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Abstract

This thesis investigates a mixed stochastic linear quadratic control-stopping problem
with non-Markovian regime switching and random coefficients, where the control pair
consists of a classical control variable and a controlled stopping time. Both homoge-
neous and non-homogeneous cases are considered. For homogeneous problem, the pri-
mary contributions include the explicit derivation of optimal state feedback controls
and optimal cost values via several novel systems of extended stochastic Riccati equa-
tions (ESREs) and reflected extended stochastic Riccati equations (RESREs). For
non-homogeneous problem, we give a lower boundary. These ESREs and RESREs
are either highly nonlinear or involve unbounded coefficients, presenting significant
analytical challenges.

A major achievement of this work is the establishment, for the first time, of a
multidimensional comparison theorem for reflected backward stochastic differential
equations (RBSDEs). Building on this result, and employing advanced techniques
such as truncation functions, logarithmic transformations, the John-Nirenberg in-
equality, and BMO (Bounded Mean Oscillation) martingale estimates, we prove the
existence and uniqueness of solutions to the aforementioned ESREs and RESREs.
In addressing the solvability of linear reflected BSDEs with unbounded coefficients,
we first resolve the one-dimensional case and then extend the result to the multidi-

mensional setting using the contraction mapping method.

Keywords: Stochastic linear quadratic control e Regime switching e Optimal stop-

ping e Riccati equation e Reflected BSDEs e Comparison theorem
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Genernal Notations

R the set of real numbers;

R, the set of non-negative real numbers;

R" the n-dimensional real Euclidean space;

R? the set of vectors in R™ with non-negative components;

|| the Frobenius norm of a real vector or matrix;

at max{a, 0} for real a;

a” max{—a, 0} for real a;

M’ the transpose of a vector or matrix M;

S the set of symmetric n X n real matrices;

(Q, F,P) a complete probability space;

B(£2) the Borel set for 2;

W. a one-dimensional standard Brownian motion;

Q. a continuous-time stationary Markov chain valued in a fi-

nite state space M ={1,2,...,/(};

Q = (¢ij)exe the generator of a.;
{FV }i=0 the filtration generated by W;
{Fi}=0 the filtration generated by (W., «a.);

(Q, F,{Fi}+>0,P) the filtered probability space;
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L% (% R")

L% (5 R™)
L% (O R)

LE (4 R)

L%(0,T;R)
LZ°°(0, T; R)
LF(0,T;R)

L5(Q;C(0,T;R))

S7(0, T3 R)

A(0,T;R)

A.(0,T;R)

the set of all F-measurable random variables;

the space of functions ¢ : 0 — R" that are F-measurable
with E|¢|P < oo;

the space of functions ¢ : {2 — R that are Fpr-measurable
with E|¢|P < oo;

the space of functions ¢ : 2 — R that are Fpr-measurable,
and essentially bounded, i.e.,

o = inf su w)| = ess su w)| < oo;
6l =, inf,_, S 19(0)] = esssuplo(e)

the space of functions ¢ : [0, 7] x Q@ — R that are {F;}i>0-
adapted with E [ |(t)|? dt < oo;

the space of functions ¢ : [0, 7] x Q — R that are {F;}i>0-
adapted with fOT |6(t)?dt < 0o P-a.s.;

the space of functions ¢ : [0, 7] x Q@ — R that are {F;}i>0-
adapted and essentially bounded;

the space of functions ¢ : [0, 7] x Q — R that are {F;}i>0-
progressively measurable with continuous sample paths
and satisty Esup,co 7 [6(t)]* < 00;

the space of functions ¢ : [0,7] x @ — R that
are {JF;}i=o-progressively measurable, cadlag and satisfy

E supyepo.r [0(t)]> < o0;

the space of functions p : [0, 7] x Q — R that are {F;}i>0-
progressively measurable, non-decreasing, cadlag, and sat-
isfy po = 0 and E [p%] < oo;

the space of functions y € A that have continuous sample
paths.

These definitions are generalized in the obvious way to the cases that F is replaced

by FW and R by R, R™™ or S”, where S™ is the set of symmetric n x n real matrices.

If M € S™is positive definite (resp. positive semidefinite), we write M > (resp. =) 0.

In our argument, ¢, w, “P-almost surely” and “almost everywhere”, will be suppressed

for simplicity in many circumstances, when no confusion occurs.
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Chapter 1

Introduction

1.1 Introduction

Linear-Quadratic (LQ) control serves as a cornerstone of optimal control theory, pro-
viding a powerful methodology for designing state feedback control that optimizes a
specified quadratic cost function. The solution to a LQ problem is derived through
the Riccati equation, which gives the optimal state feedback control and the opti-
mal cost value. Owing to its practical utility, this approach has found widespread
applications across various domains, including engineering systems automation and
financial mathematics.

Since the pioneering work of Wonham (1968), who initiated the study of matrix
Riccati equations in control theory and provided a rigorous framework for deter-
ministic LQ problems, the field has evolved significantly. His contributions laid the
foundation for extending L.QQ control to stochastic systems by establishing solvability
conditions for Riccati differential equations. Riccati equations are vital to determine
the optimal controls and value functions in LQ problems. Kohlmann and Tang (2002)
first solved the existence and uniqueness of one-dimensional case, for matrix-valued
case, see Tang (2003), Qian and Zhou (2013), Du (2015), Hu and Zhou (2003) for their
results. Bismut (1976) was the first to study stochastic LQ problem with random

coefficients, making seminal contributions by introducing randomness into system co-



efficients. His two-part work derived optimal control policies for linear systems with
multiplicative noise, proved the existence of solutions to stochastic Riccati equations
(SREs), and generalized the separation principle to stochastic settings. Chen et al.
(1998) expanded the LQ framework to problems with indefinite control weight costs,
relaxing the traditional positive-definiteness assumptions. They established neces-
sary and sufficient solvability conditions and linked the stochastic LQ problem to a
forward-backward stochastic differential equation (FBSDE), broadening the applica-
bility of LQ methods in finance and engineering. Li and Zhou (2002a) incorporated
Markovian jumps into finite-horizon stochastic LQ control, modeling sudden regime
shifts such as market crashes. Their key result was a coupled system of Riccati equa-
tions accounting for both diffusion and jump dynamics, enabling optimal control
synthesis in hybrid systems. Tang (2003) generalized the stochastic LQ framework
by studying problem with random coefficients and introducing the concept of lin-
ear stochastic Hamiltonian systems. His work established the connection between
optimal control and backward stochastic Riccati equations, providing a unified ap-
proach to solving LQQ problem with randomness in both system dynamics and cost
parameters, and laying the foundation for further extensions to non-Markovian set-
tings. Hu and Zhou (2005) addressed constrained stochastic LQ control with random
coefficients, explicitly incorporating portfolio constraints (e.g., no-shorting) into the
optimization framework. Their work derived optimal feedback controls via a novel
Riccati equation approach and applied the results to portfolio selection, demonstrat-
ing how constraints alter the efficient frontier. Their paper bridged theoretical LQ
control with practical financial applications.

Stochastic LQ theory has found important applications in finance, particularly
in portfolio optimization and risk management, providing a powerful framework for
investors to optimize portfolios under market uncertainty. In finance, Markowitz’s
“mean-variance” framework utilizes stochastic LQ theory to construct optimal port-
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folios by balancing the mean (return) and variance (risk) of assets, allowing investors
to maximize returns while managing risk—a critical tool in modern financial practice.

Recently, there has been growing interest in financial market models where key
parameters, such as market trends, asset volatility rates, bank interest rates, and
default risk, are modulated by Markov process. The motivation stems from the need
to develop more sophisticated models that can accurately reflect the uncertain nature
of financial markets. A dominant factor in stock movement is the prevailing market
trend.

The mathematical foundations for regime-switching models were established by
Hamilton (1989), who formulated market trends through parameters that are con-
tingent on a finite number of distinct market regimes. Each regime represents a
unique set of economic or financial conditions, with transitions between regimes typ-
ically modeled as a Markov process. This framework was significantly advanced
by Becherer (2004), who developed a regime switching model for utility indiffer-
ence hedging and valuation via reaction-diffusion systems, establishing fundamental
connections between regime transitions and PDE-based valuation methods. Further
extending this framework, Becherer and Schweizer (2005) provided classical solutions
to reaction-diffusion systems for hedging problems with interacting It6 and point pro-
cesses, studying classical solutions for systems of interacting semilinear parabolic par-
tial differential equations for regime-switching models in high-dimensional settings.
This theoretical foundation has become essential for modeling structural breaks and
non-linear dynamics in asset prices. In a Markowitz mean-variance portfolio selection
model with regime switching, Zhou and Yin (2003) derived mean-variance efficient
portfolios and efficient frontiers based on LQ optimal control theory. Hu et al. (2020)
studied portfolio optimization problems in a regime-switching market by applying
ergodic BSDE systems to construct optimal trading strategies. See also Yao et al.
(2006); Li and Zhou (2002b); Zhang and Guo (2004); Guo (2001); Zhang (2001);
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Buffington and Elliott (2002); Elliott and Siu (2010) for further developments and
various applications.

However, in the aforementioned Markov chain-modulated models, market param-
eters depend on market status and time, but not on the Brownian motion. From a
practical perspective, market parameters should also reflect uncertainty caused by
white noise. Thus, it is too restrictive to set market parameters as deterministic,
even when the market status is known. It is therefore necessary to allow market
parameters to depend on both the noise and the Markov chain.

Our aim is to generalize the model to a non-Markovian regime-switching frame-
work with mixed control, in which the Riccati equation systems are no longer de-
terministic ordinary differential equations (ODEs), but stochastic Riccati equations
— specifically, new types of backward stochastic differential equations (BSDEs) and
reflected backward stochastic differential equations (RBSDEs). These four systems
are highly nonlinear, making their solvability an interesting problem in its own right.
See also Wen et al. (2023); Chen and Luo (2025); Hu et al. (2022b); Hu et al., 2022a)
for non-Markovian LQ systems and the solvability of Riccati equations.

In 1997, El Karoui et al. (1997a) extended BSDEs to address optimal control
problems constrained by boundaries, introducing the concept of “RBSDEs”. First,
they proved both the existence and uniqueness of the solution. Furthermore, they
demonstrated that the value function of a mixed optimal stopping—optimal stochas-
tic control problem is indeed the solution to the RBSDE. Second, they provided a
probabilistic interpretation for the viscosity solution of a parabolic partial differential
equation via the solution of the RBSDE. The inclusion of boundary constraints signif-
icantly enhances the versatility of RBSDEs, making them indispensable in modeling
and solving real-world challenges, with applications in option pricing (see El Karoui
et al. (1997b); Gu et al. (2026)), portfolio optimization (see El Karoui et al. (2001)),
risk management (see Quenez and Sulem (2014)), and optimal stopping problems (see

4



Hamadene and Jeanblanc (2007); Quenez and Sulem (2014); Wu and Yu (2008); Ren
and Xia (2006)). The comparison theorem is a key result in the theory of RBSDEs.
El Karoui et al. (1997a) and Hamadene (2002) gave the results when the filtration
is generated by a Brownian motion. Later, Crépey and Matoussi (2008) extended
this result to the case where the filtration is generated by a Brownian motion and
a Poisson random measure. In a general space, Kim and Hun (2021) obtained a
comparison theorem for RBSDEs under a monotonicity condition together with an
additional assumption related to jumps of underlying martingales.

Regarding the literature on quadratic BSDE systems, the pioneering work on solv-
ing scalar equations with bounded terminal data is credited to Kobylanski (2000),
with notable applications in utility maximization problems Hu et al. (2005). Ad-
dressing unbounded terminal cases proved more intricate, as discussed in Briand and
Hu (2006, 2008); Delbaen et al. (2011). The multi-dimensional quadratic BSDEs
were studied by Hu and Tang (2016). For the quadratic case with boundary con-
straints, see Kobylanski et al. (2002) for bounded terminal values. Despite these
advances, our work appears to be the first to introduce and solve RBSDE systems
with non-quadratic growth generators of a special structure.

In this thesis, we construct a general stochastic LQ control problem under a
random coefficients model with non-Markovian regime switching, where the control
pair consists of a classical control variable constrained in a cone and a controlled
stopping time 7. Economically, the additional stopping time 7 represents the decision
to switch the system in the economic sphere to maximize profitability (or minimize
cost). Mathematically, it enables closed-form solutions for both the value function
and the optimal control via reflected extended stochastic Riccati equations (RESRES)
and extended stochastic Riccati equations (ESREs). The randomness arises from two
sources: the Brownian motion driving asset price dynamics and the Markov chain
representing regime switching. Furthermore, the control weighting matrix in the cost
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functional is allowed to be possibly singular.

As a first contribution, we analyze a new optimal control and stopping problem
with non-Markovian regime switching, where the system dynamics are affected by
the control. We divide the problem into two parts: before 7 and after 7, and solve
each part separately. On [r, T, using the completion of squares method, the optimal
control and value function can be expressed in terms of solutions to two fully coupled
BSDE systems (3.2.3) and (3.2.4) (see Theorem 3.4), termed ESREs. Building on
the method of Hu et al. (2022b), we establish the solvability of our problem, prove
its well-posedness using BMO martingales and the John-Nirenberg inequality, and
derive explicit optimal feedback controls.

Next, we establish the relationship between the control and stopping problem on
[0, 7] and the solution of RESRESs, that is, RBSDE systems (3.2.1) and (3.2.2) (see
Theorem 3.5). Both RBSDE systems (3.2.1) and (3.2.2) are new, introduced here for
the first time to characterize optimal state feedback control and optimal cost value.
In particular, we show that when there is no stopping time, our representation of
optimal state feedback control and optimal cost value recovers the Riccati equation
representation found in Hu et al. (2022b).

Our second contribution concerns the solvability of RBSDE systems (3.2.1) and
(3.2.2). In proving the existence of a unique solution to BSDE system, two main
challenges arise. First, the extended stochastic Riccati equation forms a family of
highly nonlinear RBSDEs, for which the usual assumptions (such as Lipschitz conti-
nuity and quadratic growth conditions) do not hold. To the best of our knowledge,
no existing results can be directly applied. In this thesis, we establish a new multi-
dimensional comparison theorem for RBSDEs. With its help and the truncation
technique, we prove the existence. Utilizing the bounded solution to an auxiliary
ODE (not the system itself) as a universal bound to control all solution components

of BSDE system is a key concept in this case. Second, most previous works used
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the Feynman-Kac type representation of SREs to prove uniqueness. Instead of such
an indirect method, we provide a direct approach using logarithmic transformation
and the John-Nirenberg inequality. Ultimately, we obtain the optimal state feed-
back control and optimal cost value, analogous to the classical unconstrained-control
problem or the problem without regime switching, via the two systems of ESREs.

As our third contribution, we introduce a new extension: the non-homogeneous
stochastic LQ control problem with regime switching, where the control pair consists
of an unconstrained control v and a controlled stopping time 7. This newly intro-
duced non-homogeneous problem is not merely a trivial extension of the homogeneous
case, its intrinsic non-homogeneous nature endows this class of problems with fun-
damentally new research significance. First, non-homogeneous coefficients introduce
affine terms (b, p) in the state dynamics (4.1.1), capturing exogenous shocks and
time-varying trends absent in (3.1.1). Second, the cost functional (4.1.3) minimizes
deviations from stochastic targets (g, p, g), modeling tracking objectives. Third, the
control u is now unconstrained, permitting strategies such as unlimited short-selling,
which are essential in derivatives trading.

Beyond mathematical generalization, this framework addresses key financial in-
completeness: non-homogeneous terms incorporate market frictions (e.g., stochastic
dividends or funding costs), while regime switching captures structural volatility
breaks during crises. This extension is particularly significant for options markets:
the affine terms model stochastic volatility and jump risks crucial for hedging exotic
options (e.g., barrier options) under regime shifts, while the tracking terms minimize
replication errors in delta-hedging strategies. The stopping time 7 naturally rep-
resents optimal exercise decisions for American options, with the state-switch at 7
reflecting payoff realization. Unlike Chapter 3’s cone constraints, the unconstrained
control space allows aggressive volatility arbitrage strategies. These features enable
novel applications in pricing and hedging under realistic market conditions, estab-

7



lishing this extension as a substantial advancement with independent research value.

We divide the problem into two parts: before 7 and after 7, and analyze each
part separately. On [7,7T], using the completion of squares method, the optimal
control and value function can be expressed in terms of solutions to one coupled
BSDE systems (4.2.2) and (4.2.4) (see Theorem 4.3), termed ESREs. Building on
the method of Hu et al. (2024), we establish the solvability of our problem, prove
its well-posedness using BMO martingales and the John-Nirenberg inequality, and
derive explicit optimal feedback controls.

Next, we establish the relationship between the control and stopping problem on
[0, 7]. Unfortunately, we cannot solve this problem completely. This is because the
value function does not take the quadratic form and the optimal control is not a
linear feedback of the state process. Instead, we will provide a lower bound problem
for it, which still takes the LQ structure (Of course, an upper bound exists trivially
as it is a minimizing problem) and give a lower boundary for Problem 4.3.5. (see
Theorem 4.5). Meanwhile, we introduce and study a novel class of linear unbounded
RBSDE systems, given by (4.2.1) and (4.2.3). These systems are developed to address
challenges in SLQ control problems.

Our fourth contribution concerns the solvability of RBSDE systems (4.2.1) and
(4.2.3). In proving the existence of a unique solution to RBSDE systems (4.2.1), we
establish solvability by slightly modifying our previous argument in Theorem 3.3. For
RBSDE systems (4.2.3), which forms a family of highly linear unbounded RBSDEs,
three challenges must be addressed. First, all the coefficients of the linear BSDEs are
unbounded due to the unboundedness of A(7) (and consequently I'(7)). Second, the
equations are coupled through the term Zﬁzl ¢ijk(j). Third, the boundary restric-
tion condition in (4.2.1) forces solutions to stay below the given boundary. To our
knowledge, no existing results directly apply to these BSDE systems. Establishing
the solvability of (4.2.3) therefore represents the main technical contribution of this

8



work. The main idea is to first obtain estimates for BMO martingales, then establish
the result for the one-dimensional system, and finally apply the contraction mapping
method to obtain the result for the multidimensional system. This constitutes the

major technical contribution of this thesis.

1.2 Organization of the Thesis

The remainder of the thesis is organized as follows.

Chapter 2 introduces the notations used throughout the thesis and reviews im-
portant results from stochastic calculus that are essential for the subsequent analysis.

Chapter 3 constructs a general stochastic L(Q control problem under a random
coefficients model with non-Markovian regime switching, where the control pair con-
sists of a classical control variable constrained in a cone and a controlled stopping
time. We derive the optimal control and value function, and prove the solvability of
RBSDE systems (3.2.1) and (3.2.2).

Chapter 4 analyzes the non-homogeneous stochastic LQ control problem with
regime switching, where the control pair consists of an unconstrained control and
a controlled stopping time. We give a lower boundary for the problem 4.3.5 and
establish the solvability of RBSDE systems (4.2.1) and (4.2.3).

Chapter 5 concludes the thesis and discusses potential directions for future re-

search.
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Chapter 2

Preliminaries

In this chapter, we first give a brief introduction to the fundamental mathematical
concepts for our study, list some necessary results, and introduce the market model

that will be used in the rest of the thesis.

2.1 Probability Space

We first recall the definition of o-field and probability space.

Definition 2.1. (i) Let Q be a nonempty set. Let F, called a class, be a nonempty
subset of 2% (2% is the set of all subsets in Q). We call F a o-algebra (also

called a o-field) on the set Q if it satisfies

(Q) e F;

A, B e F= B\AcF,

A1€F,Z:1,2,:>UAl€JT'.

\ =1

In this case, any A € F is called an event (which is also called a measurable
set in real analysis), and (Q, F) is called a measurable space. We define the

Borel set B(Q2) as the smallest o-field containing all open sets of ).

11



(i)

(iii)

(iv)

Given a measurable space (2, F), a map P : F — [0,1] is called a probability

measure on it if the following hold:

P(0) =0, P(Q) =1;

Ai GF,AimA]’ :(Z),i,j: 1,2,"' ,Z#],jP(DAl) :iP(AZ)’
=1 =1

where () is the empty set. In this case, P(A) is called the probability of the given
event A € F. Any A € F with P(A) =0 is called a P-null set.

If (Q, F) is a measurable space and P is a probability measure on (Q, F), then
(Q, F,P) is called a probability space. A probability space (2, F,P) is said to

be complete if F contains all the subsets of P-null sets, i.e.,

AeF, P(A)=0, BCA = BelF.

In a probability space (2, F,P), we say that an event A € F holds almost surely
if P(A) = 1, written as A holds P-a.s. We may omit the probability measure
P and simply call A holds a.s. when there is no confusion on the probability

measure P.

We remark that, given €2, there can be many different o-fields F on €2; and given

(Q, F), one can consider many different probability measures on (€2, F). In this

thesis, unless specified, we fix a unique probability space (Q2, F,P).

2.2 Random Variable

Definition 2.2. (i) Let (Q,F) be a measurable space. A map € = (€1,---,&,) " -

Q — R" is called an R"™-valued random variable if

{{<c}={we|&w) <ce,1<i<n}eF, Ye=(cr, - ,¢,) €R™
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(i)

This is also equivalent to the following:
&N A)eF, YAeBR"Y).

Let ) be a nonempty set and & : Q — R" be a given map. Let F¢ be the smallest
o-field on Q such that & is F¢-measurable. We call F¢ the o-field generated by
&. One actually has

Fe=¢(BR).

Definition 2.3. (i) Let (Q,F) and (', F') be two measurable spaces and X :

(ii)

Q — Q an F/F -measurable map. We call X an F/F'-random variable, or
simply a random variable if there would be no confusion. It is called an F-
random variable when (', F') = (R™,B(R™)). For a random variable X :
Q — QX1 (F) is a sub-o-field of F, which is called the o-field generated
by X, denoted by o(X). This is the smallest o-field in Q under which X is

measurable.

Let (2, F,P) be a probability space, (', F') a measurable space, and X : Q —
Y a random variable. Then X induces a probability measure Px on (', F')

as follows:

Px (A)2Po X1 (A)=P (X ' (A))
=P{lweQ|Xw) ecA}2P{XcA}, VAcF.

