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Abstract 
  

The resonance responses of two types of AT-cut quartz resonators, 4-MHz and 

27-MHz (provided by Hong Kong X’tals Ltd.), have been studied using the 

commercial finite element (FEM) code ANSYS. For the 4-MHz resonator with full 

electrode, there exist spurious modes (thickness-twist mode, flexural mode, and 

inharmonic thickness-shear mode) in the vicinity (± 0.2 MHz) of the fundamental 

thickness-shear mode resonance (f111). After the use of an electrode of size smaller 

than the quartz plate, the spurious modes are not suppressed or shift to higher 

frequencies, and still affect significantly the vibration at f111. The simulations also 

show that the vibration at f111 is not effectively trapped in the electroded region and 

spreads over the whole quartz plate, thus, the silver epoxy introduced at the ends of 

the quartz plate absorbs the vibration energy and the impedance at f111 is increased. 

The poor energy trapping efficiency should be due to the small difference between 

the cutoff frequencies in the electroded and unelectroded regions as well as the low 

frequency of the vibration. Due to the mass loading effect, a thicker electrode (e.g. 2 

µm) can decrease the cutoff frequency in the electroded region (i.e. f111) and hence 

improve the energy trapping efficiency.   

 

Similar to the 4-MHz resonators, there exist spurious modes (the flexural 

mode and the inharmonic thickness-shear mode) in the vicinity of f111 for the 

27-MHz resonator with full electrodes. However, all the spurious modes are 

suppressed or shift to higher frequencies after the use of an electrode of size smaller 

than the quartz plate. The simulations show that the vibration at f111 is pure 

thickness-shear mode and it is effectively trapped in the electroded region. As a 
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result, f111 is dependent relatively stronger on the electrode length, and the 

impedance at f111 does not increase significantly after the introduction of the silver 

epoxy. The better energy trapping efficiency should be due to the high frequency of 

the vibration. 

 

A new experimental method has been developed to investigate the vibration 

distribution of the resonators.  It is based on the fact that an external load can 

disturb the vibration and hence change the resonance frequency as well as the 

impedance at resonance of a quartz plate.  Good agreements between the observed 

and simulated vibration distributions at f111 are obtained for both the 4-MHz and 

27-MHz resonators.  The dependence of f111 on the electrode length has also been 

confirmed by experiments on the "commercial" resonators with different electrode 

lengths.  Again, good agreements between the experimental and simulation results 

are obtained for both the 4-MHz and 27-MHz resonators. 

 

A third-overtone thickness-shear resonator with resonance frequency around 

58 MHz has been designed and successfully fabricated. In the new design, two 

sub-electrodes are added right next to each end of the main electrode of the 

resonator to amplify the “leaked” vibration at f111 from the main electrode and 

subsequently damped by the silver epoxy at the ends of the resonator. On the other 

hand, the vibration at the third-overtone thickness-shear resonance f311 is mainly 

trapped in the main-electroded region and hence is not affected significantly by the 

sub-electrode and the silver epoxy. As a result, the impedance at f111 becomes much 

larger than that at f311 and the resonator will resonate at its third-overtone 

thickness-shear mode.  
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Chapter One 

Introduction  
 

1.1  Background 

 

The direct piezoelectric effect, the production of electricity by the application 

of pressure, was discovered by the brothers Pierre Curie and Jacques Curie in 1880. 

The co nverse p iezoelectric effect was p redicted b y Lippmann i n 1888 a nd 

confirmed b y t he C uries i n the same year. T he first major application of  

piezoelectricity w as in L angevin’s w ork on  s ubmarine de tection us ing qu artz 

transducers to generate and detect underwater acoustic waves, started in 1917. Since 

then, the quartz crystal units have been an item of commerce for more than a half 

century. The applications for the quartz crystals have grown from their early roots in 

frequency standards and in amateur radio communication to present wide spectrum 

of a pplications encompassing many electronic pr oducts. The m ilestones i n qua rtz 

technology are shown in Table 1.1 [Vig, 2003].  
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Table 1.1 Milestones in quartz technology [Vig, 2003]. 

 

 

 

As a n electronic de vice, i t i s r equired t hat t he s ignal given b y the quartz 

crystal units is s table over a  wide range of parameters such as temperature. In the 

quartz crystals, however, there are many vibration modes, i.e. signals. For instance, 

the qua rtz crystal uni ts can vi brate i n t hickness-shear m odes and f lexural m ode. 

Because di fferent vi bration m odes have different f requency-temperature 

relationships, the quartz crystals may vibrate from the wanted vibration mode, i .e. 

fundamental thickness-shear mode, to other unwanted vibration modes at different 

temperatures. In o ther w ords, t he s ignal i s uns table ove r a w ide range of 

temperature.  
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To de al w ith t his pr oblem, m any attempts ha ve be en m ade i n t he pa st t o 

suppress the unwanted modes, especially those modes which are near in frequency 

to the fundamental thickness-shear mode and tend undesirably to couple with it. It 

was found in 1940 b y Bechmann that the unwanted modes could be suppressed by 

placing a p air o f s mall electrodes on a qu artz pl ate [Bechmann, 1941]. L ater, 

Mortley explained this phenomenon by considering the cutoff mode of a waveguide. 

[Mortley, 1956]  Shockley et a l. c alled t his p henomenon e nergy t rapping a nd 

performed a theoretical analysis of this phenomenon independently. [Shockley, 1963]  

The conditions for the suppression of the unwanted modes have been given in this 

energy trapping theory. Some researchers such as Hirama [Hirama, 1999] also use 

the s ame a pproach a s S hockley i n t heir de sign of  t he t rapped-energy r esonators. 

However, those researchers have not investigated the energy trapping systematically 

and no efficient procedure for applying the energy trapping has been given.  

 

Finite e lement me thod (FEM) is  u sed to  in vestigate th e e nergy tr apping 

phenomenon systematically in this project. The finite element method is a powerful 

computational t echnique f or a pproximate s olutions t o a  va riety of  real w orld 

engineering p roblems h aving co mplex s tructures. A NSYS, a co mmercial g eneral 

purpose finite element software, is capable of performing the piezoelectric analysis 

and i t i s us ed t o c onduct t he r esearch. By studying t he e nergy t rapping 

systematically, a n e fficient pr ocedure f or t he s uppression of  t he unw anted m odes 

can be  given, w hich c an r eplace t he e xperimental pr ocedure a nd m ake t he 

production more effective and eventually lead to saving in cost and time.  
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1.2 Quartz  

 

Quartz is  a  crystalline form o f s ilicon d ioxide, S iO2. It is  a h ard, b rittle, 

transparent material with a density of 2649 k g/m3 and a melting point of 1750 oC. 

When qua rtz i s he ated to 573
 oC, i ts cr ystalline f orm changes. T he s table f orm 

above t his t ransition o r i nversion t emperature i s know n a s ‘high-quartz’ or 

‘beta-quartz’, in which the quartz exists in a hexagonal symmetry. The stable form 

below 573
 oC is known as ‘low-quartz’ or ‘alpha-quartz’, in which the quartz exists 

in a tr igonal symmetry. For resonator applications, only alpha-quartz is  of interest 

and u nless s tated o therwise t he t erm ‘quartz’ always r efers t o al pha-quartz [ Salt, 

1987]. 

 

1.2.1 Piezoelectricity 

 

Quartz i s a p iezoelectric m aterial which e xhibits direct an d co nverse 

piezoelectric effects. The direct piezoelectric effect discovered by the Curie brothers 

in 1880  is t he pr oduction of  t he e lectric pol arization b y t he a pplication of  a  

mechanical s tress i nto a crystal. The magnitude of  t he induced charge is 

proportional t o t he applied stress. In 1881, t he c onverse pi ezoelectric e ffect, 

predicted b y Lippman and c onfirmed b y t he Curies, was illu strated. It is  th e 

deformation pr oduced i n t he c rystal b y t he a pplication of  t he e lectric field. T he 

deformation in the crystal is due to the lattice strains caused by the effect. The strain 

reversed when the direction of the electric f ield reversed. The piezoelectric effect, 

therefore, provides a coupling between the electrical and the mechanical properties 
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of the crystal. For quartz resonators, the converse piezoelectric effect is used for the 

resonators to resonate at certain frequencies.  

 

The co nverse p iezoelectric ef fect h as s ometimes b een co nfused w ith t he 

electrostrictive e ffect, which i s t he de formation pr oduced w hen pl aced i n t he 

electric f ield. The electrostrictive effect occurs i n al l d ielectrics such as  glass and 

the piezoelectric effect can be differentiated f rom the electrostrictive effect in two 

aspects. The piezoelectric strain is usually larger than the electrostrictive strain by 

several o rders o f m agnitude, a nd t he pi ezoelectric s train i s pr oportional t o t he 

electric-field intensity and thus change sign with it, while the electrostrictive strain 

is pr oportional t o t he s quare of t he f ield i ntensity a nd t hus i ndependent of  i ts 

direction. The electrostrictive effect and the piezoelectric effect occur at  the same 

time, a nd t he electrostrictive e ffect may be  i gnored i n t he qu artz f or practical 

purposes.  

 

The reversible nature of the piezoelectric effect implies that the piezoelectric 

crystals must be  a nisotropic, t hat i s their ph ysicals pr operties m ust de pend on 

direction w ithin th e c rystals. T herefore, th e p iezoelectric c rystals lack a centre o f 

symmetry. When the lattice is deformed by an applied force, the centres of gravity 

of the positive and negative charges in the crystal will be separated so as to produce 

surface charges. Figure 1.1 shows one example (from Kelvin’s qualitative model) of 

the effect in the quartz. Each silicon atom is represented by a plus, and each oxygen 

atom by a m inus. W hen a  s train i s a pplied a long t he Y-axis, the cr ystal will b e 

elongated in this direction and there are net movements of negative charges to the 
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left and positive charges to the right (along the X-axis), thus electric polarization is 

produced [Heising, 1946].  

 

 

Figure 1.1 The production of the electric polarization by the application of 

mechanical strain [Heising, 1946]. 

 

 

1.2.2 Left and Right Quartz 

 

The idealized quartz cr ystal i s a h exagonal p rism with six cap faces at  each 

end as shown in Figure 1.2. The prism faces are designated as m-face and the cap 

faces are designated as R- and r- faces. The R-faces are called major rhomb faces, 

while the r-faces, minor rhomb faces. There are two naturally occurring forms in the 

quartz crystals, known as right quartz and left quartz. They can be differentiated by 

the position of s and x faces relative to the m-, R-, and r- faces. In the right quartz, 
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the s and x faces occur at the lower right corner of the R-faces, whereas in the left 

quartz, they occur at the lower left corner of  the R-faces. Although there are two 

forms of  the quartz crystals, both kinds of  quartz are equally useful in fabricating 

quartz crystal resonators [Bottom, 1982].  

 

 
  Left quartz           Right quartz 

Figure 1.2 The quartz crystal. In the right quartz, the s and x faces occur at the 

lower right corner of the R face. In the left quartz, they occur at the lower left 

corner [Bottom, 1982]. 

 

1.2.3 Crystal Axes and Axial Systems 

 

Quartz is an anisotropic material, i.e. the values of the coefficients describing 

the ph ysical pr operties are d ependent on di rection. It i s t herefore ne cessary t o 

choose t he r eference di rections w ithin t he qua rtz t o specify t he va lues of t he 

coefficients. These directions are called the crystal axes. Different axial systems can 

be employed to describe the same quartz since it may be convenient for one purpose 

for one coordinate system, and another purpose for another system. Thus, it should 

be m entioned w hich c oordinate s ystem i s e mployed. A t l east, t wo c oordinate 
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systems m ay be  us ed t o s pecify t he qua rtz. They ar e the Bravais-Miller (B -M) 

coordinate s ystem a nd the rectangular co ordinate s ystem, which are shown i n 

Figure 1.3. The B-M system is used to specify the natural faces and atomic planes 

in the quartz, while the rectangular system is used for the purpose of computations 

involving the piezoelectric and mechanical properties of the quartz.  

 

 

    
      

               (a)                          (b ) 

Figure 1.3 Cross-section of the quartz crystal taken perpendicular to the Z-axis, 

showing (a) the B-M system and (b) the rectangular system [Bottom, 1982]. 

 

The B-M s ystem consists of a  Z-axis (also cal led c -axis) and three identical 

X-axes (also called a1, a2, and a3 axes) which make angles of 120o with each other 

and l ie i n a  pl ane pe rpendicular t o t he Z -axis. T he B-M s ystem is  a pplicable to  

crystals which have trigonal symmetry such as quartz.  

 

The rectangular system includes three mutually perpendicular axes: x, y, and z 

axes. The Z-axis in the rectangular system is the same as that in the B-M system, 

the X-axis in the rectangular system is one of the three X-axes in the B-M system, 

and the Y-axis is perpendicular to both the Z- and X- axes. The rectangular system 

is applicable to crystals which have cubic symmetry such as sodium chloride.  

X 3 

X 1 

X 2 

Z Z 

X 
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The Z -axis in  th e q uartz is  a n a xis o f th reefold s ymmetry, i. e. all p hysical 

properties repeat as the quartz is rotated about the Z-axis each 120o. When a b eam 

of plane-polarized light is transmitted along the Z-axis, the plane of polarization is 

rotated. The sense of the rotation provides another means to distinguish between the 

left a nd r ight qua rtz. In t he r ight qu artz, t he pl ane o f pol arization i s r otated 

clockwise a s s een b y an obs erver l ooking t owards t he s ource of  l ight. In t he l eft 

quartz, the plane of polarization is rotated anti-clockwise [Frondel, 1962].  

 

The X-axes in the quartz are parallel to a line bisecting the angles between the 

adjacent prism faces. The X-axis is a polar axis since electric polarization P occurs 

in this direction. The positive X-direction is chosen to be the direction in which a 

positive charge is produced by a positive strain, which is defined to be the extension 

resulting from a tension. By this definition, that end of the X-axis is positive where 

a negative charge is developed by a compression.  

 

The Y-axis of the rectangular system is neither an axis of threefold symmetry 

nor a polar axis in the quartz. It is just an axis which is perpendicular to the X- and 

Z- axis.  

 

As there are left and right quartz in nature, it is necessary to consider the hand 

of the quartz in setting up the coordinate system. The values of the coefficients of 

all the physical properties and the mathematical relationships between the left and 

right qua rtzes become i dentical i f a r ight-hand coordinate s ystem i s us ed f or t he 
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right quartz and a left-hand coordinate system is used for the left quartz. As a result, 

the following conventions have been recommended for the quartz.  

 

1. The right-hand c oordinate s ystem i s us ed t o de scribe t he ph ysical 

properties of  t he r ight q uartz a nd the left-hand coordinate s ystem f or t he l eft 

quartz.  

2. In the right-hand coordinate system, a positive rotation is one which 

appears anticlockwise when obs erved from t he positive end of  t he axis o f 

rotation. 

 

 

1.2.4 Cut of Quartz 

 

In real applications, the quartz crystal is first cut into a number of small pieces 

of quartz plates. There are many different kinds of crystal cut, e.g. X-cut, Y-cut, and 

AT-cut. For the X-cut, the normal to the quartz plate is  parallel to  the X-axis. For 

the Y-cut, the normal to the quartz plate is parallel to the Y-axis. For the AT-cut, it 

belongs to the Y-cut family. It is formed by rotating the Y-cut quartz plate with an 

angle of  35.25 o about t he X -axis i n cl ockwise d irection. A nd a n ew rectangular 

coordinate system is defined for the AT-cut quartz plate as X1, X2, and X3 as shown 

in Figure 1.4.  
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Figure 1.4 The rectangular system in the quartz crystal and various crystal cuts. 

 

The f irst qu artz r esonators used the X-cut quartz pl ate. The di sadvantage of  

the X-cut quartz plate i s t hat t he r esonance frequency d ecreases 2 0 Hz/MHz f or 

each degree rise in temperature. The Y-cut quartz plate has certain advantages over 

the X -cut qua rtz pl ate. T he t hickness of  t he Y-cut qu artz plate is only about 

two-third th at o f th e X -cut q uartz p late o f the same f requency. It al so h as f ewer 

unwanted m odes of  vi bration a nd i s l ess a ffected b y air da mping. T he m ost 

important a dvantage i s t hat i t c an be  c lamped f or m ounting. However, t here is a 

disadvantage f or the Y -cut quartz plate. The resonance frequency of  t he Y-cut 

increases 100 Hz/MHz for each degree rise in temperature [Ballato, 1977].  
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It i s found t hat t he r esonance frequency of the AT-cut quartz pl ate remains 

constant at  c ertain temperatures. B ecause o f t he f requency-temperature s tability 

over a r easonably wide temperature range, the AT-cut quartz plate is now the most 

commonly used t ype o f cr ystal cu t. T he AT-cut q uartz resonators excite i n t he 

thickness-shear m ode of vi bration a nd ar e commonly manufactured i n t he 

frequency range from about 1 MHz to 200 MHz and above.  

 

 

1.2.5 Key Properties of Quartz Resonators 

 

A p iezoelectric r esonator i s a p iece o f p iezoelectric m aterial p recisely 

dimensioned and oriented with respect to the crystallographic axes of the material 

and e quipped w ith one  or  m ore pa irs of  c onducting e lectrodes. M any di fferent 

substances h ave b een i nvestigated as  p ossible can didates f or p iezoelectric 

resonators, but for many years, quartz resonators have been preferred in satisfying 

needs for precise frequency control and selection. Compared to other resonators, for 

example p iezoelectric r esonators b ased o n ce ramics o r o ther s ingle crystals, t he 

quartz resonator has a unique combination of properties. The material properties of 

the quartz are extremely stable and highly repeatable from one specimen to another. 

