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ABSTRACT 

In this thesis, the term ‘real’ is used as the opposite of ‘ideal’. ‘Ideal performance’ can 

be described as behavior of a structure that can be expected to perform strictly in 

accordance with the assumed physical and material properties of the structure based 

on the theories and knowledge known. However, engineering design/analysis theories 

are inherently incomplete description and inevitably simplifications of the reality due 

to a whole host of factors: complexities of material behaviours, presence of flaws, 

possibilities of manufacturing or construction errors etc. Hence the ‘real’ performance 

of structures rarely fits or agrees with the ‘ideal’ performance. Hence, the ‘real’ 

structural responses/performance of structures cannot be obtained from design and 

theoretical analyses alone but via real life full-scale testing only. 

 

In structural design, large factors of safety (FOS) are allowed in order to provide 

greater safety margins to cover these imperfections of knowledge and understanding 

and between the real and ideal performance of structures. As a result, the traditional 

engineering design theories/approaches adopt appropriate FOS material factors 

(regarding materials strengths and ultimate resistance/stresses) and FOS loading 

factors (regarding loading and their combinations) to balance economy and risk of 

failure.  

 

This thesis reports an experimental investigation/evaluation to enrich our existing 

understanding of the real performance of reinforced concrete cantilevered balcony 

structures (RCCBS) through investigating the inter-relationships amongst the so 

called ‘balcony parameters’ (expressed in terms of dynamic, structural and material 

properties). It details an experimental approach of investigating/evaluating the ‘real’ 
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performance of RCCBS and the efforts in the establishment and formulation of a 

performance-based phenomenological models, which is heretheto conveniently coined 

the terms ‘unified structural performance’ (USP) model, using forced-vibration 

measurement technique. To reveal the ‘real’ performance of the RCCBS, the 

contribution and the constitutive effects to the global stiffness of structure arising 

from tensile capacity of concrete (TCC) has been a subject of intensive investigation 

in this study.  

 

This research is an attempt, as far as the author is aware, the first study of its kind (i.e. 

in terms of the technique of evaluating the real performance of RCCBS based on an 

investigation of the inter-relationships amongst dynamic, structural and material 

properties of structures with due consideration of TCC effect). An important 

contribution of this research is that, by simply charting the resonant frequency 

measured experimentally into the prescribed USP model, the instantaneous/inherent 

values/changes of structural and material properties of the tested RCCBS at varying 

degrees of damage (the loss of tensile steel rebar area) can be ascertained successfully 

based on their respective trajectories. 

 

To obtain these useful and informative trajectories (i.e. empirical ‘causal’ relationship 

between the relevant properties charted according to the different balcony parameters 

of the USP model), a series of well-coordinated systematic experimental programmes 

have been designed and implemented using three different RCCBS models 

(containing one scaled-down and two full-scale physical models) each differs one 

another by the structural characteristics (in terms of steel reinforcement ratio, physical 

size, span etc,) and loading conditions (high/low loading condition) so that variations 
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in structural characteristics and loading conditions have been taken care. These 

RCCBS models were made to deteriorate artificially and progressively by a novel 

damage strategy (in which the tensile steel rebars were cut-off by rotary cutting 

machine in order to reduce the effective area of steel rebar at predetermined step 

sizes). With this technique, the severity of damage to the structure could be 

measured/quantified accurately by quantifying/measuring only the loss of steel rebar 

area and the corresponding changes of structural and material properties at varying 

degrees of damage without the need of imposing additional loads on the tested 

structure. 

 

The effect of tensile capacity of concrete (TCC) to the global stiffness of the structure 

is a subject of concern in this research. The effective I-value of the slab section is one 

of the critical parameters governing the global stiffness of the structure. For a 

structure with high TCC effect, the effective concrete area in tension zone is 

considerably larger (reflected by much lower effective area ratio of steel-to-concrete), 

whereas the TCC effect becomes lower as the reduction of effective concrete area is 

lowered due to cracking (as the effective concrete area decrease). However, the 

determination of TCC effect not only depends on the effective concrete area alone, 

but also the instantaneous tensile stress/strain of concrete (ITSScon) which is another 

critical parameter affecting the extent of participation of tensile steel rebar (in terms of 

the effectiveness of anchorage and composite action by inflicting stress on the tensile 

steel rebars in concrete). 

 

Arising from the experiments on the scale-down RCCBS models, the performance 

regimes of the RCCBS were found to be divided into two regions by a so-called 
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‘turning point’ (TP). Before the TP, where the TCC effect was higher and the ITSScon 

was lower, the resonant frequency was found to be less sensitive to the damage 

introduced. But the situation changes after passing the TP, where the TCC effect was 

lower and the ITSScon was higher, the resonant frequency was more sensitive to the 

damage on the structure. These observations and findings were further validated by 

the experiments on two full-scale RCCBS models under two separate performance 

regimes (high/low ITSScon). These observed phenomena are considered to exhibit 

profound influences on the understanding of the role of TCC on the real structural 

behaviour of RCCBS. Also, the findings provide evidence to explain why most 

researchers claimed that the resonant frequency is found less sensitive to the damage 

especially when damage occurred at sections of low stresses as the TCC effect have 

not been taken into consideration. 

 

By constructing and assembling a set of trajectories for the individual balcony 

performance not only in terms of dynamic properties (i.e. resonant frequency) but also 

structural and material properties (i.e. remaining tensile steel area, neutral axis 

position and stress distribution of materials) of the two full-scale RCCBS models, a 

performance-based phenomenological USP model, was established/formulated to 

cover the two different performance regimes of RCCBS. With this USP model, the 

real performance of RCCBS can be tracked and evaluated by charting the resonant 

frequency measured from the tested structure to their rightful positions corresponding 

to the two performance regimes governed by different ranges of instantaneous tensile 

stress/strain of concrete (ITSScon). 
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Verification of the validity and usefulness of the USP model was further undertaken 

using data measured from a number of real-life balconies with similar structural 

characteristics as those of the two full-scale RCCBS models. However, since limited 

numbers of performance regimes were investigated due to the limitations on scope 

and time, the resonant frequencies of the tested real-life balconies are found not to fit 

completely into the prescribed frequency range covered by the USP model and thus 

over-interpretation of the structural condition of the inspected real-life balconies 

should be cautioned. Therefore, further investigation of more performance regimes is 

recommended in order to establish and formulate a more complete USP model, which 

allows even better understanding of real performance of these real-life balconies.  

 

It is also believed that the USP model and the experimental technique proposed and 

advocated in this research have already provided fundamental and indispensable 

understanding of the real performance of RCCBS and the role of TCC in these kinds 

of structure. Thus it will enable us to apply such understanding to other RC 

structures/elements. Indeed, this research is believed to have advanced the frontiers of 

both research on damage detection and structural assessment. 
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1. INTRODUCTION 

1.1 GENERAL OVERVIEW 

Historical Background of Reinforced Concrete structure 

This research investigates the evaluation of real performance of reinforced 

concrete cantilevered balcony structures (RCCBS) using forced-vibration 

measurement technique. In 1867, Joseph Monier was given credit for the first 

practical use of reinforced concrete (RC). He made garden tubs and pots of 

concrete reinforced with iron mesh and exhibited these in Paris in 1867. In 1869, he 

continued to apply the use of reinforced concrete in structural components such as , 

pipes and basins (1868), building facades (1869), bridges (1873), beams and 

columns (1878) and all these application were protected by patents (Straub 1964). 

Monier further received German patents for railroad ties, water feeding troughs, flat 

plates, irrigation channels etc. However, the use of iron reinforcement was largely 

to serve the purpose of conforming to the contour of the structural element and 

generally strengthening it. No design calculation/ assumption had been previously 

made based on the structural behaviour of these elements/members. In 1877, 

Thaddeus Hyatt conducted flexural test on 50 RC beams and found that both 

concrete and steel can be assumed to behave in a homogeneous manner for 

practical application. This assumption provided an important foundation for the 

design of RC members using elastic theory.  

 

During the first decade of the 20th century, the researches on the use of RC 

were increased rapidly, which aimed at determining the beam behaviour, 

compressive strength of concrete and young’s modulus conducted by Arthur N. 

Talbot at the University of Illinois, Frederick E. Turneaure and Morton O. Withey 
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at the University of Wisconsin. From 1915 onwards, researches were conducted on 

axially loaded columns and creep effects on concrete and in 1940, eccentrically 

loaded columns were investigated. Ultimate limit state (ULS) design was started to 

receive special attention and many current design standards/codes based on ULS 

theory were then developed such as British Standard (BS-8110), American 

Concrete Institute (ACI-318), Euro-Code (EC2) etc. 

 

Reinforced concrete structures are made up of concrete and steel, each has 

different characteristics which alter the overall structural performance of the RC 

structures. Since concrete is relatively weak and brittle under tension, cracking is 

expected when significant tensile stress is induced in a structure, and tensile steel 

rebars are used to provide the necessary tensile strength for a structural member. In 

advance, because of weak tensile strength of concrete, the nonlinear response of RC 

structures can be roughly divided into three regions of behaviour; uncracked elastic 

stage, the crack propagation of concrete and the plastic stage (yielding of steel or 

crushing of concrete).  

 

The design process for RC structures relies on the application of various 

structural theories, such as an elastic theory, load factor theory, limit state theory. 

However, due to construction errors, the complexities of material behaviours, 

presence of flaws, material deteriorations, and the chance of catastrophic events 

such as earthquake, any theory is inadequate to reveal the real performance of RC 

structures. These theories can only provide theoretical estimation to structural 

response, which assume the structures/components have been constructed with full 

compliance with the design assumptions. To this endeavor, various methods of 

structural performance evaluation are the only reasonable alternative. 



CH. 1 INTRODUCTION 

Ch 1-3 

Structural Performance Evaluation by Traditional Methods 

Traditionally, the performance evaluation of RC structures are carried out by 

the combination of the analytical evaluation and the load testing as described in 

ACI 318-08 Chapter 20 (Strength evaluation of existing structures) and BS 8110-

2:1985 Section 9 (Appraisal and testing of structures and components during 

construction). The former refers to the collection of as-built structural information 

in order to estimate/predict the structural performance by following an analytical 

approach. The later refers to the obtaining of the load-deflection relationship of the 

tested structure by loading the structure to failure.  

 

The collection of as-built information include, among other things, the design 

and as-built construction information, (i.e. design/construction drawings, material 

specification etc) detailed condition survey (i.e. visual inspection for checking 

cracks, dimensional checking, open up inspection etc) and material sampling (i.e. 

concrete coring and tensile test of steel rebars to examine the prevailing strength of 

materials). By assembling the obtained information, the use of analytical evaluation 

can provide an accurate estimation on the performance of the tested structure. 

However, the strength deficiency and the degree of deterioration of materials may 

not be easily obtained because of accessibility problems, therefore, this method is 

not a common approach advocated for the performance evaluation. In addition, the 

material sampling can only give small hints as to the local quality of materials but 

cannot represent the condition of the whole structure, since comprehensive and 

structure-wide data are not available. 

 

As far as the loading test is concerned, the tested structure is subject to an 

incremental load until reaching its design/estimated ultimate loads and the 
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corresponding deformations are spread across the range of elastic to inelastic. By 

analyzing the load-deformation (L-D) relationship of the tested structure, the real 

performance of RC structures can be obtained and the result of L-D curve can be 

used to calibrate the original design in predicting the ultimate strength and long-

term performance of the structure. However, loading a structure to its 

design/ultimate loads may impair the structural performance in service or sometime 

overloading of the structure may introduce permanent damage to the structure or 

even, make the structure collapse during the test. The detail contributions and 

limitations of research studies adopting these methods will be reviewed in     

Section 2.2 

 

Structural Evaluation by Forced-Vibration Approach 

Another plausible approach is via forced-vibration technique. The actual 

stiffness or flexibility of the RC structures is important information for the 

evaluation of RC structures. The basic premise of using vibration-based approach 

for detecting/locating damage is that the physical properties of a structure are 

expressed in terms of mass, stiffness and damping. Any damages existing in the 

structure will alter the physical properties and therefore, change the dynamic 

properties of the structure, such as resonant frequency (ω), mode shape (φ) and 

damping (η). By measuring these dynamic properties on the tested structure, any 

changes in these dynamic properties would imply the existence of damage and can 

be advocated as damage indicator. 

 

In 1979, Cawley and Adams first proposed applying measurement of natural 

frequencies for damage location in structures. A number of past studies (Kato and 

Shimada 1986; Slaštan and Pietrzko 1993; Maeck and Roeck 1999; Koh et al. 2004; 
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Amick and Monteiro 2006; Capozucca 2008) have reported the use of vibration-

based techniques for the damage detection/structural health monitoring of RC 

structures/components, such as RC beams and slabs. Damage (i.e. the extent of the 

tensile/shear cracking in terms of either crack-width or crack-depth, crack- pattern 

and the applied load etc.) is found to correlate with the changes of the modal 

parameters of the tested specimens (i.e. resonant frequency, damping and mode 

shape). By comparing the corresponding changes of modal parameters before and 

after damage (i.e. by imposing loading on the tested structure at varying step sizes 

until failure), the variations of the parameters can be used to identify the location 

and the severity of damage.  

 

However, the results obtained from these studies so far tend to provide limited 

information regarding the changes of structural condition; while the crucial 

information pertaining to issues such as the changes of structural/material 

properties, i.e. stress-distribution, stress-transfer etc. is missing. Although Maeck 

and Roeck (1999) attempted the use of modal curvature to derive the dynamic 

bending (EI) and torsion stiffness (GI) of the RC beam, the corresponding changes 

of structural/material properties resulting from the damage were not identified. This 

is attributed to the fact that the extent of the prescribed artificial damage (such as 

cracking, corrosion of rebars etc.) cannot be easily measured/quantified with any 

degree of accuracy. Indeed there is still inadequate information regarding the 

changes of real structural performance resulting from damages. Clearly the 

structural degradation resulting from damages as well as the severity of damage 

cannot be identified explicitly. The literature in relation to the application of 

vibration-based technique for the evaluation of structural performance of RC 

structures will be discussed in Section 2.3.  
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In this research, the limitations imposed by the traditional structural evaluation 

method and the inherent difficulties in obtaining important information regarding 

real structural aspects are resolved by using a vibration-based method. Indeed the 

researcher advocates a combination of a novel damage strategy and forced-

vibration technique. A series of well-coordinated experiments have been carried out 

on three RC cantilevered balcony structures (RCCBS) models, which have different 

structural characteristics and loading conditions during the tests under laboratory 

conditions. The tensile steel rebars of the tested balcony models were progressively 

cut-off and the corresponding changes of steel area and modal parameters were 

measured experimentally at varying degrees of damages. With this technique, the 

real performance of RCCBS can be ascertained by a thorough understanding of the 

changes of instantaneous structural and materials properties under different severity 

levels of damage. 

 
1.2 RESEARCH OBJECTIVE  

 The aim of this research is to investigate the inter-relationship amongst 

different balcony parameters, studying the real behaviours of materials, and condition 

assessment of RCCBS by using forced-vibration method. The specific objectives of 

this research are identified as follow: 

 
1. Determination of the real performance of RC cantilevered balcony structures 

(RCCBS) by amalgamation of traditional structural assessment method and the 

experimental forced-vibration testing technique.   

 
2. Investigation into the performance of and contribution to the real behaviour of 

RCCBS in terms of both the concrete and steel rebars within the context of 

composite materials/structures.  
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3. Establishment and formulation of a performance-based phenomenon model with 

different performance regimes to describe/reveal the real behaviour of RCCBS in 

order to provide an easy and non-destructive method for charting as well as 

evaluating the real performance of real life RCCBS. 

 

1.3 RESEARCH METHODOLOGY 

This research begins with an extensive range of literature review on structural 

performance evaluation of RC structures and the existing gaps of knowledge were 

identified to justify the formulation of this research. A series of coordinated 

experiments were designed and implemented to evaluate the real performance of three 

RCCBS models using the experimental forced-vibration approach. These models were 

designed with different structural forms (i.e. over- and under- reinforced) and loading 

conditions (i.e. high and low loading conditions) so that variations in structural 

characteristics and loading conditions have been taken care. The Frequency Response 

Function (FRF) data of the models at varying degrees of artificially introduced 

damage were measured by forced-vibration instrumentation systems and analyzed by 

proprietary modal analysis software. Data processing in both FRF data and the 

severity of damage were performed to obtain values of parameters of dynamic, 

structural and material properties, called balcony parameters. These sets of values 

were subsequently correlated with each others to establish various forms of empirical 

relationship (trajectories) and amalgamated to formulate a performance-based 

phenomenon model. This model assigns the rightful position of different balcony 

parameters and provides an easy and useful method to evaluate the real performance 

of real-life balcony structures.  A schematic diagram is depicted in Fig. 1-1 to 

describe the outline methodology applied in this research. 
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1.4 OUTLINE OF THE THESIS 

This thesis comprises eleven chapters and starts with a fundamental review of 

literature and theories as discussed in Chapter 2 and Chapter 3. Chapter 4 introduces 

the instrumentation and data analysis systems advocated in this research for the 

extraction and measurement of the dynamic properties of the tested structure. To 

investigate the real performance of RCCBS under different structural and loading 

conditions, a series of coordinated experiments, as summarized in Table 1-1, are 

reported in Chapters 5, 6 and 7 respectively. A set of trajectories obtained from these 

chapters demonstrates the empirical relationship amongst these balcony parameters 

which aims to obtain the instantaneous structural and material properties of the tested 

structure at varying degrees of damage severity by simply measuring the resonant 

frequencies. These trajectories will be further used to establish and formulate a 

performance-based phenomenon models so called unified structural performance 

(USP) model as presented in Chapter 8. Also reported in Chapter 8 is the verification 

of the model using a set of field data measured from a number of real life RC 

balconies in a 36-year old residential estate in Hong Kong. Chapter 9 delineates some 

unavoidable limitations of the proposed evaluation method and recommendations for 

future research while Chapter 10 summarizes the major contributions to knowledge 

achieved by this research. Lastly, Chapter 11 provides a brief conclusion to this 

research. 
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Table 1-1 Characteristics and loading conditions of various RCCBS models investigated in the experiments of 

 this research 

Experimental results described in Characteristics and loading condition of 

various RCCBS models  Chapter 5 Chapter 6 Chapter 7 

Type of slab section Overly-reinforced 

section 

Under-reinforced 

section 

Under-reinforced 

section 

Effective section depth 

of concrete slab  

Very small (53mm) Very Large 

(206mm) 

Moderate 

(161mm) 

Sectional property 

of slab 

Width of balcony slab  Small (1000mm) Large (2960mm) Large (2960mm) 

Ultimate 

Tensile/Compressive 

strength of concrete 

Low (1.2N/mm2 

and 20N/mm2) 

High (3.7N/mm2 

and 55N/mm2) 

High (3.7N/mm2 

and 55N/mm2) 

Yield strength of steel High  (460N/mm2) High (503N/mm2) High (503N/mm2)

Material property 

Steel/Concrete ratio High (2.13%) Very Low (0.26%) Low (0.48%) 

Loading condition  Bending moment 

provided by self dead-

weight 

Very Low   (0.346 

kNm) 

High      (18.07 

kNm) 

High     (18.07 

kNm) 
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2. LITERATURE REVIEW 

2.1  INTRODUCTION 

This literature review in this chapter is divided into four sections. Section 2.2 

reviews the traditional methods for the performance evaluation of reinforced concrete 

(RC) structures. These methods can be defined as the destructive, partially destructive 

or nondestructive physical tests of a structure. Section 2.3 delineates the current 

research on the evaluation of the structural performance and damage detection of RC 

structures based on the vibration measurement approach. By measuring the so called 

frequency response function (FRF) data from the tested structure, the structural 

degradation due to the prescribed damages can be detected and located through 

tracing/identifying the associated changes in the dynamic properties such as resonant 

frequencies, damping loss factors and mode shapes. The limitation, advantage and 

disadvantage in using various properties in detecting/locating damage and assessing 

the corresponding changes of structural performance are also introduced.  

 

Tensile capacity of concrete (TCC) is determined by the total tensile strength 

provided by the concrete within the tension zone of a RC structure under flexure load. 

In most structural design, TCC is usually neglected when calculating the strength of a 

RC beam or slab due to the fact that the structural performance under the ultimate 

loading condition is the prime interest in the RC design based on the ultimate limit 

state (ULS) theory. However, the TCC continues to carry tensile stress before and 

after cracking through the bonding between the concrete and tensile steel 

reinforcement. In order to reveal the real performance of RC structures, the TCC 

effect, in particular for a lightly reinforced concrete structure under light loading 

condition, must be considered. Section 2.4 presents the various approaches in 
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evaluating the effect created by TCC on the structural performance of RC structure. 

These approaches provide a wide variety of methods in predicting the deflection and 

serviceability of RC structure more accurately.   

 

Finally, Section 2.5 provides a thorough discussion of the inadequacy of the 

key studies covered from Sections 2.2 to 2.4. These discussions will summarize the 

limitation of various approaches in evaluating the performance of RC structure,  

which justify the formulation of research approaches on carrying out a series of 

experiments (described in Chapter 5 to Chapter 7) and the construction of the 

phenomenological model (described in Chapter 8). 

 

2.2 TRADITIONAL APPROACH FOR PERFORMANCE EVALUATION OF RC 

STRUCTURES  

The design process for reinforced concrete (RC) structures relies heavily on 

the application of national consensus design codes and standards (i.e. BS8110: 1985 

and ACI 318-08), which are developed based on traditional structural theory (to be 

discussed in Chapter 3). However, the real performance of the structure does deviated 

from the design assumptions made according to the engineering design theory due to 

various reasons such as the existence of flaws, complexities of material behaviours, 

construction and manufacturing errors, allowance for various factors of safety, the 

chance of catastrophic events, structural degradation due to deterioration of materials 

etc,. As a result, the traditional design theory can only provide probabilistic minimum 

and maximum values to structural response.  
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To validate the structural performance/behaviour of existing structures, a wide 

variety of methods are available to evaluate the performance of RC structures 

experimentally and the test results are commonly used to compare/update the 

analytical model in order to predict the performance of structures more accurately in 

the design stage.  

 

The performance evaluation can be carried out by destructive (i.e. loading test), 

partially destructive (extract samples from existing structures such as concrete coring) 

and non-destructive methods (i.e. infra-red, radar, ultrasonic and vibration). The 

methods described in BS8110 (Part 2, Section 9) and ACI-318 (Chapter 20) provide 

recommendations to methods for appraisal and testing of RC structures (or called 

strength evaluation of structures as described in ACI code).   

 

2.2.1 EXTRACTION OF AS-BUILT INFORMATION AND MATERIAL PROPERTIES  

The process of the structural performance assessment is generally divided into 

two stages. The first stage involves the extraction of as-built information from the 

structure. This process involves the collection of all-available design and construction 

information, condition survey of the structure and the material sampling. The physical 

dimension of the structure should be first checked against the design information. A 

detailed condition of the structure should then be carried out to inspect any existence 

of surface/visible defects. The material and structural properties, such as arrangement 

of reinforcement bars, size, spacing, cover and the concrete strength should be 

determined by destructive/non-destructive methods. These methods included seismic, 

radar, ultrasonic, rebound hammer, probe penetration, infra-red, and concrete coring 

and such methods are commonly advocated to obtain these properties of the structure. 
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The performance of these methods is summarized in Table 2-1. If the strength of 

materials is well understood and the structural properties can be verified, analytical 

evaluation of the structure can be adopted for evaluation of the performance of the 

structure.  

 

However, collection of the as-built information is not an easy task as most of the 

design and construction records are not readily available for most existing 

buildings/structures. Furthermore, measurement of the in-situ material properties can 

give only small indication of the quality of materials, as the number of samples is 

limited and the data are often ambiguous due to the limitations of various 

destructive/non-destructive methods. In such situations, loading test is recommended 

to verify the strength of tested structures. 

 

Table 2-1- Summary of various methods for the extraction of material/structural properties of RC structures 

Seismic- This method is mainly used to determine the diameter of steel bars 

inside the structure and the thickness of concrete cover. A high frequency 

sound wave is passed through the concrete and the time taking for traveling 

through the concrete is measured.  

 

Rebound Hammer- This method is used to measure the rebound as an 

indicator to the hardness of the concrete. It correlates the strength against 

the rebound number which is an indication of spring-controlled hammer 

mass. 

 

 

 
 
 
 

Radar- This method is analogous to the ultrasonic pulse-echo and the pulses 

of electromagnetic waves are used to detect voids (Maser and Roddis; 

1990) or reinforcement bars (Bungey et al., 1994) inside the RC structure. 
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Ultrasonic- The fundamental premises of this technique are based on 

measuring of the transmission/traveling time of a ultrasonic pulse passing 

through two measurement points, with a known path length, to calculate the 

pulse velocity. The common areas of interest using UPV method on the RC 

structures are generally focused on the detection of anomalies/defects 

inside the concrete/structure (Chung, 1978) and the characterization of 

concrete properties (Hisham, 2000). The anomalies include voids, 

honeycombs, internal cracks and the depth of surface crack. The concrete 

properties include the dynamic Young’s modulus of elasticity, dynamic 

Poisson’s ratio, ultimate compressive strength and the hydration process of 

cements. 

 

Probe penetration- sometimes called the Windsor Probe test, a bolt is fired 

into the surface of a concrete member using a standardized explosive 

charge (Malhotra and Carette, 2004). After firing, the bolt is removed and 

the depth of penetration is measured. It is impossible to relate the depth of 

penetration to the compressive strength alone since other properties such as 

shear strength and frictional forces have an effect. 

 

Infra-red- This method involves the detection of these localized 

temperature variations by means of an infra-red photograph. Infra-red 

radiation is emitted from the surface of these structures according to surface 

temperature as well as emissivity and any near-surface defects, such as 

voids, honeycomb, etc. can be detected by measuring surface temperature 

(Weil and Rowe, 1998). 

 

Concrete coring- This method requires a coring machine to core out a 

concrete sample for testing such as compressive test. The result of this 

method is accurate but the drawbacks of it are that the tested structure will 

be damaged permanently and the result can only be represented the local 

material strength. 
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2.2.2 STATIC LOADING TEST  

The second stage of the assessment of structural performance is the static 

loading test. This method is used to validate the structural performance of the 

healthy/deteriorated structures by obtaining/analyzing the load-deflection relationship 

of the structure. In addition, if sufficient measurements of deformations can be 

obtained, the test results can be used more accurately for comparing with the 

analytical result in predicting the ultimate strength and long-term serviceability.  

 

Static loading test is the most common form of structural performance testing, 

where the tested structure is loaded in prescribed step sizes by static incremental loads, 

either by dead loads (i.e. sandbags, concrete blocks, vehicles etc.) or hydraulic method. 

To monitor the corresponding changes of strain and deflection at critical locations due 

to the imposed load, strain gages/meters (as shown in Fig. 2-1) and linear variable 

displacement transducer (LVDT) are used to attach at key locations of the tested 

structure. This method allows establishing valuable information on the stress, strain, 

load distribution and deflection under prescribed loading conditions. 

  

(a) (b) 

Fig. 2-1  Strain gage (a) and meter (b) for the measurement of the strain/deflection  
increment of a tested structure 
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Cardinale and Orlando (2004) investigated the structural performance of a RC 

bridge in Italy. The bridge was strengthened by a polyurethane elastomeric coating at 

various major structural members (i.e. slabs, longitudinal beams, abutments and 

foundations) and the structural performance investigation of the bridge was carried 

out before and after the strengthening works. The process of structural evaluation 

involves the loading test and finite-element modeling. The bridge was loaded by 

trucks at different positions of the bridge (as shown in Fig.2-2) and the corresponding 

vertical deflections were measured. In addition, a finite-element (FE) model was used 

to simulate the vertical deflection under the prescribed static load and the 

experimental results were used to compare with the analytical results for modal 

updating and reliability analysis. By comparing the numerical results before and after 

the strengthening works, the increment of flexural rigidity of the strengthened bridge 

could be estimated. 

 

 

  

 

 

 

 

Although the numerical results were found to be close to the experimental 

results before the strengthening works, an inconsistency in the results (obtained by the 

numerical and experimental methods) was found after the strengthening works. 

Therefore, merely directly comparing the numerical results before and after the 

Fig. 2-2 Loading test of bridge by vehicles (Source: Cardinale and Orlando, 2004) 
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strengthening works was inadequate to determine whether any real/actual 

improvement has been made due to the strengthening works.  

 

Hydraulic testing is another common approach for the loading test of RC 

structures and this method is the safest method as recommended by ACI committee 

437 (2003). The tested structure is simply loaded by a hydraulic jack, which is 

controlled by hand-operated pumps or electric pumps controlled by electronic servo-

hydraulic systems with computerized control. Many studies (Mansur et. al., 1997; 

Hamad et. al., 2004, and Galati et. al., 2008) have used these kinds of loading method 

to examine the structural performance of RC structures, such as RC beam and slab.  

 

Failure mode and crack pattern development are also some common types of 

information of interest during the loading test. Aguilar et al. (2002) evaluated the 

design procedures for the shear strength of deep RC beams. The tested specimens 

(deep RC beams) were subjected to two-point loads in flexure to failure by hydraulic 

jack as illustrated in Fig. 2-3. By analyzing the failure modes (described by crack 

pattern), cracks development, strain development, failure loads and corresponding 

ultimate deflection of the tested specimens (as shown in Fig. 2-4), the structural 

performance of the beam from yielding to failure condition can be obtained. The 

results obtained were used for the improvement of the shear designs in the ACI code 

and on that basis, recommendations were provided regarding the provisions for 

proportioning of the vertical and distributed horizontal reinforcement by analyzing the 

overall structural behavior of the test specimens during the loading test. 
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Fig. 2-4 Structural information obtained by hydraulic loading test (Source: Aguilar et al. 2002) 
 

a. Final crack patterns of tested beams 
b. Shear force-deflection curves 
c. Longitudinal reinforcement strains 
d. Strains development of concrete surface 

 

Fig. 2-3 Hydraulic loading test of deep RC beams (Source: Aguilar et. al. 2002) 
 

(a) (b) 

(c) (d) 
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Although loading test can allow the direct measurement of the real structural 

performance of RC structures, permanent damage will be unavoidably introduced to 

the tested structure after the test and the structural condition cannot be resumed to the 

original state. More importantly, the problem with this method is that it is destructive 

and the structural performance/integrity of the tested structure would be further 

deteriorated or even collapsed during the loading process. Therefore, this method is 

only adopted for the measurement of the failure/ultimate load capacity of the balcony 

models investigated in this research. The advantages and disadvantages of different 

loading methods are summarized in Table 2-2. 
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Table 2-2 Summary of advantages and disadvantages of various loading methods  

Loading methods Advantages Disadvantages 
Dead load (imposing 
dead load on a 
structure, such as 
concrete blocks, 
bricks, sandbags or 
water.  

 A uniform load can be simulated. 
 Loading materials are easily 

available and relatively cheap  

 Except for exposed structures (which 
allows the use of crane for handling 
of materials), the process of loading 
materials on the structure may 
endanger the workers if the structure 
fails while load is being applied. 

 The loads cannot be removed safely 
and quickly while the structure 
failure happens. 

 The loads may fall freely when the 
structure is partially/completely 
collapsed. This may injure the 
workers or damage other parts of the 
structure. 

 This method cannot be used to 
simulate dynamic/fatigue loads 

Vehicle loading 
(placing vehicles 
with/without loads, 
such as sand, gravel 
etc) 

 Suitable for service-load testing of 
bridges, car park decks.  

 This method is easily available and 
relatively cheap. 

 Vehicular loading can be used to 
apply static, dynamic and moving 
loads to a structure. 

 Although the vehicle is movable, the 
loads cannot be removed quickly 
enough to prevent injury to the 
drivers or damage to the vehicles in 
the event of sudden collapse of the 
structure. 

 Lower flexibility to change/control 
the increment of loads. 

 The actual imposed load cannot be 
measured directly. 

Hydraulic loading  
(using hydraulic jack 
to impose loads to a 
structure) 

 This method offers the most safe 
and flexible way to load the 
structure.  

 The hydraulic-system can precisely 
control the load increment, total 
load and rate of load application and 
the applied load can be measured by 
electronic load cell simultaneously. 

 This method is the most efficient 
way to apply cyclic or fatigue load. 

 The use of servo-hydraulic system 
offers more stable than the load-
controlled tests in order to prevent 
sudden collapse. 

 Hydraulic systems can apply point 
load, line load or a uniform load 
within a small area (by using 
spreader device). Uniform 
distributed load within a large area 
cannot be easily achieved. 

 Relatively more expensive than 
other methods as the computer-
controlled servo-hydraulic system 
and the associated control systems 
are expensive.  

 A rigid reaction frame/structure is 
required.  
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2.3 EVALUATION OF STRUCTURAL PERFORMANCE OF RC STRUCTURES USING 

FORCED VIBRATION APPROACH  

Damage detection and location in engineering structure using forced vibration-

based identification techniques have been a topic well-researched during the last few 

decades. In the aerospace, mechanical and civil engineering society, a wide variety of 

non-destructive methods such as ultrasonic, infrared, vibration etc. have been 

developed for detecting damage. In particular, the vibration-based technique is used 

for examining/detecting changes in the global structure-wide dynamic characteristics 

of the structure instead of ‘local’ material changes offered by other techniques such as 

ultrasonic.   

 

The basic premise of the vibration-based technique is that damages usually 

alter the local stiffness of a particular member and subsequently, cause changes on the 

global dynamic characteristics of the structure (also called modal parameters), such as 

resonant frequencies, modal damping and mode shape. These approaches are based on 

correlating analytical models or experimental data from both undamaged or damaged 

structure, the severity and the location of damage can be identified/detected through 

tracing and analyzing the changes of modal parameters at different stages/severities of 

damage. The advantage of this technique is that modal properties are so-called ‘global 

characteristics’ of the structure and are invariant to wherever the measurement 

locations are. In addition, the requirements for instrumentation and measurement-

related skills are modest and therefore, the cost of implementing this inspection 

technique is relatively cheap. 
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Cawley and Adams (1979) first proposed applying measurement of natural 

frequencies for damage location in structures. The stress distribution through a 

vibrating structure was found to be non-uniform and was different for each mode of 

natural frequency. Any localized damage would affect each of the modes differently, 

depending on the particular location of damage. By measuring the natural frequencies 

of a structure before and after damage offered the possibility of locating damage in 

any structure and of determining the severity of damage. With these damage 

information, the associated changes of structural performance of the tested structure 

resulted by the damage can be evaluated.  

 

Many research, based on experimental approach either scaled-down (George 

et. al., 1991) or full-scale (Memari et. al., 1999) models/structures and analytical 

approaches i.e. finite element modeling (Palacz and Krawczuk, 2002) and modal 

updating (Živanović et al. 2006), were then carried out to determine or measure a 

structure’s modal parameters of interests i.e. resonant frequencies, modal damping 

and mode shape. These parameters or their changes are then utilized in various ways 

for damage detection and localization.  

 

2.3.1 STRUCTURAL HEALTH MONITORING  

In most general terms, damage can be defined as changes introduced into a 

system that adversely affects its current or future performance (Farrar and Worden, 

2007). The process of implementing a damage detection strategy is commonly 

referred to as structural health monitoring (SHM). This process involves four stages, 

which are summarized and depicted in Fig. 2-5. 
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Fig. 2-5 Flow chart for implementing a structural health monitoring program  

(Source: Farrar et. al., 2001) 
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In the first stage, the operational evaluation involves identifying the limitation of 

the monitoring process that will be accomplished. This evaluation starts to examine 

the characteristics of various features and determines which features are unique to the 

system and is able to detect the postulated damage. The second stage of SHM process 

involves the selection of data acquisition method, data normalization and data 

cleansing, which can assure that the data quantity and quality are sufficient for the 

subsequent analysis and statistical model development process. A number of research 

(Xia et al., 2005; Lynch, 2007; Park and Inman, 2007; Todd et al., 2007) have 

addressed various aspects of the data acquisition and normalization issues for the 

application of SHM.  

 

The most important process of the SHM is the feature selection. This process 

involves the identification of data features that allows one to distinguish between the 

undamaged and damaged structure. A variety of methods are advocated to 

obtain/identify the features for damage detection. One of the most common methods 

is based on correlating the measured structural response of the system, such as 

frequency response function (FRF) data, with the known degrading system one 

assumes based on past experience. Numerical simulation (i.e. finite element analysis) 

of the damaged structural response by imposing engineering flaws into the system can 

be used to validate the sensitivity of the selected features in distinguishing the 

expected damage between two systems (damaged and undamaged). Damage 

accumulation testing, during which significant structural components of the system 

under study are subjected to artificially introduced damage (i.e. imposed loading on a 

structure to create cracks), and fitting into the linear or nonlinear physical-based or 

non-physical-based models of the structural response to measure data can also be used 
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to identify the appropriate features for damage detection. A more comprehensive 

review of the feature selection for SHM can be found in Doebling et. al. (1998). 

 

The last stage of SHM is the development of statistical models to enhance 

damage detection. This process involves the development of statistical model and the 

implementation of the algorithms to determine the damage state of the structure based 

on the extracted features from the third stage of SHM. Three categories of the 

algorithms are commonly used in statistical model development as reported by Farrar 

(2007) and described as follows. 

 

1. Group Classification—this algorithm involves the placement of the measured 

features into respective prescribed ‘undamaged’ or ‘damaged’ 

categories/models. 

 

2. Regression Analysis—this analysis refers to the process of correlating data 

features with particular types, locations or extents of damage. 

 

3. Outlier/Novelty Detection—this algorithm differs from the previous 

algorithms and it is commonly adopted when the data of a damaged structure 

are not available for comparison. By observing changes of measured features 

between two sets of data obtained in two different stages over a period of time 

that cannot be explained by extrapolation of the feature distribution, the 

existence of damage can be identified. 
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All these algorithms determine the statistical distributions of the measured or 

derived features in order to enhance the damage identification process. Rytter (1993) 

described the damage state into four-step process and delineated these as follows: 

 

1. Level 1—Determination of the existence of damage. 

2. Level 2—Location of damage in the system. 

3. Level 3—Identification of the type and severity of damage. 

4. Level 4—Evaluation of structural performance that is carried out based on the 

defined damage. 

 

To date, most damage detection methods can resolve the level 1 and 2 steps. 

However the levels 3 and 4 steps are still difficult to achieve for the application in RC 

structure as the severity of damage cannot be easily measured in an accurate manner. 

As a result, the evaluation of the structural performance is difficult to carry out and 

the detail of these limitations will be further discussed in the following sections. In the 

next section, the selection of feature data (third stage of SHM process), the 

characteristics and limitations of different features will be discussed, which justify the 

formulation of the essential features for carrying out a series of experiments in this 

research. 
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2.3.2 VIBRATION-BASED FEATURES FOR DAMAGE DETECTION  

A large number of applications of various vibration-based features have been 

reported in terms of/with reference to the damage detection and the evaluation of 

structural performance and health monitoring of civil engineering structures, such as 

dams, bridges, offshore petroleum platforms, buildings etc. (Brownjohn, 2007). These 

feature data/signals used in SHM are derived not only from vibrations, but also from 

slow- changing quasi-static effects, such as diurnal thermal cycles (Huth et. al. 2005). 

In addition, numerous types of feature data/signal may often be identified for a 

structure and assembled into a single feature vector for the subsequent analysis. The 

base-line model containing a set of feature data/signals is carefully developed, which 

provides a base-reference for identifying inconsistence of output signals by comparing 

the predictions based on the established base-line model.  

 

A wide variety of features/signals are employed for damage detection of RC 

structures/members, which are obtained either by experimental approach, numerical 

simulation or combination of both, and the common vibration-based features for 

damage detection and SHM are discussed in this section. 

 

The change of structural performance of a structure due to the presence of 

failure or deterioration and strengthening would primarily affect the stiffness and thus 

the basic modal parameters, such as resonant frequencies, mode shape and damping 

ratio. These parameters are extracted from a set of frequency response function (FRF) 

data by measuring the dynamic input forces and output responses on the structure of 

interest. The ratio between output (response) and input (excitation force) are measured 

experimentally and are then transformed into frequency response functions (FRF). By 



CH. 2 LITERATURE REVIEW 

Ch 2-19 

measuring these modal parameters before and after the damages/strengthening works, 

the location and severity of damage can be identified through the variations of these 

parameters. The basic theory of modal testing and instrumentation advocated in this 

research will be detailed in Chapter 3 and 4, whereas the detail procedure and 

techniques for the experimental modal analysis can be found in Ewins (2000). 

 

2.3.2.1 RESONANT FREQUENCY  

Measuring the resonant frequencies is the simplest methods for detecting 

damage since this parameter can be determined by measuring focused on any one 

point of the structure. The presence of damage or deterioration in a structure can be 

detected based on changes in resonant frequencies. The extent of literature describing 

damage detection based on shifts in the resonant frequencies is quite large. Slaštan 

and Pietrzko (1993) used changes in modal parameters to investigate the changes in 

structural performance of three RC beams due to three levels of cracking and 

subsequent strengthening by carbon fibre reinforced plastic laminate (CFRPL). To 

create the cracks to the beams, various sets of RC beams were loaded in flexure by 

three prescribed single force levels (29.5kN, 48.9kN and 76kN) and two loading 

cycles (6 and 10 million) respectively. The corresponding crack patterns, the width of 

cracks and modal parameters were recorded accordingly. Finally, non-prestressed 

CFRPL was glued over the cracked region and the corresponding modal parameters 

before and after damages were measured. The results found that the large differences 

in frequency shift (first bending mode) due to the cracks were about 7% and the 

frequencies were found decreasing with increasing level of beam damage through 

cracks. However, the frequencies of some torsional modes or combinations with 

bending modes did not change regularly with increasing beam damage. This 
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inconsistency of frequency shift in response to commensurate with different modes 

due to various types and locations of damage were also reported by other researchers 

(Almansa et al., 1993; Pearson et al., 2001; Capozucca, 2008).  

 

Although changes in resonant frequencies give a useful indication of the 

presence of damage, they cannot provide sufficient spatial information to locate the 

damage. In addition, a review carried out by Salawu (1997), which is the most 

comprehensive review of the detection of structural damage through changes in 

frequency, reported that the degree of reduction of frequencies is dependent on the 

position of the defect relative to the mode shape for a particular mode of vibration 

(Rytter and Kirkegaard, 1994). Although damages at high stress regions of a structure 

resulted in significant reduction in resonant frequencies and vice versa, the resonant 

frequencies may be unreliable when the damage is located within a region of low 

stresses.  

 

Based on the above observations, the artificially introduced damages to the 

balcony models investigated in this research (to be discussed in Chapters 5 to 7) are 

therefore located at the high stress region of the structure (fix-end support) in order to 

increase the sensitivities of resonant frequencies in detecting damage (loss of steel 

area). 
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2.3.2.2 DAMPING  

Modal damping is another common basic modal parameter to be used for 

damage detection in RC structures. Damping ratio is a measure for describing how 

oscillations in a structure die down after an external disturbance and describes the 

damping characteristic of a structure associating with the energy dissipation or energy 

loss within the system. The theoretical knowledge in the damping ratio will be 

introduced in Chapter 3. The basic premise of this approach is that the existence of 

damages/deflects in a structure results in shortening the time required for the energy 

produced by an excitation force to die off. This is attributed to the fact that a part of 

energy is entrapped and dissipated through the defects/damages. As a result, less 

energy is left to vibrate the structure and the time, for the vibration to die off, will be 

shorter. Therefore, the damping ratios should increase with increasing severity of 

damage.  

 

Damping properties of RC structures have seldom been used for damage 

detection. This is attributed to the fact that precise measurement of damping is very 

difficult to achieve. As a result, a greater scatter/inconsistency in the damping values 

often have been reported in many past research studies (Kato and Shimida, 1986; 

Salawu and Williams, 1995) The results from these studies conclude that damping 

was a rather unreliable damage indicator since there were no obvious and 

consistent/definite trend in relation to the prescribed damages/defects. 

 

Amick and Monteiro (2006) measured the material damping properties and the 

quality of concrete by the measurement of the resonant frequencies and modal 

damping using the experimental modal analysis. The results reveal that no significant 

variation in damping and frequency was linked with the presence or absence of 
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passive reinforcement. In addition, the damping was found to vary with water-cement 

ratio and age but the damping values were found to exhibit much greater scatter than 

that of the resonant frequencies.  

 

Although many draw backs were found in the use of damping parameters in 

detecting damage in RC structures, Modena et. al. (1999) investigated the use of 

damping measurement for the damage location and found that damping was sensitive 

in terms of locating damage. Damage was introduced to a precast RC hollow floor 

panel by applying a concentrated load at prescribed location until the opening of a 

crack. The results showed that visually undetectable cracks can be detected with 

larger changes in damping, whereas the resonant frequency shift is small. In some 

cases, damping changes of around 50% have been observed. Razak and Choi (2001) 

also reported that the damping ratio of mode 2 and 3 can reflect a trend with the 

increasing of the severity of the corrosion damage in RC beams. Although the 

inconsistency of damping ratio of mode 1 was clear, it can be explained by the 

enhanced bond at the steel-concrete interface.  

 

This inconsistency of observation amongst such literature, which uses the 

damping parameters for damage detection, is due to the fact that the energy dispersive 

phenomenon cannot be represented by standard linear model of a single degree of 

freedom system. Zonta et. al. (2000) proposed that in further research using the 

dispersion phenomenon for damage detection, the additional effects such as hysteretic 

and other non-classical dissipative mechanisms must be considered. It is believed that 

the accuracy of measurement of modal damping can be improved and a scattering 

value can be avoided. 
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2.3.2.3 MODE SHAPE  

Displacement of mode shapes is the third common basic modal parameters for 

damage detection. Recent investigations of effects on mode shapes have been reported 

by Pearson et al. (2001) and Huth et al.(2005) and the results concluded that damages 

would induce significant changes of mode shapes on RC structures. Other commonly 

used methods to compare two sets of mode shapes data obtained either by 

experimental or numerical methods are the modal assurance criterion (MAC) and the 

coordinate modal assurance criterion (COMAC). MAC provides a measure of 

consistency between experimental and analytical models (Allemang and Brown, 1982) 

The MAC value for the mode shape vectors φA and φB is defined as follows: 
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where A

iφ  defines the first data set for undamaged case (analytical) and B
iφ  is 

the second data set for damaged case (experimental). N denotes the degree of freedom 

of the specific modes and MAC value varies from 0 to 1, where 0 represents no 

correlation and 1 for complete correlation. Any deviation of MAC value from 1 

suggests the existence of damage in the structure. 

