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Abstract

Routing and network design problems are fundamental to optimizing the flow of

resources, services, and information across interconnected systems. These problems

are critical for ensuring the efficiency, scalability, and reliability of modern network

infrastructure but present significant computational challenges due to complex op-

erational constraints, vast solution spaces, and stringent survivability requirements.

This thesis addresses three key challenges in this domain by developing innovative

algorithms and optimization techniques: an enhanced exact algorithm for tackling

multitrip scheduling in vehicle routing, novel optimality cuts and domain reduction

techniques to reduce the search space of integer programs (including vehicle routing

problems), and an efficient heuristic to address the scalability and survivability in

large-scale telecommunications networks under double-link failures.

The first study presents an enhanced exact algorithm for the capacitated

multitrip vehicle routing problem with time windows (CMTVRPTW). This problem

extends the classical vehicle routing problem by incorporating time windows and

allowing vehicles to perform multiple trips. While this problem captures operational

requirements of real-world logistics networks, it is significantly more challenging

to solve. In this study, we present an enhanced exact algorithm to obtain the

optimal integer solution by solving a trip-based formulation, which allows for

an efficient solution method to the constraint separation problem. To further
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enhance computational efficiency, we reduce the number of variables by eliminating

trips using the dominance rule, variable fixing technique, and optimality property

of vehicle departure times. Additionally, a dynamic time discovery strategy is

introduced to reduce the number of constraints. Computational experiments

demonstrate that our enhanced algorithm is highly effective for solving challenging

instances of the CMTVRPTW. On 14 benchmark instances previously unsolved

or considered difficult, which involve 140–200 customers, our method outperforms

the current state-of-the-art exact algorithm within a ten-hour time limit, solving 6

additional instances to optimality and reducing average runtime by over 20%.

The second study concerns the effective reduction of the solution search

space for integer programs, particularly in the context of routing problems. Integer

programming formulations for combinatorial optimization problems face a significant

computational challenge due to the exponential growth of the solution space. To

address this challenge, we introduce Lagrangian underestimate cuts (LUCs), a novel

class of optimality cuts derived from Lagrangian duals, including infeasible LP

duals. We utilize LUCs to strengthen reduced cost cuts and to derive new domain

reduction techniques. Additionally, we leverage LUCs to develop new arc fixing

techniques for the vehicle routing problem with time windows. These methods

demonstrate significant potential for pruning solution spaces.

The third study investigates the survivable traffic grooming problem under

double-link failures (STG2) in large-scale telecommunications networks, where

each communication demand must be assigned a route for every possible scenario

involving zero, one, or two failed fiber links. Ensuring protection against double-

link failures is critical for maintaining reliable telecommunications services while

minimizing equipment costs. To the best of our knowledge, this problem remains

unexplored in the existing literature, with current research primarily focusing on
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simpler problem settings involving smaller networks, typically with no more than 300

nodes. To address this gap, we propose a novel hierarchical constructive heuristic

for the large-scale STG2 problem. It incorporates various techniques, including

demand aggregation, a reuse-then-search routing strategy, and parallel computing,

to significantly enhance efficiency. Extensive experiments have been conducted on

large-scale STG2 instances provided by an industry partner, encompassing networks

with 1,000 to 2,600 nodes. The results demonstrate that within a one-hour time

limit and a 16 GB memory limit required by the industry partner, our heuristic

improves the objective values of the best-known solutions by 18.6% on average,

highlighting its efficiency for large-scale telecommunications networks.

Collectively, the studies presented in this thesis advance the state-of-the-art

in routing and network design problems by introducing innovative algorithms and

optimization techniques tailored to the computational challenges. By addressing

issues such as multitrip scheduling, solution space reduction, and survivability in

large-scale networks, these contributions provide effective and scalable solutions to

complex real-world problems. These advancements are crucial for improving the

efficiency, scalability, and reliability of modern network infrastructure.

Keywords: Vehicle routing; Multitrip; Variable fixing; Trip elimination; La-

grangian dual; Optimality cut; Domain reduction; Arc fixing; Telecommunications;

Traffic grooming; Double-link failure; Constructive heuristic; Parallel computing.
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Chapter 1

Introduction

1.1 Background
In the contemporary era, the global economy and daily life rely significantly on

the efficiency and reliability of complex network systems. These systems play

a fundamental role in ensuring the smooth transfer of resources, services, and

information across vast distances, forming the backbone of many essential activities.

Among these, logistics networks and telecommunications networks stand out as two

critical components that underpin the infrastructure of modern society, facilitating

the movement of goods and the flow of information [Jalal et al., 2022, Crainic et al.,

2022, Zheng et al., 2019].

Effective routing in logistics networks and the resilient design of telecommunica-

tions networks are essential for ensuring efficiency in an increasingly interconnected

world. In logistics, the rapid growth of e-commerce has made vehicle routing

optimization crucial for minimizing operational costs and ensuring timely deliveries,

both of which are essential for maintaining competitiveness within complex supply

chains [Konstantakopoulos et al., 2022]. Similarly, in telecommunications, the
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Chapter 1. Introduction

strategic design of optical networks is vital for accommodating the exponential

increase in data traffic, ensuring the high capacity and reliability needed to support

services [Crainic et al., 2022]. Ultimately, optimization in both domains focuses on

maximizing the efficient use of limited resources, whether vehicles or bandwidth,

thereby sustaining and enhancing economic productivity.

Optimizing these networks involves addressing fundamental problems in routing

and network design. In logistics, the routing problem is far more than finding

the shortest path. It must satisfy specific constraints, such as vehicle capacity,

customer time windows, and multitrip scheduling [Paradiso et al., 2020]. These

constraints, combined with the growing scale of logistics networks, make the

problem computationally difficult. Similarly, telecommunications networks face

significant optimization problems as they grow to encompass thousands of nodes

while accommodating ever-increasing traffic demands. An additional critical issue

is ensuring network survivability in the face of potential failures [Blanco et al.,

2023]. This requires designing a robust network topology capable of maintaining

uninterrupted service, even in scenarios where multiple links fail simultaneously.

To address these routing and network design problems, a diverse range of

solution methodologies has been proposed in the literature. On the one hand, exact

algorithms have been extensively developed to guarantee optimal solutions. Notable

approaches in this category include branch-and-cut [Lysgaard et al., 2004], branch-

and-price [Desrochers et al., 1992, Yıldız and Karaşan, 2017], column enumeration

[Baldacci et al., 2008], and Benders decomposition [Vignac et al., 2016]. These

methods are particularly effective for smaller problem instances or when exact

solutions are required. On the other hand, due to the NP-hard nature of these

problems, heuristic and metaheuristic algorithms are widely employed to obtain

high-quality solutions within practical time limits. Popular methods in this category

2



1.2. Key Challenges in Routing and Network Design

include the savings heuristic [Clarke and Wright, 1964], genetic algorithms [Holland,

1992], tabu search [Glover, 1986], simulated annealing [Kirkpatrick et al., 1983], and

adaptive large neighborhood search [Ropke and Pisinger, 2006]. These approaches

are often favored for their ability to handle large-scale instances and their flexibility

in adapting to problem-specific constraints.

Despite the variety of algorithms discussed above, solving these routing and

network design problems remains a considerable challenge. From a computational

complexity perspective, these problems are typically classified as NP-hard. As the

scale of the problem increases (e.g., with a growing number of network nodes) or

as additional requirements are introduced (e.g., multitrip scheduling in logistics

or survivability to double-link failures in telecommunications), the solution space

expands significantly, leading to a dramatic rise in computational difficulty. The

combinatorial explosion imposes significant challenges, often pushing existing

algorithms difficult to obtain optimal or even high-quality solutions within practical

computing resources.

1.2 Key Challenges in Routing and Network Design
While the NP-hard nature of routing and network design problems accounts for

their inherent computational difficulty, the specific barriers to efficient optimization

are multifaceted. This thesis addresses three critical challenges in this domain.

First, multitrip scheduling, a practical operational requirement in vehicle routing,

can significantly increase the number of decision variables and constraints, making

the problems more challenging to solve. Second, the vast search space characteristic

of integer programs like vehicle routing often renders standard pruning techniques

insufficient, necessitating more effective methods for eliminating non-optimal solu-

tions. Finally, in telecommunications network design, the challenge is compounded

by issues of scalability and survivability: the large number of network nodes and
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Chapter 1. Introduction

survivability requirements against double-link failures introduce complexities that

traditional solution methods struggle to manage.

The first challenge concerns multitrip scheduling in vehicle routing with time

windows, formally known in the literature as the capacitated multitrip vehicle

routing problem with time windows (CMTVRPTW) [Paradiso et al., 2020]. This

problem extends the classical vehicle routing problem with time windows (VRPTW)

[Desrochers et al., 1992] by allowing vehicles to perform multiple trips within the

planning horizon. Specifically, after serving a sequence of customers and returning to

the depot, a vehicle may be replenished and dispatched again. While this extension

improves vehicle utilization and aligns with the operational requirements of many

real-world logistics systems, it significantly increases computational challenge by

introducing a larger number of decision variables and constraints compared to the

VRPTW.

This challenge is evident in the mathematical formulations commonly employed

to solve the CMTVRPTW, which are typically set-partitioning-like formulations,

where columns represent routes, superstructures, journeys, or trips. The route-

based formulation [Paradiso et al., 2020] and the superstructure-based formulation

[Yang, 2023, 2025] suffer from an exponential growth in the number of constraints

required to enforce the fleet size limit. Moreover, the separation problems for

identifying these constraints are NP-hard, further complicating the solution process.

Alternatively, journey-based formulations [Azi et al., 2010, Şahin and Yaman,

2022], where a journey is defined as a sequence of routes performed by a single

vehicle, avoid the exponential growth in constraints but lead to an explosion in

the number of decision variables, adding another layer of difficulty. Finally, trip-

based formulations [Hernandez et al., 2014, 2016], where a trip is defined as a

specific route paired with a specific departure time, offer the benefit of solving the
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separation problem in polynomial time. However, these formulations incorporate a

larger number of variables compared to route-based formulations, complicating the

solution process.

The second challenge concerns the effective reduction of the solution search

space for integer programs, particularly in the context of routing problems. This

issue is critical due to the combinatorial nature of these problems, where the

search space expands exponentially with increasing network size. To address this,

valid cuts and domain reduction techniques have been extensively studied in the

literature to reduce the search space. However, despite their effectiveness, these

approaches are still subject to certain limitations, which constrain their broader

applicability.

Valid cuts, such as subset-row cuts [Jepsen et al., 2008] and reduced cost

cuts (RCCs) [Yang, 2023], are employed to prune the search space by removing

fractional or suboptimal solutions from consideration. However, feasibility cuts (e.g.,

subset-row cuts) are often problem-specific, requiring detailed structural insights,

which limits their applicability to broader problem classes. Similarly, optimality

cuts like RCCs depend on feasible linear programming (LP) duals, which further

limit their scalability in large-scale or complex problem settings. Consequently, a

key challenge is the development of cuts based on more general dual information,

such as Lagrangian duals, which are independent of specific problem structures

and require only the satisfaction of sign constraints.

Domain reduction techniques provide a complementary approach to reducing

the search space. For example, reduced cost fixing (RCF) has been extensively

utilized in eliminating decision variables by leveraging feasible LP duals [Hadjar

et al., 2006, Baldacci et al., 2008], fixing nonnegative integer variables to zero

if their reduced costs exceed the duality gap. Similarly, Yang [2025] introduces
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domain reduction techniques that combine the use of Lagrangian and feasible LP

duals. While these methods have demonstrated effectiveness, a key challenge lies

in leveraging general duals, such as Lagrangian duals, to develop new domain

reduction methods that are more flexible and not constrained by the need to

compute feasible LP duals. In routing problems such as the VRPTW, existing

domain reduction techniques for arc fixing rely on feasible LP duals obtained

through column generation [Hadjar et al., 2006, Irnich et al., 2010, Desaulniers

et al., 2020]. A challenge is to systematically exploit general dual information to

increase the number of arcs that can be eliminated, thereby reducing the network

size and the search space while preserving optimality.

The third challenge concerns the scalability and survivability in telecommu-

nications network design. Driven by ever-increasing global telecommunications

demands [Cisco, 2024], modern networks are expanding dramatically in size and

complexity. For instance, our industry partner requires solutions for network design

problems involving thousands of nodes, subject to numerous real-world operational

constraints. Even without considering network failures, such design problems are

NP-hard [Zhu and Mukherjee, 2002]. This complexity is further exacerbated by the

requirement for survivability. As network sizes grow, the probability of simultaneous

link failures, particularly double-link failures, has increased notably [Sasithong

et al., 2020]. To ensure service reliability, modern telecommunications companies

mandate that communication demands remain uninterrupted not only under nor-

mal operating conditions but also across all scenarios involving single or double

link failures. The number of failure scenarios, which scales quadratically with the

number of links, can reach millions for large-scale networks. As a result, the large

network sizes and survivability requirements lead to a significant increase in the

number of decision variables and constraints. Even for simplified problem settings,

such as those that consider only a subset of practical operational constraints and
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single-link failures, the network sizes studied in the literature typically involve no

more than 300 nodes [Sebbah and Jaumard, 2012, Niu et al., 2024]. Optimizing

such networks is essential to minimize facility costs and maintain service reliability,

but the combination of large network sizes and survivability requirements presents

a substantial computational challenge.

1.3 Thesis Outline
This thesis comprises three studies that address key challenges in routing and net-

work design problems by developing new algorithms and optimization techniques to

improve solution efficiency and scalability. The three critical challenges identified in

the previous section are addressed in Chapters 2, 3, and 4, respectively. Specifically,

the first study (Chapter 2) focuses on the multitrip scheduling challenge in vehicle

routing by introducing an enhanced exact algorithm for the CMTVRPTW. The

second study (Chapter 3) tackles the challenge of reducing the solution search space

for integer programs by proposing novel optimality cuts and domain reduction

techniques, including arc fixing methods for the vehicle routing problem. The third

study (Chapter 4) addresses the survivability of large-scale telecommunications

networks by developing an efficient heuristic for the survivable traffic grooming

problem under double-link failures (STG2). These contributions leverage innovative

exact algorithms, advanced domain reduction techniques, and efficient heuristic

approaches, offering both practical solutions and theoretical advancements for

complex routing and network design problems.

The first study (Chapter 2) investigates the CMTVRPTW, which extends the

classical VRPTW by allowing vehicles to perform multiple trips within the planning

horizon. It captures the practical requirements of many real-world applications,

but it is significantly more challenging to solve. The current state-of-the-art exact

algorithm employs a three-phase approach: (i) enumerating a set of candidate
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routes that could appear in optimal solutions, (ii) constructing superstructures

from these routes, and (iii) solving a superstructure-based integer programming

(IP) formulation to obtain the optimal solution. Of these phases, (iii) is the most

computationally intensive, as it involves solving constraint separation problems

that are NP-hard. In this study, we enhance the three-phase exact algorithm for the

CMTVRPTW. Based on the candidate routes generated in phase (i), our enhanced

algorithm constructs a set of trips in phase (ii) and then solves a trip-based IP

formulation in phase (iii). Compared to the route-based and superstructure-based

formulations, the trip-based formulation allows for a more efficient algorithm

to solve the constraint separation problem, thereby enhancing the efficiency of

phase (iii). To further enhance the computational efficiency, we introduce a trip

elimination method to reduce the number of variables and propose a dynamic time

discovery strategy to reduce the number of constraints. Computational experiments

demonstrate that our enhanced algorithm is highly effective for solving challenging

instances of the CMTVRPTW. Among 14 benchmark instances previously unsolved

or considered difficult in the literature, our method outperforms the state-of-the-art

exact algorithm within a ten-hour time limit, solving 6 more instances to optimality

and reducing the average runtime by over 20%.

The second study (Chapter 3) examines optimality cuts and domain reduction

techniques aimed at reducing the solution search space for integer programs,

with a particular focus on arc fixing methods for the vehicle routing problem.

Integer programming formulations for combinatorial optimization problems, such

as the vehicle routing problem, face significant computational challenges due to

the exponential growth of the solution space. To address this, valid cuts and

domain reduction techniques are commonly employed to prune the search area. In

this study, we introduce Lagrangian underestimate cuts (LUCs), a novel class of

optimality cuts, for integer programs. We demonstrate that LUCs can be utilized
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to strengthen RCCs and to derive new domain reduction techniques. Moreover, we

leverage LUCs to develop new arc fixing techniques for the vehicle routing problem,

based on Lagrangian duals and the tailored dual-picking strategy. Computational

experiments demonstrate that, compared to the feasible-LP-dual approach studied

in the literature, our method achieves significant domain reductions: the number of

remaining arcs is reduced to an average of 47.9%, while the number of enumerated

routes decreases to an average of 31.3%.

The third study (Chapter 4) investigates a new and challenging network

design problem, the STG2, in large-scale telecommunications networks comprising

thousands of nodes. In this problem, each communication demand must be assigned

a route for every possible scenario involving zero, one, or two failed fiber links.

Ensuring protection against double-link failures is critical for maintaining reliable

telecommunications services while minimizing equipment costs, a key priority

for telecommunications providers. To the best of our knowledge, this problem

remains unexplored in the existing literature, with current research primarily

focusing on simpler problem settings involving smaller networks, typically with

no more than 300 nodes. To address this gap, we propose a novel hierarchical

constructive heuristic for the large-scale STG2 problem. The heuristic constructs

and assigns routes to communication demands across different scenarios by following

a hierarchical sequence. It incorporates various techniques, including demand

aggregation, a reuse-then-search routing strategy, and parallel computing, to

significantly enhance efficiency. Extensive experiments have been conducted on

large-scale STG2 instances provided by an industry partner, encompassing networks

with 1,000 to 2,600 nodes. The results demonstrate that within a one-hour time

limit and a 16 GB memory limit required by the industry partner, our heuristic

improves the objective values of the best-known solutions by 18.6% on average,

highlighting its efficiency for large-scale telecommunications networks.
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The remainder of this thesis is organized as follows: Chapter 2 presents an

enhanced exact algorithm for the CMTVRPTW. Chapter 3 explores optimization

techniques for reducing the solution search space of integer programs, with a focus

on applications to the vehicle routing problem. Chapter 4 introduces an efficient

heuristic for solving large-scale STG2. Finally, Chapter 5 concludes the thesis and

outlines potential directions for future research.
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Chapter 2

Utilizing Trip-Based Formulation for

Solving Capacitated Multitrip

Vehicle Routing Problem with Time

Windows

2.1 Introduction
This chapter addresses the first challenge outlined in Chapter 1: multitrip scheduling

in vehicle routing. This feature gives rise to the CMTVRPTW, which has recently

attracted significant attention in studies such as Paradiso et al. [2020], Yang [2023,

2025]. While this problem closely aligns with operational requirements of many

logistics networks [Paradiso et al., 2020], the inclusion of multitrip scheduling

significantly increases the computational complexity of vehicle routing. To address

this, we propose an enhanced exact algorithm to improve the solution efficiency.

The CMTVRPTW is a variant of the capacitated vehicle routing problem
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(CVRP) [Dantzig and Ramser, 1959]. The CVRP seeks to determine a set of

minimum-cost routes for a fleet of capacitated vehicles to serve a group of customers,

ensuring that each customer is visited exactly once. However, in real-world scenarios

such as city logistics and last-mile delivery, additional operational constraints often

emerge. These include the need to visit customers within specified time windows and

the requirement for vehicles to perform multiple trips due to fleet size limitations.

These practical considerations result in the CMTVRPTW, a significantly more

complex and computationally challenging variant of the CVRP.

The CMTVRPTW can be formally described as follows. LetN = {1, 2, . . . , |N |}

represent the set of customers, with 0 denoting the depot. Define the set of nodes

as N0 = {0} ∪ N , and the set of arcs as A = {(i1, i2) : i1, i2 ∈ N0, i1 ̸= i2}. Each

customer i ∈ N is associated with a demand quantity qi, a service time sti, and a

time window [ai, bi]. If a vehicle arrives at customer i before time ai, it must wait

until ai to begin service. If it arrives within [ai, bi], the service starts immediately.

The planning horizon is defined as [a0, b0], representing the earliest departure time

and latest return time at the depot. Each arc (i1, i2) ∈ A is associated with a

travel cost ci1i2 and a travel time ti1i2 . As demonstrated in Appendix A.1, all time

data (travel times, service times, and endpoints of time windows) can be assumed

to be integers without loss of generality.

A fleet of K homogeneous vehicles, each with a capacity of Q, is available

to serve the customers. Each vehicle is allowed to perform multiple trips within

the planning horizon. The objective of the CMTVRPTW is to minimize the total

travel cost while ensuring that each customer is visited exactly once. Figure 2.1

presents an illustrative example in which one vehicle performs two trips, while the

other performs a single trip.

Extensive variants of the CMTVRPTW that incorporate additional practical
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Figure 2.1: A feasible solution to a CMTVRPTW instance is presented for the case
where K = 2, Q = 2, and qi = 1 for all i ∈ N . The time windows are indicated
above the nodes, while the travel times are specified on the arcs. Additionally, the
travel cost for all arcs is uniformly set to 1. The total cost of the solution is 9. In
this solution, vehicle 1 performs two trips, while vehicle 2 performs a single trip.

constraints have been widely studied in the literature [Hernandez et al., 2014, 2016,

Cattaruzza et al., 2016, Cheng et al., 2020]. These problems share several key

characteristics with the CMTVRPTW, including a limited fleet size, the allowance

for multiple trips, a single visit to each customer, and time window constraints.

Exact solution methods for the CMTVRPTW and its variants typically employ

four types of set-partitioning-like formulations, where the columns represent routes,

superstructures, trips, and journeys, respectively. Specifically, a route is a simple

cycle that starts and ends at the depot (e.g., in Figure 2.1, r1 = (0, 1, 2, 0) and

r2 = (0, 3, 4, 0) represent two routes). A superstructure is a set of routes that

satisfy the following conditions: they visit the same set of customers, they have

the same cost and duration, and the union of their departure time intervals is an

interval (e.g., in Figure 2.1, {r3, r4} is a superstructure where r3 = (0, 5, 6, 0) and

r4 = (0, 6, 5, 0)). A trip is defined as a pair of route and the departure time from

the depot (e.g., in Figure 2.1, (r1, 5) represents a trip). A journey is a sequence
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of routes that can be performed by a vehicle within the planning horizon (e.g., in

Figure 2.1, (r1, r2) represents a journey).

In the literature, the state-of-the-art exact algorithm [Yang, 2025] for the

CMTVRPTW employs a three-phase approach. In the first phase, it solves the

LP relaxation of the route-based formulation and enumerates a set of candidate

routes that may appear in optimal solutions. In the second phase, it constructs

superstructures by combining the enumerated routes that satisfy specific conditions.

In the third phase, it solves a superstructure-based IP formulation to obtain the

optimal solution. While this algorithm has successfully solved instances with up

to 200 customers, the final phase can be computationally expensive, as it involves

solving NP-hard constraint separation problems.

In this study, we enhance the three-phase exact algorithm for the CMTVRPTW

by leveraging the trip-based formulation, which enables a more efficient algorithm

for the constraint separation problem compared to the superstructure-based formu-

lation. The first phase, which enumerates a set of candidate routes, remains the

same as in the state-of-the-art algorithm. In the second phase, we construct a set

of trips that may appear in optimal solutions based on the enumerated routes. In

the third phase, we solve a trip-based IP formulation to obtain an optimal solution

to the CMTVRPTW. To further improve computational efficiency, we introduce a

trip elimination method to reduce the solution space and a dynamic time discovery

strategy to reduce the number of identified time points. Computational results

demonstrate that this enhanced algorithm outperforms the state-of-the-art exact

algorithm [Yang, 2025] on challenging benchmark instances.

The key contributions of this study are summarized as follows:

• We demonstrate how trip-based formulation can be utilized to enhance the

three-phase exact algorithm for the CMTVRPTW, outperforming the state-
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of-the-art algorithm on challenging benchmark instances.

• We demonstrate that the optimality of the trip-based formulation is preserved

when restricting consideration to trips with integer departure times. This

restriction reduces the formulation to a finite number of variables and con-

straints, enabling the trip-based formulation to be solved directly using IP

solvers.

• We propose to eliminate trips by utilizing the dominance rule, variable fixing,

and the optimality property of vehicle departure times. The trip elimination

method significantly reduces the number of variables without compromising

optimality.

• We introduce a dynamic time discovery strategy to reduce the number of iden-

tified time points. This strategy accelerates the computation of formulations

by significantly decreasing the number of constraints.

• We conduct extensive computational experiments on CMTVRPTW bench-

mark instances with up to 200 customers. Computational results show

that our method is highly effective in solving challenging instances of the

CMTVRPTW. Among 14 benchmark instances previously unsolved or con-

sidered difficult in the literature, our method outperforms the state-of-the-art

exact algorithm within a ten-hour time limit, solving 6 more instances to

optimality and reducing the average runtime by over 20%. Furthermore, the

computational results reveal that our algorithm eliminates over 93% of the

trips, highlighting its effectiveness in reducing the solution space.

The remainder of this chapter is organized as follows: Section 2.2 reviews

exact algorithms for solving the CMTVRPTW and its related variants. Section 2.3

presents the mathematical formulations of the problem, while Section 2.4 describes
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the proposed solution method in detail. Computational results are analyzed in

Section 2.5. Finally, the chapter is summarized in Section 2.6.

2.2 Literature Review
In this section, we review the exact algorithms developed for the CMTVRPTW and

its variants. For more comprehensive surveys on multitrip vehicle routing problems,

readers are referred to Mingozzi et al. [2013], Cattaruzza et al. [2018], Yang [2023].

2.2.1 Algorithms Leveraging Journey-Based Formulations

Azi et al. [2007] investigate a variant of the CMTVRPTW in which a single vehicle

selectively serves customers. This problem accounts for loading times at the depot

and imposes a limit on trip duration. To solve this problem, they propose a

two-phase exact algorithm. In the first phase, a set of non-dominated routes is

enumerated, while the second phase uses dynamic programming to identify the

optimal journey. The effectiveness of the method is evaluated on instances adapted

from Solomon [1987], with results showing that the performance is sensitive to the

trip duration limit.

Azi et al. [2010] extend the work of Azi et al. [2007] by involving multiple

homogeneous vehicles. They propose a journey-based set-packing formulation

and develop a branch-and-price algorithm to solve it. The pricing problem is

an elementary shortest path problem with resource constraints (ESPPRC) on an

auxiliary route graph. However, the large number of enumerated routes makes the

pricing problem computationally challenging, restricting the method to instances

with up to 40 customers.

Şahin and Yaman [2022] explore a variant of the CMTVRPTW that involves

multiple depots and heterogeneous vehicles. They propose a branch-and-price
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algorithm for a journey-based formulation, capable of solving instances with up to

40 customers, three depots, and two vehicle types. Roboredo et al. [2023] address

the journey-based formulation of the CMTVRPTW using VRPSolver [Pessoa et al.,

2020], a state-of-the-art solver that implements an advanced branch-cut-and-price

algorithm designed for vehicle routing. Their approach successfully solves instances

with up to 100 customers.

2.2.2 Algorithms Leveraging Route-Based and Superstructure-

Based Formulations

Paradiso et al. [2020] develop a route-based IP formulation for the CMTVRPTW,

where the separation of side constraints, ensuring that the selected routes can

be performed by the available vehicles within the planning horizon, corresponds

to solving a team orienteering problem with time windows (TOPTW), which is

NP-hard. They tackle the route-based formulation using a price-cut-and-enumerate

method. First, the LP relaxation is solved via column generation to obtain a feasible

dual solution. Next, candidate routes with reduced costs no greater than the duality

gap are enumerated using a variable fixing technique [Baldacci et al., 2008]. Valid

cuts are then introduced to reduce the duality gap and further shrink the candidate

route set. Finally, the route-based IP formulation, restricted to the candidate

routes, is solved using an IP solver, where side constraints are incorporated as lazy

constraints. This approach successfully solves instances with up to 50 customers,

and has been further adapted to address four variants of the CMTVRPTW. Note

that the term “structure” used in Paradiso et al. [2020] is synonymous with the

term “route” commonly used in the literature (e.g., Azi et al. [2007]), which refers

to a node sequence. Furthermore, according to Azi et al. [2007], all attributes of

a “structure” (including the earliest departure time, latest departure time, and

minimum duration) are entirely determined by the node sequence.
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Yang [2023] introduces a superstructure-based IP formulation for the CMTVRPTW

and develops a three-phase exact algorithm to solve it, where the separation of side

constraints involves solving the NP-hard TOPTW. The algorithm follows three

phases: the first phase enumerates a set of candidate routes that may appear in

optimal solutions, the second phase constructs superstructures by combining the

enumerated routes that satisfy specific conditions, and the third phase solves the

superstructure-based IP formulation to obtain the optimal solution. Compared to

the method of Paradiso et al. [2020], it makes several key advancements. First, valid

cuts are incorporated into the route-based LP formulation prior to enumeration,

yielding tighter dual bounds and reducing out-of-memory errors during enumera-

tion. Second, an auxiliary LP formulation is solved to obtain a dual solution that

maximizes the total reduced cost of candidate routes, enabling further route elimi-

nation. Third, candidate routes that satisfy specific conditions are combined into

superstructures, reducing the number of columns in the formulation. With these

advancements, Yang [2023] successfully solves instances with up to 100 customers,

outperforming the method proposed by Paradiso et al. [2020].

Yang [2025] enhances the three-phase exact algorithm of Yang [2023] by the

“Deluxing” method. A key innovation is a novel variable fixing technique, where

the dual solution used to eliminate routes only needs to ensure that a subset of

candidate routes has nonnegative reduced costs. This makes obtaining such dual

solutions easier than feasible duals. Given that the reduced cost of a variable

can vary significantly across different dual solutions, Yang [2025] performs a deep

search to obtain multiple duals. Additionally, three techniques are introduced to

accelerate the solution process: (i) A variable relaxation technique that relaxes a

subset of integer variables into continuous variables; (ii) An efficient method for

separating valid cuts; (iii) An effective primal heuristic to improve the upper bound.

With a time limit of 3 hours, Yang [2025] successfully solves instances with up to
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200 customers.

The route-based and superstructure-based formulations involve fewer variables

than the trip-based and journey-based formulations, enabling their solution methods

to handle instances with up to 200 customers. However, the number of their

constraints to enforce the fleet size limit increases exponentially with the problem

size. Additionally, separating these constraints requires solving the NP-hard

TOPTW, which can be computationally expensive.

2.2.3 Algorithms Leveraging Trip-Based Formulations

Hernandez et al. [2014] study the CMTVRPTW with limited trip duration and

propose a trip-based formulation. The fleet size constraints ensure that, for each

unit-length time interval [w,w + 1], where w ∈ {a0, a0 + 1, . . . , b0 − 1}, the number

of vehicles active at all time points within [w,w + 1] does not exceed the fleet size

K. A vehicle is considered active if it is traveling between nodes or serving/waiting

at a customer. To ensure that the number of vehicles active over the entire interval

[w,w+1] is equal to the number of vehicles active at any specific time point within

[w,w + 1], Hernandez et al. [2014] restrict their formulation to trips with integer

departure times. However, whether this restriction preserves optimality is not

discussed in Hernandez et al. [2014].