We call Px the distribution of the random variable X. If (', F') = (R™, B(R™)),

Px can be uniquely determined by the following function:
F(z)=F(z1, - ,x2p) =PlweQ: X;j(w) <z 1 <i<m).

We call F(x) the distribution function of X. If the following integral exists:

| X@ap) = [ aar) =B,

we then say that X has the mean E[X].
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2.3 Conditional Expectation
Let (2, F,P) be a probability space.

Definition 2.4. Let & € LY (4 R™) and G be a sub-o-field of F. Then there exists

a unique f € L§ (;R™) such that

/A £(w) dP(w) = /A fl)dP(w), VA€G. (2.3.1)

We call f, denoted by E(£|G), the conditional expectation of £ given G.

By definition,
| €@ = [ Bigglw P, vaeo. 232)
To show the existence of E(£|G), we define p: G — R™ as
H(A) = /A (W) dP(w), VAed. (2.3.3)
Then p(-) is a vector-valued measure on G with a bounded total variation:
Il 2 [ Je(w)| dB(w) = Bigl,

and it is absolutely continuous with respect to |, the restriction of P on G. Thus,
by the Radon-Nikodym theorem, there exists a unique f € L (Q;R™) (called the

Radon-Nikodym derivative of 1 with respect to P|; ) such that

J(A) = /A F(w)dP(w), YA€G.

Then (2.3.1) follows.

14



2.4 Stochastic Process

Given a measurable space (2, F), we introduce a monotone family of sub-o-fields

Fi C F,t€[0,00). Here, by monotonicity we mean
Elgfb) 0<t1<t2

Such a family {F;}io is called a filtration on (2, F). Set Fp := (] Fs for any

s>t

t € [0,00), and F;_ = |J F; for any ¢t € [0,00). If Fry = F; (resp. Fio = F),

s<t

we say that {F;}i>o is right (resp. left) continuous. Denoted by F = {F;}i>0, we
call (Q, F,F) a filtered measurable space. When (£, F,P) is a probability space,
(Q, F,F,P) is called a filtered probability space.

Definition 2.5. We say that a filtered probability space (Q, F,F,P) satisfies the usual
condition if (Q, F,P) is a complete probability space, Fo contains all the P-null sets

mn F, and F is right continuous.

From now on, we always assume that the filtered probability space (Q, F,F,P) is

given and satisfies the usual condition.

Definition 2.6. A map X : [0,T] x Q — R™ is called a stochastic process if for each
t €10, T],w+— X(t,w) is a random variable. In this case, for any w € Q, the map

t— X(t,w) is called a sample path. Further,
(1) X(+) is said to be measurable if (t,w) — X (t,w) is B[0,T] ® F-measurable;
(11) X(-) is said to be F-adapted if for allt € [0,T],w — X (t,w) is Fi-measurable;

(111) X(-) is said to be F-progressively measurable if for all t € [0,T], (t,w) —
X(t,w) is B0, t] ® Fi-measurable;

(iv) X () is said to be right (resp. left) continuous on [0,T) if there exists a P-null
set N such that for any w € Q\N,t — X (t,w) is right (resp. left) continuous.
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Let us finally recall an extremely important stochastic process, the Brownian

motion.

Definition 2.7. Let (2, F,F,P) be a filtered probability space. An F-adapted R™-
valued continuous process W (-) is called an n-dimensional standard Brownian motion

if P(W(0) =0) =1, for any 0 < s < t,
E[W(t)—W(s)| F]=0 a.s.,

and

W(t) —Wi(s) ~ N(O, (t —s)I),
where N (0, (t — s)I,,) denotes the standard n-dimensional normal distribution.
2.5 Stopping Time

In this section we introduce a special class of random variables, which plays an

important role in stochastic analysis.

Definition 2.8. A map 7: Q — [0, 00] is called an F-stopping time if
(T<t)={we|7(w) <t} eF, 0<t<oo.
For an F-stopping time 7, define the o-field generated by it as

Fr={AeF|An(r<t)eF, t >0}.

2.6 Martingale

In this section we will briefly recall some results on martingales which form a special

class of stochastic processes.
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Definition 2.9. A real-valued process X(t) is called an {Fi},., -martingale (resp.
submartingale, supermartingale) if it is {F;},o-adapted and E[X (t)] exists for any

t > 0, and satisfies

E(X(t) | Fs) = X(s) (resp. =, <), P-as., VO<s <t

2.7 Backward Stochastic Differential Equation

Let (Q, F,F,P) be a filtered probability space, and W be a one-dimensional Brow-
nian motion on it. From the knowledge we have acquired earlier, we know that
Brownian motion and the stochastic integrals of elements in L%(0,T;R) are mar-
tingales. Conversely, the martingale representation theorem (Theorem 5.7 in Yong
and Zhou (1999)) states that an F" martingale can be represented as a stochastic
integral with respect to the Brownian motion W.

Given £ € L%, (©;R), it naturally induces a martingale Y (t) = E [¢ | F;]. By the
martingale representation theorem, there exists a unique process Z € L%(0,T;R)

such that the following (forward) stochastic differential equation (SDE) holds:
T
Y(t)=¢— / Z(s)dW(s), or equivalently, dY(¢t)= Z(t)dW (t), Y(T) =¢.
¢

This is a linear SDE with terminal condition Y (T") = £. Since its terminal value is
known, it is referred to as a backward SDE (BSDE). We emphasize that the solution
to a BSDE is a pair of F-measurable processes (Y, Z). Upon closer inspection, it can
be observed that the component 7 is essentially the derivative of Y with respect to
W, and thus is uniquely determined by Y (and W). Moreover, the presence of Z is
crucial to ensure the F-measurability of Y.

If a forward SDE is a nonlinear extension of the stochastic integration, then a

backward SDE is a nonlinear version of the martingale representation theorem. In
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fact, both the results and the arguments for BSDEs are analogous to those for SDEs,
combined with the martingale representation theorem.

Forward SDE focuses on how to understand a randomly occurring process, while
backward SDE is primarily concerned with how to drive a system towards a desired
goal in the presence of random disturbances.

The essence of the problem addressed by backward equations can be described
as follows: the investor, based on the uncertain returns of tomorrow, can determin-
istically calculate the required investment today (Y (¢)) and determine how to invest
or make portfolio (Z(t)) in order to achieve the target for tomorrow (£). The “how
to invest” aspect is not captured by forward SDEs, which highlights the fundamen-
tal difference between BSDEs and forward SDEs. Specifically, what form should a
BSDE take? What role does the “how to invest” component play in BSDEs? This

can be understood through the concept of control.

2.7.1 Linear Backward Stochastic Differential Equation

We consider the following linear SDE:

dY'(t) = —[A@)Y (t) + 271, Bi(t)'Z;(t) + f(H)] dt + Z(t) dW (1),
(2.7.1)

where A(-) € L (0,T;R), Bi(),...,Bn(-) € L¥ (0,T;R?), f(-) € L% (0, T;R), € €
L%, (;R), and W is d-dimensional. Our goal is to find {3}, ,-adapted processes
Y(-) and Z(-), valued in R and R? respectively, such that (2.7.1) is satisfied. We
emphasize the key issues here: The process (Y (-), Z(-)) that we are looking for is
required to be forward adapted, whereas the process Y'(+) is specified at the terminal
time t = T (thus the equation should be solved backwardly). Due to this, we call
(2.7.1) a linear BSDE.
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Definition 2.10. A pair (Y (), Z(-)) € L% (Q;C ([0, T]; R)) x LZ*°(0, T; R?) is called
an adapted solution of (2.7.1) if the following holds:

— - /t {A(S)Y(s) + Z Bj(s)Z;(s) + f(s)} ds — /t Z(s) dW(s),

Vitel0,T], P-a.s. (2.7.2)

FEquation (2.7.1) is said to have a unique adapted solution if for any two adapted
solutions (Y (), Z(-)) and (Y (-), Z(-)), it must hold that ,

P{Y(t) =Y (t),V t € [0,T] and Z(t) = Z(t), a.e. t € [0,T]} = 1.

Theorem 2.1. Let A(-) € L¥ (0,T;R), By(-),..., Bu(-) € L (0,T;R%). Then
there exists a constant K > 0 such that, for any f € L% (0, T;R) and £ € L?rT (4 R),
BSDE (2.7.2) admits a unique adapted solution (Y (), Z(-)) € L% (;C ([0, T]; R)) x
L% (0, T, Rd), which satisfies

T
E sup |Y(t |2+ZE/ | Z;(t))* dt < {E|§!2+E/O \f(t)|2dt}.

te[0,T)

The proof is given in Theorem 2.2, Chapter 7 in Yong and Zhou (1999).
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Chapter 3

Constrained Stochastic L() Control
and Stopping with Random

Coeflicients in Non-Markovian
Regime Switching Homogeneous

System

In this chapter, we construct a general stochastic L) control problem under a ran-
dom coefficients model with non-Markovian regime switching, where the control pair
consists of a classical control variable constrained in a cone and a controlled stop-
ping time 7. The randomness comes from two aspects: the Brownian motion driving
the asset price dynamics and the Markov chain standing for the regime-switching.
Moreover, the control weighting matrix in the cost functional is allowed to be possi-
bly singular. Economically, the extra stopping time 7 means that one should make
decisions to switch the system in the economic sphere to maximize the profitability
(or minimize the cost). Mathematically, it allows us to obtain a closed form solution
for both, the value function and the optimal trading strategy via reflected extended
stochastic Riccati equations and extended stochastic Riccati equations.

As the first contribution, we analyze a new optimal control and stopping problem

with non-Markovian regime switching where the control in constrained in a cone. We
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divide the whole problem into two parts termed before 7 and after 7 and solve each
part respectively. On [7,T], via the completion of squares method, the optimal
control and value function could be expressed by the solutions to two fully coupled
BSDE systems (3.2.3) and (3.2.4) (see Theorem 3.4) termed ESREs. Building on
the method of Hu et al. (2022b), we establish the solvability of our problem, prove
its well-posedness using BMO martingales and the John-Nirenberg inequality, and
derive explicit optimal feedback controls.

Then, we establish the relationship between the control and stopping problem
on [0, 7] and obtain RESRESs, that is, reflected BSDE (RBSDE) system (3.2.1) and
(3.2.2) (see Theorem 3.5). Both RBSDE systems (3.2.1) and (3.2.2) are new. They
are introduced for the first time for the characterization of optimal state feedback
control and optimal cost value. In particular, we show that when there is no stopping
time, our representation of optimal state feedback control and optimal cost value will
recover the Riccati equations representation appearing in Hu et al. (2022b).

Our second contribution is about the solvability of RBSDE systems (3.2.1) and
(3.2.2). In proving the existence of a unique solution to RBSDE system, two chal-
lenges need to be overcome. First, the RESREs are, indeed a family of highly non-
linear RBSDEs, for which the usual assumptions (such as Lipschitz and quadratic
growth conditions) are not satisfied. To the best of our knowledge, no existing results
could be directly used to solve it. We first establish a multi-dimensional comparison
theorem for RBSDEs. With its help and the truncation technique, we obtain the ex-
istence for (3.2.1) and (3.2.2). Utilizing the bounded solution to an auxiliary ODE as
a universal bound to control all the solution components of RBSDE system is a key
idea in this case. Second, most of the aforementioned papers used the Feynman-Kac
type representation of Riccati equations to prove the uniqueness. Instead of using
such an indirect method, in this chapter, we provide a direct approach using log
transformation and the John-Nirenberg inequality. Finally, we obtain the optimal
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state feedback control and optimal cost value similar to the classical unconstrained-
control problem or the problem without regime switching by four systems of ESREs
and RESREs.

The remainder of this chapter is organized as follows. In Section 3.1, we formulate
a mixed stochastic LQ problem with regime switching, random coefficients, and cone
constraint; the control pair consists of a classical control and a stopping time. Section
3.2 concerns the global solvability of four systems of ESREs and RESREs, including
the existence and uniqueness for the standard and the singular cases. Section 3.1.2
gives the solution to the mixed LQ problem. Finally, Section 3.4 concludes this

chapter.

3.1 Model Setup and Problem Formulation

Let (2, F,P) be a fixed complete probability space on which are defined a standard
n-dimensional Brownian motion W (t) = (Wi(t),..., W,(t))" and a continuous-time
stationary Markov chain a; valued in a finite state space M = {1,2,...,¢} where
¢ > 1. The Markov chain has a generator ) = (g;;)sx¢ With ¢;; > 0 for i # j and
Z§:1 ¢;; = 0 for every i € M. We assume W (t) and o are independent processes.
Define the filtrations F; = o{W(s),a, : 0 < s < t} VN and F}V = o{W(s) : 0 <
s <t} \/ N, where N is the totality of all the P-null sets of F.

3.1.1 Cone Constraint

In optimal control theory, a cone constraint requires the control variable u(t) to lie
within a closed cone I' C R™ at all times, meaning u(t) is positive scale-invariant
(Au(t) € T for all A > 0) and satisfies specific directional restrictions. In finance,
such constraints model realistic trading limitations: for example, I' = R’ enforces

no-shorting rules (prohibiting negative asset positions), while other cones can restrict
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leverage or mandate sector-specific exposures. These constraints fundamentally alter
optimal policies and require specialized mathematical solutions. Early work by Hu
and Zhou (2005) established the stochastic LQ framework with cone constraints un-
der random parameters, proving optimal strategies exist by solving stochastic Riccati
equations. Li et al. (2002) tackled no-shorting constraints in mean-variance portfo-
lio selection using dynamic programming, showing constraints significantly reduce
achievable efficient frontiers. The challenge intensified under regime-switching mod-
els, where Czichowsky and Schweizer (2013) developed general duality methods for
cone-constrained Markowitz problems in semimartingale markets. A major advance-
ment came from Hu et al. (2022b), who solved cone-constrained LQ control with both
regime-switching and random coefficients. Crucially, they demonstrated that cone
constraints lead to separable optimal strategies depending on the relative state’s sign
(e.g., long vs. short wealth positions) and applied this to obtain closed-form efficient
portfolios and frontiers in constrained markets with stochastic regimes. Their work
underscores that cone constraints, while mathematically challenging due to nonlin-
earities and non-convexities, are essential for realistic portfolio construction and risk

management under market frictions.

3.1.2 Homogeneous System

We now introduce the following scalar-valued homogeneous linear stochastic differ-

ential equation, controlled by a pair (u(-),7):

(dX:(t) = [Ai(t, ) X1 (t) + Bi(t, o) u(t)] dt

+[Cut, ozt) X1(t) + Di(t, e )u(t)) dW (t), t € 0,7),
dXQ(t) = [Ag(t,at)XQ( ) + BQ t CYt t)}

+[Co(t, ) Xa(t) + Do(t, an)u(t)] dW (), t € [r,T],
Xo(1) = K(1)X1(7 — 0),
le(O) =xeR, ag =19 € M.

(3.1.1)
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Here (u(-),7) is a pair of control, where u(-) takes values from R™ and 7 is an
{Fi}is0-stopping time. We use X (t) = Xi(t) 1;<, +Xo(f) 1>, to denote the whole
state process. We see from (3.1.1) that the state process X starts to run from an
initial position (x,7y) and switches to another process at the time 7 with an initial
condition depending on the previous one’s final value.

In this chapter, let I' € R™ be a non-empty closed cone, which stands for the

control constraint set. Define

U0, 7] = {u(-) € L2(0,T;R™) ‘ u() € r},
700,T) := {7’ :Q —[0,T] | 7 is an {F; }s=o-stopping time}.

We refer to (u(-),7) as an admissible control pair if (u(-),7) € U[0,T] x T[0,T].
The set of admissible control pairs is denoted by o7. If SDE (3.1.1) admits a unique
strong solution X (-) under an admissible control pair (u(-), ), we call (X (-),u(-),7)
an admissible triple for (3.1.1).

Let us now state our mixed stochastic linear quadratic optimal control (MSLQ)
problem as follows: Given any (z,7p) € R x M, our goal is to

Minimize  J(z, g, u(-), T)
(3.1.2)
subject to  (1,u(-)) € &, (X(-),u(:),7) follows (3.1.1),

where the cost functional is given as the following quadratic form

J(z,ip,u(:), T)

_ ]E{ /OT [Q1(t, ) X1()* + w(t) Ri(t, ow)u(t)] dt + G1 (7, ar) X1 (1)

+ [ Q) Xt + a0 Balt, cu(9] i + o) X} (313

The value function of the problem is defined as

V(z,ip) = (u(%rged J(z, i, u(-), 7). (3.1.4)
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Problem (3.1.2) is said to be finite at (x,i5) € R x M, if V' (x,4y) > —o0; and to be

solvable, if there exists a pair control (u(-),7) € & such that

J (z,ig,u(-),7) =V (x,1p) > —o0,

in which case, (u(-), 7) is called an optimal control pair for problem (3.1.2) at (z, ) €
R x M.

Throughout this chapter, we put the following assumptions on the coefficients.

Assumption 3.1. For alli € M,

;

Ai(-,1), As(,4) € LS (0, T R),

Bi(-, i), Ba(+,1) € LS (0, T;R™),
C1(+,1),Cy(+,1) € LS (0, T;R™),

Dy (-,4), Do(-,1) € L% (0, T R™™),

@Q1(,1), Q2(, 1) € L% (0, T3 R),

Ry(+,4), Ra(+,1) € LofoW(O>T§ S™),

Gi(+,1) € LEw (0,T5R), Go(i) € LS (4 R),
Gi(-,7) € LFw (0, T;R), Go(-, i) € LS (0,T5R),
K(-) € LS (S5 R).

Assumption 3.2. There exists a constant 0 > 0 such that at least one of the fol-

lowing cases holds.

(1) Standard case. For allt € [0,T):
Q1(i) =2 0, Ri(i) = 61y, and Gy(T'7) > 0,
Q2(i) =2 0, Ro(i) > 01, and Go(i) > 0.
(11) Singular case. For allt € [0,T]:
Q1(i) >0, Ry(i) >0, D1(i)" D1(i) = 01, and Gy(T,i) > 6,

Q2(i) =0, Ry(i) =0, Dy(i)"Dy(i) = 61, and Gy(i) = 6,
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where I, denotes the m-dimensional identity matrix.

Under Assumptions 3.1 and 3.2, SDE (3.1.1) admits a unique solution X(:) €
L%(9;C(0,T;R)) for any (u(-),7) € & by standard SDE theory, and the cost func-
tional (3.3.8) is well-defined, so problem (3.1.2) is well-posed.

The rest of this chapter is devoted to the study of problem (3.1.2).

3.2 Extended Stochastic Riccati Equations

Problem (3.1.2) is also termed of control-stopping type, unlike classical L) problem,
the results and approaches of previous work no longer allow for the existence of a
solution to a new kind of extended stochastic Riccati equation. To tackle it, we need
first to study two related /-dimensional BSDEs and RBSDEs.

For (t, P,A,i) € [0,7] x R x R™ x M, define functions

AL (t, P, A, i) = inf [v'(PD;(t,9)' Dy (t,4) + Ra(t,1))v

vell
+ 20'(PBy(t,i) + PD:(t, i) Ci(t, 1) + Di(t, 1) A)],

HL(t, P, A, i) = inf [v/(PDs(t, i) Da(t, 1) + Ra(t,i))v

vel

+ 20'(PBs(t, i) + PDs(t, i)' Co(t, 1) + Da(t, 1) A)].

Because 0 € I, these functions take non-positive real values or —oo. If PD, (¢,)' D, (t, 1)+

R.,(t,i) > 0 with v = 1,2, then they take non-positive real values. Here, the super-
script “b” (resp. “a”) stands for “before jump” (resp. “after jump”).
For (t, P,A,i) € [0,T] x R x R" x M, we also define functions
FO(t, PN, i) = 2A,(t,i)P + C1(t, 1) Cy(t, i) P + 2C1 (t,9)' A + Q1 (t,19),

ﬁ“(t, P, A, ’l) - 2A2(t, Z)P + Cz(t, i>/02<t, Z)P + QCQ(t, Z)IA + Qg(t, ’l)

Remark 3.1. Suppose Assumption 3.1 holds and A € R™ and P € R. If P > 0 and
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Ry > 01, for some constant 6 > 0, then we have the following estimate
AP N) = inf [v/(PD} Dy + Ry)v £ 20'(PBy + PD|Cy + D{A)]

ve

> inf [8]v]* £ 2¢(P + |A])|v]]

vell

, CPEIN

If P>0, Ry >0 and DDy > 61, for some constant § > 0, then we have
AP AN) = inf [v/(PD}D; + Ry)v £ 20'(PB; + PD,Cy + DiA)]
> i 2
> 3,2? [6P[v]?> £ 2¢(P + |A])|v]]
N _ AP+ A
oP
As 0 € T, we have the trivial estimate 7. (P,A) < 0. Therefore |L(P,\)| <
w in the first case, and |FL(P,N)| < C2(P§+—P|AD2 in the second case. This
reveals the quadratic growth nature of H#L w.r.t. A. However, we see HL is not

locally bounded w.r.t. P. Similar properties hold for .

We introduce the following two ¢-dimensional RBSDEs for which the solution is

an adapted triple processes (P, A, p):

(4P() = ~[#2(P(0), A1).1) + #2(P(), A(0).) + z @ P(j)| t

+dpu(i) + AG) dW,
P(T,i) = Gy(T,i), p(0,) =0, P(i) <Gi(i), [, (Gi(i) = P(i)) dp(i) = 0,
| Ry (i) + P(i)Dy1(i)'Dy(i) > 0 for all i € M;

(3.2.1)

and
(

dP(i) = — | FO(P(i), A(i), i) + °(P(i), A(i), 7) + z qz-jpoﬂ dt

+dpu(d) + AG) dW,
P(T,i) = Go(T,i), p(0,i) =0, P(i)<Gs(i), [l (Gs(i)— P(i))du(i) =0,
| R1(7) + P(i)D1(i)'D1(i) > 0 for all i € M,

(3.2.2)
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where G1(7), Go(i) are given barrier processes.
For RBSDEs (3.2.1), the solution is subject to the point-wise constraint
and the non-decreasing process p(i) is used to push the main solution component

P(i) to satisfy the above constraint in a minimum energy way, i.e.,
T
| @0 - P aut =o.
0

Similar properties hold for (3.2.2).
RBSDEs (3.2.1) and (3.2.2) are referred to as the RESREs for the mixed control
problem (3.1.2).
We also need two ¢-dimensional BSDEs:
dP(i) = — [ya(p(i), A(i), i) + A(P(i), AG),7) + iqijp(j)] dt + A() dW,
P(T.4) = Gali). Rali) + P(1)Da(i) Dali) > 0 for all i € M:
(3.2.3)

and
dP(i) = — [ﬁ’ (P(3),A(i),3) + 7224(P (i), A7), 1) —i—jé ql-jP(j)] dt + A7) dW,
P(T,i) = Go(i), Ro(i) + P(i)D(i) Do(i) > 0 for all i € M.
(3.2.4)

These two BSDEs are named as ESREs, which have been studied in Hu et al. (2022b).

