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ABSTRACT 

 

Electromechanical properties of ferroelectric thin films have drawn a lot of 

attention because of their applications in sensors, actuators and microelectromechanical 

devices. Their electrical properties not only depend on the electrical loading but also on 

the mechanical one. Similarly, the mechanical properties are influenced by both 

electrical and mechanical loadings. The coupling between the electrical and mechanical 

effects is obviously important for these phenomena. Thus, it is worthwhile to investigate 

these properties in order to understand the switching mechanisms behind the various 

phenomena and to optimize the device performance.   

 

In this project, these properties were investigated theoretically using a modified 

two-dimensional four-state Potts model. It has been established that 90o domain-wall 

switching is responsible for electromechanical properties. Consequently, any theory that 

intends to explain or simulate electromechanical properties in microscopic scale should 

have the description and formulation to tackle this 90o domain-wall switching. Four-

state Potts model provides a simple picture to meet this requirement. In my present 

work, the ferroelectric thin film is modelled by a two-dimensional array of dipoles and 

each of which is represented by a pseudo-spin. There are four possible states for the 

pseudo-spin which are mutually perpendicular to each other. The dipole orientation is 

associated with the deformation of a perovskite cell, through the ferroelastic effect. 

Consequently, there are also two strain states, correlated with the pseudo-spin states 

 Page i 



 
THE HONG KONG POLYTECHNIC UNIVERSITY 
Department of Applied Physics ABSTRACT

according to the dipole orientation. In addition to the coupling of neighbouring dipoles 

and that between the dipoles and the electric field as in the Hamiltonian of a 

conventional Potts model or Ising model, the mechanical energy density and the 

coupling between neighbouring strain states are also incorporated in the Hamiltonian of 

our model. Moreover, the effect of anisotropic switching is also taken into account. The 

evolution of the ensemble of pseudo-spins and strain states can then be determined using 

the conventional metropolis algorithm. The macroscopic properties, such as polarization 

and strain, are then evaluated from the ensemble of pseudo-spins and strain states.  
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Stress always exists in ferroelectric films. The presence of stress alters the 

ferroelectric properties of thin films, such as phase transition temperature, polarization 

and strain. Experimental accounts on the effects of stress are numerous [Garino and 

Harrington, 1992; Kushida and Takeuchi, 1990; Kushida and Takeuchi, 1991; Rossetti et 

al., 1991; Shepard et al., 1996; Taylor et al., 2002; Yuzyuk et al., 2002]. For instance, the 

paraelectric–ferroelectric phase transition temperature can be determined from either the 

polarization versus temperature or susceptibility versus temperature relations. Only the 

electric field perpendicular to the film surface was applied to the system throughout our 

work. The shift in phase transition temperature in the presence of stress was obtained 

and compared with experimental results qualitatively [Abe and Komatsu, 1995; Taylor 

et al., 2002; Yuzyuk et al., 2002]. Moreover, we have also simulated the polarization–

electric field and electric displacement-electric field hysteresis loops as well as the 

strain–electric field butterfly loops under different loading conditions: (i) static stress 

with alternating electric field and (ii) alternating stress and electric field. For the former 
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one, as observed from experiments, the presence of either in-plane tensile stress or 

longitudinal compressive stress reduces both the remnant and saturated polarizations. 

On the other hand, either in-plane compressive stress or longitudinal tensile stress leads 

to opposite effect. The corresponding strain responses of the thin films were also 

obtained. In particular, the dynamic change in strain over a cycle was enhanced under 

the following conditions: (i) in-plane tensile stress, (ii) uni-axial compressive stress, and 

(iii) small anisotropic switching factor φc.  

 

The experimental result on the dielectric and strain responses under combined 

electrical and mechanical loadings investigated by Zhou and Kemlah [Zhou and Kamlah, 

2004] was also numerically simulated. It was found that when the alternating electric 

field and the uni-axial compressive stress are in phase, the dynamic changes for both 

electric displacement and strain are reduced. On a contrary, they are enhanced when 

both loadings are out-of-phase. Explanation to this novel behavior is presented in this 

thesis.  
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Ê  Electric field in matrix form 
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Chapter 1 Introduction 

 

Since the discovery of ferroelectricity in polycrystalline ceramics during the 

early to mid-1940s, they have been widely used as capacitors, transducers and 

sensors [Cross and Newnham, 1987]. Among different families of ferroelectrics, 

perovskite-type ferroelectrics, such as Pb(ZrxTi1-x)O3 (PZT) and BaTiO3, are 

commonly used due to their superior ferroelectric, piezoelectric and pyroelectric 

properties. Owing to the maturity of thin film fabrication techniques, increasing 

attention has been drawn to the potential applications of ferroelectric thin films in 

nonvolatile memory, dynamic random access memory (DRAM), ultrasonic actuators 

and micro-electromechanical (MEMS) devices. However, both experimental and 

theoretical investigations have shown that the physical properties of ferroelectric thin 

films substantially differ from those of bulk ferroelectrics. To sustain the trend 

towards further miniaturization of microelectronic devices, a thorough understanding 

of the electromechanical properties of ferroelectric thin films is vitally important. 

Such investigation can also assist both structural and material designs of thin-film 

based electromechanical devices for optimal performance. 
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1.1  Ferroelectric, ferroelastic and related electromechanical 

behaviors in materials science and technology  

 

Ferroelectricity was discovered in 1921 by Valasek. The term 

‘ferroelectricity’ is used in analogy to ferromagnetism, in which a material exhibits a 

permanent magnetic moment. Valasek discovered that the polarization of sodium 

potassium tartrate tetrahydrate (NaKC4H4O6·4H2O), better known as Rochelle salt, 

could be reversed by the application of an external electric field [Lines and Glass, 

1977]. Similar to the phenomena observed in ferromagnetism, the spontaneous 

polarization, which can be reversed with an applied electric field, exists in 

ferroelectric materials. The first demonstration of polarization reversal was by the 

observation of dielectric hysteresis (Valasek, 1920) through the Sawyer-Tower circuit, 

which is still frequently used for the characterization of ferroelectrics. Similar to 

ferromagnetism, a sharp peak also exists in the susceptibility versus temperature 

curve where the paraelectric–ferroelectric phase transition takes place. The 

temperature at this peak is called Curie temperature Tc.  

 

Beginning with the pioneering work on Rochelle salt and potassium 

dihydrogen phosphate, the study of ferroelectrics has been rapidly accelerated during 

World War II (1940s) due to the discovery of perovskite barium titanate (BaTiO3) 

[Lines and Glass, 1977]. In the following decade, more than 100 new ferroelectrics 

had been identified. Lead zirconate titanate (PZT) has surpassed BaTiO3 (BT) due to 

its better performance for various applications. Because of the simplicity in crystal 

structure, chemical and mechanical stability and existence of ferroelectric state at 
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room temperature, perovskite-type ferroelectrics rapidly became a very important 

group of ferroelectrics and the most extensively investigated ferroelectric material.  

 

Ferroelectric materials are manifested by the presence of domain structure 

and spontaneous polarization sp at temperatures below Tc [Smith, 2005]. 

Spontaneous polarization, which only exists in ferroelectric phase, is defined as the 

dipole moment per unit volume, or by the charge per unit area A developed on the 

surface normal to the spontaneous polarization. As the temperature T increases, the 

spontaneous polarization sp  decreases and eventually disappears at a Curie 

temperature Tc [Lines and Glass, 1977]. (In 2nd order phase transition, ps gradually 

diminishes to zero, but for 1st order phase transition, it undergoes a sudden jump to 

zero at Tc.) Moreover, the permittivity is divergent at Tc. Above Tc, the materials 

exhibit paraelectric behavior, i.e. the polarization disappears in the absence of 

external electric field. For perovskite-type ferroelectrics, the crystal structure of 

paraelectric phase is cubic and the spontaneous polarization is absent because of the 

symmetrical property. Ferroelasticity is manifested by the presence of spontaneous 

strain, in the absence of either electric field or stress. Ferroelastic behavior can also 

be observed for several ferroelectric materials, such as tetragonal zirconia, zirconates, 

titanates and vanadates. The crystal structure is distorted and reoriented when an 

external mechanical loading is applied. Instead of spontaneous magnetization or 

polarization, a spontaneous strain is developed below a paraelastic to ferroelastic 

phase transition.  
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In ferroelectric materials, both hysteresis and nonlinear constitutive relations 

exist. The polarization P and strain ε can be expressed as a function of E and σ, i.e., 

P = f(E, σ) and ε =g(E, σ), where P, E, σ and ε are polarization, electric field, stress 

and strain, respectively. These relations demonstrate that the electrical and 

mechanical responses, i.e. P and ε of ferroelectric materials can be induced by either 

electrical or mechanical loading, and they are strongly coupled with each other. The 

electrical properties of ferroelectric materials, such as dielectric properties and 

hysteresis in their P(E) relationship, depend not only on the electrical loading, but 

also on the mechanical one. The orientation of the dipoles would be influenced by 

the presence of stress, which may hinder or enhance the polarization switching in 

ferroelectric materials. Similarly, the mechanical properties, such as the strain-

electric field butterfly loop (ε-E) and the piezoelectricity, are influenced by both 

electrical and mechanical loading. Thus, the coupling between the two responses, 

electrical and mechanical, is obviously important for these phenomena.  

 

Practically, it is more convenient to investigate the electric displacement-

electric field (D-E) loop. The electric displacement D is related by EPD κ+= , 

where roκκκ = , oκ is the permittivity of free space and rκ  is the relative 

permittivity of the material. Typical displacement-electric field hysteresis loop (D-E 

loop) and strain-electric field butterfly loop (ε-E loop) are shown in Figure 1.1 and 

Figure 1.2, respectively.  
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Figure 1.1  Typical D-E hysteresis loop in ferroelectrics [Cross and Newnham, 1987] 

 
 
 
 

 

Figure 1.2  Typical ε-E butterfly loop in ferroelectrics [Ball et al., 2005] 

 

 

a)
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As illustrated in Figure 1.1 and Figure 1.2, the initially unpoled ferroelectric 

material is represented by the point O. The orientation of the domains is randomly 

oriented resulting in zero electric displacement in this state. The electric 

displacement D increases along path A when the electric field increases from zero. 

The domain structure is unchanged and the ions of the unit cells are shifted within 

the neighborhood of their equilibrium positions when the electric field is sufficiently 

small. The dielectric behavior, i.e. the plot of polarization vs. applied field, is 

reversible and approximately linear in this state. As the electric field reaches the 

coercive field strength Ec, irreversible switching processes of the domains are 

initiated. Dipoles are preferentially aligned along the direction of electric field 

through 90° or 180° rotations. Majority of the domains are aligned along the electric 

field direction when the sample reaches point B. The polarization becomes positively 

saturated. As the field E is gradually reduced from the point B, the displacement D is 

reduced simultaneously along the segment BCD. At zero field, the displacement D 

has a non-zero value Pr, called the remanent polarization. The remanent polarization 

is positive as a greater portion of domains is still aligned in the positive direction. 

The displacement D is reduced to zero when the field equals to –Ec. Below this point, 

D changes sign (from positive to negative) by rotation of dipoles to the opposite 

direction. At point D, the material is polarized to negative saturation. If the field E 

increases again, the profile of D is along the segment DEB. The closed segment 

BCDEB forms a saturated D-E hysteresis loop of the material.  
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The butterfly loops, formed by the strain vs. applied electric field E, is shown 

in Figure 1.2. Since the onset of ferroelectric/ferroelastic switching processes is 

triggered if the applied field exceeds the coercive field, energetically favorable 

domains grow. In these domains, dipoles are aligned along the field direction. A 

significant elongation of the specimen is observed (along path A). The elongation is 

mainly due to two contributions. The first one is by the growth in volume fraction of 

the energetically favorable domains through dipole rotations and the second one is 

the piezoelectric effect in which the charge separation inside a cell leads to an 

additional deformation. The strain of the material reaches the maximum at point B as 

the field is the maximum. The strain is then reduced as the electric field decreases. 

When the electric field equals to zero, only the ferroelastic component remains. 

Upon reversing the electric field beyond the coercive field strength, backswitching 

process takes place. The strain attains a sharp minimum. Below this point, the 

corresponding D of the material changes sign (from positive to negative). However, 

domains aligned along the c-axes dominate. Thus, the switching strain as well as the 

piezoelectric strain starts to increase again. The strain attains another maximum at 

point D when the electric field is maximal at the negative direction.  

 

The presence of stress produces very similar effects on the polarization and 

strain. In Figure 1.3, the spontaneous polarization is reduced by the application of 

compressive stress along the polarization direction. Likewise, the longitudinal strain 

is also reduced, as shown in Figure 1.4. Upon the removal of stress, both the 

polarization and strain slightly increase, but cannot restore to their initial values.  

This is due to the irreversible nature of ferroelastic switching. We will elaborate in 

details in Chapter 3.  
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Figure 1.3 Typical P-σ hysteresis loop in ferroelectrics [Ball et al., 2005] 

 

 

Figure 1.4 Typical ε -σ hysteresis loop in ferroelectrics [Ball et al., 2005] 
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1.2  Ferroelectric thin films 

1.2.1  The importance of thin films  

Piezoelectric materials have been widely used for sensors and actuators 

including strain gauges, pressure transducers and accelerometers. However, 

bulk-type sensors suffer from several shortcomings such as low fracture 

toughness, high inertia and relatively large size. Recently, due to the 

remarkable progress in epitaxial growth of perovskite-type thin films using 

different methods, ferroelectric devices and components in thin film form 

become possible. Moreover, both experimental and theoretical investigations 

have shown that the physical properties of ferroelectric thin films substantially 

differ from those of bulk ferroelectrics [Taylor et al., 2002; Yuzyuk et al., 2002; 

Maiwa and Ichinose, 2003; Berfield et al., 2004]. Ferroelectric thin films, with 

much superior performance, attract a lot of attention for both academic interests 

and applications. We will elaborate these novel behaviors in the next section. 

 

Thin film ferroelectrics have been used for micro-electromechanical 

systems (MEMS), such as micro-scanning mirrors, atomic force microscope 

cantilevers and membrane-type micropumps. The major advantages of using 

thin film include: high speed, small profile, low power consumption and 

capable to be integrated with silicon ICs. On the other hand, the presence of 

residual stresses is an inevitable problem in thin films where it can be easily 

accommodated in a bulk material. For instance, films grown on different 

substrates or by different deposition methods would have different initial 

residual stress states [Zhou, Y.C. et al., 2003; Lian and Sottos, 2004; Ohno et al., 
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2004]. The presence of this residual stress might sometimes be an advantage to 

yield a better performance, such as a higher dielectric constant. However, it 

might also impose adverse effects, such as shrinkage of the film’s service life, 

delamination of the film from the substrate or cracking. Thus, the study of the 

residual stress is important. A thorough understanding of the physical 

mechanism behind the observable phenomena about the electromechanical 

properties of such films can assist both structural and material designs for 

optimal performance. 

