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Abstract

The purpose of this thesis is to study a general augmented Lagrangian scheme
for optimization and optimal control problems. We establish zero duality gap and
exact penalty properties between a primal optimization problem and its augmented
Lagrangian dual problem, and characterize local and global solutions for a class of
non-Lipschitz penalty problems. We also obtain the existence of an optimal control
for an optimal control problem governed by a variational inequality with monotone
type mappings, and establish zero duality gap between this optimal control problem

and its nonlinear Lagrangian dual problem.

Under the assumptions that the augmenting function satisfies the level-coercive
condition and the perturbation function satisfies a growth condition, a necessary
and sufficient condition for a vector to support an exact penalty representation of
the problem of minimizing an extended real function is established. Moreover, in
general Banach spaces, under the assumption that the augmenting function satisfies
a valley at zero condition and the perturbation function satisfies a growth condition,
a necessary and sufficient condition for a zero duality gap property between the

primal problem and its augmented Lagrangian dual problem is established.

We show that under some conditions the inequality and equality constrained
optimization problem and its augmented Lagrangian problem both have optimal
solutions. On the other hand it is shown that every weak limit point of a sequence
of optimal solutions generated by its augmented Lagrangian problem is a solution of
the original constrained optimization problem. Sufficient conditions for the existence
of an exact penalization representation and an asymptotically minimizing sequence

for a constrained optimization problem are established.

It is shown that the second order sufficient condition implies a strict local min-
imum of a class of non-Lipschitz penalty problems with any positive penalty pa-

rameter. The generalized representation condition and the second order sufficient
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condition imply a global minimum of these penalty problems. We apply our results

to quadratic programming and linear fractional programming problems.

We study an optimal control problem where the state system is defined by a
variational inequality problem with monotone type mappings. We first study a vari-
ational inequality problem for monotone type mappings. Under some general coer-
cive assumption, we establish existence results of a solution of variational inequality
problems with generalized pseudomonotone mappings, generalized pseudo-monotone
perturbation and T-pseudomonotone perturbation of maximal monotone mappings
respectively. We obtain several existence results of an optimal control of the optimal
control problem governed by a variational inequality with monotone type mappings.
Moreover, as an application, we get several existence results of an optimal control
for the optimal control problem where the system is defined by a quasilinear ellip-
tic variational inequality problem with an obstacle. By using nonlinear Lagrangian
methods, we obtain one necessary condition and several sufficient conditions for the
zero duality gap property between the optimal control problem where the state of
the system is defined by a variational inequality problem for monotone type map-
pings and its nonlinear Lagrangian dual problem. We also apply our results to an
example where the variational inequality problem leads to a linear elliptic obstacle

problem.

The study of this thesis has used tools from nonlinear functional analysis, non-

linear programming, nonsmooth analysis and numerical linear algebra.
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Chapter 1

Introduction

1.1 Augmented Lagrangian methods

The theory of augmented Lagrangian has many applications in the study of opti-
mization problems. It is so attractive and powerful that a wealth of papers has
been published, e.g., [10], [22], [29], [56], [62], [63], [64], [90], [95], [97], [100], [105]
and [117]. Constrained optimization problems can be studied by using augmented
Lagrangian functions, as such a constrained optimization problem can be solved by
solving one or a sequence of unconstrained optimization problems. The augmented
Lagrangian method can be viewed as a combination of penalty function method and
Lagrangian multiplier method, which is able to eliminate many of the disadvantages

associated with either method alone.

Actually, a constrained optimization problem is determined by the interaction of
two distinct subproblems: the feasibility subproblem and the subproblem of mini-
mizing the objective function. Therefore a constrained optimization problem can be
solved by the unconstrained minimization of a merit function only if this function is
able to represent well the combination of the two preceding subproblems. The initial
idea in defining merit functions was to add the original objective function penalty
terms which weigh the violation of the constraints. Since the penalty approach
attempts to solve a constrained optimization problem by the minimization of an
unconstrained function, the main motivation for the use of penalty methods is that
of solving the constrained optimization problem by employing some unconstrained

minimization algorithm. Penalty methods include interior point (barrier) and exte-



rior point methods. The approximation is accomplished in the case of exterior point
penalty methods by adding to the objective function a term that prescribes a high
cost for violation of the constraints, and in the case of interior point methods by
adding a term that favors points interior to the feasible region over those near the

boundary.

Using Hahn-Banach separation theorem for convex sets or Ky Fan and Sion
minimax theorem, the duality theory for convex programming via an ordinary La-
grangian has been well established (see [20] and [80]). However, for nonconvex opti-
mization problems, a nonzero duality gap may exist when an ordinary Lagrangian is
used. In order to overcome this drawback, quadratic augmented Lagrangians were
introduced for constrained optimization problems. This method was first proposed
by Hestenes [54] and Powell [94] to solve a mathematical program with only equal-
ity constraints. It was later extended by Rockafellar to solve optimization problems
with both equality and inequality constraints (see [95, 96]). As noted in Bertsekas
[15], in comparison with the traditional (quadratic) penalty method for constrained
optimization problems, convergence of augmented Lagrangian method usually does
not require that the penalty parameter tends to infinity. This important advan-
tage results in elimination or at least moderation of the ill conditioning problem in
the traditional penalty method. Another important advantage of augmented La-
grangian method is that its convergence rate is considerably better than that of the

traditional penalty method.

In recent years, the theory of augmented Lagrangian has been widely studied
by many authors in different aspects. In [97], a corner-stone book in optimization,
an augmented Lagrangian with a convex augmenting function was introduced and
the corresponding zero duality property was obtained. A level-bounded augmenting
function was given by Huang and Yang in [56] where the convexity of augmenting
functions in [97] was replaced by a level-boundedness condition. The level-bounded
augmented Lagrangian scheme includes nonconvex and nonsmooth penalty func-
tions in [81] and Lagrangian-type functions in [101] as special cases. Furthermore,
a peak at 0 augmenting function was introduced in [100, 101] and applied to estab-
lish an equivalence of the zero duality gap properties of a corresponding augmented
Lagrangian dual problem and a Lagrangian-type dual problem. Under a growth
condition, one can relate the value of the dual problem to the behavior of the per-
turbation function. In [95], Rockafellar has given the definition of a quadratic growth
condition in a finite-dimensional space and obtained a necessary and sufficient con-

dition for a zero duality gap between a constrained problem and its augmented



Lagrangian dual problem. In [90], Penot has introduced the definition of a general
growth condition in an infinite-dimensional space. In [103], Rubinov et al. gave a
detailed and excellent survey on various Lagrange-type functions for nonconvex con-
strained scalar optimization problems. Necessary and sufficient conditions are given
for the zero duality gap property and exact penalization. In [117], Yang and Huang
established an equivalence between two types of zero duality gap properties, which
are described using augmented Lagrangian dual functions and nonlinear Lagrangian
dual functions, respectively. Furthermore, they introduced the concept of partially
strictly monotone functions and applied it to construct a class of nonlinear penalty
functions for a constrained optimization problem in [118]. This class of nonlinear
penalty functions includes some (nonlinear) penalty functions currently used in the
literature as special cases. They proved that each limit point of the second-order
stationary points of the nonlinear penalty problems is a second-order stationary
point of the original constrained optimization problem. In [43], Gasimov and Ru-
binov examined augmented Lagrangians for optimization problems with a single
(either inequality or equality) constraint. In [42], Gasimov presented augmented
Lagrangians for nonconvex minimization problems with equality constraints. He
obtained the saddle point optimality conditions and some strong duality results. In
[105], Shapiro and Sun considered a minimization problem where the constraints
are given in a form of set inclusion in Hilbert spaces and introduced the augmented
Lagrangian dual of this problem by applying methods developed by Rockafellar
and Wets [97]. The existence of augmented Lagrange multipliers is studied, and
especially second-order necessary and sufficient conditions for the existence of an
augmented Lagrange multiplier are established. Augmented Lagrangian methods
can also be used in solving variational inequality problems, see [6] and [107]. In [6],
Auslender and Teboulle considered a new class of multiplier interior point methods

for solving variational inequality problems.

The existence of an exact penalty function is important as such the optimal
solution of the original constrained optimization problem can be found by solving
only one unconstrained optimization problem [15, 19, 24]. Necessary and sufficient
conditions for the existence of exact penalty parameters have been established for
different situations (see [19, 97, 99]). It was established by Burke [19] that the
existence of an exact penalty function is equivalent to the calmness condition first
introduced by Clarke [23]. Lower-order penalty functions have been investigated in
[81], [99] and [119]. In [119], Yang and Huang considered a smooth mathematical
program with complementarity constraints (MPCC), and they applied a lower-order

penalty method to transform MPCC into a unconstrained optimization problem.



They also derived optimality conditions for the penalty problems using a smooth
approximate variational principle, and established that the limit point of a sequence
of points that satisfy the second-order necessary optimality conditions of penalty
problems is a strongly stationary point of the original MPCC if the limit point is
feasible to MPCC. Numerical examples were presented to demonstrate and compare
the effectiveness of the proposed method over existing methods in the literature. In
[101], some numerical examples were presented to demonstrate that a non-Lipschitz
penalty function can be successfully applied to solve a class of concave programming
problems, where the classical penalty method has failed. It is worth noting that
these penalty functions have some theoretical advantages. Firstly the nonconvex
and nonsmooth penalty functions in [81] require weaker conditions to guarantee the
existence of exact penalty functions than the classical [; penalty functions. Secondly
nonlinear penalty functions in [99] and [101] admit a smaller least exact penalty

parameter than that of the [; penalty function.

Exact penalty functions can be subdivided into two main classes: nondifferen-
tiable exact penalty functions and continuously differentiable exact penalty func-
tions. Nondifferentiable exact penalty functions were introduced for the first time
by Zangwill in [125], and have been widely investigated in recent years ([8, 25,
26, 34, 52]). Continuously differentiable exact penalty functions were introduced
by Fletcher [36] for equality constrained problems and by Glad and Polak [45] for
inequality constrained problems, and were further investigated by [27, 30]. In par-
ticular, in [27], Di Pillo and Facchinei introduced a new continuously differentiable
exact penalty function for the solution of nonlinear programming problems with a
compact feasible set. The approach proposed in [27] has been further investigated by
Lucidi in [79] and [30]. In [28], Di Pillo and Facchinei introduced formal definitions
of exactness for penalty functions and state sufficient conditions for a penalty func-
tion to be exact according to these definitions. They dealt with a unified framework

which applied to both the nondifferentiable and the continuously differentiable case.

It is worth noting that existence and convergence of an optimal path generated
by penalty/dual problems toward the optimal set is important for numerical solution
methods as shown in [5, 56, 117, 134]. Therefore, in this thesis, we are interested
in exploring the convergence of optimal solutions for the augmented Lagrangian
problem, discuss some necessary and sufficient conditions for the zero duality gap
property between the primal problem and its augmented Lagrangian dual problem,
and apply these results to solve some variational inequality problems in Sobolev

spaces.



We note that augmented Lagrangian methods have been applied to optimization
problems in infinite-dimensional Banach spaces. For example, quadratic augmented
Lagrangian methods have been used in optimal control problems for nonlinear differ-
ential equation in Sobolev space, e.g., [22, 63, 64, 109]. Actually, the optimal control
problem governed by a quasilinear elliptic variational inequality with an obstacle (see
(77, 124]) is a nonconvex optimization problem in Sobolev spaces. It needs to use the
theory of augmented Lagrangian in infinite-dimensional Banach spaces. Therefore,
one of my interests is to obtain some new results about augmented Lagrangian in

infinite-dimensional Banach spaces in this thesis.

In Chapter 2, we introduce the concept of a valley at 0 augmenting function
and apply it to construct a class of valley at 0 augmented Lagrangian functions. In
this chapter, we explore a general augmented Lagrangian scheme with a valley at
0 augmenting function in reflexive Banach spaces. Under the assumption that the
perturbation function satisfies the growth condition and the augmenting function
satisfies a valley at 0 condition, we establish a necessary and sufficient condition
for a zero duality gap property between the primal problem and its augmented
Lagrangian dual problem in general Banach spaces, which includes Theorem 2.9
and Corollary 2.10 in [90] as special cases. We apply it to variational problems in

Sobolev spaces.

In Chapter 3, we obtain some exact augmented Lagrangian representation results
in the framework of new augmented Lagrangian under weaker conditions than the
ones in [56, 97]. In infinite dimensional Banach spaces, we obtain that the inequal-
ity and equality constrained optimization problem and its augmented Lagrangian
problem both have optimal solutions under some conditions. We establish sufficient
conditions of an exact penalization representation for the constrained problems. Fur-
thermore, we obtain a sufficient condition of an asymptotically minimizing sequence
for a constrained problem, which generalizes Theorem 3 in [95] to the non-quadratic
case. Without any coercive assumption on the objective function and constraint
functions, we obtain a sufficient condition of an exact penalization representation

for the constrained problem in finite dimensional spaces.

In Chapter 4, we introduce a class of penalty functions which is more general than
the ones in [52], [81], [88] and [113]. We prove that any strict local minimum satis-
fying a second-order sufficient condition for an inequality and equality constrained
optimization problem is a strict local minimum of this penalty function with any

positive penalty parameter, and that any global minimum satisfying a second-order



global sufficient condition and a generalized representation condition for the original
problem is a global minimum of this penalty function with some positive penalty
parameter. We apply our results to quadratic and linear fractional programming

problems.

1.2 Optimal control problems governed by a vari-

ational inequality

The optimal control problem for an elliptic variational inequality proposed by Lions

([73, 74, 75]) is the following minimization problem:

min G(u) + L(w)
subject to (w,u) € Uy x K, and u € S(w),

(1.1)

where, for each w € U4, S(w) is the set of solutions of the following variational

inequality problem:
(A(u),v —u) > (f — B(w),v —u),Yv € K, (1.2)

and K is a closed and convex cone of a Hilbert space V, U, is a nonempty closed set
of a Hilbert space U, G: K - R", L: U,y — RY, A€ L(V,V*), B € L(Uyq, V¥)
and f € V*. If there exist (wo, ug) € Usa X K, and uy € S(wy), such that

G(u) + L(wy) = min G(u) + L(w),

(w,u) €U g x KuesS(w)

then wy is called an optimal control for minimization problem (1.1).

As Lions [74] pointed out, finding necessary and sufficient conditions for the
optimal control and constructing algorithms amenable to numerical computation for
the approximation of the optimal control are two important objectives of the optimal
control theory. Necessary and sufficient conditions for optimal control problems
governed by variational inequalities have been investigated by a number of authors
(see Lions [73, 74, 75], Adams and Lenhart [2], Barbu [7], Mignot and Puel [87], He
[53], Bergounioux [10] and Ye [122, 123]).

The theory of the optimal control problem (1.1) has been widely studied by
many authors using different methods. One of the methods is the approximation of

the variational inequality by an equation where the maximal monotone operator is



approached by a differentiable single-value mapping with Moreau-Yosida approxi-
mation techniques. This method, mainly due to Barbu [7], leads to several existence
results and to first-order optimality systems. It is worth noting that most results in
these papers are obtained in Hilbert spaces, variational inequalities are of linear or
semilinear elliptic type and the objectives (cost) are quadratic ones of the state and

control.

Recently, Lou [77], Ye and Chen [124] considered the existence, regularity and
necessary condition of the optimal control problem governed by a quasilinear elliptic
variational inequality respectively. In [77], Lou introduced an approximate problem
and gave estimates of optimal pairs for the approximate problem. By using the
obtained results, he got the existence and regularity of the solution to the original
problem. In [124], Ye and Chen approximated the variational inequality by a family
of quasilinear elliptic equations, and proved that the optimal pairs for the approx-
imate problem converges to the solution of the original problem. Using the weak

convergence methods, they established some optimality conditions.

In order to study the optimal control problem governed by an obstacle problem,
we investigate the obstacle problem first. Obstacle problems are actually special
variational inequalities. These problems, especially monotone variational inequality
problems, have attracted much attention in recent years. There are many interesting
theoretical questions arising from these problems and many applications in mechan-
ics, applied mathematics, social science, industry, and differential equations which
can be cast as such problems. For example, see [7, 53, 55, 67, 71, 104, 108, 126, 131,
133] and the references cited therein. Recent results involving maximal monotone
mappings and their perturbations can be found in [49, 55, 65, 66]. By using existence
results of variational inequalities for monotone type mappings, we can establish sur-
jective results for the corresponding monotone type mappings. For example, Huang
and Zhou [60] studied the variational inequalities with a sum of a maximal monotone
mapping T and a T-pseudomonotone mapping Ty, and, under some coercive con-
ditions, obtained the surjective results of perturbed maximal monotone mappings,
which extend and improve the corresponding results of [106, 127, 128]. Recently,
by using some coercive condition which is weaker than the one in Browder’s result
(see [17]), Guan et al [48, 49] obtained some results about ranges of generalized

pseudo-monotone perturbations of maximal monotone operators.

Penalty function methods have often been used in the study of optimization

theory and methodology for constrained mathematical programs and optimal control



problems (see [10], [11], [84], [85] and [97]). Bergounioux used these methods to
approximate the optimal control problem of obstacle problems in [10] and [11].
In [11], he interpreted the variational inequality as a state equation, introducing
another control function as in [87], and obtained first order necessary optimality
conditions by using classical penalty methods. In [10], he introduced an associated

relaxed problem, and devoted to a saddle-point formulation of the optimality system.

Quadratic augmented Lagrangian methods have been used in optimal control
problems for nonlinear differential equation or elliptic variational inequality in Sobolev
space, e.g., [22, 63, 64, 109]. In this method, differential equation or elliptic vari-
ational inequality was treated as an equality constraint or inequality constraint
which is realized by a Lagrangian term together with a penalty functional. Chen
and Zou [22], and Guo and Zou [50] investigated elliptic and parabolic systems by
using augmented Lagrangian methods. The identification of parameters in elliptic
and parabolic systems was formulated as a constrained minimization problem com-
bining the output least squares and the equation error method. The minimization
problem is then proved to be equivalent to the saddle-point problem of an augmented

Lagrangian.

In Chapter 5, enlightened by [48, 49, 60], we consider variational inequality prob-
lems for generalized pseudo-monotone mappings and perturbed maximal monotone
mappings. Under a more general coercive condition than the one used by [48, 49],
we establish some existence results for a solution of variational inequality problems
for generalized pseudo-monotone mappings and generalized pseudo-monotone per-
turbations of maximal monotone mappings respectively. Moreover, we obtain an ex-
istence result of a solution of a variational inequality problem for T-pseudomonotone
perturbations of maximal monotone mapping 7". The optimal control problem con-
sidered in this chapter is one with a monotone type variational inequality constraint
in Banach spaces. This is actually a nonsmooth and nonconvex infinite-dimensional
optimization problem. We obtain several existence results of an optimal control of

the optimal control problem governed by a quasilinear elliptic variational inequality.

In Chapter 6, motivated by the idea presented in [100], we introduce the concept
of a modified nonlinear Lagrangian function and obtain a necessary condition and
sufficient condition for the zero duality gap property between the optimal control
problem and its nonlinear Lagrangian dual problem. We apply a power penalty
method to the optimal control problem, and obtain approximate optimal solutions

of the penalty function that converges weakly to the optimal solution of the original



optimal control problem.

We end this chapter by mentioning that the thesis is based on the following
papers written by the author and her cooperators during the period of stay in the
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Chapter 2

Duality via an Augmented
Lagrangian Function with

Applications

2.1 Introduction

If a nonlinear programming problem is analyzed in terms of its ordinary Lagrangian
function, there is usually a duality gap, unless the objective and constraint functions
are convex. It is shown by Rockafellar [95] that the gap can be removed by using
a quadratic augmented Lagrangian function. In [97], an augmented Lagrangian
with a convex augmenting function was introduced and the corresponding zero du-
ality property was obtained. In [56], Huang and Yang considered a augmented
Lagrangian with a level-bounded augmenting function for the problem of minimiz-
ing a nonconvex extended-real-valued function defined over R”. Furthermore, a
valley at 0 augmenting function was given in [134] where the level-boundedness con-
dition of augmenting functions in [56] is replaced by the valley at 0 property. Such a
formalism allows one to introduce a suitable dual problem having the same optimal
value as the original one. It is worth noting that all these studies are carried out in

finite dimension spaces.

In summary, there are four types of augmenting functions in the literature: (i)
a quadratic augmenting function; (ii) a convex augmenting function; (iii) a level-

bounded augmenting function; (iv) a valley at 0 augmenting function. Under some

10



conditions, their implication relations are (i) = (i) = (iii) = (iv).

In this chapter, we explore an augmented Lagrangian scheme with a valley at
0 augmenting function. It is shown that every weak limit point of a sequence of
optimal solutions generated by augmented Lagrangian problems is a solution of the
original problem. A zero duality gap property between the primal problem and
the augmented Lagrangian dual problem is obtained. Under the assumption that
the augmenting function satisfies a valley at zero condition and the perturbation
function satisfies a growth condition, a necessary and sufficient condition for a zero
duality gap property between the primal problem and its augmented Lagrangian

dual problem is established. We apply it to variational problems in Sobolev spaces.
The outline of this chapter is as follows:

In Section 2.2, we present basic definitions, notations and some preliminary re-
sults. In Section 2.3, in general Banach spaces, we obtain a zero duality gap property
between the primal problem and its augmented Lagrangian dual problem by assum-
ing that the perturbation function satisfies a growth condition and by replacing the
level coercivity of the augmenting function in [90] by a valley at 0 property. In
Section 2.4, we establish the existence result of the solutions of a primal problem
(a minimization problem) and its augmented Lagrangian problem in reflexive Ba-
nach spaces. We obtain that every weak limit point of a path of optimal solutions
generated by the augmented Lagrangian problems is the solution of its primal prob-
lem. We obtain the zero duality gap property between the primal problem and the
augmented Lagrangian dual problem. In Section 2.5, as an application, we discuss
the relationship between the primal problem and its augmented Lagrangian problem
about two kinds of variational inequality problems in Sobolev spaces and get several
results.

2.2 Augmented Lagrangians

In the following, let U, V and E be three Banach spaces, By be the closed unit
ball of V and R = R|J{—00, +00}. Let U* denote the dual space of U, (f,u) be
the value of f € U* at u € U. We use the standard notation “u,, — uy” to denote
strong convergence of a sequence u, in U to u, i.e., ||u, —ul| — 0 as n — +oo,
where || - || is a norm in U, and “u,, — ug” to denote weak convergence of a sequence
in U, i.e., for any f € U* we have (f,u,) — (f,u), as n — +o0.

11



Definition 2.2.1 A subset C' C 'V is said to be convez, if for every choice of x1, 19 €
C one has
(1 —t)xy +txg € C,  for allt e (0,1).

A function f on a convex set C' is said to be convex if for every choice of x1,x9 € C

one has

F1=t)zy +tag) < (1 —1t)f(z1) +tf(x2), for allt e (0,1).

Definition 2.2.2 Let X C V be a closed subset and f : X — R be an extended
real-valued function. The function f is said to be level-bounded on X if, for any
a € R, the level set {v € X : f(v) < a} is bounded.

Definition 2.2.3 Let X C V be a closed subset and f : X — R be an extended
real-valued function. The function f is said to have a valley at 0 in X if, f(0) =0,
f(v) >0, for all v # 0, and c; = inf)y>5 f(v) > 0, for each § > 0.

Definition 2.2.4 A continuous function f : V — R s called a peak at zero if
f(v) <0=f(0) for all v # 0 and sup, ;s f(v) <0 for all § > 0.

Definition 2.2.5 Let X C V be a closed subset and f : X — R be an extended
real-valued function. f is said to satisfy the O—coercive condition if

f(v) = +oo,

llvll—+o00

it is said to satisfy the level-coercive condition if it is bounded below on bounded sets
and satisfies

lim inf /()

— >0,
ol —+oo [|v]|

whereas it is coercive if it is bounded below on bounded sets and

lim inf 1 (v)

l[o]|—+oo [|v]|

Let us compare the definitions above by the following example.

Example 2.2.1 (a) Let v € V, f(v) = |jv||” for an exponent v € (1,00), then f is
coercive, but for v = 1, it is merely level-coercive. For v € (0, 1), f is level-bounded,
but is not level-coercive. It is clear that when v € (0,1), f is a level-bounded

function, but is not a convex one.
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(b) Let v € V,

[l +loll?, i ol <1

a1

|sin =5=[ + 1, if 1 < |lvf| < 400,

filv) =

)l il <1
fa(v) = '
1, if [Jv|| > 1,

where 0 < v < 1, p > 0. Then, they merely have a valley at 0, none of them is
level-bounded or convex.

Definition 2.2.6 A function f : U x V — R with value f(u,v) is said to be
level-bounded in w locally uniform in v if, for each v € V and a € R, there exists
a neighborhood U(v) of v along with a bounded set D C U, such that {u € U :

flu,v) < a} C D for anyv € U(v).

Let X C V be a closed subset and o : X — R. Let
argmin,o = {v' € X : o(v') = m1)r(1 o(v)}.
ve

By Proposition 3.23 and Corollary 3.27 in [97], we have

Proposition 2.2.1 For any proper, Isc function ¢ on R™, level coercivity implies

level boundedness. When ¢ is convex the two properties are equivalent.

Proposition 2.2.2 For any proper, Isc convex function o on R™, if, some set
{veX:ow) <a} (aisa constant) is both nonempty and bounded, for instance

the level set argmin, o, then ¢ must be level bounded.

Definition 2.2.7 Let o : V — R be an extended real-valued function. The function
o 18 said to a convex augmenting function if it is proper, weakly lower semicontinuous
and convex in 'V, argmin,o = {0} and o(0) = 0.

Definition 2.2.8 Let 0 : V — R be an extended real-valued function. The func-
tion o 1s said to a level-bounded augmenting function if it is proper, weakly lower

semicontinuous and level bounded in V, argmin,o = {0} and o(0) = 0.

Definition 2.2.9 A function o : V. — R is said to be a valley at 0 augmenting

function if it s proper, weakly lower semicontinuous and has a valley at 0 in V.
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When U and V are finite dimensional spaces, these definitions on augmenting
functions can be found in [56], [97], [100] and [134] respectively. Now we give an

example of a valley at 0 augmenting function o(v). Let v € V, define

v||7?, if |v]| <1,
sy o {17 il o
1, if fJoll = 1,

where 7 > 0. We have the following result.

Lemma 2.2.1 Let o(v) be defined by (2.1). Then o(v) is a valley at 0 augmenting

function.

Proof: It is clear that o(v) has a valley at 0. We only need to prove that o(v) is
weakly lower semicontinuous for each v € V. Arguing by contradiction that if o(v)
is not weakly lower semicontinuous at some vy € V, then there exists a sequence
{v,} C V with v, = vy as n — oo, but liminf o(v,) < o(vy). Then there exists a
subsequence {v,, } of {v,} such that T

khig o(vp,) = ligrliogfa(vn) < o (vy). (2.2)

We consider the following two cases:

(i) if |Jvo|| > 1, it implies that o(vg) = 1. Hence from (2.2), there exists a
sufficiently large K such that o(v,,) < 1 for £ > K. Thus ||v,, || <1 for k > K. It

follows from the weak lower semi-continuity of the norm that
liminf ||v,, || > |lvo]|- (2.3)
k—oo

Noticing that ||v,, || < 1 for & > K and |jv| > 1, it implies from (2.3) that
limy oo ||Un, || = [Jvo]] = 1. Therefore limy_o 0(vy,,) = limg_o0 |Un, || = 1, which
contradicts (2.2).

(ii) if [lvol| <1, then o(vo) = [lvo[|”. By (2.2), [lo, | <1, 0(vn,) = [[vn,[[" and
lilgninf |V, |7 < JJuol|™- (2.4)

Since vy, — vy, it follows from the same reason as in (2.3) that liminfy . ||vp, || >
llvo||. Without loss of generality, we can assume that khi{.lo v, || > |lvo]|. Conse-
quently, V e > 0, there exists K large enough such that ||v,, || > |v] — ¢ for all
k> K, and

[on, " = (looll =€) V k> K,
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thus

lim inf [[on, |7 > ([Jve]l —€)7,
k—o0

and then, by the arbitrariness of ¢,
lim inf [|v,, || > [|vol|,
k—o0

which contradicts (2.4). Thus, by (i) and (ii), we have shown that o(v) is weakly

lower semicontinuous at each v € V.

Therefore, o(v) is a valley at 0 augmenting function. |

Proposition 2.2.3 Let V be a Banach space. (i) If 0 : V — R is a level-coercive
function, then it is a level-bounded function. (ii) If the space V is reflexive, o :
V — R, is a level-bounded augmenting function, then it is a valley at 0 augmenting

function.

Proof: (i) If o is not a level-bounded function, then there exists a constant a,
such that {v € V : 0(v) < a} is unbounded. There exist vy € {v € X : o(v) < a},

o(vx)

Torll — 0, which is impossible

such that ||vg|| — 0o as k — oo. Thus, liminf;, .,

since o is level-coercive.

(ii) If o does not have a valley at 0 in V, then there exists 6 > 0 such that
cs = infjy>s0(v) = 0, hence there exists {v;} C V,||v;|| > d such that o(v;) — c;.
If {v;} is unbounded, by the definition of level-bounded function, we get {o(v;)}
is unbounded. Thus there exists a subsequence of {o(v;)} converging to infinity.
This contradicts to ¢s = 0. Hence {v;} is bounded. Since V is reflexive, there
exists vy, such that v; — vy as j — 0o. The weak lower semi-continuity of o and
argmin,o(v) = {0} imply o(vg) = 0, hence vy = 0, but ||vg|| > §, which implies a

contradiction. |

Remark 2.2.2 (i) It is clear that if 0 : V — R is a continuous function, then o
has a valley at 0 if and only if —o has a peak at 0, see [100]. If o is continuous at
0, then the concepts of o having a valley at 0 and o being a potential are the same,
see [90].

(ii) If o is a convex augmenting function in space R™ introduced by [97], that is,
o is a convex, proper, lower semicontinuous function, argmin,o = {0} and ¢(0) =
0, then by Proposition 2.2.1, ¢ satisfies the level bounded condition. Thus, by

Proposition 2.2.2, o satisfies the level-coercive condition.
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(iii) If the space V is reflexive, ¢ : V — R, is a level-bounded augmenting
function, then, by Proposition 2.2.3, it is a valley at 0 augmenting function. On
the other hand, if o is a valley at 0 augmenting function, then it may not be a
level-bounded function. For example, let us consider function o(v), where o(v) is
defined by (2.1). By Lemma 2.2.1, o(v) is a valley at 0 augmenting function. But
{v eV :o() <2} =V is unbounded. Thus o(v) is not a level-bounded function.

Hence the concept of a valley at 0 augmenting function is weaker than that of a

level-bounded augmenting function which was introduced by [56].

Let ¢ : U — R be an extended real-valued function and f : U x V — R be
a dualizing parametrization function for ¢, ie., f(u,0) = p(u), Vu € U. Let
oc:V - R J{+x}and g : ExV — R. Let (y,7) € E x (0,400). We will
consider the primal problem

(P)  inf ¢(u). (2.5)

uelU

Definition 2.2.10 Consider the primal problem (P). Let f : UxV — R be a
dualizing parametrization function for ¢, 0 : V.— Ry |J{+o0} and g : EXV — R.

(i) The augmented Lagrangian (with parameter r > 0)[: U x E x (0,4+c0) — R
is defined by

l(,y,r) = inf{f(w,0) - g(y,v) +ro(v) s v € V), ueUyeBr>o.

(i) The augmented Lagrangian dual function is defined by

U(y,r) =inf{l(u,y,r) :ue U}, yeEr>D0. (2.6)

(i1i) The augmented Lagrangian dual problem is defined as

(D) sup  Y(y,r). (2.7)

(y,r)EEX (0,+00)

Remark 2.2.3 If U and V are finite dimension spaces, g(y,v) = (y,v), y,v € V,
where (y,v) is the inner product in V, then Definition 2.2.10 reduces to the one in
[97]. If we only consider a constrained optimization problem in finite dimensional
spaces, it is unnecessary to extend the inner product (y,u) to a general function
g(y,u). But in some infinite dimensional spaces, for example, in Sobolev space
WiP(Q) (p # 2), there is no inner product (see p.147 in [44]). If we consider a
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constrained optimization problem in such spaces by using the augmented Lagrangian

method, it is necessary to introduce a general bifunction to replace the inner product.