 

COMAC (Lieven and Ewins, 1988) is generally used to identify the 

correlation between two sets of mode shapes data at the coordinate i. Eq.(2-2) shows 

the COMAC value at modal coordinate i and m number of modes.  
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Plachý and Polák (2002) presented the use of changes of resonant frequencies, 

MAC, COMAC and modal flexibility matrix to identify damages and degree of 

structural degradation of RC beams due to the imposition of several load steps. After 

each load step, a complete experimental modal analysis was performed to determine 

the modal parameters of the beam. The sensitivities of these parameters to the damage 

were investigated and the result found that MAC value was subjected to very small 

change by damage. However, COMAC value proved to provide good localization of 

places with cracks. These observations were further evidenced by Perera et al. (2008) 

and Baghiee et al. (2009). Various modal parameters (including MAC and COMAC) 

were used to examine the structural performance changes of RC beams due to 

damage/strengthening works. The results concur with the findings from Plachý and 

Polák that COMAC appear to be more precise in identifying crack in RC beams than 

the MAC.  

 

Although mode shape method can provide spatial information for detecting 

and locating damage, a large number of measurement locations is required to 

accurately characterize mode-shape vectors and provide sufficient resolution for 

damage location. 
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2.3.2.4 MODAL CURVATURE  

Instead of using modes shapes in obtaining spatial information about sources 

of vibration changes, an alternative method is by using the mode shape derivatives, 

such as curvature. The mode shape curvature can be calculated by differentiating the 

identified mode shape vectors twice to obtain an estimate of the curvature. Pandey et 

al. (1991) found that the mode-shape curvature can be a good indicator of damage for 

the cantilever and simply supported analytical beam structure. The changes in the 

curvature increase with increase in the severity of damage. However, Chance et al. 

(1994) found that numerically calculation of curvature from mode shapes would result 

in unacceptable errors. Instead of curvature, measured modal strain method was 

proposed to measure curvature directly in order to improve the result for damage 

localization.  

 

In Maeck and De Roeck (1999), the so called direct stiffness calculation 

method was used to predict the location and severity of damage of RC beams directly 

from measured modal displacement derivatives. This method uses the basic relation 

that in each section, the dynamic bending stiffness (EI) is equal to the bending 

moment (M) divided by the curvature of the deflection (bending mode φb); 

 

dxd
MEI b /2φ

=
  [2-3] 

 

and the dynamic torsion stiffness (GJ) where in each section is equal to the torsional 

moment (T) divided by the corresponding torsion rate (or torsion angle φT) per unit 

length.  
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dxd
TGJ T /2φ

=
  [2-4] 

 

Maeck et al. (2000) further investigated the use of dynamic bending stiffness 

for identifying the stiffness degradation of the reinforced concrete beam due to 

cracking. The results show that the position and severity of the damage can be 

obtained. The advantage of this technique is that no numerical model is required to 

obtain the dynamic stiffness distribution. However, the draw back with this method is 

that dense array of measurement points is required in order to improve the accuracy of 

determining the mode shape vectors and curvature.  

 

Ismail et al. (2005) reported a study in which the determination of the location 

of damage of RC beams due to cracks and honeycombs was performed by using mode 

shape derivatives from mode shape. The cracks were induced by applying static point 

loads with predetermined load steps and location on the RC beams. A local stiffness 

indicator (LSI) 4λ  was proposed and presented in the form of bar charts. For an 

undamaged beam, bar charts remain unchanged along the length of the beam, whereas 

if damage exists, the LSI value would change accordingly due to changes of natural 

frequencies or mode shape. Although this method can demonstrate a trend in the loss 

of structural stiffness from the changes in resonant frequencies and mode shapes, the 

structural performance degradation due to the imposed damage cannot be well 

identified as the severity of damage (such as cracks, honeycombs) cannot be measured 

due to limitation of the damage strategy. 
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2.3.2.5 NON-LINEAR ANALYSIS  

The previously introduced vibration-based features for damage detection of 

RC structures are based on the assumption that a linear model can be used to represent 

the structural behaviour before and after damage. However, in many cases, material 

nonlinearities in the reinforced concrete structure are also taken into consideration, 

including tensile cracking, tension stiffening, nonlinear stress-strain relationship of 

concrete in compression, bond-slip effects of steel rebars etc. This non-linear 

behaviour becomes more significant, in particular when the structure is under high 

loading/stress condition. Therefore, the features based on the nonlinear response can 

be a very effective method of identifying damage in RC structures under high loading/ 

stress and ultimate condition.  

 

A number of literature has reported non-linear features of vibration to detect 

damage. Most investigations focused on the extraction of nonlinear feature with signal 

processing, such as higher-order, Hilbert transform and empirical mode 

decomposition methods (Nikias and Petropulu, 1993; Yang et al., 2004). Chen et al. 

(2006) proposed a new damage indicator to detect damage in RC beams based on the 

transient characteristics of nonlinear vibration. Two frequency response functions 

were determined when a series of harmonic tests were carried out in the order of 

increasing and decreasing excitation frequency. However, the result indicate that as 

the severity of damage increased, both functions were found skewed to the lower 

frequency side but their magnitude and characteristic frequency corresponding to the 

peak responses were different.  
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The major advantage of using non-linear behaviour is (Neild el at., 2003) that 

the base-line model/measurement is not required for detecting damage by comparison 

of modal parameters before and after damage. The RC structures typically follow 

nonlinear behaviour under ultimate condition, important information would be lost 

when the linear assumption is made. If nonlinear behaviour is used, the effects of 

amplitude of oscillation on the frequencies can be advocated for detecting damage. It 

may be possible to test the structure just once and detect any existing damages by 

examining the nonlinearities of the structure. Although, nonlinear vibration-based 

features are claimed to be more sensitive to many types of damages than linear 

features, the successful application of nonlinear features for the damage detection in 

RC structures is still limited. It is attributed to the fact that the mathematics of many 

nonlinear identification algorithms is daunting. The sensitivity of these methods 

towards various types of damage is not well identified and further investigations are 

required. 

  

2.4 THE EFFECT OF TENSILE CAPACITY OF CONCRETE (TCC) ON STRUCTURAL 

PERFORMANCE OF RC STRUCTURES  

The tensile capacity of concrete (TCC) is usually not considered when design 

reinforced concrete (RC) members, i.e. slab and beam, even though the TCC 

continues to contribute to the structural stiffness over the entire pre-cracking and post-

cracking stage. This effect, known as tension-stiffening (or called TCC in this 

research), has been neglected in the past while calculating the ultimate flexural 

capacity as the designs of most RC members are based on the Limit State Design 

Theory. However, the large safety factors adopted was found not only to increase the 

sectional property of a structure, but also, in fact, inadvertently made the TCC a 
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dominant component of the global stiffness of the structure, especially under the 

uncracked conditions. In addition, this TCC effect also contributes greatly to the 

stiffness of the structures after cracking, in particular for lightly reinforced concrete 

structures, such as RC slab and this effect tends to increase as the reinforcement ratio 

of the member decreases. In order to characterize the real performance of RC 

structures, the effect of TCC must be taken into consideration during the process of 

structural evaluation. Branson (1965) introduced the tensile behaviour of concrete in 

the analysis of load-deflection characteristics of RC members and since the 1980s, 

many design codes, such as ACI, BS, and Eurocode, recommend considering the TCC 

effect when evaluating the serviceability of existing RC structures. 

 

2.4.1 LOAD-DEFLECTION RESPONSE OF RC SLABS  

The typical load-deflection relationship of a simply supported RC slab is 

shown in Fig.2-6 (Gilbert, 2007). Before reaching the cracking load Pcr, the RC slab 

remains uncracked and behaves as a homogeneous and elastic bare-concrete slab. The 

slope of the load-deflection plot is proportional to the moment of inertia of the 

uncracked transformed section Iuncr. After reaching the cracking load, the tensile stress 

of extreme fibre in the concrete at the section of maximum moment reaches the 

flexural tensile strength of the concrete or modulus of rupture fr. A sudden change in 

the local stiffness is observed at this point and immediately adjacent to this crack. As 

the load increases, the reduction of effective sectional area of concrete within the 

tension zone decreases as more cracks are induced and therefore, the average flexural 

stiffness of the structure decreases accordingly.  
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If the tensile concrete in the cracked section of the beam is assumed no 

contribution to the stiffness, the load-deflection curve will follow the dash line ACD 

(see Fig 2-6). If the average extreme fibre tensile stress in the concrete is assumed to 

remain at fr, after cracking, the load-deflection curve will behave as line AE. The 

difference between the actual response (line AB) and the zero tension (ACD) is the 

tension stiffening effect.  

 

 

 

 

 

 

  

 

 

 

 

 

Many research studies (Hsu, 1993; Hsu and Zhang, 1996; Purkiss et al., 1997) 

have been carried out to investigate the TCC effect in order to predict the deflection of 

RC members more accurately. The most commonly used approach in deflection 

calculation involves the determination of an averaged effect moment of inertia for a 

cracked member and the development of an alternative set of constitutive laws for 

concrete and steel. Recently, Gilbert (2007) evaluated several different empirical 

equations for including TCC in the deflection estimation of concrete structure, such as 

Iuncr 

Ifcr 

Fig.2-6 Typical load-deflection relationship of a simply supported RC slab (source: Gilbert, 2007) 
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the ACI 318, Eurocode 2, and BS8110 models, and compared these empirical 

predictions with the experimental measured deflection for lightly reinforced concrete 

slabs. The results demonstrated that the TCC is very significant in lightly reinforced 

concrete members, such as most practical RC slab and provide a large proportion of 

the postcracking stiffness to the structure. Also, the Eurocode 2 approach has been 

shown to more accurately model for the formulation of the load-deformation response 

for lightly reinforced structures than the other approaches. 

 

The existing ACI 318-08 method (as shown in Eq. 2-5) is only applicable for 

the beams with reinforcement ratios in the higher range (>1%), which do not cover 

most typical RC slabs and lightly reinforced beams. Bischoff and Scanlon (2007) 

proposed an alternative expression of effective moment of inertia for calculating 

deflections of concrete members containing steel and fibre-reinforced polymer 

reinforcement at all ranges of reinforcement ratio. The results demonstrated the 

proposed equation is simple and easy to use for the control of deflection.  
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The common objectives of these studies are not only to provide 

recommendation and alternative formulation of the effective moment of 

inertia/constitutive equations for modelling tension stiffening in structural design, but 

also for identifying the TCC effect on the deflection control of RC members. With 

these models, the real stress-strain behaviour of RC structure can be predicted more 

accurately. However, measuring or predicting deflection alone can not be directly 
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applicable to the evaluation of the real performance of RC structure. This is due to the 

fact that other important structural/material parameters, such as the ultimate 

tensile/compressive stress of concrete and steel rebars, instantaneous deflection etc, 

are not available and difficult to measure in actual site situation. As a result, this 

method can only provide a mean for estimating the structural behaviour of RC 

structure (in terms of load-deflection behaviour) under flexural moment, which is only 

one type of information used for the traditional approach for evaluating the real 

performance of RC structures as discussed in Section 2.2.  

 

2.5  CRITICAL ISSUES AND SHORTCOMINGS IN EXISTING APPROACHES  

This chapter has reviewed and investigated the followings aspects: 

 
1. the traditional approaches for structural performance evaluation of RC structures,  

2. vibration-based approaches for structural health monitoring and damage 

detection in the field, and 

3. tensile capacity of concrete (TCC) effect for determination of structural 

behaviour (in terms of load-deflection performance) in RC structures.  

 
The traditional methods discussed and reviewed in Section 2.2 are the most 

common direct proof of structural performance of reinforced concrete structures in the 

civil and structural engineering societies. This first approach is carried out by 

extracting the as-built information from the structures. A detailed structural survey 

and material sampling are required in order to obtain the physical and material 

properties of the structures. However, unless sufficient structural information, i.e. the 

structural dimensions and material strengths, can be easily and accurately verified, the 

use of analytical evaluation of the structure is not permitted. The second approach is 
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the load testing (Aguilar et al., 2002; Cardinale and Orlando, 2004; Ludovico et al. 

2005), in which a static load is applied on the tested structure by various methods (i.e. 

dead load, hydraulic jack etc.) in prescribed load step sizes and is increased in 

magnitude as the test progresses. Deflection, strains, cracks patterns, crack width and 

other parameters of interest are recorded simultaneously with different load levels 

during the test. The structural response is evaluated with criteria that compare the 

linearity, repeatability and permanency of the structure. However, the downside of 

this method is related to the need for loading the structures to deflection and the 

concomitant safety concerns. The setting up of extensive reaction mechanism and 

imposing dead load on the structures are the biggest difficulties in adopting this 

method and limit the size of test structure. More importantly, the tested structure may 

be damaged permanently or even cause partial or complete collapse suddenly during 

the test, which may endanger workers and the existing residents. Therefore, the 

application of load testing is mainly done either for the assessment of bridges in the 

field or the evaluation of structural member (i.e. beam, column and slabs) in the 

laboratory.  

 

In Section 2.3, a considerable research effort devoted to the use of vibration-

based damage detection in RC structures/elements is reviewed. Existence of structural 

damage in a structure can be manifested as changes in the modal parameters, such as 

resonant frequency, damping and mode shape. By identifying the changes of these 

parameters, the location of damage and its severity as well as the structural 

degradation resulting from the damage can be ascertained. 
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Today, the common approach amongst the literature surveyed is to focus on a 

particular mode, which is sensitive to a particular prescribed damage event. By 

measuring (experimentally) or calculating (numerically, i.e. finite element analysis) 

the modal parameters of both the undamaged and damaged structures and putting 

these data into a predefined statistical model, the severity of the damage and its 

location can be determined. Any discrepancy between the damaged and undamaged 

data set would imply deterioration of some kinds within the structure. These 

approaches have been claimed to have a certain degree of confidence in detecting and 

localizing damage for the individual structure under investigation. A highly 

comprehensive review of the application of structural health monitoring for a wide 

range of engineering communities is reported by Farrar and Worden (2007). 

 

The common method of introducing artificially prescribed damages, amongst 

these studies, is by applying either static or cyclic loads (including fatigue test) on the 

structure and then increasing load intensity until substantial cracking appears. At these 

stages, the cracking is expected to have reduced the overall global structural stiffness 

substantially whilst the corresponding modal properties should have changed before 

and after damage were measured. Damage (i.e. the extent of tensile/shear cracking in 

terms of either crack-width or crack-depth, crack- pattern etc.) is found to correlate 

with the changes of the modal parameters of the tested specimens.  

 

However, none of these studies have laid down a very well defined threshold 

state/value, beyond which the structure is considered to be in a structurally dangerous 

state. Nor any successful utilization of the technique in large/commercial scales (i.e. 

in term of large number of applications to identical structures/components instead of a 
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‘one-off’ application as is the case in most researches in civil engineering and 

building structures) for practical situations has ever been reported. The results of these 

studies obtained so far only provide information such as, limited/restrictive causal 

relationship between the intended structural changes and the prescriptive artificially 

introduced damage but no information is found on issues such as the structural and the 

associated material behaviors, i.e. stress-distribution, stress-transfer etc. (within the 

structure which are more important for our full understanding of real performance of 

RC structures). Also, in spite of the fact that the historical development as well as the 

severity of damage introduced was considered by the authors, these were not 

precise/explicit enough to delineate the different severity of damages with any degree 

of accuracy. Nor a well-defined threshold of damage is established based on the 

measurable behaviour engineering data. This is attributed due to lack of systematic 

methodology to measure the actual severity of damage (i.e. actual loss of effective 

concrete area due to cracks), which is difficult to measure and quantify in an accurate 

manner.  

 

In this research, an alternative effective control damage strategy/method has 

been introduced (not being used before as indicated by the literature search) for 

introducing damage to the reinforced concrete cantilevered balcony structures 

(RCCBS). This strategy has been shown to be a very effective means of studying the 

effects of changing tensile steel rebar areas on the subsequent shifting of modal 

parameters and the associated material and structural property changes of RCCBS and 

the details will be reported in the Chapters 5, 6 and 7.  
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Indeed a large extent of the existing literature investigates the effect of tensile 

capacity of concrete (TCC, or called tension stiffening) to the serviceability and 

deflection control in RC structure, extensive and systematic studies of the TCC effects 

on the dynamic properties have been rarely reported. In addition, it has been found 

that very few inter-disciplinary research efforts seem to be available. Therefore, a 

unified structural performance (USP) model is proposed in this research to evaluate 

the structural behaviour of RC structures, in particular RCCBS, through not only 

understanding the inter-relationships between a structure’s dynamic, structural and 

material properties but also by considering the effects of tensile steel rebars areas and 

tensile capacity of concrete (TCC) in particular. The establishment and application of 

the USP model will be discussed in Chapter 8.  
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3. THEORIES 

3.1 INTRODUCTION 

This research proposes the use of forced-vibration technique to evaluate the 

real performance of reinforced concrete cantilevered balcony structures (RCCBS) by 

the amalgamation of traditional structural assessment method and the experimental 

forced-vibration testing technique. Therefore, the traditional structural analysis and 

the modal analysis theories were advocated for the extraction of dynamic properties 

from the tested structure and the estimation of the associated structural and material 

behaviour. This Chapter presents the theoretical background and is divided into two 

major sections. Section 3.1 introduces the basic theory of the modal analysis, which 

embraces two different systems, including Single-Degree-of Freedom (SDOF) and 

Multi-Degree-of Freedom (MDOF). The next section (3.2) reviews the traditional 

stress analysis and RC design theories, such as flexural theory, transformed-section 

theory as well as ultimate limit state design theory. This Chapter also lays a firm 

foundation for the establishment of theoretical equations to estimate structural and 

material properties of the RCCBS models tested in a series of coordinated 

experiments described in Chapters 5, 6 and 7 respectively. 

 

3.2 MODAL ANALYSIS  

3.2.1 GENERAL OVERVIEW  

Vibration measurement provides wide range structural data and performance 

of measured structure to engineer during the design stage. In an effort to fully 

understanding the practicalities of experimental modal analysis, thorough 

understanding of the basic theory is necessary. The aim of this Section is to set out the 
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theory required for an understanding of the fundamental principle of the testing 

techniques adopted in this research. 

 
According to Ewins (2000) Modal Testing is a type of vibration measurement 

method. The majority of experimental studies in the early days set out to determine 

the nature and extent of vibration response levels, as well as to verify theoretical 

models and predictions. These two objectives are indicated and represented by two 

corresponding types of tests. The first type measures vibration responses during the 

operation of the structure under study, while the second type measures the structure or 

component vibration with a known excitation, which is the same as the technique 

adopted in this research. Such data are often collected/gathered out of the normal 

service environment. This type of test, including both the data acquisition and the 

subsequent analysis, is nowadays called ‘Modal Testing’. Comparing two types of the 

tests, the second is generally made under more closely-controlled conditions. It 

enables us to arrive at more accurate and detailed information compared to the first 

one 

 

3.2.2 BASIC APPROACH OF MODAL ANALYSIS  

The modal analysis is mainly conducted by two major approaches. The first 

one is called analytical analysis which is verifying the theoretical models and 

predicting, which is done by the use of identification and evaluation of vibration 

behaviour phenomena, correction and updating of analytical dynamic models. The 

second one is an experimental approach which focuses on determining the nature and 

extent of vibration response levels by direct measurement of the modal parameters 

from the tested structures. 
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Analytical approach is starting from the knowledge of the structure geometry, 

the boundary conditions and structural physical characteristics in terms of its mass, 

stiffness and damper elements, which make up the model and can be expressed in 

terms of different matrices. These contain sufficient information to determine the 

system modal parameters such as natural frequencies, damping factors and mode 

shapes. The theory indicates that these modal parameters, obtained by numerical 

methods, describe the dynamics of the system by a series of equations of motion for a 

structure, a technique that is called Finite Element Analysis (FEA). The application of 

FEA is usually advocated for the most elementary cases, such as simple cantilevered 

plate (Swamidas and Chen, 1995). Although the high sophistication of FE modeling is 

applied for complicated structures (Hyuk, 2005), most practical applications often 

reveal considerable discrepancies between analytical predictions and experimental 

results due to the uncertainties in simplified assumptions of geometric configuration, 

inappropriate values of material properties, and inaccurate boundary conditions.  

 
The second approach is measuring of dynamic input forces and output 

responses on the structure of interest to the researchers. The ratio between output 

(response) and input (excitation force) are measured experimentally and are then 

transformed into frequency response functions (FRF). This FRF data set contains the 

dynamic properties of the structure in terms of resonant frequency, damping and mode 

shape. By using different analysis techniques (such as circle-fit method, peak 

amplitude method etc.), the modal parameters of the tested structure can be extracted 

from a set of FRF data for the determination/estimation of the physical properties of 

the structure. The modal parameters are determined experimentally and are not 

derived from intuition or analytical models from FEA. Therefore, one of the common 

applications (Ren et al. 2005) for the experimental modal analysis is the 
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verification/validation of the results of the analytical approaches, which is commonly 

called ‘Modal Updating’. 

 

3.2.3 SUMMARY OF THEORY  

Before starting with the theory, it is essential that the concept of Single-

Degree-of-Freedom (SDOF) system is explained and the basic assumption of modal 

analysis is discussed. The properties of the SDOF system are very important because 

the superposition of a number of SDOF characteristics can always present a more 

complex Multi-Degree-of-Freedom (MDOF) system. 

 

Three phases can be introduced to show different stages of the route of basic 

theory for vibration analysis. The first phase is a description of structure’s physical 

characteristics which is presented by a rigid constant mass m, stiffness k and damping 

c expressed in the form of matrices and this is referred to as the Spatial Model. This 

first phase in the vibration analysis includes the setting up of the governing equations 

of motion in determining the elements of the above matrices. The second phase is 

called Modal Model which performs an analytical modal analysis of the spatial model 

and the structure’s behaviour is described by a set of modes of vibration. Modal 

parameters such as natural frequencies with corresponding vibration mode shapes and 

damping factor are determined at this phase. An important assumption has been made 

to get this solution, which is that the structure is capable of vibrating by itself 

naturally without the introduction of any external forcing or excitation to the structure. 

The final stage is the forced response analysis (or Response Model). Different from 

the second stage analysis, the test structure will be vibrated with known/specific 

excitation conditions. By solving the equations of motion when external force is 
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applied, a set of frequency response function (FRFs) matrix can be defined. The 

model of theoretical route to vibration measurement is delineated in Fig 3-1 below. 

 

 

 

 

 

In the experimental modal analysis, the direction of theoretical analysis is 

reversed in opposite sequence and the frequency response data are measured in order 

to deduce the modal properties as well as spatial properties of the structure. The 

experimental route to vibration analysis is shown in Fig. 3-2. 

 
 
 
 
 
 

 

 

 

In general, the structures will behave linearly for small deflections. However, 

this is often violated in reality particularly when deflections are large. Therefore, the 

following four basic assumptions are made for the modal analysis: 

 
1. Linearity: the structure is a linear system and the dynamic behaviour of the 

structure can be expressed by a set of second order differential equations. For a 

wide variety of structures, this is a very good assumption. However, many 

important kinds of structures behaves in nonlinear manners such as reinforced 

concrete structure and therefore, this assumption is not valid. Under such 

Fig. 3-1 Theoretical Route to Vibration Analysis

Spatial Model  Modal Model Response Model  

Frequency 
Response Data  

Modal Properties Spatial Properties  

Fig.. 3-2 Experimental Route to Vibration Analysis 
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circumstances, the application of experimental modal analysis is hoped to 

provide a reasonable approximation of the structure’s behaviour by limiting the 

range of performance bahaviours of the structure such as low tensile 

stress/strength stage.  

 
2. Maxwell’s reciprocity theorem: For two identically-sized forces applied at the 

distinct points A and B on a linear structure, Maxwell’s Reciprocity Theorem 

states (Maxwell, 1954) that the displacement at A caused by the force at B is the 

same as the displacement at B caused by the force at A. This assumption yields 

symmetric mass, stiffness, damping and FRF matrices.  

 
3. Time invariance: the dynamic properties of the structure are constant and will not 

change with time.  

 
4. Observability: the data obtained by an input-output measurement are able to 

generate adequate information for the determination of the dynamic 

characteristics of the structure.  

 

3.2.4 SINGLE DEGREE OF FREEDOM (SDOF) SYSTEM 

3.2.4.1 VISCOUS DAMPING 

This section will introduce a number of basic concepts of the modal analysis. 

Before delving into a more complicated multi-degree-of-freedom (MDOF) system, an 

idealized single-degree-of-freedom (SDOF) system is used in this subsection to 

illustrate the fundamental concepts of structural vibrations. Although very few 

practical structures could be represented by a single degree of freedom (SDOF) model, 

a more complicated multi-degree-of-freedom (MDOF) system can be expressed by 

the linear superposition of a finite number of SDOF systems. The dynamic properties 
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of SDOF system is described by a mass m, a linear constant spring k and damping 

(viscous (c) or structural (d) damper), responsible respectively for inertia, elastic and 

dissipative forces. The figure below (Fig. 3-3) depicts the basic model of SDOF 

system. 

 

 

 

 

 

 

 

 

 

Given a free vibration solution, the properties of the system is assumed 

without external forcing, i.e. f(t) =0. For this situation, applying Newton’s second law 

of motion leads to the equation of motion for the system and becomes Eq. 3-1. 

0
...

=++ kxxcxm   [3-1] 

 

As previously mentioned, the spatial model contains mass m, stiffness k and 

viscous damping c, where under the harmonic vibration, the solution for x is in terms 

of exponential function and the trial solution of x(t) can be given as x(t)=xeiωt. Let b 

=iω which is complex and substitute into Eq. 3-1: 

02 =++ kcbmb   [3-2]

  

f(t) x (t)

m 

k c 

Fig 3-3 Basic Model of Single-Degree-of-Freedom  
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Then, the quadratic equation with two distinct roots is expressed in Eq. 3-3: 
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The frequency parameters of b1,2 can be expressed in the form of Eq.3-7. 

2
002,1 1 ξωξω −±−= ib   [3-7] 

 

Then, the modal solution of the form is given in Eq.3-8  

( ) tieatxetx 0
'ω−=   [3-8] 

 

This single mode of vibration with a complex natural frequency has two parts. The 

first part is imaginary or oscillatory part, for which the frequency of oscillation, 

known as the damped natural frequency, is given in Eq. 3-9:  

2
0 1 ξωω −=d   [3-9] 

 

and the real part represents the loss factor as shown in Eq. 3-10:   

0ξω=a   [3-10] 
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In real life, the amplitude of natural frequency is decaying exponentially to zero 

under damped situation and Fig. 3-4 shows the example of free decaying while a 

viscous damping model is adopted. 

 

 

 

  

 

 

From Fig. 3-4, the value of the peak amplitude Xi at a certain instant of time and 

the value of the peak amplitude Xi+n after n complete cycles of vibration can be 

obtained. From these data, it can derive a quantity known as the logarithmic 

decrement as shown in Eq. 3-11. 

21
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  [3-11] 

 

In practical situations, the spatial properties of the model m, k, and c can be 

derived from the above equations. It is also possible to obtain the value of ξ from Eq. 

3-11 and the plot is illustrated in Fig.3-4. This plot is obtained by carrying out a 

simple test to generate a decaying free-vibration plot of a structure. Counting the 

number of complete cycles (n) from the figure enables us to derive the valve of the 

damped natural frequency ωd. Then, the next step is to calculate the value of 

undamped natural frequency ω0 from Eq. 3-9. The mass can be obtained by simple 

measurement and finally, the value of k will subsequently be derived from Eq. 3-4 

and the value of c will be obtained from Eq. 3-5 and 3-6.  

Fig. 3-4 

Free-vibration decaying 

viscously damped oscillation
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Now, taking into consideration the system under forced vibration system while the f(t) 

≠0, the equation of motion is represented in Eq.3-13: 

)(
...

tfkxxcxm =++   [3-13] 

 

To obtain the complete solution, the forcing function is assumed to be harmonic with 

constant amplitude F and constant frequency ω and presents by Eq. 3-14 in the form 

of : 

tifetf ω=)(   [3-14] 

 

and the particular response solution is given by Eq.3-15: 

tixetx ω=)(   [3-15] 

 

where x and f are complex to accommodate both the amplitude and phase information. 

Substituting Eq.3-15 into Eq.3-13, the equation of motion and the receptance of 

Frequency Response Function under damped system are given in Eq. 3-16 and Eq.3-

17 respectively. 

 

( ) ( ) ( )tftxcimk =+− ωω 2   [3-16] 

( ) ( )cimkf
xH

ωω
ωαω

+−
=== 2

1)()(
 [3-17] 
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3.2.4.2 HYSTERETIC DAMPING 

In a real vibrating system, several different mechanisms are simultaneously 

present and it is very difficult to identify and to model accurately by viscous damping 

model, in particular when applied to the MDOF system. The characteristics of viscous 

damping are very simple for solving the equation of motion of system. The energy 

dissipation of viscous damper opposes the velocity between the forces and is 

proportional to that velocity
.
xcf = .  

 

In Fig. 3-5, the energy dissipation of the corresponding harmonic load/ 

deflection curve exhibits an elliptic loop shape and the area of loop represents the 

energy dissipation per cycle of oscillation as shown in Eq. 3-18. 

( )∫ ==Δ
ωπ

ωπ
/2

0

2cXdxxfE   [3-18] 

 

 

 

  

 

 

From Eq. 3-18, the energy dissipated per cycle of oscillation is frequency 

dependent can be observed. However, in most common materials and real structures, 

the energy dissipation behaviour is found to be closer to a frequency independent 

situation which is roughly proportional to the square of the displacement amplitude. 

The damper model opposes between the relative motion between the force and 

Figure 3-5 
Load/deflection curve for a system 
with viscous damping 
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displacement rather than velocity. This is equivalent to using a viscous damper but, at 

the same time, making the viscous damping rate vary inversely with frequency: 

ω
dc =   [3-19] 

 

Where d is known as a hysteretic or structural damping coefficient. Substituting the 

Eq. 3-19 into Eq. 3-17, a receptance FRF of the form under structural damping system 

is presented in Eq.3-20. 

 

( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
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⎠

⎞
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⎝

⎛
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+−
===

ηω
ω

ω
ωαω
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kor
dimkf

xH
22

0
1

11)()(

 [3-20] 

Where 
k
d

=η  is the structural damping loss factor. 

 

3.2.4.3 INFLUENCE OF MASS, DAMPING AND STIFFNESS PROPERTIES IN SDOF 

SYSTEM 

In an effort to grasp the properties of a spatial model, Figs. 3-6 to 3-8 show 

how stiffness, damping and mass changes affect the response of a single degree of 

freedom system.  

 

 

 

 

 

 

Fig. 3-6 
Influence of change of stiffness 
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From Figure 3-6, it is found that a stiffness increase results in a higher 

resonance frequency and a lower FRF value in the low frequency range. Because of 

this dominant stiffness influence at the low frequency end of the frequency response 

function, this region is called stiffness or the compliance line. 

 

 

 

 

 

 

 

 

 

According to the Eq. 3-9, it can obtain that a damping increase causes a slight 

decrease in resonance frequency and the main influence is a decrease in the amplitude 

of the frequency response function at the given/specific resonance (Fig. 3-7). It can be 

seen that when ξ= 0, then ωd = ω0 and the amplitude of FRF value is becomes infinite, 

even though the exiting force amplitude is small. However, in practice, ξ is never zero 

because there is always some degree of energy dissipation in real systems, such as air 

resistance. This means all dynamic systems should have damping mechanisms. In this 

case, the amplitude of FRF value at resonance is not infinite.  Fig. 3-8 presents the 

shift of resonance while damping is changed.  

ω0 
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) 

Fig. 3-7 
Influence of change of resoant 
frequency 
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In Fig. 3-8, one should note that the response has a phase shift from 0° value 

to 180° when a specific resonance is reached (whereθ = -90°). The meaning of this 

phase shift is that the response is delayed in time relative to the forcing function. In 

the ideal theoretical case, where ξ = 0, the phase shift is instantaneous whereas it 

becomes increasingly gradual for larger values of ξ. 

 

 

 

 

 

 

 

 

From Fig. 3-9, an increase in mass causes shifting of the resonant frequency to 

a lower value is shown. The amplitude of the FRF at higher frequencies also decreases. 

This dominant effect at higher frequencies of a SDOF frequency response function is 

called the mass line. 
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Fig. 3-8 
Influence of change of damping 
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Fig. 3-9 
Influence of change of mass 
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3.2.4.4 PRESENTATIONS AND PROPERTIES OF FRF DATA FOR SDOF SYSTEM 

The frequency response function )(ωH , presented in Eq. 3-16 and Eq. 3-19, is 

only one of the possible formats of an FRF, which is called Receptance and usually 

expressed by )(ωα . This )(ωα  is a complex function of the frequency which 

attempts to describe the relationship between the displacement (x) and the excitation 

force (F). Three important bits of information contained in this )(ωα  includes the real 

part, imaginary part and the frequency and, in fact, a typical presentation of FRF data 

(Real and Imaginary Part Vs Frequency) is depicted in Fig. 3-10. In this figure, it is 

noted that the real part of the receptance crosses the frequency axis while the 

imaginary part reaches a minimum.   

 

 

 

  

 

 

 

 

Another form of presentation of FRF data is called Bode plots, where two 

separate plots present the FRF magnitude and phase information against the frequency 

as shown in Fig. 3-11. At resonance nω , the magnitude is a maximum and the 

response is controlled by the amount of damping. The phase ranges from 0° to 180° 

and the response lags behind the input by 90° at resonance.  

Freq (Hz) ωn Freq (Hz) ωn

(a) (b) 

Fig. 3-10 Real (a) and imaginary (b) parts of the Receptance plot of a SDOF system 
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Finally, the third common form of presenting FRF is called Nyquist plot which 

plots the real part against the imaginary part in a single graph. In Fig. 3-12, it is clear 

to note that the display of data describes a loop like a circle at resonance. However, 

this presentation is only able to display two-dimensional information (real and 

imaginary part) and the frequency information is missed which must be determined by 

identifying the values of frequency corresponding to particular points on the curve.  

 

 

 

 

 

 

 

 

 

 

(a) (b) 

Fig. 3-11 Modulus and phase of the Receptance plots of a SDOF system 

d2
1  

d2
1  

2ω 2ω

nω

Fig. 3-12 Nyquist plot of the Receptance of a SDOF system 
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For the hysteretic damping case, from Eq.3-20, a different expression for the FRF is 

presented in Eq. 3-21.  

( ) ( )
( )
( ) 222

2

2

1)()(
dmk
idmk

dimkF
xH

+−

−−
=

+−
===

ω
ω

ω
ωαω

 [3-21] 

 

So that the real part is shown in Eq. 3-22:    

( ) ( ) 222

2

Re
dmk

mkU
+−

−
==

ω
ωα

  [3-22] 

 

While Eq. 3-23 depicts the imaginary part.  

( )
( ) 222

Im
dmk

dV
+−

==
ω

α   [3-23] 

 

Thus, it is possible to arrive at Eq. 3-24.      

( )
22

2

2
1

2
1

⎟
⎠
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⎠
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⎜
⎝
⎛ ++

dd
VU

  [3-24] 

 

The Eq. 3-24 is the equation of a circle and the radius of circle is 1/2d and the 

center is on the imaginary axis at -1/2d. The circle passes through the origin of the 

real and imaginary axis as shown in Fig. 3-12. Based on the above theory, a so-called 

circle-fit analysis method is advocated in this research for the extraction of modal 

parameters from a set of measured FRF data obtained from a series of experimental 

programs.  

 

Usually, the FRF data is measured in terms of the ratio between the 

displacement response and the force excitation, which is called Receptance )(ωα . 
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However, another two alternative formats exist to present the FRF data in terms of the 

ratio between the velocity and acceleration and the forms of presentation are shown in 

the following equations. 

 

( ) ==
excitationforce

responseetdisplacmenωα Receptance [3-25] 

( ) Mobility
excitationforce

responsevelocityY ==ω
 [3-26] 

( ) eAcceleranc
excitationforce

responseonaccelerati
==ωα

 [3-27] 

 

 
3.2.5 MULTI-DEGREES-OF FREEDOM (MDOF) SYSTEM 

In order to further understand the SDOF system, this section will extend to the 

more complicated multi-degree-of freedom (MDOF) system. In the SDOF system, 

only one spatial coordinate is required to define the displacement configuration of the 

system at all times. Hence, only one differential equation of motions is necessary to 

characterize the modal properties of the structure. However, in reality, most of real 

structures comprise an infinite number of degrees of freedoms, which are continuous 

and nonhomogeneous elastic systems. Therefore, the analysis always entails an 

approximation which consists of describing the behaviour of real structures through 

the use of a finite number of degrees of freedom (DOF) and indeed the number of 

DOFs will affect accuracy in presenting the system.  

 

In the MDOF system, the number of degrees of freedom of a system that a 

structure possessed is equal to the number of independent spatial coordinates required 
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to describe its motion. Each spatial coordinate can be described by one equation of 

motions of a SDOF system and the transfer function of a MDOF system is a linear 

combination of transfer functions of SDOF systems (as shown in Fig.3-13). For this 

reason, matrix formulation not only provides the best way to clarify the problem 

description but also helps systematize the response calculations. This format of 

presentation provides a convenient way for organizing the computations required to 

analyze the MDOF system.  

 

 

   

 

 

 

 

 

 

 

A 3DOF system of a cantilevered beam is presented in Fig.3-14. When the 

beam is subject to vibration, it will deform in different shapes associated with a 

particular modal frequency. The practical way of displaying the mode of vibration is 

by plotting the curvature (or displacement) of each of the positions (spatial coordinate) 

and thus, the motion of vibration can be visualized. The first mode of vibration (mode 

1) of the beam will take the shape shown in line 1. At a higher frequency, the second 

mode of vibration (mode 2) is identified and a third and so on. However, at higher 

frequencies, the structure acts like a low-pass filter and the vibration levels will 

= + + +
MDOF SDOF1 SDOF2 SDOF3 SDOF4 

(a)

(b) 

Fig. 3-13 (a) Response model of MDOF system (b) Spatial-parameter model of MDOF system (source: Ole, 1988) 

= + + +
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become small and hard to detect. This 3-D plot (Fig. 3-14) depicts various modes of 

vibration of the cantilevered beam and the magnitude at a particular modal frequency. 

One should notice that the shape of vibration mode is the same for each measurement 

but the amplitude is proportional to the modal curvature.  

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2.5.1 EQUATIONS OF MOTION OF MDOF SYSTEM 

According to the Equation 3-13, a single external force is considered in the 

SDOF system. In MDOF system, the mass is forced to move by an external force Fi(t) 

(i=1,2,3 ….N) and in order to establish the equilibrium of the forces acting on them, 

the motion of the system is governed by N second order differential equations. For the 

sake of simplicity, a simple 2DOF system is shown in Fig. 3-15 as the system for 

studying the forced vibration of a MDOF system. 

Position 3 

Position 1 

Position 2 

Cantilevered beam 

Fixed-end 
ω1 

(Mode 1)
ω2 

(Mode 2)

Frequency domain (Hz)
ω3 

(Mode 3) 
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A

m
pl

itu
de

 (I
m

[A
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Fig.3-14 Mode of vibration of a 3DOF system at various modal frequencies 
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The equations of motions of this system are shown in Eq. 3-28 and 3-29. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tftxktxkktxctxcctxm 1221212

.

21

.

211

..

1 =−++−++  [3-28] 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tftxktxkktxctxcctxm 2122321

.

22

.

322

..

2 =−++−++  [3-29] 

 

For the general case, a convenient method for solving elastic system equations of 

motion can be expressed by the matrix and is shown in Eq. 3-30. 

[ ] ( ) [ ] ( ) [ ]{ } ( ){ }tfxKtxCtxM =+
⎭
⎬
⎫

⎩
⎨
⎧+

⎭
⎬
⎫

⎩
⎨
⎧ ...

 [3-30] 

 

where [M], [C] and [K] are N x N mass, damping and stiffness are symmetric 

matrices to describe the spatial properties of the system. The column matrixes }{
..
x , 

}{
.
x and }{x are N x 1 vectors, representing time-varying acceleration, velocity and 

displacement responses and the column matrix {f} is an N x 1 vector of the time-

varying external excitation forces. 

 
 
 
 
 

c1 c2 c3 

m1 m2 

k1 k2 k3 

f1(t) 

x1(t) 

f2(t) 

x2(t) 

Fig. 3-15 An example of two-degrees-of-freedom system 
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3.2.5.2  PROPORTIONAL DAMPING 

 
Before proceeding with the response analysis, it is important to examine the 

properties of the modal model. Fig. 3-15 is the lumped-parameter model of an MDOF 

structure and the Eq. 3-30 is the mathematical presentation of the structure in a series 

of masses[M], connected together by matrices of springs [K] and dampers [C]. The 

mass matrix contains single mass values but the damping and stiffness matrices have 

combinations of values which couple all the equations together. As a result, the 

analysis based on this model tends to become more complicated.  

 

However, in most real structures, the physical properties (i.e. [M], [C], [K]) of 

the structure are distributed and are not usually known. To this endeavor, the 

orthogonality properties of modal vectors are introduced and these properties form the 

base for the modal transformation which will decouple the system equations of 

motion as described in Eq.3-30. The modal transformation allows deriving the 

frequency response matrix in terms of modal parameters (natural frequency, damping 

and mode shape). The normal mode method is often used and relies on a useful 

structural property called Orthogonality (Golub & Van Loan , 1996) to transform the 

Eq.3-30 into a set of modal coordinates as shown in Eq.3-31. As a result, the 

equations of motion become decoupled and a series of individual SDOF models (one 

for each mode in the MDOF model) can be obtained.  

( ){ } [ ] ( ){ }tztx ψ=   [3-31] 

where [ψ] = mode shape matrix 

  {x(t)}=physical coordinate vector 

  {z(t)}=modal coordinate vector 
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Assuming no external force is applied and where ( ) 0}{ =tf , when apply this 

transformation to the Eq. 3-30, and pre-multiply it by [ψ]T, the equivalent system of 

equations are shown in Eq. 3-32 to Eq. 3-35. 

[ ] ( ) [ ] ( ) [ ] ( ){ } 0
...

=+
⎭
⎬
⎫

⎩
⎨
⎧+

⎭
⎬
⎫

⎩
⎨
⎧ tzktzctzm rrr

  [3-32] 

 

where, the Modal mass matrix, [ ] [ ] [ ][ ]ψψ Mm T
r =  [3-33] 

Modal damping matrix,  [ ] [ ] [ ][ ]ψψ Cc T
r =  [3-34] 

Modal stiffness matrix,  [ ] [ ] [ ][ ]ψψ Kk T
r =  [3-35] 

 

Eq.3-32 to Eq.3-35 are the modal model orthogonality properties where [mr], [cr] and 

[kr] are referred to as the modal mass, damping and stiffness of mode r. Eq.3-33 to 

Eq.3-35 are then subjected to a procedure of mass-normalisation and, the mass-

normalized modal matrix orthogonality properties are described in Eq. 3-36 to Eq.3-

38. 

The identity matrix, [ ] [ ] [ ][ ]φφ MI T=  [3-36] 

Modal damping matrix,  [ ] [ ] [ ][ ]φφωξ CT
rr =2  [3-37] 

Modal stiffness matrix,  [ ] [ ] [ ][ ]φφω KT
r =2

 [3-38] 
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The type of damping [C] is referred to as ‘proportional’ damping i.e., the 

viscous damping matrix, which is not only directly proportional to the stiffness matrix, 

but also to the mass matrix or the linear combination of both. Then [C] can be written 

as Eq.3-39. 

[ ] [ ] [ ]MvKC += β   [3-39] 

where β and ν are constants and the mass-normalized modal damping matrix becomes: 

[ ] [ ][ ] [ ] [ ] [ ][ ][ ]φνβφφφ MKC TT +=   [3-40] 

 

or rewritten as Eq.3-37 [ ] [ ][ ] [ ]rr
T C ωξφφ 2=  , where  

22
r

r
r

βω
ω
νξ +=

 r=1, 2, 3…., N mode [3-41] 

 

By substituting these properties from Eq.3-36 to Eq.3-38 into Eq. 3-32 and 

performing certain mathematical manipulations, a set of equations in terms of the 

modal parameters with solutions in modal coordinates can be obtained as shown in 

Eq.3-42. Then, a set of equations in terms of the measurable modal parameters (i.e. 

natural frequency, modal damping and scaled mode shape), with solutions in modal 

coordinates can be obtained. The equation for each coordinate can be solved as an 

individual SDOF system. With these parameters, the lumped-parameter model can be 

transformed and obtained. 

 

[ ] ( ) [ ] ( ) [ ] ( ){ } 02 2
...

=+
⎭
⎬
⎫

⎩
⎨
⎧+

⎭
⎬
⎫

⎩
⎨
⎧ tztztzI rrr ωωξ

 [3-42] 
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Last, the forced response and taking the excitation force vector ( ) { } tieFtf ω=}{  and 

the response vector ( ) { } tieXtx ω=}{  is considered and the forced general receptance 

FRF is shown in Eq. 3-43 and Eq.3-44. 

[ ] [ ] [ ][ ] ( ){ } ( ){ }tftxCiMK =+− ωω 2
  [3-43] 

or 

( )( )
( ) ( )∑

= +−
=

N

r rrr

krjk
jk cimk1

2)(
ωω

ψψ
ωα   [3-44] 

 

Similarly, the proportional hysteretic model is expressed in Eq.3-45.   

[ ] [ ] [ ][ ] ( ){ } ( ){ }tftxDiMK =+− 2ω   [3-45] 

or 

( )( )
( )∑

= +−
=

N

r rrrr

krjk
jk kimk1

2)(
ηω

ψψ
ωα

  [3-46] 

 

3.2.5.3 HYSTERETIC DAMPING 

The damping systems (proportional damping) discussed in the previous 

subsection introduces a special type of damping system for a particular structure, 

which assumes that the modes of the analysed structures are almost identical to those 

of the undamped version of the model. In more specific terms, the mode shapes are 

identical and the natural frequencies are very similar to those of the simpler undamped 

system. The advantage of using this type of damping can be relatively easy and the 

procedure of analysis is simple. However, a word of caution must be expressed here. 

This damping system is often adopted in the theoretical analysis of structures. In 

addition, it is only valid in this special type of distribution damping and may not be 

generally be applicable for the real structures studied in modal tests. As a result, it is 
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very important to consider the most general case that enables us to interpret and 

analyse the data for most real structures. In this section, the hysteretic model is 

introduced solely which is easier to manipulate from the mathematical point of view 

and for the case of the viscous model, readers may refer to Ewins (2000).  

