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Abstract

The discrete time Linear Quadratic (LQ) control problem has been a cornerstone

of control theory, and it provides an optimization framework for regulating linear

dynamical systems, with quadratic cost functions used for minimization. With a

closed-form solution from the algebraic Riccati equation (ARE), the LQ problem

offers unique tractability in optimal control problems. However, in many practical

scenarios, the true system parameters and noise characteristics are unknown, ren-

dering model-based solutions infeasible. Consequently, reinforcement learning (RL)

has become a powerful data-driven approach for policy optimization in the LQ prob-

lem under parameter uncertainty. Recent advances have highlighted its versatility

with applications in the field of dynamic portfolio management, financial derivative

pricing, and biomedical engineering. This thesis is organized into three sections. It

focuses on key aspects of RL for the discrete time LQ problem and hence highlights

their relevance to financial decision-making problems. In addition, the thesis con-

tributes to expanding the single-agent LQ problem to multi-agent settings to address

challenges related to scalability and decentralized control structures. Throughout,

the emphasis is on advancing theoretical insights and offering practical tools for

data-driven control in financial and engineering applications. Examples include the

mean-variance (MV) problem and the optimal liquidation problem. Each section

offers theoretical insights and practical contributions to enhance policy optimization

techniques under diverse contexts.
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Part I studies finite horizon LQ control with mixed noise through a perturbance-

wise viewpoint that unifies the classical model, constrained control case, and a dis-

tributionally robust extension calibrated from an unknown noise distribution frame-

work. By augmenting the affine controller into a linear feedback form, I derive an

implementable policy gradient method that accommodates a nonzero noise mean es-

timated from samples. I establish global decrease and convergence guarantees under

constant step sizes chosen as explicit low-order functions of problem parameters. Nu-

merical studies in MV portfolio allocation and dynamic benchmark tracking validate

stable convergence and illustrate sensitivity trade-offs across horizon length, trading

frictions, and estimation windows.

Part II focuses on an iterative policy optimization (IPO) framework for multi-

agent LQ control problems, where the system is subject to multiplicative noise and

governed by a Shannon entropy-regularized cost function. It demonstrates that IPO

achieves a super-linear convergence rate in the neighborhood of the optimal policy.

The applications of MV optimization and optimal liquidation problems underscore

the utility of IPO in financial decision-making contexts. This chapter explores the

understudied scenario in which multiplicative noise simultaneously influences both

control and state variables. It fills a gap in the extensive policy iteration literature

by analyzing how noise impacts model efficiency in a multi-agent case. The findings

establish a theoretical basis for enhancing the effectiveness of RL algorithms in the

multi-agent LQ problem.

Part III presents an innovative, data-driven policy iteration approach for LQ

problem under Tsallis-entropy regularization. This study utilizes Tsallis entropy

to balance exploration and sparsity in control laws, contrasting with the prevailing

emphasis on Shannon entropy in the previous literature. The methodology utilizes

Q-functions estimated by least-squares methods with instrumental variables, offer-

ing a robust solution for problems associated with state/control-multiplicative noise.
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This study tackles significant deficiencies in the integration of Tsallis entropy with

data-driven methods, thereby opening new directions for enhancing RL-based policy

in stochastic control systems.

Keywords: Reinforcement learning, policy gradient, policy iteration, Tsallis en-

tropy, linear quadratic control, Riccati equation, financial decision-making, multi-

agent
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Chapter 1

Introduction

1.1 Introduction

The linear quadratic (LQ) problem constitutes a foundational pillar of control theory.

The primary aim is to identify an optimal control strategy for regulating a linear

dynamical system, whose dynamics are linear in the state and control input, to

minimize a quadratic cost function (Abeille et al. (2016)). The optimal control input

can be expressed as a constant feedback gain that operates on the system state,

while the gain is obtained by solving the algebraic Riccati equation (ARE). The

LQ problem is a canonical example among optimal control problems that admit

a closed-form analytical description of the optimal feedback control (Almgren and

Chriss (2001), Li and Todorov (2004)). When the dynamics exhibit nonlinearity

and are difficult to analyze, an LQ approximation can be constructed by locally

expanding. This approximation is locally accurate to the original problem (Benigno

and Woodford (2012), Gu (2011), McKean (1966)).

In recent years, the LQ problem has attracted substantial interest due to its versa-

tile applications among multiple domains, including dynamic portfolio management

and optimization (Abeille et al. (2016), Cui et al. (2014b), Fu et al. (2010), Gao

et al. (2015), Li et al. (2002), Li and Ng (2000)), financial derivative pricing (Baz

and Chacko (2004), Costa et al. (2005), Primbs and Sung (2009), Zuhlsdorff (2001))
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and optimal liquidation (Ackermann et al. (2021), Almgren and Chriss (2001)). This

widespread applicability has heightened focus on the LQ control problem within these

fields (Elliott et al. (2013), Ni et al. (2015)). Motivated by these applications, this

thesis focuses on LQ control with multiplicative noise and realistic feasibility require-

ments. I further investigate learning-based approaches for computing implementable

feedback gains when model parameters are unknown or only partially observed.

1.1.1 Related Study

Multiplicative Noise LQ Problem and Applications. Before focusing on mul-

tiplicative noise models, we briefly review constrained LQ methods that address

implementability requirements in practical applications. LQ problems are valued for

their ability to produce explicit control policies through ARE solutions, which offer

a robust framework for control and optimization in both continuous and discrete

time systems. However, integrating real-world constraints, such as economic regula-

tions, risk factors, or physical limitations, into these models introduces complexities

that often preclude closed-form solutions. This challenge has driven the development

of advanced methodologies, including semi-analytical solutions (Gao et al. (2015)),

parametric programming in Bemporad et al. (2002), and model predictive control

(MPC) in Mayne (2014) and Mesbah (2016). These approaches enable approxima-

tion or numerical solution of constrained LQ problems and support realistic settings

with inequalities and other implementability constraints on states and controls.

In many modern applications, however, uncertainty does not enter the dynamics

as additive noise. Instead, the system matrices may fluctuate randomly, leading to

multiplicative noise models in which the noise intensity scales with the current state

and/or control. Such models naturally arise in engineering systems with random

gains and in financial settings where random returns multiply the invested position

or wealth (Basin et al. (2006), Gershon and Shaked (2006), Rami et al. (2001)).
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Compared with additive noise LQ settings, multiplicative noise changes the nature

of stability and solvability, typically requiring mean-square (second-moment) analysis

and yielding generalized Riccati-type characterizations (Ni et al. (2015), Rami et al.

(2001)). This structure appears prominently in finance-motivated LQ formulations

such as dynamic mean-variance (MV) portfolio optimization and optimal liquidation

in which stochastic returns, frictions, and implementation constraints play an essen-

tial role (Ackermann et al. (2021), Almgren and Chriss (2001), Cui et al. (2014b),

Gao et al. (2015), Zhou and Li (2000)).

The presence of multiplicative noise fundamentally couples optimal control with

second-moment behavior: stability and performance are typically studied in a mean-

square sense, and solvability may still hold even when the quadratic penalties on

state and/or control are indefinite (Mukaidani and Xu (2017), Ni et al. (2015), Rami

et al. (2001)). A major application domain is dynamic MV portfolio optimization,

which extends Markowitz’s classical static portfolio selection to dynamic settings

(Cui et al. (2014b), Gao et al. (2015), Li and Ng (2000), Rubinstein (2002), Zhou

and Li (2000)). In such models, multiplicative noise naturally arises from random

asset returns, while constraints and market frictions motivate constrained MV for-

mulations; several works provide explicit characterizations and structural conditions

under which these problems are posed (Czichowsky and Schweizer (2013), Fu et al.

(2010), Sun and Wang (2006), Wu et al. (2018)). Beyond portfolio selection, LQ-style

modeling also underpins optimal liquidation problems that seek to balance execution

costs and risk in the presence of stochastic price fluctuations (Almgren and Chriss

(2001), Ackermann et al. (2021)). The optimal liquidation problem concerns exe-

cuting a large position over a fixed time horizon in which a single large order can

represent a substantial fraction of daily trading volume and induce significant market

impact (Alfonsi et al. (2008), Becherer et al. (2018)). To reduce execution cost and

adverse price impact, the order is typically split into smaller trades and scheduled
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over time; the goal is to choose an execution policy (e.g., trading rate and timing)

that minimizes a functional cost capturing both temporary and permanent price

impact as well as risk (Almgren and Chriss (2001)). Recent work has also explored

learning-based execution methods, including policy gradient and Q-learning, to learn

such execution policies from data; in many cases, these approaches are evaluated pri-

marily through empirical studies, and rigorous convergence or optimality guarantees

remain limited. Together, these model-based results form an essential baseline for

this thesis: they identify what structure can be retained under multiplicative un-

certainty and constraints, and they motivate later discussions of computation and

implementation under additional information or modeling limitations. These results

motivate my later focus on decentralized information structures and learning-based

computation when model parameters are unavailable.

Multi-Agent LQ and Decentralized Control. Many real-world systems are in-

herently multi-agent because decision-making authority, sensing, and actuation are

distributed across multiple subsystems or stakeholders. These systems consist of

multiple decision-makers interacting through shared dynamics and common or par-

tially aligned objectives. In this context, decentralization refers to an information

constraint: each agent chooses its action based on local observations and possibly lim-

ited neighbor communication rather than the full global state. The multi-agent LQ

framework extends classical LQ problems to model such scenarios. Applications in-

clude autonomous vehicles, power grids, financial networks, and sensor arrays, where

coordination among agents is essential. The extension of LQ control to multi-agent

systems has led to significant interest in decentralized frameworks in which each agent

determines its control inputs based solely on local information. For instance, Wang

et al. (2017) proposed a decentralized LQ regulator in which each agent optimizes its

own strategy using neighbor information under a consensus objective. Subsequent

work has expanded on these ideas to develop suboptimal or observer-based strategies
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that reduce computational complexity and preserve privacy (Zhang et al. (2023)).

In multi-agent settings, cooperative decision-making becomes a central challenge.

Solutions can be broadly categorized, but the core paradigm is using Centralized

Training with Decentralized Execution (CTDE) while leveraging centralized access

to full global states and actions during training and maintaining fully decentralized

execution policies at runtime (Wilk et al. (2024)). CTDE relaxes the information re-

quirement during training by allowing centralized access to global trajectories, while

the learned policies are constrained to use only local information at execution time.

This setup enables scalability while preserving some coordination through intermit-

tent synchronization or shared rewards (Abouheaf et al. (2014)). In Chapter 4, we

adopt a CTDE-like approach in our decentralized multi-agent LQ setting: we jointly

train policies using global information, then enforce a shared decentralized feedback

gain matrix so that each agent can act using only its local state at execution time.

Reinforcement Learning. Reinforcement learning (RL) is a core paradigm in

machine learning, focusing on how agents take actions in an environment to maximize

cumulative rewards over time (Sutton and Barto (2018)). RL is distinguished by its

ability to address sequential decision-making problems in which the system dynamics

are partially known or completely unknown. The framework of RL typically revolves

around the Markov Decision Process (MDP), comprising states, actions, rewards,

and a transition function, which collectively define the agent-environment interaction

(Puterman (2014)). A key advantage of RL is its flexibility: agents learn optimal

policies through trial-and-error interactions rather than requiring explicit system

models. This adaptability has enabled researchers to find RL applications in diverse

fields, from robotics and game playing to finance and control systems (Levine et al.

(2020), Silver et al. (2017)).

Within RL, two primary methodologies dominate: model-based methods, which
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attempt to explicitly estimate the underlying transition dynamics; and model-free

methods, which directly learn policies or value functions without requiring transi-

tion kernel estimation (Jin et al. (2020), Wulfmeier et al. (2015)). While model-

based methods can often converge faster given accurate models, their dependence on

accurate system knowledge limits their applicability in uncertain or complex envi-

ronments. Conversely, model-free methods, such as policy gradient and Q-learning

algorithms, have gained prominence for their robustness in environments where the

system dynamics are opaque or highly variable (Haarnoja et al. (2018)).

RL has made significant strides in addressing LQ problems, a classical control

challenge in engineering and economics that is often solved analytically via ARE

(Anderson and Moore (2007), Kalman et al. (1960)). Traditionally, LQ solutions

assume complete knowledge of model parameters, enabling the derivation of opti-

mal feedback control laws in closed form. However, in practical applications, these

assumptions often break down due to system uncertainties, measurement noise, or

parameter variability (Bu et al. (2020)).

By integrating RL into the LQ framework, agents can learn optimal control poli-

cies directly from data. Model-free RL methods, in particular, have demonstrated

considerable promise for solving LQ problems without requiring precise parameter

knowledge. Methods such as policy gradient (Fazel et al. (2018)) and least-squares

policy iteration (Hambly et al. (2021)) have been adapted to discrete time LQ set-

tings, which achieve convergence guarantees under various assumptions. These meth-

ods leverage trial-and-error interaction to iteratively refine control policies, and they

extend naturally to stochastic dynamics and entropy-regularized objectives. The syn-

ergy between RL and LQ problems opens new avenues for solving practical control

problems in engineering, robotics, and financial systems, whose analytical solutions

are either infeasible or suboptimal in the presence of real-world complexities.
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Policy Gradient Method. Policy gradient methods optimize a parameterized pol-

icy by ascending the gradient of expected return; in LQ control, the parameters are

often taken to be the feedback gain itself (Fazel et al. (2018)). The policy gradient

approach aims to optimize the policy function by adjusting parameters based on the

gradient of the expected reward, which allows for dynamic learning in complex or un-

known environments without the need to solve static equations. This shift highlights

a wider trend in control theory, moving away from algebraic and iterative meth-

ods toward learning-based algorithms that develop optimal control strategies using

model-free techniques. These strategies combine dynamic programming principles

with RL to create advanced adaptive control systems capable of handling continuous

and discrete time systems without prior knowledge of the system dynamics (Jiang

and Jiang (2012), Lee and Hu (2018)).

The study of policy gradient methods has gained significant momentum in RL,

particularly for solving LQ problems across various settings. The foundational work

in this area showcased the global convergence of the policy gradient method in infinite

horizon and deterministic dynamics, thus establishing a precedent for subsequent re-

search (Fazel et al. (2018)). Further work has expanded the policy gradient method

to account for stochastic elements, such as noise systems, in the system dynamics,

which required adaptations of the deterministic framework to maintain convergence

guarantees and to tackle the intricacies over an infinite or finite horizon (Bu et al.

(2019), Gravell et al. (2020), Jin et al. (2020), Malik et al. (2019), Pang and Jiang

(2022)). This progression reflects the dynamic nature of policy gradient research and

underscores both its potential and the need for continued study into its convergence

properties and performance guarantees across deterministic and stochastic models,

infinite and finite horizons, and theoretical and practical applications (Bhandari and

Russo (2024), Bu et al. (2020), Wang et al. (2020)). Algorithms have been devel-

oped that converge in both parameter estimation and optimal control. The subject
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of randomized adaptive control algorithms for LQ systems has been significantly

improved by recent advances from Agarwal et al. (2019) and Basei et al. (2022).

Computing the optimal policy in the LQ problem without solving the ARE is often

challenging because of the dynamic nature of the control problem, notwithstanding

the importance of the cost function. In recent times (Balakrishnan and Vanden-

berghe (2003), Guo et al. (2023), Jiang and Jiang (2012), Lee et al. (2012), Lee

and Hu (2018)), there has been a notable increase in the enthusiasm for developing

optimal control techniques directly. This rise has been influenced by the ideas of RL

and dynamic programming, which provide data-driven solutions that do not rely on

models. Moreover, the juxtaposition of model-based with model-free methods in RL

highlights the nuanced trade-offs between robustness against model mis-specification

and the exploitation of the LQ structure for enhanced sample efficiency. I build on

these developments by studying policy gradient-type updates for LQ control under

multiplicative noise and additional structural constraints arising from decentralized

or single-agent implementation.

Entropy Regularization. Entropy regularization is prevalent in RL, as evidenced

by Auer and Ortner (2006), Littlestone and Warmuth (1994), Neu et al. (2017), Sut-

ton and Barto (2018) and Zhao et al. (2019). Entropy regularization is frequently

employed to encourage exploration and improve convergence. Research has shown

that incorporating entropy regularization leads to a smoother and more consistent

landscape, allowing for the use of higher learning rates. As a result, this process can

lead to faster convergence during the training phase. The notion of entropy regu-

larization is crucial for achieving a balance between exploration and exploitation in

RL. This concept has been highlighted in the works of Haarnoja et al. (2017) and

Haarnoja et al. (2018). Sometimes the learning objective includes Tsallis entropy as a

regularizer, introduced by Tsallis (1988) and Tsallis (2011), to represent the agent’s

action distribution. This approach generalizes Shannon entropy for non-extensive
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systems in which standard additivity is not applicable, including systems charac-

terized by long-range interactions, fractal structures, or non-equilibrium dynamics.

This generalization alters the optimal action distribution to be q-Gaussian rather

than Gaussian, as established by the Shannon entropy in Donnelly and Jaimungal

(2024) and Wang et al. (2020). In RL, Choy et al. (2020) and Lee et al. (2018)

propose a method for obtaining sparse control policies through a specific application

of Tsallis entropy.

This thesis investigates RL and data-driven methods for the discrete time LQ

control problem, with particular emphasis on settings that arise in practice, in-

cluding multiplicative noise, implementability constraints, scalability, and entropy-

regularized objectives. Throughout the thesis, several applications, e.g., dynamic

MV portfolio optimization and optimal liquidation, are used as representative ap-

plication case studies to illustrate both the modeling and algorithmic implications.

This thesis is organized into three parts.

Part I addresses three cases of discrete time stochastic LQ optimal control prob-

lems with multiplicative noise over a finite horizon, including classical, scalar state

constrained, and unknown noise distribution cases. Our primary objective is to inves-

tigate the convergence properties of policy gradient methods applied to their linear

systems that are characterized by both state and control multiplicative noise. The

theoretical foundation and problem framework are introduced. This study investi-

gates the policy gradient method by assuming the noise distribution with sampled

means and covariances, and presents findings with real data on convergence for the

applications on the MV problem and benchmark tracking problem. The existing

literature provides a robust foundation from which to extensively examine analytical

solutions for LQ problems with constraints, unknown noise distribution, and con-

vergence proofs for policy gradient methods within the unconstrained LQ problem

affected by additive noise. However, a critical gap remains: no prior studies have
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integrated these aspects to assess the performance of policy gradients solving the

generalized LQ problem, incorporating multiplicative noise and different variations.

This study fills this gap by demonstrating the robustness and versatility of the policy

gradient method across diverse system dynamics. We refine existing proofs to align

with the complex structure of our model, thereby contributing a novel theoretical

dimension to the current body of research.

Part II focuses on the LQ problem with multiplicative noise and demonstrates

how the iterative policy optimization (IPO) method, a reliable technique for resolving

this problem, ensures convergence with a theoretical guarantee. Our contributions

are that we rigorously analyze the IPO method and establish that it achieves a

super-linear convergence rate if it enters a local region around the optimal policy.

We demonstrate the practicality of the IPO method through its application to the

MV optimization and the optimal liquidation problem, showing promising results for

practical financial decision-making problems. There are many existing studies on the

LQ problem and policy iteration learning method, but the case where the noise is

influenced by the control and state value is rarely discussed. Therefore, an explicit

result for the context of RL-based policy and improving the efficiency of algorithms

that depend on policy optimization is needed for related groups with investment

goals.

Part III explores the application of Tsallis entropy in the multiplicative LQ prob-

lems. This part introduces a novel, model-free, and fully data-driven policy iteration

algorithm designed specifically for the multiplicative LQ problem under the Tsallis

entropy framework. While the existing literature predominantly focuses on Shan-

non entropy, our work extends the scope by leveraging Q-functions combined with

instrumental variables employed in least squares learning. These methodological ad-

vancements address gaps in the literature where the integration of Tsallis entropy

with data-driven approaches remains underexplored. By doing so, we provide a foun-
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dational result that enhances RL-based policy and opens new avenues for improving

algorithmic efficiency in stochastic control problems.

These three parts form a progression from model-based policy optimization under

structured uncertainty, to scalable decentralized learning under entropy regulariza-

tion, and finally to fully data-driven entropy-regularized control. The common goal

is to compute implementable policies for LQ systems under multiplicative noise when

model knowledge and execution structure become progressively more restrictive.

1.2 Organization of the Thesis

The remainder of the thesis is organized as follows.

Chapter 2 summarizes the basic model for the LQ problem and the definition of

Shannon entropy and Tsallis entropy. The finance-related applications, that is, the

MV problem and optimal liquidation problem, are also discussed in this chapter.

Chapter 3 investigates the convergence of policy gradient methods in LQ control

models with multiplicative noise. The study blends existing frameworks with the RL

method, accommodating both state and control multiplicative noise to address an

unknown noise distribution system with sampled means and covariance. By deriv-

ing rigorous proofs and validating convergence, the results enhance the theoretical

understanding of stochastic control.

Chapter 4 presents the IPO method for discounted entropy-regularized LQ prob-

lems across an infinite time horizon with multiplicative noise. The study establishes

its global linear convergence and the super-linear convergence of the IPO method

near the optimal policy, demonstrating its effectiveness in scalar state and high-

dimensional scenarios. Practical applications to MV optimization and optimal liqui-

dation problems validate the method’s efficiency in financial decision-making.

Chapter 5 develops RL in this setting by examining the behavior of the least
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squares estimator based on the Q-function for the multiplicative noise LQ problem

with Tsallis entropy. The algorithm of such a policy iteration method is rigorously

established, offering insights into optimal control.

Chapter 6 provides concluding remarks and discusses future work.

12



Chapter 2

Preliminary

This chapter provides a concise introduction to the essential mathematical principles

of the basic LQ problem with multiplicative noise and the entropy preliminaries. The

typical real-life examples, including the MV problem and the optimal liquidation

problem, along with a compilation of requisite results utilized throughout the thesis,

are discussed.

2.1 LQ Problem

Define the admissible policy set as Π “ tπ : X Ñ PpUqu, with X the state space,

U the action space, and PpUq the space of probability measures on action space U .

Here, each admissible policy π P Π maps a state x P X to a randomized action in U .

The state dynamic equation remains the same for both infinite and finite horizons:

xt`1 “ Axt ` But ` pCxt ` Dutqwt, x0 „ D0, (2.1.1)

where twtutě0 is the noise sequence and D0 denotes the distribution of the initial state

x0. A relaxed policy π P Π specifies a conditional distribution πp¨|xq over controls

given the current state x, and we write ut „ πp¨|xtq. The decision-maker aims to find

an optimal policy by minimizing the following objective function

min
πPΠ

Ex0„D0 rJπpxqs , (2.1.2)
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with value function Jπ for the infinite horizon case given by

Jπpxq “ Eπ

«

8
ÿ

t“0

γt
`

xJ
t Qxt ` uJ

t Rut

˘

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

, (2.1.3)

where t “ 0, 1, 2, ¨ ¨ ¨ . The discount factor is denoted by γ P p0, 1q. Now, for the

finite horizon case, the value function changes to the following:

Jπpxq “ Eπ

«

T´1
ÿ

t“0

`

xJ
t Qtxt ` uJ

t Rtut

˘

` xJ
TQTxT

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

, (2.1.4)

where T is the total number of time steps for t “ 0, 1, 2, ¨ ¨ ¨ , T ´ 1.

Here xt P Rm is the state of the system, and ut P Rn is the control at time t

following a policy π. In addition, twtu
8

t“0 are zero-mean independent and identically

distributed (i.i.d.) noises. We assume that twtu
8

t“0 have finite second moments.

That is, TrpW q ă 8 with W “ E
“

wtw
J
t

‰

for any t “ 0, 1, 2, ¨ ¨ ¨ . The matrices

A P Rmˆm, B P Rmˆn define the system’s (transition) dynamics. The matrices

Q P Rmˆm and R P Rnˆn are positive definite, which parameterize the quadratic

costs. The expectations in (2.1.3) and (2.1.4) are taken with respect to the control

ut „ π p¨|xtq and system noise wt for t ě 0.

Remark 2.1. The model (2.1.1) allows multiplicative noise through the term pCxt `

Dutqwt. For completeness, we also allow an additive exogenous noise term. In

Chapter 3, we consider an additional additive noise besides the multiplicative noise

term that is treated as a mixed noise specialization and is used there explicitly.

2.2 Entropy Regularization

Shannon Entropy. A given admissible policy π P Π assigns to each state x a

probability density (or distribution) πp¨|xq on U . The corresponding Shannon entropy
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at state x, originally introduced by Shannon (1948) (see Guo et al. (2023) for an

application in entropy-regularized control), is defined as:

Hpπp¨|xqq “ ´

ż

U
πpu|xq log πpu|xqdu @x P X , (2.2.5)

where Er´ log πpu|xqs can be used to generalize the above.

Tsallis Entropy. To enhance exploration throughout the control selection pro-

cess, we modify the performance criterion by integrating a reward based on entropy.

We employ Tsallis entropy as a measure to quantify the degree of uncertainty in the

control distribution. This concept was initially presented by Tsallis (1988). Before

presenting the Tsallis entropy Tq, it is essential to construct the q-exponential and

q-logarithm functions, as well as the multivariate q-Gaussian within the framework

of Tsallis statistics (Hashizume et al. (2024); Tsallis (1994)). The variable q is des-

ignated as a deformation parameter (Gell-Mann and Tsallis (2004); Borges (2004);

Lavagno and Swamy (2002)). Since q Ñ 1, the formula reduces to the Shannon

entropy. In this study, we assume that the value of q P p0, 1q for simplicity.

Definition 1 (q-Exponential and q-Logarithm functions).

expqpxq “ r1 ` p1 ´ qqxs
1

1´q

` , x P R,

logqpxq “
x1´q ´ 1

1 ´ q
, x ą 0,

(2.2.6)

where rxs` “ maxpx, 0q. These functions have the inverse property that

expq

`

logqpxq
˘

“ x, x ą 0,

logq
`

expqpxq
˘

“ x, x ą ´
1

1 ´ q
.

(2.2.7)
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Definition 2 (Multivariate q-Gaussian). A q-Gaussian Nqpµ,Σq is an n-dimensional

random variable characterized by its density function as follows:

φpxq “
1

Zq

expq

ˆ

´
px ´ µqJΣ´1px ´ µq

pn ` 4q ´ pn ` 2qq

˙

, (2.2.8)

where

Zq “ detpΣq
1
2

ˆ

π
pn ` 4q ´ pn ` 2qq

1 ´ q

˙
n
2 Γ

´

2´q
1´q

¯

Γ
´

2´q
1´q

` n
2

¯ ,

with Γp¨q denoting the Gamma function.

The associated q-Gaussian has compact support for q ă 1, so large magnitude

controls have density zero outside an ellipsoid px´µqJΣ´1px´µq ď R2
q , whereas the

Gaussian policy under Shannon entropy has full support on Rn. Subsequently, we

define Tsallis entropy, which functions as an extension of Shannon entropy.

Definition 3 (Tsallis entropy and q-Entropy). Tsallis entropy Tq is defined as

Tqpfq “ ´

ż

fpxq
q logq fpxqdx. (2.2.9)

The deformed Tsallis entropy (Bao and Sakaue (2022)) or q-entropy Hq is defined

as

Hqpfq “ ´
1

2 ´ q

ˆ
ż

fpxq logq fpxqdx ´ 1

˙

. (2.2.10)

In the following chapter, we will use the deformed q-entropy for the sake of notational

simplicity.

This definition demonstrates the equivalence of Tsallis entropy and deformed

q-entropy. For the sake of notation, the deformed q-entropy will serve as a regular-

ization term in this study. For a given admissible policy π P Π, the corresponding
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Tsallis entropy is defined as

Hqpπp¨|xqq “ ´
1

2 ´ q

ˆ
ż

U
πpu|xq logq πpu|xqdu ´ 1

˙

, @x P X , (2.2.11)

where, in a similar way, ´ 1
2´q

`

Erlogq πpu|xqs ´ 1
˘

is equivalent for calculation.

2.3 Applications

2.3.1 MV Problem

Consider an investor who enters the capital market with initial wealth x0 and in-

vests simultaneously in one riskless asset and n risky assets with a finite time hori-

zon. Let rt be a given deterministic return of the riskless asset at time period

t and et “ pe1t , ¨ ¨ ¨ , ent q
J

the vector of random returns of the n risky assets at

period t. We assume that vectors et, for t “ 0, 1, ¨ ¨ ¨ , T , are statistically inde-

pendent. The only information known about the random return vector et is its

first two moments: its mean E petq “ pEre1t s,Ere2t s, ¨ ¨ ¨ ,Erent sq
J
and its covariance

Cov petq “ E
”

pet ´ Eetq pet ´ EetqJ
ı

. Clearly, Cov petq is positive semidefinite, that

is, Cov petq ě 0. We interpret rt and each component of et as a gross return factor

over period t, hence rt ą 0. Equivalently, if one uses net returns r̄t, then rt “ 1 ` r̄t.

This thesis will establish the necessary and sufficient criteria for the solvability of

multi-period MV portfolio optimization based on the general theory of LQ problems.

To proceed, let xt be the wealth of the investor at the beginning of the t-th period,

and let ui
t, i “ 1, 2, ¨ ¨ ¨ , n, be the amount invested in the i-th risky asset at period t,

and xt be the wealth level in period t. As discussed in Markowitz (1952), Cui et al.

(2014a), and Wu et al. (2018), supposing that the investor decides to end the port-

folio at time T , then adopts the following MV formulation to guide his investment:
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(MV) : min
tutu

T´1
t“0

Var rxT s ` E

«

T´1
ÿ

t“0

uJ
t Rut

ff

(2.3.12a)

s.t. E rxT s “ d, (2.3.12b)

xt`1 “ rtxt ` Ptut, t “ 0, ¨ ¨ ¨ , T ´ 1, (2.3.12c)

where ut fi pu1
t , u

2
t , ¨ ¨ ¨ , un

t q
J
and Pt fi pP 1

t , P
2
t , ¨ ¨ ¨ , P n

t q “ pe1t ´ rt, e
2
t ´ rt, ¨ ¨ ¨ , ent ´ rtq

is the excess return vector. d is a predetermined price level for the expected value of

terminal wealth ErxT s, with d ě x0

śT´1
t“0 rt, which requires that the target wealth

level must exceed the terminal wealth level obtained from fully investing in the risk-

free asset.

Remark 2.2. The quadratic term uJ
t Rut is included to model trading frictions or

position-regularization and it also ensures strong convexity in the control, which im-

proves the well-posedness and stability of LQ model. The matrix R ľ 0 is taken as

an exogenously specified parameter chosen by the modeler; setting R “ 0nˆn recovers

the classical MV formulation.

Consider a Lagrange function by introducing Lagrangian multiplier 2λ P R for

(2.3.12b):

Var rxT s ` 2λ pE rxT s ´ dq ` E

«

T´1
ÿ

t“0

uJ
t Rut

ff

“E
“

pxT ´ dq
2

` 2λ pxT ´ dq
‰

` E

«

T´1
ÿ

t“0

uJ
t Rut

ff

,

where Var rxT s “ E rx2
T s ´E rxT s

2
“ E

“

pxT ´ dq
2
‰

on the feasible set (2.3.12b). This
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further leads to the following equivalent problem (MV-λ1):

(MV-λ1) : min
tutu

T´1
t“0

E
“

pxT ´ pd ´ λqq
2
‰

` E

«

T´1
ÿ

t“0

uJ
t Rut

ff

´ λ2

s.t. xt`1 “ rtxt ` Ptut, t “ 0, ¨ ¨ ¨ , T ´ 1.

(2.3.13)

The aforementioned auxiliary problem can be reformulated as a separable linear

quadratic control problem (MV-λ2), by replacing the state variable xt with yt `

d´λ
śT´1

k“t rk
:

(MV-λ2) : min
tutu

T´1
t“0

E
“

y2T
‰

` E

«

T´1
ÿ

t“0

uJ
t Rut

ff

s.t. yt`1 “ rtyt ` Ptut, t “ 0, ¨ ¨ ¨ , T ´ 1.

(2.3.14)

In certain real-world scenarios, numerous investors, particularly institutions such as

pension funds or university endowments, may find it practical to assess cumulative

risk over all time periods when considering long-term (or infinite horizon) models,

rather than focusing solely on a single future date. This type of problem is frequently

encountered in long-term asset management models in which the objective is to

incorporate continual risk management and the investor’s risk aversion.

