 E [∥xk − x∗∥2].

Lemma 4.11. Suppose Assumptions 4.1, 4.2 and 4.3 hold. Let {xk} be the sequence

generated by the stochastic EG-Anderson(1) algorithm. Let x∗ ∈ SSOL(Ω,E[T (ξ, ·)]),

and choose k0 ∈ N, ϕ ∈ (0, 1) and ψ > 0 such that
∑∞

k=k0
1√
Sk

< ϕ
Q(x∗)

and∑∞
k=k0

ϱk < ψ. Then, we have

sup
k≥k0

E[∥xk − x∗∥2] ≤
E[∥xk0 − x∗∥2] + P (x∗) ϕ

Q(x∗)
+ ψ

1− ϕ
.

Proof Taking expectation in (4.1.51) and applying E [E [·|Fk]] = E[·], we drop

the negative term to obtain

E[∥xk+1 − x∗∥2] ≤
(
1 +

1√
Sk

Q(x∗)

)
E
[
∥xk − x∗∥2

]
+

1√
Sk

P (x∗) + ϱk. (4.1.54)

Let di = ∥xi − x∗∥ for i ∈ N0 and k > k0. Then, summing (4.1.54) from k0 to k − 1

yields

E[d2k] ≤ E[d2k0 ] +Q(x∗)
k−1∑
i=k0

1√
Si

E[d2i ] + P (x∗)
k−1∑
i=k0

1√
Si

+
k−1∑
i=k0

ϱi. (4.1.55)
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For any a > 0, we define ϖa := inf{k > k0 : E[d2k]
1
2 > a}. Assume that E[d2k]

is unbounded, then ϖa < ∞ for all a > 0. By choosing k = ϖa in (4.1.55) and

considering that
∑∞

k=k0
1√
Sk
< ϕ

Q(x∗)
and

∑∞
k=k0

ϱk < ψ, we obtain

a2 < E[d2ϖa
] ≤E[d2k0 ] +Q(x∗)

ϖa−1∑
i=k0

1√
Si

E[d2i ] + P (x∗)
ϖa−1∑
i=k0

1√
Si

+
ϖa−1∑
i=k0

ϱi

≤E[d2k0 ] + ϕa2 + P (x∗)
ϕ

Q(x∗)
+ ψ,

which implies

a2 ≤
E[d2k0 ] + P (x∗) ϕ

Q(x∗)
+ ψ

1− ϕ
.

This contradicts the arbitrariness of a, thus E[d2k] is bounded and

sup
k≥k0

E[d2k] ≤
E[d2k0 ] + P (x∗) ϕ

Q(x∗)
+ ψ

1− ϕ
.

Remark 4.4. Let x∗ ∈ SSOL(Ω,E[T (ξ, ·)]). From Lemma 4.11, it follows that under

Assumptions 4.1, 4.2 and 4.3, there exist k0 ∈ N, ϕ ∈ (0, 1) and ψ > 0 such that

sup
k≥0

E[∥xk − x∗∥2] ≤
maxk=0,··· ,k0 E[∥xk0 − x∗∥2] + P (x∗) ϕ

Q(x∗)
+ ψ

1− ϕ
. (4.1.56)

Theorem 4.3. Suppose that Assumptions 4.1, 4.2 and 4.3 hold. Let {xk} be the

sequence generated by the stochastic EG-Anderson(1) algorithm. Then we have

min
0≤k≤N

E[rγ(xk)2] = O

(
1

N

)
.

Proof Let x∗ ∈ SSOL(Ω,E[T (ξ, ·)]). Taking expectation in (4.1.51) and using

E [E [·|Fk]] = E[·], we recursively sum the resulting inequality from k = 0 to k = N

79



to obtain

(1− 3µ2)β̂ι

2γ2

N∑
k=0

E
[
rγ(xk)

2
]
≤∥x0 − x∗∥2 +Q(x∗)

N∑
k=0

1√
Sk

E
[
∥xk − x∗∥2

]

+ P (x∗)
N∑
k=0

1√
Sk

+
N∑
k=0

ϱk.