 

1.2.2  The novel behaviors observed in ferroelectric thin films  

Experimental investigations on the electromechanical properties of 

ferroelectric thin films are quite exhaustive. Stress is an important factor and 

always exists in ferroelectric films. The existence of stress is mainly caused by 

thermal mismatch or lattice mismatch between substrate and film. For instance, 

compressive or tensile residual stresses of the order of several hundred MPa 

have been reported [Tuttle et al., 1992; Zhang, L. L. et al., 2003; Ohno et al., 

2004]. It may also be created by the geometrical change upon the phase 

transition. Alternatively, stress can be imposed externally. In the followings, we 

will discuss the stress effects on ferroelectric properties, such as phase 

transition temperature, remanent polarization and coercive field, and the 

possible causes for these properties.   
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In brief, the phase transition temperature in the ferroelectric thin films 

can be changed by the application of stress. According to the experimental 

works of Rossetti et al. [Rossetti et al., 1991] and Yuzyuk et al. [Yuzyuk et al., 

2002], the in-plane compressive stress resulted in increasing the Curie 

temperature, while the tensile stress induced the decrease in the Curie 

temperature. Moreover, some of them suggested that the existence of in-plane 

compressive stress favors the alignment of dipoles along the longitudinal 

direction whereas in-plane tensile stress encourages in-plane dipole alignment. 

The existence of stress also influences the dielectric and mechanical properties 

of ferroelectric films. Many experiments demonstrated that both remanent 

polarization in P-E loop and field-induced strain in ε - E loop increase under 

in-plane compressive stress and decrease under a tensile stress.  
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1.3 Objective of this work 

 

The aim of this project is to establish a theoretical framework for the 

simulation of electromechanical properties in the nanometer scale. Most of the past 

theoretical works are based on Landau thermodynamic theory. Even though it has 

been widely used for theoretical analysis with great success, it is a macroscopic 

approach only relating macroscopic quantities in the free energy expression while 

those mechanisms in atomic or cell levels have been overlooked. Moreover, it does 

not provide a picture on how a dipole is rotated during the polarization switching. 

Thus, it might not be applicable to systems in nanometer scale. We will make a 

detailed review on the Landau theory in Chapter 2. Moreover, the microscopic 

pictures, such as the switching mechanism of individual dipoles and the domain 

configuration, may facilitate us to understand the origin of various phenomena in 

ferroelectric thin films. In this study, a modified two-dimensional four-state Potts 

model, which considers the interactions between dipoles and between dipoles and 

external electrical or mechanical loading, has been adopted. The changes in 

electromechanical properties of ferroelectric films under stress observed in 

experiments are reproduced by using our model. 

 

The thesis was divided into five chapters. The motivation of this research is 

presented in Chapter 1. A brief review on the background of both theoretical and 

experimental works achieved in the literature will be presented in Chapter 2. In 

Chapter 3, we will present our model and the theoretical framework with the 

associated mathematical formulation. Based on this model, the simulation results, 
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such as polarization-temperature curves, susceptibility-temperature curves, 

polarization-electric field hysteresis loops and strain-electric field butterfly loops, 

will be presented in Chapter 4. The stress effect on phase transition temperature is 

then demonstrated and compared with experimental results. The effect of static stress 

on the polarization-electric field hysteresis loop and strain-electric field butterfly 

loop will also be discussed. Furthermore, the simulation results of both the 

polarization and strain responses under combined alternating electromechanical 

loading are presented and compared with experimental data.  
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Chapter 2 Literature Review  

2.1  Observed electromechanical phenomena reported in 

literature 

 

Most studies on the application of ferroelectric materials aim at fabricating 

thin films with large switchable polarizations and high dielectric responses. On 

decreasing the thickness of a ferroelectric film down to nanometer scale, distinct 

properties occur, such as enhanced dielectric permittivity, enhanced piezoelectric 

coefficients, and the shift in phase transition temperature. [Takayama and Tomita, 

1989; Scott, 1996]. There are two major causes for the distinct ferroelectric 

properties in thin film: the dominance of interfacial effect and the diminishing of 

collective dipole-dipole interactions because of the smaller system size. One of the 

roles of the interface on the ferroelectric thin film is to impose interfacial stress, 

which might be negligible in a bulk system. There are many origins for the presence 

of interfacial stress: thermal or lattice mismatch between the film and the underlying 

substrate or film, structural and dimensional change upon phase transition and the 

application of a bending moment. The direction of the stress induced by these causes 

is basically transverse (or parallel to the film). On the other hand, longitudinal stress 

(normal to film) can also exist when two or more films are stacked together, or it is 

under a uniaxial mechanical loading. The following section summarizes the effect of 

stress on various ferroelectric properties.  
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2.1.1  Effect of static stress on various ferroelectric properties 

(a) Effect of stress on the ferroelectric-paraelectric phase transition  

Both the paraelectric to ferroelectric transition temperature and the 

stability of ferroelectricity are strongly influenced by the presence of interfacial 

stress [P.W. Forsbergh, 1954; Rossetti et al., 1991; Pertsev et al., 1998; Pertsev 

et al., 1999; Taylor et al., 2002; Yuzyuk et al., 2002]. Due to the distortion of 

the crystal structure under different stress states (compressive or tensile), the 

ferroelectricity can be suppressed or enhanced in epitaxially-grown 

ferroelectric films [Frey and Payne, 1993; Waser, 1997; Yuzyuk et al., 2002]. 

Thus, the stress effect on the crystal structure, which is related to the 

ferroelectric phase, and the ferroelectric-paraelectric phase transition in 

ferroelectric films are strongly correlated.  

 

Numerous experiments demonstrated the effects of interfacial stress on 

structural characteristics of ferroelectric phase in thin films [Rossetti et al., 

1991; Berfield et al., 2004; Lian and Sottos, 2004]. Most of them have reported 

that BaTiO3-based epitaxial films on cubic substrates, such as silicon substrates, 

failed to display pronounced hysteresis loops comparable to the corresponding 

bulk materials [Frey and Payne, 1993; Waser, 1997]. Thus, Pertsev et al. 

[Pertsev et al., 1998; Pertsev et al., 1999] have suggested that the presence of 

transverse tensile stress in BaTiO3 (BT) film on a silicon substrate can alter the 

types of stable ferroelectric phases, such as the a phase (tetragonal phase along 

transverse direction where P1 ≠ 0 and P2 = P3= 0) and the ac phase (where P1 ≠ 

0, P3 ≠ 0 and P2 = 0), with respect to that in a bulk material. The definition of 
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the ferroelectric phases and their polarization components in ferroelectric films 

[Pertsev et al., 1998] are shown in Table 2.1.  

 

 

 

Table 2.1  The polarization components of the theoretically predicted phases in 

epitaxial ferroelectric thin films [Pertsev et al., 1998] 

 

Due to the two-dimensional clamping effect by the tensile stress, the 

tetragonal phase along transverse direction (a phase) was no longer stable in the 

BT films. Conversely, ferroelectric phases, such as orthorhombic aa phase 

(where P1 = P2 ≠ 0 and P3 = 0) and monoclinic r phase (where P1 = P2 ≠ 0 and 

P3 ≠ 0) with two and three nonzero polarization components, were stabilized in 

the films which do not exist in bulk sample. They also suggested that the misfit 

tensile strain in BaTiO3 films favored the existence of the orthorhombic aa 



 

  
Page 17 

THE HONG KONG POLYTECHNIC UNIVERSITY 
Department of Applied Physics CHAPTER TWO

phase in which the polarization was parallel to the film. The volume fraction of 

longitudinal domains aligned was correspondingly reduced. Therefore, the 

overall longitudinal polarization was suppressed under the transverse tensile 

stress. On the other hand, from Yuzyuk’s work, the epitaxially-grown 

(Ba,Sr)TiO3 thin film on (001) MgO substrate was under in-plane compressive 

stress. The thermal misfit compressive strain favored the longitudinal domains 

resulting in enhanced ferroelectricity along the longitudinal direction.  

 

Since the ferroelectric phase can be altered by the stress, the 

ferroelectric-paraelectric phase transition temperature in thin film can also be 

changed. Both Rossetti et al. [Rossetti et al., 1991] and Yuzyuk et al. [Yuzyuk 

et al., 2002] have demonstrated that the in-plane compressive stress increased 

the Curie temperature Tc. In particular, Rossetti et al. have shown an increase in 

Tc by nearly 50°C in the presence of 8105.3 × N/m2 in-plane compressive stress 

in PbTiO3 thin film. Yuzyuk et al., likewise, have shown that BST-0.3 thin film 

under in-plane compressive stress on a (001) MgO substrate exhibited a higher 

Tc (365K) than the value (300K) of its bulk counterpart. Similar results were 

obtained for epitaxial ferroelectric SrTiO3 films on (001) LaAlO3 substrates.  

 

On the other hand, Taylor et al. [Taylor et al., 2002] have reported a 

decrease in Tc under a large tensile strain. This in-plane biaxial tension induced 

a contraction normal to the film on one hand and forced the alignment of 

dipoles along the film on the other. The correlation between the shifting 

direction of Tc and the sign (i.e. negative for compressive and positive for 
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tensile stress) of the in-plane stress has also been experimentally confirmed by 

Pertsev et al [Pertsev et al., 1999]. Furthermore, Lu et al. [Lu et al., 2000] have 

studied the critical behavior theoretically using Landau theory by incorporating  

an additional stress-gradient term in Landau free energy expression and have 

successfully derived the similar shifting trend of Tc under different in-plane 

stresses.  

 

 

(b) Other ferroelectric properties  

The electromechanical responses of thin films can also be greatly 

influenced by the applied static stress. Garino and Shepard [Garino and 

Harrington, 1992] and Shepard et al. [Shepard et al., 1996] have investigated 

the change in P-E hysteresis loop caused by the mechanical stress in 

ferroelectric thin films. The PZT films used in their experiments were under a 

residual in-plane tensile stress. Both remnant and saturated polarizations 

decreased when the PZT film was subject to a transverse tensile stress 

perpendicular to the applied electric field direction whereas the remnant and 

saturated polarizations increased under a compressive stress. The area of the P-

E hysteresis loop was reduced under an in-plane tensile stress but enlarged 

under a compressive stress. Furthermore, both spontaneous polarization and the 

dielectric constant in the samples decreased with the transverse tensile stress 

and increased with the compressive stress. 
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Shaw et al. [Shaw et al., 1999] and Berfield et al [Berfield et al., 2004] 

have attributed both the decrease in the dielectric constant and longitudinal 

strain in strain-electric field butterfly loop to the existence of in-plane tensile 

stress. Lian and Sottos [Lian and Sottos, 2004] have obtained similar results. 

They have also demonstrated significant changes in the strain-field loops for 

PZT films by applying a bending moment to the film/substrate combination. 

Either an in-plane compressive or tensile stress was induced. Lian and Sottos 

have shown that the residual tensile stress in the PZT films was relieved in the 

presence of the applied in-plane compressive stress. The 2D clamping effect 

was reduced and more dipoles were allowed to switch to the electric field 

direction. Thus, the field-induced strain along the field direction increased 

accordingly. The butterfly loop shifted upward along the strain axis and the 

loop area was increased. It was proposed in literature that the shifting of the 

butterfly loops along the strain axis was mainly due to the elastic deformation 

of the samples. Conversely, the tensile stress was further amplified in the 

presence of an external tensile stress. Dipoles were prohibited to switch to the 

electric field direction. In this condition, the field-induced strain along the field 

direction decreased. The loop shifted downward and the loop area was reduced.   
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2.1.2  Effect of alternating stress  

We have already discussed the effects of static stress on the ferroelectric 

films. Alternating stress can also exist in the film. The film may be subject to 

mechanical vibration, either intentionally or unintentionally. In the followings, 

we will present reviews on experimental results under an alternating stress in 

three different electric loading conditions: (1) zero field, (2) static field and (3) 

alternating field.    

 

The hysteretic relations between input fields E and stress σ and output 

polarization P and strains ε are not only caused by the ferroelectric switching 

mechanism, but also ferroelastic switching mechanism. The polarization 

switching is the result of rotations of individual dipoles under the influences of 

electric or mechanical stimuli or both. The correlation between the external 

stimuli and dipolar switching is shown in Figure 2.1. The application of an 

electric field E can produce either a ±90° or a ±180° rotation of dipoles whereas 

the application of a stress σ can only induce a ±90° rotation of the dipole 

perpendicular to the stress direction.  
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Figure 2.1  Different modes of dipolar switching: (a) 90° switching and (b) 180° 

switching induced by an applied field; (c) 90° switching induced by an 

applied mechanical stress 
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Lynch [Lynch, 1996] and Feng et al. [Feng et al., 2005] have 

investigated  the polarization and strain responses of the poled lanthanum 

doped PZT and PMN-PT crystals, respectively, under an alternating 

compressive stress at zero electric field. Typical stress-polarization (σ-P) and 

stress-strain (σ-ε) curves, similar to Figures 1.3 and 1.4, were obtained from 

these experiments. The existence of both remanent strains and remanent 

polarization clearly demonstrates the hysteretic and nonlinear nature of the 

mechanical properties. Mitrovic et al. [Mitrovic et al., 2001] have reported 

similar strain responses in PZT-based piezoelectric stack actuators.  

 

Mitrovic have also investigated the strain responses of the piezoelectric 

stack actuators under an alternating compressive stress in a high static electric 

field. The loop area of the curve became much smaller than that at zero electric 

field and the strain-stress loop was clamped into a single line instead of a loop 

since a much larger stress was required to switch the dipole away from the 

electric field direction.  

 

Comparing with the number of reports on the effect of alternating stress 

under a constant or zero electric field, there are only very few discussions on 

the effect of combined alternating electric and mechanical loadings in the 

literature. The works of Mitrovic et al. [Mitrovic et al., 2001] and Zhou et al. 

