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ABSTRACT 

The Global Navigation Satellite System (GNSS) post-processing applications hold 

a pivotal position in modern smart cities. Post-processing GNSS technology has been 

widely applied in applications such as structural health monitoring and pedestrian 

motion health in open-sky environments. However, GNSS signals are affected by 

multipath effects and non-line-of-sight received signals under high-rise buildings in 

urban areas. The positioning results can differ greatly from the real position, and the 

positioning error can reach tens of meters. To explore better positioning results in urban 

environments, in this thesis, we develop and publish several new methods to improve 

the positioning accuracy of navigation using low-cost sensors in urban areas. First, we 

integrate GNSS and inertial measurement unit (IMU) in smartphones to provide more 

robust results for smoothing pedestrian trajectories in urban areas. The post-processing 

results show that our proposed method can provide better positioning results by 

integrating the IMU from smartphones into the novel factor graph optimization (FGO) 

framework. Secondly, urban areas typically have pre-built 2D maps where vehicles and 

pedestrians are navigated within designated lanes or walkways. Considering this 

constraint, we proposed a GNSS/Map integration with FGO to achieve better 

positioning performance for urban navigation with multi-epoch map constraints. 

Crucially, it was observed that the precision of the map serves as a limiting factor for 

the reliability of the positioning outcome. However, the accuracy of the map can also 

be affected by the absolute positioning provided by the mapping algorithm. Existing 

mapping algorithms require extremely expensive hardware, and to overcome the high-

cost drawback, we propose an algorithm based on a Micro-Electro-Mechanical Systems 

(MEMS) IMU and a low-cost GNSS receiver to provide reliable lane-level localization 



 

 

 

in urban canyons. This cost-effective GNSS/IMU post-processing system achieves an 

accuracy of approximately 20 centimeters in normal urban environments when utilizing 

the FGO framework. Furthermore, it demonstrates an approximate 50% improvement 

in accuracy within highly obstructed urban areas. All the methods have been tested in 

real-world data. In the future, we want to further investigate collaborative positioning 

based on multi-source messages, to achieve high-accuracy urban positioning.  
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1. INTRODUCTION 

1.1 Background 

As a crucial technological underpinning for modern smart city management [1-3], 

the Global Navigation Satellite System (GNSS) exhibits notable technical advantages 

in smart urban monitoring.  

One previous study reveals that structural deformation monitoring systems, 

leveraging Real-Time Kinematic (RTK) technology [4], have been effectively 

implemented in bridge safety assessment. Engineering practice demonstrates that by 

deploying GNSS receiver arrays at critical nodes of bridge structures [5-8], in 

conjunction with observational data from short-baseline reference station networks, 

continuous three-dimensional displacement monitoring with sub-centimeter level 

accuracy can be achieved. This provides quantitative data support for the performance 

evaluation of in-service bridges.  

In the context of urban traffic management, the synergistic analysis of multi-

source GNSS trajectory data presents novel avenues for optimizing road network 

operational efficiency. Studies have demonstrated that acquiring location-based service 

(LBS) data from in-vehicle GNSS terminals and integrating it with spatial-temporal 

clustering algorithms [8, 9], offers a decision-making framework for the dynamic 

adjustment of traffic signal timing plans.  

Of particular interest is the significant contribution of GNSS positioning 

technology to urban health promotion [10]. GNSS-based motion trajectory analysis 

systems integrated into smart devices, when combined with altitude variation and open-

source map data, achieve a 60% reduction in overall calorie estimation error compared 
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to alternative smartphone-dependent methodologies [11]. This enhanced accuracy 

offers a robust data foundation for the formulation of personalized exercise regimens.  

Furthermore, deformation monitoring networks utilizing multi-frequency GNSS 

have achieved significant advancements in the domain of road maintenance [12-14]. 

By deploying centimeter-precision GNSS monitoring terminals, transportation 

authorities are enabled to establish comprehensive databases documenting road 

pavement distress evolution. The application of this technology holds the potential to 

expedite maintenance response times and reduce overall road maintenance 

expenditures. 

Besides, the generation of high-precision maps relies on the precise location data 

provided by the GNSS [15-19], which is crucial for applications such as autonomous 

driving, smart cities, and robotics. Through GNSS technologies like RTK and Precise 

Point Positioning (PPP), centimeter-level positioning accuracy can be achieved, 

providing high-resolution spatial information for roads, geographic features, and other 

environmental elements. When combined with multi-sensor fusion techniques (such as 

LiDAR, cameras, and Inertial Measurement Units (IMU), GNSS data enhances the 

detail and accuracy of maps, enabling them to better reflect the real world. 

Current methods for generating high-precision maps heavily depend on costly 

combined positioning technologies using GNSS and Inertial Navigation Systems (INS) 

[15, 16, 18]. This reliance results in a significant cost burden. The high procurement 

and maintenance expenses of high-precision GNSS equipment and systems, coupled 

with performance limitations in complex environments, make frequent map updates 

difficult. Furthermore, to ensure the real-time nature and accuracy of map data, 

continuous and substantial investment in sensor calibration, data acquisition, and 

processing is required [20]. This poses a significant challenge for regions or businesses 
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with limited resources. This high cost not only restricts the large-scale application of 

high-precision maps but also impacts their update frequency and coverage, 

consequently hindering their widespread application and development in fields like 

autonomous driving and smart cities. 

It is widely acknowledged that GNSS technology experiences diminished 

performance within urban environments primarily due to the presence of tall buildings. 

These structures constitute obstructions that give rise to both the multipath effect and 

non-line-of-sight (NLOS) signal reception [21]. The occurrence of multipath and 

NLOS conditions has the potential to introduce substantial inaccuracies in GNSS-

derived positioning solutions.  In response to this challenge, a considerable body of 

research has been dedicated to devising methodologies aimed at alleviating the 

detrimental consequences of multipath and NLOS phenomena [22-25]. More recently, 

GNSS positioning techniques leveraging Factor Graph Optimization (FGO) [26] have 

demonstrated enhanced resilience to potential anomalies, notably NLOS and multipath 

signals. This improved robustness is attributed to the utilization of measurement 

redundancy across multiple preceding epochs through the factor graph paradigm. In 

contrast, conventional Extended Kalman Filtering (EKF) based approaches [27, 28] 

predominantly utilize information from only two successive epochs concurrently. A 

robust algorithmic model, developed by the Chemnitz University of Technology 

research group [29-31], has also employed FGO to effectively reduce the impact of 

outlier measurements on GNSS positioning accuracy. In their work, only the raw GNSS 

pseudorange measurements were exploited. Their investigations, however, were 

limited to the exclusive use of raw GNSS pseudorange measurements.  Expanding upon 

this, our team has made publicly available a comprehensive FGO-based GNSS 

positioning framework [32] that incorporates both raw pseudorange and Doppler 
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measurements from GNSS. The findings indicate a notable improvement in positioning 

performance compared to the established EKF-based method implemented in the 

widely recognized RTKLIB software [33]. Notably, recent advancements in FGO-

based GNSS positioning by Dr. Suzuki [34] achieved top-tier accuracy in the Google 

Smartphone Challenge during both the ION GNSS+ 2021 [34] and ION GNSS+ 2022 

[35] conferences. Dr. Suzuki's work integrates switchable constraints [36] in 

conjunction with batch optimization to ensure trajectory smoothness. The studies 

collectively suggest that FGO possesses the capability to mitigate the adverse effects of 

GNSS outliers by capitalizing on the increased redundancy of measurements derived 

from historical data.  Nevertheless, it is important to acknowledge that FGO-based 

standalone GNSS positioning continues to face limitations, particularly within deep 

urban canyons, where positioning errors can still reach up to 20 meters in highly 

urbanized settings [32]. 

1.2 Research Objectives and Contribution 

The primary objective of this research is to provide higher precision positioning 

solutions for users requiring post-processing positioning in urban environments. In this 

study, we will focus on exploring the following three key issues： 

1.2.1 Enhancing Post-processing Positioning Accuracy for Pedestrians in 
Urban Environments Using MEMS IMU 

In urban environments, pedestrians often walk close to buildings, which 

significantly degrades the satellite geometry precision (Dilution of Precision, DOP). 

Furthermore, GNSS measurements are replete with multipath and NLOS signals, while 

direct signals are extremely limited. This severely reduces the accuracy of GNSS 

positioning. In certain areas, there may even be an issue of insufficient redundancy in 

GNSS observations, leading to insufficient measurement redundancy for producing a 
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stable solution in some segments., which is unacceptable for pedestrian positioning. To 

address this problem, we integrate smartphone MEMS-IMU/PDR with GNSS by 

adding PDR-derived relative-motion factors to connect consecutive epochs when 

GNSS measurements are degraded. Simultaneously, we introduce a factor graph 

optimization framework to maximize the utilization of historical redundancy 

information, providing more reliable relative constraints for continuous pedestrian 

positioning in urban environments. This method not only significantly improves 

pedestrian positioning accuracy but also lays a solid foundation for its application in 

fields such as sports and health. 

1.2.2 Enhancing Post-processing Positioning Accuracy for Vehicles in 
Urban Environments Using Map Data 

Unlike pedestrians, vehicles typically travel in the center of roads, thus benefiting 

from better satellite geometry precision, which is regarded as a lower DOP value. 

However, multipath effects and NLOS reception still exist in GNSS measurements, 

causing vehicle positioning to deviate from lane lines, which seriously affects post-

event analysis based on vehicle positioning. To address this challenge, we propose a 

solution based on existing map information: by providing a confidence domain for 

vehicles (i.e., vehicles must travel on lane lines) and incorporating lane line information 

and GNSS measurements into a factor graph optimization framework, the optimal 

solution for vehicle position can be achieved. This research method fully utilizes 

redundant GNSS information and lane line constraints, significantly smoothing vehicle 

trajectories in urban environments and providing higher precision positioning results 

for urban road monitoring. 
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1.2.3 Enhancing Post-processing Positioning Accuracy of Low-Cost 
Vehicle Sensors in Urban Environments Using RTK Technology and IMU Pre-
integration Technology 

Although combining urban maps for positioning has been proven feasible, the 

rapid changes in urban environments (such as the emergence of new buildings in a short 

period) require mapping data to be continuously updated. The key to map updates lies 

in ensuring absolute positioning accuracy. Traditional mapping methods rely on high-

precision INS and survey-grade GNSS receiving antennas to obtain Ground Truth (GT) 

positions, but their high cost (tens of thousands of US dollars) limits the possibility of 

widespread application. To address this issue, We use a MEMS IMU and a u-blox F9P 

receiver with a patch antenna to evaluate whether decimeter-level post-processing 

accuracy can be achieved. This method provides a new possibility for low-cost 

production of high-precision maps while maintaining high cost-effectiveness. 

The in-depth exploration and resolution of the above three key issues will provide 

more precise positioning solutions for pedestrians, vehicles, and other users in urban 

environments, thereby promoting the application and development of related fields 

such as sports and health, road monitoring, and map updates. 

1.3 Thesis Outline 

The remainder of the thesis is structured as follows: 

Chapter 2 systematically reviews Global Navigation Satellite System (GNSS) 

positioning technology in urban environments. Firstly, the key role of positioning 

technology in urban navigation is discussed, followed by an analysis of the research 

progress in enhancing the positioning accuracy of mobile phones based on pedestrian 

dead reckoning (PDR) technology, with a focus on the effectiveness of GNSS and PDR 

fusion algorithms. The current research status of incorporating map information into 

GNSS algorithms to improve positioning performance in urban environments is then 
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examined. Finally, the importance of accurate absolute positioning in high-precision 

map production and its need for adaptability in urban environments is demonstrated, 

the limitations of existing algorithms are pointed out, and the research progress of 

GNSS and inertial measurement unit (IMU) fusion algorithms is reviewed. 

Chapter 3 introduces a meticulously designed, tightly coupled integration system 

that synergistically combines Global Navigation Satellite System (GNSS) and 

Pedestrian Dead Reckoning (PDR) methodologies, leveraging Factor Graph 

Optimization (FGO). This system is specifically proposed for smartphone-based 

pedestrian navigation within challenging urban canyon environments.  Specifically, the 

relative motion estimation capabilities inherent in PDR serve to enhance the system's 

resilience against potential GNSS outliers, thereby mitigating their adverse effects. 

Conversely, the incorporation of raw GNSS measurements provides a crucial 

mechanism for correcting the cumulative drift, a common limitation associated with 

PDR systems operating in isolation.  Crucially, the utilization of global optimization, 

facilitated by the FGO framework, is strategically exploited to effectively mitigate the 

inherent limitations of both positioning modalities. This novel approach aims to yield 

a highly accurate and continuous trajectory, a feature of paramount importance for 

pedestrian navigation applications. 

Chapter 4 employs an FGO-based approach to tightly couple the road information 

from Google Earth with raw GNSS measurements to solve for the receiver's position. 

To the best of the authors' knowledge, this research is the first research that combines 

map information with GNSS raw measurements using FGO. 

In Chapter 4, a methodology predicated on Factor Graph Optimization (FGO) is 

implemented to achieve a robust integration of road network information, sourced from 

Google Earth, and raw Global Navigation Satellite System (GNSS) measurements. The 
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objective of this integration is to accurately resolve the position of the receiver.  To the 

best of the authors' knowledge, this study represents the first instance in the extant 

literature wherein map information is combined with raw GNSS measurements within 

an FGO framework.. 

Chapter 6 concludes the above parts and discusses potential future work. 
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2. LITERATURE REVIEW  

Urban canyons represent a particularly crucial environment from an economic 

standpoint, simultaneously presenting a heightened demand for precise pedestrian 

navigation capabilities [37, 38]. Currently, GNSS receivers maintain their essential role 

in open environments, providing dependable global positioning services for users 

within urban settings.  However, it is well-documented that GNSS performance is 

significantly degraded in urban areas due to the prevalence of tall buildings.  These 

vertical obstructions frequently induce both the multipath effect and NLOS signal 

reception conditions [21].  

2.1  Sports Health and Positioning: GNSS/PDR-Based Pedestrian Positioning 

Approach 

Walking is an essential part of daily human life in urban settings and a fundamental 

activity for focusing on personal physical fitness and health [39]. Research indicates 

that integrating GNSS trajectory data can significantly improve the accuracy of energy 

expenditure estimation for athletes or pedestrians [11, 40]. Therefore, achieving high-

precision pedestrian positioning technology in urban environments is of significant 

value for scientifically assessing daily physical activity levels and health management. 

Despite the aforementioned advantages of GNSS in open areas, it is crucial to 

acknowledge that multipath effects and NLOS signal reception can still introduce 

considerable errors into GNSS positioning solutions.  In response to this inherent 

limitation, a substantial body of scholarly work has focused on developing 

methodologies designed to mitigate the adverse consequences of both multipath and 

NLOS phenomena  [22-25]. Recently, FGO-based GNSS positioning techniques [26] 

have emerged as a promising avenue, demonstrating enhanced resilience to potential 
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outlier measurements, particularly those arising from NLOS and multipath interference.  

This improved robustness is largely attributed to the FGO approach's capacity to 

leverage redundant measurements across multiple historical epochs within the factor 

graph framework. This contrasts with conventional EKF-based methods [27, 28]. which 

typically rely on information from primarily two consecutive epochs processed 

concurrently.  Furthermore, a robust algorithmic model, developed by the research 

group at Chemnitz University of Technology [29-31], has successfully employed FGO 

to reduce the impact of outlier measurements on GNSS positioning accuracy. It is 

important to note that their research primarily utilized raw GNSS pseudorange 

measurements.  Expanding upon this foundation, our team has made publicly available 

a generalized FGO-based GNSS positioning framework [32]. The result shows that the 

positioning performance was improved compared to the conventional EKF-based 

approach from the famous RTKLIB [33]. Interestingly, the recent FGO-based GNSS 

positioning developed by Dr. Suzuki [34] obtained the best accuracy in the Google 

Smartphone Challenge in ION GNSS+ 2021 [34] and ION GNSS+ 2022 [35]. His 

research used switchable constraints [36] together with batch optimization to maintain 

the trajectory smoothness. The above research showed that the FGO can mitigate the 

GNSS outlier's adverse effect by using the increased measurement redundancy from 

historical information. However, the FGO-based GNSS standalone positioning is still 

challenged in deep urban canyons, resulting in 20 meters of positioning error in highly 

urbanized areas [32]. Utilizing the IMU in the positioning system is one of the possible 

ways to assist deep urban positioning [41-43]. With the widespread adoption of MEMS-

IMU technology in smartphones, there is a growing idealization of its application as a 

supplement to urban navigation systems. The pedestrian dead reckoning (PDR) [44-49] 

exploits the context of pedestrian navigation, which can provide the relative position 
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between two consecutive states by detecting the walking steps. Building on this 

foundation, Chen et al. [42] utilized electromyography signals for pedestrian navigation, 

significantly enhancing stride detection and distance estimation accuracy. Kang and 

Han [50] developed a novel system, which utilizes smartphone inertial sensors for 

indoor localization. Their system is distinctive for its ability to mitigate the effects of 

magnetic disturbances and sensor noise, common issues in urban indoor environments. 

Kuang et al. [51] developed a MEMS-IMU-based robust PDR algorithm tailored for 

smartphones, addressing diverse carrying positions and step detection failures. [42, 50, 

52] proposed a novel zero-velocity detection algorithm for PDR, eliminating the 

dependence on predetermined thresholds and enhancing adaptability across varied 

walking patterns. Combining the MEMS sensor information in the mobile phone as 

well as the GNSS information may complement the smartphone positioning accuracy 

in urban areas [53, 54]. PDR demonstrates its role in urban navigation and a detailed 

review of PDR can be found at [55]. To enhance pedestrian navigation in urban areas, 

the integration of GNSS and PDR technologies has been developed [43, 56-58]. 

Angrisano et al. [59] enhanced urban pedestrian localization by fusing PDR with GNSS 

data using a loosely coupled integration architecture, showcasing improvements in 

scenarios with compromised GNSS signals. To address the limitations inherent in 

GNSS-denied environments, an integrated GNSS/PDR methodology has been 

developed, incorporating techniques such as peak detection, sliding window analysis, 

and zero-crossing methods for pedestrian step detection [56]. Furthermore, a real-time 

Kalman Filter-based GNSS/PDR positioning approach has been put forth, employing a 

multi-rate filter to mitigate instances of GNSS signal unavailability [43]. In addition, 

certain researchers have leveraged EKF-based GNSS/PDR integration to enhance the 

positioning accuracy of smartphone-based navigation systems operating in 
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environments susceptible to multipath effects  [57]. However, these EKF-based 

GNSS/PDR integration strategies do not adequately leverage the measurement 

redundancy available from historical data. This limitation prompts us to consider a 

novel inquiry: to what extent can PDR augment existing FGO-based GNSS positioning 

methodologies, as illustrated in Fig. 2.1. Interestingly, one study [58] has explored a 

loosely coupled GNSS/PDR integration framework utilizing FGO, wherein PDR is 

directly integrated with the position solution derived from GNSS. Regrettably, this 

loosely coupled integration within the FGO framework may not fully capitalize on the 

inherent temporal correlation present in raw GNSS pseudorange measurements, and, 

importantly, the high-accuracy Doppler measurements were not effectively utilized 

[28].  

 

Fig. 2.1. Illustration of the challenges of pedestrian navigation in urban canyons with numerous GNSS 
signal reflections.  
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2.2 Enhancing GNSS Positioning Accuracy For Road Monitoring Systems: A 

Factor Graph Optimization Approach Aided By Geospatial Information  

In contemporary urban environments, the escalating volume of traffic in 

conjunction with the rising fiscal burden of road and associated infrastructure upkeep 

underscores the critical importance of robust urban road health monitoring. Such 

monitoring is paramount for upholding traffic safety standards and ensuring the long-

term viability of urban infrastructure [60, 61]. Concurrent with the expansion of the 

global urban population and heightened economic activity, road infrastructure is 

subjected to progressively intensified strain. This necessitates regular evaluation and 

maintenance protocols to uphold seamless traffic circulation and safeguard public well-

being [62]. A notable disparity in road maintenance expenditures is discernible across 

various nations.  For instance, in 2021, the United States government committed a 

considerable sum of $110 billion towards the rehabilitation and modernization of roads 

and bridges [63], while in mainland China, expenditure on road maintenance reached 

at least $15.1 billion [64]. Since 2015, the United Kingdom government has made 

substantial investments in road repair initiatives, encompassing a dedicated fund of 

$373 million allocated from fiscal year 2015/16 to 2020/21.  Furthermore, in 2018, the 

UK government injected a one-time allocation of $529 million into highway 

maintenance initiatives across all road management divisions in England [65]. In Hong 

Kong, official data from the Highways Department indicates that road reconstruction 

expenditures over the preceding triennium have surpassed $89 million [66]. These 

considerable financial commitments underscore the exigency for efficacious and 

streamlined strategies for the identification and remediation of road deterioration, with 

sophisticated road monitoring systems emerging as a promising technological solution 

[67]. 
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Fig. 2.2. Illustration of the road monitoring system in the context of smart cities. 

Road monitoring assumes a position of paramount importance in contemporary 

smart city frameworks, as visually represented in Figure 2.2. A prototypical system 

architecture typically commences with a sensor-equipped vehicle, incorporating 

modalities such as cameras [68, 69] and Light Detection and Ranging (LiDAR) [70, 71] 

systems, specifically designed for comprehensive environmental perception.  

Furthermore, these systems are generally furnished with a Global Navigation Satellite 

System (GNSS) receiver, enabling the acquisition of the vehicle's positional data within 

a global coordinate framework. Upon the detection of road surface anomalies or 

damage, the integrated onboard computer system autonomously generates a report 

detailing the location of the identified defect and subsequently transmits this 

information to a remote cloud-based server.  The central control facility then undertakes 

the processing of the received data, generating actionable intelligence and 

recommendations for relevant decision-making bodies, thereby informing prioritization 

of road repair interventions.  Concurrently, map service providers, exemplified by 

platforms such as Google Maps, can disseminate real-time alerts to inform users of road 

conditions. 
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The operational efficacy of these sophisticated road monitoring systems is 

intrinsically linked to the attainment of high-fidelity global positioning coordinates, a 

task that presents considerable challenges within dense urban settings. As visually 

depicted in Figure 2.3, the prevalence of tall buildings in urban environments restricts 

the number of satellites within the line of sight, thereby precipitating multipath effects 

and non-line-of-sight (NLOS) signal receptions [72]. Moreover, the observable satellite 

constellation is often geometrically aligned along the street orientation, leading to an 

elevated DOP value, which serves as an indicator of suboptimal satellite geometry and 

consequently reduced positioning accuracy. Therefore, the contribution of robust 

GNSS positioning technology is unequivocally critical for effective urban road 

monitoring initiatives. 

