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ABSTRACT

The second-order analysis method, a modern simulation-based design approach,
is widely recommended by global design guidelines. This approach requires accurate
and efficient numerical methods to evaluate design results for large-scale structural
systems. Among various numerical methods, the line finite element method (LFEM)
is preferred in current design practices. The advanced LFEMs offer notable advantages:
a single element can model an entire structural member and effectively capture critical
nonlinear behaviors, streamlining both modeling efforts and computational demands.
Despite its proven success in superstructure design, the application of the second-order

analysis method to pile-supported framed structures remains underexplored.

Current second-order analysis methods often simplify building structures by
modeling them as fixed on the ground, neglecting pile foundations due to the
complexity of nonlinear Soil-Pile Interaction (SPI). Various soil resistance models,
such as p-y curves, have been developed and implemented within the LFEM to model
SPI. However, these methods are mainly suited for single piles and are rarely applied
to pile-supported structures with multiple piles due to high computational costs.
Accurately modeling SPI along piles typically requires a dense mesh, often exceeding
100 elements per pile. For buildings with multiple piles, LFEM requires large degrees
of freedom (DOFs), resulting in a tedious analysis process. Therefore, developing an
efficient numerical method that accurately captures SPI in pile-supported structures
using a coarse mesh, ideally one element per pile, is essential for the broader practical

adoption of second-order analysis methods.

To enable a more effective SPI analysis, the refined Three-dimensional Pile
Element (3DPE) formulation is presented for pile-supported framed structures. The
proposed refined 3DPE formulation can efficiently capture the nonlinear SPI that is
over-simplified in the conventional analysis method. Compared with the existing
LFEM, the proposed refined 3DPE formulation can more accurately capture the

structural behaviors of piles under complex loading conditions, including the shear
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effect and axial-torsional coupled response. Furthermore, three soil stiffness matrices
are derived to improve the numerical stability of spatial analysis using the existing pile
element formulation. Extensive examples are provided to validate the effectiveness of
the refined 3DPE formulation, indicating its capability in accurately modeling three-
dimensional SPI with coarse mesh. Nevertheless, this method still cannot efficiently

model pile-supported framed structures with one element per pile.

In addition to conventional mesh-based numerical methods, machine learning
(ML) techniques have significantly transformed structural analysis recently. ML
models, trained to predict structural system responses, provide near-instant solutions
with negligible computational cost. However, applying ML techniques to large-scale
systems remains challenging due to the high costs of training and data collection.
Moreover, large-scale structural systems are often project-specific, indicating pre-
trained ML models are less reusable for different projects. This lack of reusability

significantly limits the practical application of ML techniques.

In this thesis, a hybrid numerical framework combining the finite element method
(FEM) and ML is proposed for solving general partial differential equation (PDE)
problems. The proposed method, named the Neural Operator Element Method
(NOEM), utilizes ML models known as neural operators (NOs) to model specific
subdomains of the system. This streamlined approach reduces the training process
time. These trained NOs are then used as neural-operator elements (NOEs) to model
the corresponding subdomains, while other areas are modeled with standard finite
elements (FEs). This hybrid modeling approach significantly reduces computational
costs by replacing dense meshes in NOE-modeled subdomains with single NOEs,
without compromising accuracy. Additionally, the ML models can be reused in
different PDE systems without additional training, enhancing their reusability in

design practice.

As ML models, especially NOs in operator learning, play a vital role in NOEM,

this thesis develops a novel sampling method to enhance ML model training processes.

II
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The proposed method, called the Residual-based Adversarial-gradient Moving Sample
(RAMS) method, demonstrates stable performance across various tasks, including
physics-informed neural networks (PINN), physics-informed operator learning, and
data-driven operator learning. Notably, RAMS is the first adaptive sampling approach
that can be efficiently implemented for operator learning, representing a significant

contribution to the field.

To implement NOEM for pile-supported framed structures, the governing
equations describing the structural responses of single piles are derived. These
equations account for the geometric nonlinearity of single piles undergoing large
deformations and the nonlinear SPI. In addition, the governing equations derived are
then implemented within the PINN, a data-free ML training paradigm, to train models

for large deflection analysis of single piles.

Finally, the governing equations are integrated into NOEM to provide a practical
numerical method for second-order analysis of pile-supported framed structures. To
improve training efficiency, the proposed RAMS method is also used to train NOs for
single piles within the entire structural system. This numerical method can accurately
model the structural behavior of piles in pile-supported structures using one NOE per

pile, showcasing its potential for advancing second-order analysis methods.

A key feature of this research is the development of a hybrid numerical
framework that unifies two distinct methodologies, FEM and ML, to solve PDE
problems and then to apply for large-scale pile-supported framed structures. It is
believed that this study will not only facilitate the application of the second-order
analysis method to pile-supported structures but also demonstrate the potential for
efficiently handling large-scale, complex numerical simulations in other challenging

engineering analysis problems.

Keywords: Second-order analysis method; Numerical method; (Line) Finite element

method; Machine learning; Operator learning; Soil-Pile Interaction.
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Chapter 1. INTRODUCTION

1.1 Background

The second-order analysis method is a simulation-based design approach that has
gained increasing prominence in structural engineering practice. In contrast to
traditional design methods, which typically rely on empirical formulations or pre-
established design tables, the second-order analysis method evaluates structural
performance using advanced and accurate simulation techniques. As it enables a more
accurate and comprehensive structural analysis, this modern simulation-based design
method can result in more effective and safer design results. Owing to these advantages,
the second-order analysis method has been recommended and adopted by different
modern structural design codes, representing a paradigm shift from conventional design

practices to advanced, performance-based solutions.

As a simulation-based design approach, the second-order analysis method places
stringent requirements on the underlying numerical simulation techniques. To ensure
the reliability of design results, these numerical methods must be capable of
comprehensively and accurately capturing the structural response under various loading
conditions. Additionally, given the design process often involves evaluating numerous
load cases and iterative design-schedule updates, the efficiency of the numerical
approaches must also be ensured to maintain the overall effectiveness of the design
process. Consequently, accurate and efficient numerical simulation methods are critical

to the practical application of the second-order analysis method.
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Figure 1-1 Illustration of Soil-Pile-Building Interaction of pile-supported framed

structures: (A) Soil-Pile Interaction. (B) Pile-Building Interaction.

Over the past decades, a wide range of numerical analysis techniques have been

developed and integrated into second-order analysis workflows for structural design.
Among various numerical techniques, the line finite element method (LFEM) is
currently one of the most frequently used in design practice as it poses a great balance
between accuracy and efficiency. With the benefit of different advanced line finite

element formulation, the modern LFEM can capture the structural response of the

2
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structural system with one element per member without compromising accuracy. While
this design philosophy has been widely adopted for upper structures, its application to
pile-supported framed structures remains limited, primarily due to the lack of suitable

numerical techniques tailored for these complex systems.

Piles have emerged as a fundamental solution in the foundation design of modern
framed structures, offering several distinct advantages over shallow foundations. These
pile foundations can transfer structural loads to deeper, more stable soil strata or
bedrock, thereby ensuring the safety and stability of buildings constructed on sites with
weak or compressible surface soils. This load-transfer capability is particularly
advantageous in urban environments where high-rise buildings impose substantial
loads that cannot be supported by near-surface soils alone. Furthermore, piles provide
superior resistance to differential settlement and are effective in mitigating the adverse
effects of expansive or liquefiable soils. In addition to enhancing load distribution, pile
foundations can also be adapted for use in challenging geotechnical conditions, such as
waterfront developments or areas prone to seismic activity, thus broadening the
application of such foundations. Collectively, these attributes make pile foundations
indispensable in the advancement of modern civil engineering and urban development.
However, the complexity of the Soil-Pile-Building Interaction (SPBI) poses significant
challenges to the numerical simulation approach, impeding the application of the

second-order analysis method in pile-supported framed structures.

The SPBI can generally be divided into two components: (1) Soil-Pile Interaction
(SPI) and (2) Pile—Building Interaction (PBI). Owing to the inherent discreteness of soil
materials, the SPI is often characterized by significant nonlinearity and spatial
variability. To accurately describe the complex soil resistance along piles, various soil
resistance models have been developed, including the p-y curve model for lateral soil
resistance (Figure 1-1). These models can then be integrated into the line finite element

method (LFEM), wherein the pile is represented by beam—column elements and the
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continuous soil medium is modeled using discrete soil springs. The springs, aligned
with the element nodes, are constructed based on the corresponding soil resistance
models to simulate the SPI. Although the LFEM employing these soil resistance models
provides an accurate approach for modeling SPI, it is not well-suited to efficiently

capture the full scope of SPBI.

As mentioned above, the LFEM represents the continuous surrounding soil through
discretized soil spring elements. To accurately capture SPI effects, it is often necessary
to divide a single pile into numerous small elements, sometimes exceeding 100
elements per pile, especially when accounting for soil nonlinearity and spatial soil
variability. When simulating pile-supported structures with multiple piles, the
computational cost associated with LFEM can become prohibitively high for practical
applications due to the fine mesh requirement for accuracy. Consequently, the LFEM
in the current design practices often models pile-supported framed structures in two
separate parts: (1) the pile foundations and (2) the framed structure with fixed base
conditions. While this approach significantly reduces computational effort, it can also
lead to substantial underestimation of structural deformations, as it neglects pile head
displacements and underestimates the corresponding P-A effect in the PBI (Figure 1-1).
Therefore, to advance the application of the second-order analysis method in pile-
supported framed structures, it is essential to develop an efficient numerical alternative

capable of comprehensively capturing the SPBI.

To address this limitation, this thesis introduces a refined three-dimensional pile
element (3DPE) that embeds depth-dependent nonlinear soil resistance directly within
the element formulation, thereby modeling continuous SPI without resorting to discrete
soil springs. This refinement enables accurate modeling of nonlinear SPI with a coarse
mesh, substantially reducing computational cost. It also mitigates the numerical
instabilities that occur in existing line-element formulations when dealing with complex

SPI. Nevertheless, in complex geological settings (e.g., multilayered soils), high
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accuracy may still require mesh refinement. To realize one-element-per-pile modeling
under such conditions, this thesis further investigates machine-learning (ML)

approaches.

ML techniques have gained popularity among various numerical alternatives,
largely due to recent significant advancements in artificial intelligence technology. In
the realm of SPI, ML models, such as the neural networks (NN), can learn to predict
structural responses during the training process, enabling them to forecast the behavior
of systems under specific inputs using nearly zero computational cost after training.
This capability makes them ideally suited for computationally demanding tasks like
uncertainty evaluation. While the rapid prediction capabilities of these ML models offer
considerable potential, the implementation processes for pile-supported framed
structures considering SPBI can sometimes be challenging, thereby impeding their

practical applications.

In conventional ML methods, the model training process is commonly data-driven,
where the ML models learn to approximate the relationship between inputs and outputs
using pre-collected datasets. To ensure model accuracy, the pre-collected training
dataset must be both high-quality and large in quantity. While this data-driven training
paradigm has proven effective for predicting the SPI of single piles, it is less suitable
for the SPBI analysis of large-scale pile-supported systems, since both the cost for each
datapoint and the required dataset quantity grows with the scale of the modelled systems.
To address these challenges, a new ML training paradigm called physics-informed
neural networks (PINN) has been proposed recently. PINN eliminates the need for
extensive datasets by incorporating the residuals of governing equations directly into
the loss function, thus guiding model training on physical laws rather than pre-collected
data. Although PINN offers a promising data-free training approach, their application
to pile-supported structures containing multiple piles can still pose challenges, which

arise from the need to include numerous terms in the loss function to comprehensively
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describe the systems being modeled. Moreover, large-scale structural systems, like pile-
supported structures, are commonly project-specific. Additionally, large-scale
structural models (like entire buildings with piles) tend to be project-specific. An ML
model trained on one such structure cannot be directly reused on another; typically it
would need retraining. This lack of reusability greatly limits the practical usefulness of

current ML approaches for SPBI.

In summary, both the LFEM and ML techniques present distinct advantages and
challenges for the structural analysis of pile-supported framed structures. LFEM,
renowned for its robustness for large-scale structural analysis, is the preferred method
in current structural design practices. However, it necessitates a fine element mesh for
accurate modelling of the complex SPI, rendering the analysis process tedious.
Conversely, ML offers a promising mesh-free approach for structural analysis with
excellent efficiency. Yet, the extensive dataset requirements for training on large-scale
structural systems and the limited reusability of trained models hinder their widespread
adoption in engineering practices. To promote the second-order analysis method to pile-
supported framed structures, there is an urgent need to develop a new computational
framework to synergistically combine the unique advantages of LFEM and ML while

avoiding their disadvantages for efficient simulation of large-scale SPBI analysis.

This thesis proposes a hybrid numerical framework that synergistically integrates
an emerging ML technique, operator learning, with the conventional Finite Element
Method (FEM) for efficiently solving general partial differential equation (PDE)
problems. In this proposed approach, the trained neural operator is not directly applied
to predict PDE solutions; rather, it is employed to formulate finite elements defined on
specific subdomains that exhibit complex geometries or material properties. These
elements, referred to as Neural Operator Elements (NOEs), enable accurate recovery of
solutions within these subdomains using very coarse meshes without compromising

accuracy. Additionally, the Neural Operator Element Method (NOEM) allows the
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trained neural operator to be reused across different problems without retraining, as
long as the new problem has a similar subdomain. This greatly improves model

reusability compared to conventional project-specific ML models.

The accuracy of NOEM heavily depends on the performance of the neural operator.
In the emerging field of Al for scientific computing, encompassing both PINN and
operator learning, the sampling method during the training phase significantly
influences the performance of the trained ML model. Consequently, substantial research
has been dedicated to developing appropriate sampling strategies in PINN.
Nevertheless, existing sampling methods have proven ineffective or inadequate for
operator learning due to the inherently high-dimensional characteristics of input
parameterization. To address this challenge, a novel sampling technique named
Residual-based Adversarial-gradient Moving Sample (RAMS) is proposed specifically
for ML models solving PDE problems. Extensive numerical investigations demonstrate
that RAMS is compatible with a broad spectrum of existing sampling methods.
Furthermore, RAMS exhibits consistently stable performance across diverse tasks,
including PINN for function learning, PI operator learning, and data-driven operator
learning, making it the first sampling method capable of effectively addressing operator

learning tasks.

To implement the NOEM and RAMS for pile-supported framed structures, the
governing equations must accurately reflect their structural responses. Although certain
studies have investigated pile foundations by considering complex SPI, these typically
neglect the geometric nonlinearity of piles. Such an omission can lead to significant
errors, particularly for slender piles experiencing large deflections, consequently
causing considerable underestimation of the deformation of pile-supported buildings
when further accounting for PBI and P-A effects in superstructures. Hence, the
governing equations that accurately incorporate both complex SPI and geometric

nonlinearities are derived in this thesis. These governing equations are subsequently
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integrated into the PINN framework, providing an efficient numerical alternative for

analyzing single piles.

These governing equations are incorporated into the NOEM for simulating large-
scale pile-supported structures, where RAMS is also utilized to enhance neural operator
training. Within the NOEM framework, a single NOE formulated using the trained
neural operator can efficiently represent an individual pile. This significantly simplifies
the modeling process and substantially improves computational efficiency compared to
conventional LFEM when analyzing SPBI. Consequently, the proposed hybrid
numerical approach is expected to facilitate the broader adoption of second-order
analysis methods for pile-supported framed structures by providing a more efficient and

effective numerical solution.

1.2 Objectives

The thesis develops a hybrid numerical framework that integrates ML techniques
with FEM to enable efficient second-order analysis of pile-supported framed structures.
First, an efficient line finite element formulation, the refined 3DPE, is derived to
accurately capture complex SPI along piles. Although this element alone cannot model
pile-supported building structures with one-element-per-pile, it potentially offers a fast
and accurate data generator for subsequent ML models trained on single-pile behavior.
Next, the NOEM is developed for general PDE problems and then implemented to
capture complex SPBI of large-scale pile-supported framed structures with high
accuracy and efficiency. To enhance NOEM’s effectiveness, a novel sampling method,
RAMS, is introduced to improve the training of neural operators. Furthermore,
governing equations that account for pile geometric nonlinearity and complex SPI are
derived and implemented within this hybrid framework, providing an effective

numerical alternative to conventional methods.

The research roadmap of this thesis is visualized in Figure 1-2, where the research

objectives can be summarized as follows:
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Develop a refined line-element formulation for efficient SPI modeling. The
refined 3D pile element (3DPE) accurately captures nonlinear SPI on coarse
meshes, providing a robust analysis tool for pile-supported frames and serving as
an efficient data generator for ML models of single piles.

Propose a hybrid numerical framework that integrates the emerging operator
learning technique with conventional FEM: In the proposed NOEM, the neural
operators are trained and subsequently employed to formulate finite elements for
subdomains with complex geometry or varying properties, allowing accurate
simulations with significantly coarser mesh discretization.

Develop a novel sampling method for effective ML model training:
Recognizing the inadequacy of existing sampling methods in addressing high-
dimensional input parameterization, RAMS is designed to be compatible with
various existing sampling approaches and demonstrates stable performance across
multiple tasks.

Derive accurate governing equations for single piles: The governing equations
accounting for the complex SPI and the geometry nonlinearity of slender piles
under large deflections are derived, thus ensuring accurate assessment of pile-
supported structural responses.

Implement the NOEM framework for pile-supported structures: The
governing equations derived for single piles are integrated within the NOEM and
the RAMS to analysis the SPBI of large-scale pile-supported structures.

Extend the second-order analysis methods for pile-supported framed
structures: By providing an efficient, accurate, and computationally feasible
numerical alternative, this thesis aims to overcome existing computational
limitations, thereby promoting advanced simulation-based structural design

practices to pile-supported framed structures.
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Figure 1-2 Research roadmap of the thesis.

1.3 Outline of the Thesis

This thesis consists of eight chapters. The overall structure is presented as follows.

Chapter 1 introduces the thesis background, emphasizing the urgent need for an
efficient simulation method to extend second-order analysis to pile-supported framed
structures by accurately capturing the SPBI. The research objectives and the thesis

outline are also provided in this chapter.

Chapter 2 reviews previous studies on numerical methods for general PDE
problems and structural analysis. It begins with an overview of the general FEM and
the LFEM specifically developed for structural applications. Subsequently, advanced
ML techniques for numerical analysis are discussed. The chapter concludes with a
review of recent developments in hybrid numerical methods that integrate ML with

classical approaches.
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Chapter 3 presents an efficient line-finite-element formulation, the refined 3DPE,
which embeds nonlinear SPI directly into the element formulation. By eliminating
discrete spring elements, the 3DPE enables accurate SPI modeling on coarse meshes

and improves computational efficiency.

Chapter 4 proposes a hybrid numerical simulation framework termed NOEM,
which synergizes machine learning techniques with FEM for general PDE problems. In
this framework, trained neural operators are embedded within the variational
formulation to model subdomains with complex geometry and material properties using

a single element, thereby significantly enhancing computational efficiency.

Chapter 5 introduces a novel sampling method, RAMS, designed to improve the
training efficiency of machine learning models solving scientific computing problems.
In RAMS, samples, whether collocation points in PINN or function samples in operator
learning, are treated as trainable parameters optimized via gradient-based methods. By
maximizing PDE residuals on these samples, RAMS identifies undertrained regions
and adaptively reallocates samples, leading to more effective training with the same

sample size.

Chapter 6 derives the governing equations for slender piles undergoing large
deflections, incorporating both complex SPI and geometric nonlinearity to accurately
describe the structural behavior of single piles. These equations are then implemented
within the PINN framework, providing an efficient numerical alternative for SPI

analysis for single piles.

Chapter 7 integrates the governing equations derived for single piles into the
NOEM framework to simulate large-scale pile-supported structures. RAMS is also
employed to facilitate effective training of the neural operators modeling individual
piles. The resulting NOEM enables accurate simulation of SPBI using only a single

element per pile, thereby advancing second-order analysis of pile-supported structures

11



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

through an efficient numerical solution.

Chapter 8 summarizes the key findings and conclusions of this thesis,
highlighting the significance of the research and providing recommendations for future

work.
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Chapter 2. LITERATURE REVIEW

2.1 Introduction

This chapter provides a comprehensive review of various numerical methods and
their applications in structural analysis. The finite element method (FEM), including
both its weak and variational forms, is revisited. Building upon this foundation, the line
finite element method (LFEM), the most employed numerical approach in structural
engineering, is introduced with the second-order analysis method. Accordingly, the
implementation of the current LFEM for the second-order analysis of pile-supported
framed structures is discussed. Then, recent advancements in machine learning (ML),
specifically within the realm of Al for scientific computing (AI4SCI), are examined,
where the physics-informed neural networks (PINN) and operator learning techniques

are highlighted and discussed in detail.

2.2 Finite Element Method

Since its introduction in the early 1960s, the FEM has become a cornerstone of
scientific computing [1-3]. It is widely preferred in engineering simulation because of
its exceptional flexibility in handling complex geometries and nonlinear material
properties, enabling high-fidelity modelling of real-world structures that often possess
irregular shapes. Starting from weak-form formulations [2], extensive research over the
past decades has produced numerous variants, including the least-squares FEM [4-6],
the extended FEM (XFEM) [7, 8], the discontinuous Galerkin methods [9, 10], and so
on. Among these variants, the variational FEM based on the principle of minimum
potential energy remains the most commonly used in structural engineering practice

[11, 12].

In variational FEM, solving the governing equations is recast as an optimization
of the energy functional (also termed as the total potential energy). For a solid
mechanics problem, the computational domain is discretized into finite elements, and

the global optimum of the energy functional over the trial (shape) function space gives

13
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the solution

u = arg min J[w], (2.1)

wEeUp

where u may be either a scalar-valued or a vector-valued function; U, is the trial
(shape) function space commonly spanned by piecewise-polynomial shape functions

determined by the meshes; and J is the (total potential) energy functional.

In structural engineering applications, components or whole systems are often
discretized into shell or solid elements for precise modeling [13-15]. Although this
strategy yields accurate solutions for complex structural behaviors, e.g., in local-
buckling analysis of steel members [16] or in Soil-Pile Interaction (SPI) studies [17,
18], it can become impractical for large-scale buildings as the associated computational
cost is prohibitive. Consequently, current second-order analyses typically employ the

line finite element method (LFEM) [11, 12].

2.2.1 Line finite element method

LFEM represents members by one-dimensional line elements under the planar-
section assumption [15] rather than by shell or solid meshes. Beams and columns that
would otherwise require hundreds of shell/solid elements can therefore be modeled with
only several line elements, greatly reducing both modelling effort and computation time.
The earliest line element is the linear truss element, which uses a first-order polynomial
and is suitable only for axial-force members as it neglects lateral deflection and rotation.
To extend LFEM, extensive research has been devoted to improving both accuracy and

efficiency.

The development of LFEM has evolved significantly over the years, with
substantial contributions made to improve accuracy and efficiency in structural analysis.
The Hermite cubic element was an important milestone in extending the analysis

capabilities of LFEM. The Hermite cubic element, initially developed by Connor Jr et
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al. [19] and later refined by Bathe and Bolourchi [20], employs third-order polynomials
to represent lateral deflection and rotation along the member axis. Such shape functions
for representing displacement allow for a relatively accurate representation of beam
deformations under different loading conditions. However, studies have shown that this
element can produce large errors for compression-dominated members when a coarse
mesh is used [21, 22]. This limitation spurred the development of alternative
formulations aimed at improving performance under compression and nonlinear

conditions.

In response to these challenges, the stability-function was introduced by Oran [23]
within the element formulation to enhance the element modeling capability of
compression-dominated structures. By embedding the P —§ effect through the
stability function, this element can accurately capture geometric nonlinearity for
structures experiencing large deformations. Furthermore, the stability-function element
has demonstrated high accuracy in nonlinear stability analysis, as demonstrated by
various studies [24-27]. This improvement has made it particularly useful in the
analysis of buckling problems, where traditional elements fail to deliver satisfactory

results under high compressive loads.

Another significant development in element formulation for nonlinear analysis is
the force-based (flexibility-based) element formulation [28, 29]. These force-based
element formulations differ from traditional displacement-based formulations by
representing internal force distributions rather than member deformations. This
formulation is advantageous because it simplifies the representation of the structure’s
internal force state, making it highly efficient in modeling the behavior of complex
structures under various loadings. The force-based elements are particularly suited for
scenarios where the distribution of internal forces is more straightforward to describe
than the deformations themselves. Zhang and Tien [30] further refined this approach by

incorporating advanced numerical techniques to improve the accuracy and
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computational efficiency of force-based formulations. However, despite their efficiency
in modeling internal forces, force-based elements present challenges in recovering
deformations. This requires additional numerical integration, which complicates their
practical implementation in large-scale problems. Thus, while force-based elements
offer significant improvements in modeling efficiency, they come with a trade-off in

terms of the additional computational complexity needed to recover displacement fields.

The above element formulations are generally built on the local coordinates, which
might lead to significant errors when considering the structural system undergoing large
deformation. Thus, one essential technique in the LFEM to capture such geometric
nonlinearity is the kinematic description. Several commonly used kinematic
descriptions are reviewed, including the Total-Lagrangian (TL) and Updated-

Lagrangian (UL) formulations, and the co-rotational method.

The TL formulation assumes that all material and kinematic variables are
referenced to the initial, undeformed configuration. Thie method is effective in
situations where the structure undergoes significant changes, especially in the context
of nonlinear static and dynamic analyses. However, it has limitations when dealing with
very large rotations due to its reliance on the initial configuration, which can complicate

the analysis under large rotation [31].

The UL formulation updates the reference configuration at each iteration,
referencing the current deformed configuration. This approach is more suitable for
cases where the structure undergoes moderate deformations. It simplifies the process
by using updated geometries at each step, offering better computational efficiency when
the deformations are not excessively large. The UL formulation is widely employed in
static and dynamic analyses where the structure’s geometry is frequently updated, as

seen in applications like post-buckling analysis [32, 33].
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Figure 2-1 Illustration of the co-rotational method.

The co-rotational method introduces a more refined approach by separating rigid
body rotations from the deformations. This method uses a set of orthogonal axes
attached to the element’s ends, which rotate with the element’s deformations. The
rotations relative to the chord are then calculated based on these axes (Figure 2-1),
eliminating the limitations associated with vectorial rotations in large deformations.
This formulation is particularly effective for analyzing structures undergoing large
rotations, as it accounts for rotational changes directly within the element's local
coordinate system [34, 35]. The co-rotational approach improves upon traditional
formulations by allowing for large rotations without the loss of accuracy, making it
ideal for analyzing structures with complex geometries subjected to significant

rotational displacements.

Even though the kinematic description provides an effective tool for capturing the
geometric nonlinearity of structural members undergoing large deflection. Considering
such nonlinearity also results in solving Eq. (2.1) become complicated. Extensive study
has been undertaken for different numerical methods to search for the solution. These
methods include the incremental method, Newton-Raphson method, the displacement
control method, the arc-length method, and the minimum residual displacement method,
each offering distinct advantages depending on the type of problem.

The incremental method is one of the earliest numerical methods developed for
nonlinear analysis. It transforms a nonlinear problem into a series of smaller linear
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problems by applying small load increments at each step. This method is convenient
for implementation in practice. However, it suffers from the drawback of not providing
a clear error estimate, especially in highly nonlinear scenarios where larger load
increments may cause significant discrepancies in the results. This method also requires
the increment to be sufficiently small, thereby sometimes resulting in substantial
computational resources for large-scale structural systems undergoing large

deformation.

The Newton-Raphson method is a widely used iterative method that improves
accuracy for large deformation method compared to the incremental methods. It works
by solving a system of nonlinear equations using linear approximations in each step,
updating the tangent stiffness matrix with each iteration. This method is robust and
converges faster than the pure incremental method and allows a larger increment at each
step, making it a preferred choice in practical applications. Due to these advantages,
different versions of modified Newton-Raphson method [36, 37] are continuously
developed to improve its computational efficiency. However, it encounters difficulties
in situations involving limit points or post-buckling analysis due to the potential

instability caused by the ill-conditioned tangent stiffness matrix.

The displacement control method, introduced by Batoz and Dhatt [38], is designed
to address the limitations of the Newton-Raphson method, particularly in cases
involving negative stiffness matrices or snap-back problems. This method works by
controlling the displacement rather than the load. In each iteration, a specific degree of
freedom is chosen to control displacement, and the corresponding load increments are
adjusted to maintain equilibrium. This approach is particularly useful for problems
involving buckling and large deformations where the Newton-Raphson method
struggles to predict accurate results. Despite its advantages, the method can diverge in
snap-back problems if the appropriate degree of freedom is not carefully chosen.

Accordingly, different “path-following” algorithms are further developed.

18
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The arc-length method, introduced by Riks [39], is a powerful technique used to
solve nonlinear problems, especially those involving snap-through or post-buckling
behavior. It modifies the load increment based on the path of the solution in the load-
displacement space, ensuring that the solution follows the equilibrium path even when
the structure undergoes significant deformations. This method allows for the analysis
of multiple bifurcation points and the determination of equilibrium paths that the
Newton-Raphson method cannot capture. Several variations of arc-length methods,
such as spherical, cylindrical, elliptical, and linearized forms, have been developed for
the nonlinear structural analysis [40-42]. Among these, the cylindrical arc-length
method has become particularly popular due to its superior performance in comparison
to other arc-length variants [43, 44]. Nevertheless, challenges remain in efficiently
tracing equilibrium paths when using various arc-length formulations. Consequently,
substantial research has focused on enhancing numerical stability and resolving issues
related to limit points encountered with arc-length techniques [43, 45]. Alongside arc-
length methods, alternative strategies, such as the minimum residual displacement [46],

have also been proposed to address these computational difficulties.

The minimum residual displacement method, introduced by Chan [46], is designed
to minimize the residual displacements during each iteration, offering a more efficient
approach to convergence. This method focuses on minimizing the error in displacement
residuals, which helps in handling issues like snap-through problems, where other
methods might fail. By introducing a load correction factor, the minimum residual
displacement method ensures that the solution follows the shortest path to convergence.
It has been found to be highly effective in nonlinear analysis, particularly for structures

with complex loading conditions and multiple bifurcation points [44, 47].

2.2.2 Implementation for second-order analysis method
The LFEM offers a powerful framework for second-order analysis, a codified

simulation-based design philosophy endorsed by Eurocode 3 [48], AISC-LRFD [49],
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and Code of Practice for the Structural Use of Steel in Hong Kong [50]. Yet, most
conventional LFEM formulations are not directly applicable to practical structural
design. For instance, current design codes require the consideration of member initial
imperfections, deformations of structural members that exist before external loads are
applied, but the conventional “straight” line element cannot represent these curvatures
within its shape functions [51]. Consequently, each structural member must be
subdivided into multiple elements to model initial curvature, substantially complicating
modelling and increasing computational cost. To make LFEM feasible in practical
second-order analysis, more advanced line-element formulations that capture the full

structural response with a single element per member are essential.

For accurately modelling real structural members using one element per member
in the LFEM, Chan and Zhou [52] proposed the pointwise equilibrating polynomial
(PEP) element, which enforces compatibility at the end nodes and equilibrium at mid-
span, allowing a fifth-order displacement polynomial and yielding superior accuracy
and efficiency. Then, this PEP element formulation is then enriched to capture key
practical effects. It was soon extended to incorporate initial imperfections directly into
the shape functions [53], allowing initially bent members to be modelled efficiently

with one element per member.

Materials in structural engineering often exhibit significant nonlinear behavior,
especially under large deflections. As such, the inelastic analysis method is crucial for
the practical implementation of the second-order analysis and has been extensively
studied over the past decades. To consider the material nonlinearity, one commonly-
used analysis method in practice is the plastic-hinge method (PHM) [54-57], which
models plastic zones as discrete rotational springs that activate when bending moments
exceed the yield limit. To capture material nonlinearity within a single element, Chen
and Chan [58] introduced an internal spring as the plastic hinge at mid-span by

combining two Hermite elements. Zhou and Chan [59] later generalized the PEP
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formulation to place a plastic hinge at any location along the member axis. More
recently, Liu et al. [60, 61] proposed the arbitrarily-located plastic-hinge (ALH)
element, which partitions the shape functions with two dependent polynomials at the
hinge, thereby increasing analysis accuracy by providing a more sophisticated shape

function.

Moreover, research has been undertaken to account for other important structural
features, such as warping effects in thin-walled members [62-64] and Wagner effects in
members with asymmetric cross-sections [32, 63, 65]. These advanced line element
formulations commonly demand more detailed cross-section information, such as the
yield surface and the Wagner coefficients, compared to the conventional LFEM. Thus,
extensive study has been carried out to develop different cross-section analysis
techniques [66-69]. One notable recent advancement in the cross-section analysis is
MSASect2 [67], a software provides comprehensive sectional properties for arbitrary

non-symmetric cross-section.

All these developments synergistically enhance LFEM to precisely simulate
building structures with one element per member, thereby facilitating the extensive
application of the second-order analysis method for the design of upper structures [11,

28, 58, 70-76].

2.3 Machine Learning for Structural Analysis
2.3.1 Physics-informed machine learning

Extensive research has been conducted to develop more effective numerical
alternatives using ML methods for scientific computing and engineering simulations,
thereby promptly revolutionizing the structural analysis. These ML techniques offer
efficient and accurate predictions after sufficient training. Conventional ML approaches
typically follow a data-driven training paradigm, where model performance is
evaluated through a loss function based on pre-collected datasets [77-79]. To achieve

optimal performance, datasets must be of high quality and sufficient quantity. However,
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acquiring such datasets through field experiments or high-fidelity simulations can be

prohibitively expensive, limiting the practical application of data-driven ML methods.
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Figure 2-2 Physics-informed neural networks using MLP.

In 2019, Raissi et al. [80] introduced a data-free ML paradigm for scientific
computing (Figure 2-2), known as PINN, designed to solve PDE problems. PINN
integrates physical laws, typically PDEs, directly into the training loss function.

