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ABSTRACT 
 

 

Strengthening of RC beams using externally bonded (EB) fiber-reinforced polymer 

(FRP) composites has become a popular structural strengthening technique over the 

past two decades due to the well-known advantages of FRP composites including 

their high strength-to-weight ratio and excellent corrosion resistance. This thesis 

presents a systematic study into the analysis, behavior, and design of RC beams 

shear-strengthened with EB FRP reinforcement. In particular, the study is focused on 

the effects of shear interaction between the three components that contribute to the 

shear capacity of a shear-strengthened RC beam: the concrete, the internal steel 

reinforcement and the external FRP reinforcement, aiming to correct deficiencies in 

this area in existing knowledge and shear strength models. The work presented in 

this thesis is limited to shear failures associated with the development of shear 

tension cracks (or diagonal tension cracks). For such beams, the two typical shear 

failure modes are FRP rupture failure and FRP debonding failure. Both failure 

modes are studied in this thesis. For ease of discussion, only FRP reinforcement in 

the form of discrete strips is explicitly considered in the thesis unless otherwise 

stated. 

 

An experimental study on RC beams shear-strengthened with FRP strips wrapped 

around the entire beam cross-section (i.e. complete FRP wraps), with the beam sides 

either bonded to the FRP strips or intentionally left unbonded to the FRP strips, is 

 III



presented to gain a better understanding of the shear resistance mechanism of such 

beams. The effect of bonding between the FRP strips and the beam sides and the 

interaction between the external FRP strips, concrete and internal steel stirrups are 

given particular attention. Using strain values measured in side-unbonded FRP strips, 

the effect of adverse shear interaction between the concrete and the FRP strips is 

examined. The effective (average) strain in the FRP strips when the shear resistance 

of concrete reaches its peak value is clarified. The test results also show that no 

significant adverse interaction exists between the steel stirrups and the FRP strips. 

 

Attention is next shifted to various aspects of the FRP debonding failure mode, 

particularly the effect of adverse shear interaction between external FRP strips and 

internal steel stirrups. In this part of the work, it is assumed that the shear failure of a 

shear-strengthened RC beam is dominated by the development of a single critical 

shear crack. A closed-form solution for the development of shear resistance 

contributed by FRP with the shear crack width is presented and validated using 

predictions from a simple computational model. This is followed by the presentation 

of a numerical investigation into the shear interaction between external FRP strips 

and internal steel stirrups using a similar computational model; a number of issues 

affecting shear interaction are clarified through this investigation. Based on both the 

closed-form solution and the results from the numerical investigation, a shear 

strength model considering shear interaction is proposed and is shown to predict the 

test results well. 

 

The final part of the thesis is concerned with the development and applications of an 

advanced finite element (FE) model capable of accurate modelling of the behaviour 
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of shear-strengthened RC beams. The present FE model overcomes various 

limitations of the existing FE models for such beams, particularly in the modelling of 

localised cracking. Accurate modelling of localised cracking is crucially important 

for the accurate prediction of debonding failure in FRP-strengthened RC beams. 

Numerical results obtained from the FE model are used to provide a more accurate 

assessment of the effects of shear interaction and to provide additional support for 

the proposed shear strength model for the FRP debonding failure mode. The effect of 

pre-loading on the effectiveness of shear strengthening is also explored using results 

obtained with the FE model. The proposed FE model is the most advanced model 

available for debonding problems in FRP-strengthened RC structures and can be 

deployed to study many issues in debonding failures of such beams in the future. 
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NOTATION 
 

 

The main symbols used in this thesis are listed below: 

 

  Afrp  = total area of FRP contributing to the shear capacity of RC beams shear-

strengthened with FRP; 

   Asv  = total area of steel stirrups contributing to the shear capacity of RC beams 

shear-strengthened with FRP; 

      C = shear crack shape factor; 

     bw = width of beam web; 

   Dfrp = stress distribution factor for FRP; 

      D = bar diameter of steel stirrups; 

        d = distance from beam compression face to centroid of steel tensile 

reinforcement; 

    da  = maximum concrete aggregate size.; 

    Ef  = modulus of elasticity of FRP; 

    ff,e = effective stress of FRP strips intersected by the critical shear crack at ultimate 

state; 

     fc
’ = cylinder compressive strength of concrete; 

    fcu   = cube compressive strength of concrete; 
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     ft   = concrete tensile strength under uniaxial tension; 

     fy   = yield strength of steel bars; 

   Gf   = interfacial fracture energy of the FRP-to-concrete bonded interface; 

   GF  = concrete fracture energy required to create a stress-free crack over a unit area; 

    h    = height of beam; 

    hf,e  = effective height of FRP bonded on beam sides; 

    Kf   = mobilization factor of FRP strips intersected by the critical shear crack; 

    Ks   = mobilization factor of steel stirrups intersected by the critical shear crack; 

    K  = shear interaction factor; 

 Kmax   = maximum value of K; 

      Le = effective bond length of FRP; 

      n  = number of FRP strips intersected by the critical shear crack;  

      sf  = centre-to-centre spacing of FRP strips; 

      ss  = centre-to-centre spacing of steel stirrups; 

      tf  = thickness of FRP; 

     Vc = contribution of concrete to shear capacity; 

     Vu = shear capacity of RC beam shear-strengthened with FRP; 

     Vs = contribution of steel stirrups to shear capacity; 

     Vf = contribution of FRP to shear capacity; 

 Vf,pre = FRP shear contribution predicted by a shear strength model; 

 Vf,FE  = FRP shear contribution predicted by finite element analysis; 
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Vf,test  = test FRP shear contribution; 

Vu,test = test shear capacity of RC beam shear-strengthened with FRP; 

     wf  = width of an FRP strip; 

     β  = angle of fibers in FRP measured from beam longitudinal axis; 

   εf,e   = effective strain of FRP; 

  εfrp,i = strain in the ith  FRP strip; 

  εmax = maximum strain in the FRP strips intersected by the critical shear crack; 

      θ = inclination angle of critical shear crack to beam longitudinal axis; 

 σf,max= maximum stress reached in the FRP strips. 
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CHAPTER 1 

 

INTRODUCTION 

 

 

 

1.1 BACKGROUND 

 

Fiber-reinforced polymer (FRP) composites are formed by embedding continuous 

fibers in a resin matrix that binds the fibers together. Depending on the fibers used, 

common FRP composites are generally classified into three types: 

glass-fiber-reinforced polymer (GFRP); carbon-fiber-reinforced polymer (CFRP); 

and aramid-fiber-reinforced polymer (AFRP). Compared to steel which is a 

commonly used modern construction material, the salient features of FRP 

composites include their excellent corrosion resistance and high strength which is 

normally at least twice but can be over 10 times as high as that of mild steel while 

their weight is only about 20% of that of steel. The corrosion resistant property can 

ensure durable performance, while the high strength-to-weight ratio leads to great ease 

in site handling, reducing labor cost and interruptions to existing services (Teng et al. 

2002; Bank 2006). Due to their superior material properties, FRP composites have 
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been used in many fields such as the aerospace industry for many years. Thanks to the 

continuous price reduction and increasing recognition of the salient material properties 

of FRP composites, the past two decades also witnessed increasing applications of FRP 

composites in civil engineering (Holloway and Teng 2008). To date, FRP composites 

have found wide applications in the civil engineering field mainly in the following 

aspects: (a) retrofitting/strengthening of existing structures by bonding/wrapping FRP 

to existing reinforced concrete (RC) structures; (b) replacing conventional construction 

materials in the construction of new structures, such as FRP bars, cables, and profiles; 

(c) combined use with conventional materials (e.g. steel and concrete) to create hybrid 

structures, such as concrete-filled FRP tubes.  

 

For use in construction, the main disadvantage of FRP composites appears to be their 

poor fire performance. Even this disadvantage is not a significant issue for structures 

in the open space (e.g. bridges). For structures where the structural behaviour in fire 

or at elevated temperature is of concern (e.g. buildings), existing studies (e.g. Bisby 

et al. 2005) have shown that the poor fire performance of FRP is also not an acute 

problem if a proper design procedure is followed so that the FRP strengthening 

system is not required to make a substantial contribution to structural resistance 

during or following a fire event, or supplemental insulation is used to achieve the 

required fire endurance rating. Nevertheless, the fire performance of structures built 

with FRP is an area needing extensive further research (Nanni 2003; Bisby et al. 

2005; Foster and Bisby 2008).  

 2



1.2 SHEAR STRENGTHENING OF RC BEAMS WITH FRP 

 

The external bonding (EB) of FRP to reinforced concrete (RC) beams has become a 

popular structural strengthening technique in the past decade and extensive research 

has been done in this area (Holloway and Teng 2008). However, reviews of existing 

studies (Teng et al. 2003, 2004; Bousselham and Chaallal 2004, 2008) have shown 

that most of the studies have been focused on flexural strengthening and much fewer 

studies have been conducted on shear strengthening, probably due to the complex 

nature of shear failure (see next chapter). Shear strengthening is required when an 

RC beam is deficient in shear due to different causes (e.g. design deficiencies, 

updated code requirements, elevated loadings, and the need to cater for accidental 

events and deterioration of the structural materials due to environmental exposure), 

or when its shear capacity becomes less than the flexural capacity after flexural 

strengthening. In general, flexural failure is preferred to shear failure as the 

governing failure mode because the former is more ductile which allows stress 

redistribution and provides warning to occupants, whilst the latter is more brittle, 

sudden and thus catastrophic. As a result, it is critically important to be able to 

accurately evaluate the shear capacity of RC beams strengthened with FRP in shear.  

 

1.2.1 Strengthening Schemes  

 

While flexural strengthening is most often realized by bonding FRP plates/sheets to 
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the tension face of a beam, shear strengthening takes many different forms which 

can be used for different situations. Teng et al. (2002) summarized the shear 

strengthening schemes as shown in Fig. 1.1. The strengthening schemes in Fig. 1.1 

are denoted by one symbol representing the bonding configuration (i.e. S, U, W), 

followed by a second symbol representing the fiber distribution (i.e. S, P) and 

followed by numbers (i.e. 45 and 90) or symbols (i.e. β and φ) representing fiber 

orientations, as explained next. In terms of bonding configurations, the strengthening 

schemes can be grouped into three types: side bonding where the FRP is bonded to 

the sides of a beam only; FRP U-jacketing where the FRP is bonded to both sides 

and the tension face of a beam; complete FRP wrapping where the FRP is wrapped 

around the whole cross-section of a beam. These bonding configurations are 

represented by symbols “S”, “U” and “W” respectively in Fig. 1.1. It should be 

noted that when an FRP strip needs to be wrapped around beam corners (e.g. FRP 

wraps and FRP U-jackets), the beam corners should be rounded (normally with a 

radius ) to avoid rupture of FRP at small strains due to stress concentration. 

In terms of fiber distributions, both discrete FRP strips and continuous FRP 

plates/sheets have been used, represented in Fig. 1.1 by symbols “S” and “P” 

respectively. In terms of fiber orientations, both vertical (with respect to the 

longitudinal direction of the beam which is horizontal) and diagonal fiber 

orientations have been used. Theoretically, the fibers should be oriented in such 

directions as to achieve the best control of shear cracks as FRP is strong only in the 

directions of fibers. In practice, shear forces in a beam may be reversed under 

20 mm≥
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reversed cyclic loading or earthquake attacks, so fibers may need to be arranged at 

different orientations to satisfy the shear strengthening requirement in different 

scenarios. In general, FRPs with fibers in a number of directions can possibly be 

used, but the use of fibers parallel to the shear cracks offers no strengthening effect. 

Existing studies have also shown that shear-strengthening FRP with fibers oriented 

along the axial direction of the beam may only have a marginal shear enhancement 

effect (Taljsten 2003; Zhang et al. 2004; Zhang and Hsu 2005).   

 

As is discussed next, both side-bonded FRP and FRP U-jackets are vulnerable to 

debonding failure; such debonding generally involves the peeling-off of the FRP   

from the substrate concrete with a thin layer of concrete attached to the debonded 

FRP surface. As an attempt to avoid such failure, different anchorage systems have 

been devised [e.g. Khalifa and Nanni (2000)].  

 

The near-surface-mounted (NSM) FRP technique has also been used in shear 

strengthening, but the existing work on the shear-strengthening of RC beams with 

NSM FRP is limited [e.g. Barros and Dias (2006)]. The NSM technique is beyond 

the scope of this study and is not discussed further in the rest of this thesis.  

 

1.2.2 Failure Modes 

 

Shear failure of normal RC beams generally occurs in one of the following failure 
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modes (Teng et al. 2002): (a) shear tension, (b) shear compression and (c) deep beam 

failure. Shear tension failure occurs when the shear span-to-depth ratio is large 

( , where  is the shear span and  is the effective depth of the 

beam which is normally defined as the vertical distance from the compression face 

of the beam to the centroid of steel tension reinforcement). Shear compression 

failure normally occurs in beams with  and deep beam failure in 

beams with . When , shear failure is rare. 

6 / 2.a d> > 5

1 6

a d

2.5 / 1a d> >
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A number of failure modes have been experimentally observed in RC beams 

shear-strengthened with externally bonded FRP. These failures modes include (a) 

shear failure with FRP rupture, (b) shear failure due to FRP debonding, (c) peeling- 

off of the beam side cover, (d) shear failure without FRP rupture, (e) local 

compressive failure or anchorage failure, and (f) other failure modes. Among these 

failure modes, shear failure with FRP rupture and that due to FRP debonding are the 

most common failure modes. Examples of these two failure modes are shown in Figs. 

1.2(a)-1.2(b). 

 

Shear failure with FRP rupture generally occurs with a critical diagonal crack (CDC) 

as shown in Fig. 1.2(a). This type of failure occurs as the maximum strain in the FRP 

reaches its ultimate strain, normally caused by the continuous widening of the CDC, 

preceded by the initiation and extension of the CDC. In some cases such as when the 

shear span-to-depth ratio is small [Chaallal et al. (2002)], FRP rupture may also 
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occur in combination with concrete crushing in the beam web where a number of 

diagonal cracks may co-exist. In this case the rupture of FRP is probably caused by 

the increased volume of the crushed concrete (Chaallal et al. 2002), or due to the 

effect of multi-crack interaction (Teng et al. 2006). In most cases, partial debonding 

of FRP from the beam sides precedes the eventual FRP rupture, but this FRP 

debonding generally does not affect the ultimate shear capacity of this failure mode. 

Some noise may be heard due to the propagation of debonding, giving some warning 

of the impending FRP rupture (Cao et al. 2005).  Almost all test beams with FRP 

wraps and some with FRP U-jackets failed in this failure mode (Chen and Teng 

2003a). 

 

Debonding of FRP from the substrate concrete is another main failure mode for 

shear-strengthened RC beams. This failure normally initiates in the vicinity of a 

shear crack because of the shear stress concentration caused by the widening of the 

crack ,and then propagates away from the shear crack. When debonding reaches the 

free end of an FRP strip, complete debonding of that FRP strip occurs, which may be 

immediately followed by the ultimate shear failure of the strengthened beam. In 

some cases, the shear-strengthening FRP strips at some locations may debond first 

because of the non-uniform distribution of bond length and the shear crack width, 

but the entire failure process generally occurs so quickly in practice that it is hard to 

clearly identify the exact debonding sequence of the FRP strips in laboratory 

experiments. The ductility of strengthened beams failing in this mode is thus very 
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limited. After debonding failure, it can usually be observed that a thin layer of 

concrete is attached to the debonded FRP [Fig. 1.2(b)], indicating that debonding 

failure occurs in the concrete near the FRP-to-concrete interface. Chen and Teng 

(2003b) showed that almost all test beams strengthened with side-bonded FRP and 

many strengthened with FRP U-jackets failed in this mode. 

 

Apart from the above two main failure modes, other failure modes of 

shear-strengthened beams observed in tests are summarized as follows. Since these 

failure modes are not common, they are not discussed further in the rest of this thesis 

unless such discussion becomes necessary. In some circumstances, especially when 

the shear strengthening FRP has a large stiffness, the side cover concrete of the 

strengthened beam may be fully peeled off as observed by a number of researchers 

(Chaallal et al. 1998; Khalifa and Nanni 2002; Wong and Vecchio 2003; Zhang 

2003). When the shear-strengthening FRP has a very large ultimate strain, shear 

failure of strengthened beams may occur before the rupture of FRP, as observed by 

Chajes et al. (1995) where an aramid FRP having an ultimate strain of 2.25% was 

used. Sometimes if the beams are heavily strengthened in shear, local concrete 

crushing failure may occur near the loading point as observed in Chapter 3 of the 

thesis and elsewhere (e.g. Bousseham and Chaallal 2006); this is more likely to 

occur under three point bending. If mechanical anchors are used to anchor the FRP 

on the sides of an RC beam, local failure may occur adjacent to the anchors, either in 

concrete or in FRP, due to stress concentration, as experimentally observed by Sato 
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(1997). A combination of the above failure modes may occur in a shear-strengthened 

beam. For example, Zhang (2003) observed that in a deep beam shear-strengthened 

with FRP U-jackets, some FRP strips ruptured (normally at the lower corner of the 

beam) while most of the FRP strips debonded. Deep beam failure by concrete strut 

crushing has also been observed [also see Zhang et al. (2004)].  

 

1.3 OBJECTIVES AND SCOPE 

 

Although research on shear strengthening of RC beams using FRP has been much 

more limited compared to FRP flexural strengthening of RC beams as mentioned 

earlier, the substantial existing research on FRP shear strengthening has established a 

general picture of the structural behaviour and led to several strength models, some 

of which have been adopted in design guidelines (FIB 2001; JSCE 2001; ISIS 2001; 

CNR-DT200 2004; Concrete Society 2004; ACI-440.2R 2008; HB 305 2008; GB 

2010). A review of existing work on FRP shear strengthening as presented in Chapter 

2, however, reveals that several major deficiencies exist in current knowledge about 

the shear behaviour of RC beams shear-strengthened with FRP and in the methods of 

design against shear failure in existing design guidelines. The aim of the present 

study is to correct two of these deficiencies. The first major deficiency is that 

although substantial existing research has been conducted on RC beams 

shear-strengthened with FRP, most of these studies have been experimentally based 

and only a very limited amount of research is available on the numerical modelling 
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of such beams using the finite element (FE) method. The lack of in-depth FE studies 

is chiefly due to the challenging nature of modelling shear cracking in RC beams and 

the interfaces between the different constituent materials (concrete, internal steel 

reinforcement and external FRP reinforcement). One of the two main objectives of 

this thesis is to develop a FE model which is capable of accurately modelling the 

shear behaviour of shear-strengthened RC beams. The second major deficiency is 

that nearly all of the existing shear strength models have been based on the simple 

additive approach of assuming that the shear contributions of different components 

of a shear-strengthened RC beam, including concrete, internal steel reinforcement 

and external FRP reinforcement, reach their respective maximum values 

simultaneously. This simple additive approach has been adopted primarily for its 

simplicity and convenience of use. In reality, it is very likely that the shear 

contributions of different components in a strengthened beam do not peak 

simultaneously, and shear interactions may exist between the different components 

in a shear-strengthened beam; as a result, adopting the simple additive approach may 

lead to unsafe design. Studying the shear interaction issue and developing a shear 

strength model which can give due consideration to the shear failure process and 

thus the possible shear interactions between concrete, the internal steel shear 

reinforcement and the external FRP reinforcement, are the other objective of the 

present study. Some other major deficiencies which are not covered by the present 

study will be discussed in Chapter 2. It should be noted that although a number of 

different failure modes exist for RC beams strengthened in shear using FRP as 
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discussed above, this thesis is concerned only with the two main failure modes, 

namely shear failure by FRP rupture and shear failure by FRP debonding. It should 

also be noted that this thesis is mainly concerned with RC beams with a relatively 

large shear-span-to-depth ratio (normally ) which normally fail by shear 

tension failure, although the FE model developed in this study can possibly be 

extended to predict the shear behaviour of RC beams (with or without FRP shear 

reinforcement) with a small shear-span-to-depth ratio (e.g. ). The topics 

covered in this thesis are summarized as follows. 

/ 2.a d ≥ 5

5/ 2.a d <

 

Chapter 2 presents a literature review of issues related to this study. It starts with a 

summary of existing shear strength models, with their background explained and 

their deficiencies highlighted. Several important issues, which may have significant 

effects on the shear behaviour of shear-strengthened RC beams but are generally 

ignored in the existing strength models, are then discussed based on the review of 

relevant existing research. Existing FE studies on FRP-strengthened RC beams 

(including shear-strengthened RC beams) as well as common numerical solution 

schemes are also reviewed, revealing the deficiencies of existing FE models of FRP- 

strengthened RC beams. In most of the FE studies, the reinforced concrete is 

modeled based on the concept of “tension stiffening” [e.g. Wong and Vecchio 

(2003)], which does not lead to accurate predictions of the cracking behaviour of 

concrete. As a result, these FE models are generally incapable of accurate predictions 

of FRP debonding failures. 
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Chapters 3-7 are mainly concerned with shear interactions in RC beams 

shear-strengthened with FRP, although some other issues are also clarified. 

 

Chapter 3 presents an experimental study on the behaviour of RC beams shear 

strengthened with bonded or unbonded complete FRP wraps. Experimental results of 

nine beam specimens shear-strengthened with complete FRP wraps are reported. 

Among these nine beams, three were control beams, three were beams 

shear-strengthened with normally bonded FRP wraps, while the last three were 

beams shear-strengthened with FRP wraps unbonded on the beam sides (but still 

bonded to the concrete at top and bottom surfaces). The specimens strengthened with 

unbonded FRP wraps were devised to study the effect of bonding in FRP-wrapped 

beams. Another merit of using unbonded FRP wraps is that the maximum strain in 

the FRP can be accurately measured as the FRP strain within each FRP strip can be 

expected to be constant along its length because it is not bonded to the beam side; 

the actual shear contribution of FRP can thus be more accurately assessed. By 

comparing the test results of side-unbonded FRP wraps and side-bonded FRP wraps, 

the effect of bonding is clarified. By analyzing the measured strain values in 

side-unbonded FRP wraps, adverse shear interaction between the concrete and the 

shear-strengthened FRP wraps is identified, and the effective strain when the shear 

contribution of concrete peaks is also examined.  
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Chapter 4 first extends Chen and Teng’s (2003b) shear strength model to cater for a 

more versatile FRP bonded area. A simplified computational model employing truss 

elements is then proposed to assess the reliability of Chen and Teng’s (2003b) shear 

strength model for FRP debonding failure. In the computational model, a single 

critical shear crack is assumed while different crack shapes can be considered using 

a crack-shape function. The bond-slip behaviour between FRP and concrete is 

accurately modeled using Lu et al.’s (2005) bond-slip model. The assessment is 

necessary because although the model has shown good performance in predicting the 

shear contribution of shear-strengthening FRP for FRP debonding failure, the model 

was built upon two idealized assumptions. The assessment provides a rigorous 

assessment of the implications of these assumptions.  

 

Chapter 5 first presents a closed-form analytical solution for the development of 

shear contribution of FRP as the shear crack widens for FRP debonding failure mode. 

The analytical solution is based on the assumption of a linear shear crack shape as 

well as an analytical solution for an FRP-to-concrete bonded joint loaded at one end 

with the other end being either free or fixed. The solution is capable of predicting the 

entire debonding process of RC beams shear-strengthened with either side-bonded 

FRP or FRP U-jackets, providing a valuable tool for exploring the shear interaction 

issue for shear failure due to FRP debonding. The validity of the analytical solution 

is demonstrated by comparing its results with those obtained from the computational 

model presented in Chapter 4. 
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In Chapter 6, the effects of shear interaction between externally bonded FRP strips 

and internal steel stirrups are quantitatively assessed by examining the numerical 

results obtained with a computational model extended from the computational model 

presented in Chapter 4; the extended computational model accurately models the 

bond-slip behaviour between steel stirrups and concrete as well as that between FRP 

and concrete. Based on the assessment, some qualitative conclusions are drawn on 

the effect of shear interaction for side-bonded FRP and FRP U-jackets; a number of 

important factors affecting shear interaction are also indentified. 

 

Chapter 7 presents a new shear strength model considering the effects of shear 

interaction for the FRP debonding failure mode. The model is developed for FRP 

debonding failure. In this model, the FRP debonding process is duly considered 

based on the analytical solution presented in Chapter 5. Adverse shear interaction 

between the external FRP strips and the internal steel stirrups is appropriately 

reflected mainly based on the numerical results obtained from the computational 

model presented in Chapter 6. The predictions of the new shear strength model as 

well as several other models are then assessed by comparing their predictions with 

experimental results of a large test database (for shear failure due to FRP debonding). 

The results indicate that the new model has the best performance among the models 

examined and represents a significant improvement to Chen and Teng’s (2003b) 

model.  
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Chapters 8-10 are focused on the development and application of an advanced FE 

model capable of accurate modelling of the shear behaviour of RC beams 

shear-strengthened with FRP, including the overall load-displacement response, 

failure modes, cracking behaviour of concrete as well as the strain distribution in 

FRP at shear failure.  

 

Chapter 8 presents an FE model capable of accurate modelling of the shear 

behaviour of RC beams strengthened in shear with FRP, following a critical 

examination of the limitations of the existing FE models for both 

flexurally-strengthened and shear-strengthened RC beams. In the proposed FE model, 

concrete cracking is modeled using the crack band model while the interfacial 

behaviour (between concrete and both internal steel and external FRP reinforcements) 

is accurately modeled using appropriate bond-slip relationships. The capability and 

accuracy of the proposed FE model for predicting FRP debonding failure of 

shear-strengthened RC beams (i.e. shear debonding) and FRP debonding failure in 

flexurally-strengthened RC beams at a major flexural crack [i.e. intermediate 

flexural crack (IC)-induced debonding, see Teng et al. (2002)] are illustrated through 

comparisons of FE predictions with test results for a number of example beams. 

Results from parametric studies are then presented to show that due consideration of 

the bond-slip behaviour between steel bars and concrete is essential for accurately 

predicting both the spacing and width of major cracks in the concrete beam, which 
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have an important bearing on the accurate modelling of FRP debonding failures 

(shear debonding and IC debonding). These numerical results also show that 

modelling the behaviour of cracked concrete using the “tension stiffening” approach, 

in which the bond-slip behaviour between concrete and steel bars is considered only 

indirectly in an average sense, generally leads to inaccurate predictions of the 

spacing and width of major cracks, and consequently, fails to predict FRP debonding 

failures accurately although the overall load-displacement response before FRP 

debonding failure (either shear debonding and IC debonding) can be reasonably 

captured. The knowledge obtained from the parametric studies clarifies several 

fundamental issues in modelling FRP debonding failures in FRP-strengthened RC 

beams, and thus reveals the advantages of the proposed FE model over existing FE 

models reviewed in the present study. 

 

Chapter 9 first presents FE predictions for the beam specimens presented in Chapter 

3 to demonstrate that the proposed FE model is also capable of predicting the FRP 

rupture failure mode of shear-strengthened RC beams. Results from a parametric 

study conducted using the proposed FE model are then presented for a more accurate 

assessment of the effects of shear interaction on shear debonding failure. Results 

from the parametric study reveal that the shear strength model considering shear 

interaction proposed in this study is conservative and reflects reasonably well the 

adverse effect of shear interaction between internal steel stirrups and external FRP 

strips on the shear contribution of FRP. These results also reveal that the amount of 
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the FRP shear reinforcement may affect the angle of the critical shear crack 

significantly and thus significantly affect the effectiveness of shear strengthening. 

The proposed FE model was also used to explore the effect of pre-loading on the 

shear debonding failure; the results show the effect of pre-loading on shear 

strengthening effect can become significant if the level of pre-loading is high. 

 

Chapter 10 deals with the numerical solution scheme used in the proposed FE model. 

A dynamic approach is proposed in which the essentially static structural response 

problem with possibly discrete dynamic events is treated as a dynamic structural 

problem. In the proposed dynamic approach, the quasi-static response is accurately 

predicted by a dynamic solution method with appropriate choices for the loading 

time and the amount of structural damping. An energy-based criterion is also 

proposed to assess the performance of the dynamic approach. Both implicit and 

explicit time integration schemes are examined and compared, and observations on 

their effectiveness are made. The accuracy of the dynamic approach is demonstrated 

by comparing the predictions of the proposed method with those obtained using a 

static solution scheme. Numerical results presented in this chapter demonstrate that 

the proposed dynamic approach is especially suitable for modelling FRP debonding 

failures, where transient dynamic responses generally exist during the process of a 

debonding failure. The proposed approach overcomes convergence difficulties often 

experienced by static solution methods such as the arc-length method in modelling 

concrete cracking and FRP debonding, and thus provides an attractive solution 
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scheme in solving such problems. 

 

The thesis closes with Chapter 11, where conclusions drawn from preceding chapters 

are reviewed, and areas in need of further research highlighted. 
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Fig. 1.1 FRP shear strengthening schemes (β and φ: fiber orientations) (Teng et al. 

2002) 
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(a) Shear failure with FRP rupture 

 

(b) Shear failure due to FRP debonding 

Fig. 1.2 Two typical failure modes of RC beams shear-strengthened with FRP 
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CHAPTER 2 

 

LITERATURE REVIEW 
 

 

 

2.1 INTRODUCTION 

 

This chapter presents a review of existing knowledge of or related to RC beams 

strengthened in shear with FRP (simply referred to as strengthened RC beams or 

shear-strengthened RC beams in the rest of this chapter if not otherwise stated). The 

chapter starts with a summary of existing shear strength models for 

shear-strengthened RC beams (simply referred to as shear strength models/strength 

models/models in the rest of this chapter if not otherwise stated). The summary is not 

aimed to cover all the existing models. Only those models based on clear failure 

mechanisms and/or having been validated against substantial experimental data are 

discussed. The issues which may have significant effects on the shear behaviour of 

strengthened beams but are not fully studied or appropriately reflected in the existing 

models are then discussed based on the limited existing studies. The chapter is then 

focused on a review of existing finite element (FE) studies on the shear failure of 

strengthened beams and intermediate crack (IC) induced debonding in RC beams 

flexurally-strengthened with FRP. This review starts with a brief introduction into 

the FE method as well as concrete crack models commonly used in the FE modelling 
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of concrete and RC structures. Using this knowledge as the background, a critical 

review of existing FE studies on shear failure of strengthened RC beams is next 

presented, aiming to highlight the main deficiencies of the existing FE models. To 

further clarify some important issues of FE modelling of shear failure of 

strengthened beams, especially shear failure due to FRP debonding, a critical review 

of existing FE studies of IC debonding of RC beams flexurally strengthened with 

FRP is also presented, based on the consideration that both debonding failure modes 

(shear debonding and IC debonding) are induced by the widening of critical cracks 

in RC beams although the former is driven by the critical shear crack while the latter 

by the critical flexural crack. Lastly, numerical solution schemes commonly used in 

FE analyses of structures are briefly introduced, with the capabilities and limitations 

of these numerical methods revealed in light of the difficulties and challenges in FE 

analyses of concrete cracking and FRP debonding. Some concluding remarks are 

given at the end of this chapter. It should be noted that if not otherwise sated, all 

equations presented in this chapter and the remainder of this thesis are written in 

terms of standard SI unit designations (i.e. MPa and mm) 

 

2.2 EXISTING SHEAR STRENGTH MODELS 

 

As introduced in the last chapter, RC beams strengthened in shear with FRP may fail 

in various failure modes which are even more complex than the shear behaviour of 

conventional RC beams. The failure modes are influenced by many factors such as 

the shear span-to-depth ratio, beam depth, concrete strength, internal steel shear and 

flexural reinforcements, loading conditions, configuration of shear strengthening as 

well as FRP material properties (Teng et al. 2002, 2004a; Bousselham and Chaallal 
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2004). Shear strengthening using externally bonded FRP is also much less 

investigated and less documented in the existing literature compared to flexural 

strengthening with FRP (Swamy and Mukhopadhyaya 1995; Teng et al. 2004a; 

Bousselham and Chaallal 2008; Hollaway and Teng 2008). To date, there is no 

consensus on the design approach against shear failure even for conventional RC 

beams probably due to the complex nature of shear failure (ACI 445R-99). These 

factors make it difficult to develop a robust predictive strength model suitable for 

design against shear failure of strengthened RC beams in practice. Existing shear 

strength models are either based on the regression of limited test data, or built upon 

some simplifying assumptions, as explained next. 

 

Nearly all existing models use the following expression to calculate the shear 

strength of a strengthened RC beam Vu based on the simple additive approach: 

 

u c sV V V V= + + f                                                    (2.1) 

 

where Vc is the shear contribution of the concrete [which includes the combined 

effects of concrete in compression/tension, friction between the surfaces of shear 

cracks, concrete aggregate interlock, dowel action of steel flexural reinforcement, 

with the mechanism behind the shear-resistance capacity of concrete being still 

unclear (ACI 445R-99)], Vs is the shear contribution of the steel stirrups and bent-up 

bars, Vf  is the shear contribution of the FRP shear reinforcement. It is generally 

assumed that Vc and Vs can be calculated according to provisions in existing design 

codes for RC structures, so the main differences between available models lie in the 

evaluation of the FRP shear contribution Vf .  
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The main shear strength models based on the simple additive approach of Eq. (2.1) 

are briefly discussed next. It should be noted that all models presented in this chapter 

are applicable to both strips and continuous sheets/plates, and continuous 

sheets/plates being treated as a special case of strips. “FRP strips” thus is used to 

refer to both discrete FRP strips and continuous FRP sheets/plates used in shear 

strengthening in the rest of this chapter unless otherwise specified. It should also be 

noted that the following review is focused on the predictive (instead of design) 

models although the strength reduction factors or partial safety factors recommended 

for design models are mentioned or commented upon if they are necessary for the 

explanation of the models  

 

2.2.1 Chaallal et al.’s (1998) Model 

 

The following formula was proposed by Challal et al. (1998) to calculate the shear 

contribution of side-bonded FRP or FRP U-jackets based on a truss analogy: 

 

2 (sin cos )frp
f

f

F d
V

s
β β+

=                                           (2.2) 

 

where ,frp avg bond frpF Aτ=  is the force in FRP strips at the ultimate state, determined 

by the product of the average interfacial bond stress (shear stress) between FRP 

strips and concrete avgτ  and the bonded area of the FRP strips , ,bond frpA β  is the 

angle of the fibre orientation measured clockwise from the horizontal direction for 

the left side of the beam,  is the effective depth of the beam, and d fs  is the 

centre-to-centre spacing of FRP strips measured along the longitudinal axis of the 
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beam. The average shear stress between the FRP strips and the concrete is required 

not to exceed one half of the maximum bond stress max 2τ . 

 

The basic assumption behind this model is that the bonded FRP strips contribute to 

the shear resistance in the same way as that of internal steel shear reinforcement but 

the stress level in the FRP strips contributing to fV  is limited by the bond length as 

well as the maximum bond stress maxτ . 

 

This model suffers from a significant drawback mainly due to the deficiencies of the 

adopted bond strength model. First and most importantly, the maximum bond stress 

maxτ  used in the bond strength model is evaluated using Roberts’ (1989) 

approximate analytical solution assuming elastic behaviour and based on the 

incorrect understanding that debonding failure in FRP-strengthened RC beams 

occurs in the adhesive, which contradicts to the now well-established knowledge that 

debonding of FRP occurs in the substrate concrete adjacent to the FRP-to-concrete 

bonded interface (Teng et al. 2002; Buyukozturk et al. 2004). As a result, the adopted 

bond strength model does not fit well with experimental data (Chen and Teng 2001). 

Second, the bond strength model is given in terms of the average shear stress 

between the FRP strips and the concrete which is not affected by the bond length of 

the FRP strips. This is misleading, because it implies that the tensile strength of the 

FRP can always be fully utilised if there is a sufficiently long bond length (e.g. the 

beam depth is large enough), while in reality the stress level in the FRP at debonding 

does not increase with bond length if the bond length is already sufficiently long, i.e. 

there exists an effective bond length for FRP bonded to concrete beyond which the 

anchorage strength of FRP does not increase anymore [see Chen and Teng (2001) 
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and Yuan et al. (2004) for more details]. 

 

2.2.2 Triantafillou’s (1998) Model 

 

Following a thorough review of studies on FRP shear strengthening, Triantafillou 

(1998) concluded that the effectiveness of the strengthening reinforcement, namely, 

the contribution of FRP to shear resistance at the ultimate state, depends on its 

failure mechanism, which, in turn, depends on various factors. He further argued that 

it was rather impossible to quantify the FRP shear contribution based on rigorous 

analysis. He thus chose a semi-empirical approach, leading to a strength model in 

which the effective FRP strain ,frp eε  is used to estimate the shear contribution of 

FRP:  

 

,0.9 (1 cot )sin
frpf f frp e wV E b dρ ε β= + β                                  (2.3) 

 

where fE is the modulus of elasticity of FRP, 2frp f wt bρ =  is the FRP area 

fraction, ft  is the thickness of the FRP, is the width of the RC beam, wb β  and 

 have the same definitions as those of Eq. (2.1). The effective strain of FRP at 

failure 

d

,frp eε  was obtained based on regression of beam test data as follows: 

 

( )2

, 0.0119 0.0205 0.0104    for  0 1frp e frp f frp f frp fE Eε ρ ρ= − + ≤ Eρ <        (2.4a) 

, 0.00065 +0.00245                            for  1frp e frp f frp fE Eε ρ ρ= − ≥           (2.4b) 

 

The main disadvantage of this model is that no distinction is made between the 
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different strengthening schemes or failure modes. As a result, the predicted FRP 

contribution is the same, for example, for wrapping and side bonding, which is 

clearly incorrect. Although the model was shown to give a rather good prediction of 

the experimental shear contribution of FRP, this is essentially attributed to the fact 

that, the same set of data had been used for both calibration and comparison, a 

shortcoming attributed to most of the empirical strength models, as recognized by 

Triantafillou (1998) himself. 

 

2.2.3 Khalifa et al.’s (1998) Model 

 

Realizing that the two typical failure modes of shear-strengthened RC beams, 

namely FRP rupture and FRP debonding, are caused by different failure mechanisms, 

Khalifa et al. (1998) proposed a strength model which considers the FRP rupture and 

the FRP debonding failure modes separately as a modification to Triantafillou’s 

(1998) model. As with Triantafillou’s (1998) model, Khalifa et al. (1998) used the 

effective FRP strain concept in their model and a reduction factor ( R ), defined as the 

ratio between the effective FRP strain and the FRP rupture strain (material failure) 

(i.e. , ,frp e frp uR ε ε= ), in their model. Regression of experimental data led to the 

following expression for R : 

 

( ) ( )2
0.5622 1.2188 0.778 0.50frp f frp fR E Eρ ρ= − + ≤                      (2.5) 

 

For FRP debonding failure, Khalifa et al. (1998) further proposed a bond mechanism 

design approach based on the bond strength model of Maeda et al. (1997), which led 

to the following expression for R : 
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( )
( )

2 3'
,

0.58

,

0.0042
0.5c f e

f f frp u f

f w
R

E t dε
= ≤                                         (2.6) 

 

where '
cf  is the cylinder compressive strength of concrete, ,f ew  is the effective 

width of FRP sheet (for discrete FRP strips, ,f e f fw w s  should be used instead, 

where fw  is the width of the FRP strips and fs  the centre-to-centre spacing of the 

FRP strips), and fd  is the effective depth of FRP reinforcement (equal to the depth 

 from the compression face to the centre of the steel tension reinforcement for 

rectangular sections if the beam height is fully boned with FRP). Khalifa et al. (1998) 

suggested that the smaller value from Eqs. (2.5) and (2.6) be used for FRP 

debonding failure, and Eq. (2.5) be used for FRP rupture failure. 

d

 

Khalifa et al.’s (1998) model has the following two deficiencies. First, Eq. (2.5) was 

obtained based on the regression of test data containing both FRP debonding failures 

and FRP rupture failures, but was suggested for use purely for FRP rupture failures. 

This is not appropriate as the mechanisms of the two failure modes (FRP rupture and 

FRP debonding) are different, which was also recognized by Khalifa et al. (1998). 

Second, the bond strength model of Maeda et al. (1997) adopted in Eq. (2.6) cannot 

correctly predict the effective bond length as shown by Chen and Teng (2001). 

 

2.2.4 Triantafillou and Antonopoulos’ (2000) Model 

 

Recognizing the shortcomings of Triantafillou’s (1998) model and being aware of 
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the first shortcoming of Khalifa et al.’s (1998) model pointed out above, Triantafillou 

and Antonopoulos (2000) published an extension of Triantafillou’s (1998) model in 

which different effective strain expressions are used for different types of FRP as 

well as for different failure modes: 

 

( )
0.652 3'

-3
, 0.65  10                           for  CFRP debondingc

frp e
frp f

f

E
ε

ρ

⎛ ⎞
⎜ ⎟= ×
⎜ ⎟
⎝ ⎠

       (2.7a) 

( )
0.32 3'

, 0.17                                      for  CFRP rupturec
frp e

frp f

f

E
ε

ρ

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

          (2.7b) 

( )
0.472 3'

, 0.048                                    for  AFRP rupturec
frp e

frp f

f

E
ε

ρ

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

          (2.7c) 

 

This model still has two shortcomings: (1) no distinction was made between 

side-bonding and U-jacketing while these strengthening configurations have 

distinctly different shear contributions if all other parameters are the same (Teng et al. 

2002); and (2) although the model was shown to have an overall better performance 

than Khalifa et al.’s (1998) model in predicting the experimental results, the 

performance may vary because the same set of data was used for both calibration 

and assessment. Furthermore, no equation was given for GFRP materials 

 

2.2.5 Chen and Teng’s (20003a, b) Model 

 

Recognising the deficiencies of the previous models, Chen and Teng (2003a, b) 

developed two shear strength models for the FRP rupture failure mode (Chen and 
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Teng 2003a) and the debonding failure mode (Chen and Teng 2003b) respectively. 

The separate treatment of these two failure modes is essential because of their 

distinctly different failure mechanisms (Teng et al. 2002). Compared to the empirical 

models [Triantafillou (1998); Khalifa et al. (1998); Triantafillou and Antonopoulos 

(2000)], a salient feature of Chen and Teng’s (20003a, b) models is that they were 

developed not by regression of experimental data, but based on a rational 

interpretation of the failure mechanisms. 

 

In Chen and Teng’s models (2003a, b), the shear contribution of FRP to the shear 

strength is given by  

 

( ),
,

cot cot sin
2 f e

f f e f f
f

h
V f t w

s
θ β β+

=                                 (2.8) 

 

where θ  and β  are the shear crack angle and the angle of the fibre orientation 

(both to the longitudinal axis of the beam) respectively, ,f ef  is the average 

(effective) stress of the FRP intersected by the shear crack at the ultimate state, ft  

is the thickness of FRP, fw is the width of the FRP strips in the direction 

perpendicular to the fibre orientation, and fs  is the centre to centre spacing of FRP 

strips along the longitudinal beam axis (in the case of continuous FRP sheets/plates, 

sinf fw s β= ), ,f e bh z= − tz  is the effective height of the FRP bonded on the beam 

web, in which  

 

,t frp tz d=                                                        (2.9a) 
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[ ( )] 0.9b frpz d h d d= − − −                                           (2.9b) 

 

in which  is the effective depth of the beam measured from the compression face 

to the centre of steel tension reinforcement,

d

,frp td is the distance from the compression 

face of beam to the top edge of the FRP, is the height of the beam, and h frpd  is the 

distance from the compression face to the lower edge of the FRP.  

 

Based on the observation that the stress distribution in the FRP strips along a shear 

crack is non-uniform at the ultimate state for both FRP rupture and FRP debonding 

failures, the following equation was proposed by Teng and Chen (2003a, b) to 

calculate the average stress in the FRP intersected by the shear crack at the ultimate 

state: 

 

,f e frp ff D ,maxσ=                                                   (2.10) 

 

in which ,maxfσ  is the maximum stress that can be reached in the FRP strips 

intersected by the shear crack and frpD  is the stress distribution factor defined by 

 

,

,max

f e
frp

f

f
D

σ
=                                                    (2.11a) 

 

After a detailed exploration of possible stress distributions in FRP intersected by the 

shear crack, Chen and Teng (2003a) proposed the following expression for the stress 

distribution factor ( frpD ) for FRP rupture failure: 
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1
2frpD ζ+

=                                                     (2.11b) 

t

b

z
z

ζ =                                                         (2.11c) 

 

Note that  and , 0frp td = 0ζ =  for FRP wrapping.  

 

By assuming that all the FRP strips intersected by the shear crack at the ultimate 

state can develop their full bond strength, and ignoring the part of the bond length of 

FRP either above or below the “effective shear crack” [see Chen and Teng (2003a,b) 

for more details], the following stress distribution factor frpD  was deduced by Chen 

and Teng (2003b) based on their bond strength model (Chen and Teng 2001): 

 

max,nor
max,nor

max,nor max,nor

max,nor
max,nor

1 cos( / 2)2        for  1
sin( / 2)

21                                   for  >1
frp

L
L

L L
D

L
L

π
π π

π
π

−⎧
≤⎪

⎪= ⎨
−⎪ −

⎪⎩

                 (2.12a) 

 

, e
max,nor

, e

( sin )                     for  FRP U-jackets

(2 sin )                   for  side-bonded FRP strips
frp e

frp e

h L
L

h L

β

β
⎧⎪= ⎨
⎪⎩

        (2.12b) 

 

where  is the effective bond length of FRP determined from Chen and Teng’s 

(2001) bond strength model. 

eL

 

For complete FRP wraps (also referred to as FRP wraps for simplicity), the 
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maximum stress in FRP is assumed to be the tensile strength of FRP as found from 

flat coupon tests ( ,maxf ffσ = ) although in the strength model a reduction factor of 

0.8 was suggested mainly to account for factors such as the effect of beam corners 

that may reduce the tensile strength of FRP. For FRP debonding, the maximum stress 

in FRP is limited by either the bond strength determined from Chen and Teng’s 

(2001) bond strength model or the tensile strength of FRP ( ff ) [see Chapter 4 for 

more details]. 

 

Although Chen and Teng’s (2003a, b) models have been shown to be capable of 

giving very good predictions of experimental data, several issues need to be further 

clarified for the models to be used with more confidence. The first issue is that their 

models were developed based on an analysis of the assumed ultimate state with 

some simplifications which are yet to be verified. For FRP rupture, Chen and Teng 

(2003a) explored possible stress distributions for the ultimate state at which the most 

stressed FRP strip reaches its tensile strength. In reality, it is quite possible that the 

ultimate state may be reached before any FRP strip ruptures, or be reached after the 

rupture of some FRP strips. The first possibility was discussed in Teng et al. (2002) 

but was not reflected in Chen and Teng’s (2003a) model. Essentially, this possibility 

is due to the possible interaction between the shear contributions of concrete ( ), 

FRP (

cV

fV ) and steel stirrups ( sV ). Chen and Teng’s (2003a) model implies that fV , 

 and cV sV  reach their peak values simultaneously. Given the large rupture strain of 

FRP, the width of the shear crack may be so large that  is already in its post-peak 

range due to the loss of concrete aggregate interlock, as observed in the experimental 

study presented in Chapter 3. For FRP debonding failure, Chen and Teng (2003b) 

cV
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assumed that all FRP strips intersected by the shear crack can develop their bond 

strength fully, which may be un-conservative. On the other hand, they neglected the 

FRP bond length above and below the “effective bonded area”, which is conservative 

and results in a simple bonded area. This conservative effect may offset the 

unconservative effect to some degree, but it is not clear to what extent they offset 

each other. This will be assessed in Chapter 4. Furthermore, for RC beams 

strengthened with either side strips or U-jackets, the shear contribution of FRP fV  

may peak after the debonding of some FRP strips. To consider this, it is necessary to 

study the FRP debonding failure process. This is another issue yet to be properly 

clarified. 

 

2.2.6 Monti and Liotta’s (2007) Model 

 

Monti and Liotta (2007) developed a shear strength model which was first presented 

in Monti et al. (2004) and Loitta (2006). As with Chen and Teng (2003a, b), the 

model is based on an analytical approach, and built upon the observation that the 

stress distribution in the FRP intersected by the shear crack is non-uniform. Monti 

and Liotta (2007) developed their model based on the following two assumptions: (1) 

the shear crack width increases linearly from zero at the crack tip to the maximum at 

the crack end; and (2) the slips between the FRP and the substrate concrete at the two 

sides of the shear crack are symmetrical. To develop the model, Monti and Liotta 

(2007) first deduced closed-form solutions for the relationship between the effective 

stress in FRP ( feσ ) and the crack opening angle (α ) for side-bonded FRP strips and 

FRP U-jackets respectively. Using the solutions of the feσ α− response, closed-form 

expressions for the maximum value of feσ were then obtained and termed as 
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effective debonding strength fedf . The closed-from solution for fedf of complete 

FRP wraps could not be obtained but an approximate expression was given. 

Eventually, the shear strength model has expressions as follows. 

 

For FRP side-bonded FRP strips: 
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where fddf  is the FRP-to-concrete bond strength,  is the effective bond length of 

FRP strips, 

el

fG  is the facture energy of the FRP-to-concrete bonded interface,  bk
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is the covering/scale coefficient, fp  is the FRP centre-to-centre spacing measured 

orthogonally to the fiber orientation,  is the beam web depth (equal to the beam 

height in the case of a rectangular beam), 

wh

ckf  is the concrete characteristic cylinder 

strength and the concrete mean tensile strength 2 30.27ctm ckf R= ⋅ ( R  is the concrete 

characteristic cube strength). Other variables (i.e. fE , ft , fw , ,d θ , β ) are the same 

as in Chen and Teng’s (2003a,b) models. 

 

For FRP U-jackets and complete FRP wraps: 

 

( )0.9 2 cot cot f
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For FRP U-jackets, the FRP effective stress fedf is expressed as  
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For complete FRP wraps, the FRP effective stress fedf is expressed as  

 

{ } ( ) { }R
sin sin1 11 + 1

6 min 0.9 , 2 min 0.9 ,
e e

fed fdd fd fdd
w w

l lf f f f
d h d h
β βφ

⎡ ⎤ ⎡
= ⋅ − ⋅ ⋅ − −⎢ ⎥ ⎢

⎢ ⎥ ⎢⎣ ⎦ ⎣

⎤
⎥
⎥⎦

    (2.16) 

 

in which 

R 0.2 1.6            0 0.5c c

w w

r r
b b

φ = + ⋅ ≤ ≤                                     (2.17) 

 42



 

where fdf is the FRP tensile strength,   is the corner radius of the section to be 

wrapped, and is the width of the strengthened member.  

cr

wb

 

Although Monti and Liotta’s (2007) model was shown to be capable of giving rather 

good predictions of the FRP shear contribution fV , the model still has the following 

shortcomings. Firstly and importantly, although Monti and Liotta’s (2007) model 

duly considers the FRP debonding process, their analytical solutions are still limited 

to the assumed ultimate state (i.e. not the full-range failure process). The strength 

model thus may be inaccurate in some cases because other possible ultimate states  

are not considered. For instance, they treated the ultimate state of a beam 

shear-strengthened with side-bonded FRP strips just as in the stage when some FRP 

strips have already debonded, but the ultimate state may also appear before the full 

debonding of any FRP strip in some cases (e.g. a small beam size and/or a large FRP 

axial stiffness) as explained in Chapter 5 of this thesis. Secondly, Monti and Liotta 

(2007) adopted a simplified FRP bonded area by ignoring the possible FRP bond 

length either above or below the “effective bonded area” as was assumed by Chen 

and Teng (2003b). As a result, the model has an inherent tendency to underestimate 

the FRP shear contribution ( fV ) although this underestimation should be negligible 

for large beams. Thirdly, Monti and Liotta’s (2007) model was developed based on a 

simplified model of the stress-slip law (or the load-displacement response) of 

FRP-to-concrete joints as detailed in Monti et al. (2004) and Loitta (2006), but this 

simplification does not have a rigorous basis. Further analyses detailed in Chapter 5 

show that this simplification also leads to underestimation of fV  especially for 
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side-bonded FRP. Fourthly, the assumption of symmetrical slips (at the two opposite 

sides of the shear crack) may lead to incorrect predictions of the FRP debonding 

process for FRP U-jackets as clearly shown in Chapter 5. Lastly, for FRP rupture 

failure, it was stated that the expression of Monti and Liotta’s (2007) model was 

given based on approximation because a closed-form solution could not be obtained 

(Monti et al. 2004; Loitta 2006). However, it is not clear how the approximate 

expression was developed, and how it was validated against experimental data. 

 

2.2.7 Shear Strength Model in the Draft Chinese Code 

 

In the draft Chinese Code for Infrastructure Application of FRP Composites (GB 

2010) (referred to as the draft Chinese code hereafter), it is stated that beams 

strengthened with FRP wraps fail by FRP rupture, while beams strengthened with 

side-bonded FRP or FRP U-jackets normally fail due to FRP debonding. The draft 

Chinese code presents two different models for FRP rupture failure and FRP 

debonding failure respectively as detailed below.  

 

For FRP wraps, the shear contribution of FRP is expressed as  
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where ,f vdσ  is the design effective stress in FRP, ,fe vε is the effective strain in FRP 

for FRP rupture failure, fdε  is the tensile strength of FRP, Efλ  is a parameter used 

to reflect the amount of FRP reinforcement, fh  is the effective height of the beam, 

is the width of the beam, b tf  is the tensile strength of concrete which can be 

determined from the concrete cube strength through 0.550.395t cuf f=  according to the 

Chinese Concrete Code GB 50010 (2002), vψ  is the preloading factor,  and 1V RCV  

are respectively the preloading load level and shear capacity of the unstrengthened 

RC beam, fn  is the number of layers of the FRP wrap, fs  is the clear spacing of 

the FRP wraps (in the case of FRP strips), and α  is the fiber orientation to the 

longitudinal axis of the beam; other parameters ( fw , ft fE ) have the same 

definitions as in Chen and Teng’s (2003a,b) models.  

 

For side-bonded FRP and FRP U-jackets, the shear contribution of FRP is expressed 

as  
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where fK  is the debonding factor, avgτ is the average bond stress between FRP and 

concrete, feh is the effective height of FRP (measured from the centre of steel 

tension reinforcement to the actual top edge of the FRP), φ  is the strengthening 

method factor ( 1.0φ =  for side-bonded FRP and 1.3φ =  for FRP U-jackets), and wβ  

is the width ratio effect. Other factors have the same definitions as in Eqs. 

(2.18a)-(2.18e). 

 

A model for FRP rupture failure was initially developed by Ye et al. (2002) to 

evaluate the shear contribution of FRP to the shear capacity of FRP-wrapped 

concrete rectangular columns based on a regression of limited test data, and later 

modified by Hu (2004) based on the analysis of a test database of FRP-wrapped 

concrete rectangular columns (33 experimental test data of strengthened columns). 

The equations adopted in the Draft Chinese Code [Eqs. (2.18a)-(2.18e)] are based on 

those of Hu (2004) with some modifications. It should be pointed out that the shear 

failure mechanism of strengthened RC rectangular columns would be different from 

that of strengthened RC beams because the loading conditions as well as the 

boundary conditions of the two types of structural members are different. 

Furthermore, most of the column specimens used to validate the above equations 

were subjected to considerable axial load [with most specimens (21 out of 33) 

having axial loads in the range of 0.3 Agfc to 0.7 Agfc, where Ag is the axial area of the 

column and fc the concrete compressive strength used in Chinese Concrete Code (GB 
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50010 2002)] (Hu 2004), while generally such axial load does not exist for RC 

beams strengthened in shear. Although the model adopted in the draft Chinese code 

does not include the effect of axial load, the model has not been validated against 

experimental data of strengthened beams failing by FRP rupture to the best 

knowledge of the author. 

 

The model for FRP debonding [Eqs. (2.19a)-(2.19d)] was initially proposed by Lu 

(2004) and further explained by Ye et al. (2005).  This model is based on an 

analysis of numerical results from the simplified FE model later presented in Lu et al. 

(2009) in which the debonding process of both FRP side-bonded strips and FRP 

U-jackets are investigated. Lu et al.’s (2009) FE model duly considers the bond-slip 

behaviour between FRP and concrete using Lu et al.’s (2005a) bond-slip model, and 

was used to investigate the effect of shear crack shape by assuming several idealized 

crack shapes. However, in this FE model, symmetrical slip distributions at opposite 

sides of the shear crack are assumed so that only part of the FRP bonded area is 

modelled. The model may thus predict an incorrect FRP debonding process for FRP 

U-jackets, which is also a deficiency of Monti and Loitta’s (2007) model as 

discussed above (also see Chapter 5 for details). Nevertheless, the model for FRP 

debonding was shown to give predictions in good agreement with experimental data 

(Lu 2004; Ye et al. 2005), but a number of issues as discussed in the next section are 

not duly considered in this model.  

 

2.2.8 Models in Existing Design Guidelines 

 

2.2.8.1 General 
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To date, several guidelines/design manuals/codes (referred to as guidelines only 

hereafter unless differentiation between them becomes essential) on the 

strengthening of concrete structures using FRP composites have been developed. 

The models for shear strengths in these guidelines [except those in JSCE (2001)] are 

basically/partially based on the shear strength models reviewed above, with or 

without modifications. The models in the draft Chinese code have already been 

introduced above. Models in other guidelines are briefly outlined next.  

 

2.2.8.2 Shear strength models in existing guidelines 

 

In ISIS Canada guideline (ISIS 2001), Triantalillou and Antonopoulos’ (2000) model 

[Eqs. (2.7b) and (2.7c)] is adopted for design against FRP rupture failure, while 

Khalifa et al.’s model (1998) [Eq. (2.6)] is adopted with some modifications for 

design against FRP debonding failure. In addition, the strain value of 0.004 is used to 

limit the effective strain in FRP to avoid loss of concrete aggregate interlock due to 

the widening of concrete cracks for both failure modes (Priestley et al. 1996).  

 

In the fib guideline (fib 2001), the design equations are based on the models of 

Triantalillou and Antonopoulos (2000). A strain value of 0.006 is also suggested to 

limit the maximum effective strain to maintain the integrality of concrete and to 

secure the activation of the concrete aggregate interlock mechanism based on limited 

existing studies (e.g. Priestley and Seible 1995; Khalifa et al. 1998). 

 

In the JSCE guideline (JSCE 2001), the shear contribution of FRP sheets is 

expressed as follows: 
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where K  is the shear strengthening efficiency coefficient, fuf is the tensile strength 

of FRP, fA  is the cross-sectional area of the FRP strips within the spacing fs , fE  

is the modulus of elasticity of the FRP, fα  is the angle of fiber orientation to the 

beam axis,  is the width of the beam web, wb 1.15z d=  is the lever arm length, 

and cf  is the compressive strength of concrete. 

 

Eq. (2.20b) was obtained through regression of test data which included beams 

failing by FRP rupture failure, FRP debonding failure as well as concrete crushing 

failure in the compression zone. As these different failure modes are not explicitly 

and separately considered, this model is therefore subject to similar deficiencies as 

Triantalillou’s (1998) model as discussed above.  It should be noted that the JSCE 

guideline also recommends another approach to evaluate the shear contribution of 

FRP strips based on a numerical calculation procedure. The bond-slip behaviour 

between FRP and concrete can be considered in this approach, but it is rather 

involved and not suitable for direct use in design. 

 

In the guideline of the Concrete Society, UK (Concrete Society 2004), the following 
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expression is used to calculate the FRP shear contribution for all FRP types and 

failure modes: 
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where feε  is the effective strain in FRP along the shear crack, fε  is the tensile 

strain of FRP (for use in design, it is replaced with the design ultimate strain of FRP), 

fd  is the effective depth of the FRP strengthening, measured from the top of the 

FRP to the steel tension reinforcement,  is a factor accounting for the 

strengthening configuration (  for fully wrapped beam, 

n

0n = 1.0n =  for FRP 

U-jackets and  for side-bonded FRP strips), is the anchorage length 

required to develop the full anchorage capacity, and 

2.0n = ,maxtl

β  is the fiber orientation to the 

longitudinal axis of the beam; the other parameters ( fE , fA , fs ) have the same 

meanings as in other models [e.g. Chen and Teng (2003a,b)]. 

