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Abstract

The discrete time Linear Quadratic (LQ) control problem has been a cornerstone
of control theory, and it provides an optimization framework for regulating linear
dynamical systems, with quadratic cost functions used for minimization. With a
closed-form solution from the algebraic Riccati equation (ARE), the LQ problem
offers unique tractability in optimal control problems. However, in many practical
scenarios, the true system parameters and noise characteristics are unknown, ren-
dering model-based solutions infeasible. Consequently, reinforcement learning (RL)
has become a powerful data-driven approach for policy optimization in the LQ prob-
lem under parameter uncertainty. Recent advances have highlighted its versatility
with applications in the field of dynamic portfolio management, financial derivative
pricing, and biomedical engineering. This thesis is organized into three sections. It
focuses on key aspects of RL for the discrete time L(Q) problem and hence highlights
their relevance to financial decision-making problems. In addition, the thesis con-
tributes to expanding the single-agent L(Q) problem to multi-agent settings to address
challenges related to scalability and decentralized control structures. Throughout,
the emphasis is on advancing theoretical insights and offering practical tools for
data-driven control in financial and engineering applications. Examples include the
mean-variance (MV) problem and the optimal liquidation problem. Each section
offers theoretical insights and practical contributions to enhance policy optimization

techniques under diverse contexts.

Vil



Part I studies finite horizon LQ control with mixed noise through a perturbance-
wise viewpoint that unifies the classical model, constrained control case, and a dis-
tributionally robust extension calibrated from an unknown noise distribution frame-
work. By augmenting the affine controller into a linear feedback form, I derive an
implementable policy gradient method that accommodates a nonzero noise mean es-
timated from samples. I establish global decrease and convergence guarantees under
constant step sizes chosen as explicit low-order functions of problem parameters. Nu-
merical studies in MV portfolio allocation and dynamic benchmark tracking validate
stable convergence and illustrate sensitivity trade-offs across horizon length, trading
frictions, and estimation windows.

Part IT focuses on an iterative policy optimization (IPO) framework for multi-
agent L(Q control problems, where the system is subject to multiplicative noise and
governed by a Shannon entropy-regularized cost function. It demonstrates that IPO
achieves a super-linear convergence rate in the neighborhood of the optimal policy.
The applications of MV optimization and optimal liquidation problems underscore
the utility of IPO in financial decision-making contexts. This chapter explores the
understudied scenario in which multiplicative noise simultaneously influences both
control and state variables. It fills a gap in the extensive policy iteration literature
by analyzing how noise impacts model efficiency in a multi-agent case. The findings
establish a theoretical basis for enhancing the effectiveness of RL algorithms in the
multi-agent LQ problem.

Part III presents an innovative, data-driven policy iteration approach for LQ
problem under Tsallis-entropy regularization. This study utilizes Tsallis entropy
to balance exploration and sparsity in control laws, contrasting with the prevailing
emphasis on Shannon entropy in the previous literature. The methodology utilizes
Q-functions estimated by least-squares methods with instrumental variables, offer-
ing a robust solution for problems associated with state/control-multiplicative noise.
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This study tackles significant deficiencies in the integration of Tsallis entropy with
data-driven methods, thereby opening new directions for enhancing RIL-based policy

in stochastic control systems.

Keywords: Reinforcement learning, policy gradient, policy iteration, Tsallis en-

tropy, linear quadratic control, Riccati equation, financial decision-making, multi-

agent
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Chapter 1

Introduction

1.1 Introduction

The linear quadratic (LQ) problem constitutes a foundational pillar of control theory.
The primary aim is to identify an optimal control strategy for regulating a linear
dynamical system, whose dynamics are linear in the state and control input, to
minimize a quadratic cost function (Abeille et al. (2016)). The optimal control input
can be expressed as a constant feedback gain that operates on the system state,
while the gain is obtained by solving the algebraic Riccati equation (ARE). The
LQ problem is a canonical example among optimal control problems that admit
a closed-form analytical description of the optimal feedback control (Almgren and
Chriss (2001), Li and Todorov (2004)). When the dynamics exhibit nonlinearity
and are difficult to analyze, an LQ approximation can be constructed by locally
expanding. This approximation is locally accurate to the original problem (Benigno
and Woodford (2012), Gu (2011), McKean (1966)).

In recent years, the L(Q) problem has attracted substantial interest due to its versa-
tile applications among multiple domains, including dynamic portfolio management
and optimization (Abeille et al. (2016), Cui et al. (2014b), Fu et al. (2010), Gao
et al. (2015), Li et al. (2002), Li and Ng (2000)), financial derivative pricing (Baz
and Chacko (2004), Costa et al. (2005), Primbs and Sung (2009), Zuhlsdorff (2001))
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and optimal liquidation (Ackermann et al. (2021), Almgren and Chriss (2001)). This
widespread applicability has heightened focus on the LQ control problem within these
fields (Elliott et al. (2013), Ni et al. (2015)). Motivated by these applications, this
thesis focuses on LQ control with multiplicative noise and realistic feasibility require-
ments. I further investigate learning-based approaches for computing implementable

feedback gains when model parameters are unknown or only partially observed.

1.1.1 Related Study

Multiplicative Noise LQ Problem and Applications. Before focusing on mul-
tiplicative noise models, we briefly review constrained LQ methods that address
implementability requirements in practical applications. LQ problems are valued for
their ability to produce explicit control policies through ARE solutions, which offer
a robust framework for control and optimization in both continuous and discrete
time systems. However, integrating real-world constraints, such as economic regula-
tions, risk factors, or physical limitations, into these models introduces complexities
that often preclude closed-form solutions. This challenge has driven the development
of advanced methodologies, including semi-analytical solutions (Gao et al. (2015)),
parametric programming in Bemporad et al. (2002), and model predictive control
(MPC) in Mayne (2014) and Mesbah (2016). These approaches enable approxima-
tion or numerical solution of constrained LQ problems and support realistic settings
with inequalities and other implementability constraints on states and controls.

In many modern applications, however, uncertainty does not enter the dynamics
as additive noise. Instead, the system matrices may fluctuate randomly, leading to
multiplicative noise models in which the noise intensity scales with the current state
and/or control. Such models naturally arise in engineering systems with random
gains and in financial settings where random returns multiply the invested position

or wealth (Basin et al. (2006), Gershon and Shaked (2006), Rami et al. (2001)).
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Compared with additive noise L(Q settings, multiplicative noise changes the nature
of stability and solvability, typically requiring mean-square (second-moment) analysis
and yielding generalized Riccati-type characterizations (Ni et al. (2015), Rami et al.
(2001)). This structure appears prominently in finance-motivated LQ formulations
such as dynamic mean-variance (MV) portfolio optimization and optimal liquidation
in which stochastic returns, frictions, and implementation constraints play an essen-
tial role (Ackermann et al. (2021), Almgren and Chriss (2001), Cui et al. (2014b),
Gao et al. (2015), Zhou and Li (2000)).

The presence of multiplicative noise fundamentally couples optimal control with
second-moment behavior: stability and performance are typically studied in a mean-
square sense, and solvability may still hold even when the quadratic penalties on
state and/or control are indefinite (Mukaidani and Xu (2017), Ni et al. (2015), Rami
et al. (2001)). A major application domain is dynamic MV portfolio optimization,
which extends Markowitz’s classical static portfolio selection to dynamic settings
(Cui et al. (2014b), Gao et al. (2015), Li and Ng (2000), Rubinstein (2002), Zhou
and Li (2000)). In such models, multiplicative noise naturally arises from random
asset returns, while constraints and market frictions motivate constrained MV for-
mulations; several works provide explicit characterizations and structural conditions
under which these problems are posed (Czichowsky and Schweizer (2013), Fu et al.
(2010), Sun and Wang (2006), Wu et al. (2018)). Beyond portfolio selection, LQ-style
modeling also underpins optimal liquidation problems that seek to balance execution
costs and risk in the presence of stochastic price fluctuations (Almgren and Chriss
(2001), Ackermann et al. (2021)). The optimal liquidation problem concerns exe-
cuting a large position over a fixed time horizon in which a single large order can
represent a substantial fraction of daily trading volume and induce significant market
impact (Alfonsi et al. (2008), Becherer et al. (2018)). To reduce execution cost and
adverse price impact, the order is typically split into smaller trades and scheduled
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over time; the goal is to choose an execution policy (e.g., trading rate and timing)
that minimizes a functional cost capturing both temporary and permanent price
impact as well as risk (Almgren and Chriss (2001)). Recent work has also explored
learning-based execution methods, including policy gradient and Q-learning, to learn
such execution policies from data; in many cases, these approaches are evaluated pri-
marily through empirical studies, and rigorous convergence or optimality guarantees
remain limited. Together, these model-based results form an essential baseline for
this thesis: they identify what structure can be retained under multiplicative un-
certainty and constraints, and they motivate later discussions of computation and
implementation under additional information or modeling limitations. These results
motivate my later focus on decentralized information structures and learning-based
computation when model parameters are unavailable.

Multi-Agent LQ and Decentralized Control. Many real-world systems are in-
herently multi-agent because decision-making authority, sensing, and actuation are
distributed across multiple subsystems or stakeholders. These systems consist of
multiple decision-makers interacting through shared dynamics and common or par-
tially aligned objectives. In this context, decentralization refers to an information
constraint: each agent chooses its action based on local observations and possibly lim-
ited neighbor communication rather than the full global state. The multi-agent LQ
framework extends classical LLQQ problems to model such scenarios. Applications in-
clude autonomous vehicles, power grids, financial networks, and sensor arrays, where
coordination among agents is essential. The extension of L(Q) control to multi-agent
systems has led to significant interest in decentralized frameworks in which each agent
determines its control inputs based solely on local information. For instance, Wang
et al. (2017) proposed a decentralized LQ regulator in which each agent optimizes its
own strategy using neighbor information under a consensus objective. Subsequent
work has expanded on these ideas to develop suboptimal or observer-based strategies

4



that reduce computational complexity and preserve privacy (Zhang et al. (2023)).
In multi-agent settings, cooperative decision-making becomes a central challenge.
Solutions can be broadly categorized, but the core paradigm is using Centralized
Training with Decentralized Execution (CTDE) while leveraging centralized access
to full global states and actions during training and maintaining fully decentralized
execution policies at runtime (Wilk et al. (2024)). CTDE relaxes the information re-
quirement during training by allowing centralized access to global trajectories, while
the learned policies are constrained to use only local information at execution time.
This setup enables scalability while preserving some coordination through intermit-
tent synchronization or shared rewards (Abouheaf et al. (2014)). In Chapter 4, we
adopt a CTDE-like approach in our decentralized multi-agent LQ setting: we jointly
train policies using global information, then enforce a shared decentralized feedback

gain matrix so that each agent can act using only its local state at execution time.

Reinforcement Learning. Reinforcement learning (RL) is a core paradigm in
machine learning, focusing on how agents take actions in an environment to maximize
cumulative rewards over time (Sutton and Barto (2018)). RL is distinguished by its
ability to address sequential decision-making problems in which the system dynamics
are partially known or completely unknown. The framework of RL typically revolves
around the Markov Decision Process (MDP), comprising states, actions, rewards,
and a transition function, which collectively define the agent-environment interaction
(Puterman (2014)). A key advantage of RL is its flexibility: agents learn optimal
policies through trial-and-error interactions rather than requiring explicit system
models. This adaptability has enabled researchers to find RL applications in diverse
fields, from robotics and game playing to finance and control systems (Levine et al.
(2020), Silver et al. (2017)).

Within RL, two primary methodologies dominate: model-based methods, which
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attempt to explicitly estimate the underlying transition dynamics; and model-free
methods, which directly learn policies or value functions without requiring transi-
tion kernel estimation (Jin et al. (2020), Wulfmeier et al. (2015)). While model-
based methods can often converge faster given accurate models, their dependence on
accurate system knowledge limits their applicability in uncertain or complex envi-
ronments. Conversely, model-free methods, such as policy gradient and Q-learning
algorithms, have gained prominence for their robustness in environments where the
system dynamics are opaque or highly variable (Haarnoja et al. (2018)).

RL has made significant strides in addressing L(Q) problems, a classical control
challenge in engineering and economics that is often solved analytically via ARE
(Anderson and Moore (2007), Kalman et al. (1960)). Traditionally, LQ solutions
assume complete knowledge of model parameters, enabling the derivation of opti-
mal feedback control laws in closed form. However, in practical applications, these
assumptions often break down due to system uncertainties, measurement noise, or
parameter variability (Bu et al. (2020)).

By integrating RL into the LQ framework, agents can learn optimal control poli-
cies directly from data. Model-free RL methods, in particular, have demonstrated
considerable promise for solving LQ problems without requiring precise parameter
knowledge. Methods such as policy gradient (Fazel et al. (2018)) and least-squares
policy iteration (Hambly et al. (2021)) have been adapted to discrete time LQ set-
tings, which achieve convergence guarantees under various assumptions. These meth-
ods leverage trial-and-error interaction to iteratively refine control policies, and they
extend naturally to stochastic dynamics and entropy-regularized objectives. The syn-
ergy between RL and LQ problems opens new avenues for solving practical control
problems in engineering, robotics, and financial systems, whose analytical solutions

are either infeasible or suboptimal in the presence of real-world complexities.



Policy Gradient Method. Policy gradient methods optimize a parameterized pol-
icy by ascending the gradient of expected return; in LQ control, the parameters are
often taken to be the feedback gain itself (Fazel et al. (2018)). The policy gradient
approach aims to optimize the policy function by adjusting parameters based on the
gradient of the expected reward, which allows for dynamic learning in complex or un-
known environments without the need to solve static equations. This shift highlights
a wider trend in control theory, moving away from algebraic and iterative meth-
ods toward learning-based algorithms that develop optimal control strategies using
model-free techniques. These strategies combine dynamic programming principles
with RL to create advanced adaptive control systems capable of handling continuous
and discrete time systems without prior knowledge of the system dynamics (Jiang
and Jiang (2012), Lee and Hu (2018)).

The study of policy gradient methods has gained significant momentum in RL,
particularly for solving L.QQ problems across various settings. The foundational work
in this area showcased the global convergence of the policy gradient method in infinite
horizon and deterministic dynamics, thus establishing a precedent for subsequent re-
search (Fazel et al. (2018)). Further work has expanded the policy gradient method
to account for stochastic elements, such as noise systems, in the system dynamics,
which required adaptations of the deterministic framework to maintain convergence
guarantees and to tackle the intricacies over an infinite or finite horizon (Bu et al.
(2019), Gravell et al. (2020), Jin et al. (2020), Malik et al. (2019), Pang and Jiang
(2022)). This progression reflects the dynamic nature of policy gradient research and
underscores both its potential and the need for continued study into its convergence
properties and performance guarantees across deterministic and stochastic models,
infinite and finite horizons, and theoretical and practical applications (Bhandari and
Russo (2024), Bu et al. (2020), Wang et al. (2020)). Algorithms have been devel-

oped that converge in both parameter estimation and optimal control. The subject
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of randomized adaptive control algorithms for L(Q) systems has been significantly
improved by recent advances from Agarwal et al. (2019) and Basei et al. (2022).
Computing the optimal policy in the LQ problem without solving the ARE is often
challenging because of the dynamic nature of the control problem, notwithstanding
the importance of the cost function. In recent times (Balakrishnan and Vanden-
berghe (2003), Guo et al. (2023), Jiang and Jiang (2012), Lee et al. (2012), Lee
and Hu (2018)), there has been a notable increase in the enthusiasm for developing
optimal control techniques directly. This rise has been influenced by the ideas of RL
and dynamic programming, which provide data-driven solutions that do not rely on
models. Moreover, the juxtaposition of model-based with model-free methods in RL
highlights the nuanced trade-offs between robustness against model mis-specification
and the exploitation of the LQ structure for enhanced sample efficiency. I build on
these developments by studying policy gradient-type updates for LQ control under
multiplicative noise and additional structural constraints arising from decentralized
or single-agent implementation.

Entropy Regularization. Entropy regularization is prevalent in RL, as evidenced
by Auer and Ortner (2006), Littlestone and Warmuth (1994), Neu et al. (2017), Sut-
ton and Barto (2018) and Zhao et al. (2019). Entropy regularization is frequently
employed to encourage exploration and improve convergence. Research has shown
that incorporating entropy regularization leads to a smoother and more consistent
landscape, allowing for the use of higher learning rates. As a result, this process can
lead to faster convergence during the training phase. The notion of entropy regu-
larization is crucial for achieving a balance between exploration and exploitation in
RL. This concept has been highlighted in the works of Haarnoja et al. (2017) and
Haarnoja et al. (2018). Sometimes the learning objective includes Tsallis entropy as a
regularizer, introduced by Tsallis (1988) and Tsallis (2011), to represent the agent’s
action distribution. This approach generalizes Shannon entropy for non-extensive
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systems in which standard additivity is not applicable, including systems charac-
terized by long-range interactions, fractal structures, or non-equilibrium dynamics.
This generalization alters the optimal action distribution to be ¢-Gaussian rather
than Gaussian, as established by the Shannon entropy in Donnelly and Jaimungal
(2024) and Wang et al. (2020). In RL, Choy et al. (2020) and Lee et al. (2018)
propose a method for obtaining sparse control policies through a specific application
of Tsallis entropy.

This thesis investigates RL and data-driven methods for the discrete time LQ
control problem, with particular emphasis on settings that arise in practice, in-
cluding multiplicative noise, implementability constraints, scalability, and entropy-
regularized objectives. Throughout the thesis, several applications, e.g., dynamic
MYV portfolio optimization and optimal liquidation, are used as representative ap-
plication case studies to illustrate both the modeling and algorithmic implications.
This thesis is organized into three parts.

Part I addresses three cases of discrete time stochastic LQ optimal control prob-
lems with multiplicative noise over a finite horizon, including classical, scalar state
constrained, and unknown noise distribution cases. Our primary objective is to inves-
tigate the convergence properties of policy gradient methods applied to their linear
systems that are characterized by both state and control multiplicative noise. The
theoretical foundation and problem framework are introduced. This study investi-
gates the policy gradient method by assuming the noise distribution with sampled
means and covariances, and presents findings with real data on convergence for the
applications on the MV problem and benchmark tracking problem. The existing
literature provides a robust foundation from which to extensively examine analytical
solutions for LQ problems with constraints, unknown noise distribution, and con-
vergence proofs for policy gradient methods within the unconstrained LQ problem
affected by additive noise. However, a critical gap remains: no prior studies have
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integrated these aspects to assess the performance of policy gradients solving the
generalized L(Q) problem, incorporating multiplicative noise and different variations.
This study fills this gap by demonstrating the robustness and versatility of the policy
gradient method across diverse system dynamics. We refine existing proofs to align
with the complex structure of our model, thereby contributing a novel theoretical
dimension to the current body of research.

Part II focuses on the LQ problem with multiplicative noise and demonstrates
how the iterative policy optimization (IPO) method, a reliable technique for resolving
this problem, ensures convergence with a theoretical guarantee. Our contributions
are that we rigorously analyze the IPO method and establish that it achieves a
super-linear convergence rate if it enters a local region around the optimal policy.
We demonstrate the practicality of the IPO method through its application to the
MYV optimization and the optimal liquidation problem, showing promising results for
practical financial decision-making problems. There are many existing studies on the
LQ problem and policy iteration learning method, but the case where the noise is
influenced by the control and state value is rarely discussed. Therefore, an explicit
result for the context of RL-based policy and improving the efficiency of algorithms
that depend on policy optimization is needed for related groups with investment
goals.

Part III explores the application of Tsallis entropy in the multiplicative LQ prob-
lems. This part introduces a novel, model-free, and fully data-driven policy iteration
algorithm designed specifically for the multiplicative LQ problem under the Tsallis
entropy framework. While the existing literature predominantly focuses on Shan-
non entropy, our work extends the scope by leveraging Q-functions combined with
instrumental variables employed in least squares learning. These methodological ad-
vancements address gaps in the literature where the integration of Tsallis entropy
with data-driven approaches remains underexplored. By doing so, we provide a foun-
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dational result that enhances RIL-based policy and opens new avenues for improving
algorithmic efficiency in stochastic control problems.

These three parts form a progression from model-based policy optimization under
structured uncertainty, to scalable decentralized learning under entropy regulariza-
tion, and finally to fully data-driven entropy-regularized control. The common goal
is to compute implementable policies for LQ systems under multiplicative noise when

model knowledge and execution structure become progressively more restrictive.

1.2 Organization of the Thesis

The remainder of the thesis is organized as follows.

Chapter 2 summarizes the basic model for the LQ problem and the definition of
Shannon entropy and Tsallis entropy. The finance-related applications, that is, the
MYV problem and optimal liquidation problem, are also discussed in this chapter.

Chapter 3 investigates the convergence of policy gradient methods in LQ control
models with multiplicative noise. The study blends existing frameworks with the RL
method, accommodating both state and control multiplicative noise to address an
unknown noise distribution system with sampled means and covariance. By deriv-
ing rigorous proofs and validating convergence, the results enhance the theoretical
understanding of stochastic control.

Chapter 4 presents the IPO method for discounted entropy-regularized LQ prob-
lems across an infinite time horizon with multiplicative noise. The study establishes
its global linear convergence and the super-linear convergence of the IPO method
near the optimal policy, demonstrating its effectiveness in scalar state and high-
dimensional scenarios. Practical applications to MV optimization and optimal liqui-
dation problems validate the method’s efficiency in financial decision-making.

Chapter 5 develops RL in this setting by examining the behavior of the least

11



squares estimator based on the Q-function for the multiplicative noise LQ problem
with Tsallis entropy. The algorithm of such a policy iteration method is rigorously
established, offering insights into optimal control.

Chapter 6 provides concluding remarks and discusses future work.
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Chapter 2

Preliminary

This chapter provides a concise introduction to the essential mathematical principles
of the basic LQ problem with multiplicative noise and the entropy preliminaries. The
typical real-life examples, including the MV problem and the optimal liquidation
problem, along with a compilation of requisite results utilized throughout the thesis,

are discussed.

2.1 LQ Problem

Define the admissible policy set as II = {7 : X — P(U)}, with X the state space,
U the action space, and P(U) the space of probability measures on action space U.
Here, each admissible policy 7 € IT maps a state x € X to a randomized action in U.

The state dynamic equation remains the same for both infinite and finite horizons:
Ty = Axy + Buy + (Cxy + Dug)wy, 9 ~ Dy, (2.1.1)

where {w;};>¢ is the noise sequence and Dy denotes the distribution of the initial state
x9. A relaxed policy 7 € II specifies a conditional distribution 7 (-|x) over controls
given the current state z, and we write u; ~ 7(-|z;). The decision-maker aims to find

an optimal policy by minimizing the following objective function

minE, p, [/=(z)], (2.1.2)

mell
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with value function J, for the infinite horizon case given by

a0
Jr(z) =E, [Z 7 (mj@att + utTRut)
=0

xo = x] , (2.1.3)

where t = 0,1,2,---. The discount factor is denoted by v € (0,1). Now, for the

finite horizon case, the value function changes to the following:

T-1
Jr(7) = Ex [Z (! Quy + u) Ryuy) + 27Qraer
t=0

ry = x] : (2.1.4)

where T is the total number of time steps for t =0,1,2,--- ;T — 1.

Here x; € R™ is the state of the system, and u; € R™ is the control at time ¢
following a policy 7. In addition, {wt}ﬁo are zero-mean independent and identically
distributed (i.i.d.) noises. We assume that {w;},”, have finite second moments.
That is, Tr(W) < oo with W = E [wtw;] for any t = 0,1,2,---. The matrices
A e R™™ B e R™" define the system’s (transition) dynamics. The matrices
Q € R™™ and R € R™" are positive definite, which parameterize the quadratic
costs. The expectations in (2.1.3) and (2.1.4) are taken with respect to the control

up ~ 7 (+|o;) and system noise w; for t = 0.

Remark 2.1. The model (2.1.1) allows multiplicative noise through the term (Cx;+
Duy)w,.  For completeness, we also allow an additive exogenous noise term. In
Chapter 3, we consider an additional additive noise besides the multiplicative noise

term that is treated as a mixed noise specialization and is used there explicitly.

2.2 Entropy Regularization

Shannon Entropy. A given admissible policy m € II assigns to each state = a

probability density (or distribution) m(-|z) on Y. The corresponding Shannon entropy
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at state z, originally introduced by Shannon (1948) (see Guo et al. (2023) for an

application in entropy-regularized control), is defined as:
H(r(-|z)) = —f 7(ulx) log7(ulx)du Vae X, (2.2.5)
u

where E[— log 7(u|z)] can be used to generalize the above.

Tsallis Entropy. To enhance exploration throughout the control selection pro-
cess, we modify the performance criterion by integrating a reward based on entropy.
We employ Tsallis entropy as a measure to quantify the degree of uncertainty in the
control distribution. This concept was initially presented by Tsallis (1988). Before
presenting the Tsallis entropy 7y, it is essential to construct the g-exponential and
g-logarithm functions, as well as the multivariate ¢-Gaussian within the framework
of Tsallis statistics (Hashizume et al. (2024); Tsallis (1994)). The variable ¢ is des-
ignated as a deformation parameter (Gell-Mann and Tsallis (2004); Borges (2004);
Lavagno and Swamy (2002)). Since ¢ — 1, the formula reduces to the Shannon

entropy. In this study, we assume that the value of ¢ € (0,1) for simplicity.

Definition 1 (¢-Exponential and ¢-Logarithm functions).

1

exp,(z) = [1+ (1 —q)z]y, zeR,

e (2.2.6)
log,(7) = T4 x>0,
where [x]y = max(z,0). These functions have the inverse property that
exp, (log,(z)) =z, x>0,
. (2.2.7)
log, (expy(z)) =z, x> p—t
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Definition 2 (Multivariate g-Gaussian). A g-Gaussian N,(p, X) is an n-dimensional

random variable characterized by its density function as follows:

() = — exp, (—@ —p) e “)> , (2.2.8)

Z, (n+4) — (n+2)q

where

with T'(+) denoting the Gamma function.