Remark 3.2. IfT" is symmetric, namely, —v € [ wheneverv € I, then %”f(P, Ai) =
HO(P A1), HHP AN ) = A(P,A,i). Therefore the RBSDEs (3.2.1) coincides
with (3.2.2), (3.2.3) coincides with (3.2.4). In particular, if there is no control con-

straint, i.e. I' = R™, then both j‘(jf and S#° are equal to
—[PBy(i) + (PCy(i) + A) Dy ())](Ry (i) + PDy (i) D1(i)) " [PB.(3) + D1 (i) (PCy(i) + A)],

and ¢ and F¢ are equal to
—[PBy(i) + (PCy(i) + A) Do (i)](R2 (i) + PDo(i) Do(i)) ' [PBa(i) + Do(i)' (PCy(i) + A)].
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Remark 3.3. (3.2.1), (3.2.2), (3.2.3) and (3.2.4) are highly nonlinear multidimen-
stonal, they violate both the standard Lipschitz condition and the quadratic growth
condition due to the structural behavior of their Hamiltonians ¢ and F.

Specifically, in the singular case, D'D > 01, for some 6 > 0 but R is degenerate,
the Hamiltonian S exhibits the lower bound

(P +|A])?

b S _
HUPN) > =SS

for constants ¢,§ > 0. Since H; <0 (as 0 € I'), this implies

(P +[A])?

(AL AN)| € ——5

The term w introduces a singularity as P — 07. Crucially, the component %
dominates when P is small and A # 0, which cannot be bounded by any quadratic
function C' (1 +|P|>+ |A|?). This singular behavior is obvious when control con-
straints " restrict admissible controls to rays (e.g., T' = {\ey | A > 0} ). For such T,

the explicit form

(PB+PD'C + D'A);)’
(PD'D + R)y, 7

further highlights the issue: if R is degenerate, (PD'D + R),;, ~ P, leading to
| AL| ~ %. Consequently, the driver of BSDEs (3.2.1) and (3.2.2) contain a term
that violates the quadratic growth condition near P = 0. An identical analysis applies
to ¢ in BSDEs (3.2.3) and (3.2.4). This singularity prevents the application of
standard BSDFEs existence and uniqueness theorems, which require drivers to grow at
most quadratically in A. The degeneracy of R and the geometry of I' thus necessitate

specialized analytical techniques beyond classical theory.
Definition 3.1. A wector process (P(i), A(i), p(i))t_, is called a solution to the (-

dimensional RBSDEs (3.2.1) if it satisfies (3.2.1) and (P (i), A(i), u(i)) € LFw (0,T;R)x
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L?EW(O,T; R™) x A.(0,T;R) for all i € M. The solution to (3.2.2) is defined simi-

larly.

Definition 3.2. A vector process (P(i), A(i))_; is called a solution to the (-dimensional
BSDEs (3.2.3) if it satisfies (3.2.3) and (P(i), A7) € L% (0, T;R) x L5, (0, T; R™)
for alli € M. The solution to (3.2.4) is defined similarly.

Usually one would seek the solutions to (3.2.1), (3.2.2), (3.2.3), (3.2.4) in the
space L3 (0,T;R) x L;W(O,T; R™) for all i € M. This space, however, is not
precise enough in the proof of uniqueness.

In fact, the second part solutions A turns out to be in the class of martingales of
bounded mean oscillation, briefly called BMO martingales. To give proper definitions
of their solutions, here we recall some facts about BMO martingales; see Kazamaki
(2006). The process [, A(s)'dW (s) is a BMO martingale if and only if there exists

a constant ¢ > 0 such that

E /TT IA(s)[2 ds

for all {F}" }1>o-stopping times 7 < T. The following space plays an important role

FZV] <c

in our argument
o]
Lyw"°(0,T;R")

— {A € L%y (0, T;R™)

/ A(s) dW (s) is a BMO martingale on [O,T]}.
0

For A € L;V]‘?MO (0, T;R™), the Doléans-Dade stochastic exponential

e [ awrawe)
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is a uniformly integrable martingale. Moreover, if [, A(s)'dW(s) and [, Z(s)' dW(s)

are both BMO martingales, then

is a standard Brownian motion under the probability measure P defined by

- e[ TZ(s)'dW<s>),

and [ A(s)' dW (s) is a BMO martingale.

dP
dp

3.2.1 Solutions to ESREs and RESREs: Existence and Unique-
ness

In this subsection, we address ourselves to the solvability of (3.2.1) and (3.2.2).
The solvability of (3.2.3) and (3.2.4) is similar to Theorems 3.5 and 3.6 in Hu et al.
(2022b). There are several results on the solvability of stochastic Riccati equations or
quadratic BSDE systems (see, e.g., Hu and Zhou (2005), Hu et al. (2022b), Kohlmann
and Tang (2002), Tang (2003), Hu and Tang (2016), Chen and Luo (2025)).
RESRESs (3.2.1) and (3.2.2) are both ¢-dimensional RBSDE systems with highly
nonlinear generator. Up to our knowledge, no existing results could be directly ap-
plied to RESRESs (3.2.1) and (3.2.2) because they violate both the standard Lipschitz
condition and the quadratic growth condition. In view of the fact that coefficients
depend on regime switching, which leads to the components of systems (3.2.1) and
(3.2.2) are interconnected through its generators. There is no existing literature on
RESRESs (3.2.1) and (3.2.2), although similar RBSDEs under regime switching with

Lipchitz generators were solved by Hamadeéne and Zhang (2010).
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3.2.2 Multidimensional Comparison Theorem for RBSDEs
with Regime Switching

We now recall the principal results established in the seminal work of Hamadeéne
and Zhang (2010). They showed the existence of a solution to the following m-

dimensional RBSDE with oblique reflections:
(

Y(t,z')zf(i)+/t fi(s,Y(s,1),...,Y(s,1),...,Y(s,m), Z(s,1))ds

O —plt) - [ 260 teRTL
Y(i) > max hij (.Y (i),

T
\ J0 JEA;

if Assumption 3.3 holds. Here £(i) are Fpr-measurable, the coefficients f;, h;; can
depend on w, and A; C{1,--- ,m}— {i}.

For simplicity, we write f;(s,y(1),...,y(7),...,y(m),2(i)) = fi(s,y(i), y(—1), 2(7)),
where y(—i) = (y(1),...,y(i = 1),y(i + 1),...,y(m)).

Assumption 3.3. For anyi=1,---,m, it holds that,

1. g(l) S L%_—W(Q;R);

2. E {foT sup |fi(3701y(—i),0)|2 ds} < o0;
y(—9)

3. fi(t,y(i),y(—1i), z) is uniformly Lipschitz continuous in (y(i), z) and is contin-

uous in y(j) for any j # i; and h; ;(t,y) is continuous in (t,y) for j € A;;

4. [i(t,y(@),y(—1i), z) is increasing in y; for j # i, and h; ;(t,y) is increasing in y
for g € A;

5. For j € A;, h;j(t,y) < y. Moreover, there is no sequence iy € A; -+ i €
A, ., €A, and (Y1, ,yx) such that
A A A A
Y1 = hil,iz <t7 y2) y Y2 = hi2,i3 (ta y3> R hik,l,ik (ta yk) y Yk = hik,h (ta yl) ;
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6. Foranyi=1,...,m, (i) > maxjeca, hi; (T,&(i)).

Lemma 3.1 (Hamadene and Zhang (2010)). Assume Assumption 3.3 holds, then
RBSDE (3.2.5) has a solution (Y (i), Z(i), u(i)) € Szw(0,T;R) x L3, (0,T;R") x
A0, T R).

Specialization to our framework: For the control problem considered in this

chapter, we focus on a specific case of RBSDE (3.2.5), where:
1. The state-dependent obstacle reduces to a constant barrier: h;;(t,y) = L(i),
2. We put an upper reflection constraint instead of lower reflection on the solution.

This leads to the solvability of the following specialized RBSDE system:

Y(t,i —i—ft (s,Y(s,1),...,Y(s,1),...,Y(s,£),Z(s,i),1)ds
—(u(T, i) — plt, i) — ffZ<s,z'> dw,t € 10,7, (3.2.6)
Y (@) < L@), [ (L Y (i) du(i) = 0, for all i € M.

This specialized form (3.2.6) preserves the essential mathematical structure of
(3.2.5) while precisely accommodating the boundary conditions required for our con-
trol problem.

Multidimensional comparison theorem for RBSDEs without regime switching can
be found in Wu and Xiao (2010). We now provide a similar comparison theorem for
RBSDEs (3.2.6) under regime switching, which will be used frequently in the study
of RBSDEs (3.2.1) and (3.2.2).

For simplicity, we denote Y (s, —i) = (Y(s,1),...,Y(s,i—1),Y (s,i+1),...,Y(s,{)),

and similarly for other vectors.

Theorem 3.1. Suppose (Y (i), Z(i), u(i))i_, and (Y (i), Z(i), u(i))i_, satisfy two
(-dimensional RBSDEs (3.2.6) with data (£, f,L) and (€, f, L) respectively. Also
suppose that, for alli € M, s € [0,T],
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1. £(i), €(6) € Liw (B R), and (i) < €(9);

2. there exists a constant ¢ > 0 such that

’f(S,y,Z,’i) - f(S,y,z,i)‘ < C(ly _y‘ + ‘Z _2’)7

for any z,Z € R", y = (y(i),y(—1)), ¥ = (H(i), y(—i)) € RY;

3. f(s,y,z,1) is nondecreasing in y(j), for every i # j € M;

4. f(5,Y(5,1),Y (s, —i), Z(s,i),i) < f(5,Y(s,1),Y (s, —i), Z(s,1),1);
5. L(i), L(i) € L% (4 R), and L(s,i) < L(s, ).
Then Y (t,i) < Y (t,4) for allt € [0,T] and i € M.
Proof. The proof is given in section 3.5.1. O

We emphasis that the above lemma requires the global Lipschitz condition of f

in (y, z), which is not satisfied in some cases in our below discussion.

3.2.3 Standard Case

We now prove the existence and uniqueness of the solution to RBSDEs (3.2.1). That
for (3.2.2) are similar, so we omit its proof. We will treat two cases separately:
(1) standard case, in which R; (i) is (uniformly) positive definite; (2) singular case,
in which R;(7) is positive semidefinite but G1(7,4) and D; (i)' Dy (i) are (uniformly)
positive definite. Here “singular” means that the control weight matrix R;(¢) in the
cost functional (3.3.8) could be probably a singular matrix.

To derive the existence of a solution to RESREs (3.2.1), we first apply a truncation
technique and derive a priori estimates for its solution(s), and subsequently show
that the truncation constants coincide with the constants appearing in the a priori

estimates. For this, we make an extensive use of the multidimensional comparison
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theorem (Theorem 3.1) for RBSDE systems. An essential idea herein is to use the
bounded solution to an auxiliary ODE (not a system!) as a universal bound to
control all the solution components of the RBSDE system.

Rather than using the Feynman-Kac type representation to prove the uniqueness
of RESRESs, we apply a direct approach involved log transformation and the John-

Nirenberg inequality.

Theorem 3.2 (Standard case). Assume the standard case in Assumption 3.2 holds.
Then RBSDEs (3.2.1) admits a unique solution (P(i), AS(i), ui(i))i_, such that
PP(i) > 0, for all i € M.

Proof. The proof is given in section 3.5.2 . O

3.2.4 Singular Case

Theorem 3.3 (Singular case). Assume the singular case in Assumption 3.2 holds.
Then RBSDEs (3.2.1) admits a unique solution such that PP(i) > ¢ for some constant

c>0, foralli e M.

Proof. The proof is given in section 3.5.3. O]

3.3 Solution to the MSLQ Problem (3.1.2)

3.3.1 Solution to the Post-Switch LQ Problem (3.3.1)

For any (z,7) € R x T[0,T], recall the controlled linear system (3.1.1) and consider
the post-switch linear quadratic problem:
For given (7, Xo(7), ;) € T10,T] x L%(Q;C(0,T;R)) x M,
Minimize — J*(1, Xa(7), ar, u(+))

(3.3.1)
subject to  (7,u(-)) € &, (Xa(:), u(-)) follows (3.1.1),
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where the quadratic cost functional

JU7, Xo(T), ary u())

= E{ / [Q2(t, ) Xa()® + u(t) Ra(t, ar)u(t)] dt + GQ(aT)XQ(Tf‘fT}. (3.3.2)

Define the conditional minimal value function

Ve(r, Xo(1),ar) = u(e)sesb}[%fﬂ JUT, Xo(T), ary ul+)). (3.3.3)

For each triple (7, Xo(7), ) € T[0,T] x L%(; C(0, T;R)) x M, V(1, X5(7), a;) is
a well-defined .%.-measurable random variable.

An admissible pair (X3(-),u(-)) is called optimal if u(-) achieves the infimum of

JT, Xo(T), ary ul+)).

We can solve the LQ problem (3.3.1) explicitly in terms of the solutions to BSDEs
(3.2.3) and (3.2.4). For P > 0 with PDy(t,i) Do(t,i) + Ro(t,7) > 0, and A € R™,
define

oy (t, P, A, i) = argmin [v'(PDs(t, 1) Da(t,i) + Ra(t,))v

vel

+ 20/ (PBs(t, 1) + PDs(t,1) Ca(t, i) + Do(t,i)'A)], (3.3.4)

03(t, P, A, 1) = argmin [v'(PDa(t,4) Dy (t, 1) + Ra(t,i))v

vel

— 2 (PBy(t,i) + PDs(t,1) Cs(t,i) + Do(t,1)'A)].  (3.3.5)

Remark 3.4. IfT" is symmetric, then 0§(t, P, A1) = —05(t, P, A, 4). In particular, if
I' =R™, then

05(t, P\, i) = (PDy(t,1) Dy(t,i) + Ro(t, 1)) " (PBy(t, ) + PDy(t,1) Co(t, i) + Dy(t,i)'A).

Theorem 3.4. Assume Assumption 3.2 holds on [1,T], the Post-Switch LQ problem

(3.3.1) admits an optimal control, as a feedback function of the time t, the state Xo,
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and the market regime 1,
a<t7 X27 7’)

= 07 (t, P (t,4), Af(t,4), ) X5 + 03 (¢, Py (t,1), A5(t,1),0) Xy, t€[r,T]. (3.3.6)

Moreover, the corresponding conditional optimal value is

essint J°(r. Xo(r), 07 u()) = P(r. ) X5 (7)? + P(r.) X (7). (337)
u(+) € s

where (P2(i), A%(i))i_, (resp. (P&(i), A3(i))i_,) is the unique solution to (3.2.3)

(resp. (3.2.4)).

Proof. Tts proof is given in section 3.5.4. ]

3.3.2 Solution to the Pre-Switch LQ Problem

Under Assumption 3.1, the post-switch problem admits a unique optimal pair which
can be represented by (3.3.6). In this section, we will study the problem which is
termed of control-stopping (or mixed) type because it combines control and stopping.
The controller, at her/his convenience, the controller chooses also the time 7 to stop
controlling the system.

Let (P2(i), A%(i))i, and (Pg(i), A%(i))i_; be the unique solutions to (3.2.3) and

(3.2.4), respectively. We now define

JO(zig,u(-), ) = E{ /OT [Q1(t, ) X1 (8)* 4+ u(t) Ra(t, ap)u(t)] dt
+Gu(T, ) X[ (1) + Galr,00) X7 (1)}, (3.38)

where Gy(t,1) = G(t,41) + K(t)?P(t, 1), Go(t,i) = Gi(t,1) + K(t)2Pg(t,1), for all
e M.
For given (z,iy) € R x M,

Minimize  J°(z,ig, u(-),T)
(3.3.9)
subject to (7, u()) € o, (X1(-),u(-), 7)follows (3.1.1).
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The corresponding value function is defined as

VO(x,ig) = inf  J°(x,i9,u(), 7).
(@) = int_ Paio,ul),7)

We call the problem (3.3.9) the Pre-Switch LQ problem.

Theorem 3.5. Assume Assumption 3.2 holds. Then the Pre-Switch LQ problem
(3.3.9) admits an optimal control, as a feedback function of the time t, the state Xy,

and the market regime 1,

a(t, Xo, i) = 0y(t, PY(t, 1), AT (8,0), ) X{ + 05(t, Py (t,4), Ay(t,4),9) X7, (3.3.10)

and an optimal time

inf {¢t € [0,T], P(t,0u) = Gi(t,au) } AT, if x > 0;
(3.3.11)

il
I

inf {t € [0,T], Py(t,ou) = Gao(t,au) } AT,  ifz <0,

where

8Y(t, P, A, i) = argmin [v/(PDy(t,1) D1 (t, i) + Ri(t,7))v

vel

+ 20 (PB(t,i) + PDi(t,9)Cy(t,4) + Dy (t,i)A)],

85(t, P, A, i) = argmin [v/(PDy(t,1) D1 (t, i) + Ri(t,4))v

vel

— 20 (PB(t,i) + PDy(t,4)'Cy(t, i) + Dy (t,7)'A)].

Moreover, the corresponding optimal value is

Vo(w,io) = ( (%ng p Pz, ig,u(-), 7) = PP(0,i0)(z1)* 4+ P2(0,40)(z7)%.  (3.3.12)
u(-),7)€

Proof. The proof is given in section 3.5.5. O]

3.3.3 Links of Control Problems

Now we establish the links among Pre-Switch LQ problem (3.3.9) and Post-Switch
LQ problem (3.3.1) and MSLQ problem (3.1.2).
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Theorem 3.6. Let (P(i), Ab(3), 11(i))"_y, (PLG), AS(3), ja i)y, (PRG), AL,
(Pg(i), A%(i))¢_, be the unique solutions to (3.2.1), (3.2.2), (3.2.3), (3.2.4). Under
the conditions of Theorem 3.2 or Theorem 3.3, the MSLQ problem (3.1.2) admits an
optimal control, as a feedback function of the time t, the state X, and the market
regime 1,

alt, X, i) = {05 (¢, Py (t,4), AT(t,0), )Xy + 05(t, Py (t,0), A3(t,1),0) X7 | Tjocecry

+ {0b(t, Pt 4), A(t,0), ) X5 + 05(¢, Py(t,d), AS(t,4),9) X5 } Lircrery,

(3.3.13)
and an optimal time
inf {¢t € [0,T], PP(t,o0) = Gy (t, )} AT, if x> 0;
7= (3.3.14)
inf {¢ € [0,T], Pi(t,on) = Go(t,au)} AT, if x <O.
Moreover, the corresponding optimal value is
Lt J@io,u(),7) = PEO. i) 4+ PE(0,ia) ) (3:3.15)
u(-),T)E:
Proof. The proof is given in section 3.5.6. m

3.4 Concluding Remarks

In this chapter, we solved a constrained stochastic LQ control-stopping problem fea-
turing regime switching. The system dynamics is driven by a Brownian motion and
a continuous-time Markov chain, with coefficients that are random. Our main con-
tributions include the explicit derivation of optimal state feedback controls and the
optimal cost value through two novel systems of highly nonlinear BSDEs and two
RBSDEs. Different from homogeneous LQ control-stopping problem, we derive one
class of new unbounded multi-dimensional RBSDE systems, its own well-posedness
can not be addressed by the existing argument in the literature because all the coeffi-
cients is unbounded. Due to the boundary constraints on solutions to such equations,

establishing their solvability requires novel proof techniques and approaches.
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These BSDE systems are introduced here for the first time to govern the system
before and after the controlled stopping time 7. The solvability of these equations,
established using tools from BMO martingale theory and the John-Nirenberg in-
equality, is of independent theoretical interest within BSDE framework, particularly
for systems with quadratic growth and regime-dependent dynamics.

Extensions in other directions can be interesting as well. A key application
of our results lies in solving the continuous-time mean-variance portfolio selection
problem with no-shorting constraints and regime switching. In this financial con-
text, an investor seeks to minimize portfolio variance (risk) for a target expected
return, while adhering to the constraint that portfolio weights remain non-negative
(no short-selling). The market parameters-such as asset returns, volatilities, and
interest rates-depend on a Markov chain representing macroeconomic regimes (e.g.,
bull or bear markets). By embedding this problem into our L framework, we could
derive explicit optimal trading strategies that dynamically adapt to both market
regimes and wealth levels, along with an optimal stopping rule for strategic portfolio
rebalancing. This provides a rigorous and computationally tractable approach to
portfolio optimization under realistic market frictions and regime uncertainty.

Our work advances the theory of stochastic control under non-Markovian regimes
and offers practical tools for financial decision-making. Future research may extend
this framework to include jump diffusions, partial observations, or multi-objective

optimization.

3.5 Proofs for Chapter 3

We now show the proofs of the main results in Chapter 3.
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3.5.1 Proof of Theorem 3.1
Proof. For t € [0,T] and every i € M, set

SY (t,4) = Y (t,4) — Y (t,4), 6Z(t,i) = Z(t,i) — Z(t,1), Sp(t, i) = p(t, i) — fa(t,q).

Notice

—/t 6Y(s,z’)+d5u(s,i)</t (Y(s,i) — Y(s,4)) " dpa(s, )
g/t (L(s,8) — YV(s,)) " dpa(s. 1) = 0.