In the following, denote inf(P) = inf ¢(u) and sup(D) = sup U(y,r).
ueU (y,r)EEX(0,+00)

We will consider the problem (P) and its augmented Lagrangian problem:

P(y,r) inf  {f(u,v) — g(y,v) +ro(v)}.

(u,0)€eUXV

Let us look at an example to see how the simple primal problem relates with its

augmented Lagrangian problem P(y,r):

Example 2.2.2 Consider the following constrained program

inf f(z)
s.t. x € X,
(P1)

gj(:l?)SO, j:L"'aml
g](x):()u j:m1+17"'7m7

where X C R" is a nonempty and closed set, f,g; : X — R, j = 1,---,m. Denote
by X the set of feasible solutions of (P;), i.e.,

Xo={reX:gj(x)<0,5=1,-- - my;g;(x) =0,j =my +1,---,m}.

Let
f(ZL‘), if x € X(),

p(x) = ,
+00, if x € Rn\XO

Then (P;) is equivalent to the following problem (P]) in the sense that the two
problems have the same set of (locally) optimal solutions and the same optimal

value

(PY) inf o(z).

zeR™

Define the dualizing parametrization function:
fr(z,u) = f(z)+ OR™ w0, } (G(@) + 1) +0x(2), z € R", uwe R,

where 0, is the origin of R G(x) = (g1(z), -, gm(x)) and dp is the indicator

function of the set D, i.e.,

0, ifxreD
5D(ZL‘) =

400, otherwise.
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The augmented Lagrangian for (P[) is
lp(z,y,r) = inf{fp(z,u) — (y,u) + ro(u) :u € R},

where y € R™, 0 is an augmenting function. The above Lagrangian can be expressed

as
( m mi
F@)+> yigi(x) + leleg{z yju; +ro(—gi(z) — v,
Ip(z,y,7) = o s
P\ Y, - .
R _gm1(x) — Umy, _gm1+1($)’ T —gm(l‘))},lf LS X7
| + o0, otherwise
where v = (v1, -+, Uy )-

Define the perturbation function p: V.— R by
p(v) = inf{f(u,v) : u € U}. (2.8)

Note that the augmented Lagrangian problem P(y,r) is the same as the problem
of evaluating the augmented Lagrangian dual function (y,r). Then, from the
definition, p(0) and +(y, r) are the optimal values of the problems (P) and P(y,r),

respectively.

Definition 2.2.11 Let the function p be defined by (2.8), and o : V. — R be an
extended real-valued function. The function p is said to satisfy the growth condition
if, for any p > 0, there exist a,b € R such that

p(v) >b—aoc(v), YveV\pBy, (2.9)
where pBy ={v:v e V,|v| <p}.
Let us give an example to see how the definitions above are related to a nonlinear
programming problem.

Example 2.2.3 Let fq, f1,- - fin be real-valued functions defined on a set X C

R". Consider the nonlinear programming problem:

inf fo(u)
(P,) st.ue X,
f]<U)§O, ]:177m
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In [95], the augmented Lagrangian function associated with problem (P;) is

L y,7) = folw) + D [yma{f (u), 52} + rmax{ f;(u), 52},

j=1
foru e X, (y,r) € T, where T'= R™ x (0,400). The augmented Lagrangian dual
problem for (P,) is:

(D2)  sup ¥(y,r),

(y,r)eT

where 1 (y,r) = in}f{ L(u,y,r) < +00. The optimal value in (D,) is by definition
ue

sup(Dy) = sup inf L(u,y,7).
(y,r)eTUGX

For each (u,v) € R" x R™, define

_ fo(u), ifuelX,fj(u) <vjforj=1,--- m;
f(u,v) =

+00, otherwise,

and

+ 0o, otherwise.

fo(u), ifuelX, fi(u)<O0forj=1---,m;
plu) =

Then, f(u,0) = ¢(u) and infuernp(u) = inf(P). Let g(y,v) = (y,v), o(v) = [[v]]*.

It is elementary to calculate that

L(w,y,r) = inf {F(wv)+ (y0) +rlolPt = inf {F0) = gly,v) +ro(0)}.

veR™

Therefore, the optimal value in (D) is the same as the one in Definition 2.2.10.
Besides, Rockafellar has given the definition of quadratic growth condition in a

finite-dimensional space in [95] and obtained the following result.

Proposition 2.2.4 Consider problems (P) and (Dy). If o(v) = ||u||* and p satisfies

the quadratic growth condition, i.e., there exist real numbers » > 0 and ¢ such that
p(u) = q —rllul]* YueR™,
then sup(Dsy) = inf(P2) > —oo iff p(0) is finite and p is Isc at 0.

In the next section, we will generalize this result to the non-quadratic case in

general infinite dimensional Banach spaces.

Remark 2.2.4 If, for 4/ = 0 (the origin of E), there exists ' > 0, such that ¥(6,7")

is finite, then, for a = ¥(0,r’), we have

p(v) > a—r'o(v), YveV.
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That is, p satisfies the growth condition.

We discuss the property of the augmented Lagrangian for the primal problem
(P) in the follows.

The usual duality theory involves the generalized Fenchel conjugate p* of p, which
is given by

p(y) = jgg(g(y, v) = p(v)).

Using the coupling function ¢: V X E x (0,4+00) — R given by

C(Uv Y, T) = g(yv U) - TO—(”)a

we define the conjugate of p as

p(y.r) == sup(c(v, y,r) — p(v)).
veEV
Thus the conjugate p° of p can be computed with the help of the generalized Fenchel
conjugacy,
P(y,r) = (p+10)"(y).

It is easy to see that the augmented Lagrangian [(u,y,r) is concave and upper

semicontinuous in (y,r) and nondecreasing in r. It can be expressed as

l(u,y,r) = — sup (9(y,v) —ro(v) — flu,v))
)

= —sup(c(v,y,7) — f(u,v)
veEV

= —(qu)c(y, r)
= —(fu+ro)(y),

where f,(v) = f(u,v). We define the conjugate of function ¢ : E x (0, +o0) —
R J{—00, +o0} as

qc<v) = sup (C(U7 Y, 7’) - q(y7 7’))
(y,r)EEX(0,400)

The biconjugate of p is p® := (p©)°. Then

pe0)= sup  (=(p+ro)(y))
(y,r)EEX (0,400)
= sup (— sup(c(v, Y, 7”) - p(“)))
(vr)eBx(0400)  vEV (2.10)
= sup (inf (p(v) — g(y,v) +ro(v)))
(y,r)EExX (0,400) VEV

= sup  P(y,7).
(y,r)EEX(0,+00)
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For each (y,r) € E x (0,400), using Definition 3.2.1, we have

Wu,y,r) < fu,0) = p(u).

Thus

. E _l < . E '

U(y,r) <p(0), V(y,r)€Ex(0,+00). (2.11)
Hence, (2.10) and (2.11) imply that the following weak duality holds:

p(0) < p(0). (2.12)

2.3 Non-quadratic growth condition and zero du-

ality gap

Suppose that the perturbation function p : V. — R is defined by (2.8). As shown
in the last section, under a growth condition, one can relate the value of the dual
problem to the behavior of the perturbation function. In this section, under the
assumption that the perturbation function satisfies the growth condition (2.9) and
the augmenting function satisfies a valley at 0 condition, we establish that the lower
semi-continuity of the perturbation function at 0 is a necessary and sufficient condi-
tion for a zero duality gap property between the primal problem and its augmented

Lagrangian dual problem in general Banach spaces.

Lemma 2.3.1 Let U, V and E be three Banach spaces. Suppose the function p :
V — R satisfies the growth condition (2.9), the function ¢ : V. — R has a valley
at 0 and g : E x V. — R satisfies |g(y,v)| < d(y)||v]|*,V(y,v) € E x V, where
d(y) >0,d(0) =0 and 0 < u < 1. Then,

sup(D) = sup(0,7) = lim inf p(v) < inf(P). (2.13)

r>0

Furthermore, if there exists a neighborhood O of 0, such that p is bounded below on
O, then
—o0o0 < sup(D) < inf(P). (2.14)
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Proof: By Definition 2.2.10, for each p > 0, and each (y,r) € E x R, we have

U(y,r) < inf{p(v),v € pBy} + p"d(y) +rsupo(pBy), (2.15)
where pBy = {v:v € V,||v]| < p}. Note that o has a valley at 0 in X, supo(pBy) —
0 as p — 0. Thus, by (2.15),

(y,r) < liminf p(v).

This implies

sup  Y(y,r) < liminf p(v). (2.16)
(y,r)EEXR+ v=0

On the other hand, let s < liminf, .o p(v). There exists a p > 0, such that
p(v) +ro(v) > s,VYv € pBy. (2.17)

Again since o have a valley at 0 in X, inf,evy,5, 0(v) > 0. There exists a ¢ty > 0,
such that
(to —a)o(v) > s—b,Yv € V\pBy. (2.18)

It follows from the growth condition of p and (2.18) that, for each r > to,
p(v) +ro(v) > b+ (r—a)o(v) > s,Yv € V\pBy. (2.19)
Hence, combining (2.17) and (2.19), we get

sup (0, 7) > lim i(I)lfp(U). (2.20)
r>0 v

Therefore, it follows from (2.16) and (2.20) that (2.13) holds. If there exists a
neighborhood O of 0, such that p is bounded below on O, liminf, o p(v) > —oc.
Thus (2.14) holds. 1

Remark 2.3.1 It is noted that if E = V is a finite dimensional space, then g(y,v) =
(y,v) satisfies |g(y,v)| < d(y)||v||*,V(y,v) € E x V, where d(y) > 0,d(0) = 0 and
0<p<l.

Theorem 2.3.1 Let U, V and E be three Banach spaces. Suppose that the function
p: V — R satisfies the growth condition (2.9), the function o : V — R has a valley
at 0 and g : E x V. — R satisfies |g(y,v)| < d(y)||v]|",V(y,v) € E x V, where
d(y) > 0,d(0) =0 and 0 < u < 1. Then, sup(D) = inf(P) > —oo if and only if
p(0) is finite and p is lsc at 0.
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Proof: If sup(D) = inf(P) > —oo, then, using Lemma 2.3.1, we have
li{)rl_glfp(v) = inf(P).
Note that inf(P) = p(0). Hence, p is Isc at 0 and p(0) is finite.
If p is Isc at 0 and p(0) is finite, then
liinjglfp(v) > p(0) = inf(P).
Again using Lemma 2.3.1,

sup(D) = liminf p(v) = inf(P) > —oc0.

v—0

2.4 Optimal path and zero duality gap

In this section, in the framework of augmented Lagrangians with a valley at zero
augmenting function, we establish the existence result of a solution of the primal
problem (P) and its augmented Lagrangian problem P(y,r) in a reflexive Banach
space, obtain that every weak limit point of a path of optimal solutions generated by
the problem P(y, ) is a solution of problem (P), and get a zero duality gap property
between the primal problem (P) and its augmented Lagrangian dual problem (2.7).

We have the following Lemma.

Lemma 2.4.1 Suppose that {(u,,v,)} is a sequence of U x V with (u,,v,) —
(ug,v9) as n — oo, then there exist {u,, } C {u,} and {v, } C {v,} such that

Uy, — Ug and v,, — vy as k — oo.

Proof: The proof is elementary and is omitted. |

Then we have

Theorem 2.4.1 Let U and V be reflexive Banach spaces, E be a Banach space, f :
UxV — R be a dualizing parametrization function for o, o : V — Ry | J{+o0o} be a
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valley at 0 augmenting function and g : ExV — R be a weakly continuous function
with g(0,0) = 0. Assume that f(u,v) is proper, weakly lower semicontinuous, and
level-bounded in w locally uniform in v. Then the primal problem (P) has at least

one solution. Furthermore suppose that there exists (y,7) € E x (0,+00) such that

inf{l(u,y,7) : u € U} > —o0. (2.21)

Then

(i) There exists v > T, such that, for any r > ro, the augmented Lagrangian

problem P(y,r) has at least one solution.

(11) Every weak limit point of the sequence {u,} is the solution of the primal problem
(P), where (u,,v,) with v > 1y is a solution of the augmented Lagrangian

problem P(y,r).

Proof:  Since the function f(u,v) is the dualizing parametrization function for
¢, f(u,v) is proper, weakly lower semicontinuous, and level-bounded in u locally
uniform in v, ¢ is proper, weakly lower semicontinuous and level-bounded. It is easy

to prove that there exists uy € U, such that ¢(ug) = inlfjgo(u). So we only need to
ue
prove (i) and (ii).

(i) Since o(v) > 0, we have

inf{l(u,y,r) : v € U} >inf{i(u,y,7) :w e U} Vr>r.

Let m,* = inf{l(u,y,r) : v € U}, m* = inf{l(u,y,7) : u € U}. It is obvious that
m,* < p(0).

By the definition of m,*, there exists a minimizing sequence (u;,v;) € U x V,
satisfying

fugvp) +ro(vy) = g(g.v;) — m,™. (2.22)
From (2.21), we have

fluj,v5) +ro(v;) — g(y,v;) > m" + (r —1)o(v;). (2.23)

It follows from (2.22) and (2.23) that, for some €y > 0, there exists an integer N > 0,
such that
m*+ (r—7)o(v;) <m,” + e < p(0) + €,Vj > N.
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That is

(0)+€0—m
r—rT

o(v;) <2 Vi > N. (2.24)

Since o has a valley at 0, ¢s = inf),>50(v) > 0, for each 6 > 0. Denote ry =
p(())—&-+;—m* + 7 and let r > ry. From (2.24), we have o(v;) < ¢5,Vj > N. This
implies that v; € {v € V : |lv]| < §},Vj > N. Because f(u,v) is level-bounded in
u locally uniform in v, it follows from (2.22) that {u;} is bounded, so {(u;,v;)} is
bounded. Because U and V are reflexive Banach spaces, the product space U x V
is a reflexive Banach space. Thus there exists a weakly convergent subsequence of
{(uj,v;)}. Without loss of generality, we may assume that (u;,v;) = (ug,vp). By
Lemma 2.4.1, uj, — up and v;, — vp as kK — oco. The weak lower semicontinuity of
f and o, together with (2.22), implies

f_(umvo) + TU<UO) - g(ga UO) < llim—i{nf f(ujk’ Ujk) + rl}iminfa(vjk) - k;hr-i{l g(ﬂa Ujk)

<m,". (2.25)

Hence

fug,vo) + ro(ve) — g(g,v9) = (uvv)iélng{f(u, v) +ro(v) —g(g,v)}.

(i) Let (u,,v,) with > rg be the solution of the problem P(g,r). Arbitrarily
fix ' € U such that —oo < p(u') < +00. We have

o) > flug,v) +ro(v.) — g(y,v,). (2.26)

It follows from (2.21) that

Thus,
p(u) —m

o(v,) <
(T) r—r

(2.27)

Let m = %S_m* + 7. Then o(v,) < ¢s, 50 {v,} is bounded. Because f(u,v) is
level-bounded in u locally uniform in v, it follows from (2.26) that {u,} is bounded,
so {(u,,v,)} is bounded. Then, the reflexivity of U x V implies that there exist
ro < 1j — 400 and (u*,v*) € U x V such that (u,,,v,,) = (u*,v*). The inequality
(2.27), together with weak lower semicontinuity of o, gives

o(v*) <liminfo(v,,) = 0.
j=r oo

Therefore, v* = 0.
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Since (u,,v,) with r > 7 is the solution of the problem P(y,r),

fup,v,) — g(7,v,) < flu,0) = p(u), VYueU.
Using the weak lower semicontinuity of f(u,v), we get
p(u’) < p(u), Yuel.

So u* is the solution of primal problem (P). |

Theorem 2.4.2 Let U and V be reflexive Banach spaces, E be a Banach space.
Suppose that f(u,v) and o(v) satisfy the same conditions as in Theorem 2.4.1.

Then the zero duality gap holds:

p(0) = p(0). (2.28)

Proof:  Since the weak duality (2.12) holds, we only need to prove

p°(0) > p(0).

From (i) of Theorem 2.4.1, there exists ro > 7, such that for any r > rg, the
augmented Lagrangian problem P(y,r) has at least one solution. Then, for any

r > 1o, there exists (u,,v,), such that

flurvr) = g(g.0r) +ro(v) = (g, 7). (2.29)

It follows from the proof of (ii) in Theorem 2.4.1 that there exist vy < r; — 400
and (u*,0) € U x V such that (u,,,v,,) = (u*,0), where ¢(u*) = p(0). Since f(u,v)
is weakly lower semicontinuous, we have

liminf f(u,,,v,) > f(u*,0)

oo

This, combined with (2.29), yields

limjnf@/;@’ r;) > p(0).

j—+oo

It is obvious that (7, r) is increasing in r, thus, for Ve > 0, there exists a K > 0,
such that

U(y,rj) > p0)—e, Vji>K.
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Therefore
sup  (y,r) > p(0) —e.

(y,r)EEX(0,400)

By the arbitrariness of €, we conclude that

sup — (y,7) = p(0).

(y,r)EEX (0,4-00)

From (2.10), we have
p(0) = p(0).
So zero duality gap (2.28) holds. |

2.5 Application to a variational inequality prob-

lem

Let Q be a bounded domain of RN with the smooth boundary and H}(Q) = W, *(Q)
be the completion of C§°(€2) in the norm |ul| = {[, [Vv[*da}'/?. Let K = {u €
H}(Q) :u < d* a.e.in Q}, where d* € H}(Q).

Assumption 1. a;;, a, % € L>®(Q) (the Banach space of essential bounded

measurable functions on ), and, for some constant ¢; > 0,

ag — = Z axz (2.30)

Assumption 2. For some constant ¢y > 0,

N
a8 > allEl?, ae inQ, VE= (&, ... &) €RY (2.31)
ij=1
Define
ou Ou 1 ob;
- = K. 2.32
a(u,v) ijl/aljﬁxzﬁx]dx—i_/S)( 2;8@)uvd$ u,v € (2.32)

Let f € H'(Q) (the dual space of H(Q2) ). The following three problems are
equivalent (see, Theorem 3.1 in [20]):
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Problem 1: Find ug € K, such that

a(ug,u —ug) > (f,u —ug) Yue K.

Problem 2: Find ug € K, such that

1 o]
500, uo) — {f,uo) = inf[Salu,u) = (f,u)].

Problem 3: Find ug € H} (), such that

%a(uoauo) — (f,uo) + or-(up —d*) = inf (1 (u, u) = (f,u) + Or-(u — d%)),

uweHL(Q) 2
where
0, if u<d*, a.e. in
op-(u—d") =
400, otherwise.
Define 1
J(u) = 5@(@6,’&) - <f7 U>,
Y1(u) = J(u) + or-(u — d*), (2.33)
fi(u,v) = J(u) + 6g-(u — d* +v),
and

(Jo IVu2dz)"?,  if o] <1,
1, if [|vf| = 1,

o(v) == (2.34)

where 0 < v < 1. It follows from Lemma 2.2.1 that o(v) has a valley at 0. Moreover,
fi(u,v) is a dualizing parametrization function for ¥, (u). In the following, we are

concerned with the primal problem

(Ps) inf 9 (u)

weHL ()

and the augmented Lagrangian problem

Ql(y7 7”) inf {fl (u7 U) + 7“0'(1}) - <y7 U)}?

(u,v)EHg () x Hg ()

where (y,r) € H 1(Q) x (0, +00). Actually the primal problem (P3) is the Problem
3. Now we have the expression of the augmented Lagrangian [(u, y, r) for the primal

problem (P3) as follows,

I(u,y,7) = inf{ f1(u,v) — (y,v) +ro(v) :v € Hy(Q)}

(2.35)
= J(u) + inf{(ro(d* —u+v) — (y,d" —u+v)) : v € Eg},
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where Eg = {u € H}(Q) : u <0, a.c.in Q}. Let y = 6 ( the zero element of H~1(2)).
Then the augmented Lagrangian problem Q1 (y,r) is turned into the problem

Q1(r) inf {J(u) +ro(d* —u+v)}.

(u,v)GH& (2)xEo

Lemma 2.5.1 Let Assumptions 1 and 2 hold and a(u,v) be defined by (2.32). Then

Problem 2 has a unique solution.

Proof: Since )
J(“) = §a(u7 'LL) - <f7 u>7

J is twice Gateaux differentiable in Hj (). We have
J (u,w) = a(u,w) — (f,w),

and

J"(u,w, @) = a(w, @) = a(w,w) Yu,w,w € Hy(Q).

It follows from (2.30) and (2.31) that there exist some positive constants ¢z , ¢4 and

cs5, such that

N
ou \ 2

a(u,u Zc/ d:U—I—c/quch ull?,

) zes [ 350 e [ ez el

and

Sl s ) s
alw) <l [ S (G a0 ([ 3 (G a)t v [ wtdnt ([ oot
i=1 ¢ i=1 ¢
< cllullflvll
Hence
J(u) = %CGHUII2 = 1A, (2.36)
and

T (,0,0) = a(w,w) > cglfw]”

Thus, J(u) is strictly convex, J'(u,w) is linear and continuous for w. Therefore
J(u) is weakly lower semicontinuous. There exists a minimizing sequence u; € K,
satisfying

lim J(u;) = inf J(u).

lim /() = inf J(u)

J—00
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From (2.36), the sequence {u;} is bounded. By the reflexivity of Hj (), there exists
{u;.} € {u;}, such that u;, — ug. Thus, from the weak lower semicontinuity of
J(u), we have
< T Y .
J(up) < hl?lggf J(u;,) ulél}f{ J(u)

Because u; € K and K is a closed and convex set, K is a weakly closed set. Thus
uy € K. So J(ug) = inf,ex J(u). Noticing that J(u) is strictly convex, ug is the

unique solution of Problem 2. |

Theorem 2.5.1 Let Assumptions 1 and 2 hold. For the primal problem (Ps) and

the augmented Lagrangian problem Q1(r), we have the following results:

(1) The primal problem (Ps) has a unique solution uy.

(11) There exists ro > 0, such that for any r > 1o, the augmented Lagrangian problem

Q1(r) has a solution (u,,v,).

(111) Bvery weak limit point of the sequence {u,} is the solution of primal problem
(P3).

Proof:  Since Problem 2 and Problem 3 are equivalent, the conclusion of (i)

follows from Lemma 2.5.1.

Let y =60 € H'(Q). Then (2.35) and (2.36) imply that

_ _ . 1
U, 0,r) = J () + rinfuen, {o(d” —u+v)} = Sesllull® = [ fu],

and that there exists M > 0 large enough such that

I(u,0,7) > J(0), Y uec Hj(Q)\Bu, (2.37)

where By = {u € H}(Q) : ||u]] < M}. Tt is obvious that

inf I(u,0,r) < J(0).

UEB[\/[

It follows from the proof of Lemma 2.5.1 that J(u) is weakly lower semicontinuous.
Then there exists ug € H (), such that J(ug) = inf,ep,, J(u). Hence

J(up) < inf I(u,0,r) < J(0).

u€Bps
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This and (2.37) imply that

inf I(u,0,7) > J(up) > —o0.
ueHL ()

Thus, according to Lemma 2.2.1 and using the same argument as in Theorem 2.4.1,
there exists rqg > 0, such that for any r > ry, the augmented Lagrangian problem

Q1(r) has a solution. This proves (ii).

Let (u,,v,) be the solution of the augmented Lagrangian problem Q;(r). Then
J(u,) +ro(d —u, +v,) < J(u) +ro(d —u+v), Y(u,v)€ Hy(Q) x E.

Let u = up,v = u — d*, where vy is the unique solution of the primal problem (P3).
Then
J(uy) +ro(d* —u, +v,.) < J(up).

Hence
J(u,) < J(uo), (2.38)
and

o(d" — e+ ) < (o) — J(u). (2.39)

Again from (2.36), J(u,) > cgl|u.||* — || f|l]|us]|. From this and (2.38), we get that
{u,} is bounded, i.e., there exists C' such that ||u,|| < C. From (2.39), we have

S|

o(d* —u, +v,) < ;(J(uo) - 5C@HUTHQ + [ flllul]) <

Hence {v,} is bounded. There exists a subsequence {(u,,,v,,)} such that u,, —

(/(uo) + CIIfI)). (2.40)

u',v,; = v'. By the weak lower semicontinuity of J(u) and (2.38), we have

J(u') < liminf J(u,,) < J(uo).

Jj—00
It follows from (2.40) that d* —u,, +v,, — 0. Let Vg € H'(Q), (¢, d* —u,, +v,,) —
(q,d" —u'+v") = 0, hence d* —u'+v" = 0. Since Ey is a weakly closed set, {v,,} € Eg
and v,, — v', it follows that v' € Eg and v’ — d* € Ey, that is, ' < d*, a.e.in 2. So

u’ is the solution of the primal problem (P;) and v’ = uy.

Theorem 2.5.2 Let Assumptions 1 and 2 hold. For the primal problem (Ps) and
the augmented Lagrangian problem Q1 (y,r), the zero duality gap holds:

inf ¢y(u) = sup inf filu,v) +ro(v) — (y,v)}.
ueH} () ( (1) EH=1(2) X (0,+00) (u,v)eHg(Q)ng(Q){ ( (v) = (g, v}
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Proof: According to Theorem 2.5.1, there exists g > 0, such that for any r > rg,
the augmented Lagrangian problem @ (r) has a solution. Let (u,,v,) be the solution
of the problem @;(r). Then

J(u) +ro(d* —u, +v,) = (W)EgélmeEO{J(u) +ro(d —u+v)} .

= inf [(u,0,7).
u€H(Q)
Let [ be the limit point of the sequence {J(u,)}. Then there exists a subsequence
{u,,}, such that
lim J(u,,) = 1. (2.42)

Jj—oo
Let u = ug and v = uy — d* in (2.41), where wg is the unique solution of the primal
problem (P3). Then

Tu,) < Jug) = inf J(w), (2.43)
and .
o(d" — Up; + vrj) < 7‘_j<J(u0) — J(u,nj)). (2.44)

Using (2.43), (2.44) and the same arguments as in the proof of Theorem 2.5.1, we
have that {u,;} and {v,,} are bounded and u,, — v’ € K,v,, = v' € Eg. By (2.42),

(2.43) and the weak lower semicontinuity of J(u), we get

J(ug) < J(u') < liminf J(u,,) =1 < J(ug),

oo
that is, lim J(u,;) = J(ug). Thus it follows from (2.41) that
j—o0

J(ug) = lim J(u,,) <liminf inf I(u,0,7;).

J—o0 J—o0 weH}(Q)

So

J(up) < sup inf  l(u,y,7).
(y,r)€H=1(Q)x(0,4+00) UwEH(Q)

Since J(ug) = eiHnlf(Q) 1 (u), it follows from (2.35) that
ucty

inf ¢y (u) < sup inf | {filu,v)+ro(v)—(y,v)}. (2.45)

ueHL(Q) (y,r)EH—1(Q) % (0,+00) (u,v)EHG(Q)XHE(Q

On the other hand, for each (y,r) € E x (0, +00), we have

Hu,y,7) < fi(u,0) = ¢ (u),

thus

sup inf  l(u,y,r) < inf P (u).
(y,r)EH~1(Q)x (0,400) uEH(2) weHL(Q)
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Therefore, this and (2.45) imply that the zero duality gap holds. |

Function ¢ (u) defined by (2.33) involves a bilinear function a(u,v). Now we

consider another function 15(u), which involves a nonlinear bi-function.

Define

o
|
DN | —
[]=
Dl
&
—
Q
V)
Q
&
o
=~
D
N~—

ai/2
— (/\Vu\zdx) +/ <a
Q Q
and

a1/2 B1/2 N
pue = (fwupar) (i) e g
1 <X o,
/( _§Z x)vﬁ?dx’

=1

[y

(2.47)
where ag, gz? € L>(Q) and satisfy (2.30), ai,as,0; and [, are some constants
satisfying

1<am<a <27 2N 1< By < fr <2F
ay < « = — .
< ag 1 N2 < D2 1

It is clear that 1, (u) = fo(u,0).

The following Sobolev imbedding theorem is useful in this part.

Theorem 2.5.3 ([44] Sobolev imbedding theorem) The spaces W, (Q) are com-
pactly imbedded in the spaces LU(Q) (i.e., the imbedding Wy (Q) — L(Q) is com-
pact) for any q < np/(n —p) = p*, if p < n. That is, WyP(Q) C LI(Q), a bounded
set in WyP () must be precompact in L9(Q), and there exists a constant C = c(n, p)
such that, for any u € W, ?(Q),

[ully < C|Dull.
We have the following results.

Lemma 2.5.2 fy(u,v) is weakly lower semicontinuous.

Proof:  Let (uy,v,) — (ug,vo) € Hy(Q) x Hj () as n — oo. By Lemma 2.4.1,

there exist subsequences of {u,,} and {v,} (without loss of generality, we still denote
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as {u,} and {v,}), such that u, — uy and v,, — vy as n — oco. Then

a1/2 B1/2
liminf f(u,,v,) > liminf (/ |Vu,|? dx) + lim inf (/ |an|2)
Q n—oo \Jo

1 o b,
+ lim inf (a — = —Z>ug2 dx 2 48

N

o 1 ob;
+ hgrig)lf/ﬂ (ao —3 Zl a—x)vg? dzx.

1=

Since © is bounded, it follows from Theorem 2.5.3 that the embedding H}(Q) —
L'(€) is compact for 1 < t < 2*. Going if necessary, we may assume that u,, — ug in
L*2(Q) and v,, — vp in L72(Q) as n — oo. (2.48) and the weak lower semicontinuity

of the norm imply that

lim inf fQ(un,Un) > fz(uo,vo)>

n—oo

that is, fo(u,v) is weakly lower semicontinuous for each (u,v) € H}(Q) x H}(Q). 1
Lemma 2.5.3 fy(u,v) is level-bounded in u locally uniformly in v.

Proof: For all v € HJ(Q), denote U(v) = {v € H3(Q) : |lv— o] < 1}. There
exists a constant C; > 0 such that ||v|| < Cy for all v € U(v). We have

N

B ) a1/2 ) B1/2 1 661 5
fg(u,v)2</Q|Vu| d:v) —I—(/Q|Vv|) +/Q<a0_528xi>(u 2+ 0®) dx

=1

>[[ul]** + [ = Collul|*® = Cs]lv]|™
Z|lull* = Callul[** — Ci,

for some constants Cs, C3, Cy > 0.

If, for all @ € R, fo(u,v) < a, then, from the preceding inequality, there exists a
constant Cs > 0 such that ||u|| < Cs. This yields that fy(u,v) is level-bounded in u

locally uniformly in v. |

Lemma 2.5.4 For each (y,7) € H () x (0, 4+00), we have

inf f u,v +ro(v) — g’v > —00. 2 49
(uw)eHé(ﬂ)ng(Q){ 2(u,v) (v) = (7, 0)} (2.49)
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Proof: It follows from (2.30) that

Falu,v) + 70 (v) = (F,v) > [ull** + [[o]|* = Cellul|** = Collv]|™ + 7 — ||gll|v]],

for some constants Cg, C7 > 0. Then, there exists M > 0 large enough such that

fo(u,v) +7o(v) — (g,0)} > £2(0,0), YV u,ve Hy(Q)\Bu, (2.50)
where By = {u € H}(Q) : ||u|]| < M}. Noting that

inf  {fa(u,v) +70(v) = (7,v)} < £(0,0),

(u,v)GBM X Bar

and that By, x By, is weakly compact, it follows from Lemma 2.2.1 and Lemma 2.5.2
that fo(u,v) + 7o (v) is weakly lower semicontinuous. Thus there exists (ug,vo) €
Hi(Q2) x HY(Q) such that

Fa(uo,vo) +70(v0) = (Fv0) = inf  {fa(u,v) +70o(v) — (7,0)} < f2(0,0).

(u,v)EBN X By

This and (2.50) imply that

fa(uo, vo) +To(vo) — (¥, v0) = inf {fo(u,v) +To(v) — (7,v)}.
(uw)EHLH(Q)xH ()

Therefore (2.49) holds. i

Theorem 2.5.4 For the primal problem

(Py) inf o (u)

ueHL(Q)

and the augmented Lagrangian problem

) f 3 + - ) )
Quer) () +ro() - (1.0)

where (y,7) € H1(Q) x (0,+00), we have the following results:

(i) For each (y,7) € H'(Q) x (0, +00), there exists ¥ > T, such that, for anyr > 7,
the optimal solution set S(y,r) of the augmented Lagrangian problem Qz(y,r)

15 nonempty and weakly compact.