The associated ¢-Gaussian has compact support for ¢ < 1, so large magnitude
controls have density zero outside an ellipsoid (z — ) 'S 7' (2 — p) < RZ, whereas the
Gaussian policy under Shannon entropy has full support on R". Subsequently, we

define Tsallis entropy, which functions as an extension of Shannon entropy.

Definition 3 (Tsallis entropy and ¢-Entropy). Tsallis entropy T, is defined as

To(f) = — ff(x)qlogqf(x)d:c. (2.2.9)

The deformed Tsallis entropy (Bao and Sakaue (2022)) or q-entropy H, is defined

H,(f) = —Lq (Jf(x) log, f(x)dx — 1) | (2.2.10)

In the following chapter, we will use the deformed q-entropy for the sake of notational

simplicity.

This definition demonstrates the equivalence of Tsallis entropy and deformed
g-entropy. For the sake of notation, the deformed g-entropy will serve as a regular-

ization term in this study. For a given admissible policy 7w € II, the corresponding
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Tsallis entropy is defined as

1

H,(m(-]|z)) = 3, (Lﬁ(u\x) log, 7(u|x)du — 1) , VrelX, (2.2.11)

where, in a similar way;, —ﬁ (E[logq m(ulz)] — 1) is equivalent for calculation.

2.3 Applications

2.3.1 MYV Problem

Consider an investor who enters the capital market with initial wealth zy and in-
vests simultaneously in one riskless asset and n risky assets with a finite time hori-
zon. Let 7, be a given deterministic return of the riskless asset at time period
t and ¢ = (e}, - ,e?)T the vector of random returns of the n risky assets at
period t. We assume that vectors e;, for ¢t = 0,1,--- T, are statistically inde-
pendent. The only information known about the random return vector e; is its
first two moments: its mean E (¢;) = (E[el],E[e2],--- ,E[e"]) and its covariance
Cov (e;) = E [(et — Ee;) (er — Eet)T]. Clearly, Cov (e;) is positive semidefinite, that
is, Cov (¢;) = 0. We interpret r; and each component of e, as a gross return factor
over period ¢, hence r; > 0. Equivalently, if one uses net returns 7, then r, = 1 4 7.
This thesis will establish the necessary and sufficient criteria for the solvability of
multi-period MV portfolio optimization based on the general theory of LQ problems.
To proceed, let x; be the wealth of the investor at the beginning of the ¢-th period,
and let u!, i = 1,2,--- ,n, be the amount invested in the i-th risky asset at period ¢,
and x; be the wealth level in period ¢. As discussed in Markowitz (1952), Cui et al.
(2014a), and Wu et al. (2018), supposing that the investor decides to end the port-

folio at time 7', then adopts the following MV formulation to guide his investment:
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T-1
(MV): min Var[zr] +E !Z u! Ruy (2.3.12a)
{ut}t;O t=0
st. E[or] = d, (2.3.12h)
Tpyp1 = Ty + Ptut, t= O, ce 7T - ]_, (2312C)
where uy = (uf,u?, - ,u?)T and P, = (PL P2, -+ P) = (el —ry,e2 —ry, -, €0 —1y)

is the excess return vector. d is a predetermined price level for the expected value of
terminal wealth E[z7], with d > zg HZ:OI r¢, which requires that the target wealth
level must exceed the terminal wealth level obtained from fully investing in the risk-

free asset.

Remark 2.2. The quadratic term u] Ru; is included to model trading frictions or
position-reqularization and it also ensures strong convexity in the control, which tm-
proves the well-posedness and stability of L(Q) model. The matriz R > 0 is taken as
an exogenously specified parameter chosen by the modeler; setting R = 0,5, recovers

the classical MV formulation.

Consider a Lagrange function by introducing Lagrangian multiplier 2\ € R for

(2.3.12b):

Var [z7] + 2\ (E[zr] —d) + E [T_l uIRut]

=E [(zr — d)* + 2\ (zp — d)] +E [2 u! Ruy

where Var [z7] = E[23] —E[z7]° = E [(zr — d)2] on the feasible set (2.3.12b). This
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further leads to the following equivalent problem (MV-A;):

(MV-\) : min E[(zr — (d— X)) [TZ Rut] — 22

T—1
{ut}t:()

(2.3.13)

s.t. It+1:Tt.Tt+PtUt7 t:0,7T—1

The aforementioned auxiliary problem can be reformulated as a separable linear

quadratic control problem (MV-)\y), by replacing the state variable x; with vy +

d—\ .
HZ‘:_; Tk ’

(MV-Xg) : min Ely7] +E [Z u! Ruy

{ut}t 0

(2.3.14)

st. Y1 =1y + Py, t=0,--- T —1

In certain real-world scenarios, numerous investors, particularly institutions such as
pension funds or university endowments, may find it practical to assess cumulative
risk over all time periods when considering long-term (or infinite horizon) models,
rather than focusing solely on a single future date. This type of problem is frequently
encountered in long-term asset management models in which the objective is to

incorporate continual risk management and the investor’s risk aversion.

(MV-m0) : mlnz Var [z:] + E [Z u; Ruy (2.3.15a)
R t=0
s.t. Efz¢] = d;, and (2.3.15b)
Tiy1 = Ty + Ptut, (2315C)
fort =0,---,00. The level d; is a predetermined price level for the expected wealth

E[z;] at time ¢, with d; > ]_[2;10 ri. Similarly, we introduce a Lagrangian multiplier
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2); € R for (2.3.15b):

8

Z Var [z;] + Z 2\ (E —d)+ E [Z utTRut]

t=0

Y

0
=K [Z Ty — dt + 2)\,5 (.Tt dt)] + E [Z Uy Rut

where Var [z;] = E[2?] —E[z,]> = E [(z: — dt)2]. This further leads to the following

equivalent problem (MV-co,):

(MV-004) : mmE [Z M)+ u) Ruy — )\f]
o (2.3.16)

S.t. Ty :Ttxt-i-PtUt, t= 0, , Q0.

The aforementioned auxiliary problem can be reformulated as a separable linear

quadratic control problem (MV-005) by replacing the state variable x; with y,+d;— A

e 0]
(MV-005) : minE [2 Y + Rut]
“ (2.3.17)

s.t. Yt+1 :Ttyt+Ptut7 t= 0, , 00.

Remark 2.3. The undiscounted formulation is an infinite horizon model background,
while we always add a discount factor v € (0,1) to ensure the objective remains
finite, while the discounted formulation is the one actually used later. Economically,
alternative criteria are also common in portfolio problems, such as long-run growth
rate or long-run average cost objectives; these can be more appropriate when one
1s interested in asymptotic wealth growth rather than discounted utility. We do not
pursue these alternatives here since our goal is to cast the problem into a discounted
LQ framework that admits tractable analysis and serves as a consistent baseline for

the subsequent chapters.
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In dynamic decision-making problems, especially those involving trade-offs over
time, time inconsistency often arises when future preferences do not align with cur-
rent optimal plans. This phenomenon has been widely studied and metaphorically
described as the “random shoe” behavior of Wall Street, where optimal strategies
keep shifting unpredictably (Guo et al. (2017)).

The MV problem is time-inconsistent because it involves a nonlinear function of
the square of expected terminal wealth rather than the expected value of a nonlinear
function, thus violating the principle of dynamic programming (Bjork and Murgoci
(2010)). For the finite horizon case in Ni et al. (2017), an open-loop time-consistent
equilibrium control can be constructed by leveraging the dynamic structure of the
system. However, in the infinite horizon case, we use the precommitment solution; in
other words, the numerical results reported in the research are based on simulation

experiments rather than real financial data.

2.3.2 Optimal Liquidation Problem

We follow the setup of Almgren and Chriss (2001) and the example in Hambly
et al. (2021) for an optimal liquidation problem with a slight variant. Our aim is to
liquidate an amount g of an asset, with security price Sy at time 0, so that the initial
market value of our position is ¢Sy. The trading decisions are made at discrete time
points t = 0,1,--- ,00. Our initial holding is ¢y = ¢ and liquidation at time 7" for
T — oo requires ¢, = 0. At each time ¢ our decision is to liquidate an amount u; of
the asset. This process will have two types of price impact. Temporary impact refers
to temporary imbalances in supply and demand caused by our trading, leading to
temporary price movements away from the equilibrium. Permanent impact means
changes in the equilibrium price due to our trading, which remains at least for the
life of our liquidation.

We write S; for the asset price at time ¢ and assume the impacts are linear in the
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number of traded shares. Then, the security price of the asset is modeled by
St = S; + 05 Zpe1 — BF wi,

where the 0gZ;,1 term is the exogenous noise on price, which is independent of

control to guarantee risky asset price still changes when u; = 0. We have the volatility

os and standard normal random variable Z,,;. In addition, E(”) = pP' and
Var(0} i) = aépi for each t = 0,1,--- ,00 and 3} ' is the permanent price impact

parameter. The inventory process ¢; records the current holding in the asset at time
t. Thus we have

i+1 = Gy — Ug-
Assumption 2.1. For the infinite liquidation model, we typically assume

(i) Full liquidation in the limit:

0
qt l 07 Zut = qo-
t=0

(i1) Square-summability (so variance is finite):

0

0 ee}

2 2 2
Zut < o0, th < o0, Z(qtﬂut) < 0.
t=0 t=1

t=0

(iii) A mild boundary condition:

lim QTST =0.
T—0o0
Therefore, the two-dimensional state process is

ot I e e i K BN 3T

22



where 87" = P! + ¢; and &; is an independent normal random variable with zero

épi . When selling shares, we incur a temporary price impact,

mean and variance o
parameter S% | in that if at time ¢ we trade u; of our asset, then we obtain the actual
price S; = S, — 8% u; per share, while this temporary effect does not appear in the

next security price S;. Therefore the total trading revenue is ch: 0 utgt. The total

cost (T'C') of trading is the difference between the initial book value and the revenue:

0
TC = QSO — Z ut‘gt

t=0

o0 [oe}
= qSo — >, wSy + B9 uy
t=0 t=0
= — Z q (St — Si1) + 5&2 U?
t=1 t=0

o0 o0 o0 o0
= —0g Z @z + B Z qrug—1 + Z Gr1wer + B Z uf
=1 =1 t=0 t=0

< < S 2 e 2
= —0g ; Qe + ;)%—&-lutet + 5;}% + — o
where § = g% — 6% summarizes the impact and is assumed positive. The second
equation substitutes S; = S, — 8% w,; the third equation uses the boundary condition;
the fourth equation substitutes S; — S;_1 = 052441 — Btpilut,l — &4_1Us_1, and in the
last equation, we use >~ qui—1 = % (¢2 — >~ u?). The mean and variance of the
total cost of trading are given by

p¥
2

0 0
1 .
E(TC) =0y ui + —-a5 = 567 ¢* + 6 ) i,
t=0 t=0

Var(TC) = 0% Z Q.

t=0
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Next, we generate the following objective function:
TCro = min(E(TC) + ¢ Var(17'C)), (2.3.19)

where ¢ is a parameter balancing risk versus return.

Remark 2.4. Linear price impact is a tractable first-order approrimation but can be
inaccurate for large orders, does not capture transient impact and resilience, and may
generate unrealistic prices. If ,Bfi 1s modeled as Gaussian, it may become negative or
excessively large; in practice, one may assume 3¢ "> 0 a.s. (e.g., truncated normal,

or lognormal specifications) or enforce a price floor.

2.3.3 Dynamic Benchmark Tracking Problem

To manage a small basket of sector ETFs and track a benchmark (e.g., SPY) over a
short horizon, the objective is to minimize (i) deviation from the benchmark and (ii)
trading cost. In practice, the ideal sector exposures that best replicate the benchmark
drift over time due to composition and sector changes. We trade to keep up with
those drifting targets. This benchmark tracking problem is well known to admit
stochastic LQ formulations; see, for example, Yao et al. (2006) about stochastic
LQ tracking and later dynamic trading papers that cast portfolio rebalancing with
quadratic costs in LQ form (Moallemi and Saglam (2017) and Garleanu and Pedersen
(2013)). Define the exposure deviation (state), trades (control), and noise term as

follows:

e State (dimension = number of sector ETFs): z; € R™ is the exposure deviation
at time ¢, which is actual sector holdings, in shares or exposure units, minus

the target exposures that best track the benchmark at ¢.

e Control: u; € R™ is the trade volume change (buy/sell) in sector indices.
Positive means buy.
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e The target exposure drift as exogenous noise: let af € R™ be time-varying
target exposures that best explain benchmark returns at time ¢, estimated
from data. One-step change w; = ay,, — af is an unpredictable, zero-mean

additive noise to the exposure deviation dynamics.

The dynamics are

Typ1 = Ty — Up + Wy,

where A; = 1,,,, B, = —1,,,, D; = 1,,,. We use a quadratic tracking objective with

Qt = )\step USQtep Im> Rt = dlag (Cla cee acm) 5 QT = (jIm(q > 0)

Here Agtep > 0 scales tracking risk via per-step variance agtep ; R; collects per ETF
trading cost weights ¢; > 0; a large ¢ enforces terminal closeness to the benchmark.
Performance Measure. We use the following normalized error to quantify the

performance of a given policy Cpoicy ,

*
. C’policy - C’optimal
Normalized error = )
Cpolicy

where Cpolicy Tepresents the sample results obtained from each trial or iteration, and

C*

optimal

| is the optimal cost established for a specific case. We say that the method

converges if the normalized error tends to 0 as the iteration index tends to co.
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Chapter 3

Policy Learning for

Perturbance-Wise Linear
Quadratic Control Problem

This chapter introduces policy gradient methods tailored to finite horizon multiplica-
tive noise environments. Mirroring the analytical rigor found in Fazel et al. (2018)
and Hambly et al. (2021), we expand upon the framework of LQ optimal control,
particularly with the RL method, to broader variations with unknown noise distri-
bution. Building upon the three models proposed by classical LQ, the scalar state
constrained LQ from Wu et al. (2018), and the unknown noise distribution cases with
distributionally robust optimization (DRO) problem from Kim and Yang (2023), we
adapt the conceptual framework to accommodate both constrained linear systems
and unknown noise distribution systems with both state and control multiplicative
noise. This modification extends the model’s applicability, diverging from the basic
LQ focus to embrace a broader spectrum of system complexities. Moreover, we ap-
ply the policy gradient method proof, as established by Hambly et al. (2021), to our
enriched model. While Hambly et al. (2021) provided a foundational approach to
policy gradient methods, our work takes a significant leap by validating their theoret-
ical results under the new conditions posed by our advanced model. This approach

not only tests the robustness of their proofs but also showcases the versatility of the
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policy gradient method across varying system dynamics. We have further developed
these proofs to align with the intricate landscape of our model, which introduces a
novel theoretical dimension to the existing body of work. The synergy between the
sophisticated model structure and the robust policy gradient method culminates in
a rigorous proof that enhances the theoretical understanding of stochastic control in

multiplicative noise.

3.1 Problem Setup
3.1.1 Classical LQ Problem

Based on the LQ problem in Section 2.1, we set a finite time horizon denoted as
T and consider the discrete time linear stochastic dynamic system with (2.1.4) for
t=0,1,---,T—1, and

Tyl = Atxt + Btut + thta g ~ DQ. (311)

Note that w; € R* and (3.1.1) is the mixed noise specialization of the general multi-
plicative noise model, see Remark 2.1.
We now apply the dynamic programming algorithm to define a sequence of pos-

itive definite matrices { ¥}, as the solution to the dynamic ARE:
P} = Al P} A — A PY BB/ Pl B+ Re) "' Bl P A + Qs (3.1.2)

with terminal condition P% = Qp. The matrices {P?}]_, can be found by solving
the ARE iteratively backwards in time.

The optimal control sequence {u;}1 - is given by
uy = —Kj 'y, (3.1.3)

where
Kt* = (B;—Pti1Bt + Rt)ilBtTPtilAt- (3.1.4)
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To identify the optimal solution in the linear feedback form (3.1.3), it is essential to

concentrate on the specific class of linear admissible policies in feedback form
U = —Kt:L“t, t = O,]_,"' ,T—]_ (315)

3.1.2 LQ Problem with Constraints

When z is a scalar state, we can take into account the following set of general control
constraints, then find the optimal solution for this case, which is a piecewise linear

function, adapted from Wu et al. (2018):
Ct (I't) = {Ut e R" ’HtUt < dt’ $t|}, (316)

where H; € R**" and d; € R® are given matrices and vectors. In order to ensure the
feasibility, we impose the following standing assumption: for each ¢t = 0,---T — 1,
the set {K e R" | HyK < d;, H;K < 0441} is nonempty. The parametrization in
(3.1.6) is flexible and can capture a variety of practically relevant constraints. A few

representative examples are:

(i) Nonnegativity/nonpositivity. If we choose H; = —I, and d; = 0,1, then
(3.1.6) enforces u; = 0,,x1(component-wise). Similarly, taking H; = I, and

dt = 0n><1 y1€1dS Up < 0n><1-
(ii) State-dependent box constraints. Suppose we are given vectors d,, d, e R*. The

. = . I
requirement d, |z;| < u; < d;|z¢| can be represented by setting H, = [ " ]

-1,
and d; = [ d; ]
—c

(iii) Cone-type constraints. A general conic constraint of the form Hyu, = 0441, for

a prescribed matrix Hy, is also encompassed by this framework.

29



(iv) Unconstrained controls. The unconstrained case u; € R™ is recovered by taking

H; = 04y, and d; = 0451 so that (3.1.6) imposes no restriction on ;.

Before deriving the explicit solution to the problem, it is convenient to introduce the
following state-independent set associated with C; (x;): K; = {K € R" | H; K < d,}.
Additionally, three auxiliary optimization problems are introduced for the interval,

as follows:

min u,&,Y, 2),
uect(s)pt( ¢y, 72)

[rglellapt<K7y7z)7 (317)

[r(rg]cntpt(K,yﬁ),

where ¢ € R is a F;-measurable random variable, and y, z € R, are F;,;-measurable

random variables. The corresponding objective functions are defined by

pe(u, &y, 2) = By [SQQt + UTRtU + (A + Bu + tht)2

(3.1.8)
’ (y ’ 1{At£+Btu+DtUJt>O} + 2 1{At§+Btu+tht<O}>]7
ﬁt(K, Y, Z) = Et [Qt + KTRtK + (At + BtK + tht)2
(3.1.9)
) (y ) 1{At+BtK+DtU)t>0} + Z 1{At+BtK+tht<0}):|7
(K, y,2z) =E, [Qt + KTRtK + (A — BIK — tht)2
(3.1.10)

. (y . 1{AthtK7tht<0} + z - 1{At*BtK*tht>0}>:|’

The function p;(u, &, y, z) is the one-step dynamic programming objective; it com-
bines the stage cost at time ¢ with the continuation value at time ¢t + 1. The two
continuation coefficients (y, z) correspond to the piecewise quadratic form of the value

function induced by the absolute value state constraint structure. The functions p,
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and p; are p; after substituting the linear feedback form v = —K¢, so minimizing
them over K yields the backward recursions for (B, P,).

An explicit solution for the problem can be developed. We introduce two random

sequences, ]50, ]51, R Pr and Py, Py, -+, Pp, defined recursively in reverse as follows:
-ﬁt = min ﬁt <Kt7-pt+17 -Pt+1> ) (3]‘]‘1>

KtEICt
pt = min Dt <Kt7]5t+lypt+1> ) (3112)

KtEICt

where function p, and p, are defined, respectively, in (3.1.9) and (3.1.10) for ¢ =
T —1,---,0, with the boundary conditions of Pr = Pr = Q. It is evident that
P, and P, are F;-measurable random variables. The optimal control policy for the
problem at time ¢ is characterized by a linear feedback policy,

* _ [A(t*xt? Ty = 07
uy (z¢) = { CKru m <0 (3.1.13)

where Kt* and K;* are defined as

- . R ~ _
Kt = arg min p; (Kt7 Pt+17 Pt+1> )
KtE’Ct

K — i *<K Py P )
¢ arg[gm’rcl Pt ty L+, L1411 )

tEAL

where {P,}L_, and {P,}T_, are given in (3.1.11) and (3.1.12), respectively, and P, > 0
and P, > 0 for t = 0,---,7 — 1. Furthermore, the optimal objective value of the

problem is
22 (PO- Lisso + Po - 1{x0<0}). (3.1.14)

The above theory suggests that the systems represented by (3.1.11) and (3.1.12)
serve a function analogous to that of the ARE in the classical LQ optimal problem.
Moreover, in the absence of control constraints, these two equations will converge
into the single equation presented in (3.1.2).
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3.1.3 LQ Problem with Unknown Noise Distribution

Consider the stochastic program

J* = miﬁlEp [Jr (2, u|w)], (3.1.15)
TE

where P is the noise distribution supported on 2. In applications, the distribution
P cannot be accessed explicitly. Instead, we assume that we observe a finite number
M i.i.d. samples from P and collect them in the training set Oy = {@; M o<
Before it is realized, this dataset can be regarded as a random element in Q* with
distribution PM.

A data-based control decision #,; is any feasible control rule constructed from
the information contained in Q) - Its true performance is measured by the expected
cost Ep [J; (x, ups|w)], that is, the expectation with respect to a fresh noise draw w,
independent of the training set. Since [P is unknown, we aim to derive high confidence
upper bounds on this out-of-sample cost. Concretely, for a random bound J) v and a

prescribed significance level (5, we would like to ensure that
pM {QM L Ep [, (2, farw)] < fM} >1- 6. (3.1.16)

Here jM plays the role of a performance certificate, while the probability on the
left-hand side quantifies its reliability.

Because it is impossible to evaluate the true out-of-sample performance, we in-
stead seek a data-driven solution with a low certificate and high reliability J) M, Which
are small and reliable in the above sense. A natural first step is to approximate P

by the empirical measure with sample data @; 1, - - , W, s from P:

1
M

M=

Py = 8g (3.1.17)

t,i)

1
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where d4, is the Dirac mass at @;. If one were to treat @M as the true distribution
in the controller design, the resulting policy could be highly sensitive to sampling
noise and may perform poorly when P differs from I@M. To hedge against such
misspecification, we adopt the distributionally robust counterpart

Jyr = min max Eq [J; (z,u|w)], (3.1.18)

el Qep,,

where 73M denotes an ambiguity set of probability measures that are deemed plausi-
ble given the observed samples. In this chapter, we construct 73M as a ball centered
at the empirical distribution @M, measured in the Wasserstein metric. We will show
that the optimal value J) v and any optimal data-driven control %y, solving this
distributionally robust problem enjoy two desirable properties: a finite sample per-

formance guarantee (Theorem 3.2) and asymptotic consistency as the sample size M

tends to infinity (Theorem 3.3).
Wasserstein Metric and Ambiguity Set

Let M(£2) denote the set of all probability measures Q on € such that Eg[|w||] =
§o IwlQ(dw) < oo.

Definition 4 (Wasserstein metric). For Qq,Qy € M(Q), the 2-Wasserstein metric
W3 (Q1,Qy) is defined as

1/2
W5 (Q1,Q,) = <inff (Jwy — wa|)?11,, (dwlade)) ;
0

xQ

where the infimum is taken over all joint distributions 1L, of wi and wy whose

marginals are Qy and Qq, respectively.

More generally, one can define the p-Wasserstein metric (p > 1) by using the cost

|wy — ws|P. In what follows, we restrict attention to p = 2. To quantify ambiguity
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set around the empirical law @M, we work with the Ws-neighborhood
B.(Py) = {@ e M(Q) : Wa(Bar, Q) < gT} .
Given a confidence parameter § € (0,1), we calibrate with the radius ¢, so that

PM{PEBET(@M)} > 1-6

In other words, B, (I@M) is a Ws-ball centered at the empirical measure that, with
probability at least 1 — 8 over the draw of the M samples, contains the unknown
data distribution. In particular, for any confidence 1— /3 > 0, the goal is to choose an

ambiguity ball radius €, so that the true distribution in this ball has confidence 1— /.

We now impose a mild regularity assumption on the noise distribution.

Assumption 3.1 (Light-tailed distribution). There ezists an exponent a > 1 such

that

Ep [exp (Ju]%)] = f exp (Jw]*) P(dw) < oo.

Assumption 3.1 essentially requires the tail of the distribution P to decay at an
exponential rate. This process ensures that standard measure concentration inequal-
ities apply, allowing us to control the deviation of empirical quantities from their

expectations with high probability.

Theorem 3.1 (Measure concentration). If Assumption 3.1 holds, we have

1 exp (—cheflaX{m’Q}) ife, <1,

c1exp (—eaMe?) if e, > 1,

P {WZ(PJI\DM) = €r} < {

forall M =1, m # 2, and € > 0, where ¢y, co are positive constants, while co depends
on the p-norm.
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The proofs of Theorem 3.1 are taken from Fournier and Guillin (2015).
Using Theorem 3.1, we can estimate the radius of the smallest Wasserstein ball

that contains P with confidence 1 — § for some prescribed g € (0,1) as:

(log(cﬁ_l> ) l/max{m,Q} lf M > log(clﬁ_l)
c2 Cc2 ’
em(B) =

(log<01,31)>1/a if M < log(clﬁfl).

co M [

Note that the Wasserstein ball with radius £,/(/) can thus be viewed as a confidence
set for the unknown true distribution, as in statistical testing (Mohajerin Esfahani
and Kuhn (2018) and Wainwright (2019)). We now connect the above construction

to the distributionally robust control problem (3.1.18) introduced earlier.

Theorem 3.2 (Finite sample guarantee). Let 5 € (0,1) be fized and define the

ambiguity set Py = B.,,3) (I?”M) Suppose Assumption 3.1 holds and let Jur and iy
denote, respectively, the optimal value and an optimal policy of the distributionally

robust problem (3.1.18). Then, the finite sample guarantee (3.1.16) holds.
We finally discuss the asymptotic behavior as the number of samples grows.