 
Fig. 2.3. The problem of urban GNSS positioning. 

There is a burgeoning scholarly interest in the advancement of innovative Global 

Navigation Satellite System GNSS positioning technologies specifically engineered to 

exhibit resilience within the intricate and challenging conditions characteristic of urban 

environments. High-precision GNSS positioning technology possesses the potential to 

optimize resource allocation, thereby facilitating continuous enhancements in urban 
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road infrastructure management and development. RTK positioning, a high-accuracy 

GNSS technique, leverages carrier phase measurements to achieve positioning 

accuracies at the centimeter level [4, 73]. However, the application of measurement 

differencing techniques within urban canyons is frequently impeded by signal 

obstruction, multipath propagation phenomena, and the prerequisite for a 

geographically proximate reference station to compute precise differential corrections.  

Recent research endeavors have explored the integration of three-dimensional (3D) 

building models to augment GNSS positioning performance in urban canyon scenarios 

[74-76]. Notwithstanding the considerable computational burden imposed by 3D 

building models, the incorporation of computationally less demanding data streams into 

GNSS positioning systems is generally considered a more pragmatic strategy for urban 

road monitoring applications. Consequently, the majority of vehicular navigation 

systems incorporate map-matching algorithms [77]. One study has proposed a map-

assisted GNSS positioning system specifically designed to improve positioning 

accuracy, taking into account diverse road typologies, such as extended straight roads, 

finite straight road segments, and curvilinear roads [78]. This body of research 

investigates two distinct use cases: aeronautical and vehicular applications [79]. In the 

context of vehicular positioning, a digital road map is employed to align the vehicle's 

traversed path with the road network, resulting in positional refinements down to meter-

level accuracy. Another investigation integrated map information through the 

utilization of a priori approximate road network maps to construct a hybrid metric and 

topological road map representation [80]. The map information was subsequently fused 

to derive more robust localization outcomes. Furthermore, a separate study 

implemented map data as an ancillary measurement within the filtering process, 

specifically employing it as a heading observation within a Kalman filter architecture  
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[81]. OpenStreetMap (OSM), a collaborative, open-source project, provides freely 

accessible and modifiable map data, encompassing comprehensive road network 

datasets [82]. OSM was first integrated into autonomous robot navigation in 2010 [83]. 

It is noteworthy that this particular study did not utilize the OSM path for positioning 

purposes, instead exclusively leveraging building information contained within OSM 

datasets. Moreover, OSM exhibits potential for enhancing location tracking 

performance in indoor-outdoor transition scenarios for pedestrian mobility [84]. By 

effectively harnessing OSM data, GNSS positioning within urban canyons can be 

significantly improved without necessitating the deployment of expensive 3D building 

models or computationally intensive processing methodologies. In the contemporary 

landscape, Google Earth Engine (GEE) has gained widespread adoption as a valuable 

geological data resource [85]. Its utility extends across a diverse range of applications, 

including the estimation of daily blue ice fractions  [86], monitoring temperate forest 

degradation [87], and assessing pasturelands and livestock dynamics [88]. GE can also 

aid in optimizing the path planning algorithm for minimal cost [89]. The accuracy and 

reliability of information provided within GEE have been rigorously validated [90, 91], 

thereby establishing it as a viable tool for high-precision GNSS positioning applications. 

With the increasing prevalence of openly accessible data resources, the utilization of 

road information extracted from GEE has become progressively more feasible. 

Complementary to the integration of supplementary aided information, the 

algorithmic framework employed for processing measurements within the system is of 

paramount importance for urban navigation applications. Weighted Least Squares 

(WLS) and Kalman Filter  methodologies [92-95] represent conventional approaches 

to GNSS positioning that have been extensively implemented across a wide spectrum 

of applications [96]. WLS is a linear estimation technique that operates by minimizing 
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the residuals between observed measurements and predicted values, whereas KF 

constitutes a recursive filtering algorithm capable of estimating the state of a GNSS 

receiver based on noisy raw measurements. However, both of these methods exhibit 

inherent limitations, particularly when deployed in urban canyon environments. WLS 

demonstrates sensitivity to outlier data points and may yield biased estimations in the 

presence of multipath and NLOS signal reception conditions. Conversely, KF relies on 

linear approximations and assumptions of Gaussian noise distribution, which may not 

adequately represent the complex signal propagation environment characteristic of 

urban canyons [97]. EKF is an extension of the KF that addresses the nonlinearity issue 

by linearizing the system model around the current state estimate [73]. While EKF has 

been applied to enhance GNSS positioning in urban canyons and exhibits greater 

robustness compared to KF, its performance remains constrained by its recursive 

formulation and its reliance on Gaussian noise assumptions. To address these 

limitations and advance the state-of-the-art in GNSS positioning frameworks, Factor 

Graph Optimization (FGO) has garnered significant research attention recently, 

demonstrably showcasing its capabilities in the 2021 and 2022 Google Smartphone 

Decimeter Challenge (GSDC) [34, 35]. The winning methodology in these challenges 

employed time-differenced carrier phase measurements within an FGO framework to 

achieve accurate relative positioning between successive epochs. The FGO approach, 

by integrating all available historical information and circumventing the first-order 

Markov chain assumption, demonstrates enhanced performance and outperforms EKF 

methodologies [28]. By effectively incorporating comprehensive road information, 

FGO can globally consider vehicle motion constraints, thereby yielding more consistent 

positioning solutions throughout the trajectory. The incorporation of road information 

as an aiding source can contribute to mitigating the accumulation of positioning errors 
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and improve overall positioning accuracy. Within urban canyon environments, 

multipath effects and NLOS signal reception frequently degrade GNSS signal quality, 

thereby reducing positioning precision. Through the integration of map information, 

these challenges can be more effectively addressed, and positioning outcomes can be 

rendered more robust to these detrimental influencing factors.   

Conversely, it is crucial to acknowledge that misaligned map matching in map-

aided GNSS positioning can introduce substantial positioning errors, a critical issue 

extensively documented in numerous review articles [98-100]. Early iterations of map-

matching techniques predominantly employed rudimentary algorithms, such as point-

to-curve proximity algorithms [101]. However, these initial strategies are notably 

susceptible to inaccuracies stemming from suboptimal GNSS solutions. In response to 

these limitations, significant advancements have been made in map-matching 

methodologies. For instance, one research group has pioneered a comprehensive 

approach that integrates data from multiple sensor modalities, including GNSS, Dead 

Reckoning (DR), and Digital Elevation Models (DEM). This sophisticated method 

employs the Extended Kalman Filter (EKF) to derive a more accurate estimation of the 

vehicle's position, which is subsequently utilized for enhanced map-matching processes  

[102]. Significantly, this approach facilitates the incorporation of supplementary 

attributes derived from road links and nodes, enabling a more refined and accurate 

mapping solution. Despite these notable advancements, it remains imperative to 

recognize that the persistent challenge of elevated GNSS noise levels within urban 

environments continues to pose a significant impediment to the effectiveness of these 

methodologies, potentially leading to erroneous map-matching results. In addition to 

errors introduced by GNSS outlier measurements, trajectory anomalies originating 
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from prior map-matching operations can also contribute to inaccurate state estimation 

[98].  

2.3 Factor Graph Optimized GNSS/IMU Integration for Low-Cost, High-

Accuracy HD Map Generation in Urban Canyons 

High-precision localization is paramount for generating high-definition (HD) 

maps, which are critical for advancing autonomous driving and smart city applications 

[16-18]. Centimeter-level accuracy is often required for HD mapping, necessitating 

sophisticated GNSS and INS integrated solutions. However, commercially available 

GNSS/INS systems that meet these accuracy demands typically come with a high price 

tag, often exceeding US$30,000 [103]. This significant cost barrier substantially 

impedes the widespread deployment of HD mapping and related location-based 

services, particularly in resource-constrained environments and large-scale urban areas. 

While various methods have been explored for low cost GNSS/INS integration, 

Kalman filter-based approaches have been particularly prominent in addressing these 

challenges  [104-108]. Falco et al. conducted comprehensive experiments to evaluate 

the performance of a GNSS/INS integrated system in challenging urban environments 

[104], including parking lots, narrow streets, and tree-lined avenues. By incorporating 

vehicle non-holonomic (NHC) constraints and addressing MEMS IMU temperature 

compensation, they demonstrated that their tightly coupled algorithm significantly 

improved vehicle position estimation accuracy compared to commercial loosely 

coupled systems. Subsequently, Wen et al. explored the FGO framework in their 

research, also validated the effectiveness of tightly coupled GNSS/INS integration 

using a similar system [109]. Furthermore, their study demonstrated that the FGO-

based approach achieved higher positioning accuracy than traditional non-iterative, 

non-sliding window Kalman filter-based systems. However, Wen et al.’s work on 
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tightly coupled GNSS/INS integration was preliminary. Their modeling of both GNSS 

and INS was relatively coarse, and they did not adequately consider GNSS RTK 

techniques or IMU pre-integration. Consequently, the positioning accuracy achieved 

was still insufficient for high-definition mapping applications. To improve INS 

modeling, a research team from Wuhan University investigated Earth rotation 

compensation [110]. By comparing loosely coupled integration results of GNSS with 

various grades of IMUs, they highlighted the degradation effect of Earth rotation on 

inertial navigation systems. Recently, Gici-lib [111] from Shanghai Jiao Tong 

University further advanced the field by tightly integrating GNSS RTK and IMU pre-

integration within an FGO framework. Their approach achieved state-of-the-art (SOTA) 

accuracy on the publicly available UrbanNav dataset. Nevertheless, the Gici-Lib didn’t 

incorporate SOTA methods for GNSS outliers mitigation. Therefore, investigating how 

to mitigate GNSS outliers in urban is crucial for such a tightly-coupled system. In urban 

positioning, while building a well-performing GNSS/INS integrated system is essential, 

properly accounting for the influence of GNSS outliers is of paramount importance for 

achieving accurate absolute positioning. 

Various approaches exist for quality control in GNSS measurements. Generally, 

tightly coupled GNSS/INS systems, whether based on KF [57, 95, 112, 113] or FGO 

[34, 114-116], inherently possess a certain degree of outlier rejection capability. This 

is attributed to the fact that these methods typically leverage redundant information 

from GNSS, IMU, and potentially other sensors. Through the data fusion mechanism 

of state estimators, they exhibit a capacity to smooth out and discern measurements that 

are inconsistent or significantly biased. However, to further enhance positioning 

accuracy and robustness in complex environments, extensive research has been 
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conducted on outlier detection and rejection methods, even upon the foundation of KF 

and FGO [117-122]. 

For instance, addressing potential gross errors and anomalies in GNSS 

observations, some research efforts have focused on introducing more stringent 

statistical tests and consistency checking mechanisms. Hsu et al. proposed an outlier 

rejection method based on residual consistency checks [123]. Two approaches were 

proposed for outlier exclusion: greedy search and exhaustive search.  In the greedy 

search FDE method, biased satellites are iteratively excluded, one by one, until the test 

statistic satisfies the chi-squared threshold. This approach is computationally efficient 

and suitable for real-time implementation. In contrast, the exhaustive search FDE 

method tests all possible subsets of satellites to identify the most consistent satellite 

constellation. Exhaustive search can be considered theoretically optimal in terms of 

consistency checking. Beyond statistical test-based methods, some studies have 

explored outlier rejection strategies based on model prediction and multiple hypothesis 

testing [124, 125]. These methods typically establish more refined error models or 

construct multiple hypothetical models running in parallel, identifying and rejecting 

anomalous GNSS measurements by comparing model predictions with actual 

observations. 

Despite their ability to improve outlier rejection to some extent, the 

aforementioned methods often exhibit certain limitations. On one hand, sophisticated 

statistical tests or model prediction methods can increase computational burden and 

reduce system real-time performance. On the other hand, over-reliance on residual 

statistical properties or model assumptions may, in complex and variable environments, 

make it difficult to accurately distinguish genuine phenomena from outliers, potentially 
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leading to the erroneous removal of valid information or the failure to detect true 

outliers [126]. 

To more effectively utilize the quality information of GNSS signals, another 

significant category of outlier mitigation methods focuses on adaptive weighting of 

GNSS measurements. Among these, machine learning-based methods have garnered 

increasing attention in recent years [127-130]. These methods typically utilize large 

amounts of GNSS data to train machine learning models that predict GNSS signal 

quality and dynamically adjust measurement weights based on the predicted quality. 

For example, in paper [129], the deep learning model can be employed to learn the 

mapping relationships between features such as GNSS signal Carrier-to-Noise ratio 

(C/N0), Doppler shift, pseudorange residuals, and positioning errors, thereby achieving 

adaptive weight assignment.   

Among various weighting strategies, C/N0-based and elevation angle-based 

approaches remain popular due to their simplicity and practical effectiveness [131, 132]. 

The C/N0 value directly reflects the strength and quality of GNSS signals; a higher 

value generally indicates better signal quality and less susceptibility to noise and 

interference. Therefore, the weights of GNSS measurements can be directly set 

according to their C/N0 values. For instance, signals with higher C/N0 values can be 

assigned larger weights, and vice versa. This method is simple to implement, 

computationally inexpensive, and effectively reduces the negative impact of low-

quality GNSS signals on positioning results, demonstrating good performance in 

practical applications.  
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3. TRAJECTORY SMOOTHING USING GNSS/PDR 
INTEGRATION VIA FACTOR GRAPH OPTIMIZATION  

To effectively exploit the complementariness of the recently developed FGO-

based GNSS positioning and the PDR, this study investigates a tightly coupled FGO-

based GNSS/PDR integration system for smartphone-based pedestrian navigation in 

urban canyons. On the one hand, the relative motion estimation of PDR can help resist 

the potential GNSS outliers. On the other hand, the GNSS raw measurements can help 

to correct the accumulated drift from PDR. More importantly, the global optimization 

from the FGO is exploited to relax the potential of both positioning sources to obtain 

an accurate and smooth trajectory which is of great significance for pedestrian 

navigation applications. Given the context of pedestrian navigation, this study proposes 

a smoothness-driven motion model (SMM) that can effectively capture the dynamics 

of the pedestrian. The main contributions of this study are summarized as follows:  

(1) As an extension of our previous work in [32, 133], a tightly coupled FGO-

based GNSS/PDR integrated positioning method is proposed in this study. Specifically, 

Doppler and pseudorange measurements are tightly-coupled (TC) to connect the state 

set of two consecutive epochs in the factor graph. The relative motion is derived from 

the PDR based on the raw measurements from IMU which helps to establish an 

additional relative connection between the consecutive states. 

(2) To effectively capture the dynamics of pedestrian navigation, this study 

proposes a smoothness-driven motion model based on the context of pedestrian 

navigation with a small acceleration for trajectory smoothing which could also help to 

resist the potential GNSS outliers in GNSS standalone positioning.  

(3) In this study, the SMM and PDR factors’ validity are progressively verified 

using a challenging dataset collected in the Hong Kong urban canyon with detailed 
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discussion. Moreover, we compare the conventional EKF-based methods with several 

existing methods to our proposed GNSS/PDR integration method, again showing the 

proposed method's effectiveness.  

To the best of the author’s knowledge, this work is the first research on the tightly-

coupled GNSS pseudorange and Doppler measurements with PDR in FGO for a 

smoother trajectory of pedestrian navigation. The remainder of this study is arranged 

as follows. Firstly, Section II overviews the proposed GNSS/PDR integration method. 

Then, the details of the PDR model and modeling of GNSS measurements were 

proposed in Section III. Furthermore, two experimental results in urban canyons will 

be interpreted in Section IV. section V presented discussions. Finally, Section VI 

presented conclusions and further work about the proposed GNSS/PDR integration. 

3.1 Methodology 

 

Fig. 3.1. Overview of the proposed FGO-based GNSS/PDR integration method.  

The proposed FGO-based GNSS PDR positioning method is shown on Fig. 3.1. 

positioning methodology is graphically depicted in Figure 3.1.  The input data to this 

integrated GNSS/PDR system is categorized into two distinct components.  The first 
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component encompasses raw pseudorange and Doppler measurements acquired from 

the Global Navigation Satellite System (GNSS) receiver embedded within the 

smartphone.  Specifically, satellite signals are filtered out if their elevation angles (ELE) 

are below 15 degrees or their signal-to-noise ratios (SNR) are less than 20.  The second 

input component comprises measurements from the magnetometer and accelerometer.  

The resultant output of the proposed GNSS/PDR integration process is the state 

estimation of the smartphone.  The GNSS/PDR positioning solution is subsequently 

derived by resolving the formulated factor graph. This factor graph is constructed to 

incorporate a tightly-coupled configuration of the Doppler factor, the pseudorange 

factor, the relative motion estimation derived from PDR, a smoothness-driven motion 

model, and a constant velocity (CV) factor within the optimization framework. 

Table 3.1. Symbols and their description in this study 

Symbol Description 
𝑟𝑟 The GNSS receiver 
𝑠𝑠 The index of the satellite 

𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠  The pseudorange measurement received from a satellite 𝑠𝑠 at a given 

epoch 𝑡𝑡. 

𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠  The Doppler measurement received from satellite 𝑠𝑠 at a given epoch 

𝑡𝑡 

𝐩𝐩𝑡𝑡𝑠𝑠 
The position of the satellite 𝑠𝑠 at a given epoch 𝑡𝑡. 𝐩𝐩𝑡𝑡𝑠𝑠 =

(𝑝𝑝𝑡𝑡,𝑥𝑥
𝑠𝑠 , 𝑝𝑝𝑡𝑡,𝑦𝑦

𝑠𝑠 , 𝑝𝑝𝑡𝑡,𝑧𝑧
𝑠𝑠 )T 

𝐯𝐯𝑡𝑡𝑠𝑠 
The velocity of the satellite 𝑠𝑠 at a given epoch 𝑡𝑡. 𝐯𝐯𝑡𝑡𝑠𝑠 =

(𝑣𝑣𝑡𝑡,𝑥𝑥
𝑠𝑠 , 𝑣𝑣𝑡𝑡,𝑦𝑦

𝑠𝑠 , 𝑣𝑣𝑡𝑡,𝑧𝑧
𝑠𝑠 )T 

𝐩𝐩𝑟𝑟,𝑡𝑡 
The position of the GNSS receiver at a given epoch 𝑡𝑡. 𝐩𝐩𝑟𝑟,𝑡𝑡 =

(𝑝𝑝𝑟𝑟,𝑡𝑡,𝑥𝑥 , 𝑝𝑝𝑟𝑟,𝑡𝑡,𝑦𝑦, 𝑝𝑝𝑟𝑟,𝑡𝑡,𝑧𝑧)T 

𝐯𝐯𝑟𝑟,𝑡𝑡 
The velocity of the GNSS receiver at a given epoch 𝑡𝑡. 𝐯𝐯𝑟𝑟,𝑡𝑡 =

(𝑣𝑣𝑟𝑟,𝑡𝑡,𝑥𝑥 ,𝑣𝑣𝑟𝑟,𝑡𝑡,𝑦𝑦 , 𝑣𝑣𝑟𝑟,𝑡𝑡,𝑧𝑧)T 

𝐚𝐚𝑠𝑠𝑠𝑠,𝑡𝑡 
The raw measurement from the smartphone accelerometers at a 

given epoch t. 𝐚𝐚𝑠𝑠𝑠𝑠,𝑡𝑡 = (𝑎𝑎𝑠𝑠𝑠𝑠,𝑡𝑡,𝑥𝑥 , 𝑎𝑎𝑠𝑠𝑠𝑠,𝑡𝑡,𝑦𝑦 , 𝑎𝑎𝑠𝑠𝑠𝑠,𝑡𝑡,𝑧𝑧)T 

𝐞𝐞𝑠𝑠𝑠𝑠,𝑡𝑡 
The raw measurement from the smartphone magnetometers at a 

given epoch t. 𝐞𝐞𝑠𝑠𝑠𝑠,𝑡𝑡 = (e𝑠𝑠𝑠𝑠,𝑡𝑡,𝑥𝑥 , 𝑒𝑒𝑠𝑠𝑠𝑠,𝑡𝑡,𝑦𝑦 , 𝑒𝑒𝑠𝑠𝑠𝑠,𝑡𝑡,𝑧𝑧)T 

𝐚𝐚�𝑠𝑠𝑠𝑠.𝑡𝑡 
The filtered measurement from the accelerometers at a given epoch t 
in the global coordinate system. 𝐚𝐚�𝑠𝑠𝑠𝑠.𝑡𝑡 = (𝑎𝑎�𝑠𝑠𝑠𝑠,𝑡𝑡,𝑥𝑥, 𝑎𝑎�𝑠𝑠𝑠𝑠,𝑡𝑡,𝑦𝑦 , 𝑎𝑎�𝑠𝑠𝑠𝑠,𝑡𝑡,𝑧𝑧)T 

𝐞𝐞�𝑠𝑠𝑠𝑠,𝑡𝑡 
The filtered measurement from the magnetometers at a given epoch t 
in the global coordinate system. 𝐞𝐞�𝑠𝑠𝑠𝑠,𝑡𝑡 = (𝑒̂𝑒𝑠𝑠𝑠𝑠,𝑡𝑡,𝑥𝑥, 𝑒̂𝑒𝑠𝑠𝑠𝑠,𝑡𝑡,𝑦𝑦 , 𝑒̂𝑒𝑠𝑠𝑠𝑠,𝑡𝑡,𝑧𝑧)T 

δ𝑟𝑟,𝑡𝑡 The clock bias of the GNSS receiver at a given epoch 𝑡𝑡  

δ𝑟𝑟,𝑡𝑡
𝑠𝑠  The satellite clock bias at a given epoch 𝑡𝑡  
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To make the presentation of this study clear, the notations in Table 3.1 are defined 

and are followed by the rest of this study. Matrices are denoted in uppercase with bold 

letters. Vectors are denoted in lowercase with bold letters. Variable scalars are denoted 

as lowercase italic letters. Constant scalars are denoted as lowercase letters. Note that 

this study expresses the GNSS receiver's state, the output from PDR, and the position 

of satellites in the earth-centered, earth-fixed (ECEF) frame. 

 

Fig. 3.2. The factor graph for proposed GNSS/PDR integration. 

