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Abstract

Recently, the multiresdlution time domain method (MRTD) has been applied to
many microwave problems. There are two different MRTD schemes. They are
MRTD with scaling functions only (S-MRTD) and MRTD with scaling functions
and wavelet functions' (W-MRTD). In S-MRTD scheme, all the fields are
expanded by Battle-Lemarie scaling function with respect to space. In W-MRTD
scheme, all the fields are exﬁa.nded by Baitle-Lemarie scaling functions and
Battle-Lemarie wavelet functions with respect to space. However, when the W-
MRTD is applied to air-filled cavities, spurious mode is found in other published
literature. In deriving the updating equations of the W-MRTD, it is necessary (o
compute several integrals. By modifying one of these integrals, spurious mode of

the W-MRTD is removed.

Since wavelet is sensitive to sudden change, the W-MRTD will be used when a
field problem involves instantaneous strong field variation. Hence, when it is
néccssary to compute the field accurately within an area, W-MRTD will be used.
However, this results in increasing in both computational and memory resources
as it is not necessary to have a high level of refinement in all regions. Hence,
based on the need of calculating the fields accurately without wasting any

unnecessary computer resources, the sub-gridding MRTD is proposed.

In sub-gridding MRTD scheme, the whole region is divided into dense grid
regions and coarse grid regions. In the dense grid regions, the fields are expanded

by both scaling functions and wavelet functions with respect to space. For the



coarse grid regions, fields are expanded by scaling functions only. However, non-
physical reflection occurs in the boundary between the dense grid region and the
coarse grid region. The non-physical reflection is due to the numerical wave of the

wavelet coefficients at the boundary, which can be removed by the Anisotropic

Perfectly Matched Layer (APML).

A sub-gridding MRTD scheme is applied to the two-dimensional problems. The
propagation of the electromagnetic wave inside the cavity is considered. The time
response are recorded and compared with the results obtained by the S-MRTD and
W-MRTD. Also, we have applied the sub-gridding MRTD to study the resonant
frequencies of an air-filled cavity. The memory resources and computation time of
the sub-gridding MRTD are compared with the traditional FDTD, S-MRTD and
the W-MRTD. It is found that the sub-gridding MRTD provides a good accuracy
in measuring the resonant frequencies of the cavity, while it consumes less

memory resources and fast computation time, compared with FDTD, S-MRTD

and W-MRTD.
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Statements of Originality

The following points are claimed to be original in this work:

1. Removal of the spurious mode of the multiresolution time domain method

with wavelet (W-MRTD). (Chapter 1)

The multiresolution time domain method with wavelet (W-MRTD) is derived by
expanding the unknown fields with the Battle-Lemarie scaling function and
Battle-Lemarie wavelet functions for the spatial coordinates. Spurious mode of the
MRTD is found in other published literature when the MRTD is applied to air-
filled cavities. In deriving the updating equations of the MRTD, it is necessary to

compute several integrals. By modifying one of these integrals, spurious mode of

the W-MRTD is removed.

2. A sub-gridding MRTD (Chapter 2)

In the sub-gridding MRTD scheme, the whole region is divided into dense grid
regions and coarse grid regions. In the dense grid regions, the fields are expanded
by both scaling functions and wavelet functions with respect to space. For the
coarse grid regions, fields are expanded by scaling functions only. Anisotropic
Perfectly Matched Layer (APML) is placed at the boundary between the dense

grid region and coarse grid region for the removal of non-physical reflection

contributed by the wavelet coefficients.

vil



3. Application of the sub-gridding MRTD for two-dimensional field problems

(Chapter 3)

The sub-gridding MRTD is used to analysis the propagation of the
electromagnetic pulse inside an extra large two-dimensional cavity. Different grid
sizes have been used. The results are compared with the multiresolution time

domain with scaling functions only (S-MRTD) and multiresolution time domain

method with wavelets (W-MRTD).

Also, we have studied the resonant frequency of a small size two-dimensional
cavity using sub-gridding MRTD. By keeping the percentage error below 1%, the
memory resources and computation time of the sub-gridding MRTD are compared

with the traditional FDTD, S-MRTD and W-MRTD. -
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Chapter 1

Introduction

1.1.Background of the problem P2
1.2.Research methodology P.3

1.3. Overview of Yee’s finite difference time

domain method P4

The electromagnetic field is governed by the Maxwell’s equations, which were stated
in 1870. Since then, both engineers and scientists have sought a way to solve them.
The reason is that the solution of Maxwell’s equations can help to understand many
engineering purposes such as waveguide and antenna [1-6]. To solve the partial
differential equations (PDE), initial conditions and boundary conditions have to be
specified. In most of the cases, Maxwell’s equations cannot be solved analytically.
Hence, many numerical methods are developed for solving Maxwell’s equations, such
as the method of moments (MoM) [7], Yee’s Finite Difference Time Domain Method

(FDTD) [8] and the Multiresolution time domain method (MRTD) [9].



1.1 Background of the problem

In 1966, Kane Yee proposed the finite difference time domain method (FDTD) for
solving the Maxwell’s equations. In FDTD algorithm, the Maxwell’s equations are
discretized by the central difference schemes. Because of its simplicity and modeling
versality, FDTD is now on-e of the most popular numerical methods for the solution of
the electromagnetic problems. However, FDTD suffers from limitations that are
required large computational resources, especially when the electromagnetic probiems
involve large structure or high frequency signal. In order to solve those problems,
many techniques are developed such as local gridding [10-12]. Instead of improving
the FDTD, a new computational scheme, which is called multiresolution time domain
method (MRTD) [9], was published in 1994. Comparing with the FDTD, MRTD,

which has highly linear dispersion characteristics, consumes less computer resources

[9].

’I'ﬁe MRTD comes from the concept of wavelet analysis, which is a newly developed
mathematics concept over the last thirty years. Since the first paper of the MRTD was
published, many papers from worldwide, concerning this new computational scheme,
have been published [12-26]. The MRTD updating scheme is resulted from
discretizing the Maxwell’s equations by method of moment (MoM) [7] with scaling
functions and wavelets functions as the basis functions [33]. Two different kinds of
MRTD have been reported. They are MRTD with scaling functions only (S-MRTD)

and MRTD with both scaling functions and wavelet functions (W-MRTD). Compared



with the FDTD, the formulation of MRTD is more complicated. However, it has been
shown that the MRTD can be generalizd into fhe Yee’s FDTD [28-29]. Also, MRTD

saves lot of computer resources in terms of the number of grid points and simulation

time steps.

One of the properties of wavelet is that it is sensitive to sudden change [30]. Hence,
W-MRTD is used especially when the field problem involves instantaneous strong
field variations. Compared with the S-MRTD, it requires more grids and smaller time
steps [9]. Hence, when it is necessary to compute the field accurately within an area,
W-MRTD will be used. However, this results in increasing both computational and
memory resources as it is not necessary to have a high level of refinement in all
regions, In most situations, we only need refined grids in certain regions while coarse
grids are used in other regions. Since both W-MRTD and S-MRTD compute the
electromagnetic fields by uniform grid discretization, it is desirable to develop a new

computational method so that the refined grids exist only in regions, which require

dense discretization.
1.2. Research methodology

The object of this dissertation is to develop a new MRTD scheme, which contains
both refined grids and coarse grids in different regions. Instead of using an adaptive

grid [25], we are looking for a structural grid so that wavelet is used to expand the



ﬁeld‘components within certain regions only. This new MRTD scheme should have a

similar order of accuracy with W-MRTD.

In this dissertation, a sub-gridding MRTD is proposed. The sub-gridding MRTD
consists of regions w1th different cell sizes. The coarse grid region corresponds to the
S-MRTD and the dense grid region corresponds to the W-MRTD. However, non-
physical reflection occurs at the Boundary between the coarse grids and the dense
grids. The non-physical reflection is due to the numerical wave of the wavelet
coefficients at the boundary. To remove the numerical wave introduced by the

wavelet coefficients, an Anisotropic Perfectly Matched Layer (APML) is placed at the

boundary.

1.3 Overview of Yee’s finite difference time domain

method

The finite difference time domain method (FDTD), which was proposed by Kane Yee
in 1966 [8], is one of the most popular numerical methods for the solution of the
electromagnetic problems. The solution of the electromagnetic problems is governed
by the Maxwell’s equations, which can be solved by the use of the FDTD algorithm.
The FDTD algorithm is derived by discretizing the Maxwell’s equations using a

central difference scheme [31]. In this section, we will discuss briefly the FDTD

algorithm,



In FDTD algorithm, space and time are discretized into discrete space points and time
steps. As seen in figure 1.1, the continuous space is discretized into discrete space

with space increments Ax,Ay and Az in the x, y and z coordinates respectively.

Ry
3Az
24z

Az

Ax . . .
by 24
24y ¥ ¥ JAy 4dAy

.
=
L]
L 4

i Ax |

Figure 1.1. The FDTD discretization of the continuous space.

Hence, a continuous function in the spatial domain is discretized into a discrete

function in FDTD algorithm. To illustrate this concept, let # be a function of space

and time.

u=u(x,y,z1)

(1.0



In FDTD, the function  is discretized and it is denoted as u; 1> Which is given by
u;,, =u(itx, jAy,kAz, nAt) (1.2)

where At is the time increment in ¢ coordinate. i, /, k and n are integers. To obtain the

FDTD scheme, the partial differentials in Maxwell’s equations are discretized by

central difference scheme as follows.

Q’i(iAx, JAy, kAz, nAt) = vage “Mivrngh [(Ax)?) (1.3)
ax Ax

du yHY g nmti2

E(m, JAy, kAz, nAr) =%+ [{A)?] (1.4)

As seen in equation (1.3) and (1.4), central difference scheme is second order accurate.
Making use the central difference scheme stated at equation (1.3) and ( 1.4), we can
derive the FDTD scheme. We start from the Maxwell’s equations. For a homogeneous

loseless medium, the Maxwell’s Equations are

VxE:—yiH (1.5)
ot
7]

VxH=¢—F (1.6)
or



where E is the electric field, H is the magnetic field, 4 ts the magnetic permeability,

and ¢ is the electric permittivity. In matrix form,

0 -9, o, [[E 5 [H,

0, 0 -0 |E |=-u—lH, (.7
-9, o, 0 JE [,

0 -2, o, [H, s [E,

8, 0 -3,|H, =e~|E, (1.8)
-6, 8, O |H, E,

Hence, there are six equations, which are equivalent to the Maxwell’s equations in the
three- dimensional coordinates. For simplicity of discussion, we only consider the

FDTD updating equation of the following equation.

—?—Ey -iEz =y—a—HI (1.9)
oz oy ot
In the three-dimensional rectangular coordinates, A, field is a function of x, ¥, zand L.
H, is represented as H,(x,y,z,t) . In FDTD algorithm, H_ is represented as
H, (iAx, jAy, kAz, nAt) . Using the central difference scheme as stated in equation (1.3)
and equation (1.4), the R.H.S. of equation (1.9) becomes
naelf2r: - n=112¢;
a H.r ("j’k)‘Hr ([,j,k) (110)

~H -




and the L.H.S. of equation (1.9) becomes

9y 0, . E'(i, j,k+1/ZLE,"(i, Jk-172) E'G, j+1/2,k)A ~E(i,j-1/2,k) .
o y

(L11)

By substituting the equation (1.10) and equation (1.11) into equation (1.9), we get the

FDTD updating equation of H_ field as follows.

