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Second-order Direct Analysis for Fire Resistance Design of Steel Structures

ABSTRACT

Steel structures are sensitive to fire, as elevated temperatures can significantly
reduce their strength and stiffness. When exposed to fires, the mechanical properties of
steel deteriorate rapidly, potentially leading to buckling or loss of load-bearing capacity.
Therefore, evaluating the performance of steel structures under fire conditions and

ensuring accurate fire resistance design are of critical importance for building safety.

At present, two primary fire resistance design approaches are employed: the
prescriptive method and the performance-based method. The prescriptive method,
grounded in predefined codes and guidelines, is typically derived from physical fire
tests and large-scale simulations. Although straightforward and convenient to
implement, it is conservative and focused on member level, thereby limiting the
economy and flexibility of design. In contrast, the performance-based method relies on
advanced computer simulations to assess fire resistance, offering greater flexibility in
optimizing fire protection measures. This approach accounts for non-uniform heating
at both the member and structural levels under natural fire conditions, thereby providing

a more accurate and reliable basis for fire resistance design.

Despite its advantages, the performance-based method faces three main challenges:
(1) the need for sophisticated modeling and high computational demand; (2) the
difficulty in capturing geometric and material nonlinearities under non-uniform fire
exposure; and (3) the combination of thermal effects in nature fire scenarios. To address
these issues, this thesis extends and refines the Second-Order Direct Analysis (SODA)
method for fire resistance design of steel structures, using advanced line finite element
methods (LFEMs) that directly account for geometric and material nonlinearities under

natural fires.
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This thesis first develops a refined heat transfer analysis technique for steel
members protected with intumescent fire coatings (IFCs), which incorporates various
thermal boundary conditions and different thermal conductivity models. The
generalized Crank—Nicolson method is employed to improve the stability and
convergence of the transient heat transfer analysis. Based on the computed temperature
field, a novel cross-section analysis method is developed using the proposed thermal
deterioration triangle (TDT) elements. The TDT element effectively captures material
degradation and thermal expansion within its domain, enabling accurate cross-sectional
analysis with fewer elements and improved computational efficiency. This cross-

section analysis method provides essential parameters for the SODA method.

Subsequently, a stability analysis framework is proposed for steel members with
arbitrary cross-sections under fire conditions. A comprehensive parametric study
involving a total of 3,168 analyses is conducted to investigate global buckling capacity
and to provide practical guidelines for stability design. To enable a more accurate and
realistic large deflection analysis, a novel LFEM 1is proposed for the geometrically
nonlinear analysis of steel structures subjected to non-uniform fire exposure. The
derived line element formulation incorporates additional torque resulting from the non-
coincidence of the shear center and the centroid of the cross-section, thereby enabling
accurate analysis of large deflections with twisting effects. Moreover, the proposed
LFEM accurately captures the response of steel structures under localized-fire
conditions and elucidates twisting effects in steel structures subjected to non-uniform

fire.

To consider the strength degradation of cross-sections under fire, a rigorous cross-
section analysis method using a fiber-based numerical model capable of capturing yield
surfaces and moment-curvature relationships is proposed. This approach enables a

reliable evaluation of the plastic bearing capacity for arbitrary cross-sections subjected
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to various fire conditions. A parametric study consisting of 162,000 analysis cases is
performed, from which a simplified form of Bresler’s yield surface equation is
developed and validated. This approach enables evaluation of the ultimate capacity of
cross-sections under various load combinations and fire scenarios, thereby laying the

foundation for the next chapter.

Finally, a more efficient LFEM is proposed for analyzing steel structures exposed
to non-uniform heating along both the cross-sectional and longitudinal directions.
Based on the moment-curvature relationships under fire mentioned above, a strength
reduction formulation is incorporated into the line element featuring zero-length plastic
hinge models. This method allows frame structures to be constructed with fewer line
elements, thereby achieving significantly higher computational efficiency compared
with conventional methods. By simultaneously considering geometric and material
nonlinearities as well as thermal effects, the proposed LFEM forms the basis for the

SODA method that is applicable to fire resistance design for steel structures.

This thesis aims to provide an efficient and accurate second-order analysis
framework for fire resistance design of steel structures. By simultaneously accounting
for the coupled effects of material degradation, thermal strains and geometric
nonlinearity, the proposed approach enhances the efficiency and reliability of structural
performance assessments under fire, thereby facilitating the adoption of the SODA

method in fire resistance design.

Keywords: Second-order direct analysis; Steel structures; Fire resistance design;

Structural fire design; Line element; Finite element method
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CHAPTER 1.
INTRODUCTION

Steel is one of the most widely used materials in model structures due to its
excellent strength, ductility, strength-to-weight ratio and ease of fabrication. These
advantages make it a preferred choice for tall buildings, long-span bridges, space grid
structures and modular integrated construction. However, steel is sensitive to high
temperatures. Once exposed to fire, its mechanical properties degrade rapidly, leading
to large deflection, buckling, and even progressive collapse. Therefore, fire resistance

design is essential for ensuring the safety of steel structures.

Traditional fire resistance design methods are typically prescriptive and rely on set
rules and guidelines derived from standard fire tests to ensure safety. It is
straightforward but cannot obtain the most accurate and cost-effective design for steel
structures. In contrast, performance-based design employs advanced computational
simulations to evaluate the fire resistance of buildings. This approach offers greater
flexibility and design freedom but requires substantial computational resources and
precise simulation techniques. However, the requirement for sophisticated modeling,
high computational costs, and the challenge of capturing thermally induced nonlinear
effects have impeded the advancement of performance-based design. Therefore, this
study aims to develop a Second-Order Direct Analysis (SODA) method to efficiently
and accurately simulate the mechanical behavior of steel structures under fire

conditions.

This chapter presents the research background, the research objectives, and the

outlines of this thesis.
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1.1  Background

With the promotion of the "carbon neutrality" goal and the acceleration of new
urbanization construction, the use of steel in high-rise buildings, large-span structures,
and energy infrastructure continues to expand. However, steel is sensitive to high
temperatures. When the temperature exceeds 400 °C, the yield strength of steel rapidly
decreases. Under fire conditions, steel members may develop plastic hinges and
undergo global buckling, potentially leading to progressive collapse, as shown in Figure
1-1(a). Due to the temperature sensitivity of steel (Figure 1-1(b)), fire safety has become

a core concern in ensuring resilience of steel structures.

TABLE A-4.2.1
l Progressive [ Properties of Steel at Elevated Temperatures
Collapse & (ANSI/AISC 360-22)
Steel Temperature, ke =E (T)/ E
—— °F (°C) =G(T)/G kp = Fp(T)/F, ky = F,(T)/F,
collapse of a 68 (20) 1.00 1.00 1.00
steel building 200 (93) 1.00 1.00 1.00
near Austin, 400 (200) 0.90 0.80 1.00
Texasin 2008 600 (320) 0.78 058 1.00
750 (400) 0.70 0.42 1.00
Lateral 800 (430) 0.67 0.40 0.94
Bl 1000 (540) 0.49 0.29 0.66
1200 (650) 0.22 0.13 0.35
1400 (760) 0.11 0.06 0.16
1600 (870) 0.07 0.04 0.07
1800 (980) 0.05 0.03 0.04
2000 (1100) 0.02 0.01 0.02
2200 (1200) 0.00 0.00 0.00
(a) Typical failure under fire [1] (b) Material degradation factors

Figure 1-1 Fire induced damage and material degradation.

Approaches for fire resistance design generally are divided into two categories, as
depicted in Figure 1-2: (1) prescriptive design, and (2) performance-based design.

Traditional prescriptive methods presented in current design routines, such as
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Eurocode-3 (2005), ANSI/AISC 360 (2022) and Hong Kong steel codes (2011), highly
rely on the standard fire scenarios and prescriptive analysis procedures. These methods
follow a set of rules prescribed in the codes, requiring the structural elements to satisfy
specified hourly fire resistance ratings without accurately predicting the response of
steel structures in real fire scenarios. As an element-level approach based on standard
fire tests and many assumptions, the prescriptive method may result in excessive design

conservatism, less flexibility and increased risk of local failures.

Fire Resistance Design

Performance-based

Prescriptive Design Dt

i > Protect a building from FIRE

* Element level design

* Normative detailed requirements

» Little flexibility and over-
simplified boundary conditions

* Heavily relied on standard fire tests

* Element and system levels design

* Huge freedom of design and flexibility

* Reducing cost by sufficient design for
optimal use of materials

Figure 1-2 Categories of fire resistance design.

To address these limitations, the design strategy has shifted towards the paradigm
of performance-based fire resistance design (Figure 1-3), which achieves a dynamic
balance between safety and economy through heat transfer simulation, structural
damage evolution prediction, and multi-objective optimization. The performance-based
fire design requires accurately predicting the response of steel structures under real fire

scenarios.
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Figure 1-3 Flowchart of typical performance-based fire resistance design approach.

This design method typically involves three steps. The first step is to characterize
the fire conditions, including fire position, fire scale and fire duration. Guidelines for
determining the fire conditions have been provided in several design codes, such as
EN1991-1-2 and SFPE S.01-2011. The second step aims at calculating the temperature
field within the members through heat transfer analysis, taking into account the

influence of air temperature due to the fire environment. Two primary heat fluxes,
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convection and radiation, are typically considered in the heat transfer model. Once the
temperature field is computed, the final step is to analyze the structural response,
accounting for material and geometric nonlinearities under actions of high temperatures
and other applied loads. The design scheme is adjusted until the structural response
meets the requirements. The three steps outlined above can be calculated using various

methods and tools and can be analyzed at either member or system levels.

However, the performance-based fire resistance design method still faces three
major technological bottlenecks. Firstly, the calculation cost of nonlinear thermal-
mechanical coupling analysis is quite high, and traditional finite element methods are
difficult to support engineering level optimization. Secondly, the modeling efficiency
of random fire scenarios is low, making it difficult for existing methods to cover the
spatiotemporal heterogeneity of fire loads. Thirdly, the combination of thermal effects
in nature fire scenarios renders structural analysis considerably more complex. Hence,
there is a critical need to develop an accurate and efficient analysis method to support

the broader use of the performance-based fire resistance design approach.

Current performance-based fire resistance design methods generally consist of fire
dynamics simulation (DFS) and structural response analysis done by advanced finite
element software. The former provides the fire load acting on the structure, while the
latter requires heat transfer and structural mechanics analyses of the steel structures.
This study focuses on the latter, the structural fire resistance design, aiming to provide
a more efficient and accurate analysis method. Although traditional finite element
software such as ANSYS, Abaqus, and SAFIR can provide promising results for
structural response, developing advanced nonlinear temperature-dependent finite
element models requires significant expertise and experience. These models must
account for complex factors that have a substantial impact under fire conditions,

including initial imperfections, second-order effects, material nonlinearity, thermal
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strain, etc.

To address the challenges in fire resistance design, this research extends Second-
Order Direct Analysis (SODA) method to fire conditions. The SODA method is an
advanced and efficient nonlinear analysis approach for steel structures at ambient
temperature and has been endorsed by several major steel design codes, including Hong
Kong Steel Code (2011), GB 50017 (2017), AISC 360 (2016) and Eurocode-3 (2005),
as shown in Figure 1-4. Instead of using linear analysis with separate stability checks,
SODA method performs a second-order analysis that directly accounts for both the
global P—A effects (frame sway) and local P9 effects (member curvature) in the
structural model. This direct simulation makes SODA a truly direct and accurate design
approach, as the analysis itself confirms whether the structure can carry the design loads
without failure. Given its strengths at ambient temperature, the SODA method is well-
suited for extension to structural fire engineering. In a fire, steel members experience
degraded material properties and thermal expansion, which can introduce additional
forces and deformations. By integrating temperature-dependent material models and
thermally induced effects into the SODA framework, the SODA method can
successfully give accurate predictions of structural response, thus efficiently achieve

more accurate fire resistance design.
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Figure 1-4 The SODA method is available in several design codes.
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In general, the SODA method employs the Line Finite Element Method (LFEM)
to evaluate the nonlinear behavior of structural systems. LFEM refers to the finite
element method using beam-column elements, which offer enhanced computational
efficiency and compatibility with large-scale frame structures. It takes into account
initial imperfections at both the local member and global frame structure levels to assess
member instability and structural buckling. Although typical line elements provide
valuable insights into the geometrically nonlinear analysis of steel members, they
assume a simplified distribution of temperature and thermal expansion and lack the
ability to accommodate arbitrary cross-sections subjected to non-uniform fire
conditions. Additionally, some thermal-induced second-order effects are neglected.

Therefore, there remains a gap in applying the SODA method to fire resistance design.

This thesis proposes a new numerical analysis framework that extends the SODA
method to fire resistance design, utilizing the LFEM, which is more efficient and
practical for design. First, a refined heat transfer analysis method and cross-section
analysis approach are proposed to derive key fire parameters for the LFEM
implementation. The method calculates non-uniformly degraded -cross-sectional
properties, warping and torsion properties, and Wagner effects influenced by non-
uniform fire conditions. Next, an advanced LFEM is applied to analyze steel structures
under fire, accounting for initial imperfections, second-order effects, thermal strain,
localized fire, and material nonlinearity. A rigorous strength capacity analysis method
is then derived to support the structural resistance check and assess the interaction
diagram for members. Finally, a novel LFEM is developed to account for the thermal
gradient along both the axial and cross-sectional directions, fulfilling the need for more

precise and efficient simulations in fire resistance design.



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

1.2 Objectives

The primary objective of this thesis is to develop a Second-Order Direct Analysis
(SODA) method for a more accurate fire resistance design method of steel frames. The
LFEM-based SODA framework is established based on the refined cross-section
analysis, which provides essential parameters for structural analysis. The line finite
element formulation is derived by simultaneously considering initial imperfections,
second-order effects, thermal strain, localized fire, and material nonlinearity, which are
factors that are critical to structural behavior under fire. Within the SODA framework,
section capacity checks are performed using a proposed yield surface algorithm. Finally,
by incorporating a refined line element capable of capturing thermal gradients along
both axial and cross-sectional directions, the method achieves enhanced efficiency and

accuracy.

Problem
> Background ) Tdentification ) Methodology Development

Fire Resistance Design : Stiffness Cross-section Analysis Method
1 (Chapter 3 & 4)
Nonlinear Thermal- !
Mechanical Coupling ' Heat Transfer Analysis for IFC- | _
Analysis 1 Protected Steel Structures
1
1 : 2D Finite-Element Method for
Requirement to Reduce | 1 Steel Structures under Fire
Computational Cost

Second-order Analysis

Complex Fire Scenarios (Chapter 5)

and Trial-and-error

Design Geometrically Nonlinear
P 5 Analysis Considering Twisting
Practical Design Effects
Method to Balance 2
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Figure 1-5 Research roadmap of the thesis.

The research roadmap is illustrated in Figure 1-5. To facilitate efficient and
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accurate fire resistance design, the key research objectives are summarized as follows:

o To propose a SODA framework for the fire resistance design of steel structures.
This framework includes refined heat transfer analysis, cross-section analysis,
and line elements to conduct robust structural fire analysis.

e Todevelop a cross-section analysis method that accounts for factors under fire
conditions, including material degradation, nonuniform fire exposure, fire-
resistant materials, and the computation of cross-sectional properties essential
for line element formulations and stability analysis.

e To develop a geometrically nonlinear analysis framework using the advanced
line finite element method, which considers thermal-induced effects under fire,
such as twisting, thermal expansion, and thermal strain.

» To integrate a rigorous cross-sectional yield surface to evaluate the strength
capacity of steel structures under fire conditions and provide the moment-
curvature relationship for inelastic second-order analysis.

» To develop a thermal-degraded line element for sequentially coupled thermal-
structural analysis. The element formulations are derived based on the
localized fire assumption and offer superior efficiency for fire resistance
design.

» To integrate the algorithm into novel software, MSASsect2, which provides a
user-friendly tool and facilitates the application of the proposed method in fire

resistance design.

1.3  Outline of the Thesis

There are seven main chapters in this thesis, and the outline is presented as follows:

Chapter 1 introduces the present research, highlighting the concept of fire

resistance design for steel structures and the urgent gaps for its implementation. The
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objectives and structure of the thesis are also presented in this chapter.

Chapter 2 provides a literature review of previous studies on structural fire design
for steel structures. The chapter first reviews fire resistance design and then offers a
detailed examination of the Second-Order Direct Analysis (SODA) method and its

potential for fire resistance design.

Chapter 3 presents a finite element formulation for heat transfer analysis. The
governing equations for transient heat transfer are derived and discretized for finite
element implementation. Several benchmark problems are solved to verify the accuracy
of the approach. Finally, the method is implemented in software for practical

applications.

Chapter 4 proposes a novel cross-section analysis method using
nonhomogeneous planar elements. The effects of nonuniform material degradation
under localized fire are considered, and essential parameters for line element
implementation are calculated. A global buckling design method is introduced based on

parametric study.

Chapter 5 presents the second-order direct analysis of steel members under fire
conditions, accounting for critical phenomena such as twisting effects, thermal
expansion, and nonuniform fire exposure. This approach provides an accurate

evaluation of the deformation and stability of steel members under fire.

Chapter 6 develops a rigorous cross-sectional yield surface to evaluate the
strength capacity of steel structures under fire conditions and provides the moment-
curvature relationship for inelastic second-order analysis under fire. A design method

is summarized for calculating the yield surface of steel structures under fire conditions.

Chapter 7 proposes a more accurate and efficient fire resistance design framework

10
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based on the SODA method. The modified tangent modulus is integrated into the line
element, and the method can handle localized fire conditions. The eccentricity of the
cross-sectional centroids and the cross-section varying factors are calculated and

incorporated into the element formulation.

Chapter 8 concludes the thesis, highlighting the significance of the research and

proposing directions for future work to further improve the present study.

11
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CHAPTER 2.
LITERATURE REVIEW

2.1 Introduction

This chapter provides a literature review on fire resistance design and the Second-
Order Direct Analysis (SODA) method. Section 2.2 presents the development of fire
resistance design, followed by an introduction to the SODA method and its potential
application to fire resistance design. The literature review on SODA method is divided
into four parts: heat transfer analysis, cross-section analysis, line finite element analysis,

and strength capacity analysis.

2.2 Fire Resistance Design

Fire resistance design is generally categorized into two approaches: traditional
specification-based prescriptive design method and performance-based design method.
The prescriptive design method has long been well-established, whereas the
performance-based design method has undergone gradual development and widespread
adoption over the past few decades. Accordingly, the focus of this section’s literature

review is placed on the performance-based design method.

Performance-based fire resistance design is recognized as an engineered approach
to fire protection design. The implementation of this approach is based on several key
factors: (1) the goal of design for fire safety; (2) analysis of the designated fire scenario
or conducting uncertainty analysis; (3) quantitative analysis and evaluation based on
safety objectives for design purposes [2]. According to difference performances of the
building, Nelson [3] categorized the performance-based fire design into four types,
including environment performance, component performance, threat potential

performance and risk potential performance, as shown in Figure 2-1.

12
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Figure 2-1 Different types of performance-based fire resistance design.

Among these four performances, component performance focuses on the
individual component system of the building in fire. Typical components, such as
facade, E&M service system, structural framing, detection system, and sprinklers, can
be designed in isolation to meet the performance requirements, without accounting for
the influence of other components [4]. For instance, an example of a component
performance-based approach is designing a steel structure framework that achieves a
1-hour rated value in a specified fire scenario. The requirements include the highest
average temperature of the framework, the maximum displacement under fire, and the

maximum acceptable plastic deformation area.

The component-performance-based fire design focusing on the structural framing
mentioned above is also identified as performance-based structural fire design (PBSFD)
[5]. Through this design method, structural engineers can create optimal solutions for
valuable structures by applying science-driven methods and demonstrating expected
performance. This approach offers numerous benefits, including enhanced confidence
through safety quantification, integration of sustainability and resilience goals

alongside life protection, and fostering innovation and architecture design [6].

13



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

The concept of performance-based structural fire design can be traced back to at
least since the 1980s [7], with design tools available to support this method. In 1992,
New Zealand introduced a code for performance-based building design, which included
specifications for fire design proposed by Buchanan in 1994 [8]. The U.S. Electric
Power Research Institute also released guidance on quantitative fire hazard analysis,
built on a robust fire safety assessment method [9]. In 1994, Australia incorporated
performance-based design into housing design standards [10]. In 1995, the Canadian
commission on building and fire codes announced plans to transition design
specifications from a prescriptive to a performance-based approach [11]. In 1998, the
society of fire protection engineers formally initiated projects in the U.S. to develop a

framework for performance-based fire design [12].

By the early 2000s, the concept of PBSFD had matured, accompanied by an
increasing number of emerging guidelines. Notable milestones include the publication
of key documents: the performance option in the National Fire Protection Association
(NFPA) Life Safety Code [13], Engineering Guide to Performance-Based Fire
Protection Analysis and Design of Buildings from the Society of Fire Protection
Engineers (SFPE) [14], Performance Code for Buildings and Facilities from the
International Code Council (ICC) [15], and the performance option in the NFPA
Building Code [16]. These guidelines permit the use of advanced approaches or
materials to facilitate performance-based design, as long as they can be shown to

provide at least an equivalent level of safety.

In the past two decades, PBSFD has continuously developed and improved, and
many scholars have conducted in-depth and extensive research on PBSFD during this
period. For instance, Saab et al. [17] proposed a nonlinear analysis method for the
analysis of 2D steel frame under fire, considering material degradation and

geometrically nonlinear. EI-Rimawi et al. [18] developed a secant stiffness method for

14
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steel beams under fire and analyzed the influence of thermal distribution. Bailey et al.
[19] studied the compartment fire in a full scale steel structure through fire tests and
evaluated the fire-resistance performance of the steel structure. Tang et al. [20]
investigated the performance of a large-span arched structure subjected to localized fire
through numerical simulation. Huang et al. [21] studied composite steel structures in
fire through 3D nonlinear finite element method, which showed good accuracy in
predicting the structural response. Liew et al. [22] introduced an advanced plastic hinge
method for the performance-based design of various steel structure, including a
multistory car park, an arched framed, and a steel dome. Usmani et al. [23] carried out
a case study on Twin-Towers of the World Trade Center using a finite-element model
and developed a robust and practical method for PBSFD. Lamont and Lane [24] also
conducted a case study on an 11-storey office building to demonstrate the fire resistance
performance and give an optimized structural fire design. Block and Yu [25] gave a
design case on a multi-story building using the finite element software Vulcan involving
optimal response different fire scenarios. These studies established a robust foundation
for future developments by introducing a series of reliable methods for performance-

based analysis.

In recent years, aligned with the value proposition of PBSFD, there has been a
renewed interest in risk-based design, enabling design, and failure assessment design.
For example, risk-based design focuses on the risk sensitivity and tolerability of the
structures. Tonicello, Desanghere et al. [26] studied the risk sensitivity of the structure
to a high temperature exposure. Mohan et al. [27] introduced risk tolerability for fire
safety design and proposed a risk perception and acceptance framework. Guo et al. [28]
proposed a quantitative risk analysis of reinforced concrete structures, which facilitates
the performance-based design for severe fire hazards. Enabling design focuses on
accommodating architectural preferences, such as the use of timber and the integration

of innovative structural systems. Hopkin et al. [29] conducted a study on Four Pancras

15
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Square in London, where the implementation of PBSFD was required to allow the use
of weathering steel, enabling the development of its protective patina and achieving the
intended aesthetic. Meacham et al. [30] introduced regulatory considerations with
performance-based fire design for modern methods of construction like modular
integrated construction (MiC). For failure assessment design, Molkens et al. [31]
proposed a method for evaluating the post-fire behavior of concrete slabs, accounting

for uncertainties in residual capacity.

In summary, PBSFD offers a goal-oriented approach based on fire dynamics and
structural engineering principles to develop tailored solutions that address specific
stakeholder requirements. Over recent decades, this methodology has been increasingly
standardized and widely recognized. Numerous research efforts and case studies have
validated its feasibility. However, challenges remain, including high computational
costs, modeling complexity, applicability to new structural system and the limited
investigation of several complex fire-induced phenomena. In summary, there still exists
a need for efficient and precise analysis approaches, while the coupling of multiple

thermal effects continues to pose a key technical challenge in the fire resistance design.

2.3 Second-Order Direct Analysis (SODA) Method for Fire Resistance Design

The implementation of Second-Order Direct Analysis (SODA) Method for fire
resistance design typically involves the following steps. First, the functional
requirements, risk assessment, or performance criteria for structural fire safety are
established based on fire scenarios, build-environment characteristics, and fuel types.
Subsequently, the fire dynamics simulator is employed to determine the heat flux input
to the structure, including thermal radiation and convection effects. The SODA method
is then applied to perform a thermal-structural coupled analysis, yielding both the
thermal and mechanical responses of the structure. These responses are evaluated

against the predefined performance criteria to assess compliance. If the criteria are not
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satisfied, the design process is iteratively refined until all objectives and performance

requirements are achieved.

[ Approach to Performance-based Structural Fire Design (PBSFD) J

Built-environment
characteristics
STEP1.
Fuel loads Specify objectives, functional v | STEP 2.
requirements, and performance Fire Dynamics Simulator (FDS)
criteria

Develop new design
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Y
STEP 3.
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Figure 2-2 Workflow of the SODA method within a PBSFD framework.

As illustrated in Figure 2-2, the SODA method is primarily situated within Step 3
of the PBSFD framework and is utilized for thermal-structural coupling analysis. As a

nonlinear analysis approach, the SODA method eliminates the need for equivalent
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length assumptions, with the final structural evaluation based on cross-sectional
inspection. Accordingly, the literature review begins with cross-sectional heat transfer
analysis of structures, as the cross-sectional properties are derived from the structural
geometry and the temperature-induced material degradation. These properties,
combined with the inelastic sectional strength capacity, form the basis for constructing
the line finite element formulation used to predict the structural mechanical response.
Based on this workflow, the literature review is structured into the following key areas:
heat transfer analysis, cross-section analysis, strength capacity evaluation, and the line

finite element method.

2.3.1 Heat transfer analysis of structures

The problem of heat transfer in solids is usually typically described by partial
differential equations derived from Fourier’s law [32]. These governing equations often
involve complex boundary conditions in practical engineering applications, making
them difficult to solve directly [33]. Irregular boundaries and complex geometries
frequently prevent the derivation of analytical solutions [34]. Consequently, various
numerical methods have emerged alongside advances in computational technology.
These methods (see Figure 2-3) include finite element method (FEM) [35, 36], finite
difference method (FDM) [37], and finite volume method (FVM) [38]. Among these,
FEM is particularly advantageous due to its ease of implementation and compatibility
with irregular and complex boundary conditions. This study primarily employs FEM,

and the literature review is accordingly focused on its development and applications.
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Figure 2-3 Various numerical methods for heat transfer: (a) finite difference method

[39]; (b) finite element method [34]; (c¢) finite volume method [38].

