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Abstract  

 

This thesis is an experimental study of turbulence, covering three topics: (i) a 

carbon nanotube (CNT) sensor for wall shear stress (WSS) measurements in a turbulent 

boundary layer (TBL); (ii) the control of a TBL for drag reduction based on 

piezo-ceramic (PZT) actuator-generated wall oscillations; and (iii) the turbulent wake of 

two staggered square cylinders.  

Firstly, a CNT sensor has been developed to measure the mean and fluctuating 

WSS in a macroscopic TBL. The CNT WSS sensor is based on the thermal-principle 

and featured by a high spatial and temporal resolution (in the order of nm and kHz, 

respectively), a low power consumption (in the order of µW), and a compact fabrication 

process compared with traditional WSS sensors. The CNT WSS sensing element was 

characterized in detail before its calibration. The CNT sensor was operated under a 

constant temperature (CT) operation mode and an overheat ratio range of -0.15 ~ -0.19, 

and calibrated in a fully developed turbulent channel flow. It has been observed for the 

first time in a macroscopic flow that the sensor output power is approximately 

proportional to the 1/3-powered WSS, as expected for a thermal-principle-based WSS 

sensor, and the WSS measurement was demonstrated for a low Reynolds number flow.  

Secondly, the active control of a TBL has been experimentally investigated with a 

view to reduce the skin-friction drag and to improve our understanding of the flow. A 

PZT actuator array, aligned spanwise and flush-mounted with the wall surface, was 
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employed to generate wall-normal oscillations and, given a phase shift between two 

adjacent actuators, a transverse travelling wave along the wall. A number of control 

parameters were examined, including the wavelength (41.6 ~ ∞ wall units), oscillation 

amplitude (0.83 ~ 2.77 wall units) and frequency (0.13 ~ 0.65 wall units). Local 

skin-friction drag, estimated from the slope of streamwise mean velocity profile in the 

linear region, exhibits a strong dependence on the control parameters. A maximum 

skin-friction drag reduction of 50% has been achieved at 17 wall units downstream of 

the actuator tip, given the wavelength, oscillation amplitude and frequency at 416, 1.94 

and 0.39, respectively, all in wall units. The near-wall flow structures with and without 

perturbation were measured extensively using laser-illuminated smoke-wire flow 

visualization, hotwire, hot-film and particle image velocimetry (PIV) techniques, and 

were compared with each other. The data have been carefully examined and analysed 

using techniques such as space-time cross-correlation, proper orthogonal decomposition 

(POD) and conditional averaging based on the variable-interval time-averaging (VITA) 

detections. All the results point to a pronounced change in the coherent structures in the 

boundary layer under control. The physical picture behind the control is summarized in 

a conceptual model of the modified coherent structures. 

Thirdly, the turbulent wake of two staggered square cylinders has been studied 

based on the laser-induced fluorescence (LIF) flow visualization, hotwire, PIV and load 

cell measurements at Re (≡ U∞d/ν, where U∞ is the free-stream velocity and d is the 

cylinder width) = 300 ~ 1.3 × 104. The configurations examined cover P/d = 1.5 ~ 5.0 

with an interval of 0.5 and α = 0o ~ 90o with an increment of 5o, where P is the 
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centre-to-centre distance between the cylinders and α is the incident angle between the 

streamwise direction and the line through the cylinder centres. Four distinct flow 

regimes were identified based on the Strouhal numbers (St) maps in the P/d-α plane and 

the downstream evolution of the flow structures at x/d = 4.0 ~ 15.0, where x is the 

downstream distance from the mid-point between the cylinders. Two flow regimes, i.e., 

S-I and S-II, are characterized by only one vortex street in the wake and the other two, 

i.e., T-I and T-II, by two streets of vortices. Regime S-I occurs largely at α < 20o and is 

further divided into two sub-regimes, i.e., S-Ia and S-Ib, in view of their distinct vortex 

strengths. Regime S-II is identified mainly at P/d < 3.0 and α > 45o, where vortex 

shedding from the different free-stream sides of the two-cylinder pair have distinct 

frequencies. Regime S-II is further categorized into S-IIa and S-IIb, depending on which 

cylinder the higher-frequency vortex sheds from; the higher-frequency vortices are from 

the upstream cylinder in the former, whilst they are from the downstream one in the 

latter. Regime T-I occurs mostly at P/d ≥ 3.0 and 40o ≤ α ≤ 75o, where two streets of 

vortices were detected with slightly different frequencies. A narrow street and a wide 

street occur behind the upstream and downstream cylinders, respectively. Regime T-II 

displays two coupled vortex streets. The two streets may exhibit different relations. 

Therefore, this regime is divided into two sub-regimes, i.e. T-IIa and T-IIb, with the 

former occurring largely at P/d ≥ 3.0 and α > 75o and the latter at P/d ≥ 4.0 and 20o ≤ α 

< 40o. The two streets are mostly anti-phased in sub-regime T-IIa but the vortices 

shedding from the downstream cylinder are always synchronized with that from the 

upstream one in T-IIb. Initial conditions, i.e. interactions between the four shear layers 
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around the two cylinders, are connected with different flow regimes and are discussed in 

detail. Time-averaged and fluctuating drag and lift forces acting on the two square 

cylinders were measured for all the configurations. The forces are largely categorized 

into three, i.e. the small, the intermediate and the large α, and exhibit distinct 

characteristics in each group, corroborating the classification of the flow regimes.  
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CHAPTER 1 INTRODUCTION 

 

1.1 Overview  

Turbulent flows, which can be divided in general into wall-bounded turbulent flows 

and free-shear turbulent wakes, are prevalently seen in many aspects of industrial 

processes and multifarious important engineering applications (Pope 2000). Examples 

of wall-bounded turbulent flows are oil transportation in pipes, or vehicles in air, sea 

and land; these wall-bounded turbulent flows involve energy transfer, skin-friction drag 

production, flow separation, and noise generation, etc. Free-shear turbulent wakes 

prevail in high-rising buildings, wind blades, offshore struts, and tube bundles in heat 

exchanger, etc.; flow phenomena such as shear-layer interactions, vortex dynamics, 

fluid-structure interference, and vortex-induced vibrations are involved. Understanding 

and manipulating these turbulent flows may bring many benefits, such as drag reduction, 

lift improvement, separation delay, turbulence augmentation, mixing enhancement, 

pollution control, vibration suppression, and noise attenuation (Gak-el-Hak 2000). 

Therefore, a great deal of attention has been paid to investigations on either 

wall-bounded turbulent flows (e.g. Kline et al. 1967; Johansson et al. 1991; Wu & Moin 

2009), or the free-shear turbulent wakes of bluff bodies (e.g. Roshko 1993; Zdravkovich 

1997; Williamson & Govardhan 2004). Meanwhile, there have also been many attempts 

to control both wall-bounded turbulent flows (e.g. Lumley & Blossey 1998; Kim 2003; 
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Kasagi et al. 2009) and free-shear turbulent wakes (e.g. Choi et al. 2008).  

For the purpose of reducing skin-friction drag, or wall shear stress (WSS), in a 

turbulent boundary layer (TBL), being highlighted recently due to the necessity and 

urgency of energy saving, various control techniques have been developed so far 

(Gad-el-Hak 2000). These control techniques can be grouped into passive ones and 

active ones. Although no external energy is required, passive control techniques have 

achieved limited success. On the other hand, active control techniques, either in an 

open-loop or a closed-loop scheme, have made significant progress so far (Kim 2003; 

Karniadakis & Choi 2003). However, for a variety of reasons, experimental 

demonstrations of closed-loop (also open-loop) controlled TBL are difficult to achieve 

and have not been many. Thus, active control of the TBL for skin-friction drag reduction 

is one topic of this thesis. Moreover, in a closed-loop scheme, the control target, i.e. 

WSS, should be captured with very high temporal and spatial resolutions, particularly at 

high Reynolds number flows (Löfdahl & Gad-el-Hak 1999). This requires a new 

generation of WSS sensors. Hence, one topic of this thesis is to develop a novel WSS 

sensor.  

Aerodynamic interference between two adjacent structures is of both fundamental 

and practical importance. Two slender cylinders in staggered, tandem or side-by-side 

arrangement, may be considered to be the basic models. So far, turbulent flows around 

two identical circular cylinders in stagger have been extensively investigated, based on 

the Strouhal number (St) (e.g. Kiya et al. 1980), flow structures (e.g. Sumner et al. 2000; 

Hu & Zhou 2008), or aerodynamic forces (e.g. Zdravkovich 1977; Gu & Sun 1999). 
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Some flow regime classifications have been proposed (Hu & Zhou 2008). In contrast, 

work on turbulent flows around two staggered square cylinders is scarce and scattered, 

and no flow regime classifications having yet been suggested. It is well known that the 

separation points on a square cylinder are fixed on the sharp edges, essentially different 

from the non-stationary separation points on a circular cylinder. One may surmise that 

flow behaviours (both flow structures and aerodynamic forces) relevant to these two 

types of cylinders should be rather different, in particular when interferences between 

two cylinders arranged closely to each other are involved. As such, this triggers 

naturally the third topic of this thesis to investigate the wake of two staggered square 

cylinders, including flow structures and aerodynamic forces as well as connections 

between flows and forces.  

1.2 Brief Literature Review  

1.2.1 Wall shear stress measurement techniques 

WSS measurement techniques can be categorized generally into two classes: direct 

and indirect (Haritonidis 1989). For direct measurements, the skin-friction force is 

directly detected by a sensing element such as a floating element; in contrast, for 

indirect measurements, the skin-friction force is related to other flow variables, such as 

heat transfer rate or pressure gradient or velocity distribution in the near-wall region, 

and these variables can be measured by the sensor. A calibration procedure is necessary 

for both direct and indirect measurements to determine the skin-friction force.  

 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

4 
 

1.2.1.1 Direct measurement techniques 

As illustrated in Figure 1.1, the traditional direct WSS measurement employs a 

floating element supported by a miniature spring underneath the wall surface to balance 

the skin-friction force and the balance force can be obtained according to the length 

change of the spring. Clearly, the floating-element scheme has the advantage that no 

assumptions are required concerning the flow above such a device. However, as 

summarized by Winter (1977) and Haritonidis (1989), there are many problems 

hindering its application in fundamental research and practical engineering. For 

example, (i) very low spatial and temporal resolutions, (ii) unavoidable influences of the 

local flow by the gap, and also misalignment between the floating element and the wall 

 

 
 
Figure 1.1 Typical floating-element scheme, reproduced from Haritonidis (1989). The 
floating element is supported either by (a) a pivotal structure or (b) a parallel linkage. 
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surface around it, (iii) influences of other flow factors such as the pressure gradient, the 

presence of suction or blowing, heat transfer and temperature variations, and (iv) 

difficulties in fabrication and mounting such a delicate device.  

The emergence of micromachining technology (Tai & Ho 1996 & 1998) has 

overcome some of the problems listed above. The micromachining technology can 

manufacture small devices with a typical size in the order of microns, and is compatible 

with the integrated-circuits (IC) industry. Many WSS sensors have been fabricated 

based on micromachining technology, as discussed, for example, in Schmidt et al. 

(1988), Ng et al. (1991), Goldberg et al. (1994), Pan et a. (1995), Padmanabhan et al. 

(1995). Spatial and temporal resolutions have been improved greatly. Nevertheless, 

apart from a complicated process involved in the micromachining, some problems still 

exist when distributing these WSS sensors over a large area, such as misalignment and 

flip-up from the wall (Löfdahl & Gad-el-Hak 1999).  

1.2.1.2 Indirect measurement techniques  

Indirect WSS measurement techniques can be based on either the thermal-principle 

or non-thermal-principle. Thermal-principle-based WSS measurement lies in the fact 

that the heat transfer from a sufficiently small heated surface to the local flow depends 

only on the flow characteristics in the viscous sublayer of a boundary layer (Ludwieg 

1950; Liepman & Skinner 1954; Bellhouse & Schultz 1966). As shown schematically in 

Figure 1.2, the heated portion, i.e. the sensing element, of a thermal WSS sensor is flush 

with the wall surface and generates a thermal boundary layer in the flow boundary layer. 

The Ohmic heating rate Qo produced from the sensing element is transferred into the 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

6 
 

surrounding local flow and into the substrate as well. According to the conservation law 

in heat transfer, this can be expressed as  

 sfo QQQ +=  (1.1), 

where Qs represents heat loss from the sensing element to the substrate, and Qf denotes 

heat transfer to the local flow directly from the sensing element and indirectly through 

the heated portion of the wall surface surrounding the sensing element. Given a steady 

and laminar flow and negligible pressure gradient in the streamwise direction, the 

relationship between the local WSS, τw, and the Ohmic heating rate Qo can be 

established as  

 3/1~ woQ τ  (1.2). 

This relationship is called one-third-powered law. In thermal-principle-based WSS 

sensors, usually the sensing element is an arm of a Wheatstone bridge, and an electric 

 

 

 

Figure 1.2 Thermal boundary layer generated from a heated sensing element on the 
wall. T∞ denotes the temperature in the free stream.  
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current passes through the sensing element to maintain it at a constant temperature (CT), 

while the heat generated by the sensing element is continuously transferred into the 

local flows. The sensor is operated in a CT mode by a post-processing circuit or an 

anemometer. Thus, in practical application, Eq. (1.2) can be expressed conveniently in a 

time-averaged form as  

 BAE wo +=
3/12

τ  (1.3), 

in which Eo represents the output voltage of the circuit, overbar denotes time-average, 

and A and B are constants determined in calibration.  

 Traditionally, the sensing element in a thermal-principle-based WSS sensor was a 

metal hot-film with a typical size in the order of mm (e.g. Bellhouse & Schultz 1966; Tu 

& Ramaprian 1983; and Lee & Basu 1998). Apart from the low spatial resolution, heat 

loss from the heated sensing element to the substrate may have a pronounced effect on 

the dynamic response (Menendez & Ramaprian 1985; Alfredsson et al. 1988).  

Thanks to micromachining technology, which can fabricate a sensing element in the 

order of microns, the spatial and temporal resolutions have been improved greatly, 

accompanied by a significant reduction in heat loss to the substrate (Tai & Ho 1998; 

Löfdahl & Gad-el-Hak 1999; Liu et al. 1999). Micromachined WSS sensors are very 

effective in the measurement of unsteady flows (e.g. Kimura et al. 1999). However, 

these micromachined WSS sensors involve complicated processing steps and rigorous 

circumstances, such as stringent timing and very high temperatures (Liu et al. 1994; 

Jiang et al. 1995).  
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The advent of the carbon nano-tube (CNT) has sparked a broad interest and rich 

applications (e.g. Sinha et al. 2006). The CNT has an extremely small size (in the order 

of microns in length and nm in diameter) and many distinct electrical, mechanical and 

thermal properties (Sinha et al. 2006). It has been demonstrated that the CNT could be 

used as the sensing element in WSS measurement in a laminar microchannel flow (Tung 

et al. 2007; Chow et al. 2008). Moreover, the CNT WSS sensor can be fabricated in a 

concise procedure and room-temperature conditions (Fung et al. 2004). However, the 

CNT WSS sensor has not yet been applied to macroscopic flows, such as turbulent 

channel flows and boundary layers.  

 There are many other miscellaneous non-thermal-principle-based WSS 

measurement techniques, such as Preston or Stanton tubes, thin-oil-film interferometry, 

liquid crystal coating, or wall pulsed wires. These techniques are reviewed in detail by 

e.g. Hanratty & Campbell (1996); Fernholz et al. (1996) and Naughton & Sheplak 

(2002).  

1.2.2 Turbulent boundary layer control  

1.2.2.1 Dynamics of near-wall flows  

Both experimental and numerical investigations have revealed that coherent 

structures exist in the near-wall region of a TBL (e.g. Kline et al. 1967; Cantell 1981; 

Robinson 1991; Johansson et al. 1991). Processes of ejection and sweeping events are 

linked to the quasi-streamwise vortices in the near-wall region (e.g. Kim 1983 & 1985; 

Swearingen & Blackwelder 1987; Waleffe 1997; Jimémez & Pinelli 1999; Schoppa & 

Hussain 2002). Large WSS production is a result of the sweeping events induced by the 
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quasi-streamwise vortices (Kravchenko et al. 1993; Orlandi & Jimémez 1994). 

Therefore, it is crucial to manipulate the quasi-streamwise vortices in the near-wall 

region of a TBL in order to reduce the skin-friction drag.  

1.2.2.2 Passive control  

Passive control strategies can be divided into two classes. The first is putting 

additives into a turbulent flow to interact with the coherent structures in the near-wall 

region. These additives include polymers or fibres, microbubbles, or a combination of 

microbubbles and polymers. Possible mechanisms of drag reduction for different 

additives have been discussed by Bushnell & McGinley (1989), Errante & Elghobashi 

(2004), Deutsch et al. (2006), and White & Mungal (2008). The second is to modify the 

wall conditions of a TBL using riblets (Wash 1980; Choi et al. 1989) or embedded 

grooves (Frohnapfel et al. 2007) or a superhydrophobic surface (Henoch et al. 2006). 

Mechanisms of skin-friction-drag reduction by riblets wall have been discussed by 

Karniadakis & Choi (2003) in their review article. The applications of passive control 

techniques are hampered by limited success, low efficiency or lack of robustness.  

1.2.2.3 Active control  

Active control techniques introduce external perturbations, in terms of flow or 

forces, into a TBL to impair or suppress the coherent structures in the near-wall region. 

Extensive investigations into active control techniques have been conducted so far, 

including suction or blowing, active wall deformation, Lorentz forces, spanwise 

wall-oscillation, and transverse travelling waves. See Gad-el-Hak (1996), Lumley & 

Blossey (1998), Karniadakis & Choi (2003), Kim (2003), and Kasagi et al. (2009) for 
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recent reviews.  

Controlling the near-wall coherent structures, such as the quasi-streamwise vortices, 

is a key to skin-friction-drag reduction. Periodic spanwise flows or wall-oscillations can 

disturb the near-wall coherent structures drastically, thus suppressing the turbulence 

production and reducing the skin-friction drag. Both numerical (Jung et al. 1992; 

Quadrio & Ricco 2004) and experimental (Choi et al. 1998; Karniadakis & Choi 2003) 

investigations have confirmed that a substantial reduction, up to 45%, in skin-friction 

drag can be achieved over a spanwise oscillating wall. In a direct numerical simulation 

(DNS), Du & Karniadakis (2000) investigated the effectiveness of a transverse 

travelling wave, induced by spanwise force, on the skin-friction drag, and observed a 

large reduction exceeding 50%. Their preliminary experiments with Lorentz actuators 

and shape-memory alloys produced results consistent with the DNS data (Du et al. 

2002). Nevertheless, this control technique has yet to be documented experimentally 

(Karniadakis & Choi 2003).  

1.2.3 Flow around two staggered cylinders 

1.2.3.1 Strouhal numbers and flow structures 

The first systematic investigation into vortex shedding frequency (f) of two 

staggered circular cylinders was performed by Kiya et al. (1980). Their experiments 

were conducted at Re = 1.58 × 104, P* = P/d = 1.0 ~ 5.5, and α = 0o ~ 180o with an 

interval of 15o, where Re is Reynolds number based on the cylinder diameter (d) and the 

free-stream velocity (U∞), P is the distance between the two cylinder centres, and α is 

the angle between the oncoming flow direction and the line connecting with the cylinder 
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centres. The superscript asterisk denotes normalization by d and/or U∞ in this thesis, 

without otherwise particular notice. Kiya et al. (1980) classified the St (≡ df/U∞) results 

into five regions in the P*-α plane by taking into account whether St was greater or less 

than for the single cylinder, and whether vortex shedding occurred from the upstream 

cylinder.  

With the aid of laser-induced-fluorescence (LIF) flow visualization and particle 

image velocimetry (PIV) techniques, Sumner et al. (2000) identified a total of nine flow 

patterns in the flow around two circular cylinders arranged in stagger at Re = 850 ~ 

 

 
 
Figure 1.3 Flow patterns around two staggered circular cylinders identified by 
Sumner et al. (2000), reproduced from Sunmer et al. (2000). Flow patterns: SBB1, 
single-bluff body 1; SBB2, single-bluff body 2; BB, base bleed; SLR, shear layer 
reattachment; IS, induced separation; VI, vortex impingement; VPE, vortex pairng 
and enveloping; VPSE, vortex pairing, splitting and enveloping; SVS, synchronized 
vortex shedding. 
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1,900, P* = 1.0 ~ 5.0 and α = 0o ~ 90o, that is, single bluff-body 1 and 2 flow patterns 

(SBB1 and SBB2), base-bleed flow pattern (BB), shear-layer reattachment flow pattern 

(SLR), induced separation flow pattern (IS), vortex impingement flow pattern (VI), 

vortex paring and enveloping flow pattern (VPE), vortex paring, splitting and 

enveloping flow pattern (VPSE), and synchronized vortex shedding flow pattern (SVS). 

Figure 1.3 presents the schematics of the nine flow patterns identified by Sumner et al. 

(2000). They also discussed the vortex shedding frequency and the flow pattern 

boundaries, but their investigation was limited in the near wake.  

In order to classify the flow at x* = x/d ≥ 10, where x is the downstream distance 

from the mid-point of the cylinder-centres line, Hu & Zhou (2008) measured flow 

structures, St and their downstream evolutions in the wake of two staggered circular 

cylinders at Re = 7,000, P* = 1.2 ~ 4.0, and α = 0o ~ 90o. Four distinct flow-modes, i.e. 

two single-street modes (S-I and S-II) and two twin-streets modes (T-I and T-II), were 

proposed and discussed in detail in view of their distinct features (St, vortex-streets 

behaviour, vortex strength and downstream evolution, etc.) and connections with initial 

conditions of shear-layer interactions. Mode S-I was further divided into two types, i.e. 

S-Ia and S-Ib. Hu & Zhou’s (2008) flow regime classification is presented in a polar 

coordinate, i.e., the P*-α plane, as shown in Figure 1.4.  

By comparison with the case of two circular cylinders, there has so far been no 

systematic investigation into St and flow structures around two staggered square 

cylinders. No flow regime classifications in the wake of two staggered square cylinders 

have yet been proposed, either.  
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1.2.3.2 Drag and lift forces 

Probably motivated by engineering applications, investigations into aerodynamic 

forces (drag and lift) on two staggered circular cylinders have been extensively 

conducted. Hori (1959) was the first to measure time-averaged pressure distributions 

(Cp) around two staggered circular cylinders. Time-averaged drag (CD) and lift (CL) 

forces on the two cylinders were calculated through integrating the pressure 

distributions. His measurement was conducted at Re = 8,000, P* = 1.2, 2.0 and 3.0, and 

 

 
 
Figure 1.4 Flow regime classification of two staggered circular cylinders by Hu & 
Zhou (2008) at Re = 7,000, reproduced from Hu & Zhou (2008). 
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α = 0o ~ 90o with an increment of 30o. Zdravkovich & Pridden (1977) measured the CD 

and CL of the downstream cylinder at Re = 6.0 × 104, T* = T/d = 1.0 ~ 3.0 and L* = L/d = 

1.0 ~ 5.0, where L and T are respectively the longitudinal and transversal distances 

between the cylinder centres. Some distinct features such as the ‘inner’ and ‘outer’ 

negative CL peaks of the downstream cylinder were identified. Gu & Sun (1999) 

measured Cp on the downstream one of two staggered circular cylinders at Re = (2.2 ~ 

3.3) × 105, P* = 1.1 ~ 4.0 and α = 0o ~ 90o. Based on the Cp distributions, three patterns, 

i.e. IB, IIB and IIIB for the downstream cylinder and two more patterns, i.e. IA and IIA, 

for the upstream one were identified. At Re = (3.2 ~ 7.4) × 104, P* = 1.125 ~ 4.0, and α 

= 0o ~ 90o, Sumner et al. (2005) measured CD and CL, together with St, for two 

staggered circular cylinders. They classified the flow configurations into three groups in 

terms of P*: (i) closely spaced configurations at P* = 1.125 and 1.25; (ii) moderately 

spaced configurations at P* = 1.5 ~ 2.5; and (iii) largely spaced configurations at P* = 

3.0 and 4.0.  

However, most of the previous investigations focused on circular cylinders. 

Research on the case of two staggered square cylinders is few and scattered. There is 

only some work on special cases of staggered arrangement, i.e., the in-line arrangement 

(Sakamoto et al. 1987; Liu & Chen 2002) and the side-by-side arrangement (Alam et al. 

2010). No systematic investigation of aerodynamic forces on two staggered square 

cylinders has been conducted so far.  



Chapter 1 Introduction 

15 

1.3 Objectives  

During this brief literature review, major problems in the previous investigations 

have been identified. The present investigation attempts to address some of these 

problems and thus narrow the research gap. Specific objectives of the thesis are listed as 

follows:  

(1) Develop a CNT WSS sensor for skin-friction drag measurement, including 

documentation of a channel flow and characterization of the CNT WSS sensor in 

the turbulent channel flow;  

(2) Investigate skin-friction drag reduction in a TBL control based on wall-mounted 

actuator oscillations, with a wide range of parameters (including wavelength, 

oscillation frequency and amplitude) examined;  

(3) Examine through LIF flow visualization, hotwire, hot-film and PIV 

measurements of alterations of the TBL flow structures in the presence of 

control;  

(4) Classify flow regimes around two staggered square cylinders based on flow 

structures in the wake;  

(5) Investigate aerodynamic forces on these two staggered square cylinders and their 

connections with flow structures.  

1.4 Major Work 

This thesis is an experimental study of turbulence, covering three topics. Major wok 

conducted is summarized as follows:  
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(1) A CNT sensor based on thermal-principle has been developed for WSS 

measurements in a TBL. The CNT WSS sensor was characterized in detail, 

including its current-voltage (I-V) characteristics, overheat ratio, temperature 

coefficient of resistance (TCR), noise and piezoresistivity. Calibration of the 

CNT WSS sensor was conducted in a fully developed turbulent channel flow, 

which was also documented in detail. The CNT WSS sensor was operated under 

a CT mode and an overheat ratio of -0.15 ~ -0.19. Calibration results were 

analysed in detail. Work on the CNT WSS sensor is presented in Chapter 2.  

(2) Control of a TBL based on PZT-actuator-generated wall oscillations has been 

investigated with a view to reduce skin-friction drag. Experiments were carried 

out in a wind tunnel at Reθ =1,000 based on U∞ and momentum thickness (θ). 

The TBL was produced along a flat plate and was documented in detail. An 

actuator array consisting of 16 PZT actuators was employed to generate 

wall-normal oscillations and, given a phase shift between two adjacent actuators, 

a transverse travelling wave on the wall surface. A sinusoidal waveform was 

applied, and a number of parameters were examined, including wavelength (41.6 

~ ∞ wall units), oscillating amplitude (0.83 ~ 2.77 wall units) and frequency 

(0.13 ~ 0.65 wall units). Local skin-friction drag downstream of the actuator 

array was measured based on the slope of the streamwise mean velocity profile 

in the viscous sublayer. Near-wall flow structures with and without control were 

extensively measured using hotwire, hot-film, smoke-wire flow visualization 

and PIV measurements, and then compared with each other. Possible 
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drag-reduction mechanisms were discussed in detail. This work is presented in 

Chapter 3.  

(3) The turbulent wake of two staggered square cylinders has been studied 

systematically. Investigations were conducted at Re = 300 ~ 1.3 × 104 using LIF 

flow visualization, hotwire and PIV measurements. Configurations examined 

cover a wide range of P* = 1.5 ~ 5.0 with an interval of 0.5, and α = 0o ~ 90o 

with an increment of 5o. Four distinct flow regimes were identified based on the 

St-maps in the P*-α plane and the downstream evolution of flow structures at x* 

= 4.0 ~ 15.0. Features of these four flow regimes were described in detail, 

including vortex street behavior, vortex strength, shedding frequency etc. Initial 

conditions, i.e. interactions between the four shear layers around the two 

cylinders, were connected with different flow regimes. Present results were also 

compared with that of two staggered circular cylinders. This work is addressed 

in Chapter 4.   

(4) Aerodynamic forces, i.e. time-averaged and fluctuating drag and lift, acting on 

the two staggered square cylinders were measured using a load cell at Re = 1.3 × 

104, P* = 1.5 ~ 5.0 and α = 0o ~ 90o. Based on the force behaviours, 

configurations of the two cylinders were grouped into: (i) the small α (0o ≤ α ≤ 

25o), (ii) the moderate α (25o < α ≤ 55o), and (iii) the large α (55o < α < 90o). 

Aerodynamic forces of both cylinders exhibit similar behaviours in each group, 

but display distinct features in different groups. Connections between 
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aerodynamic forces and flow structures were discussed in detail. This work is 

addressed in Chapter 5.  
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CHAPTER 2 A CARBON NANOTUBE SENSOR FOR 

WALL SHEAR STRESS MEASUREMENT 

 

2.1 Introduction 

Wall shear stress (WSS) measurement plays a key role in the understanding and 

real-time feedback control, aiming at drag reduction, of a turbulent boundary layer. 

WSS is closely associated with the near-wall coherent structures such as near-wall 

streamwise vortices and the so-called sweep events (Kravchenko et al. 1993, Orlandi & 

Jiménez 1994). The information of WSS allows not only downstream near-wall 

coherent structures to be predicted but also the performance of a closed-loop controller 

to be evaluated. Using WSS as a feedforward signal, Rathnasingham & Breuer (2003) 

managed to reduce the streamwise velocity fluctuation by 30% in the near-wall region. 

At a high Reynolds number turbulent boundary layer, the time-, length-, and 

velocity-scales of near-wall coherent structures become much smaller (Tennekes & 

Lumley 1994) in view of η/l ∼ Re-3/4, tu/l ∼ Re-1/2, and υ/u ~ Re-1/4, where η, t, and υ are 

referred to as Kolmogorov length-, time-, and velocity-scales, respectively, l the 

‘integral scale’ of turbulence, u the characteristic velocity of the turbulent eddies, and 

Re the Reynolds number defined by the free stream velocity, U∞, and the characteristic 

length, lc. In their recent reviews, Löfdahl & Gad-el-Hak (1999) and Naughton & 

Sheplak (2002) pointed out that a competent WSS sensor was required to reach a spatial 

resolution in the order of µm and a dynamic response of kHz as Re in engineering was 
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frequently in the order of 106~7. In the control of a turbulent flow the real-time feedback 

information is required from the flow, including WSS and its distribution along with 

velocity fluctuations and pressure gradients (Gad-el-Hak 2000 & 2001, Bewley 2001).  

WSS sensors may be classified into ‘direct’ and ‘indirect’ measurements based on 

their working principles (Haritonidis 1989). The former employs a floating element 

supported by a miniature spring underneath the wall to balance the skin friction and the 

balance force can be obtained in accordance with length change of the spring 

(Haritonidis 1989). The floating element may also be tethered with the wall surface and 

the movement of the sensing element subjected to the skin friction may be determined 

following the principles of electronics (Schmidt et al. 1988, Ng et al. 1991, Pan et al. 

1995) or optics (Padmanabhann et al. 1995). The floating element can sense WSS both 

with relatively high sensitivities, e.g., 52 µV(ac)/Pa (Schmidt et al. 1988), 0.077%/Pa 

(Padmanabhann et al. 1995) and 167 µV/Pa (Pan et al. 1995), and with a high dynamic 

response of 100 Hz ~ 100 kHz (Schmidt et al. 1988). This type of WSS sensors, 

however, suffers from difficulties in fabrication and mounting. Furthermore, the 

influence of the gap between elements and the wall on flow cannot be ignored, 

particularly when a large array of distributed sensors are deployed (Löfdahl & 

Gad-el-Hak 1999).  

There are three types of ‘indirect’ techniques: (i) thermal-principle-based sensors, 

which rely on the relationship, determined through calibration, between the local WSS 

and the heat transfer rate from a heated element, such as hot-film (e.g., Bellhouse & 

Schultz 1966, Menendez & Ramaprian 1985, Liu et al. 1999), and surface hotwire 
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(Sturzebecher et al. 2001); (ii) non-thermal-principle-based sensors, such as Preston or 

Stanton tube (Hanratty & Campbell 1996), thin-oil-film interferometry, liquid crystal 

coating (Naughton & Sheplak 2002), micro-pillar shear-stress sensor MPS3 (Brücker et 

al. 2005, Grosse & Schröder 2008a & 2008b, Grosse et al. 2008), and wall pulsed wires 

(Fernholz et al. 1996); (iii) extrapolation of the near-wall mean velocity profile 

measured using either particle imaging velocimetry (PIV) (Kähler et al. 2006) or 

hotwires (Hutchins & Choi 2002), including the technique using two parallel hotwires 

placed close to the wall (Löfdahl et al. 2003). Type (ii) measurements provide in general 

the mean of WSS, though the recently developed micro-pillar shear-stress sensor MPS3 

shows the ability to measure WSS with a high dynamic response (up to 10 kHz) (Grosse 

& Schröder 2008a, Grosse et al. 2008).  

Thermal-principle-based hot-film WSS sensor is effective in the measurement of 

steady and unsteady flows. Bellhouse & Schultz (1966) developed a hot-film gauge to 

measure the mean WSS in both laminar and turbulent flows, and managed to measure 

the transition and separation on a circular cylinder as well as fluctuating WSS on an 

oscillating flat plate. Nevertheless, limited by its size, the hot-film had a low spatial 

resolution, 1.27 mm and 9.53 mm in the streamwise and spanwise directions, 

respectively. Ramaprian & Tu (1983) proposed a calibration procedure for the hot-film 

WSS sensor to measure instantaneous skin friction in a turbulent pipe flow. Lee & Basu 

(1998) used a total of 140 hot-film sensors (length × width = 2.5 mm × 0.1 mm for each 

sensing element) with 1.3 mm spacing apart from each other to measure the WSS in an 

unsteady boundary layer over an oscillating airfoil. An array of multiple hot-film 
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sensors were also used by Desgeorges et al. (2002) for the mean WSS measurement. 

Heat transfer from a heated sensing element to substrate may have a pronounced 

effect on the dynamic response of the WSS sensor (Alfredsson et al. 1988). This effect 

was not considered in the general formula for hot-film WSS sensor presented by 

Menendez & Ramaprian (1985) based on theoretical analysis. Haselbach & Nitsche 

(1996) investigated both experimentally and numerically the interactive influence 

among an array of inline-arranged hot-films as well as between substrate and fluid flow. 

The downstream heat loss of a sensing element was found to have a pronounced effect 

on calibration. Huang et al. (1999) also investigated the relationship between the 

dynamic response of a thermal-principle-based WSS sensor and heat transfer from a 

heated element to substrate.  

The micro-electro-mechanical-system (MEMS)-based WSS sensor emerged with the 

development of photolithographic technique (e.g., Ho & Tai 1998, Löfdahl & 

Gad-el-Hak 1999). This sensor is characterized by a dimension in the order of µm, thus 

improving greatly the spatial resolution and minimizing heat loss from the sensing 

element to substrate. Liu et al. (1999) developed a MEMS-based WSS senor using this 

state-of-the-art technique. Its phosphorus-doped poly-silicon sensing element was 2 µm 

in width, 0.45 µm in thickness, and 20 ~ 200 µm in length, with a high time response of 

72 µs on the CT operation mode. Using a self-frequency compensation method, Huang 

et al. (1999) enhanced the frequency response, to 70 kHz, of the sensor with a similar 

dimension to that used by Liu et al. (1999). One of the prominent features of the 

MEMS-based WSS sensor is an approximate vacuum cavity, which was about 2 µm 
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deep in the work of Liu et al. (1999) and Huang et al. (1999). This cavity acts as 

insulation and minimizes heat transfer from the sensing element to substrate. The 

MEMS-based WSS sensor has been used to detect separation points in 

unmanned-aero-vehicle (UAV) in-situ flight tests (Huang et al. 2001) and to track the 

near-wall coherent streaks through measurement of the WSS distribution in a turbulent 

boundary layer (Kimura et al. 1999). One should note that the fabrication of 

MEMS-based sensors involves complicated processing steps and rigorous 

circumstances, such as the temperature and timing (Liu et al. 1994, Jiang et al. 1995).  

The advent of the CNT sensing element has sparked a broad interest and rich 

applications (Wong & Li 2003, Sinha et al. 2006). The CNT exists in two basic forms, 

i.e., single-walled nanotubes (SWNTs) and multi-walled nanotubes (MWNTs) (Tung et 

al. 2007). The CNT sensing element has many unique features and advantages over 

others: (i) extremely small size, 1 ~ 3 µm in length and 1 ~ 10 nm in diameter for the 

SWNTs and 10 ~ 50 nm in diameter for the MWNTs, resulting in an aspect ratio in the 

order of 103 and a high spatial resolution; (ii) specific electrical properties, such as 

metallicity and semiconductivity, which is beneficial to the integration of the CNT 

sensor with other electric circuits in a sensor chip (Sinha et al. 2006); (iii) distinct 

mechanical and thermal properties (Sinha et al. 2006). Wong & Li (2003) demonstrated 

that bulk MWNTs could be manipulated by alternating current (A.C.) electrophoresis to 

form sensing elements between two gold (Au) electrodes, thus serving as temperature 

and anemometer sensors. Their frequency response was estimated to exceed 100 kHz 

(Wong & Li 2003) on the operation of the constant current (CC) operation mode. Fung 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

24 
 

et al. (2004) reported an A.C. dielectrophoretic (DEP) technology for the batch 

fabrication of the CNT sensors which could potentially serve as the 

thermal-principle-based WSS sensor. Tung et al. (2007) and Chow et al. (2008) 

demonstrated the feasibility to use MWNTs and SWNTs, respectively, as the sensing 

element of the thermal-principle-based WSS sensor in a laminar micro channel flow 

(2.5 cm × 3 mm and 4 mm × 0.3 mm in cross-section area, respectively). However, the 

CNT sensor has not been applied to a macroscopic flow, such as turbulent channel flows 

and boundary layers.  

This work aims to explore the application of the CNT sensor to a macroscopic 

turbulent channel flow, largely focusing on the CNT WSS sensing technique. The 

architecture, structure, fabrication, and characteristics are discussed in detail in Section 

2.2. The sensor calibration and first WSS measurement are demonstrated for a low 

Reynolds number range in Section 2.3. The work is concluded in Section 2.4. 

2.2 CNT WSS Sensor Chip 

2.2.1 Fabrication 

Wong & Li (2003), Fung et al. (2004) and Tung et al. (2007) demonstrated the batch 

manipulation and alignment of the CNT (SWNTs or MWNTs) bundles to the gaps of Au 

electrodes on a chip using the DEP manipulation technique. The CNT bundles are first 

dispersed into a liquid, e.g., ethanol. Then the samples of this CNT and ethanol mixture 

liquid are dropped on top of a chip where Au electrodes and leads have been patterned. 

With an alternate electric current was applied to a pair of Au electrodes with a 

separation of 2µm, the CNT bundles in the mixture liquid were aligned under the 
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dominant DEP forces in the gap of the two Au electrodes, which serve as the sensing 

element in a sensor chip after the evaporation of liquid. MWNTs, SWNTs, and also 

functionalized CNT (F-CNTs) have been examined to determine the best candidate for 

thermal-principle-based sensor. F-CNTs-based sensors broke down at a certain power, 

and are thus unsuitable for self-heating applications (Chow et al. 2007). A comparison 

between MWNTs-based and SWNTs-based sensors, given a similar sensing element 

resistance, indicated that SWNTs-based sensors could reach a higher overheat ratio, 

which may be more favourable in our macro-scopic flow applications. Therefore, 

SWNTs bundles are presently used as the sensing elements in the CNT WSS sensor chip, 

which was fabricated in The Chinese University of Hong Kong.  

Compared with MEMS-based WSS sensor chips (Liu et al. 1994, Jiang et al. 1995), 

the CNT WSS sensor chip can be fabricated in a compact process using the DEP 

manipulation technique and may be completed in the room-temperature condition (Fung 

et al. 2004). As illustrated in Figure 2.1, the fabrication process of a CNT WSS sensor 

chip consists of four stages. (1) A polymethylmethacrylate (PMMA) is used as the 

substrate after cleaning. The square PMMA substrate has a side length of 3 cm and a 

thickness of 3 mm. (2) On top of the PMMA substrate a layer of 0.5-µm-thick parylene 

C is deposited to protect the PMMA substrate as well as to improve the adhesion of Au 

electrodes to the substrate. (3) About 0.7 µm thick layer of Au is sputtered and etched in 

a layout, producing Au electrodes (a total of 19 pairs in the present study) as well as Au 

leading wires on top of the parylene C layer. (4) The CNT bundles are manipulated to 

connect a pair of Au electrodes (around 2 µm spacing) using the DEP manipulation 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

26 
 

technique, forming sensing elements in a CNT WSS sensor chip.  

Photographs of a CNT WSS sensor chip and the sensing element are given in Figure 

2.2. Figure 2.2(a) shows a scanning electric microscope (SEM) photo of the CNT 

bundles in the gap of two Au electrodes after the DEP management. The two Au 
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Figure 2.1 Fabrication process of the CNT WSS sensor chip, using the SWNTs 
bundles as the sensing element. (a) Preparation of a PMMA substrate with 3 mm 
thickness. (b) Deposition of parylene C with a thickness of around 0.5 µm on the 
PMMA substrate. (c) Au sputtering and etching, patterning pairs of Au electrodes and 
leading wires (about 0.7 µm thick) on the surface of parylene C. (d) DEP 
manipulation of SWNTs bundles, forming sensing elements in the gap of Au 
electrodes. 
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electrodes are indicated by the two big clumps (Au electrodes), in the gap of which the 

CNT bundles sit. Thermal annealing cycle has been conducted, which was effective for 

removing impurities and stabilizing the sensor resistance (Fung et al. 2004). Though 

there exists a large aggregate of CNT bundles between the two Au electrodes, the 

sensors show repeatable properties (Chow et al. 2008). Figure 2.2(b) shows a 

microscopic image of the sensor chip with 19 pairs of Au electrodes. Four solid circles 

in Figure 2.2(b) are positioning indicators during the etching process. Figure 2.2(c) 

shows a photograph of one CNT WSS sensor chip attached to a printed circuit board 

 
 
Figure 2.2 Photographs of the CNT WSS sensor chip. (a) SEM photo of the SWNTs 
bundles in the gap of two Au electrodes, as indicated by two big clumps. (b) 
Microscopic image of a sensor chip with 19 pairs Au electrodes (four solid circles 
are positioning indicators). (c) One sensor chip attached to a PCB for circuit 
connection (a sensor array is in the center of a square PMMA substrate with 3 cm 
width and 3 mm thickness; two wires are connected to electric circuits). 
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(PCB) for circuit connection. An array of sensing elements rests in the center, as 

indicated by the rectangle, of the square PMMA substrate. Readers can refer to works of 

Fung et al. (2004), Tung et al. (2007) and Chow et al. (2008) for more details of the 

CNT WSS sensor chip.  

2.2.2 Major properties 

2.2.2.1 Current-voltage (I-V) characteristics  

The sensing elements in the CNT WSS sensor chip were tested and characterized in 

detail before being calibrated in a fully developed channel flow. A digital source meter 

(Keithley 2400) was used to characterize the CNT WSS sensor chip in the 

room-temperature condition. The I-V curves of a sensing element obtained in three 

repeated measurements collapse (Figure 2.3). The data were fitted well to a 2nd-order 

polynomial. The Ohm’s law is also included in Figure 2.3 with a slope of 1/Ro, where R0 

(= 28.9 kΩ) represents the room-temperature resistance of the sensing element. 

Evidently, the measured data follow the Ohm’s law when the input voltage V is less than 

1 volt. But the I-V curve displays a deviation from the Ohm’s law for V > 1 volt, and the 

deviation grows with the increasing V.  