Solving the LP relaxation while incorporating fleet size constraints for all unit-

length time intervals can be computationally intensive. To enhance computational

efficiency, Hernandez et al. [2014] propose an “equidistant-and-halving” strategy

to replace unit-length time intervals with broader intervals, thereby reducing

the number of fleet size constraints. Specifically, the planning horizon [a0, b0] is

partitioned into the interval [a0 + ⌊ b0−a0
ξ
⌋ ∗ ξ, b0] and the set of intervals {[a0 +

k ∗ ξ, a0 + (k + 1) ∗ ξ] : k ∈ {0, 1, . . . , ⌊ b0−a0
ξ
⌋ − 1}}, where ξ is initialized as a

predefined parameter. This substitution results in a relaxation of the original LP.
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If the optimal solution to this relaxed problem is infeasible for the original LP,

the value of ξ is halved, and the process is repeated. Using this strategy, their

branch-and-price algorithm successfully solves instances with up to 40 customers.

Hernandez et al. [2016] investigate the CMTVRPTW with loading times. They

adopt the same trip-based formulation as Hernandez et al. [2014], but without

imposing a duration limit on trips. The initial partition of the planning horizon is

identical to that in Hernandez et al. [2014], which also results in a relaxation of

the original LP. If the optimal solution to this relaxed problem is infeasible for the

original LP, they do not reduce the value of ξ. Instead, they aim to find a feasible

solution by solving a journey-based formulation, where journeys are constructed

by concatenating trips generated during the column generation process. Their

branch-and-price algorithm successfully identifies feasible solutions for instances

with up to 25 customers.

Huang et al. [2024a] and Huang et al. [2024b] study two variants of the

CMTVRPTW. Following the approach introduced by Hernandez et al. [2014], they

employ the “equidistant-and-halving" strategy to reduce the number of fleet size

constraints. The branch-and-price algorithms proposed by Huang et al. [2024a] and

Huang et al. [2024b] successfully solve instances with up to 50 and 100 customers,

respectively.

Paradiso et al. [2020] introduce a trip-based formulation for modeling the

CMTVRPTW. In this formulation, fleet size constraints are defined based on specific

time points rather than time intervals, ensuring that the number of vehicles active at

any time point within [a0, b0] does not exceed K. Additionally, the departure times

of trips are not restricted to integer values. However, this formulation introduces

an infinite number of variables and constraints, and the authors do not propose a

solution method to address it.
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While branch-and-price algorithms have been proposed for solving variant

problems of the CMTVRPTW by utilizing trip-based formulations, their scalability

is limited to instances with up to 100 customers. The primary challenge lies in the

large number of variables and constraints in trip-based formulations. In this study,

we propose an enhanced exact algorithm to solve the trip-based formulation of

the CMTVRPTW. We demonstrate that optimality is preserved when restricting

consideration to trips with integer departure times. Leveraging this property, we

obtain a trip-based reformulation with a finite number of variables and constraints,

ensuring optimality while enabling the formulation to be solved directly using

IP solvers. This eliminates the need for solving pricing problems iteratively at

non-root nodes. To further improve computational efficiency, we introduce the trip

elimination method to reduce the solution space and a dynamic time discovery

strategy to reduce the number of identified time points. Our approach successfully

solves CMTVRPTW benchmark instances with up to 200 customers, including 6

instances that have not been solved to optimality in the existing literature.

2.3 Mathematical Formulations
In this section, we first present the route-based formulation in Section 2.3.1 and

the superstructure-based formulation in Section 2.3.2, which are employed to solve

the CMTVRPTW in the state-of-the-art algorithm. In Section 2.3.3, we present a

trip-based formulation from the literature, and obtain a trip-based reformulation

with fewer variables and constraints, which is utilized in our enhanced algorithm.

2.3.1 Route-Based Formulation

A route r = (i0 = 0, i1, . . . , inr , inr+1 = 0) represents a simple cycle where a vehicle

departs from the depot, visits customers i1, . . . , inr sequentially, and returns to the

depot while satisfying the capacity constraint and time window constraints. The
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associated travel cost is cr =
∑nr

w=0 ciwiw+1 . Let R denote the set of all routes. For

i ∈ N and r ∈ R, let αir be a binary parameter equal to 1 if and only if customer

i is visited by route r. For a subset of routes R̄ ⊆ R, let ϕ(K, R̄) represent the

maximum number of routes in R̄ that can be performed by the K available vehicles

within the planning horizon. The value of ϕ(K, R̄) can be determined by solving

the NP-hard TOPTW [Paradiso et al., 2020]. For r ∈ R, let xr be the binary

variable equal to 1 if and only if route r is selected in the solution. The route-based

formulation proposed in Paradiso et al. [2020] is then presented as follows.

(RF ) min
∑
r∈R

crxr, (2.1a)

s.t.
∑
r∈R

αirxr = 1, ∀i ∈ N , (2.1b)∑
r∈R̄

xr ≤ ϕ(K, R̄), ∀R̄ ⊆ R, (2.1c)

xr ∈ {0, 1}, ∀r ∈ R. (2.1d)

The objective function (2.1a) minimizes the total travel cost. Constraints (2.1b)

guarantee that each customer is visited exactly once. The side constraints (2.1c)

enforce the fleet size limit, ensuring that the selected routes can be executed by the

fleet of K vehicles within the planning horizon. Finally, constraints (2.1d) define

the domain of the decision variables.

As shown in Azi et al. [2007], each route r ∈ R is associated with three

attributes: er, lr, and dr. In this context, lr denotes the latest departure time

from the depot that ensures compliance with the time window constraints, while

dr represents the minimum duration required to perform route r (achieved by

departing at lr). The attribute er is the earliest non-dominated departure time,

with the following properties: Departing at time t ∈ [er, lr] corresponds to returning
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to the depot at time t+ dr; Departing at time t ∈ [a0, er) results in a return time

of er + dr, which is dominated by departing at er. Thus, er + dr is the earliest

possible return time at the depot for route r. For example, consider the route

r1 = (0, 1, 2, 0) in Figure 2.1, we have er1 = 5, lr1 = 10, and dr1 = 30. Moreover, as

demonstrated in Appendix A.1, we have {er, lr : r ∈ R} ⊆ {a0, a0+1, . . . , b0} ⊆ Z+

and {dr : r ∈ R} ⊆ Z++, where Z+ is the set of nonnegative integers and Z++ is

the set of positive integers.

Solving the LP relaxation of formulation (2.1) can be computationally expensive

because separating constraints (2.1c) violated by the solution x requires solving

the NP-hard TOPTW. This process becomes particularly time-consuming when

x is fractional and the set {r ∈ R : xr > 0} has a large cardinality. To mitigate

this challenge, Paradiso et al. [2020] propose a weaker LP relaxation by replacing

constraints (2.1c) with relaxed structure feasibility cuts (RSFCs). Specifically, for

t ∈ [a0, b0] and r ∈ R, let βtr = I[lr,er+dr)(t), where I denotes the indicator function.

βtr equals 1 if and only if the vehicle performing route r is active at time t for any

possible departure time from the depot. The RSFC associated with time point

t ∈ [a0, b0] ensures that the lower bound
∑

r∈R βtrxr on the number of vehicles

active at time t does not exceed the fleet size K.

(RSFC)
∑
r∈R

βtrxr ≤ K, ∀t ∈ [a0, b0]. (2.2)

The route-based LP relaxation is then formulated as follows.

(LRF ) min
∑
r∈R

crxr, (2.3a)

s.t. (2.1b), (2.2),

xr ≥ 0, ∀r ∈ R. (2.3b)
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2.3.2 Superstructure-Based Formulation

A superstructure is a set of routes that satisfy the following conditions: they visit

the same set of customers, they have the same cost and duration, and the union of

their departure time intervals is an interval. For example, routes r3 = (0, 5, 6, 0) and

r4 = (0, 6, 5, 0) in Figure 2.1 can be combined into a superstructure {r3, r4}, since

N (r3) = N (r4) where N (r) represents the set of customers visited by route r ∈ R,

cr3 = cr4 = 3, dr3 = dr4 = 60, and [er3 , lr3 ] ∪ [er4 , lr4 ] = [20, 30] ∪ [20, 30] = [20, 30]

is an interval.

Given a set of routes R, Yang [2023] proposes a method for constructing a set

of superstructures U derived from R. For superstructure u ∈ U , denote Ñ (u) as

the set of visited customers, c̃u is the travel cost, d̃u is the duration, [ẽu, l̃u] is the

departure time interval. Consider the example in Figure 2.1, for superstructure

u = {r3, r4}, we have Ñ (u) = N (r3) = {5, 6}, c̃u = cr3 = 3, d̃u = dr3 = 60,

[ẽu, l̃u] = [er3 , lr3 ] ∪ [er4 , lr4 ] = [20, 30].

For i ∈ N and u ∈ U , let α̃iu be a binary parameter equal to 1 if and only if

customer i is visited by superstructure u. For a subset of superstructures Ū ⊆ U ,

let ϕ̃(K, Ū) represent the maximum number of superstructures in Ū that can be

performed by the K available vehicles within the planning horizon. The value of

ϕ̃(K, Ū) can be determined by solving the NP-hard TOPTW [Yang, 2023]. For

u ∈ U , let x̃u be the binary variable equal to 1 if and only if superstructure u is

selected in the solution. The superstructure-based formulation proposed in Yang

[2023] is then presented as follows.

(UF ) min
∑
u∈U

c̃ux̃u, (2.4a)

s.t.
∑
u∈U

α̃iux̃u = 1, ∀i ∈ N , (2.4b)
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∑
u∈Ū

x̃u ≤ ϕ̃(K, Ū), ∀Ū ⊆ U , (2.4c)

x̃u ∈ {0, 1}, ∀u ∈ U . (2.4d)

The objective function (2.4a) minimizes the total travel cost. Constraints (2.4b)

guarantee that each customer is visited exactly once. The side constraints (2.4c)

enforce the fleet size limit, ensuring that the selected superstructures can be executed

by the fleet of K vehicles within the planning horizon. Finally, constraints (2.4d)

define the domain of the decision variables.

Solving the LP relaxation of formulation (2.4) can be computationally expensive

because separating constraints (2.4c) violated by the solution x̃ requires solving

the NP-hard TOPTW. This process becomes particularly time-consuming when x̃

is fractional and the set {u ∈ U : x̃u > 0} has a large cardinality. To mitigate this

challenge, a weaker LP relaxation can be derived by replacing constraints (2.4c)

with relaxed superstructure feasibility cuts (RSSFCs). Specifically, for t ∈ [a0, b0]

and u ∈ U , let β̃tu = I[l̃u,ẽu+d̃u)
(t). Then

∑
u∈U β̃tux̃u serves as a lower bound on

the number of vehicles active at time t, which cannot exceed the fleet size K.

(RSSFC)
∑
u∈U

β̃tux̃u ≤ K, ∀t ∈ [a0, b0]. (2.5)

The superstructure-based LP relaxation is then formulated as follows.

(LUF ) min
∑
u∈U

c̃ux̃u, (2.6a)

s.t. (2.4b), (2.5),

x̃u ≥ 0, ∀u ∈ U . (2.6b)

Let χ(LRF ) and χ(LUF ) represent the optimal objective values of formulations
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LRF and LUF , respectively. Proposition 1 demonstrates that the LP relaxation

LRF of the route-based formulation is at least as tight as the LP relaxation LUF

of the superstructure-based formulation.

Proposition 1. χ(LRF ) ≥ χ(LUF ).

Proof. We establish this proposition by showing that for any optimal solution x to

LRF , there exists a feasible solution x̃ to LUF that achieves the same objective

value.

By the definition of U , for any route r ∈ R, there exists a unique superstructure

u ∈ U such that Ñ (u) = N (r), c̃u = cr, d̃u = dr, and [ẽu, l̃u] ⊇ [er, lr]. For route

r ∈ R, let u(r) denote the associated superstructure. We construct the solution x̃

by setting x̃u =
∑

r∈R:u(r)=u xr.

For r ∈ R, we have α̃iu(r) = αir because Ñ (u(r)) = N (r). Consequently, for

i ∈ N , it follows that
∑

u∈U α̃iux̃u =
∑

r∈R αirxr = 1. This implies that x̃ satisfies

constraints (2.4b).

For r ∈ R and t ∈ [a0, b0], we have β̃tu(r) ≤ βtr because d̃u(r) = dr and

[ẽu(r), l̃u(r)] ⊇ [er, lr]. Consequently, for t ∈ [a0, b0], it follows that
∑

u∈U β̃tux̃u ≤∑
r∈R βtrxr ≤ K. This implies that x̃ satisfies constraints (2.5), and therefore, x̃

is a feasible solution to LUF .

For r ∈ R, we have c̃u(r) = cr. It follows that
∑

u∈U c̃ux̃u =
∑

r∈R crxr,

meaning that x̃ has the same objective value with x. This, together with that x̃ is

a feasible solution to LUF , completes the proof.

2.3.3 Trip-Based Formulations

A trip s = (rs, τs) is a route-time pair, where rs represents the associated route

and τs ∈ [ers , lrs ] denotes the departure time from the depot. Let S = {(r, τ) :
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r ∈ R, τ ∈ [er, lr]} represent the set of all trips. For t ∈ [a0, b0] and s ∈ S, define

γts = I[τs,τs+drs )(t), which equals 1 if and only if the vehicle performing trip s is

active at time t. For s ∈ S, let ys be the binary variable equal to 1 if and only if

trip s is selected in the solution. The trip-based formulation introduced in Paradiso

et al. [2020] is then presented as follows.

(SF ) min
∑
s∈S

crsys, (2.7a)

s.t.
∑
s∈S

αirsys = 1, ∀i ∈ N , (2.7b)∑
s∈S

γtsys ≤ K, ∀t ∈ [a0, b0], (2.7c)

ys ∈ {0, 1}, ∀s ∈ S. (2.7d)

The objective function (2.7a) aims to minimize the total travel cost. Con-

straints (2.7b) ensure that each customer is visited exactly once, while con-

straints (2.7c) enforce that the number of active vehicles at any time does not

exceed the fleet size K. Finally, constraints (2.7d) define the domain of the decision

variables.

Proposition 2 implies that verifying whether a trip-based solution y satisfies

constraint (2.7c) for all t ∈ [a0, b0] can be reduced to checking whether it satisfies

constraint (2.7c) for all t ∈ {τs : s ∈ S(y)}, where S(y) = {s ∈ S : ys > 0}.

Proposition 2. Consider a trip-based solution y. If
∑

s∈S γtsys ≤ K holds for all

t ∈ {τs : s ∈ S(y)}, then
∑

s∈S γtsys ≤ K holds for all t ∈ [a0, b0].

Proof. For s ∈ S, the function γts = I[τs,τs+drs )(t) is a step function that is right-

continuous and increases only at t = τs. Given the trip-based solution y, where

ys ≥ 0 for all s ∈ S, it follows that
∑

s∈S γtsys =
∑

s∈S(y) γtsys is also a step

function. This step function is right-continuous and can potentially increase
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only at t ∈ {τs : s ∈ S(y)}. Consequently, max{
∑

s∈S γtsys : t ∈ [a0, b0]} =

max{
∑

s∈S γtsys : t ∈ {τs : s ∈ S(y)}}. Therefore, if
∑

s∈S γtsys ≤ K holds for all

t ∈ {τs : s ∈ S(y)}, then it must also hold for all t ∈ [a0, b0].

Given a trip-based solution y satisfying constraints (2.7b) and (2.7d), the

separation problem for identifying a violated constraint (2.7c) can be solved in

polynomial time. By Proposition 2, the separation problem can be solved by

evaluating the value of
∑

s∈S γtsys for each t ∈ {τs : s ∈ S(y)}. Since y satisfies

constraints (2.7b) and (2.7d), it follows that |S(y)| ≤ |N |, |{τs : s ∈ S(y)}| ≤ |N |,

and
∑

s∈S γtsys =
∑

s∈S(y) γts. As a result, the separation problem can be solved

in O(|N |2) time.

In formulation (2.7), the set S can introduce an infinite number of variables.

However, Proposition 3 demonstrates that it suffices to consider only integer

departure times. Consequently, optimality is preserved if set S is replaced by

S0 = {(r, τ) : r ∈ R, τ ∈ [er, lr] ∩ Z+}.

Proposition 3. For any feasible instance with integer time data, there exists an

optimal solution where the departure times of all selected trips are integers.

Proof. Consider an optimal solution y1 to SF . Let S(y1) denote the set of selected

trips. If {τs : s ∈ S(y1)} ⊆ Z+, the statement above holds. Otherwise, define

τ1 = min{τs : s ∈ S(y1), τs ̸∈ Z+} as the earliest fractional departure time, and

let s1 = (r1, τ1) ∈ S(y1) denote the trip corresponding to this fractional departure

time. Further, define s2 = (r2, τ2), where r2 = r1 and τ2 = ⌊τ1⌋. Construct a new

solution y2 such that y2s1 = 0, y2s2 = 1, and y2s = y1s for all s ∈ S \ {s1, s2}.

We now demonstrate that y2 is also an optimal solution. Since r2 = r1, it

follows that y2 has the same objective value as y1, and y2 satisfies constraints (2.7b)

for all i ∈ N . By definition, we have γts1 = I[τ1,τ1+dr1 )
(t) and γts2 = I[τ2,τ2+dr2 )

(t).
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Since r2 = r1 and τ2 = ⌊τ1⌋, it follows that γts1 ≥ γts2 for all t ∈ [a0, b0] \ [τ2, τ1).

As a result, y2 satisfies constraints (2.7c) for all t ∈ [a0, b0] \ [τ2, τ1).

It remains to show that y2 satisfies constraints (2.7c) for all t ∈ [τ2, τ1). Since

τ1 is the earliest fractional departure time, τ2 = ⌊τ1⌋, and {dr : r ∈ R} ⊆ Z++,

it follows that γts ≤ γτ1s for all s ∈ S(y1) and t ∈ [τ2, τ1). Consequently, for

t ∈ [τ2, τ1), we have
∑

s∈S(y2) γts = 1 +
∑

s∈S(y2)\{s2} γts = 1 +
∑

s∈S(y1)\{s1} γts ≤

1 +
∑

s∈S(y1)\{s1} γτ1s =
∑

s∈S(y1) γτ1s ≤ K. This implies that y2 satisfies con-

straints (2.7c) for all t ∈ [τ2, τ1). Therefore, y2 is also an optimal solution.

By iteratively applying the above procedure, we can construct an optimal

solution in which the departure times of all selected trips are integers.

In formulation (2.7), the planning horizon [a0, b0] results in an infinite number

of constraints in (2.7c), making it computationally impractical to solve this for-

mulation directly by an IP solver. To handle this issue, we further replace [a0, b0]

in constraints (2.7c) with the discrete set H = {a0, a0 + 1, . . . , b0}. Consequently,

we obtain a trip-based reformulation (2.8) with a finite number of variables and

constraints. The optimality of this reformulation is established in Proposition 4.

(SF (S0,H)) min
∑
s∈S0

crsys, (2.8a)

s.t.
∑
s∈S0

αirsys = 1, ∀i ∈ N , (2.8b)∑
s∈S0

γtsys ≤ K, ∀t ∈ H, (2.8c)

ys ∈ {0, 1}, ∀s ∈ S0. (2.8d)

Proposition 4. If SF is feasible, then SF (S0,H) must also be feasible. Moreover,

any optimal solution to SF (S0,H) is also optimal to SF .

29



Chapter 2. Utilizing Trip-Based Formulation for Solving Capacitated Multitrip
Vehicle Routing Problem with Time Windows

Proof. The formulation SF (S0,H) is derived from SF by replacing S with S0 =

{s ∈ S : τs ∈ Z+} and substituting [a0, b0] in constraints (2.7c) with H = {a0, a0 +

1, . . . , b0}. By Proposition 3, it is sufficient to consider only integer departure

times. Consequently, replacing S with S0 preserves optimality. Since H ⊂ [a0, b0],

SF (S0,H) is a relaxation of SF . Therefore, if SF is feasible, SF (S0,H) must also

be feasible.

Consider an optimal solution y to SF (S0,H), which satisfies constraints (2.7c)

for all t ∈ H. Since S(y) ⊆ S0, it follows that {τs : s ∈ S(y)} ⊆ H. As a result,

y satisfies constraints (2.7c) for all t ∈ {τs : s ∈ S(y)}. By Proposition 2, this

implies that y satisfies constraints (2.7c) for all t ∈ [a0, b0]. Hence, y is feasible

to SF . Since SF (S0,H) is a relaxation of SF , and y achieves the same objective

value in both SF (S0,H) and SF , it follows that y is also optimal to SF .

Reformulation (2.8) contains a finite number of variables and constraints,

allowing it to be solved directly using an IP solver. This eliminates the need for

solving pricing problems iteratively at non-root nodes.

Denote LSF as the LP relaxation of SF (S0,H). Let χ(LRF ) and χ(LSF )

represent the optimal objective values of formulations LRF and LSF , respectively.

Proposition 5 demonstrates that the LP relaxation LSF of the trip-based formula-

tion is at least as tight as the LP relaxation LRF of the route-based formulation.

For certain instances, the tighter LP relaxations enable the further elimination of

columns and enhance the branch-and-bound algorithm for solving IP formulations.

Proposition 5. χ(LSF ) ≥ χ(LRF ).

Proof. We prove this proposition by demonstrating that, for any optimal solution

y to LSF , there exists a feasible solution x to LRF with the same objective value.

The solution x is contructed by setting xr =
∑

s∈S0:rs=r ys for each r ∈ R.

30



2.4. Solution Algorithm

Since
∑

r∈R crxr =
∑

r∈R cr
∑

s∈S0:rs=r ys =
∑

r∈R
∑

s∈S0:rs=r crsys =
∑

s∈S0
crsys,

it follows that x has the same objective value as y.

For i ∈ N , we have
∑

r∈R αirxr =
∑

r∈R αir

∑
s∈S0:rs=r ys =

∑
r∈R

∑
s∈S0:rs=r αirsys =∑

s∈S0
αirsys = 1. Thus x satisfies constraints (2.1b).

By Proposition 2,
∑

s∈S0
γtsys ≤ K holds for all t ∈ [a0, b0]. Moreover, for

s ∈ S0, since ers ≤ τs ≤ lrs , it follows that βtrs = I[lrs ,ers+drs )(t) ≤ I[τs,τs+drs )(t) = γts.

Consequently, we have
∑

r∈R βtrxr =
∑

r∈R βtr

∑
s∈S0:rs=r ys =

∑
r∈R

∑
s∈S0:rs=r βtrsys =∑

s∈S0
βtrsys ≤

∑
s∈S0

γtsys ≤ K. This implies that x satisfies constraints (2.2).

Therefore, x is a feasible solution to LRF with the same objective value as y,

completing the proof.

2.4 Solution Algorithm
In this section, we present an enhanced exact algorithm for the CMTVRPTW,

as outlined in Section 2.4.1. The dominance rule for trip elimination is detailed

in Section 2.4.2. Section 2.4.3 describes the approach for solving the trip-based

LP formulation to obtain dual solutions, which are then used to eliminate trips

through the variable fixing technique. Finally, Section 2.4.4 introduces the method

for solving the trip-based IP formulation to obtain the optimal solution.

2.4.1 Algorithm Outline

Algorithm 1 requires three inputs: An upper bound, a set of candidate routes

(including those selected in optimal solutions), and a set of valid cuts. The upper

bound is used to apply the variable fixing technique [Baldacci et al., 2008], the

set of candidate routes is used to enumerate the initial set of trips, and the valid

cuts strengthen the LP relaxation. These inputs can be obtained using route

enumeration methods for the CMTVRPTW, such as that proposed by Yang [2025].
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Algorithm 1 begins by enumerating the initial set of trips that includes those

selected in optimal solutions (line 1), followed by the elimination of trips using

the dominance rule (line 2). Subsequently, the trip-based LP relaxation LSF is

solved to apply the variable fixing technique, enabling further elimination of trips

(line 3). Finally, the trip-based IP formulation is solved to obtain the optimal

solution (line 4).

Algorithm 1 Enhanced Exact Algorithm
Input: An upper bound UB on the optimal objective value; A set of routes R1

comprising those selected in optimal solutions; A set of valid cuts.
Output: An optimal solution to the CMTVRPTW instance.

1: Enumerate the initial set of trips S1 = {(r, τ) : r ∈ R1, τ ∈ G1r}, where G1r = [er, lr]∩Z+

represents the initial set of departure times for route r ∈ R1.
2: Apply the dominance rule to eliminate trips from S1, and denote the set of remaining

trips as S2.
3: Solve the trip-based LP relaxation LSF restricted to trips in S2. Apply the variable

fixing technique to eliminate trips from S2, and denote the set of remaining trips as
S3.

4: Solve the trip-based IP formulation, restricted to trips in S3, to obtain the optimal
solution.

Algorithm 1 enhances the state-of-the-art exact algorithm [Yang, 2025] for

the CMTVRPTW by leveraging the trip-based formulation. In this algorithm,

the initial set of trips is constructed from the routes enumerated by Yang [2025],

and the optimal solution is obtained by solving the trip-based IP formulation.

Our enhanced algorithm offers several advantages. First, the separation problem

for constraints (2.8c) in the trip-based IP formulation is solvable in polynomial

time, and the number of constraints (2.8c) is pseudo-polynomial in the input. In

contrast, the separation problem for constraints (2.4c) in the superstructure-based

formulation requires solving NP-hard TOPTW problems, and the number of these

constraints grows exponentially with the problem size. Second, the trip-based LP

formulation yields tighter dual bounds, facilitating the elimination of additional

routes and accelerating the branch-and-bound algorithm for obtaining the optimal
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integer solution. Third, we reduce the number of variables by eliminating trips

using the dominance rule, variable fixing technique, and optimality property of

vehicle departure times. Finally, a dynamic time discovery strategy is employed

during the solution of the LP and IP formulations to reduce the number of identified

time points, thereby decreasing the number of constraints.

2.4.2 Trip Elimination by Dominance Rule

Consider two trips s1 = (r1, τ1) and s2 = (r2, τ2), where either cr1 < cr2 or dr1 < dr2 .

We say that s1 dominates s2 if, for any feasible solution in which s2 is selected,

another feasible solution with an equal or smaller objective value can be obtained

by replacing s2 with s1. Proposition 6 provides sufficient conditions for dominance,

where N (r) represents the set of customers visited by route r ∈ R.

Proposition 6. A trip s1 = (r1, τ1) dominates another trip s2 = (r2, τ2) if the

following conditions are satisfied: (i) τ1 = τ2; (ii) N (r1) = N (r2); (iii) cr1 ≤ cr2;

(iv) dr1 ≤ dr2; (v) At least one of the inequalities in (iii) and (iv) holds strictly.

Proof. We prove this proposition by demonstrating that if the trip s2 = (r2, τ2) is

selected in a feasible solution y2, then a new feasible solution y1 with an equal or

smaller objective value can be obtained by replacing s2 with the trip s1 = (r1, τ1).

Specifically, the solution y1 is constructed by setting y1s1 = 1, y1s2 = 0, and y1s = y2s

for all s ∈ S0 \ {s1, s2}.

Since cr1 ≤ cr2 , it follows that y1 has an equal or smaller objective value

compared to y2.

Furthermore, because N (r1) = N (r2), we have αir1 = αir2 for all i ∈ N . Thus,

y1 satisfies constraints (2.8b).

Since τ1 = τ2 and dr1 ≤ dr2 , it follows that γts1 ≤ γts2 for all t ∈ [a0, b0].
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Consequently, y1 satisfies constraints (2.8c). Therefore, y1 is a feasible solution.

This completes the proof.

Dominated trips can be eliminated from S1 without compromising optimality.

Let S2 represent the set of trips remaining after this elimination. Define R2 = {r ∈

R1 : ∃s ∈ S2 such that rs = r}. For each r ∈ R2, let G2r = {τ ∈ G1r : (r, τ) ∈ S2}.

2.4.3 Trip Elimination by Variable Fixing

In this section, we present a column-and-cut generation approach for solving

LSF to obtain a feasible dual solution, which can be used to eliminate trips

through variable fixing techniques. Additionally, as the reduced costs of a trip

can vary significantly across different dual solutions, we introduce a dual-picking

procedure to generate multiple trip-based dual solutions, further strengthening the

trip elimination process.

2.4.3.1 Cut Generation.

The subset-row cuts [Jepsen et al., 2008], strengthened capacity cuts [Baldacci et al.,

2008], and elementary cuts [Pecin et al., 2017], used to enhance the route-based

formulation, are also valid for the trip-based formulation. This is because a trip is

defined as a route-time pair, and the coefficients in these cuts depend solely on the

associated route. Specifically, consider one of such cuts valid for the route-based

formulation, indexed by j and expressed as
∑

r∈R δjrxr ≤ fj. For the trip-based

formulation, the corresponding cut
∑

s∈S0
δjrsys ≤ fj remains valid. A trip-based

solution y violates these cuts if and only if the associated route-based solution xy

violates them, where xy
r =

∑
s∈S0:rs=r ys for each r ∈ R. These cuts are identified

using the methods in Yang [2025].

We identify the time points relevant to constraints (2.8c) using a dynamic time

discovery strategy. Given the potentially large number of constraints (2.8c), directly

34



2.4. Solution Algorithm

solving LSF by incorporating all of them can be computationally expensive. To

address this challenge, we replace H in constraints (2.8c) with a subset T ⊆ H,

which is initially empty and then expanded by incrementally adding time points

as needed. Specifically, for a given trip-based solution y, we verify whether

constraints (2.8c) are satisfied for all t ∈ {τs : s ∈ S(y)}. If they are satisfied, then

by Proposition 2, the constraints (2.8c) are satisfied for all t ∈ [a0, b0]. Otherwise, a

time point in {τs : s ∈ S(y)} corresponding to a violated constraint (2.8c) is added

to T . This dynamic time discovery strategy significantly reduces the number of

time points that need to be identified.

2.4.3.2 Column Generation.

Let (λ,µ) denote the dual solution of LSF , where µ = {µt : t ∈ T } represents

the dual vector associated with constraints (2.8c), and λ is the dual vector for the

remaining constraints, which depend solely on the routes and are independent of

departure times.

For trip s ∈ S, let c′s(λ,µ) denote its reduced cost w.r.t. dual (λ,µ). Note

that the value of c′s(λ,µ) +
∑

t∈T µtγts depends solely on the associated route

rs. Thus we can define ĉrs(λ) = c′s(λ,µ) +
∑

t∈T µtγts. Consequently, the pricing

problem can be represented as follows.

min
s∈{(r,τ):r∈R2,τ∈G2

r}
c′s(λ,µ) = min

r∈R2

(
ĉr(λ) + min

s∈{(r,τ):τ∈G2
r}

∑
t∈T

(−µt)γts

)
. (2.9)

A straightforward approach to solving the pricing problem (2.9) involves

evaluating the reduced cost of all trips in {(r, τ) : r ∈ R2, τ ∈ G2r}. However, this

method can be inefficient because, for route r ∈ R2, the set G2r may contain a

large number of time points. Nevertheless, Proposition 7 shows that it is sufficient

to consider only a subset of these time points when solving the pricing problem.
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Specifically, the subset is defined as E(T ,G2r ) = (G2r ∩ {t− dr : t ∈ T }) ∪ F(G2r ),

where F(G2r ) = {τ ∈ G2r : τ + 1 ̸∈ G2r}.