Numerous studies have been conducted on heat transfer analysis under fire
conditions. The accurate calculation of the temperature field forms the foundation for
subsequent mechanical analysis or thermo-mechanical coupling analysis. Based on the
mode of heat flux input in heat transfer analysis using FEM, three primary approaches
are commonly used. The first approach involves directly applying heat flux to the
structural surface, typically derived from experimental measurements or computational
fluid dynamics (CFD) simulations. The second approach utilizes the time-temperature
relationships defined by fire curves to model thermal radiation and convection on the
structure’s surface, followed by internal heat transfer analysis. The third method is the
equivalent boundary via adiabatic surface temperature (AST), simplify the thermal
environment obtained from CFD or experiments into a single temperature boundary

and an equivalent heat transfer coefficient.

The first analysis method more closely reflects real fire scenarios, enabling a
comprehensive assessment of fire sources and environmental conditions. For example,
Xue et al. [40] simulated fires in enclosed spaces and identified limitations in existing
fire models for accurately predicting structural temperatures. Yu et al. [41] investigated
the temperature filed of a steel reticulated shell and found that, compared with the

standard heating curve, the temperature distribution at the measuring points exhibited
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localized high-temperature zones. Fan et al. [42] introduced a computational method to
attain temperature filed of large-scale steel structure, considering the effects of burning
duration and smoke plume behavior. Jiang et al. [43] explored the feasibility of applying
dimensionality reduction techniques to heat transfer analysis of structural components
under localized fire exposure, demonstrating that such approaches are accurate and

effective in reducing computational cost.

The second method employs a fire curve for heat flux input, significantly reducing
the analytical workload and enhancing its practical applicability. For instance, Wang et
al. [44] investigated the performance of a steel frame subjected to a single-story fire
using a parabolic fire curve. Liew et al. [22] adopted the car fire curves reported in
ECCS [45] to compute the temperature field and conduct structural fire analysis of a
multi-story car park. Liew et al. [46] also introduced the design fire models, radiation
models and a “multi-zone” fire model for constructing fire curves specific to each
structural element. Parkinson and Kodur [47] summarized fire curves for a range of fire
scenarios, based on over 20 years of empirical data, to facilitate their practical
application in performance-based design methods. Hamilton et al. [48] developed a
probabilistic method for the fire engineering method based on parametric fire curve
model to calculate the temperature field. Gernay and Khorasani [49] carried out
structural fire design for a steel frame and calculated the temperature filed using design
fire curves generated by the software Ozone. These heat transfer analysis methods based
on real fire curves enable more practical and convenient design while providing

relatively accurate predictions of the temperature field.

The last method is proposed by Wickstrom et al. [50]. To balance realism and
computational efficiency, many structural fire design workflows [51, 52] adopt the AST
(also called the equivalent-temperature) boundary. By enforcing conservation of net

heat flux, the complex thermal environment obtained from CFD or experiments is
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represented by a single temperature boundary paired with an equivalent heat-transfer
coefficient. In practice, the AST method enables the import of CFD- or experimentally
derived thermal fields into structural finite-element models without strong coupling,

while preserving spatial non-uniformity with modest modelling effort [53].

Nowadays, with the development of structural systems and fire-resistant coating
materials of modern structures, heat transfer analysis under fire conditions has become
increasingly challenging. In modern steel buildings, composite floor slabs provide
effective insulation for steel beams, resulting in highly non-uniform temperature
distributions and delayed temperature rise effects [54]. Regarding fire-resistant coating
materials, intumescent fire coatings (IFCs) offer excellent protection for steel structures.
However, their thickness and thermal conductivity vary during fire exposure [55],
complicating the heat transfer analysis using FEM [56]. Therefore, it is necessary to
develop refined finite-element-based heat transfer analysis methods to meet these new

demands.

2.3.2 Cross-section analysis

Cross-sectional properties are critical to the SODA method employing LFEM, as
they play a fundamental role in constructing the line finite element formulation [57].
The total potential energy formulation and the element stiffness matrix strongly depend
on bending stiffness, axial stiffness, torsional stiffness, and warping stiffness, all of
which are determined by key cross-sectional properties [58, 59]. Currently, various
design specifications [60, 61] provide databases containing the basic properties of
standard steel sections. However, these databases are often insufficient for line element
formulation, as they typically lack advanced cross-sectional properties such as Wagner
coefficients, warping constants, and shear center locations. These properties
significantly influence the buckling modes and large deflection behavior of structural

members [62, 63].
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To obtain these cross-sectional properties, efforts have been made to cross-section
analysis techniques. For example, Chen et al. [64] proposed an advanced design method
applicable to arbitrary sections. Pilkey [65] introduced a finite element method capable
of analyzing sections with arbitrary geometries, incorporating torsional and shear
properties. Anwar and Najam [66] introduced a practical design method for various
cross-sections, accounting for the flexural, shear, and torsional responses of the sections.
Liu et al. [62] developed a cross-section analysis algorithm for general steel open
sections based on a representation of the geometry using discrete points and segments.
Li et al. [67] proposed a novel finite element-based method for calculating the cross-
sectional properties of functionally graded sections with arbitrary shapes. These studies
have provided valuable insights into cross-section analysis; however, challenges remain
under fire scenarios, as these methods are not capable of addressing complex thermal

boundary conditions and non-uniform cross-sectional degradation.

Temperature-induced degradation of material properties within steel members is
often uneven due to thermal gradients, as illustrated in Figure 2-4(a). Such non-
uniformity conditions typically arise when only one face of a column is subjected to
fire [68] or when protective coatings are applied asymmetrically [69]. When thermal
degradation varies across the section, key parameters such as the shear center, torsional
constant, and warping constant become difficult to determine with existing methods.
While prior studies [68-70] have made progress in evaluating cross-sectional properties
under elevated temperatures, their focus is generally restricted to simple properties
(position of stiffness center, flexural stiffness, and axial stiffness) and does not extend

to complex parameters such as Wagner coefficients or warping-related characteristics.
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Figure 2-4 Challenges in cross-section analysis under fire.

Modern structural applications increasingly employ non-standard or asymmetric
cross-sections [62], further complicating stability analysis. For these sections, the shear
center often does not align with the centroid (see Figure 2-4(b)), making the member
prone to coupled instabilities, such as lateral-torsional buckling under bending and
axial-torsional buckling under compressive forces or eccentric loads (see Figure 2-4(c)).
To accurately capture such responses, a detailed understanding of advanced sectional
properties, including the shear center and Wagner coefficients, is essential [57, 71].
However, under fire exposure where material properties degrade non-uniformly,
conventional techniques [59, 70] become inadequate due to their limited flexibility and
computational inefficiency. This highlights the need for an advanced cross-section
analysis framework capable of accommodating temperature-induced heterogeneity to

ensure reliable prediction of structural behavior under fire conditions.

2.3.3 Strength capacity analysis
In SODA method, a structural resistance check is required, which is based on the
section strength capacity [72]. The internal forces obtained from the SODA method are
used to calculate the section utilization, where a value of less than 1 indicates safety.
The section strength capacity is typically defined by the yield surface, which describes
a load domain involving two bending moments and an axial load, as shown in Figure

2-5(a). The yield surface effectively represents the ultimate axial-bending capacity
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within the loading domain. A column's strength is considered safe if the moment-axial
load point lies within the yield surface. When the structure is exposed to fire, the
material properties degrade, causing a shrinkage of the yield surface. The design load,

previously considered safe, is now unsafe, as depicted in Figure 2-5(b).

Several studies have contributed to the development of practical methods for
calculating yield surfaces under fires. Caldas, Sousa [73] introduced a procedure for
deriving axial force-moment interaction curves for short columns, which was later
extended to composite columns with various cross-sections. Law and Gillie [74]
proposed a numerical approach to generate 2D yield surfaces at high temperatures using
the tangent stiffness matrix of cross-sections. Liu et al. [75] introduced an algorithm
to calculate the 3D yield surfaces of steel structures using an elaborated integration
method. Li et al. [76] proposed a rigorous cross-section analysis technique to obtain 3D
yield surfaces of steel members considering residual stress. Pham et al. [77] presented
a yield design method for directly calculating 2D yield surfaces for sections exposed to
fire. Albero et al. [ 78] addressed temperature variations across components by assigning

equivalent uniform temperatures, leading to a simplified design approach.
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Figure 2-5 Strength capacity of steel structure: (a) Yield surface; (b) Section capacity

check under fire.
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While these studies provide useful insights into analysis of yield surfaces, they
either mainly focus on ambient behavior or neglect biaxial bending and compression.
Additionally, simplifications such as assuming uniform temperature distribution in
parts and modeling the yield surface as polylines may result in overly inaccurate
estimates. Therefore, an accurate design method is needed to calculate the 3D yield
surfaces of steel columns under fire exposure, enabling section capacity checks for

practical design using the SODA method in fire conditions.

2.3.4 Line finite element method

Morden structural design approaches for steel members and frames, such as the
SODA method in the Hong Kong Steel Code [79], Direct Analysis Method (DAM) in
AISC-360 [60] and the second-order design approach in Eurocode 3 [61], demand
accurate nonlinear analysis of steel structures that directly accounts for buckling
behaviors. To fulfill such requirements, several numerical methods have been
developed and widely used in current design routines, including sophisticated finite-
element method (SFEM) [80-82], finite-strip element (FSM) [83-85] and line finite

element method (LFEM) [59, 86, 87].

SFEM and FSM are widely used, employing numerous shell elements, solid
elements, or strips to develop detailed finite element models without relying on
simplified assumptions. These approaches account for all factors influencing structural
behavior, including initial imperfections, second-order effects, and residual stresses.
While they provide precise predictions, they are computationally intensive and
typically applied to isolated members [56, 88], limiting their practicality for steel frame
structural design. Consequently, researchers have shifted focus to more efficient and

reliable computational methods.
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LEFM, which utilizes beam-column elements, is a more practical and efficient
design method for steel structures. By employing nonlinear beam-column elements,
such as Euler beam or Timoshenko beam elements, each member requires only one
element [89, 90] to several dozen elements [62, 63] to fully capture the instability and
geometric nonlinear deformation of the structure. In contrast to SFEM or FSM, which
often require hundreds or thousands of elements per member, the reduction in element
count with LFEM significantly decreases the size of the global stiffness matrix,
enhancing computational efficiency and enabling the practical design of large-scale
frame structures. Additionally, LFEM, which is also suitable for analyzing steel
structures under fire, continues to evolve, providing a foundation for the development

of SODA design methods under fire conditions.

Literature review of LFEM considering fire conditions are summarized as below.
Chan and Chan [91] proposed a second-order elastic-plastic beam-column element for
the analysis of 2D steel frames under fire, based on the refined plastic hinge method,
offering engineers a practical means for design. El-Tawil and Deierlein [92] developed
a beam-column element for analyzing 3D composite frames, accounting for the
inelastic behavior of line elements. Liew et al. [22] introduced an LFEM method for
the performance-based fire design of steel frames, considering plastic deformation,
thermal expansion, and natural fire scenarios. Iu and Chan [93] presented a beam-
column element to address the geometric and material nonlinearities of steel structures
under fire, which has been shown to exhibit good convergence rates and require less
computational effort. Landesmann et al. [94] proposed a beam-column element that
accounts for the nonlinear parabolic model of inelastic stiffness reduction in steel. Li et
al. [95] proposed an Euler-Bernoulli beam element to analyze 2D restrained steel beams
under fire. Heidarpour and Bradford [96] developed a semi-analytical non-
discretization method based on line element formulation for steel members under fire

and explosion. Sun et al. [97] conducted progressive collapse analysis of steel structures
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via 3-nodes beam-column elements. Jiang and Usmani [98] extended the beam-column
elements in OpenSees to analyze steel beams under localized fire. Possidente, Tondini
[99] introduced a 3D beam element that accounts for the degradation of torsional
strength and stiffness in steel members under fire, and demonstrated its accuracy
through validation. Chen et al. [100] proposed an advanced line element for analyzing

steel structures with non-symmetric cross-sections under elevated temperatures.

These studies have significantly advanced the nonlinear analysis of steel structures
under fire conditions. However, fiber-based theories and semi-analytical or semi-
empirical methods developed for beam-column elements often remain impractical for
engineering design, as they typically incur high computational costs, rely on subjective
judgment, or require the use of SFEM to determine temperature distributions and plastic
hinge stiffness across cross-sections. Looking ahead, efficient modelling approaches,
more comprehensive consideration of fire-induced effects, and the development of
direct and efficient LFEM are expected to facilitate fire resistance design of steel

structures.
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CHAPTER 3.
REFINED HEAT TRANSFER ANALYSIS USING FINITE
ELEMENT METHOD

3.1 Introduction

Fire resistance design is a complex multi-physics problem that spans fire dynamics,
heat transfer, and structural mechanics. In practice, most engineers are trained in either
fire or structural engineering, with limited cross-disciplinary integration [7]. Therefore,
the absence of an integrated capability framework necessitates pragmatic, reliable

simplifications of fire—structure interaction for design purposes [101].

Fortunately, heat-transfer analysis serves as an essential bridge between fire
dynamics and structural mechanics and as a basis for structural fire design. Once the
thermal boundary conditions are determined, the internal temperature field of the
structure can be derived. In finite-element-based heat transfer modelling, thermal
boundaries are typically prescribed using three strategies, distinguished by how the

incident heat flux is defined:

The first approach is the direct heat-flux specification. Incident heat flux is applied
to the exposed surfaces, with inputs taken from experiments or from computational
fluid dynamics (CFD). This route more closely represents actual fire environments and
allows explicit treatment of fire sources and enclosure effects. For example, Salminen
and Hietaniemi [102] employed SAFIR for the CFD simulation to demonstrate a fire
resistance design for a stadium’s steel structure. Khan et al. [103] reviewed the
evolution of fire models for fire-resistance design and noted that CFD provides higher-
resolution thermal boundary conditions. However, due to the fire and structural
domains differ in spatial and temporal resolution, tightly coupling CFD with FEMs to

simulate fire and structural responses concurrently remains challenging.
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The second method is the fire-curve-based boundary conditions. Here, time—
temperature relationships (fire curves) prescribe surface radiation and convection, after
which internal conduction is solved. This approach markedly reduces modelling effort
and is well suited to design practice. Using this framework, Kuehnen et al. [104]
employed an equivalent standard fire curve to conduct fire resistance design of RC
beams. Hurley and Rosenbaum [2] introduced a five-stage fire curve for use in
performance-based fire protection design. Gernay and Khorasani [49] used software
Ozone to obtain the gas temperature-time curves of Fire spread and conducted fire
resistance design of composite buildings. In practice, such fire-curve-driven analyses
offer a convenient workflow while delivering temperature predictions of sufficient

fidelity for design.

The last approach is the equivalent boundary via adiabatic surface temperature
(AST), which is proposed by Wickstrom et al. [50]. To balance realism and
computational efficiency, many fire resistance design workflows adopt the AST (also
called the equivalent-temperature) boundary. By enforcing conservation of net heat flux,
the complex thermal environment obtained from CFD or experiments is reduced to a
single temperature boundary paired with an equivalent heat-transfer coefficient. In
practice, the AST method enables the import of CFD or experimentally derived thermal
fields into FEMs without strong coupling, while preserving spatial non-uniformity with
modest modelling effort. Although reliance on AST measurements and fire tests incurs
computational and experimental costs, existing studies [105-108] have demonstrated

the robustness of this approach for fire resistance design.

Therefore, this study employs the latter two methods described above as thermal-
boundary inputs for the heat transfer analysis of steel structures exposed to fire. Given
their advantages, ease of implementation, and suitability for irregular or complex

boundaries (see Section 2.3.1), the FEM is used in this study for the heat transfer
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analysis of fire resistance design. Given the adoption of line elements in fire resistance
design with SODA, the cross-sectional temperature distribution is of critical importance
for subsequent cross-sectional analysis. Therefore, this chapter focuses on presenting
the two-dimensional transient heat conduction method based on the FEM, thereby
laying a theoretical foundation for the subsequent mechanical analysis of cross-

sectional fibers.

A primary challenge lies in the complexity of determining the temperature field in
steel structures protected by intumescent fire coatings (IFCs) when applying the FEM
[109, 110]. By swelling to form a low-density, foamed char with low thermal
conductivity, IFC can significantly prevent degradation of steel, thereby IFC has
become one of the most widely used passive fire protection materials for steel structures
[111]. As shown in Figure 3-1, the foaming reaction of the IFC involves complex
chemical processes, including melting, reaction, and charring of the coating, with each
stage exhibiting distinct thermal properties [112]. The variations in thermal
conductivity and volume of IFC complicate the resolution of temperature field in steel

members during transient heat transfer analysis [113].

[ ] [ ] m
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Figure 3-1 Foaming reaction of the IFC.
Currently, BS EN 133818 [114] offers a practical approach by considering IFC
with a constant equivalent thickness, while the effective thermal conductivity varies

with temperature. This method, which uses temperature-dependent thermal

conductivities, has been validated by many scholars [55, 109, 115]. Nevertheless, the
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variation in thermal conductivity, especially discontinuous changes in some simplified
models [116], increases the difficulty of achieving convergency results and reduces
computational efficiency in transient heat transfer analysis [35, 117]. To address this,
the generalized Crank-Nicolson method [118, 119] is introduced in this chapter to
enhance the heat transfer analysis using FEM, making it more suitable for these thermal

conductivity models.

This chapter first introduces the governing equations for heat transfer analysis,
followed by the finite element assembly procedure. A refined heat transfer method is
developed, incorporating the equivalent thermal conductivity of IFC. The stability of
the generalized Crank—Nicolson method is evaluated, and the optimal coefficients are
identified through parametric analysis. The proposed approach is validated using
multiple examples and integrated into a new structural analysis software, MSASect2.
This software is developed and released by the authors to provide a user-friendly tool

and to enhance the reproducibility of this study.
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Figure 3-2 Finite element-based heat transfer analysis.
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3.2 Governing Equations

This section illustrates the governing equations for the transient heat transfer
analysis. Because the SODA method assumes that members are slender, heat transfer
within the cross-section plays a dominant role compared with conduction along the
longitudinal direction. Therefore, this study primarily focuses on the analysis of cross-
sectional heat transfer. The formulas for transient heat transfer analysis are presented

as follows.

Heat transfer within the cross-section (as shown in Figure 3-2) is described by the

following equation [120, 121]:

9 ka—T +£(ka—T]+qbc=pca—T (3.1)
ov\ oy ) oz\ oz ot

where T denotes the temperature within the cross-section at time #; k£ is the thermal
conductivity; ¢ and p are the specific heat and density of steel, respectively; gac
represents the direct boundary flux of the cross-section. The temperature field in the e

element is calculated as below:

T°(y,2)= ZZZE N/ (y,z)=NT*
i=l (3.2)

in which, n refers to the number of the triangular element nodes; 7°is the nodal

temperature; N;(y,z)represents the shape function of linear triangular element, which

is a practical and efficient triangular 2D element for heat transfer analysis and has a
high adaptability to mesh sections with irregular shapes [117]. With Galerkin method,
Eq. (3.1) can be discretized within the element domain Q° by nodal temperatures and

shape functions:

32



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

oT* o(. o1 of, ot )| .. ~
g_!;{pc > —qbc{a(k > j+§[k = H}N (y,2)dydz =0 (3.3)

Using the Green’s theorem, the third and fourth terms of above equation are

transformed into:

j {a[kaij 8[kaiﬂNfdydz:I (-kaT dy+kaT dzjﬂf (3.4)
Sl oy ) oz\ oz kS oz oy

where I'* is boundary of the element. The left side of Eq. (3.4) is the integration over

element domain Q° and the right-hand side denotes the integration over element

boundary I'. Perform partial integration on the left side of Eq. (3.4):
| [ﬁ{k or J+ Q(k or HNfdydz =
Sl o\ oy oz\ 0Oz

_J- 6T8N 8T6N dydz + J- aTd kaTd .
Aoy 8y 82 0z 0z oy

o (3.5)
Substitute the result into Eq. (3.3), the following equation is obtained:
J. peN; N’
Q° A
+| L ONL 0T ON, dydz — j N¢q, dydz (3.6)
o\ oy 0z 0Oz

I( aT aT dz}’f
- ﬁy

The second term of this equation denotes the thermal conduction within the
element domain Q°, while the term on the other side represents the thermal conduction

at the element boundary I'°. The right side of Eq. (3.6) is rewritten as below:
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I _kaidy+kaidz f:f kaT nzds+kaT nds |Nf
2 Oz oy Loz y

= [q,Nids
3

(3.7)

where n, and 7. are the components of a unit vector directed outward from the section
boundary; g, denotes the heat flow resulting from boundary conditions other than the
direct heat flux gsc. In most heat transfer simulation models [115, 122, 123], thermal
convection and radiation are considered for g,. The CFD results and experimental data
are also compatible with this boundary. g, in this study consists of two components:
convection (¢g.) and radiation (g,), as shown in Figure 3-2. The convective heat flux at

the boundary I'“ can be computed by

ka—TnZ +ka—Tn
oz oy

=h(T, -T|.) (3.8)
-
where T, represents the environment temperature; % is the convective heat transfer
coefficient, taken as 25 W/(m?-°C) [124]. The radiation heat transfer between the cross-

section and environment can be expressed as

ka—TnZ+ka—Tn
0z oy

_ O'g(T 4 —T|r(,4) (3.9)

I

in which, o is the Stefan-Boltzmann constant; ¢ denotes the emissivity coefficient, and

taken as 0.92 [125] in this study. The radiation heat transfer can also be expressed by

ag(T;‘ —T|r(.4) - ag(T,j +7.° )(Tw +7).)(T, -7, ) (3.10)

Considering the difference between 7., and the temperature of boundary I'“ is not

significant, the radiation is linearized as [126]
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(ka—Tnz+k8—Tny] =40eT,’ (T, -T|..) (3.11)

oz oy

re

Providing the boundary conditions of Egs. (3.8) and (3.11), Eq. (3.7) becomes:

j[-k or dy+k?dzjﬂ; = [ W(T. —1°W¢ds + [ 02T, (T, - T°Nyds (3.12)
Y e re

k8 oz

Since direct heat flux gs. is not commonly used in simulation, after discarding g

and considering thermal convection and radiation, Eq. (3.6) can be rewritten as

or? ¢ ON® ¢ ON®
[ peN;Nsdydz—-+ | LN 4 9T ON; dydz
o ot oy Oy 0z 0Oz

= [ (T, =T )N¢ds + [ 402T, (T, —T°)N;ds
re re

Qf

(3.13)

For realistic fire scenarios, the thermal boundary conditions of convection and
radiation (Egs. (3.8)and (3.11)) in this study can be integrated with computational fluid
dynamics (CFD) results to address actual fire conditions. This governing equation can
be expressed by matrix form as shown below:

drre
dt

M¢ = +K°T* =f¢ (3.14)

The matrices and vectors are defined as

M° = [ pe[ N Ndydz (3.15)

¢

K= [[B] DBdydz+ [ i[N] Neds+ [4oeT, [N Nds (3.16)
re re

0°
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where B¢ is the spatial derivatives matrix; D¢ is the thermal conductivity matrix and

expressed as

pr=|* 0 3.17
“lo & (3.17)

The nodal load vector is defined as

£°= [ AT,[N] Neds+ [ 40eT,*[N*] Neds (3.18)
J

re

in which, the left term represents the boundary convective flux vector, and the right

term represents the radiative flux vector.

3.3 Finite Element Assembly Procedure

3.3.1 Generalized Crank-Nicolson approach
The generalized Crank-Nicolson method [118, 119] is introduced to improve the
transient heat transfer analysis. According to this method, the temperature at (s+1)”

time step is expressed by
(o} = el (1) (o) 1) T (3.19)

where 7 (0< 7 <1) is the parameter controlling the stability of solutions. Providing Eq.

(3.14), the governing equation is rewritten as

| e Vet _| 1 e e |frpe)? B A
(EM +7K j{T} =[A—tM —(1-7)K }{T} +(1-){f} +7{f] (3.20)

For better stability and convergence, the optimal value of 7 is investigated to ensure
accuracy and stability results. As demonstrated by Section 3.3.3, 7 = 0.9 is selected.

When r=1, Eq. (3.20) is fully implicit and expressed as follows:

36



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

(LMQ +K€j{Te}”' LEVE e} +{ee)™ (3.21)

The temperature at each time step is obtained by solving the equation using the
Gauss-Seidel method, which can provide a stable solution when the thermal

conductivity coefficient is updated with temperature.

3.3.2 Equivalent thermal conductivity model for IFC

IFC material undergoes complex chemical reactions and changes in physical
properties at high temperatures. Once the temperature exceeds 200 °C, thermal
decomposition occurs, and the components gradually react, leading to changes in
thickness and thermal conductivity [112]. This characteristic makes it difficult to
accurately predict the performance of IFC. A practical method introduced by BS EN
133818 [114], estimates the equivalent thermal conductivity of IFC by assuming that
the IFC maintains a fixed thickness, equal to the dry film thickness (DFT), while its
equivalent thermal conductivity continuously varies with temperature. This approach is

convenient for engineering design and has been proven accurate [55, 115].

With this in mind, some scholars have proposed various equivalent thermal
conductivity models for IFC. For instance, Li et al. [113] proposed a constant model

that considers the equivalent thermal conductivity as a constant, which is defined as

! j k(T)dT (3.22)

400

k(T)=—
(T) 300

in which, k.(T) denotes the effective thermal conductivity. Another model is the

temperature-dependent three-stage model [116], given by
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1 300
— j k(T)dT,T <300
200 2
1 400

k. (T)={— [ k(T)dT,300<T <400 (3.23)
100 2,

1 600
j k(T)dT,400 < T

400

200

According to Eq.(3.21), by updating k of the s” step based on k.(T), the updated
K¢ can be calculated for the (s+1)" step. Therefore, the heat transfer analysis method

can be applied to various thermal conductivity models.

3.3.3 Stabilization of the iteration method

The stability of the generalized Crank-Nicolson method is evaluated in this section.
The parameter 7 (0< 7 <1) in Eq. (3.19) controls the stability of the solutions [127].
When 7=0, the equation is fully explicit. The cross-section in Figure 3-3 is investigated,
with the thickness #, set to 15 mm in this example. The DFT is set to 2 mm and the
equivalent constant thermal conductivity follows the discontinue three-stage model in
Eq.(3.23). Under the influence of ISO 834 standard fire on one side, the temperatures
at two key points (as depicted in Figure 3-4) are calculated using the Crank-Nicolson
method and compared with the benchmark solutions obtained through SFEM. Different
values of 7 are investigated to find the optimal parameter. The number of time steps is

the same for each method.
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Figure 3-3 Dimensions (mm) of the cross-section.

The results are summarized in Figure 3-4. It is notable that when the equivalent
thermal conductivity of IFC varies discontinuously with temperature, the traditional
explicit method cannot achieve a convergent solution, therefore, the results for 0 <7 <
0.30 are not shown in the figure. As 7 gradually increases, the temperatures obtained by
the Crank-Nicolson method approach benchmark solutions, demonstrating improved
stability and accuracy. When 7 is equal to 0.9, the result is most accurate, with a
maximum error of 4.6%. However, when 7 is 1, that is, when the governing equation
(3.21) becomes fully implicit, the error actually increases. It can be concluded that 7 =
0.9 can be used as the optimal value to address discontinuous changes in thermal
conductivity. Compared to explicit methods, this approach demonstrates higher

stability and accuracy. Therefore, 7= 0.9 is adopted in the following examples.
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Figure 3-4 Temperature obtained by SFEM and generalized Crank-Nicolson method.