 

First of all, the general equation of motion for MDOF system with hysteretic damping 

along with harmonic excitation is expressed in Eq.3-47. 

[ ] ( ) [ ] ( ) [ ]{ } ( ){ }tfxKtxDitxM =+
⎭
⎬
⎫

⎩
⎨
⎧+

⎭
⎬
⎫

⎩
⎨
⎧ ...

 [3-47] 

 

Consider the case of no excitation and assume the solution of the form: 

( ) { } tieXtx λ=}{   [3-48] 

 

where {X} is an N x 1 vector of time-independent response amplitudes and 

substituting this with Eq.3-47, the following (Eq.3-49) can be obtained.  

[ ] [ ] [ ][ ]{ } { }02 =+− ψλ DiMK   [3-49] 

 

Where λ2 is bound to be complex containing a set of N complex eigenvalues and 

associated N real eigenvectors {ψ}. In this case, these matrices are both complex in 

the fact that each natural frequency and each mode shape is described in terms of 

complex quantities. Then, the rth eigenvalue is depicted in Eq. 3-50.  

( )rr iηωλ += 122
  [3-50] 
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where 2
rω  and rη  are the natural frequency and damping loss factors respectively for 

mode r, defined as given by the following (Eq. 3-51): 

r

r
r m

k
=2ω

  [3-51] 

            

and given that kr and mr are known as the modal or generalized stiffness and mass of 

mode r, and  

2
r

r
v
ω

βη +=
  [3-52] 

 

Now, the analysis of forced vibration is considered. By re-writing Eq.3-47, the forced 

general receptance FRF may be obtained by the Eq.3-53 

[ ] [ ] [ ][ ] ( )[ ]ωαω =+−
−12 DiMK   [3-53] 

            

by premultiply both sides by [φ]T and postmultiply both sides by [φ] into the Eq.3-53, 

the following Eq.3-54 can be obtained. 

( )[ ] [ ][ ] [ ]Tr φωλφωα
122 −

−=   [3-54] 

            

Using this full matrix equation, the individual FRF element can be extracted and 

expressed in Eq. 3-55. 

( ) ( )( )
∑
= +−

=
N

r rr

krjr
jk i1

222 ηωωω
φφ

ωα
  [3-55] 

or express in Eq.3-56. 

( ) ∑
= +−

=
N

r rr

jkr
jk i

A

1
222 ηωωω

ωα
  [3-56] 
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where rAjk is a complex quantity know as the Modal Constant ( )( )krjrjkr A φφ= .  Two 

important conclusions can be extracted from this modal constant. (1) First, the 

receptance matrix is symmetric and therefore: 

j

k

k

j
jk F

X
F
X

==α
  [3-57] 

 

And this property is known as the principle of reciprocity. (2) The second conclusion 

is the modal constants follow a relationship as described in Eq.3-58. 

If krjrjkr A φφ=   

then 
2
jrjjr A φ=  or 

2
krkkr A φ=   [3-58] 

           

According to Eq.3-57 and Eq.3-58, if a full line (or column) of the matrix [α(ω)] is 

known, the whole matrix can then be evaluated.  

 

This section has covered the basic theory for an understanding of modal 

analysis which is central to this study and the next chapter (Chapter 4) will continue to 

look at the details of dynamic measurement and the subsequent signal processing as 

well as the data analysis technique.  
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3.3 DESIGN THEORIES FOR REINFORCED CONCRETE STRUCTURE  

3.3.1 GENERAL OVERVIEW 

To start with an overview, concrete is a construction material made by mixing 

cement, sand, aggregates, water and frequently other additives. It is one of the most 

versatile construction materials offering large flexibility for accommodating various 

types/forms of construction. When the concrete is in unhardened/plastic state, it can 

make form any desired shapes and dimension by simply casting concrete in various 

forms of mould to meet a wide variety of architectural and structural requirements in 

an effective manner. In addition, concrete also exhibits excellent performance not 

only in terms of resisting fire attack, but also by minimizing the needs for regular 

maintenance due to its high durability. Although the concrete is strong in compression, 

the performance in tension is very weak and can only accommodate a very slight 

tensile strain. It cannot undergo large deformations under load and fails suddenly 

without warning. To overcome this limitation, a certain amount of steel reinforcement 

is cast into the concrete, which is called Reinforced Concrete (RC), in order to 

enhance the performance of the structure in tension.  

 

3.3.2  MATERIAL PROPERTIES OF CONCRETE AND STEEL REINFORCEMENT 

3.3.2.1 COMPRESSIVE STRENGTH OF CONCRETE  

 
One of the major advantages of concrete is that it is strong in compression and 

indeed the compressive strength is the primary physical property of hardened concrete. 

The compressive strength of concrete is usually determined by loading concrete 

cylinder (ASTM-C39:1996) or concrete cube (BS-1881 Part116:1983) to failure in 

uniaxial compression (the total force ‘P’ divided by the cross-section area of concrete 

cylinder/cube ‘A’). The specimens are required to be properly cured after they have 
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hardened for 28 days. A word of caution is essential, it must be noted that improper 

curing of concrete will affect the maximum compressive strength of concrete 

significantly. Fig3-16 depicts that the compressive strength of moist-cured concrete 

has more than twice the compressive strength of uncured concrete.  

 

 

 

 

 

 

 

 

 

Apart from the curing of concrete, many other factors will affect the strength 

of concrete such as the type of concrete mix, the properties of aggregates, admixtures 

etc. The compressive strength of concrete is usually expressed by the symbol ‘fcu’ and 

the unit is Megapascals (MPa or N/mm2). Typical stress-strain curves for concretes 

with various compressive strengths obtained by a series of compressive test of 

concrete cubes are demonstrated in Fig.3-17. As shown in Fig.3-17, the initial portion 

of curve 5 (about 40% of the maximum stress) is considered linear for most practical 

purposes. With further increase in load, the material loses a certain amount of stiffness 

and therefore, the curve takes on a curvilinear shape. Once the maximum stress has 

been reached, the strain will increase with decreasing stress. Before the ultimate load 

is arrived at, the concrete starts cracking and most concrete cubes fail suddenly in a 

very short period of time.  

Fig.3-16 The effect of curing on compressive strength of concrete 

(source: Leet, 1997) 
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3.3.2.2 TENSILE STRENGTH OF CONCRETE  

Concrete is a brittle material and it cannot resist large deformation under load 

and would fail suddenly without early warning. Therefore, the tensile strength of 

concrete is often assumed to be equal to zero in most design standards of RC structure. 

The common approach for estimating the splitting tensile strength of concrete is 

called ‘splitting test’ (Raphael, 1984). A standard concrete cylinder (ASTM-

C496:1985 or BS-1881 Part 117:1983) is placed with its axis horizontal in a 

compression testing machine and loaded uniformly to failure along two opposite lines 

on the surface of the cylinder through two plywood pads (as shown in Fig.3-18). The 

tensile stress of concrete can be obtained by Eq. 3-59.  

 

LD
Pf cT π

2
=

  [3-59] 

           

Fig.3-17 Typical stress-strain curves of concrete with different 

compressive strength (Source: Hassoun, 2002) 

Curve 1 

Curve 2 

Curve 3 

Curve 4 

Curve 5 
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where D and L are the diameter and length of the concrete cylinder. 

 

 

 

 

 

 

 

 

 

However, according to the literature review discussed in Chapter 2, many 

researchers (Hsu, 1991 and Gilbert 2007) have investigated the effect of tensile 

capacity of concrete (TCC) for the estimation of serviceability (i.e. deflection control 

and crack control) and nonlinear analysis of RC structures. Fig. 3-19 illustrates the 

tensile stress-strain curve of concrete. The curve is divided into two distinct regions. 

Before the concrete cracks, the stress-strain behaves essentially in a linear manner. 

However, once the cracking stress is reached, the strength of concrete drops 

drastically and the descending branch of the curve becomes concave. Within this 

region, the concrete is cracked and the tensile behaviour of concrete is quite different 

form the first region. The strain is increased as stress decreases and the average 

concrete tensile stress and tensile strain has to be considered. Eq.3-60 and Eq.3-61 are 

used to derive the tensile stress-strain relationship of concrete (Collins and Mitchell, 

1997)

Plywood pad 

Compression 
stress 

Tension 
stress  

D
 

Fig. 3-18 Cylinder splitting test (source: Hassoun, 2002) 
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3.3.2.3 TENSILE STRENGTH OF STEEL  

The low tensile strength of concrete results in limited structural applications of 

pain concrete due to the fact that most structural elements in flexure create tensile 

stresses of significant magnitude. The reinforcement, usually in the form of steel bars 

placed into the concrete structure, provides sufficient tensile strength to resist the 

tensile forces from external load. Although the steel reinforcement costs more than 

concrete, the yield strength of steel is 10 times more than the compressive strength of 

concrete and provides an advantage because of its mechanical characteristics, such as 

high tensile strength and the ability to become deformed by a significant amount 

before failure. The application of steel reinforcement is not only for resisting tension, 

εr 

σr 

fcr 

εcr 

Fig.3-19 Tensile stress-strain curve of concrete 
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but also for resisting compression (i.e. compression steel) and shear (i.e. stirrups, ties 

and etc). A variety of materials are also available for the use of reinforcement, such as 

glass fiber reinforced polymer (GFRP) and carbon fiber, which have excellent 

corrosion resistance and other favourable characteristics. However, due to high cost 

and inadequate technical control on quality and design of reinforced concrete structure 

with these kinds of reinforcement, the application of these innovative materials is still 

limited to special structures or structural repair.  

 

The strength and stiffness of reinforcing bars are normally determined by a 

stress-strain analysis. The specimens of reinforcing bars are loaded to failure in 

uniaxial tension and the corresponding load and deflection are measured 

simultaneously. A typical stress-strain diagram of high yield steel bars is shown in 

Fig.3-20.  
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Fig.3-20 Tensile stress-strain curve of high-yield steel bars 
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In Fig.3-20, several stages of behaviour characteristic of high-yield steel bars 

are identified and described as follows: 

 

 Linear-elastic stage (0~ fy): the steel behaves as a linear elastic within a low 

load level. 

 Yielding (fy): the behaviour of steel changes when the yield stress is reached. 

The strain continues to increase while stress remains constant and the stress-

strain curve becomes a straight horizontal line. 

 Maximum Stress (fmax): the stress keeps increasing with increasing strain after 

yielding, until the maximum stress is reached. 

 Failure Stress (ff): the load further increases and results in a decrease in stress 

until failure takes place. The corresponding stress is called failure stress. 

 

3.3.3 STRESS ANALYSIS AND DESIGN OF REINFORCED CONCRETE STRUCTURES  

Two kinds of problems are commonly encountered in the design practice of 

RC structure. The first type is called stress analysis where the completed cross-

sectional dimensions as well as the material properties (both for steel and concrete) of 

the structure member are known. The aim of this process is to compute the 

instantaneous stresses in the materials under desired loads and then to estimate the 

permissible or ultimate bending moments that the structure can resist based on the 

properties of materials (such as ultimate/permissible tensile strength of steel and 

compressive strength of concrete). The second type of problem is called design. This 

is the process of selecting proper materials and determining the physical dimension in 

order to ensure that the design strength is equal or greater than the required strength. 

The required strength is simply determined by multiplying the actual imposed loads, 
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the dead load and other loads such as wind, snow, rain etc. These loads introduce 

external forces (i.e. bending, shear, torsion) where the type of forces is dependant on 

how these loads apply to the structure.  

 

Flexure or bending is commonly encountered in RC structural elements (i.e. 

slabs and beams) and bending strains are thus produced. As illustrated in Fig 3-21, a 

simply supported RC beam is transversely loaded and under positive moment (the 

upper side), compressive strains are produced in the top of the beam while tensile 

strains are produced in the bottom. The strains produce stress in the beam and 

concrete is utilized in the compression zone to resist compressive stress while the high 

tensile strength steel reinforcements are embedded into the tension zone of the beam 

to resist tensile stress. Therefore, In this manner, the RC beam is able to resist both 

tensile and compressive stresses under loading.  

 

 

 

 

 

 

 

 

External load

Compression zone

Tension zone

Fig.3-21 Simply supported RC beam under bending 
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3.3.3.1 BENDING/FLEXURE THEORY FOR REINFORCED CONCRETE  

When a RC beam is subjected to bending moments (or called flexure), bending 

strains are produced and therefore, the bending/flexure theory is commonly advocated 

for the design of RC slab and beam. Before developing a theory of flexure for 

reinforced concrete, there are several basic assumptions that are made and 

summarized as follows: 

 

1. A plane section before bending remains a plane section even after the beam 

bends. This implies the strain throughout the depth of the beam varies linear 

elastic (follows Hooke’s law) and is proportional to its distance from the 

neutral axis.  

2. Stresses and strains are approximately proportional only up to moderate loads. 

When the load is increased and reaches an ultimate load, stresses and strains 

are no longer proportional and the variation of concrete stress becomes non-

linear.  

3. The tensile strength of the concrete is not considered when the ultimate 

bending moment capacity is calculated. In fact the bond between steel and 

concrete is adequate and therefore, the strain in concrete is the same as in the 

reinforcing bars at the same level.   

 

Based on the assumptions made previously, the stress/strain analysis in a 

reinforced concrete beam subjected to bending moments is discussed. With the aid of 

Fig. 3-22a which illustrates the cross-section of the RC rectangular beam and the 

moment M is assumed to induce a linear strain diagram (obeying the first assumption) 

as shown in Fig. 3-22b. The maximum compressive strain in concrete at the top fibre 
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of the beam is εc and the tensile strain at the centroid of steel rebar is εs. The neutral 

axis (NA), where the strain is zero, is located in terms of distance n from the top of 

the beam surface. With this strain diagram, a stress diagram (as shown in Fig. 3-22c) 

is obtained through the stress-strain relationships of concrete and steel rebars 

(constitutive laws for concrete and steel). By solving two simple equations of force 

equilibrium, the neutral axis position n and the magnitude of the flexural stresses can 

be obtained by Eq. 3-62 and Eq. 3-63.  

 

 

 

 

 

 

 

 

 

           

C=T    [3-62] 

or 

Mcompression(C x n) = Mtension[T x (h-n)] [3-63] 

   

Where C and T represent the total resultant compression and tension respectively and 

Mcompression and Mtension denote the moment produced by the resultant compression and 

tension. 

 

εc

εs

N.A.

C

T

n 
h 

(a) (b) (c) 

Fig. 3-22  Cross-section of a RC beam bending under flexure 
(a) Cross-section details 
(b) Strain diagram 
(c) Stress diagram 
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3.3.3.2 CONCEPT OF TRANSFORMED SECTION  

RC is a composite/non-homogeneous material and the key problem in the 

flexural analysis of RC beam/slab is to determine the location of neutral axis (n). The 

concept of ‘Transformed Section’ is utilized to transform the area of steel into an 

equivalent area of concrete. As a result, the composite section of RC beam can be 

transformed into an equivalent homogeneous section made up entirely of concrete and 

assumed to be a homogeneous material and linear elastic. The ratio of elastic modulus 

of steel and concrete, m, called the modular ratio, is obtained by dividing the elastic 

modulus of steel Es and of concrete Ec and depicted in Eq. 3-64. 

c

s

E
Em =

    [3-64] 

 

In Fig. 3-22, the area of steel, As, on the tension side, is transformed into an 

equivalent area of concrete by mAs. By applying the equation of force equilibrium 

(Eq.3-63) and assuming the concrete is cracked under ultimate load, the neutral axis n 

can be obtained by Eq. 3-65. 

( )nhmAnbn −=×
2
1

    [3-65] 

            

By solving the quadric equation from Eq. 3-65, the neutral axis can be calculated by 

Eq. 3-66. 
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    [3-66] 
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Then, the second moment of area of the equivalent concrete beam about the neutral 

axis is obtained by Eq. 3-67. 

( )23

3
1 nhmAbnIc −+=

   [3-67] 

 

Finally, the maximum compressive stress in the upper fibres of concrete and 

maximum tensile stress of the tension steel bars under a given bending moment M are 

calculated using the Eq. 3-68 and Eq. 3-69. 

c
cC I
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    [3-68] 

c
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    [3-69] 

 

By comparing the calculated maximum stresses in Eq.3-68 (in compression) and 3-69 

(in tension) under service loads are within the permissible stresses of materials, and 

the permissible or ultimate load bearing capacity of the given beam section can be 

determined. 

 

A word of caution must be noted that when the above analysis is considered, 

the concrete in tension is assumed to be cracked under ultimate loading state or a state 

where the tensile stress of concrete is reached subject to imposed loading. However, 

in most real life RC structures, the concrete in tension may still remain uncracked as 

the applied moment/loading is less than the cracking moment and the maximum 

tensile stress in the concrete is less than the flexural tensile strength of concrete. As a 

result, the tensile capacity of concrete (TCC) must be considered in the above analysis 

in order to estimate the instantaneous structural / material properties more accurately. 
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The importance of understanding the TCC effect in an evaluation of real performance 

of the RC structure (i.e. balcony) will be further discussed in Chapter 6, Section 6.3.1  

 

3.3.3.3  LIMIT STATE DESIGN THEORY 

A limit state may be defined as that state of a structure at which it becomes 

unfit for the use for which it was designed. Therefore, the design of RC structure i.e. 

beam/slab should be limited/controlled before reaching the limit state during the 

intended service life and this design method is commonly called limit state design. In 

order to satisfy the objective of this design method, all relevant limit states conditions 

must be identified/considered in the design process in order to ensure an adequate 

degree of safety and serviceability that can be achieved for the designed structure. 

Two kinds of states are distinguished in BS 8110: Part 1: 1985 and they are called 

ultimate limit state (ULS) and serviceability limit state (SLS). The ULS refers to the 

safety of structure where exceeding of such a state will result in a partial or total 

collapse of the structure while the SLS deals with factors such as deflection, vibration, 

local damage and cracking of concrete and collapse of the structure does not occur 

even if the SLS is exceeded. BS8110 has defined the characteristics of ULS and SLS 

as tabulated in Table 3-1 
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Table 3-1 Classes of limit state in accordance with BS8110: Part 1: 1985 (Martin et al., 1989) 

Ultimate limit state (refer to cl 2.2.2) Serviceability limit state (refer to cl.2.2.3) 

Structural Stability: Structures should be 

designed so that the loads are safely transmitted 

from the highest supported level down to the 

foundation. 

Deflection due to vertical loading: 

Deflections should not adversely affect the 

appearance of the structure or cause damage to 

non-structural members. The recommended 

maximum deflection in a beam is 1/250 of the 

span. 

Robustness: Structures should be planned 

and designed so that they are not unreasonably 

susceptible to the effects of accidents. 

Response to wind loads: The lateral 

deflections of lateral accelerations should not 

cause damage or, in a tall building, cause alarm 

or discomfort to the occupants. 

Special Hazards: Factors of safety against 

collapse greater than those normally 

recommended may be required in the design of 

structures intended to house hazardous processes 

such as flour milling or the manufacture of 

unstable chemicals. 

Cracking: It is necessary to limit the width 

of cracks, which occur normally in a concrete 

structure, so that the appearance or durability of 

the structure is not adversely affected. 

 Vibration: Vibration should not be 

sufficient to cause alarm or discomfort to the 

occupants or structural damage. 

 

In accordance with BS 6399: Part 1: 1984, the safety factor for the 

characteristic loads, such as dead load, imposed load and wind load, should be 

allowed for the planning of design load. For a combination of dead and live loads, the 

factor of safety (FOS) is 1.4 x dead load + 1.6 x live loads. For a combination of dead, 

live and wind loads, the FOS will be 1.2 x (dead + live + wind loads). Finally, for the 

material strength, the FOS for concrete and reinforcement are 1.5 and 1.15 

respectively. 

 

In Section 3.3.3.A, the design process described involves selecting proper 

materials and determining the physical dimension in order to resist the bending 
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moment introduced under given design loads. According to Clause 3.4.4.4 of BS8110, 

the calculations of ultimate bending moment of resistance are based on a simplified 

rectangular stress block with the stress value of 0.447fcu over 0.9 x distance to neutral 

axis. Therefore, the ultimate resistance moment in compression Muc and in tension 

Mut are obtained by Eq. 3-70 and Eq. 3-71. 

 

Muc = 0.156 fcu x b x d2       [3-70] 

Mut = 0.87 fy x As x z        [3-71] 

 

Where d is the effective depth from the top fibre of beam section to tension 

reinforcement and z is the lever arm (0.777d).  

 

3.4 SUMMARY AND DISCUSSION 

This chapter examines and reviews several fundamental and theoretical issues 

from the modal analysis (Section 3.2) and reinforced concrete structure design 

(Section 3.3), which underpin the methodology adopted in this research. Also, the 

theories given in this chapter are extensions of the literature reviewed in Chapter 2, so 

as to provide a more in-depth coverage of the technical issues. These issues form the 

most central and essential elements to the understanding of the structural behaviour of 

RC structures and pave the way for the subsequent chapters which detail a series of 

experiments.
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4. INSTRUMENTATION AND DATA ANALYSIS 

4.1 INTRODUCTION 

This chapter describes the instrumentation and data analysis systems 

advocated in this research for the extraction of dynamic properties (such as resonant 

frequency, structural damping and mode shape) from tested models/structures. Modal 

Testing, known as a form of vibration testing, includes the measurement of the 

structural response and the excitation force to acquire a set of Frequency Response 

Functions (FRF) data from any specific tested structure. The FRF data constitutes 

frequency spectrum and amplitude, which are crucial information for the subsequent 

data analysis and the extraction of the modal properties of the structure. This type of 

measurement is often called ‘mobility measurement’. In this research, the following 

two instrumentation systems were used to suitably match different experimental 

requirements/conditions.  

 

1. Instrumented Impact Hammer (IIH) System 

A portable DI-2000 dual-channel real time FFT analyzer with PCB ICP® 

(Integrated Circuit Piezoelectric) type 086C03 impact hammer or custom-made 

impact hammer equipped with Endevoco piezoelectric force sensor Model 2313 and 

Brϋel-Kjær DeltaTron® Type 4507 accelerometer. 

 

2. Electrodynamic Shaker (ES) System 

A SR780 dual-channel FFT analyzer with B&K electrodynamic type 4810 mini-

shaker, B&K DeltaTron® type 8230 force transducer, B&K DeltaTron® type 4513 

accelerometer and B&K NEXUS type 2690 conditioning amplifier. 
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The basic requirement of the instrumentation system advocated for the field 

application, as proposed and applied in Chapter 8, is portability and ease of handling 

to have maximum flexibility in collecting FRF data. To cope with this requirement, 

the IIH system is found to be the most appropriate/suitable system for the field 

application. The system consists of a portable DI-2000 dual-channel FRF analyzer 

powered by an internal replaceable NiCd battery pack. The tested structures were 

excited by an instrumented impact hammer at a point of the structure to produce 

vibration levels over short duration. Such a hammer provides a more convenient and 

swift method to change the excitation point moving over the predetermined 

measurement points. The hammer is PCB ICP® type 086C03 instrumented impact 

hammer, which consists of a piezoelectric load cell built-in with preamplifier or a 

custom made impact hammer equipped with Endevoco piezoelectric force sensor 

Model 2312 to measure the impact force signal. The structural responses as a result of 

the vibrations were then measured by Brϋel-Kjær (B&K) DeltaTron® type 4507 

piezoelectric accelerometer built-in with preamplifier. The FRF data are stored in the 

internal memory of the analyzer and downloaded to a computer via the RS232 

interface for subsequent data analysis. A schematic diagram showing the 

instrumentation setup is depicted in Fig. 4-1. 
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Fig. 4-1 Schematic diagram showing various components of the instrumented impact hammer (IIH) system 
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For the ES system, the tested structure is excited by Brϋel-Kjær (B&K) type 4810 

electrodynamic mini-shaker, which is driven by the pseudo-random source signal 

generated from the digital signal analyzer with the same frequency spectrum of 

interest and attenuated by B&K type 2706 power amplifier. The excitation force was 

measured by B&K type 8203-001 piezoelectric force transducer and a B&K 

DeltTron® Type 4513 accelerometer was used to measure the response signals. Both 

excitation and response signals were conditioned by B&K NEXUS type 2693 four-

channel conditioning amplifier and recorded by a dual channel SR780 dynamic signal 

Fast Fourier Transform (FFT) analyzer from Stanford Research Systems Inc. A 

complete set of FRF data were stored into 3.5” 1.44 Mbyte floppy disk and transferred 

to a computer for the subsequent data analysis. The schematic diagram of the 

laboratory measurement setup is illustrated in Fig. 4-2.  

 

After acquiring the FRF data from the FFT signal analyzer, the data were then 

analyzed by the ICATS modal analysis software developed by Imperial College, 

London, UK to extract the modal parameters of the structure by circle-fitting method. 

The process of data analysis will be introduced in the Section 4.4 



CH.4 INSTRUMENTATION AND DATA ANALYSIS 

Ch. 4-5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4-2 Schematic diagram showing various components of the electrodynamic shaker (ES) system 
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4.2  EXCITATION AND TRANSDUCER SYSTEM  

4.2.1 EXCITATION MECHANISM  

Two types of excitation devices were advocated in this research to provide 

input motion to the structure throughout the mobility measurement. The first type is 

the instrumented impact hammer (IIH) and the other type is the electrodynamic shaker 

(ES). The characteristic/performance of the devices will be described in this section 

and then their strengths and weaknesses under various measurement conditions will 

be compared. 

 

4.2.1.1 INSTRUMENTED IMPACT HAMMER  

Impact hammer is a portable excitation device, which is particularly suitable 

for the field application. A PCB ICP® type 086C03 instrumented impact hammer is 

the first type of impact hammer advocated in this research, which provides an input 

force to the tested structure. The PCB hammer is modally tuned to eliminate erratic 

and noisy signals arising from bouncing. The hammer consists of piezoelectric force 

transducer with built-in preamplifier and different types of tip mounted to the end of 

the transducer. The force level introduced to the structure is simply determined by the 

mass of the impactor behind the piezoelectric transducer and the acceleration during 

the impact is multiplied. Although the hammer impulse can generate a nearly constant 

force over a frequency range and is capable of exciting the structure in resonance 

within that range, the stiffness of the contact surface and the mass of impactor head 

(contact stiffness/impactor mass)1/2 greatly influence the frequency content of the 

energy applied to the structure and therefore, appropriate type of hammer as well as 

tip should be carefully considered in accordance with the required frequency range for 

a specific investigation. The stiffness of the contact surface changes the shape of the 
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impulse and thus the frequency content is likely to vary. A stiffer tip produces shorter 

pulse duration and is suitable for high frequency response measurement. In contrast 

with the stiffer tip, a softer tip produces longer pulse duration and generates a lower 

frequency response. Since the frequency range of interest of most RCCBS is within 

the range of 0Hz to 500Hz, therefore, for this research, a medium plastic tip was 

advocated during the testing phases. Fig. 4-3 illustrates the frequency response 

performance of different tips.  

 

 

 

 

 

 

 

 

 

 

 
 

 

Due to the fact that the mass of the PCB impact hammer is relatively small 

(around 1.6kg only), the excitation energy produced by the PCB hammer becomes 

small and therefore, it is only suitable for exciting small balcony structures/models 

(for example, the small balcony model tested for this study, as presented in Chapter 5) 

in vibration. For exciting bigger balcony structures/models (i.e. full-scale balcony 

models tested in this study and reported in Chapters 6, 7 and 8), a heavier custom-

Fig. 4-3 086C03 Impulse Hammer Response Curves (PCB Installation Manual) 
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made hammer (the total weight of hammer of around 4kg) equipped with Endevoco 

piezoelectric force sensor Model 2313 was used (as shown in Fig. 4-1), which can 

produce a higher impulse energy to excite the structure than that of the PCB hammer. 

In addition, a better quality of FRF data can be achieved by improving the signal-to-

noise ratio.  

 

Although the use of impact hammer provides a convenient and inexpensive 

way to excite the structure since only a few hardware is required during the 

measurement, it is likely to impose great demands on the signal processing phase due 

to potential signal processing problems, which is not the case for the electrodynamic 

type shaker. The waveform produced by an impact is a transient energy, which cannot 

be band-limited at lower frequencies when making zoom measurements, so that the 

lower out-band-modes will still be excited and may introduce some signal processing 

problems. To eliminate the problems, applying various windowing techniques is 

necessary and will discuss in Section 4.3.3.3 below. 

 

4.2.1.2 ELECTRODYNAMIC MINI-SHAKER  

Another common alternative approach to excite the structure in vibration is the 

use of electrodynamic (electromagnetic) shaker. The force is generated by converting 

the electrical energy into dynamic motion. The piston of the shaker, which is attached 

with magnetic coil and controlled by the input current, is connected to the structure 

and enables to strike the structure into vibration within the desired frequency range. A 

B&K electrodynamic mini-shaker type 4810 was used in this study to input force 

motion to the tested structure. The input frequency signals are generated from the 

different source outputs (i.e. sweep sine, random and chirp source) of the digital FFT 
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analyzer and attenuated by B&K type 2706 power amplifier. In comparison to the 

impact hammer, this type of excitation method controls the frequency and the 

amplitude of the input force independently by simply changing the input source of the 

signal generator and the output of the power amplifier. It produces a more 

concentrated and stronger energy over a selected frequency range and results in a 

better signal-to-noise ratio and thus cleaner data. Although the use of electrodynamic 

shaker may alter the mass property of the tested structure because additional mass is 

imposed by the shaker, the shaker used in this research is mini type which lessens the 

mass effect as the ratio between the mass of the shaker and of the RC structure is very 

small. Table 4-1 compares the performance and characteristics of the two excitation 

forms discussed above: 

 
Table 4-1 Comparison table between different forms of excitation 

Forms of Excitation 
Characteristics/Performance 

Impact Hammer Electrodynamic Shaker 

Setup Complexity Simple Complex 

External power and driving 

source 

Not required Signal generator and power 

amplifier are required 

Frequency range Varied by changing different 

materials of tip and the mass of 

hammer head. However, the 

specific frequency range 

cannot be controlled  

Controlled and specified by a 

signal generator 

Force Amplitude By adding hammer head mass By changing the output amplitude 

of amplifier 

Exciter Attachment Not required Various forms of attachment can be 

considered 

Window Technique  Force/Exponential Hanning and Uniform 

Analysis Speed Fast Normal 

Area of Application Field and Laboratory Laboratory 

Damage to tested structure Local damage may be 

introduced if a too high peak 

force is introduced  

No 
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4.2.2 TRANSDUCER SYSTEM  

The transducer system consists of two types of transducers in the mobility 

measurement advocated in this research. The first type is called force transducer, 

which is either embedded/equipped into the hammerhead of the impact hammer or 

connected to the mini-shaker for measuring the input force signal. The second type is 

the assembly of an internal mass and crystal sensor, called accelerometer, which is 

used for the measurement of the response of the structure throughout the test. Both the 

force transducers and the accelerometer are piezoelectric type, which is an 

electromechanical sensor that generates an electrical output when subjected to 

external force/vibration. 

 

4.2.2.1 PIEZOELECTRIC FORCE TRANSDUCER  

Three different types of force transducers were used in this research. The 

selection criteria of the transducer are based on the forms of the excitation mechanism 

and its performance/characteristics. For the impact hammer test, the force transducer 

is embedded into the hammerhead of the impact hammer. The input force type and 

direction are transient and in compression. For the shaker excitation, the force 

transducer is an individual component to measure the force input from the shaker. The 

transducer connects with the shaker by a stinger and is also attached to the tested 

structure. The measurement force requires both compression and tension. Both of the 

transducers are the piezoelectric type, where a fraction of the force applied to the 

transducer deforms a piezoelectric crystal and produces a charge output, which is 

proportional to the force acting on the crystal. The properties and performances of the 

transducers are illustrated in Table 4-2. 
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Table 4-2 The properties and performance of different force transducers 

Type of Transducer 

Characteristics/ 

Performance 

Impact Hammer 

(PCB ICP® Type Impact 

Hammer Model 08603C) 

Endevco  

Force Transducer 

Model 2313 

Force Transducer 

(B&K DeltaTron® 

Type 8230-001) 

Voltage Sensitivity 2.25mV/N 20mV/N 22mV/N 

Measurement Range 2200N (Compression) 267 kN (Compression) 

4448N (Tension) 

220N (Compression 

and Tension) 

Resonant Frequency  ≥22kHz 75kHz 75kHz 

 

4.2.2.2 PIEZOELECTRIC ACCELEROMETER  

The components of piezoelectric accelerometers include a base, a casing, a 

piezoelectric crystal and a seismic mass, as illustrated in Fig. 4-4. The base of the 

transducer is affixed with the structure and moves with the same motion of the 

structure. The inertia force of the seismic mass introduces the force exerted on the 

sensing crystal and generates an electrical charge proportional to the acceleration.  

 

 

 

 

 

 

 

A rule of thumb for acquiring an accurate structural response requires 

selecting an appropriate type accelerometer based on their characteristics and testing 

requirements. The considerations in selecting an accelerometer include sensitivity, 

mass and the usable frequency range of the accelerometer. The sensitivity is the first 

characteristic to be considered. High sensitivity produces higher-level output to 

Fig. 4-4 Exploded view of Miniature DeltaTron Accelerometer  

1. UNF connector 
2. integrated top piece 
3. preamplifier 
4. central seismic mass 
5. two piezoelectric plates 
6. a ring 
7. titanium housing 
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improve the signal-to-noise ratio but, a trade-off should be considered in the sense 

that the mass of the transducer will become larger and consequently, the additional 

mass imposed on the structure alters the physical properties of the structure. Therefore, 

the balance between the sensitivity and the mass should be a major concern and in 

general, the ratio of the accelerometer mass and the dynamic mass of the structure 

should be maintained at no more than one tenth. For the RC structure test, the mass of 

RC structure is normally relatively high and the previously mentioned mass effect of 

the transducer becomes insignificant and can be negligible. The characteristics of two 

B&K accelerometers advocated in the test are shown in Table 4-3. 

Table 4-3 Dynamic specifications of different accelerometers 

Accelerometer DeltaTron® Type 4507 DeltaTron® Type 4513 

Sensitivity (mV/g) 100 mV/g 505 mV/g 

Frequency Range  1Hz ~6kHz 1Hz ~10kHz 

Measurement Range 700 m/s2 98 m/s2 

Mounted Resonant 

Frequency (Hz) 

18 kHz 32 kHz 

Weight (g) 4.8 gram 8.4 gram 

 

 

4.2.3 MOUNTING TRANSDUCER  

In general, the usable frequency range of the transducer, which is defined 

within the linear range below the resonant frequency of the transducer as shown in Fig. 

4-5a, should cover the range of interest of the measurement to assure high quality 

response signal can be achieved. If the range of interest is outside the usable 

frequency range of the transducer, the accelerometer resonance will be included into 

the measurement range and give inaccurate results (Fig. 4-4b).  
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Although the resonant frequency of the transducer can be simply determined 

by the physical mass and stiffness characteristics of the transducers, the actual 

resonant frequency is also affected by the stiffness of the mounting method adopted. 

Various types of mounting methods are available including thread stud, cement, wax, 

magnet and handheld. A stiff mounting method, such as thread, cement and wax, are 

capable for the high frequency measurement as a high stiffness contact between the 

transducer and the structure can be achieved. The performance of various mounting 

methods has been shown on Fig. 4-6. 

 

 

 

 

 

 
Fig. 4-6 Frequency response of different mounting methods 
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Fig. 4-5a Usable Frequency Range of Transducer 
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Fig. 4-5b Measurement Range outside the usable 
frequency range of transducer 

Resonant Frequency 
of accelerometer 
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4.2.4 CONDITIONING AMPLIFIER  

As discussed in previous Section 4.2.2.2, the small size accelerometer has a 

lower mass loading effect but the sensitivity will become lower. For the mobility 

measurement in RC structures, the mass loading effect is less of a concern as the ratio 

between the mass of transducer and of the structure is very low. Therefore, higher 

sensitivity accelerometer is preferred to achieve low signal-to-noise ratio. However, at 

some measurement points, where the structural response is very small due to the high 

local stiffness, the structural response measured by the accelerometer becomes too 

low and difficult to measure accurately. To overcome this circumstance, a B&K 

NEXUS type 2693 four-channel conditioning amplifier is advocated to amplify the 

response signal from the accelerometer. Both the force and response signal measured 

by the force transducer/ impact hammer and accelerometer were tested to ascertain the 

strength of signals and connect to the conditioning amplifier to amplify the signal, if 

necessary. 

 

4.3  SIGNAL PROCESSING AND ANALYZING SYSTEM 

The major component in the mobility measurement system is the FFT analyzer, 

which is responsible for measuring the force and response signal in the form of 

discrete values from the transducer system. The analyzer incorporates various signal 

processing and analyzing techniques to acquire the FRF data from a given structure.  

The FFT analyzer takes a time varying signal, and computes its frequency spectrum in 

discrete form by Fast Fourier Transform (FFT) algorithm. The basic theory of FFT is 

described below in Section 4.3.3.1. The analyzer consists of a variety of frequency 

measurement, such as Frequency Response Functions (FRF), Spectrum, Octave, 

Coherence and so on to accomplish various purposes of measurement. It also provides 

various triggering, averaging and windowing parameters to accommodate different 
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types of excitation mechanisms applied and to improve the signal quality.  The 

performances/characteristics of two digital signal analyzers used in this research and 

the associating signal processing/analyzing techniques are described in this section. 

 

4.3.1 DI-2000 FFT DIGITAL ANALYZER  

As far as the DI-2000 analyzer is concerned, it consists of dual-channels for 

the analog input from the force and response transducer and it then converts the input 

into digital frequency signal based on the FFT algorithm. The inputs signal can be DC, 

AC coupled and ICP (it allows direct connection of integrated circuit piezoelectric 

transducers, such as ICP® and DeltaTron®). The analyzer provides various forms of 

signal processing (i.e. linear spectrum, averaged time, FRF, coherence), windowing 

functions (i.e. hanning, flattop, force/exponential), and two averaging functions (i.e. 

time and process averaging). No source output is provided and therefore, the 

instrumented impact hammer is considered to be eminently suitable for the use with 

this analyzer. Two data outputs, RS232 and PCMCIA memory card, are available to 

provide direct data transfer to a computer for the subsequent data analysis and the 

extraction of modal parameters. The unit is powered by A/C converter or internal 

NiCd battery pack, which can allow continuous use for 3 to 5 hours. Added to the 

portable characteristics, such as small in size, lightweight (only 3 kg) and simple 

interface control, the overall features delineated above make the analyzer particularly 

suitable for field and laboratory use with the help of impact hammer excitation 

method. 

 



CH.4 INSTRUMENTATION AND DATA ANALYSIS 

Ch. 4-16 

4.3.2 SR780 FFT SPECTRUM ANALYZER  

The SR780 spectrum analyzer delivers two-channels FFT input, same as the 

DI-2000 system, for receiving signals from the transducers. Compared with DI-2000 

system, it provides much wider frequency range and more signal processing functions, 

such as a wide variety of frequency measurement, which is divided by FFT, octave 

analysis and swept-sine groups, and more windowing and averaging functions. A 

detailed comparison of the performances of the two analyzers is presented in       

Table 4-4.  

 

Besides the signal processing and analyzing performance, the SR780 offers a 

signal generation function which provides six types of source output, including two-

tone sine waves, chrips, white noise and arbitrary waveforms, to the signal amplifier 

and to the electrodynamic shaker for exciting the structure. This function makes 

SR780 more flexible in terms of the choices of different types of excitation 

mechanisms which the DI-2000 analyzer cannot offer. Although SR780 provides 

more flexibility in selecting various signal processing and excitation mechanism for 

the mobility measurement, the size and weight of SR780 analyzer is much bigger and 

larger than the DI-2000 analyzer. Therefore, it is not a convenient tool for field 

application.  
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Table 4-4 Comparison of the operational performances of the DI-2000 and the SR780 FFT analyzers 

 

Specifications DI-2000 Real Time FFT 

Analyzer 

SR780 FFT Spectrum Analyzer 

Inputs 

Number of Channels Dual-Channel Dual-Channel  

Coupling  DC, AC and ICP DC, AC and ICP 

Input Range 10mV to 10V with Autorange 

function 

3.16mV to 50V with Autorange 

function 

Filter Type Anti-Alias and A-Weighting Anti-Alias and A-Weighting 

Frequency  

Measurement Bandwidth 40kHz 102.4kHz 

FFT Resolutions 100, 200, 400, 800 & 1600 lines 100, 200, 400 & 800 lines 

Signal Processing and Analyzing Function 

Measurement Functions FFT (including Linear spectrum, 

Time averaging, FRF, Coherence 

& Cross-Coherence) & Octave 

FFT (including Linear spectrum, Time 

averaging, FRF, Coherence, Cross-

Coherence and User Defined Math 

Function), Octave and Swept Sine 

Windowing Uniform, Hanning, Flattop, 

Force/Exponential 

Uniform, Hanning, Flattop, BMH, 

Kaiser, Force, Exponential, 

Force/Exponential & User Defined 

Math 

Averaging Linear, Exponential and Peak Linear, Exponential and Peak 

Triggering 

Trigger Mode Free Run and Auto Arm  Free Run, Auto Arm and Manual Arm 

Trigger Source Channel 1 or 2 and External 

Trigger 

Channel 1 or 2, External Trigger, 

Source Input and Manual 

Source Output 

Source Type Not Available Sine, Chirp, Noise, Arbitrary and 

Swept Sine. 

Physical Properties 

Display Dual Trace Dual Trace 

Interfaces RS232 and PCMCIA Card IEEE-488 (GPIB), RS232, Parallel 

Printer Connector and 3.5” 1.44 

Mbytes floppy Disk 

Size(WHD) 313mm x 215mm x 93mm  438mm x 212mm x 620mm 

Weight 3kg 25kg 

Power AC or NiCd rechargeable battery  AC converter 
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4.3.3 SIGNAL PROCESSING AND ANALYZING TECHNIQUES  

 
 In this section, the fundamental theory of different signal processing and 

analyzing techniques is discussed. The understanding of the basic theory of the 

techniques helps the proper selection of various signal processing and analyzing 

functions equipped with the FFT analyzer to avoid acquiring erroneous data. 

 

4.3.3.1 FAST FOURIER TRANSFORM (FFT)  

Fast Fourier Transform is an algorithm to convert a set of uniformly spaced 

points from the time domain to frequency domain. The input signal from the 

transducer is an analogue signal and the FFT analyzer digitizes the signal by an A-D 

converter, recorded as a set of N discrete values with the period T and this data are 

transformed into the frequency domain. The form of representation of FFT algorithm 

is presented in Eq.4-1.  

        

where k =0, …., N-1  [4-1] 

 

4.3.3.2 ALIASING  

Aliasing is a signal-processing problem encountered during the process of 

digitalization. During the process of FFT, the continuous analogue time signals 

(voltage) measured from the transducers is converted into discrete time signals to 

reconstruct the original signals in digital form. The sampling rate, which is defined as 

the number of samples acquired within a time interval, determines the quality of 

reconstruction of the original signals where the higher sampling rate can help us avoid 

distortion for the high frequencies signals. The Nyquist’s Sampling theorem 

(Marvasti , 2001) states that the sampling rate of the continuous time signals must be 
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greater than twice the highest frequency component of the original signals to achieve 

unambiguous representation of the original signals. If the sampling rate is not fast 

enough, the high frequency signal will be misinterpreted as a low frequency signal as 

illustrated in Fig. 4-7  

 

 

 

 

 

 

  

 

 

 

Both the DI-2000 and SR780 analyzers are equipped with an anti-aliasing 

function, which fixes the sampling rate that is 2.56 times the specified frequency 

bandwidth (see Eq. 4-4). The input signal passes through an anti-aliasing filter during 

the process of A-D conversion to remove all frequency components above the 

specified bandwidth. Therefore, the filter function should enable us to avoid the 

aliasing effects. The calculation of time window (or acquisition time) is described as 

follows: 

Time (t) 
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Remarks: 
Waveform generated with adequate sampling rate 
Waveform generated with inadequate sampling rate 

Fig. 4-7 Aliasing Effect arising from inadequate sampling rate 
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Bandwidth
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   [4-2] 

Samples
T

f
T =

Δ
=Δ

1

   [4-3] 

Bandwidthf ×=Δ 56.2    [4-4] 

 

 For example, let us look at Eq. 4-2 and 4-3. Here if the frequency window 

(Bandwidth) is predetermined at 102.4 kHz with 1024 samples, the length of time 

window is 3.9ms (T) with 256Hz frequency resolution (ΔF) while the time interval 

(ΔT) between each measurement point is 3.8μs with 262kHz sampling rate (Δf). If 

better frequency resolution (ΔF) is desired within the same frequency bandwidth, 

more samples are required and results need a longer time window (T). However, the 

number of samples for the analyzer is limited (maximum 4096 points for DI-2000 and 

2048 points for SR780) and difficult to change since both the memory and processing 

requirements are increased to incorporate a longer timewindow. In fact, another 

method is to narrow the frequency window with the same numbers of sample to 

achieve better frequency resolution. The tradeoff between the frequency resolution 

and frequency window needs careful consideration. 

 

4.3.3.3 WINDOWING  

Leakage is a problem encountered during the process of FFT. The digital 

frequency analyzer is based on the assumption that the signal is periodic within a 

period of T. However, if the input signal is not exactly periodic within the period of T, 

which means it is not an integer multiple of the FFT frequency resolution, there might 

be discontinuities in the magnitude and slope of the signals at the ends of the sample 

as illustrated in Fig. 4-8a. It is evident in Fig. 4-8b that this mismatch in frequency 
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between the signal and analyzer frequency components causes leakage of energy 

spread around the true frequency, which, in turn, causes misinterpretation of the true 

frequency and its amplitude.   

 

 

 

 

 

 

 

 

 

 

 

One practical solution to resolve the leakage is adopting of window function. 

Four commonly employed window functions for the use of shakers, which include 

Uniform(Rectangular), Hanning, Kaiser-Bessel and Flat top, offer different filter 

characteristics, which should be examined to understand the strengths and weaknesses 

of each in terms of the signal amplitude and frequency resolution. In addition, the type 

of excitation mechanisms and the type of source signals will also affect the 

performance of the window function and should be carefully examined prior to any 

application. The performance of these window functions for different source types is 

described in the Table 4-5 
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FFT process 

FFT process 

Fig. 4--8 (a) The upper plot shows the perfect match of curve A between T windows while the curve B in lower 
plots shows mismatching in amplitude and slope discontinuity at its end. (Source: K.G. McConnell, Vibration 
Testing-Theory and Practice (1995) by John Wiley & Sons, New York) 
(b) No filter leakage in the upper plot and filter leakage found in the lower plot 

(a) (b) 
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Table 4-5 Four windowing techniques adopted for different sources of input signals 

Source Type of Input Signal Window 

Function Periodic Signals Transient Signals Random Signals 

Uniform 
(Rectangular) 
Window 

Poor performance for a general 
use with periodic signals. 
However, the window is 
excellent in terms of 
performance when special 
pseudorandom signals (such as 
chirp source) are used. It is the 
fact that the output signal of 
chirp source is an equal 
amplitude sine wave at each 
frequency bin of the FFT 
spectrum and is exactly periodic 
with the FFT time record. 
Therefore it does not cause 
“leakage” problems.  

