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Abstract

The rapid development of Internet technology has given rise to a vast amount of
graph-structured data. Graph Neural Networks (GNNs), as an effective method for
various graph mining tasks, incur substantial computational resource costs when deal-
ing with large-scale graph data. This computational bottleneck significantly limits the
practical applications of GNNs in real-world scenarios where efficiency and scalability
are crucial. To address this challenge, graph condensation has emerged as a promising
data-centric solution that aims to condense large graph datasets into smaller, repre-
sentative subsets without sacrificing the predictive performance of GNNs. However,
existing graph condensation methods often rely on computationally intensive bi-level
optimization architectures, which themselves suffer from massive computation costs

and limited scalability.

In this thesis, we propose a comprehensive framework that addresses the computa-

tional challenges of graph condensation through three interconnected contributions:

1. Graph Condensation with Structure-based Neural Tangent Kernel
(GC-SNTK): We reformulate the graph condensation problem as a Kernel
Ridge Regression (KRR) task instead of iteratively training GNNs in the inner
loop of bi-level optimization. This approach utilizes a Structure-based Neural
Tangent Kernel (SNTK) to capture the topology of graphs and serves as the
kernel function in the KRR paradigm, significantly accelerating graph conden-

sation while maintaining high prediction performance.



2. Simplified Graph Neural Tangent Kernel (SGTK) and Simplified Graph
Neural Kernel (SGNK): We address the computational limitations of exist-
ing Graph Neural Tangent Kernel (GNTK) methods, which suffer from redun-
dant computations due to layer-stacking strategies. SGTK replaces the tradi-
tional multi-layer stacking mechanism with a continuous K-step aggregation
operation, streamlining the iterative kernel computation process while preserv-
ing expressiveness. SGNK models infinitely wide Graph Neural Networks as
Gaussian Processes, allowing kernel values to be directly determined from the
expected outputs of activation functions in the infinite-width regime, further

reducing computational complexity.

3. Graph Condensation via Gaussian Process (GCGP): We demonstrate
the synergistic potential of our kernel methods by proposing GCGP, which lever-
ages the computational efficiency of our simplified kernels to achieve even faster
graph condensation. GCGP utilizes a Gaussian Process with the condensed
graph serving as observations to estimate the posterior distribution of predic-
tions, eliminating the need for iterative and resource-intensive GNN training.
We derive a specialized covariance function that incorporates structural infor-
mation through local neighborhood aggregation and utilize Concrete random
variables to approximate binary adjacency matrices in continuous counterparts,

enabling gradient-based optimization for discrete graph structures.

Our comprehensive experimental resultsdemonstrate that this integrated approach
achieves superior computational efficiency while maintaining high prediction perfor-
mance across various graph mining tasks. The proposed methods collectively address
the scalability challenges of Graph Neural Networks through a unified framework that

combines the benefits of kernel methods with graph condensation techniques.

Keywords: Graph Neural Networks, Graph Condensation, Neural Tangent Kernel,
Gaussian Process, Kernel Methods, Computational Efficiency, Graph Mining
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Chapter 1

Introduction

This chapter provides a comprehensive introduction to the research background, mo-
tivations, and contributions of this thesis. We begin by establishing the fundamental
context of dataset distillation and graph condensation, highlighting the computa-
tional challenges faced by Graph Neural Networks (GNNs) when processing large-scale
graph data. Following this background, we present the motivations and technical con-
tributions of our three interconnected research works: (1) a fast graph condensation
framework based on kernel ridge regression, (2) simplified methods for graph neu-
ral kernels, and (3) an efficient graph condensation framework based on Gaussian
processes. These contributions collectively address the scalability and efficiency chal-
lenges in graph condensation through a unified kernel-based approach. Finally, we

outline the structure of the thesis to guide readers through the subsequent chapters.



Chapter 1. Introduction

1.1 Background: Graph Data and Dataset Distil-

lation

1.1.1 Graph Data: Structure, Types, and Applications

Graph-structured data represents a fundamental data structure that captures complex
relationships and interactions between entities. Formally, a graph G = (V, E) consists
of a set of nodes (vertices) V = {vy, v, ..., v,,} and a set of edges £ = {(v;,v;)|v;, v; €
V'} that connect pairs of nodes. Each node v; is typically associated with a feature
vector x; € R? representing its attributes, while edges may carry additional informa-
tion such as weights, directions, or types. This flexible representation enables graphs

to model a wide variety of real-world phenomena.

The scale of graph data in real-world applications varies dramatically, from small net-
works with hundreds of nodes to massive graphs with billions of vertices and edges.
For instance, social networks like Facebook contain over 2.8 billion active users, while
the World Wide Web consists of trillions of interconnected web pages. Biological
networks, such as protein-protein interaction networks, can contain millions of pro-
teins and their interactions. These large-scale graphs pose significant computational

challenges for traditional graph analysis methods.

Graph data finds extensive applications across diverse domains. In social network
analysis, graphs model user relationships, enabling community detection, influence
analysis, and recommendation systems. Bioinformatics utilizes graphs to represent
molecular structures, protein interactions, and gene regulatory networks, facilitat-
ing drug discovery and disease understanding. Computer vision employs graphs to
model spatial relationships in images and videos, supporting scene understanding and
object detection. Natural language processing uses graphs to represent seman-
tic relationships, knowledge graphs, and dependency structures. Recommendation

systems leverage user-item interaction graphs to provide personalized recommenda-
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tions. Transportation networks model road systems, public transit, and traffic

flow patterns for urban planning and navigation.

1.1.2 Graph Neural Networks: Principles and Challenges

Graph Neural Networks (GNNs) have emerged as a powerful paradigm for learn-
ing representations from graph-structured data. Unlike traditional neural networks
designed for Euclidean data (e.g., images, text), GNNs operate directly on the non-
Euclidean structure of graphs, leveraging both node features and topological infor-
mation. The core principle of GNNs is the message-passing mechanism, where each

node aggregates information from its neighboring nodes to update its representation.

The fundamental operation in GNNs can be expressed as:
hit = o (WU) . AGGREGATE® ({h;” L j e N(i) })) (1.1)

where hgl) is the representation of node 7 at layer [, N'(i) denotes the neighborhood of
node i, AGGREGATE is a permutation-invariant function (e.g., sum, mean, max),

W is a learnable weight matrix, and ¢ is a non-linear activation function.

Various GNN architectures have been developed to capture different aspects of graph
structure. Graph Convolutional Networks (GCNs) [43] employ a simple mean
aggregation with symmetric normalization. Graph Attention Networks (GATSs) [83]
introduce attention mechanisms to weight neighbor contributions dynamically. Graph-
SAGE [28] samples fixed-size neighborhoods to enable inductive learning on large
graphs. Graph Transformer models adapt transformer architectures to graph data,

capturing long-range dependencies through self-attention mechanisms.

Despite their effectiveness, GNNs face several fundamental challenges when dealing
with large-scale graphs. Computational complexity scales with the number of
nodes and edges, making training on billion-scale graphs prohibitively expensive.

Memory requirements grow quadratically with graph size, limiting the ability to
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process large graphs on standard hardware. Over-smoothing occurs when node
representations become indistinguishable after multiple message-passing iterations,
degrading performance on deep networks. Over-squashing refers to the compression
of exponentially growing receptive fields into fixed-size node representations, limiting

the model’s ability to capture long-range dependencies.

1.1.3 Dataset Distillation: Principles and Progress

Dataset distillation, also known as dataset condensation, represents a data-centric
approach to address the computational challenges of training deep neural networks on
large datasets. The fundamental idea is to synthesize a small, representative subset of
the original dataset that preserves the essential information needed for model training,

thereby reducing computational requirements while maintaining performance.

Formally, given a large dataset D = {(x;, %)}, with N samples, dataset conden-
sation aims to create a synthetic dataset & = {(&;,9;)}X, with M < N samples,
such that models trained on § achieve comparable performance to those trained on

D. This is typically formulated as a bi-level optimization problem:
S* =arg msin Louter(0*(S), Dyar) (1.2)

where 0*(S) = arg ming Linne: (0, S) represents the optimal model parameters obtained

by training on the synthetic dataset S.

Dataset condensation has achieved remarkable success in the image domain. For ex-
ample, DC [124] synthesizes images by matching gradients between models trained on
real and synthetic data. DM [123] employs distribution matching to ensure synthetic
data follows the same distribution as real data. These methods have demonstrated
that as few as 10 synthetic images per class can achieve 90%+ performance compared

to training on the full dataset.

The application of dataset condensation to graph-structured data presents unique
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challenges and opportunities. Unlike images, graphs contain both node features and
structural information, requiring condensation methods to preserve both aspects.
Graph condensation aims to create a small synthetic graph that maintains the
essential structural and feature information of the original graph, enabling efficient

training of GNNs.

Recent work has explored various approaches to graph condensation. GCond [40] for-
mulates graph condensation as a bi-level optimization problem, where the inner loop
trains a GNN on the synthetic graph, and the outer loop updates the synthetic graph
to match the performance of models trained on the original graph. DOSCOND [39]
extends this approach to handle heterogeneous graphs and multiple GNN architec-

tures. SFGC [125] introduces a more efficient single-level optimization framework.

However, existing graph condensation methods face significant limitations. The bi-
level optimization framework requires extensive GNN training in the inner loop, lead-
ing to high computational costs that can exceed those of training on the original
dataset. Multiple parameter initializations are often necessary to ensure generaliza-
tion across different GNN architectures, further increasing computational overhead.
The iterative nature of these methods results in slow convergence and unstable train-

ing, limiting their practical applicability.

1.2 Motivations and Contributions

The computational challenges associated with training GNNs on large-scale graph
data have become increasingly critical as the size and complexity of graph datasets
continue to grow exponentially. Traditional approaches that rely on processing en-
tire datasets often face severe limitations in terms of computational resources, train-
ing time, and memory requirements. This bottleneck is particularly pronounced in

real-world applications where efficiency and scalability are paramount, such as social
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Figure 1.1: Graph condensation aims to condense graph data to a smaller but infor-
mative version. In general, two GNN classifiers (i.e., GNN® and GNN®) are trained
on G7 and G simultaneously. Meanwhile, various matching objectives on two GNNs

are conducted to synthesize G°.

network analysis, molecular property prediction, and recommendation systems.

Graph condensation emerges as a promising solution to address these challenges by
creating compact, representative subsets of large graph datasets. However, existing
graph condensation methods, particularly those based on bi-level optimization, intro-
duce their own computational overhead that can undermine the very efficiency gains
they aim to achieve. The iterative nature of these methods, combined with the need
for extensive GNN training and multiple parameter initializations, often results in
computational costs that are comparable to or even exceed those of training on the

original dataset.

This thesis addresses these fundamental limitations through a systematic approach
that leverages the computational efficiency of kernel methods while maintaining the
expressive power of GNNs. Our research is motivated by three key observations:

(1) the need for more efficient graph condensation methods that avoid the computa-
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tional overhead of bi-level optimization, (2) the potential of kernel methods to provide
closed-form solutions for graph learning tasks, and (3) the opportunity to combine
the strengths of both approaches to achieve superior computational efficiency and

performance.

1.2.1 A Fast Graph Condensation Framework Based on Ker-

nel Ridge Regression

To tackle the problems of bi-level optimization-based graph condensation, we pro-
pose to reformulate the graph condensation as a Kernel Ridge Regression (KRR)
task in a closed-form solution [65] [15], instead of training GNNs (in the inner loop)
with multiple iterations to learn synthetic graph data via bi-level optimization. How-
ever, leveraging KRR for graph condensation faces tremendous challenges. The KRR
paradigm, which can be treated as a classification task, largely relies on the design of
kernel functions to calculate the similarity matrix among instances. The vanilla kernel
function, such as dot product and polynomial kernel, might hinder the expressiveness
of modeling complex relationships among nodes. Therefore, the first challenge is how
to design an appropriate kernel function for optimizing graph condensation in the
KRR paradigm. Moreover, unlike images or text data, graph-structured data lies
in non-Euclidean space with complex intrinsic dependencies among nodes. In other
words, it is imperative to capture graph topological signals in non-linear kernel space.
Thus, the second challenge is how to effectively take advantage of topological structure

in graphs to enhance the design of kernel function in KRR for graph condensation.

In this work, we introduce a novel dataset condensation framework for graph-structured
data in the node classification task, named Graph Condensation with Structure-
Based Neural Tangent Kernel (GC-SNTK). More specifically, a novel graph con-
densation framework is developed by harnessing the power of the estimated neural

kernel into the KRR paradigm, which can be considered as training infinite-width
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neural networks through infinite steps of SGD. What’s more, to capture the topo-
logical structure of graphs, a Structure-based Neural Tangent Kernel (SNTK) is
introduced to execute neighborhood aggregation of nodes for generating the high-

quality condensed graph.

1.2.2 A Simplifying Methods for Graph Neural Kernels

While the Graph Neural Tangent Kernel (GNTK) [16] successfully bridges the gap be-
tween kernel methods and Graph Neural Networks (GNNs), addressing key challenges
such as the difficulty of training deep networks and the limitations of traditional ker-
nel methods, it exhibits certain inherent limitations. Specifically, the GNTK employs
a layer-stacking strategy to compute the kernel value, as illustrated in Figure [4.1}
In this strategy, each layer begins with an aggregation step, where information from
neighboring nodes is collected, followed by a transformation step that applies non-
linear operations to the aggregated data [36]. These steps are performed recursively
across layers to iteratively update the kernel values. While this recursive stacking
mechanism enhances the expressiveness of the kernel by incorporating information
from multiple layers, it also leads to an increase in computational complexity, which

grows linearly with the number of layers stacked.

Moreover, as the depth of the network increases, the transformations performed
in the deeper layers contribute progressively less to the overall performance of the
model [I04]. This diminishing contribution limits the utility of excessively deep net-
works. As a result, while the GNTK is a powerful tool, its high computational cost
and reduced benefits at greater depths may hinder its scalability and applicability in

certain cases.

To address these issues, we investigate the structure of the GNTK method and identify
computational redundancies. Specifically, as the number of stacked layers increases,

the impact of the non-linear transformations in deeper layers diminishes. Thus, re-
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taining only aggregations and a limited number of Neural Tangent Kernel [36] iter-
ations within these layers suffices. This approach reduces computation time while

maintaining the kernel function’s effectiveness.

Building on this observation, we propose the Simplified Graph Neural Tangent
Kernel (SGTK) method. This method involves performing K consecutive steps
of aggregation operations, followed by a single update of the kernel function. SGTK
reduces computational redundancy and enhances the efficiency of kernel function
computation. Furthermore, we define an infinitely wide, simple graph neural model,
deriving a Gaussian process (GP) [103] kernel function with reduced computational
complexity, termed the Simplified Graph Neural Kernel (SGNK). This method cal-
culates the expectations of the post-activation output of the infinitely wide graph
model to determine the kernel value. Compared to SGTK, SGNK further streamlines
the process and reduces computational complexity while maintaining effectiveness in

downstream tasks.

1.2.3 An Efficient Graph Condensation Framework Based on

Gaussian Process

Current graph condensation methods are commonly framed as bi-level optimization
problems [40, 120], where the inner loop trains the GNN using condensed data, and
the outer loop updates the condensed data. While these approaches have achieved
notable progress, they face significant computational inefficiency [92] due to exten-
sive iterative GNN training. The nested loops require iterative updates for both GNN
parameters and condensed data, resulting in slow convergence. Moreover, to ensure
generalization across different GNN initializations, the inner loop often involves thou-
sands of parameter reinitializations, making the computational cost comparable to or

even exceeding that of training on the original dataset.

Gaussian Process (GP) [103] 49], a non-parametric method, eliminates the need for
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complex iterative procedures during model training. This characteristic positions GPs
as a computationally efficient alternative to GNNs in graph condensation tasks. A
GP is defined by its mean function and covariance function, which together enable the
posterior outputs for input data by leveraging prior knowledge and observations. In-
corporating GPs into the graph condensation process eliminates the iterative training
typically required by GNN models. Consequently, this approach enhances computa-
tional efficiency while simultaneously avoiding the dependency of the condensed data
on parameter initialization, thereby improving the robustness and overall effectiveness

of the condensation process.

However, employing GPs for prediction poses significant challenges. In graph-structured
data, node features describe node attributes, while structural information encodes
dependencies and interaction patterns through topological relationships. Combining
these aspects challenges model design, as covariance functions must capture both fea-
ture similarity and graph context. Structural information is vital for modeling graph
data, as it reflects both local and global topological characteristics. Neglecting it
can hinder a model’s ability to represent graph semantics, making the integration of
node features and structural information a key challenge. A second challenge stems
from the discrete nature of graph structures, such as the adjacency matrix, which is
non-differentiable and incompatible with gradient-based optimization methods. This

limitation hinders the efficient optimization of condensed graph data.

To address these challenges, we propose a covariance function that integrates struc-
tural information from graph topology. This function supports neighborhood message
passing, expanding node receptive fields and enhancing dependency modeling while
minimizing computational costs [49] [104]. This approach systematically improves GP
predictive performance. For optimizing structural information, we relax the binary
adjacency matrix [39] into a differentiable form using concrete random variables [61].
As the temperature approaches zero, the relaxed adjacency matrix converges to a

binary form. This relaxation enables gradient-based optimization to refine the graph

10
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structure effectively.

In this work, we propose a novel GP-based graph condensation framework for node
classification tasks, termed Graph Condensation via Gaussian Processes (GCGP).
The framework leverages a GP model as the predictive component, where the con-
densed data serve as observations. To enhance the predictive capabilities of our model,
we propose a specialized covariance function that effectively captures dependencies
between test inputs and observations. Furthermore, we employ concrete random
variables to relax the binary adjacency matrix into a differentiable form, thereby fa-
cilitating gradient-based optimization. The discrepancy between the GP predictions
and the ground truth is then leveraged to guide the optimization, particularly in

optimizing the synthetic graph’s structure.

1.3 Problem Setting and Theoretical Assumptions

The proposed kernel-based graph condensation frameworks are established under sev-
eral fundamental assumptions that define the theoretical boundaries of their applica-

bility.

Static Graph Assumption. We assume that the original graph is static during
the condensation process. That is, the nodes set, edge structure, and feature matrix
remain fixed and are not subject to temporal or streaming changes. This assumption
ensures that the structural similarities and kernel relationships computed between the
original and synthetic graphs remain well-defined and stable throughout optimization.
The current framework does not address dynamic or evolving graphs, where temporal

dependencies would require additional modeling beyond the static kernel formulation.

i.i.d. Embedding Assumption. After graph convolution or message passing,

the resulting node embeddings are assumed to be independently and identically dis-

11
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tributed (i.i.d.) samples drawn from an underlying embedding distribution. This
assumption simplifies the kernel-based analysis and allows us to interpret condensa-
tion as a distribution matching problem between embedding spaces. Although true
independence may not hold strictly in real graphs due to connectivity patterns, this
approximation is a standard practice for theoretical tractability in kernel methods

and graph representation analysis.