34 Validation Examples

Three examples are provided in this chapter to validate the proposed heat transfer
analysis method. The examples include the analysis of temperature filed of IFC-
protected steel members under fire, steel beams under localized fire and concrete-
encased steel columns under standard fire tests. These examples cover different fire
conditions and protection conditions, which can fully verify the proposed heat transfer

analysis method.

3.4.1 Temperature field of IFC-protected steel members under fire

The temperature field obtained using the proposed approach is compared with
experimental results to verify the accuracy of the heat transfer analysis method.
According to the experiment reported by Li et al. [113], the temperatures at key points
of four different IFC-protected specimen types are calculated and compared with the
fire test results. The dimensions of the specimens are depicted in Figure 3-5. The target
dry film thicknesses (DFTs) of IFC are indicated by their specimen ID. For example,

“A07T1” denotes a specimen type of “A”, a DFT of 7mm, and “T1” refers to the sample
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number. Additionally, “E09T1” and “E15T3” correspond to hot-rolled I-shaped steel
sections (138x360x12x15.8 mm). These specimens were exposed to the ISO 834

standard fire condition [128], and their temperatures were recorded using

thermocouples.

200 98

16 —>| <

400
l\ 7
-
360

270
-

 : Thermocouple

(a) AO7TTI and A22T1 (b) E09T1 and E15T3 (c) CO7T4 and C22T2

Figure 3-5 Dimensions of the test specimens in Ref. [113].
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Figure 3-6 Comparison of experimental and calculated temperature.

The temperature of each specimen was measured by averaging the measurements
from three thermocouples. The experimental results and calculations obtained via the
method proposed in this study are presented in the Figure 3-6. The constant thermal
conductivity model, as illustrated by Li et al. [113], is utilized for the calculations, as
constant model is more suitable for water based coatings. The model proposed by Lie
[129] is adopted to characterize the thermal parameters of steel at elevated temperatures.
The thermal conductivity & [W/(mx°C)], specific heat capacity ¢ [J/(kgx°C)] and

density p (kg/m®) of steel at high temperatures are calculated as

(3.24)

—0.0227 +48,0<7 <900
28.2,7 >900

(0.004T +3.3)x10°,0< T < 650

(0.068T —38.3)x10°,650 < T <725
pc = ) (3.25)
(~0.086T +73.35)x10°,725 < T < 800

4.55x10°,T > 800

The agreement between the measured and calculated results is satisfactory for all

specimens. The temperature from the fire test rises more quickly than that predicted by
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the proposed method. This discrepancy is due to the unstable heating of the fire furnace,
where the actual temperature significantly exceeded the standard fire curve at the start
of the test [113]. Additionally, this discrepancy can also be due to the use of the average
values of several thermocouples in the measurement, uneven heating of the fire furnace
leading to uneven temperature rise. Overall, the proposed heat transfer analysis method

1s validated.

3.4.2 Steel beams subjected to localized fire

This example employs the heat transfer analysis method presented in this study to
replicate the fire test conducted by Li et al. [130]. The setup of the fire test is depicted
in Figure 3-7, where an H250%250x8%12 steel beam is exposed to non-uniform fire
conditions. The top flange of the beam was wrapped with a ceramic fiber blanket to
provide approximate adiabatic conditions. Several thermocouples were positioned at

mid-span to monitor the temperature distribution within the cross-section.

The beam underwent a heating and cooling fire test, and the average furnace
temperature was recorded, as shown by the black dashed line in Figure 3-8. The
comparison between the calculated and experimental results is presented in Figure 3-8,
demonstrating good agreement. The primary source of error may stem from the
blanket's imperfect adiabatic properties. Despite this, the comparison validates the

accuracy of the heat transfer method.

Location of

i H250x250x8x12 Ceramic
Al_— ‘
thermocouples blanket 60

| |

A ‘ -
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2
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Figure 3-7 Fire test setup and locations of thermal couples.
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Figure 3-8 Comparison between the fire test and the proposed method.

3.4.3 Concrete-encased steel columns under standard fire tests

This example calculates the temperature filed of a concrete-encased steel column

reported by Pan et al. [131]. The geometric dimensions of the column and the

arrangement of thermocouples are shown in Figure 3-9. The column underwent an ISO

834 standard fire test in the fire furnace. Concrete undergoes water evaporation at

100 °C, an endothermic process that influences temperature field distribution. Lie’s

thermal parameter model [129] for concrete incorporates this factor and has been

employed in several studies [131-133], yielding accurate calculation results. Therefore,

this model is also adopted in the present study.

44



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

70 Encased concrete

_4 F_ / /Steel tube

N 8pl0

—

300

X % : Thermocouple
N 28@100

N
Core

300
k—# concrete

Figure 3-9 Dimensions arrangement of thermocouples (Unit: mm).

The average temperature of the furnace is calculated by

Ascending stage: T =T, +345log,, (8+1) (3.26)

T,-10.417(t-1t,),t, <30
Descending stage: T =17, -4.167(3—1,/60)(¢-t,),30<t, <120  (3.27)
T,-4.167(t-t,),t, >120

where T denotes the fire temperature (in °C, above Ty); Ty and T}, represent the room
temperature and the maximum fire temperature, respectively; ¢ (min) is the elapsed time

from the start of the fire; #, (min) is the duration of the ascending stage.

The fire-temperature curves for EC-45-100-4 and CC-45-100-4 are calculated
using the proposed numerical method and compared with those recorded by the
thermocouples. The results are depicted in Figure 3-10, where the scatter points
represent the thermocouple measurements, and the lines represent the predicted curves.
Based on the comparison, it can be concluded that the proposed approach is capable of

accurately predicting the temperature evolution over time.
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Figure 3-10 Comparison between predicted values and thermocouple measurements.

3.5 Software Implementation

To provide engineers with more accessible and efficient methods for heat transfer
analysis and enhance the reproducibility of this study, the proposed heat conduction
method has been integrated into the cross-sectional analysis software MSASect2 [134],
which is a cross-platform cross-section analysis and design software enabling the

analysis of mechanical properties and thermal conductivity for arbitrary cross-section.

The graphical user interface of MSASect2 is shown in Figure 3-11. Heat transfer
analysis in this software consists of two modules: preprocessing and postprocessing.

The software’s analysis workflow is as follows:

Step 1: Input cross-sectional information on the software’s main interface either
via a template or manually, including the cross-section’s nodal coordinates, outlines,

and material properties.
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Figure 3-11 The graphical user interface of MSASect2.

Step 2: Launch the preprocessing module for heat transfer analysis and select the

outlines in the outline list that require the assignment of thermal boundary conditions.

Step 3: Input the required parameters (e.g. Temperature, heat flux, convection,
emissivity and coating thickness) in the corresponding input fields. Click “Assign” to

assign the thermal conditions. Diverse thermal boundary conditions are supported in
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the heat transfer analysis.

Step 4: Configure the “Analysis Settings” and adjust the required analysis
parameters. Notably, a reasonable number of time steps and an appropriate mesh size

are essential for accurate analysis.

Step 5: Input the parameters for the fire proof coatings if necessary. Click “Run”

to start the analysis.

Step 6: Upon completion of the analysis, launch the postprocessing module and

select appropriate plotting options to generate temperature cloud maps.

Step 7: Input material properties for the following calculation of cross-sectional

properties, yield surfaces and moment curvatures.

Step 8: Select the analysis type and click “Calculate Cross-Sectional Properties”

to compute the cross-sectional properties under fire.

Step 9: Input the analysis parameters for the yield surface and click “Calculate

Yield Surface” to compute the yield surface under fire.

The software supports both fire curve and heat flux input methods, as well as
transient and steady-state heat transfer calculations. To obtain more accurate results, it
is recommended that the mesh size be 1/3 the width of the narrowest edge, and the
number of time steps be no less than 20. The calculation of cross-sectional properties,
yield surfaces and moment curvatures under fire are based on the results of the heat

transfer analysis. These functions will be introduced in the following chapters.
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CHAPTER 4.

COUPLED THERMAL-STRUCTURAL CROSS-SECTION
ANALYSIS BY IMPROVED PLANAR FINITE ELEMENT
FORMULATIONS

4.1 Introduction

Modern fire resistance design methods are evolving toward the adoption of more
realistic fire scenarios and more precise structural analysis. Fire resistance design
approaches based on the line finite element method (LFEM) also relay on more accurate
cross-sectional properties. In this study, LFEM plays a central role in the second-order
structural fire analysis, and the cross-sectional properties are essential parameters for
the LFEM. However, the assessment of the influence of intumescent fire coatings (IFCs)
on the fire-resistant performance of steel members, especially their cross-sectional
properties and the associated global buckling response under fire, remains challenging.
A significant challenge in the cross-section analysis arises from the complexity of
obtaining the temperature field in IFC-protected steel structures under fire conditions
[109, 110]. As shown in Figure 4-1(b), the foaming reaction of the IFC involves
complex chemical processes, including melting, reaction, and charring of the coating,
with each stage exhibiting distinct thermal properties [112]. The variations in thermal
conductivity and volume of IFC complicate the resolution of temperature field in steel
members during transient heat transfer analysis [113]. This issue has been addressed by

the refined heat transfer analysis method illustrated in Chapter 3.

The non-uniform deteriorated material properties induced by the temperature
gradient, as shown in Figure 4-1(c), introduces additional complexities in cross-section
analysis. Most prescriptive design methods assume that the members are uniformly

heated [60, 135] across the cross-sections. However, this assumption can lead to unsafe
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conditions when temperature gradients develop within the cross-sections [70]. Such
gradients can occur when only one side of a column is exposed to fire [136] or when
fireproof coatings are applied [69]. While fire tests and sophisticated finite element
method (SFEM, typically employing shell or solid elements to provide a comprehensive
and detailed model), can robustly capture the buckling behavior of steel members with
thermal gradients [69, 137], their application in design practice is limited due to high
costs and intensive computational demands. Some cross-sectional properties, such as
the shear center, torsion constant, and warping constant, are quite challenging to
determine when the material deterioration is non-uniform within the cross-section.
Although several studies [69, 70, 136] have investigated the cross-sectional properties
of these members, their scope is limited to specific, simple cross-sectional geometries,
and they cannot account for properties related to torsion constant, shear center, warping
constant, and Wagner coefficients. Therefore, a comprehensive cross-section analysis
method that accounts for non-uniform material deterioration induced by the

temperature filed is necessary.

Furthermore, irregular cross-sections, which have become increasingly common in
modern steel structures [62, 138], lead to more complex buckling modes, thereby
adding further challenges to the calculation of buckling capacity. Steel member with
irregular cross-section, particularly non-symmetric section, has shear center that does
not coincide with the centroid, as shown in Figure 4-1(d). Consequently, they are
susceptible to lateral-torsional buckling under bending, axial-torsional buckling under
compression (as depicted in Figure 4-1(e)), or other coupled buckling modes under
eccentric axial load [139]. To analyze these buckling behavior, some key cross-sectional
properties related to irregular sections, such as the shear center and Wagner coefficients
[71, 140], are essential prerequisites. However, determining these parameters can be
challenging due to material deterioration caused by the temperature gradient under fire,

which makes traditional methods [59, 70] complex and inefficient.
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Figure 4-1 Challenges in the cross-section and global buckling analysis of IFC-

protected steel member under fire.

To address these challenges, this study proposes an improved cross-section
analysis framework for IFC-protected steel members with irregular cross-sections
under fire. Based on the calculated temperature field, an improved cross-section
analysis method employing the proposed thermal deterioration triangle (TDT) element
is introduced, demonstrating both high accuracy and efficiency. With the derived cross-
sectional properties, flexural buckling, axial-torsional buckling and lateral-torsional
buckling are taken into consideration in the global buckling analysis. The proposed
approach is validated through multiple examples and integrated into a new structural

analysis software, MSASect2. The software is developed and released by the authors
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to provide a user-friendly tool and enhance the reproducibility of this study. Irregular

sections with arbitrary IFCs and fire conditions can be easily modeled and rapidly

analyzed to determine the global buckling capacity. Parametric studies are conducted

to investigate the influence of fire exposure time, cross-sectional shape, load condition,

dry film thickness (DFT) of IFC, slenderness ratio, and section factor. Finally, an

approximate evaluation method is provided to estimate the fire exposure time

corresponding to the initial and near-total loss of buckling capacity.

4.2  Assumptions and Limitations

The cross-section analysis in this study is based on the following assumptions:

1)

2)

3)

4)

S)

The thickness of the IFC equals its DFT and is assumed to remain unchanged
during heat transfer analysis, with a temperature-dependent equivalent
thermal conductivity applied.

The cross-section remains planar after deformation, ensuring that the
deteriorated cross-sectional properties of slender members can be determined
through integration over the finite element mesh, as detailed in the cross-

section analysis in Section 4.3.

The cross-sectional properties are represented by a series of products, such as
bending stiffness Ej , compression stiffness ErZ and torsional rigidity
Grj . This assumption is employed because modulus-weighted integrations
are used to calculate the cross-sectional properties with thermal gradients, as

discussed in Section 4.3.

The stress-strain relationship of steel is treated as elastic perfectly-plastic.

The proposed global buckling analysis primarily focuses on global buckling
under fire, without accounting for the influence of local buckling or cross-
sectional distortion. Additionally, the steel member is considered to be

uniformly exposed to fire along its length, as this is a common scenario in
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standard fire resistance tests [141-143].

43 Cross-section Analysis Using Improved Planar Finite Element Formulations

Accurate cross-sectional properties are fundamental to the LFEM. When a fire
affects only three sides of a steel member [144], or when the steel member is a corner
column or a beam supporting a floor slab [69], a significant temperature gradient will
develop within the cross-section. The use of IFC can also result in a temperature
gradient [55], leading to non-uniform deterioration of material properties, which
complicates the cross-section analysis. Some typical fire resistance design methods
account for thermal gradients within the cross-section by assuming mean temperatures
[145] or dividing the cross-section into multiple regions with approximately equal
temperatures [98, 146], providing a simplified model for cross-sections with thermal
gradients. To address this limitation and enhance accuracy, this study proposes a
thermal deterioration triangle (TDT) element that captures non-uniform thermal

gradients, as shown in Figure 4-2.
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Figure 4-2 Cross-section analysis of a steel member under fire using: (a) TDT element

and (b) CST element.
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4.3.1 Derivation of the TDT element

The TDT element is developed from the traditional three-node constant strain
triangle (CST) element, which exhibits good accuracy and stability in cross-section
analysis [147]. As shown in Figure 4-2(b), the material properties, such as Young’s
modulus E, are constant within the CST element domain, thus requiring a fine-meshed
cross-section to ensure accuracy. The TDT element can accurately capture material
deterioration within the element domain, as depicted in Figure 4-2(a), allowing for
cross-section analysis with fewer elements and thereby improving calculation
efficiency. In addition to steel structures exposed to fire, the TDT element can be further
developed for analyzing other structures with material gradients, such as timber,
bamboo, WAAM steel, and composite stainless steel structures. The material properties
and displacements within the TDT element can be extracted by linearly interpolating.

The shape function for the i TDT element is defined as
N'w'oh=[v' ¢ 1-y'—¢] (@.1)

where v and ¢’ are the local coordinates for the i element, as shown in Figure 4-2(a).
The values of ' and ¢’ range from zero to one. Then, the Jacobian matrix for each
element is calculated as follows:

oz oy | [oN

i i i

oy oy _|ov' |k (w5 s v -
J = - Cy= T | 42
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i i i
Zy =Zy Yy TN
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. . i ioio T i i _di it .
in which, y =[ ViVy Vs ] and z :[21 A4 ] are the nodal coordinate vectors

for the i element in the global y-o-z coordinate system. Since the material matrix can
be eliminated during the variational process, the stiffness matrix for calculating the

warping function of the TDT element can similarly be derived using the principle of
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virtual work [65]:

R-| oNT 8Ni+5[N[]T oN' |-
- i oy oy 0z Oz 43

where d A denotes the modulus-weighted differential law illustrated in the following

section.

4.3.2 Degraded cross-sectional properties

According to assumption (3), a reference Young’s modulus £, is introduced for

the analysis of deteriorated cross-sectional properties, and a modulus-weighted

differential law for the i element is given by

d A= NEds
E

r (4.4)
where E, >0 is a constant that does not affect the results; E'represents the Young’s

modulus vector, demonstrating the deteriorated material properties under fire, and is

expressed as

E =[BT, BT, ET) ] (45)

in which, 7', T,' and T, are the nodal temperatures; E(T) demonstrates the Young’s

modulus of steel at high temperatures, as recommended by ASCE 29-05 [148]. Based
on the modulus-weighted differential law, the deteriorated cross-section area is given

by

A= iA" = Z [da= Zjl, j 1_1 V' |N'E/ E dy'dy’
iml i=1 i-1 (4.6)
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where nt is the number of the TDT elements; A’ denotes the deteriorated cross-section

area for the i/ element. Then, the deteriorated first moments of area are obtained by

0 - iQ; _ ijzd A= ir_lf_] ‘Jf‘Nz‘Ei (Nizf )/E,_dl//id¢i wn
iml i=l = |

0.=30 =Y lyaa=y[ [ [F|NE (Ny) Edy'dy @48)
i=1 i=1 = |

Based on the above results, the coordinates of the centroid (y., z.) can be calculated

by
e 5
. (4.9)
Z‘:Er_y:Q—_y
EA A (4.10)

The deteriorated moments of inertia and product of inertia are

S-S0 S e e
i=1 i=1 i=1

@.11)
L=y =Ylvaa=3[ [ NE (8 Edyde
i1 i=1 i=1 (4.12)
T, = ley _ Zl [ yzd A= gfl [ [0 |NE (N ) (Ne') E,dydef s

For most irregular cross-sections under fire, the principal w-v axes usually deviate
from the global x-y axes [58]. The angle 6 between the principal and global axes can be

calculated by
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1 21
0= Earctan i yl_
yos (4.14)

The coordinate transformation relationship between w-v axes and x-y axes is

cos —sinf ||y| |v
sind  cos@ ||z| |w (4.15)
4.3.3 Degraded torsion and warping properties
Torsion and warping properties are vital for determining the global buckling load,
as illustrated in Section 5. Obtaining the warping value and shear center is a prerequisite

for the calculation of torsion constant [65]. The nodal warping values ® are calculated

by solving:

Ro=F, (4.16)

in which, R denotes the total stiffness matrix for the section, assembled from R’; P,, is
the total load vector. R” has been given by Eq.(4.3), P! is calculated by the following

equation:

8 N’ o|N'
J- J<1 o [ ] Nizi% det‘Jz“NiEi/E”dl//idgﬁi
y
(4.17)
The coordinates of shear center (v, wy) in the principal axes are given by
nli_Llnllliiiiii i ig i
v, = i:1vs “ET i_ljlle wNo'N'E det‘J ‘a’w do wis)
< llnllliiiiii il 7. 09 i
w, —;w _Ej_wi_lfl‘[lNVNwNE det‘J ‘dl// do wio)
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where w' =[w,w,,wy] , v =[v,v,,»] and o' =[w,0,,0,] are the nodal
coordinate vectors along the w-axis, v-axis, and the nodal warping value vector,

respectively; I, and I , represent the deteriorated moments of inertia about the v- and

w- axes. The torsion constant can be calculated after the nodal warping values are

standardized by:

o' =0 ——._[ o'dA+w'v' —v'w
Al A s K}

(4.20)
The deteriorated torsion constant .J can be calculated by
J = zj j {{‘W o (N7 -z )+(N'z' -z, )2}}det‘Ji‘N"Gi /G.dy'dg
3 ['] 11{56—1\11(9; (N =y,)-(N'y -y, )2}}det‘Ji‘NiG[ /G.dy'dg’
=1 g (4.21)

where y; and z; are the coordinates of the cross-section; G' =E’ / [2(1+ ,u)] denotes
the shear modulus vector. Providing the warping values in Eq.(4.20), the warping
constant [, is expressed as follows:

Io= il;‘, Z j J’ - “’ det\J‘\N’E’dy/ dg'
5 (4.22)

The Wagner coefficients [62, 71] , which significantly influence the stability of
steel members, are derived from the following equations based on the proposed

deteriorated cross-sectional properties:
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_ 1 . — ) _ l =3 —2
B, _fJ-AZ +zy"dA—-2z dA, B, —I=ZJ.A)/ +yz°dA-2y dA,

B, =7ijAa)s (7°+2°)d4
v (4.23)

in which, yand z are the coordinates with the centroid as the origin in the global

coordinate system.

4.3.4 Plastic section modulus

The section modulus of steel members rapidly decreases under fire, which can
cause significant strength failure rather than stability failure [70]. Therefore, the
proposed method considers the plastic section modulus of the steel members. Assuming
that under bending conditions, all elements within the cross-section reach the yield
strength and have sufficient plastic deformation capacity. The position of the plastic
neutral axis is calculated by determining the axis in the yielding section where the total

axial load is zero, considering the appropriate sign for compression or tension:

[ £,()da :Z [ [ N, det|a’|ay'dgf
’ = (4.24)

where f,(7) is the function for determining yield strength of steel at elevated

temperatures, as recommended by ASCE 29-05 [148]; fyi is the nodal yield strength

vector, demonstrating the deteriorated yield strength under fire, and is expressed as
i i i K
£, =L 5@ £ 1T ] 4.25)

The plastic moment can be calculated by integrating the yield strength of each

element multiplied by the area and the distance to the plastic neutral axis:

S YA T
o (4.26)
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M, = ;z;fl [ ;Nl‘ £, det]¥|dy/'dg .

in which, y, and z, are the distances between the centroid of the i” element and the

two plastic neutral axes, respectively.

44 Global Buckling Analysis Based on the Cross-sectional Properties

4.4.1 Global buckling analysis

After obtaining the temperature-dependent cross-sectional properties of steel
members exposed to fire, this chapter further analyzes the global buckling behavior of
such members. Global buckling is a core consideration in the fire resistance design of
steel structures, as it directly often governs the ultimate load-carrying capacity and
stability of slender members when subjected to elevated temperatures. Given that high
temperatures non-uniformly degrade the elastic modulus and yield strength of steel, the
cross-sectional stiffness and strength (which have derived in Section 4.3) undergo
substantial changes, which in turn alter the global buckling modes, critical buckling

temperature, and buckling load of members.

Understanding the behavior of single members under fire is essential for
developing appropriate design criteria. Three different global buckling modes: flexural
buckling, axial-torsional buckling, and lateral-torsional buckling are considered. For
columns with axial loads, the bearing capacity is primarily controlled by flexural
buckling and axial-torsional buckling. For beams under bending, lateral-torsional
buckling is more likely to occur. Lateral-torsional buckling is sensitive to parameters
such as the shear center, torsion constant, and Wagner coefficients, which describe the
asymmetrical properties arising from irregular cross-sections and thermal gradients.
The global buckling load of a centrally loaded column can be calculated using the

closed-form solution provided by Ziemian [71], where the theoretical buckling load N,

60



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

can be determined through solving the equation:

(7 =V =W N, =[ (N, + N, +N,)r’ =N, =Nw [N +

w's

(4.28)
r*(N,N, +N,N, +N,N,)N,, —N,N N, =0

where N, and N,, are the flexural buckling loads about v- and w- axes of the cross-
section, respectively; N, denotes the axial-torsional buckling load; » is the radius of

gyration.

The flexural buckling loads are obtained from

.

N = % (4.29)
.

N = % (4.30)

in which, 4 is a coefficient related to the boundary conditions, ranging from 0.5 to 1.0.

The axial-torsional buckling load is expressed by

N = GJ+r’El, I’

’_vf+wf+(fv+7w)/2 431)

The closed-form solutions provided by Galambos [149] for lateral-torsional

buckling loads of steel beams under pure bending are given by

°E1 g I3 JI*
., -ZELle, [o] i o )

Yy r yﬂ.

g T ; JI?
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where M., and M., are the buckling loads when the steel member is under pure
bending moments about z- and y- axes, respectively. These analytical solutions provide

a limiting point in the mathematical space for buckling analysis [71].

For buckling analysis under other loads and boundary conditions with thermal
expansion, the buckling mode is complex, potentially involving a combination of
multiple modes, making it difficult to determine the buckling load through analytical
solutions. The buckling loads can be obtained by applying the cross-sectional properties
provided in this study to LFEMs [98, 100, 150, 151] for eigen-buckling analysis. In
extremely slender members, deformations due to uneven thermal expansion become
more pronounced than the effects of uneven degradation of material properties [69].
For these cases, LFEMs are recommended to calculate the buckling loads, as thermal
bowing and thermal buckling are well accounted for. These methods rely on accurate
cross-sectional properties, which are challenging to determine when the cross-section

is irregular and affected by thermal gradients.

The degradation of the yield strength at high temperatures is significant. It is
essential to conduct strength checks for buckling loads. The buckling load must be

lower than the capacity when the entire section undergoes plastic deformation:

N, <f,4 (4.34)
M, <M, M, <M, (4.35)

4.4.2 Numerical implementation
The proposed numerical framework for cross-section and global buckling analysis
of IFC-protected steel members under fire is summarized in Figure 4-3. Three parts are
included in this framework: (1) Heat transfer analysis; (2) Cross-section analysis; and

(3) Global buckling analysis. The first part generates the mesh model and temperature
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field for cross-section analysis in the second part, while the second part provides
accurate cross-sectional properties for the global buckling analysis in the third part. It
should be noted that the IFC in step 6 needs to be removed from the mesh as it does not

participate in the global buckling analysis.

Stepl: Input f

+ Material properties I
+ Boundary conditions

Step2: 2D Mesh

i Mesh the cross-

section with 3-node

Convection (g,)

Step4: Assemble matrices
Assemble M¢ and K¢

Step5: Update matrices
Using generalized Crank-
Nicolson method

+ Geametric dimensions /| triangular elements Using Eq. (20)
« Fire curve Vi 5
v g
-~ MI Nlﬁ Mlir o .
i . governing
I\"\ 1 e Using Eq. (14) equation:
R X e Eq. (13)
‘ - - ! it e oth i
4 X  — Radiation (g,) | KK __K v e
“ | il ) ime steps
Z N Assign thermal boundary Using Eg. (15)
Basic information conditions
i Temperature field and the same mesh i
l Step8: Sum up section properties StepY: Global buckling
Step6: Assign material Step7: Assign TDT analysis
deterioration: elements Z Deteriorated area: Fl buckling:
LEG I Eq. (28) exure buckling:
a0 dipes romees li\li(;ciléil ”””””” A At Egs. (51)-(52)
----- ; 1.z Deteriorated first Axial-torsional buckling:
[ Z ven moments of area: Eq. (53)
it [ Q‘l Q‘m Eg. (29)
i . 3 ! : . Lateral-torsional buckling:
Delete IFC | No32) E(T_(a : g Egs. (54)-(55)
3 i, If,‘, : ' Deteriorated
i (v2,23) Node 3 | Z » torsion constant: Other conditions:
; s.zh) J J Eq. (43) Using line elements

: Heat transfer analysis

: Cross-section analysis

: Global buckling analysis

Figure 4-3 The proposed numerical framework for the global buckling analysis of

IFC-protected steel members under fire.