Separate window functions 
(exponential and force) are 
most suitable compared 
with this window.  

Inappropriate for the use 
of random signals except 
with pseudorandom 
signals.  

Hanning 
Window 

Fair in amplitude accuracy and 
frequency resolution. It is 
recommended for general 
periodic analysis. 

In general, this window 
should not be used for 
transient signals unless 
randomly spaced repetitive 
impulses are used.  

Fair in amplitude 
accuracy and frequency 
resolution. It is 
recommended for 
general periodic 
analysis. 

Kaiser-Bessel 
Window 

Excellent in frequency resolution 
and fair in amplitude accuracy. 
Therefore, it is suitable for the 
periodic signals where high 
frequency resolution is required 

Inappropriate. Inappropriate. 

Flattop Window The window has best amplitude 
accuracy of any window but 
poor in terms of the frequency 
resolution. It is suitable for the 
measurement when the 
frequency components are not 
closely together (at least 5~6 
lines spacing apart) 

Inappropriate. Inappropriate. 

 

Besides the above-mentioned common windows for the use of shakers, two 

special windowing functions, which are force and exponential windows, are required, 

if the transient vibration (i.e. impact hammer or chirp source) for exciting the structure 

is applied. For the impact signal, the duration of the impact is very short relative to the 

length of the time window (see Fig. 4-9a) and the remaining signal is noise. The force 

window takes the unweighted data during the impact and sets it to zero for the 

remaining time period as illustrated in Fig. 4-9b to eliminate the noise signal 

thereafter. As far as the response signal to an impact is concerned, it decays 
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exponentially within a period of time and the time of decaying depends on the 

damping characteristics of the structure. If the structure is lightly damped (as 

illustrated in Fig. 4-10), the length of time window is shorter than the decay time thus 

causing leakage and the situation becomes just the opposite in a heavily damped 

structure. The response decays very fast and becomes zero within a very short time. 

This phenomenon causes a poor signal to noise ratio and contaminates the original 

signal. The exponential window is used to resolve both situations. For the lightly 

damped structure, the signal is improved by enforcing the signal to decay completely 

within the time window to avoid any leakage. For the heavily damped structure, the 

noise is attenuated by the window.  

 

 

 

 

 

 

 

 

 

 

Fig. 4-9 (a) force pulse (b) force window 

(b)(a) 

Actual time signal 

Measured signal 

Exponential windowed 
signal  

Fig. 4-10 Exponential window technique to eliminate leakage effects 
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4.3.3.4 COHERENCE CHECK  

Coherence (γ) is a function to present the degree of correlation of the response 

signal with the impact signal of frequency in order to check the quality of a 

measurement (as described in Eq.4-5). Coherence ranges from zero to one and is a 

function of frequency. Where the response signal is perfectly correlated with the 

impact, the value of coherence is near one (as shown in Fig. 4-11a) and regular check 

of the coherence condition is required to assure the measurement quality has been 

well maintained. However, a low coherence value (as shown in Fig. 4-11b) may imply 

higher noise level and the degradation of the signal where the impact point is close to 

the node point or as a result of the anti-resonance effect. For the first situation, the 

signal can be improved by taking a set of averages to eliminate the poor coherence. 

Several types of averaging function are available for the FFT analyzer and described 

in the following section (see 4.3.3.5).  
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Fig. 4-11 (a) Good signal quality with high coherence value 

 (b) Poor signal quality with low coherence value 
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4.3.3.5 AVERAGING  

 To reduce the statistical variance, averaging can improve the quality of the 

measurement and can be applied to the frequency and time domains. Several types of 

averaging is applicable depending on the signal types, such as root mean square (rms), 

vector, linear and exponential averaging. Averaging reduces the variance in the 

measurement and is particularly useful in measuring repetitive signals to suppress 

background noise. 

 

4.3.3.6 CALIBRATION  

The calibration of transducers is necessary prior to every measurement to 

assure the high quality of signals measured. For the absolute calibration carried out by 

the manufacturer, the sensitivities of the transducers (force gauge and accelerometer) 

are calibrated irrespective of whether it is the same as or different from the product’s 

specifications. The procedure involves the use of another reference transducer, which 

has been calibrated and should be performed in very stable and reliable manner, to 

compare with the transducer to be calibrated. However, this type of calibration 

requires to be carried out under strictly controlled conditions and is quite difficult to 

ensure accuracy.  

 

Another type of calibration is the calibration of the entire system of a simple 

structure, which is a much quicker and convenient way to carry out in situ or in a 

laboratory setting. In the mobility measurement, the Frequency Response Function 

(FRF) data measured are the ratios between response and force. The quantities 

actually measured from the force transducer and accelerometer are in voltages. 

Therefore, the use of measured voltages (Vf and Va) as a ratio times the ratio (E) of 
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the two sensitivities of transducers can help us obtain the FRF as expressed in Eq.   

[4-6] 

MV
V

E
f
XFRF

f

a 1
..

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
==

   [4-6] 

   

Fig. 4-12 shows a typical setup and the result measured from this calibration 

measurement. A calibrated known mass (M) is suspended by flexible strings so that it 

moves in only one direction. An accelerometer is attached in the one end of the mass 

and then excites the mass by an impact hammer in the other end. The result shows a 

constant magnitude over a frequency range at a level, which is then used to convert 

the measured value (volts/volt) (acceleration/force). By using the Eq. 4-6, the value of 

E can be calculated and checked against a corresponding value computed using the 

manufacturer’s sensitivities’ and amplifier gains to check if there are any major errors.  

 

  

 

 

 

 

 

 

 

 

Accelerometer 

Calibrated mass

Impact hammer

Fig. 4-12. (a) Setup for mass calibration procedure (b) result of typical measurement 

(a)

(b) 
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4.4 DATA ANALYSIS  

The dynamic properties (also called modal parameters, including resonant 

frequency, structural damping and mode shape) of the tested structures were extracted 

from a complete set of FRF data (acquired by the instrumentation systems as reported 

in Section 4.1 to 4.4) and analysed by a modal analysis software called ICATS 

developed by Imperial College, London, UK. These modal parameters are identified 

to be the most sensitive vibration-based features/indicators to detect the existence of 

damage and its severity inside RC structures (as described in Chapter 2) which are 

essential and central to the understanding/evaluating the real performance of RC 

structures.  

 
The modal analysis software (ICATS) consists of four sub-software including 

MODENT, MODESH, MESHGEN and MODACQ and the summary of performance 

of the sub-software is delineated in Table 4-6. 

 
Table 4-6 Summary of performance of the sub-software of ICAT modal analysis software 

MODENT SDOF, MDOF, Single and multi FRF modal analysis, non-linearity and 

quality checks, data collection, mode indicator functions, FRF generation. 

MODESH Overlay of FRFs modal shape, operating shape and forced response 

animation, correlation of modal models, real to complex mode conversion. 

MESHGEN General 3D mesh generation for transformation of measurement points 

MODACQ Data acquisition form interface analyzer, sine sweep with FR analyzer 

  
However, the output format of FRF data measured/recorded by the analyzers 

(DI2000 or SR780 as described in Section 4.3.1 and 4.3.2) is not compatible with the 

ICATS software. Therefore, a visual program has been designed in order to convert 

the FRF data to a ICATS’s compatible format for the modal analysis. The schematic 

diagram depicted in Fig. 4-13 summarizes the procedure of data analysis using the 

ICATS modal analysis software.  
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Data transfer form the FFT analyser to the notebook computer
Connect the data cable from the RS 232 port of the FFT analyser to 
the notebook computer.  Run the ADT program to transfer the data 
from the analyser to the computer.  

Converting frequency data 
Run the converting program to convert the frequency data 
of the analyser that can be read by the ICATS. 

Creating a .CRD File 
Use the LISTFRFW.EXE, in \ICATS\UTILS, to create a .CRD 
file. It must be undertaken before modal analysis. 

Running MODENT for Modal Analysis 
Run the MODENT to analyse all the frequency data by Circle Fit 
Analysis and save the modal data into .MOD file. 

Creating .DSP file by MESHGEN 
Run the MESHGEN to create a 3D mesh and save as 
a .DSP file for animation of mode shape. 

Animate the mode shape by MODESH 
The animation option requires two files, namely geometry (.DSP) and 
eigen (.EIG) files which have been created before. Select the ANIMATE 
form the MAIN menu of the MODESH to predict and measure the mode 
shapes of structure. 

Fig. 4-13 Schematic diagram for the procedure of data analysis using ICATS modal analysis software 
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After acquiring a set of modal parameters at each predetermined damage 

severity level (DSL) from three RCCBS models (the structural and material 

characteristics of each model were described in Chapter 5 to Chapter 7), the acquired 

modal parameters were correlated with different structural and material properties of 

the structures to create sets of empirical relationships, such that the corresponding 

changes of the instantaneous set of balcony parameters at each DSL can be realized. 

In addition, these plots were amalgamated together to formulate a performance-based 

phenomenon model which is capable of characterizing the real performance of 

RCCBS by assigning the rightful position of different balcony parameters within this 

model. The establishment of this model will be described in Chapter 8.  

 

4.5 SUMMARY AND DISCUSSION  

This chapter reviews and examines the methods to process and analyze the 

data through both time- and frequency-domain methods. These methods will be 

adopted for all data analysis reported in the following chapters (Chapter 5 to    

Chapter 8).  
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5. EVALUATION OF REAL PERFORMANCE OF OVER-REINFORCED RC 

CANTILEVERED BALCONY STRUCTURE THROUGH THE 

MEASUREMENT OF VARIOUS MODAL PARAMETERS  

5.1 INTRODUCTION  

This chapter describes the first part of a series of coordinated experiments (to 

be further elaborated in Chapter 6 and 7) that were conducted to arrive at the so-called 

unified structural performance (USP) model (to be described in Chapter 8) for RC 

cantilevered balcony structures (RCCBS) in particular. To investigate the real 

performance of RCCBS under over-reinforced and low loading condition using the 

forced-vibration method, the experimental investigation into an ‘over-reinforced’ 

RCCBS (designated as O-RCCBS) model was the first to be carried out. The 

provision of the tensile steel rebar of the O-RCCBS was provided over-generously 

and the size of the model was scaled down so that the loading condition can become 

low. However, this special design arrangement makes the results obtained from the O-

RCCBS cannot be applied to real-life structures directly as most real-life balconies 

(such as the real-life balconies reported in Chapter 8) are designed as under-reinforced 

section with high loading condition. The dynamic properties of the structure were first 

of all characterized by extracting the modal parameters (such as resonant frequency, 

structural damping and mode shape) from the dynamic measurement/data (frequency 

response function – FRF data) of the tested structure, and to ascertain the sensitivity 

of these parameters in detecting the on-set or existence of damage, if any. The 

structural form of the RC balcony slab can be described as a simple cantilevered slab 

supported by a thick RC wall (with a massive pedestal base for providing a stiff 

supporting structure to minimize unexpected disturbance/ vibration from the ambient 

environment).  
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The experimental testing program was performed inside a laboratory in an 

environment with controlled humidity and temperature. The balcony slab was 

damaged progressively by cutting the tensile reinforcement bars at predetermined step 

sizes (to reduce tensile steel rebar area). This method for introducing/inducing 

damage is considered a unique feature, which is not found in past studies as described 

in the literature review, and it allows us to introduce known severity of damage. The 

corresponding changes of modal parameters of the structure, damage severity (by 

experimental measurement) and structural/material properties of the structure such as, 

the slab section’s neutral axis position and stress distribution within the materials of 

the tested structure (by adopting another inversed approach using the fundamental 

constitutive laws/equations for materials) at each damage severity level (DSL) can be 

ascertained simultaneously (from an initially so-called ‘virgin state’ to a ‘fully 

damaged state’ with all rebars cut-off). As a result, various forms of so-called 

‘trajectories’ (i.e. empirical relationship between the damages, the material and 

structural properties and the modal parameters) can be established and formulated. 

With these trajectories established, it is hoped that an inversed approach can be 

adopted so as to estimate the instantaneous structural and material properties by 

simply measuring the balcony’s modal parameters and evaluate the real performance 

of RCCBS more accurately. 

 

5.2  EXPERIMENTAL TESTING PROGRAM  

5.2.1  OVER-REINFORCED RCCBS MODEL 

The overall view of the O-RCCBS model is shown in Fig. 5-1. The physical 

dimensions of the cantilevered slab were 600 mm in span, 1000 mm wide and 80 mm 

thick and was cast from grade 20/20D concrete. A 200mm thick RC wall and pedestal 
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base was constructed to support the cantilevered slab. This massive and stiff 

supporting structure (as reflected by the ratio of the I-value of the slab and the vertical 

wall sections being around 1:39) could not only achieve a fully-fixed end condition 

but also was capable of minimizing unexpected disturbance/vibration from the 

ambient environment during the measurement of the modal parameters from the 

structure. 

(a) Front elevation (b) Side elevation 
Fig. 5 – 1 Overall view and geometry of O-RCCBS model 
 

For this cantilevered structure, tensile steel rebars were introduced into the 

tension zone (top portion) of the slab to resist the tensile stress produced by the 

balcony’s own ‘dead weight’. A total of ten high tensile strength steel bars of 12 mm 

diameter was placed longitudinally (i.e. along the direction of the span) and cast into 

the top portion of the cantilevered slab equally spaced along the width of the slab. The 

slab was designed and constructed as an ‘over-reinforced section’ which implies that 

the area of tensile steel rebar was provided over-generously. The extreme bottom fibre 

of concrete was expected to reach the ultimate compressive stress before the tensile 

steel reaches the yield stress at the ultimate limit state situation. The sectional 

properties of the balcony slab will be further discussed in Section 5.3.1 and the 

reinforcement details of the slab are shown in Fig. 5-2a.  
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Literature on the use of vibration based technique for SHM of RC structures, 

as reviewed and discussed in Chapter 2, reveals that most researchers (i.e. Slaštan & 

Pietrzko, 1993 Maeck & Roeck, 1999) adopted a common method of introducing 

artificial damage to the tested structure by applying static or cyclic loads to the 

structure at different predetermined stages (until substantial cracking appeared/the 

complete failure of the structure). However, this method does not allow one to 

measure/quantify the severity of damage readily (actual loss of effective concrete area 

from cracking in concrete due to induced load) and therefore, the extents of internal 

material/structural property changes resulting from the damages cannot be determined 

easily.   

 

Contrarily, the unique damage approach adopted in this research allows the 

severity of damage to be known and measured. By cutting the tensile steel rebars (i.e. 

reducing the steel rebar area) until all tensile steel rebars were completely cut-off 

(‘bare-concrete’ condition), the structural characteristics of the slab changed from an 

‘over-reinforced’ section initially to an ‘under-reinforced’ section subsequently. More 

importantly, the corresponding changes of material/structural properties of the 

structure, resulting from the prescribed damage can also be determined (a method to 

be described in detail in Section 5.3). This unique approach allowed one to map out 

the full ‘trajectory’ of the structural performance changes at each of the known DSL 

(covering the virgin state to the fully-damaged state). To expose the tensile steel 

rebars for cutting, a groove/recess of 50mm width and 27mm depth (as illustrated in 

Fig. 5-2b) was initially introduced at the fix-end of the balcony slab.  
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(a) Tension steel rebar layout (b) Section detail of recess for rebar cutting 

Fig. 5 – 2 Reinforcement details of balcony model 

 

The steel rebars were then cut off gradually using a portable rotary cutting 

machine as shown in Fig. 5-3. The total initial tensile steel area at the beginning of the 

test was 1130.97 mm2. It is worth noting that this condition can be regarded as lightly 

loaded, low instantaneous tensile stress/strain of concrete (ITSScon), overly reinforced 

as reflected by the relatively large UBMR of 19.84 kNm as provided by this steel area, 

whereas the bending moment imposed by the self-weight was only 0.346 kNm.  

 

Due to the over-generous provision of steel area, the resonant frequency shifts 

resulting from the first few stages of damage was found to be very small and 

insignificant. Hence the step size of damage was increased to produce an effective 

steel area of 553.54 mm2 in one go. The UBMR of steel was correspondingly reduced 

from 19.84 kNm to 9.81 kNm. Although the steel area had been substantially reduced, 

the ratio of the remaining steel area with respect to the concrete area was still 

considered to be large, and the structure still behaved as an ‘over-reinforced’ structure 
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as expected. At an area of 553.54 mm2, this state was coined as named the 

‘reference/undamaged state’ .  

 

 
Fig. 5 – 3 The tension steel rebars cut-off by a portable rotary cutting machine 
 

A total of 17 predetermined step sizes was carried out to assure that resolution 

is sufficient in developing and mapping of a set of  ‘full-trajectories’ of these changes. 

Each of the steel rebars was cut ‘squarely’ from the top of the rebar and the depth of 

each cut was measured by a precision caliper. Fig. 5-4 shows the operation of 

administering a typical measurement of the depth-of-cut.  

 

Fig. 5 – 4 Measurement of cut-of-depth of steel rebars 
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In Fig. 5-5, a round steel rebar with a depth-of-cut of x is presented. The area 

AOC is an isosceles triangle and the area can be calculated by Eq. [5-1] 

( )[ ] ( )xrxrrAOC −−+= 2
1

22  [5-1]

 

and, the area of the arc ABC is : 
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By measuring the depth-of-cut (x) of the steel rebar, the remaining steel rebar 

area after each cutting step can be calculated using Eq. 5-3. Fig. 5-6 plots the 

remaining steel bar areas against each damage severity level (DSL) resulting from the 

cutting operation.  
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Remark: 
r is the radius of reinforcement bar 
x is the cut-depth  
 

Fig. 5 – 5 A round steel rebar with a depth-of-cut of x 
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Fig. 5 – 6 Details of rebar cutting sequence and remaining tensile steel area for O-RCCBS model 

 

5.2.2 EXPERIMENTAL MODAL ANALYSIS OF THE O-RCCBS MODEL  

Before introducing progressive damage to the O-RCCBS model, a full modal 

analysis was performed to obtain the structure’s modal parameters, such as mode 

shape, resonant frequency and structural damping. Subsequently, a series of full 

modal analysis were performed at regular intervals due to the loss of the effective area 

of the steel rebars. By doing so, a more thorough understanding of the changes, if any, 

to each of the modal parameters could be obtained. In the following chapters, full 

modal analysis was not applied (except for the process of mode shape identification) 

for reasons that will be discussed in detail. However, suffice it to say that for this 
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chapter it was important to incorporate mode shape identification and a total of 55 

predetermined measurement points (each positioned on the 150mm x 100mm grid 

lines) were made on the balcony slab surface to acquire a full 55 frequency response 

function (FRF) data-set. The arrangement of the measurement-grid is illustrated in Fig. 

5-7.  

 

Fig. 5 – 7 Grid arrangements of 55 measurement points on the surface of balcony slab  

 

The so-called ‘bending mode’ (i.e. bending about an axis running along the 

fixed end) and the ‘warping mode’ (with the two corner moving in unison but 

opposite directions about a nodal line running along the middle of the balcony slab) 

were identified to be the dominant modes within the 0 to 200 Hz band. The two 

modes were also later found to be the most sensitive to the damage introduced.  

 

Subsequent ‘Full-modal’ analysis was also carried out (wherein the effective 

area of steel rebars was progressively reduced by rotary cutting method) and the 

corresponding modal parameter sets at each of the stages of damage were measured 
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and identified. This procedure was then repeated until all steel bars were completely 

cut off with the slab being supported eventually by bare concrete alone. After the 

completion of the modal testing program with all tensile steel rebars cut off 

completely, the slab was subjected to incremental static load tests leading to 

failure/collapse in order to obtain the ultimate tensile strength of concrete under this 

so-called ‘bare concrete’ condition. 

 

5.2.3 INSTRUMENTATION 

The instrumentation system adopted for this experiment was an instrumented 

impact hammer (IIH) system (it is worth noting that a miniature electromagnetic (EM) 

shaker was used instead for the experiment to be reported in Chapter 6) with different 

hammer types/mass in accordance with the level of impact/impulse required (the 

detail setup of this system are referred to in Chapter 4). Due to the small mass of the 

balcony slab, a smaller impact hammer (PCB type 086C03 impact hammer) was 

found to be the most appropriate to excite the slab to obtain good enough signal-to-

noise ratio (SNR) (cautionary note: excessive force causing local damage should be 

avoided). The hammer was embedded with an ICP type piezoelectric force transducer 

and equipped with an appropriate hardness hammer tip (a Nylon medium hardness tip 

was adopted) in order to provide excitation energy effectively within the 0-2.5kHz 

frequency range. As a result, adequate SNR was assured to provide data for 

subsequent modal analysis within the 0 – 200 Hz which covers the two resonant 

modes/frequencies of interest.  

 

The hammer strike the balcony at each of the 55 predetermined measurement 

points during the test whilst a Brϋel-Kjær DeltaTron® Type 4507 accelerometer was 

affixed at a single location i.e. at the free-end corner of the cantilevered slab. For easy 
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reference, each of the measurement points was designated as point 1 to 55 with the 

accelerometer at Point 1 as shown in Fig. 5-7 where a high level of response signal 

can be acquired (with good SNR) to measure the corresponding acceleration response 

of the structure. Both the excitation and response signal were fed to a 2-channel 

portable DI-2000 real time Fast Fourier Transform (FFT) analyzer for signal 

acquisition, recording and analysis. After a complete set of FRF data was acquired (i.e. 

a total of 55 FRFs data set), subsequent modal analysis was carried out with the help 

of the ICATs modal analysis software as described in Chapter 4. 

 

5.3 DETERMINATION OF MATERIAL AND STRUCTURAL PROPERTIES OF THE O-

RCCBS MODEL  

It was discussed in Chapter 3 that concrete is a strong but brittle material and 

weak in tension. To overcome this weakness, steel rebars are embedded in the tension 

portion of the concrete structure to resist the tensile stress during the structure is 

loaded in flexure. To restate, the experiment reported in this Chapter aims at 

determining the effects/contribution of tensile steel rebars (original areas as well as 

their subsequent changes) on the real performance of RC balcony structures.  

 

The following derivation adopts the concept and method of ‘Transformed 

Section’ that was discussed in Section 3.3.3.2. In general, the change of tensile steel 

rebar area alters stress distribution within the material section (i.e. RC balcony slab 

section in this case), the I-value (i.e. the second moment of area of the equivalent 

concrete section), and thus the position of neutral axis. The stress distribution of steel 

and concrete inside the material section can be determined/derived in accordance with 

the requirement of balance of the tensile and compressive stresses within the 

respective stress blocks of material section.  
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In determining the real performance of RCCBS, this research has reinforced 

the notion that a phenomenon known as tensile capacity of concrete, called TCC (i.e. 

the tensile stress contributed by the concrete section within the tension zone) is found 

to be very influential but often not considered seriously in order to maintain simplicity 

in most international ultimate limit state (ULS) design standard. Furthermore, the 

interplay of the effects of TCC and the tensile steel rebar area are receiving little 

attention or study. This simplification is manifested by the British Standard (BS), 

American Concrete Institute (ACI) Code, American Society of Civil Engineers 

(ASCE) design guide etc. except the more recent Load and Resistance Factor Design 

(LRFD) method which focus on shear and not design in particular for the design of 

bridge and prestressing structure. The former follows the ULS theory. In this theory, 

the concrete within the tension zone is assumed to be ineffective because the concrete 

is supposed to crack in tension when the structure is subjected to the ultimate load 

(albeit although it is convenient, it may not be necessarily true in reality).  

 

In this regard, the small balcony (O-RCCBS) provides the basis for the 

evaluation of RCCBS under the afore-mentioned conditions. When a cantilevered 

overly reinforced structure is at a low stress/strain condition (as governed by the 

actual dead loading condition in the physical model tested), the tensile capacity of 

concrete (TCC) remains effective in contributing tensile stress in resisting loading 

within the tension zone of the balcony. Therefore, this research suggests that TCC 

must be considered in the following analysis in order to depict the real performance of 

the structure with various degrees of damage. The importance of understanding the 

TCC effect on the evaluation of the real performance of RCCBS will be 

explained/demonstrated in the Section 6.3. 
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In Fig. 5-8, a rectangular slab cross-section of the O-RCCBS model is shown. 

The breadth of the slab is b; de and dcon are the effective depth of the slab and the 

thickness of the concrete plate respectively. Due to a groove/recess (27mm in depth) 

that was introduced along the fix-end of the balcony slab, the effective depth of the 

concrete slab (dcon) was reduced to 53mm instead of the total thickness of the slab 

(80mm).  

 
 b  – width of slab 

n  – neutral axis position 
de  – effective depth of slab 
dcon – total thickness of concrete 
h  – Total thickness of balcony slab 
 

Fig. 5 – 8 The slab cross-section of O-RCCBS model 
 

When the slab is bent, the tensile and compressive stresses are then induced in 

the upper zone and the lower zone respectively as simple bending theory suggests. 

The total cross-sectional area of steel bars is As, and the neutral axis lies along the 

plane X’~X’. m is the ratio of Young’s Modulus of steel (Es) and concrete (Ec) i.e. 

 

c

s

E
E

m =  [5-4]

 

Because of a low stress/strain condition (arising from the lightly loaded condition 

in this case), all the concrete section in tension zone remains uncracked and the tensile 

stress in the whole of the tension zone is small but significant in terms of TCC in 

governing the behaviour of the concrete balcony slab (the effects of TCC on eclipsing 

structural hazard from deficiency of the steel rebars will further be explained in 
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Section 6.3.1). By transforming the steel area As to the equivalent concrete area (m-

1)As, the area of concrete in the compression and tension zones are denoted as bn and 

(b(dcon-n) respectively as in Eq. [5-5]. The stress analysis depicted so far differs from 

conventional ULS approach by taking into account the contribution of tension from 

concrete (as opposed to the omission of any contribution of TCC in ULS). The depth 

of the neutral axis is denoted as n, and by taking the first moments of the areas of the 

section about the neutral axis, one can get/arrive at the following  
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and the second moments of area of the equivalent concrete section becomes: 
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The bending moment imposed on the concrete section at the fix end (point A) of 

a uniform cantilever structure with an imposed uniformly distributed load is expressed 

as:  

 

2

2
1 wLM −=  [5-8]

 

Taking the neutral axis from Eq. [5-6] and the second moments of area of the 

concrete section from Eq. [5-7], the instantaneous tensile stress in steel (σs) and the 

maximum concrete stress (σcT) in the tensile stress zone and the maximum 
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compressive stress of concrete (σcC) in the compressive stress zone at the fix-end due 

to induced loading (or bending moment) from Eq. [5-8] can be formulated as: 
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By measuring experimentally the modal parameters and the corresponding 

instantaneous steel rebar area of the structure, the prevailing structural and material 

properties can be obtained/derived using the above equations. These derived structural 

and material properties provide some insights into the real performance of the 

structure resulting from the damage that can be accurately ascertained. By adopting 

this inverse approach, a criterion for assessing the risk of structural failure (or need of 

repairs) can be established by comparing the instantaneous stress and the permissible 

ultimate levels of stresses in the respective materials (based on the intended loading 

conditions) owing to the imposed loading at the time.  

 

5.3.1 SECTIONAL PROPERTIES OF O-RCCBS MODEL  

The slab section of the balcony model was designed as an ‘over-reinforced 

section’ as mentioned in Section 5.2.1.  The extreme bottom fibres of concrete reaches 

the ultimate compressive stress before the tensile steel reaches the yield stress at the 

ultimate limit state situation. Therefore, the concrete in tension under the limit state 

condition will be assumed cracked and the contribution of concrete in tension is 

neglected in the following estimation i.e. zero TCC effect.  
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The area of steel reinforcement at the beginning of the test As was 1130.97 mm2. 

According to BS8110 Part2 1986, the location of neutral axis (n) is obtained by the 

force equilibrium/balancing approach. 

 

Referring to Fig.5-8, the total tensile force in the steel at the ULS is obtained 

simply by multiplying the steel yield stress (fy=460N/mm2) by the area of the tensile 

steel (As), so that:  

 

sy AfT ×= 87.0  [5-12]
 

Similarly, the total compression force in the concrete section at the ULS is 

formulated as: 

nbfnC cu ×××= 45.09.0  [5-13]
 

Where b is the breadth of the slab and fcu (=20N/mm2) is the ultimate 

compressive stress of concrete. 

 

By using force equilibrium approach, C=T, the neutral axis depth under ultimate 

limit state is obtained by using Eq. [5-14]:  

bfnAf cusy ××=× 45.09.087.0  [5-14]
 

For this balcony slab, n is calculated with a value of 55.87mm and the n/d ratio 

of 0.95 and the slab section is classified/defined as an ‘over-reinforced section’ under 

normal BS8110 Code: 
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5.4 TEST RESULTS AND DATA ANALYSIS  

At the beginning of the test programme, full characterization of the mode 

shapes of the reference/undamaged state is considered as an important pre-requisite 

step. Therefore, the modal order and characteristics of the respective modes need to be 

established so that tracking of the respective modal parameter shifts in correct modal 

order could be assured i.e. comparing ‘like-with-like’.  

 

A typical FRF plot obtained from the tests carried out is shown in Fig. 5-9 

depicting two vibration modes within the measurement range (0 – 200Hz) which were 

identified by a rigorous modal analysis procedures. The resonant frequencies of the 

first two modes (within 0 – 200Hz) were determined at 75.47Hz and 151.92Hz 

respectively. Computed-visualization of the two mode shapes reveals that the first 

mode was typical of a so-called ‘pure bending’ mode, whereas the second mode was 

typical of a so-called ‘warping’ mode and the measured modal structural damping of 

these modes were found to be 7.09% and 3.09% of critical damping respectively (also 

typical of RC structures).  
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Fig. 5 – 9 Typical FRF plot of undamaged/reference state of the O-RCCBS 

 

5.4.1 TRACKING MODAL PARAMETERS SHIFT  

Following on the tests reported earlier and designated as the 

“reference/undamaged state”, the same testing procedure was repeated at various 

damage levels. As stated above the area of steel rebars was progressively reduced at 

different step sizes using a rotary cutting machine until all steel rebars were 

completely cut off. A total of 17 DSLs were investigated, and the associated measured 

resonant frequencies and damping ratios are summarized in Table 5-1. 



CH.5 EVALUATION OF REAL PERFORMANCE OF OVER-REINFORCED RC CANTILEVERED BALCONY 
STRUCTURE THROUGH THE MEASUREMENT OF VARIOUS MODAL PARAMETERS  

Ch. 5-19 

Table 5-1 Summary of resonant frequencies and structural damping shifts (mode 1 and mode 2) 
with   various DSL (loss of steel rebar area) 
 

Mode 1 (Pure bending mode) Mode 2 (Warping mode) Damage 
Severity Level 

(DLS) 

Total area of 
rebars  
(mm2) 

Frequency 
(Hz) 

Structural 
damping (%) 

Frequency 
(Hz) 

Structural 
damping (%) 

undamage 553.54 75.47 7.09 151.92 3.09 
level 1 457.21 75.22 6.44 151.87 3.36 
level 2 354.88 74.35 6.64 150.55 3.24 
level 3 287.76 74.31 6.34 150.27 3.02 
level 4 212.62 73.28 6.94 149.94 3.08 
level 5 166.91 73.14 6.89 149.62 3.18 
level 6 110.83 72.25 6.95 149.95 3.17 
level 7 86.03 71.62 7.01 148.72 2.90 
level 8 57.35 71.35 7.18 148.48 3.10 
level 9 50.31 70.74 7.17 147.30 3.10 

level 10 45.36 70.55 7.07 146.87 3.18 
level 11 38.32 69.20 6.71 145.55 3.33 
level 12 31.28 67.92 6.10 144.68 3.47 
level 13 24.24 67.09 6.73 145.24 3.63 
level 14 19.94 66.68 6.39 143.79 3.52 
level 15 15.64 65.50 6.61 143.85 3.50 
level 16 11.34 63.70 7.23 142.71 3.61 
level 17 0.00 61.43 7.58 141.03 3.94 

 
 

As shown in Table 5-1, it is found that the resonant frequencies have a strong 

positive correlation with the instantaneous steel rebar area at each damage level. The 

resonant frequencies of mode 1 and mode 2 were found to drop with the each step of 

the steel area reduction. The mode 1 frequency dropped from 75.47 Hz to 61.43 Hz 

and the frequency shift was 18%. For mode 2, the frequency dropped from 151.92 Hz 

to 141.03 Hz, and the frequency shift was 7%. However, the variation of structural 

damping ratio (in percentage) for different damage levels was found to be 

uncorrelated. No clear relationship was observed between the shifting of structural 

damping and the corresponding steel area reduction.  
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In Fig. 5-10 the mode shapes at different DSL (undamage/reference state, DSL 9 

and DSL 16) are presented. No notable change with corresponding steel area 

reduction was detected. The mode of vibration of first mode and second was the same 

and was in same modal order (pure bending mode for mode 1 and warping mode for 

mode 2). This may be due to the fact that modest damage was introduced between 

each DSL (as a result of the cutting sequence and direction etc.).  

 

From the experimental observations reported earlier, a conclusion can now be 

drawn that the resonant frequency shift is found to be an effective tracker for damage 

due to the steel rebar area reduction. Neither structural damping nor mode shape is 

considered effective trackers. For this reason, the frequency data was used to establish 

sets of trajectory with various materials and structural properties in the next section.  
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Fig. 5 – 10(a) Mode of vibration (mode 1) with different damage severity level (DSL) 
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Fig. 5 – 10(b) Mode of vibration (mode 2) with different damage severity level (DSL) 
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5.4.2 REVELATION OF INHERENT STRUCTURAL AND MATERIAL BEHAVIOURS IN 

O-RCCBS MODEL THROUGH TRACKING RESONANT FREQUENCIES SHIFT  

This Section describes how the experimental results can shed more light on the 

effect of tensile steel rebar areas on real performance, especially the inherent in-situ 

structural/material behaviours, of the O-RCCBS model in particular. As stated in an 

earlier Section 5.3, the loss of the tensile steel rebar area alters the material/structural 

properties of the slab section, such as the stress distribution of the concrete section, I-

value of the slab section as well as the position of neutral axis. These properties were 

obtained from the measurable single parameter i.e. the effective ‘tensile steel rebar 

area’ using equations as mentioned in section 5.3 to establish/formulate an appropriate 

set of trajectories to evaluate the real performance of the structure. Each trajectory 

depicts the changes of structural/material properties corresponding with the changes 

of resonant frequencies as effective steel area changes. 

 

5.4.2.1 RELATIONSHIP BETWEEN RESONANT FREQUENCIES AND REBAR AREA  

The resonant frequency shifts due to the reduction of tensile steel rebar area, 

for both mode 1 and mode 2 were obtained and are plotted in Fig. 5-11. For mode 1, 

the resonant frequency dropped in a bilinear fashion i.e. with two distinct regimes 

when the steel rebars areas were changed. During the initial regime, the frequency 

dropped linearly with a very gradual slope from 75.47 Hz to 71.35 Hz (4.12Hz 

shifting) whilst the steel area was reduced from 553.54 mm2 to 57.35 mm2 (around 

89% reduction).  

 

The slight drop in frequency recorded at these damage levels, reveals that the 

frequency shift was less sensitive to the damage during this period, even when the 

degree of damage was severe. This phenomenon is possibly the reason for the over-
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generous provision of steel rebar area when casting the model balcony (although the 

steel area had been reduced from 1139mm2 to 553.54mm2 in the beginning of the test) 

and it seems that the bending moment produced by the self-weight was not 

sufficiently large to stress-up the steel rebars (the tensile stress of steel was around 

6.74 N/mm2).  

 

These test results also reveal that the situation changed after reaching a so-

called ‘turning-point’ (TP) that occurred at 71.35 Hz. The frequency dropped abruptly 

from 71.35 Hz to 61.43 Hz (9.92Hz shifting) when it crossed over the TP. (i.e. when 

the steel rebar area is further reduced from 57.35 mm2 to 0 mm2 accompanied by a 

corresponding 10% drop only). It is thought to be attributable to the fact that the steel 

rebars start to be more contributive to the global stiffness of the structure after 

crossing-over the turning point. As a result, the effects of the loss of steel rebar area 

may have become more apparent and detectable. In other words, the shifts in the 

resonant frequency implicating deterioration/degradation of the global stiffness of the 

whole structure were found to be much more sensitive/positive. Further investigation 

of the change of stress distribution resulting from the damage is to be presented in 

greater detail in the Section 5.4.2.3.    

 

This phenomena and observation for mode 1 are found to repeat, in a similar 

way, for mode 2. The mode 2 resonant frequency dropped gradually from 151.92 Hz 

to 148.48 Hz (3.44Hz shifting) in the first regime before the TP. Once crossing-over 

the TP had occurred, the resonant frequency dropped drastically from 148.48 Hz to 

141.03 Hz (7.45Hz shifting).  

 

 



CH.5 EVALUATION OF REAL PERFORMANCE OF OVER-REINFORCED RC CANTILEVERED BALCONY 
STRUCTURE THROUGH THE MEASUREMENT OF VARIOUS MODAL PARAMETERS  

Ch. 5-25 

Fig. 5 – 11 Plot of the steel rebar area against the resonant frequency (mode 1 and mode 2)  

 

The square correlation coefficients of both modes were found to be 0.94 

(within the first regime), 0.96 (within second regime) for mode 1 and 0.91 (within the 

first regime), 0.96 (within second regime) respectively for mode 2. These higher 

values show that the bilinear description of the model balcony’s behaviour within the 

two regimes is good and appropriate. 

 

5.4.2.2 RELATIONSHIP BETWEEN RESONANT FREQUENCY - NEUTRAL AXIS  

By using Eq. 5-6, the position of the neutral axis for various degree of damage 

had been presented and the results are determined and shown in Table 5-2. The 

neutral axis position at different damage levels is found to have shifted from 30.46 

mm to 26.50 mm (i.e. the reduction of the steel area redisturbed the balance between 

the tension zone (upper part) and the compression zone (lower part) within a material 

section).  
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Table 5-2 Summary of resonant frequencies and neutral axis position shifts (mode 1 and  
mode 2) with various DSL (loss of steel rebar area) 

 
Resonant Frequency 

Damage Severity 
Level (DSL) 

Total area of 
rebars 
(mm2) 

Neutral Axis (n) Mode 1 
(Hz) 

Mode 2 
(Hz) 

undamage 553.54 30.46 75.47 151.92 
level 1 457.21 29.84 75.22 151.87 
level 2 354.88 29.15 74.35 150.55 
level 3 287.76 28.69 74.31 150.27 
level 4 212.62 28.14 73.28 149.94 
level 5 166.91 27.81 73.14 149.62 
level 6 110.83 27.38 72.25 149.95 
level 7 86.03 27.19 71.62 148.72 
level 8 57.35 26.96 71.35 148.48 
level 9 50.31 26.90 70.74 147.30 

level 10 45.36 26.87 70.55 146.87 
level 11 38.32 26.81 69.2 145.55 
level 12 31.28 26.75 67.92 144.68 
level 13 24.24 26.70 67.09 145.24 
level 14 19.94 26.66 66.68 143.79 
level 15 15.64 26.63 65.50 143.85 
level 16 11.34 26.59 63.70 142.71 
level 17 0.00 26.50 61.43 141.03 

 
Fig. 5-12 plots a trajectory showing the resonant frequencies and the neutral 

axis depth for Mode 1 and Mode 2 at various DSL. The Figure clearly depicts two 

distinctive regimes and the existence of a TP (i.e. the turning points for Mode 1 and 

Mode 2 are found to be at 71.35 Hz and 148.48 Hz respectively which were the same 

as those depicted in Fig. 5-11 for the loss of the steel area). The change of this 

structural parameter (neutral axis position) was thought to be caused by an increase of 

the tensile stress of steel rebar due to the loss of steel area. The increase of tensile 

stress of steel rebar alters the stress distribution amongst the tension and compression 

zones of a material section. As a result, the location of the neutral axis shifts 

downward in order to maintain the force equilibrium between the resultant 

compression and tension respectively. With this trajectory, the respective 

instantaneous neutral axis depth could be estimated by simply measuring the 

structural resonant frequency.  
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Fig. 5 – 12 Plot of the resonant frequency (mode 1 and mode 2) against the neutral axis position 
 

5.4.2.3 RELATIONSHIP BETWEEN RESONANT FREQUENCY – MATERIAL STRESSES  

The reduction of the steel area (As) and the change of the neutral axis position 

(as presented in Table 5-2) alter the stresses within the steel and concrete as seen 

according to Eq.s 5-9 to 5-11. A trajectory showing the resonant frequencies and 

stresses in steel and concrete at various damage severity levels are presented in Fig. 5-

13, 5-14 and 5-15 respectively.  
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Fig. 5 – 13 Plot of the max. instantaneous tensile stress of steel rebar against the resonant frequency  

(mode 1 and mode 2) 
 
 

 
Fig. 5 – 14 Plot of the max. instantaneous tensile stress of concrete against the resonant frequency 

 (mode 1 and mode 2) 
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Fig. 5-15 Plot of the max. instantaneous compressive stress of concrete against the resonant frequency 

 (mode 1 and mode 2) 
 

These plots show that stresses in steel and concrete within the tension and 

compression zones increased gradually as a result of rebar-cutting. The results also 

enable us to identify the existence of a similar turning-point and two distinctive 

regimes of behaviour (similar to that observed in the steel area and neutral axis plot). 

The decrease in resonant frequencies (both mode 1 and mode 2) was found to be 

moderate although the increment in the stresses was large. The slight drop in 

frequencies implies that the frequencies were less sensitive to the change of stresses of 

the materials within this regime. Indeed the situation changed after crossing over the 

TP. The frequencies became more sensitive to further change of stresses of materials 

i.e. little increase in stresses seemed to cause an alarmingly large drop in frequencies.  

 

As stipulated in early Section 5.4.2.1, most of the tensile stress under the 

bending moment produced by the self-weight (under light loading condition), was 

taken up by the concrete section within the tension zone at the initial period coined the 

TCC effect. The steel rebar contributed only little to the global stiffness of the 
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structure albeit the provision of steel rebase was over-generous and excessive. As a 

result, slight drop in resonant frequencies was found even when the degree of damage 

was severe. The resonant frequency, in fact, was less sensitive to the damage at this 

stage. However, the situation changed when the maximum instantaneous tensile 

stress/strain of concrete (ITSScon) increased up to a certain level (closer to and then 

crossing over the TP). The resultant tensile stress was transferred from the concrete in 

tension zone to the tensile steel rebar and the tensile steel rebars become a dominant 

contributor of the global stiffness of the structure progressively. This produces a 

situation wherein both the steel rebar and concrete are dominant contributor, or even 

causing a flip-over phenomenon with steel rebar more dominant than concrete as 

contributors to the global stiffness of the structure and therefore, the resonant 

frequency became more sensitive to the damages. 

 

The major issue at stake here is to determine the TP by demarcating two 

different ranges of ITSScon (higher/lower) as the TCC effect is the prime reason for 

causing this phenomenon. Instead of the absolute stress/strain values, it is indeed the 

relative value in relation to their respective ultimate stresses which are more relevant 

and appropriate to allow comparison of different material properties (i.e. steel in 

tension, concrete in tension and compression). In this connection, a new parameter 

called Normalized Stress Value (NSV) is introduced as given in Eq. [5-15] 

 

The NSVcon(C), NSVcon(T) and NSVsteel(T) were obtained by dividing the 

instantaneous stress (σi) and the ultimate/yield strength of materials (σult). 

 

ult

iNSV
σ
σ

=  [5-15]
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Remarks: 
i. The ultimate tensile strength of concrete was obtained by loading the slab to failure while all 

steel rebars were completely cut-off. Using the equations from Section 5.3, the ultimate tensile 
stress of concrete was calculated of 1.23N/mm2, where 0.58kNm bending moment was 
introduced on the slab by water filled into a water tank.  

ii. The yield strength of steel rebar and ultimate compressive strength were measured of around 
460N/mm2 and 20N/mm2 (at 7 days strength) respectively. 

 
Fig. 5 – 16 Plot of the loss of steel rebar area against the normalized stress value of steel, concrete and 
resonant frequencies drop    
 

 

Fig. 5-16 plots the normalized stress value of concrete (NSVcon) and steel 

(NSVsteel) and the resonant frequency drop against the percentage of the steel rebar 

area reduction. This expression represents the rate of stress value (in a normalized 

scale) ranging from an unstressed state (instantaneous stress of material = 0 N/mm2 

and NSV=0) to fully-stressed state (instantaneous stress = ultimate/yield strength of 

material and NSV=1). It is worth noting that when the normalized stress value of 

concrete in tension NSVcon(T) reached around 0.55 (at least for this particular balcony 

slab), at which the tensile stress and strain of concrete were 0.67N/mm2 and 75μ-



CH.5 EVALUATION OF REAL PERFORMANCE OF OVER-REINFORCED RC CANTILEVERED BALCONY 
STRUCTURE THROUGH THE MEASUREMENT OF VARIOUS MODAL PARAMETERS  

Ch. 5-32 

strain, the ‘turning point’ (TP) was identified and the resonant frequency started to 

drop abruptly. The resonant frequencies became more sensitive after the TP to detect 

the change of structural/ material properties change from the damage.  

 

However, comparing NSVcon(T), the stress value of concrete in compression 

NSVcon(C) and steel in tension and NSVsteel(T) were both increased by a very small 

degree. The NSVcon(C) and NSVsteel(T) were increased  from only 0.028 to 0.036 and 

from 0.016 to 0.026 respectively. Further observation can be gleaned from Fig. 5-16 

as the NSV curve is a much more steeply climbing curve (as evident from the larger 

slope/tangent to each point on the curve) than the other curves. These results are also 

evident in demonstrating that the concrete in tension seems to be a dominant 

contributor to the global stiffness of the structure under lightly loaded condition and 

therefore, the stress increment of the other materials/components (steel rebar and 

concrete in compression) due to the damage was lower. As a result, any damage 

introduced to the rebar caused only little drop in frequency until the NSVcon(T) reached 

around 0.55 or the tensile strain ∊con(T) reached 75 μ-strain (may be only specific to 

this particular balcony slab but similar values should exist for other structural 

components/elements). Therefore, if the bending moment imposed by 

external/internal loadings is not large enough to produce sufficient tensile stress/strain 

to the steel rebar in tension zone (i.e. lower ITSScon), the resonant frequency will 

become less sensitive to any damage from the steel rebar. 
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5.5 SUMMARY OF FINDINGS  

Table 5-3 summarizes the change of structural and material properties of the 

overly-reinforced balcony model during the entire modal testing program. To aid easy 

visualization of these changes, diagrams in the form of ‘trajectories’ were formulated 

to allow tracking of prevailing structural and material properties by measuring the 

resonant frequencies.  