B8 - BV i + % ( E (i jk+ 1/22\.2 EG,jk-1/2)

E'G j+1/2k)-E G j-1/2.k)
X 5

(1.12)

The FDTD updating equation of the remaining electric fields (£) and magnetic fields

(H) can be obtained using the same method. Taking £, as an example, the FDTD

updating equation of £, is

EMGj+ U2k +1/2)=E (i j+ 112,k + 1/2) + %(H.- (6 j+1k+ Mj})}- H.'(ij ke + 1/2)

H G+ 12k +1)-H G j+172, k)J
) Az

(1.13)



One of the characteristics of the FDTD is the time step of the magnetic fields ()
shifted ¥ from the time step of the electric fields (E). Also, the electric fields (E) gnd
offset spatially from magnetic fields () grids. This can be seen in figure 1.2. In order
to have a stable result, At must be chosen as

L (1.14)

L CRORC

[31] where c is the velocity of electromagnetic wave in free space. Besides, the grid

At <

size (A) is usually chosen from 0.02 to 0.05 of the wavelength of the electromagnetic

wave.
z
F N
Ex H
P
—a
By xéﬂ Fi
Hse f Hs £
Ex
Hy H X
G4 »
Y
X

Figure 1.2. The position of the electric fields and magnetic fields in FDTD grid



As the grid size is proportional to the wavelength of thé signal under simulation, this
leads to the increase of the computational resources when the electromagnetic
problems involve large structure or high frequency signal. In order to solve this
prqblem, many techniques are developed such as local gridding [10-12]. In the next
chapter, we will introduce a new computational scheme, which is called
multiresolution time domain method (MRTD) [9]. Compared with the FDTD, MRTD

consumes less computational and memory resources [9].



Chapter 2

Introduction to Multiresolution Time

Domain Method (MRTD)

2.1.Introduction to wavelet expansion P.12

2.2 Multiresolution time domain method P.30

In last chapter, we have discussed briefly the FDTD algorithm, which is now one of
the most popular numerical methods for the solution of the electromagnetic problems.
"Since the FDTD suffers from a limitation that large computational resources are
required especially when the electromagnetic problems involve large structure or high
frequency signal. In this chapter, we will introduce the Multiresolution Time Domain
Method (MRTD), which is based on the orthogonal expansion of the fields in terms of
scaling functions and wavelets. Comparing with the FDTD, the formulation of the
MRTD is rather complicated. However, it requires less computational and memory
resources. In order to understanding the concepts of MRTD, we will also discuss the

concepts of wavelet expansion.
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2.1 Introduction to wavelet expansion

Two functions, y, and y, are orthogonal, if they satisfy the following conditions.

That is,

[ 2y (=0 @1

The most famous example is the Fourier series, which compose of a series of

harmonics. That is,

F _(x) = iﬂe’""" . (2.2)

n=-0

These harmonics are orthogonal to each other because

+x

[er=tmdx =35, (2.3)
1 whenn=m
where &, =

0  otherwise
In general, a function F(x) can be expanded in terms of any complete set of

orthogonal functions. That is, it can be written as

F(x)= 3 F(x—n) 2.4)

n=—m

where #=0,1,2,3,4,... and @(x) satisfies the following condition.



T p(x-myp(x—nydx =35,, (2.5)

By the property of orthogonality, the coefficient of F, can be obtained by the
following relationship:

F, = ]'F(x)qé(x - n)dx (2.6)

wheren=0,1,2,3 4 5,...

2.1.1 Multiresolution Analysis

Another concept, which is necessary in our proposed method, is the idea of

multiresolution analysis [30,32]. In brief, multiresolution analysis (MRA) consists of
orthogonal basis of {rﬁm (x)=2™¢(2"x-n);ne Z} and
{ym(x) =2"*y(2"x-n);ne Z}, which, respectively, generates a scaling space ¥,

and a complementary space W_, so that they satisfy the following properties:

GV GV VeV eV, cV eV, c..cV, eV, .. 2.7
V= L*(R) {2.8)
JjeZ
Y, =0} 29)
jeZ
Va=V, 0w, (2.10)



W, W, ={0} - (2.11)

fx)eV, o f@2'x) eV, (2.12)

For  simplicity, @ we  denote the  first orthogonal  basis  set

{¢m(x) =2m¢(2”x;n);neZ} as @ . Thatis,
®©, ={p..(x) =2™ Q2" x—n);n e 2}. (2.13)

We denote the latter set of orthogonal basis {Wm (x)=2"w(@2"x-n);ne Z} as ¥,

That is,

¥, =y, ()=2""p(@"x-n);nez}. (2.14)

The orthogonal basis @, belongs to the scaling space ¥,, while the orthogonal basis
- of ¥, belongs to the complementary space ¥, . Mathematically, we can state these

as

O eV (2.15)

and ¥, €W . (2.16)
Since the orthogonal basis ®_ belongs to ¥, any function, which belongs to ¥, can

be expanded by this orthogonal basis @, . Let f(x) be the function, which belongs to

the scaling space V, , we can expand it by the orthogonal basis @ as



F(0)=2"2Y fmp(2"x—n) @.1%)

na=xo

where f," is the scaling coefficient of f(x), which is given by

= 2“'sz(x)46(2“x-n)dx . (2.18)

From the property of multiresolution analysis stated in equation (2.10), the scaling

space V,, is equal to the direct sum of the scaling space ¥,,_, and the complementary

space ,,_, . This can be illustrated by following figure.

Figure 2.1. The relationship of the successive scaling spaces
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From figure 2.1, the scaling space ¥, is composed of the scaling space ¥, _, and its
complementary space W,_,. In other words, the function which belongs to ¥, can
also be expanded by the orthogonal basis in ¥, and W, _, . The orthogonal basis in

v

m=1 m=1

and W__ are ®__ and ¥__ respectively. As stated in equation (2.13) and

equation (2.14),

@, = B0 () =202 4(2™ 5~ 1) ;n € Z) 2.19)

and

¥, = @) =22y 2" 5~ n);n e Z). (2.20)

Let f(x) bea function’ belongs fo V,,, the function f(x) can be expanded by ®@,, ,

and ¥__ . Therefore, we can write

m-1"

fx)y=2172 f:c:"¢(2”" x~n)+ 202 i Drly(2™'x-n) (2.21)

a0 n=-at

where C7™' is the scaling coefficient of f(x), which is given by

crl = 2‘"'-“”T FO(2™ x — n)dx (2.22)

and D" is the wavelet coefficient of f(x), which is given by

D = z‘”"’”Tf(x)w(z""‘x—n)dx. @23)
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The orthogonal basis ®__, in the scaling space is called scaling functions. The

orthogonal basis ¥__, in the complementary space is called the wavelets [30,32].

The idea of this multiresolution analysis, which consists of scaling functions and
wavelets, allows the possibility of representing a function with different order of

approximations. Assuming there is a function f(x) belonging to a scaling space ¥, _,

the function can be expanded by the basis ©, _, . That is,

S =202 3 Crlg2m - ), (2.24)

N0

The same function f(x), which belongs to a scaling space V,,, can be expanded by

the basis @ ,,. That is,

F0) =273 frg(2"x - ). 2.25)

H=—40

" The function f{(x) can also be expanded by the orthogonal basis ®,_, and ¥ __,.

Therefore, we have

S(x)y =202 % Crlg(2m x —my + 20 Y DI (2™ x - m). (2.26)

The function, which belongs to scaling space, ¥, is expanded by both ¢, _,,(x) and

¥....n(x) while the function belongs to ¥, _, is expanded by @,_,,(x) only. Hence, the



function which belongs to ¥, will have better approximation when it is compared
with the function belongs to ¥, . The reason is that the scaling space ¥, samples the
function with more points, when it is compared with the scaling space ¥, .

Theoretically, any the function can be expressed-as

f(x)y=2"" icmz"'x -n)+ fzﬁ“ iD,f’y/(Z"x -n) . (2.27)

jo—m pam A=—m

In practice, when we want to have a very good approximation of a function, we
express the function with more basis functions. This is equally assuming that the
function belongs to a scaling space with higher order. Instead, if we want to have an
acceptable level of approximation, the function will be expressed with fewer basis
functions. In order words, the function corresponds to the scaling space with lower

order.

. As seen in the architecture of the successive scaling space, the complementary space

W, , which carries detailed information, plus the scaling space ¥, with rough

information to form a scaling space of higher scale. This can be illustrated by the

figure 2.2. A function f(x) on scaling space ¥, is constituted by the local information

of f(x) given by the wavelet in W, together with global information of f(x)

provided by V.



L
e -
x:
x:
xyon Vh
-‘_,_’__I"—LL‘_‘__
x)

0

Figure 2.2. A function f(x)on ¥, and ¥,

In simple terms, the sca]ing space ¥V, provides the skeleton of the global information
while the complementary space W, gives the detailed local information, which is

characterized by the wavelet basis. Hence, wavelet is sensitive to sudden sharp change

. and it has been applied in many areas for sharp change detection [34-35].

2.1.2 Battle-Lemarie System

There are many different kinds of wavelet systems such as, the Haar system and the
Battle-Lemarie Systern. The Haar system is constructed by the Haar scaling function

and Haar wavelet function, which are shown in figure 2.3 and 2.4. The Battle-Lemarie

19



system, which is constructed by the Battle-Lemarie scaling function and Battle-

Lemarie wavelet function, has been used in the MRTD for the expansion of the field

[9].

Amplitude '
B A S
R HRR AT SR S T
ol . ST S ......
, S R SR
0.8F----- ..... _____ _____ , .......................
0.6k -- ..... ..... ..... .......................
oalo ]
ol
00 052 0.:4 036 ota 1 152 1:4 1.6

x (spatial axis)

Figure 2.3. Haar scaling function in spatial domain
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x (spatial axis)

Figure 2.4. Haar wavelet function in spatial domain

- Battle-Lemarie scaling function ¢(x) is formed by cubic spline ,(x), which is

defined as
- 2 3
[M for |X|Sl
6
- 3
N,(x) =1 (2_{|:_|).- for 1<[x|s2 . (2.28)
0 for [x]22
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The Battle-Lemarie scaling function #(x) doesn’t have a closed form in spatial
domain. The spectral domain of the Battle-Lemarie scaling function ¢#(x) is governed

by the following expression.

N, (3)

‘/ ilﬁ, (A+ m)""
4

= =00

(2.29)

#(A) =

where $(4) is the Fourier transform of ¢(x)and it is determined by
(2) = [p(x)e " dx (2.30)
and 1{’3 () is the Fourier transform of N, (x) and it is determined by

Ry = V(e s, @31)

_ The denominator of (2.29) is resulted from the orthonormalization trick as in [32].

Hence, gﬁ(l) 1s determined by the following equation.