Proposition 7. For any route r ∈ R2, the inner minimization problem in (2.9)

can be equivalently reformulated as

min
s∈{(r,τ):τ∈G2

r}

∑
t∈T

(−µt)γts = min
s∈{(r,τ):τ∈E(T ,G2

r )}

∑
t∈T

(−µt)γts = min
τ∈E(T ,G2

r )

∑
t∈T ∩[τ,τ+dr)

(−µt).

(2.10)

Proof. Consider a route r ∈ R2 and the set of trips {s ∈ S : rs = r}. For a given

time point t ∈ T , the function γts = I[τs,τs+dr)(t) is a step function with respect to

τs. This function is left-continuous and increases only at τs = t− dr. Since −µt ≥ 0

for all t ∈ T , it follows that
∑

t∈T (−µt)γts is also a step function. This function is

left-continuous and can potentially increase only at τs ∈ {t− dr : t ∈ T }.

Now, consider the trips {s ∈ S : rs = r, τs ∈ G2r} for the route r ∈ R2. Since

τs ∈ G2r ⊂ Z+, dr ∈ Z++, and T ⊆ H ⊂ Z+, it follows that the minimum value

of
∑

t∈T (−µt)γts can be achieved only at τs ∈ (G2r ∩ {t− dr : t ∈ T })∪F(G2r ), where

F(G2r ) = {τ ∈ G2r : τ+1 ̸∈ G2r}. Consequently, we have mins∈{(r,τ):τ∈G2
r}
∑

t∈T (−µt)γts =

mins∈{(r,τ):τ∈E(T ,G2
r )}
∑

t∈T (−µt)γts, where E(T ,G2r ) = (G2r ∩ {t− dr : t ∈ T })∪F(G2r ).

Moreover, since γts = I[τs,τs+dr)(t), it follows that
∑

t∈T (−µt)γts =
∑

t∈T ∩[τs,τs+dr)
(−µt).

Therefore, we have mins∈{(r,τ):τ∈E(T ,G2
r )}
∑

t∈T (−µt)γts = minτ∈E(T ,G2
r )

∑
t∈T ∩[τ,τ+dr)

(−µt).

This completes the proof.

Consequently, the pricing problem (2.9) can be solved using a two-level loop.

In the outer loop, the value of ĉr(λ) is computed for each r ∈ R2. In the inner

loop, the expression
∑

t∈T ∩[τ,τ+dr)
(−µt) is evalutated for each τ ∈ E(T ,G2r ). This

novel algorithm avoids evaluating the reduced costs of trips {(r, τ) : r ∈ R2, τ ∈

G2r \E(T ,G2r )}, thereby significantly accelerating the solution of the pricing problem.

36



2.4. Solution Algorithm

2.4.3.3 Dual Picking.

In addition to solving LSF with a column-and-cut generation approach, we develop

a dual-picking procedure to generate multiple feasible dual solutions of LSF ,

thereby enabling further elimination of trips. Given a subset of trips S̄ ⊆ S, the

dual-picking formulation aims to maximize the sum of the dual objective and the

average reduced cost of trips in S̄. The formulation is presented as follows, where

L(λ,µ) is the linear expression representing the objective value of the dual solution

(λ,µ).

(DPF (S̄)) maxL(λ,µ) +
1

|S̄|
∑
s∈S̄

c′s(λ,µ), (2.11a)

s.t. c′s(λ,µ) ≥ 0, ∀s ∈ {(r, τ) : r ∈ R2, τ ∈ G2r}, (2.11b)

sign constraints on λ, (2.11c)

µt ≤ 0, ∀t ∈ T . (2.11d)

The objective function (2.11a) maximizes the sum of the dual objective and the

average reduced cost of the trips in S̄. Constraints (2.11b) enforce nonnegativity

of the reduced cost for every trip in {(r, τ) : r ∈ R2, τ ∈ G2r}. Finally, the sign

constraints (2.11c) and (2.11d) specify the required nonpositivity or nonnegativity

of the decision variables.

Since the number of constraints in (2.11b) can be very large, we solve DPF (S̄)

using a cut generation approach. The separation problem of identifying the

most violated constraint (2.11b) for a given (λ,µ) is equivalent to the pricing

problem (2.9) for finding the trip with the minimum reduced cost. Consequently,

the pricing method for problem (2.9) can be directly applied to the cut generation

approach for solving DPF (S̄).

We generate multiple feasible duals by solving DPF (S̄) for C times, each with

37



Chapter 2. Utilizing Trip-Based Formulation for Solving Capacitated Multitrip
Vehicle Routing Problem with Time Windows

a different choice of S̄. Specifically, we first partition the routes inR2 into C clusters

using the k-means algorithm, where the distance between two routes r1, r2 ∈ R2 is

defined as the cardinality of the symmetric difference between N (r1) and N (r2),

i.e., |(N (r1) \ N (r2)) ∪ (N (r2) \ N (r1))|. For each cluster of routes R̄ ⊆ R2, the

corresponding subset of trips is defined as S̄ = {(r, τ) : r ∈ R̄, τ ∈ F(G2r )}.

2.4.3.4 Variable Fixing Using Trip-Based Dual Solutions.

This section presents methods for efficiently eliminating trips by leveraging a feasible

dual solution (λ,µ) to LSF . In particular, if the precondition of Proposition 8

is satisfied for a route r ∈ R2, we eliminate r from R2, which is equivalently to

eliminating all trips s ∈ S2 where rs = r.

Proposition 8. Consider a feasible dual solution (λ,µ) and a route r ∈ R2. If

ĉr(λ)−
∑

t∈T µtβtr > UB−L(λ,µ), then no trip in {(r, τ ) : τ ∈ G2r} can be selected

in any optimal solution to the CMTVRPTW.

Proof. Consider a route r ∈ R2 and a feasible dual solution (λ,µ). For any

trip s ∈ {(r, τ) : τ ∈ G2r} and time point t ∈ T , we have γts = I[τs,τs+dr)(t) ≥

I[lr,er+dr)(t) = βtr, since G2r ⊆ [er, lr]. Additionally, because µt ≤ 0 for all t ∈ T ,

it follows that c′s(λ,µ) = ĉr(λ)−
∑

t∈T µtγts ≥ ĉr(λ)−
∑

t∈T µtβtr. Consequently,

if ĉr(λ)−
∑

t∈T µtβtr > UB − L(λ,µ), then the reduced cost satisfies c′s(λ,µ) >

UB − L(λ,µ) for all s ∈ {(r, τ) : τ ∈ G2r}. Based on the variable fixing technique,

these trips cannot be selected in any optimal solution to the CMTVRPTW, which

completes the proof.

For route r ∈ R2, define D(T ,G2r ) = (T ∩ G2r ) ∪ E(T ,G2r ) and denote mr =

|D(T ,G2r )|. Arrange the elements of D(T ,G2r ) in ascending order as θr1 < θr2 < · · · <

θrmr
, and define θr0 = minG2r − 1, i.e., one unit earlier than the earliest departure

time in G2r . Then the following Lemma 1 holds, which will be utilized in the proofs
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of Proposition 9 and Proposition 10.

Lemma 1. Consider a time point t ∈ T , a set of departure times Gr ⊆ [er, lr]∩Z+,

and a trip s2 = (r, θrj ), where r ∈ R2 and θrj ∈ D(T ,Gr) represents the j-th smallest

element in D(T ,Gr). For all s1 ∈ {(r, τ ) : τ ∈ Gr∩{θrj−1+1, . . . , θrj−1}}, it follows

that γts1 = γts2.

Proof. Consider a route r ∈ R2 and the set of trips {s ∈ S : rs = r}. For a given

time point t ∈ T , the function γts = I[τs,τs+dr)(t) is a step function with respect to

τs. This function is left-continuous, increases only at τs = t−dr, and decreases only

at τs = t. Let τ = minGr ∩ {θrj−1 + 1, . . . , θrj}, i.e., the smallest element in the set

Gr ∩ {θrj−1 + 1, . . . , θrj}. By the definition of D(T ,Gr), it holds that t− dr ̸∈ [τ , θrj )

and t ̸∈ [τ , θrj ). Consequently, γts remains constant for all τs ∈ [τ , θrj ]. This implies

that γts1 = γts2 for all s1 ∈ {(r, τ ) : τ ∈ Gr∩{θrj−1+1, . . . , θrj−1}}, which completes

the proof.

Non-optimal trips can then be eliminated using Proposition 9. Specifically,

if the precondition of Proposition 9 is satisfied for trip (r, θrj ), we update G2r ←

G2r \ {θrj−1 + 1, . . . , θrj}, which is equivalently to eliminating all trips {(r, τ) : τ ∈

G2r ∩ {θrj−1 + 1, . . . , θrj}}.

Proposition 9. Consider a feasible dual solution (λ,µ) and a trip s = (r, θrj )

where r ∈ R2 and θrj ∈ D(T ,G2r ). If c′s(λ,µ) > UB − L(λ,µ), then no trip in

{(r, τ) : τ ∈ G2r ∩ {θrj−1 + 1, . . . , θrj}} can be selected in any optimal solution to the

CMTVRPTW.

Proof. According to Lemma 1, we have γts1 = γts for all s1 ∈ {(r, τ) : τ ∈

G2r ∩ {θrj−1 + 1, . . . , θrj − 1}}. It follows that c′s1(λ,µ) = ĉr(λ) −
∑

t∈T µtγts1 =

ĉr(λ)−
∑

t∈T µtγts = c′s(λ,µ). Hence, if c′s(λ,µ) > UB−L(λ,µ), then c′s1(λ,µ) >

UB − L(λ,µ) holds as well. Therefore, by the variable fixing technique, no trip in
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{(r, τ ) : τ ∈ G2r ∩ {θrj−1 + 1, . . . , θrj}} can be selected in any optimal solution to the

CMTVRPTW. This completes the proof.

Let S3 denote the set of trips remaining after elimination through variable

fixing. Define R3 = {r ∈ R2 : ∃s ∈ S3 such that rs = r}. For each r ∈ R3, let

G3r = {τ ∈ G2r : (r, τ) ∈ S3}.

2.4.4 Optimal Solution Computation

We obtain the optimal solution by solving SF (S3,H), derived from formulation

SF (S0,H) by replacing S0 with S3 = {(r, τ) : r ∈ R3, τ ∈ G3r}. However, due to

the large number of time points in H, it is computationally expensive to solve

SF (S3,H) directly. To address this, we employ a dynamic time discovery strategy.

Specifically, in each iteration, we solve the relaxation SF (S3, T ), derived from

SF (S3,H) by replacing H with a subset T . If the optimal solution y to SF (S3, T )

satisfies all constraints (2.8c) corresponding to the time points {τs : s ∈ S(y)},

then it is feasible to SF (S3,H) by Proposition 2. In this case, y is also optimal

to the CMTVRPTW, since SF (S3, T ) is a relaxation of SF (S3,H). Otherwise,

a time point in {τs : s ∈ S(y)} corresponding to a violated constraint (2.8c)

is added to T . The process is then repeated, and SF (S3, T ) is solved again

with the updated T . Furthermore, as detailed in Appendix A.2, this algorithm

can be enhanced by additionally incorporating side constraints adapted from the

route-based formulation.

To reduce the number of iterations, T is first initialized with the set of time

points corresponding to constraints (2.8c) separated during the solution of LSF ,

and then expanded using a warm-start procedure. Specifically, a trip-based IP

formulation is solved, derived from SF (S3, T ) by replacing S3 with a small number

of trips having relatively smaller reduced costs. During this process, time points
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corresponding to constraints (2.8c) violated by identified integer solutions are added

to T .

Based on the optimality property of vehicle departure times established in

Proposition 10, it is sufficient to incorporate only a subset of trips {(r, τ) : r ∈

R3, τ ∈ D(T ,G3r )}, when solving SF (S3, T ) using an IP solver. By eliminating the

trips {(r, τ) : r ∈ R3, τ ∈ G3r \ D(T ,G3r )}, the efficiency of solving the trip-based

IP formulation is significantly improved.

Proposition 10. Consider a trip s1 = (r, τ1) ∈ S3 where r ∈ R3 and τ1 ∈

G3r \ D(T ,G3r ). If s1 is selected in an optimal solution to SF (S3, T ), then there

exists another optimal solution obtained by replacing s1 with trip s2 = (r, τ2) where

τ2 = min{τ ∈ D(T ,G3r ) : τ > τ1}.

Proof. Consider a trip s1 = (r, τ1) ∈ S3, where r ∈ R3 and τ1 ∈ G3r \ D(T ,G3r ).

Assume that s1 is selected in an optimal solution y1 to SF (S3, T ). Construct a

new solution y2 by replacing s1 in y1 with trip s2 = (r, τ2), where τ2 = min{τ ∈

D(T ,G3r ) : τ > τ1}. Specifically, y2 is obtained by setting y2s1 = 0, y2s2 = 1, and

y2s = y1s for all s ∈ S3 \ {s1, s2}.

Since rs1 = rs2 = r, y2 has the same objective value as y1 and still satisfies

constraints (2.8b).

Assume that τ2 is the j-th smallest element in D(T ,G3r ), i.e., τ2 = θrj . By the

definition of τ1 and τ2, it follows that τ1 ∈ G3r ∩{θrj−1+1, . . . , θrj −1}. Consequently,

Lemma 1 implies that γts1 = γts2 for all t ∈ T . Hence, y2 satisfies constraints (2.8c)

for all t ∈ T , and is feasible to SF (S3, T ).

Therefore, y2 is feasible to SF (S3, T ) and has the same objective value as y1.

Since y1 is optimal to SF (S3, T ), we conclude that y2 is also optimal to SF (S3, T ).

This completes the proof.
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2.5 Computational Results
This section presents the computational results of our algorithm for solving the

CMTVRPTW, comparing its performance with the state-of-the-art method pro-

posed by Yang [2025]. Both our algorithm and the program of Yang [2025] are

executed on the same desktop, equipped with an Intel® Core™ i9-13900K CPU @

4.30GHz and 128 GB of RAM. Both methods are implemented in C++ and utilize

Gurobi 9.1.1 as the LP and IP solver. To solve the IP formulations, both programs

utilize 32 threads for parallel computation. The input data (UB, R1, and a set

of valid cuts) for our algorithm are generated using the program of Yang [2025].

Following the convention in the literature, the CMTVRPTW test instances are

adapted from VRPTW instances by modifying the fleet sizes and vehicle capacities.

2.5.1 Results on Benchmark Instances

We consider 90 large-scale CMTVRPTW benchmark instances introduced by Yang

[2025], derived from 30 VRPTW instances (C2, R2, and RC2) with 200 customers

from the G02 group [Gehring and Homberger, 2001]. For each VRPTW instance,

three CMTVRPTW instances are generated by including the first 140, the first

170, and all 200 customers. The number of vehicles is set to 12, 16, and 20 for

instances with 140, 170, and 200 customers, respectively. The vehicle capacity is

fixed at 100 for these instances.

Among the 90 large-scale benchmark instances, computational results for 10

of them are not reported for one of the following reasons: (i) Yang [2025] fails

to enumerate a set of candidate routes and is unable to solve the instance; (ii)

Yang [2025] solves the instance directly at the root node; or (iii) Yang [2025]

proves optimality for the instance through trial route enumeration. In case (i), our

algorithm cannot be executed due to the lack of input. In cases (ii) and (iii), these
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instances are solved to optimality prior to generating input data for our algorithm.

The remaining 80 instances are divided into two categories: 14 challenging instances

that were not solved to optimality within 3 hours by the benchmark method in

Yang [2025], and 66 easier instances that were solved to optimality.

Table 2.1 presents the computational results for 14 challenging instances,

comparing the benchmark method proposed by Yang [2025] with our algorithm. In

the table, “|N |” is the number of customers, and “Obj” represents the objective

value of the incumbent solution. “G10h” and “G3h” denote the optimality gaps,

expressed as percentages, after 10 hours and 3 hours of computation, respectively.

“CTIP ” is the time required to solve the IP formulation, and “CTtot” is the total

computing time for an instance. For our algorithm, “CTtot” also includes the time

consumed by the program of Yang [2025] for generating the input data of our

algorithm.

Table 2.1 compares the two methods in terms of objective values, optimality

gaps, and computing times. Compared to the benchmark method, our algorithm

achieves a smaller objective value for one instance and equal objective values for

the remaining instances. In terms of optimality gaps, our algorithm performs better

by proving optimality for 10 instances within a ten-hour time limit, compared to

4 instances for the benchmark method. Among the 14 challenging instances, our

algorithm achieves smaller optimality gaps for 8 instances and equal optimality

gaps for 4 instances. Additionally, within a 3-hour time limit, our algorithm solves

one more instance to optimality than the benchmark method. With respect to

computing times, our algorithm demonstrates an advantage by requiring shorter

total computing times (“CTtot”) for 9 instances, while taking longer for only one

instance. On average, our algorithm consumes on average 79.4% of the total

computing time required by the benchmark for these challenging instances. This
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improvement primarily results from that our algorithm solves the IP formulation

more efficiently, consuming on average 72.2% of the time (“CTIP ”) required by

the benchmark. Moreover, for instances in which both algorithms attain the same

objective value, our algorithm finds the incumbent solution in 1.3 hours on average,

slightly faster than the benchmark method, which requires 1.5 hours on average.

These results demonstrate that our algorithm solves challenging instances more

efficiently than the benchmark method.

Table 2.1: Computational results on challenging instances
Instance |N | Yang [2025] Our Algorithm

Obj G10h G3h CTIP CTtot Obj G10h G3h CTIP CTtot

RC2_2_02 140 3573.6 0.00 0.00 2.0 2.8 3573.6 0.00 0.00 0.7 1.6
R2_2_01 170 4631.2 0.10 0.37 9.3 10.0 4631.2 0.00 0.28 3.7 4.3
R2_2_05 170 4476.5 0.19 0.44 9.3 10.0 4476.5 0.00 0.34 5.0 5.7
R2_2_06 170 4296.6 0.21 0.43 9.2 10.0 4296.6 0.00 0.48 5.7 6.6
R2_2_09 170 4378.1 0.10 0.40 9.4 10.0 4378.1 0.00 0.35 7.7 8.3
RC2_2_01 170 4404.3 0.60 0.60 8.1 10.0 4404.3 0.43 0.81 7.9 10.0
RC2_2_03 170 4158.1 0.00 0.26 2.9 5.3 4158.1 0.00 0.35 2.1 4.6
RC2_2_08 170 4231.2 0.27 0.37 7.3 10.0 4231.2 0.34 0.49 7.2 10.0
R2_2_01 200 5295.8 0.42 0.47 8.5 10.0 5295.8 0.32 0.67 8.5 10.0
R2_2_05 200 5119.5 0.08 0.32 8.9 10.0 5119.5 0.00 0.43 8.0 9.1
R2_2_06 200 4950.1 0.05 0.24 8.9 10.0 4950.1 0.00 0.00 1.8 3.0
R2_2_09 200 5034.4 0.48 0.48 7.9 10.0 5033.6 0.55 0.64 7.7 10.0
RC2_2_06 200 4841.5 0.00 0.31 3.3 5.9 4841.5 0.00 0.33 2.2 4.8
RC2_2_07 200 4784.0 0.00 0.17 0.3 3.2 4784.0 0.00 0.18 0.6 3.7

Notes. The unit for computing time is hours. The time limit is set as 10 hours.
The optimality gaps G10h and G3h are reported as percentages.

Table 2.2 presents key statistics on routes, departure times, and time points

generated by our algorithm for the challenging instances. In this table, the notation

“|R1|” represents the number of input routes, which are obtained using the program

of Yang [2025]. “|R3|” denotes the number of routes incorporated for solving the

trip-based IP formulation. “∆R” is the percentage reduction in the number of

routes, i.e., ∆R = |R1|−|R3|
|R1| ×100. “|Rm

3 |” represents the number of routes in R3 that

have more than one departure time, i.e., Rm
3 = {r ∈ R3 : er < lr}. The notation

“Avg |G1r |” denotes the average number of departure times initialized for each route

in Rm
3 , while “Avg |D(T ,G3r )|” represents the average number of departure times
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considered for each route in Rm
3 during the solution of the trip-based IP formulation.

Additionally, the terms “|TLP |”, “|Tw|”, and “|TIP |” represent the number of time

points identified during the solution phases of the LP formulation, the small-sized

IP formulation used for warm-start, and the final IP formulation for computing

the optimal integer solution, respectively. Specifically, when solving the final IP

formulation, the set of time points is given by T = TLP ∪ Tw ∪ TIP .

Table 2.2: Route elimination, departure time elimination, and time discovery on
challenging instances

Instance |N | Route Elimination Departure Time Elimination Time Discovery

|R1| |R3| ∆R(%) |Rm
3 | Avg |G1

r | Avg |D(T ,G3
r )| |TLP | |Tw| |TIP |

RC2_2_02 140 111559 108836 2.4 12239 552.0 2.3 25 2 0
R2_2_01 170 176521 174607 1.1 1632 400.0 1.1 26 3 0
R2_2_05 170 219185 217076 1.0 6230 700.0 1.4 33 1 0
R2_2_06 170 251669 246944 1.9 38677 961.7 1.6 26 2 0
R2_2_09 170 172614 170095 1.5 8448 805.6 1.7 36 1 0
RC2_2_01 170 481162 459439 4.5 23010 235.3 1.7 32 6 0
RC2_2_03 170 316467 252668 20.2 98619 1518.3 2.9 20 2 0
RC2_2_08 170 371024 351357 5.3 151941 1406.5 1.4 8 2 0
R2_2_01 200 399382 397926 0.4 2164 356.4 1.2 32 2 0
R2_2_05 200 207115 204206 1.4 5513 645.4 1.5 26 7 0
R2_2_06 200 124971 122807 1.7 14765 1197.3 1.3 9 2 0
R2_2_09 200 746309 717067 3.9 32458 731.7 1.9 25 14 0
RC2_2_06 200 195561 192912 1.4 50971 492.5 2.9 34 1 0
RC2_2_07 200 218397 73702 66.3 22319 786.0 3.1 26 1 0

Table 2.2 presents the effectiveness of our algorithm by demonstrating that the

number of trips and side constraints (2.8c) incorporated into the IP formulation

can be significantly reduced. Notably, eliminating routes and departure times is

equivalent to eliminating trips, as a trip is defined by a route and its departure time

from the depot. The table shows that the number of routes can be consistently

reduced across all instances, with the percentage reduction ranging from 0.4% to

66.3%. This validates the effectiveness of the variable fixing technique described in

Proposition 8. The average number of departure times (“Avg |G1r |”) for routes in

Rm
3 can surpass 1,500. However, by applying the dominance rule (Proposition 6),

the variable fixing technique (Proposition 9), and the optimality property of vehicle

departure times (Proposition 10), the average number of departure times for these
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routes is reduced significantly to a range of 1.1 to 3.1 (“Avg |D(T ,G3r )|”). The

reduction in departure times eliminates 93.9% of the trips. Furthermore, although

the number of time points in H exceeds 25,000 for all these instances, only 29 time

points (T ) on average need to be identified, which significantly reduces the number

of trips and side constraints (2.8c) incorporated into the IP formulation. Notably,

all these time points are identified during the solution phases of the trip-based LP

formulation (“|TLP |”) and the small-sized IP formulation (“|Tw|”), demonstrating the

effectiveness of dynamic time discovery and the warm-start strategy for initializing

T prior to solving the final IP formulation.

Appendix A.3 presents the computational results for 66 easy instances, showing

that both methods can solve these instances to optimality within a few hours, and

our algorithm delivers performance comparable to the benchmark method on these

instances.

2.5.2 Results on Extended Instances

We further compare the benchmark method with our algorithm on extended

instances, which are derived from the 140-customer benchmark instances to mitigate

frequent occurrences of time or memory limit violations. These extended instances

are derived by reducing either the fleet sizes (K) or the vehicle capacities (Q).

As smaller fleet sizes and reduced capacities impose stricter constraints on the

delivery system, allowing each vehicle to perform multiple trips becomes increasingly

essential to meet customer demands. For each benchmark instance, four extended

instances are generated by either reducing K from 12 to 10 or 11, or by reducing

Q from 100 to 60 or 80. Out of the 120 extended instances, the benchmark

method fails to provide upper bounds for 3 instances due to out-of-memory errors

encountered while solving the TOPTW for separating the side constraints (2.1c).

For the remaining 117 instances, both the benchmark method and our algorithm
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successfully generate feasible solutions.

Table 2.3 presents computational results for 28 instances, where either the

benchmark method or our algorithm requires more than one hour of computing

time. For these instances, our algorithm outperforms the benchmark in terms of

objective values, optimality gaps, and computing times. Specifically, our algorithm

achieves smaller objective values for 6 instances and equal objective values for

the remaining instances. Additionally, our algorithm achieves smaller optimality

gaps for 15 instances, while the benchmark has smaller optimality gaps for only 3

instances. Furthermore, our algorithm proves optimality for 23 instances, compared

to only 11 instances for the benchmark. Notably, there is just one instance where

the benchmark proves optimality while our algorithm does not. Furthermore,

our algorithm demonstrates superior computational efficiency, with shorter total

computing times (“CTtot”) for 20 instances and equal computing times for 4 instances.

Across all 28 instances, our algorithm achieves an average total computing time that

is only 63.6% of that required by the benchmark method. Moreover, for instances

in which both algorithms attain the same objective value, our algorithm finds the

incumbent solution in 0.4 hours on average, slightly faster than the benchmark

method, which requires 0.5 hours on average.

Figure 2.2 presents the average computing times (“CTtot”) for instances with

varying fleet sizes and vehicle capacities. The benchmark group consists of instances

where K = 12 and Q = 100, along with four extended groups: (i) K = 11, Q = 100;

(ii) K = 10, Q = 100; (iii) K = 12, Q = 80; and (iv) K = 12, Q = 60. Each

group contains 30 instances, with computing times averaged across the group.

Figure 2.2(a) shows that the average CTtot increases as the fleet size decreases.

Specifically, when K decreases from 12 to 10, the average CTtot of our algorithm and

the benchmark method increases by factors of 1.2 and 0.8, respectively. Similarly,
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Table 2.3: Computational results on instances with varying fleet sizes and vehicle
capacities

Instance K Q
Yang [2025] Our Algorithm

Obj G3h(%) CTtot Obj G3h(%) CTtot

C2_2_06 12 60 5031.9 0.16 3.0 5027.9 0.00 0.3
C2_2_07 12 60 5025.8 0.08 3.0 5025.8 0.00 0.3
C2_2_08 12 60 5004.0 0.21 3.0 5004.0 0.00 0.4
C2_2_08 12 80 3948.7 0.00 1.3 3948.7 0.00 0.1
C2_2_09 12 60 4986.8 0.09 3.0 4986.8 0.00 0.6
C2_2_10 12 60 4985.3 0.09 3.0 4985.3 0.00 1.4
R2_2_03 10 100 3626.1 0.24 3.0 3626.1 0.00 2.1
R2_2_03 11 100 3613.5 0.15 3.0 3613.5 0.00 1.3
R2_2_03 12 60 5331.7 0.02 3.0 5331.7 0.00 0.7
R2_2_05 12 80 4503.7 0.00 1.2 4503.7 0.00 1.1
R2_2_06 12 60 5412.6 0.03 3.0 5412.6 0.00 0.8
R2_2_06 12 80 4316.4 0.00 2.2 4316.4 0.00 1.4
R2_2_07 10 100 3585.9 0.52 3.0 3585.9 0.70 3.0
R2_2_07 11 100 3573.8 0.45 3.0 3573.2 0.29 3.0
R2_2_09 11 100 3805.7 0.00 0.7 3805.7 0.00 1.3
R2_2_09 12 80 4409.2 0.00 1.0 4409.2 0.00 0.6
RC2_2_02 10 100 3604.9 0.61 3.0 3604.9 0.79 3.0
RC2_2_02 11 100 3584.4 0.19 3.0 3583.7 0.00 1.7
RC2_2_05 12 80 4259.1 0.00 1.4 4259.1 0.00 0.6
RC2_2_06 10 100 3657.9 0.00 1.7 3657.9 0.00 1.0
RC2_2_06 11 100 3639.9 0.00 2.8 3639.9 0.01 3.0
RC2_2_06 12 80 4266.7 0.33 3.0 4264.5 0.00 0.5
RC2_2_07 10 100 3599.9 0.33 3.0 3598.8 0.01 3.0
RC2_2_07 11 100 3584.3 0.26 3.0 3580.3 0.00 0.5
RC2_2_07 12 60 5309.3 0.04 3.0 5309.3 0.00 0.3
RC2_2_07 12 80 4221.8 0.00 1.1 4221.8 0.00 0.6
RC2_2_08 10 100 3551.7 0.00 1.0 3551.7 0.00 1.3
RC2_2_08 11 100 3543.5 0.00 0.6 3543.5 0.00 1.3

Notes. The unit for computing time is hours. The time limit is set as 3 hours.

Figure 2.2(b) shows that the average CTtot rises as the vehicle capacity decreases.

Specifically, as Q decreases from 100 to 60, the average CTtot of our algorithm and

the benchmark method increases by factors of 0.6 and 2.1, respectively. These

results indicate that the instances become increasingly challenging to solve as fleet

size or vehicle capacity decreases.
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Figure 2.2(b) indicates that as Q decreases from 100 to 60, the average CTtot of

the benchmark method increases more sharply compared to that of our algorithm.

An intuitive explanation is that as vehicle capacity decreases, the number of

customers visited per route tends to decrease, while the number of required routes

increases. This results in larger TOPTW instances for separating constraints (2.1c),

making the benchmark method more time-consuming.

(a) Average CTtot for Q = 100 and K =
10, 11, 12.

(b) Average CTtot for K = 12 and Q =
60, 80, 100.

Figure 2.2: Average computing times for instances with varying fleet sizes and
vehicle capacities.

2.6 Summary
In this study, we propose an enhanced exact algorithm for solving the CMTVRPTW.

Our algorithm constructs the initial set of trips from routes enumerated by Yang

[2025] and obtains the optimal solution by solving the trip-based IP formulation.

This approach improves upon the state-of-the-art exact algorithm [Yang, 2025],

as the trip-based formulation enables a more efficient algorithm for the constraint

separation problem compared to the superstructure-based formulation. To further

enhance computational efficiency, we reduce the number of variables by eliminating

trips using the dominance rule, variable fixing technique, and optimality property

of vehicle departure times. Additionally, a dynamic time discovery strategy is

introduced to reduce the number of identified time points, thereby decreasing the
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number of constraints in the formulation.

Computational experiments on benchmark instances with up to 200 customers,

as well as on extended instances, highlight the effectiveness of our algorithm. On

14 benchmark instances previously unsolved or considered difficult, our algorithm

outperforms the state-of-the-art method proposed by Yang [2025] in terms of

objective values, optimality gaps, and computational efficiency. Specifically, our

algorithm consistently achieves smaller or equal incumbent objective values, proves

optimality for 6 more previously unsolved instances, and reduces average computing

time by over 20%. Moreover, our algorithm demonstrates superior performance on

extended instances.
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Chapter 3

Lagrangian Underestimate Cuts with

Applications to Vehicle Routing

3.1 Introduction
This chapter addresses the second challenge outlined in Chapter 1: effective

reduction of the solution search space for integer programs, with a particular

focus on vehicle routing. The combinatorial nature of routing and network design

problems causes the solution space to expand significantly as network size increases.

To reduce the search space, we propose a novel class of optimality cuts, referred to

as LUCs, which can be utilized to strengthen existing cuts and develop new domain

reduction methods. These optimization techniques are broadly applicable to general

integer programs. Particularly, we demonstrate their effectiveness by utilizing them

to develop new arc fixing techniques for vehicle routing, which significantly reduce

the underlying network size while preserving optimality.