The authors have integrated the proposed cross-section and global buckling

analysis method into the new educational structural analysis software, MSAsect2 [134],

to provide a user-friendly tool and enhance the reproducibility of the present study. The

graphical user interface of MSASect2 is shown in Figure 4-4, where the software

primarily consists of two modules: one is the preprocessor for inputting model

information, and the other is the postprocessor for displaying results.
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In the preprocessor module, cross-sections are constructed by defining nodes and
assigning [FC. After specifying material properties, fire, and load conditions, the input
model is analyzed by the proposed method. The postprocessor module displays the
temperature field, cross-sectional properties, and global buckling capacity over time.
To extend practical applications, a local buckling analysis module for IFC-protected

members is under development.

Input basic model information

+ Material properties & Geometric dimensions
+ Boundary conditions  Fire conditions

Analysis using the proposed method . —

cemmmenany. BUCkling curves of IFC-
ST protected steel member

Temperature field of IFC-protected
(D)) steel membersection

Figure 4-4 The graphical user interface of MSASect2: (a) Preprocessor; (b)

Postprocessor.

4.5 Validation Examples

Two examples verify the accuracy of the proposed method, including cross-section

analysis and global buckling analysis.

4.5.1 Cross-sectional properties of IFC-protected steel members under fire
The cross-sectional properties calculated using SFEM and the traditional method
with CST elements are compared with those obtained from the proposed method to

demonstrate the accuracy and efficiency of TDT element, respectively. Figure 4-5
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illustrates the dimensions of typical irregular cross-sections, where the thickness #, is

set to 15 mm. The dry film thickness and equivalent constant thermal conductivity of

the IFC are taken as 5 mm and 0.0216 W/(m-K) [115], respectively.

100 100

(a) (b)

Figure 4-5 Dimensions (mm) of the cross-sections: (a) I-Section; (b) C-section.

To demonstrate the accuracy of the cross-section analysis method, a comparison
is made with the SFEM in ABAQUS [152] using solid elements (C3D8R). In the
sophisticated finite element model, the centroids of both ends are fixed with a coupling
point that uses structural coupling to allow free warping, as the torsion constant must
be obtained under Saint-Venant torsion conditions. Displacement loads are applied at
the coupling points of both ends, and the cross-sectional properties (E,A, E.I, G,]) are
determined by analyzing the relationship between the deformation and the reaction
forces of the beam under compression, bending, and torsion. To ensure accurate results,
the length L of the member is set to six times the section's height D to uphold
assumption (2) and minimize the influence of the distortion of cross-section [153].
Mesh size tests have been carried out for better convergence. The IFC-protected
members are subjected to a standard ISO 834 fire exposure [154]. The cross-sectional
properties at various time points, calculated using the SFEM and the proposed method,

are presented in Figure 4-6.
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The results of the two methods exhibit strong consistency, confirming the accuracy
of the present study. The minor error arises from the cross-sectional distortion in SFEM
and the simplification in assumption (2). Moreover, the strain distribution across the
section at 100 minutes, calculated using SFEM, is provided in Appendix 4A of this
chapter. The proposed method is more efficient as it will use fewer elements, while the

SFEM faces more complex modeling and coupling methods.
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Figure 4-6 Cross-sectional properties at different time obtained by the present method

and SFEM.

To illustrate the efficiency of the present study, the cross-sectional properties at the

40th minute calculated using CST and TDT elements are compared with the benchmark

66



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

solutions derived from the SFEM. The number of elements used and the differences are
recorded, as shown in Figure 4-7. With the same number of elements, the proposed
method using TDT element can reduce the error in calculating the properties of I-
section by up to 3.98% and C-section by 2.26%. It is evident that TDT elements can
achieve better accuracy with fewer elements when calculating different cross-sectional

properties, thereby demonstrating the efficiency of TDT elements.

4.0% 71—

8.0%-‘f - o B

CST element ‘
TDT element

CST element o ‘
TDT element 3.0% |

6.0%

2.0%4

Difference

4.0%

Difference

1.0%

2.0% )

0.0% -

0.0% -

1014 . -
1530 1980 2520 3600 EA Element Number
4080
Element Number

(a) I-section (b) C-section

Figure 4-7 Comparison of the efficiency between CST and TDT elements.

4.5.2 Global buckling analysis of IFC-protected steel members under fire

This example further validates the proposed buckling analysis method by
comparing it with fire resistance tests of steel members protected with IFC. The fire
resistance tests, reported by Mesquita et al. [155], involve simply supported IFC-
protected steel members with varying cross-sections and DFTs. The span between the

supports is 1210 mm, and the members are subjected to constant axial loads and fire
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exposure according to ISO 834 [154]. The temperature-dependent equivalent thermal
conductivity is prescribed by the European standard [135]. Different cross-sections
(IPE and LNP) and protection thicknesses are analyzed in this example, as shown in
Figure 4-8. The reduction of the buckling capacity over fire exposure time is calculated
using the proposed method, and the test results are presented. The results show good
agreement, with only minor differences, which arise from the fire exposure length not
being strictly equal to the length between the supports. Hence, the accuracy of the

proposed approach is further confirmed.

2104 Fire resistance tests by 210 Fire resistance tests by
e | Mesquita. et al. (2012): T N Mesquita. et al. (2012):
o '\ a W\
S i &  Protected by IFC 5] \ & Protected by IFC
=] 08+ \ 4 Unprotected en 0.8 ' \ #  Unprotected
= ' \ Predicted by the proposed method:| 5 ! \ Predicted by the proposed method:
_§ 0.6 \\ \ = — Protected by IFC é 0.6 \\ \ [~ — Protected by IFC
bS] v Unprotected o) _ Unprotected
S 0.4+ \ S 0.4+ \
8 \ & \
N \ S
£ 021 . 502 '
31 N 31 &
’§ 0 ﬁ\ﬁ_—::g%:==g %00 %’f;&\‘::@:—_—p_—_
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Fire time (min) Fire time (min)

(a) IPE 100, Average DFT=~ 1 mm (b) LNP 100x50x8, Average DFT~=~1.1

mm

Figure 4-8 Comparison between calculated results and fire resistance test outcomes.

4.6 Parametric Study

This section conducts a comprehensive parametric study on the global buckling
behavior of steel members protected by IFC when exposed to fire conditions. Following
the summary of results from the parametric study, a design method is proposed to
estimate the required IFC thickness corresponding to the target fire resistance time.

Several critical parameters are examined, including section shape, fire exposure time,
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slenderness ratio, DFT, section factor and load condition. For convenience, it is
assumed that all steel members are simply supported, and the reduction factors for the
buckling load under various parameters are evaluated. The equivalent thermal
conductivity demonstrated by Li et al. [115] is applied. The cross-sections maintain the

same dimensions as in the previous example, as shown in Figure 4-5.

4.6.1 Buckling load of axially loaded columns

The reduction factors (Ne/Neo) for the axially loaded columns are shown in Figure
4-9 and Figure 4-10, where N0 represents the buckling load at ambient temperature.
For clearer visualization, the data points are displayed in different colors based on their
reduction factors. The 20% and 80% reductions in buckling load are indicated by blue
and red lines, respectively. These lines correspond to the slenderness ratio and fire
exposure time at the points of initial and near-total loss of buckling capacity, as typical
fire resistance tests usually apply load ratios between 20% and 80% [156-158].
Generally, as time increases, the buckling load decreases significantly. Without IFC, the
reduction factor rapidly decreases to 20% in 20 minutes, while a Smm IFC can extend
this time to over 70 minutes. The slenderness ratio has a more pronounced effect on C-
sections, as shown in Figure 4-10 (b)-(f), because the transition from strength failure to

buckling failure becomes more evident with changes in slenderness.
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Figure 4-9 Reduction factors for the I-section members subjected to axial loads.
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Figure 4-10 Reduction factors for the C-section members subjected to axial loads.

For each DFT, the projection areas between the curves corresponding to 20% and
80% reductions in the Time-Slenderness ratio plane are presented in Figure 4-11. The
failure caused by stability and strength has also been marked in different areas
according to Eqs.(4.34) and (4.35). As DFT increases from 0 to 5 mm, the time for an
80% reduction in buckling capacity increases from 20 minutes to 80 minutes, while the
time for a 20% reduction in buckling capacity increases from 10 minutes to 35 minutes.
It can be concluded that increasing the DFT significantly delays the loss of buckling

capacity.
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As the DFT increases, the boundary between strength failure and buckling failure
of the C-section shifts toward a higher slenderness ratio, a phenomenon not observed
in the I-section. This shift occurs because the buckling mode in C-section is more
sensitive to variations in slenderness, as the Wagner effect is more pronounced in non-
symmetric sections [139]. According to Eq. (4.31), the centroid and shear center of a
C-section do not coincide (ws and vy are not zero), causing the smaller N, to govern the
load capacity at low slenderness ratios and N,, to govern it at high slenderness ratios.
This shift leads the C-section column to transition from axial-torsional buckling to
flexural buckling. For I-section members, the distance between the shear center and the
centroid is very close, preventing axial-torsional buckling from governing the failure
mode at low slenderness ratios. Within the slenderness ratios considered in this study,
the buckling mode of I-section members remains unchanged. Consequently, the
boundary between buckling failure and strength failure in I-section members also
remains unchanged. Moreover, the reduction factor of buckling capacity demonstrates
less sensitivity to variations in cross-sections, as indicated by the approximate similarity

in their projected areas, as shown in Figure 4-11. This can be explained by the gradual
decrease in most cross-sectional properties (Ej , E,,Z , ij and G,j ) of both

sections as the fire duration increases.
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Figure 4-11 Waterfall plot depicting the reduction in buckling load from 20% to 80%

for axially loaded columns.
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4.6.2 Buckling load of beams under pure bending

The reduction factors (M./Mc0) for the buckling load of beams subjected to pure

bending are shown in Figure 4-12 and Figure 4-13 where M0 denotes the buckling

load at ambient temperature. Similar to axially loaded columns, the reduction factor for

beams subjected to pure bending decreases with increasing fire duration, while changes

in slenderness ratio have minimal effect. With variations in DFT, the reduction

coefficient for pure bending beams changes in a manner consistent with that of axially

loaded columns.
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Figure 4-12 Reduction factors for the I-section members subjected to bending

moments.
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Figure 4-13 Reduction factors for the C-section members subjected to bending

moments.

The projection areas between the 20% and 80% reduction curves in the Time-
Slenderness ratio plane are depicted in Figure 4-14. Compared to columns under axial
compression, beams subjected to pure bending exhibit slightly higher buckling capacity
at lower slenderness ratios than those with higher slenderness ratios. This occurs
because the degradation in strength at lower slenderness ratios is more pronounced than
the degradation in lateral-torsional buckling capacity. For both I-section and C-section,
the boundary between strength failure and buckling failure shifts upward as the DFT
increases. This indicates that DFT provides greater protection for lateral-torsional
buckling capacity than for strength when the slenderness ratio is low. The C-section and
I-section beams under bending exhibit similar patterns in failure boundary, as their
global buckling mode is governed solely by lateral-torsional buckling, without
transition in buckling mode. The variation in fire exposure time corresponding to the
20% and 80% reduction factor curves at different slenderness ratios is within 10%,
which is significantly smaller than the effect of DFT. This behavior is consistent with

that observed in the axially loaded columns.
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Figure 4-14 Waterfall plot depicting the reduction in buckling load from 20% to 80%

for beams subjected to bending moments.

4.6.3 Evaluation method for global buckling of IFC-protected steel
members
This section extends the parametric analysis to various wall thicknesses (%), which
can significantly influence the section factor, thereby affecting the temperature field
and bucking capacity of the member [55, 110]. Given the minimal influence of the
slenderness ratio on the reduction factor of buckling capacity, as previously discussed,
the minimum fire exposure times for the 20% and 80% reduction curves are
conservatively selected as the time points corresponding to the initial and near-total loss
of buckling capacity in this study. The minimum time points corresponding to 20% and
80% reduction in buckling capacity for IFC-protected steel members with four different
wall thicknesses (¢, =5, 10, 15, and 20 mm) are calculated and summarized in theFigure
4-15 and Figure 4-16. It can be observed that, for the same wall thickness, the time to
achieve a 20% or 80% reduction is approximately linearly related to the DFT. Therefore,

a linear fitting is performed on the data as follows:
t=a-DFT+b (4.36)

where a and b are the slope and intercept of the linear fitting, respectively. The
coefficients of determination (R?) for all fittings are no less than 0.979, indicating

excellent fit. Furthermore, the slopes and intercepts are fitted with different section
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factors, and the results are shown in Figure 4-17. The section factor is defined as 4,/V’
[135, 154], where A, represents the surface area of IFC per unit length of the member;
J denotes the volume of the steel member per unit length. It is evident that the section
coefficient, rather than the section shape, significantly influences the buckling load
reduction coefficient. It is observed that the data patterns for bending and compression
members are similar, allowing both types of members to share the same fitting. The
optimal fittings of the slope and intercept with respect to the section factor are shown

below:

a =a+ﬂexp{7/(éﬂ (4.37)
|4
b =n+g[%] (438)

in which, a, f, y, n and ¢ are the fitting coefficients listed in Table 4-1. The fittings of
the slope and intercept also demonstrate excellent fit, as shown in Figure 4-17, with R?
values close to 1 and narrow 95% confidence bands. Therefore, the time to achieve a
20% and 80% reduction in buckling capacity for IFC-protected steel members can be

calculated by the following equation:

A A
t={a+,Bexp[7/{7”ﬂ}-DFT+§(7pj+n (4.39)

This proposed equation accounts for several key factors, including wall thickness,
load conditions, section factor and DFT. Under ISO 834 standard fire conditions [154],
it provides an approximate estimation of the fire duration corresponding to the initial
and near-total loss of buckling capacity for simply supported IFC-protected steel
members within the parameter ranges of this study. The fire exposure time

corresponding to initial and near-total loss of buckling capacity provides engineers with
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a reference for prescriptive-based fire safety design and offers manufacturers insights

into the performance of IFC.
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Figure 4-15 The time points corresponding to the 20% and 80% reduction in buckling

capacity for axially loaded IFC-protected steel columns.
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Figure 4-16 The time points corresponding to the 20% and 80% reduction in buckling

capacity for IFC-protected steel beams under pure bending.

Table 4-1 Fitting coefficients for the 20% and 80% reduction in buckling capacity for
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Eq. (4.39).
Reduction Fitting of the slope Fitting of the intercept
factor o B y n ¢
20%
. 3.127 13.344 -12.000 9.835 -19.277
Reduction
80%
. 5.349 22.674 -9.541 26.387 -39.269
Reduction
18 - - 36 - .
Buckling under axial load: Buckling under axial load:
16 O 20%reduction O 80% reduction 324 O 20% reduction O 80% reduction
Buckling under bending moment: s Buckling under bending moment:
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e D\ ‘:én 24 4
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Figure 4-17 Fitting for the slope and intercept.
Appendix 4A - Strain Distribution Across Section in Section 4.5.1

Although the plane-remains-plane assumption (Assumption (2)) may not be
strictly accurate for steel members with a non-uniform thermal distribution,
displacement changes caused by these differences are minimal compared to those
caused by loads in slender members [153]. Figure 4-18 shows the strain distribution
across the section at 100 minutes, calculated by SFEM in Section 7.2, indicating that

the analysis method based on Assumption (2) is applicable.
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Figure 4-18 Strain distribution across the section at 100 min (from the SFEM).
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CHAPTERSS.

SECOND-ORDER ANALYSIS OF STEEL MEMBERS
UNDER FIRE BY ADVANCED LINE FINTE ELEMENT
FORMULATION

5.1 Introduction

Traditional prescriptive fire resistance design approaches presume uniform fire
exposure for steel members [135, 159, 160], which may result in a misestimation of the
true capacity. As shown in Figure 5-1 (a) and (b), significant thermal gradients develop
when perimeter columns [69, 161], bridges [162] and steel members connected to
concrete [163] are exposed to natural fires. The thermal gradients cause non-uniform
degradation of material properties within the cross-section, leading to an offset between
the shear center and centroid of the cross-section, as shown in Figure 5-1(c). The offset
may introduce additional torque in the member with large deflections, potentially
causing early flexural-torsional or lateral-torsional buckling under external loads [56,
59, 139], as illustrated in Figure 5-1(d). This phenomenon highlights the necessity of
considering twisting effects, as emphasized in the latest specification ANSI/AISC 360—

22 [160].

Thermally induced twisting effects have also been observed in previous studies
[164, 165], but most of these studies require sophisticated and detailed modeling to
evaluate the impact. Although some numerical methods [100, 166] using beam-column
elements are more appealing due to their higher efficiency and simpler modeling, their
simplified assumptions expose limitations when encountering large deflections under
non-uniform fire. Currently, there is a lack of accurate and efficient methods for second-
order analysis of steel structures considering twisting effects under non-uniform fire.

Furthermore, the mechanism of thermally induced twisting effects remains unexplored.
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Figure 5-1 Mechanism of twisting effects in steel members subjected to natural fires.

Over the past few decades, substantial research has focused on the second-order
analysis of steel members under non-uniform fire exposure. As early as 1988, Cooke
[167] performed experimental research on steel members embedded in walls exposed
to non-uniform fire and proposed corresponding design theories. Later, Usmani et al.
[168] studied the curvature induced by thermal gradients in rotationally restrained
members and provided an estimation method for thermal strains. Subsequently, Garlock
and Quiel [136] analyzed the yield behavior of I-section steel members subjected to
thermal gradients and proposed an evaluation method for determining the plastic neutral
axis and stiffness center. Dwaikat et al. [169] carried out fire tests to investigate steel
members subjected to fire-induced thermal gradients and introduced a finite element
model to predict structural response and capacity. Moura et al. [161] conducted fire
tests of steel columns embedded in walls under fire and found that current regulatory
codes tend to be conservative in some cases. Their studies primarily focused on thermal
bowing in the second-order behavior of steel members through experiments and

qualitative analysis. However, calculating the structural responses of steel members

82



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

under thermal gradients remains challenging, and the twisting effects are not examined.

To accurately evaluate the behavior of steel members under non-uniform fire
conditions, several scholars have made significant efforts. Among these studies, the
sophisticated finite element method (SFEM) is one of the most widely used approaches,
typically employing shell or solid elements to develop detailed finite element models
without relying on extensive simplified assumptions [170]. The SFEM can account for
the detailed temperature distribution within a single component and its response to the
combined effects of temperature variations and external forces, thereby robustly
capturing the mechanical behavior of steel structures under non-uniform fire exposure.
For instance, Agarwal et al. [69] investigated steel members subjected to thermal
gradients using SFEM with shell elements. Lateral-torsional buckling due to cross-
sectional asymmetry was observed, but the twisting effects underlying the buckling
mode were not discussed. Chao et al. [171] developed a finite-element-based fire-
structure model using shell and solid elements to predict the real response of a steel
beam in localized fire tests, with the SFEM results showing good agreement with the
test data. Recently, Nguyen et al. [172] conducted a parametric study on non-uniformly
heated H-beams using the SFEM with shell elements. While SFEM offers detailed and
accurate models for steel members subjected to non-uniform fire, this method requires
significant computational resources, making it unsuitable for the engineering design of

large-scale frame structures [173, 174].

Consequently, the line finite element method (LFEM) has emerged as an appealing
solution for the second-order analysis of steel structures subjected to non-uniform fire.
The LFEM refers to the finite element method using beam-column elements, offering
enhanced computational efficiency and compatibility with large-scale frame structures
[175, 176]. Some LFEMs incorporate various structural features, such as non-uniform

expansion and thermally induced strain, making them suitable for the analysis of steel
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frames under fire conditions. For example, Li and Jiang [177] proposed a line element
incorporating non-uniform temperature distribution to analyze large-scale steel frames.
Franssen and Gernay [178] presented a line element based on the Bernoulli-type
element and integrated it into SAFIR for implementation. Recently, Jiang et al. [98]
reported a displacement-based line element that considered non-uniform thermal
expansion, demonstrating good computational performance. However, these line
elements neglect warping deformation and assume that the centroid and shear center
coincide, which limits their ability to address large deflection problems involving
twisting effects. Possidente et al. [179] presented a novel 3D beam element for
addressing torsional problems, based on a corotational formulation and the assumption
of small strains. However, their method did not account for the actual thermal gradients
and expansion under non-uniform fire conditions. Against this background, Liu and his
colleagues [62, 100, 150] developed a series of advanced line elements that account for
the warping degree of freedom and have separate shear center and centroid axes.
Although these line elements provide valuable insight into the second-order analysis of
steel members, they assume a simplified distribution of temperature and thermal
expansion and lack the ability to consider arbitrary cross-sections subjected to non-

uniform fire.

Table 5-1 Characteristics of different finite element methods.

SFEM
[69, 164, LFEM
165, 172]
ABQUS ) . . .
Li& SAFIR Jiang Liu Chen Possiden
B310S, . Present
Jiang beam etal. etal. etal. teetal
B320S study
[177] [178] [98] [62] [100] [179]
[180]
Second-order v v v v v v v v v

effect
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Twisting v x 4 x X v v x v
effects
Warping & v x x x x v v v v
torsion
Real thermal v v v v v < < < v
gradient
Real thermal v v v v v < < < v
expansion
Arbitrary v v % v v v v v v
cross-section
Computing

X skkk sksksk kk sksksk skskk sksksk skskk skskk
efficiency

Notes: A check (V) means applicable, while a cross (%) means not applicable. The symbol (*) means the efficiency

of the approach; for example, “*” for the lower efficiency and “***” for the higher.

To address these challenges, this study presents an advanced LFEM for the second-
order analysis of steel members exposed to non-uniform fire, incorporating twisting
effects induced by thermal gradients. This approach develops a refined line element
based on the assumption that the shear center and centroid are offset due to non-uniform
material degradation. The warping degree of freedom is also included, enabling the
direct determination of lateral-torsional and flexural-torsional buckling in steel
members subjected to non-uniform fire. A cross-section analysis approach is introduced
to capture the cross-sectional properties considering non-uniform material degradation
and parameters associated with twisting effects. A comparison with other methods,
summarized in Table 5-1, highlights the novelty of the proposed approach. Several
validation examples are provided to demonstrate the accuracy of the proposed LFEM,
along with two case studies, which are carried out to discuss the impact of twisting
effects on non-uniformly heated steel members and a single-story factory building,
respectively. Additionally, the proposed method has been incorporated into a new
structural analysis software, MSAsect2 [134], offering a practical tool for analyzing the

geometrically nonlinear behavior of steel members under non-uniform fire conditions.
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5.2 Assumptions

When a steel structure is subjected to non-uniform heating, significant thermal
gradients develop. These gradients cause non-uniform degradation of material
properties within the cross-section, resulting in an offset between the shear center and
the centroid. This offset may introduce additional torque in members subjected to lateral
loads. In some cases, the additional torque can lead to increased deformation and
lateral—torsional buckling, potentially resulting in unsafe designs if twisting effects are

neglected.

The following assumptions form the basis of this study: (1) The Timoshenko beam
theory is applied to determine strain; (2) The member under investigation is sufficiently
slender, therefore local buckling and cross-sectional distortion can be neglected; (3)
Cross-sectional properties with non-uniform material degradation are represented by
various products, such as axial stiffness E,,Z , bending stiffness E,,I_ , and torsional
stiffness G,j , where E. and G, are the reference material properties; (4) The
variation of Poisson's ratio u with temperature is neglected due to its minimal change

[181, 182].

5.3 Advanced Line Element Formulation

To directly account for the twisting effects under fire, this section introduces a line
element formulation that simultaneously considers non-uniform material degradation,

second-order effects, thermal bowing, and twisting effects.

5.3.1 Definition of degrees of freedom and axes
The line element has two local axes and seven degrees of freedom (DOFs) at each

node. The axes, nodal DOFs, and corresponding forces are depicted in Figure 5-2.
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Figure 5-2 Definitions of local (a) nodal forces and (b) DOFs.

The shear center axis links the shear centers at both ends of the line element,
whereas the centroid axis connects the centroids at each end. For clarity, only axial
force Py and axial displacement d,; are aligned with the centroid axis, while all other
forces and displacements are associated with the shear center axis. Due to non-uniform
material degradation under fire, the shear center of the cross-section shifts, and the
principal axis and shear center axis rotate by an angle ¢. The nodal DOF vector is

provided as follows:

”:[5)”' 6, 0, 0, 6, 0, Hbi] (5.1)

Xt Vi wi

where i (i = 1, 2) is the number of the element nodes; dxi, dvi, and Ju; are the nodal
displacements along the shear center axis; 6, 6., and 6y, are the nodal rotations along
x-, v-, and w- axes, respectively; 65 represents the warping DOF. The corresponding

force vector is
P=[Pxi ])vi Pwi Mxi Mvi Mwi Mbi] (5.2)

in which Py, P.;, and P, are the nodal forces along the shear center axis; Mx;, M,;, and

M,,; refer to the moments at the element node; M,; represents the nodal bi-moment.
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5.3.2 Interpolation functions
For the axial deformation, a linear interpolation function is employed, which can

be easily derived from the nodal displacements:
v, (¥)=(1-X)5,+X5,, (5.3)

where X =x/L is the coordinate normalized by the length L of the line element. For
lateral displacements of the Timoshenko line element, both shear distortion and bending

deformations are taken into consideration. The interpolation functions are expressed as,
lr//v (x) = l//vb (x) + l//vs (x) (54)

v, (x)=w,, (x)+y,, (¥) (5.5)

where y,(x) and yy(x) are the interpolation functions describing the lateral deflections
along the v- and w- axes, respectively; ww(x) and wyws(x) represent the bending
deformations in v-w axes, while yys(x) and yi.s(x) represent the shear deformations. The
rotation along the x-axis is divided into two components: shear and bending rotations,

which are computed by,

" =06, (x)+7,(x) (5.6)
dl//c;}c( ). 0,(x)+7,(x) (5.7)

in which y(x) and 6(x) denote the shear and bending rotations, respectively.

According to the relationship between shear forces and shear rotations [183],
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P (x)= G,.Aiv (x) (5.8)
P, () :%w(x) (5.9)

the differential equations obtained from the equilibrium conditions are as follows:

- 2
%{M_gv(x)}gjvmzo (5.10)
aSVV ax ax

i 2
GVA[a%(x)_gw(x)}@,—w%:o (5.11)
a,, Ox 0ox

where GrZ , E,,I_V , and EFT ., are the degraded cross-sectional properties, which are

detailed in Section 4.3; &, and &, denote the shear coefficients about v- and w-

w

axes, respectively.