The nonlinearity in the I-V curve results from self-heating effects (Wong & Li 2003), 

that is, heat generated from Ohmic heating exceeds heat loss from the sensing element 

to the substrate. Liu et al. (1999) placed a poly-silicon resistor over a vacuum cavity, an 

air-filled cavity, and directly on the substrate, respectively, and compared the three 

different structures in heat transfer from heated resistors to the substrate. The 

poly-silicon resistor placed over a vacuum cavity was found to show the largest 
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nonlinearity in the I-V curve of the three, confirming that the pronounced temperature 

rise in the resistor resulted from Ohmic heating. This behavior was ascribed to low heat 

transfer between the heated resistor and the substrate because of the isolation of the 

vacuum cavity. On the other hand, the I-V curve of the poly-silicon resistor resting 

directly on the substrate was almost linear, suggesting that heat loss to the substrate was 

so large that the temperature change of the resistor was insignificant. The authors also 

carried out a numerical simulation, where the temperature distribution of the 

poly-silicon resistors could be characterized, in order to compare the cases with and 

without a vacuum cavity underneath. Their simulation showed that, given the same 

 

 
 
Figure 2.3 Current-voltage (I-V) curve of a sensing element. 
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input power, the maximum resistor temperature with a vacuum cavity almost doubled 

that without, further supporting the experimental finding. In the present CNT WSS 

sensor chip the sensing elements were directly placed on the substrate without any 

cavity between. However, the I-V characteristics still exhibit a profound nonlinearity, 

similarly to that in Liu et al. (1999). This could be partly because heat conduction from 

the sensing element to the substrate is low and partly because the temperature of the 

self-heated sensor grows rapidly. Moreover, in the I-V characteristics (Figure 2.3) of the 

present CNT sensor the nonlinear curve occurs above the line of the Ohm’s law, 

implying that, with the input voltage held constant (V > 1 Volt), the current (I) increases 

as the sensing element becomes hotter. As a result, the resistance of the CNT sensor 

drops with rising temperature, corresponding to a negative temperature coefficient of 

resistance (TCR). This is different from that of a poly-silicon resistor, which has a 

positive TCR (Liu et al. 1999), and will be discussed later.  

It is worth commenting on the observation (not shown) that the sampled data in the 

I-V curves displayed scattering for some sensing elements when the input voltage was 

high, around 4 volts. This phenomenon is ascribed to thermal expansion associated with 

self-heating at large input voltage. Under a relatively large input voltage, the self-heated 

sensing element could reach a relatively high temperature. Then the thermal expansion 

may cause some CNT bundles to be dislocated from the Au electrodes because the 

expansion thermal coefficient of the CNT bundles is different from that of the Au 

electrodes (Wong & Li 2003), leading to a great variation in the resistance of the CNT 

bundles. Another possible factor responsible for the scattered data is the contact 
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resistance between the CNT bundles and electrodes, which affects resistance variation 

(Fung et al. 2004). Therefore, the input voltage on or current through a CNT WSS 

sensor chip must be such that the CNT sensing element is self-heated, but not exceeding 

an upper limit of input power, e.g., 700 µW based on present measurements.  

The power consumption of each CNT sensing element is low. For instance, when 

the input voltage for the sensing element in Figure 2.3 is 3 volt, the corresponding input 

current is about 120 µA, yielding an input power of 360 µW, at least one order of 

magnitude lower than that produced by a MEMS-based sensing element, which is in the 

order of mW (Liu et al. 1999).  

2.2.2.2 Overheat ratio 

Overheat ratio is an important parameter for the operation of a 

thermal-principle-based WSS sensor. Because of self-heating, a sensing element has a 

greater working temperature (T) than ambient (To). The temperature overheat ratio, αT, 

is defined by 

 αT = (T – To)/To (2.1) 

In practice it is convenient to measure the resistance, instead of working 

temperature, of a sensing element. Therefore, the resistance overheat ratio, αR, is usually 

used, viz.  

 αR = (R – Ro)/Ro (2.2), 

where R is the resistance of a heated sensing element, that is, the resistance of a 

self-heated sensing element. Figure 2.4 shows a typical variation in αR with V, for a 

sensing element calculated from Eq. (2.2). The room-temperature resistance (Ro) of the 
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sensing element is about 28.9 kΩ. The sensing element is self-heated once V exceeds 

about 0.5 volt, and αR reaches -0.025 for V ≈ 1 volt. Note that, in contrast to a 

poly-silicon resistor (Liu et al. 1999), the sensor resistance decreases with increasing 

temperature, resulting in a negative αR. Evidently, αR decreases linearly for V > 1 volt. 

The observation may be explained based on the I-V curve (Figure 2.3). The measured 

data were fitted well to a 2nd-order polynomial, i.e., I ≈ 2.7V2 + 31.6V, suggesting that I 

increases one order quicker than V for a self-heated sensing element. Then,  

 αR ≈ [(2.7V + 31.6)Ro]-1 - 1 (2.3) 

may suggest that αR is inversely proportional to V. Two factors related to self-heating 

 
 
Figure 2.4 Typical variation of overheat ratio αR with input voltage V for a sensing 
element with a room-temperature resistance of 28.9 kΩ. 
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may affect the choice of αR. (1) The input current should not be too large, e.g., in 

current tests, less than 170 µA. Otherwise, the CNT structure may be damaged. (2) A 

high self-heating temperature may generate a natural convection and disturb local flow 

around the sensing element (Hanratty & Campbell 1996). As such, αR must be confined 

to a level, say -0.20, as indicated based on the present tests. 

2.2.2.3 Temperature coefficient of resistance (TCR) 

Temperature coefficient of resistance (α) describes the relative change of resistance 

with a variation in temperature for a sensing element, defined as 

 
)( oo

o

TTR
RR
−

−
=α  (2.4) 

The temperature and resistance overheat ratios can be related to each other:  

 αR = ααTTo (2.5) 

Figure 2.5 shows the typical dependence of (R – Ro)/Ro (%) on T (oC) for a sensing 

element. In the test, a CNT WSS sensor chip was placed in an oven whose temperature 

can be adjusted and maintained to be constant. Because of the vitrifaction of the PMMA 

substrate in high temperature, the oven temperature was maintained between 20 oC and 

80 oC. In order to determine the dependence of (R – Ro)/Ro on T, a total of four cycles of 

temperature change (ascending or descending) were applied. A digital source meter 

(Keithley 2400) was employed to sample the resistance change of a sensing element 

during the temperature ascending and descending. Over 4,300 data were recorded 

during each cycle of temperature change, though only one was extracted from every 100 

and presented in Figure 2.5. Three sets of the data, out of four, are presented and fitted 

well to a straight line (solid, dash, and dash-dot lines, respectively). The relative change 
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of resistance, (R – Ro)/Ro, for a sensing element decreases with increasing T. The three 

sets of data almost collapse, suggesting α ≈ -0.25 %/oC. The negative α has been 

reported by Wong & Li (2003), Fung et al. (2004), and Tung et al. (2007) for the 

MWNTs bundles. The α range was -0.1 %/oC ~ -0.2 %/oC in Wong & Li (2003) and 

Fung et al. (2004), and -0.01 %/oC ~ -0.04 %oC in Tung et al. (2007). On the other hand, 

α was about 0.13 %/oC for a MEMS-based phosphorus-doped poly-silicon sensing 

element (Liu et al. 1999).  

2.2.2.4 Noise and piezoresistivity 

 Prior to tests in a turbulent boundary layer, the output noise of a CNT WSS sensor 

 

 
 
Figure 2.5 Dependence of (R – Ro)/Ro (%) on temperature, T (oC), for a sensing 
element from three repeated tests. 
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was estimated in terms of the standard deviation of resistance (in percentage), as Sin et 

al. (2006) did. In the room-temperature condition, the noise error in the output of a CNT 

WSS sensor (Ro ≈ 8.89 kΩ) was measured for both overheated and non-overheated 

configurations. The output noise of the CNT sensor is 0.214% in a non-overheated state 

and 0.079% at an overheat ratio of -0.157; the latter is one order lower than the former. 

The physical reason behind this difference is unclear. Sin et al. (2006) used the F-CNTs 

bundles as the sensing element and estimated the typical output noise of the 

non-overheated sensors to be 0.1 ~ 0.2%. They found that the inherent noise, rather than 

from the external circuits, accounted for around 90% of the total. Since the output noise 

of the present CNT WSS sensor is very low (0.079%), its contribution to measurement 

results should be negligible. Nevertheless, a CNT WSS sensor immersed in a turbulent 

boundary layer inevitably suffers from flow fluctuations. At high Reynolds number the 

strong fluctuations may adversely affect the performance of sensing elements, leading to 

data scattering.  

 The piezoresistivity describes the resistance change of a sensor due to mechanical 

stress and is characterized by a gauge factor, viz. 

 G = (∆R/Ro)/εL (2.6), 

where ∆R is the resistance change of the sensor under mechanical strain, εL. Using the 

CNT bundles as the sensing element, Fung et al. (2005) reported a CNT-based 

piezoresistive pressure sensor. The CNT bundles were assembled on top of a PMMA 

diaphragm, which is sensitive to external pressure variation, with a G of about 20, much 

greater than that of poly-silicon-based pressure sensors. For the present setup of the 
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CNT WSS sensor chip, the sensing elements reside on a solid PMMA substrate, instead 

of a flexible diaphragm, with no mechanical strains. Therefore, compared with external 

flow, mechanical stain should have a negligible effect on the sensor performance. 

2.2.2.5 Dynamic response 

The ability of a sensor to track the fluctuations of a turbulent flow depends on the 

frequency or time response character. Wong & Li (2003) and Fung et al. (2004) 

demonstrated that, with the MWNTs bundles used, the sensing element on a CC 

operation mode could reach a cutoff frequency of 177 kHz. In contrast, the frequency 

response of a MEMS-based WSS sensing element is from hundreds Hz to several kHz 

in a CC operation mode without frequency compensation (Huang et al. 1999). The 

present SWNTs bundles are expected to have a frequency response similar to the 

MWNTs bundles based on following facts. (i) SWNTs and MWNTs have similar 

electrical and thermal properties. (ii) The technique used to fabricate the present CNT 

WSS sensor chip was the same as that used by Fung et al. (2004). (iii) SWNTs is similar 

to MWNTs in the I-V curve, overheat ratios and α.  

As a summary, Table 2.1 compares WSS sensors in terms of sensor type, working 

principle, sensing element size, time (or frequency) response, and sensitivity. It can be 

seen that the CNT sensor has an edge over others in size and time (or frequency) 

response. The sensitivity of the present sensing element will be discussed in Section 3.  
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Table 2.1 Comparison among WSS sensors in terms of element size, time (frequency) response, and sensitivity. 

Investigator(s) Sensor type Size of sensing element Detecting principle Time (frequency) response Sensitivity  
Schmidt et al. (1988) floating-element 0.5 × 0.5 mm2 Capacitor up to 100 kHz 52 µV(ac)/Pa 
Ng et al. (1991) floating-element 0.12 × 0.14 mm2 Piezoresistor  14 µV/kPa 
Pan et al. (1995) floating-element 0.1 × 0.1 mm2 Capacitor  167 µV/Pa 
Padmanabhan et al. (1995) floating-element 0.12 × 0.12 mm2 Photodiodes  0.077%/Pa 
Bellhouse & Schultz (1965) hot-film 9.53 × 1.27 mm2 thermal transfer 0.04 µs  
Lee & Basu (1998) 
and Desgeorges et al. (2002) 

hot-film 2.5 mm × 0.1 mm thermal transfer   

Liu et al. (1999) MEMS-based sensor (20 ~ 200) × 2 µm2 thermal transfer 72 µs (CT) in the order of 
mV/Pa 

Jiang et al. (1999) MEMS-based sensor (50 ~ 120) × (2 ~ 5) 
µm2 

thermal transfer 70 kHz (CT)  
about 100 kHz (CC) 

 

Löfdahl et al. (2003) MEMS-based hot-wire (200 ~ 600) × (1 ~ 3) 
µm2 

thermal transfer < 5 kHz 270 ~ 340 
µV/Pa 

Sturzebecher et al. (2001) surface hot-wire 5 µm in diameter, and 
about 2.5 mm long 

thermal transfer about 65 kHz  

Grosse et al. (2008) micro-pillar 20 µm in diameter, and 
300 µm high 

viscous force up to 10 kHz  

Wong & Li (2003), and Fung 
et al. (2004) 

CNT sensor 
(MWNTs) 

5 ~ 15 µm in length thermal transfer > 100 kHz (CC)  

Tung et al. (2007) CNT sensor 
(MWNTs) 

360 µm long, and 90 µm 
wide 

thermal transfer   

Current CNT sensor  
(SWNTs) 

about 2 µm in length thermal transfer  in the order of 
mV/Pa 
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Figure 2.6 Schematic of the channel flow rig and mounting of a CNT WSS sensor chip on the channel wall (dimensions are not in scale and units 
in mm). 
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2.3 Calibration, Results and Discussion  

2.3.1 Calibration facility 

An open-loop blower-type channel flow was used to calibrate the CNT WSS sensor 

chip. The channel is schematically given in Figure 2.6. Its contraction ratio is 25:1. The 

working section is 4 m long, with a cross section of 0.3 m in width and 0.022 m in 

height (2h), resulting in an aspect ratio of 13.6, which is larger than the minimum value, 

i.e., 7, for a nominally 2D duct flow (Dean 1978). A canvas is used to join the blower 

and the channel in order to minimize the effect of vibrations, generated by motor and 

fan.  

The origin of the coordinate system is defined at the centre of the cross section, 

immediately downstream of the contraction section, with x, y, z along the streamwise, 

transverse (normal to the bottom wall), and spanwise directions, respectively. The flow 

is fully developed at x/h = 190 ~ 319 (Patel 1974). The mean central velocity Uc (at z/h 

= 0, y/h = 1) in the developed region can be adjusted through a frequency inverter from 

8 m/s to 30 m/s, corresponding to a Reynolds number, Reh (≡ Uch/ν), of 5.9 × 103 to 2.2 

× 104.  

A fully developed 2D channel flow is characterized by a linear relationship between 

the mean WSS and the streamwise pressure gradient (Schlichting & Gersten 2000). This 

was indeed confirmed presently. Eight pressure taps were made along x/h = 190 ~ 319 

through the lower wall of the channel test section. A micro-manometer (FC0510) was 

employed to measure the mean surface pressure ( p ), determined from 300 samples. 

The wall pressure gradient has been confirmed to be constant at x/h = 190 ~ 319 for a 
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given Reh, as evident in Figure 2.7(a). The mean WSS ( wτ ) is given by -h dxpd / , i.e., 

wτ  = -h dxpd / , which may be used to determine the friction velocity uτ [≡ ( wτ /ρ)-1/2], 

where ρ is the density of air. A pitot-static tube with an internal diameter of 1 mm, 

connected to the micro-manometer, was used to measure Uc. The dependence of uτ/Uc 

on Reh is in good agreement with Hussain & Reynolds (1970)’s measurement (Figure 

2.7(b)), with a departure of no more than 2.5%. This relationship will be used for the 

calibration of the CNT WSS sensor chip.  

A Dantec single hotwire (55P05) was used to measure the streamwise mean and 

root-mean-square velocities (U and urms) in the channel flow at x/h = 291 at Reh = 6,000, 

11,000, and 14,700. The hotwire, connected to a Dantec Streamline anemometer, was 

operated on the constant temperature mode, and its overheat ratio was set at 1.8. Data 

were sampled using a 16-bit A/D converter (NI PCI-6143) at 2 kHz. The hotwire probe 

was mounted on a height stage which can be manually traversed with a resolution of 

0.01 mm. Figure 2.8 shows the transverse distributions of U  and urms. The normalized 

U  is in good agreement with Hussain & Reynolds’ (1970) measurement (Reh = 13,800). 

The measured urms (Figure 2.8(b)) was not compared with others’ because of large 

discrepancies among previously reported results (see Figure 3.21b in Hussain & 

Reynolds (1970) for example).    
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Figure 2.7 (a) Normalized wall pressure p /(0.5ρ 2
cU ) along x/h. (b) The relationship 

between normalized friction velocity uτ/Uc and Reynolds number Reh.  

 

180 210 240 270 300 330
0.0

0.2

0.4

0.6

0.8

1.0

                      Reh = 6,000
                               11,000
                               14,700
                               21,850
  Linear fitting for each Reh

 

 

p
/(0

.5
ρU

2 c)

x/h

0.5 1.0 1.5 2.0 2.5
0.00

0.02

0.04

0.06

0.08

0.10

u τ/U
c

 

                         Present data
 Hussain & Reynolds' (1970)

 Reh/10-4

(a) 

(b) 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

42 
 

 

 
 
Figure 2.8 Transverse distributions of the streamwise velocity and its root-mean-square 

value. (a) U /Uc. (b) urms/Uc.     
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2.3.2 Calibration 

The relationship between local WSS and heat transfer from a heated sensing element 

to the flow has been established (e.g., Bellhouse & Schultz 1966; Menendez & 

Ramaprian 1985; Hanratty & Campbell 1996), viz.  

 BARV w +=∆
3/12 /)( τ  (2.7), 

where V∆  is the average change of output voltage from a sensing element when the 

mean WSS is wτ , and A and B are constants determined from calibration. A is 

associated with the heat transfer rate from the heated element to local flow and B 

represents the conduction heat rate to the substrate (Hanratty & Campbell 1996). The 

sensitivity of the thermal-principle-based WSS sensor depends on the ratio of the heat 

transfer rate to flow and heat loss to the substrate: the smaller heat loss to the substrate, 

the higher the sensitivity of the sensor (Haritonidis 1989). It has been discussed in 

Section 2.2 that a SWNTs sensing element, placing directly on the PMMA substrate, can 

be self-heated by input current in the order of µA, suggesting a low heat transfer rate 

from the sensing element to the PMMA substrate. It may be inferred that heat transfer 

from the sensing element to local flow will dominate, which may be utilized to enhance 

the sensitivity of the sensing element, as discussed later.  

Accurate measurement of WSS in a turbulent boundary layer needs to keep 

negligible heat transfer from the heated sensing element to local flow in the streamwise 

direction, and also to keep the thickness of the thermal boundary layer, produced locally 

by the heated sensing element, within the viscous sub-layer of the turbulent boundary 

layer (Hanratty & Campbell 1996). The CNT sensor meets all these challenges because 
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of its high aspect ratio (in the order of 103), low power consumption (in the order of µW) 

and working temperature (no more than 100 oC).  

A CNT WSS sensor chip was built in the middle of a support pad (Figure 2.6), 

which was flush-mounted with the internal side of bottom wall of the channel at x/h = 

282 for calibration. During testing, the sensing elements were sourced and sampled 

through a digital source meter (Keithley 2400), which communicated via RS232 

interface with a computer, which was built in with a C-language program. Through this 

program, different operation modes (CC, CT and constant voltage (CV)), along with αR, 

may be realized. Due to a limited data transfer rate between the digital source meter and 

the computer, the data sampling rate and duration were only 1 Hz and 5 minutes, 

respectively, for each record (each Reynolds number). As a result, only the mean output 

voltage and thus the mean component of WSS were presently obtained.  

It is a challenge to use the thermal-principle-based WSS sensor in a turbulent flow 

environment (Löfdahl & Gad-el-Hak 1999), where both mean and fluctuating 

components are of interest. In order to resolve the coherent structures in a turbulent 

boundary layer, a WSS senor must have an adequately high frequency response and 

should be calibrated dynamically. Bellhouse & Schultz (1966) calibrated a hot-film 

dynamically in a low-frequency (less than 100 Hz) oscillating flow and measured the 

spectral density of WSS in a turbulent boundary layer. Kälvesten (1996) did a static 

calibration for a micro-machined WSS sensor chip in a turbulent boundary layer using a 

nth-powered law, instead of the 1/3-powered law, where the power n was determined in 

calibration. Menendez & Ramaprian (1985) reconsidered the relationship of Eq. (2.7) in 
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turbulent boundary layers and included periodic heat transfer on the right-hand side of 

Eq. (2.7). Löfdahl & Gad-el-Hak (1999) argued that some assumptions in deriving Eq. 

(2.7) may be violated when the calibration of a thermal-principle-based WSS sensor 

was conducted in an unsteady boundary layer, such as the linear distribution of thermal 

thickness in the near-wall region. They suggested including the high-order component 

of the output voltage using a polynomial to fit the relationship between the WSS and 

output voltages. Kimura et al. (1999) used a sixth-order polynomial to calibrate a 

MEMS-based WSS sensor chip in a fully developed channel flow. The instantaneous 

WSS distribution in a turbulent boundary layer was captured and ‘imaged’ by the 

MEMS-based sensor array. Ramaprian and Tu (1983) proposed a calibration procedure, 

with the high-order components of the output voltage included, for the hot-film WSS 

sensor to measure instantaneous skin friction in a turbulent pipe flow. Due to a low 

sampling rate of data, the one-third powered law was presently deployed to calibrate the 

CNT sensor chip based on the averaged output, and only the mean WSS was obtained.  

2.3.3 Results and discussion 

The CNT WSS sensor chip was calibrated in the 2D fully developed turbulent 

channel flow. Two different overheat ratios, αR = -0.15 and -0.19, were chosen and all 

the sensing elements were operated on the CT mode during the calibration. Figure 2.9 

presents the average change in the output voltage, V∆ , of a sensing element with the 

mean WSS, wτ , of the channel flow. The measured V∆  was fitted to a 2nd-order 

polynomial and the fitting curves are indicated by the solid and dashed lines for αR = 

-0.19 and -0.15, respectively. The error bar indicates the standard deviation. The V∆  
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grows with increasing wτ , and is larger for αR = -0.19 than for αR = -0.15. It can also 

be seen in Figure 2.9 that V∆  rises more rapidly with increasing wτ  for αR = -0.19 

than for αR = -0.15, implying a higher sensitivity at αR = -0.19.  

The data in Figure 2.9 display scattering in the V∆ - wτ  relationship, particularly at 

larger wτ , which corresponds to higher flow velocities. It seems plausible that the CNT 

WSS sensing element may be ‘scratched’ by relatively strong fluctuating fluids in the 

viscous sub-layer at the high velocities because of the absence of a shielding layer over 

 

 
 

Figure 2.9 Averaged change of output voltage V∆  (mV) from a sensing element 

with mean wall shear stress wτ  (Pa) under two different overheat ratios, αR = -0.15 

and -0.19, on CT operation mode. 
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these sensing elements. The structure of CNT bundles (such as possible bending that 

may create the ‘piezoelectric’ effect) and connections between the bundles and 

electrodes may be adversely affected by the strong fluctuations although the flow 

‘scratching’ may not lift off and blow the CNT bundles away from the electrodes. The 

contaminated alignment of CNT bundles could result in uncertain variation, going up or 

down, in the resistance of the sensing element, causing data scattering. Two other 

factors could also contribute to the data scattering. One is the low sampling rate (about 

1 Hz). The CNT WSS sensor is submerged in a turbulent boundary layer where heat 

transfer from the sensing element to the substrate varies instantaneously in response to 

the fluctuating flow. As such, the 300 data recorded in 5 minutes should be adequate at 

low Reynolds numbers, as evidenced by the data well fitted to RV /)( 2∆  = 11.66
3/1

wτ  – 

6.96 for αR = -0.19 and RV /)( 2∆  = 3.80
3/1

wτ  – 2.10 for αR = -0.15) at 
3/1

wτ  < 1 Pa1/3 

in Figure 2.10, but possibly not so at high Reynolds number when WSS fluctuates more 

violently. The other is the use of the one third power law to calibrate the sensor in a 

fully turbulent flow. The law was derived from a laminar flow. Some assumptions made 

in the derivation might have been violated (Löfdahl & Gad-el-Hak 1999). All these 

factors will be investigated in the future work. 

Eq. (7) indicates that the output power, RV /)( 2∆ , of a sensing element varies 

linearly with 
3/1

wτ . This linear relationship is called one-third law for a 

thermal-principle-based WSS sensor. Figure 2.10 indeed confirms such a linear 

relationship, irrespective of the αR value. The departure from linearity at high WSS 

values may mainly result from the ‘scratching’ effect happened at high Reynolds 
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number flows.  

The low power consumption of a sensing element has been discussed in Section 2.2. 

Low power consumption minimizes heat transfer from the sensing element to the 

substrate, resulting in the improved dynamic response (Huang et al. 1999) as well as the 

sensitivity (Haritonidis 1989). Figure 2.10 shows that the value of the calibration 

parameter B, i.e., the intercept of y-axis, is very small, re-confirming that heat transfer 

(or heat loss) from the sensing element to the substrate is very low.  

 

 
 

Figure 2.10 Dependence of output power RV /)( 2∆  (µW) from a sensing element 

on WSS 
3/1

wτ  (Pa1/3) under two different overheat ratios, αR = -0.15 and -0.19, on 

CT operation mode. 
 
 



Chapter 2 A Carbon Nanotube Sensor for Wall Shear Stress Measurement 

49 
 

Deriving V∆  with respect to wτ  in Eq. (2.7) yields the sensitivity (S), viz. 

 )6/()6/()(/)(
3/23/2

www IAVARVS τττ ∆=∆=∂∆∂=  (2.8). 

The sensitivity depends on A, R and V∆  or I∆  as well as wτ . As the heat transfer 

rate to convective flow close to the wall is increased, resulting in a large A, the 

sensitivity of a sensing element can be enhanced regardless of the operation mode (CC, 

CT or CV), on which the sensing element is operated. On the other hand, heat 

conduction from the heated sensing element to the substrate, represented by B, must be 

 

 
 

Figure 2.11 Dependence of sensitivity S (mV/Pa) on WSS wτ  (Pa) for a sensing 

element under two different overheat ratios, αR = -0.15 and -0.19, on the CT 
operation mode. The solid and dash curves are the 2nd-order Savitzky-Golay 
smoothing for αR = -0.19 and -0.15, respectively. 
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reduced so as to improve heat transfer from the heated sensing element to local flow. 

The variation in sensitivity with wτ  is shown in Figure 2.11. The two smooth curves 

(solid and dash lines) for αR = -0.15 and -0.19, respectively were obtained using the 

2nd-order Savitzky-Golay (S-G) smooth method (Luo et al. 2005). S decreases with 

increasing wτ . Under the CT operation mode and in the wτ  range of 0.2 ~ 2.0 Pa, S is 

from 4 mV/Pa to 100 mV/Pa for αR = -0.19 and from 2 mV/Pa to 33 mV/Pa for αR = 

-0.15, representing at least one order of magnitude higher sensitivity than that (270 ~ 

340 µV/Pa) of the MEMS-based hotwire (Löfdahl et al. 2003), and equivalent to that 

(10 ~ 110 mV/Pa) of MEMS-based poly-silicon resistor (Liu et al. 1999). Figure 2.11 

further indicates that a higher overheat ratio corresponds to a higher sensitivity.  

2.4 Conclusions 

A CNT WSS sensor chip was developed, using the SWNTs bundles as the sensing 

element. The sensor was calibrated in a fully developed 2D turbulent channel flow after 

the detailed characterization. Following conclusions can be drawn from this study.  

(i) There is a one-to-one correspondence between the WSS and averaged change in 

the output voltage of the CNT sensor. The relationship between the output power 

of the CNT sensor and one-third-powered WSS is linear, consistent with the 

so-called one-third law of a thermal-principle-based WSS sensor. The results 

demonstrate that the CNT sensor developed can be used reliably as a WSS 

sensor in a macroscopic turbulent flow, at least at relatively low Reynolds 

numbers, where wτ  < 1 Pa. The sensor should be also applicable in a high 

Reynolds number flow once the data scattering problem is resolved in the future. 
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(ii) The CNT sensor is characterized by a power consumption in the order of µW, 

which is at least one order of magnitude lower than that of the conventional 

MEMS-based WSS sensor chip. Its sensitivity is in the order of mV/Pa, at least 

one order of magnitude higher than that of the MEMS-based hotwire, and about 

the same as that of MEMS-based poly-silicon resistor.  

(iii) The CNT sensor is characterized by high spatial and temporal resolutions, in the 

order of nm and kHz, respectively. Furthermore, its fabrication in batch is 

compact and can be carried out under room-temperature, with an advantage over 

conventional MEMS-based WSS sensors. This feature may advance the 

real-time and spatial-distribution measurement of WSS and the control of 

turbulent boundary layers. 

 It should be noted that a great deal has yet to be done for this new sensor technology. 

For example, its dynamic response has yet to be determined. Its performance may also be 

improved by depositing a shield over the sensing elements, thus preventing them from 

‘scratching’ by strong turbulent fluctuating flow and from the contamination of the 

environment. Nevertheless, it is expected that the sensing technique, because of its 

uniqueness in many aspects and being at an affordable cost, has an excellent prospect in 

the study of turbulent boundary layers and their control.  
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CHAPTER 3 ACTIVE DRAG REDUCTION IN A 

TURBULENT BOUNDARY LAYER USING AN ARRAY OF 

ACTUATORS 

 

3.1 Introduction  

Turbulence control is a field in fluid mechanics where flow is manipulated in order 

to improve the efficiency of thermofluid systems such as reducing skin-friction drag, 

enhancing heat transfer and flow mixing (Liepmann 1988). Most of turbulence control 

methods take the advantage of, either explicitly or implicitly, the coherent structure of 

turbulent shear flows. For the purpose of reducing skin-friction drag, the passive control 

deploying techniques such as riblets (e.g. Wash 1983; Berchert & Bartenwerfer 1989; 

Choi et al. 1989) has achieved limited success. The active control methods have been 

extensively investigated, including boundary-layer suction or wall heating for delaying 

transition, modification of the fluid viscosity by injection of polymers or changing the 

fluid temperature, use of compliant walls, suction and blowing, spanwise 

wall-oscillation, and transverse travelling wave. See Gad-el-Hak (1996, 2000), Lumley 

& Blossey (1998), Karniadakis & Choi (2003), Kim (2003), and Kasagi et al. (2009) for 

recent reviews.  

Past experimental and numerical studies indicate a close association between 

quasi-streamwise vortices (referred to streamwise vortices hereinafter for simplicity) 

and large wall shear stress. The production of the mean Reynolds stress (subsequently 
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viscous drag) is linked directly to the dynamics of streamwise vortices in the wall 

region (Bernard et al. 1993). Streamwise vortices are generally located immediately 

above and displaced laterally from high skin-friction-drag regions (Kravchenko et al. 

1993; Orlandi & Jimenez 1994). The well-known events, i.e. sweeps and ejections, 

bursts and streak-like structures, in the boundary layer are all related to streamwise 

vortices (Kim 1983, 1985; Swearingen & Blackwelder 1987; Waleffe 1997; Jimenez & 

Pinelli 1999; Schoppa & Hussain 2002). Both ejection and sweep are induced by the 

vortices. The ejections are the process when slow-moving fluid is lifted up from the 

wall on the updraught side of the vortices, resulting in a low-speed streak. The lifted 

slow-moving fluid induces an inflection in the mean velocity profile. When intensified, 

the inflection results in a secondary instability and a subsequent burst of Reynolds stress, 

which transfers energy from large- to small-scales, and produces turbulent fluctuations. 

The ejection is the central mechanism for energy, momentum, and vorticity transfer 

between the inner and outer layers (Kline et al. 1967; Kim et al. 1987; Johansson et al. 

1991). On the other hand, the sweep is the downdraught on the opposite side of the 

vortex, producing a high-speed streak. The sweep is responsible for the large wall 

friction (Choi 1989; Kravchenko et al. 1993; Orlandi & Jimenez 1994; Karniadakis & 

Choi 2003) and is therefore particularly important for drag reduction. The sweep and the 

ejection account for about 80% of the turbulent energy production (Lu & Willmarth 

1973).  

Locally controlling individual streamwise vortices in the near-wall region is the 

key of drag reduction techniques. Occurring within 15 wall units from the wall 
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(Wallace et al. 1972), sweeps and ejections are closely connected in the bursting 

process. Manipulating the near-wall region will directly influence ejections and 

subsequently sweeps. Therefore, it is feasible to implement wall-based control schemes, 

e.g., riblets, spanwise wall-oscillations, compliant walls, suction and blowing, and 

transverse travelling waves, for skin-friction-drag reduction. Applying an 

open-loop-controlled oscillating spanwise Lorentz force to a channel flow, Berger et al. 

(2000) found that skin-friction drag could be reduced by 40%, though this control 

scheme was impractical because of a very low efficiency. A spanwise oscillating wall 

could reduce the skin-friction drag up to 45% (Choi et al. 1998), but the maximum net 

energy saving is only 7% due to the auxiliary mechanical movement (Quadrio & Ricco 

2004). Recently, Du & Karniadakis (2000) and Du et al. (2002) investigated the 

effectiveness of transverse travelling wave, induced by a spanwise force, on drag 

reduction based on direct numerical simulation (DNS) data and observed a drag 

reduction exceeding 50% and meanwhile the significantly impaired near-wall streaks. 

Their preliminary experiments with Lorentz actuators and shape-memory alloys 

produced results consistent with the DNS data. Nevertheless, this technique has yet to 

be demonstrated experimentally (Karniadakis & Choi 2003).  

Wall deformation is considered to be one of the most promising candidates among 

various actuators because of its robustness against the hostile environment (Endo et al. 

2000); for example, Grosjean et al. (1998) showed that pneumatic wall deformation 

actuators based on micro-electro-mechanical-systems (MEMS) techniques survived 

transonic flight test with large temperature variation. Wilkinson & Balasubramanian 
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(1985) and Kang & Choi (2000) demonstrated that the streaky structures in a turbulent 

boundary layer could be altered by means of selective wall deformation. Segawa et al. 

(2002) devised an actuator array to create wall-normal oscillation and decreased the 

regularity of streak-like structures. The drag reduction was however not reported. In 

their boundary layer control investigation, Itoh et al. (2006) used a loudspeaker to 

excite a flexible polythene sheet of 5000 × 5000 wall units, flush with a flat wall 

surface, to form a transversal travelling wave, achieving only 7.5% drag reduction. 

One begs a question: could the wall-normal surface oscillation, if coupled with the 

travelling wave technique, produce a large drag reduction?  

 The present work aims at investigating experimentally the skin-friction-drag 

reduction in a turbulent boundary layer (TBL) using a piezo-ceramic (PZT) actuator 

array. The PZT-actuator array, consisting of 16 or 12 elements, was flush-mounted with 

the wall surface and aligned in the spanwise direction. Given a phase shift between two 

adjacent actuators, the actuator array can generate a transverse travelling wave along 

the wall. A wide range of parameters will be examined, including the wavelength, 

oscillation amplitude and frequency, with the local skin-friction drag downstream of 

the actuator array measured. The near-wall flow structures under control are measured, 

with the aid of PIV, smoke-wire flow visualization, hotwire and hot-film techniques, 

and are compared to that without control. Experimental details are given in section 3.2. 

Results are presented and discussed in detail in sections 3.3 through 3.6. This work is 

concluded in section 3.7.  
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3.2 Experimental Details  

3.2.1 Experimental setup 

 Experiments were conducted in a closed-circuit wind tunnel, which has a 

2.4-m-long test section of 0.6 m × 0.6 m, which was described in detail by Huang et al. 

(2006). As shown in Figure 3.1, the boundary layer was produced by a Perspex flat 

plate, which is supported by four cylindrical struts and placed horizontally in the test 

section of the tunnel. The plate is 9 mm thick, 2.2 m long and 0.6 m wide, with the 

leading edge rounded into an elliptic profile (long to short axis = 4:1). The separation 

between the plate and the ceiling of the test section is 0.45 m. The plate is slightly 

inclined to ensure a zero-pressure gradient along the test section. A 0.2-m-long 

end-flap plate, inclined by about 10 degrees, was used to adjust the front stagnation 

line so as to avoid flow separation at the leading edge of the plate. Followed Rebbeck 

& Choi (2006), two spanwise-aligned arrays of M4 screws, separated longitudinally by 

15 mm, were placed at 0.1 m downstream of the leading edge to trip the boundary layer. 

Each array consists of a total of 59 screws, each 5 mm above the plate and separated 

from its adjacent ones by 10 mm. The two arrays of screws were alternately arranged 

longitudinally. Measurements were mostly performed at a free-stream velocity (U∞) of 

2.4 m/s, monitored at the immediate exit of the contraction section by a Pitot-static 

tube and a micro-manometer (FC0510, Furness). The measurement uncertainty of the 

Pitot-static tube is within ±2% and the micro-manometer has a reading accuracy of 

0.25%. The free-stream turbulent intensity is 0.7% in the presence of the plate. One 
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array of PZT actuators was placed at 1.5 m downstream of the leading edge of the plate. 

Table 3.1 shows the characteristic parameters of the boundary layer at this downstream 

position, in the absence of actuation, including the disturbance thickness (δ99), 

momentum thickness (θ), the shape factor H12, the friction velocity uτ (≡ ρτ w , 

where wτ  is the local wall shear stress and ρ the fluid density and overbar denotes 

 

 
 
Figure 3.1 Schematic of experimental setup (not in scale, units in mm) for the 
generation of the turbulent boundary layer.  
 
 

Table 3.1 Characteristic parameters of the uncontrolled turbulent boundary layer.  

U∞ (m/s)  δ99 (mm)  θ (mm)  Reθ  H12  uτ (m/s)  

2.4  60  6.5  1,000  1.4  0.111  

4.0 54 5.8 1,540 1.4 0.176 
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time-averaging in this paper), and the Reynolds number Reθ based on θ and U∞ given 

U∞ = 2.4 m/s and 4.0 m/s.  

 Figure 3.2 shows schematically the array of actuators, a total of 16 elements. Each 

element, flush-mounted with the plate surface, has a dimension of 22 mm × 2 mm × 

0.33 mm (length × width × thickness). The tolerance in width is ±0.1 mm. The 

 
 
Figure 3.2 (a) Layout and installation of 16 PZT actuators (not in scale, units in mm), 
(b) one spanwise wave formed at ϕi, i+1 = 24o (λz = 45 mm or 312 wall units). (c) ϕi, 

i+1 = 0o (λz = ∞). 
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actuators are cantilever-supported, with its inactive part (2 mm long) glued to a 

substrate, which is embedded in a circular plug-base. There is a cavity under each 

actuator so that the active part (20 mm long) of the actuator can vibrate freely. The 

spanwise spacing between the actuators is 1 mm. As such, the entire actuator array 

spans 45 mm in the spanwise direction, occupying an area of 312 (spanwise) × 139 

(streamwise) wall units. The average spacing between near-wall low-speed streaks is 

estimated to be 100 and 1000 wall units in the spanwise and streamwise directions, 

respectively, (Kline et al. 1967; Blackwelder & Eckelmann 1978) and these streaks are 

characterized by a broad range of scales (Robinson 1991). Jacobson & Reynolds (1998) 

suggested the necessity to control a fraction of the near-wall streaks in a TBL and 

proposed that a control module should be in the order of 20 and 200 wall units in the 

spanwise and streamwise, respectively. The present actuation greatly exceeds this 

module in the spanwise direction, while in the same order of magnitude longitudinally. 

The gap between the actuator and the wall edge around it is nominally 0.05 mm (refer 

to Details B in Figure 3.2a), or 0.35 wall unit. Each actuator was driven by an 

individual voltage amplifier and guaranteed to have the same peak-to-peak oscillation 

amplitude at the tip (Ao) as others by adjusting its effective or root mean square (rms) 

driving voltage (Vo) of a sinusoidal wave at each working frequency (fo) in a dSPACE 

control system (DS1006). Ao was measured using a laser vibrometer (Polytech OFV 

3001 502). The phase shift (ϕi, i+1, i = 1, 2, … , 15) between two adjacent actuators 

could be set and adjusted on the dSPACE control system. A discrete wave may be 

produced along the wall surface given a phase shift (ϕi, i+1, i = 1, 2, …, 15) between the 
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oscillations of two adjacent actuators. For example, at ϕi, i+1 = 24o, the 16 actuators 

form one discrete spanwise sinusoidal wave with a wavelength (λz) of 45 mm (or 312 

wall units) (Figure 3.2b) and, at ϕi, i+1 = 0o, oscillate in phase, with a wave of λz = ∞ 

(Figure 3.2c). The origin of the coordinate system is at the actuator tip, with the x, y 

and z axes along the streamwise, normal (to the wall) and spanwise (or transverse) 

directions, respectively. The arrangement of the 16 actuators is symmetric about the 

xy-plane at z = 0. Instantaneous velocities along the x, y, and z axes are designated as U 

(= U  + u), V (= V  + v), and W (= W  + w), respectively, where u, v, and w are the 

corresponding fluctuating components.  

3.2.2 Hotwire, hot-film, PIV and flow visualization measurements  

 A miniature single-wire probe (55P15, Dantec), operated on a constant 

temperature anemometer (CTA, Dantec Streamline), was used to measure the 

instantaneous streamwise velocity U in the boundary layer and hence the wall-normal 

distribution of U . The sensing element was a Tungsten wire of 5 µm in diameter and 

about 1 mm in length, and was calibrated in the free stream using a Pitot-static tube. 

The hotwire probe was mounted on a computer-controlled three-dimensional (3D) 

traversing mechanism, whose resolution in the y direction is 10 µm and minimum 

increment is 50 µm. An overheat ratio of 1.8 was used. The signal from the wire was 

offset, low-pass filtered at a cut-off frequency of 1.0 kHz, and then sampled at a 

frequency of 2.5 kHz using a 16-bit A/D converter (NI PCI-6143). The sampling 

duration for each record was 40 s, which is adequately long to ensure the rms value, 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

62 
 

urms, of u to be converged, within a 1% uncertainty.  

 A hot-film probe (Dantec 55R45) was flush-mounted with the wall at z = 0 and x = 

5 mm (or 35 wall units) downstream of the actuator in order to measure the fluctuating 

component of τw. Attached on the tip of a cylindrical quartz rod, the sensing element of 

the probe was a Nickel film, 0.2 mm (or 1.4 wall units) longitudinally and 0.75 mm (or 

5.2 wall units) along the spanwise direction. The hot-film was operated on the CTA, 

with a setting similar to the hotwire operation. No calibration was performed.  

 A Dantec PIV2100 system was deployed to measure the boundary layer in the xz-, 

xy- and yz-planes. The flow was seeded by smoke generated from paraffin oil by a 

smoke generator (TSI 3079). The averaged seeding particle diameter was about 1 μm. 

Flow illumination was provided by the light sheets of around 0.8 mm thick produced 

by two Newwave standard pulse laser sources of a 532 nm wavelength, each with a 

maximum energy output of 120 mJ/pulse. The laser pulse lasted for 10 ns. Particle 

images were captured using one CCD camera (HiSense MkII, gain × 4, double frames, 

2048 × 2048 pixels). Synchronization between image taking and flow illumination was 

provided by the Dantec FlowMap Processor (PIV2001 type). The wall surface, 

actuator-array substrate and the plug-base were all painted black to minimize the 

background noises. The middle 12 elements of the actuator array were operated during 

PIV measurements.    

The PIV measurement in the xz-plane was conducted at y+ = 5.5 and 12.5, which 

were in the viscous sublayer and the buffer layer, respectively. Superscript ‘+’ denotes 

normalization by uτ and/or ν, where ν is the kinematic viscosity of fluid, and in this 
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paper, without being particularly noted, the normalization is based on variables in the 

absence of control. The PIV image covers an area of 44 mm × 44 mm (or 306 wall 

units × 306 wall units), namely, x+ = 0 ~ 306 and z+ = ±153. The image magnification 

is 0.021 mm/pixel. The interval between two successive pulses was 80 ~ 100 µs, which 

was determined in situ and corresponded to the fewest pitfalls of velocity vectors. For 

this time interval, given a convective velocity 
+
cU  = 12 in the near-wall region 

(Johansson et al. 1991), the seeding particles could travel a distance of 0.13 mm (or 

about 1 wall unit) in the area of concern. Some scattered spot disturbances from the 

wall surface, possibly due to imperfect painting or dust deposit, may contaminate raw 

particle images, particularly in measurements at y+ = 5.5. To eliminate these 

disturbances whose positions were supposed to be fixed, all the images illuminated by 

the same laser source were compared with each other, using the Boolean operator ‘and’, 

after removing the background noise. A threshold in grey scale was set at 25% of the 

full range for the background noise removal. The pixels were set to be unity if their 

value exceeds the threshold or zero otherwise. Thus, one filter image was produced, 

which contained only the detected spot disturbances. This image was used to refine the 

raw images. Note that two filter images were generated in this process, corresponding 

to the first and second, respectively, of every pair of consecutive images. Depardon et 

al. (2005) proposed a method to reduce the optical disturbances from wall in the 

near-wall PIV measurement. A reference image with the mean pixel value of the total 

pairs was produced and then subtracted from all raw images. Their method could 

remove most of the disturbances, but not all, and an offset in the pixel values is needed 
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after the subtraction. In contrast, the present method may identify and remove all the 

possible spot disturbances.  

The xy-plane measurement was performed at the symmetry plane of each actuators, 

e.g., z+ = ±10.4 and ±31.3, and the mid-plane between two adjacent actuators, e.g., z+ = 

0, ±20.8, and ±41.6. Each PIV image covered an area of x = -13.3 ~ 13.3 mm and y = 0 

~ 26.5 mm or x+ = -92 ~ 92 and y+ = 0 ~ 184. The image magnification factor is 0.013 

mm/pixel, and the interval between two successive pulses was the same as in the 

xz-plane. An optical reflector of 10 mm × 10 mm was placed on the plate surface at x = 

250 mm with an angle of 45o with respect to the xy-plane to guide the light-sheet 

incident through the side wall (optical glass) of the tunnel.  