(MV-8) : min
ut

8
ÿ

t“0

Var rxts ` E

«

8
ÿ

t“0

uJ
t Rut

ff

(2.3.15a)

s.t. E rxts “ dt, and (2.3.15b)

xt`1 “ rtxt ` Ptut, (2.3.15c)

for t “ 0, ¨ ¨ ¨ ,8. The level dt is a predetermined price level for the expected wealth

Erxts at time t, with dt ě x0

śt´1
k“0 rk. Similarly, we introduce a Lagrangian multiplier
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2λt P R for (2.3.15b):

8
ÿ

t“0

Var rxts `

8
ÿ

t“0

2λt pE rxts ´ dtq ` E

«

8
ÿ

t“0

uJ
t Rut

ff

“ E

«

8
ÿ

t“0

pxt ´ dtq
2

` 2λt pxt ´ dtq

ff

` E

«

8
ÿ

t“0

uJ
t Rut

ff

,

where Var rxts “ E rx2
t s ´E rxts

2
“ E

“

pxt ´ dtq
2
‰

. This further leads to the following

equivalent problem (MV-81):

(MV-81) : min
ut

E

«

8
ÿ

t“0

pxt ´ pdt ´ λtqq
2

` uJ
t Rut ´ λ2

t

ff

s.t. xt`1 “ rtxt ` Ptut, t “ 0, ¨ ¨ ¨ ,8.

(2.3.16)

The aforementioned auxiliary problem can be reformulated as a separable linear

quadratic control problem (MV-82) by replacing the state variable xt with yt`dt´λt:

(MV-82) : min
ut

E

«

8
ÿ

t“0

y2t ` uJ
t Rut

ff

s.t. yt`1 “ rtyt ` Ptut, t “ 0, ¨ ¨ ¨ ,8.

(2.3.17)

Remark 2.3. The undiscounted formulation is an infinite horizon model background,

while we always add a discount factor γ P p0, 1q to ensure the objective remains

finite, while the discounted formulation is the one actually used later. Economically,

alternative criteria are also common in portfolio problems, such as long-run growth

rate or long-run average cost objectives; these can be more appropriate when one

is interested in asymptotic wealth growth rather than discounted utility. We do not

pursue these alternatives here since our goal is to cast the problem into a discounted

LQ framework that admits tractable analysis and serves as a consistent baseline for

the subsequent chapters.
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In dynamic decision-making problems, especially those involving trade-offs over

time, time inconsistency often arises when future preferences do not align with cur-

rent optimal plans. This phenomenon has been widely studied and metaphorically

described as the “random shoe” behavior of Wall Street, where optimal strategies

keep shifting unpredictably (Guo et al. (2017)).

The MV problem is time-inconsistent because it involves a nonlinear function of

the square of expected terminal wealth rather than the expected value of a nonlinear

function, thus violating the principle of dynamic programming (Bjork and Murgoci

(2010)). For the finite horizon case in Ni et al. (2017), an open-loop time-consistent

equilibrium control can be constructed by leveraging the dynamic structure of the

system. However, in the infinite horizon case, we use the precommitment solution; in

other words, the numerical results reported in the research are based on simulation

experiments rather than real financial data.

2.3.2 Optimal Liquidation Problem

We follow the setup of Almgren and Chriss (2001) and the example in Hambly

et al. (2021) for an optimal liquidation problem with a slight variant. Our aim is to

liquidate an amount q of an asset, with security price S0 at time 0, so that the initial

market value of our position is qS0. The trading decisions are made at discrete time

points t “ 0, 1, ¨ ¨ ¨ ,8. Our initial holding is q0 “ q and liquidation at time T for

T Ñ 8 requires q8 “ 0. At each time t our decision is to liquidate an amount ut of

the asset. This process will have two types of price impact. Temporary impact refers

to temporary imbalances in supply and demand caused by our trading, leading to

temporary price movements away from the equilibrium. Permanent impact means

changes in the equilibrium price due to our trading, which remains at least for the

life of our liquidation.

We write St for the asset price at time t and assume the impacts are linear in the
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number of traded shares. Then, the security price of the asset is modeled by

St`1 “ St ` σSZt`1 ´ βpi
t ut,

where the σSZt`1 term is the exogenous noise on price, which is independent of

control to guarantee risky asset price still changes when ut “ 0. We have the volatility

σS and standard normal random variable Zt`1. In addition, Epβpi
t q “ βpi and

Varpβpi
t q “ σ2

βpi for each t “ 0, 1, ¨ ¨ ¨ ,8 and βpi
t is the permanent price impact

parameter. The inventory process qt records the current holding in the asset at time

t. Thus we have

qt`1 “ qt ´ ut.

Assumption 2.1. For the infinite liquidation model, we typically assume

(i) Full liquidation in the limit:

qt Ó 0,
8
ÿ

t“0

ut “ q0.

(ii) Square-summability (so variance is finite):

8
ÿ

t“0

u2
t ă 8,

8
ÿ

t“1

q2t ă 8,
8
ÿ

t“0

pqt`1utq
2

ă 8.

(iii) A mild boundary condition:

lim
TÑ8

qTST “ 0.

Therefore, the two-dimensional state process is

„

St`1

qt`1

ȷ

“

„

1 0
0 1

ȷ „

St

qt

ȷ

`

„

´βpi

´1

ȷ

ut `

„„

´1
0

ȷ

ut

ȷ

εt `

„

σSZt`1

0

ȷ

, (2.3.18)

22



where βpi
t “ βpi ` εt and εt is an independent normal random variable with zero

mean and variance σ2
βpi . When selling shares, we incur a temporary price impact,

parameter βti , in that if at time t we trade ut of our asset, then we obtain the actual

price S̃t “ St ´ βti ut per share, while this temporary effect does not appear in the

next security price St. Therefore the total trading revenue is
ř8

t“0 utS̃t. The total

cost (TC) of trading is the difference between the initial book value and the revenue:

TC “ qS0 ´

8
ÿ

t“0

utS̃t

“ q0S0 ´

8
ÿ

t“0

utSt ` βti
8
ÿ

t“0

u2
t

“ ´

8
ÿ

t“1

qt pSt ´ St´1q ` βti
8
ÿ

t“0

u2
t

“ ´σS

8
ÿ

t“1

qtZt ` βpi
8
ÿ

t“1

qtut´1 `

8
ÿ

t“0

qt`1utεt ` βti
8
ÿ

t“0

u2
t

“ ´σS

8
ÿ

t“1

qtZt `

8
ÿ

t“0

qt`1utεt ` δ
8
ÿ

t“0

u2
t `

βpi

2
q20,

where δ “ βti ´
βpi

2
summarizes the impact and is assumed positive. The second

equation substitutes S̃t “ St´βti ut; the third equation uses the boundary condition;

the fourth equation substitutes St ´ St´1 “ σSZt`1 ´ βpi
t´1ut´1 ´ εt´1ut´1, and in the

last equation, we use
ř8

t“1 qtut´1 “ 1
2

`

q20 ´
ř8

t“0 u
2
t

˘

. The mean and variance of the

total cost of trading are given by

EpTCq “ δ
8
ÿ

t“0

u2
t `

βpi

2
q20 “

1

2
βpi q2 ` δ

8
ÿ

t“0

u2
t ,

VarpTCq “ σ2
S

8
ÿ

t“0

q2t .
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Next, we generate the following objective function:

TCLQ “ min
u

pEpTCq ` ϕVarpTCqq, (2.3.19)

where ϕ is a parameter balancing risk versus return.

Remark 2.4. Linear price impact is a tractable first-order approximation but can be

inaccurate for large orders, does not capture transient impact and resilience, and may

generate unrealistic prices. If βpi
t is modeled as Gaussian, it may become negative or

excessively large; in practice, one may assume βpi
t ą 0 a.s. (e.g., truncated normal,

or lognormal specifications) or enforce a price floor.

2.3.3 Dynamic Benchmark Tracking Problem

To manage a small basket of sector ETFs and track a benchmark (e.g., SPY) over a

short horizon, the objective is to minimize (i) deviation from the benchmark and (ii)

trading cost. In practice, the ideal sector exposures that best replicate the benchmark

drift over time due to composition and sector changes. We trade to keep up with

those drifting targets. This benchmark tracking problem is well known to admit

stochastic LQ formulations; see, for example, Yao et al. (2006) about stochastic

LQ tracking and later dynamic trading papers that cast portfolio rebalancing with

quadratic costs in LQ form (Moallemi and Sağlam (2017) and Gârleanu and Pedersen

(2013)). Define the exposure deviation (state), trades (control), and noise term as

follows:

• State (dimension = number of sector ETFs): xt P Rm is the exposure deviation

at time t, which is actual sector holdings, in shares or exposure units, minus

the target exposures that best track the benchmark at t.

• Control: ut P Rm is the trade volume change (buy/sell) in sector indices.

Positive means buy.
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• The target exposure drift as exogenous noise: let a˚
t P Rm be time-varying

target exposures that best explain benchmark returns at time t, estimated

from data. One-step change wt “ a˚
t`1 ´ a˚

t is an unpredictable, zero-mean

additive noise to the exposure deviation dynamics.

The dynamics are

xt`1 “ xt ´ ut ` wt,

where At “ Im, Bt “ ´Im, Dt “ Im. We use a quadratic tracking objective with

Qt “ λstep σ
2
step Im, Rt “ diag pc1, . . . , cmq , QT “ q̄Impq̄ ą 0q.

Here λstep ą 0 scales tracking risk via per-step variance σ2
step ;Rt collects per ETF

trading cost weights cj ą 0; a large q̄ enforces terminal closeness to the benchmark.

Performance Measure. We use the following normalized error to quantify the

performance of a given policy Cpolicy ,

Normalized error “
Cpolicy ´ C˚

optimal

Cpolicy

,

where Cpolicy represents the sample results obtained from each trial or iteration, and

C˚
optimal is the optimal cost established for a specific case. We say that the method

converges if the normalized error tends to 0 as the iteration index tends to 8.
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Chapter 3

Policy Learning for

Perturbance-Wise Linear
Quadratic Control Problem

This chapter introduces policy gradient methods tailored to finite horizon multiplica-

tive noise environments. Mirroring the analytical rigor found in Fazel et al. (2018)

and Hambly et al. (2021), we expand upon the framework of LQ optimal control,

particularly with the RL method, to broader variations with unknown noise distri-

bution. Building upon the three models proposed by classical LQ, the scalar state

constrained LQ from Wu et al. (2018), and the unknown noise distribution cases with

distributionally robust optimization (DRO) problem from Kim and Yang (2023), we

adapt the conceptual framework to accommodate both constrained linear systems

and unknown noise distribution systems with both state and control multiplicative

noise. This modification extends the model’s applicability, diverging from the basic

LQ focus to embrace a broader spectrum of system complexities. Moreover, we ap-

ply the policy gradient method proof, as established by Hambly et al. (2021), to our

enriched model. While Hambly et al. (2021) provided a foundational approach to

policy gradient methods, our work takes a significant leap by validating their theoret-

ical results under the new conditions posed by our advanced model. This approach

not only tests the robustness of their proofs but also showcases the versatility of the
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policy gradient method across varying system dynamics. We have further developed

these proofs to align with the intricate landscape of our model, which introduces a

novel theoretical dimension to the existing body of work. The synergy between the

sophisticated model structure and the robust policy gradient method culminates in

a rigorous proof that enhances the theoretical understanding of stochastic control in

multiplicative noise.

3.1 Problem Setup

3.1.1 Classical LQ Problem

Based on the LQ problem in Section 2.1, we set a finite time horizon denoted as

T and consider the discrete time linear stochastic dynamic system with (2.1.4) for

t “ 0, 1, ¨ ¨ ¨ , T ´ 1, and

xt`1 “ Atxt ` Btut ` Dtwt, x0 „ D0. (3.1.1)

Note that wt P Rk and (3.1.1) is the mixed noise specialization of the general multi-

plicative noise model, see Remark 2.1.

We now apply the dynamic programming algorithm to define a sequence of pos-

itive definite matrices tP ˚
t uTt“0 as the solution to the dynamic ARE:

P ˚
t “ AJ

t P
˚
t`1At ´ AJ

t P
˚
t`1BtpB

J
t P

˚
t`1Bt ` Rtq

´1BJ
t P

˚
t`1At ` Qt, (3.1.2)

with terminal condition P ˚
T “ QT . The matrices tP ˚

t u
T
t“0 can be found by solving

the ARE iteratively backwards in time.

The optimal control sequence tu˚
t u

T´1
t“0 is given by

u˚
t “ ´K˚

t xt, (3.1.3)

where

K˚
t “ pBJ

t P
˚
t`1Bt ` Rtq

´1BJ
t P

˚
t`1At. (3.1.4)
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To identify the optimal solution in the linear feedback form (3.1.3), it is essential to

concentrate on the specific class of linear admissible policies in feedback form

ut “ ´Ktxt, t “ 0, 1, ¨ ¨ ¨ , T ´ 1. (3.1.5)

3.1.2 LQ Problem with Constraints

When x is a scalar state, we can take into account the following set of general control

constraints, then find the optimal solution for this case, which is a piecewise linear

function, adapted from Wu et al. (2018):

Ct pxtq “ tut P Rn
|Htut ď dt|xt|u, (3.1.6)

where Ht P Rsˆn and dt P Rs are given matrices and vectors. In order to ensure the

feasibility, we impose the following standing assumption: for each t “ 0, ¨ ¨ ¨T ´ 1,

the set tK P Rn | HtK ď dt , HtK ď 0sˆ1u is nonempty. The parametrization in

(3.1.6) is flexible and can capture a variety of practically relevant constraints. A few

representative examples are:

(i) Nonnegativity/nonpositivity. If we choose Ht “ ´In and dt “ 0nˆ1, then

(3.1.6) enforces ut ě 0nˆ1(component-wise). Similarly, taking Ht “ In and

dt “ 0nˆ1 yields ut ď 0nˆ1.

(ii) State-dependent box constraints. Suppose we are given vectors dt, dt P Rn. The

requirement dt |xt| ď ut ď dt |xt| can be represented by setting Ht “

„

In
´In

ȷ

and dt “

„

dt
´dt

ȷ

.

(iii) Cone-type constraints. A general conic constraint of the form Htut ě 0sˆ1, for

a prescribed matrix Ht, is also encompassed by this framework.
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(iv) Unconstrained controls. The unconstrained case ut P Rn is recovered by taking

Ht “ 0sˆn and dt “ 0sˆ1 so that (3.1.6) imposes no restriction on ut.

Before deriving the explicit solution to the problem, it is convenient to introduce the

following state-independent set associated with Ct pxtq: Kt “ tK P Rn | HtK ď dtu.

Additionally, three auxiliary optimization problems are introduced for the interval,

as follows:

min
uPCtpξq

ptpu, ξ, y, zq,

min
KPKt

p̂tpK, y, zq,

min
KPKt

p̄tpK, y, zq,

(3.1.7)

where ξ P R is a Ft-measurable random variable, and y, z P R` are Ft`1-measurable

random variables. The corresponding objective functions are defined by

ptpu, ξ, y, zq “ Et

”

ξ2Qt ` uJRtu ` pAtξ ` Btu ` Dtwtq
2

¨
`

y ¨ 1tAtξ`Btu`Dtwtě0u ` z ¨ 1tAtξ`Btu`Dtwtă0u

˘

ı

,

(3.1.8)

p̂tpK, y, zq “ Et

”

Qt ` KJRtK ` pAt ` BtK ` Dtwtq
2

¨
`

y ¨ 1tAt`BtK`Dtwtě0u ` z ¨ 1tAt`BtK`Dtwtă0u

˘

ı

,

(3.1.9)

p̄tpK, y, zq “ Et

”

Qt ` KJRtK ` pAt ´ BtK ´ Dtwtq
2

¨
`

y ¨ 1tAt´BtK´Dtwtď0u ` z ¨ 1tAt´BtK´Dtwtą0u

˘

ı

.

(3.1.10)

The function ptpu, ξ, y, zq is the one-step dynamic programming objective; it com-

bines the stage cost at time t with the continuation value at time t ` 1. The two

continuation coefficients py, zq correspond to the piecewise quadratic form of the value

function induced by the absolute value state constraint structure. The functions p̂t
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and p̄t are pt after substituting the linear feedback form u “ ´Kξ, so minimizing

them over K yields the backward recursions for pP̂t, P̄tq.

An explicit solution for the problem can be developed. We introduce two random

sequences, P̂0, P̂1, ¨ ¨ ¨ , P̂T and P̄0, P̄1, ¨ ¨ ¨ , P̄T , defined recursively in reverse as follows:

P̂t “ min
KtPKt

p̂t

´

Kt, P̂t`1, P̄t`1

¯

, (3.1.11)

P̄t “ min
KtPKt

p̄t

´

Kt, P̂t`1, P̄t`1

¯

, (3.1.12)

where function p̂t and p̄t are defined, respectively, in (3.1.9) and (3.1.10) for t “

T ´ 1, ¨ ¨ ¨ , 0, with the boundary conditions of P̂T “ P̄T “ QT . It is evident that

P̂t and P̄t are Ft-measurable random variables. The optimal control policy for the

problem at time t is characterized by a linear feedback policy,

u˚
t pxtq “

"

K̂˚
t xt, xt ě 0,

´K̄˚
t xt, xt ă 0,

(3.1.13)

where K̂˚
t and K̄˚

t are defined as

K̂˚
t “ arg min

KtPKt

p̂t

´

Kt, P̂t`1, P̄t`1

¯

,

K̄˚
t “ arg min

KtPKt

p̄t

´

Kt, P̂t`1, P̄t`1

¯

,

where tP̂tu
T
t“0 and tP̄tu

T
t“0 are given in (3.1.11) and (3.1.12), respectively, and P̂t ą 0

and P̄t ą 0 for t “ 0, ¨ ¨ ¨ , T ´ 1. Furthermore, the optimal objective value of the

problem is

x2
0

´

P̂0 ¨ 1tx0ě0u ` P̄0 ¨ 1tx0ă0u

¯

. (3.1.14)

The above theory suggests that the systems represented by (3.1.11) and (3.1.12)

serve a function analogous to that of the ARE in the classical LQ optimal problem.

Moreover, in the absence of control constraints, these two equations will converge

into the single equation presented in (3.1.2).
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3.1.3 LQ Problem with Unknown Noise Distribution

Consider the stochastic program

J˚
“ min

πPΠ
EP rJπ px, u|wqs , (3.1.15)

where P is the noise distribution supported on Ω. In applications, the distribution

P cannot be accessed explicitly. Instead, we assume that we observe a finite number

M i.i.d. samples from P and collect them in the training set pΩM “ t pwiu
M
i“1 Ď Ω.

Before it is realized, this dataset can be regarded as a random element in ΩM with

distribution PM .

A data-based control decision puM is any feasible control rule constructed from

the information contained in pΩM . Its true performance is measured by the expected

cost EP rJπ px, puM |wqs, that is, the expectation with respect to a fresh noise draw w,

independent of the training set. Since P is unknown, we aim to derive high confidence

upper bounds on this out-of-sample cost. Concretely, for a random bound pJM and a

prescribed significance level β, we would like to ensure that

PM
!

pΩM : EP rJπ px, puM |wqs ď pJM

)

ě 1 ´ β. (3.1.16)

Here pJM plays the role of a performance certificate, while the probability on the

left-hand side quantifies its reliability.

Because it is impossible to evaluate the true out-of-sample performance, we in-

stead seek a data-driven solution with a low certificate and high reliability pJM , which

are small and reliable in the above sense. A natural first step is to approximate P

by the empirical measure with sample data pwt,1, ¨ ¨ ¨ , pwt,M from P:

pPM “
1

M

M
ÿ

i“1

δ
pwt,i

, (3.1.17)
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where δ
pwi

is the Dirac mass at pwi. If one were to treat pPM as the true distribution

in the controller design, the resulting policy could be highly sensitive to sampling

noise and may perform poorly when P differs from pPM . To hedge against such

misspecification, we adopt the distributionally robust counterpart

pJM “ min
πPΠ

max
QP pPM

EQ rJπ px, u|wqs , (3.1.18)

where pPM denotes an ambiguity set of probability measures that are deemed plausi-

ble given the observed samples. In this chapter, we construct pPM as a ball centered

at the empirical distribution pPM , measured in the Wasserstein metric. We will show

that the optimal value pJM and any optimal data-driven control puM solving this

distributionally robust problem enjoy two desirable properties: a finite sample per-

formance guarantee (Theorem 3.2) and asymptotic consistency as the sample size M

tends to infinity (Theorem 3.3).

Wasserstein Metric and Ambiguity Set

Let MpΩq denote the set of all probability measures Q on Ω such that EQr}w}s “

ş

Ω
}w}Qpdwq ă 8.

Definition 4 (Wasserstein metric). For Q1,Q2 P MpΩq, the 2-Wasserstein metric

W2 pQ1,Q2q is defined as

W2 pQ1,Q2q “

ˆ

inf

ż

ΩˆΩ

p}w1 ´ w2}q
2Πw pdw1, dw2q

˙1{2

,

where the infimum is taken over all joint distributions Πw of w1 and w2 whose

marginals are Q1 and Q2, respectively.

More generally, one can define the p-Wasserstein metric (p ě 1) by using the cost

}w1 ´ w2}
p. In what follows, we restrict attention to p “ 2. To quantify ambiguity
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set around the empirical law pPM , we work with the W2-neighborhood

Bεp
pPMq “

!

Q P MpΩq : W2p
pPM ,Qq ď εr

)

.

Given a confidence parameter β P p0, 1q, we calibrate with the radius εr so that

PM
!

P P BεrppPMq

)

ě 1 ´ β.

In other words, BεrppPMq is a W2-ball centered at the empirical measure that, with

probability at least 1 ´ β over the draw of the M samples, contains the unknown

data distribution. In particular, for any confidence 1´β ą 0, the goal is to choose an

ambiguity ball radius εr so that the true distribution in this ball has confidence 1´β.

We now impose a mild regularity assumption on the noise distribution.

Assumption 3.1 (Light-tailed distribution). There exists an exponent a ą 1 such

that

EP rexp p}w}
a
qs “

ż

Ω

exp p}w}
a
qPpdwq ă 8.

Assumption 3.1 essentially requires the tail of the distribution P to decay at an

exponential rate. This process ensures that standard measure concentration inequal-

ities apply, allowing us to control the deviation of empirical quantities from their

expectations with high probability.

Theorem 3.1 (Measure concentration). If Assumption 3.1 holds, we have

PM
!

W2pP, pPMq ě εr

)

ď

#

c1 exp
´

´c2Mε
maxtm,2u
r

¯

if εr ď 1,

c1 exp p´c2Mεarq if εr ą 1,

for all M ě 1, m ‰ 2, and ε ą 0, where c1, c2 are positive constants, while c2 depends

on the p-norm.
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The proofs of Theorem 3.1 are taken from Fournier and Guillin (2015).

Using Theorem 3.1, we can estimate the radius of the smallest Wasserstein ball

that contains P with confidence 1 ´ β for some prescribed β P p0, 1q as:

εMpβq “

$

’

’

’

&

’

’

’

%

ˆ

logpc1β´1q
c2M

˙1{maxtm,2u

if M ě
logpc1β´1q

c2
,

ˆ

logpc1β´1q
c2M

˙1{a

if M ă
logpc1β´1q

c2
.

Note that the Wasserstein ball with radius εMpβq can thus be viewed as a confidence

set for the unknown true distribution, as in statistical testing (Mohajerin Esfahani

and Kuhn (2018) and Wainwright (2019)). We now connect the above construction

to the distributionally robust control problem (3.1.18) introduced earlier.

Theorem 3.2 (Finite sample guarantee). Let β P p0, 1q be fixed and define the

ambiguity set pPM “ BεM pβqp
pPMq. Suppose Assumption 3.1 holds and let pJM and puM

denote, respectively, the optimal value and an optimal policy of the distributionally

robust problem (3.1.18). Then, the finite sample guarantee (3.1.16) holds.

We finally discuss the asymptotic behavior as the number of samples grows.

Theorem 3.3 (Asymptotic consistency). Let βM be a sequence in p0, 1q such that
ř8

M“1 βM ă 8 and limMÑ8 εM pβMq “ 0 for M P N. For each M , define the

ambiguity set pPM “ BεM pβM qp
pPMq and let pJM and puM represent the optimal value

and an optimal policy of the problem (3.1.18). Under Assumption 3.1, one can show

that pJM goes down to J˚ as M goes to 8, where J˚ is the optimal value of (3.1.15).

The proof of Theorem 3.2 and Theorem 3.3 is based on Mohajerin Esfahani and

Kuhn (2018).
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Solve Minimax LQ Problem with Wasserstein Penalty

When tackling the distributionally robust optimization problem (3.1.18), it is useful

to note that a direct dynamic programming approach over distributions is typically

computationally prohibitive in high dimensions in contrast to Riccati-type recursions

for classical LQ problems. Following the regularization approach in the literature

(Kim and Yang (2023)), we instead modify the cost functional by introducing a

Wasserstein penalty term.

For a given policy π, define the penalized cost

JW
π px, u|wq “ Eπ

«

xJ
TQTxT `

T´1
ÿ

t“0

´

xJ
t Qtxt ` uJ

t Rtut ´ λW2p
pPM ,Qq

2
¯

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

,

where λ ą 0 is the penalty parameter. By varying λ, we can ascertain how conser-

vative the resulting control policy is: larger values of λ penalize distributions that

are far from the empirical law more heavily. The corresponding penalized minimax

problem is

min
πPΠ

max
QP pPM

EQ
“

JW
π px, u|wq

‰

, (3.1.19)

which we use as a tractable surrogate for the original DRO formulation (3.1.18). Let

π˚ denote an optimal policy of (3.1.19) for a given λ, and define

V px;λq “ inf
πPΠ

sup
QP pPM

JW
π px, u|wq

as the optimal value of the penalized minimax problem. Then, for a suitable choice

of λ˚, one can show a guaranteed cost property of the form

sup
QP pPM

“

JW
π px, u|wq |π˚

pλ˚
q
‰

ď λ˚εM
2
pβq ` V px;λ˚

q,

where εMpβq is the ambiguity radius defined earlier. To analyze this penalized prob-
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lem over a finite horizon, we introduce the value function

Vtpxq “ inf
πPΠ

sup
QP pPM

EQ

«

T´1
ÿ

s“t

´

xJ
s Qsxs ` uJ

s Rsus ´ λW2p
pPM ,Qq

2
¯

` xJ
TQTxT

ˇ

ˇ

ˇ

ˇ

ˇ

xt “ x

ff

,

which represents the minimal worst case expected cost-to-go from stage t onward,

given xt “ x. By construction, the scalar value V px;λq can be identified with

V0px;λq{T . The dynamic programming principle then yields the recursion

Vtpxq “ xJQx`inf
u

sup
QPMpΩq

„

uJRu ´ λW2p
pPM ,Qq

2
`

ż

Ω

Vt`1pAtx ` Btu ` DtwqQpdwq

ȷ

for t “ 0, ¨ ¨ ¨ , T ´ 1, and VT pxq “ xJ
t QTxt. The inner maximization over probability

measures Q is infinite-dimensional and thus not amenable to direct numerical treat-

ment. To obtain a tractable reformulation, we invoke Kantorovich duality for the

Wasserstein metric (Kim and Yang (2023) and Beiglböck and Pratelli (2012)), and

arrive at

Vtpxq “ xJQx ` inf
u

«

uJRu `
1

M

M
ÿ

i“1

sup
wPΩ

tVt`1pAtx ` Btu ` Dtwq ´ λ} pwt,i ´ w}
2
u

ff

,

(3.1.20)

which replaces the maximization over measures by a finite sum of pointwise opti-

mization problems over w. We denote the empirical mean and covariance of the

noise at stage t by

w̄t “ E
pPM

rwts and Σw
t “ E

pPM

“

wtw
J
t

‰

. (3.1.21)

In the subsequent Lemma 3.1, we derive an explicit solution to the minimax problem

associated with (3.1.19) under the following condition on the penalty parameter.

Assumption 3.2. The penalty parameter satisfies λ ą λ̄t for all t ě 1, where λ̄t is

the maximum eigenvalue of DJ
t PtDt.
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This result ensures that the resulting quadratic forms are strictly concave in the

disturbance variable, which will be crucial for solving the inner maximization in

closed form.

Lemma 3.1. Suppose that

Vt`1pxq “ xJPt`1x ` 2rJ
t`1x ` qt`1

for some nonnegative Pt`1 P Rmˆm, rt`1 P Rm, and qt`1 P R. We further assume that

the penalty parameter satisfies λ ą λ̄t`1, where λ̄t`1 is the maximum eigenvalue of

DJ
t Pt`1Dt. Let Φpwq “ Vt`1pAtx`Btu`Dtwq´λ} pwt,i´w}2 and find BΦpwq

Bw
“ 0. Then,

the inner maximization problem supwPΩ Φpwq in (3.1.20) has a unique maximizer

w˚
t “ pw˚

t,1, ¨ ¨ ¨ , w˚
t,Mq, defined as

w˚
t,i “ ∆1

tpD
J
t Pt`1pAtx ` Btuq ` DJ

t rt`1 ` λ pwt,iq, (3.1.22)

where ∆1
t “

`

λIk ´ DJ
t Pt`1Dt

˘´1
. Substituting (3.1.21) and (3.1.22) into (3.1.20),

we can obtain the optimal value function with dynamic programming principle

Vtpxq “ x2
`

Qt ` AJ
t Pt`1∆tAt

˘

` 2x pAt∆trt`1 ` λAtPt`1Dt∆
1
tw̄tq

` inf
u

␣

uJ
pRt ` BJ

t Pt`1∆tBtqu ` 2uJ
“

pBJ
t Pt`1∆tAtqx ` BJ

t ∆trt`1 ` λBJ
t Pt`1Dt∆

1
tw̄t

‰(

` rJ
t`1Dt∆

1
tpD

J
t rt`1 ` 2λw̄tq ` Tr

`

λ2∆1
tΣ

w
t ´ λΣw

t

˘

` qt`1,

where ∆t “ Im ` Dt∆
1
tD

J
t Pt. One can find that the outer minimization problem in

(3.1.20) has a unique minimizer

u˚
“ ´K˚

t x ´ L˚
t ,

where

K˚
t “ pR ` BJ

t Pt`1∆tBtq
´1BJ

t Pt`1∆tAt,

L˚
t “ pR ` BJ

t Pt`1∆tBtq
´1

pBJ
t ∆trt`1 ` λBJ

t Pt`1Dt∆
1
tw̄tq.
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Thus, the explicit derivation with this linear structure yields the following Riccati

equation:

Pt “ Qt ` AJ
t Pt`1∆tAt ´ AJ

t ∆tPt`1BtpRt ` BJ
t Pt`1∆tBtq

´1

BJ
t Pt`1∆tAt,

rt “ At∆trt`1 ` λAJ
t Pt`1Dt∆

1
tw̄t ´ AJ

t ∆tPt`1BtpRt

` BJ
t Pt`1∆tBtq

´1
pBJ

t ∆trt`1 ` λBJ
t Pt`1Dt∆

1
tw̄tq,

qt “ qt`1 ` rJ
t`1Dt∆

1
tpD

J
t rt`1 ` 2λw̄tq

` Tr
`

λ2∆1
tΣ

w
t ´ λΣw

t

˘

´ pBJ
t ∆trt`1 ` λBJ

t Pt`1Dt∆
1
tw̄tq

J

pRt ` BJ
t Pt`1∆tBtq

´1
pBJ

t ∆trt`1 ` λBJ
t Pt`1Dt∆

1
tw̄tq

with the terminal conditions PT “ QT , rT “ 0mˆ1, and qT “ 0.

Suppose that Assumption 3.2 holds. Then, the matrices Pt are well-defined and

the value function can be expressed as

Vtpxq “ xJPtx ` 2rJ
t x ` qt, t “ 0, ¨ ¨ ¨ , T.

Furthermore, the regularized problem (3.1.19) in the finite horizon case has a unique

optimal policy, defined as

u˚
“ ´K˚

t x ´ L˚
t , t “ 0, ¨ ¨ ¨ , T ´ 1.

3.2 Gradient Dynamics and Convergence Analy-

sis

In the gradient analysis, we treat the noise contribution via its empirical moments w̄t

and Σw
t as fixed (data-driven) quantities and perform the minimization over u while

deferring the maximization over w. By the envelope theorem, since these moments

correspond to the unique maximizer of the inner problem, their dependence on the
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control K does not affect the gradient. Consequently, w̄t and Σw
t act as constants in

the Bellman expansion and do not introduce implicit derivatives in the cost gradient.