Applying Ito-Tanaka formula formula to (§Y'(¢,7)7)?, we have

E(5Y (t,0)*)2 = E/t 25 (5,0)* [ F(5. Y (5,1), Y (s, ~1). Z(s.1).1

- f(S?Y(S7Z.)7?(S7 _i)77<87i)7 7’) ds
T
_9E / 5Y (s, i)+ dop(t, i)
t
T
_E / Iy ts20l62(s, ) ds
t
T
< IE/ 268Y (s, i)+(|5Y(s, DI+ 6Y (s.5)" +62(s, i)) ds
t j#i

T
_E / Iy (siys0ldZ (s, ) ds

CIE/ 253/82

by the arithmetic mean - geometric mean (AM-GM) inequality. Thus

> E(5Y (1) / ZE(éY(s,¢)+)2ds



It then follows from Gronwall’s inequality that Zle E(0Y (t,4)*)? = 0, thus thanks
to the continuity of Y in t, we conclude Y (¢,4) < Y (t,4) for all t € [0,T] and
i€ M. O

3.5.2 Proof of Theorem 3.2

Proof. Existence. For i € M, P’ € R, and A} € R™, set

Ft, Py A i) = (241(1) + CL (1) Ca(6) + gi) PY(E) 4+ 2C1 (i) AY(0) + Qu (i) + > 4, P ()
J#i

As f is linear in PP and A%, there exists a unique solution (F?(z), K?(i))le to

the corresponding BSDEs with the generator f and terminal value G,(7,i). By

Assumption 3.1, there exists a constant ¢ > 0, such that

2A1( )+01( ) 01( )+ maX |Qk:g| ¢, Ql(l) < ¢, Gl(TJ') < ¢,

for all ¢t € [0,T] and i € M. Hereafter, we shall use ¢ to represent a generic positive
constant independent of 7, n and ¢, which can be different from line to line.

The following ¢-dimensional linear BSDEs

APY(i) = = [e X0, PL(G) +2C1 ()AL() + ] dt + A4(0) aw,

PMi,T)=c¢, forallie M,

(cl+1)ect(T-1) 1 0 ¢

admits a solution ( 7 , > . By Lemma 3.1, we have
i=1

(cl 4 1)eT= — 1

Pi(t,i) < ;

< M, forte[0,7] and all i € M,

o (c@—l—l)eceT—l
where M = —

For k> 1, (t,P,A) € [0,T] x R x R, i € M, define

A, PN = sup {fff(t,ﬁ,ﬂ,i) —k|P— P|— k|A - Ay}.

PeR,AcR"
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Then 7% is non-positive and uniformly Lipschitz in (P, A), and decreasingly ap-
proaches to S (t, P, A, i) as k goes to infinite. The following BSDEs

dPy(i) = — [7(13{“, AR 4) + AF(PE(i), Af(i),1) — k(Ga (i) — PF(3))~ | dt
+AR(G) dW, (3.5.1)
PF(i,T) = Gy(i,T), forallie M,

is an /-dimensional BSDEs with a Lipschitz generator, so it admits a unique solution,
denoted by (P{“(z),A’f(z))le Notice that s#%(¢,0,0,i) = 0, Q; = 0, G{(T,i) > 0,

and
F(t, Py Ay i) + 208t Pi(i), Ay (4),4) — k(G (t,i) — Pi(t,4)” < f(t, P, Ay, i),

then by Lemma 3.1, we have

0 < Pr(t,i) < Pi(t,i) < M,

and Pf(t,i) is decreasing in k, for each i € M.

We define

t
L (1) = k;/ (Gi(s,i) — Pi(s,i)) " ds, 0<t<T.
0

Then (3.5.1) can be rewritten as
APE(i) = = | T(PL, AR, 1) + A4 (PE@), AL (), )] dt + duk (i) + A Gi) aw,

PF(i,T) = Gy(i,T), forallie M,

Let P(t,i) = lim P*(t,i), i € M. Tt is important to note that we can regard

k—o0

(Pf(i), A§ (i), p§(@)) as the solution of a scalar-valued quadratic RBSDEs for each i €
M. Thus from RBSDEs stability result, there exists a process Ay € L3, (0, T; R™x)
and p; € A.(0,T;R) such that (Py, Ay, p1) is a solution to RBSDEs (3.2.1). We have

now established the existence of the solution.
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Next, let us prove the uniqueness.

Step 1: For any solution (PP(¢), A%(i), (i) € LS (0, T;RY) x L2, (0, T; R™) x
A.(0,T;R) of (3.2.1), we now prove the more precise estimate A% (i) € L% BMO(O T;R™),
for all i € M.

Actually applying It6’s formula to PP(i)?, we get, for any {F}V }+~¢ stopping time
T<T,

5 [ It as

— E[G(T, i)"Y ] - PLt,i)* +E| / 2PU(i) | (241() + |G () 2) PY(i)

g

T

+ 201 (1) Ay (i) 4+ Q1(i) + AL (PP (0) +Z%Pb ]

= 2P) (i (T3) = (1)) | FY]

Note that 7 <0, PP(i) > 0, u1(T,4) > pa (¢, i), Assumption 3.1 and P? is uniformly

bounded, then

]E[/TT|AI{(s,i)|2ds ‘ ﬁW] <c+E[/TT [c+26|AI{(s,i)|] ds ( fTW}

1 T
< c+§]E[/ IAY(s,4) |2 ds ‘ ffV].
It follows
T
E[/ |AS(s,4)|*ds ’ Ffv] <,
so Aj(i) € L22M°(0,T;R™) for all i € M.

Step 2: Log transformation of the RBSDEs (3.2.1).

Suppose (PP(i), Ab(i), pi(i))l,, (P(i), Ab(i), fi(i))!_, are two solutions to
(3.2.1). Then there exists a constant M > 0 such that 0 < PP(i), P?(i) < M, and
Jo Ab(s, i) AW (s), [, Ab(s,i) dW (s) are BMO-martingales, for all i € M.
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For every ¢ € M, define processes

J / k D A i ¢ ~1 S,i
(U(t,i), V(t,5), k(t, 1)) = (m(pf(t,z-)m), AY(t,0) /0 djiy (s, 1) )

Pi(t,i) +a’ Pb(s,i) +a

where a > (0 is a constant to be determined later. Then

(U (), V(i), k(i), (U(i), V(i) k(i) € Lw (0, T;R) x L3:"°(0, T;R™) x A0, T3 R),

for all i € M. Furthermore, by [t6’s formula, (U(i), V (1), k(i))_, satisfy the following
(-dimensional BSDEs:

(AU (i) = | (2A1(6) + CL()) CL(8))(1 — ae™UD) +2C1 () V(i) + Q1 (i)e U
+H(U (i), V(i) 1) + 3V (i)' V (i) + i gy’ D=VON At 4 dk (i) + V(1) dW,
U(T,i) = In(Gy(T,7) + a),
Ut,i) <In(Gi(t,i) +a), [y (n(Gi(t,i)+a) — U(t,q)) dk(t,i) = 0,
k(0,i) =0, for all i € M;

\

where

A(U,V,4) = inf [U’((1 — ae” YD, (i)' Dy () + Ry (i)e )

vel

+20/((1 — ae”V)(By(6) + D1 (i) Ch (i) + Dy (i)' V).

Similar for (U (i), V (i), fi(i))i,.

As0 < PP(i) < M, thus e V() = Pf(g)—&-a > 7 and 1 —ae V0 = P?é()iza €[0,1).

Similar inequalities hold when U(7) is replaced by U(i). By Assumption 3.1 and
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Ry > 01, there exist constant ¢ > 0 such that
o' (1 — ae”DYDy (3 Dy (i) + Ry(i)e VD)
+20'((1 = ae™"O)(B1(i) + D1(i)' C1(3)) + Du(i)'V (i)
> 0'Ry (1) VD + 20 (1 — ae VD) (B, (i) + Dy (i)' Cy (i) + D1 (i)' V(i)

J

>
= +a

[0 = e+ [V (@)Do].

<

Hence if [v] > “M¥9 (1 4 [V]) := ¢(1 + [V]), then

)
M +

a|v|2 —c(1+ V)| > 0> HU,V.4),

for (U, V) = (U(t,i),V(t,4)) and (U(t,4),V(t,i)). Thus,

AU Vi) = inf [V = ae™)Di(i) Da(i) + Rai)e Vo
[v[<e(1+V])

+ 21},((1 —ae )(Bl( ) + Dl( ) Cl(l)) + Dl(l)/V) .

Step 3: Estimate the difference between U (i) and U (7).
Set U(i) = U(i) — U(i), V(i) = V(i) = V (i), k(i) = k(i) — k(i), for i € M. Then
(U(i), V(3), k(i))§ satisfy the following BSDEs:

(40 (i) = = [(Q1(0) — 204,(3) — aC: (i) C1 (1)) (e VD — e 0) + 201 (1) V (i)
+ﬁ(U()V(Z) i) — ~( ()‘7() i) + %(V() V(@)'V (i)
+zq( U6 — O-00) | dt + dk(i) + V(Y AW,

\U(T,z’):(), for all i € M.
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Applying Ito’s formula to U(7)?, we deduce that

U(t,i)? = /t {2(7(@) [(Ql(i) — 2aA,(i) — aCy (1Y C1(3) (VO — e=TD) 1 20 (1) (4)
E ~ ~
+ SV + VYTV + 3 a0 = T0-00)] iy (i

T r . r .
- / (L) +20() 3 gy (V900 — FO-00)] g
t

J=1

_ /t (I(Ga(t,1) + a) — T(3)) d(i) /t (In(G(t,3) + a) — UG)) k(i)

- /t (In(Gy (£, 1) + a) — U(3)) dk(i) + /t (In(Gy(t,4) + a) — U () dk(i)
>0,

Let us now estimate U (i) (H(U(z'), V(i),i) — H(U(q), V(z),z)) However, we do

not have the monotonicity of ﬁ(U, V,i) in U, we apply the method in Hu et al.

48



(2022b) by treating the quadratic term and linear term separately. Let

H(v,U,U,V,i) =0 (1 — ae"7)D, (i) Dy (i) + By (d)e Vv

+20((1 — ae™Y)(By(3) + Dy (i Cy(i)) + D1 (i)'V).

Then rewrite H in terms of H,

H(U(i),V(i),i) — HU(),V(3),1)

= if  HEUUV)-  inf  H(, U,U,V,i).
ve ve
[v|<e(1+|V (4)]) [v|<c(1+|V (5)))

The above optimal values will not change when we enlarge the optimization region,

so, after inserting two zero-sum terms, we get

= inf H(v,U,U,V,i) — inf H(v,U,U,V,i)
ve ve
[l<c(1+V @O+ @))) l<c(1+V @)+ (@)))
+ inf H(v,U,U,V,i) — inf H(v,U,U,V,i).
IS ve
[l<c(1+V @)+V@))) ol <e(1+HV (@) +V(0)])

(3.5.2)

Let a > 0 be a sufficiently small constant such that R1(:7) — aD; (i)' Dy(i) > 0 for

all © € M. Then the map
= V(1 —ae™)D1(4)'D1(i) + Ri(i)e ™ )v, z €R,

is decreasing for every i € M. Therefore,

(U() — U(z’))( inf H(v,U,U,V,i) — inf H(v,U.U,V, i)) <o0.
o] <e(1+[V (@) +|V (5)]) o] <e(1+]V (@) +|V (5)])
(3.5.3)
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On the other hand, by the boundedness of U and U,

inf H(v,U,U,V,i) — inf H(v,U,U, V19
ve ve

[ol<e(1+|V () |[+[V (3)]) vl <e(1+|V (@) |[+|V (5)])
< sup }H(U,U,U,V,i)—H(U,U,U,V,i)

vel -
[v|<e(1+V (§)]+V (§)])

= s 20 (e e B + DY) + D)V )|
ve
o <c(L+H V@) +V (D)])

<c sup  o[(|UG)] + [V (3)])
[ol<c(1HV @ [V (@)

<L+ [VOI+IVEODIT @]+ V@) (3.5.4)

Using (3.5.2), (3.5.3) and (3.5.4), we get

0G) (A0, V()0 ~ BO6), V(0),0)
<UD+ VO + [VENIT @] + V(@)
=: (L + V(@) + V(DT () + cBG) TV (),
where ((i) is an F}V-adapted process such that |3(1)] < 1+ [V (i)| + |V (i)|. Then

L(i) < 20() [(Q1 (i) — 2aA, (i) — aCy () C1(i)) (e VD — e~V 4 204 (i)' V (i)

+ (V) + V@) V@) | - V)V ()

N | —

+e(1+ V@) + V@D () + ep(0) U0V (i)

<L+ VO +VONU ) + 20 )V (i) (2013) + %(V(i) + V(@) + cﬁ(i)),

for all 1 € M.

For each fixed ¢ € M, let us introduce the processes

(1) = exp (/Ot o(1+ V()| + |\7(i)|)ds) |
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and

t 1 _ /
N(t,i) =& ( / (2610) + 5V (i) + V(0)) + e8(0)) dW(s)) .
0

Note that N(¢,4) is a uniformly integrable martingale. Thus

—~. t 1 -

Wit) == W(t) - / (2040) + (V) + V() + () ds,

0

is a Brownian motion under the probability P defined by

dp
dP

= N(T,).
Fy

[td’s formula gives us, for any {F}¥ }i~o-stopping time 7 such that 0 <t < 7 < T,

J(t, ))N(t,4)U(t,i)?
< J(r )N (7, )U(7,0)* +2 / " N@HT ()Y gy (VD-V0) — FO-T0) 45
_ [ <J(i)N(i)U(i)2<QC’1(i) + %(V(i) +V (i) + cﬁ(i)) - 2J(z’)N(i)U(z’)V(@')) dw.

Let us consider, for n > 1, the stopping time

u
Tn:inf{UEt:/
t

J@)N(3)U (i) (201(2') + %(V(i) + V(i) + cﬂ(i))

+2J(ONG)T )V (i)

2
ds}n}/\T.
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We get from the previous equation and the AM-GM inequality that

O <E| 1T J)(]:[()N()tU()T =
[ e
[l A S a2
_ :U(Tn, )2 exp (/t (14 V()| + |f/<z'>y)ds)
c[”éﬁ(s,j)%xp (/t c(1+ V()] + IV(i>|)dU) ds ftW:

< cE

(U% /iﬁw ds)exp</tT c(|V (D) + V()| ) EW]’

(3.5.5)

where E¢ is the expectation w.r.t. the probability measure P, By the AM-GM

e ([ v+ v as)
e ([ (5vl+ 70+ ) as)

which is finite by the John-Nirenberg inequality when ¢; > 0 is sufficient small. Using

inequality, we see

Ei

]

<E

‘FtW] )

boundedness of U and the dominated convergent theorem, sending n to infinity in
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(3.5.5) gives

O(t,i)? < </ ZU 5.7 ds) exp (/tTc(|V(i)| + |V(i)|)du) ‘FtW]

where

E(t,i) = esssup U(t,q)>.

weN

Taking essential supreme on both sides, we deduce

T ¢
< c/ Z E(s,7)ds
-
Thus

¢ T ¢
0Bt <dd [ 3B
j=1 j=1

We infer from Gronwall’s inequality that Z§:1 E(t,j) =0,50U(t,i) =0fort € [0,T]

and all 2 € M. This completes the proof of the uniqueness. n

3.5.3 Proof of Theorem 3.3

Proof. This case is relatively easy to deal with. We will present the main idea only.
Details are left for the interested readers.

By Assumption 3.1, there exists a constant ¢’ > 0, such that

(Gu(i) = P(i))” < PL(d) + max |Gi(i)| < PY(i) + ¢
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Set, for P} € R and A} € R™.
f(t, PP AL 4) = (24,(1) + CL(3) C1(3) + g — k)PP (i) + 2C1 (1) A5 (4) + Q1 (4)

The corresponding (-dimensional BSDEs with the generator f and terminal value
G1(T, 1) is decoupled, then by Theorem 4.2 of Hu and Zhou (2005), there exists a
solution (PP(i), Ab(i)) € L (0, T3 R) x L3V (0,T;R™), such that Pf(i) > ¢ with
some constant ¢ > 0, for all i € M.

Let g : RT — [0,1] be a smooth truncation function satisfying g(z) = 0 for

z € (0,3c, and g(z) =1 for = € [c, +00). Let

AP A = sup {%ﬁf(t, P,A,i)g(P) — k|P — P| — k|A — A\}.

PeR,AcR”
Repeat the argument of the proof of Theorem 3.2, the following BSDEs:
PF(i,T) = Gy(i,T), forallie M,

has a solution, (PF(i), AF(i))!_,, where f(t, P, A1,i) is the same as in the proof of

Theorem 3.2. Notice that
f(t> P1> Ala Z) g ?(ta Pla Ala Z)—i_%k(t? Pl(z)a Al(z)a Z)_k(Gl<t7 i)_Pl(tv Z))_ < T(ta P17 Ala Z)?

then

¢ < PU(i) < P(i) < Py(i) < M.
After taking limit, it gives PP(i) = limy PF(i) > ¢ so that g(P?(i)) = 1 and
HOE(t, Py(1), Ay (i), 1) = A5t Py(i), AL (i), ).

By this, one can prove the existence.
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To prove the uniqueness, using Pf(i) > ¢ > 0, we can repeat the proof of Theorem

3.2 with @ = 0. In this case (3.5.4) is replaced by

inf H(v,U,U,V,i) — inf H(v,U,U,V,7)
vell B vell ~
[ol<e(1+[V@)+V()]) [l <c(1+V @) +V(@)])
< sup 20" Dy (1)'V (i)

vell
[ol<e(I+V@)+V (D))
<L+ V@ +IVODIVE)L,

so that we do not need the John-Nirenberg inequality in the proof. O]
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3.5.4 Proof of Theorem 3.4
Proof. Applying It6 formula to P2(s, as) X5 (s)? and P(s, as) X, (s)? (we refer to
Hu et al. (2020)), we have

P (t, ae) Xy (8)* + Py, 00) X5 (2)°

= P{(7, 00) XS (7)" + Py (7, 00) X5 (7)°

t
+/ {I{X2(3)>0}P1a(3,%)U(S)/D2(37as)/Dz(Syas)U(S)

+ 2X, () P (s, as) O (s, g) Do, s )u(s)

+2X57(5) P{ (s, ) Ba(s, as) u(s) + 2X5 (5)A] (s, ) Da(s, s Ju(s)
— X5 (8)*[Qals, as) + HL (s, PY (s, 05), Af (s, a4), a5)]

+ Lixa(s)<0y B3 (5, as)u(s) Da(s, ) Das, o )u((s)

= 2X, ()P (s, 05)Ca((s, ) Da(s, s Jus)

—2X5 (8) Py (s, a5) Ba(s, ) u(s) — 2X5 (s)AS(s, as) Da(s, ag)u(s)

— X5 (5)?[Qa(s, ag) + H(s, Pi(s, a), AS(s, as), as)]} ds +/ (...)dW (s)

_|_/ {X;r(s)Q Z (Pl(S,j) - Pl(S,j/»I{aS,:j’}

5y eEM

£ X5 ()7 30 (Pls7) = Pa(s, ) e =y ANTY,
j.j'EM
where (Nj'j )j7jem are independent Poisson processes each with intensity g¢;;, and
]\thj/j = th/j — gjrj, t = 0 are the corresponding compensated Poisson martingales
under the filtration F.
Note that X5(t) is continuous, the last two terms in the above equation are local

martingales. Therefore, there exists an increasing localizing sequence of stopping
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times 6,, T 400 as n — 400 such that
E [P{(T A0y, arpe, ) X5 (T A0,)* + Ps(T A by, arng,) X5 (T A 6,,)%]

= P(7, 00) XS (7)° + Py (7, 00) X5 (7)°

TNOy,
+ E/ {]{Xz(s)>0}P1a(s’ @S)U(S),DQ(S, as>,D2(Su as)u(s)

+2X,5 (s) P (5, 05) Ca(s, ) Do (s, s Jus)

+2X57 (8) Py (s, ) Ba(s, a)us + 2X5 (8)AS (s, as) Da(s, as)u(s)
+ Lxy(o)<0p 5 (5, 0s)uls) Da(s, as) Da(s, as)uf(s)

—2X; (s)P3 (s, as)Ca(s, as) Da(s, o5 )u(s)

—2X; (s)P5 (s, as) Ba(s, as) u(s) — 2X5 (s)A5(s, as) Das, as)u(s)
— XS ()27 (5, PL (5, 05), A (5, 05) )

— X{(s)%%”_“(s, P (s, as), A(s, ), as)

}"T} ds.

After rearrangement and combining similar terms,

— X5(5)%Qa(s, avy)

E{ PET A, 0000, ) X5 (T A 0% + PE(T A O ana, ) Xy (T A7)

7}

= P(1,0,.) XS (1) + Pi(1,0.) X5 (7)* + ]E{ / - ba(s, Xa(s),u(s), as)ds

+ /TTAen (Qz(s, 0s) Xo(5)? 4+l Ra(s, as)u(3)> ds

F

(3.5.6)
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where

oa2(s, Xo,u, 1)
— /(Ras,) + x50, Py (5, 1) Das, i) Das, )
+ I{xty<0y P2(s,3) Da(s,7)' Dof(s, i))u
+2X5 (P (s,1)Ca(s,4) Dao(s,1) + P{(s,1)Ba(s, 1) + Af(s,4) Da(s,1))u
— 2X5 (Py(s,1)Ca(s,4) Da(s, i) + Ps(s,i)Ba(s, i) + A5(s,1) Da(s,))u

— (X2 (5, P (s,4), Ai(s, 1), 1) — (X3)2 (s, P5(s,1), A3(s, ), 7).

Define an F;-adapted process

u(t) . .
oft) = 4 et AT X201 > 0;

Notice that I" is a cone, so the process v is valued in T'. If X5(s) = 0, then
625, Xa(s), u(s), ) = u(s) (Rals, as) + P(s, ) Dals, @) Dals, ) Ju(s) > 0.
If X5(s) > 0, then
(5, Xa(s), u(s), as) = X2(s)2{v(s)’(ﬁ’2(3, a,) + P2(s, o) Da(s, ) Da(s, ozs)>v(s)
+ 2(P (s, 05)Ca(s, ) Da(s, ) + P (s, as) Ba(s, i)’
+ Af(s, o) Da(s, ag))u(s) — H8 (s, PP(s, ), Af (s, o), as)}.