The a coustic l oss or  i nternal f riction of  t he qua rtz i s pa rticularly l ow, l eading 

directly to one of the key properties of the quartz resonators, its extremely high Q 

factor. T he i ntrinsic Q o f t he qua rtz i s 10 7 at 1 M Hz. T he Q  f actors of  mounted 

resonators typically range from tens of thousands to several hundreds of thousands, 

orders of magnitude better than the best LC circuits.  
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The second key property of the quartz resonators is its stability with respect to 

temperature variation. With different shapes and orientations of the crystal blanks, 

many di fferent m odes o f vi brations c an be  us ed a nd i t i s pos sible t o c ontrol t he 

frequency-temperature characteristics of the resonator to  within close limits by an 

appropriate c hoice. The most c ommonly us ed t ype of  the quartz r esonator i s t he 

AT-cut w hich ha s a f requency-temperature s tability ove r a r easonably w ide 

temperature range required by modern communication systems [Salt, 1987].  

 

The unique ability for the quartz resonators to control the resonance frequency 

is its high Q factor and low electromechanical coupling coefficient κ.  

 

The Q  o f an y r esonance s ystems i s d efined as [ANSI/IEEE Std 100-1984, 

1984] 

 

                 
cycleperdissipatedEnergy

cycleperstoredEnergyQ π2=               (1.1) 

 

The value of the electromechanical coupling coefficient, κ, is defined as 

 

                    
lyelectricalstoredEnergy
yelasticallstoredEnergy

=κ               (1.2) 
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The value of κ2 for the AT-cut quartz is less than 1 percent. This means that 

the e lectric d riving s ystem is  v ery loosely coupled t o t he m echanical s ystem an d 

thus the former has very little influence over the latter. But, because of the high Q, 

even such a small effect is sufficient to excite and maintain vibrations in the quartz 

resonator, which i s w hat m akes i t an e ffective t ransducer f or c ontrolling a  

frequency.  

 

 

1.2.6 Applications of Quartz Crystal Units 

 

The uni que a bility for the qua rtz crystals t o maintain a  s table resonance 

frequency makes it a natural ch oice as  t he isochronous element in  time -keeping 

devices. T he development of s uitable el ectronic components to us e with t he 

vibrating quartz now makes quartz clocks and watches practical and it appears that 

the t orsional pe ndulum which ha s b een t he ba sis of  t he w atch industry for o ver 

three centuries has now been superseded by the quartz piezoid.  

 

The temperature-frequency dependence of a specially designed quartz piezoid 

is u sed i n a t hermometer o f g reat co nvenience an d accu racy. T he q uartz 

thermometer i s cap able o f p roviding a lmost i nstantaneous d igital te mperature 

information from remote locations [Bottom, 1982]. 

 

The applications of  t he quartz c rystals i n many different areas are shown in 

Table 1.2 [Vig, 1993, 2003].  
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Table 1.2 The applications of the quartz crystal [Vig, 1993, 2003]. 
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1.3 Energy Trapping 

  

Quartz r esonators a re c apable of  m any vibration m odes, s uch a s 

thickness-shear m odes and f lexural m odes. In general, onl y one o f t he vibration 

modes is desired, it is the fundamental thickness-shear mode. Others are unwanted 

modes c alled s purious modes. To s uppress t he s purious m odes, especially t hose 

modes which are near in frequency to the fundamental thickness-shear and have the 

undesired tendency to couple with it, energy trapping is used.  

 

The concept of the energy trapping was first introduced by Mortley in 1946 in 

his pa per “A w aveguide t heory of  pi ezoelectric r esonance” [Mortley, 1946]. 

Shockley et al. called this phenomenon energy trapping and performed a theoretical 

analysis of  this phenomenon independently [Shockley, 1963, 1967]. The theory of 

the energy trapping by these authors was devised to explain Guttwein’s observation 

that excessive electrode thickness introduced spurious modes [Guttwein, 1963].  

 

The physical picture of the energy trapping is as follows. The general quartz 

resonator is shown in Figure 1.5.  

 

 
Figure 1.5 The general quartz resonator. 
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It consists of a piece of quartz plate with lossy conductive epoxy added at the 

ends of  t he quartz pl ate. Electrodes of f inite t hickness ar e applied on the quartz 

plate, and there ex ist two separate cutoff f requencies ωe and ωs for the electroded 

and une lectroded r egions, r espectively. Below ωe and ωs, n o aco ustic wave c an 

propagate in these two regions and standing wave resonances cannot occur. Owing 

to the mass loading of the electrodes, ωe is lower than ωs. For the AT-cut quartz, the 

cutoff frequencies ωe and ωs are the frequencies of the fundamental thickness-shear 

modes i n t he r egions c oncerned. The hi gher i nharmonic t hickness-shear m odes 

below t he electrodes w ill o ccur at f requencies higher t han ωe. T he i nharmonic 

thickness-shear m odes with f requencies b etween ωe and ωs can p ropagate f reely 

only in the electroded region but not in the unelectroded region. In the unelectroded 

region, t he vi bration e nergy ta ils o ff exponentially w ith d istance away f rom th e 

electrodes. This exponential decay is not associated with energy loss but acts to trap 

the v ibration e nergy u nder th e electrodes o nly. T his e ffect is  s imilar to  th e 

exponential a ttenuation o f m icrowaves i n w aveguides b eyond c utoff o r t hat of  

electromagnetic waves undergoing total internal reflection passing from a medium 

of higher refractive index to a lower. For frequencies higher than ωs, the wave can 

propagate f reely i n bot h t he e lectroded a nd unelectroded r egions. T hus, t he 

vibration energy generated in the electroded region will propagate away and will be 

absorbed by the lossy conductive epoxy at the ends of the quartz plate. Therefore, 

only the vibration energy stored in the vibration modes with frequencies between ωe 

and ωs will get trapped. So to achieve the goal of suppressing the spurious modes, it 

is desired that the energy trapping only occur for the fundamental thickness-shear 

mode, while the vibration energy of the spurious modes will propagate freely to the 



 
Introduction 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  1-18 
 

unelectroded region and is absorbed by the lossy conductive epoxy at the ends of  

the quartz plate [Bahadur, 1982].  

 

The mathematical treatment of the energy trapping theory by Shockley et al. is 

given below [Shockley, 1963, 1967]. In this theory, an isotropic body is considered. 

An idealized two-dimensional quartz plate with thickness b i n the X2 direction and 

of infinite extent in the lateral X3 direction vibrating in a thickness-twist mode, as 

shown in Figure 1.6. The dimension of the quartz plate is assumed to be infinite in 

the X1 direction, which is perpendicular to the X2 and X3 directions.  

 
Figure 1.6 Plate with trapped-energy structure [Shockley, 1967]. 

 

For t he q uartz p late w ith tw o r egions of different s ound ve locities, t he 

densities ar e assumed t o b e ρe and ρs for t he el ectroded (-a < X 3 < a)  an d 

unelectroded ( X3 < -a a nd X 3 > a)  r egions, r espectively. With ρs < ρe, t he sound 

velocities in the electroded and unelectroded regions are  

 

ve = (µ/ρe)
1/2 and vs = (µ/ρs)

1/2                 (1.3) 
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where µ is the elastic constant. In this theory, the piezoelectric effect i s neglected 

and only the trapping of mechanical energy is considered.  

 

Solutions of the wave equation for particle displacement u in the X1 direction 

for t hickness-twist m odes pr opagating i n the X  3 directions a re of  t he f orm as 

follows, since the displacement is assumed to be uniform in the X1 direction.  

 

             u = U sin ηX2 e i(ζX3 - ωt)                    (1.4) 

 

where U  i s t he a mplitude, η is th e wave vector f or w ave pr opagation a long t he 

thickness X 2 direction, ζ is t he w ave v ector f or w ave p ropagation al ong t he X 3 

direction, ω is the angular frequency, and t is the time.  

 

To satisfy the zero-stress boundary condition at the major faces (∂u/∂X 2 = 0 at 

X2 = ± b/2), the displacement u can have nonvanishing solutions only for 

 

η = pπ/b                         ( 1.5) 

 

where p = 1, 3, 5, … i s the order of the harmonic overtone, e.g., fundamental, 3rd 

harmonic, 5th harmonic, etc.  
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In the unelectroded region, u must satisfy the wave equation 

 

∇
2 u = (1/vs)

2 ∂2u/∂t2                    (1.6) 

 

Substitution of eq. (1.4) into the wave equation gives the expression relating 

the propagation constants  

 

η
2 + ζ2 = (ω/vs)

2                      (1.7) 

 

and with eq. (1.5), the dispersion equation is  

 

ζ = [(ω/vs)
2 – (pπ/b)2]1/2                  (1.8) 

 

 

Figure 1.7 Dispersion curve of the thickness-twist mode of propagation [Onoe, 

2005]. 
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The dispersion curve of the thickness-twist mode of propagation is shown in 

Figure 1.7. Stress waves can propagate freely for al l real values of ζ, i.e. (pπ/b) < 

(ω/vs), but r educe t o nonpr opagating vi brations w hich de cay exponentially with 

distance for imaginary values of ζ, i.e. (pπ/b) > (ω/vs). When (pπ/b) > (ω/vs), then 

the frequency ω is less than  

 

ωs = πpvs/b                        ( 1.9) 

 

The an gular frequency ωs = πpvs/b, be low w hich ζ becomes i maginary a nd 

thus wave can not propagate f reely, is c alled t he c utoff f requency, a nd i s t he 

thickness-shear resonance frequency for plane waves in the X2 direction. When ω < 

ωs, ζ is imaginary and is rewritten as iγ.  

 

The el ectroded cutoff f requency ωe is lower t han the u nelectroded cutoff 

frequency ωs because of the mass loading of the electrode. The cutoff f requencies 

for t he fundamental mode propagation in t he e lectroded and une lectroded regions 

respectively are given by ωe = πve/b and ωs = πvs/b. The cutoff frequencies for the 

pth harmonic mode are given in turn by pωe and pωs. For ωe < ω < ωs, the waves can 

propagate freely i n t he e lectroded r egion b ut de cay exponentially i n t he 

unelectroded region, a nd a t c ertain f requencies, s tanding w aves are f ormed, i .e. 

resonances o ccur. These r esonance f requencies can be de termined b y t he 

application of the boundary conditions at the edges of the electrode X3 = ± a which 

will be discussed below.  
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The trapped energy vibration for the structure of Figure 1.6 can be formed as 

shown in Figure 1.8 by combining the standing wave in the electroded region with 

the attenuated wave in the unelectroded region.  

 

 

Figure 1.8 Thickness twist mode for stored energy vibration [Shockley, 1963]. 

 

Substitution of  e q. (1.5) i nto e q. ( 1.4) a nd w ith th e ζ replaced b y i γ in th e 

unelectroded r egion, t he s olutions of  t he w ave e quation i n t he electroded a nd 

unelectroded regions are  

 

u = E cos(-ωt) sin(pπX2/b) cos(ζX3)   fo r -a < X3 < a      ( 1.10) 

u = S cos(-ωt) sin(pπX2/b) e-γX3   for X3 < -a and X3 > a    (1.11) 

 



 
Introduction 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  1-23 
 

 

where E  a nd S  a re t he a mplitudes i n t he e lectroded a nd un electroded r egions, 

respectively.  

 

The boundary conditions at X3 = ± a are continuity of displacement 

 

E cos(ζa) = S e-γa                      (1.12) 

 

and continuity of shear stress ∂u/∂X3 across X3 = ± a 

 

-Eζ sin(ζa) = -Sγ e-γa                     (1.13) 

 

As a result, nonva nishing s tanding w ave s olutions ( at r esonance) can oc cur 

only at s pecific f requencies b etween ωe and ωs which s atisfy t he f ollowing 

equation. 

 

tan ζea = γs/ζe          (1.14) 

 

where                 ζe = (π/b) [(ω/ωe)
2 – p2]1/2                   (1.15) 

 

        γs = -iζs = (π/b) [p2 – (ω/ωs)
2]1/2                (1.16) 
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Then b y s traightforward m anipulations, a  us eful e xpression r elating t he 

resonance frequencies ωte with the resonator parameters a/b and Ωo = ωe/ωs can be 

obtained. And the mode series for each harmonic (p = 1, 3, 5, etc.) can be presented 

graphically with the vertical axis as  

 

ψ = (Ωte – pΩo)/p(1 - Ωo)                 ( 1.17) 

 

where normalized eigenfrequencies Ωte = ωte/ωs and the horizontal axis as  

 

p (a/b) [(1 – Ωo)/Ωo]
1/2                  (1.18) 

 

which i s t he r esonator p arameter. In t his w ay, t he m ode s eries f or e ach ha rmonic 

coincides an d t he complete s olution can  b e p resented graphically i n t he s imple 

fashion as shown in Figure 1.9. 
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Figure 1.9 Normalized eigenfrequencies Ωte for harmonic (p) and inharmonic (n) 

series as a function of resonator parameters [Shockley, 1967]. 

 

 

In Figure 1.9, the values n =  0, 1,  2, e tc. give the inharmonic mode series for 

each value of p. Figure 1.9 can be used to find the criteria for the suppression of a 

portion or  a ll of  e ach i nharmonic overtones s eries. T o s uppress t he i nharmonic 

modes, the corresponding resonance frequency ωte should be higher than ωs so that 

the vi bration e nergy o f t he i nharmonic m odes c an pr opagate freely to t he 

unelectroded region and absorbed by the lossy conductive epoxy at the ends of the 

resonator. Therefore, f or t he s uppression of  t he inharmonic s eries of  n =  1, t he 



 
Introduction 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  1-26 
 

resonator parameter p (a/b) [(1 – Ωo)/Ωo]
1/2 should be set below 1 for the resonance 

frequency ωte higher than ωs. Some researchers such as Nakamura et al. [Nakamura, 

1990] and Iwata et al . [ Iwata, 2001] also used the same technique to suppress the 

inharmonic modes in the design of the trapped energy resonators.  

 

The effect found by Curran and Koneval in 1965 [ Curran, 1965] agrees with 

Figure 1.9. They found that with the reduction of the electrode length a, the whole 

inharmonic overtone series moves up in frequency toward the cutoff frequency of  

the une lectroded region ωs. A lso, a s t he frequency of e ach i nharmonic overtone 

approaches ωs, i t de creases i n a mplitude a nd finally vanishes. T he p rogressive 

decrease i n am plitude i s d ue t o greater l eakage of t he waves in t he une lectroded 

region a s ωs is a pproached, w hich implies that t here i s a d egree o f t rapping t he 

vibration energy under the electrode. The degree of trapping the vibration energy is 

considered below for the fundamental mode.  

 

In the above cases, the quartz plates are of infinite extent in the X3 direction. 

However, i n reality, al l quartz p lates ar e f inite. Therefore, a f inite q uartz p late i s 

considered h ere. For t he fundamental resonance f requencies ωte 1 and ωte 2 which 

satisfy ωe < ωte 1 < ωte 2 < ωs, the standing waves are set up under the electrode with 

the e xponentially de caying w aves i n t he un electroded region. T he vi bration 

displacement profiles are shown in Figure 1.10. 
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Figure 1.10 The vibration displacements along X3 of the two trapped energy modes. 

 

 

The resonance mode of ωte 1 is t rapped more effectively under the electrode. 

To describe the ability of trapping the vibration energy under the electrode, energy 

trapping efficiency is introduced. 

 

From the solution of  t he wave equation in the el ectroded r egion, eq. (1.10), 

the term relating to the X3 direction cos(ζX3) has the form shown in Figure 1.11 (a). 

When ζX3 is π/2, cos(ζX3), i.e. the relative displacement, is 0, which means that the 

vibration e nergy i s c ompletely t rapped unde r t he e lectrode. The energy t rapping 

efficiency τ is defined as follows [Hirama, 2000]  

 

τ = ζa / (π/2)                      ( 1.19) 

 

where ζa is the phase shift at the electroded region in the fundamental mode. π/2 is 

the phase shift when the vibration energy is completely trapped under the electrode.  
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With the definition of the energy trapping efficiency τ, the degree of trapping 

the vibration energy can be quantified. For a normalized resonance frequency ψ = 

(Ωte – Ωo)/(1 - Ωo), the corresponding energy trapping efficiency τ can be identified 

from Figure 1.11 (b) for both the finite and infinite plate.  

 

 

Figure 1.11 (a) Definition of the energy trapping efficiency. (b) Relationship 

between the energy trapping efficiency and the normalized resonance frequency.  

[Hirama, 2000] 

 



 
Introduction 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  1-29 
 

 

The energy t rapping e fficiency τ is a  very important parameter in  designing 

the t hird ove rtone r esonators, i .e. r esonates at t he t hird ha rmonic m ode w ith t he 

suppression of  the fundamental mode. The design of the third overtone resonators 

will be discussed later.  

 

In the theory of the energy trapping by Shockley et al., isotropic elasticity is 

assumed, piezoelectric effects is neglected, the thickness-twist mode of vibration is 

considered and infinite dimension in the X3 direction is assumed.  

 

To consider finite plates, an additional boundary condition at the edges of the 

plates (X3 = ± d) should be considered. As shown in Figure 1.10, the stress ∂u/∂X3 

at X 3 = ± d i s s et t o z ero. T hen, a n e quation resembles that of eq. ( 1.14) can  b e 

obtained a nd the resonance f requencies t rapped u nder t he electrode of the f inite 

plate can be determined [Onoe, 1965].  

 

The AT -cut q uart c rystal is  anisotropic and pi ezoelectric, al so t he p rincipal 

vibration mode is the fundamental thickness-shear mode. Modifications to include 

these important refinements have been done by Mindlin and Gazis [Mindlin, 1962].  