[Zhou, D. Y. and Kamlah, 2004] are the typical experimental accounts on this 

topic. Both authors have evaluated the responses of six piezoelectric stack 

actuators and a commercial soft PZT material under combined 
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electromechanical loading conditions respectively. The samples were subject to 

a longitudinal cyclic compressive stress which was either in-phase or out-of-

phase with the alternating electric field. For the in-phase condition, the changes 

in polarization in P-E loop and strain outputs in ε-E loop over a cycle were 

significantly reduced. On the other hand, in the out-of-phase case, both changes 

were enhanced. Large hysteresis and nonlinearity were observed in the 

polarization-electric field and strain-electric field curves. Zhou et al. suggested 

that, for the in-phase condition, the reduction in polarization and strain changes 

was mainly due to the prohibition on domain switching to the poling direction; 

whereas for the out-of-phase case, large amount of non-180° domain switching 

perpendicular to the poling direction has been induced when electric field was 

equal to zero. A large amount of domain switching induced during the loading-

unloading process caused the significant increase in loop area of the P-E and 

the ε-E curves. 
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2.2  Theoretical works on ferroelectricity 

 

There are a number of theoretical tools for the study of ferroelectric 

properties. They include Landau phenomenological theory, first principles 

calculation and the Monte Carlo simulation of a collection of interacting spins. In 

this section, we will briefly introduce these methods and review some previous 

theoretical works on ferroelectrics. 

 

2.2.1 Landau Theory 

Landau phenomenological theory is a macroscopic approach relating 

one or a few prominent parameters, such as polarization (P), strain (ε ), and 

other macroscopic quantities, such as electric field and stress, in the free energy 

expression. The free energy F̂ of a ferroelectric material itself can be expressed 

in power series of polarization, as shown in the following expression: 

K+++
−

=
642

)(ˆ
642

00 PPPTT
F γβα

 (2.1) 

where 0α , β  and γ  are the Landau coefficients and 0T  is the Curie-Weiss 

temperature. The second or first order phase transition of the ferroelectric 

material can be implemented by the retention of up to the 4th or 6th order terms 

in the polarization power series. The higher-order terms, such as 8P or above, 

are often neglected in the calculation for simplicity.  

In the presence of the electric field E, an additional term related to the 

electric field should be included in the free energy expression [Ishibashi et al., 
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2005], so that  

PEPPPTT
F −++

−
=

642
)(ˆ

642
00 γβα

 (2.2) 

Incorporating the mechanical contributions, the free energy in a three 

dimensional space can be written in the following expression: [Pertsev et al., 

1998; Pertsev et al., 1999]: 
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where nσ are the internal mechanical stresses in the film, iα , ijα  and ijkα are 

the dielectric stiffness coefficients, mns  are the elastic compliances at constant 

polarization, mnQ  are the electrostriction coefficients and subscripts 1, 2 and 3 

represent the x, y and z axes of ferroelectric thin films whereas subscripts 4, 5 

and 6 represent the direction of the shear stress, respectively.  The basic 

procedure of solving Eqn. (2.3) is to equilibrate the system by minimizing the 

free energy such that: 

0=∂
∂

P
F  (2.4) 
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The phase transformation characteristics can also be tackled by Landau Theory 

through the comparison of free energies of different phases under the same 

conditions. For a dynamic problem such as the polarization switching, Landau-

Khalatnikov equation has been used [Ishibashi et al., 2005]: 

P
F

dt
dP

∂
∂

−=γ  (2.5) 

where γ  is a viscosity coefficient. 

 

There are numerous examples of using Landau theory to simulate 

different phenomena in ferroelectrics. For instance, Pertsev et al. have studied 

the stability of ferroelectric phase and the shift in Curie temperature under 

different interfacial stresses using Landau theory. The calculated Tc increases 

with the in-plane compressive stress but decreases with in-plane tensile stress. 

The disappearance of ferroelectricity can also be obtained when the film is 

under sufficient in-plane tensile stress. G.A. Rossetti Jr. et al. [Rossetti et al., 

1991] have obtained similar results. The simulated results agree with the 

experimental observations. Moreover, Pertsev et al. have calculated 

polarization distributions in polydomain PbTiO3 (PT) and BaTiO3 (BT) films 

grown on cubic substrates and simulated their dielectric properties [Pertsev and 

Koukhar, 2000] using  Landau theory. The stability of each phase was related to 

the temperature and pressure.  

 



 

  
Page 27 

THE HONG KONG POLYTECHNIC UNIVERSITY 
Department of Applied Physics CHAPTER TWO

Song et al. [Song et al., 2003] have investigated the effect of static 

stress on the P-E hysteresis using the Landau-Khalatnikov equation. By making 

the following assumptions: P1 = P2 = 0 and σ3 = σ4 = σ5 = σ6 = 0, Eqn. (2.3) 

can be simplified as follow: 

EPPQPPPF −+−++= 22
2

2
112

6
111

4
11

2
1 )(ˆ σσααα   (2.6) 

The Landau- Khalatnikov equation can then be obtained by substituting the free 

energy expression into Eqn. (2.5). From their computational results, the 

polarization and coercive field increased with the in-plane compressive stress 

and decreased with the in-plane tensile stress. Furthermore, Zhang et al. [Zhang, 

W. and Bhattacharya, 2005] have demonstrated the effect of static longitudinal 

stress on the P-E hysteresis and ε-E butterfly loops. The coercive field 

decreased as the longitudinal compressive stress increased. The strain increased 

for small applied stress and it began to decrease beyond a critical stress for a 

fixed amplitude of the applied electric field.  

 

While there are numerous successful examples of simulating the phase 

diagram, P-E hysteresis and ε-E butterfly loops of both bulk ferroelectrics and 

ferroelectric films, Landau theory is restricted to be a macroscopic description. 

As the system size is decreasing down to atomic scale, the microscopic 

processes and structures are then overlooked by this phenomenological 

approach. It fails to tackle the dynamics of individual dipoles which is vitally 

important for polarization switching. 
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2.2.2  First principles calculation 

First principles calculation, on the other hand, has been used to study of 

ferroelectrics from the level of electronic structure. Most properties of solids, 

including ferroelectric materials, can be traced to the arrangement and behavior 

of the electrons that make up the solid. In first principles (i.e. ab initio) 

electronic structure calculations, the solid is regarded as a particles system that 

consists of electrons and nuclei. Based on the Density-Functional Theory 

(DFT), it is capable of predicting various physical properties at 0K, such as 

formation energy, volume and bulk modulus by implementing fundamental 

quantum theory and finding a solution to the time-independent Schrödinger 

equation. 

 

The first principles calculation can be classified into two types: the 

direct first-principles and the first-principles-based method. Based on the basic 

formula of quantum mechanics and some reasonable approximations, the direct 

first-principles approaches were able to provide the total energy forces and 

stress of a given crystal. The ground state of the system was then confirmed 

from the relation between the total energy, electronic structure and nucleus 

configuration. Optical properties and ferroelectric properties can then be 

calculated from this approach. However, it failed to study ferroelectrics under 

an external electric field. For the first-principles-based method, one of the most 

commonly used approaches was the effective Hamiltonian scheme, which has 

first been developed for simple pervoskite and then extended for studying 

ferroelectric solid solutions. In this approach, an analytical expression of the 
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total internal energy U is derived, depending only on a few degrees of freedom. 

The parameters of the analytical expression of U are determined by fitting to 

the results of first-principles calculations on small cells. Once the effective 

Hamiltonian is fully specified, its total internal energy can be used in Monte-

Carlo or molecular dynamics simulations on large supercells to compute finite-

temperature properties of ferroelectrics. The piezoelectric coefficients can be 

calculated by using this approach. 

 

In recent years, the first principles calculations have been widely used 

in studying the phase transitions and the ferroelectricity of the perovskite-type 

ferroelectrics. Numbers of publications in the literature have shown that the cell 

size was very important to the ferroelectricity of perovskite ferroelectrics. 

Zhong and Vanderbilt [Zhong et al., 1994; Zhong et al., 1995] have developed a 

first-principles scheme to study perovskite-type ferroelectrics. They constructed 

an effective Hamiltonian based on Taylor expansion of the energy surface 

around the cubic structure and determined the expansion parameters by first-

principles density-functional calculations. The calculated phase sequence, 

transition temperatures, latent heats and spontaneous polarizations agreed with 

experimental results well. Wang et al. [Wang, Y. X. et al., 2002] have also 

demonstrated the cell volume effect on ferroelectricity. They have used the first 

principles calculations to calculate the electronic structure of CaTiO3, SrTiO3 

and BaTiO3 in order to understand the ferroelectric behavior of quantum 

paraelectrics and ferroelectrics and the origin of the ferroelectricity. From total 

energy analysis, Wang et al. have shown that the displacement of Ti along [001] 
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direction of CaTiO3 and SrTiO3 resulted in a shallow, but well-defined double 

energy well and ferroelectricity appears with increasing cell volume, whereas 

the ferroelectricity of BaTiO3 will disappear as the cell volume is decreased. 

Bellaiche [Bellaiche, 2002] have studied the piezoelectricity of ferroelectric 

perovskites by the first principles approach. Furthermore, Vanderbilt has shown 

the intrinsic hysteresis behavior of the polarization and the susceptibility of 

tetragonal PbTiO3 as a function of electric field applied along the tetragonal 

axis based on the first principles density-functional methods. 

 

Comparing with other theoretical tools, the direct first-principles 

calculations do not require experimental information as an input. These 

calculations are generally applicable to any structure and any element in the 

periodic table. Thus, the results from the first principles calculation are accurate 

and the calculation is independent of experimental data. Moreover, it can 

provide a microscopic picture of piezoelectric effects. Unfortunately, it is very 

difficult to obtain the analytic or exact numerical solutions for system involving 

large numbers of atoms. Since the structure of conventional perovskite-type 

ferroelectrics is much more complicated and most of them contain heavy 

metals, it requires much more calculations in order to obtain more accurate 

results. Furthermore, special simulation software, such as VASP, and a 

supercomputer are required for the tedious calculations. 
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2.2.3  Ising and Potts models 

In Ising model or q-state Potts models, the focus is on the dynamics of 

individual dipoles, or referred to pseudo-spins as this concept was borrowed 

from ferromagnetism. The arrangement of spins in Ising model can be 

graphically represented in a 2D array: 

 

Figure 2.2     The configuration of spins in a 2D array 

 

The ensemble of dipoles in a particular configuration gives rise to a value of 

system Hamiltonian which includes the mutual interactions between dipoles 

and the external influences. The rotation of even one single dipole leads to the 

change in configuration and hence the system Hamiltonian. Whether or not this 

change is probable is governed by the change in Hamiltonian, as described by 

Metropolis algorithm [Newman and Barkema, 1999]. Statistical physics 

establishes a bridge between these microscopic mechanisms and macroscopic 

observable quantities such as polarization and strains. However, a large sample 

size is required to minimize the perturbation of a statistical system. 
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The difference between Ising and Potts model is that there are only two 

anti-parallel dipole orientations in Ising model while in the q-state Potts Model 

the number of dipole orientations can be extended to q ≥ 3. One dimensional 

Ising model was first introduced by Lenz in 1920.  Lars Onsager [Onsager, 

1944] solved problems with two dimensional Ising model in 1944 [Onsager, 

1944]. On the other hand, Ashkin and Teller has extended to the number of 

dipole orientations to four in 1943, even though the standard name “Potts 

model” appeared much later after Domb has suggested this term as a research 

topic to his Research Student Potts.  

 

Both Ising and Potts models have been used to study phase transitions 

and critical phenomena in ferromagnetism. It was then extended to study the 

corresponding behaviors in ferroelectric systems. The similarity between 

ferroelectricity and ferromagnetism is the presence of permanent dipoles: being 

electric for the former and magnetic for the latter. There are a number of 

examples of simulating ferroelectric properties based on Ising model and Potts 

model. Lo [Lo, 2002] has used the Ising model to model the role of oxygen 

vacancy on ferroelectric properties in thin films. Qian et al. [Qian and Bursill, 

1996] have successfully demonstrated the dielectric breakdown in PMN-PT 

film whereas Li et al. [Li, K. T. and Lo, 2004] have studied the thickness 

dependence on ferroelectric thin films by using two-dimensional four-state 

Potts model. Moreover, Liu [Liu, 1999] has used the q-state Potts model to 

describe the kinetics of partial polarization reversal in a multi-grained system 

under an external electric field. We have presented the effects of stress in phase 
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transition temperature, P-E loop and ε-σ loop [Cao et al., 2006] using four-state 

Potts model in a two dimensional systems. We will elaborate our model in 

Chapter 3. 



 

  
Page 34 

THE HONG KONG POLYTECHNIC UNIVERSITY 
Department of Applied Physics CHAPTER THREE

Chapter 3 Theory and numerical simulation 

3.1 Formulation of our Models 

 

In our project, we have established a theoretical framework to simulate the 

electromechanical properties in nanometer scale (in atomic or cell levels). It can tackle 

the detailed switching mechanism of individual dipoles and hence the whole domain. 

From both Ising and Potts models, the dynamics of individual dipoles is governed by the 

system Hamiltonian which includes the mutual interactions between dipoles as well as 

the external influences. However, the conventional Ising or Potts models only include 

contributions from dipole-dipole and electric-field-dipole couplings in the system 

Hamiltonian. As mentioned previously, stress is important in the electromechanical 

properties in ferroelectric films. This factor must be incorporated in the Hamiltonian. 

Therefore, a modified two-dimensional planar-type four-state Potts model has been 

established in order to simulate the electromechanical properties under both electrical 

and mechanical loadings.  
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3.1.1  Two-dimensional four-state Potts model 

A real system is in three-dimensions. However, the computational cost to 

simulate problems in three-dimensional space is usually very high. It is 

worthwhile to approximate the three-dimensional problem by a two-dimensional 

one if most of the physical features are retained and if the features along one of the 

axis can be replaced or is totally equivalent to those along the other axis. For our 

present problem, the numerical simulation of a ferroelectric thin film lying on the 

xy plane, where there is no distinction for properties along x- or y- direction. On 

the other hand, if the film is discretized into an array of cells in three-dimensional 

space: the numbers of cells are then Nx, Ny, and Nz, respectively, along x-, y- and z- 

directions. In our work, we have adopted Nx, = 150, Nz = 80. Ny will also be equal 

to 150 because of the equivalence in x- and y- directions. The number of grid 

points will then be equal to 1502 x 80 = 1.8 x106! The computation will be very 

inefficient. This justifies the adoption of two-dimension in our simulation.  