1.4 Outline of the Thesis

This thesis presents a framework for efficient graph condensation through three in-
terconnected contributions that systematically address the computational challenges

in graph machine learning. The remainder of this thesis is organized as follows:

e Chapter [2: Related Work provides a comprehensive review of the literature on
dataset condensation, graph neural networks, and kernel methods. We examine
the evolution of dataset condensation from image domains to graph-structured
data, discuss the computational challenges of existing approaches, and establish

the theoretical foundation for our kernel-based solutions.

e Chapter (3 Graph Condensation with Structure-based Neural Tangent
Kernel (GC-SNTK) presents our first contribution, which reformulates graph
condensation as a Kernel Ridge Regression task. We introduce the Structure-
based Neural Tangent Kernel (SNTK) that captures graph topological information
and demonstrate how this approach significantly accelerates graph condensation
while maintaining high prediction performance. The chapter includes theoretical
analysis, algorithmic details, and extensive experimental validation across multiple

datasets.

e Chapter [dt Simplified Graph Neural Kernels (SGTK and SGNK) ad-

dresses the computational limitations of existing Graph Neural Tangent Kernel

12
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methods. We propose two complementary approaches: the Simplified Graph Neu-
ral Tangent Kernel (SGTK) that replaces multi-layer stacking with continuous K-
step aggregation, and the Simplified Graph Neural Kernel (SGNK) that models
infinitely wide GNNs as Gaussian Processes. Both methods reduce computational

complexity while preserving kernel expressiveness.

e Chapter |5¢ Graph Condensation via Gaussian Process (GCGP) presents
our most efficient contribution, which leverages the computational advantages of
Gaussian Processes to achieve even faster graph condensation. We develop a
specialized covariance function that incorporates structural information through
local neighborhood aggregation and utilize Concrete random variables to enable
gradient-based optimization of discrete graph structures. This chapter demon-
strates the synergistic potential of combining kernel methods with graph conden-

sation techniques.

e Chapter [6; Conclusion and Future Directions summarizes the key contri-
butions of this thesis, discusses the broader implications of our work for the field
of graph machine learning, and outlines promising directions for future research

in efficient graph condensation and kernel-based graph learning.

Each chapter builds upon the previous ones, creating a coherent narrative that pro-
gresses from understanding the problem landscape to developing increasingly sophisti-
cated and efficient solutions. The three main contributions (GC-SNTK, SGTK/SGNK,
and GCGP) are designed to work synergistically, with each addressing different as-

pects of the computational efficiency challenge in graph condensation.

13
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Related Work

This chapter reviews the literature that forms the theoretical foundation for our re-
search on efficient graph condensation. We examine five key areas: (1) Graph Neural
Networks (GNNs) and their computational challenges, (2) Graph Neural Tangent
Kernel (GNTK) methods and their limitations, (3) Gaussian Processes and their
connection to neural networks, (4) dataset distillation techniques from image do-
mains to graph-structured data, and (5) current graph condensation research and its
computational bottlenecks. This review establishes the motivation for our kernel-
based approaches, highlighting the computational inefficiencies in existing methods
and the potential of kernel methods to address these challenges while maintaining the

expressive power of GNNs.

2.1 Graph Neural Networks

GNNs have undergone significant advancements, addressing diverse aspects of graph
learning through various models. For semi-supervised learning, GCNs [43] leverage
spectral graph convolutions, while GATs [84] incorporate attention mechanisms to pri-

oritize relevant neighbors. Extensions like R-GCNs [71] handle multi-relational data,

14
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and GraphSAGE [28] introduces sampling-based aggregation for scalable inductive
learning. To enhance expressiveness, GINs [IT1] employ sum aggregation inspired by
the Weisfeiler-Lehman test. Simplifying computations, SGC [104] removes non-linear
activations and collapses weight matrices, while APPNP [24] integrates personalized

PageRank with neural networks for improved performance.

2.2 Graph Neural Tangent Kernel

Neural tangent kernel (NTK) [36] fundamentally transforms our understanding of
training dynamics in infinitely wide neural networks by equating them to kernel
methods. CNTK [2] extends NTK to convolutional neural networks. GNTK [16] and
GPGC [31] are introduced for graph neural networks, demonstrating their efficacy in
graph-based tasks. Krishnagopal et al. [46] investigate the training dynamics of large-
graph GNNs using GNTKs and graphons. GCNTK [129] shows that for wide GCNs,
the output for semi-supervised problems can be described by a simple differential
equation. A quantum graph learning model, GraphQNTK [79], leverages quantum
parallelism to enhance computational efficiency; however, experiments reveal that its
performance lags behind that of GNTK. Jiang et al. [38] employ sketching to accel-
erate GNTK, but they do not experimentally demonstrate efficiency improvements.
Wang et al. [92] integrate structural information with the neural tangent kernel and
propose the SNTK, a method designed to address graph condensation problems. Ad-
ditionally, GCKM [I06] employs stacked layers to compute graph kernels, but this
approach involves redundant computations, which contribute to increased computa-

tional complexity.
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2.3 Gaussian Process

The Gaussian Process, a widely recognized non-parametric model, has been exten-
sively studied and serves as a foundational tool in machine learning and statistical
modeling. Williams [102] first derived the analytical forms of the covariance ma-
trix for single-hidden-layer infinite-width neural networks, laying the groundwork for
subsequent theoretical developments. Building on this, Lee et al.[49] established a
connection between infinite-width deep neural networks and Gaussian processes, pro-
viding a formal probabilistic framework. Expanding this line of research, Jacot et
al.[36] introduced the Neural Tangent Kernel, which offers insights into the training
dynamics of infinitely wide networks. Furthermore, Matthews et al. [62] demon-
strated the emergence of Gaussian process behavior in such networks, reinforcing the

theoretical underpinnings of their behavior.

2.4 Dataset Distillation

Dataset Distillation or Dataset Condensation [96, [124] represents a fundamental
paradigm for condensing large-scale datasets into smaller synthetic datasets while
ensuring comparable model performance. This approach addresses the computa-
tional and storage challenges associated with training deep learning models on mas-
sive datasets by creating compact, representative subsets that preserve the essential
characteristics of the original data. The seminal work by Wang et al. [96] introduced
the bi-level optimization framework DC (Dataset Condensation), which builds on the
concept of optimizing image pixels as parameters via gradients [60]. This framework
established the core principle of matching model behavior between synthetic and orig-
inal datasets through iterative optimization, where the synthetic dataset is treated as
learnable parameters that are optimized to minimize the performance gap between

models trained on synthetic and real data.
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Subsequent research has explored various evaluation criteria and optimization strate-

gies for dataset condensation, each targeting different aspects of the learning process:

Gradient matching approaches [124], 122 [51] aim to align gradients between mod-
els trained on synthetic and real data. This strategy ensures that the synthetic
dataset induces similar learning dynamics as the original dataset, leading to compa-
rable model convergence and performance. Feature alignment methods [91] focus
on matching intermediate feature representations extracted by neural networks. By
aligning the feature distributions at different layers, these approaches preserve the
hierarchical representations learned by deep models. Training trajectory match-
ing [§] ensures that the learning dynamics are preserved across datasets by matching
the entire training trajectory of models. This comprehensive approach captures the
temporal evolution of model parameters during training. Distribution matching
techniques [123] align the statistical distributions of synthetic and real data, ensuring

that the condensed dataset maintains the statistical properties of the original dataset.

Beyond the basic bi-level optimization framework, researchers have developed more
sophisticated approaches. Deng et al. [I3] introduce the learnable address matrix in
condensation, which considers the address matrix as part of the condensed dataset,
providing a novel perspective on dataset representation. Nguyen et al. [65] introduced
a meta-learning approach for DC, drawing on infinite-width neural network theory [16,
30, 2, 53]. This approach leverages the theoretical insights from neural tangent kernels

to design more effective condensation strategies.

2.5 Graph Condensation

Extending the concept of dataset condensation to graph-structured data introduces
unique challenges due to the non-Euclidean nature of graphs and the need to preserve

both node features and structural information. Graph condensation encompasses two

17
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primary task categories, each addressing different aspects of graph data compression.

Node-level condensation focuses on condensing a large graph into a synthetic one
with fewer nodes while preserving the essential structural and feature information.
This approach is particularly relevant for scenarios where the goal is to reduce com-
putational overhead while maintaining the ability to train effective GNNs on large-
scale graphs. Graph-level condensation aims to condense numerous graphs into a
smaller, synthetic set containing only a limited number of representative graphs. This
task is crucial for applications involving multiple graph instances, such as molecular
property prediction and social network analysis, where the goal is to create a com-
pact dataset that preserves the discriminative characteristics of the original graph

collection.

The development of node-level graph condensation began with Jin et al. [40], who
were the first to adapt dataset condensation to the graph domain by proposing a
bi-level graph condensation method. This pioneering work established the funda-
mental framework for graph condensation, demonstrating the feasibility of creating
synthetic graphs that preserve the training dynamics of the original graph. Recent
advancements have introduced diverse methodologies to enhance the effectiveness and
efficiency of node-level condensation: Trajectory-based approaches have gained
prominence, with Zheng et al. [125] proposing a structure-free method that condenses
a graph into node embeddings by employing training trajectory matching. Similarly,
Liu et al. [55] advanced node-level graph condensation by utilizing receptive field dis-
tribution matching, which captures the propagation patterns of information through
the graph structure. Efficiency-focused methods have emerged to address the
computational challenges of traditional bi-level optimization. Xiao et al. [110] propose
the use of a pre-trained Simplified Graph Convolution model, achieving up to a tenfold
improvement in computational efficiency while preserving performance. DisCo [109],
a GNN-free graph condensation framework, decouples node and edge condensation

into two independent stages, facilitating computational acceleration while achieving
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accuracy comparable to GNN-based methods. Kernel-based approaches leverage
the computational efficiency of kernel methods. GC-SNTK [92] utilizes the Kernel
Ridge Regression framework with a structure-based neural tangent kernel to enhance
condensation efficiency, avoiding the iterative training required by traditional bi-level
optimization. Training-free frameworks represent a recent innovation, with Gao
et al. [23] proposing a framework that simplifies graph condensation into a clustering-
based class-to-node partition problem, eliminating the need for extensive training
procedures. Lossless methods aim to preserve all essential information during
condensation. Zhang et al. [I20] introduce a lossless node-level graph condensation
method grounded in trajectory matching, ensuring that no critical information is lost

during the condensation process.

Graph-level condensation addresses the challenge of condensing multiple graph in-
stances into a representative subset. This task is particularly relevant for applications
involving graph classification, where the goal is to create a synthetic dataset that
preserves the discriminative characteristics of the original graph collection. Prob-
abilistic modeling approaches have been explored for graph-level condensation.
DosCond [39] employs a probabilistic approach to model the discrete structure of
graphs, enabling the generation of synthetic graphs that capture the statistical prop-
erties of the original dataset. Kernel-based techniques have also been applied to
graph-level condensation. The KiDD method [112] utilizes the Kernel Ridge Regres-
sion framework to condense entire graph-level datasets effectively, demonstrating the

versatility of kernel methods in graph condensation tasks.

Despite significant progress, graph condensation faces several ongoing challenges. The
computational complexity of bi-level optimization remains a primary concern, par-
ticularly for large-scale graphs. The trade-off between condensation efficiency and
information preservation requires careful consideration. Additionally, the generaliza-
tion of condensed graphs across different GNN architectures and tasks presents an

important research direction.
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Future research directions include the development of more efficient optimization
strategies, the exploration of novel evaluation metrics that better capture graph-
specific properties, and the investigation of adaptive condensation methods that can
dynamically adjust the condensation ratio based on the complexity of the underlying

graph structure.

2.6 Extensions and Relations to Other Learning

Paradigms

The proposed kernel-based graph condensation frameworks not only mitigate the com-
putational bottlenecks of existing methods but also enable integrations with other
advanced paradigms, such as few-shot learning and knowledge distillation. These
connections extend graph condensation beyond data compression and scalability, sup-

porting generalization under limited data and facilitating efficient model transfer.

2.6.1 Integration with Few-Shot Learning

Few-shot learning (FSL) aims to generalize from very limited data by leveraging trans-
ferable representations [75], 22, 87]. Our kernel-based condensation aligns naturally

with this goal, as both emphasize information efficiency and structural preservation.

e Condensed Graphs as Meta-Tasks. Graphs condensed by GC-SNTK or
GCGP can serve as diverse yet compact meta-training tasks, providing rich

topology and feature patterns for rapid adaptation in meta-learning frameworks.

e Low-Resource Graph Learning. In few-label scenarios, condensed graphs
can amplify learning signals by capturing relational information from unlabeled
graphs, enhancing label efficiency when combined with transductive or semi-

supervised settings [126] 93].
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Overall, graph condensation can act as task-level pretraining for few-shot graph learn-
ing, inspiring an emerging direction of few-shot graph condensation, where synthetic

graphs serve as compact priors for fast adaptation across domains.

2.6.2 Connections to Knowledge Distillation

Knowledge distillation (KD) [30] transfers knowledge from a large teacher model
to a smaller student. While KD compresses models in the parameter space, graph
condensation compresses data in the data space. The two can be unified within a

data-model co-distillation framework:

e Data-to-Model Transfer. Synthetic graphs implicitly distill structural and
semantic knowledge from the full dataset, enabling efficient student training

with minimal data.

e Model-to-Data Guidance. Teacher predictions or representations can guide
the condensation process, ensuring that synthetic graphs preserve key decision

and relational cues, forming a teacher-student feedback loop.

Together, knowledge distillation and graph condensation form complementary com-
pression paradigms—one in model space, the other in data space. Their integration
enables graph co-distillation, achieving multi-level efficiency and generalization in

graph learning.
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Chapter 3

Kernel-Based Graph Condensation
Framework with Structure-Aware

Neural Tangent Kernels

This chapter presents our first major contribution to efficient graph condensation,
introducing the Graph Condensation with Structure-based Neural Tangent Kernel
(GC-SNTK) framework. Building upon the computational bottlenecks identified in
Chapter [2] we reformulate the bi-level optimization problem as a Kernel Ridge Re-
gression (KRR) task, eliminating iterative GNN training. The GC-SNTK framework
establishes the theoretical foundation for kernel-based graph condensation, serving as
the cornerstone for subsequent developments in Chapters[d and 5] Through extensive
experiments, we demonstrate remarkable efficiency improvements while maintaining

competitive performance.
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3.1 Introduction

The prevalence of internet technology has accumulated a large amount of graph-
structured data, which is widely used in Web applications. For example, social
networks [118, B, 19, 20, 18], and semantic networks [127, [52], can be naturally
represented as graphs consisting of nodes and edges. Due to the extensive appli-
cation of graph-structured data, Graph Neural Networks (GNNs) [117, 8, 21], as
one of the advanced Deep Neural Networks (DNNs), have gained significant attention
for the performance of various graph mining tasks during the past few years. No-
tably, the remarkable achievement of most existing GNNs largely relies on large-scale
datasets [24, [11]. Despite being effective, training GNNs on such large-scale datasets
still presents some difficulties, as it usually requires enormous computational resources
(e.g., power, memory storage, GPU runtime, etc.) caused by thousands of training

iterations, hyper-parameters optimization, and neural architecture search [107, [40].

A data-centric approach to tackle these challenges is to condense the original large-
scale graph datasets into synthesized smaller yet information-rich versions [96]. As
one of the most advanced paradigms, Dataset Condensation (DC), also known as
dataset distillation [124], has achieved remarkable performance to obtain a small-
scale synthetic version of the full dataset while preserving models’ prediction perfor-
mance in the image domain. For instance, 10 images distilled from the whole MNIST
dataset [47] with 60,000 images are sufficient to achieve a 94% accuracy, reaching 95%
performance of the full dataset [06]. Recently, early efforts explore the potential of
dataset condensation on graph-structured data [40), 39]. The vanilla graph condensa-
tion methods [40} 39] can be formulated as a bi-level optimization problem, so as to
condense the entire graph into a small graph of a few nodes with corresponding fea-
tures via various matching objectives between two GNNs models. More specifically,
as illustrated in the outer synthetic graph optimization (i.e., outer loop) heavily relies

on the inner GNN model trained on the synthetic graph (i.e., inner loop) [40} 39)].
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Despite the aforementioned success, most existing bi-level optimization-based graph
condensation methods suffer from intrinsic limitations such as unstable training [67,
63], and massive computation costs [86], leading to an inferior performance on syn-
thesized data generations. Worse still, ensuring condensed data’s generalization on
various GNN architectures requires multiple parameter initialization [39, [40], lead-
ing to complex three nested loops in algorithmic optimization and substantial time

consumption.

To tackle the problems, in this paper, we propose to reformulate the graph conden-
sation as a Kernel Ridge Regression (KRR) task in a closed-form solution [65] 5],
instead of training GNNs (in the inner loop) with multiple iterations to learn synthetic
graph data via bi-level optimization. However, leveraging KRR for graph condensa-
tion faces tremendous challenges. The KRR paradigm, which can be treated as a
classification task, largely relies on the design of kernel functions to calculate the sim-
ilarity matrix among instances. The vanilla kernel function, such as dot product and
polynomial kernel, might hinder the expressiveness of modeling complex relationships
among nodes. Therefore, the first challenge is how to design an appropriate kernel
function for optimizing graph condensation in the KRR paradigm. Moreover, unlike
images or text data, graph-structured data lies in non-Euclidean space with complex
intrinsic dependencies among nodes. In other words, it is imperative to capture graph
topological signals in non-linear kernel space. Thus, the second challenge is how to
effectively take advantage of topological structure in graphs to enhance the design of

kernel function in KRR for graph condensation.

In this paper, we introduce a novel dataset condensation framework for graph-structured
data in the node classification task, named Graph Condensation with Structure-
Based Neural Tangent Kernel (GC-SNTK). More specifically, a novel graph con-
densation framework is developed by harnessing the power of the estimated neural
kernel into the KRR paradigm, which can be considered as training infinite-width

neural networks through infinite steps of SGD. What’s more, to capture the topo-
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logical structure of graphs, a Structure-based Neural Tangent Kernel (SNTK) is
introduced to execute neighborhood aggregation of nodes for generating the high-

quality condensed graph.

3.2 Methodology

In this section, we start by introducing the bi-level graph condensation model. Next,
we provide comprehensive details on the proposed fast graph condensation framework
(as shown in Figure , and illustrate a structure-based kernel method specifically
designed for graph data. Finally, a theoretical analysis of the computational com-
plexity is presented, proving that the proposed GC-SNTK is more efficient compared
to previous SOTA methods.