(11) Every weak limit point of the sequence {u,} is the solution of primal problem

(Py), where (u,,v,) with r > T is the solution of the augmented Lagrangian

problem Qo(y, ).
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(iii)

inf ¢y(u) = sup inf fa(u,v) +ro(v) — (y,v)}.
ueH;(Q) ) (y,r)EH=1(2)x (0,+00) (u,v)EHg(Q)ng(Q){ (w,v) (v) = {y. v}

Proof: (i) According to Lemma 2.2.1, Lemmas 2.5.2-2.5.4 and Theorem 2.4.1,
there exists rqg > 7, such that for any r > rg, the optimal solution set S(y,r) is

nonempty.

Let

f: inf f u,v)+ro(v) —(y,v)r.
ey U2V T 7o) = (G 0))

Then ¢ > —oo. Fixing a ug € H} (), let 7 > 1hy(ug) — t + 7. For any r > 7, we will
verify that S(g,r) is weakly compact.

Let r > 7, (u;,vy,) € S(7,7). Then

f2(u7"j7 UT]') + TJ<UTj> - <y7 UT]') < ¢2(U’0)' (251)
Thus _
o(vs,) < %(L)__t <1
r—r

By the definition of o(v), we obtain ||v,, || < 1. Hence it follows from (2.51) that

oty vr;) < ha(uo) + (|-
Using Lemma 2.5.3, we get that {u,,} is bounded. Therefore S(7,r) is bounded.

Let (uj,v;) € S(y,7), (uj,v;) = (ug,v9) as j — o0o. Then

folu;,vi) — (y,v;) + ro(v;) < inf folu,v) +ro(v) — (g,v)}.
) = ) £ ro) < int () o)~ (7.0)

The weak lower semicontinuities of f5(u,v) and o(v) imply
fa(uo, vo) + ro(vo) = (g, vo) < lminf{ foluj, vy) =y, v5) +ro(v;)}-

So

5 + - 77 - inf f ) + - 77 .
Falun, ) 7o) = (o) = it () + o) = (7.0))

That is, (ug,v9) € S(y,r). Therefore, S(y,r) is a bounded and weakly closed set,

and, so is weakly compact.

(ii) and (iii) follow from Theorems 2.4.1-2.4.2. |
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Chapter 3

Penalization via an Augmented

Lagrangian Function

3.1 Introduction

It is possible to construct an exact penalty representation for a prime problem or a
constrained optimization problem, that is, the solution of an augmented Lagrangian
function yields an exact solution to the original problem for a finite value of the
penalty parameter. With these functions it is not necessary to solve an infinite
sequence of augmented Lagrangian problems to obtain the correct solution of the

original problem.
This chapter is organized as follows:

In Section 3.2, suppose that the perturbation function satisfies a growth con-
dition and the augmenting function satisfies the level-coercivity condition or has a
valley at zero, we establish exact penalization results for a minimization problem
of an extended real valued function, which includes Theorem 3.2 in [56] as a spe-
cial case. We also obtain necessary and sufficient conditions for an exact penalty
representation in the framework of augmented Lagrangians with a valley at zero
augmenting function. In Section 3.3, we discuss the relationship between the solu-
tions of a constrained optimization problem and that of its augmented Lagrangian
problem and get some convergence and exact penalty results for a constrained op-
timization problem in infinite dimensional Banach spaces. We get the existence

of an asymptotically minimizing sequence for a constrained optimization problem,
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which generalizes Theorem 3 in [95] to the non-quadratic case. In Section 3.4, the
augmented penalty function method is applied to a reformulated constrained opti-
mization problem. Exact penalty results without any coercive assumption on the

objective function and constraint functions are obtained.

3.2 The exact penalty representation in Banach

spaces

Let us consider the primal problem (2.5) again. Recall that

(P)  inf p(u),

ueU

where p : U — R. Let argmin,p(u) = {u' : p(u') = IIliIIJI ¢(u)}. Suppose that
ue
the perturbation function p : V. — R is given by (2.8) again. In this section, we

obtain necessary and sufficient conditions for an exact penalty representation in the

framework of augmented Lagrangians under different conditions.

Definition 3.2.1 (ezact penalty representation) Consider the problem (P). Let the
augmented Lagrangian | be defined as in Definition 2.2.10. A vector §j € E is said
to support an exact penalty representation for the problem (P) if there exists T > 0
such that

p(0) = ig{fjl(u,ﬂ, r), Vr>r (3.1)
and
argmin,p(u) = argmin,l(u,y,7), Vr >T. (3.2)

Lemma 3.2.1 Let U and E be two Banach spaces, V be a reflexive Banach space
and jj € E. Assume that the function p : V. — R satisfies the growth condition (2.9),
the function o : V.— R satisfies the level-coercive condition and g : ExV — R
satisfies |g(y,v)| < d(y)||v||*,¥(y,v) € E x V, where d(y) > 0,d(0) = 0 and 0 <
w < 1. Functions p,g(y,-) and o are proper and weakly lower semicontinuous in V.
Then, there exists a rq > 0 such that, for each v > ry, there exists a v, € V, such
that

por) = 95 0:) + 7o (v,) = nf (p(0) = 9(5,0) + 10 (0) =07 7). (33)
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Proof: Since o satisfies the level-coercive condition, there exist € > 0 and 7 > 0,
such that

o(v) >e|v|l, Yve V\rBy, (3.4)

where 7By = {v:v € V,||v]| < 7}. Since p : V — R satisfies the growth condition
(2.9), there exist a,b € R such that

p(v) >b—ac(v), YveV\TBy. (3.5)

Let ro > f_@u +a and r > rg. (3.4) and (3.5) imply that,

€

p(v) = g(y,v) +ro(v) 2 b—ao(v) —d@)|v[|* +ro(v)
> b—d@)|vll* + (r — a)elv]] (3.6)
> b+ ((ro —a)e —d(y)/m " ")||v]|, YveV\7By.

Let r > ry and
Cy = inf (p(v) — g(7,v) +ro(v)).

Then, there exists a minimizing sequence {v;} C V, satisfying
p(vj) +ro(v;) —g(y,v;) < Cr + -. (3.7)

Hence, from (3.6) and (3.7), {v;} is bounded. Because V is a reflexive Banach space,
there exists a weakly convergent subsequence of {v;}. Without loss of generality, we
may assume that v; — v,. Therefore,

Cr < pvr) = 9(y,vp) + ro(vy) < liminf(p(v;) +ro(v;) = g(y,v5)) < Cp.

J—00

Thus, (3.3) holds. |

Lemma 3.2.2 Let U and E be two Banach spaces, V be a reflexive Banach space
and y € E. Suppose that the functions p, g and o satisfy the conditions given in
Lemma 3.2.1. Moreover, argmin,o(y) = {0}, 0(0) = 0, v, € V(r > ) satisfy
(3.8). Then, there exists a weakly convergent subsequence {v,,} such that v,, — 0,
as r; — 00.

Proof: Denote

Co= vlél\f/ (p(v) = g(g,v) + roo(v)).
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By Lemma 3.2.1, Cj > —o0. Since, for each r > rg, v,(r > 1) satisfies (3.3), and

(g, 7) = plor) = 9(g, 0r) +ro(v) > Co + (r = ro)o(vr). (3.8)

It is clear that

U(y,r) = inf{l(u,7,7) : u € U} <inf{f(u,0):u € U} = p(0). (3.9)

(3.8) and (3.9) imply
oo < PO =Co
r—r7o
Thus, o(v,) — 0 as 7 — co. By using (3.4) given in the proof of Lemma 3.2.1, {v,}
is bounded. Thus there exists a weakly convergent subsequence {v,,} such that
vy, = g, as 1; — o0. The weak lower semicontinuity of o implies o(vo) = 0. Hence,

/U():O. I

Theorem 3.2.1 Let U and E be two Banach spaces, V be a reflexive Banach space.
Assume that the function p : V — R satisfies the growth condition (2.9), ¢ - V — R
satisfies the level-coercive condition, argmin,o(y) = {0}, 0(0) =0, g: ExV — R
satisfies |g(y, v)| < d(y)||v||*,V(y,v) € ExV, where d(y) > 0,d(0) =0 and 0 < p <
1. Functions p, g(y,-) and o are proper, weakly lower semicontinuous in V. Then a
vector § supports an exact penalty representation for the primal problem (P) if and
only if there exist v’ > 0 and a neighborhood U of 0 € V such that

p(0) < p(v) — g(y,v) + r'o(v), YuveUl. (3.10)

Proof: The necessity is clear. We only need to prove the sufficiency.

It follows from Lemma 3.2.1 that there exists a 7y > 0 and, for each r > r,
there exists a v, € V, such that (3.3) holds. By Lemma 3.2.2, there exists a weakly
convergent subsequence {v,,} such that v,, — 0, as r; — oo. Since p(v) and g(7, -)

are weakly lower semicontinuous, we have

liminf p(v,,) > p(0),

J—+o0
and
liminf g(y, v,;) = 9(7,0) = 0.
j—+o0
Hence
lin inf (g, 7;) > liminf{p(vr,) — (5 v,) + 150 (v, )} > pl0). (3.11)
j—+o0 J—+o0
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By Definition 2.2.10, we have {(u, g, 7;) < ¢(u), and

Y(y,r) = inf{l(u,y,r) : v € U} < inf p(u) = p(0).

ueU

Thus,
lim 4 (g,7;) = p(0).

j—+oo

Therefore, for Ve > 0, there exists j, > 0, such that

[(7,75.) —p0)] <e

Thus
p(0) —e < p(v) — g(y,v) +rj,0(v), YveV. (3.12)

In assuming (3.10), there is no loss of generality in taking U to be a ball 7By =
{ue V. llul <7}, 7>0.

Since o has a valley at 0, there exists oy > 0, such that
o(v) >y, Vve V\rBy. (3.13)
Letting r* > max{7, ot ;. }, we have
(r* —r;)o(v) > (r* —rj, )00 > €, Yve V\TBy.
This and (3.12) imply
p(0) <p(v) —g(g,v) +r*c(v), Vv e V\1By.
Thus the above inequality combined with (3.10), yields that
p(0) <p(v) —g(y,v) +r*c(v), YveV. (3.14)

By Definition 2.2.10, we have

[(u,,7) = inf{f(u,v) — g(y,v) + ro(v) : v € V}

and

inf{l(u,y,7) : uw € U} =inf{p(v) + ro(v) — g(g,v) : v € V}. (3.15)

Hence, by (3.14), we get

p(0) = ig{fjl(u,gj,r), Vr > r. (3.16)
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Let 7 > r* and @ € argmin,p(u). p(u) = in{fjgp(u) = p(0). Hence,
ue

u € argmin, .y {f(u,0) +ro(0) — g(y,0)}.

Since ¢(0) =0, o(u) > 0,Vu # 0, by using (3.14), we have

argmin, ey {p(v) +ro(v) — g(g,v)} = {0} Vr>r"

(3.17) and (3.18) imply

(@,0) € argming, ,ycvxv{f(u, v) +ro(v) = g(y,v)}.

Thus, from (3.15) and (3.19), we get

u € argmin,l(u,y,7r), Vr >r",

1.e.

argmin, o(u) C argmin,l(u,y,7), Vr >r".

Similarly, we have

argmin,l(u, g, r) C argmin,p(u), Vr >r".

Therefore, from (3.20) and (3.21), we have proved that

argmin,p(u) = argmin, l(u,y,7), Vr>r".

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.16) and (3.22) imply that ¢ supports an exact penalty representation for the

problem (P).

Let g = 6 (the zero element of E). Similar to Lemmas 3.2.1 and 3.2.2, we have

Lemma 3.2.3 Let U and E be two Banach spaces, V be a reflexive Banach space.
Assume that the function p : V. — R satisfies the growth condition (2.9), the func-

tion 0 : V. — R is a valley at 0 augmenting function. p is proper, weakly lower

semicontinuous tn V. Then,

(i) There exists a ro > 0 and, for each r > ry, there exists a v, € V, such that

p(v.) +ro(v,) = 1}2\5 (p(v) +ro(v)) =06, 7).

(3.23)

(i) There exists a weakly convergent subsequence {v.,} of the sequence {v,} ob-

tained in (3.23), such that v,, — 0, as r; — 00.
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Proof: Let 7 > 0. Since ¢ has a valley at 0, there exists € > 0, such that
o(v) >¢e, Yve V\rBy, (3.24)

where 7By = {v:v € V,|jv|| < 7}. Since p : V — R satisfies the growth condition,
there exist a,b € R such that

p(v) > b—aoc(v), Yve V\TBy. (3.25)
Let 7o > a and r > ry. (3.24) and (3.25) imply,

p(v) +ro(v) >b—aoc(v)+ro(v)

(3.26)
>b+ (r—a)e, YveV\7TBy.

It follows from the proof of Lemmas 3.2.1 and 3.2.2 that the conclusions (i) and (ii)
hold. I

By using Lemma 3.2.3, similar to the proof of Theorem 3.2.1, we have

Theorem 3.2.2 Let U and E be two Banach spaces, V be a reflexive Banach space.
If the function p : V — R satisfies the growth condition (2.9), the function o : V. —
R is a valley at 0 augmenting function and p is proper, weakly lower semicontinuous
in V, then a vector y = 0 supports an exact penalty representation for the primal
problem (P) if and only if there exist v’ > 0 and a neighborhood U of 0 € V such
that

p(0) < p(v) +7r'o(v), YveU. (3.27)

Remark 3.2.1 In the case where § # 6 supports an exact penalty representation, it
is need that o satisfies the level-coercive condition, argmin,o(y) = {0} and o(0) = 0.
In the case where § = 6 supports an exact penalty representation, it is only need
that o is a valley at 0 augmenting function.

Let U=R",V=R",y=0¢€ R"™ From Theorem 3.2.2, we have
Corollary 3.2.1 (Theorem 8.2 in [56]) Let o : X — R be a level-bounded augment-

ing function, where X C R™ be a closed subset. In the framework of the augmented

Lagrangian | defined in Definition 2.2.10. The following statements are true:

(i) If y = 0 supports an exact penalty representation, then there exist ¥ > 0 and
a neighborhood W of 0 € R™ such that

p(v) > p(0) —ro(v), YveW.
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(11) The converse of (i) is true if p(0) is finite, there exist 7 > 0 and m* € R such
that f(u,v) +7o(v) > m*,Vu € R",v € R™

Proof: Because o is a level-bounded augmenting function, that is, ¢ is proper,
lower semicontinuous, level-bounded on R™, argmin o(y) = {0}, ¢(0) = 0, it is a

valley at 0 augmenting function. From condition (ii), we have
p(v) >m* —7Fo(u), YveR™

That is, p satisfies the growth condition. Hence, by Theorem 3.2.2, the conclusions
of this corollary hold. |

Theorem 3.2.3 Let U and V be reflexive Banach spaces, E be a Banach space, f :
UxV — R be a dualizing parameterization function for ¢, o : V — Ry |J{+o0o} be
a valley at 0 augmenting function and g : ExV — R be a weakly continuous function
with g(0,0) = 0. Assume that f(u,v) is proper, weakly lower semicontinuous, and
level-bounded in u locally uniformly in v. Furthermore suppose that there ezists
(y,7) € E x (0,4+00) such that

inf{l(u,y,7) :u € U} > —o0. (3.28)

Then a vector § supports an exact penalty representation for the primal problem (P)
if and only if there exist v’ > 0 and a neighborhood U of 0 € V such that

p(0) < pv) —g(g,v) +r'oc(v), YveU. (3.29)

Proof: Necessity. It follows from Theorem 2.4.1 that there exists ug € U, such
that p(ug) = in{I ©(u). Thus, p(0) is finite. Since y supports an exact penalty
ue

representation, there exists 7 > 0 such that (3.1) holds with r =7, i.e.,

p(0) = inf{l(u,y,7) : uw € U}.

Hence
p(0) = inf{ f(u,v) — g(y,v) + 7o (v) : (u,v) € U x V}.

Consequently,
p(0) < p(v) — g(y,v) +7o(v), YveV.

This proves the necessity.
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Now we prove the sufficiency. We notice that, if there exists r* > r’ > 0, such
that
p(0) < p(v) — g(7,v) +r'o(v), Vv e V. (3.30)

Then
p(0) < f(u,v) — g(y,v) +r*o(v), YueUveV.

Hence p(0) < (g, r*). Since ¥(y,r) is increasing in r, p(0) < ¥(y,r),Vr > r*.
Therefore, from (2.11), we have

p(0) = ¥(y,r),¥r > r".

Thus

p(0) = inlfJ l(u,g,7), Vr>r* (3.31)

ue
That is, (3.1) in Definition 3.2.1 holds if (3.30) holds. In assuming (3.29), there is
no loss of generality in taking U to be a ball Bs, = {u € V, |Ju|| < dp}, do > 0. So
in order to prove (3.1) in Definition 3.2.1 holds, we only need to prove that (3.30)

holds for all v € V\Bs,.

It follows from (i) of Theorem 2.4.1 that there exists ry > 7, such that for any
r > 719, the augmented Lagrangian problem P(y,r) has at least one solution. Let
(ur,v,) with 7 > ry be the solution of the problem P(y,r). It follows from the
proof of (ii) in Theorem 2.4.1 that there exist ry < r; — 400 and (u*,0) € U x V
such that (u,,,v.,) = (u*,0), where (u*) = p(0). Since f(u,v) is weakly lower
semicontinuous,

p(0) = f(u*,0) < liminf f(u,,,v,,).

j—+o0
Hence

lim inf ¢ (g, r;) > limjnf{f(ur,-,vrj) — g(y,vr;) +ro(vr;)} > p(0).
Jj—+oo

j—oo

By (2.11), we have limsup,_, . ¥(y,7;) < p(0). So

lim +)(g,7;) = p(0).

j—+oo

Therefore, for Ve > 0, there exists jo > 0, such that

(g, 75,) — p(0)| < e

Thus

p(0) —e < l(u,y,rj,), YuelU,
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ie.,

p(0) —e < p(v) — g(y,v) +1j0(v), Yve V. (3.32)
Since ¢ has a valley at 0 in V, ¢5, = invaV\350 o(v) > 0. Letting r* >
max{7, % + 7, }, we have
(r* —rj,)o(u) > (r* —rj,)cs, > €, Yv e V\Bs,.
This and (3.32) imply
p(0) < p(v) = g(7,v) +r70(v), Vv € V\By,.
Thus this, combined with (3.29), yields that (3.30) holds. So we get (3.31).
Fix r > r*, and define
h(“) ?)) = f(uv U) + TU(U) - g(gv U)‘
It is obvious that
inf (u, v) = p(v) +ro(v) = g(y.v),

gg\ff h(u,v) = l(u,g,r),
and
argmin,, ,h(u,v) = {(«',v")[u’ € argmin,h(u,v’),

V' € argmin, p(v) +ro(v) — g(y,v)} (3.33)

= {(/,v")|u € argmin,l(u,y,r), v' € argmin, h(u',v)}.

For any @ € argmin,¢(u), we have
u € argmin, h(u,0).
Since ¢(0) = 0, using (3.30), we have
argmin, ey {p(v) +ro(v) = g(y,v)} = {0}. (3.34)
It follow from (3.33) and (3.34) that
(u',0) € argmin,, ,h(u,v).

So

u' € argmin,l(u,y,7), Vr>r",

46



1.e.

argmin, p(u) C argmin, l(u,g,r), Vr >r". (3.35)

For any v’ € argmin,l(u,y,r),Vr > r*, we have

. ! _ ! — _ . — _ . . o . _
inf h(u',v) = 1w, g,r) = inf i(u, g,r) = mf nf h(u,v) = nf (p(v)+ro(v)—g(g,v)).

This and (3.34) imply
inf h(u',v) = p(0) = h(«,0).

veEV

Thus, 0 € argmin,h(u',v). Again from (3.33) that «’ € argmin,h(u,0), i.e.
u' € argmin, p(u).

So

argmin, [(u,y,r) C argmin,p(u), Vr >r". (3.36)
Therefore, from (3.35) and (3.36), we have proved that

argmin, p(u) = argmin, l(u,y,7), Vr >r". (3.37)

(3.31) and (3.37) imply that y supports an exact penalty representation for the
problem (P). |

In the following, we apply the exact penalization representation results of the
augmented Lagrangian scheme in Theorem 3.2.3 to the case of finite dimensional

spaces and show that conditions required are weaker than the ones in [56] and [97].

In Definition 2.2.10, let U = R™, V = R™, g(y,v) = (y,v), where (y,v) denotes
the inner product in R™. The primal problem (2.5) turns out to be:

inf o(u), (3.38)

ueR?

where ¢ : R* — R is an extended real-valued function. Let f be any dualizing
parameterization function for ¢, and o be a valley at 0 augmenting function. The
augmented Lagrangian (with parameter » > 0) [ : R® x R™ x (0,+00) — R is
defined by

l(u,y,r) = inf{ f(u,v) — (y,v) +ro(v) :v € R™}, uweR"ycR™r>0.

We have the following result.
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Lemma 3.2.4 Assume that f(u,v) is proper, lower semicontinuous, and level-bounded
in u locally uniformly in v. Suppose that one of following conditions is satisfied:

(i) § supports an exact penalty representation for the problem (3.38). That is, there
exists ¥ > 0 such that

pO) = inf Tw.gr). Vrr (3:39)
and
argmin,o(x) = argmin,l(z,y,7), Vr >T. (3.40)

(i1) p(0) is finite and there exists 7' > 0 such that
m' = inf{f(u,v) — (y,v) +7o(v) : (u,v) € R" x R™} > —o0. (3.41)

Then, we have

p(0) = sup,>, infuernl (v, Y, 7) (3.42)

where r, = maz{r,7}.

Proof: If the condition (i) is satisfied, it is easy to see (3.42) holds.
If the condition (ii) is satisfied, we prove (3.42) by contradiction. It is clearly that
the weak duality holds:

Y(y,m) <p(0), V(y,r) € R™ x (0,+00).

If (3.42) doesn’t hold, then there exists €y > 0, such that

p(O) > SuprZr*infueR"l(u7 Y, T) + €o.
Then there exist u* € R” and v* € R™ such that
p(0) > f(ukmk) — (v, vk) + TU(Uk) + €, Vr>r,. (3.43)

Since o has a valley at 0, ¢; = infjy>s0(v) > 0, for each § > 0. Denote r, =
p(o)+607m’ + 7. From (3.41) and (3.43), we have

p(O) — €y — m/

k
<
U(U>_ r—i

<cs, Vr>ng. (3.44)

This implies v* € {v € R™ : ||lv|| < 6}. Because f(u,v) is level-bounded in u locally
uniform in v, it follows from (3.43) that {u*} is bounded. So {(u*,v*)} is bounded.
Assume, without loss of generality, that (u*,v*) — (4, 7). Let g < 78 — 400, (3.44)
implies = 0. The Isc of f and o combined with (3.43) yields p(0) > p(0) + €y. This
is a contradiction. So, (3.42) holds. i

By using Lemma 3.2.4, we have
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Theorem 3.2.4 Assume that f(u,v) is proper, lower semicontinuous, and level-

bounded in u locally uniformly in v. The following statements are true:

(i) If § supports an exact penalty representation for the problem (3.38), then there
exist 7 > 0 and a neighborhood W of 0 € R™ such that

p(v) > p(0) + (y,v) —To(v), VveW. (3.45)

(i) The converse of (i) is true if the condition (ii) of Lemma 3.2.4 is satisfied.

Remark 3.2.2 In Theorem 3.2.4, we don’t need to assume either that o is a convex
augmenting function ([97]) or there exist 7 > 0 and N > 0 such that o(v) > 7||v||
when |[v]] > N ([56]). Thus Theorem 3.2.4 improves the corresponding results in
[56] and [97].

Example 3.2.1 Consider the following simple problem:
inf u?
(3.46)
st.ue R,u<0.

It is easy to see that w = 0 is the minimum point of (3.46). Define

_ w?, ifu<ov;
flu,v) =

400, otherwise.

Then,
v?, ifv<0;
p(v):{ 0, ifv>0.
Let o(u) = f(u,0). Then inf,<op(u) = inf,<cou? = p(0) = 0. Let g(y,v) = yv?,
o(v) = |v|7, v >0.
l(u,y,7) = inf{f(u,v) — g(y,v) +ro(v) : v € R}
> inf{u® — y|v|” +r|v]” :u < v,v € R}
Thus, there exist § € R and 7 > 0, such that u? — ylv|” + rjv|? > —oo, ie.,

l(u,y,7) > —c0. For g € R, there exists a 7’ > 0, such that
p(0) < p(v) — g(y,v) +r'o(v), Vv eR.

That is, the conditions (3.28) and (3.29) in Theorem 3.2.3 are satisfied. It is clear
that there exists a 7 > 7/, such that

. . .-
p(0) iglfjl(u,y,r) 0, Yr>r,

and

argmin, p(u) = argmin, (v, 3,r) = {0}, Vr > 7.
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3.3 Inequality and equality constrained optimiza-

tion problem

In this section, we will consider the following constrained optimization problem in

infinite dimensional spaces:

inf f(u)
s.t.u e X,
(1) ,
g]<u>§07 ]:17”'7m1
gj(u):()7 j:m1+17"'7m7
where U and W are two Banach spaces, X C U is a nonempty and closed set,
f9;0=1---m): X =R, gj(j=mi+1,---,m): X — W. The optimal value
of (P;) is denoted by Mp,. Denote by X, the set of feasible solutions of (Py), i.e.,

Xo={ue X:gj(u)<0,j=1,---my;g;(u) =0, =my +1,---,m}.

For the constrained problem (P;), let

f(u), if u € X,

p(u) = ‘
+00, if v € U\ Xp.

Then (P;) is actually equivalent to the primal problem (P) in the sense that the
two problems have the same set of (locally) optimal solutions and the same optimal

value.

Define the dualizing parameterization function:

flu,v) = f(u) + OR™ {0y, } (G (W) +0) + 0x(u), ue U, veR™, (3.47)
where 0y, is the origin of R™™™  G(u) = (g1(u),- -+ -, Gm, (W), [|gmy+1(W)]], - -
s |lgm(w)]]) and ép is the indicator function of the set D, i.e.,

0, ifueD,
(SD<U> =

+00, otherwise.

Let V.=R"™ y = (y1,%2," - ,Ym) € R™, r > 0, the augmented Lagrangian for
(P) be
l(u,y,r) = inf{f(u,v) = (y,v) +ro(v) :v €R™}, u €U,
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where v = (vq, 09, - -+, V). Let gj(u)+v; = —w; € R_,j=1,---,my, and ||g;(u)|| +
v; = 0,7 = my +1,---,m. By some calculations, the above Lagrangian can be
expressed as

( mi m mi
F)+> ygi)+ Y yillgwll+ wiz%il{z yjw; + ro(—g1(u)
7 Jj=1 j=mi+1 j=1
l(u,y,r) = .
— Wi, T 0m <u> = Wy, _‘|gm1+1(u)|’7 T —Hgm(u)H)}, if u e X>
[ T, otherwise
(3.48)
where w = (wy, -+ , Wy, ), O, is the origin of R™.

Consider the augmented Lagrangian problem of the primal problem (P):

Q) il A0+ T ) + )+ 5wl )]
+TU(_gl(u) — Wi, —Gmy (u) = Wmy,
—lgmra @Il - =llgm(w) D)}

Actually, (@) is the same as the problem of evaluating the augmented La-
grangian dual function ¥ (y,r). If u € Xy, and w; = —g;(u) > 0(j = 1,- - -, my),
then

o(=g1(w) = w, - =g, () = Wiy, =[| g1 (W], -+ =llgm (w)]]) = 0.

Thus, we have

U(y,7) < Mp,. (3.49)

Theorem 3.3.1 Let U and W be two reflexive Banach spaces, X C U be a nonempty
and closed set, o : X — R™ be a valley at 0 augmenting function, and let f : X — R
be a weakly lower semi-continuous function, g;j(j =1,---,m;) : X — R be bounded
below and weakly continuous functions, g;(j = mq1 +1,---,m) : X — W be con-

tinuous operators from the weak topology of U to the topology of W. Suppose f is
level-bounded on X, y € R™. Then
(1) the problem (Py) has at least one solution uy.

(ii) there exists ro > 0, such that for any r > 1o, the problem (Q,,) has at least

one solution (u,,w,) € X x RY".
(111) every weak limit point of the sequence {u,} is a solution of problem (P;).
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(iv)
lim f(u,) = f(up) = Mp,.

r—00

Proof: (i) There exists a minimizing sequence u; € X, satisfying

Jim f(uy) = inf f(u) = Mp,.

u€eXo

Since f is level-bounded on X, {u;} is bounded. Note that U is a reflexive Ba-
nach space, there exists a weakly convergent subsequence of {uy}. Without loss of

generality, we may assume that uy — uy. Thus,

fluo) < liminf f(uy) = uien)lgo ),

gj(uo) = klggog](uk) < 0 (] = 17 o '7m1)7
and
gj(uo) Zkﬁ_{gogj(uk)z() (j=m1+1,---m).

We conclude that ug is a solution of the problem (P).

(ii) We claim that f is bounded below on X. If not, there exist u; € X, such
that f(ux) — —oo. Since f is level-bounded on X, for any a € R, the set {u € X :
f(u) < a}is bounded. When £ is large enough, uy, € {u € X : f(u) < a}, thus {u}
is bounded. Because U is a reflexive Banach space and f is a weakly lower semi-
continuous function, without loss of generality, we may assume that up — u, € X

and
ligg}ff(uk) > fuy).

This is impossible since f(ur) — —oo. Hence f is bounded below on X, that is,
there exists dy € R, such that

f(u)>dy, Yue X, (3.50)

Since ¢ has a valley at 0, ¢; = inf),>; 0(v) > 0. Define ry = Mpél_do, and let

r > 1. Suppose that (uy, wy) € X x R is a minimizing sequence such that

limy oo (f(ug) + Z;n:ll Y5 (g5 (ur) + U{?) + Z}n:mﬁl Y;llg; (ur) |
+To—(_gl(uk) - w’fa oy T 0my (uk) - wﬁll, (351)

N gmura Cwr)lls - =llgm(ur) ) = Py, ),
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where wy, = (wf, wh, - -, wk ). Since g;(j = 1,---,m1) : X — R is bounded below

and f is level-bounded on X, by (3.49) and (3.51), {uy} is bounded. We may assume

that up, — u, as k — oo and
liminf f(u) > f(u) > do. (3.52)

We will prove that {w;} C R} is bounded. If {w} is unbounded, by the weak

continuity of g;(j =1, - -,my), we have
klim (g (ug) + wf) =400, ask — oo.
Let k be large enough such that g;(uy) + w¥ > 1. It follows from (3.49) and
(3.51) that

Mp, + £+ >y, r) + 1

> f(uk) + TU(_gl(uk) - wlfa T 9my (Uk) - w’l’i{q? (353)
~lgma (), -+ =l gm (ur) 1)
> f(uk) +rey,
where ¢; = infjy>1 o(v) > 0. Thus, by (3.52) and (3.53), we get
Mp, > do +rey,
which is impossible since r > ry = Mpé—fdo. Hence, {wy} is bounded. We may
assume that wy, — w, as k — oo. Therefore,
¢( ) < f(ur) + Z] 1 y] (g] (UT) + w; ) + Z] =mi1+1 y]”.g](u?")“
+ro(=gi(uy) —wi, - —gm (Ur) = Wiy =l gmypr ()], - =l gm (ur) )
< liminfy oo (f(ur) + Zj LY (g5 (u) +wh) + 300 yJHgJ(uk)H
+ro(—gi(ur) = w, - =g, (k) = Wy, =g ()l -+ =l gm (ur)l])

= ¥(y, 7).
Thus, the problem (@), ,) has at least one solution (u,,w,) as r > .

(iii) Noting that wy is the solution of the problem (P;) and (u,,w;,) is the solution
of the problem (@), ), we have

f(ur) + Z] 1 Y5(95(ur) + wj ) + Z] =mi+1 Yillgi(u )|l + ro(—=gi(u,) —wi, - -,

— Gy (Ur) — (O ”gm1+1<ur)||7 < =l gm(u)l]) < fluo).
(3.54)
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Similar to the proof of (ii), by using (3.54), we can prove that {(u,,w,)} is
bounded in X x R}"". Thus we may assume that v, — v* and w, — w* as r — +o00.
From (3.54), we have

lim o (=gi(ur) = wy, - =g (W) = Wi =l gmaa (W), - =llgm (wr)|) = 0.

r—00

Noting that o is a valley at 0 augmenting function, we have

hmrﬂoo(gj(ur) -+ w;) = O7 ] = 1, 2’ <, My,

. . (3.55)
lim, .o ||gj(u)|| =0, j=my+1,---,m.
Since f is a weakly lower semi-continuous function, g;(j = 1,- - -,my) are weakly
continuous functions, ¢;(j = my +1,-- -, m) are continuous operators from the weak

topology of U to the topology of W, by (3.54) and (3.55), we get

f(u?) < liminf f(u,) < f(uo),

r——+00

gj(u*) = lim gj(ug) =—wj < lim —w; <0 (j=1,---,m),

r—00 N
and

g;(u*) = lim g;(uj) =0 (j=my+1,---,m).