 

Both Ising model and Potts model with q > 4 have been used to simulate 

ferroelectric properties before. The former restricts only uniaxial dipole 

orientations [Duiker and Beale, 1990; Lo, 2002] even though experiments 

suggested that non-180° domain wall movement is the dominant switching 

mechanism [Li, K. T. and Lo, 2005]. The different states in the latter model has 

been used to represent different grain orientations in a polycrystalline system 

instead of a multidomained one [Liu, 1999]. It must impose some assumptions on 

the relation between grain boundary and domain wall. On the other hand, the 

widely used ferroelectric ceramics never involves just two states. The 
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experimental evidence confirmed the co-existence of 90° and 180° domain walls 

[Nagarajan et al., 1999; Saito et al., 2003] and the origin of electromechanical 

coupling effect by non-180° domain wall movement. The four-state Potts model 

should then be a better choice because it is comprehensive enough to tackle the 

non-180° domain-wall switching but simple enough to keep the number of states 

to minimum. Consequently, the four-state Potts model is applicable to single 

crystalline thin film with dipoles orientated normal or parallel to the film. The 

epitaxial polycrystalline film is also highly oriented that the validity of this model 

can also be extended to polycrystalline thin film case.  

 

In our model, the ferroelectric thin film can be represented by a two-

dimensional array of cells. Each of these cells represents a single perovskite 

tetragonal cell in the x-z plane. As shown in Figure 3.1, the size of the film can be 

described by a pair of integers Nx and Nz to represent numbers of cells along the x- 

(or transverse) and z- (or longitudinal) directions, respectively. As has been 

discussed previously, [Li, K. T. and Lo, 2004; Li, K.T., 2005; Li, K. T. and Lo, 

2005], the location of each cell can be represented by a pair of indices (i, j), where  

0 < i < Nx and 0 < j < Nz.  



 

  
Page 37 

THE HONG KONG POLYTECHNIC UNIVERSITY 
Department of Applied Physics CHAPTER THREE

 

 

Figure 3.1  The ferroelectric film is represented by the two-dimensional array of 

cells (rectangles).  

 

In the four-state Potts model, each dipole (pseudo-spin) is assigned to one 

of the four possible states which are mutually perpendicular to each other shown 

as follows: 

  

 + z direction (State A), - z direction (State C), 

 

 + x direction (State B), - x direction (State D). 

 

 

There are quite a number of authors used the concept of “pseudo-spin” to represent 

the effect of dipoles in ferroelectric materials [Buzano et al., 1980; Chaudhuri et 

al., 1980; Wada et al., 2001; Yao et al., 2002]. 

Nz 

Nx
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3.1.2  Initialization of domains 

The ferroelectricity can be characterized by a system of strongly interacting 

dipoles and the presence of domains. The other reason for the existence of 

domains is to minimize the system energy. Domains exist even for an unpoled 

sample below Tc. In such situation, the volume fractions of domains in opposite 

directions must be equal. This is the basis for us to initialize the domain 

configuration in an unpoled sample.  

 

There are two important parameters for the initialization: the average 

domain size δ and volume fraction of c-domains φc. The orientation of a c-domain 

is normal to the film (with dipoles are in either A or C states). Likewise, the 

orientation of an a-domain is parallel to the film (with dipoles are in either B or D 

states). The volume fraction of a-domains is 1 - φc. The number of domains in the 

system can thus be related by 

2
00

δ
caNN

N zx
D =   (3.1) 

where 0a  and 0c  are the transverse and longitudinal edges, respectively of the 

rectangle. Seed dipoles, in a number ND, are the randomly allocated inside the film, 

Figure 3.2. The orientation of a seed dipole is then determined by the probability 

φc and random number r1 and r2 (where 0 < r1 <1 and 0 < r2<1 ), as expressed by 

the following algorithm (Figure 3.3).  
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Figure 3.2   (a) A state is assigned to a randomly-selected site according to φc and 

the random numbers r1 and r2. (b) A prescribed number of seed 

dipoles ND are randomly assigned in the film. 

(a) 

(b) 

r 2 ≤ 0.5               otherwise          

A site is randomly selected for 
allocating the seed dipole 

r2  ≤ 0.5              otherwise              

For φc = 0.6 and r1 ≤ 0.6, the orientation of the seed dipole would be longitudinal: 

For φc = 0.6 and r1 > 0.6, the orientation of the seed dipole would be transverse:  
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Figure 3.3  The algorithm to determine the state of the seed dipole. 
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After the assignment of these seed dipoles into the film, domains are generated as 

described before [Li, K. T. and Lo, 2004; Li, K.T., 2005; Li, K. T. and Lo, 2005]. 

An unassigned site is randomly selected. When there are no assigned cells next to 

it as shown in Figure 3.4 (a), another cell has to be selected again. Each domain is 

formed by aligning the unassigned neighboring cells to the same state with the 

assigned cells as shown in Figure 3.4 (b). However, for the unassigned cell at the 

boundary of two different domains as shown in Figure 3.4 (c), there are two 

possibilities for the unassigned cell to be aligned with equal probabilities. Similar 

assignment of state for an unassigned cell with neighboring cells of three or even 

four different states follows a similar rule, as shown in Figure 3.4 (d) and (e), 

respectively. The “growth” proceeds until the states of all the cells have been 

assigned as shown in Figure 3.5 (c). 

 

Unassigned cell 

Select again 

100% being 

(a) 

(b) 
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50% being 

50% being 

33.3% being 

33.3% being 

33.3% being 

(c) 

(d) 
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Figure 3.4 (a) Another cell has to be selected again when there is no even one 

assigned neighboring cell.  (b) In the presence of only one assigned 

neighboring cell, the unassigned cell will be assigned to the same state 

as this neighboring cell.  (c) In the presence of two assigned 

neighboring cells with different states, the unassigned cell will be 

assigned to either one of these states with equal probabilities. Similar 

procedure is taken for assigning the unassigned selected cell if there are 

three or four assigned neighboring cells, as in (d) and (e). 

 

25% being 

25% being 

25% being 

25% being 

(e) 
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Figure 3.5 The steps for constructing domain configuration: (a) allocating the seed 

dipoles, (b) assigning the state of the unassigned neighboring cells, (c) 

repeating (b) until all cells are assigned.  

 

(a) 

(b) 

(c) 
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3.1.3  System Hamiltonian 
 

Considering only the coupling between neighboring dipoles, the 

Hamiltonian can be generally expressed as 

∑−=
ji

jiJH
,

, )(θ  (3.2) 

for q-state Potts model, where )( , jiJ θ is the coupling function, 
ji nnji θθθ −=, is the 

angle between two dipole states in and jn , qnn /2πθ = , and 1−< qn . Wu [Wu, 

1982] have made a review on two different forms of Potts model: the standard and 

the planar Potts model. For the former one, the coupling function )( , jiJ θ  can be 

written as  

),()( 1, jiji nnJ δβθ =  (3.3) 

where 

])1(1[1),( ji nn
ji eeq

q
nn ⋅−+=δ  (3.4) 

1,,1,0, −= qnn ji K , ine  and jne are q unit vectors pointing toward q symmetric 

directions of a hypertetrahedron, and 1β  is a constant. For the planar Potts model, 

the coupling function )( , jiJ θ  is given by 

)cos()( ,2, jijiJ θβθ =  (3.5) 

where 2β  is another constant. From Eqn. (3.5), the interacting dipoles of 

dissimilar orientations yield a higher energy than those with the same orientation. 

In the presence of an electric field jiE , , an additional term should be added to the 
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Hamiltonian as follow: 

∑∑ ⋅−−=
i

i
ji

ji EPJH )cos()( 0
,

, θθ  (3.6) 

where 0P  is the magnitude of the dipole moment.  
 

In our work, the planar-type Potts model has been chosen for the 

simulation. With q = 4, the possible angles between two adjacent dipoles are: 

4/3,,2/,0 πππθ =n . From Eqn. (3.5), the following values of the coupling 

function )( , jiJ θ can be obtained:  

2, )( βθ =jiJ   if the two interacting dipoles are parallel, 

2, )( βθ −=jiJ  if they are anti-parallel, 

0)( , =jiJ θ  if they are perpendicular to each other. 

It is convenient to represent this coupling function by the product of two pseudo-

spin matrices, in order to retain the original form in the Hamiltonian. The pseudo-

spin matrix jiS ,
ˆ  of a cell located at (i, j) has the following values in different 

orientations:   

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

0
1ˆˆ

, Aji SS  (+z direction), ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛−
==

0
1ˆˆ

, Cji SS  (-z direction), 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

1
0ˆˆ

, Bji SS  (+x direction), ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

==
1

0ˆˆ
, Dji SS  (-x direction), (3.7) 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

0
0ˆ

0, SS ji

)
 (dipole is absent).  
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The coupling function in Eqn. (3.5) can be replaced by }ˆˆ{ ,, lk
T

ji SS  where T
jiS ,

ˆ  is the 

transpose matrix of jiS ,
ˆ . This function returns one of the following values: + 1 if 

the two spins are parallel; -1 if they are anti parallel and 0 if they are perpendicular. 

The system Hamiltonian can now be expressed as: 

}ˆˆ{}ˆˆ{
,...

ij

T

ji
SATkl

T
ij

lkji
SEPSSJH ∑∑ −−= , (3.8) 

where J is the coupling coefficient, SATP  is the magnitude of the saturated 

polarization, TÊ  is the transpose matrix of Ê  and Ê  is the matrix representation 

of the electric field as shown in the following form: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1

3ˆ
E
E

E  (3.9) 

where 3E  and 1E  are longitudinal (z-direction) and transverse (x-direction) 

components, respectively. In order to be consistent with the notation 

conventionally adopted in the literature, all components along z-direction are 

denoted by the subscript “3” and those along x-direction are denoted by “1”. In our 

work, only the longitudinal electric field is applied to the system (i.e., 03 ≠E  and 

1E = 0) throughout the calculation.  

 

In additional to the first two terms in Eqn. (3.8), the coupling effects 

between the neighboring cells due to the distortion, as well as the mechanical 

energy density are incorporated into the system Hamiltonian. Moreover, there are 

three different contributions of strains: ferroelastic, elastic and piezoelectric. For 

the first one, the distortion of cell is associated with the dipole orientation, as 
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shown in Table 3.1. Hence, one can also define a ferroelastic strain state which is 

associated with the pseudo-spin state [Li, W. F. and Weng, 2002]. These states are 

defined in Eqns. (3.10).  

 

 

Table 3.1  Association between dipole states and ferroelastic strain states of 

perovskite cell. 

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

==
2/

ˆˆ
0

0

ε
ε

εε aij
F   (for the dipole in either state A or C)  

and  (3.10) 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
==

2/
ˆˆ

0

0

ε
ε

εε bij
F   (for the dipole in either state B or D),  

where 0ε  is a reference strain due to ferroelastic switching. Again the indices i and 

j refer to the location of the cell. Because of the invariance of volume upon 

deformation of a cell, the magnitude of the transverse strain is one-half of the 

longitudinal value, and the signs of both directions are opposite. Moreover, both 

tensile stress and strain take positive sign and their compressive counterparts 

negative. 
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The second strain component is due to the elastic effect, i.e., an object 

deforms elastically in the presence of a mechanical stress. The stress-strain relation 

can be divided into two regions. For most of the materials, it must be a linear 

region followed by a nonlinear region. Calderon-Moreno [Calderon-Moreno, 2001] 

has demonstrated the stress-strain behaviors in hard and soft PZT materials. The 

strain of samples increases linearly when the stress is small and it becomes 

nonlinear as the stress further increases. The increase in strain becomes smaller 

and smaller at high compressive values. We have set a nonlinear model between 

the strain and stress. The relation between stress and strain is shown in Figure 3.6.  

 

Figure 3.6 Nonlinear relation between stress and strain 
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The stress and strain relation is given as follows:  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

1

3

1

3

1
11ˆ

σ
σ

ν
ν

ε
ε

ε
Yel

el
el

ij   if  3σ  < critσ  (3.11)  

and 

( )
Y

k
Y

n
crit

critel 1
33

σνσσσε −−+=   

( ) ⎥⎦
⎤

⎢⎣
⎡ −+−= n

crit
critel k
YY

σσσνσε 3
1

1  if  3σ  > critσ  (3.12)  

 

where Y is the Young’s modulus, ν  the Poisson ratio, critσ  upper limit for the 

linear region, k and n are the shape parameter for the nonlinearity. 3σ  and 1σ  are, 

respectively, the longitudinal and transverse stress components. The relation in 

Eqns. (3.12) is a mathematical model to reflect the nonlinearity. It produces the 

stress-strain relation which is similar to the one obtained from experiments. The 

critical stress and the shape of curve in the nonlinear region have to be determined 

from experiments. 

 

Finally, the presence of external electric field also induces the 

displacements of charges in each cell. This will in turn create distortion to the cell. 

Notice that, unlike the ferroelastic effect which leads to the switching of dipoles, 

we only consider the distortion of cell due to the displacements of charges. The 

general expression for this electric field-induced strain is [Strukov and Levanyuk, 

1998] 

lkmnklkmnkmn EEqEd +=ε  (3.13) 

where dmnk and qmnkl are piezoelectric and electrostriction tensors, respectively. In 

Eqn. (3.13), the index “m” refers to the direction of the distortion and “n” to the 
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normal of the cell surface. Thus, εmm is the normal strain and εmn is the shearing 

strain (for m ≠ n). If we ignore the shearing strain, then we can merge the two 

indices into one, such that εmm = εm. The field-induced strain is then given by  

( ) 2
13111333131313

2
33331313333 EqEEqEEqEqEdEdij

E +++++=ε   and 

( ) 2
11111313131113

2
31331113131 EqEEqEEqEqEdEdij

E +++++=ε  (3.14) 

where subscripts “3” and “1” refer to their directions and the subscripts “ij” 

corresponds to the location of the cell. In the absence of the transverse electric 

field component E1 = 0, and with symmetric property: d13 = d31, Eqn. (3.14) can be 

simplified into 

( ) 2
33333333 EqEdij

E +=ε  and 

( ) 2
31333131 EqEdij

E +=ε  (3.15) 

The strain matrix is  

( )
( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

ij
E

ij
E

E
ij

1

3ˆ
ε
ε

ε   (3.16) 

The total strain is thus the superposition of the three contributions: ferroelastic, 

elastic and field induced, as shown in the following expression: 

E
ij

el
ij

F
ijij εεεε ˆˆˆˆ ++=   (3.17) 

 

The system Hamiltonian can now be expressed as  

'ˆˆ}ˆˆ{}ˆˆ{}ˆˆ{
,,,,,...