Consider a PDE given by:
Dlul =f, forxeq,
Blu] =g, forx €00

The corresponding loss function in PINN can be expressed as:
1 n
£(6) = [DIN] = fla + BINg] = glaa += Y (Ne(x) —wl,  (22)
i

where the first two terms and the last term represents the physics-informed loss and the

22



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

data-driven loss, respectively; |- |q and |- |sq denote the chosen norms on the
domain Q and boundary 0Q, respectively; and {X; U;}]-, represents the pre-

collected dataset.

Unlike traditional data-driven methods, PINN leverages governing equations to
guide learning, enabling accurate predictions even with limited or noisy data [81-83].
This physics-based approach ensures consistency with known physical laws and
enhances generalization to unseen scenarios, alleviating concerns related to the "black-
box" nature of conventional ML [84]. Since its inception, extensive research has
advanced PINN, focusing primarily on improving model architecture, loss formulations,

and sampling strategies to facilitate broader practical applications.
Model architecture

In the first article introducing PINN, Raissi et al. [80] utilized the multi-layer
perceptron (MLP) to approximate solutions of PDEs. The differentiable nature of MLPs
enables the straightforward formulation of physics-informed loss functions, and their
universal approximation capability guaranteed by the universal approximation theorem
[85] further ensures predictive performance. Consequently, MLPs have become the
foundation in subsequent PINN studies [86]. To enhance the performance of PINN,
Wang et al. [87] proposed modifications to the conventional MLP architecture by
explicitly incorporating multiplicative interactions between input dimensions and
employing residual connections within hidden layers. These modifications have been
demonstrated numerically to surpass the conventional MLP in performance.
Additionally, Jagtap et al. [88, 89] enhanced MLP flexibility by introducing trainable
parameters within activation functions, facilitating quicker convergence during training.
Some studies further decomposed the weight matrix into directional expressions and
magnitude parameters [90, 91], highlighting through numerical tests and theoretical

analyses that such decomposition significantly enhances model performance.
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In addition to the traditional MLP architecture, various classical neural networks
models have been employed in PINN, leveraging their intrinsic strengths.
Convolutional Neural Networks (CNN) [92, 93], renowned for capturing translation
invariance, have been introduced into PINN studies to incorporate essential symmetries
for specific tasks. For instance, Gao et al. [94] proposed PhyGeoNet, integrating CNN
into PINN to effectively model irregular geometries within computational domains.
Furthermore, sequential models such as Recurrent Neural Networks (RNN) [95] and
Long Short-Term Memory (LSTM) networks [96, 97] have also been adopted in PINN
for their proficiency in managing sequential data. For example, Zhang et al. [96]
employed LSTM within PINN for path-dependent inelastic analysis of building
structures. Beyond these networks-based models above, PINN also incorporates other
conventional ML models, such as Gaussian processes [98-100] and kernel methods

[101, 102].

Recently, Kolmogorov-Arnold Networks (KAN) have emerged as a notable model
in AI4SCI. Unlike traditional neural networks, KAN represent functions by
parameterizing activation functions based on the Kolmogorov-Arnold representation
theorem [103] extended to deep networks, rather than relying on linear maps as
trainable parameters. Liu et al. [104] demonstrated that KAN can effectively represent
complex functions using fewer parameters compared to MLPs, without sacrificing
approximation capability. Despite identified training instabilities, KANs continue to
attract considerable research interest due to their promising potential in PINN

applications [105-107].

In PINN, boundary conditions are commonly incorporated through penalty terms
in the loss function, a method often referred to as a soft constraint. However, predictions
may occasionally violate boundary conditions under this approach. To address this,
explicit boundary condition enforcement (hard constraints) has been investigated,

embedding boundary conditions directly within function approximations. Hard
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constraints have been numerically shown to alleviate training difficulties and enhance
model accuracy [87, 108]. Additionally, theoretical analyses, such as [109], have
indicated that hard constraints yield lower error estimates compared to soft constraints.
Research on enforcing various boundary conditions, such Dirichlet boundary condition

[110, 111] and periodic boundary condition [108, 112], continues actively.

Moreover, extensive studies have proposed architectural modifications through
feature expansion to address inherent limitations of traditional PINN, such as difficulty
learning high-frequency functions due to spectral bias [113]. To counteract this,
researchers have enhanced baseline model formulations by augmenting input
representations—originally limited to spatial or spatio-temporal coordinates—with
additional features. Numerous expansion techniques have been explored, with specific
choices contingent upon problem characteristics. For example, Wang et al. [114]
demonstrated that integrating random Fourier features mitigates spectral bias. Other
expansions incorporating polynomial and exponential terms have also been
investigated, showcasing their potential in enhancing PINN performance for complex

applications [115-117].

Loss formulation

Loss function incorporating the physical laws stands as an important part in the
PINN. Starting from the original PINN applied from some normal PDE problems,
continuous efforts have been actively undertaken for more challenging PDE problems,
such as fractional differential equations (FDE), stochastic differentia equation (SDE),
and integral differential equation (IDE), via modifying loss formulation. For instance,
fractional differential terms cannot be trivially computed by the automatic
differentiation (AD) [118]. Thus, Pang et al. [119] develop fractional PINN (fPINN)
via combining AD with numerical discretization for the fractional operators. To
consider the stochasticity, Yang et al. [82] reformulate the physics-informed loss into

the posterior form that calculated via the Hamiltonian Monte Carlo and the variational
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inference. For the IDE problem, Yuan et al. [120] developed an A-PINN, where
additional terms approximating the integral terms, to use additional auxiliary
differential term to replace the numerical quadrature, which has been shown
numerically in significantly improving training efficiency. Such algorithm that
introducing additional auxiliary terms also shows great improvement in some high-
order PDE problems, where the high-order term can be approximated by several low-

order differential term for better training efficiency and stability [111].

Beyond solving broader types of PDE problems, recent studies have emphasized
that refining the loss function through strategic weighting of individual loss terms
significantly enhances the efficiency and performance of PINN. The weighting
strategies can be classified as fixed, dynamic, or sequential. The original PINN
formulation employed fixed weights, predetermined before training. However,
subsequent advancements introduced dynamic weighting strategies which facilitate
adaptation during the training process. For instance, Wang et al. [87] developed a
learning rate annealing algorithm that dynamically modifies global weights based on
the back-propagation gradients and has been employed in some practical applications
[121]. Similarly, self-adaptive loss-balancing techniques, such as the method proposed
by [122], adjust global weights iteratively throughout training, enhancing the model
performance. Moreover, sequential training approaches incorporate iteration-based
weight adjustments. For example, Wang et al. [112] introduced a causal parameter for
time-dependent problems, enforcing sequential learning by progressively adjusting
weights to capture the inherent causality across time steps. Wang et al. [123] include
leveraging the Neural Tangent Kernel (NTK) framework within PINN. Specifically, the
adaptive global weighting strategy extends the NTK methodology to PINN,

substantially improving both trainability and predictive accuracy.

Sampling strategy

Estimating the norms of PDE residuals in physics-informed loss functions
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typically involves numerical quadrature at selected collocation points. The choice of
the number of collocation points is crucial; while using more points can improve model
accuracy, it significantly increases computational requirements for both data sampling
and model training. Conversely, using too few points may adversely affect model

performance.

To address this challenge, recent research has focused on developing efficient
sampling and resampling methods that minimize the number of required points without
sacrificing accuracy. One prominent method is the Residual-based Adaptive
Refinement (RAR) approach [124], which strategically identifies and refines
collocation points in regions exhibiting large PDE residuals, signaling insufficient

training coverage.

Building upon RAR, several enhanced resampling strategies have been introduced,
including RAR-D [125] and R3, [126] both aiming to concentrate on sampling near
areas with notably high residuals. Beyond these adaptive resampling techniques,
importance-sampling (IS)-based methods have also been developed [127-131]. These
methods sample collocation points according to a probability distribution aligned with
the magnitude of physics residuals to directly minimize the generalization error. Despite
differing implementation details, IS-based and RAR-type methods share a common
approach by preferentially sampling regions where physics residuals are largest, thus

locating area inadequately trained.

2.3.2  Operator learning

Operator learning addresses the challenge of learning mappings between infinite-
dimensional function spaces, such as those encountered in PDEs. Operator learning
offers an approximation alternative that can generalize across different

parameterizations of functions, providing efficient solutions to a broad class of PDEs.
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Figure 2-3 Schematics of DeepONet architecture.

The Deep Operator Network (DeepONet), which is the first NO architeture, was
introduced by Lu et al. [132] based on the universal operator approximation theorem
[133] as a framework to learn nonlinear operators. It consists of two neural networks
(Figure 2-3): a branch net that encodes the input function and a trunk net that decodes
the output at specific locations. This architecture allows DeepONet to approximate a
wide range of operators. Then, Wang et al. [134] extended the PINN to DeepONet for
the data-free operator learning. Subsequent extensions of DeepONet have enhanced its
capabilities. The multiple-input DeepONet allows for the incorporation of multiple
input functions, expanding its applicability to more complex scenarios. The
Diffeomorphic Mapping Operator Network (DIMON) [135] introduces diffeomorphic
transformations to better capture the underlying geometry of the operator mappings,
improving accuracy in applications involving complex domain geometries. Separable
DeepONet [136] enhances the scalability of physics-informed DeepONet for high-
dimensional PDEs by factorizing networks across input dimensions and using forward-
mode differentiation, achieving comparable or better accuracy with significantly

reduced computational cost.

The Fourier Neural Operator (FNO), proposed by Li et al. [137], also advanced
operator learning by directly parameterizing the integral kernel in Fourier space. This

approach enables efficient learning of mappings between function spaces, significantly
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outperforming traditional neural networks in solving PDEs. Extensions of FNO have
further improved its performance. The Factorized Fourier Neural Operator (F-FNO)
[138] introduces separable spectral layers and improved residual connections,
achieving superior accuracy and scalability in simulating PDEs. Additionally, the
Gabor-filtered FNO [139] incorporates Gabor filters to enhance the model's ability to
capture localized features in the input functions, leading to better performance in
applications requiring high-resolution solutions. The Laplace Neural Operator (LNO)
[140] replaces the Fourier transform in the FNO by the Laplace transform for improved
interpretability and generalization, outperforming the original FNO in capturing

transient responses and accurately solving various ODEs and PDE:s.

Comparative studies between DeepONet and FNO have highlighted their
respective strengths and limitations [141]. DeepONet excels in handling complex
geometries and noisy data, maintaining robustness even in challenging scenarios. In
contrast, FNO demonstrates great efficiency and accuracy, particularly in capturing
low-frequency components of the operator mappings [142]. However, its performance
may degrade in the presence of high-frequency noise or intricate geometries. To
synergetic these two model architectures, hybrid models, such as Fourier-DeepONet

[143, 144], have been proposed to leverage their unique strengths.

Operator learning has been increasingly integrated with other machine learning
paradigms to address complex tasks. In active learning, operator learning models can
guide the selection of informative data points, improving the efficiency of the learning
process [145]. Additionally, the incorporation of operator learning into foundation
models enables the development of general-purpose models capable of solving a wide

range of tasks across different domains [146, 147].
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Chapter 3. REFINED THREE-DIMENSIONAL PILE ELEMENT

FORMULATION FOR PILE-SUPPORTED STRUCTURES

3.1 Introduction

The second-order analysis method is a codified simulation-based design method
[51] widely recommended by specifications around the world, including AISC [148]
and Eurocode 3 [149]. To implement the second-order analysis method in design
practice, extensive study has been conducted for efficient and robust structural
simulation methods, such as Line Finite Element Method (LFEM) [65, 150, 151] and
Stability Function Method [54, 152, 153]. Despite the extensive use of this design
method for upper structures, its application for pile-supported structures is limited due
to the absence of appropriate analysis methods for piles. Consequently, in the second-
order analysis method, the column bases in upper structures are commonly assumed to
be directly fixed or pinned at the ground surface without pile foundations, which might
result in unrealistic analysis results of structural deformation patterns and internal force
distributions [154]. To extend the second-order analysis method to pile-supported

structures, an efficient and reliable structural analysis method for piles is necessary.

One standard analysis method for piles is the Discrete Spring Element Method
(DSEM), which simplifies the pile and the surrounding soil as the line finite element
and a series of concentrated spring elements aligned at the nodes of the line elements.
To facilitate the DSEM, different spring element constitutive models, including the p-
yand #-z curves, are developed for describing the Soil-Pile Interactions (SPI) along piles
embedded in different ground mediums [155-160] and recommended by specifications,
such as API [155]. Based on these curves, the DSEM for different design scenarios are
developed. For instance, Zhang et al. [161] developed the DSEM model to simulate
piles with geometric imperfections by utilizing beam-column elements. Wang and
Orense [162] presented an approach to model raked piles in liquefiable ground based

on the DSEM. Limkatanyu et al. [163] introduced a fiber beam-column element to
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capture the plastic hinges of piles accounting for nonlinear SPI. Nonetheless, the
analytical methods mainly focused on the assessment of single piles and are seldom

employed in the second-order analysis of pile-supported structures.
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Figure 3-1 Loading condition on piles in pile-supported structures.

One of the reasons impeding the DSEM implementation in the second-order
analysis of pile-supported structures is the direct combination of DSEM with the model
of superstructure in the analysis of pile-supported structures is time consuming. For
accurately modelling highly nonlinear SPI along piles in the DSEM, the distance
between two adjacent discrete spring elements should be sufficiently small, sometimes
less than 0.25 m [164, 165]. Incorporating a large numbers of elements in the modelling
could lead to a significant increase in computational time and memory, especially for

pile-supported structures containing multiple piles.

Moreover, the DSEM cannot accurately capture the structural behaviors of piles

in the spatial analysis of pile-supported structures. Extensive previous studies have
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pointed out that the load acted at the piles in pile-supported structures might be complex
[166-172], such as piles in curved bridge-foundation systems that are subjected to
combined bending-compression-shear-torsion actions [173], as shown in Figure 3-1.
However, the SPI along piles under such complex loading conditions cannot be
accurately captured by the DSEM since it generally simplifies the surrounding soil as
the uncoupled spring elements in specified directions [174-177]. For example, the axial
and torsional resistance are both provided by the shaft soil resistance. When analyzing
a pile under axial and torsional forces in soil with nonlinear stiffness, the soil resistance
is not the square root of the sum of the squares of the soil resistance obtained by the
projected displacements in axial and torsional directions separately, as demonstrated in
Figure 3-2A. Ignoring such axial-torsional coupled response in the DSEM might lead
to significant overestimation of soil resistance and underestimation of pile displacement,
sometimes even more than 20 % [176-178]. The problem is the same for calculating
the lateral soil resistance shown in Figure 3-2B. Thus, an efficient element formulation
for accurately capturing the structural behaviors of piles under complex loading
conditions in the spatial analysis is necessary for extending the second-order analysis

method for pile-supported structures.

To improve the efficiency of the analysis of piles accounting for nonlinear SPI,
Liu et al. [179] recently proposed a new line element formulation named the Pile
Element (PE). Instead of using the discrete spring element, the varied nonlinear SPI are
directly considered in the PE formulation through Gaussian quadrature. This method
has been applied to different design scenarios of piles [180-182]. Subsequently, Li et
al. [183] preliminarily extended this research to consider the lateral soil resistance in
the spatial analysis. However, when extending the PE to the spatial analysis,
inappropriate linearization for the SPI was introduced, leading to the inaccurate element
stiffness matrix, which further results in severe numerical instability in the spatial
analysis of pile-supported structures. Moreover, the above element formulations do not

fully consider all the crucial factors of piles under complex loading conditions.
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Specifically, the existing PE formulation for the spatial analysis [183] is based on the
Euler-Bernoulli theory, which ignores the shear deformation of piles [184]. Besides,
the nonlinear SPI of piles in pile-supported structures, such as the pile subjected to
combined bending-compression-shear-torsion actions, cannot be appropriately
captured, resulting in underestimated deflections in the analysis results. Therefore, all
the previous PE studies are only applicable to the analysis of single piles [179-183],
hindering their practical applications for the second-order analysis of pile-supported

structures.
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Figure 3-2 Soil-Pile Interactions of piles under bending-compression-shear-torsion

actions: (A) Shaft soil resistance. (B) Lateral soil resistance.

In this chapter, a refined Three-Dimensional Pile Element (3DPE) formulation is
developed for the second-order analysis of pile-supported structures. The employed
element shape functions are formulated based on the Timoshenko theory [185] to

consider the shear effect of piles. The nonlinear SPI in the spatial analysis is directly
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incorporated into the element formulation through Gaussian quadrature. Compared
with all the existing PEs, the proposed refined 3DPE can accurately capture the SPI
along the piles under complex loading conditions. Moreover, three soil stiffness
matrices, kpp, kix, and k., are derived in this chapter to overcome numerical instability
when implementing the existing PEs to the spatial analysis for pile-supported structures.
Therefore, the SPI along piles under complex loading conditions can be accurately and
robustly captured. Extensive comparisons between different analysis approaches are
provided to confirm the efficiency and accuracy of the refined 3DPE. The results
demonstrate that the present study takes only about 30 % computational cost to generate
reliable results compared with the DSEM when conducting the spatial analysis for pile-
supported structures while avoiding the numerical instability resulted from the previous
PEs. Furthermore, the DSEM may result in dangerous underestimation of the pile
deflection for both single piles and piles in pile-supported structures, whose error
sometimes grows larger than 15 %. Thus, the refined 3DPE is believed to be a useful
contribution to extending the second-order analysis to pile-supported structures in

design practice.

3.2 Refined Three-Dimensional Pile Element Formulation
3.2.1 Assumptions

The following assumptions are adopted: (1) the Timoshenko beam theory is used;
(2) the pile cross-section is circular; (3) strains are small, while nodal displacements
and rotations can be moderately large; (4) the pile material remains elastic; (5) the
external forces are conservative; and (6) the warping deformation of the pile is

insignificant and can be ignored.

3.2.2  Shape functions
The element deformation can be described by submitting the nodal displacement
vector into the element shape functions. As reported by Bazoune et al. [186], the shape

functions developed based on the Timoshenko beam theory can be expressed as:
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u(x) = a,(x) u,
v(x) = a,(x)"u,
w(x) = a,(x)"u,
0, (x) = ag(x) " ug
in which,
w,=[u; 00 0 00 uy 000 0 O

u,=[0 v, 000 6, 0v, 000 6,
u=[0 0 w 06, 00 w, 000 6,
u,=[0 0 0 0 0 &, 0 0 0 0 0 6,1
a.(x)=[a (x) 0 0 0 0 0 a,(x) 0 0 0 0 0]
a,()=[0 a,(x) 0 0 0 a,x) 0 a,x 0 0 0 «,x]
a.(x)=[0 0 o (x) 0 a,(x) 0 0 a,(x) 0 0 0 a (]
a,(x)=[0 0 0 0 0 a,(x) 0 0 0 0 0 a,,x]

where, u, v, and w are the deflections along the element on x-, y-, and z-axis (as shown
in Figure 3-3), respectively; @ is the element rotation; the subscripts », ,, and . denote x-,
y-, and z-axis, respectively; the subscripts | and > denote two element ends, respectively
(as demonstrated in Figure 3-3); and ax, ay, o, and oy are the shape function coefficients

provided in Appendix.
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Figure 3-3 FElement nodal displacements and element nodal forces.
3.2.3  Total potential energy
The element stiffness matrix and the secant relations are derived from the total

potential energy, I1, which can be divided into three parts as:

M=Us+Up—W

in which, Us denotes the consumed energy by the soil resistance; U is the element
strain energy; and W represents the work done by the external load. The last two terms,
Ur and W, can be found in many finite element studies, such as Przemieniecki [187]
and Abdelrahman et al. [188]. For simplicity, this chapter will omit the corresponding

energy formula.

For the first part in II, the consumed energy by the soil resistance can be further

divided into two parts:
Us = U, + U;
where, U, denotes the energy consumed by the lateral soil resistance; and U is the

energy consumed by the shaft soil resistance.
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U, can be calculated according to:

L rsp(x)
U= [ [ bt yedydx
0 0

where,

s.(x) = Vv2(x) + w(x)

in which s; denotes the lateral element deflection on y-z (horizontal) plane; p is the
lateral soil resistance on the unit pile length at the given depth, x, with the corresponding

lateral deflection y(x), which can be obtained from the selected p-y curves.

The current study assumes that the tangential displacement of piles at the pile-soil
interface is resulted only from vertical movement (axial displacement) and rotation of
the pile in the horizontal plane, implying axial symmetry with the tangential
displacement of the piles. Based on this assumption, the energy consumed by the shaft

soil resistance, U, can be written as:

st(x) L pse(x)
U; = f t(x, z(x))dzdAps = Zan f t(x, z(x))dzdx
Aps 0 0 70
where Aps denotes the area of the pile-soil interface; s; is the element tangential
displacement on the pile-soil interface; R represents the radius of the pile cross-section;
t denotes the shaft soil resistance on the unit area of the pile-soil interface at the given
depth, x, with the corresponding tangential displacement z(x), which can be obtained
from the selected #-z curves. In addition, while this study utilizes the #-z curve model to
characterize the soil resistance along the pile shafts, alternative models for shaft soil

resistance may also be adopted as required.

The pile cross-section is assumed to be circular. Additionally, the shaft soil

resistance only caused by axial settlement and torsional deformation. Thus, the element
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tangential displacement on the pile-soil interface can be calculated according to:

se(x) = Vu?(x) + [RO,(x)]2

3.24 Element stiffness matrix

The element stiffness matrix is necessary when predicting the element
displacement and deformation, which can be derived from the second-order variation
of the total potential energy:

G
ou?

where,

u=u_+u +u +u,

(Z

z1

:|:ul v w 0, 0

»l

T
u, v, w, 0, 0, 022:|

y
The element stiffness matrix can be divided into three parts:
k = kL + kG + ks

in which k; and kg are the linear stiffness matrix and the geometric stiffness matrix of
the Timoshenko beam element, respectively; and, ks denotes the soil stiffness matrix,
which can be further divided into two parts:

92U, 82U,
ou? ou?

kS = kS,p + kS,t =

To obtain the soil stiffness matrix calculated from the p-y curves, the expression

of the energy consumed by the lateral soil resistance, U,, can be rewritten as:
L—
U, = f Uy, (x)dx
0

where U_p is the density of the energy consumed by the lateral soil resistance along the

pile:
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sp(x)

U,(x) = f p(x, y(x)dy

0

Consequently, the ks, can be expressed as:

La%U,(x)
= RS 3.1
ks, fo 2 dx 3.1)

Since the expression of U, only involves u, and u., Eq. (3.1) can be simplified as:

Lg2y, Lg2y, Lg2y, L9%u,
ks,p=] ﬂdw[ ﬁdx+] ﬁdx+} 00 (3.2)
0 0 0 0

ou,,? ou,? ou,,0u, du,du,,

To calculate the second-order partial derivatives as shown above, the first-order

partial derivatives of | OS L) p(x, y(x))dy should be obtained:

0 s1(x) B 0 s1(x) ds; (x)
s | [ e venar]| = | [ v yenay ||

Y (3.3)
_ 05, (x)
=pen )
9 s1(x) ] = 0 sp(x) p ds;,(x)
ou, Uo pee y()dy l - {Mx) Uo pin ey l} ou, (3.4)
0
= e 5,00) )
where the derivatives of sz(x) is:
ds,(x) Osp(x)ov(x) wv(x)
ou, vt w, s (3-5)
Osp(x) Osp(x)ow(x)  w(x) o, () (3.6)

ou, ow() ou, s, (x) °

By submitting the above two equations, Eqgs. (3.5)-(3.6), into Egs. (3.3)-(3.4), the

second-order derivatives of lTp(x) can be obtained as:
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aZU_p(x) 02 sp(x)
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sL(x)
w0l

SL(X)}

Uy

9]
= E{P(X 5.(x))

OZSL(X)

y

_ o si() (9s,()
- ( auy) +p0 51.00)

aZSL(x)

y

_ap(x, s,(x)) ds,(x) <asL<x) '

s, (x)  ou, \ ou ) Tplx s.(0)
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aZSL(x)

= Jep sL<x))[L() @y (D, (O +p( 51()

02T, sL(x) a (o [[@
(x) U p(x, J’(X))dyl =3 {au U p(x, y(x))dyl}
A Z 0

aSL(x)}

L)
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Z
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2T [ o]l o]
o CCIETOR
- uiL(x)) ("’Zﬁ:‘))T+p(x, 5,(0) Sﬁj
L B
= kp (. &(x))%ay(x)az(xﬁp(x. 5.()) iLa(i)
gu”a(;‘j - U e y(x))dyl auz{auy U e Y(x))le}
- {pte s )
- D) () s 0 e
-7 (ZSL (st)(x)) agf : <62Lu(j )>T +p(x, 5.(x) ZZLa(jz
~ ks 500 " a0, 0+ )

where k, (x, s.(x)) represents the tangential value of the p-y curve at the given depth, x,

when the lateral deflection equals to s;.

By taking the derivative of Eqs. (3.5)-(3.6), the second-order partial derivatives

of sz can be expressed as:
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dsf(x) 0 [v(x)
ouz  odu, [SL (x) %y

(x )] auy [SL(X) ay ()"

_fov(x) 1 1
= { ou, 5o W )E[SL(x)]}“y(x)T
1 v(x) 0s.(x)
B {m O~ 20 ou, }“y(x)T
B v(x) [vx) r
{sm A Te P y(")]}“y(")
1 v?(x) r
B [ﬁ_ B0 R
dsf(x) 0 [w) 0 w)
uz  ou,ls, (0 “Z(x)] " ou, SL(x) @, ()"
w1
_{ Ouz o0 e )6uz [SL(x)} ()"
= { a0 -5 asL(x)}an)T
_ w(x) (wx) r
—{w) O 1) Z<x>]}az<x)
2
R
0%s(x) 9 [w(x) 0w .
du,0u,  ou, [SL(x) “Z(x)] = o, s, ™

_fow» 1 L[L] r
o, s W o [0l o™
w(x) ds;(x) _ v v
“F0 e 0 5 e @S
W(x)(vgx) &, (), (x)"
0%s;(x) 0 [v(x) v(x)
ou,ou, [SL( x) ty(x )] ou, [SL(X) y ()"
_ (Ov(x) 1 0
_{ ou, 5,00 U ou, [W]}“y(x)T
v(x) ds,(x) o owx) [v(x)
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} W()<§) @, (), ()"

42



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

Consequently, the second-order partial derivatives of (Tp(x) can be obtained as:

9Ty W)
S, = ke S = Z S (e
~pC, 5100 (e, (o
= kot 50 "D e, 510 S ay (0, (o
L
97T, W)
T, = o0 500 = S (e ('
~pCr 0 S (e, (o
= ko 5,00 "D -G, ) S a0, (T

But even with the expression of the second-order derivatives of U_p(x), it is still

challenging to write down the lateral soil stiffness matrix, ks, in an analytical form
given the complexity of the employed p-y curves. To address this issue, Gaussian

quadrature [189] is employed to simplify the expression of Eq. (3.2):

j [6 U (x) 92U, (x)+(') U, (x)+6 U (x) dx

ou,,? ou,? du,0u, oOJu,lu,

62U (x) 62U (x) 02U, »(xi) 92U, »(xi)
~ Lz + + +
ou,? ou,du, OJdu,du,
= kp,k + kp,p

=yl

in which, the soil stiffness matrix, ks, can be divided into two parts resulted from the

later soil stiffness and resistance, respectively:
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ky. = LZ {k (x;, SL(xl))[ L(( l)) } e, (x)a, (x;)"

+Lz {k (xi, sp(x 1))[ s,(x 1) } z(xi)az(xi)T

n

e LYl 51Ge) T @ (x)a G
i=1 - v

LY G 00 e )y (e
i=1 LAms

. v2(x)
=LY Hi{p su0) [ - s

i=1
y w?(x;)
+ L ; Hi {p(-xil Sy, (xl)) [SL (.'X'l) SE’ (xi) } a, (xi)az(xi)T

} ay(xi)ay (xi)T

—LY o 51 e, )"
-y oG G TE  pa G)”
i=1 SO

where the subscript ; is the indices of the Gauss point number; » denotes the number of
the employed Gauss points, which equals seven in this chapter; H; and y; are the weight

coefficient and the dimensionless Gauss point location.

The second part in the soil stiffness matrix, ks;, can be written as:

L a2y, (x L 92y, (x L92y, (x
k5t=2nR<f t(z)dx+ t(z)dx-l— ()
’ o Ouy o Oug o du,O0ug

f La2y, (x)
+ dx
dugou,

where,
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s¢(x)

Ti(x) = f tx, z(x))dz
0

Before obtaining the second-order partial derivative of U, (x), the corresponding

first-order partial derivatives should be derived as:

0 s¢(x) Kl
urlfy e 2] = {5

se(x)
f t(x, z(x))dzl} 95 ()

du,
= 10 i) )

st(x) ~ 0 st(%) 95 (x)

S U t(x, z(x))dzl _{6st(x) Uo t(x, z(x))dzl} P,
—e st(x))ast(x)

The derivatives of the tangential displacement z(x) with respect to u, and ugp are

given as follows:

0s¢(x)  O0s¢(x)0u(x)  u(x) o, (1)
ou,  ou(x) ou, s(x) *

05:(x) _ 95:0090(0) _ p, 6 o
duy  00(x) duy  se(x)

By submitting the above first-order derivatives of the tangential displacement, the

second-order derivatives of U,(x) can be obtained as:

azalitx(—;) — kt(x; t(x))[ t( ) ax(x)ax(x)T + t(x, st(x)) t( )
O°r(x) 2 st(x>

TP =k s [R o] wstas” + i s ()

s¢(%)
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92U, (x)
02U, (x)
Tu,on, ke(x, s{(x))R

0 ik
P a7 e 50 3
L X
0 ik
2 %ae @ ()T +t(x, 5:(0) auzta(z)
L X

where 4: (x, s{x)) denotes the tangential value of the 7-z curve at the embedded depth,

x, when the element tangential displacement on the pile-soil interface equals to s.

The second-order derivatives of s«x) with respect to u, and uy can be formulated

as:
?%s(x) [ 1 uP(x) .
auxz - _St(X) - S?(X) a, (x)a,(x)
%s;(x) [ 1 , 07 (%) r
TQZ =R _St(X) - S?(X) Qg (x)ae(x)
0%s.(x) 0 (x)u(x)
u 2—51:3 5 @, () ag(x)"
0%s.(x)  _O(x)ux)
6u96ux = —R —S?(x) ae(x)ax(x)T
Consequently, the second-order derivatives of th(x) can be rewritten as:
92U, 2
#fx) {kt(x se(x ))[ (%) +t(x, s¢(x)) st(x) % }ax(x)ax(x)T
02U, 2 52
T W - {kt(x s [R2 22 ] e st(x))RZI 5% Sggg }ag(x)ag(x)T
92U, (x) L, u(x)6(x) L (U .
oo, lkt( s¢(X))R EORE t(x, s:(x))R 00 a, (X)ay(x)
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u(x)6(x) du®)|

9T x)
Buss e IR

T

= lkt(x; Se()IR? —5 ——

Similarly, by introducing Gaussian quadrature, the soil stiffness matrix determined

by the shaft soil resistance can be calculated by:

Ke. = 27R Lazm(x)d L92U,(x) L9020, (x) Lo2U, (x)
st = 4m o ou,? * o Oug? * o du,dug x o dugou,
~ ZﬂRLZ azUt(x) azUt(x)_l_azUt(x) 62Ut(xl)
oug? ou,0uy 0u,dug
=Kkey + Ky

in which, the soil stiffness matrix, ks; can be divided into two parts resulted from the

shaft soil stiffness and resistance, respectively:

ke = ZnRLZH K s [E e )
n 2
+2nRLZHikt(xi, se(xi)) [RZ e ) ao(x)ag(x)"
+ 2nRLz H;ke(xi  se(x))R? %%(%)ae (x)"

+ 27RL Z Hike(xi,  se(x))arg () et (x)"

i=1
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hizmngyﬁﬂm &Qﬂwaéd—zgiiaﬂmﬁuﬂgT
+ 27tRLian H;t(x;, s:(x;)R? Lt )
—R? z;g; ety () ety ()"
+ 27tRLian Hit(x;, s¢(x))R? % a, (x)eeg (x)T
+ ZnRLZn: Hyt(x;, s¢(x;))R? % ag () o (x;)"

i=1

The linear stiffness matrix and the geometric matrix, k; and kg, are commonly
used in the Timoshenko beam element, which can be found in some other works [187,

190-192].

3.2.5 Secant relations
The element equilibrium condition is derived from the minimum energy theory,

which can be described as:

on_
ou

Hence, the element resisting forces under the given displacement, also named the
secant relations, can be generated to minimize the numerical error accumulated in the

nonlinear finite element analysis. The element resisting force vector can be divided into

two parts:
F=Fs+ Fg
where,
F = [Fx Fyl Fz1 My Myl Mz Fxz Fyz Fzz My, MyZ MzZ]T

in which, F represent the element resisting vector, whose components are demonstrated
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in Figure 3-3; Fs is the soil resisting vector; FE is the resisting vector resulted from the
element strain; " and M denote the force and bending moment at the element node,

respectively.