Measurements in the yz-plane were conducted at x = -4.0, -2.0, 0, 3.0, and 5.0 mm 

or x+ = -27.8, -13.9, 0, 20.8, and 34.7. This plane was normal to the flow. Following 

Huang et al. (2006), the thickness of laser light sheet was increased to 1.5 mm in order 

to capture more valid particles in PIV images. A mirror of 40 mm × 40 mm was placed 

at x = 300 mm, with an angle of 45o with respect to the yz-plane to allow the CCD 

camera, placed outside the tunnel, to capture the image in the yz-plane. The captured 

image covers an area of z = -22.5 ~ 22.5 mm and y = 0 ~ 45 mm or z+ = -156.5 ~ 156.5 

and y+ = 0 ~ 313. The image magnification factor was 0.022 mm/pixel and the interval 

between two successive pulses was 80 µs.  

Spatial cross-correlation, with an interrogation window of 64 × 64 pixels and a 

50% overlap along both directions, was calculated to determine velocity vectors, a total 

of 3,969 (63 × 63). The same number of vorticity data may be obtained based on the 
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vectors. Over 2,000 pairs of images were taken in each plane. The mean velocity, 

Reynolds stresses and vorticity are all converged to no more than 1% uncertainty.   

The smoke-wire flow visualization was performed in the xz-plane to complement 

the PIV measurements. A Nickel-Chrome wire of 0.1 mm in diameter, strained and 

supported on a fork attached to the 3D traversing mechanism, was placed at y+ = 8 (U∞ 

= 2.4 m/s) parallel to the wall surface and normal to the flow direction. The wire was 

painted with high-temperature-resistant paint for a length of 1.5 mm or 10 wall units 

and a paint-free interval of 1 mm or 7 wall units, thus ensuring the generation of 

uniform smoke. Once heated by a direct current with a maximum of 30 mA from a 

tailor-made circuit, the wire covered with paraffin oil produces uniform smoke. 

Illumination was provided by a continuous laser light sheet of 0.8 mm thick in the 

xz-plane of y+ = 10. The laser beam, guided through an optic fibre, was emitted from an 

argon ion laser source (Spectra-Physics) with a power output of 4 W and swept via a 

cylinder lens. A digital video camera (Sony DCR-PC100E) was used to record the flow 

field at a frame rate of 25 frames per second (fps). Please refer to Choi (1989) for more 

details on the smoke-wire flow visualization technique. U∞ was reduced to 1.5 m/s 

since a higher U∞ resulted in poor flow visualization results.  

3.2.3 Skin-friction drag measurement  

 Local skin-friction drag was estimated through the averaged wall shear stress wτ , 

which was calculated based on the slope of the hotwire-measured U  in the viscous 

sublayer. This technique has been used previously by, e.g., Choi et al. (1998), Khoo et 
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al. (2000) and Rathnasingham & Breuer (2003). Its successful use relies on the 

accurate positioning of the hotwire probe. Hutchins & Choi (2002) proposed two 

methods to position the probe accurately, one based on the wall effect on heat transfer 

over hotwire and the other using a laser triangulation displacement sensor. The former 

was presently used. Briefly, the hotwire was carefully aligned and moved vertically 

toward the wall surface until the online-monitored U  was observed to increase due to 

the wall effect on heat transfer (Khoo et al. 2000; Hutchins & Choi 2002). The linear 

distribution of U , usually in the range of 0.005 < y/δ99 < 0.02, was least-square-fitted. 

The intercept of the fitted line with the y-axis, corresponding to U  = 0, was 

considered to be the wall surface, i.e. the origin of the y-axis, based on which the 

previously assumed y coordinate may be corrected. The correction was done in the 

absence of control. The origin of the y-axis would remain unchanged, even in the 

presence of control. Measurements were repeated five times, and the standard 

deviation in the estimated wτ  is within ±2%.  

Figure 3.3(a) illustrates typical near-wall U  distributions measured at x+ = 35 

and z+ = 0. The experimental data, with or without control, collapses well with the 

fitting lines (solid) over the range of y/δ99 = 0.006 ~ 0.02. The control parameters are 

+
oA = 1.66, +

of = 0.39, and +
zλ  = 416 (or ϕi, i+1 = 18o), under which a 20% reduction in 

wτ  was achieved. Once normalized by ν and individual uτ, the law of wall, i.e., 
+

U  = 

y+, is evident for both uncontrolled and controlled cases (Figure 3.3b). The linear 

region occurs over y+ = 3.5 ~ 6. The result provides a validation for the present wτ  

estimate, even with the boundary layer perturbed.  
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Figure 3.3 Distributions of the mean streamwise velocity ∞UU /  (a) and 
+

U  (b) in 

the near-wall region, measured using a hotwire placed at x+ = 35 and z+ = 0: ■, without 

control; □, with control [ +
oA  = 1.66, +

of = 0.39, and +
zλ  = 416 (or ϕi, i+1 = 18o), 

wτ
δ  

= -20%]. The solid line is the least-square fitting to the measured ∞UU /  data over 

y/δ99 = 0.006 ~ 0.16. 
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 The local skin-friction reduction is presently defined by  

         %100
)(

)()(
×

−
=

offw

offwonw

w τ
ττ

δτ                     (3.1), 

where onw )(τ  and offw )(τ  denote the averaged wall shear stress measured with and 

without control, respectively.  

3.3 Dynamic Characteristics and Perturbation to Flow of a Single 

Actuator  

Every actuator used was characterized in detail. With the actuator 

cantilever-supported, its peak-to-peak oscillation amplitude (A) depends on the 

distance La from the fixed end, as well as on fo and rms voltage Vo. Figure 3.4(a) shows 

a typical dependence of A on La with an actuator driven at Vo = 20 volt and fo = 300 Hz 

in the absence of flow. Apparently, A achieves the maximum Ao at the actuator tip. The 

typical dependence of Ao on fo is illustrated in Figure 3.4(b), which was obtained at Vo 

= 10 volt. A pronounced peak in Ao occurs at fo ≈ 350 Hz in Figure 3.4(b), indicating 

the occurrence of the first-mode resonance. Note that this resonance may take place at 

a frequency between 350 Hz and 400 Hz for other actuators. The dependence of Ao on 

Vo was measured at fo = 300 Hz. As expected, Ao increases monotonically with the 

increasing Vo (Figure 3.4c). At Vo = 30 volt, Ao exceeds 0.6 mm, about 4 wall units, 

comparable to the viscous-sublayer thickness of the present TBL.  

The perturbation of one single actuator to flow was characterized using a single 

hotwire movable in the xy- and yz-planes at U∞ = 4.0 m/s (the characteristic parameters 

of the uncontrolled TBL at this U∞ are given in Table 3.1). The actuator was operated 
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at fo = 300 Hz and Ao = 320 µm, or +
of  = 0.171 and +

oA  = 3.2. The hotwire was 

traversed over an area of y ≈ 0 ~ 3 mm (y+ ≈ 0 ~ 30) and z = -2.5 ~ 2.5 mm (z+ = -25 to 

25) in the yz-plane of x = 5 mm (x+ = 50). The increment between hotwire 

measurement points is (∆y, ∆z) = (0.1 mm, 0.5 mm) or (∆y+, ∆z+) = (1, 5). The area 

examined was x = 5 ~ 35 mm (x+ = 50 ~ 350) and y ≈ 0 ~ 3 mm (y+ ≈ 0 ~ 30) in the 

xy-plane of z = 0, and the increment between measurement points is (∆x, ∆y) = (1 mm, 

0.1 mm) or (∆x+, ∆y+) = (10, 1). Figure 3.5(a) & (b) presents the iso-contours of 

 

 

 

Figure 3.4 (a) Typical dependence of the actuator peak-to-peak oscillation amplitude 
(A) on the distance La from the fixed end (driving voltage Vo = 20 volt, driving 
frequency fo = 300 Hz). (b) Typical dependence of A at the actuator tip, Ao, on fo at 
Vo = 10 volt. (c) Typical dependence of Ao on Vo at fo = 300 Hz. U∞ = 0. 
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+++
−=∆ UUU p , where 

+
pU  and 

+
U  are time-averaged streamwise velocities with 

and without perturbation, respectively, in the yz- or xy-plane. The oncoming flow was 

disturbed largely right above the oscillating actuator, up to y+ = 25 in the wall-normal 

direction and x+ > 350 in the longitudinal direction. The maximum perturbation resides 

at about y+ = 13 and z+ = 9. Another strong perturbation is evident at y+ = 10 and z+ = 

-8. The reduced U  above the actuator indicates the transport of low-momentum fluid 

away from the wall. The negative-signed disturbance ∆
+

U  is flanked on both sides by 

the positive-signed ∆
+

U , indicating the transport of high-momentum fluid toward the 

wall. Using a two-component Laser Doppler Anemometer (LDA), Jacobson & 

Reynolds (1998) measured the disturbed flow above a single cantilever-supported 

PZT-actuator, whose configuration was similar to the present one. Their measured ∆U  

above the actuator with equal side gaps showed a similar pattern to that in Figure 3.5(a) 

& (b). Their ∆V  was also negative above the actuator but positive over both side gaps. 

They conducted fluorescent dye flow visualization, which displayed one pair of 

streamwise vortices above the side gaps. With flow perturbed by a synthetic jet 

mounted on the wall, Rathnasingham & Breuer (2003) showed a ∆U  distribution 

similar to that in Figure 3.5(a).  

 The corresponding ∆ +
rmsu  contours in the yz- and xy-planes are shown in Figure 

3.5(c) & (d), respectively. The iso-contour increment of ∆ +
rmsu  is 0.05. The maximum 

∆ +
rmsu  occurs at 15 < y+ < 20, and slightly negative ∆ +

rmsu  is observed in the xy-plane. 

Jacobson & Reynolds (1998) also observed positive ∆ rmsu  and ∆ rmsv , measured with 

LDA, in the xy-plane aligned with the narrow side gap of the actuator, though their 
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∆ rmsu  and ∆ rmsv  were less than 20% in magnitude than ∆U  and ∆V . The present 

∆ rmsu  is no more than 30% of ∆U .  

 

 

 
 

Figure 3.5 Perturbations by one single actuator working at +
of  = 0.171 and +

oA  = 

3.2: (a) iso-contours of ∆
+

U  in the yz-plane, (b) the xy-plane, the contour increment 

∆ = 0.2; (c) iso-contours of the corresponding ∆ +
rmsu  in the yz-plane, (d) the 

xy-plane, ∆ = 0.05. The actuator is symmetrical about z+ = 0, with its sides at z+ = 
±10 and tip at x+ = 50. U∞ = 4.0 m/s. Normalization is based on uτ at U∞ = 4.0 m/s in 
the absence of perturbation.  
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3.4 Turbulent Boundary Layer  

3.4.1 Natural turbulent boundary layer  

 Figure 3.6 presents the distributions of 
+

U  and +
rmsu , along with skewness Su and 

kurtosis Ku of u of the uncontrolled or natural TBL at the planned actuation position 

(Reθ = 1,000). Also included for comparison are previously measured data by Degraaff 

& Eaton (2000) using LDA at Reθ = 1,430, and by Murlis et al. (1982) and Purtell et al. 

(1981) using a hotwire at Reθ = 791 and 1,340, respectively. 
+

U  (Figure 3.6a) 

collapses well with others and also with the universal velocity profile. In the linear 

region (y+ < 7), both cited and present data follow the law of wall, i.e., 
+

U  = y+, 

except at a close proximity to the wall, where the present data start rising because of 

the wall effect on heat transfer in hotwire measurements (Hutchins & Choi 2002). The 

wall effect is not discernible in Degraaff & Eaton’s (2000) LDA data. In the log-law 

region (30 < y+ < 100), the present data are fitted well to a straight line, whose slope is 

the inverse of von Kármán constant (0.41); furthermore, the constant 5.1 is also very 

close to 5.0 (Schlichting & Gersten 2000). Probably due to a lower Reθ , Murlis et al.’s 

(1982) data in the log-law region are slightly larger than the present and others. The 

distribution of +
rmsu  (Figure 3.6b) is also in agreement with Degraaff & Eaton’s (2000) 

and Purtell et al.’s (1981) measurements. The maximum +
rmsu  is around 2.6 and occurs 

in the buffer region at y+ ≈ 12. A small discrepancy in the outer layer between the 

present and Degraaff & Eaton’s (2000) measurements is ascribed to different 

measurement techniques and experimental conditions, in particular Reθ. The third- and 
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forth-order quantities, Su (Figure 3.6c) and Ku (Figure 3.6d), also agree reasonably well 

with others’. The comparison indicates that the present natural TBL is fully developed 

at the actuation location. Given a canonical TBL, the averaged spanwise and 

longitudinal spacing between the near-wall coherent streaks, and the bursting 

frequency (fb) may be estimated to be around 14 mm, 140 mm, and 3 Hz, respectively 

 

 

Figure 3.6 Distributions of (a) mean streamwise velocity 
+

U  of U; (b) 

root-mean-square value +
rmsu ; (c) skewness Su; and (d) kurtosis Ku. Present data (Reθ 

= 1,000). Natural flow: present data, +; Degraaff & Eaton (2000, Reθ = 1,430): ○; 
Murlis et al. (1982, Reθ = 791): ∆; Purtell et al. (1981, Reθ = 1,340): ∇. Present 

controlled flow [ +
oA  = 1.94, +

of  = 0.39, and +
zλ  = 416 (or ϕi, i+1 = 18o), 

wτ
δ  = 

-35%]: □.  
 
 

Su Ku 
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(Kline et al. 1967; Blackwelder & Eckelmann 1977; Blackwelder & Haritonidis 1983). 

As such, the actuator array, spanning 45 mm in the spanwise direction, could capture 

three near-wall streaks, and the streamwise dimension of the actuators (20 mm) is only 

one seventh of the longitudinal spacing between the near-wall streaks.  

3.4.2 Perturbed turbulent boundary layer 

 Once control is introduced, the distributions of 
+

U , +
rmsu , Su and Ku of u are all 

considerably modified, as illustrated at +
oA  = 1.94, +

of  = 0.39 and +
zλ  = 416 (or ϕi, 

i+1 = 18o) in Figure 3.6. Under this set of control parameters, a 35% reduction in the 

local wall shear stress was achieved at x+ = 35 and z+ = 0. As shown in Figure 3.6(a), 

where normalization is based on actual uτ, the linear region of 
+

U  is extended to y+ ≈ 

14, in distinct contrast with y+ ≈ 7 in the absence of control. The observation is fully 

consistent with previous reports (e.g. Jung et al. 1992; Choi et al. 1998; Karniadakis & 

Choi 2003) that the drag reduction in a manipulated TBL is associated with an increase 

in the thickness of the viscous sublayer. Physically, in view of shear stress 

y
Uuv
∂
∂

+−= µρτ , where µ is the viscosity of fluid, this increased thickness or 

extended linearity may imply a decreased turbulent shear stress, uvρ− , and 

consequently the weakened coherent structures (burst, ejection and sweep) near the 

wall. As a consequence, the logarithmic region is shifted upwards. Note that, as shown 

in Figure 3.6(a), the buffer region in the manipulated TBL became much thinner 

compared with the natural one, resulting from a significant increase in the 

viscous-sublayer thickness. Since the buffer region plays a predominant role in energy 
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and momentum transfer between inner and outer regions as well as in the turbulence 

production of the entire TBL (Kline et al. 1967; Kim et al. 1971), its reduced thickness 

may imply that this role could be weakened in the manipulated TBL. The reduced 

buffer-layer thickness, along with a thickened viscous sublayer, was also observed 

wherever a significant drag reduction was achieved (e.g. Choi et al. 1989; Jung et al. 

1992; Choi et al. 1998; Tardu 2001). As shown in Figure 3.6(b), the +
rmsu  was reduced 

at y+ < 8 but increased at 8 < y+ < 20, compared with the uncontrolled TBL. The 

increase in +
rmsu  is mainly ascribed to the actuator disturbance, as demonstrated by a 

single actuator (Figure 3.5c & d), and the maximum ∆ +
rmsu  in Figure 3.6(b) is in the 

same order of magnitude of that in Figure 3.5(c) & (d). The increased +
rmsu  in the 

buffer region was also observed by Itoh et al. (2006). On the other hand, the reduced 

+
rmsu  in the near-wall region results from suppressed turbulence activities under 

manipulation, as noted when a significant skin-friction drag reduction was achieved 

using a riblet wall (Choi 1989; Choi et al. 1993), spanwise wall-oscillation (Jung et al. 

1992; Laadhari et al. 1994; Choi et al. 1998), a transverse travelling wave (Du & 

Karniadakis 2000; Du et al. 2002), and local oscillating blowing (Tardu 2001). In the 

log-law and outer regions, there is a discernible decrease in +
rmsu  under control. 

Correspondingly, Su (Figure 3.6c) below the zero-crossing point, i.e. y+ = 12, is larger 

than its uncontrolled counterpart, that is, U in the viscous region is more positively 

skewed. This may imply a drop in the events of large positive U, which would lead to a 

reduced mean, and thus suggest that the high-speed streaks that are primarily 

responsible for large wall shear stress are impaired. This interpretation is supported by 
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the reduced +
rmsu  (Figure 3.6b) and also conforms to the measured drag reduction. In 

the buffer region, Su is slightly lower under control than that without, which echoes an 

increased +
rmsu  in this region (Figure 3.6b). However, Su remains almost unchanged in 

the log-law region. Under spanwise wall-oscillation (e.g. Choi et al. 1998) and local 

oscillating blowing (Tardu 2001), Su displayed a considerable departure from that 

uncontrolled in both the linear and buffer regions but not in the log-law region. In the 

viscous sublayer (y+ < 10), Ku increases as a result of control (Figure 3.6d). This is 

perhaps expected since the wall oscillation acts to increase exchange activities between 

low-speed and high-speed fluid regions. The minimum Ku occurs at y+ ≈ 12, 

corresponding to the zero-crossing point of Su (Figure 3.6c). Similarly to Su, the change 

in Ku is barely noticeable in the log-law region.  

In the outer-layer region, i.e. y+ > 200 or y/δ99 > 0.48, +
rmsu , Su and Ku (Figure 3.6b, 

c & d) differ appreciably under control from their counterparts without; their profiles 

appear shifted towards the wall. The same observation was made by Choi et al. (1998) 

with the entire wall oscillated along the spanwise direction, who attributed the result to 

a reduced boundary-layer thickness. An alteration in the large-scale coherent structures 

in the outer region cannot be excluded either in view of a connection in the coherent 

structures between the inner and outer regions (Cantwell 1981; Robinson 1991; Jeong 

et al. 1997; Zhou et al. 1999; Adrian et al. 2000; Alfonsi 2006; Adrian 2007). As is well 

known, alternating low- and high-speed streaks cover most of the xz-plane in the 

viscous sublayer and buffer layer. Active ejections, bursts, and sweeps occur 

intermittently and vividly in the buffer layer. The predominant counter-rotating 
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streamiwse vortices are mainly responsible for and sustain the turbulence production of 

the entire TBL. Hairpin or horseshoe structures in the log-law region may extend to the 

outer wake region. Both the streaky structures and active events occurring in the 

near-wall region are associated with the coherent structures (arch, horseshoe or hairpin 

vortices). Suppression of the near-wall streaky structures and active events are largely 

due to the impaired streamwise vortices, i.e., the legs or near-wall parts of horseshoe or 

hairpin vortex. As such, the horseshoe or hairpin vortices may ‘shorten’, shifting 

towards the wall.   

3.4.3 Dependence of drag reduction on control parameters 

 The spanwise travelling wave, formed by the 16 discrete actuators, depends on a 

number of parameters, including +
oA , +

of , +
zλ  and the phase shift ϕi, i+1 between two 

adjacent actuators, where +
zλ  and ϕi, i+1  are not independent of each other and 

specifying +
zλ  gives ϕi, i+1 or vice versa. All the parameters affect the local friction 

drag or wall shear stress change 
wτ

δ . Figure 3.7(a) presents the dependence of 
wτ

δ , 

measured at x+ = 35 and z+ = 0, on +
of  given +

zλ  = 416 (or ϕi, i+1 = 18o) and +
oA  = 

1.11, 1.66, 1.94 and 2.22. At +
oA  = 1.11, about one-fifth of the viscous-sublayer 

thickness, the decrease in the skin-friction drag is slow and insignificant from +
of

 
= 

0.13 to 0.32, not more than 5%. However, the drop is appreciably accelerated for 

further increasing +
of , and then appears approaching its asymptotic value, about -15%, 

for +
of  ≥ 0.58. At +

oA  ≥ 1.66, the skin-friction drag is apparently more sensitive to 

+
of . With increasing +

of , 
wτ

δ  declines, becoming more pronouncedly negative. This 
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decline is rather rapid up to +
of  = 0.45 for all the three +

oA , and levels off for a 

further increase in +
of . Control techniques based on a spanwise oscillatory Lorentz 

force (Berger et al. 2000; Pang & Choi 2004) and a transverse travelling force wave 

(Du et al. 2002) displayed a strong dependence of drag reduction on the excitation 

frequency. Presumably, the drag reduction under perturbation is connected to a change 

in streamwise vortices or streaky structures in the near-wall region, which contain most 

 

 

Figure 3.7 Dependence of 
wτ

δ  on (a) +
of , (b) +

oA , and (c) both +
of  and +

oA . The 

wavelength formed by the actuators is +
zλ  = 416 (or ϕi, i+1 = 18o). U∞ = 2.4 m/s. 
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of energies in the near-wall turbulent flow. Our result suggests that discrete actuators 

are required to work on high frequencies to alter the coherent structures. In their 

inclined wavy disturbance, Segawa et al. (2002) noted that the regularity of streaky 

structures in the near-wall region disappeared at +
of  > 10 +

bf . They suggested that the 

need for a +
of  much higher than +

bf  to alter the streaky structures was linked to 

synchronization between the +
of  and the duration of bursting process, instead of +

bf . 

As earlier mentioned, the bursting frequency fb is estimated to be only 3 Hz or +
bf  = 

0.0045, and then +
of  = 0.45 is 100 times +

bf . It is therefore not surprising to see a 

negligible change in 
wτ

δ  once +
of  > 0.45.  

 It is worth noting that the largest +
oA  may not correspond to the most rapid and 

maximum drag reduction; the most rapid drop in 
wτ

δ  from +
of  = 0.13 to 0.39 occurs 

at +
oA  = 1.94, instead of +

oA  = 2.22, resulting in a maximum drag reduction of about 

35% at +
of  ≥ 0.38. The observation suggests that, once an appropriate range of 

excitation frequency is determined, optimum excitation amplitude needs to be searched 

to achieve the maximum drag reduction.   

 The dependence of 
wτ

δ  on +
oA  is presented in Figure 3.7(b) given +

zλ  = 416 (ϕi, 

i+1 = 18o). The actuator-deformed wall may be considered to be hydraulically smooth 

because the maximum +
oA  is less than 5 wall units (Schlichting & Gersten 2000). 

Two different frequencies, i.e. +
of  = 0.39 and 0.65, were examined. At +

oA  = 0.83, 

the friction drag reduction is no more than 10% for either +
of . However, 

wτ
δ  dips 

rapidly in both cases from +
oA  = 0.83 to 1.94, where 

wτ
δ  reaches the minimum -30% 

for +
of  = 0.65 or -35% for +

of  = 0.39, and climbs quickly for a further increase in 
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+
oA , in particular at the lower +

of . The observation is in agreement with Du et al.’s 

(2000) finding based on the DNS data. In their study, a spatial transverse travelling 

wave was formed in terms of a spanwise force that was confined within the viscous 

sublayer. The force had its maximum on the wall and decayed exponentially away 

from it. They found that the largest drag reduction (more than 50%) was achieved 

when the penetration depth was about 10 wall units, comparable to the 

viscous-sublayer thickness. Beyond this depth, the skin-friction drag increased. The 

present perturbation to flow is surely well beyond +
oA . As demonstrated in Figure 3.5, 

given +
oA  = 3.2, the disturbance to flow reaches the buffer region and the maximum 

flow change occurs at y+ ≈ 13 for 
+

U  and y+ ≈ 18 for +
rmsu . Presumably, the 

disturbance to flow or the maximum flow change may have a correspondence to Du et 

al.’s (2000) force penetration depth. It is then highly likely that the location which this 

disturbance reaches or at which the maximum flow change occurs at +
oA  ≈ 2 is 

comparable to the viscous-sublayer thickness, yielding the maximum drag reduction.  

 Wall-based excitations by means of oscillating actuators and wall deformations 

alter the near-wall coherent structures through induced flows, rather than the wall 

displacement per se (Jacobson & Reynolds 1998; Kang & Choi 2000; Endo et al. 2000; 

Segawa et al. 2002). Applying the so-called ‘opposition’ control strategies (Choi et al. 

1994; Lee et al. 1998), Kang & Choi (2000) and Endo et al. (2000) achieved 13 ~ 17% 

and 12% drag reduction, respectively, based on wall deformation. The rms amplitude 

of wall deformation was around 3.2 wall units in Kang & Choi (2000) and only in the 

order of one wall unit in Endo et al. (2000). In both investigations, the near-wall 
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streamwise vortices were impaired largely through the wall-deformation-induced 

blowing and suction. Segawa et al. (2002) deployed a spanwise PZT-actuator array of 

eight elements, producing three different wave modes, namely the inclined wavy, 

gathering and alternating modes. With maximum actuation amplitude of only 1.25 wall 

units, the perturbation in the wavy mode led to broken near-wall streaky structures 

given an oscillation frequency of 10 times larger than the natural bursting frequency. 

The present optimum +
oA  is about 2 (Figure 3.7b), comparable to the 

viscous-sublayer thickness. Du & Karniadakis’ (2000) DNS data also suggested that 

the large amplitude of the travelling wave was unnecessary for drag reduction.   

The iso-contours (Figure 3.7c) of 
wτ

δ  in the +
oA - +

of  plane ( +
zλ  = 416) provides 

a full picture of the dependence of 
wτ

δ  on both +
oA  and +

of . The minimum 
wτ

δ  

occurs in the region of +
of  > 0.4, which is about 100 times of the bursting frequency, 

and 1.7 < +
oA  < 2.2, which could correspond to the thickness of the viscous sublayer. 

Evidently, the optimum control parameters are presently +
of  ≈ 0.4 and +

oA  ≈ 2, 

which achieve the maximum skin-friction drag reduction with comparatively small 

external energies. Furthermore, the contours around the region of the minimum 
wτ

δ  at 

+
of  < 0.47 are densely separated, relatively to others, implying a relatively strong 

dependence of 
wτ

δ  on +
of  and +

oA  due to the use of the same contour increment, 

∆
wτ

δ   = 5%,  in plotting. Assuming the product oo fA  to be proportional to the 

energy input to the flow, it is then found from Figure 3.7(c) that more energy input may 

not necessarily correspond to a larger reduction in drag; rather, there is a band of 

energy input around +
oA  ≈ 2 and +

of  > 0.4, where the maximum drag reduction is 
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achieved. The observation appears valid for other control techniques. For instance, in 

Pang & Choi’s (2004) Lorentz force oscillation, a high-drag-reduction region occurred 

in the St- +
oT  plane, where +

oT  is the normalized oscillation period and St is the Stuart 

number representing the strength of magnetic force relative to the inertia force of fluid. 

In their investigation based on the Lorentz-force-induced transverse travelling wave, 

Du et al. (2002) noted that the maximum drag reduction was achieved only with the 

energy input close to a threshold.     

 Variation in +
zλ  is realized by changing ϕi, i+1. The dependence of 

wτ
δ  on +

zλ  

and ϕi, i+1 (Figure 3.8) is examined for two different combinations of +
oA  and +

of , i.e. 

( +
oA , +

of ) = (1.66, 0.39) and (1.94, 0.39). From +
zλ  = 42 to 150, 

wτ
δ  declines 

quickly. However, beyond +
zλ  = 150, 

wτ
δ  drops less rapidly and then approaches 

asymptotically a constant for +
zλ  → ∞, regardless of the combination of +

of  and +
oA . 

In other words, the minimum 
wτ

δ  occurs at small ϕi, i+1 (< 60o) for the three different 

combinations of +
oA  and +

of . Note that ϕi, i+1 = 0o (or +
zλ  = ∞),  180o (or +

zλ  = 42) 

and 24o (or +
zλ  = 312) correspond to the in-phased, anti-phased oscillations and that 

the entire 16 oscillating elements/actuators form one discrete spanwise sinusoidal wave, 

respectively. The wavelength of ϕi, i+1 = 24o is the longest complete sinusoidal wave 

that can be formed presently and its corresponding 
wτ

δ  is close to the minimum, 

about 2% smaller than that of ϕi, i+1 = 0o and even more so than at ϕi, i+1 = 180o. 

Evidently, given a combination of +
oA  and +

of , the friction drag reduces almost 

monotonically with growing wavelength, which is fully consistent with Du & 

Karniadakis’ (2000) and Du et al.’s (2002) observations up to +
zλ  = 840. Note that it is 
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impossible for discrete actuators to form a perfect spanwise sinusoidal wave, as has 

been done in numerical simulation. Furthermore, the sinusoidal wave generated by the 

16 PZT-actuators is incomplete beyond +
zλ  = 312. This may explain partially why the 

drag reduces quickly for +
zλ  < 125 but slowly for +

zλ  > 125 with increasing +
zλ . In 

Segawa et al.’s (2002) investigation, one complete sinusoidal wave formed by all eight 

actuators corresponded to a wavelength of 400 wall units, the near-wall coherent 

structures were effectively impaired but not with the in-phased and anti-phased 

oscillations. Du et al. (2002) investigated the effectiveness of non-ideal wave forms. 

The anti-phased Lorentz force oscillation could achieve the same drag reduction as the 

 

 
 

Figure 3.8 Dependence of 
wτ

δ  on +
zλ  and ϕi, i+1 at ( +

oA , +
of ) = (1.66, 0.39) and 

(1.94, 0.39). U∞ = 2.4 m/s. 
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ideal wave. In addition, their simulation suggested that, due to the gaps between 

excitation regions, a shorter oscillation period (i.e. larger oscillation frequency) was 

needed for the non-ideal discrete travelling wave in order to achieve drag reduction. As 

such, it may not be surprising that the present optimum frequency ( +
of  ≈ 0.4) is one 

order of magnitude higher than that ( +
of  = 0.04) used by Du et al. (2002).  

 The transverse motion speed, wt, is a key parameter for spanwise wall oscillation 

and near-wall travelling wave control techniques (Karniadakis & Choi 2003). The wt 

may be determined on the oscillation frequency and the maximum spanwise oscillation 

amplitude in the former but on the oscillation frequency and the wavelength in the 

latter. Choi (2002) showed that all the available data of drag reduction based on 

spanwise wall-oscillation, when plotted against the normalized wall speed +
tw , 

collapsed into one single curve; the optimum +
tw  was 15 when about skin-friction 

drag was reduced by 45%. In control techniques deploying spanwise oscillating 

Lorentz force (Berger et al. 2000; Pang & Choi 2004), the optimum ‘equivalent 

spanwise-wall velocity’ +
eqtw ,  was found to be 12, corresponding to about 40% drag 

reduction. As a matter of fact, both spanwise oscillating wall and Lorentz force 

produced an oscillating Stokes layer in the near-wall region, and the vortex sheet in the 

Stokes layer was spanwise-tilted, creating negative spanwise vorticity. The 

streamwise-velocity gradient was reduced in the near-wall region by the negative 

spanwise vorticity, thus hampering the stretching of streamwise vortices, suppressing 

the turbulence activities (ejection, burst, and sweep) in the near-wall region, and 

resulting in drag reduction. In the control based on the transverse travelling wave (Du 
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& Karniadakis 2000; Du et al. 2002), +
tw  = 16.8 corresponded to 30% drag reduction, 

close to that found in spanwise oscillating Lorentz force or wall. This is reasonable 

because the travelling wave became an oscillatory force as its wavelength approached 

infinity (Karniadakis & Choi 2003). The present wave speed under +
oA  = 1.94, +

of  

= 0.39, and +
zλ  = 416, corresponding to 

wτ
δ = 35% at x+ = 35, is +

tw  ≈ 162, about 10 

times larger than the optimum +
tw  for other techniques. As noted earlier, the present 

optimum +
of  is about 0.4, one order of magnitude larger than other techniques, 

yielding a much higher wave speed. In Segawa et al. (2002) and Itoh et al. (2006), 

+
tw was 16 and 28, respectively.   

 One expects that 
wτ

δ  depends on x+ where wτ  is measured, which is indeed 

confirmed in Figure 3.9. The control parameters were +
oA  = 1.94, +

of  = 0.39 and +
zλ  

= 416 (or ϕi, i+1 = 18o). At x+ = 17 and z+ = 0, the friction drag reduction reaches more 

than 50%. At this location, the shape factors (H12) of the streamwise mean velocity 

profile are 1.46 and 1.42, with and without perturbations, respectively, indicating no 

occurrence of flow separation (e.g. Simpson & Strickland 1977). In addition, the local 

drag under the optimum control parameters is even lower than that of a laminar 

boundary-layer flow (Schlichting & Gersten 2000). As the measurement position was 

moved downstream from x+ = 17 to 52, the friction drag recovers rather rapidly and 

wτ
δ  climbs. Beyond x+ = 52, this recovery slows down and 

wτ
δ  approaches zero at x+ 

≈ 160. The flow recovery to its natural state originates from a relaxation of the altered 

flow itself and also the entrainment of the natural flow around the control area into the 

perturbed region. Park et al. (2003) achieved a maximum reduction in skin-friction 
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drag up to 75% at x+ = 20 downstream of a localized periodic blowing and suction that 

working at a frequency of +
of  = 0.088. However, the drag recovered rapidly to zero at 

about x+ = 130, with a slight overshooting observed beyond this location. For other two 

frequencies of +
of  = 0.044 and 0.066, both the maximum drag reduction and the 

recovery distance shrank. Although a maximum drag reduction of 45% was obtained 

immediately downstream of a sinusoidally oscillating blowing slot, Tardu & Doche 

(2009) observed that the drag reduction attenuated to be within 5% at about x+ = 200 

downstream of the slot. The rapid recovery was ascribed to the advection of coherent 

spanwise vortices generated by the periodic blowing (Tardu 2001). At present, due to 

the cantilever-supported mounting, only the actuator tips have an effective forcing on 

 

 
 

Figure 3.9 Dependence of 
wτ

δ  on the location x+ at z+ = 0 downstream of actuators. 

Control parameters are as in Figure 3.6. U∞ = 2.4 m/s. 
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the near-wall flow structures and the excitation is hence very limited along the 

streamwise direction, resulting in a relatively fast drag recovery.  

 

 

              uncontrolled          controlled 
y+  =

 5
.5

 

 

y+  =
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5 

 
Figure 3.10 Iso-contours of instantaneous streamwise fluctuating velocity, u+, in the 
xz-plane: (a) at y+ = 5.5, uncontrolled; (b) 5.5, controlled; (c) 12.5, uncontrolled; (d) 

12.5, controlled. The cut-off level +u  = 0.5 and the contour increment ∆ = 1.0. 

Solid line: u+ > 0; dotted line: u+ < 0. Control parameters: +
oA  = 2.22, +

of  = 0.65, 

and +
zλ  = 416 (or ϕi, i+1 = 18o). Flow is left to right. U∞ = 2.4 m/s. The solid 

rectangles attached to the z+ axis of figure (a) & (c) indicate the locations of 
actuators (12 elements are shown). 
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3.5 Altered Near-wall Flow Structures  

3.5.1 Time-averaged and fluctuating flows 

 The flow structure was examined, with more focus on the viscous and buffer 

layers, in order to gain insight into flow physics behind the observed drag reduction. 

The variation in the flow structure under control was measured in the xz-plane using 

PIV at y+ = 5.5 and 12.5, which correspond to the viscous sublayer and buffer layer, 

respectively. Measurements were not conducted in the log-law and outer regions since 

no appreciable difference was observed in the distributions of streamwise velocities 

other than a shift in +
rmsu , S and K towards the wall (Figure 3.6).   

Figure 3.10 presents the iso-contours of instantaneous streamwise fluctuating 

velocity u+ in the absence and presence of control ( +
oA  = 2.22, +

of  = 0.65, and +
zλ  = 

416 or ϕi, i+1 = 18o), measured at y+ = 5.5 and 12.5. In the absence of control, the 

longitudinal streaky structures, consisting of the regions of low- and high-speed fluid 

motions, are evident in the viscous sublayer (y+ = 5.5, Figure 3.10a). These streaky 

structures display longitudinally a meandering feature. In the buffer layer (y+ = 12.5, 

Figure 3.10c), the low-speed streaks exhibit an averaged spanwise spacing of about 

100 wall units, as previously reported based on both experimental measurements (e.g. 

Kline et al. 1967) and numerical simulation (e.g. Johansson et al. 1991). The streaks 

are flanked on both sides by a large gradient in u+, suggesting the generation of large 

wall-normal vorticity (Ωy). This is confirmed by the iso-contours of corresponding 

fluctuating vorticity +
yω , which display concentrations along the regions of large 
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gradient in u+ (not shown). The spanwise spacing between these streaky structures 

appears contracting in the viscous sublayer, compared with that in the buffer layer, as 

illustrated in Figure 3.10(a). As actuation is introduced at +
oA  = 2.22, +

of  = 0.65 and 

+
zλ  = 416 (or ϕi, i+1 = 18o), the flow structure has been significantly altered in both the 

viscous sublayer and the buffer layer. Firstly, the spanwise spacing between the 

low-speed streaks shrinks under control, which is more evident at y+ = 5.5 (Figure 

3.10a & b). Secondly, the low-speed streaks overwhelm in size the high-speed ones, in 

particular in the viscous sublayer, suggesting a reduction in the skin-friction drag, 

re-confirming the hotwire-measured results.  

The observation from PIV measurements is supported by smoke-wire flow 

visualization in the xz-plane of y+ = 10 (Figure 3.11), which was conducted at a lower 

U∞, 1.5 m/s. At this lower U∞, the boundary layer remains to be turbulent, as is evident 

in the photograph of smoke-wire flow visualization without control (Figure 3.11a). In 

the absence of control, the high-speed and low-speed streaks are evident, as marked in 

Figure 3.11(a). Smoke filaments from the smoke wire, placed at y+ = 8, were entangled 

and pumped up by streamwise vortices in the near-wall region to form thick smoke 

tubes along the streamwise direction. These thickened smoke tubes, which were 

slowed down and thus called low-speed streaks, were illuminated brightly as they rose 

from the wall into the laser light sheet. On both sides of the low-speed streak, one pair 

of counter-rotating streamwise vortices pumped low-momentum fluid away from the 

wall. Meanwhile, on the downdraught side of the streamwise vortices, high-momentum 

fluid was induced to move towards the wall, thus forming high-speed streaks. They 
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escaped from the laser light sheet and could not be illuminated, shown as dark lanes in 

the photograph. The streamwise vortex pairs are believed to be the legs of hairpin 

vortical structures in the TBL (Smith & Metzler 1983; Choi 1989; Robinson 1991; 

Adrian 2007). Moreover, the high- and low-speed streaks are always 

side-by-side-accompanied by each other, producing large velocity gradient and 

Reynolds shear stress between (Kline et al. 1967; Kim et al. 1971; Waleffe 1997). The 

average spanwise spacing between low-speed streaks is about 100 wall units, in line 

with Kline et al.’s (1967) finding from the hydrogen bubble flow visualization. 

However, once the actuators were operated at +
oA  = 2.22, +

of  = 0.65 and +
zλ  = 416, 

the large-scale streaky structures could not be seen; instead, some substantially 

smaller-scale longitudinal structures occur, along with an increased area of low-speed 

 

 

 
Figure 3.11 Typical photographs of instantaneous flow structure in the xz-plane at y+ 
= 10 from smoke-wire flow visualization: (a) uncontrolled, (b) controlled. Control 
parameters are as in Figure 3.10. Flow at U∞ = 1.5 m/s is left to right. Circular 
arrows indicate the streamwise vortices.   
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region downstream of the actuator array. Apparently, there is a great change in the flow 

structure. This change is distinct from those previously reported when different control 

techniques were deployed. The near-wall flow structure over a wall made with riblets 

is dominated by longitudinal vortices in pairs, which are short and have a large 

spanwise spacing between them, compared with those over a smooth wall (Choi 1989; 

Karniadakis & Choi 2003). The riblets modify mainly the near-wall structure in sweep 

events (Choi 1989; Karniadakis & Choi 2003); the riblets restrict the spanwise 

movement of longitudinal vortices and hamper their stretching, thus leading to 

occurrence of weak premature bursts and reducing the downwash strength of sweep 

events. The spanwise oscillating wall creates a negative spanwise vorticity near the 

wall, resulting in the reduced streamwise velocity in the near-wall region as the vortex 

sheet in the Stokes layer is tilted along the spanwise direction (Choi et al. 1998, 2002; 

Karniadakis & Choi 2003). The resultant velocity reduction hampers the stretching of 

the longitudinal vortices, weakening the sweep events. Dhanak & Si (1999) and Cicca 

et al. (2002) argued that transversal layers induced by the oscillating wall weakened 

the near-wall streaky structures and, as a consequence, the streaky structures became 

more stable, causing the longitudinal vortices and hence the wall turbulence activities 

to be attenuated (Schoppa & Hussain 1997). The flow structure change resulting from 

the spanwise oscillatory Lorentz force (Berger et al. 2000; Pang & Choi 2004) is 

similar to that from the spanwise oscillating wall (Choi 2002). As demonstrated in the 

DNS study (Du & Karniadakis 2000; Du et al. 2002), the transverse travelling wave, 

which was produced by a spanwise force confined within the viscous sublayer, 
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suppressed the near-wall coherent structures almost completely, with the high-speed 

streaks disappeared in the near-wall region, similarly to the present observation. The 

similarity is reasonable and as a matter of fact provides a validation for the present 

result since both Du & Karniadakis’s (2000) and the present control techniques are 

related to a transverse travelling wave produced by actuation.  

Figure 3.12 presents the iso-contours of 
+++

−=∆ UUU p  in the two xz-planes of 

y+ = 5.5 and 12.5. The perturbation was produced under +
oA  = 2.22, +

of  = 0.65, and 

+
zλ  = 416 (or ϕi, i+1 = 18o). The ∆

+
U  at y+ = 5.5 (Figure 3.12a) exhibits roughly an 

 
                   y+ = 5.5                 y+ = 12.5  

 
 

Figure 3.12 Iso-contours of 
+++

−=∆ UUU P , where 
+
PU  and 

+
U  are the 

time-averaged streamwise velocity with and without control, respectively, in the 
xz-plane: (a) y+ = 5.5; (b) 12.5. The contour increment ∆ = 0.3. Solid and dotted lines 
denote positive and negative contour levels, respectively. Control parameters are as in 
Figure 3.10. Flow is left to right. U∞ = 2.4 m/s. The solid rectangles attached to the z+ 
axis of figure indicate the locations of actuators (12 elements are shown).  
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alternate change near the actuator tip along the spanwise direction. The magnitude of 

the negative ∆
+

U  is much larger than that of the positive. This is not unexpected in 

view of the perturbation of an isolated actuator to the flow. As shown in Figure 3.5(a) 

& (b) and also Jacobson & Reynolds (1998), two areas of large negative ∆
+

U  above 

the single actuator were generated with equal side gaps, but only one with unequal side 

gaps (see figure 4b in Jacobson & Reynolds 1998). For both equal and unequal 

side-gap cases, the positive ∆
+

U  of weaker magnitude and lower location (closer to 

the wall), compared with the negative ∆
+

U , was induced on both sides of the negative 

∆
+

U  area in the yz-plane and downstream of the actuator in the xy-plane (figure 5a & 

b, and figures 4b, 5b & 6b of Jacobson & Reynolds 1998). With 7-wall-units spacing 

between adjacent actuators, the ∆
+

U downstream of the actuator array in the near-wall 

xz-plane (Figure 3.12a) changes alternately in sign along the spanwise direction. It is 

expected that ∆
+

V  near the tip of the actuator array in the yz-plane will also change 

alternately in sign. In the xz-plane of y+ = 12.5, however, ∆
+

U  is predominantly 

negative.   