We represent an affine controller ut “ ´Ktxt ´ Lt as a single linear map by

augmenting the state with a constant 1, fixing the policy convention explicitly to

avoid sign errors:

ut “ ´ pKtpxt, pKt “
“

Kt Lt

‰

, pxt “

„

xt

1

ȷ

.

Embedding the original number into augmented matrices yields

pAt “

„

At 0mˆ1

01ˆm 1

ȷ

, pBt “

„

Bt

01ˆn

ȷ

, pDt “

„

Dt

01ˆk

ȷ

, pQt “

„

Qt 0mˆ1

01ˆm 0

ȷ

.

Since an admissible policy can be fully characterized by pK, the cost of a policy pK

can be correspondingly defined as

Cp pKq “ E

«

T´1
ÿ

t“0

´

pxJ
t
pQtpxt ` uJ

t Rtut

¯

` pxJ
T
pQT pxT

ff

, (3.2.23)

subject to the dynamics

pxt`1 “ pAtpxt ` pBtut ` pDtwt.

Recall that pK˚ is the optimal policy for the problem

pK˚
“ argmin

pK

Cp pKq.

Assumption 3.3 (Initial State and Noise Process). We make the following assump-

tions:

(i) Initial state: The initial state satisfies x0 „ D0, where E
“

px0px
J
0

‰

is positive

definite.
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(ii) Noise process: The sequence twtu
T´1
t“0 consists of i.i.d. random vectors that are

independent of x0. Their empirical mean and covariance are denoted by

w̄t “ E
pPM

rwts, Σw
t “ E

pPM
rwtw

J
t s,

where Σw
t ą 0 for all t “ 0, 1, . . . , T ´ 1.

We next introduce several quantities that will be used in our analysis. Specifically,

we define σX as the uniform lower bound on the smallest singular values of the state

covariance matrices Erpxtpx
J
t s. Similarly, σR and σQ denote the smallest singular values

of the control and state cost matrices, respectively:

σX “ min
t

σmin

`

Erpxtpx
J
t s
˘

, (3.2.24a)

σR “ min
t

σminpRtq, (3.2.24b)

σQ “ min
t

σminp pQtq. (3.2.24c)

By Assumption 3.3, it follows that σR ą 0 and σQ ą 0.

3.2.1 Explicit Characterization of the Policy Gradient

We study an exact gradient descent scheme for computing the optimal feedback

policy. The update rule is given by

pKn`1
t “ pKn

t ´ η∇tCp pKn
q, @ 0 ď t ď T ´ 1, (3.2.25)

where n denotes the iteration index, η ą 0 is the step size, and ∇tCp pKq “
BCp pKq

B pKt
is

the gradient of the cost function with respect to pKt.

We write ∇Cp pKq “ p∇0Cp pKq, ¨ ¨ ¨ ,∇T´1Cp pKqq for compactness. Let tpxtu
T
t“0 de-

note the trajectory under the current policy pK. Define the state mean and covariance

at time t as

µt “ E
“

pxJ
t

‰

and Σt “ E
“

pxtpx
J
t

‰

, t “ 0, 1, ¨ ¨ ¨ , T. (3.2.26)
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We further define the aggregated quantities over the horizon: a matrix Σ
pK as the

sum of Σt,

Σ
pK “

T
ÿ

t“0

Σt “ E

«

T
ÿ

t“0

pxtpx
J
t

ff

, (3.2.27)

and a matrix µ
pK as the sum of µt,

µ
pK “

T
ÿ

t“0

µt “ E

«

T
ÿ

t“0

pxJ
t

ff

. (3.2.28)

In the finite time horizon setting, define pP
pK
t , pr

pK
t and pq

pK
t as the solution to the

backward recursions

pP
pK
t “ pQt ` pKJ

t Rt
pKt ` p pAt ´ pBt

pKtq
J
pP

pK
t`1p

pAt ´ pBt
pKtq,

pr
pK
t “ p pAt ´ pBt

pKtq
J
pr
pK
t`1 ` p pAt ´ pBt

pKtq
J
pP

pK
t`1

pDtw̄t,

pq
pK
t “ pq

pK
t`1 ` 2ppr

pK
t`1q

J
pDtw̄t ` Trp pDJ

t
pP

pK
t`1

pDtΣ
w
t q,

(3.2.29)

for t “ 0, 1, ¨ ¨ ¨ , T ´ 1 with terminal conditions

pP
pK
T “

„

PT 0mˆ1

01ˆm 0

ȷ

, pr
pK
T “

„

rT
0

ȷ

, pq
pK
T “ qT ,

where PT “ QT , rT “ 0mˆ1, and qT “ 0. To simplify, we remove pK-superscript when

there is no confusion. Then the cost of pK can be rewritten as

Cp pKq “ Ex0„D0

”

pxJ
0
pP0px ` 2prJ

0 px0 ` pq0

ı

.
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To see this,

E
”

pxJ
0
pP0px ` 2prJ

0 px0 ` pq0

ı

“ E
”

pxJ
0
pQ0px0 ` pxJ

0
pKJ
0 R0

pK0px ` pxJ
0 p pA0 ´ pB0

pK0q
J
pP1p pA0 ´ pB0

pK0qpx0

`2prJ
1 p pAt ´ pBt

pKtqpx0 ` 2w̄J
t
pDJ
t
pP1p pAt ´ pBt

pKtqpx0

`pq1 ` 2prJ
1
pD0w̄0 ` Trp pDJ

0
pP1
pD0Σ

w
0 q

ı

“ E
”

pxJ
0
pQ0px0 ` uJ

0R0u0 ` pxJ
1
pP1px1 ` 2prJ

1 px1 ` pq1

ı

“ E

«

T´1
ÿ

t“0

´

pxJ
t
pQtpxt ` uJ

t Rtut

¯

` pxJ
TQT pxT

ff

.

Lemma 3.2 (Gradient Representation). Define for each t “ 0, 1, . . . , T ´ 1,

Et “ pRt ` pBJ
t
pPt`1

pBtq pKt ´ pBJ
t
pPt`1

pAt,

Ft “ pBJ
t
pPt`1

pDtw̄t ` pBJ
t prt`1.

(3.2.30)

Now we have the following representation of the gradient term with respect to the

policy pKt,

∇tCp pKq “ 2EtΣt ´ 2Ftµt.

Proof. We illustrate the derivation for t “ 0, and the argument extends identically

to all t “ 0, 1, . . . , T ´ 1. By definition,

∇0Cp pKq “
BCp pKq

B pK0

“ E
”

2R0
pK0px0px

J
0 ´ 2 pBJ

0
pP1p pA0 ´ pB0

pK0qpx0px
J
0 ´ 2 pBJ

0 pr1px
J
0 ´ 2 pBJ

0
pPJ
1
pD0w̄0px

J
0

ı

“ 2E0E
“

px0px
J
0

‰

´ 2F0E
“

pxJ
0

‰

“ 2E0Σ0 ´ 2F0µ0.
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Similarly, @t “ 0, 1, ¨ ¨ ¨ , T ´ 1,

∇tCp pKq “ 2
´

pRt ` pBJ
t
pPt`1

pBtq pKt ´ pBJ
t
pPt`1

pAt

¯

E
“

pxtpx
J
t

‰

´

´

pBJ
t
pPt`1

pDtw̄t ` pBJ
t prt`1

¯

E
“

pxJ
t

‰

“ 2EtE
“

pxtpx
J
t

‰

´ 2FtE
“

pxJ
t

‰

“ 2EtΣt ´ 2Ftµt,

where the expectation E is taken with respect to both initial distribution x0 „ D0

and noises w.

In the following lemma, we establish the analytical form of the advantage function,

which serves as the foundation for subsequent results. Building upon this, Lemma

3.4 shows that for any given policy pK, the optimality gap Cp pKq ´Cp pK˚q is bounded

by the sum of the magnitude of the gradient ∇tCp pKq for t “ 0, 1, ¨ ¨ ¨ , T ´ 1.

Let us start with a useful result for the value function. The value function V
pKppx, τq

for τ “ 0, 1, ¨ ¨ ¨ , T ´ 1 can be defined as

V
pKppx, τq “ E

«

T´1
ÿ

t“τ

´

pxJ
t
pQtpxt ` uJ

t Rtut

¯

` pxJ
T
pQT pxt

ˇ

ˇ

ˇ

ˇ

pxτ “ x

ff

“ pxJ
pPτpx ` 2prτpx ` pqτ ,

with terminal condition

V
pKppx, T q “ pxJ

pQT px.

We then define the Q-function, Q
pKppx, u, τq for τ “ 0, 1, ¨ ¨ ¨ , T ´ 1 as

Q
pKppx, u, τq “ pxJ

pQτpx ` uJRτu ` Ewτ

”

V
pK

´

pAτpx ` pBτu ` pDτwτ , τ ` 1
¯ı

,

and the advantage function

A
pKppx, u, τq “ Q

pKppx, u, τq ´ V
pKppx, τq.

Note that Cp pKq “ Ex0„D0 rV ppx0, 0qs. We can then write the difference of value

functions between pK and pK 1 in terms of advantage functions in Lemma 3.3.
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Lemma 3.3. Assume pK and pK 1 have finite costs. Denote tpx1
tu

T
t“0 and tu1

tu
T´1
t“0 as

the state and control sequences of a single trajectory generated by pK 1 starting from

px1
0 “ px0 “ px, then

V
pK1ppx, 0q ´ V

pKppx, 0q “ Ew

«

T´1
ÿ

t“0

A
pK ppx1

t, u
1
t, tq

ff

, (3.2.31)

and A
pKppx,´ pK 1

τpx, τq “ 2pxJp pK 1
τ ´ pKτ qJEτpx ` pxJp pK 1

τ ´ pKτ qJpRτ ` pBJ
τ
pPτ`1

pBτ qp pK 1
τ ´

pKτ qpx ´ 2pxJp pK 1
τ ´ pKτ qJFτ , where Eτ and Fτ are defined in (3.2.30).

Proof. Denote by c1
tppxq the cost generated by pK 1 with a single trajectory starting

from px1
0 “ px0 “ px. That is, c1

tppxq “ ppx1
tq

J
pQtpx

1
t ` pu1

tq
JRtu

1
t, t “ 0, 1, ¨ ¨ ¨ , T ´ 1, and

c1
T ppxq “ ppx1

T qJQT px
1
T , with u1

t “ ´ pK 1
tpx

1
t, px

1
t`1 “ pAtpx

1
t`

pBtu
1
t`

pDtwt, px0 “ px. Therefore,

V
pK1ppx, 0q ´ V

pKppx, 0q “ Ew

«

T
ÿ

t“0

c1
tppxq

ff

´ V
pKppx, 0q

“ Ew

«

T
ÿ

t“0

`

c1
tppxq ` V

pK ppx1
t, tq ´ V

pK ppx1
t, tq

˘

ff

´ V
pKppx, 0q

“ Ew

«

T´1
ÿ

t“0

`

c1
tppxq ` V

pK

`

px1
t`1, t ` 1

˘

´ V
pK ppx1

t, tq
˘

ff

“ Ew

«

T´1
ÿ

t“0

`

Q
pK ppx1

t, u
1
t, tq ´ V

pK ppx1
t, tq

˘

ˇ

ˇ

ˇ

ˇ

px0 “ px

ff

“ Ew

«

T´1
ÿ

t“0

A
pK ppx1

t, u
1
t, tq

ˇ

ˇ

ˇ

ˇ

px0 “ px

ff

,

where the third equality holds since c1
T ppxq “ V

pK ppx1
t, T q with the same single trajec-
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tory. For u “ ´ pK 1
τpx, we have

A
pKppx,´ pK 1

τpx, τq

“ Q
pKppx,´ pK 1

τpx, τq ´ V
pKppx, τq

“ pxJ
p pQτ ` p pK 1

τ q
JRτ

pK 1
τ qpx ` Ewτ

”

V
pKpp pAτ ´ pBτ

pK 1
τ qpx ` pDτwτ , τ ` 1q

ı

´ V
pKppx, τq

“ pxJ
p pQτ ` p pK 1

τ q
JRτ

pK 1
τ qpx ` E

”

pxJ
p pAτ ´ pBτ

pK 1
τ q

J
pPτ`1p pAτ ´ pBτ

pK 1
τ qpx ` wJ

τ
pDJ
τ
pPτ`1

pDτwτ

` 2wJ
τ
pDJ
τ
pPτ`1p pAτ ´ pBτ

pK 1
τ qpx ` 2prJ

τ`1pp pAτ ´ pBτ
pK 1
τ qpx ` pDτwτ q ` pqτ`1

ı

´ E
”

pxJ
pPτpx ` 2prJ

τ px ` pqτ

ı

“ pxJ
p pQτ ` p pK 1

τ q
JRτ

pK 1
τ qpx ` pxJ

p pAτ ´ pBτ
pK 1
τ q

J
pPτ`1p pAτ ´ pBτ

pK 1
τ qpx

` 2wJ
τ
pDJ
τ
pPτ`1p pAτ ´ pBτ

pK 1
τ qpx ` 2prJ

τ`1p
pAτ ´ pBτ

pK 1
τ qpx ´ ppxJ

pPτpx ` 2prJ
τ pxq

“ pxJ
p pQτ ` p pK 1

τ ´ pKτ ` pKτ q
JRτ p pK 1

τ ´ pKτ ` pKτ qqpx

` pxJ
p pAτ ´ pBτ

pKτ ´ pBτ p pK 1
τ ´ pKτ qq

J
pPτ`1p pAτ ´ pBτ

pKτ ´ pBτ p pK 1
τ ´ pKτ qqpx

` 2w̄J
τ
pDJ
τ
pPτ`1p pAτ ´ pBτ

pKτ ´ pBτ p pK 1
τ ´ pKτ qqpx ` 2prJ

τ`1p pAτ ´ pBτ
pKτ ´ pBτ p pK 1

τ ´ pKτ qqpx

´ pxJ
p pQτ ` pKJ

τ Rτ
pKτ ` p pAτ ´ pBτ

pKτ q
J
pPτ`1p pAτ ´ pBτ

pKτ qqpx

´ 2prJ
τ`1p pAτ ´ pBτ

pKτ qpx ´ 2w̄J
τ
pDJ
τ
pPτ`1p pAτ ´ pBτ

pKτ qpx

“ 2pxJ
p pK 1

τ ´ pKτ q
J

ppRτ ` pBJ
τ
pPτ`1

pBτ q pKτ ´ pBJ
τ
pPτ`1

pAτ qpx

` pxJ
p pK 1

τ ´ pKτ q
J

pRτ ` pBJ
τ
pPτ`1

pBτ qp pK 1
τ ´ pKτ qpx

´ 2pxJ
p pK 1

τ ´ pKτ q
J
pBJ
τ p pPτ`1

pDτ w̄τ ` prτ`1q.

(3.2.32)

Lemma 3.4. Let pK˚ be an optimal policy and Cp pKq be finite; then

pσX ` 1q

T´1
ÿ

t“0

TrpEJ
t Etq ` FJ

t Ft

}Rt ` pBJ
t
pPt`1

pBt}
ď Cp pKq ´ Cp pK˚

q ď
}Σ

pK˚} ` 1

4σX
2σR

T´1
ÿ

t“0

´

∇tCp pKq
J∇tCp pKq

¯

,
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where σX and σQ are defined in (3.2.24a) and (3.2.24b).

Proof. First, for any pK 1
τ , from (3.2.32),

A
pKppx,´ pK 1

τpx, τq

“ Q
pKppx,´ pK 1

τpx, τq ´ V
pKppx, τq

“ 2pxJ
p pK 1

τ ´ pKτ q
J

pEτpx ´ Fτ q ` pxJ
p pK 1

τ ´ pKτ q
J

pRτ ` pBJ
τ
pPτ`1

pBτ qp pK 1
τ ´ pKτ qpx

“ pp pK 1
τ ´ pKτ qpx ` pRτ ` pBJ

τ
pPτ`1

pBτ q
´1

pEτpx ´ Fτ qq
J

pRτ ` pBJ
τ
pPτ`1

pBτ q

pp pK 1
τ ´ pKτ qpx ` pRτ ` pBJ

τ
pPτ`1

pBτ q
´1

pEτpx ´ Fτ qq

´ pEτpx ´ Fτ q
J

pRτ ` pBJ
τ
pPτ`1

pBτ q
´1

pEτpx ´ Fτ q

ě ´TrprxrxJ
rEJ
τ pRτ ` pBJ

τ
pPτ`1

pBτ q
´1

rEτ q,

(3.2.33)

where rxτ “

„

pxτ

1

ȷ

and rEτ “
“

Eτ ´Fτ

‰

. The equality holds when pK 1
τ “ pKτ ´ pRτ `

pBJ
τ
pPτ`1

pBτ q´1Eτ and pRτ ` pBJ
τ
pPτ`1

pBτ q´1Fτ “ 0. Then,

Cp pKq ´ Cp pK˚
q “ ´E

«

T´1
ÿ

t“0

AK ppx˚
t , u

˚
t , tq

ff

ď E

«

T´1
ÿ

t“0

Tr
´

rx˚
t prx˚

t q
J
rEJ
t pRt ` pBJ

t
pPt`1

pBtq
´1

rEt

¯

ff

ď
`

}Σ
pK˚} ` 1

˘

T´1
ÿ

t“0

Tr
´

rEJ
t pRt ` pBJ

t
pPt`1

pBtq
´1

rEt

¯

ď
}Σ

pK˚} ` 1

σR

T´1
ÿ

t“0

Tr
´

rEJ
t
rEt

¯

ď
}Σ

pK˚} ` 1

4σ2
XσR

T´1
ÿ

t“0

Tr
´

∇tCp pKq
J∇tCp pKq

¯

,

where σX is defined in (3.2.24a) and σR is defined in (3.2.24b). For the lower bound,
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consider pK 1
τ “ pKτ ´ pRτ ` pBJ

τ
pPτ`1

pBτ q´1Eτ and pRτ ` pBJ
τ
pPτ`1

pBτ q´1Fτ “ 0, where

the equality holds in (3.2.33). Using CpK˚q ď Cp pK 1q,

Cp pKq ´ Cp pK˚
q ě Cp pKq ´ Cp pK 1

q

“ ´E

«

T´1
ÿ

t“0

A
pK ppx1

t, u
1
t, tq

ff

“ E

«

T´1
ÿ

t“0

Tr
´

rx1
tprx

1
tq

J
rEJ
t pRt ` pBJ

t
pPt`1

pBtq
´1

rEt

¯

ff

ě pσX ` 1q

T´1
ÿ

t“0

TrpEJ
t Etq ` FJ

t F

}Rt ` pBJ
t
pPt`1

pBt}
.

(3.2.34)

Having obtained the explicit policy gradient, we next investigate its structural

properties. Lemma 3.5 demonstrates an “almost smoothness” condition of the cost

landscape, which shows that when pK 1 is sufficiently close to pK, Cp pK 1q ´ Cp pKq is

bounded by the sum of the first- and second-order terms in pK ´ pK 1.

Lemma 3.5. (“Almost Smoothness”). Let tpx1
tu be the sequence of states for a single

trajectory generated by pK 1 starting from px1
0 “ px0. Then, Cp pKq satisfies

Cp pK 1
q ´ Cp pKq “

T´1
ÿ

t“0

”

2TrpΣ1
tp
pK 1
t ´ pKtq

JEtq ` TrpΣ1
tp
pK 1
t ´ pKtq

J
pRt ` pBJ

t
pPt`1

pBtqp pK 1
t ´ pKtqq

´2µ1
tp
pK 1
t ´ pKtq

JFt

ı

,

where Σ1
t “ E

“

px1
tppx

1
tq

J
‰

and µ1
t “ E

“

ppx1
tq

J
‰

.
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Proof. By Lemma 3.3, we have

Cp pK 1
q ´ Cp pKq

“ E

«

T´1
ÿ

t“0

A
pKppx1

t,´ pK 1
tpx

1
t, tq

ff

“

T´1
ÿ

t“0

”

2TrpΣ1
tp
pK 1
t ´ pKtq

JEtq ` TrpΣ1
tp
pK 1
t ´ pKtq

J
pRt ` pBJ

t
pPt`1

pBtqp pK 1
t ´ pKtqq

´2µ1
tp
pK 1
t ´ pKtq

JFt

ı

.

The first term and third term can be added as Trpp pKt ´ pK 1
tq∇tCp pKqq by Lemma

3.2, while the second term is the second order of pKt ´ pK 1
t. We further bound Pt and

Σ
pK , which is provided below in Lemma 3.6.

Lemma 3.6. For every t “ 0, 1, ¨ ¨ ¨ , T and for the aggregated quantities, we have

}Pt} ď
Cp pKq

σX

, }Σ
pK} ď

Cp pKq

σQ

, }µ
pK} ď

d

TCp pKq

σQ

,

where σX and σQ are defined in (3.2.24a) and (3.2.24c).

Proof. For t “ 0, 1, ¨ ¨ ¨ , T ,

(i) Bound on } pPt},

Cp pKq ě E
”

pxJ
t
pPtpxt

ı

ě } pPt}
`

E
“

x2
t

‰˘

ě σX} pPt}.

(ii) Bound on }Σ
pK},

Cp pKq “

T´1
ÿ

t“0

Tr
´

Erpxtpx
J
t sp pQt ` pKJ

t Rt
pKtq

¯

` Tr
´

ErpxT px
J
T s pQT

¯

ě σQ}Σ
pK}.

Rearranging yields the second inequality.
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(iii) Bound on }µ
pK}, first extract the mean contribution from the cost. Note

Σt “ Cov ppxtq ` µJ
t µt ľ µJ

t µt.

So for each t,

Tr
´

Erpxtpx
J
t s pQt

¯

ě µt
pQtµ

J
t ě σQ }µt}

2 .

Summing over t “ 0, ¨ ¨ ¨ , T ´ 1 gives

Cp pKq ě σQ

T´1
ÿ

t“0

}µt}
2

ùñ

T´1
ÿ

t“0

}µt}
2

ď
Cp pKq

σQ

.

Now apply vector Cauchy-Schwarz, i.e., the inequality }
ř

t vt}
2

ď pT`1q
ř

t }vt}
2:

}µ
pK}

2
ď T

T
ÿ

t“0

}µt}
2

ď
TCp pKq

σQ

.

Taking square roots yields the third inequality:

}µ
pK} ď

d

TCp pKq

σQ

.

3.2.2 Perturbation Analysis of State Statistics

This section examines how the state statistics, namely the covariance Σ
pK and mean

µ
pK , respond to changes in the policy pK. We extend the operator level bounds to

derive a comprehensive perturbation analysis of Σ
pK and µ

pK , which quantifies the

robustness of state evolution under policy updates.

First, let us define two linear operators on symmetric matrices. ForX P Rpm`1qˆpm`1q

and Y P R1ˆpm`1q we set

F
pKt

pXq “ p pAt ´ pBt
pKtqXp pAt ´ pBt

pKtq
J, Fµ

pKt
pY q “ Y p pAt ´ pBt

pKtq
J,
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and

T
pKpXq “ X `

T´1
ÿ

t“0

Πt
i“0p pAi ´ pBi

pKiqXΠt
i“0p

pAi ´ pBi
pKiq

J,

T µ
pK

pY q “ Y `

T´1
ÿ

t“0

YΠt
i“0p pAi ´ pBi

pKiq
J.

If we write Gt “ F
pKt

˝ F
pKt´1

˝ ¨ ¨ ¨ ˝ F
pK0

and Gµ
t “ Fµ

pKt
˝ Fµ

pKt´1
˝ ¨ ¨ ¨ ˝ Fµ

pK0
then

GtpXq “ F
pKt

˝ Gt´1pXq “ Πt
i“0p pAi ´ pBi

pKiqXΠt
i“0p

pAi ´ pBi
pKiq

J, (3.2.35)

Gµ
t pY q “ Fµ

pKt
˝ Gµ

t´1pY q “ YΠt
i“0p

pAi ´ pBi
pKiq

J, (3.2.36)

T
pKpXq “ X `

T´1
ÿ

t“0

GtpXq, (3.2.37)

T µ
pK

pY q “ Y `

T´1
ÿ

t“0

Gµ
t pY q. (3.2.38)

We first show the relationship between the operator T
pK and the quantity Σ

pK , which

pave the way for the relation between T µ
pK
and µ

pK .

Proposition 3.1. For T ě 2,

Σ
pK “ T

pK pΣ0q ` ϕp pK, pϕq,

µ
pK “ T µ

pK
pµ0q ` ϕµ

p pK, pϕµ
q.

Define piqϕp pK, pϕq “
řT´1

t“1

řt
i“1Π

t
s“ip

pAs ´ pBs
pKsq

pϕi´1Π
t
s“ip

pAs ´ pBs
pKsq

J `
řT´1

t“0
pϕt,

with pϕ “ 2 pDw̄µp pA´ pB pKqJ` pDΣw
pDJ and Σ0 “ Erpx0px

J
0 s; piiqϕp pK, pϕµq “

řT´1
t“1

řt
i“1

pϕµ
i´1Π

t
s“ip

pAs´

pBs
pKsq

J `
řT´1

t“0
pϕµ
t , with pϕµ “ w̄J

pDJ and µ0 “ ErpxJ
0 s.

Proof. We only need to prove for Σ
pK since the proof of µ

pK follows the same method.
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Recall that Σt “ E
“

pxtpx
J
t

‰

. Note that

Σ1 “ Erpx1px
J
1 s

“ E
„

´

p pA0 ´ pB0
pK0qpx0 ` pD0w0

¯´

p pA0 ´ pB0
pK0qpx0 ` pD0w0

¯J
ȷ

“ p pA0 ´ pB0
pK0qΣ0p pA0 ´ pB0

pK0q
J

` 2 pD0w̄0µ0p pA0 ´ pB0
pK0q

J
` pD0Σ

w
0
pDJ
0

“ G0pΣ0q ` pϕ0.

Now we first prove that

Σt “ Gt´1pΣ0q `

t´1
ÿ

i“1

Πt´1
s“ip

pAs ´ pBs
pKsq

pϕi´1Π
t´1
s“ip

pAs ´ pBs
pKsq

J
` pϕt´1, (3.2.39)

for t “ 2, 3, ¨ ¨ ¨ , T . When t “ 2,

Σ2 “ Erpx2px
J
2 s

“ E
„

´

p pA1 ´ pB1
pK1qpx1 ` pD1w1

¯´

p pA1 ´ pB1
pK1qpx1 ` pD1w1

¯J
ȷ

“ p pA1 ´ pB1
pK1qΣ1p pA1 ´ pB1

pK1q
J

` 2 pD1w̄1µ1p pA1 ´ pB1
pK1q

J
` pD1Σ

w
1
pDJ
1

“ G1pΣ0q ` p pA1 ´ pB1
pK1qpϕ0p pA1 ´ pB1

pK1q
J

` pϕ1,

which satisfies (3.2.39). Assume (3.2.39) holds for t ď k. Then for t “ k ` 1,

Erpxt`1px
J
t`1s “ E

„

´

p pAt ´ pBt
pKtqpxt ` pDtwt

¯´

p pAt ´ pBt
pKtqpxt ` pDtwt

¯J
ȷ

“ p pAt ´ pBt
pKtqΣtp pAt ´ pBt

pKtq
J

` 2 pDtw̄tµtp pAt ´ pBt
pKtq

J
` pDtΣ

w
t
pDJ
t

“ GtpΣ0q `

t
ÿ

i“1

Πt
s“ip

pAs ´ pBs
pKsq

pϕi´1Π
t
s“ip

pAs ´ pBs
pKsq

J
` pϕt.
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Therefore (3.2.39) holds, @t “ 1, 2, ¨ ¨ ¨ , T . Finally,

Σ
pK “

T
ÿ

t“0

Σt

“ Σ0 `

T´1
ÿ

t“0

Gt pΣ0q `

T´1
ÿ

t“1

t
ÿ

i“1

Πt
s“ip

pAs ´ pBs
pKsq

pϕi´1Π
t
s“ip

pAs ´ pBs
pKsq

J
`

T´1
ÿ

t“0

pϕt

“ T
pK pΣ0q ` ϕp pK, pϕq.

Let

ρ “ max

"

max
0ďtďT´1

} pAt ´ pBt
pKt}, max

0ďtďT´1
} pAt ´ pBt

pK 1
t}, 1 ` ξ

*

, (3.2.40)

for some small constant ξ ą 0. Then we have the following result on perturbations

of Σ
pK and µ

pK . Lemma 3.7 and 3.8 establish Lipschitz continuity of the associated

operators F
pKt

(and Fµ
pKt
) as well as Gt (and Gµ

t ).

Lemma 3.7. It holds that @t “ 0, 1, ¨ ¨ ¨ , T ´ 1,

}F
pKt

´ F
pK1
t
} ď 2} pAt ´ pBt

pKt}} pBt}} pKt ´ pK 1
t} ` } pBt}

2
} pKt ´ pK 1

t}
2
,

}Fµ
pKt

´ Fµ
pK1
t

} ď } pBt}} pKt ´ pK 1
t}.

(3.2.41)

Proof. Let ∆ pKt “ pKt ´ pK 1
t and pAcl

t “ pAt ´ pBt
pKt. Then

pA1cl
t “ pAt ´ pBt

pK 1
t “ pAcl

t ` pBt∆ pKt.

Thus,

F
pK1pXq “ p pAcl

t ` pBt∆ pKtqXp pAcl
t ` pBt∆ pKtq

J

“ pAcl
t Xp pAcl

q
J
t ` 2 pAcl

t Xp∆ pKtq
J
pBJ
t ` pBt∆ pKtXp∆ pKtq

J
pBJ
t ,
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and

Fµ
pK1

pY q “ Y p pAcl
t ` pBt∆ pKtq

J
“ Y p pAcl

q
J
t ` Y p∆ pKtq

J
pBJ
t .

The differences are

F
pKpXq ´ F

pK1pXq “ ´2 pAcl
t Xp∆ pKq

J
t
pBJ
t ´ pBt∆ pKtXp∆ pKtq

J
pBJ
t ,

Fµ
pK

pY q ´ Fµ
pK1

pY q “ ´Y p∆ pKtq
J
pBJ
t .

Take operator norms and use submultiplicativity }MN} ď }M}}N} :

}F
pKpXq ´ F

pK1pXq} ď 2} pAcl
t }} pBt}}∆ pKt}}X} ` } pBt}

2
}∆ pK}

2
}X},

}Fµ
pK

pY q ´ Fµ
pK1

pY q} ď } pBt}}∆ pKt}}Y }.

Setting }X} “ 1 and }Y } “ 1 gives

}F
pK ´ F

pK1} ď 2} pAcl
t }} pBt}}∆ pKt} ` } pBt}

2
}∆ pKt}

2,

}Fµ
pK

´ Fµ
pK1

} ď } pBt}}∆ pKt},

that is,

}F
pK ´ F

pK1} ď 2} pAt ´ pBt
pKt}} pBt}} pKt ´ pK 1

t} ` } pBt}
2
} pKt ´ pK 1

t}
2,

}Fµ
pK

´ Fµ
pK1

} ď } pBt}} pKt ´ pK 1
t}.

Recall the definition of Gt in (3.2.35) associated with K; similarly, let us define

G 1
t “ FK1

t
˝ FK1

t´1
˝ ¨ ¨ ¨ ˝ FK1

0
for policy K 1. Then we have the following perturbation

analysis for Gt.

Lemma 3.8. (Perturbation Analysis for Gt and Gµ
t ) For any symmetric matrix Σ
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and vector µ,

T´1
ÿ

t“0

}pGt ´ G 1
tq pΣq} ď

ρ2T ´ 1

ρ2 ´ 1

˜

T´1
ÿ

t“0

}F
pKt

´ F
pK1
t
}

¸

}Σ}, and

T´1
ÿ

t“0

}pGµ
t ´ pGµ

t q
1
q pµq} ď

ρT ´ 1

ρ ´ 1

˜

T´1
ÿ

t“0

}Fµ
pKt

´ Fµ
pK1
t

}

¸

}µ}.