3.2.1 Notations and Definitions

In general, a graph can be represented as G = (V, &), where V = {vy,va, ..., vy} is
the set of |V| nodes and & is the edge set. We use X € RV*? to denote the node
features matrix, where d is the dimensional size of node features. The structural
information of the graph can be represented as an adjacency matrix A € {0, 1}VIxIVI]
where A;; = 1 indicates that there is a connection between node v; and v;, and 0
otherwise. Given a target graph dataset G7 = {X7 A7 Y7} with N nodes, where
Y7 is nodes’ labels. The goal of graph condensation is to condense G7 into a graph
G° = {X%, A% Y5} with a significantly smaller nodes number M (M < N), while

the model trained on G° can achieve comparable performance to that trained on the

much larger target graph dataset G7 (as shown in Figure .
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Figure 3.1: (a) Bi-level graph condensation optimization and (b) the proposed GC-
SNTK. G7 and G denote the target and condensed graph data, respectively. GNN,
is a graph neural network model with parameter 6. £ and ¢ are the losses of the outer
and inner loops, respectively. opt-alg refers to the optimization algorithm. The
bi-level model entails an inner GNN training loop, an outer G optimization loop,
and R-time initialization. In contrast, the proposed GC-SNTK only has a single G¢

optimization loop.
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3.2.2 Bi-level Graph Condensation

As shown in Figure [3.1a], existing solutions regards graph condensation as a bi-level

optimization problem [39], which can be formulated as follows:

T
mln E00~P9 Z GNNetH ) GS, GT)
P (3.1)

s.t. GNNp,,, = opt-alg, [((GNNp,, GS)] :

In Equation , the outer loop is responsible for optimizing the condensed graph
data G¢ by minimizing the matching loss £. At the same time, the inner loop trains a
model GNNy on condensed graph data G° by minimizing the training loss /. Besides,
to ensure the robust generalization of the condensed graph data G° on parameter
initialization distribution Fp,, multiple initialization of the model parameters is re-
quired. As a result, the solving algorithm of the bi-level graph condensation actually
has three nested loops, leading to huge computational costs in terms of time and GPU

resources.

3.2.3 Fast Graph Condensation via Kernel Ridge Regression

To tackle the substantial computational issues, we propose to replace the GNNy in
Equation by the KRR paradigm. More specifically, KRR, [65] [15] entails a con-
vex optimization process with a closed-form solution, bypassing the resource-intensive
GNNj training. Consequently, the bi-level optimization in the general graph conden-
sation framework can be simplified into a more computational efficient single-level
paradigm. Moreover, KRR leverages the condensed graph data G° as the model
parameter, eliminating the need for multiple initialization to ensure robust general-
ization of the condensed graph data. These distinctive characteristics contribute to
a significant improvement in the overall efficiency of the graph condensation. Denote

fos as the KRR model constructed by condensed data G°. Mathematically, the KRR
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model can be written as:
fas (GT) = ICTS(ICSS + )\[)71}/5, (3.2)

where Krs : G7 x G5 — RV*M ig a node-level kernel function. A > 0 is the hy-
perparameter on regularization for preventing over-fitting to mislabeled data [32].
Equation leverages condensed graph data G to construct the KRR model and
giving predictions of target graph data G7. To evaluate the predicting performance,

the Mean Square Error (MSE) loss is adopted:
1
L(fes,GT) = §HYT — fas(GT||%. (3.3)

Then G¥ is updated based on optimization algorithm opt-alg and the condensation

loss L:

G° = opt-alggs[L(fas, GT)). (3.4)

[teratively conducting equations from (3.2]) to ({3.4]) until convergence, we will get the
well condensed graph data G¢. Finally, the proposed graph condensation framework

with KRR can be modeled as the following minimization problem:

min £(fas, GT)
e (3.5)
sit. fags = K.s(Kss + )\I)flys.

The proposed graph condensation framework is illustrated in the Figure [3.1b} where
incorporating KRR in graph condensation allows the bi-level optimization architec-
ture streamlined into a single-level one. Compared with GNNy in Equation , on
one hand, the convex nature of KRR allows the optimal model to be trained without
iteratively training. On the other hand, KRR does not require multiple initialization
of model parameters. The two aspects contribute to the noteworthy improvement of

the graph condensation efficiency.
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3.2.4 Structure-based Neural Tangent Kernel (SNTK)

The role of the kernel function I in KRR is mapping the data to a higher-dimensional
space in order to capture more intricate nonlinear structures present in the data.
Different kernel functions are used to capture patterns in different types of data.
Therefore, the choice of the kernel function directly affects the performance of KRR
predictions and, consequently, the quality of the condensed graph data.

In recent years, Neural Tangent Kernel (NTK), which serves as a bridge between deep
neural networks and kernel methods, has obtained extensive attention along with the-
oretical studies across enormous successful applications [36], 25, 81]. Specifically, NTK
approximates behaviors of infinite-width neural networks, demonstrating the tremen-
dous capabilities in modeling highly complex relationships among instances [25]. More
importantly, harnessing the power of estimated NTK into KRR can be considered as
training infinitely-wide deep neural networks in an infinite SGD training steps [2, 36],
leading to efficient training without sacrificing model’s expressivity. Given these ad-
vantages, the NTK provides a great opportunity to improve graph condensation that

is typically based on the bi-level optimization method.

A straightforward approach using NTK [36] in graph data is to compute the kernel
matrix between nodes solely based on their features X. For two nodes v; and v; with
features x; and z;, respectively, denote @E?) = Eg?) = x; - x¥; as initialization. The

recursive NTK workflow is given by:

_ - (L
e’ = ey 1)21('3') + =, (3.6)
in which
=) = aE [o(a)o () (3.7)
ij (a,b)~N(0,A5F)) ) .
=\ (L) . .
Xy = O‘E(a,b)NN(o,Agf>)[U(Q)U(b)L (3.8)
(L-1) (1)
N N AN (3.9
i %
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where &(a) is the derivative with respect to activation o(a). « is the coefficient related

to activation o. @EJ.L) is the kernel value after L iterations.

However, calculating the kernel value only based on node features might easily lead
to low-quality condensed graphs. Because the structural information in graphs can
provide crucial insights into the relationships, dependencies, and interactions among
nodes. By disregarding structural information, important contextual information
and patterns in the graphs may be overlooked. Hence, considering the structural

information in NTK for graph condensation is essential.

To tackle this issue, we introduce a novel kernel method, namely Structure-based
Neural Tangent Kernel (SNTK), to capture the structure of graphs by connecting
local neighborhood aggregation and the NTK method. Based on the homophily as-
sumption [57], SNTK involves integrating information from neighboring nodes into
enhancing node representation learning, aiming to capture nodes’ context and rela-
tionships. More formally, the node neighborhood aggregation of SNTK can be defined
as follows:

hi =¢; Z Tp, (3.10)

peN{ipu{i}

where N{i} U {i} indicates the set consisting of node v; and its neighbors N{i}.
To avoid imbalanced information propagation, the aggregation coefficient is set to
¢ = (I 2 pentiyom z,|l2)~t. With local neighborhood aggregation, the SNTK kernel

can be formulated as:

(0)

peN{i}u{i} geN{j}u{s}
~ (0)

peN{i}U{i} geN{j}{s}

D (L)

AL)  A(L-1)¢ (L)
0, =0, % +%;. (3.13)

Real-world scenarios often necessitate K (K > 1) rounds of neighborhood aggregation

to capture information from nodes’ K-hop neighbors. Therefore, the aggregation
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followed by L iterations of kernel matrix will be recursively iterated K times.

3.2.5 Matrix Form of Structure-based Neural Tangent Ker-
nel (SNTK)

To enable efficient acceleration computations on GPUs, we formulate the SNTK com-
putational process in the matrix format. Given two different graphs G = {X, A, Y}
and G’ = {X', A’,Y'}, the initialization of SNTK is set as: ©@© = %@ = x(x")7.
Denote the matrix form aggregation as 3 = Aggr(X), the matrix form for Equa-

tion (3.11) and ([3.12) is given by:

O — Ao =0y A)T, (3.14)

)
C:')(O)

A(C O (ANT, (3.15)

where A and A’ are the self-looped adjacency matrix of graphs G and G'. C is
the aggregation coefficient matrix, where C;; = ¢;¢;. (-)' indicates the transpose
operation, ® is the element-wise product. Then according to [2], the matrix form of

the recursive iteration in Equation (3.13]) is:

. 1 -
s = [77 - arccos(E(L 1))] ; (3.16)
2T
. 1 (L o\ (L-1),2
" _ 7 [7‘(’ — arccos(E(L 1)) +V1- (E(L 1)) ] ; (3.17)
m
6" =0""eox" 5" (3.18)

A~

where arccos(E(L_l)) and (ﬁ](L_l

))2 indicate element-wise arc-cosine and squaring
operation. To sum up, for K times neighborhood aggregation, where each aggregation
followed by L iterations of Equation (3.18), the workflow for the SNTK is illustrated
in Algorithm [1]

Finally, the algorithm for proposed GC-SNTK, which incorporates KRR paradigm
and SNTK, is summarised in Algorithm [2]
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Algorithm 1 Structure-based Neural Tangent Kernel (SNTK)

1: Input: Graphs G = {X, A Y} G' = {X', A, Y'}.
2: Output: Kernel matrix (:)E?)

3: Initialize: ©{)) = X{) = X(X')7, K, L.

4: for k=1,2,..., K do

5: if £ =1 then

~(0) 0 ~ (0) 0
6: Y= Aggr(Eﬁog), O = Agg?‘(@goi)-
7 else
~,(0) ~ (L) ~ (0) ~ (L)
8: 3 = Aggr(3;.21)), Opy = Aggr(©;_y)).

9: end if
10: for(=1,2,...,L do

11: Update EEQ) — 53351); 283) A 2AJ(/’C) ; ©

tion (BT6) - (B19)

12: end for

13: end for

32



3.2. Methodology

Algorithm 2 GC-SNTK
1: Input: Target graph data G7 with N nodes.

2: Output: Condensed graph data G with M (M < N) nodes.

3: Initialize: Random initialize G¥.

4: while not converge do

5: Calculate K75 and Kss by Algorithm [I]

6: Calculate loss function £(fgs, G7) by Equation (3.3):

L(fos,GT) = 51V = fus (G5

Update G° by Equation (3.4):

»

G° = opt-alggs [L(fas, GT)].

8: end while

3.2.6 Computational Complexity Analysis

To theoretically demonstrate that the computational complexity of our proposed GC-
SNTK method is lower than that of bi-level method, i.e., GCond, we conducte a com-
prehensive computational complexity analysis in this part. The notations used in this
part are as follows: N and M represents the number of nodes in the original dataset
and the condensed data, d stands for the node feature dimensionality, w signifies the
GCN hidden layer width, and k represents the average number of neighbors per node
(in the GCond method, k = M since the adjacency relationship between condensed
nodes is constructed as a fully connected weighted graph). Additionally, t;, and .,
denote the number of iterations in the inner loop and outer loop, respectively, and R
corresponds to the number of training epochs, which is the initialization number of

model parameters in GCond.

The computational complexity of GCond method during the inner loop of GCN train-
ing is O(t;(M?d + Mdw)). The outer loop of GCond consists of two parts: 1) op-
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timizing the node features XS or optimizing the MLP model used to update A%; 2)
updating AS according to the updated node features X°. Let the number of iterations
for optimizing node features X° be ¢ty and the number of iterations for optimizing
MLP be t4 (tx +ta = tow). Then the computational complexity of the outer loop is:
O(tx(Nkd + M?dw) +ta(M?dw)). Therefore, the total computational complexity of
the GCond method is O(Rt pyitin(M?*d + Mdw) + Rtx (Nkd) + Rt gy (M?dw)).

On the other hand, the computational complexity of proposed GC-SNTK mainly
consists of two parts: kernel matrix calculation and KRR model construction. For the
former, in practical experiments, parameters K and L are usually set to be relatively
small (e.g., in the ogbn-arxiv dataset, K = L = 1). So, these parameters linearly
affect the computational complexity and that is O(MNk? + MN). For the latter,
it is O(NM?). Therefore, the total computational complexity of the GC-SNTK
method is O(RM Nk* + RN M?). Although the time complexity of both GCond and
GC-SNTK are linearly increases with the target graph nodes number N, GC-SNTK
proves advantageous due to its single loop and rapid convergence, leading to a faster

execution speed compared to GCond.

3.3 Experiment

In this section, a performance comparison is conducted for node classification models
trained on condensed data to evaluate the expressive ability of the condensed graph
data. Subsequently, we conduct experiments on extremely small condensation sizes to
measure the effectiveness of the condensation methods. Additionally, the efficiency of
various condensation methods is assessed. The experimental results serve to validate
the conclusions drawn in the computational analysis in Section Moreover, an
examination of the generalization capabilities of the condensed data is presented,
along with an ablation study of the kernel method. Lastly, a sensitivity analysis of

the parameters is conducted. All the experiments are conducted on an NVIDIA RTX

34



3.3. Experiment

3090 GPU.

3.3.1 Experimental Settings

Datasets. Four different scale benchmark datasets in the graph domain are adopted,
including Cora, Pubmed [114], Ogbn-arxiv [34], and Flickr [I15]. These datasets vary
in size, ranging from thousands of nodes to hundreds of thousands of nodes. Ad-
ditionally, these datasets are categorized into two different settings: transductive
(Cora, Pubmed, and Ogbn-arxiv) and inductive (Flickr). The details of the datasets
are shown in Table 3.1} To ensure the transductive setting during experiments, we
apply the graph convolution on the entire graph data of Cora, Pubmed, and Ogbn-
arxiv datasets to facilitate information propagation between different nodes. Graph
convolution can be modeled as X = AX , where X is the node feature matrix. A=

D :AD 2, A = A+I, Ais the adjacency matrix. D = diag(}_; Ay, > Agjy .o, > Anj).

Table 3.1: Details of the datasets.

Transductive Inductive

Cora Pubmed Ogbn-arxiv Flickr
#Nodes 2,708 19,717 169,343 89,250
#Edges 5,429 44,338 1,166,243 899,756

Dataset

#Classes 7 3 40 7
#Features 1,433 500 128 500
Train 140 60 90,941 44,625

Split ~ Val. 500 500 29,799 22,312
Test 1,000 1,000 48,603 22,313

Baselines. To evaluate the effectiveness of GC-SNTK, we compare it against various
graph condensation methods serving as baselines, including three core-set methods

Random, Herding [99], and K-center [72], as well as a simplified GCond method
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named as One-Step [39]. Additionally, we consider two different versions of the pre-
vious state-of-the-art (SOTA) graph condensation method, denoted as GCond (X)
and GCond (X, A) [40]. The former condense the graph data into the version only
including node features, while the latter including both node features and structural
information. The GCond framework offers flexibility in utilizing different GNNs for
the condensation and testing stages. Hence, there are various possible combinations
available for this approach. For the sake of generality, in the experimental section,
unless otherwise specified, we default to using the best-performing combination of
SGC-GCN for all GCond methods. Specifically, the SGC [104] is employed for con-
densation, whereas the GCN [43] is utilized for testing.

Parameter Settings. For SNTK, we tune the number of K and L in a range of
{1,2,3,4,5}. The hyper-parameter A\ of KRR is tuned within the range from 107
to 10°. The values for learning rate are {0.1,0.05,0.01,0.005,0.001,0.0005, 0.0001}.
The experimental parameter settings for GC-SNTK is given in Table [3.2] Regarding
the GCond and One-Step methods, we follow the settings described in the original
papers [40, 39].

Table 3.2: Details of the parameters setting in GC-SNTK.

Dataset ~ Learning Rate Ridge (A\) K L
Cora 0.01 1 2 2
Pubmed 0.01 0.001 2 2
Ogbn-arxiv 0.001 0.00001 1 1
Flickr 0.001 0.00001 1 1
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3.3.2 Performance Comparison of Condensed Graph Data

This part aims to assess the representation capability of the condensed graph data
in three different condensation scales. We train nodes classification models on the
condensed data to predict the labels of the test set. The classification accuracy serves
as the measure for evaluating the representation capability of condensed graph data.

For each dataset, we opt for three distinct condensation ratios. In the transductive

M
N

M

. In the inductive scenario, Ratio = —————.
) [training set|

scenario, Ratio =

As shown in Table [3.3] the proposed GC-SNTK method demonstrates its remark-
able graph condensation capability. Even at condensation ratios of 0.1% (Flickr)
and 0.05% (Ogbn-arxiv), GC-SNTK achieves 99% and 89% of the performance of
the GCN model trained on the full training set, respectively. Moreover, GC-SNTK
even outperforms the GCN model on Cora and Pubmed datasets. Specifically, with
condensation ratios of 1.3% (Cora) and 0.08% (Pubmed), GC-SNTK achieves perfor-
mance levels of 101% and 102% compared to that of the GCN model trained on the

full training data.

The results on Cora and Pubmed datasets show that GC-SNTK can improve ef-
ficiency, eliminate redundancies, and retain the most representative information in
the original data. In other words, the proposed method can reduce datasets scale
and enhance the entities’ representation capability without scarifying the predictive

performance.

3.3.3 Performance with Extremely Small Condensation Size

This part explores the variation in the representational performance of condensed
graph data as the condensation scale decreases. We continuously reduce the number
of nodes in the condensed data and observe how their performance change. The

experimental results are presented in Figure 3.2l Due to the limitations of the GCond
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Figure 3.2: The comparison of node classification accuracy. (a)-(d) illustrate the
performance variation of GC-SNTK as the condensation size decreases to a single
node. (e)-(f) represent the performance comparison of GC-SNTK, GCond, and One-

Step methods at extremely small condensation sizes.

algorithm, it is unable to condense graph data into node counts smaller than the
number of node categories. Therefore, when the number of nodes in the condensed
data is smaller than the number of classes in the target dataset (Figure - ,
only GC-SNTK is involved in the experiments.

The proposed GC-SNTK method maintains strong performance even the scale of
synthetic graphs is extremely small. Predictive performance of the model trained on
condensed data only significantly drops when the number of nodes in the condensed
data is smaller than the number of node categories. Additionally, on the Ogbn-arxiv
dataset, our method achieves 63% accuracy (Figure even when the condensed

data contains only 20 nodes (with 40 categories).

The experimental results in Figure - show the performance comparison
of GC-SNTK, with GCond and One-Step methods at smaller condensation scales.
Overall, GC-SNTK exhibits outstanding performance across the majority of conden-

sation scales on all four datasets. Particularly on the Ogbn-arxiv dataset, GC-SNTK
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is significantly better than the other two methods, achieving a higher accuracy of
3%. In contrast, GCond performs slightly worse than GC-SNTK, while the simpli-

fied optimization process of the One-Step method leads to the poorest performance.

3.3.4 Condensation Efficiency

This part focuses on evaluating the time efficiency of GC-SNTK and One-Step (faster
than GCond) from an empirical perspective. As the optimization of condensed data
progresses, the performance of node classification models trained on compressed data
also changes over time. Therefore, we evaluate GC-SNTK, in terms of its time effi-
ciency by observing the correlation between model performance and the time spent
on optimizing condensed data. This correlation is illustrated by the curves in Fig-
ure |3.3], where the y-axis represents model performance and the z-axis represents the
time consumption. Each curve stops when it reaches the corresponding performance

indicated in Table 3.3

As shown in Figure GC-SNTK exhibits remarkable time efficiency across all four
datasets. For instance, GC-SNTK can condense the Cora and Pubmed datasets to 70
and 30 nodes in 4.01 and 3.37 seconds, which is significantly (61.5 and 23.6 times)
faster than One-Step method (Cora: 246.7s, Pubmed: 79.6s), and achieving a higher
accuracy performance. Moreover, our method maintains advantages on large datasets
like Ogbn-arxiv and Flickr. By condensing these two datasets to 90 and 44 nodes,
GC-SNTK (Ogbn-arxiv: 871.5s, Flickr: 163.0s) outperforms the One-Step method
(Ogbn-arxiv: 3161.1s, Flickr: 441.3s) by 3.6 and 2.7 times faster, respectively.