Figure 3.13 presents the fluctuating velocity vectors (v+, w+) in the yz-plane at x+ = 

35, along with the swirling strength, λci, of streamwise vortices in grey scale, where λci 

is extracted from the local velocity gradient tensor, defined by 







∂∂∂∂
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=
zwyw
zvyv

uij //
//

 

(Zhou et al. 1996, 1999; Adrian et al. 2000). In the absence of control (Figure 3.13a), 

streamwise vortex pairs, labelled by A, B, C, D and E, may be easily identified from 

velocity vectors in the yz-plane. The downward vectors around the streamwise vortices 

bring high-momentum fluid toward the wall, resulting in high skin-friction drag; 
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meanwhile, the vortices also pump low-momentum fluid away from the wall. The 

high- and low-speed streaks (Figures 3.10 & 3.11) are associated with the downward 

and upward motions, respectively. The observations are consistent with previous 

reports (Kline et al. 1967; Kim 1985; Kim et al. 1987; Johansson et al. 1991). Once 

control is introduced at +
oA  = 2.22, +

of  = 0.65 and +
zλ  = 416 (or ϕi, i+1 = 18o), there 

are a number of discernible changes (Figure 3.13b). Firstly, the large-scale streamwise 

vortices break up into smaller scales, particularly near the wall (y+ ≈ 0 ~ 30), under the 

actuation. Secondly, more vortices occur are further away from the wall. Finally, 

vortex pairs, such as A & B and C & D (Figure 3.13a), induce strong downward 

 

 
 
Figure 3.13 Instantaneous fluctuating velocity vectors (v+, w+) in the yz-plane at x+ = 
35 in the absence (a) and presence (b) of control. Control parameters are as in Figure 
3.10. The reference vector length = 2 wall units. U∞ = 2.4 m/s. The solid rectangles 
attached to the z+ axis indicate the locations of actuators (12 elements are shown). 
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motions and are mainly responsible for large skin-friction drag; they appear weaker 

under control, implying weakened sweep motions. The observations are internally 

consistent with smoke-wire flow visualization (Figure 3.11), suggesting a reduction in 

the skin-friction drag.   

In order to understand the change of the near-wall flow structure in the xy-plane, 

Figure 3.14 illustrates instantaneous u+, v+, and spanwise fluctuating vorticity +
zω  in 

this plane. The perturbed flow in the xy-plane is illustrated at two representative 

positions, i.e., z+ = 10.4 (Figure 3.14b, e & h) and -20.8 (Figure 3.14c, f & i), 

corresponding to the symmetry plane of the actuator and the mid-plane in the gap of 

two adjacent actuators, respectively. The control parameters are +
oA  = 2.22, +

of  = 

0.65 and +
zλ  = 416 (or ϕi, i+1 = 18o). As a reference, the uncontrolled flow measured at 

z+ = 10.4 is also provided (Figure 3.14a, d & g), where the u+- and v+-contours appear 

rather chaotic but the +
zω -contours (Figure 3.14g) do show a relatively high 

concentration in the buffer region. Once perturbed, the u+- and v+-contours display a 

difference in both planes. Firstly, there is a large region of negative u+ above the 

actuator (Figure 3.14b & c). Note that the actuator is cantilever-supported, with its tip 

at x+ = 0. The penetration depth or y+ range of this negative u+ appears proportional to 

the oscillation amplitude. This is more evident in the symmetry plane of the actuator 

(Figure 3.14b) and, perhaps as expected, less so in the gap of two actuators (Figure 

3.14c). Secondly, a region of positive v+ up to y+ ≈ 30 occurs above the actuator tip 

(Figure 3.14e), which is less pronounced between the actuators (Figure 3.14f). 

Moreover, a region of negative v+ occurs downstream of the actuator tip, which is more 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

96 
 

dominant in the mid-plane of two adjacent actuators (Figure 3.14f) than in the 

symmetry plane of the actuator (Figure 3.14e). Accordingly, the relatively high 

concentration of +
zω  shifted upward with increasing x+, as highlighted by a broken 

line in Figure 3.14h & i. The actuation strength in these two representative xy-planes 

are also reflected by the inclination angle of the broken lines. Note that a pair of 

counter-signed concentrations occur in the +
zω -contours above x+ = 0, which is evident 

at z+ = 10.4 because it is produced by the actuator, and is also discernible at z+ = -20.8. 

The above features are rather typical and, as a matter of fact, are reflected in the 

time-averaged variations, 
+

∆U , 
+

∆V , and 
+

Ω∆ z  at z+ = 10.4 (Figure 3.15). The 

+
zω concentration along the broken line in Figure 3.14h disappears in Figure 3.15c due 

to the cancellation of oppositely signed +
zω  concentrations, which occur randomly. 

Evidently, concentrated negative 
+

Ω∆ z  was generated right above the actuator tip in 

Figure 3.15c. The averaged sectional streamlines (Figure 3.15d) indicate that the 

near-wall flow moves upward from the actuator. On the other hand, at z+ = -20.8, 

slightly increased 
+

∆U  (Figure 3.16a) and 
+

Ω∆ z  (Figure 3.16c), and decreased 

+
∆V  (Figure 3.16b) were observed downstream of the actuator tip. Hence, the 

near-wall flow above the actuator may wash down to wall (Figure 3.16d) and weaken 

the drag reduction at this z+ position.    
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Figure 3.14 Instantaneous streamwise fluctuating velocity u+ (a, b, c, the contour 
increment ∆ = 1), wall-normal fluctuating velocity v+ (d, e, f, ∆ = 0.5) and spanwise 

fluctuating vorticity +
zω  (g, h, i, ∆ = 0.2) in the xy-plane. Control parameters are as in 

Figure 3.10. The flow is left to right. U∞ = 2.4 m/s.  
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Figure 3.15 Control effect on (a) ∆
+

U  (the contour increment ∆ = 0.4), (b) ∆
+

V  

(0.2), (c) ∆
+

Ωz  (0.1), (d) streamlines in the xy-plane at z+ = 10.4. Control parameters 

are as in Figure 3.10. Flow is left to right. U∞ = 2.4 m/s.   
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Figure 3.16 Control effect on (a) ∆
+

U (the contour increment ∆ = 0.2), (b) ∆
+

V  (0.1), 

(c) ∆
+

Ωz  (0.05) and (d) streamlines in the xy-plane at z+ = -20.8. Control parameters 

are as in Figure 3.10. Flow is left to right. U∞ = 2.4 m/s.  
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3.5.2 Correlation between wall shear stress and longitudinal flow velocity 

 In view of the fact that τw and u in the near-wall region are correlated (e.g. 

Johansson et al. 1991), the space-time cross-correlation between τw and u is 

investigated in both xy- and yz-planes. The local τw at z+ = 0 and x+ = 35 was measured 

using a hot film flush-mounted on the wall. The fluctuating component of τw can be 

measured reliably by the wall-mounted hot-film, as demonstrated by Alfredsson et al. 

(1988) in a fully developed channel flow. Hot-film sensors have also been used 

successfully in the investigations of unsteady boundary layer over an oscillating airfoil 

(Lee & Basu 1998) and separation flow from a circular cylinder (Desgeorges et al. 

2002). While the hot-film probe was fixed on the wall, the hotwire used to measure u 

was traversed from y+ ≈ 0 to 21 and x+ = 35 to 310 to determine the space-time 

cross-correlation in the xy-plane, and from y+ ≈ 0 to 21 and z+ = -50 to 50 in the 

yz-plane. The traverse increment is (∆x, ∆y, ∆z) = (1 mm, 0.1 mm, 0.5 mm) or (∆x+, 

∆y+, ∆z+) = (7, 0.7, 3.5).    

Figure 3.17 shows the iso-contours of the maximum cross-correlation function, 

defined by )()()()( , rmsrmswowou utut
w

ττττρτ += , where τo is the time delay 

corresponding to the maximum uwτ
ρ  in the xy-plane with and without control. The 

control parameters are +
oA  = 1.94, +

of  = 0.39 and +
zλ  = 416 (or ϕi i+1 = 18o), under 

which 
wτ

δ  is -35% at x+ = 35 and z+ = 0. It is evident that the uwτ
ρ -contours contracts 

as a result of control. For instance, the contour of uwτ
ρ = 0.55 extends to beyond x+ = 

310 without control (Figure 3.17a) but ends at x+ ≈ 160, retreating by about 50%, 

under control (Figure 3.17b). On the other hand, the contraction in the cross-stream 
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direction is more moderate, not more than 10%. The observation is apparently linked to 

the longitudinal streaky coherent structures (Figures 3.10 & 3.11) and perhaps also to 

the convective nature of these structures. The iso-contours of uwτ
ρ  in the yz-plane 

(Figure 3.18) also shrink under control. Take the contour of uwτ
ρ = 0.55 for example. 

Its spanwise extent retreats by about 50%; again, its contraction in the cross-stream 

direction is limited, about 10%. The uwτ
ρ -contours in the two orthogonal planes 

confirm the presence of the longitudinal streaky structures, as reported by e.g. 

Johansson et al. (1991). Furthermore, these streaky structures shrink in both 

longitudinal and spanwise directions substantially, in the order of 50%, under control, 

but only 10% in the cross-stream direction. The observation is internally consistent 

with the PIV-measured u and flow visualization results.  

 

 
 
Figure 3.17 Iso-contours of the maximum cross-correlation function 

)()()()( , rmsrmswowou utut
w

ττττρτ += ) in the xy-plane (z+ = 0): (a) uncontrolled, (b) 

controlled. Control parameters are as in Figure 3.6. U∞ = 2.4 m/s. 
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 Figure 3.19 shows the iso-contours of τo with and without control. For example, at 

(x+, y+) = (100, 10), )( ouw
τρτ  = 0.70 (Figure 3.17a) occurred at τo = -3.9 ms (Figure 

3.19a) for the uncontrolled flow and )( ouw
τρτ  = 0.64 (Figure 3.17b) at τo = -2.6 ms 

(Figure 3.19b) for the controlled flow. The contours appear inclined with respect to the 

flow direction. Since the iso-contours of τo provide a good measure of the spatial 

structure of the coherent structure, it may be inferred that the large-scale coherent 

structures are forward-inclined, as noted by Johansson et al. (1991). The inclination 

angle, highlighted by the thick broken line, is about 8o with respect to the flow 

direction in the absence of control, in good agreement with Rebbeck & Choi’s (2006) 

estimate (about 8 degrees) and with Jeong et al.’s (1997) theoretical prediction (8 

degrees). The angle increases to about 11o under control. This increase may be linked 

 

 
 
Figure 3.18 Iso-contours of the maximum cross-correlation function 

)()()()( , rmsrmswowou utut
w

ττττρτ += ) in the yz-plane (x+ = 35): (a) uncontrolled, (b) 

controlled. Control parameters are as in Figure 3.6. U∞ = 2.4 m/s. 
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to the actuation in the wall-normal direction, which pushes fluid and hence the 

coherent structure away from the wall (Figure 3.15).  

 The time-averaged convection velocity, 
+
cU , of the coherent structures in the 

near-wall region may be estimated by dividing the streamwise separation between the 

hot-film and hotwire probes by τo. The details of this method are given in Zhou & 

Antonia (1992). The 
+
cU  (not shown) is about 12.5 without control, close to previous 

reports by Kreplin & Eckelman (1979, 
+
cU  = 12), Krogstad et al. (1998, 

+
cU  = 13) 

and Rebbeck & Choi (2006, 
+
cU  = 14), and numerical result by Johansson et al. (1991, 

+
cU  = 10.6 ± 1.0). 

+
cU  varies little with control from that without, indicating that the 

advection of the coherent structures near the wall is essentially unaffected by 

perturbation. 
+
cU  is significantly higher than 

+
U in the near-wall region, which is 

ascribed to the wave propagating nature of perturbed flow variables close to the wall, 

 

 
 
Figure 3.19 Iso-contours of the time-delay τo (units in ms) corresponding to the 
maximum cross-correlation function: (a) uncontrolled, (b) controlled. Control 
parameters are as in Figure 3.6. U∞ = 2.4 m/s. 
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as suggested by Khoo et al. (2001) and Kim & Hussain (1993). 
+
cU  was independent 

of the separation between the two probes, suggesting that the coherent structures of 

different scales are convected at almost the same 
+
cU  in the near-wall region (Khoo et 

al. 2001). This explains why 
+
cU  displayed little variation between the natural and 

controlled flow.   

 

 

 

 
 
Figure 3.20 Energy (eigenvalue) fraction and cumulative energy sum of the POD 
modes: ■ and solid line, uncontrolled; □ and dotted line, controlled. Analysis is 
based on the PIV data in the xz-plane of y+ = 5.5. Control parameters are as in 
Figure 3.10. U∞ = 2.4 m/s. 
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3.6 Discussion  

3.6.1 Drag reduction mechanisms  

The proper orthogonal decomposition (POD) and variable-interval time-average 

(VITA) techniques are deployed to analyze the near-wall flow with and without control. 

Large-scale coherent structures contribute predominantly to the turbulent energy and 

play a key role in the generation of high skin-friction drag, turbulence production, 

energy and momentum transfer in the near-wall region (e.g. Robinson 1991). The POD 

technique provides an excellent means to extract energetic and hence large-scale 

coherent structures from the turbulent flow (Sirovich 1987). This technique was first 

introduced to the community of fluid dynamics by Lumley (1970). The POD technique 

projects, following a linear procedure, a group of input data on an orthogonal basis, 

which constitutes functions for the solution of an integral eigenvalue problem. The 

eigenfuctions are characteristic of the most possible realization of the input data and 

furthermore are optimal in terms of energy present within the input data. No a priori 

assumption is required, which is the greatest advantage of this technique. Please refer 

to Berkooz et al. (1993) for more details on the POD technique. In practical 

applications, two methods are frequently used, i.e. direct and snapshot POD (Sirovich 

1987). The snapshot POD technique has been applied in the analysis of PIV data by e.g. 

Bernero & Fiedler (2000), Pedersen & Meyer (2002), and Kostas et al. (2005). Each 

PIV realization was taken as one snapshot of the turbulent flow. This method was 

presently applied to the PIV-measured velocity data in the xz-plane of y+ = 5.5.  
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Figure 3.20 presents the energy (i.e. eigenvalue) fraction and cumulative energy 

sum for various POD modes. Presently, the energy corresponds to the turbulent kinetic 

energy integrated over the area concerned. The lower POD modes, which are linked to 

the large-scale coherent structures (Fiedler 1998), account for most energies: more than 

15% of the total energy associated with the first two modes and nearly 50% with the 

first ten modes in the absence of control. The energy fraction of the POD modes 

declines with the mode increasing; the modes of > 100 account for only about 10% of 

the total energy. The energy fraction collapses rather rapidly from the 4th mode to the 

10th; in fact, the first four modes contribute more than 30% to the total energy, that is, 

the four modes may play an important role in the dynamics of the near-wall turbulence. 

Once the control was introduced at +
oA  = 2.22, +

of = 0.65, and +
zλ  = 416 (or ϕi, i+1 = 

18o), the energy fraction of the modes of < 10 drops appreciably, suggesting that the 

large-scale coherent structures were indeed impaired. On the other hand, as highlighted 

by the insert in Figure 3.20, the energy fraction of the modes of > 20 exhibits an 

increase, which is reasonable because of the high-frequency disturbance introduced. 

The cumulative energy sum is appreciably smaller with control than without; the 

departure grows up to about mode 30 and then contracts for further increasing mode, 

indicating that the control reduces energies associated with relatively large-scale 

coherent structures.  



Chapter 3 Active Drag Reduction in a Turbulent Boundary Layer using an Array of Actuators 

107 
 

 

 
Figure 3.21 
Iso-contours of 
u+ in the 
xz-plane of y+ 
= 5.5 for 
various POD 
modes, ∆ = 
0.05. Control 
parameters are 
as in Figure 
3.10. U∞ = 2.4 
m/s.  
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The iso-contours of the streamwise fluctuating velocity, u+, are examined for a 

number of modes in Figure 3.21 to understand the reduced energy of the lower POD 

modes under control. In the absence of control, the u+-contours change signs 

alternately along the spanwise direction and show a relatively large longitudinal stretch, 

reflecting the typical features of high- and low-speed streaks in the near-wall region. 

With the POD mode number increased, the spanwise spacing between the oppositely 

signed concentrations retreats while their longitudinal extent remains almost 

unchanged. The u+-contours exhibit a significant change under control [ +
oA  = 2.22, 

+
of = 0.65, and +

zλ  = 416 (or ϕi, i+1 = 18o)]. The contour level decreases for the 

positive sign but increases for the negative under control, unequivocally pointing to 

weakened high-speed near-wall streaks under control. As a matter of fact, the negative 

u+-contours overwhelm the positive in modes 5 and 6, which echoes the rapid collapse 

in the energy fraction from mode 4 to 10 (Figure 3.20).  

Large-scale coherent structures, which are dynamically dominant in the near-wall 

region, have relatively low and broad-band bursting frequencies with an average value 

of +
bf  = 0.004 in a natural TBL (Blackwelder & Haritonidis 1983). The present 

oscillating frequency to achieve large drag reduction is +
of  > 0.4, 100 +

bf . Figure 

3.22 presents the power spectral density function, Eu, of u measured in the viscous 

sublayer and buffer layer (x+ = 35, z+ = 0). Eu was calculated in such a way that its 

integration over the entire frequency range yields variance of u, i.e. 

∫ ∫
∞

∞−

∞

∞−∞→
= dtu

T
dfE

Tu
21lim . In the absence of control, Eu declines with increasing f+ and 

shows a -5/3 slope in the inertial subrange (Tennekes & Lumley 1972). The imposed 
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+
of  is in the dissipation range of turbulence energy spectrum. A pronounced peak 

occurs at f+ = +
of  = 0.39 under control [ +

oA  = 1.94, +
of = 0.39, and +

zλ  = 416 (or ϕi, 

i+1 = 18o)]. At y+ > 10, Eu varies little, including the slope in the inertial subrange, 

except frequencies around +
of . At y+ < 10, however, Eu increases considerably for f+ > 

0.04 and decreases for f+ < 0.04, displaying a discernible change in the slope of the 

 

 
 
Figure 3.22 Spectral density function, Eu, of the hotwire-measured fluctuating 
velocity u at (a) (x+, y+, z+) = (35, 11, 0), (b) (35, 8.5, 0), (c) (35, 5, 0) and (d) (35, 
2.5, 0). Solid line, uncontrolled; dotted line, controlled. Control parameters are as in 
Figure 3.6. U∞ = 2.4 m/s. 
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inertial subrange. The observation indicates a redistribution of energies at y+ < 10, that 

is, there is an energy transfer from large-scale to small-scale turbulence eddies, 

reconfirming results from the POD analysis. Choi (2002) made a similar observation in 

his investigation based on a spanwise oscillating wall, that is, Eu decreased and 

increased for f+ smaller and larger than the wall-oscillating frequency +
of  (= 0.0125), 

respectively. His +
of  was by far lower than the present one. Interestingly, the energy 

spectra of wall-skin-friction and wall-pressure fluctuations over a riblet wall also 

showed similar changes (Choi 1989). The increased energy in higher frequencies was 

ascribed to an increase in the bursting frequency over the riblet surface. The riblets 

restricted the lateral movement of longitudinal vortices, thus resulting in a decrease in 

the energy of lower frequencies. Iuso et al. (2002) manipulated a turbulent channel 

flow using large-scale streamwise vortices generated from spanwise-inclined wall jets 

and observed that the spectra of both wall-skin-friction fluctuation and u shifted in 

energies towards the lower frequency range. They interpreted this result as a 

manifestation of an increase in the length of velocity streaks, which might result from 

the increased stability of the controlled flow.     

 Jimenez & Pinelli (1999) showed that the near-wall turbulence was maintained by 

a cycle located at 20 < y+ < 60, which could be self-sustained without any input from 

the core flow. This cycle is closely associated with both near-wall streamwise vortices 

and the presence of longitudinal low- and high-speed streaks. The streamwise vortices 

induce the alternating streaks by extracting energy from the mean flow and, in turn, 

these streaks develop to the streamwise vortices due to inflectional instabilities. 
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Interfering this cycle by filtering out normal voritcities of high magnitude resulted in 

large drag reduction and even relaminarization (Jimenez & Pinelli 1999). Other 

numerical and experimental investigations have successfully demonstrated that the 

self-sustaining process of near-wall turbulence could be interrupted or disrupted by 

near-wall spatial forces or wall-based actuations through either stabilizing the 

low-speed streaks or suppressing the high-speed streaks or breaking up the streamwise 

vortices (Kim 2003; Karniadakis & Choi 2003). Based on their numerical data, 

Schoppa & Hussain (1998) proposed a large-scale control strategy for skin-friction 

drag reduction via bulk forcing using either counter-rotating vortex generators or 

colliding spanwise wall jets. The streamwise vortices near the wall were weakened as 

the instability of low-speed streaks was impaired. They observed a 20% drag reduction 

at a forcing magnitude of only 6% of the channel centreline velocity. The wall-normal 

fluctuating vorticity was reduced by a factor of 2, compared with the uncontrolled flow. 

Schoppa & Hussain’s (1998) finding was experimentally confirmed by Iuso et al. 

(2002). A spanwise-oscillating wall may also be used to attenuate profoundly the 

self-sustaining process by promoting a rapid decay of the streamwise vortices and 

thereby weakening the low-speed streaks (Dhanak & Si 1999). Present observations 

(Figures 3.10, 3.11, 3.13, 3.20-22) provide strong evidence that the self-sustaining 

cycle of near-wall turbulence has been greatly interrupted by the wall-based 

perturbation, resulting in a large reduction in skin-friction drag (Figures 3.7-9). Figure 

3.23 presents the probability density function (PDF) of ωy with and without control. 

The ωy is a key indicator for the formation of streamwise vortices since the growth rate 
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of the streaks’ sinuous instability mode increases with the ωy magnitude (Schoppa & 

Hussain 1997). The PDF of ωy becomes broader under control, implying the 

generation of large magnitude ωy, which may disrupt the sinuous instability or trigger 

other instabilities in near-wall turbulence.  

 Schoppa & Hussain (2002) proposed a streak transient growth (STG) mechanism 

 

 
 
Figure 3.23 Probability distribution function (PDF) of wall-normal fluctuating 

vorticity, +
yω , in the xz-plane of (a) y+ = 5.5 and (b) 12.5: ■, uncontrolled; □, 

controlled. Control parameters are as in Figure 3.10. U∞ = 2.4 m/s. 
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for the generation of near-wall streamwise vortices. Based on this mechanism, the 

vortex generation involves stretching near-wall streamwise-vorticity sheets, which 

leads to the collapse of streamwise vortices. It was suggested that preventing vortices 

from generation or regeneration in the first place could suppress the near-wall coherent 

structures and thus reduce the skin-friction drag. Du & Karniadakis’ (2000) and Du et 

al.’s (2002) transverse travelling wave, confined completely within the viscous 

sublayer, decoupled the phase-locking between streak formation and vortex generation 

(Karniadakis & Choi 2003), reducing the wall-normal fluctuating vorticity by nearly a 

factor of 2 and suppressing greatly the high-speed streaks near the wall.   

The bursting frequency +
bf  may be detected from the hotwire signal u with the 

VITA technique (Blackwelder & Kaplan 1976; Blackwelder & Haritonidis 1983) 

applied. The acceleration process, which reflects better the bursting phenomenon than 

the deceleration, is examined by setting du(t)/dt > 0 for the VITA criteria (Chen & 

Blackwelder 1978). The threshold k and averaging time T+ in VITA are set at 0.8 and 

38, respectively, at which the identified bursts have been confirmed to be reasonable 

by comparing visually detections with the u signal. More discussion will be given later 

on the effects of k and T+ on the detected +
bf . Figure 3.24 presents the variation of 

+
bf  with y+ (y+ ≤ 10). In the natural TBL, the detected +

bf  rises slowly with 

increasing y+ for y+ < 8, as reported by Blackwelder & Haritonidis (1983). However, 

+
bf  becomes considerably smaller throughout the y+ range examined under control 

[ +
oA  = 1.94, +

of = 0.39, and +
zλ  = 416 (or ϕi, i+1 = 18o)]. For instance, at y+ = 3.6 and 

6.5, +
bf  reduces by 18% and 21%, respectively, compared with the uncontrolled case. 
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This reduction indicates a suppression of active turbulence activities in the near-wall 

region, contributing to drag reduction (e.g. Karniadakis & Choi 2003). Rathnasingham 

& Breuer (2003) implemented a linear active scheme in a real-time TBL control, 

targeting at large-scale coherent structures near the wall, and reduced +
bf , detected 

with VITA (k > 2.0 , T+ = 20 ), by up to 23%, along with 30% and 7% reduction in the 

streamwise velocity fluctuation and skin-friction drag, respectively. Cicca et al. (2002) 

reported a reduced +
bf  up to 30%, detected by a variable-interval space-averaging 

technique (the spatial counterpart of VITA) over a spanwise-oscillating wall. The 

 

 
 

Figure 3.24 Variation with y+ in the bursting frequency +
bf  detected using VITA 

from the hotwire signal placed at (x+, y+, z+) = (35, y+, 0): ■, uncontrolled; □, 
controlled. Control parameters are as in Figure 3.6. The solid and dash lines are 

parabolic fittings to estimated +
bf  with and without control, respectively. The VITA 

parameters: threshold k = 0.8 and averaging time T+ = 38. U∞ = 2.4 m/s. 
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corresponding drag reduction was 30% at the optimum parameters. A similar 

observation was also made by Huang et al. (2010), who produced a 

Lorentz-force-induced transverse wave travelling along the streamwise direction.   

 

 

 

 

 
 
Figure 3.25 Ensemble-averaged streamwise fluctuating velocity, <u+>, based on 
VITA detections from the hotwire signal measured at (a) (x+, y+, z+) = (35, 3.5, 0) 
and (b) (35, 6.5, 0): solid line, uncontrolled; dotted line, controlled. Control 
parameters are as in Figure 3.6. The VITA parameters: k = 0.8 and T+ = 38. U∞ = 
2.4 m/s. 
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Figure 3.26 Dependence of the bursting frequency +
bf , detected from the hotwire 

signal measured at (x+, y+, z+) = (35, 5, 0), on the VITA parameters: ■, uncontrolled; □, 
controlled. (a) T+ = 38, (b) k = 0.8. Control parameters are as in Figure 3.6. U∞ = 2.4 
m/s. 
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 The u-signals measured at y+ = 3.5 and 6.5 were ensemble-averaged based on 

VITA detections and are presented in Figure 3.25. Evidently, both the intensity 

(difference in <u+> ) and duration between the valley and peak of the burst contracts 

by about 13% and 23%, respectively, under control [ +
oA  = 1.94, +

of  = 0.39, and +
zλ  

= 416 (or ϕi, i+1 = 18o)], irrespective of the value of y+. The result suggests a 

stabilization of near-wall low-speed streaks and weakened stretching in vortex 

generation (Karniadakis & Choi 2003), and further indicates suppressed active 

turbulence activities in the near-wall region under control. Using periodic spanwise 

wall oscillation, Choi & Clayton (2001) achieved a drag reduction by 45%, which was 

accompanied by a reduction of nearly 33% in the duration as well as of about 20% in 

the intensity of the burst. Based on comparing the sweep events and wall-skin-friction 

signature, yu ∂∂ / , with and without oscillating the wall, Choi (2002) argued that 

weakening of near-wall burst activities led directly to a reduction in turbulent 

skin-friction drag. In the present investigation, significant reduction was attained in 

both the duration and intensity of the near-wall turbulence activities, consolidating 

observations in POD analysis and skin-friction drag measurement.   

 The +
bf  detected by VITA technique may depend on k and T+ (Blackwelder & 

Kaplan 1976). The hotwire signal was measured at x+ = 35, y+ = 5 and z+ = 0, and the 

control parameters are +
oA  = 1.94, +

of  = 0.39, and +
zλ  = 416 (or ϕi, i+1 = 18o). As 

shown in Figure 3.26(a), +
bf  declines gradually with increasing k, as observed by 

Blackwelder & Kaplan (1976) and Alfredsson & Johnson (1984). The +
bf  was 

reduced under control, irrespective of the choice of k. The effect of T+ on +
bf  (Figure 
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3.26b) is rather different. With increasing T+, +
bf  ascends rapidly initially but drops 

slowly after reaching its maximum at T+ = 15 and 23 for cases with and without control, 

respectively. Beyond T+ = 23, +
bf  drops significantly under control. Note that +

bf  is 

larger at T+ < 23 with control than its counterpart without, which is ascribed mainly to 

perturbation-generated relatively small-scale structures. As shown in the POD and 

spectral analysis, small-scale structures are excited under control so that the local 

variance of u over a small T+ (corresponding to the small-scale structures of high 

frequency) becomes larger. Choi (1989) noted an increase in +
bf  over a riblet wall 

and subsequently the increased energy in the skin-friction spectrum over higher 

frequencies (corresponding to small-scale structures). Iuso et al. (2002) investigated 

the effect of T+ on +
bf  and observed, with small T+ chosen, a rapid shrink in the 

difference between the controlled and uncontrolled +
bf . A similar observation was 

also made by Cicca et al. (2002).           

 The control effect on the temporal scales of the near-wall coherent structures may 

be examined in terms of the auto-correlation ρuu (= 2/)()( rmsututu τ+ ) and 

time-derivative du/dt of u, which was measured at x+ = 35 and z+ = 0. The control 

parameters are +
oA  = 1.94, +

of  = 0.39, and +
zλ  = 416 (ϕi, i+1 = 18o)]. The kurtosis of 

ρuu, uu
Kρ , was used to illustrate the temporal scales in the near-wall region. In the 

absence of control, 
uu

Kρ  (Figure 3.27) remains almost a constant near 9 for the y+ 

range examined; under control, 
uu

Kρ  increases greatly for y+ < 6 as a result of 

shrinking ρuu-distributions, but plunges into the uncontrolled level for y+ > 10. The 

observation indicates a decrease in the temporal scales of turbulent structures in the 
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near-wall region under control, consistent with the observation from the kurtosis of u 

(Figure 3.6d), suggesting active large-scale turbulence to be suppressed. The result 

conforms to the reduced spatial scales of turbulence structures under control (Figures 

3.17 & 3.18).    

 Figure 3.28 presents the dependence of the skewness ( dtduS / ) and kurtosis ( dtduK / ) 

of du/dt on y+. In general, dtduS /  is greater than zero, implying a positively skewed 

distribution of du/dt, which is attributed to the wavy nature of low-speed streaks close 

to the wall (Onorato & Iuso 2001). Johansson et al. (1991) performed conditional 

 

 
 

Figure 3.27 Variation with y+ in kurtosis (
uu

Kρ ) of 2/)()( rmsuu ututu τρ += : ■, 

uncontrolled; □, controlled. The hotwire signal was measured at (x+, y+, z+) = (35, y+, 

0). Control parameters are as in Figure 3.6. Solid line is linear fit to 
uu

Kρ in the 

absence of control and the broken line is parabolic fit to 
uu

Kρ  under control. U∞ = 

2.4 m/s. 
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averaging of shear-layer structures, which were streamwise forward-inclined, in the 

near-wall region of a turbulent channel flow and unveiled that a much larger du/dt 

occurred with the low-speed streaks followed by the high-speed ones than the other 

way around. In the natural TBL, dtduK /  varies little with increasing y+ (Figure 3.28b). 

With control introduced, the distribution of du/dt alters significantly, as reflected in 

 

 
 
Figure 3.28 Dependence on y+ of (a) skewness and (b) kurtosis of du/dt: ■, 
uncontrolled; □, controlled. The hotwire signal was measured at (x+, y+, z+) = (35, y+, 
0). Control parameters are as in Figure 3.6. Solid and broken lines are cubic (a) or 
parabolic (b) fit to estimated data. U∞ = 2.4 m/s 
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dtduS /  and dtduK / . Both dtduS /  and dtduK /  increase at y+ < 8 under control, though 

the departure from their uncontrolled counterparts diminishes gradually with 

increasing y+. This increase in dtduS /  and dtduK /  indicates that the near-wall flow 

structures becomes more intermittent with control than without (Iuso et al. 2002). In 

view of the impaired large-scale structures and the lower bursting frequency under 

control, it may be inferred that the large du/dt occurs more sparsely in the near-wall 

region (Iuso et al. 2002). At y+ > 8, dtduS /  under control dives below the natural one, 

reaching the minimum at y+ = 11, implying less intermittency. This is reasonable 

because urms increases in the buffer region under control (Figure 3.6b).  

 Taylor microscale is calculated with and without control and compared with each 

other in order to examine the control effect on the fine turbulent structures. The Taylor 

microscale, which dominates the inertial subrange, is defined as 22 )/(2 dtduuT =λ  

(Tennekes & Lumley 1972). The natural +
Tλ  (Figure 3.29) grows at y+ < 5 and 

declines gradually at y+ > 5 with increasing y+, in conformity with Nagano et al.’s 

(1998) and Metzger’s (2006) reports. At y+ = 8, +
Tλ  is about 8.3, in good agreement 

with Tardu’s (2001) measurement in a natural boundary layer. Once control is on, +
Tλ  

collapses in both the viscous sublayer and buffer layer, though recovering quickly at 

y+ > 10 to the uncontrolled case because of the limited external excitation penetration 

(Figure 3.5). The decrease in +
Tλ  is linked to a decreased ejection frequency and is 

also internally consistent with the increased energies (Figure 3.22) of small-scale 

turbulence due to the breakup of large-scale structures under control. Tardu (2001) 

found at the end of the acceleration phase of a periodic blowing on the wall that the 
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Taylor microscale was reduced by a factor of 2, while the isotropic dissipation rate was 

increased by a factor of 12, resulting in partly laminarized flow downstream. Using a 

spanwise oscillating wall, Laadhari et al. (1994) achieved a skin-friction drag reduction 

by 40%. They observed a decrease in the dissipation length scale at y+ < 40, which was 

more significant longitudinally than laterally.   

 

 

 

 

 
 

Figure 3.29 Variation with y+ in Taylor microscale +
Tλ : ■, uncontrolled; □, 

controlled. Control parameters are as in Figure 3.6. The hotwire signal was 
measured at (x+, y+, z+) = (35, y+, 0). U∞ = 2.4 m/s. 
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(a) (b) 

 
Figure 3.30 (a) A conceptual model of coherent structures in the absence of control (reproduced from Robinson 1991), (b) the proposed model 
in the presence of control. 
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 Figure 3.30 presents the modified coherent structures, as compared with the 

conceptual model proposed by Robinson (1991), which serves as a reference and 

outlines the kinematic relationships (i) between ejection/sweep (i.e. Q2/Q4) events and 

streamwise vortices in the near-wall region and (ii) between ejection/sweep events and 

arch-like vortical structures in the outer region. Robinson’s model highlights the main 

features of large-scale coherent structures in a TBL. The low- and high-speed streaky 

flow structures and streamwise vortices are dominant events in the near-wall region. 

Ejection and sweep events are induced around the streamwise vortices. The arch or 

horseshoe vortical structure extends from the inner layer to the outer layer, with 

longitudinal legs or vortices.  

The present wall-based flow manipulation consists of two components, i.e., the 

wall-normal motion of individual actuators, and spanwise travelling wave formed by 

the entire array of actuators. The perturbation to flow bears qualitative similarity to that 

deployed by Du & Karniadakis (2000) and Du et al. (2002). The large-scale coherent 

structures in the near-wall region were impaired tremendously, with the high-speed 

streaks reduced, the low-speed ones stabilized, and the active turbulence activities 

suppressed. However, there are two differences. Firstly, the actuators are discrete in 

nature and thus impossible to form a perfect wave, as Du & Karniadakis (2000) 

managed. Secondly, the wall-normal-motion-produced transverse wave is not exactly 

the same as the Lorenz-forced-induced one; the forcing to the near-wall flow structures 

is induced by the wall-based oscillations in the former while it is directly from the 

spatial force in the latter. Naturally, the present technique requires a much higher +
of  
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to modify large-scale coherent structures and hence to achieve large drag reduction. 

Apparently, both components of the present perturbation play a role in modifying the 

coherent structures for 120<+
zλ  (Figure 3.8a). However, the travelling wave appears 

ceasing its role for 120<+
zλ . The perturbation modifies the coherent structures in a 

number of aspects. Firstly, the large-scale coherent structures near the wall are 

impaired considerably, resulting in reduced scales (Figures 3.11 & 3.13) and energies 

(Figures 3.20-22). Secondly, the active turbulence activities, i.e. the bursting events 

connected to ejection and sweep motions, are considerably reduced (Figures 3.24-26). 

Thirdly, as inferred from the space-time cross-correlation (Figures 3.17-19), the 

forward-inclined horse-shoe leg is pushed upward slightly by the wall-based 

oscillations and re-oriented from 8° to 11° with respect to the mean flow. Fourthly, 

based on Figure 3.6, the arch or horseshoe vortical structure may become shortened, 

shifting toward the wall because of shorter legs. Finally, the fine turbulence structures 

of Taylor microscales are reduced by more than 30% in the near-wall region (Figure 

3.29).    

3.6.2 Drag reduction efficiency  

 The effectiveness of a control technique can be evaluated by the control efficiency 

η , which may be defined by the ratio usedsaved PP=η  (Berger et al. 2000), where 

Psaved and Pused are the power saved and consumed, respectively. Psaved due to the 

skin-friction drag reduction (
wτ

δ ) can be calculated by multiplying 
wτ

δ  by the friction 

force and the free streamwise velocity, i.e. ∞= UAuP csaved w

2
ττ ρδ , where Ac is the area 
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over which 
wτ

δ  is obtained. Because 
wτ

δ  under a set of control parameters is 

dependent on x (Figure 3.9), Psaved then can be rewritten as ∫∞= c

o
w

x

xcsaved dxLUuP ττ δρ 2 , 

where Lc and xc-xo are the spanwise and streamwise extents of the affected area 

downstream of the actuator array, respectively. Lc is taken to be the span of the entire 

actuator array, i.e. Lc = 45 mm or +
cL  = 312. Subsequently, based on the results in 

Figure 3.9, Psaved is estimated to be 6.41 × 10-6 W, with the optimum control parameters 

applied. On the other hand, Pused is due to the dissipation of the PZT actuators operated 

at an oscillating frequency fo and driving voltage Vo, which can be calculated by 

2)tan(28.6 ooused VCNfP δ=  (Noliac A/S), where C = 20 nF and tan(δ) = 1.7% are the 

capacitance and dissipation factor of the PZT material used, respectively, and N = 16 is 

the total number of the actuator elements. Given fo = 300 Hz and Vo = 10 volt, Pused 

arrives at Pused = 1.02 × 10-3 W. The η is estimated to be 6.28 × 10-3, which is in the 

order of that using spanwise oscillating Lorentz force (Berger et al. 2000) and wavy 

Lorentz force (Huang et al. 2010). Berger et al. (2000) ascribed the inefficiency of their 

control technique to the low conductivity of seawater and suggested that it was 

unlikely to obtain a net energy saving. It is worth pointing out that the present 

longitudinal covering of the actuator array is very limited; only one row of actuators 

was deployed and the major perturbation to the flow is confined to the actuator tips. 

Therefore, the controlled flow recovered rather rapidly in the streamwise direction 

(Figure 3.9). One may also note that the η will be improved drastically once the Pused 

can be reduced further. Optimization of actuator to be used is thus necessary. In 

addition, as Jacobson & Reynolds (1998) discussed, at higher Reynolds number flow it 
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is required to reduce the actuator size, lowering its power consumption faster than the 

associated skin friction drag because the power dissipation scales with the cantilever 

volume of the actuator whilst skin friction drag with a part of wall surface. Du & 

Karniadakis and also Du et al. (2002) obtained an efficiency higher than unity in their 

drag reduction investigation based on a transverse travelling wave generated by 

discrete electromagnetic tiles on the wall. These tiles, covering less than 10% of the 

total area, actuated in a multiphase pulsing pattern. Their results suggested that 

tremendous near-wall turbulence suppression and hence substantial drag reduction can 

be obtained in an open-loop control with discrete excitations on the wall. For the 

present investigation, extending the actuation area longitudinally, such as adding more 

rows of actuators, could slow down the recovery of manipulated flow and then 

improve the control efficiency.   

3.7 Conclusions  

 Active control of a fully developed turbulent boundary layer (Reθ =1,000) over a 

flat plate has been investigated with a view to reduce skin-friction drag. The boundary 

layer is manipulated based on wall oscillation generated by an array of 12 ~ 16 

piezo-ceramic actuators; driven by a sinusoidal voltage signal, each may oscillate 

independently and produce a perturbation to flow. Given a phase shift between 

adjacent actuators, the wall normal oscillation forms a transverse travelling wave. A 

number of control parameters have been examined, including the wavelength ( +
zλ  = 

41.6 ~ ∞), oscillation amplitude ( +
oA  = 0.83 ~ 2.77) and frequency ( +

of  = 0.13 ~ 
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0.65). The friction drag was estimated based on hotwire measurement in the viscous 

sublayer, which has been demonstrated presently to be reliable. The investigation leads 

to following conclusions. 

(i) The control performance depends on +
zλ , +

oA  and +
of . The friction drag 

reduction increases rapidly from +
of  = 0.13 to 0.45 but levels off for a 

higher +
of . The required +

of  is much higher than the average frequency of 

bursts ( +
of  ≈ 0.004) to provide strong perturbations to the energy-contained 

large-scale coherent structures in the near-wall region. Similarly, the friction 

drag is reduced quickly for increasing +
zλ , but is essentially unaffected 

beyond +
zλ  ≈ 150 or at a small phase shift ϕi, i+1 < 60o between two adjacent 

actuators. This observation is qualitatively consistent with that by Du & 

Karniadakis (2000) and also Du et al. (2002), who examined the effect of +
zλ  

on drag reduction up to +
zλ  = 840. Unlike numerical simulation, the present 

discrete actuators could not form an ideal spanwise sinusoidal wave. 

Furthermore, as Du et al. (2002) suggested that, due to a gap between 

excitation regions, a higher oscillating frequency was needed for the non-ideal 

discrete travelling wave in order to obtain drag reduction. The friction drag 

dips initially with increasing +
oA  and then grows for larger +

oA  after 

reaching the minimum at +
oA  = 1.94, at which the penetration depth is 

probably comparable to the viscous sublayer thickness. Du & Karniadakis 

(2000) also observed a drag reduction of more than 50% at such a penetration 

depth. The maximum friction drag reduction presently observed is 50% at x+ = 
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17 under +
zλ  = 416, +

oA  = 1.94 and +
of  ≥ 0.39. The friction drag recovers 

downstream, back to its uncontrolled level beyond x+ = 150. 

(ii) The linear region of the 
+

U  profile or the viscous sublayer thickness grows 

by about 100%, compared with the uncontrolled flow, given effective drag 

reduction, say under the optimum parameters ( +
zλ  = 416, +

oA  = 1.94 and 

+
of  ≥ 0.39). The result resembles previous observations when different drag 

reduction techniques were deployed, e.g., spanwise wall oscillation (Choi et al. 

1998) and the transverse travelling wave (Du et al. 2002). As such, the 

log-law region is lifted up. The increased thickness of the viscous sublayer is 

probably connected to the stabilized near-wall low-speed streaks, which 

hampers the stretching of streamwise vortices and other near-wall active 

turbulence activities (Karniadakis & Choi 2003). The frequency, intensity and 

duration of bursts all retreat greatly, say by more than 20% at y+= 6.5, under 

control. Furthermore, both the POD and spectral analysis indicate less 

energetic large-scale coherent structures. All the observations point to 

weakened high-momentum sweep motion. 

(iii) The large-scale longitudinal streaky coherent structures break up under control; 

their sizes contract substantially, in particular, along the longitudinal and 

spanwise directions. For instance, under the control parameters corresponding 

to the maximum drag reduction, the downsize of these structures amounts to 

about 50% along the x and z directions and about 10% in the cross-stream 

direction. These large-scale coherent structures have also been pushed upward 
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slightly by the wall-based oscillations. In addition, fine turbulent structures 

such as Taylor timescales in the near-wall region were reduced largely under 

control. 

(iv) The friction drag reduction is not uniform along the spanwise direction. The 

discrete actuators were presently used to generate the wall oscillation, which 

may not be identically fabricated, mounted and hence performed. 

Misalignment of the actuators may also contribute to the variation in drag 

reduction in the spanwise direction. As a result, the disturbance to the 

near-wall flow may vary along the spanwise direction. 
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CHAPTER 4 TURBULENT WAKE OF TWO STAGGERED 

SQUARE CYLINDERS 

 

4.1 Introduction 

Multiple structures in close arrangement, such as tube bundles in heat exchangers, 

offshore struts, bridge piers, and high-rise buildings, are seen prevalently in engineering. 

Flow around these engineering structures involves shear layer interaction, vortex 

dynamics, fluid structure interference, vortex-induced vibration, noise generation, etc., 

and is hence significant in both fundamental research and practical applications. Placed 

staggered, in tandem, or side-by-side, two slender cylinders of either circular or square 

cross-sections may be considered the basic model of multiple structures.  