 

These ‘trajectories’ depict inter-relationships encompassing: 

1. Steel rebar area Vs Resonant frequencies  

2. Neutral axis position Vs Resonant frequencies  

3. Tensile stress of steel Vs Resonant frequencies 

4. Tensile stress of concrete Vs Resonant frequencies 

5. Compressive stress of concrete Vs Resonant frequencies  
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Table 5-3 Summary of changes of material and structural properties at various DSL of   

    the O-RCCBS model 

Structural and geometric properties of balcony slab 

Type of slab section Overly-reinforced section 

Effective section depth of 

concrete slab (dcon) 

Very small (53mm) 

Sectional property of slab 

Width of balcony slab (b) Small (1000mm) 

Ultimate Tensile/Compressive 

strength of concrete 

Low (1.23N/mm2 and 

20N/mm2) 

Yield strength of steel High (460N/mm2) 

Material property 

TCC effect (Steel/Concrete ratio) Very Low (2.13%) 

Loading condition  Bending moment provided by self 

dead-weight 

Very Low (0.35 kNm) 

Changing of structural and material properties during the entire experimental testing program 

 Beginning of test Completion of test 

Damage Severity Level (DSL) 

(Loss of tensile steel rebar area) 

Nil Severe 

Type of slab section  Over-reinforced Under-reinforced to bare 

concrete condition 

Neutral axis shift Small Small 

Δ NSVcon(T) Small (0.33) Moderate (0.58) 

Δ NSVcon(C) Very small (0.027) Very small (0.036) 

Δ NSVsteel(T) Very small (0.015) Very small (0.026) 
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5.6 SUMMARY AND DISCUSSION  

In this chapter, an experimental investigation of the real performance of 

RCCBS based on experimental modal testing approach is presented. The structural 

and materials properties (i.e. As, n, σs, σcT and σcC) of an over-reinforced RC 

cantilevered balcony (O-RCCBS) model under lightly loaded condition encountering 

varying degree of damage to the tensile steel rebars by rotary cutting of the steel 

rebars were determined. The corresponding changes of modal parameters (i.e. ω, η, φ ) 

were measured under various degrees of damage.  

 

Amongst these modal parameters, the resonant frequency (ω) is found to be 

most sensitive to the damage (reduction of steel area) and can be used as an effective 

tracker for detecting damage. No clear relationship was observed between the 

structural damping or mode shape and the corresponding damage. Empirical 

relationships (called ‘trajectories’) between the resonant frequency of the first lowest 

two modes and the structural and materials properties were established. With these 

‘trajectories’, the real performance of the RCCBS could be followed/ascertained by 

simply measuring the resonant frequencies of the structure.  

 

One of the most important original reported in this Chapter is the existence of 

a so-called turning point (TP). It was found that the TP corresponds to the NSVcon(T) 

value of 55 or the ∊con(T)  of 75μ-strain (albeit specific to this particular balcony slab). 

Going beyond the TP, even little increment of damage severity causes a big drop in 

the resonant frequency shifts i.e. sensitivity becomes higher.  

 

The significance of the existence of such the TP demarcate different extents of 

participation of the steel rebars to the global stiffness of the cantilevered RC structure: 
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i.e. being insignificant (before the TP) for low ITSScon, and more prominent (beyond 

the TP) for high ITSScon.  

 

This research/investigation also reveals the following behavioral mechanism of 

the RC cantilevered balcony structure in general: 

 

1. The tensile capacity of concrete (TCC) takes up most of the tensile stress 

produced by the imposed load (in our case the self-weight or dead load) for low 

ITSScon (before the TP).  

 

2. The tensile steel rebar does not perform as expected and contributes only a little 

to the global stiffness of the structure for low ITSScon (or lightly loaded 

condition). Therefore, the frequency shift due to the damage to the steel rebars 

was found to be rather little.  

 

3. When the NSVcon(T) reaches around the value of 0.55 or the ∊con(T) reaches 75μ-

strain (implying crossing-over the TP), the concrete in tension starts to transfer 

the tensile stress to the steel rebar. The steel rebar becomes the dominant 

provider to the tensile stresses within the material section of the structure due to 

the moment imposed by the external/internal loads. As a result, even moderate 

damage to the steel rebars will significantly alter the global stiffness of the 

structure. This in effect, causes bigger drop in resonant frequency.  

 

In summary, the experimental findings concurs with other researchers (Kato and 

Shimada, 1986; Rytter and Kirkegaard, 1994;) that the resonant frequencies shift is 

less sensitive to the presence of damage when the damage is located at regions of low 
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stresses. This is attributed due to the fact that the tensile stress/strain in the 

constituent/homogeneous material(s) is too small whereas the tensile stress produced 

by the imposed loading/bending moment was taken up by the TCC. As a result, the 

stiffness degradation is found to be small owing to the prescribed artificial damages 

introduced. (i.e. loss in steel rebar areas). In other words, materials within the RC 

structures/components are found to be not behaving (in terms of stiffness provision) 

as truly composite materials as expected at very low strain/stress levels, and even 

though the other component i.e. steel are present, they remain dormant in terms of 

contribution to the global stiffness of the structure.  

 

However, the situation changes after crossing-over the TP where the tensile 

stress/strain of concrete is high. The resonant frequencies are more sensitive to the 

damages under high stress condition and this observation has also been reported by 

other researchers (Salane and Baldwin, 1990). 

 

The observation made in the investigation as reported in this chapter proves that 

the tensile capacity of concrete (TCC) greatly influence global stiffness of RC 

structures when the ITSScon is low. To further investigate the effect of TCC, a series 

of coordinated experiments were conducted on two full-scale balconies and will be 

described in Chapter 6 (low ITSScon) and 7 (high ITSScon) to examine the real 

performance of full-scale RC cantilevered structures under different ranges of ITSScon 

using the technique proposed here.  
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6. EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED 

(UNCRACKED) RC CANTILEVERED BALCONY STRUCTURE USING 

RESONANT FREQUENCY MEASUREMENT APPROACH  

6.1 INTRODUCTION 

Chapter 5 has presented the investigative study on a small-scale balcony 

model wherein the behaviour of an overly-reinforced RC cantilevered slab was 

obtained under lightly-loaded condition. The result reveals that resonant frequency is 

an effective tracker in detecting damage (the reduction of the tensile steel rebar area) 

amongst various dynamic/modal properties for RCCBS. The sensitivity of the 

proposed frequency-based technique is found to vary at different degrees of 

instantaneous tensile stress/strain of concrete (ITSScon). A so-called ‘turning point’ 

(TP) is identified to differentiate the higher/lower range of ITSScon as well as the 

degree of sensitivity of the proposed technique.  

 

This chapter delineates the experimental technique and results of the 

evaluation of the real performance of an ‘under-reinforced’ (uncracked) RCCBS 

(designated as UU-RCCBS) model within the lower range of ITSScon (before the TP), 

which was identified and noted as a major demarcation of different performance 

regime as reported in Chapter 5. The UU-RCCBS model was constructed to full-scale 

(i.e. in accordance with the detailed structural drawings of some real life balconies in 

a 36-year old big residential estate in Hong Kong) and therefore, the loading condition 

was higher (the slab dead weight of around 2.6tons). Chapter 8 will report some field 

tests on these real-life balconies in the residential estate and provide a basis of 

comparison and verification between the real and the full-scale model structures.  The 

balcony slab tested and reported in this Chapter was a pure cantilevered structure and 
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designed as an ‘under-reinforced’ section in compliance with the British Specification 

- CP110 using the ultimate limit state theory.  

 

The rationale of the experimental testing program advocated in this chapter is 

similar to that of the testing program adopted in Chapter 5, although the percentage of 

reinforcement was much lower in this case. The tensile steel rebars of the balcony slab 

were progressively cut-off at a predetermined step size in order to induce various 

damage severity level (DSL) to the structure and the changes, if any, of the resonant 

frequencies were measured. One special condition needed to be achieved/maintained 

during the entire period of the testing program is that the level of ITSScon should 

remain within the lower range of ITSScon. This condition/arrangement allows 

ascertaining the effects of the effective tensile steel rebars on the real performance of 

light-reinforced balcony slabs within the lower range of ITSScon. Also, the 

investigation is intended to establish whether the proposed technique is effective for 

detecting damage in such ‘lightly-reinforced’ balcony structure as well as to provide 

the basis of performance data (i.e. in the form of a set of trajectories or empirical 

relationship between the resonant frequencies, severity damage and structural/material 

properties of the lightly-reinforced RC balcony structure under the condition of low 

ITSScon) for the establishment of the first performance regimes (low ITSScon condition) 

of ‘Unified Structural Performance’ USP model which will be reported in Chapter 8.  
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6.2 EXPERIMENTAL TESTING PROGRAM  

6.2.1 UNDER-REINFORCED (UNCRACKED) RCCBS MODEL  

An extensive experimental programme was carried out to investigate the real 

performance of the UU-RCCBS model using the resonant frequency-based technique 

within the lower range of ITSScon. In chapter 5, it has been noted that the lower range 

of ITSScon is demarcated by the ‘turning point’ (TP) at which the NSVcon(T) reached a 

value of around 0.55 (or the tensile strain ∊con(T) of around 75μ-strain). Therefore, the 

stress level of the tested structure/model has remained within this range of ITSScon 

during the entire testing programme and the corresponding stress/strain analysis will 

be discussed in greater detail in the Section 6.4.2.3. 

 

The balcony model was constructed in a laboratory in full size according to the 

detailed structural drawings obtained for a residential estate in HK and is denoted as 

‘Wing K’ balcony from now on for easy reference (the details of the balconies in the 

residential estate will be described in Chapter 8). The gross dimensions of the balcony 

slab, as shown in Fig. 6-1, were 1400mm long, 3060mm wide and 200mm thick with 

the three sides (except the supporting side) surrounded by up- as well as down-stand 

beams/curbs. In the laboratory model, the cantilever slab was supported by an 

inverted ‘T’ structure comprising a common 1000mm thick RC wall and a 500mm 

thick RC pedestal base. This support structure provides not only great mass as ballast 

but also wall/base with very high stiffness to minimize structural flexibility as well as 

unexpected disturbance/vibration from the ambient environment (the ratio of the I-

value of the slab and the vertical wall section was around 1: 316). The sectional 

details of the balcony structure are shown in Fig. 6-2. 
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Fig. 6 – 1 Overall view of UU-RCCBS model (Wing K) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6 – 2 Sectional details of the RC balcony slab (Wing K) 
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The slab was an ‘under-reinforced’ section (will be elaborated in the Section 

6.4.1) and laid with nine 12mm diameter high tensile steel rebars on the tension side 

(top layer) and eight 10mm mild steel rebars on the compression side (bottom layer). 

Both were laid perpendicular to the plane of the wall and equally spaced at @305 mm 

for the top layer and @355 mm for the bottom layer. The reinforcement details of the 

balcony slab are shown in Fig. 6-3. The nominal cover for both the tension and 

compression steel bars was 12mm. To ensure the reinforcement bars were laid and 

positioned in full compliance with dimensional tolerance of the structural design 

drawing, some special concrete/steel spacers were provided as illustrated in Fig. 6-4, 

to fix the rebars in correct positions and accurate depths (this requirement was 

confirmed by checking with a caliper for each rebar prior to concreting).  

 

 

Fig. 6 –3 Reinforcement details of the Wing K Balcony slab 
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Fig. 6 – 4 Fixing of steel rebars prior to concreting 
 

Two standard 150 x 150 mm concrete cubes were prepared according to the 

BS 1881-116:1983 (to be cured by immersion in fresh water for a period of at least 28 

days to allow sufficient cement hydration for subsequent compression tests to be 

carried out). Two strain gauges were affixed on two vertical surfaces of the tested 

cubes, as illustrated in Fig. 6-5, during the compression test in order to measure the 

corresponding compressive strains and to calculate the young’s modulus. Tensile 

strength tests were also carried out to determine the yield and ultimate tensile stresses 

of the high tensile steel rebars and mild steel rebars used. The test results of the above 

material property tests are summarized in Table 6-1.  
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Fig. 6 –5 Standard concrete cube compression test 
 

Table 6 – 1 Material properties of concrete/steel specimens 

Mechanical Property (N/mm2) 

Concrete Ultimate Compressive strength (at 28 days) 55.82  

 Young’s modulus 23 x 103 

 *Ultimate tensile strength  3.69 

Steel (high tensile 

bar) Yield strength 503.37 

 Ultimate Tensile strength 623.77 

 Young’s modulus 197 x 103 

Steel (mild tensile 

bar) Yield strength 437.69 

 Ultimate Tensile strength 531.71 

 Young’s modulus  209 x 103 

Remark (*) 
The ultimate tensile strength of concrete was determined by a static loading test till failure while 
all steel rebars were completely cut-off. The detail test results of the loading test are descried in 
Section 6.4.1.  

 

Progressive damage to the structure was introduced to the balcony slab using 

the same method as adopted in Chapter 5. The tensile steel rebars were progressively 

cut-off by rotary cutting machine (as shown in Fig. 6-6) and the corresponding 

changes of resonant frequencies were measured. In Fig. 6-7, a groove/recess of 50mm 
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width and 24 mm depth was introduced along the full length of the fix-end of the 

tested balcony in order to expose the 9 tensile steel bars for easy cutting and 

inspection. 

 

Fig. 6 – 6 Tension steel rebars cut-off by rotary cutting machine 
 
 

 
 

Fig. 6 – 7 A groove of 50mm width along the fix-end of the Wing K slab 
 

The initial steel area at the beginning of test was determined at 1017.88mm2. 

A total of 20 cutting-steps were performed in order to ensure sufficient coverage and 

resolution in developing the full extent of the damage. Fig. 6-8 summarizes the 

damage sequences and the remaining steel area of tensile steel rebars. 
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Fig. 6 – 8 Details of rebar cutting sequence and remaining steel area for Wing K balcony slab 
 

To improve the accuracy of measurement of the cut-depth, the tensile steel area 

being cut was marked on a circular cardboard/template and subsequently the 

corresponding cut-off-depth at each step of cutting as shown in Fig. 6-9 was measured. 

The method of calculating the loss of tensile steel rebar area is the same as the method 

reported in Chapter 5 and presented in Section 5.2.1.  
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DSL: 5 

Rebars no.: Bar 5 
DSL: 10 

Rebar no.: Bar 7 
DSL: 18 

Rebar no.: Bar 5 
Remarks: All rebar photos are incorporated in Appendix A 

Fig. 6 – 9 Representative photos for measuring the loss of tensile steel rebar area of Wing K balcony 

 

6.2.2 EXPERIMENTAL MODAL ANALYSIS OF THE UU-RCCBS MODEL 

Before the testing program was started, a full data set of frequency response 

function (FRF) was first acquired for the mode shape identification so that the ‘modal’ 

order can be identified. This data set relates to regular grid points over slab at regular 

intervals (grid size of roughly 340 mm x 390 mm, making a total of 36 measurement 

points equally spaced over the balcony as shown in Fig. 6-10). At the beginning, a so-

called full-modal test was first performed prior to introducing any damage to the 

balcony slab (i.e. the steel rebars). The first three modes of vibration, simple bending 

mode, warping mode and the higher order warping mode were found/identified to be 

the dominant modes within the 200 Hz baseband.  
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Fig. 6 – 10 Position of 36 measurement points on the surface of the Wing K balcony slab  
 

In Chapter 5, the resonant frequency is found to be the most sensitive indicator 

for detecting damage. The structural damping and mode shape (full-modal analysis is 

required) were found to be uncorrelated with the damage (loss of tensile steel rebar 

area). For this reason, the quicker and simpler partial-modal tests/analyses (only 9 out 

of the 36 points along the free-end were measured) were carried out during which the 

effective area of steel rebars was progressively reduced by using the rotary cutting 

method. The corresponding resonant frequency changes in lieu of the prescribed 

damage were measured till all tensile steel bars were completely cut off. It is critical 

to note that the structure in such a state is assumed/expected to have failed and 

collapsed (or in other words, a RC structure supported by bare concrete alone is not 

possible) due to the loading condition which is higher. However, the result revealed 

that the balcony slab did not collapse as expected, in spite of the fact that all tensile 

steel bars were completely cut off – a situation that can be explained in terms of the 

effect of tensile capacity of concrete (TCC). The TCC effect will be discussed in 

details in Section 6.3 below. After the experimental modal tests where all tensile steel 
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bars had been cut away, the slab was then subjected to incremental static load tests till 

failure/collapse in the so-called ‘nil-tensile-bars’ condition. Two LVDTs were 

installed to measure the corresponding deflection due to the imposed loads. This test 

procedure allows measuring the ultimate tensile stress of concrete and is critical for 

determining/quantifying the TCC effect. 

 

6.2.3 INSTRUMENTATION  

To maintain the structure within the lower range of ITSScon during the entire 

period of the test, a Brϋel-Kjær (B&K) type 4810 electrodynamic mini- shaker was 

used to excite the slab in vibration. The magnitude of the excitation force produced by 

the shaker is low, so that introducing excessive tensile stress to the structure can be 

avoided in preventing to cause the concrete to crack within the tension zone, in 

particular, when all tensile bars have been completely cut off. The shaker was driven 

by a pseudo-random signal source obtained from the digital signal analyzer and 

boosted by B&K type 2706 power amplifier. A B&K DeltaTron© type 8203-001 

piezoelectric force transducer measured the excitation force/input and moved with the 

shaker to the predetermined measurement points. A B&K DeltaTron© Type 4513 

accelerometer was affixed and was kept at the free-end of the cantilevered slab (point 

1) to measure the response from the structure, where a high level of response signal 

could be acquired (higher signal-to-noise ratio). As the excitation/response was 

minute and could hardly be felt, both excitation and response signals had to be 

amplified by B&K NEXUS type 2693 conditioning amplifier and signals 

measured/analyzed by a dual channel dynamic signal Fast Fourier Transform (FFT) 

analyzer (SR780 available from Stanford Research Systems Inc.). Averaged FRF (by 

averaging 50 FRF data sets) was obtained for each measurement point to improve the 
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accuracy of the FRF data and minimize the effects of uncorrelated noise. These 

procedures allowed us to obtain a complete set of dynamic properties of the tested 

structure. The complete set of FRF data were then transferred to a computer for the 

subsequent modal analysis. All the modal parameters of the balcony within the 

bandwidth of 200 Hz were extracted from the FRF data set using a circle-fitting 

method provided by the ICATS modal analysis software. 

 

6.3 EFFECT OF TENSILE CAPACITY OF CONCRETE (TCC) 

In the experiments on the O-RCCBS model described in Chapter 5, the 

resonant frequency was found less sensitive to the damage before arriving at the TP 

(low ITSScon). This phenomenon is presumably attributed to the fact that the TCC 

takes up most of tensile stress and at this state, the tensile steel rebars contributes little 

to the global stiffness of the structure. As a result, the resonant frequency may well be 

less sensitive to the damage and thus the TCC effect must be considered within the 

lower range of ITSScon in order to reveal the real performance of RC structures.  

 

 Traditionally, ultimate limited state (ULS) theory is commonly adopted for the 

design of RCCBS and the contribution of the tensile concrete is often ignored because 

the concrete in tension is assumed to be cracked whenever the structure is subjected to 

ultimate load. However, various safety factors (i.e. material strength and load factors) 

adopted increase the sectional property of the balcony slab section. As a result, the 

tensile capacity of concrete (TCC) is increased and it becomes a major contributor to 

the global stiffness of structure.  



CH.6 EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED (UNCRACKED) RC CANTILEVERED 
BALCONY STRUCTURE USING RESONANT FREQUENCY MEASUREMENT APPROACH  

Ch. 6-14 

 

 
Fig. 6 – 11 Load-deflection diagram for reinforced concrete beams with various design load conditions  

 

In Fig. 6-11, the importance of understanding the existence of TCC on the 

evaluation of real performance of RC structure is demonstrated. For simplicity and 

easy comparison, a set of typical load-deflection curves of simply supported RC 

beams is used for revealing the consequential TCC effect on the real performance of 

RC structure. Beam 1 (Curve 1) depicts the behaviour of a RC beam when subjected 

to different design loading (i.e. by adopting FOS of 1 for both load and material 

strengths). In Curve 1, three distinct and significant points on the load-deflection (L-D) 

curve are evident. At the first stage (OA1), the concrete in tension zone remains 

uncracked and the L-D curve behaves homogeneously and elastically. Throughout this 

stage, the TCC dominates in terms of receiving most of the tensile stress. The steel 

bars take minimal share of the tension and remain idle. Once the cracking load is 

reached, at A1, the concrete cracks where the slope of L-D curve is reduced as the 

stiffness of the beam decreases. In this scenario, the tensile steel rebars become the 

major contributor of tensile stress progressively and the TCC effect is reduced in 
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simultaneous conjunction with the increase of the crack depth. With further increase 

of the imposed loads, the beam deformation keeps increasing until the yield stress of 

steel rebars has reached B1.  Once the load reaches B1, the steel rebars begin to yield 

and are accompanied by larger deflection and finally, failure of the beam is imminent 

when the ultimate tensile stress of steel is reached at C1. This mode of failure is called 

steel-controlled failure mode, and it is a preferred mode as sufficient visible warning 

is provided before the actual failure takes places.  

 

Most current design codes often adopt large safety factors (i.e. FOS higher 

than 1 for both the design loads and material strengths respectively). In effect, the 

adopted concrete section and the required steel rebars of the beam called Beam 2 are 

over-generous in order to comply with the design requirements. As a result, the 

stiffness of Beam 2 is far higher than Beam 1, which is barely adequate structurally. 

Beam 2 behaves and follows Curve 2 and the cracking load, A2, is much higher than 

A1, which implies the reserve in TCC is even higher than Beam 1. In essence, Beam 2 

possesses higher stiffness than Beam 1.  

 

However, if the tension steel bars incur damages, the loss of the effective area 

of steel (caused by corrosion or insufficient steel area provided due to lack of quality 

control) and/or the reduction of the effective depth of structure (misplaced at adverse 

positions) reduces the stiffness of Beam 2 and in effect, the Beam 2 behaves like 

Beam 3 (moderate damage - Curve 3) or even Beam 4 (severe damage - Curve 4). As 

the concrete section (Beam 3 and Beam 4) provided in the tension zone is the same as 

that of Beam 2 and still remains overly generous due to the safety factors, clearly the 

TCC still performs as a dominant component of the global stiffness of the structure 

within the region of O-A3 or O-A4 for Beam 3 or Beam 4 respectively. Once the 
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cracking load is reached, A3 (for moderate damage), i.e. the flexural tensile stress of 

the beam reaches the ultimate tensile strength of concrete, and the concrete cracks and 

transfers all its tensile stress to steel. At this point, the steel bars in Beam 3 do not 

perform as they are expected to in Beam 2, and therefore, it is found that there is an 

increase in steel stress and a corresponding deflection due to the fact that the damages 

are much higher than that of the Beam 2 at the same loading condition.  

 

However for Beam 4 (which has suffered from severe damage). the remaining 

capacity of the steel is too little to buffer/absorb all of the tensile stresses transferred 

from concrete, and thus the steel rebars will yield/snap rapidly leading to the collapse 

of the whole structure once the cracking point A4 is reached. It is worth noting that 

this mode of failure/behaviour is different from the steel-controlled failure mode often 

assumed in design. In other words, the structure could collapse rapidly or even 

suddenly without providing any early warning due to the TCC effect.   

 

In Fig. 6-12 shows a balcony collapse accident which happened in Hong Kong 

in September 2008. A balcony (3 x 1.4 meters) on the 5th floor of a residential 

building collapsed suddenly during the removal of an illegal structure built on top of 

the balcony. The post-mortem investigation reveals that the tensile steel rebars were 

misplaced at the middle of the slab section, which reduced the effective depth of 

tensile steel rebars substantially. Due to the TCC effect, which was never mentioned 

as a plausible cause, the balcony deformed/deflected very little with the increase of 

the imposed load and no cracks were observed along the fixed end of the balcony slab. 

Once the cracking load of concrete is reached, the tensile steel rebars receive all of the 

tensile stress produced by the imposed loading transferred from concrete in tension. 

However, the remaining tensile strength of the steel rebars were not sufficient enough 
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to absorb the increase of tensile stress. As a result, the tensile steel rebars 

snapped/yielded rapidly and the balcony collapsed suddenly without providing any 

early warning. This accident demonstrates the importance of understanding TCC 

which is not only important but also crucial for discerning the real performance of the 

RCCBS.  

 

 

Fig. 6 – 12 A RC balcony of a residential building collapsed in September 2008 
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6.4 DETERMINATION OF MATERIAL AND STRUCTURAL PROPERTIES OF THE UU-

RCCBS MODEL 

 Fig. 6-13 has shown the rectangular cross-section of the balcony model.  The 

breadth of the slab is bt; de is the effective depth of the slab and dcon is the effective 

thickness of the concrete plate. When the slab is bent, the tensile and compressive 

stresses are induced in the upper zone and the lower zone respectively. The total 

cross-sectional area of steel bars in tension zone and compression zone are As and Asc, 

and the neutral axis lies along the plane X’~X’. m is the ratio of Young’s Modulus of 

steel (Es) and concrete (Ec) i.e. 

 

c

s

E
Em =  [6-1]

 

 
bt 
bs 
bk  
n  
de  
dcon  
dcs  
dk  
 

– total width of balcony 
– width of concrete slab 
– width of concrete kerb 
– neutral axis position 
– effective depth of slab/total thickness of concrete  
– depth of upper concrete fibre to the bottom of concrete kerb 
– depth of compression steel to the bottom of concrete kerb 
– depth of inverted kerb  
 

 

Fig. 6 – 13 The sectional details of the Wing K balcony slab 
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To determine the real performance of the structure, the tensile stress attributed to 

the concrete within the tension zone must be considered and known, as explained in 

the Section 6.3. The first parameter needs to be determined is the neutral axis position 

using force-equilibrium approach. Transforming the steel area in tension and 

compression zone to the equivalent concrete area and balancing the total area of 

concrete between the tension and compression zone, the depth of the neutral axis is n, 

and by taking the first moments of areas of the section about the neutral axis as 

quantified below, 
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Then, the position of n becomes,    
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with the position of n, the second moments of area of the equivalent concrete section 

can be obtained by Eq. [6-4]: 
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The bending moment of the concrete section at the fix-end (point A) of a uniform 

cantilever structure with an imposed uniformly distributed load is expressed as:  

 

2

2
1 wLM −=

    [6-5] 

 

Taking the neutral axis from Eq. [6-3] and the second moments of area of the 

concrete section from Eq. [6-4], the instantaneous tensile/compressive stress in steel 

(σs)/ (σsc), the maximum tensile/ compressive stress of concrete in tension zone (σcT) 

and in compression zone (σc) at the fix-end due to induced loading (or bending 

moment) from (6-5) are formulated as: 

 

xx
c I

Mn
=σ

    [6-6] 

( )
xx

con
cT I

ndM −
=σ

    [6-7] 

xx

cs
sc I

dnMm )()1( −−
=σ

   [6-8] 

xx

e
s I

ndmM )( −
=σ

    [6-9] 

 

Eqs. [6-6] to [6-9] give us a set of constitutive laws that is capable of calculating the 
stress distribution value of materials inside the structure. 
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6.4.1 SECTIONAL PROPERTIES OF UU-RCCBS MODEL 

The slab section of the balcony model was designed as an ‘under-reinforced 

section’ as mentioned in Section 6.2.1. The tensile steel reaches the yield stress before 

the extreme bottom fibres of concrete reaches the ultimate compressive stress. Similar 

assumption has been made in Chapter 5, the contribution of concrete in tension is 

assumed to be neglected in the following estimation as the ultimate limit state theory 

is adopted.  

 

The area of tension and compression steel reinforcement at the beginning of 

the test As were 1017.99 mm2 and 628.32 mm2 respectively. The total tension force 

provided by steel rebars (tensile steel and compression steel) are simply by 

multiplying the steel yield stress (High tensile bar (fy)=503.37N/mm2 and mild steel 

bar (fy(m))=437.69N/mm2) by the area of the tensile steel (As), so that:  

 

sy AfT ×= 87.0     [6-10] 

 

Similarly, the total compression force in the concrete section is obtained as: 

 

( ) ( )[ ] scmyscukkcu AfbfdnbfnC )(87.045.09.0245.09.0 +×−+×××=  [6-11] 

 

Where b is the breadth of the slab and fcu (=55.82N/mm2) is the ultimate compressive 

stress of concrete. 
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By using force equilibrium approach, C=T, the neutral axis depth under ultimate limit 

state is obtained by Eq. [6-12]: 

 

( ) ( )[ ] scmyscukkcusy AfbfdnbfnAf )(87.045.09.045.09.087.0 +×−+××=×  [6-12] 

 

Therefore, the neutral axis position of this balcony slab (n) is calculated as 55.87mm 

and the ratio of n/d of the slab section is 0.36 and is classified as ‘under-reinforced’ 

section under the BS8110 code.  
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6.5 TEST RESULTS AND DATA ANALYSIS 

6.5.1 TRACKING RESONANT FREQUENCY SHIFT ANALYSIS 

 The total initial steel area at the beginning of the test was 1017.88 mm2, at this 

point, the bending moment at the fix-end is calculated as 18.07 kNm which was 

introduced by self-weight. Prior to introducing damages to the tensile steel bars, 

characterization of the mode shapes of the reference/undamaged state was an 

important step since the modal order and characteristics of the respective modes 

needed to be established so that tracking of the respective modal parameter shifts in 

correct modal order could be ensured. A typical FRF plot is shown in Fig. 6-14 and 

the first three modes were determined at 37.48Hz, 60.64Hz and 145.37Hz respectively. 

The computer visualization of the three mode shapes reveals that the first mode was a 

so-called ‘pure bending’ mode, whereas the second and third mode were the so-called 

‘warping’ and ‘higher order warping’ mode. The measured structural damping of 

these modes was found to be 11.92%, 4.19% and 1.71% respectively.  
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Fig. 6 – 14 Typical FRF plot and mode shape identification of the Wing K balcony slab 

 

In order to characterize the TCC effect on the structural performance of RCCBS, 

the concrete section had to remain uncracked during the entire modal testing 

programme.  Therefore, the magnitude of the excitation force was controlled carefully 

in order to avoid introducing excessive tensile stress which would lead to the cracking 

of concrete. In the experiment carried out and reported in this chapter, the energy 

produced by the mini-shaker fulfills this requirement and at the same time produces 

sufficient signal-to-noise ratio (except mode 1) for measurement/monitoring. 

Therefore, the FRF data around mode 1 are considered less accurate than the other 2 

modes and thus left out of further analysis.  

 

Following the “reference/undamaged state” tests, the testing procedure was 

repeated at various damage levels. The area of steel rebars was progressively reduced 
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at different step sizes using a rotary cutting machine until all steel rebars were 

completely cut off. A total of 20 DSL were investigated, and the associated measured 

resonant frequencies and damping ratios have been summarized in Table 6-2. The 

resonant frequencies of mode 2 and mode 3 were found to decrease with each step of 

the steel area reduction. In mode 2, the frequency dropped from 60.64 Hz to 60.18 Hz 

(0.46Hz shifting) and the mode 3 frequency dropped from 145.37 Hz to 144.5 Hz 

(0.87Hz shifting). No cracks were observed during the entire process of the test, thus 

providing clear evidence to prove that the structure was successfully controlled within 

the linear elastic (uncracked) stage. As far as the variation of structural damping ratio 

(in percentage) for different damage levels is concerned, it was found to be 

uncorrelated. No clear relationship was observed between the shifting of structural 

damping and the corresponding steel area reduction. This observation is analogous to 

those identified in the experiments in Chapter 5. 
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Table 6-2  Summary of resonant frequencies and structural damping shifts (mode 2 and mode 3) 

with various DSL (loss of steel rebar area) 

 

Mode 2 (Pure bending mode) Mode 3 (Warping mode) Damage  
level 

Total area of 
rebars  
(mm2) 

Frequency 
(Hz) 

Structural 
damping (%)

Frequency 
(Hz) 

Structural 
damping (%)

undamage 1017.88 60.64  4.19% 145.37  1.71% 
level 1 935.25 60.58  4.36% 145.13  1.97% 
level 2 884.56 60.48  3.26% 145.27  2.27% 
level 3 800.74 60.55  4.99% 144.99  1.95% 
level 4 733.25 60.51  3.70% 145.27  1.71% 
level 5 683.98 60.46  4.46% 144.99  1.67% 
level 6 615.04 60.28  3.25% 145.18  1.81% 
level 7 579.15 60.42  4.16% 144.91  2.26% 
level 8 513.62 60.32  3.49% 144.98  1.82% 
level 9 483.09 60.37  3.55% 144.77  1.90% 

level 10 461.58 60.24  3.20% 144.76  1.69% 
level 11 413.63 60.18  3.43% 144.64  1.73% 
level 12 370.96 60.00  3.44% 144.69  1.87% 
level 13 321.31 60.08  3.95% 144.41  2.10% 
level 14 239.27 60.03  3.38% 144.47  1.79% 
level 15 192.97 60.04  3.36% 144.53  2.02% 
level 16 166.72 60.14  3.07% 144.61  1.81% 
level 17 141.02 60.12  7.97% 144.60  3.71% 
level 18 109.59 60.05  3.60% 144.63  1.94% 
level 19 44.54 59.93  3.14% 144.47  1.74% 
level 20 0.00 60.18  4.61% 144.50  1.80% 

 
 

 
Fig. 6 – 15 The failed Wing K balcony slab after Loading tests  
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Subsequent to the progress-damage-phase, a load-to-failure phase was carried as 

described in Section 6.2.2. The structure was loaded with sand bags (roughly 23 Kg 

/bag) till the structure failed and collapsed completely (as shown in Fig. 6-15). Sixteen 

predetermined loading steps were performed and the corresponding load - deflection 

curves obtained are shown in Fig. 6-16. The structure collapsed at the total load of 

1,726 kg, and the corresponding deflection at the free-end was merely at 0.69mm just 

before failure.  

 

 

Fig. 6 – 16 Load-Deflection curve for the Wing K balcony slab failure test under  
‘nil-tensile-bars’ condition (all tension steel rebars were cut-off) 
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6.5.2 REVELATION OF INHERENT STRUCTURAL AND MATERIAL BEHAVIOURS IN 

UU-RCCBS MODEL THROUGH TRACKING RESONANT FREQUENCIES SHIFT  

The methodology followed to determine the instantaneous materials and 

structural behaviours is the same as that adopted in Chapter 5. By correlating the 

frequency changes with the damage (the reduction of steel area), the real performance 

of the RC structure/component under the lower range of tensile stress/strain of 

concrete (ITSScon) can be realized through an understanding of the changes of 

material/structural behaviours inside the structure due to the damage. 

 

6.5.2.1 RELATIONSHIP BETWEEN RESONANT FREQUENCIES - REBAR AREA 

 The resonant frequency shifts due to the reduction of the steel rebar area, for 

both mode 2 and mode 3, are plotted in Fig. 6-17. The figure demonstrates that the 

resonant frequency shifts (albeit a very small shift) have a positive correlation with 

the corresponding steel rebar area reduction at the time of each of the prescribed 

damage levels. Although the amount of the frequency drop is relatively small, 0.46Hz 

for mode 2 and 0.87Hz for mode 3, the square of correlation coefficient (R2) obtained 

for mode 2 and mode 3 are indeed very high at 0.84 and 0.91 respectively. This 

implies a good linear correlation between two parameters.  
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Fig. 6-17 Plot of the steel rebar area against the resonant frequency (mode 2 and mode 3)  
 

 

In addition, the little drop in frequency reveals that the resonant frequency is 

less sensitive to detect damages under the condition of the low ITSScon. This 

experimental findings is similar to the test results (before the turning point) obtained 

in the experiments described in Chapter 5. It provides clear evidence that the loss of 

steel area caused only a slight reduction in the global stiffness of the structure. The 

steel bars contribute only little to the global stiffness while the tensile stress/strain of 

concrete is lower, or in other words, the concrete remains uncracked. As such, only 

the concrete takes up most of the tensile stress produced by the balcony dead-weight 

and therefore, the variation of frequency shift due to the damage becomes small 

 



CH.6 EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED (UNCRACKED) RC CANTILEVERED 
BALCONY STRUCTURE USING RESONANT FREQUENCY MEASUREMENT APPROACH  

Ch. 6-29 

6.5.2.2 RELATIONSHIP BETWEEN RESONANT FREQUENCIES - NEUTRAL AXIS 

The position of the neutral axis for various degrees of damage was calculated 

using the Equation (6-3) and the results are presented in Table 6-3. The neutral axis 

position at different damage levels shifted from 138.11mm to 136.68mm. 

 

Table 6-3 Summary of resonant frequencies and neutral axis position shifts (mode 2 and 3) with 
  various DSL (loss of steel rebar area) 
 

Resonant Frequency Damage level Total area of 
rebars  
(mm2) 

Neutral Axis 
(n) Mode 2 

(Hz) 
Mode 3 

(Hz) 
undamage 1017.88 138.11 60.64 145.37 

level 1 935.25 138.00 60.58 145.13 
level 2 884.56 137.93 60.48 145.27 
level 3 800.74 137.81 60.55 144.99 
level 4 733.25 137.72 60.51 145.27 
level 5 683.98 137.65 60.46 144.99 
level 6 615.04 137.56 60.28 145.18 
level 7 579.15 137.50 60.42 144.91 
level 8 513.62 137.41 60.32 144.98 
level 9 483.09 137.37 60.37 144.77 

level 10 461.58 137.34 60.24 144.76 
level 11 413.63 137.27 60.18 144.64 
level 12 370.96 137.21 60.00 144.69 
level 13 321.31 137.14 60.08 144.41 
level 14 239.27 137.03 60.03 144.47 
level 15 192.97 136.96 60.04 144.53 
level 16 166.72 136.92 60.14 144.61 
level 17 141.02 136.89 60.12 144.60 
level 18 109.59 136.84 60.05 144.63 
level 19 44.54 136.75 59.93 144.47 
level 20 0.00 136.68 60.18 144.50 
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Fig. 6-18 shows the plot of the lowering of the resonant frequencies and the 

decrease of the neutral axis depth for Mode 2 and Mode 3. The position of the neutral 

axis shifted 1.43mm only with the decrease of the resonant frequencies, 0.46Hz for 

mode 2 and 0.87Hz for mode 3. The R2 values depicting the correlation between 

neutral axis position shifts and resonant frequency shifts are very high i.e. 0.84 and 

0.91 for both modes 2 and 3. The slight shift in neutral axis position is attributed to 

the fact that, when the area of steel transforms to the equivalent area of concrete, that 

equivalent area of steel is still relatively small compared with the area of concrete in 

the tension zone as calculated according to the Equation (6-2). Therefore, if the 

concrete within the tension zone remains uncracked, in effect, under low ITSScon 

condition, not only would the change of stress distribution within the section resulting 

from the damage become small but also find a slight shift in the neutral axis.  

 

 

Fig. 6 – 18 Plot of the neutral axis position against the resonant frequency (mode 2 and mode 3) 
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6.5.2.3 RELATIONSHIP BETWEEN RESONANT FREQUENCY – MATERIAL STRESSES  

 
 To understand the stress distribution of materials and substantiate the fact that 

the tensile stress/strain of concrete was controlled within the lower range during the 

entire testing program (NSVcon(T) or ∊con(T) below 0.55 ad 75μ-strain as evidenced by 

the test results obtained in Chapter 5), the stresses of materials within various degrees 

of damages have been analyzed and presented in Table 6-4. 

 

Table 6-4  Summary of resonant frequencies (mode 2 and 3) and stress distribution of materials with 
various DSL (loss of steel rebar area) 

 
Resonant Frequency Damage 

Severity 
Level 
(DSL) 

Total area 
of rebars  
(mm2) 

Max. 
Compressive 

Stress in 
Concrete 
(N/mm2) 

 

Max. 
Tensile 
Stress in 
Concrete 
(N/mm2) 

 

Maxi. 
Tensile 
Stress in 

Steel  
(N/mm2) 

 

Mode 2 
(Hz) 

Mode 3 
(Hz) 

undamage 1017.88 3.18 1.56 12.92 60.64 145.37 
level 1 935.25 3.19 1.57 13.01 60.58 145.13 
level 2 884.56 3.20 1.58 13.06 60.48 145.27 
level 3 800.74 3.21 1.59 13.15 60.55 144.99 
level 4 733.25 3.22 1.60 13.22 60.51 145.27 
level 5 683.98 3.23 1.60 13.27 60.46 144.99 
level 6 615.04 3.24 1.61 13.34 60.28 145.18 
level 7 579.15 3.25 1.62 13.38 60.42 144.91 
level 8 513.62 3.26 1.63 13.45 60.32 144.98 
level 9 483.09 3.26 1.63 13.49 60.37 144.77 

level 10 461.58 3.27 1.63 13.51 60.24 144.76 
level 11 413.63 3.28 1.64 13.56 60.18 144.64 
level 12 370.96 3.28 1.65 13.61 60.00 144.69 
level 13 321.31 3.29 1.65 13.67 60.08 144.41 
level 14 239.27 3.31 1.66 13.76 60.03 144.47 
level 15 192.97 3.31 1.67 13.81 60.04 144.53 
level 16 166.72 3.32 1.67 13.85 60.14 144.61 
level 17 141.02 3.32 1.68 13.88 60.12 144.60 
level 18 109.59 3.33 1.68 13.91 60.05 144.63 
level 19 44.54 3.34 1.69 13.99 59.93 144.47 
level 20 0.00 3.35 1.70 0.00 60.18 144.50 
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As reported in Table 6-4, the tensile stress of concrete had increased from 

1.56N/mm2 (undamaged state) to 1.70N/mm2 (severe damage state). Referring to 

Table 6-1, the ultimate tensile stress and Young’s modulus of concrete were obtained 

at 3.69N/mm2 and the 23.63 x 103N/mm2 respectively. With these data, the NSVcon(T) 

and ∊con(T) at damage severity level 20 (when all steel rebars were completely cut-off) 

was calculated at 0.46 and 71μ-strain, both of which are below the desired level. Thus 

the ITSScon of the tested structure can be assured to be remained within a lower range 

during the entire testing program.   

 

In Fig. 6-19 to 6-21, the plots of resonant frequencies and the stress of materials 

inside the section are presented. These figures show that the frequencies drop with 

increasing stress of various materials. This is because the damage reduces the 

effective area of tensile steel rebars. As a result, the stress of the tensile steel rebar is 

increased and subsequently this increase alters the stress distribution within the 

section. Relative high R2 was obtained for all relationships which imply that the 

resonant frequency is highly correlated with the stress of various materials and this 

observation is similar to other structural/materials properties discussed previously. 
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Fig. 6–19 Plot of the max. instantaneous compressive stress of concrete (at the bottom of the 
peripheral down-stand beam surface) against the resonant frequency (mode 2 and mode 3) 

 
 

 
 

Fig. 6—20  Plot of the max. instantaneous tensile stress of concrete (at the top surface of slab) against 
the resonant frequency (mode 2 and mode 3)  
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Fig. 6 –21  Plot of the max. instantaneous tensile stress of steel against the resonant frequency (mode 2 
and mode 3)  

 
 

In Fig. 6-22, the normalized stress value (NSV) of various materials inside the 

slab section is presented. The NSV is obtained by dividing the prevailing 

instantaneous stress level and the ultimate/yield strength of the respective materials 

obtained from Table 6-1 and 6-4 respectively. The result shows that the gradient of 

change of NSVcon(T) (or the gradient of the linear straight line) is higher than those of 

NSVcon(C) and NSVsteel(T). These experimental results imply that concrete, instead of 

steel, took up most of the tensile stress increase resulting from the damages. In other 

words, concrete has more contribution towards the global structural stiffness than the 

steel rebar under the testing conditions. The results demonstrate the critical 

role/importance of the TCC pertaining to the global stiffness of the structure from the 

view of materials properties. Therefore, the existence of TCC must be carefully 

considered when examining the real performance of RCCBS under uncracked 

condition. 
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Fig. 6 – 22 Plot of the loss of steel rebar area against the normalized stress value of various materials  
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6.6 SUMMARY OF FINDINGS 

Table 6-5 summaries the change of structural and material properties of the 

lightly-reinforced balcony model during the entire modal testing program and shows 

the various trajectories that were developed and these trajectories allowed us to trace 

the prevailing structural and materials properties by measuring the resonant 

frequencies under a condition characterized by lower range of ITSScon. These 

trajectories (similar to those reported in Chapter 5) are established by: 

 

1. Steel rebar area Vs Resonant frequencies  

2. Neutral axis position Vs Resonant frequencies  

3. Tensile stress of steel Vs Resonant frequencies 

4. Tensile stress of concrete Vs Resonant frequencies 

Compressive stress of concrete Vs Resonant frequencies 
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Table 6-5 Summary of changes of material and structural properties at various DSL of the UU-
RCCBS (Wing K) model 

 
Description of balcony slab 

Type of slab section Under-reinforced 

section 

Effective section depth of 

concrete slab (dcon) 

Very Large 

(206mm) 

Sectional Property of slab 

Width of balcony slab (b) Large (2960mm) 

Ultimate Tensile/Compressive 

strength of concrete 

High (3.69N/mm2 

and 55.82N/mm2) 

Yield strength of steel High 

(503.37N/mm2) 

Material Property 

TCC effect (Steel/Concrete ratio) Very High (0.26%)

Loading Condition  Bending moment provided by self 

dead-weight 

High (18.07 kNm) 

Changing of structural and material properties during the entire experimental testing 

program 

 Beginning of test Completion of test

Damage Severity Level (DSL) 

(Loss of tensile steel rebar area) 

Nil Severe 

Type of Slab Section Under-reinforced Under-reinforced to 

‘nil-tensile-bars’ 

condition 

Neutral axis shift Very small Very small 

Δ NSVcon(T) Moderate (0.42) Moderate (0.46) 

Δ NSVcon(C) Very small (0.024) Very small (0.025)

Δ NSVsteel(T) Very small (0.026) Very small (0.028)
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6.7 SUMMARY AND DISCUSSION  

This chapter details an experimental testing program to study and evaluate the 

real performance of an under-reinforced (uncracked) RCCBS model using the 

resonant frequency measurement approach. The ITSScon of the slab was made to vary 

within the lower range, as demarcated as the range before the ‘turning point’ which 

has been identified and described in Chapter 5. The structural and material properties 

(i.e. As, n, σs, σcT and σcC) of the balcony slab were tracked and characterized with the 

corresponding change of resonant frequency (mode 2 and 3) at various DSL (by 

reducing the tensile steel rebar area). The experimental results show that the resonant 

frequency shift resulting from the damage is small which implies the resonant 

frequency is less sensitive to damage within the low tensile stress/strain of concrete. 