By the definition of 7% (t, P, A, 1), this is non-negative. Similarly, we have ¢o(s, X2(s), u(s), o) =

0, when Xs(s) < 0. Hence, it follows from (3.5.6) that

E{Pf(T A O, g, )Xo (T A 02)2 + PAT A Oy, crng, ) Xy (T A 0,)?

F

> P ) XS (1) + P (T, o) Xy (7). (3.5.7)

TG,
+ / [Q2(s, cs) Xa(5)? + u(s) Ra(s, a)u(s)] ds
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It is not hard to verify E { sup X2(3)2] < 00 by standard theory of SDE. Let n — oo,
s€[r,T]

by the dominated convergence and monotone convergence theorems, we have
T
E{ / [Qal5,00)Xa(s)” + u(s) Rals, a)u(s)] ds + Golon) X(T| 7.}
> PH(1,0.) XS5 () + Py (7, a.) X5 (7). (3.5.8)

We now prove @ defined by (3.3.6) is an optimal control. Similar to Lemma 4.3 in
Hu et al. (2022b), one can prove that u is an admissible control for problem (3.3.1).
Under this pair, it is easy to verify that (3.5.7) is an equation. Similar to the above
limit argument, one can prove that (3.5.8) is also an equation, thus @ is an optimal

control. We leave the details to the interested readers. O

3.5.5 Proof of Theorem 3.5

Proof. First, for any (u,7) € o,
T (2o, u(-), ) = IE{ /0 ' [Qu(t, ) X1 (8) + u(t) Ra(t, o )u(t)] di
+ Gu(7,00) X (1) + Galr, ) X7 (7)?
> ]E{ /OT [Q1(t, ) X1 (8)? 4+ u(t) Ry (t, ap)u(t)] dt

+ Pl(r,an) X{ (72 4 B(r,a) X ()2} (35.9)
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Applying Itd’s formula to P{(s, o) X, (s)? and Pé(s,as) X, (s)? yields
Py(t, ) X{ (1) + P3¢, ar) X7 (t)?

— PY(0,i0)(z)? + PL(0, ig) (z7)?

[ P 0l Do Dy, 0
+2XF (9)PX(s, ) Ci (s, 0,) Dy (5, u(s)
2 (5) P (5,00) By (5 0 u(s) + 2X1 ()AL (s, ) D (5, ()
— XH(5) (@ (s ) + A (s, PH(s, ), Ao, ), )
+ Iixy(s)<0y P2 (5, s )u(s) Da (s, @s) Di (s, s Ju(s)
— 2X7 () Po(s. ) C1 (5, 0,) Dy (5. u(s)

— 2X[ (8)PE(s, cs) By (s, ) u(s) — 2X 7 (s)A5 (s, ) Dy (s, o )u(s)

X Qs )+ A, P, Mo, )] ds
/ X (s)? dpy (s, o) / X (8)? dpsa(s, ) —i—/ot(...) dW (s)
b [ S B - P W

0 j.j'EM

F X ()2 Y (Ph(s.g) = Po(s. 5 e =gy | ANY.

5y eEM
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Via localized completion of squares method as in Theorem 3.4, we have
TAOp
£{ / [Qu(t ) X, (1) + ult) Ryt a)u(t)] dt
0
o P N Oy rpa, )X (7 N 00)% 4 PE(T A O, 000, ) X (7 1 6)°
TAOn
—B{PH0. )" + PO Pt [ o (s Xa(s)au(s), e ds
0
TNAO, TAOp
s X a) + [ X6 dsia) .
0 0

(3.5.10)

where

o1(s, X1, u,1)
- <R1(s, i) + Ixysop P2(s, 1) Dy (s, ) Dy (s, 1)
+ Ix, <oy P2 (s,i) Dy (s,1) Dy (s, i))u
+ 2X 7 (PP(s,1)C1(s,4) Dy(s,1) + P(s,4)Bi(s,4) + A5(s,4) D1(s,4))u
— 2X [ (P2(s,i)C1(s,4)' D1(s,1) + P2(s,4)Bi(s,4) + AS(s,4) D1(s,4))u
— (X720 (s, Py (s, 1), MY (5,9),0) — (X7)° 52 (s, Py(s,1), As(s, ), ).

Repeat the argument of the proof of Theorem 3.4, we have ¢ (s, X;(s), u(s), as) = 0.

Since p; and po are non-decreasing processes,

TAOp TNAOp
/ X1 ()" dim (s, a5) > 0, / Xy ()2 dpa(s, o) > 0.
0 0
So it follows from (3.5.10) that
TNAO,
E{ / [Ql(s, ) X1(5)% + u(s) Ry (s, as)u(s)] ds
0
+ PY(T A O,y cepg, ) X1 A 0,)? 4 P2(T A Oy, cepe, ) X5 (T A Hn)Q}

> P0,ig) (a)? + P3(0,40)(z7)*.
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It is not hard to verify E { sup Xl(s)Z] < 0o by standard theory of SDE. Let n — oo,
s€[0,T7]

by the dominated convergence and monotone convergence theorems, we have
E{ /OT [Q1(s, a5) X1(5)* + u(s) R (s, o )u(s)] ds
+ PU(r,0n) X{(7)* + Po(T, a0) X1 (7)? ]
> PP(0,40)(z %)% + P2(0,4q)(z7)>. (3.5.11)

Hence, we proved, for any (u, ) € <7,

J*(u, ) = PY(0,40) (27)* + P5(0,40) (7).

In order to prove (@, 7) is an optimal control, it suffices to prove

JP(a,7) = P(0,i0)(z1)* + P2(0,40)(z )% (3.5.12)

Thanks to the definition of u, we see ¢1(s, X{(s),u(s), as) = 0. Suppose x > 0. Due
to homogeneity, it is easy to verify that X' does not change sign until 7, namely
X¥(s) = 0 for s € [0,7). Thanks to definition, one has p; (s,a5) = 0 for s € [0,7).
Thus, when (u,7) = (4,7), (3.5.9) and (3.5.11) are both equations. Therefore,
(3.5.12) holds, showing that (u,7) is an optimal pair. The case z < 0 can be dealt

in a similar way. [
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3.5.6 Proof of Theorem 3.6

Proof. Suppose (X(:),u(-),7(-)) is a state-control pair corresponding to the given
initial pair (z,i9) € R x M. For any u(-) € U[0,T]

V(i[),io)

= inf IE{ /OT [Q1(t, a) X1 (8) + ui (1) Ra(t, i) (1)) At + G (7, ) X1 (7)?

(u,T)€S
+ / [Qa(t, ) X (1) + ua(t) Ra(t, c)us(t)] dt + GQ(aT)Xg(T)Q}

= inf E{ /OT [Q1(t, a) X1 (8)* + wi (1) R (8, ) ()] At + G (7, ) X1 (7)?

(u,T)ESA
+ E[ / [Qa(t, 1) Xa()? + ua(t) Ra(t, au)ua(t)] dt + Ga(ar) Xo(T)>2 ]-'T] }

> inf ]E{ /DT [Q1(t, a) X1 (8) + wi () Ra(t, o )uq (1)) dt

=
(u,7)EU]0,T

+ P(Tan) XS (1) + P3(r, ) X (1) 4 Ga (7, 00) Xa (7)?

= inf E{ /OT [Q1(t, a) X1 (8)* + wi () Ra(t, o )uq (2)] dt

(u,7)EU[0,T]|xT[0,T)

+ Gi(7,a0) X (1) + Ga(r, ) X (7)2].

The inequality holds at (3.3.6) in Theorem 3.4. Via Theorem 3.5, we have

V(x,d0) = PP(0,i0) () + P2(0,i0)(z7)2

From the definition of V' (z, 1) (3.1.4), we establish a lower boundary of J(x, ig, u(-), 7).
Repeating the proof of Theorem 3.4, one can show that (3.3.10) and (3.3.11)

forms an optimal pair. This completes the proof. O
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Chapter 4

Non-homogeneous Stochastic LQ
Control and Stopping with

Random Coefficients in
Non-Markovian Regime Switching

System

In Chapter 3, we solved a stochastic L control problem (3.1.2) under a random
coefficients model with non-Markovian regime switching. The scaled-value X follows
a dynamic (3.1.1) driven by the Brownian motion driving the asset price dynamics
and the Markov chain standing for the regime switching. The control pair consists
of a classical control variable constrained in a cone (u € I') and a stopping time 7.
For a given initial value x(, we establish the existence of an optimal control @ and
optimal stopping time 7 through the completing the square method. This approach
finds a lower bound for the cost functional (3.3.8) and identifies that the optimal
control-stopping pair achieves this lower bound. This lower bound is exactly the
value function (3.3.15) of the control problem (3.1.2). Furthermore, the optimal
control is expressed as a feedback form dependent on time t, state X, and market
regime oy. The value function (3.3.15) is quadratic dependence on the initial value .

Substituting the optimal control into the dynamics (3.1.1) yields the corresponding
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optimal state trajectory X.
We provide a more rigorous mathematical definition of the homogeneous proper-

ties of control problem (3.1.2). The homogeneous function is defined as follows:

Definition 4.1. Given a real constant p, a function ¢ : R¥ — RY is called a homo-

geneous function of degree p in x if

p(Ar) = No(z)
holds for all A > 0 and x € R*.

Specifically, in the stochastic homogeneous control problem appears in Chapter
3, the system defined by (3.1.1) and (3.3.8) exhibits two fundamental homogene-
ity properties. First, the state dynamics (3.1.1) are homogeneous of degree 1 in
(xr,u) € R x R™ : scaling both initial state xy — Azo and control u(-) — Au(:)
induces proportional scaling X (t) — AX(¢) of the wealth process. Financially, this
implies that scaling an investor’s initial capital by A while proportionally scaling
their trading strategy results in proportional scaling of the entire wealth trajectory.
Second, the value function V (z,1iy) is homogeneous of degree 2 in (z,u), satisfying
V (Az,ig) = A?V (z,ip). This quadratic homogeneity reflects that scaling both wealth
and control by A2, capturing the quadratic risk-return relationship inherent in port-
folio optimization where proportional capital commitment amplifies costs/returns
quadratically.

Consequently, the homogeneous properties of control problem (3.1.2) intrinsically
align with the cone constraints on u. Utilizing the method of undetermined coeffi-
cients and completing the square, we derive the reflected extended stochastic Riccati
equations (3.2.1) and (3.2.2), and the extended stochastic Riccati equations (3.2.3)
and (3.2.4). The presence of cone constraints induces an optimization operator in
the drivers of these four BSDE systems, constituting a fundamental distinction be-
tween the Riccati equations in this thesis and prior literature. Crucially, the control
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weighting matrix R in the cost functional may be singular. Consequently, BSDEs
(3.2.1), (3.2.2) , (3.2.3) and (3.2.4) are highly nonlinear multidimensional, they vio-
late both the standard Lipschitz condition and the quadratic growth condition due
to the structural behavior of their Hamiltonians £ and £, refer to the Remark
3.3 in Chapter 3. To address this, we establish well-posedness by partitioning the
analysis into standard and singular cases, with distinct proof strategies tailored to
the structural properties of the Hamiltonians.

In this chapter, we introduce a new extension: A non-homogeneous stochastic
LQ control problem with regime switching where the control pair consists of a un-
constrained control v and a controlled stopping time 7. First, non-homogeneous
coefficients introduce affine terms (b, p) in the state dynamics (4.1.1), capturing ex-
ogenous shocks and time-varying trends absent in (3.1.1); Second, the cost functional
(4.1.3) minimizes deviations from stochastic targets (g, p, g), modeling tracking ob-
jectives; Third, control u are now unconstrained, permitting strategies like unlimited
short-selling essential in derivatives trading.

Beyond mathematical generalization, this framework addresses key financial in-
completeness: non-homogeneous terms incorporate market frictions (e.g., stochas-
tic dividends/funding costs), while regime switching captures structural volatility
breaks during crises. This extension is particularly significant for options markets:
The affine terms model stochastic volatility and jump risks crucial for hedging exotic
options (e.g., barrier options) under regime shifts, while the tracking terms minimize
replication errors in delta-hedging strategies. The stopping time 7 naturally rep-
resents optimal exercise decisions for American options, with the state-switch at 7
reflecting payoff realization. Unlike Chapter 3’s cone constraints, the unconstrained
control space allows aggressive volatility arbitrage strategies. These features enable
novel applications in pricing and hedging under realistic market conditions, estab-

lishing this extension as a substantial advancement with independent research value.
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We divide the whole problem into two parts termed before 7 and after 7 and
analyze each part respectively. On [r,T], via the completion of squares method, the
optimal control and value function could be expressed by the solutions to one coupled
BSDE systems (4.2.2) and (4.2.4) (see Theorem 4.3) termed ESREs. Building on
the method of Hu et al. (2024), we establish the solvability of our problem, prove
its well-posedness using BMO martingales and the John-Nirenberg inequality, and
derive explicit optimal feedback controls.

Similar to Chapter 3, we can reduce our problem to a mixed control and stopping
problem on [0, 7]. But unfortunately, we cannot solve this problem completely. This
is because the value function does not take the quadratic form and the optimal
control is not a linear feedback of the state process. Instead, we will provide a lower
bound problem for it, which still takes the LQ structure. (Of course, an upper bound
exists trivially as it is a minimizing problem.)

Then, we establish the relationship between the control and stopping lower prob-
lem on [0, 7] and obtain the RBSDE system (4.2.1) and (4.2.3). Both RBSDE systems
(4.2.1) and (4.2.3) are new.

Our second contribution is about the solvability of RBSDE systems (4.2.1) and
(4.2.3). In proving the existence of a unique solution to RBSDE system (4.2.1), whose
solvability is established by slightly modifying our previous argument in Theorem
3.3. For RBSDE system (4.2.3), are indeed a family of highly linear unbounded
RBSDEs. Three challenges need to be overcome. First, all the coefficients of the
linear BSDE are unbounded due to the unboundedness of A(i) (and consequently
['(¢) ). Second, the equations are coupled through the coupling term Zf.:l qiik (7).
Third, the boundary restriction condition in (4.2.1) that forces solutions to stay
below the given boundary. To our knowledge, no existing results directly apply to
this BSDE systems. Establishing the solvability of (4.2.2) therefore represents the
main technical contribution of this work. The main idea to establish the solvability
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of the new type of BSDEs is first to get some estimates of BMO martingales and
then establish the result for one-dimensional system, and finally apply contraction
mapping method to get the result for multi-dimensional system. This constitutes
the major technique contribution of this thesis.

The remainder of this chapter is organized as follows. In Section 4.1, we formulate
a non-homogemeous stochastic LQ problem with regime switching, random coeffi-
cients; the control pair consists of classical control and controlled stopping time. Sec-
tion 4.2 obtains the global solvability of systems of linear RBSDEs with unbounded
coefficients. Section 4.3 gives a lower bound to the mixed LQ problem. Finally,

Section 4.4 concludes the chapter.

4.1 Model Setup and Problem Formulation

This chapter adopts the same probabilistic framework established in Chapter 3 (see
Section 3.1). For the ease of reading, we recall it as follows.

We fix a complete probability space (2, F,P) equipped with a standard n-dimensional
Brownian motion W (t) = (Wy(¢), ..., W,(t)) and a continuous-time stationary Markov
chain {a;}+>0 valued in a finite state space M = {1,2,..., ¢} (¢ > 1), where the two
processes are mutually independent. The Markov chain a; is governed by an in-
finitesimal generator @) = (g;;)ix¢ satisfying

¢
¢ij = 0fori#j and Zqijzoforallie./\/l.

j=1

To model the information flow, we define the augmented filtration
Fr=0{W(s),a;: 0<s <t} VN

and the Brownian filtration

FV =c{W(s):0<s<t}VN,

where N represents the collection of all P-null sets in F.
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4.1.1 Non-homogeneous System

Consider the following R-valued non-homogeneous linear stochastic differential equa-
tion (SDE):

(AX (1) = [Ay(t, ) X1 (8) + Ba(t, c0)ult) + by (t, )] dt

+[Ci(t, a0) X1(t) + Di(t, an)ult) + pi(t, ar)] dW (2), t € 0,7),
(
[

dXo(t) = [Aa(t, ar) Xa(t) + Ba(t, cw)'u(t) + ba(t, )] dt
+[Co(t, ) Xo(t) + Da(t, ar)ult) + pa(t, o)) dW (t), t € [r,T],
Xo(1) = K(7)X1(7 —0),

X1(0)=22>0, ag =19 € M,

(4.1.1)
where A, (t,w, 1), B,(t,w, 1), by(t,w, ), C.(t,w, ), D (t,w, 1), py(t,w,i), are all {F¥ }150-
adapted processes of suitable sizes for v = 1,2, ¢« € M, the initial states + € R, and
ig € M are known.

We represent the entire state process as X (t) = X;(t) 1;«, +Xo(t) 1;>,. From
equation (4.1.1), it is evident that the state process starts from an initial position
and transitions to a different process at time 7, where the initial condition of the new
process depends on the terminal value of the previous one. Here, (u(-), 7) constitutes
a control pair, with u(-) taking values from R™ and 7 is an {F;},.-stopping time.

The class of admissible controls and admissible stopping time are defined as the

set

U0, 7] = {u(~) e L%(0, T; Rm)},
70,7 := {T :Q —[0,T] | 7 is an {F}i=o-stopping time}.

The set of admissible control pairs is defined as

B = {(u(-),T) €U0, T] x T[0,T] | X¥(s) > 0 for s € [0,7)}.

Correspondingly, we refer to (X (-),u(:),7) as an admissible triple, for the system

(4.1.1).
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Remark that set of admissible control pairs here is different from that of homoge-

nous problem (3.1.2) where
o =U0,T) x T[0,T].

This is because we cannot solve the Pre-Switch LQ problem in the non-homogenous
case. Instead, we will give a lower bound, which requires the sign of the state to be
non-positive before stopping. This setting will not affect Post-Switch LQ problem.
Economically speaking, we do not allow the state to be bankrupt before stopping.
Let us now state our mixed stochastic linear quadratic optimal control problem
(MSLQ problem) as follows: Given (x,iy) € Ry x M, our goal is to
Minimize  J(z, 0, u(),T)

(4.1.2)
subject to (1, u(:)) € A, (X(-),u(-), ) follows (4.1.1),

where the cost functional is given as the following quadratic form

Havio,u).7() = B[ [ (Qutt.(Xalt) = an(t, )

+ (u(t) = pr(t, ) Ra(t, o) (u(t) — pa(t, O@)) dt

+ Gl (Ta O‘T) (Xl(T) — 01 (7—7 &T))2
+ [ (Qatta)(Xalt) = e, )
F(ult) = palts ) Rt ) u(t) = polt, )

+ Gy(ar) (Xa(T) - gz(OéT))Q} : (4.1.3)

The associated value function is defined as

V(z,ig) = inf  J(x,ip,u(-),7), v € Ry, iy € M.
(u(),m)e#

Problem (4.1.2) is said to be finite at (x,iy) € Ry x M, if V (x,iy) > —o0o; and to

be solvable, if there exists a pair control (u(-),7) € # such that
J (x,ip,u(-),7) =V (x,1p) > —o0,
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in which case, (a(-), 7) is called an optimal control pair for problem (4.1.2) at (z,1i¢) €
R, x M. To make sure the well-posedness of the MSLQ problem (4.1.2), we put the

following assumptions in this chapter.

Assumption 4.1. For alli € M,
( ) 2 72) ( ) b?('ai)a Q1<'>i)7 (J2<'>i> € L;:OW(OaT;R)a

(
( 71)7 BQ( 72) ( ) (,Z) € L;:OW(()?T;Rm)v
Cul0. Gl (-3 ) € EE(0.TSR), Dili. Duled) € L300, T3,
§ Q1(-, 1), Q2(-,7) € L% (0, T;R), Ri(-,4), Ra(-,4) € LFw (0,T;8™),
G1(+,1), g1(- ,z) (O,T,]R), Ga(1), 92(7) € LEw (4 R),
G(-,1),K(-1i) € (OaT;R>>
| K() € LFw (0,75 R)

Assumption 4.2. There exists a constant 0 > 0 such that at least one of the fol-

lowing cases holds.

(i) Standard case. For alli € M,
Q1(i) =0, Ry(i) = 61, and G(T,i) =6,
Q2(i) = 0, Ro(i) = 01, and Go(i) = 4.
(i) Singular case. For alli e M,
Q1(i) =0, Ri(i) =0, Di(i)"D1(i) = 61, and G(T,i) > 0,
Q2(i) =0, Ry(i) =0, Dy(i)" Dy(i) > 61, and Gy(i) > 6.

Here, “singular” refers to the potential singularity of R;(i), Rs(i) in the cost
functional (4.1.3).

Under Assumption 4.1, SDE (4.1.1) has a unique solution X () € L%(Q; C(0,T;R))
for any (u(-),7) € Z according to standard SDE theory, and the cost functional
(4.1.3) is well-defined, making problem (4.1.2) well-posed.

The remainder of this chapter solve problem (4.1.2). We first present several
technical tools that will used to solve the Riccati equations in problem (4.1.2).
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4.1.2 Snell Envelope

To prove existence for RBSDEs, we use the Snell Envelope — a key tool for obstacle
constraints. This supermartingale gives the optimal expected value when stopping a
process, directly relating to how RBSDEs solutions must stay above barriers. We’ll
use it in this chapter to construct the solution by connecting optimal stopping theory
to our RBSDEs.

For our approach, we need class(D) processes, which is used extensively in the
literature on stochastic process theory, especially for Doob-Meyer decomposition, see

Karatzas and Shreve (1991). We recall its definition (see, Pham (2009)).

Definition 4.2. Let .7 (respectively, .7, ) be the class of stopping times T of the
filtration {]:tw} which satisfy P(T < o0) =1 (respectively, P(T < a) =1 for a given
finite number a > 0). A right-continuous process { X (t), F}V;0 <t < oo} is said to
be of class (D), if the family {X (1)}, ., is uniformly integrable; of class (DL), if

the family {X(7)},c. is uniformly integrable, for every 0 < a < oo.

For any ¢ € [0, T}, let T; 1 denote the set of {.FZV } -stopping times valued in

$€[0,7T]

sl

Definition 4.3 (Snell Envelope). Let H = (H(t))yeier be a real-valued {FV}-
adapted cadlag process, in the class (DL). The Snell Envelope V' of H is defined
by

V(t)=esssupE [H() | FV], 0<t<T.