Following p rocedures similar t o t hose b y Shockley, i .e. s ubstituting the 

displacement equation into the appropriate wave equations, the dispersion equations 

for the thickness-twist mode and the thickness-shear mode can be obtained [Hirama, 

1999]. It i s f ound t hat t he c utoff f requencies of  t he t hickness-twist mo de and t he 

thickness-shear mode are the same, below which wave propagation cannot occur.  
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1.4 ANSYS 

  

1.4.1 Finite Element Method (FEM) 

 

ANSYS M ultiphysics ( commonly kno wn a s A NSYS) i s a  g eneral-purpose 

finite el ement an alysis (FEA) s oftware p ackage f or n umerically s olving a w ide 

variety of  engineering p roblems. The FEM i s a  computer-based procedure t hat i s 

used to  analyse s tructures and continua. It is  a  v ersatile numerical method that is  

widely applied t o s olve pr oblems c overing a lmost t he w hole s pectrum of  

engineering analysis. Applications include static, dynamic, thermal, electromagnetic, 

and piezoelectric, etc. Advances in computer hardware have made it easier and very 

efficient to use the FEA software for the solutions of complex engineering problems 

on personal computers [Spyrakos, 1996]. The advantage of the FEM is its versatility. 

The s tructure an alysed may h ave arbitrary s hape, ar bitrary s upports an d ar bitrary 

loads [Cook, 1994]. For instance, silver epoxy of arbitrary shape added at the ends 

of the quartz plate as shown in Figure 1.12. However, there is also a drawback. The 

FEM s imulation m ust g ive a  r esult, e ven i f a n inappropriate a lgorithm has be en 

chosen [Adams, 1999]. Therefore, the FEM users should have a basic understanding 

of the problem so that errors in the FEM results can be detected.  
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Figure 1.12 Silver epoxy of arbitrary shape added at the ends of the quartz plate. 

 

In the FEM, an object is discretized into a number of linked simple geometric 

regions called finite elements or meshes. The material properties and the governing 

relationships a re c onsidered ove r t hese e lements a nd e xpressed i n t erms of  t he 

unknown va lues a t t he e lement c orners c alled node s. A n a ssembly pr ocess, 

considering t he l oading and c onstraints, r esults i n a  s et of  e quations. S olution of  

these e quations g ives us  t he a pproximate be haviour of  t he obj ect [Chandrupatla, 

1997].  

 

The solutions obtained with the FEM are only approximate. Nevertheless, the 

accuracy o f t he s olutions c an be  i mproved b y r efining t he element i n t he m odel 

using more elements and nodes.  

Silver epoxy 

Silver electrode 

Quartz 



 
Introduction 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  1-32 
 

 

A s imple example is  g iven to  illu strate th e u nderlying c oncept o f th e FEM 

[Felippa, 2006]. The example is  to  f ind the perimeter L of a circle of d iameter d. 

Since L = π d, this is equivalent to obtaining a numerical value for π. 

 

A circle of radius r and diameter d = 2r is shown in Figure 1.13(a). The circle 

is replaced by a regular inscribed polygon of n sides, where n = 8 in Figure 1.13(b). 

This step is the finite element discretization, with the polygon sides as elements and 

vertices as nodes. The nodes are labelled with in tegers 1…8. A t ypical el ement is 

extracted, with nodes 4 and 5, as shown in Figure 1.13(c). Upon the finite element 

discretization, a g eneric el ement is de fined, i ndependent of  t he or iginal c ircle, b y 

the e lement c onnected by t wo node s i and j as s hown i n Figure 1.13 (d). The 

relevant element property, the element length Li j = 2r sin(π /n), is computed. Since 

all elements have the same length, the polygon perimeter is L n = n Li j , whence the 

approximation t o π is πn = Ln/d = n sin(π/n). This s tep is  th e a ssembly o f th e 

element equations and solution.  

 

 

Figure 1.13 The “find π” problem treated with FEM concepts: (a) continuum object, 

(b) a discrete approximation by inscribed regular polygons, (c) disconnected 

element, (d) generic element [Felippa, 2006]. 
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Table 1.3 Rectification of circle by inscribed polygons (“Archimedes FEM”) 

[Felippa, 2006]. 

 

 

 

Values of πn obtained for n = 1, 2, 4, … 256 are listed in the second column of 

Table 1.3 . When t he s ides of t he regular pol ygon n increases, t he va lue of  πn 

approaches to t he exact π value. This means t hat the a ccuracy of t he solutions i s 

improved by refining the element in the model using more elements and nodes.  

 

 

1.4.2 Piezoelectric Analysis 

 

A coupled-field analysis is  an analysis that takes into account the interaction 

(coupling) between two or more disciplines (fields) of engineering. A piezoelectric 

analysis, for example, h andles t he i nteraction b etween t he s tructural an d el ectric 

fields: i t s olves f or t he vol tage di stribution due  to a pplied di splacements, or  vi ce 

versa. O ther examples o f co upled-field an alysis ar e t hermal-stress a nalysis, 

thermal-electric analysis, and fluid-structure analysis [ANSYS].  
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In this project, quartz, a kind of piezoelectric materials, is concerned. To take 

into a ccount the p iezoelectric effect, a 3-D 2 0-nodes br ick coupled-field e lement 

SOLID-226 is employed in defining the element type.  

 

The co upling b etween t he m echanical and t he electrical q uantities i n t he 

quartz is described by the constitutive equations as follows  

 

{T} = [c]E{S} – [e]{E}                    (1.20) 

{D} = [e]T{S} + [ε]S{E}                   (1.21) 

 

where {T} i s t he s tress vector, {D} i s t he el ectric d isplacement vector, {S} i s t he 

strain ve ctor, { E} i s t he el ectric f ield v ector, [ c]E is th e e lastic s tiffness ma trix a t 

constant electric field, [e] is the piezoelectric stress matrix, [e]T is the transpose of 

the piezoelectric stress matrix, [ε]S is the dielectric matrix at constant strain.  

 

In the piezoelectric analysis, with the application of the variational principle 

and f inite-element d iscretization, th e coupled finite e lement matrix equations ar e 

derived [Allik, 1970] 

 

            }{}]{[}]{[}]{[}]{[ FVKuKuCuM Z =+++             (1.22) 

                  }{}]{[}{][ LVKuK dTZ =+                   (1.23) 

 

where [M] is the structural mass matrix, [C] is the structural damping matrix, [K] is 
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the structural stiffness matrix, [KZ] is the piezoelectric coupling matrix, [KZ]T is the 

transpose of  t he pi ezoelectric c oupling m atrix, [Kd] i s t he d ielectric co efficient 

matrix, {ü} is the nodal acceleration vector, { u } is the nodal velocity vector, {u} is 

the noda l di splacement ve ctor, { V} i s t he electric pot ential ve ctor, { F} i s t he 

applied load vector, and {L} is the electrical load vector.  

 

[M] is related to the ρ, [C] is related to the damping factor, [K] is related to 

the [c]E, [KZ] is related to the [e], and [Kd] is related to the [ε]S. The formulation can 

be found from the paper of Allik [Allik, 1970].  

 

The coupled finite element matrix equations allow the finite elements to take 

into account both the direct and converse piezoelectric e ffects at  the same time in 

one model. With t he i nput of  t he mass density ρ, [ c]E, [e], [ε]S of t he quartz i nto 

ANSYS, the piezoelectric analysis can be performed.  

 

 

1.4.3 Harmonic Analysis 

 

For t he s tep of  obt aining s olution, t he a nalysis t ype has t o b e d efined. 

Harmonic analysis is used in this project to simulate the impedance spectra and the 

vibration profiles of the quartz resonators.  

 

The harmonic analysis is a technique to determine the steady-state response of 

a linear structure to  applied loads that vary sinusoidally (harmonically) with time. 
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The idea is to calculate the structure's response at several frequencies and obtain a 

graph of  s ome r esponse qua ntity versus f requency. " Peak" r esponses a re t hen 

identified on t he graph and s tresses r eviewed a t t hose pe ak f requencies. In t his 

project, the load applied is electric potential and the response interested is electrical 

impedance of the quartz resonators.  

 

This analysis technique calculates only the steady-state, forced vibrations of a 

structure. The t ransient vibrations, which occur a t the beginning of  the excitation, 

are not accounted for in a harmonic response analysis as shown in Figure 1.14.  

 

 

(a) Fo is known; while uo and Φ are unknown. 

 

 

(b) Transient and steady-state dynamic response of the structural system. 

 

Figure 1.14 Harmonic response systems [ANSYS]. 
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In t he h armonic a nalysis, t he l oads a nd di splacements i n t he s tructure va ry 

sinusoidally a t t he s ame f requency, how ever, not  ne cessarily i n p hase. The 

sinusoidal l oads, i .e. the electric p otential, are specified t hrough t he p arameters 

amplitude, phase angle, and forcing frequency range. Amplitude is the peak value of 

the l oad, an d p hase angle i s t he t ime l ag b etween m ultiple l oads t hat a re out  of  

phase with each other. On the complex plane, it is the angle measured from the real 

axis. F orcing f requency r ange i s t he frequency r ange of  t he ha rmonic l oad ( in 

cycles/time) [ Madenci, 2006]. Then, t he above c oupled finite element matrix 

equations are solved for the induced charge, i.e. the electrical impedance. 
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1.5 Scope of Work 

 

The m ain obj ective of  t he pr esent pr oject i s t o develop a s ystematic an d 

efficient pr ocedure f or applying t he e nergy t rapping t echnique t o i mprove a nd 

optimize the performance of high frequency resonators (4 MHz – 70 MHz).  

 

In C hapter 2, be cause t he f inite e lement m ethod i s us ed t o s imulate t he 

resonance responses of the resonators and to study the energy trapping phenomenon 

caused b y v arious e lectrode c onfigurations, t he de tails of  us ing ANSYS, a  

commercial finite-element software, will be described. To have a basic idea of using 

ANSYS, the organization of ANSYS is introduced. The steps of analysis in ANSYS 

are introduced, and f rom these s teps, t he simulation considerations us ing ANSYS 

will be discussed.  

 

In C hapter 3,  t he r esonance responses of  t he f undamental t hickness-shear 

AT-cut q uartz r esonators w ill b e s imulated u sing th e finite e lement method 

(ANSYS). The effect of using different electrode lengths on the impedance spectra 

and the vibration modes will be simulated and compared with experimental results. 

The effect of the silver epoxy on the resonance responses will be studied.  

 

 

 

 



 
Introduction 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  1-39 
 

In Chapter 4, third overtone thickness-shear resonators will be designed based 

on the previous studies on the energy trapping phenomenon. The effect of the silver 

epoxy on s uppressing the fundamental thickness-shear mode will be explored. The 

third overtone resonators will be fabricated and characterized.  

 

In Chapter 5, the conclusions and suggestions for future work are presented.  
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Chapter Two 

Study of the Resonance Responses of the Fundamental 

Thickness-shear AT-cut Quartz Resonators 

 

 
As m entioned i n C hapter 1, there ar e m any vibration modes i n t he AT-cut 

quartz crystal such as thickness-shear modes and flexural modes. For the vibration 

modes, onl y one  of  t hem i s de sired, i t i s us ually the fundamental t hickness-shear 

mode. Other modes a re unwanted modes called spurious modes. And to suppress 

the spurious modes, energy trapping technique is used.  

 

Two t ypes of  AT-cut qua rtz r esonators, 4 -MHz a nd 27 -MHz ( provided b y 

Hong Kong X’tals Ltd.), a re used to s tudy the energy t rapping ph enomenon. The 

resonance responses of  these two resonators will be  s imulated us ing ANSYS ( the 

general purpose finite element software).  

 

First, it is necessary to input the material properties into ANSYS. The material 

properties for the AT-cut quartz, silver, and silver epoxy are given as follows. 
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The material properties for the AT-cut quartz are [Tiersten, 1969]:  

 

 

 

 

 

 

 

 

 

ρ = 2649 kg/m3 

 

The material properties for the silver are: 

Young’s modulus = 7.241 × 1010 N/m2 

Poisson’s ratio = 0.37 

ρ = 10500 kg/m3 

 

The material properties for the silver epoxy are: 

Young’s modulus = 5 × 109 N/m2 

Poisson’s ratio = 0.4 

ρ = 3000 kg/m3 

Also, damping factor is input for the silver epoxy. The value of the damping factor 

varies from cases to cases.  
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It should be noted that the surfaces of the commercial 4 -MHz AT-cut quartz 

resonators are made into lenses shapes by a process called contouring, while in this 

study, model w ith s imple f lat q uartz p late is  u sed f or th e s imulations. F or t he 

27-MHz AT-cut quartz resonators, the commercial product and the model are of flat 

plates.  

 

The dimensions of the 4-MHz and 27-MHz AT-cut quartz plates are as follows, 

with reference to Figure 2.1.  

 

 

4 MHz 

l = 8 mm, w = 2.2 mm, t = 0.415 mm 

 

27 MHz 

l = 5 mm, w = 2.51 mm, t = 0.06025 mm 

 

Figure 2.1 An AT-cut quartz resonator of simple geometry. 

Scanned line 
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2.1  Verification 

 

As mentioned in Chapter 1, the technique of using the FEA software (ANSYS) 

must b e v erified f irst. It is  b ecause th e FEA s oftware mu st g ive results, it is , 

therefore, u nwise t o as sume t hat al l the results g iven b y t he F EA s oftware a re 

accurate. In this section, the FEA software will be used to simulate the impedance 

spectrum f or a s implified cas e, i .e. an  AT-cut qua rtz r esonator w ith only t he 

thickness-shear vibration; and the results will be compared with those derived from 

a simplified model so as to verify the technique and understanding in using the FEA 

software. 

 

In t his s ection, the impedance s pectrum of  t he 4-MHz qua rtz r esonator i s 

simulated with the following assumptions. There is no electrode applied to the top 

and bottom surfaces of the AT-cut quartz resonator, although electric field is applied 

in t he X 2 direction. There a re no electrical and m echanical l osses of t he qua rtz 

resonator. Also, there is no clamping to the quartz resonator.  

 

To take into account only the thickness-shear vibration in the X1–X2 plane in 

ANSYS, all the material parameters, except Ec66 , e26, 
S
22ε  and ρ, are assumed to be 

zero. This corresponds to the case with the following constitutive equations [Ikeda, 

1990].  
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  T6 = Ec66 S6 – e26E2                      (2.1) 

D2 = S
22ε E2 + e26S6                      (2.2) 

 

where, E2 is the electric field in the X2 direction, S6 is the shear strain in the X1-X2 

plane, T6 is the shear stress about the X3 axis, D2 is the electric displacement in the 

X2 direction.  That is, with the application of the electric field in the X2 direction, 

only t he t hickness-shear vibration in t he X 1–X2 plane i s p resent in t he quartz 

resonator.  

 

With the above assumptions, t he i mpedance spectrum for t he (4 -MHz) 

resonator at t he f undamental t hickness-shear m ode is simulated a nd shown i n 

Figure 2.2. The corresponding vibration mode shapes at f111 and f131 in the X1–X2 

plane at the center of the quartz plate (i.e. at X3 = 1.1 mm in Figure 2.1) are shown 

in Figures 2.3 and 2.4, respectively.  
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Figure 2.2 The simulated impedance spectrum for the (4-MHz) AT-cut quartz 

resonator at the thickness-shear resonance modes. 

 

 

 

 

Figure 2.3 The simulated vibration mode shape at f111 in the X1–X2 plane at the 

center of the quartz plate (X3 = 1.1 mm).  

 

 

 

 

Figure 2.4 The simulated vibration mode shape at f131 in the X1–X2 plane at the 

center of the quartz plate (X3 = 1.1 mm).  
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As s hown i n F igure 2.2, t here a re s everal resonance peaks in  th e s imulated 

impedance spectrum. The vibration (pattern) corresponding to each resonance peak 

can be  examined in ANSYS and thus the corresponding modes can be  i dentified.  

The r esonance p eak at  f 111 is associated w ith t he fundamental t hickness-shear 

vibration mode (Fig. 2.3) which i s t he w anted m ode for r esonator a pplications, 

while the r esonance p eaks at  f131 and f151 are as sociated w ith the inharmonic 

thickness-shear vibration modes ( Fig. 2.4) which are the unwanted mode, usually 

called the spurious modes. Accordingly, f111 and fa,111 are the resonance f requency 

and anti-resonance frequencies of the fundamental thickness-shear vibration mode, 

respectively; f131 and fa,131 are the resonance and anti-resonance frequencies of the 

third-inharmonic t hickness-shear vi bration m ode, w hile f151 and fa,151 are for 

fifth-inharmonic thickness-shear vibration mode.  

 

As s hown i n Figure 2.3, t he fundamental t hickness-shear vibration is  q uite 

"pure". As onl y t he t hickness-shear vi bration is taken i nto a ccount f or t he 

simulation (refer to  Eqs. 2.1 and 2.2), the other mode of vibrations does not exist 

and c oupled to th e t hickness-shear vi bration, t hus g iving a  "pure" and uni form 

vibration mode shape.  

 

The d ifference between the mode s hapes at f111 and f131 is t he nu mber of  

half-wavelengths al ong t he X 1 direction.  As s hown i n F igure 2.3, there are one 

half-wavelength al ong t he X 2 direction and on e ha lf-wavelength al ong t he X 1 

direction for t he m ode s hape a t f 111. For t he mode s hape a t f 131, t here are one 

half-wavelength al ong t he X 2 direction a nd t hree ha lf-wavelengths al ong t he X 1 
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direction.  