The soil resisting vector, Fs, can be calculated by use of expressions presented in
the following::
Fs=[Fxas Fyis Fas Myis Myis Mys Feos Fyos Faos Myas My,s Mgyg]T

. _0Us_0U, 0U, oU. U,
57 ou  du, Odu, OJu, Oduy

Lou, (x Lou, (x Lau, Lau, (x
=] p( )dx+j p( )dx+27rR<J t(x)dx+f «( )dx>
o Ouy o Ouy o Ouy o Oug

The first-order derivative of U_p(x) and lTl(x) with respect to different degrees

of freedom can be expressed as:

%w%f s y(x))dx:=p(x, a(x))as“:)—p(x, 5100) 2 2 ()
@=%f o yenn] =pe s D = pe, 50023

ag_;f:)zai% [ i, Z(x))dz:=t(x, i) 5D = i, 50 D
ai(:)za% [ o z(x))dz]=r(x, st<x>>"’;;f;‘>=t<x, S COIR? (())aem

Accordingly, by introducing Gaussian quadrature, the secant relations generated

from the soil resistance Fs can be calculated by:
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Lau, Lau, U Lau
Fg = f p() dx + f p@) dx + 27TR< t(X) dx + U:(x) x)
0 auy o Ou, o ou o Oug

n
= LZH
i=1

6U (x;) aUp (x;) 2R U, (x;) 2R aUp(xi)l

auy auy auy auy
v(x;)
—LZH Pl 51000 oy (x)
+ZH pC 5.00) D 1 )
‘ suC)
+ 27RL ZH (o s ED )
t( l) x '
+Zm(x, s )R? 20D g (e
T A

The resisting force caused by the element strain energy, FF, is frequently discussed

in the research related to Timoshenko beam element, such as [187, 190-192].

3.3 Numerical Procedure

For describing the large deflection of the pile, the Updated-Lagrangian method [33]
is adopted, in which the equilibrium conditions is established according to the last-
known element configuration. Then, the proposed refined 3DPE and the Updated-
Lagrangian method are integrated into the Newton-Raphson incremental-iterative
procedure [1] to minimize the accumulated error in the analysis procedure, as illustrated

in Figure 3-4.

50



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

Data Collection

Collect structure information and ground conditions (e.g., p-y and /-z curve models)

A 4

Analysis Procedure

Setting incremental forces as unbalance forces

Updating the tangential values qf the p-y and 1z > Updating the soil resistance according to the p-y
curves on Gauss points and -z curves on Gauss points

v y

| Generating element stiffness matrix | | Calculating element forces I
J v

| Forming global stiffness matrix | | Updating unbalanced forces |
v

| Calculating incremental nodal displacement l—

| Next load step |

v

Output Analysis Results

Figure 3-4 Flowchart of numerical procedure.

3.4 Validation Examples

In this section, the proposed refined 3DPE is compared with various existing
analysis methods to establish its accuracy and computational efficiency. Furthermore,
two pile-supported structures are investigated to illustrate the importance of the present

study in facilitating the second-order analysis of such structures.

3.4.1 Example 1 — Comparisons with existing analysis methods

In this example group, four different soil conditions in are studied. The lateral soil
resistance stiffness, kz, is varied linearly with the embedded depth in the first soil
condition [193, 194]. And the stiffness of the shaft soil resistance on the pile-soil
interface, k;, is also regarded as linearly changed with the embedded depth, as
demonstrated in Figure 3-5A. The SPI curves of other three soil conditions are
constructed according to the p-y and #-z curves recommended in API [155]. The

corresponding soil parameters including the effective unit weigh (y), the undrained
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shear strength (c), the dimensionless empirical constant (J) and the strain which occurs
at one-half the maximum stress (&), are provided in Figure 3-5B-D. The bottom of the
pile is taken as fixed in the bedrock. The proposed refined 3DPE is compared with
different numerical analysis methods for validating its accuracy and efficiency for the
spatial analysis of single piles in complex load and soil conditions. This comparison
aims to illustrate the effectiveness of the proposed method in addressing the limitations

of existing analysis techniques.

A TR AR RRARR A ﬁ.%«\%%% A M«\KKK TR R TR R TR
- Silty clay A: Silty clay B: Silty clay A
X|[Lateral soil stiffness: X 1800 ke/m? My~ 1900 ke/m? x| Stlty clay A:
k, = 300Dx i gm ’ gm y = 1800 kg/m® |
- ¢ =16 kPa ¢ =25kPa ¢ =16 kPa L
Lateral soil resistance: S = 0'50 J = 0‘50 J =05
=k ¥ £.=0.5% e.=1.5% &, = 0.5%
Shatft soil stiffness: LI
K, = 300x Silty clay B:
) . y = 1900 kg/m?
Shaft soil resistance: ¢ =25 kPa
1 =kz J=05 E
.= 1.5%
Note: D denotes the
\pile diameter
(A) (B) © (D)

Figure 3-5 Four soil conditions in Example 1: (A) Soil Condition 1. (B) Soil Condition
2. (C) Soil Condition 3. (D) Soil Condition 4.

Example 1.1 — Numerical accuracy and efficiency of the refined 3DPE

In this example, the numerical efficiency of the present study is validated and
compared with DSEM. A RC pile with 40 m length and 1 m diameter is studied, whose
cross-section is solid and circular. The Young’s modulus and the shear modulus of the
pile material are 32.5 GPa and 13.8 GPa, respectively. Two different load combinations
at the pile head are included: (1) Loading condition 1: the compressive axial force P =
5000 kN, and the shear force along the y-axis V= 1000 kN; and (2) Loading condition
2: the shear force along the y-axis ¥ = 3000 kN, and the bending moment along the z-
axis M = 200 kN-m. The traditional DSEM using 150 elements are selected as the

benchmark solution. The lateral deflections of the pile at the top end are obtained from
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two different methods: (1) the proposed refined 3DPE; and (2) the DSEM. The element
numbers excluding the spring elements are varied from 2 to 50. The relative error

between the results from different methods compared with the benchmark solutions are

illustrated in Figure 3-6.

As indicated in the error-element number curves in Figure 3-6, the proposed 3DPE
shows excellent performance in both result accuracy and numerical efficiency. It can
be clearly observed from Figure 3-6 that the proposed refined 3DPE using only 3-4
elements can robustly achieve almost identical results to the benchmark solution when
considering piles under different geological conditions and loading conditions.
However, for the traditional DSEM, a large element number is required for reliable
analysis results. For some complicated ground conditions, such as Soil conditions 4, it
takes more than 40 elements in DSEM to narrow down the analysis error within 0.5 %.
In summary, the proposed refined 3DPE can generate accurate analysis results with

only 3-4 elements, implying its excellent performance in computational efficiency.

5 —— Load condition 1 (3DPE)

- ] n‘ Load condition 1 (DSEM)
L ]
]
1

—-0-— Load condition 2 (3DPE)
- - - -Load condition 2 (DSEM)

\ -

Error (%)
=
P

Element number

(A)
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Figure 3-6 Element number versus relative error under different soil conditions: (A)

Soil Condition 1. (B) Soil Condition 2. (C) Soil Condition 3. (D) Soil Condition 4.

Example 1.2 - Single piles under shear forces with nonlinear Soil-Pile Interaction

In the second example in Example 1, piles under the shear forces with different
directions are studied. The pile studied in Example 1.1, with 1 m diameter and 40 m
length, is reused in this example again. The magnitude of the shear force applied at the
pile head, V, equals 2000 kN. Two different analysis methods, 3DPE using 6 elements
and DSEM using 50 elements with orthogonal springs, are adopted to calculate the
lateral deflections of pile heads on the y-axis when the direction angles of the applied
shear forces vary from 0° to 45° to the y-axis. Theoretically, the deformations of the
pile in the load direction should be same. Therefore, the benchmarks of the pile lateral

deflections in y-axis direction are obtained following the equation,
u,(p)=u,_,.cosp
where u, is the projection of the lateral deflections of pile heads on the y-axis; ¢ is the

angle between the shear force and the y-axis; u,—-o° represents the magnitude of the
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lateral deflection at the pile head when the shear force is parallel to the y-axis, which is

obtained from DSEM using 150 elements in this example.

The relative error of the results from the 3DPE and DSEM to the benchmark
solutions are plotted in Figure 3-7. It can be found that DSEM can precisely predict the
structural behaviour of piles when the SPI is linear (Soil condition 1). When the SPI
preforms nonlinearly, DSEM cannot generate reliable results. The relative error of the
results from the DSEM grows with the angle between the shear force and the y-axis,
which comes to 20% when ¢ equals 45°. By contrast, the proposed element can
accurately simulate the nonlinear SPI in the spatial pile analysis, which further confirms

the advantages of the proposed refined 3DPE.

T T T T T T T T T T T T T
——3DPE (Soil condition 1) ——DSEM (Soil condition 1)

20 - — [+ - 3DPE (Soil condition 2) = — - DSEM (Soil condition 2) ]
) 3DPE (Soil condition 3) DSEM (Soil condition 3) 4
I~ |=A~-3DPE (Soil condition 4) = - —- DSEM (Soil condition 4) ”.’/
v A
> /.,’
- LF4
]5 1 " Y ,// =
‘//
;@ /':/
:
Fdd
104 77 .
[8a} '4'/
o
-//
z7
£
”~
54 g -
£
P Hd
’ ~ //
\_/ L - »
—
0= — A 7% T A T "
T T T T T T T
0 5 10 15 20 25 30 35 40 45

Figure 3-7 Errors of the lateral deformations obtained with different methods.
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Figure 3-8 Lateral deflection along the circular pile obtained from different sources.

The proposed method is further verified via the comparison with the field test
results recorded by McClelland and Focht [195]. A circular pile that partially embedded
in the post-glacial deltaic deposits of the Mississippi River is revisited. The pile length
is equal to 24.7 m. The flexural rigidity of the pile is £/ = 4650 kN-m?. The loading
conditions assigned on the pile top can be found in . The p-y curve model proposed by
Randolph [52] is introduced to describe the lateral soil resistance. The proposed refined
3DPE is employed to obtain the pile response and its results are compared with the
measured data from field tests [195], as well as solutions from Vega-Posada et al. [196]
and Choi et al. [197]. The comparison results, as shown in Figure 3-8, demonstrates a
great agreement between the outcomes of the proposed method, the field measurements,

and the referenced solutions, thereby reinforcing the accuracy of the proposed method.

Example 1.3 - Single piles under axial and torsional load with nonlinear Soil-Pile

Interaction
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The combined axial-torsional response is investigated in this example. The pile
with 40 m length and 1 m diameter is studied here. The pile cross-section is solid and
circular. The Young’s modulus and the shear modulus are 32.5 GPa and 13.8 GPa,
respectively. Four different Loading Conditions (LC) of the compressive axial load, P,
and torque, 7, are applied at the pile head and summarized in Table 3-1. Four different
soil conditions plotted in Figure 3-5 are also simulated in this example. The refined
3DPE, which considers the combined axial-torsional pile response, and DSEM, which
treats the axial and torsional pile response independently, are adopted to obtain the axial
settlement at the pile head. The method provided by Georgiadis and Saflekou [177] is
employed as the benchmark solution. The comparison results are illustrated through the

load factor versus the displacement curves in Figure 3-9.

Table 3-1 Loading conditions in Example 1.3

Loading condition LC1 LC2 LC3 LC4
P (kN) 16000 12000 8000 4000
T (kN'm) 0 4000 8000 12000

Figure 3-9 demonstrates that the results from the proposed method are identical to the
benchmark solutions. However, the errors of DSEM are significant when the soil
properties are nonlinear. The maximum difference of the DSEM method achieves 15%.
This example confirms the importance of the present study in capturing the piles’

response under combined axial-torsional loads.
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Figure 3-9 Load factor versus axial settlement at the pile head under different soil

conditions: (A) Soil Condition 1. (B) Soil Condition 2. (C) Soil Condition 3. (D) Soil

Condition 4.
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Example 1.4 - Single piles with large diameters under shear forces

This example investigates the accuracy of the proposed refined 3DPE in analyzing
piles with different cross-sections while considering nonlinear SPI and shear effect.
Two cross-section types of piles are used, (1) steel piles with hollow and circular cross-
section, and (2) concrete piles with solid and circular cross-section. The pile lengths, L,
in this example are all equal to 12 m, whereas the diameter of the piles, D, varies from

2 m to 4 m. The wall thickness of the hollow cross-section is selected according to [155]
as t,, = 0.00635 + %. The Young’s modulus and the shear modulus of different pile

materials are given in Figure 3-10. The shear correction factor are calculated according
to Cowper [198]. A lateral force, V= 1500 kN, is applied at the pile head. Even though
the API p-y curve model might sometimes be inaccurate for large-diameter piles [160],
the present study still employs this model for piles of different diameters to maintain
consistency. The DSEM using 100 Timoshenko beam elements is selected as the
benchmark solution. Two analysis approach are implemented for the analysis of pile
behaviors under different soil conditions, including: (1) the proposed refined 3DPE
using 10 elements; and (2) the existing PE for the spatial analysis developed by Li et al.
[183]. In addition, for soil condition 1, where soil stiffness is proportional to the
embedded depth [194], an analytical solution from the Euler-Bernoulli beam theory by

Reese and Matlock [193] is also employed for comparison.

The analysis results from different methods are demonstrated through the curves
of the ratios between D and L versus the lateral deflection at the pile head. From the
observation from Figure 3-10, it can be found that the existing PE for the spatial
analysis [183] might lead to significant underestimation of pile deflection, especially
for steel piles with hollow cross-sections, since the shear effect is ignored. The results
obtained using the proposed method are found to be nearly identical to the benchmark
solutions, demonstrating the effectiveness of the proposed refined 3DPE in accurately

predicting lateral deflection of piles with varying slenderness ratios under various
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geological conditions.
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Figure 3-10 Lateral deflection at the pile head under different soil conditions: (A) Soil

Condition 1. (B) Soil Condition 2. (C) Soil Condition 3. (D) Soil Condition 4.

3.4.2 Example 2 — Second-order analysis of a two-story pile-supported frame

After validating the accuracy of the present study in Example 1, the proposed
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refined 3DPE is employed for the second-order analysis of pile-supported structures.
Also, the corresponding pile-supported structures is also investigated to illustrate how
the numerical instability existed in the previous pile element can be eliminated in the
proposed refined 3DPE. The upper part of the pile-supported structure is a two-story
frame (Figure 3-11) with rectangular cross-section beams and columns measuring 500
x 500 mm, all having an elastic modulus and shear modulus of 32.5 GPa and 13.8 GPa,
respectively. The column bottoms of the two-story frame (Noda A to D) are connected
to 5 m long concrete piles, with solid circular cross-sections of 0.5 m in radius. The first
and second soil conditions in Example 1 (as shown in Figure 3-5A-B) are further
employed as the surrounding soil conditions for the piles in the two-story pile-supported
structures. The piles have the same elastic and shear modulus as the beams and columns
in the upper structure. The loading conditions applied to the upper structure are depicted
in Figure 3-11. For the upper structure, four beam elements are employed to model each
member. Three modelling methods for the piles in the pile-supported structures are
utilized, including: (1) the DSEM uses 50 beam elements for each pile; (2) the proposed
refined 3DPE uses 4 elements for each pile; and (3) the existing PE for the spatial
analysis proposed by Li et al. [183] uses 4 elements for each pile. Moreover, the
common analysis approach in design practice, where the frame is directly fixed on the
ground [154], is also employed for comparison. The results from these analysis methods
are presented through the load factor versus the lateral deflection about the x- and y-

axis, uy and u,, of the monitoring point.

Figure 3-12 demonstrates that assuming the upper structure is directly fixed at the
column bottom might result in a considerable underestimation of lateral deflection in
both directions. The underestimation occurs since the interaction between the upper
structures and piles is not taken into account, emphasizing the importance of accurately
modeling this interaction in the second-order analysis of pile-supported structures. The
analysis results from the DSEM and the proposed refined 3DPE for Soil Condition 1

are nearly identical since the SPI is linear, which is consistent with the results from
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Example 1. However, the corresponding computational times differ significantly. All
analysis procedures are conducted on a desktop computer outfitted with 32 GB RAM
and an Intel Core 17 CPU. The DSEM method requires 60.1 seconds for the analysis
procedure, whereas the proposed refined 3DPE method takes only 20.2 seconds,

highlighting the efficiency of the proposed approach.
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Figure 3-11 Schematic of the pile-supported two-story frame.

65



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

T T T T T
1.0 o .
e v
/ -
- rd
e e
0.8 - // e i
/ .
-,
;5 / // onitoring point
S 0.6 1 e —
i) -,
-
) e
< - J
0.4 Fixed on the ground (u,) o A
—— Fixed on the ground (i) TL»
-~ -DSEM ()
—o—DSEM (u,)
0.2 - ——PE (Lietal,, 2021/ ) -1
- — . —-PE (Lietal, 2021/ 1)
—-—-3DPE (Present study/ u)
—— 3DPE (Present study/ u,)
0.0 T T T T T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30
Lateral deflection at the monitoring point (m)
(A)
T T T T
15 % o
10 %
1.0 /'-"_’4; % === i
/ / . -’ o -
/ / ' g P -
rd E y
0.8 - /,/ // 0 / v
e ~ . Monitoring point
VA
: VA
=} 7
2 0.6 : i’ =
:_‘é // P _’l)ib;-convergence of PE
-:.g // //,., 005 T
| // e
0.4 e 0041 | ! Fixed on the ground (u,)
,//'/ 003 ', ! —o— Fixed on the ground (u,)
’ ! - — DSEM (u,)
oo]! /f ——DSEM (1)
0.2 I —-— PE (Lietal..2021/u) A
{}_01-}}/ —o— PE (Lietal., 2021/ u,)
r — - — 3DPE (Present study/ u )]
0.0 {}'D:J).:nm 0005_0.010 3DPE (Present study/ )
. T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30

Lateral deflection at the monitoring point (m)
(B)
Figure 3-12 Load factor versus lateral deflection at the monitoring point for the pile-
supported structure with different soil conditions: (A) Soil Condition 1. (B) Soil

Condition 2.
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When considering Soil Condition 2, the DSEM substantially underestimates the
deflection of the monitoring point, sometimes exceeding 15%. In addition, the existing
PE developed by Li et al. [183] fails to converge (as shown in Figure 3-12B), even
when assigned load factor = 0.05 is small. Conversely, the proposed refined 3DPE
successfully overcomes numerical instability by formulating the proper soil stiffness
matrix, which comprises &, , k., x, and k. neglected in the previous study. Consequently,
the importance of the current research for the second-order analysis of pile-supported

structures is validated.

3.4.3 Example 3 — Second-order analysis of a twenty-story pile-supported
frame

This example further investigates the response of large-scale pile-supported
structures considering the nonlinear SPI in spatial analysis. A twenty-story composite
frame, shown in Figure 3-13, is selected as the upper structure, which is extensively
used in the studies such as [199-201]. In this study, the column bottoms, Nodes A to J,
are connected to concrete piles. The lengths of the piles are 30 m. The pile cross-
sections, with 1 m in diameter, are solid and circular. The Young’ modulus and the
shear modulus of the studied pile are 32.5 GPa and 13.8 GPa, respectively. The soil
conditions of the studied pile are assumed to be the Soil Condition 4 in Example 1. The
corresponding p-y and ¢-z curves can be constructed according to API [155]. The group
effect of pile foundations is ignored in this example. The loading condition including a
gravity load and a wind load acting in the y-direction is adopted [200]. The gravity load
is equal to 4.8 kN/m?, and the wind load equals 0.96 kN/m?. For simplicity, the frame
material is assumed to maintain elasticity in the analysis. For the upper structure, four
beam elements are employed to model each member. Different methods are adopted to
model the pile-supported structures, including: (1) the frame is directly fixed on the
ground; (2) the DSEM uses 50 elements for each pile; and (3) the proposed refined
3DPE uses 4 elements for each pile. The results from the different approaches and past

research are present through the load factor versus the deflection of the monitoring
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points and Nodes A-D in Figure 3-13.
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Figure 3-13 Schematic of the pile-supported twenty-story composite frame.
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Figure 3-14 Load factor versus deflection at different nodes: (A) Lateral deflection at

the monitoring point. (B) Axial settlement at the pile heads.

The results in Figure 3-14A indicate that disregarding the interaction between the
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upper structure and piles by assuming the upper structure is directly fixed on the ground
might lead to the underestimation of the structural deformation. In addition, Figure
3-14B shows that the DSEM will also lead to the underestimation of the settlement as
it ignores the axial-torsional coupled response. Furthermore, computational efficiency
of the DSEM and the proposed method differ significantly. Specifically, DSEM
requires approximately 367 s to complete the calculation on a desktop computer with
32 GB RAM and one Intel Core i7 CPU, while the proposed refined 3DPE method only
takes 122 s to complete the computational procedure on the same computer, which
represents only 33% of the computational time required by DSEM in the spatial analysis,

further validating the computational efficiency of the proposed refined 3DPE.

Appendix A - Shape Function Coefficients
The coefficients in the element shape function are provided here:

X
ax,l(x) =1- Z

X
Ay 2 (x) = Z

3

ay1(x) =1— bZKZ% — 3k, (%)2 + 2k, (%)

ty5(x) = [(2 +b) S = (h+ b)) (%)2 + (%)3] L

3

ay3(x) = bZKZ% + 3k, (%)2 — 2k, (%)

ays =~ [p 2ot @502 (3) — e (5) ]

3

4000 = 1= by, 3= 3, (5) + 21 (3)

a2 () = =@+ ) 2T~ @+ b)) 2 (%)2 + 1, (%)3] L
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@) = byey S 431, () =2, (£)

Ky X

1y 4 (%) = [by 2242 b,y)'cz—y(%)2 — (%)3] L

X
g (x) =1-=+

L
X
ae,z(x) ~ 1
where:

b_lZEIi =y or z
i = Graz U7 )
. = | — or Z
METT b; =Y )

in which, £ and G are the Young’s modulus and the shear modulus of the pile martial,
respectively; A and / denote the cross-section area and the inertia moment of the pile,

respectively; and « is the shear correction factor of the pile cross-section.
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Chapter 4. NEURAL-OPERATOR ELEMENT METHOD FOR

SOLVING PARTIAL DIFFERENTIAL EQUATIONS

4.1 Introduction

Efficient and scalable numerical simulation methods are crucial for both scientific
research and engineering practice. Extensive efforts since the last century have led to
the development of various simulation techniques, which can broadly be categorized
into two groups: (1) mesh-based methods [1, 202, 203], such as the finite element
method (FEM), and (2) mesh-free methods [204-208], such as those based on machine
learning (ML). Despite these advancements, achieving accuracy, efficiency, and
scalability in large-scale simulations of complex multiscale systems remains

significantly challenging.

In many science and engineering disciplines, FEM is a popular numerical method
for solving partial differential equations (PDEs), due to its versatility and robustness
[209-212]. However, when it comes to systems exhibiting, for example, multiscale
features or defined on complex geometries (e.g., non-polygon shapes), FEM requires a
large number of elements (mesh) (Figure 4-1A) to produce accurate solutions [1, 213].
Such a mesh-dependent nature makes FEM computationally expensive and limits its
applicability for large-scale problems. While considerable efforts have been made to
address this challenge, most involve a trade-off between computational efficiency and

accuracy [214, 215], or are only applicable for a special class of problems [216-221].
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Figure 4-1 Illustration of NOEM: (A) Comparison between FEM and NOEM. (B)
[llustration of the neural operator models via the multiple-input deep operator network
(MIONet). MIONet is simplified to the deep operator network (DeepONet) when only
one branch network is employed. Different models can be used for the branch network,

such as multi-layer perceptron (MLP) and convolutional neural networks (CNN).

On the other hand, operator learning has emerged as a new ML framework that
aims to learn mappings between infinite-dimensional function spaces [133]. It
differentiates itself from traditional ML tasks, such as function approximation which
only learns mappings between finite-dimensional spaces. Due to its close connections
to PDE solution operators, it has garnered huge attention from the scientific computing
community, and many neural network models for operator learning, namely neural
operators (NOs), have been proposed. Among them, deep operator networks
(DeepONets) [132], as the first NO model, are inspired by the universal operator

approximation theorem [133]. DeepONets have demonstrated superior performance in
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many challenging tasks [132, 222-226]. In addition, the inherent structure from the
universal approximation theorem offers significant flexibility in designing sub-
architectures. Despite empirical successes, operator learning faces multiple challenges
for large-scale simulations [121, 227], such as high-fidelity data generation, demanding
training costs, and reusability. To overcome the limitations of the pure data-driven
nature, physics-informed ML (PIML) has the potential to circumvent the need for a
large amount of data by incorporating PDEs into the loss [206, 208, 228]. However,
physics-informed training remains difficult as the loss involved with PDEs often incurs

new challenges [229-231], especially for large-scale complex systems.

In the present work, we propose a hybrid method, namely, the neural-operator
element method (NOEM; Figure 4-1A). The motivation is to combine the strengths of
FEM and operator learning to mitigate their limitations. The underlying idea of NOEM
is to represent the PDE solution using both finite elements and neural-operator elements
(NOEs). NOEs are constructed by pretrained NOs and assigned to parts of
computational domains where a large number of finite elements would be required if
FEM was used. Each NOE is assigned to a specific non-overlapping subdomain, and
NOEM solves the energy norm minimization problem, which is similar to FEM. The
adoption of NOEs substantially reduces the complexity of the problem, enabling
NOEM to be applied effectively to large-scale problems. Extensive numerical examples
are performed to validate the proposed NOEM and illustrate the key features of the

NOEM (Table 4-1).

Hybridizing FEM and ML is not new and has been explored in the literature. For
example, Refs. [232-235] use piecewise polynomials and weak-form residuals in
designing ML architectures and physics-informed loss functions, which are found to be
effective to some extent. However, the reusability of these models remains elusive,
especially for large-scale systems. Yin et al. [236] has integrated NOs into the domain

decomposition (DD) approach of FEM by modeling different regions separately with
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NOs and finite elements. Chung et al. [237] also embedded learned reduced-order
models (ROM) within the discontinuous Galerkin domain decomposition (DG-DD)
framework, enabling efficient simulation by applying ROMs to unit components and
interfaces. Despite these advances, modeling large-scale systems with multiple
subdomains using DD is still challenging, as it commonly requires tedious iteration
processes and may fail to converge if certain parameters are not carefully chosen [236,

237].

What sets NOEM asides from existing hybrid methods are (1) the approach of
learning NO elements that cover a large subdomain and (2) the use of standard FEs for
subdomains that FEM works well. Particularly, this feature is preferred in industrial
applications. The contemporary industry practice frequently employs a "standardized
product module" philosophy, constructing large-scale systems by interconnecting
standardized modules or components, e.g., modular integrated construction [238]. In
this context, NOEM offers pre-trained NO libraries, i.e., NOEs, tailored for simulating
standardized modular components across various projects. Additionally, the inherent
differentiability of NOEs provides differentiable modeling approach for large-scale
systems. While not the focus of this chapter, such differentiable feature holds significant

potential for optimal design tasks.
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Table 4-1 Summary of key features and results

Features Description & Key results
Reduce computational time
Efficiency
Compared * Example 3.2: Boosted computational speed by around 14 times over FEM
to FEM Support effective large-scale domain modeling
Scalability
» Example 3: Analysis across varying domain sizes, scaling up by 100 times
Require smaller training datasets and faster training processes than direct modeling of
Training Efficiency
entire systems using NOs
Compared
Directly reuse pretrained NOs across varied problems
to NO
Model Reusability * Example 1: Single NO for 160 problems of varying coefticient functions
* Example 3: Single NO for 200 problems with varying geometries
Achieve compatibility with different NO models
ML Compatibility
* Example 1-4: Various utilized NOs, such as DeepONet, MIONet, and CNN
Others Enable application to various PDE problems
PDE Applicability » Example 2: Multiscale problems

* Example 4.4: Nonlinear problems
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4.2 Preliminaries

In this section, we first briefly revisit several NOs, including DeepONet and its
variants, and then review FEM, covering both the standard weak form and the
variational form. Finally, we discuss the enforcement of hard constraints on NOs under

varying boundary conditions.

4.2.1 Neural operators
Let G:V — H be an operator of interest where V' and H are the spaces of the
input and output functions, respectively. Each function in V and H is real-valued

defined on Q' ¢ R? and Q c R?, respectively. The goal of operator learning is to
construct a NO, Gy, from a set of training data consisting of pairs (vj, u =g [vj]) in

discretized forms. For the sake of simplicity, we slightly abuse notation and refer to a
discretized form of v as v. We revisit three DeepONet variants: the vanilla DeepONet
[132], the convolutional DeepONet [141, 239], and the multi-input DeepONet
(MIONet) [240]. These NOs are introduced and employed in the present study given

their superior generalization capability [222-224].
Vanilla DeepONet

DeepONet [132] constructs Gy through two distinct sub-networks: a branch and a
trunk network (Figure 4-1B). The branch network takes a discretized function v as
input and outputs a vector b(v) = [by, b;(V), ..., by, (¥)]T , and the trunk network

takes a point x € Q as input and outputs a vector t(x) = [1,t;(x), ..., t(X)]".

DeepONet is then represented by the Euclidean inner product of these outputs:

Guv10) = (b(), 6) = D hy(@)t:(x) + by

MLPs are often used as the default for both subnetworks. If this is the case, we

refer to DeepONet as vanilla DeepONet.
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Convolutional DeepONet

Convolutional DeepONet [141, 239] is a variant of vanilla DeepONet, which uses
a convolutional neural network (CNN) as a branch network (Figure 4-1B). This variant
is found to be particularly effective when the discretized input function has a

substantially large size and has an image-like shape.
Multi-input DeepONet

MIONet [240] is designed to learn an operator that takes several input functions.
Similar to DeepONet, the architecture of MIONet is based on the universal operator
approximation theorem, which extends from single to multiple Banach spaces. The

operator of interest is G:V; X ---XV, = H, where Vj,...,V,, are n input function

spaces and each v; € V; is a real-valued function defined on Q; C R% . To handle

multiple inputs, MIONet employs multiple branch networks, each corresponding to a
distinct input function space, and processes them independently while keeping a single

trunk network.

m n

Gulvr, 2, 0l = (| [ e () | ) + by

i=1 \ j=

where b; jrepresents the i™ output feature from the j™ branch network.

4.2.2 Hard-constraint neural operators with varying boundary conditions

Let us consider a general PDE defined in () with a Dirichlet boundary condition:
u=g onadQ. 4.1

For the simplicity of discussion, let the PDE solution operator from Dirichlet
boundary conditions be G: g = u. It is often desirable to construct NOs that exactly
satisfy the imposed boundary conditions. We refer to such NOs as hard-constraint NOs,

which are proven to be effective in some problems [241, 242].
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Let a be an auxiliary function satisfying a(x) =0 if x € 9Q and a(x) >0

if x & 0Q, and let B, be an extension of g, i.e., By(x) = g(x) if x € Q. Then

hard-constraint NOs can be constructed by
NLg1() = a()Gnlgl(x) + By (x)  forx € O (4.2)

where Gy[gl(x) represents a NO model with learnable parameters. However, the
construction of a and f; could be challenging. We therefore consider an
approximation approach where B, is approximated by a mesh-based polynomial pg
constructed from a set of discretized boundary data{x; € 9Q, g(x;)}/%,. Appendix A

presents the details on constructing a and .

4.2.3 Finite element method

This section briefly reviews FEM. Suppose that the PDE has a variational form:
Find u € H, such that a(u,v) =L(v) VvEH, 4.3)

where a(-,-) and L(:) are the bilinear form and the linear functional, respectively, and
H, is a test function space. The Lax—Milgram lemma guarantees the existence and
uniqueness of the solution to Eq. (4.3) under certain assumptions on a and L .
Furthermore, we assume that Eq. (4.3) is equivalent to the energy minimization

problem:

u = argmin] [w] = 5 a(w,w) ~ L(w) “44)

Let Q be the computational domain of interest. We consider {QfF}; be a
partition of (). Furthermore, we can let {QEE} j be a partition of QfF | where QZE is

commonly selected as the polygon with regular geometry. In general, FEM represents

an approximation to the solution on QiF as a linear combination of shape functions

{PiFJE} i
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it a) = Z a;piF (x) (4.5)

J

where a; = {a;;}; is the collection of «;; ; and each function pl-F]E is supported on

QFE

ij » 1.e., vanishing outside of QEE As illustrated in in Figure 4-1A, pfF could be the

j
piecewise polynomial defined on the triangular area QBE. In our numerical experiments,
pfjE is selected as the piecewise linear function defined on either one-dimensional line

segment or two-dimensional triangular area.

Then, the FEM solution defined on the entire computational domain Q can be

represented via
aCu{ad) = ) e a) (46)
i
where {a;}; is then obtained by solving Eq. (4.4):
(@ = argmin) [qC; @)

4.3 Method

We consider the following PDE defined on a domain Q:
D[u](x) =0, forx€Q 4.7)

where D is the underlying differential operator of the PDE. In NOEM, we partition ()

into two non-overlapping subdomains Qg and Qyog, 1.€.,

Q = QFF y QNOE (4.8)

where QFF = {Ql-FE}iE,FE is a subdomain represented by classical FE meshes, and

ONOE = {QNOF} ¢ 1S Tepresented by NOE. For instance, in Figure 4-1A, the FE

subdomain QFF is represented by the black grid.
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The subdomain QN°F modeled by the NOEs (visualized by the green areas) is

further partitioned into four subdomains as QNOF = {Q]NOE} jer1,2,3,4)» Where each

Q}\IOE is modeled by one single NOE. In the following content, we first introduce how
to construct NOEs by NOs. Next, we present the NOEM framework for solving PDEs.

Finally, a discussion of the NOEM is provided.

4.3.1 NOE represented by a neural operator
Assume that the Dirichlet boundary condition is sufficient to guarantee the

existence and uniqueness of the solution to Eq. (4.7). For each subdomain modeled by
the NOE, Q}\IOE, we assume that a sufficiently trained NO exists to approximate the

Dirichlet-to-solution operator G;: g — u where u is the solution to
Dv](x) =0, forx € Q)" (4.9)

with the Dirichlet boundary condition of g on d€);. Here, D is the same differential

operator as in Eq. (4.7) defined in the subdomain Q}\IOE. Thus, if the Dirichlet

condition is restricted on dQN°F, we have G, |ul, o | = u| norwhere u|, nor and
j #1*1oa] a} 20}

NOE
Q;

and Q}\IOE

u| noe represent the solution u restricted on 0 , respectively.
]

The Dirichlet boundary condition for the NO input is parametrized by the sensor
values, B, whose sensor locations are aligned with the nodes determined by the
adjacent elements, as illustrated by the green dots in Figure 4-1. Notably, Eq. (4.9) is
a significantly smaller system compared with the full PDE in Eq.(4.7) and is assumed
to be efficiently solved by FEM (or any other numerical methods) for varying boundary
conditions, indicating the training cost of NOs for such smaller system will be

significantly lower than directly modeling entire computational domains.