Theorem 3.3 (Asymptotic consistency). Let 5y be a sequence in (0,1) such that
Sir—1 By < o0 and limpy o en (Bar) = 0 for M € N. For each M, define the
ambiguity set Py = IB%EM(BM)(I@M) and let Jy and Ty represent the optimal value
and an optimal policy of the problem (3.1.18). Under Assumption 3.1, one can show

that jM goes down to J* as M goes to oo, where J* is the optimal value of (3.1.15).

The proof of Theorem 3.2 and Theorem 3.3 is based on Mohajerin Esfahani and
Kuhn (2018).
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Solve Minimax LQ Problem with Wasserstein Penalty

When tackling the distributionally robust optimization problem (3.1.18), it is useful
to note that a direct dynamic programming approach over distributions is typically
computationally prohibitive in high dimensions in contrast to Riccati-type recursions
for classical LQ problems. Following the regularization approach in the literature
(Kim and Yang (2023)), we instead modify the cost functional by introducing a
Wasserstein penalty term.

For a given policy 7, define the penalized cost

T-1
JXV (z,ulw) = E; [x;QTl’T + Z (Z}TQtl’t + UtTRtUt — AWo(Pyy, Q)2>
t=0

I‘OII],

where A > 0 is the penalty parameter. By varying A, we can ascertain how conser-
vative the resulting control policy is: larger values of A penalize distributions that
are far from the empirical law more heavily. The corresponding penalized minimax
problem is

min max Eq [J)V (z, u|w)], (3.1.19)
mell Qep,,

which we use as a tractable surrogate for the original DRO formulation (3.1.18). Let

7 denote an optimal policy of (3.1.19) for a given A, and define

V(z;A) = inf sup J2V (z,u|w)
"% QePu

as the optimal value of the penalized minimax problem. Then, for a suitable choice

of \*, one can show a guaranteed cost property of the form

sup [ (a, ulw) [ (A)] < X'en2(8) + V(i X°),
QePum

where e/(/) is the ambiguity radius defined earlier. To analyze this penalized prob-
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lem over a finite horizon, we introduce the value function

T-1
Vi(z) = inf sup Eg [Z (x;rsts + u) Ryug — AWQ(@M,Q)2> + 20Qrrr

mell Q€73]\/1

.’L’t:JJ],

which represents the minimal worst case expected cost-to-go from stage ¢ onward,

s=t

given z; = x. By construction, the scalar value V(z;\) can be identified with

Vo(z; A)/T. The dynamic programming principle then yields the recursion

Vi(z) = 2 Qu+inf sup |u' Ru— AWy(Py, Q)% + f Vis1(Arz + Byu + Dyw)Q(dw)
Y QeM(@Q) Q

fort =0,---,T—1, and Vp(x) = ]/ Qrz;. The inner maximization over probability
measures Q is infinite-dimensional and thus not amenable to direct numerical treat-
ment. To obtain a tractable reformulation, we invoke Kantorovich duality for the
Wasserstein metric (Kim and Yang (2023) and Beiglbock and Pratelli (2012)), and

arrive at

| M
Vi(z) = 2" Qx + inf [u' Ru + i Z sup{Vis1(Aix + By + Daw) — N, — w|?} |,

=1 Wek
(3.1.20)
which replaces the maximization over measures by a finite sum of pointwise opti-
mization problems over w. We denote the empirical mean and covariance of the

noise at stage t by
w; = Bp [wy] and B = Es [wow, ] (3.1.21)

In the subsequent Lemma 3.1, we derive an explicit solution to the minimax problem

associated with (3.1.19) under the following condition on the penalty parameter.

Assumption 3.2. The penalty parameter satisfies X > N\, for all t = 1, where A, is

the maximum eigenvalue of DtTPtDt.

37



This result ensures that the resulting quadratic forms are strictly concave in the
disturbance variable, which will be crucial for solving the inner maximization in

closed form.

Lemma 3.1. Suppose that
Visi(z) = «TTPH-I«T + 27“tT+1I + Qi+1

for some nonnegative Py € R™™ ri € R™, and g1 € R. We further assume that
the penalty parameter satisfies X > i1, where M1 is the mazimum eigenvalue of
D] Pi1 Dy Let ®(w) = Viyr (A4 ByutDyw) =N @, —w|? and find 28 = 0. Then,
the inner mazximization problem sup,.q ®(w) in (3.1.20) has a unique mazximizer

wy = (wzlv T ,UJZM), defined as

wi; = NY(D] Pio1 (A + Bw) + D rgq + Ayy), (3.1.22)

1

where A} = (A, — D/ Pt+1Dt)_1. Substituting (3.1.21) and (3.1.22) into (3.1.20),

we can obtain the optimal value function with dynamic programming principle

Vi(z) = 2” (Qt + AtTPtHAtAt) + 22 (A Ayrigy + NAP Dy Ajiy)

+ inf {UT<Rt + B;Pt+1AtBt)u + 2UT [(B;Pt+1AtAt)x + B;I—AtﬁH_l + )\B;rPt_FlDtAilDt]}

+ 1 DiANY(D] rigq + 23w;) + Tr (NAJSY — ASY) + goan,

where Ay = 1, + DyALD] P,. One can find that the outer minimization problem in

(3.1.20) has a unique minimizer
u* = —Kjx — L,

where

K; = (R+ B/ P1AB) ' Bl P AVA,

L} = (R+ B/ Py ABy) H(B] Ayresy + AB/ Py DNy,
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Thus, the explicit derivation with this linear structure yields the following Riccati
equation:
Py =Q+ Al PiaDA — A AP By(Ry + B P A By) ™!
B P A,
re = AAirpir + ANA] Pt DAy, — Al APy By(R,
+ B P B) T (B Ayryi1 + AB] P DAy,
G = Qee1 + 1L DiAYD, repq + 200y)
+ Tr (WA — ASY) — (B Ayregr + AB] Py DyAjiy) T

(Ry + BtTPtHAtBt)_l(BtTAtTtH + )\BtTIDt—&-lDtA:fwt)
with the terminal conditions Pr = Qr, r7 = 0,,x1, and qr = 0.

Suppose that Assumption 3.2 holds. Then, the matrices P, are well-defined and

the value function can be expressed as
Vi) =2 "Pa+2r/z+¢q, t=0,---,T.

Furthermore, the regularized problem (3.1.19) in the finite horizon case has a unique

optimal policy, defined as

w = —Kfx— L t=0,---,T—1

3.2 Gradient Dynamics and Convergence Analy-
sis

In the gradient analysis, we treat the noise contribution via its empirical moments w,

and X} as fixed (data-driven) quantities and perform the minimization over u while

deferring the maximization over w. By the envelope theorem, since these moments

correspond to the unique maximizer of the inner problem, their dependence on the
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control K does not affect the gradient. Consequently, w; and ¥}’ act as constants in
the Bellman expansion and do not introduce implicit derivatives in the cost gradient.

We represent an affine controller u; = —K;x; — L; as a single linear map by
augmenting the state with a constant 1, fixing the policy convention explicitly to

avoid sign errors:

U = _l?t:/p\tu f(t = [Kt Lt] , T = [ﬁt] .

Embedding the original number into augmented matrices yields

~ A Om>< =~ B faN D A 0m><
At:|: ! 11:|a Bt:|: t:|a Dt:|: t]? Qt:[Qt 01:|

lem len lem

Since an admissible policy can be fully characterized by K , the cost of a policy K

can be correspondingly defined as
T-1
C(K)=E [2 (@T QiZy + u) Rtut> + f}@TaT] : (3.2.23)
t=0
subject to the dynamics
Tip1 = ﬁtﬁt + étut + ﬁtwt.
Recall that K* is the optimal policy for the problem

K* = argminC’([A().
K

Assumption 3.3 (Initial State and Noise Process). We make the following assump-

tions:

i) Initial state: The initial state satisfies o ~ Dy, where E|ZoZ | is positive
() ) 0 p
definite.
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(ii) Noise process: The sequence {w,;}l_ consists of i.i.d. random vectors that are

independent of xo. Their empirical mean and covariance are denoted by
— T
w, =K, [w], X = Es . [wyw, |,

where ¥ > 0 for allt =0,1,...,T — 1.

We next introduce several quantities that will be used in our analysis. Specifically,
we define oy as the uniform lower bound on the smallest singular values of the state
covariance matrices E[Z,Z] |. Similarly, o5 and o, denote the smallest singular values

of the control and state cost matrices, respectively:

oy = min omin(E[2:2/ ]), (3.2.24a)
op = mtin Omin(Rt), (3.2.24b)
oo = mtin Jmin(@t). (3.2.24¢)

By Assumption 3.3, it follows that o > 0 and o > 0.

3.2.1 Explicit Characterization of the Policy Gradient

We study an exact gradient descent scheme for computing the optimal feedback

policy. The update rule is given by

KM = K —gV,C(K™), VOo<t<T-—1, (3.2.25)
where n denotes the iteration index, n > 0 is the step size, and V,C (IA( ) = ag}({?) is
t

the gradient of the cost function with respect to [A(t.
We write VO(K) = (VoC(K),- -+, V_1C(K)) for compactness. Let {24}, de-
note the trajectory under the current policy K. Define the state mean and covariance

at time ¢ as
p=E[Z]] and , = E[Z,2/], ¢t=0,1,--- T (3.2.26)
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We further define the aggregated quantities over the horizon: a matrix Xz as the

sum of X,
T T
Sp=),%=E [Z @;ﬁ] : (3.2.27)

and a matrix gz as the sum of p,

T T
pip = =R [Z :?j] : (3.2.28)
t=0 t=0

In the finite time horizon setting, define ]3tf< : ?tf( and c?tf( as the solution to the

backward recursions
PK = Qi+ K[ R,K, + (A, — B,R,)TPK,(A, — B,K,),
?tK = (ﬁt - ét[?t)—r?ﬁ-l + (/Alt — ét[?t)—rﬁt]ilﬁtwta (3.2.29)

0 = .+ 2(75) T Dywy + Te(D] PR DS,

fort =0,1,---,T — 1 with terminal conditions

ﬁf? _ [ Pr OW(L]N] ’ 7’“\5 _ [TOT] | aj@ o

01><m

where Pr = Qr, r7 = 0,,%x1, and gr = 0. To simplify, we remove K -superscript when

there is no confusion. Then the cost of K can be rewritten as

C(R) = By, | Po? + 2730 + o)
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To see this,
E |3 Py + 273 20 + ]
—E [ig Qoo + 20 KY RoRo? + 3¢ (Ay — BoRo) T Pi(Ay — BoRo)2y
+27T (A, — B,K,)Zo + 2w, D] P,(A, — B,K,)%,
+41 + 27T Doty + Te(Dy 13115025”)]
_E [a?g Qoo + ul Roug + 2] Piy + 2772, + al]
T-—1
_E [Z (@T 0% +u) Rtut> + f;cmT] .
t=0
Lemma 3.2 (Gradient Representation). Define for each t =0,1,...,T — 1,

Ey = (R + étTﬁtHét)f(t - ég—ﬁt—kl;{tu
(3.2.30)
Fy, = B Pry1 Dy, + B/ Tiia.
Now we have the following representation of the gradient term with respect to the
policy [?t,
Vtc(}%) = 2Et2t — QFt,ut.

Proof. We illustrate the derivation for t = 0, and the argument extends identically

toallt=0,1,...,T — 1. By definition,

0

_E [2301?050:23 — 9B Pi(Ay — BoRo)2o2] — 2BI 720 — 2B] P} Dywea] ]
= 2FoE [Z0Z | — 2FE [Z |
= 2E020 — 2F0/Lo.
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Similarly, V¢ =0,1,--- , T — 1,
VtC([?) =2 ((Rt + éjﬁtﬂét)fft - é;ﬁtJrlA\t) E [ftftT]
~ (B Pes Doy + Bl 7 E[2]]
=2EE (22| - 2RE|[Z] ]
= 2E,%, — 2F,juy,

where the expectation E is taken with respect to both initial distribution xy ~ Dy

and noises w. N

In the following lemma, we establish the analytical form of the advantage function,
which serves as the foundation for subsequent results. Building upon this, Lemma
3.4 shows that for any given policy K, the optimality gap C (IA( ) —C ([A( *) is bounded
by the sum of the magnitude of the gradient VtC([A() fort=0,1,---,7 — 1.

Let us start with a useful result for the value function. The value function V4 (Z, )

for7=0,1,---,T — 1 can be defined as

T-1
V[’(\-(ZE\, 7') = E [Z (fE;er%t + U:Rtut) + [/L'\;QT.,ZU\t EE'\T = ZL’] = .,ZU\TPT./T\ + 2;’\7—56'\ + 6\7—,
t=1

with terminal condition
Vi(2,T) =7 Qrf.
We then define the Q-function, Qz(Z,u,7) for 7 =0,1,--- , T — 1 as
Qp(@u,7) = 2703 + u' Ryu + Ey, [vf( (ﬁ@ + Bou+ Dyw,, 7+ 1)] ,
and the advantage function
Ap(Z,u,7) = Qp(Z,u,7) — Vi (2, 7).
Note that C(K) = Eg-p, [V (Z0,0)]. We can then write the difference of value

functions between K and K’ in terms of advantage functions in Lemma 3.3.
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Lemma 3.3. Assume K and K' have finite costs. Denote {xt}t o and {ut}t o as

the state and control sequences of a single trajectory generated by K’ starting from

Ty =To =1, then

Ve (2,0) = Va(2,0) = E,

T—1
Ag (3, m] , (3.2.31)

A~

and Ap (3, —K'%,7) = 227 (K! — K.)TE,Z+ 2T (K! — K.)T(R, + Bl P..1B,)(K! —

K& — 28T (K! — K.)TF., where E; and F, are defined in (3.2.30).

Proof. Denote by ¢,(Z) the cost generated by K’ with a single trajectory starting

from &) = Zo = 2. That is, ¢,(7) = ()T Q% + (u})T R, t = 0,1,--- ,T — 1, and

o(2) = (B) T Qrty, with u, = —K[Z), &), = A&+ B+ Dawy, B9 = 7. Therefore,
[ T
Vir(2,0) = Vi (2,0) = By | D 6(2) | — Vi (2,0)

| t=0
[ T

= Eu | Y, (@) + Vi (@) = Vi (@,1) | - Vz(2,0)
| t=0
[T—1

| 5 0+ Vi Gt 1) i 1)
| t=0

where the third equality holds since ¢-(Z) = Vi (2}, T') with the same single trajec-
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tory. For u = —K!Z, we have

— 971, (A, — B,K,)2 — 2w] DI P, ;1 (A, — B,K,)%
= 28" (K! — K.)T((R, + Bl P11 B,)K, — B P, 1A.)%

2T(K. — K.)"(R; + Bl P.,\B,)(K. — K,)%

—22T(K!. — K,;)" Bl (Prs1 Drtvy + ry1).
(3.2.32)

Lemma 3.4. Let K* be an optimal policy and C’(IA() be finite; then

Tr(ETEt) + F'F, ~ ~ |Z e + 1 -1 - -
(cx +1) <CK)-CO(K*) < — 82— V:C(K)'V.C(K) ),
" ;) |Re + B] Pra By dox*op ; < )
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where oy and o are defined in (5.2.24a) and (3.2.24b).

Proof. First, for any K’, from (3.2.32),

= (KL — K@ + (R, + BI P, B,)(E,& — F,))" (R, + BI P, B,)
(K. - K)@ + (R, + B] P, B,) V(B2 — Fy))
— (E:2 = F,) (R, + Bl Py B.) ' (E.2 - F)
> —Tr(3%"E] (R, + Bl P.,1B,) ' E,),
(3.2.33)

~

where 7, = [xf] and E, = [ET —FT]. The equality holds when [?; = IA(T — (R, +

éjﬁTHET)AET and (R, + é:ﬁ’THéT)*lFT = 0. Then,

C(R) -

T—
2 (&, uy,t ]
[Z Tr (xt y) TEtT(Rt + étTﬁtHét)lEt)]
T-1
< (ISgell + 1) X T (B (B + B Pa By) ')
t=0

N, = L
< M Z Tr (EtTEt>

IR t=0
Bl IS (g oiyrve).
dokop =0

where oy is defined in (3.2.24a) and g, is defined in (3.2.24b). For the lower bound,
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consider l?; = IA(T — (R, + ETT}A)T+1§T)—1ET and (R, + é:ﬁTHET)*lFT = 0, where

the equality holds in (3.2.33). Using C'(K*) < C(K’),

C(K) — C(K*) = C(K) — C(K")

T—1
- -E [Z Ag <:?;,u;,t>]

t=0
_ N o (3.2.34)
) [Z Tr (%;(%;)TEJ(Rt + BJPtHBt)‘lEt)
t=0
< Tr(E[E,) + F| F
Z(QX"‘UZ 5T DI
i—o | + B} Pry1By|
O

Having obtained the explicit policy gradient, we next investigate its structural
properties. Lemma 3.5 demonstrates an “almost smoothness” condition of the cost

landscape, which shows that when K’ is sufficiently close to K, C(K’') — C(K) is

bounded by the sum of the first- and second-order terms in K- K"

Lemma 3.5. (“Almost Smoothness”). Let {Z}} be the sequence of states for a single

trajectory generated by K’ starting from T, = Zo. Then, C’(}A() satisfies

T-1
C(R) = C(R) = Y |2 Te(SU(R] — K)TE) + Te(Si(R] — KT (R + B PiaB)(K; - R))
t=0

—QMQ(K? - f(t)TFt] ;

where 3, = E[Z)(Z}) "] and pj = E[(Z))T].
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Proof. By Lemma 3.3, we have

C(K") - C(K)

T-1
= Y [2TIR] — R)TE) + TS, ~ R)T(Ry + B P B (K] — Ky)
t=0
O

The first term and third term can be added as Tr((Kt K! OV.C(K )) by Lemma

3.2, while the second term is the second order of f(t — Kt’ . We further bound P, and

2>, which is provided below in Lemma 3.6.

Lemma 3.6. For everyt =0,1,---,T and for the aggregated quantities, we have

C(K C(K TC(K
1< S8 e < S < [EEED
Ox 99 99

where gy and o are defined in (3.2.24a) and (5.2.24c).

Proof. Fort =0,1,---,T

Y Y

(i) Bound on | B,

C(R) > E[3] B2 = |B) (B[#3]) = x|l

(ii) Bound on |Xz|,

Z Tr ( xt:xt Qt + K RJQ)) + Tr ( [foT]QT> UQHEKH

Rearranging yields the second inequality.
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(ili) Bound on |pz|, first extract the mean contribution from the cost. Note
S = Cov (Z4) + pf pue = g o

So for each t,
Tr (E[MI ]@t) > w1 Qul = o el

Summing over t = 0,--- , T — 1 gives

T-1 T-1 -
~ C(K)
2 2
CE)z00 ) |l = D lwl*< :
t=0 t=0 9qQ
Now apply vector Cauchy-Schwarz, i.e., the inequality |3, v¢|* < (T+1) 3, ||ve||*:

TC(K)

T
liogl® < T 3 Il < .
fl <72, -

Taking square roots yields the third inequality:

TC(K)

lugl <
99

3.2.2 Perturbation Analysis of State Statistics

This section examines how the state statistics, namely the covariance Xz and mean

iz, respond to changes in the policy K. We extend the operator level bounds to
derive a comprehensive perturbation analysis of ¥z and puz, which quantifies the
robustness of state evolution under policy updates.

(m+1)x(m+1)

First, let us define two linear operators on symmetric matrices. For X € R

and Y € RY>*(m+1) we set



and

T—1
To(X) = X + Y T_(A; — BiK)XT_o(A; — BiK,)",
t=0
T-1 R o
TEY) =Y + ), VII_o(A - BiK))"
t=0
If we write G, = F, o Fp o oFg and Gf = ]—“I’i(t OJ-"I‘A‘(H e 0 ]-"[%0 then
Gi(X) = Fg, 0 Gia(X) = II'_o(A; — B;K;,) XTILy(A; — BiK;)", (3.2.35)
GlY)=F Aogl()zymﬂQL—Ekm] (3.2.36)
T—1
To(X) = X + ) G/(X), (3.2.37)
t=0
T—-1
L) =Y+ > GHY). (3.2.38)
t=0

We first show the relationship between the operator 7 and the quantity 5, which

pave the way for the relation between 7% and fiz.
Proposition 3.1. For T > 2,

2 = Tr (Do) + ¢(K, ),

= T (1o) + ¢"(K, ¢").
Define ()9(K,6) = 317! X Tiei(As = BK)GTly(As = BR)T + 30750 b,
with ¢ = 2Dwu(A—BE)T+DX*DT and ¥ = E[ZoZ] ]; (i) (K, o) = DY gb”“ I _(A,—

BT+ STk, with ¢ = w' DT and po = E[Z]].

Proof. We only need to prove for X5 since the proof of pz follows the same method.
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Recall that ¥, = E [:?@I ] Note that
¥, = E[2,2] ]
~ a A ~ ~ NN ~ T
= E l((AO — B()K()).CUO + Dow()) <(A0 — BoK()).TO + D0w0> :|
= (Ay — BoKo)So(Ag — BoKo)T + 2Dgiwopio(Ag — BoKo)T + D¢ Dy
= Go(Xo) + <$0~

Now we first prove that
— G (So) + Znt YA, — BJK )i TN Ay — BJK)T + ¢y, (3.2.39)
fort =2,3,---,T. When t = 2,
2, = E[Z,7, ]
~ N a ~ ~ N oa ~ T

= E l((Al — BlKl)Q?l + Dlwl) ((Al — BlKl)xl + D1U)1> :|

= (1/4\1 - é1[?1)21(111 — élkl)T + QBlwlﬂl(A\l - §1IA(1)T + 131211”51T

=Gi1(20) + (;11 - élkl)(gO(A\l - élf(l)T + <$17

which satisfies (3.2.39). Assume (3.2.39) holds for ¢ < k. Then for t = k + 1,

~ ~ o~ ~ ~ ~ ~ ~ T
E[{L’\t+1.§7\j+1] =FE [((At — Bth)i'\t + tht> <(At — Bth)fU\t + tht> :|
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Therefore (3.2.39) holds, Vt = 1,2,--- ,T. Finally,

T
Shp= 2%
t=0

Let

<t<T

_ n - D 1 n . D 17
p = max {0515:3(1 |A; — By K|, Jnax |A: — Be K[|, 1 + 5} : (3.2.40)

for some small constant £ > 0. Then we have the following result on perturbations
of ¥ and pp. Lemma 3.7 and 3.8 establish Lipschitz continuity of the associated

operators Fp (and Fl‘i{t) as well as G; (and G").

Lemma 3.7. It holds that YVt =0,1,--- ;T — 1,

~ AN A A A ~, ~ 2 A ~ 2
|Fr, = Fryll < 2040 = B B[ | Ko — K| + | Bl [ 5 — K
(3.2.41)
175, = Fi | < |1Bill| K = K-

PTOOf. Let Al?t = -[?t — kz and A\gl = A\t — Etkt. Then
A\QCI == A\t - étkt/ = A\;}l + étA}%t-
Thus,
Fo(X) = (A + BAK) X (AS + BAK,)T

= AIX (AN + 247X (AK,)TB] + BAK, X(AK,) B/,
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and

FLY) =Y(A' + BAK,)" =Y(AY)] + Y(AK,) B/
The differences are
Fp(X) = Fp(X) = 249X (AK)] B] — B,AK,X(AK,)T B/,
FLY) = FL(Y) = —Y(AK,)' B/
Take operator norms and use submultiplicativity |[MN| < |M||N] :

|F&(X) = Fr (X)) < 2 AFN B AKX + [ Be*[AK ] X,

|75 () = Fe. | < [ B |AK[Y]-
Setting | X|| = 1 and |[Y| = 1 gives

|Fz = Frll < 2lAZNBAIAK + | B * AR,

|75 = Frll < B AK,
that is,

|Fz = Faoll < 21 A0 = B | B[ Ko — K| + [ B[? 2 — K,

|75 = Frl < 1Bl — K3l

]

Recall the definition of G; in (3.2.35) associated with K; similarly, let us define

G, = Frk; 0 Fk;_,0 - o Fgy for policy K'. Then we have the following perturbation

analysis for G;.

Lemma 3.8. (Perturbation Analysis for G; and GI') For any symmetric matriz ¥
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and vector L,

T T-1

-1 2T
/ P —1
2 [(Ge = G) (B)] < o (

@t - (6ty) ()l < & (2 |72 —f;sg) Jul.

t=0 p—1 t=0

| %, —ffq> |2, and

~
[e=]

[en]

Proof. By direct calculation,

|Gl < 0, NG < Y and|GE| < o (G < L (3.242)

Y

Denote F; = F and F, = F, Ry to ease the exposition. Then for any matrix ¥ and

t>=0,

1(Grs1 = Gewr) (D) = [ Fry1 0 GiE) = Frer 0 Gu(B)]
- H]:t,+1 0 Gi(¥) — ]:t/+1 0 Gi(¥) + ]:t/—i-l 0 Gi(¥) — Frs10 Qt(E)H
< |Flr 0 Gi(R) = Flaoy 0 GE)| + [Flar 0 Gi(E) = Fiva 0 Gu(D)]
= [Fi10(G = G) ) + [(Fhia = Fia) 0 G(2)]
< |Fall 166 = Go) ) + 16 [ Fia = Fea| 12

< PG = G) (D) + PV [ Fryy = Fea|[ 2]

We define F{' = F% and (') = (F4 )’ and can get similar inequality result for .
Therefore,

[(Gle1 = Gier) D) < 22 1(G) = G) (D) + PPV | Fiy = Feaa[ 12, (3.2.43)

|G ) = Gt) (W] < p[ (G = Ga) W] + 2 |[(FE) — Fiia |u(3- "

Summing (3.2.43) and (3.2.44) up for ¢t € {1,2,--- , T—2} with |G} — Go|| = |F5, — Fo

%)



and [(Gy) = Goll = |(F5)" = Fo,

t=0

T-1 ,0 _q [T
1G5 = (@) Wl < == ( I 7%, = > [l
t=0 t=0

> 16~ 60 ()1 < 5 (Z_]HE f’) =1,

O
The following perturbation analysis on T follows immediately from Lemma 3.8.