Since
∑∞

k=0
1√
Sk

< ∞ (Assumption 4.3),
∑∞

k=0 ϱk < ∞ (Lemma 4.5) and (4.1.56),

we know that there exists Φ > 0 such that

N∑
k=0

E
[
rγ(xk)

2
]
≤ 2γ2

(1− 3µ2)β̂ι
Φ,

which implies

min
0≤k≤N

E
[
rγ(xk)

2
]
≤ 1

N + 1

N∑
k=0

E
[
rγ(xk)

2
]
≤ 1

N + 1

2γ2

(1− 3µ2)β̂ι
Φ.

Theorem 4.4. Suppose that Assumptions 4.1, 4.2 and 4.3 hold. Let {xk} be the

sequence generated by the stochastic EG-Anderson(1) algorithm. Set Sk := N⌈(k +

λ)2(ln(k + λ))2+2b⌉ for N = O(n2), b > 0 and λ > 2. Given ς > 0, the stochastic

EG-Anderson(1) algorithm achieves the tolerance

min
0≤k≤N

E
[
rγ(xk)

2
]

≤ ς

after N = O(b−1ς−1) iterations and the oracle complexity
∑N

k=0(1+mk)Sk is bounded

above by

b−3 log 1
ρ

(
γL̂(ξk)

min{ρµ, γ}

)
ln(b−1ς−1)2+2bO(n2ς−3)

with probability 1, where mk is the number of oracle calls used in the line search

scheme (4.1.6) at the k-iteration and L̂(ξk) is defined as in Lemma 4.3.
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Proof From the form of Sk, we can compute that

∞∑
k=0

1√
Sk

≤
∫ ∞

−1

dt√
N (t+ λ) (ln(t+ λ))1+b

=
1√

N b (ln(λ− 1))b
<∞. (4.1.57)

According to the definitions of {ci}4i=1, L̂2p in Lemma 4.9, P (x∗) in (4.1.42) and Q(x∗)

in (4.1.43) (which depend on n), along with Theorem 4.3, there exists a constant

U > 0 such that for any k ∈ N0, min0≤k≤N E [rγ(xk)
2] ≤ nU(

√
N bN)−1. Hence,

given ς > 0, we obtain

min
0≤k≤N

E
[
rγ(xk)

2
]

≤ ς

after N = O(n(
√
N bς)−1) iterations.

Let mk be the number of line search in the iteration k. After N iterations, the

oracle complexity is upper bounded by

N∑
k=0

(1 +mk)Sk

≤
(
1 + max

k∈{0,··· ,N}
mk

) N∑
k=0

(
N (k + λ)2(ln(k + λ))2+2b + 1

)

=

(
1 + max

k∈{0,··· ,N}
mk

)N+λ∑
k=λ

(
Nk2(ln k)2+2b + 1

)
≤
(
1 + max

k∈{0,··· ,N}
mk

)(
N (N + 1)(N + λ)2(ln(N + λ))2+2b + 1

)
≤
(
1 + max

k∈{0,··· ,N}
mk

)(
N (b−1ς−1 + 1)(b−1ς−1 + λ)2(ln(b−1ς−1 + λ))2+2b + 1

)
.

(4.1.58)

Moreover, Lemma 4.3 implies that a.s. mk ≤ log 1
ρ

(
γL̂(ξk)

min{ρµ,γ}

)
. Combining this with

(4.1.58) and N = O(n2) yields the claimed bound on
∑N

k=0(1 +mk)Sk.
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4.2 Numerical experiments

In this section, we conduct numerical examples to compare the stochastic EG-

Anderson(1) algorithm with the stochastic EG algorithm that incorporates line

search (4.1.6). In addition, we also perform numerical experiments on portfolio

selection problems using real data. All the codes are written in Matlab (R2023b)

and run on a MacBook Air (16.00GB of RAM).