The changes of other structural and material properties resulting from the damage are 

also found to be limited (see Fig. 6-22). This is thought to be attributed to the fact that 

the effects of the damage (decrease of steel areas and increase in tensile stress of 

remaining steel) are taken up mainly by the TCC at a much greater rate/magnitude 

than the steel. Also, the results do reveal that the changes to the steel rebar areas 

produces only little influence to the global stiffness of the slab/structure. As a result, 

the resonant frequency shift is small and this observation is similar to and corroborate 

with the test results (before the turning point) reported in Chapter 5. Most importantly, 

these experimental results confirm that the TCC is critical and crucial to the greater 

understanding of the respective contributions from concrete and steel to the global 

stiffness of the structure when the concrete in the slab remains uncracked. 
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7. EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED 

(CRACKED) RC CANTILEVERED BALCONY STRUCTURE USING 

RESONANT FREQUENCY MEASUREMENT APPROACH 

7.1 INTRODUCTION 

This Chapter describes an experimental investigation into the real performance 

of an ‘under-reinforced’ (cracked) RCCBS model (designated as UC-RCCBS) within 

the higher range of instantaneous tensile stress/strain of concrete (ITSScon) to 

complement those ‘under-reinforced’ (uncracked) RCCBS within the lower range of 

ITSScon as reported in chapter 6. From the findings reported in Chapter 6, it is 

concluded that the effects of the so-called tensile capacity of concrete (TCC) is both 

important and critical to the true understanding of the complete regime of the 

envelope of the performance of RCCBS as well as the sensitivity of the resonant 

frequency in detecting damage. This chapter will report an experimental investigation 

that was carried out on an UC-RCCBS model (i.e. a balcony pre-cracked to under a 

higher range of ITSScon, which was demarcated within a region after the turning point 

(TP) as observed in Chapter 5). The balcony slab was first preloaded (with additional 

dead weight) in flexure at the beginning of the test to induce and initiate artificial 

cracking to the concrete within the tension zone. This process allows the reduction of 

TCC effect especially when the preload was subsequently removed, and this action in 

turn, increased the tensile stress/strain of concrete up to a higher range of ITSScon. The 

design of the UC-RCCBS model is similar, in most structural aspects, to the UU-

RCCBS model tested in Chapter 6 and the major difference between the two balconies 

is in terms of the provision and arrangement of the tensile steel rebars.  
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The experimental procedure adopted/advocated in this Chapter is the same as 

the procedure reported in Chapter 6. The area of tensile steel rebars of the balcony 

slab was again reduced by rotary cutting machine at a predetermined range and step 

size in order to introduce discernable degrees of damage to the structure. A set of 

trajectories (empirical relationships between various structural/materials properties 

and the resonant frequencies) under the condition of the high ITSScon were established 

to formulate the second performance regime (higher range of ITSScon) of the USP 

model to complement the low ITSScon performance regime as advocated in Chapter 6. 

A more comprehensive treatment of the integrated USP model will be reported in 

Chapter 8. 

 

7.2 EXPERIMENTAL TESTING PROGRAM  

7.2.1 UNDER-REINFORCED (CRACKED) RCCBS MODEL  

The UC-RCCBS model (as shown in Fig. 7-1) was constructed in full size 

according to the detailed structural drawings of a so-called type ‘Wing H’ balcony of 

a residential estate in HK (the details of the residential estate will be described in 

Chapter 8). The balcony slab was supported by the common inverted ‘T’ supporting 

structure for the ‘Wing K’ balcony model as described in Section 6.2.1. The physical 

geometry and dimension (overall 1400mm long, 3060mm wide and 200mm thick with 

the three sides up- and down-stand beams/curbs) is similar to the ‘Wing K’ balcony 

model reported in Chapter 6 but the arrangement of the tensile steel rebars were 

different. The sectional details of the balcony structure are presented in Fig. 7-2.  
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Fig. 7 – 1 Photo of RC balcony slab (Wing H) 
 

 

 

 

 

 

 

 

 

 

 
Fig. 7 – 2 Sectional details of RC balcony slab (Wing H) 
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The slab was also an ‘under-reinforced section’ (determined by the method 

reported in the Section 6.4.1) and was doubly reinforced (with equally spaced main 

rebars running perpendicular to the wall) with sixteen 10mm high tensile steel rebars 

at the top layer (for tension) and eight 10mm mild steel rebars in the bottom (for 

compression). These rebars have 12mm of cover from the exposed faces of the slab 

and the reinforcement details are shown in Fig. 7-3. To avoid creating cold-join 

between the RC wall and the balcony slabs, both Wing H and K balcony slabs were 

cast into the RC wall monolithically using the same batch and grading of concrete. 

Therefore, the mechanical properties of the concrete and steel rebars used for the 

construction of Wing H balcony model is the same as the Wing K balcony model and 

reports in Table 6-1.  

 

 
 
Fig. 7 – 3 Reinforcement details of the Wing H Balcony slab (cracked) 
 

 

In chapter 5, the resonant frequency was observed to be more sensitive when the 

ITSScon was high. Two ranges (lower/higher) of ITSScon were demarcated by a so-

called turning point (TP), where the NSVcon(T) or ∊con(T) were measured to be of 

around 0.55 and 75μ-strain. Beyond such TP, the ITSScon, was defined to represent a 

higher range. In this chapter, the UC-RCCBS balcony model was tested under high 

ITSScon condition and evaluated the changes of structural and material properties with 

various damage severity levels (DSL) by tracking the resonant frequency changes. 
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The detailed stress analysis of the slab during the entire testing program will be 

discussed in Section 7.4.2.3. 

 

Before the testing programme was started, the balcony slab was pre-loaded in 

flexure more-or-less in a uniformly-distributed manner by massive concrete blocks at 

the beginning of the test. This process allows introducing excessive tensile 

stress/strain to the structure and creates tensile cracks to the concrete within the 

tension zone. In effect, the tensile cracks reduce the TCC and increase the tensile 

stress/strain of concrete to a desired range (high ITSScon). The total weight of concrete 

blocks is 7,260kg (as illustrated in Fig. 7-4) and the concrete blocks were removed 

once cracking had been produced. After the pre-loading process, a tensile crack was 

observed along the fix-end support as shown in Fig. 7-5.  

 

 
 

Fig. 7 – 4 Total weight of 7,250 kg massive concrete block: Pre-loaded on the balcony slab at the 
beginning of test 
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Fig. 7 – 5 Tensile cracks observed along the fix-end of the balcony slab.  

 

The method of introducing artificial damage to the structure advocated in this 

Chapter is the same as the method adopted in Chapter 5 and 6. The tensile steel rebars 

were progressively cut-off by rotary cutting machine and simultaneously, the resonant 

frequencies of the structure were measured at different DSL (the loss of tensile steel 

rebar area). A groove/recess of 50mm width and 24 mm depth was introduced along 

the fix-end of the tested balcony to expose the 16 tensile steel bars (see Fig. 7-6) for 

cutting and measuring the area loss of tensile steel rebars. The method of 

measurement of cut-depth and the loss of steel area are similar to that of the method 

described in Section 6.2.1 (as illustrated in Fig. 7-7). A total of 48 DSL was 

predetermined and the details of damage sequences and the loss of steel rebar area are 

summarized in Fig. 7-8.  
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Fig. 7 – 6 A groove of 50mm width along the fix-end of the Wing H slab 

 

 

DSL: 3 

Rebars no.: Bar 5 

DSL: 21 

Rebar no.: Bar 9 

DSL: 32 

Rebar no.: Bar 16 

 

Remarks: All rebar photos are incorporated in Appendix B 

 
Fig. 7 – 7 Representative photos for measuring the loss of steel rebar area of Wing H balcony 
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Fig. 7– 8 Details of rebar cutting sequence and remaining steel area for Wing H balcony slab 
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7.2.2 EXPERIMENTAL MODAL ANALYSIS OF THE UC-RCCBS MODEL  

Prior to inducing damage (cutting of tensile steel rebar) to the tested balcony 

model, for the mode shape identification, two full-modal tests (producing 36 

frequency response function (FRF) data sets at the 36 designated measurement points 

equally spaced over the balcony as depicted in Fig. 7-9) before and after the pre-

loading were undertaken. The frequency range of interest was determined within the 

bandwidth of 200 Hz and three dominant modes of vibration (bending mode, warping 

mode and high frequency warping mode) were identified. 

 
 

 
 
Fig. 7 – 9 Position of 36 measurement points on the surface of the Wing H balcony slab  
 

The quicker and simpler partial-modal tests/analyses (only 9 out of the 36 

points along the free-end were measured) were then carried out during which the 

effective area of tensile steel rebars (top layer of rebars) was progressively reduced by 

the rotary disc cutting method. To map out the full extent of damage and its 

development, a total of 48 DSL (at predetermined stage in terms of depth-of-cut) were 
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taken to reduce the steel rebar area. The corresponding resonant frequency changes in 

lieu of the prescribed damage were measured till all tensile steel bars were completely 

cut off.  

 

It is critical to take note that the TCC had been reduced substantially as 

expected due to the pre-loading which caused the concrete within the tension zone to 

crack. The remaining TCC may be minimal but was still large enough to support the 

slab even though all the tensile bars had been cut away. The structure in such a state 

(denoted as ‘nil-tensile-bars’ condition) is normally expected to have failed and 

collapsed when TCC is ignored. However, in reality, a balcony in such a state did not 

collapse owing to TCC. The remaining ultimate load capacity of this ‘nil-tensile-bars’ 

balcony slab was then obtained by applying further incremental static loads until the 

slab collapsed. Two LVDTs had also been installed at the two corners of the free-end 

of the balcony to monitor the corresponding deflection due to the induced loadings. 

The ultimate load capacity obtained needs to be used further for the estimation of a 

nominal crack-depth due to the pre-loading. Such estimation procedures will be 

elaborated in Section 7.4.1. 

 

7.2.3 INSTRUMENTATION  

The FRF data for each measurement points on the slab were acquired using the 

instrumented impact hammer (IIH) technique as described in Chapter 4. A custom-

made impact hammer equipped with Endveco model 2313 piezoelectric force sensor 

was used to excite the slab and was moved to the predetermined measurement points 

to measure the excitation force/input. The total weight of the impact hammer was 4 kg, 

where a high impact force could be produced in order to improve the signal-to-noise 
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ratio. A B&K DeltaTron© Type 4513 accelerometer was affixed and was kept at the 

free-end of the cantilevered slab (point 1), where a high level of response signal could 

be acquired (i.e. higher signal-to-noise ratio). Both excitation and response signals 

were recorded and analyzed by a 2-channel portable DI-2000 real time Fast Fourier 

Transform (FFT) analyzer. A complete set of FRF data were then transferred to a 

computer for the subsequent modal analysis. A modal analysis software (ICATS) was 

used to extract the modal parameters of the balcony by using the circle fitting process. 

 

7.3 MATHEMATIC MODEL FOR EXTRACTION OF MATERIAL AND STRUCTURAL 

PROPERTIES OF THE CRACKED RC BALCONY SLAB  

The mathematic model advocated in this chapter is similar to the model 

devised in Chapter 6. The model was developed on the basis of the fundamental 

constitutive laws for materials as well as the force-equilibrium approach. The relative 

material and structural properties are determined by the following Equations: 

 

The neutral axis position can be obtained from Equation [6-3]: 
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The second moments of area of the equivalent concrete section can be obtained 

through Equation [6-4]: 
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And the stress distribution of various materials inside the slab section can be obtained 

from Equation [6-6] to [6-9] 
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In particular, the effective depth of concrete (dcon) within the tension zone was 

expected to have decreased due to slab cracking after the pre-loading (as depicted in 

Fig. 7-10). Such a crack was induced along the fix-end of the balcony slab, which in 

effect, alleviated the TCC effect and increased the ITSScon up to the higher range of 

ITSScon. To study and evaluate the real performance of the structure under varying 

DSL, the knowledge of the nominal depth of the load induced-crack (dcrack) is 

critically important and had to be determined before the effective depth of concrete 

(dcon) could be obtained. The technique to determine dcrack was based on ascertaining 

the ultimate static loads (as reported in Section 7.4.1) to cause failure to the ‘nil-

tensile-bars’ condition and ultimate tensile strength of concrete (as obtained in 

Chapter 6).  
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Remarks 
bt 
bs 
bk  
n  
de  
dcon  
dcs   
dk   
dcrack  
 

– total f balcony slab 
– width of concrete slab 
– width of concrete kerb 
– neutral axis position 
– effective depth of slab 
– effective depth of upper concrete fibre to the bottom of concrete kerb  
– depth of compression steel to the bottom of concrete kerb 
– depth of inverted kerb  
– depth of load-induced crack  
 

Fig. 7 –10 The section details of the Wing H balcony slab 
 

 

7.4 TEST RESULT AND DATA ANALYSIS  

7.4.1 TRACKING RESONANT FREQUENCY SHIFT  

 At the beginning of the test, the balcony slab was preloaded to crack in flexure 

by superimposing a number of massive concrete blocks weighing 7,260kg in total in 

order to reduce/alleviate the TCC effect. Two full-modal tests were performed: one 

before the pre-loading and the other after the unloading of concrete blocks so that 

changes, if any, of the modal parameters resulting from cracks (reduction of TCC) can 

be ascertained/identified.  

 

With the help of the computed-visualization of the mode shapes (see Fig. 7-

11), the first three vibration modes of both tests were identified and found to be in the 

same ‘modal order’ (i.e. ‘pure bending’ for mode 1, ‘warping’ for mode 2 and ‘higher 
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order warping’ for mode 3 respectively). The measured FRFs together with the 

respective resonant frequency and damping ratio of these modes are shown in Fig. 7-

11. From the results, one can notice that the resonant frequencies of all 3 modes were 

found to have decreased. This fact provides clear evidence that the stiffness of the slab 

had been reduced due to the cracking of concrete within the tension zone, (i.e. in 

effect a reduction of the effect of TCC). However, the shift of structural damping was 

found to be invariant / insensitive to the formation of the cracks. Furthermore, the 

changes in the structural damping values were found to be erratic and inconsistent 

(decreasing for mode 1 and mode 2 while increasing for mode 3). 

 

 

Fig. 7 – 11 The modal parameters of ‘uncracked’ & ‘cracked’ condition of UC-RCCBS balcony slab 
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Subsequent to the pre-loading phase, the next phase (called the progressive-

damage-phase) was carried out using modal testing to obtain the new set of modal 

parameters of the ‘cracked’ condition (hereafter denoted as the ‘reference/undamaged 

state’).  

 

During this phase of the modal testing, the total initial steel rebar area and the 

bending moment due to the self-weight was calculated at 1256.64 mm2, and 18.07 

kNm (at the fix-end) respectively. From then on, the area of tensile steel rebars was 

progressively reduced at each of the pre-determined stage of damage until all steel 

rebars were completely cut off. The modal parameters (resonant frequency and 

structural damping) corresponding to each cutting step (totaling 48 damage severity 

levels) were measured and results have been summarized in Table 7-1. The resonant 

frequencies of all 3 modes were found to have decreased with increasing DSL. The 

frequency drops for the three modes were found to be 4.768 Hz (mode 1), 4.348 Hz 

(mode 2) and 1.254 Hz (mode 3) respectively. The frequency shifts of all the 3 modes 

are much larger than that of the frequency shifts obtained in Chapter 6. In contrast, the 

structural damping ratio (in percentage of critical damping) was also found to be 

uncorrelated with the DSL and the results were the same as those obtained in Chapters 

5 and 6.  
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Table 7-1 Change of resonant frequencies with the decrement of the steel rebar area of Wing H balcony 
 

mode 1 mode 2 mode 3 damage 
severity  

As 
(mm2)  frequency  

(Hz)   
damping 

(%)    
frequency 

(Hz)   
damping 

(%)   
frequency  

(Hz)   
damping 

(%)    
undamaged  1256. 25.68  7.14 55.61 3.54 140.87  1.41  

level 1 1224. 24.51  12.17 54.82 4.03 140.63  1.38  
level 2 1192. 24.41  12.70 54.69 4.03 140.55  1.39  
level 3 1159. 24.23  12.89 54.59 4.02 140.53  1.39  
level 4 1127. 24.20  13.16 54.49 4.04 140.47  1.40  
level 5 1093. 24.16  12.62 54.40 4.02 140.47  1.40  
level 6 1056. 24.14  12.32 54.38 3.97 140.44  1.39  
level 7 1018. 24.09  11.70 54.29 4.04 140.41  1.39  
level 8 987.6 24.06  12.45 54.21 3.97 140.38  1.38  
level 9 956.1 23.94  11.37 54.11 3.98 140.34  1.39  

level 10 928.3 23.91  10.91 54.09 3.94 140.34  1.39  
level 11 892.9 23.89  11.60 54.09 3.96 140.33  1.39  
level 12 861.6 23.81  11.12 54.05 3.96 140.33  1.39  
level 13 826.6 23.73  11.97 54.04 3.99 140.33  1.40  
level 14 797.4 23.48  11.52 53.95 4.00 140.28  1.40  
level 15 761.6 23.28  9.91 53.86 3.98 140.26  1.40  
level 16 718.6 23.14  9.38 53.68 4.04 140.20  1.40  
level 17 679.8 23.21  10.22 53.67 3.83 140.34  1.40  
level 18 643.7 23.11  9.37 53.49 4.23 140.25  1.41  
level 19 622.6 23.01  9.41 53.44 4.19 140.21  1.40  
level 20 587.0 23.01  8.91 53.36 4.16 140.18  1.40  
level 21 569.0 22.95  8.76 53.30 4.16 140.15  1.40  
level 22 543.5 22.89  8.71 53.23 4.14 140.12  1.40  
level 23 511.0 22.85  8.21 53.20 4.13 140.10  1.41  
level 24 490.4 22.80  8.21 53.03 4.18 140.04  1.42  
level 25 462.8 22.73  8.23 52.93 4.23 140.00  1.42  
level 26 435.7 22.63  8.25 52.80 4.30 139.95  1.42  
level 27 404.5 22.50  8.39 52.74 4.29 139.91  1.42  
level 28 369.3 22.38  8.14 52.42 4.26 139.86  1.43  
level 29 338.6 22.55  8.50 52.65 4.40 140.05  1.44  
level 30 298.8 22.43  7.73 52.51 4.42 139.99  1.43  
level 31 273.0 22.13  7.35 52.37 4.09 139.90  1.42  
level 32 254.3 21.93  7.28 52.19 4.09 139.82  1.45  
level 33 244.2 21.82  7.72 52.08 4.12 139.76  1.45  
level 34 231.2 21.70  7.44 51.70 4.12 139.66  1.43  
level 35 216.4 21.51  7.94 51.61 4.14 139.62  1.45  
level 36 196.5 21.22  8.19 51.34 4.16 139.55  1.47  
level 37 181.3 21.31  7.79 51.38 4.07 139.56  1.45  
level 38 166.6 21.18  7.80 51.21 4.07 139.52  1.44  
level 39 152.9 21.21  8.01 51.29 4.06 139.58  1.44  
level 40 137.6 21.08  8.08 51.22 4.00 139.54  1.45  
level 41 119.5 21.11  8.09 51.25 4.18 139.72  1.42  
level 42 99.14  21.17  8.03 51.32 4.00 139.72  1.41  
level 43 80.33  21.17  8.15 51.39 4.01 139.78  1.42  
level 44 59.03  21.13  8.03 51.40 4.02 139.77  1.42  
level 45 47.29  21.16  7.91 51.41 4.02 139.74  1.42  
level 46 31.67  21.16  7.87 51.43 3.99 139.73  1.42  
level 47 15.36  21.14  7.84 51.38 3.96 139.71  1.41  
level 48 0.00  20.91  7.95 51.27 3.57 139.62  1.36  
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Upon completion of the ‘progressive-damage-phase’, a static load test till failure 

called the ‘load-to-failure’ phase (as shown in Fig. 7-12) was carried out in order to 

determine the remaining ultimate load capacity as well as TCC effects of the balcony 

slab. During this phase, the slab was loaded with sand bags (of roughly 23 kg/bag) 

incrementally till the structure collapsed and the corresponding load-deflection curve 

obtained as shown in Fig. 7-13. A total of 360 kg of sand (as opposed to 1,726 kg 

when balcony remained uncracked) was required to cause failure and the 

corresponding deflection at the free-end was measured as 0.735 mm (as opposed to 

0.69mm for the uncracked balcony) only.  

 

 

Fig. 7 – 12 Failure test was performed for the Wing H balcony after the completion of modal testing 
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Fig. 7 – 13 Load-deflection curve of the failure test for Wing H balcony 

 

As stipulated earlier, the actual load-induced crack-depth cannot be measured 

directly but a nominal crack-depth (dcrack) has to be estimated so that the effective 

depth of concrete (dcon) and the remaining TCC can be determined. With the 

knowledge of the ultimate tensile strength of concrete (3.69N/mm2 obtained from the 

failure load test reported in the Chapter 6), and the failure load measured during the 

‘load-to-failure’ phase, the nominal effective depth of concrete (dcon) within the 

tension zone was then calculated using Equations 6-3 to 6-9 as 161.7 mm.  

 



CH.7 EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED (CRACKED) RC CANTILEVERED 
BALCONY STRUCTURE USING RESONANT FREQUENCY MEASUREMENT APPROACH  

Ch. 7-19 

7.4.2 DETERMINATION OF INSTANTANEOUS MATERIAL BEHAVIOURS IN CRACKED 

RC BALCONY SLAB THROUGH TRACKING RESONANT FREQUENCIES SHIFT  

The methods followed for the determination of the instantaneous materials and 

structural behaviours are the same as those adopted in Chapter 5 and 6. The frequency 

changes were tracked with various DSL (the reduction of steel area), the real 

performance of the RC structure/component under high tensile stress/strain level of 

concrete could be estimated through tracking the changes of material and structural 

properties. 

 

7.4.2.1 RELATIONSHIP BETWEEN RESONANT FREQUENCIES - REBAR AREA  

 In Table 7-1, the frequency drops for the 3 modes were found to be 4.77 Hz   

(mode 1), 4.34Hz (mode 2) and 1.25 Hz (mode 3) respectively. The sensitivity of 

these frequency drops to the damage (reduction of steel area) was found to vary with 

different modes of vibration. Furthermore, the mode 3 resonant frequency was 

observed to be the least sensitive to the damage amongst the 3 modes. The mode 3 

frequency drop obtained was only 1.25 Hz, which was, nonetheless still larger than 

that of the test results obtained in Chapter 6 (a mere 0.87 Hz drop only). This implies 

that even the highest DSL (with all rebars cut-off) seems to have a fairly low 

influence/impact on mode 3 despite the fact that the effect of TCC has been 

substantially reduced (by introducing cracks to the concrete within tension zone). This 

small change suggests that other structural/ material properties, such as the geometry 

of the slab, the mode deformation characteristics, remaining effective TCC etc., may 

have a bigger effect/influence on the resonant frequency of mode 3 instead of the area 

of the tensile steel rebar. However, the stalemate in the small change of the resonant 

frequency of mode 3 may serve as a useful ‘bench-mark’ not only for determining the 

modal-order but also to differentiate between various types of damages or parameters 
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affecting the resonant frequency of mode 3 (i.e. damages other than steel rebar 

reduction or corrosion, the stiffness of the plate itself and so on).  

 

Besides the mode 3 frequency shift, the extent of frequency drop of mode 1 and 

mode 2 were in the same order of magnitude, i.e. 4.77 Hz and 4.35 Hz respectively. In 

Fig. 7-14, the resonant frequency shifts due to the loss of the steel rebar area of mode 

1 and mode 2 are plotted, which demonstrates that the resonant frequency of mode 1 

and 2 reduced at every prescribed stage of steel area reduction. A significant and 

sudden drop of frequency was observed after the first cut for both mode 1 and 2 but 

the reasons for/behind the drop remain unknown. Subsequent drop occurred only 

gradually with further increase of DSL. Two linear trends (as illustrated by the two 

fitted straight lines in Fig. 7-14) were obtained with the square of correlation 

coefficient (R2) for mode 1 and mode 2, which were very high at 0.9588 and 0.9545 

respectively. This does imply that the relationships of these two parameters (as 

entailed in the R2) are highly correlated with each other. Furthermore, it was found 

that the gradients of the two straight lines are almost the same (whether this was 

accidental or causal remains unconfirmed).  This suggests that not only do both modes 

have almost the same sensitivity to the damage but also provide a useful property for 

‘bench-marking’ or ‘error-checking’. The result provides clear evidence that resonant 

frequency of mode 1 and mode 2 are very sensitive to the change of global structural 

stiffness due to the imposed damages (the loss of the steel rebar area), with the pre-

condition that concrete within the tension zone is cracked, or in other words, the 

tensile stress/strain is within higher zone (to be substantiated in Section 7.4.2.C). It 

may be attributed to the fact that the steel rebars become the major provider 

(depending on the crack depth) to tensile strength of the structure to resist the moment 

imposed by the self-dead weight when the concrete in tension is cracked. Therefore, 
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for a cracked RC balcony, the loss of steel rebar area is found to be the major 

contributor to global structural stiffness changes.  

 

 

Fig. 7 – 14 Plot of the tensile steel rebar area against the resonant frequency (mode 1 and mode 2)  

 

7.4.2.2 RELATIONSHIP BETWEEN RESONANT FREQUENCY - NEUTRAL AXIS  

 According to Equation (6-3), the neutral axis position shifts corresponding to 

the various stages of damage DSL (i.e remaining effective steel rebar areas). The 

neutral axis position was found to decrease from 117.96 mm to 114.64 mm with 

increasing DSL. This is due to the fact that the neutral axis position is determined 

principally by the stress distribution and therefore, by the geometry of the balcony 

slab cross-section and the effective steel rebar area at the time (see equation 6-2). The 

loss of tensile steel rebar (As) leads to the lowering of neutral axis (in order to balance 

the tensile and compressive force contributed by the materials of a slab section within 

the tension and compression zone).  Although the neutral axis was found to shift 

slightly (a mere 3.32 mm from its original position when no damage was incurred), 
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this shift is still considerably more than that reported in Chapter 6 where the condition 

of the tensile stress/strain of concrete was lower (i.e. at only 1.43 mm).  

In Fig. 7-15, the decrease of the resonant frequency of mode 1 and mode 2, with 

the lowering of the neutral axis, is plotted. Two trends (i.e. fitted straight lines) were 

observed and established with the R2 that was obtained (0.9563 and 0.9601 

respectively). The high values imply that these two parameters (as evident in the 

respective R2) are highly correlated with each other. In other words, the prevailing 

neutral axis position can be determined/estimated by simply measuring the resonant 

frequency and by referring to the mapped ‘trajectory’. 

 

 

Fig. 7 – 15 Plot of the neutral axis position against the resonant frequency (mode 1 and mode 2)  
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7.4.2.3 RELATIONSHIP OF RESONANT FREQUENCY – MATERIAL STRESSES  

Table 7-2 summarizes the stress of various materials with various DSL. The 

results show that the initial tensile stress of concrete was 2.16N/mm2 (with NSVcon(T) 

of 0.59) and progressively increased to 3.08N/mm2 (NSVcon(T) of 0.84) at the time 

when all tensile steel rebars were completely cut-off. Using the material properties of 

concrete (as delineated in Table 6-1) measured in Chapter 6, it was found that the 

tensile strain of concrete ∊con(T) was changed from 91μ-strain to 130μ-strain. Both 

NSVcon(T) and ∊con(T) are higher than that of the ‘turning point’ identified in Chapter 5 

do. The findings in this section have proven that the ITSScon of the balcony slab was 

controlled within the higher range during the entire modal testing programme. 

 



CH.7 EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED (CRACKED) RC CANTILEVERED 
BALCONY STRUCTURE USING RESONANT FREQUENCY MEASUREMENT APPROACH  

Ch. 7-24 

Table 7-2 Summary of resonant frequencies (mode 1 and 2) and stress distribution of materials with 
various DSL (loss of steel rebar area) 

 
Resonant Frequency Damage 

Severity 
Level (DSL) 

Total area of 
rebars 
(mm2) 

Max. Compressive 
Stress in Concrete 

(N/mm2) 

Max. Tensile 
Stress in Concrete 

(N/mm2) 

Max Tensile 
Stress in Steel  

(N/mm2) Mode 1 
(Hz) 

Mode 2 
(Hz) 

undamage 1256.64 5.67 2.16 35.35 25.68 55.61 
level 1 1224.36 5.70 2.18 35.60 24.51 54.82 
level 2 1192.78 5.73 2.20 35.84 24.41 54.69 
level 3 1159.63 5.77 2.21 36.10 24.23 54.59 
level 4 1127.86 5.80 2.23 36.35 24.20 54.49 
level 5 1093.28 5.83 2.25 36.63 24.16 54.40 
level 6 1056.92 5.87 2.27 36.93 24.14 54.38 
level 7 1018.29 5.91 2.29 37.26 24.09 54.29 
level 8 987.66 5.94 2.31 37.52 24.06 54.21 
level 9 956.12 5.98 2.33 37.79 23.94 54.11 
level 10 928.34 6.01 2.35 38.03 23.91 54.09 
level 11 892.93 6.04 2.37 38.35 23.89 54.09 
level 12 861.60 6.08 2.39 38.63 23.81 54.05 
level 13 826.61 6.12 2.41 38.95 23.73 54.04 
level 14 797.48 6.15 2.43 39.22 23.48 53.95 
level 15 761.67 6.19 2.46 39.56 23.28 53.86 
level 16 718.64 6.24 2.48 39.97 23.14 53.68 
level 17 679.84 6.29 2.51 40.35 23.21 53.67 
level 18 643.72 6.34 2.54 40.71 23.11 53.49 
level 19 622.67 6.36 2.55 40.92 23.01 53.44 
level 20 587.00 6.41 2.58 41.29 23.01 53.36 
level 21 569.03 6.43 2.59 41.48 22.95 53.30 
level 22 543.52 6.46 2.61 41.75 22.89 53.23 
level 23 511.04 6.51 2.63 42.09 22.85 53.20 
level 24 490.45 6.53 2.65 42.32 22.80 53.03 
level 25 462.82 6.57 2.67 42.62 22.73 52.93 
level 26 435.73 6.61 2.69 42.92 22.63 52.80 
level 27 404.56 6.65 2.72 43.27 22.50 52.74 
level 28 369.32 6.70 2.74 43.68 22.38 52.42 
level 29 338.69 6.75 2.77 44.04 22.55 52.65 
level 30 298.85 6.81 2.80 44.51 22.43 52.51 
level 31 273.06 6.84 2.82 44.82 22.13 52.37 
level 32 254.34 6.87 2.84 45.05 21.93 52.19 
level 33 244.26 6.89 2.85 45.18 21.82 52.08 
level 34 231.20 6.91 2.86 45.34 21.70 51.70 
level 35 216.45 6.93 2.87 45.53 21.51 51.61 
level 36 196.54 6.96 2.89 45.78 21.22 51.34 
level 37 181.36 6.99 2.91 45.97 21.31 51.38 
level 38 166.61 7.01 2.92 46.16 21.18 51.21 
level 39 152.96 7.03 2.93 46.34 21.21 51.29 
level 40 137.69 7.06 2.95 46.54 21.08 51.22 
level 41 119.51 7.09 2.96 46.78 21.11 51.25 
level 42 99.14 7.12 2.98 47.05 21.17 51.32 
level 43 80.33 7.15 3.00 47.31 21.17 51.39 
level 44 59.03 7.19 3.02 47.60 21.13 51.40 
level 45 47.29 7.21 3.03 47.76 21.16 51.41 
level 46 31.67 7.23 3.05 47.98 21.16 51.43 
level 47 15.36 7.26 3.06 48.21 21.14 51.38 
level 48 0.00 7.29 3.08 0.00 20.91 51.27 
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Figs. 7-16 to 7-17 show various plots of resonant frequencies against the stress of 

different materials. The results indicate that the stresses of all materials were found to 

increase with the decrease in resonant frequencies (mode 1 and 2). The test result does 

support/provide evidence for a similar phenomenon as observed in Chapter 6. 

However, the amount of stress increment and frequency drop is much larger than the 

result obtained in Chapter 6. In addition, a number of straight-lines (depicting linear 

trends regarding resonant frequency vs. stresses of different materials for mode 1 and 

mode 2) were established and the square of correlation coefficient (R2) of all the lines 

were also found to be very high (all larger than 0.96). This implies that the resonant 

frequencies (for both mode 1 and 2) are all very sensitive to detect change of stress of 

all materials as reflected by the high values of R2 . 

 

Fig. 7 – 16 Plot of the max. instantaneous tensile stress of concrete against the resonant frequency 
(mode 1 and mode 2) 
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Fig. 7 – 17   Plot of the max. instantaneous tensile stress of steel against the resonant frequency 
      (mode 1 & mode 2)  

Fig. 7 – 18 Plot of the max. instantaneous compressive stress of concrete against the resonant frequency 
(mode 1 and mode 2) 
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The normalized stress values (NSV) of different materials within the slab section 

increased with increasing DSL (loss of tensile steel rebars area) as shown in Fig. 7-19. 

In this figure, the normalized stress increment of concrete in compression NSVcon(C) 

and steel in tension and NSVsteel(T) exhibits a much sharper gradient than that of the 

results obtained in Chapter 6 as shown in Fig. 6-21. (being 0.032 Vs 0.002 for steel 

and 0.028 Vs 0.001 for concrete). This implies that not only does the damage 

adversely affect the concrete in tension (NSVcon(T)), but also negatively influences the 

steel in tension (NSVsteel(T)) and the concrete in compression (NSVcon(C)). This is 

attributed to the fact that the concrete in tension zone was cracked and, as a result, the 

TCC can contribute only little to the global stiffness of the structure. The tensile steel 

rebars seemed to have contributed more in terms of stiffness and tensile strength to 

the structure thus resisting the moment imposed by the self dead-weight. As a result, 

any damage to the tensile steel rebar (under high ITSScon) would affect the global 

stiffness of the structure more significantly and adversely on the global stiffness of the 

structure in terms of resonant frequency drops. 
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Fig. 7 – 19 Plots of the loss of steel rebar area against the normalized stress value of various 
materials  
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7.5 SUMMARY OF FINDINGS  

Table 7-3 summarizes the changes of the structural and material properties of 

the UC-RCCBS balcony model and the various trajectories (as listed below) 

developed under a higher range of ITSScon. The findings in this chapter together with 

that in Chapter 6 provide the data sets required for the formulation of a unified 

structural performance model within both the high and low ITSS regimes to be 

described in Chapter 8  

 

Trajectories depict the relational characteristics between the following: 

1. Steel rebar area vs Resonant frequencies  

2. Neutral axis position vs Resonant frequencies  

3. Tensile stress of steel vs Resonant frequencies 

4. Tensile stress of concrete vs Resonant frequencies 

5. Compressive stress of concrete vs Resonant frequencies  
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Table 7-3 Summary of changes of material and structural properties at various DSL of the   
UC-RCCBS (Wing H) model 

 
Description of balcony slab 

Type of slab section Under-reinforced section 

Effective section depth of 

concrete slab (dcon) 

Moderate (161mm) 

Sectional Property of slab 

Width of balcony slab (b) Large (2960mm) 

Ultimate 

Tensile/Compressive strength 

of concrete 

High (3.69N/mm2 and 

55.82N/mm2) 

Yield strength of steel High (503.37N/mm2) 

Material Property 

TCC effect (Steel/Concrete 

ratio) 

High (0.48%) 

Loading Condition  Bending moment provided by 

self dead-weight 

High (18.07 kNm) 

Changing of structural and material properties during the entire experimental testing 

program 

 Beginning of test Completion of test

Damage Severity Level (DSL) 

(Loss of tensile steel rebar area) 

Nil Severe 

Type of Slab Section Under-reinforced Under-reinforced to 

‘nil-tensile-bars’ 

condition 

Neutral axis shift Small Small 

Δ NSVcon(T) Moderate (0.58) High (0.83) 

Δ NSVcon(C) Small (0.13) Small (0.15) 

Δ NSVsteel(T) Small (0.07) Small (0.096) 

 
 



CH.7 EVALUATION OF REAL PERFORMANCE OF UNDER-REINFORCED (CRACKED) RC CANTILEVERED 
BALCONY STRUCTURE USING RESONANT FREQUENCY MEASUREMENT APPROACH  

Ch. 7-31 

7.6 SUMMARY AND DISCUSSION 

 The experimental study reported in this Chapter reinforces the practicality of 

the rationale of the advocated resonant frequency measurement approach and 

demonstrates its potentials for study and evaluation of the real performance of cracked 

RC balcony structure under the conditions of high tensile stress/strain of concrete 

(ITSScon ).  

 

 The test results obtained have also proved that the resonant frequencies (of 

mode 1 and 2) are very sensitive to the detection of damages (loss of tensile steel 

rebar area), when the ITSScon is high. A number of useful trajectories (depicting a 

range of the relational characteristics between resonant frequency verse material and 

structural properties of the structure) have been established and they are able to help 

determine the real performance of the cracked cantilevered RC balcony structure. The 

experimental results obtained concur with those obtained in Chapter 5 when ITSScon is 

high.  
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8. ESTABLISHMENT OF A UNIFIED STRUCTURAL PERFORMANCE MODEL 

OF RC CANTILEVERED BALCONY STRUCTURES  

8.1  INTRODUCTION 

Based on the experimental findings obtained on the two full-scale reinforced 

concrete cantilevered balcony structure (RCCBS) models described in Chapters 6 and 

7, this research further proposes and advocates the use of a Unified Structural 

Performance (USP) Model. In this chapter, such a model will be used for 

evaluating/describing the real performance of some real life RCCBS which share 

similar structural characteristics such as sizes, spans, types of construction etc. as the 

tested balcony models.  To test the validity of this USP model, data from a number of 

real life RC balconies (each bearing the same structural characteristics) in a 36-year-

old big residential estate in Hong Kong were used to chart the so-called ‘radar’ plot. 

Not only does such a plot provide an easier and more thorough understanding of the 

effects of varying degrees of damages (loss of tensile steel rebar areas) on the 

corresponding instantaneous set of properties of the structure (dynamic, structural and 

material properties) but also it is capable of characterizing their actual performance. 

Within this model, two different performance regimes, as demarcated by the 

magnitudes of the instantaneous tensile stress/strain of concrete (lower/higher 

ITSScon), are considered for these RC balcony structures. 

 
Using the measured resonant frequencies (the first three lowest modes) of the 

real life balconies, the prevailing real structural performance of the tested balconies 

can be shown to reconcile with the proposed USP model. For easy comparison, the 

respective structural and materials properties of the two tested RC balcony 

models/structures are summarized in Table 8-1. 
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Table 8-1 Summary of the respective structural and materials properties of the two tested RCCBS 
models/structures 

 
Description of balcony slab 

 Wing K Wing H 

Type of slab section Under-reinforced section 

TCC effect (Steel-Concrete 

Area Ratio) 

Very High 

(0.26%) 

High           

(0.48%) 

Effective section depth of 

concrete slab (dcon) 

Large   (206mm)  Moderate 

(161mm) 

Sectional properties 

of slab 

Width of balcony slab (b) Large (2960mm) 

Ultimate Tensile/Compressive 

strength of concrete 

High (3.69N/mm2 and 55.82N/mm2) Material properties 

Yield strength of steel High (503.37N/mm2) 

Loading/span 

conditions 

Bending moment provided by 

self dead-weight 

High (18.07 kNm) 

The change of Structural and material properties of the two tested balcony models/structures 

under different performance regimes 

Performance regime of RC balcony model  

ITSScon (Low) ITSScon(High) 

Damage Severity Level (DSL) Nil> Severe 

Type of slab section Under-reinforced> bare concrete condition 

Δ Neutral axis Very small > Very small Small>Small 

Δ NSVcon(T) Small > Moderate Moderate>High  

Δ NSVcon(C) Very small > Very small Small>Small 

Δ NSVsteel(T) Very small > Very small Small>Small 

Remarks: 
ITSScon (Low) represents the lower range of instantaneous tensile stress/strain of concrete (where the 
NSVcon(T) is lower than 0.55 or the ∊con(T) reaches 75μ-strain as reported in Chapter 5) and , 
ITSScon(High) represents the higher range of tensile stress/strain of concrete 
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8.2 DEMARCATION OF PERFORMANCE REGIMES OF RCCBS BASED ON ITSS CON 

VALUES  

 
By assembling/assimilating information regarding the individual performance 

in terms of resonant frequencies (dynamic properties) as well as their structural and 

material properties (called balcony parameters) of the two RCCBS models in the form 

of ‘radar’ plot, pictorial phenomenological/behavioral models are derived as shown in 

Fig. 8-1 and 8-2.  These figures depict, albeit empirically, a more updated, thorough 

and unified relationship between the said balcony parameters obtained from the 

experiments encompassing different performance regimes (both low and high values 

of ITSScon) of RCCBS. 

 

8.2.1 LOWER RANGE OF INSTANTANEOUS TENSILE STRESS/STRAIN OF CONCRETE  

According to the experimental results obtained and reported in Chapter 5, a 

turning point (TP) was observed and identified when the NSVcon(T) reaches around 

0.55 or the ∊con(T) reaches around 75μ-strain. The resonant frequencies of the tested 

structure (of mode 1 and mode 2) were found to be less sensitive to the damage (in 

terms of loss of tensile steel rebar area) before the TP i.e. when the ITSScon values 

were low (which is defined as the lower range of ITSS). Within this lower range, this 

insensitivity is thought to be due to the fact that the contribution of the steel rebar to 

the global stiffness of the structure was only slight especially when the bending 

moment produced by the self-dead weight was relatively small (low loading 

condition). At this state, the tensile stress of the slab was very low and the tensile 

stress within the tension zone of the slab section was mostly taken up by TCC. The 

TCC was the main contributor to the global stiffness of the tested models/structures 

rather than the steel rebars. As a result, any damages introduced to the tensile steel 
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rebars did not significantly alter the structural stiffness. Therefore, the resonant 

frequency was insensitive to the damage.  

 

The first performance regime of RCCBS model (lower range of ITSScon) is 

investigated and various trajectories (as illustrated by the various coloured lines each 

depicting the empirical relationships between the balcony parameters) were 

established by the test result obtained on the first full-scale RC balcony 

model/structure (called type ‘Wing K’). This test, which has been described in 

Chapter 6, allows one to chart (as well as to evaluate as delineated in Section 8.5 

below using the field data) the changes of real performance of the tested structure. 

These trajectories enable one to graphically spot the changes of the different balcony 

parameters at various severity of damage with very little difficulty. For easy and 

uniform comparison, each of the trajectories is also charted with normalized scaling 

and shown in Fig.8-1. 
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Remarks: 
1. Data of the empirical relationships between the balcony parameters, such as resonant frequencies (mode 2 

and mode 3), neutral axis position and material stresses, are extracted from Figs. 6-17 to 6-21. 
2. The changes of resonant frequencies, tensile steel rebar area, neutral axis position and second moment of 

area of the cross-section are in normalized scale, which obtained by dividing the instantaneous value and the 
initial value. 

3. The changes of normalized stress value of different materials within the slab section are extracted from 
Fig.6-21  

 
Fig. 8 – 1 Plot of the empirical relationship between various balcony parameters of type ‘Wing K’ RC 

cantilevered balcony model/structures (in a normalized scale) under lower range of ITSScon 
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The plot depicts another fact that all of the dynamic, structural and material 

property changes/shifts due to the damage (loss of tensile steel rebar area) are very 

small in spite of the fact that the degree of damage introduced was severe.  

 

The small changes of these balcony parameters can be explained through the 

material section I-value consideration. The effective I-value of the slab section is 

known to be one of the critical properties in governing stiffness and therefore, 

contributes to the dynamic properties of a structure (to be discussed in detail in 

Section 8.4 below). The resulting ‘loss of I-value’ due to the prescribed damage is 

found to be only 5.01% as illustrated in Fig.8-1 (please take note of the normalized 

scale used in plotting). This is thought to be attributed to the fact that the sectional 

area of concrete is considerably large (i.e. as reflected by the 0.26% steel-concrete 

area ratio) and thus the effect of TCC is also proportionally larger. Unlike concrete, 

the contribution of the tensile steel rebars (i.e. small steel-concrete area ratio) to the I-

value of the slab section is therefore, also very small. As a result, it is perceived only a 

minor effect on the various balcony parameters especially the resonant frequency shift 

when the damage is introduced.  

 

However, it is worth mentioning that the contribution of the tensile steel rebars to 

the effective I-value not only depends on the effective areas of the two materials alone, 

but also on the value of ITSScon which, in turn, depends on the extent of participation 

(EOP) of tensile steel rebars (in terms of the effectiveness of anchorage and composite 

action in stressing-up the tensile steel rebars in concrete). Therefore, it must be 

emphasized that both the nominal I-value (assumed all areas present are effective) as 

well as the EOP (determined by the value of ITSScon) are crucial considerations which 
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are embodied in the introduction of the TCC effects in determining the global stiffness 

of RCCBS.  

 

8.2.2 HIGHER RANGE OF INSTANTANEOUS TENSILE STRESS/STRAIN OF CONCRETE  

The second performance regime of the RCCBS model is investigated for 

higher values of ITSScon. Another set of trajectories (empirical relationship between 

different balcony parameters) were established (using the experimental data/results 

obtained on the second full-scale balcony model called Type ‘Wing H”) as reported in 

Chapter 7. 

 

The ‘radar’ plot (illustrated in Fig.8-2) assembles a set of empirical 

relationships between various balcony parameters of the tested balcony 

model/structure. It is found that all of the balcony properties (including dynamic, 

structural and material properties) changed significantly as the severity of damages 

increased. As reported in Chapters 5 and 7, the resonant frequencies of the tested 

structures were found to be more sensitive to the damage (loss of tensile steel rebar 

area) after the TP, where the values of ITSScon were high. At this state, the role of 

tensile steel rebar becomes crucial and more important to the global stiffness of the 

structure especially with gradual decrease of the TCC effect. As a result, damage 

introduced on the tensile steel rebars leads to more changes on the balcony parameters, 

in particular to the resonant frequencies of the structure.  