 

It ha s be en s hown that, by neglecting al l o ther r esonance m odes, the 

anti-resonance frequency of t he t hickness-shear vi bration m odes i n a  r ectangular 

plate of thickness t, length l and width w is given as [Bottom, 1982]:  

 

222

, 2






+






+






=

w
p

l
m

t
nvf nmpa   ; n, m, p = 1, 3, 5, …      (2.3) 

 

where ν ( ρDcv 66= ) is the velocity of the thickness-shear wave in the plate along 

the X2 direction.  F or AT-cut quartz, ν = 3323 m/s. Since only the thickness-shear 

vibration in t he X1–X2 plane i s co nsidered, t he vi bration is uniform in  th e X 3 

direction. This implies that the thickness-shear resonance modes are independent of 

the w idth dimension, i.e. w  be comes i nfinity for E q. 2.3.  A ccordingly, t he 

anti-resonance f requencies f or t he f undamental a nd i nharmonic t hickness-shear 

modes are calculated as follows:  

f a,111 = 4.008 MHz 

f a,131 = 4.051 MHz 

f a,151 = 4.135 MHz 

It can b e seen t hat t he calculated anti-resonance f requencies (using E q. 2.3) 

agree with those obs erved f rom t he s imulated i mpedance s pectrum ( Fig. 2.2). 

Therefore, the technique of using ANSYS has been verified and further simulation 

studies using ANSYS can be carried out.  
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2.2  Simulations of Resonance Responses  

 

2.2.1  4-MHz Resonators 

 

2.2.1.1  R esonators with Full Electrodes 

 

Hereafter, the full set of the material parameters of the AT-cut quartz is used 

for t he s imulations. F irst, a  f ull e lectrode of  t hickness 0.6 µm (i.e. t he w idth a nd 

length of  t he e lectrode are t he s ame a s t hose of  the qua rtz pl ate) i s a dded t o t he 

quartz p late (Fig. 2.1).  Again, no electrical and m echanical l osses of t he qua rtz 

plate and no clamping to the quartz plate are assumed for the simulations. With the 

above assumptions, t he impedance spectrum for the r esonator has be en s imulated 

and shown in Figure 2.5.  The vibration mode shape at f111 in the X1–X2 plane at 

the center of the quartz plate (i.e. at X3 = 1.1 mm) is shown in Figure 2.6, while the 

simulated vibration displacements U1 (the displacement in X1 direction) and U2 (the 

displacement in  X 2 direction) at f 111 along t he s canned l ine (a line al ong X 1 

direction at the center and top surface of the quartz plate as shown in Fig. 2.1) are  

shown in Figures 2.7a and 2.7b, respectively.  
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Figure 2.5 The simulated impedance spectrum for the quartz resonator with full 

electrode of thickness 0.6 µm.  

 

 
 

 

Figure 2.6 The simulated vibration mode shape at f 111 in the X1–X2 plane at the 

center of the quartz resonator (X3 = 1.1 mm) with full electrode  

of thickness 0.6 µm.  
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        (b) 
Figure 2.7 (a) The simulated vibration displacements U1 in the X1 direction at f111 
along the scanned line for the quartz resonator with full electrode of thickness 0.6 
µm. (b) The simulated vibration displacements U2 in the X2 direction at f111 along 
the scanned line for the quartz resonator with full electrode of thickness 0.6 µm.  
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As s hown i n F igure 2.5, t here ex ist r esonant peaks as sociated w ith t he 

fundamental t hickness-shear m ode ( f111) a s w ell a s t he s purious modes, s uch a s 

thickness-twist m ode, f lexural m ode, a nd i nharmonic t hickness-shear m ode ( f131).  

As i t i s as sumed t hat t here are n o electrical an d m echanical l osses f or t he q uartz 

plate, the impedance at f111 is very small. In fact, if a finer resolution in frequency is 

used for the simulation, the impedance at f111 should become even smaller and close 

to zero. As the thickness-twist and the flexural modes are close to the fundamental 

thickness-shear mode, strong coupling occurs, giving a non-uniform vibration mode 

shape (Fig. 2.6) and non-"pure" thickness-shear mode vibration a t f111 (Fig. 2.7a).  

Because of  t he coupling from t he f lexural m ode vi bration (where t he d ominant 

vibration displacement is in X2 direction), the simulated vibration displacement U2 

in X 2 direction (Fig. 2.7b) is co mparable t o U 1 in X 1 direction (Fig. 2.7a) at f 111 

along the scanned line, and giving non-"pure" thickness-shear mode vibration at f111 

(ripples in the vibration displacement U1 as shown in Figure 2.7a). Besides, unlike 

the case in which only the thickness-shear mode vibration is considered (Fig. 2.3), 

the vi bration s pread ov er t he qua rtz pl ate s uch t hat t he one  ha lf-wavelength 

condition along the X1 (i.e. length) di rection for the fundamental resonance is not  

held.  The c orresponding wavelength i s l arger t han t wice of  t he l ength of  t he 

quartz plate.  In other words, the "effective" length for the fundamental resonance 

is l arger t han t he r eal o ne.  This i s p art o f t he r easons f or t he s maller f 111 value 

observed f rom the s imulated impedance spectrum (~ 3 .963 MHz) as compared t o 

the value calculated from Eq. 2.3 (4.008 MHz).  The more important reason for the 

decrease in f111 is the loading effect due to the full electrodes.  
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2.2.1.2  Resonators with Small Electrodes 

 

Effects of Electrode Length 

 

To s uppress t he s purious m odes and t hen obt ain a  "pure" t hickness-shear 

mode vibration, the energy trapping technique is used. It is done by using electrodes 

of s maller s ize t han t he q uartz p late. T he electrode configuration for the 4 -MHz 

quartz resonators is shown in Figure 2.8.  

 

The dimensions of the electrode are:  

l’ = 5.4 mm, w’ = 1.6 mm, t’ = 0.6 µm 

Figure 2.8 The electrode configuration for the 4-MHz quartz resonators. 

 

t’ is the thickness of the electrode in the X2 direction, which is normal to both X1 

and X3 direction. The dimensions of the quartz plate are the same as the one shown 

in F igure 2.1.  The silver el ectrode i s l ocated at t he cen tre o f the quartz pl ate. 

Again, no electrical and mechanical losses of the quartz plate, and no clamping to 

the quartz plate are a ssumed f or th e s imulations in  th is s ection. The simulated 

impedance spectrum for the resonator is shown in Figure 2.9.  The vibration mode 

shape at f111 in the X1–X2 plane at the center of the quartz plate (i.e. at X3 = 1.1 mm) 

is shown i n F igure 2.10, w hile the s imulated vibration d isplacements U1 (the 

Scanned line 
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displacement in  X 1 direction) a t f 111 along t he s canned l ine ( a l ine along X1 

direction at the center and top surface of  the quartz plate as shown in Fig. 2.8) is 

shown in Figure 2.11.  
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Figure 2.9 The simulated impedance spectrum for the quartz resonator with an 

electrode of length 5.4 mm, width 1.6 mm and thickness 0.6 µm.  

 

 

 

 

Figure 2.10 The simulated vibration mode shape at f 111 in the X1–X2 plane at the 

center of the quartz resonator (X3 = 1.1 mm) with an electrode of length 5.4 mm, 

width 1.6 mm and thickness 0.6 µm.  
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Figure 2.11 The simulated vibration displacement U1 in the X1 direction at f111 
along the scanned line for the quartz resonator with an electrode of length 5.4 mm, 

width 1.6 mm and thickness 0.6 µm. The two vertical lines at X1 = 1.3 mm and X1 = 
6.7 mm indicate the position of the electrode.  

 
 
 

As shown in Figure 2.9, the spurious modes (such as the thickness-twist mode, 

the f lexural mode and the inharmonic thickness-shear mode) s till exist next to the 

fundamental thickness-shear resonance mode (f111) for the resonator with a "small" 

electrode.  As a result of coupling, the vibration mode shape at f111 is not uniform 

(Fig. 2.10), and the vibration is not "pure" thickness-shear mode and spread over the 

quartz pl ate ( Fig. 2.11).  H owever, a s compared t o t he resonator with f ull 

electrodes ( Fig. 2.7a), t he s preading of  t he vi bration i s s lightly de creased ( i.e. a  

smaller "effective" quartz length), and thus giving a slightly higher f111 value (Fig. 

2.9).  It can  b e s een that, as  t he "small" el ectrodes can not effectively trap t he 

vibration unde r t he e lectrode, t he r esonance f requencies, i ncluding t hose f or t he 
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fundamental a nd i nharmonic m odes, de pend onl y s lightly on t he l ength of  t he 

electrode. 

 

Similar s imulation results have a lso be en observed for t he vibration a long a 

scanned line in the width direction (i.e. a scanned line normal to the one shown in 

Fig. 2.8).  That is, the vibration also spreads to the side edges of the quartz plate, 

and the resonance frequencies depend only slightly on the width of the electrode. 

 

On the basis of the above simulations, it can be seen that the introduction of 

an une lectroded r egion (i.e. a  electrode s maller t han t he qua rtz pl ate) does not  

ensure a n e ffective t rapping of  t he w anted vi bration.  According t o t he e nergy 

trapping t heory (Chapter 1) , be cause of  t he m ass l oading effect, the c utoff 

frequency i n t he e lectroded r egion ( which is the r esonance f requency of  t he 

fundamental thickness-shear mode) is smaller than that in the unelectroded region; 

so the thickness-shear vibration cannot propagate freely in the unelectroded region.  

Instead, th e v ibration will d ecay exponentially with d istance away from th e 

electrodes.  However, by simply considering the cutoff frequency, there is no way 

to pr edict t he e ffectiveness of  t he e nergy t rapping, as s hown i n t he a bove 

simulations.  Hence, t he e nergy t rapping e fficiency, w hich is related to how f ast 

the vibration decays from the electrodes, should be considered.  Clearly, it should 

depend on t he di fference of  t he c utoff f requencies in the e lectroded and 

unelectroded regions as well as the frequency of the vibration (i.e. the wavelength 

as compared to the distance). 
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Effects of Electrode thickness 

 

In this section, the effect of the electrode thickness on the resonance responses 

is studied.  The impedance spectrum for the resonators with electrode of different 

thicknesses i s s imulated.  As t here are factors other t han t he electrode t hickness, 

e.g. en ergy t rapping e fficiency, affecting the r esonance f requency, r esonators w ith 

full e lectrodes a re f irst examined.  In g eneral, s imilar resonance r esponses have 

been obs erved f or r esonators w ith di fferent e lectrode t hickness ( Fig. 2.5).  

However, due  t o t he mass l oading e ffect, t he r esonance f requency decreases with 

increasing thickness.  The decrease is found to be about 7 kHz/0.1µm. 

 

Next, t he ef fect o f t he electrode t hickness ( i.e. the d ifference o f t he cutoff 

frequencies i n t he electroded and une lectroded r egions) on t he e nergy t rapping 

efficiency i s e xamined.  Resonators w ith e lectrode of  t hickness 0.3 µm, 0.6 µm 

and 2 µm are s tudied.  For a ll cases, t he e lectrode has a  width of  1.6 m m and a  

length of  5.4 m m ( Fig. 2.8).  T he s imulated v ibration d isplacement (normalized) 

U1 at f111 along the scanned line (Fig. 2.8) for the resonators are compared in Figure 

2.12.  It can be seen that the vibration is trapped more effectively in the electroded 

region with an increase o f t he el ectrode t hickness.  As the electrode t hickness 

increases, the cutoff frequency in the electroded region decreases, i.e. the difference 

from the cutoff frequency in the unelectroded region increases.  According to the 

energy t rapping t heory, t his w ill i ncrease t he i maginary v alue o f t he wave v ector 

ζ (Eq. 1.8) and hence the vibration will decay faster from the electrodes.  In other 

words, t he vi bration w ill be  m ore t rapped i n t he e lectroded r egion, o r t he e nergy 
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trapping efficiency increases.  As shown in F igure 2.12, e lectrode o f t hickness 2  

µm or above should be used for the 4-MHz resonators in order to trap the wanted 

mode vibration.  However, because of the technical difficulties in the deposition of 

thick e lectrodes a nd c ost s aving, s uch a  t hick e lectrode w ill not  be  us ed i n t he 

production.  F or the co mmercial p roducts, the t hickness o f t he el ectrodes i s 0.6 

µm. 
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Figure 2.12 The simulated vibration displacement (normalized) U1 at f111 along the 

scanned line for the quartz resonator with an electrode of length 5.4 mm, width 1.6 

mm and various electrode thicknesses. The two vertical lines at X1 = 1.3 mm and X1 

= 6.7 mm indicate the position of the electrode.  
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Effects of Silver Epoxy 

 

In this section, the effect of silver epoxy on the resonance responses is studied.  

For the commercial resonators (4 MHz), the quartz plate is held at two ends by the 

silver e poxy.  Correspondingly, s ilver e poxy i s a dded t o t he r esonator model a s 

shown in Figure 2.13 for the simulation.  The end of the quartz plate is embedded 

in the silver epoxy of which the length l'' is 0.5 mm, the width w'' is 2.2 mm and the 

thickness is 0.415 m m.  The lossy characteristics of  the s ilver epoxy is modelled 

by a d amping factor of 1×10-8 in ANSYS.  The damping factor is determined by 

simulating impedance s pectra with di fferent da mping f actors, an d co mpared t he 

simulated impedance at  r esonance w ith t he m easured o ne. The da mping factor i s 

determined when t he simulated and m easured impedance at  r esonance ar e 

comparable with each other. The dimensions for the resonator and electrodes are the 

same as those for Figure 2.8.  The simulated impedance spectrum for the resonator 

is s hown i n F igure 2.14, i n w hich t he s imulated i mpedance spectrum for t he 

resonator w ithout s ilver e poxy (i.e. F ig. 2.9) is  also p lotted for c omparison. The 

corresponding simulated vibration displacements (normalized) U1 (the displacement 

in X1 direction) at f111 along the scanned line for the resonator with and without (Fig. 

2.12) silver epoxy are shown in Figure 2.15.  
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Figure 2.13 The configuration for the 4-MHz quartz resonator with the silver epoxy.  
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Figure 2.14 The simulated impedance spectrum for the quartz resonator with an 

electrode of length 5.4 mm, width 1.6 mm and thickness 0.6 µm and with silver 

epoxy with damping factor of 1 × 10-8. The simulated impedance spectrum for the 

resonator without silver epoxy is also plotted for comparison. 
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Figure 2.15 The simulated vibration displacement (normalized) U1 in the X1 

direction at f111 along the scanned line for the quartz resonator with an electrode of 

length 5.4 mm, width 1.6 mm and thickness 0.6 µm and with silver epoxy with 

damping factor of 1×10-8. The simulated vibration displacement (normalized) U1 in 

the X1 direction at f111 along the scanned line for the quartz resonator without silver 

epoxy is also plotted for comparison. The two vertical brown lines at X1 = 1.3 mm 

and X1 = 6.7 mm indicate the position of the electrode, while the two vertical purple 

lines at X1 = 0.5 mm and X1 = 7.5 mm indicate the position of the silver epoxy.  

 

 

As shown in Figure 2.14, after the introduction of  the lossy silver epoxy, all 

the spurious modes adjacent to the fundamental thickness-shear mode disappear (or 

move t o h igher frequencies).  Besides, t he i mpedance at  f111 increases to a h igh 

value of about 4000 Ω.  It should be noted that, as mentioned before, as there is no 

mechanical loss assumed for the quartz plate, the impedance at f111 for the resonator 
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without silver epoxy is very small and close to zero if the frequency step used in the 

simulation is sufficiently small.  However, for the resonator with silver epoxy, the 

impedance at  f111 is not  s mall a nd do es not  c hange s ignificantly even when t he 

frequency step is further decreased.  So, it is not artificial and is able to show the 

effect of the silver epoxy which is discussed below. 

 

As shown in t he p revious section, t he t hickness-shear mode vibration is not 

effectively t rapped und er t he e lectroded r egion a nd s pread t o t he e nds of  t he 

resonators.  For the other vibration modes, their frequency is higher than the cutoff 

frequency i n t he une lectroded r egion. S o, t hey can pr opagate freely i n t he qua rtz 

plate.  As the silver epoxy is a lossy material, it will absorb the energy of vibration 

at the ends of  the quartz plate. In other words, the corresponding vibration modes 

are da mped b y t he s ilver e poxy.  Indeed, t he da mping i s de pendent on t he 

spreading of  t he vi bration t o t he e nds of  t he qua rtz pl ate.  As t here i s onl y t he 

fundamental thickness-shear mode vibration having an imaginary wave vector, the 

damping f or i t s hould be  m inimal. T herefore, w hile a ll t he s purious modes 

disappear (or move to higher frequencies), the thickness-shear resonance mode still 

exist.  However, a s a  c ertain a mount of  t he vi bration e nergy i s a bsorbed b y t he 

silver epoxy, the vibration displacement decreases and hence the impedance at f111 

increases.  As s hown in F igure 2.15, the s preading of  t he vi bration f or t he 

resonator with s ilver ep oxy i s d ecreased ( i.e. a smaller “effective” quartz l ength), 

thus f111 increases.  
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2.2.2  27-MHz Resonator 

 

2.2.2.1  R esonators with Full Electrodes 

 

 In this s ection, t he r esonance responses of  a 27 -MHz r esonator a re s tudied.  

Similar to  th e c ases f or 4 -MHz r esonators, t he e ffects of  e lectrode l ength a nd 

thickness are examined.  Based on the results, the energy trapping phenomenon is 

discussed.  