4.2.1 Simple examples

In the following experiments of this subsection, the stopping criterion for the two

examples is set as

r(ξk, xk) =
∥∥F1(ξ

k, xk)
∥∥ =

∥∥∥PΩ

(
xk − Ĥ(ξk, xk)

)
− xk

∥∥∥ < 10−2

or when the number of iterations exceeds 200. The parameters for the stochastic

EG-Anderson(1) algorithm are specified as follows:

ν = 30,M = 5000, τ = 0.6, ρ = 0.8, µ = 0.5. (4.2.1)

In the figures and tables presented in this subsection, ‘Sec.’ denotes the CPU time

measured in seconds, while ‘Iter.’ indicates the total number of iterations. The num-

bers in parentheses denote the number of executed Anderson steps (4.1.8). Addition-

ally, the algorithm that performs best regarding the average number of iterations and

CPU time is emphasized in bold for each combination of dimension n and parameter

γ.

Example 4.1. [13] Consider the stochastic complementarity problem

E[T (ξ, x)] ≥ 0, x ≥ 0, xTE[T (ξ, x)] = 0, (4.2.2)

where T (ξ, x) := D(ξ, x) + Q(ξ)x + q(ξ) with D(ξ, x) and Q(ξ)x + q(ξ) to be its

nonlinear and linear parts, respectively. Assume that
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• Di(ξ, x) := di(ξ) · arctan(ai(ξ)xi), where d(ξ) and a(ξ) are vectors whose ele-

ments obey uniform distributions on (0,1);

• Q(ξ) := B+Y (ξ), where B ∈ Rn×n is a skew symmetric matrix whose elements

obey uniform distributions on (0,5) and Y (ξ) ∈ Rn×n is a diagonal matrix

whose elements obey uniform distributions on (0,2);

• q(ξ) ∈ Rn is a vector whose elements obey uniform distributions on (-3,3).

From the above generation method, it can be seen that E[T (ξ, ·)] is monotone.

Moreover, the stochastic complementarity problem given in (4.2.2) can be reformu-

lated as SVI(Ω,E[T (ξ, ·)]) by choosing Ω = {x : x ≥ 0}.

Let Sk := N⌈(k + λ)2(ln(k + λ))2+2b⌉ with λ = 2 + 10−4, b = 10−4 and N = 2.

Using the stochastic EG-Anderson(1) and the stochastic EG algorithms to solve

Example 4.1, the experimental results are presented in Figure 4.1. This figure depicts

the variation of r(ξk, xk) with respect to CPU time for dimensions n = 50, 70, 100,

and 150. It can be seen that, upon reaching the stopping criterion, the stochastic

EG-Anderson(1) algorithm requires less CPU time than that of the stochastic EG

algorithm.

We also conducted experiments with Sk set toN⌈(k+λ)(ln(k+λ))1+b⌉, where λ =

5, b = 0.1 and N = 20. The corresponding results are shown in Table 4.1. Table 4.1

presents the average number of iterations and average CPU time for two algorithms

across different dimensions based on ten experiments. As can be seen from Table

4.1, even when the value of Sk is smaller than the requirement in Assumption 4.3,

the stochastic EG-Anderson(1) algorithm can still successfully solve this problem.

Moreover, in most cases, its numerical performance, in terms of both the number of

iterations and CPU time, is better than that of the stochastic EG algorithm.
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
CPU Time (seconds)

10-2

10-1

100

101

r(9
k
,x

k
)

Stohcastic EG-Anderson(1)
Stochastic EG

(b) n = 70, γ = 0.03
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(c) n = 100, γ = 0.02
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Figure 4.1: Comparisons of the convergence behaviours of the stochastic EG-
Anderson(1) and the stochastic EG algorithms for Example 4.1

Example 4.2. [42] Consider the stochastic fractional convex quadratic problem

min
x∈Ω

E
[
f(ξ, x)

g(x)

]
, (4.2.3)

where f(ξ, x) := 0.5xT
(
0.025UTU + 0.025∥UTU∥F

∥V (ξ)∥F
V (ξ)

)
x+0.5

(
(c+ c̄(ξ))Tx+ 4n

)2
,

g(x) := rTx+ d+ 4n, and Ω := {x : 0 ≤ x ≤ 4e}.