Fig.3.2 shows the factor graph of the proposed GNSS/PDR integrated positioning 

structure. The smartphone-level GNSS receiver state set is represented as follows: 

𝛘𝛘 = �𝐱𝐱r,1,𝐱𝐱r,2, … , 𝐱𝐱𝑟𝑟,𝑡𝑡, … , 𝐱𝐱𝑟𝑟,𝑘𝑘� (3.1) 

𝛘𝛘 = �𝐱𝐱r,1,𝐱𝐱r,2, … , 𝐱𝐱𝑟𝑟,𝑡𝑡, … , 𝐱𝐱𝑟𝑟,𝑘𝑘� (3.2) 

Where the variable 𝛘𝛘 denotes the state set of the smartphone-level GNSS receiver 

ranging from the first epoch to the current epoch 𝑘𝑘. 𝐱𝐱𝑟𝑟,𝑡𝑡 denotes the single state of the 

smartphone at epoch 𝑡𝑡 which involves: the position (𝐩𝐩𝑟𝑟,𝑡𝑡), velocity (𝐯𝐯𝑟𝑟,𝑡𝑡), receiver clock 

bias (δ𝑟𝑟,𝑡𝑡) and clock drift (δ̇𝑟𝑟,𝑡𝑡).  

The CV and PDR factors are utilized to connect each state. To smooth the user’s 

trajectories, the SMM factor is also included in our proposed factor graph, which is 
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going to be elaborated in sub-section E. For a concise illustration, we briefly present 

the observation model and error function of pseudorange measurements which follow 

our previous work [32] but an explicit derivation of the Doppler factor which is tightly 

coupled in the system. 

3.1.1 Pseudorange Measurement Modeling 

The observation model for GNSS pseudorange measurement from a given satellite 

𝑠𝑠 is represented as follows: 

𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠 = ℎ𝑟𝑟,𝑡𝑡

𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠 , δ𝑟𝑟,𝑡𝑡� + ω𝑟𝑟,𝑡𝑡
𝑠𝑠 (3.3) 

with ℎ𝑟𝑟,𝑡𝑡
𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠, δ𝑟𝑟,𝑡𝑡� = ||𝐩𝐩𝑡𝑡𝑠𝑠 − 𝐩𝐩𝑟𝑟,𝑡𝑡|| + δ𝑟𝑟,𝑡𝑡 

where the variable ω𝑟𝑟,𝑡𝑡
𝑠𝑠  stands for the noise associated with the 𝜌𝜌𝑟𝑟,𝑡𝑡

𝑠𝑠 . We can derive 

the error function (𝐞𝐞𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑃𝑃 ) in proposed GNSS/PDR integration for a given satellite 

measurement 𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠  as follows: 

��𝐞𝐞𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑃𝑃��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠

2
= ��𝜌𝜌𝑟𝑟,𝑡𝑡

𝑠𝑠 − ℎ𝑟𝑟,𝑡𝑡
𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠 , δ𝑟𝑟,𝑡𝑡���

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠

2
(3.4) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠  denotes the covariance matrix, calculated following the GO-GPS work 

[134] with the satellite SNR and ELE. 

3.1.2 Tightly-coupled Doppler frequency factor 

The range rate measurement vector (𝐲𝐲𝑟𝑟,𝑡𝑡
𝑑𝑑 ) at an epoch 𝑡𝑡 is expressed as follows: 

𝐲𝐲𝑟𝑟,𝑡𝑡
𝑑𝑑 = �𝜆𝜆𝑑𝑑𝑟𝑟,𝑡𝑡

1 , 𝜆𝜆𝑑𝑑𝑟𝑟,𝑡𝑡
2 , 𝜆𝜆𝑑𝑑𝑟𝑟,𝑡𝑡

3 , … �
𝑇𝑇 (3.5) 

The 𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠  and the  𝜆𝜆 represent the Doppler measurement and the carrier wavelength 

of the satellite signal, respectively. The expected range rate 𝑟𝑟𝑟𝑟𝑟𝑟,𝑡𝑡
𝑠𝑠  for satellite 𝑠𝑠 can also 

be calculated as follows: 

𝑟𝑟𝑟𝑟𝑟𝑟,𝑡𝑡
𝑠𝑠 = 𝐞𝐞𝑟𝑟,𝑡𝑡

𝑠𝑠,𝐿𝐿𝐿𝐿𝐿𝐿�𝐯𝐯𝑡𝑡𝑠𝑠 − 𝐯𝐯𝑟𝑟,𝑡𝑡� 
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𝜔𝜔𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒ℎ

𝑐𝑐𝐿𝐿
�𝑣𝑣𝑡𝑡,𝑦𝑦

𝑠𝑠 𝑝𝑝𝑟𝑟,𝑡𝑡,𝑥𝑥 + 𝑝𝑝𝑡𝑡,𝑦𝑦
𝑠𝑠 𝑣𝑣𝑟𝑟,𝑡𝑡,𝑥𝑥 − 𝑝𝑝𝑡𝑡,𝑥𝑥

𝑠𝑠 𝑣𝑣𝑟𝑟,𝑡𝑡,𝑦𝑦 − 𝑣𝑣𝑡𝑡,𝑥𝑥
𝑠𝑠 𝑝𝑝𝑟𝑟,𝑡𝑡,𝑦𝑦� + δ̇𝑟𝑟,𝑡𝑡 (3.6) 

where the variable 𝜔𝜔𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒ℎ   and 𝑐𝑐𝐿𝐿  denote the angular velocity of the earth's 

rotation [135] and the speed of light, respectively. The variable 𝐞𝐞𝑟𝑟,𝑡𝑡
𝑠𝑠,𝐿𝐿𝐿𝐿𝐿𝐿 denotes the line-

of-sight vector connecting the GNSS receiver and the satellite. Furthermore, we can 

derive the error function (𝐞𝐞𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷) of the tightly-coupled Doppler measurement as follows: 

��𝐞𝐞𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
= ��𝜆𝜆𝑑𝑑𝑟𝑟,𝑡𝑡

𝑠𝑠 − 𝑟𝑟𝑟𝑟𝑟𝑟,𝑡𝑡
𝑠𝑠 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
(3.7) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷  denotes the covariance matrix corresponding to the Doppler 

measurement. And the 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷  is also calculated based on the ELE and SNR [134]. Due to 

the Doppler measurements being less sensitive to the GNSS multipath effects,  𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷  is 

multiplied by a fixed coefficient valued at 10, which means larger weightings. 

3.1.3 Pedestrian Dead Reckoning Factor Modeling 

The PDR factor is modeled by following the work in [133]. In the scenario where 

the pedestrian placed the smartphone in the pants pocket, the measurements of the 

gyroscope will be very noisy. Thus, only magnetometers and accelerometers are used 

in the proposed system. Both the magnetometer and accelerometer in the smartphone 

output 3D measurements in local coordinates defined by the smartphone and the 

transformation of local coordinates to the global frame is necessary for global 

positioning. 𝐚𝐚𝑟𝑟,𝑡𝑡 and 𝐞𝐞𝑟𝑟,𝑡𝑡 are the accelerometer and the magnetometer measurements, 

respectively. Both are first used to determine the orientation of the device. The 

measured acceleration could be converted to the East-north-up frame with the Android 

API getRotationMatrix [136], which aims to match the tri-axis acceleration and 

detected gravity to get the transformation to the global coordinate. The transformed 

three acceleration components in the ENU frame are used to determine each step 
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direction and step length.  For attenuating the deterioration of dynamic pushes, a low-

pass filtering is employed as shown below: 

𝒂𝒂�𝑠𝑠𝑠𝑠,𝑡𝑡 = (1 − 𝛼𝛼𝑎𝑎𝑎𝑎𝑎𝑎)𝒂𝒂𝑠𝑠𝑠𝑠,𝑡𝑡 + 𝛼𝛼𝑎𝑎𝑎𝑎𝑎𝑎�𝒂𝒂�𝑠𝑠𝑠𝑠,𝑡𝑡−1� (3.8) 

𝒆𝒆�𝑠𝑠𝑠𝑠,𝑡𝑡 = (1 − 𝛼𝛼𝑚𝑚𝑚𝑚𝑚𝑚)𝒆𝒆𝑠𝑠𝑠𝑠,𝑡𝑡 + 𝛼𝛼𝑚𝑚𝑚𝑚𝑚𝑚�𝒆𝒆�𝑠𝑠𝑠𝑠,𝑡𝑡−1� (3.9) 

where the 𝐚𝐚�𝑠𝑠𝑠𝑠,𝑖𝑖 denotes the filtered measurements of the accelerometer and 𝐞𝐞�𝑠𝑠𝑠𝑠,𝑖𝑖 

denotes the filtered measurements of the magnetometer. 𝛼𝛼𝑎𝑎𝑎𝑎𝑎𝑎  and 𝛼𝛼𝑚𝑚𝑚𝑚𝑚𝑚  denote the 

smoothing factor of the corresponding measurement field. Following the previous 

settings, we empirically set  𝛼𝛼𝑎𝑎𝑎𝑎𝑎𝑎 and 𝛼𝛼𝑚𝑚𝑚𝑚𝑚𝑚 as 0.6 and 0.84  [133], respectively. The 

filtered measurements of acceleration can be calculated. The following part will 

concisely illustrate the details of the PDR method. 

(1) The step detection: Under normal pedestrian walking conditions, the vertical 

acceleration 𝑎𝑎�𝑉𝑉,𝑡𝑡
𝑊𝑊  reflects a distinct peak and depression for every foot of impact. This 

feature makes detecting the drop in vertical acceleration as the stride rate feasible. This 

study empirically utilized a dip threshold at 7.5 m/s to ensure the correct detection.  

(2) The stride length estimation: We followed the method proposed by Weinberg 

[137] based on the peak-to-peak of vertical acceleration to estimate the stride length, 

and the model is shown as: 

𝑙𝑙 = 𝐾𝐾𝑤𝑤�𝑎𝑎𝑉𝑉,𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑎𝑎𝑉𝑉,𝑚𝑚𝑚𝑚𝑚𝑚�
0.25 (3.10) 

where 𝑙𝑙  denotes the estimated stride length, 𝐾𝐾𝑤𝑤  denotes a constant for unit 

conversion which is empirically set as 0.713. 𝑎𝑎𝑉𝑉,𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑎𝑎𝑉𝑉,𝑚𝑚𝑚𝑚𝑚𝑚 are the maximum and 

minimum vertical accelerations, respectively.  

(3) Heading direction estimation: The employed PDR method estimated the 

heading direction in two steps. The first step is to perform a principal component 

analysis on the 2D plane with 𝑎𝑎�𝐸𝐸,𝑡𝑡
𝑊𝑊  and 𝑎𝑎�𝑁𝑁,𝑡𝑡

𝑊𝑊 , excluding the vertical direction [45]. Then, 

they are subjected to the covariance matrix of Eigenvalue decomposition after 
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smoothing the two sequences using a moving average. The largest eigenvalue result 

implies the direction estimation in the direction of parallel motion, which is the original 

forward direction. The second step of the heading direction estimation is to verify 

whether the original forward direction derived from the PCA is correct. According to 

[138], vertical and forward accelerations have a time relationship in the same cycle. 

Usually, the forward acceleration will be followed by a peak immediately after the step 

detection. By using this property, the forward direction could be decided. 

In our approach, the PDR algorithm calculates the user's horizontal displacement 

within the ENU (East, North, Up) coordinate system. The initial position of the user is 

manually marked on Google Earth [139]. We then employ a rotation matrix 𝐑𝐑𝑒𝑒𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 [140] 

to transform the PDR results from the ENU system to the ECEF coordinate system. 

This transformation enables us to obtain the PDR results in three dimensions within the 

ECEF framework. The relative displacement of the smartphone ∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒   could be 

obtained from PDR results between two consecutive frames under the ENU coordinate 

system: 

∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒 = [∆𝑥𝑥𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒,∆𝑦𝑦𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒,∆𝑧𝑧𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒]𝑇𝑇 (3.11) 

∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒 = [∆𝑥𝑥𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒,∆𝑦𝑦𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒,∆𝑧𝑧𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒]𝑇𝑇 (3.12) 

where ∆𝑥𝑥𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒, ∆𝑦𝑦𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒 and ∆𝑧𝑧𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒 are displacement of the receiver which obtained 

from the PDR in three different directions under the ENU frame. Thus, the relative 

displacement of the smartphone ∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  could be obtained by applying the rotation 

matrix 𝐑𝐑𝑒𝑒𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 to ∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡

𝑒𝑒𝑒𝑒𝑒𝑒 : 

∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐑𝐑𝑒𝑒𝑒𝑒𝑒𝑒

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒 (3.13) 

The difference between two consecutive epochs can be represented as: 

∆𝐩𝐩𝑟𝑟,𝑡𝑡 = 𝐩𝐩𝑟𝑟,𝑡𝑡 − 𝐩𝐩𝑟𝑟,𝑡𝑡−1 (3.14) 
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Where 𝐩𝐩𝑟𝑟,𝑡𝑡  denotes the position of the receiver at the t epoch and the 𝐩𝐩𝑟𝑟,𝑡𝑡−1 

represents the position of the receiver at the t-1 epoch. Hence, we can get the error 

function (𝐞𝐞𝑟𝑟,𝑡𝑡
𝑅𝑅 ) for a given relative displacement ∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  as follows: 

�𝐞𝐞𝑟𝑟,𝑡𝑡
𝑅𝑅 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑃𝑃𝑃𝑃𝑃𝑃
2

= �∆𝐩𝐩𝑝𝑝𝑝𝑝𝑝𝑝,𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 − ∆𝐩𝐩𝑟𝑟,𝑡𝑡�𝚺𝚺𝑟𝑟,𝑡𝑡

𝑃𝑃𝑃𝑃𝑃𝑃

2
(3.15) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑃𝑃𝑃𝑃𝑃𝑃  denotes the covariance matrix. We set it as the fixed value for 

denoting the performance of the PDR factor, which is experimentally determined as 0.1.  

3.1.4 Constant velocity Factor 

The constant velocity factor is constructed based on the assumption that the speed 

of the pedestrian is nearly invariant in walking. In addition to the velocity remaining 

constant during walking, the acceleration of the receiver should also converge to zero. 

Hence, we can get the observation model for the smartphone-level GNSS receiver 

velocity (𝐯𝐯𝑟𝑟,𝑡𝑡) expressed as follows: 

𝐯𝐯𝑟𝑟,𝑡𝑡 = ℎ𝑟𝑟,𝑡𝑡
𝐶𝐶 �∆𝐩𝐩𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡+1� + 𝛚𝛚𝑟𝑟,𝑡𝑡

𝐶𝐶 (3.16) 

with ℎ𝑟𝑟,𝑡𝑡
𝐶𝐶 �∆𝐩𝐩𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡+1� = �

∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑥𝑥 𝛥𝛥⁄ 𝑡𝑡 − (𝑣𝑣𝑟𝑟,𝑡𝑡,𝑥𝑥 + 𝑣𝑣𝑟𝑟,𝑡𝑡+1,𝑥𝑥) 2⁄
∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑦𝑦 𝛥𝛥⁄ 𝑡𝑡 − (𝑣𝑣𝑟𝑟,𝑡𝑡,𝑦𝑦 + 𝑣𝑣𝑟𝑟,𝑡𝑡+1,𝑦𝑦) 2⁄
∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑧𝑧 𝛥𝛥⁄ 𝑡𝑡 − (𝑣𝑣𝑟𝑟,𝑡𝑡,𝑧𝑧 + 𝑣𝑣𝑟𝑟,𝑡𝑡+1,𝑧𝑧) 2⁄

�, 

where the 𝐯𝐯𝑟𝑟,𝑡𝑡 and 𝐯𝐯𝑟𝑟,𝑡𝑡+1 denote the velocity at two consecutive epochs with three 

dimensions in the ECEF frame, respectively. ∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑥𝑥, ∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑦𝑦, ∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑧𝑧 denote the receiver 

displacement between the t frame and t+1 frame at three dimensions. The variable 𝛚𝛚𝑟𝑟,𝑡𝑡
𝐶𝐶  

denotes the noise associated with constant motion. Hence, the error function (𝐞𝐞𝑟𝑟,𝑡𝑡
𝐶𝐶 ) in 

our proposed GNSS/PDR integration for a given receiver velocity measurement 𝐯𝐯𝑟𝑟,𝑡𝑡 

could be derived as follows: 

��𝐞𝐞𝑟𝑟,𝑡𝑡
𝐶𝐶 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶

2
= ��ℎ𝑟𝑟,𝑡𝑡

𝐶𝐶 �(∆𝐩𝐩𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡+1)���
𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶

2
(3.17) 
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where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶  denotes the covariance matrix corresponding to the receiver velocity 

measurement. This study empirically set 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶  as a fixed value.  

3.1.5 Smoothness-driven Motion Model Factor  

Given the context of pedestrian navigation, the accelerations caused by 

smartphone motion tend to be small. To exploit this property which can effectively 

improve the smoothness of the trajectory, this study proposes a smoothness-driven 

motion model factor. We can calculate the acceleration of the smartphone-level GNSS 

receiver 𝐚𝐚𝑟𝑟,𝑡𝑡 as follows: 

𝐚𝐚𝑟𝑟,𝑡𝑡 =

⎣
⎢
⎢
⎢
⎢
⎡�𝑣𝑣𝑟𝑟,𝑡𝑡+1,𝑦𝑦 − 𝑣𝑣𝑟𝑟,𝑡𝑡,𝑦𝑦�
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(3.18) 

Therefore, we can get the observation model for the acceleration (𝐚𝐚𝑟𝑟,𝑡𝑡) expressed 

as follows: 

𝐚𝐚𝑟𝑟,𝑡𝑡 = ℎ𝑟𝑟,𝑡𝑡
𝑀𝑀 �0,𝐚𝐚𝑟𝑟,𝑡𝑡� + 𝛚𝛚𝑟𝑟,𝑡𝑡

𝑀𝑀 (3.19) 

with ℎ𝑟𝑟,𝑡𝑡
𝑀𝑀 �0,𝐚𝐚𝑟𝑟,𝑡𝑡� =
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⎢
⎢
⎢
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Δ𝑡𝑡
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⎥
⎤

 

where the variable 𝛚𝛚𝑟𝑟,𝑡𝑡
𝑀𝑀  denotes the noise associated with the zero-acceleration 

model. Hence, we can get the error function (𝐞𝐞𝑟𝑟,𝑡𝑡
𝑀𝑀 ) in the proposed GNSS/PDR 

integration for a given receiver velocity measurement 𝐯𝐯𝑟𝑟,𝑡𝑡 as follows: 

��𝐞𝐞𝑟𝑟,𝑡𝑡
𝑀𝑀 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑀𝑀

2
= ��𝐚𝐚𝑟𝑟,𝑡𝑡 − ℎ𝑟𝑟,𝑡𝑡

𝑀𝑀 �0,𝐚𝐚𝑟𝑟,𝑡𝑡���
𝚺𝚺𝑟𝑟,𝑡𝑡
𝑀𝑀

2
(3.20) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑀𝑀  denotes the covariance matrix corresponding to the receiver 

acceleration measurement. This study also empirically set 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑀𝑀  as a fixed value. 
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Therefore, we can formulate the objective function for the GNSS/PDR integration using 

FGO based on the factors derived above as follows: 

𝛘𝛘∗ = arg min
𝛘𝛘

�(��𝐞𝐞𝑟𝑟,𝑡𝑡
𝐷𝐷 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
+ ��𝐞𝐞𝑟𝑟,𝑡𝑡

𝑠𝑠 ��
𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠

2
+

𝑠𝑠,𝑡𝑡

��𝐞𝐞𝑟𝑟,𝑡𝑡
𝑅𝑅 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑃𝑃𝑃𝑃𝑃𝑃

2
 

+ ��𝐞𝐞𝑟𝑟,𝑡𝑡
𝐶𝐶 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶

2
+ ��𝐞𝐞𝑟𝑟,𝑡𝑡

𝑀𝑀 ��
𝚺𝚺𝑟𝑟,𝑡𝑡
𝑀𝑀

2
) (3.21) 

The variable 𝛘𝛘∗ denotes the optimal estimation of the state sets. The Ceres Solver 

[141] is used as a non-linear optimization solver for solving the objective function 

above. Meanwhile,  the Levenberg-Marquardt algorithm [142] is employed in our FGO 

processes to minimize the cost function iteratively. Additionally, we employed the 

Huber loss [143] to the optimizer for down-weighting some potential outliers. 

3.2 Experiment Setup 

To evaluate the efficacy of the proposed FGO-based GNSS/PDR positioning 

methodology, we acquired four distinct datasets across two challenging scenarios (refer 

to Figure 3.4 to Figure 3.6). These environments were characterized by a dense 

presence of buildings and trees, thereby inducing significant multipath effects and 

NLOS reception. Data collection was performed utilizing a Huawei P40 Pro 

smartphone, capturing raw GPS and BeiDou measurements [144] at a frequency of 1 

Hz and IMU data at 100 Hz.  To ensure data consistency, experimental continuity, and 

controlled comparison conditions, a single hardware platform was used to avoid 

introducing additional variability caused by sensor differences across devices. For the 

first and third experiments, pedestrian ground truth trajectories were established using 

a LiDAR/inertial system. This system comprised a Velodyne HDL-32E LiDAR and an 

Xsens Mti 10 IMU [103]. The LIO-SAM algorithm was employed for SLAM 

processing within this system, with the incorporation of a loop-closure constraint to 

achieve sub-meter level accuracy [145-147]. In the second experiment, conducted 
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within a highly urbanized area characterized by dense vehicular traffic, ground truth 

data was labeled offline using Google Earth in conjunction with precise time stamps. 

Subsequently, linear interpolation techniques were applied to ascertain positional 

information [139]. The proposed framework was executed on a high-performance 

laptop equipped with an Intel i7-9750K 2.60GHz processor and 32GB of RAM.  

Since the satellite geometry in dense urban canyons leads to very unreliable GNSS 

positioning in the vertical direction, in this study, the horizontal positioning 

performance will be evaluated in the ENU framework, including the root-mean-square 

of error (RMSE), the mean error (MEAN), standard deviation (STD), maximum error 

(MAX). 

To verify the effectiveness of our GNSS/PDR integration method in urban 

canyons step-by-step, we compared the following methods: 

(1) FGO: GNSS pseudorange/Doppler integration using FGO [32]. 

(2) EKF-PDR: GNSS pseudorange/Doppler/PDR-based extended Kalman filter 

[148]. 

(3) FGO-CV: CV factor aided GNSS tightly-coupled Doppler/pseudorange 

integration using FGO.  

(4) FGO-CV-SMM (1st proposed integration): The CV and SMM factors aided 

GNSS tightly-coupled Doppler/pseudorange integration using FGO. 

(5) FGO-PDR (2nd proposed integration): The PDR factor aided GNSS tightly-

coupled Doppler/pseudorange integration using FGO. 

(6) FGO-PDR-SMM (3rd proposed integration): The PDR and SMM factors aided 

GNSS tightly-coupled Doppler/pseudorange integration using FGO. 