For simplicity of discussion, we suppress the trainable parameters of NOs and
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assume NOs are pre-trained. Further details about the training process are briefly

presented in Appendix B.

4.3.2 Neural-operator element method
The underlying principle of NOEM is the replacement of a large number of finite

elements by means of a single NO, i.e., NOE. Thus, NOEM represents the solution as

q(x;€) = z o (x; @) + Z ¢} " (x; B;) (4.10)

i€lpg JEINOE

where ¢ = {a;} U {B;}; dfE(x; a;) is the standard FE representation in Eq. (4.5)

whose support is QF; and qb}\]OE (x; B ]-) of the support QJNOE is the NOE formulated

via the NO as:
)" (3 B) = G [ulpgor] ©)

where B is the discrete representation of u|,qnoe as defined in Section 3.1. A simple
]

example for constructing q(x; ¢) can be found in Section 4.1 for illustration.

Noted that for each j € Iyog, we assume that if FEs were used for Q}\]OE, a large

number of elements would be needed. Importantly, the number of degrees of freedom,

a}, increases proportionally with the required number of finite elements, thereby
increasing computational complexity. However, this is not the case for NOEs, as they
take the parametrized boundary conditions B; as inputs whose cardinality is

significantly smaller than that of a]'-. The NOEM solution q(+; ¢*) is then obtained by

solving Eq. (4.4) in the mixed element space, i.e.,

c' = argmcin] [q(;0)] (4.11)

whose complexity is significantly reduced compared to the full FEM. Yet, the
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optimization problem in Eq. (4.11) is no longer convex. While it is not guaranteed to
find a global minimizer, extensive numerical experiments indicate that it does not incur

severe issues in this regard.

NOEM solves the energy minimization in Eq. (4.11) using the solution
representation of Eq. (4.10), which requires numerical integration for implementation.
Typically, the terms involving only FEs can be exactly computed due to the exactness
of quadrature. Thus, we only apply numerical quadrature rules (e.g., the Monte-Carlo
method) to approximate the NOE involved terms. Afterwards, we employ Newton's

method (as presented in Appendix B) to solve Eq. (4.11).

4.3.3 Discussion

Generally, the inputs of NOs, G;, are required to incorporate the boundary

conditions, but they can also include additional functions, such as the source term and

the coefficient function. In this case, the NOs, G : (ul aaNOE, | ) - u|gnoe
] J

approximate the operators that map the boundary conditions and the additional function

of interest, f, to the corresponding solution. And the additional NO input, f, will be

determined by the PDE of interest in Eq. (4.7) and fixed during the NOEM solving

process for each Q}\IOE.

We remark that the present work focuses on the case where NOEs take the Dirichlet
boundary conditions as inputs. Additionally, for some PDEs where the Dirichlet
boundary condition is insufficient, such as the biharmonic equation, the boundary

conditions as the input of NOs constructing the NOE should be modified accordingly.
In this chapter, given the translation invariance of the PDEs, the NOEM in our

numerical experiments requires only one single pretrained NO for each PDE, which can

be adapted to each specific Q}\IOE through translation. However, users can also include

multiple NOs for different Q}\IOE when these NOE-modeled subdomains care
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characterized by significantly different properties or geometry.

In order for the NOEM solution in Eq. (4.10) to be consistent with the theory of
PDEs and FEM, Eq. (4.10) is required to satisfy a regularity condition, such as C° or
C! continuities. Therefore, in principle, the hard-constraint NOs in Eq. (4.2) should
be used for NOEs. However, constructing them poses another computational challenge
and costs in general. If this is the case, standard NOs can be used, which yields
satisfactory performance in our numerical experiments. This resembles the

discontinuous Galerkin approach, which will be covered in future work.

4.4 Validation Examples

In this section, ten examples in four groups are conducted to validate the
performance of the proposed NOEM. For pedagogical purposes, the first example
presents a simple ODE problem to illustrate the implementation process of the NOEM.
The second example demonstrates the potential of the NOEM in addressing multi-scale
problems and illustrates its scalability via the strong linear correlation between NO
performance and NOEM accuracy. The third example is designed to illustrate the
reusability of the NO models within the NOEM. Additionally, Example 3 also
demonstrates the computational efficiency and scalability of the proposed method on
two-dimensional problems. Finally, Example 4 investigates different types of Darcy
flow problem, showcasing the ability of the NOEM to handle both linear and nonlinear
problems. The illustrated features of the proposed NOEM and example results are
summarized in Table 4-1. And certain details for training NOs are included in Appendix

C.

4.4.1 Pedagogical example
To validate the performance of the proposed NOEM, a 1D elliptic ODE is analyzed.

The governing equation and boundary conditions are detailed as follows:
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d(k()du)—o €q
dx xdx_' x ’

u(x)=0, atx =0, (4.12)
du_01 tx =3
7z = 0L atx = 3.

(1 for x € [0,1) U (2,3]
k() = {k’(x) for x € [1,2]
where Q =[0,3]; and k'(x) is the coefficient function selected as different nonlinear

functions in this example.

For the interval [0,1) and (2,3], we can use only one conventional 1D linear FE
for each interval to accurately recover the solutions. However, for the middle segment,
x € [1,2], the conventional FEM requires a dense mesh to accurately recover the
solution. Thus, for the first and last segments, only one conventional 1D element is used
for each segment. As shown in Figure 4-2A, two different modeling methods are used
for x € [1,2] as follows: (1) the conventional FEM using 100 FEs; and (2) the

proposed NOEM using one NOE formulated through the pretrained NO model.

This example is designed to provide a simple example to illustrate the
implementation process of the proposed NOEM for pedagogical purposes. Here, k'(x)
is defined as a quadratic function, k'(x) = 1 + 3(x — 1)(x — 2). To model the middle
segment, x € [1,2], a DeepONet is trained to approximate the mapping from the

Dirichlet boundary conditions of the following PDEs to the corresponding solutions as:

—(k'(x)—=) =0, forxe€[1,2],
dx dx

ug(x) =ugq, atx=1,
ug(x) =up,, atx=2.

G: Uayor ™ Ug
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where uq . = {up1,ug,} denotes the boundary condition.

|_>x 100 FEs

0 .1\ %- 3
| X One conventional FE
0 1 | 2 3
One NOE
B C

0.9 1 1.8
2 0.6 iz 9
0.3 0.6
044 __ M 030 __ rem
-—- NOE ——- NOE
= 0.2 1 0.15 1
[Relative L2 error: 0.82%]

2 o,
0.0 - /[RelatlveL error: 0.13 /a 0.00 L - l : :

1.6 2.4 0.0 0.8 1.6 2.4
X X

Figure 4-2 Modeling methods and analysis results in Example 1: (A) Two modeling
methods used in Example 1 are plotted in the left side. The first and last segments (the
black lines) are both modeled by one conventional 1D linear FE. The conventional FEM
and the proposed NOEM use 100 elements and one NOE to model the middle segment,
respectively. The comparison results in Example 1.1 and Example 1.2 are plotted in (B)
and (C), respectively. The coefficient functions, k, and the solutions from different

methods are visualized in the upper and lower subplots, respectively.

Accordingly, the NOEM only requires four DOFs to model the domain as: ¢ =
{u;}3_y, where u; corresponding to the values at the mesh points, x = {x; = i};_,
(illustrated as blue dots in  Figure 4-2A). {uy,u;} and {u,,uz} represent the

element DOFs for the conventional FEs modeling the first and last segments,
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respectively. {uy,u,} corresponds to the DOFs for the NOE, which also serve as the
input, uq ., to the branch net when formulating the NOE using the pretrained
DeepONet. More specifically, according to Eq. (4.10), the NOEM represents the

solution as:

q(x;¢) = P1E(x; ap) + $1O%(x; B1) + 5E (x; @)

where aq = {ug,uq} and a, = {u,,u3} are the coefficients parametrized the FE
representation; and f; = {u;,u,} parametrizes the NOE representation. And ¢iF,
YE, and ¢NOF can be given as

(u; —ug)x +u, forx € QrF
EE(x; al) = ! 0 0 FE !
0 forxeQ\Q

(uz3 —uy)(x —2) +u, forx € QLF

FE (.. _
$2"(x; @) { 0 forx€Q\ QEF

SE( By) = G[B1](x) forx € QYOF
0 forx €0\ QNF
where QFF, QFF and QYOF are [0,1], [2,3], and [1,2], respectively.

The comparison results are presented in Figure 4-2B. It can be found that the
NOEM can achieve great accuracy with only around 0.1% relative error even when
using only one NOE to model the middle segment with the nonlinear coefficient

function.

Then, we further test the proposed method on Eq. (4.12) with k'(x) generated

from a Gaussian process (GP) expressed as:
k'(x) = exp(v(x))

v(x) ~ QP(O, kl(x,x’))

1/x—x"\
kz(x.x’)=—§< i )
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where GP denotes a GP with the kernel function k;; and [ is the correlation length

equal to 0.3.

To formulate the NOE, a MIONet, G:k',uq . ~ ug, is trained to approximate

the solution of the following ODE as:

e k, X _g = 0 fOI X € 1 2
l ( ) l ’ [ ) ]

ug(l) = U1, ug(Z) = Upp
k'(x) = exp(v(x)), v(x)~ GP(0,k;(x,x"))

The FEM and the proposed NOEM are employed to compute the solution, whose
modeling approaches maintain the same as plotted in Figure 4-2A. The generated k'
is plotted in Figure 4-2C with the comparison results of 0.82% relative error, which

further showcase the performance of the proposed method.

NO prediction NOEM
1 T T T T T T T T 1 T T T T T T T T

5 I < Correlation length § i Curre]z?lifm length
E 0.1 of training data 5 o1d . of training data ]
; i : D oq ¢ :
% I N
= ool I g ; : . : s 1 ) £ I ¥ &
5 ! ; g 3 5 oo 1 ,M——-é———r——!.——— 4
= — = bl . H ¥ i
3 T4 fﬂ—L‘i 3 'f IS S S
R 0,001 1 I 4 F

T T ‘ T T r T T 0.001 . T . T T T T T

0.1 02 03 04 05 06 07 08 0.1 02 03 04 05 06 07 08

Correlation length of testing data Correlation length of testing data

Figure 4-3 Error analysis for the NOEM: The left subplot shows the relative L? error
from the direct prediction using the trained MIONet. The other subplot illustrates the

relative L2 error from the NOEM.

Further tests are conducted to explore the relation between the accuracy of the

NOEM result and the associated NO models. A comparison between the NO model
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performance and the NOEM accuracy is performed. The trained MIONet is directly
employed to predict the solution of Eq. (4.13) with k' generated from the GP of
varying correlation length in the range of [0.1, 0.8]. Concurrently, the NOEM is
employed to obtain the solution of Eq. (4.12), where another group of k' is also
generated from the GP with different correlation lengths. For each correlation length,
20 samples are collected independently to evaluate the performance of the NO and the
NOEM, respectively. The results from the direct prediction and the NOEM are
demonstrated via the relative L? error compared to the FEM solutions, as shown in
Figure 4-3. Both the NO prediction and the NOEM demonstrated a similar trend: the
relative L? errors decrease as the correlation length increases up to 0.3, and stabilize
for [ > 0.3. Such correlation between the direct prediction error and the NOEM error
demonstrated in Figure 4-3 indicates that the NOEM accuracy can be guaranteed by

only ensuring the NO performance on small elementary domains.

4.4.2 1D multi-scale problem
In this example, the performance of the proposed NOEM is evaluated through the

analysis of two 1D multi-scale problems.
Example 2.1 - Multi-scale coefficient function

A 1D problem with multi-scale coefficient functions from [243] is revisited here.

The problem is detailed as follows:

_;_x<a (f) Z_I;) = f(x), x€[0/1],

€

a(Z) = 05 xsin (2n7) + 08, (4.14)

u(x) =u,, atx=0,

u(x) =u,, atx=1.
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where u; =u, =0, f(x) =0.5,and € = 1—16.

Ao B Cc xwo
0.5 .
M B ’
0.05 0.0 e
12 P

=054 f Lot

ool FM_ N\ A | ey
- o® /’,//Q'
0.10 5] .~
w 051 Eos . 20
0.05 ) = o0 : it . °
= NOEM using G 3 NOEM using G E . ,./
0.00 Relative L2 error: 0.93% 051 Relative L? error: 1.92% =] ° ey
] 7 : r . : T T . T . " — = o %
04 F, ®
0.10 054 L) o’
0.0 NOEM using Gy, 00 NOEM using Gy ,’-
Relative L* error: 0.006% ~05 1 Relative L? error: 0.47% 0.0 ¥ y
0.00 1 T T T T T T T T T T T 0.0 08 16 24
0.0 02 0.4 0.6 0.8 10 0.0 0.2 04 08 0.8 Lo x107%
x x Model error on test dataset

Figure 4-4 Comparison results of Example 2.1: (A) and (B) demonstrate the comparison
results with respect to solution values and derivative values, respectively. The ground
truth computed from the FEM is plotted in the top subplot. The results from the NOEM
using the vanilla DeepONet, G, and the hard-constraint DeepONet, G,., are plotted in
the subplots at the middle and bottom, respectively. Additionally, 80 different G, are
trained with different settings. (C) visualizes the performance of each NO on the test
dataset and the analysis error of the NOEM when using the corresponding model.

Model performance is represented by the mean relative L? errors on a test dataset of
100 samples from [0, %], shown on the x-axis. Similarly, the NOEM accuracy for

different NOs is depicted through the mean relative L? errors on Eq. (4.14), using 100

different boundary conditions, with results shown on the y-axis.

The proposed NOEM is employed to compute the solution of Eq. (4.14). To
implement the NOEM, a DeepONet, G, and a hard-constraint DeepONet, G, are

trained to approximate the solution of the following PDE:s:

j—x<a (g) %) - fx), x€ [0, %],a (g) = 0.5 x sin (2n g) 408, (415
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u(x) =ug;, atx=0u(x)=u, atx=1
1
u(x) =up,, atx= g

g or g/w: uQNOE g UQ

where wq . = {up1,up,} is the boundary conditions, which is also served as the

branch net input of the DeepONet, G and Gg..

In the proposed NOEM, the domain of [0,1] is divided into 8 NOEs of length in
%. The ground truth from the FEM and the solutions computed from the proposed

NOEM using two different NO models are compared in Figure 4-4A-B. The NOEM
using different NO models both yield accurate results for this multi-scale problem with
respect to both the solution value and the derivative value, further indicating the
robustness of the proposed method. Next, we illustrate the relationship between the NO

performance on the test dataset and the accuracy of the NOEM solution.

We trained 80 DeepONets with hard constraints, randomly varying the width and
depth of the subnets in the DeepONets, as well as the training sample size. Each NO's
performance is evaluated using a standard error metric—the mean relative L? error—
calculated on a test dataset comprising 100 samples from Eq. (4.15) with ug 1, ug, ~

U(=0.1,0.1).

Additionally, the corresponding NOEM accuracy for each NO is assessed by the
mean relative L? error of the solution of Eq. (4.15) with 100 boundary conditions
randomly sampled from u,,u, ~U(—0.1,0.1) . The relationship between the
performance of each DeepONet and the corresponding NOEM accuracy is illustrated
in Figure 4-4C. A strong linear correlation with R? > 0.75 between NO performance
and NOEM accuracy is observed, providing a convenient means to estimate NOEM
accuracy using a commonly adopted NO performance metric. Moreover, these results

indicate that ensuring NO performance on a small elementary domain is sufficient to
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guarantee the accuracy of the NOEM solution across the entire larger domain, implying

the scalability of the proposed method.

Example 2.2 - Multi-scale source term

Another multi-scale problem is also investigated here, whose setup can be detailed

as:

du du o, forx € [0.10]
2 T dx f(x), forx ,
u(x) =0, atx=0, (4.16)

u(x) =0, atx=10.

where f(x) = (x mod 1)(1 — x mod 1).
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Figure 4-5 Comparison results of Example 2.2: (A) The ground truth from the
FEM. (B) The results from the NOEM using 10 NOEs (nyor = 10). (C) The results
from the NOEM using 8 NOEs (nyog = 8). (D) The results from the NOEM using 4
NOEs (nyog = 4). (E) The results from the NOEM using 2 NOEs (nyor = 2). The
employed mesh configurations for different ny,g are randomly chosen and illustrated
via the color. For instance, the subplot at the left bottom corner of (E) represents that
[0,1] and [9,10] are modeled by the NOEs and the rest domains are modeled by the

conventional FEs.
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A DeepONet is utilized to approximate the mapping between the boundary

condition and the solution corresponding to the following PDEs:

2
_d 'U,g-I_dU,g

a2 T ax f(x), forx €[0,1],

ug(x) =up,, atx =0,
ug(x) = up,, atx=10.

G: Uayor 7™ Ug

where uq . = {up1,up,} represents the boundary condition and serves as the

branch net input of the pre-trained DeepONet.

For the implementation of the NOEM, the domain [0,10] is divided into 10
segments as: {[i,i + 1]};_,. Within each segment, two modeling strategies are
deployed: (1) 100 conventional FEs per segment, and (2) one NOE per segment. The
quantity of deployed NOEs, denoted as nygg, varies from 2 to 10, with different
configurations of NOE meshes tested for each nyqg. The comparison results in Figure
4-5 suggest that the accuracy of the NOEM is relatively robust to variations in the
location of the domains modeled by the NOEs, illustrating the insensitivity to mesh

configuration within the modeled domain.

4.4.3 Heat transfer on complex geometries with varying scales

Several two-dimensional heat transfer problems defined on different geometries
with varying scales are investigated here to validate the computational efficiency and
model reusability of the proposed NOEM. The governing equation of the heat transfer

problem is formulated as follows:
—V - (KVu(x,y)) =0 for (x,y) €Q (4.17)

94



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

where K denotes the thermal diffusivity, which is chosen as 1.0; and () represents a

rectangular area that includes single or multiple circular openings.
Example 3.1 - Rectangular area with single hole

We investigate the heat transfer problem in a rectangular domain with a central

circular opening. As illustrated in Figure 4-6A, the domain for Eq. (4.17) is defined as:
Q=0;\Qc

where Q; =[0,1.6]% is a rectangular area; and Q; = {(x,y) | (x — 0.8)? + (y —

0.8)% < 0.15%} denotes the central circular area with a radius of 0.15.

Two different boundary conditions are investigated here. In the first boundary
condition, the Dirichlet boundary conditions are randomly chosen from v ~ GP with
a correlation length equal to 0.3, which are applied to the left and right boundaries of
the rectangular area, T = {x € {0,1.6} and y € [0,1.6]}. For the remaining boundaries
of (1, zero-Neumann boundary conditions are employed. Thus, this first boundary

condition, named Boundary Condition 1, can be written as:
u(x,y) =v(x,y) for(x,y) €T,

(4.18)
Opu(x,y) =0 for(x,y) €0Q\T
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Figure 4-6 Heat transfer analysis on the rectangular area with single hole: (A) The
domain of the problem is illustrated in the left subplot, where the gray area and the
green areas denote the central circular opening, Q., the domain modeled by the NOE,
(g, respectively. The meshes used in the FEM and the NOEM are visualized in the
middle and right subplots, respectively. (B) and (C) illustrate the comparison results for
Boundary Condition 1 and Boundary Condition 2, respectively. In addition, the upper

and lower rows in (B) and (C) represent the comparison results about the solution values,

ou

P respectively.

u, and the derivative values,

Except from Boundary Condition 1 described in Eq. (4.18), another set of
96



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

boundary conditions, referred to as Boundary Condition 2, is also investigated and can

be given as:
u(x,y) =1, forx=0,

u(x,y) = =1, forx = 1.6, (4.19)

Opu(x,y) =0, for(x,y) €90Q\T.

The meshes generated for the FEM and the NOEM are depicted in Figure 4-6A.

Two NOs, including a vanilla DeepONet (G) and a hard-constraint DeepONet (G.),

are trained and employed to map the Dirichlet boundary conditions to the solutions over

Qg as:
GorGp: u|ang = Ug
—V - (KVu(x,y)) =0 for (x,y) € Qg

ug(x,)’) = u|an(x,)’) for (x'Y) € aﬂ’g'

Opug(x,y) =0 for (x,y) € 004 \ 09,

where Qg = Q' \ Q¢ denotes the domain modeled by the NOE (see the green area in
Figure 4-6A; and Q¢ = [0.4,1.2]* is a rectangular area.

GorGpe: u|ang = Ug
-V (KVu(x, y)) =0 for(x,y) € Qg,
ug(x,y) = ulggy(x,y)  for (x,y) € 00y,
Onug(x,y) =0 for (x,y) € 9Qg \ an'g,
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where Qg = Q' \ Q¢ denotes the domain modeled by the NOE (see the green area in

Figure 4-6A; and Q¢ = [0.4,1.2]* is a rectangular area.

Comparisons between the FEM and the proposed NOEM with respect to both the
solution values, u, and their derivatives, Z—z, are visualized in Figure 4-6B-C. The

proposed method demonstrates great accuracy in approximating both solution values
and derivatives, thereby affirming NOEM’s capability in simulating objects with

complex geometries using a coarse mesh.
Example 3.2 - Rectangular area with multiple holes

In this example, we further investigate the proposed method for the heat transfer
analysis of a rectangular plate featuring multiple holes (as visualized in Figure 4-6A)
to demonstrate the efficiency and scalability of the NOEM. The employed boundary
conditions are similar with the one in Eq (4.19), where the Dirichlet boundary
condition is randomly generated and applied to the left and right boundaries, while the
zero-Neumann boundary condition is employed on the remaining parts of the boundary.
To elaborate the rectangular domain with multiple holes, Q in Eq. (4.17) can be

defined as follows:
0= Qn \ -QC,n

where n represents the row and column numbers of holes; Q, = [1.5n,1.5n]? a
square region that scales with n; (., denotes the combined area of the circular holes,

which is given by:
Qcn = {0, MI(x—({E—0.5) % 1.5)%+ (y — (j — 0.5) x 1.5)? < 0.15%Vi,j: 1 < i,j < n}

First, the rectangular area containing 3 x 3 holes (n = 3) is investigated. The mesh
size for the FEM is similar to the one used in Example 3.1. The mesh employed in the

NOEM is visualized in Figure 4-7A. The DeepONet without the hard-constraint trained
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in Example 3.1 is directly reused here to formulate the NOEs without additional tuning
or training. Comparative results between the FEM and the NOEM are presented in
Figure 4-7B. The NOEs, directly formulated with the previously trained vanilla
DeepONet, G, demonstrate accurate results, underscoring the model reusability within

the proposed NOEM.

Subsequent tests were conducted to assess the robustness and efficiency of the
NOEM. The domain scalers, n, representing the hole numbers at each row and column,
were varied from 2 to 10. For each configuration, 20 boundary conditions were
randomly generated and analyzed. The relative L?> errors of the NOEM are
summarized in Figure 4-7C, illustrating stable performance across different n values,
which indicates its robustness and scalability for problems of varying scales.
Additionally, the average computational costs of the FEM and the NOEM are presented
in Figure 4-7D, where around 14 times improvement in the computational speed is

observed, indicating the efficiency and scalability of the NOEM.
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Figure 4-7 Heat transfer analysis on the rectangular area with multiple holes: (A) The
configuration of the rectangular area containing 3 X 3 = 9 holes is plotted in the left
side. The mesh for the NOEM, where the boxes outlined by the green dots are the
domains modeled by the NOEs, is visualized in the right subplot. (B) The comparison
results for the heat transfer on the rectangular area with multiple holes are visualized.
The relative L? error of the NOEM equals 1.6 %. (C) The curve of the relative L?
errors versus the hole numbers is plotted. (D) The average computational times for the

rectangular area with different holes using different methods are visualized.
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4.44 Darcy flow with complex permeability fields
In this example, we revisit the Darcy flow problem on a rectangular domain. The

problem is formulated as follows:
—V - (K(x,y)Vu(x,y)) =0 for (x,y) € Q;
u(x,y) =v(x,y) forx=0andx =2
K(x,y)0,u(x,y) =0 fory=0andy =2

where Q; = [0,2]? is a rectangular area; u denotes the pressure; v is a function
representing the Dirichlet boundary conditions; and K(x,y) is the permeability field

defined as:

1 for (x,y) € Q;\ Q,

KCx,y) ={ K'(x,y) forx € Q,

in which, Q, = [0.5,1.5]2.

Accordingly, four types of permeability fields are investigated in Examples 4.1 to

4.4 as follows:

Continuous permeability field:
K'(x,y) = exp(w(x,y)), w(x,y) ~GP (O, ki ((x, ), (x’,y’))) (4.20)
where GP (0, kl((x, y), (x', y’))) is a GP with a correlation length equal, [, to 0.3.

Piecewise constant permeability field:

3 forw<0

K'(x,y) = {12 forw >0 @21)
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Figure 4-8 Darcy flow with different complex permeability fields: (A) The domain of
Darcy flow problem is plotted at the left side. The meshes for the FEM and the NOEM
are visualized in the middle and right subplots, respectively. (B) Comparison results
considering the continuous permeability field. (C) Comparison results considering the
piecewise constant permeability field. (D) Comparison results considering the

permeability field parameterized by elliptic shape. The shape parameters for the elliptic

shape are: a =0.4,b =0.15,and 0 = z, (E) Comparison results considering the
4

nonlinear permeability field
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Permeability field parameterized by elliptic shape

1 for (x,y) & Qg

K'(xy) = {1000 for (x,y) € Qp

0, ={(x,y) i [(x—l)cos@:(y—l)sin9]2+ [—(x—l)sin@b-l- (y—l)cos@]2 < 1}

(4.22)
where (p is an elliptic area characterized by a, b, and 6.
Nonlinear permeability field:
K'(x,y) = ; + 0.1 (4.23)
lux, y)I

The FEM is utilized as the benchmark solution to solve the Darcy flow problem
ona 40 X 40 mesh. In the proposed NOEM, the entire region (1, is modeled using
a single NOE. The mesh configurations for both the FEM and NOEMs are depicted in

Figure 4-8.
Continuous permeability field

In this section, we investigate the continuous permeability field as defined in Eq.
(4.20). The Dirichlet boundary condition here is randomly chosen from a GRP with the
correlation length of 0.3, v ~ GP. To facilitate the NOEM, a MIONet is employed to

approximate the solution of the following PDE:
-V (K’(x, y)Vug(x, y)) =0 for(x,y) € Qg

ug(x,y) = ulaq,(x,y) for (x,y) € 99g
where (g = [0,1.0]? is a rectangular area; and K'(x,y) is defined by Eq. (4.20).

The MIONet is trained to learn the mapping from the combined inputs of boundary
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conditions and the permeability field to the pressure field as follows:

G: (ulaag K') = ug (4.24)

The generated permeability field and the comparison results between the FEM and
the NOEM are plotted in Figure 4-8B. The relative L? error of the NOEM is

approximately 2%.
Piecewise constant permeability field

The Darcy flow problem with the piecewise constant permeability field is

investigated here. The boundary condition, v, here is also generated from the GRP of
the correlation length equal 0.3. The employed MIONet, G: (UIan, K ’) P Ug, is also

constructed according to Eq. (4.24) while the permeability field, K', follows the
piecewise constant definition given by Eq. (4.21). The corresponding permeability
field and the comparison results between the FEM and the NOEM are presented in

Figure 4-8C, where the relative L? error of the proposed method is smaller than 2%.
Permeability field parameterized by elliptic shape

The permeability field in this example can be parametrized via the shape
parameters of the elliptic areas in Eq. (4.22). The Dirichlet boundary conditions at the
left end and at the right end are selected as the constants, v(0,y) = 2.5 and v(2,y) =

—2.5, respectively. Accordingly, a MIONet is trained to approximate the operator G

mapping the boundary condition, u| 994 5 and the elliptic shape parameter, 6 =

{a, b, 8}, to the pressure field as:

G: (uIan,B) P Ug

The comparison results between the FEM and the NOEM when taking a =

0.4,b =0.15,0 = % is provided in presented in Figure 4-8D, where the similar dents
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around the elliptic area are observed in the solutions from different methods.
Nonlinear permeability field

We further investigated the Darcy flow problem with the nonlinear permeability

field in this example. The boundary condition, u|, Qg> is generated from a GRP, whose

the mean value and the correlation length equal to 5 and 0.3, respectively. Here, a
DeepONet is trained to approximate the mapping between the boundary condition to

the corresponding solution of the PDE defined as follows:

G:ulaq,; » ug
-V (K’(x, y)Vug(x, y)) =0 for(x,y) € Qg

ug(x,y) = ulaq,(x,y) for (x,y) € 99

where Qg = [0,1.0]? is a rectangular area; and K’ is the nonlinear permeability field

defined by Eq. (4.23).

The FEM results and the NOEM results are both plotted in Figure 4-8E. The
relative L? error of the NOEM is around 0.5%, indicating the robustness of the

applicability of proposed method in solving nonlinear PDE problems.

Appendix A - Mesh-based Auxiliary Functions for Hard-Constraint
Neural Operators

The hard-constraint method serves as an effective tool for implementing both NOs
and PINN. However, applying hard-constraint can be challenging for some PDEs
defined on complex two-dimensional or three-dimensional domains, primarily because
it is difficult to analytically formulate auxiliary functions. To address this, various
efforts have been made to construct these auxiliary functions. For example, Sheng and

Yang [244] utilized spline interpolation to construct the function a, thereby enabling a
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penalty-free PINN for second-order boundary-value problems on intricate geometries.
Moreover, Sukumar and Srivastava [245] proposed a method to construct a using R-
functions based on distance fields, which further ensures the differentiability of the

auxiliary function.

Although these approaches to formulate the auxiliary functions in Eq. (4.2) for
complex geometries have shown promising results in past studies, such as in [110], they
are predominantly developed for PINN rather than operator learning. Consequently,
these studies focus primarily on constructing the function «, and taking B, = g asthe
boundary condition, under the assumption that g can be easily represented. However,
when considering an NO with varying boundary conditions, such as G: g = u, where
g and u represent the Dirichlet boundary condition and the corresponding PDE
solution, respectively, the formulation of B, might not be straightforward. In practice
and our NOEM, the boundary conditions g are often parameterized by the sensor
values, g = {g(&;)}%,, whose sensor locations are [ := {§; € dQ}[%;. In these cases,
formulating the auxiliary function B, can be challenging, as g are not analytically

given but only expressed through discretized sensor values.

In the present work, we propose a novel method to construct B, for the hard-
constraint NO using piecewise polynomials as B, = py. Let's consider the PDE
defined on QO with the boundary condition given in Eq. (4.1). To enforce the NO

compliant with Eq. (4.2), the auxiliary function in Eq. (4.1) should satisfy
Bg(&) =g(§) forg er (4.25)

We assume that the domain () can be discretized into a mesh . On this mesh,
we can define a piecewise polynomial, Ps.(+; Nyq, Ng), which is constructed based on

the nodal values at the mesh nodes. Specifically, Nyq contains the values of the nodes

located on the boundary y?¢ := {E?Q € aﬂ}f;, and N includes the values at all other

nodes situated strictly within the domain, denoted by y® := {E? € Q}Ii\ii. To satisfy Eq.
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(4.25), we first align the nodes in H on the boundary with the sensor locations

parametrizing the boundary condition asy?® = T'. Then, we can construct pg as

py () = Py(;Nag = g, Ng = N (g))
where V:R™ - RM could be an mapping from g to the nodal values on y%.

. .. cq . M
For simplicity, one could set all nodal values within the domain, {E?}izl, to zero

as N (g) = {0},. However, in this chapter, we adopt a different approach to construct
NV . First, we train a NO without the hard-constraint to map from the boundary condition

to the solution as Gy: g = u. Subsequently, we define N as follows:

N(g) = {GLlgl(E}) | & e y}L,.

In NOEM, to ensure continuity of the NOEM solution, we employ the same types
of piecewise polynomials for f; and the FEs in the NOEM. Furthermore, we align the
sensor locations of the hard-constraint NO with the mesh node locations in the NOEM
on the interface between the domains modeled by the conventional FEs and the NOEs.

This alignment guarantees the continuity of the NOEM solution across the interface.

Appendix B - NOEM Implementation
This section provides implementation details for both the NO training and the

NOEM solving processes.

The employed NO, G; that constructs the NOE defined on Q}\IOE, is trained to

approximate the operators mapping from the boundary conditions to the corresponding

solution of the PDE in Eq. (4.9):

gi-:u|aﬂrj§10E U Q}oE, Vj € INOE-

Let T; == {x,ij )}}cnzl c 6Q}IOE be a set of m points and consider
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o ()
. ]
@ or = : € R™

U, NOE
IO
J ) @)
Ugoe (xr’)

which is a discretization of ulggNOE. Similarly, u|g1)v01~: is the solution of the PDE in
J J

Eq. (4.9), obtained when considering the boundary condition ulg?lNOE- ulgl)«)E is
j J

defined based on a set M; C QJNOE of discretization points to represent ulgl)qOE,
Jj

which could be obtained from the conventional numerical solvers. A popular loss

function is the mean squared error defined by

N
1 ) o2
£©) =5, 6 [u5ages] () - iz
i=1
where 6 denotes the collection of the trainable parameters of §; ; and

G; [u(i) NOE] (M]) is the collection of {g,,. [u(i)NOE] (x)} .
2] 04 XEM;

Then, the NOEM solving process using the pre-trained NO, G, is illustrated. We

assume that the functional / can be written as
el = [ Flulods (4.26)
Q

where F is an appropriate operator associated with the PDE in Eq. (4.7).