We note that V (ξ) and c̄(ξ) are randomly generated, with V (ξ) drawn from a

standard normal distribution and c̄(ξ) drawn from a uniform distribution on [0, 1],
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Sec.(avr)
Iter.(avr) stochastic EG-Anderson(1) stochastic EG

n = 10
γ = 0.1

0.0407 0.0355
36.7 (27.7) 40

n = 20
γ = 0.08

0.1376 0.1390
62.3 (41.9) 67.5

n = 30
γ = 0.03

0.1258 0.1372
59.1 (46.1) 67.5

n = 50
γ = 0.02

0.3442 0.4192
80 (54.1) 94

n = 100
γ = 0.02

0.7064 0.8094
94.9 (63.8) 106.3

Table 4.1: Comparisons of the two algorithms for Example 4.1

respectively. U and c are deterministic constants generated once from the standard

normal distribution, while r and d are generated once from uniform distributions on

[0,5].

It is easy to see that problem (4.2.3) is equivalent to the SVI(Ω,E[T (ξ, ·)]), where

E[T (ξ, x)] =∇xE
[
f(ξ, x)

g(x)

]
= E

[
∇xf(ξ, x) · g(x)− f(ξ, x) · ∇g(x)

[g(x)]2

]
. (4.2.4)

By [42], we know that E[T (ξ, ·)] is pseudomonotone on Ω.

Let γ = 0.9 and Sk := N⌈(k+λ)2(ln(k+λ))2+2b⌉ with λ = 2+10−4, b = 10−4 and

N = 2. Starting from the same random initial point, Figure 4.2 presents the variation

of r(ξk, xk) with respect to CPU time for different dimensions. It can be observed that

the numerical performance of the stochastic EG-Anderson (1) algorithm is superior

to that of the stochastic EG algorithm.

We also performed experiments where Sk was set to N⌈(k + λ)(ln(k + λ))1+b⌉

with λ = 5, b = 0.1 and N = 20. Table 4.2 reports the average number of iterations

and the average CPU time for both algorithms across various dimensions, based on

ten experimental runs. As indicated in Table 4.2, the stochastic EG-Anderson(1)
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Figure 4.2: Comparisons of the convergence behaviours of the stochastic EG-
Anderson(1) and the stochastic EG algorithms for Example 4.2

algorithm is able to successfully solve this problem even when Sk is chosen to be

smaller than the value specified in Assumption 4.3. Furthermore, the results show

that, across all tested dimensions, the stochastic EG-Anderson(1) algorithm consis-

tently requires fewer iterations and less CPU time than the stochastic EG algorithm

to meet the stopping criteria.
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Sec.(avr)
Iter.(avr) stochastic EG-Anderson(1) stochastic EG

n = 10
0.2930 1.5853

24.9 (16.6) 62.4

n = 20
1.6086 4.6915

44.3 (25.9) 77

n = 30
3.3112 7.4201

49.1 (29.6) 75.7

n = 50
14.4326 42.2535
69.9 (39) 119.7

n = 100
113.4942 206.2057
96.5 (53.9) 124

Table 4.2: Comparisons of the two algorithms for Example 4.2

4.2.2 Portfolio management

Example 4.3. The Markowitz mean-variance model [52] for portfolio selection can

be formulated as

min
w∈Rn

1

2
wTΣw − ϱTw

s.t. 0 ≤ w ≤ a, eTw = 1,

(4.2.5)

where w ∈ Rn denotes the weights of the assets in the portfolio, ϱ ∈ Rn, Σ ∈ Rn×n are

the mean vector and the covariance matrix of returns on assets, respectively. a ∈ Rn
+

is the upper bound enforced on w.