(7) FGO-PDR-CV (4th proposed integration): The PDR and CV factors aided 

GNSS tightly-coupled Doppler/pseudorange integration using FGO. 
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The colors corresponding to each method in the subsequent trajectory and error 

figures are as follows: The red denotes the FGO. The green color denotes the EKF-

PDR. The light pink and pink denote FGO-CV and FGO-CV-SMM, respectively. The 

light orange and orange denote FGO-PDR and FGO-PDR-SMM, respectively. The 

light blue and blue colors denote FGO-PDR-CV, and FGO-PDR-CV-SMM, 

respectively. All the FGO-based methods are post-processing methods. Figure 3.3, 3.4, 

3.5 show the experiment environments and the sensors configurations. 

 

Fig. 3.3. The scenarios and sensor setup of the campus experiment. (a) the evaluated trajectory during 
the test. (b) the data collection platform with LiDAR/INS-based ground truth system and 
smartphone for GNSS data collection.  

 

Fig. 3.4. The sensor setup of the dense urban area. (a) the evaluated trajectory in a dense urban canyon. 
(b) the data collection platform by hand-hold bag with a smartphone for GNSS data collection.  
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Fig. 3.5. The sensor setup of the mixed scenario. (a) image overview with GT from Google Earth. (b) the 
GT overview from OpenStreetMap. The LiDAR/INS system is used for generating the GT, 
HUAWEI P40 Pro smartphone is used for collecting the GNSS and IMU measurements. (c) Street-
view of the scenario from Google Earth [85]. 

The quality of GNSS measurements will be quantified through double-difference 

(DD) errors. We utilized reference station data from the Hong Kong Geodetic Survey 

Services [55] to compute the DD pseudorange. This computation was achieved by 

differencing the reference station data with the receiver data. Subsequently, we 

combined these results with our position ground truth to ascertain the true DD range. 

The true DD range was determined by resolving the satellite positions using the ground 

truth of the reference station. The discrepancy between the DD range and the DD 

pseudorange was then used to define the error in the double-difference pseudorange. 
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3.2.1 Experimental Evaluation on Campus  

 
Fig. 3.6. Trajectories of evaluated eight methods on the campus in OpenStreetMap [82].  

 

Fig. 3.7. Horizontal positioning errors on the campus.  

Figure 3.6 and Figure 3.7 present the two-dimensional (2D) positioning 

trajectories overlaid on OpenStreetMap [82] and the horizontal errors of all evaluated 

positioning methods within the campus environment, respectively. Referring to Figure 

3.6, it is evident that the trajectory generated by the FGO-PDR-CV-SMM approach 

(depicted by the blue curve) aligns with the expected characteristics of pedestrian 

motion. This alignment is achieved through the integration of the PDR factor, CV factor, 

and SMM factor. Figure 3.7 demonstrates that the incorporation of the PDR factor 

results in a discernible reduction in positioning error, particularly around epochs 50 and 
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150. Comprehensive statistical analyses of the horizontal errors are detailed in Table 

3.2 and Table 3.3. 

 

Table 3.2. Positioning performance of the listed methods in the campus experiment 

All Methods 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

FGO 16.17 14.97 6.13 27.23 

EKF-PDR 15.80 14.57 6.13 28.05 

FGO-CV 14.85 13.13 6.94 30.69 

FGO-CV-SMM 14.17 12.53 6.64 28.22 

FGO-PDR 12.17 11.32 4.46 21.47 

FGO-PDR-SMM 11.99 11.41 3.69 21.48 

FGO-PDR-CV 8.63 7.97 3.33 17.98 

FGO-PDR-CV-

SMM 
9.24 8.71 3.07 18.19 

Table 3.3. Horizontal positioning improvements of the listed methods in the campus experiment 

Improvements 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

FGO / / / /  

EKF-PDR 2.27% 2.65% 0.07% -3.02% 

FGO-CV 8.19% 12.26% -13.10% -12.74% 

FGO-CV-SMM 12.36% 16.29% -8.19% -3.65% 

FGO-PDR 24.77% 24.35% 27.31% 21.16% 

FGO-PDR-SMM 25.86% 23.77% 39.82% 21.10% 

FGO-PDR-CV 46.61% 46.77% 45.69% 33.95% 

FGO-PDR-CV-SMM 42.88% 41.78% 49.94% 33.19% 

 

The histogram of DD pseudorange errors in the campus experiment is shown in 

Figure 3.8. The distribution of errors ranges from about -40 to 20 meters shows that 

there are errors in the pseudorange of this data that would lead to the degraded 

positioning performance. 
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Fig. 3.8. Histogram of the DD pseudorange error in campus experiment.  

The standalone FGO approach yields a mean error of 14.97 meters, accompanied 

by a standard deviation (STD) of 6.13 meters. However, the maximum error observed 

with FGO reaching 27.23 meters underscores the significant vulnerability of this 

method to compromised GNSS measurements.  The incorporation of the tightly-

coupled (TC) Doppler factor in conjunction with the CV factor (FGO-CV) results in a 

reduction of the mean error to 13.13 meters. This observation indicates that the 

integration of the CV factor with TC Doppler measurements can effectively enhance 

positioning performance.  Nevertheless, the CV factor, predicated on pedestrian motion 

models, lacks robust acceleration constraints necessary to effectively mitigate potential 

GNSS outliers. This deficiency can manifest as a non-smooth trajectory in GNSS-

standalone positioning solutions. Upon implementing our proposed SMM factor, the 

mean error is further reduced to 12.53 meters, demonstrating superior performance 

compared to FGO-CV.  However, the limited availability of satellites and the presence 

of unhealthy GNSS multipath effects constrain the extent of achievable improvement.  

A mean error of 11.32 meters, with an STD of 4.46 meters, is attained by incorporating 

PDR into the TC Doppler FGO framework (FGO-PDR) in lieu of the CV factor. This 

enhancement, relative to FGO-CV, suggests that the PDR factor offers a more effective 

constraint on relative position between consecutive epochs.  Further augmentation with 

the SMM factor in FGO-PDR leads to a reduction in the mean error. However, the 

magnitude of improvement remains limited, potentially due to the inherent error 

sources within the smartphone accelerometer and magnetometer, which may not 

perfectly adhere to pedestrian motion patterns. The effectiveness of the CV factor is 
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corroborated by the 7.97-meter mean error achieved with FGO-PDR-CV, which 

integrates the CV factor.  Intriguingly, the STD of error is reduced to 3.07 meters upon 

applying the SMM factor in FGO-CV-PDR-SMM. However, this configuration 

exhibits a slightly larger mean error than FGO-CV-PDR. This observation can be 

attributed to instances of non-zero pedestrian acceleration during ambulation within the 

experimental scenario. 

 

Fig. 3.9. The relationship between the number of satellites with time. 

A GNSS/PDR methodology predicated on EKF was also subjected to evaluation. 

The Root Mean Square Error (RMSE) for this approach was determined to be 15.80 

meters, marginally exceeding that of FGO-CV and FGO-CV-SMM. This outcome 

suggests that the tightly-coupled GNSS standalone FGO methodology exhibits superior 

performance compared to the EKF-PDR integration in this context.  The temporal 

variation in the number of satellites observed during the campus experiment is 

illustrated in Figure 3.9.  The satellite count demonstrates fluctuations within the epoch 

range of 75 to 150, which is suboptimal for robust GNSS positioning.  As depicted in 

Figure 3.9, the error magnitudes associated with FGO-PDR (light orange curve) are 

demonstrably lower than those of both standalone FGO (red curve) and FGO-CV-SMM 

(pink curve) within this timeframe.  This observation substantiates the assertion that the 

proposed PDR factor retains its efficacy in maintaining positioning accuracy, 

particularly in GNSS-denied or challenged environments, thereby fulfilling the 

requirements for pedestrian navigation. 
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3.2.2 Experimental Evaluation in a Dense Urban Area  

To challenge the effectiveness of the SMM factor and PDR factor for localization 

in complex scenes, we conducted another experiment in an even denser urban area. 

Figure 3.10 shows the pseudorange quality of this dataset in terms of the DD 

pseudorange error. The max error is larger than 200 meters, and the mean value of the 

DD pseudorange error is 30.55 meters. The standard deviation value is 43.739.  

Table 3.4 and Table 3.5 present the comparative positioning performance metrics 

for the aforementioned FGO-based GNSS/PDR integration methodologies.  In this 

experimental scenario, the standalone FGO approach exhibits a mean error of 16.80 

meters. This value is demonstrably larger than the mean error observed in the campus 

experiment (14.97 meters), a discrepancy attributable to the increased density of 

buildings in the current environment, which presents a more challenging setting for 

satellite signal propagation.  Following the integration of the SMM factor, the FGO-

CV-SMM configuration demonstrates superior performance relative to standalone FGO. 

This observed phenomenon provides empirical validation of the assertion that the 

proposed SMM factor effectively mitigates the adverse impacts of GNSS outliers 

within densely built urban areas.  Intriguingly, FGO-PDR and FGO-PDR-SMM exhibit 

comparable levels of performance. The incorporation of the CV factor in FGO-PDR-

CV results in a reduction of the mean error to 13.20 meters. This outcome substantiates 

the effectiveness of employing the constant velocity assumption in pedestrian 

navigation contexts.  Further application of the SMM factor, yielding the FGO-PDR-

CV-SMM configuration, leads to a further reduction in the mean error to 13.10 meters. 

This incremental improvement reinforces the conclusion regarding the SMM factor's 

capacity to effectively mitigate potential GNSS outliers within GNSS/PDR integrated 

positioning systems under the conditions of this experimental scenario. 

 

Fig. 3.10. Histogram of the DD pseudorange error in campus experiment.  
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Table 3.4. Positioning performance of the listed methods in dense urban canyon 

All Methods 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

FGO 19.61  16.80  10.11  76.29  

EKF-PDR 26.20  21.39  15.15  148.74  

FGO-CV 20.53  17.50  10.74  108.94  

FGO-CV-SMM 19.42  16.66  9.97  74.02  

FGO-PDR 15.12  13.55  6.72  56.92  

FGO-PDR-SMM 15.12  13.55  6.72  57.00  

FGO-PDR-CV 14.51  13.20  6.04  50.01  

FGO-PDR-CV-SMM 14.36  13.10  5.88  45.09  

Table 3.5. Improvements of the listed methods in dense urban canyon 

Improvements 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

FGO / / / /  

EKF-PDR -33.64% -27.28% -49.83% -94.95% 

FGO-CV -4.72% -4.16% -6.25% -42.80% 

FGO-CV-SMM 0.96% 0.82% 1.33% 2.98% 

FGO-PDR 22.87% 19.35% 33.55% 25.39% 

FGO-PDR-SMM 22.87% 19.37% 33.52% 25.29% 

FGO-PDR-CV 25.98% 21.46% 40.22% 34.45% 

FGO-PDR-CV-SMM 26.78% 22.05% 41.84% 40.91% 

Figure 3.11 and Figure 3.12 respectively illustrate the two-dimensional (2D) 

positioning trajectories, contextualized within OpenStreetMap [82], and the horizontal 

positioning errors observed in the dense urban scenario. In this particular scenario, the 

ground truth trajectory is characterized by a linear path, thereby facilitating a 

straightforward comparative analysis of trajectory smoothness across all evaluated 

methodologies. It is apparent that the degradation of GNSS pseudorange accuracy, 

resulting from signal reflections prevalent in dense urban environments, leads to the 
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occurrence of outliers. These outliers have a demonstrably detrimental impact on the 

performance of EKF-PDR (depicted by the green curve). Indeed, the EKF-PDR 

approach yields results inferior to those of standalone GNSS-FGO in this scenario, 

exhibiting a substantial deviation from the ground truth trajectory. In contrast to 

standalone FGO, the FGO-PDR-CV-SMM method produces a trajectory that is 

perceptibly smoother and more consistent with the expected linear path. 

 

Fig. 3.11. Trajectories of evaluated eight methods in the urban canyon in OpenStreetMap [82].  

 

 

Fig. 3.12. Horizontal positioning errors in the dense urban experiment.  
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Fig. 3.13. The relationship between the number of satellites with time. 

Figure 3.13 shows the number of satellites in the deep urban experiment with time. 

FGO-CV (light pink) and FGO-CV-SMM (pink curve), which without adding the PDR 

factor, reach an error close to 30 meters during epoch 250-400. The FGO-PDR (light 

orange curve) with the PDR factor added also shows resistance to the decreased data 

redundancy caused by the insufficient number of satellites. 

3.2.3 Experimental Evaluation in the Mixed Scenario 

 

Fig. 3.14. Histogram of the DD pseudorange error in mixed scenario.  
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Fig. 3.15. The relationship between the number of satellites with time.  

 

Fig. 3.16. Trajectories of evaluated eight methods in the urban canyon in OpenStreetMap [82]. 

Table 3.6. Positioning performance of the listed methods in the mixed scenario 

All Methods 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

FGO 39.23  31.64  23.21  149.16  

EKF-PDR 35.20  29.58  19.10  144.03  

FGO-CV 26.00  22.85  12.42  63.43  

FGO-CV-SMM 25.60  22.29  12.59  57.91  

FGO-PDR 21.23  18.57  10.31  36.53  

FGO-PDR-SMM 21.66  18.84  10.70  39.88  

FGO-PDR-CV 21.23  18.57  10.31  36.53  

FGO-PDR-CV-

SMM 
21.20  18.51  10.34  36.41  
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For a more comprehensive evaluation of the proposed method, we conducted one 

additional experiment. Figure 3.14 shows the DD pseudorange error distribution of this 

mixed scenario dataset. The mean value of the DD pseudorange error is 24.93 meters, 

and the standard deviation value of the errors is 33.90. Figure 3.15 shows satellite 

numbers at each epoch in this experiment. In most cases, the number of satellites is 

around 10. In extreme cases, there are only four satellites. Figure 3.16 shows the paths 

of eight different localization methods in the mixed scenario. The original FGO method 

performs very poorly in the mixed scene, which is due to the multipath effect present 

in the scene and the NLOS reception, and there is no motion model in the method, the 

motion constraints between frames are provided by the Doppler velocity factor [32]. 

Similar conclusions can be derived from Figure 3.17 which shows the 2D positioning 

errors of all the methods. Table 3.6 shows the statistical results of all the methods. The 

baseline algorithm, FGO, exhibited initial values of 39.23m RMSE, 31.64m Mean, 

23.21m STD, and a Maximum error of 149.16m. 

 

Fig. 3.17. Horizontal positioning errors in the mixed scenario. with time. 

Upon integrating the Extended Kalman Filter with Pedestrian Dead Reckoning 

(EKF-PDR), we observed an overall performance increase with reductions in all 
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metrics: the RMSE decreased to 35.20m, Mean to 29.58m, STD to 19.10m, and Max 

to 144.03m. This indicates an enhanced accuracy in the EKF-PDR algorithm over the 

standalone FGO which shows the improvement from PDR. The FGO-CV variant 

showed a significant improvement, particularly in the Maximum error, which was 

reduced to 63.43m, suggesting that the CV factor greatly contributes to limiting the 

maximum deviation of the algorithm under pedestrian walking conditions. The RMSE 

also has a notable reduction to 26.00m. Further incremental improvements were 

observed with the addition of the SMM factor in the FGO-CV-SMM configuration, 

with a slight decrease in the Mean error to 22.29m and an increase in STD to 12.59m, 

indicating a slightly increased variability in the errors. Substantial improvements were 

achieved by the FGO-PDR, which reduced the RMSE to 21.23m and the Max error to 

a remarkable 36.53m. This is indicative of significant enhancements in algorithm 

precision and reliability. Including the SMM factor to form the FGO-PDR-SMM 

configuration resulted in a minimal increase in STD and Max, suggesting that the SMM 

factor may introduce some variability under certain experimental conditions. The 

consistency of the performance was observed in the FGO-PDR-CV and FGO-PDR-

CV-SMM configurations, which maintained the RMSE around 21.20m, and the Max 

error around 36.41m. These configurations represent the most balanced approach, with 

improvements across all metrics. With adding the SMM factor, the MEAN and RMSE 

are slightly decreasing to 18.51 meters and 21.20 meters, respectively. In conclusion, 

the integration of PDR, CV, and SMM components has proven to be highly effective 

in refining the accuracy and consistency of the algorithm. The experimental results 

indicate that these configurations can significantly enhance performance in complex 

urban environments, yielding a reliable algorithm that consistently minimizes errors. 
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3.3 Discussions 

 

Fig. 3.18. (a) Horizontal PDR positioning trajectory in the campus experiment. The Ground 
Truth (GT) is the black curve. PDR trajectory is represented as the red curve. (b) 2D positioning error of 
the PDR in the campus experiment. The red curve denotes the PDR error. 

Table 3.7 shows the performance of the employed PDR in the campus experiment. 

Figure 3.18 shows the employed PDR algorithm’s horizontal trajectory and error. The 

PDR algorithm accumulated the errors over time, resulting in a very significant error in 

the PDR positioning results compared to the ground truth from the trajectory. The mean 

value of the positioning error of the PDR localization algorithm in the campus 

experiment is 21.04 m, while the RMSE is 26.74 m.  

Table 3.7. Performance of the PDR in campus experiment 

Items 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

PDR 26.74 21.04 16.52 51.18 

 

Figure 3.19 shows the error between 70-140 seconds in the campus experiment. 

During this period, the PDR algorithm has lower errors than the FGO-CV-SMM, 

indicating that the proposed PDR factor provides better constraints than the CV factor 

in the estimation process.  
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Fig. 3.19. 2D positioning error of PDR, FGO-CV-SMM, and FGO-PDR-SMM between 70 to 
140 epochs in the campus experiment. The red, green, and cyan curves denote PDR, FGO-CV-
SMM, and FGO-PDR-SMM, respectively. 

 

 

Fig. 3.20. The sensor setup of the seaside dataset. (a) image overview with GT from Google Earth. 
(b) the GT overview from OpenStreetMap. u-blox F9P system is used for generating the GT with 
RTK. The HUAWEI P40 Pro smartphone is used for collecting the GNSS and IMU measurements. 

Figure 3.19 shows the horizontal positioning errors of the eight methods in this 

open-sky area. Figure 3.20 shows the configuration of the seaside experiment. In this 

scenario, we use u-blox F9P to collect GNSS L1/L2 signals in 1 Hz. The GT of this 
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area is generated by the RTKLIB [33]. We use the combined mode real-time Kinematic 

(RTK) for calculating the GT by manually checking the positions and trajectories.  

Table 3.8 presents the statistical results of the eight evaluated methods in this area. 

After incorporating the PDR factor into the system, the FGO-PDR-CV method exhibits 

degraded performance compared with the FGO-CV approach. This phenomenon 

indicates that PDR measurements may introduce additional errors due to the noisy 

smartphone IMU, particularly when a fixed covariance matrix is adopted for the PDR 

factor in the factor graph optimization framework. In contrast, the original FGO method 

achieves the best overall performance, outperforming FGO-CV. This observation 

suggests that, in the evaluated scenario, Doppler velocity measurements provide more 

effective constraints between consecutive states than the PDR-based motion model. 

Table 3.8. Positioning performance of the listed methods in the seaside scenario 

All Methods 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

MAX 

(m) 

FGO 5.89 5.62 1.79 8.73 

EKF-PDR 6.85 6.38 2.51 11.65 

FGO-CV 6.08 5.74 2.02 9.56 

FGO-CV-SMM 6.09 5.76 2.00 9.56 

FGO-PDR 7.66 7.21 2.61 12.40 

FGO-PDR-SMM 7.69 7.22 2.65 12.12 

FGO-PDR-CV 7.61 7.15 2.59 11.87 

FGO-PDR-CV-

SMM 
7.55 7.11 2.55 11.61 

The enhanced performance observed in FGO-PDR compared to FGO-CV-SMM 

underscores the efficacy of incorporating the PDR factor within the integrated system. 

To further elucidate the impact of the PDR factor on the derived positioning solution 

across the two methodologies, an investigation of the residuals following convergence 

of the GNSS measurement models was conducted.  The underlying principle posits that 

diminished residuals associated with applied measurements are indicative of potentially 

more accurate estimation outcomes. This is predicated on the assumption that a more 
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consistent solution is derivable when the proportion of valid measurements exceeds that 

of compromised or erroneous measurements.   

 

Fig. 3.21. Histograms of pseudorange factor and Doppler factor residuals. The x-axis denotes the 
value of residuals. The y-axis denotes the counts of residuals within the histogram. 

Figure 3.21 presents a histogram-based comparison of pseudorange and Doppler 

factor residuals subsequent to optimization using the two specified methods.  With 

respect to pseudorange measurements, the histogram reveals that the peak of FGO-CV-

SMM pseudorange factor residuals, centered around zero, is higher in magnitude 

compared to that of FGO-PDR-CV-SMM.  It is well-established that pseudorange 

measurements are indispensable for standalone GNSS positioning, as they provide the 

basis for absolute position determination.  Notably, the positioning results obtained 
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with FGO-PDR-CV-SMM demonstrate superior performance, despite exhibiting larger 

pseudorange residuals compared to FGO-CV-SMM.  

Interestedly, a different phenomenon occurs in Doppler residuals. The mean value 

of the FGO-CV-SMM Doppler factor residuals is higher than the mean value of FGO-

PDR-CV-SMM residuals. The potential reason is that the Doppler is less affected by 

the multipath effect while the pedestrian is walking along the street [149]. As a result, 

the assumption that the percentage of healthy measurements exceeds the one from 

polluted measurements could be largely held for the Doppler measurements.  

3.4 Conclusions 

In conclusion, pedestrian navigation within urban canyon environments remains a 

formidable challenge.  This study introduces an innovative FGO-based GNSS/PDR 

positioning methodology designed to address this challenge.  The proposed approach 

achieves a tightly-coupled integration of information derived from GNSS raw 

measurements and PDR, the latter being computed from magnetometer and 

accelerometer data acquired from the smartphone's internal IMU.  This integration aims 

to facilitate accurate pedestrian positioning and generate smoother trajectory 

estimations.  Furthermore, this study substantiates the validity of the assumption that 

pedestrians exhibit limited acceleration, which is leveraged for trajectory smoothing.  

The implementation of the SMM factor demonstrably enhances the system's robustness 

against potential GNSS outliers.  To effectively model the dynamic characteristics of 

pedestrian navigation, a smoothness-driven motion model is proposed and integrated 

within the framework.  Comparative evaluations against GNSS/PDR localization 

results obtained using extended Kalman filtering reveal a significant performance 

degradation for the EKF-based method in dense urban canyons. This degradation is 
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primarily attributed to the susceptibility of EKF to GNSS outliers prevalent in such 

environments.  