IP formulations for routing and network design problems, such as the set-

partitioning formulation of the vehicle routing problem, are difficult to solve
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due to the combinatorial explosion of the solution space. Although advanced

branch-and-price and column enumeration methods have led to significant progress,

the computational complexity of large-scale instances remains a critical challenge.

Consequently, developing effective strategies to reduce the search space is important

for improving the efficiency and scalability of solution approaches. By leveraging

Lagrangian duals, this work introduces novel optimality cuts and domain reduction

techniques for IPs.

Deriving and incorporating valid cuts is a fundamental technique widely

used in the literature to reduce the search space for solving integer programs,

systematically eliminating fractional or suboptimal solutions from consideration.

For example, subset-row cuts [Jepsen et al., 2008] have been demonstrated to

effectively tighten the LP relaxations of vehicle routing problems. More recently,

Yang [2023] introduces RCCs to eliminate non-optimal solutions by exploiting

feasible LP duals, thereby emphasizing the effectiveness of dual-based approaches

in deriving optimality cuts. In this study, we further demonstrate that optimality

cuts can also be derived from Lagrangian duals (where sign constraints on dual

variables are satisfied), and that these cuts can also be utilized to lift RCCs.

Domain reduction techniques provide a complementary approach to reducing

the search space for IPs. For example, RCF has been extensively utilized in eliminat-

ing decision variables by leveraging feasible LP duals [Hadjar et al., 2006, Baldacci

et al., 2008, Bianchessi et al., 2024]. Its underlying principle is as follows: given a

feasible LP dual and an upper bound on the optimal objective value, a nonnegative

integer variable can be fixed to zero if its reduced cost exceeds the duality gap

(i.e., the difference between the upper bound and the dual objective value). This

approach preserves optimality while significantly reducing computational effort.

RCF can be utilized in various ways to reduce domains. For example, in
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the context of vehicle routing, RCF enables techniques such as route enumeration

[Baldacci et al., 2008], arc fixing [Hadjar et al., 2006], and resource window reduction

[Bianchessi et al., 2024]. Specifically, Baldacci et al. [2008] propose enumerating all

routes with reduced costs no greater than the duality gap, and then solving the

set-partitioning formulation restricted to the enumerated routes directly by an IP

solver, thereby eliminating the need to solve pricing problems at non-root nodes.

Hadjar et al. [2006] and Irnich et al. [2010] suggest eliminating arcs whose reduced

costs exceed the duality gap, which not only reduces the branch-and-bound tree

but also accelerates the solution of pricing algorithms. More recently, Bianchessi

et al. [2024] introduce a novel technique for reducing resource windows (e.g., time

windows and capacity windows). Consider the VRPTW as an example: if the

reduced costs of all routes capable of visiting a customer within a specific time

interval exceed the duality gap, that time interval can be eliminated from the

customer’s time window without compromising optimality.

The domain reduction techniques mentioned above rely exclusively on feasible

LP duals. While these techniques have demonstrated effectiveness in accelerating

solution processes, further improvements can be achieved by leveraging Lagrangian

duals, including those that are infeasible for the LP relaxation. Yang [2025] proposes

variable fixing techniques that jointly utilize a Lagrangian dual and a feasible LP

dual, where the feasible LP dual partitions the variables into two sets, and the

Lagrangian dual is required to ensure nonnegative reduced costs for all variables

in one of those sets. In this study, we derive new domain reduction techniques by

jointly utilizing Lagrangian duals and subset sum inequalities, which frequently

appear in integer programs. Compared to Yang [2025], our method can leverage a

broader class of Lagrangian duals and does not require the computation of feasible

LP duals.
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The main contributions of this study are summarized as follows:

• We introduce LUCs for general integer programs, which guarantee that the

sum of the reduced costs of all variables does not exceed the duality gap. The

LUCs form a novel class of optimality cuts derived from Lagrangian duals,

including infeasible LP duals.

• We demonstrate that LUCs can be utilized to strengthen RCCs, thereby

improving their effectiveness in reducing the search space of integer program-

ming formulations. This is because LUCs associated with feasible LP duals

can be interpreted as knapsack constraints, enabling the derivation and lifting

of (extended) cover inequalities such as RCCs.

• We employ LUCs in combination with subset sum inequalities to derive new

domain reduction techniques. Compared to the approach proposed by Yang

[2025], our method can leverage a broader class of Lagrangian duals and does

not require the computation of feasible LP duals.

• We leverage LUCs to develop new arc fixing techniques for the VRPTW, incor-

porating Lagrangian duals with the tailored dual-picking strategy to maximize

the number of eliminated arcs. Computational experiments demonstrate that,

compared to the feasible-LP-dual approach studied in the literature, our

method achieves significant domain reductions: the number of remaining arcs

is reduced to an average of 47.9%, while the number of enumerated routes

decreases to an average of 31.3%. For some instances, the route count drops

from millions to around ten. These results highlight the effectiveness of the

proposed techniques in enhancing arc fixing and column enumeration for the

VRPTW.

In the remainder of this chapter, we introduce LUCs in Section 3.2. We then
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utilize LUCs to strengthen RCCs in Section 3.3, to derive new domain reduction

techniques in Section 3.4, and to develop new arc fixing methods for the VRPTW

in Section 3.5. The chapter is summarized in Section 3.6.

3.2 Lagrangian Underestimate Cuts
In this section, we introduce the LUCs for general IP formulations. Let Z+ denote

the set of nonnegative integers. Define I1, I2, and I3 as the sets of constraint

indices, I = I1∪I2∪I3, and J as the set of variable indices. Consider the following

IP formulation, where bi, cj, fij, i ∈ I, j ∈ J are parameters, and x represents the

vector of nonnegative integer decision variables.

min
∑
j∈J

cjxj, (3.1a)

s.t.
∑
j∈J

fijxj = bi, ∀i ∈ I1, (3.1b)∑
j∈J

fijxj ≤ bi, ∀i ∈ I2, (3.1c)∑
j∈J

fijxj ≥ bi, ∀i ∈ I3, (3.1d)

xj ∈ Z+, ∀j ∈ J . (3.1e)

Let UB be an upper bound on the optimal objective value. Denote X as the

set of primal feasible solutions and X ∗ as the set of primal optimal solutions. Define

Π = {π ∈ R|I| : πi ≤ 0,∀i ∈ I2; πi ≥ 0,∀i ∈ I3} as the set of Lagrangian dual

solutions, where sign constraints on dual variables are satisfied. For any π ∈ Π,

the dual objective value is given by πTb. For variable xj where j ∈ J , the reduced

cost w.r.t. dual π is c′j(π) = cj −
∑

i∈I πifij.
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Proposition 11 (LUC). For any π ∈ Π, the following cut holds for all x ∈ X ∗.

πTb+
∑
j∈J

c′j(π)xj ≤ UB. (3.2)

Proof. By dualizing constraints (3.1b)–(3.1d), we obtain the Lagrangian function

where F = {fij : i ∈ I, j ∈ J } is the coefficient matrix:

L(π,x) = cTx+ πT (b− Fx) = πTb+ (cT − πTF )x = πTb+
∑
j∈J

c′j(π)xj.

For any π ∈ Π and x ∈ X ∗, we have πT (b− Fx) ≤ 0, which implies that

πTb+
∑
j∈J

c′j(π)xj ≤ cTx. (3.3)

Moreover, cTx ≤ UB holds for x ∈ X ∗, which, together with (3.3), completes

the proof.

Expression (3.2) is an optimality cut satisfied by all optimal solutions. We call

it a Lagrangian underestimate cut, since it is derived from the Lagrangian dual

π ∈ Π, and L(π,x) = πTb+
∑

j∈J c′j(π)xj serves as an underestimate on cTx for

any x ∈ X .

3.3 Utilizing LUCs to Strengthen Reduced Cost

Cuts
In this section, we derive and lift the RCCs introduced in Yang [2023] by interpreting

the LUCs associated with feasible LP duals as knapsack constraints. Let Z++ denote

the set of positive integers, and denote Π̂ = {π ∈ Π : c′j(π) ≥ 0,∀j ∈ J } as the
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set of feasible LP dual solutions. For a positive integer m ∈ Z++ and a feasible

LP dual π ∈ Π̂, define Jm(π) = {j ∈ J : c′j(π) >
UB−πT b

m
} as the set of indices

corresponding to variables with reduced costs greater than UB−πT b
m

. For any x ∈ X ∗

and π ∈ Π̂, the following LUC holds:

∑
j∈J

c′j(π)xj ≤ UB − πTb. (3.4)

Since c′j(π) ≥ 0 for all j ∈ J , LUC (3.4) is indeed a knapsack constraint. This,

together with c′j(π) >
UB−πT b

m
for all j ∈ Jm(π), implies the following RCC:

∑
j∈Jm(π)

xj ≤ m− 1. (3.5)

Remark 1. Yang [2023] establishes RCCs by constructing a feasible dual solution

for an auxiliary optimization problem and utilizing the LP duality theory. In

contrast, this study derives RCCs directly by treating LUCs as knapsack constraints,

providing a simpler and more intuitive method for understanding RCCs.

If xj, j ∈ J are binary variables, i.e., x ∈ {0, 1}|J |, then the RCC (3.5) is a

cover inequality [Bektas and Oğuz, 2007] when |Jm(π)| = m and m ∈ Z++ \ {1}.

Moreover, when |Jm(π)| > m and m ∈ Z++ \ {1}, the RCC (3.5) becomes an

extended cover inequality [Büsing et al., 2025], which can be further strengthened

through lifting procedures. For example, the lifting procedure described in Section

9.3.2 of Wolsey [2020] can be adapted by treating the LUC (3.4) as a knapsack

constraint, as outlined in Algorithm 2. In this algorithm, for Jm(π) = {1, 2, . . . , q}

with q > m, we reorder the variables x1, x2, . . . , xq so that c′1(π) ≤ c′2(π) ≤

· · · ≤ c′q(π). In line 1, the coefficients of the first m variables are initialized to

1. The coefficients of the remaining variables, xm+1, . . . , xq, are then determined

sequentially (lines 2–4). The algorithm outputs the valid cut
∑

j∈Jm(π) αjxj ≤ m−1.
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It can be shown that αj ≥ 1 for all j ∈ Jm(π), which implies that the resulting

cut can be tighter than the original RCC.

Algorithm 2 Lifting the RCC
Input: Jm(π) = {1, 2, . . . , q}, where m ∈ Z++ \ {1}, π ∈ Π̂, q > m, and c′1(π) ≤
c′2(π) ≤ · · · ≤ c′q(π)
Output: A valid cut

∑
j∈Jm(π) αjxj ≤ m− 1, where αj ≥ 1 for all j ∈ Jm(π)

1: Set α1 = α2 = · · · = αm = 1
2: for p = m+ 1→ q do
3: Solve ζp = max{

∑p−1
j=1 αjxj :

∑p−1
j=1 c

′
j(π)xj ≤ UB − πTb− c′p(π),x ∈ {0, 1}p−1}

4: Set αp = m− 1− ζp

For instance, consider the set J = {1, 2, 3, 4}, with UB − πTb = 2.9, c′1(π) =

c′2(π) = c′3(π) = 1, and c′4(π) = 2.9. For m = 3, the corresponding RCC is given

by x1 + x2 + x3 + x4 ≤ 2. However, by applying Algorithm 2, the RCC can be

lifted to x1 + x2 + x3 + 2x4 ≤ 2. By lifting the coefficients of RCCs, we can obtain

tighter LP relaxations and reduce the solution space, potentially accelerating the

solution process of IP formulations.

3.4 Utilizing LUCs and Subset Sum Inequalities

for Domain Reduction
In this section, we derive new domain reduction techniques for decision variables by

jointly utilizing LUCs and subset sum inequalities. For a positive integer k ∈ Z++

and a subset S ⊆ J , the corresponding subset sum inequality imposes that the

sum of variables xj, j ∈ S must not exceed k, i.e.,

∑
j∈S

xj ≤ k. (3.6)

Subset sum inequalities can arise from feasibility conditions (e.g., limiting the

number of available vehicles to K in vehicle routing problems) or optimality
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conditions such as RCCs. Given π ∈ Π such that c′j(π) ≥ 0 for all j ∈ J \ S, the

inequality (3.6) enables the computation of a lower bound on πTb+
∑

j∈J c′j(π)xj ,

i.e., the left-hand-side of the LUC. Combined with the optimality conditions

implied by LUCs, this can be leveraged to develop domain reduction techniques as

established in Proposition 12.

Proposition 12. Assume that inequality (3.6) holds. Let x ∈ X ∗ and π ∈ Π

where c′j(π) ≥ 0 for all j ∈ J \ S. Then, the following statements hold:

(a) If h ∈ S and c′h(π) > (UB − πTb)/k, then xh ≤ k − 1.

(b) If h ∈ S, xh ∈ {0, 1}, and c′h(π)+ (k− 1)min{0,min{c′l(π) : l ∈ S \ {h}}} >

UB − πTb, then xh = 0.

(c) If h ∈ S, c′h(π) ≥ 0, and c′h(π) + (k − 1)min{0,min{c′l(π) : l ∈ S \ {h}}} >

UB − πTb, then xh = 0.

(d) If h ∈ J \ S and c′h(π) + kmin{0,min{c′l(π) : l ∈ S}} > UB − πTb, then

xh = 0.

Proof. Consider an optimal primal solution x ∈ X ∗ and a Lagrangian dual solution

π ∈ Π where c′j(π) ≥ 0 for all j ∈ J \ S. It follows that c′j(π)xj ≥ 0 for all

j ∈ J \ S. We next prove the statements by contradiction as follows.

(a) By contradiction, suppose that xh > k − 1. Since xh is an integer and

inequality (3.6) holds, we have xh = k and xj = 0 for all j ∈ S \ {h}. It

follows that πTb+
∑

j∈J c′j(π)xj ≥ πTb+ c′h(π)xh > UB.

(b) By contradiction, suppose that xh ̸= 0. Since xh is binary and inequal-

ity (3.6) holds, we have xh = 1 and
∑

j∈S\{h} xj ≤ k − 1. It follows that∑
j∈S\{h} c

′
j(π)xj ≥ (k − 1)min{0,min{c′l(π) : l ∈ S \ {h}}. Therefore, we
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have πTb +
∑

j∈J c′j(π)xj ≥ πTb + c′h(π) + (k − 1)min{0,min{c′l(π) : l ∈

S \ {h}}} > UB.

(c) By contradiction, suppose that xh ̸= 0. Since xh ∈ Z+ and inequal-

ity (3.6) holds, we have xh ≥ 1 and
∑

j∈S\{h} xj ≤ k − 1. It follows

that
∑

j∈S\{h} c
′
j(π)xj ≥ (k − 1)min{0,min{c′l(π) : l ∈ S \ {h}}. More-

over, c′h(π) ≥ 0 and xh ≥ 1 imply that c′h(π)xh ≥ c′h(π). Therefore, we

have πTb +
∑

j∈J c′j(π)xj ≥ πTb + c′h(π) + (k − 1)min{0,min{c′l(π) : l ∈

S \ {h}}} > UB.

(d) By contradiction, suppose that xh ≠ 0. Since xh ∈ Z+, we have xh ≥ 1. This,

together with h ∈ J \ S, implies that c′h(π)xh ≥ c′h(π). Moreover, since

inequality (3.6) holds, it follows that
∑

j∈S c
′
j(π)xj ≥ kmin{0,min{c′l(π) : l ∈

S}}. Therefore, we have πTb+
∑

j∈J c′j(π)xj ≥ πTb+c′h(π)+kmin{0,min{c′l(π) :

l ∈ S}} > UB.

However, by Proposition 11, we know that πTb+
∑

j∈J c′j(π)xj ≤ UB. This

leads to contradictions for all the above statements, thereby proving that all these

assumptions are false and completing the proof.

Since
∑

j∈J2(π̂) xj ≤ 1 holds for x ∈ X ∗ and π̂ ∈ Π̂, the following Proposition 13

is a special case of Proposition 12(a) for S = J2(π̂) and k = 1. Moreover, when

S = J2(π̂) and h ∈ S, xh must be binary, it follows that Proposition 13 is also a

special case of Proposition 12(b) for S = J2(π̂) and k = 1.

Proposition 13 (Yang 2025). Let x ∈ X ∗, π ∈ Π, and π̂ ∈ Π̂. If c′j(π) ≥ 0 for

all j ∈ J \ J2(π̂), h ∈ J2(π̂), and c′h(π) > UB − πTb, then xh = 0.

In comparison to Proposition 13, a broader range of Lagrangian dual solutions

can be leveraged by Proposition 12 to reduce variable domains. For instance, these
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dual solutions can be obtained by setting S = Jm(π̂) and k = m− 1, where π̂ ∈ Π̂

and m ∈ Z++ \{1}. In the context of vehicle routing, several additional approaches

can be employed: (i) Let S correspond to the set of all routes and set k to the

number of available vehicles K. In this case, J \S = ∅ and all Lagrangian duals are

applicable to Proposition 12; (ii) Let S correspond to the set of all routes visiting

a specific customer and set k = 1; (iii) Let S correspond to the set of all routes

traversing a specific arc and set k = 1. Furthermore, even when a variable has not

been fixed to zero using existing variable fixing techniques, it is still possible to

reduce its domain by Proposition 12(a) for cases where k > 1.

3.5 Utilizing LUCs for Arc Fixing in VRPTW
In this section, we leverage LUCs to develop novel arc fixing techniques for the

VRPTW that reduce the underlying network size while preserving optimality. We

introduce a dual-picking method designed to maximize the number of eliminated

arcs by exploiting Lagrangian dual solutions, including infeasible LP duals. In

contrast, existing literature [Hadjar et al., 2006, Irnich et al., 2010, Desaulniers

et al., 2020] has relied on feasible LP duals obtained via column generation.

The VRPTW aims to determine at most K routes that minimize the total

travel cost, ensuring each customer is visited exactly once [Desrochers et al., 1992].

A route is a simple cycle that starts and ends at the depot, visiting a subset of

customers while satisfying both capacity constraints and time window constraints

[Ben Ticha et al., 2017]. Let R denote the set of all routes, whose cardinality may

increase exponentially in the problem size. For each route r ∈ R, the parameter cr

represents the travel cost, and the binary variable yr equals 1 if and only if route r
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is selected in the solution. The VRPTW can be formulated as follows:

(P ) min
∑
r∈R

cryr, (3.7a)

s.t.
∑
r∈R

firyr = bi, ∀i ∈ I1, (3.7b)∑
r∈R

firyr ≤ bi, ∀i ∈ I2, (3.7c)∑
r∈R

firyr ≥ bi, ∀i ∈ I3, (3.7d)

yr ∈ {0, 1}, ∀r ∈ R. (3.7e)

The objective function (3.7a) minimizes the total travel cost. Constraints (3.7b)

guarantee that each customer is visited exactly once. The less-than-or-equal-to

constraints (3.7c) include the fleet size constraints (i.e.,
∑

r∈R yr ≤ K) and classes

of valid inequalities such as subset-row cuts [Jepsen et al., 2008]. The greater-

than-or-equal-to constraints (3.7d) encompass inequalities such as rounded capacity

cuts [Dalmeijer and Spliet, 2018]. Finally, constraints (3.7e) specify the domain of

decision variables.

Let A denote the set of arcs. For arc a ∈ A and route r ∈ R, the binary

parameter gar equals 1 if and only if arc a is traversed by route r. Define Λ = {λ ∈

R|I| : λi ≤ 0,∀i ∈ I2;λi ≥ 0,∀i ∈ I3} as the set of Lagrangian dual solutions to P .

For a given dual λ ∈ Λ, the reduced cost of the variable yr is ĉr(λ) = cr−
∑

i∈I λifir.

3.5.1 Arc Fixing Using LP Feasible Duals

The arc fixing technique explored in the existing literature operates as Algorithm 3.

The first step is to obtain a feasible LP dual λ, where ĉr(λ) ≥ 0 for all r ∈ R, by

solving the LP relaxation using column generation. The second step is to calculate

min{ĉr(λ) : r ∈ R, gar = 1}. According to RCF, if min{ĉr(λ) : r ∈ R, gar = 1} >
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UB−λTb, then no route in {r ∈ R : gar = 1} can be part of an optimal solution. It

follows that arc a cannot be selected in any optimal solution and can be eliminated

from the underlying network without compromising optimality.

Algorithm 3 Arc Fixing Using LP Feasible Duals
1: Solve the LP relaxation of (3.7) to obtain a feasible LP dual λ
2: Solve min{ĉr(λ) : r ∈ R, gar = 1}
3: if min{ĉr(λ) : r ∈ R, gar = 1} > UB − λTb then
4: Eliminate arc a

3.5.2 LUC-Based Arc Fixing

Arc fixing techniques studied in the literature rely on the feasible LP dual obtained

by solving the LP relaxation of (3.7) using column generation. However, the

reduced costs of a variable can differ significantly across various dual solutions. By

leveraging LUCs, we are going to propose a strategy for selecting alternative dual

solutions to maximize the number of arcs that can be eliminated. To derive the

LUCs involving arc a ∈ A, we incorporate a redundant constraint (3.8b) linking y

and za, where za is a binary variable equal to 1 if and only if arc a is selected in

the solution.

(P (a)) min
∑
r∈R

cryr, (3.8a)

s.t. (3.7b)–(3.7e),∑
r∈R

garyr − za = 0, (3.8b)

za ∈ {0, 1}. (3.8c)

Introducing the linking constraint (3.8b) does not alter the feasibility or

optimality of formulation (3.8). Specifically, there is a one-to-one correspondence

between solutions: if y is a feasible (or optimal) solution to P , then (y, za(y)) is a

feasible (or optimal) solution to P (a), where za(y) =
∑

r∈R garyr. The converse
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also holds.

Define Π = {(λ, µa) : λ ∈ Λ, µa ∈ R} as the set of Lagrangian dual solutions

to P (a), where µa is the dual variable associated with linking constraint (3.8b).

For dual (λ, µa) ∈ Π, the reduced cost of yr is c′r(λ, µa) = ĉr(λ)− garµa, and the

reduced cost of variable za is c̄a(λ, µa) = µa. Then, for any (λ, µa) ∈ Π and any

optimal solution (y, za) to formulation (3.8), the corresponding LUC (3.9) holds in

accordance with Proposition 11.

λTb+ µaza +
∑
r∈R

c′r(λ, µa)yr ≤ UB. (3.9)

For any dual (λ, µa) ∈ Π, if λTb + µa +
∑

r∈R c′r(λ, µa)yr > UB holds for

all feasible solutions to P (a), then any feasible solution (y, za) with za = 1 must

violate LUC (3.9) and cannot be optimal. Consequently, arc a can be eliminated

without compromising optimality. Motivated by this observation, we formulate

the following dual-picking problem DP (a), which maximizes λTb+ µa subject to a

lower bound on c′r(λ, µa) for r ∈ R. Since c′r(λ, µa) is linear and Π is a polyhedron,

DP (a) is an LP.

DP (a) maxλTb+ µa, (3.10a)

s.t. c′r(λ, µa) ≥ 0, ∀r ∈ R, (3.10b)

(λ, µa) ∈ Π. (3.10c)

The objective function (3.10a) maximizes the sum of the dual objective (i.e.,

λTb) and the reduced cost of arc a (i.e., µa). Constraints (3.10b) require that

the reduced costs of all routes are nonnegative. Constraints (3.10c) specify the

domain of decision variables. The solutions of DP (a) can be leveraged to fix
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arc a as established in Proposition 14, where δ = min{c′r(λ, µa) : r ∈ R} and

δ− = min{0, δ}.

Proposition 14. Let (λ, µa) ∈ Π. If λTb+ µa +Kδ− > UB, then za = 0 holds

for any optimal solution (y, za).

Proof. Since za is a binary variable and at most K routes can be selected (i.e.,∑
r∈R yr ≤ K), the inequality za +

∑
r∈R yr ≤ K + 1 holds trivially. Thus,

Proposition 14 follows directly from Proposition 12(b) by setting J = S = {a}∪R,

h = a, and k = K + 1.

Notably, compared to arc fixing techniques in the literature, Proposition 14

leverages a broader class of duals, including infeasible LP duals. This property

permits the early termination of the solution process for DP (a) once the elim-

inability of the arc is established. Since the number of constraints (3.10b) can

grow exponentially with the problem size, we solve DP (a) using a cut generation

approach (Algorithm 4), where the constraints (3.10b) are added incrementally.

At each iteration of Algorithm 4, we solve a relaxed version of the dual-picking

problem that includes only a subset of the constraints (3.10b). Consider an optimal

solution (λ, µa) to the relaxed problem. If λTb+ µa ≤ UB, we terminate the cut

generation process without eliminating arc a. This early termination is justified

because min{c′r(λ, µa) : r ∈ R} ≤ 0 and the value of λTb + µa is non-increasing

throughout the process, making the elimination condition still unsatisfied in all

subsequent iterations. Conversely, if λTb + µa > UB, we solve the subproblem

δ = min{c′r(λ, µa) : r ∈ R}, which corresponds to an ESPPRC [Lozano et al., 2016].

If λTb+ µa +Kδ > UB, we terminate the cut generation process and eliminate

arc a according to Proposition 14. Otherwise, we add the constraint c′r(λ, µa) ≥ 0

to the relaxed problem and repeat the iteration, where r is the route with the

minimum reduced cost.
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Algorithm 4 Cut Generation for DP (a)

1: Let R′ ← ∅
2: Let Stop← False
3: while Stop = False do
4: Solve the relaxed problem of (3.10) where R is replaced with R′, and obtain the

optimal solution (λ, µa)
5: if λTb+ µa ≤ UB then
6: Set Stop← True
7: else
8: Solve the subproblem δ = min{c′r(λ, µa) : r ∈ R}. Denote r′ as the route with

the minimum reduced cost
9: if λTb+ µa +Kδ > UB then

10: Eliminate arc a according to Proposition 14
11: Set Stop← True
12: else
13: Let R′ ← R′ ∪ {r′}

3.5.3 Optimal Value of µa

Given a Lagrangian dual λ ∈ Λ, we seek to determine the value of µa that

maximizes µa + Kδ−. Let β = min{ĉr(λ) : r ∈ R, gar = 1}, γ = min{ĉr(λ) :

r ∈ R, gar = 0}, and γ− = min{0, γ}. The values of β and γ can be computed

by running additional labeling algorithms for the ESPPRC [Lozano et al., 2016].

Proposition 15 demonstrates that µa = β − γ− is an optimal value for maximizing

µa +Kδ−.

Proposition 15. For a given λ ∈ Λ, the maximization problem max{µa +Kδ− :

µa ∈ R} yields an optimal value of β + (K − 1)γ−, which can be attained at

µa = β − γ−.

Proof. By the definition of δ−, we have δ− = min{0, β − µa, γ}. It follows that

µa +Kδ− = µa +Kmin{0, β − µa, γ} = min{µa, µa +K(β − µa), µa +Kγ}.

If γ ≥ 0, then min{µa, µa +K(β − µa), µa +Kγ} = min{µa, µa +K(β − µa)}.

It follows that max{µa +Kδ− : µa ∈ R} = maxµa∈Rmin{µa, µa +K(β − µa)} = β,
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and the maximum value can be attained at µa = β.

If γ < 0, then min{µa, µa+K(β−µa), µa+Kγ} = min{µa+K(β−µa), µa+Kγ}.

It follows that max{µa+Kδ− : µa ∈ R} = maxµa∈R min{µa+K(β−µa), µa+Kγ} =

β + (K − 1)γ, and the maximum value can be attained at µa = β − γ.

By the definition γ− = min{0, γ}, we can unify these results. Given a La-

grangian dual λ ∈ Λ, the maximization problem max{µa +Kδ− : µa ∈ R} yields

an optimal value of β + (K − 1)γ−, and an optimal solution for this maximization

problem is µa = β − γ−. This completes the proof.

Given a Lagrangian dual λ ∈ Λ, Corollary 1 provides a sufficient condition

for eliminating arc a. However, applying this corollary introduces an additional

computational burden, as it requires calculating the values of β and γ.

Corollary 1. Let λ ∈ Λ. If λTb + β + (K − 1)γ− > UB, then za = 0 holds for

any optimal solution (y, za).

Proof. Given λ ∈ Λ, we construct a dual solution (λ, µa) ∈ Π by setting µa = β−γ−.

According to Proposition 15, we have λTb+µa+Kδ− = λTb+β+(K−1)γ− > UB.

Consequently, Proposition 14 implies that any optimal solution must satisfy za = 0.

This completes the proof.

3.5.4 Computational Experiments on Arc Fixing

In this study, we apply arc fixing techniques to the VRPTW through the following

procedure. First, we solve the LP relaxation via column-and-cut generation and

perform arc fixing using LP feasible duals (Section 3.5.1). Next, we employ the LUC-

based dual picking method to further eliminate arcs (Section 3.5.2). Subsequently,

we enumerate a set of routes that are possibly selected in optimal solutions according

to RCF. Finally, we solve the restricted problem over these enumerated routes
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using an IP solver. The technique introduced in Section 3.5.3 is not applied, since

it introduces an additional computational burden that can render the arc fixing

process more time-consuming.

Following Desaulniers et al. [2020] and Bianchessi et al. [2024], we set the

upper bound as UB = opt+1, where opt is the optimal objective value. Subset-row

cuts and rounded capacity cuts are incorporated into the cut generation process,

with the number of subset-row cuts limited to 32 to improve the efficiency of the

labeling algorithm for solving the ESPPRC. Computational results on 36 Solomon

instances with 100 customers are shown in Table 3.1. In this table, |A| is the

number of arcs remaining after applying the time window reduction technique

proposed by Desrochers et al. [1992]. The column “FeasPick” corresponds to the

algorithm presented in the preceding paragraph. The column “FeasOnly” refers to

the modified algorithm that exclusively applies arc fixing using feasible LP duals,

while excluding the LUC-based dual picking method. “Feas” and “Pick” represent

the number of arcs eliminated through feasible LP duals and the LUC-based dual

picking method, respectively. Additionally, |AT | and |AF | indicate the number of

arcs that remain uneliminated, while |RT | and |RF | denote the number of routes

enumerated. The column |AT |/|AF | represents the ratio between |AT | and |AF |,

while |RT |/|RF | denotes the ratio between |RT | and |RF |.