Using the representation in Eq. (4.10), the energy functional can be written as:

NlaGor=" | FlelFGaled+ D [ Fle} ()]

i€lgg i j€INnoE 7T

For numerical implementation, we apply numerical quadrature rules to

approximate the integral terms involving NOEs, which gives
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JlaG; 0l = 2f ¢fE( O(J](X)dx-l— z IEWS(DF[q)?IOE('; B])] (Zs(j)) ’

LE€lpg € JEINOE L s

(J)

where {z; S(j )} is a quadrature rule for the domain Q}\IOE.

Newton's method is then employed in the present work to solve Eq. (4.11). In
Newton's method, the solving process relies on the Hessian matrix and gradient vector
of J[q(:; ¢)], which could be assembled by the Hessian matrix and gradient vector of

the energy norm of each element as

JI6FEC )] = fQFEF[ﬁE(-:ai)](x)dx. T3 (8] = [Z wi F[9)F (5 8)] (2”)

FE — aj[d)fE(' ai)] FE agl (O( )
g;i (o) = —aai , k(o) = EP
gYE(B)) = o] [q)]aﬁj( BJ)], KNOE(B,) = ](B;)

where g and k represent the gradient vector and Hessian matrix of different elements,

FE

;i and ¢NOE respectively.

Since ¢!t are commonly expressed explicitly, the gradient vector gtt(a;) and
the Hessian matrix k!®(a;) can be derived in closed form. Conversely, given the

complexity of the NOs, G;, automatic differentiation (AD) is utilized to compute

g;°"(B;) and k5"(B;)-

Subsequently, the overall gradient vector G(c¢) and Hessian matrix K(c) of
Jlg(:;¢)] are assembled from these individual components. The assembled G(c) and

K(c) can be employed in Newton's method to solve Eq. (4.11).

Although the NO inputs in our study are expressed using sensor values at the NOE

mesh grid points (illustrated by the green dots in Figure 4-1A), alternative discretization
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methods could also be utilized. We continue to represent the boundary conditions
parametrized by the sensor values at the mesh nodes as ; and denote the alternative

representation of interest as 3.

When employing alternative representation, the gradient vector gI}IOE(B j) and

Hessian matrix k}\IOE(B j) can be computed via leveraging the Jacobian matrix of

with respect to f3; as

a~ NOE o !
gyor(e) = T UL,
3B

ou (J)

TU):i a[B}]i
i dB;\ 9B; ’

where J; is the Jacobian matrix of B} with respect to the NOE mesh node value vector

NOE NOE(.. p! _
kNOE(B]) [ B (a] q)] ( B] ]]] Z Ia][(b]aﬁ,( ’ B])]l Ti(]):
J i

Bj; []; represents the i components of the vector; and Ti(j ) is the Hessian matrix

of [B}]i with respectto f;.

Appendix C - Training Details of Neural Operators

Here, we present some training details of the NO utilized in the numerical example.
The subnetworks employed can be classified into two types: (1) MLP, which comprise
three to four hidden layers, each containing 50 to 200 neurons; and (2) CNN models,
consisting of two convolutional layers with a kernel size of 5 and a stride of 2, followed

by two fully-connected layers.

For the training process, we employed the Adam optimizer with a learning rate of

0.001. The model performance is evaluated via the mean square error in the loss
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function. During model training, we set the maximum training epoch as 1,000,000 and
employed an early-stop criterion that terminates training if there is no improvement in
model performance within a span of 10,000 epochs. The training sample numbers are

set as 1,000 and 5,000 for the NOs employed for 1D and 2D problems, respectively.
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Chapter 5. RAMS: AN IMPROVED SAMPLING METHOD FOR
ML MODELS SOLVING PARTIAL DIFFERENTIAL

EQUATIONS

5.1 Introduction

Artificial intelligence (Al) has rapidly become an ubiquitous force, revolutionizing
various domains within scientific research and engineering applications [246-248].
Among these applications, predicting the solution of partial differential equations
(PDEs) using Al—referred to as AI4PDE—is attracting increasing attention from the
research community [249, 250]. This burgeoning field leverages machine learning (ML)
algorithms and models to address complex scientific challenges governed by the
underlying PDEs. In AI4PDE, researchers aim to develop models, denoted as Ny, that

adhere to constraints imposed by the underlying differential operators F , as

F[Nel(§) = 0.

The implementation of AI4PDE typically unfolds in three phases as illustrated in
Figure 5-1: (1) building model architecture, (2) collecting samples, and (3) training
model. To adhere to PDE constraints, the training paradigms of machine learning (ML)
models in AI4PDE are broadly classified into two categories: data-driven and physics-
informed (PI) methods. In the data-driven approach [251-253], samples and their
corresponding solutions, x and u(x), are generally collected from experimental tests
or numerical solvers. The loss function is then formulated based on the discrepancy
between the model predictions and the collected data samples. On the other hand, the
PI training method [80, 206, 208] formulates the loss function using the norm of the
physics residual, F[Ng](§), leveraging numerical differentiation, e.g., automatic or
finite differentiation, to calculate the derivative terms. Following the extensive
application of these training paradigms, various ML models have been introduced to
advance AI4PDE. The existing conventional ML models, such as the multi-layer

perceptron (MLP) and the long-short term memory (LSTM) [96, 254], has been broadly
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employed to predict the PDE solution as these ML models generally provide efficient
function approximation [255]. However, these models may underperform in some
complex scenarios, such as operator learning, where the models are required to
approximate mappings between function spaces [256, 257]. To address this, Lu et al.
[132] introduced a new ML model, the deep operator network (DeepONet), which
extends the universal operator approximation [133] to deep neural networks, thus
enhancing generalization. After that, extensive operator learning models have been
proposed, which can be generally divided into two types: (1) the DeepONet-type
models, e.g., MIONet [240], which are developed based on the separated basis
functions and coefficients structures; and (2) the kernel integral models that are initiated
from in Fourier Neural Operator (FNO) [137] and then extended to other operator
learning models, like Wavelet Neural Operator (WNO) [258] and Laplace Neural
Operator (LNO) [259]. Despite these advances in model training and architecture of
operator learning, the sampling process—an important component of AI4PDE
implementation—remains relatively underexplored and is mostly investigated only in
the physics-informed neural networks (PINN) where the models are only trained to

approximate PDE solution.

Both data-driven and PI training paradigms are fundamentally reliant on samples,
for either collecting data samples or computing physics residuals at sample points.
These training paradigms inevitably face a trade-off between the number of samples
and model performance. Utilizing more samples increases computational demands for
data collection and model training processes, while insufficient samples might
deteriorate model performance [128]. In response, certain study has been conducted on
developing efficient sampling and resampling methods that use fewer samples without
compromising performance. A notable contribution is the residual-based adaptive
refinement (RAR) method for adaptive sampling [206]. This technique strategically
selects collocation points in areas exhibiting large physics residuals, which are

indicative of regions that are insufficiently trained. Following RAR, similar adaptive
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sampling strategies, such as RAR-D [125, 260] and R3 [126], have been introduced to
target collocation points around areas with significant physics residuals. Beyond these
RAR-type methods, other adaptive sampling strategies for PINN have been developed
using importance sampling (IS) [127] to minimize the generalization error, where
collocation points are sampled according to the probability distribution aligned with the
physics residual [128-130, 261]. Despite the intent to reduce the variance in estimating
physics residual norms, these IS-based methods share a similar feature with RAR-type
methods as they are all designated to densely sample in regions with significant

residuals [126].

(1) Model (2] Sampling
Physics-informed Operator Collocation point Function
neural networks learning sampling sampling
8 9 00 ¥
O O v I:> § _g/._ ;‘r J,*#O ‘
®0j0® @i | [ ¥ adein|
x Trunk . s % ®as
OO cue) oW des| [v-gre K
T={y §eax[0T] T ={)L, &= %) * x
(4] RAMS (3] Model training
Move samples to maximize physics residual Physics-informed loss Data-driven loss

2 2
Lony = Y (FIul(€))” Laata = ) (ule) ~ul™t?)
£ « arg max Loy (65 &) f i
' Minimize loss via gradient-based optimizer

0 —arg mein L(e; T)

(§;is updated via gradient-based optimization using Vi Lppy)

Figure 5-1 Implementation process of ML model solving PDE problems.

Even though these methods with dense sampling around areas with large physics
residuals have been proven effective in many PINN for function approximation, they
are still less capable for high-dimensional scenarios, such as high-dimensional PDE

problems. In these cases, effectively sampling around areas with large physics residuals
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becomes computationally daunting due to the sparsity of the high-dimensional space.
Furthermore, given the operator learning commonly requires parametrizing the input
functions as high-dimensional vectors, none a feasible resampling strategy for operator
learning has been proposed according to our best knowledge. For instance, Wang et al.
[261] proposed a novel sampling method, DAS?, using a flow model to estimate the
physics residual distribution as the underlying sampling distribution for high-
dimensional problems. However, applying DAS? to operator learning problems for
dynamic systems still requires a prohibitively large number of function samples to yield
reliable results. This underscores the urgency for further development of more efficient

sampling methods tailored for AI4PDE, particularly in high-dimensional contexts.

As established, an effective sampling method should provide dense sampling in
regions exhibiting large residuals. However, current approaches predominantly rely on
generating a large volume of samples and strategically retaining them to areas with
substantial residuals. Thus, they are less effective for some high-dimensional problem
as locating areas with high physics residuals based on the estimations on the placed
samples could be challenging. To maximize the physics residual in high-dimensional
space, we introduce a powerful tool, the gradient-based optimization method (e.g.,
ADAM [262]), to move samples according to the adversarial gradient, V,{F[Ng](¢)}?,
for maximizing the physics residuals (as illustrated in Figure 5-1. Given
V. {F[Ngl(£)}? can be easily computed via the automatic differentiation [118], our
proposed Residual-based Adversarial-gradient Moving Sample (RAMS) method can be
conveniently implemented with those existing sampling method by maximizing the
generated samples using the gradient-based optimization. Instead of only implementing
for PINN, our proposed RAMS method is also applicable for operator learning problem
where the input functions are commonly parametrized via hundreds or thousands of
variables. Furthermore, the RAMS can also be implemented for data-driven problem
where it can lead to significant model performance improvement with the same amount

of training samples. The following observations have been made through extensive case
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studies employing RAMS:

*  Our RAMS method exhibits great compatibility with existing sampling approaches
for PINN, leading to an order of magnitude improvement in accuracy without
increasing the number of collocation points.

* The RAMS method substantially reduces the computational cost when applied to
solving high-dimensional problem.

e It performs stable improvement in accuracy for both PI and data-driven operator
learning problems with the same amount of the training samples.

The chapter is organized as follows. In Section 2, we briefly revisit the PINN,
operator learning, and several classical sampling and resampling techniques, based on
which the proposed RAMS method is presented. In Section 3, comprehensive tests are
conducted across a wide range of problems, including PINN, PI operator learning, and
data-driven operator learning, to demonstrate the effectiveness of the proposed

approach.

5.2 Methods

In this section, we first briefly introduce PINN to predict PDE solutions by
minimizing the loss function of physics residual. Then, the operator learning using
DeepONet is presented for both PI and data-driven training. Several sampling methods
in PINN are then discussed, based on which our residual-based adversarial-gradient

moving sample (RAMS) method is developed.

5.2.1  Physics-informed neural networks (PINN)

Consider the following PDE problem with the solution u

Flu](x,t) =0, for(x,t) € QAX][0,T],

Blu](x,t) =0, for(x,t) € 0Q x [0,T], (5.1)

u(x,0) = uy(x), forx €q,
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where F and B are the differentiation and boundary operators defined according to

the investigated PDEs; and u, denotes initial condition.

In PINN, a neural network Ng(%) is trained to predict the PDE solution, where
&= (x,t) € Qx[0,T] isthe spatial-temperate coordinate of the PDE solution. In this
study, the widely-used multi-layer perceptron (MLP) is employed, which is

parametrized as

No(§) =gmhegog"togo--aog'(d),
gi &) =wre+b, 6={W,b}-,,

where & := (x,t) € QX [0,T] is the input of the MLP, which commonly represents
the spatial-temperate coordinate of the PDE solution; o is the nonlinear activation
function, e.g., the hyperbolic tangent function in this work; n denotes the depth of the
MLP model; and 8 € R? is the collection of D trainable parameters of Ng that

contains all the weight matrix and bias vectors, W; and b;, in the linear map, g‘.

The PINN loss is defined based on the collocation points T = Tp,, U Tpc U Ji¢

as
L(O;T) = Lpny(8;T) + Lpc(8; T) + L1c(6;T),
Nphy
phy 2 phy Nphy
Loy @) = 50— > (FINIE™))  Tony = (6 € X O.TIZY
i=1

Npc (5.2)
1
Lac®T) = 5= (BINI(EF)) T = 7 € 00 x [0, TN,
i=1

Nic

1 N
£1c®:7) = 7= ) (M) ~wo(8)) T = i € 0 x oD,

where N is the number of the sampled collocation points. The optimal MLP

117



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method
parameters 6% are then computed by

0" = arg meinL (6;7),

which is commonly solved via a stochastic gradient descent method, , e.g., Adam [262].

5.2.2  Operator learning

The PINN described above solves the PDE problem using the MLP model, which
has been proven by the universal approximation theorem [85] that can provide a good
approximation for arbitrary functions when the appropriate model hyper-parameters are
selected. The original PINN is tailored for learning solutions of single given PDE
problems, limiting its boarder application. Hence, extensive study has been conducted
to include PDE parameters within the model input ¢, enabling the MLP can predict the
parametric PDE solutions after training [263-265]. However, when considering the
more complicated operator learning problem, this PIML paradigm relies on this
conventional ML models is sometimes less capable as it is limited by the MLP

expressive capability.

The MLP and other conventional ML models are generally designed to
approximate the function, a mapping between two finite dimensional spaces. However,
in the operator learning problem, the model should approximate the mapping between
two infinite dimensional Banach spaces, i.e., an operator § mapping a function to

another function as
G:v o,

where vcould be a function parametrizing the PDE problem, such as the initial

condition uy, and u could be the PDE solution.

Unlike conventional ML models, DeepONet was developed to address operator

learning problems. DeepONet approximates the operator using two networks, a branch
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net and a trunk net. The branch net takes a finite-dimensional representation of the input
function ¥ as the input (e.g., the function values at certain locations), and the trunk net
takes a spatial-temporal coordinate of the output function (x,t) € Q X [0,T] as the
input. Then, the value of the output function at the corresponding coordinate is

computed via the element-wise product of the output vectors of the two subnets as
n
GolvICr,6) = ) NP@IN{(x,0) + N,
i=1

where G is a DeepONet model parameterized by 0; {N} }?=1 and {N/}, are the

output features from the branch net and the trunk net, respectively; and N’ € R is a

trainable bias.

DeepONet can be trained using data-driven methods, whose loss function is

formulated based on pre-collected data samples. The data-driven loss function is

Ngata
1
Laaca(® = 57— > GalFdCet) ~w)?
ae =

where u; is the solution data of the input samples including both the function sample

v; and the spatial-temporal collocation point (x;, t;).

Similarly, the PI loss in Eq. (5.2) can also be applied to DeepONet by sampling
both input functions v and collocation points. For instance, training a DeepONet to
approximate the mapping from the initial condition to the PDE solution, G:u, = u,

the PI loss for the operator learning is

Nphy
1 _ph hy o\ hy N
Lony(8;T) = Nory Z (T [Qe[vf y]] (™, e )  Tony = (& y}i=p1hy'
i=1

where thy = (ﬁlp hy ,xlp hy, tlp hy ) represents a sample including both the input

function and coordinates. The BC loss Lg. and the IC loss L;- are computed
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similarly to those PINN losses in Eq. (5.2).

5.2.3 Sampling and resampling method

Despite extensive research in SciML, the development of sampling methods for
T mainly focuses on PINN and remains relatively limited for operator learning. A
commonly employed technique is random sampling, where collocation points are
uniformly randomly sampled over the domain. Beyond uniform sampling, quasi-
random low-discrepancy sequences like Latin hypercube sampling (LHS) and Halton
sequence sampling are also utilized to reduce sample variance, thereby leading to

improved accuracy [125].

Algorithm 5-1 Adaptive sampling for PINN

Initialize the model Ng;
Generate the initial samples T using a predefined sampling method;
repeat
Train the model for a certain number of iterations;
Update the samples 7 using the selected sampling method;
until the stop criterion is achieved

Train the model for a certain number of iterations.

Apart from non-adaptive random and quasi-random techniques, adaptive sampling
methods have been developed for PINN. The first adaptive sampling method is the
residual-based adaptive refinement (RAR) method [206], which initially samples some
collocation points and then, at each resampling stage, adds more points with the largest
PDE residuals into the existing collocation points. Then, a RAR with distribution
(RAR-D) sampling method [125, 260] is further developed, where the resampled
collocation points follow the distribution of the PDE residuals. To better distinguish
these two methods, the greedy RAR method in Ref. [206] is referred to as RAR with

greed (RAR-G) in the rest of this chapter. Daw et al. [126] also proposed a Retain-
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Resample-Release (R3) sampling method, where the resampled collocation points are
selected in a pattern similar to the evolutionary algorithm to aggregate them around the
area with large PDE residuals. For a comprehensive comparison of different sampling

methods for PINN, we refer the reader to Ref. [125].

In summary, these adaptive sampling methods typically update the initially
sampled collocation points after certain training epochs (Algorithm 5-1). Most of these
approaches are developed based on the IS, where new collocation points are sampled

according to a specially designed distribution, e.g., the PDE residual.

These IS-based adaptive sampling methods usually encourage the resampled
points congregated around areas with large PDE residuals \cite{daw2022r3,

zhang2025annealed}.

5.2.4  Residual-based Adversarial-gradient Moving Sample method

Method overview

Although existing sampling methods demonstrate promising performance in
various PINN applications, the study of high-dimensional PDEs and operator learning
problems is still limited, primarily because locating areas with large PDE residuals in
high-dimensional spaces is computationally demanding. To address this issue, we
develop a residual-based adversarial-gradient moving sample (RAMS) method by
leveraging gradient-based optimization techniques. RAMS effectively congregates
samples around regions with large PDE residuals by moving samples according to the

adversarial gradient direction.

RAMS can be seamlessly integrated with existing sampling techniques by
maximizing the PDE residual for the generated samples. In RAMS (Algorithm 5-1), we
treat the samples (collocation points in PINN or function samples in DeepONet) as

trainable parameters. These trainable samples are optimized to maximize Ly, via
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gradient ascent based on the gradient VE(T [Ne](E))Z. After optimization, when

necessary, the trainable samples are projected back to the original domain through an

appropriate projection technique 2.

For PINN, if the trained samples are outside the domain, a simple projection
method is to map the optimized collocation points to the nearest point on the domain
boundary. For operator learning, when input functions are generated from a Gaussian
random field (GRF) and parameterized using sensor values, we use the kernel
smoothing method [266] to smooth the trained samples after each training iteration.
This method utilizes the same covariance kernel function k as defined in the GRF to
preserve similar function continuity and smoothness. We illustrate the necessity of the

kernel smoothing method as the projector in RAMS for operator learning in Section 3.2.

To illustrate the employed kernel smoothing method, consider a function defined

as:
f:Q3x > yER,

where () represents the domain of the function. The function values are parametrized

at sensor locations by:

f=1f0a), fx2), s f O],

where f € R™ denotes the vector of sensor values parametrizing f, and x = {x; €

Q}i-, denotes the set of sensor locations.
The projection, P, using the kernel smoothing method is given by:
P)=KfOQK,

where K = [Kl-j] € R™™ represents the kernel matrix with K;; =k(xl-,xj)

computed via the kernel function; ) denotes element-wise division; and k' € R™ is
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a vector whose components are defined as:

T
Knjl -

n n
=1

n
k=Y Ky ) Koy

j=1 j=1 J

In addition to PINN and physics-informed operator learning, we also apply RAMS

to data-driven operator learning by guiding the collection of new data, which works as
an active learning strategy. Specifically, we first collect a small training dataset and then
progressively add new data points to the dataset. During each sampling stage, newly
generated input function samples are optimized to maximize the PDE residual through
RAMS. These new input samples are then processed by a numerical solver or
experiment to generate the corresponding ground-truth outputs to form new data points,

which are added to the training dataset.

Algorithm 5-2 Residual-based Adversarial-gradient Moving Sample method

1 for £€T do
2 Compute the gradient VgL, using automatic differentiation;
3: Update & with gradient ascent to maximize L,p, for ngapys iterations;
4 If needed, project & back to the sampling space by P ().
5 end for
RAMS for PINN

In this section, we choose several sampling methods to demonstrate how to
integrate RAMS for PINN. First, we apply RAMS to enhance three non-adaptive
sampling methods (Algorithm 5-3), including uniformly random sampling (Random),
LHS, and Halton sequence. For these non-adaptive sampling methods, we first generate
a set of samples and split it into two subsets before network training: a fixed set that
remains unchanged and a trainable set. At each resampling stage, we randomly pick a
subset from the trainable set and update it by RAMS, while keeping the fixed set

unchanged.
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Algorithm 5-3 Non-adaptive sampling method with RAMS for PI machine learning

A P RS A AR I >

[N
—- O

Initialize the network Ng;
Train the network for a certain number of iterations using T';
Partition " into a fixed set J; and a trainable set T;;

for i <1 to t, do

Train the network for n;,4i, iterations using T°;

Randomly choose a subset 7 < T, and denote the remainder as 75;
Update 7 using RAMS;

Update the trainable set: T, « T U T5;

Update all samples: T « 73 U T5;

end for

Train the network for a certain number of iterations using T'.

Algorithm 5-4 RAR (RAR-G or RAR-D) with RAMS for PI machine learning

N

AN AN

10:

Initialize the network Npg;
Sample the initial samples T of size n;,; using the selected sampling
method;

for i <1 to t, do

Train the network for n;,4i, iterations using T';

Randomly generate M samples to form Ty;

Select m samples from Ty to form T using one of:

RAR-G: Choose the m samples with the largest PDE residuals in Tj;
RAR-D: Sample m points from J; according to the probability density

function (PDF) proportional to the PDE residual as p(§) « (T [No] (E))z;

Update T using RAMS;
Update all samples: T « T U T;

end for

Train the network for a certain number of iterations using 7.

Algorithm 5-5 R3 with RAMS for PI machine learning

1:

Initialize the network Ny;
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Sample the initial samples T using the selected sampling method;
for i <1 to t, do
Train the network for n;,,;, iterations using T;

Compute the PDE residuals for the samples in T';

2
3
4
5
6: Compute the threshold Tt as the average PDE residual;
7 Select the samples 7 with the PDE residuals larger than T;

8 Update 7 using RAMS;

9: Randomly generate a new set of samples T of size |T'| — |T;
10: Update all samples: T « T, U T;

11: end for

12:  Train the network for a certain number of iterations using 7.

We then describe the integration of RAMS with three adaptive sampling methods:
RAR-G, RAR-D, and R3. In RAR (including both RAR-G and RAR-D) with RAMS,
new samples added at each resampling stage are treated as trainable and updated by
RAMS (Algorithm 5-4). In contrast, R3 does not add points near high-residual regions;
instead, it retains the points with the largest residuals at each stage. In R3 with RAMS

(Algorithm 5-5), these retained points are trainable and updated by RAMS.

RAMS for operator learning

Similar to PINN, we also apply RAMS to physics-informed operator learning with
random sampling and RAR-G. The workflow follows Algorithm 5-3 and Algorithm 5-5.
The only difference is that in operator learning, we use GRFs to randomly sample input
functions parametrized by sensor values. Moreover, the kernel smoothing method is

utilized as the projector in the RAMS method.

Algorithm 5-6 RAR-G with RAMS for data-driven operator learning.

l: Initialize the network Npg;
2: Collect n;,; input functions with the corresponding outputs to form the
training set J;
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3: for i <1 to t, do

4: Train the network for n;,,;, iterations using T;

5: Randomly generate M input functions to form V;

6: Select the m input functions from V with the largest PDE residuals to
form V;

7: Update T using RAMS;

8: Compute the outputs for 7 to build a new training dataset T

9: Update the training dataset: T « T U T;

10:  end for

11: Train the network for a certain number of iterations using 7.

In addition, we develop RAR-G with RAMS for data-driven operator learning
(Algorithm 5-6). In this case, we only generate a small training dataset prior to network
training, and the network is first trained on this initial dataset. To improve the network
accuracy, we randomly generate a large pool of candidate input functions and select the
subset with the largest PDE residuals, which are then refined via RAMS. We compute
their corresponding outputs and add the resulting input-output pairs to the training

dataset for further training.

5.3 Validation Examples

In this section, we present ten examples to demonstrate the effectiveness of the
proposed RAMS method in PINN (Section 3.1), PI operator learning (Section 3.2), and
data-driven operator learning (Section 3.3). These examples show that RAMS
significantly improves model performance by effectively moving data points to critical
areas, all while using the same amount of training data. The network architectures used
in all examples are summarized in Appendix A. The sampling and training setups for

all examples are summarized in Appendix B, unless otherwise stated.

5.3.1  Physics-informed neural networks
We first investigate the performance of RAMS for PINN and assess its
compatibility with various established sampling methods. Specifically, we implement
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RAMS alongside three non-adaptive sampling methods (uniformly random sampling,
LHS, and Halton sequence) and three adaptive sampling methods (RAR-G, RAR-D,
and R3. We refer to the original versions of these methods as "w/o RAMS" and the
versions augmented by RAMS as "with RAMS". For each method, we evaluate the
performance via the mean relative L? error from ten independent experiments on three
PDE problems, including 1D Burgers' equation, 1D wave equation, and 2D Poisson
equation. Then, a high-dimensional PDE (up to 10 dimensions) is tested to illustrate the

performance of the proposed RAMS in handling high-dimensional problems.
Burgers' equation

A Burgers' equation with zero Dirichlet boundary conditions is considered here as

ou ou 0%u

Eﬁ'ua = VW’ forx € [—1,1],t € [0,1],

u(x,0) = —sin(mx), u(-1,t) =u(1,t) =0
where u represent the flow velocity and v = % is the viscosity of the fluid.

We visualize the ground-truth solution, the solution from RAR-G with RAMS, and
the corresponding pointwise error in Figure 5-10A. Model performances from different
sampling methods are reported via the relative L? error over 10 independent runs
(Figure 5-3A). RAMS significantly improves the non-adaptive sampling methods,
reducing mean errors by more than an order of magnitude. For example, random
sampling drops from 0.181 to 0.010. RAMS also clearly enhances adaptive sampling

methods. For example, for R3, the error decreases by approximately 80%.
Wave equation

In this example, the wave equation is considered, which can be written as

OCu_ 0% _ g e [0,1],t € [0,1]
atz axz - Y or X ) ) ) )
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u(0,t) =u(1,t) =0, fort€[0,1],
Jdu
a(x, 0)=0, forxe€][0,1],

1
u(x,0) = sin(mx) + Esin(4rtx), for x € [0,1],

whose solution can be given in a closed-form [125] as
1
u(x, t) = sin(mx) cos(2mt) + > sin(4mx) cos(8mt)

The performances of different sampling methods are illustrated via the relative L?
error over 10 independent runs in Figure 5-3B. For all sampling methods, RAMS
consistently improves their accuracy, and on average, the improvement exceeds 50%.
In Figure 5-10B, we show the ground-truth solution, the prediction of MLP from RAR-

G with RAMS, and the corresponding pointwise error.
Poisson equation

We consider a benchmark problem from adaptive finite element tests: a Poisson

equation defined as
—Au(xqy,x5) = s(xq,x;5), for (xy,x,) €Q,
u(xq1,x3) = glxg,xy), for (xq,x,) € 0Q,
whose domain is Q = [—1,1]2. The reference solution of u is
u(xy, x,) = exp(—1000[(x; — 0.5)? + (x, — 0.5)?])

which shows a high peak around [0.5,0.5] and rapidly decreases to zero when getting

away from the peak points.
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Figure 5-2 Comparison results of with and without the trainable resampling method:
The results for Burgers' equation, wave equation, and Poisson equation are illustrated

in (A), (B), and (C), respectively. Vertical error bars denote one standard deviation.

The relative L? errors over 10 independent runs for different sampling methods
are shown in Figure 5-3C. RAMS reduces error by approximately 40-95% across all

non-adaptive and adaptive sampling methods, indicating its robust compatibility with
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different sampling methods. The ground-truth solution and MLP solution from RAR-G

with RAMS are plotted with the pointwise error in Figure 5-10C.
High-dimensional problem

A high-dimensional PDE [267] is revisited here to illustrate the effectiveness of the

proposed trainable resampling method. The considered PDE can be written as:
—Au(x) = s(x), forx€QqQ,
u(x) =g(x), forx e aq,

where Q =[—1,1]¢ in a domain in d-dimensional space. The corresponding exact

solution is
u(x) = exp(—10[|x]3).

We apply random sampling with and without RAMS using a total of |T| =
20,000 collocation points. For the random sampling with RAMS, |7,| =
10,000 points are trainable, and at each resampling stage, |f’ | = 2,000 trainable
points are updated by Adam for nz,ys = 100 epochs. The number of resampling
stages and the Adam epochs for model training in each stage are set to t, = 160 and
Nerain = D00, respectively.  After the final resampling stage, the model is further

trained for 20,000 Adam epochs, followed by 300 L-BFGS iterations.
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Figure 5-3 PINN results for high-dimensional PDEs: (A) shows the results from two
random sampling methods with identical training settings. (B) illustrates the minimal
computational cost associated with different sampling approaches. The results in (B)
are normalized by the corresponding minimal computational cost for d = 2, denoted
as T4—,, for each sampling method. The inset panel reports the minimal number of
collocation points needed by random sampling without RAMS, which grows

exponentially with d.

To assess the method performance, we use the relative mean squared error (RMSE)

E' computed over two disjoint test sets:

_ Zfiefl[upre(fi) - u(fi)]z + Zfiefz[upre(fi) - u(fi)]z

E Yeeg, U2 + X eg, u(§)?

where &; is a set of 1000 points sampled in hyperspherical coordinates centered at the
origin with radial coordinate r ~ U(0,1), and &, is a set of 1000 points sampled
uniformly from Q. We show the RMSE for different dimensions d in Figure 5-4A.
Without RAMS, random sampling fails to recover the solution as d increases; for
d =7, the RMSE saturates near 1 (E =~ 1), indicating failure on these high-
dimensional PDEs. In contrast, RAMS enables the random sampling to remain a small

error below 1072 using the same amount of collocation points even when d = 10.
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We next estimate the minimal computational cost for training needed to achieve
E <1073 for two sampling strategies. The training and sampling setups vary with the

dimension d as follows.
Collocation points for random sampling without RAMS:

For each d, we train the PINN for 100,000 Adam epochs, followed by 300 L-
BFGS iterations. The number of collocation points begins at |7°| = 100; if the
target accuracy is not met, |T°| is doubled and PINN is retrained. This procedure

is repeated until £ < 1073,
Training iterations for random sampling with RAMS:

We use |T| = 20,000 collocation points, with |7;| = 10,000 designated as
trainable for all d. At each resampling stage (every Ng.qin = 500 epochs), a
subset of size |T | = 2,000 isupdated. After the final resampling stage, the model
is further trained for 10,000 Adam epochs, followed by 300 L-BFGS iterations.
For each d, we tune the number of resampling stages t, and the sample-training
iterations Mgy to achieve E < 1073, Specifically, we initialize t, = 10 and
Npams = 0, and if E > 1073, we increase t, by 10 and ng,ys by 20, and

repeat until the criterion is met.

For each sampling method, computational costs are normalized by the
corresponding cost at d = 2 (denoted by T,;—,). All costs were measured as the run
time on the same machine with a single NVIDIA A40 GPU. The normalized minimum
costs for different sampling methods across varying d are shown in Figure 5-4B. We
also show that the minimum number of collocation points required for random sampling
grows exponentially with d . This growth, thereby, drives a rapid increase in
computational cost. As for d = 6, the cost already exceeds 100 T,-,, we stop testing
the random sampling for d = 7 due to prohibitive runtime. By contrast, the cost of

random sampling with RAMS scales approximately linearly in d: the computational
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costs at d =6 and d =10 are about 3.5T;—, and 6T,;—, , respectively,

highlighting the efficiency of the proposed RAMS method.

5.3.2 Examples for physics-informed operator learning

We evaluate RAMS on PI operator learning using two sampling methods: random
sampling and RAR-G. During each resampling stage, we update only function samples,
and the collocation points for the trunk net input remain fixed. To demonstrate the
effectiveness of RAMS, we first test three PDEs: the diffusion-reaction equation, the
advection equation, and the Poisson equation with piecewise-constant conductivity. We
then test a one-dimensional dynamic system on which conventional sampling methods

perform poorly [131].
Diffusion-reaction equation

We consider a diffusion-reaction equation with zero initial and boundary

conditions:

ou_ 0% s (), for (x,t) € [0,1] X [0,1]
ot~ D gz Thut+vlx), dorlx, ’ e

where k = 1072. We use a PI-DeepONet to learn the operator mapping from v to u:

The PI DeepONet composed of two MLPs with 5 hidden layers and 150 in width

is utilized here to learn the operator mapping from v(x) to the solution u(x) as
G:veu

where the input functions v are sampled from a zero-mean GRF with a Gaussian

Y
kernel as v ~ GP (O, exp(lx Y )), where the correlation length of training data

2
2ltrain

liyain 1s sampled randomly from U(0.1,0.8).

We use the random sampling and RAR-G with and without RAMS for this example.