[sin(l/2)]4
#) = 4,2 2/”2 A 4 2 @32
Rt Lindf N T ] el
J(l 3sm (2)+Ssm (2) 315511'1 (Z)J

It can be seen that this function has low pass characteristic as shown in figure 2.5.
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Figure 2.5. Battle-Lemarie scaling function in frequency domain
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The Battle-Lemarie scaling function ¢(x) can be determined by setting

-1/2

2 )
y = = jnd
N3 (A+ m)l > Ce . (2.33)

Hz—a0

>

k=-n

Then, the equation (2.33) is substituted to equation (2.29). The equation (2.29)

becomes

b= Ce iRy . | (2.34)

n=-a

The inverse Fourier transform is defined as

|~

#(x) = T;ﬁ(ﬂ)e”"dx. (2.35)

[

T

Then, taking inverse Fourier transform at both sides of equation (2.34), the equation

{2.34) becomes

#(x)= D C,Ny(x—n) (2.36)
- where C, can be calculated by
b1 4
c =L J (3 |Pas 2nk)|2)“’2e*j""d1 . (237
Ty k==

Some of the coefficients C, are given by Table 2.1. The spatial characteristic of the

Battle-Lemarie scaling function ¢(x) is shown in figure 2.6
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Figure 2.6. Battle-Lemarie scaling function in spatial domain
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. Similarly, the Battle-Lemarte wavelet function y(x) is determined by

w(x) = iDan (2x-n) (2.38)

n = -0

where the coefficient Dn are given in Table 2.1. The spatial characteristic of the

Battle-Lemarie wavelet function y(x) is shown in figure 2.7. The spectrum domain

of the Battle-Lemarie wavelet function y/(x) is determined by [30,32]

_$A+2m)

- b 2.39
P12 +27) #A12) @39

P(2) = e/

and the high pass characteristic of this wavelet function is seen in figure 2.8.

Comparing with the Haar system, the Battle-Lemarie scaling function has low pass
characteristics with steep rejection outside the passband. With the same level of the
resolution, the Battle-Lemarie scaling function sample more points compared with the
Haar scaling function. Also, the bandpass characteristics of Battle-Lemarie wavelet
* function allows accurate sampling of the high frequency content of the signal without

increasing the resolution level of the scaling functions [35].

In next section, we can see the advantages of using Battle-Lemarie system for the
MRTD discretization. Because the Battle-Lemarie scaling functions and Battle-
Lemarie wavelet functions have closed form expressions and band limited

characteristics, these simplify the derivation of the MRTD.
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n C, D,

0 1.9697616 0

1 -0.6724304 2.8917339
2 0.2687042 -2.0052104
3 -0.1185199 0.5422788
4 0.0551914 -0.0120712
b] =0.0265203 0.1440885
) 0.0129981 -0.1459123
7 -0.0064574 0.0030182
8 0.0032398 0.0283441
9 -0.0016377 0.0151491
10 0.0008328 -0.0224618

Table 2.1 The coefficients of C, and D,
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Figure 2.7 Battle-Lemarie wavelet function in spatial domain
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(2]

Figure 2.8. Battle-Lemarie wavelet function in frequency domain
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2.2 Multiresolution Time Domain Method

Combining the multiresolution analysis and Battle-lemarie system mentioned in
section 2.1, the multiresolution time domain method (MRTD) has been developed [9].
This computational scheme named Multiresolution Time domain Method (MRTD) is
resulted by expanding the unknown fields with the Battle-Lemarie scaling functions
and Battle-Lemarie wavelet functions [9,35] for the spatial coordinates and the pulse

function is used for the expansion of the time coordinates.
2.2.1 Formulation

For a homogeneous loseless medium,.the Maxweil’s Equations in differential form

are
UxE=-ulH (2.40)
o )
7]
VxH=¢—E (2.41)
ot

. After expanding equation (2.40) in Cartesian coordinates, it becomes

d ) a
~—F —E -=u—=H 2.42
0z 7 oy ¢ #Br ) 242)
a b7} G,
—E .—F =u—H 2.43
ox T oz C #ar ’ ( )
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4 d 0
E;Ex -EEy=}J§H= (244)

After expanding equation (2.41) in Cartesian coordinates, equation (2.41) becomes

On Sy .2k (2.45)
dy & 7 o
8 3 8
Sy %y .:2F 2.46
az ek T (246)
3Hy.ﬁﬁ,=gﬂEz (2.47)
= oy ot

In S-MRTD, all the field components are expanded by the Battle-Lemarie scaling
functions in spatial axis and pﬁ]se functions in time axis. Using £, field as an
example, £, field is written in terms of the Battle-Lemarie scaling functions and--
pulse functions in equation (2.48). In expanding the H field, the coefficients of K
field are shifted by half a discrtetization level in space and time step with respect to
electric field components. Using A, field as an example, H, field is written in terms

of the Battle-Lemarie scaling functions and pulse functions in equation (2.49). The

expansion of the other fields components are similar and can be found in [9].

o0

Er0)= 2, | Elnmn b8 (e (D)5 (1) (2.48)

kimnz—o

@

H(r0= 3 Himrzman e 0838, (D n () (249)

kJ.mon=

31



P & . . .
where* E mpeysz 30d eotn H i moransisz 3€ the coefficients for the field expansions in

terms of scaling functions. The spatial indexes, {,m andn correspond to the discrete
space, which is related to the spatial coordinates by the following relationship.

x=I[Ax
y=miy (2.50)
zZ=nAz

where Ax ,Ay and Az are the space discretization intervals in x-direction, y-direction

and z-direction respectively. The time index, &, corresponds to discrete time, which is

related to the time axis by the following relationship.

t = kAt @2.51)

where Atr is the time discretization interval in time axis. The function ¢, (x) is the

dilated and translated version of the Battle-Lemarie scaling function. It is defined as,
b (%) = (==~ m) (2.52)
" " . .
" The function A, (¢) is defined as

h,,,(:)=h(ﬁ—m) (2.53)

where A(t) is a pulse function, It is defined as

1 forff<1/2
h((y=41/2  for|t|=1/2. (2.54)
0 forl{>1/2
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For W-MRTD, all the fields are expanded by the Battle-Lemarie scaling functions and
Battle-Lemarie wavelet functions. For simplicity, we only use wavelet to expand the

y-direction and only one resolution level of wavelet is considered. Using E, field as
an example, E, field is expanded in terms of the Battle-Lemarie scaling functions,

Battle-Lemarie wavelet functions and pulse functions in equation (2.55). The

expansion of other components are similar and has been derived by Krumpholz[9].

Ez (?‘, t) = i[ x E::,_,,,”z ¢m (y)+k Erm+ll'2.n+”2 Wm+l!2 (y)]¢l (x)¢n+llz (Z)hk (t)

kJ m ==

(2.55)

wT . . R
where B, /2 sy 81€ the coefficients for the field expansions in terms of wavelet

functions. The function . ,,(»)is the dilated and translated version of the Battle-

Lemarie wavelet function. It is defined as,
e
Va2 (Y) =W (=——m). (2.56)
Ay

Since Battle-Lemarie wavelet function w(y) has an even symmetry with respect to

y=Y., the spatial index m+1/2is used.

In deriving the MRTD scheme, the following orthogonal relationship of scaling

function and wavelet are used for discretizing the Maxwell’s equations in time and

space.
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[Wn W () =5, 00 @2.57)

E"" (X (3 = 8, A 2.58)
jeﬁ,. (W 112 (¥)etx = 0 (2.59)
E¢" (x)P (x)dx =6, . Ax (2.60)
lghm-m @b, ()dt =6, . =6 (2.61)

Besides, in discretizing the Maxwell’s equations, the following integrals are necessary.
These integrals can be calculated by the closed form representation of the Battle-

Lemarie scaling function and Battle-Lemarie wavelet function in spectral domain.

%0 1=, .
¥ @) ¥t = — TN [ wsintwts + S (2.62)
—o To 2

T o 1= . . )
e () W2 (R)ele = — [i600) | 500) | wsin(wm'=m + D) (263)

—n

@ 8 @ . ’

Fbas ()-8, (s =~ g0 | wsinGot + b (2.64)
—m T 2
T 0 1=,

Ia W marr2 (X) o W (x)dx = — [ligr(w) Iz wsin(w(j +i))dw (2.65)
_OX o 2
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The integral in equation (2.63) is different from that in [9] so that the spurious mode

of the W-MRTD reported in [9] is removed.

These integrals can be expressed in a series form with the impulse function as the

basis function. The series is theoretically sum up from the minus infinity to positive

infinity. However, because of the exponential decay of the Battle-Lemarie scaling

function and Battle-Lemarie wavelet function in figure 2.6 and figure 2.7, the

coefficients of the series are too small beyond certain range, hence the series are only

sum up within certain range as follows:

8 @
S8 Br = [t 23 (e

g

S T
20 B = [0, () -4 (RN

i==9 —a0

Zc(’) 6m+1+r‘,m' = J‘%‘ﬁm'mz (X) L RYP) (x)dx

i=-9

9 . « a
Zc(z) ‘5m+1+i.m' = J‘a‘ﬁm'mz (X} ¢ W a2 (X)dx

fo-9

The coefficients of a(i},b(i}and c(i) are tabulated in the table 2.2.
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i a(i) b(i) c(i)

0 1.29185 2.47254 0

1 -0.15608 0.95623 -0.04660
2 0.05964 0.16606 0.05454
3 -0.02931 0.09392 -0.03700
4 0.01537 0.00314 0.02057
S -0.00818 0.01349 -0.01115
6 0.00438 -0.00286 0.00598
7 -0.00234 0.00278 -0.00320
8 0.00125 -0.00113 0.00171

9 -0.00067 0.00071 -0.00092

Table 2.2. The Coefficients of a(i), b(i) and c(i)
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Since the derivation of the W-MRTD scheme can be generalized to the S-MRTD
scheme by setting all the wavelet coefficients to zero, we only demonstrate the
derivation of the W-MRTD scheme. To derive the W-MRTD scheme, we start from

the Maxwell’s equations. Taking E, field as an example, the time dependent

Maxwell’s equation 6f the £, fieldis

EH: -iHy = EEE, . (2.70)
dy oz ot

In W-MRTD scheme, £,, H, and # , are expanded in terms of the Battle-Lemarie

wavelet functions and Battle-Lemarie scaling functions. That is,

EriD= S0 bW E s Vs OMWia (96, (2, ()

kJmn=mco

- #
Hy(?',f) =U Z[ ,+|/2Hl+lll.mﬁ+l12¢”’(y)
7 T =

+M,2 H::”z,ﬂ”z',””z W merr2 I NBra12 (X112 (DA (1)

H (r,0) :U Z[ k172 Hﬁlfz,muz,n ¢m+1l2 »
* H:‘fuz,m,., W (Y NBras2 (3B, (2D 02 (0)

2.71)

To discretize the equation (2.70), we multiply the equation (2.70) by

Bran(x)e 8, () 4.(2) h,,,,,(t) In both sides and integrate with respect to x, y, zand ¢,
Hence, the R.H.S. of equation (2.70) becomes
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=0 =t ) =D
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= 5(,4.1 Eiizma EM,M'”)AXA)!AZ . (2.72)