Proof. By direct calculation,

}Gt} ď ρ2pt`1q, }G 1
t} ď ρ2pt`1q and }Gµ

t } ď ρt`1, }pGµ
t q

1
} ď ρt`1. (3.2.42)

Denote Ft “ F
pKt

and F 1
t “ F

pK1
t
to ease the exposition. Then for any matrix Σ and

t ě 0,

›

›

`

G 1
t`1 ´ Gt`1

˘

pΣq
›

› “
›

›F 1
t`1 ˝ G 1

tpΣq ´ Ft`1 ˝ GtpΣq
›

›

“
›

›F 1
t`1 ˝ G 1

tpΣq ´ F 1
t`1 ˝ GtpΣq ` F 1

t`1 ˝ GtpΣq ´ Ft`1 ˝ GtpΣq
›

›

ď
›

›F 1
t`1 ˝ G 1

tpΣq ´ F 1
t`1 ˝ GtpΣq

›

› `
›

›F 1
t`1 ˝ GtpΣq ´ Ft`1 ˝ GtpΣq

›

›

“
›

›F 1
t`1 ˝ pG 1

t ´ Gtq pΣq
›

› `
›

›

`

F 1
t`1 ´ Ft`1

˘

˝ GtpΣq
›

›

ď
›

›F 1
t`1

›

› }pG 1
t ´ Gtq pΣq} ` }Gt}

›

›F 1
t`1 ´ Ft`1

›

› }Σ}

ď ρ2 }pG 1
t ´ Gtq pΣq} ` ρ2pt`1q

›

›F 1
t`1 ´ Ft`1

›

› }Σ} .

We define Fµ
t “ Fµ

pKt
and pFµ

t q1 “ pFµ
pKt

q1 and can get similar inequality result for µ.

Therefore,

›

›

`

G 1
t`1 ´ Gt`1

˘

pΣq
›

› ď ρ2 }pG 1
t ´ Gtq pΣq} ` ρ2pt`1q

›

›F 1
t`1 ´ Ft`1

›

› }Σ} , (3.2.43)

›

›

`

pGµ
t`1q

1
´ Gµ

t`1

˘

pµq
›

› ď ρ
›

›

`

pGµ
t`1q

1
´ Gµ

t`1

˘

pµq
›

› ` ρt`1
›

›pFµ
t`1q

1
´ Fµ

t`1

›

› }µ} .
(3.2.44)

Summing (3.2.43) and (3.2.44) up for t P t1, 2, ¨ ¨ ¨ , T´2u with }G 1
0 ´ G0} “ }F 1

0 ´ F0}
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and }pGµ
0 q1 ´ Gµ

0 } “ }pFµ
0 q1 ´ Fµ

0 },

T´1
ÿ

t“0

}pGt ´ G 1
tq pΣq} ď

ρ2T ´ 1

ρ2 ´ 1

˜

T´1
ÿ

t“0

}Ft ´ F 1
t}

¸

}Σ} ,

T´1
ÿ

t“0

}pGµ
t ´ pGµ

t q
1
q pµq} ď

ρT ´ 1

ρ ´ 1

˜

T´1
ÿ

t“0

}Fµ
pKt

´ Fµ
pK1
t

}

¸

}µ}.

The following perturbation analysis on T follows immediately from Lemma 3.8.

Corollary 3.1. For any symmetric matrix Σ P Rpm`1qˆpm`1q and matrix µ P R1ˆpm`1q,

we have

}pT
pK ´ T

pK1qpΣq} ď
ρ2T ´ 1

ρ2 ´ 1

˜

T´1
ÿ

t“0

}F
pKt

´ F
pK1
t
}

¸

}Σ} ,

}pT µ
pK

´ T µ
pK1

qpµq} ď
ρT ´ 1

ρ ´ 1

˜

T´1
ÿ

t“0

}Fµ
pKt

´ Fµ
pK1
t

}

¸

}µ} ,

where ρ is defined in (3.2.40).

Now we are ready to present the Lemma 3.9.

Lemma 3.9. (Perturbation Analysis of Σ
pK and µ

pK). We have

}Σ
pK ´ Σ

pK1} ď
›

›

`

T
pK ´ T

pK1

˘

pΣ0q
›

› ` }ϕp pK, pϕq ´ ϕp pK 1, pϕq}

ď
ρ2T ´ 1

ρ2 ´ 1

˜

Cp pKq

σQ

` T p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

¸

´

2ρ} pB} |||K̂ ´ K̂1
||| ` } pB}

2
|||K̂ ´ K̂1

|||
2
¯

` 2} pD}}w̄}}µ} |||K̂ ´ K̂1
|||, and

}µ
pK ´ µ

pK1} ď }pT µ
pK

´ pT µ
K1q pµ0q } ` }ϕp pK, pϕµ

q ´ ϕp pK 1, pϕµ
q}

ď
ρT ´ 1

ρ ´ 1

¨

˝

d

TCp pKq

σQ

` T } pD}}w̄}

˛

‚} pB} |||K̂ ´ K̂1
|||,
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where } pB} “ maxtt} pBt}u and the same definition for } pD}, }w̄}, }µ} and }Σw}.

Proof. Using Lemma 3.7,

T´1
ÿ

t“0

}F
pKt

´ F
pK1
t
} “

T´1
ÿ

t“0

´

2} pAt ´ pBt
pKt}} pBt}} pKt ´ pK 1

t} ` } pBt}
2
} pKt ´ pK 1

t}
2
¯

ď 2ρ} pB}

T´1
ÿ

t“0

} pKt ´ pK 1
t} ` } pB}

2
T´1
ÿ

t“0

} pKt ´ pK 1
t}

2, and

T´1
ÿ

t“0

}Fµ
pKt

´ Fµ
pK1
t

} “

T´1
ÿ

t“0

´

} pBt}} pKt ´ pK 1
t}

¯

ď } pB}

T´1
ÿ

t“0

} pKt ´ pK 1
t}.

In the same way as for the proof of Lemma 3.8, for t “ 1, ¨ ¨ ¨ , T ´ 1, we have

t
ÿ

i“1

›

›

›
Πt

s“ip
pAs ´ pBs

pKsq
pϕi´1Π

t
s“ip

pAs ´ pBs
pKsq

J
´ Πt

s“ip
pAs ´ pBs

pK 1
sq
pϕi´1Π

t
s“ip

pAs ´ pBs
pK 1
sq

J

›

›

›

ď
ρ2T ´ 1

ρ2 ´ 1

˜

t
ÿ

i“0

}F
pKi

´ F
pK1
i
}}pϕi´1}

¸

ď
ρ2T ´ 1

ρ2 ´ 1

˜

t
ÿ

i“0

}F
pKi

´ F
pK1
i
}

¸

p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q, and

t
ÿ

i“1

›

›

›

pϕµ
i´1Π

t
s“ip

pAs ´ pBs
pKsq

J
´ pϕµ

i´1Π
t
s“ip

pAs ´ pBs
pK 1
sq

J

›

›

›

ď
ρT ´ 1

ρ ´ 1

˜

t
ÿ

i“0

}F
pKi

´ F
pK1
i
}}pϕµ

i´1}

¸

ď
ρT ´ 1

ρ ´ 1

˜

t
ÿ

i“0

}F
pKi

´ F
pK1
i
}

¸

} pD}}w̄},

(3.2.45)

where we define pϕi´1 “ 0pm`1qˆpm`1q and pϕµ
i´1 “ 01ˆpm`1q when i “ 0. By Proposition
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3.1, Corollary 3.1, (3.2.38) and (3.2.45), we have

}Σ
pK ´ Σ

pK1} ď

›

›

›
pT

pK ´ pTK1q pΣ0q

›

›

›
` }ϕp pK, pϕq ´ ϕp pK 1, pϕq}

ď
ρ2T ´ 1

ρ2 ´ 1

˜

T´1
ÿ

t“0

}F
pKt

´ F
pK1
t
}

¸

´

}Σ0} ` T p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

¯

`

T´1
ÿ

t“0

2} pD}}w̄}}µ}} pKt ´ pK 1
t}

ď
ρ2T ´ 1

ρ2 ´ 1

ˆ

CpKq

σQ

` T p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

˙

´

2ρ} pB} |||K̂ ´ K̂1
||| ` } pB}

2
|||K̂ ´ K̂1

|||
2
¯

` 2} pD}}w̄}}µ} |||K̂ ´ K̂1
|||,

}µ
pK ´ µ

pK1} ď }pT µ
pK

´ pT µ
K1q pµ0q } ` }ϕp pK, pϕµ

q ´ ϕp pK 1, pϕµ
q}

ď
ρT ´ 1

ρ ´ 1

˜

T´1
ÿ

t“0

}Fµ
pKt

´ Fµ
pK1
t

}

¸

´

}Σ0} ` T }} pD}w̄}

¯

ď
ρT ´ 1

ρ ´ 1

¨

˝

d

TCp pKq

σQ

` T } pD}}w̄}

˛

‚} pB} |||K̂ ´ K̂1
|||.

(3.2.46)

The last inequalities for both holds since }Σ0} ď }Σ
pK} ď

Cp pKq

σQ
and }µ0} ď }µ

pK} ď

c

TCp pKq

σQ
by Lemma 3.6.

3.2.3 Convergence and Complexity Guarantees

We can provide the global convergence Theorem 3.4 after two preliminary Lemmas

about admissible step-size conditions and properties for the cumulation of cost se-

quence gradient and policy pK.

Lemma 3.10. We have

pK 1
t “ pKt ´ η∇tCp pKq, (3.2.47)
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where

η ď min

#

pρ2 ´ 1qpρ ´ 1qσQ
?
σQσX

2T pDn1 ` Dn2q} pB}maxtt}∇tCp pKq}u
,

1

2C1

+

, (3.2.48)

with

Dn1 “

´

Cp pKq ` σQT p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

¯

p2ρ ` 1qpρ2T ´ 1qpρ ´ 1q
?
σQ,

Dn2 “

ˆ

b

TCp pKq `
?
σQT } pD}}w̄}

˙

pρT ´ 1qpρ2 ´ 1qσQ,

C1 “

˜

Cp pKq

σQ

` T p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

¸˜

p2ρ ` 1q} pB}pρ2T ´ 1q

pρ2 ´ 1qσX

T´1
ÿ

t“0

}∇tCp pKq}

¸

`
2} pD}}w̄}}µ}

σX

T´1
ÿ

t“0

}∇tCp pKq} `

¨

˝

d

TCp pKq

σQ

` T } pD}}w̄}

˛

‚

˜

} pB}pρT ´ 1q

pρ ´ 1qσX

T´1
ÿ

t“0

}∇tCp pKq}

¸

`
2Cp pKq

σQ

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt}.

(3.2.49)

Then we have

Cp pK 1
q ´ Cp pK˚

q ď

ˆ

1 ´ 2ησR

σ2
X

}Σ
pK˚} ` 1

˙

´

Cp pKq ´ Cp pK˚
q

¯

.

Proof. Given (3.2.47) and condition (3.2.48), we have } pK 1
t ´ pKt} “ η}∇tCp pKq} ď

σQσX

2Cp pKq} pB}
. Therefore,

} pBt}} pK 1
t ´ pKt} ď

σQσX

2Cp pKq
ď

1

2
. (3.2.50)

The last inequality holds since σX ď
Cp pKq

σQ
given by Lemma 3.6. Therefore, by Lemma

3.7,

T´1
ÿ

t“0

}FKt ´ FK1
t
} ď p2ρ ` 1q} pB}

˜

T´1
ÿ

t“0

} pKt ´ pK 1
t}

¸

. (3.2.51)
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Define rΣt “

„

Σt

µt

ȷ

, rΣ1
t “

„

Σ1
t

µ1
t

ȷ

and rEt “
“

Et ´Ft

‰

. From Lemmas 3.2 and 3.5, we

have

Cp pK 1
q ´ Cp pKq

“

T´1
ÿ

t“0

”

2Tr
´

rΣ1
tp
pK 1
t ´ pKtq

J
rEt

¯

` Tr
´

Σ1
tp
pK 1
t ´ pKtq

J
pRt ` pBJ

t
pPt`1

pBtqp pK 1
t ´ pKtq

¯ı

“

T´1
ÿ

t“0

”

´4ηTr
´

rΣ1
t
rΣJ
t
rEJ
t
rEt

¯

` 4η2Tr
´

Σ1
t
rΣJ
t
rEJ
t pRt ` pBJ

t
pPt`1

pBtq rEt
rΣt

¯ı

“

T´1
ÿ

t“0

”

´4ηTr
´

prΣ1
t ´ rΣt ` rΣtqrΣ

J
t
rEJ
t
rEt

¯

` 4η2Tr
´

Σ1
t
rΣJ
t
rEJ
t pRt ` pBJ

t
pPt`1

pBtq rEt
rΣt

¯ı

ď

T´1
ÿ

t“0

”

´4ηTr
´

rΣJ
t
rEJ
t
rEt
rΣt

¯

` 4ηTr
´

prΣ1
t ´ rΣtqrΣ

J
t
rEJ
t
rEt
rΣt
rΣ:
t

¯

` 4η2Tr
´

Σ1
t
rΣJ
t
rEJ
t pRt ` pBJ

t
pPt`1

pBtq rEt
rΣt

¯ı

ď

T´1
ÿ

t“0

«

´4ηTr
´

rΣJ
t
rEJ
t
rEt
rΣt

¯

` 4η
}rΣ1

t ´ rΣt}

σminpΣtq
Tr

´

rΣt
rEJ
t
rEt
rΣt

¯

` 4η2}Σ1
tpRt ` pBJ

t
pPt`1

pBtq}Tr
´

rΣt
rEJ
t
rEt
rΣt

¯

ff

ď ´η

«

1 ´

řT´1
t“0 }rΣ1

t ´ rΣt}

σX

´ η}Σ
pK1}

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt}

ff

T´1
ÿ

t“0

”

∇tCp pKq
J∇tCp pKq

ı

.

(3.2.52)

By Lemma 3.4, we have

Cp pK 1
q ´ Cp pKq ď ´η

«

1 ´

řT´1
t“0 }rΣ1

t ´ rΣt}

σX

´ η}Σ
pK1}

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt}

ff

ˆ

4σ2
XσR

}Σ
pK˚} ` 1

˙

´

Cp pKq ´ Cp pK˚
q

¯

,

(3.2.53)
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provided that

1 ´

řT´1
t“0 }rΣ1

t ´ rΣt}

σX

´ η}Σ
pK1}

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt} ą 0. (3.2.54)

By (3.2.46), (3.2.47), and (3.2.50),

T´1
ÿ

t“0

}rΣ1
t ´ rΣt} ď

T´1
ÿ

t“0

}Σ1
t ´ Σt} `

T´1
ÿ

t“0

}µ1
t ´ µt}

ď
ρ2T ´ 1

ρ2 ´ 1

˜

Cp pKq

σQ

` T p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

¸

˜

ηp2ρ ` 1q} pB}

T´1
ÿ

t“0

}∇tCp pKq}

¸

` 2η} pD}}w̄}}µ}

T´1
ÿ

t“0

}∇tCp pKq}

`
ρT ´ 1

ρ ´ 1

¨

˝

d

TCp pKq

σQ

` T } pD}}w̄}

˛

‚

˜

η} pB}

T´1
ÿ

t“0

}∇tCp pKq}

¸

.

Given the step-size condition in (3.2.48), we have

ηp2ρ ` 1q} pB}

T´1
ÿ

t“0

}∇tCp pKq} ď ηp2ρ ` 1q} pB}

´

T ¨ max
t

!

}∇tCp pKq}

)¯

ď
pρ2 ´ 1qσQσX

2 pρ2T ´ 1qDn1

.

(3.2.55)
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Then, by Corollary 3.1, (3.2.46), (3.2.51) and (3.2.55),

}Σ
pK1 ´ Σ

pK}

σX

ď
ρ2T ´ 1

ρ2 ´ 1

˜

T´1
ÿ

t“0

}F
pKt

´ F
pK1
t
}

¸

}Σ0} ` T p2ρ} pD}}w̄}}µ} ` } pD}2}Σw}q

σX

`

T´1
ÿ

t“0

2} pD}}w̄}}µ}} pKt ´ pK 1
t}

σX

ď
ρ2T ´ 1

ρ2 ´ 1
p2ρ ` 1q} pB}

˜

T´1
ÿ

t“0

η}∇tCpKq}

¸

CpKq ` σQT p2ρ} pD}}w̄}}µ} ` } pD}2}Σw}q

σQσX

`
2σQ} pD}}w̄}}µ}

σQσX

˜

T´1
ÿ

t“0

η}∇tCpKq}

¸

ď
1

2
,

Therefore, the bound of }Σ
pK1} in (3.2.54) is given by

}Σ
pK1} ď }Σ

pK1 ´ Σ
pK} ` }Σ

pK} ď
1

2
σX `

Cp pKq

σQ

ď
1

2
}Σ

pK1} `
Cp pKq

σQ

, (3.2.56)

which indicates that }Σ
pK1} ď

2Cp pKq

σQ
. Therefore, (3.2.54) gives

1 ´

řT´1
t“0 }rΣ1

t ´ rΣt}

σX

´ η}Σ
pK1}

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt}

ě 1 ´

`

ρ2T ´ 1
˘

pρ2 ´ 1qσX

˜

Cp pKq

σQ

` T p2ρ} pD}}w̄}}µ} ` } pD}
2
}Σw

}q

¸˜

ηp2ρ ` 1q} pB}

T´1
ÿ

t“0

}∇tCp pKq}

¸

´
2η} pD}}w̄}}µ}

σX

T´1
ÿ

t“0

}∇tCp pKq} ´
ρT ´ 1

pρ ´ 1qσX

¨

˝

d

TCp pKq

σQ

` T } pD}}w̄}

˛

‚

˜

η} pB}

T´1
ÿ

t“0

}∇tCp pKq}

¸

´ η
2Cp pKq

σQ

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt}

“ 1 ´ C1η,
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where C1 is defined in (3.2.49). So if η ď 1
2C1

, then

1 ´

řT´1
t“0 }rΣ1

t ´ rΣt}

σX

´ η}Σ
pK1}

T´1
ÿ

t“0

}Rt ` pBJ
t
pPt`1

pBt} ě 1 ´ C1η ě
1

2
ą 0.

Hence,

Cp pK 1
q ´ Cp pKq ď ´

η

2

ˆ

4σ2
XσR

}Σ
pK˚} ` 1

˙

´

Cp pKq ´ Cp pK˚
q

¯

,

and

Cp pK 1
q ´ Cp pK˚

q “

´

Cp pK 1
q ´ Cp pKq

¯

`

´

Cp pKq ´ Cp pK˚
q

¯

ď

ˆ

1 ´ 2η
σ2
XσR

}Σ
pK˚} ` 1

˙

´

Cp pKq ´ Cp pK˚
q

¯

.

Thus, this lemma has been proven.

Lemma 3.11. We have that

T´1
ÿ

t“0

}∇tCp pKq}
2

ď 4

¨

˝

TCp pKq

σQ

`

˜

Cp pKq

σQ

¸2
˛

‚

maxt }Rt ` pBJ
t
pPt`1

pBt}

σX ` 1

´

Cp pKq ´ Cp pK˚
q

¯

,

and that

T´1
ÿ

t“0

} pKt} ď
1

σR

¨

˝

d

T ¨
maxt }Rt ` pBJ

t
pPt`1

pBt}

σX ` 1

´

Cp pKq ´ Cp pK˚q

¯

`

T´1
ÿ

t“0

} pBJ
t
pPt`1

pAt}

˛

‚.

Proof. Using Lemma 3.6, we have

T´1
ÿ

t“0

}∇tCp pKq}
2

ď 4
T´1
ÿ

t“0

Tr
´

rΣJ
t
rEJ
t
rEt
rΣt

¯

ď 4
T´1
ÿ

t“0

}rΣt}
2Trp rEJ

t
rEtq

ď 4

¨

˝

TCp pKq

σQ

`

˜

Cp pKq

σQ

¸2
˛

‚

T´1
ÿ

t“0

Trp rEJ
t
rEtq.
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From Lemma 3.4, we have

Cp pKq ´ Cp pK˚
q ě pσX ` 1q

T´1
ÿ

t“0

1

}Rt ` pBJ
t
pPt`1

pBt}
Trp rEJ

t
rEtq

ě
σX ` 1

maxt }Rt ` pBJ
t
pPt`1

pBt}

T´1
ÿ

t“0

Trp rEJ
t
rEtq,

(3.2.57)

hence

T´1
ÿ

t“0

}∇tCp pKq}
2

ď 4

¨

˝

TCp pKq

σQ

`

˜

Cp pKq

σQ

¸2
˛

‚

maxt }Rt ` pBJ
t
pPt`1

pBt}

σX ` 1

´

Cp pKq ´ Cp pK˚
q

¯

.

For the second claim, using Lemma 3.4 again,

T´1
ÿ

t“0

} pKt} “

T´1
ÿ

t“0

}pRt ` pBJ
t
pPt`1

pBtq
´1

pKtpRt ` pBJ
t
pPt`1

pBtq}

ď

T´1
ÿ

t“0

1

σminpRtq
} pKtpRt ` pBJ

t
pPt`1

pBtq}

ď

T´1
ÿ

t“0

1

σminpRtq

´

}Et} ` } pBJ
t
pPt`1

pAt}

¯

ď

T´1
ÿ

t“0

˜

a

TrpEJ
t Etq ` FJ

t Ft

σmin pRtq
`

} pBJ
t
pPt`1

pAt}

σmin pRtq

¸

ď
1

σR

¨

˝

g

f

f

eT ¨

T´1
ÿ

t“0

Tr pEJ
t Etq ` FJ

t Ft `

T´1
ÿ

t“0

} pBJ
t
pPt`1

pAt}

˛

‚

ď
1

σR

¨

˝

d

T ¨
maxt }Rt ` pBJ

t
pPt`1

pBt}

σX ` 1

´

CpxKq ´ Cp pK˚q

¯

`

T´1
ÿ

t“0

} pBJ
t
pPt`1

pAt}

˛

‚.

The second inequality holds by the definition of Et in (3.2.30), the second last step

uses the Cauchy-Schwarz inequality, and the last inequality holds by (3.2.57).
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Theorem 3.4 (Global Convergence of the Gradient-Based Policy Update). Assume

that σX ą 0 and the initial cost Cp pK0q is finite. Let β P p0, 1q denote a prescribed

confidence level and let εMpβq be the radius of the Wasserstein ball BεM pβqp
pPMq de-

termined by Theorem 3.1. Then, there exists a constant stepsize η ensuring (3.2.48)

that with probability at least 1´β over the sampling of pPM , the gradient-based policy

update rule (3.2.25) satisfies

PM
!

Cp pKN
q ´ Cp pK˚

q ď ε
)

ą 1 ´ β

whenever

N ě
}Σ

pK˚} ` 1

2ησ2
XσR

log
Cp pK0q ´ Cp pK˚q

ε
.

Proof. To establish the existence of a positive stepsize η ensuring condition (3.2.48),

it suffices to demonstrate that the right-hand side of (3.2.48) admits a strictly positive

lower bound. From Lemma 3.11 and by applying the Cauchy-Schwarz inequality, we

have

T´1
ÿ

t“0

}∇tCp pKq}

ď

g

f

f

eT ¨

T´1
ÿ

t“0

}∇tCp pKq}2

ď

g

f

f

f

e4T

¨

˝

TCp pKq

σQ

`

˜

Cp pKq

σQ

¸2
˛

‚

maxt }Rt ` pBJ
t
pPt`1

pBt}

σX ` 1

´

Cp pKq ´ Cp pK˚q

¯

.

(3.2.58)

Observe that for positive scalars a, b, c, d ą 0, the inequality d ă ab ` c implies

1
d

ą 1
pa`1qpb`1qpc`1q

, and for a ą 0 and n P N`, we have 1
an`1

ą 1
pa`1qn

. Consequently,
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using inequalities (3.2.49), we obtain a positive lower bound on 1
C1

that depends

explicitly on the system parameters. Next, we show that 1
ρ
also admits a positive

lower bound in terms of the same quantities. From Lemma 3.10, under the condition

} pBt}} pK 1
t ´ pKt} ď

σQσX

4Cp pKq
ď 1

2
, we have

max
0ďtďT´1

} pAt ´ pBt
pK 1
t} ď max

t
} pAt ´ pBt

pKt} `
1

2
.

Hence,

ρ “ max

"

max
0ďtďT´1

} pAt ´ pBt
pKt}, max

0ďtďT´1
} pAt ´ pBt

pK 1
t}, 1 ` ξ

*

ď max

"

max
0ďtďT´1

} pAt ´ pBt
pKt} `

1

2
, 1 ` ξ

*

ď max

#

} pAt} ` } pBt}

T´1
ÿ

t“0

} pKt} `
1

2
, 1 ` ξ

+

.

According to Lemma 3.11,
řT´1

t“0 } pKt} is uniformly bounded on the sublevel set tK :

CpKq ď Cp pK0qu, and Lemma 3.6 yields } pPt} ď
Cp pKq

σX
. Therefore, ρ is bounded above

by an explicit function of } pA}, } pB}, }R}, σX , σR and Cp pK0q, and 1
ρ
is bounded below

by a positive quantity depending on the same terms. By combining the bounds on

1
C1

and 1
ρ
, we can define a positive constant ηmax such that choosing any constant

stepsize 0 ă η ď ηmax ensures condition (3.2.48). Moreover, since each gradient step

satisfies Cp pK1q ă Cp pK0q, the same ηmax remains valid along the iterates. Applying

Lemma 3.10, we obtain the descent inequality:

Cp pK1
q ´ Cp pK˚

q ď

ˆ

1 ´ 2η
σ2
XσR

}Σ
pK˚} ` 1

˙

´

Cp pK0
q ´ Cp pK˚

q

¯

,

which ensures a strict reduction in cost after the first iteration. By induction, suppose

Cp pKnq ď Cp pK0q. The stepsize condition in (3.2.48) continues to hold, and applying
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Lemma 3.10 again yields

Cp pKn`1
q ´ Cp pK˚

q ď

ˆ

1 ´ 2η
σ2
XσR

}Σ
pK˚} ` 1

˙

´

Cp pKn
q ´ Cp pK˚

q

¯

.

Thus, the cost sequence Cp pKnq decreases geometrically, and for any ε ą 0, it follows

that

Cp pKN
q ´ Cp pK˚

q ď ε whenever N ě
}Σ

pK˚} ` 1

2ησ2
XσR

log
Cp pK0q ´ Cp pK˚q

ε
.

By the uniform performance guarantee (3.1.16), with probability at least 1 ´ β, the

DRO objective dominates the true objective simultaneously for all policies and for

every iterate pKi and for pK˚. For this high probability event, the true suboptimality

gap at any iterate is bounded by the corresponding empirical gap. Since the first

part of the proof already establishes geometric decay of the empirical gap and yields

the iteration bound N that makes the empirical gap less than or equal to ε, the same

bound applies to the true gap on the same event. Therefore,

PM
!

Cp pKN
q ´ Cp pK˚

q ď ε
)

ě 1 ´ β,

which completes the proof.

3.3 Numerical Examples

We present two numerical studies to illustrate the performance and properties of

the proposed algorithm. The first examines the MV portfolio optimization problem,

highlighting how control constraints influence the optimal policy and cost. The

second study is a dynamic benchmark tracking problem with additive uncertainty

under a DRO framework focusing exclusively on the unknown noise setting and

providing a sensitivity analysis with respect to the parameters.
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3.3.1 MV Portfolio Selection

This section applies the MV problem to illustrate its formulation as an LQ problem

with a scalar state. This example pertains to the finite time horizon scenario, wherein

the investor aims to minimize their risk over a span of T periods. As mentioned in

the Section 2.3.1, the MV problem can be stated according to the model (2.3.14) as

follows:

min
tutu

T´1
t“0

Eπ

«

T´1
ÿ

t“0

`

uJ
t Rut

˘

` x2
T

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

, (3.3.59)

which is subject to

xt`1 “ rtxt ` Ptut. (3.3.60)

Suppose the investor requires the proportion of each risky asset to be between 10%

and 20% of the total wealth throughout all periods. This constraint can be expressed

as:

0.1|xt| ď ui
t ď 0.2|xt|, @i “ 1, ¨ ¨ ¨ , n,

where xt is the total wealth at time t, and ui represents the amount invested in risky

asset i at time t. The problem (MV) is evidently a specific instance of the problem

presented in Section 3.1 by setting xt P R, ut P Rn, Qt P R, Rt P Rnˆn, At “ rt,

Bt “ Pt, Qt “ 0 andDt “ 0 for t “ 0, ¨ ¨ ¨ , T´1 andQT “ 1. For this state-dependent

upper and lower bounds constraint case, we have Ht “

„

In
´In

ȷ

and dt “

„

dt
´dt

ȷ

with

dt “

„

0.2
0.2

ȷ

and dt “

„

´0.1
´0.1

ȷ

. To ensure that our selected parameters meet the

criteria for our LQ framework, we randomly choose the following parameters: T “ 5

and n “ 3. For the state transition matrix At, we establish the risk-free rate 6%,

resulting in At “ 1.06. The expected excess returns vector Bt for the risky assets

is expressed as Bt “
“

14.8% 16% 9.8%
‰

. At each time step, Rt is chosen as a

diagonal positive definite matrix. The initial wealth x0 follows normal distribution,
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x0 „ N p10, 5ˆ10´2q, with the currency expressed in thousands of dollars. All entries

in the initial policy matrix K0 P Rn are 0.08.

Results and Analysis

We evaluate the performance of the proposed policy gradient algorithm under both

known and unknown parameter settings. Performance is reported using the normal-

ized error.
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Figure 3.1: Performance of the policy gradient algorithm

Figure 3.1 summarizes two aspects: convergence and the impact of the control

constraint. The left shows fast convergence—the normalized error drops below 10´3

in roughly 160 iterations. The right compares constrained (blue) and unconstrained

(red) updates under the same backtest: the constrained variant converges more slowly

and settles at a slightly higher error level that is consistent with a practical risk limit

that tempers leverage and tail risk at a modest performance cost.
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Figure 3.2: Comparison between constrained and unconstrained cases
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When system parameters are unknown, Figure 3.2 collects the corresponding re-

sults: convergence, the constrained (orange) versus unconstrained (blue) comparison,

and the step-size study. Convergence is noticeably slower because the algorithm must

jointly estimate dynamics and optimize control; after a similar number of iterations,

the error is around 10´2 (left). The gap between constrained and unconstrained cases

widens relative to the known parameter case due to added estimation uncertainty

(middle). The step-size analysis (right) shows that η in the range r10´5, 3 ˆ 10´3s

materially affects learning: very small η yields steady but slow progress with low

fluctuation, while overly large η can cause divergence.

3.3.2 Dynamic Benchmark Tracking

Based on Section 2.3.3, with full state and no hard boxes, the classical LQ feedback

is from the Riccati recursion. To hedge misspecified unknown or light-tailed wt, we

also use a Wasserstein penalized DRO-LQ (3.1.19) for which linear policies remain

optimal and the backward recursion admits a simple modification via a positive

definite factor ∆.

Data Processing

We use publicly available daily data from Yahoo Finance for the benchmark (e.g.,

SPY) and a set of sector ETFs (e.g., XLB, XLE, XLF, XLI, XLK, XLP, XLU, XLV,

XLY, XLRE, XLC) from 2015/01/01 to 2025/09/30. See Figure 3.3, which plots

normalized-adjusted close series for SPY and selected sectors over 2015–2025, thus

illustrating broad co-movement with intermittent sector rotations for context only.

Series are aligned on U.S. trading days; rows with a missing benchmark price or

any missing sector price are dropped. Let P bench
t denote the benchmark-adjusted

close and P
pjq

t the adjusted close of sector j P t1, ¨ ¨ ¨ ,mu. Returns are computed

as log differences rbencht “ logP bench
t ´ logP bench

t´1 and r
pjq

t “ logP
pjq

t ´ logP
pjq

t´1.

70



2016
2018

2020
2022

2024
2026

Date

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

In
de

x 
(=

1 
at

 st
ar

t)

Norma i(ed Prices (SPY + 3 sector ETFs)
Ticker

SPY
XLB
XLE
XLF

Figure 3.3: Normalized prices for ETFs and the benchmark

To stabilize later volatility estimates, we optionally trim each return series at the

1st /99th percentiles within the calibration sample only. Table 3.1 shows the log-

return output for benchmark SPY and the other three sector ETFs.

Time-varying target exposures a˚
t P Rm are estimated by rolling ordinary least

squares over a fixed lookback length Lols = 60 days. For each t ą Lols , we solve

a˚
t P arg min

aPRm

t
ÿ

τ“t´Lols`1

`

rbenchτ ´ rsecJ
τ a

˘2
, rsecτ “

`

rp1q
τ , ¨ ¨ ¨ , rpmq

τ

˘J
,

without intercept so that a˚
t captures pure sector exposures (see Figure 3.4, left). If

the normal matrix is ill-conditioned, a small ridge penalty α}a}22 (with α ą 0 ) can

be added; by default, we take α “ 0. Long-only or budget constraints are optional

post-projections and are not required for the LQ formulation.