T—00

Since ug is a solution of (P;), these inequalities above imply that «* is a solution of
(F1).

(iv) Suppose that | € R is a limit point of sequence {f(u,)}. That is, there

exists a subsequence {u,, } of {u,} such that

lim f(u,,) =1

k—oo

By using (3.54), {u,, } and {w,, } are bounded. Without loss of generality, we assume

that u,, — «’. Similar to the proof of (iii), we have

f') < f(uo),

and
gi(u)=0 (j=mi+1,---,m).

Since ug is a solution of (P;), v’ is a solution of (P;). Hence, f(u') = f(ug) = Mp,.
The weak lower semicontinuity of f implies f(u') < limg_o f(u,,) = [. Again by
(3.54), we have limsup,_, . f(ur,) < f(up). Thus,

lim f(uy,) =1 = flug) = F(u') = Mp,
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Therefore,
lim f(u,) = f(uo) = Mp,.

r—-+00

Theorem 3.3.2 Let U and W be two reflexive Banach spaces, X C U be a nonempty
and closed set, 0 : X — R be a valley at 0 augmenting function, and let f : X — R
be a level-bounded and weakly lower semi-continuous function, g;(j = 1,---,mq) :
X — R be bounded below and weakly continuous functions, g;(j =m; +1,---,m):
X — W be continuous operators from the weak topology of U to the topology of
W. Suppose that y € R™, and that there exists a v, > 0 and a neighborhood B of
0 € R™ such that

Mp, < inf(p(v) = (g, v) + r.o(v)). (3.56)

Then there exists a r* > 0 such that
Mp, = inf{L(u,y,7) :u e X}, Vr>r",

and

argmin,c x, f(u) = argmin,cx L(u,y,7*), Vr >r"

Proof: By Theorem 3.3.1, there exists ry > 7, such that for any r > rq, the
problem (Q);,) has at least one solution (u,,w,) € X x R}, and

lim f(ur) = MPl'

r—00

Thus

() = flue) + 22500 i(95(ur) +wy) + 3250 1 w5llgs (un)l

+ro(—gi(ur) —wi, - =g, () = wp = gmypa ()l - = llgm(ur)])-
Denote
vj = —(g;(u) +wj),j =1, my,
and
v = —llgi(u)ll,j =mi+1,-- - m.
Then

G(UT) + v, € Rr_rn X {Om—ml}a
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where 0,,_,,, is the origin of R™" G(u,) = (g1(ur), -, Gm, (W), |Gy +1(wr) ], - -
SNgmu)|), v = (v, 05, -+ - 08 ). By (3.47), we have f(ur,vr) = f(u,) and

() = flup,v) = (G,0) +ro(vy).

It follows from (3.55) that lim, .., v, = 0. Hence

limsup (g, 7) > lim f(u,) = Mp,.

r—oo rT—00

Therefore, for Ve > 0, there exists ry > 0, such that

MPI < 77[_)(@, TO) + €

That is,
Mp, < p(v)+(y,v) +roo(v) +¢€, YveR™

In condition (3.56), without loss of generality, we may take B = B; = {u €
R™, |lul| <6}, 6 > 0. Since o has a valley at 0 in R™, ¢5 = inf,cgm\p; 0(v) > 0.
Let r* > max{ro, .} large enough such that

e +roo(v) <ro(v), YveR™\ BsVr>r.
Thus, for each r > r*,
Mp, <p(v)+ (g,v) +ro(v). Yv e R™\Bs.
This and (3.56) imply
Mp, <p(v)+ (g,v) +ro(v), VveR™

Hence,
Mp, = inf L y \Y *.
P JEX (u’ Y, T)a r>r

1

If u* € argmin,cx, f(u), then, for each r > r*, f(u*) = Mp, = inf{L(u,y,7) :
u € X}. Since u* € Xy, G(u*) € R™ x {0—m, },

fu*,0) = f(u")
= inf{[:(u,gj, r):ue X}
= inf{f(u,v) — (y,v) + ro(v) :u € U,v € R™}.

Thus,
(u”,0) € argmin, ,cywrn (f(u,v) = (7, v) +ra(v)).

56



This implies
fu*,0) = inf{f(u*,v) — (g,v) +ro(v) : v € R™} = L(u*,g,7).
Therefore,
L(u*,y,r) = uig)f(L(u,g, T).

That is, u* € argmin .y L(u, g, 7).

On the other hand, if u* € argmin, L(u,y,r), r > r*, then L(u*,y,r) =
infyex L(u,y,7) = Mp,, ie.,

inf{f(u_*,v) —(y,v) +ro(v) :v € R™}
= inf{f(u,v) — (g,v) + ro(v) : uw € U,v € R™}

= infueXo f(u)

Noting that inf,cx, f(u) = inf,ex f(u,0), we get
(u*v 0) € argmin(u,v)éUXR’”(f(uv U) - <g7 U) + TO—(U))'
Hence, u* € X and f(u*) = Mp,. That is, u* € argmin,y f(u). Therefore,

argmin, ¢ x, f(u) = argmin, . x L(u,y,7), Vr >r"

Let the function p be defined by (2.8). The quantity

lim inf p(v) (3.57)

v—0

is called the asymptotic optimal value for the primal problem (P). It can also be

described as the minimum of
lim sup f(ug) (3.58)

k—o0
over all asymptotically feasible sequences {uy} for the constrained problem (P;):

that is, sequences in X satisfying

limsup g;(ug) <0, forj=1,--- my, (3.59)
k—o0
and
klim gj(ug) =0, forj=my+1,---,m. (3.60)

Similar to [95], a sequence {ug} is called asymptotically minimizing for the con-
strained problem (P;) if it is asymptotically feasible and yields the minimum possible
value for (3.58).
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Theorem 3.3.3 Let U and W be two Banach spaces, X C U be a nonempty and
closed set, o be a valley at 0 augmenting function, {(yg, )} be a sequence such that,
for some § > 0,

lim o (yg, 7 — 0) = sup Y(y,r) < 4o0. (3.61)
heo (y7)EV* X (0,400)

Let up, € X satisfy

g, yp, i) < ig)f(l(u,yk,m) + a, (3.62)

where a, — 0. Then, {uy} is asymptotically feasible. Moreover, if {yy} is bounded,

then {uy} is an asymptotically minimizing sequence for (Py).

Proof: From (3.61) and (3.62), we have

Uh, Yo 1) < O (yp, ) + ap < sup Py, r) + ap < +oo. (3.63)
(y,r)EV*x(0,+00)

This and (3.48) imply u, € X and

U, Yy ) = Flur) + 2012 v g (un) + 3070y Y5 llgs (we) | + infuso{ D072 yfw;+

k0 (= g1 (u) = wi, -+ o =gy () = Wi, =l g (w5 =l gm (ur) )}
> Yy, i — ) + dinfy,>o{o(—g1(ug) —wy, - - -,
=Gy (U) = Wny s = |Gy 11 (i) [l 5 =[] gm (ur)]]) }-

(3.64)

(3.64), combined with (3.61) and (3.63), yields that

inwaO{J(_gl<uk) — W1, —9my (uk> — Wy, _Hgm1+1(uk)H7 ) _Hgm(uk)”)}

< %( sup Uy, r) —(yk, e — 0) + ) — 0, as k — oo,
(y,r)EV*x(0,+00)

(3.65)
and
lim [(ug, Yi, k) = sup V(y,r). (3.66)
k—0 (y,r)€V*x(0,400)
Since o has a valley at 0 in R™, from (3.65), there exist wy = (wf, -+, wf, ) >0,
such that
g](uk>+wf_>07 j:17"'7m17
and
lgj(up)l| — 0, j=mi+1,--- m.
Thus
lim sup g;(uy) < —liminfw;.C <0, j=1,---,my,
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and

iinégj(uk) =0, j=m+1,---,m.

That is, {uy} satisfies (3.59) and (3.60). Therefore, {ux} is asymptotically feasible.
(3.63) and (3.64) imply

liminfy o f(ux) < liminfy_ o [(ug, yx, 7c)

<limsup, .. (  sup Y(y,7) + o)
(y,r)EV*x(0,400)

= sup — Y(y, 7).
(y,r)EV*x(0,400)

On the other hand,

l(ug,y,7) = inf{ f(ug,v) — (y,v) +ro(v) : v € R™}

< fluk,0) = (y,0) +7r0(0)
= f(ug)-
Thus,
lim sup f(ux) = sup — Y(y, 7).
k—o00 (y,r)EV* X (0,400)
Therefore, limg_.o f(ur) = sup Y(y,r). Moreover, if {y} is bounded,

(y,r)EV*x(0,+00)
then (3.64) implies

lm fu) = s P,
k—0 (y,r)€EV*x(0,400)
Hence, {u} is an asymptotically minimizing sequence for (P). |

Theorem 3.3.3 generalizes Theorem 3 of [95] to the non-quadratic case in infinite

dimensional Banach spaces.

3.4 Exact penalty representation for the constrained

problem in the finite dimensional spaces

In this section, we will consider the following constrained optimization problem in

finite dimensional spaces:

inf f(x)
s.t. x € X,
(1) :
QJ<I)§O, ]:17”'7m1

gj('r):()v j:m1+17"'7m7
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where X C R” is a nonempty and closed set, f,g;(j = 1,---,my) : X — R
are lsc real valued functions, g;(j = my; +1,---,m) : X — R are real valued
continuous functions. In this section, we reformulate the problem (P;) into an
optimization problem with a single constraint and a modified objective function.
We then introduce a linear Lagrangian function for the reformulated optimization
problem and establish a sufficient condition of an exact penalization representation

for the reformulated constrained optimization problem.

The optimal value of (P;) is denoted by Mp,. Denote by X, the set of feasible

solutions of (P), i.e.,
XOI{I'EXZQJ‘(Z') SO?]: 17"'7m1;gj(x) :07.7 :m1+17"'7m}'

Consider the absolute-value penalty function

o@) =D gf @+ > losla)l (3.67)

where ¢ (z) = max(0, g;(x)). It is clear that g(x) = 0 if and only if 2 € X. Denote
fo(z) = f(z) + p(x)g(z), where p : X — R™T is a Isc real valued function. Consider

the following reformulated optimization problem with a single constraint:

inf fo(z)

(Pr)
strxe X, g(x) <0,

We consider the classical linear penalty function for this problem,

L(z,r) = fo(z) +rg(x) = f(z) + (r + p())g(z),
and the dual function
W(r) = inf{L(z,r) :z € X}, r> 0.
Then,
Y(r) = inf{L(z,r) € X}

— inf{f(x) + (r + pla))g() : x € X}

— it {f() + (4 pla) Y fus| s € Xou e R (3.68)

Jj=1

g;‘(x) — UJ,J — 17. . ’mhgj(x) = U],J =mq + 1’. . .7m}.
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We have ¢(r) < inf{L(z,7) : x € Xo} = Mp,. Denote by S, the set of optimal
solutions of problem inf{L(xz,r) : z € X}. Let u = (uy,us, - -, uy) € R™. Consider

also the perturbed problem of the original constrained optimization problem (P;):

(P) inf f@)

where Z(u) = {r € X+ gy(s) < uy.j = L+ maigy(e) = wpj = ma 4 1, m).
Denote by 3(u) the optimal value of problem (P,) and fy(u) = infyez ) fo(2).

Lemma 3.4.1 Suppose that
1). f(z) > ¢c>—o00, VrelX.

2). lim g(x) > 0.

[| ]| —o0

3). lim p(x)= +oo.

[[]|—o0

4). Xo # ¢ and Mp, is finite.
Then, S, is nonempty and compact whenever r > 0, and

lim ¢(r) = Mp,.

r—-+00

Proof: By the definition, ¢ (r) < +oo. Fix r > 0, there exists a minimizing
sequence {z;} C X, satisfying
1
flaz) + (r 4 p2;)g(x;) < o(r) + 7

We claim that {z;} is bounded. Otherwise, we may assume ||z;|| — oo as j — oo.

By conditions 1), 2) and 3), we have lim; .., g(z;) > 0, lim; .o p(x;) = +00. Thus

f(x;) + (r + p(z;)g(z))) — +oo.

This is impossible since ¢(r) < +o0o. Therefore {z;} is bounded. Without loss of

generality, we may assume that z; — x,. Therefore,

b(r) < fae) + (r + play))g(@r) <Tminf(f(z;) + (r + p(a;))g(z;)) < ¢(r).

Thus,
U(r) = flzr) + (r + plar))g (@), (3.69)
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that is, z, € S,. Let o € Xy. Denote
M, ={x € X : L(x,r) < L(zo,7) = f(x0)}.

Clearly, S, C M,. We show that M, is compact for any r > 0. Suppose to the
contrary that there exist 0 < r, — 400 and zy € M, such that ||zx|| — +o00. By

conditions 1), 2) and 3), we have

f(xo) = Lk, 1) = f(xr) + (r + plax)g(zi)) — +00,
which is impossible. Thus, S, is nonempty and compact for r > 0.

Ler rg > 0, r > ro. By (3.69),

P(ro) < f(ar) + (ro + p(ar))g(xr) = (r) + (ro = r)g(z,) < Mp, + (ro —7)g(wr).

Hence M (o)
P — WTo
glwr) < ————
r—To
Therefore, g(z,) — 0 as r — +o00. Set
U; = g;r(xr)ﬂj = 17 t '7m1;u; - g](xr)aj =my + ]-7' R
Let u, = (uf,---,ul,). Then we have
ol = Juf| = g(a,) =0, (3.70)
j=1

as r — +o0. Clearly, z, € Z(u,). Thus,

Blu,) < f(z). (3.71)
We claim that
ligljnfﬁ(uT) > Mp,. (3.72)

On the contrary, suppose that there exists an ¢y > 0 such that

liminf B(u,) < Mp, — €.

r—+00
Then, there exists a subsequence {z], } C Z(u,,) such that

€
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It follows from condition 2) and (3.70) that {x], } is bounded. We may assume that

x, — T as k — oo. Then xy € Xy. Hence,

Mp, < f(zo) < liminf f(a],) < Mp, — %0

It is a contradiction. By (3.69), (3.71) and (3.72), we get

liminf ¢ (r) > liminf f(z,) > Mp,.

T—+00 r—-+00

Since ¢(T) < MP17
lim ¢(r) = Mp,.

r—-+00

Theorem 3.4.1 Suppose that all conditions in Lemma 3.4.1 are satisfied.

following two statements are equivalent:
(i) there ezists a 7 > 0 such that
Mp, = inf{L(z,r) 1z € X}, Vr>r,
and
argmin,ex, f(x) = argmin,cx L(x,7), Vr >T,

(i) there exist a ' > 0 and a neighborhood U of 0 € R™ such that

Mp, <inf{f(2)+ (r+p(@) Y |u;| :x € X,ueU

Jj=1

gj(l’) :ujaj = 17' : '7m1;gj(x) :ujaj :m1+17' : '7m}7

where v > 1.

Proof:  Suppose (i) holds. From (3.68), we have,
Mp, = inf{L(z,7): x € X}

<inf{f(x)+ (r+p(@) Y |u;| 2 € X,u e R"

J=1

gj_(;p) — uj’j = 1’. . ',ml;gj(m) — uj’j =mi + 17. . .7m}’

where r > 7. That is, (ii) holds.
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Suppose (ii) holds. We prove that (i) holds in the following. By Lemma 3.4.1,
for Ve > 0, there exists r, > 0, such that

(r.) — Mp] <e.

By (3.68), we have

Mp, < f(x) + (re + p(x Z]ujl +e, VreX, YVueR™, (3.74)

where u; = g (z),j =1, - -,my;u; = g;(x),j = my + 1,- - -,m. In assuming (3.73),
without loss of generality, we may take U = By, = {u € R™,|jul| < s}, s > 0.

There exists a 7 > max(r,, '), such that
e < (F—ry|ull, YueR™\B;.

Hence, from (3.73) and (3.74), we have

< f(@) + (F+ pla Z|u]| Vz € X, Yu e R™, (3.75)

where u; = g7 (), j = 1,- - -, my;u; = g;(x),j = my + 1, - -, m. Consequently,

Mp, =inf{L(z,r) 1z € X}, Vr>r.

If * € argmin,cy, f(7), then f(z*) = Mp, = inf{L(z,7) : v € X}, Vr > 7.
Since z* € Xy, g(z*) =0, L(z*,r) = f(z*) = inf{L(z,7) : x € X}, Vr > 7. Thus,
x* € argmin, .y L(z,7), ¥r > 7. On the other hand, if z* € argmin, .y L(x,r), Vr >
7, then L(z*,r) = inf{L(x,r) : © € X} = Mp,, ie., f(a*)+ (r + p(z*))g(a*) =
Mp,, Vr > r. We will show by contradiction that * must be feasible for problem
(P). If 2* is infeasible then g(z*) > 0. Choose a xy € X, and let

r > max{
We then have

f(xo) = f(zo) + (r + p(x0))g(x0) > f(z*) + (r + p(z7))g(z™) > f(x0).

This gives a contradiction and hence z* € Xy. Thus, Mp, < f(z*) = f(x*) + (r +
p(x*))g(x*) = Mp, (Vr > 7), that is, f(2*) = Mp,. Therefore, 2* € argmin,y, ().
Therefore,

argmin, ¢y, f(v) = argmin, .y L(x,7). Vr > 7.
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It is noted that Gy(u) = infyez ) fo(z), fo(x) = f(z) + p(x)g(x). Then we have

Corollary 3.4.1 Suppose that all conditions in Lemma 3.4.1 are satisfied. If there
exist a v’ > 0 and a neighborhood U of 0 € R™ such that

Mp, < Bo(u) —|—rz lu;],  Yue UNr>r. (3.76)

7=1
Then there exists a 7 > 0 such that

Mp, = inf{L(z,r):z € X}, Vr>r,

and

argmin,ex, f(x) = argmin,cx L(x,7), Vr > 7.

Corollary 3.4.2 Suppose that all conditions in Lemma 3.4.1 are satisfied. If there
exist a v’ > 0 and a neighborhood U of 0 € R™ such that

Mp, < Bu) + (r+p) Y |ul, VueUVr>v, (3.77)

where p = inf,.cx p(x). Then there exists a 7 > 0 such that
Mp, = inf{L(z,r):z € X}, Vr>r,

and

argmin,ex, f(x) = argmin,cx L(x,7), VYr >T7.

Proof: By (3.77), we know that

Mp, < inf f(z)+ (r+ inf p(a Z\u]\ Yu € U,Nr > 1,

x€Z(u)

m

< inf{f(z) + (r + p(z Z\uj|;xeX}, Yu e U,Yr > 1,

where u; = gj*(:v),j =1,---,my;u; = g;(x),j =my +1,-- -, m. Hence, (3.73) given
in Theorem 3.4.1 holds. Therefore, the conclusion holds by virtue of Theorem 3.4.1.
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Remark 3.4.1 It is noted that, in our results above, we don’t need any coercive
assumption on the objective function and constraint functions. If we give some
coercive assumption on the objective function or constraint functions, we can obtain
some exact penalty results similar to ones in Theorem 3.4.1 and Corollary 3.4.2. The

proof is similar and thus omitted.

Lemma 3.4.2 Suppose that

1). lim max{f(z),g(x)} = +oo.

[[]| =00

2). Xo # ¢ and Mp, is finite.
Then, S, is nonempty and compact whenever r > 0, and

lim ¢(r) = Mp,.

r—-+00

Theorem 3.4.2 Suppose that all conditions in Lemma 3.4.2 are satisfied. Then the

following two statements are equivalent:
(i) there exists a 7 > 0 such that
Mp, = inf{L(z,7): z € X},

and

argmin,c y, [ (x) = argmin,cy L(z,T),
(i) there exist a ' > 0 and a neighborhood U of 0 € R™ such that

Mp, <inf{f(z) + (r + p(x ujlrr € X,uel
< {f()+(+p());|\ eXue (3.78)

g (@) =uy, 5 =1,---;my; 95(x) = uy,j =my +1,---,m},
where r > 1.
Corollary 3.4.3 Suppose that all conditions in Lemma 3.4.2 are satisfied. Then
the following two statements are equivalent:
(i) there exists a 7 > 0 such that
Mp, = inf{L(z,7): x € X},
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and

argmin,e x, f(x) = argmin,cx L(x, ),
(i) there exist a v’ > 0 and a neighborhood U of 0 € R™ such that

P < Blu) + TZ lujl, VueUNVr>r. (3.79)
j=1
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Chapter 4

Second-Order Sufficient
Optimality Conditions for Lower

Order Exact Penalty Functions

4.1 Introduction

Consider the following constrained optimization problem:

inf f(z)
s.t. z € R",
(F1)

gj('r) SO’ ]: 17"'am1
g]<I):O, j:m1+17"'7m7

where f,g;(j =1,---,m) : R®” — R are real valued twice continuously differentiable

functions. Denote by X, the set of feasible solutions of (P), i.e.,

Xo={reR":¢;(z) <0,5=1,---,my;gj(x) =0,j =my +1,---,m}.

Second-order sufficient optimality conditions play an important role in establish-
ing the existence of exact penalty functions. For example, see [52, 80, 113]. In [52],
in order to solve a nonlinear programming problem with equality and inequality
constraints, Han and Mangasarian introduced a class of exact penalty functions de-
pending on a fixed vector norm related with the constraints. For a sufficiently large

but finite value of the penalty parameter, the penalty function has a local minimum
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point at any strict local minimum point of the constrained nonlinear programming
problem satisfying a second-order sufficient optimality condition. It is shown in [80]
that any strict local minimum satisfying a second-order sufficient condition for the
original problem is a strict local minimum of the classical [; penalty function with a
large enough penalty parameter. In [113], Wu et al. considered a lower order penalty
function and its e-smoothing for an inequality constrained nonlinear programming
problem. It is shown that any strict local minimum satisfying a second-order suffi-
cient condition for the original problem is a strict local minimum of the lower order

penalty function with any positive penalty parameter.

In this chapter, we introduce a class of penalty functions which is more general
than the penalty functions used in [52], [81], [88] and [113]. We prove that any
strict local minimum satisfying a second-order sufficient condition for the original
problem is a strict local minimum of this class of penalty functions with any positive
penalty parameter, and that any global minimum satisfying a second-order global
sufficient condition for the original problem is a global minimum of this class of

penalty functions with some positive penalty parameter.
The outline of this chapter is as follows:

In Section 4.2, we present some preliminary results. In Section 4.3, under the
assumption that a second order sufficient condition is satisfied, we obtain a strict
local minimum of the penalty problem. In Section 4.4, under the assumptions that
a second order global sufficient condition is satisfied, we obtain a global minimum
of the penalty problem. We apply our results to quadratic programming and linear

fractional programming problems.

4.2 Preliminaries

Let @ : R, — R, be a continuous function. We shall associate nonlinear program-

ming problem (P;) with the following class of penalty functions:

P(z,q) = f(2) + qQUI(g7 (@), -, gy (%) G 41.(2), -+ g (2))]), (4.1)
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where ¢ is a nonnegative real number, || - || is a vector norm in R™. Let 0 < 5 < 1.
Assume that the following properties hold

Q) =0, Q) >0 fort>0, (4.2)

00 > hmMzA>o, (4.3)
t—0+ tﬁ

l}r_)nJrian(t) > 0. (4.4)

Example 4.2.1 There exist a lots of functions that satisfy (4.2) - (4.4). For ex-

ample:
(i) Qu(t) = VE+2(t > 0),
(ii) let 3 € (0,1), Qat) =t°(t > 0).
Corresponding to Q and ||y|| = > 72, [y;], we have the following penalty function:

- m 8
f(x)+Q<Zgj+($)+ > Igj(w)|> ,

j=mi1+1
which has been investigated in the study of mathematical programs with equilibrium

constraints, see [81]. Corresponding to Q3 and ||y|| = max{|y1|, -, |ym|}, we have

the following penalty function:

F(@) +q (max{gy (), g (@) [gmir ()], g (@)])”

which has been investigated in [88].

Consider the following penalty problem:

(Pp) min P(z,q).

zeR™

Let z* € X, and
Az") ={j € {1,--- ,mi}|g;(2") = O}. (4.5)
Let .
L(z,\) = f(x) + Z Ajgi(z)
j=1
be the Lagrangian of problem (P;).

In this chapter, we assume that f,g;(j = 1,---,m) : R® — R are real valued

twice continuously differentiable functions.

70



4.3 Local exact penalty functions

Proposition 4.3.1 [52] (Second order sufficiency of a strict local minimum). Let
(x*, \*) € R™™ satisfy the Karush-Kuhn-Tucker necessary optimality condition for
problem (P):

V.L(z*, \) = 0,
g](x*>§07 ]:17 , M1
N> 0, =1, -m (4.6)
Njgi(x®) =0, j=1,---m
gj(l'*>:0,j—m1+1, m
Let
Vf(z*)y <0,
T * <0 c Alx*
V gj(‘r*)y O? J _m1+17 , 11
y#0
If
y ' V2L(z*, Ny >0, YV y € W(x"), (4.7)

then x* is a strict local minimum (of order 2) for (P).

Define
VTg;(z*)y =0, j € J(x)
. LI VTgi(z*)y <0, j € K(zx*
U@")=<¢yeR VT]’( *) B (z") ,
gj(x )y_()) ]_m1+17 , M
y#0

where J(z*) and K (x*) are the following subsets of A(x*):

J(l‘*) = {Z € {17"' 7m} | gz(x*) =0, /\j > 0}7
K(x*> :{i € {17"' 7m} ‘ gz<x*> =0, )‘: :0}'

By [52], we have
Proposition 4.3.2 Under the assumption of Proposition 4.3.1, (4.7) is equivalent
to

yI'NV2L(x*, \)y >0, ¥y € Uz").
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Definition 4.3.1 (Mangasarian-Fromovitz constraint qualification (MFCQ)) Let

gi(x*) <0, 7 =1,---,m, gj(z*) = 0,j = mq+1,---m, and A(z*) be defined
by (4.5). The constraints g;(z), j = 1,---,m are said to satisfy the constraint
qualification condition of [83] at x* if, g;(x), 7 =1,--- ,my, are differentiable at x*,

gj(x),7 =my +1,---m, are continuously differentiable at x*, and

Vgj(x*),j =my+1,---m are linearly independent and,
there exists a y € R"such that

Vigi(a)y < 0,5 € A@”)

V'gi(a)y=0,j=mi+1,-- - m.

(4.8)

It is noted that the more stringent constraint qualification condition used by
Pietrzykowski in [91], namely that the gradients Vg;(z*), j € A(z*) J{mi + 1, -
-,m}, are linearly independent, implies the constraint qualification condition (4.8).

When § = 1, Theorem 4.4 of [52] shows that the combination of a strict lo-
cal minimum and the MFCQ implies a local minimum of exact penalty for a large
penalty parameter while Theorem 4.6 of [52] states that the second order sufficiency
implies a strict local minimum of exact penalty function for a large penalty parame-
ter. Now we prove that the second order sufficiency implies a strict local minimum of

exact penalty for any penalty parameter ¢ > 0 if the nonconvex function () satisfies
(4.2) and (4.3).

Theorem 4.3.1 Let 0 < § < 1 and Q satisfy (4.2) and (4.3). Suppose that all
assumptions in Proposition 4.3.1 hold. Then z* is a strict local minimum of the

penalty problem (Pg) for any q > 0.

Proof: By contradiction, suppose that there exist a ¢ > 0 and a sequence {x;}

converging to x*, such that z, # «* for k =1,2,--- , and

Clearly, we have
flzg) < f(z"),k=1,2,---,
and

||(g;_($k)7 T ag;:zl(xk)vgm1+1(xk)v T 79M(Ik))|| — 0,
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as k — 0o. Then it follows from (4.3) that

i QUG @)+ 8, 1), g 1 @)+ g )) )

>A>0. 4.9
A (T @)y 20 (@8)s Gt @) 2 gm @ ? = (4.9)

Denote
T — TF
Sp= ————.
[k — ]|
Obviously, there exists a subsequence {sy, } such that {sy,} converging to a vector s

with ||s|| = 1. Without loss of generality, suppose that

= li .
° k—gpooSk
Since f and g;,7 = 1,2,- - -,m, are continuously differentiable at z*, we have
05 G 1) gy olle =),
[k — || [k — ]|
+ T — p*
g] ( k)* _ max{O,Vng(x*)sk + O(ka l:k ||) }’
[l — o [k — x|
where j € A(x*), and
i(z o(||lxy — a*
G N
[k — x| [l — =
where j = m; + 1, - -;m. Furthermore, we have
. ollzx — 2*)) T
1 V' f(x* —— | =V )s, 4.10
k;fp@( f(@®)s, + l2e — 2 f(a®)s (4.10)

lim (max {0, V'g(x*)s), + M} )ﬁ = (max {0,V g;(z")s})’,

k—-+oo |z — x|

(4.11)

for each j € A(z*), and

. o(||lxy — 2* .
97gy () + AT 9T (a)sp7, (1.12)
[l — %]
for each j =m; + 1, --,m. We have
(B
far) +aQUl(gr (@r), - g (@n), g1 (@), - gm(@i)) ) — ()

(e
= VTf(x*)Sk + _O(HH;:__;*H”)
QUI(gr (@), s Gty (k) Gy 1 (21)s -+ G () ])
1(g7 (k) - s Gy (Th)s g1 (), -+, g ()|

(g1 (zx), - g, (@), Gmaa (@), g (@)
g — 2*[|7

+4q

ok — 277
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Since 0 < < 1, the above inequality, combined with (4.9) - (4.12), yields
V' f(z*)s <0,
V'g(z*)s <0, J € A(z¥)
Vigi(z)s=0, j=mi+1,---m
s # 0.
Thus s € W(z*). By (4.7), we have
s'V2L(z*, \*)s > 0. (4.13)
If j & A(z”), that is, g;(z*) # 0, it yields from \ig;(2*) = 0 that \} = 0. Making

use of the twice differentiability property, we obtain

flag) = fa*) + ijgmk)

= flee) = f(@") +

NE

(A9 (k) — Ajg; (7))

1

<.
Il

= (V@) + X)) sulla — 'l

J

—_

1 * = * * * *
+ 582(V2f($ )+ > NV2gi())skllan — 2*|” + of |y — 27|)

J=1

= (VT + 3NV g5 ) sl — 7]

Jj=1
1 o(llxe — z**
* |2 T2 * *
_ ~sTV2L(2", A ATE 7T 1Ty,
+ l|ze — 27| (25k (z )sk + [zs — 2|2 ))
This, combined with (4.6) and (4.13), implies that,

flae) = f(@7) + Z Ajgi (k) > 0, (4.14)

for sufficiently large k. Let Ag = max A;. Then
J=Lm

> flan) = f@) + 300 X05(wk) — Do jeaqen 95 (2r) + 2270041 195 (2n)])

Qg1 (k) -+ gy (@), G 1 (), -+ G (@) )

(4.15)
Let 0 < A’ < A. By (4.9), we have
QUG (), g, (20)s G (), g ))
1 A 4.
1097 @ g @ g @) agmnp = 410
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for sufficiently large k. Note that the norms are equivalent to each other in a finite

dimensional normed space, hence

16T )y s gy () G (), s gl )l] = oY g (™ + 30 g2,

j:m1+1
for some constant ¢y > 0. Consequently
D icawn 957 (@r) + 270 1 195 ()]
Iy (@), s Gy (@), Gmaa (@), -+, G (@)1
(> gi @)+ > lgila)™") =0
jEA(™) j=mi+1
) and (4.17), we obtain

(4.17)
<

oqml —

as k — oo. By using (4.16
QUI(gr (@r), - g, (@), Gma1 ()~ g (@) )
11 (@), s g, (@), Gy (@), -+ 5 g ()1
Yjeawn 9 (@r) + 200 11 195 (@n)]
gy () s gy (), G (), -+ 5 g ()17
for k is sufficiently large. Therefore, this, combined with (4.14) and (4.15), yields

that, when k is sufficiently large, we have

P(zk,q) — P(z*,q) > 0, (4.18)

_AO > 0,

which is a contradiction. |

4.4 Global exact penalty functions

Definition 4.4.1 Let z* € X, and V(z*) C R" be a closed subset and f : R — R

be twice continuously differentiable at x*. We say that a generalized representation
condition holds for f at x* with respect to n(x,z*) € V(x*) if, for every x € R",

F@) = @)+ VHE) (0= a) + gnle,a) VS @) (419)

Definition 4.4.2 We say that a pair (x*, \*) satisfies the second order global suffi-

cient condition if,

V. L(z*, A7) = 0,
gi(z*) <0, j=1,--+,m
N>0, =1, m (4.20)
Ngi(z*) =0, j=1,---m
gj(x*) =0, =my +1



and
y ' VZL(z*, Ny >0, Yy € V(z¥), (4.21)

where V(z*) C R" is a closed subset, and f,g;(j =1,--- ,m) satisfy (4.19) with the

same n(x,z*), n(-,2*) : R* — V(z*) is continuous.