HSEPSSJH F
kl

lkji

TF
ijij

ji

T
ij

T

ji
SATkl

T
ij

lkji

+−−−−= ∑∑∑∑ εεαεσ  (3.18) 

where α  is the coupling coefficient between neighboring strain states and σ̂  the 
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stress matrix. The first and second terms in Eqn. (3.18) are the coupling effects 

between neighboring dipoles and between dipoles and the electric field, as in the 

conventional Hamiltonian. The third one is the mechanical energy density. The 

fourth term is the coupling between neighboring strain states. As mentioned 

previously, the ferroelectric film is represented by a two-dimensional array of 

rectangles. In reality, dipoles with different ferroelastic strain states are not simply 

joined together. Domain walls exist in this region. Unit cells may be distorted or 

strain gradient may exist. Thus, a strain-strain coupling term is implied into the 

model. In Landau theory, similar term has been adopted to express the strain 

gradient inside the system. In our work, only the interaction between the first 

nearest neighbors is considered for simplicity. Finally, the last term 'H  tackles the 

effect of anisotropy switching. We will elaborate the anisotropy effect later.  
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3.2  Boundary conditions 
 

We are considering a thin film system where the transverse size is much larger 

than the thickness. Consequently, we adopt periodic boundary condition for the two 

transverse edges and free boundary condition for the top and bottom surfaces. Periodic 

boundary condition has been widely used to tackle a system of infinite size [Binder and 

Heermann, 2002] since it is impractical to implement an “infinite” system. The basic 

strategy is to remove the effect of surface by setting the points at the boundary as 

‘internal’ points to ensure that the internal effect must dominate over the surface effect. 

The reason of adopting free boundary condition for the top and bottom surfaces is that 

the dipoles disappear there and there is no coupling effect from these surfaces. In 

mathematical expressions, these boundary conditions can be written as follows: 

 

jNj x
SS ,,0
ˆˆ =  and   jjN SS

x ,1,1
ˆˆ =+ , (Periodic boundary condition along  

the transverse direction)  

 (3.19) 

01,0,
ˆˆˆ SSS

zNii == + .   (Free boundary condition along  

the longitudinal direction) 
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3.3  c-domain volume fraction and anisotropic switching 

 
While we have shown that the presence of stress in thin film influences 

ferroelectric properties, the orientation of the film also plays an important role. It was 

reported that an a-axis-oriented film has a higher room-temperature dielectric constant 

than a c-axis-oriented film. For instance, Tuttle et al. [Tuttle et al., 1992]  have shown 

that the PZT 40/60 films in a high degree of c-axis (001) orientation had a higher 

polarization and lower dielectric constant than films oriented with their crystallite axes 

perpendicular to the top film surface. Similarly, the piezoelectric coefficients in the c- 

and a-axis are also significantly different [Berlincourt and Jaffe, 1958].   

 

The crystallographic orientation of ferroelectric films can be influenced by 

numbers of factors: the growth technique, the selection of bottom electrode material and 

its orientation. Several workers have reported on fabrication of oriented ferroelectric 

films. It was reported that BaTiO3 growth on (001) MgO by metal-organic chemical-

vapor deposition (MOCVD) leads to a-axis-oriented films whereas c-axis-oriented films 

have been grown on (001) MgO by pulsed laser deposition (PLD). Gifford and Kingon 

[Gifford and Kingon, 1992] deposited (100) oriented PZT 40/60 films by ion beam 

deposition on platinized MgO whereas Kushida and Takeuchi [Kushida and Takeuchi, 

1987] found that the PbTiO3 film grown on a (100) SrTiO3 single-crystal plate was 

highly c-axis oriented from the x-ray diffraction observation.  
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From the above examples, the films grown by different materials are anisotropic. 

Anisotropy influences ferroelectric properties of the films. It is well known that PbTiO3 

has a large spontaneous polarization and a high electromechanical coupling constant in 

the c-axis direction. For instance, Kushida and Takeuchi [Kushida and Takeuchi, 1987] 

have demonstrated the existence of a large electromechanical coupling constant in 

(100)-oriented PbTiO3 film. Moreover, Lian and Sottos [Lian and Sottos, 2000] have 

shown that lead zirconate titanate (PZT) thin films with (100) preferred orientation were 

found to have higher piezoelectric constants and lower dielectric dissipation factors than 

films with (111) preferred orientation.  

 

In this work, the anisotropic effect is represented by the volume fraction of c-

domains, φc. On one hand, it gives the population of c-domains in the film. On the other, 

it determines whether a rotation of a dipole is energetically favorable. For example, in a 

c-domain dominated case, dipoles are preferentially aligned along longitudinal direction. 

Therefore, a dipole rotating from the longitudinal direction to the transverse one will 

take more energy than one undergoing reverse rotation, as shown in Figure 3.7. 

Consequently, the former rotation is not preferable in a c-domain-dominated case. 

Combined with the effects of ferroelectric strain, there must be an additional 

contribution in the system Hamiltonian to account for this anisotropic effect.  
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Figure 3.7  Change in energy for (a) dipole transiting from in-plane (a-domain) 

orientation to out-of-plane (c-domain) orientation, and (b) dipole transiting 

from out-of-plane orientation to in-plane orientation. Case (a) is more 

energetically favorable in a c-domain-dominated sample. 

 

We incorporate the term 'H into the system Hamiltonian in Eqn. (3.18) to tackle 

the effect of anisotropy switching on the ferroelectric properties. The explicit form of 

'H  in Eqn. (3.18) can be written as:  

∑ −−=
ji

ij
T

ac SnHH
.

3
ˆˆ)(' φφ  (3.20) 

where 3H  is the energy barrier between a- and c- domains during switching, and n̂  the 

unit matrix along the longitudinal direction. Supposed that a dipole ijŜ is selected and 

rotates into another state denoted by 'ˆ
ijS , the change in Hamiltonian 'HΔ  becomes 

}ˆˆˆˆ){(' '
3 ij

T
ij

T
ac SnSnHH −−=Δ φφ . (3.21) 

The corresponding signs of 'HΔ  after switching between a-domain and c-domain under 
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different cases are shown in Table 3.2.  

 

 

 
ijŜ initially at state A or C ijŜ initially at state B or D 

before rotation ( ijŜ ) - H3(φc-φa) 0 

after rotation ( ijS 'ˆ ) 0 - H 3(φc-φa) 

'HΔ  H 3(φc-φa) - H 3(φc-φa) 
a) For φc>φa > 0 < 0 
b) For φc<φa < 0 > 0 

 

Table 3.2  The change in Hamiltonian 'HΔ for the case (a) c-domains are dominant and 

(b) a-domains are dominant after switching between a-domain and c-domain. 

 

 

From this table, it reveals that it needs an amount of energy H3(φc-φa) in order to 

rotate a dipole from c- to a- domain. Conversely, an energy of -H3(φc-φa) is released by 

rotating the dipole from a- to c- domain. Consequently, the dipole aligned along z axis is 

more energetically favorable in a c-domain dominated sample. For φc < φa, dipoles 

parallel to the film are more stable. Hence, the signs of 'HΔ  obtained from Eqn. (3.21) 

for both cases, φc > φa and φc < φa, can reflect the switching anisotropy.  
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3.4 Switching mechanism and algorithm 

 

By using the algorithm described in Section 3.1.2 to initialize the domain 

configuration, the whole film can be divided into domains with both 90° and 180° 

domain walls. The existence of 90° domain walls must be a consequence of 90° rotation 

of dipoles whereas the presence of 180° domain walls can be caused by either one 180° 

bipolar flipping or two successive 90° rotations. In the co-existence of both a- and c-

domains as our film, it is expected that both 90° rotation and 180° flipping occur.  It has 

been shown that, on one hand, 90° domain wall movement is responsible for the 

electromechanical responses, and on the other hand, 180° flipping of dipole demands 

more energy than 90° rotation [Nagarajan et al., 1999; Kim et al., 2003]. It is natural to 

conclude that the switching mechanism in an electromechanical system is dominated by 

90° rotations of dipoles. In our present simulation, we consider only the contribution 

from 90° rotations and ignore the portion from 180° flipping for simplicity.  

 

The polarization switching is implemented by the conventional Metropolis 

algorithm. It has been shown that the polarization switching through the domain wall 

movement takes less energy than by the rotation of a dipole inside a domain. The 

domain wall movement can be visualized by the change in dipole orientation for a cell at 

the domain wall, causing the wall moves in unit of one-cell. This cell is called a wall 

cell and the dipole inside is called the wall dipole. It can be shown that, there must be at 

least one dipole from its nearest neighbors aligned at a direction other than that of the 

wall cell. It will expense less energy than if the cell is inside the domain. The latter is 

referred to an interior cell. The corresponding dipole is called the interior dipole.  In 
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Metropolis algorithm, a move that takes less energy will occur more probably. Thus the 

switching by the nucleation of a foreign domain inside a domain through the rotation of 

an interior dipole can still occur even though it is not energetically favorable. In our 

present model, we rule out all the rotations of the interior dipoles for simplicity.  We 

define a Monte Carlo Step (MCS) as the trial of flipping one dipole at a site. In each 

Monte Carlo step (MCS), a pseudo-spin ijŜ in the film is randomly chosen and is 

restricted to rotate 90°, either along clockwise or anti-clockwise direction, with equal 

probabilities. Thus, the change in Hamiltonian HΔ  through a 90° rotation is evaluated. 

The trial rotation for this dipole is accepted when one of the following conditions is 

satisfied:  

0<ΔH  (3.22) 

or  

rTkH B <Δ− )/exp( , (3.23) 

where r is a random number in the interval (0,1), T the temperature and HΔ  the change 

in Hamiltonian. This algorithm ensures that the change in system energy is either 

minimized or thermally activated under a finite temperature. As the pseudo-spin state is 

changed, the strain state must also be changed correspondingly according to Table 3.1. 

Both dipole and strain configurations are updated after every MCS. 
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3.5  Calculation of observable properties  

 

The longitudinal polarization at a particular instance can be evaluated by the 

ensemble average of the system of dipoles, as shown by the following expression: 

zx

ij
ij

T
s

NN

SnP
P

}{

3

∑
=

))

 , (3.24) 

where ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

0
1

n̂  is the unit matrix along the longitudinal direction. It is more convenient 

to investigate the electric displacement - electric field hysteresis (D - E) loop. The 

electric displacement D is related by:  

333 EPD κ+= , (3.25) 

where roκκκ = , oκ  is the permittivity in free space and rκ  is the relative permittivity 

of the material.   

 

To calculate the dielectric susceptibility, a small amplitude longitudinal dc 

electric field is applied to the film. The variance of polarization is then calculated by the 

following expression [Privman, 1990]:  

2
3

2
3

3

3
33 PP

Tk
NN

E
P

B

zx −=
∂
∂

=χ  (3.26)  

where <…> is time-average of a quantity after the steady-state condition has been 

attained. The time averages of a quantity, such as >< 3P , is the average of P3 over many 

MCS after attaining steady state condition. 
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The average longitudinal and transverse strains of each cell can be calculated 

from the following expressions: 

( )∑ −=
ij

ijij
T

zx

n
NN

0
3 ˆˆˆ1 εεε   (3.27) 

and  

( )∑ −=
ij

ijij
T

zx

q
NN

0
1 ˆˆˆ1 εεε                                           (3.28) 

where 0
îjε  is the initial strain matrix for each cell, ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

0
1

n̂ and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1
0

q̂  are the unit 

matrices along the longitudinal and transverse direction, respectively. 

 

The volume fraction of each spin state can be obtained as follows: 

dipolesofnumberTotal
AStateatdipolesofNumber

AS =φ  

dipolesofnumberTotal
BStateatdipolesofNumber

BS =φ   (3.29) 

dipolesofnumberTotal
CStateatdipolesofNumber

CS =φ  

dipolesofnumberTotal
DStateatdipolesofNumber

DS =φ  
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3.6  Normalization of variables  

 

In order to implement the numerical calculation, all variables should be 

converted into dimensionless versions. The conversion is described as follows: 

J
Hh =  

J
Hh ''=   

E
J
P

e S ˆˆ = , 
J

satεσ
ζ

ˆˆ = , 
J
αα =' , (3.30) 

sat

ij
ij ε

ε
ξ

ˆˆ =  , 
sat

F
ijF

ij ε
ε

ξ
ˆˆ = ,   

where J is the coupling coefficient in ferroelectric material in unit of Jm-3 and satε  is the 

saturated strain of the material. After the conversion, the normalized Hamiltonian now 

becomes 

'ˆˆ'ˆˆˆˆˆˆ
,,,,,, , ,

hSeSSh
lkji

F
kl

TF
ij

lkji ji ji
ij

T
ij

T
kl

T
ij +−−−−= ∑∑ ∑ ∑ ξξαξζ  (3.31) 

The normalized strain ijξ̂  in Eqn. (3.30) can then be expressed as    

E
ij

el
ij

F
ijij ξξξξ ˆˆˆˆ ++=  (3.32) 

where  

sat

F
ijF

ij ε
ε

ξ
ˆˆ = , 
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el
ijel

ij ε
ε

ξ
ˆˆ =   and 

sat

E
ijE

ij ε
ε

ξ
ˆˆ = . (3.33) 
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The elastic strain in Eqns. (3.11) and (3.12) become: 
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where 
J

YY sat
2

' ε
=  is the normalized Young’s modulus, ν is the Poisson ratio and critς  is 

the critical value of the normalized stress that the linear relation between stress and 

strain change to the non-linear one. 3ς  and 1ς  are, respectively, the longitudinal and 

transverse stress components. For the field-induced strain, it can be normalized as 

follow: 

( ) 3
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33
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 where 
Ssat P

Jd
d

ε
33'

33 = and 
Ssat P

Jd
d

ε
13'

13 = . In Eqn. (3.36), the electrostrictive effect is 

ignored. Furthermore, the term 'h  for tackling the anisotropic effect is written as: 

∑ −−=
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ij
T

ac Snhh
.

3
ˆˆ)(' φφ  (3.37) 

where 
J

H
h 3

3 = .  
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Besides the system Hamiltonian, other parameters should also be normalized in 

the calculation. The temperature T in Eqn. (3.23) is normalized to a dimensionless 

variable T  as follows: 

c

B

Jv
TkT =  (3.38) 

where vc is the volume of a single tetragonal cell, i.e., a0
2c0.  Moreover, both the period 

(Γ) and time (t) are scaled in terms of number of Monte Carlo steps (MCS) according to 

the following relations 

ΓMCS = Γ 
t
NN zx

Δ
, (3.39) 

and  

MCS
x zN Nt t

t
=

Δ
,    (3.40) 

where tΔ  is the infinitesimal time step. The purpose of the scaling in Eqns. (3.39) and 

(3.40) is to ensure that the computed results are not affected by selection of time step 

[Liu et al., 2000; Li, K. T. and Lo, 2004].  