By substituting the Hermitian interpolation function [184] into Egs. (5.10) and
(5.11), the interpolation functions for shear rotations are derived, and the bending

rotations are calculated as follows:

2

0,(x)=a,+ 2a2x+(3x2 + ;LVZL Ja3 (5.12)
2

0,(x)=a, +2a2x+(3x2 +/1W2L ja3 (5.13)

in which 3 =12E7«, /(G A4r) and A =12ET e, /(G Ar) are the

coefficients corresponding to the shear deformation; ao, a2, and a3 are the unknown

coefficients in the Hermitian interpolation function, which remain to be determined.
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Based on the values of nodal deformations and forces, the interpolation functions

for the lateral displacements can be computed by,

v,(¥)=(1-4,b,%-3b,X>+2b,%°)5,, +(4,b,% +3b,X* -2b,%°)5,,

+((2+/1W)%f—(4+/1w)%22 +bw)?3jL6’W1
—(AW b, >—c+(2—/1w)@)—c2 —bw#jwwz

2 2 (5.14)
v, (%)=(1-4b5-3b5>+2b,X°)5,, + (455 +3b5° -2b,X°)5,,
+((2+/”Lv)b—v>?—(4+iv)b—2vfz+bv>?3JL6’v1 (5.15)

where b, =1/(1+4,) and b, =1/(1+4,). For the rotational deformation along the

element, a cubic Hermitian polynomial is recommended [58, 100] and it is assumed to

be:

Vo, (x) =a, +ax+a,x +ax’ (5.16)

Considering the boundary conditions,

‘/jﬁx x=0 = exl;l/lﬁx x=L = HxZ;l/lbbc L = 0b2 (517)

!
. =0,;¥y,

x=l

the interpolation function for rotational deformation can be obtained by solving for the

unknown coefficients ao, a1, a2 and as:

Voo (¥) = (F =287 +3°) 0, L+ (% +3)6,,L (5.18)
+(1-3%> +2%%) 0, +(3¥* - 2%°) 0,

5.3.3 Total potential energy and element stiffness matrix

The stiffness matrix of the line element can be obtained through the second
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variation of the total potential energy /7, which consists of the work done by the external
forces (V) and the strain energy stored in the element (U). The potential energy I7 is

given by,
IH=-r+U (5.19)
where the strain energy can be computed by,

I ST S
U_E-[VG edV—Eng D edv (5.20)

where & and ¢ denote the strain and stress vectors, as detailed by Liu et al. [58]; Do

represents the reference material constitutive matrix, and is expressed as,

E, 0 0
D=0 G, O (5.21)
0 0 G,
The work done by the external forces is calculated as follows:
v=>|"Pu (5.22)

in which, P; represents each possible external load on the element node in Eq. (5.2) and
u; represents the corresponding displacement along the load in Eq. (5.1). Considering
the shear and normal stresses on the cross-section, along with the Green-Lagrange strain

tensors given in [100], the total strain energy is calculated as follows after simplification:
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e %j: . {Z(au/éx(ﬂjz T [%I T (OZZ;Z(X)T +1, [azz;gx)jz } + Goj{%ix)]zdx

18 {(E’W(x))z-t—[aw"(x)j —26’”,(x)al//”(x)}dx+G°Z [(9 (x))2+[6"’w(x)j 20,(x) 2 ”'(x)}dx

%o ox Ox a. | ox ! ox
+IOL »1(1—')893)EX){6W5)C(X)+1/3V 69;)5)6)}1"‘ OLM‘Z aaéix){awéx(x)%ﬁ‘ aeéix)}dx
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L Gl e

v [al//éx(x)J2 +[61//5)C(X)]2]dx+%jjgr2 [%)EX)I dx

2
Y oy, (x) o, a%(x)]aex (x) dx+leMbﬁw(69*(x)] 0
S Ox C Ox Ox 27 Ox

(5.23)

where S, fw, and S, refer to the Wagner coefficients [185], which will be introduced in
Section 4; ;2 = (}y +fz) / A . By incorporating the thermal-related energy [100] and
performing the second variation, the tangent stiffness matrix K, for the e™ line

element is obtained:

K, =T(K, +K;, +K, +K )T" (5.24)

where T and K, denote the transformation matrix from the shear center axis and
the linear stiffness matrix considering the degraded cross-sectional properties, as
detailed in Appendix 5A; K;, is the geometric stiffness matrix, as introduced by
McGuire etal. [184]; K, and K;,are the additional matrix accounting for the effects
of non-symmetric cross-sections and thermal strain, which have been elaborated by Liu

et al. [62, 100].

5.4 Key Properties under Non-uniform Fire

This section outlines the procedure for determining the cross-sectional properties

of steel structures subject to non-uniform fire, providing the necessary calculation
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parameters for the aforementioned line elements, as shown in Figure 5-3.

i fibre (7', |
1), T3)

Thermal .
boundary I} |

& = = = Convection (g,) |
L TS L 44444 Radiaion (g)

(a) Structural model /S / (c) Heat transfer analysis ~ Node 1

O, 21) ﬂ
E(TS)
X n' Ty
N{?deil que 3 TEMP.
(v2,23) (v3,23)
(b) Line element (d) Fiber for cross-section analysis

Figure 5-3 Sequentially coupled thermal-structural analysis process for cross-sectional

properties.

This study adopts the sequentially coupled thermal-structural analysis approach,
valued for its proven reliability and broad application [186, 187], to determine the cross-
sectional properties of the structure shown in Figure 5-3(b). The temperature
distribution is derived using the generalized Crank-Nicolson method illustrated in

Section 3.3.

When the temperature across the cross-section is non-uniform, the material
properties within the fibers become heterogeneous, as shown in Figure 5-3(d). To
address this, reference material properties, which are positive constants that do not
affect the calculations, are introduced to characterize the cross-sectional stiffnesses
under non-uniform material degradation. These stiffnesses are a series of products,
including reference material properties (E: or Gr) and equivalent cross-sectional
properties. By replacing the differential of the element area with its modulus-weighted

counterpart, the area integrals can be computed. The details cross-section analysis
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method under non-uniform fire conditions is detailed in Secion 4.3. The derived cross-

sectional properties provide a foundation for the implementation of LFEM.

5.5 Numerical Implementation

The numerical framework of the present study, as illustrated in Figure 5-4,
comprises two main parts: cross-section analysis and structural analysis using the
proposed line elements. First, a transient heat transfer analysis with s steps is conducted
and the cross-sectional properties at different time steps are determined by accounting
for non-uniform material degradation within each fiber, as shown in Figure 5-4(a). Key
properties, including the shear center, centroid, and Wagner coefficient, which directly
affect the twisting effects of the member, are calculated at each time step. Next, these
cross-sectional properties are used in the LFEM for geometrically nonlinear analysis.
An incremental-iterative procedure is applied at each time step, initializing the
incremental forces as unbalanced forces, as depicted in Figure 5-4(b). At each load step
of the incremental-iterative procedure, the element’s tangent stiffness matrix is updated
based on nodal displacements and forces. The Newton-Raphson technique is used for
geometrically nonlinear analysis, maintaining equilibrium conditions at each load step.
To ensure accurate results, incremental forces Ur should remain below 5% of the

applied loads.
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Figure 5-4 Numerical implementation of the proposed method.

Moreover, the proposed method is incorporated into the structural analysis

software MSASect2 [134], as shown in Figure 5-4(c). The software, developed by the

authors, has been publicly released and provides an efficient approach for analyzing

steel structures with arbitrary cross-sections. The heat conduction module integrates the

heat transfer and cross-section analysis methods presented in this study, enabling the

analysis of the global buckling capacity of steel structures with fireproof coatings and

arbitrary cross-sections under various thermal boundary conditions. This software aims

to provide a user-friendly tool that enhances the reproducibility of this research.

5.6 Validation Examples

5.6.1 Cross-section analysis

The accuracy of the cross-section analysis is the base of the following geometric
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nonlinear analysis. To validate the proposed cross-section analysis method, this study
compares its results with those from the SFEM. Specifically, the cross-sectional
properties of H250x250x8x12 beams are examined under varying fire conditions.
Figure 5-5 illustrates the different thermal boundary conditions, including the ISO 834
[154] standard fire exposure and adiabatic boundaries simulating surfaces protected by
infilled walls. The infilled wall widths are D1 = 100 mm and D> = 125 mm for cases (b)

and (c), respectively.

[ ] R o e
Infilled wall i |

: Adiabatic boundary

& & & & wall i ‘ ——: Exposed to fire

& 4

(a) (b) (©

Figure 5-5 Thermal boundary conditions for the cross-sections in Example 2: (a)
uniform fire exposure, (b) thermal gradients along the web, and (c) thermal gradients

along the flanges.

The SFEM model is constructed in ABAQUS [180], employing 20-node solid

elements (C3D20R). Both the web and flange of the model consist of two layers of

elements, and the model has passed convergence tests. When calculating E,,Z and

E,j , the centroids at both ends are kinetically coupled via reference points, and equal

and opposite axial forces or bending moments are applied at each reference point. The

cross-sectional properties are determined by calculating the ratio of reaction forces to

displacements. It is worth noting that when calculating the torsion constant G,,j , the
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reference points are located at the shear centers, utilizing structural coupling to allow
free warping, as the G,j must be determined under Saint-Venant torsion conditions

[188]. The length of the member is set to be more than 5 times the cross-section height

to reduce the effects of cross-sectional distortion and local buckling [153, 189].

20 30 35

- - - - Present study - - - - Present study - - - - Present study
—— SFEM 25 —— SFEM 301 —— SFEM
154
T ~ 25
(=} [«=1
% 1o 3
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0 i oo M N O 0 Lot e 0 e N O |
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Figure 5-6 Cross-sectional properties of steel members under thermal boundary (a).
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Figure 5-7 Cross-sectional properties of steel members under thermal boundary (b).
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Figure 5-8 Cross-sectional properties of steel members under thermal boundary (c).

The cross-sectional properties determined by the two methods under different fire
exposure times are shown in Figure 5-6, Figure 5-7 and Figure 5-8, which demonstrates
that the results predicted by the proposed method are almost identical to the SFEM.
Minor discrepancies arise from the cross-sectional distortions in the SFEM model under
load, which are neglected in the present study. Thus, it can be concluded that the
proposed cross-section analysis method can robustly capture the degraded cross-
sectional properties of the steel members subjected to non-uniform fire. The calculation
times of both methods are provided in Table 5-2, demonstrating the efficiency of the

proposed cross-section analysis method.

Table 5-2 The calculation time of the traditional SFEM and the proposed method.

Calculation time (s)

Different fire conditions SFEM Present study
E,A E.I G.J Total E.A, EI G.J
Uniform fire exposure 124 128 1265 1517 12.2
Thermal gradients along the web 139 137 1392 1668 12.6
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Thermal gradients along the
172 191 1373 1736 12.5
flanges

5.6.2 Geometrically nonlinear analysis

In this example, originally reported by Li and Guo [130], a steel beam subjected
to non-uniform fire and concentrated loads is studied. The beam has identical
dimensions and thermal boundary conditions to those described in Example 1. The
supports and loads are shown in Figure 5-9(a), where the stiffness of rotational and
axial restrains are 1.09x10® N-m/rad and 39.5 kN/mm, respectively, as calculated by
Nguyen et al. [172]. The material degradation is presented in Section 4, and the thermal
properties are derived from Eurocode 3, Part 1-2 [61]. The steel has a yield strength of

271 MPa, and a 1/1000 initial out-of-straightness is applied to the beam.

Fire test by Li & Guo

Ceramic P 1500 P (2008)
blanket . -50 1 —e— SFEM by Nguyen et al.
S ————- i awf E Z | )
+ S q00d— 1 41 AN Present study
4 & & & & 3
| 4500 | = -150
1 7 ]
g
———1 ads: 2200
]E(idcll;.o N - 200 . / proposed method
Cross- = B = \
: 78 9 -2501 5
section o~ L. . e e
Semi-rigid connections : = Slaaaces
M Axial = 39.5 kN/mm 2300 . . . | ‘
250 Rotational = 1.09x10* N-m/rad 0 5 10 15 20 25 30

Time (min)

Tested b bjected t -unif
(2) Tested beam su J;Cr: © noh-untiorm (b) Deflection at mid-span

Figure 5-9 Deflection of a non-uniformly heated steel beam obtained from different

sources.

In the present study, a line element model with 20 elements is established to predict
the mid-span deflection. The results from both the fire test and the present study are

plotted in Figure 5-9(b). Additionally, the results from the SFEM by Nguyen et al. [172]
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are also presented in the figure. Although the test beam was relatively slender, local
buckling occurred due to rapid local heating, local loading from the oil jack and local
initial imperfection. As a result, after 15 minutes of fire exposure, the predicted values
deviated from both the SFEM-calculated and experimental values. Overall, the failure
of the test beam is primarily governed by global buckling, and the predicted results of
the proposed method are in good agreement with both the experimental values and
SFEM calculation results. Therefore, the accuracy of the LFEM proposed in this study

1s further validated.

5.7 Case Studies

5.7.1 Steel members exposed to non-uniform fire

In this case study, different fire conditions and loading directions are investigated
to analyze the mechanism and impact of twisting effects under non-uniform fires. A
simply supported steel beam made of Q345 steel with a length of 8 m is subjected to
the fire conditions shown in Figure 5-5 (D1 = 100 mm, D> = 127 mm). The fire-exposed
surface is subjected to ISO 834 standard fire [154] and is protected by a 4 mm layer of
spray-applied fire resistive material (SFRM). The thermal conductivity, specific heat,
and density of SFRM are assumed to be 0.02 W/(m-K), 1200 J/(kg-K), and 1000 kg/m?,
respectively. The beam, with a cross-section designated as W12x58, is subjected to a
concentrated force of 132 kN at the mid-span in two directions: downward (-) and
upward (+). The load ratio of concentrated force is approximately 60%. The beam is
modeled using 10 proposed line elements, and a 1/1000 out-of-plane initial

imperfection in the form of a sine curve is considered.
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with thermal gradients along the flanges thermal gradients along the flanges

Figure 5-10 Cross-sectional properties and time-deflection curves under different fire

conditions.

The variations of cross-sectional properties, including Wagner coefticients and the
coordinates of the centroid and shear center, are plotted in Figure 5-10. For sections
with thermal gradients along the web, cross-sectional properties about the y-axis are
provided, while for sections with thermal gradients along the flanges, the properties
about z-axis are given. The fire exposure time-deflection curves calculated using the
proposed method are also presented. For comparison, analysis results without
considering twisting effects are provided, which employs the nonlinear LFEM proposed
by Iu and Chan [93]. For the uniformly heated beam, the positions of the shear center
and centroid remain unchanged, which results in f. remaining zero, as shown in Figure
5-10(a). The temperature distribution across the cross-section is symmetrical. Thus, the
time-deflection curves are the same under different load directions, as depicted in

Figure 5-10(b).
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Figure 5-11 Temperature fields in different phases for the case of thermal gradients

along the web.

For the beam with a thermal gradient along the web, the shear center and centroid

move along the y-axis towards the unheated part. As the duration of exposure to fire
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increases, a clear distance gradually appears between the shear center and the centroid,
and the absolute value of f. also increases rapidly, as shown in Figure 5-10(c). Based
on the cross-sectional properties, load-displacement curves (as shown in Figure
5-10(d)), and changes in temperature distribution (as shown in Figure 5-11), the entire
process can be divided into five phases: (1) Phase I - Due to the protection provided
by SFRM, there is no significant temperature change in the beam, the distance between
the shear center and the centroid is zero, and the Wagner coefficient remains zero.
Therefore, the deflection remains unchanged, and no twisting effects occur. (2) Phase

IT— As depicted in Figure 5-11, a thermal gradient begins to form, causing non-uniform

thermal expansion that leads to thermal bowing towards the fire. The deflection of U,

increases, while U] experiences a slight decrease, as shown in Figure 5-10(d). (3)

Phase I1I - As the highest temperature of the steel exceeds 300 °C, the material begins
to degrade, the stiffness of the section decreases, and the displacement increases. (4)
Phase IV - Due to non-uniform degradation of the material caused by thermal gradient
shown in Figure 5-11, the absolute value of f. increases rapidly, indicating that the
cross-section becomes asymmetric as the material becomes increasingly uneven. The
distance between the shear center and the centroid also increases rapidly, as shown in
Figure 5-10(c). In the steel beam with torsional deformation, the load applied to the
centroid generates an additional torque around the shear center, thereby increasing or
decreasing the torsional deformation in a specific direction, as shown in Figure 5-12.
Therefore, the twisting effect starts to appear. (5) Phase V - The distance between the
shear center and the centroid reaches its maximum, and the difference between the two
curves—one considering twisting effects and the other neglecting them—reaches as

high as 14.7%.

When the thermal gradient is along the flanges, twisting effects still occur.

However, Phase V exhibits a different behavior, as shown in Figure 5-10(f). Due to the
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faster heat flow in the double flanges compared to the single web, the stiffness of the
beam decreases more rapidly, and the temperature gradient becomes less pronounced.
The impact of twisting effects is much smaller than the decrease in stiffness. The
deflection curves considering and ignoring twisting effects gradually approach each

other.

Shear center

-Additional torque!
Centroid ;

Downward
load

Figure 5-12 Mechanism of twisting effects in the beam under a thermal gradient along

the web.

The mid-span torsion angle and out-of-plane deflection of the beam with a thermal
gradient along the web are shown in Figure 5-13. The results of both methods indicate
that the beam undergoes lateral-torsional buckling, characterized by a torsional angle
and out-of-plane deflection. However, the method considering twisting effects predicts
a larger torsional angle during lateral-torsional buckling, resulting in greater out-of-
plane deflection. This occurs because, after lateral-torsional buckling, the load acting
on the centroid generates additional torque at the shear center, as depicted in Figure
5-12. It can be observed that when the load direction aligns with the shear center offset,
twisting effects cause greater deformation; conversely, when the directions oppose each

other, the deformation is smaller.
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This case study further investigates the impact of thermally induced twisting
effects on non-symmetric I-section steel members. The upper flange of the I-section is
narrower than that of the W12x58 section mentioned earlier, with a width of 190 mm,
while all other dimensions remain unchanged. As shown in Figure 5-14, unlike double-
symmetric [-section members, this member exhibits a non-coincidence of the centroid
and shear center before fire exposure, making it prone to twisting effects at room
temperature. Initially, the deformation under upward and downward loads differs, and
the curves with and without considering twisting effects do not coincide. As the thermal
gradient develops, the thermal expansion-induced bowing and the bending caused by
the downward load act in the same direction, amplifying the twisting effects during
Phases I to III. For upward loads, however, the thermal bowing opposes the applied
load, thereby reducing twisting effects. From Figure 5-14(a), it is shown that the uneven
material degradation during Phase IV causes the shear center and centroid to gradually
approach each other. Consequently, the impact of twisting effects diminishes in Phase
V, as illustrated in Figure 5-14(b). This analysis demonstrates that the presence of a
thermal gradient can cause non-symmetric [-section members to behave similarly to

double-symmetric I-sections at room temperature with respect to twisting effects.

-0.8 80
—A— UR, (Considering twisting effects) —A— U_ (Considering twisting effects)
-0.7 4= UR, (Ignoring twisting effects) =— U_ (Ignoring twisting effects)
A
0.6 —~UR, A —=Uz N
) A/A 1! A/
-0.5 1 é NCentroid / é Centroid A/
& 0.4 1 s g —1° 4
=T ——= A = —=
)
-0.3
-0.2 1 20+
4 /
4 A "
-0.1 —La- Ao
T v
0 0 L_A—A_AI—A-A_A—IA-A-A_éf 7 T T 0 h—A_A—AI-A_A—A—-IA-A-A T _ T T
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Time (min) Time (min)

(a) Torsion angle (UR,)

105

(b) Out-of-plane deflection (U:)



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

Figure 5-13 Time-dependent variation of the torsion angle and out-of-plane deflection

at the mid-span of the steel member with a thermal gradient along the web.
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Figure 5-14 Cross-sectional properties and load-deflection curves for non-symmetric

with thermal gradients along the web
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5.7.2 Single-story factory building exposed to local fire

This case study investigates a single-story factory building under local fire to

evaluate the influence of twisting effects on the frame structure. The plan and elevation

views are shown in Figure 5-15. A typical local fire scenario on the rigid frame along

grid line B is analyzed. The live and dead loads from the roof are applied to the floor

slab and transmitted to the main beam web through the secondary beams. The columns

are embedded in a 200 mm-thick infill wall, which does not contribute to the structural

stiffness but serves as thermal insulation for the columns.
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Figure 5-15 (a) Elevation view along Grid Line B and (b) plan view of a typical

single-story factory building exposed to a local fire (unit: mm).
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Figure 5-16 (a) Simplified mechanical model and loads of the factory building; (b) the

air temperature depends on the distance from the local fire [45].

This frame structure is simplified into the model shown in Figure 5-16(a). The
self-weight of roof panels and imposed load are modeled as vertical surface pressures
of 0.5 kPa and 1.5 kPa, respectively. Therefore, a concentrated force of P = 48 kN, is
transmitted by the secondary beam. The extreme wind load acts on the longitudinal
infill wall and is transmitted to the columns. WL* and WL" denote the wind loads acting
on the column in two directions, each with a magnitude of 36 kN/m. The secondary
beam provides out-of-plane support. All loads are assumed to be applied at the centroid
of the cross-section, and each member is divided into 10 line elements, with a 1/1000

out-of-plane initial imperfection in the form of a sine curve. All beams and columns are

107



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

W18x50 sections made of Q345 steel, with the joints connected by welding. As shown
in Fig(a), the local stiffness of the joints and the concentrated load application points
on the primary beams are enhanced by adding 15 mm stiffening web plates to minimize
the influence of local failure. The column base is connected to the foundation via a
flange connection and is assumed to be pinned and free to warp. The maximum
deflection of the members under service load conditions (including self-weight and
imposed loads) is 49.3 mm, which is within the allowable limit (span/360 = 50 mm).
The frame is designed to satisfy the serviceability limit states under ambient

temperature conditions.

The fire is located at a vertical distance of 1.5 m from the left column. A typical
local fire scenario is investigated to demonstrate the capability of the proposed method
in handling non-uniform fires at the frame level. Figure 5-16(b) shows the air
temperature as a function of fire duration and distance from the fire center, as reported
in ECCS [45]. Under the local fire scenario, the joints reach a maximum temperature
of below 300°C, and no significant yielding occurs in the joints, as shown in Figure

5-17. Therefore, the rigid joints are used in the LFEM calculations.

‘ Frame
joint

Figure 5-17 SFEM results of (a) temperature distribution and (b) Von Mises stress in

the joints.

Under the applied load conditions, the steel frame does not collapse, and the

108



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

horizontal displacements at the monitoring point, calculated using the proposed method,
the SFEM described in Section 6.2 and another LFEM neglecting thermally induced
twisting effects [100], are present in Figure 5-18. The proposed method shows closer
agreement with the SFEM in capturing twisting effects. According to case study 1, the
offset of the shear center from the centroid of the left column is in the negative x-axis
direction. As shown in Figure 5-18, when the direction of the wind load is positive along
the x-axis, twisting effects will cause a smaller displacement, whereas when the wind
load is negative along the x-axis, twisting effects will cause a larger displacement. It
can be concluded that when the bending of the member caused by external loads is
towards the direction of the shear center offset, ignoring twisting effects results in
conservative evaluation; conversely, when the bending is reversed, ignoring twisting
effects leads to unsafe evaluation. Therefore, for structures subjected to non-uniform
fire, it is essential to fully account for both fire and load conditions to assess the impact
of twisting effects. Moreover, the proposed method is more efficient, requiring around
3 minutes for one load case compared to 19 minutes for the SFEM, with all

computations performed on the same device.
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Figure 5-18 Horizontal displacement of the monitoring point.
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Appendix SA - Mathematical Expressions for Transformation Linear Stiffness Matrices

The transformation matrix and the linear stiffness matrix are expressed by,
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. . EI _ _ T - 12E.T, 3

in which @, =—2GA, wzzErIzGrA, e __12E1, {,=—=——"—, K5=60E.,
asy asz z L3 +12ZUyL : L +lszL

and K, = G,jL2 ; Ty , TZ , Oy, O, I, .» and J are cross-sectional properties

calculated in Section 4.3.
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CHAPTER 6.

STRENGTH EVALUATION OF CONCRETE-ENCASED
STEEL MEMBERS UNDER FIRE USING RIGOROUS
CROSS-SECTIONAL YIELD SURFACES

6.1 Introduction

Concrete-encased steel columns exhibit exceptional fire resistance due to the low
thermal conductivity and high specific heat capacity of the concrete within the concrete-
encased steel cross-sections (see Figure 6-1(a)). In most cases, concrete reduces the
overall thermal conductivity of the cross-sections and supports the steel profiles, thus
mitigating local buckling and enhancing fire resistance [190-192]. After appropriate
repairs, these columns can be reused after fire exposure and continue to carry loads
[193-196]. Therefore, this chapter aims to provide a calculation method for the yield
surfaces of these columns, serving as a foundational study for the plastic analysis of

fire resistance design in the subsequent chapter.
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Figure 6-1 Analysis of interaction diagrams: (a) typical cross-sections; (b) concrete-

encased steel column under biaxial bending; (c) 3D interaction diagrams; (d) Ultimate
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capacity check.

Functional demands in real buildings often cause the columns to undergo
combined compression and bending due to load transfer from adjacent beams and slabs.
When a column is located at a corner or subjected to non-uniform fire effects, it
experiences more complex loading conditions [197-199], including biaxial bending and
compression, as shown in Figure 6-1(b). To evaluate and design these columns under
biaxial bending and compression, 3D strength interaction diagrams (see Figure 6-1(c))
are commonly employed in structural analysis. These diagrams conveniently depict the
ultimate axial-bending capacity within the loading domain. The safety of a column’s
strength capacity is assessed by determining whether the moment-axial load point lies
inside or outside the interaction diagram, as shown Figure 6-1(d). However, existing
research on interaction diagrams for these columns subjected to fire exposure is limited,
especially for complex biaxial bending cases. Moreover, calculating interaction
diagrams for concrete-encased steel sections under fire is challenging owing to non-
uniform material degradation, which results in complex calculations, with the required

incremental computations being impractical for routine structural design.

To develop a more practical calculation and design approach, several studies have
contributed to the analysis of interaction diagrams for concrete-encased steel columns
subjected to standard fire [128]. For example, Caldas et al. [73] proposed a procedure
to calculate the axial force-moment interaction curves of concrete-encased steel
columns and extended this technique to other composite columns with general cross-
sections. Law and Gillie [74] developed a numerical method to generate 2D interaction
diagrams at high temperatures based on the tangent stiffness matrix of the cross-
sections. Pham et al. [77] reported a yield design approach for directly computing 2D

Interaction diagrams of reinforced concrete sections under fire. Albero et al. [78]
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addressed the challenge of uneven temperature distribution across different components
by assigning equivalent uniform temperatures to each component, thereby proposing a
simplified design method. Li et al. [191] conducted experimental investigation on high-
strength concrete-encased steel columns, and proposed a design method based on steel
contribution ratio. Xiong and Liew [200] proposed a refined axial force-moment
interaction curve model for concrete-filled steel tubes under fire, based on the plastic
design principles. While these studies offer valuable insights for developing interaction
diagrams of concrete-encased steel columns under fire, they primarily focus on
behavior at elevated temperatures and are not applicable to biaxial bending and
compression. Additionally, some simplifications in these methods, such as assuming
uniform temperature distribution within components and representing the interaction

curve as a polyline, may lead to overly conservative outcomes.