 

The first strain limit in Eq. (2.21b) was chosen following Chen and Teng’s (2003a) 

model for FRP rupture failure. The second strain limit corresponds to the FRP 

debonding failure mode, based on the bond strength model of Neubauer and Rostasy 

(1997). The last strain limit is to ensure the integrity of concrete. Apparently, the 
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strain limit [Eq. (2.21b)] used in this model is to provide a lower bound of the 

effective strain in FRP aiming to design against all possible failure modes (i.e. FRP 

rupture, FRP debonding, loss of the concrete resistance mechanism such as 

aggregate interlock). The model is shown to give rather conservative predictions of 

experimental data with quite a large scatter (Concrete Society 2004).  

  

The Italian guideline for application of externally bonded FRP systems (CNR-DT 

200/2004) is mainly based on the shear strength model of Monti et al. (2004) with 

slight modifications. The updated version of the model presented in CNR-DT 200 

(2004) is also reported in Monti and Loitta (2007). 

 

In the newly released ACI guideline on the use of externally bonded FRP systems 

(ACI 440.2R 2008), the effective strain in FRP for FRP-wrapped members failing by 

FRP rupture is limited to a value of 0.004 mainly to preclude the loss of aggregate 

interlock (Priestley et al. 1996). For side-bonded FRP and FRP U-jackets which fail 

by debonding, the model of Khalifa et al. (1998) was adopted with some 

modifications. 

 

In the Australian guideline (HB 305 2008), Chen and Teng’s (2003a, b) models are 

recommended with almost no modification.   

 

Apart from the recommendations on how to evaluate the shear contribution of FRP 

fV , the above guidelines generally specify the minimum spacing of FRP strips to 

ensure at least one FRP strip is intersected by the shear crack. Some guidelines also 

specify the maximum shear capacity of the strengthened beam (ISIS 2001, fib 2001, 
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CNR-DT 200/2004) or the maximum shear contribution of both the internal shear 

reinforcement and the external FRP shear reinforcement (ACI 440.2R-08) mainly to 

avoid shear failure caused by concrete crushing. 

 

2.3 ISSUES WITH SHEAR-STRENGTHENING OF RC BEAMS WITH FRP  

 

Although existing studies have led to a series of design models some of which have 

been adopted in design guidelines as discussed above, these models are generally 

built upon the following simplifying assumptions: (1) the externally bonded FRP 

shear reinforcement contributes to the shear capacity of strengthened beams 

following the same mechanism as that of internal shear reinforcement; that is, the 

shear contribution of FRP can be evaluated based on the truss analogy as with the 

internal shear reinforcement; (2) the angle of the shear crack with respect to the 

horizontal beam axis is always assumed to be  for simplicity although the test 

shear crack angle can be either smaller (in most cases) or larger than ; and (3) 

the shear capacity of the strengthened beam can be calculated as a sum of the 

contributions of concrete, internal shear reinforcement and shear-strengthening FRP 

based on simple superposition. Furthermore, it should be noted that most of the 

existing models were based on or validated against tests of shear-strengthened beams 

with shear span-to-depth ratios 

45o

45o

2.5a d ≥ . Reviews of the existing literature (e.g. 

Teng et al. 2002, 2004; Bouselham and Chaallal 2004, 2008) have shown that some 

major aspects related to shear strengthening with FRP are still not captured by the 

existing models. A synthesis of the existing experimental data (Bouselham and 

Chaallal 2004) has identified that the following parameters have significant effects 

on the shear behaviour of the strengthened beam: (1) the properties of FRP and the 
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strengthening configuration; (2) the transverse steel reinforcement; (3) the shear 

span-to-depth ratio; (4) the size of the beam; and (5) the longitudinal steel 

reinforcement. Among these factors, the first is already partially reflected in the 

existing models, while the other four have not been appropriately addressed in the 

existing models although their effects have been investigated by a number of 

existing studies. The more important issues needing clarification are further 

discussed below based on the existing studies. 

 

2.3.1 Shear Interaction in RC Beams Shear-Strengthened with FRP 

 

2.3.1.1 Shear interaction between Vc and Vf

 

As mentioned above and qualitatively discussed elsewhere [Triantalillou and 

Antonopoulos (2000); Teng et al. (2002)], the shear contribution of concrete ( ) is 

likely to decrease before FRP rupture occurs in RC beams shear-strengthened with 

complete FRP wraps. This shear interaction between V

cV

c and Vf  can be qualitatively 

explained as follows. As debonding of FRP strips on the beam sides generally 

precedes the eventual FRP rupture failure as experimentally observed by Cao et al. 

(2005), it can be reasonably assumed that the effective strain developed in FRP along 

the critical shear crack is proportional to the shear crack width, so a larger crack 

width results in a larger effective strain. Given the relatively large failure strain of 

the FRP material (compared to the yield strain of steel), the crack width at FRP 

rupture failure may be large enough to compromise the shear resistance mechanism 

in concrete (such as concrete aggregate interlock), and thus cause a degradation in 

. This phenomenon was clearly observed in FRP-wrapped columns under cyclic cV
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loading as demonstrated by Priestley et al. (1996) and Ye et al. (2002). Chajes et al. 

(1995) also observed that for beams strengthened with AFRP (with a large ultimate 

strain of 0.0225), shear failure occurred due to the widening of shear cracks without 

FRP rupture. The measured maximum FRP strain values at failure were in the range 

of 0.004-0.006, implying that such a phenomenon also exists in FRP 

shear-strengthened beams.  

 

It can be easily envisaged that the effective strain in FRP is also affected by the beam 

size. This is because with a single dominant shear crack of a given crack width, a 

larger beam size means a longer FRP strip length for deformation in the case of FRP 

wraps (noting that FRP debonding generally precedes the eventual FRP rupture 

failure), leading to a smaller FRP stain for a given crack width. Based on the limited 

test results of small specimens (e.g. Priestley and Seible 1995; Khalifa et al. 1998), 

the existing guidelines normally recommend a strain limit of about 0.004-0.006 

mainly to preclude a significant degradation of the concrete shear resistance 

mechanism (e.g. loss of concrete aggregate interlock). This limit provides a 

convenient rule of thumb but does not necessarily prevent the development of wide 

cracks (Denton et al. 2004). The existence of the above adverse shear interaction will 

be clearly identified in Chapter 3, based on accurately measured FRP strains from an 

experimental study. 

 

2.3.1.2 Shear interaction between Vs and Vf

 

Although the majority of the existing research (e.g. Chajes et al. 1995; Chaallal et al. 

1998; Khalifa et al. 1998; Triantafillou 1998; Triantafillou and Antonopoulos 2000; 
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Taljsten 2003; Chen and Teng 2003a, 2003b; Carolin and Taljsten 2005b; Monti and 

Liotta 2007) and the main design guidelines (e.g. ACI 440-2R 2008; CNR-DT 

200/2004; Concrete Society 2004; ISIS 2001; fib 2001; JSCE 2001) have adopted 

the assumption that Vu is a sum of Vc, Vs and Vf based on simple superposition [Eq. 

(2.1)], the validity of this assumption is yet to be proved and has actually been 

questioned by many researchers (Park et al. 2001; Khalifa and Nanni 2000, 2002; 

Teng et al. 2002, 2004; Li et al. 2001, 2002; Pellegrino and Modena 2002, 2006; 

Denton et al. 2004; Oehlers et al. 2005; Mohamed Ali et al. 2006; Bousselham and 

Chaallal 2004, 2006a, 2006b, 2008). A review of relevant studies on shear 

interaction pertaining to debonding failure is presented next to provide a 

comprehensive background for the studies on shear interaction presented in Chapters 

5, 6, 7 and 9.  

 

RC beams shear-strengthened with side strips or U-strips commonly fail due to the 

debonding of FRP strips from the beam sides (Chen and Teng, 2003a, 2003b; Teng et 

al. 2002, 2004a). This failure mode is usually brittle so that the width of the critical 

shear crack is limited when FRP debonding occurs. As a result, the contribution of 

concrete to the shear capacity of the beam  is likely to be maintained when beam 

shear failure due to FRP debonding occurs (e.g. Bousselham and Chaallal 2008). 

cV

 

The brittleness of the debonding failure also means that the strains in steel stirrups 

may be below their yield strain when FRP debonding failure occurs, so that not all 

steel stirrups intersected by the critical shear crack reach yielding at the shear failure 

of the beam (Teng et al. 2002, 2004a; Li et al. 2002; Mohamed Ali et al. 2006; 

Pellegrino and Modena 2002, 2006; Monti and Liotta 2007; Bousselham and 
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Chaallal 2008). Consequently, the steel shear reinforcement may not reach yielding 

and may contribute less than what is predicted by existing shear strength models. 

 

The amount of steel shear reinforcement has also been found to have a considerable 

effect on the effectiveness of shear strengthening using FRP U-strips (e.g. Khalifa 

and Nanni 2002; Bousselham and Chaallal 2004, 2006a, 2006b, 2008; Carolin and 

Taljsten 2005a; Pellegrino and Modena 2006). The shear contribution of FRP 

U-strips fV  tends to decrease with an increase in the axial rigidity ratio between the 

internal steel shear reinforcement and the external FRP shear reinforcement 

(Bousselham and Chaallal 2004; Pellegrino and Modena 2006). This is because the 

maximum shear contributions of steel stirrups and FRP may not be reached 

simultaneously, so that their combined contribution may be less than the sum of the 

respective peak values of fV  and sV . 

 

Accurate measurement of fV and sV  in tests is difficult as the shear crack location 

is not known a priori. As a result, the mechanism of shear interaction is not yet well 

understood (Bousselham and Chaallal 2004, 2008). The few shear strength models 

that consider shear interaction (Li et al. 2001; Pellegrino and Modena 2002, 2006) 

have been developed on the basis of limited experimental results. These studies 

explored the effects of the spacing of steel stirrups (Li et al. 2001), the axial rigidity 

ratio between steel stirrups and FRP shear reinforcement (Pellegrino and Modena 

2002) and the under-mobilization of steel stirrups (Pellegrino and Modena 2006). It 

should be noted that Pellegrino and Modena (2006) assumed that the effective strain 

of steel stirrups is the same as that of FRP, but this is generally not valid according to 

test observations reported in Diagana et al. (2003) and Bousselham and Chaallal 
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(2006a). 

 

Oehlers et al. (2005) and Mohamed et al. (2006) employed a computational model to 

evaluate the shear resistance contributed by steel stirrups when FRP debonding is the 

critical failure mode. In their study, the FRP-to-concrete bond behaviour was 

represented using a linear softening bond-slip model, but the bond between steel 

stirrups and concrete was ignored so that the strain in a steel stirrup could be directly 

calculated from the crack width and the distance between the two anchored ends of 

the steel stirrup. These studies provided valuable insights into the shear interaction 

mechanism between internal steel stirrups and external FRP shear reinforcement 

particularly when the stirrups are made of plain steel bars, but for a more accurate 

evaluation, the bond behaviour between steel stirrups and concrete needs to be 

rigorously modelled. 

 

2.3.2 Effect of Shear Span Ratio 

 

As mentioned in Chapter 1, the shear failure of RC beams is complex and the failure 

mode may change from shear tension failure for a large shear span ratio ( 2.5a d ≥ ) 

to deep beam failure for a small shear span ratio ( 1a d ≤ ). The existing research 

identified at least the following four shear resistance mechanisms for concrete in an 

RC beam (ACI 445R-99): (1) shear stresses in uncracked concrete; (2) aggregate 

interlock and friction; (3) dowel action of the longitudinal reinforcement; and (4) 

arching action. The question of which mechanism contributes most to the shear 

resistance of a diagonally cracked concrete beam does not have a unique answer 

(ACI 445R-99). The importance of the contribution of an individual mechanism 
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depends on the specific beam properties and loading conditions (including the shear 

span-to-depth ratio). Different from the design method against flexural failure of RC 

beams which is generally based on section analysis, the different design approaches 

for shear failure of RC beams have different theoretical backgrounds [e.g. empirical 

models, various truss models, plasticity theory and the Modified Compression Field 

Theory (MCFT) (ACI 445R-99)]. To date, there is still no consensus on a unified 

shear design approach. Some approaches are suitable for shear tension failure (e.g. 

the truss approach with the concrete shear contribution), while others appear to be 

particularly useful for deep beam failure (e.g. the strut-and-tie model). With this 

background, it can be envisaged that proposing a unified design approach which can 

reflect the shear failure mechanism of strengthened beams covering a large range of 

shear span-to-depth ratios is especially difficult.  

 

Bousselham and Challal (2004) revealed that most of the existing studies were 

conducted on beams with 2.5a d ≥  where the shear failure process is usually 

dominated by the development of a diagonal shear crack. Although some studies 

covered specimens of two (Bousselham and Chaallal 2006a; Zhang et al. 2004; 

Zhang and Hsu 2005; Kim et al. 2008) or more shear span-to-depth ratios (Cao et al. 

2005), investigating the effect of shear span-to-depth ratio was not the main 

objective of these studies. There is a lack of studies providing a complete picture of 

failure mechanisms of the strengthened beam covering a large range of shear 

span-to-depth ratios. Such studies are urgently needed to close the gap of knowledge. 

For the design models, most do not account for the effect of shear span-to-depth ratio 

although this factor is shown to have an important effect on both the failure mode 

and the FRP shear contribution (Ye et al. 2002; Zhang et al. 2004; Zhang and Hsu 
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2005; Cao et al. 2005; Bousselham and Chaallal 2006a; Kim et al. 2008; 

Jayaparakash et al. 2008). The few models (Matthys and Triantafillou 2001; Ye et al. 

2002; Cao et al. 2005) aiming to include the effect of span-to-depth ratio have been 

based on very limited test data and thus lack a rigorous basis.  

 

The shear behaviour of deep beams shear-strengthened with FRP is worthy of special 

attention. This is because the few available studies (Chaallal et al. 2002; Zhang et al. 

2004; Islam et al. 2005) have shown that both the failure mode and the FRP shear 

resistance mechanism of deep beams are quite different from those in beams with 

2.5a d ≥ . As a result, directly extending the existing design approaches built upon 

the knowledge of normal strengthened beams is unacceptable; a preliminary 

investigation conducted by Islam et al. (2005) has shown that no available methods 

can be readily used for predicting the improved shear capacity of FRP-strengthened 

deep beams.  

 

2.3.3 Effect of Beam Size 

 

The beam size has at least two effects on the behaviour of an RC beam shear 

strengthened with FRP. First, a large beam size results in a smaller average concrete 

shear strength c
c

w

Vv
b d

=  (Bazant et al. 2007). This size effect has been extensively 

studied and well documented elsewhere (Bazant 1984; Bazant and Yu 2005a, b; 

Bazant et al. 2007) but has not been appropriately reflected in most of the structural 

concrete codes except for the JSCE code (JSCE 2002) (Bazant et al. 2007). It is 

generally agreed that the size effect is caused by the tension-softening material 
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behaviour of concrete under tension and/or compression (ACI 446.1R-91). Second, 

the beam size affects the shear enhancement effect of FRP. For FRP debonding 

failure, existing studies (Chen and Teng 2003b; Monti and Loitta 2007; Lu et al. 

2009) have shown that FRP shear-strengthening should be more effective in a larger 

strengthened beam in the sense that a larger beam with a greater beam height leads to 

larger FRP bond lengths, and thus the development of a larger FRP effective strain. 

For FRP debonding failure, the beam size also affects the shear interaction between 

internal steel stirrups and externally bonded FRP, especially for side-bonded FRP as 

further explained in Chapters 6 and 7. These two aspects (i.e. the size effects on  

and 

cV

fV ) may counter-balance each other in a shear-strengthened RC beam failing by 

FRP debonding. For FRP rupture failure, the beam size will also affect the 

interaction between fV  and , with a larger beam size leading to a larger shear 

crack width for a given FRP rupture strain. Given that in most existing design 

guidelines, it is assumed that  can be calculated from existing structural concrete 

codes while the size effect on  mentioned above is not yet appropriately reflected 

in most of them (Bazant et al. 2007), designing against shear failure of large RC 

beams shear-strengthened with FRP requires special caution and is a subject needing 

further research. 

cV

cV

cV

 

Only limited research exists on the size effects of shear strengthening of RC beams 

using FRP and the limited results are sometimes contradictory. For instance, Qu et al. 

(2005) found that the beam size had very little effect on the shear enhancement effect 

when FRP U-strips were used, while Bousselham and Chaallal (2004) showed that 

the gain in shear resistance tended to decrease with an increasing effective depth of 
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beam. Bousselham and Chaallal’s (2004) observation is supported by Leung et al. 

(2007) who clearly showed that the shear enhancement can be significantly different 

for strengthened beams with different beam sizes, with a larger beam having much 

less shear enhancement. Most of the existing shear strength models are based on 

results of test specimens of small dimensions (i.e. d< 450 mm) (Bousselham and 

Chaallal 2004; 2008). If a size effect such as that observed by Bousselham and 

Chaallal (2004) exists, it means that the existing models may be rather optimistic and 

may lead to unsafe design for large beams. Clearly, more experimental as well as 

theoretical work is required in this area to clarify the issue of size effect. 

 

2.4 FE STUDIES ON RC BEAMS STRENGTHENED WITH FRP 

 

2.4.1. General  

The finite element method (FEM) is a numerical technique for finding approximate 

solutions of partial differential equations (PDE) or integral equations. The solution 

approach is based either on eliminating the differential equation completely (for 

steady state field problems) or rendering the PDE into an approximate system of 

ordinary differential equations, which is then numerically integrated using standard 

techniques such as Euler’s method and the Runge-Kutta method (Oden 1976, 1990; 

Clough 1990; Zienkiewicz and Taylor 2000; Babuska and Strouboulis 2001). 

The development of the FEM was related to the advent of computers and originated 

from the need to solve complex elasticity and structural analysis problems in civil 

and aeronautic engineering (e.g. Turner et al. 1956). The FEM involves the 

discretization of a continuous domain into a set of discrete sub-domains, usually 
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called elements. By late 1950s, the key concepts of the method already existed 

essentially in the form used today. The method was provided with a rigorous 

mathematical foundation from the end of 1960s to the beginning of 1970s with the 

publication of a number of books on the method [e.g. Zienkiewicz (1967, 1977); 

Strang and Fix (1973)]. The FEM has since been generalized into a branch of applied 

mathematics for numerical modelling of physical systems in a wide variety of 

engineering disciplines, e.g., electromagnetism, structural mechanics and fluid 

dynamics (Zienkiewicz and Taylor 2000). 

 

Over the past few decades, many techniques have been developed within the 

theoretical framework of the FEM to model the complex failure process of concrete 

structures. A unique and extremely important issue in modelling concrete structures 

using the FEM is the modelling of cracking in concrete. The commonly used crack 

models are summarized below. 

 

2.4.2 Concrete Crack Models 

 

Extensive research has been conducted on the numerical modelling of concrete 

cracking. A summary of the existing knowledge based on ACI 446.3R (1997), 

Bazant and Planas (1998) and de Borst et al. (2004) is presented in this sub-section 

to provide the background to the FE studies presented in this thesis. Concrete 

cracking may be modelled using either the discrete crack model or the smeared crack 

model (ACI 446.3R, 1997). The former is also known as the fictitious crack model 

(FCM), which simulates a crack as a geometrical identity so the discontinuities 

arising from cracking are physically modelled. By contrast, the smeared crack model 
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treats the cracked concrete as a continuum; it captures the deterioration process in 

cracked concrete through a constitutive relationship and hence smears cracks over 

the continuum. 

 

When the discrete crack model is implemented in an FE analysis, the cracks are 

commonly defined along element boundaries. This inevitably introduces mesh bias 

(ACI 446.3R 1997). Attempts have been made to solve this problem by developing 

FE codes with automatic re-meshing algorithms (e.g. Yang et al. 2003), but 

overcoming computational difficulties associated with topology changes due to 

re-meshing remains a challenge (de Borst et al. 2004). 

 

Smeared crack models may be divided into two types: the fixed smeared crack 

model and the rotating smeared crack model. They differ in the assumption made for 

the direction of crack propagation and in the definition adopted for the shear 

retention factor. A drawback of the smeared crack model is that it produces the 

phenomenon of “strain localization”, leading to zero energy consumption during 

crack propagation when the element size approaches zero. As a result, the solution is 

not mesh-objective. Various mathematical devices which are commonly called 

“localization limiters” have been proposed to overcome the mesh non-objectivity 

problem. One of the successful localization limiters is the crack band model, which 

relates the element size to the constitutive law of the concrete so that the fracture 

energy is independent of element size. Other localization limiters include the 

non-local continuum model and the gradient model (ACI 446.3R 1997). When a 

localization limiter such as the crack band model is employed, the discrete crack 

model and the smeared crack model yield about the same results if the crack opening 
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displacement in the discrete crack is taken as the cracking strain crw crε  accumulated 

over the width hc of the crack band in a smeared crack model (Bazant and Planas 

1998): 

 

c

cr cr
h

w ε= ∫ dh                                                     (2.22) 

 

2.4.3 FE Studies on Shear Failure of RC Beams Shear-Strengthened with FRP 

 

Early FE studies on FRP shear-strengthened RC members were generally based on 

the smeared crack model (e.g. Kaliakin et al. 1996; Arduini et al. 1997; Vecchio and 

Bucci 1999; Lee et al. 2000). The effect of FRP strengthening was commonly 

considered by modelling the FRP reinforcement using membrane elements (Kaliakin 

et al. 1996; Vecchio and Bucci 1999), plane stress elements (Lee et al. 2000) or truss 

elements (Arduini et al. 1997). Perfect bond was assumed between the FRP and the 

substrate concrete. These models can generally predict the overall load-displacement 

response of the strengthened member with reasonable accuracy especially for the 

early part but cannot accurately predict the failure modes, especially the debonding 

failure mode involving the separation of the FRP reinforcement from the concrete 

substrate. Furthermore, the strain localization behaviour of concrete is not well 

predicted by such models (Kaliakin et al. 1996). 

 

Wong (2001) noted that most previous numerical studies tended to overestimate the 

failure loads of FRP shear-strengthened RC beams because debonding failures could 

not be predicted. Wong and Vecchio (2003) employed some simple bond-slip models 

to predict debonding failures using a nonlinear FE program based on the Modified 
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Compression Field Theory (MCFT) (Vecchio and Collins, 1986; Vecchio 1989). 

However, only limited success was achieved, mainly because the adopted bond-slip 

models were quite crude and the MCFT was not suitable for modelling localized 

cracking behaviour as discussed next. 

 

More recently, Qu et al. (2006) attempted to model debonding failures in FRP 

shear-strengthened RC beams by incorporating the MCFT of Vecchio and Collins 

(1986) into a general-purpose nonlinear FE package MARC through a user-defined 

subroutine HYPELA2. They modelled the FRP-to-concrete bond behaviour using 

nonlinear spring elements with properties determined from an accurate 

FRP-to-concrete bond-slip model (Lu et al. 2005a). Although Qu et al. (2006) 

successfully captured the debonding failure mode, their predictions considerably 

underestimated both the failure load and the stiffness of the strengthened beam, 

which was attributed by Qu et al. (2006) to the inability of the FE model to simulate 

such factors as enhanced dowel action associated with the presence of the FRP 

reinforcement. Furthermore, the predicted strain distribution in the FRP was much 

more uniform compared with the test results, which was attributed by Qu et al. (2006) 

to the adoption of the rotating smeared crack model. It may also be noted that the 

predicted crack pattern, illustrated using the concrete principal tensile strain, was 

rather uniformly distributed in the shear span, indicating that the MCFT-based FE 

model cannot properly simulate the localized cracking behaviour of concrete as 

observed elsewhere (Vecchio 1990). 

 

Because the slip between FRP and concrete in an RC beam strengthened with FRP 

for shear is caused by the widening of concrete cracks, accurate modelling of 
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localized crack formation is important for the accurate prediction of debonding 

failure. However, the MCFT is based on the tension-stiffening model which smears 

localized cracking over a finite region, reducing the accuracy of the model in 

capturing localized crack formation. This inaccuracy is of particular concern in the 

modelling of shear-critical RC beams where failure involves one or a few dominant 

diagonal cracks which are strongly affected by factors such as the internal steel shear 

reinforcement and shear span-to-depth ratio. Therefore, the accuracy of an FE model 

based on the MCFT and similar theories such as the Rotating Softening Truss Model 

(RSTM) (Hsu 1988) and Fixed Softening Truss Model (FSTM) (Pang and Hsu 1996) 

for predicting the debonding failure of FRP shear-strengthened RC beams is in 

doubt. 

 

Smith et al. (2006) and Otoom et al. (2006) used a nonlinear FE program RECAP 

(Foster and Gilbert 1990) to analyse FRP shear-strengthened RC beams. The bond 

behaviour between concrete and FRP was modelled using a four-node interfacial 

element. The properties of the interfacial element were determined from a bond-slip 

model based on Popovics’ (1973) equation, with the maximum interfacial shear 

stress (τmax) and the corresponding slip (smax) determined using Lu et al.’s (2005a) 

generic bond-slip model. They used a truss element to model the FRP reinforcement 

and a Cracked Membrane Model (CMM) element (Foster and Marti 2003) to model 

cracked reinforced concrete. The longitudinal steel reinforcement was smeared in a 

CMM element with their bond effect accounted for using the tension-stiffening 

approach. The internal steel shear reinforcement was modelled separately with truss 

elements and assumed to be perfectly bonded to the concrete. For the concrete in 

zones without longitudinal steel reinforcement, the crack band model (Bazant and 
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Oh 1983) was used to model concrete cracking, with the tensile fracture energy 

taken to be 75 N/m. The employment of the crack band model helped to produce 

numerical results which are less mesh-dependent. Whilst the predicted 

load-displacement response was in close agreement with the test results, the 

predicted crack pattern was not probably due to the use of the tension-stiffening 

model. For example, Otoom et al. (2006) predicted a nearly horizontal dominant 

shear crack that intersects the FRP strips at the mid-height which is clearly not in 

agreement with the observed crack pattern of the test beam (Khalifa and Nanni 2002). 

To overcome this shortcoming, the tension-stiffening model was avoided and an 

appropriate bond-slip relationship between steel reinforcement and concrete was 

included in the present work (Chapter 8).  

 

Godat et al. (2007a; 2007b) modelled the tensile behaviour of concrete using the 

tension-stiffening approach with a linearly descending branch and the cracking of 

concrete using a fixed smeared crack model. A constant shear retention factor of 

( 0.5γ = ) was used to account for the shear stiffness reduction after cracking. 

Although they reported reasonably good predictions of the overall load-displacement 

response of the simulated FRP shear-strengthened RC beams, the FE model 

predicted stiffer post-cracking behaviour for most of the specimens. It may be noted 

that similar phenomena are evident in other studies which adopted a constant and not 

so small shear retention factor [e.g. γ = 0.2 in Kachlakev et al. (2001)], indicating 

that the definition of shear stiffness degradation after cracking probably plays a 

significant role in predicting the post-cracking stiffness of shear-critical beams. 

Other contributing factors may include the adoption of the tension-stiffening model 

which may lead to the same phenomenon [i.e. a stiffer post-cracking 
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load-displacement response, also see Fields and Bischoff (2004); Bischoff (2005); 

Boschoff and Scanlon 2007] and the assumption of perfect bond between the tensile 

steel rebars and the concrete. The predicted interfacial slip profiles of the FRP and 

the corresponding strain distributions in the FRP also appear to contradict with what 

would be commonly expected. 

 

Several attempts have also been made to simulate the shear failure of FRP 

shear-strengthened RC beams using the FE package ANSYS [e.g. Kachlakev et al. 

2001; Santhakumar et al. 2004; Zhang et al. 2005; Elyasian et al. 2006). Because 

ANSYS is unable to accurately model concrete cracking especially the 

shear-retention behaviour after cracking (Lu and Jiang 2003; Jiang et al. 2005), these 

studies generally produced inaccurate predictions. 

 

From the above review, it may be concluded that: 

a)  the FRP debonding failure mode can be simulated (Zhang et al. 2005; Qu et al. 

2006; Smith et al. 2006) if an appropriate bond-slip model between the FRP and 

the concrete (e.g. Lu et al. 2005a) is adopted. In studies published prior to 2000, 

an FRP-to-concrete bond-slip model was not employed, so such FE models were 

incapable of predicting debonding failures; 

b)  the crack pattern of a shear-critical RC beam (either strengthened or 

un-strengthened) features one or several dominant diagonal cracks, with concrete 

cracking being highly localized. Few studies have been successful in modelling 

such localised cracking of concrete; 

c)  all studies reviewed above, except Smith et al. (2006), used a tension-stiffening 

model to define the post-cracking tensile behaviour of internally reinforced 
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concrete. This method is known to be mesh-dependent (ACI 446.3R 1997). 

Therefore, the adoption of an element size greater than 40mm in many of these 

studies (Kaliakin et al. 1996; Vecchio and Bucci 1999; Arduini et al. 1997; 

Kachlakev et al. 2001; Santhakumar et al. 2004; Zhang et al. 2005; Elyasian et al. 

2006; Qu et al. 2006) might have compromised the capability of these FE models 

in accurately predicting the localized cracking behaviour of concrete. However, 

reasonably good predictions for the overall load-displacement response have 

been reported in most of the more recent studies (Zhang et al. 2005; Smith et al. 

2006; Godat et al. 2007a; 2007b); 

d)  even in the studies which successfully simulated the debonding failure mode 

(Zhang et al. 2005; Qu et al. 2006; Smith et al. 2006), the predicted strain 

distributions in the FRP were still in poor agreement with the test results. This 

may be due to the inaccurate prediction of the crack pattern and the localized 

cracking behaviour of concrete.  

 

2.4.4 FE Studies on RC Beams Flexurally-Strengthened with FRP 

 

To further clarify the important issues relevant to the FE modelling of shear failure 

of strengthened beams, especially shear failure due to FRP debonding, a critical 

review of existing FE studies on IC debonding of RC beams flexurally-strengthened 

with an FRP soffit plate is presented next. For brevity, these beams are also referred 

to as FRP-plated beams herein. It should be noted that in the review presented below, 

particular attention is given to the different approaches for modelling concrete 

cracking. It should also be noted that a larger number of FE studies have been found 

and examined but not all of these studies are discussed below; only those 
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representative FE models with a clear description of their concrete modelling 

approach are included herein. Nevertheless, the conclusions are drawn with the full 

knowledge of FE studies kept in mind. 

 

2.4.4.1 Discrete crack approach 

 

Yang et al. (2003) modelled the initiation of cracking as the complete separation of 

two nodes at the same location without any post-cracking traction between them in 

order to simulate debonding failures of FRP-plated RC beams within the context of 

linear elastic fracture mechanics (LEFM). They used an automatic re-meshing 

algorithm with limited success. The LEFM, which treats all constituent materials as 

being linear elastic, is simplistic and incapable of predicting the whole loading 

process. Furthermore, the LEFM approach is not quite appropriate for simulating RC 

structures of normal dimensions and normal concrete (e.g. beams with depths of the 

order of 1 m or less) where the least dimension (i.e. LD) is only a few times the 

length of the fracture process zone (FPZ) [see ACI 446.3R (1997) for more details]. 

Although they later implemented the FCM [fictitious crack model, see ACI 446.3R 

(1997) for more details] to simulate the fracture process zone (FPZ), numerical 

challenges arising from re-meshing, especially when a complex pattern of 

non-parallel multiple cracks exists, remained to be overcome (Yang and Chen 2005). 

 

Niu and Wu (2005) also used the discrete crack approach to model debonding 

failures of FRP-plated RC beams. In their study, flexural cracks were pre-defined 

using vertically oriented and evenly distributed interfacial elements; interfacial 

elements were used to model the FRP-to-concrete bond behaviour based on an 
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assumed bond-slip model with the important parameters (e.g. the interfacial fracture 

energy) unspecified.  As both crack spacings and the interfacial fracture energy 

have a significant effect on debonding failure (e.g. Teng et al. 2006; Chen et al. 

2007),  this FE model is clearly not a predictive model although numerical results 

from such an FE model are valuable for understanding the mechanism of IC 

debonding (e.g. the effect of crack spacing). Similarly, Niu et al. (2006) used 

pre-defined diagonal cracks to simulate shear debonding failures induced by a 

critical diagonal crack in FRP-strengthened RC beams. 

 

Kishi et al. (2005) adopted a more sophisticated approach in which the discrete crack 

model is combined with the smeared crack model; the former is employed to 

simulate geometrical discontinuities such as the development of dominant cracks, 

slipping of axial rebars, and debonding of FRP plates while the latter is used to 

model minor cracks. In their method, the discrete cracks also need to be pre-defined. 

The crack band model is used in conjunction with the smeared crack model. In the 

discrete crack model, the tensile behaviour of concrete as well as the interfacial shear 

behaviour of the FRP-to-concrete interface was assumed to be linear-elastic-brittle. 

This FE approach is therefore incapable of accurate prediction of FRP debonding 

strains and the dedonding process although debonding failure can be captured by the 

FE model. 

 

Camata et al. (2007) analysed IC debonding of FRP-plated beams using a FE 

program specifically developed for concrete fracture analysis (called Merlin and 

developed at the University of Colorado) where a combination of the smeared crack 

model and the discrete crack model is used.  In the model, the discrete cracks are 

 71



pre-defined along a number of possible crack paths (e.g. vertical flexural cracks in 

the mid-span, the interfaces between concrete and FRP reinforcement and along the 

axis of the beam at the level of tension bars) based on experimental observations. 

Furthermore, in defining the discrete cracks, several important parameters need to be 

determined from a parametric study based on test results (e.g. Mode-II fracture 

energy), or decided directly based on test observations (e.g. the spacing of the main 

flexural cracks). The FE model is thus not a predictive model although it was shown 

to be capable of giving good predictions of test results including the failure mode 

and load-carrying capacity. A similar FE study was reported by Pham et al. (2006). 

 

2.4.4.2 Smeared crack approach 

 

Compared to the discrete crack approach, the smeared crack approach can be more 

conveniently applied (see Subsection 2.4.2) and has been adopted by many more 

researchers in their studies on the modelling of FRP-plated RC beams (e.g. Ziraba 

and Baluch 1995; Arduini et al. 1997; Nitereka and Neale 1999; Fanning and Kelly 

2000; Rahimi and Hutchinson 2001; Wong and Vecchio 2003; Teng et al. 2004a; 

Pham and Al-Mahaidi 2005; Pendhari et al. 2006; Neale et al. 2006; Lu et al. 2007; 

Baky et al. 2007; Elsayed et al. 2007; Nour et al. 2007; Niu and Karbhari 2008; 

Karbhari and Niu 2008).  

 

Early studies on the FE modelling of RC beams/slabs externally strengthened with 

FRP or steel plates were generally conducted using modelling techniques already 

well established for the modelling of conventional RC members; in most of these 

studies, perfect bond was assumed between reinforcements (both internal steel bars 
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and external FRP/steel plates) and concrete (e.g. Nitereka and Neale 1999; Arduini et 

al. 1997; Fanning and Kelly 2000; Rahimi and Hutchinson 2001). Furthermore, the 

tension-stiffening approach was used for modelling the post-cracking behaviour of 

concrete, and consequently, localized cracking behaviour was not properly modelled 

(e.g. Ziraba and Baluch 1995; Arduini et al. 1997; Nitereka and Neale 1999; Fanning 

and Kelly 2000). As a result, these FE models generally failed to predict the 

debonding failure mode although the trend of overall load-displacement curves 

generally matched well with that of the test results. 

 

Wong and Vecchio (2003) realized the importance of modelling the bond-slip 

behaviour between FRP and concrete for the accurate modelling of debonding failure 

and used interfacial elements to define the bond-slip behaviour. Nevertheless, the 

bond-slip models they used were rather preliminary and lacked experimental 

validation. In addition, they used an FE program developed based on the MCFT 

(Vecchio and Collins 1986) where a tension-stiffening model was used to describe 

the bond effect between steel reinforcing bars and cracked concrete; the 

tension-stiffening model is prone to spreading crack formation over a finite region 

and is thus incapable of depicting localized crack propagation as discussed above 

[see Subsection 2.4.3 for more details]. Furthermore, the tension-stiffening equation 

implemented in this FE program was based on the test results of 30 panel elements 

with dense steel reinforcement. This equation is thus not suitable for RC beams 

where the concrete at some distance away from the tension bars is poorly reinforced 

(Bentz 2005). The use of a tension-stiffening model may also lead to mesh 

dependency (ACI 446.3R 1997). As a result, their FE model can only reproduce the 

debonding failure mode for some specimens, while it failed to do so for the other 
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specimens. 

 

Also realizing the importance of modelling the bond-slip behaviour in modelling 

debonding failure, Lu et al. (2007) presented an FE model where an accurate 

bond-slip model of their own (Lu et al. 2005a) was adopted to define the interfacial 

behaviour between concrete and FRP using nonlinear springs. This FE model was 

first presented in Teng et al. (2004b). In this FE model, cracking behaviour is 

modelled based on the fracture energy concept using the crack band model (Bazant 

and Oh 1983), so mesh sensitivity is not a significant problem any more. However, 

Lu et al. (2007) still assumed a perfect bond between steel bars and concrete, and 

consequently, their modelling of localized cracking behaviour is not ideal. As a 

remedy, Lu et al. (2007) proposed the dual debonding criterion to define debonding 

failure. As a result, Lu et al.’s (2007) FE model could still give satisfactory 

predictions for the IC debonding failure mode. Lu et al. (2007) also presented an IC 

debonding strength model based on numerical results obtained from their FE model 

and a large test database. 

 

Pham and Al-mahaidi (2005) presented a FE model in which concrete cracking is 

modelled using the facture energy-based crack band model. Pham and Al-Mahaidi’s 

(2005) FE model is similar to Lu et al.’s (2007) FE model in the sense that both 

models deal with the concrete cracking behaviour using the crack band model, and 

that they are both based on the perfect bond assumption between steel bars and 

concrete. Pham and Al-mahaidi (2005) defined the interfacial bond-slip behaviour 

based on their own shear-lap tests, and no such debonding criterion as that of Lu et al. 

(2007) was used.  Numerical results showed that Pham and Al-mahaidi’s (2005) FE 
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model was capable of giving accurate predictions for the debonding behaviour of 

some of their own test specimens. Essentially, Pham and Al-mahaidi’s (2005) FE 

model is not a predictive model since their bond-slip curve for the FRP-concrete 

interface was obtained from the shear-lap test. The capability of their FE model to 

accurately model the debonding failure of specimens from other research groups 

(with a variety of configurations) was not proved. 

 

Neale et al. (2006) presented an FE model where Lu et al.’s (2005a) bond-slip model 

was used to define the interfacial behaviour between concrete and FRP. As with Lu 

et al.’s (2007) FE model, the steel rebars are tied to the concrete so no interfacial 

slips between them are considered. Different from Lu et al.’s (2007) model, Neale et 

al. (2006) used a tension-stiffening model to define the tensile behaviour of concrete 

(i.e. a bilinear stress-strain curve with the tensile stress reducing to zero at a strain of 

eight times the concrete cracking strain) and did not explain how they dealt with the 

mesh-dependent feature of the smeared crack method. Numerical results showed that 

Neale et al.’s (2006) FE model was still capable of giving reasonable predictions for 

the test load-displacement response, ultimate load, and the debonding failure mode.  

It was indicated elsewhere (i.e. Baky et al. 2007) that a technique similar to the dual 

debonding criterion of Lu et al. (2007) was employed in Neale et al.’s (2006) FE 

model: that is, at the locations where the interfacial slip  is larger than  [i.e. 

the slip value at the maximum interfacial shear stress, see Lu et al. (2005a)], the 

interfacial element used to define the bond-slip behaviour is deactivated and 

debonding is assumed to occur there. It is necessary to point out here that Lu et al.’s 

(2007) dual debonding criterion is to differentiate debonding initiation inside and 

outside the small region near the critical main flexural crack; if debonding has 

s 0s
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already propagated outside that region, the dual debonding criterion does not 

function anymore.  Thus, using such a debonding criterion for the full range of 

debonding behaviour does not seem to have a rigorous basis. Neal et al.’s (2006) FE 

model was later reported by Baky et al. (2007) and Elsayed et al. (2007) with more 

details. The two dimensional FE approach was recently extended to become a 

three-dimensional model (Kotynia et al. 2008). 

 

Nour et al. (2007) differentiated between plain concrete and reinforced concrete, and 

used the tension-softening model (implemented through the crack band model) and 

the tension-stiffening model to model the tensile behaviour of plain concrete and 

reinforced concrete respectively, both within the framework of the smeared crack 

approach.  For the tension-softening modelling, the stress-strain curve of Feenstra 

and De Borst (1996) was adopted. For the tension-stiffening model, the 

tension-stiffening model of Fields and Bischoff (2004) was used; perfect bond 

between internal reinforcing bars and surrounding concrete was assumed. For RC 

beams externally strengthened with FRP, perfect bond between FRP and concrete 

was also assumed. The FE model could reproduce the overall load-displacement 

response of the tested specimens well, and accurately predicted the concrete crushing 

failure and the FRP rupture failure as well. However, the authors did not explain 

whether the FE model was capable of accurately modelling debonding failures of 

FRP-plated RC beams. It will be shown in Chapter 8 that Nour et al. (2007) failed to 

consider two important factors which are critical for modelling debonding failure: 1) 

the bond-slip behaviour of the FRP-to-concrete interface, and 2) the localized 

cracking behaviour (including crack spacings and crack widths) of the plated beam. 

As a result, the FE model of Nour et al. (2007) cannot accurately model the 
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debonding failure of RC beams flexurally-strengthened with a bonded FRP soffit 

plate.  

 

Recently, Niu and Karbhari (2008) presented an FE model where the fracture 

energy-based tension-softening approach is used to define the post-cracking 

behaviour of concrete; this was implemented by the crack band model within the 

framework of a rotating smeared crack model.  Realizing that the bond action 

between steel reinforcement and surrounding concrete may have an influence on the 

cracking behaviour of reinforced concrete members, Niu and Karbhari (2008) used 

zero-thickness interfacial elements to model the bond-slip behaviour between 

concrete and steel bars; the bond-slip model of CEB-FIP (1993) was adopted for 

defining the bond-slip behaviour.  The bond behaviour between concrete and FRP 

was also defined using zero-thickness interfacial elements. Nevertheless, Niu and 

Karbhari (2008) defined the bond behaviour between FRP and concrete based on the 

following understanding of IC debonding failure: IC debonding occurs either in the 

concrete cover or within the adhesive, and the former failure mode can be accurately 

modelled as mode-I fracture (ACI 446.3R 1997) of concrete while the latter can be 

modelled using a bond-slip model.  This understanding apparently goes against the 

well-established knowledge of IC debonding that the debonding normally occurs in 

the concrete and a thin layer of concrete remains attached to the debonded FRP 

surface (Teng et al. 2002; Buyukozturk et al. 2004). Furthermore, in Niu and 

Karbhari’s (2008) model, the interfacial facture energy needs to be identified from 

beam test results by a trial-and-error procedure, which means the FE model is not a 

truly predictive model. This model was later used by Karbhari and Niu (2008) to 

study a number of factors (i.e. including the FRP-to-concrete bond properties in 
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terms of the maximum interfacial shear stress and the interfacial fracture energy) that 

influence the performance of FRP-strengthened RC beams. 

 

2.4.4.3 Other approaches 

 

Smith and Gravina (2007) used a local deformation model to simulate debonding 

failure of RC members flexurally-strengthened with FRP, which was an extension of 

the local deformation model for RC members originally presented by Gravina and 

Warner (2003). The model can be described as a nonlinear analytical model 

(expressed by several governing equations of equilibrium, compatibility and 

constraint conditions) based on cracking analysis with the bond-slip behaviour 

between reinforcements (both steel bars and FRP) and concrete taken into account, 

with solutions being obtained using a numerical method (i.e. the central difference 

method). It is noted that the following simplifications were made for the cracking 

analysis: (1) the concrete shear behaviour and the effect of stirrups are ignored; (2) 

the plane section assumption is valid for cracked sections. The first simplification 

actually ignores the effect of shear or shear-flexural cracks in the shear span of the 

member. The second simplification means that the local deformation model is not 

suitable after the onset of debonding because the plane section assumption is not 

valid when interfacial slips become significant at cracked sections. Before and at the 

onset of debonding, the model is capable of giving rather good predictions for the 

behaviour of the strengthened RC member including the overall load-displacement 

response, the interfacial shear stress and the interfacial slip distributions although 

some differences exist between the numerical results and the experimental results 

(Smith and Gravina 2007). 
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The ABAQUS Explicit package was used by Coronado and Lopez (2006) for the FE 

modelling of FRP-plated RC beams. For their FE model, the plastic-damage model 

was used for modelling the material constitutive behaviour of concrete and four-node 

plane strain elements with reduced integration (CPE4R) were used to represent 

concrete. Steel bars and FRP reinforcement were modelled with two-node truss 

elements, with perfect bond assumed between reinforcements (i.e. steel bars and 

FRP) and concrete. The FE model gave reasonable predictions for the overall 

load-displacement response of the studied specimens. However, for some specimens, 

failure modes such as concrete crushing and FRP debonding could not be accurately 

predicted. As a result, the load-carrying capacities of the specimens were not closely 

predicted. A number of factors may have led to the unsatisfactory performance of the 

FE approach. Firstly and importantly, the FE approach did not explicitly model the 

bond-slip behaviour between concrete and reinforcements (both FRP and steel bars) 

using interfacial elements as has been done by others (e.g. Niu and Wu 2005; Neale 

et al. 2006; Lu et al. 2007; Niu and Karbhari 2008), nor did it employ a meso-scale 

FE approach similar to that of Lu et al. (2005b) to model the interfacial bond 

behaviour (the minimum element dimensions used in the study were quite large, 

being about 25 mm in the depth direction and about 50 mm in the longitudinal 

direction). Furthermore, although the ABAQUS explicit package was used for 

obtaining the numerical solution, it was not shown how factors related to the explicit 

method of dynamic analysis were defined, which might actually have a considerable 

effect on the numerical results [see Chapter 10 for more details]. 

 

Recently, Barbato (2009) developed a nonlinear frame finite element model, based 

on the classical Euler-Bernoulli assumptions and the fibre-section model (Spacone et 
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al. 1996), to model the behaviour of FRP-strengthened RC beams. In the FE model, 

the plane section assumption was assumed and the bond-slip behaviour between 

concrete and reinforcements (both FRP and steel bars) was not considered. To 

predict the possible debonding failure of FRP, the FRP stress/strain was limited 

based on the bond-slip model of Monti et al. (2003); the FE model thus did not 

differentiate between IC debonding (Teng et al. 2002, 2003; Lu et al. 2007) and plate 

end debonding (Yao and Teng 2007). The FE model was capable of giving accurate 

predictions of conventional flexural failure of un-strengthened RC beams and FRP 

strengthened RC beams (e.g. concrete compression failure). Nevertheless, the FE 

model is not a predictive model for FRP debonding failure because in the FE model, 

the FRP strain/stress at debonding failure needs to be specified in advance according 

to a bond strength model. Furthermore, the FE model generally underestimated the 

load-carrying capacities of strengthened beams, mainly because the effect of 

multiple cracks was considered by the FE model (Teng et al. 2006; Chen et al. 2007). 

 

The above review of the existing FE studies on IC debonding of FRP-plated RC 

beams has further revealed that the following two aspects have a significant bearing 

on the accurate modelling of FRP debonding failures (either debonding in shear 

failure of strengthened beams or IC debonding of FRP-plated beams): 

(a) accurate modelling of the bond behaviour of the FRP-to-concrete bonded 

interface; this can be achieved either by an appropriate bond-slip model [e.g. Lu 

et al. (2005a)] or an elaborate modelling technique for the cracking of concrete 

adjacent to the FRP-to-concrete bonded interface using meso-scale finite 

elements [e.g. Lu et al. (2005b)]. In the FE model for an RC beam, the former 

approach is preferred as the latter approach means a very high computational 
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cost; 

(b) accurate modelling of the cracking behaviour (e.g. crack pattern and crack widths) 

of the strengthened RC beam, specially the local formation of the main cracks 

(i.e. the critical shear cracks and/or flexural cracks) in the strengthened RC beam 

as debonding failures in strengthened beams are chiefly driven by such local 

cracking deformation; 

 

These two aspects were appropriately dealt with in the FE model presented in this 

thesis (see Chapter 8). 

 

2.5 NUMERICAL SOLUTION METHODS IN FE STUDIES 

 

In FE analysis, the numerical solution process can be generally depicted by the 

following equation (Crisfield 1991):  

 

[ ] { } { }tK U R∆ = −                                                (2.23a) 

{ } { }int( , ) ( )o oR g U F U Qλ λ= = −                                    (2.23b) 

 

where  is the tangent stiffness matrix, [ tK ] { }U∆  is the displacement increment, 

is the fixed external load vector, { }Q { } ( , )oR g U λ=  is the out-of-balance force 

vector at the “old” displacement and the load level oU λ ; and { }int ( )oF U is the 

internal force vector at the displacement of . oU

 

To solve Eq. (2.23), a well-known incremental-iterative solution scheme is normally 
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used in FE analysis (Clarke and Hancock 1990). In such an incremental-iterative 

solution scheme, each load step consists of an increment of external load and 

subsequent iterations aiming to restore equilibrium (so that the unbalanced 

force{ } . To introduce such an incremental-iterative solution scheme, Eq. (2.23) 

can be rewritten in an incremental form as follows: 

)0=R

 

[ ] { } { } { } 1j j
t ii i

K U Q Rλ −∆ = ∆ − j

i
                                     (2.24) 

 

where λ∆  is the increment of load level parameter, { } 1 1 1( ,j j j
i ii

R g U λ− )− −=  is the 

out-of-balance force vector at the displacement 1i
jU − and the load level 1j

iλ
− , the 

subscript  means the  load step, and superscript  means the  

iteration of the  load step. 

i -thi j -thj

thi −

 

In an incremental-iterative scheme, the new load step commences with the initial 

load increment  and an estimate of tangent displacement 1
iλ∆ { }1iU∆  by assuming 

that equilibrium has been achieved in the previous load step [i.e. ], 

followed by an iterative procedure to achieve

{ } 01 =−iR

{ } 0=j
iR , where . Incremental 

strategies and iterative strategies are discussed respectively below. 

2≥j

 

For convenience of introduction in the following subsections, the following 

relationships are defined: 

 

{ } { } { }1j j

i i
U U U+ = + ∆ 1j

i

+                                           (2.25a) 
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1j j
i i i

1jλ λ λ+ = + ∆ +                                                 (2.25b) 

 

2.5.1 Control of Increments 

 

Several strategies can be used for the suitable choice of  which may result in a 

converged solution of 

1
iλ∆

iλ  and { }iU (Clarke and Hancock 1990).  Among these 

strategies is a popular method advocated by Crisfield (1981) which aims to restore 

equilibrium with a similar number of iterations for different load steps: 

 

r

i

d
ii J

J
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∆±=∆

−
−

1

1
1

1 λλ                                               (2.26) 

 

where is the user-desired number of iterations for convergence and is usually 

between 3-5 according to Clarke and Hancock (1990), is the actual number of 

iterations required for convergence in the previous load step, and parameter 

dJ

1−iJ

r  

typically lies in the range of 0.5~1. Ramm (1981) found that 21=r  leads to a 

smooth load-displacement response, which was also advocated by Crisfield (1991). 

In Eq. (2.26), the sign of  should follow that of the previous increment unless 

the determinant of the tangent matrix changes sign (Crisfield 1981; Ramm 1981). 

The sign of  may also be decided based on a check of the incremental work of 

the external load (Bergan et al. 1978) 

1
iλ∆

1
iλ∆

  

In the “displacement control” method (see Subsection 2.5.2 for more details), the 

increment of displacement for the current load step can be calculated as follows 
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{ } { }1 1

1
1

r

d
i i

i

JU U
J−

−

⎛ ⎞
∆ = ∆ ⎜

⎝ ⎠
⎟                                           (2.27a) 

{ } { } { }1 T
n ni

U b U∆ = ∆ 1

i
                                            (2.27b) 

 

where  is a vector that contains unity in the  row and zeroes in other 

rows. 

{ }nb -thn

 

Similarly, the following formula is applied in the arc-length method (see Subsection 

2.5.2 for more details): 

 

r

i

d
ii J

Jll ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−
−

1
1                                                    (2.28) 

 

where  is the arc-length of the  load step. il -thi

 

Another incremental strategy for controlling increments is the one based on the 

“current stiffness parameter” proposed by Bergan (1980) aiming to keep the iteration 

number required for convergence approximately the same for each load step. 

 

2.5.2 Iterative Solution Strategies 

 

If the iterative change of the load factor j
iλ∆ (i.e. ) is regarded as an additional 

variable [see Eq. (2.25b)], then there are several different constraint equations that 

2≥j
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can be used to determine j
iλ∆ . Three popular iterative solution strategies are 

introduced here: the load control method which iterates at a constant load level, the 

displacement control method which iterates at a constant displacement, and the 

arc-length method which iterates at a constant “arc-length”. Other strategies include 

iterations at a constant external work, iterations at the minimum unbalanced 

displacement norm, and iterations at the minimum unbalanced force norm, etc. 

(Clarke and Hancock 1990). 

 

2.5.2.1 The load control method 

 

Under pure load control, the load parameter is held constant for all iterations of . 

The iterations are performed based on Eq. (2.24) to find the nodal displacements that 

satisfy{ } . In this instance the constraint equation reduces to 

2≥j

0=j
iR

 

0   for  2j
i jλ∆ = ≥                                               (2.29a) 

 

Hence [according to Eq. (25b)], 

 

1j
i iλ λ=                                                         (2.29b) 

 

The load control method corresponds to the common Newton-Raphson iteration type 

(Crisfield 1991). In this method, passing the limit load point is extremely difficult 

due to the nearly singular nature of the tangent stiffness matrix in the neighborhood 

of the load limit point [Fig 2.1(a)]. Although some remedial schemes like the 
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fictitious spring method (Sharifi and Povov 1971) have been proposed to overcome 

this disadvantage, passing the load limit point remains a great challenge because it is 

very likely that near the limit point, there may be no intersection between the 

equilibrium path [i.e.  in Eq. (2.23)] and the plane of 0R = λ  which represents 

the next load level, this situation is schematically shown in Fig. 2.1(a). 

 

2.5.2.2 The displacement control method 

 

The displacement control strategy can be used for finding a stable solution beyond 

the load-limit point of the load-displacement curve. Batoz and Dahatt (1979) was 

probably the first to give a theoretical deduction of the displacement control method 

as follows. 

 

Assume that at the beginning of the  load step, the  component of the 

displacement vector increment 

-thi -thn

{ }n i
U∆  is set to { }1

n i
U∆  and is kept fixed during 

the following iterations, so { } 0j
n i

U∆ =  ( ). The displacement change 2≥j { } j

i
U∆  

can be considered as a combination of  { } jR

i
U∆  and { }j Q

i Uλ∆  as follows 

[according to Eq. (2.24)] 

 

{ } { } { }jj R j
ii i

U U Uλ∆ = ∆ + ∆ Q                                       (2.30) 

 

where { } jR

i
U∆  is the displacement increment corresponding to the unbalanced 

force and { } 1−− j
iR { }QU is the displacement corresponding to the externally applied 
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load  , which can be solved from the following two equations respectively { }Q

 

[ ] { } { } 1j jR
t ii

K U R −∆ = −                                            (2.31a) 

[ ]{ } { }QUK Q
t =                                                   (2.31b) 

 

The following expression can then be obtained from Eq. (2.30) 

 

{ } { } { } 0
jj R j Q

n n i ni i
U U Uλ∆ = ∆ + ∆ =                                    (2.32) 

 

where { } { } { }j T j
n ni i

U b U∆ = ∆ , { } { } { }j jTR R
n ni i

U b U∆ = ∆  and { } { } { }TQ Q
n nU b U=  

 

Solving Eq. (2.32) for j
iλ∆ gives  

 

{ }
{ }

jR
nj i

i Q
n

U

U
λ

∆
∆ = −                                                  (2.33) 

 

By applying Eqs. (2.25a) and (2.25b), the solution can proceed to the next iteration. 

Eq. (2.32) or (2.33) is actually the constraint equation which decides the incremental 

change of the load level parameter j
iλ∆  during the iteration process. The physical 

meaning of the constraint equation is that the load level parameter change j
iλ∆ must 

ensure the component of the displacement vector increment -thn { }n i
U∆  is fixed 

within one load step and therefore the iteration strategy is displacement-controlled. 
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Apart from { }n i
U∆ , a generalized displacement can also be set to be fixed within one 

load step, and consequently, the load level parameter change j
iλ∆  can be 

determined. This strategy was generally called the “hyper plane control method” 

[Powell and Simons (1981); Bergan and Mollestad (1984)]. 

 

The displacement control strategy still has difficulties in passing the displacement 

limit point commonly encountered in a load-displacement curve associated with 

snap-back, as schematically shown in Fig. 2.1(b).  

 

2.5.2.3 The arc-length method 

 

Various arc-length methods capable of finding a complete static load-displacement 

curve that features snap-through and snap-back phenomena [Fig. 2.1(c)] have been 

developed. 

 

The original work on arc-length was undertaken by Riks (1979) and Wempner (1971) 

who aimed to find the intersection of the equilibrium path [defined by Eq. (2.23)] 

with the surface of an arc-length defined by  

 

2 2 2( T Ta U U Q Q lλ ψ= ∆ ∆ + ∆ − ∆ =) 0                                  (2.34) 

 

where ψ  is a scalar factor,  is the fixed ‘radius’ of the desired intersection [Fig. 

(2.1c)], which is an approximation to the incremental arc-length (Crisfield 1991). 

l∆

 

The main feature of the arc-length method is that the load level λ  becomes a 
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variable. Together with the  displacements to be solved [see Eq. (2.23)], there are 

a total of variables.  

n

1+n

 

Using the Taylor series of two variables and ignoring the higher order terms 

(Crisfield 1991), Eq. (2.34) can be expanded as 

 

{ } { } { }2 2
0 2 2T T

na a U U Q Qλ ψ= + ∆ ∆ + ∆ = 0                           (2.35) 

 

where  and  are the values of arc-length mismatch at the beginning and the 

end of an iteration respectively. 

oa na

 

Combining Eqs. (2.24) and (2.35) gives  

 

2
02 2

t
T T

RK Q U
aU Q Qλψ λ

− ∆ ⎛ ⎞⎡ ⎤ ⎛ ⎞
= −⎜ ⎟⎜ ⎟⎢ ⎥∆ ∆ ∆⎝ ⎠⎣ ⎦ ⎝ ⎠

                                (2.36) 

 

Note that the augmented ‘stiffness matrix’ defined in the square bracket of equation 

Eq. (2.36) will remain non-singular even when  is singular, which means that the 

arc-length method defined by Eq. (2.36) has no difficulty for obtaining a 

load-displacement response passing through the load limit point. However, in 

contrast to , the augmented ‘stiffness matrix’ is neither symmetric nor banded, and 

therefore is not suitable for use with the standard finite element method (Crisfield 

1981). To overcome this disadvantage, iteration schemes generally known as the 

modified Risk method have been  proposed by Crisfield (1981) and many others; 

further details can be found in Crisfield (1991). 

tK

tK
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It should be pointed out that in FE analyses, although the arc-length method is 

capable of solving structural load-displacement response associated with both 

“snap-back” and “snap-through” [Fig. 2.1(c)] as demonstrated by Crisfield (1991), 

the methods can encounter difficulties in overcoming the limit point (e.g. load limit 

points) in modelling structural responses associated with material softening and 

strain localization, with cracking behaviour of concrete members being a specific 

example (Crisfield 1984, 1986, 1988; de Borst 1986, 1987). Different alternative 

methods, e.g. the Crack Opening Displacement (COD) control method (Rots 1988) 

and the local arc-length method (Yang and Chen 2004), have been attempted with 

some success, but such methods are always tailor-made for a specific problem. 