The noise feeding the state equation is then taken directly from the data as the

one-step drift in targets, wt “ a˚
t`1 ´ a˚

t , which appears approximately zero-mean

and independent of the initial state (see Figure 3.4, right). The tracking state xt is

the deviation between actual sector exposures and a˚
t ; unless otherwise stated, we

initialize x0 “ 0mˆ1 at the start of the evaluation sample. Risk scaling uses the
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Date SPY XLB XLC XLE
2025-09-23 -0.005458 -0.003214 -0.001435 0.017077
2025-09-24 -0.003187 -0.012287 -0.008311 0.012923
2025-09-25 -0.004624 -0.013122 -0.003412 0.008926
2025-09-26 0.005713 0.011548 0.009694 0.009173
2025-09-29 0.002806 0.003820 0.003211 -0.018542

Table 3.1: Daily log-returns for SPY and three ETFs over the latest five trading days
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Figure 3.4: Empirical features for the tracking model

benchmark’s realized volatility. Let pσdaily be the rolling standard deviation of rbencht

computed over Lvol trading days, which is the same length as the OLS window. For

a horizon of T decision steps, the per-step scale is

σstep “ pσdaily {
?
T ,

where T “ 120. We set Qt “ λstep σ
2
step Im for all t with λstep “ 10 and q̄ “ 106

for QT . Trading cost weights are diagonal, Rt “ diag pc1, ¨ ¨ ¨ , cmq, with each cj

calibrated from observable liquidity via

cj “ κtc
pS

pjq

0 q2

ADVj

,

where S
pjq

0 is the most recent adjusted close of sector j, ADVj is the Ladv “ 60 days

moving average of its share volume, and κtc ą 0 sets the overall trading effort scale

(typical order 10´6 ´ 10´5 ). This specification is dimensionally consistent when xt

and ut are measured in shares; if exposures are in dollars, the same form applies after
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the natural rescaling by price (Benidis et al. (2018)).

To prevent look-ahead, pσdaily , a
˚
t , and ADVj are computed using only information

available up to time t. Fixing Qt, Rt, λstep , κtc, and q̄, we calibrate on a training

period, then evaluate on a hold-out period using the realized noise path twtu;Qt and

Rt are kept at their last calibrated values. Dates with missing prices, hence undefined

wt, are omitted. The full pipeline is deterministic and thus fully reproducible.

Evaluation Results
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Convergence
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Figure 3.5: DRO-LQ: policy gradient convergence and gain stabilization

Two complementary views of the same learning run for the tracker in Figure 3.5.

The left (normalized error) shows a smooth, monotone descent over roughly three

orders of magnitude from about 100 down to the low 10´4 range before flattening

into a stable plateau, which indicates the policy gradient has essentially reached the

Riccati benchmark and further gains are marginal. The right one (gain size) starts

with } pKt} from initial } pK0}, then contracts steadily to a tight band a little above

3, where it remains flat; this stabilization lines up in time with the error plateau,

confirming the controller has settled into a steady, well-conditioned feedback policy.

We plot the percentage difference versus the baseline because the raw convergence

curves sit on very different scales, making tiny gaps visually indistinguishable. Nor-

malizing to a relative metric makes the series dimensionless, isolating the marginal

effect of each parameter from mere scale shifts. We then apply a running mean to
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the difference series to suppress high-frequency noise, from sampling error and line

search, while preserving the underlying trend.
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Figure 3.6: DRO-LQ: sensitivity analysis

T. In Figure 3.6(a), the running-mean gaps start large and positive and then converge

toward a fixed level; moreover, a larger T produces a larger initial gap consistent with

a modest but systematic horizon effect rather than instability, and with attenuating

marginal benefit as T grows.

κtc. When κtc rises materially above baseline, the start gap can approach 40%, then

declines and is near zero in the tail; larger κtc penalizes control effort more, shrinking
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gains and slowing trading so curves separate early and flatten as the optimizer settles.

λstep . Smaller λ yields a positive signed difference; much larger λ yields a negative

one; the start gap is clear, but the tail drifts to 0, and pushing λ from 10 to 103–105

changes results only slightly.

Lols. The start is small, but the tail becomes larger; from Figure 3.6(d), we can find

larger L produces a larger positive tail. Since Lols sets the regression window for a˚
t

with wt “ ∆at, longer windows smooth exposures and shrink empirical Σw; shorter

windows are more reactive and noisier, so the smoothed estimator induces a stable

offset that persists.
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Chapter 4

Decentralized Reinforcement
Learning Policy for Linear

Quadratic Problem with Entropy

Regularization

In this chapter, we focus on the analysis and evaluation of the IPO method for

discounted entropy-regularized multi-agent LQ problems over an infinite time horizon

with multiplicative noise. Inspired by techniques from Fazel et al. (2018) and Guo

et al. (2023), we rigorously analyze the IPO method from decentralized to centralized

control and establish that it achieves a super-linear convergence rate if it enters a

local region around the optimal policy. This convergence property is critical for

ensuring efficient learning in a scalar state and high-dimensional and constrained

scenarios, which is shown in the numerical example. We demonstrate the practicality

of the IPO method through its application to the MV optimization and the optimal

liquidation problem (Ni et al. (2014), Wu et al. (2018)), thus showing promising

results for practical financial decision-making problems. These evaluations highlight

the potential of IPO to improve decision-making processes in complex environments.

By addressing these aspects, our work provides a comprehensive understanding of

the IPO method for the scalability of LQ problems with multiplicative noise, thereby
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offering theoretical insights and practical implications for more complex cases.

4.1 Decentralized Multi-Agent LQ Problem Setup

and Solution

4.1.1 Problem Formulation

In the decentralized setting, the system consists of N independent agents. Each

agent i P t1, . . . , Nu seeks to minimize its own long-term entropy-regularized cost.

Thus, each admissible policy π P Π maps a state xi P X to a randomized action in U .

For a given admissible policy π P Π, the corresponding Shannon entropy for agent i

is changed to:

Hpπp¨|xiqq “ ´

ż

U
πpui|xiq log πpui|xiqdui @xi P X ,

where Er´ log πpui|xiqs can be used to generalize the above. The decision-maker

aims to find an optimal policy by minimizing the following objective function for

each agent i P t1, . . . , Nu:

min
πPΠ

N
ÿ

i“1

Ji,πpxiq, (4.1.1)

where value function Ji,π is given with negative entropy:

Ji,πpxiq “ E

«

8
ÿ

t“0

γt

˜

xJ
i,tQixi,t ` uJ

i,tRiui,t ` τ log π pui,t|xi,tq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

xi,0 “ xi

ff

, (4.1.2)

and for t “ 0, 1, 2, ¨ ¨ ¨ ,

xi,t`1 “ Aixi,t ` Biui,t ` pCixi,t ` Diui,tqwt, xi,0 „ Di,0. (4.1.3)

The agents are decoupled in physical dynamics but subject to a common scalar

noise. For each agent i, the basic settings in Section 2.1 for parameters still work.

We introduce γ P p0, 1q, which denotes the discount factor, and τ ą 0, which denotes

the regularization parameter in addition.
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4.1.2 Centralized Formulation for Dynamics

We stack all agents’ states and controls into a single vector pxt, utq only for notation

and analysis. Execution is decentralized: agent i selects ui,t using only its local state

xi,t. Moreover, we focus on a common policy (shared parameter) class where all

agents use the same policy πcommon (equivalently the same feedback gain Kcommon

in Section 4.1.4), which is natural for homogeneous agents and yields a scalable

controller.

We define the aggregated state and control vectors:

xt “

»

—

–

x1,t
...

xN,t

fi

ffi

fl

P RmN , ut “

»

—

–

u1,t
...

uN,t

fi

ffi

fl

P RnN ,

and construct the block matrices:

A “ diag pA1, ¨ ¨ ¨ , ANq ,

B “ diag pB1, ¨ ¨ ¨ , BNq ,

C “ diag pC1, ¨ ¨ ¨ , CNq ,

D “ diag pD1, ¨ ¨ ¨ , DNq ,

Q “ diag pQ1, ¨ ¨ ¨ , QNq ,

R “ diag pR1, ¨ ¨ ¨ , RNq .

With these augmented matrices, the global dynamics are

xt`1 “ Axt ` But ` pCxt ` Dutqwt.

The global cost function is simply the sum of the individual agents’ costs:

Jπpxq “ Eπ

«

8
ÿ

t“0

γt
`

xJ
t Qxt ` uJ

t Rut ` τ log π put|xtq
˘

ff

, (4.1.4)

79



where πput|xtq “
śN

i“1 πpui,t|xi,tq is the product of decentralized policies. The global

agent gathers the decoupled dynamics and additive costs of agents. Under the aug-

mented system representation, we solve for such an equilibrium by treating the col-

lection of agents as a single system with block-structured dynamics and cost. The

optimal value function J˚ : X Ñ R is defined as

J˚
pxq “ min

πPΠ
Jπpxq. (4.1.5)

The present model is a decentralized shared policy benchmark with decoupled phys-

ical dynamics. Its multi-agent character comes from the information structure and

the requirement of a common implementable controller, rather than from direct state

coupling across agents.

4.1.3 Optimal Strategy

The following theorem establishes the explicit expression for the optimal control pol-

icy and the corresponding optimal value function: the optimal policy is characterized

as a multivariate Gaussian distribution, with the mean linear in the state x and a

constant covariance matrix.

Since the agents are decoupled, the problem reduces to solving N decoupled

single-agent entropy-regularized LQ problems.

Theorem 4.1 (Optimal value function and optimal policy). The optimal value func-

tion J˚ : X Ñ R in (4.1.5) can be expressed as J˚pxq “ xJPx` q with P P RmNˆmN

and a constant vector q P R satisfying

P “ Q ` K˚J
global RK˚

global ` γ
`

A ´ BK˚
global

˘J
P
`

A ´ BK˚
global

˘

` γ
`

C ´ DK˚
global

˘J
WP

`

C ´ DK˚
global

˘

,

q “
1

1 ´ γ

”

Tr
`

Σ˚
global pR ` γBJPB ` γDJWPDq

˘

´
τ

2

`

nN ` log
`

p2πq
nN detΣ˚

global

˘˘

ı

,

(4.1.6)
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where

K˚
global “ γpR ` γBJPB ` γDJWPDq

´1
pBJPA ` DJWPCq,

Σ˚
global “

τ

2
pR ` γBJPB ` γDJWPDq

´1.
(4.1.7)

For any x P X , the corresponding optimal policy π˚ to (4.1.5) is a Gaussian policy:

π˚p¨|xq “ N
`

´K˚
global x,Σ

˚
global

˘

.

Proof of Theorem 4.1 relies on the following lemma, which establishes the optimal

solution for the one-step reward function, given the presence of entropy regularization

in the reward.

Lemma 4.1. For any given symmetric positive definite matrix M P RnNˆnN and

vector b P RnN , the optimal solution p˚ P PpUq to the following optimization problem

is a multivariate Gaussian distribution with covariance τ
2
M´1 and mean ´1

2
M´1 b:

min
pPPpUq

Eu„pp¨q

“

uJMu ` bJu ` τ log ppuq
‰

,

s. t.

ż

U
ppuqdu “ 1,

ppuq ě 0, @u P U .

Proof of lemma 4.1. Let λ be a Lagrangian multiplier to the constraint
ş

U ppuqdu “

1. Consider

F pp, λq “

ż

U

`

uJMu ` bJu ` τ log ppuq
˘

ppuqdu ` λ

ˆ
ż

U
ppuqdu ´ 1

˙

“

ż

U

`

uJMu ` bJu ` τ log ppuq ` λ
˘

ppuqdu ´ λ

“

ż

U
Lpu, ppuq, λqdu ´ λ,
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where Lpu, v, λq “
`

uJMu ` bJu
˘

v ` τv log v ` λv. Since BL
Bv

“ λ ` uJMu ` bJu `

τ ` τ log v, by setting BL
Bv

“ 0, we then get v9e´ 1
τ puJMu`bJuq. Thus, the optimal

solution p˚ is a multivariate Gaussian distribution with N
`

´1
2
M´1b, τ

2
M´1

˘

.

Proof of Theorem 4.1. By definition of J˚ in (4.1.5),

J˚
pxq “ min

πPΠ
Eπ

␣

xJQx ` uJRu ` τ logpπpu|xqq ` γJ˚
pAx ` Bu ` pCx ` DuqpCx ` Duqwq

(

,

(4.1.8)

where the expectation is taken with respect to u „ πp¨|xq and the noise term w, with

mean 0 and covariance W . By stipulating

J˚
pxq “ xJPx ` q, (4.1.9)

for a positive definite P P RmNˆmN and q P R and substituting into (4.1.8), we can

obtain the optimal value function with a dynamic programming principle:

J˚
pxq

“ xJQx

` min
π

Eπ

␣

uJRu ` τ logpπpu|xqq

`γ
“

pAx ` Bu ` pCx ` Duqwq
JP pAx ` Bu ` pCx ` Duqwq ` q

‰(

“ xJQx ` γxJ
pAJPA ` CJWPCqx ` γq

` min
π

Eπ

␣

uJ
pR ` γBJPB ` γDJWPDqu

`τ logpπpu|xqq ` 2γuJ
pBJPA ` DJWPCqx

(

.

(4.1.10)

By then applying Lemma 4.1 to (4.1.10) with M “ R ` γBJPB ` γDJWPD and
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b “ 2γpBJPA ` DJWPCqx, one can get the optimal policy at state x:

π˚
p¨|xq

“ N
´

´γpR ` γBJPB ` γDJWPDq
´1

pBJPA ` DJWPCqx,

τ

2
pR ` γBJPB ` γDJWPDq

´1
¯

“ N
`

´K˚
global x,Σ

˚
global

˘

,

(4.1.11)

where K˚
global ,Σ

˚
global are defined in (4.1.7). To derive the associated optimal value

function, we first calculate the entropy of policy π˚ at any state x P X :

Eπ˚ r´ log pπ˚
pu|xqqs “ ´

ż

U
log pπ˚

pu|xqq π˚
pu|xqdu “

1

2

`

nN ` log
`

p2πq
nN detΣ˚

global

˘˘

.

(4.1.12)

Substitute (4.1.11) and (4.1.12) into (4.1.10) to get

J˚
pxq “ xJ

´

Q ` K˚J
global RK˚

global ` γ
`

A ´ BK˚
global

˘J
P
`

A ´ BK˚
global

˘

` γ
`

C ´ DK˚
global

˘J
WP

`

C ´ DK˚
global

˘

¯

x

` Tr
`

Σ˚
global R

˘

´
τ

2

`

nN ` log
`

p2πq
nN detΣ˚

global

˘˘

` γ
`

TrpΣ˚
global B

JPBq ` TrpΣ˚
global D

JWPDq ` q
˘

.

By combining this with (4.1.9), the proof is complete.

Remark 4.1. The constant q in J˚pxq “ xJPx` q collects state-independent terms

induced by the entropy-regularized stochastic policy (i.e., Σ˚
global ‰ 0) and the entropy

contribution. In particular, when τ “ 0, the optimal policy becomes deterministic (

Σ˚
global “ 0 ) and the state-independent terms vanish; consequently, q “ 0 and J˚

reduces to a purely quadratic form.
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4.1.4 From Global Optimal Policy to a Decentralized Com-
mon Gain

Definition 5 (Decentralized system and common policy admissibility). We impose

a common policy restriction: all agents use the same decision rule and shared pa-

rameters. In particular, within the linear Gaussian class, an admissible common

decentralized policy takes the form

πput|xtq “ N
`

´ pIN b Kcommonqxt, IN b Σcommon

˘

,

for some shared gain Kcommon P Rnˆm (and covariance Σcommon ľ 0). Equivalently,

each agent implements locally:

ui,t „ N
`

´ Kcommon xi,t, Σcommon

˘

, i “ 1, . . . , N.

In the stacked representation of N agents, we derive the benchmark optimal

policy by solving an entropy-regularized LQ control problem. The resulting optimal

policy is Gaussian:

π˚
put|xtq “ N p´K˚

global xt,Σ
˚
globalq,

where K˚
global P RnNˆmN is obtained from the ARE in Theorem 4.1. However, our

execution constraint is more restrictive than this benchmark: we require a shared

decentralized controller, that is, a feedback matrix of the scalable form Kcommon

and Σcommon. We therefore seek Kcommon that minimizes the aggregate cost
řN

i“1 Ji

within this implementable class. The multi-agent aspect here is the implementability

constraint and the shared policy restriction rather than coupling in the physical

dynamics. To find the best fit K˚
common that approximates the global policy, we

match the affine term in the optimal policy

u˚
t “ ´ pIN b K˚

common qxt,
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where K˚
common P Rnˆm is a shared gain matrix across agents and satisfies (4.1.7):

1

γ
pR ` γBJPB ` γDJWPDqpIN b K˚

common q “ BJPA ` DJWPC.

To solve for K˚
common from the matrix equation, we employ the vectorization tech-

nique to convert the matrix equation into a linear system. Let

F “
1

γ
pR ` γBJPB ` γDJWPDq P RnNˆnN ,

G “ BJPA ` DJWPC P RnNˆmN ,

and denote their row-wise block structures as

F “

»

—

–

F1
...

FN

fi

ffi

fl

, G “

»

—

–

G1
...

GN

fi

ffi

fl

,

where each Fj P R1ˆnN and Gj P R1ˆmN . Then the matrix equation is equivalent to

a system of equations:

FjpIN b K˚
common q “ Gj, @j P t1, ¨ ¨ ¨ , Nu.

Since IN b K˚
common is a block-diagonal matrix, each vector Fj and Gj can be

partitioned into subvectors compatible with the dimensions of K˚
common . Suppose

K˚
common P Rnˆm and IN is the identity matrix; then we have

Fj “
“

Fj,1 ¨ ¨ ¨ Fj,N

‰

,

Gj “
“

Gj,1 ¨ ¨ ¨ Gj,N

‰

,

where each Fjk P R1ˆn and Gjk P R1ˆm for k P t1, ¨ ¨ ¨ , Nu. Then the system is

equivalent to the set of equations in terms of K˚
common :

Fj,kK
˚
common “ Gj,k.
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Since both F and G are block-diagonal matrices with agent-specific structure, the

matrix product only yields nontrivial equations when j indexes the block rows that

align with the diagonal blocks of F and G. Specifically, only a subset of rows in F

and G are involved in multiplying K˚
common , namely those rows where the row index

j lies in the interval:

j P t1 ` pk ´ 1qn, 2 ` pk ´ 1qn, ¨ ¨ ¨ , nku, for each k P t1, 2, ¨ ¨ ¨ , Nu.

By collecting these active block rows and stacking them, we construct a linear system

of the form

Freshaped K
˚
common “ Greshaped ,

where

Freshaped “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

F1,1
...

Fn,1
...

F1`pk´1qn,k
...

Fnk,k
...

Fp1`pN´1qnq,N
...

FnN,N

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

P RnNˆn, Greshaped “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

G1,1
...

Gn,1
...

G1`pk´1qn,k
...

Gnk,k
...

Gp1`pN´1qnq,N
...

GnN,N

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

P RnNˆm.

Since Freshaped has full column rank, we obtain the optimal common gain Kcommon

by solving the linear system via the least-squares method:

K˚
common “ F :

reshaped Greshaped , (4.1.13)

where F :

reshaped “
`

FJ
reshaped Freshaped

˘´1
FJ
reshaped , which denotes the Moore-Penrose

pseudoinverse of Freshaped .
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Remark 4.2 (Common covariance). The common covariance Σ˚
common is defined as

the Frobenius norm projection of Σ˚
global onto the implementable class tIN bΣu. This

mirrors the construction of the common gain K˚
common and enforces a shared local

exploration structure across agents.

In the subsequent analysis, we denote the decentralized feedback gain matrix in

the full system dimension as

K˚
“ IN b K˚

common , and Σ˚
“ IN b Σ˚

common ,

which is a block-diagonal matrix in which each agent shares the same local gain

K˚
common and covariance Σ˚

common . This notation simplifies expressions and empha-

sizes the structure of the decentralized controller across the agent population.

4.2 Analysis of Value Function

Throughout the analysis, we assume that there exists ρ1, ρ2 P p0, 1
?
γ

q satisfying

}A ´ BK˚} ď ρ1 and }C ´ DK˚} ď ρ2 where K˚ is the optimal solution in The-

orem 4.1. We consider the following domain Ω, that is, the admissible control set, for

pK,Σq : Ω “
␣

K P RnNˆmN ,Σ P RnNˆnN : }A ´ BK} ď ρ1, }C ´ DK} ď ρ2,Σ ą 0,ΣJ “ Σ
(

.

For any x0 P X following the initial distribution D0, we assume that Ex0„D0

“

x0x
J
0

‰

exists and µ “ σmin

`

Ex0„D0

“

x0x
J
0

‰˘

ą 0. For any pK,Σq P Ω, we define SK,Σ as the

discounted state correlation matrix, in other words,

SK,Σ “ EπK,Σ

«

8
ÿ

t“0

γtxtx
J
t

ff

. (4.2.14)

According to Theorem 4.1, the optimal policy of (4.1.5) is a Gaussian policy with a

mean following a linear function of the state and a constant covariance matrix. In

the remainder of the chapter, we look for a parameterized policy of the form

πK,Σp¨|xq “ N p´Kx,Σq, (4.2.15)
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for any x P X . With a slight abuse of notation, we use JK,Σ to denote JπK,Σ
and

denote the objective in (4.1.5) as a function of pK,Σq, given by

CpK,Σq “ Ex0„D0 rJK,Σpxqs . (4.2.16)

To analyze the dependence of Σ in the objective function (4.2.16) for any fixed K

and Σ ą 0, we also define fK : RnNˆnN Ñ R as

fKpΣq “
τ

2p1 ´ γq
log detpΣq ´

1

1 ´ γ
Tr

`

Σ
`

R ` γBJPKB ` γDJWPKD
˘˘

.

(4.2.17)

By applying the Bellman equation, we can get JK,Σpxq “ xJPKx ` qK,Σ, with

some symmetric positive definite matrix PK P RmNˆmN and qK,Σ P R satisfying

PK “ Q ` KJRK ` γpA ´ BKq
JPKpA ´ BKq ` γpC ´ DKq

JWPKpC ´ DKq,

qK,Σ “
1

1 ´ γ

”

Tr
´

Σ
`

R ` γBJPKB ` γDJWPKD
˘

´
τ

2

`

nN ` log
`

p2πq
nN detΣ

˘˘

ı

.

(4.2.18)

We now provide an explicit form for the gradient of the cost function CpK,Σq

with respect to K and Σ. This explicit form will be used to show the gradient

dominance condition in Lemma 4.3 and also to analyze the algorithms in Section

4.3.

Lemma 4.2 (Explicit form for the policy gradient). If one takes a policy in the form

of (4.2.15) with parameter pK,Σq P Ω, then the policy gradient has the following

explicit form:

∇KCpK,Σq “ 2EKSK,Σ,

∇ΣCpK,Σq “ p1 ´ γq
´1

´

R ´
τ

2
Σ´1

` γBJPKB ` γDJWPKD
¯

,
(4.2.19)

where EK “ ´γBJPKpA ´ BKq ´ γDJWPKpC ´ DKq ` RK and SK,Σ is defined

in (4.2.14).
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Proof of Lemma 4.2. ∇ΣCpK,Σq in (4.2.19) can be checked by direct gradient

calculation. To verify ∇KCpK,Σq in (4.2.19), first define f : X ˆ RnNˆmN Ñ R by

fpy,Kq “ yJPKy, @y P X , and we aim to find the gradient of f with respect to K.

For any y P X ,

∇Kfpy,Kq “ 2
`

´γBJPKpA ´ BKq ´ γDJWPKpC ´ DKq ` RK
˘

8
ÿ

t“0

γt
rpA ´ BKqpA ´ BKq

J
` pC ´ DKqW pC ´ DKq

J
s
t
yyJ.

(4.2.20)

Since CpK,Σq “ Ex0„D0 rx0PKx0s ` qK,Σ with PK and qK,Σ satisfying (4.2.18),

then the gradient of CpK,Σq with respect to K is

∇KCpK,Σq “ E r∇Kf px0, Kqs ` ∇KqK,Σ

“ 2
`

´γBJPKpA ´ BKq ´ γDJWPKpC ´ DKq ` RK
˘

E

«

8
ÿ

t“0

γtxtx
J
t

ff

,

which follows from applying (4.2.20) with y “ x0, taking the gradient of qK,Σ in

(4.2.18) with respect to K and using recursion to get the second equation.

Gradient dominance. The key idea is to show the gradient dominance condition,

which states that CpK,Σq ´ C pK˚,Σ˚q can be bounded by }∇KCpK,Σq}
2
F and

}∇ΣCpK,Σq}
2
F for any pK,Σq P Ω. This result suggests that when the gradient

norms are sufficiently small, the cost function of the given policy is sufficiently close

to the optimal cost function.

Lemma 4.3 (Gradient dominance of CpK,Σq). Let π˚ be the optimal policy with

parameters K˚,Σ˚. Suppose policy π with parameter pK,Σq P Ω satisfying Σ ĺ I

has a finite expected cost, in other words, CpK,Σq ă 8. Then

CpK,Σq ´ C pK˚,Σ˚
q ď

}SK˚,Σ˚}

4µ2σminpRq
}∇KCpK,Σq}

2
F `

1 ´ γ

σminpRq
}∇ΣCpK,Σq}

2
F .

(4.2.21)
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For a lower bound, with EK defined in Lemma 4.2,

CpK,Σq ´ C pK˚,Σ˚
q ě

µ

}R ` γBJPKB ` γDJWPKD}
Tr

`

EJ
KEK

˘

.

By introducing the notations of the Q-function in (4.2.22) and the advantage

function in (4.2.24), we first provide a convenient form for the difference of the cost

functions with respect to two different policies in Lemma 4.4. It will then be used

in the proof of Lemma 4.3.

For a given policy πK,Σp¨|xq “ N p´Kx,Σq with parameter K and Σ, we define

the state-action value function (also known as Q-function) QK,Σ : X ˆ U Ñ R as

the cost of the policy starting with x0 “ x, taking a fixed action u0 “ u, and then

proceeding with πK,Σ. The Q-function is related to the value function JK,Σ defined

in (4.1.2) as

QK,Σpx, uq “ xJQx` uJRu` τ log πK,Σpu|xq ` γE rJK,ΣpAx ` Bu ` pCx ` Duqwqs ,

(4.2.22)

for any px, uq P X ˆU . By definition of the Q-function, we also have the relationship:

@x P X : JK,Σpxq “ Eu„πp¨|xq rQK,Σpx, uqs . (4.2.23)

We also introduce the advantage function AK,Σ : X ˆ U Ñ R of the policy π :

AK,Σpx, uq “ QK,Σpx, uq ´ JK,Σpxq, (4.2.24)

which reflects the gain one can harvest by executing control u instead of following

the policy πK,Σ in state x.

Lemma 4.4 (Cost difference). Suppose policies π and π1 are in the form of (4.2.15)

with parameters pK 1,Σ1q and pK,Σq. Let tx1
tu

8

t“0 and tu1
tu

8

t“0 be state and action
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sequences generated by π1 with noise sequence tw1
tu

8

t“0 (i.i.d. with mean 0 and co-

variance W ), that is, x1
t`1 “ Ax1

t ` Bu1
t ` pCx1

t ` Du1
tqw

1
t. Then for any x P X ,

JK1,Σ1pxq ´ JK,Σpxq “ Eπ1

«

8
ÿ

t“0

γtAK,Σ px1
t, u

1
tq

ˇ

ˇ

ˇ

ˇ

ˇ

x1
0 “ x

ff

, (4.2.25)

where the expectation is taken over u1
t „ π1 p¨|x1

tq and wt for all t “ 0, 1, 2, ¨ ¨ ¨ .

The expected advantage for any x P X by taking expectation over u „ π1p¨|xq is:

Eπ1 rAK,Σpx, uqs

“ xJ
pK 1

´ Kq
J

pR ` γBJPKB ` γDJWPKDqpK 1
´ Kqx

` 2xJ
pK 1

´ Kq
J
“

pR ` γBJPKB ` γDJWPKDqK ´ γpBJPKA ` DJWPKCq
‰

x

` p1 ´ γq pfKpΣq ´ fK pΣ1
qq .

(4.2.26)

Proof of Lemma 4.4. Let tc1
tu

8

t“0 be the cost sequences generated by π1, that is,

c1
t “ x1J

t Qx1
t`u1J

t Ru1
t` τ log π1 pu1

t|x
1
tq, and JK1,Σ1pxq “ Eπ1

“
ř8

t“0 γ
tc1

t

‰

. Then we have

JK1,Σ1pxq ´ JK,Σpxq

“ Eπ1

«

8
ÿ

t“0

γtc1
t

ff

´ JK,Σpxq

“ Eπ1

«

8
ÿ

t“0

γt
pc1

t ´ JK,Σ px1
tq ` JK,Σ px1

tqq

ff

´ JK,Σpxq

paq
“ Eπ1

«

8
ÿ

t“0

γt
pc1

t ´ JK,Σ px1
tqq `

8
ÿ

t“1

γtJK,Σ px1
tq

ff

“ Eπ1

«

8
ÿ

t“0

γt
`

c1
t ` γJK,Σ

`

x1
t`1

˘

´ JK,Σ px1
tq
˘

ff

“ Eπ1

«

8
ÿ

t“0

γt
`

x1J
t Qx1

t ` u1J
t Ru1

t ` τ log π1
pu1

t|x
1
tq ` γJK,Σ

`

x1
t`1

˘

´ JK,Σ px1
tq
˘

ff

,
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where paq follows from x1
0 “ x. By (4.2.22) and (4.2.24), we can continue the above

calculations by

JK1,Σ1pxq ´ JK,Σpxq “ Eπ1

«

8
ÿ

t“0

γt
pQK,Σ px1

t, u
1
tq ´ JK,Σ px1

tqq

ff

“ Eπ1

«

8
ÿ

t“0

γtAK,Σ px1
t, u

1
tq

ff

.

To derive the expectation of the advantage function, for any x in X , take expectation

over u „ π1p¨|xq “ N p´K 1x,Σ1q to get the following:

Eπ1 rAK,Σpx, uqs

“ Eπ1 rQK,Σpx, uqs ´ JK,Σpxq

“ xJ
pQ ` K 1JRK 1

qx ` Tr pΣ1Rq ´
τ

2

`

nN ` log
`

p2πq
nN detΣ1

˘˘

` γE
”

pAx ` Bu ` pCx ` Duqwq
J PK pAx ` Bu ` pCx ` Duqwq ` qK,Σ

ı

´ xJPKx ´ qK,Σ

“ xJ
pQ ` K 1JRK 1

qx ` Tr pΣ1Rq ´
τ

2

`

nN ` log
`

p2πq
nN detΣ1

˘˘

´ xJPKx ´ p1 ´ γqqK,Σ

` γ
”

xJ
pA ´ BK 1

q
J
PK pA ´ BK 1

qx ` xJ
pC ´ DK 1

q
J
WPK pC ´ DK 1

qx

` Tr
`

Σ1
pBJPKB ` DJWPKD

˘

ı

.

Substitute (4.2.18) into the above equation, then use (4.2.17) and write K 1 “ K `
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K 1 ´ K to get

Eπ1rAK,Σpx, uqs

“ p1 ´ γq pfKpΣq ´ fK pΣ1
qq ` xJ

´

Q ` pK ` K 1
´ Kq

J
R pK ` K 1

´ Kq

¯

x

` γxJ
pA ´ BK ´ B pK 1

´ Kqq
J
PK pA ´ BK ´ B pK 1

´ Kqqx

` γxJ
pC ´ DK ´ D pK 1

´ Kqq
J
WPK pC ´ DK ´ D pK 1

´ Kqqx ´ xJPKx

“ p1 ´ γq pfKpΣq ´ fK pΣ1
qq

` xJ
`

Q ` KJRK ` γpA ´ BKq
JPKpA ´ BKq ` γpC ´ DKq

JWPKpC ´ DKq
˘

x

` 2xJ
pK 1

´ Kq
J
“`

R ` γBJPKB ` γDJWPKD
˘

K ´ γpBJPKA ` DJWPKC
‰

x

` xJ
pK 1

´ Kq
J
`

R ` γBJPKB ` γDJPKD
˘

pK 1
´ Kqx ´ xJPKx.

Substituting (4.2.18) finishes the proof to verify (4.2.26).