T€7—t7T

It is the smallest supermartingale of class (DL), which dominates H, i.e., V() >
H(t), 0 <t <T. Furthermore, if H has only positive jumps, i.e. H(t)— H(t™) > 0,
0<t<T, then'V is continuous, and for all t € [0,T], the stopping time

n=inf{s>t:V(s)=H(s)} AT
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1s optimal after t, i.e.
V(t)=E [V, | '] =E[H, | F'].
4.1.3 The Doob-Meyer Decomposition

The Doob-Meyer decomposition is essential for our study of RBSDEs. Since solu-
tions involve submartingales constrained by barriers, this decomposition will help us
separate martingale components from increasing processes. We'll apply it directly to

establish the existence of RBSDEs later.

Definition 4.4. An {EW}—adapted process A is called increasing, if for almost all

w € ) we have

(1) A(0,w) = 0;

(i1) t — A(t,w) is a nondecreasing, right-continuous function;
(iii) B (A(t)) < oo holds for every t € [0, 00).

An increasing process t — A(t,w) is called integrable if E(A(c0)) < oo, where

A(00) := limy o A(%).

Thanks to the monotone convergence theorem, an increasing process A is inte-

grable if and only if limy_, ., E[A(¢)] < co.

Definition 4.5. An increasing process A is called natural if for every bounded, right-

continuous martingale { M (t), F}V;0 < t < co} we have

E M(s)dA(s) =E M(s7)dA(s), for every 0 <t < co.
(0,t] (0]

For a detailed discussion of the Doob-Meyer decomposition and the proof of the

following theorem, refer to Karatzas and Shreve (1991).
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Theorem 4.1 (Doob-Meyer). Let {EW} satisfy the usual conditions. If a right-
continuous submartingale X = {X(t),Fi; 0 < t < oo} is of class (DL), then it

admits the decomposition

X =M+ A, (4.1.4)

as the summation of a right-continuous martingale M = {M(t), FVo<t< oo}
and an increasing process A = {A(t), FVo<t< oo}. The latter can be taken to
be natural; under this additional condition, the decomposition (4.1.4) is unique (up to
indistinguishability). Further, if X is of class (D), then M is a uniformly integrable

martingale and A is integrable.

4.2 The Extended Stochastic Riccati Equation

4.2.1 Solutions to ESREs and RESREs: Existence and Unique-
ness

To tackle the MSLQ problem (4.1.2), we first introduce the following system of ¢-
dimensional RBSDEs:
(dP(i) =— [(2A1(i) + C1(1)'C1(0))P(1) + 2C1 (1) A(4)
+HO(P(i), A(i),) + f:lqijP(j) dt +dp + A7) dW,
=

P(T,i) = G(T,1), (4.2.1)

Ry (i) + P(i)D1(2) D (i) > 0,

| P(i) <G(), Ji (G(i) — P(i) du(i) = 0, u(0,i) = 0, for all i € M,

where

H(t, P,A, i) = —(PBy(i) + Dy (i) (PCy (i) + N)) (By (i) + PDy (i) Dy (i)'

(PBi(i) + D (i) (PC (i) + A)).

For RBSDEs (4.2.1), its solution is subject to the point-wise constraint
P(i) < G(),
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and the non-decreasing process j(7) of the solution is used to push the main solution

component P(7) to satisfy the above constraint in a minimum energy way, i.e.,
T
| @@~ P aut) =o
0

We introduce the following ¢-dimensional BSDEs:

(

dP(i) = — [(2A2(¢) + Co(i) Co(0)P(i) + 205(6) A(D) + Qa(d)

+H(P(3),A(7),1) + ]é Qijp(j)] dt + A(z)" dW, (4.2.2)

R(i) + P(i) Do (i) Dy(i) > 0, for all i € M.

where

1

HO(t, P,A,i) = — (PBs(i) + Do(i) (PCs(i) + A)) (Ro (i) + P Do (i) Da(i))

- (PBy(i) 4+ Do(i)' (PCy(i) + A)).

RBSDEs (4.2.1) is RESREs, while BSDEs (4.2.2) is ESREs, for the mixed control
problem (4.1.2), which has been extensively studied in Hu et al. (2022b) and Li and
Xu (2023).

For clarity of statement, sometimes we use (P?, A%) and (P°, A®, u®) for the solu-

tion of (4.2.2) and (4.2.1) respectively.

Definition 4.6. A vector process (P(i), A(i), p(i))t_, is called a solution to the (-
dimensional RBSDEs (4.2.1) if it satisfies (4.2.1) and (P(i), A(i), u(i)) € LFw (0,T;R)x
L2 (0, T;R") x A0, T;R) for alli € M.

Definition 4.7. A vector process (P(i), A(i))_, is called a solution to the (-dimensional
BSDEs (4.2.2) if it satisfies (4.2.2) and (P(i), A(i)) € L% (0,T5R) x L5 (0,75 R™)
for alli € M. The solution to (4.2.2) is defined similarly.

In fact, the second parts A of the solutions of (4.2.1) and (4.2.2) turn out to be in

the class of martingales of bounded mean oscillation, briefly called BMO martingales.
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Since we have already established the foundational properties of such martingales in
Chapter 3, we briefly recall only the essential property, see Kazamaki (2006) for more

details. The Doléans-Dade stochastic exponential

e [ awrawe)

of a BMO martingale [, A(s)’dW(s) is a uniformly integrable martingale. Moreover,
if [;A(s)dW(s) and [; Z(s)'dW (s) are both BMO martingales, then

is a standard Brownian motion, and [, A(s)’ dW(s) is a BMO martingale, under the

probability measure P defined by

- 5</OT Z(s)’dW(s)).

The following space plays an important role in our argument

dP
dP

L2200, T;R™) = {¢ € Lzw (0, T;R")

/ o(s) dW (s) is a BMO martingale}.
0

We set

T 1/2
= supess sup E {/ |Zt|2dt ‘ .7-"7] < 00,

BMO» T weN

/O'Qs’dw

where the supreme is taken over all F"-stopping times 7.

Lemma 4.1. Under Assumptions 4.1 and 4.2, the system of BSDEs (4.2.2) admits

a unique uniformly positive solution (P(i), A(7))iem-
The proof is similar to that of Lemma 3.1 of Hu et al. (2024).
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Lemma 4.2. Under Assumptions 4.1 and 4.2, the system of RBSDEs (4.2.1) admits

a unique uniformly positive solution (P(i), A(2), 11(2))iem-
Proof. The proof is given in section 4.5.1. O

Remark 4.1. The given system of RBSDEs (4.2.1) and BSDEs (4.2.2) violate both
the standard Lipschitz condition and the quadratic growth condition due to the struc-

tural properties of the nonlinear terms H® and H® in their generators.

4.2.2 Linear RBSDEs with Unbounded Coefficients

Non-homogeneous MSL(Q problems 4.1.2 differ fundamentally from homogeneous
MLQ problems 3.1.2 in that the latter requires solving a new class of nonlinear
BSDEs and RBSDEs system with unbounded coefficients.
For all i € M, let (P%(i), A%(3)), (P°(i),Ab(i), u°(i)) be the unique uniformly
positive solution to (4.2.1) and (4.2.2). Set
[(i) = (Ra(i) + P*(8)Da(i) Do)~ (P*(3) Ba(i) + Da() (P*(0)Ch(i) + A*(0))),

(i) = (Ri(i) + P*(i)D1 (i) Dy (i))_l (PP(i) By (i) + D1 (i) (P°(i)C1 (i) + A*(3))).
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We consider the following system of /-dimensional linear RBSDESs,

;

dk‘(i)z—{(Pb( )B1(i) + Di (i) (PP(0)Cr(3) + A(@))) (R (i) + P()) Dy (i) D1 (i)~

))
x [Dy (i) (P*(i)pa(i) — 1(i)) — k(i) B1(i) — Ra(i)pa(i)]
+AL(0)k(D) + C1(i)'1(6) = PP()(C1(8) p1 (i) + ba(d)) — pu (i) A(d)

@)+ X k()] dt = du+1G) @
~[(A6) ~ BUTH@) R + (G10) — Da@T* ) 16) + (PY0)D1 () )
RiOp (0)YT0) + a()Q1(0) — PG)CH ) pr(0) + b1 ()
—pi(i)A @»+;%juﬂa—du+wyau

k(T,i) = K(T, i),

k() > K@), [y (K(0) — k(D) du(i) = 0,
L1(0,4) =0, forall i € M.

(4.2.3)

and the following system of /-dimensional linear BSDEs

(i) = [mw&m+%m<<mm+mmﬂ&m+mo&mmwﬁ
) -

< [Da(i) (P(3)p2(d) — 10)) = k(i) Ba(3) — Ra(i)pa(i)]
+HAKG) + Cali) 1) = PO (Cali) pa(0) + ba(9) = pali) ()
-mxw@xw+z:% ()] at + 1y aw

= [(Aali) — BTG + (Cold) — DT 1) + (PO D) a9
—mw U)()+@@Qﬂ) PA(3)(Coli) pali) + bali)
—paliy +z% )| dt + iy

(E(T, 1) = Go(i)ga(i), for alli € M.
(4.2.4)

Similarly, we may use (k%,1%) and (k% 1°, u) for the solution of (4.2.4) and (4.2.3)

respectively.
Although (4.2.3) and (4.2.4) are linear BSDE systems, it structures creates three

major difficulties: First, its coefficients become unbounded due to the unboundedness
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of A(7) (and consequently I'(7)). Furthermore, the equations are coupled through the
coupling term Z§=1 ¢ijk(j). Third, the boundary restriction condition in (4.2.3) that
forces solutions to stay above the given boundary. The solvability of (4.2.4) is given
in Hu et al. (2024).

To our knowledge, no existing results directly apply to (4.2.3) systems. Estab-
lishing the solvability of (4.2.3) therefore represents the main technical contribution
of this work. To solve (4.2.3), we will employ several auxiliary lemmas. Young’s In-
equality and the John-Nirenberg inequality, presented in Proposition 1.3.2 of Zhang
(2017) and Theorem 2.2 of Kazamaki (2006), are two of these.

Lemma 4.3. Under Assumptions 4.1 and 4.2, the system of linear BSDFEs (4.2.4)

admits a unique solution (k(i),1(7))iem such that

(k(i),1(1)) € LEy (0, T;R) x LZ*MO (0, T;R"™), for all i € M.
Proof. The proof is given in Theorem 3.7 of Hu et al. (2024). O

Lemma 4.4 (Young’s Inequality). Assumep,q > 1 and %%—% =1. Foranyz,y € R,
it holds:

p q
p q

In particular, forp=q=2,¢ >0, x,y € R, we have

2ey <ex’+e 'y’ and  (z+y)’ < (1+e)2*+ (T+e) ™

Lemma 4.5 (The John-Nirenberg Inequality). Suppose ¢ € L?}VE’MO(O, T;R™) and

‘ / o(s) dW (s) <1.
0 BMOo
Then for all {F¥ }io-stopping times 7 < T,
1
E|e/ b@Pds | 7] o , .
[ ] 1 - Hfo o(s)’ dW<3)||BM02
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From this Lemma, we immediately have the following estimate.

Lemma 4.6. Suppose ¢ € L* BMO(O T;R™). Then for any constants p € (0,2) and

K >0, there exists a constant c, x > 0 such that

E[GKLT [6(s)[P ds ;W] e
hold for all {F}" }=0-stopping times T < T.
Proof. The proof is given in Lemma 3.3 of Hu et al. (2024). O

The following lemma can be found in Page 26 of Kazamaki (2006).

Lemma 4.7. Suppose ¢ € L BMO(O T;R™). For any constant p > 1, there is a

generic constant K, > 0 such that

P [(/TT!(b(s)\?ds)”\fZV] <K

hold for all {F}" }i=0-stopping times T < T.

2p

s) dW (s)

BMO»

As one of our contributions, we further extend Lemma 4.6 and provide that
through the measure transformation, similar estimation still holds under the new

measure.

Lemma 4.8. Suppose ¢ € L% BMO(O T;R") and let B be a R™-valued {F}" }i0-

adapted process satisfying the bound || < |p|. Define P by

- e ( /O Tﬁ(s)’dW(s)) -

Then for any constants p € (0,2) and K > 0, there ezists a constant c, g > 0 such

that
E [GK SE 16(s)IP ds

]:W] Cp,K

hold for all {ftW}@o-stoppz’ng times 7 < T.
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Proof. The proof is given in section 4.5.2. O

The following result solves a new class of one-dimensional BSDEs with all coef-
ficients being unbounded. It will be used to establish the corresponding result in

multi-dimensional case, that is (4.2.3).

Lemma 4.9. Let p € (0,2) be a constant, a and f be two R-valued {F}" }i=0-adapted
processes, ¢ € L;’VEMO(O,T; R"), and B be a R"-valued {F}¥}i=o-adapted process

satisfying the bounds

lal < 1o, 18] <ol [f] < |g]*.

Then given any & € L;"W(Q;R), and a continuous progressively measurable real-
valued ‘obstacle’ process S € L%y (0,T;R) satisfying & > S(T), the following 1-
dimensional RBSDFEs

—dY (t) = (a(t)Y (t) + B Z(t) + f(t)) At + dp — Z(¢t)' AW,

Y(T) =¢,
Y(6) = S(t), fy (Y(6) = S(t) du(t) =0, (4.2.5)
1(0) = 0.

admits a unique solution (Y, Z, ) € LFy (0,T;R) x L?VEMO(O,T; R™) x A.(0,T;R).
Proof. The proof is given in section 4.5.3. [

With the help of the above one-dimensional result and contraction mapping, we

can solve a system of multi-dimensional BSDEs with all coefficients being unbounded.

Theorem 4.2. Suppose p € (0,2) be a constant, for every i,j7 € M, ¢(i) €
L?,;EMO(O,T; R™), f(i) and k;; are R-valued {F}" };>0-adapted processes, and [3(i)

is a R"-valued {F}V }1>0-adapted process such that

EOINEOIMNOINE G SR E O]

JEM
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Then for any given terminal values £(i) € LS (0, T;R), and continuous progressively
measurable real-valued ‘obstacle’ processes S(i) € L% (0,T;R) satisfying (i) >

S(T,i) for alli € M, the following system of {-dimensional RBSDEs:

(— k(i) = [B0)10) + £() + > kigh(7)] dt + du — 1(i) aw,

k(T i) = &(@), (4.2.6)
k(t,d) > S(t,d), [ (k(t,i) — S(t,4)) dpu(t,7) = 0,
[ 1£(0,7) =0, forallie M,

admits a unique solution (k(i),1(7), ;1(3))ierm such that
(k (i), 1(i), u(i)) € LEw (0, T;R) x LM (0, T; R™) x A0, T;R), for alli € M.
Proof. The proof is given in section 4.5.4. [

Remark 4.2. We emphasis here again that all of B(i), f(i) and k;j are unbounded,
whereas in (Hu et al., 2022b, (5.8)) only B(i) is unbounded.

Corollary 4.1. Under Assumptions 4.1 and 4.2, the system of linear RBSDEs

(4.2.3) admits a unique solution (k(i),1(i), p(7))iem such that
(k(4),1(3), (i) € LEw (0, T;R) x L2ZMO(0, T3 R™) x A.(0,T;R), for all i € M.

Proof. The proof is given in section 4.5.5. O

4.3 On the LQ Problem (4.1.2)
4.3.1 Post-Switch LQ Problem (4.3.1)
For given (7, X5(7), ;) € T[0,T] x L% (;R) x M, consider the post-switch linear

quadratic (Post-Switch LQ) problem:

{Minimize J(1, Xa(7), ary u(-)) (4.3.1)

subject to (7, u(+)) € A, (Xa(-),u(-)) follows (4.1.1),
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where the quadratic cost functional

T4, Xo(7), () = E[/ (@t ) (at) — gl )
+ (u(t) — pa(t, o)) Ra(t, cu) (u(t) — palt, at))) dt
+ GQ(OéT)(X2(T) - 92(04T))2 ‘ ]:r] :

Define the conditional minimal value function system

Vo(r. Xa(r).0r) = essint J%(7, Xal(r). (). (4.3.2)

For any admissible control pair (u(-), 7) € %, we always have that u(-) 1., € U[0,T],
therefore the above value function (4.3.2) is linked to our problem (4.1.2).

The solution to the Post-Switch L) problem (4.3.1) is stated as follows.

Theorem 4.3. Suppose that Assumptions 4.1 and 4.2 hold. Let (P*(t,1), A*(t,1))iem
and (k*(t, 1), 1*(t,7))iem be the unique solutions of the systems of BSDEs (4.2.2) and
(4.2.4), respectively. Then the Post-Switch LQ problem (4.3.1) has an optimal con-

trol, as a feedback function of the time t, the state X5, and the market regime 1,

a(t, Xo(t),4) = —(Ra(t, ) + P(t,3)Dy(t, i) Da(t, i)~
x [(P“(t, i) Da(t, 1Y Ca(t, i) + P(t,9)Ba(t, i) + Da(t, i) A(t, i))Xg
+ P(t,0)Da(t, 1) pa(t, i) — k*(t,§) Ba(t, 1)

— Dy(t,0)19(t, ) — Ro(t,i)pa(t,4)]. (4.3.3)
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Moreover, the corresponding optimal value is
VT, Xo(1), o)

= P71, a,) Xo(7)? — 2k°(7, ) Xo(7) + E[Go(ar) ga(ar)? | F

+ELKT@”@aﬁm@aﬁm@@@—2ﬂ@ﬁ@@@aﬁ

- 2p2 (ta at)/la(t? at) + QQ(ta at)q2 <t7 at)z + pQ(t> at)/R2 (tv at>p2(t7 at)

— [Da(t, an) (P*(t, ) pa(t, o) — 1, o)) — k*(t, o) Ba(t, o)

— Ry(t, ay)pa(t, )] (Ra(t, ) + PO(t, ) Da(t, o) Da(t, ) ™

X [Da(t, ) (P(t, o) pa(t, ) — 1°(t, ) — k*(t, o) Ba(t, cvy)

~ Ro(t, a0)pat, ozt)D dt ‘ fT} . (4.3.4)

Proof. The admissibility of the control process u (¢, X5(t), ay) will be proved in the
following lemma. The reminder of the proof is similar to that of Theorem 3.4 in
Chapter 3 via applying Itd’s Lemma to P (¢, ay) Xa(t)* — 2k° (¢, i) Xo(t), so we

leave the details to the diligent readers. O

Lemma 4.10. Under the conditions of Theorem 4.3, we have
u(t, Xa(t), ar) € La(7, T;R™).
Proof. The proof is given in section 4.5.6. ]

4.3.2 Pre-Switch LQ Problem

Under Assumption 4.1, Post-Switch problem admits a unique optimal control which
can be represented by (4.3.3). In this section, we will study the problem which is
termed of control-stopping (or mixed) type because it combines control and stopping.
The controller, at her/his convenience, the controller chooses also the time 7 to stop
controlling the system.
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Let (P%(i), A4(4))i_, and (k%(i), 1%(i))¢_;) be the unique solutions to (4.2.2) and
(4.2.4), respectively. To simplify the notation, for all i € M, we define
G(t, i) = Gi(t,i) + K(t)*P*(t,1),
K(t,i) = (G1(t,1)g1(t, 1) + k*(t, 1) K(t)),
and
Ct, 1) = P(t,9)pa(t, 1) pa(t, i) — 2k%(t,)ba(t,7) — 2pa(t,1)"1%(¢, 1)
+ Qa2(t,1)qa(t,1)* + pa(t,1) Ra(t, i)pa(t, 1)
— [Da(t, i)' (P(t, i) pa(t, i) — 1°(t, 1)) — k“(t,4) Ba(t, i)
— Ry(t,i)pa(t, d)] (Ralt, i) + P(t, i) Da(t, i) Daf(t,i)) "
X [Dy(t, i) (P(t,i)pa(t, i) — 1°(t, 1)) — k*(t,7)Ba(t, )
— Ry(t,i)pa(t,9)],
which is a fixed process that is obtained from the Post-Switch LQ problem (4.3.1),

independent of control u. We now define
T
C1) = Gl )an (1,0 + E[Galandga(on)? + [ €100 a],
0
and
T o, u(), ) = E[/ (@)X, (1) ~ (1.
0

o+ (ult) = prlt, ) Ra(t o) (ult) = pi(t @) = C (1, ) ) ]

+ G(1, ) X1(7)? = 2K(7, 0 ) X1 (7) + CO(7, 7).

We consider a problem:

{Minimize Jb(x, i, u(-), T) ( )
4.3.5

subject to  (7,u(-)) € A, (X1(-),u(-), ) follows (4.1.1).
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The corresponding value function is defined as
VP(z,i0) = inf  J(x, 0, u(-),T). (4.3.6)

(u(-),r)ER

We call the problem (4.3.5) the Pre-Switch LQ problem.
Unfortunately, we cannot solve the above Pre-Switch LQ Problem (4.3.5) com-

pletely. Instead, we will provide a lower bound for it in the next section.

4.3.3 Lower Boundary to the Pre-Switch LQ Problem (4.3.5)

Let (P(i), A°(4), p1(7))iepm be the unique solutions of the systems of RBSDEs (4.2.1).

Define a constant M = esssup;,,, K(j). Let

Foerl o, u(),7)
B[ [ (Qut.00(i0) -t
+(ult) = pa(t,00)) Ba(t, ) (ult) = (0 ) — (1, 00) )
+ P (1,0) X1 (7)? = 2M X, (1) + C(7, 0r) |- (4.3.7)

The set of admissible control pairs is defined as the unconstraint one

o =U[0,T] x T[0, T].