 

 First, the resonance responses of a 27-MHz resonator with full electrodes 

are studied.  The dimensions of the quartz plate are the same as the one shown in 

Figure 2.1.  The thickness of the electrode is 0.2 µm (which is the thickness for the 

commercial r esonators). A gain, no electrical and m echanical l osses of t he qua rtz 

plate and no clamping to the quartz plate are assumed for the simulations. With the 

above assumptions, t he impedance spectrum for the r esonator has be en s imulated 

and s hown i n F igure 2.16.  T he s imulated v ibration displacements U1 (the 

displacement in  X 1 direction) a t f 111 along t he s canned l ine ( a l ine along X1 

direction at the center and top surface of  the quartz plate as shown in Fig. 2.1) is 

shown in Figure 2.17.  
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Figure 2.16 The simulated impedance spectrum for the quartz resonator with full 
electrode of thickness 0.2 µm.  
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Figure 2.17 The simulated vibration displacement U1 in the X1 direction at f 111 
along the scanned line for the quartz resonator with full electrode  

of thickness 0.2 µm. 
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Similar to the 4-MHz resonator, the fundamental thickness-shear mode as well 

as t he s purious m odes, s uch a s the flexural m ode a nd the inharmonic 

thickness-shear modes, exist close to each others for the 27-MHz resonator with full 

electrodes (Fig. 2.16). Because of strong mode coupling by the flexural mode, the 

vibration at f111 is not "pure" thickness-shear mode (Fig. 2.17).  

 

2.2.2.2  Resonators with Small Electrodes 

 

Effects of Electrode Length 

 

 In this section, the effects of a "small" electrode on the resonance responses for 

the 27-MHz resonator are studied.  The electrode configuration is shown in Figure 

2.18. 

 

 

The dimensions of the electrode are: 

l’ = 2 mm, w’ = 1.2 mm, t’ = 0.2 µm 

 

Figure 2.18 The electrode configuration for the 27-MHz quartz resonators.  

 

 

Scanned line 
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The di mensions of  t he quartz pl ate are t he s ame a s t he one  s hown i n F igure 2.1.  

The silver electrode is located at the centre of the quartz plate. Again, no electrical 

and mechanical losses of the quartz plate, and no clamping to the quartz plate are 

assumed for the simulations in this section. The simulated impedance spectrum for 

the resonator is shown in Figure 2.19.  The simulated vibration displacements U1 

(the displacement in X1 direction) at f111 and f131 along the scanned line (a line along 

X1 direction at the center and top surface of the quartz plate as shown in Fig. 2.18) 

is shown in Figures 2.20 and 2.21, respectively.  
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Figure 2.19 The simulated impedance spectrum for the quartz resonator with an 

electrode of length 2 mm, width 1.2 mm and thickness 0.2 µm.  
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Figure 2.20 The simulated vibration displacement U1 in the X1 direction at f111 
along the scanned line for the quartz resonator with an electrode of length 2 mm, 

width 1.2 mm and thickness 0.2 µm. The two vertical lines at X1 = 1.5 mm and X1 = 
3.5 mm indicate the position of the electrode. 
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Figure 2.21 The simulated vibration displacement U1 in the X1 direction at f131 
along the scanned line for the quartz resonator with an electrode of length 2 mm, 

width 1.2 mm and thickness 0.2 µm. The two vertical lines at X1 = 1.5 mm and X1 = 
3.5 mm indicate the position of the electrode. 
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As shown in Figure 2.19, after the use of a "small" electrode, the fundamental 

and inharmonic thickness-shear mode resonances shift to higher frequencies and the 

flexural m ode r esonance a djacent t o t hem di sappears ( or m oves to hi gher 

frequencies). This should be caused by the effective trapping of the vibration in the 

electroded region as shown in Figures. 2.20 and 2.21. As the vibration is trapped in 

the el ectroded r egion, t he c orresponding "effective" l ength f or t he resonances 

becomes smaller as compared to the case for the resonator with full electrodes; and 

hence, the resonance frequency increases.  This also implies that, unlike the cases 

for the 4-MHz resonators, the resonance frequencies should depend more strongly 

on t he e lectrode l ength, w hich w ill be  di scussed i n m ore de tails in t he f ollowing 

section.  The high energy trapping efficiency should be due to the large difference 

in the cutoff frequencies in the electroded and unelectroded regions as well as  the 

high frequency of the vibration (~ 27 MHz). 

 

As t he c utoff f requency in t he une lectroded r egion i s l arger t han t hat i n t he 

electroded r egion ( which i s t he fundamental t hickness-shear m ode r esonance 

frequency), t he f lexural m ode vi bration s hown i n F igure 2.16 cannot pr opagate 

freely in the unelectroded region, and hence the corresponding resonance does not 

exist.  I t s hould be  not ed t here m ay exist f lexural m ode r esonances a t hi gher 

frequencies corresponding to the vibration in the electroded region.  

 

As di scussed i n t he c ases f or t he 4 -MHz r esonators, s ince t here i s no 

mechanical loss assumed for the quartz plate, the corresponding resonance peak is 
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very sharp, and the impedance at f111 will decrease if the frequency step used in the 

simulation d ecreases.  In fact, i f t he f requency step is s ufficiently s mall, t he 

impedance at f 111 should be close t o z ero. This i ndicates t hat t here i s no  ph ysical 

meaning in considering the value for the case where no energy loss is considered.   

 

Similar s imulation results have a lso be en observed for t he vibration a long a 

scanned line in the width direction (i.e. a scanned line normal to the one shown in 

Fig. 2.18).  T hat i s, t he vi bration is trapped i n t he e lectroded r egion, w ithout 

spreading to the side edges of the quartz plate, and the resonance frequencies should 

depend more strongly on the width of the electrode as compared to the cases for the 

4-MHz resonators. 

 

Effects of Silver Epoxy 

 

In this section, the effect of silver epoxy on the resonance responses is studied.  

For the commercial resonators (27 MHz), the quartz plate is held at two corners by 

the silver epoxy.  Correspondingly, silver epoxy is added to the resonator model as 

shown in Figure 2.22 for the simulation.  The two corners at the same end of the 

quartz plate are embedded in the silver epoxy of which the length l'' is 0.8 mm, the 

width w'' is 0.772 mm and the thickness is 0.06025 mm.  The lossy characteristics 

of t he s ilver e poxy is modelled b y a  da mping f actor of  1×10-7 in AN SYS.  As 

mentioned be fore, t he damping f actor i s d etermined b y s imulating i mpedance 

spectra with di fferent da mping factors, and compared the s imulated impedance a t 

resonance with the measured one. As the type of silver epoxy used in the 27-MHz 



 
Study of the Resonance Responses of the Fundamental 

Thickness-shear AT-cut Quartz Resonators 
 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  2-30 
 

resonator is different from that used in the 4-MHz resonator, the damping factor for 

the simulation o f 27-MHz resonator (1×10-7) is di fferent f rom t hat us ed i n t he 

simulation o f 4-MHz r esonator (1×10-8). The d imensions f or t he r esonator a nd 

electrodes are the same as those for Figure 2.18. The impedance spectrum for the 

resonator h as b een s imulated a nd c ompared w ith t hat f or t he r esonator w ithout 

silver epoxy (i.e. Fig. 2.18).  

 

 
Figure 2.22 The configuration for the 27-MHz quartz resonator with the silver 

epoxy.  

 

As s hown i n t he pr evious s ection, t he vi bration is effectively t rapped i n t he 

electroded region, the vibration in the unelectroded region, in particular at the ends 

of the quartz plate, is very small (Fig. 2.20).  So, after the introduction of the lossy 

silver e poxy at t he t wo c orners, t here i s i nsignificant a bsorption of  t he vibration 

energy. T herefore, s imilar t o t he case f or t he r esonator w ithout s ilver e poxy, t he 

simulated resonance peak associated with the fundamental thickness-shear mode is 

very sharp, and the corresponding impedance at f111 is close to zero if the frequency 

step used in the simulation is sufficiently small. 

 

Although the vibration for the 27-MHz resonators is effectively trapped in the 

electroded r egion a nd he nce t here i s i nsignificant e nergy a bsorption, i t s hould be  
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noted that if the silver epoxy is deposited on an area at which there is considerable 

vibration, t he i mpedance at  r esonance w ill s till i ncrease b ecause o f t he en ergy 

absorption.  F igure 2.23 shows t he s imulated vibration di splacements U1 (the 

displacement in  X 1 direction) a t f 111 along t he s canned l ine ( a l ine along X1 

direction at the center and top surface of the quartz plate) of the 27-MHz resonator 

with a  " large" s ilver epoxy deposited a t the two corners a s shown in Figure 2.25.  

The simulated U1 for the resonator with a "small" silver epoxy as shown in Figure 

2.22 is a lso p lotted in  F igure 2.23 for comparison.  It i s cl early s een t hat as  t he 

silver epoxy is deposited in the region where the vibration is not small, the vibration 

is significantly damped, giving a high impedance at f111 about 90 Ω observed in the 

simulated impedance spectrum (Fig. 2.24). So it is of importance to determine the 

dimension and position of the silver epoxy to be deposited on the resonators so that 

the vibration will not be absorbed.  
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Figure 2.23 The simulated vibration displacement U1 in the X1 direction at f111 

along the scanned line for the quartz resonators with different silver epoxies.  T he 

distribution in blue colour is for the resonator with a "large" silver epoxy, while that 

in red colour is for the resonator with a "small" silver epoxy.  The two vertical 

black lines at X1 = 1.5 mm and X1 = 3.5 mm indicate the position of the electrode, 

while the vertical green lines at X1 = 1.448 mm and X1 = 0.8 mm indicate the 

position of the silver epoxy for the resonators.  
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Figure 2.24 The simulated impedance spectrum around f111 for the quartz resonator 

with different silver epoxies. The simulated impedance spectrum in blue colour is 

for the resonator with a "large" silver epoxy, while that in red colour is for the 

resonator with a "small" silver epoxy.  

 

 

 

Figure 2.25 The configuration for the 27-MHz resonator with a "large" silver epoxy: 

l” = 1.448 mm and w” = 1.155 mm. 
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2.3  Experimental Observations of Resonance Responses  

 

The s imulation r esults i n 2.2 h ave s hown t hat t here i s a l arge d ifference i n 

energy t rapping efficiency b etween t he 4 -MHz a nd 27 -MHz r esonators.  For t he 

4-MHz r esonator, t he v ibration c annot be  e ffectively t rapped i n t he e lectroded 

region a nd s pread ov er t he w hole qua rtz pl ate.  A s a  r esult, t he r esonance 

frequencies depend only slightly on t he length of the electrode, and the impedance 

at resonance increases because of the energy absorption by the silver epoxy which 

is deposited for holding of the quartz plate and electrically contact with peripheral 

electronics.  U nlike the 4-MHz resonator, the vibration in the 27-MHz resonator is 

effectively t rapped i n t he el ectroded region, and h ence t he resonance frequencies 

depend more strongly on the length of the electrode and the impedance at resonance 

remains small a s th ere i s in significant energy absorption b y th e s ilver epoxy.  In 

this s ection, bot h 4 -MHz a nd 27 -MHz r esonators w ith el ectrodes o f d ifferent 

lengths h ave b een fabricated and t heir r esonance responses, i ncluding t he 

impedance s pectrum a nd t he vi bration di stribution, ha ve be en m easured a nd 

compared with the simulation results. 

 

2.3.1 Vibration Distribution 

 

It has been observed that the impedance spectrum of a quartz resonator is very 

sensitive to the load applied on i t.  Figure 2.26 compares the impedance spectrum 

near the fundamental thickness-shear mode resonance f111 of the 4-MHz resonator 

with and without a load applied at the center of it. The illustrative distributions of 
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the vi bration di splacement U 1 (the d isplacement in  X 1 direction) a t f 111 for t he 

4-MHz resonator with and without a load applied at the centre are shown in Figure 

2.27. It c an b e s een in F igure 2.27 that, s ubjected t o t he fixed load of 40 g , the 

“effective” vibration length i s decreased, and thus f 111 increases (Fig. 2.26). Also, 

subjected to the fixed load of 40 g, the magnitude of the resonance (the difference 

between t he m inimum an d m aximum i mpedances) d ecreases (Fig. 2.26).  It is  

suggested that the load disturbs the vibration displacements of the quartz plate and 

hence t he c orresponding change o f impedance a nd r esonance f requency. 

Accordingly, t he ch ange i s de pendent on t he vi bration di splacement a t w hich t he 

load i s a pplied as w ell as t he m agnitude of  t he l oad.  If t he l oad i s applied t o a  

point w here t he vi bration di splacement i s l arge, t he di sturbance i nduced ( as 

compared to the original displacement) will be serious and hence the change will be 

significant.   
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Figure 2.26 The impedance spectrum near the fundamental thickness-shear mode 
resonance of the 4-MHz resonator with and without a load applied  

at the center of it.  
 

 
Figure 2.27 A fixed load of 40 g applied at the centre of the 4-MHz resonator. And 
the illustrative distributions of the vibration displacement U1 in the X1 direction at 

f111 for the 4-MHz resonator with and without a load applied at the centre of it.  
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 Based o n the i dea, the vi bration di stribution of t he r esonators ha s been 

measured.  The experimental setup for the measurement is shown in Figures 2.28 

and 2.29, w hile a principle s chematic d iagram of th e me asurement is  shown in  

Figure 2.30. The impedance spectrum near the fundamental thickness-shear mode 

resonance of the resonator is f irst measured using an impedance analyzer (Agilent 

4294A), and from which the impedance at minimum (i.e. at resonance frequency) is 

determined (named as Zo) (Fig. 2.26).  Then a fixed load of 40 g (through a probe) 

is applied at a point on the scanned line (refer to Figs. 2.8 and 2.18) of the resonator 

and the impedance at minimum (i.e. at the new resonance frequency) is determined 

(named a s Z 1) (Fig. 2.26).  T he change i n i mpedance a t m inimum d ue t o t he 

loading i s cal culated a s ( Z1 - Zo), w hich i s related t o t he or iginal vi bration 

displacement at the point where the load is applied.  The procedure is repeated by 

applying t he f ixed l oad (40 g ) at d ifferent poi nts a long t he s canned l ine, a nd a 

distribution in vibration displacement is then obtained.  Similar principle has been 

applied b y C umpson e t a l. [Cumpson, 1990] in m easuring t he vibration 

displacement of  a  quartz plate.  In their work, a  few drops of  ink were deposited 

on the quartz surface to disturb the vibration. 
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Figure 2.28 Experimental setup for the measurement of the vibration displacement 

of quartz resonators. 

 

 

Figure 2.29 The probe used to apply a load on the quartz resonators.  

Probe 
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Figure 2.30 A principle schematic diagram of the measurement. 

 

 Following t he pr ocedures de scribed a bove, t he ( normalized) di stribution of  

vibration displacement (along the scanned line) for the 4-MHz resonator (Fig. 2.8) 

and 27-MHz resonator (Fig. 2.18) have been measured and shown in Figures 2.31 

and 2.32, r espectively.  T he simulation results f or bot h t he r esonators a re also 

shown in the figures for comparison.  It can be seen that the experimental results 

agree very well with the simulation results for both cases.  As it is very difficult to 

align the samples so as to have the measurements along a line perfectly parallel to 

the le ngth o f th e electrode, th ere e xists a  s mall d iscrepancy b etween t he 

experimental a nd s imulated r esults, in  p articular f or th e 4 -MHz resonator.  

Nevertheless, t he g ood agreement s uggests t hat t he f inite el ement an alysis i s a  

helpful tool in predicting the resonance responses of a resonator.  
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Figure 2.31 Normalized distribution of vibration displacement for the 4-MHz 

resonator. 
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Figure 2.32 Normalized distribution of vibration displacement for the 27-MHz 

resonator.  
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 Next, t he dependence of  t he r esonance f requency on the e lectrode l ength for 

both t he 4 -MHz a nd 27 -MHz r esonators ar e ex amined ex perimentally an d 

compared with the simulation results.  For both cases, resonators with electrode of 

different l engths h ave been f abricated a nd t heir r esonance f requency for t he 

fundamental t hickness-shear m ode ha s be en determined us ing a n i mpedance 

analyzer ( Agilent 4294 A).  Besides t he e lectrode l ength, a ll t he di mensions a nd 

configuration o f t he q uartz p lates an d el ectrodes ar e t he s ame a s t hose s hown i n 

Figures 2.8 and 2.18, r espectively.  It should be  noted a ll the resonators are well 

packaged as a  commercial product, so t here a re silver e poxies hol ding the qua rtz 

plate and electrically connecting them to the experimental setup.  However, as the 

deposition process is not precisely controlled, the dimensions of the silver epoxies 

are not the same as those used for the simulation.   

 

 The obs erved a nd s imulated f 111 (normalized) fo r t he 4 -MHz a nd 27 -MHz 

resonators are compared in Figures 2.33 and 2.34, respectively.  It can be seen that 

good a greement be tween t he e xperimental a nd simulation r esults i s obt ained f or 

both the resonators.  This further confirms that for the 4-MHz resonators, due  to 

the i neffective t rapping of t he vi bration i n t he electroded r egion, t he r esonance 

frequency has only a weak dependence on the electrode length.  On the other hand, 

due t o t he e ffective t rapping of  t he vi bration in t he e lectroded r egion f or t he 

27-MHz r esonator, t here ex ists a r elatively s trong d ependence of  t he r esonance 

frequency on the electrode length.  Besides, the good agreement also suggests that 

the f inite e lement a nalysis i s a  he lpful t ool in predicting and unde rstanding t he 

resonance responses of a resonator.  
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Figure 2.33 Comparison of the experimental and simulated f 111 (normalized) for the 

4-MHz resonator with different electrode lengths.  
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Figure 2.34 Comparison of the experimental and simulated f 111 (normalized) for the 

27-MHz resonator with different electrode lengths.  
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Chapter Three 

Design, Fabrication, and Characterization

 of Third-overtone Resonators 
 

 

3.1 Idea of Third-overtone Resonators 

 

In C hapter 2, t he r esonance responses of  t he f undamental t hickness-shear 

mode r esonators a re s tudied. O n t he ba sis of t hese results, t hird-overtone 

thickness-shear resonators ar e d esigned an d f abricated. The t hird-overtone 

resonators are designed in the present work since they are thicker (about three times) 

than the fundamental-mode resonators with s imilar operating f requency. This will 

make the fabrication easier and the yield strength higher.  