Proof of Lemma 4.3. By Lemma 4.4, for any π and π1 in form of (4.2.15) with

parameter pK,Σq and pK 1,Σ1q respectively, and for any x P X ,

Eπ1 rAK,Σpx, uqs

“ p1 ´ γq pfKpΣq ´ fKpΣ1
qq ´ Tr

´

xxJEJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

` Tr

„

xxJ
´

K 1
´ K `

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯J
`

R ` γBJPKB ` γDJWPKD

`γDJWPKD
˘

¨

´

K 1
´ K `

`

R ` γBJPKB
˘´1

EK

¯

ȷ

ě ´Tr
´

xxJEJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

` p1 ´ γq pfKpΣq ´ fK pΣ1
qq ,

(4.2.27)

with equality when K ´ pR ` γBJPKB ` γDJWPKDq´1EK “ K 1 holds. Let

tx˚
t u

8

t“0 and tu˚
t u

8

t“0 be the state and control sequences generated under π˚p¨|xq “

N p´K˚x,Σ˚q with noise sequence tw˚
t u

8

t“0 with mean 0 and covariance W . Apply
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Lemma 4.4 and (4.2.27) with π and π˚ to get:

CpK,Σq ´ C pK˚,Σ˚
q

“ ´Eπ˚

«

8
ÿ

t“0

γtAK,Σ px˚
t , u

˚
t q

ff

ď Tr
´

SK˚,Σ˚EJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

` fK pΣ˚
q ´ fKpΣq,

(4.2.28)

where fK is defined in (4.2.17). To analyze the first term in (4.2.28), note that

Tr
´

SK˚,Σ˚EJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

ď
}SK˚,Σ˚}

σminpRq
Tr

`

EJ
KEK

˘

ď
}SK˚,Σ˚}

µ2σminpRq
Tr

`

SK,ΣE
J
KEKSK,Σ

˘

“
}SK˚,Σ˚}

4µ2σminpRq
Tr

`

∇J
KCpK,Σq∇KCpK,Σq

˘

,

(4.2.29)

where the last equation follows from (4.2.19).

To analyze the second terms in (4.2.28), note that fK is a concave function; thus

we can find its maximizer Σ˚
K by taking the gradient of fK and setting it to 0, that
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is, Σ˚
K “ τ

2

`

R ` γBJPKB ` γ¨ DJWPKD
˘´1

. Thus,

fK pΣ˚
q ´ fKpΣq

ď fK pΣ˚
Kq ´ fKpΣq

paq

ď Tr
`

∇fKpΣq
J

pΣ˚
K ´ Σq

˘

“ Tr
”

p∇ΣCpK,Σq ¨
`

R ` γBJPKB ` γDJWPKD
˘´1

´

`

R ` γBJPKB ` γDJWPKD
˘

´
τ

2
Σ´1

¯

Σ
ı

pbq

ď p1 ´ γq}pR ` γBJPKB ` γDJWPKDq
´1

} }∇ΣCpK,Σq}
2
F

ď
p1 ´ γq }∇ΣCpK,Σq}

2
F

σminpRq
,

(4.2.30)

where paq follows from the first order concavity condition for fK and pbq is from

0 ă Σ ĺ I.

For the lower bound, consider K 1 “ K ´ pR ` γBJPKB ` γDJWPKDq´1EK

and Σ1 “ Σ, where equality holds in (4.2.27). Let tx1
tu

8

t“0 , tu1
tu

8

t“0 be the sequence

generated with K 1,Σ1. By C pK˚,Σ˚q ď C pK 1,Σ1q; we have

CpK,Σq ´ C pK˚,Σ˚
q ě CpK,Σq ´ C pK 1,Σ1

q

“ ´E

«

8
ÿ

t“0

γtAK,Σ px1
t, u

1
tq

ff

“ Tr
´

SK1,Σ1EJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

ě
µ

}R ` γBJPKB ` γDJWPKD}
Tr

`

EJ
KEK

˘

.

“Almost smoothness”. Next, we will develop a smoothness property for the cost

objective CpK,Σq, which is necessary for establishing the convergence algorithms
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proposed in Section 4.3. A function f : Rm Ñ R is considered smooth if the following

condition is satisfied:

ˇ

ˇfpxq ´ fpyq ` ∇fpxq
J

py ´ xq
ˇ

ˇ ď
m

2
}x ´ y}

2, @x, y P Rm,

with m a finite constant. In general, characterizing the smoothness of CpK,Σq is

challenging because it may become unbounded when the eigenvalues of A´BK and

C ´ DK exceed 1
?
γ
or when σminpΣq is close to 0. Nevertheless, in Lemma 4.6, we

will see that if CpK,Σq is “almost” smooth, then the difference CpK,Σq ´C pK 1,Σ1q

can be bounded by the sum of linear and quadratic terms involving K ´ K 1 and

Σ ´ Σ1.

Before Lemma 4.6, we first introduce Lemma 4.5 to show that the cost objective

is smooth in Σ when utilizing entropy regularization, given that Σ is bounded.

Lemma 4.5 (Smoothness of fK). Let K P RnNˆmN be given and let fK be defined

in (4.2.17). Fix 0 ă a ď 1. For any symmetric positive definite matrices X P Rnˆn

and Y P Rnˆn satisfying aI ĺ X ĺ I and aI ĺ Y ĺ I, the following inequality holds:

ˇ

ˇfKpXq ´ fKpY q ` Tr
`

∇fKpXq
J

pY ´ Xq
˘
ˇ

ˇ ď MaTr
`

pX´1Y ´ Iq
2
˘

,

where Ma P R is defined in Lemma 4.6, and Ma ě τ
4p1´γq

.

Proof of Lemma 4.5. Fix symmetric positive definite matrices X and Y satisfy-

ing aI ĺ X ĺ I and aI ĺ Y ĺ I. Then fK being concave implies fKpXq ´ fKpY q `

Tr
`

∇fKpXqJpY ´ Xq
˘

ě 0. To find an upper bound, observe that

fKpXq ´ fKpY q ` Tr
`

∇fKpXq
J

pY ´ Xq
˘

“
τ

2p1 ´ γq

`

log detpXq ´ log detpY q ` Tr
`

X´1
pY ´ Xq

˘˘

.
(4.2.31)

Since X ą 0 and Y ą 0, then all eigenvalues of X´1Y are real and positive and

σmin pX´1Y q ě σmin pX´1qσminpY q ě a.
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Now let us show that there exists a constant m ą 0 (independent of K ) such

that for any Z P Rnˆn with real positive eigenvalues a ď z1 ď ¨ ¨ ¨ ď zk, the following

holds:

´ logpdetpZqq ` TrpZ ´ Iq ď mTr
`

pZ ´ Iq
2
˘

. (4.2.32)

Note that (4.2.32) is equivalent to
řk

i“1 ´ log pziq ` zi ´ 1 ď m
řk

i“1 pzi ´ 1q
2. With

elementary algebra, one can verify that when m “ p´ logpaq ` a ´ 1q ¨ pa ´ 1q´2, it

holds that ´ logpzq ` z ´ 1 ď mpz ´ 1q2 for all z ě a and such an m satisfies m ě 1
2
.

Therefore, (4.2.32) holds. Combining (4.2.31) and (4.2.32) with Z “ X´1Y , we see

fKpXq ´ fKpY q ` Tr
`

∇fKpXq
J

pY ´ Xq
˘

ď
τm

2p1 ´ γq
Tr

`

pX´1Y ´ Iq
2
˘

.

Lemma 4.6 (“Almost smoothness” of CpK,Σq). Fix 0 ă a ď 1 and define Ma “

τp´ logpaq`a´1q

2p1´γqpa´1q2
. For any K,Σ and K 1,Σ1 satisfying aI ĺ Σ ĺ I and aI ĺ Σ1 ĺ I,

C pK 1,Σ1
q ´ CpK,Σq

“ Tr
´

SK1,Σ1 pK 1
´ Kq

J
`

R ` γBJPKB ` γDJWPKD
˘

pK 1
´ Kq

¯

` 2Tr
´

SK1,Σ1 pK 1
´ Kq

J
EK

¯

` fKpΣq ´ fK pΣ1
q

ď Tr
´

SK1,Σ1 pK 1
´ Kq

J
`

R ` γBJPKB ` γDJWPKD
˘

pK 1
´ Kq

¯

` 2Tr
´

SK1,Σ1 pK 1
´ Kq

J
EK

¯

`
1

1 ´ γ
Tr

´´

R ` γBJPKB ` γDJWPKD ´
τ

2
Σ´1

¯

pΣ1
´ Σq

¯

` Ma Tr
´

`

Σ´1Σ1
´ I

˘2
¯

,

where fK is defined in (4.2.17).
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Proof of Lemma 4.6. The first equality immediately results from Lemma 4.4, by

taking an expectation with respect to x in (4.2.26). The last inequality follows

directly from Lemma 4.5.

4.3 Iterative Policy Optimization Method

For IPO, one can show both the global convergence with a linear rate and a local

super-linear convergence when the initialization is close to the optimal policy.

By the Bellman equation for the value function JK,Σ,

JK,Σpxq “ Eu„πK,Σ

“

xJQx ` uJRu ` τ log πK,Σpu|xq ` γJK,ΣpAx ` Bu ` pCx ` Duqwq
‰

.

We assume the one-step update pK 1,Σ1q satisfies:

K 1,Σ1
“ argmin

rK,rΣ
Eu„π

ĂK,rΣ

”

xJQx ` uJRu ` τ log πK̃,rΣpu|xq ` γJK,ΣpAx ` Bu ` pCx ` Duqwq

ı

.

By direct calculation, we have the following explicit forms for the updates:

Kpt`1q
“ Kptq

´
`

R ` γBJPKptqB ` γDJWPKptqD
˘´1

EKptq ,

Σpt`1q
“

τ

2

`

R ` γBJPKptqB ` γDJWPKptqD
˘´1

,
(IPO)

for t “ 1, 2, ¨ ¨ ¨ .

4.3.1 Global Linear Convergence

In this section, we establish the global convergence for (IPO) with a linear rate.

Theorem 4.2 (Global convergence of (IPO)). For

N ě
}SK˚,Σ˚}

µ
log

C
`

Kp0q,Σp0q
˘

´ C pK˚,Σ˚q

ε
,

the iterative policy optimization algorithm (IPO) has the following performance bound:

C
`

KpNq,ΣpNq
˘

´ C pK˚,Σ˚
q ď ε.
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The proof of Theorem 4.2 is immediately given by the following lemma, which

bounds the one-step progress of (IPO):

Lemma 4.7 ((Contraction of (IPO)). Suppose pK 1,Σ1q follows a one-step updating

rule of (IPO) from pK,Σq :

K 1
“ K´

`

R ` γBJPKB ` γDJWPKD
˘´1

EK , Σ1
“

τ

2

`

R ` γBJPKB ` γDJWPKD
˘´1

.

(4.3.33)

Then

C pK 1,Σ1
q ´ C pK˚,Σ˚

q ď

ˆ

1 ´
µ

}SK˚,Σ˚}

˙

pCpK,Σq ´ C pK˚,Σ˚
qq ,

with 0 ă
µ

}SK˚,Σ˚}
ď 1.

Proof of Lemma 4.7. LetK,Σ be fixed and let fK be defined in (4.2.17). Observe

that Σ1 defined in p4.3.33q is the maximizer of fK . Then by Lemma 4.6,

C pK 1,Σ1
q ´ CpK,Σq

“ ´Tr
´

SK1,Σ1EJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

´ fK pΣ1
q ` fKpΣq

paq

ď ´
µ

}SK˚,Σ˚}
Tr

´

SK˚,Σ˚EJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

´
µ

}SK˚,Σ˚}
pfK pΣ1

q ´ fKpΣqq

pbq

ď ´
µ

}SK˚,Σ˚}

´

Tr
´

SK˚,Σ˚EJ
K

`

R ` γBJPKB ` γDJWPKD
˘´1

EK

¯

` fK pΣ˚
q ´ fKpΣq

¯

,

where (a) follows the fact that fK pΣ1q ´fKpΣq ě 0 and µ
}SK˚,Σ˚}

ď 1; and (b) follows

from fact that fK pΣ1q ě fK pΣ˚q. Finally, apply (4.2.28) to get

C pK 1,Σ1
q ´ CpK,Σq ď ´

µ

}SK˚,Σ˚}

pCpK,Σq ´ C pK˚,Σ˚
qq .
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Adding CpK,Σq´C pK˚,Σ˚q to both sides of the above inequality finishes the proof.

Theorem 4.2 suggests that (IPO) achieves a global linear convergence. Further-

more, the subsequent section demonstrates that (IPO) enjoys a super-linear local

convergence when the initial policy parameter is within a neighborhood of the opti-

mal policy parameter.

4.3.2 Super-Linear Local Convergence

This section establishes a super-linear local convergence for (IPO). We first introduce

some constants used throughout this section:

ξγ,ρ “
1 ´ γρ2 ` γ

p1 ´ γρ2q
2 , ζγ,ρ “

2 ´ ρ2

p1 ´ ρ2q2 p1 ´ γq
`

1

p1 ´ ρ2q
2

p1 ´ γρ2q
,

ωγ,ρ “
1

p1 ´ ρ2q p1 ´ γq
`

1

p1 ´ ρ2q p1 ´ γρ2q
.

(4.3.34)

To simplify the exposition, we often make use of the notation SKptq,Σptq and SK˚,Σ˚ ,

which we abbreviate as Sptq and S˚, respectively, provided that the relevant param-

eter values are clear from the context. Then, we define

κ “ min

"

ρ1 ` }A}

|σminpBq|
,
ρ2 ` }C}

|σminpDq|

*

,

c “ 2ξγ,ρ pρ1}B} ` ρ2}D}}W }q
`

}Q} ` }R}κ2
˘

`
1

µ
}S˚

} }R} ¨ pκ ` }K˚
}q ,

c1 “
`

ξγ,ρErx0x
J
0 s ` ζγ,ρ}BΣ˚BJ

` DWΣ˚DJ
}
˘

¨ 2pρ1}B} ` ρ2}D}}W }q

¨

´

1 ` σminpRq ¨ }R ` γBJPK˚B ` γDJWPK˚D} ` cγσminpRq

¨
“

p}B}}A} ´ }D}}W }}C}q ` p}B}
2

` }D}
2
}W }qκ

‰

¯

,

c2 “
cτγωγ,ρp}B}2 ` }D}}W }q2

2σminpRq2
.

(4.3.35)
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Note that κ ě }K} for any admissible K, since

}K} ď min

"

}BK}

|σminpBq|
,

}DK}

|σminpDq|

*

ď

"

}A ´ BK} ` }A}

|σminpBq|
,

}C ´ DK} ` }C}

|σminpDq|

*

ď

"

ρ1 ` }A}

|σminpBq|
,
ρ2 ` }C}

|σminpDq|

*

“ κ,

for any K P Ω.

We now show that (IPO) achieves a super-linear convergence rate if the policy

parameter pK,Σq enters a neighborhood of the optimal policy parameter pK˚,Σ˚q.

Theorem 4.3 ((Super-linear local convergence of (IPO)). Let c1 and c2 be defined in

(4.3.35). Let δ “ min
!

1
c1`c2

σmin pS˚q , ρ1´}A´BK˚}

}B}
, ρ2´}C´DK˚}

}D}

)

. Suppose that the

initial policy
`

Kp0q,Σp0q
˘

satisfies

C
`

Kp0q,Σp0q
˘

´ C pK˚,Σ˚
q ď

ˆ

1

µ
´

1

}S˚}

˙´1

σmin pR ` γBPK˚B ` γDWPK˚Dq δ2,

(4.3.36)

then the iterative policy optimization algorithm (IPO) has the following convergence

rate: for t “ 0, 1, 2, ¨ ¨ ¨ ,

C
`

Kpt`1q,Σpt`1q
˘

´C pK˚,Σ˚
q ď

pc1 ` c2q
`

C
`

Kptq,Σptq
˘

´ C pK˚,Σ˚q
˘1.5

σmin pS˚q
a

µσmin pR ` γBJPK˚B ` γDWPK˚Dq
.

The following Lemma 4.8 is critical for establishing this super-linear local conver-

gence; it shows that there is a contraction if the differences between two discounted

state correlation matrices
›

›Spt`1q ´ S˚
›

› are small enough. Then, by the perturba-

tion analysis for SK,Σ (Lemma 4.9), one can bound
›

›Spt`1q ´ S˚
›

› by
›

›Kptq ´ K˚
›

›
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(Lemma 4.13). The proof of Theorem 4.3 follows by ensuring the admissibility of

model parameters
␣

Kptq,Σptq
(8

t“0
along all the updates.

Lemma 4.8. Suppose that the updating rule (IPO) satisfies
›

›Spt`1q ´ S˚
›

› ď σmin pS˚q

for all t ě 0, then

C
`

Kpt`1q,Σpt`1q
˘

´ C pK˚,Σ˚
q ď

›

›Spt`1q ´ S˚
›

›

σmin pS˚q

`

CpKptq,Σptq
q ´ C pK˚,Σ˚

q
˘

.

Proof of Lemma 4.8. Let K 1 denote Kpt`1q, K denote Kptq and S 1 denote Spt`1q.

Apply Lemma 4.6 with fK defined in (4.2.17) to get

C pK 1,Σ1
q ´ CpK,Σq

“ ´Tr
`

S˚EJ
KpR ` γBJPKB ` γDJWPKDq

´1EK

˘

´ Tr
`

pS 1
´ S˚

qEJ
KpR ` γBJPKB ` γDJWPKDq

´1EK

˘

` fKpΣq ´ fK pΣ1
q

paq

ď
`

´1 `
›

›pS 1
´ S˚

qS˚´1
›

›

˘ `

Tr
`

S˚EJ
KpR ` γBJPKB ` γDJWPKDq

´1EK

˘

`fK pΣ˚
q ´ fKpΣqq ,

where (a) follows from the assumption }S 1 ´ S˚} ď σmin pS˚q, which implies ´1 `

}pS 1 ´ S˚qS˚´1} P r´1, 0s and the fact Σ1 is the maximizer of fK . Finally, apply

(4.2.28) to get

C pK 1,Σ1
q ´ CpK,Σq ď

`

´1 `
›

›pS 1
´ S˚

qS˚´1
›

›

˘

pCpK,Σq ´ C pK˚,Σ˚
qq

ď

ˆ

´1 `
}S 1 ´ S˚}

σmin pS˚q

˙

pCpK,Σq ´ C pK˚,Σ˚
qq .

Adding CpK,Σq´C pK˚,Σ˚q to both sides of the above inequality finishes the proof.
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Lemma 4.9 (SK,Σ perturbation). For any pK1,Σ1q and pK2,Σ2q satisfying }A ´ BK1} ď

ρ1, }A ´ BK2} ď ρ1, }C ´ DK1} ď ρ2, and }C ´ DK2} ď ρ2,

}SK1,Σ1 ´ SK2,Σ2}

ď
`

ξγ,ρ}Erx0x
J
0 s} ` ζγ,ρ}BΣ1B

J
` DWΣ1D

J
}
˘

¨ 2pρ1}B} ` ρ2}D}}W }q }K1 ´ K2}

` ωγ,ρp}B}
2

` }D}
2
}W }q }Σ1 ´ Σ2} .

The proof of Lemma 4.9 proceeds with a few technical lemmas. First, define the

linear operators on symmetric matrices. For symmetric matrix X P RmNˆmN , we set

FKpXq “ rpA ´ BKqpA ´ BKq
J

` pC ´ DKqW pC ´ DKq
J

sX,

GK
t pXq “ rpA ´ BKqpA ´ BKq

J
` pC ´ DKqW pC ´ DKq

J
s
t
X,

TKpXq “

8
ÿ

t“0

γt
rpA ´ BKqpA ´ BKq

J
` pC ´ DKqpC ´ DKq

J
s
t
X

“

8
ÿ

t“0

γtGK
t pXq.

(4.3.37)

Note that when }A ´ BK} ă 1
?
γ
and }C ´ DK} ă 1

?
γ
, we have

TK “ pI ´ γFKq
´1 . (4.3.38)

We also define the induced norm for these operators as }T } “ supX
}T pXq}

}X}
, where

T “ FK ,GK
t , TK and the supremum is over all symmetric matrix X P RmNˆmN with

nonzero spectral norm.

Lemma 4.10. For any K P RnNˆmN and any symmetric Σ P RnNˆnN ,

SK,Σ “ TKpErx0x
J
0 sq `

8
ÿ

t“0

γt
t
ÿ

s“1

GK
t´spBΣBJ

` DJWΣDJ
q.
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Proof of Lemma 4.10. Let us first show the following equation holds for any

t “ 1, 2, 3, ¨ ¨ ¨ by induction:

Erxtx
J
t s “ rpA ´ BKqpA ´ BKq

J
` pC ´ DKqW pC ´ DKq

J
s
tErx0x

J
0 s

`

t
ÿ

s“1

rpA ´ BKqpA ´ BKq
J

` pC ´ DKqW pC ´ DKq
J

s
t´s

pBΣBJ
` DWΣDJ

q.

When t “ 1, it holds since

Erx1x
J
1 s “ pA ´ BKqErx0x

J
0 spA ´ BKq

J
` pC ´ DKqWErx0x

J
0 spC ´ DKq

J

` BΣBJ
` DWΣDJ.

Now assume it holds for t and consider t ` 1 :

Erxt`1x
J
t`1s “ pA ´ BKqErxtx

J
t spA ´ BKq

J
` pC ´ DKqErxtx

J
t spC ´ DKq

J

` BΣBJ
` DWΣDJ

“ rpA ´ BKqpA ´ BKq
J

` pC ´ DKqW pC ´ DKq
J

s
t`1Erx0x

J
0 s

`

t`1
ÿ

s“1

rpA ´ BKqpA ´ BKq
J

` pC ´ DKqpC ´ DKq
J

s
t´s`1

pBΣBJ
` DWΣDJ

q.

Thus, the induction is completed. Then by (4.3.37), we can write SK,Σ as:

SK,Σ “

8
ÿ

t“0

γtErxtx
J
t s “ TK

`

Erx0x
J
0 s
˘

`

8
ÿ

t“0

γt
t
ÿ

s“1

GK
t´s

`

BΣBJ
` DWΣDJ

˘

.

Lemma 4.11. For any K1 and K2,

}FK1 ´ FK2} ď p}A ´ BK1} ` }A ´ BK2}q }B} }K1 ´ K2}

` p}C ´ DK1} ` }C ´ DK2}q }D}}W } }K1 ´ K2} .
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Lemma 4.11 follows a direct calculation with the triangle inequality.

Lemma 4.12. For any K1 and K2 satisfying }A ´ BK1} ď ρ1 and }A ´ BK2} ď ρ1,

}C ´ DK1} ď ρ2, }C ´ DK2} ď ρ2 with ρ2 “ ρ21`}W }ρ22 and ξγ,ρ defined in p4.3.34q,

}pTK1 ´ TK2q pXq} ď

8
ÿ

t“0

γt
›

›

`

GK1
t ´ GK2

t

˘

pXq
›

› ď ξγ,ρ }FK1 ´ FK2} }X}, (4.3.39a)

T´1
ÿ

t“0

}pG 1
t ´ Gtq pXq} ď

2 ´ ρ2 ´ ρ2T

p1 ´ ρ2q
2 }F 1

´ F} }X} , @T ě 1. (4.3.39b)

Proof of Lemma 4.12. To ease the exposition, let us denote Gt “ GK1
t ,G 1

t “

GK2
t ,F “ FK1 and F 1 “ FK2 . Then for any symmetric matrix X P RmNˆmN and

t “ 0, 1, 2, ¨ ¨ ¨ ,

›

›

`

G 1
t`1 ´ Gt`1

˘

pXq
›

› “ }F 1
˝ G 1

tpΣq ´ F 1
˝ GtpXq ` F 1

˝ GtpXq ´ F ˝ GtpXq}

ď }F 1
˝ G 1

tpXq ´ F 1
˝ GtpXq} ` }F 1

˝ GtpXq ´ F ˝ GtpXq}

“ }F 1
˝ pG 1

t ´ Gtq pXq} ` }pF 1
´ Fq ˝ GtpXq}

ď }F 1
} }pG 1

t ´ Gtq pXq} ` }Gt} }F 1
´ F} }X}

ď ρ2 }pG 1
t ´ Gtq pXq} ` ρ2t }F 1

´ F} }X}.

(4.3.40)

Summing (4.3.40) for t “ 0, 1, 2, ¨ ¨ ¨ with a discount factor γ, we have

8
ÿ

t“0

γt
›

›

`

G 1
t`1 ´ Gt`1

˘

pXq
›

› ď ρ2
8
ÿ

t“0

γt
}pG 1

t ´ Gtq pXq} `
1

1 ´ γρ2
}F 1

´ F} }X}.

Note that the left-hand side of the above inequality equals to

1

γ

8
ÿ

t“0

γt`1
›

›

`

G 1
t`1 ´ Gt`1

˘

pXq
›

› “
1

γ

8
ÿ

t“0

γt
}pG 1

t ´ Gtq pXq} ´
1

γ
}pG 1

0 ´ G0q pXq} .
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Thus, by combining the above calculations, we obtain:

ˆ

1

γ
´ ρ2

˙ 8
ÿ

t“0

γt
}pG 1

t ´ Gtq pXq} ď
1

γ
}pG 1

0 ´ G0q pXq} `
1

1 ´ γρ2
}F 1

´ F} }X}.

The proof of (4.3.39a) is finished by noting G0 “ F and G 1
0 “ F 1. To show (4.3.39b),

fix integer T ě 1. Summing up (4.3.40), for t “ 0, 1, ¨ ¨ ¨ , T ´ 1,

T´1
ÿ

t“0

›

›

`

G 1
t`1 ´ Gt`1

˘

pXq
›

› ď ρ2
T´1
ÿ

t“0

}pG 1
t ´ Gtq pXq} `

1 ´ ρ2T

1 ´ ρ2
}F 1

´ F} }X}. (4.3.41)

Note that the left-hand side equals

T´1
ÿ

t“0

›

›

`

G 1
t`1 ´ Gt`1

˘

pXq
›

› “

T´1
ÿ

t“0

}pG 1
t ´ Gtq pXq} ´ }pF 1

´ Fq pXq} .

Substituting the above equation into (4.3.41) finishes the proof of (4.3.39b).

Proof of Lemma 4.9. Denote Gt “ GK1
t ,G 1

t “ GK2
t , T “ TK1 , T 1 “ TK2 ,F “ FK1

and F 1 “ FK2 to ease the exposition. First observe that for any X,X 1 P RmNˆmN

and t ě 0,

}GtpXq ´ Gt pX 1
q} “

›

›

›
rpA ´ BKqpA ´ BKq

J
` pC ´ DKqW pC ´ DKq

J
s
t
pX ´ X 1

q

›

›

›

ď ρ2t }X ´ X 1
} .

(4.3.42)
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By Lemma 4.10,

}SK1,Σ1 ´ SK2,Σ2}

ď
›

›pT ´ T 1
q
`

Erx0x
J
0 s
˘›

› `

›

›

›

›

›

8
ÿ

t“0

γt
t
ÿ

s“1

`

G 1
t´s ´ Gt´s

˘ `

BΣ1B
J

` DWΣ1D
J
˘

›

›

›

›

›

`

8
ÿ

t“0

γt
t
ÿ

s“1

›

›G 1
t´s

`

BΣ1B
J

` DWΣ1D
J
˘

´ G 1
t´s

`

BΣ2B
J

` DWΣ2D
J
˘
›

›

paq

ď
›

›pT ´ T 1
q
`

Erx0x
J
0 s
˘›

› `

›

›

›

›

›

8
ÿ

t“0

γt
t´1
ÿ

s“0

pG 1
s ´ Gsq

`

BΣ1B
J

` DWΣ1D
J
˘

›

›

›

›

›

`

8
ÿ

t“0

γt
t
ÿ

s“1

ρ2pt´sq
p}B}

2
` }D}

2
}W }q }Σ1 ´ Σ2}

pbq

ď ξγ,ρ }F ´ F 1
}
›

›Erx0x
J
0 s
›

› `

8
ÿ

t“0

γt2 ´ ρ2 ´ ρ2t

p1 ´ ρ2q2
}F 1

´ F}
›

›BΣ1B
J

` DWΣ1D
J
›

›

` ωγ,ρp}B}
2

` }D}
2
}W }q }Σ1 ´ Σ2}

“ ξγ,ρ }F ´ F 1
}
›

›Erx0x
J
0 s
›

› ` ζγ,ρ }F 1
´ F} ¨

›

›BΣ1B
J

` DWΣ1D
J
›

›

` ωγ,ρp}B}
2

` }D}
2
}W }q }Σ1 ´ Σ2} ,

where (a) follows from (4.3.42); (b) follows from (4.3.39b) and Lemma 4.12. The

constants ξγ,ρ, ζγ,ρ, ωγ,ρ are defined in (4.3.34). Finally, applying Lemma 4.11 finishes

the proof.

Lemma 4.13 (Bound of one-step update of Sptq). Assume that the update of param-

eter pK,Σq follows the updating rule in (IPO). Let c1, c2 be defined in (4.3.35). Then

for Kpt`1q satisfying }A ´ BKpt`1q} ď ρ1 and }C ´ DKpt`1q} ď ρ2, we have

}Spt`1q
´ S˚

} ď pc1 ` c2q }Kptq
´ K˚

}.
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For the proof of Lemma 4.13, we derive the bounds for
›

›Kpt`1q ´ K˚
›

› and
›

›Σpt`1q ´ Σ˚
›

›

in terms of
›

›Kptq ´ K˚
›

› and }PKptq ´ PK˚}(Lemma 4.14 and Lemma 4.15). Addition-

ally, the perturbation analysis for PK in Lemma 4.16 demonstrates }PKptq ´ PK˚} can

be bounded by
›

›Kptq ´ K˚
›

›, which completes the proof for Lemma 4.13.

We first establish the bound for the one-step update of K and Σ in Lemma 4.14

and Lemma 4.15, respectively.

Lemma 4.14 (Bound of one-step update of K). Assume the update of parameter K

follows the updating rule in (IPO). Then it holds that:

}Kpt`1q
´ K˚

} ď
`

1 ` σminpRq
›

›γBJPK˚B ` γDJWPK˚D ` R
›

›

˘

¨ }Kptq
´ K˚

}

` γσminpRq
“`

}B}}A} ´ }D}}W }}C}q ` p}B}
2

` }D}
2
}W }qκ

˘‰

}PKptq ´ PK˚} .

Proof of Lemma 4.14. Let K 1 denote Kpt`1q and K denote Kptq to ease the no-

tation. Theorem 4.1 shows that for an optimal K˚,

K˚
“ γpR ` γBJPK˚B ` γDJWPK˚Dq

´1BJPK˚A.

Then, by the definition of EK in Lemma 4.2,

EK˚ “ ´γpBJPK˚A ` DJWPK˚Cq ` pγBJPK˚B ` γDJWPK˚D ` RqK˚
“ 0.

(4.3.43)

Now we bound the difference between K 1 ´ K:

}K 1
´ K˚

}

“
›

›K ´ pR ` γBJPKB ` γDJWPKDq
´1EK ´ K˚

`pR ` γBJPKB ` γDJWPKDq
´1EK˚

›

›

ď }K ´ K˚
} ` }pR ` γBJPK˚B ` γDJWPK˚Dq

´1
} }EK˚ ´ EK}

ď }K ´ K˚
} ` σminpRq }EK ´ EK˚} .

(4.3.44)
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To bound the difference between EK and EK˚ , observe:

}EK ´ EK˚} ď γp}B}}A} ´ }D}}W }}C}q }PK ´ PK˚}

` }pγBJPK˚B ` γDJWPK˚D ` RqK˚
´ pγBJPK˚B ` γDJWPK˚D ` RqK}

` }pγBJPK˚B ` γDJWPK˚D ` RqK ´ pγBJPKB ` γDJWPKD ` RqK}

ď γp}B}}A} ´ }D}}W }}C}q }PK ´ PK˚} ` }γBJPK˚B ` γDJWPK˚D ` R}

}K˚
´ K} ` γp}B}

2
` }D}

2
}W }q }PK˚ ´ PK} }K}.

(4.3.45)

Combining (4.3.44) and (4.3.45) and then using κ ě }K} for any K P Ω completes

the proof.

Lemma 4.15 (Bound of one-step update of Σ). Suppose
␣

Kptq,Σptq
(8

t“0
follows the

update rule in IPO. Then we have
›

›Σpt`1q ´ Σ˚
›

› ď
τγp}B}2`}D}2}W }q

σminpRq
}PKptq ´ PK˚}.