Table 3.1 demonstrates that the LUC-based dual picking method is consistently

effective for arc fixing across all these instances. The average ratio |AT |/|AF | across

these instances is 47.9%, indicating that compared with the modified algorithm that

exclusively applies arc fixing using feasible LP duals, incorporating the LUC-based

dual picking method significantly reduces the number of remaining arcs. This

reduction has the potential to accelerate branch-and-price methods that rely on

branching over arc variables.
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Table 3.1: Computational results on arc fixing and route enumeration for VRPTW.
Instance |A| FeasPick FeasOnly Ratios (%)

Feas Pick |AT | |RT | |AF | |RF | |AT |/|AF | |RT |/|RF |
C101 4512 4282 117 113 18 230 778 49.1 2.3
C102 6578 6254 209 115 17 324 1459 35.5 1.2
C103 8366 7977 265 124 18 389 771 31.9 2.3
C104 9523 8997 383 143 17 526 876 27.2 1.9
C105 5050 4793 147 110 15 257 1098 42.8 1.4
C106 5421 5146 159 116 20 275 1514 42.2 1.3
C107 5617 5361 140 116 23 256 2638 45.3 0.9
C108 6342 6025 194 123 16 317 719 38.8 2.2
C109 7454 7133 196 125 17 321 487 38.9 3.5
R101 3241 2950 53 238 882 291 1468 81.8 60.1
R102 5602 5292 120 190 148 310 1236 61.3 12.0
R103 7342 6961 234 147 68 381 1005 38.6 6.8
R104 8904 6907 788 1209 548762 1997 687515 60.5 79.8
R105 4256 3759 294 203 323 497 5325 40.8 6.1
R106 6400 5649 399 352 1636 751 18365 46.9 8.9
R107 7920 6633 658 629 30567 1287 71335 48.9 42.8
R108 9209 6863 775 1571 2585305 2346 2733203 67.0 94.6
R109 6027 4950 591 486 35207 1077 54565 45.1 64.5
R110 7959 6444 717 798 91597 1515 122540 52.7 74.7
R111 7953 6410 695 848 125197 1543 202426 55.0 61.8
R112 10012 7251 896 1865 3452635 2761 3477032 67.5 99.3

RC101 3639 2897 370 372 3816 742 15242 50.1 25.0
RC102 5632 3370 839 1423 418462 2262 513365 62.9 81.5
RC103 7334 5430 760 1144 175815 1904 249286 60.1 70.5
RC104 8888 6630 1018 1240 190077 2258 303740 54.9 62.6
RC105 5244 3430 615 1199 168211 1814 225529 66.1 74.6
RC106 5383 2136 862 2385 2055430 3247 2109527 73.5 97.4
RC107 7538 6378 694 466 1912 1160 12999 40.2 14.7
RC108 9311 6875 1130 1306 316907 2436 436506 53.6 72.6
C201 5221 4981 137 103 11 240 27410542 42.9 0.0
C202 7350 7059 188 103 9 279 6464179 36.9 0.0
C203 8866 8519 244 103 7 326 794849 31.6 0.0
C205 5698 5423 172 103 8 277 6549462 37.2 0.0
C206 6212 5888 221 103 11 308 2747823 33.4 0.0
C207 6578 6240 235 103 10 336 967719 30.7 0.0
C208 6665 6296 263 106 13 329 1656669 32.2 0.0
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LUC-based arc fixing further reduces the number of enumerated routes. Across

these instances, the average ratio |RT |/|RF | is 31.3%. Route reduction is more

effective for C-type instances than for R-type and RC-type instances, possibly

because C-type instances tend to yield tighter dual bounds on average. For several

instances, the number of enumerated routes is reduced from millions to approxi-

mately ten, highlighting the effectiveness of LUC-based arc fixing in enhancing the

column enumeration method. Specifically, the LUC-based method solves 35 of the

36 instances to optimality, one more than the feasible-LP-dual method. In addition,

route reduction shortens the average solution time for the final IP formulation

restricted to the enumerated routes, reducing it from 519 seconds to 407 seconds.

3.6 Summary
This study introduces LUCs, a novel class of optimality cuts derived from Lagrangian

duals, including infeasible LP duals. We utilize LUCs to strengthen reduced cost

cuts and to derive new domain reduction techniques. Additionally, we leverage LUCs

to develop new arc fixing techniques for the VRPTW, based on Lagrangian duals

and the tailored dual-picking strategy. Computational experiments demonstrate

that compared to the feasible-LP-dual approach studied in the literature, LUC-

based arc fixing reduces the average number of remaining arcs to 47.9%, while the

average number of enumerated routes decreases to 31.3%. For several instances,

the reduction in enumerated routes reaches orders of magnitude, underscoring the

substantial effectiveness of the proposed methods.
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Chapter 4

Solving Large-Scale Survivable

Traffic Grooming in

Telecommunications Network Design

under Double-Link Failures

4.1 Introduction
This chapter addresses the third challenge outlined in Chapter 1: the scalability and

survivability in telecommunications network design. As modern telecommunications

networks expand in size and complexity, ensuring survivability against link failures

has become essential for maintaining reliable and uninterrupted services. However,

the large-scale network sizes and stringent survivability requirements introduce a

vast number of decision variables and operational constraints, significantly increasing

the complexity of optimizing network design and signal traffic routing. To tackle

this issue, we propose a heuristic algorithm capable of efficiently optimizing the
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survivable design of large-scale telecommunications networks, accommodating over

2,000 nodes, 10,000 demands, and 9 million failure scenarios.

Traffic grooming optimizes telecommunications networks by consolidating

low-rate traffic flows into high-rate lightpaths, reducing facility costs and increasing

network throughput [Wu et al., 2020]. In this context, each demand must be assigned

a route connecting its two terminal nodes, subject to various side constraints. This

is crucial given the ever-increasing global telecommunications demands [Cisco, 2024].

To ensure service reliability, telecommunications companies often require protection

against double-link failures, maintaining communication routes for demands even

when two fiber links fail. This motivates our study on the STG2.

To the best of our knowledge, the existing literature on traffic grooming

does not address double-link failures with partial path protection. Moreover, the

telecommunications network sizes examined in existing studies on simpler problem

settings are limited to no more than 300 nodes, which are significantly smaller than

emerging real-world telecommunications networks that encompass thousands of

nodes. In this study, we aim to tackle the STG2 in large-scale networks, considering

various practical side constraints. These constraints facilitate fast switching between

working routes under the scenario without link failures and backup routes under

the scenarios with link failures. Solving the STG2 problem is challenging due to

the complexity introduced by the large-scale network, numerous failure scenarios,

and practical constraints involving interdependency among scenarios. Additionally,

practitioners often impose time and memory limits on the solution method to ensure

efficiency. To tackle these challenges, we develop a novel hierarchical constructive

heuristic for the STG2 in this study.
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4.1.1 Background of Survivable Traffic Grooming

The traffic grooming problem is based on an optical transport network (OTN), a

telecommunications network that transmits high-speed, high-capacity, and reliable

traffic flows using optical fibers. It serves as a critical backbone for internet

connections across extensive geographical areas. An OTN consists of interconnected

nodes, such as data centers and switching centers, and links made of optical fibers

that enable high-speed transmission over long distances. The network manages a

series of demands, each defined by a specific traffic volume and two terminal nodes.

These demands are strategically routed to minimize facility costs and ensure service

reliability.

Traffic grooming enables higher utilization of network resources, compared

to the widely studied routing and wavelength assignment (RWA) problem. Both

problems are based on OTNs utilizing wavelength division multiplexing (WDM),

which divides the optical signal on a single link into multiple wavelengths (see

Figure 4.1(a)), each capable of transmitting traffic flows independently. In the

RWA, a wavelength on a link is assigned to at most one demand. In the traffic

grooming problem, the network throughput can be further increased, as multiple

demands can share the same wavelength on a link, provided that their combined

traffic does not exceed the bandwidth capacity (see Figure 4.1(b)). As a result, it

can be seen that the RWA is a special case of the traffic grooming problem.

Compared to RWA, the traffic grooming problem requires a significantly

larger number of decisions, as it must determine how different communication

demands share the lightpaths. A lightpath, defined by a wavelength and a sequence

of end-to-end connected links, serves as a communication channel between two

endpoints equipped with signal processing devices. Multiple low-speed demands

can be multiplexed onto this lightpath and transmitted between the endpoints
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𝜆𝜆1
𝜆𝜆2
𝜆𝜆3

Multiplexing/
Demultiplexing

Single Link 𝜆𝜆1
𝜆𝜆2
𝜆𝜆3

Multiplexing/
Demultiplexing

(a) Utilizing WDM, the optical signal on a
link is divided into 3 wavelengths, capable of
transmitting traffic flows independently.

𝜆𝜆1

𝜆𝜆2

𝜆𝜆3

Consumed 70 G (multiple demands)

Free 30 G

Consumed 50 G (a single demand)

Free 50 G

Free 100 G

(b) Each wavelength has a bandwidth capacity
of 100 Gbps. Multiple demands can share a
wavelength, provided the total traffic does not
exceed this capacity.

Figure 4.1: Wavelength and bandwidth capacity of a single link in a WDM network
supporting traffic grooming.

using the designated wavelength and links. It aims to minimize the total number

of established lightpaths, which is proportional to the number of required devices,

constituting a major portion of network costs [Wu et al., 2015].

The STG2 enhances network reliability by ensuring survivability against link

failures, such as accidental fiber cuts that disrupt routes. A double-link failure

occurs when one link fails and another fails before the first is repaired. As OTN sizes

continue to expand dramatically, the probability of double-link failures has increased

[Sasithong et al., 2020]. To improve reliability, STG2 considers the working scenario

without link failures, as well as all other scenarios involving a single link failure or

two link failures, as required by many telecommunications companies today. The

network reverts to its working scenario once the failed links are repaired, thereby

ensuring protection against future failures. In practice, triple-link failure scenarios

are excluded from consideration due to both their low probability of occurrence and

the prohibitively high costs associated with over-conservative protection schemes.

In the STG2, the number of failure scenarios considered grows quadratically

with the number of links. For instance, in an OTN with 8 links shown in Figure 4.2,

there are 1 working scenario and 64 failure scenarios (comprising 8 single-link
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failure scenarios and 56 double-link failure scenarios). Figure 4.2 illustrates routing

plans for 5 of these scenarios, while routing plans for the remaining 60 scenarios

are provided in Appendix B.3. Notably, lightpaths l3, l4, l5 in Figure 4.2 are

pre-established and reserved to accommodate failure scenarios.

The STG2 aims to minimize the total number of lightpaths to be established

while planning a route (as a concatenation of lightpaths) for each demand in every

scenario. It ensures that backup routes in failure scenarios do not traverse failed

links. This problem can be characterized as a two-stage optimization framework,

where the second stage focuses exclusively on feasibility problems without incorpo-

rating objective functions. Specifically, the first stage determines which lightpaths

should be established, while the second stage involves routing over these pre-

established lightpaths to ensure that all demands are satisfied across all considered

scenarios. In contrast to stochastic programming, the absence of objective functions

in the second stage eliminates the need to consider the probability distribution of

scenario occurrences.

4.1.2 Challenges for Solving Large-Scale STG2 and Needs

for Developing Constructive Heuristic

The classic traffic grooming problem is NP-hard [Zhu and Mukherjee, 2002, Wang

and Gu, 2008], and the network size significantly impacts the efficiency of solution

methods. In related studies, only instances of no more than 300 nodes are solved

(see Table 4.1). We aim to tackle large-scale STG2 with thousands of nodes, aligning

with evolving practical requirements driven by the rapid expansion of OTNs. The

increase in network size leads to a much larger decision space, which, together with

complicated problem settings, poses greater challenges in optimizing routes for

communication demands.
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B

A

C

E

D

(a) An OTN with 5 nodes and 8 links.
There are two available wavelengths.

B

A

C

E

D

𝑙𝑙1

𝑙𝑙2

𝑙𝑙3

𝑙𝑙5

𝑙𝑙4

Lightpath Wavelength Links
𝑙𝑙1 𝜆𝜆1 AC
𝑙𝑙2 𝜆𝜆1 CE
𝑙𝑙3 𝜆𝜆1 AD-DC
𝑙𝑙4 𝜆𝜆1 AB-BE
𝑙𝑙5 𝜆𝜆2 AD-DE

(b) The set of established lightpaths in an optimal solution.

Route Lightpaths Route Lightpaths
𝑟𝑟1 𝑙𝑙1 𝑟𝑟5 𝑙𝑙4
𝑟𝑟2 𝑙𝑙1-𝑙𝑙2 𝑟𝑟6 𝑙𝑙4-𝑙𝑙2
𝑟𝑟3 𝑙𝑙3 𝑟𝑟7 𝑙𝑙5
𝑟𝑟4 𝑙𝑙3-𝑙𝑙2

Scenario Route for (A,C,50 G) Route for (A,E,50 G)
(0, 0) 𝑟𝑟1 𝑟𝑟2

(AC, 0) 𝑟𝑟3 𝑟𝑟4
(CE, 0) 𝑟𝑟1 𝑟𝑟5

(AC, CE) 𝑟𝑟3 𝑟𝑟5
(AB, CE) 𝑟𝑟1 𝑟𝑟7

(c) Routing for 5 scenarios.

Figure 4.2: Routing for 5 out of the total 65 scenarios. Routing plans for the
remaining 60 scenarios are provided in Appendix B.3. Demands are (A, C, 50
Gbps) and (A, E, 50 Gbps). The bandwidth of a wavelength is 100 Gbps. (0, 0) is
the working scenario; (e1, 0) represents link e1 fails; (e1, e2) represents links e1 and
e2 fail successively.
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Table 4.1: Largest scales of RWA and traffic grooming instances solved in the
literature and this study

Reference Problem Failure Type # Node # Link
Jaumard and Daryalal [2017] RWA failure-free 90 350
Sebbah and Jaumard [2012] RWA single-link 43 71
Feng et al. [2010] RWA double-link 47 98
Zhu et al. [2003] traffic grooming failure-free 277 unknown
Niu et al. [2024] traffic grooming single-link 227 409
Assi et al. [2006] traffic grooming double-link 24 43
This study traffic grooming double-link 2600 3027

Notes. Assi et al. [2006] propose a restoration scheme for double-link failure scenarios,
which does not guarantee protection for all such scenarios. In contrast, our approach
ensures protection for all double-link failure scenarios.

Another challenge originates from the large number of failure scenarios con-

sidered. In a survivable OTN with m links, the number of failure scenarios under

single-link failures is m. When double-link failures are additionally considered, the

total number of failure scenarios increases by m(m− 1), resulting in a total of m2

failure scenarios. This, together with Table 4.1, indicates that the number of failure

scenarios considered in the literature is typically no more than 10,000. However,

for the large-scale STG2 instances examined in this study, involving thousands

of links, there are millions of failure scenarios to consider. This results in more

decisions to make, constraints to verify, and data to store, thereby significantly

complicating the problem.

Our study also incorporates several practical constraints that challenge algo-

rithm design. For instance, consistent routing and bandwidth reservation constraints

are essential for fast switching between working and backup routes, ensuring low-

latency connections. These constraints create interdependency in routing and

bandwidth consumption across scenarios, significantly complicating the algorithm

design.

Limited computing resources, such as computing time and available memory,

further increase the challenge of algorithm design for the STG2. Achieving short
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computing time is essential for telecommunications service providers to optimize

subsequent decisions based on the STG2 solutions. Additionally, major providers

often run multiple computing tasks simultaneously on their platforms, restricting

the memory and time available for solving STG2. In this study, a one-hour time

limit and a 16 GB memory limit are required by our industry partner, Huawei

Technologies. Preliminary experiments indicate that for their large-scale STG2

instances with thousands of nodes, the one-hour time limit is nearly reached just

by verifying the solution feasibility. Additionally, importing linear programming

relaxation models of these instances far exceeds the 16 GB memory limit. Conse-

quently, methods based on iterative search or mathematical programming are not

applicable. Therefore, we focus on developing an efficient constructive heuristic.

4.1.3 Related Works

4.1.3.1 Traffic Grooming without Considering Failures

Constructive heuristics have been developed for the traffic grooming problem

without considering failures. Zhu et al. [2003] and Yao and Ramamurthy [2005b]

construct solutions by sequentially planning routes for each demand. Zhu et al.

[2003] introduce an auxiliary graph with a logical layer for lightpaths and multiple

wavelength layers for wavelength-link pairs. Yao and Ramamurthy [2005b] propose a

link-bundled auxiliary graph (LBAG), which consolidates all wavelength layers into

a single physical layer. Both studies use shortest-path algorithms to construct routes.

However, these are not applicable to our STG2 due to various side constraints that

must be incorporated.

To solve the traffic grooming problem without considering failures, Chen et al.

[2010] employ a three-phase method to construct solutions and groom traffic within

a hub-and-spoke framework. They begin by decomposing the network into clusters,

then determine endpoints of lightpaths for grooming intracluster and intercluster
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traffic, and finally solve an RWA problem to decide the physical routing and

wavelength of lightpaths. When adapted to our problem, the third phase may

become infeasible due to various side constraints and interdependency between

scenarios. Wu et al. [2015] construct a solution by sequentially finding routes for

each demand, followed by optimizing the logical and physical routing separately to

enhance the solution. However, they do not address optical reach constraints or

limit the number of wavelengths, which are crucial in practice.

Heuristics based on mathematical programming and iterative search have also

been applied to traffic grooming problems. Dawande et al. [2007] use heuristics

based on column generation and Lagrangian relaxation, requiring that demands with

different terminal nodes do not share the same lightpath. Vignac et al. [2016] apply

Benders decomposition and Dantzig–Wolfe reformulation under strict assumptions

regarding demand granularity, routing schemes, and grooming configurations. Wu

et al. [2020] first construct an initial feasible solution and then iteratively search

neighboring solutions to reduce the number of lightpaths. However, applying these

methods to large-scale STG2 is too time-consuming and memory-intensive due to

the extensive network sizes and numerous failure scenarios.

4.1.3.2 Survivable Traffic Grooming

Several different survivability schemes have been proposed for traffic grooming

problems considering failures, broadly classified into two categories: Pre-planned

protection and dynamic restoration [Somani, 2008]. Pre-planned protection schemes

reserve resources that remain idle during the working scenario, ensuring recovery

when failures occur. In contrast, dynamic restoration schemes do not reserve

resources beforehand, instead searching for spare resources after a failure. Assi

et al. [2006] explore a hybrid scheme for STG2, incorporating protection for single-

link failures and restoration for double-link failures, although without providing
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guaranteed protection for the latter. This study focuses on a protection scheme to

enhance network reliability.

According to the literature, various protection schemes can be applied at the

lightpath level (PAL) and the connection level (PAC). In PAL (PAC, respectively),

all traffic on a lightpath (route, respectively) switches to a backup lightpath (route,

respectively) upon failure. Since a route is a concatenation of lightpaths, PAL is

a specialization of PAC and cannot achieve higher resource utilization than PAC.

To minimize facility costs, we focus on PAC in this study. Yao and Ramamurthy

[2005c] and Jaekel et al. [2008] explore survivable traffic grooming under single-link

failures (STG1) using PAL, where each lightpath is accompanied by a link-disjoint

backup lightpath. They identify these lightpaths using a shortest-path algorithm

and an integer linear programming (ILP) formulation, respectively.

PAC can be further classified into full path protection (FPP) and partial path

protection (PPP). FPP requires that working and backup routes are link-disjoint,

while PPP does not. Yao and Ramamurthy [2005a] and Niu et al. [2024] investigate

STG1 using FPP. Yao and Ramamurthy [2005a] focus on maximizing network

throughput and propose two grooming heuristics to establish lightpaths and route

traffic, either separately or jointly. Niu et al. [2024] aim to minimize the number

of lightpaths while ensuring all demands are protected, proposing a heuristic that

plans backup routes after establishing working routes for all demands. FPP has also

been applied to STG2 [Yang, 2009] and RWA under double-link failures [Feng et al.,

2010]. Jaekel et al. [2012] explore STG1 with PPP, presenting ILP formulations

and a heuristic method that sequentially plans each failure scenario.

To the best of our knowledge, despite its importance, the STG2 with PPP

has not been explored in the literature. As a less restrictive approach, PPP serves

as a generalization of FPP, offering the potential for higher resource utilization
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and cost savings. Therefore, we focus on PPP in this study, albeit with higher

computational complexity.

4.1.4 Contributions

Existing studies reviewed in Section 4.1.3 typically adopt mathematical program-

ming and iterative search methods. However, these methods cannot be directly

applied to our study due to the large network sizes, extensive constraints, and

imposed computing time and memory limits (1 hour and 16 GB). Consequently,

as explained in Section 4.1.2, to effectively address large-scale STG2, we develope

an efficient constructive heuristic (outlined in Figure 4.3) with the following key

contributions:

Routing for the working scenario

Routing for single-link failure scenarios

Routing for double-link failure scenarios

Demand aggregation

Routing strategy: Reuse-then-search

Parallel computing

Hierarchical Planning Enhancements

Figure 4.3: Outline of the hierarchical constructive heuristic and algorithm en-
hancements. The process begins with demand aggregation, followed by planning
the working scenario, single-link failure scenarios, and double-link failure scenarios
in sequence. The reuse-then-search routing strategy is utilized for single-link and
double-link failure scenarios, while parallel computing is employed for planning
double-link failure scenarios.

• We devise a hierarchical sequence of scenarios for constructing routes and

assigning them to communication demands. This approach mitigates inter-

dependency between scenarios, enabling our heuristic to efficiently manage
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consistent routing constraints and validate bandwidth capacity constraints.

• We propose a reuse-then-search routing strategy to efficiently satisfy demands

in a large-scale network. It first attempts to reuse existing routes to satisfy

new demands without increasing the objective value. If it fails, a tailored

labeling algorithm is employed to search for a new route.

• To manage the large number of demands and expedite the optimization,

we aggregate multiple demands into a single one, assigning them the same

routing plan. To minimize the number of aggregated demands while respecting

capacity constraints, we introduce a bin-packing problem for each pair of

terminal nodes and solve it with an efficient heuristic.

• To efficiently manage the large number of double-link failure scenarios, our

newly proposed constructive heuristic can be parallelized by utilizing multiple

threads to concurrently plan distinct scenarios. Several mechanisms are

implemented to prevent the generation of substitutable lightpaths, mitigate

race conditions (where multiple threads access and modify shared data simul-

taneously), and minimize thread idleness. To the best of our knowledge, this

is the first parallel algorithm developed for survivable OTN problems.

• We conduct extensive computational experiments on large-scale STG2 in-

stances provided by our industrial partner. The results demonstrate the

effectiveness of our constructive heuristic and various enhancements. Within

the one-hour time limit and 16 GB memory limit, our heuristic can solve

instances with over 2,000 nodes, 3,000 links, 10,000 demands, and 9 million

scenarios, improving the objective value of the best-known solutions by 18.6%

on average, highlighting its significant potential for practical applications.

Additionally, we generate a set of small-scale instances, where a general

optimization solver, CPLEX, is able to solve only those with no more than 6
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nodes and 10 links. For these small-scale instances, our heuristic can solve

each one within 0.1 seconds, producing solutions with quality comparable to

those obtained by CPLEX, with an average relative gap of only 5.6%. These

results highlight the promising performance of our method in terms of both

efficiency and solution quality.

In the remainder of this chapter, we present the problem statement in Sec-

tion 4.2, the hierarchical constructive heuristic in Section 4.3, and the enhancements

by parallel computing in Section 4.4. Our computational results are reported in

Section 4.5. The chapter is summarized in Section 4.6.

4.2 Problem Description of STG2
The STG2 is defined on an OTN represented by an undirected graph (N , E), where

N is the set of nodes and E is the set of undirected links. Each link e ∈ E has an

associated length d(e) and a set of wavelengths Λ. Each wavelength λ ∈ Λ has a

bandwidth capacity B, a standard assumption widely adopted in the literature

[Cartier et al., 2006, Bahri and Chamberland, 2008]1. There is a set of demands

K, where each demand k ∈ K has a specific traffic volume bk ≤ B, requiring

transmission between two terminal nodes sk ∈ N and tk ∈ N . Figure 4.2 illustrates

an example featuring 5 nodes, 8 links, 2 wavelengths, and 2 demands.

The STG2 involves route planning for demands across all possible scenarios

involving zero, one, or two failed links. The working scenario (no link failures) is

denoted as (0, 0), the level-1 scenario where a single link e1 fails is denoted as (e1, 0),

and the level-2 scenario where two links e1 and e2 fail successively is denoted as

(e1, e2). The set of all considered scenarios is represented by Ω = {(0, 0)} ∪Ω1 ∪Ω2,

where Ω1 = {(e1, 0) : e1 ∈ E} and Ω2 = {(e1, e2) : e1, e2 ∈ E , e1 ̸= e2}.
1Our algorithm can be adapted to accommodate non-uniform wavelength bandwidths, by

initializing the capacity of each lightpath based on its corresponding wavelength.
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The STG2 aims to minimize the number of established lightpaths, ensuring that

each demand is assigned a route in every considered scenario, without traversing

failed links. A lightpath with n links l = (λ, (e1l , e
2
l , . . . , e

n
l )), defined by a wavelength

λ ∈ Λ and a sequence of distinct, end-to-end connected links e1l , e
2
l , . . . , e

n
l , serves

as a communication channel between two endpoints. This definition implies that a

lightpath l has a bandwidth capacity of B and must occupy the same wavelength

λ on traversed links e1l , e
2
l , . . . , e

n
l , known as the wavelength continuity constraints

[Martins et al., 2012, Lü et al., 2023]. For example, the lightpath l3 = (λ1, (AD, CD))

shown in Figure 4.2 occupies the same wavelength λ1 on links AD and CD, and can

transmit up to 100 Gbps of traffic between endpoints A and C. Additionally, due to

signal attenuation, the optical reach constraints [Yıldız et al., 2018, Li and Aneja,

2020] require that the length of a lightpath l does not exceed the optical reach limit

d̄, i.e.,
∑

e∈E(l) d(e) ≤ d̄ where E(l) = {e1l , e2l , . . . , enl } is the set of links traversed by

l. A route with n lightpaths r = (l1r , l
2
r , . . . , l

n
r ) is a sequence of distinct, end-to-end

connected lightpaths. For example, r2 = (l1, l2), depicted in Figure 4.2, is a route

connecting nodes A and E. Denote L and R as the sets of all lightpaths and routes,

respectively. The cardinalities |L| and |R| can grow exponentially with the network

size. Denote re1e2k as the route for demand k ∈ K used in scenario (e1, e2) ∈ Ω.

In a failure scenario, each demand should be transmitted along a route without

traversing any failed link. Specifically, for the routing plan of a demand k ∈ K

depicted in Figure 4.4, we must have e1 ̸∈ E(re10k ) for scenario (e1, 0) ∈ Φk =

{(e′, 0) : e′ ∈ E(r00k )}, e1, e2 ̸∈ E(re1e2k ) for scenario (e1, e2) ∈ Θk(e1) = {(e1, e′′) :

e′′ ∈ E(re10k )}, and e′1, e
′′
2 ̸∈ E(r

e′1e
′′
2

k ) for scenario (e′1, e
′′
2) ∈ Ψk = {(e′, e′′) : e′ ∈

E \ E(r00k ), e′′ ∈ E(r00k )}.

The STG2 also needs to consider several other side constraints. Simple path

constraints require a route to be elementary, meaning it traverses each node at
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most once. For example, in Figure 4.2, route r = (l3, l5) connecting nodes C and

E is not elementary, as it traverses node D twice. Although these constraints can

reduce system disorders [Wu et al., 2015], they may increase the objective value.

Therefore, we require only that working routes (r00k , k ∈ K) be elementary.

Wavelength assignment constraints are widely considered for OTNs [Daryalal

and Bodur, 2022], requiring that a wavelength on a link be occupied by at most

one established lightpath. In other words, any two lightpaths l and l′ using the

same wavelength (λ(l) = λ(l′), where λ(l) represents the wavelength occupied by

lightpath l) cannot traverse a common link (E(l) ∩ E(l′) = ∅). For example, in

Figure 4.2, lightpaths l3 and l5 must occupy different wavelengths (λ1 and λ2),

because they share the link AD. Denote L(r) as the set of lightpaths included in

route r. Note that different lightpaths in L(r) can occupy different wavelengths.

Consistent routing constraints are essential for fast route switching and low-

latency communications, as they minimize the number of routes that need to be

altered when a link fails. These constraints ensure that the route used before a

failure continues to be used if it does not traverse the failed link. Specifically, for

each demand k ∈ K, the working route r00k should remain in use in level-1 scenarios

Φ̄k = {(e1, 0) ∈ Ω1 : e1 ∈ E \ E(r00k )} and level-2 scenarios Ψ̄k = {(e1, e2) ∈ Ω2 :

e1, e2 ∈ E \ E(r00k )}. Similarly, for each link e1 ∈ E(r00k ), the level-1 route re10k

should remain in use in level-2 scenarios Θ̄k(e1) = {(e1, e2) ∈ Ω2 : e2 ∈ E \ E(re10k )}.

This is illustrated in Figure 4.4. Due to consistent routing constraints, the pair of

level-2 scenarios (e1, e2) ∈ Ω2 and (e2, e1), despite comprising the same set of failure

links, differ in the sequence of failures and must therefore be treated as distinct.

Consequently, the routing plan devised for one scenario cannot be directly applied

to the other. This distinction arises because the routing plans for level-2 scenario

(e1, e2) and (e2, e1) are contingent upon the corresponding level-1 scenarios (e1, 0)
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and (e2, 0), respectively, which may themselves entail different routing plans.

…𝑒𝑒2′′ ∈ ℰ 𝑟𝑟𝑘𝑘00…

…

𝑒𝑒1 ∈ ℰ 𝑟𝑟𝑘𝑘00

𝑒𝑒2 ∈ ℰ 𝑟𝑟𝑘𝑘
𝑒𝑒10 𝑒𝑒2′ ∈ ℰ ∖ ℰ 𝑟𝑟𝑘𝑘

𝑒𝑒10

𝑒𝑒1′ ∈ ℰ ∖ ℰ 𝑟𝑟𝑘𝑘00

𝑒𝑒2′′′ ∈ ℰ ∖ ℰ 𝑟𝑟𝑘𝑘00

𝑟𝑟𝑘𝑘00

𝑟𝑟𝑘𝑘00
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𝑟𝑟𝑘𝑘
𝑒𝑒1′𝑒𝑒2′′𝑟𝑟𝑘𝑘

𝑒𝑒10𝑟𝑟𝑘𝑘
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Φ𝑘𝑘 �Φ𝑘𝑘
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Figure 4.4: Route planning for demand k ∈ K in scenarios Ω, where failed links are
represented on the edges. r00k is the working route, which is also used in scenarios
Φ̄k and Ψ̄k due to consistent routing constraints. re10k is the backup route used
in level-1 scenario (e1, 0), which is also used in scenarios Θ̄k(e1) due to consistent
routing constraints.

Bandwidth reservation constraints are also essential for fast route switching

and low-latency communications. When failed links are repaired, all demands

revert to their working routes, ensuring protection against future failures. These

constraints require that the bandwidth on lightpaths consumed by demand k ∈ K

in the working scenario be reserved. The reserved bandwidth can be reused by

demand k in failure scenarios, but cannot be used by any other demand in any

scenario. This ensures that demand k can revert to the working route without

waiting for other demands to release bandwidth resources, thereby accelerating

route switching. Consequently, the bandwidth capacity constraints require that the

total bandwidth consumption, including reserved bandwidth, on each lightpath in

any scenario must not exceed B.

For each demand k ∈ K, we define Rk ⊆ R as the subset of routes with

endpoints the same with terminal nodes sk and tk, and R̄k ⊆ Rk as the set
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of elementary routes (traversing each node at most once) in Rk. Let xl, l ∈ L

be a binary variable equal to one if and only if lightpath l is established. Let

ye1e2kl , k ∈ K, l ∈ L, (e1, e2) ∈ Ω : e1, e2 ̸∈ E(l) be a binary variable equal to one if

and only if lightpath l belongs to the route used by demand k in scenario (e1, e2).