Building upon the tightly-coupled GNSS/PDR factor graph developed in this 

chapter, we have demonstrated that incorporating PDR-derived relative motion 

constraints can effectively smooth smartphone pedestrian trajectories and improve 

robustness against GNSS outliers in dense urban canyons. Nevertheless, when GNSS 

measurements are severely degraded by multipath and NLOS receptions, motion-

consistency constraints alone may still be insufficient to prevent the estimated trajectory 

from drifting away from the physically feasible space. This observation motivates the 

exploitation of environmental priors that are naturally available in urban navigation 

scenarios. In particular, vehicles are constrained to travel on a road network, and such 

lane-level information can be formulated as additional multi-epoch constraints within 

the same FGO framework. Therefore, Chapter 4 extends the proposed FGO paradigm 

from integrating inertial/motion information to integrating geospatial road information, 

by tightly coupling Google Earth-derived road constraints with raw GNSS 

measurements. To mitigate the risk of erroneous map associations in complex urban 

layouts, a switchable-factor strategy is further introduced to adaptively down-weight 

unreliable lane constraints, enabling more robust road-constrained positioning for urban 

road monitoring applications.  
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4. ENHANCING GNSS POSITIONING ACCURACY FOR 
ROAD MONITORING SYSTEMS: A FACTOR GRAPH 

OPTIMIZATION APPROACH AIDED BY GEOSPATIAL 
INFORMATION  

By reviewing studies about the map-aided positioning algorithm and the research 

gap in the current research stage, we aim to foster a broader understanding of map-

matching inaccuracies and their impact on positioning precision. We also seek to 

demonstrate how our method parallels or deviates from these existing techniques. 

Therefore, inspired by the performance of integrating additional map information and 

the characteristics of the advanced FGO framework, this study employs an FGO-based 

approach to tightly couple the road information from Google Earth with raw GNSS 

measurements to solve for the receiver's position. To the best of the authors' knowledge, 

this study is the first research that combines map information with GNSS raw 

measurements using FGO. The main contributions of this study are threefold: 

(1) Multi-epoch-based lane matching model based on FGO: This study proposed 

a novel FGO-based GNSS positioning system with a map-matching factor. The map-

matching factor utilizes manually marked road information from Google Earth, a robust 

countermeasure against signal reflections and blockage in urban environments. This 

integration of geospatial data and FGO brings a new dimension to GNSS data 

processing and enhances the reliability of positioning in complex urban scenarios. 

(2) Switchable variable-based mis-lane matching mitigation: Recognizing the 

intricacy of urban environments, which often feature multiple lane lines, this study 

proposes the switchable factor for comprehensively considering the multi-roads 

information. This factor aims to mitigate the potential for erroneous lane matching, 
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thereby enhancing the precision of our system. To succinctly explain, the switchable 

factor will represent this concept in the following text. 

(3) Extensive experimental validation: The proposed methodology is 

comprehensively validated using real-world data collected from Hong Kong. This 

rigorous empirical assessment underscores our commitment to ensuring our 

innovations' practical applicability and performance. The step-by-step validation 

process provides clear insights into the performance of our system, demonstrating its 

potential for improving GNSS positioning in the real world. 

4.1 Methodology 

4.1.1 System Overview 

 
Fig. 4.1. The problem of urban GNSS positioning. 

Our proposed map-aided GNSS positioning method, as depicted in Figure 4.1, 

leverages data from GE to improve the accuracy and reliability of GNSS positioning in 

urban canyons. The integrated GNSS/GE system consists of three primary components. 

The first component is the basic FGO part, which utilizes raw pseudorange and Doppler 

frequency measurements from the GNSS receiver. To ensure data quality, satellites 

with elevation angles (ELE) below 15 degrees or signal-to-noise ratios (SNR) below 20 

are excluded. The basic FGO part provides initial states for the matching part. The 
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second component incorporates geospatial information from GE. We mark the lanes in 

GE and divide each road into multiple nodes. For each initial state, we determine the 

nearest nodes for matching. By identifying the closest road with nodes, we create a 

map-matching factor for each epoch state. This allows us to utilize multi-epoch 

constraints for global lane alignment. Additionally, we propose a switchable factor to 

ensure reliable lane alignment. Unlike the previous map-matching factor, the 

switchable factor provides more options for optimization by integrating two roads into 

the estimation simultaneously. The output of the GNSS/Map integration is the user's 

state estimation, which includes position, velocity, clock biases, and clock drift. The 

positioning solution is obtained by solving the optimization problem, incorporating 

various constraints and factors. These factors encompass the pseudorange, Doppler 

frequency, and motion model (MM) factor, which smooths the receiver's trajectory. 

Notably, we introduce a map-matching factor and switchable factor in this study, 

aligning the user's trajectory with the road network from Google Earth. This effectively 

mitigates the influence of multi-path effects in urban canyons. 

4.1.2 Basic FGO model 

 
Fig. 4.2.  Overview of the proposed factor graph.  

Table 4.1 shows the descriptions of the parameters in this section for a clear 

explanation. Figure 4.2 shows our proposed factor graph. The black, blue, and purple 
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rectangular denote the motion model factor, the switchable factor, and the map 

matching factor, respectively. The green and black circles denote the pseudorange and 

Doppler frequency factors, respectively. The subscript 𝑘𝑘 denotes the total epochs of 

measurements considered in the FGO. 

Table 4.1 Parameters and their description in this section  
Parameter name Description 

𝑟𝑟 The GNSS receiver 

𝑠𝑠 The index of the satellite 

𝑡𝑡 The time epoch 

𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠  The pseudorange measurement 

𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠  The Doppler measurement  

𝑟𝑟𝑟𝑟𝑟𝑟,𝑡𝑡
𝑠𝑠  The expected range rate 

𝐩𝐩𝑡𝑡𝑠𝑠 The satellite position  

𝐩𝐩𝑡𝑡𝑠𝑠 = (𝑝𝑝𝑡𝑡,𝑥𝑥
𝑠𝑠 , 𝑝𝑝𝑡𝑡,𝑦𝑦

𝑠𝑠 , 𝑝𝑝𝑡𝑡,𝑧𝑧
𝑠𝑠 )𝑇𝑇  

𝐯𝐯𝑡𝑡𝑠𝑠 The velocity of the satellite  

𝐯𝐯𝑡𝑡𝑠𝑠 = (𝑣𝑣𝑡𝑡,𝑥𝑥
𝑠𝑠 , 𝑣𝑣𝑡𝑡,𝑦𝑦

𝑠𝑠 , 𝑣𝑣𝑡𝑡,𝑧𝑧
𝑠𝑠 )𝑇𝑇 

𝐩𝐩𝑟𝑟,𝑡𝑡 The position of the GNSS receiver  

𝐩𝐩𝑟𝑟,𝑡𝑡 = (𝑝𝑝𝑟𝑟,𝑡𝑡,𝑥𝑥 , 𝑝𝑝𝑟𝑟,𝑡𝑡,𝑦𝑦, 𝑝𝑝𝑟𝑟,𝑡𝑡,𝑧𝑧)𝑇𝑇 

𝐯𝐯𝑟𝑟,𝑡𝑡 The velocity of the GNSS receiver 

𝐯𝐯𝑟𝑟,𝑡𝑡 = (𝑣𝑣𝑟𝑟,𝑡𝑡,𝑥𝑥, 𝑣𝑣𝑟𝑟,𝑡𝑡,𝑦𝑦, 𝑣𝑣𝑟𝑟,𝑡𝑡,𝑧𝑧)𝑇𝑇  

δ𝑟𝑟,𝑡𝑡 The clock bias of the GNSS receiver 

δ𝑟𝑟,𝑡𝑡
𝑠𝑠  The satellite clock bias by meters 

 
The GNSS receiver state set is represented as follows: 

𝛘𝛘 = �𝐱𝐱r,1, 𝐱𝐱r,2, … , 𝐱𝐱𝑟𝑟,𝑘𝑘� (4.1) 

𝐱𝐱𝑟𝑟,𝑡𝑡 = �𝐩𝐩𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡,𝛅𝛅𝑟𝑟,𝑡𝑡, 𝛅̇𝛅𝑟𝑟,𝑡𝑡�
𝑇𝑇 (4.2) 

where the variable 𝛘𝛘 denotes the state set of the GNSS receiver ranging from the 

first epoch to the current 𝑘𝑘. 𝐱𝐱𝑟𝑟,𝑡𝑡 denotes the state of the GNSS receiver at epoch 𝑡𝑡 which 

involves the position (𝐩𝐩𝑟𝑟,𝑡𝑡), velocity (𝐯𝐯𝑟𝑟,𝑡𝑡, receiver clock bias (𝛅𝛅𝑟𝑟,𝑡𝑡) and clock drift 𝛅̇𝛅𝑟𝑟,𝑡𝑡.  

This study's main contribution is not the pseudorange, Doppler frequency, and 

motion model factors [118, 150, 151]. Thus, this study will briefly introduce these three 
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factors for estimating the initial pose in our proposed map-aided system. The GNSS 

pseudorange factor can be written as: 

�𝑒𝑒𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑃𝑃�

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠
2

= �ρ𝑟𝑟,𝑡𝑡
𝑠𝑠 − �𝑝𝑝𝑡𝑡𝑠𝑠 − 𝑝𝑝𝑟𝑟,𝑡𝑡� − δ𝑟𝑟,𝑡𝑡�𝚺𝚺𝑟𝑟,𝑡𝑡

𝑠𝑠
2 (4.3) 

where ω𝑟𝑟,𝑡𝑡
𝑠𝑠  denotes the noise, 𝚺𝚺𝑟𝑟,𝑡𝑡

𝑠𝑠  denotes the covariance matrix, calculated using 

satellite SNR and ELE [152]. The Doppler frequency factor can be written as: 

�𝑒𝑒𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷�

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2

= �𝜆𝜆𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠 − 𝑟𝑟𝑟𝑟𝑟𝑟,𝑡𝑡

𝑠𝑠 �
𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2 (4.4) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷  denotes the covariance matrix corresponding to the Doppler 

measurement which is equal 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠  multiplied by a fixed coefficient valued at 10. 𝜆𝜆 is the 

wavelength. 

The motion model factor is constructed for smoothing the vehicle trajectory. We 

can get the observation model for the smartphone-level GNSS receiver velocity (𝐯𝐯𝑟𝑟,𝑡𝑡) 

expressed as follows: 

��𝐞𝐞𝑟𝑟,𝑡𝑡
𝐶𝐶 ��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶

2
= ��∆𝐩𝐩𝑟𝑟,𝑡𝑡 − (𝐯𝐯𝑟𝑟,𝑡𝑡 + 𝐯𝐯𝑟𝑟,𝑡𝑡+1)/2��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶

2
(4.5) 

where the 𝐯𝐯𝑟𝑟,𝑡𝑡 and 𝐯𝐯𝑟𝑟,𝑡𝑡+1 denote the velocity at two consecutive epochs with three-

dimension in the Earth-centered, Earth-fixed coordinate (ECEF) frame, respectively. 

∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑥𝑥 , ∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑦𝑦 , ∆𝑝𝑝𝑟𝑟,𝑡𝑡,𝑧𝑧 denote the receiver displacement between two consecutive 

epochs at three dimensions. The variable 𝛚𝛚𝑟𝑟,𝑡𝑡
𝐶𝐶  denotes the noise associated with 

constant motion. 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶  denotes the covariance matrix corresponding to the receiver 

velocity measurement. This study empirically [148] set 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶  as follows: 

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐶𝐶 = �

0.32 0 0
0 0.32 0
0 0 0.32

� (4.6) 

where the units for the covariance matrix is meter. 
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4.1.3 Incorporating GE Data in Multi-epoch GNSS Positioning 

This section describes the methodology for incorporating Google Earth data into 

our GNSS positioning technique to improve accuracy and reliability in urban canyon 

environments. 

Firstly, we retrieve relevant road information from the Google Earth database to 

incorporate GE data and manually mark the road's latitude and longitude. The method 

we extract road information is similar to our previous work that extracting 3D building 

models [139]. Initially, we ascertain the approximate lane ranges by conducting a 

comparative analysis with the terrain features depicted in GE. Subsequently, we refine 

the delineation of specific lanes through an iterative process, which involves a detailed 

comparison with the panoramic imagery available on Google Earth. The representation 

of the roadways is then accomplished by systematically plotting points along these 

identified lanes. The geographic coordinates (latitude and longitude) of these points are 

compiled to form a comprehensive dataset representing the specific lane information. 

Finally, we undertake a manual verification process to confirm the accuracy of the 

demarcated lanes, utilizing the camera data provided in the dataset [103] for validation. 

Thus, the road information can be denoted as follows: 

𝐑𝐑 = [𝐑𝐑1,𝐑𝐑2, … ,𝐑𝐑𝑛𝑛] (4.7) 

𝐑𝐑𝑛𝑛 =

⎣
⎢
⎢
⎡
𝑙𝑙1,𝑥𝑥, 𝑙𝑙1,𝑦𝑦
𝑙𝑙2,𝑥𝑥, 𝑙𝑙2,𝑦𝑦

⋮
𝑙𝑙𝑚𝑚,𝑥𝑥, 𝑙𝑙𝑚𝑚,𝑦𝑦⎦

⎥
⎥
⎤

(4.8) 

where 𝐑𝐑 denotes the matrix of road information and 𝐑𝐑n denote the road with index 

𝑛𝑛. 𝑙𝑙𝑚𝑚,𝑥𝑥 and 𝑙𝑙𝑚𝑚,𝑦𝑦 denote the longitude and latitude of the nodes of the road with the index 

𝑚𝑚, respectively. 

In the second step, we should consider incorporating road information into the 

optimization progress for better estimation based on the previously solved position. We 
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can get the initial position for each epoch after solving the first-step optimization based 

on the previous GNSS factors and the MM factor. Once the initial position is 

determined, it is matched to the nearest two nodes by identifying the corresponding 

road indexes. Before we input these two roads into the map-matching factor, we should 

transform the coordinate system of the roads to ENU frame because we solely consider 

the horizontal errors in urban positioning. Then, we could employ a simple 2D linear 

function for describing the chosen line in the ENU frame. So finally, we can derive the 

specified 𝑘𝑘 and 𝑏𝑏 for each line for the two selected lines. 

Finally, the error functions of the map-matching factor can be written as follows: 

�𝑒𝑒𝑟𝑟,𝑘𝑘
0 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2

= ‖𝑘𝑘1𝑥𝑥𝐸𝐸𝐸𝐸𝐸𝐸 − 𝑦𝑦𝐸𝐸𝐸𝐸𝐸𝐸 + 𝑏𝑏1‖𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2 (4.9) 

where the superscript 0 denotes the closest road, [𝑥𝑥𝐸𝐸𝐸𝐸𝐸𝐸, 𝑦𝑦𝐸𝐸𝐸𝐸𝐸𝐸]𝑇𝑇  denote the 

horizontal state position to be estimated in the ENU frame. 𝑘𝑘1  is the slope of the 

selected roads in the ENU coordinate system. 𝑏𝑏1 is the intercept of the selected roads 

in the ENU coordinate system. 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟 denotes the covariance matrix of the map-matching 

factor. 

4.1.4 The switchable factor 

In complex urban environments, relying solely on the position result of FGO to 

determine the matched road can easily lead to incorrect matching. To comprehensively 

consider the possibility of multiple roads and fully leverage the map information in the 

FGO process, our method considers the information from the two nearest roads 

simultaneously during the optimization process. Therefore, the map-matching factor 

would add one more road to Eqs. 8 and the aided factor can be written as: 

�𝒆𝒆𝑟𝑟,𝑘𝑘
1 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2

= ‖𝑘𝑘2𝑥𝑥𝐸𝐸𝐸𝐸𝐸𝐸 − 𝑦𝑦𝐸𝐸𝐸𝐸𝐸𝐸 + 𝑏𝑏2‖𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2 (4.10) 
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where superscript 1 denotes the additional roads, [𝑥𝑥𝐸𝐸𝐸𝐸𝐸𝐸 ,𝑦𝑦𝐸𝐸𝐸𝐸𝐸𝐸]𝑇𝑇  denote the 

horizontal state position to be estimated in the ENU frame. 𝑘𝑘2  is the slope of the 

selected roads in the ENU coordinate system. 𝑏𝑏2 is the intercept of the selected roads 

in the ENU coordinate system. 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟 denotes the covariance matrix of the map-matching 

factor: 

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟 = �0.12 0

0 0.12
� (4.11) 

This study considers the probabilities of multi-roads with a switchable factor [36]. 

The switchable factor is utilized to anchor the switch variables at an initial value of 1, 

preventing the optimization process from getting stuck in a local minimum with all zero 

switch values. After aiding the switchable factor into the map-matching factor, the 

factor could be rewritten as: 

�𝐞𝐞𝑟𝑟,𝑘𝑘
0 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2

= 𝑠𝑠𝑘𝑘𝑖𝑖 ‖𝑘𝑘1𝑥𝑥𝐸𝐸𝐸𝐸𝐸𝐸 − 𝑦𝑦𝐸𝐸𝐸𝐸𝐸𝐸 + 𝑏𝑏1‖𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2 (4.12) 
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𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
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= �1 − 𝑠𝑠𝑘𝑘𝑖𝑖 �‖𝑘𝑘2𝑥𝑥𝐸𝐸𝐸𝐸𝐸𝐸 − 𝑦𝑦𝐸𝐸𝐸𝐸𝐸𝐸 + 𝑏𝑏2‖𝚺𝚺𝑟𝑟,𝑡𝑡
𝑟𝑟𝑟𝑟
2 (4.13) 

where 𝑠𝑠𝑘𝑘𝑖𝑖  denotes the switchable factor, the superscript 𝑖𝑖 denotes the road index, 

and the subscript 𝑘𝑘 denotes the epoch.  

To avoid the switchable factor falling into a local minimum, we add the switchable 

prior factor into our framework [117, 153] : 

�𝐞𝐞𝑟𝑟,𝑘𝑘
s �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠
2

= �1 − 𝑠𝑠𝑘𝑘𝑖𝑖 �𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠
2 (4.14) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠  is the covariance matrix of the switchable prior factor which equals to 

1.0. 

Therefore, we can formulate the objective function for the map-aided FGO-based 

GNSS system based on the factors derived above as follows: 
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χ∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎∑𝑠𝑠,𝑡𝑡(
χ
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) (4.15)
 

The variable χ∗ denotes the optimal estimation of the state sets. We employ the 

Ceres Solver [141] as a non-linear optimization solver to solve the above objective 

function. Concurrently, the Levenberg-Marquardt (L-M) algorithm [154] is utilized 

within our FGO processes to minimize the cost function iteratively. Overview of the 

Proposed Method 

4.2 Experiment setup  

 
Fig. 4.3.  The platform for the dataset collection.  

To evaluate the performance of the proposed method, we gathered two datasets in 

a representative urban environment in Hong Kong. These two datasets show typical 

urban scenarios in Hong Kong, and we follow the definitions from [155]. The first 

dataset (Dataset 1) is gathered in deep urban, and another (Dataset 2) is collected in 

harsh urban. During the experiment, we utilized a u-blox F9P GNSS receiver to obtain 

raw GPS/BeiDou measurements at a frequency of 1 Hz. Additionally, the NovAtel 

SPAN-CPT, an integrated GNSS (GPS/ GLONASS/ BeiDou) RTK/INS (fiber-optic 
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gyroscopes, FOG) navigation system, provided ground truth (GT) positioning data. The 

FOG's gyro bias in-run stability is 1 degree per hour, with a random walk of 0.067 

degrees per hour. Prior to the experiments, the coordinate systems between all sensors 

were calibrated. Our data collection platform is shown in Figure 4.3. 

4.2.1 The collected data in Hong Kong 

Dataset 1 was collected in Whampoa, Hong Kong, a typical driving scenario due 

to the area's dense population and numerous residential districts. As a representative 

region of Hong Kong, vehicular GNSS positioning issues in this locale warrant 

considerable attention. We selected a random time slot during the day to gather data, 

with a collection length of nearly 1200 seconds. Figure 4.4-(a) demonstrates the 

variation in satellite count from the beginning to the end of the dataset's timeframe. As 

observed, in some extreme scenarios, the number of satellites is less than four, which 

is insufficient for GNSS positioning. 

 
Fig. 4.4.  The number of satellites in two datasets. (a) The satellite number of Dataset 1. (b) The 

satellite number of Dataset 2.  

Different from the first dataset, the second dataset (Dataset 2) is collected in 

Mangkok, Hong Kong. This scenario has more high-rise buildings. A reduced number 
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of satellites clearly illustrates this point. In the Whampoa dataset, the satellite count 

primarily fluctuates around 15, whereas in this dataset, it oscillates near 10, signifying 

a lower level of satellite redundancy. Figure 4.6-(b) shows the number of satellites in 

Dataset 2. 

 
Fig. 4.5.  Unfolded fish-eye camera figures with the satellite distributions in the urban canyon.  

To further illustrate the difficulties of using GNSS positioning in urban canyons, 

we elucidate the issues in Dataset 1 by unfolding images from a fish-eye camera. As 

shown in Figure 7, Figure 7-(a) represents the back 180 degrees of the fish-eye camera, 

usually facing the rear of the vehicle, while Figure 7-(b) displays the satellite 

distribution in the vehicle's forward. Although the number of received satellites is 

sufficient in this scenario, it still contains numerous NLOS receptions or multi-path 

effects. Red circles denote the NLOS satellites, and green circles denote the LOS 

satellites. These signals can result in GNSS positioning errors.  

4.2.2 Evaluation methods 

We evaluated the performance of map-aided GNSS positioning by comparing 

three methods, as shown below. The objective of this analysis was to validate the 

effectiveness of the proposed method in improving FGO-based GNSS positioning. The 
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accuracy is evaluated in the east, north, and up (ENU) frame by selecting the first point 

as the reference position. 

(1) FGO [118]: conventional tightly-coupled GNSS pseudorange/doppler 

frequency positioning solution. This method utilizes raw measurements from the GNSS 

receiver and optimizes the positioning solution based on conventional factor graph 

optimization [118]. 

(2) 3DMA [156]: State-of-the-art urban GNSS positioning method. First, the 

weighted least square method is employed to obtain the initial guess of 3D-mapping-

adied (3DMA). The sky masks of the corresponding areas can be generated based on 

the particles’ location and the prior 3D map. Then, the likelihood of each particle can 

be calculated by GNSS shadow matching. The predicted and measured satellite 

visibilities with the predicted and measured ranging measurements are considered. 

Finally, the absolute position can be calculated from the weighted average of the 

particles’ positions. This 3D-mapping-aided (3DMA) method is integrated with all 

constellations and L1/L2 frequency measurements.  