Extensive investigations have been conducted on the wake of two staggered circular 

cylinders, with some flow-regime classifications being proposed. At the Reynolds 

number Re = 1.58 × 104, based on free-stream velocity (U∞) and the cylinder diameter 

or width (d), Kiya et al. (1980) measured vortex shedding frequency (f) in the wake of 

two staggered circular cylinders. Depending on whether the Strouhal number (St ≡ 

df/U∞) was greater than or less than that for an isolated single cylinder, they divided the 

P/d-α plane into five regions, where P is the distance between the two cylinder centres, 

and α is the angle between the oncoming flow direction and the line connecting the 

cylinder centres.  
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Zdravkovich (1987) classified four distinct flow regimes: (i) the proximity 

interference regime, where the two cylinders are close to each other and neither is 

submerged in the wake of the other; (ii) the wake interference regime, where the 

downstream cylinder is partially or completely immerged in the wake of the upstream 

cylinder; (iii) the proximity-wake interference regime, which is a transitional regime; 

and (iv) the non-interference regime, where the wake interference of the two cylinders is 

negligible and each behaves like an isolated single cylinder.  

In the wake interference regime, three flow patterns were further recognized by Gu 

& Sun (1999): wake interference, shear layer interference, and neighbourhood 

interference (Re = 2.2 ~ 3.3 × 105). In another study, based on laser-induced 

fluorescence (LIF) flow visualization and particle imaging velocimetry (PIV) 

measurements, Sumner et al. (2000) identified a total of nine flow patterns (Re = 850 ~ 

1.9 × 103), which they divided into three groups: (i) single bluff-body flow patterns, 

occurring at a very small P/d; (ii) small-α flow patterns; and (iii) large-α flow patterns. 

In addition, Sumner et al. (2000) detected a number of distinct flow patterns, for 

example, vortex impingement (VI), vortex pairing and enveloping (VPE), and vortex 

pairing, splitting, and enveloping (VPSE) flow patterns. However, their investigation is 

limited to the near-wake region.  

Hu & Zhou (2008) classified the wake at x/d > 10, where x is the downstream 

distance from the mid-point of the line of the cylinder centre. Four distinct flow 

structures have been suggested: two single-street modes (S-I and S-II) and two 

twin-street modes (T-I and T-II) (Re = 7 × 103). Mode S-I occurred at P/d < 1.2 (S-Ia) or 
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α < 10o and P/d > 1.5 (S-Ib). The two-cylinder pair performed similarly to a single 

bluff-body flow pattern, forming one Karman vortex street in the wake. Mode S-II took 

place at P/d = 1.2 ~ 2.5 and α > 20o or 1.5 < P/d < 4.0 and 10o < α < 20o, where two 

vortex streets of different widths and strengths were generated by the two cylinders in 

the near-wake region but coalesced into one street at x/d > 10 after vigorous interactions. 

Mode T-I occurred at P/d > 2.5 and α = 20o ~ 88o, where both cylinders produced vortex 

streets with different strengths and frequencies. Mode T-II was identified at P/d > 2.5 

and α > 88o, where the two cylinders generated two coupled vortex streets, mostly 

anti-phased and of the same strength and frequency. The flow regime classifications of 

the wake are dependent on Re (Zhou et al. 2009).   

 As special cases of the staggered arrangement at α = 0o and 90o (i.e. in tandem and 

side-by-side arrangements, respectively), a great deal of attention has been focused on 

their flow regime classifications. For the tandem arrangement, three flow regimes were 

classified based on L/d (Igarashi 1981; Zdravkovich 1987), where L is the longitudinal 

spacing between the two cylinder centres: (i) the extended body regime at 1.0 < L/d < 

1.2 ~ 1.8, where shear layers separating from the upstream cylinder overshoot the 

downstream cylinder; (ii) the reattachment regime at 1.2 ~ 1.8 < L/d < 3.4 ~ 3.8, where 

shear layers from the upstream cylinder reattach to the downstream cylinder and 

vortices shed only from the downstream cylinder; and (iii) the co-shedding regime at 

L/d > 3.8, where shear layers from the upstream cylinder roll up vortices in the gap 

between the two cylinders and thus both shed vortices alternately. These flow regime 

classifications are highly dependent on Re (Igarashi 1984; Xu & Zhou 2004).  
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In view of the Re-St relationship, Xu & Zhou (2004) (Re = 800 ~ 4.2× 104) 

suggested that the reattachment regime could be divided further into two sub-regimes. 

One occurred at 2.0 < L/d < 3.0, where shear layers from the upstream cylinder 

reattached to the leeward side of the downstream cylinder, and the other took place at 

3.0 < L/d < 5.0, where reattachment was observed on the windward side of the 

downstream cylinder. Distinct flow structures and vortex dynamics in these two 

sub-regimes substantiate this category (Zhou & Yiu 2006, Re = 7 × 103).  

For the side-by-side arrangement, three flow regimes were classified in general, 

based on the transversal spacing of the two cylinder centres (T/d) (Zdravkovich 1987): 

(i) the single vortex street regime at T/d < 1.1 ~ 1.2, where the two-cylinder pair 

behaves like a single bluff-body flow and the base-bleed flow is negligible; (ii) the 

biased gap flow regime at 1.2 < T/d < 2.0 ~ 2.2, where the gap flow is deflected 

intermittently, thus resulting in both a narrow and a wide wake behind each cylinder; 

and (iii) the coupled vortex street regime at 2.7 < T/d < 4.0 ~ 5.0, where two wakes of 

the same width are coupled and shed vortices mostly in an anti-phased fashion of the 

same frequency. Borders between the flow regimes are dependent on Re (Xu et al. 

2003).  

 While there has been an abundance of research on circular cylinders, investigations 

on the wake of two staggered square cylinders are scarce, as only a few studies on the 

tandem and side-by-side arrangements have been conducted. For the tandem 

arrangement, based on St behaviour, Sakamoto et al. (1987) classified the wake into 

three flow regimes, regimes I, II, and III, Re = 2.76 ~ 5.52 × 104. Regime I occurred at 



Chapter 4 Turbulent Wake of Two Staggered Square Cylinders 

135 
 

L/d < 4.0, where only the downstream cylinder shed vortices. Regime II took place at 

4.0 < L/d < 28.0, where both cylinders shed vortices in a synchronized fashion. Regime 

III occurred at L/d > 28.0, where the two cylinders shed vortices independently. The 

critical spacing (L/d)cri between regimes I and II decreased with increasing turbulence 

intensity of the free stream (Re = 3.32 × 104, Sakamoto & Haniu 1988a). Flow 

structures around the tandem cylinders at L/d < (L/d)cri and L/d > (L/d)cri were measured 

by Kim et al. (2008) using PIV measurements (Re = 5.3 × 103 ~ 1.6 × 104). At Re = 2.0 

× 103 ~ 1.6 × 104, Liu & Chen (2002) observed a hysteresis loop in the St when varying 

L/d either by a progressive increase or by a progressive decrease.  

For the side-by-side arrangement, Kolar et al. (1997) measured the wake structures 

using a two-component laser Doppler anemometer (LDA) (Re = 2.31 × 104). Only T/d = 

3.0 was considered, which corresponds to the coupled vortex street regime 

(Zdravkovich 1987). Using the lattice Boltzmann method (LBM), Agrawal et al. (2006) 

conducted a numerical simulation at T/d = 1.7 and 3.5 (Re = 73). A biased gap flow 

between the two cylinders was observed at T/d = 1.7 and a predominant in-phase vortex 

shedding was observed at T/d = 3.5. Also using LBM, Rao et al. (2008) investigated the 

asymmetric wake at T/d < 2.5 and the synchronized vortex shedding (SVS) at T/d > 2.5 

(Re = 73 ~ 200). The three-dimensional vortex structures in the wake were studied 

numerically by Sau et al. (2007) (Re = 100), with three groups of T/d considered, 

namely, T/d = 1.2, 1.5, and 1.7, T/d = 2.7, and T/d = 3.1, corresponding, respectively, to 

the three distinct flow regimes of the two side-by-side circular cylinders (Zdravkovich 

1987). Recently, Alam & Zhou (2010) carefully examined the wake structures at 1.02 < 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

136 
 

T/d < 6.0 and suggested a transitional regime (i.e. 2.2 < T/d < 3.0) between the biased 

gap flow regime and the coupled vortex street regime (Re = 1.7 ~ 4.7 × 104).  

Currently, no systematic investigations on the wake of two staggered square 

cylinders have been conducted and no flow regime classifications have been proposed. 

It is well known that non-stationary separation points oscillate on a circular cylinder; in 

contrast, the separation points are fixed on the edge of a square cylinder. One may 

surmise that flow behaviours relevant to these two types of cylinders should be rather 

different, particularly when the interferences of two cylinders close to each other are 

involved. Therefore, the present work aims to investigate systematically the wake of 

two square cylinders in a staggered arrangement, including tandem and side-by-side 

cases, with an attempt to propose for the first time the classification of these flow 

regimes. The St, shear layer interactions, wake structures, and their downstream 

evolutions are documented in detail using hotwire, LIF flow visualization, and PIV 

techniques. Experimental details are given in Section 4.2. The St is discussed in detail in 

Section 4.3. The flow regime classifications are provided in Section 4.4, with typical 

flow structures and their main features presented. Finally, the conclusion is presented in 

Section 4.5. 

4.2 Experimental Details 

4.2.1 Hotwire measurement 

Hotwire measurement was conducted in a low-speed, closed-circuit wind tunnel 

with a test section of 0.6 m × 0.6 m in cross-section and 2.4 m in length. More details on 
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this tunnel can be found in Zhou & Yiu (2006). Figure 4.1 shows the experimental 

arrangement and measurement configurations, along with the designations of P, α, L, 

and T. Two identical aluminium square cylinders, with a width of d = 19 mm, were 

 

 
 
Figure 4.1 (a) Experimental arrangement. The movable hotwire probe traverses at x* 
= 4, 7, 10, 15 and y* = 0, ±1, ±2, ±3, ±4, ±5 of each x*. (b) Measurement 
configurations: ○, hotwire measurement; ⊗, hotwire measurement and LIF flow 
visualization; ●, hotwire measurement, LIF flow visualization and PIV measurement. 
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mounted symmetrically with respect to the mid-plane of the tunnel and spanned 

horizontally the entire width of the tunnel, resulting in a blockage ratio per cylinder of 

3.2% and an aspect ratio of 31.6. The square cylinders are hollow, with a wall thickness 

of 3 mm, and their four outer corners are slightly rounded (radius equal to 0.5 mm, or 

0.026d; any effects on the wake should be disregarded) (Hu et al. 2006).  

The mid-point of the line connecting the cylinder centres, where the origin of the 

coordinate system resides, is 0.3 m downstream from the exit of the contraction section. 

The x and y coordinates are along the streamwise and cross-stream directions, 

respectively. The oncoming free-stream velocity is U∞ = 10 m/s, resulting in Re = 1.3 × 

104. The U∞ was monitored immediately at the contraction exit through a Pitot-static 

tube connected to a micro-manometer (FC0510, Furness). The internal diameter of the 

Pitot-static tube is 0.8 mm and the uncertainty of U∞ is within ±1%. The free-stream 

turbulence intensity at this U∞ is less than 0.5% in the absence of the cylinders.  

Following Sumner et al. (2000, 2005) and Hu & Zhou (2008), the cylinder 

centre-to-centre pitch, P* (= P/d), ranges from 1.5 to 5.0, with an increment of 0.5, and 

the incident angle, α, varies from 0o to 90o, with a 5o increment, such that a total of 152 

configurations (i.e. one configuration is equivalent to a pair of P* and α, as illustrated in 

Figure 4.1b) were investigated. Due to the geometry involved, the minimum gap 

spacing between these two square cylinders is about 0.1d at P* = 1.5 and α = 45o, where 

the superscript asterisk denotes the normalization by d and/or U∞, unless otherwise 

noted.  

A hotwire probe (55P11, Dantec) was used to measure the streamwise fluctuating 
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velocity (u) in the wake of the two-cylinder pair. As illustrated in Figure 4.1a, the 

hotwire probe supported by a three-dimensional (3D) traversing mechanism is able to 

move downstream transversely in the x-y plane. Four measurement positions (i.e. x* = 4, 

7, 10, and 15) in the streamwise direction were considered, while at each x* location, the 

hotwire probe moves cross-stream at y* = 0, ±1, ±2, ±3, ±4, and ±5. The hotwire probe, 

with a 1-mm-long Wollaston wire (Pt-10% Rh) of 5 microns in diameter as the sensing 

element, was connected to a constant temperature anemometer (CTA, Streamline, 

Dantec) and operated at an overheat ratio of 1.8. The hotwire signals were low-pass 

filtered at 1 kHz and sampled at 2.5 kHz using a 16-channel A/D board (NI PCI-6143). 

The signal recording lasted 20 seconds for each measurement location (x*, y*). The 

hotwire was not calibrated. The measured u was used to calculate the St. Fast Fourier 

transform was adopted to estimate the power spectrum density function, Eu, of u. 

Frequency resolution in Eu was about 1.95 Hz, giving an uncertainty of about ±3% in 

the St estimate in the case of an isolated single cylinder. 

4.2.2 LIF flow visualization 

LIF flow visualization was carried out in a low-speed, closed-loop water tunnel, 

which has a 2-metre-long working section of 0.3 m (width) × 0.6 m (height) and a 

velocity range from 0.05 ~ 4 m/s. Readers can find more details on this tunnel in Wang 

& Zhou (2009). Figure 4.2 shows schematically the experimental setup. The two 

cylinders, identical to those used in the hotwire measurement, were cantilever-supported 

by a turnable plug base, which was attached to a vertical base plate. The free ends of the 
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cylinders reached the tunnel wall. The turnable plug base ensured that all of the 152 

configurations in the hotwire measurement would be possible, though in LIF flow 

visualization, only some typical configurations (Figure 4.1b) were examined after 

scrutinizing the results from the hotwire measurement, particularly the Eu behaviour at 

each pair of P* and α. The distance between the base plate and the tunnel wall is 30 mm 

(Figure 4.2), resulting in a blockage ratio per cylinder of 3.2% and an aspect ratio of 

14.2.  

The mid-point of the line connecting the two cylinder centres, where the origin of 

the coordinate system is defined, is 0.25 m downstream from the contraction exit of the 

tunnel. The x, y, and z coordinates are along the streamwise, cross-stream, and spanwise 

directions, respectively. Two rows of pinholes (0.7 mm in diameter) reside on the front 

wall of each cylinder, with each row offset oppositely 9 mm away from the nominal 

 

 
 
Figure 4.2 Experimental setup of LIF flow visualization and PIV measurements (not 
in scale, units in mm).  
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stagnation point of the mid-span plane (i.e. x-y plane). One row has seven pinholes, with 

1-mm spacing between each, thus spanning 7 mm in the spanwise direction.  

The dye Rhodamine 6G (99%), which has a faint red colour but becomes metallic 

green after being excited by a laser, was introduced into the flow through the pinholes. 

The flow field was illuminated vertically at the mid-span plane of the cylinders by a 

laser light sheet of around 1 mm thick, emitted continuously from an argon ion laser 

source (Stabilite 2017, Spectra-Physics) with a power output of 4 W. The laser beam 

was guided through an optic fibre and was swept via a cylinder lens.  

A digital video camera (Sony DCR-PC100E) was employed to record the flow field 

at a frame rate of 25 frames per second. The cylinders were painted black to eliminate 

laser reflection. The Reynolds number in the LIF flow visualization is Re = 300 ~ 500, 

lower than that in the hotwire measurement. Nonetheless, as discussed by Gu & Sun 

(1999), flow structures in a bluff-body wake may be similar in the sub-critical Re 

regime, and therefore flow structures and their interactions visualized at a lower 

sub-critical Re could shed light on the interpretation of results obtained at a higher 

sub-critical Re (Sumner et al. 2000, 2005; Hu & Zhou 2008). 

4.2.3 PIV measurement 

PIV measurement was performed in the same water tunnel as for LIF flow 

visualization (see Sub-section 4.2.2), but at a higher Reynolds number, Re = 1.3 × 104, 

the same as that of the hotwire measurement in the wind tunnel (see Sub-section 4.2.1). 

As illustrated in Figure 4.1b, seven typical flow configurations were examined in the 
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PIV measurement: (P*, α) = (4.5, 5o), (2.5, 15o), (5, 30o), (2, 55o), (4, 55o), (1.5, 80o), 

and (4.5, 85o). A Dantec PIV2100 system was employed to measure the wake flow 

structures. The flow field was seeded uniformly by tiny particles that had a spherical 

shape and a diameter of about 10 microns. Two overlapped laser light sheets of around 1 

mm thick, produced by two identical pulsed laser sources (New Wave), were used to 

illuminate the flow field at the mid-span plane. The wavelength of the laser is 532 nm 

(green colour) and its energy output for each pulse (10 ns bandwidth) is up to 120 mJ. 

Particle images were captured using a CCD camera (HiSense MkII, gain × 4, double 

frames, 1344 × 1024 pixels), which was normal to the laser light sheets plane (Figure 

4.2) and synchronized with the laser illumination by a Dantec Flowmap processor. The 

time interval between two successive images was also set in the processor.  

An area of 285 mm × 215 mm (15.0d × 11.3d), symmetrical at about the centre line 

(the x-axis) and immediately away from the downstream cylinder, was covered in the 

PIV images. The magnification of the image is 0.21 mm/pixel. The time interval 

between the two consecutive images is 800 µs. Given a convective velocity 
*
cU  = 0.8 

(e.g. Zhou & Antonia 1992), the particles travelled a distance of 0.64 mm (about 3 

pixels or 0.03d) in the defined area. The Dantec Flowmanager package was used to 

execute the PIV measurement and subsequently perform the data analysis. The 

algorithm of spatial cross-correlation, with an interrogation window of 64 × 64 pixels 

and with a 50% overlap both longitudinally and laterally, was implemented to calculate 

the velocity vectors. More details on the calculation algorithm can be found in Raffel et 

al. (1998). A total of 1,271 velocity vectors (41 × 31) were obtained, producing the same 
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amount of spanwise vorticity, *
zω  (= ∞Udz /ω ), as well. Over 200 pairs of images 

were taken for each configuration. Uncertainties regarding velocity and vorticity are 

estimated to be 3% and 5%, respectively. 

4.3 Strouhal Numbers 

4.3.1 St at α = 0o and 90o: measurement validation 

The Strouhal number (St) was determined by the frequency at which a pronounced 

peak was identified in the power spectra (Eu) of the hotwire-measured u. All of the 

follow-up St data were derived from the measurements of the movable hotwire probe at 

(x*, y*) = (4, -4) and (4, 4). The former position is for the upstream cylinder and the 

latter position is for the downstream cylinder. Figure 4.3 shows variations of St with P* 

in the tandem (α = 0o; see Figure 4.3a) and side-by-side (α = 90o; see Figure 4.3b) 

arrangements. In general, the present data is in line with what has been published 

previously. In Figure 4.3a, a critical spacing occurs at (P*)cri = 3.5 in both the present 

data and in Liu & Chen’s (2002) data; that is, the St decreases slowly with increasing P* 

at P* < (P*)cri but increases gradually at P* > (P*)cri. The St approaches the value of an 

isolated single cylinder (Sto = 0.13) with further increasing P*. The (P*)cri corresponds to 

the changeover between the shear layers separating from the upstream cylinder 

reattaching to the downstream cylinder and the rolling up of shear layers in the 

interstitial zone of the two cylinders (see smoke-wire flow visualization results at L* = 

3.25 ~ 4.25 and Re = 2.7 × 103 in figures 3 through 5 of Liu & Chen [2002]). 

The (P*)cri (= 4.0) identified by Sakamoto et al. (1987) is greater, compared with the 
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present data and Liu & Chen’s (2002) data. This discrepancy may be ascribed to 

different experimental conditions, particularly Re and turbulence intensity. Liu & 

Chen’s (2002) research and the present investigations were conducted using a similar Re 

(i.e. Re = 1.6 × 104 and 1.3 × 104, respectively), whilst Sakamoto et al.’s (1987) research 

used a higher Re (i.e. Re = 2.76 × 104). A (P*)cri = 3.5 was also observed by Kim et al. 

 

 
 
Figure 4.3 Variations of St with P*: (a) in-line and (b) side-by-side arrangements. 
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(2008) at Re = 5.3 × 103 and 1.6 × 104. However, the (P*)cri was affected by free-stream 

turbulence intensity, where the former decreased and the latter increased (Sakamoto & 

Haniu 1988a). Additionally, Liu & Chen (2002) observed a hysteresis loop of the St 

with respect to P* (this data were not included in Figure 4.3a) when manipulating P* 

with a progressive increase and a progressive decrease. The St-P* hysteresis loop was 

highly dependent on Re at the lower sub-critical range and covered a range of P* = 2.5 ~ 

4.5 at 2.0 × 103 < Re < 1.6 × 104 (Liu & Chen 2002). 

For the side-by-side arrangement (α = 90o; see Figure 4.3b), two St were detected at 

1.3 < P* < 2.2, where the two-frequency regime occurs (Zdravkovich 1987; Alam & 

Zhou, 2010). The higher and lower St are associated, respectively, with the narrow and 

wide wakes behind the two cylinders. At 2.2 < P* < 3.0, where the transition regime 

takes place (Alam & Zhou, 2010), three St were detected, namely, the lower, the higher, 

and the intermediate. The higher and lower St belong to the narrow and wide wakes, 

respectively, similar to that in the two-frequency regime. The intermediate St is identical 

to Sto, resultant from the switchover between the higher and lower St. Two distinct St 

were detected by Sakamoto & Haniu (1988b) at 2.0 < P* < 3.0 and Re = 1.52 × 105. 

However, their square cylinders were finite (aspect ratio = 3), as they were immersed in 

a fully developed turbulent boundary layer, and thus their data were not included in 

Figure 4.3b. At P* = 3.0, the higher St decreases and the lower St increases to the 

intermediate St. Beyond P* = 3.0, only one St could be observed because the two wakes 

are coupled and shed vortices, either anti-phased or in-phased, at the same St, which is 

very similar to Sto (Alam & Zhou, 2010). The agreement between the present data and 
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that in the literature provides further validation of the current St measurement.  

 

 

 

 

 
 
Figure 4.4 Variations of St with α (deg.): (a) P* = 1.5, (b) 2.0, (c) 2.5, (d) 3.0, (e) 3.5, 
(f) 4.0, (g) 4.5, and (h) 5.0. Symbols: ○, upstream cylinder; ∇, downstream; ……, 
single. Re = 1.3 × 104. 
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4.3.2 St at P* = 1.5 

Figure 4.4 presents variations of St with α for all of the configurations currently 

studied. As illustrated in Figure 4.4a, at P* = 1.5, one St was detected at α ≤ 45o but two 

were detected at α > 45o. In general, the lower St decreases slowly as the α increases. 

Specifically, at small α, the lower St decreases at α < 15o but recovers at α = 20o, and 

then decreases gradually at 20o < α < 60o. This lower St persists at a large α (> 60o), 

approaching the lower St (≈ 0.07) in the two-frequency regime of the side-by-side 

arrangement (P* = 1.5 and α = 90o; see Figure 4.3b). Due to the peculiar geometry of 

the gap between these two square cylinders, the gap decreases with increasing α at α < 

45o, whereas it increases at α > 45o. The two-cylinder pair performs like a single bluff 

body at α < 45o, with only one lower St detected. The decreasing of the lower St at α < 

45o can be ascribed to the near-wake region being elongated and widened with 

increasing α (Sumner et al. 2000).  

In the entire α range, the lower St behaves like that of two staggered circular 

cylinders at P* ≤ 1.5, except that it begins to decrease in advance at smaller α (= 10o) in 

the latter case (Sumner et al. 2005; Hu & Zhou 2008). Regarding the circular cylinders, 

the turning point at α = 10o was the transition from the wake interference regime (or IB 

flow pattern) to the shear layer interference regime (or IIB flow pattern) (Gu & Sun 

1999; Sumner et al. 2000). This may also occur for the square cylinders, although at a 

greater incident angle (i.e. α = 20o). The reason for the delay in the transition of the α 

may be that the sharp leading edges of the downstream square cylinder inhibit the 

occurrence of shear layer interference at small angles. In other words, the wake 
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interference regime occupies a larger α range (i.e. α  < 20o) due to the geometric 

shape of the square cylinders. At 20o < α < 45o, the lower St decreases quickly, which 

may be ascribed to two factors. Firstly, only the free-stream sides of the two-cylinder 

pair shed vortices and the gap flow formed in this α range is too weak to affect the outer 

shear layers (Sumner et al. 2000). Secondly, the nominal width of the two-cylinder pair 

in the cross-stream direction increases rapidly with increasing α. The lower St at α = 

45o, where the gap flow is the weakest, is 0.74, consistent with that of an isolated single 

bluff body (0.7 ~ 0.8) with a height-to-width ratio of 2 (Norberg 1993).  

By contrast, behaviour of the higher St at α > 45o is discontinuous and is similar to 

a ‘zig-zag’ pattern. It decreases almost linearly at 45o < α ≤ 65o with increasing α and 

reaches Sto = 0.134 at α = 65o. The higher St increases to a much larger value (about 0.2) 

at α = 70o and then decreases to St = 0.17 (which is the higher St for P* = 1.5 in the 

two-frequency regime of the side-by-side arrangement; see Figure 4.3b) at α ≥ 85o. This 

higher St was not observed in the arrangement of two staggered circular cylinders at a 

small P* (< 1.5) (Kiya et al. 1980; Sumner et al. 2005). But Sumner et al. (2005) found a 

discontinuity in the lower St in the circular cylinder case at 60o < α ≤ 80o and P* = 1.125, 

and attributed it to changes in the base-bleed flow pattern. The square cylinder case 

presents a higher St behaviour at α > 45o, which leads to the following two questions: (i) 

Does it still belong to the narrow wake of the upstream cylinder; and (ii) Why is its 

variation discontinuous from α = 65o to 70o?  

Figure 4.5 presents a typical Eu at the configurations of (P*, α) = (1.5, 55o) and (1.5, 

85o). Two remarkable peaks at *
1f  = 0.063 and *

2f  = 0.16 were detected for (P*, α) = 
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(1.5, 55o) (Figure 4.5a), indicating both cylinders shed vortices at lower and higher 

frequencies. As can be seen, the *
2f  peak corresponding to the upstream cylinder is 

much stronger than that of the downstream cylinder, suggesting that the 

higher-frequency vortex shedding may stem from the upstream cylinder, which has a 

narrow wake (Sumner et al. 2000; Hu & Zhou 2008; Alam & Zhou 2010). Furthermore, 

the *
2f  peak of Eu is pronounced and narrow-banded, distinct from the broad-banded 

Eu of Kelvin-Helmholtz (K-H) vortices (Williamson 1996). Checking the Eu of α = 50o, 

60o, and 65o confirms the existence of such *
2f  peaks. Therefore, the higher St at 45o < 

α ≤ 65o (Figure 4.5a) should correspond to the upstream cylinder with a narrow wake. 

The downstream cylinder also sheds vortices at the higher St at 55o ≤ α ≤ 65o, probably 

because of the intermittent lock-in phenomena (Alam & Sakamoto 2005). The linear 

 

 
 
Figure 4.5 Typical power spectra, Eu, of the streamwise fluctuating velocity, u, 
measured by the movable probe at (x*, y*) = (4, -4) (------, upstream cylinder) and at 
(x*, y*) = (4, 4) (, downstream cylinder): (a) (P*, α) = (1.5, 55o); (b) (1.5, 85o). Re = 
1.3 × 104. 
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reduction of the higher St at this α range cannot be explained yet. On the other hand, as 

depicted in Figure 4.5b, the higher-frequency peak at *
2f  = 0.167 in Eu was observed 

only in the wake of the downstream cylinder (α = 85o). This was also observed at α = 

70o, 75o, and 80o, and it was the first time that higher-frequency vortices shed from the 

downstream square cylinder. It is possible that this *
2f  peak of Eu will correspond to 

the K-H vortices shedding from the outer side of the downstream cylinder because it 

looks relatively broad-banded (Figure 4.5b). Since the *
2f  peak was not identified in 

Eu of the upstream cylinder (Figure 4.5b), the lock-in phenomenon, which was observed 

in the two staggered circular cylinders research (Alam & Sakamoto 2005), may not take 

place in these configurations. 

4.3.3 St at P* = 2.0 ~ 3.0 

Figure 4b-d presents variations of St with P* at the intermediate P* range. At a small 

α (< 45o), only one St was detected, indicating that the two-cylinder pair behaves like a 

single bluff body with one Karman vortex street produced in the wake. However, two 

distinct St, with the higher St corresponding to the upstream cylinder and the lower St 

corresponding to the downstream cylinder, were observed beyond a critical angle (α)cri, 

depending on P*, indicating that beyond the angle (α)cri, a narrow wake and a wide 

wake are formed behind the upstream and downstream cylinders, respectively 

(Zdravkovick 1987; Sumner et al. 2000; Hu & Zhou 2008). At α < (α)cri, shear layers 

separating from the upstream cylinder overshoot the downstream cylinder, or the inner 

shear layers of the upstream cylinder reattach to the downstream cylinder. The former 

scenario occurrs at α = 0o and its close proximity (Sumner et al. 2000; Liu & Chen 
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2002), while the latter scenario coincides with the shear layer reattachment (SLR) flow 

pattern indentified by Sumner et al. (2000) in the case of two staggered circular 

cylinders. With increasing α [< (α)cri], the lower St decreases gradually due to the 

augment of the two-cylinder-pair base (Sumner et al. 2000).  

The sudden emergence of higher St was also observed in circular cylinder studies 

by Kiya et al. (1980), Sumner et al. (2000), and Hu & Zhou (2008) at P* = 1.5 ~ 3.0 and 

α > (α)cri [see figure 4.2b-e in Hu & Zhou (2008), for instance]. The angle (α)cri, 

depending on P*, is between 10o and 30o in the case of circular cylinders; in contrast, 

the angle (α)cri is close to 45o in the case of square cylinders (Figure 4b-d). This may be 

ascribed to the special gap between the two square cylinders. When the α increases to α 

= 45o, the gap is at its narrowest, with a right-angle slot formed by the inner side of the 

upstream cylinder and the front side of the downstream cylinder, thus producing the 

strongest gap flow. As a result, a narrow wake forms behind the upstream cylinder at a 

moderate α (e.g. at α ≥ 35o; see Figure 4d). Instantaneous flow fields from Niu & Zhu’s 

(2006) numerical simulation (α = 45o, P* = 1.77 ~ 5.24 and Re = 250) substantiate this 

result (see their figure 16). A higher St associated with the upstream cylinder was also 

captured in the simulation at α = 45o and 2.47 < P* < 4.24 (Niu & Zhu 2006).  

 The lower St of P* = 2.0, 2.5, and 3.0 prevail at the entire α range and vary 

continuously in a similar behaviour, with increasing α; meanwhile, the higher St 

appearing at α > 45o behaves similarly as well. Followed by a discernible increase at 

small α (< 5o), the lower St decreases gradually until reaching a minimum value and 

then increases again at large α. This lower St performance is different from that at P* = 
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1.5 in two aspects. Firstly, the turning point, where the transition from the wake 

interference regime to the shear layer interference regime occurs, in the lower St at P* = 

2.0, 2.5, and 3.0 shifts towards a smaller α, compared with at P* = 1.5. Secondly, the 

lower St of P* = 2.0, 2.5, and 3.0 increases, instead of remaining constant, at largerα. 

The larger gap spacing corresponding to a stronger gap flow may be responsible for 

these differences (Sumner et al. 2000, 2005). For P* = 2.0, the lower St decreases to a 

constant (about 0.07) at 45o < α < 75o and then increases to a larger value (about 0.096) 

at α = 80o. At large α (≥ 80o), this lower St remains constant until the configuration 

reaches the side-by-side arrangement (α = 90o). The higher St of P* = 2.0 detected at α 

≥ 40o increases to reach the maximum value at α = 55o and then decreases linearly at 

55o < α < 80o. The maximum ratio between the higher and lower St, taking place at α = 

55o, is about 3.7, which is lower than that in the circular cylinder case (4 ~ 5, occurring 

at P* = 1.5 and α = 30o) (Sumner at al. 2000; Hu & Zhou 2008). Moreover, the 

maximum St in the square cylinder case (0.26) is only about half of that in the circular 

cylinder case (0.52 ~ 0.54). Similar to the lower St at α ≥ 80o, the higher St also remains 

constant until reaching the side-by-side arrangement.  

At large α (≥ 80o) and small P* (≤ 2.0), the gap enclosed by the inner sides of the 

two square cylinders forms a straight narrow channel, causing the gap flow to be strong 

enough and thus insensitive to the variation of the configurations. As a consequence, the 

St at α ≥ 80o and P* = 1.5 (and 2.0) (Figure 4a & b) exhibits a constant trend. At P* = 

2.5 and 3.0, the lower St arrives at the minimum value at about α = 30o and then 

increases gradually with increasing α; meanwhile, the higher St, emerging at α = 45o 
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and 35o for P* = 2.5o and 3.0o, respectively, decreases almost linearly with increasing α. 

The higher St meets the lower St at α = 90o, which is the side-by-side arrangement. The 

maximum value of the higher St at P* = 2.0, 2.5, and 3.0 decreases with increasing P*, 

consistent with the observation by Niu & Zhu (2006) and with Hu & Zhou’s (2008) 

circular cylinder results.  

 As illustrated in Figure 4d, two extra lower St occur at α = 10o and 20o for P* = 3.0, 

which led the authors to examine the Eu at small α (< 30o). Figure 4.6 presents the Eu 

for the upstream and downstream cylinders at α = 10o, 15o, 20o, and 25o. As can be seen 

in Figure 4.6a (α = 10o), a pronounced peak at *
2f  is accompanied by a small peak at 

*
1f  for both cylinders. However, only one profound peak and its second resonance 

were observed in Eu at α = 15o (Figure 4.6b). When the α increases to 20o, two 

noticeable peaks (at *
1f  and *

2f ) and one resonant peak (at 2 *
2f ) were detected again 

in the Eu of both cylinders, as depicted in Figure 4.6c. However, similar to the case of α 

= 15o (Figure 4.6b), only one pronounced peak and its second resonance were detected 

at α = 25o (Figure 4.6d). The Eu at α = 10o and 20o, as shown in Figure 4.6a & c, 

respectively, exhibit similar behaviours: (i) twin peaks occur for both cylinders and their 

difference is small, only about *
2f - *

1f  = 0.03 ~ 0.04; (ii) the higher-frequency *
2f  is 

identical to that of an isolated single square cylinder (0.134); and (iii) a resonance peak 

at 2 *
2f  takes place in the Eu of the upstream cylinder. These observations imply that at 

P* = 3.0, the angle of α = 15o may be critical in terms of St, where similar flow patterns 

around the two-cylinder pair may occur. 

At a small α (= 5o) and P* = 3.0, which is similar to (P*)cri of the tandem 
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arrangement, the downstream cylinder was offset slightly in the cross-stream direction, 

which caused the inner shear layer of the upstream cylinder to reattach to the outer side 

of the downstream cylinder (Liu & Chen 2002). By further increasing the α, (e.g. α = 

10o), the reattachment position of the inner shear layer from the upstream cylinder to the 

downstream cylinder moves forward to the upper leading edge and, consequently, part 

of the shear layer travels along the front side of the downstream cylinder before 

separating on its lower leading edge. This is analogous to the SLR flow pattern 

 

 
 
Figure 4.6 Typical Eu of u measured at (x*, y*) = (4, -4) (------, upstream cylinder) and 
at (x*, y*) = (4, 4) (, downstream cylinder): (a) (P*, α) = (3.0, 10o); (b) (3.0, 15o); 
(c) (3.0, 20o); and (d) (3.0, 25o). Re = 1.3 × 104. 
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identified by Sumner et al. (2000) in the circular cylinder case. An induced inner shear 

layer may be modulated by the outer shear layer of the downstream cylinder to shed 

vortices in a lower frequency (Alam & Sakamoto 2005), corresponding to the lower *
1f  

peak in Figure 4.6a. The inner shear layer of the downstream cylinder may also 

amalgamate with the outer shear layer of the upstream cylinder to form stronger vortex 

shedding, as evidenced by the pronounced *
2f  peak in the Eu (Figure 4.6a).  

When the α increases to α = 20o, the inner shear layer separating from the upstream 

cylinder no longer reattaches to the downstream cylinder but instead flows into the gap. 

Therefore, similar to the induced separation (IS) flow pattern identified by Sumner et al. 

(2000) in the circular cylinder case, flow separation on the lower leading edge of the 

downstream square cylinder was induced. Vortex shedding from the shear layer of the 

induced separation may also be locked in by the outer shear layer of the downstream 

cylinder (Alam & Sakamoto 2005), which may be responsible for the occurrence of the 

*
1f  peak in Figure 4.6c. The strong second resonance in the Eu of the upstream cylinder 

(Figure 4.6c) is due to the coalescence of vortices from the outer shear layer of the 

upstream cylinder and that of the induced separation. At α = 25o, the gap flow becomes 

stronger and thus induces the upstream cylinder wake to be much narrower, which may 

be reflected by the higher-order resonances in the Eu of the upstream cylinder (Figure 

4.6d).  

4.3.4 St at P* ≥ 3.5 

At the large P*, the St changes continuously with increasing α, as shown in Figure 

4e-h. Bifurcations in St occur, and thus two sets of St prevail at the intermediate α, 
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depending on P*, before combining again into one set at large α. When the two square 

cylinders were placed in a large separation pattern, they formed wakes individually (i.e. 

two streets of Karman vortices were produced behind the two-cylinder pair) (Sumner et 

al. 2000; Niu & Zhu 2006; Hu & Zhou 2008). In the tandem arrangement, P* = 3.5 is 

the critical spacing at which either shear layers separating from the upstream cylinder 

reattaches to the downstream cylinder, and thus only the downstream cylinder sheds 

vortices, or both cylinders shed vortices (Sakamoto et al. 1987; Liu & Chen 2002). At α 

≤ 5o and P* = 3.5, only one St was detected (Figure 4e). When α ≥ 10o, the St bifurcates 

into two sets, with the higher set increasing gradually and the lower set decreasing 

continuously, implying that a narrow and a wide wake are generated behind the 

upstream and downstream cylinders, respectively.  

SLR and IS flow patterns were indentified at 5o < α < 20o (Sumner et al. 2000). The 

deviation between these two sets of St is the greatest at α = 30o (Figure 4e), indicating 

that the gap flow is biased to the upstream cylinder mostly at this α. At 30o < α < 60o, 

both the higher and the lower St increase slowly, diminishing the difference between 

them. The maximum value of the higher St occurs at α = 60o. When α > 60o, the higher 

St ceases to increase and begins to decrease gradually to meet the lower St at α = 80o. At 

α ≥ 80o, the wakes of the two cylinders are coupled, shedding vortices at the same 

frequency and being detected only one St. At α = 90o, the wakes of the two side-by-side 

cylinders are dominated by anti-phased vortex shedding (Alam & Zhou 2010).  

For P* = 4.0, at small α (≤ 25o), only one St occurs (< Sto), implying that vortices 

shedding from the upstream cylinder impinge upon the downstream cylinder and thus 
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only one Karman vortex street forms in the wake of the two-cylinder pair. The VI flow 

pattern was observed at P* > 3.0 and α ≤ 20o in the circular cylinder case (Sumner et al. 

2000). At α = 30o, it can be seen that the St suddenly decreased. This may be because 

 

 
 
Figure 4.7 Typical Eu of u measured at (x*, y*) = (4, -4) (------, upstream cylinder) 
and at (x*, y*) = (4, 4) (, downstream cylinder): (a) (P*, α) = (4.0, 25o); (b) (4.0, 
30o); and (c) (4.0, 35o). Re = 1.3 × 104.  
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the vortices from the inner side of the upstream cylinder impinge upon the lower 

leading edge of the downstream cylinder and are consequently drastically impaired, 

producing one wide wake behind the two-cylinder pair. Figure 4.7 presents the Eu of 

both cylinders at α = 25o, 30o, and 35o. One pronounced peak, along with its resonance, 

was identified for both cylinders at α = 25o and 30o, respectively, as shown in Figure 

4.7a & b. At α = 35o, two peaks were detected in the Eu of the downstream cylinder, 

whilst only one was detected for the upstream cylinder. The Eu at α = 40o is similar to 

that at α = 35o. This may indicate that vortices shedding from the inner side of the 

downstream cylinder are triggered by the oncoming vortices shedding from the inner 

side of the upstream cylinder. This has been observed in the case of two staggered 

circular cylinders at α = 25o and P* = 3.6 (Alam et al. 2005, Re = 3.5 × 102 ~ 5.5 × 104). 

At 30o < α < 80o, two St prevail, with the higher St corresponding to the narrow wake of 

the upstream cylinder and the lower St corresponding to the wide wake of the 

downstream cylinder. When the α increases to α ≥ 80o, only one St was detected 

because the wakes of the two cylinders are coupled, mostly in an anti-phased fashion 

(Alam & Zhou 2010).  

For the large P* = 4.5 and 5.0, one St was observed at both the small and the large α 

because of occurrences of the VI and SVS flow patterns, respectively. At an 

intermediate α, there are two sets of St with little difference between them; this suggests 

that the two cylinders shed vortices independently.  

4.3.5 Summary of St 

In order to make clear the dependence of St on both P* and α, Figure 4.8 presents 
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the St map on the P*-α plane in terms of iso-contours and pseudo-colour scales. In the 

map, the polar-coordinate system is employed, with the radius and azimuth denoting P* 

and α, respectively. In the staggered arrangement of two square cylinders, vortex 

shedding is closely associated with each cylinder; in addition, the St relevant to the 

upstream and downstream cylinders are presented in individual St maps. Only the St 

data measured at two downstream positions (i.e. x* = 4 and 10) are included because the 

St maps at x* = 7 and 15 are almost the same as those at x* = 10. The St maps at x* = 4 

are presented in Figure 4.8a & b, and at x* = 10 in Figure 4.8c & d. The St maps of the 

upstream (Figure 4.8a & c) and downstream (Figure 4.8b & d) cylinders share 

individual legends.  

 As illustrated in Figure 4.8a, the St of the upstream cylinder varies little at α < 20o 

and is less than that of an isolated single cylinder (Sto = 0.134). This is because the 

existence of the downstream cylinder makes shear layers separating from the upstream 

cylinder longer and wider, thus forming a wider wake of a lower St compared with that 

of an isolated single cylinder (Sumner et al. 2000). In Figure 4.8b, as can be seen at 

small α (< 20o), the St distribution of the downstream cylinder is almost identical to that 

of the upstream cylinder, implying that the two-cylinder pair behaves like a single bluff 

body with only one Karman vortex street generated in the wake. For two staggered 

circular cylinders, the St is low at P* ≤ 1.2 and α ≤ 10o, less than that of an isolated 

single cylinder, because of the single bluff-body flow behaviour (Hu & Zhou 2008). A 

transition area occurs at α < 20o and 3.0 < P* < 4.0 in Figure 4.8a & b, corresponding to 

the changeover from the reattachment of shear layers separating from the upstream 
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cylinder to the downstream cylinder to the co-shedding of vortices behind both 

cylinders (Sumner et al. 2000; Liu & Chen 2002).  

When the two cylinders were arranged in the configurations of 20o < α < 40o and 

1.5 < P* < 3.0, both of them shed vortices at a very low St (about 0.08), which is similar 

to that of a rectangular cylinder (0.07 ~ 0.08) with a height-to-width ratio of 2 (Norberg 

1993). This also indicates that a wide wake is generated behind the two-cylinder pair. At 

 

 
 
Figure 4.8 Iso-contours of St at x* = 4 (a, upstream cylinder; b, downstream cylinder) 
and at x* = 10 (c, upstream cylinder; d, downstream cylinder). The contour increment 
= 0.01. Re = 1.3 × 104. 
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40o ≤ α < 90o and 1.5 < P* < 3.0, the St of the upstream cylinder (Figure 4.8a) becomes 

much higher than that of the downstream cylinder (Figure 4.8b). At these configurations, 

a gap flow forms, which is biased to the upstream cylinder; thus, it generates a narrow 

wake and a wide wake behind the upstream and downstream cylinders, respectively. 

Higher-frequency vortices shed from the narrow wake and lower-frequency vortices 

shed from the wide wake; in addition, vigorous interactions take place among the shear 

layers in the near-wake region (Sumner et al. 2000; Hu & Zhou 2008). At α > 70o and 

P* ≤ 1.5, the higher St corresponds to the downstream cylinder and the lower St 

corresponds to the upstream cylinder, suggesting that the downstream cylinder sheds 

vortices at a higher frequency and the upstream cylinder sheds vortices at a lower 

frequency.   