Tracing structural responses with strong stain localization (e.g. concrete cracking 

behaviour) remains a challenge.  

 

In the present work, the arc-length method was initially used but convergence 

difficulties were met in the FE analyses of FRP debonding failures of strengthened 

RC beams (see Chapter 10), so a dynamic approach was subsequently proposed to 

overcome these numerical difficulties. This dynamic approach is presented in detail 

in Chapter 10 with its efficiency and validity demonstrated. 

 

2.6 CONCLUDING REMARKS 

 

This chapter has presented a comprehensive review of existing knowledge relevant 

to the shear behaviour and strength of RC beams strengthened with FRP in shear. 

Existing research has led to a number of shear strength models. Some of these 
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models have been adopted in design guidelines for the practical application of 

externally bonded FRP systems. The review has revealed a lack of research on 

several important issues which may have significant effects on the shear behaviour 

of shear-strengthened beams. In particular, the effects of interactions between steel, 

concrete and FRP on the shear behaviour and strength of RC beams 

shear-strengthened with FRP need to be further studied, which highlights the need 

for the work presented in Chapters 3 to 7 of this thesis.  

 

Obviously, the FE method offers a powerful tool for studying the shear behaviour 

and strength of RC beams shear-strengthened with FRP. From the review presented 

in this chapter, it is clear that the existing FE studies on the shear failure of RC 

beams strengthened with FRP suffer from various deficiencies. More specially, they 

generally fail to capture FRP debonding in shear-strengthened beams mainly due to 

the lack of accurate modelling of local cracking behaviour of critical shear cracks. 

This forms the necessary basis for the advanced FE model presented in Chapter 8 

and the parametric study presented in Chapter 9. This chapter has also briefly 

introduced the numerical solution methods commonly used in FE analyses, 

providing a background for the dynamic solution method used presented in Chapter 

10. 
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CHAPTER 3∗

 

SHEAR RESISTANCE CONTRIBUTED BY FRP 

WRAPS AND SHEAR INTERACTION: 

 EXPERIMENTAL EVIDENCE 
 

 

 

3.1 INTRODUCTION 

 

From the literature review presented in Chapter 2, it is clear that although existing 

studies on shear strengthening have led to a number of strength models for RC 

beams strengthened in shear with FRP (e.g. Chen and Teng 2003a, b), significant 

work remains to be done, in particular in quantifying interactions between concrete, 

internal steel shear reinforcement and FRP shear reinforcement in contributing to the 

shear resistance of the strengthened beam (Teng et al. 2002, 2004; Li et al. 2001, 

2002; Pellegrino and Modena 2002, 2006; Denton 2004; Cao et al. 2005; Oehlers et 

al. 2005; Mohamed Ali et al. 2006; Bousselham and Chaallal 2004, 2008). 

 

For RC beams shear-strengthened with complete FRP wraps, the shear interaction 

between the concrete, internal steel shear reinforcement and FRP shear 

reinforcement has not been experimentally studied (Cao et al. 2005). This is a result  

 
∗ The test program was completed prior to the present PhD study; see page X for details.  
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of the difficulties in independently measuring the contributions of concrete, steel 

reinforcement and FRP to the shear capacity of the strengthened beam (i.e. Vc, Vs, 

and Vf). One of these difficulties is in the assessment of the strain distribution in the 

FRP strips along the critical shear crack as the beam approaches failure, mainly due 

to the complex nature of the FRP debonding process which normally precedes the 

ultimate FRP rupture failure (Cao et al. 2005). It was shown that the FRP strips 

intersected by the critical shear crack achieve almost complete debonding from the 

beam sides before the ultimate failure of the beam (Chen and Teng 2003b; Cao et al. 

2005). Therefore, for research purpose, it is of interest to install FRP strips 

intentionally left unbonded from the beam sides. If the difference in shear 

contribution between bonded and unbonded strips is found to be negligible at high 

load levels, the FRP contribution to shear strength can be well isolated at the 

ultimate state. 

 

Intentionally unbonded sides can also provide insight into the mechanism of FRP 

rupture for wrapped beams. Rounding of beam corners can reduce stress 

concentrations there, but the effect of curvature due to the corners may still cause the 

FRP rupture strain to fall considerably below that from flat coupon tests (Cao et al. 

2005).  Away from the corners and near the location of the critical shear crack, 

out-of-plane bending and in-plane transverse bending deformation of the strips as a 

result of sliding movements between the two sides of the critical shear crack may 

also result in a reduction in the FRP tensile strength. In the design equation of Chen 

and Teng (2003b), a factor of 0.8 is employed to account for the reduction in the FRP 

tensile strength due to such effects, but this reduction factor needs further support of 

experimental evidence. 
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This chapter presents the results of an experimental study to determine the 

interaction between the FRP, concrete and internal steel stirrups of an FRP 

strengthened beam in resisting shear. Focusing on the FRP rupture failure mode for 

FRP-wrapped members, an experimental program was designed using specimens 

with FRP either fully bonded or unbonded to the sides of the beam. Several valuable 

conclusions can be drawn from the present study, including that the contribution of 

the concrete to the shear strength of the system is reduced at high values of FRP 

strain, and that the FRP rupture strain used in design should be reduced to account 

for the effects of curvature at the corners and in-plane sliding deformations along the 

critical shear crack. 

 

3.2 TEST PROGRAM 

 

3.2.1 Specimen Design 

 

Nine simply supported beams were tested under three-point bending. The beams were 

1.5 m long, 150 mm wide and 300 mm deep, with an effective depth of 260 mm (Fig. 

3.1). To avoid flexural failure, they were all reinforced with three 25 mm diameter 

tension bars and two 25 mm diameter compression bars. Only the shorter shear span 

(650 mm) was designed as the test span for each specimen. The longer non-test span 

(850 mm) was shear reinforced with 6 or 8 mm diameter internal steel stirrups at 50 

mm center to center spacing. In the test span, specimens CTL-00, UBF-00, UBF-00 

were not shear reinforced, specimens CTL-R6, UBF-R6, BDF-R6 were shear 

reinforced with 6 mm steel stirrups, and specimens CTL-R8, UBF-R8, BDF-R8 with 

8 mm steel stirrups both at a center to center spacing of 125 mm.  
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Of the 9 specimens, 3 beams (series CTL) were tested as unstrengthened control 

beams and the other 6 beams (series UBF and BDF) as strengthened beams. The 

UBF and BDF beams were all strengthened by complete wrapping of wet lay-up 

CFRP strips with the same width (wfrp), thickness (tfrp) and center to center spacing 

(sfrp) within the test shear spans. The BDF series differs from the UBF series only in 

that the FRP wraps were bonded around the beam by epoxy resin in the former but 

were left un-bonded on the two sides of the beam in the latter (i.e. bonded only to the 

compression and tension faces and the corners). To prevent premature rupture of the 

CFRP strips, the beam corners in both series UBF and BDF were rounded with a 

radius of 25mm. All specimens were designed to have the same concrete strength 

and the same dimensions. Table 3.1 shows details of each specimen. 

 

3.2.2 Test Setup and Procedure 

 

The RC beams were cured for at least 28 days before being strengthened by 

wrapping CFRP strips. Unidirectional carbon fiber sheets were used in the present 

study. The CFRP strips were formed in a wet lay-up process by impregnating the 

carbon fibers with epoxy resin. For the UBF beams, a thin plastic film was used on 

the sides during installation to prevent bonding. For the BDF beams, the FRP strips 

were directly bonded using the epoxy resin to the concrete surface where primer had 

been applied; the surface of concrete was prepared following the normal procedure 

as explained in Yao (2005) which ensures that debonding failure occurs in concrete. 

The FRP strips were left for curing for at least two days before strain gauges were 

bonded at three locations over the beam height (referred to as the upper, middle and 

 118



lower gauges). The positions of the FRP strips, steel stirrups and strain gauges are 

shown in Fig. 3.2. Each specimen was cured for an additional one week prior to 

testing. All specimens were tested at a loading rate between 2 to 5 kN per minute. 

 

3.2.3 Material Tests  

 

Three concrete cubes for each beam specimen were tested at the time when the beam 

specimen was tested.  The average concrete cube compressive strength for each 

beam specimen is listed in Table 3.2. Also provided in Table 3.2 is the yield strength 

of the steel stirrups of each beam. The concrete compressive strength varies between 

the specimens though the mix design was the same. This difference is accounted for 

in the interpretation of the test results using a procedure given in Chen and Teng 

(2003b) as shown later. Flat tensile coupon tests of the wet lay-up FRP showed little 

variation between different specimens. The material behaved in a linear-elastic 

fashion with average values for elastic modulus, tensile strength and rupture strain of 

266 GPa, 3970 MPa, and 15000 µε respectively. The carbon fiber sheets, epoxy resin 

and primer were proprietary products supplied by a supplier based in Hong Kong. A 

strong adhesive was used so debonding failure occurred in the concrete during all the 

tests. 

 

3.2.4 Failure Process 

 

The CTL series showed typical shear failures. Cracking started with the appearance 

of several fine flexural cracks in the maximum moment region, followed by a stage 

during which diagonal cracks appeared and propagated in the test span. When the 
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load continued to increase, one of the diagonal cracks widened into a critical 

diagonal crack, signifying the occurrence of shear failure. The shear force versus the 

loading point displacement curves (Fig. 3.3) indicate that the failure was brittle but 

some ductility existed because of the dowel action of the tensile reinforcement 

crossing the diagonal crack and steel stirrups in the case of beams CTL-R6 and 

CTL-R8. Beam CTL-R8 failed by concrete crushing near the loading point, so its 

failure was more brittle than beams CTL-00 and CTL-R6 (Fig. 3.3). 

 

For the beams in series UBF and BDF, the failure modes are listed in Table 3.1. In 

each case the FRP wraps increased the load capacity, but generally decreased the 

ductility of the strengthened beam except for beams UBF-R8 and BDF-R8. Both 

beam CTL-R8 and beam UBF-R8 failed by concrete compression near the loading 

point, so their failure appears to be slightly more brittle than the other beams. 

Compared to the UBF beams, the BDF beams showed greater ductility as 

pre-rupture FRP debonding resulted in a less brittle post-peak response and a slightly 

lower load capacity (Fig. 3.3).  

 

Fig. 3.4 shows the shear crack locations and the FRP rupture positions at the ultimate 

state of representative UBF and BDF beams. For the BDF beam, the FRP strips 

mostly fractured at locations where they were intersected by the shear cracks [Fig. 

3.4(b)]. For the UBF beam, most FRP strips fractured at the mid-height [S9-S11 in 

Fig. 3.4(a)] but some fractured simultaneously near the top and the bottom with the 

middle segment torn away [S4 and S8 in Fig. 3.4(a)]. 
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3.3 FRP STRAIN DEVELOPMENT 

 

For all the strengthened beams, the strains in the FRP strips remained nearly zero 

before shear cracking in the test span, after which the strains increased noticeably 

(Fig. 3.5). After shear cracking, some significant differences exist between the UBF 

and the BDF beams (Fig. 3.5). For the UBF beams, the strain in many of the FRP 

strips increased gradually after shear cracking, whereas for the BDF beams more 

complex behavior occurred. First of all, the strains in only some locations of the FRP 

strips which were intersected by a crack showed obvious increases. Once FRP 

debonding propagated to positions away from the crack, the FRP strains at these 

locations would suddenly increase to a value nearly the same as that of the cracked 

position. Fig. 3.5 also indicates that the FRP strains for the beams with no transverse 

steel increased much more rapidly than those with steel stirrups after shear cracking, 

because the steel stirrups resisted part of the shear force and restrained the opening 

of the shear cracks.  

 

Another difference is that the maximum measured FRP strains in the UBF beams are 

generally larger than those in the corresponding BDF beams. Compared to the FRP 

rupture strain of 15000 µε, the maximum FRP strains recorded (Table 3.3) are 

substantially lower.  For the UBF beams, the average maximum strain (13,400 µε) 

is 11% less than that of the tensile tests.  It should be noted that as the critical shear 

crack was inclined to the FRP strips, the opening-up and sliding movements of the 

two sides of the critical shear crack is expected to have exerted in-plane transverse 

bending action on the FRP strips, leading to transverse bending and out-of-plane 

bending deformation of the thin FRP strips. This phenomenon may be the cause for 
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the reduction in the rupture strain of the FRP. For the BDF beams, the average 

maximum strain (10,700 µε) is 29% less.  These results indicate that the debonding 

process between the FRP and concrete can adversely affect the rupture strain of the 

FRP. It has been proposed in Cao et al. (2005) that transient local bending may exist 

during debonding. This, along with the dynamic effects of the debonding process, 

may account for the greater reduction in the maximum measured strain in the bonded 

FRP. Further research is necessary to test these propositions. Clearly, if the effect of 

the debonding process on the measured tensile strain is eliminated through the use of 

FRP unbonded to the sides of the beam, the reduction factor proposed in Chen and 

Teng (2003b) of 0.8 to be applied to the rupture strain of the FRP is conservative 

based on the limited experimental results presented here. However, for FRP bonded 

to the beam sides, the 0.8 reduction factor appears to be non-conservative. 

 

3.4 STRAIN DISTRIBUTION IN AN FRP STRIP 

 

To investigate the strain distribution in the FRP along the height of the beam, strains 

were measured at three different height levels (Fig. 3.2). Fig. 3.6 shows the strain 

distributions along the height of the beam at different values of applied shear force 

for beams UBF-R6 and BDF-R6. It should be noted that in Fig. 3.6, only one 

representative FRP strip [Fig. 3.6(a)] from the UBF beams and three from the BDF 

beams [Fig. 3.6(b-d)] are shown, while the following discussions are based on the 

strain distribution information of all the FRP strips. 

 

For the FRP strips of the UBF beams, the strains at the three height levels in the 

same FRP strip are nearly the same for nearly all load levels, which is the case 
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regardless of the location of the FRP strip [Fig. 3.6(a)]. This result is reasonable 

noting the fact that for the UBF beams, FRP strips were unbonded to the beam sides 

and the FRP internal forces at the three locations are theoretically the same if 

secondary effects are ignored. The small differences between the three strain 

readings within each FRP strip are likely due to a combination of measurement 

errors (e.g. the direction of the strain gauge may be a little skewed from the vertical 

direction at some locations) and bending of the FRP strip due to the relative 

movements between the two sides of the shear crack. The friction between the FRP 

strip and the side surfaces of beam may have also played a significant role in these 

small strain variations. 

 

In the BDF beams, the strain distributions along a strip are quite different (Figs. 

3.6(b-d)].  Since at low load levels the FRP strain at the location of the critical 

shear crack is much larger than the strains away from the crack, the location of the 

critical shear crack can be identified in Figs. 3.6(b-d)] to be close to the location of 

the highest strain value (see Fig. 3.4) (the exact location could be identified with 

more accuracy if many more strain gauges were bonded on each strip).  When 

debonding propagates, the values of strains away from the shear crack increase 

rapidly, and the strain values in the debonded location become nearly the same [Figs 

3.6(b-d)].  FRP rupture failure follows after an FRP strip has fully debonded over 

the height of the beam [e.g. Fig. 3.6(d)].  

 

3.5 STRAIN DISTRIBUTION IN FRP ALONG THE LONGITUDINAL AXIS 

OF BEAM 
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The strain distribution in the FRP along the longitudinal axis of the test span for 

different values of applied shear force is examined in Fig. 3.7. Note that only the 

distributions of the representative beams UBF-R6 and BDF-R6 are shown in Fig. 3.7, 

while the following discussion is based on the information from all of the beams.  

 

In the UBF beams, there is little variation among the strain values at the three height 

levels within one FRP strip, so the strain distribution along the longitudinal axis is 

nearly the same for the three height levels.  A representative plot is shown in Fig. 

3.7(a). Before cracking the strain values are rather small and not shown in the figure. 

After cracking, the unbonded FRP strips have a near-parabolic strain distribution 

along the longitudinal axis, with the highest value around the middle, and nearly 

zero values at the two ends of the test span. This is because the FRP strips near both 

ends are not normally intersected by any shear crack. 

 

For the BDF beams, the strain distributions are slightly different. At low load levels 

(but after cracking), there exist large variations in strain along the longitudinal axis, 

with strain values at the crack positions being the highest. After debonding of the 

FRP strips, the strain distribution changes to become nearly parabolic within part of 

the test span. Almost no strain was measured in the FRP strip close to the support at 

the upper strain gauge locations [Fig. 3.7(b)] and near the loading point at the lower 

gauge positions [Fig. 3.7(d)] because the FRP strips were not debonded at these 

locations. The debonding process damaged the strain gauges at several locations, so 

some of the strain values were not recorded for the ultimate state. 
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3.6 STRAIN DISTRIBUTION IN FRP ALONG THE CRITICAL SHEAR 

CRACK 

 

The FRP contribution to the shear resistance of the beam is related to the product of 

the strain distribution factor and the maximum stress in the FRP as explained by 

Chen and Teng (2003a, 2003b). The strain distribution factor Dfrp is defined as the 

ratio of the average strain of the FRP strips intersected by the critical shear crack 

within the effective height to the maximum FRP strain in the same FRP strips at the 

considered load level. For beams strengthened with discrete FRP strips, it can be 

expressed as the average strain in all FRP strips divided by the maximum strain: 

 

,
1

max

n

frp i
i

frpD
n

ε

ε
==
∑

                                       (3.1) 

 

where εfrp,i is the strain in the ith FRP strip, n is the total number of FRP strips 

intersected by the critical shear crack, and εmax is the maximum strain in these FRP 

strips.  

 

As in Chen and Teng (2003a, b), the effective height of FRP is defined as the height 

from the centroid of the tension reinforcement to the top of the crack which is 

assumed to be 0.1d below the top face of the beam as shown in Fig. 3.8. FRP strips 

outside this effective zone are excluded from the following analysis. For ease of 

reference, the intersection between the tensile reinforcement and the shear crack is 

referred to as the ‘crack end’ within the effective zone though the physical crack end 

is likely to be at the bottom of the beam. Similarly, the assumed top of the crack is 
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referred to as the ‘crack tip’ for the following analysis. The position of the actual 

crack tip changes as the load is increased, but the assumed crack tip is close to the 

actual position at both the debonding state and the ultimate state of FRP rupture. 

 

FRP strain distributions along the critical shear crack for UBF and BDF beams are 

shown in Fig. 3.9 at the ultimate state. The strains are shown against the normalized 

horizontal distance from the crack tip, which represents the distance from the crack 

tip estimated from experimental measurements divided by the horizontal length of 

the critical shear crack. For the UBF beams, it is straightforward to find the strain 

values along the critical shear crack since the strain values in a single FRP strip are 

nearly the same along the height of the beam. For the BDF beams, the reading of the 

strain gauge at the location closest to the shear crack was used in the analysis, which 

is always the largest among the three recorded strain values within an FRP strip. The 

strain distribution obtained using this method is an approximation, since it is very 

likely that none of the three strain gauges was located close to the critical shear crack. 

To improve the accuracy of the distribution, more strain gauges are needed, or 

pre-cracking (Cao et al. 2005) may be used to locate the position of the shear crack. 

Nevertheless, since the FRP strips intersected by the critical shear crack had mostly 

debonded at the ultimate state and the strain distribution within the debonded part of 

an FRP strip was almost uniform, the strain distributions obtained from these three 

strain gauges are still highly reliable for the ultimate state which is the main focus of 

the present study. 

 

Fig. 3.9 shows that both the UBF and the BDF beams have a near-parabolic strain 

distribution along the critical shear crack, which is in line with the general 
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assumption made by Chen and Teng (2003b) in their shear strength model for FRP 

rupture. It may be noted that Chen and Teng’s proposed design value of Dfrp=0.5, 

corresponding to either a linear strain distribution with the largest strain at the crack 

end or a bilinear strain distribution with a zero strain at both the crack end and tip, 

represents the lower limit of practical values.  

 

The maximum strain value appears nearly halfway along the horizontal distance of 

the critical shear crack for the beam with no stirrups [Fig. 3.9(a)], and closer to the 

crack end for beams with weak stirrups (R6@125 mm) [Fig. 3.9(b)]. For beam 

UBF-R8 [Fig. 3.9(c)] local concrete compression failure near the crack tip led to the 

increased values of FRP strain at this location. This indicates that the steel stirrups 

have a significant effect on the distribution of FRP strain along the critical shear 

crack for both the UBF beams and the BDF beams. Fig.3.9 also shows that the 

maximum FRP strains of the UBF beams are larger than those of the corresponding 

BDF beams as mentioned already (see also Table 3.3). 

 

Another aspect worth noting is that for both the UBF and BDF beams, the strains in 

the FRP wraps are not zero at the crack tip of the critical shear crack, which is not in 

line with the assumption made by Chen and Teng (2003b) in their shear strength 

model for FRP rupture. This may be attributed to three factors: the secondary cracks 

around the location of the critical shear crack tip (Fig. 3.4) and the large horizontal 

compressive strains in the concrete near the crack tip which lead to significant 

vertical tensile strains there. It is also possible that the actual crack tip might be 

higher than the assumed position of 0.1d below the compression face. Neglecting 

these effects as in the method of Chen and Teng (2003b) is conservative in 
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evaluating the shear contribution of the FRP wraps. 

 

3.7 FRP CONTRIBUTION TO SHEAR RESISTANCE 

 

The ultimate shear capacity of an RC beam strengthened with FRP (Vu) may be 

written as: 

 

Vu = Vc + Vs + Vf                                                   (3.2) 

 

where Vc , Vs  and Vf are, respectively, the shear contributions from the concrete, 

steel stirrups, and FRP. Note that these three components are not strictly independent 

(Chen et al. 2006), so Eq. (3.2) is only an engineering approximation of reality. 

Nevertheless, Eq. (3.2) has the advantage of simplicity so it has been widely 

accepted. The interaction between the three components is examined later in this 

chapter. 

 

Vf was calculated using two different methods in the present study. The first method 

is according to a procedure outlined in Chen and Teng (2003b): 

 

,
,

(cot cot )sin
2 f e

f f e f f
f

h
V f t w

s
θ β+

=
β                         (3.3) 

 

where tf is the thickness of FRP, wf is the width of the FRP strips (perpendicular to 

fiber orientation), β is the angle of fibers in the FRP measured from the longitudinal 

axis of the beam, θ is the inclination angle of the critical shear crack with respect to 
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the longitudinal axis, sf is the spacing of the FRP strips measured along the beam 

longitudinal axis, and hf,e is the effective height of the FRP on the sides of the beam 

as shown in Fig. 3.8, and ff,e is the effective stress in the FRP intersected by a shear 

crack at the ultimate state which can be written as: 

 

, ,f e f f e f frpf E E D maxε ε= =                                 (3.4) 

 

where εf,e is the effective strain in the FRP at the ultimate state, Ef is the modulus of 

elasticity of the FRP, and εmax and Dfrp are defined in Eq. (3.1). For vertical FRP 

wraps, Eq. (3.3) can be simplified by substituting β = 90° into it:  

 

,
0.92

tanf f e f f
f

dV f t w
s θ

=                                   (3.5) 

 

To calculate the contribution of the FRP to the shear capacity of the strengthened 

beam, the strain distribution factor Dfrp must first be found. To minimize the effect of 

small fluctuations in the experimental data and for the purpose of generality, a 

parabolic function was adopted to represent the strain distribution by regression 

analysis of the discrete strain values. The fitted curves for beam sides A and B were 

averaged and used to determine the average and maximum strain values. They were 

then used to calculate the strain distribution factor Dfrp following Cao et al. (2005).  

The fitted parabolic curves at the ultimate state are shown along with the raw data in 

Fig. 3.9.  The calculated strain distribution factors are listed in Table 3.3.  Also 

shown in Table 3.3 are the angles of the critical shear crack θ from experimental 

observations, which were used in Eq (3.5) to calculate Vf.
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The second method used to calculate Vf is the direct summation of the shear 

resistance of the FRP strips intersected by the critical diagonal crack. The maximum 

strain reading among the three in each FRP strip measured at the ultimate state of the 

strengthened beam was taken as the strain in each strip when performing this 

calculation. Vf determined using both methods are shown in Table 3.3. 

 

The combined experimental shear resistance of concrete and stirrups Vc +Vs was 

determined from the experimental results of the control beam. It was taken as the 

shear resistance of the control beam at the deflection corresponding to the ultimate 

load of the strengthened beam. The value of Vc +Vs was then modified to account for 

the small variations in concrete strength between the control beams and the 

corresponding strengthened beams following the procedure given in Chen and Teng 

(2003a) and the corrected results are listed in Table 3.3. This exercise could not be 

completed for beams UBF-R8 and BDF-R8 because of the brittle failure of the 

control beam CTL-R8 due to local concrete compression failure.  

 

Using the above two methods, the shear resistance of the section Vu can be calculated 

using Eq (3.2). For the four strengthened beams under examination which failed due 

to FRP rupture, the values of FRP contribution to the shear resistance found from 

method 1 are very slightly larger than the experimentally measured values with a 

maximum difference of 4.2% (Table 3.3). The values from method 2 are in turn very 

slightly higher than those from method 1, and exceed the test values by up to 8.3%. 

These limited results indicate that both methods may be used to deduce reliable 

values of the FRP contribution to shear resistance in experimental investigations. It 
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may be noted that both methods slightly overestimate Vu. Given that Vf was 

calculated from the measured FRP strains, it appears that the value of Vc+Vs found 

from the control beam may slightly overestimate the contributions of concrete and 

steel stirrups in the corresponding FRP-strengthened beam. This may be attributed to 

a lower shear contribution from the concrete in the FRP-strengthened beam due to 

the higher compressive stresses in the concrete of the strengthened beam. Further 

research is required to clarify this point as the present data are rather limited. 

 

It is seen from Table 3.3 that the FRP contribution to shear resistance is larger in the 

UBF beams than in the BDF beams for the four specimens which failed due to FRP 

rupture (UBF-00, BDF-00, UBF-R6 and BDF-R6), consistent with the earlier 

observation that UBF beams have slightly higher load-carrying capacities than the 

corresponding BDF beams.  

 

3.8 SHEAR INTERACTION BETWEEN FRP WRAPS AND CONCRETE 

 

A unique benefit derived from the testing of beams with FRP wraps unbonded to the 

sides is that the contribution of FRP to shear resistance can be reliably estimated 

using the measured FRP strains. If it is assumed that the number of FRP strips 

intersected by the critical shear crack remains unchanged after the appearance of the 

critical shear crack, Vf  can be calculated at each load level using Eqs. (3.1) and 

(3.3).  The maximum of the three FRP strain values recorded by the three gauges in 

each FRP strip was used for calculating Vf. The sum of the shear contributions of the 

concrete and the steel, Vc +Vs, can then be deduced by subtracting Vf from the 

applied value of shear force recorded during testing. 
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The Vf  versus displacement curves obtained using this method are shown in Fig. 

3.10 along with the deduced Vc+Vs curves. For comparison, the Vc+Vs curves of the 

corresponding control beams are also shown, which have been modified to account 

for the difference in concrete strength (Chen and Teng 2003a). Fig. 3.10 shows that 

corresponding to the ultimate state of the control beam (Point A in the figures), the 

Vc+Vs value of the FRP wrapped beam is always smaller than that of the 

corresponding control beam. 

 

Fig. 3.11(a) shows the applied shear force versus the strains in the internal steel 

stirrups for the beams with R6 stirrups. The same observation applies to the beams 

with R8 stirrups [Fig. 3.11(b)]. It shows that at the ultimate load of each beam, the 

values of strains in the steel stirrups have reached the yielding strain (denoted by a 

vertical dashed line) as determined from material testing summarized in Table 3.2. 

Therefore, at the ultimate state, Vs of both the UBF and the CTL beams with 

identical stirrups can be regarded as the same. 

 

Since the internal steel has yielded, from Fig. 3.10 it may be concluded that some 

adverse shear interaction between Vf  and Vc exists for an RC beam strengthened 

with FRP wraps near the ultimate state of the strengthened section. Given the large 

strain values corresponding to FRP rupture as shown in Table 3.3, and assuming one 

critical shear crack, the maximum crack width at failure could be large enough to 

compromise several of the concrete’s shear-resisting mechanisms such as dowel 

action, aggregate interlock, or shear friction along the shear crack. As a result, at the 
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ultimate state, Vc of an RC beam strengthened with FRP wraps is less than that of a 

normal RC beam.  

 

As shown in Fig. 3.10, at the ultimate state of the FRP wrapped beams, the shear 

resistances of the control beams Vc+Vs have already reached their ultimate state and 

are decreasing, or were not recorded due to brittle failure. There is a reduction of 

22.5% for beam CTL-00 and 5.4% for beam CTL-R6. Beam CTL-R8 failed at a 

displacement level less than that of the corresponding FRP wrapped beam, but if a 

comparison is made with the calculated value of Vc+Vs for UBF-R8, the reduction is 

2.1%. Although these values cannot be used for design, they illustrate a phenomenon 

which should be examined more closely in future research. 

 

To prevent the loss of concrete shear contribution at high levels of loading, the strain 

in the FRP shear strengthening system should be kept below appropriate limits.  A 

value of Vf for each strengthened beam corresponding to the maximum value of Vc + 

Vs for the respective control beam is shown as point A in Fig. 3.10. Beyond this point, 

the effectiveness of the concrete in resisting shear could be reduced. Using Eqs. (3.1) 

and (3.4) the effective value of FRP strain was determined at this point and is shown 

in Table 3.4. The value of effective FRP strain decreases as the amount of internal 

steel increases, but this is due to the concrete crushing failure mode for beams 

UBF-R8.  The average value of effective FRP strain from this analysis is 4900 µε 

which is slightly higher than the value of 4000 µε recommended by ACI-440.2R 

(2008), but significantly lower than the value of 6000 µε recommended by fib (2001); 

both strain limits have been proposed to prevent the loss of aggregate interlock. It 

should be noted that the value of 4900 µε is from a small number of small beam tests 
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and this value is likely to become smaller for larger beams due to the size effect as 

discussed in Chapter 2. It should also be noted here that this strain value does not 

necessarily constitute the design limit because the shear force resisted by the beam 

can still increase significantly as the FRP strain increases further (Fig. 3.10). 

However, the interaction between the concrete, the steel stirrups and the FRP 

become more complex after the attainment of the peak value of Vc + Vs: the 

contribution of the FRP increases and the contributions of the concrete decreases. In 

the post-peak region for Vc + Vs, the direct use of Eq. (3.2) with the actual strain 

value for the FRP may lead to unconservative predictions for the shear capacity of 

the beam. Further research is thus required to quantify this interaction in order to 

make full use of the FRP in shear strengthening design. 

 

3.9 CONCLUSIONS 

 

The following conclusions can be drawn from the above analysis of the test results 

of RC beams with full FRP wraps: 

 

1. The beams with FRP intentionally left unbonded on the sides (UBF) achieved 

slightly higher shear capacities than the beams with side bonded FRP (BDF). 

2. The FRP used in both the BDF and UBF beams reduced the ductility of the shear 

failure of beams.  The BDF beams showed more ductility than the UBF beams, 

with the debonding of the FRP giving some useful warning of the impending 

failure. 

3. The strain values in FRP showed a noticeable increase only after the appearance 

of the shear crack crossing the FRP wraps, before which the strains remained at a 
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rather lower level. For the UBF beams, the FRP strain showed little variation 

over the height of beam during the loading process, while for the BDF beams, 

only those positions crossed by shear cracks had high FRP strains, and strain 

values decreased quickly away from the cracked positions. 

4. The average maximum recorded values of FRP strain for the UBF and the BDF 

beams are respectively 11% and 29 % lower than the values measured during flat 

tensile tests.  This may be due to such factors as the dynamic nature of the 

debonding process, and out-of-plane bending and in-plane transverse bending of 

the FRP strips due to the relative movements between the two sides of the critical 

shear crack. 

5. The strain distributions in the FRP along the critical shear crack had a 

near-parabolic shape for the UBF and BDF beams which were heavily reinforced 

in flexure.  

6. The UBF beams had a similar FRP strain distribution factor to but a larger 

maximum FRP strain than that of the BDF beams, so the FRP in the former made 

a greater shear contribution than in the latter.  This can explain why a beam 

strengthened with side unbonded FRP wraps has a higher shear capacity than that 

strengthened with side bonded FRP wraps, if all other parameters are the same. 

7. For the FRP strengthened beams, some adverse shear interaction between the 

shear contribution of FRP and that of the concrete was observed due to the larger 

crack width at the ultimate state. The value of effective FRP strain, at a point 

where the concrete contribution to shear strength was at its maximum in these 

test beams, was around 4900 µε which is slightly higher than the value of 4000 

µε recommended by ACI-440.2R (2008) but significantly lower than the value of 
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6000 µε recommended by fib (2001); both strain limits have been proposed to 

prevent the loss of aggregate interlock. 
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Table 3.1 Details and Failure Modes of Beam Specimens 

Beam designation CTL-00 CTL-R6        CTL-R8 UBF-00 UBF-R6 UBF-R8 BDF-00 BDF-R6 BDF-R8

tf   (mm)   N/A 0.11

wf  (mm)   N/A 20

FRP wraps  

sf   (mm)   N/A 50

Test span N/A R6@125 R8@125 N/A R6@125 R8@125 N/A R6@125 R8@125 Steel stirrups 

Non-test span R6@50 R6@50 R8@50 R6@50 R6@50 R8@50 R6@50 R6@50 R8@50 

Failure load  P (kN) 141 212 253 273 363 350 233 319 377 

Shear Force V (kN) 79.7         120 143 155 206 198 132 181 214

Failure mode 

and remarks 

shear 

failure 

shear 

failure 

compression 

failure near 

the loading 

point 

shear 

failure 

by FRP 

rupture 

shear 

failure 

by FRP 

rupture 

compression 

failure near 

the loading 

point 

shear 

failure 

by FRP 

rupture 

shear 

failure 

by FRP 

rupture 

Shear 

failure 

by FRP 

rupture 
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         Beam designation CTL-00 CTL-R6 CTL-R8 UBF-00 UBF-R6 UBF-R8 BDF-00 BDF-R6 BDF-R8

fcu (MPa) 43.3         45.8 45.6 47.0 47.4 45.9 53.8 50.6 45.4

fy (MPa) N/A         271.0 342.2 N/A 271.0 342.2 N/A 271.0 342.2

Method 1 Method 2 Beam εmax

(µε) 

εf,e

(µε) 

Dfrp θ 

Degree 

Vtest

(kN) 

Vc + Vs  

(kN) Vf (kN) Vu (kN) Dif (%) * Vf (kN) Vu (kN) Dif (%) *

CTL-00             36 79.7 -- -- -- -- -- -- --

UBF-00 13500 11100 0.83          32 154.7 63.4 97.5 160.9 3.99 104.2 167.6 8.32
BDF-00 10700 8960           0.84 35 132.1 66.5 71.2 137.7 4.21 71.4 137.9 4.36
CTL-R6            37 119.9 -- -- -- -- -- -- --
UBF-R6 13900 11300 0.82          35 205.5 119.4 88.4 207.8 1.10 92.6 212.0 3.15
BDF-R6 10700 8370           0.78 34 180.9 119.5 67.8 187.3 3.55 68.4 187.9 3.88
CTL-R8            40 143.3 -- -- -- -- -- -- --
UBF-R8 13800 8600           0.62 35 198.3 ‡ 58.4 -- -- 60.4 -- --
BDF-R8 10900 10200 0.93          41 213.6 ‡ 64.0 -- -- 71.3 -- --

* ; ‡ Due to the brittle nature of the failure of CTL-R8, this could not be determined from experimental results. 

fcu: cube compressive strength of concrete; fy: yield strength of stirrups  

Table 3.3 Calculated and Experimental Results of Test Beams 

Table 3.2 Strengths of Concrete and Steel 

%100×
−

=
test

testn

V
Dif

VV

 



Table 3.4 FRP Strains for UBF Beams at Point A 

Beam Side 
maxε  

(µε) 

,f eε  

(µε) 

frpD  

sideA 8290 5620 0.68 
UBF-00 

sideB 7190 5240 0.73 

sideA 6480 4630 0.72 
UBF-R6 

sideB 7320 5580 0.76 

sideA 6830 4050 0.59 
UBF-R8 

sideB 6410 4300 0.67 
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Fig. 3.1 Details of test beams (all dimensions in mm) 
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(b) Locations of steel stirrups 

Fig. 3.2 Locations of strain gauges, FRP strips and stirrups (all dimensions in mm) 
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(a) Beams with no shear reinforcement 
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(b) Beams with R6 stirrups 
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(c) Beams with R8 stirrups 

Fig. 3.3 Shear force vs. displacement of loading point 
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(a) Representative UBF specimen (UBF-R6) 
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(b) Representative BDF specimen (BDF-R6) 

Fig. 3.4 Crack patterns and failure modes of the strengthened beams (all dimensions 

in mm) 
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(a) BDF-00 vs. UBF-00 (FRP strip S6) 
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(b) BDF-R6 vs. UBF-R6 (FRP strip S5) 

Fig. 3.5 Shear force vs. FRP strain  
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(c) BDF-R6 vs. UBF-R6 (FRP strip S6) 
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(d)  BDF-R6 vs. UBF-R6 (FRP strip S8) 

Fig. 3.5 Shear force vs. FRP strain (Cont’d) 
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(a) UBF-R6-Strip S5  
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(b) BDF-R6- Strip S5  

Fig. 3.6 FRP strain distributions over beam height 
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(c) BDF-R6- Strip S6  
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(d) BDF-R6- Strip S8 

Fig. 3.6 FRP strain distributions over beam height (Cont’d) 
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(a) UBF-R6-middle  

0

1500

3000

4500

6000

7500

9000

10500

12000

13500

25 125 225 325 425 525 625

Distance to the loading point (mm)

FR
P 

str
ai

n 
(µ
ε)

   
   

   
   60 kN

71 kN
82 kN
102 kN
122 kN
142 kN
162 kN
170 kN
179 kN
181 kN

 

(b) BDF-R6-upper  

Fig. 3.7 FRP strain distributions along beam longitudinal axis 
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(c) BDF-R6-middle 
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(d) BDF-R6-lower  

 Fig. 3.7 FRP strain distributions along beam longitudinal axis (Cont’d) 
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Fig. 3.8 Effective zone of FRP for shear contribution 
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(a) UBF-00 vs. BDF-00  

 

Fig. 3.9 FRP strain distributions along the critical shear crack 
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(b) UBF-R6 vs. BDF-R6  
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(c) UBF-R8 vs. BDF-R8  

 

Fig. 3.9 FRP strain distributions along the critical shear crack (Cont’d) 
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(a) UBF-00 vs. CTL-00 
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(b) UBF-R6 vs. CTL-R6 
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(c) UBF-R8 vs. CTL-R8 

Fig. 3.10 Shear contribution comparison 
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(a) UBF-R6 vs. CTL-R6 
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(b) UBF-R8 vs. CTL-R8 

Fig. 3.11 Steel stirrup strain comparison 
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CHAPTER 4 

 

SHEAR RESISTANCE CONTRIBUTED BY FRP: 

 ASSESSMENT OF CHEN AND TENG’S SHEAR 

 STRENGTH MODEL 
 

 

 

4.1 INTRODUCTION 

 

As introduced in Chapter 2, Chen and Teng (2003a) presented a shear strength model 

for FRP debonding failure, in which the bond performance between FRP and 

concrete is appropriately considered based on the bond strength model of Chen and 

Teng (2001a). This shear strength model is believed to be still the most advanced 

model available for the debonding failure mode based on the simple superposition 

principle [embodied in Eq. (2.1), see Chapter 2] and a simple but rational 

representation of the debonding failure process. The model was shown to give close 

predictions for the shear contribution of FRP (Chen and Teng 2003a). The model is 

based on the assumption that the shear resistance is governed by the development of 

a single critical shear crack that dominates the debonding failure process. For beams 

with a small shear span-to-depth ratio or with considerable steel shear reinforcement, 

significant secondary cracks are expected, but such secondary cracks are known to 

increase the bond strength between FRP and concrete. Therefore, the assumption of a 
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single critical shear crack is conservative (Teng et al. 2006, Chen et al. 2007). In 

Chen and Teng’s (2003a) model, there are two simplifying assumptions whose 

effects are yet to be clarified: 

1) the bond strengths of all FRP strips intersected by the critical shear crack are 

fully mobilized at the ultimate state of beam shear failure. This is possible for 

FRP U-jackets, but unlikely for FRP side strips; the full bond strength 

assumption may thus lead to unconservative results especially for FRP side 

strips. 

2) the area of the bonded FRP on the beam sides contributing effectively to shear 

resistance has a triangular shape determined by the critical shear crack and the 

effective height of the FRP [Fig. 4.1(a)]. This assumption is conservative as it 

neglects the FRP between the compression face of the beam and the crack tip, 

and that within the concrete cover below the steel tension reinforcement for 

side bonded beams. A more accurate representation of the effective bonded 

area would be one which is trapezoidal in shape [Fig. 4.1(b)]. 

 

Lu et al. (2009) presented results from a numerical study on the stress distribution in 

the FRP along the critical shear crack at debonding failure, based on the 

FRP-to-concrete bond-slip model of Lu et al. (2005). They showed that although the 

different shapes (i.e. different distributions of the crack width along the crack) 

assumed for the critical shear crack may result in significantly different stress 

distributions in the FRP, their effect on the stress distribution factor, defined as the 

ratio of the average to the maximum stress in the FRP reinforcement along the 

critical shear crack is much less significant. They thus showed that Chen and Teng’s 

(2003a) simple assumption for the stress distribution in the FRP leads to satisfactory 
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predictions of the effective FRP stress factor in most cases. They also showed that 

the model of Chen and Teng (2003a) may be unconservative for beams with light 

steel tension reinforcement, but in practice shear failure is unlikely in such beams. 

For their computational model, they assumed that the slips between the FRP and the 

concrete immediately above and below the critical shear crack have the same 

magnitude but opposite directions (i.e. half of the crack width is accommodated by 

the slips in the portion of the FRP strip above the crack and half by those of the FRP 

strip below the crack). It should be noted that this assumption becomes unrealistic 

for the area around the crack tip (near the compression face of the beam) and that 

around the crack end (at the tension face of the beam) where the bond lengths of an 

FRP strip above and below the critical shear crack are very different. Lu et al.’s 

(2009) study did not examine the effect of different assumptions for the bonded area 

of FRP; the crack shapes employed in their numerical study were also less than 

realistic. Therefore, a more accurate computational model is needed for the 

assessment of the validity and accuracy of Chen and Teng’s (2003a) model. 

 

The objectives of work presented in this chapter are twofold. First, a theoretical 

model modified from Chen and Teng’s (2003a) model through the adoption of a 

more accurate and realistic bonded area [Fig. 4.1(b)] is presented. This modified 

model and the original model of Chen and Teng (2003a) are then both assessed using 

numerical results from a computational model, in which the two aforementioned 

assumptions of Chen and Teng (2003a) do not exist. The computational model is 

similar but superior to that of Lu et al. (2009) in the following three aspects: (a) the 

assumption of equal slips immediately above and below the shear crack in Lu et al.’s 

(2009) model is no longer used; (b) a more realistic bonded area is included; and (c) 
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the possible crack shapes are more realistically represented using an appropriate 

crack shape function. 

 

4.2 CHEN AND TENG’S SHEAR STRENGTH MODEL 

 

Chen and Teng (2001b, c, 2003a, b) were probably the first to propose the explicit 

inclusion of the effect of non-uniform stress distribution in FRP strips on the shear 

capacity of FRP-strengthened RC beams. For the FRP shear reinforcement with 

fibres oriented at an angle β to the beam longitudinal axis, the FRP shear 

contribution in Chen and Teng’s (2003a,b) model is given by: 

 

,
,

(cot cot )sin
2 f e

f f e f f
f

h
V f t w

s
θ β β+

=                                  (4.1) 

 

where θ is the critical shear crack angle; hf,e is the effective height of the FRP strips; 

wf is the width of individual FRP strips; sf is the centre-to-centre spacing of FRP 

strips along the beam longitudinal axis; and the effective FRP stress ff,e is defined as 

the maximum FRP stress σf,max times the stress distribution factor Dfrp : 

 

,f e frp ff D ,maxσ=                                                    (4.2) 

 

For a shear debonding failure, the maximum FRP stress σf,max is calculated as (Chen 

and Teng 2003a): 
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in which fc
’ (MPa) is the cylinder compressive strength of concrete; Ef (MPa) and ff 

(MPa) are the elastic modulus and the tensile strength of FRP respectively; tf is the 

thickness of FRP strips, wβ is the strip width ratio factor, Lβ is the bond length 

factor,  is the normalised maximum bond length, and max,norL ,f eh is the effective 

height of FRP, and Lmax is the maximum value among the bond lengths of all the FRP 

strips intersected by the critical shear crack (i.e. the maximum bond length). The 

effective bond length Le is that defined by Chen and Teng (2001a). 
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Assuming the full development of bond strength for all FRP strips intersected by the 

critical shear crack at the ultimate state of beam shear failure, Chen and Teng (2003a) 

deduced their solution for the stress distribution factor Dfrp [see Eq. (2.12)]. 

 

4.3 MODIFIED SHEAR STRENGTH MODEL 

 

As pointed out earlier, the bonded area between the FRP strips and the concrete is 

triangular in shape [Fig. 4.1(a)] in the original model of Chen and Teng (2003a). A 

more accurate (and realistic) representation of the bonded area is one which is 

trapezoidal in shape, including a distance of ht in the compression zone above the 

crack tip, and a distance of hb in the tension zone below the steel tension 

reinforcement [Fig. 4.1(b)]. It should be noted that for beams bonded with FRP 

U-jackets, the lower beam corners are typically rounded for the installation of 

U-jackets. Since the bonded area below the shear crack does not affect the behaviour 

of a U-jacketed section, no consideration of the rounded corners is required in the 

modified shear strength model presented below. 

 

As in Chen and Teng’s (2003a) model, the stress distribution factor, Dfrp is defined 

as: 

 

,

,0

, ,max

f eh

f z
frp

f e f

dz
D

h

σ

σ
= ∫                                                 (4.9) 

 

where σf,z is the stress in the FRP at the ultimate state at the location where the 
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intersecting critical shear crack is at a vertical coordinate z [Fig. 4.1(b)]. It should be 

noted that in deriving Eq. (4.9), it was assumed that discrete FRP strips can be 

treated as an equivalent FRP continuous sheet (2003a). Assuming that all the bonded 

strips intersected by the critical shear crack will develop their full bond strength at 

the ultimate state, σf,z is given by (Chen and Teng 2003a): 
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For FRP side strips: 
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and for FRP U-jackets: 
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The maximum stress in the FRP (σf,max) can still be calculated using Eq. (4.3), but the 

following actual maximum bond length should be used instead: 
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Assuming that σf,max<ff  which is generally true and that all the FRP strips 

intersected by the critical shear crack develop their full bond strength at the ultimate 

state, Dfrp can be obtained by substituting Eqs. (4.10) to (8.14) into Eq. (4.9) as 

detailed below. 
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For FRP U-jackets: 
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where   follows the definition of Eq. (4.6) in which Lmax,norL max is defined by Eq. 

(4.14), and 

,
0,nor sin

f e

e

h
L

L β
=                                                   (4.17) 

t,nor sin
t

e

hL
L β

=                                                   (4.18) 

b,nor sin
b

e

hL
L β

=                                                   (4.19) 

 

It should be noted that in both Eqs. (4.15) and (4.16), is assumed 

because is very unlikely for beams of practical dimensions. The 

values of h

max,nor b,norL L≥

max,nor b,norL L<

t can be taken as 0.1d (Chen and Teng 2003a) if the beam sides are full 

cover with FRP strips. It should be noted that the modified model presented above 

reduces to the model of Chen and Teng (2003a) [i.e. Eq. (2.12)] when hb = ht = 0. 

 

Assuming fc
’ = 30 MPa, Ef = 2.3 x 105 MPa, tf = 0.11 mm and , 

the calculated D

, 50 mmf e bh h≥ =

frp values from both the model of Chen and Teng (2003a) and the 

modified model are shown against  in Figs. 4.2(a) and 4.2(b) for FRP 

U-jackets and side strips respectively. The difference between the two models is 

max,norL
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small for U-jackets but is more significant for side strips (Fig. 4.3). For both 

U-jackets and side strips, this difference reduces as the beam size increases (i.e. 

larger ).  max,norL

 

4.4 COMPUTATIONAL MODELLING OF SHEAR RESISTANCE 

CONTRIBUTED BY FRP SHEAR REINFORCEMENT 

 

4.4.1 Assumptions and General Considerations 

 

In order to evaluate the validity and accuracy of the two theoretical models [both 

Chen and Teng’s (2003a) original model and the modified model], a computational 

model was formulated and implemented using ABAQUS (ABAQUS 6.5 2004). The 

computational model is based on the following assumptions: 

(a) the FRP strips are bonded to the entire height of the beam sides; 

(b) the distance from the tension face to the centroid of the steel tension 

reinforcement is 50 mm [Fig. 4.4(a)]; 

(c) the shear failure process is dominated by a single critical shear crack at an 

angle of 45o from the beam longitudinal axis. The effect of secondary shear 

cracks is conservatively ignored for reasons given earlier;  

(d) the tip of the critical shear crack at beam shear failure is located at a distance 

0.1d from the compression face of the beam, while the crack end is located at 

the centre of the steel tension reinforcement [Fig. 4.4(a)]. Although the real 

shear crack is likely to extend to the tension face of the beam, this portion of 

the crack is not included for reasons given in Chen and Teng (2003a,b). 
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Only a segment of the beam covering the horizontal projection of the critical shear 

crack within one quarter of the beam is modelled assuming a vertical plane of 

symmetry through the longitudinal axis of the beam (Fig. 4.4). The critical shear 

crack is then discretized into a suitable number of divisions. The centrelines of the 

FRP strips were assumed to coincide with the centrelines of these divisions. 

 

The computational representation of the interaction between the concrete and the 

FRP strips is shown schematically in Fig. 4.4. To clearly show the locations of the 

FRP strips, the longitudinal steel bars are also included in Fig. 4.4(a). For the present 

computational model, the concrete above and below the shear crack is assumed to be 

rigid; therefore all deformation in the model arises from the widening of the shear 

crack. Note that the elastic deformation of the concrete arising from the forces in the 

FRP strips can be easily taken into account in the present model, but numerical 

results showed that it has little effect on the results. 

 

It should be noted that the distribution of the slips resulting from the widening of the 

shear crack is related to the bond-slip relationship, the bond lengths of the FRP strip 

above and below the shear crack and the anchorage condition for FRP strip near the 

beam bottom (which is different for FRP side strips and FRP U-strips), therefore the 

slips of the FRP strip relative to the concrete immediately above and below the crack 

are not assumed to be the same, which is different from what was assumed by Lu et 

al. (2009). This is particularly true for FRP U-strips near the end and the tip of the 

crack because both the bond length and the anchorage condition of an FRP strip on 

the two sides of the shear crack are very different (refer to Chapter 5 for more 
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information on this observation). 

 

Each FRP strip was modelled using a number of truss elements (element T2D2) as 

shown in Figs. 4.4(b) and 4.4(c). Two vertical rigid bars, one above and one below 

the shear crack, are used to represent each division of the concrete substrate. The 

shear crack position in Figs 4.4(b) and 4.4(c) depends on the strip position relative to 

the shear crack in Fig. 4.4(a). The crack width is denoted by w in Figs. 4.4(b) and 

4.4(c). The widening of the shear crack is simulated by prescribing a relative 

displacement (i.e. w ) between the pair of rigid bars. The bond-slip relationship 

between concrete and FRP is simulated using shear springs (element SPRING2) 

connecting the nodes of truss elements representing the FRP strips to the rigid bars 

representing the concrete substrate. The properties of the shear springs are 

determined from the bond-slip model of Lu et al.(2005). For FRP U-jackets, the 

bottom end node of an FRP strip is fixed to the rigid concrete by a horizontal rigid 

bar (i.e. rigid shear connection). For FRP side strips, both the top and bottom end 

nodes are allowed to move.  

 

4.4.2 Crack Shape 

 

A general shape function proposed by Chen and Teng (2003b) was adopted in this 

study to represent the shape of the critical shear crack. That is, the crack width w is 

described by:  
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where the normalized vertical coordinate bzzz /=  with z and zb being defined in Fig. 

4.4(a) and wmax is the maximum value of the crack width for a given crack (i.e. the 

maximum crack width). The shape of the crack varies with the shape parameter C 

(Fig. 4.5). This function is thus capable of representing different crack shapes. 

 

4.4.3 Bond-Slip Relationship 

 

The bond-slip model for externally bonded FRP reinforcement proposed by Lu et al. 

(2005), which was shown to be the most accurate for modelling the bond-slip 

behaviour between FRP and concrete, is adopted in the present study [Fig. 4.6(a)]. 

The bond force Fb,f in each shear spring between an FRP strip and the concrete can 

be found from: 

 

,b f f f fF w l τ= × ×                                                 (4.21) 

 

where wf is the width of the FRP strip, lf is the length of the FRP truss element, and τf 

is the bond shear stress. The equations associated with the bond-slip model of Lu et 

al. (2005) are shown in Fig. 4.6 for completeness. Fig. 4.6 also shows the predicted 

bond-slip curve for the case of fc
’= 30 MPa and wf /sf = 1.0 . 
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4.4.4 Mesh Convergence: Truss Element Size 

 

The following material properties are used in all the numerical simulations of this 

chapter unless stated otherwise: concrete cylinder compressive strength fc
’ = 30 MPa 

[with an equivalent cube strength of 37 MPa (CEB-FIB 1993)]; concrete tensile 

strength ft = 0.395fcu
0.55 (GB 50010 2002); FRP thickness tf = 0.11 mm; elastic 

modulus of FRP Ef = 2.3 x 105 MPa; and tensile strength of FRP ff = 3900 MPa. The 

beam had a height such that , 300f eh =  mm unless otherwise stated. The beam 

considered had its sides fully covered by continuous FRP sheets with vertically 

oriented fibres only. The use of continuous FRP sheets is consistent with the 

derivation of the theoretical models and also simplifies the discussions. Such a 

continuous FRP sheet is equivalent to and is modelled as a number of FRP strips 

with the strip width wf being the same as the strip spacing sf, and with the spacing 

from the crack end to the centre of the first FRP strip ,1 2f fs s=  (Fig. 4.4). The 

number of strips to be used to represent such a continuous sheet is determined from a 

mesh convergence study presented later. 

 

All the truss elements have the same length for ease of modelling and the shear crack 

position and/or the strip length are appropriately rounded to suit the element size. A 

convergence study was conducted for the truss element size using a single-strip 

model with the crack opening displacement applied at the middle of the strip. Results 

of two simulations with 1 mm and 2 mm element sizes [Fig. 4.7(a)] are nearly 

identical. The predicted maximum stress value in FRP [Fig. 4.7(a)] is 1048 MPa, 

which in close agreement with a value of 1045 MPa calculated from the 

corresponding bond strength model of Lu et al. (2005), showing the accuracy of the 
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computation model. A truss element size of 1 mm is thus adopted in all subsequent 

numerical simulations of the study. Note that Chen and Teng’s (2001) bond strength 

model employed in the shear strength model of Chen and Teng (2003a) and the 

present modified shear strength model predicts a closely similar value of 1022 MPa. 

Chen and Teng’s (2001a) bond strength model was recommended by Lu et al. (2005) 

following an exhaustive study for design use due to its simplicity and accuracy. 

 

4.4.5 Mesh Convergence: Spacing of the FRP strips  

 

In the interest of computational efficiency and to verify the convergence of the 

model, numerical simulations are also conducted to determine the appropriate 

number (or the appropriate spacing) of discrete FRP strips to represent a continuous 

FRP sheet with vertical fibres (sf=wf). Shown in Fig. 4.7(b) is the development of the 

effective stress in the FRP strips with the maximum crack width (i.e. wmax) for 

different values of FRP strip spacing (sf). When the FRP strip spacing sf is large (e.g. 

sf=hf,e/5), the stepwise drop of the effective stress due to the complete debonding of 

individual strips in the descending branch of the curve is also large. As sf decreases, 

such drops become smaller. Fig. 4.7(b) clearly shows the trend that the “ideal” value 

of effective stress for a continuous FRP sheet lies at the midpoint of each stepwise 

drop. With sf=hf,e/20, the magnitude of the drops compared to the deduced value for 

a continuous FRP sheet (sf=0) is about 2.5%. This is because when sf=hf,e/20, the 

corresponding value for each step drop is about 1/20 =5% of the effective stress of 

the FRP sheet, and half of the step drop is around 2.5%. Based on the above 

observations, in the present study sf=hf,e/20 is adopted to closely represent the shear 

resistance contribution of a continuous FRP sheet. 
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4.5 PERFORMANCE OF THE TWO THEORETICAL MODELS 

 

To quantitatively assess the performance of Chen and Teng’s (2003a) theoretical 

model and the modified model presented in this chapter, the following factor is 

defined: 

  

, /f f e fK ,efσ=                                                    (4.22) 

 

where Kf is referred to as the mobilization factor of the FRP strips, σf,e is the average 

stress (or effective stress) of the FRP strips intersected by the critical shear crack 

obtained from a numerical simulation, and ff,e is the effective stress in the FRP from 

either of the two theoretical models. 

 

It should be noted that in both theoretical models, the value of ff,e is based on the 

assumption that all the FRP strips intersected by the critical shear crack develop their 

full bond strengths at the shear failure of the beam. This assumption is not made in 

the computational model. In addition, the shape of the crack, representing the 

distribution the crack width, can be varied in the computational model. Clearly the 

computational model depicts more accurately the stress development in FRP strips 

and hence the shear contribution of the FRP than the two theoretical models. In this 

section, the accuracy of the theoretical models is assessed in terms of the 

mobilization factor defined above. 

 

Fig. 4.8 shows that the value of Kf for FRP side strips increases as the crack widens 

and then decreases as the strips debond in a sequential manner. For Chen and Teng’s 
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(2003a) model [Fig. 4.8(a)], the maximum value of Kf reached before the 

commencement of debonding is around one for values of C from 0.25 to 0.75, which 

covers the range of crack shapes most likely to be found in practice (see Fig. 4.5). 

Therefore it can be said that Chen and Teng’s (2003a) model is accurate in predicting 

the shear resistance of FRP side strips. The maximum Kf value is larger than 1.0 

(conservative) for larger C values and smaller than 1.0 (unconservative) for smaller 

C values. By contrast, the modified theoretical model generally leads to 

unconservative predictions for the common range of crack shapes [Fig. 4.8(b)]. The 

crack shape with C = 0 is the most critical throughout the development process of 

shear resistance for both models. 

 

Fig. 4.8(c) shows the maximum Kf value versus the crack shape parameter C for both 

models and two practical beam heights. From the figure it can be seen that Kf 

generally increases with C for both models. Chen and Teng’s (2003a) model is nearly 

independent of the beam height when C is small but becomes more conservative for 

the small beam when C is large. The modified model is unconservative for all C 

values. It is more unconservative for the small beam when C is small but the 

accuracy becomes almost the same for both beam heights when C approaches 1.0. 

Overall, Chen and Teng’s (2003a) original model gives better and more conservative 

predictions than the modified model. 

 

In a similar fashion, the numerical results for FRP U-jackets are presented in Fig. 4.9. 

In general, the mobilization factor increases for both models when the crack shape 

becomes more symmetrical (i.e. C approaches 1.0) [Figs. 4.9(a) and 4.9(b)]. Fig. 