Compared to One-Step, a bi-level optimization approach simplified to improve the
efficiency of condensation by performing each loop only once, GC-SNTK both ensures
its performance of condensed graph data and significantly speeds up the condensation

process.
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Figure 3.3: Condensation efficiency consumption on the four datasets (the number

after the name of dataset is the nodes size of the condensed data).

3.3.5 Generalization of Condensed Data

This part investigates the generalization of the condensed data across different graph
node classification models. Specifically, we use the condensed data to train various
models, including GCN [43] 116, [71], SGC [104] 11], APPNP [24, 58], GraphSAGE
(SAGE) [28], and KRR [89, T00] 1T9] to assess their generalization performance. For
the GCond method, we use four different GNN models (GCN, SGC, APPNP, SAGE)
in the condensation process and evaluate the condensed graph data on all five models.

The experimental results are presented in Table [3.4]

Even though GC-SNTK is a non-neural network model, the data condensed by it still
performs well when training neural network models. For instance, the average per-
formance of the prediction models trained on the condensed data by GC-SNTK from
the Cora and Pubmed datasets achieve accuracies of 78.0% and 75.7%, respectively.

The GCond method can achieve better data condensation quality and generalization
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performance when using SGC as the condensation model. In contrast, the perfor-
mance of the condensed data on the KRR model is poor. As a result, the overall

performance of the GCond is inferior to the GC-SNTK method.

Table 3.4: The generalization capacity of the condensed data. We utilise various
models to condense (C) graph data and test (T) the performance of models trained

on the condensed data.

Dataset c/T GCN SGC APPNP SAGE KRR Avg.
GCN 70.6 68.7 69.8 60.2 389 61.6
SGC 80.1 79.3 78.5 78.2 73.0 778
Cora

(70) APPNP 73.5  T73.1 72.1 72.3 63.7 70.9
SAGE 770 T 77.1 76.1 23.7  66.3
GC-SNTK 780 76.9 75.7 77.0 82.4 78.0
GCN 50.4  50.5 54.8 51.3 31.2 476
SGC 771 76.0 77.1 77.1 45.2 70.5

Pubmed
(30) APPNP 68.0 60.7 77.5 73.7 65.7 69.1

SAGE 51.9  58.0 69.9 65.3 413 57.3
GC-SNTK 76.1 732 75.6 4.1 793 75.7

3.3.6 Ablation Study

In this section, we choose widely used dot product kernel function, as well as NTK for
comparison, to test the impact of different kernel functions on the quality of condensed
graph data. Experimental results demonstrate that our proposed structure-based
neural tangent kernel method can better capture the information of graph data and

improve the quality of condensed graph data.

As shown in Table 3.5 the utilization of SNTK exhibits a more significant impact

on the results across all datasets. SNTK surpasses the performance of the other two
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kernel functions, thereby providing evidence of its influential role in measuring the

similarities among graph nodes and improving the quality of condensed graph data.

Table 3.5: Ablation study of the kernels on different datasets.

Kernels
Dataset
Dot Product NTK SNTK
Cora (70) 78.940.3 80.9+1.4 82.440.5

Pubmed (30) 77.44+1.3 78.840.5 79.3+0.3
Ogbn-arxiv (90)  63.8+0.1  63.9+0.1 64.44+0.2
Flickr (44) 41.94+0.1 43.1+1.8 46.6+0.3

3.4 Conclusion

This paper proposes a novel dataset condensation framework (GC-SNTK) for con-
densing graph-structured data. Specifically, GC-SNTK transforms the bi-level con-
densation problem into a single-level optimization task as the KRR paradigm. In
addition, a structured-based kernel function (SNTK) is introduced to enhance the
quality of the condensed data in KRR. Based on NTK and neighborhood aggrega-
tion, SNTK can simultaneously leverage the node features and structural information
of graphs to capture the complex dependencies among nodes. The experimental re-
sults demonstrate the superiority of our proposed GC-SNTK method in efficiency and
efficacy. Furthermore, the proposed GC-SNTK performs promising generalization ca-

pability across various GNN architectures on graph-structured data.
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Chapter 4

Simplifying Graph Neural Kernels

for Efficient Computation

This chapter presents our second major contribution to efficient graph analysis, intro-
ducing the Simplified Graph Neural Tangent Kernel (SGTK) and Simplified Graph
Neural Kernel (SGNK) frameworks. We address the computational inefficiencies in
traditional GNTK methods by eliminating redundant computations in layer-stacking.
The SGNK framework bridges theoretical foundations and practical applications, es-
tablishing the algorithmic framework for kernel simplification that will be further
developed in Chapter )] Through theoretical analysis and extensive experiments,
we demonstrate substantial efficiency improvements while maintaining competitive

accuracy.
4.1 Introduction

Graphs are collections of nodes and edges that represents relationships between en-
tities in a structured format, widely used to model complex networks, such as social

networks [10, 80], recommender systems [29, 94], 105], molecular analysis [97, [70],
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and transportation networks [82] [I4]. Recently, the widespread application of graph-
structured data has attracted significant attention to Graph Neural Networks (GNNs)
and Graph Kernels (GKs) [95, 08, [41].

Typically, GNNs [90] [I11] learn node or graph representations through recursive mes-
sage passing and feature extraction. In this process, information is propagated from
a node’s neighbors, while linear transformations, combined with non-linear activa-
tions, extract node features. By stacking these operations, GNNs effectively capture
higher-order information from neighboring nodes. In contrast, GKs embed graph
data into a high-dimensional feature space to measure similarities based on struc-
tural information and node features [88 [66]. Unlike GNNs, GKs do not require
training and are advantageous for small-scale graphs, making them suitable for sce-
narios with limited computational resources [88]. Despite their effectiveness, each
method has distinct limitations. GNNs, as parameterized methods, require extensive
training, making them sensitive to initialization and reliant on resource-intensive pa-
rameter tuning, which affects efficiency and scalability [128, 107]. In contrast, GKs
are non-parametric methods that leverage node features and structural information
for similarity measurement. While GKs avoid intensive training, their representa-
tion capabilities are less robust than those of GNNs, which may lead to sub-optimal

performance 74}, 108, [6].

To harness the advantages of both GNNs and GKs, [16] introduced the Graph Neu-
ral Tangent Kernel (GNTK), a novel kernel method that effectively bridges the gap
between these two approaches. Specifically, the GNTK models the training dynamics
of infinite-width GNNs, thereby integrating the powerful representational capabilities
of GNNs with the computational efficiency of GKs. By capturing the strengths of
both paradigms, the GNTK has demonstrated competitive—and, in some cases, supe-

rior—performance compared to GNNs across a variety of graph mining tasks [65], 92].

In spite of its demonstrated effectiveness, the GNTK exhibits certain inherent lim-

itations. Specifically, the GNTK employs a layer-stacking strategy to compute the
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kernel value, as illustrated in Figure In this strategy, each layer begins with an
aggregation step, where information from neighboring nodes is collected, followed by
a transformation step that applies non-linear operations to the aggregated data [36].
These steps are performed recursively across layers to iteratively update the kernel
values. While this recursive stacking mechanism enhances the expressiveness of the
kernel by incorporating information from multiple layers, it also leads to an increase

in computational complexity, which grows linearly with the number of layers stacked.

Moreover, as the depth of the network increases, the transformations performed
in the deeper layers contribute progressively less to the overall performance of the
model [104]. This diminishing contribution limits the utility of excessively deep net-
works. As a result, while the GNTK is a powerful tool, its high computational cost
and reduced benefits at greater depths may hinder its scalability and applicability in

certain cases.

Figure 4.1: The layer stacking structure.

In this paper, we investigate the structure of the GNTK method and identify com-
putational redundancies. Specifically, as the number of stacked layers increases, the
impact of the non-linear transformations in deeper layers diminishes. Thus, retain-

ing only aggregations and a limited number of Neural Tangent Kernel [36] iterations
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within these layers suffices. This approach reduces computation time while maintain-

ing the kernel function’s effectiveness.

Building on this observation, we propose the Simplified Graph Neural Tangent
Kernel (SGTK) method. This method involves performing K consecutive steps
of aggregation operations, followed by a single update of the kernel function. SGTK
reduces computational redundancy and enhances the efficiency of kernel function
computation. Furthermore, we define an infinitely wide, simple graph neural model,
deriving a Gaussian process (GP) [103] kernel function with reduced computational
complexity, termed the Simplified Graph Neural Kernel (SGNK). This method cal-
culates the expectations of the post-activation output of the infinitely wide graph
model to determine the kernel value. Compared to SGTK, SGNK further streamlines
the process and reduces computational complexity while maintaining effectiveness in

downstream tasks.

4.2 Preliminary

In this section, we first present the GPs. Then, the dynamical equation of infinitely
wide neural networks during training and the NTK [36] are introduced, which con-

verge to a deterministic kernel and remain unchanged throughout the training process.

4.2.1 Gaussian Process

GPs [64] are Bayesian approaches for modeling and inferring unknown functions by
leveraging correlations between data points. Specifically, they employ a kernel (or
covariance) function to quantify the similarity between data points. GPs allow for
predictions on new input data while providing a measure of uncertainty in these
predictions based on the observed data. Consequently, GPs can flexibly capture com-

plex patterns in the data without requiring an explicit specification of the functional
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Figure 4.2: The kernel structure includes SGTK and SGNK. SGTK improves com-
putational efficiency by using continuous K-step aggregation. SGNK models the
infinite-width simple graph neural network as a GP, requiring only the expectation

of the post-activation output to determine kernel values.

form [103].

A straightforward example of a GP can be derived from a Bayesian linear regression
model defined as f(z) = W' ¢(z), where the weights follow a prior distribution W ~
N(0,02). In practical scenarios, we often observe noisy observations y = f(x) + b,
where b is additive Gaussian noise, distributed as b ~ N'(0,0?). Given the observed
data X and the kernel (or covariance) function KC, the joint prior distribution of the

training outputs ) and the test outputs f; under the prior can be expressed as:

2
e 0 (X, X) + T K(X,2)| | @)
i ’C(%X) ’C(xt»ft)

The predictive equation for GP regression is

ft|xt7‘)(7y NN(,U7COU(ft))7 (42)
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where,
p= Kz, X)[K(X,X)+ 21D, (4.3)
Cov(ft) =
K(zg, ) — K(2, X)[K(X, X) + 021 ' K(X, ). (4.4)

4.2.2 Neural Tangent Kernel

Neural Tangent Kernel (NTK) is a kernel method derived from infinite-width neu-
ral networks, used to understand and analyze the training dynamics of neural net-
works [30, B2, 50]. Given the regularized mean-squared loss of the infinite-width

neural network model fy, formulated as follows:

1 A
£ = Sl (X) = VI + 11011, (4.5)

where A > 0 is the regularization parameter, and X and ) represent the training data
and the corresponding labels, respectively. Let ¢(z) = Vi fp(z). Using the Stochastic
Gradient Descent (SGD) algorithm, the optimization of the model parameter 6 can
be expressed as an ordinary differential dynamic equation when the learning rate is

sufficiently small [50]:

- B Ofg(X) 0L
f=—Vol=— fae a7,
— —0(X)(fo(X) = V) = A(B) (4.6)

= —0(X)(X)"0 + $(X)Y — N0,
where K = ¢(X)T¢(X) is the Neural Tangent Kernel.

4.3 Methodology

In this section, we begin with a brief review of the GNTK to establish the necessary
background. Thereafter, we introduce the proposed SGTK and SGNK, as illustrated
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in Figure Subsequently, we present the implementation details of the proposed
methods, outlining the key steps and considerations. Lastly, we provide a theoretical
analysis of computational complexity, showing that the proposed kernel methods are

more efficient than previous GNTK approaches.

4.3.1 Notations and Definitions

In general, a graph can be represented as G = (V, ), where ¥V = {vy,v2,- -+ , vy} de-
notes the set of [V| nodes, and € represents the edge set. We use X = 21, z2, -+, zy] "
RIVIXd t5 denote the node feature matrix, where d is the dimensional size of the node
features. The structural information of the graph is captured by the adjacency ma-
trix A € {0, 1}V where A;; = 1 indicates a connection between nodes v; and v;,
and A;; = 0 otherwise. In this study, we examine both graph-level and node-level
downstream tasks. Given two graphs G = {X, A1} and Gy = { X5, Ao} with n and
m nodes, respectively, the graph kernel is defined as K(Gy, Gy) : R™4 x R™*4 — R,

Conversely, the node-level kernel is defined as K(v;,v;) : RY x R? — R.

4.3.2 Brief Review of Graph Neural Tangent Kernel

The GNTK [16] is a kernel function derived from infinite-width graph neural networks.
It serves as a tool for analyzing and understanding the training behavior of GNNs.

Specifically, we consider a two-layer GCN [43], which is defined as follows:

faen(X, A) = softmax{A ReLU{AXW O, (4.7)
where
A=D"2AD"z is the spectral filter,
A=A+1,
D =

dlag (Z Alj; ZA2j7 cey Z/Aln]> .
J J J
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The GNTK follows a structure similar to that of the GCN. It first uses adjacency
information to aggregate the covariance matrix of the node features. This matrix is
then input into the NTK iterations. Repeating these steps K times yields the kernel
value for an infinite-width GCN with K layers, as illustrated on the left in Figure [4.2]

For two graphs G and G’, the GNTK kernel matrix is computed as follows:
© = NTK{A; NTK{A, =W A]}A]}, (4.8)

where Zg?) = ¢;cjx; - v, and ¢; = (|| X eniomn z,l2) ! serves as a scaling coefficient
that facilitates subsequent NTK computations. z; € G; and z; € (3. By conduct-
ing a readout operation on the kernel matrix in Equation , the similarity value
between graphs GG; and G5 can be derived.

The performance and efficiency of GNTK greatly depend on its architecture, including
the number of layers and NTK iterations. Although iterative stacking of layers enables
GNTKs to match GCNs of arbitrary depths, minimally contributing NTK iterations
in deeper layers introduce computational redundancy. This results in computational

overhead, limiting their practical applicability [104] [16].

4.3.3 Simplified Graph Neural Tangent Kernel

GNTK originates from the infinitely wide GCN. To simplify the redundant computa-
tions in GNTK, it is essential to first examine the computational complexity inherent

in the infinitely wide GCN.

We propose streamlining the GCN structure by retaining K rounds of message passing
to enhance the receptive field of node representations while reducing the nonlinear
transformations to collapse the weight matrix. Specifically, we consider the infinite-

width graph neural network model with K-step message passing.

X = AR X, (4.9)
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where X € R4 with n representing the number of samples and d the input dimen-

sionality.

To enhance the receptive field of the node’s features, a two-layer neural network is
employed, where the width of the hidden layer approaches infinity. Let the infinite-
width neural network take X as its input. Each layer consists of a biased linear
transformation f@ : R 5 Rrxd® where dO is the width of the [-th layer. The
parameters are initialized as W® ~ N(0,02) and b ~ N(0,02). Let X© = X.

The output of the [-th layer of the network can be expressed as follows:

FOXOY = g, XOWO 4+ gD, (4.10)
XD = (FO(X DY), (4.11)

where 3 is a hyperparameter adjusting the effect of the bias on training. Let o7 = 1.
Under LeCun initialization [48], the variance of the weights W) is denoted as 02 =
ﬁ. As the width of a neural network approaches infinity, its training dynamics can
be represented by an explicit limiting kernel [36], which we term the Simplified Graph
Neural Tangent Kernel (SGTK).

Specifically, for two graphs G; and G, with node features X; = {z;}I", and X, =
{z; };”:1, respectively, the kernel preprocessing involves the covariance matrix of the

enhanced node features:

2% + B (4.12)

Suppose the enhanced node features {;};-; and {#;}L, are independently and identi-
cally distributed (i.i.d.). In the limit as the layer width tends to infinity, the node-level
SGTK kernel value between node v; of G and node v; of G5 is defined by:

() (1)

ij ]

(4.13)
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where the intermediate calculation variables of the covariance matrix are defined as:

S =B o050 BUO@UIO @) + B, (4.14)

8 =E gm0 500 [0 @00 (@) (1.15)

where 1)(-) is the derivative of the activation function. As illustrated in Figure ,
compared to GNTK, which requires iterative stacking of message passing and NTK
iterations, the proposed SGTK enhances the receptive field of node features through
K-step aggregation in a concentrated manner. This is followed by a single kernel

update, effectively collapsing the layers to reduce computational redundancy.

4.3.4 Simplified Graph Neural Kernel

SGTK streamlines the computation process of GNTK by reducing redundant calcu-
lations. However, the computation of SGTK relies on the characteristics of infinite-
width neural networks and the Gaussian process kernel. The computational efficiency

of the kernel method is limited by its reliance on the Gaussian process kernel.

We further propose a kernel method with lower computational complexity than SGTK,
termed the Simplified Graph Neural Kernel (SGNK). This approach directly models
the defined infinite-width simple graph neural network as a Gaussian process, which
is determined by the expectations of the post-activation outputs of the Gaussian
process [64, [49]. These expectations can be computed analytically without the need
for iteration. Consequently, this direct kernel method further reduces computational
complexity. For the node features z; and x;, the Gaussian process kernel is defined

recursively by the following functions:

S (@5, 25) = B g egpo.moy [P (@) (fO ()] + 52 (4.17)

For an infinitely wide simple graph neural network with K-step message passing,
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followed by a two-layer neural network, the node-level Simplified Graph Neural Kernel

(SGNK) for the node features z; and z; is defined as follows:

Oij = E ) _gp(0.50) [0 (f7 @)W ()] + B2 (4.18)

Let the neural network adopt the Error Function as the activation function, defined
as p(z) =2 [7 e " dt, then the SGNK can be calculated analytically [102],

2 27 L7

@ij = —sin~ 5 (419)
m \/(1 + 27 5,) (1 + 2] $,.d;)
where 7 = (#,1)7 is the augmented vector, and the variance matrix 3,, = diag(1, 1, - - , 02).
In matrix form, the calculation process can be expressed as follows:
2 2X1 %, Xy
© = “sin”! v 2 — (4.20)
T+ 2diag (K0S, XT)TL + 2diag(Xo%, X))
Given that X, = diag(1,1,--- ,02), we have,
2 2X, X,
O = —sin! 2 (4.21)

T+ 2diag(X,XT)T[L + 2diag(XoX7)]

Finally, for the graph-level tasks, the readout operation yields the kernel value be-
tween G and G’, which is:

0(G.¢)= > oy (4.22)
The detailed execution processes of our proposed SGTK and SGNK are shown in the
Algorithm [3] and [4]
4.3.5 Computational Complexity Analysis

To demonstrate the reduced computational complexity of our proposed simplified
methods compared to the GNTK, we present a comprehensive computational com-

plexity analysis. The notations used are as follows: n and m represent the number
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Algorithm 3 Simplified Graph Neural Tangent Kernel (SGTK)

1:

2:

3:

Input: Graphs G = {X, A}, G' = {X', A’}.