 When the two cylinders were placed with a large spacing between them, each of 

them generated one individual wake, and thus two Karman vortex streets were formed. 

The upstream cylinder corresponds to the narrow wake with a higher St and the 

downstream cylinder corresponds to the wide wake with a lower St. At P* > 3.0 and 35o 

< α < 75o, the higher St (Figure 4.8a) is associated with the upstream cylinder and the 

lower St (Figure 4.8b) is associated with the downstream cylinder. The difference 

between the higher and lower St is minor, with increasing P*; when the two cylinders 

approach the side-by-side arrangement at α > 75o and P* > 3.0, their wakes become 

coupled, with one identical St observed. At 20o < α < 40o and P* > 4.0, it is found that 

the two cylinders have the same vortex shedding frequency (i.e. St = 0.12). This may be 

attributed to the observation that vortices shedding from the downstream cylinder are 
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synchronized with the oncoming vortices shedding from the upstream cylinder (Alam et 

al. 2005).   

 In Figure 4.8a, densely distributed iso-contours can be seen around the lower St 

zone at 20o < α < 40o and 1.5 < P* < 3.0, indicating that the St varies drastically from 

the lower zone to the higher zone. At P* ≤ 3.0 and 20o < α < 25o, the St decreases from 

0.12 to 0.09 with increasing α because the inner shear layer from the upstream cylinder 

reattaches to the front side of the downstream cylinder. As a result, the gap flow has a 

negligible effect on the shear layers separating from the free-stream sides and thus 

produces a wide wake with a lower St. The St increases rapidly to reach St = 0.22 when 

α increases to 40o at 2.0 ≤ P* ≤ 3.0, where the gap flow becomes strong and is deflected, 

thus forming one narrow wake behind the upstream cylinder with a higher St. Because 

the gap flow plays a role in the wakes of the two cylinders, narrowing and widening 

wakes of the upstream and downstream cylinders, respectively, the St of the upstream 

cylinder also increases at 25o < α < 35o and 3.0 < P* < 4.0.  

For two staggered circular cylinders, great variations in the St map at x* = 2.5 occur 

at 1.2 < P* < 1.5 and 10o < α < 20o, which can be ascribed to drastic changes in flow 

structures (Hu & Zhou 2008). At these configurations, a gap flow may suddenly 

penetrate the two-cylinder-pair base, generating a narrow wake behind the upstream 

cylinder with a higher St (Sumner et al. 2000). At 40o < α < 90o and 1.5 ≤ P* < 2.0, the 

higher St increases rapidly with increasing P*, and the maximum St = 0.24 is attained at 

α = 55o and P* = 2.0. Nonetheless, the higher St decreases gradually with increasing P* 

at 40o < α < 90o and P* > 2.0. On the other hand, as shown in Figure 4.8b, the St 
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associated with the downstream cylinder varies smoothly, except that at α = 70o and 1.5 

≤ P* < 2.0, the St increases from the lowest St to the highest St, and at 70o < α < 90o and 

1.5 ≤ P* < 2.0, the higher St of the downstream cylinder decreases with increasing P*.  

 The St map of the upstream cylinder at x* = 10 (Figure 4.8c) is different from that at 

x* = 4 (Figure 4.8a) at 35o < α < 65o and 1.5 < P* < 3.0, where the two-cylinder pair 

performs similarly to a single bluff-body flow with one Karman vortex street produced. 

Compared with the lower St zone of the upstream cylinder at x* = 4 (Figure 4.8a), that at 

x* = 10 (Figure 4.8c) is enlarged, indicating that higher-frequency vortices shedding 

from the outer side of the upstream cylinder could no longer survive at x* > 4. In 

contrast, the St map associated with the downstream cylinder (Figure 4.8d) does not 

change much from x* = 4 to 10, except that the higher St zone at 70o < α < 90o and 1.5 ≤ 

P* < 2.0 disappears at x* = 10.  

Sakamoto & Haniu (1988b) and Luo et al. (1999) measured the St of the 

downstream cylinder, based on fluctuating pressures on the side wall and fluctuating lift 

forces, respectively, and presented them in L*-T* planes in terms of iso-contours. They 

found that the presence of the upstream cylinder caused the St of the downstream 

cylinder to be less than that of an isolated single cylinder (Luo et a. 1999). The St 

iso-contours in Luo et al.’s (1999) investigation are very sparse because of the limited 

configurations examined. Sakamoto and Haniu (1988b) divided the St map into four 

regions. Region I, occurring at L* < 2.5 and T* < 3.5, is a non-synchronized region, 

where the St of the downstream cylinder is much lower than that of an isolated single 

cylinder. They detected high St for the downstream cylinder at a sub-region (i.e. at L* < 
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0.3 and 1.6 < T* < 2.7), indicating that the biased flow in the side-by-side arrangement 

may also take place when one square cylinder is placed slightly downstream of the other 

square cylinder. Regions III and IV are derived from the further increasing of L* and T*, 

respectively, and region II is a transition region between regions I and III.  

4.4 Flow Regime Classifications 

Based on the hotwire-measured St of all the configurations (P* = 1.5 ~ 5.0, α = 0o ~ 

90o) at four downstream locations (x* = 4, 7, 10, and 15) and eleven cross-stream 

positions (y* = 0, ±1, ±2, ±3, ±4, and ±5) at each x*, and the qualitative LIF flow 

visualizations and the quantitative PIV measurements (Figure 4.1b), four distinct flow 

structures were identified in the wake of the two staggered square cylinders: two 

one-street modes (S-I and S-II) and two twin-streets modes (T-I and T-II). In view of 

vortex strength in the wake, mode S-I was further divided into two sub-modes (i.e. 

modes S-Ia and S-Ib). Mode S-II was also divided into two sub-modes (i.e. modes S-IIa 

and S-IIb), depending on from which cylinder the higher-frequency vortices shed. Mode 

T-II was further classified into two sub-modes (i.e. modes T-IIa and T-IIb) to distinguish 

the synchronization mechanisms of the coupled vortex shedding. Note that the flow 

mode classifications are based on flow structures at x* ≥ 4.0, whereas vigorous 

interactions between shear layers may occur at x* < 4.0. To characterize these distinct 

flow modes, typical flow structures in each mode are discussed in detail in the following 

sub-sections. 
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4.4.1 Mode S-I 

Mode S-I occurs mainly at small α (< 20o), depending on P*, characterized by a 

single Karman vortex street. The St (=0.12 ~ 0.13) of the vortex street is similar to that 

of an isolated single square cylinder (Sto = 0.134). Mode S-Ia takes place at P* < 4.0 and 

small α (< 45o), depending on P*, where shear layers separating from the upstream 

cylinder either overshoot or reattach to the downstream cylinder, generating one 

staggered Karman vortex street. Vortex strength in the wake of mode S-Ia is comparable 

to that of an isolated single square cylinder. On the other hand, mode S-Ib occurs at 

large P* (≥ 4.0) and small α (< 20o), where vortices shed from both cylinders. As such, 

the downstream cylinder is completely submerged in the wake of the upstream cylinder 

and the vortex strength in the wake is greatly reduced to much less than that of mode 

S-Ia. 

4.4.1.1 Mode S-Ia 

Typical flow-structures in mode S-Ia are shown in Figure 4.9, including snapshot 

photographs from LIF flow visualization (Figure 4.9a-d) and instantaneous vorticity 

( *
zω ) distributions from PIV measurements (Figure 4.9e). At small P* (< 2.0) and small 

α (< 20o), the flow around the two-square-cylinder pair behaves similarly to that of the 

SBB1 flow pattern identified by Sumner et al. (2000) in the circular cylinder case. For 

example, at P* = 1.5 and α = 10o (Figure 4.9a), shear layers separating from the 

upstream cylinder overshoot or wrap around the downstream cylinder and then roll up 

to form one staggered Karman vortex street. Gap flow between the two cylinders is 

absent and, because of the existence of the downstream cylinder, the separated shear 

layers are elongated and widened before shedding vortices (Sumner et al. 2000). With 
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further increasing P*, as shown in Figure 4.9b (P* = 3.5 and α = 5o), the separated shear 

layers touch the sides of the downstream cylinder. As a result, a quasi-steady fluid 

stagnates in the gap and only the downstream cylinder sheds vortices. As can be seen in 

Figure 4.9a & b, the shear layer slices are smooth and continuous, rolling up alternately 

 

 
 
Figure 4.9 Typical instantaneous flow structures of mode S-Ia: photographs of LIF 
flow visualization (a, P* = 1.5, α = 10o, Re = 300; b, 3.5, 5o, 300; c, 1.5, 40o, 300; d, 

2.5, 15o, 400); and iso-contours of *
zω  in PIV measurement (e, P* = 2.5, α = 15o; Re 

= 1.3 × 104), the contour cut-off level = ±0.3 and the contour increment = ±0.2. 
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and evolving vigorously in the downstream direction.  

At small P* (= 1.5) and intermediate α (= 20o ~ 45o), shear layers separated from 

the free-stream sides of the two-cylinder pair (i.e. from the lower leading edge of the 

upstream cylinder and the upper leading edge of the downstream cylinder) and a 

relatively wide wake is produced. A gap flow formed between the two cylinders, which 

was deflected to the upstream cylinder. This flow structure corresponds to that of the 

BB flow pattern identified by Sumner et al. (2000) in the circular cylinder case. An 

example at P* = 1.5 and α = 40o is presented in Figure 4.9c. It is worth noting that the 

BB flow pattern of the two staggered circular cylinders takes place at larger α (> 45o), 

compared with that of the two staggered square cylinders. At 2.0 < P* < 3.5 and 5o < α 

< 25o, the inner shear layer separates from the upstream cylinder and reattaches to the 

downstream cylinder before rolling up; meanwhile, a shear layer separates from the 

free-stream side of the downstream cylinder. Figure 4.9d shows the flow structure at P* 

= 2.5 and α = 15o, which, counter to the circular cylinder case, is the SLR flow pattern 

(Gu & Sun 1999; Sumner et al. 2000). As the α increases (e.g. α = 20o ~ 25o), the inner 

shear layer from the upstream cylinder may dive into the gap and induce flow separation 

from the lower leading edge of the downstream cylinder (not shown), similar to the IS 

flow pattern observed by Gu and Sun (1999) and Sumner et al. (2000) in the circular 

cylinder case.  

Similar to the results of LIF flow visualization, PIV-measured *
zω  distributions 

(Figure 4.9e, P* = 2.5 and α = 15o) display an alternate arrangement in the wake of the 

two-cylinder pair, with those displaying a negative sign arrayed on the upper side of the 
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centreline (y = 0) and those displaying a positive sign arrayed on the lower side of the 

centreline. The maximum vortex strength in Figure 4.9e is slightly lower than that of an 

isolated single cylinder and of previous reports (e.g. Lyn et al. 1995; Hu et al. 2006); for 

instance, ensemble-averaged vorticity concentration is about 1.8 ~ 2.0 at 3.5 < x* < 5.5 

in Lyn et al.’s (1995) measurement, whereas it is about 1.7 in the present study. The 

vortex wavelength in the wake of this configuration appears to be longer than that of an 

isolated single square cylinder because of the lower vortex shedding frequency (Figure 

 

 
 
Figure 4.10 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 2.5, 
α = 15o (mode S-Ia). Re = 1.3 × 104. 
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4c).  

The typical Eu of u measured by the movable hotwire probe across the stream (i.e. 

y* = 0, ±1, ±3, and ±5) at four downstream positions (i.e. x* = 4, 7, 10, and 15) is 

presented in Figure 4.10 (P* = 2.5 and α = 15o). Pronounced peaks, corresponding to the 

vortex shedding frequency at f* = 0.111, were observed in both the downstream 

evolution of the wake and its cross-stream direction. Second or even third resonances of 

f* are discernible in Eu up to x* = 15, particularly those near the centreline, indicating 

that one Karman vortex street is generated in the wake of the two-cylinder pair. 

4.4.1.2 Mode S-Ib 

Occurring at large P* (≥ 4.0) and small α (< 20o), mode S-Ib is featured by vortex 

shedding from both cylinders. At α = 0o (i.e. the tandem arrangement), mode S-Ib is in 

the SVS flow regime, as classified by Sakamoto et al. (1987) and Sakamoto and Haniu 

(1988b), who found that vortices shedding from the downstream cylinder were always 

synchronized with that from the upstream cylinder (4.0 ≤ P* ≤ 20.0). For two tandem 

circular cylinders, this flow mode is categorized as the co-shedding flow regime (e.g. 

Ljungkrona et al. 1991; Zhou & Yiu 2006). At small α (< 20o), vortices shedding from 

the upstream cylinder collide with the downstream cylinder, which corresponds to the 

VI flow pattern observed by Sumner et al. (2000) in the circular cylinder case. The 

typical flow structures of mode S-Ib in the current investigation are presented in Figure 

4.11 (P* = 4.5 ~ 5.0 and α = 5o ~ 15o).  

As can be seen in Figure 4.11a-c, the downstream cylinder is completely exposed to 

the vortex street of the upstream cylinder. Consequently, the vortex street in the wake of 

the two-cylinder pair is greatly impaired, as reflected to some extent by the disrupted 
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streak lines in the LIF flow visualization. As the α increases from 5o to 15o (Figures 

11a-c), the impingement position of the oncoming vortices towards the downstream 

cylinder moves from the outer side to the inner side. At small α (= 5o), the position 

 

 
 
Figure 4.11 Typical instantaneous flow structures of mode S-Ib: photographs of LIF 
flow visualization (a, P* = 4.5, α = 5o, Re = 400; b, 4.5, 10o, 400; c, 5.0, 15o, 400); 

and iso-contours of *
zω  in PIV measurement (d, P* = 4.5, α = 5o; Re = 1.3 × 104), 

the contour cut-off level = ±0.3 and the contour increment = ±0.2. 
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changes to the outer side, or close to the upper leading edge, of the downstream cylinder 

(Figure 4.11a), resulting in no gap flow between the two cylinders. This indicates that 

the outer shear layer separating from the downstream cylinder is hindered, resulting in a 

reattachment on the outer side and thus weak vortex shedding. This scenario was also 

observed by Sakamoto & Haniu (1988b) at T/d = 0.4 and L/d = 4.0 (i.e. P* = 4.02 and α 

= 5.7o) using the smoke-wire flow visualization technique (Re = 2.5 × 104); see their 

figure 15a for further reference.  

With further increasing of the α (e.g. α = 10o, Figure 4.11b), the impingement 

occurs largely on the front side of the downstream cylinder and the impaired vortices 

besiege the cylinder, thus delaying the development of shear layers from both the upper 

and the lower leading edges. In addition, no gap flow between the two cylinders exists. 

However, due to the free-stream flow, the shear layer on the outer side of the 

downstream cylinder accelerates much easier and formed a vortex, compared with that 

on the inner side (Sakamoto & Haniu 1988b), which can be seen in figure 4.15b of 

Sakamoto and Haniu (1988b) and Figure 4.11b in the present work. By contrast, when 

the impingement position is near the lower leading edge of the downstream cylinder 

(Figure 4.11c, P* = 5.0 and α = 15o), a new stronger vortex is induced by the oncoming 

vortex street, and a gap flow is generated between the two cylinders and is displaced in 

the wake of the upstream cylinder.  

The induced vorticity on the inner side of the downstream cylinder at the 

configuration of (P*, α) = (3.5, 10o) and (4.0, 15o) was measured by Sumner et al. (2000) 

in the circular cylinder case using the PIV technique (see their figure 12, which shows 
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the time sequences of a VI flow pattern). This change of impingement position has a 

great impact on the aerodynamic forces acting on the downstream cylinder, particularly 

the lift force. Sakamoto & Haniu (1988b) observed that the time-averaged lift force on 

the downstream cylinder switched its direction from negative (towards the centreline) to 

positive and back to negative, with an increase in the transverse spacing of T*. 

Lift-generating mechanisms were proposed by Luo and Teng (1990) (i.e. positive and 

negative vortex proximity effects) to explain the positive and negative lifts on the 

downstream cylinder at a large L* (≥ 4.0). The former effect corresponds to the flow 

pattern in Figure 4.11b and the latter to that in Figure 4.11c.  

 The PIV-measured *
zω  distributions at P* = 4.5 and α = 5o are shown in Figure 

4.11d. Similar to that of mode S-Ia (Figure 4.9e, P* = 2.5 and α = 15o), staggered 

iso-contours of *
zω  with opposite signs are found around the wake centreline. 

Nevertheless, the maximum vortex strength in Figure 4.11d is reduced tremendously, up 

to 40%, compared with that in Figure 4.9e because of the vortex impingement effect. In 

the circular cylinder case, a great reduction of up to 50% was observed by Hu & Zhou 

(2008). The irregular distribution of the iso-contours of *
zω  in Figure 4.11d may also 

reflect the vortex impingement influence. In addition, the maximum vortex strength 

(negative) above the centreline is slightly weaker than that below in the current 

configuration (positive), which is opposite to that of Hu & Zhou’s (2008) measurement 

in the circular cylinder case (P* = 4.0 and α = 10o).  

 The hotwire-measured Eu in Figure 4.12 (P* = 4.5 and α = 5o) is consistent with 

observations in LIF flow visualization and PIV measurements. Pronounced peaks were 
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detected at f* = 0.119, which are considerably weaker than that in mode S-Ia (Figure 

4.10). Minor peaks at 2f* are discernible at x* = 7 and disappear at x* ≥ 7. The 

vortex-shedding frequency in mode S-Ib (0.119) is similar to that in mode S-Ia (0.111) 

and less than that of an isolated single cylinder (0.134), because the turbulence intensity 

of the flow heading towards the downstream cylinder is greatly increased by the 

vortices shedding from the upstream cylinder (Sakamoto & Haniu 1988a). 

 

 

 
 
Figure 4.12 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 4.5, 
α = 5o (mode S-Ib). Re = 1.3 × 104. 
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4.4.2 Mode S-II 

Mode S-II occurs mostly at large α (> 45o) and small P* (< 3.0). Each cylinder 

generates one Karman vortex street, with the upstream cylinder displaying a narrower 

vortex street and the downstream cylinder displaying a wider vortex street. Vigorous 

interactions take place among the two vortex streets in the near-wake region, thus 

resulting in one single vortex street of low frequency at x* > 7. In mode S-IIa, 

high-frequency vortices were detected in the narrow wake of the upstream cylinder, 

while low-frequency vortices were detected in the wide wake of the downstream 

cylinder at x* ≤ 7. By contrast, in mode S-IIb, high-frequency vortices were detected at 

x* ≤ 4 from the downstream cylinder, rather than from the upstream cylinder. 

4.4.2.1 Mode S-IIa 

Mode S-IIa occupies most of mode S-II. Figure 4.13 presents its typical flow 

structures, including photographs of LIF flow visualization (Figure 4.13a & b) and 

PIV-measured *
zω  distributions (Figure 4.13c). As can be seen from Figure 4.13a & b, 

a gap flow has formed between the two cylinders, which is biased towards the upstream 

cylinder, resulting in a narrow and a wide wake behind the upstream and downstream 

cylinders, respectively. Due to the rectangular cross-section, the inner shear layer of the 

upstream cylinder separates from its upper trailing edge and that of the downstream 

cylinder from the lower leading edge. Vigorous interactions take place between the two 

wakes and some distinct flow patterns, such as VPE and VPSE as identified by Sumner 

et al. (2000) in the circular cylinder case, were also witnessed in the present study. For 

example, as shown in Figure 4.13a (P* = 2.0 and α = 60o), the shear layers separating 
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from the inner sides of the two cylinders formed a vortex pair as they roll up in the 

deflected gap flow from the upstream cylinder’s wake. This vortex pair is enveloped by 

the positive-sign vortex (in a right-hand coordinate system) from the free-stream side of 

the upstream cylinder, producing the VPE flow pattern (Sumner et al. 2000). However, 

if the positive-sign vortex is not strong enough to envelope the entire vortex pair and it 

 

 

 
Figure 4.13 Typical instantaneous flow structures of mode S-IIa: photographs of LIF 
flow visualization (a, P* = 2.0, α = 60o, Re = 300; b, 2.5, 70o, 300); and iso-contours 

of *
zω  in PIV measurement (d, P* = 2.0, α = 60o; Re = 1.3 × 104), the contour 

cut-off level = ±0.3 and the contour increment = ±0.2. 
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is split in half, this produces the VPSE flow pattern (Sumner et al. 2000), as observed in 

Figure 4.13b (P* = 2.5 and α = 70o). Consequently, only one street of like-sign vortices 

survives in the lower side of the centreline. On the other hand, shear layers from the 

free-stream side of the downstream cylinder always roll up to form low-frequency 

vortices. The PIV-measured *
zω  distributions display one staggered vortex street 

around the centreline (Figure 4.13c, P* = 2.0 and α = 60o). Iso-contours of the 

positive-sign vorticities formed the shape of dumbbells, with their maximum vortex 

strength lower than that of the negative-sign vortexes on the upper side of the centreline, 

echoing observations in the LIF flow visualization.   

 The typical Eu of u in the wake of mode S-IIa is presented in Figure 4.14 (P* = 2.0 

and α = 60o). On the upper side of the centreline, only low-frequency peaks at *
1f  = 

0.067, prevalent in all of the Eu across the wake and at the four downstream locations, 

were identified. This *
1f  peak corresponds to the wide wake of the downstream 

cylinder. By contrast, high-frequency peaks at *
2f  = 0.252 were detected on the lower 

side of the centreline at x* ≤ 7, suggesting the occurrence of high-frequency vortex 

shedding from the upstream cylinder wake. This can be ascribed to the observation that 

the gap flow is deflected to the upstream cylinder, forming one narrow wake of 

high-frequency vortex shedding (Figure 4.13a & b). The high-frequency peaks at *
2f  

rapidly weaken from x* = 4 to 7 and then disappear beyond x* = 7. Noticeably, minor 

peaks occurring at *
2f - *

1f  were detected between the *
1f  and *

2f  peaks on the 

lower side of the centreline, which corresponds to the VPSE flow pattern (Hu & Zhou 

2008). These peaks barely survive at x* ≤ 7, whereas the *
2f  peaks do survive.  
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4.4.2.2 Mode S-IIb 

Taking place at α > 65o and P* = 1.5, mode S-IIb is featured by high-frequency 

vortex shedding from the outer side of the downstream cylinder, surprisingly without 

vortex shedding from the upstream cylinder. In the case of two staggered circular 

cylinders, this phenomenon has never been observed because high-frequency vortex 

shedding has always been associated with the narrow wake of the upstream cylinder and 

low-frequency vortex shedding with the wide wake of the downstream cylinder (e.g. 

 

 
 
Figure 4.14 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 2.0, 
α = 60o (mode S-IIa). Re = 1.3 × 104. 
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Zadravkovich 1987; Sumner et al. 2000; Sumner et al. 2005; Hu & Zhou 2008). This 

may be attributed to the gap and its flow between the two square cylinders at these 

configurations (i.e. P* = 1.5 and α > 65o). Figure 4.15 presents the typical flow 

structures from the LIF flow visualization (Figure 4.15a & b) and PIV measurements 

(Figure 4.15c).  

Three aspects in Figure 4.15a & b are worthy of being addressed. Firstly, the gap 

flow passage formed by the inner sides of the two square cylinders at the large α (> 65o) 

and the small P* (= 1.5) is similar to a straight narrow channel. Consequently, the gap 

flow rushes into the base region before being deflected into the upstream cylinder wake, 

with both inner shear layers separating from the trailing edges. This differs from the gap 

flow behaviour in mode S-IIa (Figure 4.13a & b). Secondly, vortex pairing of the two 

inner shear layers, and thus vortex formation in the upstream cylinder wake, is inhibited 

by the gap flow, which develops by the shear layers rolling up and forming vortices 

when combining the two inner shear layers and the outer shear layer from the upstream 

cylinder. Flow patterns such as VPE and VPSE in mode S-IIa (Figure 4.13a & b) were 

not observed in mode S-IIb. Thirdly, shear layers from the outer side of the downstream 

cylinder form vortices, either alternately with that in the lower side of the centreline 

(Figure 4.15a) or independently as high-frequency vortices (Figure 4.15b). The 

high-frequency vortices disappear rapidly in the near-wake region.  

 The PIV-measured *
zω  distributions in Figure 4.15c (P* = 1.5 and α = 80o) display 

one staggered vortex street in the wake of the two-cylinder pair. The maximum strength 

of opposite-sign vortices is equivalent in the near-wake region. However, compared 
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with the positive-sign vortices in Figure 4.13c, those in Figure 4.15c are stronger 

because there is no vortex pairing and thus vortex cancellation in mode S-IIb. Due to 

the very low sampling frequency in the PIV measurement (< 7 Hz), it is not possible to 

capture the high-frequency vortices shedding from the outer side of the downstream 

 

 

 
Figure 4.15 Typical instantaneous flow structures of mode S-IIb: photographs of LIF 
flow visualization (a, P* = 1.5, α = 70o, Re = 400; b, 1.5, 80o, 400); and iso-contours 

of *
zω  in PIV measurement (d, P* = 1.5, α = 80o; Re = 1.3 × 104), the contour 

cut-off level = ±0.3 and the contour increment = ±0.2. 
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cylinder.  

 The typical Eu of u is presented in Figure 4.16 (P* = 1.5 and α = 80o). Pronounced 

peaks at *
1f  = 0.063 were detected across the wake and at the four downstream 

locations, whilst broad-banded peaks at *
2f  = 0.193 were identified only at x* = 4 and 

y* > 0 (Figure 4.16a). In addition, the *
1f  peaks at y* < 0 are stronger than at y* > 0. 

The Eu behaviours are consistent with observations in the LIF flow visualization and 

PIV measurements. Minor peaks at 2 *
1f  are discernible in the Eu, particularly around 

 

 
 
Figure 4.16 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 1.5, 
α = 80o (mode S-IIb). Re = 1.3 × 104. 
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the centreline at x* ≥ 7, indicating one single Karman vortex street of low frequency in 

the wake of the two-cylinder pair.  

4.4.3 Mode T-I 

Mode T-I occurs at P* > 3.0 and 40o < α < 75o, where two Karman vortex streets 

were observed in the wake of the two-cylinder pair, with each cylinder generating one 

staggered vortex street. The gap flow is biased slightly towards the upstream cylinder 

wake, thus producing a narrow wake of high-frequency vortices behind the upstream 

cylinder and a wide wake of low-frequency vortices behind the downstream cylinder. 

Figure 4.17 presents the typical flow structures, including photographs of LIF flow 

visualization (Figure 4.17a & b) and PIV-measured *
zω  distributions (Figure 4.17c). 

The two Karman vortex streets appear to be similar, both evolving alternately 

downstream (Figure 4.17a & b). However, the upstream cylinder wake is narrower than 

the downstream cylinder wake, indicating that the vortex shedding frequency of the 

upstream cylinder is higher than that of the downstream cylinder. Moreover, the 

narrower wake of the upstream cylinder displays a shorter vortex-formation length and 

thus rolls up easier to form a vortex street of higher frequency (e.g. Sumner et al. 2000). 

The PIV-measured *
zω  distributions support these observations. On each side of the 

centreline, one street of staggered iso-contours of *
zω  is produced individually, with the 

maximum strength of vortices in the upper side higher than that in the lower side. The 

vortex strength wanes quickly in the downstream evolution due to interactions of the 

two vortex streets.  

In the circular case, Sumner et al. (2000) observed an SVS flow pattern at a wide 
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range of P* = 1.5 ~ 5.0 and a large α = 20o ~ 90o. Vortices formed by inner shear layers 

on the opposite sides of the gap paired up in the near-wake region and shed shear layers 

in an anti-phased fashion. Vigorous interactions occurred between the paired vortices of 

the same frequency. Sumner et al. (2000) has suggested that vortex shedding frequency 

is associated with individual shear layers rather than individual cylinders. In most of the 

 

 
 
Figure 4.17 Typical instantaneous flow structures of mode T-I: photographs of LIF 
flow visualization (a, P* = 3.5, α = 70o, Re = 300; b, 4.5, 60o, 400); and iso-contours 

of *
zω  in PIV measurement (d, P* = 4.0, α = 55o; Re = 1.3 × 104), the contour 

cut-off level = ±0.3 and the contour increment = ±0.2.  
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SVS flow patterns, the two shear layers of the upstream cylinder and the inner shear 

layer of the downstream cylinder shed vortices at the same high frequency, while the 

outer shear layer of the downstream cylinder shed vortices at a low frequency. 

Nevertheless, based on the current LIF flow visualization of mode T-I, vortex counting 

reveals that vortex shedding is associated with individual cylinders, even though vortex 

pairing and thus synchronized shedding take place very often between the two inner 

vortex streets. For instance, in Figure 4.17a, the upstream cylinder sheds four vortices 

and the downstream sheds three vortices, and only two inner vortices pair up.  

Niu & Zhu (2006) also found that, in their numerical simulation at P* = 1.77 ~ 5.24 

and α = 45o (Re = 250), high-frequency vortex shedding occurring at P* ≥ 2.83 took 

place at the upstream square cylinder, instead of the downstream cylinder. In addition, 

Akbari & Price (2005) found that the vortex shedding frequency of the two shear layers 

of the same circular cylinder was always the same at the configuration of P* ≥ 2.5 and α 

≥ 30o, where the downstream cylinder was not immersed in the upstream cylinder wake, 

but the two cylinders were close enough to influence vortices shedding from each other, 

which was referred to as complete vortex shedding. Akbari & Price’s (2005) vortex 

animation revealed that vortices shedding from the upstream cylinder sometimes did not 

synchronize with those from the downstream cylinder (see vortex ‘A’ in their figures 16 

and 17), as observed in Figure 4.17a.  

Figure 4.18 presents the typical Eu of u in the wake of mode T-I (P* = 4.0 and α = 

55o). Two pronounced peaks at *
1f  = 0.126 and *

2f  = 0.152 were observed, with the 

lower peaks in the upper side of the centreline and the higher peaks in the lower side. 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

184 
 

Minor peaks at 2 *
1f  and 2 *

2f  are also discernible at x* ≤ 7. The two dominant 

frequencies are lower and higher than that of an isolated single square cylinder (0.134), 

respectively, and their difference is small (about 0.03). Interactions between these two 

vortex streets cannot be ignored: the pronounced peaks at *
1f  and *

2f  quickly 

decrease in the downstream evolution, where they become increasingly minor beyond x* 

= 10, as shown in Figure 4.18d. 

4.4.4 Mode T-II 

 

 
 
Figure 4.18 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 4.0, 
α = 55o (mode T-I). Re = 1.3 × 104. 
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Mode T-II occurs at two zones of the polar P*- α plane. One is at large α (> 75o) 

and P* > 3.0 (mode T-IIa) and the other is at 20o ≤ α < 40o and large P* (> 4.0) (mode 

T-IIb). Two Karman vortex streets are produced in the wake of the two-cylinder pair, 

each cylinder producing one street. Occurring at a frequency close to that of an isolated 

single cylinder (0.134), these vortices are mostly synchronized in either an anti-phased 

or an in-phased fashion. The classifications of the two sub-modes are based on their 

different synchronization mechanisms, which are discussed in the following 

sub-sections. 

4.4.4.1 Mode T-IIa 

Due to the large P* (> 3.0) and the large α (> 75o), flow behaviours in mode T-IIa 

are similar to that in the side-by-side arrangement (P* > 3.0 and α = 90o). The two 

cylinders generate individual wakes with the same vortex shedding frequency and a 

similar width. Figure 4.19 presents the typical flow structures from LIF flow 

visualization (Figure 4.19a & b) and PIV-measured *
zω  distributions (Figure 4.19c) at 

the configuration of P* = 4.5 and α = 85o. Alternating vortex shedding is produced in 

the wake of each cylinder. Two mechanisms of vortex shedding synchronization were 

observed. As shown in Figure 4.19, vortices shedding from the outer sides or the inner 

sides of the two-cylinder pair are mostly coupled in a zero-degree phase shift, producing 

anti-phased vortex shedding. Alternatively, when vortices shed from the outer sides or 

the inner sides of the two-cylinder pair are mostly coupled in a 180-degree phase shift, 

they produce in-phased vortex shedding (Figure 4.19b). In the iso-contours of *
zω  

(Figure 4.19c), opposite-sign vorticities are displayed in a staggered formation on each 
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side of the centreline, showing an alternating Karman vortex street. The vortex strength 

in each street is comparable to that of an isolated single square cylinder. In addition, the 

*
zω  distributions depict anti-phased vortex shedding. The in-phased vortex shedding 

occurs occasionally in the LIF flow visualization and PIV measurements. In the 

side-by-side arrangement, Alam & Zhou (2010) found that anti-phased vortex shedding 

 

 

 
Figure 4.19 Typical instantaneous flow structures of mode T-IIa (P* = 4.5, α = 85o,): 

photographs of LIF flow visualization (a, b, Re = 300); and iso-contours of *
zω  in 

PIV measurement (c, Re = 1.3 × 104), the contour cut-off level = ±0.3 and the 
contour increment = ±0.2. 
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was dominant at 3.0 < P* < 4.6 (α = 90o).  

 The typical Eu of u in mode T-IIa, presented in Figure 4.20 (P* = 4.5 and α = 85o), 

shows pronounced peaks at f* = 0.134 across the wake at the four downstream locations. 

Peaks at y* = ±3 are relatively weak because they are in the centrelines of each vortex 

street. Minor peaks occurring at 2f* are discernible in the Eu. The f* peaks remai 

noticeable at x* = 15 because of the dominant anti-phased vortex shedding (Alam & 

Zhou 2010).  

 

 
Figure 4.20 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 4.5, 
α = 85o (mode T-IIa). Re = 1.3 × 104. 
 
 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

188 
 

 

 

4.4.4.2 Mode T-IIb 

Synchronization takes place between the vortex shedding from the inner sides of 

the two-cylinder pair in mode T-IIb, different from that in mode T-IIa. In the latter mode, 

the two shear layers separating from the inner or the outer sides of the two cylinders 

 

 
 
Figure 4.21 Typical instantaneous flow structures of mode T-IIb (P* = 5.0, α = 30o): 

(a) photograph of LIF flow visualization (a, Re = 500); and (b) iso-contours of *
zω  

in PIV measurement (b, Re = 1.3 × 104), the contour cut-off level = ±0.3 and the 
contour increment = ±0.2.  
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develop and roll up simultaneously, and consequently shed vortices mostly in an 

anti-phased fashion (see Sub-section 4.4.1). By contrast, in mode T-IIb, the gap flow is 

replaced by the vortices shedding from the upstream cylinder because of the large 

longitudinal distance between the two cylinders. Shear layers originating from the inner 

side of the downstream cylinder are induced to develop and roll up by the oncoming 

negative-sign vortices from the inner side of the upstream cylinder. As such, the newly 

developed vortices are synchronized with the oncoming vortices in an anti-phased 

fashion. The two cylinders shed vortices at the same frequency. Results from both LIF 

flow visualization (Figure 4.21a) and PIV measurement (Figure 4.21b) support 

substantially the mechanism proposed above. As illustrated in Figure 4.21a (P* = 5.0 

and α = 30o), an infant shear layer separating from the inner side of the downstream 

cylinder is induced by the negative-sign vortex shedding from the inner side of the 

upstream cylinder. A pair of opposite-sign vortices in the downstream cylinder, as 

denoted by the dashed elliptic in the photograph, is resultant from this synchronization.  

Vortices shedding from the free-stream sides are also paired up. The PIV-measured 

*
zω  distributions (Figure 4.21b, P* = 5.0 and α = 30o) exhibit individually one Karman 

vortex street on each side of the centreline. The two vortex streets are anti-symmetrical 

around the centreline, indicating anti-phased vortex shedding in this mode. Vortex 

strength in the wake is comparable to that of an isolated single square cylinder. In the 

circular cylinder case, Akbari & Price (2005) found that, at P* = 3.5 and α = 30o (Re = 

800), the two cylinders produced individual wakes of the same vortex shedding 

frequency because of the anti-phased synchronization. The same result is also observed 
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by Sumner et al. (2000) at P* = 3.5 and α = 30o in LIF flow visualization (Re= 830; see 

their figure 13c), and by Alam et al. (2005) at P* = 3.6 and α = 25o in hydrogen-bubble 

flow visualization (Re = 350; see their figure 18b).   

 The typical Eu of u in mode T-IIb is presented in Figure 4.22 (P* = 5.0 and α = 30o). 

Noticeable peaks occur only at f* = 0.13, very close to that of an isolated single square 

cylinder (0.134), consolidating observations in LIF flow visualization and PIV 

measurements. Minor peaks at 2f* are also discernible. The f* peaks are profound at the 

 

 
 
Figure 4.22 Typical Eu of u measured at (a) x* = 4, (b) 7, (c) 10, and (d) 15. P* = 5.0, 
α = 30o (mode T-IIb). Re = 1.3 × 104. 
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far downstream locations, such as x* = 10 and 15, which can probably be ascribed to the 

prevailing anti-phased vortices in the wake. 

4.4.5 Summary of flow regime classifications 

A summary of the flow regime classifications is presented in Figure 4.23. The 

dependence of flow regimes on P* and α (Re = 1.3 × 104) may provide predictions of 

typical flow structures and dominant vortex shedding frequencies in the wake of two 

staggered square cylinders. The thick-solid and thick-dash lines represent the borders of 

different flow modes, which are mainly based on the hotwire-measured St at x* = 4 to 15 

and Re = 1.3 × 104. As illustrated by the double arrows, previously reported flow regime 

classifications at α = 0o and 90o are included, which are the results of investigations by 

Liu & Chen (2002) (α = 0o) and by Alam & Zhou (2010) (α = 90o).  

The current flow regime classifications are consistent with previous classifications 

at α = 0o and 90o. At α = 0o (i.e. the tandem arrangement), critical spacing (P*)cri = 4.0 

was identified by Sakamoto et al. (1987) and Sakamoto & Haniu (1988a) based on force 

and St measurements (Re = 2.76 ~ 5.52 × 104), by Luo & Teng (1990) based on force 

measurement (Re = 5.67 × 104), and by Liu & Chen (2002) based on force and St 

measurements, as well as smoke-wire flow visualization (Re = 2.0 × 103 ~ 1.6 × 104). 

The (P*)cri is highly dependent on free-stream turbulence intensity (Sakamoto & Haniu 

1988a), and Re and manipulation manner (Liu & Chen 2000), and thus may display a 

wide range, such as 2.5 ≤ (P*)cri ≤ 4.5 (Liu & Chen 2002). At P* < (P*)cri, shear layers 

separating from the upstream cylinder overshoot the downstream cylinder, and at P* > 

(P*)cri, both cylinders co-shed vortices (e.g. Liu & Chen 2002).  
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Similar to the circular cylinder case (e.g. Igarashi 1981; Zdravkovich 1987; Zhou & 

Yiu 2006), there should be a reattachment regime (which has yet to be reported) at P* ≈ 

 
 

 
 
Figure 4.23 Dependence of flow structures on P* and α in the wake of two staggered 
square cylinders (Re = 1.3 × 104). Flow-regime classifications of the side-by-side 
(Alam et al. 2010, Re = 4.7 × 104) and tandem (Liu & Chen 2002, Re = 2.0 × 103 ~ 
1.6 × 104) arrangements are included. A: single-body regime, B: two-frequency 
regime, C: transition regime, D1: antiphase-dominant vortex shedding regime, D2: 
antiphase-inphase-mixed vortex shedding regime. 
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(P*)cri for the square cylinder case, where the upstream shear layers reattach to the sides 

of the downstream cylinder, as shown in Figure 4.9b. For the three different flow modes, 

there is only one Karman vortex street behind the two tandem square cylinders. While 

the overshooting flow structure coincides with mode S-Ia at α = 0o, the reattachment 

and co-shedding flow structures, featured by relatively weak vortices compared with 

that in the overshooting flow structure (Kim et al. 2008), correspond to mode S-Ib.  

At α = 90o (i.e. the side-by-side arrangement), four distinct flow regimes have been 

proposed recently by Alam & Zhou (2010): a single-body regime (A) at P* < 1.3; a 

two-frequency regime (B) at 1.3 < P* < 2.2; a transition regime (C) at 2.2 < P* < 3.0; 

and a coupled vortex shedding regime (D) at P* > 3.0. Regime A was further divided 

into a perfectly single-body sub-regime A1 (P* < 1.02) and a single-body-like 

sub-regime A2 (1.02 < P* < 1.3). In addition, regime D was further divided into an 

anti-phase-dominated vortex shedding sub-regime D1 (3.0 < P* < 4.6) and an 

anti-phase-in-phase-mixed vortex shedding sub-regime D2 (P* > 4.6). Regime A, 

featured by one Karman vortex street of low frequency [see figure 4b-c in Alam & Zhou 

(2010)], does not coincide with any of the configurations examined at present. Regime 

B coincides with the current mode S-II at α = 90o, as characterized by a narrow wake of 

high-frequency vortex shedding and a wide wake of low-frequency vortex shedding [a 

random switchover between the two wakes may take place; see figure 4d in Alam & 

Zhou (2010)]. Regime C, connected to regime B and regime D, covers the intersection 

of modes S-II, T-I, and T-IIa at α = 90o. As can be seen in fgure 4e of Alam & Zhou 

(2010), a transition occurs from a combination of narrow and wide streets to two 
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anti-phased vortex streets and then a combination of wide and narrow streets, or vice 

versa, and three distinct vortex shedding frequencies were detected. Regime D 

corresponds to mode T-IIa at α = 90o, where dominant anti-phased vortex shedding is 

observed.   

 It should be noted that the borders among different flow modes depend not only on 

P* and α but also on Re and free-stream turbulence intensity, the latter two factors as 

demonstrated by Liu & Chen (2002) and Skamoto & Haniu (1988a) for the tandem case, 

respectively. The effects of Re and turbulence intensity are not examined in the present 

investigation. Owing to the limited number of configurations studied (i.e. the dotted-line 

grids in Figure 4.23), the borders are subjected to uncertainties of ±0.25 in P* and ±2.5o 

in α.  

An abrupt or a progressive transition may take place in the changeover of one flow 

mode to another. Sudden changes occur from modes S-Ia to S-Ib, as demonstrated by 

the abrupt increase of drag forces acting on the upstream or downstream cylinders at the 

(P*)cri of the tandem arrangement (e.g. Sakamoto et al. 1987; Liu & Chen 2002). Liu & 

Chen (2002) observed in their smoke-wire flow visualization that flow mode at P* < or > 

(P*)cri remained stable after the sudden switchover from each other. Sudden changes 

also take place from modes S-Ia to S-IIa and from S-IIa to S-IIb, as may be reflected by 

the densely distributed St around these borders (Figure 4.8). As the α increases from 20o 

to 50o, depending on P*, the upstream cylinder in mode S-Ia generates its own narrow 

wake of high-frequency vortex shedding, resulting in mode S-IIa. At large α (= 65o ~ 

70o) and P* = 1.5, the strong gap flow is suppressed and rolls up in the narrow wake of 
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the upstream cylinder to form large vortices of low frequency, while high-frequency 

vortex shedding occurs from the free-stream side of the downstream cylinder, resulting 

in the change from mode S-IIa to S-IIb. Sudden changes also occur between modes S-Ib 

and T-IIb at P* > 4 and α = 15o ~ 20o because in the former, the downstream cylinder is 

submerged in the upstream wake, while the latter was not.  

A progressive transition occurs from modes S-IIa to T-I at P* = 2.5 ~ 3.0 and α = 

45o ~ 85o or P* = 3.0 ~ 4.0 and α = 30o ~ 45o. Vigorous vortex interactions in the 

near-wake region of mode S-IIa weaken during the transition. Mode T-I transits 

gradually to mode T-IIa at P* > 3.0 and α = 70o ~ 80o, with the two Karman vortex 

streets synchronized, mostly in an anti-phased fashion. Transitions from modes S-IIa 

and T-I to T-IIb are progressive, and anti-phased synchronization between the inner-side 

vortices take place in the latter mode.  

 It is worth comparing the current flow regime classifications of the two staggered 

square cylinders with that of the two staggered circular cylinders proposed by Sumner et 

al. (2000) and Hu & Zhou (2008). As addressed in the Introduction (see Section 4.1), 

nine flow patterns have been identified by Sumner et al. (2000) based on LIF flow 

visualization and PIV measurements at Re = 850 ~ 1.9 × 103: single bluff-body flow 

patterns (SBB1, SBB2, and BB); small-α flow patterns (SLR, IS, and VI); and large-α 

flow patterns (VPE, VPSE, and SVS). All of these flow patterns were observed in the 

present study, as discussed in Sub-sections 4.1 through 4.4. Sumner et al.’s (2000) 

classifications apply to the flow at x* < 6.0. At Re = 7 × 103, Hu & Zhou (2008) 

categorized the flow structures at x* > 6.0 into four distinct flow modes: two 
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single-street modes (S-I and S-II) and two twin-street modes (T-I and T-II). Mode S-I 

was further divided into sub-modes S-Ia and S-Ib.  