Theorem 4.4.1 If there exists qo > 0, such that x* is a global solution of the penalty
problem (Pg) for any q > qo, where P(z,q) is defined by (4.1) with Q satisfying (4.2),

then x* is a global minimum of the constrained optimization problem (Py).

Proof:  We first show by contradiction that x* € X,. If x* is infeasible, then
(i (@), g, (@), a1 (@), -+, g (@) || > 0. Since @ satisfy (4.2),

QUI(g (%), -+, gh (%), gmys1 (), -+, gm(2™))]]) > 0.

Choose a z, € Xg, then

QUIGT (), g, (22), G 11 (), -+, g ())]]) = O.
bet f) - fa)
Ty) — xr
4> max G 0 (), Gy 11 (27), @
We then conclude that

f@) = fle) +aQUI(g7 (@), 5 g, (@), G (24), -+ g (@) |])
> f(2") + qQI(gr ("), -+ gy () Gy i1 (27), - -+, g (@) )
> f(2.),

which is impossible. Thus, z* € X, and

QUI(g ("), s gy (&), Gy 1 (27), -+ g (7)) = 0.

Therefore, for each x € X,

f(@*) =p(z*,q) < P(x,q) = f(x).

Hence, z* is a global solution of the constrained optimization problem (P;). |

Theorem 4.4.2 Suppose that (x*, \*) satisfies the second order global sufficient con-

dition. Assume that one of the following conditions holds:
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(i) im sup, o f(z) = +o00;
(i) liminf o0 gj(x) = a >0, for some j € {1,--- ,m}.

Then there exists qo > 0, such that x* is a global solution of the penalty problem

(Pg) for any q > qo, where P(x,q) is defined by (4.1) with Q satisfying (4.2)-(4.4),
0<pg <1

Proof:  Arguing by the contradiction, we may assume that there exist {g;} and

{zx} with g, > 0, x # 2%, ¢x — oo such that
Plak, qr) < P(27, qr), (4.22)
that is,

k) + @@ (@r), -+ s Gy (@8); Gy 1 (@r), -5 gm(z))]) < f27). (4.23)

Consequently
flar) < 7). (4.24)

We claim that {z} is bounded. Indeed, if {z}} is unbounded, we may assume that
|xk|| — oo as k — oo. By assumptions (i) and (ii), either lim sup,_, . f(zx) = +0o0,
a contradiction with (4.23), or, for some jy, liminf; . g;,(zx) = a > 0, which
implies that there exist a subsequence {xy,} C {zx} and 0 < Iy < +o0 such that

H(gii_(xkz% e ?g;1<xki)agm1+l(xk’i)7 T 7gm($kz))H - lO‘
Hence, by (4.4), we have

qsz(”(gf_(‘rkz)’ e 797_;1(xki)79m1+1(xki>7 e ng(xkz))”) — 00 as i — o0,

a contradiction with (4.23). Therefore {z;} is bounded. We can assume, going if

necessary to a subsequence, that z; — xo. From (4.23), we have

1091 (20)s -+ Gy (20) G +1(T0) -+« G (20)) || = 0 (4.25)
That is, zg € Xj.

Since f(z), and g¢;(z)(j = 1,--- ,m) satisfy the generalized representation con-
dition at z*, there exists n(x, z*) € V(z*) such that

02 flog) = F7) = V@) (= 2) + gnln,a) Ve, a), (1.26)
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* * * 1 * * *
g7 (rx) = maas {0,,(") + Vg (a) (0x = %)+ L, 2°) Vg, (a Yl a)},
where j € A(x*), and
* * * 1 * * *
|9 ()| = lg;(@") + Vg (a*) " (wy, — a*) + 577(%»517 ) V2 g; (" )n(an, )],
where j = my; + 1,-- -, m. Note that

lim max {0, Vg;(z*) " (z, — %) + =n(zn, 2*) ' V2g;(a*)n(zn, 2*) }

koo , (4.27)

= max {0, Vg, (") (w0 — 2°) + g0, 2°) V" In(ao, )},
for each j € A(x*), and

Tim [Vg,(a") T (o = 2%) + 500, 2%) V205" ()
e . (4.28)
= [Vg3(e") (w0 — 2°) + (e, 2°) Vg5 (o, 2°)]-

for each j € {m; + 1,---,m}. Since ¢4 — 00 as k — o0, it follows from (4.23),
(4.26), (4.27) and (4.28) that

V) (o — 1) + gnlro,a) VA n(an, 7)< 0, (4.20)

1
max {07 ng<il§'*)T<£L'0 - .I'*> + 577(550, x*>TV29j($*)77(1’07913*)} = 07

for each j € A(x*), and

* * 1 * * *
]ng(x )T(IBO — ") + on(wo, @ )Tv2gj(95 In(zo, 2")| = 0.

2
for each j € {my +1,--- ,m}. Hence
1

Vgi(a*) (wo — 2*) + 3120, ) TV2g; (2" )n(xo, ) <0, (4.30)

for each j € A(2*), and

* * 1 * * *
Vi (@) (wo — 2*) + 5M(z0, )" V2g;(x*)n(xo, ) = 0, (4.31)
for each 7 € my + 1,--- ,m. It implies from the second order sufficient condition

that V,L(z*, \*) =0, i.e.,

(V@) + DXV gi(a) (= 27) = 0, (4.32)

7j=1

Ngi(x*) =0, j=1,---my,g;(z") = 0,5 =mi +1,--- ,m, (4.33)



and that
77(1% x*>TV2L({E*, )\*)7]<xk7 x*) Z 0.

(4.34)

Thus, by the generalized representation condition, (4.32), (4.33) and (4.34), we have

flay) + Z Ajgi(wy) > f(z7).

By (4.3), there exist ¢, > 0, 0 < Ay < A such that
Q) > Mt’. Y0 <t <t

It follows from (4.25) and (4.36) that

Q(H(gii_(ajk)? T vg:_u (xk)7 gml-&-l(xk)? o ’gm<$k))H)

> Al”(gf_(xk)? o 797—;1 (:L‘k), gm1+1(mk)u T >gm(l‘k))

> MY i @)+ Y g’
j=1 j=mi+1

for k£ large enough, where A, is some positive constant.
Case 1. f = 1. For k large enough, by (4.37) we have

P(xg, qx) — P(2", qx)
=f () = f(@) + Qg7 (1), -+ Gy (T1)s Gy 41 (),

> fw) = F@) + (Yo Ng @)+ Y Xl

j=mi+1

> fla) = f(2) + 3 Ngi(en) = 0,

which contradicts (4.22).

Case 2. 0 < < 1. (4.24) and (4.35) imply

> Xigj(ax) >0, Vk.

Jj=1

That is, by generalized representation condition,

[

o gm(k)) )

m . 1 * * *
>N (Vs () (n = 2%) + 5n(wa, ") V22 n(ea, ) > 0.
j=1

2
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Let k — oco. Then

Z A <ng(x*)T(x0 — ") + %n(x, 20) " V2g; (z*)n(x, xo)) > 0. (4.39)

If j & A(x*), that is, g;(z*) # 0, it yields from \jg;(z*) = 0 that A7 = 0. Thus by
(4.30), (4.31) and (4.39) we have

X (Vo) o = 27) + g ) V(e nleo,a)) =0, (440

Let A3 > sup A} > 0. Since also 0 < 8 <1, by (4.37), we have

jzlv"'am

=f(an) = f(@") + aQUI(g] (@), Gy (@), G2 (T1), -+, G (@) [])

m B
> f(xi) — f(z%) + qj\% <Z )‘;gj(xk))

3 j=1

=f(zx) — f(z") + Z A;95(x)

m B m 1-8
. QA .
+ (Z Ajwk)) i (Z Ajgjm))
j=1 3 7j=1

=f(zx) — fla*) + Z Xig;(ax)

m B m
+ (Z /\]g](xk)> < AﬁQ — <Z)\J (Vg](:p )T(l‘k — T )
J=1 3 J=1
1 *\ T v72 * * 1-5 :
+ 577(:17”,:17 ) Vigi(a®)n(z,, x ))) ), for sufficiently large k.
It implies by the above inequality, (4.35), (4.38) and (4.40) that, for k large enough,
P(.Tk,Q) - P(x*7Q> > 07

which contradicts (4.22). |

Example 4.4.1 Let § =1/2. Consider the problem

minl, s.t. — 2% =0.
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The penalty function s
Gg(w) =1+ q — 2*]P = 1+ qlz].
x* =0 15 a global minimum of the penalty function. Let
L(z,\) = 1+ A(—2?).

Then
VL(x*, \*) = =2\"2* =0, \* = —1,
V2L(2*, \*) = =2\ =2 > 0.
Second order global sufficient condition is satisfied. But conditions (i) and (ii) of

Theorem 4.4.2 are not satisfied. Thus condition (i) or (i) is only a sufficient con-

dition.

Under further assumptions on the objective and constraint functions of the con-
strained optimization problem (P;), we can obtain more specific representation of
the set V' (z*).

Assume that f(x),g;(z),j =1, - -, m satisfy the following conditions at z*, for

every x € R™, there exist a(z, z*) > 0:

fla) = f@) + V@) (z—a") + %a(ﬂ% 2*)(x —27) 'V f(a")(x — 27)(4.41)

9i(x) = gj(2") + Vg;(a*) (& — 2") + %04(33, ) (x — 2%) ' V2g;(2") (@ — 27)(4.42)

where j =1,--- ;m, and lim, .+ a(x, 2*) = 1.
It is clear that, for a quadratic function f(z) = 127 Az +b"x + ¢, we have
* * * 1 * * *
f@) = f@") + V") (2 —a%) + 5o = 27) V) (@ = 2),

. . . T
and, for a linear fractional function f(z) = ZT;CIZ’ we have

1b'x+s

f@)=f@*)+ V@) (x —a") +

Therefore, quadratic functions and linear fractional functions satisfy (4.41) and

(4.42) with o(z,2*) =1 and a(z,z*) = bbTTfjfs respectively.
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Let 2* € R", and A(z*) = {j € {1,--- ,m1}|g;(2*) = 0}. Define

VT f(z*)y <0,
Vigi(a)y <0,  jeA) . (4.43)
ngj(.T*)y:(L j:m1+17"'7m

Vi(z") =q0#yeR"

and

(Vf(@*),y) + ta(y, 2")y V2 f(z*)y <0,
Va(z") = {0 £y € R"|(Vg;(z*),y) + taly, z*)y T V2g;(z*)y <0, J € Az")
(Vgi(z*),y) + 3a(y, 2"y Vig;(z*)y =0, j=mi+1,---,m
(4.44)

We have

Theorem 4.4.3 Let0 < 3 < 1 and Q satisfy (4.2) - (4.4). Suppose that f(x), g;(z),
Jj=1,--- m satisfy (4.41) and (4.42), and that (x*, \*) satisfies (4.20), and (4.21)
with a strict inequality, where V(x*) replaced by Vi (x*) U Va(z*), Vi(z*) and Va(z*)
are defined by (4.43) and (4.44), respectively. Assume that one of the following
conditions holds:

(i) im sup, o f(z) = +o00;

(ii) liminf),)—00 gj(x) = a > 0, for some j € {1,--- ,m}.

Then there exists qo > 0 such that x* is a strict global solution of the penalty problem
(Pg) for any q > qo, where P(x,q) is defined by (4.1).

Proof:  Arguing by the contradiction, we may assume that there exist {q;} and
{zx} with g > 0, x # 2%, ¢ — oo such that

P(zy, qr) < P(z", qr), (4.45)
that is,

F@e) + aeQUUI (g (@e) s+ s gy (@), Gmaer (@), - g (@p))]) < f(27). (4.46)

Consequently
fzr) < flz7). (4.47)
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Similar to the proof of Theorem 2.5.1, we obtain that {x)} is bounded, and going if

necessary to a subsequence, x;, — xg € Xj.
Case 1. zg = z*. We have limj_,, g;(zx) = g;(z*). By (4.3), we have

o QUG @003, @) g (w0), - ()]

>A>0. 4.48
A T ), 95 (20 s @) s gmE@ P > (4.48)

Let zp = x* + 0s, where s, € R, |[sg]| = 1 and & > 0 for each k. Clearly,
dr — 0 and there exists a convergent subsequence of the bounded sequence {sy}
converging to some s*. Without loss of generality, we assume that the sequence
{sk} itself is convergent to s*. Now by (4.47), (4.41) and (4.42), we have

2
0> f(zgx) — f(x¥) = p(Vf(x¥),sk) + %koz(xk, x*)s) V2 f(x") sy, (4.49)
2
0 a) — 0,(0") = 6V, a"), ) + Koo, o) Vg )se, (450)

for each j € A(x*), and

gj(xr) — gi(x%) = p(Vyg;(a"), sp) + Eka(:ﬂk,x )sp V2g;(x*)si, (4.51)

for each j € {my +1,--- ;m}. Then

Py, qr) — P(z", q1)
O
F(0) + QU6 (12,05, (52), g1 8), - g2 ) = £ )
Ok
= (V7)) + a2 )9

Q(||(gf_($k>, T 7ngrrL1 (xk)7 gm1+1(xk)7 T 7gm(xk))”)

H(gf(mk), T 7g$1(xk)agm1+1(xk>7'” , gm (21))]|°
(g5 (@r), - s g, (@) Gmasr (k) -+, G ()| 501
57 b

0>

+ Gk

Since 0 < [ < 1, the above inequality, combined with (4.48), (4.49), (4.50) and
(4.51), yields
(V(z"),s") <0,

(Vgj(z*),s*) <0, jeA(z"),
and
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Thus, s* € Vi(2*). Since (2*, A*) satisfies the second order sufficient condition (4.20),
* T w72 * *\ ok

s* VAL(x*, \")s* > 0. (4.52)

Multiplying (4.50) and (4.51) by A%, add these to (4.49), and use (4.52), we obtain

flaw) = fla") + 2275 (N g(@) — Ajgi(2%))
= %(a(xk, x*)s) V2 f(x*) sy, + > ey g, x*)A;s;ng(x*)sk) > 0,

for sufficiently large k. Similar to the proof of in (4.16), (4.17) and (4.18) in Theorem
4.3.1, we have
P(xIka) - P(x*7Qk) > 07

which contradicts (4.45).

Case 2. xo # z*. Similar to the proof of (4.29), (4.30) and (4.31) in Theorem
4.4.2, we have

(V5(a), 20 — 2+ gala, 2*)m — ) V2 f () — 1) < 0,

1 . "
(Vgj(z™),xo — z™) + ia(xo, ") (zg — x*)TV2gj(x*)(x0 —2*) <0, j€ A(x"),

1 )
(Vgj(z"), xo — ") + 504(%, ") (zo — x*)TV2gj(x*)(x0 —2") =0, j=my+1,---,m.

Therefore, g — x* € Va(x*). By the assumption, we get
(zg — ") "' V2L(2*, \*) (29 — 2*) > 0.
Similarly, we can obtain (4.35)-(4.40) given in Theorem 4.4.2, and then
P(xy, qr) — P(z*, qr) > 0,
for k large enough, which contradicts (4.45).

Thus, there exists gy > 0 such that z* is a strict global solution of the penalty
problem (Fyp) for any ¢ > qo. |

If we only consider the following inequality constrained optimization problem

inf f(x)
(FRy) st.x e R",
gi(x) <0, j=1,--m,
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where f(z),g;(z),j =1,---,m are convex quadratic functions. That is,

f(x) = 32" Aoz + (bo, x) + co,

4.53
gj(x):%J:Tij+<bj,x)+cj7j:1’...7m’ ( )

where A; is an [ x [ positive semi-definite symmetric matrix, b;, z; € R" and ¢; is a
constant, j =0,1,---,m. Let 2* € R", and I(2*) = {j € {1,--- ,m}|g;(z*) = 0}.

Define
<A01'* + bO; y> S 07

(Ajx* +bj,y) <0, jel(x) p, (4.54)
y 70,

Vi(z*) = ¢y eR"

and

(Aoz* + bo,y) + 5y " Aoy <0,

(Ajz* +bj,y) + 3y T Ajy <0, jel(z*) p. (4.55)
y # 0,

V(") = qy €R"

Then, by Theorem 4.4.3, we have

Corollary 4.4.1 Let () satisfy (4.2) - (4.4) and 0 < 3 < 1. Suppose that f(x), g;(z),
j=1,---,m, are convex quadratic functions defined above, (x*, \*) satisfies (4.20),
and (4.21) with a strict inequality, where V (z*) is replaced by V/(z*). Assume that

one of the following conditions holds:

(1) lim SUD 4| o0 f(z) = +oo;

(i1) iminf| ;|00 g;(x) = a > 0, for some j € {1,--- ,m}.

Then there exists qo > 0 such that x* is a strict global solution of the penalty problem
(Pg) for any ¢ > qo.

Proof: Since f(z),g;(x),j =1,---,m, are convex quadratic functions, Vj(z*) C

V] (x*). Therefore, the conclusion of this corollary follows from Theorem 4.4.3. |

Corollary 4.4.2 Let 3 = 1 and Ajz* + b;,5 € I(x*), are linearly independent.
Suppose that the other conditions in Corollary 4.4.1 are satisfied. Then there exists
go > 0 such that x* is a strict global solution of the penalty problem (Pg) for any

q > qo-
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Proof: It is easy to check, all conditions in Proposition 4.3.1 are satisfied. Thus,
x* is a strict local minimum for (/). Note that f(z), g;(z),j = 1,---,m, are convex,
z* is a strict global minimum for (F). Since A;z* + b;,j € I(z*), are linearly
independent, the constraint qualification condition (4.8) hold at z*. By Theorem
4.4 in [52], there exists ¢, > 0 such that z* is a local solution of the penalty problem

(Pg) for any ¢ > q..

Now we claim that, there exists gy > q., such that z* is a global solution of the
penalty problem (Fp) for any ¢ > ¢o. By contradiction, suppose that there exist
{qr} and {z}} with ¢x > 0, x} # x*, g — oo such that

P(xi,qr) < P2, q1). (4.56)
Similar to the proof of Theorem 4.4.2, we obtain that {z}} is bounded.

Let ¢ > ¢., and let O be a compact set such that z*, z} € int(O), where k =
1,2,---, and int(O) denotes the interior of O. Let

X:{ZL'E Og](l‘) <0,5=12-- am}'
Then X is a compact set. There exists a neighborhood N(x*,,+) of z*, such that
P(z,q) > P(z",q), Vz€ N(z"d,-)\{z"}. (4.57)

Furthermore, since f(z) > f(x*) for any z € X \ {x*}, there exists a neighborhood
N(z,d,) of x, such that

fly) > f(z"), Vye€ N(z,d,).

Consequently,

P(y,q) = f(y) + qQI(g7" (), -, g (2))I])

> f(y) > f(a") = P(a*,q), (4.58)

for any

Yy < U N(ZL’,(sz)

zeX\{z*}

By the compactness of X, there exist x; € X,i=1,2,---, K, such that

xc | N,d,).

i=1,2, K

Therefore, it follows from (4.57) and (4.58) that

P(y,q) > P(z*,q), Yye |J N(zi6.)\{z"}. (4.59)

i=1,2, K
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Since @ : Ry — R is a continuous function and satisfies (4.2), O\ |y  N(z;,6s,)
i=1,2, K
is a compact set and

(g3 (), gDl > 0,7y € O\ (] N(ai,0z),

i=1,2, K

there exists a pg, such that

QUIGT W)+ s gh D) > po, Yy € O\ | N(xi,ds,).

i=1,2, K

Let b
* a—
q" = max{q., —},
Po

where a > maxyco f(y),b < mingeo f(y). Then when ¢ > ¢*,

P(y,q) = f(y) +qQ(ll (91 (), -, g (@))]])
> b4 ELpy + P(z*, q) — f(z¥)
> P(z*,q).

i

forany O\ | N(w4,0,,). This, combined with (4.59), yields that

P(y,q) > P(z%,q), (4.60)

for any y € O\ {z*}, when ¢ > ¢*. Note that z} € int(O), k = 1,2,---, (4.56)
contradicts (4.60). Therefore, the conclusion holds. |
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Chapter 5

The Existence of a Solution for an
Optimal Control Problem
Governed by a Variational

Inequality

5.1 Introduction

In this chapter, we study an optimal control problem where the state of the system
is defined by a variational inequality problem. As an useful practical problem, the
optimal control problem has attracted a lot of people to deal with it. In the liter-
ature, many authors have discussed similar problems concerning different aspects.
See, [3, 7, 10, 11, 37, 38, 39, 76, 77, 124]. In [3], Adams et al. considered an optimal
obstacle problem for an elliptic variational inequality for the homogeneous case, and
established the existence and uniqueness of the optimal control problem. Chen stud-
ied an optimal control problem for a coupling system of a semilinear elliptic equation
and an obstacle variational inequality in [21]. Lou considered the regularity of the
obstacle control problem in [76, 77] for the homogeneous case with the major term
being p—Laplacian. Bergounioux and Lenhart [12, 13] studied an obstacle optimal
control problem for semilinear and bilateral obstacle problems. Recently, Ye and
Chen [124] obtained the existence of an optimal control of the obstacle in a quasi-
linear elliptic variational inequality. Approximating the variational inequality by a

family of quasilinear elliptic equations, and using the weak convergence methods,
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they establish some optimality conditions. In this chapter, we consider an optimal
control problem governed by variational inequality with monotone type mappings
in reflexive Banach spaces and apply our results to an optimal control problem

governed by a quasilinear elliptic variational inequality.

The outline of this chapter is as follows. In Section 5.2, we present basic defini-
tions, notations and some preliminary results. In Section 5.3, we establish some exis-
tence results of a solution of variational inequality problems for generalized pseudo-
monotone mappings and perturbed maximal monotone mappings respectively. In
Section 5.4, we consider an optimal control problem governed by variational inequal-
ity with monotone type mappings in reflexive Banach spaces, which is more general
than the problem (1.1) in Chapter 1. We obtain some existence results for this
optimal control problem. In Section 5.5, as an application, we consider the opti-
mal control problem governed by quasilinear elliptic variational inequality with an
obstacle. By using the results obtained in Section 5.4, we obtain several existence

results of optimal controls of this optimal control problem.

5.2 Preliminaries

In the following, let X be a real reflexive Banach space, X* its dual space. We
assume that the space X has been renormed so that X and its dual space are locally
uniformly convex. Without confusion, the norms of X and X* are denoted by the
same notion || - ||. For x € X and z* € X*, the symbol (z*,z) stands for the

value of z* at x. Let Y be another real Banach space. For a multi-valued mapping
T:X —2Y, we set
D(T) ={z e X: Tz # 0},
R(T) = | J{Tz:z € D(T)},
and
G(T)={[z,u] : 2 € D(T),u € R(T)}.
T : X — 2Y is said to be finitely continuous if 7" is upper semicontinuous from the

topology of each finite-dimensional subspace F' of X to the weak topology of Y.
Definition 5.2.1 Let T : X — 2% be a multivalued mapping.

(i) T is said to be monotone if, for any x,y € D(T), the inequality

(w—v,z—y) >0
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holds for allw € T(x),v € T(y); A monotone mapping T is said to be maximal
monotone, if V[y,v] € G(T), the inequality (w—v,x—1y) > 0 implies x € D(T)
and w € T'(x).

(i1) T is said to be pseudo-monotone if, T satisfies

(mq) T(x) is a nonempty, bounded, closed and conver subset of X* for each
x € D(T);

(mg) T is finitely continuous;

(mg) for each {y;} C D(T), w; € T'(y;) satisfying y; — yo € X and

lim sup(w;, y; — yo) < 0,

Jj—o0
then, for every x € X, there exists w(z) € T(yo) such that

(w(z),yo — =) < liminf(w;,y; — ).
Jj—00
(i1i) T is said to be generalized pseudo-monotone if, (my) given above is satisfied
and, for every pair of sequences {y;} and {w;} such that w; € T'(y;), y; — o,
w; — woy and

lim sup(w;, y; — yo) < 0,

J—00

then, we have wy € T(yo) and (w;,y;) — (wo, Yo)-

(iv) T is said to be of class (S)4 if, (m1) given above is satisfied and, for {y;} C
D(T), yj — yo € X, w; € T(y;) satisfying imsup(w;,y; — yo) < 0 implies
Jj—o00
that y; — o.
(v) T is said to be quasi-bouneded if, for each M > 0, there exists a constant
K (M) > 0 such that whenever [u, w] lies in the G(T') and (w,u) < M||ul|, ||u] <
M, then ||w| < K(M).

(vi) T is said to be demicontinuous if each y, — yo, w, € T(y,), there exists a

subsequence {w,, } C {w,} such that w,, — wy € T(yo).

(vii) T is said to be quasi-monotone if, (my) given above is satisfied and, for {y;} C

D(T), y; — v € X, w; € T'(y;), we have

lim sup(wj, y; — yo) > 0.

J—00
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Definition 5.2.2 A mapping Ty : X — X* is said to be T-pseudo-monotone in
Browder’s sense ([16]), if for V{y;} C X,y; =y € X and a bounded sequence {w;}
with w; in T(y;), suppose that limsup(To(y;),y; —y) < 0. Then Ty(y;) = To(y) and

J—0o0
(To(y;),y; —y) — 0.

By Pascali and Sburlan ([89] Proposition 1.3 on p.98 and Theorem 2.4 on p.106),

we have

Proposition 5.2.1 A pseudo-monotone mapping is generalized pseudo-monotone.
Moreover, a bounded generalized pseudo-monotone mapping which satisfies (my) is

pseudo-monotone.

Proposition 5.2.2 Any maximal monotone mapping A : X — 2%X" with D(A) = X

is a pseudo-monotone,
For basic properties of monotone type mappings, we refer to [17, 18, 89, 126].

Let @ be the set of all continuous and strictly increasing functions ¢ : Ry — R,
with ¢(0) = 0 and lim, ., ¢(r) = co. Let ¢ € ® and define J; : X — 2% as follows:

Jo(x) = {a" € X2 (", x) = [|2"|| =[], [l=7[] = o(l[]])}- (5.1)

By the Hahn-Banach Theorem, Jy(x) # 0 for any z € X. Since the space X
and its dual are assumed to be locally uniformly convex, the duality mapping Jy is

single-valued and continuous. From [108], J4 is monotone, and is a mapping of class

(5)+-

The following lemma can be found in Browder ([17] Lemma 1).

Lemma 5.2.1 Let E be a Banach space, {x,} a sequence in E, and {a,} a sequence
of positive constants with o,, — 0 as n — oo. Fix r > 0 and assume that for every
h € E* with |h|| < r there exists a constant Cy, such that (h,x,) < ay||z,|| + Ch,

for all m. Then the sequence {x,} is bounded.

Let 0 € K, and K be a closed subset of X, T': X — 2X" with D(T) = K which

satisfies the following condition:

(a) there exists z, € K such that

lim inf (w,y —x,) > 0. 59
yeKa||y||—’OOweT(y)< Y= ) (5.2)
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If there exist yo € K, and wy € T'(yp) such that
<U)0,.fL'—yo>20, vxEKa
we call that the variational inequality problem (denote as VIP(T, K)) has a solution.

We denote by A the family of all finite-dimensional subspaces F' of X, with F
containing z, of condition (a), ordered by inclusion. Let Kp = K] F. For each
F e A, we set

Vik ={y € K : there exists w € T'(y) such that Vo € K, (w,x —y) > 0}.

Let V&' be the weak closure of Vp.

Lemma 5.2.2 ([60] Lemma 2) Let K be a nonempty, closed and convezr subset of
X and let T : X — 2% be a multivalued mapping with D(T) = K and T(z) a
nonempty, bounded, closed and convexr subset of X* for each x € K. Suppose that T
satisfies condition (a) and, for each F € A, T : Kr — 2% is upper semicontinuous
from the topology of F' to the weak topology of E*. Then (\pcy Vi # 0.

Lemma 5.2.3 Let K be a nonempty, closed and convex subset of X and let T :
X — 2% be a demicontinous mapping of (S)y with D(T) = K. Assume that T
satisfies condition (a). Then the variational inequality problem VIP(T,K) has a

solution.

Proof: By Lemma 5.2.2, there exists a yo € (\pen Ve, For cach z € K, we can
find a F € A such that x € F, yo € F. Since yo € Vi, there exists {yn} C VF such
that y, — yo. By the definition of Vg, there exists w, € T(y,) such that

(Wp, T —yn) >0, (5.3)
and
<wn7y0 - yn> > 0.
Consequently,
lim sup(wn, yn — yo) < 0. (5.4)

Since T' is a demicontinous mapping of (5), it follows from (5.4) that we have
limy, 00 Yn = Yo, and there exists a subsequence {w,, } C {w,} such that w,, —
wo € T'(yo). Hence, by (5.3), we have (wg,z — yo) > 0,Vx € K. |
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Lemma 5.2.4 Let K be a nonempty, closed and convex subset of a reflexive Banach
space X and let T : K — 2% be a bounded generalized pseudo-monotone mapping
with conditions (my), (ms) and D(T) = K. Assume that T satisfies condition (a).
Then the variational inequality problem VIP(T, K ) has a solution.

Proof: Similar to the proof of Lemma 5.2.3, again by Lemma 5.2.2, there exists
a Yy € ﬂFeAW. For each z € K, we can find a F' € A such that x € F, y, € F.
Since yo € Vi, there exists a sequence {yn} C VF such that y, — yo. By the
definition of Vg, there exists w, € T(y,) such that (5.3) and (5.4) hold. Since
{yn} is bounded and T is a bounded generalized pseudo-monotone mapping, {w,}
is bounded. Thus, there exists a subsequence {w,, } C {w,} such that w,, — wy.
From (5.4), we have wg € T'(yo) and

<wnk.7 ynk> - <w07 ?Jo>
Hence by (5.3), we have

(wo,x —yp) >0, VzeK.

Lemma 5.2.5 (/60]) Let K be a nonempty, closed and conver subset of X. Let
T : X — 2% is a bounded mazimal monotone mapping such that D(T) = X and
Ty : K — X* is a finitely continuous T-pseudo-monotone mapping. Assume there
exists ., € K such that the following condition is satisfied,

(d)  lim inf (w+ To(y),y — xs) > 0.

YEK, ||yl —o0 weT (y)

Then VIP(T + Tp, K ) has a solution.

5.3 Existence of variational inequalities for per-

turbed maximal monotone mappings

We denote by I' the set of all functions § : R — Ry such that g(r) — 0 as r — oo.

Theorem 5.3.1 Let K be a nonempty, closed and convex subset of X, 0 € K and
let T : X — 2% be a bounded finitely continuous generalized pseudo-monotone

mapping with D(T) = K. Assume that T satisfies the following condition:
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(b) For every s € X* with ||s|| < r there exist s € K and = s € I' such that

inf (w—s,y—xzs) > —=B(yl)|lv]-
weT'(y)

Then there exist yo € K, and wy € T'(yo) such that

<w07x_y0> 207 Vi € K.

Proof:  First, we claim that, for any [y;, w;] € G(T) satisfying y; — yo € K,

lim sup(w;, y; — yo) > 0. (5.5)

J—0o0
In fact, if it is not so, there exist y; € K, w; € T(y;),y; — yo € K, such that

lim sup(w;, y; — yo) < 0. (5.6)

J—00

From the boundedness and the generalized pseudo-monotonicity of T, we obtain

that, there exists a subsequence {w,, } € {w;} such that w; — wy € T'(yo), and

khm <wjk7 yjk) - <w07 yO)‘
—00

Therefore,

lim <wjk7yjk - yO) =0,

k—o0

which contradicts (5.6).