 

The longitudinal polarization 3P  in Eqn. (3.24) is normalized by SP , which is 

expressed as: 

zx

ij
T
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S NN

Sn

P
P

p

ˆˆ
3

3

∑
==   (3.41) 

so that the maximum polarization is equal to 1. The normalized electric displacement 

along the electric field direction 3d  is given by: 

3332333
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κκκ
+=+=+==  (3.42) 
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where 2'
S

o

P
Jκ

κ = . Moreover, the normalized susceptibility 33χ  can be expressed as: 

2
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2
3

33
33

1
'
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T

−==
χ
χχ  (3.43) 

where 
c

szx

J
PNN

ν
χ

2

'=  . For the mechanical properties, such as the longitudinal and 

transverse strains of each cell, can be normalized as: 
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ijij
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NN

0
3

ˆˆˆ1 ξξξ   (3.44) 

and  

( )∑ −=
ij

ijij
T

zx

q
NN

0
1

ˆˆˆ1 ξξξ                                           (3.45) 

where 0
îjξ  is the initial strain matrix for each cell.  In next chapter, we will present the 

calculated results obtained from our model.  
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Chapter 4 Simulation results 

4.1  Effect of static stress on phase transition temperature 
 

4.1.1  Experimental observations 
 

From X-ray diffraction measurements, the presence of misfit strain in 

the ferroelectric films has been identified by the changes in lattice constants of 

the distorted cells. Moreover, the in-plane compressive stress in ferroelectric 

films led to an increase in the Curie temperature Tc [Kushida and Takeuchi, 

1990; Kushida and Takeuchi, 1991; Rossetti et al., 1991; Taylor et al., 2002; 

Yuzyuk et al., 2002] whereas the in-plane tensile stress resulted in a reduction. 

For instance, the cubic-to-tetragonal phase transition of PbTiO3 thin films under 

a transverse compressive stress occurred at a temperature nearly 50°C higher 

than that measured from a bulk single crystal (Tc ≈  490°C) [Kushida and 

Takeuchi, 1990; Kushida and Takeuchi, 1991]. On the other hand, Taylor et al. 

[Taylor et al., 2002] have reported a decrease in Tc under a large tensile strain in 

the film induced by thermal mismatch. In section 4.1.3, we will demonstrate the 

shift in phase transition in the presence of a transverse stress by using the 

modified four-state Potts model and compared with the experimental results 

qualitatively. 
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4.1.2  Determination of phase transition temperature  

 

The critical behavior of a ferroelectric material can be determined from 

both the polarization-temperature )( 3 TP −  and susceptibility-temperature 

)( 33 T−χ  curves where 3P  and 33χ  are longitudinal polarization and 

susceptibility as defined in Chapter 3. In perovskite-type ferroelectrics, the 

ferroelectric phase is signified by the presence of spontaneous polarization 

below the Curie temperature (Tc). The overall polarization drops to zero at or 

above Tc. On the other hand, the T−33χ  curve diverges at Tc in an infinite 

system whereas the susceptibility peak becomes smeared in a finite system 

according to the finite size scaling theory [Privman, 1990]. Therefore, the phase 

transition temperature Tc can be determined by locating the critical points, i.e., 

the point that the overall polarization drops drastically to zero and the position 

of the susceptibility peak in the TP −3  and T−33χ curves, respectively.  

 

For a finite system at some finite temperature, there is always a nonzero 

probability that the system may pass from a state near + P  to a state near - P  

or vice versa and the overall polarization at zero field vanishes [Heermann and 

Binder, 2002]. Therefore, a longitudinal dc electric field is applied to impose a 

preferential direction for the dipoles.  
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In order to obtain the TP −3  and T−33χ curves, the system is subject to 

a small longitudinal dc electric field at a constant temperature T. At thermal 

equilibrium, the ensemble of dipoles (or pseudospins) proceeds by using the 

Metropolis algorithm as mentioned in Chapter 3. Considering the conditions of 

small electric field and small external stress, only the ferroelectric strain Fε̂ is 

important in this study. Thus, the Hamiltonian in Eqn. (3.18) can be reduced to 

the following form: 

'ˆˆ}ˆˆ{}ˆˆ{}ˆˆ{
,,,

,,,
,...

HSEPSSJH
lkji

F
lk

F
ji

F
ji

ij

T
ij

T

ji
Skl

T
ij

lkji

T

+−−−−= ∑∑∑∑ εεαεσ  (4.1) 

 where F
lk ,ε̂  is defined in Eqn. (3.10). It can be shown that the elastic strain only 

makes a slight modification of our results without altering the trends. Moreover, 

if we take φc = φa = 0.5, i.e. the c-domain volume fraction is equal to that of a-

domains. The anisotropy effect in dipole switching can be ignored, 0'=H .  

 

When an initially unpoled system is subject to a positive dc field, 

dipoles inside the film rotate sequentially in response to the driving field. The 

overall polarization gradually increases until it finally attains a steady state 

value where 05.0/ 33 <Δ pp  as shown in Figure 4.1. The number of MCS to 

achieve the steady value depends on the magnitude of the dc field as well as the 

system size. It increases with increasing thickness Nz [Li, K.T., 2005] and 

decreases with the magnitude of the dc field. Therefore, it requires millions of 

MCSs to reach the steady state when the electric field is getting smaller. In our 

simulation, the steady state condition can be achieved after iterating 10000 

Monte Carlo steps (MCSs) per dipole.  
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Figure 4.1 Polarization vs MCS per pseudo-spin at 02.03 =e  and 9.0=T . 

 

The longitudinal polarization ( 3P ) at a particular instance can be 

evaluated by Eqn. (3.24). The time average of polarization, denoted by >< 3P , 

is the average of 3P  over many MCSs after attaining a steady-state condition. 

We are also able to evaluate the susceptibility from the variance of polarization 

by Eqn. (3.26). Different >< 3P and 33χ  values can then be calculated in 

different temperatures. The relations of longitudinal polarization and 

susceptibility versus temperature can be obtained.  
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4.1.3  Results and discussion 

In our simulation, the size of the system is Nx = 150 and Nz = 80. We 

have used the dimensionless equations and hence variables as described in 

Section 3.6 for our simulation. The Tp −3  and T−33χ  curves under different 

loading conditions were evaluated using the following parameters: 3e  = 0.02, 

0ξ = 0.5, 0.0'=α  and cφ = 0.5. 

 

 At each temperature, the system undergoes 10000 Monte Carlo steps 

(MCSs) per dipole. The effects of transverse stress on both the polarization and 

susceptibility are shown in Figures 4.2 and 4.3, respectively. The corresponding 

effects induced by longitudinal stress are shown in Figures 4.4 and 4.5.  
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Figure 4.2 Polarization vs temperature for different values of transverse stress 

( 1ς = 0.0, -0.02 and +0.02). 
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Figure 4.3 Susceptibility vs temperature for different values of transverse stress 

( 1ς = 0.0, - 0.02 and +0.02). 
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Figure 4.4 Polarization vs temperature for different values of longitudinal stress 

( 3ς = 0.0, - 0.02 and +0.02). 
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Figure 4.5 Susceptibility vs temperature for different values of longitudinal stress 

( 3ς  = 0.0, - 0.02 and +0.02). 
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The critical behavior of the system can be determined from both Tp −3  

and T−33χ  curves. In Figures 4.2 and 4.4, 3p  drops gradually at about 

3.1=cT  with a non zero tailing above cT . This non vanishing 3p  value above 

cT  is due to the finite size effect. Thus, it is difficult to locate the Curie 

temperature precisely in the Tp −3  curves. All we can know from the Tp −3  

curves is that cT  varies within the range of 1.3-1.6. We can estimate the phase 

transition temperature by extrapolating the sudden drop of the Tp −3  curves to 

03 =p  and taking the mean value of the x value.  

 

With the T−33χ curve, the Curie temperature cT  can be determined by 

locating peak position in a more accurate manner. In Figure 4.3, the peak 

position is at 1.48, 1.44 and 1.42 when 1ς  = -0.02, 0.0 and 0.02, respectively. 

However, in the case of longitudinal stress, the peak position is at 1.42, 1.44 

and 1.48 when 3ς  = -0.02, 0.0 and 0.02, respectively. The susceptibility peaks 

from both Figures 4.3 and 4.5 are rounded and finite, unlike an infinite phase 

transition peak from an infinite system [Privman, 1990]. In addition to the 

infinite system size, Eqn. (3.26) is applicable to the case when the electric field 

tends to zero [Heermann and Binder, 2002]. A sharper phase transition and a 

more accurate cT  can be obtained when the amplitude of the electric field is 

very small and the system size is infinite [Slivka et al., 2005]. However, when 

we use a much smaller electric field, i.e., 02.03 <e , the electric field cannot 

impose a preferential direction for the dipoles. The system with finite size may 
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still transit from a state near + P  to a state near - P  or via versa after several 

hundreds of MCSs [Heermann and Binder, 2002]. The overall polarization 

fluctuates rapidly even below cT  which induces unexpected peaks in 

susceptibility-temperature curves. We cannot determine the phase transition 

from the T−33χ  curves. On the other hand, a large electric field will lead to 

the smearing of the susceptibility-temperature curve and the shift of peak at 

higher temperature [Slivka et al., 2005]. Thus, we have chosen 02.03 =e  as the 

amplitude of the electric field which is small enough to maintain an abrupt drop 

in polarization at cT , but can still impose a preferential direction for the dipoles.  

 

The phase transition temperatures obtained from our model are smaller 

than the theoretical value cT = 2.269 obtained from a two-dimensional Ising 

model [Privman, 1990]. The number of states that a dipole can switch is a 

measure of the degree of freedom imposed on the dipole switching. For 

instance, the degree of freedom in a four-state Potts model is larger than that in 

Ising model. Consequently, we can conclude that the larger the degree of 

freedom the smaller phase transition temperature is obtained which is 

consistent with Ono’s result [Ono, 1984], after his investigation on r-state, 

ferro- and antiferromagnetic systems using Bethe approximation. 
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From both Figures 4.2 and 4.3, the shifting direction of cT  and the sign 

of the transverse stress are correlated. In particular, cT  decreases in the 

presence of in-plane tensile stress. The 2D clamping exists along the film plane 

in the presence of in-plane tensile stress. It prohibits the dipoles to be switched 

towards the longitudinal direction but it favors transverse alignment. As a result, 

cT  shifts downwards with the increase in the in-plane tensile stress. Conversely, 

the opposite trend also holds under the in-plane compressive stress. The 

presence of in-plane compressive stress discourages the dipoles to be aligned 

parallel to the film but encourages longitudinal alignment. This leads to the 

increase in the tetragonality along the z-direction and stabilizes the ferroelectric 

phase at higher temperatures. This result qualitatively agrees with experiments 

[Abe and Komatsu, 1995; Taylor et al., 2002; Yuzyuk et al., 2002].  

 

The magnitude and sign of the in-plane stress can be manipulated by the 

selection of the film/substrate combination and the growth conditions [Abe and 

Komatsu, 1995; Pertsev et al., 1999; Taylor et al., 2002; Yuzyuk et al., 2002] , 

where the biaxial in-plane stress can be induced by the following routes: (i) 

thermal mismatch, (ii) lattice mismatch and (iii) structural change due to the 

phase transition. In reality, the stress is position-dependent and decays from the 

interface between the substrate and film to the surface. The uniform stress can 

be replaced by an exponential stress function along thickness direction [Wang, 

X.S., 2002]. Since we assume the system is an infinitesimally thin film, the 

stress is supposed to uniform in the whole thin film. 
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Practically, the presence of transverse (or in-plane) stress can be easily 

realized by the selection of the film/substrate combination or by bending the 

film. On the other hand, few reports in the literature have mentioned the effects 

of uniaxial (or longitudinal) stress on cT . The major reason might be due to the 

difficulty in imposing a longitudinal stress in a controllable manner. Our model 

is not restricted to transverse stress. It can also be extended to the case of 

longitudinal stress as shown in Figures 4.4 and 4.5.  

 

The longitudinal polarization 3p  and the susceptibility 33χ against 

temperature T  under longitudinal stress were evaluated using the following 

parameters: 3e  = 0.02, 0ξ = 0.5 and cφ = 0.5. It is expected that the longitudinal 

stress will have an effect opposite to that of the transverse stress. When the 

ferroelectric film is subject to a longitudinal tensile stress, the out-of-plane 

expansion occurs and forces the dipoles to be aligned along the z-direction. 

Similar to the effect of in-plane compressive stress, the longitudinal tensile 

stress leads to the increase in the tetragonality along the z-direction and 

stabilizes the ferroelectric phase at higher temperature. Thus, a higher cT  is 

obtained compared with the stress free condition. Conversely, alignments of 

dipoles along the film can be induced by the application of a uniaxial 

compressive stress. cT  shifts to a lower temperature. The shifting direction of 

cT  under longitudinal stress is opposite to that under transverse stress. 
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We have also evaluated the longitudinal polarization 3p  and the 

susceptibility 33χ  against temperature using the same set of parameters except 

the different coupling coefficients of strain 'α , )3.0,1.0,0.0'( =α  as shown in 

Figure 4.6. There is only negligible effect of strain-strain coupling on the phase 

transition. Basically, neglecting the strain-strain coupling term does not alter 

the shifting trend of the phase transition temperature induced by the stress. 

Comparing with the case 1.0'=α  and 3.0'=α , both Tp −3  and T−33χ  

curves shift entirely towards a higher temperature as 'α  increases. The 

application of strain-strain coupling term can eliminate the perturbation of the 

system at low temperature and it is faster to obtain a steady state. However, if 

the coupling coefficient is set to be a very high value, the effect of strain-strain 

coupling is dominant other effects which are important to ferroelectric 

materials.  
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Figure 4.6 Susceptibility vs temperature for different strain-strain coupling 

coefficients ( 'α  = 0.0, 0.1 and 0.3). 
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4.2  Effect of static stress on other ferroelectric properties 
 

4.2.1  Experimental observations 

 

 The presence of in-plane stress can be easily manipulated by the 

selection of film/substrate combination, or bending the film in either concave or 

convex forms. Moreover, the uniaxial compressive stress on the sample can 

also be applied by a testing machine such as INSTRON. In the last Section, we 

have discussed the effect of stress on the phase transition temperature. We now 

extend the discussion to other electromechanical properties, such as the strain 

and the polarization under cyclic electric field. From Section 2.11(b), 

experimental results reveal that the presence of residual in-plane tensile stress 

in ferroelectric films reduces the remnant and saturated polarizations while the 

compressive stress increases them  [Garino and Harrington, 1992; Shepard et 

al., 1996]. Similar effect on the area of the P-E hysteresis loop has also been 

studied. In this section, we will study the polarization-electric field )( 33 EP −  

loops and butterfly loops for both transverse )( 1ε  and longitudinal strains 

)( 3ε against electric field )( 3E  under different stress and anisotropy conditions 

are simulated. Results are compared with the experiments.  
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4.2.2  Simulation 

 

To simulate the hysteresis 3(P  versus )3E  and butterfly 3(ε  and 1ε  

versus )3E  loops, an external longitudinal alternating electric field is applied to 

the system. In the absence of local field, the electric field matrix can be 

expressed as follow: 

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛
Γ=

0

2sinˆ 0
tEE
π

 (4.2) 

where 0E  and Γ are the amplitude and period of the electric field, respectively, 

and t is time. Both Γ  and t are scaled in terms of MCS by a time scale 

according to the following relations: 

ΓMCS = Γ 
t
NN zx

Δ
 (4.3) 

and  

MCS
x zN Nt t

t
=

Δ
 (4.4) 

where tΔ  is the infinitesimally small time step. Eqn. (4.2) can then be 

expressed in normalized form as follow: 
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⎟
⎟
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⎝
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2
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MCS

MCSt
ee

π
)  (4.5)  
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Assuming that the film thickness is very small, we can ignore the stress 

gradient along the thickness direction. The stress is therefore assumed to be 

uniform along the thickness direction. Furthermore, we ignore the shearing 

stress components 051331 === σσσ .  