Research works on the interaction diagrams of concrete-encased steel columns
after fire exposure remains limited. Han et al. [201] employed a sophisticated finite
element model to simulate the behavior of steel-reinforced concrete columns after fire
exposure and calculated their interaction curves under various parameters. Liu et al.
[202] integrated experimental data and finite element simulations to develop a
simplified polylinear model for predicting the axial force-moment interaction curves of
concrete filled steel tubes (CFSTs) after fire exposure. Hwang and Kwak [203] carried
out numerical study on post-fire interaction diagrams of RC columns and compared the
proposed design method with several design codes. Demir et al. [204] investigated the
post-fire 2D interaction diagrams of concrete-encased steel columns experimentally
and evaluated their residual bearing capacity to resist seismic loads. More recently,
Zhong et al. [205] conducted experimental and numerical studies on the eccentric
compression performance of high-strength steel-reinforced concrete columns after fire
exposure, proposing a simplified model for post-fire interaction curves. These studies

have contributed to methods for calculating interaction diagrams of concrete-encased
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steel columns after fire exposure. However, the high cost of fire testing and the
computational demands of sophisticated finite element models limit the practical

applicability of these methods in design.

Therefore, this study aims to develop a simplified model to calculate the 3D
interaction diagrams of concrete-encased steel columns after fire exposure. The model
offers a practical tool to evaluate the post-fire ultimate strength of typical concrete-
encased steel columns subjected to biaxial bending moments and axial compression. To
establish this model, a fiber-based cross-section analysis method is developed to
compute the 3D interaction diagrams and validated against fire test data as well as other
numerical methods. The cross-section analysis method demonstrates good accuracy and
is employed in a parametric study comprising 162,000 cases, revealing the influence of
various parameters. The results form a comprehensive database used to derive the
simplified model for concrete-encased steel columns, which achieves a mean error of
5.3%. Furthermore, the cross-section analysis method has been integrated into the novel
software, MSASect2 [134], to facilitate calculation of residual section capacity of
concrete-encased steel columns after fire exposure and to enhance the reproducibility

of this study.

6.2 Rigorous Cross-sectional Yield Surfaces

6.2.1 Assumptions

The present study is based on the following assumptions: (1) Plane cross-sections
remain plane after deformation, indicating that strain is linearly distributed across the
entire cross-section; (2) Tensile strength of concrete is neglected after cracking; (3)
Steel profiles are assumed to be embedded in the concrete without bond-slip; (4)
Thermal creep strain is neglected due to its minimal contribution to the total strain in

post-fire analysis [206-208].
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6.2.2 Heat transfer analysis
This study adopts the sequentially coupled thermal—stress analysis framework, as
illustrated in Figure 6-2, which is widely used in post-fire assessments and is recognized
for its robustness and accuracy [131, 209, 210]. The temperature distribution across the
cross-section is calculated using a transient finite element method with n time steps,
employing the generalized Crank—Nicolson scheme [117]. The governing equation of

the (s+1)-th step is expressed as:
| R i it | T it
(EM +Kj{T} I:EM (rl +lg}” 6.1)

where At represents the step length; M’ and K' are the element capacitance
matrix and element conductivity matrix of the i-th fiber, respectively; T’ is the vector
of nodal temperatures obtained by solving the governing equation; qi denotes the
load vector accounting for heat convection and radiation. As shown in Figure 6-2(b),
both thermal radiation and convection are taken into account. The convective heat
transfer coefficient adopts the recommended value 25 W/(m?-°C) from EN 1991-1-2
[211]. The emissivity coefficient has been investigated by many researchers. In this

study, a value of 0.7 is adopted, as it falls within the range commonly reported in

previous studies and has demonstrated reliability [212-215].
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Figure 6-2 Sequentially coupled thermal—stress analysis.

To ensure reasonable and sufficient cooling of the members after a fire, this study
adopts the heating and cooling fire curve [ 128], which encompasses both ascending and
descending stages of the temperature evolution. The temperature—time relationship is

defined as follows:

Ascending stage: T =T, +345log,, (8t + 1) (6.2)

T,-10.417(t-t,),t, <30
Descending stage: T =47, -4.167(3—1,/60)(t-t,),30 <t, <120 (6.3)
T,-4.167(t—t,).t, 2120

where T denotes the fire temperature (in °C, above Ty); Ty and T}, represent the room
temperature and the maximum fire temperature, respectively; 7 (min) is the elapsed time
from the start of the fire; # (min) is the duration of the ascending stage. After the
temperature returns to room temperature, the heat transfer analysis continues for a
sufficient duration to ensure complete cooling of the cross-section. Although various
models exist for temperature rise and cooling, this study focuses on calculating the 3D
interaction diagrams after fire. The present study is expected to remain valid when

applied to other fire models.

The transient temperature field distribution is obtained by solving Eq.(6.1), using
the solution proposed in Section 3.3. To improve applicability to arbitrary cross-
sections, triangular finite elements are employed to compute the temperature
distribution within the cross-section. As shown in Figure 6-2(d), a mesh size of 1/20 of
the cross-section width is recommended to balance computational efficiency and

accuracy. Mesh refinement is applied only near the steel bars and steel profiles.
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6.2.3 Stress resultants

As shown in Figure 6-3, three different coordinate systems are used in the
numerical implementation: Y-C-Z, y-0-z and u-0-v. The Y-C-Z system represents the
global axes of the cross-section and is set according to the preferences of designers. The
y-0-z and u-o0-v systems are derived from the global axes, with their origins located at
the geometric centroid. The u- axis of u-o-v system is parallel to the neutral axis and
rotated by an angle of @, from the y-o0-z system. The coordinates in the u-o-v system
can be obtained by a double transformation from the coordinates in the Y-C-Z system.

The transformation procedure is outlined as follows:

y=Y-Y,,z=2-1, (6.4)

g’
u=ysing +zcosq,,v=ycosa, —zsing, (6.5)

in which, Y and Z, y and z, u and v denote the coordinates in the Y-C-Z, y-o-z and u-o-
v systems, respectively. The geometric centroid is computed as,

¢ _AYAANAAN,-AY, , _AZAAZAAZL-AZ,

c ’ C (66)
“ A+A+A4 -4 ¢ A+A+A4 —A,

where 4., As, Arand A, are the area of concrete encasement, steel profiles, rebars and
opening, respectively; (Y, Z¢), (Ys, Zs), (Yr, Z;) and (Yo, Zo) are the coordinates of the

centroids of these components.
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Figure 6-3 Arbitrary concrete-encased steel cross-section and the coordinate systems.

For convenience, the cross-section calculation uses the same mesh as the heat
transfer analysis shown in Figure 6-2(b). Based on the linearly distributed strain derived

from assumption (1), the stress resultants are obtained by summing the stresses of the

fibers:

N=) 4o, (6.7)
=

M, = Zn:A,.o;vl. (6.8)
i=1

M, =Y dou (6.9)

i=1

where M, and M, are the resultant moments about the u- and v- axes, respectively; 4;
is the area of the i-th fiber; n is the total number of the fibers; (u;, vi) denote the
coordinates the geometric centroid of the i-th fiber; o; represents the stress, which is a

function of the total strain ¢; of the i-th fiber:

o.=f(s) (6.10)

119



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

in which, the function y = f{x) describes the stress-strain curves of the materials after
fire exposure, highly dependent on the highest temperature experienced. For the post-
fire stress-strain relationship of steel, this study adopts the bilinear model proposed by
Han et al. [216]. For concrete, two scenarios are considered: unconfined and confined
by steel profiles. The former uses the model proposed by Lie [217], while the latter
employs the widely accepted model proposed by Han et al. [218, 219]. The reliability
and accuracy of these modes have been validated in numerous previous studies on the
post-fire behavior of concrete-encased steel structures [201, 220-222]. The total
moments about the Y- and Z- axes can be calculated as:

n n
M, =M, sina, +M cosa, ==Y Aoy, sina,+ Y Aou,-cosa, (6.11)

i=1 i=1

M, =M, cosa,—M, sina, = —(Z Ao, -cosa, + ZA,.a,ul. -sin anj (6.12)

i=1 i=1

6.2.4 Iteration strategy
By rotating the neutral axis orientation a, from 0° to 360° and varying the depth
dn, the section capacity is determined. The Regula-Falsi method [75, 76] is adopted to
ensure equilibrium, compatibility, and stress-strain relationships are satisfied. The axial
force capacity N is iterated with respect to d,, while a,, remains constant under a given
direction. The update method of the iterative strategy is given as follows:

d, =d,+%=%

n,p n ~

N-N

(N,—N) (6.13)

where d,  refers to the updated depth of the neutral axis; while N and N

P
correspond to the axial forces obtained at @, and d, , respectively; N, denotes the
present design axial load; @, and d, represent the neutral axis depths at which the

n

axial capacities are less than and greater than the design axial load.
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6.2.5 Numerical procedure
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Figure 6-4 Numerical framework for the generation of the 3D interaction diagram.

The detailed numerical implementation is presented in Figure 6-4. After obtaining
the temperature filed, the triangular mesh model and nodal temperatures are transferred
to the cross-section analysis algorithm. The coordinates of the geometric centroid and
the maximum axial force Nu. of tension and compression are then calculated.
Subsequently, a, and d, are initialized for the first iteration. Based on assumption (1),

the curvature of the entire cross-section is determined from the linear strain distribution.

121



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

The ultimate curvature limit state is reached when any nodal strain attains its post-fire
ultimate strain. The stress resultants are calculated by considering the stress-strain
relationships of different materials at the corresponding highest historical temperatures.
Finally, by updating the depth of d, and increasing a, from 0° to 360°, the complete

interaction surface is captured.

The proposed numerical framework has been integrated into the free structural
analysis software, MSASect2 [134], to facilitate its application for designers and to
enhance the reproducibility of this research. As shown in Figure 6-5Figure 6-4, the
software includes both a heat transfer analysis module and a cross-sectional analysis
module, all developed and publicly released by the authors. The software covers the
analysis process and iterative procedure to calculate the 3D interaction diagrams,

accounting for material plasticity and degradation after fire.

« Material properties
+ Boundary conditions
« Geometric dimensions |
« Fire curve

(b) Post-processing views for
analysis results

— - o |
- Heat transfer analysis module = Section strength check

(a) Heat transfer analysis and parameters L g
for the interaction diagram analysis A 3
Post-processor for the 3D

winteraction diagram — ——

Figure 6-5 The graphical user interface of MSASect2 [134].

6.3 Mechanical Tests

To verify the accuracy of the numerical method presented in this study, mechanical

tests were conducted on eccentrically loaded concrete-encased steel columns after fire
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exposure. Several columns underwent a full-range fire, including heating and cooling
phases. After cooling to room temperature, eccentric loading tests were performed to
determine the residual capacities of these columns. This section presents the test design

and results, which will provide benchmark data for the validation in Section 6.4.

Table 6-1 Summary of the test parameters for each specimen.

. Eccentricity Encased Heating-up Peak vertical
Specimen . . . .
ratio e, material time #; (min) load N, (kN)
CC-04 04 Concrete 45 1396
EC-0.2 0.2 ECC 45 2799
EC-0.4 0.4 ECC 45 1896
EC-0.6 0.6 ECC 45 1319

Notes: Eccentricity ratio e, represents the ratio of load eccentricity to column section height; ECC denotes

the concrete encasement of the column has PVA fibers.
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Figure 6-6 Dimensions and preparation of the concrete-encased CFST columns.

6.3.1 Test specimens and material characteristics
The tests focus on a typical type of concrete-encased column, the concrete-encased
concrete-filled steel tube (CFST). This type of column, which consists of reinforced

concrete encasing the steel tube, is recognized for its excellent fire resistance and ability
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to survive fire exposure [122, 223, 224]. Therefore, investigating its residual bearing
capacity after fire holds significant engineering value. A total of four columns were
tested, with different parameters considered, including eccentricity ratio and encased
material. The dimensions are shown in Figure 6-6(a), and the parameters of the

specimens are summarized in Figure 6-6.

The columns were designed and prepared in accordance with ACI 318-05 [225],
and the preparation process are presented in Figure 6-6(b). Thermocouples were
installed and fixed inside the columns to record the temperature across the cross-
sections during the fire test. Polyvinyl alcohol (PVA) fibers are added to effectively
prevent explosive spalling of the outer layer material [122, 226]. This spalling
mitigation measurement enhances the rigor of validating numerical method that
neglects concrete spalling. Uniaxial compressive tests were conducted on the concrete
in accordance with ASTM C39 [227], and the average compressive strengths of
concrete and fiber-reinforced concrete were 34.6 MPa and 35.2 MPa, respectively. As
per ASTM E8M [228] and ASTM A615 [229], the average yield strengths of the steel
specimens (extracted from the steel tube) and steel rebars were 346 MPa and 330 MPa,

respectively.

6.3.2 Test procedure and setup

Fire exposure tests were conducted on all columns in a gas fire furnace with
automatic temperature control device, as shown in Figure 6-7(a). During the test, the
temperature inside the furnace was controlled by high-precision thermocouples and an
electronic temperature control system. The heating and cooling temperatures followed
the fire described in Eqs. (6.2) and (6.3) After all test specimens cooled to room
temperature, the eccentric loading tests were performed, with the test setup shown in
Figure 6-7(b) and (c). Eccentric loading was applied through knife plates at both ends

of the specimen, and the axial displacement was recorded by linear variable differential
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transducers (LVDTs). A hydraulic testing machine with a bearing capacity of 10,000
kN applied a load that increased by 50 kN per minute, and the total applied load was
monitored by a force sensor. The test was terminated when the axial load dropped to

80% of the peak load or when severe cracking and spalling occurred.

There are three main reasons for not applying preloading to the columns. First,
preloading under fire conditions may reduce expansion cracking and material
degradation in the concrete encasement. As a result, preloaded columns tend to exhibit
greater residual load-bearing capacity than columns without preloading. In this study,
the columns were therefore tested without preloading to obtain more conservative
results. Second, omitting preloading helps protect the thermocouples installed inside
the columns during the fire test. Finally, this measure also reduces the risk associated
with the fire test, as hydraulic jacks operating at high temperatures may pose safety

hazards.

specimen

LVDT

(a) Fire furnace (b) Diagrammatic view (c) Test photograph

Figure 6-7 Test setup.

6.3.3 Test outcomes

The test results, including the typical failure modes and load-displacement curves,
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are shown in Figure 6-8. It can be observed that as the eccentricity gradually increases
from 0.2 to 0.6, the main failure zone shifts from the compression side to the tension
side, and the ultimate load-bearing capacity gradually decreases. The post-fire material

properties, provided in the authors’ previous work [131], will be used for validation in

the following section.
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(a) Failure modes (b) Load-displacement curves

Figure 6-8 Failure modes and corresponding load-displacement curves of the specimens.

6.4 Validation of the Numerical Method

Given the limited number of previous studies on the interaction diagrams of
concrete-encased CFST columns after fire exposure and the complexity of biaxial
bending test, the mechanical model is validated not only against the test results

presented in this study but also against the numerical results for columns reported by

other researchers.
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Figure 6-9 Comparison of test results and proposed analysis method.

The peak vertical loads and corresponding bending moments from the tests are

summarized in Figure 6-9(a). The interaction diagrams of the tested concrete-encased

CFST columns are calculated, and their comparison with the test results are illustrated

in Figure 6-9(b). The comparison reveals that the predicted results closely align with

the test results, although the test results are consistently slightly higher. This

discrepancy arises because the concrete material model developed by Han et al. [216],

used in the analysis, accounts only for the confinement provided by the steel tube on

the core concrete in CFST, while neglecting the additional confinement effects from the

outermost concrete encasement layers. These results indicate that the proposed

numerical method provides accurate predictions of the interaction diagrams for

concrete-encased CFST columns after fire exposure.
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(a) Predictions from the previous study [74] (b) Results obtained from the present study

Figure 6-10. Interaction diagrams of columns under various fire exposure times.

In another validation example, the predictions from the tangent modulus method

reported by Law and Gillie [74] are compared with those obtained from the present

approach. This validation example involves a reinforced concrete column with a cross-

section of 300 mm % 500 mm, exposed to the ISO 834 standard fire [ 128] on three sides.

The interaction diagrams at various fire exposure times are calculated and compared

with the results from the previous study, as shown in Figure 6-10. The results obtained

using the present method show good agreement with those reported in the literature,

further validating the proposed approach.
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Figure 6-11. Cross-section of a general concrete-encased steel column from [230]

(unit: mm).

For more general concrete-encased steel cross-sections under biaxial bending and
compression, the proposed method is validated using previous studies conducted by
Chen et al. [230] and Caldas et al. [73]. A general cross-section is studied, with detailed
dimensions provided in Figure 6-11. The concrete has a compressive strength of 20
MPa and contains siliceous aggregates, while the steel profile has a yield strength of
323 MPa. Reinforcement is provided by steel bars with a diameter of 18 mm and a yield
strength of 400 MPa. The elastic modulus and Poisson’s ratio of the steel are taken as
2x10° MPa and 0.3, respectively, consistent with values used in prior studies. Each
steel bar is positioned 50 mm from the concrete surface. This section is subjected to an
axial force of 4,120 kN, and the proposed method is employed to calculate the biaxial

bending interaction diagrams under both ambient and standard fire conditions [211].
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Figure 6-12. Analysis results of a general concrete-encased steel section subjected to

biaxial bending.

The temperature field and corresponding 3D interaction diagrams at various fire
exposure times are shown in Figure 6-12(a). As the temperature increases, the cross-
section experiences significant degradation. Owing to the asymmetry of the section,
both the temperature field and interaction diagram become increasingly asymmetric
after 300 minutes of fire exposure, and the proposed method can capture this
characteristic. The biaxial bending diagrams are extracted from the 3D interaction
diagram at an axial load of N = 4,120 kN, as shown in Figure 6-12(b), and compared
with different benchmark solutions. The maximum deviation is 7.8%, further verifying

the accuracy of the proposed numerical method in handling biaxial bending cases.

6.5 Parametric Study

6.5.1 Study description

After validation, the proposed numerical approach is employed to conduct a
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parametric study that comprehensively investigates the post-fire interaction diagrams
of concrete-encased CFST columns subjected to four-sided ISO 834 standard fire [128],
including heating and cooling stages. It should be noted that, due to space limitations
of this paper, the parameter analysis is specific to this typical concrete-encased column
type under standard fire. The proposed framework is still applicable to other column

types and fire conditions.

Table 6-2 List of parameters.

Parameters Values Dimension description
Fire exposure time (T, min) 0, 30, 60, 90, 120 yT
Aspect ratio (H/ B) 1,1.2,1.5 o o
Concrete compressive strength (f., MPa) 30, 40, 50
Wall thickness of steel tube (t,, mm) 6,8, 10 af|» ol
Thickness of concrete cover (us, mm) 35, 50, 80 , s
Confinement factor (¢ = af, / f2) 1.02<£<3.05 : I.{ A
- . DRTRN
Reinforcement ratio (p) 0.037<p<0.243

Notes: a represents the area ratio between the steel tube and core concrete; f;, and f; are the strengths of

the steel and concrete, respectively.

The parameters considered in the study are summarized in Table 6-2. A total of
seven parameters are examined, and the concrete-encased CFST columns are analyzed.
The diameters of the CFST and the reinforcing bars are 180 mm and 10 mm,
respectively, while the overall cross-sectional dimensions (H x B) vary from 250 x 250
mm to 510 x 340 mm, indirectly affecting the reinforcement ratio (p) of the encased
concrete layer. The concrete strength in both the inner and outer regions of the steel
tube is identical and ranges from 30 MPa to 50 MPa. The yield strength of both
reinforcing bars and steel tube is 345 MPa. The wall thickness of the steel tube (#v)

increases from 6 mm to 8 mm, thereby altering the confinement coefficient (&) of the
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CFST [206, 218]. The fire exposure duration ranges from 0 min to 120 min.

Additionally, the cross-sectional aspect ratio (H / B) varies from 1.0 to 1.5.

The selected parameter ranges define a configuration space comprising 405
distinct column cross-sections. To generate accurate 3D interaction diagrams of these
columns, the numerical framework described in Section 2 is applied to each cross-
section considering 20 rotation angles (a,). The axial load (N) is divided into 20
intervals, ranging from the maximum compressive load (N¢ nax) to the maximum tensile
load (N max). Therefore, the combination of various cross-sections, rotation angles, and
axial load levels generates a total of 162,000 distinct calculation cases. The results from
the extensive exploration of the configuration space have led to the development of a
comprehensive database to support further analysis of the compressive-bending

behavior of concrete-encased CFST columns after fire exposure

6.5.2 Results and discussion

Partial results of the parametric study are presented in To objectively assess the
influence of each parameter on the post-fire behavior of concrete-encased CFST
columns, all other parameters are held constant when evaluating the effect of a specific
parameter. For example, the results presented in Figure 6-13(b) correspond to the
columns with cross-sectional dimensions of 280 X 280 mm and 420 x 280 mm,
respectively, while all other parameters are kept constant: the fire exposure duration (T)
is 90 minutes, the concrete compressive strength (fc) is 40 MPa, the steel tube wall
thickness (#v) is 8 mm, the yield strength of both reinforcing bars and steel tube is 345

MPa, and the concrete cover thickness (us) is 50 mm.
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(g) Ambient temperature (h) After 90 min fire exposure

Figure 6-13 Partial results from parametric study.

To quantify the impact of each parameter, this study evaluates the volumetric
change of 3D interaction diagrams defined in the N—M,—M. space. Specifically, it
compares the ratios of the interaction diagram envelope volumes at different parameter
values before and after fire exposure to quantitatively assess each parameter's effect on

the residual bearing capacity.

1) Aspect ratio (H/ B)

Figure 6-13(a) and (b) present the results of concrete-encased CFST columns with
varying aspect ratios. The volumetric ratio changes of the interaction diagrams are

calculated as follows:

Vilwbais _ 5 g4 (6.14)
V0|H/B:1

V;0|H/B:1.5 =2.683 (6.15)
V;0|H/B:1

where Vo represents the envelope volume of the interaction diagram of the column at
ambient temperature, while V9o denotes the envelope volume of the interaction diagram

after the column has cooled following 90 minutes of standard fire exposure.

These volume changes indicate that increasing the aspect ratio can significantly
enhance the compressive-bending performance when the cross-sectional width remains
constant. Specifically, increasing the aspect ratio from 1.0 to 1.5 leads to an increase in
the envelope volume of over 260%. However, this improvement does not differ

significantly between ambient and post-fire conditions. This observation suggests that
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the benefit of increasing the aspect ratio does not improve after fire exposure, as the
larger aspect ratio also increases the fire-exposed surface area, resulting in greater heat

flux and more severe material degradation.

2) Concrete compressive strength (fc)

This case examines concrete-encased CFST sections with concrete compressive
strengths of 30 MPa and 50MPa, respectively. All other parameters are held constant:
H x B =250 % 250 mm, ¢, = 8 mm, u, = 50 mm. The results are illustrated in Figure
6-13(c) and (d), and the corresponding volumetric ratio changes of the interaction

diagrams are presented below:

v
ol =2.155 (6.16)
0|f(,=30
Vil
M:l.szo (6.17)
V90|_;;:30

The calculation results indicate that increasing the concrete strength significantly
enhances the biaxial bending performance. However, this benefit is substantially
reduced 29% after fire exposure. This reduction can be attributed to the temperature-
dependent material properties of concrete used in the analysis model. As temperature
rises, the strain corresponding to the peak compressive stress in concrete increases [217].
Under the assumption of a linear strain distribution, a portion of the concrete becomes
underutilized, and failure occurs due to the ultimate strain limit being reached in the
fire-degraded outer concrete. Therefore, increasing concrete strength does not offer a
more beneficial approach to enhancing the residual bearing capacity of concrete-

encased CFST columns after fire exposure.

3) Wall thickness of steel tube (t.)
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Two concrete-encased CFST columns with wall thicknesses of 6 mm and 10 mm
are selected for analysis. The columns have a cross-section of 280 mm x 280 mm, a
concrete compressive strength of 40 MPa, a steel tube diameter of 180 mm, and a
concrete cover thickness of 50 mm. The yield strength of both reinforcing bars and steel

tube is 345 MPa. The volumetric ratio changes of the interaction diagrams (see Figure

6-13(e) and (f)) are:

V.
0|zw:10 ~1.670 (6.18)
Vol, -
y
90|1w=10 —2.418 (6.19)
90|zw:6

This outcome indicates that increasing the steel tube wall thickness contributes
more significantly to enhancing the residual bearing capacity after fire exposure,
yielding a 48% improvement. This can be attributed to two primary reasons. First, the
outer concrete layer provides thermal protection, allowing the steel tube to retain most
of its material properties after fire exposure. A thicker steel tube wall results in less
overall degradation of the cross-section. Second, a thicker steel tube wall results in a
higher confinement coefficient (). According to Han’s confined concrete model [219],
a higher confinement coefficient corresponds to a higher residual strength. Therefore,
for concrete-encased CFST column sections containing steel restrained concrete,
thicker wall thickness will be more favorable for the improvement of residual bearing

capacity after a fire.

4) Thickness of concrete cover (us)

The final parameter studied is the concrete cover thickness, as defined in Table
6-2. Two columns with an aspect ratio of 1.0, a concrete compressive strength of 40

MPa, and a steel tube wall thickness of 8 mm are analyzed. The results for these
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columns are shown in Figure 6-13(g) and (h). The volumetric ratio changes are as

follows:

v
e~ 4.414 (6.20)
0 ug =35

.

Pt _ 4343 (6.21)
90 u,=35

It can be observed that in both cases, at room temperature and after fire exposure,
increasing the concrete cover thickness significantly improves the compressive-
bending behavior of the columns. However, the magnitude of this improvement remains
unchanged after fire exposure. This is because, although a thicker concrete cover
provides better protection for the internal steel profile, it also increases the fire-affected
area and the associated heat flux, leading to greater degradation of the outer layer of the

concrete cover.

6.6  Simplified Design Model

This section aims to develop an analytical solution for the 3D strength interaction
diagrams of concrete-encased CFST columns. Although several analytical expressions
have been proposed for reinforced concrete columns [77, 231], they primarily focus on
2D interaction curves and are not applicable to columns under biaxial bending. Hence,
this study proposes a simplified analytical model based on Bresler’s equation [232],

which has been proven reliable and robust for reinforced concrete columns under fire

conditions [197, 233].