Output: Node-level kernel matrix ©) and graph-level kernel value O(G, G").
Initialize: £© = X(X)7, =¥ = x(X)T, =¥ = X/(X)T, A = D 3(A +
ND 2, A =D 2(A+1)D2, K.

. K-step aggregation on covariance matrix.

2(0) _ éAKz(O)(A/K)T iy
. 1 . A
sV - EAKEQ(AK)T + 52

(0) 1. K

Sy = A QAT + 52

Update 3¢ and S, by Eq. (£14).

Update 2" ana % by Eq. (4.14)), (4.15)), 2(0), f]i), and ﬁ:ﬁ?
Calculate the node-level kernel value by Eq. (4.13)),

1) 0@ 1)
@ij =3, %, .

(%

+ 3

Readout, ©(G,G') =~ @Ejl-).

of nodes in two different graphs, d stands for the node feature dimensionality, &k indi-

cates the average degree per node, and K represents the number of message-passing

iterations.

In each layer, the computational complexity of GNTK comprises two parts: message

passing and NTK iterations. The complexity of message passing is O(nk?), while the
NTK iterations have a complexity of O(n*d + nmd + m?d). Consequently, for the

GNTK with K layers, the total computational complexity is O(K (nk? +n?d +m?d +

nmd)).

In contrast, the proposed SGTK performs K steps of aggregation and eliminates

multi-layer stacking, achieving an overall complexity of O(Knk? +n%d +m?2d+ nmd).
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Algorithm 4 Simplified Graph Neural Kernel (SGNK)
1: Input: Graphs G = {X, A}, ' = {X', A"}

2: Output: Node-level kernel matrix © and graph-level kernel value ©(G, G").
3: Initialize: A= D 2(A+1)D 2, A= D 2(A' +)D 2, K.

4: K-step message passing on nodes features.
X = AfX, X' = AKX

5: Calculate the node-level kernel matrix by Eq. (4.21)),

2 2X, X
®="sin! 142

T+ 2diag(X,XT)T[L + 2diag(Xo X))

(4.23)

6: Readout, ©(G,G") = 3, 0.

Furthermore, the SGNK reduces this complexity to O(Knk? + nmd). This indicates

that the complexity of our proposed kernels is lower than that of GNTK.

4.4 Experiment

Table 4.1: Graph-level dataset details.

Dataset # Graphs Avg. Nodes Avg. Edges # Class # Node feature
IMDB-BINARY 1,000 19.8 96.5 2 -
IMDB-MULTTI 1,500 13 65.9 3 -
PTC_-MR 344 14.3 14.7 2 -
MUTAG 188 17.9 19.8 2 -

This section evaluates the effectiveness of the proposed kernel methods through exten-
sive experiments on both graph and node classification tasks. We compare the perfor-
mance and efficiency of our methods with neural network approaches and other graph

kernel methods. Our experimental findings demonstrate the robust performance of
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Table 4.2: Node-level dataset details.

Dataset  # Nodes # Edges # Class +# Node feature

Cora 2,708 5,429 7 1,433
Citeseer 3,327 9,104 6 3,703
Pubmed 19,717 44,338 3 500

Photo 7,650 238,162 8 745
Computers 13,752 491,722 10 767

our approach in classification tasks. Furthermore, they highlight computational ef-

ficiency improvements compared to neural networks and GNTK. The experiments

were conducted on an Apple M1 Pro CPU with 16GB of RAM.

4.4.1 Experimental Settings

Datasets. Five widely-used node-level benchmark datasets are selected to evaluate
the effectiveness of our methods: Cora, CiteSeer, PubMed [114], Photo, and Com-
puters [73]. Additionally, four commonly used graph-level datasets are selected to
evaluate the graph similarity modeling capability of the proposed kernel method:
IMDB-BINARY, IMDB-MULTI [113], PTC_MR [44] and MUTAG [45]. The details
of these datasets are presented in Table and Table For node classifications,
we utilize publicly available splits for the Cora, CiteSeer, and PubMed datasets. For
the Computers dataset, the first 20 instances from each category are selected as the
training set, while the last 100 instances of each class are chosen as the testing set.
For graph datasets lacking explicit node features, node degrees are converted into

one-hot encoded representations.

Baselines. To evaluate the effectiveness of the proposed SGTK and SGNK, we
compare them against various SOTA graph neural networks and kernel methods.
The baseline graph neural networks include GCN [43], GAT [84], SGC [104], Graph-
SAGE [28], APPNP [24], and GIN [I11I]. Additionally, we consider graph kernels such
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as the WL subtree [74], RetGK [121], GraphQNTK [79], GNTK [16], SNTK [92], and
GCKM [106].

Parameter Settings. We tune the hyperparameter K over the range {1,2,3,4,5}
for GCKM, SNTK, GNTK, SGTK, and SGNK. For classification using SVM, its
hyperparameter is optimized over the range [1072,10%]. Similarly, for KRR, the reg-

ularization parameter X is tuned over the range [107210?].

4.4.2 Node Classification Performance Comparison

This subsection explores the application of kernel functions to node classification
tasks. Specifically, we apply the proposed kernel methods to node classification
datasets, utilizing an SVM classifier to evaluate their performance. For GNN meth-
ods, we report the mean and standard deviation of the results from 10 runs and
present the classification accuracy of the kernel methods using fixed training and

testing set splits.

As shown in Table[4.3] the proposed methods, SGTK and SGNK, consistently demon-
strate strong performance across all five node classification datasets. These methods
achieve the highest classification accuracy in each dataset, outperforming both tradi-
tional kernel methods and GNNs. This consistent superiority underscores the effec-
tiveness of the proposed kernel methods in capturing complex graph structures and

node relationships.

The results obtained from the node classification datasets further emphasize the ef-
fectiveness of the proposed methods in addressing node classification tasks. Specif-
ically, the capability of SGTK and SGNK to maintain high accuracy across diverse
datasets highlights their robustness and generalizability. These findings suggest that
the proposed methods are well-suited for graph-based learning tasks, contributing to

advances in graph analysis techniques.
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Table 4.3: Node classification accuracy (%). The top three performance methods
are highlighted in varying shades of green, with darker shades representing superior

performance.

Methods Cora  Citeseer Pubmed Photo Computers
GCN 81.14+0.5 71.740.1 77.1+£0.3 91.4+0.8 84.2+0.3
GAT 79.5£1.0 68.84+0.2 75.7+0.9 90.1£0.6 83.3£0.7
SGC 79.04+0.3 67.4+0.2 76.9+0.1 91.0+0.5 84.1+£0.2

APPNP 79.3£0.2 67.1£1.0 76.04+0.5 91.7+0.3 86.3+0.2

GraphSAGE 79.3+£0.4 67.5£0.3 73.94+0.6 90.0+0.1 82.8+0.6
GIN 77.241.8 67.440.2 78.1+0.1 43.845.5 30.0+5.2

GCKM 82.4 72.3 79.8 91.30 84.20
SNTK 80.70 69.20 78.40 91.00 84.70
GNTK 80.50 69.20 77.20 91.00 84.70

SGTK(Our) 82.60 71.10 80.00 91.75 86.50
SGNK(Our) 82.80 72.60 79.90 90.88 85.50

To comprehensively evaluate the classification performance of the proposed kernel
methods, experiments were also conducted using Kernel Ridge Regression (KRR) [89],
as detailed in Table [4.4, KRR, a widely used technique for regression tasks, ensures
reliable performance and demonstrates the compatibility of the proposed methods
with various classifiers. Given the set of training nodes V and their corresponding
labels ), KRR models the optimal predictions for test nodes v; by leveraging the
kernel function to capture relationships between nodes. Furthermore, the proposed
methods are compatible with Support Vector Machines (SVMs), showcasing their
adaptability across different classification frameworks. The prediction for a test node

v; is computed as follows:
fx) = K(v, V)IKOV, V) + MY, (4.24)

where the kernel function K(v,v’) : R? x R — R quantifies the similarity between

nodes v and v, and A > 0 is the regularization parameter that controls the trade-off
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between fitting the training data and maintaining model generalizability. By incor-
porating the kernel function IC; KRR effectively captures the complex relationships
among nodes in the graph, making it a suitable choice for evaluating the proposed

kernel methods.

The experimental results, summarizing the performance of the kernel methods under
the KRR framework, are presented in Table [4.4] These results provide a comprehen-
sive comparison and highlight the advantages of the proposed methods over existing

approaches.

Table 4.4: Kernel method on kernel ridge regression results.

Methods Cora Citeseer Pubmed Photo Computers
GCKM 82.50 71.70  79.90 93.25 86.80
SNTK 81.40 70.70  80.00 90.13 84.20
GNTK 81.30 71.10  78.60 89.63 83.80
SGTK(Our) 83.50 72.00 80.00 92.87 87.90
SGNK(Our) 82.60 72.40  80.00 92.12 86.50

4.4.3 Node Classification Efficiency

To validate the efficiency of the proposed methods in node classification tasks, we
investigated the impact of the parameter K on the time consumption of GCKM,
SNTK, GNTK, SGTK, and SGNK when calculating the kernel matrix. The exper-
imental results, as shown in Figure [4.4] indicate that GCKM, GNTK, and SNTK
exhibit a linear increase in time consumption with an increase in K. In contrast,
our methods remain largely unaffected by variations in the message-passing times,

maintaining consistent efficiency in kernel matrix computations.

Additionally, we present the time taken by each method to achieve the classification
accuracy detailed in Table This assessment allows us to evaluate the time effi-

ciency of each method. The results of time consumption are presented in Figure {4.3|
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SGNK demonstrates low time consumption across all five datasets, followed closely
by SGTK. The proposed methods exhibit time efficiency at least three times faster
than GNTK, with SGNK (0.015s) outperforming GNTK (0.827s) by a factor of 53.7
on the Computers dataset. In contrast, GNN methods incur significantly higher time
costs due to the need for iterative training over multiple epochs and the uncertainty

of model convergence.

In conclusion, the proposed methods not only outperform the baselines in node clas-
sification performance but also exhibit consistent time efficiency. This consistency
corroborates the theoretical analysis, providing strong evidence for the enhancement

in time efficiency achieved by the proposed methods.
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Figure 4.3: Node classification time consumption and accuracy comparison.
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Figure 4.4: The changes of node classification time consuming with respect to K.

4.4.4 Graph Classification Performance Comparison

This subsection evaluates the proposed kernel methods for modeling similarity be-
tween graphs. To this end, we conduct experiments on four graph-level datasets,
which include social network and molecular graph datasets. We employ the SVM
classifier with 10-fold cross-validation to assess the performance of the proposed graph
kernel methods. The evaluation metrics include the average classification accuracy
and standard deviation, which are reported to provide a quantitative measure of the

methods’ efficacy.

As shown in Table[4.5] the proposed SGTK method achieves competitive classification
performance on three out of the four datasets: IMDB-BINARY, IMDB-MULTI, and
PTC_MR. Compared to other graph kernel methods, SGTK demonstrates consistent
improvements in accuracy on these datasets. It is worth noting that the proposed

method does not involve a learning or training phase, yet it achieves results com-
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parable to—and, in some cases, better than—GNN methods that require extensive

training.

The classification accuracy on graph datasets demonstrates the proposed method’s
effectiveness in measuring graph similarity. Despite their lower computational com-
plexity, the proposed kernel methods deliver competitive performance, making them

a practical choice for applications where computational efficiency is critical.

Table 4.5: Graph classification accuracy (%) and standard derivation. The top three
performance methods are highlighted in varying shades of green, with darker shades

representing superior performance.

Methods IMDB-B IMDB-M PTC MUTAG

GCN 74.0+£3.4 51.9£3.8 64.244.3 85.6£5.8
GAT 75.843.4 52.0£3.5 64.3+£7.5 81.1£7.2
SGC 69.6+£4.9 47.4+£2.0 58.7£6.5 66.5£9.6

APPNP 75.243.4 52.1£3.1 62.0£7.9 78.3£6.5
GraphSAGE  72.3+5.3 50.94£2.2 63.9+7.7 85.1+7.6

GIN 75.1£5.1 52.3£2.8 64.6+£7.0 89.4£5.6
WL subtree  73.8£3.9 50.9+3.8 59.9£4.3 90.4+£5.7
RetGK 71.9£1.0 47.7£0.3 62.5£1.6 90.3+1.1

GraphQNTK  73.3£3.6 48.1+£4.3 62.945.0 88.4+£6.5
GCKM 75.4+2.4  53.9£2.8 67.7+£5.4 88.7£7.6
SNTK 75.3£2.4 529445 65.6%£5.1 85.6+6.3
GNTK 76.5+2.8 52.8+£4.2 67.7£5.7 90.0£8.4

SGTK(Ours) 76.6+£3.5 52.94+3.8 66.5£8.5 85.7£6.6
SGNK(Ours) 75.54+3.8 52.3+4.5 63.5+7.6 86.7+6.2

4.4.5 Graph Classification Efficiency

The subsection empirically evaluates the computational efficiency of the proposed

methods on graph datasets, as outlined in the theoretical complexity analysis. In the
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experiments, we vary the parameter K within the range 1,2,3,4,5 and measure the

time required to compute kernel matrices across five graph-level datasets.

Figure presents the computation time for the GCKM, SNTK, GNTK, SGTK, and
SGNK methods, corresponding to the classification accuracies reported in Table [4.5]
The results align with the theoretical complexity analysis: SGNK is the most efficient
method, while GNTK requires the longest computation time. Notably, the proposed
methods, SGTK and SGNK, achieve at least a fourfold reduction in computation
time compared to GNTK.

To investigate the impact of the K parameter on computation time, we analyze the
relationship between kernel matrix computation time and K. Table summarizes
the time consumption data for all methods, and Figure 4.6| illustrates the results
for comparison. As shown in Figure the computation time of GNTK increases
linearly with K. In contrast, the proposed methods, SGTK and SGNK, which employ
continuous K-fold aggregation, exhibit stable computation times and achieve the

lowest time costs across all tested K values.

In summary, the experimental results demonstrate the computational efficiency of
the proposed SGTK and SGNK methods, providing strong empirical support for
the theoretical complexity analysis. These methods offer a practical advantage in

scenarios where computational efficiency is critical.

4.4.6 Parameters Sensitive Analysis

This subsection investigates the impact of different K parameter values on classifica-
tion accuracy in both graph and node classification tasks. We varied K within the
range {1, 2, 3, 4, 5} and reported the changes in classification accuracy for SNTK,
GNTK, SGTK, and SGNK on four graph classification datasets and five node classi-
fication datasets, as depicted in Figure and Figure [4.8
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Table 4.6: Time required (s) to calculate the graph-level kernel matrix as varying K.

Dataset K

GCKM

SNTK GNTK SGTK

SGNK

IMDB-B

99.1796
98.7254
99.4667
98.1082
98.6913

162.5266
162.4243
164.5200
162.8410
161.8836

1455.04
1742.01
2460.97
3467.13
4176.06

161.0031
160.7982
159.5090
160.4228
162.3239

61.5029
61.5988
61.8451
61.8403
61.8523

IMDB-M

203.5473 346.7882
202.5733 346.9627
203.2251 349.2096
204.3999 346.9047
204.7037 350.6760

1626.47
1835.87
2891.54
3737.56
5609.25

343.5592
343.5564
342.3580
340.1037
341.6731

128.5789
127.9949
129.7378
128.3960
128.6607

MUTAG

3.0228
3.0084
2.9935
3.0312
3.0546

0.1242
5.1546
5.3291
5.1870
0.2734

10.21
16.35
18.86
28.56
31.07

2.0305
5.0241
5.0208
5.0793
5.0176

1.8515
1.8481
1.8487
1.8402
1.8589

PTC

O = W N =[O B W N Ot s W N Ot s W N

12.2249
11.7598
11.3650
11.4551
12.0432

20.8693
20.2613
21.5222
21.9708
21.8219

48.25
95.96
79.59
105.60
128.97

19.5684
19.9208
19.6073
20.0212
19.6431

6.9742
7.0001
7.8397
7.4049
7.3243
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Figure 4.6: Variations in graph classification time consumption with changes in K.

107 IMDB-BINARY «10° IMDB-MULTI
N —  m
%10 [ g ||
[0} U1 Q 4
£ £ 2
E =
0.5 1 1

0,
GCKM SNTK GNTK SGTK SGNK

o,
GCKM SNTK GNTK SGTK SGNK

(a) IMDB-BINARY (b) IMDB-MULTI

Figure 4.5: Graph classification time consuming comparison.

MUTAG PTC_MR
120 1 i
@ g0
()
F 40/

0
GCKM SNTK GNTK SGTK SGNK

(c) MUTAG

0,
GCKM SNTK GNTK SGTK SGNK

(d) PTC_MR

%103 IMDB-BINARY X103 IMDB-MULTI
44 GCKM GCKM
—¥— SNTK 4.5 4 —¥F— SNTK
W 31 —e— GNTK @ —e— GNTK
B | = sGTK ] —=— SGTK
8 8 3.0
o2 —+— SGNK o —&— SGNK
E Je— 7 £
[ 1.5
0% 3 3 3 : | 0.01 95—
1 2 3 4 5 1 2 3 4 5
K K
(a) IMDB-BINARY (b) IMDB-MULTI
MUTAG PTC_MR
324
GCKM 1201 GCKM
—¥— SNTK —¥— SNTK
@24‘ —e— GNTK 4 gg{ —* GNTK
i —8— SGTK g —#— SGTK
O 16 —— SGNK o —+— SGNK
g g %1 — |
F / F
81 301 - T 1 1 1
I 2 3 4 5 1 2 3 4 5
K K
(c) MUTAG (d) PTC-MR

66



4.4. Experiment
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Figure 4.7: The changes of graph classification accuracy with respect to K. The
height of the column, representing classification accuracy, directly correlates with the

color at the top, with higher columns indicated by darker colors.
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Figure 4.8: The changes of node classification accuracy with respect to K. The height
of the column, representing classification accuracy, directly correlates with the color

at the top, with higher columns indicated by darker colors.
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For the graph classification task, the four methods demonstrate varying degrees of
fluctuation in classification accuracy on the IMDB-MULTI and PTC_MR datasets. In
contrast, the proposed methods, SGTK and SGNK, exhibit more stable classification
performance across different K values on the four datasets. This observation under-
scores the dataset-dependent behavior of these methods. In the node classification
task, SGTK and SGNK demonstrate minimal sensitivity to changes in K, maintaining
stable classification accuracy across different datasets. In contrast, GNTK shows no-
table variability in classification accuracy when K changes, particularly on the Cora,
CiteSeer, Photo, and Computers datasets. This contrast highlights the robustness of
SGTK and SGNK compared to GNTK under varying K values.

These results reveal the methods’ differing sensitivities to the aggregation parameter
K across different datasets. This underscores the importance of parameter selection
for achieving stable and high classification accuracy in both graph and node classifi-

cation tasks.