Corollary 3.1. For any symmetric matriz ¥ € RO"*DXm+0) gnd matriz p € R+,

we have

2T 1 T-1
I(Tz = Te) (X < pr — ( | Pz, — fqu) 1=,

t=0

1 T-1
(72—~ TE) ] < 2 1( |7, )mn

t=0

where p is defined in (3.2.40).
Now we are ready to present the Lemma 3.9.

Lemma 3.9. (Perturbation Analysis of ¥z and puz). We have

122 = Sl < (T = Too) (So)] + 6K, 6) — (K", 9)]

2T 7>
-1 <O(K) N

p*—1 [02fg)

Tl D@l + DIQIEw)>

(QPHBH K- X[l + B |HK—K’\H2) + 2| D@l [K - K|ll, and

lng =l < I(TE =T (o) | + |6(K, 6") = 6(K', 6"

T =
P 1 TC(K)

N +T|D|w| ) |1B] /K~ K|,
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where | B| = max,{| B} and the same definition for |D||, |@|, x| and |S*].

Proof. Using Lemma 3.7,

T—1 T-1
> 17k, = Fil = 3 (204 = BRAIBAIR, - R + 1B R, - By)?)
t=0 t=0

= =
<2p|B| Y 1K = K{| + |B|* X | K, — K;|*, and
t=0 t=0
T-1 -1 =
SiEs -l = S (IBIE - &) <181 Y 1R~ K.
t=0 t=0 t=0
In the same way as for the proof of Lemma 3.8, for t =1,--- |7 — 1, we have

Z HH A\ ESES)ai—lnézi(A\s - és[?8>—r - Hi:i(*’zl\s - Bs A;)&\i—lng:z’(ﬁ é
02T —1 [ ~
S 2 _ 1 ZIIF&—JE&;IIH@_ll\
P i=0
pQT -1 t R -
N D Fz — Frell ) Col D@ ]lel + [DIF[X*]), and
i=0
t ~ ~ ~ ~ -~ ~
Z o I (A, — B,R,)T — ¢ I'_(A, - B, )H
1 t
(Z | Fi, — K/HH(b 1||>
i=0
1 (< .
— (Z |7z, — ffq) | D[],
i=0
(3.2.45)

where we define QAZ-_1 = O(m+1)x(m+1) and ggf_l = 01 (m+1) When ¢ = 0. By Proposition
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3.1, Corollary 3.1, (3.2.38) and (3.2.45), we have

% = Sal < [Tz = Too) (S0)| + 16(R, 8) - 6(R", 3)|

1 T-1 "
. (Z |-7:f<t_]:z<'> IS0l + T(2p| Dl[@| |l + | D= II))
t=0

T-1
+ 2 2 Dl |ul| K — K|
t=0
2T
p -1 (C(K) A PP
S ( + Tl Dl@ el + IDI*15*1)
=Q

(2pHBH K~ K[|+ B]* |IK —K’|||2> + 2| D@l 11K - K,

Iz = pgel < (TE = TE) (o) | + 6K, 8) — $(K', )|

pT 1 T-1 R
< —— I 7%, = Fz,l ) (2ol + D]
p 1 K K;
t=0

T =
P 1 TC(K)

< +T|D||w| ||B] K —K'|[].
p—1 99

(3.2.46)

The last inequalities for both holds since |3 < [|Ez] < %? and [uol < [lpg| <

A /T(;(Qf() by Lemma 3.6. O

3.2.3 Convergence and Complexity Guarantees

We can provide the global convergence Theorem 3.4 after two preliminary Lemmas
about admissible step-size conditions and properties for the cumulation of cost se-

quence gradient and policy K.
Lemma 3.10. We have
K, = K, — nV,C(K), (3.2.47)
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where

2_1N(p—1 NP 1
7 < min (,0 )(p = )QQ @ = ) ) (3-2-48)
2T (Dny + Dno)| B max{|V,C(K)[}" 2Ch

with

Dny = (C(ff) +aoT(2p| D @] ] + |\ﬁ||2||zw|y)> 20+ 1) = 1)(p— 1)/&5.

Dna = (\TCR) + yagTIBllal ) (7 - (6 - Deg,

C [? ~ ) R y B T 1
¢ = (S rppbyau + 1By | (22 B ” V(R
QQ (p ZX t=0
QDU)M TC(K — .Bp—l
u H|| I HZW OR 0_< ) + 71D (' I¢ zuvt )
+ (K) Z | Ry +BtTPt+1BtH-
90 1o
(3.2.49)

Then we have

2

C(R') — C(K*) < (1 znaRm) (cu?) - C(f(*)).

Proof. Given (3.2.47) and condition (3.2.48), we have | K] — K,| = n|V,C(K)| <

QQ,\QXA
AR Therefore,
S -~ aqa 1
|Bul| ] — Ko < —2=- < - (3.2.50)
20(K) 2
The last inequality holds since gy < %f) given by Lemma 3.6. Therefore, by Lemma
3.7,
T-1 R T-1 R
S |Fx, — Figl < (2p+ 1) B (Z IR, - K;) . (3.2.51)
= t=0
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~ ~ / ~
Define ¥, = [it], Y = [Zf] and F; = [Et —Ft]. From Lemmas 3.2 and 3.5, we
i t

have

T—1 _
= > 2 (SR - K)TE) + T (SUR] — R)T(Re + B Pa B)(R] - ) )|
t=0
T—1 _ e e o A o
N (2;22 o Et) b4 Ty (zgzj EJ (R, + B PtHBt)EtEt)]
=0 -
T-1 _ N N e — A e
=Y 4y ((zg SN SRR oAl Et> + 4P T (zgzj ET (R, + B Pth)Etzt)]
t=0
T-1 Y N N
< [—4n Tr (zj ET Et2t> ATy ((2; CSOSTET t&zl)
t=0

+ 47}2 Tr (E;i;ﬁ;(Rt + é;rﬁ)t_;_lét)ﬁtit)]
T-1 e oo

< [—477 Tr (EIE;EQ&) +4n
t

| = %]

T (i EES )
Umin<2t> ! i e

Il
=]

+ 40?|SY(R, + B Py By)| Tr (itﬁjﬁtitﬂ

S 15— 5 Sin 5 il S oo ok
< |1 =D — Sl X 1R+ BIPBi | Y [ViC(R) Vi O(R) .

=X t=0 t=0
(3.2.52)
By Lemma 3.4, we have
T-1 % S T—1
=5 -5 _ E/ - 2 ~ ~ ~
C(K')—C(K)< —n [1 _ =0 |J 2] =zl Z IR, + BtTPtHBt|]
=X t=0
dokop 5 S
o) (e - o).
K*

(3.2.53)
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provided that

T-1 9 o T-1
B 2/ _ 2 ~ ~ ~
1— Zf,,o ‘(’7 ¢ tH . TIHE[A(/H E HRt + BtTPt+1BtH > 0. (3.2.54)
Ox t=0

By (3.2.46), (3.2.47), and (3.2.50),

T-1 N T—1 T—1
DS =B < DS = Sl + D —
t=0 t=0 t=0

2T %

p —1 C(K) N 0 D v

< ( + T(20| D@ ] + |IDI*[=*])
p° = 9qQ

(n(2p DS |vtc<f(>\> + oDl 3 IV.C@®)]

t=0 t=0
T > T-1
L1 |Te®) A . .
+ . +T|D[|w| | { n|B] ), IV:CE)| ] .
p— 9q t=0

Given the step-size condition in (3.2.48), we have

n(2p + DIBI Y IVCR)| < n(2p + DB (T max {|v,C(R)]})
= (3.2.55)
_ (1= Dogox
T 2(p?T —1)Dny’
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Then, by Corollary 3.1, (3.2.46), (3.2.51) and (3.2.55),

Ox \P—l Ix

122 =%zl _ " = [Zoll +T2p| D[]l + | DI*|E*[)
K K < ZH‘FIQ_ K’H -

T_l ) _ ) A~
2|D K, — K]
s | D[l 157 — K]

t=0 9x
o7 T-1 D a7 D2|sw
p—1 o C(K) + aoTp| D@ + [DI[E"])
<L+ )] B] (Z nvtc<K>|) ¢
pe = =0 9q0x
20| Dl |@llu] (5
+ = 2l ViC(E)|
9Q9%x t=0
1
< a
2
Therefore, the bound of |Xz, | in (3.2.54) is given by
1 C(K) 1 C(K)
2] < 12— Sel + 2] < gox + S < Lisel + S (3250
[eNg) [eXe)

which indicates that |X 7| < ZC(QK Therefore, (3.2.54) gives

Z’ S -1 A
1= T PN S R, 4 BT BB
' t=0

(P —1)

C(K) N -
= - Y B
>1 (" —1)ox ( 0 + T (2p| D[]l + 1D ||)> ( (2p+1)|B| E |V.O( )

277HD||H7~UH||/~LH p’ —1 TC(K) - Pt _
V.C(K + T D[] )| nlB] X, [V:C(K)|
Z | (p —1ax 99 t;) !
20(K) " I
- £) Z | R, + B/ 1By
=Q  t=0
=1- 017’],
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where () is defined in (3.2.49). So if n < 20 , then
DAy = PN 1
1o D B SR BT BBl 21— 50
=X t=0
Hence,
~ oy N _doka o £
CRY) - CR) < -1 (228 ) (CR) - CR)).
K*
and
C(R") - C(R*) = (C(R) = C(R)) + (C(R) - C(R*)
o%0 ~ ~
< (1-2p =K K K*
(12t (k) - cido)
Thus, this lemma has been proven. O

Lemma 3.11. We have that

T ~ ~ 2 -~ ~ -~
TC(K C(K R, + B'P,..B ~ ~
Z VOB < a | TEE) | (CUD ) ) max [ + By P Bl (c®) - (i),
=0 99 (elfy) ox +1
and that
max; |R; + B P,.1B ~ ~ e~ o~
IR < p. et BB (o)~ o(ien) + 3 17 Pl
t=0 ox +1 —

Proof. Using Lemma 3.6, we have

T—-1 T—
M IVC(R)? < Z v (ST ETES)
t=0 t=0

T—1
<A ISP Te(E] E)
t=0
ToR) () VS
<4 + Tr(E] E)).
99 g t=0
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From Lemma 3.4, we have

T—1
1 ~

(3.2.57)
. Ox tl _
max; |R; + B Piy1 By =

hence

-1

IV C(R)|? < 4 (k) - c(k)

M’ﬂ

A~ A~ 2 A A A~
TC(K) | <O(K)> max; |R; + B, Pri1 By

(elfy) ox +1

m

=
R
O

For the second claim, using Lemma 3.4 again,

T—1 T-—1
Z | Kl = Z |(Ry + B Pry1 B) ' Ky(Ry + B/ P By
t=0 t=0
T-1 1 R R N
< —— | KR, + B Py By |
t=0 Umin(Rt) K "
T-1 1 R N
< Y —= (I8l + 1B/ Al
t=0 Umin(Rt) ! ’ *
< ey \/Tr(EtTEt) + F'F, HétTﬁtH/AltH
h =0 Omin (Rt) Omin (Rt)
1 T-1 T-1 A R
<— [\ YT (B E) + FF + Y |B] P Al
=R t=0 t=0
1 max; |R, + BT P,., B —~ ~ r=r .
<— \/T- = Bl Bl (o) - o) + 3 1BT P
~R ZX =0

The second inequality holds by the definition of E; in (3.2.30), the second last step

uses the Cauchy-Schwarz inequality, and the last inequality holds by (3.2.57). O
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Theorem 3.4 (Global Convergence of the Gradient-Based Policy Update). Assume
that o > 0 and the initial cost C(K°) is finite. Let 8 € (0,1) denote a prescribed
confidence level and let ep(B) be the radius of the Wasserstein ball B, () (I@M) de-
termined by Theorem 3.1. Then, there exists a constant stepsize n ensuring (3.2.48)

that with probability at least 1 — 8 over the sampling of I@’M, the gradient-based policy
update rule (3.2.25) satisfies

pM {C(I?N) (R < 5} ~1-8

whenever

A~

~ 7>0 o %
Sl +1) CORY) -~ C(R*)

N >
2noon S

Proof. To establish the existence of a positive stepsize 1 ensuring condition (3.2.48),
it suffices to demonstrate that the right-hand side of (3.2.48) admits a strictly positive

lower bound. From Lemma 3.11 and by applying the Cauchy-Schwarz inequality, we

have
-1
D IViC(K)]
t=0
T—1 R
<\ T IV.C(K)|?

A A 2 ~ A~ A~
TC(K) N C(K) max; |R; + B, Pry1 By
ox +1

(C(f() - o(k*)).

(3.2.58)

Observe that for positive scalars a,b,c,d > 0, the inequality d < ab + ¢ implies

1
(a+1)(b+1)(c+1)’

and for a > 0 and n € N*, we have 21— > —L—_ Consequently,

= T+~ @D

1
d

65



using inequalities (3.2.49), we obtain a positive lower bound on C% that depends

explicitly on the system parameters. Next, we show that 1 also admits a positive
p

lower bound in terms of the same quantities. From Lemma 3.10, under the condition

|Be||| Kf — K| < fg(g% < %, we have

NP A A s 1
max |A; — ByK| < max |A; — B Ky + =.
0<t<T-1 t 2

Hence,

pzmax{ max HA\t—étlA(tH,Omax |ﬁt—§tf(t'|,1+§}

0<t<T-1 <t<T-1

0<t<T-1

A s s 1
<max{ max ]At—Bth+§,1+§}

T—-1
~ ~ ~ 1
< maX{lAt + [ Bill Y I + 5Lt 5} :
t=0

According to Lemma 3.11, 3, ' | K,|| is uniformly bounded on the sublevel set {K :

C(K) < C(K")}, and Lemma 3.6 yields | P, < %) Therefore, p is bounded above

9x

by an explicit function of ||A|, | B, |R|,c.cx and C(K®), and % is bounded below
by a positive quantity depending on the same terms. By combining the bounds on
c% and /l), we can define a positive constant 7.« such that choosing any constant
stepsize 0 < 1 < Nmax ensures condition (3.2.48). Moreover, since each gradient step

satisfies C(K') < C(K°), the same 7yay remains valid along the iterates. Applying

Lemma 3.10, we obtain the descent inequality:

C(RY) - O(R*) < (1 - zn%) (C(f(o) . C(f?*)) ,

which ensures a strict reduction in cost after the first iteration. By induction, suppose

C (I? " <O ([A( 9). The stepsize condition in (3.2.48) continues to hold, and applying
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Lemma 3.10 again yields

2
C(R™) — C(R*) < <1 - zn%> (C(K”) - C(K*)) .
Xzl +1
Thus, the cost sequence C ([? ") decreases geometrically, and for any ¢ > 0, it follows

that

A~

>0 - *
[ +1,, CEY —C(R")
2noxogr €

. R - ,
C(K™) — C(K*) < ¢ whenever N > |Sg ] +

By the uniform performance guarantee (3.1.16), with probability at least 1 — 3, the
DRO objective dominates the true objective simultaneously for all policies and for
every iterate K and for K*. For this high probability event, the true suboptimality
gap at any iterate is bounded by the corresponding empirical gap. Since the first
part of the proof already establishes geometric decay of the empirical gap and yields
the iteration bound /N that makes the empirical gap less than or equal to €, the same

bound applies to the true gap on the same event. Therefore,

A~

pM {C(RN) ~O(R*) < e} >1-3,
which completes the proof. O]

3.3 Numerical Examples

We present two numerical studies to illustrate the performance and properties of
the proposed algorithm. The first examines the MV portfolio optimization problem,
highlighting how control constraints influence the optimal policy and cost. The
second study is a dynamic benchmark tracking problem with additive uncertainty
under a DRO framework focusing exclusively on the unknown noise setting and

providing a sensitivity analysis with respect to the parameters.
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3.3.1 MYV Portfolio Selection

This section applies the MV problem to illustrate its formulation as an L(Q problem
with a scalar state. This example pertains to the finite time horizon scenario, wherein
the investor aims to minimize their risk over a span of T" periods. As mentioned in

the Section 2.3.1, the MV problem can be stated according to the model (2.3.14) as

follows:
T-1
min E, Z (utTRut) +ailzg =2, (3.3.59)
{“t}z:ol t=0
which is subject to
Tiy1 = 1oy + Py (3.3.60)

Suppose the investor requires the proportion of each risky asset to be between 10%
and 20% of the total wealth throughout all periods. This constraint can be expressed
as:

0.1z <ul <02z, Vi=1,---,n,

where x; is the total wealth at time ¢, and u; represents the amount invested in risky
asset ¢ at time t. The problem (MV) is evidently a specific instance of the problem
presented in Section 3.1 by setting z; € R, u; € R", Q; € R, R, € R"™", A, = ry,
B, =PFP,0Q;=0and D, =0fort =0, --- ,T—1 and Q1 = 1. For this state-dependent

upper and lower bounds constraint case, we have H; = [ IiL ] and d; = [ d;l ] with
-1, —d,

= 2 —0.1
dy = lg 2] and d, = [_8 1]. To ensure that our selected parameters meet the
criteria for our LQ framework, we randomly choose the following parameters: T = 5
and n = 3. For the state transition matrix A;, we establish the risk-free rate 6%,
resulting in A; = 1.06. The expected excess returns vector B; for the risky assets
is expressed as B, = [14.8% 16% 9.8%]. At each time step, R; is chosen as a

diagonal positive definite matrix. The initial wealth x( follows normal distribution,
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xo ~ N(10,5x 1072), with the currency expressed in thousands of dollars. All entries

in the initial policy matrix K° € R™ are 0.08.
Results and Analysis

We evaluate the performance of the proposed policy gradient algorithm under both
known and unknown parameter settings. Performance is reported using the normal-

ized error.

10° 4 10° 4

-

o
L
L

Normalized Error
Normalized Error

1072 4

107 4 1073 4

T T T v T T T T T T T T T T T T T T
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
Number of iterations Number of iterations

Figure 3.1: Performance of the policy gradient algorithm

Figure 3.1 summarizes two aspects: convergence and the impact of the control
constraint. The left shows fast convergence—the normalized error drops below 1073
in roughly 160 iterations. The right compares constrained (blue) and unconstrained
(red) updates under the same backtest: the constrained variant converges more slowly
and settles at a slightly higher error level that is consistent with a practical risk limit

that tempers leverage and tail risk at a modest performance cost.

100 — n=0.0001 100

Normalized Error
°
Normalized Error
Normalized Error
g

0 20 40 60 80 100 120 140 160 0O 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
Number of iterations Number of iterations Number of iterations

Figure 3.2: Comparison between constrained and unconstrained cases
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When system parameters are unknown, Figure 3.2 collects the corresponding re-
sults: convergence, the constrained (orange) versus unconstrained (blue) comparison,
and the step-size study. Convergence is noticeably slower because the algorithm must
jointly estimate dynamics and optimize control; after a similar number of iterations,
the error is around 1072 (left). The gap between constrained and unconstrained cases
widens relative to the known parameter case due to added estimation uncertainty
(middle). The step-size analysis (right) shows that 7 in the range [107°,3 x 1073]
materially affects learning: very small 7 yields steady but slow progress with low

fluctuation, while overly large n can cause divergence.

3.3.2 Dynamic Benchmark Tracking

Based on Section 2.3.3, with full state and no hard boxes, the classical L.Q feedback
is from the Riccati recursion. To hedge misspecified unknown or light-tailed w;, we
also use a Wasserstein penalized DRO-LQ (3.1.19) for which linear policies remain
optimal and the backward recursion admits a simple modification via a positive

definite factor A.
Data Processing

We use publicly available daily data from Yahoo Finance for the benchmark (e.g.,
SPY) and a set of sector ETFs (e.g., XLB, XLE, XLF, XLI, XLK, XLP, XLU, XLV,
XLY, XLRE, XLC) from 2015/01/01 to 2025/09/30. See Figure 3.3, which plots
normalized-adjusted close series for SPY and selected sectors over 2015-2025, thus
illustrating broad co-movement with intermittent sector rotations for context only.
Series are aligned on U.S. trading days; rows with a missing benchmark price or
any missing sector price are dropped. Let PP™M denote the benchmark-adjusted
close and Pt(j ) the adjusted close of sector j € {1,--- ,m}. Returns are computed

as log differences rPench = log pPench — Jog pPench and r,gj) = log Pt(j) — log Pt@l.
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Normalized Prices (SPY + 3 sector ETFs)
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Figure 3.3: Normalized prices for ETFs and the benchmark

To stabilize later volatility estimates, we optionally trim each return series at the
15t /99" percentiles within the calibration sample only. Table 3.1 shows the log-
return output for benchmark SPY and the other three sector ETFs.

Time-varying target exposures af € R™ are estimated by rolling ordinary least

squares over a fixed lookback length L,s = 60 days. For each t > L , we solve

t

* : bench secT )2 sec __ (1) (m) T
ay € arg Cgl{ég Z (TT - T (Z) 3 T = (rT y o, T )
T=t—Lois+1

without intercept so that af captures pure sector exposures (see Figure 3.4, left). If
the normal matrix is ill-conditioned, a small ridge penalty afa|3 (with a > 0 ) can
be added; by default, we take a = 0. Long-only or budget constraints are optional
post-projections and are not required for the LQ formulation.

The noise feeding the state equation is then taken directly from the data as the
one-step drift in targets, w; = aj,; — af, which appears approximately zero-mean
and independent of the initial state (see Figure 3.4, right). The tracking state x; is
the deviation between actual sector exposures and aj; unless otherwise stated, we
initialize xg = 0,,x1 at the start of the evaluation sample. Risk scaling uses the
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Date SPY XLB XLC XLE
2025-09-23 | -0.005458 | -0.003214 | -0.001435 | 0.017077
2025-09-24 | -0.003187 | -0.012287 | -0.008311 | 0.012923
2025-09-25 | -0.004624 | -0.013122 | -0.003412 | 0.008926
2025-09-26 | 0.005713 | 0.011548 | 0.009694 | 0.009173
2025-09-29 | 0.002806 | 0.003820 | 0.003211 | -0.018542

Table 3.1: Daily log-returns for SPY and three ETFs over the latest five trading days
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Figure 3.4: Empirical features for the tracking model

benchmark’s realized volatility. Let Ggany be the rolling standard deviation of rpenh

computed over Ly, trading days, which is the same length as the OLS window. For

a horizon of T" decision steps, the per-step scale is
Ostep = adaily /\/T7

where T = 120. We set Q; = Agtep 02

step

I, for all ¢ with Agep = 10 and g = 10°
for Q7. Trading cost weights are diagonal, R; = diag(ci, - ,¢y), with each ¢;
calibrated from observable liquidity via

S(j) 2

¢ — 20 S

ADV;
where S(()j ) is the most recent adjusted close of sector j, ADV; is the L,q, = 60 days
moving average of its share volume, and k. > 0 sets the overall trading effort scale
(typical order 107® — 107 ). This specification is dimensionally consistent when z;

and u,; are measured in shares; if exposures are in dollars, the same form applies after
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the natural rescaling by price (Benidis et al. (2018)).

To prevent look-ahead, Gqany , a;, and ADV; are computed using only information
available up to time ¢. Fixing @, R, Astep , Ktc, and ¢, we calibrate on a training
period, then evaluate on a hold-out period using the realized noise path {w;}; Q; and
R, are kept at their last calibrated values. Dates with missing prices, hence undefined

wy, are omitted. The full pipeline is deterministic and thus fully reproducible.

Evaluation Results

Convergence [IKell

3.01

254

2.04

0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400
Iteration Iteration

Figure 3.5: DRO-LQ: policy gradient convergence and gain stabilization

Two complementary views of the same learning run for the tracker in Figure 3.5.
The left (normalized error) shows a smooth, monotone descent over roughly three
orders of magnitude from about 10° down to the low 10~* range before flattening
into a stable plateau, which indicates the policy gradient has essentially reached the
Riccati benchmark and further gains are marginal. The right one (gain size) starts
with | K| from initial |/, then contracts steadily to a tight band a little above
3, where it remains flat; this stabilization lines up in time with the error plateau,
confirming the controller has settled into a steady, well-conditioned feedback policy.

We plot the percentage difference versus the baseline because the raw convergence
curves sit on very different scales, making tiny gaps visually indistinguishable. Nor-
malizing to a relative metric makes the series dimensionless, isolating the marginal

effect of each parameter from mere scale shifts. We then apply a running mean to
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the difference series to suppress high-frequency noise, from sampling error and line

search, while preserving the underlying trend.
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Figure 3.6: DRO-LQ: sensitivity analysis

T. In Figure 3.6(a), the running-mean gaps start large and positive and then converge
toward a fixed level; moreover, a larger T produces a larger initial gap consistent with
a modest but systematic horizon effect rather than instability, and with attenuating

marginal benefit as T' grows.

Kie. When k. rises materially above baseline, the start gap can approach 40%, then
declines and is near zero in the tail; larger k. penalizes control effort more, shrinking
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gains and slowing trading so curves separate early and flatten as the optimizer settles.

Astep - omaller A yields a positive signed difference; much larger A yields a negative
one; the start gap is clear, but the tail drifts to 0, and pushing A from 10 to 103-10°

changes results only slightly.