Let z00kr , k ∈ K, r ∈ R̄k be a binary variable equal to one if and only if route r is the

working route of demand k. Let ze1e2kr , k ∈ K, r ∈ Rk, (e1, e2) ∈ Ω1∪Ω2 : e1, e2 ̸∈ E(r)

be a binary variable equal to one if and only if route r is the backup route of

demand k in scenario (e1, e2). Accordingly, the STG2 problem can be formulated

as follows.

min
∑
l∈L

xl, (4.1a)

s.t.
∑

l∈L:λ(l)=λ,e∈E(l)

xl ≤ 1, ∀λ ∈ Λ, e ∈ E , (4.1b)

∑
r∈R̄k

z00kr = 1, ∀k ∈ K, (4.1c)

∑
r∈Rk:e1,e2 ̸∈E(r)

ze1e2kr = 1, ∀k ∈ K, (e1, e2) ∈ Ω1 ∪ Ω2, (4.1d)

z00kr − ze10kr ≤ 0, ∀k ∈ K, r ∈ R̄k, (e1, 0) ∈ Ω1 : e1 ̸∈ E(r), (4.1e)

ze10kr − ze1e2kr ≤ 0, ∀k ∈ K, r ∈ Rk, (e1, e2) ∈ Ω2 : e1, e2 ̸∈ E(r), (4.1f)

y00kl −
∑

r∈R̄k:l∈L(r)

z00kr = 0, ∀k ∈ K, l ∈ L, (4.1g)

ye1e2kl −
∑

r∈Rk:l∈L(r),e1,e2 ̸∈E(r)

ze1e2kr = 0,

∀k ∈ K, l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(l),(4.1h)∑
k∈K

bky
00
kl −Bxl ≤ 0, ∀l ∈ L, (4.1i)∑

k∈K

bk max{y00kl , y
e1e2
kl } −Bxl ≤ 0, ∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(l),(4.1j)

xl ∈ {0, 1}, ∀l ∈ L, (4.1k)

ye1e2kl ∈ {0, 1}, ∀k ∈ K, l ∈ L, (e1, e2) ∈ Ω : e1, e2 ̸∈ E(l), (4.1l)
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z00kr ∈ {0, 1}, ∀k ∈ K, r ∈ R̄k, (4.1m)

ze1e2kr ∈ {0, 1}, ∀k ∈ K, r ∈ Rk, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(r). (4.1n)

The objective function (4.1a) is to minimize the number of established light-

paths. Wavelength assignment constraints (4.1b) require that a wavelength on

a link can be assigned to at most one established lightpath. Constraints (4.1c)

ensure that each demand is assigned an elementary working route, while constraints

(4.1d) require that each demand is assigned a backup route in each failure scenario,

avoiding failed links. Consistent routing constraints (4.1e) impose that the working

route should still be used as the backup route in a level-1 scenario (e1, 0) ∈ Ω1 if it

does not traverse the failed link e1. Consistent routing constraints (4.1f) require

that the backup route in a level-1 scenario (e1, 0) ∈ Ω1 should still be used as the

backup route in a level-2 scenario (e1, e2) ∈ Ω2 if it does not traverse the second

failed link e2. Constraints (4.1g) and (4.1h) link variables y and z. Bandwidth

capacity constraints are described with (4.1i) and (4.1j). Constraints (4.1k)-(4.1n)

specify domains of variables. Note that both the wavelength continuity constraints

and the optical reach constraints are respected according to the definition of L.

The formulation (4.1a)–(4.1n) above for the STG2 can be reformulated as

an equivalent ILP formulation by replacing constraints (4.1j) with constraints

(4.2a)–(4.2d) below:

we1e2
kl ≥ y00kl , ∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(l), (4.2a)

we1e2
kl ≥ ye1e2kl , ∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(l), (4.2b)∑

k∈K

bkw
e1e2
kl −Bxl ≤ 0, ∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(l), (4.2c)

we1e2
kl ∈ {0, 1}, ∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2 : e1, e2 ̸∈ E(l), (4.2d)
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where we1e2
kl is a binary variable equal to one if the bandwidth of bk on lightpath l

is consumed (ye1e2kl = 1) or reserved (y00kl = 1 and ye1e2kl = 0) for demand k in failure

scenario (e1, e2) ∈ Ω1 ∪ Ω2.

It is worth noting that for large-scale STG2 instances, which involve thousands

of nodes as examined in this study, the above ILP formulation cannot be directly

solved using general optimization solvers due to memory constraints encountered

when importing their linear programming relaxation models. In this study, the ILP

is utilized only for solving small-scale instances, which facilitates the performance

assessment of our proposed heuristic. Moreover, designing decomposition methods

to solve the ILP formulation is non-trivial due to the complexity of the constraints,

rendering it computationally unaffordable, particularly given the extensive net-

work sizes and the large number of failure scenarios. Nevertheless, by selectively

relaxing certain constraints, decomposition methods can be utilized to derive lower

bounds on the optimal objective values, which are valuable for evaluating solutions

obtained from primal methods, and merit further investigation in future research.

Furthermore, our preliminary numerical experiments indicate that verifying solution

feasibility for large-scale STG2 instances nearly exhausts the one-hour time limit,

making iterative search-based methods too time-consuming. To address these

limitations, we propose a hierarchical constructive heuristic specifically designed to

efficiently handle large-scale STG2 instances, as detailed in Section 4.3 below.

4.3 Hierarchical Constructive Heuristic
To efficiently solve large-scale STG2 instances (thousands of nodes and millions

of failure scenarios) with limited computing time and memory, we propose a

novel hierarchical constructive heuristic, outlined in Section 4.3.1. Section 4.3.2

illustrates the method for aggregating demands. In Section 4.3.3, we develop a

labeling algorithm for finding routes, and Section 4.3.4 introduces a technique for
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reusing generated routes. Our hierarchical constructive heuristic is further enhanced

by efficient checks of bandwidth capacity constraints (see Appendix B.1.1) and

efficient updates of bandwidth consumption (see Appendix B.1.2).

4.3.1 Algorithm Outline

The hierarchical constructive heuristic is outlined in Algorithm 5. It begins by

aggregating demands (line 1) to reduce the problem size (Section 4.3.2), followed by

sorting the sequence of demands (line 2). The solution is constructed hierarchically:

First plan the working scenario (lines 3–5), then plan level-1 scenarios (lines 7–

10), and finally plan level-2 scenarios (lines 12–14). In each scenario, routes for

demands are planned sequentially. Working routes are determined using the labeling

algorithm (Section 4.3.3). When planning level-1 and level-2 routes, to reduce the

number of calls to the labeling algorithm, we first try to reuse routes generated

during the solution process (see Section 4.3.4). If this fails, we then employ the

labeling algorithm to generate a new route.

The hierarchical constructive heuristic offers several advantages. Firstly, it nat-

urally satisfies consistent routing constraints by sequentially planning the working

route, level-1 routes, and level-2 routes. Specifically, once demand k ∈ K′ is assigned

a working route r00k , this route is also assigned to the demand in level-1 scenarios

Φ̄k and level-2 scenarios Ψ̄k. Similarly, when demand k ∈ K′ is assigned a level-1

route re10k in scenario (e1, 0) ∈ Φk, this route is also assigned in level-2 scenarios

Θ̄k(e1) by reserving bandwidth bk on lightpaths L(re10k ) in scenarios Θ̄k(e1). Thus,

we only need to explicitly plan the working scenario, level-1 scenarios
⋃

k∈K′ Φk,

and level-2 scenarios
⋃

k∈K′ Ψk ∪Θk, where Θk =
⋃

e1∈E(r00k ) Θk(e1).

Secondly, while planning a route in one scenario can affect bandwidth consump-

tion in others (due to bandwidth reservation and consistent routing constraints),

the hierarchical constructive heuristic allows us to verify bandwidth capacity con-
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Algorithm 5 Hierarchical Constructive Heuristic
Input: N , E ,Λ,K, B, d̄
Output: Routes re1e2k , k ∈ K, (e1, e2) ∈ Ω

1: Aggregate demands K into K′ (Section 4.3.2)
2: Sort demands K′ in non-increasing order of traffic volume
3: for all demand k ∈ K′ do
4: Find the working route r00k with the labeling algorithm (Section 4.3.3)
5: Φk ← {(e1, 0) : e1 ∈ E(r00k )}; Ψk ← {(e1, e2) : e1 ∈ E \ E(r00k ), e2 ∈ E(r00k )}
6: Sort scenarios Ω1 in non-increasing order of the number of unplanned demands
7: for all scenario (e1, 0) ∈ Ω1 do
8: for all demand k ∈ K′ where (e1, 0) ∈ Φk do
9: Find the level-1 route re10k to protect k in scenario (e1, 0) by reusing an existing

route (Section 4.3.4). If this fails, use the labeling algorithm (Section 4.3.3) to
find a new route

10: Θk(e1)← {(e1, e2) : e2 ∈ E(re10k )}
11: Sort scenarios Ω2 in non-increasing order of the number of unplanned demands
12: for all scenario (e1, e2) ∈ Ω2 do
13: for all demand k ∈ K′ where (e1, e2) ∈ Ψk ∪Θk(e1) do
14: Find the level-2 route re1e2k to protect k in scenario (e1, e2) by reusing an existing

route (Section 4.3.4). If this fails, use the labeling algorithm (Section 4.3.3) to
find a new route

straints across all scenarios by checking only the scenario being currently planned

(see Appendix B.1.1). It also enables updating bandwidth consumption with fewer

operations and less memory than a direct update approach (see Appendix B.1.2).

Moreover, once the working and all level-1 scenarios are planned, planning a

route in a level-2 scenario imposes no constraints on other level-2 scenarios, allowing

us to plan these scenarios in parallel (see Section 4.4).

4.3.2 Demand Aggregation by Bin Packing

To reduce the problem size and expedite the algorithm, we aggregate demands so

that each batch is assigned the same routing plan. Demands k1, k2, . . . , kn can be

aggregated into a single demand k′ if and only if they share the same terminal nodes,

i.e., {sk1 , tk1} = {sk2 , tk2} = · · · = {skn , tkn}, and their total traffic volume does not

exceed the bandwidth capacity of a wavelength, i.e., bk1 + bk2 + · · ·+ bkn ≤ B. For
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the aggregated demand k′, we have sk′ = sk1 , tk′ = tk1 , bk′ = bk1 + bk2 + · · ·+ bkn ,

and demands k1, k2, . . . , kn use the same route as k′ in each scenario, i.e., re1e2k1
=

re1e2k2
= · · · = re1e2kn

= re1e2k′ ,∀(e1, e2) ∈ Ω.

For each pair of terminal nodes {s, t}, decisions on aggregating demands

Kst = {k ∈ K : {sk, tk} = {s, t}} are made by solving a bin-packing problem. Each

demand k ∈ Kst has a weight bk, and each bin has a capacity of B. The goal is

to pack demands Kst using the minimum number of bins, thereby reducing the

number of aggregated demands and the number of routing decisions. To efficiently

solve this bin-packing problem, we first sort demands Kst in non-increasing order

of weights, then apply the well-known first-fit policy: For each demand, place it in

the first bin with sufficient remaining capacity; If no such bin exists, place it in

a new bin. Demands within a bin are aggregated into a single demand, and we

denote K′ as the set of demands after aggregation.

4.3.3 Labeling Algorithm for Route Planning

For a demand k ∈ K′ and scenario (e1, e2) ∈ Ω, the labeling algorithm seeks

to search a route re1e2k that can transmit demand k in scenario (e1, e2) while

satisfying side constraints. Denote L′ as the set of established lightpaths, and

ye1e2kl , k ∈ K′, l ∈ L′, (e1, e2) ∈ Ω : e1, e2 ̸∈ E(l) as the binary variable that equals one

if and only if lightpath l is used by demand k in scenario (e1, e2), i.e., l ∈ L(re1e2k ).

Then we know that Ce1e2
l =

∑
k∈K′ bk max{y00kl , y

e1e2
kl } is the bandwidth consumption

on lightpath l ∈ L′ in scenario (e1, e2) ∈ Ω, according to bandwidth capacity

constraints (4.3). At the start of the constructive heuristic, L′ is empty, and both

y = (ye1e2kl )k∈K′,l∈L′,(e1,e2)∈Ω:e1,e2 ̸∈E(l) and C = (Ce1e2
l )l∈L′,(e1,e2)∈Ω are zero vectors.

The underlying graph of the labeling algorithm is detailed in Section 4.3.3.1, with

arc costs defined in Section 4.3.3.2, label definition and extension developed in
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Section 4.3.3.3, and heuristic dominance rules provided in Section 4.3.3.4.

∑
k∈K′

bk max{y00kl , y
e1e2
kl } ≤ B, ∀l ∈ L′, (e1, e2) ∈ Ω : e1, e2 ̸∈ E(l). (4.3)

4.3.3.1 Two-Layer Graph

To represent the relationships between the physical layer (links and wavelengths)

and the logical layer (lightpaths) for STG2, we utilize a two-layer graph, named

as LBAG and denoted by G = (N ∪ N ′,Ap ∪ Al ∪ At ∪ Ar), which was ini-

tially proposed by Yao and Ramamurthy [2005b] for the problem without con-

sidering link failures. The physical layer consists of the set of physical nodes

N = {1, 2, . . . , |N |} and the set of directed physical arcs Ap = {(i1, i2, e), (i2, i1, e) :

e ∈ E , i1, i2 are endpoints of link e}, where each link e ∈ E is associated with

two physical arcs. Note that there may be multiple links between a pair of

nodes. For each physical arc a ∈ Ap, denote e(a) as the associated link. The

logical layer consists of the set of logical nodes N ′ = {1′, 2′, . . . , |N |′}, where

node i′ ∈ N ′ is a copy of node i ∈ N , and the set of directed logical arcs

Al = {(i′1, i′2, l), (i′2, i′1, l) : l ∈ L′, i1, i2 are endpoints of lightpath l}, where each

lightpath l ∈ L′ is associated with two logical arcs. Note that there may be

multiple lightpaths between a pair of nodes. For each logical arc a ∈ Al, denote

l(a) as the associated lightpath and E(a) as the set of links traversed by lightpath

l(a). The sets At = {(i′, i) : i ∈ N} and Ar = {(i, i′) : i ∈ N} are transmitter arcs

and receiver arcs, respectively, connecting the physical and logical layers.

To find a route for demand k ∈ K′, we develop a labeling algorithm that

searches for a path on the LBAG, connecting endpoints s′k and t′k. Traversing

a logical arc a ∈ Al indicates reusing an established lightpath l(a). Sequential

traversal of a transmitter arc (i′1, i1) ∈ At, physical arcs a1, a2, . . . , an ∈ Ap, and a re-
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(a) AC fails and l1 is invalid.
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(b) Find a path (dotted) on the
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(c) Establish a lightpath l3.

Figure 4.5: Routing for demand (A, E, 50 Gbps) in scenario (AC, 0), where link
AC fails. Figure 4.5(a) shows an LBAG where lightpath l1 is invalid. Figure 4.5(b)
shows that the labeling algorithm finds a path sequentially traversing arcs (A′, A),
(A, D), (D, C), (C, C′), (C′, E′, l2). Figure 4.5(c) shows that a new lightpath l3 is
established, and the demand will use route (l3, l2) in the scenario.

ceiver arc (in+1, i
′
n+1) ∈ Ar implies that a new lightpath (λ, (e(a1), e(a2), . . . , e(an)))

should be established, where λ is a wavelength unoccupied on these links, i.e.,

λ ∈
⋂

m=1,2,...,n Λ(e(am)). Here, Λ(e) = Λ \ {λ(l) : l ∈ L′, e ∈ E(l)} represents

the set of unoccupied wavelengths on link e. For example, Figure 4.5(b) shows

that the labeling algorithm finds a path sequentially traversing arcs (A′, A), (A,

D), (D, C), (C, C′), (C′, E′, l2). Traversing the logical arc (C′, E′, l2) indicates

reusing the established lightpath l2. Sequential traversal of the transmitter arc (A′,

A), physical arcs (A, D), (D, C), and the receiver arc (C, C′) implies that a new

lightpath should be established. The new lightpath is determined by links AD, DC

and an unoccupied wavelength on them.

4.3.3.2 Arc Costs and Lower Bounds on Path Costs

To effectively guide the labeling algorithm to search for routes of good quality, we

need to compute an estimated cost for each label, which will be explained in Sec-

tion 4.3.3.3. To achieve this, we need to set arc costs according to Table 4.2, where

α, β, γ, θ are positive hyperparameters and I is an indicator function. The design

rationales of arc cost settings are summarized as follows: We set α to regulate the
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Table 4.2: Arc costs
Arc Type Cost
Transmitter arc a = (i′, i) ∈ At c(a) = α
Receiver arc a = (i, i′) ∈ Ar c(a) = 0

Physical arc a = (i1, i2, e) ∈ Ap c(a) = 1 + β
(
1− |Λ(e(a))|

|Λ|

)θ
+ γIχ(e(a))

Logical arc a = (i′1, i
′
2, l) ∈ Al c(a) = |E(l(a))|+ γ|E(l(a)) ∩ χ|

establishment of new lightpaths, configure β and θ to prevent extreme imbalances

in wavelength occupation on links, and prioritize disjointness between the working

route and level-1 routes by setting γ and χ. Specifically, when planning a level-1

route for demand k ∈ K′, we set χ = {e ∈ E(r00k ) : route re0k has not been planned},

i.e., the set of unprotected links in the working route. We set χ = ∅ when planning

the working route and level-2 routes. Moreover, the number of links traversed is

considered in physical arc costs with the cost “1” and logical arc costs with the

term |E(l(a))|.

Based on the above cost settings, for any node j ∈ N ∪N ′, we derive a lower

bound on the minimum cost of paths connecting nodes j and destination t′k. For a

partial path ending at node j, we define its estimated total cost as the sum of its

current cost and this lower bound. This estimate enhances the labeling algorithm

in two ways. First, if the estimated total cost is no smaller than the cost of the

incumbent solution, the partial path cannot yield an improving complete route

and may therefore be safely pruned. Second, at each iteration of the labeling

algorithm, the partial path with the smallest estimated total cost is chosen for

extension. Because this estimate accounts for both the current path cost and a

lower bound on the additional cost for extending the partial path to the destination,

the algorithm gives priority to search directions that are closer to the destination,

thereby improving the efficiency of the search procedure.

Since arc costs are nonnegative, zero is a trivial lower bound. To obtain a non-
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trivial, tighter lower bound, we define the minimum hop h(i1, i2) as the minimum

number of links needed to connect nodes i1, i2 ∈ N . Values of h(i1, i2), i1, i2 ∈ N are

computed in the preprocessing stage of Algorithm 5, by setting the length of each link

to one and running shortest-path algorithms. The minimum hop extends from the

OTN to the LBAG, by defining h(i′1, i
′
2) = h(i1, i

′
2) = h(i′1, i2) = h(i1, i2), i1, i2 ∈ N .

Proposition 16 shows that h(j, t′k) is a valid lower bound on the minimum cost of

paths connecting nodes j and t′k.

Proposition 16. h(j, t′k), j ∈ N ∪N ′ is a lower bound on the minimum cost of

paths connecting nodes j and t′k.

Proof. Obviously, h(i1, i2), i1, i2 ∈ N satisfy triangle inequalities, i.e., h(i1, i2) +

h(i2, i3) ≥ h(i1, i3), i1, i2, i3 ∈ N . We define surrogate arc costs and show that they

are nonnegative, i.e., c̄(a) ≥ 0, a ∈ Ap ∪ Al ∪ At ∪ Ar:

• For transmitter arc a = (i′, i) ∈ At, the surrogate cost c̄(a) = c(a)−h(i′, t′k)+

h(i, t′k) = c(a) = α > 0, since h(i′, t′k) = h(i, t′k).

• For receiver arc a = (i, i′) ∈ Ar, the surrogate cost c̄(a) = c(a) − h(i, t′k) +

h(i′, t′k) = c(a) = 0, since h(i, t′k) = h(i′, t′k).

• For physical arc a = (i1, i2, e) ∈ Ap, the surrogate cost c̄(a) = c(a)−h(i1, t
′
k)+

h(i2, t
′
k) = c(a)− h(i1, tk) + h(i2, tk) ≥ c(a)− h(i1, i2) = c(a)− 1 ≥ 0, where

h(i1, i2) + h(i2, tk) ≥ h(i1, tk) due to triangle inequalities and h(i1, i2) = 1

since a single link e connects nodes i1 and i2.

• For logical arc a = (i′1, i
′
2, l) ∈ Al, the surrogate cost c̄(a) = c(a)− h(i′1, t

′
k) +

h(i′2, t
′
k) ≥ |E(l(a))| − h(i1, tk) + h(i2, tk) ≥ |E(l(a))| − h(i1, i2) ≥ 0, where

h(i1, i2) + h(i2, tk) ≥ h(i1, tk) due to triangle inequalities and |E(l(a))| ≥

h(i1, i2) since lightpath l(a) corresponds to a path connecting nodes i and j.
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For the shortest path (a1, a2, . . . , an) connecting nodes j ∈ N ∪ N ′ and

t′k, k ∈ K′ on the LBAG, assume that the endpoints of arcs a1, a2, . . . , an are

j1 = j, j2, . . . , jn, jn+1 = t′k. Then we have

n∑
m=1

c̄(am) =
n∑

m=1

[c(am)− h(jm, t
′
k) + h(jm+1, t

′
k)]

=
n∑

m=1

c(am)− h(j1, t
′
k) + h(jn+1, t

′
k) =

n∑
m=1

c(am)− h(j, t′k) + h(t′k, t
′
k)

=
n∑

m=1

c(am)− h(j, t′k) ≥ 0,

where
∑n

m=1 c(am) is the minimum cost of paths connecting nodes j and t′k, and

the inequality follows from that c̄(a) ≥ 0, a ∈ Ap ∪Al ∪At ∪Ar. This implies that

h(j, t′k) is a lower bound on the minimum cost of paths connecting nodes j and

t′k.

4.3.3.3 Label Definition, Feasibility, and Extension

A label L = (f, j, c̄, ρ̄, d,W, V, U) represents a path ρ(L) = (a1, a2, . . . , an = f) on

the LBAG, where arc a1 starts at node s′k and arc f ends at node j. The estimated

cost c̄ =
∑

a∈ρ(L) c(a) + h(j, t′k) is the sum of the current cost and a lower bound

(defined in Section 4.3.3.2) on the additional cost required to reach the terminal

node t′k. ρ̄ is the last physical segment, d is the length of this segment, and W

is the set of wavelengths unoccupied on the segment. If arc f is not part of the

physical layer, i.e., f ∈ Al ∪ At ∪ Ar, then ρ̄ = ∅, d = 0,W = Λ. Otherwise, if

f ∈ Ap, then ρ̄ = (am, am+1, . . . , an) where am, am+1, . . . , an ∈ Ap and am−1 ∈ At,

d =
∑

a∈ρ̄ d(e(a)), and W =
⋂

a∈ρ̄ Λ(e(a)). V = {sk} ∪
⋃

a∈ρ(L)∩(Ap∪Al)
N (a) is the

set of nodes traversed by the physical routing of path ρ(L), where N (a) is the

set of nodes traversed by the physical routing of arc a, excluding the first node.

U = {e(a) : a ∈ ρ(L)∩Ap} is the set of links associated with physical arcs traversed

97



Chapter 4. Solving Large-Scale Survivable Traffic Grooming in Telecommunications
Network Design under Double-Link Failures

by path ρ(L).

Feasibility Conditions for Label Extension When finding a route for de-

mand k ∈ K′ in scenario (e1, e2) ∈ Ω, the extension of a label L1 = (f1, j1, c̄1, ρ̄1, d1,W1, V1, U1)

along an arc f2 adjacent to node j1 is deemed feasible if and only if all the following

practical side constraints and optimality conditions are satisfied:

• Simple path constraints in the working scenario: If (e1, e2) = (0, 0), then

V1 ∩N (f2) = ∅.

• Survivable constraints in failure scenarios: If (e1, e2) ∈ Ω1 ∪ Ω2, then e(f2) ̸∈

{e1, e2} when f2 ∈ Ap, and E(f2) ∩ {e1, e2} = ∅ when f2 ∈ Al.

• Optical reach constraints: If f2 ∈ Ap, then d1 + d(e(f2)) ≤ d̄.

• Wavelength continuity constraints: If f2 ∈ Ap, then W1 ∩ Λ(e(f2)) ̸= ∅.

• Bandwidth capacity constraints: If f2 ∈ Al, then Ce1e2
l(f2)

+ bk ≤ B when

(e1, e2) = (0, 0) and Ce1e2
l(f2)

+ bk(1− y00kl(f2)) ≤ B when (e1, e2) ∈ Ω1 ∪ Ω2.

• Necessary conditions for minimum-cost paths: If f2 ∈ Ap, then e(f2) ̸∈ U1.

Label Extension If label L1 = (f1, j1, c̄1, ρ̄1, d1,W1, V1, U1) can be extended

along arc f2 with head j1 and tail j2, then the concatenation of them yields a label

L2 = (f2, j2, c̄2, ρ̄2, d2,W2, V2, U2) where (i) c̄2 = c̄1 + c(f2) − h(j1, t
′
k) + h(j2, t

′
k),

(ii) if f2 ∈ Al ∪ At ∪ Ar, then ρ̄2 = ∅, d2 = 0,W2 = Λ, (iii) if f2 ∈ Ap, then

ρ̄2 = ρ̄1 ∪ {f2}, d2 = d1 + d(e(f2)),W2 = W1 ∩ Λ(e(f2)), (iv) V2 = V1 ∪N (f2), and

(v) if f2 ∈ Ap, then U2 = U1 ∪ {e(f2)}.

The extension procedure follows Algorithm 6, which iteratively extends labels

of the smallest estimated costs to generate new labels and search routes. In line 9,

a route re1e2k is generated by sequentially concatenating lightpaths associated with
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path ρ(L2), where new lightpaths might be established. Specifically, if ρ(L2) =

(. . . , am, am+1, . . . , an, an+1, . . .), where am−1 ∈ At, am, am+1, . . . , an ∈ Ap, and

an+1 ∈ Ar, then a new lightpath (λ, (e(am), e(am+1), . . . , e(an))) is established,

where λ = min
⋂

i=m,m+1,...,n Λ(e(ai)). This means choosing the wavelength with

the smallest index among those unoccupied on links e(am), e(am+1), . . . , e(an), to

increase the likelihood that there is a wavelength unoccupied on most links, thereby

increasing the potential to apply dominance rule 3 (see Section 4.3.3.4). New

lightpaths are added to L′, and the LBAG G is updated accordingly. Moreover, we

set ye1e2kl = 1,∀l ∈ L(re1e2k ).

Algorithm 6 Labeling Algorithm for Route Planning
Input: Established lightpaths L′, bandwidth consumption C, incomplete solution y,
LBAG G, demand k, scenario (e1, e2)
Output: Route re1e2k

1: Initialize the priority queue of labels as S = {L0} where L0 =
(∅, s′k, h(s′k, t′k), ∅, 0,Λ, ∅, ∅)

2: while S ≠ ∅ do
3: Find a label L1 = (f1, j1, c̄1, ρ̄1, d1,W1, V1, U1) where c̄1 = min{c̄(L) : L ∈ S}, i.e.,

the label in S with the smallest estimated cost
4: Let S ← S \ {L1}
5: for all arc f2 ∈ G adjacent to node j1 do
6: if L1 can be extended along f2 then (Capacity check, Appendix B.1.1)
7: Concatenate L1 and f2 to form a label L2 = (f2, j2, c̄2, ρ̄2, d2,W2, V2, U2)
8: if j2 = t′k then
9: According to path ρ(L2), generate route re1e2k and update L′, G, y

10: Update bandwidth C l, ∀l ∈ L(re1e2k ) (Appendix B.1.2)
11: Terminate the labeling algorithm
12: else
13: Apply dominance rules to L2 and labels in S (Section 4.3.3.4)
14: Let S ← S ∪ {L2} if L2 has not been removed and W2 ̸= ∅

4.3.3.4 Heuristic Dominance Rules

To reduce the number of labels and accelerate the exploration, we propose several

heuristic dominance rules as shown in Table 4.3. They are relaxations of exact

dominance rules so that fewer labels need to be explored at the sacrifice of optimality.
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Table 4.3: Heuristic dominance rules between two labels L1 =
(f1, j1, c̄1, ρ̄1, d1,W1, V1, U1) and L2 = (f2, j2, c̄2, ρ̄2, d2,W2, V2, U2)

Rule 1 Rule 2 Rule 3
Condition (i): j1 = j2, j1 ∈ N ′ ✓
Condition (ii): j1 = j2, j1 ∈ N ✓ ✓
Condition (iii): c̄1 ≤ c̄2 ✓ ✓ ✓
Condition (iv): d1 ≤ d2 ✓ ✓
Condition (v):

⋂
e∈E\{e1,e2}:Λ(e) ̸=∅ Λ(e) ̸= ∅ ✓

The design rationales are summarized as follows: Conditions (i) and (ii) require

that both labels end at the same node, with the node being on the logical and

physical layer, respectively; Condition (iii) stipulates that label L1 must have an

equal or smaller cost; Condition (iv) addresses optical reach constraints, applicable

to labels ending at a physical node.

For two labels L1 = (f1, j1, c̄1, ρ̄1, d1,W1, V1, U1) and L2 = (f2, j2, c̄2, ρ̄2, d2,W2, V2, U2):

If conditions (i) and (iii) specified by Rule 1 are satisfied, we remove L2 from the

priority queue S; If conditions (ii)–(iv) specified by Rule 2 are satisfied, we set

W2 ← W2 \W1, and further remove L2 from the priority queue S in case that W2

becomes empty.

Moreover, when condition (v) is satisfied, Rule 2 can be lifted to Rule 3. In

this case,
⋂

e∈E ′ Λ(e) ̸= ∅, i.e., there is a wavelength unoccupied on all links in

E ′, where E ′ = {e ∈ E \ {e1, e2} : Λ(e) ̸= ∅} is the set of non-failed links with

unoccupied wavelengths. Since any path generated by the labeling algorithm

must not traverse physical arcs associated with links in E \ E ′ and can traverse

physical arcs associated with each link e ∈ E ′ at most once, wavelength continuity

constraints are always satisfied by assigning the newly established lightpath with a

wavelength λ ∈
⋂

e∈E ′ Λ(e). Therefore, when conditions (ii)–(v) specified by Rule 3

are satisfied, we directly remove L2 from the priority queue S.
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4.3.4 Reuse-then-Search Strategy for Route Planning

To reduce the number of calls to the labeling algorithm and enhance efficiency, we

adopt a reuse-then-search strategy for route planning. As shown in lines 9 and 14

of Algorithm 5, the labeling algorithm is called only when no existing route can be

reused. Algorithm 7 shows how to identify routes that can be reused. For each pair

of terminal nodes {s, t}, denote R′
st as the set of existing routes that have been

generated with endpoints s and t. A route r ∈ R′
st can be reused to protect demand

k in the failure scenario (e1, e2) ∈ Φk ∪ Ψk ∪ Θk if and only if: {sk, tk} = {s, t},

route r does not traverse any failed link in {e1, e2} ∩ E , and bandwidth capacity

constraints are satisfied.