The L.H.S. of the equation (2.70) becomes

T 0 0 ,
TG He g o) hara(2)+ 8000+ 6,00+ o Oy

o0 & +8
= Z{ perr 12 me 2 ® 51.1' * 5n.n' * 5#.1' * Za@ * Jn»f.m'

kJ,m=-o i=-0
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+,,-+”2 Hivwizmn® ‘5!.1’ * 5n.n’ * '5U' * fgc(ﬂ * 5m+r+l.rn' JAxAzAz

o

& S
= 2Ly Hensrmm12 it = Omt 8o + 2,0 + 8, 10xBYA
[N, 2]

-

M +8 ] & +9 v
= E[Za(')* 1 H s 2mi20in +§ C(’)k iz Hioi2mio Y02

a3

+9

M E & ve
=Ey[§a®k . l,zH.rmz;Huzw,n +’Z_gc(")* 2 Hnuz,mm.n]myﬂz
ar & & (2.73)
_;ﬁ.z_[;a(')* , HIH[HIZ,m;ﬁlIZﬂ]AXAyAz

The orthogonal relations, equation (2.62) to (2.65) and equation (2.66) to (2.69), are
used for calculating the above integrals. Combining the L.H.S. of equation (2.70) in
(2.72) and the R.H.S. of equation (2.70) in (2.73), we get the W-MRTD update

equation of scaling coefficients of the equation (2.70).That is,
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+8 ¢z
Z a(’)k i H s marzein

i=-9

#  _ k At
k+l El+l12,m,n_k E!+112.m,n + E[

+9
. <
+Z C(I)k + HZHHIIZ,mHH.n]

i==9

Ar +8 . ¢)’
_E[Z a(‘),‘ . ',sz+lf2,m,n+llz+f]

j=-9

(2.74)
To reconstruct the total field of E, at particular space point r,at time f,, we can use

the delta function to sample the field expansion of E_(2.75).

Ex(rO"‘O) = TTTT Ez(ro:to)é‘(x—xo)‘s(y"}"o)é-(z"zo)5(r "to)dx@dz‘ﬂ

—A0=—Q0—Q0—~00

= i[ " E:»lfz,m,n #n (o )+,‘ Er:m,m”;‘,, ¥ 12 V0 0112 (%08, (20)

ki mac-o

(2.75)

Because of the exponential decay of the Battle-Lemarie scaling function and its

* wavelet function, only finite terms of the sequence are enough to reconstruct the fields.
2.2.2 Numerical Dispersion

Numerical dispersion is a key factor in MRTD modeling that indicates the accuracy
limits. Because of the discretization of space and time, the numerical dispersion of

MRTD schemes deviates from the linear dispersion of the Maxwell's equations.
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Theoretically, the dispersion relation of Maxweéll’s equations for a continuous loseless

medium in two-dimensional space is given by

o'
2 -k
c

k= k2 +i

where @ is the angular frequency, & is the wavenumber and c is the speed of light.

(2.76)

In S-MRTD, the dispersion relation is

[é] sz(ﬁ?J=[le'g“(i)5i“(kxM(;+1/2)J]
+ [Ai i a(i) sin(.kyﬁy ("2 +1/ Z)J]

j==9

277

To investigate the dispersion relation (2.77), we use the square grid size. Therefore,
Ax=Ay=4A. (2.78)
The wave propagates at an angle & with respect to the positive x-axis. We have,

k. =kcosf
k, =ksing

(2.79)

Substituting the equation (2.78) and (2.79) into equation (2.77), the equation (2.77)

becomes
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(& ) {roufimtsen)
+(ia(i)sin(ksin9.é(i+1/2)))2

ia~-9

(2.80)

Since it is impossible to separate the £ and 8 in either side, we can only solve the
numerical k-vector at any propagation angle 6 by means of numerical method, such as
Newton’s method. When the grid size is less than 6.3 of the wavelength, the
percentage error of the S-MRTD scheme is less than 0.5% as seen in figure 2.9. In
order to get a stable and accurate result, grid size (Ax) is usually choose as 1/10 of the
wavelength and the time step Az is chosen as

At=At_ /5 |
2.81)

where Az, <

{Z:]a(i)l]‘/(zl;)z +($] | +(ﬁ]

. [35].
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Chapter 3

A sub-gridding MRTD

3.1. Basic idea P4
3.2. APML as an selective absorpting media  P.53
3.3. A sub-gridding MRTD P.63

3.4. Summary P.70

The concepts of wavelets have brought many scientists and engineers attentions. It
has been applied for solving Maxwell’s equation since 1992 [38). This finally led to
the multiresolution time-domain scheme (MRTD) in 1994 [9]. Based on the concepts
of multiresolution, two different MRTD schemes were reported. They are the S-
MRTD and W-MRTD. As introduced in previous chapter, the fields are expanded by
scaling functions only in S-MRTD scheme. In W-MRTD, the fields are expanded by

scaling functions and wavelet functions.
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One of the advantages of using wavelet is that wavelet coefficients charactenze
sudden change fields. In practice, however, only some regions of the environment
need wavelet for strong field characterization. This leads to the trade off between
accuracy and computation resource: S-MRTD requires less grids to compute the fields
_while W-MRTD uses more grids but it has better field characterization. Hence, based
on the need of calculating the field accurately without wasting any unnecessary

computer resources, the sub-gridding MRTD is proposed.

In the sub-gridding MRTD scheme, the whole region is divided into dense grid
regions and coarse grid regions. Unlike W-MRTD, the fields, expanded by both
scaling functions and wavelet functions, are only confined to the dense grid regions.
For the coarse grid regions, fields are expanded by scaling functions only. In this
chapter, we will first discuss the numerical wave propagation of both the S-MRTD
and W-MRTD. It can be shown that the W-MRTD updating equations can be changed
to the S-MRTD updating equations if the wavelet coefficients are removed. This idea
leads to the use of the Anisotropic Perfectly Matched layer (APML) as an selective
absorbing material so that the non-physical solution at the boundaries between the

regions of different scales can be removed.
3.1 Basic idea

In spatial space, the propagation of electromagnetic wave is governed by Maxwell’s

equation. If we consider a two-dimensional space, the propagation of electromagnetic
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wave in TM mode inside a homogenous loseless medium, is governed by the

following sets of equation,

8 .. B )

—H . —H =¢=—E 3.1

gy Ty @D
3 )
-—E: —H 3.2
@l 2 ﬂat X ( )
2 8
g .,y 3.3
ax ¢ Pa? (3:3)

That is, a TM electromagnetic wave, which propagates in a two-dimensional space,

consists of £, , H, and H, only, When the Maxwell’s equations are discretized

using the S-MRTD scheme, the electromagnetic wave is expressed in terms of scaling

coefficients. The scaling coefficients are governed by the following updating

equations.

a1l & .
£+ Efn *—‘kEf:. +?[E Za(l)hIIZHHIZHm

= | @ . (3.4)
I a I H +1/ 2+i
Ay ,-;; ( )k+|l2 Imelf2 ]
& _ P A &
k+l/2 Hi’,m+1!2_k_|;1 H!,m+|12 - yhz_ga(j)k El.m+|+i (35)
v _ & At &
k172 Hn’+l.’2.m_k-”2 HIHIZ,m + #Axhz_ga(l)k E.’+l+i,m (36)

45



Then, when the Maxwell’s equation is discretized by the S-MRTD scheme, the TM
mode electromagnetic wave is mapped to the S-MRTD computational domain from
spatial domain. Instead of propagating in spatial domain, the numerical wave, which
constitutes ,Eﬁ ' kel HEE,.,, and foll2 H?,.» » propagate in the S-MRTD
computational domain, which is filled with the S-MRTD unit cells. The S-MRTD unit

cell contains the scaling coefficients of the £, ,H, and H, asin following figure.

£l { +1,m) | T ] g+l met)
: 5
: mrszwEm
Ar e
: e
) kE!m T .
" (.m) l ({,m+1)
X
hqu*m”?»
A ¥ :"‘ """"""""""" Ay wemmrmmrmes "I

Figure 3.1. A unit cell of the S-MRTD scheme
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Similarly, when the Maxwell’s equation is discretized using the W-MRTD scheme,
the numerical wave, which constitutes ,,Eff,, w2 Bors punH Prrams 1 Elnan »
uqu ynoand o H% 2 mo12» Propagates in the W-MRTD computational domain.

The W-MRTD computational domain is filled with W-MRTD unit cells, which

contain all the scaling coefficients and wavelet coefficients of the E, ,//, and H, as

in following figure.
x ¢/ +1,m) : ¢ +1Lm+1)
5 2 4 14
. YL Rl S i k.;.l;g[{:'fﬂfﬁmﬂfz
Ax —_—p e e —_—p e
: -4 < -
: .EEi.m e i b
X o
(f,m) \l ¢m+1)
x
. - e
spp2diddm ;r+;;gH!,nr0-l)’2
z "f:,)' b .Y }‘ """""""""""" A_:r' """""""" "l

Figure 3.2. A unit cell of the W-MRTD scheme
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In W-MRTD computational domain, the scaliﬁg coefficients of the E, ,H, and H,

are governed by the following equations.

Al &
k41 Erﬁ =kEffn +—[— Z a(’)nqugfzu.m
€ Ax i=-9
1 +8 . ¢x
"‘A_(Za(‘)k+1szr;n+1.r2+i 3.7
=9
+3
- yx
+ 2:9 c(l)k.‘.l/zHI,mHH)]

# P NIV "B - SPP
k+172 H!,m+h'2_t_”2 H!.MHIZ —E(Za(l)k En’,m+]+i +Zc(l)k El,m+1l’2+l+l) (38)

i=-9 i==9

& & At & &
vanHinm =gy Hiins® #A_xhz_ga(l)* Etstsir (3.9

The wavelet coefficient of the £, , H, and H, are updated by the following

equations.

At 1 &
v W ; 124
e+l El,m+ll2_kEf,rm-]{2 + ‘E_[Ix' Za(’)k+1szf+uz+f,m+wz
frr

1 +9 .
_E"(Zc(’)hquﬁ-um (3.10

f==9

+8
+ Zb(i)k+|f?. HE D)

i=-9
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k+1/2 Ht+lll,m+1/2 k- I,;Huuz;nuz Za(t) E!+l+l,m+tll (312)

|'==‘9

Without loss of generality, one resolution level of wavelet is used to expand the y

direction of fields.

3.1.1 The Difference between the S-MRTD updating equations

and W-MRTD updating equations

Comparing with the S-MRTD updating algorithm, the scaling coefficients updating
equations of the W-MRTD have one term, which is depending on the wavelet

coefficients. Taking the scaling coefficient of £, as an example, the S-MRID

updating equation is
+l E,ﬁ kEgt +_[—“' Za(’t)h-tlz 1417240 m

e . (3.13)
T Za(’)sz el 247 )

J=-9

The scaling coefficient of E, updating equation in W-MRTD is
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K+l Efn kth +“£_[_ Za(’)uuz Erlf2aim

i=-9

——Za(‘)mn l,m+l!2+n'] (3.14)

:--9

—-SA—,.; o )k+qu fml4t

As seen in equation (3.14), the last summation of the scaling coefficients updating

equation of E, in W-MRTD depends on the wavelet coefficients of the H, . Hence,
by setting the wavelet coefficients of H, to zero, equation (3.14) becomes equation

(3.13). In general, the scaling coefficients updating equations of the electric field
depend on the wavelet coefficients of the magnetic field. Similarly, the scaling
coefficients of the magnetic field depend on the wavelet coefficients of the electric
field. In next section, we will discuss the possibility of removing those wavelet
coefficients inside the W-MRTD updating equations so that the W-MRTD updating

equations become the S-MRTD updating equations.