Lois. The start is small, but the tail becomes larger; from Figure 3.6(d), we can find
larger L produces a larger positive tail. Since L, sets the regression window for af
with w; = Aay, longer windows smooth exposures and shrink empirical ¥*; shorter
windows are more reactive and noisier, so the smoothed estimator induces a stable

offset that persists.
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Chapter 4

Decentralized Reinforcement
Learning Policy for Linear

Quadratic Problem with Entropy
Regularization

In this chapter, we focus on the analysis and evaluation of the IPO method for
discounted entropy-regularized multi-agent L(Q problems over an infinite time horizon
with multiplicative noise. Inspired by techniques from Fazel et al. (2018) and Guo
et al. (2023), we rigorously analyze the IPO method from decentralized to centralized
control and establish that it achieves a super-linear convergence rate if it enters a
local region around the optimal policy. This convergence property is critical for
ensuring efficient learning in a scalar state and high-dimensional and constrained
scenarios, which is shown in the numerical example. We demonstrate the practicality
of the IPO method through its application to the MV optimization and the optimal
liquidation problem (Ni et al. (2014), Wu et al. (2018)), thus showing promising
results for practical financial decision-making problems. These evaluations highlight
the potential of IPO to improve decision-making processes in complex environments.
By addressing these aspects, our work provides a comprehensive understanding of

the IPO method for the scalability of L(Q problems with multiplicative noise, thereby
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offering theoretical insights and practical implications for more complex cases.

4.1 Decentralized Multi-Agent LQ Problem Setup
and Solution

4.1.1 Problem Formulation

In the decentralized setting, the system consists of N independent agents. Each
agent 7 € {1,..., N} seeks to minimize its own long-term entropy-regularized cost.
Thus, each admissible policy 7 € Il maps a state x; € X to a randomized action in U.
For a given admissible policy 7 € II, the corresponding Shannon entropy for agent ¢

is changed to:
H(x(fo) = = | mule) o n(ufe)du; Vo e .
u

where E[—logm(u;|z;)] can be used to generalize the above. The decision-maker
aims to find an optimal policy by minimizing the following objective function for
each agent i € {1,..., N}:
N
min » J; (), (4.1.1)

mell 4
=1

where value function J; . is given with negative entropy:

o0
Jir(z;) =E [Z ~t (x:thwzt + uZtR,-uiyt + 7logm (uzt|xm)>
t=0

Tio = I’Z] s (412)

and for t =0,1,2, -,
Tigy1 = Ay + Biugy + (Ciiy + Diugg)wy, T30 ~ Di. (4.1.3)

The agents are decoupled in physical dynamics but subject to a common scalar
noise. For each agent i, the basic settings in Section 2.1 for parameters still work.
We introduce « € (0, 1), which denotes the discount factor, and 7 > 0, which denotes
the regularization parameter in addition.
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4.1.2 Centralized Formulation for Dynamics

We stack all agents’ states and controls into a single vector (x4, u;) only for notation
and analysis. Execution is decentralized: agent 7 selects u;; using only its local state
x;t. Moreover, we focus on a common policy (shared parameter) class where all
agents use the same policy Teommon (equivalently the same feedback gain K ommon
in Section 4.1.4), which is natural for homogeneous agents and yields a scalable
controller.

We define the aggregated state and control vectors:

L1t Uyt

zo=| : | eR™, w=1| : [eR™W

TNt UN ¢
and construct the block matrices:
A = diag (A1, , An),
B = diag (B, ,Bn),
C = diag (Cy,--- ,Cn),
D = dla‘g(Dh 7DN)7
Q = dla‘g(Qb 7QN)7
R = dla‘g(Rla 7RN)
With these augmented matrices, the global dynamics are

Tip1 = Axy + Bug + (Cxy + Duy) wy.

The global cost function is simply the sum of the individual agents’ costs:

Jo(z) = E,; nyt (z; Qs + u) Ruy + Tlogm (ue|zy)) | (4.1.4)

t=0
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where 7(us|xy) = l_[fil (| 2;) is the product of decentralized policies. The global
agent gathers the decoupled dynamics and additive costs of agents. Under the aug-
mented system representation, we solve for such an equilibrium by treating the col-
lection of agents as a single system with block-structured dynamics and cost. The

optimal value function J* : X — R is defined as

J*(x) = min J.(z). (4.1.5)

mell

The present model is a decentralized shared policy benchmark with decoupled phys-
ical dynamics. Its multi-agent character comes from the information structure and
the requirement of a common implementable controller, rather than from direct state

coupling across agents.

4.1.3 Optimal Strategy

The following theorem establishes the explicit expression for the optimal control pol-
icy and the corresponding optimal value function: the optimal policy is characterized
as a multivariate Gaussian distribution, with the mean linear in the state x and a
constant covariance matrix.

Since the agents are decoupled, the problem reduces to solving N decoupled

single-agent entropy-regularized L(Q) problems.

Theorem 4.1 (Optimal value function and optimal policy). The optimal value func-
tion J* : X — R in (4.1.5) can be expressed as J*(x) = ' Px + q with P € R™N*mN

and a constant vector q € R satisfying

P=Q+K% RK 4y +7 (A— BK} )TP(A_B obal )

global global global

+7(C = DK%y) WP (C =DK%

global global

1

* T n *
=1 [Tr (Shoa (R+5B'PB +yDTWPD)) = = (nN + log ((2m)"" det 355,

(4.1.6)
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where

Kb = V(R + YB"PB +~yD'"WPD) Y (B"PA+ D"WPCQC),

_ : : 1 (4.1.7)
Sion = 5 (R +7BTPB+~D'WPD) ™,

For any x € X, the corresponding optimal policy ©* to (4.1.5) is a Gaussian policy:

™(|z) = N(_K;lobal T, Xy )

global

Proof of Theorem 4.1 relies on the following lemma, which establishes the optimal
solution for the one-step reward function, given the presence of entropy regularization

in the reward.

Lemma 4.1. For any given symmetric positive definite matrix M € R™W>*"™N and
vector b € R™ | the optimal solution p* € P(U) to the following optimization problem
is a multivariate Gaussian distribution with covariance M ~1 and mean —%M L b

i Eyopey [0 Mu+bTu+ 71 ,
pgg(g) o) [u' Mu u+ 7log p(u)]

s. t. f p(u)du =1,
u

p(u) =0, Yuel.

Proof of lemma 4.1. Let \ be a Lagrangian multiplier to the constraint Su p(u)du =

1. Consider

F(p,\) = [ (u"Mu+b"u+ 7logp(u)) pu)du + A <L p(u)du — 1>

Ju

-
= | (u"Mu+b"u+7logp(u) + ) p(u)du — A
Ju

r
= E(U,p(U), /\)du - )‘7
Ju

81



where L(u,v,A) = (u"Mu + b"u) v + Tvlogv + Av. Since 25 = X+ u"Mu + b u +

uTMu—i-bTu)

7 + 7logw, by setting % = 0, we then get voce 7 ( . Thus, the optimal

solution p* is a multivariate Gaussian distribution with N (—=2M =16, ZM1). O

Proof of Theorem 4.1. By definition of J* in (4.1.5),

J*(z) = milgll E. {z'Qz + u' Ru + 7 log(r(u|z)) + vJ*(Az + Bu+ (Cz + Du)(Cz + Du)w)},

(4.1.8)
where the expectation is taken with respect to u ~ 7(:|z) and the noise term w, with

mean 0 and covariance W. By stipulating
J*(z) = 2" Pz + q, (4.1.9)

for a positive definite P € R™¥ ™" and ¢ € R and substituting into (4.1.8), we can

obtain the optimal value function with a dynamic programming principle:
J* ()
=2'Qx
+ mgn E. {u"Ru + 7log(m(u|z))
+7 [(Az + Bu+ (Cz + Du)w) " P(Az + Bu+ (Cz + Du)w) + ¢|}  (4.1.10)
=2 Qx4+ (ATPA+CTWPC)x + ¢

+minE, {u"(R+~yB"PB +~yD'"WPD)u

+7log(m(ulz)) + 2yu" (BTPA+ D"WPC)z} .

By then applying Lemma 4.1 to (4.1.10) with M = R+ ~vB"PB + yD"WPD and
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b=2y(B"PA+ DTWPC)z, one can get the optimal policy at state x:
T (+]x)

N <_7( R+~yBTPB+~D"WPD)(BTPA+ D"WPC)z,
(4.1.11)
g(R +~BTPB + yDTWPD)‘1>
=N (_Kglobal T, 3 ) )

global

where K3 11 5 Saobar are defined in (4.1.7). To derive the associated optimal value

function, we first calculate the entropy of policy 7* at any state z € X :

E. o [—log (7% (u|x))] = — L log (7*(u|x)) 7 (u|z)du = = (nN + log ((2m)"™" det %00 ) -

1
2

(4.1.12)
Substitute (4.1.11) and (4.1.12) into (4.1.10) to get

JH(x) = ' (Q + Kg*gbal REigpa + 7 (A — BK}

g global )T P (A - BK;lobal )

+ (C - DKg*lobal )T wp (C - DKg*lobal ))x

+Tr (EZlobaI R) — g (nN + log ((27?)"N det ZZlobal ))

+ 7 (Tr(Shopa B PB) + Tr(Z2

globa

\D'WPD) +q) .
By combining this with (4.1.9), the proof is complete. ]

Remark 4.1. The constant q in J*(x) = " Px + q collects state-independent terms
induced by the entropy-regularized stochastic policy (i.e., Xlobal F 0) and the entropy
contribution. In particular, when T = 0, the optimal policy becomes deterministic (
Xiobat = 0 ) and the state-independent terms vanish; consequently, ¢ = 0 and J*

reduces to a purely quadratic form.
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4.1.4 From Global Optimal Policy to a Decentralized Com-
mon Gain

Definition 5 (Decentralized system and common policy admissibility). We impose
a common policy restriction: all agents use the same decision rule and shared pa-
rameters. In particular, within the linear Gaussian class, an admissible common

decentralized policy takes the form
7T<ut‘xt) = N( - (IN ® Kcommon) Ty, IN ® Ecomm(m)u

for some shared gain K ommon € R™™ (and covariance ¥ .ommon > 0). Equivalently,

each agent implements locally:
Uit NN(_Kcommon Lt Zcommon)7 1= 1,...,N.

In the stacked representation of N agents, we derive the benchmark optimal
policy by solving an entropy-regularized LQ control problem. The resulting optimal
policy is Gaussian:

T (ug|wy) = N<_Kglobal Tt, Z;lobal)7

where K} . € RN is obtained from the ARE in Theorem 4.1. However, our
execution constraint is more restrictive than this benchmark: we require a shared
decentralized controller, that is, a feedback matrix of the scalable form K ommon
and Yeommon. We therefore seek Kiommon that minimizes the aggregate cost le\il J;
within this implementable class. The multi-agent aspect here is the implementability
constraint and the shared policy restriction rather than coupling in the physical
dynamics. To find the best fit K . that approximates the global policy, we

match the affine term in the optimal policy

’U,Zk = —(IN®K*

common ) T,
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where K} e R™™ is a shared gain matrix across agents and satisfies (4.1.7):

common

)=B"PA+ D'WPC.

common

1
—(R+~yB"PB+~D"WPD)(Iy ® K}
P}/

To solve for K¥ .. from the matrix equation, we employ the vectorization tech-

nique to convert the matrix equation into a linear system. Let

F = %(R +vB"PB +~yD'"WPD) e R""V*"N
G = B'"PA+ D'WPC e R"V>mN
and denote their row-wise block structures as
F G,
Py Gn
where each Fj € RV>™ and G; € R™™N . Then the matrix equation is equivalent to

a system of equations:

Fi(Iy ® K¢

common

):Gja V]E{l,,N}

Since Iy ® K*

common

is a block-diagonal matrix, each vector F; and G, can be

partitioned into subvectors compatible with the dimensions of KZ . Suppose
KX mon € R™™ and I is the identity matrix; then we have

Fy=[Fia - Fx],

Gj =[G -~ Gin].

where each Fj, € RV and Gy, € RY™™ for k € {1,---,N}. Then the system is

equivalent to the set of equations in terms of K%

Fj K,

common
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Since both F' and G are block-diagonal matrices with agent-specific structure, the
matrix product only yields nontrivial equations when j indexes the block rows that
align with the diagonal blocks of F' and G. Specifically, only a subset of rows in F
K*

common ?

and G are involved in multiplying namely those rows where the row index

7 lies in the interval:
je{l+(k—1n,2+ (k—1n,--- ,nk}, foreachke{l,2,--- N}

By collecting these active block rows and stacking them, we construct a linear system

of the form
*
Freshaped Kcommon = Greshaped ;
where
i Fiq ] i Gia ]
Fn,l Gn,l
Fiy—1nk Gre(k—1)nk
. nlN xn . nlNxm
F, reshaped — : eR ) Greshaped = : eR :
Fokk Gk i
Far(n—in).~ G+ (v—1)n),N
L FnN,N _ L CTYnN,N i

Since Fleshaped has full column rank, we obtain the optimal common gain Kcommon

by solving the linear system via the least-squares method:

* _ it
KCOHHHOH - Freshaped Greshaped ) (4113)
where Fl g .0ea = (Freshaped Fleshaped ) Feshapea » Which denotes the Moore-Penrose

pseudoinverse of Fieshaped -
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Remark 4.2 (Common covariance). The common covariance X%, s defined as

the Frobenius norm projection of 3%, onto the implementable class {Ix ® X}. This

*

o mmon._and enforces a shared local

marrors the construction of the common gain K

exploration structure across agents.

In the subsequent analysis, we denote the decentralized feedback gain matrix in

the full system dimension as

K*:IN® andE*:IN@)Z*

*
Kcommon ) common

which is a block-diagonal matrix in which each agent shares the same local gain
Kk and covariance ¥ . This notation simplifies expressions and empha-

common common

sizes the structure of the decentralized controller across the agent population.

4.2 Analysis of Value Function

Throughout the analysis, we assume that there exists pi, ps € (0, %) satisfying
|A—BK*| < p; and |C — DK*| < ps where K* is the optimal solution in The-
orem 4.1. We consider the following domain 2, that is, the admissible control set, for
(K,%): Q= {KE]R”NX’”N,EGR”NX”N |A-BK| <p1,|C—DK| <pp, ¥ >0,2" = Z}.
For any zy € X following the initial distribution Dy, we assume that E,, .p, [xgmg ]

exists and 1 = opin (]EIONDO [xoxg]) > 0. For any (K, X) € €2, we define Sk x as the

discounted state correlation matrix, in other words,
0
Sky = Erpg s [Z V! ] : (4.2.14)
t=0

According to Theorem 4.1, the optimal policy of (4.1.5) is a Gaussian policy with a
mean following a linear function of the state and a constant covariance matrix. In

the remainder of the chapter, we look for a parameterized policy of the form

7TK72<"£L‘) ZN(—K$,E), (4215)
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for any x € X. With a slight abuse of notation, we use Jg 5 to denote T s and

denote the objective in (4.1.5) as a function of (K, X)), given by
O(K, E) = E$0~D0 [JK72<JZ)] . (4216)

To analyze the dependence of 3 in the objective function (4.2.16) for any fixed K

and Y > 0, we also define fx : R"™*"N L R as

i) = g lomdet(5) — ¢ —

Tr (S (R+yB'PxB+~vD'"WPxD)) .

(4.2.17)
By applying the Bellman equation, we can get Jgxx(zr) = x' Pxx + qx s, with

RmN xmN

some symmetric positive definite matrix Py € and gi » € R satisfying

Px =Q+ K'RK + (A~ BK)"Pg(A— BK) ++(C — DK)'"W Py (C — DK),

Grx = ﬁ |Tx (2 (R +vBTPiB +/DTWPiD) = = (nN + log ((2m)" det %)) |

(4.2.18)

We now provide an explicit form for the gradient of the cost function C(K,3)
with respect to K and Y. This explicit form will be used to show the gradient
dominance condition in Lemma 4.3 and also to analyze the algorithms in Section

4.3.

Lemma 4.2 (Explicit form for the policy gradient). If one takes a policy in the form
of (4.2.15) with parameter (K,X) € Q, then the policy gradient has the following
explicit form:

VKC(K, Z) = QEKSK,Za
(4.2.19)

VsC(K,%) = (1 — )" (R - %2*1 +yBTPgB + fyDTWPKD) ,
where Ex = —yB"Px(A — BK) —yD"WPx(C — DK) + RK and Sk is defined
in (4.2.14).
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Proof of Lemma 4.2. VsC(K,Y) in (4.2.19) can be checked by direct gradient
calculation. To verify VxC(K,X) in (4.2.19), first define f : X x R"™W*mN R by
fly, K) =y Pxy,Vy € X, and we aim to find the gradient of f with respect to K.

For any y e X,

Vif(y,K) =2(—yB"Px(A— BK) —vyD'"WP;(C — DK) + RK)

i Y'[(A— BK)(A— BK)" + (C — DK)W(C — DK)"|'yy".

t=0

(4.2.20)
Since C(K,Y) = Eyy~p, [t0Prxo] + qr,» with Pk and gk s satisfying (4.2.18),

then the gradient of C(K,X) with respect to K is

VikC(K,X) =E[Vkf (x0, K)] + Vkaqks

w
=2 (—yB"Px(A— BK) —vD'"WPg(C — DK) + RK)E [Z vtxtmtT] :

t=0

which follows from applying (4.2.20) with y = ¢, taking the gradient of ¢xx in

(4.2.18) with respect to K and using recursion to get the second equation. O]

Gradient dominance. The key idea is to show the gradient dominance condition,
which states that C(K,Y) — C (K* %*) can be bounded by |VxC(K,%)|? and
|VsC(K,2)|% for any (K,%) € Q. This result suggests that when the gradient
norms are sufficiently small, the cost function of the given policy is sufficiently close

to the optimal cost function.

Lemma 4.3 (Gradient dominance of C(K,X)). Let m* be the optimal policy with
parameters K* ¥*. Suppose policy m with parameter (K,Y) € Q satisfying ¥ < 1
has a finite expected cost, in other words, C'(K,%) < o. Then

1 _
IVkC(K, )% + — L [VsC(K, 5)[2.

%\ HSK* E*”
K.Y — K* Y% < .
C(K,X) - C (K", X¥) —)

= 4120 min(R)
(4.2.21)
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For a lower bound, with Ex defined in Lemma 4.2,

1

CK,X)—-C(K*,X%) =

Tr (B Ek) .

By introducing the notations of the Q-function in (4.2.22) and the advantage
function in (4.2.24), we first provide a convenient form for the difference of the cost
functions with respect to two different policies in Lemma 4.4. It will then be used
in the proof of Lemma 4.3.

For a given policy mx x(-|z) = N(—Kz,X) with parameter K and X, we define
the state-action value function (also known as @Q-function) Qxx : X xU — R as
the cost of the policy starting with z¢y = x, taking a fixed action uy = u, and then
proceeding with 7k 5. The @-function is related to the value function Jg . defined

in (4.1.2) as

Qrs(r,u) = 2" Qu +u' Ru+7logmg s (ulz) + VE [Jx n(Az + Bu + (Cz + Dujw)]
(4.2.22)

for any (x,u) € X xU. By definition of the Q-function, we also have the relationship:
Vee X : Jgx(r)=Eyir( [Qrx(z,u)]. (4.2.23)

We also introduce the advantage function Ak y : X x U — R of the policy 7 :
Agy(z,u) = Qrx(z,u) — Jrx(x), (4.2.24)

which reflects the gain one can harvest by executing control u instead of following

the policy 7 x in state .

Lemma 4.4 (Cost difference). Suppose policies m and @' are in the form of (4.2.15)

with parameters (K',%') and (K,X). Let {z}},", and {u,},—, be state and action

90



sequences generated by 7' with noise sequence {w;},~, (i.i.d. with mean 0 and co-

variance W), that is, x,,, = Az, + Bu, + (Cx} + Duy)w,. Then for any x € X,

0
D Aks (2, uy)

t=0

JK/,E/(.’L') — JK’E(.CE) = Eﬂ-/

Ty = :r;] : (4.2.25)

where the expectation is taken over uy ~ 7' (-|x}) and wy for allt =0,1,2,---.

The expected advantage for any x € X by taking expectation over u ~ '(-|x) is:

E,r/ [AK,E (.27, U)]

=2 (K'— K)"(R+vB"PxB +yD"WPxD)(K' — K)x

+22"(K' = K)" [(R+~vB'PxkB+~yD'"WPxD)K —v(B'PgA+ D'"WPxC)|x

+ (1 =7) (fx(X) = fx (X))

(4.2.26)

Proof of Lemma 4.4. Let {c,}/Z, be the cost sequences generated by 7/, that is,

¢, = ' Q) +u; Ruj+ Tlog ' (uy|z}), and Jxr sy () = En [Y12,7'¢,]. Then we have

JK/,E’ (33) — JK,E (.CE)

E,.

E,.

&=
:‘\
1
s

-+
Il
o

o]

Z’thf:] — Jrz(7)
| =0

RgE

V(¢ = Jks (@) + Tk (xi))] — Jrx(z)

~+
Il
()

V(= Jrm (@) + D 7 ks (372)]

t=1

S (e 2 () — s <x;>>]

=0

~+

RgE

7 (x;TQm; + uQTRug + 7log ' (uj|x}) + vk s (x;H) — Jkx (x;)) ,

~~
Il

0
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where (a) follows from x, = . By (4.2.22) and (4.2.24), we can continue the above

calculations by

Ticrsr (@) = Jes(x) = B | D09 (Qres (2, uf) — Jies (1’2))]
t=0

e
= L/ Z AKZ :Btaut :

To derive the expectation of the advantage function, for any = in X', take expectation

over u ~ 7'(-|z) = N (—K'z, %) to get the following:

E [Axn(z,u)]
=E. [Qrs(z,u)] — Jrn(z)

= 21 (Q+ KTRE )z + Tr (Y'R) —  (nN + log ((27)" det )

+~E [(A:z: + Bu + (Cz + Du)w)T Py (Az + Bu + (Cx + Du)w) + qK,z]
- iETPK»’U i)

=2"(Q+ K'"RK")x + Tr (X'R) — % (nN +log ((2m)" det X)) — 2" Pxz — (1 — 7)gr.s
+ fy[xT (A— BK")" Py (A~ BE"Yz + 2" (C — DK"Y WPx (C — DK")
+ v (X/(BPcB + D'WPD) .

Substitute (4.2.18) into the above equation, then use (4.2.17) and write K’ = K +
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K' — K to get
Exv[Ags(x,u)]

— (1=7) (fx(D) = fxe () +2 (Q+ (K + K'— K) R(K + K'— K)) 2
+~2" (A-BK —B(K'—K))' Px(A— BK — B(K'— K))z
+v2" (C—=DK —D(K'—K)) WPy (C— DK — D (K' — K))z —a Pgx

= (1 =) (fx(X) = fx (X))
+2" (Q+ K'RK +vy(A— BK)"Pg(A— BK) +~(C — DK)'WPg(C — DK)) x
+20" (K — K)' [(R+~+B"PxB+~yD"WPxD) K — (B"PxA+ D'"WPCla
+a2 (K'=K) (R+~yB"PgB +~+D"PD) (K' — K)z — " Pgx.

Substituting (4.2.18) finishes the proof to verify (4.2.26). O

Proof of Lemma 4.3. By Lemma 4.4, for any 7 and 7’ in form of (4.2.15) with

parameter (K, Y) and (K’, ) respectively, and for any = € X,

Eﬂ-/ [AK,E (SC, U)]

— (1=9) () = () = Tr (22" E}. (R+ 1B P B +7D"WPD) ™" Ex)
_ T
+Tr {:mT (K’ ~ K+ (R+~7B " PgB+~+D " WPD) " EK> (R+~yB"PxB + D W PgD

+yD"W PgD) - (K' ~ K+ (R+~yB"PxB)" EK) ]

\Y

Ty (mTE} (R+~B"PxB +D"WPgD)™ EK> 1) (Fx(D) — fx (2),

(4.2.27)
with equality when K — (R + yB'PxB + yD'W PgD) 'Ex = K’ holds. Let
{xF}2, and {uf}2, be the state and control sequences generated under 7*(-|z) =
N (—K*z,%*) with noise sequence {w;};”, with mean 0 and covariance W. Apply
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Lemma 4.4 and (4.2.27) with 7 and 7* to get:

C(K,X) — C(K* X%

0
— —]EW* [Z ’ytAK7Z (Qf;k, U:)]

=0
<Tr (SK*,E*E,T( (R+~B"PxB ++D WPgD) EK) b i (59) — fr(D),

(4.2.28)

where fx is defined in (4.2.17). To analyze the first term in (4.2.28), note that

T (S B (R + 4B PicB + 4D WP D)™ Eyc)

ISk x|
Omin (R)

~

Tr (EjEx)
(4.2.29)
| Sicx x|

<=2 T ELE
:U/ZO-min(R) I‘(SKS K KSKE)

| S s |

_ T
= Lo (E) ) Tr (Vi C(K,X)VkC(K, X)),

where the last equation follows from (4.2.19).
To analyze the second terms in (4.2.28), note that fx is a concave function; thus

we can find its maximizer ¥7, by taking the gradient of fx and setting it to 0, that
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is, 2% = Z (R+yBTPxB +~- DTWPiD) ™. Thus,

fre (5%) = [k (%)
< fr (B%) = fx (%)

(2 Tr (Vic(X)T (5 - %))

- Tr[(VgC(K, %) (R+~B"PxB +yD"WPgD)™
(4.2.30)
((R +~yBTP«B + 4D W PiD) — %2*1) 2]

(b)
< (1 =) |(R+~yBT"PgB +~yD"W Pg D)™ |V=C(K, %)

(L =) [VsC(K, )|
Umin(R> ’

where (a) follows from the first order concavity condition for fx and (b) is from
0< X<

For the lower bound, consider K’ = K — (R + YyB"PxB + yD'"W P D) 'Eg
and ¥’ = ¥, where equality holds in (4.2.27). Let {z}}/2,, {u}}/~, be the sequence
generated with K',%'. By C (K*,¥*) < C (K',¥'); we have

C(K,%) - C(K*,¥*) = C(K,%) — C(K',%)

Z Ags xt)“t]

= Tt Sk B (R+ 9B PicB + D" WP D)™ Exc)

1

ELE
Z TR+ B PxB + 1D WED| Tr (B Br)

]

“Almost smoothness”. Next, we will develop a smoothness property for the cost
objective C'(K,>), which is necessary for establishing the convergence algorithms
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proposed in Section 4.3. A function f : R™ — R is considered smooth if the following

condition is satisfied:
m

with m a finite constant. In general, characterizing the smoothness of C(K,3) is
challenging because it may become unbounded when the eigenvalues of A — BK and
C — DK exceed % or when o, (X) is close to 0. Nevertheless, in Lemma 4.6, we
will see that if C'(K,X) is “almost” smooth, then the difference C(K, %) - C (K', ¥)
can be bounded by the sum of linear and quadratic terms involving K — K’ and
DIEEDIE

Before Lemma 4.6, we first introduce Lemma 4.5 to show that the cost objective

is smooth in > when utilizing entropy regularization, given that > is bounded.