 

The third-overtone r esonator is the r esonator with the impedance at its 

third-overtone r esonance f requency m uch s maller t han t hat at  i ts f undamental 

resonance frequency. So, in operation, the third-overtone resonance will be excited 

instead of  t he f undamental r esonance, without t he us e o f a dditional peripheral 

electronics. This can be done by suppressing the fundamental thickness-shear mode 

vibration.  

 

 

 



Design, Fabrication, and Characterization 
of Third-overtone Resonators 

 
The Hong Kong Polytechnic University 
 

Wong Hon Tung  3-2 
 

It is known in the energy trapping theory that the energy trapping efficiency 

increases with the order of t he ha rmonic overtones [Hirama, 2000]. T hat i s, t he 

energy t rapping e fficiency for t he t hird-overtone t hickness-shear m ode is hi gher 

than that for the fundamental thickness-shear mode. This phenomenon can also be 

demonstrated by the FEM s imulation. The resonator with the e lectrode of smaller 

size than the quartz plate as shown in Figure 3.1 is considered. The dimensions of 

the quartz plate and the main electrodes are 

 

Quartz plate: l = 5 mm, w = 2.51 mm, t = 0.085 mm  

Main electrode: l’ = 1.83 mm, w’ = 1.83 mm, t’ = 0.2 µm 

 

where l an d l’ are the d imensions along t he X1 direction, w a nd w’ are the 

dimensions along t he X 3 direction, a nd t a nd t’ are the di mensions along t he X 2 

direction.  

 

 

Figure 3.1 The resonator with the electrode at the centre of the quartz plate. 
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The vibration displacements for t he f undamental a nd t hird-overtone 

thickness-shear m odes of  the resonator ar e simulated with t he a ssumptions t hat 

there ar e no electrical and mechanical losses and no c lamping to the quartz plate. 

The s imulated v ibration displacements U1 (the displacement in  the X1 direction) 

along the scanned line (a line along the X1 direction at the centre and top surface of 

the quartz plate as shown in Fig. 3.1) are shown in Figure 3.2.  
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Figure 3.2 The simulated vibration displacements U1 at the top surface of the AT-cut 

quartz plate (along the scanned line) for the fundamental and third-overtone 

thickness-shear modes. The two vertical lines at X1 = 1.585 mm and X1 = 3.415 mm 

indicate the position of the electrode.  

 

Figure 3.2 s hows that the vibration for t he third-overtone t hickness-shear 

mode is m ore effectively t rapped in t he electroded r egion than that f or the 
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fundamental th ickness-shear mode. In other words, the energy t rapping efficiency 

for the third-overtone thickness-shear mode is higher than that for the fundamental 

thickness-shear mode.  

 

It has been shown in Chapter 2 that the impedance at resonance will increase 

if the vibration energy is absorbed by the silver epoxy deposited at the ends of the 

quartz pl ate; i n ot her words, t he corresponding vi bration m ode i s s uppressed. 

Therefore, i t i s b elieved t hat if s ilver e poxy i s applied t o a  r egion i n which t he 

vibration f or t he f undamental t hickness-shear mode is  la rge w hile th at f or th e 

third-overtone i s ne gligibly s mall, onl y t he vi bration e nergy for t he f undamental 

mode will be absorbed and the corresponding impedance at resonance will increase. 

As a result, t he fundamental t hickness-shear vi bration m ode i s s uppressed w hile 

there is no significant effect on the third-overtone mode. However, for a resonator 

with normal electrode configuration (as the one shown in Fig. 3.1), the difference in 

energy trapping efficiency is not large enough (as shown in Fig. 3.2) to ensure that 

there i s onl y suppression of  t he fundamental mode vibration and no e ffect on t he 

third-overtone m ode. S o i t i s necessary to de velop m ethods f or i ncreasing the 

fundamental-mode vibration in the "unelectroded" region (or t he r egion a t w hich 

silver epoxy will be applied) while maintaining the third-overtone vibration as small 

as possible. This can be done by the introduction of sub-electrodes at the ends of the 

resonator as shown in Figure 3.3.  
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Figure 3.3 The third-overtone thickness-shear resonator with sub-electrodes at the 

ends of the resonator. 

 

The d imensions o f t he quartz p late an d t he m ain el ectrode a re t he s ame as  

those of  t he r esonator s hown in F igure 3.1. The dimensions of  t he sub-electrodes 

are:  

 

l” = 1.355 mm, w” = 2.51 mm, t” = 0.2 µm 

 

where l” is the dimension along the X1 direction, w” is the dimension along the X3 

direction, a nd t ” is t he di mension a long t he X2 direction. For t he ease o f t he 

connection with the peripheral electronics, the electric potential applied to one side 

of the sub-electrode is the same as that of the top main electrode, while the electric 

potential a pplied t o t he other s ide of  t he s ub-electrode i s t he s ame as  t hat o f t he 

bottom main electrode as shown in Figure 3.4.  
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Figure 3.4 Cross-section of the third-overtone resonator. The thickness of the 

main and sub- electrodes are exaggerated. 

 

The F EM simulation is pe rformed w ith t he a ssumptions t hat there ar e n o 

electrical an d m echanical l osses an d n o cl amping t o t he q uartz p late. F igure 3.5a 

compares the s imulated v ibration d isplacements U1 (the d isplacement in  the X1 

direction) at t he fundamental t hickness-shear mode r esonance f or t he r esonators 

with and without the sub-electrodes (i.e. the resonators shown in Figs. 3.3 and 3.1, 

respectively) along the scanned l ine (refer to Figs. 3.1 and Fig. 3.3), while Figure 

3.5b s hows t he s imulated vi bration di splacement U2 (the d isplacement in  the X2 

direction) at the fundamental thickness-shear mode resonance for the resonator with 

the sub-electrodes (i.e. the resonator shown in Fig. 3.3) along the scanned line (refer 

to Fig. 3.3).  
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(b) 

Figure 3.5 (a) The simulated vibration displacements U1 at the fundamental 
thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 

the scanned line) with and without sub-electrodes. (b) The simulated vibration 
displacement U2 at the fundamental thickness-shear mode resonance at the top 

surface of the AT-cut quartz plate (along the scanned line) with sub-electrodes. The 
two vertical brown lines at X1 = 1.585 mm and X1 = 3.415 mm indicate the position 
of the main electrode, while the two vertical purple lines at X1 = 1.355 mm and X1 

= 3.645 mm indicate the position of the sub-electrodes.  
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It can be seen that the vibration for the resonator without the sub-electrodes is 

not ve ry e ffectively t rapped i n t he m ain-electroded r egion; t he vi bration " leaks" 

from the main-electroded region and becomes almost zero at the ends of the quartz 

plate. H owever, af ter t he i ntroduction of  t he s ub-electrodes, t he vi bration s preads 

over a lmost the w hole qua rtz pl ate a nd ha s quite a large a mplitude in  th e 

sub-electroded r egion.  It i s a lso not iced t hat a s t he vi bration s preads over t he 

whole qua rtz pl ate, t he f lexural-mode vi bration (where the dominant vi bration 

displacement is  in  the X2 direction) is i nitiated a nd b ecomes coupled i nto t he 

thickness-shear m ode vi bration (where the dominant vi bration di splacement i s i n 

the X 1 direction), a s shown i n F igure 3.5a. Thus, t he simulated v ibration 

displacements at t he f undamental t hickness-shear m ode r esonance along t he 

scanned line for the resonator with the sub-electrodes (Fig. 3.3) exist in both the X1 

(U1 as shown in Fig. 3.5a) and X2 direction (U2 as shown in Fig. 3.5b), and ripples 

exhibit in the s imulated vibration d isplacement U 1 as shown in Figure 3.5a. After 

the a ddition of  t he s ub-electrodes w ith a thickness e qual t o t hat of  t he m ain 

electrode, the cutoff f requency of  t he sub-electroded region ωse will decrease and 

become the same as that of the main- electroded region ωe. That is, ωse = ωe < ωs, 

where ωs is the cutoff frequency for t he une lectroded r egion. Therefore, f or t he 

fundamental t hickness-shear m ode w ith r esonance frequency ωTS satisfying ωse = 

ωe < ωTS < ωs, the wave vector for the wave propagation along the X1 direction will 

change from imaginary to real after the introduction of the sub-electrodes [Hirama, 

2000]. T hat i s, f rom an exponentially decaying w ave t o a propagating w ave. In 

other w ords, t he i ntroduction of  t he s ub-electrodes c an am plify t he " leaked" 

vibration from the main-electroded region. The effect of  the sub-electrodes on the 
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third-overtone vibration will be discussed later.  

 

The l ength of  the sub-electrodes l ” is a nother imp ortant p arameter in  

increasing the “leaked” fundamental t hickness-shear vi bration. The s imulated 

vibration di splacement U 1 (along t he s canned l ine) f or a  r esonator w ith 

sub-electrodes of  l ength 0.29 m m ( and applied at t he e nds o f t he qu artz pl ate) i s 

shown in Figure 3.6, in which the vibration for the resonators with sub-electrodes of 

length 0 mm (i.e. without sub-electrode) and 1.355 mm (refer to Fig. 3.5a) are also 

plotted for comparison.  
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Figure 3.6 The simulated vibration displacements U1 at the fundamental 
thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 
the scanned line) with sub-electrodes of different lengths.  The two vertical brown 

lines at X1 = 1.585 mm and X1 = 3.415 mm indicate the position of the main 
electrode, while the two vertical green lines at X1 = 0.29 mm and X1 = 4.71 mm 
indicate the position of the sub-electrodes of length 0.29 mm and the two vertical 

purple lines at X1 = 1.355 mm and X1 = 3.645 mm indicate the position of the 
sub-electrodes of length 1.355 mm.  
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It can b e s een t hat for t he r esonator with 0.29 -mm s ub-electrodes, t he 

vibration di stribution is almost the s ame as  t hat for t he r esonator without t he 

sub-electrodes. It is because the “leaked” vibration from the main-electroded region 

in the s ub-electroded r egion is v ery s mall; th ere is  a lmost n o v ibration to  b e 

amplified in  th e s ub-electroded r egion. A s a  r esult, t he vi bration di stribution 

remains a lmost t he s ame as t he one  be fore t he i ntroduction of  t he sub-electrodes.  

Therefore, the sub-electrodes should be long enough to cover the "leaked" vibration 

with s ignificant a mplitude a nd th ick e nough to  amplify th e "leaked" v ibration to  

considerable amplitude. In the mean time, the sub-electrodes should not amplify the 

vibration of the third-overtone resonance mode which should be effectively trapped 

in the main-electroded region. In the present work, we f ind that sub-electrodes o f 

length 1.355 m m ( and thickness 0.2 µm) can effectively am plify t he "leaked" 

fundamental-mode vibration from the main-electroded region while there is almost 

no effect on the third-overtone vibration (which will be discussed below). 

 

To e ffectively suppress t he fundamental vibration mode, s ilver epoxy h as t o 

be applied at the ends of the resonator to absorb the corresponding vibration energy, 

as shown in Figure 3.7. The silver epoxy also serves as the electrical connection to 

the peripheral electronics in real applications. As silver epoxy is a lossy material, a 

damping f actor s hould be determined in  th e F EM s imulation. For th e e xisting 

commercial resonators (4 MHz and 27 MHz), the lossy characteristics of the silver 

epoxy are modelled by damping factors of 1×10-8 and 1×10-7, respectively. As silver 

epoxy are used to absorb the fundamental-mode vibration energy (i.e., to suppress 
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the fundamental vibration mode) in the present work, the more lossy s ilver epoxy 

(used i n t he 27 -MHz r esonators) is us ed for t he larger a mount of  t he 

fundamental-mode vibration energy absorption, w hile keeping t he third-overtone 

mode vibration energy absorption as small as possible. And thus, the damping factor 

of 1 ×10-7 is us ed in th e F EM s imulations. To s imulate th e a ctual s ituation ( the 

resonator i s fixed on a  hol der), t he bot tom of  t he s ilver e poxy i s s et to zero 

displacement. T he s imulated i mpedance s pectrum near the fundamental 

thickness-shear resonance mode for the resonator (as shown in Figure 3.7) is shown 

in Figure 3.8. The simulated impedance spectrum for the resonator shown in Figure 

3.3 ( the r esonator w ith t he s ame di mensions and e lectrode c onfigurations, but  

without s ilver e poxy) i s a lso pl otted i n F igure 3.8 f or c omparison. The 

corresponding distributions of vibration displacement U1 along the scanned line are 

shown in Figure 3.9.  
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Figure 3.7 The third-overtone thickness-shear resonator with silver epoxy at the 

ends of the resonator. 
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Figure 3.8 The simulated impedance spectrum around the fundamental 

thickness-shear resonances for the resonator with and without the silver epoxy.  
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Figure 3.9 The simulated vibration displacements U1 at the fundamental 

thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 

the scanned line) with and without the silver epoxy.  The two vertical brown lines 

at X1 = 1.585 mm and X1 = 3.415 mm indicate the position of the main electrode, 

while the two vertical purple lines at X1 = 1.355 mm and X1 = 3.645 mm indicate 

the position of the sub-electrodes of length 1.355 mm.  

 

As di scussed i n t he previous s ection, a fter t he i ntroduction o f the 

sub-electrodes, t he t hickness-shear m ode vi bration s preads ove r t he w hole qua rtz 

plate ( Fig. 3.5a and F ig. 3.9); t he flexural-mode vi bration i s t hus i nitiated a nd 

becomes t he s purious m odes a s s hown i n F igure 3.8. H owever, after t he 

introduction of  s ilver e poxy, t he vi bration e nergy f or t he t hickness-shear m ode 

resonance is greatly absorbed, leading to a high impedance value at the resonance 

frequency (~ 260 Ω). As shown in Figure 3.9, the vibration displacement is greatly 

decreased b y about t en t imes. B esides, b ecause o f t he d ecrease i n t he 
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thickness-shear m ode vi bration, t he flexural-mode vi bration cannot be  initiated, 

thus r esulting i n a  "pure" t hickness-shear r esonance m ode (Fig. 3.8). It is  a lso 

noticed t hat t he t hickness-shear m ode vi bration be comes t rapped u nder t he 

main-electroded region.   

 

Next, t he ef fects o f t he s ub-electrodes a nd t he s ilver epoxy on  t he 

third-overtone thickness-shear mode vibration are discussed. Figure 3.10 compares 

the di stributions of  t he vibration di splacement U 1 at th e th ird-overtone r esonance 

mode ( alone t he s canned l ine) f or t he r esonators w ith a nd w ithout t he 

sub-electrodes (i.e. the resonators shown in Figs. 3.3 and 3.1, respectively).  

 

-0.2

0

0.2

0.4

0.6

0.8

1

0.0E+00 1.0E-03 2.0E-03 3.0E-03 4.0E-03 5.0E-03

 
Figure 3.10 The simulated vibration displacements U1 at the third-overtone 

thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 
the scanned line) with and without sub-electrodes. The two vertical brown lines at 

X1 = 1.585 mm and X1 = 3.415 mm indicate the position of the main electrode, 
while the two vertical purple lines at X1 = 1.355 mm and X1 = 3.645 mm indicate 

the position of the sub-electrodes of length 1.355 mm. 
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It can be seen that the vibration for the resonator without the sub-electrodes is 

effectively t rapped i n t he m ain-electroded region. T here i s almost no " leaked" 

vibration f rom the main-electroded region. Hence, i t i s expected that there should 

be no s ignificant c hange i n t he vi bration d istribution a fter t he i ntroduction of  t he 

sub-electrodes. H owever, it is  in teresting to note t hat vibration e xists beyond t he 

main-electroded r egions f or t he r esonator w ith t he s ub-electrodes, and t he 

thickness-shear m ode vi bration i s c oupled b y t hese vi brations. The s imulated 

impedance spectrum for the resonator (with the sub-electrodes) is shown in Figure 

3.11. It can be seen that a spurious mode occurs near the third-overtone resonance 

mode, w hich m ay be i nduced b y t he a mplified vibration a t l ow frequencies ( Fig. 

3.5a). The vibration displacement U1 (along the scanned line) at that spurious mode 

is shown in F igure 3.12. It c an be  seen that t he vibrations spread over t he whole 

quartz plate. Hence it is  suggested the third-overtone mode vibration is coupled by 

this spurious vibration, giving small vibration in the sub-electroded region.  
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Figure 3.11 The simulated impedance spectrum around the third-overtone 
thickness-shear resonances for the resonator with and without the silver epoxy. 
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Figure 3.12 The simulated vibration displacements U1 (along the scanned line) at 
the spurious mode resonance at the top surface of the AT-cut quartz plate (with 

sub-electrodes) without the silver epoxy. The two vertical brown lines at X1 = 1.585 
mm and X1 = 3.415 mm indicate the position of the main electrode, while the two 
vertical purple lines at X1 = 1.355 mm and X1 = 3.645 mm indicate the position of 

the sub-electrodes of length 1.355 mm. 
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The e ffects of  t he silver e poxy on t he t hird-overtone resonators ( i.e. t he 

resonator with the sub-electrodes as shown in Fig. 3.3) a re a lso shown in Figures 

3.11 a nd 3.13. A fter t he i ntroduction of  s ilver epoxy on t he s ub-electrodes, t he 

spurious mode vibrations are greatly damped (similar effects also shown in Fig. 3.9), 

leading to a "pure" third-overtone resonance mode (Fig. 3.11). Without the coupling 

of the spurious mode, the vibration displacement U1 at the third-overtone resonance 

mode becomes regular and mainly trapped under the main-electrode (Fig. 3.13). As 

a r esult, t he vi bration energy i s not  absorbed b y the s ilver epoxy, a nd t hus t he 

impedance value at the third-overtone resonance frequency remains very small (0.5 

Ω).  