4.9(c) shows the effect of the crack shape parameter C on the maximum Kf value. 
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From Fig. 4.9(c) it can be seen that the predictions of the computational model are 

seen to closely match the predictions of both theoretical models (i.e. Kf is close to 1 

in all cases) [Fig. 4.9(c)]. Fig. 4.9(c) also shows that for FRP U-jackets, the FRP 

shear contribution is much less sensitive to the crack shape compared to FRP side 

strips [Fig. 4.8(c)]. For the crack shapes examined in this chapter and for a beam 

with hf,e = 300mm, the maximum difference between the computational model and 

Chen and Teng’s (2003a) model occurs when the crack shape is nearly symmetrical 

(C=0.9) and Chen and Teng’s (2003a) model is conservative by 8.0%. This 

difference is reduced when the beam size increases. The modified theoretical model 

gives accurate predictions over the full range of crack shapes for the two different 

beam heights, with the maximum difference being less than 3.0%. 

 

Both theoretical models are based on the unconservative assumption that all FRP 

strips reach their full bond strength at beam shear failure due to debonding. In Chen 

and Teng’s (2003a) original model, the bonded FRP areas between the compression 

face of the beam and the crack tip and covering the tensile concrete cover are 

conservatively neglected, which counterbalances the effect of the assumption of full 

bond strength development. This counterbalancing effect is not available in the 

modified model which is based on a more accurate representation of the bonded area. 

As a result, Chen and Teng’s (2003a) original model gives more conservative 

predictions than the modified model. This counterbalancing effect is more significant 

for FRP side strips than for FRP U-jackets because for a given beam height, FRP 

side strips have shorter bond lengths than a corresponding configuration of FRP 

U-jackets. Therefore, for FRP side strips, the original model is much more accurate 

while the modified model can be significantly unconservative. 
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4.6 CONCLUSIONS 

 

This chapter has been concerned with the evaluation of the shear resistance 

contributed by externally bonded FRP reinforcement in RC beams 

shear-strengthened with FRP U-jackets or side strips; such beams typically fail by 

the debonding of the FRP reinforcement from the concrete substrate. In this chapter, 

a theoretical shear strength model in closed-form expressions modified from a model 

proposed by Chen and Teng (2003a) for shear debonding failure has been presented. 

The predictions of both the original model of Chen and Teng and the modified 

theoretical model are then compared with results from a computational model that 

does not make use of several restrictive assumptions adopted by the two theoretical 

models. With the results from the computational model taken as the accurate 

reference values, the numerical results and discussions presented in this chapter 

allow the following conclusions to be made about the two theoretical models: 

(a) both Chen and Teng’s (2003a) original model and the modified model lead to 

reasonably accurate predictions for the shear resistance of externally bonded FRP 

reinforcement (both FRP U-jackets and side strips) for the practical range of 

crack shapes;  

(b) the accuracy of both models increases as the beam height increases; 

(c) for both FRP U-jackets and side strips, Chen and Teng’s (2003a) original model 

leads to more conservative predictions than the modified model for all the crack 

shapes examined; 

(d) for FRP U-jackets, both Chen and Teng’s (2003a) original model and the 

modified model provide very close predictions, with the modified model being 

slightly more accurate. For FRP side strips, Chen and Teng’s (2003a) original 
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model provides more accurate predictions than the modified model; 

(e) the original model of Chen and Teng (2003a) is more suitable for use in design 

given its overall accuracy and simpler form. 
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(a) 

 

(b) 

Fig. 4.1 Bonded area of FRP: (a) idealised triangular bonded area of FRP (Chen and 

Teng 2003a); (b) practical trapezoidal bonded area of FRP 
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(b) 

Fig. 4.2 Stress distribution factor: (a) FRP U-jackets; (b) FRP side strips 
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Fig. 4.3 Difference in the stress distribution factor between the two theoretical 

models 
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(a) 

 

 

 

(b)                      (c) 

Fig. 4.4 Computational model for RC beams shear-strengthened with FRP strips: (a) 

elevation (sf,,1 : spacing from the crack end to the centre of the first FRP strip; sf 

:centre-to-centre spacing of FRP strips; wf : width of individual FRP strips); (b) FRP 

side strips; (c) FRP U-jacket 
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Fig. 4.5 Crack shapes corresponding to different values of C (Chen and Teng 2003b) 
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Fig. 4.6 Lu et al.’s FRP-to-concrete bond-slip relationship for fc
’=30 MPa and wf /sf = 
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(b)  

Fig. 4.7 Mesh convergence: (a) effect of truss element size predicted by a single strip 

model; (b) effect of spacing of FRP strips (C = 0.0) 
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(b) 

Fig. 4.8 Values of Kf for FRP side strips: (a) Kf of Chen and Teng’s (2003a) model  

(hf,e = 300 mm); (b) Kf of the modified shear strength model (hf,e = 300mm); (c) 

maximum value of Kf  
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(c) 

Fig. 4.8 Values of Kf for FRP side strips: (a) Kf of Chen and Teng’s (2003a) model  

(hf,e = 300 mm); (b) Kf of the modified shear strength model (hf,e = 300mm); (c) 

maximum value of Kf  (Cont’d) 
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Fig. 4.9 Values of Kf for FRP U-jackets: (a) Kf of Chen and Teng’s (2003a) model 

(hf,e = 300mm); (b) Kf of the modified shear strength model (hf,e = 300mm); (c) 

maximum value of Kf   
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(c) 

Fig. 4.9 Values of Kf for FRP U-jackets: (a) Kf of Chen and Teng’s (2003a) model 

(hf,e = 300mm); (b) Kf of the modified shear strength model (hf,e = 300mm); (c) 

maximum value of Kf  (Cont’d) 
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CHAPTER 5 

 

SHEAR RESISTANCE CONTRIBUTED BY FRP: 

 DEVELOPMENT WITH CRACK WIDTH 
 

 

 

5.1 INTRODUCTION 

 

From the review presented in Chapter 2, it is clear that adverse shear interaction 

between external FRP shear reinforcement and internal steel shear reinforcement 

may significantly affect the effectiveness of FRP shear strengthening, especially 

when FRP side strips are used. However, the effect of shear interaction is not 

appropriately reflected by existing shear strength models for RC beams shear-

strengthened with FRP. To quantitatively assess the effect of shear interaction, it is 

necessary to understand the development of shear resistance contributions from both 

the external FRP and internal steel shear reinforcements. The development of shear 

contribution of steel stirrups with crack width will be numerically investigated in 

Chapter 6. This chapter presents a closed-formed solution for the development of 

shear contribution of FRP strips with the width of the critical shear crack. Both FRP 

U-strips and side strips are considered. 
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This closed-form solution for the development of shear contributions of both FRP U- 

and side strips with shear crack width is developed based on an analytical solution 

for the full-range behavior of FRP-to-concrete bonded joints, and the assumption of 

a linear crack shape. The validity of the solution is demonstrated by comparing its 

predictions with finite element (FE) predictions. An important merit of the closed-

form solution is that it can be directly employed in investigating the effect of shear 

interaction on the shear strength of FRP shear-strengthened RC beams (see Chapter 

7). The closed-formed solution also provides valuable insight into the debonding 

failure process of RC beams shear-strengthened with FRP. 

 

Monti et al. (2004) and Liotta (2006) have previously presented a closed-form 

solution for the shear contribution of shear-strengthening FRP as a function of the 

shear crack width. They made the following two simplifying assumptions: (1) the 

crack width varies linearly from the crack tip to the crack end; and (2) the slips at the 

two sides of the shear crack are symmetrical and equal to half of the crack width. 

The first assumption is also adopted in the present study based on the work presented 

in Chapter 4 which showed that the linear crack width variation is the most critical 

among the different crack width shapes examined, and results from such a crack 

provide lower-bound predictions of the shear contribution from FRP. The second 

assumption is not used in the present study. This is mainly because the slips between 

FRP and concrete at the two opposite side of the shear crack can be very different 

particularly for FRP U-strips (see Chapter 6 for more details). Consequently, the 

symmetrical slip distribution assumption is inaccurate as shown in Appendix 5.2. In 

the present study, this assumption is not used and  the slips on the two sides of the 

shear crack are rigorously determined. Furthermore, the solution presented in the 
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present chapter differs from that of Monti et al. (2004) in the following aspects: 

(1) The closed-form solution for FRP shear contributions is strictly based on an 

analytical solution for FRP-to-concrete bonded joints with different end 

anchorage conditions, whilst Monti et al.’s (2004) solution is based on a 

simplified solution for FRP-to-concrete bonded joints. This leads to substantially 

different predictions of the FRP shear contribution at the ultimate state especially 

for FRP side strips as shown in Appendix 5.2. 

(2) The present solution is a full-range solution for the development of FRP shear 

contribution with shear crack width, while Monti et al. (2004) only obtained the 

maximum effective stress in FRP strips and hence the FRP contribution to the 

shear capacity of the strengthened beam at the ultimate state. Consequently, the 

solution of Monti et al. (2004) does not cater for the full-range behaviour as the 

crack widens including the post-peak range of the behaviour (Appendix 5.2).  

(3) The present study considers different bonded areas of FRP. Monti et al. (2004) 

considered only an idealized triangular bonded area of FRP, neglecting the bond 

length above the crack tip and beneath the crack end. 

 

It should be noted that in the remainder of this chapter, it is assumed that discrete 

FRP strips can be treated as an equivalent smeared FRP continuous sheet so that 

equations developed for the FRP shear contribution are applicable to beams 

strengthened with either discrete strips or continuous sheets, with continuous 

sheets/plates being treated as a special case of discrete strips with zero gaps (Chen 

and Teng 2003a). 
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5.2 FULL-RANGE BEHAVIOR OF FRP-TO-CONCRETE BONDED JOINTS  

 

Only the bond behavior in the fiber direction of the FRP is considered in the present 

study, which means that an FRP strip bonded to the side of the beam can be 

represented by an FRP strip bonded to a concrete prism (i.e. an FRP-to-concrete 

bonded joint) (Fig. 5.1). With this assumption, the FRP-to-concrete bond behaviour 

can be examined by studying two types of FRP-to-concrete bonded joints: type A 

joint in which the FRP is free at the far end and type B joint which is fixed at the far 

end [Figs 5.1(c) and 5.1(d)]. A side-bonded FRP strip can be modelled using two 

type A joints representing the two sides of the critical shear crack [Figs 5.1(b) and 

5.1(c)]. An FRP U-strip can be represented by one type A joint above the critical 

shear crack and one type B joint below the critical shear crack in which the end of 

the FRP strip at the beam bottom is fixed [Figs 5.1(b) and 5.1(d)]. It should be noted 

that the fixed end is a close approximation of the actual bonding condition where the 

FRP strip is generally wrapped around a rounded corner and extended to the beam 

soffit. The beam corner may have an effect on the effective FRP rupture strain (Teng 

et al. 2002) but is unlikely to affect the debonding strain. 

 

For simplicity without loss of generality, a linearly softening bond-slip model as 

shown in Fig. 5.2 is adopted to obtain the full-range behavior of both type A and type 

B joints following Chen et al. (2007). In Fig. 5.2, maxτ  is the maximum interfacial 

shear stress, fδ is the interfacial slip at which the interfacial stress is reduced to zero, 

fG  is the interfacial fracture energy which can be expressed as max 2f fG τ δ=  . It 

should be noted that an accurate bond-slip model should have a nonlinear ascending 

branch and a softening branch (Lu et al. 2005). However, it is much more involved 
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to obtain a closed-form solution using such a more complex bond-slip model. 

Furthermore, Chen et al. (2007) compared the solutions based on a bilinear bond-slip 

model and linearly softening bond-slip model respectively and showed that the latter 

leads to a simple yet sufficiently accurate solution for FRP-to-concrete bonded joints 

if the fracture energy remains the same in both models. 

 

5.2.1 Behavior of an FRP-to-Concrete Bonded Joint with a Free Far End (Type 

A Joint) 

 

For a type A bonded joint [Fig. 5.1(c)], an analytical solution for the full range load-

displacement behavior can be found in Yuan et al. (2004). A summary of this 

solution is presented here.  

 

A typical full range load-displacement response of the bonded joint can be 

characterized by four key points O, A, B, C when the FRP bond length L  is larger 

than the effective bond length  (Fig. 5.3).  Accordingly, the curve features three 

segments, namely segments

ua

OA , AB  and BC  which represent the ascending, plateau, 

and linearly unloading parts of the load-displacement response respectively. The 

expressions of the force P  and displacement ∆  at the loaded end for the three 

segments are as follows. 

 

For segmentOA : 

 

(P = sinf fb
a)

τ
λ

λ
                                                                                                    (5.1) 
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( ) = 1 cosf aδ ⎡∆ −⎣ λ ⎤⎦                                                                                                (5.2) 

 

and hence 

( )
( )

sin
P = 

1 cos
f f

f

b a
a

τ λ
λδ λ

∆
−

                                                                                           (5.3) 

where 

1f

f f fE t
τ

λ
δ

=                                                                                                          (5.4) 

 

For segment AB :  

 

P = f fbτ
λ

                                                                                                                 (5.5) 

 = f f dδ δ λ∆ +                                                                                                          (5.6) 

 

where 

0 ud L a≤ ≤ −                                                                                                            (5.7) 

 = 
2ua π

λ
                                                                                                                   (5.8) 

 

For segment BC : 

 

( ) (max
max f max

max

P
 = +  

P
P

δ
−

∆ ∆ − ∆ )                                                                             (5.9) 

 

where 

 190



( )
max

sin     
P  = 

                 

f f
u

f f
u

b
L L a

b
L a

τ
λ

λ
τ

λ

⎧
≤⎪⎪

⎨
⎪ >⎪⎩

                                                                            (5.10) 

( )
( )max

 1 cos              
 =         

 -               
f

f f u u

L L a

L a L a

δ λ

δ δ λ

⎧ ⎡ ⎤− ≤⎪ ⎣ ⎦∆ ⎨
+ >⎪⎩

u                                                     (5.11) 

 

In Eqs (5.1)-(5.11), P  is the force at the loaded end of the FRP, ∆  is the 

corresponding displacement (slip between the FRP and the concrete) at the loaded 

end, is the maximum force that can be carried by the FRP strip with a bond 

length of  

maxP

L , and ∆  is the displacement at the loaded end corresponding to , max maxP

fb , ft  and fE  are the width, thickness, and modulus of elasticity of the FRP strip 

respectively, is the mobilized bond length, beyond which the interfacial shear 

stress is zero (Yuan et al. 2004), is the effective bond length beyond which 

does not increase anymore, and  d  is the debonded length of the FRP-to-

concrete bondline starting from the loaded end.   

a

ua

maxP

 

It should be noted that when uL a≤ , point A merges with point B and segment AB  

disappears. Based on the - P ∆ response of a type A joint (Fig. 5.3), the following 

observations can be made: 

(1) For the ascending branch of the - P ∆ curve, there is a unique relationship 

between  and , regardless of the value of the bond lengthP ∆ L . This implies 

that for an FRP side-bonded strip intersected by a critical shear crack [Figs 5.1(a) 

and 5.1(b)], the slips on the two opposite sides of the critical shear crack are 

symmetrical about the critical shear crack before the maximum FRP stress is 
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reached, regardless of the actual FRP bond length above or below the critical 

shear crack.  

(2) On the plateau (when the bond length L is greater than the effective bond length), 

the above unique relationship no longer exists as the same maximum load Pmax 

now corresponds to many displacement values. This means that the slips on the 

two sides of the critical shear crack can be different. 

(3) After the displacement at the loaded end ∆  reaches max∆  [Eq. (5.11) ], the load 

decreases linearly to zero accompanied by increases in ∆  (segment ' 'B C  in Fig. 

5.3) for . Consequently, neglecting the resistance of the descending branch 

results in an underestimation of the force carried by the FRP at the later stage of 

loading ( ) when . However, since the shear-strengthening FRP 

often covers a large area along the longitudinal axis of the beam, this 

underestimation of the load carried by the FRP has very little effect on the 

overall load-carrying capacity of the FRP since only a small portion of the FRP 

is affected, as shown later.  

uL a<

max∆ ≥ ∆ uL a<

 

The interfacial shear stress distributions experienced by the FRP-to-concrete 

interface of a type A joint during the loading process are schematically shown in Figs 

5.4 and 5.5 for the cases of   and uL a>  uL a≤  respectively, corresponding to the 

different stages of the  curve in Fig. 5.3.  In Figs 5.4 and 5.5, the letters “R”, 

“S” and “D” stand for rigid, softening and debonded interfaces respectively. 

 - P ∆
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5.2.2 Behavior of an FRP-to-Concrete Bonded Joint with a Fixed Far End (Type 

B Joint) 

 

No study has been conducted on the full-range behavior of  the type B joint [Fig. 

5.1(d)] to date. However, the solution can be deduced from that for an FRP-to-

concrete bonded joint with the FRP strip loaded at both ends (Teng et al. 2006; Chen 

et al. 2007) as detailed next. 

 

As shown in Fig. 5.6, provided that the material and geometrical properties (FRP, 

adhesive and concrete) are the same, it is apparent that the behavior of a type B joint 

with a bond length L is identical to that of an FRP-to-concrete bonded joint with a 

bond length 2L and loaded at its two ends with the load ratio 2 1 3 4 1P P P Pβ = = = . 

Based on this observation, the full-range behavior of a type B joint can be deduced 

from the solutions already given by Teng et al. (2006) and Chen et al. (2007) as 

follows. 

 

The full-range behavior of a type B joint can be characterized by five key points O, 

A’, C’, D’ and P’ when the bond length is small ( uL a< ) and four key points O, A, 

B and P when the bond length is large ( ) as schematically shown in Fig. 5.7.  

Accordingly, the full range load-displacement response can be divided into three 

segments, namely segments

uL a≥

'OA , ' 'A D , ' 'D P  for uL a<  and  OA , AB  and 

BP for . uL a≥
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Similar to Figs 5.4 and 5.5, the interfacial shear stress distributions at the FRP-to-

concrete interface experienced by a type B joint during the loading process are 

schematically shown in Figs 5.8 and 5.9 for  and  uL a>  uL a≤  respectively, 

corresponding to the different positions of the - P ∆  response shown in Fig. 5.7.  

 

The solution for  segments  OA  ( 'OA ) and AB  (see Fig. 5.7) of the load-

displacement response is the same as that for the FRP-to-concrete bonded joint with 

a free far end (i.e. a type A joint) and can be found in Eqs (5.1)-(5.11).  For segments  

' 'A D  and ' 'D P  of a type B joint with a short bond length ( uL a< ), the solutions is 

given as follows. The solution for segment BP  of a type B joint with a long bond 

length ( ) is the same as that for segment uL a≥ ' 'D P  for a short bond length 

( ). uL a<

 

For segment ' 'A D (
2uL a π
λ

< = ): 

 

( ) ( )
max

tanP = + sin

 

f
f f f

L
L

E t b
λ

δ λ λ
λ

⎡ ⎤
∆ ∆ −⎢

⎢⎣
⎥
⎥⎦                                                          (5.12) 

( )max  = 1 cosf Lδ ⎡∆ −⎣ λ ⎤⎦                                                                                         (5.13) 

 

At the end of this stage (i.e. point ), the displacement (∆) and the corresponding 

force (P) at the loaded end are  

'D

 

fδ∆ =                                                                                                                     (5.14) 
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( )f f f f
cos ( ) 1P =E t b sin( )+
tan( ) sin

f fbLL
L L

τλλδ λ
λ λ λ

⎡ ⎤
=⎢ ⎥

⎣ ⎦
                                             (5.15) 

 

For segment ' 'D P  ( ) or  uL a< BP  ( ): uL a≥

 

( )
1P = 

sin '
f fb

a
τ

λ λ
                                                                                                (5.16) 

( )
'

- '
 =   

sin( )
f

f

L a
a

δ λ
δ

λ
∆ +                                                                                           (5.17) 

 

where   is the length of the softening part of the FRP-to-concrete interface at this 

stage [Figs 5.8(e) and 5.9(d)]. If the debonded length of the interface is represented 

by ( ),   can be related to the debonded length by the following 

equation: 

'a

d 0 d L≤ ≤  'a

 

'a L d= −                                                                                                               (5.18) 

 

Note that  approaches zero (i.e. approaches'a d L ) as the FRP-to-concrete interface 

approaches the state of complete debonding. The slope of the load-displacement 

curve is  

 

( )
( )' ' 20 0

'

1
sin '

lim  = lim  =  
- '

sin( )

f f

f f
P

a a f f
f

b
baPK

L a L
a

τ
τλ λ

δ λ λ δ
δ

λ

−∆
−> −>

=
∆

+
                                                (5.19) 
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Substituting Eq. (5.4) into Eq. (5.19) leads to  

 

2 =f f f f f
P

f

b E b t
K

L L
 

τ
λ δ−∆ =                                                                                       (5.20) 

 

Eq. (5.20) means that the load-displacement curve of a type B joint is an asymptote 

to the line with a slope of the axial stiffness of the bonded plate f f fE b t
L

 passing 

through the origin O (Fig. 5.7). For an FRP-to-concrete bonded joint with the FRP 

strip equally loaded at both ends, no complete debonding is possible as demonstrated 

by Teng et al. (2006) and Chen et al. (2007) so the upper limit of the load should be 

controlled by the FRP rupture strength. In Fig. 5.7, this is schematically indicated by 

points  and  for'P P uL a< and respectively. The maximum force an FRP U-

strip can carry is controlled by the bond strength above the critical shear crack which 

is a type A joint. When the bond capacity of the FRP strip above the critical shear 

crack, 

uL a≥

P = f fbτ
λ

(see Fig. 5.3), is reached, the displacement of the loaded end (at the 

crack) of  the FRP strip below the shear crack (a type B joint) under the same load 

can be found as: 

 

( ) ( )
( )

  = 1 cos 1 sin tan( )     

 -                                        
p f f u

f p f f u

L L L

L a L a

δ λ δ λ λ

δ δ δ λ

⎧ ⎡ ⎤ ⎡ ⎤∆ − + − <⎪ ⎣ ⎦ ⎣ ⎦
⎨

≤ ∆ ≤ + ≥⎪⎩ u

L a
                             (5.21) 

 

In Fig. 5.7, the above location is marked as  and  for and 

respectively, where C can be any point bounded by 

'C C uL a≤

uL a> A  and B .  
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5.3 SHEAR CONTRIBUTION OF SHEAR-STRENGTHENING FRP  

 

As in previous studies (Teng et al. 2002; Chen and Teng 2003a,b), only shear tension 

failure is considered herein where the shear failure process of an RC beam shear-

strengthened with FRP is assumed to be dominated by the development of a single 

critical shear crack at θ  from the beam longitudinal axis (Fig. 5.10). In practice, 

additional shear cracks are likely, but the assumption of a single crack is generally 

conservative for predicting FRP debonding failure (Teng et al. 2006; Chen et al. 

2007). Only the contribution of the shear-strengthening FRP strips intersected by the 

critical shear crack is considered here (Fig. 5.10). The upper end (i.e. the crack tip) 

of the shear crack at failure is assumed to be located at 0.1d from the compression 

face of the beam (Fig. 5.10), with d being the effective depth of the beam. The 

vertical distance from the upper end of the shear-strengthening FRP strips to the 

crack tip is assumed to be . Although the lower end of a shear crack is likely to be 

located at the tension face of the beam, only the portion of the shear crack between 

the crack tip and the centre of the steel tension reinforcement is considered in this 

study. The portion of the crack between the centre of the steel tension reinforcement 

and the tension face is not considered for reasons given in Chen and Teng (2003a, b). 

The intersection between the steel tension reinforcement and the critical crack is thus 

termed the ‘crack end’ (Fig. 5.10) herein and the shear crack between this crack end 

and the crack tip is termed the ‘effective shear crack’ (Fig. 5.10) hereafter. The 

vertical distance from the tension face of the beam to the crack end is , and that 

from the crack tip to the crack end is 

th

bh

,f eh ( , 0.9f eh d=  when the FRP strips are 

bonded to the full height of the beam sides). 
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Based on vertical equilibrium consideration, the shear contribution of shear-

strengthening FRP is given as (Chen and Teng 2003a, b): 

 

( ),
,

cot cot sin
2 f e

f f e f f
f

h
V f t w

s
θ β β+

=                                                                  (5.22) 

 

where ,f ef  is the effective (average) stress in FRP intersected by the critical shear 

crack; fw is the width of individual FRP strip perpendicular to the fiber direction (all 

FRP strips are assumed to have the same fw ); fs is the centre-to-centre spacing of 

FRP strips measured along the longitudinal axis (all the FRP strips are assumed to be 

evenly distributed); ft  is the thickness of  FRP strips; θ  is the angle between the 

shear crack angle and the longitudinal beam axis; and β  is the angle between the 

fiber direction and the beam longitudinal axis.  

 

It should be noted that for continuous FRP sheets/plates, the following relationship 

exists between fw  and fs : 

 

sinf fw s β=                                                                                                          (5.23) 

 

Eq. (5.22) indicates that to evaluate the shear contribution of shear-strengthening 

FRP, it is essential to obtain the effective stress in FRP ,f ef . If the development of 

,f ef  with the widening of shear crack is known, it is easy to obtain the development 

of the shear contribution ( fV ) of FRP with the opening-up of a shear crack by 

applying Eq. (5.22) 

 198



 

The effect of shear crack shape on FRP shear contribution was explored in Chapter 4, 

and it was found that a linear crack width variation is the most critical situation 

among various crack width shapes studied. Therefore, it is assumed that the shear 

crack width has a linear variation from the crack tip to the crack end in this study 

which can be expressed as 

 

( ) max
,f e

zw z w
h

=                                                                                                      (5.24) 

where  is the maximum shear crack width at the crack end; maxw ,f eh is the vertical 

depth of the effective shear crack (Fig. 5.10); and z is the vertical downward-

coordinate starting from the crack tip (Fig. 5.10). 

 

The development of the effective stress in FRP ,f ef  with shear crack width can be 

derived following Chen et al. (2003a, b) as 

 

( )
,

0
,

,

f eh

f e
f e

z dz
f

h

σ
=

∫
                                                                                                   (5.25) 

 

where ( )zσ  is the stress in the FRP intersected by the critical shear crack at a 

coordinate . z

 

 It should be noted that, in deriving Eq. (5.25), it has been assumed that discrete FRP 

strips can be treated as an equivalent FRP continuous sheet/plate. As a result, the 
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equation of ,f ef is applicable to beams strengthened with either FRP discrete strips or 

FRP continuous sheets/plates, with continuous sheets/plates being a special case of 

discrete strips, as explained in Chen and Teng (2003a).  

 

The expression for ,f ef for FRP side strips is given first, followed by that for FRP U-

strips in the following sections. 

 

5.4 DEVELOPMENT OF FRP SHEAR CONTRIBUTION WITH CRACK 

WIDTH: FRP SIDE STRIPS  

 

It is noted that cosecbh β  can be either larger or smaller than , depending on the 

FRP stiffness (

ua

f fE t ). The following sections describe the possible cases. 

 

5.4.1  cosecb uh aβ ≤  

 

For the case of cosecbh uaβ ≤ , the debonding process of FRP side strips can be 

divided into three key stages, including 0 cosecm bL h β≤ ≤ , , cosecf e mh L uaβ < <  and 

respectively (Fig. 5.11). Here  is the maximum mobilized bond length in 

the fibre direction (from the critical shear crack to the softening front where 

mL a≥ u mL

mτ τ=  

and 0δ = ) (Fig. 5.11). The area between the softening front and the critical shear 

crack is the ‘mobilized zone’ where the FRP-to-concrete interface is in either a 

softening or a debonded state. Beyond the mobilized zone the interface is intact 

where both the interfacial shear stress τ  and the interfacial slip δ  are zero, as shown 

in Fig. 5.11.  For the above three stages, the expressions for the effective stress in 
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FRP ( ,f ef ) and the corresponding maximum crack width of the effective shear crack 

(i.e. ) are given below. maxw

 

(1) 0 cosm bL h ecβ≤ ≤  [Fig. 5.11(a)] 

 

In this stage, all the FRP strips are still bonded to the beam sides. The maximum 

mobilized length  is located at the crack end. The slip of the FRP strips in the 

fibre direction at the critical shear crack, 

mL

( )z
β

∆ , can be expressed as  

 

( ) ( )f = 1-cos L( )z z
β

δ λ⎡∆ ⎣ ⎤⎦                                                                                    (5.26) 

( ) ( ) ( = sin
2

w z
z

β )θ β∆ +                                                                                     (5.27) 

 

where  is the value of the vertical coordinate starting from the crack tip (Fig. 5.11), 

and  is the length of the mobilized zone in the fiber direction on one side of the 

critical shear crack (Fig. 5.11). Eqs (5.26) and (5.27) are based on the fact that the 

slips and the mobilized bond lengths 

z

( )L z

( )L z  on the two sides of the critical shear 

crack are the same during this stage.  

 

Substituting  Eqs (5.26) and (5.27) into Eq. (5.24) gives the relationship between 

 and : ( )L z mL

 

( ) ( )m
,

z1-cos L( ) 1-cos   
f e

z
h

λ⎡ ⎤ ⎡=⎣ ⎦ ⎣ Lλ ⎤⎦                                                                  (5.28) 
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Since , according to Eq. (5.1), the stress in FRP at  can be expressed as  0 mL a≤ < u z

 

( ) ( ) ( ) ( )
2

sin sinf f f

f f f f

G EP z
z L z

b t t t
τ

σ λ
λ

⎡ ⎤ ⎡= = =⎣ ⎦ ⎣ L zλ ⎤⎦                                      (5.29) 

 

Substituting Eq. (5.29) into Eq. (5.25) and applying Eq. (5.28) give 

 

( )
,

,
,0

2
sin

2
 =  

f e

f f
h

f f f
f e f

f e f

G E
L z dz

t G E
rpf D

h t

λ⎡ ⎤⎣ ⎦
=∫                                                (5.30) 

 

m m

m

sin( ) cos( ) 
2 2cos( )frp

L L LD
L

mλ λ λ
λ

−
=

−
                                                                          (5.31) 

 

where frpD  is the stress distribution factor as defined in Chen and Teng (2003a). 

 

The corresponding maximum shear crack width at the crack end can be expressed as  

 

( )m
max

1 cos
 = 2

sin( )f

L
w

λ
δ

θ β
−

+
                                                                                       (5.32) 

 

(2) cosec  b mh L uaβ < < [Fig. 5.11(b)]  

 

In this stage, some of the FRP strips near the crack end have debonded. Assuming 

that the rightmost debonded fibre intersects the critical shear crack at a height 
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dbh above the steel tension reinforcement, namely ( )cosecm db bL h h β= +  (Fig. 5.11(b)), 

similar to Eqs (5.28) and (5.30), the relationship between  and , and the 

effective stress in FRP strips can be written as  

( )L z mL

( ) ( )m
,

z1-cos L( ) 1-cos   
f e db

z
h h

λ⎡ ⎤ ⎡=⎣ ⎦ ⎣−
Lλ ⎤⎦                                                           (5.33) 

,

2
 =  f f

f e frp
f

G E
f D

t
                                                                                               (5.34) 

where 

[ ]
m m m

m ,

sin( ) cos( ) 1
2 1 cos( )

db
frp

f e

hL L LD
L h

λ λ λ
λ

⎛ ⎞−
= ⎜⎜− ⎝ ⎠

⋅ − ⎟⎟                                                          (5.35) 

 

The corresponding maximum shear crack width at the crack end can be expressed as  

 

( ) ,m
max

,

1 cos
 = 2

sin( )
f e

f
f e db

hL
w

h h
λ

δ
θ β

−
⋅

+ −
                                                                      (5.36) 

 

(3)  [Fig. 5.11(c)] m uL a≥

 

In this stage, the height of the debonded FRP area  continues to increase as  

increases following the relationship of 

dbh mL

( )cosecm db bL h h β= + . In this stage Eq. (5.26) 

can be rewritten as: 

 

( ) ( ) [max

, ,

z = sin + = 1 (
2 f m

f e f e db

w z ])uz L a
h h hβ

θ β δ λ∆ +
−

−                                   (5.37) 
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The location of the softening front where ( ) uL z a=  and ( ) fz δ∆ =  [see Eq. (5.1) and 

Fig. 5.3] can be obtained from the following condition: 

 

( )
a

f
z=h

= z
β

δ∆                                                                                                        (5.38) 

 

Substituting Eq. (5.38) into Eq. (5.37) gives 

 

( )
,

m1
f e db

a
u

h h
h

L aλ
−

=
+ −

                                                                                                (5.39) 

 

The stress in the FRP strips remains constant with ( )
2 f f

f

G E
z

t
σ = within the 

debonded zone with  [Fig. 5.11(c)]. The effective (average) stress 

in the FRP strips intersected by the critical shear crack can be found as  

,a f eh z h h≤ ≤ − db

 

( )
,

,
, ,0

2 2
sin

2
 =  + =  

f e dba

a

f f f f
h hh

f f f f
f e frp

f e f e fh

G E G E
L z dz dz

t t G E
f D

h h

λ −⎡ ⎤⎣ ⎦

∫ ∫ t
                              (5.40) 

, ,

1
4

a db
frp

f e f e

h hD
h h

π ⎛ ⎞+
= ⋅ + −⎜⎜

⎝ ⎠

ah
⎟⎟                                                                                 (5.41) 

 

The corresponding maximum shear crack width at the crack end can be expressed as  

 

( ) ,m
max

,

1
 = 2

sin( )
f eu

f
f e db

hL a
w

h h
λ

δ
θ β

+ −
⋅

+ −
                                                                    (5.42) 
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5.4.2  cosecb uh aβ >  

 

For the case of cosecbh uaβ > , the debonding process of  FRP side strips can also be 

categorized into three key stages, including 0 m uL a≤ ≤ , cosecu m ba L h β< ≤  and 

cosecm bL h β>  respectively. The latter two stages feature a debonded FRP height of 

 measured from the crack end [Fig. 5.11(c)]. Eqs (5.26)-(5.42) can be used for 

these three key stages either directly or with slight modifications as follows. 

dbh

 

(1)   0 m uL a≤ ≤

 

For this stage, Eqs (5.30)- (5.32) apply directly. 

 

(2)  cosecu m ba L h β< ≤  

 

For this stage, the solution is given by Eqs (5.39)-(5.42) with slight modifications as 

follows. 

 

Since the FRP strips have not debonded yet, the maximum crack width can be 

expressed as  

 

max
1 (=2

sin( )
m u

f
L aw )λδ
θ β

+ −
+

                                                                                        (5.43) 

( ) ( ) [max

, ,

z = sin + = 1 (
2 f m

f e f e

w z ])uz L a
h hβ

θ β δ λ∆ + −                                           (5.44) 
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Substituting Eq. (5.44) into Eq. (5.38) gives 

 

( )
,

m1
f e

a
u

h
h

L aλ
=

+ −
                                                                                                (5.45) 

 

The effective stress in the FRP can be found from  

 

( )
,

,
, ,0

2 2
sin

2
 =  + =  

f ea

a

f f f f
hh

f f f f
f e frp

f e f e fh

G E G E
L z dz dz

t t G E
f D

h h

λ⎡ ⎤⎣ ⎦

∫ ∫ t
                                  (5.46) 

where 

, ,

1
4

a
frp

f e f e

hD
h h

π ⎛ ⎞
= ⋅ + −⎜⎜

⎝ ⎠

ah
⎟⎟                                                                                       (5.47) 

 

 

(3)  cosecm bL h β>  [with a debonded FRP height of  and dbh ( )cosecm db bL h h β= + ] 

 

For this stage, Eqs (5.39)-(5.42) can be used directly. 
 

5.4.3 cosec 0bh β =  

 

Clearly,  can be regarded as a special case of 0bh = cscbh uaβ < , for this case Eqs 

(5.34)-(5.36) and Eqs(5.39)-(5.42) can be used directly by setting 0bh = (the stage 

0 cosm bL h ecβ≤ ≤  disappears).  
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5.5 DEVELOPMENT OF FRP SHEAR CONTRIBUTION WITH CRACK 

WIDTH: FRP U-STRIPS  

 

As discussed earlier, the behaviour of an FRP U-strip in a shear-strengthened RC 

beam may be represented by a type A joint for the FRP strip above the effective 

shear crack, connected to a type B joint for the FRP strip below the effective shear 

crack (Fig. 5.1).  The load-displacement relationships of a type A joint (Fig. 5.3) and 

a type B joint (Fig. 5.7) are quite different. As a result, the debonding process of FRP 

U-strips is much more complicated than that of FRP side strips. Normally, the slips 

between FRP and concrete at the two sides of the critical shear crack are different for 

an FRP U-strip, as shown in Appendix 5.2.  To simplify the analysis of the 

debonding process of an RC beam shear-strengthened with FRP U-strips without 

compromising the accuracy of the solution, a number of assumptions need to be 

made as detailed below.  

 

5.5.1 cosecb uh aβ ≤  

 

For the case of cosecbh uaβ ≤ , the debonding process of FRP U-strips can be divided 

into three key stages which include 0 mL au≤ ≤ [Figs 5.12(a) and 5.12(b)], 

,( )coseu m f e ta L h h cβ≤ ≤ + [Figs 5.12(c) and 5.12(d)],  [Fig. 5.12(e)] as 

explained next.  

0dbh ≥

 

(1)  [Figs 5.12(a) and 5.12(b)] 0 mL a≤ ≤ u
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In the first stage [Figs 5.12(a) and 5.12(b)], the maximum crack width is very 

small and the stress in FRP increases with . The length of the mobilized zone 

 is also very small. The maximum mobilized length ( ), which is located at 

the crack end, satisfies the condition of

maxw

maxw

( )L z mL

mL au≤ . This stage may contain a sub-stage 

where cosecb mh L uaβ < ≤  [Fig. 5.12(b)], in which case the softening length of the 

FRP-to-concrete interface on the two sides of the critical shear crack are not the 

same, leading to different slips. However, this asymmetry is assumed to be 

insignificant and neglected for this sub-stage. That is, the slips below the critical 

shear crack are assumed to be the same as those above it, and that the bond length 

below the critical shear crack is the same as that above it. Consequently, in the 

following derivation, the fixed end at the beam bottom is replaced with a bonded 

area providing a very large bond length as that above the critical shear crack. This 

assumption greatly simplifies the solution for the stage of cosecb mh L uaβ < ≤ , but 

results in very small errors in the prediction of the effective FRP stress ,f ef  

(according to more elaborate analyses not presented here). There are two reasons for 

this observation. First, this treatment actually provides a prediction very close to the 

real load-displacement response of the affected FRP (see Appendix 5.1). Second, the 

affected bonded area of FRP is only a very small portion compared with the total 

bonded area of FRP, leading to little effect on the effective stress in FRP ,f ef  and 

hence the FRP shear contribution fV . The negligible errors due to this simplification 

are further explored later by comparing the predictions of the current closed-from 

solution with FE predictions where this assumption is not made.  

 

Based on the above assumption, Eqs (5.30)-(5.32) can be used directly for this stage 
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(i.e. 0 ). m uL a≤ ≤

 

(2) ,( )coseu m f e ta L h h cβ< ≤ +  [Figs 5.12(c) and 5.12(d)] 

 

The second stage starts when the leftmost fibre intersected by the critical shear crack 

starts to debond so that the softening length there mL au= , which corresponds 

to . This stage ends when the same leftmost fibre debonds completely from 

the beam sides, i.e. 

,a fh h= e

( ), cosecm f e tL h h β= + . As is shown later, this is normally the 

ultimate state of the  response so maxfV w− a a,h h U=  and max max,Uw w= . 

 

When ,( )cosem f e tL h h cβ= + ,  consists of two parts: slips of the FRP strip 

below the shear crack and those above it,  which can be determined from  Eqs (5.21) 

and (5.11) respectively. Therefore,  

maxw

 

 

( ) [ ] [ ]f f , f f
max,U

 cosec + 1-cos( cosec ) + 1-sin( cosec ) tan( cosec )
=

sin( )
f e t u b b bh h a h h h

w
δ δ λ β δ λ β δ λ β λ β

θ β

⎡ ⎤+ + −⎣ ⎦
+

 

                                                                                                                                (5.48) 

 

Noting that ( )
a,ULS

f
z=h

= z
β

δ∆  at ,a Uz h=  (where the FRP-to-concrete interface just 

reaches the full bond strength), the following equation can be found: 

 

( )
a,ULs

f
z=

2= 
sin( )h

w z δ
θ β+

                                                                                        (5.49) 
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The crack width at any position z can be expressed as [based on Eq. (5.24)]  

 

( )
a,ULs

,U
max ,Uz=

,

= a

h
f e

h
w z w

h
                                                                                        (5.50) 

 

Substituting Eq. (5.50) into Eq. (5.49) gives 

 

,
a,U

max,U

2
sin( )

f e fh
h

w
δ
θ β

=
+

                                                                                          (5.51) 

 

For this stage (i.e. ,( )coseu m f e ta L h h cβ≤ ≤ + , or , ,Uf e a ah h h≥ ≥ ), the effective FRP 

stress ,f ef  can be obtained with reference to Eqs (5.46)-(5.47) as follows:  

 

( )
,

,
, ,0

2 2
sin

2
 =  + =  

f ea

a

f f f f
hh

f f f f
f e frp

f e f e fh

G E G E
L z dz dz

t t G E
f D

h h

λ⎡ ⎤⎣ ⎦

∫ ∫ t
                                  (5.52) 

, ,

1
4

a
frp

f e f e

hD
h h

π ⎛ ⎞
= ⋅ + −⎜⎜

⎝ ⎠

ah
⎟⎟                                                                                       (5.53) 

 

 The corresponding maximum crack width at the crack end can be expressed as  

 

( )
, f

max

2
=     

sin
f e

a

h
w

h
δ

θ β+
                                                                                         (5.54) 

 

(3)  (or ) n[Fig. 5.12(e)] 0dbh ≥ max max,Uw w≥
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The third stage starts when the leftmost fibre intersected by the critical shear crack 

has debonded completely from the beam side with max max,Uw w= (and ). It is 

characterized by an FRP debonded height  [Fig. 5.12(e)].  It is shown later that 

this point represents the beginning of the post-peak branch of the   response.  

The effective FRP stress 

a,Uah h=

dbh

maxfV w−

,f ef  can be obtained with reference to Eqs (5.37)-(5.42) as 

follows.  

 

The shear crack width at the location ,f e dz h h b= −  can be determined with reference 

to Eqs (5.21) and (5.11) and expressed as [see the explanation of Eq. (5.48)]  

 

( ) ( )

( ) ( )
( )

( ) ( )

f f . f

u'
max f

f f , u

+ cosec - + 1-cos cosec
if cosec a

    + 1-sin cosec tan cosec

2 + cosec 2 if cosec a

t f e db u b db

b db

b db b db

f e db t u b db

h h h a h h
h b

w h h h h

h h h a h b

δ δ λ β δ λ β
β

δ λ β λ β

δ δ λ β β

⎧ ⎡ ⎤ ⎡ ⎤⎡ ⎤+ − +⎣ ⎦⎣ ⎦⎣ ⎦⎪ + ≤⎪ ⎡ ⎤⎡ ⎤ ⎡ ⎤= + +⎨ ⎣ ⎦ ⎣ ⎦⎣ ⎦
⎪

⎡ ⎤+ + − +⎪ ⎣ ⎦⎩ >

 

(5.55) 

 

According to Eq. (5.24), the maximum crack width at the crack end can be expressed 

as 

 

, '
max max

,

= f e

f e db

h
w

h h−
  w                                                                                            (5.56) 

 

With reference to Eqs (5.49)-(5.51), the location where the crack width is 

2 cosec( )fδ θ β+  (the displacement of FRP along the fibre direction at each side of 
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the shear crack is fδ ) can be obtained as  

 

,
a

max

2
sin( )

f e fh
h

w
δ
θ β

=
+

                                                                                            (5.57) 

 

Similar to Eqs (5.40)-(5.41), the effective FRP stress ,f ef  can be obtained as 

 

( )
,

,
, ,0

2 2
sin

2
 =  + =  

f e dba

a

f f f f
h hh

f f f f
f e frp

f e f e fh

G E G E
L z dz dz

t t G E
f D

h h

λ −⎡ ⎤⎣ ⎦

∫ ∫ t
                              (5.58) 

 

where 

, ,

1
4

a db
frp

f e f e

h hD
h h

π ⎛ ⎞+
= ⋅ + −⎜⎜

⎝ ⎠

ah
⎟⎟                                                                                 (5.59) 

 

5.5.2  cosecb uh aβ >  

 

For the case of cosecbh uaβ > , the debonding process of FRP U-strips can be divided 

into four key stages which include 0 mL au≤ ≤ [Fig. 5.12(a)], cosecu m ba L h β< ≤  

[also refer to Fig. 5.12(a)],  ,cosec ( )cosecb m f e th L h hβ β< ≤ +  [Figs 5.12(c) and 

5.12(d)] and  [Fig. 5.12(e)] as explained below.  0dbh ≥

 

The above equations [Eqs (5.30)-(32), Eqs (5.43)-(5.47), Eqs (5.48)-(5.54) and Eqs 

(5.55)-(5.59)] can be used for these four key stages directly or with slight 

modifications as detailed below. 
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(1)  0 m uL a≤ ≤

 

The solution for this stage is exactly the same as that for the corresponding stage in 

the case of cosecbh uaβ ≤ , so Eqs (5.30)-(5.32) apply directly.  

 

(2) cosu m ba L h ecβ< ≤  

 

The solution for this stage is exactly the same as that for the stage of 

, cosecu m f ea L h β< ≤  for FRP side strips, accordingly, Eqs (5.43)-(5.47) apply 

directly here. 

 

(3) ,cosec ( )cosecb m f e th L h hβ β< ≤ +  

 

The solution for this stage is exactly the same as that for the stage of  

,( )coseu m f e ta L h h cβ≤ ≤ +  in the case of cosecbh uaβ ≤ , and accordingly, Eqs (5.48)-

(5.54) apply directly here. Note that  corresponds to the start of this stage and it 

needs to be determined from the following expression [refer to Eq.  (5.45)]: 

ah

 

( )
,

1 cos
f e

a
b u

h
h

h ec aλ β
=

+ −
                                                                                    (5.60) 

 

The maximum crack width  corresponding to the ultimate state [i.e. maxw

,( )cosem f e tL h h cβ= + ] is obtained from the follow equation [according to Eqs (5.21) 

and (5.11)]: 
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( )max,U f f ,= 2 + cos 2f e t b uw h h h ecδ δ λ β⎡ + + −⎣ a ⎤⎦

u

                                                    (5.61) 

 

Substituting Eq. (5.61) into Eq. (5.51) gives the corresponding . ,Uab

 

(4)  (or ) 0dbb ≥ max max,Uw w≥

 

The solution for this stage is exactly the same as that for the corresponding stage in 

the case of . Accordingly, Eqs (5.55)-(5.59) apply directly here.  bh a≤

 

5.5.3  cosec 0bh β =  

 

As with FRP side strips,  can be treated as a special case of 0bh = cosecb uh aβ ≤ . 

Accordingly, Eqs (5.48)-(5.59) can be used directly by setting 0bh = . 

 

5.6 VERIFICATION OF THE ANALYTICAL SOLUTION 

 
To validate the analytical solution presented above, comparisons are made between 

its predictions and FE predictions. The same FE model as presented in Chapter 4  

was adopted where the continuous FRP sheet was represented by 20 discrete FRP 

strips. The following parameters were used in both analytical and FE analyses unless 

otherwise stated: concrete cylinder compressive strength fc
’ = 30 MPa [with an 

equivalent cube strength of 37 MPa according to CEB-FIP (1993)]; concrete tensile 

strength ft = 0.395fcu
0.55 (GB-50010 2002); elastic modulus of FRP Ef = 2.3 x 105 
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MPa; and tensile strength of FRP ff = 3900 MPa. In the analytical solution, the 

maximum shear stress fτ  and interfacial facture energy fG  were calculated 

according to the bond-slip model of Lu et al. (2005). The maximum interfacial slip 

fδ  was calculated from 2f f fGδ τ=  (see Fig. 5.2). In the FE analyses, both the 

linearly softening bond-slip model (Fig. 5.2) and accurate nonlinear bond-slip model 

of Lu et al. (2005) were used. The results of the linearly softening bond-slip model 

(FEM1) are used to verify the accuracy of the analytical solution, and that of the 

nonlinear bond-slip model (FEM2) is used mainly to demonstrate the effect of 

approximation of the linearly softening bond-slip model. It was assumed that the 

beam sides were fully covered with FRP with all fibers oriented vertically (β = 90°) 

and the angle of the shear crack was θ = 45°. The beam had a height such that the 

vertical height of the shear crack is ,f eh , and that , 9t f eh h=  , (see Figs 

5.11 and 5.12).  

50 mmbh =

 

Analyses were conducted with the beam height , 300 600f eh = −  mm and the FRP 

thickness t 0.11- 0.88f =  mm. Close agreement is observed between the analytical 

solution and the FE predictions for all the cases examined. Figs 5.13(a)-5.13(c) show 

three typical cases with ft = 0.11mm, ,f eh = 600 mm; ft = 0.11mm, ,f eh = 300 mm; 

and ft = 0.88mm, ,f eh

-

-

= 300 mm respectively.  It can be seen that the initial parts of 

the  V w  curves predicted by the analytical solution are nearly identical with 

those of the FE predictions for all the cases regardless of the FRP configuration (i.e. 

FRP side strips and U-strips), the beam height and the FRP thickness. After the peak, 

the FEA predicts stepwise drops for the V w  curve, with each drop representing 

maxf

maxf
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the complete debonding of an individual FRP strip. The analytical solution, 

representing the exact solution for an equivalent continuous FRP sheet, generally 

passes through the mid-point of each stepwise drop on the FE curve.  It is only in the 

last stage that the analytical solution deviates significantly from the FE predictions 

(location F in Fig. 5.13). This is because, after half of the FRP strips have debonded, 

the remaining FRP strips debond in a much more abrupt way (see Chapter 6 for more 

details), which is mainly due to the sudden change of the controlling FRP bonded 

area for FRP side strips and the sudden change of the controlling anchorage 

condition at the FRP bottom end for FRP U-strips, but this is not duly considered in 

the analytical solution. Noting that point F corresponds to the condition where half 

of the FRP strips have debonded, the displacement of the point F in Fig. 5.13 can be 

determined from the following equation: 

, , ,db F b f e db F th h h h+ = − + h                                                                                       (5.62) 

Hence, 

,
, 2

f e t b
db F

h h h
h

+ −
=                                                                                                (5.63) 

 

Once  is obtained, the corresponding  can be determined from Eq. (5.42) 

by setting 

,db Fh maxw

( )m , cosecdb F bL h h β= + . It can be assumed that the   curve drops 

to  if , because the FRP shear contribution 

max-fV w

0fV = ,db db Fh h≥ fV  decreases abruptly 

beyond point F as will be further demonstrated in Chapter 6. It should be noted that 

for a very large FRP stiffness (e.g. ), the curve 

from the analytical solution may deviate slightly from the mid-points of the stepwise 

5 52.3 10 0.88 2 10  N/mmf fE t = × × ≈ ×
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drops of the FE analysis even before point F [Fig. 5.13(c)]. Further analyses showed 

that this is because some FRP strips close to the crack tip may debond before  is 

reached, but this is not duly considered in the analytical solution for simplicity as the 

effect of FRP debonding near the crack tip is insignificant for 

,db Fh

,f e uh a   in its 

practical range [e.g. Figs 5.13(a) and 5.13(b)] (see Appendix 5.2 for details). 

 

Fig. 5.13 also shows that the analytical solution slightly overestimates the maximum 

fV  predicted by the second FE model (i.e. FEM2) based on Lu et al.’s (2005) 

accurate nonlinear bond-slip model, but this overestimation is very limited. For the 

case of ft = 0.66mm and ,f eh = 300 mm, the differences are 3.3% and 4.7% for FRP 

side strips and FRP U-strips respectively.  The slop of the descending branch of the 

 curve from the analytical solution is quite close to that predicted by FEM2. 

However, at point F as determined from Eq. (5.63) is generally larger than the 

value predicted by FEM 2 at which the 

max-fV w

maxw

fV  experiences abrupt drops. For instance, 

for the case with ft = 0.11mm and ,f eh = 300 mm,  determined from Eq. (5.63) is 

2.85 mm which is 14% larger than a value of 2.5 mm for  predicted by FEM2. 

maxw

maxw

 

5.7 CONCLUSIONS  

 

This chapter has presented a closed-form solution for the development of shear 

contribution of FRP strips (either FRP U-strips or side strips) with the crack width. 

The solution is based on an analytical solution for the full-range behavior of FRP-to-

concrete bonded joints as well as a linear shear crack shape assumption. The validity 
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of the closed-form solution has been demonstrated by comparing its predictions with 

finite element predictions. An important benefit among many others of the closed-

form solution is that they can be used directly to evaluate the effect of shear 

interaction between external FRP strips and internal steel stirrups on the shear 

strength of RC beams shear-strengthened with FRP. The solution will be used in this 

way in Chapter 7 to arrive at a shear strength model considering the effect of shear 

interaction. 
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Fig. 5.1 RC beam shear-strengthened with FRP strips: (a) elevation; (b) cross section; 

(c) Type A joint; (d) Type B joint 
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Fig. 5.1 RC beam shear-strengthened with FRP strips: (a) elevation; (b) cross section; 

(c) Type A joint; (d) Type B joint (Cont’d) 
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Fig. 5.2 Linearly softening bond-slip model.  
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Fig. 5.3  Full-range behavior of FRP-to-concrete bonded joint with a free far end 

(Type A joint). 
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Fig. 5.4 Interfacial shear stress distributions at various stages for a type A joint 

with : (a) development of softening zone (OA in Fig. 5.3); (b) initiation of 

debonding at the loaded end (

 uL a>

fδ∆ = , point A in Fig. 5.3); (c) propagation of 

debonding (AB in Fig. 5.3); (d) softening front reaches the free end (point B in Fig. 

5.3); (e) linear unloading (BC in Fig. 5.3) 
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Fig. 5.5 Interfacial shear stress distributions at various stages for a type  A joint 

with : (a) development of softening zone (OA’ in Fig. 5.3); (b) softening front 

reaches the free end (point A’ in Fig. 5.3); (c) linear unloading (A’C in Fig. 5.3) 
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Fig. 5.6 Relationship between a type B joint and an FRP-to-concrete bonded joint 

loaded at both ends (Teng et al. 2006; Chen et al.  2007) 
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Fig. 5.7 Full-range behavior of an FRP-to-concrete bonded joint with a fixed far end 

(a type B joint). 
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Fig. 5.8  Interfacial shear stress distribution at various stages for a type B joint 

with : (a) development of  softening zone; (b) initiation of debonding at the 

loaded end (point A in Fig. 5.7); (c) propagation of debonding (AB in Fig. 5.7) ; (d) 

softening front reaches the fixed end (point B in Fig. 5.7); (e) final propagation of 

debonding ( BP in Fig. 5.7) 
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Fig. 5.9  Interfacial shear stress distributions at various stages for a type B joint 

with : (a) development of softening zone (OA’ in Fig. 5.7); (b) softening front 

reaches the fixed end (point A’ in Fig. 5.7); (c) initiation of debonding at the loaded 

end (point D’ in Fig. 5.7); (d) final propagation of debonding ( D’P’ in Fig. 5.7) 
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Fig. 5.9  (Cont’d) 
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Fig. 5.10 Notation for a general shear strengthening system 
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Fig. 5.11 Debonding process of an FRP side sheet: (a) 0 mL hb≤ ≤ ; (b) ; 
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Fig. 5.11 Debonding process of an FRP side sheet: (a) 0 mL hb≤ ≤ ; (b) ; 

(c)  (Cont’d) 
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(a) 

 

(b) 

Fig. 5.12 Debonding process of an FRP U-sheet: (a) 0 cosecm bL h β≤ ≤ ; 

(b) cosecb m uh L aβ < ≤ ; (c) ( ), cosecu m f e ta L h h β≤ ≤ +

( )cosec  (i.e. )m f e bL h h w w

;  

(d) , max max,Uβ= + = 0dbh ≥; (e)  
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Fig. 5.12 (Cont’d) 
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Fig. 5.12 (Cont’d) 
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(b) 

Fig. 5.13 Analytical solution versus FE predictions: (a) , 600 mmf eh = , 

; (b) 0.11 mmft = , 300 mmf eh = , 0.11 mmft = ;  (c) , 300 mmf eh = ,  0.88 mmft =
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Fig. 5.13  (Cont’d) 
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Appendix 5.1 Load-displacement Response of  FRP-to-concrete Joint Bridge by 

FRP 

 

Depending on the boundary conditions at the ends of the FRP strips, an FRP strip 

crossing a shear crack can be represented using a combination of  two different FRP-

to-concrete bonded joints connected by the FRP strip at the crack (Fig. 5.A.1). Three 

different combinations are possible, namely type B joint+ type B joint (both ends 

fixed), type A joint + type B joint (one end fixed and one end free), and type A joint 

+ type A joint (both ends free) (see Section 5.2 for a description of  both types of 

joints). Fig. 5.A.1 schematically shows the latter two cases, where it is assumed that 

the longer bond length is very large ( ) that full debonding failure does not 

occur at a finite opening w  at the crack. Examples of the P

uL a>>

w−  response of these 

two joint combinations are shown in Figs 5.A.2.(a)-(d) for four different values of 

uL a (the  responses were obtained using the bond-slip model shown in Fig. 

5.2), where P is the load (force in the FRP) at the crack. Clearly the P

P w−

w−  response 

coincides with each other initially regardless of the value of uL a . Increases of 

uL a lead to a larger part of the curve being identical for the two different joint 

combinations. At a late stage, the responses of the two different joint combinations 

diverge from each other but the ultimate limit load remains the same and equal to the 

ultimate load of type A joint. After analyzing cases covering a large range of 

normalised bond lengths L / , it was found that the maximum difference in the 

load at any given w  between these two joint combinations is generally less than 

if

ua

10% 0.2uL a ≥ . This indicates that, as far as the ascending branch of the P w  

response is concerned, the combination of type A joint + type A joint [with a large 

−
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bond length for each joint [Fig. 5.A.1(b)] can be used to approximate the 

combination of type A joint + type B joint with a large bond length for the type A 

joint and a bond length L for the  type B joint [Fig. 5.A.1(a)] with an error of  P  

being less than 10% at any w if 0.2uL a > .  
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A Bw δ δ= +  
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2 Aw δ=
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(a)                                                            (b) 

Fig. 5.A.1 Two different combinations of  FRP-to-concrete bonded joints: (a) type A 

joint + type B joint; (b) type A joint + type A joint 
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Fig. 5.A.2  responses of two different joint combinationsP w− ( 48 mm)ua = : 
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Fig. 5.A.2  (Cont’d) 
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Appendix 5.2 Comparison between Monti et al.’s  (2004) Solution and the 

Present Solution 

 

A comparison between Monti et al.’s (2004) solution and the present solution is 

made in this appendix in respect of the maxfV w− response and the corresponding 

debonding sequence of FRP strips. The following parameters are adopted unless 

otherwise stated: concrete cylinder compressive strength fc
’ = 30 MPa; elastic 

modulus of FRP Ef = 2.3 x 105 MPa; and tensile strength of FRP ff = 3900 MPa. For 

the present analytical solution, the maximum shear stress fτ  and interfacial facture 

energy fG  are calculated according to the bond-slip model of Lu et al. (2005). The 

maximum interfacial slip is then obtained from 2f f fGδ τ=  (refer to Fig. 5.2). In 

Monti et al.’s (2004) solution, the bonding parameters, such as the effective bond 

length , the interfacial fracture energy eL fG  and the bond strength of FRP-to-

concrete joints fddf  are determined following Loitta (2006) (which provides  an 

updated version of the solution). It is assumed that the beam sides are fully covered 

with FRP with all fibers oriented vertically (β = 90°) and the angle of the shear crack 

θ =45°. The comparison is made for two beam heights: , 300 mm and 600 mmf eh = . 