Lemma 4.5 (Smoothness of fx). Let K € R™*™N pe given and let fx be defined
in (4.2.17). Fiz 0 < a < 1. For any symmetric positive definite matrices X € R"*"

andY € R™"™ satisfyingal < X < I andal <Y < I, the following inequality holds:
[Fic(X) = Fi(¥) + T (Vi (X)T(Y = X)) < M, Tr (XY = 1)?),

where M, € R is defined in Lemma 4.6, and M, > 4(17_7).

Proof of Lemma 4.5. Fix symmetric positive definite matrices X and Y satisfy-
ing al < X <Tandal <Y < I. Then fx being concave implies fr(X)— fx (V) +
Tr (Vfk(X)"(Y — X)) = 0. To find an upper bound, observe that

Je(X) = fe(Y) + Tr (Vfc(X)T(Y — X))

) y (4.2.31)
=30 (log det(X) — logdet(Y) + Tr (X' (Y — X))) .

Since X > 0 and Y > 0, then all eigenvalues of XY are real and positive and
Omin (X7Y) = opin (X1 0min (V) = @
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Now let us show that there exists a constant m > 0 (independent of K ) such

that for any Z € R™"*" with real positive eigenvalues a < z; < -+ < 2z, the following
holds:
—log(det(Z)) + Te(Z — 1) <mTx ((Z — 1)?). (4.2.32)

Note that (4.2.32) is equivalent to Y | —log (z) + 2z — 1 <m Y (z —1)>. With
elementary algebra, one can verify that when m = (—log(a) + a —1) - (a — 1)72, it
holds that —log(z) + 2 — 1 < m(z — 1)? for all z > a and such an m satisfies m > 1.

Therefore, (4.2.32) holds. Combining (4.2.31) and (4.2.32) with Z = XY, we see

fe(X) = fx(Y) + Tr (Vfx(X)T(Y - X)) < Tr (XY —1)%).

2(1—7)
0

Lemma 4.6 (“Almost smoothness” of C(K,Y)). Fiz 0 < a < 1 and define M, =

%. For any K, % and K', % satisfying al <X <1 and al <Y’ <1,

C (K'Y — C(K,¥)

—Tr (5,(,,2, (K'— K)" (R +~B" Px B+ yD"W PgD) (K' — K))
2Ty <SK/,2/ (K'— K)T EK> + fr(S) = fx (X))

<Tr (SK,,E, (K' = K)" (R +~B" Px B+ yD"W PgD) (K' — K))

£ 27T (Sgo (K — )T Ex)

L1
1—

Tr <<R +~B " PxB +~D W PgD — %2*1> (3 — 2))
FMTe (7 - 1)),
where fr is defined in (4.2.17).
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Proof of Lemma 4.6. The first equality immediately results from Lemma 4.4, by
taking an expectation with respect to = in (4.2.26). The last inequality follows

directly from Lemma 4.5. O]

4.3 Iterative Policy Optimization Method

For TPO, one can show both the global convergence with a linear rate and a local
super-linear convergence when the initialization is close to the optimal policy.

By the Bellman equation for the value function Jg 5,
Jks(®) = Eyerpe s, [27Qx + u' Ru + Tlog m s (ulz) + vJk s (Az + Bu + (Cz + Du)w)] .

We assume the one-step update (K’,¥’) satisfies:

K'Y = arg rlg(uél Eumrg o [xTQ:C +u' Ru+ 7log T s(ulr) + vJks(Az + Bu + (Cx + Du)w)] :

By direct calculation, we have the following explicit forms for the updates:

K@ = KO — (R+~yBTPgwB +yD"WPgwD) ™ Exo,
(IPO)

(t+1) _ g (R +~yB Py B + fyDTWPK(t)D)*l ;

fort=1,2,---.

4.3.1 Global Linear Convergence

In this section, we establish the global convergence for (IPO) with a linear rate.
Theorem 4.2 (Global convergence of (IPO)). For

N = HSK*’Z* H log C (K(O)JE(U)) — C(K*7E*)

Y

£

the iterative policy optimization algorithm (IPO) has the following performance bound:

C (KM, s™) —C(K* v%) <e.

?
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The proof of Theorem 4.2 is immediately given by the following lemma, which

bounds the one-step progress of (IPO):

Lemma 4.7 ((Contraction of (IPO)). Suppose (K',%') follows a one-step updating
rule of (IPO) from (K,¥) :

K'= K—(R+~yB"PxB+~yD'WPgD) ' Eg, ¥ = g (R++B"PxB +~D WPgD) .

(4.3.33)
Then

C(K',Y) - C(K*,$%) < (1 - ﬁ) (C(K,S) — C (K*,5%)),

with 0 < —F— < 1.

~
| sk x|

Proof of Lemma 4.7. Let K, ¥ be fixed and let fx be defined in (4.2.17). Observe
that ¥’ defined in (4.3.33) is the maximizer of fx. Then by Lemma 4.6,

C(K',%) — O(K,)
~ —Tr (Sww Bk (R+ 7B PcB+ D" WPD) ™" Ex) = fic () + fu(Z)

(@) _
< ot Tr (S B (R+ 9B PcB + 4D WP D)™ Ex)

IS s |

(e () - fr(D)

Sk

(b) W

~X

TS| (Tr (SK*,E*EE (R+~BTPxB+~yDTWPD)™' EK) + fi (5%) — fK(E)> ,

where (a) follows the fact that fx (X') — fx(3) = 0 and #‘ < 1; and (b) follows

[Srcs st

from fact that fx (X') = fx (¥*). Finally, apply (4.2.28) to get

C(K',Y) — C(K,%) < —”SL (C(K, %) — C (K*, %))
Kr 2|
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Adding C(K, %) —C (K*,%*) to both sides of the above inequality finishes the proof.
O

Theorem 4.2 suggests that (IPO) achieves a global linear convergence. Further-
more, the subsequent section demonstrates that (IPO) enjoys a super-linear local
convergence when the initial policy parameter is within a neighborhood of the opti-

mal policy parameter.

4.3.2 Super-Linear Local Convergence

This section establishes a super-linear local convergence for (IPO). We first introduce

some constants used throughout this section:

¢ C1—9p*+n o= 2 — p? 1
VP T 20 VP T 2 2 )
(1 —7p?) (1=p*)"(1=y) A=p)" 1=
(4.3.34)
1 1

T A A=) A=A (=)

To simplify the exposition, we often make use of the notation Sk nw and Sgx s,

which we abbreviate as S® and S*, respectively, provided that the relevant param-

eter values are clear from the context. Then, we define

-~ min { pr+ Al p2+[C }
|Omin(B)| [omin(D)] ] 7

1 * *
¢ =28, (1| Bl + p2| DI[W]) (IQ] + [ R]l5%) + . [S*HIRL- (s + [ E7]),
o1 = (&pElzozg] + G| BE*B' + DWS*D'|) - 2(pa| B| + po | D[ W)

(4.3.35)
(14 Gwin(B) - |R + yB" Pa B + 7D W Pie D + 10, (R)

[UBIAL = IDHWIC]) + (1BI* + | DJ*[W)x] )

cmywy (I BJ? + [ DIW)*
20min(R)? ‘

Coy =
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Note that k > | K| for any admissible K, since

g < e 2K _1DI] )

“Tmin(B”7 ‘Umin(D)‘
{|A — BK|| +[A| |C - DK| + |C}
[Owin(B)] |Owmin(D))|

ol peicl)
lamin<B)‘ ’ |‘7min<D)’

:,{/7

for any K € ().
We now show that (IPO) achieves a super-linear convergence rate if the policy

parameter (K, Y) enters a neighborhood of the optimal policy parameter (K*,¥%*).

Theorem 4.3 ((Super-linear local convergence of (IPO)). Let ¢; and ¢y be defined in

(4.3.35). Let § = min {ﬁamin (S*), pl_HTEf‘BK*H, pQ_WBfK*H } Suppose that the

wnitial policy (K(O), E(O)) satisfies

1 1

C (KO xO) —C(K* %) < (———
W) = et = (-

-1
> Omin (R—F’}/BPK*B—F’}/DWPK*D) (52,

(4.3.36)
then the iterative policy optimization algorithm (IPO) has the following convergence

rate: fort=0,1,2,---,

(o1 ) (€ (K0,£) - C (1, 2)
Omin (S*) \/MUmin (R + ’}/BTPK*B + ")/DWPK*D) '

C (K(t+1), Z(t+1)) —C (K*, E*) <

The following Lemma 4.8 is critical for establishing this super-linear local conver-
gence; it shows that there is a contraction if the differences between two discounted
state correlation matrices HS (t+1) _ S*H are small enough. Then, by the perturba-
tion analysis for Sk sz (Lemma 4.9), one can bound |[SU+) — §*| by |[K® — K*|
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(Lemma 4.13). The proof of Theorem 4.3 follows by ensuring the admissibility of

model parameters { K", E(t)}:io along all the updates.

Lemma 4.8. Suppose that the updating rule (IPO) satisfies HS(”U — S*H < Omin (S¥)

for allt =0, then

st - 51

K(t+1) Z(tJrl) . K* Y%) <
C ( ) ) C ( Y ) Umin (S*)

(C(KW,20) — C (K*,5%)).

Proof of Lemma 4.8. Let K’ denote KV K denote K® and S’ denote S*+1.
Apply Lemma 4.6 with fx defined in (4.2.17) to get

C (K'Y - C(K,x)
= —Tr (S*E(R+~yB'PxB +~yD'"WPxD) 'Ek)
—Tr ("= S*)Ef(R+yB PxB+~yD'"WPxD) 'Ex) + fx(2) — fx (¥')

< (L4 (8~ 57 ") (T (S* B (R +4BT PB + 4D W P D) Ey)

+fk (X%) = fk(¥)),

where (a) follows from the assumption |S" — S*|| < opin (5*), which implies —1 +
|(S" — S*)S*1| € [1,0] and the fact ¥ is the maximizer of fr. Finally, apply

(4.2.28) to get
C(K'\Y)-C(K,Z) < (-1+ (8" = 5% $*) (C(K,Z) — C (K*,£%))

(1 15 =5" (e
\( 1+Omin<5*))(C(K,Z) O (K*,5%)).

Adding C(K, %) —C (K*,¥*) to both sides of the above inequality finishes the proof.
[
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Lemma 4.9 (S x, perturbation). For any (K1,34) and (K, ¥9) satisfying |[A — BK;| <
pr, |[A = BEs| < py, [C = DKL < po, and [C = DES|| < ps,

WSKhxl_'SKZE2H
< (&l Elzozg 1| + & o BEABT + DWELDT) - 2(p1| B + p2| DI[W]) | K1 — K|

+wy o (1B + IDIF[W) [ 21 = Eaf -

The proof of Lemma 4.9 proceeds with a few technical lemmas. First, define the

linear operators on symmetric matrices. For symmetric matrix X € R™V*™N we set
Fx(X)=[(A— BK)(A— BK)" + (C - DK)W(C — DK)"]X,

GX(X) = [(A— BK)(A - BK)T + (C — DK)W(C — DK)T|'X,

V[(A— BK)(A— BK)" + (C — DK)(C — DK)T|'x ~ (4:3:37)

L

T (X)

o+
Il

0

o0

D 1GE(X).

=0

Note that when |A — BK| < \iﬁ and |C — DK| < %, we have

T = (I —7Fx) . (4.3.38)

We also define the induced norm for these operators as ||T'| = supy HTX—XH)H, where

T = Fi,GE, Tk and the supremum is over all symmetric matrix X € R™V*™N with

nonzero spectral norm.

Lemma 4.10. For any K € R™W*™N and any symmetric 3 € RV
t

Sks = T (E[zoxg]) + Y 7' > GF (BSB" + D'TWED).

t=0 s=1
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Proof of Lemma 4.10. Let us first show the following equation holds for any
t=1,2,3,--- by induction:

E[z,2]] = [(A— BK)(A— BK)" + (C — DK)W(C — DK)"|'E[zo{]
i A— BEK)(A—BK)" + (C — DK)W(C — DK)T]""*

(BEB'" + DWXDT).
When ¢t = 1, it holds since
E[z 2] ] = (A — BK)E[zoz{ (A — BK)" + (C — DK)WE[zz}](C — DK)T
+ BYB" + DWED'.

Now assume it holds for ¢ and consider ¢ + 1 :
E[zi12),] = (A — BK)E[z:2] (A — BK)" + (C — DK)E[z,x, |(C — DK)T

+ BYB" + DWYDT

t+1

=[(A— BK)(A—-BK)" + (C — DK)W(C — DK)"]"" E[zoz, |

t+1

+Z [(A—BK)(A—BK)" + (C_DK)(O_DK)T]t—sH

s=1

(BEB" + DWEDT).

Thus, the induction is completed. Then by (4.3.37), we can write Sk x; as:

[¢) t
Sy = 27 Elz.z]] = Tic (Elzoxg ) Z Z G, (BSBT + DWEDT).

t=0

Lemma 4.11. For any K; and K,

| Fry = Fio | < (|A = BEq | + A = BE|) | B]| [ K1 — Ko

+(|C = DE; | + [C = DES|) [DI[W [ K71 — K.
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Lemma 4.11 follows a direct calculation with the triangle inequality.

Lemma 4.12. For any K, and K, satisfying |A — BK1| < p1 and ||[A — BK3| < py,
|C — DK1|| < pa, |C — DK < pa with p* = pi +|W|p3 and &, , defined in (4.3.34),

0
I(Tie, = Tiee) QO < 259" (G5 = i) (X)] < &1 1P = Fia| X, (4:3:390)
t=0
T-1 9 2 T
/
I(G X < ——— 7 =FlIX], vT'>1. (4.3.39b)
t=0 (1—p?)
Proof of Lemma 4.12. To case the exposition, let us denote G, = G/, G/ =

K2 F = Fg, and F' = Fg,. Then for any symmetric matrix X € R™V*™N and
t=0,1,2,---,
[(G1e1 = Gear) (X)| = | F 0 GiE) = F' 0 Gu(X) + F' 0 G(X) — F 0 Gi(X))
< |F o GyX) = FroGuX)| + | F 0 Gu(X) = F o Gu(X)]
= |7 0 (G = Go) (X)) + |(F' = F) e Gu(X)]|
< |F (G = Go) (X)| + 1G]l | F = FI X
<P I(G1 = Go) (X)| + ™ |F = FI | X].
(4.3.40)

Summing (4.3.40) for t = 0,1,2,--- with a discount factor v, we have

237 (1 = Ge) ()] < 2 201067 = G0) (X)) + 5

t=0 t=0

1
7 |7 = F1X]-

Note that the left-hand side of the above inequality equals to

0

2 i [(7 Qtﬂ)(X)H=%th\(Qt’—gt)(X)\—%!(%—%)(X)-
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Thus, by combining the above calculations, we obtain:

1 & 1 1
(— —,02) th (G, — G) (X)]| < = (G — Go) (X)]| + T |F = FlI X
v =0 v P

The proof of (4.3.39a) is finished by noting Gy = F and G|, = F’. To show (4.3.39b),
fix integer 7" > 1. Summing up (4.3.40), for t =0,1,--- | T — 1,

T—1 T— |
2, 1(Gie1 = Ge) Z X+ 5= I = FX]. (4.3.41)
Note that the left-hand side equals
T-1
2 (G = Gen) ()] = Z 1(G: = G0 O = |(F = F) (X)].
=0
Substituting the above equation into (4.3.41) finishes the proof of (4.3.39b). O

Proof of Lemma 4.9. Denote G, = tKl,g; — gk T = Ty, T' = Tiy, F = Fr,
and F' = Fg, to ease the exposition. First observe that for any X, X’ € RmVxm¥

and t > 0,

IG:(X) = G (X')| = |[(A = BK)(A~ BK)" + (C = DE)W(C = DK)']'(X - X')

<X - X,
(4.3.42)
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By Lemma 4.10,
||SK1,E1 - SK2,22H

[o¢) t
< [(T = T") (Elzozg])| + Z Z G/, —Gi.) (BS,BT + DWS, D)

t

e @]
+ 3461 (BE BT + DWS,DT) — G,_, (BS,BT + DWE,DT)|

t=0 s=1
0 t—1
< (T =T (Elwozg )| + | D37 D (G = Go) (BB + DWE,D")
t=0 s=0

[0} t
+ 27 2 7B+ [DIP[W) [0 —
®) / T - t2_p2_p2t ! T T
< &0 IF = FI Elzozg 1| + X7 A |F — F| |B£:BT + DWS,DT|
t=0
+wy o (|BI* + [ DIP|[W]) |21 - 2
= &0 | F = FI|E[xoxg || + &p |F = F - [BEBT + DWE,DT|

+ wy (1B + | DI*[W]) 51 — Ze

where (a) follows from (4.3.42); (b) follows from (4.3.39b) and Lemma 4.12. The
constants &, , Cy,p, Wy, are defined in (4.3.34). Finally, applying Lemma 4.11 finishes
the proof. O

Lemma 4.13 (Bound of one-step update of S®). Assume that the update of param-
eter (K, ) follows the updating rule in (IPO). Let ¢, co be defined in (4.3.35). Then
for KUY satisfying ||A — BK®V|| < py and |C — DKV < py, we have

IS0 = 87 < (e + ) [K = K.
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For the proof of Lemma 4.13, we derive the bounds for HK(”D — K* H and HZ(”” - * H
in terms of | K — K*| and | Pgw — Pr+[(Lemma 4.14 and Lemma 4.15). Addition-

ally, the perturbation analysis for P in Lemma 4.16 demonstrates | Pg) — Pgs| can

be bounded by HK(t) - K*

, which completes the proof for Lemma 4.13.
We first establish the bound for the one-step update of K and ¥ in Lemma 4.14

and Lemma 4.15, respectively.

Lemma 4.14 (Bound of one-step update of K). Assume the update of parameter K
follows the updating rule in (IPO). Then it holds that:

| KUY — K*| < (14 omin(R) |[¥BT Pxs B + yDTW Pgs D + R|) - [K" — K*|
+ yomin(R) [(1BIIA] = [DIIWIIC]) + (1B]* + [DI*[W])) ]

| Pgw) — Prex]| -

Proof of Lemma 4.14. Let K’ denote K**Y) and K denote K to ease the no-

tation. Theorem 4.1 shows that for an optimal K™,
K* = y(R+YB"Px+B + yD"W Pg« D) ' B P+ A.
Then, by the definition of Fx in Lemma 4.2,

Egs = —y(B"Pgx A+ D"W P« C) + (B P« B+ yD'W P« D + R)K* = 0.

(4.3.43)
Now we bound the difference between K’ — K:
K — K|
= |K = (R+~vB"PxB+~yD'"WPgD) 'Ex — K*
+(R+vB"PxB + yD"WPxD) ™' E+| (4.3.44)

<||K — K*| + |(R+~yB"Pg«B + yD"W Pg« D)} | Exex — Ex||
<K — K¥| + omin(R) | Ex — Excs| .
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To bound the difference between Ei and Egx, observe:

|Ex — Excx|| < A (B[ Al = [DHWIIC]) | Prc — Prex|
+ |(yB" Pg«B + yD"W Pgx D + R)K* — (YB" P« B + vD"W Pg« D + R)K||
+ |(yB" Pg«B + yD"W P« D + R)K — (yB"PxB + yD'"W PgD + R)K|
< (IBIIA] = [DIIWICI) | Pk = Px| + |yB" PxsB +yD"W Pg«D + R|
|K* = K| +~(BI* + [ DIP[W]) | Prs — Pre|| [ K-
(4.3.45)

Combining (4.3.44) and (4.3.45) and then using x > |K|| for any K € Q completes
the proof. 0

Lemma 4.15 (Bound of one-step update of ). Suppose {K(t), E(t)}:io follows the

update rule in IPO. Then we have |S0FD — 3*| < T(IBE+HDIP|WY) | Pxy — Pres|.

Umin(

Proof of Lemma 4.15. Observe from (IPO) and (4.1.7) that

DiasE ey

g |(R+yB"PiwB +yD'"WPgwD) ™ — (R+~vB'Pg«B + yD"W P« D) ™|

= % |(R+~vB"PgwB +yD"W PiwyD) ™" - v (B (Pgw — Pxx) B+ D'W (Pgw — Pxx) D)
(R+ B Pg«B +yD'WPg« D)™

_ T UBIP + [DPW])
N 20 min (R)?

| Py — Prex |-

]

Lemma 4.16 performs perturbation analysis on Px and establishes bounds for
the difference in Px with respect to the perturbation in K. Consequently, both
|K+) — K*| and [S¢*) — £*| (in Lemma 4.14 and Lemma 4.15) can be bounded
in terms of | K™ — K*|.
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Lemma 4.16 (Px perturbation). For any K € Q, with ¢ defined in (4.3.35),
| Prc = Prex|| < ¢l — K.

Proof of Lemma 4.16. Fix K € Q). By (4.3.38) and (4.2.18),

T (Px) = (I = vFk) (Px)
= Px —v[(A— BK)"(A— BK) + (C — DK)'W(C — DK)]Px

= Q + K'RK,

which immediately implies Px = Tx (Q + K"RK ) Similarly Pgs = Tgs (Q + K*TRK *)

To bound the difference between Px and Pgx, observe that

| Px — Prex|| < | Tk (Q + KTRK) = Tiex (Q + K'RK) |+ Tiex|| | K* T RK*~K " RK]|.
(4.3.46)

For the first term in (4.3.46), we can apply Lemma 4.12 and Lemma 4.11 to get

T (@ + K'RK) — Tg+ (Q + K'RK)|
< &p | Frr — Fr| |Q + KTRK| (4.3.47)

< 28,,0(p1| B + po [ DIIWI) [ K = K - (|1 + [RIIK?) -

For the second term in (4.3.46), | Tx| < l% | Tx (E [zozg ]) |- Since Skz > Tk (E [zoz{]),

[Tk | < iamax (Tx (E[zoz{])) < i |Sk |- Then we have

| Ticx|| | K*TRK* — KT RK|

= |Ties| |[K*T RK* = K*TRK + K*' RK — K RK]|

% * 4.3.48
< T IR = K5 (L + () (43.48)
| Scx s
< IRIE = KA+ 1K)
Substituting (4.3.47),(4.3.48), and (4.3.35) in (4.3.46) completes the proof. O
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With these lemmas, the proof of Lemma 4.13 is completed as follows:

Proof of Lemma 4.13. Let K’ denote KV and K denote K® to ease the no-

tation. Apply Lemma 4.16 with K and K* to get
|Prx — Px| < c|K — K*|. (4.3.49)

Based on the assumption that |A — BK*|| < p1, [|[A — BK'|| < p1, |C — DK*| < po,

and |C' — DK'| < p2, we can apply Lemma 4.9 to obtain:

R
< (& pElzoa]]] + G, | BE*BT + DWE*DT[) - 201 B] + pal DI W) | K* - K|

b, (1B + 1D [5* - 5.
(4.3.50)
Applying Lemma 4.14 with || K| < x and (4.3.49) yields

| K" — K|
< (14 0min(R)|[vB" P« B+ vyD'W PgsD + R|) | K — K*|
-Fvamm(R)kHBHw4H—IHNWWNWCW)+(HBH2+¢HNFHWWDH]HPK——Pk*H
< (1 + omin(R)|YBT P+ B+ DTW P D + R| + cy0min(R)

NBMAWWDMWMCW+WBW+HMWMWMDHK—KﬂL

Apply Lemma 4.15 with (4.3.49) to get

y(IB]? + [ DI*[W])
20 min(R)?

y(IB]? + [DI*[W])
20 min(R)?

e [Pic = Pics| < e* | K — K.

Finally, substituting the above two inequalities into (4.3.50) finishes the proof. [
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Proof of Theorem 4.3. Fix integer ¢t = 0. Observe that
(I e
| kx|

(;) C(K(t+1), Z(t+1)) . C (K*, E*)

Q
= j0umin (R + YBPix B + yDW Pice D) [ KU — K*| + fien (%) — frex (S¢7Y)

(©)
> pOmin (R + YBPy« B + yDW P+ D) | KD — |2,

(4.3.51)
(a) is clear from the contraction property in Lemma 4.7; (b) follows from Lemma
4.6 and (4.3.43); to obtain (c), note that fxs (%) — fr=(X¢D) > 0, since ¥* is the
maximizer of fx«. Thus, (4.3.51) and (4.3.36) imply

—||A— BK* —|C - DK*
4 — ) < i | 59,2 | p2—| 3

c1+ ¢ | B] ’ | D]
which suggests that

|A—BK"V| < |A - BE*| + |B||EK"Y — K*| < p1, and

|C = DK < |C = DE*| + DI KD = K*| < pa.
The above inequality, along with Lemma 4.13, leads

[SUHD — S < (e1 + €2) [K® — K*|| < 0in (S7) . (4.3.52)
Then, apply the Lemma 4.8 and (4.3.52) to get
C«(K(t-&-l)’ E(t+1)) — C(K*,%%)

(e + ) (4.3.53)

K® _ g* K® Oy _ 0 (K* ©%).
amin(S*)” | (C(K"W, W) — C (K*, %))

~

Using the same reasoning as in (4.3.51), we have
C(KW 2Oy — O (K*,%*) = pomin(R + yBT Pg« B + yD W P« D)| K — K*|%.

Substituting the above results in (4.3.53) finishes the proof. O
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4.4 Numerical Examples

We follow the basic setup of the MV problem and optimal liquidation problem in
Chapter 2 with some modifications, while the same performance measure acts as a

quantitative indicator.