 

The resulting ‘loss of I-value’ depicted in this plot is found to be 24.42%, 

which is considered much higher than that of the results obtained when the values of 

ITSScon is low (only 5.01%). This is thought to be due to the fact that the sectional 

area of concrete was reduced significantly by creating artificial cracks to the concrete 
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within the tension zone at the onset of the experiment (the detailed methodology has 

been already reported in Section 7.2.1). As a result, the effect of TCC was reduced 

due to the loss of the effective concrete area in the tension zone. Correspondingly, the 

percentage of tensile steel rebars area was, therefore, proportionally larger (i.e. steel-

concrete area ratio is around 0.48%), and the contribution of the tensile steel rebars to 

the I-value was large as a consequence. It should be emphasized that by so doing, the 

value of ITSScon was increased (due to loss of effective concrete area) without the 

need of imposing additional load to the structure. So, the EOP of tensile steel rebars 

had also increased with the change in the effective I-value of the slab section (owing 

to the concrete component). At this state, it was found that any damage introduced to 

the tensile steel rebars would start to induce big changes on the various balcony 

properties of the structure as well as the resonant frequencies of the structure. 
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Remarks: 

1. Data of the empirical relationships between the balcony parameters, such as resonant frequencies (mode 1 
and mode 2), neutral axis position and material stresses are extracted from Figs. 7-14 to 7-18. 

2. The changes resonant frequencies, tensile steel rebar area, neutral axis position and second moment of area 
of the cross-section are in normalized scale, which obtained by dividing the instantaneous value and the 
initial value. 

3. The changes of normalized stress value of different materials within the slab section are extracted from 
Fig.7-19  

 
Fig. 8 – 2 Plot of the empirical relationship between various balcony parameters of type ‘Wing H’ RC 

cantilevered balcony model/structures (in a normalized scale) under the higher range of 
ITSScon 
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8.3 UNIFIED STRUCTURAL PERFORMANCE MODEL ENCOMPASSING 

HIGHER/LOWER RANGES OF ITSSCON  

The USP model advocated and proposed in this research can now be 

established and formulated using a set of empirical relationships encompassing the 

two performance regimes (i.e. higher/lower ranges of ITSScon) of RCCBS models as 

described in Section 8.2. This model is believed to be highly useful and informative to 

describe/estimate the instantaneous state of various balcony parameters of both types 

Wing H and Wing K balcony structures at various degrees of damage. The frequency 

data measured from some real-life balconies (of the same structural characteristics 

shared between themselves as well as the two tested balcony models) can then be 

charted under the USP model (in the form of polygon diagram as depicted in Fig. 8-3). 

This exercise, not only allows a check on the validity of the model, but also gives us a 

tool to evaluate the real performance of these real-life RC balconies.  

 

Under the USP model, the dynamic, material and structural properties of 

RCCBS are manifested in a tied relationship (i.e. an increase/decrease of one property 

always leads to an increase/decrease of another). The resonant frequencies shift from 

the outliers to the inliers of the polygon with decreasing amplitudes whilst the severity 

of damage increases in the direction of the arrow (as depicted in Fig. 8-3). The rest of 

the balcony parameters (i.e. n, σsteel(T), σcon(T), σcon(C)) decrease in values along the 

direction of the arrow simultaneously. Using this USP model, the instantaneous values 

of both structural and material properties of these real life balcony structures can be 

obtained by simply measuring and charting the instantaneous resonant frequencies of 

a particular balcony (of the same structural characteristics). 
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Remarks: 
1. Values of various properties of the USP model are extracted from Figs. 6-17 to 6-21 and Figs. 7-14 to 7-18. 
2. Two ranges (Higher/Lower) of ITSScon are determined within this USP model. 
3. The application of the USP model to evaluate the real performance of type Wing H and Wing K balcony 

structure depends on the correct selection of the range of ITSScon  
4. The changes of material and structural properties of tested structures are delineated in Table 8-1. 
5. The signal-to-noise ratio of mode 1 resonant frequency (lower range of ITSScon) is considered not good 

enough and the reason has been explained in Section 6.5.1. 
6. The values of different properties of the structure in each axis are on arbitrary scale. 
 
 
 
Fig. 8 – 3 Unified Structural Performance (USP) model of RC balcony slabs (Type Wing H & K) 

under different performance regimes (higher/lower ranges of ITSScon) 
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8.4 EXPLANATORY NOTES OF CAUTION IN APPLYING THE UNIFIED STRUCTURAL 

PERFORMANCE MODELS  

In applying the USP model for assessing the real performance of RCCBS, 

three notes of caution have to be stated and are elaborated below: 

 

8.4.1 PHYSICAL DIMENSION AND STRUCTURAL FORM OF BALCONY SLAB  

When a beam is subject to flexure (under normal design dead and imposed 

loads), the flexural stiffness (EI) of the beam is one of the critical physical parameters 

in governing the global stiffness of the structure (k) and any change in k will 

subsequently alter the dynamic properties of a structure. It should be noted that the 

second moment of area (or I-value about the neutral axis) varies according to the 

physical dimensions and forms of the structural/material section; in particular the 

effective depth of the section as illustrated in Equation (6-4). Hence, the USP model 

shown and depicted in Fig. 8-3 cannot be extended to other RCCBS with different 

physical size and structural form. A separate USP model has to be developed. 

 

8.4.2 ULTIMATE COMPRESSIVE AND TENSILE STRENGTH OF CONCRETE  

The flexural stiffness of a beam is governed by the product of modulus of 

elasticity (E) and the second moment of area (I). A number of standards and literature 

are available to provide an understanding of the empirical relationships between the 

compressive strength of concrete and the modulus of elasticity (E). The British 

Standard for the Structural Use of Concrete BS 8110: Part 2: 1985 has tabulated 

typical values of the static modulus of elasticity for various values of cube strength 

with the same age. In general, higher static modulus of elasticity possesses higher 28-

day concrete compressive strength (with similar aggregate size distribution and 

cement contents). As a result and under normal circumstances, a slab possessing high 
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concrete strength also possesses higher modulus of elasticity (E) and therefore, higher 

resonant frequency than that of a structure with low concrete strength. Hence, 

concrete strength values are the influential parametric variable in the USP model. 

 

8.4.3 SUPPORTING STRUCTURE OF BALCONY SLAB  

As discussed in Section 6.2.1, both Wing H and Wing K balconies were 

supported by a 1000mm thick RC wall with a 500mm thick RC pedestal base. The 

stiffness of the supporting structure was much higher than that of the balcony slab (the 

ratio of the I-value of the slab and the vertical wall section being around 1:316). The 

dynamic behaviour (resonant frequency) of the balcony slab was in effect decoupled 

from the dynamic behaviour of the supporting structure. The high stiffness ratio 

minimizes any unexpected disturbance/vibration from the wall as well as its ambient 

environment. However, the common type of supporting structure for most real life 

balconies are in the form of a small section RC beam (running along the support end 

and perpendicular to the span). The stiffness of these beams is much lower than the 

thick/stiff RC wall. As a result, the dynamic behaviour (resonant frequencies) of the 

real life balconies may be coupled with that of the RC beams.  The test results 

obtained and reported in Chapter 6 and Chapter 7, given the scope of this study, may 

not be fully representative. Hence, stiffness ratio is another influential parametric 

variable in the USP model. 
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8.4.4 FLOOR FINISHES MATERIALS  

In normal circumstances, the different types of floor finishes materials are not 

contributive to the structural stiffness/performance of the balcony. On the contrary, 

laying floor finishes that are too thick will impose additional live-load on the balcony 

structure (architectural finishes without any contribution to stiffness). This action will 

even jeopardize the structural dynamic behaviour of the structure: in particular in 

lowering resonant frequency of mode 1 (bending mode). On the other hand, if the 

finish is not architectural but ‘structural’ and contributive to stiffness (if the finishing 

materials can bond perfectly with the existing slab surface), then even thin finish can 

change/increase the resonant frequencies, particularly the warping modes, as the slab 

is stiffer to resist torsion. This observation/phenomenon was noted in the field test 

results and will be discussed in more detail in Section 8.5.4.A. 

 

8.5 APPLICATION OF USP MODEL TO REAL-LIFE RC CANTILEVERED 

BALCONIES IN THE FIELD  

The unified structural health model described so far will now be extended to 

possible implementation in the field to evaluate the real performance of some real-life 

RC balcony structures. This section will present the field test results measured from a 

number of real-life balconies in a large-scale residential estate in Hong Kong. The 

rationale for this exercise is to show how the USP model can be applied to 

assess/evaluate the prevailing structural condition of these balconies. 

 

8.5.1 BACKGROUND BUILDING INFORMATION OF MEI FOO SUN CHUEN  

The field test was carried out in Mei Foo Sun Chuen (Figs. 8-4 and 8-5), 

which is the first largest private residential development in Hong Kong. The first 

phase of Mei Foo Sun Chuen was constructed around 1969. In the following 10 years, 
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the estate expanded to a total of 8 phases (including 213 blocks), accommodating up 

to 60,000 peoples in 13,500 apartments (most with balconies). 

 

 
Fig. 8 – 4 Overall site map of Mei Foo Sun Chuen (Source: Centaline Property Agency Ltd.) 

 
 

 
Fig. 8 – 5 Overall view of Mei Foo Sun Chuen 
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The main reason of the choice of Mei Foo Sun Cheun (MFSC) for the field 

application is that the estate possesses a large number (perhaps even the largest in the 

world!) of RCCBS in Hong Kong with identical sizes and structural forms. This 

favours the use of the USP model to inspect the structural condition as a large number 

of RCCBS is involved and no other practical inspection technique is available to cope.  

 

The structural form and physical size of the so-called Type ‘Wing H’ and ‘Wing 

K’ balcony (totaling 1,800 of these type of balconies existed inside the estate) are 

essentially the same except having different reinforcement details/arrangements (as 

reported in Section 6.2.1 and Section 7.2.1). In this field trial/investigation, a total of 

22 balconies (of Types Wing H and K) were inspected and the locations of these 

balconies inside the estate are illustrated in Fig.8-6. 

 
 
Location of 
inspected 

balconies  
 

Fig. 8 – 6 Location of inspected balconies in Mei Foo Sun Chuen  

(Source: Centaline Property Agency Ltd.) 
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8.5.2 DESCRIPTION OF THE INSPECTED BALCONIES  

The structural form of these inspected balconies is considered to be the pure 

cantilevered type structure and they are located within the Phase 4 Development of 

the estate (flats A and D). These balconies are each projected out of a bedroom of a 

flat and supported by a longitudinal RC beam running along supported end of the 

balcony slab. The typical layout and overall view of these flats are shown in Fig. 8-7. 

The detail description of each individual balcony is given in Appendix C. 

 

 

 
 
 

 
Inspected 
balcony 
 
RC 
supporting 
beam 
 

(a)  (b) 
 
Remarks :  

Location of inspected balconies BLK 85,87,89,95, 97,99 Flat A and C 
Number of floor per block 20 
Floor area of the flat 1050 sq. ft. 
Number of Bed Room 3 
 
Fig. 8 – 7 Typical floor layout (a) and overall view (b) of the Flat A and C 
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8.5.3 CHARACTERIZATION OF MODE OF VIBRATION  

Before conducting resonant frequencies measurement of the real-life balconies, 

an important pre-requisite step needed was the characterization of the vibration modes. 

This process assures that the correct modal order and the characteristic of respective 

modes of these balconies are identified and that the same modal characteristics are 

used for comparison and tracking. In other words, it has to be established that results 

obtained from the two full-scale models of the control balconies (as reported in 

Chapter 6 and 7) applies to the balconies tested.  

 

A full data set of FRF data were first acquired for the balcony at Flat 18A of 

Block 95. A typical FRF plot is shown in Fig. 8-8 and a total of three dominant modes 

(bending mode, warping and higher order warping mode) were identified within the 0-

200Hz bandwidth. These results confirm that the modal order and the characteristics 

of these dominant modes are the same as those obtained from the two full-scale 

models. It also confirms that the structural and dynamic characteristics of these real 

balconies are broadly the same as the two full-scale models.  
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Fig. 8 – 8 Typical FRF plot and mode shape identification of the flat 18A balcony at block 85 
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8.5.4 FIELD TEST RESULTS AND DATA ANALYSIS  

A quicker and simpler partial-modal test/analysis (as described and advocated 

in Chapter 6 and 7) was adopted to measure only the resonant frequencies of 

balconies (as the full modal testing takes more time often prohibited by most existing 

tenants). A total of 6 measurement points were predetermined along the free-end of 

the balcony (as illustrated in Fig. 8-9), where sufficient signal strength of the 

structure’s (acceleration) response is expected to be higher and acquired with a better 

SNR. The resonant frequencies obtained from each inspected balcony at different 

measurement points were then averaged (as summarized in Table 8-2). 

 

 

 

 

 

 

 

   

 

 

Fig. 8 – 9 Typical layout/position of measurement points of each inspected balcony 
 

Location of 
measurement 
point (FRF data) 
point 
measurement 

Point 1 

Point 2 

Point 3 

Point 4 

Point 5 

Point 6 
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Table 8-2 Field test results of twenty-two real-life balconies in MFSC 

Location and type of inspected balconies Resonant Frequencies (Hz) 

Type of 
balcony 

Block and 
flat number 

Floor 
finishes 

Mode 1 Mode 2 Mode 3 

85-16A Mosaic tile 31.21 57.44 140.40 

85-19C Ceramic tile 33.60 63.96 147.67 

85 5A Mosaic tile 32.35 59.29 137.09 

85 6C Ceramic tile 34.00 63.50 158.92 

87 11A Mosaic tile 28.95 53.77 138.23 

87 15A Ceramic tile 37.40 64.06 163.31 

87 9A Mosaic tile 31.56 56.00 136.95 

97 6C Mosaic tile 31.17 58.69 137.79 

97 7C Ceramic tile 38.79 63.69 156.71 

97 9A Mosaic tile 31.38 60.65 141.68 

97 10C Ceramic tile 36.75 63.48 158.08 

97 11A Ceramic tile 37.06 60.52 151.65 

97 14C Ceramic tile 36.84 63.44 164.22 

97 17C Ceramic tile 36.08 64.54 159.91 

99 8A Ceramic tile 32.85 61.75 169.45 

99 11A Ceramic tile 36.27 64.58 162.54 

99 16C Ceramic tile 34.96 64.23 164.75 

Wing H 

99 17A Ceramic tile 36.42 65.10 160.97 

89 8C Ceramic tile 33.15 63.19 144.83 

89 14C Ceramic tile 32.45 62.95 150.75 

95 14A Ceramic tile 34.42 62.58 157.58 

Wing K 

95 18A Mosaic tile 31.29 59.13 138.00 

Remarks: 
1. The condition of each inspected balcony is described and illustrated in Appendix C. 
2. The standard floor finishes of balcony slab when handed-over is mosaic tile. The balconies 

finished with ceramic tile are re-laid by the individual flat owner.  
3. The measurement base band of the FFT analyzer was set from 0-500Hz and the resonant 

frequencies with the bandwidth of 1-200Hz were analyzed and presented in this table. 
4. Any existing objects, such as flower pot, washing machine and etc, placed on the balcony did 

not been removed during the measurement of the FRF data of the tested structure/balcony. 
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8.5.4.1 FLOOR FINISHES MATERIALS AFFECTING THE RESONANT FREQUENCIES  

The standard floor finishes of these balconies was mosaic tile (MT) when 

handed-over. However, some balconies were found to have a different floor finish in 

the form of a layer of ceramic tile (CT) laid on top of the existing mosaic tiles. Based 

on the field application results, it was observed that the resonant frequencies (mode 1 

to mode 3) of the balconies (both type Wing H and K) finished with mosaic tile were 

found generally lower than that of those balconies finished with ceramic tile. The 

averaged resonant frequencies of balconies with two different floor finishes are 

summarized in Table 8-3. 

 

Table 8-3 Averaged resonant frequencies of balconies (22 samples) with different floor finishes 

materials 

Averaged resonant frequencies (Hz) 
Type of balcony Floor finishes 

Mode 1 Mode 2 Mode 3 

Wing H mosaic tile 31.10 57.64 138.69 

 ceramic tile 35.92 63.57 159.85 

Wing K mosaic tile 31.29 59.13 138.00 

 ceramic tile 33.34 62.91 143.15 

 
As discussed in Section 8.4.4, the difference in resonant frequencies with 

different floor finishes is believed to be attributed to the variation of total effective 

thickness of the floor slab (i.e. whether the tiles are architectural or ‘structural’ 

depending on the bonding). The total thickness of the balcony slab finished with CT is 

generally thicker than the balconies finished with MT. As a result, the balcony slabs 

(with CT) possesses higher in-plane stiffness than those of the balcony slabs (with 

MT), assuming good bonding between the floor tiles and the slab is achieved.  

 

The increase in the in-plane stiffness of the balcony slab leads to higher 

resonant frequencies of both bending and torsional modes. However, the increase in 
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resonant frequency due to the increase in the in-plane stiffness does not necessarily 

improve the structural stiffness and connections between the slab and the support wall 

or beam (i.e. ‘structural integrity’ as a reflection of whether support failure in 

immanent). In fact, the laying of thick floor tiles may even lead to deterioration of the 

structural integrity of the balcony structure due to the increase of additional 

mass/loads imposed on the structure.  

 

Therefore, it has to be emphasized that a balcony that possesses higher 

resonant frequencies (of modes other than the first bending mode) may not imply 

higher/better ‘structural integrity’ than a balcony with lower resonant frequencies if 

the modes are not associated with the structural conditions at the support. A thorough 

investigation and understanding of the prevailing condition of the balcony structure 

must be carried out and the notes of caution described in Section 8.2 must be carefully 

taken/considered to avoid making the wrong diagnosis. 

 

8.5.4.2 EVALUATE THE REAL PERFORMANCE OF REAL-LIFE RC BALCONIES USING 

USP MODEL 

The resonant frequencies tabulated in Table 8-2 are further used to chart the 

USP model established in Section 8.4, as shown in Fig. 8-10. In this figure, the 

resonant frequencies of most balconies were found, in general, to be scattered within 

the outliers of the polygon diagram and outside the specified ranges of ITSScon. As 

already explained in Section 8.2, several factors may affect the resonant frequencies 

and cause the resonant frequencies to displace from the frequency ranges depicted in 

the USP model. In particular, it is believed that the size effect (thickness of concrete 

slab section) is presumably the major reason leading to such deviations.  
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The usual visual inspection, by marking a few reference points on the vertical 

formwork, is the common method adopted for thickness control during the 

casting/concreting of balcony slabs. The accuracy provided by this method is, in fact, 

very low and naturally considered unreliable. This leads to the variation of the 

finished slab with thickness larger than specified which can vary from +10mm to 

+30mm. Such variation of the slab thickness alters the TCC/ITSScon of each balcony 

(i.e. differs from those of the control models and hence, further displaced from the 

expected frequency ranges).  

 

Despite this observation/phenomenon, some resonant frequencies of six 

balconies were found to be scattered within the specified ranges of ITSScon in the USP 

model. In Fig. 8-10, the red dotted lines (connecting three different resonant 

frequencies) illustrate the balconies possessing at least one resonant frequency (either 

fm1, fm2, or fm3) within the specified frequency range. It is further observed that none of 

these balconies possessed all resonant frequencies that fall within the specified range. 

It is attributed to the fact that other factors (as described in Section 8.2) may have 

affected the modes (resonant frequencies) differently.  
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Remarks: 
1. The USP model are established and formulated in Section 8.4 and presented in Fig.10-3 
2. Total 22 real-life balconies were inspected and the detail results are available in Table 10-2. 
3. Note of caution is needed, as described in Section 8.2 must be considered. 
4. The material and structural properties of the structure are delineated in Table 10-1. 
5. The signal-to-noise ratio of mode 1 resonant frequency (lower range of ITSScon) is considered not good 

enough, which has been explained in Section 6.4.1. 
6. The values of different properties of the structure in each axis follow an arbitrary scale. 
 
Fig. 8– 10 Plot of resonant frequencies of real-life balconies on the USP model 
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8.5 SUMMARY AND DISCUSSION 

This chapter has described the establishment and formulation of a Unified 

Structural Performance (USP) model applicable for describing the real performance of 

RC cantilevered balcony structures within the two performance regimes (higher/lower 

range of ITSScon) using experimental results obtained from two full-scale tested 

models.  

 

The proposed USP model seems capable of providing an unique capability to 

chart the changes in the real performance of these balcony structures governed by the 

various properties of the structure (dynamic, structural and material properties) 

suffered from varying degrees of damages (loss of tensile steel rebar). The USP model 

has shown to enhance a basic understanding of the material/structural properties of the 

RCCBS and their inter-relationship with the resonant frequencies of various modes 

(bending, warping and higher order warping mode). In addition, it is found that the 

contribution of tensile steel rebar to the I-value of the slab section is not only 

dependent on the sectional area of materials, but also dependent on the extent of 

participation of tensile steel rebars (which determines the effectiveness of contribution 

of tensile steel rebars to the I-value of the slab).  

 

The frequency data obtained from a number of real-life balconies in MFSC 

were used and charted in the USP model. The corresponding set of instantaneous 

balcony parameters can be obtained from the USP model which is useful for 

evaluating the real performance of balconies. Although the results (using the resonant 

frequencies) show that most balconies are not within the frequency range of the two 

prescribed performance regimes (as discriminated by high/low value of ITSScon), 

possibly due to some uncertainties pertaining to the prevailing structural/non-



CH.8 ESTABLISHMENT OF A UNIFIED STRUCTURAL PERFORMANCE MODEL OF RC CANTILEVERED 
BALCONY STRUCTURES 

Ch. 8-27 

structural conditions as described in the Section 8.4. However, the dynamic 

characteristics of all the inspected real-life balconies (in terms of modal order, mode 

shapes and resonant frequencies of lowest three modes) are found to have a similar 

order and shape to that of the two balcony models/structures tested in the laboratory.  

 

This implies that further refinement of the performance regimes and other 

influential parameters may need to be established in order to describe the real-life 

balconies more effectively. Indeed it goes without saying that cautions must be 

exercised to avoid mis-interpretation or wrong diagnosis regarding the real 

performance of these real-life balconies. 
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9. LIMITATIONS OF THIS RESEARCH AND RECOMMENDATIONS FOR 

FUTURE RESEARCH  

A number of limitations of this research and recommendations for future 

research are delineated as follows. 

 

1. The phenomenological USP model proposed in this research has shown promise 

and is beneficial for evaluating the real performance of a number of tested real-

life RC cantilevered balcony structures in the field (Mei Foo Sun Chuen). The 

USP model was established and formulated using test results based on several 

coordinated experimental modal testing programmes on the two full-scale 

reinforced concrete cantilevered balcony structure (RCCBS) models covering the 

two different performance regimes (high /low range of ITSScon).  The USP model 

depicts/ascertains the empirical relationships amongst different balcony 

parameters (i.e. dynamic, structural and materials properties) within the 

prescribed performance regime. However, the successful application to general 

field applications and extension of the USP model to situations outside the tested 

conditions (e.g. with different ranges of ITSScon between the high and low TCC 

conditions) requires further investigation. Therefore, further research/test is 

required to map out the full performance regimes before the USP model can be 

used for describing/evaluating the real performance of real-life balconies with 

similar structural characteristics. 

 
2. The two full-scale RCCBS models as described in Chapter 6 and 7 were 

structurally supported by a 1000mm thick RC wall on a massive RC pedestal 

base. The rationale of using this support structure is that it can minimize 

unexpected disturbance from the ambient environment and therefore, better 
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signal-to-noise ratio can be achieved in the dynamic tests and measurements. 

However, such supporting mechanism often differ from the real-life balconies 

especially those in MFSC (each supported by a relatively slender RC beam). The 

extra support stiffness/flexibility of the RC beam is probably one of reasons 

leading to deviations of the resonant frequencies of the MFSC balconies 

incorporated within the USP model. Further study on the effect of support-

stiffness/flexibility, especially torsion of the supporting structure on resonant 

frequencies, should be carried out to further extend the findings reported in this 

thesis.  

 
3. Another important finding from the field test results is the observable effect of 

floor finishing materials on the resonant frequencies (depicted as different 

trajectories in the USP model). It was found that the balconies with mosaic tiles 

were generally found to possess lower resonant frequencies than that of the 

balconies with ceramic tiles. This is thought to be attributed to the fact that the 

ceramic tiles were directly laid on top of the existing mosaic tile and hence 

increased the slab thickness structurally (flexural plate-stiffness of the balcony 

slab and not the afore-mentioned support-stiffness is increased). As a result, the 

resonant frequencies of all the 3 measured modes (mode 1 to 3) of these 2 

finishing conditions differ. However, the thickening of the slab will not improve 

the structural integrity/performance of the balcony structure as the support-

stiffness will not increase since no structural connection between the flooring 

materials and the supporting structure has been made. Therefore, the effects of 

different floor finishing materials/thickness, which seems to be an important 

criterion in the evaluation of real performance, should be further 

investigated/identified.   
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4. Another contribution of this research is the revelation of the importance/effect of 

TCC on the behaviour of RC cantilevered balcony structure. The effect of TCC 

is determined by the cross-sectional area of the slab as well as the material 

properties of concrete (i.e. ultimate tensile/compressive strength of concrete). 

Higher ultimate strength of concrete is expected to possess higher dynamic 

modulus of elasticity (as stated/described by most international standard testing 

methods such as BS1881: Part 5 and ASTM C215-02) hence higher resonant 

frequency of the balcony structure. The experimental balcony structures chosen 

in this study adopt only one specified concrete mix, the effects of different 

ultimate strengths of concrete mixes should be studied and their respective 

trajectories need to be incorporated to produce a more comprehensive 

phenomenological USP model.  

 
5. On the basis of the blueprint provided by this study, extensive application of 

USP model to evaluate the real performance of other real-life RC cantilevered 

balconies/structures should be encouraged and carried out to build confidence in 

the validity of the UPSM model. Furthermore, continuous 

monitoring/measurement of resonant frequencies of real-life balconies (using 

remote data acquisition technique) is indeed highly recommended. These 

continuous monitoring/measurement system should also be 

integrated/amalgamated with the more popular building maintenance system, 

called ‘Computerized Maintenance Management System’ (CMMS), so that early 

warning of potential hazards/failures can be provided to building owners if any 

defective balcony structure is detected and appropriate associated 

repair/maintenance works can be prompted. 



CH.9 LIMITATIONS OF THIS RESEARCH AND RECOMMENDATIONS FOR FUTURE RESEARCH  

Ch. 9-4 

This brief chapter has delineated the inevitable limitations of this study and 

recommended ways in which these limitations could be overcome with further 

research in order to enhance the establishment and formulation of a performance-

based phenomenon model that has been the objective of this research. 
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10. CONTRIBUTIONS TO KNOWLEDGE  

This research has contributed to a more thorough understanding of the real 

performance of a particular type of reinforced concrete cantilevered balcony 

structures (RCCBS) through understanding the inter-relationships among three 

aspects. First, changes of instantaneous structural and materials properties of these 

RCCBS; second, changes of steel rebar areas (the loss of tensile steel rebar area 

suffered from some degrees of artificial/natural damage) on RCCBS; and third, the 

resonant frequencies (i.e. the inter-relationships between dynamic, material and 

structural properties). To this endeavor, an effective control damage strategy (by bar-

cutting) was advocated and adopted in this research, which enables one to quantify the 

severity of damage more accurately (which was hitherto not possible before by 

existing techniques such as the static loading-to-failure strategy). Also, it allows a 

viable means of determination/prediction of the instantaneous/inherent changes in 

structural and materials properties albeit by structural calculation since direct 

measurement of these properties, if not impossible, is not readily available. This 

research has also devised a so-called Unified Structural Performance (USP) model 

which has been shown to be highly useful as it provides an easier and effective means 

to monitor the real performance of RCCBS by simply tracking/charting the resonant 

frequencies within the USP model.  

 

10.1  PIONEERING THE USE OF RESONANT FREQUENCY MEASUREMENT FOR 

EVALUATING THE REAL PERFORMANCE OF REINFORCED CONCRETE 

CANTILEVERED BALCONY STRUCTURES (RCCBS) 

The modal analysis community of researchers focuses more on advanced 

modal testing and analysis methodologies. Such endeavor is often expensive and can 

only be applied sparingly to one-off famous land-mark type structures, such as famous 
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bridges and buildings. Wider applications to more general mundane structures are 

scarce in number. In this research, the well-established modal testing and analysis 

methodology was used instead as a tool to probe, non-destructively and non-

invasively, into the real performance of RCCBS by understanding the inter-

relationships between a structure’s dynamic, structural and material properties, the 

effects of tensile steel rebar areas and, in particular, the tensile capacity of concrete 

(TCC).  

 

Trajectories were established by plotting the sets of measured resonant frequency 

shifts against the following parameters: loss of tensile steel rebar area and the 

structural and material properties (based on the three RCCBS models with different 

structural characteristics and loading conditions). The latter, i.e. structural and 

material properties (i.e. the neutral axis position and stress distribution of materials 

inside the slab section) at varying steel rebar areas, were determined using the 

measured data and the fundamental constitutive laws/equations and bending theory 

for reinforced concrete structures/elements. As a result, the instantaneous/inherent 

values of the structural and material properties can be visually 

represented/traced/checked by referring to the charted trajectories. 

 

The common damage strategy/method adopted in many past studies (as 

discussed and reviewed in Chapter 2) were mainly by a so-called ‘static loading-to-

failure’ strategy i.e. by imposing static loadings on the tested structures at 

predetermined step size until failure. The resulting load-deflection 

relationship/performance of the tested structure at moderate loads as well as ultimate 

loads of the tested structure can be determined accurately. The findings from these 

tests were then used for either verifying design assumptions or structural performance 
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evaluation/appraisal. Unfortunately, the extent of the prescribed artificial 

damages/changes (i.e. crack depth, pattern created due to imposed load) resulting 

from the imposed loading cannot be readily determined/identified and so as the effects 

on the instantaneous/inherent structural/material properties within the tested 

structures/members. 

  

An alternative but more effective control damage strategy/method has been 

devised in this research and have shown a very successful means of studying the 

effects of changing tensile steel rebar areas on the subsequent shifting of resonant 

frequencies and the associated material and structural changes in the properties of 

RCCBS (apparently never been used before as far as the author is aware). With this 

method, the tensile steel rebar areas were reduced by a rotary cutter following a 

predetermined step-size sequence. Using simple geometric calculations, the actual 

loss of steel rebar area (severity of damage) could be measured accurately.  

 

Another advantage offered by this strategy warrant further emphasis. With this 

method, the structural and material properties of the tested structure (such as: neutral 

axis position and stress distribution within materials) can be altered/changed without 

the need of imposing external mass/loadings which, in itself, alters the physical and 

dynamic properties of the initial tested structure if the loads stay. Though the added 

mass/loadings was often subsequently removed, the instantaneous tensile stress/strain 

of concrete (ITSScon) would have changed i.e. often revert to the low values regime 

(reversibly if materials remain elastic and linear) unless significant materials failure 

occurs (non-reversibly and non-linearly for concrete, i.e. cracking, and/or steel, i.e. 

yielding, depending on whether the structure is lightly or overly reinforced). This is 

believed, by the author, the real reason why most researchers (Salawu, 1997) have 
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claimed that there were minimal effects on resonant frequency shifts resulting from 

damage (imposed load) at low stress/loading condition as they seem to have been 

unaware of the effects of ITSScon. 

 

10.2  REVELATION OF THE TENSILE CAPACITY OF CONCRETE (TCC) EFFECTS 

THROUGH RESONANT FREQUENCY MEASUREMENT  

The performance regimes of RCCBS are demarcated according to the values 

of ITSScon (for both the high and low ITSScon values). The value of ITSScon is mainly 

determined/affected by the imposed loads applied at the time and the area of un-

cracked concrete in tension (which contributes to the TCC). This research has 

identified (via the experimental resonant frequency measurement approach) positively 

the contribution of TCC and established that TCC is the most dominant component of 

the global stiffness of the structures (especially in lightly reinforced concrete flexural 

structural elements and at low ITSScon condition).  Table 10-1 summarizes the 

structural characteristics of three different RCCBS models tested in this research.  

 
Table 10-1 Summary of the structural characteristics of different RCCBS models 

ITSScon Condition  

(expressed by NSVcon(T)) 

Sectional Properties Loading Condition (max. 

bending moment at fix-end) 

TCC (initial 

Steel/Concrete area Ratio) 

Low (0.33) ~ Moderate (0.58) Overly-reinforced Very Low (0.346kNm) Very Low (2.13%) 

Low (0.42) ~ Moderate (0.46) Lightly-reinforced High (18.07kNm) Very High (0.26%) 

Moderate (0.58) ~ High (0.83) Lightly-reinforced High (18.07kNm) High (0.48%) 

 
Experimental investigation found that, for an ‘overly-reinforced’ RC 

cantilevered balcony structure (described in Chapter 5), the results reveal the 

existence of an observable turning point (TP) which clearly demarcates two different 

regimes. Within the lower ITSScon regime (before the TP, where NSVcon(T) value < 

0.55 or ∊con(T)  value <  75μ-strain ), the extent of participation of tensile steel rebars to 

the global stiffness of the structure was found to be low. Within this regime, the 
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resonant frequencies of the tested structure were found to be less sensitive to the 

damage (i.e. the loss of tensile steel rebar area). This insensitivity is thought to be due 

to the fact that most of tensile stress (produced by the small self-dead weight) is 

mainly taken up by TCC alone. Although the TCC was found to be very low (due to 

the high steel/concrete area ratio of 2.13% as given in Table 10-1) when ITSScon is 

expected to be high, the ITSS is actually low (as the bending moment due to the 

imposed self-dead loads was also very low, being 0.346 kNm only). The TCC alone 

can provide sufficient tensile strength to resist the imposed bending moment in such 

low loading conditions. Therefore, the TCC became the significant contributor while 

the tensile steel rebar became the minor contributor to the global stiffness of the 

structure and the reason was thought to be the bond-slip effect. As a result, any 

damage to the tensile steel rebars at/within this state/regime did not change the global 

stiffness of the structure significantly. Therefore, such damage/changes only lead to a 

minimal shift in resonant frequencies.  

 

This phenomenon/performance was further observed/validated by the second 

experimental investigation on the full-scale lightly-reinforced (uncracked) RCCBS 

model. In this second investigation, the ITSScon was in fact lower due to very high 

TCC (arising from a very low steel/concrete area ratio of 0.26%). Here, the TCC 

became the major contributor to the global stiffness of the structure. The very high 

TCC, therefore, leads to little shifts in resonant frequency only (i.e. by no more than 1 

Hz) even though the introduced damage on tensile steel bars is severe (with all rebars 

cut off). 

 

However, the situation/performance changed once past the TP (within the regime 

of high ITSScon, where the NSVcon(T) > 0.55 or ∊con(T) > 75μ-strain). Here, the resonant 
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frequency became more sensitive to the damage. Within this regime, the extent of 

participation of steel rebars is higher rather than dormant. As resonant frequency is 

believed to be related to the global stiffness of the whole structure (when all other 

factors such as mass remained unchanged), any shift will imply some sorts of 

deterioration/degradation of the global stiffness. Hence, the monitoring of resonant 

frequency shift will provide an effective indicator of the presence or on-set of 

structural degradation. This is believed to be attributed to the fact that the extent of 

participation of tensile steel rebars is expected to have increased with the increase in 

the ITSScon. The high values of ITSScon allow a more effective utilization of the steel 

rebars in tension (via a more effective anchorage/bonding between rebars and the 

surrounding concrete within the tension zone). Hence, the tensile steel rebars became 

the dominant contributor to the global stiffness of the structure.  

 

This performance was also further validated/observed by the third experimental 

investigation on a full-scale lightly-reinforced (cracked) RCCBS model. This model 

was first preloaded in flexure by imposing a large enough dead-load in order to cause 

the concrete in the tension zone to crack along the fix-end support of the balcony slab. 

This pre-loading strategy treatment to the model was done to reduce the TCC effect 

(due to cracks in the concrete within the tension zone) and therefore, allow to increase 

ITSScon without the need for imposing additional loads on the structure. Within this 

regime, the resonant frequency shifts were found to be much higher than those 

obtained in the previously described second investigation. Once again, these findings 

confirm that the extent of resonant frequency shifts remains an effective indicator of 

the presence or on-set of structural degradation as well as the discovery of the effect 

of TCC which contributes to the global stiffness of the structure.  

 



CH.10 CONTRIBUTIONS TO KNOWLEDGE  

Ch. 10-7 

To reiterate, the author has failed to locate any other attempt/report using the 

afore-mentioned resonant frequency approach to investigate either the real 

performance of RCCBS or the detection of TCC effect. The author believes that this 

research has broken new ground by providing a more thorough understanding of the 

inter-relationships amongst the so-called balcony parameters (in terms of dynamic, 

structural and material properties). 

 

In addition, this research has also highlighted the importance of understanding 

the TCC effect during any structural evaluation (as discussed in Section 6.3). Ignoring 

the effects of TCC can indeed have fatal implications/consequences under the 

described dangerous scenario below. Severe damage to RCCB slabs/structures could 

be misinterpreted/concluded as modest and declared safe by most structural 

inspectors/surveyors. Such conclusion is guided erroneously by the presence of little 

or even no sign of visible cracks in the concrete and small deflection of the structures 

arising from a lack of awareness of TCC. The structures are, in fact, quite the contrary, 

and collapse may well be imminent as structural stability has already been greatly 

impaired. Here in this state, structures can indeed fail suddenly and without warning.  

 

This research advocates that the extreme importance of identifying/determining 

the existence, or otherwise, of TCC prior to any structural appraisal/inspection of RC 

cantilevered structures. The research findings further warrant that while a RC 

structure is still under the influence of TCC, the resonant frequency approach is 

neither sensitive nor effective enough to provide timely warning and alternative 

methods, if any, need to be employed/instigated. 
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10.3  ESTABLISHMENT AND FORMULATION OF THE UNIFIED STRUCTURAL 

PERFORMANCE (USP) MODEL  

A new phenomenological model called unified structural performance (USP) 

model has also been established and formulated based on a set of empirical 

relationships within the two performance regimes of RCCBS (higher/lower range of 

ITSScon) obtained from the experimental findings on two full-scale RCCBS models. 

The USP model successfully incorporates a set of balcony parameters in describing 

the real behaviour/performance of RCCBS within the two performance regimes. This 

model provides an easier and more thorough understanding of the effects of tensile 

steel rebar areas (caused/lost by varying degrees of damages) on the corresponding 

parameters of a balcony thereby assisting structural engineers/inspectors to determine, 

more comprehensively, the conditions (or the real performance) of RCCBS. By 

mapping/charting the resonant frequency measured from a tested structure (i.e. real-

life balcony) in the respective performance regime (according to the values of ITSScon 

and the other structural properties/characteristics) in the USP model, the expected 

performance of the tested structure can be predicted non-destructively and non-

invasively with measurable engineering data. 

 

To help illustrate the use of the USP model, data from real-life balconies (with 

similar structural characteristic of the tested full-scale RCCBS models) from a large 

residential estate in Hong Kong were used to test the validity of the USP model. For 

all the tested balconies, the results show that the modal order of these real-life 

balconies is adhered to thus implying that the structural and dynamic characteristics of 

real-life balconies are similar to the two tested balconies.  
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However, due to the time limitation typical of the scope of a doctoral research, 

only two performance regimes instead of the full- regimes were explored/investigated. 

It is recognized that further research is necessary to cover all possible RCCBS 

performance regimes. For this very reason, some resonant frequencies corresponding 

to the MFSC field data were found to lie outside the specific frequency ranges of the 

two performance regimes. Hence, over extrapolation from the USP model in its 

present form should be avoided. 

  

Nevertheless, this research has laid the foundation stone and paved the way for 

further study in the future. Other performance regimes should be investigated and 

incorporated into this model to make a more comprehensive USP model. This USP 

model would allow professionals (such as structural engineers and building surveyors) 

to evaluate the real performance of real-life balconies more comprehensively and 

conveniently by simply measuring the resonant frequency from the structure and 

charting into a rightful performance regime in the USP model.  

 

Finally, a large-scale field application of the advocated technique/approach using 

remote data acquisition technique for routinely assessing the structural health 

condition of RCCBS with a range of structural characteristics should be a promising 

as well as practical/applied research area for the community of civil/structural 

engineers. In addition, the routine assessment/continuous monitoring system should 

also be integrated with the building maintenance system, so that early warning of 

potential hazards/failures can be provided to building owners, structural engineers and 

building surveyors if any defective balcony existed and carrying out of necessarily 

repair work promptly. 
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11.  CONCLUSION 

This research, as far as the author is able to ascertain, has presented a rather 

unique approach to use the resonant frequency approach to probe into the real 

performance of RCCBS (through understanding the inter-relationships amongst 

instantaneous values/changes of dynamic, structural and material properties.)  

 

The major research findings discussed in Chapters 5 to 8 are summarized as 

follows: 

1. A series of coordinated experimental programs on three RCCBS 

models were carried out (to provide a combination of different structural 

characteristics and loading conditions) to obtain a more thorough understanding of 

the instantaneous changes of balcony parameters (in terms of dynamic, structural 

and material properties of the structure) using resonant frequency measurement 

approach.   

 

2. Various trajectories were established covering the parameters of a 

range of different balconies based on the experimental results of the tested 

RCCBS models. The structural response to varying degrees of loss of tensile steel 

rebar area (damage) was identified by measuring the resonant frequency of the 

tested structure,  

 

3. Two performance regimes of RCCBS (high/low ITSScon) were 

determined and demarcated by a so-called Turning Point (TP). Before the TP, 

where the ITSScon was lower, or in turn, with high TCC effect (where the 

normalized stress value NSVcon(T) or the strain ∊con(T) of concrete in tension below 
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or around 0.55 or 75μ-strain), the resonant frequency was found to be less 

sensitive to the damage. However, the situation seemed to change after reaching 

the TP, where the ITSScon was higher (with low TCC effect), the resonant 

frequency was found to be more sensitive to the damage. The sensitivity of the 

resonant frequency to the damage varies according to the degree of TCC effect, 

 

4. The contribution of tensile steel rebars to the global stiffness of the 

structure was found not to be dependent on the measurement of the second 

moment of area alone, but also the value of ITSScon, which alters the extent of 

participation of tensile steel rebars, in particular under low stress/loading 

condition.  

 

5. A set of radar plots (under two performance regimes of two full-scale 

RCCBS models) depict the inter-relationship amongst the changes of different 

balcony- parameters that change with varying degree of damage. These radar plots 

were used to formulate and establish a USP model for describing the real 

performance of some real-life RCCBS, 

 

6. A set of field data was acquired from some real-life balconies and the 

dynamic characteristics were found to be the same as two full-scale RCCBS 

models (with the similar structural characteristics of these real-life balconies). 

However, due to some uncertainties/limitations which are still not identified, the 

evaluation of the real performance of these real-life balconies using the USP 

model (only two performance regimes have been covered) is not recommended.  
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With these experimental findings, three contributions, as described in the 

previous chapter, can be attributed to this research. 

 

1. Pioneering work has been undertaken in the use of resonant frequency 

measurement approach to evaluate the real performance of RCCBS (by a 

thorough understanding of the inter-relationship of instantaneous value/change of 

dynamic, structural and material properties of the structure). 

 

2. Revelation of the TCC effect on the structural behaviour of RCCBS 

through resonant frequency measurement is perhaps another key contribution of 

this study. 

 

3. The establishment and formulation of USP model for describing the 

real performance of RCCBS, which provides an easier and more thorough 

understanding of the effects of varying degrees of damages (loss of tensile steel 

rebar) on the corresponding balcony parameters under two different TCC 

conditions , has potential for markedly extending and enriching this line of 

research in the field. 

 

For most researchers and practitioners in the field of damage detection of RC 

structural elements using vibration-based techniques, the prediction/measurement of 

the severity of damage is usually determined by the extent of the tensile/shears 

cracking in terms of either crack-width or crack-depth, crack- pattern and the applied 

load etc. The accurate measurement of the cracks in concrete is very difficult to 

achieve and therefore, the corresponding change of structural and material properties 

of the tested structure at different severity of damage cannot be determined. However, 
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as stated in this thesis, this research has proposed an effective damage strategy (by 

rotary cutting on the tensile steel rebar), which allows us to measure the severity of 

damage (the loss of effective area of tensile steel rebar) more accurately. Hence, the 

corresponding changes of structural and material properties at varying degrees of 

damage can be identified.  

 

Various trajectories under two performance regimes (as demarcated by high/low 

ITSScon) were established amongst different balcony parameters for the formulation 

and establishment of phenomenological USP model, which provide a unique 

description of the real performance of RCCBS. This USP model can be analogous to 

the human Deoxyribonucleic acid (DNA), which stores the inherent features called-

‘trait’ and governs the performance of RCCBS.  With sufficient knowledge of these 

traits (performance regimes covered by the USP model), the real-performance of all 

other real-life balconies (with similar structural characteristics such as sizes, spans, 

types of construction etc. as the tested balcony models) can be obtained by simply 

charting their resonant frequencies as measured in the comprehensive USP model. 