For both cases it is assumed that 0t bh h= =  (see Figs 5.11 and 5.12), and 

mm. 0.11ft =

 

Fig. 5.A.3 shows the response predicted by Monti et al.’s  (2004) solution 

and the present solution. The FE predictions for a linearly softening bond-slip model 

are also shown for reference. It may be noted that Monti et al.’s  (2004) solution only 

maxfV w−
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gives part of the   curve because it is subjected to some limiting conditions 

[e.g.  for both FRP side strips and U-strips, where  is the FRP 

governing bond length at the location of  as explained by Monti et al.  (2004)].  

maxfV w−

( )bl z L≥ e ( )bl z

z

 

For FRP U-strips, the maximum FRP shear contribution  predicted by Monti et 

al.’s (2004) solution is very close to that from the present solution. For instance, in 

the case of and 

,maxfV

, 300 mmf eh = 0.11 mmft = , the former predicts  kN 

which is only about 3% higher than that predicted by the latter, 32.36 kN. However, 

the corresponding  for  predicted by Monti et al.’s (2004) solution is 

significantly larger than the value predicted by the present solution. These values are 

respectively 1.86 mm and 1.26 mm for the case of 

,max 33.24fV =

maxw ,maxfV

, 300 mmf eh = , and 3.72 mm and 

2.63 mm for the case of , 600 mmf eh = , with the former being respectively 47.6% 

and 41.4% higher than the latter for the two cases. This significant difference in 

 is mainly caused by the assumption adopted by Monti et al. (2004) that the 

slips at both sides of the shear crack are symmetrical, as further discussed below. 

maxw

 

For FRP side strips, the  values predicted by Monti et al.’s (2004) solution are 

generally slightly smaller than those predicted by the present solution. The 

difference between the two solutions decreases with an increase of 

,maxfV

,f eh . For example, 

this difference is 8.3% for , 300 mmf eh =  and reduces to 4.1% for . 

The corresponding  predicted by Monti et al.’s (2004) is generally larger than 

that from the present solution. For example, the two predictions are respectively 

0.87mm and 0.62mm, with the former being 40% larger than the latter for the case 

, 600 mmf eh =

maxw
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of and . The difference decreases to 33.3% for the case 

of  and . Further analyses not presented here showed 

that these differences are mainly caused by the difference in the FRP-to-concrete 

bond-slip law. Monti et al. (2004) assumed that the slip at the loaded end of the FRP-

to-concrete joint at the onset of deboning is 

, 300 mmf eh = 0.11 mmft =

, 600 mmf eh = 0.11 mmft =

( )1 1( )b b eu l l L u=  for , and 

 mm for the case of FRP sheet, which is considerably larger than the value 

of about 0.2 mm calculated using Lu et al.’s  (2005) bond-slip model. 

( )bl z L< e

z

z

1 0.33u =

 

Fig. 5.A.4 shows the distribution of  along the shear crack (in terms of 

coordinate ) determined by the governing bond length , where is the 

maximum crack width reached at the coordinate z  beyond which the FRP strips at 

this location is fully debonded. Also shown in Fig. 5.A.4 is the assumed linear crack 

width distribution determined by the following equation (Monti et al. 2004): 

,max ( )dbw

z ( )bl z ,max ( )dbw

 

( ) sin( ) / sinw z zα θ β θ= +                                                                                  (5.A.1) 

 

where α  is the crack opening angle of the shear crack (in radians).  

 

The debonding sequence of FRP strips may be determined by comparing  

and . When 

,max ( )dbw z

( )w z α  increases continuously from zero, debonding will occur at 

locations where .  From Fig. 5.A.4 it is clear that, if symmetrical 

slips at both sides of the shear crack are assumed as in Monti et al. (2004), 

debonding will start from a location near the crack tip and propagate towards the 

( ) ,max ( )dbw z w z>
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crack end as α  increases; at the crack end (i.e. ) corresponding to the 

initiation of FRP debonding is 1.86 mm and 3.72mm respectively for  

and , with the corresponding 

( )w z maxw

, 300 mmf eh =

, 600 mmf eh = α  being 0.0062 for both cases.. If this 

assumption is removed as in the present study, debonding will start from the location 

near the crack end and propagate towards the crack tip as α  increases. In this case 

the  values corresponding to the first occurrence of debonding are 1.26mm and 

2.64 mm respectively for 

maxw

, 300 mmf eh =  and , 600 mmf eh = , with α being 0.0042 

and 0.0044 respectively for , 300 mmf eh =  and , 600 mmf eh = . It should be noted 

that a small portion of FRP near the crack tip will debond nearly at the same time as 

the initiation of FRP debonding at the crack end, but this crack tip debonding is not 

considered in the present study for simplicity without a significant loss of accuracy 

because the contribution of the very short FRP strips near the crack tip to the total 

FRP shear resistance is small. This observation may explain why the present solution 

predicts a slightly larger than the FE prediction (Fig. 5.A.3) in which all 

debonding events are captured. For the same reason, the post-peak branch of the 

curve predicted by the present solution is slightly higher than the mid-

points of the stepwise drops predicted by the FE model (also see Fig. 5.A.3).  

However, further analyses showed that such phenomena generally do not occur if 

(e.g. 

,maxfV

maxfV w−

0th > , 9t f eh h= , see Figs 5.11 and 5.12), and the effect of the early debonding 

of a small part of FRP near the crack tip becomes insignificant as ,f eh increases 

[ Figs 5.A.3(a) and 5.A.3(b)].   
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(b) 

Fig. 5.A.3. Comparison between Monti et al.’s solution and the present solution -

response: (a) , maxfV w− , 300 mmf eh = 0.11 mmft = ; (b) , 600 mmf eh = , 

 0.11 mmft =
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(b) 

Fig. 5.A.4 Comparison of debonding sequence between Monti et al.’s (2004) 

solution and the present solution for FRP U-strips: (a) , 300 mmf eh = , ; 

(b) ,  

0.11 mmft =

, 600 mmf eh = 0.11 mmft =
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CHAPTER 6 

 

NUMERICAL MODELLING OF SHEAR INTERACTION 

 BETWEEN STEEL AND FRP SHEAR 

 REINFORCEMENTS 
 

 

 

6.1 INTRODUCTION 

 

From the literature review presented in Chapter 2, it is clear that to evaluate the shear 

capacity of an RC beam shear-strengthened with FRP, existing shear strength models 

commonly adopt a simple additive approach in which the shear capacity of the 

strengthened RC beam is calculated as the sum of the three components (i.e. Vc, Vs , 

Vf) contributed by concrete, steel and FRP [see Eq. (2.1)], with the values of Vc and 

Vs generally being evaluated using provisions in existing design codes for RC 

structures. This approach implies that all the three components reach their expected 

peak values at the same time at the ultimate state of an RC beam shear-strengthened 

with FRP, and that all the internal shear reinforcement (only steel stirrups are 

considered in the present study to simplify the problem) reach yielding at the shear 

failure of the beam. 
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The literature review of Chapter 2 also indicates that shear failure due to FRP 

debonding, which is generally the governing failure mode for RC beams 

shear-strengthened with FRP side strips or U-strips (see Chapter 1), is usually brittle 

so that the width of the critical shear crack is limited when FRP debonding occurs. 

As a result, the contribution of concrete to the shear capacity of the beam Vc is likely 

to be well maintained when FRP debonding occurs (Bousselham and Chaallal 2008). 

However, the brittleness of failure means that the strains in steel stirrups may be 

below their yield strain when FRP debonding occurs, so that not all steel stirrups 

intersected by the critical shear crack reach yielding at shear failure of the beam. 

Consequently, the steel shear reinforcement may contribute less than is predicted by 

existing shear strength models. This adverse shear interaction between external FRP 

shear reinforcement and internal steel shear reinforcement may significantly affect 

the effectiveness of shear strengthening using externally bonded FRP shear 

reinforcements. For RC beams with both internal steel stirrups and external FRP 

strips, a shear strength model not considering the effect of shear interaction may be 

un-conservative. 

 

The literature review of Chapter 2 further reveals that although the simple additive 

approach commonly adopted in existing shear strength models has been questioned 

by a number of researchers (Teng et al. 2002, 2004; Li et al. 2001, 2002; Pellegrino 

and Modena 2002; 2006; Denton et al. 2004; Oehlers et al. 2005; Mohamed Ali et al. 

2006; Bousselham and Chaallal 2004; 2008), few shear strength models that 

consider shear interaction (Li et al. 2001; Pellegrino and Modena 2002, 2006) have 

been developed and these have been based on limited experimental results and thus 

lack a rigorous basis. 
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As mentioned in Chapter 5, to quantitatively assess the effect of shear interaction, it 

is necessary to understand the development of shear contributions of both the 

external FRP shear reinforcement (i.e. Vf) and the internal steel shear reinforcement 

(i.e. Vs) with the shear crack width. To this end, Chapter 5 presented an analytical 

solution for the development of FRP shear resistance with the shear crack width. For 

the same purpose, this chapter presents a computational model in which the bond 

behavior of both the internal steel stirrups and the external FRP strips are accurately 

modeled to achieve a generic assessment of the effect of shear interaction between 

the two types of shear reinforcement in RC beams strengthened with either FRP 

U-strips or FRP side strips. The results from a parametric study conducted using this 

computational model are then presented to gain a better understanding of the shear 

interaction mechanism in such strengthened RC beams. A number of valuable 

conclusions are made based on the parametric study. Numerical results obtained 

using the proposed computational models are also used to devise a shear strength 

model considering shear interaction which will be presented in the next chapter 

(Chapter 7). 

 

6.2 COMPUTATIONAL MODEL FOR SHEAR INTERACTION 

 

6.2.1 Assumptions and General Considerations 

 
As shown in Fig. 6.1, the proposed computational model is an extension of the 

model presented in Chapter 4 by adding the modeling of bond-slip behavior between 
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concrete and steel stirrups and was implemented using ABAQUS 6.5 (2004). The 

general considerations of RC beams [e.g. the shear failure process is assumed to be 

dominated by the development of a single critical shear crack at 45º from the beam 

longitudinal axis with the crack tip and crack end as shown in Fig. 6.1; a shape 

function is adopted to describe the crack width variation of the critical shear crack ] 

and the basic treatments for the modeling of steel stirrups are similar to the modeling 

of FRP strips as detailed in Chapter 4 are not repeated here [e.g. the elements used 

for modeling steel stirrups (i.e. truss element T2D2) and the bond behavior between 

concrete and steel stirrups (i.e. nonlinear spring element SPRING2)], except that 

both top and bottom end nodes of a steel stirrup are connected to the rigid concrete 

using rigid shear connections to simulate the condition that steel stirrups are 

supported by the longitudinal steel bars [Figs. 6.1(b) and 6.1(c)]. The top and bottom 

concrete covers to the centres of the steel stirrups are assumed to be 30 mm and to 

the centres of the longitudinal steel bars 50 mm (e.g. the diameter of the steel stirrups 

and that of the longitudinal steel bars are 8mm and 24mm respectively) [Figs. 6.1(a) 

-6.1(c)]. 

 

As with the computational model presented in Chapter 4, only the segment of the 

beam containing the effective shear crack is included in the computational model 

shown in Fig. 6.1. The effective shear crack is discretized into a suitable number of 

divisions for modeling the steel stirrups and another suitable number of divisions for 

modeling the FRP strips, with the steel stirrups and the FRP strips being located at 

the centers of their corresponding divisions [Fig. 6.1(a)]. Therefore, both the steel 

stirrups and the discrete FRP strips are evenly distributed, and the distance between 

the crack end and the first FRP strip, Sf,1, or stirrup, Ss,1, is equal to half of the 
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corresponding spacing [Fig. 6.1(a)]. 

 

To minimize the number of parameters to be studied without compromising the 

generality of the observations, this study is concerned with an idealized case where 

the RC beam is reinforced with a large number of steel stirrups, and is also 

strengthened with a large number of vertical FRP strips that fully cover the beam 

sides. This idealized beam can be seen as the discretised model of a smeared version 

of an RC beam with only a limited number of discrete FRP strips and steel stirrups 

intersected by the shear crack. The latter can also be directly modeled as shown in 

Chapter 4, but adds unnecessary complication to the problem in terms of deriving 

general conclusions on the effect of shear interaction and is thus not considered in 

the present study. Obviously, continuous FRP sheets with vertically-oriented fibers 

can be accurately represented in this model.  

 

The assumption that the FRP strips are bonded to the full height of the beam is 

adopted in the present study as it is explicitly concerned only with rectangular RC 

beams. In a T-beam, the FRP strips are normally bonded only over the height of the 

web so that the FRP strips do not cover the full height of the beam. Nevertheless, the 

results presented and the conclusions drawn in the present study are also useful in 

understanding the effect of shear interaction between FRP strips and steel stirrups in 

RC T-beams. 
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6.2.2. Crack Shape 

 

The same shape function as that for the computational model presented in Chapter 4 

is adopted here to describe the possible crack width variations of the critical shear 

crack [see Eq. (4.20)]. 

 

6.2.3. Bond-Slip Relationships 

 

Lu et al.’s (2005) bond-slip model (Fig. 4.6) is adopted to define the bond behavior 

between FRP and concrete as in the computational model presented in Chapter 4. 

 

The CEB-FIP (CEB-FIP 1993) bond-slip model for steel reinforcement [Fig. 6.2] is 

adopted to find the bond force Fb,s in each shear spring between a stirrup and the 

concrete: 

 

,b s s sF D lπ τ= × × ×                                                 (6.1) 

 

where D is the diameter of the steel bar, ls is the length of the steel bar truss element, 

and τs is the bond shear stress. 

 

Fig 6.2 shows the bond-slip curve of steel bars for the case of fc
’= 30 MPa; the 

equations associated with the bond-slip model is shown as an inset in Fig. 6.2. for 

completeness. 
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6.2.4 Mesh Convergence: Truss Element Size 

 

The following material properties were used in all the numerical simulations 

presented in the remainder of this chapter unless stated otherwise: concrete cylinder 

compressive strength fc
’ = 30 MPa [with an equivalent cube strength of 37 MPa 

according to CEB-FIP (1993)]; concrete tensile strength ft = 0.395fcu
0.55 (GB-50010 

2002); FRP thickness tf = 0.11 mm; elastic modulus of FRP Ef = 2.3 x 105 MPa, 

tensile strength of FRP ff = 3900 MPa; yield strength of plain round steel bars with 

an 8 mm diameter (referred to as plain bars hereafter) fy = 250 MPa and that of 

deformed bars with a 10 mm diameter fy = 460 MPa; elastic modulus of all steel bars 

Es = 200 GPa. The beam has a height such that , 300f eh =  mm unless otherwise 

stated. The beam as defined above is referred to as the reference beam. The beam 

sides are fully covered with FRP with all fibers vertically oriented (β=90°) so that 

the strip width wf was equal to the strip spacing sf, and with the spacing from the 

crack end to the centre of the first FRP strip ,1 2f fs s=  [Fig. 6.1(a)]. It should be 

noted that the elastic modulus of FRP is kept constant in this chapter, so the 

conclusions made for FRP thickness may also be transformed to corresponding 

conclusions for FRP stiffness (i.e. Eftf) if not otherwise stated. 

 

All the truss elements have the same length for ease of modeling and the shear crack 

position and/or the strip length are appropriately rounded to suit the element size. A 

convergence study similar to that presented in Chapter 4 is conducted for the truss 

element size using a single-strip model with the crack opening displacement applied 

at the middle of the strip. Results of two simulations with 1 mm and 2 mm element 

sizes are almost identical for both FRP and stirrups. A truss element size of 1 mm is 

 255



thus adopted in all subsequent numerical simulations of this chapter. 

 

6.2.5 Mesh Convergence: Spacing of the FRP Strips and Steel Stirrups 

 

In the interest of computational efficiency and to verify convergence of the model, 

numerical simulations are conducted to identify an appropriate number (or spacing) 

of discrete FRP strips and stirrups. The convergence study on the spacing of FRP 

strips has been presented in Chapter 4 and it was concluded that the numerical 

results of sf=hf,e/20 provides a close approximation for a continuous FRP sheet. Thus, 

all calculations presented in this chapter are conducted with sf=hf,e/20.  A similar 

study was performed to determine the appropriate spacing for steel stirrups, in which 

the predicted average stress in the stirrups σs,e was examined. The maximum 

difference between the predicted average stress for a spacing of ss=hf,e/10 and that 

for ss=hf,e/5 is less than 3.8%, while the difference between ss=hf,e/20 and ss=hf,e/10 

is within 0.78% (see Fig. 6.3). Similar differences apply for deformed bars. ss=hf,e/10 

is thus adopted in all subsequent calculations to provide close predictions for cases 

ranging from an equivalent continuous steel plate to ss=hf,e/5 which is close to stirrup 

spacings commonly found in RC beams in practice. As the purpose of the present 

study is to provide a generic assessment of the effect of shear interaction between 

internal steel stirrups and FRP strips, cases of very low steel shear reinforcement 

ratios are not of interest as shear interaction is only a significant issue if the FRP 

shear reinforcement ratio and the steel reinforcement ratio are reasonably close to 

each other as will be shown in Chapter 7. 
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6.3 SHEAR CONTRIBUTIONS OF STEEL STIRRUPS AND FRP STRIPS: 

DEVELOPMENT WITH CRACK WIDTH 

 

6.3.1 Mobilization Factors 

 

To quantify the development of the shear contributions of the internal steel stirrups 

and the external FRP strips, the following mobilization factors for the steel stirrups 

Ks and the FRP strips Kf respectively are defined: 

 

, /s s e yK fσ=                                                      (6.2) 

, / ,f f e f eK fσ=                                                    (6.3) 

 

where σs,e the average stresses of the steel stirrups intersected by the critical shear 

crack obtained from a numerical simulation, fy is the yield strength of the steel 

stirrups. The definition of Kf [Eq. (6.3)] was already explained in Chapter 4.  With 

these factors, the shear capacity of the strengthened beam can be expressed as 

[instead of Eq. (2.1)]: 

 

u c s s fV V K V K V= + + f                                               (6.4) 

 

Note that Ks and Kf are related to the average stresses in the steel stirrups and the 

FRP strips, which are in turn directly related to the crack width as shown later. 

Therefore, Ks and Kf are also related to the crack width which increases with the load 

on the beam. Clearly, Ks and Kf vary with the load level and reflect the contributions 
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of the steel stirrups and the FRP strips to the shear resistance at the given load level 

or the corresponding crack width. 

 

6.3.2 Effect of Crack Shape 

 

The effect of crack shape on the FRP mobilization factor Kf for both FRP side strips 

and U-strips has been investigated in detail in Chapter 4. It was shown that the crack 

shape with C=0, where the crack width increases linearly from zero at the crack tip 

to the maximum crack width at the crack end, represents the most severe condition 

with the smallest predicted Kf value (i.e. the FRP is least mobilized). 

 

Fig. 6.4 shows a similar effect of the crack shape on the development of Ks for plain 

steel bars in the reference beam. For the five crack shape patterns considered, C=0 

still leads to the smallest Ks. Similar to FRP strips, the value of Ks at a given wmax 

generally increases with C until C=0.9 and then reduces as C further increases 

towards 1.0. Numerical results not presented here showed these conclusions are also 

valid for deformed bars. Based on these observations, only results for the crack 

shape with C=0 are discussed below as the most severe case for both FRP strips and 

steel stirrups.  

 

6.3.3 FRP Debonding Process and Development of Mobilization Factors 

 

Fig. 6.5 shows the development of the average FRP stress σf,e for the reference beam 

with C = 0 for both U-strips and side strips. There are four critical points on each of 
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these curves, denoted respectively by As, Bs, Cs and Ds for FRP side strips, and Au, 

Bu, Cu, Du for FRP U-strips in Fig. 6.5, representing the following four important 

states: (1) immediately before the full debonding of the first FRP strip; (2) at the 

peak of σf,e; (3) at the start of an abrupt reduction of σf,e; and (4) at the end of the 

abrupt σf,e reduction.  

 

The average FRP stress σf,e increases smoothly initially and it is the same for both 

U-strips and side strips until immediately before the full debonding of the first FRP 

side strip (As in Fig. 6.5). The two curves for U-strips and side strips start to diverge 

here. For U-strips, it continues to increase until the onset of the complete debonding 

of the first U strip (Au in Fig. 6.5), which coincides with the attainment of the peak 

average FRP stress (i.e. Bu coincides with Au). For FRP side strips, σf,e continues to 

increase after the debonding of the first FRP strip and reaches a peak value at Bs. 

Both curves experience stepwise drops thereafter as the FRP strips debond 

sequentially. The two curves merge again just before experiencing an abrupt drop (Cs 

and Cu in Fig. 6.5). 

 

Fig. 6.6 shows the stress distributions in the FRP strips along the critical shear crack 

corresponding to the above four representative states for both U-strips and side strips. 

The stress distributions of both round and deformed internal steel stirrups are also 

shown for comparison. The FRP stress is normalized by the full strength of the FRP 

strip with the maximum bond length based on Chen and Teng’s (2001) bond strength 

model. The stress in the steel stirrups, σs, is normalized by their yield strength fy. The 

distance from the crack tip is normalized by the distance from the crack tip to the 

crack end. For beams with side strips, most of the steel stirrups are far from reaching 
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yielding at the onset of debonding of the first FRP strip [Fig. 6.6(a)] at wmax= 0.288 

mm (Fig. 6.5). The corresponding Ks is far smaller than 1.0 (Fig. 6.4). When the FRP 

contribution reaches its peak [Fig. 6.6(b)], the stress in the majority of the stirrups is 

still low and only a few of them near the crack end have reached yielding. For FRP 

U-strips, debonding of the most critical strip occurs at wmax= 1.55 mm (Fig. 6.5) 

when most of the FRP strips have reached their full bond strength and most of the 

steel stirrups have yielded [Fig.6.6(c)]: only the few FRP strips and steel stirrups 

close to the crack tip have not been fully mobilized yet. Fig. 6.6(d) shows the stress 

distribution at point Cs (for side strips) and Cu (for U-strips) with wmax = 2.42 mm, 

where only FRP strips near the crack tip and a few near the middle of the crack are 

still intact. This signifies the end of the sequential debonding of the FRP strips from 

the crack end to the crack tip, and the beginning of a stage where abrupt debonding 

of FRP strips occurs within a small range of wmax which ends at the point of Ds (or 

Du) in Fig. 6.5 at wmax= 2.51 mm [Fig. 6.6(e)] for both U-strips and side strips. 

 

Figs. 6.7 and 6.8 show the distributions of the bond force [see Eq. (4.21)] in the 

non-linear springs representing the bond between the concrete and the FRP at the 

above four representative states (A, B, C and D) for side strips and U-strips 

respectively. The bond can be classified into three zones: a) the immobilized zone 

where the bond is intact but not activated so the bond force is almost zero; b) the 

mobilized zone where the bond is activated; and c) the debonded zone where the 

bond force is also zero. Within a mobilized zone, the softening front at which the 

bond force is at the maximum is also evident. This softening front divides the 

mobilized zone into two parts: one near the crack which is in the softening state and 

the other in elastic state. These zones are approximately identified in Figs.6.7 and 6.8. 
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For each FRP strip, the maximum value of the mobilized length is estimated to be 

about 65 mm which is very close to the effective bond length of 68 mm based on 

Chen and Teng’s (2001) bond strength model.  

 

For the beam with FRP side strips, the mobilized zone is almost symmetrical about 

the shear crack up to the instance when the maximum average FRP stress σf,e is 

reached [Fig. 6.7(b), point Bs in Fig. 6.5], at which the debonded zone is very small 

and localized around the crack end. As a result, most of the FRP strips have not 

reached their full bond strength [Fig. 6.6(b)]. For the beam with FRP U-strips, the 

debonded zone is much larger and most of the FRP strips have reached their full 

bond strength when σf,e peaks [Figs. 6.8(a) and 6.6(c)]. It may also be noted that the 

pattern is rather unsymmetrical about the shear crack [Fig. 6.8(a)]. The difference 

between U-strips and side strips has arisen because the bond lengths of FRP strips 

near the crack end are critical in both cases but in the former these bond lengths are 

much longer than those in the latter as the bond length of a strip above the crack is 

critical for U-strips but that below the crack is critical for side strips. At states C and 

D (Fig. 6.5), the FRP stress distributions [Figs. 6.6(d) and 6.6(e)] and the mobilized 

zones [Figs. 6.7(c) and 6.7(d) versus Figs. 6.8(b) and 6.8(c)] are the same for side 

strips and U-strips. The only difference between the two strengthening schemes is in 

the debonded zone. The debonding process remains the same thereafter because the 

FRP strips above the critical shear crack near the crack tip are now critical for both 

schemes. 
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6.4 PARAMETRIC STUDY 

 

The effects of beam height, FRP axial stiffness Eftf, concrete strength, steel bar 

diameter and steel bar yield strength on the development of the mobilization factors 

are examined in this section. 

 

6.4.1 Effect of Beam Height 

 

The development of the mobilization factors with the maximum crack width wmax is 

shown in Fig.6.9 for three beam heights of 300, 600 and 900mm. Ks increases 

smoothly as the crack opens up and approaches 1.0 when the crack is very wide [Fig. 

6.9(a)]. Although a deformed steel bar has better bond performance than its 

corresponding plain bar, its mobilization factor increases at a slower rate than the 

plain bar because it has a much higher yield strength. Ks is significantly smaller than 

1 when the crack width is small (e.g. < 1mm). A crack width of 1.2-2.1mm, 

depending on the bar type and beam height, is required for Ks to reach about 0.9, and 

about 5 mm for Ks to reach 0.97 [Fig. 6.9(a)]. In beams with relatively small heights, 

Ks generally decreases as hf,e increases, as a shorter stirrup bar is stiffer (since its top 

and bottom ends are supported by longitudinal bars) than a longer stirrup bar and the 

same crack width mobilizes more strength of the shorter bar. However, when the 

beam height is large (e.g. hf,e > 600 mm in this example), this effect becomes 

insignificant because the steel bar can reach yielding due to the concrete-steel bar 

bond alone. For both plain and deformed bars [Fig. 6.9(a)], the maximum difference 

in Ks between hf,e=600 mm and hf,e=900 mm is less than 3.5%. For the parameters 
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considered, Ks obtained based on hf,e=600 mm provides a close approximation for hf,e 

>600 mm, and for hf,e<600 mm, the results from hf,e=600 mm are slightly 

conservative. 

 

For FRP U-strips, Kf reaches its maximum value at a wmax value corresponding to the 

debonding of the most vulnerable FRP strip. The maximum value of Kf is reached 

when wmax=1.55 mm for hfe=300, and the value of wmax corresponding to the peak Kf 

increases with the beam height [Fig. 6.9(b)]. Note that the maximum Kf is slightly 

larger than 1.0 because the FRP bond length considered in the present computational 

model is slightly larger than that considered in Chen and Teng’s (2003) model. Ks for 

plain bars is also shown in Fig. 6.9(b) for the three beam heights for comparison. 

When Kf reaches the maximum value, the corresponding Ks is about 0.9, 0.94 and 

0.96 respectively for deformed bars, and 0.93, 0.96 and 0.97 respectively for plain 

bars for hf,e =300, 600 and 900mm. Therefore, steel stirrups usually reach at least 

90% of their yield strength when the contribution of FRP U-strips reaches its peak 

for most practical beams. 

 

For FRP side strips, the maximum value of Kf is 0.88 for hf,e=300mm and increases 

slightly to 0.89 for hf,e=900mm [Fig. 6.9(c)]. An important feature here is that the 

maximum value of Kf is reached when the maximum crack width wmax is still very 

small, which is around 0.77 mm for hfe=900 mm, and slightly smaller for smaller 

beams. As a result, the Ks value corresponding to the peak Kf is much smaller than 

1.0. For example, at wmax= 0.77mm, Ks = about 0.74, 0.7 and 0.69 respectively for 

deformed bars, and = about 0.83, 0.75 and 0.74 respectively for plain bars, for the 

three beam heights of hf,e =300, 600 and 900mm. After reaching its peak, Kf reduces 
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continuously as the FRP strips debond from the concrete in sequence. On the other 

hand, Ks continues to increase with an increase of wmax. As a result, significant 

adverse shear interaction exists between Kf and Ks and thus between the shear 

contributions of FRP and steel stirrups [Eq. (6.4)]. Clearly, the beam height has a 

more significant effect on the shear interaction between external FRP and internal 

steel stirrups for FRP side strips than for U-strips. 

 

6.4.2 Effect of Concrete Strength fc
’ 

 

Fig. 6.10 shows the calculated Kf and Ks values when the concrete cylinder 

compressive strength fc
’ varies from 20 to 40 MPa for the reference beam. For FRP 

side strips, the peak value of Kf  changes very little when fc
’ increases from 30 to 40 

MPa but it reduces by about 10% when fc
’ reduces from 30 to 20 MPa [Fig. 6.10(a)]. 

The wmax values corresponding to the peak Kf  values are close to 0.55 mm in all the 

three cases. Fig. 6.10(a) also shows that the fc
’ value has little effect on the slope of 

the descending branch of the Kf - wmax curve. The concrete strength fc
’ has very little 

effect on the Ks value for plain bars within the normal range of concrete strength [Fig. 

6.10(b)]. The effects of concrete strength on Kf for FRP U-strips and Ks for deformed 

bars were also studied and the same observations apply. Therefore, it can be 

concluded that the effect of concrete strength fc
’ within its common range (i.e. fc

’ ≥ 

20 MPa) on the shear interaction between FRP and steel stirrups is insignificant 

especially when fc
’ ≥ 30 MPa. 
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6.4.3 Effect of FRP Axial Stiffness Eftf 

 

The effect of FRP axial stiffness Eftf on the Kf - wmax response is investigated next in 

Fig. 6.11. The Ks -wmax curves of both plain and deformed bars are also shown for 

convenience of discussion. Since the same modulus of elasticity of FRP Ef was used 

in generating all the Kf - wmax curves in Fig. 6.11, only the FRP thickness tf is 

indicated in the legend and discussed below. It should be noted that FRP with a large 

tf (e.g. tf = 0.88 mm) may not be appropriate for use in practice, but is still included 

in Fig. 6.11 to demonstrate the effect of Eftf over a wide range. The FRP stiffness has 

a small effect on the peak value of Kf : it reduces from 0.881 to 0.868 for FRP side 

strips, and increases from 1.05 to 1.12 for FRP U-strips, when tf  increases from 

0.11mm to 0.88mm. Its effect is much more significant on the value of wmax 

corresponding to the peak Kf: it reduces from 0.544mm to 0.248mm for FRP side 

strips and from 1.548 mm to 0.496 mm for FRP U-strips, when tf  increases from 

0.11mm to 0.88mm. This has a significant impact on the contribution of steel stirrups 

at debonding. The Ks value corresponding to the peak Kf  is greatly reduced from 

0.74 to 0.46 for plain bars and from 0.63 to 0.37 for deformed bars, when the FRP 

side strip thickness tf increases from 0.11 to 0.88mm [Fig. 6.11(a)]. A similar effect is 

evident for FRP U-strips [Fig. 6.11(b)]. Consequently, the adverse shear interaction 

between external FRP and internal steel stirrups increases with the FRP axial 

stiffness Eftf. Numerical results not presented here show that the effect of Eftf is 

correlated with that of hf,e [i.e. effective height of FRP bonded on the beam web, 

which is equal to the height of the effective shear crack in case that the beam sides 

are fully covered with FRP strips, see Fig. (6.1a)]; and their combined effects can be 

characterized by the normalized hf,e (also refer to Chapter 5): 
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, , ,f e norm f e eh h= L                                                  (6.5) 

 

where Le is the effective bond length of FRP as defined by Chen and Teng (2001): 
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6.4.4 Effect of Steel Stirrup Bar Size 

 

The diameter D of both plain and deformed steel stirrup bars has a significant effect 

on the development of Ks with the maximum crack width wmax (Fig. 6.12). Further 

analyses not reported here showed that the stress developed in a certain steel bar due 

to the bond force is nearly inversely proportional to D at a given wmax value. This is 

because the bond force of a steel bar is proportional to its D [Eq. (6.1)], but the stress 

developed in the steel bar due to this bond force is inversely proportional to D2. Note 

that the Ks-wmax curves are also shown for unbonded plain bars [Fig. 6.12(a)] and 

unbonded deformed bars [Fig. 6.12(b)] for comparison. They represent the lower 

bounds of the two types of steel bars respectively. It is seen that neglecting the bond 

forces between the steel bars and the concrete can significantly under-estimate the 

stresses in the stirrups especially in small deformed bars at a small crack width. 

Numerical results not presented here show that this discrepancy increases with an 

increase of beam height. 
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6.4.5 Effect of Yield Strength of Steel Stirrups 

 

Fig. 6.13 shows that the yield strength fy of steel stirrups also plays an important role 

in the development of Ks . A higher yield strength leads to a smaller Ks at a given 

wmax. This observation can be expected because a higher yield strength means a 

higher yield strain so a larger wmax value is required to cause yielding of the steel 

stirrups. The same effect is also evident for deformed bars according to numerical 

results not presented here. This means that there is more severe adverse shear 

interaction between external FRP and internal steel stirrups when steel stirrups with a 

higher fy are used. This observation is however made based on the assumption of an 

invariant bond capacity for steel bars of different yield strengths. In practice, 

deformed bars have a higher yield strength and better bond properties while plain 

bars have a lower yield strength and inferior bond properties. When the two factors 

are combined, Ks develops slightly more slowly for a typical 10mm deformed bar 

with fy = 460 MPa than a typical 8mm plain bar with fy = 250 MPa as shown in Fig. 

6.9(a). 

 

6.5 CONCLUSIONS 

 

This chapter has presented a computational model for assessing the effect of shear 

interaction between internal steel stirrups and external FRP shear reinforcement in 

RC beams shear-strengthened with FRP U-strips or side strips. Two mobilization 

factors, Ks and Kf  are defined to quantify the development of shear contributions of 

steel stirrups and FRP strips respectively. Numerical examples have been presented 

to demonstrate how the average stresses in steel stirrups and FRP strips develop as 
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the crack widens and to illustrate the FRP debonding processes for both U-strips and 

side strips. 

 

The development of Ks and Kf, and thus the shear interaction between steel stirrups 

and FRP strips, are affected by many factors including the shape of the critical shear 

crack, beam height, FRP axial stiffness, and the type, yield strength and diameter of 

steel stirrups. The crack shape has a significant effect on the development of shear 

contributions of both steel stirrups and FRP strips, with a linear variation of crack 

width from zero at the crack tip being the worst. The effects of the beam height and 

FRP axial stiffness Eftf are correlated and they can be characterized by , ,f e normh which 

is equal to the effective height of the FRP strips ( ,f eh ) divided by the effective bond 

length ( ). Adverse shear interaction is reduced when eL , ,f e normh  increases. The 

effect of concrete strength within its common range on the shear interaction is 

insignificant especially when the cylinder compressive strength is greater than 30 

MPa. Adverse shear interaction is reduced for steel stirrup bars of smaller diameters, 

lower yield strengths and better bond properties (e.g. deformed bars). 

 

In general, a substantial adverse effect of shear interaction exists between steel 

stirrups and FRP strips for RC beams shear-strengthened with FRP side strips. For 

RC beams shear-strengthened with FRP U-strips, shear interaction can still have a 

significant adverse effect when FRP strips with a high axial stiffness are used. 

Therefore, in the evaluation of shear strength, the simultaneous use of the maximum 

values of both Ks and Kf in Eq. (6.4) is an un-conservative approach. For accurate 

evaluation of the shear resistance, the maximum value of the combined contribution 

of steel stirrups and FRP strips needs to be determined. The computational model 
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and the results presented in this chapter may be used to devise such a design method, 

which is the subject of the next chapter (Chapter 7). 
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(a) 

 

 

(a)                                    (b) 

Fig. 6.1 Computational model for RC beams shear-strengthened with FRP strips: (a) 

elevation; (b) beam cross-section with FRP side strips; (c) beam cross section with 

FRP U-strips 
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Fig. 6.2 CEB-FIP’s steel-concrete bond slip relationship for fc
’ = 30 MPa 
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Fig. 6.3 Effect of steel stirrups’ spacings on average stress in steel stirrups  

(plain bars, C = 0.0) 
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Fig. 6.4 Effect of crack shape on the steel stirrup mobilization factor Ks for plain 

bars 
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Fig. 6.5 Variation of average FRP stress with maximum crack width 
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(b)  

Fig. 6.6 Stress distributions at four key states of the debonding process: (a) stress 

distribution in FRP side strips at As; (b) stress distribution in FRP side strips at Bs; (c) 

stress distributions in FRP U-strips at Au and Bu; (d) stress distributions in FRP side 

strips and U-strips at Cs & Cu; (e) stress distributions in FRP side strips and U-strips 

at Ds & Du 
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(c)  
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(d) 

Fig. 6.6 (Cont’d) 
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(e) 

Fig. 6.6 (Cont’d) 
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Fig. 6.7 Immobilized, mobilized and debonded zones at four key states of the 

debonding process of FRP side strips: (a) at As; (b) at Bs; (c) at Cs; (d) at Ds
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Fig. 6.8 Immobilized, mobilized and debonded zones at four key states of the 

debonding process of FRP U-strips: (a) at Au (Bu); (b) at Cu; (c) at Du  
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(b) 

Fig. 6.9 Effect of beam height on mobilization factors: (a) plain and deformed bars; 

(b) FRP U-strips; (c) FRP side strips 
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(c) 

Fig. 6.9 (Cont’d) 
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(b) 

Fig. 6.10 Effect of concrete strength on mobilization factors: (a) FRP side strips; (b) 

plain bars 
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(b) 

Fig. 6.11 Effect of FRP thickness on mobilization factors: (a) FRP side strips; (b) 

FRP U-strips 
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(b) 

Fig. 6.12 Effect of steel bar diameter on stirrup mobilization factor: (a) plain bars; (b) 

deformed bars 
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Fig. 6.13 Effect of plain steel bar yield strength on stirrup mobilization factor 
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CHAPTER 7 

 

SHEAR STRENGTH MODEL CONSIDERING SHEAR 

 INTERACTION EFFECTS 
 

 

 

7.1 INTRODUCTION 

 

Based on the analytical solution of FRP shear contribution presented in Chapter 5, 

and the numerical study on the shear interaction effect presented in Chapter 6, this 

chapter presents a shear strength model for FRP debonding failure considering shear 

interaction effects between steel stirrups and shear-strengthening FRP strips. To 

develop the model, an approximate expression for the mobilization factor of steel 

stirrups sK as a function of the maximum crack width  is first deduced based on 

the numerical results obtained from the simplified computational model presented in 

Chapter 6. An expression for the mobilization factor of FRP 

maxw

fK as a function of the 

maximum crack width  is then given based on the analytical solution presented 

in Chapter 5. A shear interaction factor,

maxw

K , is next defined to quantify the effect of 

shear interaction on the FRP shear contribution. Finally an approximate equation for 

K  is proposed based on analyses of sK  and sK . Based on the above work, a shear 

strength model considering shear interaction effects is proposed.  
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A large test database was also built to validate the proposed shear strength model. 

Comparison between predictions of the model and experimental results shows that 

the shear strength model shows good performance in predicting the shear 

contribution of FRP. The chapter ends with concluding remarks on the advantages of 

the proposed model and on the aspects needing further work. 

 

7.2 KS-WMAX CURVE 

 

As shown in Chapter 6, the mobilization factor sK  of steel stirrups is significantly 

affected by a number of factors, which include the beam height, bar diameter, and 

yield strength of steel bars. The concrete strength ( ) also has some effect on the 

 curve, but it is shown that this effect is rather small within the practical 

range of 

'
cf

maxsK w−

'
cf  ( ). Based on the above observations, an approximate 

expression for  curves was deduced by curve-fitting the numerical results 

from the computational model presented in Chapter 6, for a concrete cylinder 

strength , as detailed next. 

' 20 MPacf ≥

maxsK w−

' 30 MPacf =

 

Based on results from an extensive parametric study, the following function is 

proposed to fit the maxsK w−  curves: 

 

1.4
max

1.4
max

s
wK

A w
=

+
                                                   (7.1) 

where A  is a constant reflecting the effect of beam size, steel bar diameter and 

steel bar yield strength, and  is the maximum crack width.  It should be noted maxw
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that a linear crack width assumption was adopted in deducing Eq. (7.1), which is 

based on the conclusion reached in Chapter 6 that the maxsK w− curve for a linear 

crack shape is the most conservative among all crack width variations examined.  

With this assumption,  is always at the crack end of the effective shear crack 

defined in Chapter 6. 

maxw

 

For plain bar stirrups, the following expression was deduced for A : 

 

( ) ( )( ),1.45 4.52 173 0.935

10000
n f e yL h f D

A
⎡ ⎤− − +⎣ ⎦=                          (7.2) 

 

For deformed bar stirrups, the following expression was deduced for A : 

 

( ) ( )( ),4.94 3.34 245 0.767

100000
n f e yL h f D

A
⎡ ⎤− − −⎣ ⎦=                         (7.3) 

 

where ,f eh is the height of the effective shear crack as defined in Chapters 5 and 6, 

yf  is the yield strength of steel stirrups, and D  is the bar diameter of steel stirrups. 

 

Comparisons between the predictions of the above expressions [Eqs. (7.1)-(7.3)] and 

the original numerical results are shown in Fig. 7.1 for plain bars and in Fig. 7.2 for 

deformed bars respectively. Figs. 7.1 and 7.2 show that the above expressions 

perform well in predicting the numerical maxsK w−  curves. It should be noted that 

although only a limited number of cases are considered in Figs. 7.1 and 7.2, the 

above conclusion was validated against a much larger number of  curves maxsK w−
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covering the practical range of beam height, bar diameter, and bar yield strength. 

 

7.3 KF-WMAX 

 

Chapter 6 demonstrates that maxfK w−  curve is mainly affected by the FRP 

stiffness f fE t  and the beam height (which can be effectively represented by ,f eh ). 

With the analytical solution of fV  presented in Chapter 5, the maxfK w−  curve 

can be easily obtained. Examples of the maxfK w−  curves based on the solution of 

Chapter 5 are shown in Fig. 7.3. 

 

7.4 SHEAR INTERACTION FACTOR K 

 

As demonstrated in Chapter 6, in an RC beam shear-strengthened with FRP, both the 

shear strengthening FRP strips and the internal steel stirrups may not be fully utilized 

at the ultimate state due to the brittle nature of FRP debonding failure. To account for 

the under-mobilization of both the external FRP and the internal stirrups, two 

mobilization factors, fK  for FRP strips and sK for steel stirrups, are proposed to 

quantify the actual shear contributions of both FRP strips and steel stirrups. With the 

mobilization factors defined, the shear capacity of the strengthened beam, , can 

be expressed as 

uV

 

u c s s fV V K V K V= + + f                                               (7.4) 

 

where  is the shear contribution of concrete, which can be calculated based on an cV
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existing structural concrete code; sV  is the shear contribution of steel stirrups 

assuming that all the steel stirrups intersected by the critical shear crack reach 

yielding at the ultimate state, which can also be calculated based on an existing 

structural concrete code as in an RC beam; fV  is the shear contribution of FRP 

without considering the effect of shear interaction (as in many existing guidelines of 

FRP, see Chapter 2 for more details). 

 

Chapter 6 clearly shows that when fK  peaks, sK  is always less than 1; when 

sK is very close to 1, fK  may be already in its post-peak range. The above 

phenomenon is more obvious for FRP side strips than for FRP U-strips. This 

phenomenon is referred to as adverse shear interaction between FRP and internal 

steel stirrups. Due to the adverse shear interaction, the efficiency of FRP 

shear-strengthening is reduced.  To account for the unfavourable effect of shear 

interaction on the FRP shear contribution, a shear interaction factor K  is proposed. 

Adopting the shear interaction factor K , the shear capacity of a shear-strengthened 

RC beam can be expressed as 

 

u c sV V V KV= + + f                                                  (7.5) 

 

It is noted that the term fKV  in Eq. (7.5) reflects the net additional shear resistance 

contributed by the externally bonded FRP shear reinforcement, with the effect of 

adverse shear interaction appropriately considered.  

 

By comparing Eq. (7.4) with Eq. (7.5), the following expression can be deduced:  
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( ) ( )1 s
f s f s

f

VK K K K K
V

1 µ= + − = + − ⋅                                (7.6a) 

,

y svs

f f e frp

f AV
V f A

µ = =                                                 (7.6b) 

 

where µ  is ratio between the shear contribution of steel stirrups and the shear 

contribution of FRP strips if the effect of shear interaction is not considered; svA  

and frpA  are respectively the areas of the steel stirrups and the FRP strips 

contributing to the shear capacity of the strengthened beam; yf  is the yield strength 

of steel stirrups; and ,f ef  is the effective stress in FRP as defined in Chapter 5.  

 

Eqs. (7.6a) and (7.6a) imply that the efficiency of FRP shear-strengthening is 

affected not only by the mobilization factors fK  and sK , but also by the ratio 

between the shear contributions of internal steel shear reinforcement and external 

FRP reinforcement (i.e.µ ). If it is further assumed that yf  and ,f ef  are constant, 

then µ  reflects the ratio between the areas of steel stirrups and FRP strips that 

contribute to the shear capacity of the strengthened beam. 

 

Using the expressions of sK  and fK , the maxK w−  curve can be obtained based 

on Eq. (7.6). Examples of the  curve are shown in Figs. 7.4(a) and 7.4(b) 

for FRP side strips and FRP U-strips respectively. 

maxK w−

 

From both Figs. 7.4(a) and 7.4(b) it is clear that an increase in µ  leads to a 
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decrease in the peak value of K , and thus a decrease of the shear-strengthening 

efficiency. This trend is in close agreement with the test observations as discussed in 

Chapter 2 (Li et al. 2001; Bousselham and Chaallal 2004; Pellegrino and Modena 

2002, 2006). 

 

Theoretically, the peak value of K  (termed as  hereafter) can be found by 

plotting the  curve shown in Fig. 7.4, which can then be used in Eq. (7.5) 

for design purposes.  

maxK

maxK w−

 

For FRP U-strips, the  value always occurs at the  value when maxK maxw fK peaks 

(i.e. ) [Fig. 7.4(b)]. Consequently, the  value can be obtained 

by substituting the relevant  [see Chapter 5 for details] into Eqs. (7.1) and (7.6) 

as follows: 

,max 1f fK K= = maxK

maxw

 

( )max 1sK K µ= − ⋅                                                 (7.7a) 

1.4
max,

1.4
max,

p
s

p

w
K

A w
=

+
                                                  (7.7b) 

,

max,p f

 1 `
2 sin

=
sin( )

f e

e

h
L

w

π
β

δ
θ β

⎛ ⎞
+ −⎜ ⎟

⎝⋅
+

1
⎠                                                   (7.7c) 

 

where  is the maximum crack width at which max,pw K  peaks (i.e.  and 

); 

maxK K=

,max 1f fK K= =
fδ  is the interfacial slip at the shear crack at which the FRP is 

fully debonded, which can be calculated according to Lu et al.’s (2005) bilinear 

bond-slip model ( 2f fG fδ τ= ) as shown in Chapter 5;  is the effective bond eL
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length of an FRP strip, which can be calculated based on Chen and Teng’s (2001) 

bond strength model (also see Chapter 4); θ  and β  are the angle of the shear crack 

and angle of the fiber orientation respectively as defined in Chapter 5; and A  can 

be calculated from Eqs. (7.2) and (7.3) for plain bar stirrups and deformed bar 

stirrups respectively. 

 

For FRP side strips, varies with the value of max, pw µ  [Fig. 7.4(a)] and a larger µ  

value leads to a larger  value. Finding the value using the  

curve shown in Fig. 7.4 is somewhat involved; this is because, to obtain a 

curve, the corresponding 

max, pw maxK maxK w−

maxK w− maxfK w− and maxsK w−  curves must be 

obtained in advance. To address this problem, an empirical expression for  was 

deduced based on a regression analysis of a large number of  values obtained 

from the above procedure covering both the geometrical and material properties of 

FRP, steel stirrups and beam over their respective practical range. The deduced 

expression of  is given shown by the following equations: 

maxK

maxK

maxK

 

max
BK

B µ
=

+
                                                    (7.8a) 

,
0.834 1.88

101000 213000
          for plain bar stirrupsf e e

y

h L
B

D f
+

=                   (7.8b) 

,
1.13 1.71

205000 324000
          for deformed bar stirrupsf e e

y

h L
B

D f
+

=               (7.8c) 

 

Comparisons between predictions of Eq. (7.8) and the  values from the 

 curves are shown in Figs. (7.5a) and (7.5b) for plain bar stirrups and 

maxK

maxK w−
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deformed bar stirrups respectively. From Figs. (7.5a) and (7.5b), it is clear that Eq. 

(7.8) provides a close approximation to the  value for FRP side strips. Eqs. 

(7.7) and (7.8) are therefore adopted to account for the effect of adverse shear 

interaction in the proposed shear strength model presented in the next section. 

maxK

 

7.5 SHEAR CONTRIBUTION OF FRP 

 

Under the condition that the effect of shear interaction is not considered, the shear 

contribution of FRP to the shear capacity of a shear-strengthened RC beam (i.e. fV ) 

is equal to the peak/maximum value on the curve of the FRP shear contribution 

versus the maximum crack width (termed as the maxFRPV w−  curve). The expression 

of fV  can be solved from the analytical solution presented in Chapter 5, as detailed 

next. 

 

The peak FRP shear contribution, fV , can be generally expressed as 

 

( ),
,

cot cot sin
2 f e

f f e f f
f

h
V f t w

s
θ β β+

=                                (7.9a) 

, ,maxf e f frpf Dσ=                                                  (7.9b) 
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2
 , f f

f f
f

E G
f

t
σ

⎧ ⎫⎪= ⎨
⎪ ⎪⎩ ⎭

⎪
⎬                                            (7.9c) 

 

where frpD  is the stress/strain distribution factor as defined in Chapter 5 [or in 

Chen and Teng’s (2003) model]; ,maxfσ is the maximum stress in the FRP strips. 
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Other parameters in Eqs. (7.9a)-(7.9c) also have the same definitions as in Chapter 5. 

It should be noted for an FRP continuous sheet, sinf fw s β= . 

 

For FRP side strips, the expression of frpD  is given by  

 

, ,
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a d
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                  (7.10e) 

 

For FRP U-strips, the expression of frpD  is given by  

 

,

1 (1 )
4

a
frp

f e

hD
h

π
= − − ⋅                                             (7.11a) 

,
a

max,p

2
sin( )

f e
f

h
h

w
δ

θ β
= ⋅

+
                                         (7.11b) 

 

where  is the maximum crack width at which the FRP shear contribution 

reaches its peak value (i.e.

max,pw

fK  peaks and ,max 1f fK K= = ); its expression is already 

given in Eq. (7.7c). It should be noted that all the other terms in Eqs. (7.11a) and 

(7.11b) have exactly the same definitions as in Chapter 5.  
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If the effect of shear interaction is considered, the shear contribution of FRP can be 

calculated as 

 

'
maxf fV K V=                                                      (7.12) 

 

It is noted that in cases where there is no internal steel shear reinforcement, max 1K =  

[(refer to Fig. (7.5) ] and thus '
f fV V= . 

 

7.6 COMPARISON WITH TEST OBSERVATIONS 

 

An extensive literature review has been carried out to collect test data of RC beams 

shear-strengthened with bonded FRP. The collected test data are shown in Table 7.1 

and Table 7.2 for beams strengthened with FRP side strips and FRP U-strips 

respectively; all the beams failed by FRP debonding. Table 7.1 includes 63 beams 

while Table 7.2 includes 28 beams. Only the geometric and material properties 

required to determine the contribution of FRP to the shear capacity of the 

strengthened beam by the strength model presented in the previous sections are 

shown (including information on the steel stirrups). Further details can be found 

from the original sources. Tests that were not sufficiently well documented have 

been excluded. The test data listed in Table 7.1 have the following parameter ranges: 

beam height ; web thickness110 500 mmh = − 70 250 mmwb = − ; cylinder 

compressive strength of concrete ; and steel shear reinforcement 

ratio = 0.0–0.394%. Most of these specimens have a shear span-to-depth 

' 20.5 59 MPacf = −
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ratio ; a few test specimens with / 2.2s d ≥ / 2.2s d <  [e.g. specimens of Mitsui et al. 

(1998)] are also included in the test database because FRP debonding failure was 

clearly observed in these specimens.  It shall be noted that in Tables 7.1 and 7.2, if 

the strengthened specimen has a different concrete strength from that of the control 

specimen, the test shear contribution of the FRP has been adjusted using the method 

described by Chen and Teng (2003). 

 

The new shear strength model developed above as well as three other models [i.e. 

Chen and Teng’s (2003) model; the model of ACI.440.2R. (2008); and the model of 

CNR-DT200 (2004)] is compared with the test data shown in Tables 7.1 and 7.2. The 

predictions of each model are also shown in Tables 7.1 and 7.2.  The comparisons 

are shown in Figs. 7.6 (a)-7.6(e) for beams with FRP side strips, in Figs. 7.7 (a)-7.7(e) 

for beams with FRP U-strips, and in Figs. 7.8 (a)-7.8(e) for both beams with FRP 

side strips and beams with FRP U-strips. The statistical performance of each shear 

strength model is also shown in the above figures as an inset, with “Ave” standing 

for the average of the predicted-to-test strength ratios, “Std” for the standard 

deviation and “Cov” for the coefficient of variation. It should be noted that for the 

new shear strength model, two comparisons are made: one with the effect of shear 

interaction included, and the other with the effect of shear interaction ignored. It 

should also be noted that these comparisons are made between the predictive model 

and the test results, so safety factors for design use such as the material partial safety 

factors are not included in the comparisons. 

 

From Fig. 7.6 it can be clearly seen that if the effect of shear interaction is not 

considered, the new developed model (referred to as “New Model 1” hereafter) has 
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similar performance in predicting the test observations to that of Chen and Teng’s 

(2003) model. Both models provide apparently better predictions of the test 

observations than the other two models [ACI.440.2R. (2008) and CNR-DT200 

(2004)] in terms of coefficient of variation. In particular, it is seen that the 

predictions of ACI.440.2R. (2008) have the largest Std and Cov, while the 

predictions of CNR-DT200 (2004) have a rather low Ave value (0.553). The 

unsatisfactory performance of ACI.440.2R. (2008) is probably due to its empirical 

nature. The use of an incorrect effective FRP bond length (as pointed out in Chapter 

2) may also be responsible for the unsatisfactory predictions. For examples, the 

model predicts negative shear contribution values of FRP for the small-size beams 

tested by Triantafillou (1998) as shown in Table 7.1.  Further analyses not presented 

here showed that the low Ave value of CNR-DT200 (2004) is chiefly due to 

neglecting the FRP bond length above the crack tip and that below the crack end of 

the effective shear crack as explained in Chapter 2.  From Fig. 7.6 it can also been 

seen that, with the effect of shear interaction considered, the proposed shear strength 

model (referred to as “New Model 2” hereafter) gives the closest predictions of the 

test results among the models compared. 

 

Fig. 7.7 shows that New Model 2 gives the best predictions of the test results for 

beams with FRP U-strips. It is also noted that CNR-DT200 (2004) obviously 

overestimates the test results. Further analyses not given here indicated that this is 

caused by the following reasons. First, unlike Chen and Teng’s model and the new 

strength model presented in this chapter, the model of CNR-DT200 (2004) does not 

specify a upper bound to the maximum stress reached in FRP; as a result, the FRP 

shear contribution can be substantially overestimated if the FRP material has a very 
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low ff  value [e.g. for specimen “IIGu” of Malek and Saadatmanesh (1998), see 

Table 7.2]. Second, the model uses  to determine the FRP area contributing to 

the shear capacity of the shear-strengthened RC beam (where  is the effective 

depth of the RC beam) regardless of the real bond length of FRP in the equation for 

the FRP shear contribution (see Chapter 2 for details); this may significantly 

overestimate the FRP shear contribution if the FRP U-strips are bonded to only part 

of the beam height [e.g. specimens of Monti and Loitta (2007) shown in Table 7.2]. 

Third and importantly, the expression for the FRP shear contribution in CNR-DT200 

(2004) is actually equal to the force in FRP in the fiber direction; this expression is 

only valid for the fiber orientation ; for other fiber orientations, the 

expression is invalid and may lead to unsafe results [e.g. specimen of  Hutchinson 

and Rizkalla (1999) shown in Table 7.2 ]. 

0.9d

d

90oβ =

 

Fig. 7.8 shows that New Model 2 provides the best predictions of the test results of 

all the beams shear-strengthened with either FRP side strips or FRP U-strips. Chen 

and Teng’s (2003) model gives the second best predictions, followed by New Model 

1, whose performance is very similar to that of Chen and Teng’s (2003) model.  

 

7.7 PARAMETRIC STUDY 

 

To examine how the steel to FRP stiffness ratio (EsAs/EfAf) and the beam height (hf,e ) 

affect the shear interaction factor (Kmax), a parametric study was conducted and the 

results are shown in Fig. 7.9. From Fig. 7.9 it can be clearly seen that Kmax decreases 

significantly as EsAs/EfAf  increases, which is consistent with the results given in 

Pellegrino and Modena (2002). Fig. 7.9 also shows that the effect of shear 
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interaction becomes less significant (i.e. Kmax is larger for the same EsAs/EfAf) for 

larger hf,e. Results not presented here showed the above observations to be also valid 

for FRP U-strips. 

 

7.8 CONCLUDING REMARKS 

 

Built upon the work presented in Chapters 5 and 7, this chapter has presented a shear 

strength model for FRP debonding failure. A salient feature of the new model is that 

it takes into account the process of debonding failure (see Chapter 5) and the effect 

of shear interaction between externally bonded FRP strips and internal steel stirrups 

(Chapter 6). The new model has been shown to perform well in predicting the shear 

contribution of FRP by comparing its predictions with the experimental results of a 

large number of beams.  