(3) FGO-Matching: FGO-based GNSS positioning solution incorporating GE road 

data through a map-matching factor. This approach matches the initial positioning 

solution to the nearest road using road information from Google Earth. 

(4) FGO-Switch: FGO-Matching aided by a switchable factor for reliable road 

selection. This method considers the probabilities of both the closest roads in the map-

matching process, utilizing a switchable factor for considering both roads, adding 

robustness and reliability to the positioning solution. 
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Algorithm 4.1: Solution to FGO-Matching 

Inputs: Road information 𝐑𝐑, GNSS measurements 𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠  and 𝑑𝑑𝑟𝑟,𝑡𝑡

𝑠𝑠  

Outputs: A set of state 𝛘𝛘  

Step 1 (Initialization): Initialize the state set 𝛘𝛘 using the weighted 

least squares and solve the following equation to estimate the state 𝛘𝛘:  

χ∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
χ
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Step 2 (Matching): Select the nearest lane to the state 𝛘𝛘 from the 

road information in terms of calculating the closest point. 

Step 3 (FGO-Matching): Solve the following equation to estimate 

the state 𝛘𝛘 

χ∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
χ
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Algorithm 4.2: Solution to FGO-Switch 

Inputs: Road information 𝐑𝐑, GNSS measurements 𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠  and 𝑑𝑑𝑟𝑟,𝑡𝑡

𝑠𝑠 , 

a set of switchable variables 𝐬𝐬𝑘𝑘𝑖𝑖  

Outputs: A set of state 𝛘𝛘 and a set of switchable variables 𝐬𝐬𝑘𝑘𝑖𝑖  

Step 1 (Initialization): Initialize the switchable variables 𝐬𝐬𝑘𝑘𝑖𝑖  

with fixed value 1.0. Initialize the state set 𝛘𝛘 using the weighted least 

squares and solve the following equation to estimate the state 𝛘𝛘: 

χ∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
χ
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Step 2 (Matching): Select the two nearest lanes to the state 𝛘𝛘 

from the road information in terms of calculating the closest point. 

Step 3 (FGO-Switch): Solve the following equation to estimate 

the state 𝛘𝛘 

χ∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎∑𝑠𝑠,𝑡𝑡(
χ
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In this study, we proposed two algorithms. The first algorithm is FGO-Matching 

which only considers one road information without switchable factors. The second 

algorithm is FGO-Switch which incorporates the road information with switchable 

factors. The detailed steps of FGO-Matching are shown in the algorithm 4.1. The 

detailed steps of FGO-Switch are shown in the algorithm 4.2. 

4.3 Experiment results 

All methods in this study are post-processing methods. FGO-Switch typically runs 

120% more than FGO-Matching with 3.3 seconds per epoch for FGO-Switch and 1.5 

seconds per epoch for FGO-Matching in Dataset 1. 

 
Fig. 4.6.  Trajectories overview of Dataset 1.  

Figure 4.6 illustrates the positioning trajectories of FGO, FGO-Matching, and 

FGO-Switch in Dataset 1, corresponding to red, green, and blue, respectively. The 

trajectories show that FGO is prone to erroneous positioning results in urban 

environments, causing the actual trajectory to deviate from city roads onto buildings. 

Figures 4.6-(b) and 4.6-(c) show that FGO has a significant drift in these scenarios. In 

contrast, methods incorporating map matching can reduce errors in scenarios with 

severe drift, as evidenced by trajectories returning to the roadways.  

Figure 4.7 illustrates the positioning trajectories of FGO, FGO-Matching, and 

FGO-Switch in Dataset 2. Similar to the results in Dataset 1, FGO positioning yields 



 

 

83 

erroneous results in more challenging urban environments, causing the actual 

positioning results to deviate from city roads and drift into buildings. The 3DMA 

method shows larger errors than other FGO-based methods in this scenario. By 

incorporating map-matching methods, errors can be reduced even in cases of severe 

drift, as trajectories are readjusted to the roadways based on road information from 

Google Earth. 

 
Fig. 4.7.  Trajectories overview of Dataset 2.  

Table 4.2 presents the positioning error comparison in meters for Dataset 1, 

evaluating the performance of different methods, including FGO, FGO-Matching, 

3DMA, and FGO-Switch. The metrics include Root Mean Square Error (RMSE), Mean, 

Standard Deviation (STD), and Maximum Error (MAX). The 3DMA method shows a 

slight improvement over FGO and FGO-Matching, with an RMSE of 10.91m and a 

mean error of 8.41m. However, the standard deviation increased to 6.95m, indicating a 

slightly higher variability in the results. Notably, the maximum error for 3DMA was 

significantly higher at 58.5m, indicating occasional large deviations from the expected 

position. Compared to FGO, the FGO-Matching method demonstrates improvements 

in RMSE by 10.27%, Mean by 11.52%, and STD by 7.41%. These improvements 

indicate that the FGO-Matching method provides superior accuracy and precision in 

positioning. However, the maximum error increases slightly by -3.23%, suggesting that, 

in some instances, the FGO-Matching method might generate more significant errors 
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than the FGO method. When comparing the FGO-Switch to the FGO method, we notice 

further enhancements in RMSE by 13.36%, Mean by 14.55%, and STD by 10.63%. 

The result demonstrates that the FGO-Switch method further improves positioning 

accuracy and precision compared to FGO-Matching. Moreover, the MAX shows a 

marginal improvement of 0.95%, indicating that the FGO-Switch method can also 

effectively control the maximum error. In summary, both FGO-Matching and FGO-

Switch methods outperform the FGO method regarding positioning accuracy and 

precision. Furthermore, the FGO-Switch method appears to be more effective in 

controlling the maximum error and offers slightly better overall improvements 

compared to the FGO-Matching method. 

Table 4.2 2D Positioning performance of all methods in Dataset 1 
All Methods RMSE (m) MEAN (m) STD (m) MAX (m) 

FGO 11.66  9.76  6.39  26.75  

3DMA 10.91  8.41  6.95  58.45  

FGO-Matching 10.47  8.63  5.92  27.62  

FGO-Switch 10.11  8.34  5.71  26.50  

Table 4.3 2D Positioning performance of all methods in Dataset 2 
All Methods RMSE (m) MEAN (m) STD (m) MAX (m) 

FGO 15.02  12.31  8.62  29.03  

3DMA 31.47  20.27  24.09  136.34  

FGO-Matching 10.71  8.15  6.95  27.19  

FGO-Switch 10.88  8.35  6.98  27.14  

 

Table 4.3 presents the positioning error comparison in meters for Dataset 2. The 

3DMA method exhibits relatively lower performance on this dataset compared to all 

FGO-based methods. A potential contributing factor could be the suboptimal initial 

estimates derived from the weighted least squares results, which may adversely affect 
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the overall estimation accuracy. In a comparison against the FGO method, the FGO-

Matching approach yields substantial improvements across several key metrics. We 

observed a decrease of 28.72% in the RMSE, 33.82% in the MEAN, and 19.30% in the 

STD. These improvements suggest a significant enhancement in positioning accuracy 

and precision with the implementation of FGO-Matching for this dataset. The MAX 

also improved by 6.33%, indicative of the method's effectiveness in reducing the most 

significant positioning errors relative to the conventional FGO approach. 

On the other hand, when analyzing the FGO-Switch method against the FGO 

approach, we also noted appreciable improvements. There was a reduction of 27.55% 

in RMSE, 32.14% in Mean, and 18.98% in STD. These results demonstrate that FGO-

Switch provides superior positioning accuracy and precision compared to the 

conventional FGO method. Furthermore, we also observed a slight improvement of 

6.51% in the Maximum Error, implying that the FGO-Switch method has a credible 

capacity to handle the maximum error effectively. FGO-Matching has better 

performance compared to the FGO-Switch. One potential reason for this suboptimal 

performance is similar to the 3DMA method that a bad initial guess for map-matching 

leading to erroneous estimation. This error could also be caused by the motion model 

factor, leading to inaccurate global estimation. Although FGO-Matching performed 

slightly better regarding RMSE, MEAN, and STD, FGO-Switch has advantages in 

some cases. The primary advantage of FGO-Switch is that it effectively handles the 

potential problem of wrong map-matching by considering the probabilities of both 

roads using a switchable factor, which adds redundancy to the method.  

To better elucidate the error data listed in Table 4.2 and 4.3, Figures 4.8 and 4.9 

respectively display the trends of GNSS errors over time in the two datasets. As with 

the previously plotted trajectories, red, green, and blue denote FGO, FGO-Matching, 
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and FGO-Switch, respectively. We can observe that between 400 and 700 seconds, both 

proposed methods exhibit significant improvements compared to the FGO, with a 

notable reduction in errors. This demonstrates that our proposed map-matching-based 

FGO method can effectively utilize the added map information to counteract the impact 

of GNSS outliers caused by multi-path effects or NLOS receptions. 

 
Fig. 4.8. 2D positioning errors of three methods in Dataset 1 

 
Fig. 4.9. 2D positioning errors of three methods in Dataset 2 

Figure 4.11 shows the performance of the three evaluation methods in Dataset 2. 

Our proposed approach demonstrates more significant optimization in this scenario. 

The error of FGO (red curve) reaches around 30 meters at approximately 100 seconds, 

while by incorporating lane constraints from the map in the optimization process, we 

can observe that both FGO-Matching and FGO-Switch effectively resist outliers, with 

errors distributed around 10 meters. 

4.4 Discussion 

This study demonstrates that incorporating the switchable factor into our GNSS 

positioning system is instrumental in accurately selecting the correct lane for the 



 

 

87 

estimated trajectories. Figure 4.10 compares the trajectories of three methods: FGO, 

FGO-Matching, and FGO-Switch. The red circle means the scenario in FGO-matching 

chose the wrong road. Figures 4.10-(a), 4.10-(b), and 4.10-(c) all show the estimated 

trajectories for the respective method alongside the ground truth trajectory. Compared 

to the FGO and the FGO-Matching methods, we can observe that the FGO-Switch 

method achieves better lane selection and positioning accuracy. By integrating the 

switchable factor, the FGO-Switch method can effectively weigh the probability of the 

vehicle being on two adjacent lanes, enabling it to select the correct lane more 

consistently. The switchable factor is a constraint that prevents reliable lane selection. 

In conclusion, Figure 4.12 provides strong evidence that incorporating the switchable 

factor into our GNSS positioning system significantly improves the accuracy of lane 

selection, leading to better overall positioning performance in urban environments. 

 
Fig. 4.10. Comparison of three methods 

Figure 4.11 illustrates the error values associated with three distinct methods, 

measured in a direction perpendicular to the GT. It is essential to highlight that these 

evaluations were limited to dynamic scenes due to the absence of a motion direction in 

static scenarios. The figure shows a significant fluctuation in the error curve associated 

with the FGO method (represented by the red curve). Notably, the peak value of this 
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curve markedly surpasses that of the method incorporating map matching. In contrast, 

FGO-Switch (depicted by the blue curve) demonstrates superior performance compared 

to FGO-Matching at approximately 200 and 600 seconds. This pattern suggests that our 

proposed switchable factor can more effectively facilitate vehicle lane-matching within 

this context. 

 
Fig. 4.11. 2D positioning errors perpendicular to the GT direction of the three methods in Dataset 

1. 

As illustrated in Table 4.4, the RMSE was 6.53 meters, the mean error was 4.67 

meters, the STD was 4.56 meters, and the maximum error value was 24.06 meters for 

the FGO method. In comparison, the FGO-Matching method yielded substantial 

improvements across all metrics. The RMSE decreased to 4.50 meters, representing a 

reduction of 31.12%. The mean error correspondingly decreased to 2.98 meters, 

signifying an improvement of 36.07%. Moreover, the STD, which serves as a statistical 

indicator of error dispersion, declined to 3.36 meters, denoting an enhancement of 

26.29%. The MAX also observed a decrease to 21.38 meters, marking an improvement 

of 11.15%. 

On the other hand, our proposed FGO-Switch method exhibited performance 

metrics akin to those of the FGO-Matching method. Although the RMSE was 
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marginally higher at 4.51 meters, it still signified a 30.97% improvement over the 

traditional FGO method. The mean error slightly decreased to 2.95 meters, indicating 

an improvement of 36.85%. The STD increased marginally to 3.41 meters, yet it still 

represented an improvement of 25.30% over the FGO method. The maximum error was 

also slightly larger at 21.68 meters, but it denoted a 9.88% improvement compared to 

the FGO method.  

Table 4.4 Perpendicular errors of all methods in Dataset 1 

All Methods RMSE (m) MEAN (m) STD (m) MAX (m) 

FGO 6.53  4.67  4.56  24.06  

FGO-Matching 4.50  2.98  3.36  21.38  

FGO-Switch 4.51  2.95  3.41  21.68  

 

In summary, FGO-Matching and FGO-Switch methods substantially improve over 

the conventional FGO method. However, it is pertinent to underscore that the FGO-

Switch method demonstrated a minor improvement in mean error when compared to 

the FGO-Matching method, suggesting its potential for superior accuracy in lane-level 

localization. 

Table 4.5 Perpendicular errors of all methods in Dataset 2 

All Methods RMSE (m) MEAN (m) STD (m) MAX (m) 

FGO 10.72  8.38  6.70  27.25  

FGO-Matching 7.50  4.84  5.73  25.31  

FGO-Switch 7.53  4.91  5.72  25.32  

Based on Table 4.5 results, the FGO method yielded an RMSE of 10.72, a mean 

error of 8.38, a standard deviation of 6.70, and a maximum error of 27.25. In contrast, 

the FGO-Matching method demonstrated significant improvements in all metrics 

compared to the conventional FGO method. The RMSE was reduced to 7.50 meters, 

signifying a decrease of 30.07%. Additionally, the mean error reduced considerably to 

4.84 meters, marking a 42.18% improvement. The standard deviation decreased to 5.73 
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meters, indicating a 14.48% improvement. Similarly, the maximum error experienced 

a reduction to 25.31 meters, an improvement of 7.10%. The FGO-Switch method 

showed performance metrics akin to those of the FGO-Matching method. Despite a 

slight increase in the RMSE to 7.53 meters, it still represented a 29.73% improvement 

over the FGO method. The MEAN also increased marginally to 4.91 but showed a 

substantial 41.38% improvement. The standard deviation remained nearly consistent at 

5.72 meters, showing a 14.61% improvement, while the maximum error, though 

marginally higher at 25.32 meters, still represented a 7.08% improvement over the FGO 

method. Similar to the Dataset 1 result, both the FGO-Matching and FGO-Switch 

methods significantly supersede the performance of the traditional FGO method across 

all metrics. However, the marginal difference between the FGO-Matching and FGO-

Switch methods suggests comparable effectiveness in reducing the errors perpendicular 

to the GT. 

4.5 Conclusion 

This study presents a novel method for enhancing the accuracy of urban GNSS 

positioning that suffered multi-path effects and NLOS receptions. Our approach 

integrates multi-epoch human-marked lane information from GE into an FGO-based 

method as a map, and its efficacy in improving the GNSS positioning performance was 

validated using two real-world datasets. Furthermore, we introduced a switchable factor 

to enhance the reliability of map matching. Our results demonstrate that the proposed 

FGO-Matching and FGO-Switch methods achieved superior positioning accuracy 

compared to the conventional FGO method in the validated challenging urban 

environments. Moreover, our approach provides a practical solution for urban road 

monitoring applications requiring precise positioning data. We observed an increase of 

approximately 120% in computation time compared to the original algorithm. Despite 
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this increment, the overall efficiency of the algorithm remains within acceptable limits 

for practical applications. However, when the initial guess is bad, FGO-Switch shows 

lower robustness than FGO-Matching because a bad initial guess leads to erroneous 

map-matching. These errors would be integrated into the estimation process and the 

motion model factor will potentially propagate these errors. 

In this chapter, we demonstrated that introducing lane-level map constraints into 

the FGO formulation can effectively regularize smartphone-based GNSS positioning in 

complex urban roads, while the switchable-factor mechanism provides an essential 

safeguard against incorrect lane associations and map inconsistencies. Despite these 

improvements, the current system is still primarily limited by the information content 

of the employed measurements and the simplicity of the motion-related constraints. At 

present, only GPS/BeiDou L1 pseudorange and Doppler are utilized, which restricts 

measurement redundancy and the attainable accuracy under severe multipath/NLOS 

conditions. This naturally motivates the next stage of development: extending the 

observation model to multi-constellation and multi-frequency measurements, and 

further incorporating carrier-phase observations to strengthen geometry and improve 

precision. In parallel, integrating IMU/INS into the same factor-graph framework will 

provide more informative and physically consistent motion constraints, reducing the 

reliance on simplified motion-model factors and enhancing continuity during GNSS 

outages. Finally, to support practical deployment, the proposed road-constrained FGO 

can be reformulated into a real-time sliding-window estimator with marginalization, 

and can be further augmented by cooperative information sources (e.g., V2X or 

collaborative positioning) to increase redundancy and reliability in future iterations.  
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5. ENHANCING GNSS/INS POSITIONING ACCURACY 
AND ROBUSTNESS IN URBAN ENVIRONMENTS  

Building upon the insights from prior research focused on enhancing positioning 

accuracy, this study introduces a novel post-processing algorithm designed to deliver 

high-precision positioning solutions for demanding applications such as high-definition 

mapping. Our system employs a tightly coupled integration of Global Navigation 

Satellite System (GNSS) and IMU data to achieve robust and accurate state estimation.  

A key innovation of our post-processing approach lies in the utilization of real-time 

initial solutions, inspired by the publicly available gici-lib, to guide the subsequent non-

linear optimization process.  This initialization strategy offers significant mathematical 

advantages within the optimization framework by enhancing robustness, and mitigates 

the risk of converging to suboptimal local minima in the non-linear optimization.  

Furthermore, this study investigates the impact of different measurement weighting 

models within our post-processing system. We rigorously tested both traditional 

elevation-based weighting and C/N0-based weighting, leveraging massive GNSS 

observations to meticulously fit optimal weighting parameters specifically tailored for 

the unique urban environment of Hong Kong.  The resulting optimized weighting model 

demonstrably enhances positioning performance in this challenging region. Finally, to 

ensure the credibility and generalizability of our findings, the proposed algorithm has 

been thoroughly validated using publicly accessible real-world datasets, demonstrating 

its practical applicability and robustness. The main contributions of this study are 

summarized as follows: 

(1) This study presents an innovative post-processing system that tightly integrates 

GNSS and IMU measurements, leveraging a real-time initial solution derived from 

Gici-Lib [111] within a batch non-linear optimization framework. This approach boosts 
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the measurements redundancy and harnesses the benefits of improved initialization in 

non-linear optimization, leading to more reliable and accurate state estimation, 

particularly beneficial for high-precision post-processing applications. 

(2) This study provides a comprehensive evaluation of different measurement 

weighting models within a post-processing context, including elevation-based and 

C/N0-based strategies.  We present empirically optimized weighting parameters 

specifically fitted for the urban environment of Hong Kong, derived from extensive 

real-world GNSS data. 

(3)  The system’s efficacy and reliability are rigorously validated using publicly 

available real-world datasets, confirming its practical applicability and performance in 

challenging urban canyon scenarios. 

5.1 Methodology 

5.1.1 System Overview 

In this research, we designed a novel post-processing system designed for more 

accurate urban positioning through the tight integration of Global Navigation Satellite 

System (GNSS) and IMU data. As Figure 5.1 shows, the system processes pre-collected 

GNSS and IMU measurements. For the GNSS subsystem, our approach leverages 

multi-system measurements across dual frequencies, enhancing observation 

redundancy and robustness. To ensure GNSS measurement quality, satellites with 

elevation angles below 15 degrees and C/N0 below 20 dB/Hz are excluded from 

processing. For the IMU pre-integration, we employ a segmented pre-integration 

strategy. Specifically, IMU measurements within segments anchored by GNSS epochs 

are pre-integrated to construct IMU pre-integration factors. The detailed formulation of 

the IMU pre-integration factor within our post-processing framework will be elaborated 

upon in subsequent sections of this study. 
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Fig. 5.1. The detailed methodology of the proposed system. 

 

Fig. 5.2. The overview of the proposed system. 

Figure 5.2 illustrates the factor graph representation of the proposed post-

processing GNSS/INS tightly coupled system, designed for high-accuracy state 

estimation. Nodes in the graph represent various types of variables, including the state 

of the estimator at each epoch, constant ambiguity factors (orange squares), constant 



 

 

95 

clock drift factors (blue squares), and reference station information (yellow circles). 

Edges, or factors, denote different constraints and measurements: IMU pre-integration 

factors (dark cyan squares) connect states across consecutive epochs, modeling relative 

transformation using IMU data. Doppler factors (cyan circles) link to each state node, 

incorporating GNSS Doppler shift measurements; Double-Difference (DD) carrier-

phase and pseudorange factors (orange squares) connect to each state node and 

reference station information nodes, to integrate DD GNSS observations from both the 

rover and reference stations. Initial state prior information is also incorporated at the 

initial state node. The factor graph structure unfolds chronologically in the whole 

sequence, with IMU pre-integration facilitating states propagation. At each epoch, the 

system fuses GNSS and reference station observations, along with optional initial state 

priors, to achieve optimal state estimation through factor graph optimization, such as 

non-linear least squares. Constant ambiguity and clock drift factors enhance the graph's 

constraint strength, improving the precision and reliability of parameter estimation. 

This factor graph clearly visualizes the model structure and information fusion of the 

proposed post-processing system, providing an intuitive framework for understanding 

and implementing this positioning approach. 

The GNSS receiver state set is represented as follows: 

𝛘𝛘 = �𝐱𝐱𝑟𝑟,0, 𝐱𝐱𝑟𝑟,1, … , 𝐱𝐱𝑟𝑟,𝑡𝑡� (5.1) 

𝐱𝐱𝑟𝑟,𝑡𝑡 = �𝐩𝐩𝑟𝑟,𝑡𝑡, 𝐯𝐯𝑟𝑟,𝑡𝑡,𝐪𝐪𝑟𝑟,𝑡𝑡, 𝛅̇𝛅𝑟𝑟,𝑡𝑡,∆∇𝐍𝐍𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗 ,𝐛𝐛𝐛𝐛𝑡𝑡,𝐛𝐛𝐛𝐛𝑡𝑡�

𝑇𝑇
(5.2) 

where the variable 𝛘𝛘 denotes the state set of the GNSS receiver ranging from the 

first epoch to the current 𝑡𝑡. 𝐱𝐱𝑟𝑟,𝑡𝑡 denotes the state of the GNSS receiver at epoch 𝑡𝑡 which 

involves the position (𝐩𝐩𝑟𝑟,𝑡𝑡), velocity (𝐯𝐯𝑟𝑟,𝑡𝑡), orientation (𝐪𝐪𝑟𝑟,𝑡𝑡), clock drift 𝛅̇𝛅𝑟𝑟,𝑡𝑡 and DD 

integer ambiguity (∆∇𝐍𝐍𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗 ). The DD integer ambiguity will be added the constant 

ambiguity factor after detecting the absence of cycle slip by loss of lock indicator (LLI). 
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𝐛𝐛𝐛𝐛𝑡𝑡  and 𝐛𝐛𝐛𝐛𝑡𝑡  are the bias of the accelerometer and the gyroscope. The clock drift 

parameter can also be set as equal between two consecutive states. All the The details 

of the factors will be shown in the following part.  