 

As t here i s a  l arge d ifference i n t he i mpedance v alues at  t he f undamental 

thickness-shear resonance mode and third-overtone resonance mode (260 Ω vs 0.5 

Ω), the resonator (shown in Fig. 3.7) will resonate a t its  th ird-overtone resonance 

frequency, i nstead of  i ts f undamental r esonance f requency, i n o peration. In ot her 

words, t he f undamental r esonance m ode i s successfully s uppressed a nd a 

third-overtone resonator is developed.  
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Figure 3.13 The simulated vibration displacements U1 at the third-overtone 

thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 

the scanned line) with and without the silver epoxy.  The two vertical brown lines 

at X1 = 1.585 mm and X1 = 3.415 mm indicate the position of the main electrode, 

while the two vertical purple lines at X1 = 1.355 mm and X1 = 3.645 mm indicate 

the position of the sub-electrodes of length 1.355 mm. 
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As shown in the previous section, the silver epoxy plays an important role in 

suppressing t he f undamental resonance m ode ( through t he absorption of  t he 

vibration energy). However, in the manufacturing process, the deposition process of 

the silver epoxy on the resonators is not very precisely controlled.  As a result, the 

size of the silver epoxy may not be exactly the same as the one from the design. So, 
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in this section, the effects of the size of the silver epoxy is discussed.   

 

Figure 3.14 compares the distribution of the vibration displacement U1 (along 

the s canned l ine) a t t he f undamental t hickness-shear r esonance m ode f or t he 

resonators w ith s ilver e poxy of  di fferent l ''' ( dimensions a long X 1): 0  mm ( i.e. 

without silver epoxy), 1.065 mm and 1.355 mm. All the silver epoxies are applied 

to the ends of the quartz plate. As discussed in the previous section, the epoxy of l''' 

= 1.355 m m can e ffectively absorb the vibration energy for both the fundamental 

resonance m ode a nd t he s purious m ode, a nd t hus g ives a  c lean f undamental 

resonance peak with a large impedance value (~ 260 Ω) at resonance frequency.  It 

can be seen, from Figure 3.14, that the silver epoxy of length (l''' = 1.065 mm) can 

also e ffectively a bsorb t he vi bration e nergy for the f undamental r esonance m ode 

and t he s purious m ode, g iving a  c lean r esonance pe ak. H owever, a s t he e nergy 

absorption is not as high as the case with a larger silver epoxy, the impedance at the 

resonance f requency i s lower, ~  110 Ω. N evertheless, t he resulting difference 

between the impedance values at the fundamental and the third-overtone resonance 

modes is still large (~ 110 Ω vs 0.5 Ω), such that the resonator will resonate at its 

third-overtone resonance frequency, instead of the fundamental resonance frequency. 

The simulation results (Fig. 3.15) have shown that the use of a smaller silver epoxy 

(l’’’ = 1.065 m m) has no s ignificant effect on the third-overtone resonance. On the 

basis of the above results, it can be concluded that in order to effectively suppress 

the fundamental resonance mode, the silver epoxy should cover at least two-third of 

the sub-electrodes.  
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Figure 3.14 The simulated vibration displacements U1 at the fundamental 

thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 

the scanned line) with silver epoxy of different dimensions along X1.  The two 

vertical brown lines at X1 = 1.585 mm and X1 = 3.415 mm indicate the position of 

the main electrode, while the two vertical purple lines at X1 = 1.355 mm and X1 = 

3.645 mm indicate the position of the sub-electrodes of length 1.355 mm.  The two 

vertical green lines at X1 = 1.065 mm and X1 = 3.935 mm indicate the position of 

the silver epoxy of length 1.065 mm. 
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Figure 3.15 The simulated impedance spectrum around the third-overtone 

thickness-shear resonances for the resonator with silver epoxy of different 

dimensions along X1.  

 

 

In fact, t he s imulations (Fig. 3.16) have also s hown t hat a  t hicker 

sub-electrode ( i.e. 0.2 5 µm) c an m ore effectively am plify t he " leaked" 

fundamental-mode vi bration i n t he s ub-electroded r egion.  If a  s ilver epoxy of  

length equal t o t wo-third of  t he s ub-electrode i s ap plied, t he i mpedance at  t he 

fundamental mode resonance can be increased to about 230 Ω.  This implies that it 

is better to prepare a t hird-overtone resonator with a sub-electrode thicker than the 

main el ectrode.  H owever, as t here exists t echnical d ifficulty i n preparing 

sub-electrodes t hicker than t he m ain el ectrodes ( by H ong K ong X 'tals), 

third-overtone resonators w ith m ain e lectrode and s ub-electrodes o f t he s ame 

thickness have been fabricated and evaluated in the following section. 
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Figure 3.16 The simulated vibration displacements U1 at the fundamental 

thickness-shear mode resonance at the top surface of the AT-cut quartz plate (along 

the scanned line) with sub-electrodes of different thickness. The two vertical brown 

lines at X1 = 1.585 mm and X1 = 3.415 mm indicate the position of the main 

electrode, while the two vertical purple lines at X1 = 1.355 mm and X1 = 3.645 mm 

indicate the position of the sub-electrodes of length 1.355 mm.  
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3.3 Fabrication and Characterization of Third-overtone Resonators 

 

On the basis of the simulation results shown in 3.2, third-overtone resonators 

have been fabricated by Hong Kong X'tals Ltd.  The configurations of the quartz 

plate, m ain e lectrode a nd s ub-electrodes ar e t he s ame as  t hose u sed f or t he 

simulations (refer to Fig. 3.17), and their dimensions are summarized as follows: 

 

 Length (mm) Width (mm) Thickness (mm) 
Quartz plate 5 2.51 0.085 
Main electrode 1.83 1.83 0.0002 
Sub-electrode 1.355 2.51 0.0002 
 

 
(a) 

 
(b) 

Figure 3.17 (a) A lead wire connects the main electrode and sub-electrode on each 
side. (b) The quartz plate placed on a ceramic holder and fixed with silver paste.  

Silver paste Ceramic holder 
Lead wire 

Lead wire Sub-electrode Main electrode 
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For the purpose of applying an electric field or potential to the main electrode 

through the sub-electrode from the peripheral electronics, a l ead wire is introduced 

to c onnect t he m ain el ectrode an d s ub-electrode on e ach s ide a s s hown in F igure 

3.17a.  The quartz p late i s then p laced on a cer amic holder and f ixed with s ilver 

paste as shown in Figure 3.17b.  To simulate the commercial resonator, the end of 

the quartz plate is embedded in silver paste.  For the ease of positioning the quartz 

plate w ithout di sturbing t he vi bration i n t he m ain-electroded r egion, o nly a bout 

two-third of  t he s ub-electroded r egion of  t he q uartz pl ate i s e mbedded b y s ilver 

paste a nd s upported b y the c eramic hol der as s hown i n Figure 3.17b. T he 

impedance spectrum of  t he r esonator i s t hen measured through a  p air of  t est pins 

applied on t he s ilver paste us ing a  network analyzer (HP E5100A). F igures 3.18a 

and 3.19a show t he obs erved i mpedance s pectrum of  t he r esonator ne ar t he 

fundamental and third-overtone thickness-shear mode resonances, respectively.  In 

the figures, the observed impedance spectrum for the resonator without silver paste 

is a lso pl otted f or c omparison a nd s howing t he e ffects of  t he s ilver pa ste. For 

comparison, the corresponding simulated impedance spectrum of the resonator with 

and without s ilver epoxy near t he fundamental and third-overtone thickness-shear 

mode resonances are shown in Figures 3.18b and 3.19b, respectively.  It should be 

noted that a softer and lossy silver epoxy, instead of silver paste, will be used for the 

commercial resonators. 
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(b) 

Figure 3.18 (a) The observed impedance spectrum near the fundamental 

thickness-shear mode resonances for the resonator with and without silver paste. (b) 

The simulated impedance spectrum near the fundamental thickness-shear mode 

resonances for the resonator with and without silver epoxy.  
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(b) 

Figure 3.19 (a) The observed impedance spectrum near the third-overtone 

thickness-shear mode resonances for the resonator with and without silver paste. (b) 

The simulated impedance spectrum near the third-overtone thickness-shear mode 

resonances for the resonator with and without silver epoxy.  
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The observed fundamental and third-overtone thickness-shear mode resonance 

(around 20 and 60 MHz, respectively, as shown in Figs. 3.18a and 3.19a) are higher 

than that for the simulated one (around 19 a nd 58 MHz, respectively, as shown in 

Figs. 3.18b a nd 3.19b) s ince t he qua rtz pl ate t hickness ( which de termines t he 

fundamental and t hird-overtone t hickness-shear m ode r esonance) cannot be  

precisely controlled in manufacturing process. Apart from this, the general features 

of the observed impedance spectrum near both the fundamental and third-overtone 

thickness-shear mode resonance agree well with the simulations.  For the resonator 

without s ilver paste, there exist spurious modes in the vicinity of the fundamental 

thickness-shear mode resonance.  After the use of silver paste, the spurious mode 

are s uppressed ( or s hifted t o hi gher f requencies) a nd t he i mpedance a t t he 

fundamental thickness-shear mode resonance frequency increases from about 80 Ω 

to a bout 160 Ω.  As di scussed i n t he s imulations, t his s hould be  c aused b y t he 

energy absorption of  the " leaked" vibration in the sub-electroded region.  O n the 

other hand, it can be seen that there is almost no effect of the use of silver paste on 

the third-overtone resonance.  The impedance at resonance frequency remains at a 

small va lue of  a bout 6 0 Ω.  T his i mplies t hat t he c orresponding vi bration i s 

effectively t rapped i n t he m ain-electroded r egion a nd he nce i ts e nergy is not 

absorbed by the silver paste deposited on the sub-electrodes.  

 

Although the impedance a t the fundamental thickness-shear mode resonance 

frequency is  higher than that at the third-overtone resonance frequency (160 Ω vs 

60 Ω), the difference may not be large enough to ensure the resonator to resonate at 
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its th ird-overtone r esonance frequency, i .e. t he suppression of  t he fundamental 

mode r esonance i s not  e nough.  T his m ay b e due  t o t he i nsufficient e nergy 

absorption by the s ilver paste.  For the commercial resonators, a  softer and lossy 

silver epoxy is usually used to fix the quartz plate; hence the energy absorption for 

the f undamental t hickness-shear m ode v ibration w ill i ncrease, l eading t o a b etter 

suppression of the fundamental mode resonance.  On the other hand, as predicted 

by t he s imulations, t he fundamental-mode vi bration c an be  a mplified m ore b y a 

thicker sub-electrode and hence effectively suppressed by the silver paste or silver 

epoxy deposited in the sub-electroded regions.  
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Chapter Four 

Conclusions  
 

 

The m ain obj ectives of  t he pr esent w ork a re t o s tudy t he e nergy t rapping 

phenomenon, a nd t o d esign and f abricate t he t hird-overtone t hickness-shear 

resonators us ing t he energy t rapping t echnique. The r esonance r esponses of  t wo 

types o f AT -cut qua rtz r esonators, 4 -MHz a nd 2 7-MHz ( provided b y Hong Kong 

X’tals L td.), have b een carried out  b y pe rforming simulation studies using t he 

commercial finite e lement ( FEM) c ode A NSYS.  For t he 4 -MHz resonator with 

full electrode, there exist spurious modes (thickness-twist mode, flexural mode, and 

inharmonic thickness-shear mode) in the vicinity (± 0.2 MHz, the frequency range 

practically u sed to examine s purious m odes i n t he i ndustry) o f t he f undamental 

thickness-shear mode resonance.  After the use of an electrode of size smaller than 

the quartz pl ate (which i s t he t ypical t echnique f or energy t rapping), t he spurious 

modes are not suppressed or shift to higher frequencies, and still affect significantly 

the vibration at the resonance frequency of the fundamental thickness-shear mode 

(f111).   

 

The simulations also show that the vibration at f111 is not effectively trapped in 

the electroded region and it is spread over the whole quartz plate, leading to a weak 

dependence of the resonance frequency on the electrode length. It is suggested that 

the poor energy trapping efficiency for the 4-MHz resonators should be due to the 
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small difference between the cutoff frequencies in the electroded and unelectroded 

regions as  well as  the low f requency of the vibration ( i.e. the long wavelength as 

compared to the dimension of the unelectroded region).  Due to the mass loading 

effect, a t hicker el ectrode (e.g. 2 µm) can d ecrease t he cu toff f requency i n t he 

electroded r egion ( i.e. f 111) a nd he nce i mprove t he e nergy trapping efficiency.  

However, a thick electrode is not desirable for the manufacturing process owing to 

the technical difficulty as well as the high product cost. 

 

If s ilver e poxy i s introduced at t he e nds of  t he quartz pl ate, t he s imulations 

show t hat t he energy o f t he vibration which is not e ffectively t rapped i n t he 

electroded region will be absorbed significantly, and thus leading to an increase in 

impedance at the fundamental thickness-shear mode resonance.  In the commercial 

resonators, s ilver epoxy i s us ually deposited on  t he qua rtz pl ate t o f ix it on t he 

holder and provide electrical connection to the peripheral electronics. 

 

Similar to  the 4 -MHz r esonators, t here ex ist spurious m odes ( the flexural 

mode a nd the inharmonic thickness-shear m ode) in vi cinity of  t he f undamental 

thickness-shear m ode r esonance f or t he 27 -MHz r esonator with f ull e lectrodes.  

However, all the spurious modes are suppressed or shift to higher frequencies after 

the use of an electrode of size smaller than the quartz plate. The simulations show 

that the vibration at f111 is pure thickness-shear mode and effectively trapped in the 

electroded region.  As a result, the resonance frequency f111 is dependent relatively 

stronger on t he e lectrode l ength, an d t he i mpedance at  f 111 does n ot i ncrease 

significantly after the introduction of the silver epoxy.  The better energy trapping 
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efficiency should be due to the high frequency of the vibration. 

 

An e xperimental m ethod ha s ne wly b een d eveloped t o i nvestigate t he 

vibration di stribution of  t he r esonators.  The method i s based on t he fact t hat an 

external load can disturb the vibration and hence change the resonance frequency as 

well as  the impedance at  resonance of a quartz p late.  Good agreements between 

the observed and simulated vibration distributions are obtained for both the 4-MHz 

and 27-MHz resonators.  Besides confirming the simulation results on the different 

trapping efficiency, this also illustrates that the f inite element analysis is  a  helpful 

tool in predicting and understanding the resonance responses of a resonator.  The 

simulation results on t he dependence of  t he r esonance f requency on t he e lectrode 

length h ave al so b een c onfirmed b y ex periments o n t he " commercial" r esonators 

with d ifferent el ectrode l engths.  A gain, g ood agreements b etween t he 

experimental and simulation results are obtained for both the 4-MHz and 27-MHz 

resonators. 

 

Based on t he unde rstanding of  t he r esonance r esponses a nd t he e nergy 

trapping phe nomenon, a  third-overtone thickness-shear resonator with r esonance 

frequency around 58 M Hz has been designed and successfully fabricated.  In t he 

new de sign, t wo sub-electrodes ar e ad ded right ne xt t o e ach e nd of  t he m ain 

electrode o f t he r esonator. As the vi bration a t t he r esonance f requency of  t he 

fundamental t hickness-shear m ode is relatively l oosely t rapped i n t he 

main-electroded region, the “leaked” vibration is amplified by the sub-electrode and 

subsequently damped by the silver epoxy at the ends of the resonator. On the other 
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hand, the vibration at the third-overtone thickness-shear mode resonance is mainly 

trapped in the main-electroded region and hence is not affected significantly by the 

sub-electrode an d the silver epoxy. As a  r esult, th e impedance at t he r esonance 

frequency of the fundamental thickness-shear mode becomes much larger than that 

at t he resonance f requency o f the third-overtone t hickness-shear m ode.  In t he 

other w ords, t he f undamental thickness-shear mode is effectively s uppressed a nd 

the resonator will resonate at its third-over thickness-shear mode.  
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Appendix A 

 Analysis and Simulation Considerations 

using ANSYS 
 

A.1 Organization of ANSYS program 

   

There ar e two basic l evels i n t he ANSYS program as shown in Figure A .1: 

Begin l evel a nd P rocessor l evel. The Begin le vel is  a  gateway in to a nd o ut o f 

ANSYS and platform to utilize some global controls such as changing the name of 

the f iles. F rom t he Begin l evel, on e of  t he ANSYS pr ocessors ( preprocessor, 

solution, pos tprocessor, et c.) i s r eadily a ccessible i n t he P rocessor l evel. The 

processor is a collection of functions and routines used to conduct the finite element 

analysis.  

 

 

Figure A.1 Schematic of ANSYS levels [Madenci, 2006]. 
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There a re t hree m ain s teps i n A NSYS a nalysis: m odel g eneration, s olution, 

and r eviewing r esults. E ach of  t hese s teps c orresponds t o a  specific pr ocessor or  

processors within the Processor level in ANSYS. In particular, the model generation 

is done in the preprocessor and application of loads and the solution is performed in 

the solution processor. Finally, the results are v iewed in the general postprocessor 

and the time-history postprocessor.  