 

The normalized values of the observable properties, such as longitudinal 

polarization, electric displacement, longitudinal and transverse strains at 

particular instance can be evaluated by Eqns. (3.41), (3.42), (3.44) and (3.45), 

respectively. The 33 ep − , 33 ed − , 33 e−ξ and 31 e−ξ  loops and the volume 

fractions for the four different  spin states  under different static stresses were 

stimulated.  
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4.2.3  Results and discussion  

 

The polarization )( 3p and electric displacement )( 3d  versus electric 

field hysteresis loops, and the butterfly loops for both longitudinal )( 3ξ and 

transverse strains )( 1ξ against electric field have been numerically simulated 

under different static stresses and different switching anisotropy parameter φc. 

In our calculation, we have used the following parameters: ΓMCS =350 

(MCS/dipole), 3e  = 1.2, T =0.8, 5.00 =ξ , h3 =0.3, 5.1'=Y , 3.0=ν , 3.0=critς , 

k = 0.1, n = 0.5, 1.0'=α , 2.0'33 =d , 1.0'31 −=d , 5.0'=κ , Nx = 150, and Nz = 

80. 

 

The 33 ep − , 33 ed − , 33 e−ξ and 31 e−ξ  loops under different 

transverse stress values )5.0,5.0,0.0( 1 −=ς  are shown in Figures 4.7, 4.8 and 

4.9, respectively. The corresponding change in volume fractions of each state 

are shown in Figures 4.10 and 4.11, respectively. The switching anisotropy 

parameter φc is 0.45.  
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Figure 4.7  Polarization versus electric field under different static transverse 

stresses )5.0,5.0,0.0( 1 −=ς  
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Figure 4.8  Electric displacement versus electric field under static transverse 

stresses )5.0,5.0,0.0( 1 −=ς  
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Figure 4.9  (a) Longitudinal strain and (b) transverse strain versus electric field 

under static transverse stresses )5.0,5.0,0.0( 1 −=ς  

a) 

b) 



 

  
Page 87 

THE HONG KONG POLYTECHNIC UNIVERSITY 
Department of Applied Physics CHAPTER FOUR

0.0

0.2

0.4

0.6

0.8

1.0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0.0

0.2

0.4

0.6

0.8

1.0

V
ol

. f
ra

ct
io

n 
of

 S
ta

te
 A

 ζ1 = 0.0
 ζ1 = 0.5
 ζ1 = -0.5

V
ol

. f
ra

ct
io

n 
of

 S
ta

te
 C

e3

 
Figure 4.10  Volume fractions of (a) State A and (b) State C versus electric field 

under different static transverse stresses )5.0,5.0,0.0( 1 −=ς  

a) 

b) 
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Figure 4.11  Volume fractions of (a) State B and (b) State D versus electric field 

under different static transverse stresses )5.0,5.0,0.0( 1 −=ς  

a) 

b) 
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In addition to the effect of transverse stress, we have also simulated the 

33 ep −  and 33 ed −  loops under different longitudinal stress conditions 

)2.0,2.0,0.0( 3 −=ς with a fixed switching anisotropy parameter φc =0.45 as 

shown in Figures 4.12 and 4.13. The longitudinal and transverse strains, 3ξ  and 

1ξ , driven by an alternating longitudinal electric field under different 

longitudinal stress conditions are shown in Figures 4.14 (a) and (b), 

respectively. The corresponding change in volume fractions of each state are 

shown in Figures 4.15 and 4.16.  
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Figure 4.12  Polarization versus electric field under different static longitudinal 

stresses )2.0,2.0,0.0( 3 −=ς  
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Figure 4.13  Electric displacement versus electric field under static longitudinal 

stresses )2.0,2.0,0.0( 3 −=ς  
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Figure 4.14  (a) Longitudinal strain and (b) transverse strain versus electric field 

under static longitudinal stresses )2.0,2.0,0.0( 3 −=ς  

a) 

b) 
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Figure 4.15  Volume fractions of (a) State A and (b) State C versus electric field 

under static longitudinal stresses )2.0,2.0,0.0( 3 −=ς  

a) 

b) 
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Figure 4.16  Volume fractions of (a) State B and (b) State D versus electric field 

under static longitudinal stresses )2.0,2.0,0.0( 3 −=ς  

a) 

b) 
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From Figure 4.7, both the remnant polarization and coercive field are 

enhanced under a transverse compressive stress )0( 1 <ς  but are suppressed 

under tensile stress )0( 1 >ς . This conclusion agrees with the experimental 

result of Lappalainen et al. [Lappalainen et al., 1997] from their investigation 

of the electromechanical properties of PZT thin films under both compressive 

and tensile stresses at transverse direction. Similar trend is obtained in electric 

displacement-electric field curves (Figures 4.8). On the other hand, from Figure 

4.12, both remnant polarization and coercive field are enhanced under a 

longitudinal tensile stress )0( 3 >ς  but reduced under a compressive 

stress )0( 3 <ς . Similar trend on the effect of longitudinal stress can be found in 

lanthanum doped lead zirconate titanate (PLZT) reported by Lynch [Lynch, 

1996]. Zhou et al. [Zhou, D. Y. et al., 2005] have also obtained similar results. 

Although it is difficult to incorporate a longitudinal tensile stress on the film, 

our simulation result can predict an opposite effect for the longitudinal tensile 

stress.  

 

According to our simulated results, we suggest that dipoles at both 

states A and C are encouraged while those at states B and D are hindered under 

transverse compressive stress or longitudinal tensile stress. It also enhances the 

longitudinal polarization. Thus, the longitudinal remnant polarization pr 

increases in the presence of either transverse compressive stress or longitudinal 

tensile stress. In contrast, the role of longitudinal compressive stress and 

transverse tensile stress is to suppress dipoles in states A and C. The dominance 

of states B and D gives rise to the reduction of pr. The volume fractions of each 
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state over a cycle are shown in Figures 4.10, 4.11, 4.15 and 4.16 support our 

discussion. 

 

From Figure 4.9, it is envisaged that the changes in strains of both 

directions over a cycle are larger under a transverse tensile stress. The 

corresponding changes under a transverse compressive stress are negligibly 

small. On a contrary, the change in strains under a longitudinal compressive are 

the largest, as shown in Figure 4.14, while those under tensile stress are the 

smallest. The explanation is given in the followings.  

 

At φc = 0.45, the dipoles are preferentially aligned along the film (at 

both states B and D). The application of transverse tensile stress even enhances 

this preferential alignment. Consequently, in the absence of the applied electric 

field, the transverse strain is large and the longitudinal strain is small. By the 

application of longitudinal electric field, these dipoles start rotating to either A 

or C states, depending on the sign of E. This leads to the increase of 

longitudinal strain and decrease in transverse strain. Upon the disappearance of 

the external electric field, dipoles restore to their initial conditions because of 

the influence of transverse stress and orientation anisotropy. The application of 

an electric field at negative direction yields identical result. Under this situation, 

the transverse strain creates the largest changes both for the transverse and 

longitudinal strains. On the other hand, under a transverse compressive stress, 

nearly most of the dipoles are preferentially aligned along z-axis (at both states 

A and C) even in the absence of external electric field. The application of the 
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longitudinal electric field does not affect the alignment of dipoles so much. 

Therefore, the changes in strains are small.  

 

The presence of longitudinal stress produces exactly opposite trends on 

the changes in strains, as shown in Figures 4.14 (a) and (b), respectively. The 

longitudinal tensile stress reduces the area in both 3ξ  and 1ξ  versus 3e  butterfly 

loops whereas these loop areas are enlarged by the application of longitudinal 

compressive stress. However, as the magnitude of static compressive stress 

increases (in Figure 4.17), the loop area decreases again. In general, the 

longitudinal compressive stress forces the dipoles to be preferentially aligned 

along the film (both states B and D), resulting in a small longitudinal strain and 

a large transverse strain. If the longitudinal external field is large enough, the 

dipoles can be switched to energetically favorable states, either states A or C, 

increasing the longitudinal strain and reducing the transverse strain. 

Consequently, an adequate longitudinal compressive stress can create larger 

changes in strains than that under the unstrained case. On the other hand, if the 

compressive stress is too large (in Figure 4.17), all dipoles are clamped along 

the transverse direction that the switching is difficult because it requires a very 

large electric field to activate the rotation, as shown in Figure 4.18 and 4.19. 

The butterfly curve then becomes smaller and finally constricts to a line. This 

explanation can be supported by the graphs of volume fractions in Figures 4.18 

and 4.19. The volume fractions of dipoles at States A and C remain in a very 

low value under a compressive stress ς = -1.5. Those in States B and D remain 

in a value of 0.5. The experimental result from Zhou et al. [Zhou, D. Y. et al., 
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2005] on the investigation of electromechanical properties of the 

Pb(Ni1/3Sb2/3)O3–PbTiO3–PbZrO3 system confirms our conclusion. Similar to 

our simulation results, the strain–electric field butterfly loop is gradually 

enlarged on increasing the compressive stress and attains a maximum loop area 

when the stress value is about 25 MPa. The loop area then gradually shrinks 

and finally reduces to a horizontal line at a very large stress value.  
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Figure 4.17  (a) Longitudinal strain and (b) transverse strain versus electric field 

under different magnitudes of longitudinal compressive stresses 

,0.0( 3 =ς  )5.1,0.1,5.0,2.0 −−−−  
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Figure 4.18  Volume fractions of (a) State A and (b) State C versus electric field 

under different magnitudes of longitudinal compressive stresses 

,0.0( 3 =ς  )5.1,0.1,5.0,2.0 −−−−  
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Figure 4.19  Volume fractions of (a) State B and (b) State D versus electric field 

under different magnitudes of longitudinal compressive stresses 

,0.0( 3 =ς  )5.1,0.1,5.0,2.0 −−−−  

a) 

b) 
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In addition to the influence on the areas of the butterfly loops, the 

presence of stress also induces a vertical shift of the loop. As mentioned in 

Chapter 2, there is an elastic strain component because of the elastic 

deformation in the presence of stress. This response causes the vertical drift in 

the strain–electric field diagram, as shown in Figures 4.20 and 4.21. In Figure 

4.20, 33 e−ξ curve shifts upward and 31 e−ξ  curve shifts download under 

transverse compressive stress. Conversely, the presence of transverse tensile 

stress induces opposite shifting directions for both curves. In Figures 4.21, the 

roles of compressive and tensile stresses on the shifting directions are reverse. 

The effect of longitudinal compressive stress on the shifting direction of 

butterfly curves is confirmed by the experimental result of Zhou et al.  
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Figure 4.20  (a) Longitudinal strain and (b) transverse strain versus electric field 

under different transverse static stresses ,8.0,5.0,0.0( 1 =ς  

)8.0,5.0 −−  
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Figure 4.21  (a) Longitudinal strain and (b) transverse strain versus electric field 

under different longitudinal static stresses ,5.0,2.0,0.0( 3 =ς  

)5.0,2.0 −−  

a) 

b) 
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4.2.4  Effects of anisotropic switching 

 

The effects of switching anisotropy parameter φc on the polarization, 

electric displacement, longitudinal and transverse strains are shown in Figures 

4.22, 4.23 and 4.24, respectively. We have used the following parameters: ΓMCS 

=350 (MCS/dipole), 3e  = 1.2, T =0.8, 5.00 =ξ , h3 =0.5, 5.1'=Y , 3.0=ν , 

3.0=critς , k = 0.1, n = 0.5, 1.0'=α , 2.0'33 =d , 1.0'31 −=d , 5.0'=κ , Nx = 150, 

and Nz = 80. 
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Figure 4.22  Polarization versus electric field under stress-free condition with 

different volume fraction of c-domains )6.0,5.0,4.0( =cφ  
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Figure 4.23  Electric displacement versus electric field under stress-free condition 

with different volume fraction of c-domains )6.0,5.0,4.0( =cφ  
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Figure 4.24  (a) Longitudinal strain and (b) transverse strain versus electric field 

under stress-free condition )0.0( 13 == ςς  with different volume 

fraction of c-domains )6.0,5.0,4.0( =cφ  

a) 

b) 
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Figure 4.25  Volume fractions of (a) State A and (b) State C versus electric field 

under different stress-free condition )0.0( 13 == ςς with different 

volume fraction of c-domains )6.0,5.0,4.0( =cφ  

a) 

b) 
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Figure 4.26  Volume fractions of (a) State B and (b) State D versus electric field 

under different stress-free condition )0.0( 13 == ςς with different 

volume fraction of c-domains )6.0,5.0,4.0( =cφ  

a) 

b) 
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From Figure 4.22, the remnant polarization increases with the value of 

cφ .  As described in Chapter 3, the orientation of a film depends on the growth 

condition as well as the choice of substrate. Due to the anisotropic effect, it 

establishes a preferential direction for the orientation of the dipoles. For a c-

domain-dominated film )5.0( >cφ , the preferential orientation of dipoles is 

along z-direction whereas the dipoles preferentially align along x-direction for 

an a-domain-dominated film )5.0( <cφ . The volume fraction of c-domains is 

therefore larger than that of a-domains in a c-domain-dominated film (i.e., 

ac φφ > ) and vice versa. The remnant polarization of a c-domain-dominated 

film is larger than that of an a-domain-dominated film. 