4.5 Conclusion

In this paper, we propose the Simplified Graph Neural Tangent Kernel (SGTK) and
its derivative, the Simplified Graph Neural Kernel (SGNK), to address the computa-
tional inefficiencies of graph kernels. By introducing continuous K-step aggregation
and eliminating multi-block stacking, SGTK reduces redundancy in the Graph Neural
Tangent Kernel (GNTK). SGNK further simplifies computations by interpreting an
infinite-width simple graph neural network as a Gaussian process. Experimental re-
sults demonstrate that SGTK and SGNK achieve competitive classification accuracy
while improving computational efficiency. These methods provide practical and scal-
able alternatives to traditional graph kernels and graph neural networks, particularly

in resource-constrained scenarios.

68



Chapter 5

Efficient Graph Condensation
through (Gaussian Process

Inference

This chapter presents our third major contribution to efficient graph condensation, in-
troducing the Graph Condensation via Gaussian Process (GCGP) framework. Build-
ing upon Chapters [3| and [4] this work represents the culmination of our thesis con-
tributions. We address the final bottleneck by replacing iterative GNN training with
efficient Gaussian Process inference, achieving unprecedented efficiency while main-
taining performance. The GCGP framework establishes the final algorithmic frame-
work that integrates theoretical foundations with practical applications, providing a

comprehensive solution for large-scale graph learning.

5.1 Introduction

Graph-structured data, consisting of nodes and edges, is a versatile representation

used to model various real-world systems, including social networks[I], 85], trans-
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Condensation

Original Graph G Synthetic Graph G5

Figure 5.1: Graph condensation reduces a large graph dataset GG into a smaller one

G with fewer nodes, while preserving essential information.

portation infrastructures[14, 27], and molecular structures[101, 69]. Its ability to
capture relationships and interactions makes it a powerful framework for describing
complex systems. To effectively extract meaningful insights from graph-structured
data, graph neural networks (GNNs)[7, 111}, [78] have been developed as a specialized
class of deep neural networks. GNNs are designed to process graph data by leverag-
ing a message-passing mechanism[107]. Through iterative aggregation of information
from neighboring nodes, GNNs expand the receptive field of nodes, enabling them
to represent both local and global graph structures[I04]. This capability has made
GNNs highly effective in numerous graph mining tasks[9, 42} [77]. Despite their suc-
cess, the application of GNNs faces significant challenges due to the large scale of
graph data[33, [I7, [76]. Training and deploying GNNs often require substantial com-
putational resources, including extensive memory, and prolonged GPU usage. Fur-
thermore, the requirements of training iterations, hyperparameter tuning, and neural

architecture search significantly limit their practical deployment.

Graph condensation [40, B9] techniques have been introduced to address the com-
putational challenges associated with GNN training. These methods condense the
original dataset into a smaller synthetic dataset while retaining critical information.
The resulting condensed dataset enables more efficient GNN training by reducing both
computational costs and training time. By mitigating the resource-intensive nature

of GNN training, graph condensation techniques facilitate the scalability and broader
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applicability of GNNs [56, 26]. Current graph condensation methods are commonly
framed as bi-level optimization problems [40], 120], where the inner loop trains the

GNN using condensed data, and the outer loop updates the condensed data.

While these approaches have achieved notable progress, they face significant chal-
lenges, particularly in computational inefficiency [02] caused by the extensive iterative
training of GNNs. The nested loops of bi-level optimization require iterative updates
for both GNN parameters and condensed data, resulting in slow convergence. More-
over, to improve the generalization of the condensed data across GNNs with diverse
initializations, the GNN in the inner loop often involves thousands of parameter reini-
tializations. This excessive computational demand undermines the efficiency of graph
condensation, to the extent that training models directly on raw data may become

more practical than using condensed data.

Gaussian Process (GP) [103],149], a non-parametric method, eliminates the need for
complex iterative procedures during model training. This characteristic positions GPs
as a computationally efficient alternative to GNNs in graph condensation tasks. A
GP is defined by its mean function and covariance function, which together enable the
posterior outputs for input data by leveraging prior knowledge and observations. In-
corporating GPs into the graph condensation process eliminates the iterative training
typically required by GNN models. Consequently, this approach enhances computa-
tional efficiency while simultaneously avoiding the dependency of the condensed data
on parameter initialization, thereby improving the robustness and overall effectiveness

of the condensation process.

Employing GPs for prediction poses significant challenges. In graph-structured data,
node features describe node attributes, while structural information encodes depen-
dencies and interaction patterns through topological relationships. Combining these
aspects challenges model design, as covariance functions must capture both feature
similarity and graph context. Structural information is vital for modeling graph

data, as it reflects both local and global topological characteristics. Neglecting it

71



Chapter 5. Efficient Graph Condensation through Gaussian Process Inference

Reddit(77)
_ 75 —
X
$ 50+
o —— GC-SNTK
& 25 —— One-Step
—— GCGP(Our)
0 A T T T T T T
0 2500 5000 7500 10000 12500

Training Time(s)

Figure 5.2: Condensation time and accuracy comparison on Reddit dataset. By
condensing 153,431 training nodes into a graph with only 77 synthetic nodes, the
GCGP achieves an accuracy of 93.9% on the test set, which is comparable to the
accuracy obtained using the full training set on GCN, while also demonstrating the
fastest runtime. For more experimental results about the condensation efficiency,

please refer to Section .

can hinder a model’s ability to represent graph semantics, making the integration of
node features and structural information a key challenge. A second challenge stems
from the discrete nature of graph structures, such as the adjacency matrix, which is
non-differentiable and incompatible with gradient-based optimization methods. This
limitation hinders the efficient optimization of condensed graph data. To address
these challenges, we propose a covariance function that integrates structural infor-
mation from graph topology. This function supports neighborhood message passing,
expanding node receptive fields and enhancing dependency modeling while minimizing
computational costs [49, [104]. This approach systematically improves GP predictive
performance. For optimizing structural information, we relax the binary adjacency
matrix [39] into a differentiable form using concrete random variables [61]. As the
temperature approaches zero, the relaxed adjacency matrix converges to a binary
form. This relaxation enables gradient-based optimization to refine the graph struc-

ture effectively.

As shown in Figure , our method condenses the training set of the Reddit [2§]
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dataset to 77 nodes, representing only 0.05

In this paper, we propose a novel GP-based graph condensation framework for node
classification tasks, termed Graph Condensation via Gaussian Processes (GCGP).
The framework leverages a GP model as the predictive component, where the con-
densed data serve as observations. To enhance the predictive capabilities of our model,
we propose a specialized covariance function that effectively captures dependencies
between test inputs and observations. Furthermore, we employ concrete random
variables to relax the binary adjacency matrix into a differentiable form, thereby fa-
cilitating gradient-based optimization. The discrepancy between the GP predictions
and the ground truth is then leveraged to guide the optimization, particularly in

optimizing the synthetic graph’s structure.

5.2 Preliminary

Generally, the condensed synthetic graph data G is expected to perform as well
as the target graph G when applied to the downstream tasks (e.g., training a GNN
model fy with parameter #). The current approach to the graph condensation problem
involves a bi-level optimization process, where two nested training loops are utilized
to optimize the model parameter 6 and the condensed graph G, respectively. The
inner loop handles the training of GNN fj, on the condensed data G by the training
loss £(fp, G¥), while the outer loop optimizes the condensed graph G by minimizing
the matching loss L( fg,, G). Therefore, the bi-level graph condensation problem could
be modeled as
min £(fs, G)

(5.1)
s.t. 6 =argminf(fy, G%).
6

In general, the convergence of the parameter 6 is influenced by its initial values

0. This implies that the condensed data will only yield favorable results when the
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neural network model is initialized with 6,. However, the objective of condensation is
to produce data that can perform well under a random initialization distribution Fy,.
To address this constraint, multiple random initializations are required, and problem

(5.1) is accordingly modified as follows:

Hégn EQONPQO [E(fav G)]
(5.2)
s.t. 6 =argminf(fy, G%),
0
where the loss function of the outer loop £ is designed as matching the gradients [124]

that are calculated by G¢ and G on model fy,, respectively. This can be expressed

as follows:
L= D(Votg(fgﬂG8)7V9t£(f6t7G))7 (53)

where D(-, ) is the function measuring the distance between the gradients Vg, £( f5,, GS)
and Vy,l(fq,,G). 6, is the parameter of the inner loop model updated t times by a
specific optimization algorithm opt-alg, (e.g., Stochastic Gradient Descent, SGD).
Denote T as the total number of iterations of the outer loop. Finally, the bi-level
graph condensation problem becomes:
T
mgn E90~P90 Z D(Vetg(f@? GS)? v9t£(f9t7 G))
¢ =0 (5.4)
st. 0, = opt-alg[l(fs,_,,G°)].

Problem (j5.4) offers a potential solution for graph data condensation. However, it
presents a highly complex optimization challenge. Since a GNN is a parameterized
model, the inner loop of this condensation framework requires iterative optimization
of the parameters fy. Simultaneously, the outer loop optimizes the condensed data
GS. To ensure the generalization capability of the condensed data under initialization
distribution Py, of the GNN parameters, an additional outermost loop repeatedly
initializes the GNN parameters 6, typically exceeding 1,000 iterations. Consequently,
this three-level nested optimization algorithm is computationally expensive and time-

intensive.
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5.3 Methodology

This section introduces the proposed GCGP framework, which optimizes a synthe-
sized condensed graph specifically designed to enhance the efficiency of downstream
tasks. A novel covariance function tailored for graph-structured data serves as the
foundation of the framework. To further refine the structural information of the
condensed graph, we adopt concrete random variables, which replace the binary ad-
jacency matrix with a differentiable counterpart. Finally, we outline the optimization
process and provide a complexity analysis, highlighting the condensation efficiency

advantages of the proposed GCGP.

A target graph dataset G = X, A consists of n nodes, where X € R™ ¢ represents
the node features of dimensionality d, and A € 0, 1™*" is the adjacency matrix. Here,
A;; = 1 indicates a connection between nodes ¢ and j, while A;; = 0 indicates no
connection. Additionally, let Y represent the associated node labels. Graph conden-
sation is a technique designed to reduce the size of a graph dataset while retaining its
critical properties for downstream tasks. Specifically, this method condenses GG into a
smaller synthetic graph G° = X, A%, accompanied by corresponding labels Y°. In

the condensed graph, X° € R™*¢ where the number of nodes m satisfies m < n.

5.3.1 Efficiency Graph Condensation via Gaussian Process

Gaussian processes (GPs) provide a probabilistic framework for modeling distribu-
tions over functions. Formally, a GP is defined as a collection of random variables,
any finite subset of which follows a joint Gaussian distribution [I03], which can be
defined by a mean function and a covariance function. Usually, for notational sim-
plicity, we will take the mean function to be zero p(z) = 0. Given the input X and

the observed target ), let the test data be xz;, the function value be f;, Y and f;
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Figure 5.3: The workflow of the proposed GCGP framework involves three key steps.
First, the condensed synthetic graph G¢ is utilized as the observations for the GP.
Next, predictions are generated for the test locations, corresponding to the original
graph G. Finally, the condensed graph is iteratively optimized by minimizing the
discrepancy between the GP’s predictions and the ground-truth labels.

follow a joint Gaussian process,

Yy KX, X)+ 02l K(X,x
~N o, (%, %) (Fm)) ) (5.5)
ft ]C(xt)‘)() ]C(xhxt)
In the context of graph condensation tasks, the condensed data G° = XS, A% is
treated as a potential input, while the corresponding labels Y are considered the

observed targets. We define a prior joint distribution over the observed targets Y

and the function values fs at the test locations of the original graph data G.

YS K(G®,GS) + il K(G%,G
o [RE6) el 50

fa K(G,G?®) K(G,G)
where KC is the covariance function, modeling the dependencies between samples in
a probabilistic way. In Gaussian processes, the choice of the covariance function is

crucial, as it encodes prior assumptions about the function’s smoothness, variability,

and how closely the function values at different input points are correlated.
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To better understand the origin of the covariance function, we consider a Bayesian
linear regression model defined in a high-dimensional feature space. Specifically, de-
noting a mapping ¢ : R — R which transforms an input z into a d’-dimensional
feature space. Based on this mapping model, a Bayesian linear regression model
can be defined as f(z) = ¢(z)W, where the weight W is assigned a Gaussian prior
W ~ N(0,%,). In practical scenarios, the true function values are often not directly
observable. Instead, we observe noisy outputs y = f(x) + €, where the noise ¢ is
assumed to follow an independent and identically distributed Gaussian distribution,
e ~ N(0,0%). This leads to the definition of a covariance function, which encodes

input similarity and models dependencies in Gaussian processes,

Cov(Y®) = E[(f(G%) + &) (f(G®) +¢)]
= ¢(G°) ' 2,0(G%) + 021 (5.7)
= K(GS,G%) + 7?1,

where [ is the identity matrix.

The joint prior in Equation (5.6)) defines the distribution over both observed and
unobserved function values in Gaussian process regression. By conditioning this prior
on the observed data using the standard Gaussian conditioning identity [103], we

obtain the posterior distribution over the unobserved points,

fG|G7 GS’YS NN(fGaCOU(fG))a (58)

where,
fa =K(G, Gs)[IC(GS, GS) + J?I]_IYS, (5.9)
Cov(fe) =K(G,G) — K(G, GS)[IC(GS, GS) + U?I]*IIC(GS, G). (5.10)

The predictive mean fg represents the best estimate (in the mean-square sense) of
the function at the test inputs, and the predictive variance Cov(fg) quantifies the

uncertainty associated with these predictions.
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Traditional bi-level graph condensation methods typically utilize parametric predic-
tive models, such as GNNs, to evaluate the performance of condensed data on tasks
like node classification. These methods require iterative training to optimize model
parameters, which constitutes the inner-loop optimization in bi-level graph conden-
sation. In contrast, the proposed framework leverages GP, a non-parametric proba-
bilistic model, to make predictions without the need for iterative training. By spec-
ifying a joint Gaussian distribution, GP enables conditional inference to estimate
function values at unseen data points G while simultaneously quantifying predictive
uncertainty [59, 12]. This design avoids the computational overhead of iterative opti-
mization and parameter initialization inherent in GNN-based methods. As a result,
the computational efficiency of GP makes it a strong candidate for graph conden-
sation, enabling the bi-level condensation process to be reformulated as a simpler

optimization problem:

rggnf(fc,Y). (5.11)

Compared to the bi-level condensation model in Equation ([5.4)), this approach simpli-
fies the optimization problem by reformulating it into a single-level optimization for
the graph condensation objective. Replacing the GNN with a GP eliminates the iter-
ative training step in the inner loop of traditional bi-level formulations, significantly
reducing time complexity and computational costs. This reduction is particularly
beneficial for large-scale graph datasets, where the cost of iterative training can be-
come prohibitive. Consequently, the reformulated approach improves scalability and
computational efficiency, making it more suitable for real-world applications involving

large graphs.

5.3.2 Covariance Function for Graph Structural Data

The covariance function is a fundamental component of GPs because it defines the cor-

relation structure that determines key properties of the posterior distribution, such as
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smoothness and uncertainty [64]. Its design directly influences the predictive model’s
fitting capability, generalization performance, and computational efficiency, as these

aspects are encapsulated in the properties of the resulting covariance matrix [4].

In the context of the graph condensation task, the design of the covariance function
is crucial, as it must meet task-specific requirements to effectively extract relevant
information while ensuring computational efficiency. As shown in Equation , the
covariance function K(GS,G®) = ¢(GS)"X,6(G®) depends on the mapping model
¢(-) and the matrix ¥,. Since the initialization of the weights is sampled from the
same distribution, ¥, remains fixed. Therefore, the selection and design of the map-
ping model ¢(-) play pivotal roles in determining the behavior of the covariance

function.

To address the challenges of designing effective mappings for graph data, we pro-
pose a computationally efficient mapping model that captures structural information
through message passing. The structural information of a graph, which encodes re-
lationships among nodes, is essential for generating meaningful node representations.
Our model aggregates k-hop neighborhood information in a single step, allowing node
features to encompass the k-hop receptive field [104]. This approach enhances the
representation of local graph structures and mitigates the computational overhead as-
sociated with multi-step message passing. The message-passing mechanism is detailed

below:
X = A*X,

where A = D2 AD"3. A = A+ I is the self-looped adjacency matrix, and D =
diag()_; 1211]-, D Agj, s D flm) In the development of models prioritizing simplic-
ity and low computational complexity, node features are updated through a k-hop
message passing mechanism. This process is followed by a single non-linear opera-
tion to improve the expressive capacity of the mapping while minimizing additional

computational overhead. Formally, this mapping procedure in Equation (5.7)) can be
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represented as:
H(X) = p(AFXW) + ¢, (5.12)

where ¢(z) = 2 [ e~ dt represents the non-linear activation function. W is the

weight matrix. Building on the mapping, the prediction could be written as:

Y =¢(X)W +e¢,
—p(AFXTWO 4 O™ 4 M) (5.13)

where weight matrices W(© € R4 and WO € RY*C are initialized such that
WO WM ~ N(0,062), C represents the number of possible categories of the input
data. The bias terms follow £© ) ~ A(0, 02).

As the width of the hidden layer approaches infinity (d; — o0), the neural network
converges to a Gaussian process, enabling an analytical formulation of the covari-
ance function. Assuming that the elements z; in X are independent and identically
distributed (i.i.d.), the covariance function can be expressed as the expectations of
the post-activation outputs [64, 49]. Let 8 = o2. For two graphs G = {X, A} and

G’ = {X', A’}, the covariance function K is defined as:

K(G,G) = Efgpoaon 0 (f(G)U(f(G))] + B, (5.14)

where the covariance matrix A(G, G’) is constructed from a base covariance function
¥(G,G"), given by,
Y(G,G) X(G,G)

AG,G) = , (5.15)
(GG B(E, G

—_

(G, @) = ~ARX(A"X)T + 8, (5.16)

S8

~ <k

where A*¥ and A" denote the normalized adjacency matrices raised to the k-th power,
capturing the graph structural information up to k-hop neighborhoods. The term
[ represents the observation noise variance and is incorporated into the predictive

covariance to model measurement uncertainty.
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The elements of the covariance function IC(G,G’) can be calculated analytically

as [102],
2 2z T iYwa;
Ki; = = sin ! it | , (5.17)
m \/(1 + 27 8,) (1 + 28] Sud;)
where 7; = (4;,1)" denotes the augmented vector, with #; representing the i-th
element of X. The covariance matrix ¥, = diag(c2,02,---, /) characterizes the

noise structure in the model, where o2 is typically set to 1. Equation (5.17) facilitates
computational efficiency by enabling element-wise calculations, which are well-suited
for acceleration using GPUs. Thus, this approach provides a computationally efficient

and scalable solution for reducing the time cost of GP.

5.3.3 Learning the Discrete Synthetic Graph Structure

In the synthetic condensed graph G¢, the structural information is encoded in the
binary adjacency matrix A% € {0,1}™*™. However, optimizing the adjacency ma-
trix is challenging because it is discrete and typically cannot be directly optimized
using gradient-based methods. [3, 39]. To address this issue, this work adopts con-
crete random variables to relax the adjacency matrix, enabling smoother optimization

processes and better computational efficiency.