Correspondences between the flow patterns and the flow modes were also 

established (Hu & Zhou 2008). SBB1, SBB2, BB, and SLR correspond to mode S-Ia, 

which occurs at P* ≤ 1.2 and α = 0o ~ 90o or P* ≤ 1.5 and α ≤ 20o and is featured by one 

Karman vortex street at x* ≥ 5.0. SLR and VI correspond to mode S-Ib, occurring at P* > 

1.5 and α ≤ 10o, with the generation of one relatively weak vortex street compared with 

that of mode S-Ia. Mode S-II, occurring at 1.2 < P* < 2.5 and α > 20o or 1.5 ≤ P* ≤ 4.0 

and 10o < α ≤ 20o, has one single asymmetric vortex street at x* ≥ 10, which is resultant 

from vigorous interactions of shear layers in IS, VPE, or VPSE flow patterns. Mode T-I 

corresponds to SVS at P* ≥ 2.5 and 20o < α < 88o, with two vortex streets of distinct 

frequencies produced, and mode T-II corresponds to SVS at P* ≥ 2.5 and large α ≥ 88o, 

with the two vortex streets coupled mostly in an anti-phased fashion.  

The current flow regime classifications bear many resemblances to that of the 

circular cylinder case. Modes S-I and S-II are characterized by one Karman vortex street 

in the wake, while modes T-I and T-II are characterized by two vortex streets in the 

wake. The single street mode S-I in both the circular and square cylinder cases occurs at 

a small α, but the α range in the latter is much larger than that in the former. Mode S-II 

occurs at P* < 3.0 and a large α. Mode T-I takes place at P* > 2.5 and 20o < α < 88o for 

the circular cylinder case and at P* > 2.5 and 40o < α < 80o for the square cylinder case. 

Mode T-II in the circular cylinder case occurs at P* > 2.5 and large α > 88o, and mode 

T-IIa in the square cylinder case occurs at P* > 3.0 and about α > 80o. Mode T-IIb of the 
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square cylinder case takes place at P* > 3.0 and 20o < α < 40o, corresponding to modes 

S-Ia, S-Ib, S-IIa and T-I. 

4.5 Conclusions 

Flow structures, dominant vortices, and their downstream evolutions in the wake of 

two staggered square cylinders were investigated experimentally using LIF flow 

visualization, hotwire, and PIV measurements at Re = 300 ~ 1.3 × 104. The 

configurations include a wide range of P* and α (i.e. P* = 1.5 ~ 5.0 with an interval of 

0.5, and α = 0o ~ 90o with an increment of 5o). Based on the St maps in the P*-α plane 

and the downstream evolutions of flow structures from x* = 4 to 15, four distinct flow 

modes were classified (i.e. flow modes S-I and S-II with only one Karman vortex street 

generated in the wake of the two-cylinder pair, and flow modes T-I and T-II with two 

Karman vortex streets produced). Initial conditions (i.e. interactions between the four 

shear layers) corresponding to different flow modes were discussed in detail.  

 Mode S-I occurs largely at α < 20o, and only one Karman vortex street was detected 

in the wake, with the vortex shedding frequency similar to that in an isolated single 

cylinder wake. In mode S-I, the downstream cylinder is completely or partially (for 

small P* and large α) submerged in the wake of the upstream cylinder, thus shear layers 

separating from the free-stream sides of the two-cylinder pair roll up and form one 

staggered vortex street. There is no gap flow between the two cylinders. Mode S-I was 

divided into two sub-modes, i.e. S-Ia and S-Ib, depending mainly on P*. Mode S-Ia 

occurs largely at P* ≤ 3.5 and α ≤ 45o, with shear layers separating from the upstream 
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cylinder overshooting (at small P*) or reattaching to the downstream cylinder (at the 

critical P*); mode S-Ib was identified at P* > 3.5 and α < 20o, and is featured by the 

co-shedding vortices from both cylinders. In the latter case, the detected St is lower than 

that in an isolated single cylinder wake due to the exposure of the downstream cylinder 

to the turbulent wake of the upstream cylinder.  

 Mode S-II takes place largely at P* < 3.5 and α > 45o, where only one Karman 

vortex street was detected at x* ≥ 4 after vigorous interactions among the four shear 

layers. The gap flow between the two cylinders is largely deflected towards the 

upstream cylinder wake. Vortices of opposite-signs have by far distinct frequencies. 

Mode S-II was further divided into two sub-modes, i.e. S-IIa and S-IIb. 

Higher-frequency vortex shedding occurs from the upstream cylinder in mode S-IIa, but 

from the downstream cylinder in mode S-IIb. The narrow wake behind the upstream 

cylinder in mode S-IIa is responsible for the higher-frequency vortex shedding; however, 

the higher-frequency vortex shedding in mode S-IIb is from the outer side of the 

downstream cylinder and it disappeared at x* ≥ 7.  

 Mode T-I was identified largely at P* ≥ 3.0 and 40o < α < 75o, characterized by two 

Karman vortex streets with slightly different predominant frequencies. The gap flow is 

strong and slightly biased towards the upstream cylinder wake, thus producing a narrow 

wake with higher frequency and a wide wake with lower frequency behind the upstream 

and downstream cylinders, respectively.  

 Mode T-II occurs largely at P* ≥ 3.0 and α > 75o, and at P* ≥ 4.0 and 20o ≤ α < 40o, 

designated as sub-modes T-IIa and T-IIb, respectively. Two coupled Karman vortex 
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streets are either anti-phased or in-phased for mode T-IIa, but predominantly anti-phased 

for mode T-IIb. The vortex shedding frequency in mode T-II is essentially the same as in 

an isolated single cylinder wake.  
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CHAPTER 5 AERODYNAMIC FORCES OF TWO 

STAGGERED SQUARE CYLINDERS 

 

5.1 Introduction 

Multiple structures are widely used in engineering applications, for instance, 

offshore struts and cable-stayed bridges. Aerodynamic forces acting on these multiple 

structures are mainly responsible for both their safety and their fatigue failures. The 

simplest cluster of multiple structures, two slender cylinders in a staggered arrangement, 

has received a great deal of attention in fluid dynamics research. Two basic shapes 

frequently seen in slender cylinders are circular and square cross-sections.  

Aerodynamic forces acting on two staggered circular cylinders have been 

investigated extensively, and there have been many attempts to classify flow patterns 

based on the force results. Hori (1959) was the first to measure the time-averaged 

surface pressure coefficient (Cp) on two staggered circular cylinders. Measurements 

were conducted at the Reynolds number Re = 8 × 103 and the configurations P/d = 1.2, 

2.0, and 3.0, and α = 0o ~ 90o, where P is the distance between the two cylinder centres, 

d is the cylinder diameter or width, and α is the incident angle between the oncoming 

flow direction and the line connecting the cylinder centres. Time-averaged drag (CD) 

and lift (CL) coefficients were calculated based on the CP. Zdravkovich (1977) 

examined Hori’s (1959) data and divided the CD and CL of the two cylinders into three 
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regions, depending on P/d and α: region (1) of negligible CL with reduced CD; region (2) 

of small repulsive (outward-directed or positive) CL with small CD; and region (3) of 

repulsive CL with increased CD. Two more regions were added for the downstream 

cylinder: region (4) of negligible CL with large CD; and region (5) of attractive 

(inward-directed or negative) CL with reduced CD.  

The CP of the downstream cylinder in region (5) was also measured by Suzuki et al. 

(1971) (Re = 2.3 × 105, P/d = 1.1 ~ 3.9 and α = 0o ~ 15o), who found that the CP was 

asymmetric about the axis through the shifted stagnation point and the cylinder centre at 

P/d < 3.0 and α = 10o and 15o, whilst it was roughly symmetric about the axis at P/d > 

3.0. At a high sub-critical Re (= 2.2 ~ 3.3 × 105), P/d = 1.1 ~ 4.0, and α = 0o ~ 90o, Gu 

& Sun (1999) measured the CP on both cylinders, with five distinct CP patterns 

identified: three for the downstream cylinder (IB, IIB, and IIIB) and two for the 

upstream cylinder (IA and IIA), all depending on the Re, P/d, and α. Three different 

flow patterns were proposed to connect to IB, IIB, and IIIB, respectively: (i) the wake 

interference flow pattern to IB, where the downstream cylinder is completely 

submerged in the upstream wake; (ii) the shear layer interference flow pattern for IIB, 

where the downstream cylinder is partially submerged in the upstream wake, and the 

inner shear layer from the upstream cylinder forms a separation bubble along the inner 

surface of the downstream cylinder, thus producing a large negative CL on the 

downstream cylinder; and (iii) the neighbourhood interference flow pattern for IIIB, 

where the inner shear layer from the upstream cylinder never reattaches to the 

downstream cylinder and the interactions of the wakes of both cylinder take place.  
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Recently, a more systematic investigation of the CD and CL on both cylinders was 

performed by Sumner et al. (2005) (Re = 3.2 ~ 7.4 × 104, P/d = 1.125 ~ 4.0, and α = 0o 

~ 90o). In view of the P/d, three groups of configurations were suggested: (i) closely 

spaced configurations (P/d = 1.125, 1.25); (ii) moderately spaced configurations (P/d = 

1.5 ~ 2.5); and (iii) largely spaced configurations (P/d = 3.0, 4.0). Behaviours of the CD 

and CL in each group were discussed in detail. In group (i), the CD and CL on both 

cylinders changed significantly with increasing α; the minimum CD peaks were 

identified at around α = 9o, in connecting with the inner maximum CL on the 

downstream cylinder (Zdravkovich 1977). In group (ii), the CD and CL of the upstream 

cylinder varied slightly with increasing α, but that of the downstream cylinder behaved 

abruptly, particularly at small α (< 30o); the inner maximum CL peak and its 

corresponding minimum CD were also identified at around α = 9o, with their magnitudes 

increased compared with group (i). In group (iii), the CD and CL of the upstream 

cylinder were very similar to that of an isolated single cylinder in the entire α range, 

except at α = 0o and 90o; for the downstream cylinder at a small α (< 30o), the inner 

maximum CL peak was replaced by the outer maximum CL peak at α = 16o, and the 

minimum CD occurred at α = 0o.  

Notwithstanding, the above investigations are limited to time-averaged 

aerodynamic forces. Alam et al. (2005) measured CD, CL, and CP, and their 

corresponding fluctuations CD’, CL’, and CP’ on both cylinders at Re = 5.5 × 104, P/d = 

1.1 ~ 6.0, and through limited α (= 10o, 25o, 45o, 60o, and 75o). Four kinds of bi-stable 

flow structures were observed based on the force results.  
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 Some previous investigations were mainly focused on the tandem (α = 0o) and 

side-by-side (α = 90o) arrangements of two circular cylinders. For the tandem 

arrangement, Zdravkovich & Pridden (1977) measured the CD on the downstream 

cylinder at Re = 2.5 × 104 ~ 1.7 × 105 and 1.0 ≤ L/d ≤ 10.0, where L is the longitudinal 

spacing between the two cylinder centres. A ‘kink’ behaviour observed in the CD-L/d 

curve corresponded to two discontinuous flow patterns around the cylinder pair at a 

critical (L/d)cri = 3.5: (i) the changeover of the upstream-cylinder-generated shear layers 

from overshooting the downstream cylinder to reattaching to the downstream cylinder; 

and (ii) the changeover from shear layer reattachment to the downstream cylinder to 

rolling up the vortices in the gap between the two cylinders. The CD’, CL’ and CP’ on 

both cylinders were measured by Arie et al. (1983) at Re = 1.57 × 104 and 2.0 ≤ L/d ≤ 

10.0. It was found that, at L/d < 7.0, the CD’ and CL’ of the downstream cylinder were 

much larger than that of the upstream cylinder; (L/d)cri = 3.0 ~ 4.0 was also observed. 

The Re effects on aerodynamic forces were studied by Igarashi (1981, 1984) (Re = 1.92 

~ 9.62 × 104). For the side-by-side arrangement, aerodynamic forces on the two circular 

cylinders also revealed prominent flow characteristics. At a transversal spacing of T/d < 

2.2, where the biased flow regime occurs, the CD and CL displayed a bi-stable nature 

(Zdravkovich 1977). At a very small spacing of T/d = 1.13, the CL exhibited a sudden 

change due to two types of discontinuities in the near-wake region (Alam & Zhou 

2007a): one was the switching of the gap flow from one side to the other, and the other 

was the bursting of a separation bubble formed along the inner side of one cylinder.  

 In spite of a close relevance to engineering applications, investigations on 
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aerodynamic forces of two staggered square cylinders are few. Sakamoto & Haniu 

(1988a) measured the CD, CL, CD’, and CL’ on two staggered square cylinders of finite 

length (aspect ratio = 3) (Re = 1.52 × 105), which were submerged in a fully developed 

turbulent boundary layer. Based on the CD’ and CL’, the flow around the two-cylinder 

pair was divided into three regions: (i) the proximity region at 0 < L/d < 2.5 and 0 < T/d 

< 3.5, where two cylinders are close to each other and thus vortex shedding is mostly 

suppressed, producing small CD’ and CL’; (ii) the wake interaction region at L/d > 2.5 

and 0 < T/d < 4.5, where the downstream cylinder is partially or completely submerged 

in the upstream cylinder wake, resulting in large CD’ and CL’ on the downstream 

cylinder; and (iii) the non-interaction region, where only minor interactions exist 

between the two cylinders, with the CD’ and CL’ similar to that of an isolated single 

cylinder.  

Luo & Teng (1990) measured the CP, CD, and CL of the downstream cylinder at Re 

= 5.67 × 104, T/d = 0 ~ 4, and L/d = 1 ~ 29. Two lift-generating mechanisms (i.e. 

channeling effect and vortex street proximity effect) were proposed to explain the 

production of positive or negative lift. Aerodynamic forces (CD, CL, CD’, and CL’) on the 

downstream cylinder were measured by Luo et al. (1999) (Re = 2.52 × 104, L/d = 2.0 ~ 

24 and T/d = 0 ~ 3.5), and iso-contours of these forces were presented in the L/d-T/d 

plane. However, the intervals of L/d were unity at L/d ≤ 6.0 and 4.0 at L/d ≥ 8.0, and 

may thereby cause crucial information loss.  

Niu & Zhu (2006) conducted a numerical simulation on two square cylinders 

arranged at a constant α = 45o (Re = 250, T/d = L/d = 1.25 ~ 4.0) and found that the 
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correlation coefficient between CD and CL on the upstream cylinder was close to unity 

but that of the downstream cylinder exhibited a wavy mode along the spanwise 

direction.   

Other investigations on aerodynamic forces of two staggered square cylinders are 

focused mainly on tandem or side-by-side arrangements. Sakamoto et al. (1987) 

measured the CD, CL, CD’, and CL’ on both cylinders in a tandem arrangement (Re = 

5.52 × 104, 1.5 < L/d < 41) and identified (L/d)cri = 4.0, at which the forces displayed a 

discontinuity of increasing abruptly from a lower value to a higher value. This (L/d)cri = 

4.0 was also identified by Sakamoto & Haniu (1988a) and Luo & Teng (1990) in their 

tandem arrangements. It was found that (L/d)cri was dependent on the free-stream 

turbulence intensity (Sakamoto & Haniu 1988b): the higher the turbulence intensity, the 

smaller the (L/d)cri. A hysteresis loop in the CD-L/d curve was observed by Liu & Chen 

(2002) when changing L/d in two different manners, one being a progressive increase 

and the other being a progressive decrease. The upper and lower L/d bounds of the 

hysteresis loop was highly dependent on Re at the sub-critical range; with the increase 

of Re from 2.0 × 103 to 1.6 × 104, the L/d bounds varied from [3.7, 4.5] to [2.5, 3.4]. For 

the case of two side-by-side square cylinders, Alam & Zhou (2010) investigated 

systematically the variations of forces with T/d (Re = 4.7 × 104, 1.02 < T/d < 6.0) and 

identified four distinct flow regimes in the near-wake region; that is, except for the 

single vortex street regime, the biased gap flow regime, and the coupled vortex street 

regime, as identified in the circular cylinder case (Zdravkovich 1987), a transition 

regime connecting the former two flow regimes was proposed. They also observed that 
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the biased flow regime of the square case covered a larger T/d range (1.3 ~ 3.0) 

compared with that of the circular cylinder case (1.2 ~ 2.2), mainly because of the effect 

of the gap flow passage.   

 It is well known that separation points are non-stationary on a circular cylinder, 

while they are fixed on the sharp corners or edges of a square cylinder. In addition, due 

to the different cross-section geometries, pressure distributions on these two kinds of 

cylinders completely differ from each other (e.g. see figure 12 in Hu et al. 2006). 

Behaviours of aerodynamic forces on two closely arranged circular cylinders have 

exhibited distinct features, for example, the maximum outer and inner CL peaks (at L/d 

≥ 4.0 and T/d ≈ 1.4, and 1.2 ≤ L/d ≤ 3.5 and T/d ≈ 0.2, respectively) and the minimum 

CD peak (at 1.2 ≤ L/d ≤ 3.5 and T/d ≈ 0.2) (Zdravkovich 1977; Sumner et al. 2005). As 

such, it seems reasonable to infer that aerodynamic forces on two staggered square 

cylinders will be distinguished and different from that of the circular cylinder case. To 

prove this assumption (at least partially), the current work aims to investigate 

systematically the aerodynamic forces on two staggered square cylinders and to 

correlate the force behaviours with the wake flow structures. Experimental details are 

given in Section 5.2. Results are presented and discussed in detail in Section 5.3. A 

further discussion is provided in Section 5.4, focusing on the coherence between 

aerodynamic forces and flow structures. The conclusion of this work is presented in 

Section 5.5.  
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5.2 Experimental Details 

Measurements were conducted in a low-speed, closed-circuit wind tunnel, which 

has a 2.4-m-long working section of 0.6 m × 0.6 m. More details on this tunnel can be 

found in Zhou & Yiu (2006). Figure 5.1 shows schematically the experimental setup. 

Two aluminium square tubes, with a side width of d = 19 mm, were used as the testing 

models (square cylinders). The outer corners of the cylinders are slightly rounded 

(radius = 0.5 mm or 0.026d), which effects on fluid forces are negligible (Hu & Zhou 

2009). The wall thickness of the outer cylinder is 3 mm or 0.16d, while that of the 

central one is thinner (i.e. 1.5 mm or 0.079d) in order to improve its natural frequency 

(Bishop & Johnson 1979). With one end fixed and the other connected to a 

 

 
 
Figure 5.1 Experimental setup (not in scale, units in mm) 
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three-component load cell (LSN-B-50NSA1, KYOWA), the central cylinder went 

through a turnable plug-base and spanned horizontally the full width of the tunnel, 

giving an aspect ratio of 31.6. The minimum gap between the central cylinder and the 

plug-base is about 1 mm (Figure 5.1).  

The origin of the coordinate system is located at the centre of the central cylinder, 

which is 0.3 m downstream from the contraction exit plane of the tunnel. The x-, y-, and 

z-axes of the coordinate system are along the streamwise, cross-stream, and spanwise 

directions, respectively. The outer cylinder was supported at both ends by the turnable 

plug-base. This arrangement is similar to that of Sumner et al. (2005), which guaranteed 

the α, the angle between the x-axis, and the line connecting the two cylinder centres, 

can be varied from 0o to 180o. At 0o ≤ α ≤ 90o, the central cylinder is the upstream 

cylinder while the outer cylinder is the downstream cylinder; at 90o ≤ α ≤ 180o, these 

two cylinders change roles. Correspondingly, force measurements on the central 

cylinder were designated to be either the ‘upstream’ cylinder or the ‘downstream’ 

cylinder, depending on whether the α was at [0o, 90o] or at [90o, 180o], respectively. 

During the measurement, the α was varied from 0o to 180o, with a 5o increment, and at 

each α the cylinder centre-to-centre pitch, P* (= P/d), was reduced from 5.0 to a limit at 

which the outer cylinder was very close to but not in contact with the central cylinder. 

The increment of the P* is 0.2, 0.1, or even 0.05, depending on the configuration (i.e. 

one pair of P* and α). It is worth noting that the outer cylinder was always manipulated 

progressively towards the central cylinder at all α during the experiment.  

The oncoming free-stream velocity is U∞ = 10 m/s, at which the turbulence 
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intensity in the working section is less than 0.5% in the absence of the cylinders. The 

U∞ was monitored immediately at the contraction exit by a Pitot-static tube (internal 

diameter = 0.8 mm), which was connected to a micro-manometer (FC0510, Furness). 

The uncertainty of U∞ is within ±1%. The Reynolds number is Re = 1.3 × 104 based on 

d and U∞. The maximum blockage ratio is 6.3% when the two cylinders were placed 

side by side (α = 90o). In this paper, unless noted otherwise, the superscript asterisk 

represents the normalization by d and/or U∞.  

 The load cell employed currently is based on the strain gauge transducer, which is 

characterised by high dynamic response and sensitivity. More information on the load 

cell performance can be found in Alam et al. (2010). With the assumption of uniform 

loading of the oncoming flow on the cylinder, the load cell measured simultaneously 

both drag (along x-axis) and lift (along y-axis) forces, including time-averaged and 

fluctuating components. The sign definition of forces on the square cylinder is 

conventional; that is, drag along the positive x-axis and the outward-directed (or 

repulsive) lift are positive, and drag along the negative x-axis and inward-directed (or 

attractive) lift are negative. A preloading was applied to the load cell by clamping 

tightly both ends of the cylinders on their supports, which were attached to isolated rigid 

frames. The first resonant frequency of the central cylinder is fn = 160 Hz, much higher 

than the dominant vortex shedding frequency in the present experimental conditions (fo 

= 68 Hz), thereby avoiding synchronization in between. However, in the process of data 

reduction, a digital band-stop filtering at [150 Hz, 170 Hz], which was designed based 

on the Equiriple method and the FIRPM function in Matlab (Quinquis 2008), was used 
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to eliminate effects of possible resonance between fn and 2fo on aerodynamic forces. 

Calibration was carried out without flow by loading longitudinally or laterally a dead 

weight (0 ~ 200 g) at the mid-span of the cylinder. A pulley was used to aid the 

longitudinal loading. The relationship between the loading and the output voltage of the 

load cell exhibits perfect linearity and repeatability in both directions. The calibration 

factors for the drag and lift forces are 46.9 N/volt and 41.86 N/volt, respectively. No 

blockage correction was performed. The forces of an isolated single cylinder were also 

measured for benchmark purposes.  

 Instantaneous base pressures of the two cylinders were measured using 

semiconductor pressure transducers (LEEG SMP131) with a range of -3 ~ 3 kPa. A 

pressure tap of 0.7 mm in diameter was drilled at the rear stagnation point of the 

cylinders’ mid-span plane. To avoid interference, a tiny flexible tube with a 0.5-mm 

internal diameter was used to connect the pressure tap and the transducer, which was 

placed outside the tunnel. The output signals of both the load cell and pressure 

transducers were low-pass filtered at 0.9 kHz, amplified by a factor of 20 ~ 40, and then 

sampled at 2 kHz using a 16-channel A/D board (16 bit, PCI-6143 NI). Signal recording 

in each configuration usually lasted for 20 seconds but, at some configurations where 

bi-stable phenomena occur (see Section 5.3), the recording could be as long as 300 

seconds.  
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Table 5.1 Force coefficients of an isolated single cylinder 
 
Investigator(s) Reynolds number Turbulence 

intensity 
Blockage 
ratio 

Aspect 
ratio 

Measurement techniques CDo CDo’ CLo’ Cylinde
r type 

Gerrard (1961) 8 × 103 
2 × 104 

0.3% -- -- Sectional (pressure 
distribution) 

-- -- 
0.02
5 

0.1 
0.3 

circular 

Lee (1975) 1.76 × 105 0.5% 3.6% -- Sectional (pressure 
distribution) 

2.2 0.23 1.2 square 

Reinhold et al. (1977) 1.4 × 106 12% 5.6% 17 Sectional (pressure 
distribution) 

2.19 0.23 1.07 square 

Courchesne & Laneville 
(1982) 

6 × 104 

5 × 104 
< 0.2% 
0.6% 
7.4% 
13.5% 

corrected 22 Full length (22d, load cell) 2.22 
2.19 
1.87 
1.64 

-- 
-- 
-- 
-- 

-- 
-- 
-- 
-- 

square 

Lesage & Gartshore 
(1987) 

6.5 × 104 -- 4.1%  18  Sectional (pressure 
distribution) 

1.19 -- 0.45 circular 

Sakamoto et al (1987) 5.52 × 104 0.19% 9.8% 9.5 Sectional (a length of 1.07d, 
load cell ) 

2.38 0.18 1.23 square 

Knisely (1990) (2.2 ~ 4.4) × 104 0.5% 5% 12 Full length (12d, load cell) 2.05 -- 1.0 square 
Khalak & Williamson 
(1996) 

5.1 × 103 

1.26 × 104 
-- 
-- 

-- 
-- 

-- 
-- 

Full length (10d, force 
balance) 

1.07 
1.22 

-- 
-- 

0.15 
0.29 

circular 
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West & Apelt (1997) 2.15 × 104 0.2% 6% > 10 Sectional (pressure 
distribution) 
Correlation length (15d) 
Correlation length (50d) 

-- 
-- 
-- 

0.12 
0.05 
0.03 

0.48 
0.29 
0.18 

circular 

Igarashi (1997) 3.2 × 104 0.4% 20% 13 Sectional (pressure 
distribution) 

2.27 -- -- square 

Tamura & Miyagi (1999) 3 × 104 0.5% 5% 6 Full length (6d, load cell) 2.1 -- 1.05 square 
Noda & Nakayama 
(2003) 

6.89 × 104 0.2% 4% 10 Sectional (pressure 
distribution) 

2.16
4 

0.21 1.18 square 

Alam et al. (2003) 5.5 × 104 0.5% 4% 6 Sectional (a length of 0.92d, 
load cell) 

1.12 0.14 0.48 circular 

Alam & Zhou (2007b) (2.6 ~ 7) × 103 

(0.8 ~ 1.3) × 104 
< 0.7% 7.5% 13.3 Full length (13d, load cell) 1.1 

1.1 
0.05 
0.05 

0.09 
0.13 

circular 

Alam & Zhou (2008) 2.72 × 104 0.5% 7.1% 14 Full length (14d, load cell) 1.11 0.09 0.16 circular 
Alam & Zhou (2010) 4.7 × 104 0.5% 3.5% 7 Sectional (1.07d, load cell) 2.15 0.27 1.18 square 
Current  1.3 × 104 < 0.5% 3.2% 31.6 Full length (32d, load cell) 2.15 0.21 0.61 square 
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5.3 Results and Discussions 

5.3.1 Force measurement validation 

Results of the isolated single cylinder were used to validate the current 

measurement technique. Table 5.1 is a collection of force coefficients of an isolated 

single cylinder, including experimental conditions (Re, free-stream turbulence intensity, 

blockage and aspect ratios), measurement techniques, and cylinder types. The subscript 

‘o’ in the force coefficients denotes the case of an isolated single cylinder. Results from 

the present measurement are included for comparison. The present CDo value (2.15) is in 

agreement with Lee’s (1975) CDo value (2.2), Reinhold et al.’s (1977) CDo value (2.19), 

Tamura & Miyagi’s (1999) CDo value (2.1), Noda & Nakayama’s (2003) CDo value 

(2.16), and Alam & Zhou’s (2010) CDo value (2.15), with a departure of no more than 

2.3%. The CDo’ from the present measurement (i.e. 0.21) is also very close to others’ 

measurements (Lee 1975; Reinhold et al. 1977; Noda & Nakayama 2003; Alam & Zhou 

2010). Nevertheless, it is known that, for both circular and square cylinders, 

aerodynamic forces acting on the cylinder are highly dependent on experimental 

conditions and measurement techniques (Surry 1972; Laneville et al. 1975); scattering 

in the data is not unexpected.   

 The present blockage ratio is 3.2% for one single cylinder and 6.4% for two 

cylinders when they are arranged side-by-side. Farell et al.’s (1977) and West & Apelt’s 

(1982) studies suggested that the effect of the blockage ratio on the CD, if less than 6%, 

could essentially be ignored. When the blockage ratio was greater than 6% but less than 
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7.5%, its effect on the CD would be very small (West & Apelt 1982). As such, the 

maximum blockage ratio at present (6.4%) is expected to have a negligibly minor effect 

on the CD. On the other hand, the aspect ratio largely influences the fluctuating forces 

(CD’ and CL’). For the case of circular cylinders, the CDo’ and CLo’ are in the range of 

0.05 ~ 0.09 and 0.09 ~ 0.29, respectively, when measurements were carried out on a full 

length of 10d (Khalak & Williamson 1996), 13d (Alam & Zhou 2007b), and 14d (Alam 

& Zhou 2008). The ‘long’ cylinder conditions may not be reached until the aspect ratio 

is greater than 10, as suggested by West & Apelt (1993). The aspect ratio is 32d at 

present, appreciably larger than that of Tamura & Miyagi (1999) at 6d, and hence this 

may contribute to the large discrepancy between the present CL’ value (0.61) and 

Tamura & Miyagi’s (1999) CL’ value (1.05).   

 Two kinds of techniques are usually employed in force measurements. One is 

integrating pressure distributions around a section of the cylinder, and the other is 

measuring forces on the full length of the cylinder via a load cell or a force balance 

mounted at one end. Forces obtained from the former method are larger than that from 

the latter, irrespective of the cylinder type. This is mainly ascribed to the fact that the 

velocity distribution of the oncoming flow is deflected near the ends of the cylinder due 

to the influence of the boundary layer of the tunnel wall. The current investigation is 

based on the full-length measurement. The present CDo value (2.15), as well as 

Knisely’s (1990) CDo value (2.05), are smaller than Sakamoto et al.’s (1987) CDo value 

(2.38) and Igarashi’s (1997) CDo value (2.27), both of which are from sectional 

measurements. The fluctuating forces are also highly sensitive to measurement 
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techniques. As revealed by West & Apelt’s (1997) data at Re = 2.15 × 104, the CDo’ and 

CLo’ of a circular cylinder were 0.12 and 0.48, respectively, when measured sectionally, 

but diminished to 0.03 and 0.18, respectively, when measured on a 50d correlation 

length.  

 Moreover, as shown in Figure 5.2, results from the side-by-side arrangement (α = 

90o), with a comparison to Alam & Zhou’s (2010) data, are adopted to support the 

present measurement. Attached to the abscissa of Figure 5.2 are the flow regimes 

classified by Alam & Zhou (2010) (i.e. the single-body regime A at 1.0 < P* < 1.3, the 

two-frequency regime B at 1.3 < P* < 2.2, the transition regime C at 2.2 < P* < 3.0, the 

anti-phase-dominant vortex shedding regime D1 at 3.0 < P* < 4.6, and the 

anti-phase-in-phase-mixed vortex shedding regime D2 at P* > 4.6). A narrow wake and a 

wide wake take place in flow regimes B & C (i.e. at 1.3 < P* < 3.0), and these two 

wakes switch randomly (Alam & Zhou 2010). Correspondingly, aerodynamic forces 

acting on the two cylinders display distinct behaviours. Using a conditional sampling 

technique (Alam et al. 2003a), Alam & Zhou (2010) divided the forces into two modes 

(i.e. narrow-wake mode and wide-wake mode). In the present investigation, forces 

measured in the side-by-side arrangement are not divided into the narrow- and 

wide-wake modes, but measurements were repeated twice.  

As can be seen, at P* > 3.0, where the non-biased flow regime (D1 & D2) occurs, 

the present CD and CL are in agreement with Alam & Zhou’s (2010) results. However, at 

P* < 3.0, there is much difference between the CD (or CL) of the narrow-wake mode and 

that of the wide-wake mode; the former is larger than the latter except at a very small 
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spacing (P* ≤ 1.02). Due to the random changeover between the narrow-wake mode and 

the wide-wake mode at P* < 3.0, the difference between the present results of CD (or CL) 

is inevitable. For the fluctuating results, the discrepancy between the two different wake 

modes is not very large and occurs only at the transition regime C (i.e. at 2.2 < P* < 3.0) 

(Alam & Zhou 2010). The present CD’ and CL’ are, in general, consistent with that of 

Alam & Zhou (2010); smaller magnitudes of the present results are mainly ascribed to 

 

 
 
Figure 5.2 Forces on the cylinder in the side-by-side arrangement (α = 90o): (a) 
time-averaged drag, CD; (b) fluctuating drag, CD’; (c) time-averaged lift, CL; and (d) 
fluctuating lift, CL’. The dot line is for single cylinder. A: single-body regime; B: 
two-frequency regime; C: transition regime; D1: antiphase-dominant vortex shedding 
regime; and D2: antiphase-inphase-mixed vortex shedding regime. 
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the measurement technique based on the full length of the cylinder.  

 The above comparison between the current data and others’ data provides a 

validation for the present measurement. 

5.3.2 Overview of the force results 

In general, based on the dependence of aerodynamic forces on both α and P*, the 

behaviour of the two-cylinder pair can be grouped as follows: (i) configurations at small 

incident angles (0o ≤ α ≤ 25o); (ii) configurations at moderate incident angles (25o < α ≤ 

55o); and (iii) configurations at large incident angles (55o < α < 90o). Variations of force 

coefficients (CD, CL, CD’, and CL’) with the P* show similar behaviours in each group 

and display a great deal of distinction among the different groups. The borders of the 

groups are progressively transitional. The side-by-side arrangement (α = 90o), not 

included in the current classifications, has been investigated systematically recently by 

Alam & Zhou (2010). Four flow regimes were proposed and the CD, CL, CD’, and CL’ 

display distinct features in the different flow regimes (Figure 5.2). For example, a 

comparatively large CD was measured at P* = 1.02 (α = 90o) in the single-body regime, 

and an attractive lift force (CL < 0) occurred in the two-frequency regime with the 

maximum value detected at P* = 1.5 (α = 90o). For two staggered circular cylinders, 

Sumner et al. (2005) categorized time-averaged forces into three groups based on the P*, 

instead of on the α: (i) closely spaced configurations at P* ≤ 1.25; (2) moderately 

spaced configurations at 1.5 ≤ P* ≤ 2.5; and (3) widely spaced configurations at P* ≥ 3.0. 

We did not attempt to do the classification based on the P* because the present 

resolution in the α is 5o, and some important information may be lost when the results 
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are presented in terms of variations with the α. 

5.3.3 Configuration at small incident angles 

At small incident angles (i.e. 0o ≤ α ≤ 25o), the wake of the two-cylinder pair is 

largely characterized by a single Karman vortex street, referred to as flow mode S-I 

(Chap. 4). The downstream cylinder is either completely or partially submerged in the 

upstream cylinder wake. At small α < 15o and P* [< (P*)cri ≈ 3.7 ~ 4.2], shear layers 

separating from the upstream cylinder wrap around and enclose the downstream 

cylinder, with a quasi-steady zone formed in the interstitial gap of the cylinders 

(Sakamoto et al. 1987; Kim et al. 2008). In this configuration, the downstream cylinder 

seems to play the role of splitter plate, extending the after-body length of the upstream 

cylinder (Bearman & Trueman 1971). This scenario was categorized as flow mode S-Ia 

in Chap. 4. By further increasing the P*, shear layers from the upstream cylinder no 

longer overshoot the downstream cylinder but reattach to the downstream cylinder at P* 

= (P*)cri or roll up to form vortices in the gap at P* > (P*)cri (flow mode S-Ib). For the 

reattachment case [at P* = (P*)cri], only the downstream cylinder sheds weak vortices. In 

the case of two tandem circular cylinders, Zhou & Yiu (2006) found that reattachment 

postponed flow separation from the downstream cylinder, compared with an isolated 

cylinder wake, thus resulting in weakened vortices. For the co-shedding case [at P* > 

(P*)cri], the downstream cylinder is totally submerged in the turbulent wake of the 

upstream cylinder, again resulting in weakened vortices (Chap. 4; Hu & Zhou 2008). 

Vortex impingement (VI) flow pattern occurs in the co-shedding case. The VI flow 

pattern was identified by Sumner et al. (2000) at α = 0o ~ 20o and P* = 3.0 ~ 5.0 in the 
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circular cylinder case. Induced vorticity was observed on the inner side of the 

downstream cylinder in their PIV measurement. The changeover of flow structures from 

overshooting to co-shedding has a significant impact on the aerodynamic forces on the 

two cylinders (Sakamoto et al. 1987; Liu & Chen 2002; Sumner et al. 2005). At 15o < α 

≤ 25o and small P* [< (P*)cri], the inner shear layer of the upstream cylinder reattaches to 

the front side of the downstream cylinder (Figure 4.9d of Chap. 4), corresponding to the 

shear layer reattachment (SLR) flow pattern identified by Sumner et al. (2000) at P* = 

1.125 ~ 4.0 and α = 0o ~ 20o in the circular cylinder case. With further increasing the P* 

[> (P*)cri], the inner shear layer of the upstream cylinder roll up to form vortices, which 

induce vortices from the inner side of the downstream cylinder (mode T-IIb, Chap. 4). 

5.3.3.1 Base pressures and bi-stability 

The base pressures of the two cylinders were measured simultaneously. 

Time-averaged base pressure (CPb) coefficients at small incident angles (0o ≤ α ≤ 25o) 

are presented in Figure 5.3. The dotted line is for an isolated single cylinder. Flow 

modes identified in Chap. 4 in these configurations are attached to the figure to aid data 

interpretation. At each α, the CPb of both cylinders varies similarly with the P*. Sudden 

drops of CPb was observed at (P*)cri = 3.7 ~ 4.2 with increasing P*, particularly at α ≤ 

15o (Figure 5.3a-d), which is due to the abrupt change of flow structures from modes 

S-Ia to S-Ib (Chap. 4). The (P*)cri at α = 10o and 15o is larger than that at α ≤ 5o. At a 

larger α (= 20o and 25o, see Figure 3e & f), the CPb also decreases suddenly at P* ≈ 

(P*)cri, reflecting the transition from mode S-IIa to mode T-IIb (Chap. 4). As can be seen, 

at α ≤ 5o and P* < (P*)cri, the CPb of the upstream cylinder is lower than that of the 
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downstream cylinder, indicating a negative drag force acting on the downstream 

cylinder. At α = 10o ~ 15o and P* < (P*)cri, the CPb of both cylinders entangle, and the 

discrepancy between the two CPbs is small. A rapid increase in the CPb of the upstream 

cylinder was observed at α = 15o and P* < 1.5. At α = 20o and P* < 3.0 (Figure 5.3e), 

and α = 25o and P* < 2.0 (Figure 5.3f), the CPb of both cylinders mostly overlap, but, at 

α = 20o and 3.0 < P* < 4.0, and α = 25o and 2.0 < P* < 3.5, they exhibit relatively large 

deviations, with the CPb of the upstream cylinder higher than that of the downstream 

cylinder. The large deviations between the CPbs of the two cylinders are resultant from 

 

 
 
Figure 5.3 Time-averaged base-pressure coefficient (CPb) of the upstream (○) and 
downstream (∇) cylinders at the small incident angles: (a) α = 0o, (b) 5o, (c) 10o, (d) 
15o, (e) 20o, and (f) 25o. The dot line is for single cylinder. 
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the reattachment of the inner shear layer of the upstream cylinder to the downstream 

cylinder (Chap. 4). At P* > (P*)cri, the CPb of the downstream cylinder increases slowly 

at α < 15o but remains unvaried at 15o ≤ α ≤ 25o, while that of the upstream cylinder 

decreases gradually and becomes lower than the former with increasing P*.   

 Bi-stable phenomena were observed at P* = (P*)cri and α ≤ 15o, where abrupt 

changes of the CPb occur (Figure 5.3a-d). As an example, Figure 5.4 presents the time 

histories of the instantaneous base pressure ( i
bPC ) coefficient of both cylinders at P* = 

4.05 and α = 15o, signalling the occurrence of two flow modes (i.e. S-Ia and S-Ib). 

Mode S-Ia corresponds to a higher CPb and mode S-Ib corresponds to a lower CPb. As 

indicated by large differences of the CPb of both cylinders in the two distinct modes, this 

bi-stable phenomenon may have a significant impact on the aerodynamic forces of both 

cylinders. Indeed, in the tandem arrangement, abrupt changes of force, including 

time-averaged and fluctuating components, on both cylinders at P* = (P*)cri have been 

observed by Sakamoto et al. (1987) and Liu & Chen (2002), and for two tandem 

circular cylinders by Alam et al. (2003b). For two staggered circular cylinders, Alam et 

al. (2005) identified a bi-stable flow region at P* = 3.1 ~ 3.4 and α = 10o, where 

aerodynamic forces (CD, CL, CD’, and CL’) of both cylinders increased from small to 

large values. Two kinds of distinct flow structures were visualized using hydrogen 

bubbles at P* = 3.5 and α = 10o, and Re = 350: (i) the inner shear layer of the upstream 

cylinder reattached to the downstream cylinder and no vortices shed from the upstream 

cylinder; and (ii) a vortex street developed fully behind the upstream cylinder and thus 

both cylinders shed vortices. At the same α but a smaller P* (i.e. P* = 1.1 ~ 2.3), another 
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bi-stable flow region was identified by Alam et al. (2005) and it was attributed to the 

formation and the subsequent bursting of a separation bubble along the inner surface of 

the downstream cylinder. This bi-stable region was not detected at present (Figure 5.3), 

mainly because the square cross-section inhibits the formation of a separation bubble 

along the inner surface of the downstream cylinder. In addition, separations always 

occur at the sharp corners of a square cylinder. 

5.3.3.2 Forces on the upstream cylinder 

Figure 5.5 presents variations of the P* of force coefficients of the upstream 

cylinder at small incident angles (0o ≤ α ≤ 25o). In general, both the CD and the CD’ are 

less than the CDo and the CDo’ of an isolated single cylinder, respectively (Figure 5a & b). 

 

 

 

Figure 5.4 Time-history of base-pressure coefficient ( i
bCp ) of (a) the upstream and 

(b) downstream cylinders at P* = 4.05 and α = 15o. 
 
 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

224 
 

This is because the appearance of the downstream cylinder elongates the formation 

length of the vortices from the upstream cylinder (e.g. Ljunkrona & Sunden 1993), and 

thus its base pressure increases (i.e. the CPb becomes less negative compared with that 

of an isolated single cylinder; see Figure 5.3). With increasing P*, ‘step-like’ increases 

in the CD (Figure 5.5a), the CD’ (Figure 5.5b), and the CL’ (Figure 5.5d) can be observed 

at (P*)cri = 3.7 ~ 4.2 and α ≤ 15o, corresponding to the abrupt decreases in the CPb in 

Figure 5.3a-d. At α = 20o and 25o, the CD, CD’, and CL’ increase rapidly in the (P*)cri 

range. The sudden change at P* ≈ (P*)cri was not observed in the CL (Figure 5.5c), 

indicating that the change of flow modes from S-Ia/S-IIa to S-Ib/T-IIb does not cause a 

sudden change of time-averaged pressure distributions on the inner and outer sides of 

the upstream cylinder. At α = 0o, the CL is zero and thus is not included. The abrupt 

change of aerodynamic forces acting on the upstream cylinder at a small incident angle 

(α ≤ 15o) is resultant from the sudden change of flow structures around the two-cylinder 

pair. At P* < (P*)cri, flow mode S-Ia occurred, while at P* > (P*)cri, flow mode S-Ib 

occurred (Chap. 4).  

Though characterised by one Karman vortex street in the wake, the flow structures 

in these two modes are distinct; that is, with an increasing P*, shear layers separating 

from the upstream cylinder change from overshooting the downstream cylinder (mode 

S-Ia) to rolling up to form vortices in the interstitial gap of the two cylinders (mode 

S-Ib). The changeover usually took place at a (P*)cri range (Sakamoto & Haniu 1988b; 

Liu & Chen 2002). The base pressure of the upstream cylinder in mode S-Ia is higher 

than in mode S-Ib (Figure 5.3), and therefore the upstream cylinder suffers from a larger 



Chapter 5 Aerodynamic Forces of Two Staggered Square Cylinders 

225 
 

CD at P* > (P*)cri than at P* < (P*)cri. The abrupt increases in the CD’ and CL’ at P* = 

(P*)cri are also ascribed to the switchover from the overshooting to the co-shedding of 

the flow structures. In Figure 5.5d, the CL’ increases to values higher than the CLo’ at P* 

= (P*)cri and α ≤ 20o, and then plunges into the CLo’ with further increasing the P*. This 

is a result of the synchronization of vortices shedding from both cylinders (Sakamoto et 

al. 1987; Alam & Zhou 2007c). In the tandem arrangement, a 360o-phase relationship 

between the vortices shedding from the upstream cylinder and that from the 

downstream cylinder were identified by Sakamoto et al. (1987) at P* = (P*)cri, and this 

 

 
 
Figure 5.5 Forces on the upstream cylinder at small incident angles (0o ≤ α ≤ 25o): 
(a) CD; (b) CD’; (c) CL; and (d) CL’. The dot line is for the single cylinder. 
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in-phased vortex shedding from both cylinders drastically amplified their lift 

fluctuations. The CL’ at α = 25o remains lower than the CLo’, even though it exhibited a 

rapid increase at P* = (P*)cri, possibly because of the disappearance of the vortex 

shedding synchronization.   