 

The m ost c ommonly u sed pr ocessors a re the preprocessor, the solution 

processor, the general postprocessor, and the time-history postprocessor.  

 

The pr eprocessor P REP7 i s us ed f or the model g eneration, w hich i nvolves 

material definition, creation of a solid model, and finally, meshing. Important tasks 

within t his pr ocessor a re s pecification of  t he e lement t ype, defining t he r eal 

constants (such as  co nstant el ectrode t hickness), defining t he material p roperties, 

creation of the model geometry, and generation of the mesh. Although the boundary 

conditions c an be  de fined i n t his pr ocessor, i t i s us ually done  i n t he solution 

processor.  

 

The solution processor is used for obtaining the solution for the finite element 

model that is generated within the preprocessor. It allows you to apply the boundary 

conditions and loads. For example, for structural problems, displacement boundary 

conditions and forces can b e d efined, o r fo r piezoelectric problems, el ectric 

potential can be applied. Important tasks within this processor are defining analysis 

type and analysis opt ions, specification of  the boundary conditions, and obtaining 
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solution.  

 

The ge neral pos tprocessor POST1 is u sed f or r eviewing t he r esults at  a 

specific time (or frequency in harmonic analysis) over the entire or a portion of the 

model. T he r esults c an be pr esented as contour plots, ve ctor di splays, deformed 

shapes, and listings of the results in tabular format.  

 

The results can be reviewed in another way in the time-history postprocessor 

POST26. T his pr ocessor i s us ed t o review r esults a t s pecific poi nts i n t ime ( or, 

frequency in t he ha rmonic a nalysis). S imilar t o t he general pos tprocessor, i t 

provides graphical variations and tabular listings of results data as function of time 

(or frequency). It is important to remember that the two postprocessors are just tools 

for reviewing the results, it is the responsibility of the users to judge the results.  

 

There ar e s everal o ther p rocessors w ithin A NSYS, t hese m ostly co ncern 

optimization- and pr obabilistic-type pr oblems. But t hese pr ocessors a re not  a s 

commonly used as those described previously.  
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A.2 Steps of Analysis 

 

 

To c arry out  t he F EA us ing ANSYS, t he s olution dom ain, t he m aterial 

properties, the physical model, and the loading conditions have to be defined. In the 

previous section, it is known that there are three main steps in the typical ANSYS 

analysis: model generation, solution, and reviewing results. Actually, there are s ix 

steps in the typical ANSYS analysis. They are:  

 

(1) Defining the Element Type 

(2) Defining the Material Properties 

(3) Geometry Creation 

(4) Mesh Generation 

(5) Applying Loads and Obtaining Solution 

(6) Reviewing the Results 

 

Each o f t hese s teps corresponds t o the s pecific processor. Steps 1 t o 4 are 

performed in the preprocessor. Step 5 is performed in the solution processor. Finally, 

step 6 is done in the postprocessor. The details of the ANSYS analysis are described 

below.  
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(1) Defining the Element Type 

 

The element type must be defined at the beginning of the FEA using ANSYS 

since it d etermines tw o th ings. F irst, t he el ement t ype d etermines t he 

degree-of-freedom s et ( which in  tu rn imp lies the d iscipline - structural, th ermal, 

magnetic, el ectric, piezoelectric, quadrilateral, b rick, solid, etc.). S econd, i t 

determines whether the element lies in 2-D or 3-D space.  

 

In the present work, the 3D coupled-field 20-nodes brick SOLID-226 is used. 

With the opt ions i n t he S OLID-226, there ar e only s tructural, e lectrical, an d 

piezoelectric capabilities. The element has twenty nodes with up to four degrees of 

freedom (displacements in the X-, Y-, Z- directions and electric potential) per node. 

The geometry of the SOLID-226 is shown in Figure A.2.  

 

Figure A.2 SOLID-226 geometry. The nodes are represented by the black dots 

[ANSYS].  
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(2) Defining the Material Properties 

 

After d efining th e element t ype, ma terial p roperties o f v arious p arts o f th e 

model s hould be  de fined i n A NSYS. T he ne cessary m aterial pr operties i nclude 

electrical, mechanical, and piezoelectric properties.  

 

The material properties for the AT-cut quartz crystal are mass density, elastic 

stiffness ma trix a t c onstant e lectric f ield, p iezoelectric s tress ma trix, a nd r elative 

permittivity matrix at constant strain. The material properties for the silver electrode 

are mass density, Young’s modulus, and Poisson’s ratio. The material properties for 

the silver epoxy are mass density, Young’s modulus, Poisson’s ratio, and damping 

factor (no unit).  

 

SI uni ts a re used f or t he m aterial pr operties a nd di mensions of t he m odels 

throughout the simulations.  

 

 

(3) Geometry Creation 

 

The geometrical r epresentation o f th e p hysical system is  r eferred to  as th e 

solid model. In the model generation with ANSYS, the ultimate goal is to create a 

finite element mesh of the physical system. There are two approaches for creating a 

finite element model: solid modelling and direct generation.  
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The solid modelling involves the creation of geometrical entities, such as lines, 

areas, o r volumes, t hat r epresent t he a ctual geometry o f t he pr oblem. Once 

completed, they can be meshed by ANSYS automatically (user still has control over 

the m eshing t hrough us er-defined pr eferences f or m esh de nsity, e tc.). The s olid 

modelling is the most commonly used approach because i t is much more versatile 

and powerful. However, the user must have a strong understanding of the concepts 

of m eshing i n or der t o ut ilize t he s olid m odelling a pproach s uccessfully a nd 

efficiently.  

 

In t he d irect generation, ev ery s ingle n ode i s generated b y en tering t heir 

coordinates f ollowed b y generation of  t he e lements t hrough t he c onnectivity 

information. It requires the user to keep track of the node and element numbering, 

which m ay b ecome t edious - sometimes p ractically imp ossible - for c omplex 

problems r equiring t housands of  node s and el ements. It i s, how ever, extremely 

useful for simple problems as one has full control over the model.  

 

In the solid modelling, the solid model can be created by using either entities 

or p rimitives. T he entities r efer t o t he ke ypoints, l ines, a reas, a nd vol umes. The 

primitives are predefined geometrical shapes.  

 

There is an ascending hierarchy among the entities from the keypoints to the 

volumes. Each entity (except keypoints, which are the vertices of the solid models 

and ar e t he l owest-order e ntity) can b e cr eated b y u sing t he l ower o nes. W hen 
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defined, each e ntity is  automatically associated w ith its  lo wer e ntities. If th ese 

entities are created by s tarting with the keypoints and moving up,  the approach is 

referred to as “bottom-up” solid modelling.  

 

When primitives are used, lower-order entities (keypoints, lines, and areas) are 

automatically generated b y ANSYS. A s th e use o f p rimitives in volves th e 

generation of entities without having to create lower entities, it is  referred to as the 

“top-down” a pproach. Boolean or  s imilar op erations c an b e a pplied t o t he 

primitives to generate the complex geometries.  

 

The bot tom-up a nd t op-down a pproaches can be  e asily combined s ince one 

may be more convenient at  a cer tain stage and the other at  another s tage. It is not 

necessary t o de clare a  preference be tween t he t wo a pproaches t hroughout t he 

analysis.  

 

In this project, the “ top-down” solid modelling is used for the generation of  

the s olid m odels. S everal di fferent bl ocks are generated, t hen t hey are added or  

glued together using the Boolean operations. The Boolean operations utilize a set of 

logical operators such as add, glue, etc. to generate the complex solid models using 

simple entities.  

 

In t he adding ope ration, t he a reas (or volumes) must have either a common 

boundary or  an ove rlapping r egion. T he or iginal a reas or  vol umes t hat are a dded 

will be  de leted unl ess o therwise e nforced b y t he us er. T he a ddition of  areas o r 
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volumes results in a single (possibly complex geometry) entity, as shown in Figure 

A.3. The adding operation is used in this work to add several blocks to form a single 

solid model representing a piece of quartz.  

 

 

                  (a)         (b) 

Figure A.3 (a) Two areas with a common boundary. (b) Two areas added to produce 

one area. [Madenci, 2006] 

 

 

Another Boolean op eration e mployed i s the gluing operation. The g luing 

operation i s us ed f or c onnecting e ntities t hat a re “ touching” but  not  s haring a ny 

entities. If the entities are apart from or overlapping each other, the gluing operation 

cannot be  us ed. T he gluing operation doe s not  pr oduce a dditional e ntities of  t he 

same d imensionality b ut d oes cr eate n ew entities t hat h ave o ne l ower 

dimensionality. The entities maintain their individuality, but they become connected 

at t heir i ntersection, a s shown in Figure A .4. The gl uing operation is used in t his 

work to glue the silver electrode to the quartz plate.  
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Figure A.4 Two areas with a common boundary plotted with line numbers (left); 

they do not share any lines as area 1 (A1) is defined by lines 1 through 4 and area 2 

(A2) is defined by lines 5 through 8. After gluing (right), the areas share line 9. 

[Madenci, 2006] 

 

 

(4) Mesh Generation 

 

The ultimate objective in building the solid model is to mesh the model with 

nodes a nd elements. O nce t he s olid m odel is completed, e lement attributes (the 

element t ypes and t he m aterial p roperties) are set, a nd m eshing c ontrols are 

established, then the finite element mesh can be generated automatically in ANSYS. 

In A NSYS, s everal opt ions a re available i n t he t ype of  m eshing, t hey are Free 

Meshing, Mapped Meshing, and Volume Sweeping. The Volume Sweeping is used 

in this project to generate the finite element mesh. A brief introduction is given for 

the Free Meshing and the Mapped Meshing first.  
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In t he Free M eshing, no r estrictions ha ve been g iven in te rms o f e lement 

shapes and pattern. Thus, any model geometry, even if it is irregular, can be meshed. 

The element shapes used will depend on whether you are meshing areas or volumes. 

For the area meshing, the free mesh can consist of only quadrilateral elements, only 

triangular elements, or a mixture of the two. For the volume meshing, the free mesh 

is usually restricted to tetrahedral elements. Pyramid-shaped elements may also be 

introduced into the tetrahedral mesh for transitioning purposes.  

 

Compared to the Free Meshing, the Mapped Meshing is restricted in terms of 

the element shape it contains and the pattern of the mesh. The mapped area must be 

bounded b y t hree or  f our l ines and t he mapped ar ea m esh contains e ither onl y 

quadrilateral or  onl y t riangular e lements, w hile the m apped vol ume must be  

bounded by six areas and the mapped volume mesh contains only hexahedral (brick) 

elements. In addition, the mapped mesh typically has a regular pattern, with obvious 

rows of elements. To be able to use this type of mesh, the geometry must be built as 

a s eries o f f airly r egular v olumes and/or ar eas t hat can  acc ept the mapped m esh. 

The Free and Mapped meshes are shown in Figure A.5.  

 

Figure A.5 Free (left) and Mapped (right) meshes [ANSYS]. 
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In the case of Volume Sweeping, an existing unmeshed volume can be filled 

with elements by sweeping the mesh from a bounding area (called the "source area") 

throughout the volume as shown in Figure A.6.  

 

 
Figure A.6 The Volume Sweeping [ANSYS]. 

 

If the source area mesh consists of quadrilateral elements, the volume is filled 

with hexahedral elements. If the area consists of triangles, the volume is filled with 

wedges. If t he area consists o f a co mbination o f q uadrilateral and t riangular 

elements, t he vol ume i s f illed w ith a  c ombination of  he xahedral a nd w edge 

elements. The swept mesh is fully associated with the volume.  

 

Only this Volume Sweeping and the Free Meshing is applicable to  mesh the 

solid models in this project, and only the Volume Sweeping is applicable to obtain 

the hexahedral meshes. It is because the quartz plates of the solid models (the quartz 
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plate with a  pa ir of  electrodes on t he t op and bot tom of  t he qua rtz p late) ar e 

bounded by eight areas, one of the solid models is shown in Figure A.7. However, 

the Mapped Meshing requires the models to be bounded by six areas, thus, making 

it unsuitable for f illing t he solid models with the mapped hexahedral m eshes. To 

create the hexahedral m eshes for t he solid models, the models onl y have to be  

broken up  into a s eries o f d iscrete s weepable r egions. Thus, t he qua rtz pl ate i s 

formed b y adding s everal sweepable blocks us ing t he Boolean adding ope ration. 

Then, the pair of electrodes is glued to the top and bottom of the quartz plate using 

the B oolean gluing op eration. T hen, t he solid models c an b e f illed w ith th e 

hexahedral meshes using the Volume Sweeping.  

 

 
Figure A.7 One of the quartz resonators in this project. 
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(5) Applying Loads and Obtaining Solution 

 

After preprocessing, the model generation, including the meshing, is complete. 

The next step is to begin the solution phase of the ANSYS session. In the solution 

processor, the analysis type and analysis options are defined, loads are applied, load 

step options are specified, and the finite element solution are initiated.  

 

The w ord “loads” as u sed i n A NSYS doc umentation i ncludes bounda ry 

conditions (constraints, supports, or boundary field specifications) as well as other 

externally and internally applied loads. The loads can be applied either to the solid 

model ( keypoints, l ines, a nd a reas) or  t he f inite e lement m odel ( nodes a nd 

elements). In this project, the applied loads are electric potential which applied to 

the nodes of the electrodes as shown in Figure A.7.  

 

The analysis type is chosen based on the loading conditions and the response 

calculated. In t he p resent w ork, t he el ectrical impedance and the vibration m ode 

shapes of  t he qu artz r esonators are to b e calculated with th e sinusoidally 

(harmonically) varying electric potentials as the applied loads, and thus, a harmonic 

analysis i s c hosen. Not a ll a nalysis t ypes a re valid f or a ll d isciplines. For t he 

piezoelectric an alysis, o nly s tatic, m odal, h armonic an d t ransient an alysis can  b e 

used.  
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To s pecify the harmonic electric p otential, t hree pi eces of  i nformation a re 

usually required: the amplitude, the phase angle, and the forcing frequency range. 

The amplitude is the maximum value of the electric potential, which is 0.5 V in the 

present w ork. The phase an gle is a m easure o f t he t ime b y which t he electric 

potential lags (or leads) a f rame of reference. On the complex plane, it is the angle 

measured f rom the real axis. The phase angle i s required only i f multiple electric 

potentials that a re out  of  pha se w ith e ach ot her are ap plied. In t he p resent w ork, 

only a single electric potential is applied, and thus, the phase angle is not required. 

The forcing fre quency range is t he f requency r ange of  t he ha rmonic electric 

potential (in Hz). Moreover, substep i s required to be  specified since it  is used to 

obtain solutions at several frequencies within the forcing frequency range which is 

evenly spaced. After specifying the loading condition and defining the analysis type, 

the finite element solution can be initiated.  
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(6) Reviewing the Results 

 

Once the solution has been calculated, the results can be reviewed using the 

ANSYS pos tprocessors: P OST1, t he g eneral postprocessor, a nd P OST26, t he 

time-history postprocessor.  

 

The POST1 i s us ed t o review t he r esults ove r the e ntire m odel a t s pecific 

frequencies. Available options for the review include the plotting of contours, vector 

displays, deformed shapes, and listings of the results in tabular format. The contour 

plot of the vibration displacement at resonance is shown in Figure A.8.  

 

 
Figure A.8 Contour plot of the vibration displacement at resonance. 
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The results can be reviewed in another way in the POST26. The POST26 is 

used to review the results at specific points in the model with respect to frequency. 

Similar to the POST1, it provides graphical variations and tabular listings of results 

data as function of frequency. The impedance spectrum as shown in Figure A.9 is 

obtained using the POST26.  
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Figure A.9 Impedance spectrum obtained using POST26.  
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A.3 Simulation Considerations 

 

 

A.3.1 Mesh density 

 

In the mesh generation, the complex model is divided into a number of finite 

elements that become solvable in an otherwise too complex situation. This is one of 

the m ost c rucial s teps i n de termining t he s olution a ccuracy of  t he pr oblem. 

Generally, a l arge num ber of  e lements pr ovide a  be tter a pproximation of  t he 

solution. However, in some cases, an excessive number of  e lements may increase 

the r ound-off e rror. T herefore, i t i s i mportant t hat t he m esh i s a dequately f ine or  

coarse in the appropriate regions. The fineness o r coarseness of  the mesh in such 

regions v aries f rom cas es t o cas es. H owever, t here i s a t echnique t hat m ight be  

helpful in answering these questions.  

 

The te chnique is  me sh r efinement te st w ithin A NSYS. A n a nalysis w ith a n 

initial mesh is performed first and then reanalyzed by using twice as many elements. 

The t wo s olutions are c ompared. I f the results ar e close to  e ach o ther, the in itial 

mesh configuration is considered to be adequate. If there are substantial differences 

between t he t wo, t he a nalysis s hould c ontinue w ith a  m ore-refined m esh an d a 

subsequent comparison until the results are close to each other.  
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A.3.2 Number of elements along the thickness 

 

The number of elements along the thickness of the quartz plate is dependent 

on the order of the harmonic of the modes concerned. For instance, when the mode 

is t he f undamental t hickness-shear m ode, t here i s one  ha lf w avelength a long t he 

thickness of  t he model. At l east f ive points a re required to r epresent t he one  ha lf 

wavelength as shown in Figure A.10. As a result, at least two elements of five nodes 

along t he t hickness di rection f or t he S OLID-226 el ement are n eeded. H ere, t hree 

elements o f s even n odes ar e u sed f or t he b etter r epresentation o f the h alf 

wavelength.  

 

 

Figure A.10 Five points are required to represent the one half wavelength. 
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