 

Comparisons of the performance of the new shear strength model with three other 

shear strength models adopted in existing design guidelines [including Chen and 

Teng’s (2003) model] have also been undertaken. These comparisons indicate that 

the new model has the best performance among the models examined and represents 

a significant improvement to Chen and Teng’s (2003) model. The results also reveals 

that the model in ACI.440.2R. (2008) shows unsatisfactory performance probably 

due to its empirical nature and the use of an inappropriate model for the effective 

FRP bond length; the model in CNR-DT200 (2004) generally provides a 

significantly conservative prediction of the FRP shear resistance for FRP side strips, 

whilst obviously overestimates the FRP shear resistance for FRP U-strips. The 

reasons behind the performance of these models have also appropriately explained. 
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It should be noted that the new shear strength model is built upon two simplifying 

assumptions: (a) the FRP debonding failure process is dominated by the widening of 

a single critical shear crack, although in a real RC beam shear-strengthened with FRP, 

secondary shear cracks exist and may have a significant effect; (b) the critical shear 

crack governing the FRP debonding process has a linear crack shape, while in a real 

RC beam shear-strengthened with FRP, the crack width variation of the critical shear 

crack is complex and depends on may factors including the amounts of steel and 

FRP shear reinforcements and steel tension reinforcement. The effects of these two 

simplifying assumptions will be further investigated in Chapter 9 using an advanced 

finite element model presented in Chapter 8. This FE model is capable of accurate 

modelling of shear failures of RC beams shear-strengthened with FRP, in which 

these two simplifying assumptions are not made.  
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Table 7.1 Test Data of Debonding-controlled RC Beams Shear-strengthened with FRP Side Strips 
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Table 7.1. (Continued) 

 
a)  Rec. = Rectangular section; T = T section; I = I section. 
b)  “1” stands for a continuous FRP sheet which can be taken to be composed of an arbitrary number of strips with a width equal to the strip spacing (both in the direction 

perpendicular to the fibre orientation) in evaluating the width ratio factor. 
c)  NA = No steel shear reinforcement; D=deformed bars; R=round plain bars. 
d)  Vf  is from the proposed model. 
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Table 7.2 Test Data of Debonding-controlled RC beams Shear-strengthened with FRP U-strips 
 

 
a)  Rec. = Rectangular section; T = T section; I = I section. 
b)  “1” stands for a continuous FRP sheet which can be taken to be composed of an arbitrary number of strips with a width equal to the strip spacing (both in the direction 

perpendicular to the fibre orientation) in evaluating the width ratio factor. 
c)  NA = No steel shear reinforcement; D=deformed bars; R=round plain bars. 
d)  Vf  is from the proposed model.  
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Fig. 7.1 Performance of the proposed functions in predicting numerical results of 

plain bars with   8 mmD =

 

 310



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.5 1 1.5 2 2.5 3 3.5
Max crack width  w max

M
ob

ili
za

tio
n 

fa
ct

or
   K

 s

4

Numerical Ks curve

Predicted Ks curve

 

 (c) ,300 MPa; 600y f ef h= =  

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.5 1 1.5 2 2.5 3 3.5
Max crack width  w max

M
ob

ili
za

tio
n 

fa
ct

or
   K

 s

4

Numerical Ks curve

Predicted Ks curve

 

(d) ,400 MPa; 600y f ef h= =  

 

Fig. 7.1 Performance of the proposed functions in predicting numerical results of 
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(b)  ,600 MPa; 300y f ef h= =

Fig. 7.2 Performance of the proposed functions in predicting numerical results of 

deformed bars with  10 mmD =
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(d) ,600 MPa; 600y f ef h= =  

Fig. 7.2 Performance of the proposed functions in predicting numerical results of 

deformed bars with (Cont’d) 10 mmD =
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Fig. 7.3 maxfK w−  curves of shear-strengthening FRP strips 
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(a) FRP side strips  
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(b) FRP U-strips 

Fig. 7.4 maxK w−  curves for different µ  values 
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(a) Deformed bar stirrups ( 8 mm, 550 MPayD f= = ) 

Fig. 7.5 Comparisons between the predicted  value (i.e. ) and  

value directly from the analysis of 

maxK max, preK maxK
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(b) The proposed model (considering the effect of shear interaction) 

Fig. 7.6 Test versus predicted FRP shear contributions for beams shear strengthened 

with FRP side-strips   
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(c) Chen and Teng’s (2003) model 
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(d) ACI-440.2R’s (2008) model 

Fig. 7.6 (Cont’d)  
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(e) CNR-DT200’s (2004) model 

 

Fig. 7.6 (Cont’d)  
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(a) The proposed model (without considering the effect of shear interaction) 

Fig. 7.7 Test versus predicted FRP shear contributions for beams shear strengthened 

with FRP U-strips 
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(b) The proposed model (considering the effect of shear interaction) 
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(c) Chen and Teng’s (2003) model 

 

Fig. 7.7 (Cont’d) 
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(d) ACI-440.2R’s (2008) model 
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(e) CNR-DT200’s (2004) model 

 

Fig. 7.7 (Cont’d) 
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(a) The proposed model (without considering the effect of shear interaction) 
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(b) The proposed model (considering the effect of shear interaction) 

Fig. 7.8 Test versus predicted FRP shear contributions for beams shear strengthened 

with both FRP side-strips and FRP U-strips 
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(e) CNR-DT200’s (2004) model 

Fig. 7.8 (Cont’d) 
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Fig. 7.9 Effect of steel to FRP stiffness ratio (EsAs/EfAf) and beam height (hf,e ) on 

Kmax [Ef = 230 GPa, tf = 0.11 mm, Es = 200 GPa, fy = 400 MPa (plain bar)] 
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CHAPTER 8 

 

FINITE ELEMENT MODEL FOR RC BEAMS 

SHEAR-STRENGTHENED WITH FRP 
 

 

 

8.1 INTRODUCTION 

 

As explained in Chapter 1, the main aim of the present study is to investigate the 

shear interaction phenomenon in RC beams shear-strengthened with FRP. In 

Chapters 3 to 6, the shear interaction issue was investigated experimentally (Chapter 

3) for the FRP rupture failure mode, and both analytically (Chapter 5) and 

numerically (Chapter 6) for the FRP debonding failure mode. A new shear strength 

model considering the effects of shear interaction between internal steel stirrups and 

external FRP strips was also proposed for the FRP debonding failure mode (Chapter 

7). The new model represents a significant improvement to Chen and Teng’s (2003) 

model. 

 

The investigations presented in Chapters 3 to 6 are based on a number of simplifying 

assumptions including the assumption of a single dominant shear crack with a linear 

crack width variation that drives the shear failure process of an FRP-strengthened 

RC beam. The purposes of this chapter and the two chapters that follow are to 
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present an advanced finite element (FE) model for RC beams shear-strengthened 

with FRP in which the same simplifying assumptions are not made, and to present a 

more elaborate investigation into the shear interaction phenomenon using this 

advanced FE model to clarify the effects of these assumptions.  

 

This chapter first presents details of the proposed FE model. Although the ultimate 

aim of the FE model is to provide accurate predictions of shear debonding failure in 

RC beams shear-strengthened with FRP, the accurate prediction of IC debonding 

failures in RC beams flexurally-strengthened with FRP is also given due attention, as 

the latter is an important interim verification of the FE model for debonding failures 

driven by flexural cracks. Numerical examples are then presented to demonstrate 

that the proposed FE model is capable of accurate predictions of not only shear 

debonding failures in RC beams shear-strengthened with FRP (referred to as shear 

debonding hereafter in this chapter), but also IC debonding failures in RC beams 

flexurally-strengthened with FRP (referred to as IC debonding hereafter in this 

chapter). Numerical results are also presented to show the importance of accurate 

modelling of bond behaviour (particularly that between steel bars and concrete) in 

predicting FRP debonding failures (including both IC debonding and shear 

debonding), and to illustrate the advantages of the proposed FE model.  A study of 

the effects of shear interaction in RC beams shear-strengthened with FRP using this 

FE model will be presented in Chapter 9. Numerical results given in Chapter 9 will 

also show that the proposed FE model is equally capable of accurate predictions of 

FRP rupture failure in RC beams shear-strengthened with FRP. Chapter 10 provides 

a detailed exposition of the dynamic solution method employed in this FE model to 
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deal with convergence problems commonly encountered by a static solution method 

such as the arc-length method (Crisfield 1991, 1997) 

 

8.2 EXISTING FE STUDIES 

 

The two common approaches for modelling concrete cracking (ACI 446.3R 1997), 

namely the discrete-crack model and the smeared crack model, have both been used 

to model debonding failures in FRP-strengthened RC beams including IC debonding 

and shear debonding (see Chapter 2). The smeared crack approach has been more 

popular due to its greater ease in the modelling of crack propagation; much fewer FE 

studies have adopted the discrete crack approach. Indeed, existing FE models based 

on the discrete crack approach are generally not truly predictive models as the crack 

paths need to be defined in advance in these models (Kishi et al. 2005; Niu and Wu 

2005; Niu et al. 2006). 

 

From the literature review presented in Chapter 2, it is clear that most of the existing 

FE models based on the smeared crack approach fail to accurately model FRP 

debonding failures, and this is mainly due to the poor performance of the existing FE 

models in modelling the local cracking behaviour in FRP-strengthened RC beams. 

For the accurate modelling of FRP debonding failures, it is essential to accurately 

represent the localized cracking behaviour of concrete, including the main flexural 

cracks and the main diagonal tension cracks in FRP-strengthened RC beams as the 

pattern and widths of cracks determine the driving force for debonding failures. The 

review also shows that to predict localized cracks accurately, an FE model based on 

the smeared crack approach must include the following three elements: (a) an 
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accurate constitutive model for modelling cracked concrete (i.e. the post-cracking 

behaviour of concrete); (b) an accurate bond-slip model for the bond behaviour 

between concrete and external FRP reinforcement; (c) an accurate bond-slip model 

for the bond behaviour between concrete and internal steel reinforcement. Among 

the existing FE models based on the smeared crack approach, none has included all 

three elements and the most advanced models [e.g. Smith et al. (2006); Lu et al. 

(2007)] are generally inadequate in including the third element. 

 

8.3 PROPOSED FE MODEL 

 

In the present study, efforts were made to develop an FE model which takes the three 

aspects mentioned above into proper account. The proposed model is a two-

dimensional FE model and has been implemented in ABAQUS (ABAQUS-6.5 

2004). It is based on the smeared crack approach so that the crack paths need not be 

pre-defined and employs the crack band model (i.e. the tension softening approach) 

to overcome the mesh sensitivity problem associated with the conventional smeared 

crack model (e.g. tension stiffening approach) (ACI 446.3R 1997). The bond-slip 

behaviour between concrete and reinforcements (both internal steel bars and 

externally FRP reinforcement) is modelled using appropriate bond-slip models. The 

proposed model is described in the remainder of this section.  

 

8.3.1 Modelling of Concrete 

 

The concrete is modelled using the plane stress element (e.g. CPS4) in ABAQUS 

(ABAQUS 6.5 2004) incorporating the crack band model for modelling the cracking 
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behaviour. The crack band model is defined within the framework of the concrete 

damaged plasticity model [see Lubliner et al. (1989) and Lee (1996) for more details 

of the model] in ABAQUS. For concrete under uniaxial compression, the equation 

suggested by Saenz (1964) is adopted following Chen (1982):  
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=                                                                      (8.1) 

 

in which σ and ε are the compressive stress and strain respectively, σp and εp are 

respectively the experimentally determined maximum stress and the corresponding 

strain, and α is an experimentally determined coefficient representing the initial 

tangent modulus. In this study, α was set to be equal to the elastic modulus of the 

concrete Ec and the ACI 318 (2002) equation was used to estimate Ec from the 

cylinder compressive strength (i.e. '4730 cc fE =  in MPa); σp and εp were set to be 

equal to  fc
’ and 0.002 respectively. 

 

For concrete under uniaxial tension, the tension softening curve of Hordijk (1991) 

which was derived based on an extensive series of tensile tests of concrete are 

employed following Jendele and Cervenka (2006):  
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where wt is the crack opening displacement, wcr is the crack opening displacement at 

the complete release of stress or fracture energy, σt is the tensile stress normal to the 

crack direction, and ft is the concrete tensile strength under uniaxial tension. GF is the 

fracture energy required to create a stress-free crack over a unit area, and c1=3.0 and 

c2=6.93 are constants determined from tensile tests of concrete. In FE modeling, if 

no test data are available,  ft and GF may be estimated from the following CEB-FIP 

(1993) equations: 
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where da is the maximum aggregate size. In the present study, it is assumed that da = 

20 mm if there are no further test data. It should be noted that in Eq (8.5), if '
cf  and 

da have units of MPa and mm respectively, FG  has a unit of Nm/m2 (Bazant and 

Becq-Giraudon 2002).  

 

The stress-displacement curve defined by Eqs. (8.2)-(8.5) can be transformed into a 

stress-strain curve according to the crack band model using Eq. (2.22). In ABAQUS, 

the crack band width hc is defined to be the characteristic crack length of an element. 

In the present study, the recommendation for estimating crack band widths made by 

Rots (1988) is followed. For instance, the characteristic crack length of a plane stress 

four-node square element was taken to be e2 , where e is the length of the square 

element. 
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To model the shear-resistance degradation behaviour of the cracked concrete, the 

following shear retention model is adopted in the present FE model following Rots 

(1988): 

 

,
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where crε is the principal concrete cracking strain, which can be related to the crack 

opening width  [Eq. (8.2)] using the crack band model; tw ,cr uε  is the maximum 

principal concrete cracking strain corresponding to the crack opening width  [Eq. 

(8.2)] at which the complete release of stress or fracture energy is achieved; and n  is 

a parameter used to define the speed of shear resistance degradation in cracked 

concrete.  

crw

 

Eq. (8.6) implies that shear resistance degradation depends mainly on the principal 

cracking strain crε as well as the maximum principal crack strain ,cr uε  although some 

other researchers have shown that shear resistance degradation may also be affected 

by shear deformation (An et al. 1997; Meakawa et al. 2003). However, the shear 

retention model of Eq. (8.6) is still adopted in the present FE model mainly because 

the proposed FE model is primarily aimed at modelling the shear behaviour of 

strengthened RC beams with a relatively large shear span-to-depth ratio where the 

shear failure is caused by/associated with the development of one a more dominant 

diagonal tension cracks. Sato et al. (2004) showed that in a beam with shear tension 

failure, the crack opening displacement (normal to the crack) dominates the crack 
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deformation and the effect of shear deformation is insignificant. It was also shown 

by Sato et al. (2004) that when shear compression failure occurs, the effect of shear 

deformation may become more significant. Modelling shear failure of FRP-

strengthened RC beams with shear compression failure is beyond the scope of the 

present study. 

 

Eq. (8.6) also means that degradation of shear resistance of cracked concrete is 

strongly affected by the value of n : the larger the n  value, the quicker the 

degradation. Eq. (8.6) with  describes a linear law of degradation in shear 

resistance with respect to the cracking strain 

1n =

crε . Although the mechanism for the 

shear retention of cracked concrete is very complicated and affected by many factors 

such as the concrete strength, concrete aggregate size and concrete mix (An et al. 

1997; Meakawa et al. 2003; Dabbagh and Foster 2006), numerical trials conducted 

in this study found that for shear debonding failure, 2 5n = −  generally leads to good 

predictions and within this range, the differences between the predicted results are 

rather limited as demonstrated later; the same can also be said for shear failure due to 

FRP rupture. For IC debonding, the value of n  has little effect on the predicted 

results and this is chiefly because IC debonding is induced by the critical flexural 

crack which is not affected by the shear retention behaviour of cracked concrete.  As 

a result,  was adopted in all numerical calculations of the presented study 

unless otherwise stated. 

5n =

 

In the present study, it is assumed that the Poisson’s ratio ν = 0.2 and the dilation 

angle ψ = 35o. Numerical results not given herein showed that both parameters have 
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little effect on the numerical predictions if failure is not controled by the 

compressive crushing of concrete [see Appendix 8.1 for more details] 

 

8.3.2 Modelling of Steel and FRP 

 

In the proposed FE model, both the steel and the FRP reinforcements are modelled 

using truss elements (T2D2). The steel reinforcement is assumed to be elastic-

perfectly plastic and the FRP reinforcement is assumed to be linear-elastic-brittle 

with the tensile rupture failure of FRP being defined using the tensile strength 

obtained from flat coupon tests. 

 

8.3.3 Modelling of Bond Behaviour for Steel and FRP 

 

The bond behaviour between internal steel reinforcement (both longitudinal bars and 

stirrups) and concrete is modelled using the interfacial element COH2D4 in 

ABAQUS. In the direction parallel to the concrete-steel bar interface, the properties 

of the interfacial elements are defined using the CEB-FIP (1993) bond-slip model. 

An example of the CEB-FIP (1993) steel-concrete bond slip relationship is shown in 

Fig. 8.1(a) for fc
’ = 30 MPa. It should be noted that the CEB-FIP (1993) model 

specifies the unloading branch for cyclic loading, but in the present FE model, a 

damage evolution law is defined such that the bond-slip curve unloads linearly 

through the origin [Fig. 8.1(a)] for simplicity. This treatment was found to have 

insignificant effect on the numerical results until the peak load of the beam is 

reached as the concrete-to-steel bar interface is unlikely to experience significant 

unloading before the peak load is reached. In the direction normal to the interface, it 
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is assumed that there is no relative displacement between the steel reinforcement and 

the concrete. 

 

The bond behaviour between FRP and concrete is modelled also using the interfacial 

element COH2D4 in ABAQUS. Along the interface, the properties of the interfacial 

elements are defined using the simplified bond-slip model for FRP externally bonded 

to concrete developed by Lu et al. (2005). Chen et al. (2007) showed that pre-

damage to the FRP-to-concrete bonded interface may have a considerable effect on 

the performance of the FRP-to-concrete interface between two adjacent cracks. The 

same damage evolution law as for the steel-to-concrete interface is thus adopted in 

the present FE model so that the bond-slip curve unloads linearly through the origin 

after the interface enters the softening range [Fig. 8.1(b)]. Normal to the interface, 

the interface elements are assumed to behave linear elastically with the normal 

stiffness estimated from the stiffness of the adhesive layer. The constitutive 

behaviour of the cohesive element is so defined that interaction between the two 

directions (i.e. normal and shear directions) is not considered. As a result, the 

occurrence of IC debonding and shear debonding depends only on the bond-slip 

behaviour along the FRP-to-concrete bonded interface. 

 

8.3.4 Numerical Solution Method 

 

The proposed FE model is solved using a dynamic approach as explained in detail in 

Chapter 10. This dynamic approach is based on an implicit time integration method 

[i.e. the Hilber-Hughes-Taylor α method (Hilber 1976) available in ABAQUS 6.5 

(2004). The dynamic approach has two advantages over a static solution method for 
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an essentially static structural response problem of RC members involving concrete 

cracking and associated phenomena such as debonding: (a) the overall static 

response can be accurately obtained without the convergence difficulties generally 

encountered by a standard static solution method [e.g. the displacement control 

method and the arc-length method; refer to Crisfield (1991,1997) for more details]; 

and (b) the local dynamic events due to concrete cracking can be properly captured. 

 

8.4 VERIFICATION OF THE PROPOSED FE MODEL I: IC DEBONDING 

 

8.4.1 Numerical Examples 

 

As the first step of verifying the accuracy of the proposed FE model for predicting 

debonding failures in FRP-strengthened RC beams, a number of laboratory tests on 

IC debonding failures from various sources were simulated using the proposed FE 

model. In this section, numerical results for eight beam specimens from two different 

sources are presented to illustrate the accuracy of the proposed FE model for 

modelling IC dedonding. Five of these specimens are from Matthys (2000) which 

include two control RC beams and three FRP-strengthened RC beams that failed by 

IC debonding; three of the specimens are from Brena et al. (2003) including one 

control RC beam and two FRP-strengthened RC beams that failed by IC debonding. 

Details of these specimens are given in Table 8.1.  These specimens were chosen 

because the test data of these beams are clearly reported in the relevant publications. 

These test specimens covered a wide range of the following parameters: (a) 

specimen dimensions including different shear span ratios; (b) material properties; 

and (c) strengthening configurations (e.g. different width ratios between the FRP 

 335



plate and the beam). The FE model was also employed to predict the crack spacings 

and widths of several test specimens with or without FRP strengthening to evaluate 

the capability of the FE model in predicting localized concrete cracking.  

 

8.4.1.1 Beam specimens of Matthys (2000) 

 

Matthys et al. (2000) tested a series of beams to study the debonding behaviour of 

FRP-strengthened RC beams; these beams included two control beams BF1 and BF7, 

and seven beams strengthened in flexure with FRP including beams BF2-BF6, BF8 

and BF9. Beams BF4, BF5 and BF6 were pre-cracked, preloaded or anchored at the 

plate end respectively; FE modelling of these beams is beyond the scope of the 

present study. Therefore, only two control beams (BF1 and BF7) and four FRP-

strengthened RC beams (BF2, BF3, BF8 and BF9) were analyzed here to verify the 

accuracy of the proposed FE model in predicting IC dedonding. The numerical 

results of BF3 are not presented herein because both the test and the predicted results 

are nearly identical to those of BF2. Details of beams BF1, BF2, BF7, BF8 and BF9 

are given in Table 8.1. 

 

For each of the above beams, only half of the specimen was modelled by taking 

advantage of symmetry.  A mesh convergence study (see Appendix 8.2) showed that 

the numerical results (e.g. the predicted load-displacement curve, crack pattern and 

FRP debonding strain) change only very slightly when the maximum concrete 

element size is below 20 mm. As a result, a maximum element size of 10 mm was 

used for the concrete in the numerical simulations. Matching element sizes were 

chosen to represent the FRP and the steel reinforcements. All the discussions 
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presented below are based on the numerical results obtained from the FE model with 

a concrete element size of 10 mm if not otherwise stated. 

 

Fig. 8.2 shows that the test load-displacement curves are accurately predicted by the 

proposed FE model. The predicted load-carrying capacities of beams BF1, BF2, BF7, 

BF8 and BF9 are 142.62 kN, 186.68 kN, 75.51 kN, 114.55 kN and 94.06 kN 

respectively, which are close to the test values of 144.2 kN, 185.0 kN, 80.7 kN, 

111.3 kN and 95.08 kN (Matthys 2000), with the percentage differences being 1.1%, 

0.91%, 6.4%, 2.9% and 1.8% respectively. The predicted displacements at the 

ultimate state (i.e. at the peak load) are also very close to the test values. Figs. 8.3(a)-

8.3(e) show that the predicted crack patterns at the ultimate state for beams BF1, 

BF2, BF7, BF8 and BF9 also match well with the corresponding experimental crack 

patterns at the ultimate state shown in Matthys (2000). Fig. 8.4(a) shows the strain 

distributions in FRP at the ultimate state for the three FRP-strengthened RC beams 

(i.e. BF2, BF8, BF9), with the corresponding interfacial shear stress distributions 

shown in Fig. 8.4(b). The test maximum values of FRP strain are also shown in Fig. 

8.4(a) as dashed lines for comparison. The predicted maximum FRP strain values of 

beams BF2, BF8, BF9 are 70 ,  and 10392 respectively, providing 

accurate predictions of the test maximum strain values of 67 ,  and 

. The predicted maximum FRP strain value is always slightly larger than 

the corresponding test value, which is reasonable given the highly non-uniform 

strain distributions [Fig. 8.4(a)] and the limited number of strain gauges used for 

measuring FRP strains (Matthys 2000). From Fig. 8.4 it can also be seen that at the 

ultimate state, debonding of the FRP has initiated around the location under the 

loading point and has already propagated by a certain distance towards the plate end; 

08 µε 6653 µε  µε

00 µε 5800 µε

10000 µε
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the debonded regions can be identified from the regions of constant FRP strain in Fig. 

8.4(a), or the corresponding regions of zero shear stress in Fig. 8.4(b). The numerical 

results given in Figs. 8.2-8.4 clearly demonstrate that the proposed FE approach is 

capable of predicting the correct failure mode (i.e. IC debonding). Furthermore, it 

provides reasonably accurate predictions of the load-carrying capacities and the 

maximum values of the axial strain in the FRP plate at debonding failure. 

 

8.4.1.2 Beam specimens of Brena et al. (2003) 

 

Three beam specimens in Brena et al. (2003), including one control beam C and two 

FRP-strengthened RC beams C2 and D2 that failed by IC debonding, were analysed 

using the proposed FE model. The FE results are presented herein to further verify 

the capability of the FE model in accurately predicting IC debonding failure. Details 

of these beams are given in Table 8.1. A maximum element size of 15 mm was used 

for the concrete in modelling these three beams based on a mesh convergence study 

similar to that presented in Appendix 8.2. Matching element sizes were chosen to 

represent the FRP and the steel reinforcements. The numerical results are presented 

in Figs. 8.5-8.7 for these beams in the same fashion as in Figs. 8.2-8.4 for the beams 

of Matthys (2000)  

 

Figs. 8.5-8.7 show that the proposed FE approach is capable of correctly predicting 

the failure mode (i.e. IC debonding) and providing accurate predictions of the 

ultimate loads as well as the maximum values of the axial strain in the FRP plate at 

debonding failure. It should be noted that Brena et al. (2003) did not report the 

experimental crack patterns of the beams but indicated that debonding failures were 
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caused by the main flexural crack located near a loading point and propagated 

towards a plated end. Numerical results not presented here showed that the predicted 

IC debonding failure was caused by the widening of the critical flexural crack at 

about 200 mm from the mid-span [one of the two main flexural cracks in the 

constant moment region, which is close to a loading point, as shown in Figs. 8.6(b) 

and 8.6(c)] of the beam for both FRP-strengthened RC beams (i.e. C2 and D2), 

showing close agreement with the test observations.  

 

8.4.2 Role of Bond Modelling in Predicting IC Debonding 

 

The importance of properly modelling the bond behaviour between FRP and 

concrete in the accurate prediction of IC debonding is obvious and has already been 

pointed out by many previous researchers (e.g. Wong and Vecchio 2003; Teng et al. 

2004; Niu and Wu 2005; Pham and Al-Mahaidi 2005; Niu and Wu. 2005; Neale et al. 

2006; Baky et al. 2007; Lu et al. 2007; Smith and Gravina 2007; Niu and Karbhari 

2008). However, the importance of accurate modelling of the bond behaviour 

between steel bars and concrete has not been well recognized by most of the 

previous researchers. As a result, some researchers, like Lu et al. (2007) and Neale 

(2006) (also Baky et al. 2007), employed a dual debonding criterion (or a similar 

approach) to enable IC debonding to be accurately predicted, but the crack pattern 

and widths predicted by such an FE model are still inaccurate, as already discussed 

in Chapter 2. The role of modelling the bond behaviour between steel bars and 

concrete is discussed below to highlight the significant effect of this aspect of 

modelling on the accurate modelling of IC debonding. 
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Three beam specimens, namely BF1, BF2 and BF8 tested by Matthys (2000), are 

considered herein as representative beams of three common situations: (1) beam BF1 

which represents RC beams failing in flexure, (2) beam BF2 which represents FRP-

strengthened RC beams where concrete compressive crushing failure (at the 

compressive face of the beam) occurs soon after IC debonding, (3) beam BF8 which 

represents FRP-strengthened RC beams where IC debonding occurs well before 

compressive crushing of concrete. Among the specimens analysed for IC debonding, 

beams BF1, BF7 and C belong to the first situation, beams BF2 and BF9 belong to 

the second situation, and beams BF8, C2 and D2 belong to the last situation. 

 

For each of above situations, results from three modelling approaches are compared. 

In the first approach, the proposed FE model is directly used, so the bond behaviour 

between concrete and both steel and FRP reinforcements are properly modelled. The 

second approach differs from the first approach in that perfect bond is assumed 

between tension steel bars and concrete. The third approach differs from the second 

approach in that the effect of bond between tension steel bars and concrete is 

approximated using the tension stiffening model of Bentz (2005) for the concrete 

surrounding the tension bars. Bentz’s (2005) tension stiffening model is adopted 

because this model is based on a large experimental database from different research 

groups and reflects the effect of the amount of steel bars on the tension stiffening of 

concrete reasonably. For the concrete away from the tension bars, the concrete is 

modelled as plain concrete, and the modelling approach of the proposed FE model is 

used. The numerical results from these three modelling approaches are compared in 

Figs. 8.8-8.13 and discussed next. 
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Numerical results not presented here showed that for beam BF1, the three 

approaches lead to very similar predictions for the load-displacement curve, with all 

three predicted curves being close to the test load-displacement curve. Fig. 8.8(a) 

shows that for beam BF2, the load-carrying capacity and the corresponding 

displacement predicted by the second approach (with perfectly bonded tension bars) 

are nearly the same as those predicted by first approach (the proposed FE model), 

but the second approach predicts a slightly larger stiffness. Fig. 8.8(a) also shows the 

load-carrying capacity predicted by third approach (the tension stiffening model) is 

187.36 kN which is slightly larger than that predicted by the first approach (i.e. 

186.68 kN), both being close to the test value of 185 kN. Nevertheless, it should be 

noted that the displacement at the ultimate load predicted by the third approach is 

29.66 mm which is apparently smaller than the test value of about 33 mm. The third 

approach also predicts a stiffness that is slightly larger than that from the first 

approach. Fig. 8.8(b) shows that for BF8, the three approaches lead to quite similar 

predictions for the load-displacement response before the experimental failure load 

with the second and third approaches predicting a slightly larger stiffness. However, 

the three approaches lead to significantly different load-carrying capacities and 

corresponding displacements: the load-carrying capacities predicted by the three 

approaches are 114.55 kN, 123. 02 kN and 130.82 kN for the first, second and third 

approaches respectively, with the value predicted by first approach (the proposed FE 

model) being the most accurate and closest to the test value of 111.3 kN. The 

predicted displacements at the ultimate state are 26.35 mm, 30.81mm and 33.22 mm 

for the first, second and third approaches respectively, with the value predicted by 

the first approach (the proposed FE model) being the most accurate and the closest to 

the test value of about 25 mm. 
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Figs. 8.9-8.10 show the predicted crack patterns at the ultimate state for beams BF2 

and BF8 respectively. Because the crack patterns predicted by the proposed FE 

model for these two specimens are already shown in Fig. 8.3, only the crack patterns 

from the second approach and the third approach are shown in Figs. 8.9-8.10. 

Compared with the crack patterns predicted by the proposed FE model [shown in 

Figs. 8.3(b) and 8.3(d) for specimens BF2 and BF8 respectively], a significant 

feature of the crack patterns predicted by the second approach and the third approach 

is that more secondary cracks exist near the beam soffit (Figs. 8.9-8.10). As a result, 

the crack deformations near the beam bottom are less localized (or more smeared) as 

confirmed by the predicted crack width development shown in Fig. 8.11 and 

discussed below; this phenomenon has a significant effect on the accurate prediction 

of IC debonding failure as already discussed above (see Subection 8.2). Another 

feature is that the perfect bond assumption for tension bars leads to closer crack 

spacings for the main flexural cracks [Fig. 8.9(a) versus Fig 8.3(b); Fig. 8.10(a) 

versus Fig 8.3(d)], which also has a significant effect on the prediction of IC 

debonding according to the studies of Teng et al. (2006) and Chen et al. (2007). 

Numerical results not presented here showed that the perfect bond assumption has a 

similar effect on the predicted crack patterns of beam BF1 (i.e. RC beam). 

 

Figs. 8.11(a)-8.11(b) show that the crack width development curves of the critical 

flexural crack predicted by the proposed FE model are very close to those from the 

tests (Matthys 2000). By contrast, the crack width development curves predicted by 

the second and third approaches differ substantially from the test curves. The second 

and third approaches predict a much slower crack width development compared with 
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the prediction of the proposed FE model. This is mainly because both the perfect 

bond assumption and the tension stiffening model tend to prevent cracks from being 

localized and facilitate the formation of many secondary cracks (Figs. 8.9-8.10). As 

a result, the second and third approaches normally give poor predictions of IC 

debonding which is driven directly by the widening of the critical flexural crack; 

they always overestimate both the load-carrying capacity and the corresponding 

displacement as shown Fig. 8.8(b) unless IC debonding is immediately followed by 

concrete compression failure (or other failure modes such as FRP rupture). 

Obviously, if IC debonding is followed immediately by another failure mode, the 

load-carrying capacity and the corresponding displacement are controlled by the 

subsequent failure mode, the three approaches lead to similar predictions such as for 

beam BF2 shown in Fig. 8.8(a). 

 

It is of interest to note that when IC debonding occurs, the crack opening of the 

critical flexural crack [Figs. 8.11(a) and 8.11(b)] is nearly double the slip at which 

the bond stress of the bond-slip curve is almost reduced to zero [Figs. 8.1(b)]. It 

should be noted that this is only a qualitative observation as IC debonding is not only 

affected by the crack opening width but also by many other factors (i.e. crack 

spacing, the development of adjacent flexural cracks) as shown by Teng et al. (2006) 

and Chen et al. (2007). Numerical results not presented here showed that the 

proposed FE model is also capable of accurate prediction of crack width 

development in beam BF1 (i.e. RC beam). 

 

Figs. 8.12(a)-8.12(b) show the predicted concrete compressive strain development in 

the critical zone for beams BF2 and BF3 respectively. From these figures, the failure 
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processes of these two beams are clearly demonstrated. For beam BF2, it can be said 

that concrete compressive failure dominates the failure process as all of the three 

approaches predict a large maximum concrete compressive strain (e.g. ) 

before ultimate failure by IC debonding; the predicted strains are larger than strain 

values commonly used in design to define the limit of concrete compression failure 

[e.g. 35 according to Teng et al. (2002b)]. For beam BF8, the failure process 

involves IC debonding followed by concrete compression failure of the residual RC 

beam. It is of interest to note that at the IC debonding failure, the proposed FE model 

predicts a maximum concrete compressive strain of about 1400 , much less than 

the limit of concrete compression failure. For beam BF1, numerical results not 

presented here showed that the failure process involves yielding of tension bars 

followed by concrete compressive failure, which is a typical RC beam flexural 

failure mode. 
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Figs. 8.13(a) and 8.13(b) show the predicted FRP strain distributions at the ultimate 

state for beams BF2 and BF8 respectively. Fig. 8.13(a) shows that for beam BF2 

where concrete compressive failure dominates the failure process, the differences in 

the predicted maximum FRP strain are very limited between the different modelling 

approaches, but the one predicted by the proposed FE model ( ) is still the 

most accurate and the closest to the test value of 67 . Fig. 8.13(b) shows that 

for beam BF8 where IC debonding occurs much earlier than the subsequent concrete 

compressive failure, the three different modelling approaches lead to significantly 

different predictions for the FRP maximum strain: the predicted maximum FRP 

strains are 6653 µ ,  and 8923 µ respectively, with the value predicted by 

6999 µε

00 µε

ε 7996 µε ε
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the proposed FE model being the most accurate and closest to the test value of 

. 5800 µε

 

8.5 VERIFICATION OF THE PROPOSED FE MODEL II: SHEAR 

FAILURE DUE TO FRP DEBONDING 

 

8.5.1 Numerical Examples 

 

As the second step of verification, the proposed FE model was employed to simulate 

a large number of tests of FRP-strengthened RC beams which failed in shear, 

including the beams reported in Chapter 3 of the thesis. Table 8.2 provides a 

summary of these specimens as well as their failure modes and failure loads. As can 

be seen from Table 8.2, the proposed FE model can accurately predict the load-

carrying capacities of both RC beams and strengthened RC beams, and their failure 

modes including shear tension failure of RC beams as well as shear failure due to 

FRP debonding and shear failure due to FRP rupture of strengthened RC beams. 

 

The specimens listed in Table 8.2 were chosen because their failure modes and other 

details, including dimensions and material properties of the FRP reinforcement, the 

internal steel reinforcement and the concrete, are clearly reported in the relevant 

publications. A comparison between the FE predictions and the test results of four of 

the beams listed in Table 8.2, with or without FRP shear strengthening, are presented 

next as examples to demonstrate the capability of the proposed FE model in 

modelling shear failure due to FRP debonding (i.e. shear debonding), while the 

capability of the proposed FE model in modelling FRP rupture failure will be 
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demonstrated in the next chapter (Chapter 9). Details of the four beams are 

summarized in Table 8.3. For the other specimens given in Table 8.2 (which are 

neither discussed below nor presented in Chapter 9), their predicted load-

displacement curves are presented in Appendix 8.3 as additional information.  

 

A mesh convergence study similar to that for IC debonding modelling (Appendix 8.2) 

was conducted. The study showed that for all the specimens modelled, there were 

little differences in both the predicted overall load-displacement response and the 

predicted crack pattern at failure when the element size was equal to or smaller than 

10mm for meshes with square elements. All the numerical results presented in this 

chapter were obtained using four node square plane stress elements with an element 

size of about 10 mm if not otherwise stated. 

 

8.5.1.1 Beams BS3 and BS5 of Matthys (2000)  

 

Specimens BS3 (the control beam) and BS5 (the strengthened beam) tested by 

Matthys (2000) were successfully simulated using the proposed FE model; both 

beams are reinforced with steel stirrups (Table 8.3). The predicted failure modes are 

respectively shear tension failure (BS3) and shear failure caused by debonding of the 

critical FRP U-strips [the left and middle U-strips in Fig. 8.15(b)] from the beam 

sides at the peak load, which are in agreement with the test results reported by 

Matthys (2000). Figs. 8.14(a) and 8.14(b) show the predicted load-displacement 

curves for specimens BS3 and BS5 respectively with different  values for the shear 

retention factor [Eq. (8.6)]. Clearly the value of n  has a significant effect on the 

predicted shear failure for both the RC beam and the strengthened RC beam [Figs. 

n
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8.14(a) and 8.14(b)]. However, for both beams BS3 and BS5, varying n  from 2 to 5 

has almost no effect on the ascending branch of the predicted load-displacement 

curve and little effect on the predicted failure load, and the predictions are in close 

agreement with the test results. Although the value for n  for accurate predictions 

may vary with a number of factors such as the mix design of the concrete as 

mentioned above (Subsection 8.3.1), it appears that n 5=  leads to predictions close 

to test results for both specimens with and without FRP shear reinforcement. 

Numerical results not presented here showed that this conclusion is also applicable 

to specimens from other sources examined in this study, including those without 

steel stirrups.  was thus adopted in all the numerical simulations reported in this 

chapter if not otherwise stated as mentioned earlier. 

5n =

 

Figs. 8.15(a) and 8.15(b) show the predicted crack patterns for beam BS3 and BS5 

respectively, which are in close agreement with the test results reported by Matthys 

(2000). Figs. 8.16(a)-8.16(c) present numerical results to examine the interfacial 

behaviour for the middle FRP U-strip, which is one of the critical FRP U-strips. Fig. 

8.16(a) shows the strain distributions in FRP at different load levels (defined by 

displacements at mid-span), Fig. 8.16(b) shows the corresponding interfacial stress 

distributions, and Fig. 8.16(c) shows the corresponding interfacial slip distributions. 

From Fig. 8.16(a) it can be clearly seen that the predicted maximum FRP strain is 

9480 µε which is in close agreement with the maximum test value of about 9900µε 

(Matthys 2000). Fig. 8.16(a) also shows that except for the initial stage (i.e. at a mid-

span displacement less than or equal to 11.3mm), the maximum strain in FRP is 

always at about 300 mm above the beam soffit where the FRP U-strip is intersected 

by the dominant shear crack [Fig. 8.15(b)]. Figs. 8.16(a)-(b) indicate that at a mid-
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span displacement (referred to as displacement hereafter if not otherwise stated) of 

16.2 mm, FRP debonding initiates at about 325 mm above the beam soffit, and at a 

displacement of 17.1 mm which corresponds to the ultimate state (i.e. the peak point 

of the load-displacement curve), FRP debonding has propagated by about 50 mm 

towards both the top edge of the FRP U-strip and the beam soffit respectively, as 

revealed by the region of constant strain in FRP [Fig. 8.16(a)], and/or the region of 

zero interfacial shear stress [Fig. 8.16(b)]. Fig. 8.16(c) shows that the initiation and 

propagation of FRP debonding are associated with a large interfacial slip (i.e. > 0.33 

mm) which in turn is caused by the large crack opening displacement of the critical 

shear crack; further analyses showed that the crack opening displacement is nearly 

equal to the sum of the absolute values of the two maximum interfacial slips on the 

two opposite sides of the critical shear crack. These results confirm the previous 

assertion (see Subsection 8.2) that accurate modelling of the local crack deformation 

is critically important for the accurate prediction of debonding failure.  It should be 

noted that at the ultimate state, the FRP U-strip has not yet fully debonded; full 

debonding of this U-strip is not achieved until a displacement of 17.5 mm [Figs. 

8.16(a)-(c)]. 

 

8.5.1.2 Beams SO3-1 and SO3-2 of Khalifa and Nanni (2002) 

 

Numerical results for specimens SO3-1 (the control beam) and SO3-2 (the 

strengthened beam) tested by Khalifa and Nanni (2002) are shown in Figs. 8.17-8.19 

in a similar fashion to that of Figs. 8.14-8.16. It should be noted that the two beams 

(i.e. specimens SO3-1 and SO3-2) have no steel stirrups (Table 8.3). Again it can be 

seen that the failure modes (i.e. shear tension failure for SO3-1 and FRP debonding 
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failure for SO3-2), load-displacement responses, crack patterns and interfacial 

responses are well predicted by the proposed FE model. In particular, the predicted 

maximum strain in FRP is 4950µε which is in close agreement with the maximum 

test strain of about 4700 µε (Khalifa and Nanni 2002). 

 

8.5.2 Role of Bond Modelling in Predicting Shear Debonding 

 

In this subsection, the role of accurately modelling the bond between FRP and 

concrete, between tension bars and concrete, and between steel stirrups and concrete 

in predicting shear debonding failures of RC beams shear-strengthened with FRP is 

examined in detail using the proposed FE model. Two strengthened beams, viz. 

beams BS5, SO3-2, are used as the reference beams in the discussions presented 

below. 

 

8.5.2.1 Effect of bond between FRP and concrete 

 

It may be noted that it was common to assume that the FRP is perfectly bonded to 

the substrate concrete in early FE analyses of RC beams shear-strengthened with 

FRP [e.g. Kaliakin et al. (1996); Arduini et al. (1997); Vecchio and Bucci (1999); 

Lee et al. (2000); Kachlakev et al. (2001)]. Obviously, a finite element model with 

this perfect bond assumption cannot predict shear debonding as a failure mode. 

Numerical results not presented here [see Chen et al. (2009) for further details] 

confirmed the intuitive expectation that the assumption generally leads to 

overestimation of the shear capacity of RC beams shear-strengthened with FRP, with 

the degree of overestimation being related to the amount of FRP and other properties 
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of the beam. Furthermore, without proper modelling of the bond between FRP and 

concrete, the predicted crack pattern is also likely to be inaccurate; as a result, the 

shear debonding failure cannot be accurately predicted. 

 

8.5.2.2 Effect of bond between steel tension bars and concrete 

 

Beam BS5 was predicted to fail in shear due to FRP debonding [starting from the left 

FRP U-strip in Fig. 8.15(b)] when the steel tension bars are assumed to be perfectly 

bonded to the concrete [Fig. 8.20(a)]. However, the load-carrying capacity of the 

beam with perfectly bonded tension bars is lower than the test value [Fig. 8.20(a)]. 

Fig. 8.20(b) shows the predicted crack pattern at the ultimate state based on the 

perfect bond assumption for the tension bars. In comparison with Fig. 8.15(b) where 

the results were obtained with proper modelling of the bond between steel bars and 

concrete (i.e. normally bonded tension bars), the perfect bond assumption for tension 

bars results in steeper and more distributed diagonal cracks. As one of these steeper 

shear cracks later becomes the critical shear crack, the shear capacity is reduced 

(because fewer FRP strips are intersected by the steeper critical shear crack). The 

steeper critical shear crack means that fewer FRP strips contribute to the shear 

capacity of the strengthened beam, leading to a lower predicted load-carrying 

capacity of the beam.  

 

Beam SO3-2 was predicted to fail in shear due to FRP debonding at a load much 

higher than the test value when the steel tension bars are assumed to be perfectly 

bonded to the concrete [Fig. 8.21(a)]. Although both the beam with normally bonded 

tension bars and the beam with perfectly bonded steel tension bars were predicted to 

 350



fail in the same mode, the failure load of the latter is much higher than the former. 

This may be explained by examining the crack pattern at the ultimate state as shown 

in Fig. 8.21(b) for the latter and Fig. 8.18(b) for the former. It is seen that although 

the angle of the critical shear crack remains nearly unchanged (different from 

situation with specimen BS5), the assumption of perfectly bonded steel tension bars 

results in many more distributed diagonal cracks [Fig. 8.21(b)] than the same bars 

with normal bond [Fig. 8.18(b)]. The more distributed diagonal cracks lead to 

narrower cracks especially for the critical shear crack at the same mid-span 

displacement of the beam. As a result, the FRP debonding failure is delayed due to 

the slower widening of the critical shear crack and the load-carrying capacity of the 

beam is thus increased. The increased shear capacity of the beam may also be 

attributed to an increased contribution from the concrete due to narrower cracks 

associated with the perfect bond assumption for steel tension bars. 

 

From the above discussion, it may be concluded that the bond between the 

longitudinal steel tension bars and the concrete also has a significant effect on the 

shear capacity of RC beams shear-strengthened with FRP. An increase of the bond 

strength between them can either increase or decrease the shear capacity. This effect 

is thus complex and requires further investigation. 

 

8.5.2.3 Effect of bond between steel stirrups and concrete 

 

The effect of the bond between the steel stirrups and the concrete is examined herein 

using specimen BS5 as a reference beam. Four cases are considered, in which the 

stirrups are assumed to be: 
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(a) unbonded; 

(b) weakly bonded to the concrete, with the bond behaviour being that depicted by 

the CEB-FIP (1993) plain bar-concrete bond-slip relationship [see Fig. 8.1(a)]; 

(c) strongly bonded to the concrete, with the bond behaviour being that depicted by 

the CEB-FIP (1993) deformed bar-concrete bond-slip relationship [see Fig. 

8.1(a)]; and 

(d) perfectly bonded to the concrete. 

In all four cases, the two ends of the stirrups are tied to the compression and tension 

longitudinal bars respectively. 

 

For all four cases, the failure mode predicted by the FE model is shear failure due to 

FRP debonding. Fig. 8.22(a) shows the predicted load-displacement curves for all 

four cases. The first notable observation from this figure is that the predicted peak 

load for the case of weakly bonded stirrups is the lowest, but for the other three cases 

the predicted peak loads are similar. The assumed bond condition of the stirrups has 

almost no effect on the predicted load-displacement behaviour until the first main 

diagonal crack appears at a shear force of about 140kN and a mid-span displacement 

of about 11 mm. The curves diverge after that [Fig. 8.22(a)]. They show that the 

effects of the bond condition of the stirrups are complex in the sense that there is not 

a simple relationship between the bond condition and the shear capacity of the beam. 

The same can be said for the predicted crack pattern at the ultimate state [Figs. 

8.22(b-e)]. 

 

For reference specimen BS5, the shear capacity of the beam consists of contributions 

from the concrete, the internal steel stirrups and the external FRP U-strips at the 
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ultimate state. All these components are directly affected by the crack pattern. The 

bond condition of the stirrups affects the crack pattern in a complex manner, making 

it difficult to quantify its effect on each of the components and thus the total shear 

capacity of the beam. 

 

The reference specimen BS5 had three stirrups and three FRP U-strips within the test 

shear span (Fig. 8.22). Figure 8.23 shows the development of stresses in all the 

stirrups and FRP U-strips at locations intersected by the main diagonal crack. The 

stresses in all the stirrups and FRP U-strips are minimal before the main diagonal 

crack appears. The main diagonal crack appears at a mid-span displacement between 

10 to 11mm for all four cases as shown in Fig. 8.23(b). This is signified by the 

sudden increase of stress in the stirrups and FRP U-strips (Fig. 8.23) and the change 

of slope in the load-displacement curves for all the cases except that of perfectly 

bonded stirrups (Fig. 8.22). 

 

For the case of unbonded stirrups, the main diagonal crack intersects the middle and 

right stirrups and the middle and right FRP U–strips at a mid-span displacement of 

about 11mm [Figs. 8.23(b), (c), (e), (f)] and then intersects the left stirrups and the 

left FRP U-strip at a mid-span displacement of about 12mm [Figs. 8.23(a) and 

8.23(d)]. The appearance of the main diagonal crack is signified by a sudden drop of 

the load on the load-displacement curve at about 11mm in Fig. 8.22(a). The shear 

force carried by the concrete is reduced when a diagonal crack appears. Part of the 

force released by the concrete is transferred to the FRP U-strips and the steel stirrups. 

Because the stirrups are not bonded to the concrete, a wide crack is needed for them 

to deform sufficiently to resist a significant amount of force. This explains why the 
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force released by the concrete cannot be immediately balanced by the resistance 

offered by the FRP U-strips and the steel stirrups, leading to a drop on the load-

displacement curve. On the load-displacement curve in Fig. 8.22(a), a second drop 

occurs when the peak load of the beam is reached at a displacement of about 17mm 

due to the rapid propagation of the main diagonal crack towards both the loading and 

supporting positions, leading to the partial local compressive failure of the concrete 

near the loading point [Fig. 8.22(b)]. This is also reflected by the small kinks in the 

corresponding stirrup and FRP stress curves in Fig. 8.23. The left and right stirrups 

reach 70% and 57% of the yield stress respectively whilst the middle stirrup has 

yielded at this ultimate state. Gradual debonding of the right FRP strip occurs at a 

displacement of 19.3mm leading to a decrease of the load. This is followed by the 

complete debonding of the middle FRP strip at 20.7mm and the left FRP strip at 

22.6mm, accompanied by an increase of stress in the left stirrup. 

 

For the case of weakly bonded stirrups, the main diagonal crack first intersects the 

middle stirrup and the middle FRP U-strip at a displacement of about 11mm and 

then intersects the left and right stirrups and the left and right FRP U-strips almost 

simultaneously at a displacement of 12.3mm (Fig. 8.23). The peak load is reached at 

this stage. It is important to note that when the peak load is reached the middle 

stirrup has only reached about 50% of the yield stress and the middle FRP U-strip 

has only reached a stress which is about half of the maximum stress it experiences 

during the whole loading process. The stresses in the other stirrups and FRP U-strips 

are still negligible at the peak load, but they start to develop rapidly thereafter. 

Clearly, the occurrence of the main diagonal crack results in a more significant drop 

of the load-displacement curve in this case [Fig. 8.22(a)] compared with the case of 
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unbonded stirrups as described above. After the load drop, the load increases by a 

small amount when the beam is deformed further (as the beam was loaded using 

displacement control during the analysis). The peak stresses in both the right stirrup 

and the right FRP U-strip [Figs. 8.23(c) and (f)] are simultaneously reached at a 

displacement of 17.3mm where a lower peak load is attained. Concrete cracking 

between the left and the middle stirrups develops rapidly at this stage, leading to a 

further reduction of the shear force carried by the concrete and the overall load. The 

stresses in the right stirrup and the right FRP U-strip start to reduce with the load 

afterwards, but the stresses in the other stirrups and FRP U-strips remain nearly 

constant [Figs. 8.23(a), (b), (d)] or increase slightly [Fig. 8.23(e)] as some of the 

force released by the concrete is transferred to them. The stress in the middle FRP U-

strip peaks at a displacement of 17.7mm [Fig. 8.23(e)]. The final failure of the beam 

is caused by the complete debonding of the left FRP U-strip at a displacement of 

18.4mm. 

 

For the case of strongly bonded stirrups [which is case in the test, see Matthy (2000)], 

the main diagonal crack first intersects the middle and right stirrups and the middle 

and right FRP U-strips at a displacement of 11mm and then intersects the left stirrup 

and the left FRP U-strip at a displacement of about 12 mm. The load-displacement 

curve of this case differs from those of the above cases in that the occurrence of the 

main diagonal crack is only reflected by a change of the slope [Fig. 8.22(a)] rather 

than a load drop. This is probably because the stirrups are better bonded to the 

concrete so the shear force released by the concrete due to cracking can be almost 

immediately transferred to the steel stirrups. It is evident that the main diagonal 

crack is the widest in the middle of the shear span as stresses in the left and right 
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stirrups and the left and right FRP U-strips [Figs. 8.23(a), (c), (d), (f)] increase rather 

slowly. The peak load and the peak stresses in the right stirrup and the right FRP U-

strip are reached at a displacement of 17.1mm. The failure is by the complete 

debonding of the left FRP U-strip at a displacement of 17.71mm immediately 

followed by the complete debonding of the middle FRP U-strip at a displacement of 

17.74mm. Both the left and middle stirrups have reached yielding and the stress in 

the right stirrup has reached about 85% of the yield stress. 

 

For the case of perfectly bonded stirrups, the main diagonal crack first intersects the 

middle stirrup and the middle FRP U-strip at a displacement of 10mm [Figs. 8.23(b), 

(e)], then the left stirrup and the left FRP U-strip at 13mm [Figs. 8.23(a), (d)] and 

finally the right stirrup and the right FRP U-strip at 13.7mm [Figs. 8.23(c), (f)]. The 

occurrence of the main diagonal crack does not produce any visible change in the 

load-displacement curve [Fig. 8.22(a)] because of the assumed perfect bond. It is 

also evident that the main diagonal crack is the widest in the middle of the shear 

span as the stresses in the left stirrup and the left FRP U-strip [Figs. 8.23(a), (d)] 

increase rather slowly, and the rapid increase of stresses in the right stirrup and the 

right FRP U-strip occurs quite late [Figs. 8.23(c), (f)]. At a displacement of about 14 

mm, a secondary diagonal crack in the left half of the shear span has propagated far 

enough to cross the middle stirrup and the middle FRP U-strip and then joins the 

main diagonal crack [Fig. 8.22(e)]. This process leads to a reduction of the stresses 

in the middle and left stirrups and an increase of the stresses in the FRP U-strips [due 

to the effect of multiple cracks (Teng et al. 2006; Chen et al. 2007)]. The middle 

FRP U-strip is completely debonded at a displacement of 17mm [Fig. 8.23(e)] 

leading to a small drop of the load [Fig. 8.22(a)] and further extension of the main 
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diagonal crack towards both sides. As a result, an increase of stress is observed in the 

left [Fig. 8.23(d) and right [Fig. 8.23(f)] FRP U-strips. The peak load is reached [Fig. 

8.22(a)] at a displacement of 19.9mm just before the left FRP U-strip is completely 

debonded from the concrete [Fig. 8.23(d)] and the stress in the right FRP U-strip 

peaks [Fig. 8.23(f)]. All the three steel stirrups have reached yielding at the ultimate 

state.  

 

The peak stress reached in the right FRP U-strip is much higher for both cases of 

perfectly bonded stirrups and unbonded stirrups than the other two cases because for 

the former two cases, the main diagonal crack intersecting the right FRP strip is 

more developed [Figs. 8.22(b) and 8.22(e)]. 

 

In summary, the effect of the bond between the concrete and the steel stirrups is 

complex. It mainly affects the crack pattern and the process of crack propagation in a 

complex manner, which in turn affects the development of stresses in the stirrups 

and the FRP U-strips. There is not a simple relationship between these aspects for 

the reference beam examined. Further research is required to achieve a better 

understanding. 

 

8.6 CONCLUSIONS 

 

Following a critical examination of the limitations of existing FE studies (Chapter 2), 

this chapter has proposed an improved FE model. In the proposed FE model, 

concrete cracking is modelled using the crack band model while the interfacial 

behaviour (between concrete and both internal steel and external FRP reinforcements) 
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is captured using interfacial elements with appropriate bond-slip properties. A 

dynamic approach, which is advantageous over available static solution methods in 

overcoming convergence problems associated with concrete cracking and FRP 

debonding, is used to solve the structural response problem. The numerical results 

obtained for a variety of test specimens have shown that the proposed FE model can 

accurately predict shear debonding failure in RC beams shear-strengthened with FRP 

as well as debonding failure due to a critical intermediate crack (IC) in RC beams 

flexurally-strengthened with FRP. The ultimate load, load-displacement response, 

crack pattern and the strain distributions in the FRP can all be accurately predicted. 

 

Using the above FE model, two parametric studies were conducted to clarify the 

effects of different modelling assumptions for the bond between concrete and steel 

reinforcement on the predicted behaviour of RC beams flexurally-strengthened and 

shear-strengthened with FRP respectively. The following conclusions may be drawn 

from the results of the parametric studies: 

 (b) for FRP-strengthened beams failing by IC debonding, the bond behaviour 

between steel tension bars and concrete has a great effect on the predicted crack 

width/pattern of the critical flexural crack, which in turn has a significant bearing 

on the prediction of  IC debonding. Assuming a perfect bond between them 

generally leads to overestimation of both the load-carrying capacity of the FRP-

strengthened beam and the maximum strain in the FRP. 

(c) for shear-strengthened RC beams failing by FRP debonding, the bond behaviour 

between steel tension bars and concrete has a significant effect on the predicted 

shear capacity of the beam. It affects both the distribution and the angle of the 

diagonal cracks. A stronger bond can either increase the shear capacity of the 
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beam if the number of diagonal cracks is increased but the angle of the main 

shear crack is not significantly affected, or decrease the shear capacity of the 

beam if the angle of the main shear crack is increased. 

(d) for shear-strengthened RC beam failing by FRP debonding, the effect of the bond 

between steel stirrups and concrete is complex. It mainly affects the crack pattern 

in a complex manner, which in turn affects the development of stresses in the 

stirrups and the shear-strengthening FRP. Again, a stronger bond can either 

increase or decrease the shear capacity of the beam. 

 

Apart from the above conclusions, the parametric studies also confirmed the use of 

the tension-stiffening model to represent the behaviour of cracked concrete is 

equivalent to smearing the crack formation within a finite region. As a result, 

tension-stiffening model is not suitable for the accurate modelling of localized 

cracking in concrete and of phenomena affected by such localized cracking. 

 

Whilst the effects of different modelling assumptions for the bond behaviour 

between concrete and steel bars are very complex, a clear conclusion from this study 

is that proper modelling of the bond behaviour of all three types of interfaces (FRP-

to-concrete, stirrup-to-concrete and tension bar-to-concrete interfaces) is essential in 

order to accurately simulate the FRP debonding behaviour of RC beams 

strengthened in either flexure or shear with bonded FRP reinforcement.  
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Table 8.1 Geometrical and Material Properties of Beam Specimens for IC debonding Simulation 

Source Matthys (2000) Brena et al. (2003) 

Specimen      BF1 BF2 BF7 BF9BF8 C C2 D2

Concrete cylinder compressive strength fc
', MPa 33.7 36.5 38.5 39.4 33.7 35.1 35.1 37.2 

Span L/shear span s, mm 3800/1250 3000/1220 
Width bc, mm 200 203 Beam dimensions 

Height hc /effective depth d, mm 450/410 406/368 
Tension bars (deformed) /yield strength fyt, MPa 4Y16/590 2Y16/590 2Y16/440 

Compression bars (deformed)/yield strength fyc, MPa 2Y16/590 2Y9.5/440 
Stirrups Y8@100 (deformed, double legs) Y7@102 (deformed, double legs) 

Yield strength of stirrups fyv, MPa 560 596 
Steel reinforcement 

Elastic modulus of all steel bars Es, GPa 200 200 
Type plate     plate sheet sheet plate

Nominal (fibre) thickness n x tf, mm 1.2 1.2 2x0.111 2x1.04 1.19 
Strip width bf, mm 100 100 100 50 50 

Strip length Lf, mm 3660 3660 3660 2744 2744 
Tensile strength ff, MPa 3200 3200 3500 760 2400 

FRP reinforcement 

Elastic modulus Ef, GPa 

None 

159 

None 

159    233

None 

62 155
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Table 8.2. Comparisons between FE predictions and Test Results 

     Specimen details Test FEAData source 

Specimen 
name 

fc
’

(MPa) 

bc

(mm) 
hc

(mm) 
s 

(mm) 
FRP 

Configuration 
 

Vu,test 

(kN) 
Failure mode  Vu, pret 

(kN) 
Failure 
mode 

,pre ,testu uV V  

US1     N.A.a) 55 Shearc) 55.5 Shear 1.01
US2     N.A.a) 51.5 Shearc) 55.5 Shear 1.08

RS90-1      Side strips Debondingd87.5 ) 94.1 Debonding 1.08

Chaallal et al. (1998) 

RS90-2 

35    

   

150 250 550

Side strips 95 Debondingd) 94.1 Debonding 0.99

BS1      35 N.A.a) 206.3 Shearc) 189.8 Shear 0.92

BS3      37.5 N.A.a) 136.6 Shearc) 145.8 Shear 1.07

BS5       36 U-strips 170 Debondingd) 177.7 Debonding 1.05

Matthys (2000) 

BS7  

   

     34.7

200 450 1250

Wraps 235.5 FRP ruputree) 245 FRP rupture 1.04

SO3-1     N.A.a) 77 Shearc) 75 Shear 0.97

SO3-2     U-strips Debonding131 d) 135.9 Debonding 1.04

SO3-3 

760 

U-strips     133.5 Debondingd) 141.5 Debonding 1.06

Khalifa and Nanni (2002) 

SO4-2 

27.5   

      

150 305

1020 U-strips 127.5 Debondingd) 130.6 Debonding 1.02

P0 N.A.a) 110    Shearc) 114.6 Shear 1.04

PU1 U-strips     142.5 Debondingd) 131.5 Debonding 0.92

PU2 U-strips     130 Debondingd) 126.2 Debonding 0.97

PC1 Wraps     177.5 FRP ruputree) 180.1 FRP rupture 1.01

Diagana et al. (2003) 

PC2

40    

     

130 450 900

Wraps 155 FRP ruputree) 158 FRP rupture 1.02

CTL-00      34.6 N.A.a) 79.7 Shearc) 86.9 Shear 1.03

CTL-R6      36.6 N.A.a) 119.9 Shearc) 122.3 Shear 1.02

BDF-00       43.1 Wraps 132.1 FRP ruputree) 146.9 FRP rupture 1.11

BDF-R6       40.5 Wraps 180.9 FRP ruputree) 194.8 FRP rupture 1.02

UBF-00      37.6 Wrapsb) 154.7 FRP ruputree) 164.5 FRP rupture 1.06

Teng et al.(2009) 

UBF-R6  

   

    37.9

150 300 650

Wrapsb) 205.5 FRP ruputree) 205.9 FRP rupture 1.00

 

Note: a) There is no FRP reinforcement; b) the FRP wraps are not bonded to the beam sides; c) shear tension failure; d) shear failure due to FRP debonding; e) shear failure due to FRP rupture. 
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Data source Khalifa and Nanni (2002) Matthys (2000) 

Specimen     SO3-1 SO3-2 BS3 BS5
Concrete cylinder compressive strength fc

', MPa 27.5 27.5 37.5 36 
Span L, mm 1830 3800 
Width bc, mm 150 200 
Height hc, mm 305 450 Beam dimensions

Shear span s, mm 760 1250 
Tension bars 2Y32 6Y20 (in two rows) 
Yield strength of tension bars fyt, MPa 460 530 
Compression bars 2Y32 (deformed) 2Y20 (deformed) 
Yield strength of compression bars fyc, MPa 460 530 
Stirrups None Y6@400 (deformed)  
Yield strength of stirrups fyy, MPa Not applicable 560 

Steel 
reinforcement 

Elastic modulus of all steel bars Es, GPa 200 200 
Configuration  U-strips U-strips 
Nominal (fibre) thickness tf, mm 0.165 0.111 
Strip width wf, mm 50 50 
Strip spacing s, mm 125 400 
Tensile strength ff, MPa 3790 3500 

FRP 
reinforcement 

Elastic modulus Ef, GPa 

Not applicable 

228 

None 

233 

Table 8.3. Geometrical and Material Properties of Beam Specimens for Shear Debonding Simulation 
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(b)  

Fig. 8.1 FRP-concrete and steel-concrete bond-slip relationships: (a) CEB-FIP’s 

(1993) steel-concrete bond slip relationship for  fc
’ = 30 MPa; (b) Lu et al.’s (2005) 

FRP-concrete bond-slip relationship for fc
’=30 MPa and bf /bc = 1.0 
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Fig. 8.2 Predicted versus test load-displacement curves for specimens of Matthys 

(2000) 

(a) 

(b) 

Fig. 8.3 Predicted crack patterns at ultimate state for specimens of Matthys (2000): 

(a) Beam BF1; (b) Beam BF2; (c) Beam BF7; (d) Beam BF8; (e) Beam BF9  
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(c) 

(d) 

(e) 

Fig. 8.3  (Cont’d) 
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(b) 

Fig. 8.4 Strains in FRP and interfacial shear stresses at ultimate state for specimens 

of Matthys (2000): (a) FRP strain distributions; (b) interfacial shear stress 

distributions  
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Fig. 8.5 Predicted versus test load-displacement curves for specimens of Brena et al. 