In the following experiments, we set a = 0.2e. It is clear that this is equivalent

to the linear complementarity problem defined as LCP(q̂, M̂), which is given by:

M̂x+ q̂ ≥ 0, x ≥ 0, xT(M̂x+ q̂) = 0, (4.2.6)
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where

M̂ =

[
Σ −CT

C O

]
, C =

 eT

−eT

−I

 , q̂ =

−ϱ
−1
1
a

 , x =

[
w
y

]
,

with O denoting the zero matrix. The dual variables y are constrained to be in

Rn+2
+ . Moreover, the LCP(q̂, M̂) in (4.2.6) is equivalent to the SVI(Ω,E[T (ξ, ·)]),

where E[T (ξ, x)] = M̂x + q̂ and Ω = {x ∈ Rn : x ≥ 0}. It can be verified that both

Assumptions 4.1 and 4.2 hold.

The stock data sets utilized in our experiments are drawn from two sources: the

standard data sets available in the OR-library (referred to as Data 1-2) and those

from the China A-share market (referred to as Data 3-6). For the standard data sets,

we utilize weekly stock prices from 1992 to 1997 for the DAX 100 Index (Germany)

and the Nikkei Index (Japan). For Data sets 3 and 4, we employ daily closing prices

from the China A-share market covering the period from 2010 to 2017. Additionally,

for Data sets 5 and 6, we use daily closing prices for CSI300 index stocks from the

China A-share market, spanning from 2015 to 2022.

For the A-share and CSI300 index data, we remove stocks with more than 10%

zero daily returns, resulting in 1,071 and 189 stocks as Data 3 and Data 5, respec-

tively. We then rank these stocks by their average daily returns and select the top

150 and 100 stocks as Data 4 and Data 6, respectively. A description of all the data

sets can be found in Table 4.3.

For each data set, let the stock closing prices be represented as {Pj,i : j ∈ [T ], i ∈

[n]}. The n represents the number of component assets, while the T indicates the

number of observations for those assets. We compute the returns for each stock using
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Data sets n Source Index J Description

Data 1 85 Germany DAX 100 291 weekly prices from 1992 to 1997

Data 2 225 Japan Nikkei 225 291 weekly prices from 1992 to 1997

Data 3 1071 China A-share 1940 daily prices from 2010 to 2017

Data 4 150 China A-share 1940 daily prices from 2010 to 2017

Data 5 189 China CSI300 1986 daily prices from 2015 to 2022

Data 6 100 China CSI300 1986 daily prices from 2015 to 2022

Table 4.3: Description of the six real data sets

the formula

rj,i = log
Pj+1,i

Pj,i

for j ∈ [T − 1], i ∈ [n]. This results in a return matrix R ∈ R(T−1)×n containing the

elements rj,i. Each data set is divided into two subsets in a 9:1 ratio, referred to as

the training set and the testing set. The training set, known as the in-sample set,

consists of the first 9/10 of the data and is used to calculate the optimal portfolio.

The testing set, referred to as the out-of-sample set, includes the remaining data and

is utilized to evaluate the performance of the resulting optimal portfolio.

Let R ∈ R(T−1)×n represent the return matrix of the assets over [1, T − 1]. Based

on the splitting ratio, we define Rin ∈ RTin×n and Rout ∈ RTout×n, where Tin =

2⌈0.9(T − 1)/2− 1⌉ and Tout = T − 1− Tin. Specifically, Rin consists of the first Tin

rows of R, while Rout comprises the remaining rows.