Particularly, we propose applying the Concrete relaxation [61) [37] technique to ap-
proximate the discrete adjacency matrix with a continuous counterpart. For the
synthetic adjacency matrix, the Concrete relaxation reformulates the binary variable
ASij, which originally follows a Bernoulli distribution, into a differentiable func-
tion. This reformulation introduces concrete random variables aij and 7, such that

A%ij ~ BinConcrete(aij, 7). Let L ~ Logistic, ASij is reparameterized as,

loga;; + L
ASij = p (M) : (5.18)
T
where p(z) = m, and L is defined as L < log(U)—log(1—U), with U ~ U(0,1).
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The parameters «;; and 7 are constrained to the interval (0, c0), where 7 denotes the

temperature parameter.

In Equation , the binary adjacency matrix is reformulated into a differentiable
representation parameterized by «, facilitating gradient-based optimization. During
this optimization process, the temperature parameter 7 is gradually reduced toward
zero. This systematic reduction drives the adjacency matrix toward a binary state, ef-

fectively approximating its discrete structure. The probability that a specific element

of the condensed adjacency matrix, Afj, equals 1 is:
a. .
P (1' AS = 1) = 5.19
Tgr(l) K 1+ Qg ( )

To ensure that Afj = 1, we set the threshold P (limT_>0 Afj = 1) > 0.5.

5.3.4 Objective and Optimization

This paper introduces GCGP, a novel method that employs GP to integrate prior
information with the condensed graph G° for predictions. The approach is computa-

tionally efficient while avoiding additional training loops. The loss function is:

(e, y) =176 - Y1 (5.20)

The optimization process in GCGP involves three key parameters: XS, Y, and
AS. Since AS is a differentiable function of «, the optimization primarily focuses on
X¢,Y?®, and a, utilizing algorithms such as stochastic gradient descent. The overall

procedure is outlined as follows.

First, the initialization of X°, Y°. «, and the adjacency matrix AS is performed,
where AS is sampled using Equation ((5.18). Subsequently, GP predictions fg for the
graph G are computed as described in Equation (5.9). These predictions are then

compared with the original labels Y to calculate the condensation loss. This loss
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function guides the iterative optimization process, during which X°, Y'¥, and « are

updated.

To enable a smooth transition from soft to discrete adjacency representations, the
temperature parameter 7 is annealed during training. As 7 — 0, the sampled ad-
jacency matrix A becomes increasingly binary. The annealing schedule is defined

as:

epoch

tem 100

T = max (tempstart ’ (tﬂ) ) 1:ernpend> ) (521)
empstart

where tempg,. = 0.3 and temp,, 4 = 0.01. The full training procedure is shown in

Algorithm [5]

5.3.5 Complexity Analysis

To demonstrate that the proposed GCGP method has lower computational complex-
ity than the bi-level method GCond, we perform a detailed complexity analysis. The
notations are defined as follows: n and m denote the numbers of nodes in the original
and condensed datasets, respectively, d is the dimensionality of node features, and
|E| represents the number of edges in the original graph. Additionally, t;, and ¢,
are the numbers of iterations in the inner and outer loops, respectively, while t;,;

denotes the number of times the GNN model is re-initialized in GCond.

The computational complexity of GCond is derived by analyzing its inner and outer
loops. The inner loop, involving GNN training, has a complexity of O(t;,(md?)). For
the outer loop, the primary cost is forward propagation on the original dataset, with
a complexity of O(nd? + |E|d). Considering t,,; optimization iterations, the total
outer loop complexity becomes O(t,y:(nd* + |E|d)). Combining these, the overall
complexity of GCond i8:0 (it (tout(nd? + | E|d + tin(md?))).

The proposed GCGP method involves two main steps: covariance function computa-

tion and GP prediction. The covariance computation has a complexity of O(mnd),
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Algorithm 5 GPGC

1: Input: Target graph data G = {X, A} with n nodes and labels Y

2: Output: Condensed graph data G° = {X% A5} with m(m < n) nodes and
labels V'S

3: Initialize: X3 Y2 ~U(0,1), Vi, j, and ay; ~U(0,2), Vi, j

4: while not converge do

5: Update A® by:

T

AS — (bga_ﬁL)
ij

6: Calculate (G, G®) and K(GS, G®) by Equation ((5.17))

7: Calculate loss function:
U(fe,Y) = IK(G, G¥)K(GS, G%) + BIIT'YS = V|7
8: Update X°,YS, a:
X% Y a = opt-algll(fa,Y)]

9: Update 7 — 0
10: end while
11: for each (7, j) pair do

12: if 2% > (.5 then

1+
13: A% =1
14: else
15: A% =0
16: end if
17: end for
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while GP prediction has O(m? + mnd). Thus, the total complexity of GCGP is:
O(tm3+tmnd). This analysis highlights that the GCGP method achieves significantly
lower computational complexity than GCond, particularly for large-scale datasets

where n and |E| dominate the cost.

5.4 Experiments

Table 5.1: Dataset details

Dataset Nodes Edges ClassesFeatures Train/Validation/Test

Cora 2,708 5,429 7 1,433 140/500/1,000
Citeseer 3,327 9,104 6 3,703 120/500/1,000
Pubmed 19,717 44,338 3 500 60/500/1,000

Photo 7,650 238,162 8 745 160/500/800
Computers 13,752 491,722 10 767 200/500/1,000
Ogbn-arxiv 169,343 1,166,243 40 128 90,941/29,799/48,603

Reddit 232,965 114,615,892 41 602  153,431/23,831/55,703

In this section, we evaluate the condensation effectiveness of our method across various
settings. Extensive comparative experiments demonstrate that our method consis-
tently achieves the fastest performance on both small and large datasets. To assess
generalization, we train different neural network models using the condensed data
and analyze their performance. A sensitivity analysis of parameters is also con-
ducted. Finally, ablation experiments confirm the method’s advantages in efficiency
and condensation quality. All experiments are executed on an NVIDIA RTX 3090
GPU with 24GB RAM.
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5.4. Experiments

5.4.1 Experimental Settings

Datasets. We evaluate on seven benchmark datasets of varying scales: Cora, Cite-
seer, and Pubmed [I14] are citation networks with bag-of-words or TF-IDF fea-
tures [54]; Photo and Computers [73] are Amazon co-purchase graphs with product
review features [68]; Ogbn-arxiv [35] is a citation graph of arXiv CS papers with
averaged word embeddings as features; and Reddit [2§] is a large-scale social network

with post-level community labels. The details of the datasets are shown in Table 5.1}

Baseline Methods. To evaluate the proposed GCGP method comprehensively, we

compare it against various graph condensation methods serving as baselines, includ-

ing,

e One-step[39] simplifies the GCond method by performing the inner and outer

optimization steps only once, thereby accelerating the condensation process.

e GCond[40)] is a bi-level graph condensation method that employs a GNN as

the prediction model.

e GC-SNTK[92] is a graph condensation method based on kernel ridge regres-
sion, utilizing the structure-based neural tangent kernel to quantify similarity

among nodes.

e SFGCJI25| is a structure-free graph condensation method that distills large

graphs into compact node sets without explicit structural information.

e SimGCJII0] uses a pre-trained SGC model to align condensed and original

graphs, achieving up to 10 times speedup with competitive performance.

e DisCo[I09] is a GNN-free graph condensation method that decouples node and

edge condensation into two stages, achieving speedup and competitive accuracy.

We evaluate graph condensation using three methods: GCond, GC-SNTK, and the

proposed GCGP, under two distinct scenarios. In the first scenario, the condensed
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graph contains only node features X, while its adjacency matrix A® is fixed as the
identity matrix /. In the second scenario, both the node features X and the graph
structure AS are optimized during condensation. These scenarios allow for a compre-
hensive comparison of the methods’ performance under varying levels of structural

information.

The GCond framework supports various combinations of GNNs for the condensation
and testing stages. By default, the experimental section adopts the best-performing
configuration: SGC [104] for condensation and GCN [43] for testing, unless otherwise
specified.

Hyperparameter Settings. The hyperparameters analyzed in this study include
£ in the GP and the power k of the adjacency matrix A used in the covariance
function computation. To ensure consistency across datasets, [ is assigned the
values {1073,1072,1071,0.5,1,5,10} for most datasets, except for Reddit, where
it is set to {1073,1072,107',1,10}. Similarly, the parameter k is evaluated with
k = {1,2,3,4,5} for the Cora, Citeseer, Pubmed, Photo, and Computer datasets,
while k& = {1,2,3,4} is used for the Ogbn-arxiv and Reddit datasets. The detailed
hyperparameter configurations and the corresponding optimal values for each dataset

are summarized in Table [5.3]

5.4.2 Condensation Quality Evaluation

To assess the quality of synthetic graphs condensed by the proposed GCGP method,
we perform node classification experiments across seven datasets, each with vary-
ing condensation scales. For the Cora, Citeseer, Pubmed, Photo, and Computers
datasets, three condensation scales of 5, 10, and 20 nodes per class are selected. For
the Ogbn-arxiv dataset, we use 0.05% (90 nodes), 0.25% (454 nodes), and 0.5% (909
nodes) of the training set as the condensation scales. Similarly, for the Reddit dataset,

the condensation scales are set to 0.05% (77 nodes), 0.1% (153 nodes), and 0.2% (307
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Table 5.3: Configuration of the experiments

Dataset Size (§ k Learn A Dataset Size [ k Learn A

35 0.01 3 0 50 0.01 1 0

35 05 2 1 50 0.01 1 1

70 05 4 0 100 0.01 2 0

Cora 70 1 9 1 Computers 100 0.01 1 1
140 05 4 0 200 0.01 2 0

140 0.01 2 1 200 0.001 1 1

30 10 5 0 90 5 2 0

30 1 2 1 90 05 2 1

) 60 0.5 2 0 - 454 0.001 2 0
Citeseer 60 51 1 Ogbn-arxiv A54 05 2 1
120 5 4 0 909 10 2 0

120 5 1 1 909 0.5 2 1

15 0.001 2 0 77 0.1 2 0

15 05 2 1 77 0.01 2 1

30 0.01 2 0 ) 153 0.1 2 0
Pubmed 30 05 2 1 Reddit 153 01 1 1
60 0.1 5 0 307 1 2 0

60 0.5 2 1 307 0.1 2 1

40 0.1 2 0 80 0.01 1 1

Photo 40 0.01 1 1 Photo 160 0.001 2 0
80 0.1 2 0 160 0.001 1 1

nodes). Table presents the classification accuracy and standard deviation of var-
ious graph condensation methods across multiple datasets and condensation ratios.
The top three performing methods for each setting are highlighted in green, with

darker shades indicating better performance.

Overall, the proposed GCGP method consistently delivers top-tier performance across
diverse datasets and condensation ratios. On Cora and Citeseer, it achieves 82.5%
and 72.8% accuracy at 2.6% and 1.8% condensation rates, respectively, outperforming

all baselines.

On Amazon Photo and Computers, GCGP not only surpasses other condensation
methods but also outperforms full-data GCN. For example, with just 0.5% of nodes
on Photo, GCGP achieves 92.1% accuracy, exceeding the 91.4% from full GCN. A
similar gain is observed on Computers (86.1% vs. 84.2%). On large-scale datasets,

GCGP demonstrates scalability and competitive performance. For instance, on Ogbn-

89



Chapter 5. Efficient Graph Condensation through Gaussian Process Inference

arxiv, it achieves 65.7% accuracy using only 90 condensed nodes. On Reddit, GCGP
reaches 93.9% accuracy with merely 77 synthetic nodes (0.05% of the original size),
closely matching the result obtained by GCN trained on all 153,431 nodes. These
results highlight GCGP’s effectiveness in extreme compression scenarios and its ability

to generalize across diverse graph domains.

In summary, GCGP outperforms existing baseline methods in graph data condensa-
tion, particularly under high condensation ratios and on large-scale datasets. Notably,
for six out of the seven datasets (excluding Ogbn-arxiv), the results obtained with

condensed data surpass those achieved by training on the full dataset with GCN.

5.4.3 Efficient Evaluation

To evaluate the efficiency of the proposed GCGP method, we examine its graph
condensation time. The assessment involves a comparison with baseline methods,
focusing on computational performance for both small-scale and large-scale graphs.
This analysis aims to highlight the scalability and practical applicability of the pro-
posed approach. Specifically, we compare it with several representative baselines,
including One-step, GC-SNTK, SimGC, and DisCo. GCond and SFGC are excluded
from this comparison due to their prohibitive computational cost. Experiments are

conducted on four benchmark datasets: Cora, Citeseer, Pubmed, and Ogbn-arxiv.

Figure illustrates the relationship between condensation time (x-axis) and clas-
sification accuracy (y-axis), with each marker representing a method’s performance.
Using One-step as the baseline, we annotate the relative speedup of each method
beside its marker to highlight efficiency gains. As shown in the figure, GCGP consis-
tently demonstrates superior efficiency while maintaining high accuracy. For instance,
on Cora with 70 condensed nodes, GC-SNTK achieves a 61.7x speedup over One-
step, whereas GCGP further improves this to 170.3x. On Citeseer and Ogbn-arxiv,
GCGP achieves speedups of 45.2x and 32.5x, respectively. These results confirm
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Figure 5.4: The runtime efficiency of GC-SNTK, SimGC, DisCo, and GCGP is as-
sessed using the One-step method as the baseline. To quantify relative performance,
a speedup factor is calculated by dividing the runtime of the One-step method by the

runtime of the other methods and represents the relative acceleration of each method.
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that GCGP accelerates the condensation process without compromising the quality

of the condensed graphs.

The results in Figure demonstrate that the proposed GCGP method improves
condensation efficiency while maintaining high classification accuracy, outperforming
other graph condensation methods. This efficiency is particularly important, as the
primary purpose of graph condensation is to accelerate training. If the condensation
process itself is excessively time-consuming, it undermines this goal. By substantially
reducing condensation time without sacrificing performance, GCGP enhances the

practicality and scalability of graph condensation in real-world applications.

5.4.4 Comparison Between GCGP and Kernel-Based Method

To further assess the efficiency of the proposed method, we compare GCGP with the
kernel-based baseline GC-SNTK. The results, shown in Figure offer a compre-
hensive view of their performance across different datasets and condensation scales.
Experiments are conducted on six datasets—Cora, Citeseer, Pubmed, Photo, Com-
puters, and Ogbn-arxiv—under three condensation ratios, resulting in 18 settings.
For each setting, we record the classification accuracy with respect to the training

time required by the condensation process.

In Figure [5.5] the z-axis indicates condensation time, while the y-axis shows the
corresponding test accuracy. As observed, GCGP consistently achieves higher accu-
racy, demonstrating both faster condensation and better performance. Across most
datasets, it outperforms GC-SNTK in terms of classification accuracy, highlighting

the effectiveness of GCGP in improving both efficiency and condensation quality.

Additionally, Table |5.4]summarizes the time consumed by the two methods across the
15 experimental settings, along with the speedup achieved by GCGP relative to GC-
SNTK. The data clearly show that the proposed method is consistently more than
three times faster than GC-SNTK while maintaining the quality of the condensed
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Figure 5.5: Condensation efficiency comparison between the proposed GCGP method

and GC-SNTK is conducted on six datasets. Each row corresponds to a dataset (Cora,

Citeseer, Pubmed, Photo, Computers, ogbn-arxiv), and each column shows results

under different condensation scales (0.25, 0.5, 1.0). The x-axis represents training

time, while the y-axis indicates test accuracy.

training times than GC-SNTK across all scales.

93

GCGP consistently achieves faster



Chapter 5. Efficient Graph Condensation through Gaussian Process Inference

graphs. This stability and efficiency further underscore the robustness of the GCGP
method.

In summary, the experimental results across all datasets confirm the significant effi-
ciency improvements achieved by the proposed GCGP method. It consistently out-
performs the fastest existing method, GC-SNTK, by more than three times in speed,

thereby enhancing its scalability and broadening its potential application scenarios.

Table 5.4: Condensation time comparison of the GC-SNTK and the GCGP

Dataset Size GC-SNTK (s) GCGP(s) Speedup

1.30% (35) 5.5843 0.7672 7.28 %
Cora 2.60% (70) 5.0616 0.8383 6.04x
5.20% (140) 4.6553 0.8595 5.42x
0.90%(30) 5.8787 1.0806 5.44x
Citeseer 1.80%(60) 4.7093 0.7389 6.37x
3.61%(120) 3.4389 1.0386 3.31x
0.08% (15) 4.1034 0.8610 4.77%
Pubmed  0.15% (30) 4.7844 1.0022 4.77x
0.30% (60) 4.1030 11172 3.67x
0.5% (40) 4.5685 1.1380  4.01x

Amazon
1.0% (80) 5.5139 1.1430  4.82x

Photo
2.1% (160) 5.0429 0.8767 5.75x
0.4% (50) 4.6563 0.5787 8.05x

Amazon
0.7% (100) 5.2212 14125  3.71x

Computers

1.5% (200) 5.1126 1.5352 3.33 %

0.05% (90)  842.0065  97.2541  8.66x
Ogbn-arxiv 0.25% (454)  904.8845  197.3606  4.58x
0.5% (909)  1098.2102  298.4082  3.68x
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5.4.5 Parameter Sensitivity Analysis

To analyze the sensitivity of the proposed method to hyperparameters, we conduct
experiments by varying two key parameters: [ in GP and the power k£ of the ad-
jacency matrix A in the calculation of covariance function. These experiments are
performed on multiple datasets, including Cora, Citeseer, Pubmed, Photo, Com-
puter, and Ogbn-arxiv, with 3 set to {1073,1072,1071,0.5,1,5,10}. For the Reddit
dataset, § is adjusted to {1072,1072,1071,1,10}. The parameter k is tested with
values {1,2,3,4,5} for the Cora, Citeseer, Pubmed, Photo, and Computer datasets,
and {1,2,3,4} for Ogbn-arxiv and Reddit. The condensation sizes for the datasets
are fixed as follows: 70 for Cora, 60 for Citeseer, 30 for Pubmed, 80 for Photo, 100
for Computer, 90 for Ogbn-arxiv, and 77 for Reddit. All combinations of g and
k are evaluated, and the average classification accuracy is computed over multiple
iterations. The results, illustrated in Figure [5.6) and Figure [5.7] show the classifica-
tion accuracy achieved on the condensed graph for each parameter setting. In these

figures, darker bar colors correspond to higher classification accuracy.

As shown in Figure [5.6, which depicts the results for experiments condensing only
node features, the accuracy is generally insensitive to parameter changes. For the
Cora dataset, performance improves significantly and stabilizes when k& > 1. The
Citeseer dataset maintains high classification accuracy even for smaller k values. The
Pubmed dataset achieves favorable and stable results when [ is small, while the Photo
dataset performs best and remains stable for smaller £ values. Among these datasets,
the Computers dataset exhibits the most stable performance, with only minor varia-
tions when ( is large. Ogbn-arxiv is insensitive to both parameters, whereas Reddit

performs poorly when 3 and k are large.