For each method, we evaluate the trained network on eight test datasets with correlation
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lengths l;es € {0.1,0.2,...,0.8} . Performances of different sampling methods are
reported via the relative L? errors on all eight test datasets (Figure 5-4). RAMS yields
clear accuracy improvement across different test datasets, especially for those of small
correlation lengths. For example, for random sampling, when [ = 0.1, the mean error
decreases from approximately 0.25 (without RAMS) to 0.08 (with RAMS), i.e., a
70\% error reduction. A representative example of the input function, the ground-truth
solution, the PI-DeepONet prediction with RAR-G and RAMS, and the piecewise error
are shown in Figure 5-11A. Additionally, we show the necessity of the kernel smoothing

method as the projector in RAMS in Appendix D.
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Figure 5-4 PI operator learning of the diffusion-reaction equation: The correlation
length l;.qi, of training data is randomly sampled from U(0.1,0.8). Relative L?
errors for different test data correlation lengths [;,5; are computed from eight
independent runs. (A) Random sampling with and without RAMS. (B) RAR-G with

and without RAMS.
134



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method
Advection equation

This example aims to investigate the extrapolation capability and computational
cost of the proposed RAMS method. We utilize the PI operator learning on the

following advection equation tested in [134]:

ds ds
—+u—=0, for(x,t)€(0,1)x(0,1),
Jat 0x

s(x,0) = sin(mx), forx € (0,1),
s0,0) =sin(5¢), forte (0,1).
) 2 ) )

A DeepONet G is trained to approximate the operator mapping from u to s as
G:uws.

For network training, the input function is sampled from a zero-mean GRF with a

Gaussian kernel of a fixed correlation length [, = 0.2.

We apply random sampling with and without RAMS and find that RAMS
improves the network generalizability. Specifically, we evaluate the trained PI-
DeepONet on three test datasets with input functions sampled from GRFs with
correlation lengths l;.g € {0.2,0.1,0.05}. The number of RAMS sample-training
iterations, ng4ys, 1 varied from 0 to 400. RAMS substantially improves interpolation
accuracy: when liosr = lygqin = 0.2, the error is reduced by approximately 30%
(Figure 5-5A). RAMS also enhances extrapolation, yielding roughly 40% lower error
on test datasets with [, = 0.1 (Figure 5-5B) and 0.05 (Figure 5-5C),
demonstrating improvements in both interpolation and extrapolation. In addition, an
example of the input function, the ground-truth solution, PI-DeepONet prediction, and

its pointwise error are shown in Figure 5-5B.
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Figure 5-5 PI operator learning of the advection equation: (A) Relative L? error on the
test dataset with the correlation length [, = 0.2. (B) liese = 0.1. (C) liese = 0.05.
The red lines are the mean values, and vertical bars indicate one standard deviation
from eight independent runs. The black dashed lines denote the baseline results of
random sampling without RAMS. (D) The training cost versus the sample training

iterations in RAMS.

We further observe that the effectiveness of RAMS generally increases with the
number of sample training iterations ng4ys: larger ngays can help in locating regions
of higher PDE residuals, leading to a more informative resampling. RAMS introduces
additional computational cost, which increases with the sample training iteration
Ngams- However, this additional cost is very small compared with network training

(Figure 5-5D). Even at ng,ys = 400, the computational overhead of RAMS is about
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2.1%. This is because the number of sample parameters is negligible relative to the

network parameters.
Poisson equation

We consider a Poisson problem with piecewise-constant conductivity k and zero

Dirichlet boundary conditions:

V-(kVu) =f, forx€QqQ,

K _{ 0.5, forx € Q/,
1.0, forxeQ\ Q.

u=0, forx€aq,

where Q = [—1,1]? and Q' = [—0.3,0.3]? are two rectangular areas, and f = |:—| is

anormalized function sampled viaa GRF, v ~ GP(0, k;), of the correlation length | =

0.3. A DeepONet is trained to learn the operator mapping from f to u:

G fru
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---o--- RAR with RAMS (300 iterations)
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Figure 5-6 PI operator learning of the Poisson equation: (A) Relative L? error for
different sampling methods with different sample-training iterations in RAMS. (B)

Relative L? error for different sampling methods with different training dataset sizes.
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We evaluate random sampling and RAR-G, each with and without RAMS. For
random sampling, we use Ng,,, samples, while for RAR-G, we gradually increase the
sample size t0 Ngqy, . Figure 5-6A shows the performances of different sampling
methods versus the sample-training iterations in RAMS, ng4ys, When fixing nggp, =
200. RAMS reduces error by more than 40\% for both random sampling and RAR-G,
demonstrating its robustness across sampling strategies. However, performance does
not always improve with additional iterations: for RAR-G with RAMS, the best result
occurs at npays = 300 rather than nz,ys = 400, underscoring the importance of

tuning Nrams-

Next, we vary Ngg,,, from 100 to 800 while fixing the sample-training iterations
in RAMS at nguus = 300. RAMS leads to substantial improvements across all sample
sizes (Figure 5-6B), over 30% at ng,, = 100 and about 20% at ng,, = 800,
indicating stable performances of the RAMS method irrespective of training dataset
size. In addition, we visualize a representative ground-truth solution, the corresponding
PI-DeepONet prediction from RAR-G with RAMS, and the associated piecewise error

in Figure 5-11C.
One-dimensional dynamic system

In this example, we revisit an operator learning problem, where both the random
sampling and the vanilla RAR resampling methods failed to efficiently generate
accurate solutions, as reported in [261]. Consider a dynamic system described as

follows:

Z—Z =exp(—D|E— 0.5|%) f(x,%), forx €[0,1]

where D = 6 is a constant parameter, and £ € [—1,1]% is a coefficient vector for the

source term with dimension d = 8. The boundary condition is given by:
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u(x) =0, forx=0.

We assume that the function f can be parameterized by a space spanned by

orthogonal Chebyshev polynomials of the first kind. Denoting these polynomials by f;,

where i denotes the degree, the polynomial space of degree d is defined as:

a-1
V= {f(x. 9= §fi00: [l < 1}.
i=0

I I
{ Present study:

1,000 samples R0 2,500 samples B 25.000 samples |
B 50,000 samples
B 75,000 samples |
1E-5 A 1
[ ]
w2
=
1E-6

T
DAS: ;

RAR with RAMS Random with RAMS

DAS? (Wang et al., 2024)

Figure 5-7 Results of PI operator learning on a dynamic system: RAR-G with RAMS

and random sampling with RAMS achieve comparable accuracy to DAS? [261] while

using significantly fewer samples. 1,000 and 2,500 samples in our methods match the

performance of DAS? trained with 25,000 and 75,000 samples, respectively.

We test random sampling and RAR-G with RAMS. To align with the experimental
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setup of [261], we use the same model architecture, training procedure, and sampling

setup, differing only in the inclusion of RAMS.

To evaluate the performance of the trained DeepONet, we use a test dataset
consisting of 10,000 & samples, uniformly sampled from a d -dimensional ball
centered at 0.5 with a radius of 0.5. We compare RAR-G with RAMS and random
sampling with RAMS with DAS? [261] in Figure 5-7. While DAS? can achieve accurate
solutions, it requires a prohibitively large number of samples. In contrast, our RAMS
method achieves similar accuracy with only about 3% of the samples required by DAS?.
Specifically, 1,000 and 2,500 samples in our method match the performance of DAS?
trained with 25,000 and 75,000 samples, respectively. This significant reduction in

sample size underscores the efficiency and effectiveness of RAMS in operator learning.

5.3.3 Examples for data-driven operator learning

The effectiveness of the proposed RAMS method in PI machine learning, including
both PINN and PI operator learning, has been demonstrated in previous examples. Here,
we further illustrate the performance of our RAMS method in data-driven operator

learning applied to wave equation with discontinuous velocity and 2D Burgers' equation.
Wave equation with discontinuous velocity

In this example, we consider the wave equation characterized by discontinuous

velocity, represented as follows:

— —c%?(x)=—=0, forxe€[0,1],t €[0,4],
u(0,t) =u(1,t) =0, fort € [0,4],
ou
E(x, 0) =0, forxe€e][0,1],

u(x,0) = v(x), forx € [0,1],
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where the velocity ¢ is discontinuous at x = 0.7 as

o(x) = { 1.0, for0<x<0.7,
0.5, for0.7 <x<1.0.

We employ a DeepONet to learn the operator mapping from the initial condition

to the solution:
Gveu

where v is generated from v' via v(x) = x(1 —x)v'(x); and v' is from a GRF

with an Gaussian kernel of correlation length [ = 0.3.

>
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Figure 5-8 Data-driven operator learning of the wave equation with discontinuous
velocity: (A) Relative L? error for DeepONets trained with 50 samples. (B) Relative
L?> error for DeepONets trained with 100 samples. (C) Relative L? error for
DeepONets trained with 200 samples. The blue lines are the mean errors, and vertical
bars indicate one standard deviation from three independent runs of RAR-G with
RAMS. The black dashed lines correspond to the mean errors from the random

sampling method.

The vanilla random sampling and RAR-G with RAMS are utilized to generate the
training datasets. The total training sample sizes, Ngqy,, are varied from 50 to 200. In

RAR-G with RAMS, the iterations for sample-training, np4ys, in each resampling
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stage are varied from 0 to 400. Detailed setups for different sampling methods can be

found in Appendix B.

The mean relative L? errors for different settings are shown inFigure 5-8. The
RAMS method achieves significant accuracy improvements, up to 63%, using the same
number of training samples as the baseline method (random sampling). This substantial
improvement confirms the effectiveness of RAMS in data-driven operator learning. We
also observe that the error reduction from RAMS does not necessarily increase with the
number of sampling—training iterations ng,ys. For example, when ng,,, = 100
(Figure 5-8B), the best performance occurs at ng,ys = 200 rather than ng4s = 400,
underscoring the need to tune ng,4ys. Finally, the effectiveness of RAMS increases
with the total training-sample size: the error reduction rises from 23% at ng,, = 50
(Figure 5-8A) to 63% at ng,y, = 200 (Figure 5-8C), suggesting that more samples
allow the physics residual to more accurately reflect the model’s training adequacy. In
addition, a representative example of an input function, ground-truth solution,
DeepONet prediction from RAR-G with RAMS, and pointwise error are shown in

Figure 5-12.
Two-dimensional Burgers' equation

In this example, the two-dimensional Burgers' equation [268] is considered

au+ (au+au)— A for ( )eEQ,te(0,1]
6t u axl axz = VAU, or X1, X3 ) 4D

u(x1,%2,0) = v(xy,%,), for (xy,x,) €Q,
u(xll X2, t) = 0) for (xll xZ) € ant € [0'1]1

where v is the viscosity coefficient; and Q = [—1,1]? is the analysis domain. A
DeepONet is trained to approximate the operator mapping from the initial condition to

the solution as
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Gveu

where v is generated from v’ via v(xy,x;) = x;(1 — x1)x, (1 — x,)v' (x4, x,); and
v’ is sampled from the Gaussian process with the Gaussian kernel of the correlation

length equal to (.

We consider two cases, differentiated by their viscosity coefficients, correlation
lengths, and training sample sizes. These variations represent different complexities of

the operator learning problem.

* (Case 1 (small viscosity and sample size): The viscosity coefficient and correlation
length are set to v =0.02 and [ = 0.3, respectively. The sample size ngypm
ranges from 600 to 1,200.

*  Case 2 (large viscosity and sample size): The viscosity coefficient and correlation
length are set to v=0.1 and [ = 0.5, respectively. The sample size ng,y,

ranges from 1,500 to 3,000.
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Figure 5-9 Data-driven operator learning of the two-dimensional Burgers' equation. (A)
Relative L? errors of Case 1 for different trainable sample sizes p and numbers of
resampling stages t,. (B) Relative L? errors of Case 2. For clarity, the one standard
deviation from three independent runs is shown only for the random sampling and

RAR-G with RAMS of p = 0.1.

We compare the vanilla random sampling method and the RAR-G with RAMS
across different settings. For RAR-G with RAMS, n;,; = (1 — p)ngem samples with

p €{0.1,0.2,0.4} are initially generated. In each resampling stage of RAMS, m =

tﬂnsam additional samples chosen from M = 1000 candidates are added to the

training dataset, where t, € {1,2} represents the number of resampling stages. In
RAMS, the samples are updated using the Adam optimizer for ng,ys = 100 iterations

at each resampling stage.
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The performance of different sampling methods are evaluated on the mean relative
L, error (Figure 5-9). Across all settings, the largest error reduction occurs at p = 0.1,
suggesting that allocating more samples early helps the model capture the underlying
physics and makes the physics residuals more indicative of training adequacy. The
robustness of RAMS is further demonstrated by its consistent performance, reducing
errors by approximately 40% in both a complex case (Case 1; Figure 5-9A) and a
simpler one (Case 2; Figure 5-9B). Additionally, Figure 5-13 shows a representative
example of a ground-truth solution, the prediction of a DeepONet from RAR-G with

RAMS, and the associated pointwise error.

Appendix A - Network Architectures

We provide the network architectures used in all the examples. The hyperbolic tangent
function is used as the activation function for all the models employed. Table 5-1
summarizes the network architectures for the PINN problems in Section 3.1. Table 5-2
lists the DeepONet architectures for the operator learning problems in Sections 3.2-3.3.
In Section 3.2.2, the DeepONet branch and trunk networks adopt the modified MLP

architecture proposed in [134] with better performance.

Table 5-1 Network architectures for PINN problem:s.

Problem Network

Section 3.1.1 1D Burgers’ equation ~ MLP (3 x 100)
Section 3.1.2 1D wave equation MLP (3 x 100)
Section 3.1.3 2D Poisson equation ~ MLP (3 x 100)

Section 3.1.4 High-dimensional PDE  MLP (3 x 100)

(Note: MLP (a x b) denotes a MLP with a hidden layers and b neurons per hidden layer.)

Table 5-2 DeepONet architectures for operator learning problems.

Problem Branch net Trunk net
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Section 3.2.1 Diffusion-reaction equation MLP (3 x 150) MLP (3 x 150)
Section 3.2.2 Advection equation Modified MLP (3 x 150)  Modified MLP (3 x 150)
Section 3.2.3 Poisson equation CNN MLP (3 x 350)
Section 3.2.4 Dynamic system MLP (3 x 50) MLP (3 x 50)
Section 3.3.1 Wave equation MLP (5 x 150) MLP (5 x 150)
Section 3.3.2 2D Burgers’ equation CNN MLP (4 x 350)

Appendix B - Sampling and Training Hyperparameters

This section summarizes the training and sampling configurations used in Section

3. For network training, we employ Adam with a learning rate of 1073 and L-BFGS.

For sample training in RAMS, we use Adam with a learning rate of 1072. Other setups

for network training and sampling are summarized below.

PINN in Sections 3.1.1-3.1.3: The PINN for the Burgers' equation, the wave
equation, and the Poisson equation use the same setups for network training and
sampling. For all sampling methods, the number of resampling stages and the
Adam epochs per stage are set to t, = 75 and ng.qi, = 200, respectively. After
the final resampling stage, the model is further trained for 5,000 Adam epochs,
followed by 1,000 L-BFGS iterations. The other hyperparameters for sampling are
listed in Table 5-4.

PI operator learning for the diffusion-reaction equation in Section 3.2.1: For
all sampling methods, the number of resampling stages and the Adam epochs per
stage are set to t, =50 and ng4i = 1,000, respectively. After the final
resampling stage, the model is further trained for 10,000 Adam epochs, followed
by 2,000 L-BFGS iterations. The collocation points for each function are in a
100 X 100 uniform grid. The other hyperparameters for sampling are listed in
Table 5-4.

PI operator learning for the advection equation in Section 3.2: For all sampling
methods, the number of resampling stages and the Adam epochs per stage are set

to t, = 20 and Ng.qin = 5,000, respectively. After the final resampling stage,
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the model is further trained for 50,000 Adam epochs, followed by 2,000 L-BFGS
iterations. All function samples use the same set of 10,000 collocation points,
uniformly sampled over the domain. The other hyperparameters for sampling are
listed in Table 5-5.

* Pl operator learning for the Poisson equation in Section 3.2.3: For all sampling
methods, the number of resampling stages and the Adam epochs per stage are set
to t, =25 and ng4in = 5,000, respectively. After the final resampling stage,
the model is further trained for 25,000 Adam epochs, followed by 2,000 L-BFGS
iterations. All function samples use the same set of 2,500 collocation points,
uniformly sampled over the domain. The other hyperparameters for sampling are
listed in Table 5-6.

* PI operator learning for the dynamic system in Section 2.4: For all sampling
methods, the number of resampling stages and the Adam epochs per stage are set
to t, = 30 and ngpgin = 500, respectively. All function samples use the same set
of 100 collocation points, uniformly sampled over the domain. The other
hyperparameters for sampling are listed in Table 5-7.

¢ Data-driven operator learning for the wave equation in Section 3.3.1: In RAR-
G with RAMS, the number of resampling stages is fixed at t, = 2. In RAMS, the
number of sample-training iterations ng,ys 1s varied from 0 to 400. The other

hyperparameters for sampling are listed in Table 5-8.

Table 5-3 Sampling setups in Sections 3.1.1-3.1.3

Sampling method Hyperparameters

Random / LHS /Halton [T = 5,000, |7;| = 4,500, || = 500, || = 50, ngaus = 10
RAR-G / RAR-D Nini = 2,500, M = 1,000, m = 40, ngays = 5

R3 |T| = 2,500, Nrpams = 5
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Table 5-4 Sampling setups in Section 3.2.1

Sampling method Hyperparameters
Random |T] = 600, |73| = 300, |T3| = 300, |T| = 60, ngaus = 50
RAR-G Nin; = 800, M = 100, m = 8, ngys = 50

Table 5-5 Sampling setups in Section 3.2.2

Sampling method Hyperparameters
|7] = 200, |7;| = 180, |T;| = 20, |T| = 2,
Random
Nrams € {0,100,200,300,400}
Table 5-6 Sampling setups in Section 3.2.3
Sampling method Hyperparameters
Random IT| = Ngam 1711 = 0.5n6qm, 13| = 05044, |T| = 0.05n54m
RAR-G Nini = 0.7N5gm, M = 0.3144,,, m = 0.02n44,,
Table 5-7 Sampling setups in Section 3.2.4
Sampling method Hyperparameters
Random IT| = Ngam 1711 = 1T3] = 050540, |T| = 0.05n5am, Nrams = 400
RAR-G Nini = 0.4Nggm, M = 1000, m = 0.02n4y, Nrams = 400

(Note: Two sample sizes, ngays € {1000,2500}, are considered.)

Table 5-8 Sampling setups in Section 3.3.1

Sampling method Hyperparameters

Random without RAMS 7] = nsam

RAR-G with RAMS  nyy; = 0.6ngm, M = 1000, m = 0.2n44m,

(Note: Two sample sizes, ngays € {50,100,2003, are considered.)
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Appendix C - Visualization of Results

Some visualization results from our experiments are provided here. Figure 5-10
displays the analysis results from the RAR resampling method with RAMS applied to
PINN when solving Burger's equation, the wave equation, and the Poisson equation,
respectively. Additionally, Figure 5-11 showcases some representative results from the
PI operator learning model, which was trained using our proposed RAMS methods.
Then, Figure 5-12 and Figure 5-13 present visualizations from the data-driven
DeepONet, trained with the RAR with RAMS, on predicting solutions for the wave

equation with discontinuous velocity and the two-dimensional Burger's equation.
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Figure 5-10 Visualization of PINN results: (A), (B), and (C) illustrate the results for

solving Burger's equation, wave equation, and Poisson equation, respectively.
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Figure 5-11 Representative visualization of PI operator learning: (A), (B), and (C)
illustrate the results for solving Diffusion-reaction equation, adjective equation, and

Poisson equation, respectively
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Figure 5-12 Representative visualization of wave equation with discontinuous velocity

in data-driven operator learning.
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Figure 5-13 Representative visualization of two-dimensional Burger's equation in data-
driven operator learning. The solutions at different time steps are plotted in different

TOWS.

Appendix D - Projector in RAMS

We want to demonstrate the necessity of the projector in RAMS for PI operator
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learning of the diffusion-reaction equation (Section 3.1). We use the same experimental
settings as in Section 3.1, except for the removal of the function projector component
in RAMS. Figure 5-14 compares the trained function samples during RAMS with and
without the kernel smoothing method as the projector. Samples adjusted without the
projector exhibit significant irregular fluctuations, in stark contrast to the stable profiles
obtained when using the projector, indicating the importance of the kernel smoothing

method in RAMS.

w/o projector with projector

Figure 5-14 Function samples optimized by RAMS with and without projector for the
advection equation in PI operator learning: For each case, five function samples are

visualized.
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Chapter 6. GOVERNING EQUATIONS FOR SINGLE PILES AND

PINN IMPLEMENTATION

6.1 Introduction

Large deflection analysis for slender piles considering nonlinear Soil-Pile
Interaction (SPI) is an essential yet challenging aspect of geotechnical engineering.
Currently, this large deflection analysis commonly relies on the Winkler model [269,
270] (Figure 6-1A), characterizing the pile as a beam surrounding by lateral soil springs
defined by p-y curves [160, 271]. A standard solution technique for this model is the
Line Finite Element Method (LFEM) [161, 179, 272, 273] (Figure 6-1A), which
represents the pile with line elements and the surrounded soil with nonlinear springs at
element nodes. Despite its robustness and accuracy, the computational procedure of the
LFEM is tedious, given the element mesh must be dense to accurately capture the
complex SPI variated along the pile [179]. Consequently, when costly repetitive
simulations are required, such as for reliability assessment [274, 275] and design
optimization [276-278], the computational cost of the LFEM may become prohibitively

high [121, 279, 280].

To enhance the computational efficiency of the analysis, machine learning (ML)
models, such as the neural networks (NN), have been initially utilized to predict the
analysis results without the tedious computational process in recent research [281-285].
Nevertheless, conventional ML model training typically relies on pre-collected data,
which can be challenging to obtain through expensive physical tests or time-consuming
numerical analyses [279, 286, 287], rendering their application sometimes ineffective.
Additionally, the black-box nature of ML models raises concerns about their reliability,
as they are not trained based on clear physical or mechanical laws. To address these
shortcomings, extensive efforts have been made for a more effective and interpretable

ML model implementation process.
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Recently, Raissi et al. [288] proposed an innovative ML paradigm, named the
physics-informed neural networks (PINN), to encode the NN model of the underlying
physical laws governing the studied problem. Unlike traditional NN training, the PINN
constructs the loss function using the model output and its derivatives in accordance
with the residual terms of the governing equations, eliminating the need for rich pre-
collected data. The integration of physical constraints and sample-free features has
made PINN a popular subject of research [289], such as inverse problems [80, 290,
291], stochastic analysis [292], and meta-modelling [96, 121]. For instance, Zhang et
al. [293] applied PINN to reconstruct the governing equations of Terzaghi consolidation,
confirming its robustness in addressing inverse problems. Similarly, Depina et al. [291]
leveraged PINN for inverse analysis of unsaturated groundwater flow, effectively
identifying parameters of the constitutive model. More recently, Chen et al. [32] utilized
the PINN to effectively predict the water flow in unsaturated soils governed by the
intricate Richardson-Richards equation. All these studies highlight the potential of
PINN in solving pile-related emerging concerns such as damage detection [294, 295],
reliability assessment [274, 275], and design optimization [276-278]. Even though
preliminary investigation of PINN for pile assessment has been conducted [296], it does
not comprehensively capture all the crucial factor for pile response, such as geometric
nonlinearity, impeding its application. To fully realize the potential of PINN, the first
step is to develop an accurate and reliable PINN framework for the large deflection

analysis of piles considering nonlinear SPI.

The extension of the PINN to the large deflection analysis of slender piles presents
several challenges that must be identified. Conventional governing equations for piles
[180, 297] are formulated based on small-deflection assumptions, overlooking
geometric nonlinearity [46], which can substantially underestimate pile deflection,
especially when evaluating pile stability [179] or considering soil liquefication [161].
Another issue is that severe convergence problems might be encountered when

considering some complex p-y relations described by non-differentiable functions,
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which are constructed by joining the recorded data points but not expressed in an
analytical form [155] or have derivatives trends to infinity at certain points [158]. When
encountering such functions, the automatic differentiation technique [298] may struggle
to accurately and robustly compute the loss function derivatives for updating the model

parameters, leading to the failure of the model training.

Apart from the above two issues, the current loss function also limits the practical
PINN application. Typically, the loss function, defined as the Mean Squared Error
(MSE) at sampling points, ends training when its value falls below a certain tolerance.
Despite its widespread use, this unnormalized loss function can present challenges in
predicting solutions of varying magnitudes. When the magnitude of the exact solution
is small, the relative error in the NN prediction may still be substantial, even if the
tolerance is satisfied. Conversely, the loss function tolerance may be unattainable when
the solution magnitude is small. Additionally, varying magnitudes of unnormalized loss
terms may also cause severe training instability. Thus, appropriate loss function

normalization is crucial for effective PINN implementation.
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Figure 6-1 Large deflection analysis of slender piles considering nonlinear SPI: (A)
Slender piles undergoing large deflection; (B) Line Finite element method; (C) Present

study

This chapter proposes a large deflection analysis method of slender piles via the
PINN (Figure 6-1C) by addressing the aforementioned problems. The partial
differential equations (PDEs) for the structural behaviors of slender piles accounting
for the geometric nonlinearity are derived, based on which the corresponding PINN
framework is built. Within the PINN framework, a series of factors are introduced to
normalize the loss function that calibrates the error of the NN prediction. Additionally,
a regression via the external NN model is built to estimate lateral soil resistance along
the pile during training to tackle the convergence issue when encountering non-
differentiable p-y relations. The proposed method is validated through extensive
examples and case studies to demonstrate its potential for practical application and

highlight the importance of the developed numerical strategies.
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6.2 Governing Equations

This chapter proposed a large deflection analysis method for slender piles
accounting for the nonlinear SPI via the PINN, where the accuracy of the underlying
physical information in neural networks is crucial for achieving reliable solutions. The
detailed derivation of the governing equations describing the physical information is

given in the following section.

6.2.1 Assumptions

The following assumptions are employed, including:

* The material of piles is homogenous and isotropic while following Hooke’s
material laws.

*  The pile deformation follows the Euler-Bernoulli beam theory, and the shear effect
of large-diameter piles is ignored.

¢ The lateral soil resistance along the pile can be described by the p-y relation.

6.2.2  p-yrelation

The lateral soil resistance distribution along the pile is complex. In geotechnical
practice, one standard method for describing the lateral soil resistance at the specific
embedded depth is the p-y relation, in which p and y denote the lateral soil resistance
and the lateral pile deflection, respectively. Once ensuring the geological condition,
such as the ground stratigraphy and the soil properties, the corresponding p-y relations
at different embedded depths can be constructed according to the past literature [160,

271] or the local specification [155].

6.2.3 Mechanical model

In the mechanical model, the expression about the deflection and internal force
along the pile are formulated. The deflection of the pile about the x- and y-axis, « and
v, are expressed using the axial compression, A, and the slope, 6, along the pile. Based
on the derived pile deflection formulas, the expressions of the internal force distribution

are formulated.
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P(x): Axial force

along the pile

M) Shear force
along the pile

[]: Undeformed infinitesimal segment
[]: Rotated infinitesimal segment without axial deformation
[]: Rotated infinitesimal segment with axial deformation

Figure 6-2 Mechanical model of slender pile undergoing large deflection

As shown in Figure 6-2, the pile deflection along the pile on the x- and y-axial can
be divided into two parts, including the part induced by the rotation and the other
resulted from the axial deformation of the rotated pile segment. Thus, the pile deflection

on two axials, # and y, can be written as:
X X
u(x) = f dug + j duy
0 0

X X
v = [ dye+ [ dvs
0 0
where,
dug = —(1 — cos 8)dx
du, = cos@dA

dyg = sinf dx
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dy, =sin6dA

When the pile deflection along the pile is obtained, the force equilibrium conditions

of the pile segment above the location x (as illustrated in Figure 6-2) can be established:

M(x) = —Fxrop [y|x=Lp - y(x)] + Fyrop [u|x=Lp +L—u(x)— X] + Mrop

+ Mg (x)
E(x) = Fx,Top
Fy(x) = Fy,Top + Fs(x)

where M denotes the bending moment along the pile; F, and F) are the internal force
about the x- and y-axial along the pile, respectively; Fx, 7op, I, 70p and M1, are the applied
forces and bending moment at the top end of the pile; Ms and F’s are the forced caused
by the lateral soil resistance; and L, is the pile length. When the p-y relations are given,

Ms and F's can be written as:
Ly

M(x) = f [+ u(t) — x — ul,_xIp(t)dt

Ly
R = | pode

Then, by applying the parallelogram law, the axial force, P, and the shear force, V,

along the pile can be formulated:
P(x) = cos 8 F,(x) — sin 6 F,(x)
V(x) = sin 8 E.(x) + cos 6 F,(x)

6.2.4  Governing equations
According to the Euler- Bernoulli assumption, which regarding the cross-section
of the pile remains plane after deformation, the slope along the pile can be expressed

as:
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M(x) dO(x)
EI  dx

where E represents the elastic modulus of the pile material; and 7 denotes the moment

of inertia of the pile cross-section.

When the Hooke’s law is validated, the axial compression along the pile is

governed by the axial force as:

P(x) dA(x)
"EA ~  dx

where A4 is the cross-section area of the pile.

6.2.5 Boundary condition

For a slender pile, the slope and deflection at the pile bottom is negligible that
could be ignored [179]. Thus, the pile is assumed to be fixed at the bottom end in the
present study. Consequently, the corresponding mathematical expression of the

boundary conditions at the bottom end of the pile can be written as:
A|x=0 =0
H|x=0 =0

For the top end of the pile, there are totally three cases of boundaries, whose

corresponding expressions are summarized in Table 6-1.

Table 6-1 Mathematical expressions for boundary conditions

Boundary* Fixed Free
_$_f;1 da . d*e
---l ulx:Lp =0 EA (COS Qa) - — EI| sin QW ) = Fy Top
4 x=Ly
' M o dA d2e
y|x=Lp =0 EA (Sln 0 E) - + EIl| cos@ x? = Fyrop
p x=Lp
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i do
& 9|x=Lp =0 Ela L = Mrop
-p

(*Note: The subscript 1 denotes the top end of the pile)

6.2.6  Existing solution

It may be challenging to derive the exact solutions for the above PDEs given large
numbers of integral terms are contained and the complexity of the p-y relations. To
simplify the governing equation, two assumptions are typically made: linearization of
the SPI and neglect of the geometric nonlinearity of the pile. Accordingly, the equation

governing lateral pile deflection can be re-formulated as:

p(x) = —ky(x)
d*y
2zt = P
where £ is the soil modulus denoting the soil stiffness.

Consequently, the corresponding analytical solutions of pile structural behavior
can be obtained [297]. However, the relationship between soil resistance and pile
deflection used in design practice, such as the clay p-y relations recommended by API
[155], can exhibit significant nonlinearity. Besides, previous studies have highlighted
that lateral pile deflection can be considerable when assessing the stability of slender
piles [179] or evaluating soil liquefaction [161]. Therefore, it is imperative to
appropriately account for the geometric nonlinearity of the pile. Otherwise, the lateral

pile deflection may be significantly underpredicted [21].

The Winkler model solved by the LFEM is a reliable approach for the structural
analysis of piles undergoing large deflections. This approach accurately captures
geometric nonlinearity by kinetic descriptions, such as the Updated-Lagrangian and

Co-rotational descriptions [299]. Additionally, the complex SPI is simulated using
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concentrated spring elements constructed based on selected p-y relations. However, the
complex lateral soil resistance distribution may require a fine mesh, leading to a
relatively time-consuming analysis process. Thus, this chapter investigates an
alternative solution, the PINN, for solving the governing equation and conducting large

deflection analysis of piles while accounting for nonlinear SPI.

6.3 Physics-informed Neural Networks Implementation

In this research, the governing equations are solved using an innovative solution,
the PINN. The NN model employed to approximate the exact solutions of the governing
equations is presented. Then, the loss function calibrating the NN model accuracy is
constructed according to the residuals of the governing equations and normalized by a

series of normalization factors.

6.3.1 Neural networks model
In the PINN, a fully-connected NN model, N, is employed to approximate the

exact solution of the governing equations, y: = (8, A4), as:

N(x%6):= (6x, 4n) = y(x°)
where (fy, Apy) denotes the NN model output to approximate the exact solution, y;
and x° is the input feature that denotes the normalized embedded depth:

_ _ X
x%:= (&) where x=—
Ly

where x denotes the coordinate about the x-axis; and N(x°; @) is a fully-connected NN

model with the input feature, x, and the model parameter set, 6.

The employed NN model of depth N is composited of an input layer, N hidden
layers, and an output layer, as shown in Figure 6-3 Schematic of a fully-connected
neural networks model. In the i hidden layer, n; neuron are contained. Each hidden
layer receives a vector, x'~! € R™-1, from the previous layer after a linear map is

conducted:
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fi(xt™1): = Wixi~t + b’

where f; denotes the linear map for the i layer; W' € R%*™~-1 and b* € R™ are the
corresponding weight matrix and bias vector, which are all included in the model
parameter set, @ = {W!, b'}*!. The activation function, o), is applied to each
component of fi(x""!) before is sent to the next layer. Thus, the analytical formulation of

the constructed NN model can be expressed in the following compositional function:

N(x%0) = (f¥" ooV o fNo. . 0ootofH)(x") (5.3)

in which the operator  is the composition operator.