Proof of Lemma 4.15. Observe from (IPO) and (4.1.7) that

›

›Σpt`1q
´ Σ˚

›

›

“
τ

2

›

›pR ` γBJPKptqB ` γDJWPKptqDq
´1

´ pR ` γBJPK˚B ` γDJWPK˚Dq
´1
›

›

“
τ

2

›

›pR ` γBJPKptqB ` γDJWPKptqDq
´1

¨ γ
`

BJ
pPKptq ´ PK˚qB ` DJW pPKptq ´ PK˚qD

˘

pR ` γBJPK˚B ` γDJWPK˚Dq
´1
›

›

ď
τγp}B}2 ` }D}2}W }q

2σminpRq2
}PKptq ´ PK˚} .

Lemma 4.16 performs perturbation analysis on PK and establishes bounds for

the difference in PK with respect to the perturbation in K. Consequently, both
›

›Kpt`1q ´ K˚
›

› and
›

›Σpt`1q ´ Σ˚
›

› (in Lemma 4.14 and Lemma 4.15) can be bounded

in terms of
›

›Kptq ´ K˚
›

›.
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Lemma 4.16 (PK perturbation). For any K P Ω, with c defined in (4.3.35),

}PK ´ PK˚} ď c }K ´ K˚}.

Proof of Lemma 4.16. Fix K P Ω. By (4.3.38) and (4.2.18),

T ´1
K pPKq “ pI ´ γFKq pPKq

“ PK ´ γrpA ´ BKq
J

pA ´ BKq ` pC ´ DKq
JW pC ´ DKqsPK

“ Q ` KJRK,

which immediately implies PK “ TK

`

Q ` KJRK
˘

. Similarly PK˚ “ TK˚

`

Q ` K˚JRK˚
˘

.

To bound the difference between PK and PK˚ , observe that

}PK ´ PK˚} ď
›

›TK

`

Q ` KJRK
˘

´ TK˚

`

Q ` KJRK
˘›

›`}TK˚} }K˚JRK˚
´KJRK}.

(4.3.46)

For the first term in (4.3.46), we can apply Lemma 4.12 and Lemma 4.11 to get

›

›TK

`

Q ` KJRK
˘

´ TK˚

`

Q ` KJRK
˘
›

›

ď ξγ,ρ }FK˚ ´ FK} }Q ` KJRK}

ď 2ξγ,ρpρ1}B} ` ρ2}D}}W }q }K˚
´ K} ¨

`

}Q} ` }R}}K}
2
˘

.

(4.3.47)

For the second term in (4.3.46), }TK} ď 1
µ

›

›TK

`

E
“

x0x
J
0

‰˘›

›. Since SK,Σ ľ TK

`

E
“

x0x
J
0

‰˘

,

}TK} ď 1
µ
σmax

`

TK

`

E
“

x0x
J
0

‰˘˘

ď 1
µ

}SK,Σ}. Then we have

}TK˚}
›

›K˚JRK˚
´ KJRK

›

›

“ }TK˚}
›

›K˚JRK˚
´ K˚JRK ` K˚JRK ´ KJRK

›

›

ď }TK˚} }R} }K ´ K˚
} p}K˚

} ` }K}q

ď
}SK˚,Σ˚}

µ
}R} }K ´ K˚

} p}K˚
} ` }K}q .

(4.3.48)

Substituting (4.3.47),(4.3.48), and (4.3.35) in (4.3.46) completes the proof.
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With these lemmas, the proof of Lemma 4.13 is completed as follows:

Proof of Lemma 4.13. Let K 1 denote Kpt`1q and K denote Kptq to ease the no-

tation. Apply Lemma 4.16 with K and K˚ to get

}PK˚ ´ PK} ď c }K ´ K˚
} . (4.3.49)

Based on the assumption that }A ´ BK˚} ď ρ1, }A ´ BK 1} ď ρ1, }C ´ DK˚} ď ρ2,

and }C ´ DK 1} ď ρ2, we can apply Lemma 4.9 to obtain:

}SK˚,Σ˚ ´ SK1,Σ1}

ď
`

ξγ,ρ}Erx0x
J
0 s} ` ζγ,ρ}BΣ˚BJ

` DWΣ˚DJ
}
˘

¨ 2pρ1}B} ` ρ2}D}}W }q }K˚
´ K 1

}

` ωγ,ρp}B}
2

` }D}
2
}W }q }Σ˚

´ Σ1
} .

(4.3.50)

Applying Lemma 4.14 with }K} ď κ and (4.3.49) yields

}K 1
´ K˚

}

ď
`

1 ` σminpRq}γBJPK˚B ` γDJWPK˚D ` R}
˘

}K ´ K˚
}

` γσminpRq

”

p}B}}A} ´ }D}}W }}C}q ` p}B}
2

` }D}
2
}W }qκ

ı

}PK ´ PK˚}

ď

´

1 ` σminpRq}γBJPK˚B ` DJWPK˚D ` R} ` cγσminpRq

”

p}B}}A} ´ }D}}W }}C}q ` p}B}
2

` }D}
2
}W }qκ

ı¯

}K ´ K˚
} .

Apply Lemma 4.15 with (4.3.49) to get

}Σ1
´ Σ˚

} ď
τγp}B}2 ` }D}2}W }q

2σminpRq2
}PK ´ PK˚} ď c

τγp}B}2 ` }D}2}W }q

2σminpRq2
}K ´ K˚

} .

Finally, substituting the above two inequalities into (4.3.50) finishes the proof.
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Proof of Theorem 4.3. Fix integer t ě 0. Observe that

ˆ

1 ´
µ

}SK˚,Σ˚}

˙

pC
`

Kptq,Σptq
q ´ C pK˚,Σ˚

q
˘

paq

ě CpKpt`1q,Σpt`1q
q ´ C pK˚,Σ˚

q

pbq

ě µσmin pR ` γBPK˚B ` γDWPK˚Dq }Kpt`1q
´ K˚

}
2

` fK˚ pΣ˚
q ´ fK˚pΣpt`1q

q

pcq

ě µσmin pR ` γBPK˚B ` γDWPK˚Dq }Kpt`1q
´ K˚

}
2.

(4.3.51)

(a) is clear from the contraction property in Lemma 4.7; (b) follows from Lemma

4.6 and (4.3.43); to obtain (c), note that fK˚ pΣ˚q ´ fK˚pΣpt`1qq ě 0, since Σ˚ is the

maximizer of fK˚ . Thus, (4.3.51) and (4.3.36) imply

}Kpt`1q
´ K˚

} ď min

"

1

c1 ` c2
σmin pS˚

q ,
ρ1 ´ }A ´ BK˚}

}B}
,
ρ2 ´ }C ´ DK˚}

}D}

*

,

which suggests that

}A ´ BKpt`1q
} ď }A ´ BK˚

} ` }B}}Kpt`1q
´ K˚

} ď ρ1, and

}C ´ DKpt`1q
} ď }C ´ DK˚

} ` }D}}Kpt`1q
´ K˚

} ď ρ2.

The above inequality, along with Lemma 4.13, leads

}Spt`1q
´ S˚

} ď pc1 ` c2q }Kptq
´ K˚

} ď σmin pS˚
q . (4.3.52)

Then, apply the Lemma 4.8 and (4.3.52) to get

CpKpt`1q,Σpt`1q
q ´ C pK˚,Σ˚

q

ď
pc1 ` c2q

σmin pS˚q
}Kptq

´ K˚
}
`

CpKptq,Σptq
q ´ C pK˚,Σ˚

q
˘

.
(4.3.53)

Using the same reasoning as in (4.3.51), we have

CpKptq,Σptq
q ´ C pK˚,Σ˚

q ě µσminpR ` γBJPK˚B ` γDJWPK˚Dq}Kptq
´ K˚

}
2.

Substituting the above results in (4.3.53) finishes the proof.
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4.4 Numerical Examples

We follow the basic setup of the MV problem and optimal liquidation problem in

Chapter 2 with some modifications, while the same performance measure acts as a

quantitative indicator.

4.4.1 Application: MV Portfolio Selection

Sometimes investment decisions are made not by a single centralized planner but

by multiple agents, each focusing on a specific sector or investment theme. For

instance, a university endowment or pension fund may divide its capital among spe-

cialized sub-funds (agents): one focused on medical technology innovation, another

on renewable energy, and a third on emerging markets. These sub-funds may act

autonomously under a shared global investment objective while managing distinct

exposures and sectoral risks. This naturally motivates a decentralized formulation

of the MV problem.

We extend the standard MV model to a decentralized multi-agent setting. Sup-

pose there are N sub-funds for different investment themes, each with access to a

local set of n risky assets and a common riskless asset. The variable xt and ut are

global setting that includes all agent j P t1, ¨ ¨ ¨ , Nu. Consider the infinite time MV

problem in this section with Shannon entropy in a global objective:

min
ut

Eπ

«

8
ÿ

t“0

γt
`

x2
t ` uJ

t Rut ` τ log π put|xtq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

. (4.4.54)

Then, we shall transform (2.3.17) into a linear controlled system of the form (2.1.1)

by which the general theory in the above sections will work. Precisely, we define

system dynamics for each agent j:

$

&

%

wi
j,t “ eij,t ´ Epeij,tq,

Di
j,t “ p0, ¨ ¨ ¨ , 0, 1, 0, ¨ ¨ ¨ , 0q,

i “ 1, ¨ ¨ ¨ , n, t “ 0, 1, ¨ ¨ ¨ ,8, j “ 1, ¨ ¨ ¨ , N,
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which leads to

xj,t`1 “ prj,txj,t ` EpPj,tquj,tq `

n
ÿ

i“1

Di
j,tuj,tw

i
j,t. (4.4.55)

We now aggregate the agent-wise dynamics into a single system-level linear stochastic

equation, following the recipe in Section 4.1.2:

xt`1 “ prtxt ` EpPtqutq `

n
ÿ

i“1

Di
tutw

i
t. (4.4.56)

It is not hard to see that the problem (MV) is just a special case of the problem in

Section 2 by letting xt P RN , ut P RnN , Q P RN , R P RnNˆnN , Aj “ rj,t, Bj “ EpPj,tq,

Q “ IN and C “ 0NˆN for t “ 0, ¨ ¨ ¨ ,8. In performance measurement defined in

Chapter 2, K˚, Σ˚ is the optimal policy defined in Section 4.1.4 and Theorem 4.1.

Then, the following provides numerical experiments using (IPO) to illustrate the

theoretical results established in the sections before.
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Figure 4.1: Convergence Comparison: Entropy vs. No Entropy

Setup. (1) Parameters: m “ 1, n “ 3, N “ 3. We establish the risk-free rate

at 6%; hence, Aj “ 1.06 for all j. The scale of A is selected to ensure that A
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is chosen satisfying σmaxpAq ă 1
?
γ
, with γ set to 0.85. (2) Agent-specific param-

eters are as follows: Agent 1 (medical technology) has an expected excess return

matrix B1 “
“

19.5% 9.67% 27.9%
‰

, a noise second moment W1 “ 0.98. Agent 2

(renewable energy) has B2 “
“

30.7% 23.7% 33.5%
‰

, W2 “ 0.99. Agent 3 (emerg-

ing markets) has B3 “
“

18.85% 12% 19.4%
‰

, W3 “ 0.98. For each agent, the

penalty term Rj is chosen as a diagonal positive definite matrix whose diagonal en-

tries are sampled from p0, 10´3q. (3) The regularization parameter is selected with

τ “ 0.9. The starting policy is established as K
p0q
common “ 0.01 for each entry with

Kp0q “ IN b K
p0q
common , and Σp0q “ InN . (4) We assume that the initial wealth xj,0 is

drawn from N p1, 5 ˆ 10´4q for all j.

Convergence. The green curve in the convergence plot represents the training er-

ror under Shannon entropy regularization (τ “ 0.9). This setting shows a smooth

decrease in normalized error throughout the training process. Figure 4.1 shows the

superior convergence rate of (IPO). The normalized error falls below 10´3 within just

5 iterations, and from the first iteration, it enters a region of super-linear convergence

in a log scale normalized error.

The effect of τ . The convergence plot illustrates the log scale normalized error

over training epochs for three settings: no entropy term, small entropy (τ “ 0.9),

and large entropy (τ “ 10). All curves exhibit a general downward trend, indicating

successful learning, but they differ significantly in convergence speed and error decay

patterns. The no entropy case (blue) converges the fastest in the early stages, with

the error decreasing rapidly in the first few epochs. However, it plateaus early

and fails to further reduce the error beyond a certain point. In contrast, the small

entropy case (green), though slower initially, demonstrates a super-linear convergence
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pattern. The error decreases gradually at first, then sharply accelerates in later

epochs, ultimately reaching the lowest final error among all settings. This process

reflects the effect of entropy regularization in smoothing early updates while enabling

sharper optimization later on. The large entropy (red) setting converges the slowest

and smoothest and flattens at a relatively higher error level than the smaller τ case,

indicating that excessive regularization can hinder convergence precision. Overall,

the results highlight the trade-off between initial speed and final accuracy, with

small τ achieving the most favorable convergence profile through a clear super-linear

improvement trajectory.

4.4.2 Application: Optimal Liquidation

In many institutional trading scenarios, liquidation tasks are delegated to multiple

agents, each responsible for managing assets in a specific market. For instance, a

global investment firm may allocate portions of a large equity position to N re-

gional trading desks (agents)—one operating in Asia, another in Europe, and a third

in North America. Each desk j executes trades according to its local market mi-

crostructure and cost sensitivities but still contributes to the overall liquidation goal.

In the setting for the optimal liquidation problem in Chapter 2, joined with the

framework in Section 4.1.2, we take the global cost function to be

TCLQ “ min

«

1

2
βpiq2 `

8
ÿ

t“0

γt
`

δu2
t ` ϕσ2q2t ` ξS2

t ` τ log πput|xtq
˘

ff

. (4.4.57)

Here, for each agent j, xj,t “
“

Sj,t qj,t
‰J
, with the dynamics in (2.3.18). Note

that based on the model in Hambly et al. (2021), where ξj is a very small positive

number, we add the entropy regularization on it, with γ P p0, 1q and τ ą 0 being the

discount factor and entropy regularization parameter, respectively. We also have the
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parameters for each agent j:

Aj “

„

1 0
0 1

ȷ

, Bj “
“

´βpi
j ´1

‰J
, Cj “ 02ˆ2, Dj “

“

´1 0
‰J

and wj,t “ εj,t,

and the objective function has

Qj “

„

ξj 0
0 ϕjσ

2
j

ȷ

and Rj “ δj.

Following similar assumptions for ut, stock price, inventory, and market impact, and

using the projected method in Hambly et al. (2021), we will show super-linear con-

vergence for IPO in the optimal liquidation problem.

Setup.(1) Parameters: We consider a decentralized setting with N “ 3 agents. Each

agent j P t1, 2, 3u is assigned coefficient ϕj, with ϕ1 “ 5 ˆ 10´6, ϕ2 “ 4.2 ˆ 10´6 and

ϕ3 “ 3.5 ˆ 10´6 reflecting heterogeneous transaction cost sensitivities. All agents

share the similar volatility parameter σS,1 “ 0.107, σS,2 “ 0.108, σS,3 “ 0.109, and

ξj “ 10´8 for all j. The discount factor γ “ 0.94. Initial policy K0
common “ ´0.2

for all entries; step sizes are as indicated in the figures; βpi
j and βti

j are randomly

generated between p10´6, 5 ˆ 10´5q for the projection set and stay unchanged over

t. (2) For initialization, assume the initial inventory qj,0 “ qj follows N p500, 1q.

The small variance of the initial inventory distribution is used to guarantee that the

initial state covariance matrix is positive definite. In practice, the model converges

with deterministic initial inventories.

Convergence. Figure 4.2 illustrates the convergence behavior of the optimal liqui-

dation algorithm in terms of three indices: normalized error, policy distance }K ´ K˚}F ,

and final cost. The normalized error, shown on the left log-scale axis, exhibits a sharp

and smooth decline across iterations, reaching below 10´10, which indicates rapid and
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Figure 4.2: Convergence of Value and Policy

stable convergence of the value function. On the right axis, both the policy distance

and execution cost decrease gradually. Initially, reductions in }K ´ K˚}F correspond

closely with the drop in normalized error, showing that learning a better policy di-

rectly improves value accuracy. As training progresses, the policy distance stabilizes

while the normalized error continues to decline, suggesting that even minor refine-

ments in K can yield significant value improvements. Meanwhile, the execution cost

steadily decreases, confirming that the learned policy becomes not only theoretically

optimal but also practically more efficient.

Impact of parameter ξ. The convergence rate of the policy optimization algorithm

is significantly influenced by the choice of the parameter ξ, which is related to the in-

clusion of an extra regularization component represented by
ř8

t“0 ξS
2
t . The purpose

of this term is to allow the problem to be formulated inside the LQ framework and

to ensure the clarity and validity of the Riccati equation. As shown in Figure 4.3, we

observe that smaller values of ξ (e.g., ξ “ 10´8.5 ) lead to faster error decay during

the early convergence phase. However, larger ξ values (e.g., ξ “ 10´7.8 ) yield lower

final error levels, with convergence reaching below 10´11 in comparison to a plateau
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Figure 4.3: Sensitivity to ξ
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Figure 4.4: Sensitivity to γ

0 5 10 15 20 25
Training Epoch

10−10

10−8

10−6

10−4

10−2

100

102

No
rm

al
ize

d 
Er

ro
r (

lo
g 

sc
al

e)

Sensitivity to β
original β/1.2
original β/1.05
original β
original β * 2

Figure 4.5: Sensitivity to βti (β on the
figure is the old symbol)
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Figure 4.6: Sensitivity to βpi (η on the
figure is the old symbol)

around 10´9 for smaller ξ. This trade-off suggests that while weaker regularization

accelerates early learning, stronger regularization results in more numerically stable

and accurate final solutions. In practical terms, penalizing inventory more heavily

prevents the policy from retaining residual positions and thus promotes more con-

sistent liquidation, even under uncertainty.

Impact of parameter γ. The discount factor γ plays a crucial role in our LQ model

with entropy regularization, influencing the speed and pattern of convergence dur-

ing training. In Figure 4.4, we explore γ P t0.7, 0.85, 0.94, 0.99u. The three smaller

values all lead to stable convergence around a similar final error level of 10´10, with
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slightly lower final errors as γ increases. However, when γ “ 0.99, the algorithm

fails to converge properly, with the error stalling at approximately 10´2. This phe-

nomenon is likely due to the fact that when γ is too close to 1, it implies almost

no discounting, which effectively transforms the problem into an undiscounted (or

nearly infinite horizon) one. Such a setting can de-emphasize immediate inventory

liquidation, leading to less aggressive policies and degraded numerical convergence.

Impact of parameter βti. Figure 4.5 presents the sensitivity to the temporary

impact parameter βti, which captures the instantaneous cost of executing trades.

We vary original βti within a practical range-specifically, using βti{1.5, βti{1.2, and

1.15βti—to ensure the constraint δ “ βti ´βpi{2 ą 0 is maintained. The results show

that larger βti values lead to faster convergence, while smaller βti values achieve lower

final error, thus indicating more accurate solutions. This makes intuitive sense: when

the temporary impact is high, the algorithm is incentivized to slow down execution

and make more conservative updates, which stabilizes training. In contrast, lower

impact encourages more aggressive trading behavior, which, while harder to optimize

numerically, results in sharper and more precise policies.

Impact of parameter βpi. Figure 4.6 reports convergence under varying levels of

permanent impact βpi, again under the constraint that δ “ βti ´ βpi{2 ą 0. Unlike

the case with βti, here we observe the opposite effect: increasing βpi slightly leads

to slower convergence but lower final error. This inverse relationship aligns with the

form of the effective impact coefficient δ, where a larger βpi reduces δ, similar to

the effect of decreasing βti. From a financial perspective, greater permanent impact

discourages aggressive liquidation, and the algorithm must carefully balance the long-

term cost of price influence, which leads to slower but ultimately more refined policy

updates.
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Chapter 5

Data-Driven Long-Term Asset

Allocation with Tsallis Entropy

Regularization

This chapter explores the application of Tsallis entropy in multiplicative LQ mod-

els and introduces an innovative policy iteration approach. The Tsallis entropy

framework, serving as a one-parameter extension of Shannon entropy, is employed

to regularize the control problem, thereby providing a versatile method to balance

exploration and sparsity in the control law. We obtain explicit solutions within

this framework, illustrating its efficacy in improving robustness and adaptability

for stochastic control systems characterized by multiplicative noise. We formulate

a model-free, entirely data-driven policy iteration technique to tackle the issues of

state- and input-multiplicative noise in LQ systems. This methodology utilizes Q-

functions, estimated via a least-squares problem with instrumental variables, similar

to least-squares temporal-difference (LSTD) methods. By including Tsallis entropy

into this data-driven policy iteration framework, we present a holistic approach that

enhances the efficiency of the RL-based policy. This methodology fills voids in cur-

rent research and creates a solid basis for the application of entropy-based techniques

to stochastic control in intricate settings.
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5.1 Problem Setup

5.1.1 Model Formulation

On the basis of the LQ problem in Section 2.1, we add Tsallis entropy on (2.1.3) and

the noise term of A and B on (2.1.1) as

Jπpxq “ Eπ

«

8
ÿ

t“0

γt

ˆ

xJ
t Qxt ` uJ

t Rut `
τ

2 ´ q

`

logq πput|xtq ´ 1
˘

˙

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

, (5.1.1)

such that t “ 0, 1, 2, ¨ ¨ ¨ ,

xt`1 “ pA ` ∆Atqxt ` pB ` ∆Btqut ` pCxt ` Dutqwt, x0 „ D0, (5.1.2)

where τ ą 0 is the regularization parameter, and the remaining coefficients and

variables retain the same interpretation as in Section 2.1.

Assumption 5.1 (Noise Model). Let ∆At P Rmˆm and ∆Bt P Rmˆn denote matrix-

valued parameter noises and let wt P R denote the system noise.

(i) The sequences t∆Atu, t∆Btu, and twtu are zero-mean, mutually i.i.d. in t,

and independent of the initial state.

(ii) All noises have finite second moments. In particular, define the covariance

matrices ΣA “ E
“

∆At∆AJ
t

‰

, ΣB “ E
“

∆Bt∆BJ
t

‰

, W “ E
“

wtw
J
t

‰

and assume

TrpΣAq ă 8, TrpΣBq ă 8, and W ă 8.

(iii) For every symmetric matrix, for example, matrix G, the second-moment oper-

ators ΣApGq “ E
“

∆AJ
t G∆At

‰

and ΣBpGq “ E
“

∆BJ
t G∆Bt

‰

are well defined

with finite entries.

Remark 5.1. The parameter noises ∆At, ∆Bt perturb the transition matrices A

and B, whereas wt is the process noise entering through Cxt `Dut. Zero means and
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mutual independence eliminate drift and mixed cross terms in the Bellman update,

preserving a quadratic value form and linear state feedback structure. The identically

distributed assumption yields time-homogeneous second moments, leading to algebraic

time-invariant ARE and stationary optimal policies. Finite second moments ensure

all trace terms are well defined.

5.1.2 Optimal Strategy and Algebraic Riccati Equation

The optimal value function J˚ : X Ñ R is defined as

J˚
pxq “ min

πPΠ
Jπpxq. (5.1.3)

This theorem provides the explicit formulation for the optimal control policy and

the associated optimal value function: the optimal policy is defined as a multivariate

q-Gaussian distribution, with the mean being linear in the state x and a constant

covariance matrix.

Theorem 5.1 (Optimal value functions and optimal policy). Under the Assumption

5.1, the optimal value function J˚ : X Ñ R in (5.1.3) can be expressed as

J˚
pxq “ xJPx ` c, (5.1.4)

where

P “ Q ` K˚JRK˚
` γ pA ´ BK˚

q
J P pA ´ BK˚

q

` γ pC ´ DK˚
q

J WP pC ´ DK˚
q ` γΣApP q ` γK˚JΣBpP qK˚,

c “
1

1 ´ γ

„

Tr
`

Σ˚
pR ` γBJPB ` γΣBpP q ` γWDJPDq

˘

´
τ

2 ´ q

ˆ

logq pZqq `
n

pn ` 4q ´ pn ` 2qq
`

npq ´ 1q logq pZqq

pn ` 4q ´ pn ` 2qq
` 1

˙ȷ

,

(5.1.5)
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with

K˚
“ γ

`

R ` γBJPB ` γΣBpP q ` γWDJPD
˘´1

pBJPA ` WDJPCq,

Σ˚
“

τ

pn ` 4q ´ pn ` 2qq

`

R ` γBJPB ` γΣBpP q ` γWDJPD
˘´1

.
(5.1.6)

For any x P X , the corresponding optimal policy π˚ to (5.1.3) is a q-Gaussian policy

π˚
p¨|xq “ Nq p´K˚x,Σ˚

q , (5.1.7)

where µ˚ “ ´K˚x.

The constant c in J˚pxq “ xJPx` c collects all state-independent terms induced

by the entropy-regularized stochastic policy and the entropy contribution. These

terms appear because the optimal policy has nonzero covariance when τ ą 0. In

the unregularized case τ “ 0, the optimal policy becomes deterministic and Σ˚ “ 0;

therefore, the state-independent terms vanish, c “ 0, and J˚ reduces to a purely

quadratic form.

Remark 5.2. In our formulation, the optimal mean control remains linear, while the

Tsallis parameters determine the dispersion and support through Σ˚. Therefore, the

regularizer affects the stochasticity and boundedness of actions rather than changing

the linear feedback structure.

Proof. By the dynamic programming principle for the optimal value function, J˚
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satisfies

J˚
pxq “ xJQx ` min

π
Eπ

"

uJRu `
τ

2 ´ q

`

logqpπpu|xqq ´ 1
˘

` γ
”

ppA ` ∆Aqx ` pB ` ∆Bqu ` pCx ` Duqwq
J P

ppA ` ∆Aqx ` pB ` ∆Bqu ` pCx ` Duqwq ` c
ı

*

“ xJQx ` γxJ
pAJPA ` WCJPC ` ΣApP qqx ` γc

` min
π

Eπ

"

uJ
pR ` γBJPB ` γWDJPD ` γΣBpP qqu

`
τ

2 ´ q

`

logqpπpu|xqq ´ 1
˘

` 2γuJ
pBJPA ` WDJPCqx

*

.

(5.1.8)

We now minimize the expression inside the braces in (5.1.8) with respect to πpu|xq.

Following the variational argument of Guo et al. (2023), for a fixed x, write ϕ “

πpu|xq and denote M and b as the coefficients for quadratic term and linear term of

u, respectively. Then consider the functional with the constraint
ş

U πpuqdu “ 1,

J pϕq “

ż

U

”

puJMu ` bJuqϕ `
τ

2 ´ q
ϕ
`

logq ϕ ´ 1
˘

ı

du,

where λ is a Lagrangian multiplier connected with the constraint. Thus, its La-

grangian is

Lpu, ϕ, λq “ puJMu ` bJuqϕ `
τ

2 ´ q
ϕplogq ϕ ´ 1q ` λϕ.

Taking the first derivative of L with respect to ϕ and setting it to zero gives the

stationarity condition λ`uJMu` bJu` τ
1´q

pϕ1´q ´ 1q “ 0. Solving for ϕ, we obtain

ϕ9
“

1 ´
1´q
τ

puJMu ` bJuq
‰

1
1´q , which shows that the minimizer is a multivariate q-

Gaussian as

π˚
p¨|xq “ Nq p´K˚x,Σ˚

q .
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Since b “ 2γpBJPA`WDJPCqx, the above equation can be written as (5.1.7) with

K˚ and Σ˚ in (5.1.6). This proves that the minimizer exists and is q-Gaussian under

the Tsallis entropy formulation. To derive the associated optimal value function, we

calculate Eπ˚

“

logq pπ˚pu|xqq
‰

in the entropy of policy π˚ at any state x P X :

Eπ˚

“

logq pπ˚
pu|xqq

‰

“

ż

U
π˚

pu|xq logq pπ˚
pu|xqq du

“ ´ logq pZqq ´ αn ` p1 ´ qqαn logq pZqq ,

where α “ 1
pn`4q´pn`2qq

and Zq is defined in Definition 2. The calculation follows the

product rule for q-Logarithm with logqpa¨bq “ logqpaq`logqpbq`p1´qq logqpaq logqpbq.

Thus, the entropy is

Hqpπp¨|xqq “ ´
1

2 ´ q

`

Erlogq πpu|xqs ´ 1
˘

“
1

2 ´ q

`

logq pZqq ` αn ` pq ´ 1qαn logq pZqq ` 1
˘

.

(5.1.9)

Finally, we substitute the entropy value of Hqpπp¨|xqq from (5.1.9) and u˚ “ ´K˚x

into (5.1.8). Straightforward algebra yields

J˚
pxq “ xJ

´

Q ` K˚JRK˚
` γ pA ´ BK˚

q
J P pA ´ BK˚

q

` γ pC ´ DK˚
q

J WP pC ´ DK˚
q ` γΣApP q ` γK˚JΣBpP qK˚

¯

x

` Tr pΣ˚Rq ´
τ

2 ´ q

`

logq pZqq ` αn ` pq ´ 1qαn logq pZqq ` 1
˘

` γ
`

TrpΣ˚BJPBq ` Tr pΣ˚ΣBpP qq ` TrpΣ˚WDJPDq ` c
˘

.

The equations in (5.1.5) can be observed and the proof is complete.
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5.2 Dynamic Programming for Tsallis Entropy LQ

Problem

In this section, we study dynamic programming for the Tsallis entropy-regularized

LQ control problem in operator form from the perspective of the Q-function and

develop corresponding policy iteration and value iteration schemes. The algorithm

computes the optimal value function and control policy, and their convergence is

established in Theorems 5.2 and 5.3.

Following the dynamics specified in equation (5.1.2), we write x` and u`for next-

step state and action. Define

Z “ E
„„

x
u

ȷ

“

xJ uJ
‰

ȷ

“

„

Im
´K

ȷ

X
“

Im ´KJ
‰

“ MpXq, (5.2.10)

where X “ ErxxJs. Z is the joint second-moment matrix in terms of mean state and

control under the policy class with linear feedback u “ ´Kx. To express the second

moment of state value of next time X` in terms of Z as a function EpZq:

X` “ Erx`x
J
`s

“
“

A B
‰

Z
“

A B
‰J

` W
“

C D
‰

Z
“

C D
‰J

` ΣJ
Ap
“

Im 0mˆn

‰

Z
“

Im 0mˆn

‰J
q

` ΣJ
Bp
“

0nˆm In
‰

Z
“

0nˆm In
‰J

q,

(5.2.11)

where ΣJ
Ap¨q and ΣJ

Bp¨q denote the adjoint operators of ΣAp¨q and ΣBp¨q in Assumption

5.1 defined by ΣJ
ApGq “ Er∆AtG∆AJ

t s, and same is true for ΣJ
BpGq with given matrix

G. The value function (5.1.1) is converted to

JπpXq “

8
ÿ

t“0

γt
pTr rHMpXtqs ` const1.q , (5.2.12)
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where H “ diagpQ,Rq and

const1. “ ´
τ

2 ´ q

`

logq pZqq ` αn ` pq ´ 1qαn logq pZqq ` 1
˘

.

To formulate our policy iteration method, we examine the Bellman operator (Bert-

sekas (2022)), defined in accordance with the framework presented therein, as

pTπJq pXq “ Tr rMpXqHs ` const1. ` γJ pE pMpXqqq , (5.2.13)

and T J “ minπ TπJ , operating on J : X Ñ R. The optimal value of (5.1.3) is

determined as the fixed-point of T if the dynamics can be stabilized, meaning that

a mean-square stabilizing controller exists. The optimal controller, according to

(5.2.13), is argminπ TπJ
˚, where J˚ “ T J˚.

We aim to determineK˚ via policy iteration, which involves the iterative updating

of K to identify a K` such that

K`
“ argmin

K1

TK1JK , with JK “ TKJK . (5.2.14)

5.2.1 Q-Function

A Q-function in this context maps Z to some real number, and we define the Bellman

operator with it as:

pFπQq pZq “ Tr rZHs ` const1. ` γQ pM pEpZqqq , (5.2.15)

and FQ “ minπ FπQ. For some policy π, we define Qπ as

QπpZq “ Tr rZHs ` const1. ` γJπ pEpZqq , (5.2.16)

where Jπ solves Jπ “ TπJπ.

To ensure that the value functions Jπ and Q-function Qπ and the operators Tπ

and Fπ are well defined and finite for all policies considered in this section, we impose

the following standing condition on the policy class Π.
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Assumption 5.2 (Admissible Tsallis-regularized policies). Let the discount factor

satisfy γ P p0, 1q. We consider a class Π of stationary Tsallis-regularized policies π

such that:

(i) For each π P Π, the closed-loop system induced by (5.1.2) is mean-square

stable, that is, letting Xt`1 “ E pM pXtqq with admissible X0 ľ 0, we have

suptě0Tr pXtq ă 8.