Figure illustrates the results when both structural and feature information are
condensed. A consistent trend can be observed: performance degrades significantly

when both k£ and [ are large. Conversely, the method achieves better results when
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both k£ and 3 are small.

In summary, the proposed method demonstrates varying degrees of sensitivity to
hyperparameters across datasets. While some datasets exhibit stable performance
regardless of parameter changes, others show performance differences depending on
the parameter settings. These findings provide valuable insights into the selection of

hyperparameters for different datasets.

Acc(%)

322G
Acc(%)

[ Yo

(d) Photo (X) (e) Computers (X) (f) Ogbn-arxiv (X)

(g) Reddit (X)

Figure 5.6: Parameter sensitive analysis with condense only node features X°. The
height of each bar represents the average classification accuracy on the condensed
graph under the corresponding parameter settings. Darker bar colors indicate higher

classification accuracy.
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(a) Cora (X,A)

(d) Photo (X,A) (e) Computers (X,A) (f) Ogbn-arxiv (X,A)

(g) Reddit (X,A)

Figure 5.7: Parameter sensitivity analysis condenses both node features X° and

structural information A°.
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5.4.6 Generalization Across Different Models

To evaluate whether the graph data condensed by GCGP retains essential structural
and semantic information for downstream tasks, we apply the condensed data to train
a variety of GNN models. This setting allows us to assess the generalization ability of
GCGP beyond the model used during condensation. The experimental results show
that models trained on GCGP-condensed graphs consistently achieve competitive
performance, demonstrating the robustness and transferability of the condensed data

to different GNN architectures.

Table [5.5/summarizes the generalization performance of graph data condensed by vari-
ous methods—GCond, GC-SNTK, and the proposed GCGP—on multiple GNN mod-
els, including GCN [43], SGC [104], APPNP [24], GraphSAGE [28], and KRR [89],
across the Cora, Citeseer, and Pubmed datasets. Notably, the proposed GCGP
method demonstrates competitive performance, achieving the highest or near-highest
average accuracy across a majority of datasets and models. On the Cora dataset,
GCGP achieves the highest average accuracy of 78.7%, marginally surpassing the
performance of GC-SNTK, which records an average accuracy of 78.0%. It demon-
strates strong generalization across architectures, achieving an accuracy of 82.6%
with KRR and 79.0% with SGC. In contrast, baseline methods such as GCN-based
condensation and APPNP-based condensation show significantly lower average accu-
racies of 30.1% and 53.7%, respectively. These results underscore the robustness of

GCGP compared to alternative approaches.

On the Citeseer dataset, GCGP achieves the highest average accuracy of 68.4%,
outperforming GC-SNTK, which achieves 42.2%, and matching the performance of
SGC-based condensation, which records 68.2%. Its performance is particularly strong
with KRR, achieving an accuracy of 72.3%, and with SGC, achieving 68.6%. These
results demonstrate the stable performance of GCGP across different models. In

contrast, GC-SNTK exhibits limited effectiveness on this dataset, highlighting the
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adaptability of GCGP to varying graph structures.

On the Pubmed dataset, GCGP achieves an average accuracy of 71.4%, which is com-
petitive with GC-SNTK, achieving 75.7%, and SGC-based condensation, achieving
76.2%. The method performs strongly with APPNP and KRR, achieving accuracies
of 77.0% and 79.2%, respectively. However, its accuracy with SGC is comparatively
lower at 50.9%. Despite this variation, GCGP demonstrates consistent performance

across models, reflecting its reliability in diverse scenarios.

In conclusion, GCGP demonstrates robust generalization performance across all datasets
and models. Its results suggest its effectiveness in preserving critical graph structures
and features. Compared to baseline methods, GCGP consistently delivers superior
outcomes, making it a reliable approach for graph data condensation in diverse down-

stream tasks.

5.4.7 Ablation Study

To evaluate the effectiveness of the proposed covariance function in modeling node
similarity, we conduct a comprehensive ablation study comparing GCGP with sev-
eral alternative covariance functions, including Dot Product, Neural Tangent Kernel
(NTK) [36], Structure-based NTK (SNTK) [92], and Light GNTK [I12]. The results
are summarized in Table [5.6] and Table [5.7], covering both classification accuracy and

condensation time across seven datasets.

As shown in Table [5.6] GCGP consistently outperforms all baseline covariance func-
tions in terms of classification accuracy, particularly on datasets such as Cora, Cite-
seer, Photo, Computers, and Reddit. For example, on Photo, GCGP achieves 92.0%
accuracy, significantly surpassing SNTK (88.5%) and LightGNTK (89.4%). Simi-
larly, on Reddit, GCGP reaches 93.9%, far exceeding the next best method (77.9%
by SNTK).
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Table 5.5: Generalization of the condensed graph data. We evaluate the generalization
of condensed graph data by training various GNNs on data derived from different

methods. Model performance is assessed through test set classification accuracy.

Dataset Method GCN SGC APPNP SAGE KRR Avg.
GCN 319 348 335 326 17.5 30.1

SGC 81.1 80.6 &80.5 71.0 788 784
Gceond

Cora APPNP 319 50.3 75.7 51.0 59.8 53.7
(140) SAGE 63.6 412 68.9 53.5  26.5 50.7
GC-SNTK 7.8 779 74.6 78.0 821 78.1

GCGP 79.7 79.0 741 78.1 82.6 T78.7

GCN 276 269 333 244 148 254
SGC 72.6 654 715 62.2 69.5 68.2

Citeseer O " APPNP 526 568 712 451 541 56.0
(120) SAGE 386 23.6 641 443 434 428
GC-SNTK 209 22.1 52.2 484 67.3 422
GCGP 685 68.6 666 662 723 684

GCN 43.7 626 61.6 70.3 66.1 60.9
SGC 784 749 T77.6 76.0 74.1 76.2

Pubmed “CM APPNP 677 578 772 641 599 653
(60) SAGE 712 588 742  69.0 525 65.1
GC-SNTK 734 745 766 732 794 T75.4
GCGP 752 509 77.0 74T 79.2 Tl4
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In addition to accuracy, GCGP also excels in computational efficiency. As shown in
Table [5.7, GCGP dramatically reduces condensation time compared to SNTK and
Light GNTK. Notably, on large-scale datasets like Ogbn-arxiv and Reddit, GCGP
achieves over 8x and 6x speedups respectively compared to Light GNTK, and over
30x and 28x speedups compared to SNTK. This efficiency gain is crucial for scaling
to large graphs.

In summary, GCGP demonstrates clear advantages in both performance and effi-
ciency. Its covariance function not only captures graph structure and semantics more
effectively but also ensures faster condensation, making it highly practical for real-

world graph learning tasks.

Table 5.6: Impact of Covariance Function Ablation on Accuracy Performance.

Acc + Std.
Dataset
Dot Product NTK SNTK LightGNTK GCGP
Cora (70) 57.3£0.5  59.1+1.4 82.4+0.5 81.6+0.4 82.5+0.7

Citeseer (60)  60.941.2  62.7+0.6 67.040.3  71.1+1.1 72.840.6
Pubmed (30)  72.74£0.4  69.9+1.2 79.3+0.3 78.840.5  79.240.7
Photo (80) 87.6£1.9  82.9+0.3 88.5+£0.2  89.4+0.8 92.0+0.1
Computers (100)  80.7+1.2  72.5£0.9 83.1£0.6  83.5£0.5 86.4+0.3
Ogbn-arxiv (90)  50.6£0.5  51.3+0.1 64.240.2  60.5£0.4 65.740.3
Reddit (77) 66.320.1  66.3£0.2 77.940.9 71.8+15 93.940.1

5.4.8 Generalization Across Different Models

To evaluate whether the graph data condensed by GCGP retains essential structural
and semantic information for downstream tasks, we apply the condensed data to train
a variety of GNN models. This setting allows us to assess the generalization ability of
GCGP beyond the model used during condensation. The experimental results show

that models trained on GCGP-condensed graphs consistently achieve competitive
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Table 5.7: The Time Comparison of Different Covariance Functions.

Time (s)
Dataset

SNTK LightGNTK GCGP

Cora (70) 5.06 1.31 0.84
Citeseer (60) 4.71 4.56 0.74

Pubmed (30) 4.78 2.45 1.00

Photo (80) 5.51 1.52 1.14

Computers (100)  5.22 1.87 1.41
Ogbn-arxiv (90) 871.52 772.39 97.25

Reddit (77) 3844.36 854.96 135.68

performance, demonstrating the robustness and transferability of the condensed data

to different GNN architectures.

Table [5.5[summarizes the generalization performance of graph data condensed by vari-
ous methods—GCond, GC-SNTK, and the proposed GCGP—on multiple GNN mod-
els, including GCN [43], SGC [104], APPNP [24], GraphSAGE [28], and KRR [89],
across the Cora, Citeseer, and Pubmed datasets. Notably, the proposed GCGP
method demonstrates competitive performance, achieving the highest or near-highest
average accuracy across a majority of datasets and models. On the Cora dataset,
GCGP achieves the highest average accuracy of 78.7%, marginally surpassing the
performance of GC-SNTK, which records an average accuracy of 78.0%. It demon-
strates strong generalization across architectures, achieving an accuracy of 82.6%
with KRR and 79.0% with SGC. In contrast, baseline methods such as GCN-based
condensation and APPNP-based condensation show significantly lower average accu-
racies of 30.1% and 53.7%, respectively. These results underscore the robustness of

GCGP compared to alternative approaches.

On the Citeseer dataset, GCGP achieves the highest average accuracy of 68.4%,

outperforming GC-SNTK, which achieves 42.2%, and matching the performance of
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SGC-based condensation, which records 68.2%. Its performance is particularly strong
with KRR, achieving an accuracy of 72.3%, and with SGC, achieving 68.6%. These
results demonstrate the stable performance of GCGP across different models. In
contrast, GC-SNTK exhibits limited effectiveness on this dataset, highlighting the

adaptability of GCGP to varying graph structures.

On the Pubmed dataset, GCGP achieves an average accuracy of 71.4%, which is com-
petitive with GC-SNTK, achieving 75.7%, and SGC-based condensation, achieving
76.2%. The method performs strongly with APPNP and KRR, achieving accuracies
of 77.0% and 79.2%, respectively. However, its accuracy with SGC is comparatively
lower at 50.9%. Despite this variation, GCGP demonstrates consistent performance

across models, reflecting its reliability in diverse scenarios.

In conclusion, GCGP demonstrates robust generalization performance across all datasets
and models. Its results suggest its effectiveness in preserving critical graph structures
and features. Compared to baseline methods, GCGP consistently delivers superior
outcomes, making it a reliable approach for graph data condensation in diverse down-

stream tasks.

5.5 Conclusion

In this paper, we propose a novel GP-based framework for graph data condensation,
addressing the computational challenges of existing bi-level methods. By treating the
condensed graph as GP observations, our approach eliminates iterative GNN train-
ing, enhancing computational efficiency while maintaining predictive performance.
To capture graph structure, we design a covariance function that incorporates k-hop
message passing and represents local structures with minimal computational over-
head. We propose using the binary concrete relaxation to optimize the adjacency

matrix. This approach relaxes the discrete adjacency matrix into a differentiable one,
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enabling the efficient optimization of the graph structure. In summary, our contri-
butions are: (1) integrating GP into graph condensation to eliminate iterative GNN
training; (2) designing a covariance function to capture node similarities; (3) intro-
ducing the binary concrete relaxation for differentiable optimization of discrete graph
structures; and (4) empirically validating the method on diverse datasets and base-
lines. Together, these contributions enhance the efficiency and practicality of graph

condensation.
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Chapter 6

Conclusion and Future Work

This thesis presents a comprehensive framework for efficient graph condensation
through three interconnected contributions that address fundamental computational
bottlenecks in graph neural networks. Our work demonstrates how kernel methods
and probabilistic approaches can significantly accelerate graph analysis while main-
taining or improving prediction performance. In this concluding chapter, we summa-
rize our key contributions, discuss their broader implications, and outline promising

directions for future research.

6.1 Summary of Contributions

Our thesis makes three major contributions that progressively build upon each other

to create an efficient and scalable framework for graph condensation:

e Chapter 3: Fast Graph Condensation with Structure-based Neural
Tangent Kernels (GC-SNTK). Our first contribution establishes the kernel-
based foundation for efficient graph condensation. By reformulating bi-level

optimization as Kernel Ridge Regression (KRR), we eliminated iterative GNN

105



Chapter 6. Conclusion and Future Work

training while introducing the Structure-based Neural Tangent Kernel (SNTK)
to capture both node features and topological information. This approach
achieved significant efficiency improvements while maintaining competitive ac-

curacy, demonstrating the viability of kernel methods for graph condensation.

e Chapter 4: Simplifying Graph Neural Kernels (SGNK). Building upon
the kernel foundation, our second contribution addresses computational redun-
dancy in traditional GNTK methods. We proposed two complementary ap-
proaches: SGTK replaces iterative layer stacking with continuous K-step mes-
sage passing, while SGNK models infinite-width networks as Gaussian Pro-
cesses. These simplifications achieved up to 53.7x speedup while maintaining
excellent classification accuracy, bridging theoretical foundations with practical

applications.

e Chapter 5: Efficient Graph Condensation via Gaussian Process (GCGP).
Our final contribution represents the culmination of our work, introducing the
GCGP framework that replaces iterative training with Gaussian Process in-
ference. By leveraging a specialized covariance function and concrete random
variables, GCGP achieved unprecedented efficiency improvements (up to 170x
faster) while maintaining competitive accuracy. This unified approach demon-
strates the synergistic potential of combining kernel methods with probabilistic

inference for large-scale graph learning.

6.2 Broader Impact and Implications

The contributions of this thesis extend beyond the specific techniques developed,
offering several broader implications for the field of graph learning. Our work estab-
lishes a unified theoretical framework that connects kernel methods, neural tangent

kernels, and Gaussian processes in the context of graph condensation. This frame-
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work provides a principled understanding of how different computational paradigms
can be leveraged for efficient graph analysis. The theoretical insights developed in
this thesis can inform future research in related areas such as graph representation

learning, kernel methods for graphs, and probabilistic approaches to graph analysis.

The efficiency improvements achieved by our methods have significant practical impli-
cations for real-world applications. Large-scale graph datasets are increasingly com-
mon in domains such as social networks, biological networks, and knowledge graphs.
Our methods enable the analysis of such datasets with substantially reduced compu-
tational requirements, making graph machine learning more accessible to researchers

and practitioners with limited computational resources.

6.3 Limitations and Future Research Directions

While our methods achieve significant improvements in efficiency and performance,
several limitations and challenges remain. Despite substantial improvements, our
methods still face computational challenges when applied to extremely large graphs
(e.g., graphs with millions of nodes). The kernel matrix computation in GC-SNTK
and SGNK scales quadratically with the number of nodes, while the covariance func-
tion evaluation in GCGP can become expensive for very large graphs. Our methods
rely on several theoretical assumptions, such as the infinite-width limit for neural
networks and the Gaussian process approximation. While these assumptions are
well-motivated and empirically validated, their validity in all scenarios remains an
open question. Additionally, our current work primarily focuses on homogeneous
graphs with node classification tasks. The extension to heterogeneous graphs, multi-

relational graphs, and other graph mining tasks requires further investigation.

107



Chapter 6. Conclusion and Future Work

6.3.1 Scalability and Computational Complexity

Although graph condensation significantly reduces data size, the underlying kernel
computations impose nontrivial computational demands. In particular, the construc-
tion and storage of kernel matrices typically incur quadratic complexity with respect
to the number of nodes (O(n?)), which limits scalability to extremely large graphs
such as web-scale social or biological networks. To mitigate these issues, future work
could adopt several strategies: (1) leveraging low-rank kernel approximations such
as the Nystrom method or random Fourier features to accelerate computation; (2)
designing hierarchical or subgraph-based condensation schemes that process subsets
of large graphs independently before aggregation; and (3) developing distributed or
GPU-parallel implementations of kernel evaluation and condensation optimization.
These advances would make the proposed frameworks more amenable to real-world

industrial-scale graph systems.

6.3.2 Practical Deployment Challenges and Potential Reme-

dies

When transitioning from controlled experimental settings to real-world graph appli-
cations, several challenges may arise. Many real-world graphs are dynamic, noisy,
and structurally heterogeneous, which deviates from our current assumption of static
and homogeneous graphs. Extending graph condensation methods to handle tempo-
rally evolving graphs and multiple node or edge types is thus a necessary step toward
wider applicability. Another challenge concerns kernel selection: the choice of ker-
nel function significantly influences condensation quality and model expressiveness.
Future work could explore adaptive or task-specific kernel learning strategies to auto-
matically tailor kernel properties to different graph types. Furthermore, privacy and
interpretability are important considerations when synthetic graphs are deployed in

sensitive domains such as healthcare or finance. Integrating differential privacy tech-
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niques and interpretable graph embeddings could ensure responsible and transparent

use of graph condensation frameworks in practice.

6.3.3 Directions for Future Research

Based on the contributions and limitations identified in this thesis, several promising
directions can be envisioned. Future work could explore approximate kernel methods,
such as random feature approximations or Nystrom approximations, to further reduce
computational complexity. These approaches could enable the application of our
methods to graphs with millions or billions of nodes. Developing distributed versions
of our algorithms could enable the analysis of graphs that exceed the memory capacity

of single machines.

Extending our methods to heterogeneous graphs, which contain multiple types of
nodes and edges, would significantly broaden their applicability. This would require
developing kernel functions and covariance functions that can handle multiple node
and edge types. Many real-world graphs evolve over time, with nodes and edges being
added or removed. Developing methods for efficient condensation of dynamic graphs
would enable the analysis of temporal graph data. Extending our methods to multi-
task learning scenarios, where multiple prediction tasks are performed simultaneously,

could improve the efficiency of multi-task graph analysis.

While our methods replace traditional GNN training with kernel methods, future
work could explore hybrid approaches that combine the strengths of both paradigms.
This could involve using kernel methods for initial feature extraction followed by deep
learning for fine-tuning. Integrating our methods with reinforcement learning could
enable adaptive condensation strategies that optimize the condensed graph based on

the specific requirements of downstream tasks.

Conducting experiments on larger and more diverse datasets would provide further

validation of our methods’ effectiveness and identify areas for improvement. Applying
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our methods to real-world applications in domains such as social network analysis,
biological network analysis, and knowledge graph mining would demonstrate their

practical utility and identify specific challenges for future research.

6.4 Final Remarks

This thesis represents a significant step toward efficient and scalable graph machine
learning. By developing a unified framework that combines kernel methods, neu-
ral tangent kernels, and Gaussian processes, we have demonstrated that substantial
efficiency improvements can be achieved without sacrificing performance. The theo-
retical insights and practical algorithms developed in this work provide a foundation

for future research in graph condensation and related areas.

The journey from traditional bi-level optimization to efficient kernel-based and prob-
abilistic approaches illustrates the value of interdisciplinary research that draws from
multiple computational paradigms. As graph data continues to grow in scale and
complexity, the need for efficient analysis methods will only increase. We hope that
the contributions of this thesis will inspire future research that continues to push the

boundaries of what is possible in graph machine learning.
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