6.6.1 Derivation of the model
The skeleton curves of the simplified analytical model are constructed using the
generatrix and directrix lines, as shown in Figure 6-14. The generatrix line is divided

into two parts by the directrix line. For the descending branch, the expression is
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calculated as follows:

74
N,,.-N
[ cims ] —[ M j —0,N,, SN<N,_, (6.22)
N Nbl Mbl

c,max

For the ascending branch, the expression is presented as follows:

@
N, ~N
[ 2 ] —( M j 0N, <N<N, (6.23)
N Nbl Mbl

t,max

where y and ¢ are the parameters controlling the shape of the generatrix line; Ne,max and
Nimax are the maximum compression and tension capacities of the cross-section,
respectively; Mp1 denotes the maximum moment capacity in the direction of a,; Npi

refers to the axial load corresponding to the maximum moment capacity.

c,max

Generatrix line
Descending branch

Directrix line

(03 Mbl,: ’Nbl) (Mhl,_‘- 5 09 N},])
. Generatrix line
_ Ny\Ascending branch
@,’ t,max /l?

Figure 6-14 Simplified analytical model of the 3D strength interaction diagram.

To calculate My on the generatrix line in the direction of a,, the following equation

1s used:

(MM cosan] J{MblsmanJ 1 (6.24)

bl,z
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in which, 7 is the parameter controlling the shape of the directrix line; M1, and Mp1,y

are the maximum moment capacities in the direction of M.- and M,- axes, respectively.

These equations construct the complete 3D strength interaction diagram, in which
the parameters y, ¢ and 7 control the shape. The parameters can be computed using the

database built previously, with the equation presented as follows:

M N —N
w=In| — | /In| —== | N, <N<N_ (6.25)
Mbl Nc,max_Nbl o
N —N
o=in| 2| fin| =T | N <N<N, (6.26)
Mbl Nt,max - Nbl ’

A total of 162,000 samples in parametric analysis are used to calculate these two
parameters. The calculated results are shown in Figure 6-15 and Figure 6-16. By
performing nonlinear and linear fittings on the calculation results respectively, the

regression model can be obtained as,

w =-0.28P% —0.42P +1.10 (6.27)

¢ =—-0.535P +0.910 (6.28)

in which, P. and P; are the normalized axial loads for compression and tension,

respectively, and are expressed by the following equations:

Nc max N
c = >+ Thl < N < Ncmax (629)
Nc,max_ Nbl ’
Ntma'c_ N
p=—we N <N<N, (6.30)
Nt,max_ Nbl

Due to the high degree of dispersion in the original calculation results, a
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conservative regression model is selected to ensure that only approximately 2% of
unsafe predictions exceed the 15% error border. The regression model is conservatively

adopted as the simplified model to calculate the values of y and ¢.

Similarly, by substituting the values from the database into Eq.(6.24) and solving
for 7, the regression model for the directrix line can be obtained. Through parameter
analysis and correlation coefficient regression, fire exposure time (T), aspect ratio (H /
B), confinement factor (¢) and thickness of concrete cover (u;) are selected as
independent variables. The regression results and the corresponding standard deviation
(DEV) are presented in Figure 6-17, demonstrating a good fit for 7. The regression

model is summarized as follows:

Room temperature: 7=1.6867 + (—0.48% +0.39£-0.97u, j x107  (6.31)

After fire: r=1.6197+(—3.39%+2.15§—8.06us+5.76Tj><10‘2 (6.32)
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Figure 6-15 Calculation results and nonlinear fitting of .
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Figure 6-17 Regression results of 7.

6.6.2 Workflow of the simplified design model

The workflow of the simplified design model for evaluating the post-fire biaxial

bending behavior of the concrete-encased CFST column is shown in Figure 6-18. First,

input the cross-section information and design loads of the column. Then, compute the

post-fire axial compressive and uniaxial bending capacities for parameter set A using

either the cross-section analysis method proposed in Section 2, alternative simplified
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design approaches [122, 131], or sophisticated finite element methods [193, 201, 234].

Next, identify the part of generatrix line of the interaction diagram corresponding to the

current design axial load. Calculate the shape coefficients of the generatrix line using

Eq.(6.27) or (6.28), and determine the shape coefficient of the directrix line using

Eq.(6.31) or (6.32). Based on the established 3D interaction curve, compute the

bending moment M under the given axial force and rotation angle a,.. Finally, compare

the design bending moment with the calculated value to assess whether the cross-

section satisfies the design requirements or has failed.
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)
Input design information: '
Cross-section dimensions, materials, !
design loads and fire exposure time. !
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—
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Figure 6-18 Workflow of the simplified design model.
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6.6.3 Verification of design model
This section validates the simplified design model proposed in this study. A total
of 540 calculation cases, including 108 cases for each fire exposure time, are randomly
selected. These cases are distinct from the cross-sections defined by the parameters in
Table 6-2 but remain within the studied parameter range. The simplified design model
and the numerical method introduced in Section 6.2 are employed to compute the points

on the 3D interaction diagram.

Figure 6-19 illustrates the deviations between the simplified design method and
the numerical method results. Due to the conservative fitting adopted in the simplified
method, its results are smaller than those obtained from the numerical method. The
histogram shows that most deviations cluster around 5%, with a maximum deviation
below 15% and a mean error of 5.3%. The violin plot further demonstrates that, across
all fire exposure times, deviations remain below 15%, with peak probability densities
centered around 5%. Results at room temperature exhibit slightly larger deviations,
though they remain within an acceptable range. These results confirm the accuracy and

reliability of the proposed simplified design method.
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Figure 6-19 Validation against the numerical method.
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CHAPTER 7.
REFINED SECOND-ORDER DIRECT ANALYSIS METHOD
FOR FIRE RESISTANCE DESIGN OF STEEL STRUCTURES

7.1 Introduction

Prescriptive methods have long dominated the structural fire design of steel
structures [7, 235, 236]. In these approaches, structural response is evaluated using
code-specified procedures under standard fire conditions, making them straightforward
to apply because engineers follow established rules and formulas. However, such
checks can be inadequate for real fire scenarios [237, 238]. In many natural fires, some
members are exposed to elevated temperatures while others remain near ambient [22,
53], as shown in Figure 7-1. It is inaccurate for traditional fire resistance design
methods to assume uniform heating of the structure during analysis, as this assumption

deviates significantly from real fire conditions and leads to overly conservative

evaluations [239, 240].
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Figure 7-1 Challenges of structural fire analysis considering localized fire.
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In contrast, modern performance-based fire resistance analysis involves advanced
simulation methods to address the limitations of traditional approaches. Rather than
relying on uniform-heating assumptions and pre-defined codes, it evaluates the real
response of steel structures under credible, scenario-specific fire exposures. By
considering the location of the fire and non-uniform heating, advanced computational
methods can accurately simulate the thermal response, mechanical degradation, and

structural deformation throughout the fire duration [49, 241].

Among these approaches, the sophisticated finite element method (SFEM), which
typically employs solid or shell elements, is one of the most widely adopted methods.
This is because it can simultaneously capture thermally induced effects such as non-
uniform stiffness and strength degradation, second-order effects and centroid
eccentricity under localized fire exposure (see Figure 7-1(c)). For example, Kolsek and
Cesarek [242] employed solid elements to develop a detailed numerical model for the
fire resistance analysis of intumescent-coated steel structures. Dwaikat and Kodur [243]
proposed a performance-based approach for the fire design of steel beams based on
results obtained from a finite element model using shell elements. Silva et al. [244]
introduced a one-way coupled finite element model combining shell and solid elements
to analyze the global behavior of frame structures. Ye et al. [245] developed a finite
element model using shell elements to accurately predict the anti-collapse performance
of a single-story steel frame structure under fire conditions. More recently, Kim et al.
[246] proposed a coupled computational fluid dynamics—finite element method to
evaluate the fire behavior of modular steel buildings, in which the steel frame was
modeled using eight-node linear solid elements. Although SFEM can provide detailed
and accurate modeling capabilities, its computational demands are substantial. The
complexity of the modeling process and high computational cost in frame structural

analysis render it inefficient and impractical for routine design applications.
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Hence, the line finite element method (LFEM) emerges as an efficient and
appealing option for modern fire resistance design. The LFEM is a simplified form of
the finite element method in which structural members, such as beams, columns, trusses,
and frames, are modeled as one-dimensional line elements (e.g., beam-column elements)
rather than full continuum elements (e.g., solid and shell elements), as shown in Figure
7-1Figure(d). Several LFEMs have been developed for fire resistance design, including
those by Li et al. [177], Liew et al. [22], [u et al. [151], Jiang and Usmani [247],Ying
et al. [248] and Tang et al. [249]. In these studies, the thermal distribution across the
cross-section was assumed to be either uniform, linearly varying, or obtained through
fiber-based cross-section analysis. Along the member length, the members were
discretized into numerous beam—column elements, ensuring that each thermal zone

contained at least one element.

To further simplify the LFEM, Jiang and Usmani [98] implemented a force-based
element in OpenSees, considering longitudinal thermal distribution through the
ThermalActionWrapper and cross-sectional thermal variation via linear interpolation of
fibers. Although this approach reduced the number of elements required, section-
specific thermal modifiers and modifications to the element’s internal iteration were
still necessary to ensure computational accuracy. Additionally, Luu et al. [250]
introduced an advanced line element that incorporates stability functions and the
distributed plasticity model to account for non-uniform temperature distributions. The
study provided valuable insights, though the ability to capture the offset of the centroid

resulting from temperature gradients could be further improved.

Notably, when modeling members exposed to localized fires, the previously
mentioned LFEMs adopted two primary strategies. The first approach, known as the
stepped element method [251], divides the member into multiple short segments, each

assigned different thermal conditions. The second approach adopts interpolation
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techniques to represent predefined variations in cross-sectional degradation, also
referred to as tapered elements [252]. However, both methods have their limitations.
The stepped element method requires a large number of elements to achieve
convergence, since both temperature and cross-sectional properties are assumed to be
constant within each segment. Similarly, tapered beam—column elements can only
accommodate specific forms of cross-sectional variation, thus necessitating a

sufficiently fine mesh to maintain computational accuracy.

In addition to the variation in cross-sectional properties, another challenge in
traditional line element modeling lies in capturing the eccentricity of the cross-sectional
centroid. Under non-uniform heating, the centroid shifts away from the geometric
center, as shown in Figure 7-1(c). To account for this, current modeling practices
typically offset nodal connections to reflect the displacement of the centroid. However,
conventional line elements lack a generalized capability to automatically accommodate

arbitrary centroid paths in steel members exposed to localized fires.

To develop a more efficient and accurate second-order analysis method for fire
resistance design, this study proposes a novel line element to capture thermally induced
effects under localized fires. The proposed method comprehensively accounts for
several key thermal effects, including stiffness and strength degradation, centroidal
offsets, thermal expansion, and second-order behaviors, thereby enabling accurate and
efficient evaluation of the nonlinear response of steel structures subjected to localized
fires. The line element formulation incorporates cross-section varying factors to model
the non-uniform degradation of the member properties and enhance computational
efficiency. A dedicated cross-section analysis method is developed to capture the spatial
variation of material degradation and the corresponding moment—curvature
relationships. The equivalent centroid axis is derived based on the principle of

complementary virtual work and equilibrium equations to accommodate arbitrary
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centroid paths. The Updated Lagrangian formulation is employed to perform nonlinear
analysis using the proposed line element. Finally, the proposed method is verified

through several validation examples, demonstrating both its accuracy and efficiency.

7.2 Assumptions and Definitions

As shown in Figure 7-2, this study proposes a novel line finite element for fire
resistance design. The element is assumed to be subjected to a localized fire, which
induces temperature gradients across both the cross-section and the longitudinal axis.
The non-uniform degradation of steel properties at elevated temperatures is represented
as cross-sectional “shrinkage”. Equivalent cross-sectional properties are introduced in
the element formulation, including equivalent axial rigidity £,.4,, flexural rigidity

E.I, and torsional rigidity G.J, , where E, and G, are the reference elastic

modulus and shear modulus, respectively. 4

., I, and J_ denote the equivalent

geometric properties, which facilitate the derivation of the line element. The procedure
for obtaining equivalent cross-sectional properties through the reduction factor is
presented in Section 4.1. The uneven thermal gradient along the length produces a
varying eccentricity of the centroid, and the connection of these centroids defines the
equivalent centroidal axis. The co-rotational (CR) method is employed to describe pure
deformational motions in the local coordinate system, thereby reducing the number of

degrees of freedom (DOFs) and improving computational efficiency.

The proposed line element is based on the following assumptions: (1)
deformations and rotations can be large, but strains remain small; (2) the applied loads
are conservative; (3) the members are sufficiently slender, ; therefore, local buckling is
neglected, and the heat flux on the surface of the member is much greater than the heat
flux along the longitudinal direction; (4) warping and shear deformations are
disregarded due to their minor contributions, consistent with the empirical design

equations for slender members in Eurocode 3 [61] and AISC 360-10 [253]; (5) An
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elastic—perfectly plastic model, incorporating the reduction factor (1) recommended by
Eurocode 3 [61] and illustrated in Figure 7-3, is employed to balance computational
efficiency and accuracy [249]. The reduction factor 4 is defined as o,,7/0, for yield
strength and E), 7/E) for elastic modulus, where o,,7 and E) r are the yield strength and

elastic modulus at 7' °C, respectively.
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Figure 7-2 DOFs and nodal forces of the proposed line element.

Stress, o A 1.0 Yield strength, o, /0,
Eurocode 3 — Elastic modulus, £, ,/E,
Oy r|-========- Present study - =
<= 0.8
g
Gegfrmnonag A & 0.6
2
E
5 0.4+
' 5}
H [
2 02]
o
H : : 0.0 T T T T T |
oy 5% 6 =T% 5.y 20% Strain, ¢ 0 200 400 600 800 1000 1200

Temperature (°C)

(a) Stress-strain curves at elevated

(b) Reduction factor from Eurocode 3
temperature

Figure 7-3 Elastic—perfectly plastic model for steel at elevated temperature.
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7.3 Formulations of Line Element

This section provides the derivation of the proposed line element, which
simultaneously accounts for stiffness and strength degradation, second-order effects,

thermal strains, and non-uniform thermal gradients.

7.3.1 Shape functions
According to Figure 7-2, the local axes are positioned at the mid-span of the line

element. The element displacements are described by six DOFs, as given by

u=u 6, 0

e yl

0. 0, 0,1 (7.1)

zl X y

where u is the displacement along x-axis; 6, and 6,, are the rotations at nodes 1
and 2 around y-axis, respectively; while 6, and 6., are the rotations at nodes 1 and

2 around z-axis, respectively; 0 represents the total torsional angle of the line element.
Fe = [F:c Myl le Mx MyZ MZZ]T (72)

where £ is the axial load; M, and M, are the nodal bending moments about y-

axis; M, and M_, refer to the nodal bending moments about z-axis; M denotes

the nodal torque. Given the nodal displacements and employing Hermite interpolation

matrix, the shape functions of the element can be obtained by

[£.(0) £,(n) £(n) £.(n)] =N.(n)u, (7.3)

~
—~
=
N—
Il

(7.4)
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in which, 77 =x/L; L denotes the length of the element; f,\»(ﬂ) refers to the axial
deformation; fy(n) and fz(n) are the lateral deflection along y- and z- axes,

respectively; f (77) denotes the torsional deformation; N1, N> and N3 are expressed as

N, =(1+21)/2;
N, =L(1-2n) (1+27)/8; N,=-L(1-27)(1+27)"/8 (1.5)

7.3.2 Second-order effects
The second-order effects, also known as bowing effects [251], which account for
the axial shortening due to bending deformation of the element, are considered. The

deformation induced by the second-order effects is calculated by
_lptras oo
fb_Ejo[fy + [ (7.6)
By substituting the components from Eq.(7.3) into Eq.(7.6), the expression for the

second-order deformation is obtained as

L L
f, = %(29; -0,0,, +29y22)+%(2eﬁ2 -0,0.,+20.) (7.7)
7.3.3 Total potential energy function
The element stiffness matrix is derived from the second variation of the total
potential energy, while the secant relationships are obtained from the first variation of

the total potential energy. The total potential energy is expressed as
IH=-V+U (7.8)

where V' is the work done by external forces, and U denotes the strain energy within the
element, including stress-related energy U, and thermal-related Ur, as given by

following equation:
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U=U,+U, = j () e, +2[0] &, )Jav + Jla] Do +en)ar a9

in which, ¢, and &,; refer to the linear and nonlinear strain vectors, respectively; &;

is the thermal-related strain vector; o is the stress vector. The vectors are calculated as

below,

o= -Fv-iz —izl2 Jwl2]s en=[(72+7%))2 0 0] @10

ar{a(Am%yﬁg—sz 0 0} (7.11)

z

o= FJA+[ M, (1-n)~M_ny/1.+[M, (1-n)~Mn]z/1,, 0 0] (112

where a represents the thermal expansion coefficient and taken as 1.2 x 107/°C; T is

the temperature along the cross-section; 4 = Zf':l A,,/n 1s the average area of the

element, in which, 7 is the number of the integration points. D denotes the constitutive

matrix containing reference material properties, given by

o o M
o Q o
Q o o

(7.13)

The degradation of material properties at elevated temperatures is represented by
changes in the cross-sectional properties, which are introduced in Section 4.1. The
strain energy is calculated by substituting Eqs.(7.10)-(7.13) into Eq.(7.9), followed by

discarding some high-order terms:
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—jEAf dx +— j Fldx+— j x) [ 2dx
(7.14)
j x) frdx+ = j F(f)+ 1 Jx
U, zjaE,_ATZ[fx +(f,2+ 72) )2 Jax - [ aE, qz(x)—fd
L (7.15)
—Ja 1, (x) fdx
The work done by external forces is calculated by
V=> Fu, (7.16)

in which, F, denotes any possible external force acting on the element, and %, is the

corresponding displacement associated with that force.

7.3.4 Tangent stiffness matrix
The tangent stiftness matrix of the proposed element is derived from the second
variation of Eq.(7.8), and the formulation is given by

0’11

ou,0u;

oIl =

Su.0u, = kAu—AF =0,(i, j =1~ 6) (7.17)

where £ is the tangent stiffness matrix, which contains three components:

k=k +k.+k, (7.18)

in which, K, is the linear matrix, and k; is the nonlinear matrix; K, denotes the

thermal-related stiffness matrix. The expressions of these matrices are given by

153



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

EA/L 0
AE o,/L
el
Y.
0
ko=
[0
ke =|

0
0
AE B /L
M.
koi Koy
ko2 koo
ke
Y.
M.
0 0
rn 0
k3
Y.
M.

0
0
0

G.J

oS O o O

0
Ky 24

kr,34
kT,44

0
2E a,/L
0
/L 0
4E o, /L
kG,lS kG,16 |
kG,ZS kG,ZG
kess  Kcas
0 0
kG,SS kG,56
kg 66 i
0 0 |
kT,25 0
0 kT,36
kT,45 kT,46
kT,55 O
kT,66J

0
0
2E,p,/L
0
0

2E,B, /L]

(7.19)

(7.20)

(7.21)

where @, and f, are the cross-section varying factors to simplify the formulation,

which will be illustrated in Section 4.2. The explicit expressions for k. and k, are

provided in Appendix 7A. The element stiffness matrix K in the global axes is

calculated as follows:

K=L(Tk[T,] +H)L

(7.22)

where L and 7, are the transformation matrices; H denotes the rigid-body movement

matrix. These matrices for the CR method can be found in Ref. [252, 254].

74  Thermally Induced Effects

The exposure of a member to localized fire can induce a series of thermally
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induced effects. A thermal gradient across the cross-section not only causes uneven
material degradation but also results in an offset of the sectional centroid. A thermal
gradient in the longitudinal direction requires traditional methods to employ a larger
number of elements to satisfy accuracy requirements. In this section, a new solution is

proposed to account for these effects.

7.4.1 Heat transfer analysis and cross-sectional properties

This study adopts the sequential coupling method, a well-established and robust
approach for thermal-stress analysis coupling analysis [255, 256]. Since steel structural
members are typically partially heated in natural fires, the “multi-zone” fire model
proposed by Liew et al. [22] is employed to simulate the non-uniform temperature
development. As illustrated in Figure 7-4(a), different temperature—time relationships
occur at varying distances from the fire. The thermal gradient across each cross-section
at the integration points of the line element is calculated by solving the transient heat-

transfer governing equation for the cross-section fibers:

| i\t L i it
(A—tM +KTJ{T} =M ' +{r (7.23)

where M’ and K T[ are the capacitance matrix and stiffness matrix for the i” fiber,
) i i i i |l .
respectively; T' = [T1 I, T, ] contains the nodal temperature; At and s represent

the time step and number of the iteration step, respectively; f ' denotes the thermal

condition vector, accounting for thermal convection and thermal radiation, as shown in

Figure 7-4(b). The recommended values for thermal convection coefficient and thermal

radiation coefficient are 25 W/(m2-°C) [211] and 0.7 [187], respectively. The

explicit forms of the matrices and the solution method have been introduced in previous

work [56].
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Figure 7-4 Varying cross-section properties of the proposed element exposed to fire.

After obtaining the temperature distribution of the cross-section at different
integration points of the element, the equivalent cross-sectional properties are
calculated using the material reduction factors shown in Figure 7-3(b). The equivalent

properties are determined as follows:

4,3 1di=3] [ NE|| nava 724
i=1 i=1
L=Sra=3[ | NE (N B (029
i=1 i=l
L=SIva=S] [ NE (NS Easa 026
i=1 i=1

where dd=N'E'/ E dA4 is the modulus-weighted area differential for fibers with

. . . . T
non-uniform material degradation; E' =[E(7]’),E(7;l),E(7}l)] contains the
degraded nodal elastic modulus at elevated temperatures 77, 7> and T3; n is the number
of the fibers; t//i and &’ denote the natural local coordinates of the i’ fiber (see

Figure 7-4(b)), which range from O to 1; N’ is the shape function of the fiber, and can

be formulated as:

N & =[y' & 1-y'-¢] (7.27)

156



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

J' is the Jacobian matrix, which maps the global coordinate system to the natural

coordinate system for integration, and is calculated as follows:

oz oy [oN'

J[: ay/ al// — ay/ |:zt yt:|: Zli_Z3i yl y3 (728)
& || 2oz
o & ] | e

The coordinate of the cross-section centroid is calculated as below:

- Zn:jydg/Aq = ZHIIIIIII(NiJ’i)NiEi 7|/ (E,4,)dy'dé (7.29)
& ZdA/ Zj [ (N)NE (B a)dyds 30

The equivalent torsion constant is given by

130 [ e -2 v rGanae
‘ZI J 11{[85—]5“’5 (N =2, )= (N ~y,) }}‘J"N’G’ /Gdn'dE

(7.31)

in which, a)si denotes the nodal warping values, obtained by solving the torsional

equilibrium equation of the cross-section [198]; y’ and z' are the nodal
coordinates vectors; G’ = E’ / [2(1+ ,u)] is the shear modulus vector; ( y_v,zs) are

the coordinates of shear center.

7.4.2 Cross-section varying factors
From Eqs.(7.17) and (7.19), the cross-section varying factors @; and f, canbe

computed from the variation of cross-sectional properties along the x-axis. As shown in
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Figure 7-4(c), these variations are approximated by polynomials whose order is

determined by the number of sampling positions. The analytical expressions for the

cross-sectional varying factors o, and f, are described by different polynomial

1

orders (linear, quadratic, cubic, and quartic), which are provided in Appendix 7B.

Table 7-1. Maximum lateral displacements with different modelling approaches
(Unit: mm).

Nonlinear analysis of steel members under localized

fires
Localized fire scenario 1 Localized fire scenario 2
Propose line element
Linear 54.32 (-12.76%) 64.09 (-6.99%)
Quadratic 58.90 (-5.41%) 65.09(-5.54%)
Cubic 62.43 (0.27%) 68.76 (-0.22%)
Quartic 62.11 (-0.26%) 68.88 (-0.04%)
Benchmark solution
40 stepped elements 62.27 68.91

To balance the number of sapling points and computational accuracy, a test
involving different modelling approaches is carried out. A steel cantilever column with
a 250 x 250 x 8 mm square hollow section is subjected to the localized fire scenarios
described in Example 3 of this paper. The length of the column is 4 m. Transverse forces
of 25 kN are applied at the free end in both the y- and z- directions. The steel has a yield
strength of 345 MPa and a Poisson’s ratio of 0.30. Linear, quadratic, cubic and quartic
polynomials are used to fit the cross-sectional properties at the sampling points, which
are uniformly distributed in each element. Two proposed line elements are employed to
model the column, while a traditional method with 40 stepped elements is set as the
benchmark solution. The adequacy of 40 elements in achieving accurate and convergent

results is verified in the subsequent examples.
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The comparative results of the maximum lateral displacements at the free end
obtained from the two approaches are presented in Table 7-1. It is observed that the use
of linear and quadratic polynomials leads to errors greater than 5%, whereas cubic and
quartic polynomials yield errors below 1%. These results indicate that elements with
cubic polynomials provide sufficiently accurate predictions and increasing the
polynomial order beyond this yields only marginal improvements in accuracy.
Therefore, in the subsequent analysis, the cubic polynomial is adopted to represent the

cross-section varying factors for accuracy and efficiency.

7.4.3 Eccentricity of centroid

Previous studies [69, 136] has revealed that steel structures under localized fires
can experience offsets of the cross-section centroid, which is caused by non-uniform
degradation of steel. Thess offsets can cause additional bending moments to be
generated by the axial pressure acting on the member. To account for the centroid offset,
the present study introduces an equivalent centroidal axis, which differs from element
axis and centroid axis, as shown in Figure 7-5. For each element, the equivalent centroid
offsets in the y- direction are denoted as e,. and eyr at the element’s beginning and end,
respectively, while those in the z- direction are denoted as e.; and e.z. The straight line
connecting these offset positions defines the equivalent centroidal axis of the element.
To obtain the equivalent centroid offsets, the offsets e,; and e.; along the element’s

centroid axis are first calculated using Eqs.(7.29) and (7.30).
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Figure 7-5 Centroid offsets and definition of axes.