3.1.2 Removal of the wavelet coefficients in W-MRTD updating

equations

Once the wavelet coefficients in the W-MRTD are removed in certain regions, the
updating equations of W-MRTD become the updating equations of S-MRTD. Then,

we would have a mixture of two different MRTD schemes as in figure 3.3.
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Rcsion A W-MRTD
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’..I (AL LEL L1

/

Boundary

- O :Unitcell of the W-MRTD

[ : Unitcell of the S-MRTD

]
5

Figure 3.3. A mixture of S-MRTD and W-MRTD in two dimensional space

Hence, the possibility of having refined grids in certain regions using S-MRTD
depends on how those wavelet coefficients in the W-MRTD updating equations are
removed. In figure 3.3, the W-MRTD updating equation is used in region A. In region
B, all the wavelet coefficients are set to zero so that the W-MRTD updating equations
becomes the $-MRTD equations. However, when the numerical wave of the wavelet
coefficients propagate from region A to region B, this numerical wave apparently

collide an barrier with zero electric potential at the boundary as depicted in figure 3.4.
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Region A: W-MRTD Region B: $-MRTD

[T TIr Y
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A electric wall with zero potential

D : Unit cell of the W-MRTD =———p : Numerical wave of the saling ceeflicients

: : Unit cell of the S-MRTD —p = —p : Numetical wave of the wavelet coefficients

Figure 3.4 The numerical wave propagation of both scaling coefficients and wavelets

coefficients in W-MRTD and S-MRTD

Since the scaling coefficients updating equations of W-MRTD contain wavelet
coefficients, the non-physical reflection of the wavelet coefficients corrupt the results
of the scaling coefficients updating equations in W-MRTD. Since the boundary
between the W-MRTD and S-MRTD is invisible to the scaling coefficients, the
numerical wave of the scaling coefficients can travel to region B form region A,
Hence, the error, induced by the non-physical reflection at the boundary, affect the
results at region B. Therefore, it is not possible to get correct result if we only set the

all the wavelet coefficients at region B to zero.
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In order to get accurate result, the non-physical reflection of the wavelet coefficients
wave at the boundary has to be minimized. In the next section, the Anisotropic
Perfectly Matched layer (APML) is used for the removal of the numerical wave of

wavelet coefficients at the boundary.
3.2 APML as an selective absorpting medium

Anisotropic perfectly matched layer (APML) is one of the boundary condition, which
has been used in Yee’s Finite Difference Time Domain for open region field problems
{39-40]. It has shown to be successful in minimizing the reflection wave from the
outer boundary. After the theory of the MRTD has been published in 1994, MRTD
has been applied in many different field problems. By then, APML has been used in
MRTD for the truncation of grid points [41]. In this section, we will use APML to

remove the non-physical reflection at the boundary between the W-MRTD and §-

MRTD.

3.2.1 Formulation of the W-MRTD updating equations inside an

APML

First, we have to derive the W-MRTD updating equations inside an APML. To
simplify the discussion, the APML is assumed to be inserted at the end of the

computational domain in positive y direction. From the theory of APML given in [39],
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APML consists of lossy material with spatial variant conductivity. The propagation of

the electromagnetic wave inside the APML is governed by the following equations.

0 -9z o ||H, E,
Oz 0 -o&||H,|=—jou,S|E, (3.15)
-0y Ox 0 | H, E,
0 -8z oy ||E, H,
oz 0 -o0x|E,|=jowe,S H, (3.16)
-dy oOx 0 | E, H,
- -
1+—2 0 0
JWEg
where S = 0 —-—-—-L——- 0 , @ is the angular frequency, ¢, and
1+ _a
J@Ep
0 0 1+ '0'
i JwEg |

© u, are the permittivity and permeability of air, o is the conductivity. In free space, the

conductivity o is zero. Inside the APML, the conductivity is spatial variant along in y

direction and is given by

& | i "
o=c. 2| 1 . 3.17
C°AI(NFJ G-17)

where Np is the Number of cells of the APML, m=2 ~ 4 andc,=0.8~1.6 [14]. For

simplicity, a two-dimensional TM wave is considered. Hence, equation (3.15)
becomes
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7} d o
—H,-—H, = joe,[1+-— ]E, (3.18)
oy ( .

5} 1

—E, = jou,| ———— |H 3.19)

o Ur = JoH [ (
joe,

d . (o)

—E, =—jou,|l1+- H. (3.20)

Oy Jjwe,

Now, we can start to derive the W-MRTD updating equation inside the APML. We

consider the following equation.

On 2 h, - joe|1+-2|E, (3.21)
ox 5% Jwe,
After rearrangment, the equation (3.21) becomes
%H, .%H, - jws,E, +0E, . (3.22)

By replacing the jw with % in equation (3.22), we get

Sn Lh Lk, vok,. (3.23)
ox oy ot

I
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We multiply the equation (3.23) by @¢,.(x)«¢,.(}) « h,..,,,(t) in both sides and integrate

with respect to x-axis, y-axis and time axis. The L.H.S of equation (3.23) becomes

400 +00+0

I [ I( H,- H D93 ) Oy

= (_Z ( )k+111 H!+H2+I,m
Axics (3.24)

“[Z ()#+II2HIM+”2H +Z ()k HZH“”H_H])A.XA}’N

=9

The R.H.S of equation (3.23) becomes

[ G 6.B. = E. )+ 800 0) sy O

=é&, E‘%Ez « @ (%) 8, (V) « By (Dexdydt ~

+maEz * ¢J' (.I) . ¢m' (y) - hk'+1;2 (f)dxdydf

—O—T—0

00 ol

(B B sty - I [ [oE. -4.(0)- by (3) - el 2@ g g

HE!,m kEf.m)Ax y Y +1 Elm kE!,m)AXAyAt

_ ¢z oAt & At
- [kﬂ Ef.rn(l - Z]_k Ein (1 + E]JAXA £, (3.25)
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After the rearrangment in both sides, we obtain the scaling coefficient updating

equation of E, field,

oAL
-2 A1 (18 &
# 0 & ;
_— +— I a(‘) laeim
*,IEI.M 1+ oAl *El;n 80 14 aglt (Axf,z_g t+”2HI 1/ 2+,

2e 2¢

1 +8 ]
A—y[za(l)huz Hfff.mH] . (3.26)

+9
: e
+‘Z‘}C(1)tmz Hl.mlﬂ'])

After we get the scaling coefficients of the updating-equation of the E, field, we

start to derive the scaling coefficients updating equations of the &, . Rewriting the

equation (3.19)

QE: = jou, ; H, (3.27)
ox 1+ g

JOE,

However, H, field can’t be updated using this equation because of its nonlinear

frequency dependence. To get the update equation of H, , a temperory function

}}y {r,t) is intoduced, which is defined as
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B =py|——-IH,. (3.28)
1+

joe,
By subsituting the equation (3.28) to equation (3.27), equation (3.27) becomes
O F, = job 3.29
-a_x- ra ja) ¥y ( ¢ )
By replacing jo by § in equation (3.29), the equation (3.29) becomes

(3.30)

This function ﬁy (r,0) is also expanded into scaling functions and wavelet functicns

That is,

- bl ~dy
B (r,t)= ( PR NGHL,
g .,,,Z,M“WB' in*9n(Y) . (33D

12 é!,mdlz.znlf! W (V)] Bran(X)e Bz (f)

Therefore, the scaling coefficient updating equation of By (r,t) can be obtained by

integrating the equation (3.30) with @,.,,,(x)+#,.(¥)« A,.(f) to both sides and using
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the orthogonal relationship as stated in chapter 2. The scaling coefficients updating

equations of B (r,t) is

oy (MG &

s Binm= iy Bizm * E,Z;a(’) g Eistim (3.32)
The aim of introducing the temporary function fi"y (r,t) is to update the A, field in
equation (3.27). Since the scaling coefficients of ﬁy(r,t) are determined by the
equation (3.32), we can use the scaling coefficients of Ey {(r,t) to calculate the scaling
coefficients of the H  field. To get the H updating equation, we consider the

following equation.

B =y L (3.33)

JWE,
By rearranging the equation (3.33), it becomes

- g A ,
joB, +—B, = jou,H, . (3.39)

o

Again, we replace the jo by % in equation (3.34). The equation (3.34) becomes

—B,+—B, =y, —H, . (3.35)
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To discretize the above equation, we multiply the equation (3.35) by

Gr1/2(2) - 8., () « By, 1o (t) to both sides and then integrate it with respect to x, y, and .

Hence, the L.H.S. of equation (3.35) becomes

IIJ'(EB,,"'—B ) B2 (X) 0 G (¥) @ By (O dxdyalt
&

= Tﬁfj éy Bra112(X) 8 B (V) # B, o (dxdydt +

TTTEE éy B2 (X) 0 B0 (V) ¢ By, o ()dxdydt

— .2
(tszHl"ZM k- l,rzBI+I12m)AxAy+
g A ho (D + A (2
I j IE_BJ’ Doy () 28 (Y) 'L%drdydt
= t
(k.,.”zBHl.me k= l,rzBHlem)AxAy
oAt ,.¢y
(T*”” el 2,m 2—, "1 Br+|12m)AxAy
=(1+ )hl,an-uzm (l—g)k 2 Bisisam (3.36)

Q

The R.H.S. of the equation (3.35) becomes

OO+

I} Ifﬂo~ HY) oy (5) 800 (0) o By (Debiclycl
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& &
:ﬂo(hqunuz.m_k_”ZHmrz,m)AxAy ‘ (.37

By rearranging these two sides, we get the scaling coefficients updating equation of

H, field.

& _. & 1 1 olt agy
E+1/2 Hl,m-o—llz-—k_”z H!,MHII + U 1 gt [(l + 2 JE+li2 Bf+l.”2.ﬂl
o | 4+ —— o

2¢, (3.38)

oAt aly
- (1 - _2?')*_“2 Bn-uz.mJ

Hence, we get the scaling coefficients updating equations of E, and H . The scaling

coefficients updating equation of #, can be derived using the similar method. The

scaling coefficients updating equation of H_ is stated as follows.