This research has paved the way for further large scale application of the techniques 

for structural health assessment and continuous monitoring of RCCBS. Also, it is 

believed that the USP model, the experimental techniques and the related theories 

devised and developed in this research constitutes the fundamental basis for the 

understanding of the ‘Real’ behavior of the RC elements/members. In that sense, all 

three of the objectives of this research have been fully achieved. 
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Appendix-A Record Photos of Rebar Area Measurement after each cutting for Wing K Balcony Model  
Damage Level : 1 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 935.25mm2 

  
Rebar no.: Bar 1 
Remaining steel area of rebar : 96.80 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 87.28 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 92.53 mm2 

Rebar no.: Bar 4 
Remaining steel area of rebar : 93.14 mm2 

 
 
Damage Level : 2 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 884.56 mm2 

 

  

Rebar no.: Bar 5 
Remaining steel area of rebar : 85.98 mm2 

Rebar no.: Bar 6 
Remaining steel area of rebar :89.52 mm2 
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Damage Level : 3 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 800.74 mm2 

 

 

Rebar no.: Bar 7 
Remaining steel area of rebar : 87.50 mm2 

Rebar no.: Bar 8 
Remaining steel area of rebar : 81.45 mm2 

Rebar no.: Bar 9 
Remaining steel area of rebar : 86.53 mm2 

 

 
 
Damage Level : 4 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 733.25 mm2 

 

 

Rebar no.: Bar 1 
Remaining steel area of rebar : 70.50 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 67.90 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 70.74 mm2 
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Damage Level : 5 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 683.98 mm2 

 

  

Rebar no.: Bar 4 
Remaining steel area of rebar : 63.02 mm2 

Rebar no.: Bar 5 
Remaining steel area of rebar : 66.83 mm2 

  

 
 
Damage Level : 6 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 615.04 mm2 

 

  

Rebar no.: Bar 6 
Remaining steel area of rebar : 47.45 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 60.63 mm2 
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Damage Level : 7 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 579.15 mm2 

 

  

Rebar no.: Bar 8 
Remaining steel area of rebar : 70.62 mm2 

Rebar no.: Bar 9 
Remaining steel area of rebar :61.47 mm2 

  

 
 
Damage Level : 8 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 513.62 mm2 

 

 

Rebar no.: Bar 1 
Remaining steel area of rebar : 44.37 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 44.61 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 54.63 mm2 
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Damage Level : 9 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 483.09 mm2 

  

Rebar no.: Bar 4 
Remaining steel area of rebar : 46.98 mm2 

Rebar no.: Bar 5 
Remaining steel area of rebar : 52.35 mm2 

  

 
 
Damage Level : 10 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 461.58 mm2 

 

  

Rebar no.: Bar 6 
Remaining steel area of rebar : 38.16 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 48.41 mm2 
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Damage Level : 11 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 413.63 mm2 

 

  

Rebar no.: Bar 8 
Remaining steel area of rebar : 42.01 mm2 

Rebar no.: Bar 9 
Remaining steel area of rebar : 42.13 mm2 

  

 
 
Damage Level : 15 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 192.97 mm2 

 
Rebar no.: Bar 1 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 2 
Remaining steel area of rebar : 0 mm2 
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Damage Level : 16 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 166.72 mm2 

 

  

Rebar no.: Bar 3 
Remaining steel area of rebar : 0 mm2 

   

 
 
Damage Level : 17 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 141.02 mm2 

 

  

Rebar no.: Bar 4 
Remaining steel area of rebar : 0 mm2 
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Damage Level : 18 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 109.59 mm2 

 

  

Rebar no.: Bar 5 
Remaining steel area of rebar : 0 mm2 

   

 
 
Damage Level : 19 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 44.54 mm2 

 
Rebar no.: Bar 6 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 7 
Remaining steel area of rebar : 0 mm2 
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Damage Level : 20 
Location  :  Wing K Balcony 
Total remaining steel rebar area: 0 mm2 

 
Rebar no.: Bar 8 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 9 
Remaining steel area of rebar : 0 mm2 
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Appendix-B Record Photos of Rebar Area Measurement after each cutting for Wing H Balcony Model  
Damage Level : 1 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1224.36 mm2 

Damage Level : 2 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1192.36 mm2 

 
Rebar no.: Bar 1 
Remaining steel area of rebar : 62.84 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 61.96 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 62.84 mm2 

Rebar no.: Bar 4 
Remaining steel area of rebar : 62.66 mm2 

 
Damage Level : 3 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1159.63 mm2 

Damage Level : 4 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1127.86 mm2 

 
Rebar no.: Bar 5 
Remaining steel area of rebar : 61.79 mm2 

Rebar no.: Bar 6 
Remaining steel area of rebar : 62.14 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 63.70 mm2 

Rebar no.: Bar 8 
Remaining steel area of rebar : 61.61 mm2 
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Damage Level : 5 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1093.28 mm2 

Damage Level : 6 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1056.92 mm2 

  
Rebar no.: Bar 9 
Remaining steel area of rebar : 60.99 mm2 

Rebar no.: Bar 10 
Remaining steel area of rebar : 61.52 mm2 

Rebar no.: Bar 11 
Remaining steel area of rebar : 60.18 mm2 

Rebar no.: Bar 12 
Remaining steel area of rebar : 60.54 mm2 

 
Damage Level : 7 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 1018.29 mm2 

Damage Level : 8 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 987.66 mm2 

 
Rebar no.: Bar 13 
Remaining steel area of rebar : 58.63 mm2 

Rebar no.: Bar 14 
Remaining steel area of rebar : 59.82 mm2 

Rebar no.: Bar 15 
Remaining steel area of rebar : 63.79 mm2 

Rebar no.: Bar 16 
Remaining steel area of rebar : 62.66 mm2 

Damage Level : 9 
Location  :  Wing H Balcony 

Damage Level : 10 
Location  :  Wing H Balcony 
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Total remaining steel rebar area: 956.12 mm2 Total remaining steel rebar area: 928.34 mm2 

 
Rebar no.: Bar 1 
Remaining steel area of rebar : 43.76 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 49.50 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 48.12 mm2 

Rebar no.: Bar 4 
Remaining steel area of rebar : 49.59 mm2 

 
Damage Level : 11 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 892.93 mm2 

Damage Level : 12 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 928.34 mm2 

 
Rebar no.: Bar 5 
Remaining steel area of rebar : 43.46mm2 

Rebar no.: Bar 6 
Remaining steel area of rebar : 45.06 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 46.74 mm2 

Rebar no.: Bar 8 
Remaining steel area of rebar : 47.24 mm2 

Damage Level : 13 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 826.61 mm2 

Damage Level : 14 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 797.48 mm2 
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Rebar no.: Bar 9 
Remaining steel area of rebar : 41.07 mm2 

Rebar no.: Bar 10 
Remaining steel area of rebar : 46.44 mm2 

Rebar no.: Bar 11 
Remaining steel area of rebar : 43.37 mm2 

Rebar no.: Bar 12 
Remaining steel area of rebar : 48.22 mm2 

 
Damage Level : 15 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 761.67 mm2 

Damage Level : 16 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 718.64 mm2 

 
Rebar no.: Bar 13 
Remaining steel area of rebar : 40.27 mm2 

Rebar no.: Bar 14 
Remaining steel area of rebar : 42.37 mm2 

Rebar no.: Bar 15 
Remaining steel area of rebar : 45.16 mm2 

Rebar no.: Bar 16 
Remaining steel area of rebar : 38.27 mm2 

Damage Level : 17 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 679.84 mm2 

Damage Level : 18 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 643.72 mm2 
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Rebar no.: Bar 1 
Remaining steel area of rebar : 23.45 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 31.01 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 26.32 mm2 

Rebar no.: Bar 4 
Remaining steel area of rebar : 35.27 mm2 

 
Damage Level : 19 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 622.67 mm2 

Damage Level : 20 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 587.00 mm2 

 
Rebar no.: Bar 5 
Remaining steel area of rebar : 31.80 mm2 

Rebar no.: Bar 6 
Remaining steel area of rebar : 35.67 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 27.10 mm2 

Rebar no.: Bar 8 
Remaining steel area of rebar : 31.21 mm2 

Damage Level : 21 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 569.03 mm2 

Damage Level : 22 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 543.52 mm2 
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Rebar no.: Bar 9 
Remaining steel area of rebar : 34.08 mm2 

Rebar no.: Bar 10 
Remaining steel area of rebar : 35.47 mm2 

Rebar no.: Bar 11 
Remaining steel area of rebar : 33.98 mm2 

Rebar no.: Bar 12 
Remaining steel area of rebar : 32.09 mm2 

 
Damage Level : 23 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 511.04 mm2 

Damage Level : 24 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 490.45 mm2 

 
Rebar no.: Bar 13 
Remaining steel area of rebar : 23.55 mm2 

Rebar no.: Bar 14 
Remaining steel area of rebar : 26.61 mm2 

Rebar no.: Bar 15 
Remaining steel area of rebar : 34.28 mm2 

Rebar no.: Bar 16 
Remaining steel area of rebar : 28.55 mm2 

Damage Level : 25 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 462.82 mm2 
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Rebar no.: Bar 1 
Remaining steel area of rebar : 20.55 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 23.83 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 19.54 mm2 

Rebar no.: Bar 4 
Remaining steel area of rebar : 24.50 mm2 

 
Damage Level : 26 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 435.73 mm2 

 
Rebar no.: Bar 5 
Remaining steel area of rebar : 22.79 mm2 

Rebar no.: Bar 6 
Remaining steel area of rebar : 25.94 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 23.83 mm2 

Rebar no.: Bar 8 
Remaining steel area of rebar : 26.13 mm2 

 
Damage Level : 27 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 404.56 mm2 
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Rebar no.: Bar 9 
Remaining steel area of rebar : 22.60 mm2 

Rebar no.: Bar 10 
Remaining steel area of rebar : 30.02 mm2 

Rebar no.: Bar 11 
Remaining steel area of rebar : 28.65 mm2 

Rebar no.: Bar 12 
Remaining steel area of rebar : 23.17 mm2 

 
Damage Level : 28 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 369.32 mm2 

 
Rebar no.: Bar 13 
Remaining steel area of rebar : 70.62 mm2 

Rebar no.: Bar 14 
Remaining steel area of rebar : 61.47 mm2 

Rebar no.: Bar 15 
Remaining steel area of rebar : 61.47 mm2 

Rebar no.: Bar 16 
Remaining steel area of rebar : 61.47 mm2 

 
Damage Level : 29 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 338.69 mm2 



APPENDIX B 

B- 9 

 
Rebar no.: Bar 1 
Remaining steel area of rebar : 44.37 mm2 

Rebar no.: Bar 2 
Remaining steel area of rebar : 44.61 mm2 

Rebar no.: Bar 3 
Remaining steel area of rebar : 54.63 mm2 

Rebar no.: Bar 4 
Remaining steel area of rebar : 54.63 mm2 

 
Damage Level : 30 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 298.85 mm2 

 
Rebar no.: Bar 5 
Remaining steel area of rebar : 15.18 mm2 

Rebar no.: Bar 6 
Remaining steel area of rebar : 14.75 mm2 

Rebar no.: Bar 7 
Remaining steel area of rebar : 13.65 mm2 

Rebar no.: Bar 8 
Remaining steel area of rebar : 15.27 mm2 

 
Damage Level : 31 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 273.06 mm2 



APPENDIX B 

B- 10 

 
Rebar no.: Bar 9 
Remaining steel area of rebar : 18.18 mm2 

Rebar no.: Bar 10 
Remaining steel area of rebar : 20.37 mm2 

Rebar no.: Bar 11 
Remaining steel area of rebar : 18.81 mm2 

Rebar no.: Bar 12 
Remaining steel area of rebar : 21.29 mm2 

 
Damage Level : 32 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 254.34 mm2 

 
Rebar no.: Bar 13 
Remaining steel area of rebar : 11.75 mm2 

Rebar no.: Bar 14 
Remaining steel area of rebar : 15.61 mm2 

Rebar no.: Bar 15 
Remaining steel area of rebar : 16.31 mm2 

Rebar no.: Bar 16 
Remaining steel area of rebar : 15.35 mm2 

 
Damage Level : 33 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 244.26 mm2 

Damage Level : 34 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 231.20 mm2 
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Rebar no.: Bar 1 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 16 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 35 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 216.45 mm2 

Damage Level : 36 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 196.54 mm2 

 

  

Rebar no.: Bar 2 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 15 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 37 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 181.36 mm2 

Damage Level : 38 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 166.61 mm2 
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Rebar no.: Bar 3 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 14 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 39 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 152.96 mm2 

Damage Level : 40 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 137.69 mm2 

 

  

Rebar no.: Bar 4 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 13 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 41 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 119.51 mm2 

Damage Level : 42 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 99.14 mm2 
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Rebar no.: Bar 5 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 12 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 43 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 80.33 mm2 

Damage Level : 44 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 59.03 mm2 

 

  

Rebar no.: Bar 6 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 11 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 45 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 47.29 mm2 

Damage Level : 46 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 31.67 mm2 
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Rebar no.: Bar 7 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 10 
Remaining steel area of rebar : 0 mm2 

 

 
Damage Level : 47 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 15.36 mm2 

Damage Level : 48 
Location  :  Wing H Balcony 
Total remaining steel rebar area: 0mm2 

 

  

Rebar no.: Bar 8 
Remaining steel area of rebar : 0 mm2 

 Rebar no.: Bar 9 
Remaining steel area of rebar : 0 mm2 
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Appendix-C Record Photos of some Real-life Balconies at MFSC 

  
Type of balcony : Wing H 
Block and flat number : 85-16A 
Floor finishes : Mosaic Tile 

Mode 1 : 31.21 
Mode 2 : 57.44 
Mode 3 : 140.40 

Type of balcony : Wing H 
Block and flat number : 85-19C 
Floor finishes : Ceramic Tile 

Mode 1 : 33.60 
Mode 2 : 63.96 
Mode 3 : 147.67 

  
Type of balcony : Wing H 
Block and flat number : 85-5A 
Floor finishes : Mosaic Tile 

Mode 1 : 32.35 
Mode 2 : 59.29 
Mode 3 : 137.09 

Type of balcony : Wing H 
Block and flat number : 85-6C 
Floor finishes : Ceramic Tile 

Mode 1 : 34.00 
Mode 2 : 63.50 
Mode 3 : 158.92 
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Type of balcony : Wing H 
Block and flat number : 87-11A 
Floor finishes : Mosaic Tile 

Mode 1 : 28.95 
Mode 2 : 53.77 
Mode 3 : 138.23 

Type of balcony : Wing H 
Block and flat number : 87-15A 
Floor finishes : Ceramic Tile 

Mode 1 : 37.40 
Mode 2 : 64.06 
Mode 3 : 163.31 

  
Type of balcony : Wing H 
Block and flat number : 87-9A 
Floor finishes : Mosaic Tile 

Mode 1 : 31.56 
Mode 2 : 56.00 
Mode 3 : 136.95 

Type of balcony : Wing H 
Block and flat number : 97-6C 
Floor finishes :Mosaic Tile 

Mode 1 : 31.17 
Mode 2 : 58.69 
Mode 3 : 137.79 

 



APPENDIX C 

C - 3 

  
Type of balcony : Wing H 
Block and flat number : 97-7C 
Floor finishes : Ceramic Tile 

Mode 1 : 38.79 
Mode 2 : 63.69 
Mode 3 : 156.71 

Type of balcony : Wing H 
Block and flat number : 97-9A 
Floor finishes : Mosaic Tile 

Mode 1 : 31.38 
Mode 2 :60.65 
Mode 3 : 141.68 

  
Type of balcony : Wing H 
Block and flat number : 97-10C 
Floor finishes : Ceramic Tile 

Mode 1 : 36.75 
Mode 2 : 63.48 
Mode 3 : 158.08 

Type of balcony : Wing H 
Block and flat number : 97-11A 
Floor finishes :Ceramic Tile 

Mode 1 : 37.06 
Mode 2 : 60.52 
Mode 3 : 151.65 
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Type of balcony : Wing H 
Block and flat number : 97-14C 
Floor finishes : Ceramic Tile 

Mode 1 : 36.84 
Mode 2 : 63.44 
Mode 3 : 164.22 

Type of balcony : Wing H 
Block and flat number : 97-17C 
Floor finishes : Ceramic Tile 

Mode 1 : 36.08 
Mode 2 :64.54 
Mode 3 : 159.91 

  
Type of balcony : Wing H 
Block and flat number : 99-8A 
Floor finishes : Ceramic Tile 

Mode 1 : 32.85 
Mode 2 : 61.75 
Mode 3 : 169.45 

Type of balcony : Wing H 
Block and flat number : 99-11A 
Floor finishes :Ceramic Tile 

Mode 1 : 36.27 
Mode 2 : 64.58 
Mode 3 : 162.54 
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Type of balcony : Wing H 
Block and flat number : 99-16C 
Floor finishes : Ceramic Tile 

Mode 1 : 34.96 
Mode 2 : 64.23 
Mode 3 : 164.75 

Type of balcony : Wing H 
Block and flat number : 99-17A 
Floor finishes : Ceramic Tile 

Mode 1 : 36.42 
Mode 2 :65.10 
Mode 3 : 160.97 

  
Type of balcony : Wing K 
Block and flat number : 89-8C 
Floor finishes : Ceramic Tile 

Mode 1 : 33.15 
Mode 2 : 63.19 
Mode 3 : 144.83 

Type of balcony : Wing K 
Block and flat number : 89-14C 
Floor finishes :Ceramic Tile 

Mode 1 : 32.45 
Mode 2 : 62.95 
Mode 3 : 150.75 

 



APPENDIX C 

C - 6 

  
Type of balcony : Wing K 
Block and flat number : 95-14A 
Floor finishes : Ceramic Tile 

Mode 1 : 34.42 
Mode 2 : 62.58 
Mode 3 : 157.58 

Type of balcony : Wing K 
Block and flat number : 95-18A 
Floor finishes : Mosaic Tile 

Mode 1 : 31.29 
Mode 2 : 59.13 
Mode 3 : 138.00 
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APPENDIX D1 FLOW OF UNCERTAINTY ANALYSIS (FOLLOWING ISO GUIDE 17025) 
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APPENDIX D2A UNCERTAINTY ANALYSIS OF THE REMAINING STEEL BAR AREA 
 
(A) Mathematical model in sΑ determination 
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where  
r is the radius of reinforcement bar, and  
x is the cut-depth measured by a caliper. 

 
 
(B) Sensitivity Coefficients 

 
 by derivative of the cut-depth (x) measured by a caliper according to Eq. [1], 
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for r = 6mm, and x = 2.54mm.  
 
 
(C) Standard uncertainty for the measurement of the cut-depth by a caliper: 
 
1. Calibration uncertainty,  

 

caliper-cal

caliper-cal
caliper-cal k

a
=μ ….. [Type B] 

 
where acal-caliper is the uncertainty obtained from the calibration certificate, 
kcal-caliper is the coverage factor used in the calibration certificate, which is 1.96. 

 
2. Standard uncertainty of the resolution,  
 

3

a
=μ caliper-res

caliper-res ….. [Type B] 

 
where ares-caliper is the resolution of the semi-range of the caliper. 
(Remark: 3  is adopted as the probability distribution for general application.) 

 
3. Standard uncertainty of the randomness,  
 

n

M
=μ caliper-SD

caliper-ran  ….. [Type A] 

 
where MSD-caliper is the standard deviation of repeated measurements and n is the 
number of repeated measurements. 
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(D) Combined standard uncertainty of the caliper from Section C: 
 

       2
caliper-res

2
caliper-ran

2
aliperc-cal

2
x μ+μ+μ=μ∑  

    
 
(E) Combined uncertainty Uc, 
 

2
xxc )∑c(U μ=  

 
 
(F) Expanded Uncertainty Ue, 

 
ce kU=U  

For student’s distribution in statistics for 95% confidence, the coverage factor k is 2. 
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APPENDIX D2B WORKSHEET OF UNCERTAINTY ANALYSIS OF THE REMAINING STEEL BAR AREA 

S.D. S.D. 
Semi-

range *

Semi-
range 
(point) rm a  Σμi

2 ci ci
2 ci

2Σμi
2

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

9.49E-03 - - - 10 3.1623

0.0556

2

0.4716

0.47

Note : a = distribution Uc = combined uncertainty
rm = no. of repetitive measuremen Ue = expanded uncertainty
 ? i = standard uncertainty k = coverage factor

 ? ? = combined standard uncertainType = A (statistical) or B (probability/semi-range)
ci = sensitivity coefficient TS = time window's resolution

S.D. = standard deviation

Remark : Uncertainties are calculated at 95 % confidence level.

0.0030 0.0001 -21.3960 457.7888

0.0102

0.0029

Ue (after round up)

0.2358

Summation

k
Ue=kUc

0.0556

-21.40cx =

Calibration uncertainty of the caliper (according to Cal. 
Cert) mm

B
cut-depth

'x'

Repeatability of caliper readings mm A

Resolution of the caliper (according to Cal. Cert) mm B

 μiSource of Error Unit Type

( )∑= 2
iic ucU
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APPENDIX D3A UNCERTAINTY ANALYSIS OF THE DEPTH OF THE NEUTRAL AXIS 
 
(A) Mathematical model in n determination 

scon

es

2
con

mA-bd

dmA
2

bd

n
+

= ……….Eq. [1] 

where  
b is the width of the slab measured by a measuring tape, 
dcon is the total thickness of the concrete measured by a caliper, 
m is the ratio of Young’s modulus of steel to that of concrete, 
As is the remaining steel bar area, and 
de is the effective depth of the slab measured by a caliper.  
 

 
(B) Sensitivity Coefficients 
 

 by derivative of the width of the slab (b) measured by a measuring tape 
according to Eq. [1], 

 

 cb = 
b∂
n∂  = )dmA

2
bd(d-)mA-bd(

2
d

es

2
con

conscon

2
con + = 0.02 

 
for b = 1000mm, dcon = 53mm, m=14.2857, As = 1130mm2 and  de = 59mm.  

 
 by derivative of the total thickness of the concrete (dcon) measured by a caliper 

according to Eq. [1], 
  

 
con

d d∂
n∂c

con
=  = )dmA

2
bd(

2
b-)mA-bd(b es

2
con

scon + = 0.04 

 
for b = 1000mm, dcon = 53mm, m=14.2857, As = 1130mm2 and  de = 59mm.  

 
 by derivative of the remaining steel bar area (As) according to Eq. [1],  

  

 
s

A A∂
n∂c

s
= = )dmA

2
bd(m)mA-bd(md es

2
con

scone ++  = 0.06 

 
for b = 1000mm, dcon = 53mm, m=14.2857, As = 1130mm2 and  de = 59mm.  

 
 by derivative of the effective depth of the slab (de) measured by a caliper 

according to Eq. [1], 
  

 
e

d d∂
n∂c

e
= = )mA-bd(mA scons  = 5.9x10-4 

 
for b = 1000mm, dcon = 53mm, m=14.2857, As = 1130mm2 and  de = 59mm.  

 
(C1) Standard uncertainty for the measurement of the width of the slab by a 
measuring tape: 
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1. Calibration uncertainty,  
 

tapcal

tapcal
tapecal k

a

−

−
− =μ ….. [Type B] 

 
where acal-tap is the uncertainty obtained from the calibration certificate, 
kcal-tap is the coverage factor used in the calibration certificate, which is 1.96. 

 
2. Standard uncertainty of the resolution,  
 

3
a tapres

taperes
−

− =μ ….. [Type B] 

 
where ares-tap is the resolution of the semi-range of the measuring tape. 
(Remark: 3  is adopted as the probability distribution for general application.) 

 
3. Standard uncertainty of the randomness,  
 

n
M tapeSD

taperan
−

− =μ  ….. [Type A] 

 
where MSD-tape is the standard deviation of repeated measurements and n is the 
number of repeated measurements. 

 
4. Standard uncertainty in thermal expansion,  
 

3
10x5.0 4

tapethermal

−

− =μ ….. [Type B] 

 
Note: the interval for thermal expansion coefficient of measuring tape  
= ±0.5x10-4/oC. This uncertainty is negligible since the value is too small. 

 
 
(C2) Standard uncertainty for the measurement of the total thickness of the 
concrete and the effective depth of the slab by a caliper: 
 
1. Calibration uncertainty,  

 

caliper-cal

caliper-cal
caliper-cal k

a
=μ ….. [Type B] 

 
where acal-caliper is the uncertainty obtained from the calibration certificate, 
kcal-caliper is the coverage factor used in the calibration certificate, which is 1.96. 

 
2. Standard uncertainty of the resolution,  
 

3

a
=μ caliper-res

caliper-res ….. [Type B] 
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where ares-caliper is the resolution of the semi-range of the caliper. 
(Remark: 3  is adopted as the probability distribution for general application.) 

 
3. Standard uncertainty of the randomness,  
 

n

M
=μ caliper-SD

caliper-ran  ….. [Type A] 

 
where MSD-caliper is the standard deviation of repeated measurements and n is the 
number of repeated measurements. 

 
 
(D) Combined standard uncertainty of the caliper from Section C: 
 
  2

tape-res
2

tape-ran
2

tape-cal
2
b μ+μ+μ=μ∑  

  2
caliper-res

2
caliper-ran

2
aliperc-cal

2
dcon

∑ μ+μ+μ=μ  

  2
caliper-res

2
caliper-ran

2
aliperc-cal

2
de

∑ μ+μ+μ=μ  

  2
As

∑μ (from Appendix D1) 
    
 
(E) Combined uncertainty Uc, 
 

∑ 2
dd

2
AA

2
dd

2
bbc )c()c()c()c(U

eessconcon
μ+μ+μ+μ= ∑∑∑  

 
 
(F) Expanded Uncertainty Ue, 

 
ce kU=U  

For student’s distribution in statistics for 95% confidence, the coverage factor k is 2. 
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APPENDIX D3B WORKSHEET OF UNCERTAINTY ANALYSIS OF THE DEPTH OF THE NEUTRAL AXIS 

S.D. S.D. 
Semi-

range *

Semi-
range 
(point) rm a  Σμi

2 ci ci
2 ci

2Σμi
2

- - 1 - - 1.96

- - 0.5 - - 1.7321

1.35E+00 - - - 10 3.1623

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

1.35E-01 - - - 10 3.1623

- - 0.47 - - 1.96

5.75E-02 6.00E-02 3.60E-03 2.07E-04

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

7.62E-02 - - - 10 3.1623

0.0002

2

0.0292

0.03

Note : a = distribution Uc = combined uncertainty
rm = no. of repetitive measuremen Ue = expanded uncertainty
 ? i = standard uncertainty k = coverage factor

 ? ? = combined standard uncertaintType = A (statistical) or B (probability/semi-range)
ci = sensitivity coefficient TS = time window's resolution

S.D. = standard deviation

Remark : Uncertainties are calculated at 95 % confidence level.

 μi
Width of 
the slab

'b'

Source of Error Unit Type

0.5102Calibration uncertainty of the measuring tape (according to 
Cal. Cert) mm

B

Repeatability of measuring tape readings

Resolution of the measuring tape (according to Cal. Cert) mm B 0.2887

Calibration uncertainty of the caliper (according to Cal. 
Cert) mm

B
Total 

thickness 
of the 

concrete
'dcon'

Repeatability of caliper readings mm A

Resolution of the caliper (according to Cal. Cert) mm B

cdcon =

cb = 0.02

2.00E-02 4.00E-04 2.10E-04

3.11E-064.00E-02 1.60E-03

5.26E-01mm A 0.4269

0.0428 1.95E-03

0.0102

3.48E-07

Ue (after round up)

0.0146

k
Ue=kUc

Summation

2.41E-10

0.0029

0.0102

6.93E-04 5.90E-04

cAs = 0.06

0.04

A 0.0241

Resolution of the caliper (according to Cal. Cert) mm B 0.0029

B

A 0.2398

Remainin
g steel bar 

area
'As'

cde = 5.90E-04

Calibration uncertainty (from Appendix D1) mm

Effective 
depth of 
the slab

'de'

Calibration uncertainty of the caliper (according to Cal. 
Cert) mm

Repeatability of caliper readings mm

( )∑= 2
iic ucU
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APPENDIX D4A UNCERTAINTY ANALYSIS OF THE SECOND MOMENTS OF AREA OF 
THE CONCRETE SECTION 

 
(A) Mathematical model in Ixx determination 
 

2
e

3
con

3
xx n)-d(mAn)-d(b

3
1bn

3
1I ++= ……….Eq. [1] 

where  
b is the width of the slab measured by a measuring tape, 
n is the depth of the neutral axis,  
dcon is the total thickness of the concrete measured by a caliper, 
m is the ratio of Young’s modulus of steel to that of concrete, 
As is the remaining steel bar area, and 
de is the effective depth of the slab measured by a caliper.  
 
 
(B) Sensitivity Coefficients 
 

 by derivative of the width of the slab (b) measured by a measuring tape 
according to Eq. [1], 

 

 cb = 
b∂

I∂ xx = 3
con

3 n)-d(
3
1n

3
1

+ = 1.44x10-5 

 
for n=33.67mm and dcon = 53mm.  

 
 by derivative of the depth of the neutral axis (n) according to Eq. [1], 

 

 cn = 
n∂

I∂ xx = n)-d(mA2-n)-d(b-bn es
2

con
2 = -5.76x10-5 

 
for b = 1000mm, n=33.67mm, dcon = 53mm, m=14.2857, As = 1130mm2 and   
de = 59mm.  

 
 by derivative of the total thickness of the concrete (dcon) measured by a caliper 

according to Eq. [1], 
 

 
con

xx
d d∂

I∂c
con
= = 2

con n)-d(b = 3.74x10-4 

 
for b = 1000mm, n=33.67mm and dcon = 53mm. 

 
 by derivative of the remaining steel bar area (As) according to Eq. [1],  

 

 
s

xx
A A∂

I∂c
s
= = 2

e n)-d(m = 9.17x10-3 

 
for n=33.67mm, m=14.2857 and  de = 59mm.  
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 by derivative of the effective depth of the slab (de) measured by a caliper 

according to Eq. [1], 
 

 
e

xx
d d∂

I∂c
e
= = n)-d(mA2 es = 6.24x10-4 

 
for n=33.67mm, m=14.2857, As = 1130mm2 and  de = 59mm.  

 
 
(C1) Standard uncertainty for the measurement of the width of the slab by a 
measuring tape: 
 
1. Calibration uncertainty,  
 

tapcal

tapcal
tapecal k

a

−

−
− =μ ….. [Type B] 

 
where acal-tap is the uncertainty obtained from the calibration certificate, 
kcal-tap is the coverage factor used in the calibration certificate, which is 1.96. 
 
2. Standard uncertainty of the resolution,  
 

3
a tapres

taperes
−

− =μ ….. [Type B] 

 
where ares-tap is the resolution of the semi-range of the measuring tape. 
(Remark: 3  is adopted as the probability distribution for general application.) 
 
3. Standard uncertainty of the randomness,  
 

n
M tapeSD

taperan
−

− =μ  ….. [Type A] 

 
where MSD-tape is the standard deviation of repeated measurements and n is the number 
of repeated measurements. 
 
4. Standard uncertainty in thermal expansion,  
 

3
10x5.0 4

tapethermal

−

− =μ ….. [Type B] 

 
Note: the interval for thermal expansion coefficient of measuring tape = ±0.5x10-4/oC. 
This uncertainty is negligible since the value is too small. 
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(C2) Standard uncertainty for the measurement of the total thickness of the 
concrete and the effective depth of the slab by a caliper: 
 
1. Calibration uncertainty,  

    
caliper-cal

caliper-cal
caliper-cal k

a
=μ ….. [Type B] 

 
where acal-caliper is the uncertainty obtained from the calibration certificate, 
kcal-caliper is the coverage factor used in the calibration certificate, which is 1.96. 

 
2. Standard uncertainty of the resolution,  

3

a
=μ caliper-res

caliper-res ….. [Type B] 

 
where ares-caliper is the resolution of the semi-range of the caliper. 
(Remark: 3  is adopted as the probability distribution for general application.) 

 
3. Standard uncertainty of the randomness,  

n

M
=μ caliper-SD

caliper-ran  ….. [Type A] 

 
where MSD-caliper is the standard deviation of repeated measurements and n is the 
number of repeated measurements. 

 
(D) Combined standard uncertainty of the caliper from C: 

 
2

tape-res
2

tape-ran
2

tape-cal
2
b μ+μ+μ=μ∑  

2
caliper-res

2
caliper-ran

2
aliperc-cal

2
dcon

∑ μ+μ+μ=μ  

  2
caliper-res

2
caliper-ran

2
aliperc-cal

2
de

∑ μ+μ+μ=μ  

  2
As

∑μ (from Appendix D1) 

   2
n∑μ (from Appendix D2) 

 
 
(E) Combined uncertainty Uc, 
 

∑∑ 2
dd

2
AA

2
dd

2
nn

2
bbc )c()c()c()c()c(U

eessconcon
μ+μ+μ+μ+μ= ∑∑∑  

 
 
(F) Expanded Uncertainty Ue, 

 
ce kU=U  

 
For student’s distribution in statistics for 95% confidence, the coverage factor k is 2.  
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APPENDIX D4B WORKSHEET OF UNCERTAIN TY ANALYSIS OF THE SECOND MOMENTS OF AREA OF THE CONCRETE SECTION 

S.D. S.D. 
Semi-

range *

Semi-
range 
(point) rm a  Σμi

2 ci ci
2 ci

2Σμi
2

- - 1 - - 1.96

- - 0.5 - - 1.7321

1.35E+00 - - - 10 3.1623

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

1.35E-01 - - - 10 3.1623

- - 0.47 - - 1.96 0.0575 9.17E-03 8.41E-05 4.84E-06

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

7.62E-02 - - - 10 3.1623

- - 0.03 - - 1.96 0.0002 -5.76E-05 3.32E-09 7.77E-13

4.84E-06

2

4.40E-03

0.004

Note : a = distribution Uc = combined uncertainty
rm = no. of repetitive measuremen Ue = expanded uncertainty
 ? i = standard uncertainty k = coverage factor

 ? ? = combined standard uncertaintType = A (statistical) or B (probability/semi-range)
ci = sensitivity coefficient TS = time window's resolution

S.D. = standard deviation
Remark : Uncertainties are calculated at 95 % confidence level.

 μi
Width of 
the slab

'b'

Source of Error Unit Type

0.5102
Calibration uncertainty of the measuring tape (according to 
Cal. Cert) mm B

Repeatability of measuring tape readings

Resolution of the measuring tape (according to Cal. Cert) mm B 0.2887

Calibration uncertainty of the caliper (according to Cal. 
Cert) mm B

Total 
thickness 

of the 
concrete

'dcon'
Repeatability of caliper readings mm A

Resolution of the caliper (according to Cal. Cert) mm B

cdcon =

cb = 1.44E-05

1.44E-05 2.07E-10 1.09E-10

2.72E-103.74E-04 1.40E-07

0.5259mm A 0.4269

0.0428 0.0019

0.0102

3.89E-07

Ue (after round up)

2.20E-03

k
Ue=kUc

Summation

2.70E-10

0.0029

0.0102

0.0007 6.24E-04

cAs = 9.17E-03

3.74E-04

A 0.0241

Resolution of the caliper (according to Cal. Cert) mm B 0.0029

mm

B

A 0.2398

Remainin
g steel bar 

area
'As'

Calibration uncertainty (from Appendix D1)

mm
Effective 
depth of 
the slab

'de'

Calibration uncertainty of the caliper (according to Cal. 
Cert) mm

Repeatability of caliper readings

mm A 0.0153

cn = -5.76E-05

Depth of 
neutral 

axis
'n'

Calibration uncertainty (from Appendix D2)

cde = 6.24E-04

( )∑= 2
iic ucU
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APPENDIX D5A UNCERTAINTY ANALYSIS OF THE MAXIMUM COMPRESSIVE STRESS 
OF CONCRETE IN THE COMPRESSIVE STRESS ZONE 

 
(A) Mathematical model in cCσ determination 

xx
cC I

Mn
=σ ……….Eq. [1] 

where  
M is the maximum bending moment at fixed-end support,  
n is the depth of the neutral axis, and 
Ixx is the second moments of area of the concrete section.  
 
(B) Sensitivity Coefficients 
 

 by derivative of the depth of the neutral axis (n) according to Eq. [1], 
 

 cn n∂
∂ cCσ

= = 
xxI

M  = 0.0138 

 
for M = 342000Nmm and Ixx = 24763459.73mm4.  

 
 by derivative of the second moments of area of the concrete section (Ixx) 

according to Eq. [1], 
 

 c
xxI

xx

cC

I∂
∂ σ

= = 2
xxI
Mn-  = -1.88x10-8 

 
for M = 342000Nmm, n = 33.67mm and Ixx = 24763459.73mm4.  

 
(C) Combined standard uncertainty 
  

2
n∑μ   (from Appendix D2) 
2
Ixx

∑μ (from Appendix D3) 
 
(D) Combined uncertainty Uc, 
 

2
II

2
nnc )c()c(U

xxxx∑∑ μ+μ=  
 
 
(E) Expanded Uncertainty Ue, 

 
ce kU=U  

 
For student’s distribution in statistics for 95% confidence, the coverage factor k is 2.
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APPENDIX D5B WORKSHEET OF UNCERTAINTY ANALYSIS OF THE MAXIMUM COMPRESSIVE STRESS OF CONCRETE IN THE 
COMPRESSIVE STRESS ZONE 

S.D. S.D. 
Semi-

range *

Semi-
range 
(point) rm a  Σμi

2 ci ci
2 ci

2Σμi
2

- - 0.03 - - 1.96 0.0002 1.38E-02 1.90E-04 4.46E-08

- - 0.004 - - 1.96 0.0000 -1.88E-08 3.53E-16 1.47E-21

4.46E-08

2

0.0004

0.0004

Note : a = distribution Uc = combined uncertainty
rm = no. of repetitive measuremen Ue = expanded uncertainty
 ? i = standard uncertainty k = coverage factor

? ? = combined standard uncertaintType = A (statistical) or B (probability/semi-range)
ci = sensitivity coefficient TS = time window's resolution

S.D. = standard deviation

Remark : Uncertainties are calculated at 95 % confidence level.

Calibration uncertainty (from Appendix D2) mm

Calibration uncertainty (from Appendix D3) mm A

A 0.0153

depth of 
neutral 

axis
'n'

Second 
moments 

of the 
area 
'Txx"

-1.88E-08

0.0020

Ue (after round up)

2.11E-04

k
Ue=kUc

Summation

cIxx =

cn = 0.0138

 μiSource of Error Unit Type

( )∑= 2
iic ucU
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APPENDIX D6A UNCERTAINTY ANALYSIS OF THE MAXIMUM COMPRESSIVE STRESS 
OF CONCRETE IN THE TENSILE STRESS ZONE 

 
(A) Mathematical model in cTσ determination 

xx

e
cT I

)nM(d −
=σ ……….Eq. [1] 

where  
M is the maximum bending moment at fixed-end support,  
de is the effective depth of the slab, 
n is the depth of the neutral axis, and 
Ixx is the second moments of area of the concrete section.  
 
 
(B) Sensitivity Coefficients 
 

 by derivative of the effective depth of the slab (de) according to Eq. [1], 
 

 
e

cT
d d∂
∂c

e

σ
= = 

xxI
M = 0.0138 

 
for M = 342000Nmm, de = 59mm, n = 33.67mm and Ixx = 24763459.73mm4.  

 
 by derivative of the depth of the neutral axis (n) according to Eq. [1], 

 

 cn n∂
∂ cTσ

= = 
xxI
M− = -0.0138 

 
for M = 342000Nmm, de = 59mm, n = 33.67mm and Ixx = 24763459.73mm4.  

 
 by derivative of the second moments of area of the concrete section (Ixx) 

according to Eq. [1], 
 

 c
xxI

xx

cT

I∂
∂ σ= = 2

xx

e

I
)nd(M −− = -1.413x10-8 

 
for M = 342000Nmm, de = 59mm, n = 33.67mm and Ixx = 24763459.73mm4.  

 
(C2) Standard uncertainty for the measurement of the effective depth of the slab 
by a caliper: 
 
1. Calibration uncertainty,  

    
caliper-cal

caliper-cal
caliper-cal k

a
=μ ….. [Type B] 

 
where acal-caliper is the uncertainty obtained from the calibration certificate, 
kcal-caliper is the coverage factor used in the calibration certificate, which is 1.96. 
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2. Standard uncertainty of the resolution,  
 

3

a
=μ caliper-res

caliper-res ….. [Type B] 

 
where ares-caliper is the resolution of the semi-range of the caliper. 
(Remark: 3  is adopted as the probability distribution for general application.) 

 
3. Standard uncertainty of the randomness,  
 

n

M
=μ caliper-SD

caliper-ran  ….. [Type A] 

 
where MSD-caliper is the standard deviation of repeated measurements and n is the 
number of repeated measurements. 

 
 
(D) Combined standard uncertainty 
  

2
caliper-res

2
caliper-ran

2
aliperc-cal

2
de

∑ μ+μ+μ=μ  
2
n∑μ   (from Appendix D2) 
2
Ixx

∑μ (from Appendix D3) 
 
 
(E) Combined uncertainty Uc, 
 

2
II

2
nn

2
ddc )c()c()c(U

xxxxee ∑∑∑ μ+μ+μ=  
 
 
(F) Expanded Uncertainty Ue, 

 
ce kU=U  

 
For student’s distribution in statistics for 95% confidence, the coverage factor k is 2. 
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APPENDIX D6B WORKSHEET OF UNCERTAIN TY ANALYSIS OF THE MAXIMUM COMPRESSIVE STRESS OF CONCRETE IN THE TENSILE 
STRESS ZONE  

S.D. S.D. 
Semi-

range *

Semi-
range 
(point) rm a  Σμi

2 ci ci
2 ci

2Σμi
2

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

7.62E-02 - - - 10 3.1623

- - 0.03 - - 1.96 0.0002 -1.38E-02 1.90E-04 4.46E-08

- - 0.004 - - 1.96 0.0000 -1.41E-08 2.00E-16 8.32E-22

1.77E-07

2

8.40E-04

0.001

Note : a = distribution Uc = combined uncertainty
rm = no. of repetitive measuremen Ue = expanded uncertainty
 ? i = standard uncertainty k = coverage factor

 ? ? i
2 = combined standard uncertaintType = A (statistical) or B (probability/semi-range)

ci = sensitivity coefficient TS = time window's resolution
S.D. = standard deviation

Remark : Uncertainties are calculated at 95 % confidence level.

0.0020

Second 
moments 
of area

'Ixx' Calibration uncertainty (from Appendix D3)

B
Effective 
depth of 
the slab

'de'

Calibration uncertainty of the caliper (according to Cal. Cert) mm

Repeatability of caliper readings 0.0241

Resolution of the caliper (according to Cal. Cert) mm B 0.0029

mm

-1.41E-08

-1.38E-02

A

mm A

0.0007 1.38E-02 1.90E-04

cIxx =

1.32E-07

0.0153

Ue (after round up)

4.20E-04

k
Ue=kUc

0.0102

cde = 1.38E-02

Summation

 μiSource of Error Unit Type

cn =

Depth of 
neutral 

axis
'n' Calibration uncertainty (from Appendix D2) mm A

( )∑= 2
iic ucU
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APPENDIX D7A UNCERTAINTY ANALYSIS OF THE TENSILE STRESS IN STEEL 
 
(A) Mathematical model in sσ determination 

xx

e
s I

)nmM(d −
=σ ……….Eq. [1] 

where  
m is the ratio of Young’s modulus of steel to that of concrete, 
M is the maximum bending moment at fixed-end support,  
de is the effective depth of the slab, 
n is the depth of the neutral axis, and 
Ixx is the second moments of area of the concrete section.  
 
 
(B) Sensitivity Coefficients 
 

 by derivative of the effective depth of the slab (de) according to Eq. [1], 
 

 
e

cT
d d∂
∂c

e

σ
= = 

xxI
mM = 0.1968 

 
for m = 14.2587mm, M = 342000Nmm, and Ixx = 24763459.73mm4.  

 
 by derivative of the depth of the neutral axis (n) according to Eq. [1], 

 

 cn n∂
∂ cTσ

= = 
xxI

mM− = -0.1968 

 
for m = 14.2587mm, M = 342000Nmm, and Ixx = 24763459.73mm4.  

 
 by derivative of the second moments of area of the concrete section (Ixx) 

according to Eq. [1], 
 

 c
xxI

xx

cT

I∂
∂ σ= = 2

xx

e

I
)nd(mM −− = -2.0143x10-7 

 
for m = 14.2587mm, M = 342000Nmm, de = 59mm, n = 33.67mm and  
Ixx = 24763459.73mm4.  

 
(C) Standard uncertainty for the measurement of the effective depth of the slab 
by a caliper: 
 
1. Calibration uncertainty,  

    
caliper-cal

caliper-cal
caliper-cal k

a
=μ ….. [Type B] 

 
where acal-caliper is the uncertainty obtained from the calibration certificate, 
kcal-caliper is the coverage factor used in the calibration certificate, which is 1.96. 
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2. Standard uncertainty of the resolution,  
 

3

a
=μ caliper-res

caliper-res ….. [Type B] 

 
where ares-caliper is the resolution of the semi-range of the caliper. 
(Remark: 3  is adopted as the probability distribution for general application.) 

 
3. Standard uncertainty of the randomness,  
 

n

M
=μ caliper-SD

caliper-ran  ….. [Type A] 

 
where MSD-caliper is the standard deviation of repeated measurements and n is the 
number of repeated measurements. 

 
 
(D) Combined standard uncertainty 
  

2
caliper-res

2
caliper-ran

2
aliperc-cal

2

ed μ+μ+μ=μ∑  
2
n∑μ   (from Appendix D2) 
2
Ixx

∑μ (from Appendix D3) 
 
 
(E) Combined uncertainty Uc, 
 

2
II

2
nn

2
ddc )c()c()c(U

xxxxee ∑∑∑ μ+μ+μ=  
 
 
(F) Expanded Uncertainty Ue, 

 
ce kU=U  

 
For student’s distribution in statistics for 95% confidence, the coverage factor k is 2. 
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APPENDIX D7B WORKSHEET OF UNCERTAIN TY ANALYSIS OF TENSILE STRESS IN STEEL  

S.D. S.D. 
Semi-

range *

Semi-
range 
(point) rm a  Σμi

2 ci ci
2 ci

2Σμi
2

- - 0.02 - - 1.96

- - 0.005 - - 1.7321

7.62E-02 - - - 10 3.1623

- - 0.03 - - 1.96 0.0002 -1.97E-01 3.87E-02 9.07E-06

- - 0.004 - - 1.96 0.0000 -2.01E-07 4.06E-14 1.69E-19

3.59E-05

2

1.20E-02

0.01

Note : a = distribution Uc = combined uncertainty
rm = no. of repetitive measuremen Ue = expanded uncertainty
 ? i = standard uncertainty k = coverage factor

 ? ? i
2 = combined standard uncertaintType = A (statistical) or B (probability/semi-range)

ci = sensitivity coefficient TS = time window's resolution
S.D. = standard deviation

Remark : Uncertainties are calculated at 95 % confidence level.

Depth of 
neutral 

axis
'n' Calibration uncertainty (from Appendix D2) mm A

 μiSource of Error Unit Type

cn =

cde = 0.1968

Summation

2.68E-05

0.0153

Ue (after round up)

5.99E-03

k
Ue=kUc

0.0102

0.0007 1.97E-01 3.87E-02

cIxx =

-0.1968

A

mm A

0.0241

Resolution of the caliper (according to Cal. Cert) mm B 0.0029

mm

B
Effective 
depth of 
the slab

'de'

Calibration uncertainty of the caliper (according to Cal. Cert) mm

Repeatability of caliper readings

0.0020

Second 
moments 
of area

'Ixx' Calibration uncertainty (from Appendix D3)

-2.01E-07

( )∑= 2
iic ucU

 