4.4.1 Application: MV Portfolio Selection

Sometimes investment decisions are made not by a single centralized planner but
by multiple agents, each focusing on a specific sector or investment theme. For
instance, a university endowment or pension fund may divide its capital among spe-
cialized sub-funds (agents): one focused on medical technology innovation, another
on renewable energy, and a third on emerging markets. These sub-funds may act
autonomously under a shared global investment objective while managing distinct
exposures and sectoral risks. This naturally motivates a decentralized formulation
of the MV problem.

We extend the standard MV model to a decentralized multi-agent setting. Sup-
pose there are N sub-funds for different investment themes, each with access to a
local set of n risky assets and a common riskless asset. The variable x; and u; are
global setting that includes all agent j € {1,--- , N}. Consider the infinite time MV

problem in this section with Shannon entropy in a global objective:

o0
min E, Z v (2} + u) Ruy + 7log  (us|zy))
t t=0

Ty = x] : (4.4.54)

Then, we shall transform (2.3.17) into a linear controlled system of the form (2.1.1)
by which the general theory in the above sections will work. Precisely, we define

system dynamics for each agent j:

w;:,t = e;,t_E(eé',t)’
D, =(0,---,0,1,0,--
i=1--,n t=01,---,0,j=1-- N,



which leads to

Tit+1 = (’I’j’tl’jﬂg + E(Pj,t)uﬁ) + 2 Dj-,tuj,tw;t. (4455)

i=1
We now aggregate the agent-wise dynamics into a single system-level linear stochastic

equation, following the recipe in Section 4.1.2:

Ty = (rwe + E(P)uy) + Z Diuw. (4.4.56)

i=1
It is not hard to see that the problem (MV) is just a special case of the problem in
Section 2 by letting x; € RN, u; e R™Y, Q e RN, Re R™N*"N A, = r;, B; = E(P;,),
Q =1Iyand C = Oyyy fort =0, -+ ,00. In performance measurement defined in
Chapter 2, K*, ¥* is the optimal policy defined in Section 4.1.4 and Theorem 4.1.
Then, the following provides numerical experiments using (IPO) to illustrate the

theoretical results established in the sections before.

Convergence Comparison: Entropy vs No Entropy

10" 4 —— With Large Entropy

==+ No Entropy
=+ With Small Entropy

10° 4

10°1 4

1072 4

Normalized Error (log scale)

1073 4

Training Epoch

Figure 4.1: Convergence Comparison: Entropy vs. No Entropy

Setup. (1) Parameters: m = 1, n = 3, N = 3. We establish the risk-free rate

at 6%; hence, A; = 1.06 for all j. The scale of A is selected to ensure that A
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is chosen satisfying opax(A) < %, with v set to 0.85. (2) Agent-specific param-
eters are as follows: Agent 1 (medical technology) has an expected excess return
matrix B; = [19.5% 9.67% 27.9%], a noise second moment W; = 0.98. Agent 2
(renewable energy) has By = [30.7% 23.7% 33.5%], W2 = 0.99. Agent 3 (emerg-
ing markets) has By = [18.85% 12% 19.4%], W5 = 0.98. For each agent, the
penalty term R; is chosen as a diagonal positive definite matrix whose diagonal en-
tries are sampled from (0,107%). (3) The regularization parameter is selected with
7 = 0.9. The starting policy is established as K mon = 0.01 for each entry with
KO =Ty ® KQumon , and 2© = T,,y. (4) We assume that the initial wealth x; is

drawn from N (1,5 x 107%) for all j.

Convergence. The green curve in the convergence plot represents the training er-
ror under Shannon entropy regularization (7 = 0.9). This setting shows a smooth
decrease in normalized error throughout the training process. Figure 4.1 shows the
superior convergence rate of (IPO). The normalized error falls below 1072 within just
5 iterations, and from the first iteration, it enters a region of super-linear convergence

in a log scale normalized error.

The effect of 7. The convergence plot illustrates the log scale normalized error
over training epochs for three settings: no entropy term, small entropy (7 = 0.9),
and large entropy (7 = 10). All curves exhibit a general downward trend, indicating
successful learning, but they differ significantly in convergence speed and error decay
patterns. The no entropy case (blue) converges the fastest in the early stages, with
the error decreasing rapidly in the first few epochs. However, it plateaus early
and fails to further reduce the error beyond a certain point. In contrast, the small

entropy case (green), though slower initially, demonstrates a super-linear convergence
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pattern. The error decreases gradually at first, then sharply accelerates in later
epochs, ultimately reaching the lowest final error among all settings. This process
reflects the effect of entropy regularization in smoothing early updates while enabling
sharper optimization later on. The large entropy (red) setting converges the slowest
and smoothest and flattens at a relatively higher error level than the smaller 7 case,
indicating that excessive regularization can hinder convergence precision. Overall,
the results highlight the trade-off between initial speed and final accuracy, with
small 7 achieving the most favorable convergence profile through a clear super-linear

improvement trajectory.

4.4.2 Application: Optimal Liquidation

In many institutional trading scenarios, liquidation tasks are delegated to multiple
agents, each responsible for managing assets in a specific market. For instance, a
global investment firm may allocate portions of a large equity position to N re-
gional trading desks (agents)—one operating in Asia, another in Europe, and a third
in North America. Each desk j executes trades according to its local market mi-
crostructure and cost sensitivities but still contributes to the overall liquidation goal.
In the setting for the optimal liquidation problem in Chapter 2, joined with the

framework in Section 4.1.2, we take the global cost function to be
L i 2 Nk g2 2 2 2
TCrq = min 561’ q + 27 (6u; + ¢po’q; + £S] + Tlogm(we|wy)) | . (4.4.57)
t=0

Here, for each agent j, z,;, = [Sj,t qj,t]T, with the dynamics in (2.3.18). Note
that based on the model in Hambly et al. (2021), where &; is a very small positive
number, we add the entropy regularization on it, with « € (0,1) and 7 > 0 being the

discount factor and entropy regularization parameter, respectively. We also have the
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parameters for each agent j:

1 .
Aj = lo g)] > Bj = [—551 —1]T, Cj = OQXQ, Dj = [—1 O]T and wj,t = Efj’t,

and the objective function has

&% 0 s
Q]—[O ¢j0? and R; =9;.

Following similar assumptions for wu;, stock price, inventory, and market impact, and
using the projected method in Hambly et al. (2021), we will show super-linear con-

vergence for IPO in the optimal liquidation problem.

Setup.(1) Parameters: We consider a decentralized setting with N = 3 agents. Each
agent j € {1,2,3} is assigned coefficient ¢;, with ¢; =5 x 107, ¢y = 4.2 x 107% and
¢3 = 3.5 x 107° reflecting heterogeneous transaction cost sensitivities. All agents
share the similar volatility parameter og; = 0.107, 0g2 = 0.108, 053 = 0.109, and
& = 1078 for all j. The discount factor v = 0.94. Initial policy KO ... = —0.2
for all entries; step sizes are as indicated in the figures; ﬁfi and /6’;’ are randomly
generated between (107 5 x 107°) for the projection set and stay unchanged over
t. (2) For initialization, assume the initial inventory ¢;o = ¢; follows N (500, 1).
The small variance of the initial inventory distribution is used to guarantee that the

initial state covariance matrix is positive definite. In practice, the model converges

with deterministic initial inventories.

Convergence. Figure 4.2 illustrates the convergence behavior of the optimal liqui-
dation algorithm in terms of three indices: normalized error, policy distance | K — K*| 5,
and final cost. The normalized error, shown on the left log-scale axis, exhibits a sharp

and smooth decline across iterations, reaching below 10~!°, which indicates rapid and
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Convergence of Value and Policy

—— Normalized Error
|K=K"|¢
—-— Execution Cost

Normalized Error (log scale)

0 5 10 15 20 25
Iteration

Figure 4.2: Convergence of Value and Policy

stable convergence of the value function. On the right axis, both the policy distance
and execution cost decrease gradually. Initially, reductions in |K — K*||. correspond
closely with the drop in normalized error, showing that learning a better policy di-
rectly improves value accuracy. As training progresses, the policy distance stabilizes
while the normalized error continues to decline, suggesting that even minor refine-
ments in K can yield significant value improvements. Meanwhile, the execution cost
steadily decreases, confirming that the learned policy becomes not only theoretically

optimal but also practically more efficient.

Impact of parameter £. The convergence rate of the policy optimization algorithm
is significantly influenced by the choice of the parameter £, which is related to the in-
clusion of an extra regularization component represented by Z;O: 0 &S7. The purpose
of this term is to allow the problem to be formulated inside the LQ framework and
to ensure the clarity and validity of the Riccati equation. As shown in Figure 4.3, we
observe that smaller values of £ (e.g., & = 107%% ) lead to faster error decay during
the early convergence phase. However, larger ¢ values (e.g., £ = 1077 ) yield lower

final error levels, with convergence reaching below 107! in comparison to a plateau
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Sensitivity to § Sensitivity to y
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Figure 4.5: Sensitivity to 5" (/3 on the Figure 4.6: Sensitivity to 87" (n on the
figure is the old symbol) figure is the old symbol)

around 107 for smaller £&. This trade-off suggests that while weaker regularization
accelerates early learning, stronger regularization results in more numerically stable
and accurate final solutions. In practical terms, penalizing inventory more heavily
prevents the policy from retaining residual positions and thus promotes more con-

sistent liquidation, even under uncertainty.

Impact of parameter . The discount factor y plays a crucial role in our L model
with entropy regularization, influencing the speed and pattern of convergence dur-
ing training. In Figure 4.4, we explore v € {0.7,0.85,0.94,0.99}. The three smaller

values all lead to stable convergence around a similar final error level of 10710, with
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slightly lower final errors as v increases. However, when 7 = 0.99, the algorithm
fails to converge properly, with the error stalling at approximately 1072. This phe-
nomenon is likely due to the fact that when v is too close to 1, it implies almost
no discounting, which effectively transforms the problem into an undiscounted (or
nearly infinite horizon) one. Such a setting can de-emphasize immediate inventory

liquidation, leading to less aggressive policies and degraded numerical convergence.

Impact of parameter (3. Figure 4.5 presents the sensitivity to the temporary
impact parameter 3%, which captures the instantaneous cost of executing trades.
We vary original 3% within a practical range-specifically, using 3%/1.5, 5%/1.2, and
1.153%—to ensure the constraint § = 8% — 3P¢/2 > 0 is maintained. The results show
that larger 5% values lead to faster convergence, while smaller 5% values achieve lower
final error, thus indicating more accurate solutions. This makes intuitive sense: when
the temporary impact is high, the algorithm is incentivized to slow down execution
and make more conservative updates, which stabilizes training. In contrast, lower
impact encourages more aggressive trading behavior, which, while harder to optimize

numerically, results in sharper and more precise policies.

Impact of parameter 3?'. Figure 4.6 reports convergence under varying levels of
permanent impact 37, again under the constraint that § = 8% — 37*/2 > 0. Unlike
the case with %, here we observe the opposite effect: increasing P slightly leads
to slower convergence but lower final error. This inverse relationship aligns with the
form of the effective impact coefficient 6, where a larger P reduces J, similar to
the effect of decreasing 3%. From a financial perspective, greater permanent impact
discourages aggressive liquidation, and the algorithm must carefully balance the long-
term cost of price influence, which leads to slower but ultimately more refined policy
updates.
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Chapter 5

Data-Driven Long-Term Asset
Allocation with Tsallis Entropy
Regularization

This chapter explores the application of Tsallis entropy in multiplicative LQ mod-
els and introduces an innovative policy iteration approach. The Tsallis entropy
framework, serving as a one-parameter extension of Shannon entropy, is employed
to regularize the control problem, thereby providing a versatile method to balance
exploration and sparsity in the control law. We obtain explicit solutions within
this framework, illustrating its efficacy in improving robustness and adaptability
for stochastic control systems characterized by multiplicative noise. We formulate
a model-free, entirely data-driven policy iteration technique to tackle the issues of
state- and input-multiplicative noise in LQ systems. This methodology utilizes Q-
functions, estimated via a least-squares problem with instrumental variables, similar
to least-squares temporal-difference (LSTD) methods. By including Tsallis entropy
into this data-driven policy iteration framework, we present a holistic approach that
enhances the efficiency of the RL-based policy. This methodology fills voids in cur-
rent research and creates a solid basis for the application of entropy-based techniques

to stochastic control in intricate settings.
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5.1 Problem Setup

5.1.1 Model Formulation

On the basis of the LQ problem in Section 2.1, we add Tsallis entropy on (2.1.3) and

the noise term of A and B on (2.1.1) as

© T
Jo(z) =E, [2 At <xtTQa:t + utTRut + 2——q (lquW(Ut|l’t) — 1)>
t=0

Ty = x] , (5.1.1)

such that t =0,1,2,---,
T = (A+ AAya + (B + AByuy + (Cay + Dug)wy, w9 ~ Do, (5.1.2)

where 7 > 0 is the regularization parameter, and the remaining coefficients and

variables retain the same interpretation as in Section 2.1.

Assumption 5.1 (Noise Model). Let AA; € R™*™ and AB; € R™*" denote matriz-

valued parameter noises and let wy € R denote the system noise.

(i) The sequences {AA;}, {AB;}, and {w;} are zero-mean, mutually i.i.d. in t,

and independent of the initial state.

(i1) All noises have finite second moments. In particular, define the covariance
matrices X4 = E[AAtAA:], YXg = E[ABtABtT], W = E[wtw;] and assume
Tr(X4) < o0, Tr(Xp) < 0, and W < .

(#ii) For every symmetric matriz, for example, matriz G, the second-moment oper-
ators X4(G) = E[AA]GAA] and $5(G) = E[AB]GAB,| are well defined

with finite entries.

Remark 5.1. The parameter noises AA;, AB; perturb the transition matrices A
and B, whereas wy is the process noise entering through Cx, + Du,. Zero means and
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mutual independence eliminate drift and mixed cross terms in the Bellman update,
preserving a quadratic value form and linear state feedback structure. The identically
distributed assumption yields time-homogeneous second moments, leading to algebraic
time-invariant ARE and stationary optimal policies. Finite second moments ensure

all trace terms are well defined.

5.1.2 Optimal Strategy and Algebraic Riccati Equation

The optimal value function J* : X — R is defined as

J*(x) = min J.(z). (5.1.3)

mell

This theorem provides the explicit formulation for the optimal control policy and
the associated optimal value function: the optimal policy is defined as a multivariate
g¢-Gaussian distribution, with the mean being linear in the state x and a constant

covariance matrix.

Theorem 5.1 (Optimal value functions and optimal policy). Under the Assumption

5.1, the optimal value function J* : X — R in (5.1.3) can be expressed as
J*(x) = 2" Pz +c, (5.1.4)

where

P=Q+ K*"RK* +~(A— BK*)" P(A— BK")

+7(C = DK*) WP (C = DK*) +4S4(P) + yK* ' Sp(P)K*,

! . . - T (5.1.5)
c=1— lTr(Z (R+9B'PB +~%p(P) +yWD'PD)) — ¢
n n(qg—1) logq (Zq)
(logq<zq)+ 4 —(n+2)q  (n+4)—(n+2)q H)] 7
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with

K* =~y (R++B"PB++%5(P) +yWD'PD) ™ (BTPA+WD'PC),
(5.1.6)

T -1
Y = R+~B"PB +~X5(P)+~WD'PD) .
r (g 7=a(P) + )

For any x € X, the corresponding optimal policy 7 to (5.1.3) is a q-Gaussian policy
() = Ny (—K*z,X¥%), (5.1.7)
where p* = —K*x.

The constant ¢ in J*(x) = 2T Px + ¢ collects all state-independent terms induced
by the entropy-regularized stochastic policy and the entropy contribution. These
terms appear because the optimal policy has nonzero covariance when 7 > 0. In
the unregularized case 7 = 0, the optimal policy becomes deterministic and >* = 0;
therefore, the state-independent terms vanish, ¢ = 0, and J* reduces to a purely

quadratic form.

Remark 5.2. In our formulation, the optimal mean control remains linear, while the
Tsallis parameters determine the dispersion and support through X*. Therefore, the
reqularizer affects the stochasticity and boundedness of actions rather than changing

the linear feedback structure.

Proof. By the dynamic programming principle for the optimal value function, J*
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satisfies
J*(x) = ' Qz + min EW{uTRu + QL—q (log, (7 (u]z)) — 1)
+ ’y[((A +AA)z + (B + AB)u+ (Cz + Du)w)' P
(A+AA)z + (B+ AB)u+ (Cx + Du)w) + c]}
(5.1.8)
=2' Qv+ " (ATPA+WCTPC + X 4(P))x + 7

+ min Eﬂ{uT(R +yB"PB +yWD'"PD + v¥5(P))u

T

+ (log,(m(u|z)) — 1) + 2yu' (BT PA + WDTPC')J;}.

2—q

We now minimize the expression inside the braces in (5.1.8) with respect to m(u|x).
Following the variational argument of Guo et al. (2023), for a fixed x, write ¢ =
7(u|z) and denote M and b as the coefficients for quadratic term and linear term of

u, respectively. Then consider the functional with the constraint Su m(u)du = 1,

J(¢) = L [(uTMu +b'u)g + %_q(b(logq ¢ — 1)]du,

where A is a Lagrangian multiplier connected with the constraint. Thus, its La-

grangian is
Llu, ¢, \) = (T Mu + b u)é + Q—iquﬁ(logq ¢ — 1)+ \o.

Taking the first derivative of £ with respect to ¢ and setting it to zero gives the

stationarity condition A+« Mu + b u + ﬁ((ﬁl_q —1) = 0. Solving for ¢, we obtain

_1
¢oc [1— =24 (u" Mu + b"u)] ™7, which shows that the minimizer is a multivariate ¢-
Gaussian as
7 (-|x) = Ny (—K*z,X%).
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Since b = 2y(BTPA+W DT PC)z, the above equation can be written as (5.1.7) with
K* and ¥* in (5.1.6). This proves that the minimizer exists and is ¢-Gaussian under
the Tsallis entropy formulation. To derive the associated optimal value function, we

calculate Er« [log, (7*(u|x))] in the entropy of policy 7* at any state z € X

Er+ [log, (7*(ulz))] = Ju 7 (ulx) log, (7*(u|z)) du

= —log, (Z,) —an + (1 — q)anlog, (Z,),

where o = m and Z, is defined in Definition 2. The calculation follows the
n n q

product rule for g-Logarithm with log,(a-b) = log,(a)+log,(b)+(1—q) log,(a) log,(b).

Thus, the entropy is

Ha(w (o) = —5—— (Ellog, w(ula)] 1)

(5.1.9)

1
-5 p (10gq (Zg) + an + (¢ — 1)anlog, (Z,) + 1) _

Finally, we substitute the entropy value of H,(7(-|z)) from (5.1.9) and u* = —K*z

into (5.1.8). Straightforward algebra yields
JHz) = 27 (Q + K*TRK* + 4 (A— BK*)" P(A— BK*)
+~4(C— DK*T WP (C — DEK*) + v54(P) + yK*TZB(P)K*>x
+ Tr (X*R) — 2L—q (log, (Z,) + an + (¢ — 1)anlog, (Z,) + 1)
+v (Tx(Z*B"PB) + Tr (X*E5(P)) + Te(S*WD'PD) + ¢) .

The equations in (5.1.5) can be observed and the proof is complete. ]
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5.2 Dynamic Programming for Tsallis Entropy LQ
Problem

In this section, we study dynamic programming for the Tsallis entropy-regularized
LQ control problem in operator form from the perspective of the Q-function and
develop corresponding policy iteration and value iteration schemes. The algorithm
computes the optimal value function and control policy, and their convergence is
established in Theorems 5.2 and 5.3.

Following the dynamics specified in equation (5.1.2), we write z, and wu for next-

step state and action. Define
T L,
Z=E HU] ER uT]} = [_K] X[, —K'| = M(X), (5.2.10)

where X = E[zz"]. Z is the joint second-moment matrix in terms of mean state and
control under the policy class with linear feedback ©w = —Kx. To express the second

moment of state value of next time X in terms of Z as a function £(2):

X, =E[z z]]

T

—[4 B]z[A B]'+w]c D]z[c D]

(5.2.11)
+35([Ln Omsn] Z [T Opnn] )

+ 35 ([Onem 1] Z [0 1),

where ¥ (-) and X 5(+) denote the adjoint operators of ¥ 4(-) and ¥5(-) in Assumption
5.1 defined by X} (G) = E[AA;GAA]], and same is true for ¥ ;(G) with given matrix

G. The value function (5.1.1) is converted to

nyt (Tr [HM(X})] + const’.), (5.2.12)

t=0

127



where H = diag(Q, R) and

const’. = _QL—q (log, (Zg) + an + (g — 1)anlog, (Z,) + 1) .

To formulate our policy iteration method, we examine the Bellman operator (Bert-

sekas (2022)), defined in accordance with the framework presented therein, as
(TxJ) (X) = Tr [M(X)H] + const’. + vJ (€ (M(X))), (5.2.13)

and 7J = min, 7,J, operating on J : X — R. The optimal value of (5.1.3) is
determined as the fixed-point of 7T if the dynamics can be stabilized, meaning that
a mean-square stabilizing controller exists. The optimal controller, according to
(5.2.13), is argmin,_ 7, J*, where J* = T J*.

We aim to determine K* via policy iteration, which involves the iterative updating

of K to identify a K such that

K+ = argminTK/JK, with JK = TKJK (5214)
Kl

5.2.1 Q-Function

A Q-function in this context maps Z to some real number, and we define the Bellman

operator with it as:
(FrQ)(Z) = Tr [ZH] + const’. + yQ (M (£(Z))) , (5.2.15)
and FQ = min, F,;Q. For some policy 7, we define Q. as
Q. (Z)=Tr[ZH] + const'. + vJ. (E(Z)), (5.2.16)

where J, solves J, = T, J,.
To ensure that the value functions J, and Q-function (), and the operators 7T,
and F, are well defined and finite for all policies considered in this section, we impose

the following standing condition on the policy class II.
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Assumption 5.2 (Admissible Tsallis-regularized policies). Let the discount factor
satisfy v € (0,1). We consider a class I1 of stationary Tsallis-reqularized policies

such that:

(i) For each 7 € II, the closed-loop system induced by (5.1.2) is mean-square
stable, that is, letting Xiy1 = € (M (Xy)) with admissible Xy > 0, we have

SUpsso Tt (X3) < 0.

(ii) For each m € 11, the discounted Tsallis-reqularized cost J. in (5.2.12) is finite

for all admissible initial second moments Xj.

Under Assumption 5.2, the Tsallis-regularized Bellman operators inherit the usual
contraction property from discounted dynamic programming. We summarize this in

the following Lemma, which will be used in the proofs of Theorems 5.2 and 5.3.

Lemma 5.1. Under Assumption 5.2, the operators T, and F, are y-contractions
on the spaces of bounded functions defined on the corresponding sets of admissible

second-moment matrices. In particular, for any bounded functions Jy, Jo and Q1, Qo,

ITedy = Tada| o < v = o]y, |F2Q1 — FrQal, < vI1Q1 — Qall,, -

Proof. We first show the contraction property for 7. Recall from (5.2.13) that for

bounded function J;, Jo and any admissible second-moment matrix X, we have
(TeJy = Tad2) (X) = 7 (J1(E(M(X))) = J2(E(M(X)))) ,

where M(-) and &(-) are the linear maps defined in (5.2.10)-(5.2.11). Taking the

supremum over all admissible X gives

[Tads = TaJoloy = 7 5up | (EM(X))) = So(E(M(X)))]
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For each admissible X, the point Y = £(M(X)) lies in the domain of .J; and J,. Let
S = {E(M(X)) : X admissible} to denote the image of the admissible set under the
map £ o M. Then,

sup [ (E(M(X))) = J(E(MX))] = sup [ (¥) = Jo(Y)].

YeSsS

Since S is a subset of the full domain of .J; and Js, we obtain

sup |J1(Y) = L(Y)] < sup 1Y) = L(Y)| = |1 — L.

Combining the last two displays yields |TJi1 — Tz Ja|, < v|[|J1 — J2|,. Thus 7 is a
~-contraction on the space of bounded functions. An analogous computation using

the definition of F; in (5.2.15) yields
(Fx Q1 = F2Q2) (Z) = 7 (Q(M(E(2))) = Q(M(E(2)))) ,

S0 | FrQ1 — FrQa|, < 7[|Q1 — Q2. The Tsallis term “const’.” cancels in both

differences, so regularization does not change the contraction factor. O]

5.2.2 Tsallis Policy Evaluation

Theorem 5.2 (Tsallis Policy Evaluation). Under Assumption 5.2, for fived © € 11
and 0 < q < 1, consider the operator F,. Starting from any bounded initial guess
Q(O), define the iterates QW+l — £ QW) Then Q) converges to the unique fized

point Q., which satisfies the policy evaluation equation (5.2.15)-(5.2.16).

Proof of Theorem 5.2. We can show that this choice of Q is a fixed-point of F,
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(FrQx) (Z) = Tr[ZH] + const’. + v [Tr (M (E(Z)) H)
+eonst'. + 1T (E (M (E(Z))]
=Tr[ZH] + const'. + v (TxJ=) (E(Z))
= Tr[ZH] + const’. +vJ, (E(Z))
= Q:(2),

where we utilize the definition of 7, for the second equality and apply J, = T,J, for
the third. By Lemma 5.1, F, is a v-contraction on the space of bounded functions,
so this fixed point is unique, and the iterates Q*+1) = F.Q® converge to Q, for

any bounded initial Q. m

The value function evaluated from Tsallis policy evaluation can be employed to
update the policy distribution. In the policy improvement step, given such a Qg,

we implement policy iteration as:
K* = argming, Fx Qk. (5.2.17)
According to Theorem 5.1, J (£(Z)) in (5.2.16) can be written as

Jx (E(2))
=E, [z} Pz.]+c
- EW[((A + AA)z + (B + AB)u + (Cz + Du)w)' P
((A+ AA)z + (B + AB)u + (Cx + Du)w)] e (5.2.18)
=E,[z"(A"TPA+ 4P+ WCTPC)z +u' (B'PB+XpP
+WD'PD)u+2u" (B'TPA+WD'PC)z] +c

=Tr[0Z] +c,
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where

o — ATPA+ Y ,P+WCTPC yATPB + WCTPD
B BTPA+WD'PC B'"PB+XpP +WD'PD|"

When taking (5.2.18) into (5.2.16), we can use a linear parametrization (Coppens

and Patrinos (2022); Wang et al. (2018)) regarding © to express Q. as
Qr() =B {[27 wT]O[xT uT]" = rH,(r(|a))} + e,

where the © matrix is defined as follows

o— Q+~YATPA+ X P +yWCTPC yATPB +yWCTPD
B yBTPA +yWD'PC R+ ~vB"PB +~XgP +YWD'"PD

B (-)’U,ZL‘ @uu ’
(5.2.19)

Thus, we can use a linear parametrization (Coppens and Patrinos (2022); Wang et al.