Next, we claim that T+ %Jd, is a mappings of (5), for a fixed positive integer n
and ¢ € ®. In fact, for any [y;, w;] € G(T) and v/ € J4(y;) satisfying y; — yo € K,

_ 1
lim sup(w; + ﬁvjj,yj — 7o) < 0.

Jj—oo
By (5.5), we may assume without loss of generality that

lim (w;, y; — yo) > 0.

Jj—oo
Thus,
: : 1 :
lim sup(v}],yj — ¥o) < n(limsup(w; + ﬁvj‘»],yj — Yo) — jlim (wj,y; —yo)) < 0.
Jj—00 Jj—00 o0

Since Jy is a mapping of class (S)4, y; — yo. Therefore, T + %J(z) is a mappings of
(), -
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Then, we claim that, for each positive integer n, T + %J¢ satisfies (5.2) in condi-
tion (a). Let y € K, y # 0, vy € J,(y) and w € T'(y). Since T is bounded, T is qua-
sibounded. By Lemma 2.1 in [49], there exists a ¢ € ® such that (w,y) > —o(||y]|).
We may choose the same ¢ € ® such that

1
Iyl

Je(llyIDlyll-

SRS

1 1
(w+—vry) 2 =o(llyl) + —o(llyIDlyll = (
Thus, T + £ J, satisfies (5.2) in condition (a).

Therefore, all conditions in Lemma 5.2.3 are satisfied. By Lemma 5.2.3, for each
positive integer n, there exist y,, € K, w, € T'(y,) such that
1
(Wp + —=JYp, x —Yn) >0, VzekK.
n

Consequently,

(wn, yn — x) < —%QS(HynH)(HynH —llzll), VreK. (5.7)

We claim that {y,} is bounded. If not so, then without loss of generality, we
may assume that ||y,|| — oo as n — oo. Since T satisfies the condition (b), from
(5.7) we have

=By DIynll < (wn = s,yn — x5)
< = (5,90 — s) — 7Oyl (lyall — llzs])
S _<Sayn - xs>7

for all large n, since ||y,|| — oo as n — oco. Therefore

(s,yn) < (8,25) + B({ynlDlynll

By Lemma 5.2.1, {y,,} is bounded. This contradicts ||y,| — oo asn — oo. It follows
from the boundedness of T' that {w,} is bounded. Without loss of generality, we

may assume that y, — yo and w,, — wy. Again by (5.7), we get

lim sup(w,, y, —z) <0, VreK. (5.8)

n—oo
Thus, limsup,, . (Wn, yn — yo) < 0. Since T is a generalized pseudo-monotone

mapping, wy € T'(yo) and lim,, oo (wWy, Yn) = (wo, o). Therefore, by (5.8), we have

(wo,x —yo) >0, Vre K.

It is noted that the coercive condition (b) has been used in [48, 49], which is

weaker than the one in Browder’s result (see [17]).
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Theorem 5.3.2 Let K be a nonempty, closed and convex subset of X, 0 € K, and
let A: X — 2% be a mazimal monotone mapping (not necessarily bounded) with
D(A) = X and [0,0] € G(A), T : X — 2X" be a quasi-bounded finitely continuous
generalized pseudo-monotone mapping with D(T) = K. Assume that A+T satisfies
the condition (b) given in Theorem 5.3.1. Then VIP(A+T, K ) has a solution.

Proof: By Pascali and Sburlan ([89] Lemma on p.142), monotone mapping A :
X — 2% with 0 € IntD(A) is quasi-bounded. It is clear that, for any [y;, a;] € G(A)
satisfying y; — yo € K, we have

lim sup(a;, y; — yo) > 0. (5.9)

J—00

Since T is a bounded generalized pseudo-monotone mapping, (5.5) given in the proof
of Theorem 5.3.1 also holds. Since J, is a mapping of class (5)4, by (5.5) and (5.9),
we conclude that A+ T + %qu is a mappings of (5), for a positive integer n.

Let y € K, y # 0, vy € Jy(y) and w € T(y). The monotonicity of A and
[0,0] € G(A) imply that Va € A(y),(a,y) > 0. By the boundedness of 7' and
Lemma 2.1 in [49], there exists a ¢ € ® such that (w,y) > —o(||y||). Since

(a4 w+2vy,y) > (w+ Lvy,y)
> = ([lyll) + wollyDIly (5.10)
= (= poeUlyiDIlyll,

A+T+ %qu satisfies the condition (a). By Lemma 5.2.3, there exist y, € K, a, €
A(yn), w, € T(y,) and v, € Jy(y,) such that

1
(ap +wp + —vp,x —y,) >0, VrekK. (5.11)
n

Thus,
1
{n + wn g = 2) < == 0([lgal)(lyall = lll)), Vo € K. (5.12)

We claim that {y,} is bounded. If it is not so, then without loss of generality, we
may assume that ||y, || — oo as n — co. Thus, ||y,|| — ||=|| > 0 for all large n. Since
T satisfies the condition (b), For every s € X* with ||s|| < r there exist z, € K and
0 = B, € I" such that

inf (w—s,y—xzs) > —6(yl)]yl-
weT (y)
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Hence, from (5.12), we have

=By D lynll < (2 +wn — s, yn — T5)
< <an + Wy Yn — x5> - <57yn - $S>
< — (8, Yn — Ts),

for all large n. Therefore

(8, um) < (s,25) + B({ynlDlynll

By Lemma 5.2.1, {y,} is bounded. This contradicts ||y,|| — oo as n — oo. Thus,
{yn} is bounded. Then ¢(||y,|) — 0 as n — oo. It follows from the boundedness
of T that {w,} is bounded. By (5.12), we have ||y,| < M and

1
(s yn) < = (wn yn) = —S(llynlllynll < K(M)]yall,

where M and K (M) are some positive constants. Recall that A is quasi-bounded.
Then |la,|| < K(M). Without loss of generality, we may assume that y, — o,
a, — ag and w, — wy. Again by (5.11), we get

lim sup(an, + wn, Yn — Yo) < 0. (5.13)

n—oo

Let a € A(yo), (an — @, Yn — yo) > 0. Therefore,

lim sup(wy, Yy, — vo) < —liminf{a, — a,y, — yo) + lim (@, y, — yo) < 0.
Since T is a generalized pseudo-monotone mapping, wy € T'(yo) and lim,, oo (Wy, Yn) =
{(wo, Yo). This and (5.13) imply lim sup,, . {a@n, yn —yo) < 0. By Pascali and Sburlan
([89] Proposition 1.3 on p.98 and Theorem 2.4 on p.106), the maximal monotone
mapping A : X — 2% with D(A) = X is pseudo-monotone, and hence is generalized

pseudo-monotone. So, ag € T(yo) and lim,, (@, Yn) = (a0, Yo)-

Therefore, by (5.11), we have (ag + wo, x — yo) > 0,Vz € K. i

Theorem 5.3.3 Let K be a nonempty, closed and convex subset of a reflexrive Ba-
nach space X, 0 € K, and let T : X — 2% be a mazximal monotone mapping (not
necessarily bounded) with D(T) = X and [0,0] € G(T), Ty : X — 2% be a bounded
finitely continuous generalized pseudo-monotone mapping with D(Ty) = K. Assume

Ty satisfies the following condition:

(c) there exists x, € K such that

lim inf —<v,y—x*>
veK |yl —ooveTo(w) ||yl

Then VIP(T + Ty, K) has a solution.

= +00.
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Proof: For Ve > 0, we consider the generalized Yosida approximations of 7"
T. = (T '4eJ 1)1, where J is the duality mapping, that is J = Jy, for ¢(z) =z,
Jy is defined by (5.1). By Proposition 12 in [18], 7. : X — 2% is a bounded
maximal monotone mapping with D(7.) = X and 0 = 7.(0), thus 7. is a generalized
pseudo-monotone mapping. Let & € T.(x,). The monotonicity of 7. implies that

Vw, € T.(y), (we — 0,y — z,) > 0. Hence, from the condition (c), we have

(we + v,y — x4)

lim n

X, |yl —o00 we €T (y) vETY () Iyl

> lm o WO T F 0y T} (5.14)
YE B, |yl —o0 vETH(y) Y]l

= 400.

That is, T. +Tj satisfies the condition (a). By Lemma 5.2.4, there exist y. € K, w,. €
T-(y.) and v, € Ty(y.) such that

(We +ve,x —ye) > 0,V € K. (5.15)

We claim that there exists 0 < £ < &g, such that {y.} (¢ > 0) is bounded. If it is
not so, then without loss of generality, we may assume that ||y.,| — oo as j — oo,
where ¢; — 0 as j — oo. It follows from (5.14) and (5.15) that

O Z hm lnf <w€j + U€j7y€]' - I*>
§=00 we €T (ye ) ve; €To ) 19,

g —|—O(_“)7

which is impossible. Thus, {y.} (¢ > 0) is bounded. Consequently, {w.} and {v.}
are bounded as well. There exists a M > 0 such that [|y.|| < M, [w.|| < M, |v.]| <
M(0 < e < gg). It implies from the definition of 7. that y. € (T~'+&J ')w.. Hence
there exists . € D(T') such that w. € T'(z.) and cw. € J(y. — x.), that is

ly. — .|| = ellw.|| < M < oM. (5.16)

We have ||z.|| < (g0 + 1)M. We may assume that y., — yo, w., — wp,v., — vo and

T, — To, where g5 — 0 as j — oo. By (5.16), we get 7o = yo and

lim (w,,, 2., — ye,;) = 0. (5.17)

oo
Let w € T'(yo). Since w,, € T'(x,) and T' is a monotone mapping,
(we,, Te; — Yo) = (We; — W, Te; — Yo) + (W, Te; — Yo) > (W, T, — Yo)-
Thus,
lim inf(w,,, e, — yo) > 0. (5.18)

J—0
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It implies from (5.15), (5.17) and (5.18) that

< lim Supj—>00(<w5j + ij? ysj - y0> - <w5j7y5j - y0>)
< —liminf;_oo(we,, Te;, — yo) +limj oo (we,, 2o, — ¥e;)
<0.

lim Supj_>oo <Ugj ) ysj - y0>

It implies from the generalized pseudo-monotonicity of Ty that vy € Ty(yo) and

lim <U6j7y€j> = <U0a y0> (519)

Jj—o0
This, combined with (5.15) and w,; € T'(z.,), yields
lim sup(we;, ¥e; — yo) < limsup(we;, ¥e; — ye,;) + limsup(we,, y=; — o) < 0.
Jj—00 J—00 J—0o0

Thus, by the generalized pseudo-monotonicity of T', we have wy € T'(wp) and

lim (we,, ¥e,) = lim (w,,, z.;) + im (w,,,y., — 2,) = (wo, Yo)- (5.20)

J—00 J—00 J—00
Again using (5.15), (5.19) and (5.20), we obtain wq € T (wy), vo € To(yo) and

(wo + vo, z —yo) > 0,Vz € K.

Theorem 5.3.4 Let T : X — 2% be a mazimal monotone mapping (not necessarily
bounded) with D(T) = X and Ty : K — X* be a quasi-bounded finitely continuous
T-pseudo-monotone mapping. Assume 0 € K and there exists x, € K such that
the condition (c) given in Theorem 5.3.3 is satisfied. Then VIP(T + Ty, K ) has a
solution.

Proof: We still consider the generalized Yosida approximations of T: T. = (T~!+
eJ H7L. Then T, : E — 2F" is a bounded maximal monotone mapping with
D(T.) = F and 0 = T.(0). Similar to the proof of Theorem 5.3.3, we can prove that
T. + Ty satisfies the condition (a). Thus, by Lemma 5.2.5, there exist y. € K, w. €
T-(y.) such that

(we + To(ye), x — ye) > 0,V € K. (5.21)

Similarly, {y.}, {To(y:)} and {w.} (¢ > 0) are bounded. Since w. € T.(y.),

y. € (T'+eJ Hw..
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Hence there exists z. € D(T') such that w. € T(x.) and ew. € J(y. — z.), that is

[zl < [lye = well + llell = ellwell + llyel

Thus {z.} (¢ > 0) is bounded. Passing if necessary to a subsequence, we may assume
that y., — yo, we, — wo, To(Ye;) — vo and ., — o, where ¢; — 0 as j — oo. The
generalized pseudo-monotonicity of 7. and Proposition 2 of [18] that
lim inf(w,;, e, — yo) > 0.
J]—00 '

This and (5.21) imply,

S hm Supj—»oo(<w€j + TO(yE]')J ij - y0> - <w€j7y5]' - y0>)
< —liminf;_oo(we,, e, — yo) + lim;_oo (w2, 2o, — ¥e,)
< 0.

lim SUD;j o0 <To(ysj ) Ye; — Yo)

Since Ty is T-pseudo-monotone, we have
hm<To(yej)a yaj> = (0, Yo),
and vy = To(yo). Again by (5.21), we obtain that

lim sup(we,, e, — yo) < 0.

Jj—oo
Hence, lim;_.(we;,y.,) = (wo, Yo), and wy € T'(wp). Therefore,

(wo + vo,z —yo) > 0,V € K.

Remark 5.3.1 Since we establish some existence results of a solution of varia-
tional inequality problems for generalized pseudo-monotone or T-pseudo-monotone
perturbations of maximal monotone mappings, by using the same method as the
ones in [60], we can obtain the surjective results for generalized pseudo-monotone

or T-pseudo-monotone perturbations of maximal monotone mappings.

5.4 Existence of an optimal control governed by a

class of monotone type variational inequality

In this section, we assume that W, X are two reflexive Banach spaces, U is a

nonempty, closed set of W and K is a closed and convex cone of X. Let J :
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U x K — R be a real-valued function and A: K - X*, F': K - X*, B: U — X*
be three given mappings. Consider the following optimal control problem governed

by a variational inequality:

min J(w,u)

, (5.22)
subject to (w,u) € U x K,and u € S(w),

where, for each w € U, S(w) is the solution set of the following abstract variational

inequality problem:

Find u € K : (A(u),v — u) > (F(u) — B(w),v —u),Vv € K. (5.23)

The optimal control problem (5.22) considered here is more general than (1.1)

in the following aspects:

(i) A and B do not need to be linear, F(u) does not need to be a constant
function in X* as in (1.1). In the following theorems, we will assume that A or

A — F is a monotone type mapping.
(ii) Hilbert spaces are replaced by reflexive Banach spaces.

In order to obtain the existence of an optimal control for problem (5.22), we
should ensure the existence of a solution of the variational inequality (5.23). That
is, we need to have S(w) # ¢. In the following we will give a sufficient condition to
ensure that S(w) # ¢. Recall that the definitions of monotone type mappings have
been introduced in Definition 5.2.1.

Lemma 5.4.1 Assume that W, X are two reflexive Banach spaces, U is a nonempty,
closed set of W and K is a closed and convexr cone of X. Suppose that, for each

w € U, the following coercive condition is satisfied:

<wvu>€UxK,||<w,u>ua+oo<( )(u) + B(w), u) (5.24)

Moreover, assume that one of the following conditions is satisfied:

(1) A is a continuous mapping of class (S)+ and F is a continuous and compact

mapping,

(1)) A — F is a continuous, bounded and generalized pseudo-monotone mapping.

101



Then, for each w € U, S(w) # ¢, i.e., the variational inequality problem (5.23) has

a solution.

Proof:  Notice that K be unbounded. Taking B, = {v € X : [jv| < r} and
letting K, = B, N K, we get that K, is a bounded, closed and convex subset of X.
We claim that, for each w € U, there exists u, € K, such that

(A(uy), v —up) > (F(u,) — B(w),v —u,),Vv € K,. (5.25)

Indeed the arguments used in the proof of [130, Theorem 1] show that

Naresclw(Viar) # 0,

where ¥ is the family of all finite-dimensional subspaces M of X with K, 5 =
K,.NM #0,

Vi ={ue K,: (Alu),v—u) > (F(u) — B(w),v —u) Yve K, p},VM € X,

clw(V, ar) is the weak closure of V; p;. Therefore there exists ug € clw(V; 5r) for all
M e X,

For each v € K,, we may find a finite-dimensional subspace M, of X such that
up € My and v € M. It turns out ug € clw(V; 5y, ) since My € X. Thus, there exists
{u;} C Vi, such that u; — wug, by the definition of V., we have

(Auj), uo — ug) > (F(u;) — B(w), up — uy). (5.26)

(i) If A is a continuous mapping of class (S); and F' is compact, there exists
lo € X* such that F(u;) — lp. Therefore we have that

lim sup(F (u;) — B(w), uj; — uo)

Jj—00
= limsup(F'(u;) — lo, u; — uo) + lim (ly, u; — up) + lim (—B(w),u; — ug) (5.27)
j—o0 j—00 j—o0
<0.

Hence, from (5.26) and (5.27), we have

lim sup(A(u;), u; — ug) < 0.

j—o00
Since A is a continuous mapping of class (5)4, u; — wug, A(u;) — A(ug). Thus
F(uj) — F(ug). Since v € Ky, by using the definition of V; 5, we obtain that

(A(uj),v —uj) > (F(u;) — B(w), v — uj).

102



Consequently,
(A(ug),v —ug) > (F(ug) — B(w),v — ug). (5.28)

(ii) If A— F'is a continuous bounded generalized pseudo-monotone mapping, we
may assume that A(u;) — F(u;) — to. By (5.26), we get
lim sup(A(uj) — F(Uj),Uj - U0> <0.
Jj—o0
Therefore, tg = A(ug) — F(up) and (A(u;) — F(u;), u;) — (A(uo) — F(uo), uo). Hence
(5.28) holds. The variational inequality (5.25) is solvable.

In particular, taking v = 0 in (5.25), we have
(A(uy), up) < (F(u,) — B(w), u,). (5.29)

It follows from condition (5.24) that {u,} is bounded (Otherwise if ||u,|| — oo, then
by (5.24) we get that limy,, |- ((A — F)(u,) + B(w), u,) = +00, which contradicts
(5.29)), i.e., |Ju,|| < M for some real number M > 0. Let r = M + 1. Then, for each
v € K, we can choose t € (0,1) small enough such that z = (1 — t)u, + tv € K,.
Substituting z into (5.25), we obtain that u, is a solution of the variational inequality
(5.23).

Theorem 5.4.1 Assume that W, X are two reflexive Banach spaces, J(w,u) is a
weakly lower semicontinuous function, B is continuous from the weak topology of
W to the topology of X*. Assume that the conditions in Lemma 5.4.1 are satisfied.
Then there ezists an optimal control wy € U for problem (5.22).

Proof:  From Lemma 5.4.1, it follows that, for each w € U, S(w) # ¢. Note
that S(w) is the solution set of the variational inequality (5.23) and u € S(w) is
equivalent to u € S(w). Let {(w,,u,)}neny be a minimizing sequence for problem
(5.22) such that

lim J(wy,u,) = inf  J(w,u). (5.30)

n—oo welU,uesS(w)
We claim that {(wp, u,)}nen is bounded. If not so, then there exists a subsequence

{(wn,,, Un, ) tren such that ||(wy,, un, )|| — co. It follows from the coercive condition
(5.24) that
lim (A — F)(up,) + B(wy,,), un,) = c0. (5.31)

k—o0
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By u, € K,,(0), we have
(A= F)u, + B(wy,),u, —v) <0,Vv € K. (5.32)

Let v = 0. Then, we get ((A — F)u, + B(w,),u,) < 0, which contradicts (5.31).

Hence, {(wy, t,) }nen is bounded.

By the reflexivity of W and X, there exists a weakly convergent subsequence
of {(wn, uy,)}. Without loss of generality, we may assume that (w,, u,) — (wo, ug).
Hence w, — wg € W and u, — ug € X as n — oo. Since U and K are weakly
closed sets, wy € U and vy € K. From (5.32), we have

((A— F)u, + B(wy), un, —ug) <0. (5.33)

Noting that B is continuous from the weak topology of W to the topology of X*,

we have B(w,) — B(wy).

(i) If A is a continuous mapping of class (S) and F' is compact, then there exists
an [y € X* such that F(u,) — lo. Thus,

lim sup(F(u,,) — B(wy), t, — uo)

n—oo

< lim Sup<B(w0) - B(wn)> Up — U()) + lim Sup<F(un) - lo, Up — U()>

+ lim (—B(wy), up, — o) + lm (lo, u, — uo)
= 0.

(5.33) and (5.34) imply

lim sup(A(uy,), u, — ug) < 0. (5.35)

n—oo

Noting that u, — ug and A is a continuous mapping of class (5),, it implies that

u, — ug. Therefore, by (5.32), we have
supyex (A = F)(uo) + B(wo), uo — v) <0
That is ug € Ky, (0).

(ii) If A — F is a continuous bounded generalized pseudo-monotone mapping,
then we may assume that A(u,) — F(u,) — so. Using (5.33), we have

lim sup((A — F)uy, u, — ug) < 0.

n—o0

Thus sy = (A — F)ug and ((A — F)up, u,) — (A — F)ug, up). It follows from (5.32)
that ug € Kwo (0)
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Since J(w,u) is a weakly lower semicontinuous function, it follows from (5.30)
that

J(wo, wp) < liminf J(w,,u,) =  inf  J(w,u).
n—o0 wel,uesS(w)
So,
J(wo, ug) = weU?BGfS(w) J(w, w).
Then, wy € U is an optimal control for problem (5.22). |

Remark 5.4.1 If A: U x K — X* is strongly monotone in v € K and uniformly
in w € U, i.e., there exists a ;4 > 0 such that

)

A(w

7ul A(w’u)vul_u> ZMHUI_U’HZ?
V(v w),

(u,w) e U x K,

—~

(5.36)

then A(w,-) is a continuous mapping of class (5), for each w € U. In fact, for each
w e U, if u,, — uy € K and

lim Sup(A('lD, un)u Up — u0> < 07

n—oo

we have lim (A(w, up), u,—ug) = 0. Hence, it follows from (5.36) that ||u,—ue| — 0,

i.e., u, — ug. Therefore, A(w,-) is a continuous mapping of class (S), for each
w e U.

We consider the following optimal control problem of strongly monotone varia-
tional inequality (see [122]):

min J(w,u)

_ 5.37
subject to (w,u) € U x K, (A(w,u),v —u) > 0, (5.37)

where A is strongly monotone in u € K and uniformly in w € U.

Now we will derive an existence result for the optimal control problem (5.37). It
is clear that if A : U x K — X* is strongly monotone in v € K and uniformly in
w € U, then A satisfies the coercive condition (5.24). By Lemma 5.4.1 and Theorem
5.4.1, it follows that, for each w € U, S(w) # ¢ and the following result holds.

Corollary 5.4.1 Assume that W, X are two reflexive Banach spaces, J(w,u) is a
weakly lower semicontinuous function, A : U x K — X* is strongly monotone in
u € K and uniformly in w € U. Then, there exists an optimal control wg € U for
problem (5.37).
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5.5 Optimal control problem governed by a quasi-

linear elliptic variational inequality

Let © be a bounded domain of RY with smooth boundary, let f: @ x R — R be a
given function. Recall that W,(€Q) is the completion of C$°(Q) with respect to the
norm |jul = { /[, ]Vu]p}l/p (1 <p < N). Let U be a nonempty, closed and convex
subset of the space LI(Q) (1 < g < p* = NN—ZD), let 7:U — LY (Q)(¢ = -57) be a
mapping. Denote the Sobolev space W, () (1 < p < N) and

{ue WP (Q):u(x) >0 ae. in Q}

as X and K, respectively. It is clear that K is a closed and convex cone of X. Denote
the space L1(Q2) (1 < g < p* = NN—_pp) as W. It is well-known that X = W, () is

reflexive for p > 1.

In this section, we will consider the following optimal control problem. For each
w € U, we define u € K (the state of the system) as the solution of the following

quasilinear elliptic variational inequality

/Q IVulP2Vu - V(v —u) > /Q(f(:v,u) —7(w))(v—u), YveK, (5.38)

where 1 < p < N. We also denote the solution set of the variational inequality
(5.38) as S(w). We define the cost function J as

J(w, u) :/Qg(x,u)—i—/gl(x,w), (5.39)

where g : @ x K — R*, [ : Q x U — R". This section is concerned with the
existence of wy € U (optimal control), ug € K and uy € S(wy), such that

J(wo, ug) = min J(w,u). (5.40)

(w,u)eUx K,ueS(w)

In case p = 2, (5.38) become a semilinear elliptic variational inequality. The
optimal control problem governed by a semilinear elliptic variational inequality was
studied by many authors in different aspects. For example, see [2], [10], [53], [76],
[87] and the references cited therein. The optimal control problem governed by a
quasilinear elliptic variational inequality was investigated by Lou, Ye and Chen in
[77] and [124]. In [77] and [124], they introduced an approximate problem, gave
estimates of optimal pairs for the approximate problem, and proved that the opti-

mal pairs for the approximate problem convergence to the solution of the original
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problem. In this section, by using the results obtained in Sections 5.4, we obtain
several existence results of optimal controls of the optimal control problem governed

by the quasilinear elliptic variational inequality.
Recall that the p-Laplacian defined by

Ayu = div(|VulP?Va),

A= inf{/ |VulP : / lulf =1,ue X} >0
Q 0

is simple and isolated, see for example [31] for details.

Define A : K — X*, FF: K xR — X" and B : U — X* as follows: for all
u,v € K and w € U,

(A(u),v) : = [, |Vu|P~>VuVu,
(F(u),v) : = [, f(z,u)v, (5.41)
(B(w),v) : = [oT(w)o,

where (-, -) stand for the duality pairing between X and X*.

Actually, solving (5.38) is equivalent to solving the abstract variational inequality

(5.23).

In order to prove existence results for the quasilinear elliptic variational inequal-
ity and the optimal control problem governed by the quasilinear elliptic variational

inequality, we prove the following lemma first.
Lemma 5.5.1 Let A, F, B be defined by (5.41). Then

(1) A: K — X* is a continuous mapping of class (S)4.
(i) If f : Q2 x R — R is a continuous function and satisfies

f(z,t)

|t —oco a(x)ts—1

= Ao, (5.42)

uniformly a.e. with respect to x € Q, where 1 < s < p*,0 < a(zx) € L"(Q),r =

p*/(p* —s). Then, F: K x R — X* is a compact and continuous mapping.
(i) If 7 : U — L9 (Q)(¢' = ]%) is a weakly continuous mapping, then B : U — X*

s continuous from the weak topology of W' to the topology of X*.
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Proof: (i) We prove that the mapping A : K — X* is of class (S);. Indeed, let
Uy, — ug in X and limsup(A(u,), u, — ug) < 0. Then,

lim [ |Vuo|P?Vu(Vau, — Vug) = 0, (5.43)
n—oo Q
and
lim sup/ (VP 2Vu, (Vu, — Vug) < 0. (5.44)
n—oo (9]
Since

(A(u) — A(v), u —v)
= [(IVulP~2Vu — |Vu|P72Vv)(Vu — Vo)

5.45
= [oIVulP + [ |[VolP = [, |[VulP~*Vu - Vo — [, |VolP2Vu - Vu (5.45)
> ([lulP= =l el = 1lvl)),

it follows from (5.43), (5.44) and (5.45) that

lim sup([Jun [P~ = [luolP~H) (unll = lluoll)

< T sup(A(un), ty — 1g) — Tim {A(u), i — 1)

< 0.
Hence, lim |lu, — u|| = 0, and consequently u,, — w in X, i.e., A is a mapping of

class (S)4. Similar to the result presented in Lemma 3.3 of [32], we note that A is

continuous.

(ii) By condition (5.42), for £y > 0, there exists an M, > 0, such that

f(z,t)

T

— )\0| < €, \V/t(lt| > Mo)
That is,
| f(2,t) |< (g0 + Ao)a(a)[t]"™, V(|| > My).

This and the continuity of f(x,t) imply that there exists a constant ¢ > 0 such
that
| f(2,t) |< co+ (g0 + No)a(z)[t]*™!, Vit € R). (5.46)

Thus,
(F(u),v) < Co/ﬂlvl +(80+Ao)/ga(fc)IU\“!v|- (5.47)

Since 0 < a(z) € L"(R2), and r = p*/(p* — s), it follows from Hélder’s inequality and
Sobolev’s inequality that

/ o] < ( / 1) / [P )7 < ealfoll,
Q Q Q
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and

uy(s—l)(p*)')<s—1>/p* (fi, v
p*)(s—l)/P* (/. o)

Joya(@)ulso] < ( fa®’ Py

< (fsz “T)I/T(fﬂ |u

< calull* o],

for some constants ¢q, ¢y > 0. Therefore, by virtue of (5.47), F' is well defined. We

will show the compact continuity of F.

Let u, be a bounded sequence in X, where X is reflexive. If necessary, through
a subsequence, we can assume that u,, — 1y in X. Noting that 1 < s < p*, we have
p=(s—1p") = ;*;_11 p* < p*. By Theorem 2.5.3, without loss of generality, we
may assume that u, — ug in L?(§2). Noting that s — 1 = p/(p*)’, and using (5.46)
and the continuity of the Nemytskii operator u — f(x,u) from LP(Q) to L®)(Q)

([68], Theorem 2.1), we get

/S; |f(CC,Un) - f(CC,U()) @) — 07
and hence
o [ 167G = el < sl [ 7o) = o) o
Ivll<1JQ Q

for some constant c3 > 0. Thus F' is a compact and continuous mapping.

(iii) Let w, — wp in U. Since 7 : U — L7(Q) is a weakly continuous mapping,

we have 7(w,) — 7(w) in L7 (). Hence,

|B(wa) = Bwo)ll- = suppyc; [(Blwa) = Blwo), )|
< suppyer (o r(wa) = (wo) )77 ( o lolr)
< C4(fQ |T(wn) — T(w0)|q/)1/q

— 0,

for some constant ¢4 > 0. Therefore lim B(w,) = B(wp) in X*. i

n—oo

Remark 5.5.1 Note that the conditions that 1 < ¢’ < p*(¢’ = I%) and7:U - W
is an identity mapping are sufficient to guarantee that B : U — X* is continuous
from the weak topology of W to the topology of X*. In fact, recall that W = L9(Q2),
UecW and (L4(Q))* = LY(Q). If 1 < ¢ < p* and |Jv|]| < 1, then by using Sobolev
embedding theorem, the embedding I/VO1 P(Q) — L7(Q) is compact and

[ 1t < Gololl < o
Q
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for some constant Cy > 0. If w,, — wp in U, the above inequality implies

1B(wn) = B(wo)lls = supyy<r Jo(7(wn) = 7(wo))v

= SuPjy<1 fg(wn — wo)v

— 0.

Hence, we also have lim B(w,) = B(w) in X*.

n—oo

Theorem 5.5.1 Let 1 <p < N and 1 < q < p*. Suppose that f : QA xR — R isa

continuous function and satisfies

St)

=\ 5.48
|t|—o0 a(:c)tp—l 0 ( )

almost uniformly with respect to x € 0, where 0 < a(x) € L>(2) and 0 < Agl|allo <

A1, A1 s the first eigenvalue of the p-Laplacian with the zero boundary value. If

7:U — LY(Q) (¢ = -%) is a mapping such that 7(U) is a bounded set, then the
P

variational inequality problem (5.38) has a solution.

Proof: Notice that K = {u € W, ?(Q) : u(z) < ¢(z) a.e. in Q} is a closed and
convex subset of X = W, (Q) with 0 € K. Since f satisfies (5.48), it satisfies (5.42)
in Lemma 5.5.1 with s = p. By Lemma 5.5.1, we get that A is a continuous mapping
of class (9);, and F is a compact continuous mapping, B is continuous from the

topology of W to the weak topology of X*.

By Lemma 5.4.1, we will complete the proof by showing that A, F' and B satisfy

the coercive condition (5.24).
Let I := (A(u),u) + (B(w),u) and Iy := (F(u),u). Then,
(A= F)(u) + B(w),u) =1 — L.

Since 7(U) is bounded, there exists a constant C' > 0 such that ||7(w)| < C,Vw € U.
Thus,
L > lufl” = Clull. (5.49)

Let e; > 0 satisfying (g1 + Ao)||a]|ec < A1. Since 0 < Xglla|lc < A1, it follows from
(5.48) that, for this e; > 0, there exists an M; > 0, such that

f(z,t)
a(x)tst

| — )\ol < é€1, Vit (|t| > Ml)
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That is,
| f(x,1) < (20 + Mo)a(@)[t["", Yt ([t] > My).