(2003) 

(a) 

(b) 

Fig. 8.6 Predicted crack patterns at ultimate state for specimens of Brena et al. 

(2003): (a) Beam C; (b) Beam C2; (c) Beam D2 
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(c) 

Fig. 8.6 (Cont’d) 
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Fig. 8.7 FRP strain distributions at ultimate state for specimens of Brena et al. (2003) 
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(b) 

Fig. 8.8 Effect of bond modelling on the predicted load-displacement curve: (a) 

Beam BF2; (c) Beam BF8 
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(a) 

(b) 

Fig. 8.9 Effect of bond modelling on the predicted crack pattern at ultimate state for 

beam BF2: (a) Perfect bond for tension bars; (b) Tension-stiffening model 

(a) 

(b) 

Fig. 8.10 Effect of bond modelling on the predicted crack pattern at ultimate state for 

beam BF8: (a) perfect bond for tension bars; (b) tension-stiffening model 
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(b) 

Fig. 8.11 Effect of bond modelling on the predicted crack width development of the 

critical flexural crack: (a) Beam BF2; (b) Beam BF8 
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(b) 

Fig. 8.12 Effect of bond modelling on the predicted concrete compressive strain 

development in the critical zone: (a) Beam BF2; (b) Beam BF8 
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(b) 

Fig. 8.13 Effect of bond modelling on the predicted strain distribution in FRP: (a) 

Beam BF2; (b) Beam BF8 

 380



0

50

100

150

200

0 4 8 12 16 20 2
Mid-span displacement (mm)

Sh
ea

r 
fo

rc
e 

(k
N

)

4

FE (n=1)
FE (n=2)
FE (n=3)
FE (n=4)
FE (n=5)
Test

 

(a) Specimen BS3 (control beam)  
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(b) Specimen BS5 (strengthened beam) 

Fig. 8.14 Load-displacement curves for specimens BS3 and BS5 of Matthys (2000) 
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(a) Specimen BS3 (control beam)  

 

(b) Specimen BS5 (strengthened beam) 

Fig. 8.15 FE predicted crack patterns at ultimate state for specimens BS3 and BS5 of 

Matthys (2000) 
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(a) FRP strain distribution 

Fig. 8.16 Predicted FRP-to-concrete interfacial behaviour for beam BS5 of Matthys 

(2000) 
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(b) Interfacial shear stress distribution  
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(c) Interfacial slip distribution 

Fig. 8.16 (Cont’d) 
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(a) Specimen SO3-1 
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(b) Specimen SO3-2 

Fig. 8.17 Load-displacement curves for specimens SO3-1 and SO3-2 of Khalifa and 

Nanni (2002) 
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(a) Specimen SO3-1 

 

(b) Specimen SO3-2 

Fig. 8.18 Predicted crack patterns at ultimate state for specimens SO3-1 and SO3-2 

of Khalifa and Nanni (2002) 
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(a) FRP strain distribution 

Fig. 8.19 Predicted FRP-to-concrete interfacial behaviour for SO3-2 of Khalifa and 

Nanni (2002) 
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(b) Interfacial shear stress distribution  
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(c) Interfacial slip distribution 

Fig. 8.19 (Cont’d) 
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 (a) Load-displacement curves 

 

(b) Crack pattern of beam with perfectly bonded steel tension bars 

Fig. 8.20 Effect of bond between steel tension bars concrete: beam BS5 (Matthys 

2000)  
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(a) Load-displacement curves 

 

 

(b) Crack pattern of beam with perfectly bonded steel tension bars 

Fig. 8.21 Effect of bond between steel tension bars and concrete: beam SO3-2 

(Khalifa and Nanni 2002)  
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(a) Load-displacement curves 

 

 

(b) Crack patter of beam with unbonded stirrups 

 

(c) Crack patter of beam with weakly bonded stirrups 

Fig. 8.22 Effect of bond between steel stirrups and concrete: beam BS5 (Matthys 

2000) 
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(d) Crack patter of beam with strongly bonded stirrups 

 

(e) Crack patter of beam with perfectly bonded stirrups 

Fig. 8.22 Effect of bond between steel stirrups and concrete: beam BS5 (Matthys 

2000) (Cont’d) 
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(a) Left stirrup 
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(b) Middle stirrup 

Fig. 8.23 Stress development in steel stirrups and FRP U-strips 
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(c) Right stirrup 
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(d) Left FRP U-strip 

Fig. 8.23 Stress development in steel stirrups and FRP U-strips (Cont’d) 
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(e) Middle FRP U-strip 
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(f) Right FRP U-strip 

Fig. 8.23 Stress development in steel stirrups and FRP U-strips (Cont’d) 
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Appendix 8.1 The Damage Plasticity Model in ABAQUS  

 

Framework of the Concrete Damaged Plasticity Model  

 

A detailed description of the damaged plasticity model in ABAQUS can be found in 

the ABAQUS theory manual (ABAQUS 2006). Lee (1996) and recently Yu (2007) 

also gave an in-depth discussion of the model. In this appendix, only the main 

aspects of the model are recalled and summarized based on the work of Lubliner et 

al. (1989) , Lee (1996), Lee and Fenves (1998), and the ABAQUS manual 

(ABAQUS 6.5 2004). 

 

The damaged plasticity model in ABAQUS is built within the isotropic damage 

framework (Mazars 1986a, b; Mazarsand Pijaudier-Cabot 1989, 1996; De Borst 

2002), where damage is represented using a scalar damage factor d (i.e. ) 

which depicts the degradation of elastic stiffness due to material damage in concrete 

(e.g. cracking and crushing).  The stress-strain relations of the model are governed 

by the following scalar damaged elasticity equation: 

10 ≤≤ d

 

( ) ( )pl
ijij

el
ijklij Dd εεσ −−= 1                                                                                    (8.A.1) 

 

where ijσ is the stress tensor, ijε and are the strain tensor and the plastic strain 

tensor respectively, is the initial (undamaged) elastic stiffness matrix and d is 

the scalar damage factor which characterizes the isotropic degradation of the elastic 

stiffness. 

pl
ijε

el
ijklD
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By Eq. (8.A.1), the stress tensor can be decomposed into the stiffness degradation 

part [i.e. ] and the effective stress part )1( d− ijσ  as follows 

 

( ) ijij d σσ −= 1                                                                                                  (8.A.2) 

 

where 

 

 ( pl
ijij

el
ijklij D εεσ −= )                                                                                          (8.A.3) 

 

Concrete Plasticity  

 

In the concrete damaged plasticity model, concrete plasticity is constructed in terms 

of the effective stress (i.e. ijσ ).  Here only the yield function and flow rule of the 

model are briefly introduced for a planes stress condition. For a more general 

description of the model, Lubliner et al. (1989), Lee (1996), Lee and Fenves (1998), 

Yu (2007) and the ABAQUS theory manual (ABAQUS 2004) can be consulted.  

 

Yield Function 

 

The model uses the yield function proposed by Lubliner et al. (1989) and modified 

by Lee and Fenves (1998). For the plane stress condition, the yield function takes the 

following form: 
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where iiI σ=1  is the first stress invariant in the effective stress space, ijij SSJ
2
1

2 =  

is the second deviatoric stress invariant in the effective stress space, max

∧

σ is the 

algebraically maximum principal stress, and α  and β  are dimensionless constants 

and can be determined as follows 

 

cobo

cobo

ff
ff

−
−

=
2

α                                                                                                    (8.A.5) 

and  

 

( ) ( αα
σ
σβ +−−= 11

t

c )                                                                                     (8.A.6) 

where  and are the uni-axial initial yield compressive stress and equally biaxial 

initial yield compressive stress respectively; and 

cof bof

cσ  and tσ  are the effective tensile 

and compressive cohesion stresses respectively. To estimateβ ,  cσ  and tσ   can be 

assumed to be the same as  and  (i.e. tensile strength of concrete) 

respectively for a plane stress state (Lee 1996; Lee and Fenves 1998) 

cof− tf

 

Flow rule 

 

The damaged plasticity model is based a non-associated flow rule. The flow 

potential G used for this model is the Drucker-Prager hyperbolic function as follows 
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ij
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=                                                                                                    (8.A.7) 

            

ψψσ tan
3

3)tan( 1
2

2 IJG to ++∋=                                                                   (8.A.8) 

 

where λd  is the nonnegative plastic multiplier; ψ  is the dilation angle measured in 

the meridian plane at high confining pressure; toσ is the uni-axial tensile stress at 

failure; is referred to as the eccentricity, and defines the rate at which the function 

approaches the asymptote. The flow potential tends to be a straight line when the 

eccentricity approaches zero. 

∋

∋

 

Fig. 8.A.1 shows a family of the plastic potential (i.e. G ) surfaces in the principal 

stress space for the plane stress condition for o38=ψ and o19=ψ  [which are in the 

normal range of ψ  according to Lee (1996)] respectively with ∋ taken as the default 

value (i.e. ). For comparison, a yield surface with 1.0∋= 300 =−= cc fσ MPa and 

3== tt fσ MPa is also shown in Fig. 8.A.1. It should be noted that in Fig. 8.A.1, 

although the G surfaces are shown for the case of 0>iσ ( ) or 2,1=i 021 <σσ  , 

plastic deformation normally does not appear because in such cases the cracking 

behaviour always dominates the inelastic behaviour of concrete except for some 

special situations (e.g. when the stress state is very close to the uni-axial 

compression state). From Fig. 8.A.1, it can be clearly seen that for the plane stress 

condition the value of the dilation angle ψ  has a considerable effect on the shape of 
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G for bi-axial compressive states (i.e. 0≤iσ 2,1=i ). For the case of 0>iσ  or 

021 <σσ , the effect of ψ  on G is much smaller, which can partly explain why the 

choice of ψ  has little effect on the numerical modelling of IC debonding using the 

proposed FE model as mentioned before. Further analysis also showed that for the 

plane stress condition, the choice of  ∋  also has little effect on G. Therefore, in the 

present study, the default value of (i.e.∋ 1.0∋= ) was adopted.  
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Fig. 8.A.1 Comparison of yield surface and plastic potential surfaces for different ψ  

values in the plane stress space 
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Appendix 8.2 Example of Mesh Convergence Studies 

 

Results of a mesh convergence study for specimen BF8 (Matthys 2000) are shown in 

Figs. 8.A.2-8.A.4. From these figures it can be seen that the predicted load-

displacement curve (Fig. 8.A.2), strain distribution in FRP (Fig. 8.A.3), and crack 

pattern (Fig. 8.A.4) change very slightly when the maximum concrete element size is 

below 20 mm. As a result, a maximum element size of 10 mm can be used for 

modelling the concrete in the beam. Matching element sizes were chosen to 

represent the FRP and the steel reinforcements. All the discussions of specimen BF8 

presented in the present chapter are based on numerical results obtained using a 

concrete element size of 10 mm if not otherwise stated.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 399



 

0

10
20

30
40

50
60

70
80

90

100

110

120

130

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25 27.5 30 32.5 35
Mid-span deflection (mm)

L
oa

d 
(k

N
)

FE (element size = 20 mm)
FE (element size = 10 mm)
Test

IC debonding

 

Fig. 8.A.2 Load versus displacement curve of specimen BF8 (Matthys 2000)   
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Fig. 8.A.3  Strain distribution in FRP at ultimate state (specimen BF8)   
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(a)  

 

(b)  

Axis of Symmetry

(c) 

Fig. 8.A.4 Comparison between predicted crack pattern and test crack pattern at 

ultimate state: (a) Predicted crack pattern (element size = 20 mm); (b) Predicted 

crack pattern (element size = 10 mm); (c) Test crack pattern (adapted from Matthys 

2000) 
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Appendix 8.3 Predicted Load-displacement Curves of Other Specimens  

in Table 8.2 

 

As mentioned in Sub-section 8.5.1, the predicted load-displacement curves of the 

other specimens listed in Table 8.2, which are neither discussed in the main text of 

this chapter nor presented in Chapter 9, are presented in this appendix (Figs. 8.A.5-

8.A.8) as additional information. The test load-displacement curves of these 

specimens, if available in the published literature (see Table 8.2), are also shown in 

Figs. 8.A.5-8.A.8 for comparison.  
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Fig. 8.A.5 Load-displacement curves of specimens US and RS-90 (Chaallal et al. 

1998) 
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Fig. 8.A.6 Load-displacement curves of specimens BS1 and BS7 (Matthys 2000) 

 

 403



0

20

40

60

80

100

120

140

160

0 2 4 6 8 10 12
Mid-span displacement (mm)

Sh
ea

r 
fo

rc
e 

(k
N

)

14

SO4-2 (FE)
SO4-2 (Test)
SO3-3 (FE)
SO3-3 (Test)

 

Fig. 8.A.7 Load-displacement curves of specimens SO3-3 and SO4-2 (Khalifa and 

Nanni 2002) 
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Fig. 8.A.8 Load-displacement curves of specimens P0, PU1, PU2, PC1 and PC2 

(Diagana et al. 2003) 
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CHAPTER 9 

 

BEHAVIOUR OF RC BEAMS  

SHEAR-STRENGTHENED WITH FRP: A FINITE  

ELEMENT STUDY 
 

 

 

9.1 INTRODUCTION 

 

This chapter aims to further demonstrate the capability and applications of the FE 

model presented in Chapter 8. Numerical results obtained using the FE model for 

several RC beams shear-strengthened with complete FRP wraps are first presented to 

show that the FE model is also capable of accurately predicting the FRP rupture 

failure mode. The FE model is then deployed to conduct a more accurate assessment 

of the effect of shear interaction between external FRP strips and internal steel 

stirrups in strengthened RC beams for the FRP debonding failure mode. Finally, the 

FE model is used for a preliminary exploration of the effect of preloading on the 

effectiveness of shear strengthening using FRP. It should be noted that for all the 

numerical results presented in this chapter, a minimum element size of 10 mm was 

adopted for the modeling of concrete and compatible element sizes were adopted for 

both the FRP and steel reinforcements according to a mesh convergence study that is 
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similar to that presented in Chapter 8. Other details of the FE model are exactly the 

same as those presented in Chapter 8. 

 

9.2 RC BEAMS SHEAR-STRENGTHENED WITH COMPLETE FRP 

WRAPS 

 

As mentioned in Chapter 8, the FE model was also found to be capable of accurate 

modeling of the FRP rupture failure mode, and some of these numerical results have 

been presented in Table 8.2. In this section, more detailed numerical results for the 

six beam specimens (CTL-00, BDF-00, UBF-00, CTL-R6, BDF-R6, and UBF-R6) 

presented in Chapter 3 are given to further demonstrate the capacity of the FE model 

in modeling FRP rupture failure. As explained in Chapter 3, in the names of the 

beam specimens, “CTL” stands for the control beam, “BDF” stands for side-bonded 

FRP wraps and “UBF” for side-unbonded FRP wraps.  Details of these specimens 

were already presented in Chapter 3. 

 

9.2.1 Load-Displacement Curves and Crack Patterns at Ultimate State 

 

The predicted load-displacement curves are shown in Figs 9.1(a) and 9.1(b) for the 

three beams without steel stirrups (CTL-00, BDF-00, UBF-00) and the three beams 

with steel stirrups (CTL-R6, BDF-R6, UBF-R6) respectively. The test load-

displacement curves are also shown in these figures for comparison.  From Figs 

9.1(a) and 9.2(b), it can be seen that the test load-displacement curves of beam 

specimens CTL-00, UBF-00, CTL-R6 and UBF-R6 are accurately predicted by the 

FE model with the test shear capacities being only slightly overestimated (see Table 
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8.2). For beam specimens BDF-00 and BDF-R6, the test shear capacities are also 

closely predicted although the predicted load-displacement curves deviate obviously 

from their respective test curves; this deviation is believed to be attributed to 

inaccuracy in the measurements of beam displacements in the tests since the test 

load-displacement curves of BDF-00 and BDF-R6 also differ significantly from 

those of their corresponding bonded beam specimens CTL-00 and UBF-R6 even for 

the initial stage. For all four strengthened beams, the test shear capacities are slightly 

overestimated; this is partly caused by the direct use of the FRP tensile strength 

obtained from flat coupon tests (i.e. 3970 MPa) in the FE model. It is well-known 

that in shear-strengthened beams, the FRP wraps are likely to rupture at a stress 

lower than the material tensile strength from coupon tests (see Chapter 3 for more 

details). It is of interest to note that even with the same FRP strength, the numerical 

results indicate a higher load capacity for the BDF beam than for the corresponding 

UBF beam [Figs 9.1(a) and 9.1(b)]. A detailed examination of the FRP strain 

distributions along the critical shear crack at different load levels (not presented here) 

revealed that this can be attributed to the following two factors: 1) at the same load 

level, the maximum strain in the side-bonded FRP strips is significantly higher than 

that of the side-unbonded FRP strips mainly due to the constraint effect of bonding 

in the BDF beam, leading to the earlier rupture of the most stressed FRP strip in the 

BDF beam; 2) after the initiation of FRP rupture, the successive rupture of other FRP 

strips in the BDF beam occurs in a very abrupt manner due to the quick and dynamic 

crack development process; as a result, that ultimate state of the BDF beam is 

usually reached shortly after FRP rupture initiation and the BDF beam thus fails in a 

much more brittle manner compared with the corresponding UBF beam. These 
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observations also help explain why a BDF beam usually has a higher shear capacity 

than a corresponding UBF beam as experimentally observed (Chapter 3). 

 

The predicted crack patterns at ultimate state are shown Figs. 9.2(a)-9.2(f) for the 

above beam specimens, which are in close agreement with the experimental crack 

patterns shown in Appendix 9.1. 

 

9.2.2 Strain Distributions in FRP along the Horizontal Beam Axis  

 

As mentioned in Chapter 3, an additional merit of using side-unbonded FRP wraps is 

that the strains in FRP can be accurately measured. These test FRP strains can thus 

be used to verify the accuracy of the FE model in predicting the development of 

strains in the FRP strips. Comparisons between FE and test FRP strain distributions 

along the horizontal beam axis are shown in Figs. 9.3(a) and 9.3(b) for a number of 

load levels for beams UBF-00 and UBF-R6 respectively. It should be noted that each 

of the test FRP strains shown in Figs. 9.3(a) and 9.3(b) is the average value obtained 

from the readings of three strain gauges at three locations of that FRP strip (see 

Chapter 3). From these figures it can be seen that for both beams (UBF-00 and UBF-

R6), the test FRP strain distributions are closely predicted by the FE model although 

some small differences exist. The accurate predictions of FRP strain distributions 

imply the accurate prediction of crack patterns and crack widths for these two 

strengthened beams. 
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9.2.3 Strain Distributions in an FRP Strip 

 

As pointed out in Chapter 3, for side-bonded complete FRP wraps, experimental 

observations confirmed that a process of FRP debonding generally precedes the 

ultimate FRP rupture failure. This failure process can be well predicted by the FE 

model as shown in Figs 9.4(a) and 9.4(b) in which strain distributions in an FRP strip 

(Strip S6 for beam BDF-R00 and Strip S7 for BDF-R6, see Fig. 3.4 of Chapter 3 for 

more details) are given for a number of load levels for beams BDF-R00 and BDF-R6 

respectively. From Figs 9.4(a) and 9.4(b), it is clear that a large region of constant 

FRP strain exists in an FRP strip before the ultimate shear failure, indicating that the 

FRP strip has already debonded in this region. For BDF-R00, FRP debonding 

initiates at a beam height of about 240mm and propagates mainly towards the lower 

end of the FRP strip; for BDF-R6, FRP debonding initiates at a beam height of about 

190 mm and propagates towards both the upper and the lower ends of the FRP strip. 

The sequences of FRP strip debonding are closely related to the development of 

critical shear cracks in these beams, which are shown in Figs 9.5 and 9.6 for beams 

BDF-R00 and BDF-R6 respectively. 

 

9.3 EFFECT OF SHEAR INTERACTION IN ON THE FRP DEBONDING 

MODE 

 

As highlighted in Chapter 7, the shear strength model considering shear interaction 

effects proposed in the present thesis is built upon two simplifying assumptions: 1) 

the shear failure of a strengthened beam is dominated by the widening of a single 

critical shear crack; 2) the width of this critical shear crack increases linearly from 
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the crack tip to the crack end. Both assumptions lead to conservative results for the 

FRP shear contribution as explained in Chapters 5-7. As a result, the proposed shear 

strength model is expected to provide lower-bound predictions of the FRP shear 

contribution.  Furthermore, the proposed shear strength model is also based on the 

assumption that the shear resistance of concrete can be well maintained as a result of 

the small shear crack width at FRP debonding failure.  In this section, a more 

accurate assessment of the effects of shear interaction on the effectiveness of shear 

strengthening is presented based on numerical results obtained from the advanced FE 

model presented in Chapter 8, with special attention to the effects of the above 

assumptions as these assumptions are not employed in the proposed advanced FE 

model. 

 

9.3.1 Numerical Beam Specimens and Numerical Results 

 

Four control beams without external FRP strips (specimens RC-D6-400, RC-D6-300, 

RC-D6-200 and RC-D6-150) and 24 beams with both internal steel stirrups and 

external FRP strips were designed for numerical simulation by the FE model. Some 

details of these beams are shown in Table 9.1. Other details not shown in Table 9.1, 

including beam dimensions (e.g. shear span and total span) and steel tension 

reinforcement were chosen with reference to details of beam BS1 (or BS3) of 

Matthys (2000) which is a typical RC beam in practice. In Table 9.1, the name of 

each shear-strengthened beam specimen was chosen as follows: the first two letters 

stand for the FRP configuration, with “SF” for FRP side strips and “UF” for FRP U-

strips; the subsequent number represents the number of layers forming the FRP; the 

letter and number that follow represent the bar type of steel stirrups (with “D” for 
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deformed bars) and the bar diameter; and the final three-digit number represents the 

centre-to-centre spacing  of steel stirrups. As shown in Table 9.1, these beam 

specimens cover three FRP thicknesses (0.111, 0.222 and 0.444 mm) and four steel 

stirrup spacings (50, 200, 300 and 400mm). It should be noted that the details of FRP 

strips and steel stirrups were chosen such that all the strengthened beams would fail 

in shear, and that shear contributions of FRP strips (Vf  ) and steel stirrups (Vs  ) 

would be reasonably close to each other so that the effects of shear interaction 

between them are significant (see Chapter 7).   

 

The numerical results obtained from the FE simulations include load-displacement 

curves (e.g. Figs 9.8 and 9.9), crack patterns (from which the crack angles can be 

found) at the ultimate state (e.g. Figs 9.10-9.14), crack width variations [e.g. Fig. 

9.10(e) and Figs 9.15-9.16), development of shear contributions (Figs. 9.17 and 9.18) 

and development of stresses in FRP strips and steel stirrups (e.g. 9.19). These 

numerical results are discussed below to further verify the proposed shear strength 

model and to provide a more thorough exposition of the effects of shear interaction 

on the effectiveness of shear strengthening. 

 

9.3.2 Comparisons between Numerical Results and Shear Strength Models 

 

As mentioned earlier, in the FE model, the simplifying assumptions adopted in 

formulating the shear strength model presented in Chapter 7 (see Chapters 5-7 for 

details) are not used. Consequently, results from the FE simulations (i.e. “numerical 

experiments”) can be used for further verification of the accuracy of the proposed 

shear strength model. The FRP shear contribution from an FE simulation, which is 
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obtained by subtracting the FE shear capacity of the control beam from that of the 

corresponding strengthened beam (Figs. 9.8 and 9.9), is compared with that from the 

shear strength model in Table 9.1 and Figs. 9.7(a)-9.7(b). For a more direct 

comparison, the shear crack angles obtained from the numerical simulations (i.e. 

from the numerical crack patterns such as those shown in Figs 9.10-9.14) are used in 

the shear strength model for determining the FRP shear contributions (i.e. Vf, pre 

,Table 9.1). If a constant shear crack angle (e.g. 45o as specified in most FRP 

strengthening design guidelines; see Chapter 2) is used, the performance of the shear 

strength model is different as discussed later. 

 

It can be seen from Fig. 9.7(a) that if the effects of shear interaction are not 

considered, the proposed shear strength model generally overestimates the FRP shear 

contribution, especially for FRP side strips. Table 9.1 shows that for FRP side strips, 

this overestimation is likely to increase with an increase in the FRP stiffness (Eftf) 

and/or a decrease in the spacing of steel stirrups. If the effects of shear interaction 

are accounted using the proposed shear interaction coefficient K (Chapter 7), the 

FRP shear contribution are more accurately predicted, especially for FRP side strips 

with a large axial stiffness as detailed in Table 9.1. Overall, the proposed shear 

strength model with the effects of shear interaction taken into account provides close 

but slightly conservative predictions of the FRP shear contributions from FE 

simulations [Fig. 9.7(b)].  This small degree of conservativeness is attributed to the 

assumptions behind the proposed strength model that the debonding failure is driven 

by a single dominant shear crack with a linear crack width variation, as already 

explained in Chapters 4 and 6.  
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It should be noted that in most design guidelines (see Chapter 2), a certain constant 

shear crack angle (e.g. 45o ) is usually used to determine the shear contribution of 

FRP reinforcement. Therefore, the performance of the proposed shear strength 

model with a constant shear crack angle is of interest, especially in terms of 

formulating a design proposal. Figs. 9.7(c) and 9.7(d) show the performance of the 

shear strength model (considering the effect of shear interaction) with the shear 

crack angle being taken to be: (a) 45o; and (b) the angle of a major crack running 

between the support and the loading point. For both scenarios, the predictions of the 

shear strength model are compared with numerical results from the FE model. It can 

be seen from Figs. 9.7(c) that if shear crack angle is assumed to be 45o, the 

predictions of the shear strength model are clearly conservative with the value of Std 

(i.e. standard deviation) being similar to that shown in Fig. 9.7(b), implying that the 

shear strength model still performs well although its predictions are  conservative. If  

the shear crack is assumed to run between the support and the loading point, the 

shear strength model significantly overestimates the numerical results as expected, 

with the value of Std  being greatly increased [Fig. 9.7(d)]  

 

9.3.3 Effect of Axial Stiffness of FRP Strips  

 

Figs 9.8 and 9.9 show the numerical load-displacement curves of RC beams 

strengthened with FRP side strips and FRP U-strips respectively; the load-

displacement curves of the corresponding control beams are also shown in these 

figures for comparison. These figures clearly show that for both FRP side strips and 

FRP U-strips, an increase in the axial stiffness of FRP strips (i.e. Eftf, assuming the 

strip width is kept constant) does not necessarily lead to an increase of the FRP shear 
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contribution or an increase of the shear strength of the beam (also see Table 9.1).The 

above trend is more obvious for beams with smaller spacings of steel stirrups [e.g. 

Figs 9.8(d) and 9.9(d)]. Figs 9.11 and 9.12 illustrate the effect of FRP axial stiffness 

(Eftf) on the crack pattern at the ultimate state for FRP side strips and FRP U-strips 

respectively. These two figures clearly show that as the FRP axial stiffness (Eftf) 

increases, more secondary cracks appear, which is expected to lead to an increase of 

the FRP-to-concrete bond strength (Teng et al. 2006; Chen et al. 2007) and hence an 

increase of the FRP shear contribution. In the meantime, as the FRP axial stiffness 

(Eftf) increases, the critical shear crack generally becomes steeper (also see Table 

9.1), which means that fewer FRP strips are now intersected by the critical shear 

crack and a reduced FRP shear contribution. These two effects counter-balance each 

other and partially explain why the FRP shear contribution cannot be significantly 

increased with an increase of the FRP axial stiffness (Eftf). Furthermore, a larger FRP 

axial stiffness (Eftf) generally means that full debonding of FRP strips and thus the 

ultimate shear failure occurs at a smaller crack width as demonstrated in Fig. 9.15. 

As a result, the steel stirrups may not reach yielding at the ultimate state as further 

demonstrated below, leading to another reduction of the shear strength of the 

strengthened beam. 

 

9.3.4 Effect of Spacing (Amount) of Steel Stirrups 

 

Figs 9.13 and 9.14 show the effect of the spacing (or amount) of steel stirrups on the 

crack pattern at the ultimate state for beam specimens with FRP side strips and FRP 

U-strips respectively. As with an increase of the FRP axial stiffness, decreasing the 

spacing of steel stirrups generally leads to the appearance of more secondary shear 
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cracks as well as a steeper critical shear crack (similar observations can be made 

about un-strengthened RC beams as shown in Fig. 9.10). Decreasing the spacing of 

stirrups does not have a significant effect on the crack width of the critical shear 

crack at the ultimate shear failure [see Fig. 9.10(e) and Figs 9.16(a)-9.16(d)].  

Nevertheless, decreasing the spacing of stirrups generally leads to a decrease of the 

FRP shear contribution (Vf ) (see Table 9.1) mainly due to a more substantial adverse 

shear interaction between steel stirrups and FRP strips as explained in the next sub-

section. 

 

9.3.5 Development of Shear Contributions with Crack Width 

 

An obvious advantage of a FE simulation over a real laboratory test is that the 

stresses/strains in FRP strips and steel stirrups at the location of the critical shear 

crack can be accurately evaluated in an FE simulation. Consequently, the shear 

contribution of FRP strips (Vf-str) and that of steel stirrups (Vs-str) intersected by the 

critical shear crack can be accurately assessed.  Following a method similar to that 

used in Chapter 3,  the combined shear contribution of concrete and steel stirrups 

(Vrc-str) and that of concrete (Vc-str) alone can be determined using the following 

equations: 

 

rc str u f strV V V− = − −

−

                                                                                                     (9.1) 

c str rc str s strV V V− −= −                                                                                                  (9.2) 

 

where Vu  is the shear capacity of  an RC beam shear-strengthened with FRP strips. 

 

 415



The shear contributions of the three different components (i.e. FRP strips, steel 

stirrups and concrete) in a strengthened RC beam under a given level of loading 

determined from the above method are shown in Fig. 9.17 for three example RC 

beams shear-strengthened with FRP side strips and in Fig. 9.18 for three example RC 

beams shear-strengthened with FRP U-strips. For comparison purposes, the 

development of Vrc  (the combined shear contribution of concrete and steel stirrups ) 

and Vc  (the shear contribution of concrete) of the corresponding control RC beam 

are also shown, where Vrc  and Vc are denoted as Vrc-con and Vc-con respectively. 

 

From Figs 9.17(a)-9.17(c), it can be clearly seen that for FRP side-strips, significant 

adverse shear interaction exists between external FRP strips and internal steel 

stirrups: for the three example beams shown, Vs-str is still at a level significantly 

lower than its peak value when Vf-str  peaks; Vs-str  reaches its peak value only after Vf-

str has decreased to zero. Figs 9.17(a)-9.17(c) also show that the adverse interaction 

is significantly affected by the FRP axial stiffness and the amount (spacing) of steel 

stirrups. When the spacing of steel stirrups is fixed (e.g. Ss = 400 mm), the ratio of 

Vs-str at the peak Vf-str to its maximum value decreases with an increase of the FRP 

axial stiffness (e.g. the ratio decreases from 74% for specimen SF1-D6-S400 to 67% 

for SF4-D6-S400). When the FRP axial stiffness is fixed (e.g. tf = 0.888 mm), the 

above ratio also decreases with a decrease of the spacing of steel stirrups (e.g. the 

ratio decreases from 67% for specimen SF4-D6-S400 to 65% for SF4-D6-S150). 

The above under-mobilization of steel stirrups at the peak value of Vf-str can be 

explained by the development of stresses in both FRP strips and steel stirrups as 

detailed next. Fig. 9.19 shows an example of such stress development for beam SF4-

D6-S150 in which the stresses in four steel stirrups (denoted by St1-St4) intersected 
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by the critical shear crack and those of the six most critical FRP strips (denoted by 

Strip 1-Strips 6) are shown against the mid-span displacement of the beam. It can be 

seen that when full debonding of Strip 1 occurs, three (i.e. St2, St3 and St4) of the 

four steel stirrups have not reached their yield strength and the stresses in two of the 

three (i.e. St3 and St4) are even less than half of the yield strength (560/2=280 MPa). 

When three FRP strips (Strip1-3) have debonded, the stresses in two of the stirrups 

(i.e. St3 and St4) are still significantly below the yield strength of 560 MPa. When 

all of the six FRP strips have debonded, the stress level in stirrup St4 (which is near 

the crack tip) is still significantly below the yield strength of 560 MPa. 

 

Figs. 9.18(a)-9.18(c) show that for FRP U-strips, the adverse shear interaction 

between external FRP strips and internal steel stirrup also exist but its effect 

becomes significant only for a large FRP axial stiffness and a small spacing of steel 

stirrups [e.g. USF4-D6-S150, see Fig. 9.18(c)]. 

 

Figs 9.17-9.18 also show that at ultimate shear failure of the strengthened beam, 

although the concrete shear contribution (Vc-str) has already decreased from its peak 

value, it is still close to or larger than the concrete shear contribution of the 

corresponding control beam (Vc-con) at ultimate state. For example, the value of Vc-str 

at the ultimate state of SF1-D6-S400 is 93.5 kN which is very close to the value of 

Vc-con at the ultimate state of SF1-D6-S400 (about 100 kN); the value of Vc-str at the 

ultimate state of SF4-D6-S150 is 107.3 kN which is larger than the value of Vc-con  at 

the ultimate state of SF1-D6-S150 (about 69 kN). This phenomenon can be 

qualitatively explained as follows. Fig. 9.10(e) shows the crack width variations at 

the ultimate state for the control RC beams, which indicates that the maximum shear 
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crack width at ultimate shear failure is in the range of 1.3 mm -1.9 mm. From Figs 

9.15 and 9.16 it can be seen that for the shear-strengthened beams failing by FRP 

debonding, the maximum crack width lies in a range similar to that of the control RC 

beams (i.e.1.3 mm -1.9 mm). Furthermore, it can also be seen from Fig. 9.15 that the 

maximum crack width tends to decrease with an increase of the FRP axial stiffness. 

From the above observations, it can be reasonably concluded that when FRP 

debonding is the controlling failure mode, the maximum shear crack width at 

ultimate state in an RC beam shear-strengthened with FRP strips is limited and close 

to that in the corresponding RC beam. As a result, in an RC beam shear-strengthened 

with FRP and failing by debonding, the shear contribution of concrete at the ultimate 

state can be well maintained and is close to that of the corresponding RC beam.  

 

9.4 EFFECT OF PRE-LOADING 

 

In practice, structural strengthening using FRP is generally carried out with the 

structure being subjected to some service loads. Therefore, it is important to assess 

the effect of pre-loading on the effectiveness of FRP strengthening. However, the 

review presented in Chapter 2 reveals that most of the existing shear strength models 

do not consider the effect of pre-loading. The shear strength model in the draft 

Chinese code (GB 2010) takes the effect of preloading into account, but the 

empirical provision has no rigorous theoretical or experimental basis. Indeed, the 

author is not aware of any study that has addressed the effect of preloading on the 

effectiveness of FRP shear strengthening. Given this background, the FE model 

presented in Chapter 8 was applied to explore this effect. 
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Beam BS3 (control RC beam) and beam BS5 (RC beam shear-strengthened with 

FRP U-strips) of Matthys (2000) were chosen as the reference beams for the study 

(see Chapter 8 for more details). Details of the FE models for the two beams are 

exactly the same as those presented in Chapter 8. To study the effect of pre-loading, 

a user-defined subroutine was used to activate the FRP shear reinforcement in the FE 

model for beam BS5 at three load levels: 61 kN, 102 kN and 123 kN respectively, 

which correspond to 45%, 75% and 90 % of the shear capacity of the control RC 

beam BS 3 (i.e. 136.6 kN). The predicted load-displacement curve of beam BS3 

(control RC beam), beam BS5 (strengthened without preloading), and beam BS5 of 

the above three preloading levels, are shown in Fig. 9.20(a). The test load-

displacement curves of beam BS3 and BS5 are also shown in Fig. 9.20(a) for 

reference. Fig. 9.20(a) shows clearly that preloading has a significant effect on the 

effectiveness of shear strengthening for the FRP debonding failure mode. When no 

preloading exists (i.e. beam BS5), the predicted shear capacity is 177.75 kN which is 

27.3% higher than the predicted shear capacity for beam BS3 (139.6 kN). The shear 

enhancement percentage decreases to 13.4%, 5.3% and nearly 0 for the preloading 

levels of 61 kN, 102 kN and 123 kN respectively. Further analysis not presented here 

showed that preloading affects not only the crack pattern but also the crack width 

variation of the critical shear crack at ultimate state [e.g. Fig 9.20(b)]. Therefore, 

preloading affects the shear contributions of FRP (Vf ), internal steel stirrups (Vs ) 

and concrete  (Vc ). As a result, the benefit of FRP shear strengthening is 

significantly compromised by the presence of preloading. 

 

Although effect of the preloading depends on many factors such as the amounts of 

FRP shear reinforcement and steel shear reinforcement, the preliminary results 
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shown in Fig. 9.20 indicate that its depends most significantly on the preloading 

level. How this effect can be appropriately reflected in a shear strength model 

warrants further work. 

 

9.5 CONCLUDING REMARKS 

 

In this chapter, numerical results have been presented to further demonstrate the 

capability and applications of the FE model presented in Chapter 8. Numerical 

results for the six test beams described in Chapter 3 were first presented  and 

compared with the test results, further confirming the capability of the FE model in 

predicting shear failure of strengthened beams by FRP rupture. Results from a 

parametric study conducted using the FE model were then presented for a more 

accurate assessment of the effect of shear interaction on the effectiveness of FRP 

shear strengthening in beams failing by FRP debonding. These results reveal that the 

shear strength model proposed in Chapter 7, which accounts for the effect of shear 

interaction, is conservative and reflects reasonably well the adverse effect of shear 

interaction. These results also show that the effect of shear interaction depends 

significantly on both the FRP axial stiffness and the spacing (amount) of steel 

stirrups: an increase of the FRP axial stiffness or a decrease of the spacing of steel 

stirrups leads to a more serious adverse effect of shear interaction between steel 

stirrups and FRP strips and thus a decrease of the effectiveness of FRP shear 

strengthening. The proposed FE model was also used to explore the effect of pre-

loading on beam shear strength for the shear debonding failure mode. The results 

show that this effect can become significant if the level of pre-loading is sufficiently 

high, and warrants further research. 
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Table 9.1 Comparisons between the Predictions of the Proposed Shear Strength Model and FE Model 

Concrete 
strength 

Beam dimension 
(all in mm) 

Steel stirrups FRP shear reinforcement  
FE results  

Predictions of 
shear strength 

model 
 

Model  
prediction/FE 

result  

Specimen 
name 

f'
c

(MPa) 
bw h  d Ss

(mm) 
fy 

(MPa) 
Ef

(GPa) 
tf

(mm) 
Wf

(mm) 
Sf

(mm) 
β 

(deg) 
θ 

(deg) 
Vtotal,FE
(kN) 

Vf,FE
(kN) 

Vf ,pre
(kN) 

K*Vf,pre 
(kN) 

Vf ,pre/ 
Vf,FE

KVf ,pre/ 
Vf,FE

RC-D6-400                  35 200 450 390 400 560 - - - - - 28 - - -
RC-D6-300                  35 200 450 390 300 560 - - - - - 35 - - -
RC-D6-200                  35 200 450 390 200 560 - - - - - 40 - - -
RC-D6-150                  35 200 450 390 100 560 - - - - - 36 - - -
SF1-D6-400                 35 200 450 390 400 560 233 0.111 10 50 90 25 188.44 42.68 51.71 45.43 1.21 1.06
SF2-D6-400                 35 200 450 390 400 560 233 0.222 10 50 90 28 215.43 69.67 58.79 54.69 0.84 0.79
SF4-D6-400                 35 200 450 390 400 560 233 0.444 10 50 90 32 199.95 54.19 63.04 53.01 1.16 0.98
SF1-D6-300                 35 200 450 390 300 56 233 0.111 10 50 90 38 204.36 34.84 30.86 23.58 0.89 0.68
SF2-D6-300                 35 200 450 390 300 560 233 0.222 10 50 90 32 210.37 40.85 50.02 40.05 1.22 0.98
SF4-D6-300                 35 200 450 390 300 560 233 0.444 10 50 90 35 206.98 37.46 56.26 43.86 1.50 1.17
SF1-D6-200                 35 200 450 390 200 560 233 0.111 10 50 90 24 229.93 44.42 54.16 42.85 1.22 0.96
SF2-D6-200                 35 200 450 390 200 560 233 0.222 10 50 90 30 227.56 42.05 54.14 40.25 1.29 0.96
SF4-D6-200                 35 200 450 390 200 560 233 0.444 10 50 90 35 232.11 46.60 56.26 47.23 1.21 1.01
SF1-D6-150                 35 200 450 390 150 560 233 0.111 10 50 90 30 260.72 40.62 41.77 34.53 1.03 0.85
SF2-D6-150                 35 200 450 390 150 560 233 0.222 10 50 90 40 249.68 29.58 37.25 28.09 1.26 0.95
SF4-D6-150                 35 200 450 390 150 560 233 0.444 10 50 90 45 245.48 25.38 39.39 27.85 1.55 1.10
UF1-D6-400                  35 200 450 390 400 560 233 0.111 10 50 90 30 193.32 47.56 48.18 46.92 1.01 0.99
UF2-D6-400                  35 200 450 390 400 560 233 0.222 10 50 90 36 196.36 50.60 53.00 51.11 1.05 1.01
UF4-D6-400                  35 200 450 390 400 560 233 0.444 10 50 90 33 224.37 78.61 81.11 77.88 1.03 0.99
UF1-D6-300                  35 200 450 390 300 560 233 0.111 10 50 90 35 204.66 35.14 39.73 38.17 1.13 1.09
UF2-D6-300                  35 200 450 390 300 560 233 0.222 10 50 90 35 223.83 54.31 54.99 52.43 1.01 0.97
UF4-D6-300                  35 200 450 390 300 560 233 0.444 10 50 90 42 226.21 56.69 58.50 54.80 1.03 0.97
UF1-D6-200                  35 200 450 390 200 560 233 0.111 10 50 90 33 226.12 40.61 42.84 40.42 1.05 1.00
UF2-D6-200                  35 200 450 390 200 560 233 0.222 10 50 90 36 249.34 63.83 53.00 49.22 0.83 0.77
UF4-D6-200                  35 200 450 390 200 560 233 0.444 10 50 90 35 248.18 62.67 75.23 68.94 1.20 1.10
UF1-D6-150                  35 200 450 390 150 560 233 0.111 10 50 90 30 287.60 67.50 48.18 44.82 0.71 0.66
UF2-D6-150                  35 200 450 390 150 560 233 0.222 10 50 90 42 262.26 42.16 42.77 38.26 1.01 0.91
UF4-D6-150                  35 200 450 390 150 560 233 0.444 10 50 90 50 241.22 21.12 44.20 38.05 2.09 1.80
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(a) Beam series without steel stirrups 
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(b) Beam series with steel stirrups (R6@125) 

Fig. 9.1 Predicted versus test load-displacement curves for beams strengthened with 

bonded and unbonded FRP wraps 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

Fig. 9.2 Predicted crack patterns at ultimate state for beams: (a) CTL-R00; (b) BDF-

R00; (c) UBF-R00; (d) CTL-R6; (e) BDF-R6; (f) UBF-R6 
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(f) 

Fig. 9.2 (Cont’d) 
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(a) 

Fig. 9.3 FRP strain distributions along beam longitudinal axis for beams 

strengthened with side-unbonded FRP wraps: (a) UBF-R00; (b) UBF-R6 
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(b) 

Fig. 9.3  (Cont’d) 
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(a) 

Fig. 9.4 FRP strain distributions over beam height in an FRP strip for side bonded 

FRP wraps: (a) BDF-R00; (b) BDF-R6 
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(b) 

Fig. 9.4 (Cont’d) 

 

 

 

(a) Load=100 kN 

 

(b) Load=130 kN 

Fig. 9.5 Development of numerical crack pattern for beam BDF-R00 
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(c) Load=140 kN 

 

(d) Load=175 kN 

 

(e) Load=259 kN 

Fig. 9.5 Development of numerical crack pattern for beam BDF-R00 (Cont’d) 

 

 

(a) Load=180 kN 

Fig. 9.6 Development of numerical crack pattern for beam BDF-R6  
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(b) Load=251 kN 

 

(c) Load=300 kN 

 

(d) Load=316 kN 

 

 

(e) Load=319 kN 

 

(f) Load=343 kN 

Fig. 9.6 Development of numerical crack pattern for beam BDF-R6 (Cont’d) 
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(a) The proposed shear strength model with shear crack angles from FE predictions 

(without considering the effect of shear interaction) 
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(b) The proposed shear strength model with shear crack angles from FE predictions 

(considering the effect of shear interaction) 

Fig. 9.7 FRP shear contributions  for RC beams shear strengthened with FRP strips: 

FE versus shear strength model predictions  
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(c) The proposed shear strength model with the shear crack angle being 45o 

(considering the effect of shear interaction) 
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(d) The proposed shear strength model with the critical shear crack running between 

the support and the loading point (considering the effect of shear interaction) 

Fig. 9.7 FRP shear contributions for RC beams shear strengthened with FRP strips: 

FE versus shear strength model predictions (Cont’d) 
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(a) Beams with steel stirrups of center-to-center spacing of 400 mm 
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(b) Beams with steel stirrups of center-to-center spacing of 300 mm 

Fig. 9.8 Numerical load-displacement curves for RC beams strengthened with side-

bonded FRP strips 
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(c) Beams with steel stirrups of center-to-center spacing of 200 mm 
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(d) Beams with steel stirrups of center-to-center spacing of 150 mm 

 

Fig. 9.8 Numerical load-displacement curves for RC beams strengthened with side-

bonded FRP strips (Cont’d) 
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(a) Beams with steel stirrups of center-to-center spacing of 400 mm 
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(b) Beams with steel stirrups of center-to-center spacing of 300 mm 

Fig. 9.9 Numerical load-displacement curves for RC beams strengthened with FRP 

U-strips 
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(c) Beams with steel stirrups of center-to-center spacing of 200 mm 
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(d) Beams with steel stirrups of center-to-center spacing of 150 mm 

Fig. 9.9 Numerical load-displacement curves for RC beams strengthened with FRP 

U-strips (Cont’d) 
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(a) RC-D6-S400  

 

(b) RC-D6-S300  

 

(c) RC-D6-S200  

 

(d) RC-D6-S150  

Fig. 9.10 Predicted crack patterns/crack width variations at ultimate state for control 

RC beams 
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(e) Crack width variations  

Fig. 9.10 Predicted crack patterns/crack width variations at ultimate state for control 

RC beams (Cont’d) 

 

 

(a) SF1-D6-S400 

 

(b) SF2-D6-S400 

Fig. 9.11 Effect of FRP axial stiffness (Eftf ) on numerical crack patterns: FRP side 

strips  
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(c) SF4-D6-S400 

Fig. 9.11 Effect of FRP axial stiffness (Eftf ) on numerical crack patterns: FRP side 

strips (Cont’d)  

 

 

(a) UF1-D6-S400 

 

(b) UF2-D6-S400 

Fig. 9.12 Effect of FRP axial stiffness (Eftf ) on numerical crack patterns: FRP U-

strips  
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(c) UF4-D6-S400 

Fig. 9.12 Effect of FRP axial stiffness (Eftf ) on numerical crack patterns: FRP U-

strips  (Cont’d) 

 

 

(a) SF1-D6-S400 

 

(b) SF1-D6-S300 

Fig. 9.13 Effect of spacing of steel stirrups on numerical crack pattern: FRP side 

strips  
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(c) SF1-D6-S200 

 

(d) SF1-D6-S150 

Fig. 9.13 Effect of spacing of steel stirrups on numerical crack pattern: FRP side 

strips (Cont’d) 

 

 

(a) UF1-D6-S400 

 

(b) UF1-D6-S300 

Fig. 9.14 Effect of spacing of steel stirrups on numerical crack pattern: FRP U-strips  
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(c) UF1-D6-S200 

 

(d) UF1-D6-S150 

Fig. 9.14 Effect of spacing of steel stirrups on numerical crack pattern: FRP U-strips 

(Cont’d) 

 

0

0.2

0.4

0.6

0.8

1

1.2

200 300 400 500 600 700 800 900 1000 1100 1200
Horizontal distance to the supporting point (mm)

C
ra

ck
 w

id
th

 (m
m

)

125 kN
145 kN
155 kN
165 kN
175.6 kN
188.4 kN

 

(a) SF1-D6-S400 

Fig. 9.15 Effect of FRP axial stiffness (Eftf ) on crack shape/width: FRP side strips   
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(b) SF2-D6-S400 
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(c) SF4-D6-S400 

Fig. 9.15 Effect of FRP axial stiffness (Eftf ) on crack shape/width: FRP side strips 

(Cont’d) 
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(a) SF1-D6-S400 
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(b) SF1-D6-S300 

Fig. 9.16 Effect of spacing of steel stirrups on crack shape/width: FRP side strips  
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(c) SF1-D6-S200 
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(c) SF1-D6-S150 

Fig. 9.16 Effect of spacing of steel stirrups on crack shape/width: FRP side strips 

(Cont’d) 
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(a) SF1-D6-S400 
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(b) SF4-D6-S400 

Fig. 9.17 Development of shear contributions in beams strengthened with FRP side 

strips  
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(c) SF4-D6-S150 

Fig. 9.17 Development of shear contributions in beams strengthened with FRP side 

strips (Cont’d) 
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(a) UF1-D6-S400 
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(b) UF4-D6-S400 

Fig. 9.18 Development of shear contributions in beams strengthened with FRP U 

strips  

 

 447



0

20

40

60

80

100

120

140

160

180

200

220

240

260

0 5 10 15 20 25
Mid-span displacement (mm)

L
oa

d 
(k

N
)

Vu -str
Vrc -str
Vc -str
Vs -str
Vf -str
Vrc -con
Vc -con

 

(c) UF4-D6-S150 

Fig. 9.18 Development of shear contributions in beams strengthened with FRP U 

strips (Cont’d) 
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Fig. 9.19 Development of stresses in FRP strips and steel stirrups for beam  

SF4-D6-150 
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(a) Load-displacement curves 
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(b) Crack width variations at ultimate state for beam BS5 

Fig. 9.20 Effect of preloading on shear strengthening  
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Appendix 9.1 Experimental Crack Patterns at Ultimate State for Beam 

Specimens UBF-00, UBF-R6,BDF-00 and BDF-R6 

 

For comparison with the numerical crack patterns shown in Fig. 9.2, experimental 

crack patterns at ultimate state for beam specimens UBF-00, UBF-R6, BDF-00 and 

BDF-R6 are shown Figs 9.A.1(a)-9.A.1(d). It should be noted that the crack patterns 

of beams UBF-00 and UBF-R6 were recorded by sketches drawn on transparent 

plastic films while those of  BDF-00 and BDF-R6 were recorded by photos. 

 

 

 

 

 

 

 

 

 

 

 450



 

 

(a) UBF-00 

 

(b) UBF-R6 

Fig. 9.A.1 Test crack patterns at ultimate state for beams UBF-00, UBF-R6,BDF-00 

and BDF-R6 
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(c) BDF-00 

 

(d) BDF-R6  

Fig. 9.A.1 Test crack patterns at ultimate state for beams UBF-00, UBF-R6,BDF-00 

and BDF-R6 (Cont’d) 
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CHAPTER 10 

 

DYNAMIC APPROACH FOR THE FINITE ELEMENT 

 ANALYSIS OF CRACKED RC STRUCTURES 
 

 

 

10.1 INTRODUCTION 

 

In Chapters 8 and 9, it has been shown that the FE model presented in Chapter 8 is 

capable of accurate modelling of the shear failure of RC beams shear-strengthened 

with FRP by either debonding or FRP rupture. It has also been shown that the 

proposed FE model is capable of accurate modelling of IC debonding of RC beams 

flexurally-strengthened with FRP. As mentioned in Chapter 8, all the simulations 

conducted using the proposed FE model were efficiently carried out using a dynamic 

solution method. As pointed out in Chapter 2, various dynamic solution methods 

exist and the use of a dynamic method in solving a static problem with local dynamic 

phenomena is not new. However, there is still considerable uncertainty in the use of 

a dynamic method to obtain an efficient and reliable solution to a static problem 

involving concrete cracking and debonding of bonded reinforcement (local dynamic 

effects). These issues were investigated in the present work, leading to a proposed 

dynamic solution method which was used in the FE simulations presented in this 
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thesis. This chapter presents the details of the proposed dynamic solution method 

and examines its validity and reliability. 

 

The chapter starts with a brief review of the dynamic methods used in solving static 

problems in structural mechanics, providing a necessary background for the dynamic 

approach proposed in the present work. It then outlines the elements of the dynamic 

approach, which include the loading scheme, loading time, damping property, and an 

implicit time integration method [i.e. the Hilber-Hughes-Taylor-α method (Hilber 

1976; Hilber et al. 1976, 1977), which is referred to as the HHT-α method in the 

remainder of this chapter]. The validity of the proposed dynamic approach is next 

explained using the analytical solution of a structural system with a single degree of 

freedom (SDOF) and is then demonstrated by comparing the numerical results of 

two representative beams with experimental results. Results from a parametric study 

are next presented to show how the key parameters of the dynamic approach (i.e. the 

loading scheme, loading time, structural damping properties and time incremental 

size of the time integration method) affect the numerical predictions of the FE model, 

and how these parameters should be determined to ensure that an essentially static 

structural response is accurately predicted using the dynamic approach. The 

possibility/conditions of using the explicit central different method (CDM) in the 

dynamic approach are also investigated. 
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10.2 THE DYNAMIC METHOD FOR QUASI-STATIC PROBLEMS: 

EXISTING WORK  

 

Several dynamic solution methods have been employed to analyze various static 

problems in structural mechanics. Examples of these problems include buckling 

involving mode jumping/snap-through behavior (see Chapter 2) and crack 

propagation in concrete and masonry structures. For buckling problems involving 

mode jumping/snap-through behavior, dynamic effects are present in the 

deformation process (Chen and Virgin 2004, 2006). As a result, static solution 

methods are insufficient to capture the actual structural response (Risk et al. 1996) 

and dynamic solution methods are more appropriate. Both the dynamic time 

integration scheme [e.g. Choong and Ramm (1998)] and the hybrid static-dynamic 

method (Risk et al. 1996) have been used to analyze such problems. 

 

In the modeling of structures made of brittle materials such as concrete and masonry, 

local dynamic effects due to crack propagation and material softening make it 

difficult for the common static solution strategies (see Chapter 2) to obtain a 

converged solution (Crisfield 1984, 1986, 1988; Rots 1988; de Borst 1986, 1987). 

Different alternative methods, e.g. the Crack Opening Displacement (COD) control 

method (Rots 1998) and local arc-length method (Yang and Chen 2004), have been 

attempted with some success, but these type of methods are always tailor-made for 

specific problems. Solving the structural response with strong stain localization (e.g. 

concrete cracking behavior) remains a challenge (Yu and Ruiz 2006). Consequently, 

a number of researchers have attempted to use the explicit FE method to solve these 

problems. Tavarez (2001) modeled the flexural behavior of concrete beams 
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reinforced with composite grids using the explicit FE method. Yu and Ruiz (2008) 

applied the modified dynamic relaxation method (Underwood 1983) to model crack 

propagation in RC beams. Coronado and Lopez (2006) employed the explicit FE 

method in ABAQUS to model FRP-plated RC beams. More recently, Dhanasekar 

and Haider (2008) used the explicit FE method to model lightly reinforced masonry 

shear walls. All of these studies have been successful to different extents, and some 

of them have obtained predictions in close agreement with test results. 

 

Debonding failure of FRP strengthened RC beams is essentially a failure that occurs 

in concrete due to the cracking of substrate concrete adjacent to the FRP-to-concrete 

bonded interface. Furthermore, this failure is normally caused by the propagation of 

a critical flexural crack (i.e. IC debonding) or a critical shear crack (i.e. shear failure 

due to FRP debonding) (Teng et al. 2002).  Debonding failures are normally very 

brittle and happen in a sudden manner (Matthys 2000; Brena et al. 2003); cracking 

sound is heard during the debonding process (Rosenboom 2006; Rosenboom and 

Rizkalla 2008), indicating that dynamic effects exist during the debonding failure 

process.  Very few FE studies have succeeded in simulating the full debonding 

process [e.g. Kishi et al. (2005); Niu and Karbhari (2008)]. In such FE simulations, 

existing solution techniques for nonlinear static problems such as the displacement-

control Newton-Raphson method (Clarke Hancock 1990) and the arc-length method 

(Crisfield 1991,1997) often experience convergence difficulties in the late stage of 

loading probably due to severe nonlinearities caused by phenomena such as concrete 

cracking and interfacial debonding between concrete and reinforcements. 
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10.3 THE PROPOSED DYNAMIC APPROACH  

 

Against the above background, this chapter examines the effectiveness of using a 

dynamic approach for simulating FRP debonding failures, aiming to find an 

appropriate numerical solution strategy to overcome convergence difficulties often 

encountered in modelling concrete cracking and FRP debonding. An additional 

advantage of the method is that the local dynamic responses associated with cracking 

and debonding can be appropriately simulated. 