Algorithm 7 Route Reuse
Input: Established lightpaths L′, bandwidth consumption C, incomplete solution y,
demand k, failure scenario (e1, e2) ∈ Φk ∪Ψk ∪Θk

Output: Route re1e2k

1: for all route r ∈ R′
sktk

and E(r) ∩ {e1, e2} = ∅ do
2: if Route r satisfy bandwidth capacity constraints then (Appendix B.1.1)
3: Let re1e2k ← r, i.e., demand k uses route r in scenario (e1, e2)
4: Let ye1e2kl ← 1, ∀l ∈ L(re1e2k )
5: Update bandwidth consumption C l,∀l ∈ L(re1e2k ) (Appendix B.1.2)
6: Terminate with successful reuse of route re1e2k

7: Terminate without reuse of routes

4.4 Enhancement by Parallel Computing
For the STG2 instances (with thousands of links) addressed in this study, millions of

scenarios are considered. With the continuous growth of network sizes, the number

of scenarios in practical STG2 instances may further increase. To manage the

large problem sizes and reduce computing time, we parallelize our newly proposed

constructive heuristic by employing multithreaded parallel computing, a common

approach for solving large-scale optimization problems [Schryen, 2020]. Specifically,

as outlined in Algorithm 8, we adapt the hierarchical constructive heuristic by
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planning level-2 scenarios in parallel. This approach is justified for two reasons.

First, the number of level-2 scenarios (|E|2− |E|) significantly exceeds that of other

scenarios (1+ |E|), making them the primary bottleneck. Second, once the working

and level-1 scenarios are planned, the interdependency between level-2 scenarios

decreases, allowing for parallel planning.

Nevertheless, two challenges persist. First, different threads may simulta-

neously establish substitutable lightpaths, potentially increasing the objective

value. Second, race conditions (multiple threads access and modify shared data

concurrently) necessitate thread-safe data structures and operations, potentially

compromising algorithm efficiency. To address these challenges, we adopt a “master-

slave” framework, executing multiple slave threads and a single master thread

alternately. In each iteration, the slave threads plan different scenarios in parallel

without establishing new lightpaths. The master thread, capable of establishing

new lightpaths, handles scenarios that the slave threads cannot plan (referred to as

“blocked" scenarios), due to insufficient lightpaths. This approach not only resolves

the first challenge, but also mitigates race conditions, as L′ and G become constant

when running slave threads in parallel. To further avoid race conditions when

accessing and modifying scenario statuses (indicating whether a scenario has been

planned successfully, is blocked, or has not been planned), we assign slave threads

disjoint pools of scenarios before running them in parallel. We also design stopping

criteria to minimize thread idleness.

Algorithm 8 operates as follows. After planning the working scenario and

level-1 scenarios (lines 1–11 of Algorithm 5), it iterates until all level-2 scenarios

are planned. Each iteration consists of three main phases:

• Phase 1 (lines 4–5). In line 4, we clear the set of blocked scenarios Γ̃, and

initialize the bandwidth consumption in blocked scenarios C̃. In line 5, we
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initialize the pool of scenarios Γt for slave thread t = 1, 2, . . . ,M , as scenarios

in Ω̂2 with indices {t + iM : i ∈ Z+, i < NS, t + iM ≤ |Ω̂2|}. Here, M is

the number of slave threads, NS is the size limit on a scenario pool, and Z+

is the set of non-negative integers. This approach balances the workload of

slave threads, as scenarios in Ω̂2 are sorted in non-increasing order of the

number of remaining demands to be planned.

• Phase 2 (line 6). Plan scenarios in Γ1,Γ2, . . . ,ΓM using slave threads

1, 2, . . . ,M in parallel, without establishing new lightpaths. The returned

values for each slave thread t include the set of successfully planned scenarios

Γ̄t, the set of blocked scenarios Γ̃t, and the bandwidth consumption C̃(t)

in blocked scenarios. Stopping criteria for slave threads are detailed in Ap-

pendix B.2.1. Particularly, once a thread terminates, all other threads will

promptly terminate to minimize thread idleness.

• Phase 3 (line 8). Use the master thread to plan blocked scenarios Γ̃ that slave

threads could not handle, allowing to establish new lightpaths. For details,

see Appendix B.2.2.

Algorithm 8 Enhancement by Parallel Computing
Input: N , E ,Λ,K, B, d̄, and hyperparameters M,NS
Output: Routes re1e2k , k ∈ K, (e1, e2) ∈ Ω

1: Plan the working scenario and level-1 scenarios as lines 1–11 of Algorithm 5
2: Initialize the set of level-2 scenarios to plan: Ω̂2 ← Ω2

3: while Ω̂2 ̸= ∅ do
4: Let blocked scenarios Γ̃← ∅, bandwidth consumption in blocked scenarios C̃ ← ∅
5: Initialize scenario pools Γ1,Γ2, . . . ,ΓM for threads 1, 2, . . . ,M
6: Plan scenarios in Γ1,Γ2, . . . ,ΓM by slave threads 1, 2, . . . ,M in parallel:

Γ̄t, Γ̃t, C̃(t)← SlavePlan(Γt) (Slave threads in parallel, see B.2.1)
7: Update blocked scenarios and bandwidth consumption in these scenarios: Γ̃←⋃M

t=1 Γ̃t, C̃ ←
⋃M

t=1 C̃(t)
8: MasterPlan(Γ̃, C̃) (Plan blocked scenarios, see B.2.2)
9: Update unplanned scenarios: Ω̂2 ← Ω̂2 \

⋃M
t=1 Γ̄t \ Γ̃
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4.5 Computational Experiments
The computational experiments conducted in this study have three primary objec-

tives: (i) to assess the performance of our proposed solution method on large-scale

STG2 instances by comparing it with the benchmark method provided by our

industry partner, Huawei Technologies; (ii) to evaluate the effectiveness of the

algorithmic enhancements; and (iii) to measure the optimality gap achieved by our

method on instances that can be solved by the general optimization solver CPLEX.

The benchmark method provided by our industry partner is also a constructive

heuristic with post-processing to enhance the objective value, and its details are

unavailable due to confidentiality. During our study, we developed several other

constructive heuristics, including the one that plans demands sequentially with an

outer loop iterating over demands and an inner loop over scenarios. Nonetheless,

our computational results indicate that these alternative heuristics yield solutions

inferior to those from the benchmark method.

We implement our hierarchical constructive heuristic in C++ and conduct

experiments on a server equipped with Intel(R) Xeon(R) Gold 6248R CPU @

3.00GHz. In our hierarchical constructive heuristic, for the hyperparameters related

to arc costs (Section 4.3.3.2), we set α = 32, β = 32, γ = 2, and θ = 3 based on

preliminary experiments. In the parallel algorithm (Section 4.4), we set the size

limit of the scenario pool for each slave thread to NS =10,000. Our algorithm is

compared first with the benchmark method provided by our industry partner, and

subsequently with the commercial solver CPLEX.

4.5.1 Comparison with Benchmark method

In this section, we compare our algorithm with the benchmark method on 16

large-scale instances provided by our industry partner. These instances comprise
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networks with 1,000–2,600 nodes, 1,928–3,091 links, and 10,020–12,980 demands,

while accounting for all single-link and double-link failure scenarios. Notably, the

number of double-link failure scenarios exceeds 9 million in instances with more

than 3,000 links. In each instance, the number of available wavelengths is |Λ| = 120

and the bandwidth of each wavelength is B = 100 Gbps. The memory is limited to

16 GB as required by our industry partner.

Table 4.4 presents the overall results. CH-1 denotes the hierarchical con-

structive heuristic without parallelism, and CH-M (with M ≥ 2) denotes the

enhanced variant with M slave threads. For each algorithm, column “Obj” reports

the objective value, and “Time” reports the computing time. In comparison to

the benchmark method, ImpB measures the improvement in objective value (i.e.,

ImpB = Obj of Benchmark - Obj of CH-M
Obj of Benchmark ), and TRB represents the ratio of computing

time (i.e., TRB = Time of Benchmark
Time of CH-M ).

The results show that our algorithms outperform the benchmark method

in terms of objective value, with the exception of one instance (|N | =2,000).

CH-8 achieves the best overall performance, yielding an average objective value

improvement of 18.6% compared with the benchmark. In terms of efficiency, CH-8

is 66.5 times faster than the benchmark method. Specifically, CH-8 averages 14

minutes per instance (with a maximum of 36 minutes), whereas the benchmark

method averages 11.3 hours per instance (with a maximum of 21.1 hours). Besides,

while CH-1 already provides large speedups over the benchmark, moving to CH-4

and CH-8 further reduces computing time with negligible differences in objective

value.

Table 4.5 evaluates the effectiveness of parallelization in detail, by displaying

the computing time using different numbers of threads. “Timei” denotes the

computing time of planning level-i scenarios. For brevity, the single-threaded
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Table 4.4: Computational results of the benchmark method and our algorithms
Instance Benchmark CH-1 CH-4 CH-8

|N | |E| |K| d̄ (km) Obj Time (s) Obj Time (s) Obj Time (s) Obj Time (s)
1000 1928 10020 360 7151 51051 5910 2683.6 5894 694.5 5869 404.7
1000 1928 10020 600 7222 37080 5879 2687.2 5864 636.1 5872 383.3
1000 1928 10020 900 6870 34603 5208 2128.2 5171 550.3 5186 309.3
1000 1928 10020 1500 6728 34305 4756 1535.6 4785 492.9 4768 289.0
1200 2365 10390 600 7927 37137 6605 3726.4 6573 1024.8 6597 608.7
1200 2365 10390 900 7615 28259 5868 2548.6 5827 792.7 5846 471.3
1200 2365 10390 1500 7685 28017 5457 2709.0 5523 681.2 5501 415.5
1600 3091 10070 600 8260 73270 6703 5248.6 6652 1584.8 6689 847.0
1600 3091 10070 900 7473 75978 5746 3698.0 5766 1287.4 5745 663.0
2000 3083 12980 600 7596 20845 8602 16928.1 8526 3202.5 8547 1766.9
2200 3052 11054 600 10405 37137 9045 19736.1 8949 3455.0 8902 2155.6
2200 3052 11054 900 8540 44990 6896 7831.3 6861 2131.7 6886 1300.8
2200 3052 11054 1500 8208 38184 5553 6783.7 5508 1609.7 5492 1002.8
2600 3027 10930 600 10151 68144 8831 9579.3 8737 1884.3 8765 1267.3
2600 3027 10930 900 7729 27941 6663 5381.6 6563 1223.4 6597 806.1
2600 3027 10930 1500 5749 18637 5000 3442.5 4948 1019.9 4984 613.3

Average ImpB and TRB 18.2% 10.6 18.6% 38.9 18.6% 66.5

phases (Time0 and Time1) are only reported for CH-1, as they are not affected

by parallelization and differ slightly in different settings. “Speedup” indicates

the acceleration factor over CH-1 when planning level-2 scenarios in parallel, i.e.,

Speedup = Time2 of CH-1
Time2 of CH-M .

When increasing the number of slave threads from 1 (CH-1) to 4 (CH-4), the

average speedup improves from 1.0 to 4.3, which is even better than linear scaling.

This fluctuation may be caused by parallel computing altering the sequencing

of planning scenarios. Further increasing to 8 slave threads (CH-8) leads to an

average speedup of 7.6, which is still near-linear but slightly less than the ideal

factor due to parallel overhead. The single-threaded phases contribute marginally

to the total computing time compared with Time2. In addition, the average

relative gap between the maximum and minimum objective values under different

thread settings is 0.84%, demonstrating that parallelization accelerates computation

without compromising solution quality.

To further evaluate the impact of different enhancements, we present com-

putational results obtained by deactivating specific components of our proposed
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Table 4.5: Computational results of algorithms with different numbers of slave
threads

Instance CH-1 CH-4 CH-8
|N | |E| |K| d̄ (km) Obj Time0 (s) Time1 (s) Time2 (s) Obj Time2 (s) Obj Time2 (s)

1000 1928 10020 360 5910 17.19 49.3 2614.1 5894 629.6 5869 338.1
1000 1928 10020 600 5879 16.41 46.5 2621.4 5864 571.9 5872 324.0
1000 1928 10020 900 5208 14.77 36.5 2074.2 5171 496.5 5186 257.4
1000 1928 10020 1500 4756 13.22 35.1 1484.8 4785 438.0 4768 238.1
1200 2365 10390 600 6605 24.12 62.4 3635.7 6573 940.7 6597 524.1
1200 2365 10390 900 5868 21.21 42.7 2481.0 5827 720.7 5846 398.2
1200 2365 10390 1500 5457 21.38 49.4 2634.5 5523 611.8 5501 346.2
1600 3091 10070 600 6703 33.59 66.5 5143.0 6652 1471.9 6689 742.5
1600 3091 10070 900 5746 30.52 50.1 3612.0 5766 1190.4 5745 569.5
2000 3083 12980 600 8602 42.98 144.2 16732.7 8526 3011.9 8547 1586.6
2200 3052 11054 600 9045 38.78 156.2 19533.2 8949 3239.1 8902 1945.7
2200 3052 11054 900 6896 34.09 88.0 7702.1 6861 1963.7 6886 1129.6
2200 3052 11054 1500 5553 35.31 92.3 6648.8 5508 1471.2 5492 866.9
2600 3027 10930 600 8831 20.28 76.8 9475.8 8737 1783.4 8765 1155.5
2600 3027 10930 900 6663 19.13 60.9 5295.3 6563 1134.1 6597 715.3
2600 3027 10930 1500 5000 14.31 54.3 3367.9 4948 941.7 4984 532.5

Average Speedup 1.0 4.3 7.6

algorithm. Table 4.6 summarizes the notations used for the algorithm with various

configurations. All these algorithm variants are enhanced with parallel computing

(Section 4.4) using 8 slave threads, with CH equivalent to CH-8 for brevity. CH-D

deactivates demand aggregation (Section 4.3.2). CH-B do not use lower bounds on

path costs in the labeling algorithm (Section 4.3.3.2). Specifically, the estimated

cost of a label associated with path ρ = (a1, a2, . . . , an) ending at node j, is com-

puted as c̄ =
∑

a∈ρ c(a) instead of c̄ =
∑

a∈ρ c(a) + h(j, t′k). CH-R does not apply

the reuse-then-search strategy (Section 4.3.4), and CH-R-DP further deactivates

dominance rules on the physical layer, i.e., Rule 2 and Rule 3 in Table 4.3. In

CH-R-DP, we do not allow reusing generated routes when planning a route, so

that the labeling algorithm is always called in order to show the effectiveness of

dominance rules. Tests on Rule 1 in Table 4.3 are not reported, since preliminary

experiments show that disabling it leads to an out-of-memory error, even for the

smallest-scale instances (1,000 nodes) within a 128 GB memory limit.

In Tables 4.7 and 4.8, compared to CH, ImpC represents the improvement

in objective value, and TRC represents the ratio of computing times. All average
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Table 4.6: Hierarchical constructive heuristic with various enhancements
Notation Demand Aggregation Lower Bounds

on Path Costs Reuse-then-Search Dominance Rules
2 and 3

CH ✓ ✓ ✓ ✓
CH-D ✓ ✓ ✓
CH-B ✓ ✓ ✓
CH-R ✓ ✓ ✓
CH-R-DP ✓ ✓

values are computed over instances where feasible solutions are obtained. Table 4.7

evaluates the effectiveness of demand aggregation. The number of aggregated

demands is shown in column “|K′|”, which is approximately one-tenth of the

original. Without demand aggregation, CH-D cannot solve four instances within

the memory limit of 16 GB due to the excessive number of generated routes for

the large demand set. Additionally, CH-D achieves solutions that are 3.6% worse

on average, while requiring 3.8 times the computing time.

Table 4.7: Computational results of disabling/allowing demand aggregation
Instance CH-D CH

|N | |E| |K| d̄ (km) Obj ImpC Time (s) TRC Obj Time (s) |K′|
1000 1928 10020 360 5889 -0.3% 1491.9 3.7 5869 404.7 1002
1000 1928 10020 600 5898 -0.4% 1290.4 3.4 5872 383.3 1002
1000 1928 10020 900 5083 2.0% 1142.1 3.7 5186 309.3 1002
1000 1928 10020 1500 4686 1.7% 879.5 3.0 4768 289.0 1002
1200 2365 10390 600 6681 -1.3% 2089.8 3.4 6597 608.7 1039
1200 2365 10390 900 5836 0.2% 1446.7 3.1 5846 471.3 1039
1200 2365 10390 1500 5459 0.8% 1266.1 3.0 5501 415.5 1039
1600 3091 10070 600 6640 0.7% 3098.2 3.7 6689 847.0 1007
1600 3091 10070 900 5605 2.4% 2356.8 3.6 5745 663.0 1007
2000 3083 12980 600 - - - - 8547 1766.9 1298
2200 3052 11054 600 - - - - 8902 2155.6 1106
2200 3052 11054 900 - - - - 6886 1300.8 1106
2200 3052 11054 1500 5853 -6.6% 4214.6 4.2 5492 1002.8 1106
2600 3027 10930 600 - - - - 8765 1267.3 1028
2600 3027 10930 900 8229 -24.7% 4855.5 6.0 6597 806.1 1028
2600 3027 10930 1500 5864 -17.7% 2858.7 4.7 4984 613.3 1028

Average ImpC and TRC -3.6% 3.8

Notes. -: Out of 16 GB memory.

Table 4.8 evaluates the performance of different routing techniques. For CH-R-
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DP and CH-R, due to prohibitive computing times in the first nine instances, we

do not test larger-scale instances. It is observed that without the reuse-then-search

strategy, CH-R requires 34.2 times of computing time on average, while CH-R-DP

performs worse due to the absence of dominance rules 2 and 3. Additionally,

CH-R-DP can solve only two instances within the memory limit, highlighting

the importance of dominance rules 2 and 3 in reducing memory requirements.

Furthermore, incorporating lower bounds on path costs provides a substantial

improvement in computing time, with CH using only about half the computing

time of CH-B.

Table 4.8: Computational results of adopting different routing techniques
Instance CH-R-DP CH-R CH-B CH

|N | |E| |K| d̄ (km) Obj Time (s) Obj Time (s) Obj Time (s) Obj Time (s)
1000 1928 10020 360 6019 16428 6114 13697 5849 499.5 5869 404.7
1000 1928 10020 600 6061 17127 6037 14621.3 5832 444.5 5872 383.3
1000 1928 10020 900 - - 5336 10834.3 5186 389.8 5186 309.3
1000 1928 10020 1500 - - 4908 7602.5 4789 359.5 4768 289
1200 2365 10390 600 - - 6776 22332 6619 751.4 6597 608.7
1200 2365 10390 900 - - 6044 19022.9 5844 565.9 5846 471.3
1200 2365 10390 1500 - - 5618 12075.3 5489 533.7 5501 415.5
1600 3091 10070 600 * * 6900 37486.1 6653 994 6689 847
1600 3091 10070 900 * * 5856 29997.3 5718 890.3 5745 663
2000 3083 12980 600 * * * * 8551 2662.3 8547 1766.9
2200 3052 11054 600 * * * * 8862 4005.4 8902 2155.6
2200 3052 11054 900 * * * * 6805 2245.1 6886 1300.8
2200 3052 11054 1500 * * * * 5519 1517.9 5492 1002.8
2600 3027 10930 600 * * * * 8824 2434.3 8765 1267.3
2600 3027 10930 900 * * * * 6599 1473.2 6597 806.1
2600 3027 10930 1500 * * * * 4905 968.1 4984 613.3

Average ImpC and TRC -2.8% 42.6 -2.9% 34.2 0.2% 1.4

Notes. -: Out of 16 GB memory; *: Not tested, as the algorithm variants cannot solve smaller-
scale instances (with 1,000 nodes) within the memory and time limits

4.5.2 Comparison with CPLEX

For small-scale STG2 instances, whose ILP formulation presented in Section 4.2

can be solved by the general optimization solver CPLEX, we can evaluate the

optimality gap for our algorithm. We generated such small-scale instances randomly,

using the parameters summarized in Table 4.9. Each instance is represented by

a notation that consists of the number of nodes |N |, the number of links |E|, the
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number of demands |K|, and an index. For example, "random-5-8-2-1" represents

the first instance with 5 nodes, 8 links, and 2 demands. To better illustrate the

computational effort of solving the ILP formulation, CPLEX is configured with 32

threads, a memory limit of 300 GB, and a time limit of 18,000 seconds.

Table 4.9: Parameters of randomly generated instances
Parameter Description Value
|N | number of nodes random number in {5, 6, 7, 8}
|E| number of edges random number in [⌈1.5|N |⌉,min(2|N |, 11)]
|K| number of demands random number in {2, 3, 4}
B bandwidth capacity 100
bk traffic volume of demand k random number in {10, 20, 30, 40, 50}
de the length of link e 1
d̄ optical reach limit 2
|Λ| number of wavelengths 2

Notes. The number of edges |E| is selected to ensure the existence of feasible solutions
while approximately aligning with CPLEX’s computational solvability.

The detailed results are presented in Table 4.10. For CPLEX, columns “UBCPX”

and “LBCPX” present the upper and lower bounds on the optimal objective value

obtained by CPLEX within the time limit, while “TimeCPX” reports the computing

time in seconds. For the CH algorithm, column “ObjCH” indicates the objective

value achieved. Column “GapUB
CH” shows the relative gap between “ObjCH” and

“UBCPX”, while “GapLB
CH” reflects the relative gap between “ObjCH” and “LBCPX”.

Notably, the CH algorithm computes results in less than 0.1 seconds for all instances.

There are totally 41 instances tested. Among them, CPLEX produces feasible

solutions for only 23 instances. In general, the ILP formulation becomes extremely

challenging when |N | ≥ 6, |E| ≥ 10, and |K| ≥ 3, even though other parameters

remain small. Of the 23 instances where CPLEX provides feasible solutions, it

costs an average computing time of 6,493.4 seconds and fails to solve 6 of them

to optimality. In contrast, the CH algorithm consistently produces high-quality

solutions within 0.1 seconds for all instances. On average, the CH algorithm

achieves a relative gap of 5.6% compared to the upper bound provided by CPLEX
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and a gap of 11.0% compared to the lower bound. These results highlight that CH

significantly outperforms CPLEX in computational efficiency while maintaining

small optimality gap and good solution quality.

4.6 Summary
This study investigates a large-scale STG2 problem with partial path protection,

a critical yet unexplored problem in the literature. This problem is essential for

minimizing network costs while ensuring reliable telecommunications services. The

combination of large-scale instances, practical constraints, and limited computing

resources makes it significantly more challenging. To effectively manage the inter-

dependency between scenarios imposed by various constraints, we have developed

a hierarchical constructive heuristic. It involves planning the working scenario first,

followed by all level-1 scenarios, and finally all level-2 scenarios. This hierarchical

sequence offers several advantages: It efficiently handles consistent routing con-

straints through bandwidth reservation, allows bandwidth capacity constraints to

be verified by querying bandwidth consumption only in the scenario being currently

planned, facilitates bandwidth updates requiring fewer operations and less memory,

and mitigates race conditions during parallel planning of level-2 scenarios.

To address the challenges of large problem sizes, we propose several strategies.

To reduce the demand set, we aggregate demands using bin-packing solutions. For

efficient route searching in large-scale networks, the labeling algorithm is enhanced

by incorporating lower bounds on path costs and heuristic dominance rules, along-

side a reuse-then-search routing strategy to reduce calls to the labeling algorithm.

To manage the large number of level-2 scenarios, we parallelize our constructive

heuristic to develop a multithreaded parallel algorithm, with mechanisms designed

to optimize the objective value, mitigate race conditions, and reduce thread idleness.
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The computational results indicate that our method efficiently solves large-

scale STG2 instances, comprising over 2,000 nodes, 3,000 links, 10,000 demands,

and 9 million failure scenarios, within an hour of computing time and 16 GB of

memory. This performance significantly surpasses the scales addressed in existing

traffic grooming studies. Compared to the benchmark method from our industry

partner, our approach yields an average improvement of 18.6% in objective value

and is 66.5 times faster in terms of computing time. Additionally, the results

validate the effectiveness of the algorithmic enhancements proposed in this study.

On small-scale instances, our heuristic delivers solutions with an average relative

gap of only 5.6% compared to those obtained by CPLEX, all within 0.1 seconds,

whereas CPLEX requires several hours of computation. These findings underscore

the superiority of our method in objective value optimization, scalability, and

computational efficiency.
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Table 4.10: Computational results of CH and CPLEX on small-scale
instances

Instance UBCPX LBCPX TimeCPX (s) ObjCH GapUB
CH GapLB

CH
random-5-8-2-1 5 5 570.9 5 0.0% 0.0%
random-5-8-3-1 5 5 143.1 5 0.0% 0.0%
random-5-8-3-2 6 6 1347.7 7 16.7% 14.3%
random-5-8-3-3 8 8 8810.3 9 12.5% 11.1%
random-5-8-3-4 8 8 3998.2 10 25.0% 20.0%
random-5-8-3-5 6 6 1640.3 6 0.0% 0.0%
random-5-8-3-6 5 5 2233.1 6 20.0% 16.7%
random-5-9-2-1 5 5 1974.7 5 0.0% 0.0%
random-5-9-3-1 7 5 18000.0 7 0.0% 28.6%
random-5-9-3-2 9 6 18000.0 9 0.0% 33.3%
random-5-9-3-3 5 5 8485.8 5 0.0% 0.0%
random-5-9-3-4 8 5 18000.0 8 0.0% 37.5%
random-6-9-2-1 5 5 616.6 5 0.0% 0.0%
random-6-9-2-2 6 6 513.6 6 0.0% 0.0%
random-6-9-2-3 5 5 506.0 5 0.0% 0.0%
random-6-9-3-1 8 8 2218.4 8 0.0% 0.0%
random-6-9-3-2 8 8 2895.8 8 0.0% 0.0%
random-6-9-3-3 8 8 1267.2 9 12.5% 11.1%
random-6-9-3-4 8 8 2633.3 10 25.0% 20.0%
random-6-9-3-5 6 6 1494.1 6 0.0% 0.0%
random-6-9-4-1 10 8 18000.0 10 0.0% 20.0%
random-6-9-4-2 9 8 18000.0 9 0.0% 11.1%
random-6-10-2-1 6 5 18000.0 7 16.7% 28.6%
random-6-10-3-1 - - - 9 - -
random-6-10-3-2 - - - 9 - -
random-6-10-3-3 - - - 9 - -
random-6-10-3-4 - - - 10 - -
random-6-10-4-1 - - - 9 - -
random-6-10-4-2 - - - 8 - -
random-6-10-4-3 - - - 11 - -
random-6-11-3-1 - - - 8 - -
random-6-11-3-2 - - - 9 - -
random-6-11-4-1 - - - 9 - -
random-7-11-2-1 - - - 6 - -
random-7-11-3-1 - - - 9 - -
random-7-11-3-2 - - - 9 - -
random-7-11-3-3 - - - 11 - -
random-7-11-4-1 - - - 10 - -
random-7-11-4-2 - - - 9 - -
random-8-12-2-1 - - - 7 - -
random-8-12-4-1 - - - 10 - -
Average 6493.4 5.6% 11.0%

Notes. -: Out of 16 GB memory; The computing time of CH is below 0.1 seconds
for all these instances.
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Chapter 5

Conclusions and Future Research

5.1 Conclusions
This thesis addresses several critical computational challenges in the fields of routing

and network design through the development of novel algorithms and optimization

techniques. These fields collectively underpin the infrastructure of network systems

and facilitate the efficient movement of resources, services, and information in an

increasingly interconnected world. Optimizing such problems is crucial for ensuring

the efficiency and reliability of network services. However, solving these problems

is challenging due to the complexity of operational constraints, the vastness of

solution search spaces, and the stringent requirements for system survivability.

In this thesis, we address three specific challenges in the field of routing and

network design. The first study (Chapter 2) addresses the multitrip scheduling

challenge in vehicle routing by developing an enhanced exact algorithm for the

CMTVRPTW. This problem extends the classical VRPTW by allowing vehicles

to perform multiple trips within the planning horizon. Specifically, after serving a

sequence of customers and returning to the depot, a vehicle may be replenished and
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dispatched again. While this extension improves vehicle utilization and aligns with

the operational requirements of many real-world logistics networks, it significantly

increases computational challenges by introducing a larger number of decision

variables and constraints. To address this challenge, we develop an enhanced exact

algorithm that constructs the initial set of trips from routes enumerated by Yang

[2025] and obtains the optimal solution by solving the trip-based IP formulation.

This approach improves upon the state-of-the-art exact algorithm [Yang, 2025],

as the trip-based formulation enables a more efficient algorithm for the constraint

separation problem compared to the superstructure-based formulation. To further

enhance computational efficiency, we reduce the number of variables by eliminating

trips using the dominance rule, variable fixing technique, and optimality property

of vehicle departure times. Additionally, a dynamic time discovery strategy is

introduced to reduce the number of identified time points, thereby decreasing

the number of constraints in the formulation. Computational experiments on

benchmark instances with up to 200 customers, as well as on extended instances,

highlight the effectiveness of our algorithm. On 14 benchmark instances previously

unsolved or considered difficult, our algorithm outperforms the state-of-the-art

method proposed by Yang [2025] in terms of objective values, optimality gaps, and

computational efficiency. Specifically, our algorithm consistently achieves smaller or

equal incumbent objective values, proves optimality for 6 more previously unsolved

instances, and reduces average computing time by over 20%. Furthermore, our

algorithm exhibits superior performance on extended problem instances, further

highlighting its scalability.

In the second study (Chapter 3), we propose novel optimality cuts and domain

reduction techniques to reduce the solution search space for integer programs, with

a particular focus on arc fixing techniques for the vehicle routing problem. Integer

programming formulations for combinatorial optimization problems, such as the
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vehicle routing problem, face the significant computational challenge due to the

exponential growth of the solution space. To address this challenge, valid cuts

and domain reduction techniques are commonly employed to prune the search

space. However, existing approaches in the literature often depend on problem-

specific structures or require the computation of feasible LP duals, which can

constrain their broader applicability. In this study, we introduce LUCs, a novel

class of optimality cuts derived from Lagrangian duals, including infeasible LP

duals. We utilize LUCs to strengthen RCCs and to derive new domain reduction

techniques. Additionally, we leverage LUCs to develop new arc fixing techniques

for the VRPTW, based on Lagrangian duals and the tailored dual-picking strategy.

Computational experiments demonstrate that compared to the feasible-LP-dual

approach studied in the literature, LUC-based arc fixing reduces the average

number of remaining arcs to 47.9%, while the average number of enumerated

routes decreases to 31.3%. For several instances, the reduction in enumerated

routes reaches orders of magnitude, underscoring the substantial effectiveness of

the proposed methods.

In the third study (Chapter 4), we address the challenge of scalability and

survivability against double-link failures in large-scale telecommunications networks

by introducing an efficient heuristic for the STG2. Optimizing such networks is

essential to minimize facility costs and maintain service reliability, but the combi-

nation of large network sizes and survivability requirements presents a substantial

computational challenge. Even for simplified problem settings, such as those that

consider only a subset of practical operational constraints and single-link failures,

the network sizes studied in the literature typically involve no more than 300 nodes.