_ gt
& 2¢, P At 1
k+ll2 Hl,m+ln'2 ] ¢A[ =112 Hr,m-uz ,U ¢A( _[Z ( ) Ei,m+1+r
1+I— 1+ — i==% (3.39)
2g, 2¢, '

Z C(l) El,m+l+t])

i==9

We have demonstrated the derivation of the scaling coefficients updating equations
inside the APML. The derivation of the wavelet coefficients updating equations is

similar and it is skipped for simplicity. The wavelet coefficients updating equations

inside the APML are stated as follows.
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Al l 1 +9 . ¢Z +8 ) v
B0, B 50, B
2g,
v - w
verra H terzmitra gy H teizmaria
1 1 [( GAIJ uy
PR I+ Buzmnn ~ (3.42)
#o 1+féf_ 250 k+1/2
2e,
. gAt ayy
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3.2.2.The use of the wavelet coefficients updating equation for

APML
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The non-physical reflection between the W-MRTD and the S-MRTD can be removed
if the numerical wave of the wavelet coefficients can be absorbed at the boundary.
From the W-MRTD updating equations inside the APML in last part, it can be seen
that the both scaling coefficients and wavelet coefficients are updated independently.
That is, the APML absorb the numerical wave of the wavelet coeﬂicients and the
nﬁmerical wave of the scaling coefficients separately. This allows the use of the
wavelet coefficients updating equation for AML alone while the scaling coefficients
can be updated using other method. In next part, we propose a new computational
scheme, which is called sub-gridding MRTD. In this scheme, the S-MRTD and W-
MRTD are joined together and APML is placed at the boundary between the W-

MRTD and S-MRTD to absorb the non-physical reflection.
3.3 A sub-gridding MRTD

As discussed before, the W-MRTD and S-MRTD cannot be joined together because
the existence of non-physical reflection at the boundary affect the simulation result
accuracy. Making use of the APML, the non-physical reflection can be removed. The

APML is placed at the boundary is depicted in figure 3.5.
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Region A: W-MRTD Region C: APML Region B: S-MRTD

Figure 3.5 The insertion of APML between the W-MRTD and S-MRTD.

As we want to remove the numerical wave of wavelet coefficients at the boundary
without creating non-physical reflection, the wavelet coefficients updating equations
in the APML are used at region C (figure 3.5). Hence, when the numernical wave of
the wavelet coefficients travel from the W-MRTD to the S-MRTD, the region C will
appear as an open end. In other words, numerical wave of wavelet coefficients is
absorbed. However, the APML cannot completely absorb the numerical wave [39], a
small reflection exists at the end of the APML. This mechanism is illustrated in figure

3.6.
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Region A; W-MRTD Region C: APML

: Unit cell of the W-MRTD

ot APML cel
=3P : Numerical wave of the scaling coefficients
<4~ <4 <4 Non-physical reflection

Figure 3.6. The reflection of numerical wave of wavelet coefficients at the end of

APML

For the numerical wave of the scaling coefficients, it travels from the W-MRTD to the

S-MRTD and is affected by the boundary (figure 3.7).
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Region A: W-MRTD Region B: S-MRTD

— =T ——

: Unit cell of the W-MRTD

: Unit cell of the S-MRTD

e - Numenical wave of the scaling coefficients

Figure 3.7 The propagation of the numerical wave of the scaling coefficients inside

the W-MRTD and S-MRTD

Summarizing the above discussion, a new compﬁtational scheme is proposed, in
which combines the S-MRTD scheme and the W-MRTD scheme with the insertion of
the APML at the boundary. Hence, we can compute the field with different scale of

grid density. This computational scheme is called sub-gridding MRTD.
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3.3.1 The formulation of sub-gridding MRTD scheme

Basically, the sub-gridding MRTD is composed of three regions as seen in figure 3.8
Region [ is the dense grid region, which corresponds to the W-MRTD. Region II is

the coarse grid region, which corresponds to the S-MRTD and APML is placed in

region I11.

Region I: dense grid region | Region II: APML Region II: dense grid region

Updated by the Wy-MRTD | Updated by the Updated by the S-MRTD
updating equation wavelet coeflicients updating equation
updating equation
inside APML

While the scaling
coefficient is
updated by
Wy-MRTD

Figure 3.8 The updating scheme of the sub-gridding MRTD

In region I, the fields component are expanded by both scaling functions and wavelet
functions. Consider £, field as an example, the E, field is expanded by both the

scaling functions and the wavelet functions, Therefore, we can write

E(n= D1 EE 0t Wran DB OR0) . (3.44)

kf.mp=—n
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The numerical wave is composed of both scaling coefficients and wavelet coefficients.
Hence, the scaling coefficients of the E, field in this region are updated by
At g, .
k+l fn kEgk [""" Z (I)k+lI2H!?;I2+i,m
f——9

- —(za(’)huz Lm+li2+i (3.45)

=9

Z C(l)k 172 anﬂﬂ)]

i=—9

and the wavelet coefficients of E, field are updated by

A‘+IE!,m+U2 .tEl,rn+112+ [—Za(‘)huz 1ebi2eimels2
fﬂ“9

__(Zc(’)huz Imelizel - (5.46)

f=-9

+ Zb(i)nuz Hf.:ﬂﬂ‘ )]

)

For region II, it is a coarse grid region in which the fields are expanded by scaling

function only. Therefore, the E, field can be written as

E (r.0)= Z E _9(X)8, (DA (1) (3.47)

kJJw-u

In this region, the numerical wave is composed of scaling coefficients only. Hence,

the scaling coefficients of E. field are governed by the following updating equation.
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At :8
i+l Efn —tE¢z [_ Za(‘)huz 1+l 24im
o= (3.48)

- E- Za(i)k+1szfn+I12+f]

fo=9

For region III, an absorbing layer is placed for the removal of the non-physical

reflection due to wavelet coefficients. This layer is composed of a substance with

t\ N

spatial variant conductivity. The conductivity is taken as o =¢, -z-"—(—‘—} where m
P
=2 ~ 4 andc,=0.8~1.6 [14]. Again, considering the E, field as an example, the

scaling coefficients of E, field are updated by

At
t+1E1m = E ¢z [""'E,a(’).nuz Feli2eim
Ax,=_9

. (3.49
_—Za(’)huz f,m+uz+.]

3 g

It implies that the scaling coefficients of E, in this region are updated using the S-

MRTD scheme in this region. While the wavelet coefficients are updated by

1__073'
2& N ] 1 3
17 a Vs 154
Eimar Eimnn® [ Za(i) Hiizsimn™
kel £, ¢ Lot e . E+/2 .
Hom £ l+oﬂt Ax/

1 +9 & +3 ‘ w
E; {;C(i)*ﬂfz Hf.m-li 2+i +§b(l)t+u 2 Hn'.m+l.f2+|+i]

(3.50)
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To ensure we can get the stable results, the time step is chosen as

At = 0.1c - where ¢ =3x10%.

3.4. Summary

In this chapter, we have discussed the propagation of the numerical wave inside the
MRTD computational domain. In order to compute the field accurately, a new
computation scheme is formed by joining the W-MRTD and S-MRTD. However,
there is a non-physical reflection at the boundary due to the wavelet coefficients. To
remove the non-physical reflection, an APML is placed at the boundary so that only
the wavelet coefficients updating equation for APML is used. Hence, the numerical
wave of the scaling coefficients propagates through the boundary while the numerical
wave of the wavelet coefficients will be terminated at the boundary. The above

computation method lead to our proposed sub-gndding MRTD.

In brief, our proposed sub-gridding MRTD constitutes three parts. They are the dense
grid region, coarse grid region and the boundary. The dense grid region corresponds
to the W-MRTD while the coarse grid region corresponds to the S-MRTD. APML is

used at the boundary between the dense grid regions and the coarse grids region.
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Chapter 4

The application of the sub-gridding
MRTD for two dimensional field

problems

4.1.The prcpagation of the electromagnetic pulse
inside the cavity. P.72
4.2 Resonant frequencies of a two dimensional
air filled cavity P.118

4.3 Summary | P.128

The aim of this chapter is to verify the sub-gridding MRTD by applying this
computational scheme to some two-dimensional field problems. The propagation of
the electromagnetic pulse inside an extra large two-dimensional cavity is considered.
Also, we have studied the resonant frequency of a small size two-dimenstonal cavity
using the sub-gridding MRTD. The results have been compared with those obtained
by S-MRTD and W-MRTD.

71



4.1. The propagation of the electromagnetic pulse inside

the cavity.

As discussed in last chapter, a sub-gridding MRTD is divided the whole area into
three parts. To investigate the performance of sub-gridding MRTD, the propagation of
a electromagnetic pulse inside these three regions is studied. A two-dimensional
cavity with size 63.75mx63.75m is considered. To ensure a plane wave is traveled in
y-direction inside the cavity, a row source of Blackman Harris window function is

used for pulse excitation as shown in figure 4.1.
4.1.1 The source is excited inside the dense grid region

When the electromagnetic pulse propagates from the dense grid region to the coarse
grid region, the numerical wave of the wavelet coefficients should be absorbed. In
. order to verify this property, A row source of Blackman Harris window function is
excited at the dense grid region as shown in figure 4.1. The mathematical

representation of Blackman Harris window function is as follow.

Wi t-Ns<t<t +N
1) =
Sil) { 0 otherwise
where AV is the width of the puise, t_ is the excition time and ¥ (¢) is given by
W(1)=035875+ 0-48829005(”( L)y 1 014128 cos(PTELe) N )y + 0011680 (—'““M(;L))
(4.1)
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The APML with 4 cells is used at the boundary between the dense grid region and the
coarse grid region. The time response is observed at four different locations inside the
cavity. They are Point A, Point B, Point C and Point D. Both Point A and Point B are
located in the dense grid ‘re.gion and Point C and Point D are located in the coarse grid
region. Both S-MRTD and W-MRTD are used to simulate the same cavity and the

time response is also observed at the same positions. The simulation takes 3000 time

steps and the time step (At) is 1.125ps.
4.1.1.1 Cell size is one half of the wﬁvelength

In this simulation, Blackman Harris window function of cut-off frequency 20GHz is
used as shown in figure 4.1. For a 20GHz electromagnetic wave, its wavelength is

0.015m. The cell size is set to one half of the wavelength.

The comparisons of time response of the signal obtained by the sub-gridding MRTD
inside the dense grid region and W-MRTD are shown in figure 4.4 and figure 4.6. The
comparisons of frequency response of the signal obtained by the sub-gridding MRTD
inside the dense grid region and W-MRTD are shown in figure 4.5 and figure 4.7. The
difference between the results can be seen in the frequency spectrum of the signal

beyond 20GHz in figure 4.5 and figure 4.7.
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The time response of the signal obtained by the sub-gridding MRTD inside the coarse
grid region is compared with the S-MRTD in figure 4.8 and figure 4.10. The
comparisons of frequency response of the signal obtained by sub-gridding MRTD
inside the dense grid region and W-MRTD are shown in figure 4.9 aﬁd figure 4.11.
Th_e difference between the results can be seen in the'frequency spectrum of the signal

beyond 20GHz in figure 4.9 and figure 4.11.
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Figure 4.1 The geometry of the two dimensional cavity using the sub-gridding MRTD
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frequency response at [400,482) using S-MRTD
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sub-gridding MRTD with cell size=0.5% (The source is excited at the

Figure 4.11. The comparston of frequency response at point D using the S-MRTD and
dense grid region)



4.1.1.2 Cell size is one tenth of the wavelength

In this simulation, a Blackman Harris window function of cut-off frequency 4GHz is
used for excitation while other parameters remain unchange. For a 4GHz

electromagnetic wave, its wavelength is 0.075m. The cell size is set to one tenth of the

wavelength.