We consider the following Pre-Switch Lower Boundary LQ problem:

Minimize — J2 . (2,0, u(-), )

(4.3.8)
subject to  (7,u(-)) € o, (X1(-),u(-), ) follows (4.1.1).
The corresponding value function is defined as
Vigwer(flf, Z.0) = inf Jlléwer(‘r’ iU? U(), T)' (439)

(u(-),m)ed

Theorem 4.4. Suppose that Assumptions 4.1 and 4.2 hold. Let (P°(3), A°(i), 111(4))ier
be the unique solutions of the systems of RBSDEs (4.2.1). Then the Pre-Switch Lower
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Boundary L@ problem (4.3.8) has a lower bound:

~

T
Vlgwer(a:, ig) = Pb(O, io)x® — 2Mx + IE{ / C(t, oy) dt + Gg(aT)gQ(aT)Z} + M,
0

where
M = inf E{G1<T, a; )i (T, ozT)z—i-/ [Pb(s,as)pl(s,as)/pl(s,as) — 2Mby (s, o)
TET[0,T] 0
Qs a5, + 15,0 (s, 0 (50) = €5, + s ) i .
and
o )_ce2+d2—bde
P As) = 4ac —b?
and

a = Ri(s.) + P(s,0,) Da(s, ) Da(s, o).
b= Z(Pb(s, @) Ci(s, g Dy (5, ) + PP(s, a0) Bi(s, ) + A%(s, ) Dy (s, as)>,
¢ = Qi(s.0) = H'(s, P(s.0.), (s, ), 00)
d = 2((P"(5.0)(Ci(s @) pr(s, ) + ba(s, ) + p(s, @) A (s, )
= 201(s, a)ar (5, ) — 2MAy),
e = 2(P'(s,a.)pi(t,00) Di(s, ) = MBy(s,0.)' = pa(s, ) Ri(s.a)).

Proof. The proof is given in section 4.5.7. [

Theorem 4.5. Suppose that Assumptions 4.1 and 4.2 hold. Let (P*(i), A’(i), p1(7))ier
and (K°(i), 1°(3), u2(i))iesm be the unique solutions of the systems of RBSDEs (4.2.1)
and (4.2.3), respectively. Then the Pre-Switch LQ problem (4.3.5) has a lower bound:

T
VP(z,i0) = P*(0,ig)2* — 2Mz + E{ / C(t, on) dt + GQ(OCT)92<06T)2} + M,
0
where M is defined in Theorem 4.4.

Proof. The proof is given in section 4.5.8. O
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4.4 Remarks

4.4.1 On the solvability of Pre-Switch LQ problem (4.3.5)

Here, we give some remarks on the solvability of Pre-Switch LQ problem (4.3.5). In
this section, we use subscript phomo, nonhomo t0 distinguish the homogeneous case and
non-homogeneous case.
First, we consider the homogeneous Pre-switch Problem (3.3.9). We first have,
for any (u,7) € o,
JP (g, u(-), T) = S0 (2 i, u(s), T), (4.4.1)

homo

where

Thomolavio,u).7) =B{ [ 1(t.00) dt + PUr.a) X} (7 + PY(ran) X7 (7)),

where f(t,i) = Qi(t,1) X1 (t)>+u(t) Ry(t, i)u(t), which is due to the fact that (X;5)? >
0 and RBSDEs (3.2.1) and (3.2.2). We also proved

1. for any (u,7) € <,
Thomo( 0, u(-), 7) = PL(0,40) (27)* + P3(0,d0) (27)*;

2. and
li)lomo(x’ Z"J? u, 77_) = Plb(07 io)(lL‘+>2 + P2b(07 Z.O)(I_)2'

The above two estimates show that (u,7) is optimal to

(ur?)lggi ilf)lomo(xy 2.07 u()’ T)'

Note the estimate (4.4.1) is an equation when (u,7) = (u,7), so we also conclude
that (u,7) is optimal to Pre-switch Problem (3.3.9).
Now we repeat the same argument as before for the non-homogeneous case. Sup-

pose we can find an optimal (u,7) to solve

(ur?)lél Jllz)wer('rv lo, U(), T)7
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where JP . is given by (4.3.7). In order to prove (i, 7) is also optimal to

(urg'l)igp{ Jrlionhomo(l‘7 io, u()? 7_)7

we need to show, for any (u,7) € 7,

Jrlionhomo('r? iO’ U(), T) > Jlbower(xv 2.07 U’()7 7—) (442)

and

Jgonhomo<x7 iO? u, 7_—) = Jllz)wer(x7 iO? u, 7_—)

Notice (4.4.2) is equivalent to

E|G(r, ;)X (1) — 2K(r, ozT)Xl(T)} > E[Pb(T, @) X1 (7)2 — 28 (7, ) X (7).

Since there are non-homogeneous terms exists in the dynamic of X; and there is no
state constraint in o7, we do not know the sign of X;(7). Hence the above inequality
and (4.4.2) cannot hold, so the method does not work when the admissible set is .«

Alternatively, we consider the non-homogeneous problem under the constraint %
instead of o7. In this case, (4.4.2) holds since X;(7) > 0 for any admissible pair in

%. However, we cannot solve

(unfl)ig@ Jll:)wer(xa 10, u()? T)'

This is because, we cannot verify if X;(s) > 0 holds for s € [0,7) for the optimal
pair obtained by completing square.

To find a lower bound problem (4.1.2), we have proposed (4.3.9). Indeed, the
above argument shows

inf Jb(x,io,u(~),7')

(u,T)EA

Z (ulgg% ‘]ll:)wer('ra 10, u()’ T)

> (ulTI)lg@% Jl?)wer(xa iO; u()’ T)7
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where the last inequality is due to that 4 C /. Note the last problem is still
unsolvable, however we can find a lower bound for it, thus obtain a lower bound for

the original non-homogeneous problem (4.1.2).

4.4.2 Other remarks

In this chapter, we studied a non-homogeneous stochastic L(Q control-stopping prob-
lem with regime switching. The system dynamics is driven by Brownian motion
and a continuous-time Markov chain, with coefficients that are random. Our main
contributions include the explicit derivation of lower boundary for this problem.

We propose and study a novel system of highly nonlinear BSDEs and one RB-
SDEs. The solvability of these equations, established using tools from BMO mar-
tingale theory and the John Nirenberg inequality, is of independent theoretical in-
terest within BSDEs framework, particularly for systems with quadratic growth
and regime-dependent dynamics.Different from homogeneous stochastic LQ control-
stopping problem, one kinds of new unbounded RBSDE systems are introduced. Due
to the boundary constraints on solutions to such equations and its all unbounded
coefficients, establishing their solvability requires novel proof techniques and ap-
proaches. To establish solvability for this new class of unbounded BSDESs, our main
approach follows three key steps: first deriving essential BMO martingale estimates
and property, next solving the one-dimensional unbounded system, then extending
the solution to multi-dimensional systems via contraction mapping. This methodol-
ogy forms the paper’s primary theoretical contribution. The contribution of estab-
lishing solvability for this new class of unbounded RBSDEs not only enriches the
existence and uniqueness theory of BSDEs but also provides novel proof methodolo-
gies for future researchers, while offering substantial reference value for subsequent
studies on stopping-control problems.

Extensions in other directions can be interesting as well. Extending our one-
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dimensional dynamics to higher dimensions to analyze analogous results still hold,
or generalizing the LQ problem to more general control-stopping problems or LQ

games, represent promising directions for future research.

4.5 Proofs for Chapter 4
We then show all the proofs of Chapter 4.

4.5.1 Proof of Lemma 4.2

Proof. According to Theorems 3.2 (resp. Theorem 3.3) in Chapter 3, there exists a
unique nonnegative (resp. uniformly positive) solution (P(7), A(7), u)‘_, to RBSDEs
(4.2.1) under Assumptions 4.1 and 4.2 (i) (resp. 4.2 (ii)). Note that Assumption 4.2
(i) is stronger than the standard assumption in Theorem 3.2. So it remains to show
that the solution of (4.2.1) is actually uniformly positive under Assumptions 4.1 and
42 (i),

Let ¢1, ¢ be two positive constants such that P(i) < ¢1, and
2
24, (i) + C1(3)'C1 (i) + qis — %]Bl(i) + D1 (i) CL ()2 > —ca, for all i € M.

Consider the following /-dimensional decoupled BSDEs:

(

AP(i) = — | (241(3) + C1(i) C1(3) + ) P(0) + 2C1 (i) A()
FHY(P(i), AG),7)] dt + AG) W,

P(T,i) =6,

| Ri(i) + P(i) D (i) Dy (i) > 0, for all i € M.

(4.5.1)

This is a decoupled systems of BSDEs. From Theorem 4.1 and Theorem 5.2
of Hu et al. (2022b), the ith equation in (4.5.1) admits a unique, bounded hence
maximal solution (see page 565 of Kobylanski (2000) for its definition) (P(i), A(i)) €
L% (0, T;R) x L22M(0, T;R™), and P(i) > 0 for all i € M.
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Similar to Theorem 3.2, the solution (P(i), A(7), 1(7))iem of (4.2.1) could be
approximated by solutions of a sequence of BSDEs with Lipschitz generators.
Thus we can use comparison theorem for multi-dimensional RBSDEs Lemma 3.1

and then pass to the limit to get
P(i) > P(i), for all : € M. (4.5.2)

Let g : RT — [0,1] be a smooth truncation function satisfying g(z) = 1 for
x € [0,¢1], and g(x) = 0 for & € [2¢1,+00). Notice that ¢; > P(i) > P(i) > 0, so
(P(i), A(7)) is still a solution of the ith equation in BSDEs (4.5.1) with H®(P, A, 1)
replaced by H’(P, A,i)g(P) in the generator.
Notice that for P = P(i), A = A(i), we have, under Assumptions 4.1 and 4.2 (i),
H*(P,A,i)g(P)

> —§|PBl (i) + PDs (i) Cy (i) + Dy (i) Al2g(P)

- _%’Bl(i) + Dy (1) Ci (1) Pg(P) — %(31(2) + Dy(i) C1(i)) Di (i) Ag(P)

1 N
- 5!D1(2) APPg(P)
201P
- 1)

= 22 (1) + DY i) DaiYAg(P) — 31Di(i) AP (P).

| Bu(i) + Di(i) Ci (i)

The following BSDEs
dp = — [ — P + 204 (iY' A — 22(By (i) + Dy (i)'Cy (i) Dy (i) Ag(P)
—§|Dl(¢)'A|Qg(P>} dt + A AW,

has a Lipschitz generator, thus it admits a unique solution ((56_02(T_t), 0). Then the
maximal solution argument (Theorem 2.3 of Kobylanski (2000)) gives
P(t,i) > de~2T7D > geeT
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Combining with (4.5.2), we proved that the solution (P(i), A(7), 11(7))iem of (4.2.1)

is actually uniformly positive under Assumptions 4.1 and 4.2 (i). O

4.5.2 Proof of Lemma 4.8

Proof. By the properties of measure transformation,
o [rims s 73
E[N(T) | FF]

E [er? BIF ds | fTW] _

E|NT) | FY| =E[E[NT) | F¥] | 7.
We have E [N(T) ] .7-";”7] = N(7) since N(t) is a P-martingale. Thus,

E[N(T)ex I loras | 7]
N(7) ‘

T [erTT BIF ds | ;’VV] -

The numerator expands as:

E [N(T)erTT |¢(s)[P ds | ]:TW] = N(7)E {Merf’w(s)wds

N(7)

IW]

where % = exp (fTT B(s) dW(s) — 3 fTT 18(s)|? ds). Substituting this yields:

E|-|FV] =E {exp(/ﬁ ) AW (s —_/ 18(s) |2dS+K/ |pds)

Then, we estimate the exponential term by Young’s inequality as follows.

7.

T

Since 0 < p < 2, for any € > 0, there exists a constant C. > 0 such that:

K|(s)[" < elo(s)|* + C-.
Consequently,

K/ |pds<e/ |p(s)]> ds + C(T — 7) /|¢ (5)]*ds + C.T.
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Exponentiating both sides yields

o (i [ totoras) <o (o [ ot as).

Thus,
e ([ srawes 5 [ peras+x [loepras)

<o ([ srawe — 3 [ perase [ loeras).

Let ¢ > 1 be a constant to be specified later. By Hoélder’s inequality for conditional

expectations

low ([ serawe -3 [ seraste [ o) 2]
< (& [ow (o /TTWS)'ddW(s) -1/ ) o) as)| £ D
(oo (325 [ o) =7 D (153)

We define

First step, we estimate the exponential martingale term A. Define
t 1 t
M) = exp ([ aster amis) - 5 [ #lseopas)
0 0

then it is a martingale under P, so we gain

A= o (1D [ sty as)
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Since 5 € L2 BMO(O T;R™) and |B] < |¢|, the stochastic integral [ 3(s) dW (s) is a
BMO martingale.
By the reverse Holder inequality for BMO martingales (Kazamaki (2006)[Kaza-

maki, 1994]), there exists r > 1 such that:
M(T)\"
M(7)

Select 1 < ¢ < r sufficiently close to 1 such that

.FW

T

< cp < 0Q.

2

- )r
q— s) dW (s) <1
2(r —1) BMO,
Then the John—Nirenberg inequality (Lemma 4.5) gives
E [exp < / 1B(s)|? ds) W < ey < o0,

It thus follows from Hoélder’s inequality that

e[ ep (1) M sas) | 2]
<[ [=]) " (o (520 [man) [ ]) <o

Hence,
E [exp (q /TTﬁ(s)’dW(s) - g/T |B(s)|2ds)‘ F;V‘V’} <. (4.5.4)

Next step, we estimate the term B. Since ¢ € L* BMO(O T;R™), select € > 0

sufficiently small such that:

2

< 1.
BMOo

(s)

By the John—Nirenberg inequality (Lemma 4.5):

e o (155 [ ot as)
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As .T-TW C FV it follows that
ge [T i
E exp q——]_ |¢(S)| ds r < C4. (455)

Combining the estimates (4.5.3), (4.5.4) and (4.5.5) yields

T T T
1 —~
B e ([ atorawes - [ sRas+e [ oras)| 7
1 % g—1 % a=1
<(d) e =
Consequently,
E [erTTWS)‘p ds FTW] < eCﬁTc?‘fi{zci%1 = CpK-
The proof is complete. O

4.5.3 Proof of Lemma 4.9

Proof. Introduce two processes

J(t) = exp ( /0 "a(s) ds) |

N(t) =€ ( /0 t 5(3)'dw<s)) .

and

Note that N(¢) is a uniformly integrable martingale, thus W(t) = W(t) —
f(f B(s)ds is a Brownian motion under the probability P defined by

dP

S| =N,

7y

Define a process

Y (t) = ess supﬁ{ /tv J(s)J(t) " f(s)ds + J(0)J ()" S (v) L {pery

vET;

+J(T)J ()" €l oory

=l
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where .7 is the set of all stopping times dominated by T, 7, = {v € 7;t <v < T},

€.

and E is the expectation w.r.t. the probability measure P. Then clearly Y (T)

Since

J(t)Y(t)+/0 J(s)f(s)ds

—esssupE [/tv J(s)f(s)ds + J(v)S(v)Lipery + J(T)EL =1} }}W} + /0 J(s)f(s)ds

vET

—esssupE [/Ov J(s)f(s)ds + J(v)S(v)lwery + J(T)E1 =1y

vET

‘FtW:| )

the process J(t)Y(t) + fg J(s)f(s)ds is the value function of an optimal stopping

time problem with payoft:
H(w) = [ J@)f) dut TS (W)L uer) + I,
0

By the theory of Snell Envelopes (cf. Karoui (1981) and Karatzas and Shreve (1996)),
J@)Y(t) + f(f J(s)f(s)ds is also the smallest continuous supermartingale which is
dominating H(t). The continuity of {Y(¢)} follows from that of {H(¢)} on the
interval [0,7), and the assumption that the jump of H at time T is positive.

Since a is unbounded, so is J. Thus, we do not have the boundedness of Y auto-
matically. To show the boundedness of Y, we apply the Cauchy-Schwartz inequality,

Lemmas 4.6, 4.7 and 4.8 to get

T
|Y(t)| < E, |:€ftT a(r) dr|§|1{U:T} + eftTa(r)dr sup |S<t>|1{v<T} +/ efts a(r)drlf(8)| ds
t

0<t<T

T
< E, [ceﬁw)v’dr} +E, {eﬁwnﬂdr / 16(s)|? ds]
t

2
62ftT|¢(7’)|Pdr + (/T |¢(S)|2 dS) ]

1~
<C+§Et

<c
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soY € L% (0,T;R).
Similarly, we use the AM-QM inequality, the Cauchy-Schwartz inequality, Lem-
mas 4.6, 4.7 and 4.8 to get

2

B (sme+ [ sis)as)

2

<E (s + [ 1))

T 2
([ 17618 v as) ]

T . 2
([ 1otspeit worea,) ]

0

<20]:E <e2 fOT |(l(7‘)|d'l‘> _I,_ 2]:E

<2cE (62 I el d’") +2E

<c+ 2F |2 o ar </ |¢(S)‘2ds) ]
0
~ T T 4
<erBlefora ([ |¢(s)|2ds)]
0
<0oQ.

Therefore,

Loy + [soseaso<i<r)

is a square-integrable submartingale under P. In the same spirit, we can prove, for

some ¢ > 0, that

E J(Q)Y(G)—J(T)Y(T)+/€ J(s)|o(s)|* ds

]—"T] <o (4.5.6)

holds for all stopping times 7 < 6 < T.
Let us now apply the Doob-Meyer decomposition Theorem 4.1 to the continuous
supermartingale J(¢)Y () + fg J(s)f(s)ds. There exists an adapted increasing con-
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tinuous process { A} with A(0) = 0 and a continuous uniformly integrable martingale

{M} such that

JOY () + /0 J(s)f(s)ds = M(t) — A(t).

Next, we prove that E[A(T)?] < oo for any p > 1, where A(T) = lim,_,7 A(t).

Let ¢ > 0 be a large constant to be chosen, which satisfies |Y(¢)| < ¢ for all ¢ > 0.

For A > 0 we define a stopping time

Then

Now let

w=inf {t> 0] A(t) > \}.

P(AT) 2 A +4c) =P (A(T) = A+ 4c,w < T)

< LB ((AT) ~ A®)) - Lwery) (45.7)

w, =inf{t > 0| At) > X—1/n}.

Then @, T @w and Fy, C Fi. For j > k, we have {w, < T} € Fy, C Fop.

Therefore, by the tower property, Lemmas 4.6, 4.7 and 4.8 and (4.5.6),

E [(A(T) = A(w;)) - Vm, <1}

E

&

E(A(T) - A(®)) | Far] - Lmpery

E

(@)Y (wj) — J(T)Y(T) - / J(s)f(s) ds

‘FWIc] ) 1{Wk<T}]

100



Here we used in the second step that M (¢) is a uniformly integrable martingale. The

constant C' does not depend on ¢ or A. Applying Fatou’s lemma yields, as j — oo,

E [(A(T) - A(®))  1{mery] < CP(mi < T).

Applying again Fatou’s lemma (for &k — oo ) we see that

E[(A(T) - A(®)) - ljwen)] < CB(m < T).

Since A(t) is increasing, {w < T'} = {A(T) > A},

E [(A(T) — A(@)) - Liwery] < CP(A(T) = N), (4.5.8)

Combining (4.5.7) and (4.5.8) we obtain

P(A(T) > A +4¢) < %’ﬁ (A(T) = \),

In particular, for A = 4kc with k£ > 1,

P(A(T) > (k4 1)4c) < 4%@5 (A(T) > 4ke).

Choosing ¢ > 0 such that % < 1/2. Iterating the above inequality yields

P(A(T) > 4ke) < 27FP(A(T) > 4c) < 270+

Note the last upper bound also holds when k£ = 0. Hence, for any p > 1,

E[A(T)"] = p/ooo P IP(A(T) > ) dz

N

o 4(k+1)c B
pZ/ P 'P(A(T) > 4ke) dz
4

ke

<p).

k=0
(4(k 4+ 1)e)P 127" < oo, (4.5.9)
k=0
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which in particular implies that A(t) is square integrable. Therefore, the martingale
t
M(t)=J@)Y(t) + / J(s)f(s)ds+ A(t)
0

is also square integrable under P. By the martingale representation theorem, there

exists Z € L (0, T; R") such that

J)Y(t) + /0 J(s)f(s)ds + A(t) = M(t) = /0 Z(s) dW (s) + M(0).

Let

(t) = /Ot J(s) " VdA(s) > 0, Z(t) = J(6) ' Z(b).

Since A(0) = 0, integration by parts gives
) = [ 67 aas) = g0 40 + [ A)a(s) ) ds

Because 0 < A(s) < A(T) for any s € [0,7] and

o<y =ew (- [aar) <o [amiar) <o ([ pora).

using 1 4+ x < e”, we have

0<u(T) < J(T)A(T) +/0 A(s)|a(s)|J(s) " ds

T T
<ames ([ oo ar) (14 [ ot as)
0 0
T
<ames (2 [ jor o).
0
Thus, by Holder’s inequality, for any ¢ > 1,

By < (B (4)) " (& [eow (20 [ ot ar)]) -
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which is finite by (4.5.9) and Lemma 4.8. In particular, we get u € A.(0,T;R). In

the same way, one can prove, for any ¢ > 1, there exists a constant ¢ > 0 such that

holds for all stopping times 7 < T'.

By It6’s Lemma,
d(JOY(8)) = Z(t) dW (t) — J(t)f(t) dt — dA(t)

= JW)Z(t) dW(t) — Z(t)'B(t) dt — f(t) dt — du(t)].

Therefore,

= (—a(t) (&) VI (OY @) dt + J@E) " (Z@) AW () — J(#) f() dt — dA(t))

— —a(O)Y () dt + Z(tY AW (t) — Z(t)B(t) dt — f(t)dt — du(t).

Thus (Y, Z, ) satisfies (4.2.5).

Since Y and ¢ are essentially bounded, applying Lemma 4.7 and 4.6 yields

IET[/TT|Z(S)|2dS] :ET[(/TT Z(s)'d’W(s)>2]
=E |(¢-¥(n)+ / (@)Y (5) + £(s)) ds + / )]
<ot e [( [ 1P + 06 as) + (D) )]

<ered]( [ "1+ 20 ds)’]

<c+ R, :<T+ 2/TT ok dsﬂ
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for all stopping times 7 < T". Hence, [; Z(s)’dW(s) is a BMO martingale under P.
Consequently [; Z(s)'dW (s) is a BMO martingale under P. Hence we have proved
that (Y, Z, ) € L& (0,T;R) x Li}VEMO(O,T; R™) x A.(0,T;R) is a solution of the
1-dimensional RBSDEs (4.2.5).