5.1.2 DD pseudorange and carrier-phase factors 

In our proposed method, the DD pseudorange and DD carrier-phase factors have 

been integrated for a more accurate map-matching system in urban canyons. 

The DD pseudorange measurement is shown as: 

∆𝛻𝛻𝑝𝑝𝑟𝑟,𝑡𝑡
𝑠𝑠 =  (𝜌𝜌𝑟𝑟,𝑡𝑡

𝑠𝑠 −  𝜌𝜌𝑏𝑏,𝑡𝑡
𝑠𝑠 ) − (𝜌𝜌𝑟𝑟,𝑡𝑡

𝑗𝑗 −  𝜌𝜌𝑏𝑏,𝑡𝑡
𝑗𝑗 ) + ∆𝛻𝛻𝛻𝛻𝑟𝑟,𝑡𝑡

𝑠𝑠,𝑗𝑗 (5.3) 

where the pseudorange from the closest reference station is denoted by the 

subscript 𝑏𝑏.  ∆𝛻𝛻𝛻𝛻𝑟𝑟,𝑡𝑡
𝑠𝑠  represents the DD pseudorange errors. The DD carrier-phase 

measurement can be written as: 

∆𝛻𝛻𝜙𝜙𝑟𝑟,𝑡𝑡
𝑠𝑠 =  (𝜙𝜙𝑟𝑟,𝑡𝑡

𝑠𝑠 −  𝜙𝜙𝑏𝑏,𝑡𝑡
𝑠𝑠 ) − (𝜙𝜙𝑟𝑟,𝑡𝑡

𝑗𝑗 −  𝜙𝜙𝑏𝑏,𝑡𝑡
𝑗𝑗 ) (5.4) 

+∆𝛻𝛻𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗 + ∆𝛻𝛻ω𝑟𝑟,𝑡𝑡

𝑠𝑠,𝑗𝑗 

where 𝜙𝜙  denotes the carrier-phase measurements, and the sub-scripter 𝑟𝑟  and 𝑏𝑏 

denote the measurement from the receiver or the reference station. ∆𝛻𝛻𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗 represents 

the double difference ambiguity of this satellites pair in the same constellation. 

Based on the above models, the cost function of DD pseudorange factors can be 

written as : 

�𝑒𝑒𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷𝐷𝐷�

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2

= �∆𝛻𝛻𝑝𝑝𝑟𝑟,𝑡𝑡
𝑠𝑠 − ℎ𝑟𝑟,𝑡𝑡

𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑏𝑏,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠,𝐩𝐩𝑡𝑡
𝑗𝑗��

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷

2
(5.5) 

with ℎ𝑟𝑟,𝑡𝑡
𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑏𝑏,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠,𝐩𝐩𝑡𝑡

𝑗𝑗� = �(�𝐩𝐩𝑡𝑡
𝑗𝑗 − 𝐩𝐩𝑏𝑏,𝑡𝑡� − �𝐩𝐩𝑡𝑡

𝑗𝑗 − 𝐩𝐩𝑟𝑟,𝑡𝑡�) − (�𝐩𝐩𝑡𝑡𝑠𝑠 − 𝐩𝐩𝑏𝑏,𝑡𝑡� −

�𝐩𝐩𝑡𝑡𝑠𝑠 − 𝐩𝐩𝑟𝑟,𝑡𝑡�)� + 𝜔𝜔𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷, 
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where 𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑏𝑏,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠,𝐩𝐩𝑡𝑡
𝑗𝑗  represent receiver position, reference station position, 

satellite s position and satellite j position, respectively. 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷 is the covariance calculated 

using satellite elevation angle. For each satellite and the receiver, it would have four 

covariance matrices, 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑠𝑠,𝐷𝐷𝐷𝐷, 𝚺𝚺𝑏𝑏,𝑡𝑡

𝑠𝑠,𝐷𝐷𝐷𝐷, 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑗𝑗,𝐷𝐷𝐷𝐷, 𝚺𝚺𝑏𝑏,𝑡𝑡

𝑗𝑗,𝐷𝐷𝐷𝐷. For the double difference pseudorange 

factor, the 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷 can be written as: 

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷 = �𝚺𝚺𝑟𝑟,𝑡𝑡

𝑠𝑠,𝐷𝐷𝐷𝐷 + 𝚺𝚺𝑏𝑏,𝑡𝑡
𝑠𝑠,𝐷𝐷𝐷𝐷 + 𝚺𝚺𝑟𝑟,𝑡𝑡

𝑗𝑗,𝐷𝐷𝐷𝐷 + 𝚺𝚺𝑏𝑏,𝑡𝑡
𝑗𝑗,𝐷𝐷𝐷𝐷� × 𝛼𝛼 (5.6) 

where 𝛼𝛼 is the weighting ratio of code and phase which is set as 10000. 

The cost function of the DD carrier-phase factor is similar to the DD pseudorange 

except for the ambiguity term which can be written as: 

�𝑒𝑒𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷𝐷𝐷𝐷𝐷�

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
= �∆𝛻𝛻𝜙𝜙𝑟𝑟,𝑡𝑡

𝑠𝑠 − ℎ𝑟𝑟,𝑡𝑡
𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑏𝑏,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠,𝐩𝐩𝑡𝑡

𝑗𝑗��
𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷𝐷𝐷
2

(5.7) 

with ℎ𝑟𝑟,𝑡𝑡
𝑠𝑠 �𝐩𝐩𝑟𝑟,𝑡𝑡,𝐩𝐩𝑏𝑏,𝑡𝑡,𝐩𝐩𝑡𝑡𝑠𝑠,𝐩𝐩𝑡𝑡

𝑗𝑗� = 

���𝐩𝐩𝑡𝑡
𝑗𝑗 − 𝐩𝐩𝑏𝑏,𝑡𝑡� − �𝐩𝐩𝑡𝑡

𝑗𝑗 − 𝐩𝐩𝑟𝑟,𝑡𝑡�� − ��𝐩𝐩𝑡𝑡𝑠𝑠 − 𝐩𝐩𝑏𝑏,𝑡𝑡� − �𝐩𝐩𝑡𝑡𝑠𝑠 − 𝐩𝐩𝑟𝑟,𝑡𝑡��� 

+∆𝛻𝛻𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗 + 𝜔𝜔𝑟𝑟,𝑡𝑡

𝐷𝐷𝐷𝐷 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷𝐷𝐷 is the covariance matrix for the satellite pair which is similar to the 

DD pseudorange covariance except the ratio 𝛼𝛼. 

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷𝐷𝐷𝐷𝐷 = �𝚺𝚺𝑟𝑟,𝑡𝑡

𝑠𝑠,𝐷𝐷𝐷𝐷 + 𝚺𝚺𝑏𝑏,𝑡𝑡
𝑠𝑠,𝐷𝐷𝐷𝐷 + 𝚺𝚺𝑟𝑟,𝑡𝑡

𝑗𝑗,𝐷𝐷𝐷𝐷 + 𝚺𝚺𝑏𝑏,𝑡𝑡
𝑗𝑗,𝐷𝐷𝐷𝐷� (5.8) 

The ∆𝛻𝛻𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗  can be decomposed into single difference ambiguity of the same 

satellite: 

∆𝛻𝛻𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠,𝑗𝑗 = �∆𝑁𝑁𝑟𝑟,𝑡𝑡

𝑠𝑠 − ∆𝑁𝑁𝑟𝑟,𝑡𝑡
𝑗𝑗 � (5.9) 

Where ∆𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠  represents the single difference (SD) ambiguity of satellite 𝑠𝑠, where 

∆𝑁𝑁𝑟𝑟,𝑡𝑡
𝑗𝑗  is the SD ambiguity of satellite 𝑗𝑗. If the LLI from the raw RINEX does not 

indicate the satellite’s carrier-phase exists cycle slip, the constant ambiguity factor will 

be constructed as: 
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�𝑒𝑒𝑟𝑟,𝑘𝑘
𝑁𝑁 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2

= �∆𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠 − ∆𝑁𝑁𝑟𝑟,𝑡𝑡−1

𝑠𝑠 �
𝚺𝚺𝑟𝑟,𝑡𝑡
𝑁𝑁
2 (5.10) 

where 𝚺𝚺𝑟𝑟,𝑡𝑡
𝑁𝑁  is the random walk for SD ambiguity in two consecutive epochs which 

is set as 0.0001. 

Similar to the SD ambiguity, the constant clock drift factor could be written as: 

�𝑒𝑒𝑟𝑟,𝑘𝑘
𝛅̇𝛅 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
= �𝛅̇𝛅𝑟𝑟,𝑡𝑡 − 𝛅̇𝛅𝑟𝑟,𝑡𝑡−1�𝚺𝚺𝑟𝑟,𝑡𝑡

𝛅̇𝛅
2 (5.11) 

The clock drift parameter contains four constellations’ clock drift, and 𝚺𝚺𝑟𝑟,𝑡𝑡
𝛅̇𝛅  is set 

as a random walk, which is 0.0001. 

5.1.3 IMU pre-integration 

This section details the mathematical formulation of the IMU pre-integration 

factor.  Inertial Measurement Units are instruments designed to sense the angular 

velocity and linear acceleration of their own body frame. This measurement is achieved 

through the integration of accelerometers and gyroscopes, which are fundamental 

components of IMUs. The raw measurements include acceleration 𝐚𝐚�𝐵𝐵 and angular 

velocity 𝛚𝛚�𝐵𝐵 in body frame B. 𝐛𝐛𝐠𝐠 represents the bias of 𝛚𝛚�𝐵𝐵 , 𝐧𝐧𝜔𝜔 denotes the additive 

noise of the acceleration of 𝛚𝛚�𝐵𝐵. 𝐛𝐛𝐚𝐚 represents the bias of 𝐚𝐚�𝐵𝐵, 𝐧𝐧𝑎𝑎 denotes the additive 

noise of the acceleration of 𝐚𝐚�𝐵𝐵. Taking into account the measurement noise 𝐧𝐧 and bias 

𝐛𝐛, the measurement of IMU is defined as follows: 

𝝎𝝎�𝐵𝐵 = 𝝎𝝎𝐵𝐵 + 𝐛𝐛𝐛𝐛 + 𝐧𝐧𝜔𝜔 (5.12)  

𝐚𝐚�𝐵𝐵 = 𝐑𝐑𝐵𝐵𝐵𝐵(𝐚𝐚𝑊𝑊 − g𝑊𝑊) + 𝐛𝐛𝐛𝐛 + 𝐧𝐧𝑎𝑎 (5.13)  

𝐑𝐑𝐵𝐵𝐵𝐵 is the rotation matrix from the world frame to the body frame. In GNSS/INS 

system, the world frame usually denotes East, North, Up (ENU) frame. g𝑊𝑊  is the 

constant gravity vector in the world frame. 𝐚𝐚𝑊𝑊represents the noise-free acceleration of 

the system in the world frame. 



 

 

99 

Due to the inherent difference in measurement frequencies, GNSS updates occur 

less frequently compared to IMU measurements.  During the interval between two 

consecutive GNSS measurement epochs, a considerable number of IMU readings are 

available. IMU pre-integration is employed to efficiently process this high-rate IMU 

data.  It summarizes the motion information from a series of IMU measurements into a 

single, integrated relative motion constraint, thereby mitigating computational 

redundancy and lessening the processing load. The 𝑡𝑡 and 𝑡𝑡 + 1 are assumed to be two 

consecutive time instants between 𝐵𝐵𝑘𝑘  and 𝐵𝐵𝑘𝑘+1 . The angular velocity 𝛚𝛚  and the 

acceleration a between 𝑡𝑡 and 𝑡𝑡 + 𝛥𝛥𝛥𝛥 can be expressed as: 

𝛚𝛚 =
1
2
�(𝝎𝝎�𝐵𝐵𝑡𝑡 − 𝐛𝐛𝐛𝐛𝑘𝑘) + (𝝎𝝎�𝐵𝐵𝑡𝑡+1 − 𝐛𝐛𝐛𝐛𝑘𝑘)� (5.14) 

𝐚𝐚 =
1
2
�𝐪𝐪𝐵𝐵𝑡𝑡

𝐵𝐵𝑘𝑘(𝐚𝐚�𝐵𝐵𝑡𝑡 − 𝐛𝐛𝐛𝐛𝑘𝑘) + 𝐪𝐪𝐵𝐵𝑡𝑡+1
𝐵𝐵𝑘𝑘 (𝐚𝐚�𝐵𝐵𝑡𝑡+1 − 𝐛𝐛𝐛𝐛𝑘𝑘)� (5.15) 

the pre-integrated translation 𝛂𝛂𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 , the velocity 𝛃𝛃𝐵𝐵𝑘𝑘+1

𝐵𝐵𝑘𝑘 , the rotation 𝐪𝐪𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 and 

between 𝐵𝐵𝑘𝑘 and 𝐵𝐵𝑘𝑘+1 can be expressed by the following equations [157, 158]: 

𝛂𝛂𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 = 𝛂𝛂𝐵𝐵𝑡𝑡

𝐵𝐵𝑘𝑘 + 𝛃𝛃𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 𝛥𝛥𝛥𝛥 +

1
2
𝐚𝐚𝛥𝛥𝛥𝛥2 (5.16) 

𝛃𝛃𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 = 𝐚𝐚𝐵𝐵𝑡𝑡

𝐵𝐵𝑘𝑘 + 𝐚𝐚𝛥𝛥𝛥𝛥 (5.17) 

𝐪𝐪𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 = 𝐪𝐪𝐵𝐵𝑡𝑡

𝐵𝐵𝑘𝑘⨂ �
0

1
2
𝛚𝛚𝛥𝛥𝛥𝛥� (5.18) 

Therefore, the observation measurements 𝐳𝐳𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘  generated by pre-integration can 

be denoted as: 

𝐳𝐳𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 (𝐼𝐼𝐼𝐼𝐼𝐼)

= �𝛂𝛂𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 ,𝛃𝛃𝐵𝐵𝑘𝑘+1

𝐵𝐵𝑘𝑘 ,𝐪𝐪𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 ,𝐛𝐛𝐛𝐛𝑘𝑘+1,𝐛𝐛𝐛𝐛𝑘𝑘+1� (5.19) 

the residual for IMU pre-integration between two IMU states can be defined as: 
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𝐞𝐞𝑟𝑟,𝑡𝑡
I �𝐳𝐳𝐵𝐵𝑘𝑘+1

𝐵𝐵𝑘𝑘 (𝐼𝐼𝐼𝐼𝐼𝐼)
, χ� =

⎣
⎢
⎢
⎢
⎡
𝐫𝐫𝑝𝑝
𝐫𝐫𝑣𝑣
𝐫𝐫𝑞𝑞
𝐫𝐫𝑏𝑏𝑏𝑏
𝐫𝐫𝑏𝑏𝑏𝑏⎦

⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝐪𝐪𝐵𝐵𝑘𝑘
𝑊𝑊 −1 �

𝐩𝐩𝐵𝐵𝑘𝑘+1
𝑊𝑊 − 𝐩𝐩𝐵𝐵𝑘𝑘

𝑊𝑊 − 𝐯𝐯𝐵𝐵𝑘𝑘
𝑊𝑊𝛥𝛥𝛥𝛥

−
1
2
𝐠𝐠𝑊𝑊𝛥𝛥𝛥𝛥2

� − 𝛂𝛂𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘

𝐪𝐪𝐵𝐵𝑘𝑘
𝑊𝑊 −1�𝐯𝐯𝐵𝐵𝑘𝑘+1

𝑊𝑊 − 𝐯𝐯𝐵𝐵𝑘𝑘
𝑊𝑊 − 𝐠𝐠𝑊𝑊𝛥𝛥𝛥𝛥� − 𝛃𝛃𝐵𝐵𝑘𝑘+1

𝐵𝐵𝑘𝑘

2 �𝐪𝐪𝐵𝐵𝑘𝑘+1
𝐵𝐵𝑘𝑘 −1

⨂�q𝐵𝐵𝑘𝑘
𝑊𝑊 −1⨂𝐪𝐪𝐵𝐵𝑘𝑘+1

𝑊𝑊 ��
𝑥𝑥𝑥𝑥𝑥𝑥

𝐛𝐛𝐛𝐛𝑘𝑘+1 − 𝐛𝐛𝐛𝐛𝑘𝑘
𝐛𝐛𝐛𝐛𝑘𝑘+1 − 𝐛𝐛𝐛𝐛𝑘𝑘 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(5.20) 

where [·]𝑥𝑥𝑥𝑥𝑥𝑥 is used for extracting the imaginary part of a quaternion. Where the 

⨂ denotes multiplication between two different quaternions. The covariance of the 

IMU pre-integration factor 𝚺𝚺𝑟𝑟,𝑡𝑡
𝐼𝐼  can be derived from Gici-Lib [111] 

Non-linear optimization for factors 

χ∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
χ

∑(�𝑒𝑒𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷𝐷𝐷�

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2

+ �𝑒𝑒𝑟𝑟,𝑘𝑘
𝑠𝑠,𝐷𝐷𝐷𝐷𝐷𝐷�

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
+ �𝑒𝑒𝑟𝑟,𝑘𝑘

𝑠𝑠,𝐷𝐷�
𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2

 

+�𝐞𝐞𝑟𝑟,𝑡𝑡
I �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐼𝐼
2

+ �𝑒𝑒𝑟𝑟,𝑘𝑘
𝛅̇𝛅 �

𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷

2
+ �𝑒𝑒𝑟𝑟,𝑘𝑘

𝑁𝑁 �
𝚺𝚺𝑟𝑟,𝑡𝑡
𝐷𝐷
2

) (5.21) 

The variable χ∗ denotes the optimal estimation of the system state sets. The Ceres 

Solver [159] is employed as a non-linear optimization solver to solve the above 

objective function.  

5.2 Experiments Setup 

To validate the effectiveness of our proposed methodology, we conducted 

experiments using two real-world datasets. The first dataset was obtained from the 

"medium urban" portion of the publicly available UrbanNav [103] dataset. UrbanNav 

is an open-sourced multisensory dataset designed for benchmarking positioning 

algorithms in challenging urban environments (e.g., urban canyons) in Hong Kong. It 

provides synchronized measurements from multi-frequency GNSS receivers (including 

raw GNSS RINEX data), IMU, and additional sensors such as LiDAR and cameras, 

together with high-accuracy reference trajectories for evaluation (e.g., from a SPAN-

CPT system). The dataset contains scenarios with different levels of difficulty, and the 
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“medium urban” subset used in this study reflects representative real-world urban 

traffic conditions with frequent environmental dynamics (e.g., moving vehicles, buses, 

and pedestrians), thereby implicitly incorporating the effects of dynamic obstacles into 

the evaluation. This segment represents a challenging urban environment where GNSS 

signals are prone to multipath effects and NLOS reception.  The second dataset was 

derived from the open-source Pyrtklib dataset [160], which corresponds to a slight 

urban environment. This environment is characterized by lower building heights and a 

reduced prevalence of NLOS and multipath phenomena. The GNSS receiver is u-blox 

F9P with the patch antenna. This study utilized all the GNSS system 

GPS/BeiDou/GLONASS/GALILEO measurements at a frequency of 1 Hz. The ground 

truth (GT) is provided by the NovAtel SPAN-CPT. The FOG's gyro bias in-run stability 

is 1 degree per hour, with a random walk of 0.067 degrees per hour. Before the 

experiments, the coordinate systems between all sensors were calibrated. 

5.2.1 C/N0 with the time of all the used satellites 

Figure 5.3 illustrates the C/N0 value changes over time in medium urban dataset. 

In medium urban, the signal reflection and blockage occur frequently, which will be 

reflected in the satellite's C/N0, so observing the change in C/N0 over time can reflect 

the quality of the satellite signal at a given time. The GNSS C/N0 all fluctuate around 

30-35 dB/Hz. However, many times the visibility of the satellites drops drastically due 

to building occlusion, reliable localization in such scenarios is very challenging. 

Figure 5.4 illustrates the C/N0 value changes over time in the slight urban dataset. 

In general, the C/N0 values for most satellites appear to be within 30-40 dB/Hz for 

robust GNSS positioning, although variations and potential signal strength differences 

between individual satellites and across different satellite constellations are evident. In 
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short, these two figures demonstrate that satellite signals in slight urban areas are 

healthier than the signals in medium urban. 

 
Fig. 5.3. C/N0 over time for all the GNSS constellations in medium urban. 
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Fig. 5.4. C/N0 over time for all the GNSS constellations in slight urban. 

5.2.2 Evaluation Methods  

The objective of this part was to validate the effectiveness of the proposed method 

in improving positioning performance. The accuracy is evaluated in the ENU frame by 

selecting the first point in the ground truth as the reference position. Both of these 

estimators are post-processing systems. The metrics include Root Mean Square Error 

(RMSE), Mean Error(Mean), and Standard Deviation (STD).  
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(1) Gici-Lib [111]: Open-source SOTA Real-time FGO-based RTK/INS 

positioning solution. In this study, we set the sliding-window as 8 for real-time 

estimation. 

(2)Post-processing RTK/INS FGO system (PP-RTK/INS): The first proposed 

method. Post-processing FGO-based RTK/INS positioning solution. Compared to the 

Gici-Lib, the sliding window approach inherent in has been substituted with an infinite 

sliding window configuration operating in a post-processing regime. Moreover, the 

marginalization part has been omitted from the processing pipeline.  With these 

specified modifications, the remaining part adhere to the established conventions of the 

original Gici-Lib framework. Furthermore, we leverages the Gici-Lib solution to 

generate an improved initial solution for the system.  

(3) Post-processing RTK/INS with C/N0-based weighting method (PP-RTK/INS-

W): The second proposed method. Post-processing FGO-based RTK/INS positioning 

solution. In addition to expanding the sliding window to infinity and integrating the 

SOTA solution as an initial guess, we also introduce a novel weighting model [131] 

specifically optimized for urban scenarios. This model, derived through fitting against 

measurements from both static and dynamic u-blox F9P receivers and validated against 

ground truth data collected in urban settings, is engineered to more effectively mitigate 

positioning errors arising from multipath effects and NLOS signal reception. 