For the dense grid region, the time response of the signal 18 computed using the sub-
gridding MRTD. The simulation results obtained by the sub-gridding MRTD are
compared with those obtained by the W-MRTD in figure 4.14 and figure 4.16. The
comparisons of frequency response of the signal obtained by the sub-gridding MRTD
inside the dense grid region and the W-MRTD are shown in figure 4.15 and figure
4.17. For frequency above 10GHz, the signal obtained by sub-gridding MRTD is

different from those obtained by W-MRTD as shown in figure 4.15 and figure 4.17.

The time response of the signal inside the coarse grid region obtained by the sub-
gridding MRTD region is compared with those obtained by the S-MRTD in figure
4.18 and figure 4.20. The comparisons of frequency response of the signal obtained
by the sub-gridding MRTD inside the coarse grid region and the S-MRTD are shown
in figure 4.19 and figure 4.21. For frequency above 4GHz, the signal obtained by sub-

gridding MRTD is different from those obtained by S-MRTD as in figure 4.19 and

figure 4.21.
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Faguoncy response at (400 412) using W-MRTD
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time response at (4Q0,452) using S-MRTD
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fraquency respense at (400,482) using S-MRTD
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Figure 4.21. The comparsion of frequency response at point D using the S-MRTD and
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When the pulse travel from the dense grid region to the coarse grid region, the results
indicate that the sub-gridding MRTD obtains almost the same results as both obtained
by the W-MRTD and S-MRTD especially when the cell size is one tenth of the
wavelength. In the last chapter, we mentioned that the APML in the region L is used
to remove the numerical wave due to the wavelet coefficients. Also, it is invisible to
the numerical wave of the scaling coefficients. In order to verify this property, a pulse

is excited inside the coarse grid region in next section.

4.1.2 The source is excited inside the coarse grid region

A row source of Blackman Harris window function is excited at point D as in figure
4.22. The APML with 4 cells is inserted at 440 cells counting from the left boundary
in as in figure 4.22. The time response is observed at four locations inside the cavity.
Three locations inside the dense grid region are observed. Other point is located in the
coarse grid region. The results have been compared by the S-MRTD and W-MRTD

- using the same parameters. For comparison, two different cell sizes have been

considered. Both simulations run 3000 times step and time step (At) is 1.125ps.
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4.1.2.1 Cell size is one half of the wavelength

In this simulation, a Blackman Harris window function of 20GHz cut-off frequency is

used as the excitation. The grid size is 0.0075m, which is one half of the wavelength.

The time response is plotted inside the dense grid region of sub-gridding MRTD and
compared with those obtained by the W-MRTD in figure 4.25, figure 4.27 and figure
4,29, The comparison of frequencyrresponse of the signal obtained by sub-gridding
MRTD inside the dense grid region and W-MRTD is shown in figure 4.26, figure 4.28
and figure 4.30. The difference between the results can be seen in the frequency

spectrum of the signal beyond 20GHz as in figure 4.26, figure 4.28 and figure 4.30.

The time response obtained inside the coarse grid region of sub-gridding MRTD is
compared with the S-MRTD as shown in figure 4.23. For frequency above 20GHz,
the signal obtained by the sub-gridding MRTD is different from those by the S-

MRTD. It can be seen in the frequency response in figure 4.24.
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time response at (400,452) using S-MRTD
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Figure 4.23. The comparsion of time response at point C using the S-MRTD and sub-

gridding MRTD with cell size=0.5A (the source is excited at the coarse

grid region)
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Figure 4.29. The comparsion of time response at point X using W-MRTD and sub-

gridding MRTD with cell size=0.5A (the source is excited at the coarse
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racuiency response at (400,392) using Wy-MRTD
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4.1.2.2 Cell size is one tenth of the wavelength

In this simulation, a Blackman Haris window function of 4GHz cutoff frequency is

used as the excitation while other parameters remain unchange. The cell size is

0.0075m, which is one tenth of the wavelength.

The time response is observed inside the dense grid region of sub-gridding MRTD
and compared with those obtained by the W-MRTD as shown in figure 4.33, figure
4.35 and figure 4.37. The comparison of frequency response of the signal obtained by
the sub-gridding MRTD inside the dense grid region and W-MRTD is seen in figure
;1.34, figure 4.36 and figure 4.38. For frequency above 15GHz, the signal obtained by

sub-gridding MRTD is different from that of W-MRTD.

The time response obtained inside the coarse grid region of sub-gridding MRTD is
compared with the S-MRTD in figure 4.32. For frequency above 15GHz, the signal

obtained by sub-gridding MRTD is different from those obtained by the S-MRTD.

This can be seen in figure 4.32.
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Figure 4.31. The comparison of time response at point C using the S-MRTD and sub-

gridding MRTD with cell size=0.1A (the source is excited at the coarse

grid region)

109



frequency raspoase A (400,452) using S-MRTD
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From the above simulations results, it is noticed that the results obtained by sub-

gridding MRTD are very close to the W-MRTD and the S-MRTD in both the dense

grid region and coarse grid region.

When the grid size is one half of the wavelength, the results obtained by'sub-griddiﬁg
MRTD inside the dense grid region are compatible with those obtained by W-MRTD.
We found that the results obtained by the sub—gridding MRTD are much closer to the
results obtained by W-MRTD when finer grid is used. Only small difference is seen in
the frequency spectrum beyond the cutoff frequency of the source. Hence, in these
simulations, we found that sub-gridding MRTD can provide similar accuracy with the

W-MRTD while it use less computational resources comparing with the W-MRTD.

For the coarse grid region, the results obtained by sub-gridding MRTD are very close
to those obtained by the S-MRTD. Again, when a finer grid is used, the results
obtained by sub-gridding MRTD are much closer to those obtained by the S-MRTD.
The deviation of these results can be seen in frequency components beyond the cutoff
frequency of the Blackman Harris window source. Hence, in these simulations, we
found that the APML boundary can be used as an interface between the dense grid

region and the coarse grid region.
In previous simulations, we have applied a sub-gridding MRTD to study two
dimensional propagation problems. The results indicate that sub-grnidding MRTD can

get a similar result compared with those obtained by the S-MRTD and W-MRTD.
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Although it increases the computation complexity at the boundary, it requires fewer
grids to compute the field. In the next part, we will compare the accuracy of sub-
gridding MRTD with both the S-MRTD and W-MRTD by studying the resonance

frequency of a two dimensional cavity.

4.2 Resonant frequencies of a two-dimensional air filled

cavity

A two dimensional air filled cavity is a closed structure, which is surrounding bf
conducting walls with air inside as shown in figure 4.39. When there is an excitation
of electromagnetic pulse, the pulse will propagate inside the cavity and reflected by
the conducting walls. The reflected wave will either cancel out or superimpose with
the incoming wave. Only certain frequencies of the wave exist in the cavity. These
frequencies are said to be resonant frequencies of the cavity, which is independent to
the source of excitation. Instead, it depends on the dimension of the cavity and the

dielectric substance inside the cavity. The resonance frequency of the cavity is given

by

_C(mY (n)
fun =S ( j+(bj (Ho) (42)
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Figure 4.39. The Geometry of the two-dimensional air filled cavity

Our aim of this simulation is to compare the memory resources and computation time
of sub-gridding MRTD with the S-MRTD, W-MRTD and traditional FDTD by
investigating the resonance frequencies of the cavity. A two-dimensional air-filled
cavity with size 4mx4m has been considered. The source of excitation is 300MHz.
Hence, the wavelength (1) is im. For comparison, the time response of the cavity is
observed from t=0 to t=2.357us and the parameters are chosen to keep the percentage

error of the first seven resonant frequency below 1%. Two different cell sizes are used

for comparison. The time response of the signal is plotted as in figure 4.40. The time

response is then transformed into frequency domain (figure 4.41).
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Figure 4.40. Magnitude of the £, component in time domain calculated by sub-

gridding MRTD inside a two dimensional air filled cavity (4mx4m).
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Figure 4.41. Magnitude of the E, component in frequency domain calculated by sub-

gridding MRTD inside a two dimensional air filled cavity (dmx4m).

For the FDTD analysis of the cavity, uniform mesh with Ax=0.1m is used, which
corresponds to ) /10. This results in a total number of 1200 grid points. Since each
FDTD cells contain three field components. They are, E7, H,""'*and H""*. Hence,

the total number of variable that needs to update in each time step is 4800. In order to
satisfy the FDTD stability condition in equation (1.14), the time step is choose as
23.6ps. The FDTD algorithm uses 629 seconds to simulate the time response of the

cavity from t=0 to t=2.357us. The results of the FDTD simulation are in Table 4.1.
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Resonant frequency for an air-filled cavity (4mx4m)

Cell size (Ax) : 0.1lm Time step (At) :23.6ps (from t=0 t02.357pus)
Computation Time: 6295 Platform: Linux on Pentium 166MHz computer
Analytical values FDTD

(MHz) Absolute values (MHz) Relative error (%)
53.03 53.0 -0.06
83.85 . 83.6 -0.3
106.07 ' 106.1 ~ 0.03
118.59 118.4 -0.16
135.21 134.9 -0.23
154.62 154.0 -0.4
159.10 158.2 -0.57

Table 4.1. The resonant frequency for an air filled cavity (4mx4m) using the FDTD

with cell size (Ax)=0.1m and the time step (At) = 23.6ps.

For the analysis of the cavity with S-MRTD scheme, a S-MRTD cell with Ax=0.2m is
used, which corresponds to X /5. This results in a total number of 400 grid points. As
seen in figure 3.1, there are three fields components in each S-MRTD cell, hence the
total number of variable stored in the computer in each time step is 1200. In order to
satisfy the stability condition in equation (2.81), the time step is set as 100ps. The S-
MRTD algorithm uses 164 seconds to simulate the time response of the cavity from

t=0 to t=2.357us. The results of the S-MRTD simulation are in Table 4.2
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Resonant frequency for an air-filled cavity (4mx4m)

Cell size (Ax) : 0.2m

Time step (At) :100ps (from =0 t02.357us)

Computation Time: 164s

Platform: Linux on Pentium 166MHz computer

Analytical values S-MRTD
(MHz) Absolute values (MHz) Relative error (%)
53.03 53.5 0.87
83.85 84.1 0.30
106.07 106.5 0.41
118.59 118.5 -0.08
135.21 135.4 0.14
154.62 154.7 0.05
159.10 159.4 -0.19

Table 4.2. The resonant frequency for an air filled cavity (4mx4m) using the S-MRTD

with cell size (Ax)=0.2m and the time step (At} = 100ps.

Analysing the cavity with the W-MRTD scheme, a W-MRTD cell with Ax=0.4m is

used, which corresponds to X /2.5. Compared with S-MRTD, the total number of grid

point is reduced to 100. As seen in figure 3.2, there are six fields components in the

cell. Hence, the total number of variables stored in the computer in each time step is

600. The time step is set as 100ps to satisfy the stability condition in equation (2.81).

The W-MRTD algorithm uses 116 seconds to complete the simulation. The results of

the W-MRTD simulation are in Table 4.3.
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Resonant frequency for an air-filled cavity (4mx4m)

Cell size (Ax) : 0.4m Time step (At) :100ps (from =0 t02.357us)
Computation Time: 116s Platform: Linux on Pentium 166MHz computer
Analytical values W-MRTD

(MHz) Absolute values (MHz) Relative error (%)
53.03 53.5 .87
83.85 84.0 0.18
106.07 106.7 0.59
118.59 118.8 0.17
135.21 135.8 0.44
154.62 154.7 0.05
159.10 160.3 -0.75

Table 4.3. The resonant frequency for an air ﬁlledrcavity (4mx4m) using the W-

MRTD with cell size (Ax)=0.4m and the time step (At) = 100ps.