Let us prove the uniqueness. Suppose
(Y, Z.p), (Y,Z, 1) € LFw (0, T;R) x L2300, T3 R™) x A.(0,T;R)
are both solutions of (4.2.5). Set
AY =Y Y, AZ=2—-2, Au=pu— .
Then

JOAY () = — /t J(s)AZ(s) dW (s) + /t J(s) dApu(s). (4.5.10)

Note that

/0 ' J(5)2AY (s) dApu(s) = /0 ' J(5)%Y (5) dp(s) — /O " (5)°Y (s) du(s)
- [ oo ©ane) + [ 6876 i)

- /O ' J()2S(s) dp(s) — /O ' J(5)°Y (5) dpa(s)
— /0 : J(5)2Y (s) dji(s) + /0 ' J(5)2S(s) dji(s)

< /0 ' J(5)25(s) du(s) — /0 ' J(5)*S(s) dp(s)

- [ aerseaie) + [ aerse)ais)
_0 (4.5.11)

Next, we prove H(t) = J(t)2AY (t)AZ(t) is square integrable. Since Y, V €
L%y (0, T;R), we have AY € L%, (0,T;R). Since Z, Z € L%V (0, T; R"), one has
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AZ € L?;VE’MO(O, T;R™). Therefore, via Cauchy-Schwarz inequality, Lemma 4.7 and
4.8,

. T . T
IE[/O () d] :E[/O T [AY ()| AZ(5)] ds]
~ T s
< | / 5 WO | AZ (5)[2 ds|
0
~ T T
< cE [e4fo )P dr / IAz(s)Pds]
0

<c (IE [68f0T|¢(T‘)|pdr]>1/2 (]E (/OT AZ(s)? ds) 2] ) 1/2

< ec.

As a consequence

& l /0 J(t)?AY(t)AZ(t)’dW(t)} ~0. (4.5.12)

By It6’s Lemma,
(JOAY (1)) = (J)AZ(1))? dt + 2J ()2 AY () AZ(t) dW (¢)

—2J(t)2AY (t) dAp(t),

using AY (T') = 0, it follows

E[/O J(t)QAY(t)AZ(t)’dW(t)—/ 2J(t)2AY(t)dAu(t)]

0

—E [—(J(O)AY(O))Q - / T(J(t)AZ(t))th] <0.

This together with (4.5.11) and (4.5.12) gives AY, AZ, Ay = 0. This completes the

proof of the uniqueness. 0
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4.5.4 Proof of Theorem 4.2

Proof. For each i € M, we introduce the process

N(ti) =& </0tﬂ(s,i)’dW(s)> .

Note that N(t,7) is a uniformly integrable martingale, thus W’(t) = W(t) —
fg B(s,i)ds is a Brownian motion under the probability P* defined by

dp
dP

= N(T,i), forallie M.

7y

By Lemma 4.9, for any U = (U(1),...,U(()) € L%, (0,T;R") and each i € M,
the following 1-dimensional linear RBSDE admits a unique solution (k(7), (), (7)) €
L% (0,T5R) x L2290, T3 R™) x A.(0,T;R), for all i € M:

(— dk(i) = [ﬁ(i)'l(i) + f(0) + §4 kiU (d)| dt — du(i) — 1(2) AW,
k(i,T) = £(4),

k(t,i) = S(t,0), [y (k(t,9) — S(t,i))du(i) =0,

1(0) = 0.

We let © denote the map U — k := (k(1), ..., k({))".
Thanks to Lemma 4.7, there exists a constant c; > 0, independent of ¢ and i,

such that

Ei{(/j@(s,i)ﬁds)g} < cs. (4.5.13)

For U = (U(1),...,U(0)) € LEv (0, T;RY), we introduce a new norm

|U|w :=max esssup e“*|U(s,1)|,
€M (5.b)€[0,T]xQ

where c¢g is a large positive constant to be determined. Let B be the set of U €

L%, (0, T;RY) with |U|s < oo. For any U, Ue B, setk=0(U), k=0(U), and

Ak(t,i) = k(t,i) — k(t, i), and AU(t,i) = U(t,i) — U(t, 7).
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Then by Ito’s lemma,

Ak(t,i) = ]E;[ / ' 3 k() AU (s, ) ds].

b jem
Since p € (0,2), it follows from Hélder’s inequality that

e AR( )] < T / e S Jrig(5)[e* | AU (s, )| s
t jEM

- T
<B[ [ e 0lo(s. )P ds]|AUL
-Jt

p

N,_ T 2cg 2% T g
<E (/ e_M(s_t)ds> (/ |¢(s,i)|2ds) ]|AU|OO
L t t

<E§_(/we—%<s—t> ds)Qg(/T|¢(s,i)|2ds)g}|AU|m
(52 ([N o

where the last inequality is due to (4.5.13). Let ¢g be sufficiently large such that

2—p

<ﬂ> * s < %, then we have

2cq
1
[Ak]o < 5|AU]x.

Therefore, © is a strict contraction mapping on B endowed with the norm | - |.
Because (B, ||«) is a complete metric space, the map © admits a unique fixed point

which is the unique solution to the ¢-dimensional RBSDEs (4.2.6). O
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4.5.5 Proof of Corollary 4.1

Proof. Set
a(i) = Ai(i) — Bi (i) T*(d),
B(i) = Ci(i) = Di(i)I*(0),
F@) = ai(D)Q1(2) = P*(1)(C1(6) pa () + b1 (i) — pr (1) A°(0)
+ (Pu(1)D1() pa () — Ra(i)pa(4)) T (2),
then [a(i)] < c(1 + [A°(0)]), [B()] < (L + [A(D)]), [f()] < e(1 + [A°(3)]), for all

1 e M.

Also, (4.2.3) can be rewritten as

(— k(i) = [ali)k(i) + BGYIG) + F(0) + D agh(s) ] dt +du = 1(i) AW,
KT, i) = £(0),

R(t,d) 2 S(t4), fy (k(t,1) = S(¢,0)) dp(i) = 0,

(#(0) =0, forallie M.

whence admits a unique solution (k(7),1(7), 1(7))ierm such that
(k(3),1(3), (i) € LEw (0, T;R) x L2PMO(0, T;R™) x A.(0,T;R), for all i € M,
as a consequence of Theorem 4.2 and ¢(1 + |A(7)]) € L.QF’V?MO(O, T;R™). O

4.5.6 Proof of Lemma 4.10

Proof. In light of the length of many equations, “(t, X5(t),a;)” will be suppressed

when no confusion occurs in the sequel. Given (7, X5(7), ;) € T[0,T] x L3 (Q;R) x
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M, substituting (4.3.3) into the state process (4.1.1) (with “4” replaced by “ay”),
dX, = [[A2 — BY(Ry + P*DyD,) " (P DyCy + P*By + DyA")| X,
— BY(Ry + PDyDy) (P Dlyps — k*Bs — D4I® — Rops) + bg] dt
n [[02 — Dy(Ry + P DyDy) (P D)Ch + P*By + DyA")] X,

/
— Do(Ry + P*DyDs) " (P Dhpy — kBy — D% — Rops) + pg} aw,
(4.5.14)

By the basic theorem on pp. 756-757 of Gal’chuk (1979), SDE (4.5.14) admits
a unique strong solution. For (P%(7), A®(3), u1(2))iem, (E%(2),1%(3), p2())iem, the
unique solutions of (4.2.1) and (4.2.3) respectively, and X5(t), the solution of (4.5.14),

applying Itd’s lemma to Pe(t, o) Xo(t)? — 2k%(t, ) X (t), we have

[ (@0~ 4 1 pa) Rt — ) (1) X0 — 28408, X0

t
= P(r ) Xa(r) = 2K°(r ) Xa(r) + [ [P = 2K — 2 + Qe + i Raps
- (PaDé,OQ - kaBz - Déla - R2p2>,(R2 + PaDéD2>_1(PaDép2 — kaBQ - Déla — Rgpg) ds

t /
+ / [Q(P“Xg — k) (Cy Xy + Dot + py) + XIA* — 2X50%| AW
t
" / {2 (P(s.0) = P, o =)
T J.j EM

—2X, > (K(s.j) — ka(s,j’))l{%;j,}} AN (s)7,

Jj'eM

where (Nj/j )jsjem are independent Poisson processes each with intensity ¢;;, and
th U= th g gj;t, t = 0 are the corresponding compensated Poisson martingales

under the filtration F.
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Because X5 () is continuous, the stochastic integrals in the last equation are local
martingales. Thus there exists an increasing sequence of stopping times 7,, such that

Tn T 400 as n — 400 such that
LN\Tn
B[ [ (QuXa— @)+ (a - pa) ol — o)) ds
4 PO A Ty Qo ) Xa (6 A T)2 — 2690 A Ty Qo) Xo (4 A Tn)]
= E[P“(T, o) Xo(7)? — 2k(T, OéT)XQ(T)}
L\Tp,
+ E/ [PQPIQPQ — 2k"by — 21" py + Qaqs + Py Ropo
- (PaD,QpQ - k'aBQ — D;la - Rgpg)/(RQ -+ PaDIQDQ)_l

% (PDlypy — k*By — DyI* — R2p2)] ds

<E [PG(T, ;) Xa(7)? — 2k%(r, aT)X2(T)}

LN\Tn
+ E/ |:Pap/2p2 - Qkabg - 2[“',02 + QQQ; + péRQPQ] dS, (4515)
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for all stopping times ¢ < T". Then by above,

]E[/M% S|a — pof? ds]

<E[ [T (@ - 0+ (0= Bl ) s

k(L A Ty Cpg,,) >2}

+P“(L/\Tn,amm)(X2(”\T”)_ Pt A T,y Qupr,)
ny YTy,

<E[PU(r,0,) X (1) = 2K(7, a7) Xa(7)]

k(e A Tn,amm)z}

LN\Tn
E (Pa b2 — 2Ky — 21 s+ PR )d E[
+ /T Pap2 P P2 + Q2QZ + Do lr2po s+ PCL([, A Tn, OéL/\Tn)

<E|PY(r, an) Xa(r)? = 2k°(r, ar) Xa(7)|

k(L A Ty, amm)ﬁ

T
E [ [Pophor — 2kt — 217 3+ Dy Raps| ds + E| '
+ /T Pyp2 2 = 20002+ Qo+ ppRopa| ds B | o= P

It follows from Lemma 4.1 that there exists a constant ¢y > 0 such that P*(i) > ¢y,

for all i € M. Since k* € LE,,(0,T;R), we obtain the estimate

[k:“(L A Ty Qunr, )

<
Po(u A Ty, s, } = 4

where ¢; is independent of n. Hence,

LN\Tn,
E[/ 5|H—p2|2ds} < ¢,

where ¢, is independent of n and ¢. Taking ¢ = T and letting n — oo, it follows from

the monotone convergence theorem and the boundedness of p, that

u(t, Xo(t), on) € L%(7, T; R™).
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Similarly, in the singular case, we have

E [Pa(b A Tp) (X2<L ATy) — ;{’z((ij\Z’Zii:Z)))Q}
<E [pa(r, o) Xo(r)2 — 2K (r, ozT)XQ(T)]

k(L A Ty g, )2
Po(u ATy ctng, )

T
+ E/ ‘Papépg — Qkabg — 2lalp2 + QQQ% +pl2R2p2 ds + E[

Recall that P*(i) > co, therefore,

oF [XQ(L A Tn)Z] <E [PG(L A Ty Qo) Xo (1 A m?]

k(L A Ty Qupr,) )2]

gQE[PG(L/\Tn,aL/\Tn><X2(L/\Tn>_P‘I(L/\T Q)
ny SNy

k(¢ A )2
(L Tn7aLA n) i| < 037
Pe(v A Ty aups,)

+2E[

where c3 is independent of n and ¢. Letting n — o0, it follows from Fatou’s lemma

that

E [X2(L)2} <&

Co
for all stopping times ¢ < T'. This further implies
C3

T
]E/ Xy(s)?ds < —T. (4.5.16)

Co
By Ito’s Lemma, we have
t
Xt = Xa(r*+ [ [(a) DyDan + 2Xa(DICs + Ba)'a + 265 Dan
+ (245 + C3C2) X5 + 2Xa(by + Copa) + 0'202] ds

t
+ / 2X5(Co Xy + Dati + pg) dW.
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Assumptions 4.1 and 4.2 (ii) and the positiveness of P* implies Ry + P*D5Dy >

cy > 0, so

|u| < eq(1+ |AY| X] + [19)). (4.5.17)
Let
t
0,, = inf {t > 7| Xa(t)] +/ (|A“(s)]* + |1%(s)[*) ds > n}
Because X,(t) is continuous, A%, I € L2, (0,T;R"), it follows that

E / O Gy D,Dyads = E (T 7 0,)] — B[ Xo(r)?]

TNOy,
+ (245 + CYC3) X3 +2X(bs + Cypa) + o s

Let 6 > 0 be given in Assumption 4.2. By Assumption 4.1 and (4.5.16), the above

by the elementary inequality 2ab < §a2 + %bQ leads to

TNOy,
E [ fu (s, Xals). ) ds
T NGOy,
<o+ cE/ [X(s) + 2(|1Xa(s)] + 1) Jal] ds

4 9 4 2 T 5 TNO,
<c+ % + (c+ %) IE/ Xo(s)*ds + §E/ [ (s, Xa(s), a) [ ds,

where ¢ is independent of n. The last expectation is finite by (4.5.17) and the
definition of 6,,. So, after rearrangement and sending n — oo, it follows from the

monotone convergence theorem and (4.5.16) that
u(t, Xa(t), ar) € Lx(, T;R™).

This completes the proof. O

113



4.5.7 Proof of Theorem 4.4

Proof. Without loss of generality, in this proof we assume wu is real valued. First,
applying 1t6’s formula to P°(¢, c) X1 (t)? — 2M X (t),
PP(t,0) X1 (t)* — 2M X1 (1)

= P%0,ip)2* — 2Mx

i /0 t {Pb(s, as)u(s) Di(s, as) Di(s, ag)u(s)

T2, (5) (s, @,)Ci (5, ) Dy (s, Ju(s) + 21 () P*(s, ) Bu(s, v, u(s)
2, (5)A"(s, o) Da(s, @ u(s) + 2P*(s, au)pa (t, ) Di (s, v Ju(s)

— X ()[H" (s, P'(s, ), A"(s, ), )]

2P (s, ) (Ci(s, ) pa (5, ) + b (5, ) X1 (5) + 201 (5, ) (s, @) X (s)

+ Pb(t, ay)pi(t, ap) pr(t, ay)

— 2M [A1(s, a5) X1(8) + Bi(s, as) u(s) + bi(s, as)] } ds
—|—/0 {ZP (8, 5)(C1(s, a5) X1(8)* + ulD1(s, as) X1(s)
+ p1(s, a5)) + X1(s)2Ab(s, as)'} dw
—2M/ (C1 (5, 0e) X (5) + u(s) Di(s, an) + pa(s, as)] AW
/ X1(s)*dpuy (s, a)

# [ {506 (P d) — Pl pai,

33’ eM

where (Nj'j )j7jiem are independent Poisson processes each with intensity g¢;;, and
th/j = th/j — gjrj, t = 0 are the corresponding compensated Poisson martingales
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under the filtration F.

Note that X () is continuous, the last two terms in the above equation are local
martingales. Therefore, there exists an increasing localizing sequence of stopping
times 6,, T +00 as n — 400 such that after rearrangement and combining similar

terms,
TAOn
{ [ (Qtanxi) — e
o (ult) = prlt, ) Ra(t, ) (u(t) = pi(t @) = C*(t, ) ) dt
4 PY(T A B, cirpg ) X1 (T A 0,)2 — 2M X, (7 A 6,) + C (1 A O, awn)}

= P%(0,40)2® — 2Mx + E{(Cb(T A O, rng,)

TNAOp,
s [ [Peaimsas.a) - 2Mh(s0) + Quls.adm(s. 0.
0

+p1(8, as)/R1<S> Oés)pl(sa as) - (Ca(sa as) + (b (57 X1(5)7 U(S), O‘s) ds

TNAOp
—i—/ X1(3)2 dul(s,as)},
0

where

Os, X1, u,3) = (Ri(s,3) + P(s,0) Dy (5,1) Da (s, 1) Ju
+ 2<Pb(s, i)Cy(s,1) Dy (s,4) X1 + Pb(s,9)Bi(s, i) X,
+ A°(s,4) Dy (s,1) X1 + P°(s,i)p1(t, ) Dy (s,1)
— MBi(s,1) = pi(s,i) Ra(s,1) Ju
+(Qu(s,0) — H(s, P*(s,1), A°(s,),0)) X}
+ 2<(Pb(8, ) (Ci(s,1)' pi(s,0) + bi(s.9) + pi(s, i) A(s, )
— 201 (5,9)qu (s, 7) — 2MA1>X1.
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We write

d(s, X1,u, o) = au* + bXju + cX? +dX, +eu
bX, +e)?’ 4ac — b? 2ad — be\?
”‘(“*T) * (T) (X1+m) 905 ),

where a, b, c, d, e and ?(s,as) are given in the theorem. From Assumptions 4.1

and 4.2 and H® < 0, we have a > 0 and 4ac > b?, so

gb(s, Xl(s)a u(s), as) > gb(S, as)'

Hence, it follows from (3.5.6) and the monotonicity of p; that

B [ (@) - att.a?
+ (u(t) = pa(t, o0)) Ra(t, ) (u(t) — pa(t, en)) = C(2, at)) d
+ PP(T A O, rpo, ) X1 (T A 0,)? = 2M X1 (1 A 6,) + CO(T A, awn)}
> PY(0,i0)2® — 2Mz + E{C'(7 A b, a0,
+ /0 e [Pb(s, as)pi(s, as) pi(s, as) — 2Mby (s, a) + Q1 (s, avs) g (s, aus)?
+ pils 00 Ba(s, a0)pi(s,0,) — C(s, ) + 6(s, a4)] s}

T
> P*(0,ig)a* — 2Mxz + E{ / C(t, ap) dt + G2(04T)92(04T)2} + M,
0

where M is given in the theorem. It is not hard to verify E[ sup Xl(s)ﬂ < oo by
s€[0,T]

standard theory of SDE. Let n — oo, by the dominated convergence and monotone
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convergence theorems, we have
B{ [ (@ta(ni(®) - at.a0?
0

o (ult) = palt, ) Ba (b, 00) (u(t) = pi(t, ) = C(t,00) ) dt

+ PP(1, ) X1 (1)* = 2M X, (1) + C*(7, aT)}
T ~
> P(0,ig)a* — 2Mz + E{ / C(t ap) dt + Ga(aﬂgz(O‘T)Q} A
0

The proof is complete.

4.5.8 Proof of Theorem 4.5

Proof. From Problem (4.3.8) and (4.3.5), we have

inf  Jb(z, ig, u(-),
(u,m)ER ( 0 ( ) 7—)

> inf JP . (2,00, u(-),
(u,7)EB lower( 0 () T)

> inf Jliwer(x,io,u()m).

(u,T)€S

Combing with the result of Theorem 4.4, we finish the proof.
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Chapter 5

Concluding Remarks

This thesis advances the theory of stochastic control under regime switching by solv-
ing two novel classes of constrained and non-homogeneous linear quadratic control-
stopping problems with random coefficients. Through a unified framework combining
BSDEs, RBSDESs, we have derived explicit optimal controls and value functions while
establishing the solvability of associated Riccati equation systems. Our work bridges
theoretical stochastic analysis with practical applications in financial optimization,
offering new mathematical tools for decision-making under uncertainty.

We make theoretical contributions as follows. In Chapter 3, we addressed a
general stochastic LQ control problem under a random coefficients model with non-
Markovian regime switching, where the control pair consists of a classical control
variable constrained in a cone and a controlled stopping time 7. The key innovation
lies in the introduction of four coupled systems of ESREs and RESREs: (3.2.1),
(3.2.2), (3.2.3), and (3.2.4), which describe the optimal optimal and value function
before and after the stopping time 7. These systems are fundamentally distinct from
classical Riccati equations due to: (i) the cone constraints inducing optimization op-
erators in their drivers, and (ii) the allowance for singular control weighting matrices.
Overcoming the non-Lipschitz and non-quadratic-growth properties of these equa-

tions required novel techniques, including multidimensional comparison theorems,
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truncation methods, John-Nirenberg inequalities and BMO martingale.

Chapter 4 extended this framework to non-homogeneous systems with uncon-
strained controls, introducing affine terms in the state dynamics and stochastic
targets in the cost functional. Here, we derived a new class of unbounded, multi-
dimensional RBSDEs (4.2.1) and (4.2.3) with challenges: unbounded coefficients and
Markov-chain-induced coupling. Their solvability was established via a three-step
approach: BMO martingale estimates, one dimensional existence and uniqueness
of unbounded RBSDESs, and contraction mapping for multi-dimensional RBSDEs.
This methodology not only enriches RBSDEs theory but also provides a blueprint
for handling unbounded systems in future research.

First, inspired by the homogeneity properties appears in the model of Chapter
3, it is interesting to extend the LQ framework to more general case, a new class of
homogeneous stochastic control problems, which extend the classical homogeneous
LQ problems to new ones with nonlinear controlled dynamics and non-quadratic
cost functionals, but there exists certain BSDEs, derived by the stochastic maximum
principle or dynamic programming approach, which are similar to Riccati equations
for LQ problems.

Second, our extension of LQ theory provides a powerful framework for solving
the continuous-time mean-variance portfolio selection problem under realistic market
conditions, including regime switching and no-shorting constraints. In this financial
setting, an investor aims to minimize portfolio variance for a given target return
while operating in a market where asset returns, volatilities, and interest rates are
modulated by a Markov chain representing different economic regimes (e.g., bull vs.
bear markets). By embedding this problem into our LQ control framework, one
could obtain explicit closed-form optimal strategies that dynamically adapt to both
market regimes and wealth levels, along with optimal stopping rules for strategic

rebalancing. Key results include the solvability of coupled systems of ESREs un-
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der cone constraints, the characterization of a regime-dependent efficient frontier,
and computationally tractable solutions via RBSDEs. These contributions advance
portfolio optimization by rigorously incorporating market frictions and regime un-
certainty. Future research may extend this framework to incorporate jump-diffusion
models, partial observations of market regimes, or multi-criteria optimization, further
bridging the gap between stochastic control theory and practical financial decision-

making.
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