(ii) For each π P Π, the discounted Tsallis-regularized cost Jπ in (5.2.12) is finite

for all admissible initial second moments X0.

Under Assumption 5.2, the Tsallis-regularized Bellman operators inherit the usual

contraction property from discounted dynamic programming. We summarize this in

the following Lemma, which will be used in the proofs of Theorems 5.2 and 5.3.

Lemma 5.1. Under Assumption 5.2, the operators Tπ and Fπ are γ-contractions

on the spaces of bounded functions defined on the corresponding sets of admissible

second-moment matrices. In particular, for any bounded functions J1, J2 and Q1,Q2,

}TπJ1 ´ TπJ2}8
ď γ }J1 ´ J2}8

, }FπQ1 ´ FπQ2}8
ď γ }Q1 ´ Q2}8

.

Proof. We first show the contraction property for Tπ. Recall from (5.2.13) that for

bounded function J1, J2 and any admissible second-moment matrix X, we have

pTπJ1 ´ TπJ2q pXq “ γ pJ1pEpMpXqqq ´ J2pEpMpXqqqq ,

where Mp¨q and Ep¨q are the linear maps defined in (5.2.10)-(5.2.11). Taking the

supremum over all admissible X gives

}TπJ1 ´ TπJ2}8
“ γ sup

X
|J1pEpMpXqqq ´ J2pEpMpXqqq|.
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For each admissible X, the point Y “ EpMpXqq lies in the domain of J1 and J2. Let

S “
␣

EpMpXqq : X admissible
(

to denote the image of the admissible set under the

map E ˝ M. Then,

sup
X

ˇ

ˇJ1pEpMpXqqq ´ J2pEpMpXqqq
ˇ

ˇ “ sup
Y PS

ˇ

ˇJ1pY q ´ J2pY q
ˇ

ˇ.

Since S is a subset of the full domain of J1 and J2, we obtain

sup
Y PS

ˇ

ˇJ1pY q ´ J2pY q
ˇ

ˇ ď sup
Y

ˇ

ˇJ1pY q ´ J2pY q
ˇ

ˇ “
›

›J1 ´ J2
›

›

8
.

Combining the last two displays yields }TπJ1 ´ TπJ2}8
ď γ }J1 ´ J2}8

. Thus Tπ is a

γ-contraction on the space of bounded functions. An analogous computation using

the definition of Fπ in (5.2.15) yields

pFπQ1 ´ FπQ2q pZq “ γ pQ1pMpEpZqqq ´ Q2pMpEpZqqqq ,

so }FπQ1 ´ FπQ2}8
ď γ }Q1 ´ Q2}8

. The Tsallis term “const1.” cancels in both

differences, so regularization does not change the contraction factor.

5.2.2 Tsallis Policy Evaluation

Theorem 5.2 (Tsallis Policy Evaluation). Under Assumption 5.2, for fixed π P Π

and 0 ă q ă 1, consider the operator Fπ. Starting from any bounded initial guess

Qp0q, define the iterates Qpk`1q “ FπQpkq. Then Qpkq converges to the unique fixed

point Qπ, which satisfies the policy evaluation equation (5.2.15)–(5.2.16).

Proof of Theorem 5.2. We can show that this choice of Qπ is a fixed-point of Fπ
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:

pFπQπq pZq “ Tr rZHs ` const1. ` γ rTr pM pEpZqqHq

`const1. ` γJπpE pM pEpZqqqqs

“ Tr rZHs ` const1. ` γ pTπJπq pEpZqq

“ Tr rZHs ` const1. ` γJπ pEpZqq

“ QπpZq,

where we utilize the definition of Tπ for the second equality and apply Jπ “ TπJπ for

the third. By Lemma 5.1, Fπ is a γ-contraction on the space of bounded functions,

so this fixed point is unique, and the iterates Qpk`1q “ FπQ
pkq converge to Qπ for

any bounded initial Qp0q.

The value function evaluated from Tsallis policy evaluation can be employed to

update the policy distribution. In the policy improvement step, given such a QK ,

we implement policy iteration as:

K`
“ argminK1 FK1QK . (5.2.17)

According to Theorem 5.1, Jπ pEpZqq in (5.2.16) can be written as

Jπ pEpZqq

“ Eπ

“

xJ
`Px`

‰

` c

“ Eπ

”

ppA ` ∆Aqx ` pB ` ∆Bqu ` pCx ` Duqwq
J P

ppA ` ∆Aqx ` pB ` ∆Bqu ` pCx ` Duqwq

ı

` c

“ Eπ

“

xJ
pAJPA ` ΣAP ` WCJPCqx ` uJ

`

BJPB ` ΣBP

`WDJPD
˘

u ` 2uJ
`

BJPA ` WDJPC
˘

x
‰

` c

“ Tr rΘ1Zs ` c,

(5.2.18)
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where

Θ1
“

„

AJPA ` ΣAP ` WCJPC γAJPB ` WCJPD
BTPA ` WDJPC BJPB ` ΣBP ` WDJPD

ȷ

.

When taking (5.2.18) into (5.2.16), we can use a linear parametrization (Coppens

and Patrinos (2022); Wang et al. (2018)) regarding Θ to express Qπ as

Qπpxq “ Eπ

!

“

xJ uJ
‰

Θ
“

xJ uJ
‰J

´ τHqpπp¨|xqq

)

` γc,

where the Θ matrix is defined as follows

Θ “

„

Q ` γAJPA ` γΣAP ` γWCJPC γAJPB ` γWCJPD
γBTPA ` γWDJPC R ` γBJPB ` γΣBP ` γWDJPD

ȷ

“

„

Θxx Θxu

Θux Θuu

ȷ

.

(5.2.19)

Thus, we can use a linear parametrization (Coppens and Patrinos (2022); Wang et al.

(2018)) regarding Θ to express pFπQq and Qπ as

QπpZq “ TrrZHs ` const1. ` γ pTr rΘ1Zs ` cq “ Tr rΘZs ` const. (5.2.20)

where

const. “ const1. ` γc,

and Θ “ H ` γΘ1 is defined by

Θ “

„

Θxx Θxu

Θux Θuu

ȷ

, (5.2.21)

where

Θxx “ Q ` γAJPA ` γΣAP ` γWCJPC,

Θxu “ γAJPB ` γWCJPD,

Θux “ γBTPA ` γWDJPC,

Θuu “ R ` γBJPB ` γΣBP ` γWDJPD.
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Then we have

K`
“ pΘπq

´1
uu pΘπqux . (5.2.22)

The comparison with K˚ from the previous section further supports that the optimal

gain can be attained by choosing the appropriate value for Θπ.

Remark 5.3. For any fixed Z, QπpZq is a quadratic function of Z with Hessian

Θuu, which is positive definite since R ą 0 and the remaining terms are positive

semidefinite; hence, the minimization in (5.2.17) is strongly convex and admits a

unique minimizer of (5.2.22). For 0 ă q ă 1, Tsallis entropy is concave in the

policy distribution (see, e.g., Lee et al. (2019)); thus, ´τHq is convex. In the policy

improvement step (5.2.17), all quantities obtained from the policy evaluation step

are held fixed, so the objective minimized over K 1 remains quadratic. It implies that

the Tsallis term does not affect the convexity of (5.2.17). See also (Furuichi et al.

(2004)) for a convex analytic view of Tsallis-regularized objectives.

5.2.3 Tsallis Policy Improvement and Convergence

Theorem 5.3 (Tsallis Policy Improvement). Under Assumption 5.2 and for 0 ă

q ă 1, let K` be the updated policy from (5.2.22) using QK. For all px, uq P X ˆ U ,

QK`px, uq is less than or equal to QKpx, uq.

Proof of Theorem 5.3. For any gain K satisfying Assumption 5.2 and by Lemma

5.1 and Theorem 5.2, the Q-function QK is the unique fixed point of FK and is well

defined. As the Remark 5.3 states, K` is updated by equation and the minimization

in (5.2.17) is convex, then the following inequality holds:

Eu„πK` p¨|xq rQKpx, uq ´ τHq pπK`pu|xqqs

ď Eu„πKp¨|xq rQKpx, uq ´ τHq pπKpu|xqqs

“ JπK
pxq.
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This is the defining optimality of πK` as a greedy minimizer of the regularized one-

step objective based on QK . The equality holds when πK` “ πK . As noted in Lee

et al. (2019), this inequality induces a performance improvement,

QKpx, uq

“ Eπ

“

xJ
0Qx0 ` uJ

0Ru0 ´ τHqpπKpu0|x0qq

`γJπK
px1q|x0 “ xs

ě Eπ

“

xJ
0Qx0 ` uJ

0Ru0 ´ τHqpπKpu0|x0qq|x0 “ x
‰

` γEπ

“

xJ
1Qx1 ` uJ

1Ru1 ´ τHqpπK`pu1|x1qq

`γJKpx2q|x0 “ xs

ě Eπ

“

xJ
0Qx0 ` uJ

0Ru0 ´ τHqpπKpu0|x0qq|x0 “ x
‰

` γEπ

«

t
ÿ

k“1

γk´1c pxk, ukq

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

` γt`1Eπ rJπk
pxt`1q|x0 “ xs

...

ě Eπ

“

xJ
0Qx0 ` uJ

0Ru0 ´ τHqpπKpu0|x0qq|x0 “ x
‰

` γEπ

“

JπK`
px1q

‰

“ QK`px, uq,

where γt`1Eπ rJπK
pxt`1q|x0 “ xs Ñ 0 when t Ñ 8.

For the optimality of Tsallis entropy policy iteration, when 0 ă q ă 1, we define

the Tsallis policy iteration in an alternative way by applying (5.2.16) and (5.2.17);

then πK converges to the optimal policy.
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5.3 Data-Driven Implementation

5.3.1 Data-Related Matrices Construction with Least-Squares

It is clear from (5.2.22) that the optimal policy depends exclusively on the matrix

Θ, thereby avoiding any constraints imposed by the system parameters. The matrix

Θ clearly encompasses the information regarding system dynamics. We work with

sample transitions to estimate Qπ and write a sampled Bellman equation whose

discrepancy is a zero-mean error term to regress the one-step target on features

using observed pairs.

Data are generated by selecting states xi and computing the successors xi`, while

the rollout construction is described in Section 5.3.2. For each transition, we form

the single sample outer product moments,

Zi “

„

xi

ui

ȷ

“

xJ
i uJ

i

‰

and Zi` “

„

xi`

ui`

ȷ

“

xJ
i` uJ

i`

‰

,

and define Xi` “ xi`x
J
i`. Collecting N samples yields tpZi, Xi`qu

N
i“1. Unlike in the

preceding section, where Z andX represent second moments defined by expectations,

the terms Zi and Xi` here are treated as realized values without any expectation

taken. Using (5.1.2), Xi` can be written as

Xi` “
“

A ` ∆Ai ` Cwi B ` ∆Bi ` Dwi

‰

Zi

“

A ` ∆Ai ` Cwi B ` ∆Bi ` Dwi

‰J
.

(5.3.23)

We want to find Qπ such that QπpZq “ pFπQπq pZq for all Z. We sample F i
πQπ by:

`

F i
πQπ

˘

pZiq “ Tr pZiHq ` const1. ` γQπpZi`q, (5.3.24)

which is used to construct a model equation:

Qπ pZiq “
`

F i
πQπ

˘

pZiq `
`

pFπQπq pZiq ´
`

F i
πQπ

˘

pZiq
˘

. (5.3.25)
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Using the parametrization in (5.2.15), (5.2.20) and (5.3.24) to (5.3.25), we obtain

TrrΘπZis ` const.

“ TrrZiHs ` const1. ` γQπpZi`q ` rTr rZiHs ` const1. ` γQπ pM pEpZiqqq

´ pTr pZiHq ` const1. ` γQπpZi`qqs

“ TrrZiHs ` const1. ` γ pTrrΘπZi`s ` const.q ` γ TrrΘπ pM pEpZiqq ´ Zi`qs,

(5.3.26)

which is linear in the parameter Θπ with zero-mean error. It is important to observe

that (5.3.26) incorporates temporal differences, as discussed in Bradtke and Barto

(1996).

We reformulate the model utilizing the symmetric vectorization operator vecs :

Rmˆm Ñ R
mpm`1q

2 , which satisfies TrrXY s “ vecspXqJ vecspY q. We rewrite (5.3.26)

as:

bi “ pai ` eiq
J θπ, (5.3.27)

with

θπ “ vecs pΘπq ,

bi “ TrpHZiq ` const1. ` pγ ´ 1qconst.,

ai “ vecs pZi ´ γZi`q ,

ei “ γ vecs pZi` ´ M pEpZiqqqq .

(5.3.28)

This step is referred to as the error-in-variables setting. The problem arises from

the linear dependence of both ai and ei on wiw
J
i and wi, as expressed through Zi`.

Therefore, E
“

aie
J
i

‰

‰ 0, resulting in an inconsistency in the classical least-squares

estimate.

This is the traditional rationale for the use of instrumental variables (Young

(2011)). We employ gi “ vecspZiq “ vecs
`

Mpxix
J
i q
˘

as an instrumental variable,

following the approach outlined in (Bradtke and Barto (1996)). This selection is
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independent of the error ei (i.e., E
“

gie
J
i

‰

“ 0) and exhibits correlation with ai `

ei, which is a requisite characteristic of an instrumental variable. Conceptually, gi

represents the optimal estimate in the absence of supplementary information.

The estimate using the instrumental variables is

θ̂π “

˜

N
ÿ

i“1

gia
J
i

¸´1˜ N
ÿ

i“1

gibi

¸

. (5.3.29)

Alternatively, we can use the recursive algorithm

θ̂π,i “ θ̂π,i´1 ` Li

”

bi ´ aJ
i θ̂π,i´1

ı

,

Li “ Sπ,i´1gi{
`

1 ` aJ
i Sπ,i´1gi

˘

,

Sπ,i “ Sπ,i´1 ´
`

Lia
J
i

˘

Sπ,i´1,

(5.3.30)

for i “ 1, ¨ ¨ ¨ , N and where the initialization θ̂π,0 P R
pm`nqpm`n`1q

2 and

Sπ,0 P R
pm`nqpm`n`1q

2
ˆ

pm`nqpm`n`1q

2 represent an initial estimate for θπ associated

confidence in that estimate, respectively.

5.3.2 Dataset Persistent Excitation Condition

The data are generated iteratively along policy updates. In each iteration, we roll

out M trajectories of length T (total N “ MT samples) that satisfy (5.3.23). For

j “ 1, ¨ ¨ ¨ ,M and t “ 0, ¨ ¨ ¨ , T ´ 1,

xj
t`1 “ pA ` ∆Aj

tqx
j
t ` pB ` ∆Bj

t quj
t ` pCxj

t ` Duj
tqw

j
t ,

and we set zjt “

„

xj
t

uj
t

ȷ

with input

uj
t “ ´Kxj

t ` νj
t , νj

t „ Nqp0,Σq,

where νj
t is used only to perturb the applied control uj

t so as to ensure sufficient

excitation of the data. In the Bellman update, the Q-function at the next control
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uj
t`1 is evaluated at the noise-free policy action ´Kxj

t`1. Here νj
t is assumed to be

uniformly bounded over tν : }ν} ď rνu. This step is the standard persistent excitation

requirement ensuring invertibility of the normal matrix in LSTD (Bradtke and Barto

(1996)).

Assumption 5.3. (Persistent excitation and bounded moments) Across the N col-

lected samples tpZi, Xi`qu
N
i“1, we have

(i) νj
t is independent of

␣

wj
t ,∆Aj

t ,∆Bj
t

(

and the initial states, with E
“

νj
t

‰

“ 0 and

cov
`

νj
t

˘

“ Σ ą 0;

(ii) As gi and ai are defined in Section 5.3.1, the empirical cross-moment
řN

i“1 gia
J
i

has full column rank, with its smallest singular value bounded away from zero

as N grows, so the instrumental-variable normal matrix is invertible;

(iii) Second moments along rollouts are uniformly bounded, and either resets or

independent initializations are used so that empirical averages approximate ex-

pectations, that is, 1
N

ř

i gia
J
i Ñ E

“

gia
J
i

‰

and 1
N

ř

i gibi Ñ E rgibis.

Remark 5.4. The exploration covariance Σ only influences empirical covariances

used to estimate Θ. It does not alter the population Bellman operators in Section

5.2. A bounded support choice for νj
t may be used in practice to avoid actuator

saturation while preserving Assumption 5.3 (i)-(ii).

The functional form of the dynamics is unnecessary since we only collect states

and inputs, thereby enabling model-free implementation from either the simulator or

experiments. Each trajectory is initialized at the beginning of a controller iteration.

Initial states are obtained either by continuing from the terminal state of the previous

iteration or by sampling
␣

xj
0

(M

j“1
uniformly from tx : }x} ď rxu. Snapshots X i

t and Zi
t

are estimated by outer products. When the particular trajectory index is immaterial
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for policy iteration and identification, we write the pairs
`

Zj
t , X

j
t`1

˘

as pZi, Xi`q,

with i reindexing pt, jq.

5.3.3 Policy Iteration Algorithm

We can now explain the complete approximate policy iteration algorithm. The term

generate pair pertains to the rollouts outlined in the preceding section.

Algorithm 1 Approximate Policy Iteration

Input: Initial guess θ̂π0 , number of samples N , and confidence parameter β0.
Initialize: Sπ0 “ β0I.

1: for t “ 1 to 8 do
2: Kt “ Θ´1

uuΘux, with Θ “ unvecs

´

θ̂πt´1

¯

.

3: Let θ̂πt,0 “ θ̂πt´1 and Sπt,0 “ Sπt´1 .
4: for i “ 1 to N do
5: Generate pair pZi, Xi`q and find Zi`.
6: Update θ̂πt,i and Sπt,i using Equation (5.3.30).

7: Set θ̂πt “ θ̂πt,N and Sπt “ Sπt,N .

Our approach allows the scheme to continuously enhance its estimation of the

Q-function, as evidenced by the numerical experiments.

Lemma 5.1 and Theorem 5.2–5.3 establish contraction and convergence for the

population operators; Algorithm 1 is an approximate policy iteration whose conver-

gence follows under consistent LSTD estimation and sufficient excitation, which we

assume here.

5.4 Numerical Examples

In this section, we illustrate the proposed Tsallis-regularized LQ policy iteration on

the MV portfolio selection problem. This example fits exactly into the multiplicative

noise LQ framework developed in the sections before, and the wealth dynamics can

be written in the form of (5.1.2). Following common practice in empirical finance

using standard portfolio metrics, we: i) construct a reproducible ETF dataset; ii)
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calibrate a stationary multiplicative noise LQ model from a training window; iii)

learn a stabilizing policy via Algorithm 1; and iv) report backtesting performance

on an out-of-sample test window that is not used for calibration.

5.4.1 Dataset and Backtesting Protocol

Assets and sampling. We use three liquid ETFs as risky assets: SPY (U.S.

equities), IEF (U.S. Treasury bonds), and GLD (gold). Daily adjusted close prices

are obtained from Yahoo Finance and converted to month-end prices; monthly gross

returns are compounded to yearly gross returns et “ pe1t , e
2
t , e

3
t q

J. Partial calendar

years are removed to avoid incomplete compounding. For the risk-free asset, we use

the 3-month U.S. Treasury bill rate (FRED series TB3MS), convert it to monthly

gross returns, and compound to obtain yearly gross risk-free returns rt. We form

yearly excess returns Pt “ et ´ rt1.

Test split. We use years 2006–2016 as the training window and 2017–2024 as

the out-of-sample test window.

Backtesting rule. Starting from x0 “ 1, we apply each learned policy over

the test window and compute the realized wealth sequence using the true historical

returns. For stochastic policies, results are averaged over NMC “ 300 Monte Carlo

runs with different random seeds.

Baselines and metrics. We compare no entropy (τ “ 0), Shannon entropy

(Gaussian, corresponding to q Ñ 1), and Tsallis entropy (q ă 1). We report CAGR,

annualized volatility, Sharpe ratio, maximum drawdown (MaxDD), and turnover.

Metric definitions. CAGR denotes the compound annual growth rate pxT {x0q
1{T´

1 on the test window of T years. Vol is the standard deviation of annual portfolio

returns, and the Sharpe ratio is the mean excess return over Vol. MaxDD is the max-

imum peak-to-trough drawdown of the wealth curve, and turnover is the average ℓ1

change in risky weights between consecutive rebalances.
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5.4.2 Market Model Calibration and LQ Mapping

Consider the model of the MV problem in Chapter 2 and the infinite time case in

section 4.4.1 but with Tsallis entropy rather than Shannon entropy:

min
ut

Eπ

«

8
ÿ

t“0

γt

ˆ

x2
t ` uJ

t Rut `
τ

2 ´ q

`

logq πput|xtq ´ 1
˘

˙

ˇ

ˇ

ˇ

ˇ

ˇ

x0 “ x

ff

. (5.4.31)

The discount factor γ reflects the time value of money or utility and keeps the total

cost finite. Then, we shall transform (2.3.17) into a linear controlled system of form

(2.1.1) by which the general theory in the above sections will work. Precisely, we

define
$

&

%

wi,t “ eit ´ E peitq ,
Di,t “ p0, ¨ ¨ ¨ , 0, 1, 0, ¨ ¨ ¨ , 0q,
i “ 1, ¨ ¨ ¨ , n, t “ 0, 1, ¨ ¨ ¨ ,8,

which leads to

xt`1 “ prtxt ` EpPtqutq `

n
ÿ

i“1

Di,tutwi,t. (5.4.32)

It is not hard to see that problem (MV) is just a special case of the problem in

section 5.1 by letting xt P R, ut P Rn, R P Rnˆn, Q “ 1, A “ rt, B “ EpPtq. It is the

special case of Section 2.1 for ∆At “ 0, ∆Bt “ 01ˆn and C “ 0 with multiplicative

noise entering only through the control channel via Dtutwt. Thus, the example still

lies within the multiplicative noise LQ framework.

Calibration: We estimate parameters from the training data in Section 5.4.1.

The quadratic penalty R ą 0 is selected to scale risky exposures and ensure well-

posed Q-function updates. Unless otherwise stated, we use pq, τ, γq “ p0.5, 0.7, 0.85q.

5.4.3 Backtesting Results

Table 5.1 summarizes out-of-sample performance for no entropy, Shannon, and Tsal-

lis. All methods share the same mean feedback gain K; Shannon or Tsallis differ
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Table 5.1: Out-of-sample backtesting performance on the ETF dataset (test window).
For stochastic policies, results are mean˘std over NMC runs.

Metric No entropy Shannon Tsallis

CAGR 0.0271 ˘ 0.0000 0.0589 ˘ 0.0215 0.0527 ˘ 0.0193
Vol 0.0221 ˘ 0.0000 0.0841 ˘ 0.0235 0.0737 ˘ 0.0235
Sharpe 0.2346 ˘ 0.0000 0.4464 ˘ 0.2189 0.4070 ˘ 0.2088
MaxDD 0.0020 ˘ 0.0000 0.0303 ˘ 0.0344 0.0202 ˘ 0.0177
Turnover 0.0000 ˘ 0.0000 0.6173 ˘ 0.2228 0.4715 ˘ 0.1745

only in the exploration distribution. Shannon attains the highest mean CAGR and

Sharpe ratio but also has the highest volatility, MaxDD, and turnover. Tsallis de-

livers comparable growth with lower risk and trading intensity, consistent with the

risk-limited exploration induced by the bounded support q-Gaussian policy class.

The deterministic baseline is the most conservative, with the lowest growth and

near-zero turnover.

(a) Cumulative wealth on the test window (b) Median drawdown on the test window

Figure 5.1: Out-of-sample backtesting results on the ETF dataset

Fig. 5.1(a) plots cumulative wealth on the test window. For stochastic policies,

the solid line is the median over NMC runs, and the shaded band is the 10–90%

range. Shannon achieves the highest median terminal wealth, while Tsallis is close

with a narrower band, consistent with its lower volatility in Table 5.1. Fig. 5.1(b)

reports the median drawdown trajectory. Shannon exhibits deeper drawdowns during
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adverse periods, whereas Tsallis reduces drawdown severity, matching the MaxDD

ranking in Table 5.1.

5.4.4 Learning Behavior and Sensitivity

To isolate the algorithmic effect of Tsallis regularization on sample-based policy iter-

ation, we also evaluate learning performance under rollouts generated by Algorithm 1

from the stationary calibrated model.

We initially examine the influence of the number of rollouts on the effectiveness

of our policy iteration method. According to the notation defined in Section 5.3.2,

the additive noise radius is set to rν “ 0.8. Each policy iteration update employs

N “ 1200 samples initiated from states with a distribution parameter of rx “ 1. A

constant, stabilizing control gain K0 is utilized to generate the samples. We set the

initial value of policy iteration as θ̂π0 P Rp1`nqp1`n`1q{2, with all entries equal to 0.8

and β0 “ 20, unless specified differently. The initial Q-function’s optimal controller

is represented by K0, which ensures stability. Here we use the normalized training

error pJK ´ JK˚q{JK˚ as a learning diagnostic, where K˚ is the oracle stabilizing

gain obtained from the Riccati solution of the calibrated model.

(a) Correlation of yearly return shocks (b) Mean and volatility of yearly excess returns

Figure 5.2: Empirical characteristics of data
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Fig. 5.2(a) shows the correlation of yearly risky-return shocks, indicating that as-

set return uncertainties are correlated rather than independent. Fig. 5.2(b) reports

the empirical mean and volatility of yearly excess returns. The sample means deter-

mine the drift parameter B, while the heterogeneity in volatilities motivates scaling

the quadratic penalty matrix R. Overall, the figure shows that the parameters are

directly estimated from observed market data.
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Figure 5.3: Empirical distribution of normalized errors

Figure 5.3 (a) and (b) show the empirical distribution of normalized errors over

training iterations for the three regularizations. The boxplot 5.3(a) shows that the

Tsallis-regularized model has the lowest median error and relatively compact in-

terquartile range together with the fewest and smallest outliers, thus presenting more

stable and less heavy-tailed training behavior. The quantile curve in 5.3(b) indicates

that the Tsallis curve lies below the others for almost all quantiles, implying that

Tsallis has smaller errors for most iterations and better convergence performance.

Figure 5.4 compares the convergence behavior of the three policy iteration vari-

ants. The no entropy case descends fastest initially, yet exhibits relatively large

fluctuations in the later stages. Shannon entropy regularization dampens some of

this variability but stabilizes at a comparatively higher error level. In contrast, the

Tsallis-regularized method displays the most consistent decay and achieves the low-

144



100 101 102

Number of Sampled Trajectories

10 4

10 3

10 2

10 1

100

No
rm

al
ize

d 
Er

ro
r

Entropy Comparison
No entropy
Shannon entropy
Tsallis entropy

Figure 5.4: Performance of policy iteration

est error plateau, near 10´4, indicating a more favorable trade-off between accuracy

and stability.
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(a) Shannon entropy (Gaussian policy).
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(b) Tsallis entropy (q ă 1) with bounded support.

Figure 5.5: Gaussian vs. Tsallis policy ellipse

Figure 5.5 illustrates the sparsity effect of Tsallis entropy. For a fixed state x, we

plot control samples in the (u1, u2)-plane obtained from the Gaussian policy under

Shannon entropy (left) and from the Tsallis-regularized policy with q ă 1 (right) us-
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ing the learned parameters pK˚,Σ˚q. The ellipse indicates the Tsallis support region

pu ` K˚xq
J Σ˚´1

pu ` K˚xq ď R2
q ; Tsallis samples lie entirely inside this ellipsoid,

while Gaussian samples extend beyond it.

This sparsity-like truncation of extreme actions reduces the variance of sampled

costs in the multiplicative noise system and is consistent with the empirical behavior

in Figures 5.3 and 5.4, where the Tsallis entropy exhibits smoother error decay, fewer

large error spikes, and the lowest asymptotic error level.
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Figure 5.6: Different q values

Figure 5.6 explores the impact of different Tsallis entropy parameters q P r0.1, 0.85s.

No strict monotonic relationship emerges: the intermediate value q “ 0.5 achieves

the fastest decay and the lowest error, while both smaller q “ 0.1 and larger q “ 0.85

converge to slightly higher error levels. The choice q “ 0.3 results in slower initial

progress and a less favorable asymptotic error.

Figure 5.7 presents convergence under Tsallis entropy with varying discount fac-

tors. Smaller values of γ (e.g., 0.75) yield a slightly faster initial decrease in the

normalized error, reflecting the shorter effective horizon of the underlying control
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Figure 5.7: Different γ values

problem. However, all choices of γ eventually reach a similar error range, with the

baseline γ “ 0.83 attaining the lowest plateau and comparable or lower variance than

the more myopic settings.

147



148



Chapter 6

Conclusion

This thesis investigates RL and data-driven methods for discrete time stochastic LQ

control, with an emphasis on features that frequently arise in practice: multiplica-

tive noise, implementability constraints, decentralized information structures, and

entropy-regularized objectives. Across the three parts, the thesis develops a theoret-

ical understanding of policy optimization methods, including policy gradient and pol-

icy iteration, and proposes computational approaches that remain applicable when

model knowledge is incomplete. Dynamic MV portfolio optimization, benchmark

tracking, and optimal liquidation are used as representative case studies to connect

the theoretical developments with financially motivated decision-making problems.

Chapter 3 studies policy gradient methods for finite horizon, discrete time LQ

control under multiplicative noise, with particular attention to how constraints and

uncertainty in the noise statistics affect convergence and robustness. The chapter is

organized around three progressively more practical settings: (i) a baseline LQ for-

mulation that clarifies the policy gradient mechanism and provides a reference point;

(ii) a constrained scalar state LQ model with multiplicative noise, which highlights

how feasibility requirements interact with gradient-based policy updates; and (iii)

an uncertain noise setting in which the noise has nonzero mean and unknown covari-

ance, leading to a DRO formulation and a corresponding policy gradient procedure
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that explicitly accounts for these uncertain moments. The chapter illustrates the

implications of these results using MV and benchmark tracking examples, thereby

linking the convergence analysis to two canonical financial control tasks.

Despite these contributions, several limitations suggest natural extensions. First,

the constrained analysis is developed in a scalar state setting and under a restricted

constraint structure; extending the results to higher-dimensional systems and more

general convex constraints would substantially broaden applicability. Second, the

DRO analysis is based on moment uncertainty, that is, mean and covariance. Future

work can explore richer uncertainty sets and study how their geometry affects both

computational tractability and convergence behavior. Finally, a systematic finite

sample analysis, for example, sample complexity and stability under noisy gradi-

ents, would strengthen the practical guidance for policy gradient implementations in

stochastic control.

Chapter 4 analyzes the multi-agent LQ problem characterized by multiplicative

noise, by emphasizing the IPO technique. This work meticulously examines IPO and

establishes a super-linear local convergence rate near the optimal policy. Practical

applications of MV optimization and optimal liquidation problems are illustrated,

underscoring their significance in financial decision-making scenarios. The approach

presumes a static parameter framework and fails to consider situations characterized

by dynamically evolving system dynamics or parameter uncertainty. Moreover, the

framework can be extended from decentralized control to distributed control. Fu-

ture studies may investigate the modification of IPO methodologies to accommodate

time-varying or uncertain parameters on the distributed multi-agent LQ problem,

hence enhancing the robustness and scalability of the methodology in dynamic en-

vironments. Furthermore, creating hybrid algorithms that combine IPO with RL

methods can resolve practical problems in more complicated contexts.

Chapter 5 discusses the implementation of Tsallis entropy inside LQ models
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and presents a model-free, data-driven policy iteration methodology. This chap-

ter presents an innovative solution framework for RL-based policy by integrating

Q-functions computed by a least-squares method with instrumental variables. The

incorporation of Tsallis entropy provides a measured method to augment explo-

ration and sparsity in control laws, illustrating its capacity to boost robustness and

adaptability in stochastic control systems. Nonetheless, the analysis does not pro-

vide theoretical assurances regarding the convergence of the least-squares approach

within this framework. This gap raises inquiries regarding the algorithm’s efficacy

under diverse data situations and parameter configurations. Future research may fo-

cus on rigorously establishing and examining the convergence characteristics of the

least-squares approach in this case to guarantee reliability. Moreover, investigating

alternative or adaptable estimating methods may enhance the algorithm’s efficacy.

Expanding the approach to assess its applicability using real-world data will augment

its practical significance.
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