Denote 2y, = {z € Q : Ju(z)] < M;}. Then by the above inequality and the

Sobolev imbedding theorem, we have

Bl< [ i+ [ il < 6+ el [
Quy Q=Qpry Q
(5.50)
for some positive constant ¢s. Notice that Ay = inf{ [, [Vul? : [, [ul? =1,u € X} >
0, which implies that A; [, |ul? < |lul[P. It follows from (5.49) and (5.50) that
(€1 + o)llalloo
A1

Since 0 < (1 + Ao)|lalloc < A1 and 1 < p < N, the right-hand side of (5.51) tends to

+00 as ||u|]| — oo. Therefore, the conclusion holds by virtue of Lemma 5.4.1. i

(A= F)(u) + B(w), u) > |L]|—|I2| > (1- MullP=Cllul—cs. (5.51)

Theorem 5.5.2 Suppose that f : Q2 xR — R s a continuous function and satisfies
condition (5.42) in Lemma 5.5.1 with 1 < s < p, let 7 : U — L%(Q) is a weakly

continuous mapping. Then, the variational inequality problem (5.38) has a solution.

Proof: Similar to the proof as that of Theorem 5.5.1, we only need to show A, F’
and B satisfy the coercive condition (5.24). By condition (5.42), for each € > 0,
there exists an My > 0, such that

a(x)ts—1

—Xo| <&, Vi(|t| > My).
That is,
| f(z,t) 1< (c0+ Ao)a(@)t]*, VE(|t| > Mo).

Since f(z,t) is bounded in Q x {t € R : |t| < M}, there exists a constant cg > 0
such that
| f(2,t) |< e+ (e + No)a(@)[t]™!, VteR.

Thus,
(F(u),u) < co / ju] + (€ + A) / () uf’.

Since 0 < a(z) € L"(Q?), and r = p*/(p* — s), it follows from Hélder’s inequality and
Sobolev’s inequality that

(F(u),u) < crllull + (2 + Xo) (S @) " (S lu
< esful| + collul®,

p*)s/p*
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for some positive constants c7, cg and cg. Thus,
(A= F)(u) + B(w),u) = (1 = collul|”™") |ul|” = [|r(w)[[[[ul]] — cs.
Since 1 < s < p and 7(U) is bounded,

lim ((A— F)(u) + B(w),u) = +o0.

[[ufl—o00

By Lemma 5.4.1, the variational inequality problem (5.38) has a solution. |

Lemma 5.5.2 Let n > 1. Suppose that g : R — R is a C convex function such
that

(1) |g(t)| < Ci|t]" (Wt € R), for some constant C}.

(ii) |g'(t)| < Colt|"t (Vt € R), for some constant Cs.

Then, the function @) defined by

18 weakly lower semicontinuous.

Proof: By Example 1.3 in [20], we know that the function @ is Gateaux differ-
entiable in the space L7(2) and

Qﬁwﬂ=@@%w=éd@ﬁ-

Since g is a convex function, Q : L"()) — R is convex. It is clear that @’ (u) € L ()
(the dual space of L"(2)). Thus, by Proposition 4.1 in [20], we conclude that @ is

weakly lower semicontinuous. |

In the following theorems, we denote

s = [ g+ [ i)

where ¢g,l : R — R are two functions satisfying some conditions to be specified

later.
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Theorem 5.5.3 Suppose that all the conditions given in Theorem 5.5.1 or Theo-
rem 5.5.2 are satisfied. Let p,q defined as before, i.e., 1 < p < N,1 < q < p*.

Furthermore, assume that g,1 : R — R are two C' convex functions such that

(1) [l(t)] < Cs|t]? and |g(t)| < Cs]t|? (Vt € R), for some constant Cs;

(ii) |U'(t)] < Cy4lt|P~1 and |g'(t)] < Cy4lt|?™t (VE € R), for some constant C,.

Then, there exists an optimal control wy € U for problem (5.40).

wu/ + [ i)

Let (wg,ug) — (w',u') in L9(Q2) x LP(Q). Then, wy — w" in L4(Q) and ux — «’ in
LP(Q)). By Lemma 5.5.2, we have

[ oty < timint [ gt

/l(w’) gliminf/l(wk).
Q k=oo Jq

Hence, J : L9(Q2) x LP(Q2) — R is weakly lower semicontinuous.

Proof: Since

and

Assume that (w,,u,) = (wo,ug) in U x K. Then w, — wy in U C L%(Q) and
u, — up in K. By Theorem 2.5.3, when € is bounded, the imbedding W, *(Q) —
LP(€2) is a compact one. Hence, u, — wuy in LP(2) and (wp,u,) — (wq,up) in
L9(2) x LP(2). Note that J : LI(2) x LP(2) — R is weakly lower semicontinuous.
Thus,
lim inf J(wy,, u,) > J(wog, uo).

n—oo

Therefore, J : U x K — R is weakly lower semicontinuous.

Let A, B and F be defined as (5.41). Then, by Lemma 5.5.1, A is a continuous
mapping of class (S), F'is a compact continuous mapping, B is continuous from the
topology of W to the weak topology of X*. Since all the conditions in Theorem 5.5.1
or Theorem 5.5.2 are satisfied, it follows from Theorem 5.5.1 or Theorem 5.5.2 that
the variational inequality (5.38) has a solution. That is, the variational inequality
(5.23) has a solution. Furthermore, A, B and F satisfy all the conditions in Theorem
5.4.1, so from Theorem 5.4.1, there exists an optimal control wy € U for problem
(5.40). |
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Theorem 5.5.4 Suppose that all the conditions given in Theorem 5.5.1 or Theorem
5.5.2 are satisfied. Let 1 < a,q < p*, g(u) = Cs|lu — ug|® and l(w) = Cslw — wq|?,
for some constants C5 and Cg, where ug € L*(Q2), wy € LY(Y). Then, there exists
an optimal control wy € U for problem (5.40).

Proof: Note that

J(w,u) = [og(u) + [ l(w)
=C5 [ |u—ug|*+ Cs [, |w — wq|?
= Csllu — ug|Za + Csllw — wal|Lo-

By the weakly lower semi-continuity of the norm, J : L(§2) x L*(2) — R is weakly

lower semicontinuous.

Let (wy, un) — (wo, up) € U x K. Then, w,, — wp in U and u,, — u in K. Since
1 < a < p*, it follows from Theorem 2.5.3 that the imbedding W, 7(Q) — L*(Q) is
a compact one. Hence, u,, — ug in L*(Q2) and (w,,, u,) — (wo, ug) in LI() x L*(Q).
Thus, by using the weak lower-semi continuity of J : LI(Q2) x LP(Q) — R, J :
U x K — R is weakly lower semicontinuous. Similar to the proof of Theorem 5.5.3,

we conclude that there exists an optimal control wy € U for problem (5.40). 1
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Chapter 6

Optimal Control Problems
Governed by a Variational
Inequality via Nonlinear

Lagrangian Methods

6.1 Introduction

The study of an optimal control problem where the state of the system is defined by
a variational inequality problem has been widely investigated by many authors in
different aspects. See Adams and Lenhart [2], Barbu [7], Bergounioux [10, 11], He
[53], Lions [74], Mignot and Puel [87], Ye and Chen [124], for example. Lagrangian
and penalty function methods have been used in the study of theory and method-
ology for optimal control problems (see [10], [84], [85] and [97]). These methods
can be used to approximate the optimal control problem governed by a variational
inequality. Recently, a class of nonlinear Lagrangian functions was introduced and
applied to establish a zero duality gap result for a nonconvex optimization problem
in [100] and [117]. The zero duality gap property for a nonconvex optimization
problem is an important property to be utilized in the development of primal-dual
methods, as the solution of the original constrained optimization problem can be

obtained via solving its dual problem.

In this chapter, we consider optimal control problems governed by a variational

115



inequality problem for monotone type mappings. We deal here with quite general
variational inequalities, which include the ones studied in [10], [11], [74] and [85]
as special cases. We propose a nonlinear Lagrangian approach for solving these
problems. Similar to the results given in [100], we establish that the lower semicon-
tinuous property of the perturbation function of the optimal control problem at 0 is
an equivalent condition for the existence of the zero duality gap property between
the optimal control problem and its nonlinear Lagrangian dual problem. But this
lower semicontinuous property of the perturbation function at 0 is quite abstract and
cannot be easily verified. To overcome this difficulty, we show that if the variational
inequalities associated with optimal control problems are ones for some monotone
type mappings, then the lower semicontinuous property of the perturbation function

at 0 can be guaranteed. Therefore, the zero duality gap is obtained.
The outline of this chapter is as follows:

In Section 6.2, motivated by the idea presented in [100], we introduce the concept
of a modified nonlinear Lagrangian function and obtain a necessary and sufficient
condition for the zero duality gap property between the optimal control problem and
its nonlinear Lagrangian dual problem. In Section 6.3, we obtain the zero duality
gap property for the optimal control problem governed by variational inequalities
involving monotone type mappings and its dual problem. In Section 6.4, we show
that the optimal solution set of the power penalty problem is a nonempty bounded
set and every weak limit point of a sequence of optimal solutions generated by the
power penalty problem is a solution of the optimal control problem. In Section 6.5,
we apply our results to an example where the variational inequality leads to a linear

elliptic obstacle problem.

6.2 Lower semicontinuous property of the pertur-

bation function

In this section, we assume that W and X are two Banach spaces, U is a nonempty
closed set of W and K is a closed and convex cone of X. Let J: U x K — R be
a given function and A : K — X*, F': K — X* and B : U — X* be three given

mappings. The optimal control problem governed by a variational inequality is the
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following minimization problem:

min J(w,u)

6.1
s.t. (w,u) € U x K,and u € S(w), (6.1)

where, for each w € U, S(w) is the solution set of the following variational inequality
problem:

Find u € K : (A(u),v —u) > (F(u) — B(w),v —u),Vv € K. (6.2)

The optimal control problem (6.1) includes the ones studied in [10], [11], [74] and

[85] as special cases.
For each w € U and y € R, we define
gu(u) = sup e (A = F)(u) + B(w), u — v), (6.3)

Ku(y) ={u € K, gu(u) <y} (6.4)
Then, g,(u) > 0 and K,(0) = {u € K : gy,(u) =0} = S(w).
Define the perturbation function (3 as

Bly) = inf J(w,u),y € R. (6.5)

wel, ueKy (y)

It is clear that (5(0) is the optimal value of problem (6.1).

Definition 6.2.1 Let U, K, W and X be defined as before, and let Z be a subset
in R, P: Rx Z — R be a function. A nonlinear Lagrangian function Lp :
U x K x (0,+00) — R for problem (6.1) is defined as

Lp('LU, u, d) = P(J<w7 u>7 dgw(u))
For each d € R*, the function

Fp(d)= inf Lp(w,u,d)

(wau)eUxK

is called its monlinear Lagrangian dual function. The equality

B(0) = sup Fp(d) (6.6)

deRt+

15 called the zero duality gap property.

Let us make the following assumptions on the function P:
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(P;) If y1 <o, then P(y1,2) < P(y2,2),Vz € Z.
(Py) P(y,0) =y,Vy € R".

(Pyi) Ply,z) >y, V(y,z) e R x Zand lim P(y,z) > 3(0).

2€7Z,|z|—00

Remark 6.2.1 We notice that if a real-valued function P defined on a subset
RT x V of R"™ satisfies (i) P is increasing, i.e., 41 < s, 21 < 2y implies P(y;,21) <
P(ys, 20), where (uj,v;) € Rt x V,j = 1,2; (ii) P(y,0,,) = y for all y € R*,
where 0,, is the origin of the space R™ and 0,, € V; (iii) there exist numbers
a; > 0,...,a, > 0 such that P(yo,y1, .., Ym) = max(yo, a1y1, ..., amYm) for all yo > 0,
(Yo, Y1, ---» Ym) € R™, then it is not difficult to check that P satisfies assumptions
(P), (Py) and (Py;) with Z = V N R,™. Conditions (i), (ii) and (iii) are the ones
used in [100]. However, the converse is not true. The following example confirms

this assertion.

Example 6.2.1. Let P be a real-valued function defined on R? by

Y, 1fZ:O,
P(y,z) = y+(yz)1/3|sin§|, if0<z<%,
y+ (yz)/3), if z > 2.

It is easy to check that P satisfies assumptions (P;), (P;;) and (Py;), but P is not

increasing in both y and z, and there is no a > 0 such that p(y, Z)Z; max(y, az).
In the following, we assume, without loss of generality, that, for some mgy > 0,
J(w,u) > mo,¥(w,u) € U x K.
Motivated by the idea reported in [100], we derive a necessary condition for the zero

duality gap property in the following lemma.

Lemma 6.2.1 Assume that W and X are two Banach spaces, and P is a continuous
function satisfying (P;) and (Py;). If the zero duality gap property (6.6) holds, then

the perturbation function (8 is lower semicontinuous at the origin.

Proof:  On the contrary, suppose that there exist a § > 0 and a sequence {yx} C R

such that y, — 0 as k — oo and

Blyr) < B(0) =6,k =1,.... (6.7)
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Since the zero duality gap property (6.6) holds, there exists a d € R* such that

3(0) < Fp(d) + ¢
= inf  P(J(w,u),dg,(u) + 3

(w,u)eUxK

< inf P(J(w,u), dgy(u)) + 3.

welU, ueKw(yk)

(6.8)

By (6.5), we have
Blyg) = inf J(w, u).

Thus, there exist wy, € U, uy € Ky, (yx), such that

o
J(wy, up) < Byr) + 1
Since P satisfies (F;), the above inequality and (6.8) imply

B(0) < P(J(wg, ug), dguy, (ux))

_l’_
< P(B(y) + . dguy (ur)) + (6:9)

NS, NI

Because wy, € U, wy, € Ky, (yr),
Guy, (ur) <y, — 0, as k — oo. (6.10)

Noting that P is continuous and satisfies (P;) and (P;;). Thus, (6.9), combined with
(6.7) and (6.10), yields

B(0) < Jim P(B(0) — %, h(dgu, (ur))) + §
= P(B(0) — 2,0) + §
= B(0) - ¢,
which is a contradiction. |

We will give a sufficient condition for the zero duality gap property in the fol-

lowing.

Lemma 6.2.2 Assume that W and X are two Banach spaces, and P satisfies as-
sumptions (P;), (Py;) and (Py;). Let —oo < (3(0) < +oo. If the perturbation func-
tion 3 is lower semicontinuous at the origin, then the zero duality gap property (6.6)

holds.
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Proof: Since —oo < (0) < +o0,

Fp(d)= inf P(J(w,u),dg,(u))

(w,u)eUxK

< inf P(J(w,u),0)
(w,u) €U X Ky (0) (6.11)

= inf J ing (P
oL T (using (P)

= 6(0).

Assume that the zero duality gap property (6.6) is not valid. By (6.11), there exists
a 0 > 0 such that

B(0) > sup Fp(d) +4,
deRT

that is
B(0) > inf  P(J(w,u),dg,(u)) +4d, VdeR".

(w,u)eUxK

Let (wy,u) € U x K satisfy

B(0) > P(J (we, w), kgu, (1s)) + %5, k. (6.12)

We assert that gy, (ux) — 0 as k — oo. Otherwise, without loss of generality, we

assume that

gwk (U’k‘) Z a07

for some ag > 0. Then, kg, (ur) — oo. Therefore, this and condition (P;;) imply

limn P (e 0), kg, (02) > Jim Pmo, kg, (1)) > 5(0),

k—oo

which contradicts (6.12). Thus, gy, (ux) — 0 as k — oco. Let y = gu, (ug). Then,
yr — 0, u, € Ky, (y). It follows from (6.5) that

This, (6.12) and condition (Py;) imply
1 1
B(0) = J (wr, k) + 56 = Blye) + 50, (6.13)

The lower semicontinuous property of 3, together with (6.13), gives
. 1 1
5(0) > lim inf 5(yx) + 55 > 5(0) + 55,

which is a contradiction. |
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6.3 Nonlinear Lagrangian duality theorems

In the following, we obtain the zero duality gap property for the optimal control
problem governed by variational inequalities involving monotone type mappings

and its nonlinear Lagrangian dual problem.

Lemma 6.3.1 Assume that W and X are two reflexive Banach spaces, J : UX K —
R is a weakly lower semicontinuous function, A : K — X* is a continuous mapping
of class (S)y, —F : K — X* is a continuous, bounded and generalized pseudo-
monotone mapping, and B : U — X* is continuous from the weak topology of W to
the topology of X*. Suppose that the following coercive condition is satisfied:

(A—F)(u) + B(w),u) = 4o0. (6.14)

lim
(wu) €U XK, || (wyu) || —+o00

Then, —oo < 3(0) < 400.

Proof: First we shall show that —F' is a quasimonotone mapping. In fact, if it
fails, then there exist {y;} C K, y; — yo, such that

lim sup(—F'(y;), y; — yo) <O0. (6.15)
j—oo

From the boundedness of —F, we may assume —F(y;) — lp € X*. By the general-
ized pseudo-monotonicity of —F, we obtain that —F(yy) = lp and (—F(y;),y;) —
(lo,yo). Thus

lim (—F'(y;),y; — yo) =0,

Jj—00
which contradict (6.15). By [14], A — F' is a continuous mapping of class (S)y. It
follows from Theorem 2.2 in [51] that the variational inequality problem (6.2) has a
solution for each w € U. That is, S(w) # 0 for each w € U.

Since 5(0) = min J(w, u), there exists a minimizing sequence {(w;,, u,)}
(w,u)eUx K,ueS(w)

satisfying u,, € S(wy,), such that
1
J(wp,u,) <BO)+ —n=1,2,---. (6.16)
n
By u, € S(w,), we have

(A(up),v — up) > (F(up) — B(wy),v —uy,), YveK. (6.17)
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Let v = 0. Then,
(A(uy) — F(uy) + B(wy,), u,) <0.

This and the coercive condition (6.14) imply that {(wy,,u,)} is bounded. Without
loss of generality, we may assume that w, — wg, u, — ug. Since B : U — X* is
continuous from the weak topology of W to the topology of X*, B(w,) — B(wy).
By (6.17), we have

lim Sup<A<un) - F(un)a Up — U()> <0.

n—oo

Noting that A — F' is a continuous mapping of class (S5),, the inequality above
implies that u, — up and (A — F)(u,) — (A — F)(up). It follows from (6.17) that

(A(ug),v —ug) > (F(ug) — B(wp),v — up), Vv e K.

That is, up € S(wp). The weak lower semicontinuous property of J(u,v), together
with (6.16), gives
J(wo, wp) < liminf J(w,,, u,) < 5(0).

n—oo

Therefore, J(wq,uo) = 3(0).

Lemma 6.3.2 Assume that W and X are two reflexive Banach spaces, J : Ux K —
R is a weakly lower semicontinuous function, A — F : K — X* is a continuous,
bounded and generalized pseudo-monotone mapping, and B : U — X* is continu-
ous from the weak topology of W to the topology of X*. Suppose that the coercive
condition (6.14) is satisfied. Then, —oo < 3(0) < 4o0.

Proof: Define J : X — 2X" as follows:
J(x) ={a* € X*: (z*, x) = [|a*| ||| = ||=[|*}.

It is easy to prove that J is a continuous mapping of class (S),. By [14], A— F+ %J
is a continuous mapping of class (S) for each n,n =1,2,---. For each w € U, it
follows from Theorem 2.2 in [51] that there exists y,, € K, such that

(Al) + T ()0 = 4 2 () = Bw)v =), WweK  (618)

Let v = 0. Then,
<A(yn)v yn) < <F<yn) - B(w)ayn> - %<J(yn)v yn> < <F<yn) - B(w)7yn>'
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This and the coercive condition (6.14) imply that {y,} is bounded. Without loss of

generality, we may assume that y,, — yo. By (6.18), we obtain

lim sup(A(yn) — F(yn), Yn — o) < 0.

n—oo

From the boundedness and the generalized pseudo-monotonicity of A — F', we have

Alyn) — Flyn) = Alyo) — F(yo) and (Ayn) — F(yn), yn) — (Ayo) — F (%), vo)-
Hence, by using (6.18), we get

(A(yo),v —yo) > (F(yo) — Bw),v —yo), Vv e K.

That is, S(w) # (0. Similar to the proof of Lemma 6.3.1, we can show that —oco <
B(0) < 4o0. |

Theorem 6.3.1 Suppose that W and X are two reflexive Banach spaces, U is a
nonempty closed set of W and K is a closed and convex cone of X. Let P satisfy
assumptions (P;), (Py) and (Py;), and let U x K be unbounded. Suppose that J :
U x K — R is a weakly lower semicontinuous function, A : K — X* is a continuous
mapping of class (S)y, —F : K — X* is a continuous, bounded and generalized
pseudo-monotone mapping, and B : U — X* is continuous from the weak topology
of W to the topology of X*. Assume that the coercive condition (6.14) is satisfied.
Then, the zero duality gap property (6.6) holds.

Proof: From Lemma 6.3.1, —oo < 3(0) < +o0. By Lemma 6.2.2, we only need

to prove that the perturbation function (3 is lower semicontinuous at the origin.

On the contrary, suppose that there exists an ¢, > 0 such that

lim inf 5(y) < 5(0) — €o-
Then, there exist a sequence {yx} C R, ypx — 0, wy € U and uy, € K, (y) such that
T (wy, ug) < B(0) — %’ k=1, - (6.19)
holds. By uy € Ky, (yx), we have gy, (ur) < yg, i.e.,

sup,e g (A — F)(uk) + B(wg), uy, — v) < yp. (6.20)

Thus,
<(A — F)(uk) + B(wk),uk) < yk,]{? =1,2,---.
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This, combined with (6.19), implies that the sequence

{maX(J(wk, ug), ((A — F)(ug) + B(wg), Uk>)}

is bounded. It follows from (6.14) that {(wy,ux)} is bounded. Because W and X
are reflexive Banach spaces, the product space W x X is a reflexive Banach space.
Hence, there exist {wy,} C {wx} and {ug;} C {ux} such that wy, — wy € W and
ug; — ug € X. Since U and K are weakly closed sets, it is clear that wy € U and
up € K. Using (6.20), we have

(A — F)(ux;) + Bwg, ), ur; — ug) < 0. (6.21)

Since —F' : K — X* is a continuous, bounded and generalized pseudo-monotone

mapping, we claim that,

lim sup(—F'(ug, ), ur; — ug) > 0. (6.22)
Jj—00
In fact, if it is not so,
lim sup(—F"(u; ), ur; — uo) < 0. (6.23)
Jj—o0

From the boundedness and the generalized pseudomonotonicity of —F', we obtain
—F(ug,) = —F(uo), and lim; oo (F(ug,),ur;) = (F(uo), uo). Therefore,

hm <F(’U,kj), Ukj — U0> = 0,

j—00
which contradicts (6.23). Since B : U — X* is continuous from the weak topology
of W to the topology of X*, B(wy,) — B(wp). Without loss of generality, by (6.22),
we may assume that

lim (F'(ug, ), ur;, — ug) < 0.

Jj—o0

Therefore,

lim sup(F(u;) — Blwy, ), ug, — o)

J—00
< limsup(B(wo) — B(wy, ), ug, — o) + lim (F(ug,), ur;, — ug)
j—o0 J—oe (6.24)
+ lim (—=B(wy), ur; — uo)
o0
<0.

Combining (6.21) and (6.24), we get

lim sup(A(ug, ), up;, — ug) < 0. (6.25)

. J
J]— 00
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Noting that uz, — 1o and A is a continuous mapping of class (5)4, it implies that
ug; — ug and A(ug,) — A(ug). Therefore, by (6.20), we have

sup,ex (A — F)(uo) + B(wp), ug — v) < 0.
That is, ug € Ky, (0).
By (6.19) and the weak lower semicontinuous property of J(w,u), we have

B(0) < J(wo, u) < liminf J(wy,,ur,;) < B(0) — %07

J]—00

which is impossible. Therefore, (3 is lower semicontinuous at the origin. |

Similar to the proof of Theorem 6.3.1, by using Lemma 6.3.2, we have the fol-

lowing theorem:

Theorem 6.3.2 Suppose that W and X are two reflexive Banach spaces, U is a
nonempty closed set of W and K is a closed and convex cone of X. Let P satisfy
assumptions (P;), (Py) and (Py;), and let U x K be unbounded. Suppose that J :
U x K — R is a weakly lower semicontinuous function, A — F : K — X* is a
continuous, bounded and generalized pseudo-monotone mapping, and B : U — X* is
continuous from the weak topology of W to the topology of X*. If (6.14) is satisfied,
then the zero duality gap property (6.6) holds.

In the following, we first give the concept of the upper semicontinuous set-valued
mapping, and then obtain another sufficient condition for the zero duality gap prop-

erty in Banach spaces.

Definition 6.3.1 (/4/) Let E and F be two topological spaces. Let T: E — 2F be a
set-valued mapping. Suppose that xo € E. T is said to be upper semicontinuous at
xq if, for any open set O C F with T(x¢) C O, there exists an open set QQ C E with
xo € Q such that T'(xz) C O, Vx € Q.

Theorem 6.3.3 Assume that W and X are two Banach spaces, P satisfies assump-
tions (P;), (Py;) and (Py;), U is a compact set and K is a bounded set. Suppose that
J(w,u) is a lower semicontinuous function. If, for each w € U, K,(-) : RT — 2K
is upper semicontinuous at y = 0, K,,(0) is a nonempty compact set. Then, the zero

duality gap property (6.6) holds.
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Proof: By Lemma 6.2.2, we only need to prove that the perturbation function 3

is lower semicontinuous at the origin.

On the contrary, suppose that there exists an ¢y > 0 such that

liminf 5(y) < B(0) — €.

y—0

Then, there exist a sequence {yx} C R, yp — 0, wy € U and uy, € K, (yi) such that
J(wy, uy,) < B(0) — %0 k=1, (6.26)

Since U is a compact set, there exists a convergent subsequence of {wy}. Without

loss of generality, we may assume that wy — w. By (6.3), we have

g (ur) = sup,e i (A — F)(up) + B(w), up, — v)
< SuvaK((A F)(ur) + B(wy), ux — v) + sup,c g (B(w) — B(wy), up — v)

= Guy, (Ur) + SUp, e (B(W) — B(wy), ux — v).
(6.27)

Let 2 = sup,cx(B(w) — B(wy), up — v). Since K is bounded and B is continuous,

It follows from uy € Ky, (yx), (6.4) and (6.27) that
go(ur) < yp + 21, k.

That is, ux € Kg(yr + 21). Because Ky(y) is upper semicontinuous at y = 0, for
any open set O C K with T(0) C O, there exists an open set @ C R with 0 € @
such that Kz(y) C O, Yy € Q. Since y. — 0 and z;, — 0, there exists an integer
N large enough such that yy + 2z, € @ for all £ > N. Thus, Kg(yx + 2zx) C O. By
ur € Kg(yp + 2x), we get up € O (Yk > N). Since K4(0) is compact, and O is
arbitrary, we conclude that u, — u € Ky(0).

By the lower semicontinuous property of J(w, ) and (6.26), we have

J(w,u) < h;nme(wk,uk) < B(0) — %0.

Noting that u € K5(0), £(0) < J(w,u), we get
B(0) < B(0) - 5,

which is impossible.
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6.4 A convergence property for the power penalty

problem

Let
L(w’ u, d) = J(w7 u) + d(gw(u))“,

where 0 < p. This is called a u—power penalty function. It is easy to see that
the power penalty function is a special nonlinear Lagrangian defined above. It is
found that the power penalty method is effective and useful in application, see [111].
In this section, we will discuss existence results of solutions of the power penalty
problem in reflexive Banach spaces. We show that every weak limit point of a
sequence of optimal solutions generated by the power penalty problem is a solution
for the optimal control problem.

Let d > 0. Consider the py—power penalty problem:

(PPy) inf  L(w,u,d).

(w,u)eUxK

Let Sy be the set of optimal solutions of problem (PFy).

In order to establish the result on the existence of global solutions for the
p—power penalty problem (PP;) and their convergence property, we need some
existence results of variational inequality problem (6.2). Similar to the proof of

Lemma 6.3.2, we have the following lemma:

Lemma 6.4.1 Suppose that W and X are two reflexive Banach spaces, U is a
nonempty closed set of W and K is a closed and convexr cone of X. Assume that
J(w,u) : U x K — R is a weakly lower semicontinuous function, A : K — X*
and F : K — X* are continuous from the weak topology of X to the topology of
X*. Suppose that, for each w € U, the coercive condition (6.14) is satisfied. Then,
—00 < 3(0) < 400.

Theorem 6.4.1 Suppose that W and X are two reflexive Banach spaces, U is a
nonempty closed set of W and K is a closed and convex cone of X. Assume that
J(w,u) : U x K — R is a weakly lower semicontinuous function, A : K — X*
and F' : K — X* are continuous from the weak topology of X to the topology of
X*, B:U — X* is continuous from the weak topology of W to the topology of X*.
Assume that the coercive condition (6.14) is satisfied. Then,
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(1) There exists a dy > 0, such that, for any d > dy, the optimal solution set Sq of
problem (PPy) is a nonempty bounded set.

(11) Every weak limit point of the sequence {wg} is an optimal control for the optimal
control problem (6.1), where (wq,uq) is a solution of problem (PP;) with d >
dy.

Proof: (i) By Lemma 6.4.1, —oco < ((0) < 4o00. There exists (w*,u*) € U x
K,u* € K,«(0), such that J(w*,u*) = 5(0). Then, g,~(u*) = 0 and L(w*,u*,d) =
J(w*, u*). Define

O4 = {(w,u) : L(w,u,d) < L(w*,u",d)}.

We have
Oa = {(w,u) : L{w,u,d) < J(w*,u*)}.
Clearly,
(w,u") € 04, S4 € Oy, ¥ >0,
and

Od/COd, 0<d<d.

Now we show that there exists a dy > 0 such that Oy is bounded for any d > d.

On the contrary, suppose that there exist 0 < dj, — 400 and (wy, ug) € Oy, such

that ||(wg, ug)|| — +o00. Then, it follows from the coercive condition (6.14) that

lim ((A— F)(ux) + B(wg), u) = +00. (6.28)

k—+o00

By (wg, ux) € Og,, we have
L(wg, ug, di) < J(w*,u").

That is,
J(wy, ug) + di(Guy, (ur)) < J(w™, u®). (6.29)

We claim that g, (ux) — 0. In fact, if there exists a 6 > 0 such that gy, (ugx) > 9,
then

A1 (G (1)} — +09, a5 k — 0.

By (6.29), this is impossible. Hence, gy, (ux) — 0. Let gy, (ur) = ygx. Then
supyer (A = F)(ur) + B(wg), uy, — v) = yp.
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Thus,
(A= F)(u) + B(wg), ug) < gy — 0,

which contradicts (6.28). Thus, there exists a dy > 0 such that Oy is bounded for
any d > d.
Let d > 0, and define inf L(w,u,d) = Cy. Assume that {(w,,u,)} is a

welueK
minimizing sequence for the y—power penalty problem (PPF,), such that

1
L(wp,uy,d) < Cyg+ —n=1,2,--. (6.30)
n
Thus,
c, 1
e 24y
(gwn(un)) —_ d + nd
That is,
(A= F)(un) + Blw,),u) < (%41 L)k
n nj» n — d nd .

It follows from the inequality above and (6.14) that {(w,,u,)} is bounded. Without

loss of generality, we assume that (w,,, u,) — (wq, o).

Since J(w,u) is a weakly lower semicontinuous function, A and F' is continuous
from the weak topology of X to the topology of X*, B is continuous from the weak
topology of W to the topology of X*, we have

J(wo, up) < liminf J(w,,, uy)

n—o0

and

lim ((A— F)(u,) + B(wy,),u, —v) = (A= F)(up) + B(wg),up — v), Vv € K.

n—-+o00

Hence, from (6.30), we have

J(wo, up) + d(Guw, (wo))* < lminf(J(wy, uy) + d(gu,, (un))*) < Cy.

n—oo
Therefore,

J(wo, o) + d(guy (1)) = Ca,
i.e., Sq is a nonempty bounded set for any d > d.
(i) Let (wg,uq) € Sq,Vd > dy. Then, by an argument similar to that given for
the proof of (i), we can show that Oy, is bounded and S; C Oy C Oy, Yd > dy.