Hidden layer o' Hidden layer o Hidden layer o

Output layer
~

A4
X

£ =x/L /
Normalized R

Hidden layer o'

a \;.
4 W
aw

Kxi-1) 7
/ . \ Y
— . — * /I ‘/ Weight matrix:
\ ) w-n’ w!= [Wfq]
x(ﬂi—l‘l)/’ Bias vector:
o i = [p}
N N 1

Figure 6-3 Schematic of a fully-connected neural networks model

Various activation functions are employed in past PINN study, including Sigmoid,
ReLU, Tanhshrink, and Tanh. Extensive tests for different selections of the activation

function are conducted, whose results are reported in Appendix A. According to their
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performance, two activation functions are employed in the present study for the first/last

hidden layers and the hidden layers in the middle, which can be expressed as:

irn {Tanhshrink(x) when i=1 or N
o' (%) = Tanh(x) when i=23,,N—1

in which:

eX —e™*

Tanh(x) = ————
anh(x) e*+e™*

Tanhshrink(x) = Tanh(x) — x

6.3.2  Loss function

The key idea of the PINN is evaluating the model accuracy using the model output
and their derivatives in accordance with the residuals of the governing equations and
boundary conditions. Commonly, the loss function employed for calibrating the mode
error is directly formulated based on the MSE criterion. The loss function in the present

study can be decoupled into three parts:

L:LG+LB+LT

where L is the loss function; and the subscripts ¢, 5, and 7 the loss terms denoting the
governing equation, the bottom end boundary condition, and the top end boundary

condition.

The first part of the loss function, Lg, is formulated in accordance with the residual

terms of the governing equation:

LG == MSEQ + MSEA

where,
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2
z >
x=x; X=X

P
X=%; Ellz-z,

in which # is the sampling point number, which is taken as 50 according to the results

1 dfy
Ly dx

MSEq = %Z?(

VSE _12”: 1 day
47 n L, dx

L

of the sensitivity study in Appendix B; x; denotes the sampling point that is randomly
placed within [0, 1] in sequence as 0 =x; < Xy << X,_1 <X, =1; and the
bending moment, M|z_z,, and axial force, Pl|x-%,, at the sampling points that can be

calculated according to:

Mlz=z, = —Fyrop(¥|z=z, — ¥|5=x,) + Fyrop|tlz=z, + L — tlz=z, — XL] + My 10p

+ Ms|z-%,

Plz=z, = Fxy1opc0s Oylz=z, + (Fyrop + Fslz=z,)sin Oylz—z

where uly—z, and ylz_z are the pile deflection about the x- and y-axis at the
sampling point, respectively; and, Mg|z—%, and Fg|z_%, are the internal forces on the

pile caused by the lateral soil resistance at the sampling point, respectively.

According to the constructed mechanical model, these pile deflection and internal
forces at the sampling point can be expressed as:

Ei fi dAN

Xi ] X . dAN
Vix=x% = -L, f sin By dt + f sin Oy (—) dt
l 0 0 dt

1
Mslez, = ~Ly | [Lt+u(®) = 1% — ulazJp(0)dt

Xi
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1
Flz=x, = Ly f_ p(t)dt
Xi

However, even when the expression of the internal force and deflection along the
pile at the sampling point is formulated, the analytical solutions of the above equations
are still hard to achieve since they are composed of some complex integral terms.

Therefore, this chapter employed the trapezoid rules to estimate the values of the above

equations:

i-1

Xit1 — X;
u X=%; =~ Z (%) [_Lp (1 — CoS 6N|E=Ej) - Lp (1 — CoS 9N|§=§j+1)]
< (X1 — X dA
+ LS ) (cos Oy N)
: 2 d X=%)4,
-1 _ _
Xj41 — Xj . .
Vlx=x, = Z (%) (—LpSln Onlz=x; — Lpsin 91v|§=§,-+1)

i—-1
+( 9 dAy )
sin
X=X, Vot

dAy
+ (cos Oy )
X=X, dt

+ < _E’>l<sm0,vdj)

j=1

E=fj+1l

- ) [(Lo%; + ulz=z, — Ly%; — ulz-z,) Pl

-1

=2

j=t

><|

+ (Lpfjﬂ +ulz=z;,, = LpX;i — ulf:@) Plf:fjﬂ]
n-1 ,__ =
Fslz=x, = Z (%) (Lpp|y=fj + LPP|E=§,-+1)
j=i
For the second part in the loss function, the loss term denoting the boundary
condition at the pile’s bottom end can be calculated by:

LB = MSEB‘Q + MSEB,A

where,
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2
MSEB,B = (HN |E=El - 0)

MSEg,4 = (Axlz=z, = 0)"

The loss term, Ly, is determined according to the boundary conditions at the pile’s

top end, which can be divided into three parts as:
LT = MSET’u + MSET‘y + MSET’Q

According to different restraint conditions, the components of Ly are

summarized in Table 6-2.

Table 6-2 Loss terms for boundary conditions

Boundary* | Status Components of Ly
2
ilil €e T = L, cos il I8 sin ax? . X.Top
Fixed MSETJu = (u|§=yn - 0)2
EA/  dAy EIl d?0y ’
Free MSE;, = E(sm 0 W) . + g cos 0 )| — Fyrop
. 2
Fixed MSEr,, = (ylz=x, — 0)
Eld6 z
: Free MSE;q = <——” - MTop>
91 L dx X=Xn
Fixed MSET’Q = (91\1'}:}11 - 0)2

(*Note: The subscript 1 denotes the top end of the pile)

6.3.3 Normalization factors for loss function

The loss function is constructed by directly measuring the residuals of the
governing equation in the form of MSE, a commonly used approach in PINN studies.
However, the lack of normalization in this straightforward construction method may
lead to issues in its application in certain engineering applications, including:
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(a) The unnormalized loss function poses challenges to finding an appropriate
error tolerance for assessing the accuracy of trained NN models, given the
potential wide variance in solution magnitudes. Specifically, a small solution
magnitude can yield significant relative errors of model predictions, even
when the loss function meets tolerance levels. Conversely, large solution

magnitudes might make standard tolerance levels unattainably strict.

(b) The magnitudes of loss terms might be significantly different, resulting in the

failure of minimizing the loss function during the model training.

The two problems discussed above are further demonstrated through a group of
examples in Case Study 1. To ensure accurate results, appropriate normalization is
necessary when constructing the loss function. This section presents a series of factors

inspired by the FEM to address these issues.

In the FEM for the beam-column analysis [300], the convergency criteria is not set

as the magnitude of the residual terms but as the ratio values as:

IRI|.,
IFl..

AU
14Ul ., < TOL
Ul

<TOL

where ||-||,, is the L2 norm of the vector; R and AU are the residual terms for the
nodal force and displacement vectors, respective; F and U denote the applied force and

current nodal displacement vectors, respective; and TOL is the error tolerance.

In the present study, the loss function in the PINN, inspired by the convergency
criteria in the FEM, is not directly formulated based on the MSE, but should rather be
set as the ratio of residual terms to the corresponding current value. Thus, a series of

factors are introduced in the loss function for the normalization:
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L=L;+Lg+Ly
L; = NgMSEg + N,MSE,
Ly = Ny gMSEp g + Ny AMSEp 4
Ly = Ny yMSEr, + Ny MSEz,, + Ny MSEr g

where N; denotes the normalization factors for different loss terms.

For the first parts in the loss function, the corresponding normalization factor, Ny

and N, is set as:

Table 6-3 Normalization factors for boundary conditions

Boundary* Status Normalization factor

e Free NT,u = (Fx,Top2 + Fy,Top2 + MTopz)

Jon

n
1
l Fixed NT,u = E Z (U|§=§i)2
i=1

Free Nry = (Fx,Top2 + Fy,Top2 + MTOPZ)
1 Y1 n
_ 1 2
FlXCd NT,y = EZ(}"E:EE-)
i=1
Free Nrg = (Ferop” + Fyrop” + Mrop®)
0, 1%
. 2
Fixed Npg = EZ(QME:IL-)
i=1

(*Note: The subscript | denotes the top end of the pile)

171



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

For the second part in the loss function, the corresponding normalization factor for
the loss term denoting the boundary conditions at the pile’s bottom end can be expressed

as:

n
1
Npg = ;Z(@vb:xi)z
i=1

n
1
Npa = ZZ(AN |E=Ei)2
i=1

And for different restraints on the pile top end, the corresponding normalization

factors are summarized in
Table 6-3.

6.4 Model Training

In the previous section, an NN model is constructed for predicting the solution to
governing equations, with the corresponding loss function being formulated to calibrate
the prediction error. This section provides a detailed illustration of the standard PINN
model training process, where the loss is minimized for searching for the optimal model
parameter set. A regression method via the NN model is introduced to estimate the soil
resistance during training to overcome convergence failure of the loss function when
encountering some non-differentiable p-y relations. Additionally, an algorithm that

automatically assigns weights to loss terms is utilized to increase training efficiency.

6.4.1 Standard training process
The model training is the procedure for searching for the optimal model parameter

set, 8*, of the minimum loss value. This can be mathematically represented as:

0 = argmin{L(6)} (5.4)

0erD
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where D denotes the number of parameters contained in all the weight matrix and bias

vectors.
Automatic differentiation
u, Epoch
_’ p-y relations poc
Start
- \ k L
t
e 70-’4\“ _____ N

gt Update rule Automatic differentiation | No Yes Stop
(Adam) VoL training

Figure 6-4 Standard PINN model training process

To achieve the global minimizer of Eq. (5.4), various type of optimization
algorithm has been employed in the ML technique, such the stochastic gradient
decedent. Among different type of optimization strategies, the adaptive moment
estimation [301], also known as Adam, is applied in the present study given its
satisfactory robustness and efficiency. The update rule of Adam optimizer is provided
in Appendix C. The standard PINN model training process based on the Adam, as

shown in Figure 6-4, can be described as the following steps:
(1) Place sampling points along the pile, x° = X.
(2) Generate the model output from the sampling point, N(x°; 0).
(3) Calculate the pile displacement at the sampling point, u(x°) and y(x°),.

(4) Obtain the lateral soil resistance at the sampling point, p(x°), according to the

pile displacement and the selected p-y relations.

(5) Calculate the bending moment and axial force at the sampling point, M (x°)

173



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method
and P(x°).
(6) Calculate the total loss function, L(8).

(7) Update the model parameter set # using the loss function derivative with aspect
of the model parameter set, VgL, according to the update rule of Adam. Then return

to Step 1 until the following error tolerance, TOL = 1 x 107, is achieved:
L;+Lg+ Ly <TOL

6.4.2 Regression-based soil resistance estimation with neural networks

As shown in Figure 6-4, the automatic differentiation technique plays a crucial
role in the model training, which is implemented to construct the loss function and
obtain its derivative. However, the automatic differentiation technique is only capable
of calculating the derivative of the function with the analytical form. For some scenarios
in practice, such as the API clay [155], the lateral soil resistance is not obtained from
an analytical equation but by linear interpolation according to the recorded data.
However, such numerical values will be ignored by the automatic differentiation
technique when creating the computational graph. Thus, the automatic differentiation
technique cannot appropriately obtain the derivative about the lateral soil resistance,
sometimes leading to severe convergence failure of the loss function. Even though the

indicator function, I(-), could be employed to transform the above p-y relations into

analytical forms [296] as p(y) = Z[(ﬁ) Wic1 =) + Dica] L <Y < ¥,

the corresponding expression could sometimes be complicated, resulting in great
implementation difficulties. Additionally, severe numerical instability will also occur
when some other non-differentiable p-y relations are encountered, whose derivatives
trend to infinity at certain locations. The above issues will be illustrated through a group

of examples in Case Study 3.

To address this problem, a regression for the complex p-y relations is introduced

to estimate the lateral soil resistance in the PINN model training process. Among
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various types of regression methods, such as polynomial regression and support vector
regression, the NN model is selected here for its powerful capability in function
approximation and the availability of'its derivatives of arbitrary order. The implemented
fully-connected NN model, as a general regression approach to the selected p-y

relations, can be written as:

N,(x%6,): = py = p(x®)

where N,, denote the implemented NN model for regression; x? is the input feature
contained two elements, x°:= (X, y); X and y represents the normalized x-
coordinate and the corresponding lateral deflection; 8, denotes the model parameter set;
pn is the output feature of N,; p is the lateral soil resistance at the normalized x-
coordinate, x, with the corresponding lateral deflection, y, obtained from the selected

p-y relations.

Start
training

e—1 TP
] Update rule Automatic differentiation

Stop
(Adam) VoL

training

Figure 6-5 Modified PINN model training process implemented with regression-based

soil resistance estimation

The loss function for the above NN model can be expressed as:
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Np

1 2
Ly(6,) = n_z (PN|xo=xg - P|xo=xg)

Pi=1

where n,, is the number of sampling points, x;°, which is taken as 1 x 10° in the present

study and can be defined by users according to needs.

Consequently, the lateral soil resistance obtained during the PINN model training
process are estimated by the constructed NN model, N,,, as shown in Figure 6-5. Due
to the continuous and differentiable nature of the NN model, the derivative of the lateral

soil resistance during the model training can be approximated by:

d"py d"p

~ —

ax"  9xm

6.4.3  Adaptive loss weight algorithm

As discussed by Raissi et al. [80], the training process for the multi-objective PINN
model is sometimes challenging. The inappropriate weights assigned for different loss
terms will cause gradient pathologies that lower the accuracy of the model training [87].
To address this problem, applying the PINN in practice sometimes suffers from a
tedious trial-and-error procedure to manually find an appropriate weight vector for the

total loss function.

For this reason, the present study adopted an adaptive loss weight algorithm,
proposed by Wang et al. [87], for automatically updating the loss weight vector in the
model training. In this adaptive loss weight algorithm, the total loss function is rewritten

as:

L == LG + (UBLB + (‘)TLT

where o is the loss weight for the loss term. All the loss weights are set to be one at the
beginning of the model training. The update step for  in the training procedure can be

expressed as:
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wf =pwf P+ (A -t where i=B,T
where,

1 max|VyL
w7 = VoLl where i=B,T

wf 1 mean|VyL;|

in which, the superscript ¢ denotes the e™ epoch in the model training; S is a hyper-
parameter and taken as 0.9 in the present study; and VyL represents the gradient vector
of the loss term with the aspect of the model parameter set 8; max and mean are the
operation to obtain the max value and the mean value of the vector, respectively; and
|-| denotes the operation for transforming all the terms contained in the vector into their

absolute values.

In the present study, the loss weights are updated using the above-mentioned
scheme every fifth epoch instead of every training time. It should be noted that users
can customize the frequency of the adaptive loss weight algorithm according to their

specific needs.

6.5 Validation Example

In this section, a series of piles under various geological conditions are examined
using different approaches, including the proposed method, existing solutions, and past
studies, to exam the accuracy of the present study for slender piles undergoing larger

deflection.

6.5.1 Example 1 - Single pile embedded in soil of constant modulus

To demonstrate the accuracy of the proposed method, a single steel H-pile of L, =
25 m in length embedded in homogenous soil with constant stiffness is studied, as
shown in Figure 6-6. The cross-section of the pile is W14X26, whose moment of inertia
and cross-section area are equal to / = 2.8179 X 10 m* and 4 = 2.275 X 102 m?,
respectively. The steel elastic modulus equals £ =2.0 x 10% kPa. The SPI is assumed

to be linear and can be described with the soil modulus, & = 200 kN/m?. As illustrated

177



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

in Figure 6-7, the pile’s bottom end is assumed to be fixed and three boundary
conditions are assigned at the pile top, including fixed, pinned, and fixed with sway.
The load applied at the pile top is composited of the axial load, P =800 kN, shear force,
J'=150 kN, and bending moment, M = 300 kN-m. Two different load factors (LFs), LF
=1.0 and LF = 0.2, are assigned for the applied load to proportionally control the load
magnitude. The LFEM using 30 elements is selected as the benchmark solutions to
investigate the steel H-pile due to their satisfied performance for piles embedded in the
homogenous soil. Different analysis methods are employed to predict the structural
behaviors of piles, which are: (1) the close-form solutions of the simplified governing
equations derived by Matlock and Reese [297]; and (2) the proposed large deflection
analysis method via the PINN. The lateral pile deflections along the pile calculated from

different methods are plotted in Figure 6-7.

According to Figure 6-7, it can be observed that the simplified closed-form
solution fails to accurately predict the structural behaviors of the slender pile,
particularly when the deflection along the pile is large. When the load factor grows to
LF = 1.0, the close-form solution considerably underestimates the pile deflection due
to its ignorance of the geometric nonlinearity. As illustrated in Figure 6-7B, this
underestimation can lead to relative errors that sometimes escalate up to 20%.
Conversely, the results obtained from the proposed method exhibit a high degree of
agreement with the benchmark solutions, thus validating the accuracy and reliability of
the derived governing equations for the pile undergoing large deflection, as well as the

corresponding PINN solutions.
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Figure 6-7 Deflection curves of piles with different boundary conditions: (A) Free (LF

=0.2); (B) Free (LF = 1.0); (C) Pinned (LF = 0.2); (D) Pinned (LF = 1.0); (E) Fixed

with sway (LF = 0.2); and (F) Fixed with sway (LF = 1.0)

Hidden layer a' Hidden layer ' Hidden layer oV

Figure 6-8 Schematics of surrogate model incorporating load factor (LF) and pile length

in input

To demonstrate the computational efficiency of the proposed method, this example

is further extended to an evaluation of piles with different lengths considering load

uncertainty, which is commonly encountered during reliability-based design

optimization [302]. The pile lengths are varied from 20 m to 30 m, while other pile and
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soil parameters maintain consistency with the previous part of this example. According
to Ellingwood [303, 304], the LF can be taken as following the normal distribution.
Thus, a normal distribution with a mean of 1.0 and a standard deviation of 10% is
employed to describe the LF for load uncertainty. The Monte-Carlo Simulation [305]
is utilized to evaluate load uncertainty, where 10000 LFs are randomly generated
according to the prescribed probability distribution and assigned to piles of different
lengths. The LFEM using 30 elements is selected as the benchmark solution when
solving the deterministic models generated during the Monte-Carlo Simulation. The
proposed PINN method is extended to construct the surrogate model and employed in
the Monte-Carlo Simulation for comparison. The constructed PINN surrogate model
incorporates the LF and pile length, L, into the model input (as shown in Figure 6-8),
and the loss function and model training process remain consistent with Sections 3 &

4.

The uncertainty evaluation results are presented via the probability distribution
function of the lateral deflection at the pile top end. Figure 6-9 shows that the results
from the proposed method and LFEM are almost identical to each other, reinforcing the
accuracy of the proposed PINN method. However, the computational costs of different
methods are significantly different, even though both evaluation processes are
conducted on the same computer device with 19-12900K and 32 GB RAM without the
GPU device. The LFEM requires approximately 29.3 hours to solve 11 X 10000 =
110000 deterministic models throughout the Monte-Carlo Simulation. In contrast, the
proposed PINN surrogate model takes only 2.1 hours for model training, plus an
additional 2 minutes to generate results from the trained model, indicating the
superiority of the proposed PINN method in computational efficiency when

encountering some computationally intensive tasks.

181



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

04 0s 06 07 08 09 1.0

Lateral displacement at the pile top (m)

(A)L=20m

=

@
“ =
TR

distribution function

5
e

04 05 06 07 08 09 10
Lateral displacement at the pile top (m)

(B)L=21m

04 [X] 06 07 08 09 10
Lateral displacement at the pile top (m)

(C)L=22m

4.5 45 T T T T
40+ 40+
'é 354 § 354
_g 304 _g 304
£ 25 £ 25
271 271
B B
Z 20 Z 20
2
= 154
2
2
£104
0.5
A 2 003 %
04 05 06 07 08 09 10 04 05 06 01 08 09 10 04 05 06 07 08 09 10

Lateral displacement at the pile top (m)

(D)L=23m

Lateral displacement at the pile top (m)

(E)L=24m

Lateral displacement at the pile top (m)

(F)L=25m

Lateral displacement at the pile top (m)

(G)L=26m

04 0.5 0.6 0.7 08 09 1.0

45 T T T T

Lateral displacement at the pile top (m)

(H)L=27m

43 T T T T 45 T T T T
FEM

404 40 —o— Present study
£ 1 ]
§ 304 4
g,
2]
]

07 08
Lateral displacement at the pile top (m)

DHL=29m

04 05 0.6 07 0.8 09 1.0
Lateral displacement at the pile top (m)

(K)L=30m

2 A
04 03 0.6 07 08 09 1.0
Lateral displacement at the pile top (m)

()L=28m

Figure 6-9 Probability distribution function of lateral pile top deflection: (A) L =20 m;
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6.5.2

2lm; (C)L=22m; (D) L=23m; (E) L =24 m; (F) L=25m;(g) L =26 m;

27m; () L=28m; (J) L=29 m; (K) L =30 m;
Example 2 - Single pile embedded in soft clay

The SPI relations in the design practice sometimes possess significant nonlinearity.
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In this example, a concrete pile of L = 30 m in length embedded in the soft clay is
studied. The parameters of the soft clay include the cohesion efficient ¢ = 16 kPa,
fictional angle ¢ = 2 °, and unit weight y = 1900 kg/m>. According to API [155], the p-
y relations for describing the corresponding nonlinear SPI can be generated from Table

6-4, where p, and y. are the coefficients that can be calculated by:
SuX
bu = 35u+yX+]T
V., = 2.5¢.D

Sy =ct+yXtang

where p, is the ultimate soil resistance; y. denotes pile displacement resulting from the
surrounding soil reaching 50% of its ultimate resistance; s, is the shear strength of the
clay; X represents the embedded depth, which is equal to (L —x) in the present study; D
is the pile diameter that equals 1 m here; J denotes dimensionless empirical constant
that equals 0.5 in the present study; and &, is the strain coefficient and taken as 0.005

in the present study.

Table 6-4. API p-y relations for piles embedded in clay [155]

P/Pu Y/¥e
0.00 0.0
0.50 1.0
0.72 3.0
1.00 8.0
1.00 o
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The generated p-y relations from Table 6-4 are plotted in Figure 6-10. The moment
of inertia and area of the pile cross-section are / =4.909 x 10" m* and 4 = 7.854 X
10" m?, respectively. The pile material elastic modulus is equal to £ = 34.5 GPa. The
pile’s top end is free and subjected to an axial load P =4500 kN, a shear force "= 1000
kN, and a bending moment M = 2500 kN-m. The LFEM using 50 elements is selected
as the benchmark solution and compared with the proposed method to analyze the
lateral deflection of the pile with different LFs. Additionally, the regression for the p-y
relations is employed to estimate the lateral soil resistance during the PINN training

process.

1000 - Embedded depth: 30.0m

Embedded depth: 24.0m

Embedded depth: 18.0m

p (kN/m)

Embedded depth: 12.0m

Embedded depth: 6.0m

Embedded depth: 0.0m

" I - - - ;
0.00 0.05 0.10 0.15 0.20

Y (m)

Figure 6-10 p-y relations at different embedded depths
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Figure 6-11 Deflection curves of piles with different load factors

The comparison results between the benchmark solutions and the proposed
methods are illustrated though the lateral deflection along the pile, as shown in Figure
6-11. It can be found that the proposed large deflection analysis method can generate
almost identical solutions with the LFEM under different LFs, proving the accuracy
and reliability of the proposed large deflection analysis of slender piles accounting for

the nonlinear SPI.

6.5.3 Example 3 - Single pile embedded in multi-layer soil

A case study reported by Liu et al. [179] is revisited in this example. The studied
slender pile of 50 m in length is embedded in triple-layer of medias consisting of rock,
sand, and marine clay. The corresponding p-y relations of different ground medias are
documented by Jeong et al. [306], [smael [307], and Kawamata et al. [308], respectively,
which are all plotted in Figure 6-12. The cross-section of the studied pile is an [-section
size of UPB356 X 368 X 174 with moment of inertia and cross-section area equal to
I=4909 x 10" m*and 4=2.21 x 107! m? respectively. The material of the pile has

an elastic modulus of E = 205 GPa. The pile is subjected to an axial load P = 15000
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kN-m, and a horizontal load /=500 kN. The lengths of the embedded pile segments in
rock, sand, and marine clay are 7 m, 18 m, and 25 m, respectively, as depicted in Figure
6-13. The proposed method is employed to obtain the curve of the lateral deflection at
the pile top versus the LF (as shown in Figure 6-13), which is compared with the
benchmark solution generated from the LFEM using 100 elements and the reported
results from Liu et al. [179]. The regression for the p-y relations is employed to estimate

the lateral soil resistance during the PINN model training.

400
—#— Rock (Kawamata et al., 2008)
—&— Sand (Ismael, 2009)
14— Marine Clay (Jeong and Kim, 2011)
300

200

Lateral Resistance (kN/m?)

100

0 20 40 60 80 100
Lateral Deflection (mm)

Figure 6-12 The p-y relations of different soil layers
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Figure 6-13 Lateral deflection at the top end of pile

Figure 6-13 demonstrates that the results from the proposed method are almost
identical with the reported results from Liu et al. [179] and the benchmark solution
generated from the LFEM. Consequently, the proposed method has been demonstrated
to accurately predict the structural behavior of slender piles under complex geological

conditions.

6.5.4 Example 4 — Single pile embedded in multi-layer sand

In this example, the proposed method is further validated via the comparison with
the field test results reported by Pando et al. [309]. The dimensions of the investigated
pile and the corresponding ground conditions are illustrated in Figure 6-14. The width
of the rectangular pile cross-section is 610 mm. The Young’s modulus of the pile
material equals £ = 30.82 GPa. The effective unit weights of the sands from top to
bottom are y = 19.8, 10, 10, and 11 kN/m?, respectively. The internal friction angles of
the sands from top to bottom are ¢ =31°,27°, 33°, and 35°, respectively. The p-y curves
(as shown in Figure 6-14) are generated according to Li et al. [183]. Different lateral

loads of V'=51.2 kN & 97.3 kN and bending moment, M = 0.69m X V, are applied at
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the pile top end during the field test.

The lateral pile deflections obtained from the proposed PINN method are
compared with the measured field test results from Pando et al. [309] and the numerical
analysis results reported by Li et al. [183]. Figure 6-15 shows that the results from the
PINN method match well with the results from both field test and past literature, further

indicating the accuracy of the proposed method.

M
4 J 7000 . . . :
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Figure 6-14 Schematic of laterally-loaded pile in multi-layer sand
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Figure 6-15 Lateral pile deflection under different lateral loads

6.6 Case Study

The accuracy of the derived governing equation and the corresponding PINN
solution have been proven in the previous validation examples. In the following section,
three groups of case studies are conducted to further illustrate the effectiveness of the
numerical strategies employed in the present study, including the loss function

normalization, the adaptive loss weight algorithm, and the regression of p-y relations.

6.6.1 Case Study 1 - Effect of loss normalization

In this case study, a concrete pile with the circular cross-section is analyzed to
demonstrate the necessity of appropriate loss normalization. The pile has a length of L,
= 30 m and a diameter of D = 1 m. The elastic modulus of the concrete material is
specified as £ = 32.5 GPa. The linear p-y relation is assumed for the pile, and the soil
modulus is set to k=200 kN/m?. The load applied at the top of the pile includes an axial
compression of 5000 kN, a shear force of 1500 kN, and a bending moment of 1000
kN-m. Two load factors, LF = 0.5 and 1.0, are considered in the analysis. To

demonstrate the necessity of loss normalization, the proposed PINN is implemented

189



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

using two different loss functions: (1) loss function without normalization, where all
normalization factors, &V, are set as one; and (2) loss function with normalization, where
all normalization factors, N;, are calculated according to Section 3.3. The effect of loss
normalization is demonstrated through the evolution of loss terms during model

training.

The loss term evolutions during training with and without loss normalization are
depicted in Figure 6-16. It is evident that when loss normalization is ignored, the
magnitudes of the different loss terms are highly disparate, leading to a significant
difference between the magnitude of Lrand other two loss terms, Lg and Lp. As a result,
the optimizer, Adam, focuses only on minimizing L7, while disregarding the
minimization of L and L, leading to the magnitudes of these two loss terms remaining
almost invariant during the model training. Additionally, the magnitudes of L7 exhibit
significant fluctuations during the model training process. Consequently, the loss
without normalization fails to be minimized. On the other hand, the implementation of
loss normalization successfully narrows the magnitudes of the different loss terms

within a close range, thereby enabling successful optimization of the loss function.
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Figure 6-16 Evolution of loss terms with/ without loss normalization: (A) LF = 0.5/
without loss normalization; (B) LF = 0.5/ with loss normalization; (C) LF = 1.0/ without

loss normalization; and (D) LF = 1.0/ with loss normalization.
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Figure 6-17 Lateral deflection along the pile under different load conditions: (A)
Results of PINN with inappropriate loss normalization; and (B) Results of PINN with

appropriate loss normalization.

In the second part of this case study, the necessity of appropriate loss function
normalization is further demonstrated. The lateral deflection of the studied pile,
subjected to ten LFs ranging from 0.1 to 1.0, is investigated. The benchmark solution
for the lateral deflection is obtained through the LFEM method. To overcome the failure
in minimizing the loss function, the normalization factors for L, Nz, is set according to
Section 3.3 to maintain the magnitudes of all loss terms within a close range. Two PINN
models with different loss normalizations are used to predict the structural behavior of
the pile: (1) the PINN with inappropriate loss normalization, where Ng and N3 are set
as one, and (2) the PINN with appropriate loss normalization, where Ng and Np are set
according to Section 3.3. The lateral deflections obtained from two PINN models are
plotted with the benchmark solutions in Figure 6-17. It is clearly found that the PINN
with appropriate loss normalization is capable of more accurately predicting the
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structural behavior of the pile compared with the one with inappropriate loss

normalization.

Due to the stochastic nature of the Adam optimizer, it is challenging to draw
general conclusions based on once numerical experiment. To further investigate the
effect of loss normalization, multiple training processes of the PINN models are
conducted for the aforementioned problem in the rest part of this case study. Specifically,
for each LF, the previous PINN models with two loss normalization are trained
individually ten times and then used to predict the lateral deflection at the top end of
the pile. The prediction results obtained from different PINN models are compared
against the benchmark solutions obtained from the LFEM and presented in Figure 6-18,
where the histogram and error bars are employed to illustrate the average values and
standard deviations, respectively. Additionally, the relative error of the PINN prediction,
calculated by the ratio of the absolute PINN prediction error to that of the benchmark

solution, is also presented in Figure 6-18.
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Figure 6-18 Pile top lateral deflection under different load factors: (A) Results from
PINN with inappropriate loss normalization; and (B) Results from PINN with

appropriate loss normalization.

Observed from Figure 6-18, it can be found that, for the PINN model with
inappropriate loss normalization, even though the average values of the prediction are
close to the benchmark solutions, the corresponding standard deviation is larger than
the prediction results from the PINN model with appropriate loss normalization.
Besides, the standard deviation of the PINN prediction with inappropriate loss
normalization is less sensitive to the LF. When the LF is small, indicating that the
corresponding exact solution for the lateral pile top deflection is also small, such
standard deviations can result in a considerable relative error of the PINN model with
inappropriate loss normalization, sometimes exceeding 20%. On the other sides, the
PINN model with appropriate loss normalization can accurately and robustly predict
the structural behaviors of the pile subjected to different LFs. The relative error of the
prediction from the PINN model with appropriate loss normalization maintains within
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a reasonable range even when the magnitudes of the exact solutions vary widely. From
the above observation, it can be concluded that appropriate loss normalization of the
PINN is necessary, especially when the magnitude of the exact solution may vary

widely.

6.6.2 Case study 2 - Effect of adaptive loss weight algorithm

In the present study, the adaptive loss weight algorithm proposed by Wang et al.
[87] is employed to enhance the numerical efficiency of the multi-objective PINN
model training process. The effect of this algorithm is investigated by studying a series
of piles with varying lengths from 20 m to 45 m. The cross sections of the studied piles
are with a moment of inertia of 7 = 4.909 x 102 m* and a section area of 4 = 7.854 x
107! m2. The applied load at the pile top is maintained constant for all piles with an axial
compression of 3500 kN, a shear force of 500 kN, and a bending moment of 1000 kN-m.
To assess the effect of the adaptive loss weight algorithm, two types of weights for loss
terms are employed during the model training: (1) constant loss weight, which denotes
that all the loss term weights are set to one, and (2) adaptive loss weight, which denotes
all the loss term weights are automatically assigned and updated by the algorithm during
the model training. The results are demonstrated by tracking the evolution of the

summation of all the unweighted loss terms, (Lc + Lp + L7), during the model training.

Table 6-5 Average epochs during the model training

Average training epochs
L (m) Constant loss weight  Adaptive loss weight
20 96 127
25 208 171
30 425 285
35 2535 554
40 1854 1191
45 3163 1743
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Figure 6-19 demonstrates that the adaptive loss weight algorithm significantly
reduces the required training epochs to minimize the loss function within the tolerance
when compared to using the constant loss weight during model training. To further
evaluate the impact of the adaptive loss weight algorithm, multiple model training
processes are conducted. The PINN models with two different loss weights are
individually trained ten times to obtain the numbers of the required training epochs for
minimizing the loss function within the tolerance. The average numbers of training
epochs for different models are summarized in Table 6-5. It can be found that the
average number of required training epochs for the PINN model with adaptive loss
weight is reduced to 50% of the one with constant loss weight. This reduction indicates
a substantial improvement in computational efficiency associated with the adaptive loss

weight algorithm during model training.

6.6.3 Case study 3 - Effect of regression-based soil resistance estimation

The accuracy of predicting the structural behaviors of piles when considering some
complex SPI using the proposed method is validated in Examples 2 - 3, where the
regression-based soil resistance estimation is implemented to reflect the p-y relations
during training, as presented in Section 4.2. Here, some examples are provided to
illustrate the training failure induced by directly obtaining the soil resistance through
the p-y relations and the effectiveness of incorporating regression of p-y relations via

the NN model during the training process of PINN.