In both of these datasets, the Gici-Lib get 0% fix rate, so in this study we only 

consider the float solutions for comparison. 
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5.3 RESULTS 

 
Fig. 5.5. Proposed method trajectory with the GT. 

Figure 5.5 compares the estimated trajectories in the East-North-Up (ENU) frame, 

encompassing the Ground Truth (GT) trajectory, the trajectory estimated by the Gici-

Lib method, the trajectory of PP-RTK/INS, and the trajectory derived from the PP-

RTK/INS-W. As depicted in Figure 5-(a), the GT trajectory is represented by a black 

line, serving as the benchmark for comparison. The trajectory estimated by the Gici-

Lib method is shown in red, the PP-RTK/INS trajectory in green, and the PP-RTK/INS-

W 's trajectory in blue. Observation of Figure 5-(a) reveals that the Gici-Lib trajectory 

exhibits noticeable deviations from the GT trajectory across the entire test route, and in 

several instances, diverges significantly from the actual road path. In contrast, the PP-

RTK/INS-W demonstrates a considerably closer alignment with the GT trajectory, 

indicating enhanced accuracy in trajectory estimation. The PP-RTK/INS trajectory 

appears to offer some improvement over the original Gici-Lib but still exhibits more 

deviation compared to the PP-RTK/INS-W, particularly in areas with sharp turns and 

complex road geometries. Figures 5-(b) and 5-(c) provide zoomed-in views of specific 

sections, further highlighting the performance differences. These magnified views 
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underscore the superior trajectory estimation accuracy achieved by the PP-RTK/INS-

W, especially in challenging driving scenarios, while also illustrating the limitations of 

the Gici-Lib method and the incremental improvements offered by PP-RTK/INS. The 

observed deviations in the Gici-Lib trajectory, especially its tendency to stray from the 

road, likely stem from its potentially limited capability in handling NLOS reception and 

multi-path. Conversely, the PP-RTK/INS-W, through its refined approach, appears to 

mitigate these limitations with the C/N0-based weighting method, resulting in a more 

robust and accurate trajectory estimation performance 

 
Fig. 5.6. 2D Errors of evaluated methods 

Building upon the trajectory analysis presented in Figure 5.5, Figure 5.6 provides 

a quantitative evaluation of the estimator performance by illustrating the Combined 2D 

Errors over time for the Gici-Lib method, PP-RTK/INS, and PP-RTK/INS-W. 

Specifically, Figure 5.6 displays a time-series plot of the 2D positioning errors in meters 

(Y-axis) against time (X-axis), allowing for a direct comparison of the error 

characteristics of each method across the duration of the experiment. Examination of 
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Figure 5.6 reveals that the PP-RTK/INS-W consistently exhibits the lowest 2D errors 

throughout the majority of the time series, demonstrating superior accuracy compared 

to both the Gici-Lib and PP-RTK/INS methods. In contrast, the Gici-Lib method 

displays significantly larger error magnitudes, frequently exceeding 10 meters and 

peaking above 30 meters in certain time intervals. The PP-RTK/INS method offers a 

noticeable reduction in errors compared to the original Gici-Lib, but its error levels 

generally remain higher than those of the PP-RTK/INS-W, particularly during periods 

of rapid error fluctuations. Notably, within specific time segments, such as around the 

time point of 4.559 and 4.565 on the x-axis, the PP-RTK/INS-W demonstrates 

significantly reduced error peaks compared to both Gici-Lib and PP-RTK/INS. This 

observation further substantiates the enhanced robustness of the PP-RTK/INS-W in 

mitigating error spikes and maintaining a more stable and accurate positioning 

performance even under dynamically challenging conditions. These error 

characteristics, depicted in Figure 6, corroborate the trajectory visualizations presented 

in Figure 5, where the PP-RTK/INS-W's trajectory demonstrated a closer adherence to 

the Ground Truth trajectory and remained consistently within the road boundaries, 

while the Gici-Lib method exhibited larger deviations and instances of drifting off-road. 

The quantitative error analysis in Figure 6 thus provides compelling evidence for the 

superior performance of the PP-RTK/INS-W in terms of both trajectory accuracy and 

error magnitude reduction.  The merits of the PP-RTK/INS-W are threefold.  First, we 

maximized the window range, leading to significantly enhanced measurement 

redundancy. This heightened redundancy provides richer data support for trajectory 

estimation, effectively smoothing the estimated trajectory and mitigating the impact of 

noise and uncertainties. Second, we employed the Gici-Lib solution as the initial value 

for nonlinear optimization.  This strategy is of paramount importance in nonlinear 
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optimization, primarily because a well-chosen initial value accelerates the convergence 

of optimization algorithms and effectively aids in avoiding local minima. Particularly 

in complex nonlinear problems like GNSS positioning, a good initial value guides the 

optimization process to converge more rapidly and robustly towards the global 

optimum, thereby improving the accuracy and efficiency of the solution.  Third, our 

tests on the urbannav dataset revealed that in scenarios resembling medium urban areas, 

relying solely on satellite elevation angles to differentiate Non-Line-of-Sight (NLOS) 

and multipath effects is limited in effectiveness. Without integrating accurate 3D city 

models to precisely identify NLOS satellites, elevation angle models alone may fail to 

effectively suppress outliers.  However, our test results in medium urban areas 

demonstrably show that our integrated C/N0-based weighting method is highly 

effective in mitigating outlier interference in such scenarios, leading to significant 

improvements in positioning performance. 

TABLE 5.1.  COMPARISON OF EVALUATED METHODS 

All Methods 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

Gici-Lib 8.25 5.39 6.25 

PP-RTK/INS 6.63 3.55 5.60 

PP-RTK/INS-W 4.62 2.28 4.02 

 

Table 5.1 summarizes the performance comparison across three positioning 

methods: Gici-Lib, PP-RTK/INS, and the PP-RTK/INS-W. The table presents RMSE, 

MEAN, and STD for each method, all measured in meters. Gici-Lib has an RMSE of 

8.25 meters, which is higher than PP-RTK/INS's 6.63 meters, and significantly higher 

than the PP-RTK/INS-W's 4.62 meters. In terms of STD, Gici-Lib has a higher 

variability at 6.25 meters compared to PP-RTK/INS (5.60 meters) and the PP-

RTK/INS-W (4.02 meters), which demonstrates superior consistency. Collectively, 
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these metrics indicate that the PP-RTK/INS-W offers the best performance in terms of 

accuracy and consistency among the three methods. 

Figure 5.7 illustrates a comparative performance analysis of estimated trajectories 

in a benign urban scenario. This analysis encompasses the GT trajectory, the raw Gici-

Lib solution, the post-processed Gici-Lib solution, and the PP-RTK/INS-W. The GT 

trajectory, serving as the benchmark, is depicted in black. Trajectories derived from the 

raw Gici-Lib method, the post-processed Gici-Lib, and the PP-RTK/INS-W are 

represented in red, green, and blue, respectively. 

 

Fig. 5.7. Proposed method trajectory with the GT. 

Upon examining Figure 5.7-(a), it is evident that all three methods demonstrate a 

reasonable proximity to the ground truth in a slight urban environment. Nevertheless, 
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discernible performance variations exist. The Gici-Lib method exhibits commendable 

accuracy along straight segments but experiences noticeable deviations in curves and 

at intersections. PP-RTK/INS and PP-RTK/INS-W significantly mitigates these 

discrepancies through optimization, subtle divergences persist. Figure 5.7-(b) presents 

a magnified view of a specific road segment, enabling a more granular assessment of 

performance nuances. The PP-RTK/INS-W maintains a tight alignment with the GT 

trajectory in localized areas, especially during stationary periods, demonstrating 

superior stability and consistency. Conversely, Gici-Lib method exhibits slightly more 

pronounced deviations in these regions, suggesting potential areas for refinement in 

handling intricate environments. 

Figure 5.8 illustrates a comparison of 2D positioning errors for three methods in a 

mild urban environment. As depicted, in the initial phase of the time series, the post-

processed Gici-Lib method (green line) exhibits a performance in error level that is 

close to, or even slightly better than, the PP-RTK/INS-W (blue line) at certain instances. 

However, as time progresses, particularly in the later phase of the figure, the PP-

RTK/INS-W begins to demonstrate a distinct advantage, consistently maintaining the 

lowest and most stable error levels. It is noteworthy that at the end of the figure, the 

raw Gici-Lib method (red line) shows a significant error spike, while the post-processed 

Gici-Lib method, alttuhough improved, still experiences an increase in error. In contrast, 

the PP-RTK/INS-W effectively suppresses this error surge, demonstrating superior 

robustness. Therefore, considering the overall performance across the entire time series, 

the PP-RTK/INS-W exhibits more superior positioning performance in a mild urban 

environment, especially when facing potential error disturbances. 
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Fig. 5.8. 2D erros of three evaluated methods. 

TABLE 5.2.  COMPARISON OF EVALUATED METHODS 

All Methods 
RMSE 

(m) 

MEAN 

(m) 

STD 

(m) 

Gici-Lib 0.70  0.55  0.44  

PP-RTK/INS 0.24  0.23  0.08  

PP-RTK/INS-W 0.26  0.22  0.14  

 
Table 5.2 presents a comparative analysis of three methods. For Gici-Lib, The 

RMSE of 0.70 m indicates a significant deviation between predicted and actual values, 

while the MEAN of 0.55 m suggests an overall systematic bias in its predictions. A 

standard deviation (STD) of 0.44 m highlights high variability in its errors. PP-

RTK/INS shows substantial improvements across all metrics. With an RMSE of 0.24 

m, it demonstrates much better accuracy compared to the baseline method. The MEAN 

error of 0.23 m suggests minimal systematic bias, and a very low STD of 0.08 m 

indicates highly consistent performance. Our PP-RTK/INS-W achieves an RMSE of 

0.26 m, which is slightly higher than PP-RTK/INS but still competitive. The MEAN 

error of 0.22 m is the smallest among all methods, indicating that this method has the 

least systematic bias in its predictions. However, its STD of 0.14 m is higher than PP-

RTK/INS, suggesting slightly more variability in its errors. In summary, while the PP-
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RTK/INS-W does not achieve the lowest RMSE or STD values, it exhibits superior 

performance in terms of minimizing systematic bias (as evidenced by the smallest 

MEAN error). This makes it particularly valuable for applications where reducing 

overall trajectory prediction bias is critical. The PP-RTK/INS method, with its balanced 

combination of low RMSE and STD, represents a strong alternative, though it sacrifices 

slightly more bias than the PP-RTK/INS-W. 

5.4 Discussion 

5.4.1 Similar Results in Slight Urban Area 

The similar performance observed between the PP-RTK/INS-W and PP-RTK/INS 

in slight urban environments can be attributed to several factors.  Both methods share 

the fundamental goal of enhancing trajectory estimation by strategically leveraging 

satellite signal quality metrics, albeit through different approaches – the PP-RTK/INS-

W utilizing C/N0 and PP-RTK/INS employing satellite elevation angles.  Specifically, 

in slight urban settings where obstacles can induce partial signal degradation through 

blockage or reflection, both techniques effectively mitigate these issues; the PP-

RTK/INS-W prioritizes stronger, less noisy signals using C/N0, while PP-RTK/INS 

strategically avoids lower quality signals from low-elevation satellites more susceptible 

to interference. Furthermore, the relatively stable availability of satellites and signal 

conditions in light urban areas contributes to this balanced performance, allowing both 

methods to operate effectively.  Adding to this, the complementary strengths of C/N0-

based signal quality assessment and satellite elevation angle-based geometric 

configuration often align in their effectiveness within these environments, resulting in 

comparable outcomes.  Ultimately, extensive parameter tuning and optimization 

applied to both methods likely further contribute to their performance parity in 

controlled, moderately challenging light urban scenarios.  In essence, despite their 
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differing underlying models, both the PP-RTK/INS-W and PP-RTK/INS demonstrate 

effectiveness in improving trajectory estimation within light urban environments by 

focusing on signal quality and adapting to these moderate environmental challenges. 

5.4.2 Potential Fault Detection and Exclusion 

 

Fig. 5.9. GPS Double Difference pseudorange residuals over time (GNSS seconds). 

Figure 9 illustrates the double difference pseudorange residuals over time for each 

satellite pair (GPS system), obtained in a specific GNSS measurement scenario. The x-

axis represents the epoch time in seconds, while the y-axis shows the residual 

magnitude in meters. Each data point, distinguished by color, corresponds to a double 

difference pseudorange residual from a unique satellite pair at a given epoch.  As 

depicted, the majority of residuals cluster around zero, indicating effective error 

mitigation by double differencing. However, the plot also reveals the presence of 

notable outliers, particularly in the positive direction, reaching magnitudes up to 25 

meters. These outliers, scattered across the time series, suggest the existence of 

unmodeled errors or measurement anomalies. The visual pattern of residuals in this 

figure highlights the potential benefits of employing Fault Detection and Exclusion 

(FDE) methods to enhance the GNSS solution. Techniques such as threshold-based 

outlier removal, Receiver Autonomous Integrity Monitoring (RAIM), or robust 
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estimation could effectively identify and mitigate these large residuals, leading to 

improved positioning accuracy and robustness by excluding or down-weighting these 

faulty measurements. This figure underscores the necessity for and potential 

effectiveness of FDE strategies in addressing residual errors beyond those mitigated by 

standard double differencing techniques. 

5.4.3 Learning-Based GNSS Epoch Health Assessment for Robust Batch 
FGO 

 

Fig. 5.10. Overview of the proposed model for state classification 

This study aims to develop a high-precision post-processing GNSS/INS 

positioning system tailored for urban-canyon environments. In the proposed framework, 

multi-constellation dual-frequency GNSS measurements are tightly coupled with a 

low-cost IMU through batch factor graph optimization (FGO), and measurement 

robustness is further improved via optimized weighting schemes based on C/N0 and 

satellite elevation. Nevertheless, in dense urban areas, double-difference pseudorange 
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residuals may still exhibit severe outliers with magnitudes of tens of meters, indicating 

that traditional threshold-based screening alone is insufficient to fully suppress 

abnormal observations. 

 

Fig. 5.11. Flow chart of the proposed classifier 

To address this issue without fundamentally changing the original optimization 

backbone, we introduce a deep-learning-based “epoch health” classifier as a second-

layer Fault Detection and Exclusion (FDE) module (see Figure 5.11). Specifically, after 

the first-layer batch FGO, per-epoch features are extracted, including double-difference 

pseudorange residuals, double-difference carrier-phase residuals, and PDOP. These 

features are fed into a Transformer with MLP network that outputs a Healthy State 

Indicator (HSI); the network architecture is illustrated in Figure 5.10. When HSI 

remains below a preset threshold for consecutive epochs (e.g., HSI < 0.8 for 5 

consecutive epochs), the corresponding GNSS epoch is labeled as unreliable. In the 

second-layer batch FGO, GNSS factors associated with the detected unreliable 

epochs—pseudorange, carrier-phase, and Doppler—are down-weighted or excluded. In 

addition, signals with low carrier-to-noise density ratio (e.g., C/N0 < 35 dB-Hz) are 

also de-weighted to reduce the impact of poor-quality measurements, thereby 

preventing abnormal observations from dominating the global solution. 
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Fig. 5.12. Error of the proposed algorithm with time in UrbanNav Deep dataset 

Compared with conventional single-indicator weighting strategies, the proposed 

AI-based epoch classifier leverages post-optimization residual patterns as learning 

signals, enabling epoch-level identification of time periods that are heavily affected by 

blockage and multipath. Figure 5.12 shows that on the UrbanNav Deep test set, the 

proposed two-layer batch FGO reduces the mean horizontal positioning error from 2.21 

m to 0.91 m and decreases CEP95 from 15.16 m to 2.04 m (see Table 5.3).  

TABLE 5.3.  COMPARISON OF EVALUATED METHODS 

Methods MEAN(m) CEP 68 (m) CEP 95 (m) 

Real-time Gici-Lib  5.39 4.81 21.6 

Batch Gici-Lib 2.21 1.15 15.16 

2nd Layer Batch Gici-Lib  0.91 0.96 2.04 

 

In suburban scenarios, the performance difference between the two-layer approach 

and the conventional batch FGO is marginal, suggesting that the proposed module is 

most beneficial in harsh urban conditions with frequent abnormal observations. It 

should be noted that false alarms (misclassifying healthy epochs as unhealthy) may 

weaken constraints and degrade observability, whereas missed detections may allow 

faulty measurements to persist; moreover, the HSI threshold and consecutive-epoch 

rule may require re-calibration under different sampling rates and environments; finally, 
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since the training labels are derived from a specific reference solution, cross-region 

generalization may require additional data or self-/semi-supervised learning strategies. 

 

5.5 Conclusions And Future Work 

This study presents a novel post-processing RTK/INS system for improving the 

accuracy of urban positioning. Our proposed methods employs the factor graph 

framework with a non-linear optimization process for robust state estimation in the 

urban canyon. We observed about 50% improvement in medium urban dataset after we 

maximize the measurements redundancy and integrating the C/N0-based weighting 

model for better urban positioning. In the slight urban dataset, we can observe that the 

mean error has decreased about 70% compared to the Gici-Lib. 

This chapter further strengthens the proposed FGO-based positioning framework 

by exploiting the carrier-phase information and demonstrating its potential for high-

precision localization under urban conditions. While the results confirm the benefit of 

phase-related constraints, residual analysis—particularly on double-difference terms—

also indicates that occasional outliers still persist, which may limit robustness in harsh 

multipath/NLOS scenarios. A natural next step is therefore to incorporate dedicated 

Fault Detection and Exclusion (FDE) mechanisms to systematically identify and 

mitigate such abnormal measurements within the factor-graph optimization. In addition, 

pursuing integer ambiguity resolution will be a key pathway toward centimeter-level 

precision and faster convergence, building directly upon the formulation and 

experimental insights established in this chapter. With these findings and remaining 

challenges clarified, the next chapter concludes this thesis by summarizing the overall 

contributions and highlighting the broader implications of the proposed methodology. 
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6. CONCLUSIONS AND FUTURE WORK 

Urban GNSS positioning, critical for smart city initiatives, suffers from NLOS and 

multipath in urban canyons, hindering accuracy for applications such as infrastructure 

monitoring and traffic management.  To combat this, we propose an innovative solution: 

a multi-sensor fusion framework with factor graph optimization.  This approach 

demonstrably enhances performance across key urban applications, including 

pedestrian navigation, vehicle trajectory estimation, and high-precision mapping.  

To address the perceptual-layer limitations in pedestrian positioning accuracy 

within urban canyon environments, this research innovatively integrates data from 

smartphone-embedded MEMS-IMUs and PDR techniques, establishing a tightly-

coupled factor graph optimization framework.  Experimental results demonstrate that 

this approach significantly reduces the MEAN of pedestrian positioning to 40% of that 

achieved by the traditional EKF-PDR method in urban canyon settings.  This 

perceptual-layer innovation not only leverages PDR-based inertial navigation to 

effectively compensate for GNSS signal outages, but more critically, enhances the 

robustness and reliability of navigation in complex urban environments through in-

depth exploitation of multi-epoch observation redundancy and the reasonable modeling 

of pedestrian motion patterns. The outcomes of this research provide higher-quality and 

smoother trajectory data support for critical applications such as urban mobile health 

monitoring and even emergency response scenarios. 

To enhance vehicle trajectory optimization at the positioning layer, this research 

pioneered the tightly-coupled integration of Google Earth road information with raw 

GNSS observations within a factor graph framework. By innovatively incorporating 

lane-line spatial constraint priors and adaptive switch-variable factors, the lateral 
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vehicle positioning accuracy was significantly improved to 3 meters, representing an 

accuracy enhancement of up to 41% compared to a standalone FGO GNSS solution.  

This study not only unveils the substantial potential of factor graph optimization and 

map prior information for enhancing urban positioning performance but, more 

importantly, effectively addresses the lane selection challenge in multi-lane scenarios 

through the implementation of switch-variable factors, thereby improving the system's 

usability and intelligence in practical engineering applications. 

In urban environments, both pedestrian navigation and autonomous vehicle 

localization heavily rely on the geospatial information provided by high-precision maps. 

Specifically, high-precision maps furnish detailed indoor and outdoor environmental 

context for pedestrians, enabling seamless navigation and context-aware services. For 

vehicles, they serve as the foundational data layer for lane-level accurate positioning, 

intelligent route planning, and environmental perception and decision-making. 

However, the persistent “cost-accuracy” dilemma in high-precision map production 

remains a significant bottleneck in urban digital infrastructure development, severely 

hindering their large-scale deployment and real-time dynamic updates, and ultimately 

limiting the widespread realization of numerous smart city applications that depend on 

high-precision maps. Prior Factor Graph Optimization (FGO) based GNSS positioning 

frameworks have often fallen short of fully leveraging higher-accuracy carrier-phase 

observations and rarely integrated Inertial Measurement Unit (IMU) pre-integration 

techniques. Consequently, their positioning performance in complex urban 

environments often proves insufficient to provide a reliable absolute positioning 

reference for relative positioning sensors such as LiDAR. To overcome these 

limitations and pave the way for next-generation urban positioning infrastructure, this 

research innovatively investigates a post-processing framework integrating Real-Time 
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Kinematic (RTK) technology with IMU pre-integration. We validate the feasibility and 

effectiveness of a low-cost integrated navigation solution, based on a u-blox F9P high-

precision GNSS receiver and a MEMS-IMU, in revolutionizing high-precision map 

datum construction methods. By developing an RTK/INS tightly-coupled model, 

integrating C/N0-based adaptive weighting function for pseudorange and carrier-phase 

observations, and effectively fusing IMU pre-integration information, we achieved a 

horizontal positioning accuracy of 20 centimeters while rigorously controlling the total 

equipment cost to under $1000 USD. This foundational-layer technical advancement 

not only offers a practically viable technical pathway for the low-cost, high-efficiency 

production and dynamic updating of high-precision maps but, more importantly, 

establishes a solid technological cornerstone for building next-generation smart city 

spatial data infrastructure and promoting the advancement of various high-precision 

positioning applications, including pedestrian navigation and autonomous vehicle 

localization. 

Future research efforts will be dedicated to the in-depth fusion of PPP-RTK and 

FDE technologies, aiming to create more efficient, reliable, and intelligent high-

precision GNSS positioning systems for urban environments. We believe that in-depth 

exploration and practical validation along these research directions will significantly 

advance the state-of-the-art in urban GNSS positioning technology, making substantial 

contributions to building next-generation smart city spatial information infrastructure 

and fostering the flourishing development of broader urban intelligent applications. 
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