For the analysis of the cavity with sub-gridding MRTD scheme, a mesh with Ax=0.4m
is used, which corresponds to X /2.5. The sub-gridding MRTD model of the cavity can

be seen in figure 4.42. The number of grid points in the dense grid region and the
coarse grid region are 40 and 60 respectively. Also, there are 40 grid points in the
APML region with 4 cells. With six fields components in each cells inside the dense
grid region, the number of variable stored in the computer in this region is 240. For
the coarse grid region, only three fields components need to calculate in each cell.
Thus, the number of variable stored in the computer in the coarse grid region is 180.
For the APML region, only two wavelet coefficients need to update in each time step.

Hence, the number of variable stored in the computer in the APML region is 80.
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Figure 4.42. A sub-gridding MRTD model of the two dimensional air filled cavity

This results in a total number of 500 variables, which is stored in the computer in each

time step. The time step is set as 100ps so as to satisfy the stability condition in

equation (2.81). The sub-gridding MRTD uses 110 seconds to complete the

. simulation and the results of the sub-gridding MRTD simulation are in Table 4.4.
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Resonant frequency for an air-filled cavity (4mx4m)
Cell size (Ax) : 0.4m Time step (At) :100ps (from t=0 t02.357us)
Computation Time: 110s Platform: Linux on Pentium 166MHz computer
Analytical values Sub-gridding MRTD
(MHz) Absolute values (MHz) Relative error (%)
53.03 - 53.0 -0.06
83.85 84.0 0.18
106.07 106.1 0.03
118.59 118.8 0.17
135.21 135.3 0.07
154.62 154.5 -0.08
159.10 159.0 -0.06

Table 4.4. The resonant frequency for an air filled cavity {4mx4m) using the sub-

gridding MRTD with cell size {(Ax)=0.4m and the time step {At) = 100ps.

From the simulation results, it can be conclude that the sub-gridding MRTD provides
a good accuracy in measuring the resonant frequencies of the cavity. Also, It
consumes less computational resources and use less computation time, compared with
FDTD, S-MRTD and W-MRTD in Table 4.5. Compared with the FDTD, there is a
" 90% reduction in memory resources in the sub-gridding MRTD. With the same order
of accuracy, the sub-gridding MRTD consumes 17% of the computation time of the
FDTD. Compared with other MRTD scheme such as S-MRTD and W-MRTD, the
memory resources of the sub-gridding MRTD reduce to 60% and 23% of those
consumed by the S-MRTD and W-MRTD respectively. Besides, the sub-gridding
MRTD saves 35% and 6% of the computation time consumed\ by the S-MRTD and

W-MRTD respectively.
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latform: Linux on Pentium 166MHz | Computation time | Relative error | Memory resources
computer (in seconds) (<1%) (Number of variables)
FDTD 629s <1% 4800
S-MRTD 164s <1% 1200
W-MRTD 116s <1% 600
Sub-gridding-MRTD 110s <1% 500

Table 4.5. Comparison of the sub-gridding MRTD method to S-MRTD, W-MRTD

and FDTD in terms of memory resources and computation times with the

relative error below 1%
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4.3 Summary

In this chapter, we have applied the proposed sub-gridding MRTD to some two-
dimensional field problems. The propagation of electromagnetic wave inside the
cavity is considered. The time response are observed and compared with those results
obtained by the S-MRTD and W-MRTD. Also, we have compared the memory
resources and the computation time of sub-gridding MRTD with traditional FDTD, S-

MRTD and W-MRTD by studing the resonant frequencies of an air-filled cavity.
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Chapter 5

Further development

In this thesis, we have applied the sub-gridding MRTD to study the propagation of the
electroniagnetic wave. Also, the sub-gridding is used to calculate the resonance
frequencies of a cavity. The sub-gridding MRTD can obtain similar degree of
accuracy as W-MRTD while the sub-gridding MRTD use less computational

resources than the W-MRTD.

Throughout the thesis, only one APML is inserted to separate the dense grid region
" and the coarse grid region. In future, two APML regions will be inserted so that the
dense grid region is separated by the APML in both positive direction and negative
direction. Besides, we will consider the possibility of increasing the grid density by
using wavelets to expand both x —coordinate and y- coordinate in the sub-gridding
MRTD. APML regions will be inserted in such a way that the dense grid region will
be completely surrounded by the APML. Hence the sizes of the dense grid region can

be adjusted in both x-direction and y-direction easily.
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In future, we will apply the sub-gridding MRTD to analyze the microwave structure.
To model the structures involve dielectric media, we have to solve extra sets of
equation, which involve the calculation of permitivity matrix and electric flux
vector(D). In the following text, we will describe the general concepts of
incorporating the D field and permitivity matrix £(r,f)to the sub-gridding MRTD
algorithm. At first, we have to break down the Maxwell’s equation in (2.2) into the

following two equations.

vxH=2D (5.1)
ot

and D=g(rt)E (5.2)
, where D is the electric flux vector. &(r,t) is permittivity tensor, assuming it is
anisotropic media. The space and time dependent permitivity tensor can be simplicity .

to which is given by

e (ry 0 0
e(r)= 0 5” {r.t) 0 (5.3)
0 0 sn {r.t)

.Hence, the resultant D field will be written as follow.

D =¢ (r0E,
D,=¢,(r0E, (5.4)
D, =¢,(r0E,

To obtain the sub-gridding MRTD model, we have to discretize equation (x.x) by
moment method. Using Dy field as an example, Dy field in the dense grid region will

be written as
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D.(rt)= i[ p Dfiirzma®uNH, Dﬁuzjmuz,n Vretr2 D Wrs2 (08, (2B () (5.5)

kJ mp=—n

For the coarse grid region, Dx field will be written as

D, (r,t)= z kDﬂlf‘z,m,}l¢m(y)¢i+lll(x)¢n(z)ht (0 (5.6)

&J mna—o

The updating equation of the D, field can be determined by method mentioned in
chapter 2. In order to calculate the E,, we have to discretize the equation (x.). Hence,

we will get the following equations.

In the dense grid region,

©
- & dx i é Lo
L Dﬁliz,m,n - Z al,l' * bym,rn' ¢ an,n' * ak,t' 'k-Ei'HlZ,m'.n'

k}!mn=—o

(5.7)

i I = & pa
+ ‘E"xu' . éym,m‘ ¢ ézn.n' . ak.&' ‘v EI'+I.’2,.7:'+UZ,:I'

&L
— i Ix #x [
« Dhvamezn = Z X p o &Yy L ﬂu--,‘-Eﬁim,..-_,,-
ki mp=—n

(5.8)

ée > 1 =
+ aU' * éym,m' * ezn,n' . at,k"k-E‘;ﬁlll,m'HIZp'

,where &xf..ep" . &% ..l andaf, are determined by the following relations

mun'’

l a8
@l [ £.(r,008,(P)$,(p)dp  where p=1x,y,2
1 +@m
afl. - — [ . (r 0 (OB (Dar
P %

& o = A—ly T E(r )3 W (V)dy

-0
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P ﬁ [ WO )y (59)

For the coarse grid region, since the D field and E field are expanded by scaling

function only, hence the relations between the , Dfsy/z.., and | Ef\12.mn is determined
by

— S =
£ Dﬁlf!,m,ﬂ = Z af:'" ¢ 6yf:,m * afn' ¢ ak,t"pEﬁrHZ,m',n' (510)

& .mnaz—m
Hence, to perform a sub-gridding MRTD analysis on a particular field problem, we

have to first calculate the permitivity matrix in the MRTD domain, such as

b ok o, .af and af,. The calculations of these matrix are only depends on

the structure of the field problem. Thus, these matrixes can be stored in the computer

for future use.
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Chapter 6

Conclusions

In this thesis, we have proposed a new computational scheme, which is called sub-
gridding MRTD. The sub-gridding MRTD consists of regions with different
resolutions. For the coarse grid region, the fields are expanded by the scaling
functions with respect to the spatial coordinates. The fields are updated by the S-
MRTD updating equations inside this region. For the dense grid region, the fields are
expanded by the scaling functions and wavelet functions with respect to the spatial
-coordinates. The fields are updated by the W-MRTD updating equations inside this
region. It is found that there is a non-physical reflection at the boundary between the
coarse grid region and the dense grid region. By the use of an Anisotropic Perfectly

Matched Layer (APML), the non-physical reflection can be removed.

In order to investigate the performance of sub-gridding MRTD, the propagation of the
electromagnetic pulse inside an extra large two-dimensional cavity has been

considered. The results are obtained in both the dense grid region and coarse grid
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region. We have compared the results obtained by sub-gridding MRTD with those

obtained by the S-MRTD and the W-MRTD.

It is found that the results obtained by the sub-gridding MRTD in the dense grid
region are very closed to those obtained by the W-MRTD so that only small
difference can be seen in the higher frequency component. When a finer grid is used,
the results obtained by sub-gﬁdding MRTD are even closer to the results obtained by
W-MRTD. For the coarse grid region, the results obtained by sub-gridding MRTD are

almost the same as that obtained by the S-MRTD. The deviation of the results is seen

in the higher frequency spectrum.

It can be seen that the results obtained by the sub-gridding MRTD inside the dense
grid region are very closed to the results obtained by W-MRTD. Although it increases
the computation complexity at the boundary, it requires fewer cells to compute the
field and it can get almost identical results obtained by the W-MRTD. Also, We found
that the results obtained inside the coarsé grid region are very close to the results
obtained by S-MRTD. This implies that the APML join the dense grid region and the

coarse grid region successfully.

We have also compared the memory resources and the computation time of the sub-
gridding MRTD to the tradition FDTD, S-MRTD and W-MRTD by studying the
resonance frequencies of a two-dimensional cavity and the percentage error of the

first seven modes of the resonant frequencies are kept below 1%.
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The results indicates that the sub-gridding MRTD provides a good accuracy in
measuring the resonant frequencies of the cavity, while in consumes less memory
resources and fast computation time, compared with FDTD, S-MRTD and W-MRTD.
Compared with the FDTD, there is a 90% reduction in memory resources in the sub-
gridding MRTD With the same order of accuracy, the sub-gridding MRTD consumes
17% of the computation ﬁme of the FDTD. For the other MRTD scheme such as S-
MRTD and W-MRTD, the memory resources of the sub-gridding MRTD reduce to
60% and 23% of those consumed by the S-MRTD and W-MRTD respectively.
Besides, the sub-gridding MRTD saves 35% and 6% of the computation time

consumed by the S-MRTD and W-MRTD respectively.

It can be concluded that the sub-gridding MRTD can obtain accurate results with less
memory resources and fast computation time. Although it increases the computation
complexity at the boundary between the dense grid region and the coarse grid region,

it use less computational resources but has a similar accuracy compared with the W-

MRTD.
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