The equivalent centroid offset of an element with cubic polynomial is derived as
follows. Assuming that the sampling points are uniformly distributed along the element
length, the centroid axis curves e,(7) and e-(7) are derived under the following boundary
conditions: e,(-L/2) = ey,1, e)(-L /6) = e,2, ey(L /6) = ey3, el(L /12) = ey4, ex(-L /2) = ez1,

e:-L /6) = ez, e:(L /6) = ez3, e(L /2) = e- 4. It can be solved that e)(x) and e-(x) are

e, (x) = (—ey,1 +%,,+9% ;-¢e, )/16— (—ey,l +27e,,-2Te, s +e,, )x/(8L)

(7.32)
+9 (ey,1 —e,—e te, ) x’ /(4L2 ) -9 (ey’1 —3e,,+3e,,—¢,, )x3 /(2L3 )

e.(x)= (—ezyl +9%_,+9%_ ;-e_, )/16 - (—ez’l +27e ,-2Te s +e,, )x/(SL)

+9 (ez,l —e,—e,te, )xQ/(4L2 )_ 9 (em “3e,+3e,,—e,, )x3/(2L3 ) (7.33)

The principle of complementary virtual work is employed, that is, the work done
by the additional moments induced by the centroid offset equals the internal work, as

expressed by

0 12 O’N, O°N, || @
F;c[ezL -ezR]5|:0y1:|= 7L/2F;ez (X)|: ax22 K; 5 eyl d‘x (734)

y2
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0. 12 o’N, &N, |.[6.
F;c [eyL _eyR]5|:9 ;:| = —L/ZEcey (X)|: axzz ?23:|5|:6 ! :|dx (735)

z2

By solving Eqs.(7.34) and (7.35), the solutions for the equivalent centroid offsets

arc

e, =(-8e,, —2le,, +6e,,+3e,,)/20:e, =(3e,, +6e,,-2le,, 8e,,)/20(7.36)
e, =(-8e.,—2le,+6e_,+3e.,)/20se, =(3e., +6e., —2le.; —8e.,)/20(7.37)

Equivalent centroid offsets derived from higher-order polynomials can be
calculated using a similar procedure. Based on the geometric relationship between the
displacement at the centroid and that at the equivalent centroid, the nodal displacements

follow that

Av, =Lcos(6,+0,)—e,;Av, = Lcos(0,+6, ) —e, (7.38)
where ¢, denote the rotation of the element node without offset; Avy and Av_ are
the nodal displacements due to offset of centroid in local axis. Given the deformation

relationships in CR method [252], Eq. (7.38) can also be expressed by

Av,~—e0 —e 0] [2;Av. ~e 0 —e.0[2 (7.39)

Therefore, the relationship between the displacement vector at the equivalent

centroid and that at the element node is given by
a=u,+Au (7.40)

in which, & is the displacement vector at the equivalent centroid; Au is the additional

T
displacement vector induced by the nodal rotations. u, :[u v, Vv, 0. 9}, 92]
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denotes the converted displacement vector from CR method. By variation, Eq.(7.40)

takes the form:

ou=T,5u, (7.41)

where 77, is the offset matrix for nodal displacement vector and expressed as

(10 0 T, T, Ty
0 1 0 To Tins Ton
Td — 0 O 1 7-:1,34 7:1,35 O (742)
00 0 0 0
000 0 1 0
000 0 0 1

The explicit expressions of 7y for tapered elements have been presented by Bai et
al. [252]. By substituting Eqs.(7.36) and (7.37) derived in the present study into these
expressions, the 7Ty for the proposed line element can be obtained. Similarly, the

transformation for load vector is given by

F=T/F,=T,F, (7.43)

T
in which, F, = [F; F F M, M, M z] is the converted load vector at a node.

The transformation matrices for the displacement and force vectors are

o L A Ol Tt O (7.44)
v 0 T;l,R o 0 T/}R 0 Td,RT '

where the subscript L and R represent the matrices and vectors at the element’s

beginning and end, respectively. The element equilibrium equation is rewritten as

0 F 0
T.KT, “r =&t (7.45)
0  ug, 0 F.,
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Therefore, the element stiffness matrix considering centroid offset is calculated by

K, =T.KT, (7.46)

7.4.4 Moment-curvature relationships

The yield strength of steel under fire decreases rapidly with the increase of
temperature, thus the development of plasticity of steel structures under fire must be
considered. In this study, a concentrated plasticity model is incorporated into the line
element, building on its implementation in several previous studies [59, 257, 258],
which have demonstrated both accuracy and robustness. The concentrated plasticity
model is a zero-length hinge located at the end of the element, as shown in Figure 7-6.
As the member temperature increases, plastic strain develops across the cross-section
until it reaches full yield. The application of the concentrated plasticity model
efficiently captures material nonlinearity and avoids the need for complex and tedious

stress-resultant formulations.

Zero-length
plastic hinge

Figure 7-6 Illustration of concentrated plasticity model.

The bending rigidity at the plastic hinge is quantified by the moment-thrust-
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curvature relationship which is obtained from the thermally degraded cross-sections

after heat transfer analysis. The moment-thrust-curvature analysis employs the same
fiber model used in the heat transfer analysis (see Figure 7-7 (a) and (d)) to reduce
numerical interpolation and thereby improve accuracy. The moment-thrust-curvature
characterizes the strength under combined axial and bending loads (see Figure 7-7 (b)
and (e)). Its derivation has been presented in numerous studies [259-261] and is also
outlined in Chapter 6. Given that the tangent slope along the curvature (x) direction
represents the flexural rigidity of the section, the stiffness variation of the concentrated
plasticity model under axial load and bending moment is calculated from the gradient

(od/0 k) of the moment—thrust—curvature surface, as shown in Figure 7-7 (c) and (f).

It is observed that the cross-section exposed to fire experienced a significant decrease

in both strength and stiffness.
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Figure 7-7 Moment-thrust-curvature analysis under fire.
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During the iteration process of the LFEM, once the nodal internal forces from the

h

(i-1)"" step are obtained, the plastic cross-sectional properties in the i step are

determined based on the moment-tangent slope surface of the cross-section. The cross-
section varying factors @, and f, are then calculated based on these properties,

followed by an update of the tangent stiffness matrix of the line element. Finally, the

load step is also updated to calculate the node forces for the (i+1)” step.

7.5 Numerical Implementation

7.5.1 Adaptive mesh technique
To strike a balance between computational efficiency and accuracy, it is essential
to determine both the quantity and positioning of elements for the members. This study
introduces an adaptive mesh algorithm that removes the need for trial-and-error
discretization of members. The implementation of the procedure is depicted in Figure

7-8(a).

Initially, the geometric properties /,(x) and [,.(x) are approximated using the
available data. For example, when cubic polynomials are used, at least 3ng+1 data
points are required for both /,,(x) and /,:(x), where ng represents the number of elements.
Next, the error is determined by comparing the predicted value /. obtained from the
fitting curve with the reference values /s at the midpoints. The region where the error
exceeds the predefined tolerance (set to 0.05 in the present study) will be subdivided
into two elements, and the fitting and convergence checking procedures are repeated
for these parts. This iterative process continues until the error tolerance is met for each

element.
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One element

I e —
Adaptive mesh algorithm 12 . s e eee
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(a) Pseudocode (b) Results in each iteration

Figure 7-8 Workflow for adaptive mesh generation.

Figure 7-8(b) illustrates an example of the mesh generation process for a typical
I-section member under localized fire, where four proposed elements are created for the
entire member. Elements 2 and 3 are associated with regions exhibiting greater errors,
owing to abrupt changes in their cross-sectional properties. In addition, since the final
mesh generally divides the member into elements at the extremum points of 7,,(x) and
14-(x), which are also the first locations where plastic hinges appear, this ensures that
the aforementioned concentrated plasticity model accurately simulates plastic hinges

with fewer elements.

7.5.2 Incremental stiffness procedure
To account for 3D element motions under large deflections, the incremental

stiftness method is applied, with equilibrium conditions referenced from the previous
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configuration using the Updated Lagrangian approach. The incremental nodal

deformation Au,; atthe i™ step is expressed as

Au,, =[Au; A0, A, AG,, Af

e,i z1,i X,i y2,i

AezZ,i]T (747)

According to the kinematic description shown in Figure 7-9, the element rotation

at the i step can be calculated as:

AO

yli+l

=Ap, + (sz2,i - szl,i) L ;A0

v2,i+1

=AB,,, +(Aw.,, —Aw,, ) /L, (7.48)

Aezl,iﬂ = Aﬂzl,i + (Avy2,l - Avyl,l )/L[ A0,

z2,i+l1

=AB.,, +(Av,,, —Av,, ) /L, (749)

where AS,; and AB,,. denote the nodal incremental rotations at element nodes 1

and 2 along the local y- axis relative to the last configuration, while ApB.,;, and Af.,,

are those along the local z- axis. The incremental axial lengthening and rotation around

X- axis are

AO

xXi+l

AG

x2,i

—A0, Au, =L, - L (7.50)

x1,i?
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Figure 7-9 Kinematic description of incremental stiffness procedure.

Based on the nodal deformation, the incremental forces and resistance forces can

be calculated as follows:

ARE,HI =K A”e,m ) RE,i+1 = RE,i + ARE,i+1 (7.51)

The numerical implementation of the proposed LFEM is depicted in Figure 7-10.
As described in the preceding sections, the framework simultaneously accounts for
cross-sectional analysis under fire, adaptive mesh generation, and the determination of
the equivalent centroid considering cross-sectional variation and strength degradation.
The critical parameters obtained from these analyses are then used as input for the

incremental stiffness procedure in the nonlinear analysis through LFEM (Step 5).
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Figure 7-10 Numerical implementation of the proposed method.

7.6  Validation Examples

This section presents various validation examples to assess the accuracy and

efficiency of the proposed LFEM. The examples encompass a series of cross-sectional

geometries and localized fire scenarios, as summarized in Table 7-2. The parameters

for different cross-sections are depicted in Figure 7-11. Stability and large deflection

performances of the members and structures are analyzed using the proposed method.

All examples are conducted under localized-fire conditions and capture thermally

induced material degradation and centroid offsets, thereby providing sufficient

validation of the proposed method.
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Table 7-2 Cross-sections dimensions (mm) and localized fire scenarios in each example.

Example Section type B D I tw Fire scenario
165(T), 155(T), 12(T), 6(T), Non-uniformly heated
6.1 T, L
205(L) 305(L) 35(L) 35(L) across section
8(HR),
6.2 HR, SI, T 250 250 8 Pool fire
10(SI, T)
6.3 HR 250 250 8 8 Pool fire
Uniformly heated,
6.4 T 100 100 11 11
Typical localized fire
t.
I—“_l Lt Notes:
1 SI — Symmetric-1
o tw_’ . o) t“'_’ — N HR — Hollow
Rectangular
: I . T — T-Section
£ L — L-Section
_— 1 —
(a) SI (b) HR ()T (d)L

Figure 7-11 Parameters for cross-sections.

7.6.1 Cross-sectional degradation under fire

Under localized fires, temperature gradients occur across the

cross-section, and

the material degrade non-uniformly. Obtaining accurate properties of these cross-

sections is the basis for LFEM. To verify the accuracy of the cross-section analysis

method presented in this study, T- and L-shaped sections under localized fire conditions

are selected as examples. The surfaces of the web and lower flange of the T-shaped

section are exposed to the ISO 834 standard fire [128], and the long limb of the L-

170



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

shaped section was subjected to the same fire. It is notable that, although the standard
fire is used in this example for illustration, the cross-section analysis method is

applicable to other localized fire scenarios.

Both the SFEM and the proposed cross-section analysis method are employed to
calculate the cross-sectional properties at different fire durations. The SFEM model is
constructed by ABAQUS [180], using C3D20R solid elements for the entire member

under various loading conditions: axial compression at both ends to obtain axial rigidity

E, A,, bending at both ends to obtain flexural rigidity £,/ , and torsion at both ends to

reog>
obtain torsional rigidity G,J, . The flange and web are discretized with three or more

layers of mesh to ensure accurate capture of temperature gradients. Both ends of the
member are coupled to a reference point for the application of forces and boundary
conditions. For compression and bending specimens, the reference point is located at
the centroid, whereas for torsion specimens, it is positioned at the shear center. A
slenderness ratio of 5 or greater is required to minimize the effects of cross-sectional

distortion and local buckling on the members.

—— SFEM —=— SFEM

Z 61 ~ - - - Present study Z 3 - - - Present study
E T
= 4 < 2
"f\ ch
w2 @ 1

0 ‘ . . I s 0 ; — . ;

0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000
Time (s) Time (s)
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Figure 7-12 Cross-section analysis under non-uniform heating.

The cross-sectional properties are obtained by calculating the ratio of reaction
forces to displacements in SFEM. The results of the two methods are plotted in Figure
7-12, which shows that the results obtained by the proposed method are in good
agreement with those from SFEM. The slight differences arise from the inevitable
cross-sectional distortion in SFEM. Therefore, the cross-section analysis under non-

uniform heating is validated.

7.6.2 Global buckling analyses under localized fires
In this example, the accuracy of stiffness matrices incorporating cross-section
variation factors is validated through global buckling analysis of steel beams subjected
to localized pool fires. The fire scenario is taken from the report of Qing X. and Li G.
Q. [262], which involves a 5 m horizontal specimen protected with intumescent coating
in a pool fire. The yield strength of steel is 345MPa. Temperatures along the specimen
length at 700 s and 1600 s were recorded and are presented in Figure 7-13. The

temperature difference across the cross-section was modest due to the exposure
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conditions around the steel member; therefore, the cross-sectional temperature

distribution can be computed using the well-established lumped mass method [263].

Three boundary conditions, including simply supported, cantilever, and one end pinned

with the other end clamped, are considered in this example. The global buckling loads

computed using LFEM (with proposed and stepped elements) and SFEM are shown in

Figure 7-14 and Figure 7-15.
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(a) Fire test setup

1200
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_ s --=-700s
" O 5004 p A, -+~ 1600 s
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Figure 7-13 Temperature distribution of a beam exposed to localized pool fire [262].
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Figure 7-15 Comparisons of buckling loads between different approaches (fire

duration = 1600s).

Compared with SFEM, which uses a large number of solid elements, LFEM can

achieve satisfactory results when the number of elements is sufficient. Using 10 stepped

elements and one proposed line element results in a considerable difference between

the two methods. However, when the number of proposed elements is increased to two,

the results closely approach the converged LFEM solution, with an error within 3%.

With two proposed elements, the performance is comparable to that obtained using 20

stepped elements, highlighting the significant efficiency of the method proposed in this
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study.

7.6.3 Second-order analyses under localized fires
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Figure 7-16 Measured temperature distribution during the pool fire test [264].

The accuracy of the proposed method in predicting the nonlinear structural

behavior of steel members under localized fire is validated in this example. A pool fire

scenario reported by Xu et al. [264] is adopted, and the temperature distributions across

the cross-section and along the longitudinal direction are shown in Figure 7-16. This

temperature filed is used for the nonlinear sequential coupling analysis. The yield

strength and Young’ modular of steel are 345MPa and 205 GPa, respectively. Three

typical loading conditions are applied: compression only, lateral concentrated forces,

and combining compression with biaxial bending. The first two cases employ cantilever

boundary conditions, whereas the third is simply supported. The number of proposed

elements is determined using the adaptive mesh generation illustrated in Section 7.5.1.
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Figure 7-17 Nonlinear analysis of steel members subjected to pool fire.
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The axial displacements at the top end of the members, obtained from the proposed
and stepped elements, are compared in

Figure 7-17. When the load factor is 0, only thermal expansion occurs. As the
applied load on the member increases, the discrepancy among the results obtained from
different methods becomes more pronounced. Only two proposed elements are required
to achieve results comparable to 20 stepped elements. The results are compared with
line finite element models using 20 and 40 stepped elements. These comparisons
indicate that, to accurately capture the nonlinear behavior of a member under localized
fires, at least 20 stepped elements are needed per member. In contrast, two proposed
elements per member are sufficient. The difference between the proposed approach and
the fine meshed stepped element model is within 2%, allowing the total stiffness matrix

to be reduced dramatically from 126 x 126 to 30 x 30.

7.6.4 Second-order Analysis of a star shaped dome roof under localized fire
This example investigates a star shaped dome roof and examines its large-
deflection performance under different fire scenarios. All structural members are
modeled with a Young’s modulus of 205 GPa and a yield strength of 345 MPa. The
frame has six pinned supports and a concentrated force of 3 kN applied at the center.
The span of the frame is 8 m with a slope of 1:10, and the cross-section is T-section, as

shown in Figure 7-18.

The first fire scenario is based on the research of Chen et al. [100] on the roof
under elevated temperatures. Their study assumes that the roof either heats up
uniformly or exhibits a linear 5% temperature gradient along the cross-section. This
scenario is reproduced in the present study, and the results are compared with their
benchmark solutions. The comparison is presented in Figure 7-19. As the temperature
rises, the cross-sectional properties degrade rapidly, leading to increasing displacement.

The temperature gradient contributes to an additional increase in deformation due to
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the thermal-induced moments. The results from the two methods are consistent,

indicating the accuracy of the proposed method in modeling this fire scenario.

X
K Localized fire Distance
Y from fire
(a) 3D view and position of the localized fire
< |8
= P
<) L @
)
60° N — .y

i L y 7 - Pinned support
Yy

(b) Top view (c) Front view

Figure 7-18 Layout and dimensions of the star shaped dome roof (unit: mm).

However, the previous fire scenario did not reflect real fire conditions. In practice,
heated individual members are part of an entire structure, while other portions remain
cool. The intact parts of the structure can support weakened fire-exposed members and
limit their thermal expansion. To assess structural real performance under realistic fire
conditions, this study adopts a typical localized fire scenario from ECCS [265], which
has been used in several studies [22, 266], as shown in Figure 7-20(a). The fire is
located 1.5 meters below the midspan of the roof, causing various members to
experience significant temperature gradients along both the cross-section and the length,

depending on their positions relative to the fire. The LFEMs using proposed elements

179



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

and stepped elements are applied to analyze this fire scenario, and the results are shown
in Figure 7-20(b). To obtain an accuracy solution under a larger temperature gradient,
90 stepped elements are used, yielding results almost identical to those of a more finely
meshed model (268 elements), indicating convergence. The proposed method requires
only 30 elements to achieve results with an error of 1.21%. This example further
demonstrates the efficiency and robustness of the proposed method for conducting a

structural fire analysis under localized fire.

1000
800 -
600
O
N 300 °C with 5 % gradient
= o o % -_
Chen et al. (2023): - - ~ Without thermal gradient
200 -~ With 5% thermal gradient
Present study: —o— Without thermal gradient
0 —0— With 5% thermal gradient
0 -2 -4 -6 -8 -10 -12

Relative displacement, U, (Load factor = 1) - U_ (Load factor = 0) (mm)

Figure 7-19 Temperature-displacement curves of the mid-span using different

approaches.
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(a) Multizone model for localized fire (b) Mid-span displacement

Figure 7-20 Typical localized fire and structural behaviors.
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Appendix 7A. Explicit Expressions for Stiffness Matrices.

The expressions for kG’l.j (i, j = 1~6) are given by,

2EA6, EAO 2EA6., EAG.
kG,lZ :kG,Zl = 15q - 3;1) = G 13 :kG,31 = 15q - 36 : » (7.52)
EAO, 2EA0 EAO, 2EAG0.
kG,lS :kG,Sl == 36 =t 15q = ’kG,lé :kG,61 == 38 -+ 15q : » (7.53)
2F L EAL 2 2F L EAL )
k20 = 15 +ﬁ(0y2 _40)/1) Koy = ?—}_ﬁ(_élgﬂ + ‘9z2) > (7.54)
EAL
kG,23 = kG,32 = T.Z)(‘I'le _0y2)(4021 _sz)’ (7.55)
FL EAL
kG,25 =kgs = _ﬁ - ﬁ(gyl - 4‘9y2 )(40)/1 - ‘9y2)a (7.56)
E AL
kG,26 = kG,62 == : (4‘9)71 - 9}/2)(921 - 4022)7
900 (7.57)
E.AL
kG,35 = kG,53 = _W(eyl _40)/2 )(4021 _922)’
FL EAL
k36 = k63 :_;_O_T‘Z)(QZI_AI'HZZ)(ALQZI_022)’ (7.58)
2FL EAL 2 2FL EAL 5
G55 15 900 (0y1 _49y2) ’kG,66 :?"' 900 (Hzl _4922) » (7.59)
EAL
kG,56 = kG,65 = ’ (6}71 _40)/2 )(921 _4022) (7.60)
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The expressions for kT’l.j (i,j = 1~6) are given by,

—2aE, A LAT ,(dT/dy)—E, A ATe
kpyy=——"T—> kppy=k; = [ &)= E 4, J (7.61)
* 15L ’ ’ 10
aE A, LAT —20E, A LAT
kyos =kp sy = Takms = IS—L’ (7.62)
aE, |-I (dT/dz)—AATe, aE A LAT
by sy =k g = [, = g ],km —ky :3—3, (7.63)
o al ~12ATE, (T,, +1,,)~24E,T,,(dT/dy)e, ~ 24T, (dT |dz ). ~12ATE, 4, (¢, +¢." )| (7.64)
’ 1SL
aE,[T,(dT/dy)+4,ATe, |
kr,45 = kT,S4 = 10L —,
_ _ (7.65)
ak,|-I,,(dT/dz)-4,ATe, |
kT,46 = kT,64 = 10L 5
—2aE, A LAT —2aE, A LAT
kpge=—"7"—" (7.66)

7,55 T’ T,.66 — 15

where Zq:Z;qu,i/n le qv.i n, I _le qZ’/

Appendix 7B. Determination of Cross-section Varying Factors.

The cross-section varying factors are calculated by following expressions:

Linear:

(3]qzl +1q22)/4’a2 =05 = (qul +1q22)/2,6¥4 (qul +31q22)/4 (7.67)

Bo=(31,,+1,.,) /4.8, =B =1, +1,.,)/2.8,=(1,,+31,,)/4 (7.68)

182



Second-order Direct Analysis for Fire Resistance Design of Steel Structures

Quadratic:

a,=(311,.,+281,,+1,,)/60,0c, = ct; = (111, +81

qz,1 qz,2

+117,.,)/30, (7.69)

+317,

qz,3

a,=(1,,+281

qz,1 qz,2

)/60.8, =(311,,,+281,,,+1,,)/60,  (7.70)

qv,2

py=B=(111,,+8I,,+11I,, ) /30, B, :(1%1 +281,,,+311,,,) /60 (7.71)

Cubic:
o, =(151,,,+241,,-31,,+4I,,)/40,
, , , ’ (7.72)
o, =0;= (7Iq2,1 + 3qu,2 + 31[12,3 + 71%4 )/20 ’
a, = (41421 _3qu )t 24142 3t 151‘12 4)/40’
, , ; ’ (7.73)
B =(151,,+241,,,-31,, +4I, ) /40,
B=p5= (7qu,1 + 3[q}f,2 + 31(1%3 + 71‘1%4 )/20’ (7.74)
b= (41qy,1 - 3[qy,2 T 241{1)',3 + 151‘13”4 )/40
Quartic:
a = (3471qz,1 + 8801qz,2 - 228]!]2,3 + 2081%4 + 53142’5 )/1260 ? (7.75)

a, =a, =(1511,.,+3201, , 3121, +3201,,+1517,,)/630,  (7.76)
a,=(531,,+2081,,-2281,,+8801,,+3471I, ) /1260, (7.77)
B, =(3471,,,+8801,,, —2281,, ,+2081, ,+531, ) /1260, (7.78)

B, =p = (15 11, +3201,, 3121, ,+3201, ,+151I, ) /630, (7.79)
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+880/,

qv.4

+3471

qv.5

B, =(531,,+2081, , 2281

qv.3

)/1260 (7.80)
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CHAPTER 8.
CONCLUSIONS AND FUTURE WORK

8.1 Conclusions

In this thesis, a numerical framework is developed for the Second-Order Direct
Analysis (SODA) of fire resistance design. First, a refined heat-transfer analysis
procedure for steel members protected with intumescent fire coatings (IFCs) is
introduced, which incorporates various thermal boundary conditions and alternative
thermal conductivity models. Next, a cross-sectional analysis method based on thermal
deterioration triangle (TDT) elements is proposed to account for the non-uniform
degradation of the cross-section. On the basis of the derived cross-sectional properties,
an advanced line finite element is formulated for the geometrically nonlinear analysis
of steel structures subjected to non-uniform fire exposure. Subsequently, a rigorous
cross-sectional analysis approach is developed to capture the yield surfaces and
moment—curvature relationships. Finally, the heat-transfer and cross-sectional analysis
procedures are synergistically integrated into an efficient line-element formulation for
analyzing steel structures exposed to non-uniform heating along both the cross-

sectional and longitudinal directions.
The main findings and key contributions of the thesis are summarized as follows:

1) A refined transient heat-transfer analysis method for arbitrary IFC-protected
cross-sections 1s developed. The generalized Crank—Nicolson scheme is
employed to enhance numerical stability and convergence. The method
accommodates thermal boundary conditions defined by fire curves, heat flux,
convection, and radiation. Moreover, it has been integrated into the user-
friendly software MSASect2 to assist engineers in structural fire design.

2) A cross-section analysis method for IFC-protected members with irregular
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3)

4)

S)

sections under fire is developed, employing improved TDT elements to capture
non-uniform material degradation. The proposed approach is validated
through comparisons with experimental results and with the SFEM using solid
elements. Based on this method, a parametric study involving 3,168 analyses
of the global buckling performance of IFC-protected steel members under fire
is conducted. A design recommendation is proposed to estimate the target
thickness of IFCs required to satisfy specified performance criteria.

A novel line finite element method (LFEM) is proposed for the geometrically
nonlinear analysis of steel members exposed to non-uniform fire, explicitly
accounting for thermally induced twisting effects. A line element formulation
is derived that accounts for the additional torque arising from the non-
coincidence of the shear center and centroid of the cross-section, thereby
enabling the handling of large deflection cases with twisting effects. Several
validation examples are conducted to assess the accuracy of the proposed
LFEM, followed by two case studies investigating the influence of thermally
induced twisting effects and analyzing the underlying mechanisms behind
these effects.

To provide cross-sectional strength for the LFEM, a fiber-based cross-
sectional analysis method is developed for constructing the interaction
diagrams of concrete-encased steel columns under fire. The proposed method
is validated through comparisons with both test results and prior studies,
demonstrating its accuracy and robustness. A parametric study involving
162,000 cases is performed to evaluate the influence of key design parameters.
Based on the resulting database, a simplified design method is developed,
exhibiting good accuracy.

A more efficient LFEM is established for fire resistance design of steel

members and frames under localized fires. The proposed line element features
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a “shrunk” cross-section that wvaries longitudinally, accompanied by
continuously changing cross-sectional eccentricity. The degradation of cross-
sectional stiffness and strength is evaluated using a refined cross-section
analysis method and the moment—thrust—curvature analysis, respectively,
while variations in eccentricity and cross-sectional properties along the
member length are considered through the equivalent centroid axis and cross-
section varying factors, respectively. The examples demonstrate that the
proposed method achieves accuracy results while requiring significantly fewer

line elements and reducing the stiffness matrix size by approximately 17 times.

8.2 Future Work

This thesis develops a numerical framework combining heat transfer analysis,

cross-section analysis and line finite element formulations for fire resistance design of

steel structures. However, there still remain some studies that need to be carried out in

the future:

il.

1il.

Computational fluid dynamics (CFD) can provide high-resolution thermal
boundary conditions. Extending the current numerical framework to achieve
full coupling between CFD and LFEM would enable more accurate and
realistic simulation of fire and structural responses, thereby facilitating more
advanced performance-based design.

Proposing higher-order planar elements could improve the efficiency of cross-
sectional analysis and enable accurate capture of cross-sectional properties
with steep material gradients using fewer elements.

Local buckling and cross-sectional distortion of steel members under fire will
be considered in the future work. The LFEM formulation assumes that
members are sufficiently slender, which is not always valid in practical steel

structures. Incorporating these local behaviors into the analysis would
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1v.

improve the accuracy of the structural response prediction.

The effects of steel creep at elevated temperatures and residual stress after fire
will be considered, as both can significantly influence the stability, load-
bearing capacity, and overall performance of structural members.

Extending the proposed numerical framework to time-dependent problems:
Structural dynamic analysis is crucial in engineering applications. Extending
the current SODA framework from static analysis to dynamic, time-

dependent problems is essential for broader applicability.
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