 

In Figure 4.24, the loop areas for the longitudinal and transverse strains 

are maximum for φc = 0.4 and minimum for φc = 0.6. In other words, the loop 

area decreases on increasing the switching anisotropy parameter φc. In the 

absence of stress, the strain response is contributed by ferroelastic and field 

induced components. As all of the samples are subject to identical electrical 

loading, only the ferroelastic contribution makes the difference. For small φc, 

say φc = 0.4, most of dipoles are aligned along the film and a-domains 

dominate (in Figures 4.25 and 4.26). This results in a large transverse strain and 

small longitudinal strain. The application of longitudinal electric field causes a 

number of dipoles rotating towards A or C states, resulting in an increase in 

longitudinal strain and reduction of transverse strain. The large changes in 

strains are then reflected by the large loop areas. To the other extreme, for large 

φc, most of the dipoles are preferentially aligned along the longitudinal direction 
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(either A or C states), the application of electric field does not affect them so 

much because most of them are already in States A or C. Consequently, there is 

not much change in both longitudinal and transverse strains. Small loop areas 

are then obtained.  
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4.3  Effect of combined alternating electrical and mechanical 
loadings 

 

4.3.1  Experimental observations 

While most of the study are focused on the effect of static stress, 

Mitrovic et al. [Mitrovic et al., 2001] and Zhou et al. [Zhou, D. Y. and Kamlah, 

2004] have investigated the effect of alternating stress. In particular, they have 

characterized the electromechanical responses of six piezoelectric stack 

actuators and a commercial soft PZT material under combined electrical and 

mechanical loadings Zhou and his coworkers have subject the sample by an 

alternating longitudinal compressive stress which was either in-phase or out-of-

phase with the alternating electric field as shown in Figures 4.27(a) and 4.27(b), 

respectively. From Zhou’s definition, the “in-phase” condition is defined as the 

case where both the electric field and the compressive stress attain maximum 

simultaneously, whereas the “out-of-phase” condition is the one where the 

electric field attains a maximum value at the moment of minimal compressive 

stress (Figures 4.27(b)). 
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Figure 4.27  Electric-field-time and stress-time patterns in which the maximum 

stress is zero (released compression). (a) In-phase loading. (b) Out-of-

phase loading. [Zhou, D. Y. and Kamlah, 2004] 

b) 
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 The experimental D-E and ε-E loops under in-phase, out-of-phase and 

stress free conditions are shown in Figures 4.28(a) and 4.28(b). Even in the 

stress-free condition, nonlinearity and hysteresis are observed from both D-E 

and ε-E loops. For the in-phase condition, both D-E and ε-E loops are 

significantly reduced. On the other hand, these loops are significantly enlarged 

under the out-of-phase condition. Zhou and Kamlah have attributed this novel 

phenomenon to the non-180° domain switching. There is so far no other 

comprehensive explanation on this experimental account. We are trying to 

reproduce these experimental results based on our present model.   
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Figure 4.28   Comparison of the (a) electric displacement and (b) strain behavior in 

the stress-free state, under in-phase and out-of-phase 

electromechanical loading with zero-maximum stress. [Zhou, D. Y. 

and Kamlah, 2004] 

b) 

a) 
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4.3.2  Simulation 

 

Similar to Section 4.2, an external longitudinal electric field is applied 

to the system. However, it is replaced by a ramp-shape field. The applied 

electric field E is supposed to be homogeneous and orthogonal to the film 

surfaces (E1 = E2 = 0, E3 ≠ 0). The longitudinal electric field can be expressed 

as follow: 

 

),(' Γ= tModt  

Γ
+=
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tEEE dc  )4/'0( Γ≤≤ t   
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4 0
0 t
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Γ
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where mod(x,y) is the remainder function returning the remainder of the 

division of x/y,  t is time, Γ is the period of the electric field, and dcE  and 0E  

are the static field and the magnitude of the alternating field, respectively.  
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In addition to the electric field, the applied alternating longitudinal 

compressive stress σ  is homogeneous in space and can be expressed as follow: 
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where )/(2 Γ= τπφ  is the phase difference between the applied field and stress, 

dcσ  and 0σ  are the static stress and the amplitude of alternating stress, 

respectively. If 0σσ −≤dc , then the longitudinal stress is purely compressive, 

regardless of time. Moreover, if πφ )12( += n , both loadings are out of phase; 

if   πφ n2= φ, both are in phase.  

 

The longitudinal polarization, electric displacement and longitudinal 

strain at particular instance can be evaluated by Eqns. (3.24), (3.25) and (3.27), 

respectively. The 33 ED −  and 33 E−ε  loops under three different loading 

conditions, i.e., in-phase, out-of-phase and stress-free were then simulated. 
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4.3.3  Results and discussion 

 

The electric displacement versus electric field loops and the 

longitudinal strain versus electric field loops have been evaluated numerically 

under different mechanical loading conditions. In these calculations, it is 

assumed that a residual static in-plane compressive stress exist in the film, i.e., 

05.01 −=ς . In our calculation, we have used the following normalized 

parameters: φc = 0.45, ΓMCS = 300 (MCS/dipole), dce  = 0.2, 0e  = 0.3, T =1.0, 

5.00 =ξ , h3 =0.3, 5.1'=Y , 3.0=ν , 2.0−=dcς , 2.00 =ς , 3.0=critς , k = 0.1, n 

= 0.5, 1.0'=α , 2.0'33 =d , 1.0'31 −=d , 45.0'=κ  , Nx = 150, and Nz = 80. The 

normalized electric displacement-electric field loops and longitudinal strain-

electric field loops under different electromechanical loading conditions are 

shown in Figures 4.29 and 4.30, respectively. 
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Figure 4.29  The normalized electric displacement of a film under stress-free state, 

in-phase and out-of-phase conditions   
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Figure 4.30  The normalized longitudinal strain behavior of a film under stress-free 

state, in-phase and out-of-phase conditions   
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By converting the normalized parameters into real quotations, both our 

stimulated results and the experimental results from Zhou and Kamlah are 

plotted together, as shown in Figures 4.31 and 4.32. The saturated polarization 

Ps and total saturated strain of the system is set to be 0.39 C/m2 and 3105 −×  

respectively. The real parameters are shown in Table 4.1.  

 

 Normalized Physical  Normalized Physical 

dce dcE  0.2 0.8 kV/mm rκ  --- 4955 

0e 0E  0.3 1.2 kV/mm ν  --- 0.3 

J --- 1560000 CV/m3 k --- 0.1 

dcς dcσ  -0.2 -62.4 MPa n --- 0.5 

0ς 0σ  0.2 62.4 MPa 0ξ 0ε  0.5 2.5 x 10-3 

1ς 1σ  -0.05 -15.6 MPa 3h 3H  0.3 468000 

critς critσ  0.3 93.6 MPa 'α α  0.1 156000 

'Y Y  1.5 93.6 GPa '33d 33d  0.2 250x10-12m/V 

'κ κ  0.45 4.3875x10-8 F/m2 '31d 31d  -0.1 -125x10-12m/V 

0κ  --- 8.85x10-12 F/m2    

 

Table 4.1  The set of real parameters used for the simulation 
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Figure 4.31 Electric displacement versus electric field under stress-free, in-phase 

and out-of-phase conditions. Symbols are experimental results from 

Zhou and Kamlah, and lines are simulated results.  
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Figure 4.32 Longitudinal strain versus electric field under stress-free, in-phase and 

out-of-phase conditions. Symbols are experimental results from Zhou 

and Kamlah, and lines are simulated results.  
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From Figures 4.31 and 4.32, both experimental (symbols) and simulated 

(curves) 33 ED −  and 33 E−ε  loops are shown under three different loading 

conditions. At the time at point A in Figure 4.33, both compressive stress and 

the electric field are maximal. The former forces the dipoles to be aligned along 

longitudinal direction while the second drives them along the transverse 

direction. The overall effect is that both influences cancel each other. At point B 

(in Figure 4.35), both the field and stress are reduced to one half, and again 

their influences are cancelled.  At point C as shown in Figure 4.37, these 

driving field and stress drop to nearly zero, and there is no change in dipole 

orientations at all. Consequently, the change in dipole orientation over a cycle 

must be negligibly small even if it is not zero. It leads to very small changes 

both in electric displacement and strain.  
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Figure 4.33  Electric-field-time and stress-time patterns of the in-phase loading 

condition in which the maximum stress is zero (released compression).  

 
 

 

Figure 4.34  Effects of both influences cancel each other when both 3E  and 3σ  are 

the maximum (At point A in Figure 4.33). 
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Figure 4.35  Electric-field-time and stress-time patterns of the in-phase loading 

condition in which the maximum stress is zero (released compression).  

 

 

Figure 4.36  Effects of both influences cancel each other when both 3E  and 3σ  are 

exactly at one-half of their maximum value (At point B in Figure 

4.35).  
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Figure 4.37  Electric-field-time and stress-time patterns of the in-phase loading 

condition in which the maximum stress is zero (released compression).  

 
 

 

Figure 4.38  Dipoles remain in its original status when both 3E  and 3σ  are nearly 

zero (At point C in Figure 4.37).    
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On the other hand, in the out-of-phase case, the longitudinal 

compressive stress is nearly zero when the electric field is maximum as shown 

in Figure 4.39 (at point A). This leads to a large amount of dipoles to be aligned 

along the longitudinal direction. Thus, the volume fraction of State A tends to 1 

at point A. At point B (in Figure 4.41), the electric field drops to one-half while 

the stress increases to one half of its maximal value. These two influences now 

cancel each other and some of the dipoles rotate to the transverse direction. At 

point C, the stress reaches the maximal value while the electric field drops 

nearly to zero. At the moment, the compressive stress becomes the only 

influence forcing most of the dipoles along the transverse direction. 

Consequently, from points A to C, a large amount of dipoles rotate from 

longitudinal direction to the transverse one. A large electrical displacement and 

longitudinal strain are generated in the in-phase condition while and both 

quantities are diminished in the out-of-phase case. The changes in displacement 

and strain over a cycle are then very large in the latter condition. Figure 4.45 

and Figure 4.46 also show there is a large change in volume fraction in the out-

of-phase case whereas there are not many changes in volume fraction in the in-

phase case.  
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Figure 4.39  Electric-field-time and stress-time patterns of the out-of-phase loading 

condition in which the maximum stress is zero (released compression).   

 

 

Figure 4.40  Dipoles are aligned along the electric field direction when 3E  is the 

maximum and 3σ  is zero (At point A in Figure 4.39).    
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Figure 4.41  Electric-field-time and stress-time patterns of the out-of-phase loading 

condition in which the maximum stress is zero (released compression).   

 

 

Figure 4.42  Effects of both influences cancel each other at point B. The two 

possibilities of dipole orientation when both 3E  and 3σ  are exactly at 

one-half of their maximum value (At point B in Figure 4.41).  
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Figure 4.43  Electric-field-time and stress-time patterns of the out-of-phase loading 

condition in which the maximum stress is zero (released compression).   

  
Figure 4.44  Dipoles are aligned perpendicular to the stress direction when 3E  is 

nearly equal to zero and 3σ  is the maximum (At point C in Figure 

4.43).    
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Figure 4.45  Volume fractions of (a) State A and (b) State C versus electric field 

under stress-free state, in-phase and out-of-phase conditions.  
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 Figure 4.46  Volume fractions of (a) State B and (b) State D versus electric field 

under stress-free state, in-phase and out-of-phase conditions.  
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Chapter 5 Conclusions and Future work 

 
We have studied the stress effects on the critical behavior and different 

electromechanical properties of ferroelectric thin films by using the modified four-

state Potts model. From a microscopic point of view, the polarization switching is 

primarily through 90° rotations of dipoles at the domain walls. These rotations are 

associated with the change in polarization, as well as the mechanical strains.   

 

From our simulation, the effect of static stress on the longitudinal polarization 

versus temperature and susceptibility versus temperature are demonstrated. The 

paraelectric–ferroelectric phase transition temperature (or Curie temperature) can 

thus be determined. It is shown that Curie temperature decreases in the presence of a 

transverse tensile stress, but increases in case of a compressive stress. The shift in 

Curie temperature with the longitudinal stress has also been simulated. The results 

are exactly opposite to those of the transverse stress. The shifting trend of the phase 

transition temperature obtained from the calculated results qualitatively agrees with 

experiments. The electromechanical properties of ferroelectric thin films have also 

been simulated. Effects of stresses in different directions and switching anisotropy 

parameter φc on the polarization-electric field loops, electric displacement-electric 

field loops and butterfly loops for both transverse and longitudinal strain against 

electric field have been investigated. It is found that the ferroelectricity, in terms of 

remnant polarization and phase transition temperature, can be enhanced by (i) the 

application of a transverse compressive stress, (ii) a longitudinal tensile stress, and 

(iii) high φc value. Moreover, the maximum electromechanical response can be 
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achieved by suitably applying the suitable transverse tensile stress or longitudinal 

compressive stress on the film. 

 

We have also simulated the electromechanical properties under combined 

electrical and mechanical loadings and the results are compared with results from 

Zhou and Kamlah’s experiment. Even though our simulation results cannot exactly 

fit the experimental ones, the effect of phase angle between the electric field and the 

uniaxial compressive stress can be reproduced and explained. The enhanced 

electromechanical responses for both electrical displacement and strain are due to the 

competition between the driving electric field and stress which force dipoles to be 

aligned either along normal or along the film. Different phase difference between the 

two loadings will lead to different electromechanical response. Correct timing for 

these driving forces can give rise to optimal electromechanical responses.  

 

We have studied the electromechanical properties and different aspects of 

polarization switching in terms of domain wall motion. The present model manifests 

the importance of 90° domain switching in electromechanical properties of 

ferroelectric materials, such as polarization and strain. In most of the applications of 

ferroelectric materials, they usually work under combined loading, both electric and 

mechanical ones, at the same time. As mentioned previously, the phase difference 

between the electric and mechanical loading affect the electromechanical responses. 

However, there must be some time delays for the dielectric and mechanical responses 

to these driving field and stress, due to the material constraints. These two time 

delays might also be different. Consequently, the optimal electromechanical 
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responses might be obtained neither at “in-phase” nor “out-of-phase” conditions. 

That means the phase angle might be a value between 0° and 180°. Even though the 

optimal condition should be obtained from experiment ultimately, because the 

selection of fitting parameters for the simulation relies on experimental data, 

numerical simulation can greatly reduces the experimental works on trial-and-error 

basis. Furthermore, the frequency response is also worthwhile to study. The 

drawback of our present model is that there is no single parameter related to the time 

variable. The relaxation time of the system, i.e. the time for the system to restore to 

the thermal equilibrium condition, might be chosen and all other times should be 

scaled with it. The study of low frequency electromechanical properties is still an 

undeveloped area. 
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