Thus, {(wg,uq)} is bounded. Suppose that (wg,, uq,) — (w0, u) as dy — +oo. We
claim that u € K4(0).
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On the contrary, suppose that @ ¢ K(0). Then, there exists a ¢’ > 0 such that
go(u) > 0'. That is,

sup,cx (A — F)(u) + B(w),u — v) > §'.
Let 0 < ¢g < ¢'. For this €, there exists an integer Ny > 0, such that
SUp,ex (A — F)(uq,) + B(wa, ), ta, —v) > 6 — €. Yk > Ny,

le.,
Guwa, (Ua) > 0" — €0, Yk > No. (6.31)

By S4, C Og,, we get
L(wg,, ug,, di) < J(w*,u").

That is,
J(Way s a,) + di(Gug, (ua,))" < J(w*, u®).

Since 0 < dj, — +o0 and J(wg,,uq,) < 0, from (6.31), the left side of the above
inequality tends to 400, which is impossible. Therefore u € K;(0), which, in turn,
implies that @ € S(w).

By (waq, , ua,) € Sa,, for YV(w,u) € U x K,u € S(w), we have
J(wa, , ug,) < L(wa,, ta,, di) < L(w,u,dg) = J(w,u), Vdi > do.
Since J is a weakly lower semicontinuous function,
J(w,u) < llir_r)ligjf J(wg,, uq,) < J(w,u), Y(w,u) €U x K.

Noting that (w, u) is arbitrary, it follows that w is an optimal control for the optimal

control problem (6.1). |

Remark 6.4.1 The results of optimal control governed by variational inequality in

this chapter can be extended to the general form as in (5.37) (see p. 105 ).

6.5 Example of the obstacle problem

In this section, we study an example of an optimal control problem where the vari-

ational inequality constraint leads to an obstacle problem.
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Let © be a bounded domain of RY with the smooth boundary and HZ(Q) =
Wy ?(€) be the completion of C§°(Q) in the norm |jul| = {,|Vv[*dz}¥/2. Let
K ={u € H}(Q) :u >0, ae. in Q}. This set is a nonempty closed and convex
cone of Hj (). Define

a(u v)—iv:/a~a—uﬁdx+/auvd$ u,v € K
) - 0 Z’Jﬁxiaxj 0 0 ) 9 .

1,j=1

Assume a; j, a9 € L>®(€2) (the Banach space of essential bounded measurable
functions on Q), ag(z) > ¢; > 0, where ¢ is a constant. For some constant ¢y > 0,

N

a8 > ollEl?, ae inQ, V6= (&, ... Eyv) RN (6.32)

1,j=1

Let f € H'(Q) (the dual space of H}(2) ) and let U be a nonempty closed and
convex subset of L*(Q). For each w € U, we define u = u(w) (the state function of

the system) as the solution of the variational inequality:
a(lu,v —u) > (f+w,v—u), vekK. (6.33)

It follows from [107] that (6.33) is an obstacle problem. Now, we consider the optimal

control problem defined as follows:
(P) inf {J(w,w) = § Jolu—z0) + ¥ fyu?}
st a(u,v —u) > (f +w,v—u),w e Uv € K,

where zy € L*(Q2) and M > 0. The optimal control problem (FP) has been studied
by Bergounioux [11], Mignot and Puel [87].

Theorem 6.5.1 Let P satisfy assumptions (P;), (Py) and (Py;), and let the set
U x K be unbounded. Suppose that condition (6.32) given above is satisfied. Then,
the zero duality gap property

inf J(w,u) = sup inf  P(J(w,u),dg,(u)) (6.34)

(w,u)eUx K,ueS(w) deR+ (wu)eUxXK

holds.

Proof: Denote H}(Q) = W,*(Q) and L*(Q) as X and W, respectively. Define
(Au,v) = a(u,v), F(u) = f, (B(w),v) = Jowv. Then, A € L(H}(Q),H ()).

The coercive assumption (6.32) implies that

(Au,u) > col|ull?, VYu e Hi(Q). (6.35)
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Suppose that u; — ug € X satisfies
lim sup(A(u;), u; — up) < 0.
J—00

It is clear that
lim <A(U0), U; — U0> =0.

J—00

By (6.35), we have

(A(uy), uj — ug) = (A(uj — uo), uj — up) + (A(uo), u; — uo)
> colluy — uoll* + (A(ug), u; — uo)-

Thus u; — up. That is, A is a mapping of class (S). It is easy to prove that A, F, B
satisfy all the conditions in Theorem 6.3.2. Therefore, by Theorem 6.3.2, the zero
duality gap property (6.34) holds.
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Chapter 7

Conclusions and Suggestions for
Future Studies

In this thesis, we studied the theory of augmented Lagrangian and nonlinear La-
grangian scheme for constrained optimization problems and optimal control prob-

lems governed by a variational inequality.

In Chapter 2, we introduced the concept of a valley at 0 augmenting function,
which includes a convex augmenting function and a level-bounded augmenting func-
tion as special cases, and applied it to construct a class of valley at 0 augmented
Lagrangian functions. Under the assumption that the perturbation function satisfies
the growth condition and the augmenting function satisfies a valley at 0 condition,
we established a necessary and sufficient condition for a zero duality gap property
between the primal problem and its augmented Lagrangian dual problem in general

Banach spaces.

In Chapter 3, we obtained some exact penalty representation results in the frame-
work of the new augmented Lagrangian. We established sufficient conditions of
an exact penalization representation for constrained optimization problems. We
obtained a sufficient condition of the existence of an asymptotically minimizing
sequence for a constrained problem in infinite dimensional Banach spaces. Further-
more, without any coercive assumption on the objective function and constraint
functions, we obtained a sufficient condition of an exact penalization representation

for a constrained optimization problem in finite dimensional spaces.

In Chapter 4, we introduced a class of penalty functions. We proved that any
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strict local minimum satisfying a second-order sufficient condition for an inequality
and equality constrained optimization problem is a strict local minimum of this
penalty function with any positive penalty parameter, and that any global minimum
satisfying a second-order global sufficient condition for the original problem is a
global minimum of this penalty function with some positive penalty parameter. We

applied our results to quadratic and linear fractional programming problems.

In Chapter 5, we established some existence results for a solution of varia-
tional inequality problems for generalized pseudo-monotone mappings and gener-
alized pseudo-monotone perturbations of maximal monotone mappings respectively.
We obtained several existence results of an optimal control of the optimal control

problem governed by a quasilinear elliptic variational inequality.

In Chapter 6, we introduced a modified nonlinear Lagrangian function and ob-
tained a necessary condition and sufficient condition for the zero duality gap property
between the optimal control problem and its nonlinear Lagrangian dual problem.
We applied a power penalty method to the optimal control problem, and obtained
that a sequence of approximate optimal solutions of the penalty function converges

weakly to the optimal solution of the original optimal control problem.

Overall, we obtained some new results and methods for the theory of augmented
Lagrangian and nonlinear Lagrangian in Banach spaces. Some of our results can
include the corresponding results studied by others as special cases, and some of
our results are original. But some of our results are quite abstract. Thus it is
difficult to apply these results to some practical problems. Moreover, in this thesis,
we have established zero duality gap and exact penalty properties between a primal
optimization problem and its augmented Lagrangian dual problem by using a weaker
augmenting function in Banach spaces. Since this augmenting function is nonconvex
and non-Lipschitz, it maybe difficult to apply it in the design of some effective
and efficient optimization algorithms. Therefore, we should try to overcome these
difficulties in the future research, and carry out some numerical computations for the
approximation of the solution for constrained optimization problems and optimal

control problems governed by a variational inequality.
The following is a list of some interesting problems for future research.
1 We will try to find more applications in practical problems such as American

option price problem, infinite dimensional linear programming and transporta-

tion problems.

134



2 We will find more necessary and sufficient optimality conditions for optimal
control problems that are amenable to numerical computation for the approx-
imation of the optimal control for an optimal control problem governed by

monotone type variational inequality.

3 We will establish second-order optimality conditions of augmented Lagrangian
problems and characterize local and global solutions for augmented Lagrangian

problems.

4 We will establish sufficient conditions for exact penalty by using the new results
for the error bounds obtained by Wu and Ye [112].

In studying those problems mentioned above, we will obtain some new results by
using the methods introduced by others, or find and introduce new methods to deal
with these problems. We will be further concerned with these and related problems.

We will try to get more useful results.

135



Bibliography

1]
2]

3]

[9]

[10]

Adams, R.A., Sobolev Space, Academic Press, New York, 1975.

Adams, D. R. and Lenhart, S. M., An obstacle control problem with a source
term, Appl. Math. Optim., Vol.47, pp. 79-95, 2003.

Adams, D. R., Lenhart, S. M. and Yong, J., Optimal control of obstacle for
elliptic variational inequality, Appl. Math. Optim., Vol.38, pp. 121-140, 1998.

Aubin, J.P. and Ekeland, 1., Applied Nonlinear Analysis, John-Wiley & Sons,
1984.

Auslender, A., Cominetti, R. and Haddou, M., Asymptotical analysis for penalty
and barrier methods in convex and linear programming, Math. Oper. Res., Vol.
22, pp. 43-62, 1997.

Auslender, A. and Teboulle, M., Lagrangian duality and related multiplier meth-
ods for variational inequality problems, STAM J. Optim., Vol. 10, pp. 1097-1115,
2000.

Barbu, V., Optimal Control of Variational Inequalities, Research Notes in Math-
ematics, Pitman, Boston, Massachusetts, Vol. 100, 1984.

Bazaraa, M. S. and Goode, J. J., Sufficient conditions for a globally exact
penalty function without convexity, Math. Programming stud. Vol. 19, pp. 1-
15, 1982.

Bazaraa, M. S. and Jarvis, J. J., Linear Programming and Network Flows, John
Wiley, New York, 1997.

Bergounioux, M., Use of augmented Lagrangian methods for the optimal control
of obstacle problems, J. Optim. Theory Appl. Vol.95, No.1, pp. 101-126, 1997.

136



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Bergounioux, M., Optimal control of an obstacle problem, Appl. Math. Optim.
Vol.36, pp.147-172, 1997.

Bergounioux, M., and Lenhart, S. Optimal control of the obstacle in semilinear

variational inequalities, Positivity, Vol.8, pp. 229-242, 2004.

Bergounioux, M., and Lenhart, S. Optimal control of bilateral obstacle problems,
SIAM J. Control Optim., Vol. 43, pp. 240-255, 2004.

Berkovits, J. and Mustonen, V., Monotonicity methods for nonlinear evolution
equations, Nonlinear Anal. T. M. A. Vol. 27, pp. 1397-1405, 1996.

Bertsekas, D. P., Constrained Optimization and Lagrangian Multiplier Methods,
Academic Press, New York, 1982.

Browder, F.E., Nonlinear functional analysis in mathematical developments
arising from Hilbert problems, Vol. 1, Proc. Symp. in Pure Math. of Amer.
Soc. 28, pp. 68-73, 1976.

Browder, F.E., On a principle of H. Brezis and its applications, J. Func. Anal.
Vol.25, pp.356-365, 1997.

Browder, F.E. and Hess, P., Nonlinear mappings of monotone type in Banach
space, J. Funct. Anal. Vol.11, pp.251-294,1972.

Burke, J. V., An exact penalization viewpoint of constrained optimization, SIAM
J. Control Optim., Vol. 29, pp.968-998, 1991.

Cea, J., Lectures on Optimization: Theory and Algorithms, Springer-Verlag,
Berlin, 1978.

Chen, Q., Indirect obstacle control problem for semilinear elliptic variational
inequalities, STAM J. Control Optim. Vol. 38, pp. 138-158, 1999.

Chen, Z. M. and Zou J., An augmented Lagrangian method for identifying dis-
continuous parameters in elliptic systems, STAM J. Control Optim., Vol. 37,
pp. 892-910, 1999.

Clarke, F. H., A new approach to Lagrange multipliers, Math. Oper. Res. Vol.
1, no. 2, pp. 165-174, 1976.

Clarke, F. H., Optimization and Nonsmooth Analysis, John Wiley, New York,
1983.

137



[25]

[26]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

Coleman, T. F. and Conn, A. R., Nonlinear programming via an exact penalty
function method: asymptotic analysis, Math. Programming, Vol. 24, pp.123-
136, 1982.

Coleman, T. F. and Conn, A. R., Nonlinear programming via an exact penalty
function method: global analysis, Math. Programming, Vol. 24, pp.137-161,
1982.

Di Pillo, G. and Grippo, L., An exact penalty method with nonlinear program-
ming Math. Programming, Vol. 36, pp.1-18, 1986.

Di Pillo, G. and Grippo, L., Ezact penalty functions in constrained optimization,
SIAM J. Control Optim., Vol. 27, No. 6, pp. 1333-1360, 1989.

Di Pillo G. and Lucidi S., An augmented Lagrangian function with improved
exactness properties, SIAM J. Optim., 12, 376-406, 2001.

Di Pillo, G., Lucidi, S. and Palagi, L. An exact penalty-Lagrangian approach
for a class of constrained optimization problems with bounded variables, Opti-
mization, Vol. 28, no. 2, 129-148, 1993.

Dréabek, P., Solability and Bifurcations of Nonlinear Equations. Pitman Re-
search Notes in Mathematics Series. 264: Longman Scientific & Technical, 1992.

Dréabek, P., Strongly nonlinear degenerated and singular elliptic problems. In:
Nonlinear Partial Differential Equations, Benkirane, A. and Gossez, P.P. eds.,
Pitman Research Notes in Mathematics 343, Longman, Harlow, pp. 112-146,
1996.

Drabek, P. and Robinson, S. B., Resonance problems for the p-Laplacian, J.
Funct, Anal, Vol. 169, pp. 189-200, 1999.

Evans, J. P. and Tolle, J. W., Ezact penalty functions in nonlinear programminyg,
Math. Programming, vol. 4, pp 72-97, 1973.

Fiacco, A. V. and McCormick, G. P., Nonlinear programming: sequential un-

constrained minimization techniques, New York, Wiley, 1968.

Fletcher, R. E., Nonliear programming with termination and convergence prop-
erties, J. Abadie, ed., Integer and Nonliear Programming, North-Holland, Am-
sterdam, pp.157-173, 1970.

138



[37]

[43]

[44]

[45]

[46]

[47]

[48]

Friedman, A., Optimal control for free boundary problems, Free boundary prob-
lems: theory and applications, Vol. T (Irsee, 1987), 6067, Pitman Res. Notes
Math. Ser., 185, Longman Sci. Tech., Harlow, 1990.

Friedman, A., Optimal control for variational inequalities, Nonlinear parabolic
equations: qualitative properties of solutions (Rome, 1985), 110-113, Pitman
Res. Notes Math. Ser., 149, Longman Sci. Tech., Harlow, 1987.

Friedman, A., Optimal control for variational inequalities, STAM J. Control
Optim., Vol. 25, pp. 482-497, 1987.

Forsyth, P. A. and Vetzal, K. R., Quadratic convergence for valuing American
options using a penalty method. STAM J. on Scientific Computing, Vol. 23, pp.
2095-2122, 2002.

Fortin, M. and Glowinski, R., Augmented Lagrangian methods : applications
to the numerical solution of boundary-value problems. Studies in Math. and its
Applications 15, North-Holland Amsterdam, 1983.

Gasimov, R. N., Augmented Lagrangian duality and nondifferentiable optimiza-
tion methods in nonconvex programming, J. Global Optim., Vol. 24, pp. 187 -
203, 2002.

Gasimov, R. N. and Rubinov, A. M., On augmented Lagrangians for optimiza-
tion problems with a single constraint , J. Global Optim., Vol. 28, pp. 153 - 173,
2004.

Gilbarg, D. and Trudinger, N.S., Elliptic Partial Differential Equations of Sec-
ond Order, Springer-Verlag, Berlin, 1977.

Glad, T. and Polak, E., A multiplier method with automatic limitation of penalty
growth, Math. Programming, Vol. 17, pp. 140-155, 1979.

Goh, C. J. and Yang, X. Q., A sufficient and necessary condition for nonconvex
constrained optimization, Appl. Math. Lett., Vol. 10 , no. 5, pp. 9-12, 1997.

Goh, C. J. and Yang, X. Q., Nonlinear Lagrangian theory for nonconvex opti-
mization, J. Optim. Theory Appl., 109, no. 1, pp. 99-121, 2001.

Guan, Z. and Kartsatos, A.G., Ranges of generalized pseudo-monotone pertur-
bations of maximal monotone operators in reflexive Banach spaces, Contemp.
Math., Vol. 204, pp.107-123, 1997.

139



[49]

[51]

[52]

[61]

Guan, Z., Kartsatos, A.G. and Skrypnik, I.V., Ranges of densely defined gener-
alized pseudo-monotone perturbations of maximal monotone operators, J. Dif-
ferential Equations, Vol.188, pp.332-351, 2003.

Guo, B. Y. and Zou, J., An augmented Lagrangian method for parameter iden-
tifications in parabolic systems, J. Math. Anal. Appl., Vol. 263, pp. 49-68, 2001.

Guo, J. S. and Yao, J. C., Variational inequalities with nonmonotone operators.
J. Optim. Theory Appl., Vol.80, pp. 63-74, 1994.

Han, S. P. and Mangasarian, O. L. Fzact penalty functions in nonlinear pro-

gramming, Math. Programming, 17. pp. 251-269, 1979.

He, Z. X., State constrained control problems governed by variational inequali-
ties, SIAM J. Control Optim., Vol. 25, pp. 1119-1144, 1987.

Hestenes, M. R., Multiplier and gradient methods, Journal of Optimization The-
ory and Applications, Vol. 4, 303-320, 1969.

Hirano, N. and Kalinde, A. K. On perturbations of m-accretive operators in
Banach spaces, Proc. Amer. Math. Soc., vol.124, pp. 1183-1190, 1996.

Huang, X. X. and Yang, X. Q., A unified augmented Lagrangian approach to
duality and ezxact penalization, Math. Oper. Res. Vol. 28, no. 3, 533-552. 2003.

Huang, X. X. and Yang, X. Q., Convergence analysis of a class of nonlinear
penalization methods for constrained optimization via first-order necessary op-
timality conditions, J. Optim. Theory Appl., Vol. 116, no. 2, pp. 311-332, 2003.

Huang, X. X., Yang, X. Q. and Teo, K. L., A lower order penalization approach

to nonlinear semidefinite programmaing, J. Optim. Theory Appl., to appear.

Huang, Y. S., Positive solutions of quasilinear elliptic equations, Topological
Methods in Nonlinear Anal., Vol.12, pp. 91-107, 1998.

Huang, Y. S. and Zhou, Y. Y., Variational inequalities of perturbed maximal
monotone mapping with application, Appl. Math. Lett., Vol.9, No. 4, pp. 15-20,
1996.

G. Isac, Nonlinear complementarity problem and Galerkin method, J. Math.
Anal. Appl., Vol. 108, pp. 563-574, 1985.

140



[62]

[65]

[66]

[68]

[69]

[70]

[71]

loffe, A., Necessary and sufficient conditions for a local minimum. 3: second-
order conditions and augmented duality, STAM J. Control Optim., Vol. 17, pp.
266-288, 1979.

Ito, K. and Kunisch, K., The augmented Lagrangian method for parameter
estimation in elliptic systems, STAM J. Control Optim., Vol. 28, pp.113-136,
1990.

Ito, K. and Kunisch, K., Augmented Lagrangian-SQP-method in Hilbert space
and application to control in the coefficients problems, SIAM J. Optim., Vol.
6, pp. 96-125, 1996.

Kartsatos, A.G., New results in the perturbation theory of maximal monotone
and m-accretive operators in Banach spaces, Trans. Amer. Math. Soc., Vol. 348,
pp- 1663-1707, 1996.

Kartsatos, A.G., On the connection between the existence of zeros and the
asymptotic behavior of resolvents of maximal monotone operators in reflexive
Banach spaces, Trans. Amer. Math. Soc., Vol. 350, pp. 3967-3987, 1998.

Kinderlehrer, D. and Stampacchia, G., An Introduction to Variational Inequal-

ities and Their Applications. Academic Press, Inc., New York-London, 1980.

Krasnoselskii, M. A., Topological Methods in the Theory of Nonlinear Integral
Equations. Pergamon Press, 1964.

Kucera, M. A, New method for obtaining eigenvalues of variational inequalities:
operators with multiple eigenvalues. Czech. Math. J. Vol. 32, pp. 197-207, 1982.

Ky Fan, A generalization of Tychonoff’s fixed point theorem, Math. Ann. Vol.
142 , 303-310, 1961.

Le, V. K., Some degree calculations and applications to global bifurcation of
variational inequalities. Nonlinear Anal. T. M. A. Vol. 37, pp. 473-500, 1999.

Le, V. K., Subsolution-supersolution method in variational inequalities, Nonlin-
ear Anal. T. M. A. Vol. 45, 775-800, 2001.

Lions, J. L., Quelwues méthodes de résolution des problémes aux limites non-
linéaires, Dunod-Gauthier-Villars, Paris. 1969.

Lions, J. L.,Optimal control of systems governed by partial differential equations

Springer-Verlag, Berlin, 1971.

141



[75]

[81]

[82]

[84]

[36]

[87]

Lions, J. L., Some aspects of the optimal control of distributed parameter systems
CBMS-NSF Regional Conference Series in Applied Mathematics, Society for
Industrial and Applied Mathematics, Philadelphia, PA. 1972.

Lou, H. W., On the reqularity of an obstacle control problem, J. Math. Anal.
Appl., Vol. 258, pp. 32-51, 2001.

Lou, H. W., An obstacle control problem governed by quasilinear variational
inequalities, STAM J. Control Optim., Vol. 41, 1229-1253, 2002.

Lucidi, S. New results on a class of exact augmented Lagrangians, J. Optim.
Theory Appl., Vol. 58, pp. 259-282, 1988.

Lucidi, S. New results on a continuously differentiable exact penalty function,
SIAM J. Optim., Vol. 2, pp. 558-574, 1992.

Luenberger, D. G., Linear and nonlinear programming, Kluwer Academic Pub-
lishers, 1984.

Luo, Z. Q., Pang, J. S. and Ralph, D., Mathematical Programs with Equilibrium
Constraints, Cambridge University Press, New York, 1996.

Mangasarian, O. L., Sufficiency of exact penalty minimization, STAM J. Control
Optim., Vol. 23, No. 1, pp. 30-37, 1985.

Mangasarian, O. L. and Fromovitz, S., The Fritz John necessary optimality
conditions in the presence of equality constraints, J. Math. Anal. Appl., Vol.
17, pp. 34-47, 1967.

Mayne, D. Q. and Polak, E., An exact penalty function algorithm for optimal
control problems with control and terminal equality constraints I, J. Optim.
Theory Appl., Vol.32, pp. 211-246, 1980.

Mayne, D. Q. and Polak, E., An exact penalty function algorithm for optimal
control problems with control and terminal equality constraints I, J. Optim.
Theory Appl. Vol.32, pp. 245264, 1980.

Meng, Z. Q., Hu, Q. Y., Dang, C,. Y. and Yang, X. Q. An objective penalty
function method for nonlinear programming, Appl. Math. Lett., Vol. 17, no. 6,
683-689, 2004.

Mignot, F. and Puel, J. P., Optimal control in some variational inequalities,
SIAM J. Control Optim. Vol. 22, pp.466-476, 1984.

142



8]

[89]

[90]

[97]

(98]

[99]

Pang, J. S., Error bounds in mathematical programming, Math. Programming,
Vol. 79, pp. 299-332, 1997.

Pascali, D. and Sburlan, S., Nonlinear Mappings of Monotone Type, Romania,
1978.

Penot, J. P., Augmented Lagrangians, duality and growth conditions, J. Non-
linear Convex Anal., Vol. 3, no. 3, 283-302, 2002.

Pietrzykowski, T., An exact potential method for constrained maxima, SIAM
Journal on Numerical Analysis, Vol. 6, pp. 299-304, 1969.

Pinar, M. C. and Zenios, S. A. On smoothing exact penalty functions for convex
constrained optimization, SIAM J. Optim. Vol. 4, no. 3, 486-511, 1994.

Rosenberg, E., Fxact penalty functions and stability in locally Lipschitz pro-
gramming, Math. Programming, Vol. 30 no. 3, 340-356, 1984.

Powell, M. J. D.,A method for nonlinear constraints in minimization problems.
In “Optimization” (R. Fletcher, ed.), Academic Press, New York, 283-298, 19609.

Rockafellar, R. T., Augmented Lagrange multiplier functions and duality in
nonconvez programming, SIAM J. Control Optim., Vol. 12, pp. 268-285, 1974.

Rockafellar, R. T., Lagrange multipliers and optimality, SIAM Review, Vol.
35, pp. 183-238, 1993.

Rockafellar, R. T. and Wets, R. J.-B., Variational Analysis, Springer-Verlag,
Berlin, 1998.

Rubinov, A. M. and Gasimov, R. N. Strictly increasing positively homogeneous

functions with application to exact penalization, Optimization, Vol. 52, no. 1,
1-28, 2003.

Rubinov, A. M., Glover, B. M. and Yang, X. Q., Decreasing functions with
applications to penalization, SIAM J. Optim., Vol. 10, No. 1, pp. 289-313,
2000.

[100] Rubinov, A. M., Huang, X.X., and Yang, X.Q., The zero duality gap property

and lower-semi continuity of the perturbation function, Math. Oper. Res., Vol.
27, pp. 775-791, 2002.

[101] Rubinov, A. M. and Yang, X. Q., Lagrange-type Functions in Constrained

Non-convex Optimization, Kluwer Academic Publishers, 2003.

143



[102] Rubinov, A. M., Yang, X. Q. and Bagirov, A., penalty function with a small
penalty parameter, Optimi. Methods and Softw., Vol. 17, pp. 931-964, 2002.

[103] Rubinov, A. M., Yang, X. Q., Bagirov, A. M. and Gasimov, R. N. Lagrange-
type functions in constrained optimization, Optimization and related topics, 1.
J. Math. Sci. (N. Y.) 115, no. 4, pp. 2437-2505, 2003.

[104] Schuricht, F., Bifurcation from minimazx solutions by variational inequalities
in convex sets. Nonlinear Anal. T. M. A. Vol. 26, pp. 91-112, 1996.

[105] Shapiro, A. and Sun, J., Some properties of the augmented Lagrangian in cone
constrained optimization. Math. Oper. Res. Vol. 29, No.3, PP. 479-491, 2004.

[106] Shih, M. H. and Tan, K. K., Browder-Hartman-Stampacchia variational in-
equalities for multivalued monotone operators, J. Math. Anal. Appl. Vol., 134,
pp. 431440, 1988.

[107] Troianiello, G. M., Elliptic Differential Equations and Obstacle Problems,
Plenum Press, New York, 1987.

[108] Théra, M., Existence results for the nonlinear complementarity problem and
application to nonlinear analysis, J. Math. Anal. Appl., 154 , pp.572-586, 1991.

[109] Volkwein, S., Mesh-indepence for an augmented Lagrangian-SQP-method in
Hilbert space, SIAM J. Control Optim., Vol. 38, pp. 767785, 2000.

[110] Wang, C. Y.; Yang, X. Q.; Yang, X. M. Nonlinear Lagrange duality theorems
and penalty function methods in continuous optimization, J. Global Optim. Vol.
27, no. 4, 473-484, 2003.

[111] Wang, S., Yang, X. Q. and Teo, K. L., A power penalty method with an arbi-
trary order convergence rate for American option valuation, J. Optim. Theory

Appl., to appear.

[112] Wu, Z. L. and Ye J. J., First-order and second-order conditions for error
bounds STAM J. Optim. Vol. 14, No. 3, pp. 621-645. 2003.

[113] Wu, Z. Y., Bai, F. S., Yang, X. Q. and Zhang, L. S., An exact lower order
penalty function and its smoothing in nonlinear programming, Optimization,
Vol. 53, No.1 pp. 51-68, 2004.

[114] Yang, J. F., Regularity of weak solutions to quasilinear elliptic obstacle prob-
lems, Acta Math. Scientia, Vol. 17, 159-166, 1997.

144



[115] Yang, X. Q., Second order global optimality conditions for convex composite
optimization, Math. Programming, Vol. 81, pp. 327-347, 1998.

[116] Yang, X. Q., Second order global optimality conditions of optimization prob-
lems, J. Global Optim., Vol. 30, pp. 271-284, 2004.

[117] Yang, X. Q. and Huang, X. X., A nonlinear Lagrangian approach to con-
strained optimization problems, SIAM J. Optim., Vol. 14, pp. 1119 - 1144,
2001.

[118] Yang, X. Q. and Huang, X. X., Partially strictly monotone and Nonlinear
penalty function for constrained mathematical programs, Computational Opti-
mization and Applications, Vol. 25, pp. 293-311, 2003.

[119] Yang, X. Q. and Huang, X. X., Lower-order penalty methods for mathematical
programs with complementarity constraints, Optim. Methods Softw., Vol. 19,
pp- 693 - 720, 2004.

[120] Yang, X. Q., Meng, Z. Q., Huang, X. X. and Pong, G. T. Y. Smoothing non-
linear penalty functions for constrained optimization problems, Numer. Funct.
Anal. Optim. Vol. 24, no. 3-4, pp. 351-364, 2003.

[121] Yang, X. Q. and Zhou, Y. Y., Second-order sufficient optimality conditions for

lower order exact penalty functions, in preparation.

[122] Ye, J. J., Necessary optimality conditions for control of strongly monotone
variational inequalitys. Proceeding of the IFIP WG 7.2 International Confer-
ence, June 19-22, 1998, Hangzhou, China, Chen, Li, Yong and Zhou (Editors),
Kluwer Academic Publishers, 153-169.

[123] Ye, J. J., Constraint qualifications and necessary optimality conditions for

optimization problems with variational inequality constraints, STAM J. Optim.,
Vol. 10, pp. 943-962, 2000.

[124] Ye, Y. Q. and Chen, Q., Optimal control of the obstacle in a quasilinear elliptic
variational inequality. J. Math. Anal. Appl., Vol. 294, pp. 258-272, 2004.

[125] Zangwill, Nonlinear programming via penalty functions, Management Sci., Vol.
13, pp.344-358, 1967.

[126] Zeilder, E., Nonlinear Functional Analysis and its Applications, 11/B,
Springer-Verlag, New York, 1990.

145



[127] Zhao, Y. C., On the topological degree for the sum of two maximal monotone
operator and generalized pseudomonotone operator, Chin. Ann. of Math, 4B:2,
pp.241-253, 1983.

[128] Zhao, Y. C., On a surjectivity for the sum of two mappings of monotone type,
Chin. Ann. of Math, 6B:2, pp.471-480, 1985.

[129] Zhou, Y. Y., Some results about perturbed maximal monotone mappings , Com-
put. Appl. Math. (revised).

[130] Zhou, Y. Y. and Huang, Y. S., Several existence theorems for the nonlinear
complementarity problems, J. Math. Anal. Appl. Vol.202, pp. 776-784, 1996.

[131] Zhou, Y. Y. and Huang, Y. S., Ezistence of solutions for a class of elliptic
variational inequalities, J. Math. Anal. Appl. Vol.250, pp. 187-195, 2000.

[132] Zhou Y.Y. and Huang, Y. S., Ezistence of solutions for obstacle problems,
Mathematica Applicata, Vol. 14, 131-134, 2001.

[133] Zhou, Y. Y. and Huang, Y. S., Ezistence of solutions for quasilinear elliptic
obstacle problems, J. Math. Anal. Appl. Vol. 295, pp. 237-246, 2004.

[134] Zhou, Y.Y. and Yang, X. Q., Some results about duality and exact Penaliza-
tion, J. Global Optim., Vol. 29, pp. 497-509, 2004.

[135] Zhou, Y. Y. and Yang, X. Q., Duality and penalization in optimization via
an augmented Lagrangian function with applications, J. Optim. Theory Appl.

(revised).

[136] Zhou, Y. Y., Yang, X. Q. and Teo, K. L., Optimal control problems governed
by a variational inequality and nonlinear Lagrangian methods, Optimization, to

appear.

[137] Zhou, Y. Y., Yang, X. Q. and Teo, K. L., The existence results for optimal
control problems governed by a variational inequality, submitted to J. Math.
Anal. Appl.

[138] Zhou, Y. Y. and Yang, X. Q., Lagrangian Function, non-quadratic growth

condition and exact penalization, Oper. Res. Lett., to appear.

[139] Zvan, R., Forsyth, P. A. and Vetzal, K. R., Penalty methods for American
options with stochastic volatility. Comput. Appl. Math., Vol. 91, pp. 199-218,
1998.

146