We use the stochastic EG-Anderson(1) algorithm to solve the problem (4.2.6) on

the training set and find the optimal parameters w for portfolio selection. We then

compare its performance on the test set with that of the Naive portfolio (the naive

evenly weighted portfolio, with all weights being 1
n
). In practical applications, the

out-of-sample portfolio performance is of greater interest, as it better reflects the

portfolio’s potential future returns. To enable comparison, we introduce two metrics
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to assess out-of-sample performance as follows:

• the Sharpe ratio (SR) of the portfolio w, defined as

SR(w) =
ϱToutw√
wTΣoutw

,

where ϱout is the mean of each column in Rout, and Σout is the covariance matrix

centered around ϱout.

• the annualized return (AR) of the portfolio w, defined as

AR(w) =
CR(w)

Tw
× 50 or

CR(w)

Td
× 250,

where CR(w) represents the out-of-sample cumulative return for w, Tw and

Td refer to the number of weeks and days, respectively, in the out-of-sample

dataset.

In general, if a strategy has higher SR and AR, it is considered superior to other

strategies.

When executing the stochastic EG-Anderson(1) algorithm, the settings of some

parameters in the algorithm are the same as in (4.2.1). Moreover, we set γ = 0.1

and

Sk := min{Tin/2,N⌈(k + λ)2(ln(k + λ))2+2b⌉}

with λ = 2 + 10−4, b = 10−4, and N = 2. We generate ϱ ∈ Rn and Σ ∈ Rn×n in the

following way:

ϱ(ξk) = mean(Rin(Tin/2 : Tin/2 + Sk, :)); Σ(ξk) = cov(Rin(Tin/2 : Tin/2 + Sk, :));

ϱ(ηk) = mean(Rin(1 : Sk, :)); Σ(ηk) = cov(Rin(1 : Sk, :)),
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where {ξk} and {ηk} are random variables related to asset returns involved in each

iteration. Then, we have

M̂(ξk) =

[
Σ(ξk) −CT

C O

]
, q̂(ξk) =


−ϱ(ξk)
−1
1
a


and

M̂(ηk) =

[
Σ(ηk) −CT

C O

]
, q̂(ηk) =


−ϱ(ηk)
−1
1
a

 .
The stopping criterion for this example is set as the number of iterations exceeding

2000. In the following figures and table, for simplicity, ‘Naive’ represents the average

strategy, while ‘SEGA’ denotes the weights obtained by solving (4.2.6) using the

stochastic EG-Anderson(1) algorithm. Table 4.4 presents the performance of the

portfolio solved by the two methods on the test sets: results concerning SR and AR.

According to Table 4.4, it is evident that applying the stochastic EG-Anderson(1)

algorithm to solve (4.2.6) yields a portfolio strategy with higher SR and AR compared

to the average strategy across all data sets. Moreover, Figure 4.3 shows the curves

of SR, CR, and the objective function value (abbreviated as f) in problem (4.2.5) on

the testing set as the number of iterations increases for SEGA and Naive on Data 2.
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Data sets
SR AR

Naive SEGA Naive SEGA

Data 1 0.2701 0.2744 9.5974e-04 0.0015

Data 2 -0.2135 0.0716 -0.0010 3.4974e-04

Data 3 -0.0492 0.0403 -6.3285e-05 4.9256e-05

Data 4 0.0691 0.1029 8.6776e-05 1.4832e-04

Data 5 0.0506 0.0534 6.4001e-05 8.2941e-05

Data 6 0.0465 0.0536 6.5498e-05 8.3823e-05

Table 4.4: Performance metrics for different data sets
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Figure 4.3: Convergence curves and comparison of SR and CR on the testing set of
Data 2
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Chapter 5

Conclusions and Future Work

This chapter summarizes the conclusions of this thesis and outlines potential direc-

tions for future research.

5.1 Conclusions

This thesis investigates algorithms for solving nonmonotone VIs, particularly design-

ing accelerated algorithms for pseudomonotone VIs and SVIs. The specific conclu-

sions are as follows.