Except for API clay p-y relations, another p-y relations developed by Matlock [158]
is utilized in this case study to describe the lateral soil resistance of the pile embedded
in the clay. It should be noted that these two p-y relations are basically equivalent since
the API p-y relations are the interpolation of the Matlock clay p-y relations, which can

be expressed as:
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1 y )0.5
— = when <
p=12 Pu (yc Yy <Y
Pu when 'y =y,

where p is the lateral pile deflection; y represents the lateral pile deflection; and p, and
ye are the ultimate resistance and pile displacement resulting from the soil around the

piles reaching 50% of its ultimate resistance, respectively.

A circular concrete pile of L =30 m in length and D = 1 m in diameter is studied.
The pile is assumed to be embedded in two types of clay, which are: (1) silty clay of
cohesion coefficient, ¢ = 15.7 kPa, fictional angle, ¢ = 19 °, and unit weight, y = 18.1
kg/m?; and (2) soft clay of cohesion coefficient, ¢ = 16.0 kPa, fictional angle, ¢ = 2°,
and unit weight, y = 19.0 kg/m>. The pile is subjected to an axial compression of 3000
kN, a shear force of 1000 kN, and a bending moment of 2000 kN-m at its top. To predict
the structural behavior of the pile, a PINN model is utilized. During the training process,
various methods are employed to obtain the soil resistance, including (1) obtaining the
soil resistance through the linear interpolation of API clay p-y relations, (2) obtaining
the soil resistance directly from Matlock clay p-y relations, and (3) estimate the soil
resistance through the regression via the NN model. The loss function evolution during

different training processes is plotted in Figure 6-20.

From the observations in Figure 6-20, it is evident that the loss functions of the
PINN model training processes, where the lateral soil resistance is obtained through the
linear interpolation of API clay p-y relations, fail to minimize within the tolerance even
when the training epoch grows to 5000. This non-convergence is induced by the
automatic differentiation technique being unable to generate the loss function derivative
accurately since the computational graph of the lateral soil resistance obtained by linear
interpolation from API clay p-y relations is not created. Additionally, severe numerical
instability is observed in the training process where the lateral soil resistance is directly
obtained through Matlock clay p-y relations, as indicated by the loss function values

growing to "nan", which denotes infinity in the ML study. Such numerical instability
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arises from the n™ order derivative (where n > 1) of Matlock clay p-y relations, which
tends towards infinity when y is close to zero. Conversely, the implementation of
regression-based soil resistance estimation can prevent the aforementioned issue and

result in a successful training process of the PINN.
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Figure 6-20 Evolution of loss function of the PINN for piles in two geological

conditions: (A) Silty clay; and (B) Soft clay.

Table 6-6. Numbers of status for model training processes

Ground media Silty clay Soft clay

Training status™ s I N S§ I N

Regression-based soil resistance estimation | 10 0 0 10 0 O
API clay p-y relations 0 0 10 0 0 10

Matlock clay p-y relations 0 10 0 O 10 O

(*: 8, I, and NV denote the success, instability, and non-convergence of the training, respectively.)

To wvalidate the necessity of regression-based soil resistance estimation, ten

individual training processes are conducted for all the PINN models described above.
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The non-convergence of the model training process is defined as the loss function not
meeting the tolerance level when the training epoch reaches 5000, while the instability
of the training process is defined as the loss function becoming "nan" during the training.
Conversely, if the loss function meets the tolerance level within 5000 epochs, the
training process is regarded as a success. The numbers of statuses in different repetitive
PINN model training processes are documented in Table 6-6. The results indicate that
all model training processes that directly obtain the soil resistance from p-y relations
experience non-convergence or instability, while the implementation of regression-
based soil resistance estimation successfully avoids such issues. Thus, it is believed that
implementing regression via the NN model is an effective solution to avoid training
failures when dealing with non-differentiable p-y relations to estimate the soil resistance
during the PINN model training process. More generally, introducing regression via the
NN model is believed to be an effective solution for reflecting non-differentiable

functions in other PINN studies.

Appendix A— Effect of Activation Functions

The efficiency and effectiveness of NN model training is significantly influenced
by the selection of activation functions. This study aims to discuss the effect of
activation functions by investigating a circular concrete pile of D = 1 m in diameter.
The elastic modulus of the investigated pile is £ =34.5 GPa. The pile length, L, is varied
from 20 m to 40 m. The p-y relations of the pile is regarded as linear with the constant
soil modulus k£ = 200 kN/m?. The applied axial compression, shear force, and bending
moment at the pile top equal 2500 kN, 600 kN, and 1000 kN-m, respectively. Several
PINN models with different activation functions are trained to predict the structural
behaviors of the pile. The activation functions employed in the models include: (1)
Tanshrink, Tanh, Leaky ReLU, Sigmoid, and ReLU as the activation functions in all
neural layers; and (2) Tanshrink as the activation functions in both input and output
layers, and Tanh as the activation functions in the hidden layers, as presented Section

3.2. The comparison results between models with different activation functions are
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demonstrated through the loss function evolutions during the model training.

The results of the comparison are depicted in Figure 6-21. The results clearly show
that using Tanshrink as the activation functions in both input and output layers, and
Tanh as the activation functions in the hidden layers, outperforms other selections of
activation functions in terms of training efficiency. Therefore, in this study, all the PINN

models are constructed using Tanshrink and Tanh as the activation functions.
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Figure 6-21 Evolution of loss functions for different PINN models: (A) L =20 m; (B)
L =30m; and (C) L =40 m.
Appendix B — Sensitivity Study of Sampling Point Numbers

The sensitivity study of the sampling point number is conducted. The pile in
Appendix A is revisited here. The pile length is taken as 30 m. The LFEM using 30
elements is selected as the benchmark solution to obtain the lateral pile deflection at the
top end. For comparison, different sampling point numbers, includingn=3/5/10/15
/20/25/30/40/ 50, are employed during the PINN model training process. For each
sampling point numbers, ten individual model training processes are conducted. The
analysis results are presented through the relative error of the PINN model prediction
compared to the benchmark solution. As demonstrated in Table 6-7, when the sampling
point number grows to 50, the relative error of the PINN prediction is smaller than
0.5 %, which is accurate enough. Thus, in this chapter, the sampling point number is

recommended as 50.

Table 6-7 Relative error of the PINN prediction with different sampling point numbers

Relative error (%)

n Average value Maximum value
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44.67 67.54

30.09 77.29
10 9.03 18.44
15 3.71 7.55
20 2.05 2.53
25 1.22 2.36
30 0.62 0.83
40 0.30 0.63
50 0.25 0.44

Appendix C — Adam Optimizer

The Adam update rule be expressed as:

ee+1 — ee _ a ﬁ\le

Ve + ¢

e
v
e 5e

—,v ol
1-5 1-5;

mé = Byme ™t + (1 — B1)Vel

v = Bovet + (1= B2)(VoL)?

where the superscripts ¢ denotes the current epoch index in the model training; m and v
denote the estimates of the first moment and the second moment of the gradients,
respectively, both of which are initialized as zero at the training start; VgL represents
the gradients of the loss function, L, with respect to model parameter set, 8; (VgL)?
is the element-wise squaring of VgL; f1, p2, &, and a are the hyperparameters, which

are taken as 0.9, 0.999, 10, and 0.001, respective.
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Chapter 7. SECOND-ORDER ANALYSIS METHOD FOR PILE-

SUPPORTED FRAMED STRUCTURES USING NOEM

7.1 Introduction

The traditional line finite element method (LFEM) provides accurate single-pile
analysis of nonlinear Soil-Pile Interaction (SPI) using discrete spring elements, but it
is inefficient for pile-supported structures with many piles. Although the refined three-
dimensional pile element (3DPE; Chapter 3) offers a viable numerical alternative, it
still requires a relatively dense mesh to achieve comparable accuracy. To address these
limitations, this chapter implements the neural operator element method (NOEM) for

second-order analysis, using a single element per pile while maintaining accuracy.
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Figure 7-1 Comparison between two modeling approaches for Soil-Pile Interactions
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In the chapter, the neural operator element method (NOEM; Chapter 4) is
implemented for the nonlinear SPI analysis of large-scale pile-supported framed
structures using the corresponding governing equations (Chapter 6). A classical NO
model, named the deep operator network (DeepONet), is introduced, based on which
the general framework for the NOEM is reviewed. Then, the NOEM is implemented
for the simulation of large-scale pile-supported structures, where the conventional
Euler-Bernoulli element and the NOE formulated with the DeepONet trained for single
piles are employed to model upper structures and the pile foundations. Moreover, an
improving ML training strategy, Residual-based Adversarial-gradient Moving Sample
(RAMS; Chapter 5), is also introduced to enhance the NO performance when trained
by the same amounts of dataset. To account for the complex SPI within the NOEM
framework, a local linearization technique is proposed to simplify the original p-y curve
model into a linear p-y curve model, which is proven to be accurate as it preserves the
zero- and first-order derivative values of the nonlinear model. Extensive numerical
examples illustrate the accuracy of the NOEM implementation for pile-supported
structures. The results demonstrate that NOEM, using a single NOE, can accurately
model individual piles in complex geological conditions without compromising
accuracy while also effectively captures the structural response along the piles (Figure
7-1). Thus, it is believed that the proposed method could offer a promising tool for the
further development of second-order analysis method for pile-supported framed

structures in design practices.

7.2 Neural Operator Element Method for Pile-supported Framed
structures

In this section, the employed ML model architeture, DeepONet, for modeling
structural response of single piles is introduced. Accordingly, an improved ML training

strategy, named Residual-based Adversarial-gradient Moving Sample (RAMS) method,

205



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

is introduced. Next, the NOEM for the general partial differential equation problem is
brief review. Finally, a detailed implementation process of the NOEM for pile-

supported framed structures considering the nonlinear SPI is presented.

7.2.1 Deep Operator Network for modeling single pile
In this section, DeepONet, a famous NO model, is revisited and implemented as
the surrogate model approximates the relations between the pile top displacement and

the deflection along piles.

The conventional ML models are commonly designed to approximate some given
function mapping between two scaler or vector variables. Among various ML models,
the multi-layer perceptron (MLP) is the most-commonly used given its strong
approximation capability guaranteed by the universal approximation theorem. The

MLP model can be written as:

N(x) = fn 0 0n_1° fn_1 .02 ° f1 2 0g° fo(x)
where the model input, x, could be either a scaler or vector; o; is the nonlinear
activation function in i layer, which is selected as the hyperbolic tangential function,
ex—

o; = TZ'E, in the present study; and f; is linear maps at the i layer, respectively,
X —-e

which can be further given as:

fi(yi—1) = W;y;_1 + b;

where y; is the output of the i layer; and W; and b; are the weight matrix and the bias

vectors at the i layer, which are all trainable parameters. 1
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Figure 7-2. Architecture of DeepONet modeling single piles.

Even though the conventional ML models, such as the MLP, have already shown
satisfactory performance as the surrogate models in the function approximation.
However, when considering some more complicated tasks requiring approximating
operator mapping between function spaces, those conventional ML models designated
for function approximation sometimes perform poor generalization. Thus, Lu et al. [132]
proposed a new ML architecture, DeepONet, via extending the universal operator
approximation theorem [133] to the deep neural networks. The DeepONet can
effectively approximate the operator mapping to the function space with two
independent MLPs, termed as the branch net and the trunk net, respectively. In this
chapter, we introduce this novel ML architecture (Figure 7-2) to approximate the
mapping between the pile top deformation to the structural response along pile (Figure

7-3) according to the governing equations in Chapter 6, which can be written as:
GR3> TP s p e,

where ¢T°P = [yTopx yTopy gTop] is the boundary condition represented by the

o

pile top displacement including the vertical pile top displacement, u"P* | the lateral

opy

pile top displacement, u™P? | and the pile top rotation, 0"°?; v is a vector-value

function which can be given as:
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v(x; cToP) = [A(x; €T°P)  0(x; c™P)  uy,(x; cToP)]

where A(x; ¢T°P), 6(x; c™P), and uy,(x; c™P) denotes the axial deformation, the
rotation, and the lateral pile displacement at the location x when considering the

boundary condition, ¢T°P, respectively.

The employed DeepONet (Figure 7-2) is composed of two MLPs, termed as the
branch net and the trunk net, respectively. The two subnets take the boundary condition

and the axial coordinate of piles as the input:
Ngra(c™P) = [by(c™P)  by(c™P) .. b3 4(c™P) by, (c"P)]"
Nrru(X) = [t1(0)  t(x) o tano1 (X)) t3p(0)]"

where Np,, and Nr,, are the branch net and the trunk net, respectively; and 37 is the

size of the outputs from Ng,, and Np.,.

Top,
u Py

| 91 op
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Figure 7-3. Illustration of structural response of single piles.

208



Second-order Analysis of Pile-supported Framed Structures by Machine Learning-Enhanced Finite-Element Method

Then, the pile response along the pile at the location x when the boundary

conditions ¢T°P is given can be approximated as:

n 2n 3n
G(e™P)(x) = [Zizlbi(c”")ti(x) Zizmbi(c“"’)ti(x) Zizznﬂbi(c“")ti(x)]

where these three terms are employed to approximate the axial deformation, A(x; cT°P),

the rotation, 6(x; cT°P), and the lateral pile displacement, uy, (x; cT°P), respectively, as:
n
AGGETP) = ) b))
i=1

0(x; cToP) ~ Zzn b, (cTP)¢t;(x)

i=n+1

3n
N B N GLOTIe)

i=2n+1

In the present study, the data-driven training method is employed. Thus, the loss

function of the DeepONet can be given as:

1 Nsam Top 2
£(65) =— > "lg(ef )0 — il
Nsam i=1

where 6; is the collection of all the trainable parameters in the model, G ;

n
{ciT"p X pi}ij:m are the pre-collected dataset, where p; represents a 1 x 3 vectors

for the pile response as:
pi =[8i Oi uy]
Accordingly, the trainable model parameters, 6;, can be computed by:

0; = arg rréign{L(Hg)}

which is solved via the Adam optimizer [262] built in PyTorch [118].

7.2.2  Residual-based adversarial-gradient moving sample method

The performance of ML models is generally highly dependent on the size of the
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training dataset. However, training models with large datasets often entails expensive
data collection and significant training cost. As a result, extensive research has been
conducted in recent years to develop various training and sampling strategies that
enhance model performance while using the same sample size. This study implement
the RAMS technique to improve the performance of DeepONet for modeling single
piles, utilizing the same sample size. In RAMS, the samples are treated as trainable
parameters, maximizing the physics-informed loss given by the underlying governing
equations. This approach allows for the identification and sampling of areas with high
physics-informed loss, indicating regions that require further learning. For simplicity,
the implementation process of RAMS for DeepONet modeling single piles is omitted
here. Detailed descriptions of the RAMS implementation and the physics-informed loss

for single piles are provided in Chapters 4 and 5, respectively.

7.2.3  Neural Operator Element Method

Recently, a hybrid numerical framework has been developed to synergistically
combine emerging machine-learning techniques with the conventional finite-element
method (FEM), enabling efficient and accurate simulation of large-scale partial
differential-equation (PDE) problems. This framework, termed the Neural Operator
Element Method (NOEM; as detailed in Chapter 3), embeds a pretrained neural

operator into the standard variational formulation. A brief overview is given below.

Consider the following PDE problem:

Dlu] =0, for x €Q

Blu] = 1, for x € 0Q

where D and B are the differentiation operator and the boundary condition operator,
respectively; (1 is the computational domain of the PDE; and u is the prescribed

boundary condition on 9{).
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Generally, the variation method can be written as:
¢ = arg min{J[u(c)]} (7.1)
ceRD

where J[-] is the energy functional defined according to the PDE; u(c) is the trial
(shape) function; and ¢ € RP, known as the nodal value vector, collects the nodal

degrees of freedom.

In the conventional FEM, the shape function commonly represented by the
piecewise polynomials. However, NOEM instead partitions the domain into two parts:
the domain modelled by the conventional FEs, {QFf}"FE and the domain modelled by

i=1°

the NOE, {Q{V OE }ZvloE Accordingly, the shape function can be represented as:

n

FE  FE FE "NOE  noE NOE
u(e) =) ¢ (x¢ )+Z_ g (e 7")
=1 =

where YIFF ¢FE (x; cfF) is the standard piecewise polynomial defined on QfF; and

the NOE element, ¢'?%  is constructed by the pre-trained neural operator as:

NOE (x; ¢VOF) = G(cNEY(x) forx € QNOF
' ks 0 for x & QNOE

where the neural operator, §, maps Dirichlet data on the element boundary to the

corresponding interior solution on QN°% as:
G ullOF o u'o"

D[ulN?k] = o, for x € QN9

Bluf?f] = ulN%,  for x € 9Q)°F

NOE

where uNOF is the boundary conditions defined on dQN°E and parametrized by ¢9%.

7.2.4 Implementation of NOEM for pile-supported framed structures

The previous subsection presents the mathematical framework of the NOEM. In
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this subsection, the detailed implementation process of NOEM for the pile-supported
framed structures is illustrated. To solve Eq. (7.1), the Newton’s method is introduced.

Let’s denote the global stiffness matrix and the global resisting force vector as:

02 n nyo
K(c) = J[u(c)] _ z FEkiFE(CiFE) +z N Ek?OE(CévOE)
dc;0¢; i=1 i=1

J Npg NNOE
P = Lo =N g etry 4 s o)

L 1=

where K(c) € R? x RP is the Hessian matrix of the energy functional, which is also
known as the global stiffness matrix; and F(c) € RP represents the gradient vector of

the energy functional, which is also named as the global resisting force vector.

A pile-supported framed structure can be generally partitioned into two parts: the
superstructure and the pile foundations. For the former part, the conventional Euler-
Bernoulli element with Hermit shape functions can effectively model the structural
behavior. Thus, in the present study, the Euler-Bernoulli element is employed to model
the upper structures. Accordingly, ki and fIE are the element stiffness matrix and
the element resisting force vector of the Euler-Bernoulli element, respectively. To
account for the geometric nonlinearity from the large deformation, the co-rotational
kinematic description is also introduced. For simplicity, the present study omits the
detailed formulas of the Euler-Bernoulli element and the co-rotational description,

which could be found in [11].

For the pile foundations, the conventional LFEM commonly requires a dense mesh
to accurately capture its structural response due to the complex ground condition and
the nonlinear SPI. Thus, the NOE composed of kN%F and fN°F is employed to model

pile foundations in pile-supported structures.

The employed neural operator maps the displacement boundary condition at the

pile top to the structural response along the pile as:
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T Top, T
CNOE {u op,x u D,y eiOP}

G(c"F)() = {Alx, ") 0(x, ") uy(x, ")}

Top,x Top,y

where u; , U;

; , and GiTOp are the vertical displacement, the lateral displacement,

and the rotation at the i pile top, respectively; and A, 6, and u, are the axial

deformation, the rotation, and the lateral pile displacement along the single pile

modelled by the i NOE.

According to the governing equations in Chapter 6, the energy functional of the

NOE modeling the i" pile can be written as:
1t 1k
JOR(coF) = f EA6?(x; ¢} )dx + 5 f E162(x; ¢¥OF ) dx
0 0

L ruy(xel%F)
+f f p(x; uy)duy dx
0o Jo

in which L is the pile length.

Monte-Carlo Integral is utilized to approximate the energy functional as:

N
L
]iNOE(C?]OE) _Nz EA62(XJ, NOE)+E192(XJ, NOE)]
J

)
N
J

where N is the sample number for Monte-Carlo Integral; and x; is the sample location

uy(x] i OE)
f (x]- ) uy)duy

in Monte-Carlo Integral.

However, even with Monte-Carlo Integral is employed, the last term accounting
for the SPI is still hard to calculate given the double integral existed. Considering that
JNOE (cf’ OE ) 1s only utilized to compute the Hessian matrix and the gradient vector, we

only need to guarantee its first- and second-order derivatives are accurate, which can
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be written as:

0
p(x,uy)duy = p (xj'uy(xji CIiVOE)) 5CNOE uy (% €0 %F
L

P fuy(xj,cﬁ‘“?)

NOE
ac; 0

uy (e OF)
5 <f p(xj,uy)duy> -P (xf’ uy (% CIiVOE)) Hi (uY(xj} C?'OE))
0

d 0 Kl T
+ EP (xj' uy (x;; CIiVOE)) 3cNOE uy (xj, ¢}'°F) {aclTOE uy (xj; cOF }

0- . . . .
where 3cNOE and H;(-) are the first-order gradient and the Hessian matrix with respect

to cVOF, respectively.

As illustrated above, we proposed a local linearization technique for the p-y model

employed. In this technique, the p-y curve can locally linearize the p-y curve model at

Xj,as p (xj, uy), while ensuring it satisfies the following conditions:

o 9
5u,? (x5, uy (375 €1'%F)) = 3P (35, uy (315 €1'°F))

= . NOEY) _ . -NOE
p (xj:uy(xj' Ci )) =D (Xj'uy(xj' Ci ))
Thus, we replace the original nonlinear p-y curve as a linear model:
p(x5uy) = ki(uy — ) + (%11,
— NOEY. _ 9
where u;, = uy(xj,ci ), and k; = ap(xj,uj,y).
Accordingly, the energy functional for the NOE can be rewritten as:

N N ’
L L b

JROF () = 5 ) [EAN s %) + B10% (s cF)] +- )"| | Bg,)dy
2N - N ~ 1o
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N

L
= ﬁz {EAD® (5 €YOF) + E16% (x5 €O ) + g (x5 €XF) + [p (o wy) = Ky oy (35 €10F)
7

(7.2)

Then, the iteration process for solving Eq. (7.1) based on the Newton-Raphson

method can be written as:

Set unbalanced force vector, AF(c) according to incremental external load.
Compute the stiffness matrix of the Euler-Bernoulli elements, k% (cf%).
Compute the energy functional of the NOEs, JN9¢(cN9F), according to Eq. (7.2).

Compute the stiffness matrix of the NOEs using the automation differentiation:
KNOE (cNOE) = 3¢ (]?/05(0?105))

Assemble the element stiffness matrix to the global stiffness matrix:

02 n nNo
k(o) = TIN5 s o
dc;dc; i=1 i=1

Compute the incremental nodal value vector:

Ac = K~ (c)AF(c)
Update the nodal value vector as ¢ = ¢ + Ac
Compute the element resisting force vector of the Euler-Bernoulli elements,
fi (™).
Compute the energy functional of the NOEs, JNV%¢(cN9F), according to Eq. (7.2).
Compute the element resisting force vector of the NOEs using the automation
differentiation:

fﬁVOE(CIiVOE) — OE(CIiVOE)

N
NOE]i
ac;

Assemble the element resisting force vector to the global resisting force vector:

R (L D W G

l 1=

Compute the unbalanced force using the global resisting force vector and the

external load vector:
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AF(c) = Feyterna — F(€)
If the convergency criterion is satisfied, step into the next load step. Otherwise,
return to Step 2.

The convergency criterion employed in the present study can be written as:

llA

IAF @) dl - oL
— <

< TOL and

Fgxternal

where TOL = 0.001 is the error tolerance.

7.3 Validation Examples

This section presents three case studies that evaluate the performance of the
NOEM for pile-supported structures. With only one element assigned to model each
pile, the NOEM can accurately capture the nonlinear SPI of the complex geological
condition. Moreover, only one single NO is trained and reused across all examples,

underscoring the excellent reusability of the models in the proposed method.

7.3.1  Single pile in multi-layer soil medium

In this study, the steel pile previously reported in [179]is re-examined to validate
the effectiveness of the NOEM for the nonlinear analysis of single piles. The elastic
modulus of the pile is equal to E = 205 GPa. The cross-section area and the moment
of inertia of the pile are A = 2.21 X 10™'m? and I = 5.10 X 10~*m?*, respectively.
Two loading conditions (LCs) are considered: (1) a combination of axial compression,
P =5000 kN, and shear force, V =500kN ; and (2) a combination of axial
compression P = 5000 kN, shear force V = 200 kN, and bending moment M =
200 kN - m. As depicted in Figure 7-4, a multi-layered soil profile consisting of three
distinct soil media is adopted. The p-y curves for rockfill, sand, and marine clay are
constructed according to Jeong et al. [306], Ismael [307], and Kawamata et al. [308],
respectively. To model the pile under these LCs, two numerical methods are employed:
(1) the conventional LFEM utilizing 50, 25, and 12 elements per pile; and (2) the

NOEM with a single element per pile. For constructing the NOE, a DeepONet
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composed of two MLPs, each containing three hidden layers with 75 neurons per layer,
is trained on 1000 samples. The LFEM with 100 elements serves as the benchmark

solution here.
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200
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Figure 7-4 Schematics of single pile embedded in multi-layer soil medium: (A) Single

pile in multi-layer soil; (B) Loading conditions.
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Figure 7-5 p-y curve for multi-layer soil medium
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The comparison between different analysis methods is presented by examining the
pile-top displacement. As illustrated in Figure 7-6, the LFEM with coarse meshes
significantly underestimates the pile-top displacement, including the vertical and lateral
deflections, as well as the pile-top rotation. Specifically, under LC 2, the LFEM with
12 elements results in approximately a 63% underestimation of lateral deflection at the
pile top. Even when the mesh number is increased to 50 elements, the LFEM still
produces more than a 5% underestimation in the pile-top rotation. In contrast, NOEM
with only a single element accurately simulates the structural response of the single pile
under complex soil conditions, achieving relative errors of less than 1%. These results
highlight the accuracy and efficiency of the proposed NOEM approach. Furthermore,
the displacement profiles along the pile for different LCs with different LFs are
examined. As depicted in Figure 7-7, the NOEM accurately capture the pile’s structural
response across varying magnitudes of applied loads and deformation, consistent with
the benchmark results from the LFEM using 100 elements. Thus, the robustness of the

proposed method is further validated.
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Figure 7-8 Comparison results between NOEM using DeepONet trained with/ without

RAMS.

To further validate the effectiveness of the employed RAMS, a comparative study

is conducted. Multiple DeepONets are trained with varying training sample sizes,
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ranging from 10 to 200 samples, both with and without RAMS. These trained
DeepONets are subsequently incorporated into the NOEM for analyzing the single pile
under LC 2. The accuracy of the NOEM employing different DeepONet models is
evaluated based on the relative error of the lateral displacement at the pile top. As
illustrated in Figure 7-8, the implementation of RAMS significantly enhances the
accuracy of the NOEM by improving the performance of the trained DeepONets. This

demonstrates the effectiveness and necessity of the proposed RAMS approach.

7.3.2  Three-story pile-supported framed structure

In this example, the NOEM is further utilized to analyze the structural response of
pile-supported framed structures. The superstructure investigated is a three-story frame,
whose loading conditions, geometry, and cross-sectional details are depicted in Figure
7-9. The elastic modulus of the upper frame is set as E = 32.5 GPa. To accurately
account for SPI, the base of each frame column is connected to a single pile identical
to the one analyzed in Example 1. For the superstructure, each structural member is
modeled using four Euler—Bernoulli beam-column elements. For pile foundation
modeling, two methods are employed: (1) the conventional LFEM approach using 100
elements per pile, and (2) the NOEM utilizing only one element per pile. The pile-group

effect is ignored in this paper.

The comparative performance of the two analysis methods is evaluated through
nodal displacements at selected monitoring points. As shown in Figure 7-10 - Figure
7-12, the NOEM provides analysis results nearly identical to those obtained by the
LFEM, demonstrating the accuracy of the proposed approach. However, computational
efficiency differs significantly between the two methods. The proposed NOEM
approach requires approximately 8.24 seconds for computation, whereas the traditional
LFEM, employing 100 elements per pile, takes around 17.62 seconds—more than twice
the computational cost of the NOEM. Therefore, the superior computational efficiency

of the proposed method is also validated.
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Figure 7-9 Schematics of three-story pile-supported framed structure.
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Figure 7-10 Nodal displacement of Monitoring Point 1 on the three-story structure.
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Figure 7-11 Nodal displacement of Monitoring Point 2 on the three-story structure.
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To further illustrate the robustness of the proposed approach, a large-scale pile-
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supported building subjected to seismic loading is investigated. The superstructure is a
twenty-story building previously examined in [310, 311], with structural member
properties given as a cross-sectional area A = 3.02 X 1072m?, a moment of inertia I
I =8.70 X 10~*m?*, and an elastic modulus E = 207 GPa. Similar to Example 2, the
base of each column is connected to a single pile identical to that analyzed in Example
1. The lateral seismic loading conditions reported in [311] are adopted for analysis.
Each member in the superstructure is modeled using four Euler—Bernoulli beam-
column elements. Two strategies are employed to model the pile foundations: (1) the

LFEM using 100 elements per pile, and (2) the NOEM using a single element per pile.
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Figure 7-13 Schematics of twenty-story pile-supported framed structure.
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Figure 7-14 Nodal displacement of Monitoring Point 1 on the twenty-story structure.
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Figure 7-15 Nodal displacement of Monitoring Point 2 on the twenty-story structure.
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Figure 7-16 Nodal displacement of Monitoring Point 3 on the twenty-story structure

Figure 7-14 - Figure 7-16 present comparative analyses of nodal displacement
curves versus the LFs at selected monitoring points. Results demonstrate that the
proposed NOEM, utilizing only one element per pile, yields accurate predictions with
a maximum relative error below 2%, confirming its accuracy and robustness.
Additionally, the computational time of the NOEM is approximately 27.06 seconds,
which is nearly half the computational time required by the LFEM (45.43 seconds),
highlighting the efficiency of the proposed approach. Furthermore, it is noteworthy that
the neural operator used in Examples 2 and 3 is directly adopted from Example 1 with
minimal additional training or fine-tuning, showcasing the strong model reusability and

considerable application potential of the NOEM.
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Chapter 8. CONCLUSIONS AND RECOMMENDATIONS

8.1 Conclusions

In this thesis, a numerical framework is developed for the second-order analysis
of pile-supported framed structures. First, a refined three-dimensional pile element
(3DPE) is proposed to accurately capture the complex Soil-Pile Interaction (SPI) in
spatial analysis while overcoming the potential numerical instability in the existing
methods. Then, a hybrid numerical framework is proposed for general partial
differential equation (PDE) problems by integrating the finite element method (FEM)
with machine learning (ML) techniques. To enhance the ML training process, a novel
sample-augmentation method specifically designed for ML models solving PDE
problems is proposed. Subsequently, governing equations for single piles, accounting
for nonlinear SPI and geometric nonlinearity due to large deformations, are derived and
implemented within the framework of physics-informed neural networks (PINN).
Finally, these advancements are synergistically integrated into a practical numerical
method that enables accurate modeling of pile-supported framed structures using a

simplified approach of one element per pile.
The main findings and contributions of this thesis are summarized as follows:

1) Arefined 3DPE formulation is proposed to efficiently capture the nonlinear SPI
that is over-simplified in the conventional analysis method. Compared with the
existing pile element formulation, the proposed refined 3DPE formulation can
more accurately capture the structural behaviors of piles under complex loading
conditions, including the shear effect and axial-torsional coupled response.
Furthermore, three soil stiffness matrices are proposed to improve the
numerical stability of the spatial analysis using the existing element

formulation.

2) A hybrid numerical framework that integrates two distinct numerical
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3)

4)

5)

methodologies, FEM and ML, is developed for solving general PDE problems.
In the proposed neural-operator element method (NOEM), neural operators
(NOs) are trained to model specific subdomains rather than entire PDE systems,
resulting in a more efficient training process compared to conventional ML
methods. The pre-trained NOs are subsequently used as neural-operator
elements (NOEs) to represent subdomains that typically require dense meshing
in traditional FEM, while standard finite elements represent the remaining
regions. This hybrid approach substantially reduces computational costs and
greatly enhances model reusability, as pre-trained NOs can be readily applied

across various PDE systems.

To improve performance of ML models trained with limited samples, a novel
sample-augmentation technique, termed Residual-Based Adversarial-Gradient
Moving Sample (RAMS) Method, is proposed. RAMS is specifically tailored
for ML-based PDE solutions and demonstrates superior performance compared
to existing sampling methods. Its remarkable versatility and effectiveness are
validated across diverse ML approaches, including PINN, physics-informed
operator learning, and data-driven operator learning. Notably, RAMS is the first

sampling method capable of effectively supporting operator-learning problems.

Governing equations for single piles are derived, incorporating both geometric
nonlinearity due to large pile deformation and nonlinear Soil-Pile Interaction.
These equations are then implemented within the PINN framework, enabling

precise simulation and analysis of single pile behavior.

A practical numerical method for the second-order analysis of pile-supported
framed structures considering complex SPI, is established based on the NOEM
framework. By integrating the derived governing equations and the proposed
RAMS sampling approach, the NOEM efficiently models complex structural

behaviors of individual piles, capturing geometric nonlinearity and nonlinear
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SPI accurately with only a single element per pile. This efficient method
significantly facilitates the practical application of the second-order analysis in

the design and evaluation of pile-supported framed structures.

8.2 Recommendations for Future Work

This thesis develops a hybrid numerical method combining FEM and ML and

implements it for the second-order analysis method of pile-supported framed structures.

Some studies, however, still need to be conducted in the future:

1l

1il.

1v.

Extend the NOEM to time-dependent problems: Structural dynamic analysis is
crucial in engineering applications. Extending the current NOEM framework
from static analysis to dynamic, time-dependent problems is essential for

broader applicability.

Apply the NOEM for inelastic analysis: Real-world pile materials sometimes
exhibit nonlinear characteristics. Future studies should incorporate material

plasticity into the NOEM to capture these nonlinear behaviors accurately.

Consider spatial Soil-Pile Interaction: SPI in three-dimensional spaces involves
more complex nonlinear interactions compared to two-dimensional models.
Future work should focus on addressing these spatial effects comprehensively

in the NOEM.

Develop a NO library for various geological conditions: the reusability of NOs
in the NOEM framework suggests they can be directly applied across different
systems without additional training. Establishing a comprehensive library of
NOs for piles under various geological conditions would significantly enhance
the practical application and versatility of the NOEM method for second-order

analyses.

The proposed NOEM method will be employed to more realistic pile-supported
229
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structures for further validation.
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