 

If an essentially static structural problem is treated as a dynamic structural problem, 

the resulting equation of motion can be expressed as (as for a real dynamic structural 

problem) (Hughes 1981): 

 

Md Cd Kd F+ + =                                                                                                 (10.1) 

 

where M, C and K are the mass, damping and stiffness matrices respectively; F is the 

vector of the applied forces; d ,  and  are the displacement, velocity and 

acceleration vectors respectively. 

d d

 

Different time integration algorithms [e.g. the Newmark-β method, HHT-α method 

and CDM (Hughes 1981)] can be used to obtain the numerical solution of a dynamic 

structural problem; for this purpose, the equation of motion in Eq. (10.1) is generally  

expressed in a time-discrete form as follows (Hughes 1981): 

 

nnnnnn FFKdKdCvMa αααα −+=−+++ ++++ 1111 )1()1(                                        (10.2) 
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And the following finite difference formulae are normally used to implement the 

solution process:  

 

( )[ 1

2

1 221
2 ++ +−
∆

+∆+= nnnnn aattvdd ββ ]

]

                                                           (10.3) 

( )[ 11 1 ++ +−∆+= nnnn aatvv γγ                                                                                (10.4) 

 

where , and  are respectively the acceleration, velocity and displacement 

vectors at time step n,  is the time incremental size, and 

na nv nd

t∆ α , β  and γ  are the 

constants of the time integration algorithm, which determine the stability and 

accuracy characteristics of the time integration algorithm under consideration (see 

Appendix 10.1 for more details). In carrying out time integration, Eqs (10.2)-(10.4) 

can be used as the three equations for determining the three unknowns , and 

, by which the solution proceeds from time step n to n+1, assuming that  

, and  are already known from calculations of the previous step. 

1na + 1nv +

1nd +

na nv nd

 

To analyze the stability and accuracy characteristics of a time integration algorithm, 

the time integration scheme defined by Eqs (10.2)-(10.4) can be rewritten in the 

recursive form as follows (Hilber 1976): 

 

11 ++ += nnn LrAXX                                                                                                 (10.5) 

 

where A is called the amplification matrix, and L is called the load operator.  For the 

time integration algorithm given by Eqs (10.2)-(10.4), A and L are as follows: 
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where  

DA 2
31 Ω−=  

( )[ ] DA 2
31 12 Ω++Ω−= αξ             

( )[ ] DA 21211 2
33 Ω++Ω+−= αξ              

( ) 2121 Ω++Ω+= βαγξD                

t∆=Ω ω  

 

in which ζ  is  the critical viscous damping ratio, and ω  the natural circular 

frequency. 

 

The characteristic equation for A is as follows: 

 

02)det( 32
2

1
3 =−+−=−− AAAIA λλλλ                                                              (10.8) 

 

where 

( )( )( )[ ] DtraceAA 2211121 3211 αβγαξλλλ −++Ω+Ω−=++==  
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( )( )[ ] DtraceAAA βγαγξλλλλλλ −+−Ω+Ω−=++=−= 22121)(
2
1 2

313221
22

12  

( ) ( ) DAA 21det 2
3213 +−Ω=== γβαλλλ  

 

If 0α ≠ , the time integration scheme shown in Eqs (10.2)-(10.4) is called HHT-α 

method [i.e. the Hilber-Hughes-Taylor-α method (Hilber 1976; Hilber et al. 1976, 

1977)]. It reduces to the family of Newmark-β (Newmark 1959) methods if 0=α . If 

it is further assumed that 21=γ  and 0=β , it is reduced to the CDM (Hughes 1983). 

A thorough and comprehensive analysis of the now commonly used time integration 

methods has been made by Hilber (1976). It has been shown that if 21=+ γα , both 

the HHT-α method and the CDM have an order of accuracy of two with respect to 

,  i.e. the local truncation error of the algorithm can be represented as a finite 

Taylor series in the form of . For the HHT-α method, it has been shown 

that if

t∆

( 2O tτ = ∆ )

( ) 41 2αβ −= , the integration scheme attains the maximum dissipation for 

higher-mode responses (Hilber 1976), which is desirable if only lower-mode 

responses are of concern. If it is further assumed that 031 ≤≤− α , the unconditional 

stability of the integration scheme is ensured (see Appendix 10.1 for more details). 

 

Through numerical studies carried out for the present work, it was found that the 

implicit HHT-α method (Hilber 1978; Hilber et al. 1976, 1977) is especially suitable 

for solving an essentially static structural response problem with some local dynamic 

effects, provided the key parameters for the loading scheme, loading time, structural 

damping properties and the time incremental size of the time integration method are 

carefully chosen. The main reason for choosing the HHT-α method over other 

methods such as the CDM for the proposed dynamic solution approach is because 
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the HHT-α method can ensure the accurate prediction of the structural response in 

the lower modes (with the static response being a special case), and at the same time 

efficiently damps/filters out the response in the higher modes which is unimportant 

compared with the overall static structural response. This is due to the inherent 

nature of time integration method as explained in Appendix 10.1. 

 

10.4 VALIDITY OF THE DYNAMIC APPROACH 

 

10.4.1 Linear Elastic System 

 

For a structural system with SDOF [Fig. 10.1(a)] subjected to a load rising from zero 

to a constant value [Fig. 10.1(b)], its dynamic response can be solved by Duhamal’s 

integral (Hart and Wong 2000). Figs. 10.2(a) and 10.2(b) show the effect of loading 

time and damping on the dynamic response of the system.  It is noted that the 

following symbols are used in Figs. 10.1 and 10.2: m  is the mass; c is the damping 

coefficient; is the stiffness of the SDOF system;k ( )F t  is the external force acting 

on the system;  is the loading time at which 0t ( )F t  first reaches the constant value 

of ;  is the displacement; 0F ( )d t k
m

ω =  is the un-damped natural circular 

frequency of the system; 2c mζ ω=  is the critical viscous damping ratio 

(abbreviated as the damping ratio hereafter) and 2T π ω=  is the period of the 

system.  It is also noted that in Fig. 10.2, the load is normalized against  and the 

displacement against

0F

0F k . 
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Fig. 10.2(a) clearly shows the well-known trend that for a structural system with an 

appropriate damping ratio (e.g. 0.05ζ = ), the dynamic response becomes a close 

approximation of the static response if the loading time is large enough (e.g.  

). Fig. 10.2(b) reveals that the accuracy of the above approximation is 

affected by the magnitude of 

0 10t ≥ T

ζ : a very small ζ  (e.g. 0.0001ζ = ) is insufficient to 

damp out the transient part of the dynamic response, while a very large  ζ  

(e.g. 0.5ζ = ) leads to a nearly constant deviation of the dynamic response from the 

static solution, which can be qualitatively explained as follows.  

 

The equation of motion of the system shown in Fig. 10.1 can be expressed as [in a 

similar fashion with Eq. (10.1)] 

 

( ) ( ) ( ) ( )md t cd t kd t F t+ + =                                                                                (10.9) 

 

Eq. (10.9) can be rewritten as  

 

( )
( ) ( )( ) = -

md t cd tF td t
k k

⎡ ⎤+⎣ ⎦

T

                                                                            (10.10) 

 

The first term in the right hand side of Eq. (10.10) is the steady (static) part of the 

displacement response, and the second term is the transient part of the displacement 

response. Given the loading scheme shown in Fig. 10.1(b), a large loading time 

[e.g. ] ensures that the load increases nearly linearly with the displacement 0 10t =
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(Fig. 10.2). As a result, it can be reasonably deduced that  ( )d t  is constant and thus 

 is zero. With this observation the Eq. (10.10) can be reduced to ( )d t

 

( ) ( )( ) = -
cd tF td t

k k
                                                                                             (10.11) 

 

Eq. (10.11) indicates that a larger c  (and thus 2c mζ ω= ) leads to a larger 

difference between  (i.e. the dynamic response) and( )d t ( )F t k  (i.e. the static 

response). 

 

The phenomenon illustrated in Fig. 10.2(b) implies that to achieve a close 

approximation to the static response, although the damping ratio (ζ ) needs to be 

large enough to damp out the transient part of the response, it should not be so large 

as to cause undesirable differences between the dynamic approximation and the 

exact static response. Indeed, these differences need to be negligible. 

 

Based on the mode superposition principle (Hart and Wong 2000), it can be easily 

verified that for a linear elastic system with muti-degrees of freedom (MDOF), the 

above trends shown Fig. 10.2(a) and 10.2(b) also apply. 

 

10.4.2 FE Analysis of an RC Beam and an FRP-plated RC Beam 

 

To demonstrate the effectiveness of the dynamic approach in the FE analysis of 

problems involving concrete crack and FRP debonding, specimens D and D2 

reported in Brena et al. (2003) were modeled using the FE model presented in 
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Chapter 8 as benchmark problems. Numerical results of these two beams and their 

comparisons with both test results and numerical results from a static solution 

strategy are shown next. More numerical examples were presented in Chapters 8 and 

9 which further demonstrate the effectiveness of the dynamic approach in the FE 

analysis of structural problems involving concrete cracking and/or FRP debonding. 

Theoretical verification of the validity of the dynamic approach for MDOF system 

with nonlinearity in a general sense needs further study and is beyond this scope of 

this study. 

 

Brena et al. (2003) reported that beam D failed in flexure by yielding of tension bars 

followed by compressive crushing of concrete in the constant moment zone, and 

beam D2 failed by IC debonding which initiated under one of the point loads and 

propagated towards the adjacent plate end. The FE mesh and material properties 

employed are the same as those of the FE model described in Chapter 8 and in 

addition, the concrete, steel, and CFRP plate were assigned densities of 2.5x103 

kg/m3, 7.8x103 kg/m3 and 1.75x103 kg/m3 respectively in these benchmark FE 

models here.  A damping ratio of 0.05ζ = was also specified following Hart and 

Wong (2000). Other details of the beams can be found in Brena et al. (2003). 

 

The load-displacement curves as well as the kinetic energy predicted by the dynamic 

approach are shown in Figs. 10.3(a) and 10.3(b) for beam D and beam D2 

respectively. For comparison, the test curves are also shown. Fig. 10.3(b) also shows 

the point of full debonding of the FRP plate in specimen D2 based on test 

observations.  Clearly the dynamic approach combined with the FE model presented 

in Chapter 8 can accurately predict the load-displacement responses for both beams. 
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In particular, the complete IC debonding process of specimen D2 was accurately 

predicted [Fig. 10.3(b)]; more details on this prediction can be found in Chapter 8. 

 

Fig. 10.3(b) also shows that upon full debonding of the FRP plate, the dynamic 

effect becomes considerable in terms of the kinetic energy. Due to the large range of 

the kinetic energy values shown in Fig. 10.3(b), these values are shown in the 

logarithmic scale in both Figs. 10.3(a) and 10.3(b). A similar phenomenon can be 

observed in both specimens when the tension steel rebars yield [Figs. 10.3(a) and 

10.3(b)], which leads to rapid development of slips between the rebars and the 

concrete. Therefore, this local dynamic effect within the overall static behavior 

appears to be an inherent phenomenon in a concrete structure as has been 

experimentally observed [e.g. Rosenboom and Rizkallla (2008)], and theoretically 

explained [e.g. Rots (1988); Yu and Ruiz (2004, 2006)] regardless of whether the 

structure is strengthened with externally bonded FRP reinforcement or not. This 

study further confirms that the dynamic effects are real and their appearance is 

insensitive to the parameters used in the dynamic solution approach (e.g. loading 

time and damping ratio) within practical ranges. 

 

Using the same benchmark FE models, the numerical predictions obtained using the 

displacement-control Newton-Raphson method [see Clarke Hancock (1990)] 

(referred to as the displacement-control method hereafter) and those obtained using 

the arc-length method [see Crisfield (1991)] are also shown in Fig. 10.3 for the two 

specimens. For beam D, the displacement-control method and the dynamic method 

led to nearly identical results [Fig. 10.3(a)], while the arc-length method had 

difficulty obtaining a converged solution beyond the mid-span displacement of about 
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6.4 mm which is close to the yielding of tension rebars.  For beam D2, both the 

displacement-control method and the arc-length method could only obtain the load-

displacement curve up to a mid-span displacement of about 4.7mm [Fig. 10.3(b)]. 

The solution process failed to converge beyond this point even when more relaxed 

convergence criteria within a reasonable range were used. It is noted that the kinetic 

energy predicted by the dynamic approach shows a peak when the mid-span 

displacement is about 4.7mm, showing that the dynamic effect becomes much larger 

at this point of deformation. Results not presented here showed that this significant 

increase of the dynamic effect is caused by rapid crack propagation in the concrete. 

When the dynamic effect increases, it becomes increasingly difficult for a static 

solution method to find a loading path satisfying a given convergence criterion. As 

dynamic phenomena are often experienced in FRP-plated RC structures due to 

factors such as rapid development of cracks or plate debonding, static solution 

methods are expected to have convergence difficulties, and indeed to be inaccurate 

even if these are overcome with relaxed convergence criteria. Therefore, it can be 

said that the proposed dynamic approach is advantageous not only in overcoming 

convergence difficulties but also in capturing both the local dynamic effect and the 

overall static behavior. 

 

Figs. 10.4(a) and 10.4(b) show the predicted development of the ratio between the 

dynamic kinetic energy and the total energy for beam D and beam D2 respectively. 

From these figures it can be seen that due to the nature of the loading scheme 

adopted (see the next section for a detailed explanation), a certain amount of kinetic 

energy normally exists at the beginning of loading, but the amount of  kinetic energy 

decays quickly afterwards due to the effect of damping. For both beams D and D2, 
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the ratio between the kinetic energy and the total energy is significantly less than 

0.1% after the mid-span displacement of 1mm. For beam D2, the ratio suddenly 

increases to a level of 2% upon the full debonding of FRP, but then decreases 

quickly to below 0.6%.  The above observations further indicate that although 

discrete dynamic events exist as discussed above, the predicted overall structural 

response is very close to the static structural response as the kinetic energy due to the 

dynamic events remains at a very low level, as further explained in the next section. 

 

10.5 FACTORS AFFECTING THE ACCURACY OF THE DYNAMIC 

APPROACH 

 

In this section, the effects of several key parameters, including loading scheme, 

loading time, damping ratio, and the time increment size of the time integration 

method used, are demonstrated in a parametric study. It is noted that the parametric 

study is conducted based on the two benchmark FE models. In the parametric study, 

when one of the above parameters varies, the other parameters are kept constant.   

 

10.5.1 Effect of Load Scheme  

 

Fig. 10.5 schematically shows three typical loading schemes based on the 

displacement- control method that may be used by the dynamic approach. They are 

the ramp load, the step load and the smooth load respectively.   It should be noted 

that in all the analyses conducted in this study, if not otherwise specified, the loading 

time  was taken as , where   is the period of the fundamental vibration mode 

of the beam.   can be found by conducting an eigenvalue analysis of the FE model. 

0t 110T 1T

1T
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For a simply supported beam,  can also be estimated from the following equations 

(Clough and Penzien 1993) 

1T

 

11 /2 ωπ=T                                                                                                          (10.12a) 

1 4

EI
ml

ω π=                                                                                                       (10.12b) 

 

where l   is the clear span of the beam; m  is the mass of the beam per unit length; 

and  is the flexural stiffness of the beam.  EI

 

The estimated values for  based on Eq. (10.12) are approximately 0.2 second and 

0.18 second for specimens D and D2 respectively. These approximate values were 

adopted in the following analyses. 

1T

 

Fig. 10.6 shows the three predicted load-displacement curves for beam D for the 

ramp load, the step load and the smooth load respectively. For comparison, the test 

load-displacement curve is also shown in Figure 10.6. From Fig. 10.6, it can be 

clearly seen that the numerical results from the ramp load and the smooth load are 

nearly identical to the test results. By contrast, significant dynamic phenomena can 

be observed for the case of step load as expected. This is mainly because a large 

inertial force (i.e. md , see Eq. (10.9)] and a large viscous force are induced (i.e. cd , 

see Eq. (10.9)] by instantaneously increasing the displacement to a value of  at the 

beginning of the loading process. Similar observations apply to beam D2. Based on 

the above observations, it can be concluded that for obtaining the overall static 

response, either the ramp load or the smooth load is acceptable.  As already shown 

0d
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(Fig. 10.4), at the initial stage of the ramp load, a significant inertial force is induced 

with a corresponding dynamic response, but the dynamic response is damped out 

quickly before the concrete cracks. Thereafter the dynamic response of the analyzed 

structure is mainly due to the viscous force. Under the smooth load, although the 

inertial force is reduced greatly due to the smoothing of the loading curve to achieve 

a zero initial velocity, it increases at the later stage when the rate of loading increases 

(i.e. when  increases).  For these reasons, only the ramp load was further 

explored as presented below. 

( )d t

 

10.5.2 Effect of Loading Time  

 

Figs. 10.7(a) and 10.7(b) show the effect of the loading time  on the numerical 

results for beam D and beam D2 respectively. For comparison, the test results are 

also shown in these figures. 

0t

05.0=ζ  was used in the numerical simulations.  From 

both figures it can be seen that the numerical load-displacement curve becomes 

closer to the test results when  increases.  When0t 10 50Tt = , the percentage 

difference between the predicted ultimate load and the test ultimate load is about 2% 

for specimen D (RC beam with flexural failure), and about 1% for specimen D2 

(FRP-plated RC beam with IC debonding failure). When , the effect of the 

loading time  on the numerical results is negligible (e.g. for D2, the difference in 

the predicted peak load between 

10 50Tt >

0t

10 50Tt =  and 10 100Tt =  is only 0.5%).  The 

dynamic approach also accurately predicted the failure modes of both beams. It is 

shown later that, when  is large enough (e.g. 0t 10 50Tt = ), the numerical results from 

the dynamic approach are nearly identical to those  of the static solution scheme if a 
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converged solution is obtained. It should be noted that the trend shown in Figs. 

10.7(a) and 10.7(b) is in line with that shown by Fig. 10.2(a), confirming the 

conclusion that if is large enough and an appropriate damping ratio is used, the 

dynamic solution is a close approximation to the static solution. 

0t

 

10.5.3 Effect of Damping Ratio (ζ ) 

 

Fig. 10.8(a) and 10.8(b) show the effect of the damping ratio ζ  on the numerical 

results for beams D and D2 respectively. The test results are also shown for 

comparison. In obtaining these results, 10 10Tt =  was used.  From both figures it can 

be seen that when ζ  decreases, the load-displacement curve obtained from the 

dynamic approach becomes closer to the test results.  Figs. 10.9(a) and 10.9(b) show 

that for both beam D and beam D2, numerical results for the case 

of 05.0=ζ ,  are nearly identical to those for 10 50Tt = 005.0=ζ , 10 5Tt = , especially 

before the ultimate failure of the specimens. This indicates that the effect of  ζ  is 

related to the effect of , and their combined effect can be approximately 

represented by the following ratio: 

0t

 

0
0 t

ζκ =                                                                                                                 (10.13a) 

 

It should be noted that in obtaining the numerical results shown in Fig. 10.9, the 

displacement value ( ) was kept fixed [Fig. 10.5(b)]. Numerical results not 

presented here showed that with the ramp load, the magnitude of  also affects the 

0d

0d
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numerical results and its effect is related to the effect of 0κ , and their combined 

effect can be represented by another parameter κ  expressed as 

 

0 0dκ κ=                                                                                                              (10.13b) 

 

Substituting Eq. (10.13a) into Eq. (10.13b) yields 

 

0

0

d
t

κ ζ=                                                                                                              (10.13c) 

 

For an SDOF system, Eq. (10.13c) can be further written as  

 

( )0

0

1
2

d cd t
t m

κ ζ
ω

= =                                                                                        (10.13d)  

 

Eq. (10.13d) means that for a SDOF system with both m  and ω being constant (i.e. 

with stiffness being constant) subjected to a ramp load (i.e. the dynamic effect 

appears only as the viscous force except for the beginning stage of loading), the 

viscous force [i.e. ] is proportional to the coefficient

k

( )cd t κ , and the dynamic 

response becomes closer to the static response as κ  decreases [i.e. as ( )cd t  

decreases], as discussed previously [see Eq. (10.11)].  Numerical results shown in 

Figs. 10.8 and 10.9 verify that the above conclusion is valid for a nonlinear MDOF 

system, and that if both  and 0t ζ  are appropriately chosen, the dynamic solution can 

provide a close approximation to the static solution. 
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It can be inferred from the above discussions that for the dynamic approach, there 

are two alternative means to obtain a closer approximation to the static solution: one 

is to increase the loading time for an appropriately given damping ratio (i.e. 0t

05.0~01.0=ζ ), and the other is to decrease the damping ratio for a given loading 

time  (normally, ).  According to Eq. (10.13), for the same accuracy of the 

dynamic method, decreasing the damping ratio 

0t 10 10Tt ≥

ζ can proportionally decrease the 

loading time required, which can reduce the computational cost if a numerical 

integration algorithm with a fixed time increment size (i.e.

0t

t∆ ) is used to solve the 

problem. Nevertheless, the damping ratio ζ cannot be unconditionally decreased. 

This is because when the damping ratio ζ  is too small, the transient response due to 

local dynamic effects (e.g. temporarily unstable responses due to cracking of 

concrete) cannot be efficiently damped out and may unrealistically dominate the 

overall response of the structure, which is undesirable for obtaining the static 

solution. Some numerical time integration schemes (e.g. the HHT-α method adopted 

in this study) can provide a certain level of algorithmic damping (i.e. , see 

Appendix 10.1) by the scheme itself, which can help to damp out this undesirable 

dynamic response. For a numerical time integration scheme that cannot provide 

algorithmic damping (e.g. the CDM method), this problem may become substantial 

and make the dynamic method ineffective.  An example of the latter case is shown in 

Fig. 10.10. A more detailed discussion of the differences between the different 

numerical solution schemes is given in the Section 10.6. 

'ζ
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10.5.4 Effect of Time Increment Size (∆t) 

 

It is well-established knowledge that the accuracy of a time integration method is 

significantly affected by the time increment size ( t∆ ) used. Existing studies (e.g. 

Chen and Virgin 2006) showed that if the static solution is of interest, the HHT-α 

method with 1 20t T∆ ≤  leads to satisfactory results. A similar conclusion can be 

drawn from the present study, in which all the numerical simulations were conducted 

using 1 100t T∆ = . 

 

10.6 EFFECT OF TIME INTEGRATION METHOD: THE IMPLICIT HHT-α 

METHOD VERSUS THE EXPLICIT CDM 

 

As mentioned previously, all the numerical results presented in preceding sections 

above were obtained using the implicit time integration method available in 

ABAQUS called the Hilber-Hughes-Taylor α  method (the HHT-α method) (Hilber 

et al. 1977, 1978; Hughes 1983). The HHT- α  method is an extension of the 

trapezoidal rule of the Newmark method (Newmark 1959). The HHT-α  algorithm is 

implicit: the integration operator matrix must be inverted and an iteration scheme 

(e.g. based on the Newton-Raphson algorithm) is needed for solving the nonlinear 

equations of motion at each time increment step. A salient feature of the HHT-α  

method is that the spectral radius of the algorithm is close to unity for a large range 

of frequencies of lower modes, and strictly less than one for higher mode, which 

means that the time integration scheme can efficiently damp out the responses in 

higher modes and at the same time guarantee the accuracy of the responses in lower 

modes (Hughes 1983). This feature is independent of the value of the damping ratio 
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ζ  in the normal range of 1.00 << ζ (see Appendix 10.1), which makes the HHT-α  

method especially suited when the main purpose of the analysis is to obtain the 

structural responses  in lower modes, especially  the static structural response. 

 

In ABAQUS, a dynamic problem can also be solved using the explicit central-

difference method (referred to as the CDM hereafter).  The algorithm is explicit 

because there is no need to invert the integration operator matrix during the solution 

process of the method.  Another feature of the algorithm is that the method is 

conditionally stable. To satisfy the stability requirement, the time increment size 

(i.e. ) of the method should always be very small.  Spectral analysis of the 

algorithm shows that the algorithm is well suited for solving problems which last for 

a very short time period (see Appendix 10.1 for details). For obtaining a close 

approximation to the static structural response where a relatively long loading time 

(i.e. ) is always involved, the accuracy of the algorithm depends significantly on a 

number of factors such as the size of time increment (i.e.

t∆

0t

t∆ ) or the number of time 

increment steps (i.e. ttn ∆= /0 ), the viscous damping ratio ζ and the ratio between 

the loading time and the period of the fundamental vibration mode of the structural 

system ( ) (also see Appendix 10.1 for details). For the CDM, decreasing the 

number of time increments n  [e.g. by decreasing  (with constant

0t

10 /Tt

0t t∆ )] generally 

increases the accuracy of the algorithm as this decreases the error cumulation of the 

method (see Appendix 10.1 for details).  However, to keep the accuracy of the 

dynamic approach for solving a static problem, decreasing  requires the value of 0t

ζ  to be decreased proportionally [see Eq. (10.13)], but a ζ  value that is too small 

can make the CDM ineffective as mentioned above (Fig. 10.10). 
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Figs. 10.11(a)-10.11(b) show comparisons of the predicted load-displacement curves 

between the implicit HHT-α  method and the explicit CDM. It should be noted that 

the numerical results of both methods are from the same benchmark FE model 

described earlier.  For beam D, the CDM gives a nearly identical solution to that of 

the implicit method; both are close to the static solution and the test results except 

that more significant responses in the higher modes can be observed in the numerical 

results of the CDM [Fig. 10.11(a)]. For beam D2, the implicit method gives better 

predictions for the overall load-displacement response than the CDM [Fig. 10.11(b)]. 

While the ultimate load predicted by the CDM is still acceptable (i.e. the difference 

in the ultimate load between the prediction and the test is about 3%), the prediction 

error of the CDM for the ultimate displacement is apparent [Fig. 10.11(b)], which is 

due to the error prorogation properties of the CDM as detailed in Appendix 10.1. 

 

Shown in Fig. 10.12 are the numerical load-displacement responses obtained with 

the CDM using different loading times ( ) but the same 0t ζ  and . Fig. 10.12 

clearly demonstrates that when the CDM is used for obtaining the static solution, a 

smaller  may lead to a more satisfactory numerical solution with the same 

damping ratio 

t∆

0t

ζ  and the same time increment size t∆ . This phenomenon is different 

from that of the HHT-α  method, where with the same damping ratio ζ  and the 

same time increment , a larger  always leads to more satisfactory numerical 

results as discussed above.  Therefore, for obtaining static solutions using the 

proposed dynamic approach, the HHT-

t∆ 0t

α  is preferable as long as a converged 

solution can be achieved [i.e. Newton-Raphson algorithm may still fail to find the 

converged solution at some time increments, see Geradin et al. (1981) for more 
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detailed explanations]. The CDM may be used as an alternative method, but it should 

be used with caution. 

 

10.7 CONCLUDING REMARKS 

 

In this chapter, a dynamic solution approach has been proposed for use in simulating 

the FRP debonding failures in RC beams strengthened with externally-bonded FRP 

reinforcement. In the dynamic approach, an essentially static structural response 

problem with discrete local dynamic events is treated as a dynamic structural 

response problem, with the resulting equations of motion solved using an appropriate 

time integration method. In the dynamic approach, a close approximation to the 

static solution is achieved chiefly by appropriate choices of the loading scheme, the 

loading time, the damping ratio and the time increment size (e.g. by using the ramp 

load scheme, , 0 110t T= 0.005ζ =  and 1 100t T∆ =  with the HHT-α  method); both 

the implicit HHT-α  method and the explicit CDM can be used, with the HHT-

α method being more preferable. The dynamic approach can overcome convergence 

difficulties often experienced by static solution methods. Numerical results have 

shown that the dynamic method can predict the load-displacement response 

accurately for both conventional RC beams and FRP-plated RC beams. The 

numerical predictions are in close agreement with test data in terms of both the load-

displacement response and the debonding failure load. An additional advantage of 

the method is its capability of predicting the local dynamic response due to the 

propagation of concrete cracking and debonding between the concrete and the 

internal steel or external FRP reinforcements. Therefore, the proposed method 

provides a good alternative numerical solution method to various static solution 
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strategies, especially when convergence cannot be achieved using a static solution 

strategy. The dynamic approach was successfully applied in the FE simulations 

presented in Chapters 4-9. 
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(a) SDOF system                           (b) Force function 

Fig. 10.1 SDOF system loaded by a force that rises from zero to a constant value 
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(b) Effect of damping ratio (ζ ) on dynamic response 

Fig. 10.2 Dynamic response of on SDOF system 
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(a) Beam D (RC beam) 
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(b) Beam D2 (FRP plated beam) 

Fig. 10.3 Numerical predictions and comparison with test results 
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(a) Beam D (RC beam) 
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(b) Beam D2 (FRP plated-beam) 

Fig. 10.4 Predicted energy properties 
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Fig. 10.5 Different displacement-controlled loading schemes 
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Fig. 10.6 Responses of beam D under different loading schemes 
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(b) Beam D2 

Fig. 10.7 Effect of loading time on the predicted load-displacement curve 
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(b) Beam D2 

Fig. 10.8 Effect of damping ratio on the predicted load-displacement curve 
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(b) Beam D2 

Fig. 10.9 Predicted load-displacement curves with the same 0κ  ( 0 0tκ ζ= )  
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Fig. 10.10 Predicted load-displacement curve of beam D2 obtained using the CDM 

( 000125.0=ζ , 1010 =Tt ) 
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(a) Beam D2 

Fig. 10.11 Comparison between the HHT-α method and the CDM 

( 00025.0=ζ , 101 =Tto ) 
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Fig. 10.12 Effect of loading time on the predicted result of beam D2 using the CDM 

( 00025.0=ζ ) 
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Appendix 10.1 The Hilber-Hughes-Taylor α Method and the Central Difference 

Method  

 

In this appendix, a brief exposition of both the Hilber-Hughes-Taylor α method (i.e. 

the HHT-α method) and the central difference method (i.e. the CDM) is presented, 

with an emphasis on the performance of the two numerical integration methods in 

solving  structural responses in low modes, especially the static structural response. 

Special attention is paid to the spectral properties, stability, accuracy and error 

propagation of the methods. Further details of different numerical integration 

methods can be found elsewhere [e.g. Newmark (1959); Wilson (1968); Hilber 

(1976); Hilber et al. (1977, 1978) and Hughes (1983)]. 

 

The results presented next are based on the analysis of the characteristic equation 

[Eq. (10.8)] of the amplification matrix [Eq. (10.6)] for both the HHT-α method and 

the CDM. It should be noted that in the following discussion on the HHT-α method, 

it is assumed that the following conditions of the HHT-α method (Hilber 1976) are 

satisfied unless specified otherwise: 21=+ γα ; ( ) 41 2αβ −= ; 031 ≤≤− α . The 

results presented below show that under these conditions, the HHT-α method is 

unconditionally stable; by contrast, the CDM (i.e. with 0=α ; 21=γ  and 0=β ) is 

only conditionally stable, with a stability limit of 2tωΩ = ∆ ≤ . 

 

Stability and Accuracy 

 

Figs. 10.A.1 and 10.A.2 show the ( ) TtA /∆−ρ  curves for the HHT-α method and 

the CDM respectively. Here ( ) { }321 ,, λλλρ MaxA =  [refer to Eq. (10.8) for the 
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definition of λ ] is the spectral radius of the integration algorithm, and ωπ2=T  is 

the period of the mode studied. It can be proved that when ( ) 1≤Aρ , the time 

integration algorithm is stable, and within this limit, a smaller value of ( )Aρ  

generally means an elevated dissipative property, which can be qualitatively 

measured by the effective damping ratio  (Hilber 1976, Hilber et al. 1977; Hughes 

1983). It should be noted that  depends on both the structural viscous damping 

ratio 

'ζ

'ζ

ζ and numerical damping arising from the integration algorithm itself. 

When 0=ζ ,  reflects the numerical damping property of the integration algorithm 

only. The  curves of the HHT-α method and the CDM are shown in Figs. 

10.A.3 and 10.A.4 respectively, corresponding to the 

'ζ

Tt /' ∆−ζ

( ) TtA /∆−ρ  curves shown in 

Figs. 10.A.1 and 10.A.2. 

 

Fig. 10.A.1 shows that, for the HHT-α method, when 0/ >∆ Tt , ( )Aρ is less than 1, 

independent of the viscous damping ratio ζ . This means that the HHT-α method is 

unconditionally stable. Fig. 10.A.1 also shows that as 0/ →∆ Tt ,  ( )Aρ  approaches 

1. If +∞→∆ Tt / , ( )Aρ decreases to a constant value of about 0.82 for the given set 

of parameters but this value decreases with an increase ofα . This implies that the 

HHT-α method has adequate dissipation for the higher-mode responses, and at the 

same time guarantees that the lower-mode responses are not affected too strongly.   

 

The dissipation property of the HHT-α method can be more directly evaluated by the 

 curves as shown Fig. 10.A.3. From Fig. 10.A.3 it can be seen that 

 as , and  as

Tt /' ∆−ζ

ζζ →' 0/ →∆ Tt 063.0' →ζ +∞→∆ Tt / .  This means for the lower 
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modes, the HHT-α method has nearly no numerical dissipation, and the effective 

damping ratio of the algorithm is nearly the same as the defined vicious damping 

ratio which is a material and/or structural property.  If 05.0≤ζ ,  remains nearly 

equal to 

'ζ

ζ  for a large range of   (i.e. Tt /∆ )101/0 ≤∆< Tt . This implies that for 

lower-mode responses (i.e. larger T values), there is a large range of time increment 

size , within which the HHT-α method accurately predicts the lower-mode 

responses. By contrast, for the higher modes, some numerical damping is always 

presented. The numerical damping is independent of the value of 

t∆

ζ  and is 

controlled by the value ofα . This means that the HHT-α method can efficiently 

damp out the higher-mode responses. This feature makes the HHT-α method 

especially suitable if only lower-mode responses (including static structural response) 

of a system are of interest.  

 

Fig. 10.A.2 shows that, for the CDM, ( )Aρ is less than or equal to 1 only if  is 

within a certain limit. For a system without viscous damping, this limit is  or 

equivalently

Tt /∆

2≤Ω

π/1≤∆ Tt . This means that the CDM is conditionally stable. Fig. 

10.A.2 also shows that ζ  has a small effect on the value of the conditional limit (in 

terms of either Ω  or Tt∆ ) (Hughes 1983).  For a descretized FE model, the 

conditional limit is determined by the maximum ω  value and hence the 

minimum ωπ2=T . Generally, a finer mesh leads to a largerω , and thus a smaller 

 to ensure the stability of the CDM (Hughes 1983). t∆

 

Fig. 10.A.2 also shows that within the stability limit (i.e. π/1≤∆ Tt ), 

( )Aρ decreases with an increase of Tt /∆ , which implies that a larger Tt /∆ leads to 
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more energy dissipation. However, Fig. 10.A.4 shows that within the stability limit, 

the effective damping ratio  remains nearly constant and equal to 'ζ ζ , except when 

 is close to the stability limit of Tt /∆ π/1  where  increases quickly to a large 

value. This means that the dissipation of the CDM is mainly provided by the defined 

'ζ

ζ  except when  is close to the stability limit. That is, the CDM does not 

contain any significant numerical dissipation.  Therefore, the CDM can approximate 

the responses in all modes with nearly equal accuracy (Fig. 10.A.4) if the stability 

limit is satisfied. However, in a FE model with a very fine mesh size, there are 

always high modes with small periods, a very small 

Tt /∆

t∆ is thus required for the CDM 

to satisfy the stability limit.  

 

Error Propagation  

 

According to Shing and Mahin (1990), the cumulative displacement error of an 

explicit integration scheme can be expressed as  

 

( )[ ] ([ 1sinsin
11

1,1,1, +−++−=+= ∑∑
==

+++ inteKinteKEEE
n

i

r
ir

n

i

d
idnrndnt ωθω )]    (10.A.1) 

 

where   is the cumulative displacement error at time step , which 

originates from two sources: one is the displacement approximation errors 

accumulated in the previous time steps ( ), and the other is the force 

approximation errors accumulated in the previous time steps ( ).  and are 

amplification factors for the displacement error and for the force error respectively;  

1, +ntE 1+n

1, +ndE

1, +nrE dK rK
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d
ie  and are the errors in each time step arising from displacement approximation 

and force approximation respectively.   

r
ie

 

For the CDM, the error amplification factors can be expressed as 

 

41
21

2

2

Ω−Ω

Ω+
=dK                                                                                             (10.A.2a) 

41 2Ω−

Ω−
=rK                                                                                                (10.A.2b) 

 

Fig. 10.A.5 shows the error amplification factor versus Tt /∆  for the CDM.  It is seen 

that the CDM is a poor scheme as far as error prorogation is concerned, because  

approaches infinity when  approaches zero. However, a very small  (or 

equivalentlyΩ ) is always desirable for ensuring numerical stability and accuracy, 

especially for a discretized FE model as discussed above.  Hence, in order to limit 

the cumulative growth of numerical approximation errors of the CDM, one may need 

to increase the element size of the FE model, which compromises the accuracy of the 

FE method. 

dK

Tt /∆ Tt /∆

 

For a discretized FE model, there is another problem. In the FE model, the stability 

limit for  (i.e.Tt /∆ π1/ <∆ Tt ) is normally controlled by the highest mode with the 

minimum T , which becomes smaller with a finer mesh (Hughes 1983). Note that the 

period corresponding to the lowest mode of the system (i.e. ) does not change with 

the element size if the mesh is sufficiently fine. Therefore, for an FE model with a 

fine mesh, it can become very hard to control the cumulative numerical error 

1T
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because a satisfying the stability limit means a very small , and hence a 

very large for the structural system modeled (Fig. 10.A.5). 

Tt /∆ 1/Tt∆

dK

 

For an example problem with 30 =t  s, mm, 1010−== r
i

d
i ee 0001.0=∆t s and πω 6=  

rad/s, the  curve is shown in Fig. 10.A.6. Here n is the number of time steps. 

For comparison, the 

nE nt −+1,

nE nd −+1,  curve and nE nr −+1,  curve are also shown in Fig. 

10.A.6 It is apparent that the nE nd −+1,  curve is nearly identical to the nE nt −+1,  

curve so  is negligible. For a given 1, +nrE t∆ ,  increases monotonically with n 

(or equivalently the total loading time ). This partly explains why when the CDM is 

used to obtain a static solution, the accuracy of the dynamic approach is increased by 

using a smaller , given that the dynamic effect is still appropriately small (i.e. 

should not be too small). The CDM is therefore especially suitable for solving 

problem where the whole event only lasts for a short period of time like explosion 

problems or impact problems, where the cumulative error would not be significant.  

1, +ntE

0t

0t

0t

 

Fig. 10.A.7 shows the effect of the time increment size t∆  on the cumulative 

error  for s, mm and 1, +ntE 30 =t 1010−== r
i

d
i ee πω 6=  rad/s.  Apparently, a larger 

 reduces the cumulative error  for a given , subject to that t∆ 1, +ntE 0t Tt∆  is within 

the stability limit π1 . 

 

For implicit schemes such as the HHT-α method, the cumulative error  is 

generally not a significant issue. This is because the numerical approximation 

accuracy of an implicit scheme is more dependent on the convergent accuracy of the 

1, +ntE
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adopted iterative strategy such as the New-Raphson method (Crisfield 1991, 1997) 

than on the cumulative error as in the CDM. Furthermore, since the implicit scheme 

does not impose any limit on  to ensure numerical stability, t∆ t∆  can be chosen 

mainly based on accuracy consideration (e.g. 50/ ≤∆ Tt ). Therefore, only a limited 

number of time increment steps is required to solve the problem which further 

reduces the cumulative numerical error.  For the CDM, the numerical approximation 

error at each time increment step is largely due to the round-off errors caused by the 

adopted  (Shing and Mahin 1985, 1990). For implicit schemes, the inaccuracy 

caused by the cumulative effect of such round-off errors would be less than the 

inaccuracy caused by the convergence error of the iteration strategy mentioned 

above.  

t∆
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Fig. 10.A.1  Spectral radii versus ∆t/T for the HHT-α method 
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Fig. 10.A.2  Spectral radii versus ∆t/T for the CDM 

( 0=α , 0=β , 21=γ ) 
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Fig. 10.A.3 Effective damping ratio  versus ∆t/T for the HHT-α method 
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Fig. 10.A.4  Effective damping ratio  versus ∆t/T for the CDM 'ζ
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Fig. 10.A.5 Error amplification factor versus Tt /∆  
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CHAPTER 11 

 

CONCLUSIONS 
 

 

 

11.1 INTRODUCTION 

 

This thesis has presented a systematic study covering the analysis, behavior, and 

design of RC beams shear-strengthened with FRP (also referred to as shear-

strengthened RC beams in the remainder of this chapter). The study has been 

focused on the effects of shear interaction between the three contributing 

components in shear-strengthened RC beams: the concrete, the internal steel 

reinforcement and the external FRP reinforcement. Both of the two typical failure 

modes of shear-strengthened RC beams have been examined: shear failure by FRP 

rupture (referred to as FRP rupture failure hereafter) and shear failure by FRP 

debonding (referred to as FRP debonding failure hereafter). A number of other issues 

have also been covered, but to a lesser extent. 

 

An experimental study on RC beams shear-strengthened with side-bonded or side-

unbonded complete FRP wraps has been presented to gain a better understanding of 

the shear resistance mechanism of such beams, particularly the effect of bonding and 

the interaction between the FRP, concrete and internal steel stirrups. By comparing 
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the test results for side-unbonded FRP wraps and those for side-bonded FRP wraps, 

the effect of bonding has been clarified. By analyzing the measured strain values in 

side-unbonded FRP wraps, the effect of adverse shear interaction between the 

concrete and the shear-strengthened FRP wraps has been identified. The effective 

strain in the FRP when the shear contribution of concrete reaches its peak value has 

also been examined. The internal steel stirrups intersected by the critical shear crack 

in such beams were found to yield when FRP rupture failure occurs, so no significant 

adverse interaction between the steel stirrups and the FRP wraps was identified. 

 

The thesis was then focused on the effect of adverse shear interaction between the 

external FRP strips and the internal steel stirrups for the FRP debonding failure 

mode. In this part of the study, it was assumed that the shear failure of an RC beam 

shear-strengthened with FRP is dominated by the development of a single critical 

shear crack. Based on this simplifying assumption, a closed-form solution for the 

development of shear resistance contributed by FRP with the shear crack width was 

developed and validated using predictions from a simple computational model. This 

was followed by a numerical investigation into the shear interaction between 

external FRP strips and internal steel stirrups using a similar computational model, 

from which a number of issues affecting shear interaction were clarified including 

the shear crack shape; a linear crack width variation was shown to be the most 

critical crack shape. Based on both the closed-form solution and the results from the 

numerical investigation, a shear strength model considering shear interaction was 

proposed and shown to predict the test results well. 

 

An advanced FE model capable of accurate modelling of the shear behaviour of RC 
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beams strengthened in shear with FRP has also been presented, following a critical 

examination of the limitations of the existing FE models for both flexurally-

strengthened and shear-strengthened RC beams. The FE model was then used for a 

more accurate assessment of the effects of shear interaction for the FRP debonding 

failure and for further verification of the proposed shear strength model. The effect 

of pre-loading on the effectiveness of shear strengthening was also explored using 

the FE model. 

 

It should be noted that the work presented in this thesis has been limited to shear 

failures associated with the development of shear tension cracks (or diagonal tension 

cracks). Research needs for other failure modes as introduced/reviewed in Chapters 

1 and 2 are highlighted towards the end of this chapter.  

 

11.2 BEHAVIOUR OF RC BEAMS SHEAR STRENGTHENED WITH 

COMPLETE FRP WRAPS 

 

Chapter 3 presented an experimental study on the shear behavior of RC beams 

strengthened with bonded and unbonded complete FRP wraps. Test results of nine 

FRP-wrapped beams were reported. Among these beams, three beams served as 

control beams (CTL), another three beams were strengthened with bonded FRP 

wraps (BDF), and the final three beams were strengthened with FRP wraps 

intentionally left unbonded on the beam sides (UBF).  The UBF beams were 

especially designed to examine the role of bonding in such FRP-strengthened RC 

beams. An additional benefit of testing side-unbonded FRP wraps is that the strains 

in the FRP can be accurately measured and used to evaluate the development of the 
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FRP shear contribution with loading. The following conclusions can be drawn based 

on the test results and discussions: 

 

1)  The beams with FRP intentionally left unbonded on the sides (UBF) achieved 

slightly higher shear capacities than the beams with side bonded FRP (BDF). 

2)  The FRP reinforcement reduced the ductility of the shear failure of both the 

BDF and UBF beams. The BDF beams showed more ductility than the UBF beams, 

with the debonding of the FRP in the former giving some useful warning of the 

impending failure. 

3)  The strain values in FRP showed a noticeable increase only after the 

appearance of the shear crack crossing the FRP wraps, before which the strains 

remained at a rather lower level. For the UBF beams, the FRP strains showed little 

variation over the height of beam during the loading process, while for the BDF 

beams, only those positions crossed by the critical shear crack had high FRP strains, 

and the strain values decreased quickly away from the cracked positions. 

4) The average maximum recorded values of FRP strain for the UBF and the BDF 

beams are respectively 11% and 29 % lower than the values measured from flat 

coupon tensile tests.  This may be due to such factors as the dynamic nature of the 

debonding process, and out-of-plane bending and in-plane transverse bending of the 

FRP strips due to the relative movements between the two sides of the critical shear 

crack. 

5)  The strain distributions in the FRP along the critical shear crack had a quasi-

parabolic shape for the UBF and BDF beams as a result of heavy steel tension 

reinforcement.  
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6)  The UBF beams had a similar FRP strain distribution factor to but a larger 

maximum FRP strain than that of the BDF beams, so the FRP in the former made a 

greater shear contribution than in the latter.  This explains why a beam strengthened 

with side unbonded FRP wraps has a higher shear capacity than that strengthened 

with side bonded FRP wraps, if all other parameters are the same. 

7)  Some adverse shear interaction between the shear contribution of FRP and 

that of the concrete was observed due to the larger crack width reached at the 

ultimate state.  The value of effective FRP strain, at a point where the concrete 

contribution to shear strength was at its maximum in these test beams, was around 

4900 µε, which is slightly higher than the value recommended in ACI-440.2R (2008). 

 

11.3 ASSESSMENT OF CHEN AND TENG’S SHEAR STRENGTH MODEL 

FOR THE FRP DEBONDING FAILURE MODE 

 

Assessment of Chen and Teng’s (2003a) shear strength model for the FRP 

debonding failure mode was presented in Chapter 4.  The assessment was mainly to 

clarify the effect of the following two assumptions adopted in Chen and Teng 

(2003a): 

 

1) The bond strengths of all FRP strips intersected by the critical shear crack are 

fully mobilized at the ultimate state of beam shear failure. This assumption is 

generally un-conservative.  

2) The area of the bonded FRP on the beam sides contributing effectively to shear 

resistance has a triangular shape determined by the critical shear crack and the 

effective height of the FRP. This assumption is conservative as it neglects the part of 
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FRP reinforcement between the compression face of the beam and the crack tip, and 

that within the concrete cover below the steel tension reinforcement. 

 

A theoretical shear strength model in closed-form expressions modified from the 

model proposed by Chen and Teng (2003a) for shear debonding failure was first 

presented to cater for a more versatile FRP bonded area in which the second 

assumption mentioned above was not employed any more.  The predictions of both 

the original model of Chen and Teng and the modified theoretical model were then 

compared with results from a computational model that does not make use of the 

restrictive assumptions adopted by the two theoretical models. With the results from 

the computational model taken as the accurate reference values, an assessment of the 

two theoretical models was made which allows the following conclusions to be 

drawn: 

 

1) Both Chen and Teng’s (2003a) original model and the modified model lead to 

reasonably accurate predictions for the shear resistance of externally bonded FRP 

reinforcement (both FRP U-jackets and side strips) for the practical range of crack 

shapes.  

2) The accuracy of both models increases as the beam height increases. For both 

FRP U-jackets and side strips, Chen and Teng’s (2003a) original model leads to 

more conservative predictions than the modified model for all the crack shapes 

examined.  For FRP U-jackets, both Chen and Teng’s (2003a) original model and the 

modified model provide very close predictions, with the modified model being 

slightly more accurate. For FRP side strips, Chen and Teng’s (2003a) original model 

provides more accurate predictions than the modified model. 
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3) The original model of Chen and Teng (2003a) is more suitable for use in design 

given its overall accuracy and simpler form. 

 

11.4 SHEAR INTERACTION BETWEEN FRP STRIPS AND STEEL 

STIRRUPS FOR THE FRP DEBONDING FAILURE MODE 

 

The review presented in Chapter 2 revealed that although existing studies had led to 

the development of a number of shear strength models, most of these models did not 

consider the possible shear interaction among the three components contributing to 

the shear capacity of the strengthened beam ( ,cV fV  and sV ). To correct this 

deficiency in the existing models, an extensive investigation of the shear interaction 

issue for the FRP debonding failure mode was presented in Chapter 6. The 

investigation was based on a computational model built upon a simplifying 

assumption that the shear failure is dominated by the widening of a single critical 

shear crack.  In the computational model, the bond behavior of both the internal steel 

stirrups and the external FRP strips are accurately modeled to achieve a generic 

assessment of the effect of shear interaction between the two types of shear 

reinforcement in RC beams strengthened with either FRP U-strips or FRP side strips. 

In the computational model, the effect of crack shapes is also included using a shape 

function proposed by Chen and Teng (2003b).  The effect of shear interaction 

between internal steel stirrups and external FRP was examined using two 

mobilization factors, Ks and Kf , defined to quantify  the shear contributions of steel 

stirrups and FRP strips respectively. A value of unity for either factor means full 

mobilization of the corresponding shear contribution, while a value of zero means no 
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shear contribution. The following conclusions can be drawn based on the numerical 

results presented in this chapter: 

 

1) The development of Ks and Kf, and thus the effect of shear interaction between 

steel stirrups and FRP strips, are affected by many factors including the shape of the 

critical shear crack, the beam height, the FRP axial stiffness as well as the type, yield 

strength and diameter of steel stirrups. The crack shape has a significant effect on the 

development of shear contributions of both steel stirrups and FRP strips, with a 

linear variation of crack width from zero at the crack tip being the most critical case. 

The effects of the beam height and the FRP axial stiffness are mutually dependent 

and the combined effect can be characterized using , ,f e normh which is equal to the 

effective height of the FRP strips ( ,f eh ) divided by the effective bond length ( ) [as 

determined using Chen and Teng’s (2001) bond strength model]. The effect of 

adverse shear interaction reduces when 

eL

, ,f e normh  increases. The effect of concrete 

strength within its common range on shear interaction is insignificant especially 

when the cylinder compressive strength is greater than 30 MPa. The effect of 

adverse shear interaction reduces for steel stirrup bars of smaller diameters, lower 

yield strengths and better bond properties (e.g. deformed bars). 

2) In general, severe adverse shear interaction exists between steel stirrups and FRP 

strips for RC beams shear-strengthened with FRP side strips. As a result, the effect 

of shear interaction should be duly considered if FRP side strips are used. FRP U-

strips are generally more effective than FRP side strips for shear strengthening. 

However, the effect of adverse shear interaction can be still significant when FRP 

strips with a very high axial stiffness are used. Therefore, in the evaluation of shear 

strength, the simultaneous use of the maximum values of both Ks and Kf as in 
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existing shear strength models only gives an upper limit of the shear capacity of the 

beam and is un-conservative. For accurate evaluation of the shear resistance, the 

maximum value of the combined contribution of steel stirrups and FRP strips needs 

to be determined.  

 

The computational model and the results presented in Chapter 6 were used to devise 

a new shear strength model presented in Chapter 7. 

 

11.5 SHEAR STRENGTH MODEL FOR THE FRP DEBONDING FAILURE 

MODE CONSIDERING THE EFFECT OF SHEAR INTERACTION 

 

For the development of a shear strength model that takes the effect of shear 

interaction into account, a closed-form solution was first presented in Chapter 5 for 

the development of FRP shear contribution with the width of the critical shear crack. 

This closed-form solution was based on two analytical solutions for the full-range 

behavior of FRP-to-concrete bonded joints and a linear crack shape assumption for 

the single dominant shear crack. The validity of the closed-form solution for the FRP 

shear contribution was verified by comparing its predictions with numerical results 

obtained using the computational model described in Chapter 4. A shear strength 

model considering shear interaction was next proposed in Chapter 7 in which the 

effect of shear interaction between internal steel stirrups and external FRP strips is 

considered via a shear interaction factor (K ) deduced from extensive analyses of 

numerical results for Ks obtained from the computational model presented in Chapter 

6 and the analytical solution for Kf presented in Chapter 5. The new shear strength 
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model was validated against a large test database and shown to deliver better 

performance in predicting experimental results than the existing models examined. 

 

11.6 DEVELOPMENT AND APPLICATIONS OF AN ADVANCED FE 

MODEL FOR RC BEAMS SHEAR-STRENGTHENED WITH FRP 

 

As mentioned above, the thesis is concerned chiefly with the two typical failure 

modes of shear-strengthened RC beams: FRP rupture failure and FRP debonding 

failure, both of which are caused by the development of the critical shear crack in the 

beam.  To establish an advanced FE model for simulating the shear behavior of such 

strengthened beams, an accurate modeling approach for the localized cracking 

behavior in these beams is an essential per-requisite.  For this purpose, a thorough 

review of the existing concrete crack models was conducted (see Chapter 2). Based 

on this review, it was clear that the smeared crack model should be adopted in the 

present work due to the relative ease of the approach in following crack propagation. 

A critical examination of the existing FE studies on both FRP shear-strengthened 

and flexurally-strengthened RC beams was also conducted, which revealed that 

although a few recent FE models succeeded in predicting the failure modes (e.g. FRP 

debonding failure) through the use of an accurate bond-slip model for the FRP-to-

concrete bonded interface, nearly all studies reviewed failed to achieve accurate 

modeling of localized cracking in real beams (see Chapter 2).  In the present FE 

model, this problem was overcome through the combined use of the following 

techniques: (a) the crack band model is adopted as a “localization limiter”, and (b) 

the bond-slip responses between concrete and both steel and FRP reinforcements are 

accurate modeled. Comparisons between predictions from this FE model and 
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experimental observations showed that the proposed FE modeling approach is 

capable of accurately modeling the shear behavior (e.g. the failure mode/failure 

process, concrete cracking behavior, FRP stress distributions, and load-carrying 

capacity) of an RC beam shear-strengthened with FRP. Both FRP debonding failure 

and FRP rupture can be accurately predicted using the proposed FE model. The FE 

model was also shown to be capable of accurately modeling the IC debonding failure. 

As a part of the proposed FE model, a dynamic approach was proposed (Chapter 10) 

for the efficient and robust simulation of the failure process of FRP-strengthened RC 

beams concrete involving concrete cracking and debonding. 

 

Using the proposed FE model, in which the simplifying assumptions adopted in the 

proposed shear strength model (e.g. the shear failure is dominated by a single critical 

shear crack with a linear crack width variation) are not employed, a parametric study 

was conducted for a more accurate assessment of the effects of shear interaction for 

the FRP debonding failure mode. Results from the parametric study revealed that the 

new shear strength model is conservative and reflects reasonably well the adverse 

effect of shear interaction between internal steel stirrups and external FRP strips on 

the beam shear strength. These results also revealed that the FRP axial stiffness and 

the amount of steel stirrups may affect the crack pattern, the angle of the critical 

shear crack, and hence the effectiveness of FRP shear strengthening significantly. As 

a result, an increase of the FRP axial stiffness or the amount of steel stirrups may 

lead to a decrease of the effectiveness of shear strengthening. The proposed FE 

model was also used to explore the effect of pre-loading for the FRP debonding 

failure mode. The results showed that the effect of pre-loading on the effectiveness 

of shear strengthening can become significant if the level of pre-loading is 
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sufficiently high. 

 

11.7 FURTHER RESEARCH 

 

This thesis has been concerned with shear behavior and strength of RC beams which 

are shear-strengthened with bonded FRP strips and fail by either FRP rupture or FRP 

debonding. Both failure modes are caused by the development of tension shear 

cracks in the strengthened beam. This research has led to a better understanding of 

both failure modes. An improved shear strength model for the FRP debonding mode 

has been proposed providing better predictions of experimental observations. An 

advanced FE model has also been developed and results from the FE model have 

provided additional support to the proposed shear strength model. A design proposal, 

in a form simpler than the shear strength model presented in this thesis and based on 

the outcomes of this project, is being formulated. 

 

While the present research represents a significant step forward in understanding and 

modelling the shear behavior of RC beams shear-strengthened with FRP, many of 

the knowledge gaps pointed out in Chapters 1 and 2 are yet to be closed. Much 

further research, both experimental and theoretical, is still needed. The work 

presented in this thesis has provided a good platform for further research on the 

issues detailed below. 
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11.7.1 Behaviour of Shear-Strengthened Beams of Practical Dimensions 

 

Most of the existing laboratory tests on the shear behavior of strengthened beams 

have been conducted on small-scale specimens. Research on the effect of specimen 

size on the effectiveness of shear strengthening has been very limited, so reliable 

conclusions can hardly be drawn. In FRP-strengthened RC beams, the size effect has 

two aspects: (a) the shear contribution of concrete widely known to depend on the 

beam size (Banzant et al. 2007), and (b) the beam size has a significant bearing on 

the effect of shear interaction between concrete, steel and FRP. The latter aspect has 

been investigated using theoretical means, but more tests on large beams are needed 

to verify the proposed shear model. The former aspect is still a topic of debate for 

conventional RC beams and how it should be reflected in a shear strength model for 

RC beams shear-strengthened with FRP presents a significant challenge. It is 

important to note that ignoring the former aspect of the beam size effect leads to 

unsafe predictions.  

 

11.7.2 Effect of Shear Span-to-Depth Ratio 

 

Most of the existing studies on FRP shear strengthening of RC beams have been 

conducted on beams with a shear span-to-depth ratio 2.5s d ≥ . The shear failure of 

such beams is generally caused by the development of shear tension cracks. A 

limited number of studies on beams with 2.5s d < have revealed a more complex 

failure mechanism. Consequently, knowledge obtained from existing research on 

strengthened beams with 2.5s d ≥  is not directly applicable to beams 

with 2.5s d < .  No systematic study on the shear behavior of strengthened beams 
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covering the wide practically possible range of s d  currently exists. Research on 

such beams including deep beams is valuable to expand the existing knowledge and 

the range of applicability of the FRP shear strengthening technique. The advanced 

FE model developed in this study can be very useful in such studies although it may 

need improvement to achieve accurate predictions for such beams. 

 

11.7.3 Effect of Loading Conditions 

 

Most existing research on RC beams shear-strengthened with FRP has considered 

only beams subjected to a single point load or a pair of point loads. In practice, other 

loading conditions are often encountered and a uniformly distributed load is much 

more common than a single point load or two point loads.  Further research is 

therefore needed to clarify the effect of load distribution on the failure mechanism 

and strength of the strengthened beam and how this should be properly reflected in a 

design model. As a related issue, the effect of preloading on the shear behavior of the 

strengthened beam also needs further attention. Again, the advanced FE model 

developed in this study can be usefully exploited in such research. 

 

11.7.4  RC beams Shear-Strengthened with Near-Surface-Mounted FRP 

 

As the bond between near-surface-mounted (NSM) FRP and concrete is stronger 

than that between externally bonded FRP and concrete (Lorenzis and Teng 2007), 

this NSM technique provides an attractive alternative for the shear strengthening of 

RC beams. It is expected that in RC beams strengthened with NSM FRP, the 

unfavourable effect of the shear interaction between NSM FRP shear reinforcement 
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and internal shear reinforcement is greatly decreased (Mohamed Ali et al. 2006; 

Rizzo and Lorenzis 2009b). Some research has been conducted on this topic (Rizzo 

and Lorenzis 2009a), but much more work is needed. Again, the advanced FE model 

developed in this study can be easily extended for the numerical modelling of RC 

beams shear-strengthened with NSM FRP if a reliable bond-slip model for NSM 

FRP is available. 
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