(2018)) regarding © to express (F,Q) and Q, as
Q,(Z) = Te[ZH] + const’. + v (Tr [©'Z] + ¢) = Tr [©Z] + const. (5.2.20)
where

const. = const’. + e,

and © = H + 70’ is defined by

o— [@m @“] , (5.2.21)
where
Our = Q + YATPA + X4 P + YWC'PC,
Ouu = YATPB + yWCTPD,
Ous = YBTPA+~AWD'PC,

Ouw. =R +yB"PB +~+XgP +yWD'PD.
132



Then we have

K =(0:).)(0,),, (5.2.22)

uY

The comparison with K* from the previous section further supports that the optimal

gain can be attained by choosing the appropriate value for ©,.

Remark 5.3. For any fized Z, Q.(Z) is a quadratic function of Z with Hessian
Ouu, which is positive definite since R > 0 and the remaining terms are positive
semidefinite; hence, the minimization in (5.2.17) is strongly conver and admits a
unique minimizer of (5.2.22). For 0 < q < 1, Tsallis entropy is concave in the
policy distribution (see, e.g., Lee et al. (2019)); thus, —TH, is convex. In the policy
improvement step (5.2.17), all quantities obtained from the policy evaluation step
are held fized, so the objective minimized over K’ remains quadratic. It implies that
the Tsallis term does not affect the convexity of (5.2.17). See also (Furuichi et al.

(2004)) for a convezr analytic view of Tsallis-reqularized objectives.

5.2.3 Tsallis Policy Improvement and Convergence

Theorem 5.3 (Tsallis Policy Improvement). Under Assumption 5.2 and for 0 <
q <1, let KT be the updated policy from (5.2.22) using Q. For all (x,u) € X x U,

Qr+(x,u) is less than or equal to Qk(x,u).

Proof of Theorem 5.3. For any gain K satisfying Assumption 5.2 and by Lemma
5.1 and Theorem 5.2, the Q-function Qg is the unique fixed point of Fx and is well
defined. As the Remark 5.3 states, K is updated by equation and the minimization

in (5.2.17) is convex, then the following inequality holds:

Eunr oy (o) [Qr (1) — TH, (mr+ (u]2))]
< By (o) [Qr (7, u) — THy (T (u|7))]
= Jop ().
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This is the defining optimality of wx+ as a greedy minimizer of the regularized one-
step objective based on Qk. The equality holds when 7+ = mx. As noted in Lee

et al. (2019), this inequality induces a performance improvement,

Qk(z,u)

= E, [z Qzo + ug Rug — 7H(mx (o] 7o)
+7 e (1) |20 = 2]

> E, [zg Qo + ug Rug — TH(mr (uo|z0)) |20 = 2]
+VE, [z Quy + uf Ruy — THy(mgc+ (wi]z1))
+7Jk (w2) |20 = 7]

>E, [:ﬂngo + ugRuO — THy(mx (ug|xo)) |20 = ZL‘]

[L’O:[L']

+7"*E, [Jr, (Te41) |20 = 7]

t
+vE, [Z 7’“—10 (g, ug)

k=1

> E, [z Qo + ug Rug — THy(Tx (uo|20)) |20 = 2]
+ P)/Eﬂ' [JWK-%— (l.l)]
= QK+ (,’L‘, U),
where Y E, [J,, (2411)|T0 = 2] — 0 when ¢t — 0. O

For the optimality of Tsallis entropy policy iteration, when 0 < ¢ < 1, we define
the Tsallis policy iteration in an alternative way by applying (5.2.16) and (5.2.17);

then mx converges to the optimal policy.
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5.3 Data-Driven Implementation

5.3.1 Data-Related Matrices Construction with Least-Squares

It is clear from (5.2.22) that the optimal policy depends exclusively on the matrix
O, thereby avoiding any constraints imposed by the system parameters. The matrix
O clearly encompasses the information regarding system dynamics. We work with
sample transitions to estimate Q. and write a sampled Bellman equation whose
discrepancy is a zero-mean error term to regress the one-step target on features
using observed pairs.

Data are generated by selecting states x; and computing the successors z;,, while
the rollout construction is described in Section 5.3.2. For each transition, we form
the single sample outer product moments,

Z; = [xl] [xlT uj] and Z;; = [i”] [x;i UL],

Us i+

and define X;; = z;,x/,. Collecting N samples yields {(Z;, XH)}Z.]L. Unlike in the
preceding section, where Z and X represent second moments defined by expectations,
the terms Z; and X;, here are treated as realized values without any expectation

taken. Using (5.1.2), X} can be written as

(5.3.23)

We want to find Q, such that Q,(Z) = (F,Q,) (Z) for all Z. We sample F:Q, by:
(FLQx) (Z;) = Tr (Z;H) + const'. + vQx(Z;..), (5.3.24)
which is used to construct a model equation:

Q. (Z) = (FiQx) (Zi) + (FrQx) (Zi) — (FLQx) (Z))) - (5.3.25)
135



Using the parametrization in (5.2.15), (5.2.20) and (5.3.24) to (5.3.25), we obtain

Tr[0,Z;] + const.
= Tr[Z;H] + const’. + vQ.(Ziy) + [Tx [Z;H] + const’. + vQr (M (E(Z;)))
—(Tr (Z;H) + const'. + vQr(Z;.))]
= Tr[Z;H] + const’. + v (Tr[0,Z;1 ]| + const.) + v Tr[©, (M (E(Z;)) — Ziv)],
(5.3.26)
which is linear in the parameter ©, with zero-mean error. It is important to observe
that (5.3.26) incorporates temporal differences, as discussed in Bradtke and Barto
(1996).
We reformulate the model utilizing the symmetric vectorization operator vecs :

m(m+1)

R™™ — R~ 2 , which satisfies Tr[XY] = vecs(X) " vecs(Y). We rewrite (5.3.26)

as:
bi = (CLZ‘ + €Z'>T 97” (5327)
with
0. = vecs (Or),
b; = Tr(HZ;) + const’. + (v — 1)const.,

(5.3.28)
a; = VeCs (Zi - VZH) )

e; = yvecs (Ziy — M (E(Z))))) -

This step is referred to as the error-in-variables setting. The problem arises from
the linear dependence of both a; and e; on wiwiT and w;, as expressed through 7, .
Therefore, E [aieiT] # 0, resulting in an inconsistency in the classical least-squares
estimate.

This is the traditional rationale for the use of instrumental variables (Young
(2011)). We employ g; = vecs(Z;) = vecs (M(z;z])) as an instrumental variable,

following the approach outlined in (Bradtke and Barto (1996)). This selection is
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independent of the error e; (i.e., E [gieﬂ = 0) and exhibits correlation with a; +
e;, which is a requisite characteristic of an instrumental variable. Conceptually, g;
represents the optimal estimate in the absence of supplementary information.

The estimate using the instrumental variables is

0, = <i gl-aj> _ (i gibi> . (5.3.29)

Alternatively, we can use the recursive algorithm
ém‘ = ém‘—l + L; [bi - Gjéw,i—l] ;
L = Sric19i/ (1 + aiTSm_lgi) : (5.3.30)
Sﬂ',i = Sﬂ',i—]. - (Li@iT) Sﬂ',i—la

(m+n)(m+n+1)
2

fori=1,---, N and where the initialization QAW,O eR and

(m+n)(m+n+1) x (m+n)(m+n+1)
2 2

Sro e R represent an initial estimate for 6, associated

confidence in that estimate, respectively.

5.3.2 Dataset Persistent Excitation Condition

The data are generated iteratively along policy updates. In each iteration, we roll
out M trajectories of length 7" (total N = MT samples) that satisfy (5.3.23). For
j=1,--- Mandt=0,---,T—1,

21 = (A+ AAY)a] + (B + AB])u] + (Ca + Duj)uy,
-
and we set z] = Lﬁ] with input
t

up = —Kal +vl, 1] ~Ny(0,3),

where v/ is used only to perturb the applied control u] so as to ensure sufficient

excitation of the data. In the Bellman update, the Q-function at the next control
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ui +1 1s evaluated at the noise-free policy action —K xi +1- Here vl is assumed to be
uniformly bounded over {v : ||v| < r,}. Thisstep is the standard persistent excitation

requirement ensuring invertibility of the normal matrix in LSTD (Bradtke and Barto

(1996)).

Assumption 5.3. (Persistent excitation and bounded moments) Across the N col-

lected samples {(Z;, X;1)}Y ., we have

i=17

(i) vl is independent of {wf, AAL ABf} and the initial states, with E [l/g] =0 and

cov (z/f) =X> 0

(ii) As g; and a; are defined in Section 5.5.1, the empirical cross-moment Zf\il gia;
has full column rank, with its smallest singular value bounded away from zero

as N grows, so the instrumental-variable normal matrix is invertible;

(iii) Second moments along rollouts are uniformly bounded, and either resets or
independent initializations are used so that empirical averages approrimate ex-

pectations, that is, Y. g;a] — E[gia] | and % ¥, g:b; — E[g;bi].

Remark 5.4. The exploration covariance Y only influences empirical covariances
used to estimate ©. It does not alter the population Bellman operators in Section
5.2. A bounded support choice for Vf may be used in practice to avoid actuator

saturation while preserving Assumption 5.3 (i)-(1i).

The functional form of the dynamics is unnecessary since we only collect states
and inputs, thereby enabling model-free implementation from either the simulator or
experiments. Each trajectory is initialized at the beginning of a controller iteration.
Initial states are obtained either by continuing from the terminal state of the previous
iteration or by sampling {xé}jj\il uniformly from {z : |z| < r,}. Snapshots X} and Z;
are estimated by outer products. When the particular trajectory index is immaterial
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for policy iteration and identification, we write the pairs (Zg,XgH) as (Z;, Xit),

with i reindexing (¢, 7).
5.3.3 Policy Iteration Algorithm

We can now explain the complete approximate policy iteration algorithm. The term

generate pair pertains to the rollouts outlined in the preceding section.

Algorithm 1 Approximate Policy Iteration

Input: Initial guess éﬁo, number of samples N, and confidence parameter [3.
Initialize: S, = 5y!.

1: fort =1 to oo do

2: K; = 0,'0,,, with © = unvec, (émﬂ).

3 Let émyg = ém_l and Sy, 0 = Sx,_,.

4 for i =1to N do

5: Generate pair (Z;, X;4) and find Z, .

6 Update 0,,; and S, ; using Equation (5.3.30).
7

A

Set 0y, = O, n and Sy, = Sy, .

Our approach allows the scheme to continuously enhance its estimation of the
Q-function, as evidenced by the numerical experiments.

Lemma 5.1 and Theorem 5.2-5.3 establish contraction and convergence for the
population operators; Algorithm 1 is an approximate policy iteration whose conver-
gence follows under consistent LSTD estimation and sufficient excitation, which we

assume here.

5.4 Numerical Examples

In this section, we illustrate the proposed Tsallis-regularized L(Q policy iteration on
the MV portfolio selection problem. This example fits exactly into the multiplicative
noise LQ framework developed in the sections before, and the wealth dynamics can
be written in the form of (5.1.2). Following common practice in empirical finance
using standard portfolio metrics, we: i) construct a reproducible ETF dataset; ii)
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calibrate a stationary multiplicative noise LQ model from a training window; iii)
learn a stabilizing policy via Algorithm 1; and iv) report backtesting performance

on an out-of-sample test window that is not used for calibration.

5.4.1 Dataset and Backtesting Protocol

Assets and sampling. We use three liquid ETFs as risky assets: SPY (U.S.
equities), IEF (U.S. Treasury bonds), and GLD (gold). Daily adjusted close prices
are obtained from Yahoo Finance and converted to month-end prices; monthly gross
returns are compounded to yearly gross returns e; = (e}, e?,e?)". Partial calendar
years are removed to avoid incomplete compounding. For the risk-free asset, we use
the 3-month U.S. Treasury bill rate (FRED series TB3MS), convert it to monthly
gross returns, and compound to obtain yearly gross risk-free returns r;. We form
yearly excess returns P; = e; — 1.

Test split. We use years 2006-2016 as the training window and 2017-2024 as
the out-of-sample test window.

Backtesting rule. Starting from xy = 1, we apply each learned policy over
the test window and compute the realized wealth sequence using the true historical
returns. For stochastic policies, results are averaged over Ny = 300 Monte Carlo
runs with different random seeds.

Baselines and metrics. We compare no entropy (7 = 0), Shannon entropy
(Gaussian, corresponding to ¢ — 1), and Tsallis entropy (¢ < 1). We report CAGR,
annualized volatility, Sharpe ratio, maximum drawdown (MaxDD), and turnover.

Metric definitions. CAGR denotes the compound annual growth rate (x/7¢)YT —
1 on the test window of T" years. Vol is the standard deviation of annual portfolio
returns, and the Sharpe ratio is the mean excess return over Vol. MaxDD is the max-

imum peak-to-trough drawdown of the wealth curve, and turnover is the average ¢,

change in risky weights between consecutive rebalances.
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5.4.2 Market Model Calibration and LQ Mapping

Consider the model of the MV problem in Chapter 2 and the infinite time case in

section 4.4.1 but with Tsallis entropy rather than Shannon entropy:

. (D 7—
minlE, [Z 7 (xf + utTRut + m (logq (| zy) — 1))

Ty = x] (5.4.31)

The discount factor ~ reflects the time value of money or utility and keeps the total
cost finite. Then, we shall transform (2.3.17) into a linear controlled system of form

(2.1.1) by which the general theory in the above sections will work. Precisely, we

define

which leads to
Tyy1 = (rxy + E(P)w) + 2 D; juw; . (5.4.32)
i=1

It is not hard to see that problem (MV) is just a special case of the problem in
section 5.1 by letting x; € R, uy e R*", Re R™" Q =1, A =ry, B=E(F,). It is the
special case of Section 2.1 for AA; = 0, AB; = 014, and C' = 0 with multiplicative
noise entering only through the control channel via D;u;w;. Thus, the example still
lies within the multiplicative noise LQ framework.

Calibration: We estimate parameters from the training data in Section 5.4.1.
The quadratic penalty R > 0 is selected to scale risky exposures and ensure well-

posed Q-function updates. Unless otherwise stated, we use (¢, 7,v) = (0.5,0.7,0.85).

5.4.3 Backtesting Results

Table 5.1 summarizes out-of-sample performance for no entropy, Shannon, and Tsal-

lis. All methods share the same mean feedback gain K’; Shannon or Tsallis differ
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Table 5.1: Out-of-sample backtesting performance on the ETF dataset (test window).
For stochastic policies, results are mean+std over Ny runs.

Metric No entropy Shannon Tsallis
CAGR  0.0271 £ 0.0000 0.0589 + 0.0215 0.0527 £+ 0.0193
Vol 0.0221 + 0.0000 0.0841 +0.0235 0.0737 £ 0.0235

Sharpe  0.2346 £+ 0.0000 0.4464 4+ 0.2189 0.4070 + 0.2088
MaxDD  0.0020 #+ 0.0000 0.0303 £ 0.0344 0.0202 £ 0.0177
Turnover 0.0000 £+ 0.0000 0.6173 £+ 0.2228 0.4715 £+ 0.1745

only in the exploration distribution. Shannon attains the highest mean CAGR and
Sharpe ratio but also has the highest volatility, MaxDD, and turnover. Tsallis de-
livers comparable growth with lower risk and trading intensity, consistent with the
risk-limited exploration induced by the bounded support ¢-Gaussian policy class.
The deterministic baseline is the most conservative, with the lowest growth and

near-zero turnover.

Out-of-sample cumulative wealth Out-of-sample drawdown (median)
—— No entropy 00081 —— No entropy
Shannon Shannon
. 0.007 A .
184 — Tsallis — Tsallis
0.006 -
1.6 C 0.005
= :
= 5 0.004
2 4] =
=t © 0.003 {
o
0.002 1
1.21
0.001 A
1.01 0.000 A
20‘16 20‘17 20‘18 20‘19 20‘20 20‘21 20‘22 20‘23 20‘24 20‘16 20‘17 20‘18 20‘19 20‘20 20‘21 20‘22 20‘23 20‘24
Year Year
(a) Cumulative wealth on the test window (b) Median drawdown on the test window

Figure 5.1: Out-of-sample backtesting results on the ETF dataset

Fig. 5.1(a) plots cumulative wealth on the test window. For stochastic policies,
the solid line is the median over Ny runs, and the shaded band is the 10-90%
range. Shannon achieves the highest median terminal wealth, while Tsallis is close
with a narrower band, consistent with its lower volatility in Table 5.1. Fig. 5.1(b)

reports the median drawdown trajectory. Shannon exhibits deeper drawdowns during
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adverse periods, whereas Tsallis reduces drawdown severity, matching the MaxDD

ranking in Table 5.1.

5.4.4 Learning Behavior and Sensitivity

To isolate the algorithmic effect of Tsallis regularization on sample-based policy iter-
ation, we also evaluate learning performance under rollouts generated by Algorithm 1
from the stationary calibrated model.

We initially examine the influence of the number of rollouts on the effectiveness
of our policy iteration method. According to the notation defined in Section 5.3.2,
the additive noise radius is set to r, = 0.8. Each policy iteration update employs
N = 1200 samples initiated from states with a distribution parameter of r, = 1. A
constant, stabilizing control gain K is utilized to generate the samples. We set the
initial value of policy iteration as 6, € ROTM+n+D/2 with all entries equal to 0.8
and [y = 20, unless specified differently. The initial Q-function’s optimal controller
is represented by Ky, which ensures stability. Here we use the normalized training
error (Jg — Jgx)/Jk+ as a learning diagnostic, where K* is the oracle stabilizing

gain obtained from the Riccati solution of the calibrated model.

Correlation of yearly risky-return shocks 100 Yearly excess returns: mean and volatility
' B mean
075 0.175 mmm volatility (std)

SPY

0.150 4

0.50
0.25 0.125 4

IEF 0.00 0.100
~0.25 0.075 4
—0.50 0.050 A

GLD
-0.75 0.025 4
-1.00 0.000 -

& & N & & &
(a) Correlation of yearly return shocks (b) Mean and volatility of yearly excess returns

Figure 5.2: Empirical characteristics of data
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Fig. 5.2(a) shows the correlation of yearly risky-return shocks, indicating that as-
set return uncertainties are correlated rather than independent. Fig. 5.2(b) reports
the empirical mean and volatility of yearly excess returns. The sample means deter-
mine the drift parameter B, while the heterogeneity in volatilities motivates scaling
the quadratic penalty matrix R. Overall, the figure shows that the parameters are

directly estimated from observed market data.
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(a) Boxplot of normalized errors (b) Quantile plot of normalized errors

Figure 5.3: Empirical distribution of normalized errors

Figure 5.3 (a) and (b) show the empirical distribution of normalized errors over
training iterations for the three regularizations. The boxplot 5.3(a) shows that the
Tsallis-regularized model has the lowest median error and relatively compact in-
terquartile range together with the fewest and smallest outliers, thus presenting more
stable and less heavy-tailed training behavior. The quantile curve in 5.3(b) indicates
that the Tsallis curve lies below the others for almost all quantiles, implying that
Tsallis has smaller errors for most iterations and better convergence performance.

Figure 5.4 compares the convergence behavior of the three policy iteration vari-
ants. The no entropy case descends fastest initially, yet exhibits relatively large
fluctuations in the later stages. Shannon entropy regularization dampens some of
this variability but stabilizes at a comparatively higher error level. In contrast, the
Tsallis-regularized method displays the most consistent decay and achieves the low-
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Figure 5.4: Performance of policy iteration

est error plateau, near 10~*, indicating a more favorable trade-off between accuracy

and stability.
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Figure 5.5: Gaussian vs. Tsallis policy ellipse

Figure 5.5 illustrates the sparsity effect of Tsallis entropy. For a fixed state x, we
plot control samples in the (uj,ug)-plane obtained from the Gaussian policy under

Shannon entropy (left) and from the Tsallis-regularized policy with ¢ < 1 (right) us-
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ing the learned parameters (K*, ¥*). The ellipse indicates the Tsallis support region
(u+ K*z)" 271 (u+ K*z) < R?; Tsallis samples lie entirely inside this ellipsoid,
while Gaussian samples extend beyond it.

This sparsity-like truncation of extreme actions reduces the variance of sampled
costs in the multiplicative noise system and is consistent with the empirical behavior
in Figures 5.3 and 5.4, where the Tsallis entropy exhibits smoother error decay, fewer

large error spikes, and the lowest asymptotic error level.
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Figure 5.6: Different g values

Figure 5.6 explores the impact of different Tsallis entropy parameters g € [0.1,0.85].
No strict monotonic relationship emerges: the intermediate value ¢ = 0.5 achieves
the fastest decay and the lowest error, while both smaller ¢ = 0.1 and larger ¢ = 0.85
converge to slightly higher error levels. The choice ¢ = 0.3 results in slower initial
progress and a less favorable asymptotic error.

Figure 5.7 presents convergence under Tsallis entropy with varying discount fac-
tors. Smaller values of v (e.g., 0.75) yield a slightly faster initial decrease in the

normalized error, reflecting the shorter effective horizon of the underlying control
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Different y for the Tsallis entropy
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Figure 5.7: Different v values

problem. However, all choices of ~ eventually reach a similar error range, with the
baseline v = 0.83 attaining the lowest plateau and comparable or lower variance than

the more myopic settings.
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Chapter 6

Conclusion

This thesis investigates RL and data-driven methods for discrete time stochastic LQ
control, with an emphasis on features that frequently arise in practice: multiplica-
tive noise, implementability constraints, decentralized information structures, and
entropy-regularized objectives. Across the three parts, the thesis develops a theoret-
ical understanding of policy optimization methods, including policy gradient and pol-
icy iteration, and proposes computational approaches that remain applicable when
model knowledge is incomplete. Dynamic MV portfolio optimization, benchmark
tracking, and optimal liquidation are used as representative case studies to connect
the theoretical developments with financially motivated decision-making problems.
Chapter 3 studies policy gradient methods for finite horizon, discrete time LQ
control under multiplicative noise, with particular attention to how constraints and
uncertainty in the noise statistics affect convergence and robustness. The chapter is
organized around three progressively more practical settings: (i) a baseline LQ for-
mulation that clarifies the policy gradient mechanism and provides a reference point;
(ii) a constrained scalar state LQ model with multiplicative noise, which highlights
how feasibility requirements interact with gradient-based policy updates; and (iii)
an uncertain noise setting in which the noise has nonzero mean and unknown covari-

ance, leading to a DRO formulation and a corresponding policy gradient procedure
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that explicitly accounts for these uncertain moments. The chapter illustrates the
implications of these results using MV and benchmark tracking examples, thereby
linking the convergence analysis to two canonical financial control tasks.

Despite these contributions, several limitations suggest natural extensions. First,
the constrained analysis is developed in a scalar state setting and under a restricted
constraint structure; extending the results to higher-dimensional systems and more
general convex constraints would substantially broaden applicability. Second, the
DRO analysis is based on moment uncertainty, that is, mean and covariance. Future
work can explore richer uncertainty sets and study how their geometry affects both
computational tractability and convergence behavior. Finally, a systematic finite
sample analysis, for example, sample complexity and stability under noisy gradi-
ents, would strengthen the practical guidance for policy gradient implementations in
stochastic control.

Chapter 4 analyzes the multi-agent LQ problem characterized by multiplicative
noise, by emphasizing the IPO technique. This work meticulously examines [PO and
establishes a super-linear local convergence rate near the optimal policy. Practical
applications of MV optimization and optimal liquidation problems are illustrated,
underscoring their significance in financial decision-making scenarios. The approach
presumes a static parameter framework and fails to consider situations characterized
by dynamically evolving system dynamics or parameter uncertainty. Moreover, the
framework can be extended from decentralized control to distributed control. Fu-
ture studies may investigate the modification of IPO methodologies to accommodate
time-varying or uncertain parameters on the distributed multi-agent LQ problem,
hence enhancing the robustness and scalability of the methodology in dynamic en-
vironments. Furthermore, creating hybrid algorithms that combine IPO with RL
methods can resolve practical problems in more complicated contexts.

Chapter 5 discusses the implementation of Tsallis entropy inside L(Q) models
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and presents a model-free, data-driven policy iteration methodology. This chap-
ter presents an innovative solution framework for RIL-based policy by integrating
Q-functions computed by a least-squares method with instrumental variables. The
incorporation of Tsallis entropy provides a measured method to augment explo-
ration and sparsity in control laws, illustrating its capacity to boost robustness and
adaptability in stochastic control systems. Nonetheless, the analysis does not pro-
vide theoretical assurances regarding the convergence of the least-squares approach
within this framework. This gap raises inquiries regarding the algorithm’s efficacy
under diverse data situations and parameter configurations. Future research may fo-
cus on rigorously establishing and examining the convergence characteristics of the
least-squares approach in this case to guarantee reliability. Moreover, investigating
alternative or adaptable estimating methods may enhance the algorithm’s efficacy.
Expanding the approach to assess its applicability using real-world data will augment

its practical significance.
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