In this study, we propose a hierarchical constructive heuristic to effectively manage

the interdependency between scenarios imposed by practical constraints. It involves

planning the working scenario first, followed by all level-1 scenarios, and finally
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all level-2 scenarios. To address the challenges of large problem sizes, we propose

several strategies: (i) To reduce the demand set, we aggregate demands using

bin-packing solutions; (ii) For efficient route searching in large-scale networks, the

labeling algorithm is enhanced by incorporating lower bounds on path costs and

heuristic dominance rules, alongside a reuse-then-search routing strategy to reduce

calls to the labeling algorithm; (iii) To manage the large number of level-2 scenar-

ios, we parallelize our constructive heuristic to develop a multithreaded parallel

algorithm, with mechanisms designed to optimize the objective value, mitigate race

conditions, and reduce thread idleness. The computational results indicate that our

method efficiently solves large-scale STG2 instances, comprising over 2,000 nodes,

3,000 links, 10,000 demands, and 9 million failure scenarios, within an hour of

computing time and 16 GB of memory. This performance significantly surpasses the

scales addressed in existing traffic grooming studies. Compared to the benchmark

method from our industry partner, our approach yields an average improvement of

18.6% in objective value and is 66.5 times faster in terms of computing time.

Collectively, the research presented in this thesis advances the state-of-the-art

in routing and network design problems by introducing a set of novel algorithms

and optimization techniques. Through the development of an enhanced exact

algorithm, innovative domain reduction techniques, and an efficient heuristic, these

contributions share a unified focus: overcoming the computational challenges posed

by complex operational constraints and the exponential growth of solution search

spaces inherent in routing and network design problems. By integrating mathemat-

ical programming with tailored algorithmic strategies, the proposed methodologies

achieve significant improvements in both solution quality and computational effi-

ciency, even for instances previously considered intractable. Ultimately, this thesis

contributes to the development of advanced algorithms and optimization techniques

that address critical computational challenges, thereby enhancing the efficiency,
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scalability, and reliability of modern network infrastructure.

5.2 Future Research Directions
This thesis has presented novel algorithms and optimization techniques to address

critical computational challenges in routing and network design problems. While the

proposed methodologies have advanced the state of the art, they also open several

promising avenues for future research, underscoring the potential for extending

the proposed approaches to address a broader range of problems and to develop

additional advanced solution methodologies in related domains.

One direction for future work is the adaptation of the methodologies developed

in this thesis to other problems. For instance, the trip-based formulation proposed

for the CMTVRPTW can be extended to emerging problems such as the drone

routing problem. Similarly, the LUC-based optimization techniques can be applied

to other combinatorial optimization problems, including crew scheduling and

assignment problems. For the STG2 heuristic, the strategies developed in this

study can be adapted to optimize other types of large-scale networks, such as power

or logistics networks, particularly under failure scenarios. These extensions would

further validate the applicability of the techniques developed in this thesis.

Another direction for future research is to enhance the scalability and efficiency

of the proposed algorithms by integrating other advanced computational methods.

For the CMTVRPTW, developing new valid cuts has the potential to effectively

strengthen the LP bound and improve solution efficiency. LUCs present opportuni-

ties to design novel domain reduction techniques, particularly through integration

with classical cuts such as capacity cuts. For the STG2 heuristic, distributed

computing and post-processing techniques could be employed to handle even larger-

scale networks and improve solution quality. Moreover, refining relaxations to
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calculate tighter lower bounds on the optimal objective value could help assess the

quality of incumbent solutions and derive near-optimal solutions for the STG2.

In summary, the future research directions outlined above aim to build on

the contributions of this thesis by extending the applicability of its algorithms,

incorporating cutting-edge computational techniques, and exploring innovative

solution methods. Collectively, these efforts will further advance the study of

routing and network design problems, driving the development of new algorithms

and optimization techniques to address increasingly complex network systems.
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Appendix A

Supplements for Chapter 2

A.1 Equivalent Integer-Time Instance
In this section, we demonstrate that time data (travel times, service times, and

endpoints of time windows) can be assumed to be integers without loss of generality.

Consider a feasible instance with rational time data (referred to as instance A).

There exists a rational number M such that multiplying all time data by M results

in integers with a greatest common divisor of 1. Construct a new instance (referred

to as instance B) by scaling all time data in instance A by M . Then any feasible

solution to instance B can be transformed into a feasible solution to instance A

with the equal objective value by dividing the departure times of the selected routes

by M . Similarly, any feasible solution to instance A can be transformed into a

feasible solution to instance B with the equal objective value by multiplying the

departure times of the selected routes by M . Consequently, any optimal solution

to instance B can be transformed to an optimal solution to instance A by scaling

the departure times.

According to Azi et al. [2007], determining the values of er, lr, and dr for
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r ∈ R involves only the addition and subtraction of time data. Consequently,

under the assumption that all time data are integers, it follows that {er, lr : r ∈

R} ⊆ {a0, a0 + 1, . . . , b0} ⊆ Z+ and {dr : r ∈ R} ⊆ Z++, where Z+ is the set of

nonnegative integers and Z++ is the set of positive integers.

A.2 Enhancement for Solving Trip-Based IP For-

mulation
As outlined in Algorithm 9, we enhance the algorithm for solving the trip-based IP

formulation by additionally incorporating side constraints (A.1) adapted from the

route-based formulation. At each iteration of Algorithm 9, we first solve SF (S3, T )

using an IP solver, where S3 is replaced with a subset of trips {(r, τ) : r ∈ R3, τ ∈

D(T ,G3r )} according to Proposition 10. If the optimal solution y to SF (S3, T )

satisfies all constraints (2.8c) corresponding to the time points {τs : s ∈ S(y)},

then it is feasible to SF (S3,H) by Proposition 2. In this case, y is also optimal to

the CMTVRPTW, since SF (S3, T ) is a relaxation of SF (S3,H).

Define xy as the route-based solution associated with y, where xy
r =

∑
s∈S0:rs=r ys

for each r ∈ R3. If xy satisfies the constraint (2.1c) corresponding to R̄ = {r ∈

R3 : x
y
r > 0}, then xy is a feasible route-based solution. Furthermore, xy is optimal

to the CMTVRPTW, since it has the equal objective value with y and SF (S3, T )

is a relaxation of SF (S3,H). Otherwise, a time point associated with a con-

straint (2.8c) violated by y is added to T , and the constraint (A.1) corresponding

to R̄ is incorporated into SF (S3, T ).

∑
s∈S3:rs∈R̄

ys ≤ ϕ(K, R̄), ∀R̄ ⊆ R. (A.1)
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Algorithm 9 Enhancement for Solving Trip-Based IP Formulation
1: while no optimal solution to the CMTVRPTW has been found do
2: Solve SF (S3, T ) to obtain its optimal solution y
3: if y satisfies all constraints (2.8c) for t ∈ {τs : s ∈ S(y)} then
4: y is an optimal trip-based solution to the CMTVRPTW
5: else if xy satisfies the constraint (2.1c) for R̄ = {r ∈ R3 : x

y
r > 0} then

6: xy is an optimal route-based solution to the CMTVRPTW
7: else
8: Add into T a time point corresponding to a constraint (2.8c) violated by y
9: Add into SF (S3, T ) the constraint (A.1) corresponding to R̄ = {r ∈ R3 : xyr >

0}

A.3 Computational Results on Easy Instances
Table A.1 summarizes the computational results for 66 easy instances. In this table,

“#Inst” represents the number of instances in each group. “χ(LRF )” and “χ(LSF )”

denote the objective values of the route-based and trip-based LP formulations,

respectively, both enhanced with valid cuts. In this table, the values for “|R1|”,

“χ(LRF )”, “CTIP ”, “CTtot”, “|R3|”, “∆R(%)”, and “χ(LSF )” are averaged over each

group of instances.

Table A.1: Computational results on easy instances
Group #Inst |N | Yang [2025] Our Algorithm

|R1| χ(LRF ) CTIP CTtot |R3| ∆R(%) χ(LSF ) CTIP CTtot

C2_2 9 140 16577 3350.5 0.03 0.05 11084 33.1 3352.3 0.02 0.10
R2_2 9 140 36195 3686.5 0.35 0.42 26937 25.6 3689.0 0.14 0.26
RC2_2 9 140 35831 3544.6 0.16 0.40 30221 15.7 3545.7 0.13 0.42
C2_2 6 170 9499 3951.2 0.01 0.04 4216 55.6 3953.1 0.01 0.10
R2_2 6 170 50330 4193.7 0.39 0.60 46019 8.6 4194.5 0.34 0.60
RC2_2 6 170 66838 4219.5 0.77 1.44 57733 13.6 4219.6 0.47 1.26
C2_2 9 200 5801 4536.8 0.00 0.05 2704 53.4 4538.3 0.00 0.14
R2_2 6 200 39732 4852.5 0.28 0.58 34118 14.1 4852.9 0.16 0.56
RC2_2 6 200 87975 4790.2 0.42 1.28 76304 13.3 4790.7 1.03 2.07

Notes. The unit for computing time is hours. All these instances are solved to optimality by both Yang [2025]
and our algorithm.

Table A.1 shows that both methods are capable of solving these easy instances

to optimality within a few hours, with our algorithm achieving performance compa-

rable to the benchmark method. Specifically, our algorithm requires shorter CTIP
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for 6 groups and longer CTIP for only one group, indicating higher efficiency in

solving the IP formulation compared to the benchmark. However, our algorithm

takes longer CTtot for 5 groups and shorter CTtot for only 3 groups, reflecting slightly

lower efficiency in total computing times. This is because these easy instances can

be solved very quickly, and our algorithm requires additional time to compute the

trip-based LP formulation. Nonetheless, by solving the trip-based LP formulation,

our algorithm achieves better LP bounds for 8 groups, with up to 0.14% for certain

instances. Furthermore, the average number of routes considered in our algorithm

is reduced by 8.6% to 55.6%, demonstrating the effectiveness route elimination.
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Supplements for Chapter 4

B.1 More Details on Hierarchical Constructive Heuris-

tic

B.1.1 Efficient Check of Bandwidth Capacity Constraints

When finding a route for a demand in a scenario, both the labeling algorithm and

the route reuse algorithm involve checking bandwidth capacity constraints. For

this, we first introduce a direct check approach, which is time-consuming, and then

present a more efficient partial check approach, which significantly reduces the

number of inequalities to check.

In the direct check approach shown in Table B.1, when assigning a route to de-

mand k ∈ K′ in the working scenario (level-1 scenario, level-2 scenario, respectively),

inequalities (B.1a) and (B.1b) ((B.1c) and (B.1d), (B.1e), respectively) need to

be checked to determine whether bandwidth capacity constraints are satisfied,

where each Ce1e2
l is defined in Section 4.3.3. Inequalities (B.1b) are considered for

bandwidth reservation constraints, and inequalities (B.1d) are considered due to
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consistent routing constraints (i.e., demand k should continue using route re10k in

scenarios Θ̄k(e1)).

C00
l + bk ≤ B, ∀l ∈ L(r00k ). (B.1a)

Ce1e2
l + bk ≤ B, ∀l ∈ L(r00k ), (e1, e2) ∈ Ω1 ∪ Ω2. (B.1b)

Ce10
l + bk(1− y00kl ) ≤ B, ∀l ∈ L(re10k ). (B.1c)

Ce1e2
l + bk(1− y00kl ) ≤ B, ∀l ∈ L(re10k ), (e1, e2) ∈ Θ̄k(e1). (B.1d)

Ce1e2
l + bk(1− y00kl ) ≤ B, ∀l ∈ L(re1e2k ). (B.1e)

The large cardinalities of E and E \ E(re10k ) in large-scale STG2 instances lead to a

large number of inequalities (B.1b) and (B.1d) (|L(r00k )||E|2 and |L(re10k )||E\E(re10k )|,

respectively).

Proposition 17 established below enables us to use the partial check approach

specified in Table B.1, eliminating the need to verify inequalities (B.1b) and (B.1d).

Proposition 17. When executing lines 3–5 of Algorithm 5, we have

Ce1e2
l = C00

l ,∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2. (B.2)

When executing lines 7–10 of Algorithm 5, we have

Ce1e2
l ≤ Ce10

l , ∀l ∈ L, (e1, e2) ∈ Ω2. (B.3)

Proof. Part (i). Algorithm 5 starts route planning at line 3, thus Ce1e2
l = 0,∀l ∈

L, (e1, e2) ∈ Ω before line 3, i.e., relations (B.4) hold before planning the working

routes for demands.

Ce1e2
l = C00

l ,∀l ∈ L, (e1, e2) ∈ Ω1 ∪ Ω2. (B.4)
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Throughout lines 3–5, Algorithm 5 iteratively plans the working route for each

demand. When assigning route r00k to demand k ∈ K′ in the working scenario, the

bandwidth consumption on lightpaths in the working scenario should be updated

according to operations (B.5a), and the bandwidth consumption on lightpaths in

failure scenarios should be updated according to operations (B.5b) due to bandwidth

reservation constraints.

C00
l ← C00

l + bk, ∀l ∈ L(r00k ), (B.5a)

Ce1e2
l ← Ce1e2

l + bk, ∀l ∈ L(r00k ), (e1, e2) ∈ Ω1 ∪ Ω2. (B.5b)

Operations (B.5a) and (B.5b) indicate that planning working routes for demands

(lines 3–5) does not change the fulfillment of relations (B.4), which, together with

the fact that relations (B.4) hold before line 3, implies that relations (B.4) hold

throughout lines 3–5.

Part (ii). Operations in line 6 do not change the fulfillment of relations (B.4),

which, together with the fact that relations (B.4) hold throughout lines 3–5, implies

that relations (B.6) hold before line 7.

Ce1e2
l ≤ Ce10

l , ∀l ∈ L, (e1, e2) ∈ Ω2. (B.6)

Throughout lines 7–10, Algorithm 5 iteratively plans level-1 routes for demands.

When assigning route re10k to demand k ∈ K′ in a level-1 scenario (e1, 0) ∈ Ω1,

the bandwidth consumption on lightpaths in the level-1 scenario (e1, 0) should

be updated according to operations (B.7a), and the bandwidth consumption on

lightpaths in level-2 scenarios Θ̄k(e1) = {(e1, e2) ∈ Ω2 : e2 ∈ E \ E(re10k )} should

be updated according to operations (B.7b) due to consistent routing constraints
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Table B.1: Inequalities for checking bandwidth capacity constraints
Direct Check Partial Check

Assign r00k in scenario (0, 0) (B.1a) and (B.1b) (B.1a)
Assign re10k in scenario (e1, 0) ∈ Φk (B.1c) and (B.1d) (B.1c)
Assign re1e2k in scenario (e1, e2) ∈ Ψk ∪Θk (B.1e) (B.1e)

which require that demand k should still use route re10k in scenarios Θ̄k(e1).

Ce10
l ← Ce10

l + bk(1− y00kl ), ∀l ∈ L(re10k ), (B.7a)

Ce1e2
l ← Ce1e2

l + bk(1− y00kl ), ∀l ∈ L(re10k ), (e1, e2) ∈ Θ̄k(e1). (B.7b)

Operations (B.7a) and (B.7b) indicate that planning level-1 routes for demands

does not change the fulfillment of relations (B.6), which, together with the fact that

relations (B.6) hold before line 7, implies that (B.4) hold throughout lines 7–10.

The correctness of the partial check approach is based on the following reasons.

When planning working routes (lines 3–5 of Algorithm 5), satisfying inequali-

ties (B.1a) ensures the fulfillment of inequalities (B.1b), as per relations (B.2).

Similarly, when planning level-1 routes (lines 7–10 of Algorithm 5), satisfying

inequalities (B.1c) ensures the fulfillment of inequalities (B.1d), according to rela-

tions (B.3).

The partial check approach is more efficient than the direct check approach.

When assigning the working route r00k to demand k, the number of inequalities

to check reduces from |L(r00k )|(1 + |E|2) to |L(r00k )|, and when assigning the level-

1 route re10k to demand k, the number of inequalities to check decreases from

|L(re10k )|(1 + |E \ E(re10k )|) to |L(re10k )|.

In the partial check approach, only bandwidth capacity in the scenario being

currently planned needs verification. Therefore, when finding a route for demand

k in scenario (e1, e2) ∈ Ω with the labeling algorithm, to determine whether the
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extension of a label L1 along a logical arc f2 ∈ Al satisfies bandwidth capacity

constraints, we only need to check the inequality Ce1e2
l(f2)

+ bk ≤ B for (e1, e2) = (0, 0)

and the inequality Ce1e2
l(f2)

+ bk(1− y00kl(f2)) ≤ B for (e1, e2) ∈ Ω1 ∪ Ω2.

B.1.2 Efficient Update of Bandwidth Consumption

After assigning a route re1e2k to a demand k ∈ K′ in scenario (e1, e2) ∈ Ω, the

bandwidth consumption on associated lightpaths C l, l ∈ L(re1e2k ) need to be

updated for their usage in the check of bandwidth capacity constraints. For this,

we first introduce a direct update approach, which is time-consuming, and then

present an incremental update approach, which requires significantly fewer update

operations and less memory.

The direct update approach stores the bandwidth consumption Ce1e2
l for each

lightpath l ∈ L′ and each scenario (e1, e2) ∈ Ω. When assigning a route to

demand k ∈ K′ in a scenario, the bandwidth consumption on lightpaths is updated

according to Table B.2, where operations (B.8b) are performed for bandwidth

reservation constraints, and operations (B.8d) are performed due to consistent

routing constraints.

C00
l ← C00

l + bk, ∀l ∈ L(r00k ). (B.8a)

Ce1e2
l ← Ce1e2

l + bk, ∀l ∈ L(r00k ), (e1, e2) ∈ Ω1 ∪ Ω2. (B.8b)

Ce10
l ← Ce10

l + bk(1− y00kl ), ∀l ∈ L(re10k ). (B.8c)

Ce1e2
l ← Ce1e2

l + bk(1− y00kl ), ∀l ∈ L(re10k ), (e1, e2) ∈ Θ̄k(e1). (B.8d)

Ce1e2
l ← Ce1e2

l + bk(1− y00kl ), ∀l ∈ L(re1e2k ). (B.8e)

The large cardinalities of E and E \ E(re10k ) in large-scale STG2 instances

can lead to a significant number of operations (B.8b) and (B.8d) (|L(r00k )||E|2

128



B.1. More Details on Hierarchical Constructive Heuristic

Table B.2: Operations for updating bandwidth consumption
Direct Update Incremental Update

Assign r00k in scenario (0, 0) (B.8a) and (B.8b) (B.8a)
Assign re10k in scenario (e1, 0) ∈ Φk (B.8c) and (B.8d) (B.9a) and (B.10)
Assign re1e2k in scenario (e1, e2) ∈ Ψk ∪Θk (B.8e) (B.8e)

and |L(re10k )||E \ E(re10k )|, respectively). However, in Algorithm 5, bandwidth

consumption can be updated with the incremental update approach specified in

Table B.2, reducing both memory usage and the number of update operations.

Here, ∆e1e2
l = Ce1e2

l − C00
l , l ∈ L′, (e1, e2) ∈ Ω1 ∪ Ω2 represents the incremental

bandwidth consumption in scenario (e1, e2) compared to the working scenario, and

δe1e2l = ∆e10
l −∆e1e2

l , l ∈ L′, (e1, e2) ∈ Ω2 indicates the over-reserved bandwidth in

scenario (e1, e2) compared to the level-1 scenario (e1, 0).

Our incremental update approach works as follows. According to Proposi-

tion 17, when assigning route r00k to demand k ∈ K′ in the working scenario

(lines 3–5 of Algorithm 5), we perform operations (B.8a) and keep ∆ as a zero

vector, which is equivalent to performing operations (B.8a) and (B.8b).

By the definition of ∆, we know that operations (B.8c) and (B.8d) are equiva-

lent to (B.9a) and (B.9b).

∆e10
l ← ∆e10

l + bk(1− y00kl ), ∀l ∈ L(re10k ), (B.9a)

∆e1e2
l ← ∆e1e2

l + bk(1− y00kl ), ∀l ∈ L(re10k ), (e1, e2) ∈ Θ̄k(e1). (B.9b)

Additionally, by the definition of δ, performing operations (B.9a) and (B.9b) is

equivalent to performing (B.9a) and (B.10).

δe1e2l ← δe1e2l + bk(1− y00kl ), ∀l ∈ L(re10k ), (e1, e2) ∈ Θk(e1). (B.10)
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The number of operations (B.10), i.e., |L(re10k )||Θk(e1)| = |L(re10k )||E(re10k )|,

can be significantly smaller than that of operations (B.9b) (i.e., |L(re10k )||E \E(re10k )|)

in large-scale STG2 instances, since we often have |E| ≫ |E(re10k )| in these instances.

Therefore, when assigning route re10k to demand k ∈ K′ in a level-1 scenario

(e1, 0) ∈ Φk (lines 7–10 of Algorithm 5), the query of bandwidth consumption Ce10
l

is given by C00
l +∆e10

l for l ∈ L′, while bandwidth consumption update is performed

by operations (B.9a) and (B.10).

At the beginning of planning a level-2 scenario (e1, e2) ∈ Ω2, we initialize

bandwidth consumption Ce1e2
l for l ∈ L′ with operation (B.11). When assigning

route re1e2k to demand k ∈ K′ in scenario (e1, e2) ∈ Ψk ∪ Θk, the bandwidth

consumption is updated according to operations (B.8e). In Algorithm 5, level-2

scenarios are planned sequentially (lines 12–14), and planning a level-2 scenario

imposes no constraint on another level-2 scenario. Therefore, at the end of planning

scenario (e1, e2) ∈ Ω2, we release the memory for storing bandwidth consumption

Ce1e2
l ,∀l ∈ L′.

Ce1e2
l ← C00

l +∆e10
l − δe1e2l . (B.11)

Compared with the direct update approach, the incremental update approach

requires fewer operations. Specifically, when assigning the working route r00k to

demand k, the number of update operations decreases from |L(r00k )|(1 + |E|2) to

|L(r00k )|, and when assigning the level-1 route re10k to demand k, the number of

update operations decreases from |L(re10k )|(1+|E \E(re10k )|) to |L(re10k )|(1+|E(re10k )|),

where |E \ E(re10k )| is often much larger than |E(re10k )| in large-scale STG2 instances.

Furthermore, for each lightpath l ∈ L′, the incremental update approach only

maintains C00
l , ∆e10

l , ∀(e1, 0) ∈
⋃

k∈K′ Φk, and δe1e2l ,∀(e1, e2) ∈
⋃

k∈K′ Θk, along

with an additional scalar Ce1e2
l when (e1, e2) is the level-2 scenario being currently

planned. These data are often much sparser than that maintained in the direct
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update approach (i.e., Ce1e2
l , ∀(e1, e2) ∈ Ω), indicating that the incremental update

approach also requires less memory.

B.2 Details about Enhancement by Parallel Com-

puting

B.2.1 Planning with Slave Threads

Multiple slave threads are used to plan level-2 scenarios in parallel without generat-

ing new lightpaths, while within a single thread scenarios are planned sequentially.

The t-th thread executes the procedure shown in Algorithm 10 to plan level-2 sce-

narios Γt. The successfully planned scenarios are denoted as Γ̄t, while Γ̃t represents

the set of blocked scenarios (failed to be planned due to insufficient lightpaths).

Blocked scenarios Γ̃t are then planned in the master thread, where new lightpaths

can be established.

Algorithm 10 proceeds as follows. The values to be returned are initialized

in line 1. In line 2, the indicator to stop the thread flagstop and the number of

routes generated in this thread nR are initialized. At the beginning of planning a

level-2 scenario (e1, e2) in line 5, bandwidth consumption on lightpaths Ce1e2
l , l ∈ L′

is initialized with (B.11). For each unprotected demand in scenario (e1, e2), we

attempt to find the level-2 route by evaluating generated routes (line 7) or using

the labeling algorithm without establishing new lightpaths (line 9). If both are

failed, the scenario should be planned in the master thread, and we record the

bandwidth consumption on lightpaths in this scenario (line 18).

Stopping criteria are evaluated in lines 21, 25, and 27. The indicator of

whether there is an idle slave thread flagidle, the total number of scenarios that

failed to be planned in all slave threads nfail, the total number of routes newly
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generated in all slave threads nroute, are modifiable data shared by all slave threads.

Hyperparameters NF and NR represent thresholds on nfail and nroute, respectively.

The result of evaluating stopping criteria is true if and only if at least one of

the following conditions is satisfied: (i) flagidle = true; (ii) nfail ≥ NF ; (iii)

nroute ≥ NR.

The motivation for stopping criterion (i) is to reduce thread idleness: When

a thread has already stopped, stopping all slave threads earlier allows an earlier

start of a new “master-slave” iteration of Algorithm 8 and an earlier reactivation

of stopped threads. Stopping criteria (ii) and (iii) aim to control the number of

“master-slave” iterations. Smaller NF and NR lead to more iterations, increasing

the overhead of starting and stopping threads. Conversely, a larger NF results in

fewer iterations, but tends to increase the number of scenarios being planned by

the master thread, reducing parallelization. A larger NR results in less frequent

synchronization of the route pool R′ and more frequent calls to the labeling

algorithm.

Lines 19, 22, and 26 determine when to evaluate stopping criteria. The

hyperparameters CS and CR control this frequency. A higher frequency can

lead to race conditions, i.e., multiple threads access and modify shared data

(flagidle, nfail, nroute) concurrently. Whereas a lower frequency can cause idleness,

as already stopped slave threads remain idle until all slave threads stop.

B.2.2 Planning with Master Thread

By applying the procedure shown in Algorithm 11, the master thread plans level-2

scenarios that slave threads cannot complete. The main differences between plan-

ning with the master thread and slave threads are: (i) The bandwidth consumption

Ce1e2
l on lightpath l ∈ L′ in scenario (e1, e2) is initialized with C̃e1e2

l (line 2) instead

of using (B.11); (ii) New lightpaths can be established when finding routes with
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Algorithm 10 Slave Plan

Input: Γt, hyperparameters NF,NR,CS,CR, and modifiable data shared by all
slave threads flagidle, nfail, nroute

Output: Γ̄t, Γ̃t, C̃(t)
1: Γ̄t ← ∅, Γ̃t ← ∅, C̃(t)← ∅,R′(t)← ∅
2: flagstop ← false, nR ← 0
3: for all (e1, e2) ∈ Γt and flagstop = false do
4: flagfail ← false (Whether fails to plan some demand in the scenario)
5: Initialize bandwidth consumption on lightpaths Ce1e2

l , l ∈ L′ with (B.11)
6: for all k ∈ K′ and demand k is not protected in scenario (e1, e2) do
7: if found a generated route r ∈ R′ for k in (e1, e2) with Algorithm 7 then
8: re1e2k ← r; Update bandwidth consumption with (B.8e)
9: else if found a new route r for k in (e1, e2) with Algorithm 6 then

10: re1e2k ← r; Update bandwidth consumption with (B.8e)
11: R′(t)← R′(t) ∪ {r}
12: else
13: flagfail ← true
14: if flagfail = false then
15: Γ̄t ← Γ̄t∪{(e1, e2)} (All demands are planned in the scenario)
16: else
17: Γ̃t ← Γ̃t ∪ {(e1, e2)} (The scenario is blocked)
18: C̃(t)← C̃(t)∪ {Ce1e2

l : l ∈ L′} (Store bandwidth consumption)
19: if flagfail = true then
20: nfail ← nfail + 1
21: flagstop ← StopCriteria(NF,NR, flagidle, nfail, nroute)
22: else if |R′(t)| − nR ≥ CR then
23: nroute ← nroute + |R′(t)| − nR

24: nR ← |R′(t)|
25: flagstop ← StopCriteria(NF,NR, flagidle, nfail, nroute)
26: else if (|Γ̄t|+ |Γ̃t|)%CS = 0 then
27: flagstop ← StopCriteria(NF,NR, flagidle, nfail, nroute)
28: flagidle ← true
29: return Γ̄t, Γ̃t, C̃(t)
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the labeling algorithm (line 6); (iii) If the master thread cannot find a level-2 route

to protect a demand in a scenario, the hierarchical constructive heuristic fails to

find a feasible solution to the STG2 (line 10).

Algorithm 11 Master Plan

Input: blocked scenarios Γ̃, bandwidth consumption in blocked scenarios C̃
Output: Routes re1e2k , k ∈ K, (e1, e2) ∈ Γ̃

1: for all (e1, e2) ∈ Γ̃ do
2: Initialize bandwidth consumption on lightpaths Ce1e2

l = C̃e1e2
l , l ∈ L′

3: for all k ∈ K′ and demand k is not protected in scenario (e1, e2) do
4: if found a generated route r ∈ R′ for k in (e1, e2) with Algorithm 7 then
5: re1e2k ← r; Update bandwidth consumption with (B.8e)
6: else if found a new route r for k in (e1, e2) with Algorithm 6 then
7: re1e2k ← r; Update bandwidth consumption with (B.8e)
8: Insert new lightpaths into L′, if any.
9: else

10: Fails to find a feasible solution; Terminate.

B.3 Illustration of Optimal Solution for Example

in Figure 4.2
Table B.3 presents the optimal solution for the example depicted in Figure 4.2.

This example consists of 5 nodes, 8 links, and 2 demands: k1 = (A, C, 50 Gbps)

and k2 = (A, E, 50 Gbps). In Table B.3, (0, 0) represents the working scenario,

(e1, 0) represents the scenario where link e1 fails, and (e1, e2) represents the scenario

where links e1 and e2 fail successively. Additionally, routes r1 through r7 are defined

in Figure 4.2. Notably, the table demonstrates that even for a relatively small

network with 8 links, a total of 65 scenarios must be accounted for. This highlights

the significant challenge posed by the quadratic growth in the number of scenarios

as the size of STG2 instances increases.
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Table B.3: Optimal routing for the example instance in Figure 4.2
Scenario Route for k1 Route for k2 Scenario Route for k1 Route for k2
(0, 0) r1 r2 (BE, 0) r1 r2

(AB, 0) r1 r2 (BE, AB) r1 r2
(AB, AC) r3 r4 (BE, AC) r3 r4
(AB, AD) r1 r2 (BE, AD) r1 r2
(AB, BC) r1 r2 (BE, BC) r1 r2
(AB, BE) r1 r2 (BE, CD) r1 r2
(AB, CD) r1 r2 (BE, CE) r1 r7
(AB, CE) r1 r7 (BE, DE) r1 r2
(AB, DE) r1 r2 (CD, 0) r1 r2
(AC, 0) r3 r4 (CD, AB) r1 r2

(AC, AB) r3 r4 (CD, AC) r6 r5
(AC, AD) r6 r5 (CD, AD) r1 r2
(AC, BC) r3 r4 (CD, BC) r1 r2
(AC, BE) r3 r4 (CD, BE) r1 r2
(AC, CD) r6 r5 (CD, CE) r1 r5
(AC, CE) r3 r5 (CD, DE) r1 r2
(AC, DE) r3 r4 (CE, 0) r1 r5
(AD, 0) r1 r2 (CE, AB) r1 r7

(AD, AB) r1 r2 (CE, AC) r3 r5
(AD, AC) r6 r5 (CE, AD) r1 r5
(AD, BC) r1 r2 (CE, BC) r1 r5
(AD, BE) r1 r2 (CE, BE) r1 r7
(AD, CD) r1 r2 (CE, CD) r1 r5
(AD, CE) r1 r5 (CE, DE) r1 r5
(AD, DE) r1 r2 (DE, 0) r1 r2
(BC, 0) r1 r2 (DE, AB) r1 r2

(BC, AB) r1 r2 (DE, AC) r3 r4
(BC, AC) r3 r4 (DE, AD) r1 r2
(BC, AD) r1 r2 (DE, BC) r1 r2
(BC, BE) r1 r2 (DE, BE) r1 r2
(BC, CD) r1 r2 (DE, CD) r1 r2
(BC, CE) r1 r5 (DE, CE) r1 r5
(BC, DE) r1 r2
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