• We propose an algorithm called EG-Anderson(1), based on the EG method

and Anderson acceleration, for solving pseudomonotone VI problem (3.1.1).

In this thesis, we prove that the sequence generated by the EG-Anderson(1)

algorithm can converge to a solution of the problem (3.1.1) without assuming

Lipschitz continuity and contraction conditions. Subsequently, when the op-

erator is locally Lipschitz continuous, we provide the convergence rate of the

EG-Anderson(1) algorithm on the residual function, which is no worse than

the convergence rate of the EG method, and this condition is weaker than the

global Lipschitz continuity required by the EG method. We also present an im-

proved version of the algorithm by reducing the number of projections onto the

feasible set, which is suitable for situations where projections onto the feasible
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set are difficult to compute. Numerical experiments show that EG-Anderson(1)

algorithm performs better than the EG method and Anderson acceleration.

• We present the stochastic EG-Anderson(1) algorithm, an extension of EG-

Anderson(1) algorithm, for solving pseudomonotone SVI problem (4.1.1). Build-

ing upon the EG method and Anderson acceleration, this algorithm employs

SA framework. To enhance robustness, the stochastic EG-Anderson(1) algo-

rithm integrates a line search strategy, eliminating the need for prior knowl-

edge of the Lipschitz constant. We demonstrate that, the sequence generated

by the stochastic EG-Anderson(1) algorithm converges almost surely to a so-

lution of the problem (4.1.1). Furthermore, we derive a sublinear convergence

rate of O(N−1) for the mean residual function and establish the algorithm’s

optimal oracle complexity. Numerical results indicate that the stochastic EG-

Anderson(1) algorithm achieves superior performance compared to the stochas-

tic EG method. Moreover, in the portfolio selection problem with real data,

the solution obtained by the stochastic EG-Anderson(1) algorithm outperforms

the naive evenly weighted portfolio in terms of both SR and AR.

5.2 Future work

Below are some topics that could be explored in future research work.

1. In this thesis, we incorporate the Anderson(1) acceleration into the design of

the proposed algorithms, utilizing its ability to enhance convergence by lever-

aging information from the two most recent iterations. This approach has

proven effective in improving the efficiency and performance of the proposed

algorithms. However, there remains significant potential for further advance-

ments. A promising direction for future research is to explore the extension of

the EG-Anderson(1) algorithm to EG-Anderson(m) algorithm, which considers
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a broader range of historical iteration data. By doing so, we can potentially

design even more robust accelerated algorithms that achieve faster convergence

rates.

2. Moreover, this thesis focuses on pseudomonotone VIs. For more general non-

monotone VIs, such as quasimonotone ones or those satisfying the Minty condi-

tion, designing algorithms that ensure global convergence of the entire sequence

remains an important direction for future research.

3. In this thesis, we achieve a sublinear convergence rate of O(N−1) under the lo-

cal Lipschitz condition. However, to enhance our results, it is worth exploring

additional regularity conditions that could potentially lead to a linear conver-

gence rate. Specifically, the numerical results observed in the EG-Anderson(1)

method suggest the possibility of attaining linear convergence under certain

circumstances.
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[2] A. Alacaoglu, A. Böhm, and Y. Malitsky. Beyond the golden ratio for variational
inequality algorithms. J. Mach. Learn. Res., 24(172):1–33, 2023.

[3] H. An, X. Jia, and H. F. Walker. Anderson acceleration and application to the
three-temperature energy equations. J. Comput. Phys., 347:1–19, 2017.

[4] D. G. Anderson. Iterative procedures for nonlinear integral equations. J. ACM,
12(4):547–560, 1965.

[5] H. Attouch, M. O. Czarnecki, and J. Peypouquet. Collective dynamics of higher-
order coupled phase oscillators. SIAM J. Optim., 21(4):1251–1274, 2011.
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