As can be seen in Figure 5.5a, the CD at larger α (= 15o ~ 25o) is much lower than 

that at a smaller α (= 0o ~ 10o) at P* < (P*)cri. A large deviation from the CL of α = 15o ~ 

25o to that of α = 0o ~ 10o is also evident in Figure 5.5c. This may be ascribed to the 

reattachment of the inner shear layer from the upstream cylinder to the downstream 

cylinder at larger α, which may lead to (i) an increase in the base pressure of the 

upstream cylinder, resulting in a low CD, and (ii) a modification of the symmetric 

distributions of surface pressures on the inner and outer sides of the upstream cylinder, 

producing an inward-directed lift force (i.e. negative CL). At P* > (P*)cri, where both 

cylinders shed vortices and flow modes S-Ib and T-IIb took place (Chap. 4), the CD 

decreases at α ≤ 15o but recovers at α > 15o with increasing α, resulting in the lowest 

CD at α = 15o. It was also observed that the borders of modes S-Ib and T-IIb were 

located at α = 15o ~ 20o and P* ≈ (P*)cri. In other words, the flow patterns change from 

VI to SVS as they cross the border at α = 15o ~ 20o and P* ≈ (P*)cri.  

 At α ≥ 15o and P* < 2.0, both the CD and the CL display a great dependence on the 

P* and α (Figure 5.5a-c). With increasing α, the CD decreases and the CL increases (i.e. 

became more negative). The minimum CD and its corresponding maximum CL were 

observed at α = 25o and P* ≈ 1.4. Noticeably, the CL of α = 25o begins to decrease at P* 

= 1.2, reaching the maximum value (-1.4) at P* ≈ 1.4, and then decreases rapidly at 1.4 
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< P* < 2.0 and gradually approaches zero at P* > 2.0. The large deviation of the 

maximum CL at α = 25o from others at α ≤ 20o suggests asymmetrically distributed 

pressures on the inner and outer sides of the upstream cylinder and, at α = 25o, the 

asymmetry is at its largest. Both the CD’ and the CL’ display peaks at P* ≈ 1.4 and α = 

25o (Figure 5.5b-d). For two staggered circular cylinders, the negative CL of the 

upstream cylinder was observed at P* ≤ 1.5 and α < 30o, with the maximum CL value 

(-1.0) and its corresponding minimum CD identified at P* = 1.25 and α = 22o (Sumner et 

al. 2005). Alam et al. (2005) detected the maximum CL value (-1.03) and its 

corresponding minimum CD of the upstream cylinder at P* = 1.3 and α = 25o in the 

circular cylinder case. The maximum CL was largely attributed to the large circulation of 

the gap flow around the inner and rear surface of the upstream cylinder. Around the 

peak location (i.e. at P* = 1.3 ~ 1.5 and α = 25o), a bi-stable phenomenon was observed, 

resultant from the formation and the subsequent bursting of a separation bubble on the 

inner surface of the upstream cylinder (Alam et al. 2005).    

At P* < (P*)cri and α ≤ 15o, both the CD’ and the CL’ change little with increasing P*, 

as shown in Figure 5.5b-d. The CD’ is close to 0.08 and the CL’ is slightly higher than 

zero. However, at 2.5 < P* < (P*)cri, the CD’ and the CL’ of α = 20o ~ 25o deviate from 

the others, which may be ascribed to the transition from flow modes S-Ia to S-IIa at 

these configurations (Chap. 4). In mode S-IIa, the upstream cylinder generates a narrow 

wake of high-frequency vortex shedding, which may be responsible for the higher 

fluctuating forces. An isolated peak in the CD’ is remarkable at P* ≈ 2.8 and α = 25o. 

This is mainly ascribed to the very strong vortex shedding from the upstream cylinder at 
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this configuration. Chap. 4 found that, at P* = 3.0 and α = 25o, vortices shedding from 

the two cylinders were locked in, and as high as the fourth resonance of the vortex 

shedding frequency was excited in the upstream cylinder wake (see their Figure 6d). At 

a larger α, this frequency overlapping disappeared and higher-frequency vortex 

shedding from the upstream cylinder was detected (Figure 4.4d in Chap. 4). 

5.3.3.3 Forces on the downstream cylinder 

Aerodynamic forces acting on the downstream cylinder at small incident angles (0o 

≤ α ≤ 25o) are presented in Figure 5.6. Variations of the CD, CL, CD’, and CL’ with the P* 

are much more progressive compared with that of the upstream cylinder (Figure 5.5). 

Abrupt changes in the CD, CD’, and CL’ were observed at a critical spacing of the (P*)cri. 

However, the (P*)cri in Figure 5.6 is not equal to that in Figure 5.5, which may be 

ascribed to the separate measurements of the forces on the two cylinders (Liu & Chen 

2002). The simultaneously measured base pressures of both cylinders exhibit sudden 

changes at the same (P*)cri, as presented in Figures 5.3 and 5.4. Similar to the CL of the 

upstream cylinder (Figure 5.5c), that of the downstream cylinder in Figure 5.6c exhibits 

no sudden change in the entire P* range. The CD (Figure 5.6a), less than the CDo in the 

entire P* range examined, increases gradually with increasing P* and α. A negative CD 

was observed at P* < 3.0 and α = 0o ~ 5o, and at P* < 1.5 and α = 10o ~ 15o, indicating 

that the downstream cylinder suffered from a thrust force (i.e. opposite to the drag 

force), which may be ascribed to the quasi-steady zone of low pressure in the interstitial 

gap of the two cylinders at the tandem arrangement and its close proximity to this zone 

(e.g. Sakamoto & Haniu 1988). At α = 10o ~ 15o, the CD becomes positive and increased 
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gradually with increasing P*. The CD of α = 20o ~ 25o increases quickly at P* < 3.0 and 

then remains almost unvaried with further increasing P*. The rapid increase of the CD at 

α = 20o ~ 25o suggests that the downstream cylinder is partially submerged in the 

upstream cylinder wake. In other words, the inner shear layer from the upstream 

cylinder touches the downstream cylinder, and the downstream cylinder generates its 

own wake. At P* > 3.0 and α = 20o ~ 25o, the two-cylinder pair is in either flow mode 

S-IIa [P* < (P*)cri] or flow mode T-IIb [P* > (P*)cri], where the gap flow forms and the 

downstream cylinder produces a wide wake of low-frequency vortex shedding (Chap. 

 

 
 
Figure 5.6 Forces on the downstream cylinder at small incident angles (0o ≤ α ≤ 25o): 
(a) CD; (b) CD’; (c) CL; and (d) CL’. The dot line is for the single cylinder. 
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4).   

 The CL of the downstream cylinder displays great variations in the α in the entire P* 

range (Figure 5.6c). Negative CL was observed at α = 5o, and at α = 10o and P* < 4.0, 

meaning the downstream cylinder at these configurations was attracted to the centreline 

(y* = 0). As discussed by Sakamoto & Haniu (1988a), the generation of negative CL at a 

small α (≤ 10o) is largely attributed to the reattachment of the inner shear layer from the 

upstream cylinder to the outer side of the downstream cylinder. Relative to the negative 

pressure on the inner side, the reattached shear layer decreases the negative pressure on 

the outer side, thus resulting in an inward-directed lift force (i.e. negative CL). Sakamoto 

& Haniu’s (1988a) proposition may apply to the configuration at a large P* [≥ (P*)cri] 

(see their figure 15a). At a small P* [< (P*)cri], the negative CL may be ascribed to the 

counter-clockwise circulation around the downstream cylinder because the rolling up of 

the inner shear layer from the upstream cylinder was weakened by the downstream 

cylinder.  

At P* < 3.0, the CL changes from negative to positive with increasing α (≤ 20o). The 

appearance of a positive CL at α = 15o ~ 20o can be explained by the collision of the 

inner shear layer from the upstream cylinder with the front side of the downstream 

cylinder (Sakamoto & Haniu 1988a). In this scenario, the shear layer separating from 

the upper leading edge of the downstream cylinder is greatly accelerated by the 

free-stream flow and forms a strong circulation around the outer side. Consequently, the 

surface pressure on the outer side becomes more negative compared with that on the 

inner side, generating an outward-directed lift force (i.e. positive CL). This scenario is 
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valid for the configurations of α = 15o ~ 20o and P* > 3.0, and of α = 25o and P* < 2.2. 

There is no gap flow between the two cylinders. A positive CL peak was observed at P* 

≈ 1.4 and α =25o, echoing the negative CL peak of the upstream cylinder at the same 

configuration (Figure 5.5c). At P* > 3.0, the CL of α = 25o becomes negative, mainly 

resultant from the generation of a gap flow (Sakamoto & Haniu 1988, figure 15c), 

which displaces the upstream cylinder wake and lowers the negative pressure on the 

inner side of the downstream cylinder.   

 The CD’ of the downstream cylinder is around the CDo’ at P* < (P*)cri, except that of 

α = 0o, but increases rapidly, becoming greater than CDo’ at P* ≥ (P*)cri (Figure 5.6b). 

This is different from that of the upstream cylinder because the upstream cylinder is 

enclosed by the quasi-steady fluid and the downstream cylinder base is exposed to the 

alternating vortices in the wake. Similarly, as illustrated in Figure 5.6d, the CL’ is lower 

than the CLo’ and displays less variations at P* < (P*)cri, but increases rapidly at P* ≥ 

(P*)cri. The CL’ of α = 20o ~ 25o is even greater than the CLo’ at P* ≥ (P*)cri.  

5.3.4 Configuration at moderate incident angles 

At moderate incident angles (i.e. 30o ≤ α ≤ 55o), the downstream cylinder is no 

longer submerged either completely or partially in the upstream cylinder wake. Instead, 

depending on the configurations, three scenarios take place. (i) At 30o ≤ α ≤ 45o and P* 

≤ 2.5, flow mode S-Ia occurs and the two-cylinder pair shed vortices from the 

free-stream sides. A base-bleed flow, which is deflected to and coalesces with the 

upstream shear layer, forms in the gap of the two cylinders (see Figure 4.9c of Chap. 4, 

for instance). (ii) Further increasing α (≤ 55o) and P* (< 3.5) leads to the transition from 
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flow mode S-Ia to flow mode S-IIa. At some configurations, the transition is rather 

abrupt, which is reflected by the behaviours of the aerodynamic forces acting on the 

cylinders, as discussed in next sub-section. In flow mode S-IIa, both cylinders generates 

vortices, with the shedding frequency of the upstream cylinder much higher than that of 

the downstream cylinder, producing two vortex streets of distinct width and strength 

(Chap. 4). A gap-flow is formed and biased to the narrow wake of the upstream cylinder. 

Vigorous interactions among vortices take place at x* ≤ 7, resulting in a single vortex 

street at x* > 7. Typical flow patterns, such as vortex pairing and enveloping (VPE), and 

vortex pairing, splitting, and enveloping (VPSE) were observed in the near-wake region 

(see Figure 4.13a & b of Chap. 4). (iii) At P* ≥ 3.5, the two cylinders generates 

individual vortex streets, with shedding frequencies either slightly different (flow mode 

T-I) or exactly the same (flow mode T-IIb). The transitions from flow mode S-IIa to 

flow mode T-I, and from flow mode T-I to flow mode T-IIb, are progressive (Chap. 4).  

5.3.4.1 Base pressures and bi-stability 

Variations of the CPb with the P* at moderate incident angles (30o ≤ α ≤ 55o) are 

presented in Figure 5.7. The CPb of both cylinders display a strong dependence on the P*; 

great variations were observed, particularly for the CPb of the upstream cylinder at a 

small P* (< 3.0). With increasing α, the CPb of the upstream cylinder decrease at P* < 

3.0, lower than that of an isolated single cylinder at some configurations, while the CPb 

of the downstream cylinder displays a similar dependence on the P* at these moderate 

incident angles. This may suggest that aerodynamic forces acting on the upstream 

cylinder are more vulnerably affected by the configurations compared with that on the 
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downstream cylinder. The two CPb approach each other at large P*.  

Flow modes S-Ia and S-IIa take place at a smaller P* (< 3.0), while S-IIa, T-I, and 

T-IIb all take place at larger P* (> 3.0), depending on the α (Chap. 4). At α = 30o, the 

CPb of both cylinders vary similarly with increasing P* (Figure 5.7a), where they exhibit 

great variations at P* < 2.0, remain almost unvaried at 2.0 < P* < 3.0, and then, finally, 

plunge into a constant at P* > 3.0. With increasing P* (< 2.0), the two CPb first decrease 

and then increase, which is resultant from the inner shear layer of the upstream cylinder 

changing from overshooting the downstream cylinder to reattaching to the downstream 

 

 
 
Figure 5.7 CPb of the upstream (○) and downstream (∇) cylinders at the mediate 
incident angles: (a) α = 30o, (b) 35o, (c) 40o, (d) 45o, (e) 50o, and (f) 55o. The dot line 
is for single cylinder. 
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cylinder, thus generating a base-bleed flow pattern between the two cylinders. The 

base-bleed flow improves the CPb of both cylinders. The reattachment of the inner shear 

layer from the upstream cylinder occurs on the front side of the downstream cylinder at 

2.0 < P* < 3.0 and α = 30o, where the flow mode S-Ia occurs. Beyond P* = 3.0, the 

upstream cylinder generates its own wake and flow mode S-Ia changes to flow mode 

S-IIa and further to T-IIb, with the CPb of both cylinders decreased. At large α (≥ 35o), 

the CPb of the upstream cylinder deviates largely from that of the downstream cylinder, 

which is mainly due to the formation of a gap flow between the two cylinders. The gap 

flow plays a significant role on the shear layer behaviours of the two cylinders (Chap. 

4). 

 At α = 40o ~ 45o, and P* = 1.7 ~ 2.2, where the border between flow modes S-Ia 

and S-IIa resides, abrupt changes in the CPb were observed (Figure 5.7c & d), 

suggesting a switchover of flow structures at these configurations. Figure 5.8 presents 

the time histories of the i
PbC  of both cylinders at α = 40o and P* = 1.9 (Figure 5.8a & 

b), and at α = 40o and P* = 2.15 (Figure 5.8c & d). Bi-stable phenomena were observed 

in these signals. For example, at the smaller P* (= 1.9), the CPb of the downstream 

cylinder displays a large drop at t = 6 ~ 10s (Figure 5.8a & b), while at the larger P* (= 

2.15), the CPb of the upstream cylinder displays a large drop at t = 8 ~ 20s, 27 ~ 30s, and 

83 ~ 94s (Figure 5.8c & d). This behaviour of bi-stability differs from that at the 

configurations of a small α (Figure 5.4). In Figure 5.4, the i
PbC  signals of both 

cylinders exhibit sudden changes at the occurrence of a bi-stable phenomenon. By 

contrast, remarkable changes were observed only in one i
PbC  signal of the cylinders at 
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the configurations of moderate incident angles (Figure 5.8). Note that flow mode S-Ia 

transits to flow mode S-IIa at α = 40o ~ 45o and P* ≈ 2.0, meaning a gap flow formed at 

these configurations, which plays a significant role on the bi-stable phenomenon as well 

as aerodynamic forces. 

 
 

Figure 5.8 Time-history of i
bCp  of (a, c) the upstream and (b, d) downstream 

cylinders at (a, b) P* = 1.9 and α = 40o, and (c, d) P* = 2.15 and α = 40o. 
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5.3.4.2 Forces on the upstream cylinder 

Figure 5.9 presents the aerodynamic forces acting on the upstream cylinder at 

moderate incident angles (30o ≤ α ≤ 55o). As can be seen, both time-averaged (CD and 

CL, see Figure 5.9a & c) and fluctuating (CD’ and CL’, see Figure 5.9b & d) forces 

display similar behaviours when the two cylinders were placed at a large spacing (i.e. at 

P* > 3.0), where flow modes T-I or T-IIb occur (Chap. 4). Progressive ascending at 3.0 < 

P* < 4.2 and then a levelling off at P* > 4.2 was observed for the CD, CD’, and CL’. They 

all remain lower than that of an isolated single cylinder, indicating the existence of 

interferences between the two cylinders. Otherwise, the CL remains almost a constant 

value close to zero at P* > 3.0 (Figure 5.9c), implying the symmetry of the upstream 

cylinder wake about the cylinder centreline.  

By contrast, aerodynamic forces on the upstream cylinder exhibit great variations 

with respect to both the α and the P* when the two cylinders were placed at a small 

spacing (i.e. at P* < 3.0), where flow modes S-Ia or S-IIa takes place. As illustrated in 

Figure 5.9a, the CD generally increases with increasing α, and peaks for each α were 

observed at P* ≈ 1.4 ~ 1.5. For α = 55o, a second CD peak appears at P* = 2.4. Note that 

the CD peak of α = 45o overtakes the CDo, but others are lower than the CDo. This 

observation is consistent with the change of flow structures because the transition 

between flow modes S-Ia and S-IIa takes place at α ≈ 45o (Chap. 4). At α = 45o and P* 

= 1.5, the two cylinders exhibit the narrowest spacing (about 0.1d), generating a very 

weak base-bleed flow pattern, and thereby both cylinders suffer from large CD. At 1.8 ≤ 

P* ≤ 3.0, minimum CD valleys for each α were observed as well. With increasing α, the 
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minimum CD increases and its location moves from a smaller P* to a larger P*. For 

example, the minimum CD of α = 30o is 1.45 and is located at P* = 1.8, and that of α = 

45o is 1.55 and is located at P* = 2.7. The minimum CD of α = 30o at P* = 1.8 is even 

larger than that of α = 25o at P* = 1.4 (Figure 5.3a), leaving the latter to be the minimum 

CD undertaken by the upstream cylinder at α ≤ 55o. 

At P* < 3.0, the CL of the upstream cylinder changes from negative to positive with 

increasing α (Figure 5.9c). The CL of α = 30o behaves like that of α = 25o (Figure 5.3c); 

it is negative in the entire P* range with a maximum negative CL peak lower than that of 

 

 
 
Figure 5.9 Forces on the upstream cylinder at moderate incident angles (30o ≤ α ≤ 
55o): (a) CD; (b) CD’; (c) CL; and (d) CL’. The dot line is for the single cylinder. 
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α = 25o reached at P* = 1.5. At these moderate incident angles (≤ 30o), the inner shear 

layer from the upstream cylinder is pushed away from the centreline by the downstream 

cylinder; no shear layer separates from the outer side of the downstream cylinder. The 

generation of negative CL on the upstream cylinder is mainly ascribed to the asymmetric 

pressure distributions on the inner and outer sides of the upstream cylinder, as discussed 

in Sub-section 5.3.2. At α ≥ 35o, the CL becomes positive at small P* and then plunges 

to CL = 0 with increasing P*. The maximum positive CL peak value (1.7) is attained at 

P* ≈ 1.5 and α = 50o, corresponding to the maximum positive CD peaks at P* = 1.5. The 

great repulsive CL was also observed by Niu & Zhu (2006) at P* = 1.77 and α = 45o, and 

it decreases rapidly with increasing P*. At these moderate incident angles (i.e. at 35o ≤ α 

≤ 55o), the inner shear layer of the upstream cylinder reattaches to the downstream 

cylinder; a quasi-steady vortex region forms around the inner side of the upstream 

cylinder at smaller P* and a gap flow is generated at larger P*. The quasi-steady vortex 

region corresponds to the lower negative pressure compared with that on the outer side 

of the upstream cylinder, thus producing the outward-directed lift (i.e. positive CL). 

At P* < 3.0, the CD’ and CL’ also display great variations with both the P* and the α, 

particularly at 1.6 < P* < 3.0. The prominent fluctuating forces are mainly ascribed to 

the gap flow formed at these configurations. As discussed in the previous subsection, a 

bi-stable phenomenon takes place during transitions from flow modes S-Ia to S-Ib. The 

gap flow between the two cylinders may be deflected to either of them, enhancing the 

vortex shedding and thus the fluctuating forces. 
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5.3.4.3 Forces on the downstream cylinder 

Aerodynamic forces acting on the downstream cylinder at moderate incident angles 

(30o ≤ α ≤ 55o) are presented in Figure 5.10. Compared with that of the upstream 

cylinder, forces acting on the downstream cylinder display less dependence on the α. 

The variation of CD, CL, CD’, and CL’ with the P* are also not significant. With 

increasing P*, the CD, CD’, and CL’ increase progressively, approaching values of an 

isolated single cylinder, irrespective of the α, whilst CL varies around zero. The CD of α 

 

 
 
Figure 5.10 Forces on the downstream cylinder at moderate incident angles (30o ≤ α 
≤ 55o): (a) CD; (b) CD’; (c) CL; and (d) CL’. The dot line is for the single cylinder. 
 
 



Wall Shear Stress Sensing, Friction Drag Reduction, and the Wake of Two Staggered Cylinders 

240 
 

= 30o increases rapidly, while the CL of α = 30o decreases quickly at P* < 2.0. The 

downstream cylinder suffers from a positive CL at α = 30o and P* < 2.0. With further 

increasing α  (≥ 35o), the CL becomes negative at small P*. At P* > 3.0, the CD increases 

slowly with increasing P* and the larger α corresponds to the higher CD. The CD of α ≥ 

45o arrives at values of an isolated single cylinder at P* = 4.0. By contrast, the CL at P* > 

4.0 and α ≤ 40o exhibits a departure from zero, becoming negative. The maximum 

negative CL value is achieved at P* = 4.6 and α = 30o. Both the CD’ and the CL’ become 

larger than that of an isolated cylinder at P* > 4.5. 

5.3.5 Configuration at large incident angles 

At large incident angles (i.e. 60o ≤ α ≤ 85o), both cylinders confront the oncoming 

flow. A gap flow forms and plays a significant role on the cylinder wakes. At P* ≤ 1.5, 

flow mode S-IIb takes place. At 1.5 < P* < 3.0, where flow mode S-IIa occurs, the 

upstream and downstream cylinders generate a narrow wake and a wide wake, 

respectively. The two wakes display distinct vortex shedding frequencies. At a large P* 

(≥ 3.0), the two wakes become coupled (flow mode T-IIa) or present slightly different 

vortex shedding frequencies (flow mode T-I). 

5.3.5.1 Base pressures and bi-stability 

Figure 5.11 presents variations of CPb with the P* at large incident angles (60o ≤ α ≤ 

85o). The CPb of both cylinders display similar behaviours for all the large incident 

angles. With increasing P*, the CPb of the downstream cylinder gradually decreases at 

each α, approaching that of an isolated single cylinder at P* ≥ 4.0 and α ≥ 80o. By 

contrast, the CPb of the upstream cylinder varies greatly with the P*; abrupt changes 
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were observed at P* ≈ 1.5 and 2.2 ~ 2.7, indicating a switchover of flow structures at 

these configurations. Note that flow mode S-IIb transited to flow mode S-IIa at P* ≈ 1.5 

and S-IIa to T-I at P* = 2.2 ~ 2.7 (Chap. 4). At 1.5 < P* < 2.7, the CPb of the upstream 

cylinder is largely lower than that of the downstream cylinder, as well as that of an 

isolated single cylinder, whilst at P* > 2.7, the CPb of the upstream cylinder is larger 

than that of the downstream cylinder.   

 The time histories of i
PbC  at P* ≈ 1.5 (not shown) display sudden changes, similar 

to that in Figure 5.4, at the occurrence of bi-stable phenomena. The large changes in the 

 

 
 
Figure 5.11 CPb of the upstream (○) and downstream (∇) cylinders at the large 
incident angles: (a) α = 60o, (b) 65o, (c) 70o, (d) 75o, (e) 80o, and (f) 85o. The dot-line 
is for the single cylinder. 
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CPb of the upstream cylinder suggest that aerodynamic forces on the cylinder may lead 

to great variations when bi-stable phenomena takes place at P* ≈ 1.5, as discussed in the 

next sub-section. The time histories of the i
PbC  of both cylinders at the configuration of 

P* = 2.5 and α = 65o are presented in Figure 5.12. They illustrate distinct behaviours 

from that in Figures 5.4 and 4.8. The i
PbC  signals of both cylinders display large 

changes with very short intermittences, indicating that the bi-stable phenomena at these 

configurations are less stable than that in Figure 5.4. 

 

5.3.5.2 Forces on the upstream cylinder 

The aerodynamic forces of the upstream cylinder at large incident angles (60o ≤ α ≤ 

85o) are presented in Figure 5.13. In general, the CD, CL, CD’, and CL’ exhibit a strong 

 

 

 

Figure 5.12 Time-history of i
bCp  of (a) the upstream and (b) downstream cylinders 

at P* = 2.5 and α = 65o. 
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dependence on both the α and the P*. At large P* (> 4.0), all the force components 

approach their corresponding values of an isolated single cylinder.   

 As can be seen, a critical spacing occurs at (P*)cri = 1.5 in Figure 5.13. The 

aerodynamic forces display an abrupt change at (P*)cri. At P* < (P*)cri, the CD decreased 

with increasing P*, regardless of the α; they attain the minimum value at (P*)cri. The 

positive CL also declines with increasing P* at P* < (P*)cri and reaches the minimum 

value at (P*)cri, irrespective of the α. The CL decreases with increasing α at P* < (P*)cri; 

that is, the smaller the α, the larger the CL increases. At α = 80o and 85o, the CL is close 

 

 
 
Figure 5.13 Forces on the upstream cylinder at large incident angles (60o ≤ α ≤ 85o): 
(a) CD; (b) CD’; (c) CL; and (d) CL’. The dot line is for the single cylinder. 
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to zero at (P*)cri. Both the CD’ and the CL’ maintain a low level at P* < (P*)cri. The flow 

mode S-IIb occurs at P* < (P*)cri and α > 65o. At P* = (P*)cri, all the forces increase to a 

higher level.   

 At 1.5 < P* < 2.5, where the flow mode S-IIa takes place, the CD of different α 

exhibits a large scattering; the CD increases with increasing α. The CD of α < 75o is less 

than the CDo, and that of α > 75o is larger than the CDo. The CD decreases at 1.5 < P* < 

2.0 and increases at 2.0 < P* < 2.5. The CD converges at P* = 2.6 and then diverges to 

CDo at P* > 2.6, consistent with the transition from flow modes S-IIa to T-I or T-IIa. By 

contrast, the CL of all α behave similarly at P* > (P*)cri. The CL gradually decreases at 

1.5 < P* < 2.2 and decreases rapidly at 2.2 < P* < 3.0. The CL changes from the positive 

to the negative by crossing zero at about P* = 2.5. The CL of all α reach the minimum 

value at about P* = 3.0. At P* > 3.0, the CL increases and arrives at zero at P* = 3.5. The 

CL is around zero at P* > 3.5 but shows as slightly positive at a large spacing.   

 Above (P*)cri = 1.5, the CD’ and CL’ also display a large variation with respect to the 

P* and α. At 1.5 < P* < 2.4, the CD’ and CL’ increase gradually. At P* > 2.5, both the CD’ 

and the CL’ decrease and diverge, presenting a strong dependence on the α. The larger 

values are attained for the higher α. However, they converge to the value of an isolated 

single cylinder at a large P*. 

5.3.5.3 Forces on the downstream cylinder 

Figure 5.14 presents aerodynamic forces on the downstream cylinder at large 

incident angles. Great variations of the CD, CL, CD’, and CL’ with the P* were observed. 

However, the dependence of the forces on the α is relatively weak.   
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 At P* < 1.5, the CD decreases, but then increases at 1.5 < P* < 3.5 and approaches 

CDo at P* > 3.5. A variation of the CD with the P* is consistent with the transition from 

flow mode S-IIb to S-IIa to T-I or T-IIa. Meanwhile, the negative CL increases rapidly at 

P* < 1.5, reaching the maximum negative CL at P* = 1.5, and then decreases quickly at 

1.5 < P* < 2.0. The CL holds a constant value close to zero at P* > 2.0.  

 Both the CD’ and CL’ of different α are nearly close to each other and increase 

slowly at P* < 2.0. However, at P* > 2.3, they increase quickly, approaching values of 

an isolated single cylinder. At 3.0 < P* < 4.2, the CD’ and CL’ display a dependence on 

 

 
 
Figure 5.14 Forces on the downstream cylinder at large incident angles (60o ≤ α ≤ 
85o): (a) CD; (b) CD’; (c) CL; and (d) CL’. The dot line is for the single cylinder. 
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the α; the larger the α, the higher the fluctuating forces increase. Eventually, the CD’ and 

CL’ overtake their corresponding value of an isolated single cylinder and converge at P* > 

4.0.  

5.4 Further Discussions: Connections of Flow Structures and 

Aerodynamic Forces 

Aerodynamic forces acting on the two staggered square cylinders are strongly 

associated with the flow structures, as demonstrated by the tandem (e.g. Sakamoto et al. 

1987; Liu & Chen 2002) and side-by-side cases (e.g. Alam & Zhou 2010). In order to 

provide a full view of the connections between the aerodynamic forces and the flow 

structures for the two staggered square cylinders, the dependences of forces on the P* 

and α are presented in a polar coordinate system. Figures 15 and 16 present the 

dependence of forces of the upstream and downstream cylinders on the P* and α, 

respectively, in terms of iso-contours and pseudo-colour scale. The CD, CD’, and CL’ are 

normalized by their corresponding values of an isolated single cylinder, respectively. 

The thick lines denote borders of different flow modes (Chap. 4).  

 As illustrated in Figure 5.15, aerodynamic forces acting on the upstream cylinder 

are correlated with the classification of flow modes by Chap. 4. Small CD, CD’, and CL’ 

are attained in flow mode S-Ia because of the wide wake generated by the two-cylinder 

pair. Note that the minimum CD value occurs at P* < 4.0 and 10o < α < 30o, instead of at 

α = 0o. In flow mode S-Ib, the CD and CD’ increase compared with that in flow mode 

S-Ia, but still less than the values of an isolated single cylinder. However, the CL’ in 
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flow mode S-Ib is much larger than CLo’. These changes in CD, CD’, and CL’ from flow 

mode S-Ia to S-Ib are ascribed to the switchover of flow structures from overshooting to 

co-shedding (Chap. 4). On the other hand, a large negative CL takes place at flow mode 

S-Ia, with the maximum negative CL value achieved at P* ≈ 1.5 and α ≈ 25o. In flow 

mode S-Ia, the CL increases gradually with increasing P*. No sudden changes in the CL 

were observed in the transition from flow mode S-Ia to flow mode S-Ib. With increasing 

 

 
 
Figure 5.15 Dependence of forces on P* and α of the upstream cylinder: (a) 

DoD CC ; (b) ''
DoD CC ; (c) CL; and (d) ''

LoL CC . Thick lines are flow modes borders. 
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α, flow mode S-Ia transits to S-IIa at P* < 4.0, and S-Ib transits to T-IIb at P* > 4.0.  

Time-averaged forces CD and CL increase rapidly as flow mode changes from S-Ia 

to S-IIa, particularly at small P* (< 2.0), as indicated by the densely distributed 

iso-contours in Figure 5.15a and c. For fluctuating forces CD’ and CL’, sudden increases 

occur at 1.5 < P* < 2.5 and 40o < α < 45o, where the borders of flow modes S-Ia and 

S-IIa reside, because of the occurrence of bi-stable phenomena at these configurations. 

This also suggests the abrupt transition from flow mode S-Ia to flow mode S-IIa, 

resultant from the intermittent deflection of the gap flow between the two cylinders. In 

flow mode S-IIa, large CD and CL are attained; the maximum CD value, greater than CDo, 

is obtained at 1.6 < P* < 2.4 and α > 75o, while the maximum positive CL value is 

obtained at P* < 1.8 and 45o < α < 60o. The upstream cylinder is accompanied by large 

CD’ and CL’ in flow mode S-IIa. This is reasonable because the upstream cylinder 

generates a narrow wake of high-frequency vortex shedding in flow mode S-IIa (Chap. 

4). In flow-mode T-IIb, the CD and CD’ are small.  

Due to the synchronization of vortex shedding from the inner sides of the two 

cylinders, the CL of the upstream cylinder appears slightly negative, with large CL’ 

produced. Transition from flow mode S-IIa to T-IIb is progressive. However, a sudden 

change takes place in the aerodynamic forces as flow mode S-IIa transits to flow mode 

S-IIb; the CD, CL, CD’, and CL’ all decrease rapidly at the border. At large P* (> 3.0) and 

moderate α, flow modes S-IIa and T-IIb transit progressively to T-I, as do the 

aerodynamic forces on the upstream cylinder. The CL becomes negative as it enteres 

flow mode T-I from flow mode S-IIa (Figure 5.15c). In flow mode T-IIa, it can be seen 
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that the CD, CD’, and CL’ are relatively large, which may be ascribed to 

anti-phased-dominant vortex shedding. The maximum CD’ and CL’ values occur at 3.0 < 

P* < 4.0 and α = 90o, in line with Alam and Zhou’s (2010) observation.  

 

 The aerodynamic forces acting on the downstream cylinder also displayed good 

coherence with the classifications of flow modes (Figure 5.16). Small CD takes place in 

 

 
 
Figure 5.16 Dependence of forces on P* and α of the downstream cylinder: (a) 

DoD CC ; (b) ''
DoD CC ; (c) CL; and (d) ''

LoL CC . Thick lines are flow modes borders. 
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flow mode S-Ia, with a negative CD identified at P* < 4.0 and α < 10o (Figure 5.16a). In 

flow mode S-Ib (i.e. P* > 4.0 and α < 20o), the CD becomes large. The CD’ and CL’ are 

smaller in flow mode S-Ia but increases to larger values in flow mode S-Ib. In flow 

modes S-Ia and S-Ib, the CD increases gradually with increasing α because the 

downstream cylinder moves outside from the centreline of the upstream cylinder. The 

CD increases rapidly at α = 15o ~ 20o, as indicated by the densely distributed 

iso-contours. Interestingly, the CL becomes negative and then positive in flow mode S-I 

with increasing α (Figure 5.16c). The negative CL occurs at 0o < α < 10o and the 

positive CL occurs at 10o < α < 20o. The maximum positive CL value was observed at P* 

= 1.4 and α = 25o. In flow mode S-IIa, the CD’ and CL’ are small because the 

downstream cylinder produces a wide wake of low-frequency vortex shedding (Chap. 4). 

The CD increases gradually as flow mode S-Ia changes to flow mode S-IIa at P* < 4.0. 

At P* > 4.0, and flow mode S-Ib transits to flow mode T-IIb; high CL’ was observed, 

which may be ascribed to the synchronization between vortices shedding from the inner 

sides of the two cylinders. In flow-mode T-IIb, also due to synchronization, the CL of 

the downstream cylinder is negative, indicating that the downstream cylinder is attracted 

to the centreline of the two cylinders. As flow mode S-IIa transits to flow mode S-IIb, 

only the CL decreases suddenly. Flow modes S-IIa and T-IIb transit progressively to 

flow mode T-I. At large α (> 75o) and P* (> 3.0) (i.e. in flow mode T-IIa), the CD’ and 

CL’ display large values due to anti-phase-dominant vortex shedding. At 2.6 < P* < 4.0 

and α = 90o, negative CL was observed, consistent with previous observations.  

From prior research, it is well known that an ‘outer’ negative CL peak, and an ‘inner’ 
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negative CL peak and its corresponding minimum CD value of the downstream cylinder 

were observed in two staggered circular cylinders (e.g. Zdravkovich & Pridden 1977; 

Sumner et al. 2005). The ‘outer’ negative CL peak occurred at L* ≥ 4.0 and T* ≈ 1.4 (i.e. 

P* ≥ 4.2 and α ≈ 19o) and was not affected by the configuration variation. On the 

contrary, the ‘inner’ negative CL peak and its corresponding minimum CD value took 

place at 1.2 < L* < 3.5 and T* ≈ 0.2 (i.e. 1.2 < P* < 3.5 and 3.3o < α < 9.5o) and was 

much more sensitive to the geometric change. The ‘outer’ CL peak (-0.8 ~ -0.6) was 

identified at α = 18o and P* = 3.0 ~ 4.0, while the ‘inner’ CL peak (-1.25 ~ -0.9) and the 

minimum CD value (-0.5 ~ -0.3) was identified at α = 9o and P* ≤ 2.5 by Sumner et al. 

(2005). Possible physical reasons responsible for the ‘outer’ and ‘inner’ CL peaks were 

summarised by Ting et al. (1998).  

For two staggered square cylinders, the ‘outer’ negative CL of the downstream 

cylinder occurs in flow mode T-IIb at 4.5 < P* < 5.0 and 25o < α < 35o, while the ‘inner’ 

negative CL takes place in flow mode S-Ia at 1.5 < P* < 4.5 and α = 5 o (Figure 5.16c). 

The ‘outer’ negative CL is resultant from the synchronization between vortices shedding 

from the inner sides of the two cylinders (Chap. 4), which increases flow velocity and 

lowers the pressure close to the centreline of the two cylinders, and thus produces the 

negative CL on the downstream cylinder (Ting et al. 1998). The generation of the ‘inner’ 

negative CL may be ascribed to the counter-clockwise circulation around the 

downstream cylinder, because the rolling up of the inner shear layer from the upstream 

cylinder is weakened by the downstream cylinder, while the outer shear layer remains 

strong. As the α increases further, at α = 15o ~ 20o, vortices shed from the outer leading 
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edge of the downstream cylinder and are accelerated by the free-stream flow, thus 

generating more negative pressure on the outer side than on the inner side and resulting 

in the positive CL ridge at these configurations (Figure 5.16c). This positive CL-ridge 

was not observed in the circular cylinder case (Zdravkovich & Pridden 1977), which is 

mainly because of the cross-section geometry. With increasing α, a strong gap flow 

could take place suddenly between two circular cylinders, whilst the sharp corners of 

the square cylinder are vulnerable to shedding vortices. 

5.5 Conclusions 

Time-averaged and fluctuating forces on two staggered square cylinders were 

experimentally investigated at Re = 1.3 × 104. The pitch ratio P* ranges from 1.5 ~ 5.0 

and the incident angle α varies from 0o ~ 90o. This work produces following 

conclusions.  

(1) Based on the dependence of aerodynamic forces on P* and α, flow around the 

two cylinders is classified into three groups based on α: (i) small (0o ≤ α ≤ 25o); 

(ii) moderate (30o ≤ α ≤ 55o); and (iii) large (60o ≤ α ≤ 85o). Forces on both 

cylinders behaved similarly in each group but exhibited large distinctions from 

one group to another. At small α, the CD, CD’, and CL’ on both cylinders are 

low at P* < 4.0, but high at P* > 4.0. Meanwhile, the CL is pronouncedly 

negative at small P* for the upstream cylinder but changes from negative at α < 

10o to positive at α = 10o ~ 25o for the downstream cylinder. At moderate α, CL 

is large at P* < 2.5 for the upstream cylinder but is close to zero over the entire 
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P* range for the downstream cylinder. The CD’ and CL’ on the upstream 

cylinder are large at P* < 2.5 and α = 40o ~ 50o, though not on the downstream 

cylinder. At large α, the CL on the upstream cylinder remains large at P* < 2.5. 

So does that on the upstream cylinder. The CD’ and CL’ on both cylinders are 

large at P* > 3.0 because of anti-phased vortex shedding from the cylinders.  

(2) The aerodynamic forces on both cylinders are strongly coupled with the flow 

structure. As the flow structures change from one mode to another, the forces 

on the two cylinders vary accordingly. The CD, CD’, and CL’ on both cylinders 

increase abruptly when the flow structures change from mode S-Ia to S-Ib. The 

CD’ and CL’ on the upstream cylinder are exaggerated largely as mode S-Ia 

transited to S-IIa because of the sudden occurrence of the upstream cylinder 

wake. In mode T-IIa, as the two streets are predominantly anti-phased, the CD’ 

and CL’ on both cylinders exceed their counterparts on an isolated single 

cylinder. The CL’ on the downstream cylinder is also much higher in mode 

T-IIb due to the synchronization of vortices shedding from the inner sides of 

both cylinders. 

(3) Three kinds of bi-stable phenomena were identified. At the (P*)cri between 

modes S-Ia and S-Ib, the flow structures change from overshooting to 

co-shedding; one flow state could be maintained for quite a while before 

switchover to another. The second bi-stable phenomenon takes place at the 

border between modes S-Ia and S-IIa because of the deflection of the gap flow. 

The gap flow is deflected to either the upstream cylinder side or the 
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downstream cylinder. At the border between modes S-IIa and T-I, the third 

bi-stable phenomenon was observed intermittently and transiently. 
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CHAPTER 6 SUMMARY AND CONCLUSIONS 

 

6.1 A CNT Sensor for WSS Measurement in a TBL 

A CNT sensor chip has been developed to measure the mean and fluctuating WSS in 

a macroscopic TBL. The CNT sensor employing the SWNTs bundles as the sensing 

element is based on the thermal-principle. Characterization of the CNT sensor was 

conducted in detail before its calibration, including the I-V characteristics, overheat 

ratio, TCR, noise and piezoresistivity. The CNT sensor is featured by high spatial and 

temporal resolutions, in the order of nm and kHz, respectively. Its fabrication in batch is 

compact and can be carried out under room-temperature conditions, with an advantage 

over conventional MEMS-based WSS sensors. Furthermore, the power consumption of 

the CNT sensor is in the order of µW, which is at least one order of magnitude lower 

than that of conventional MEMS-based WSS sensor. These features may advance the 

real-time and spatial-distribution measurement of WSS and the control of TBLs.  

 The CNT sensor was calibrated in the fully developed 2D turbulent channel flow, 

which was also documented in detail. The CNT sensor was operated in the CT mode 

and an overheat ratio of -0.15 ~ -0.19. Calibration results show that there is a one-to-one 

correspondence between the WSS and averaged change in the output voltage of the 

CNT sensor. The relationship between the output power of the CNT sensor and 

one-third-powered WSS is linear, consistent with the so-called one-third law of a 
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thermal-principle-based WSS sensor. The sensitivity of the CNT sensor is in the order 

of mV/Pa, at least one order of magnitude higher than that of the MEMS-based hotwire, 

and about the same as that of MEMS-based poly-silicon resistor. The results 

demonstrate that the CNT sensor developed can be used reliably as a WSS sensor in a 

macroscopic turbulent flow, at least at relatively low Reynolds numbers, where wτ  < 1 

Pa.  

It should be noted that a great deal has yet to be done for this new sensor technology. 

For example, its dynamic response has yet to be determined when it is used for the 

measurement of a TBL. Its performance may also be improved by depositing a shield 

over the sensing elements, thus preventing them from ‘scratching’ by strong turbulent 

fluctuating flow and from the contamination of the environment, and it should be 

applicable in a high Reynolds number flow once the data scattering problem is resolved. 

Nevertheless, it is expected that the sensing technique, because of its uniqueness in 

many aspects and being at an affordable cost, has an excellent prospect in the study of 

turbulent boundary layers and their control.   

6.2 Active Drag Reduction in a TBL Using an Array of Actuators 

Active control of a TBL based on PZT-actuator-generated wall oscillations has been 

investigated with a view to reduce the skin-friction drag. Experiments were conducted 

in a wind tunnel at Reθ = 1,000. The TBL was produced along a flat plate and fully 

developed at the actuation location. In the absence of control the TBL was documented 

in detail. A spanwise-aligned actuator array consisting of 12 ~ 16 PZT actuators was 
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employed to generate wall-normal oscillations. Driven by a sinusoidal voltage signal, 

each actuator can oscillate independently and produce a perturbation to the flow; and 

given a phase shift between two adjacent actuators, the wall-normal oscillation forms a 

transverse travelling wave. Perturbation to the flow by a single actuator was 

characterized in detail using a moveable hotwire in the xy- and yz-planes. A number of 

control parameters relevant to the travelling wave were examined, including the 

wavelength ( +
zλ  = 41.6 ~ ∞), oscillation amplitude ( +

oA  = 0.83 ~ 2.77) and frequency 

( +
of  = 0.13 ~ 0.65). The local skin-friction drag downstream of the actuator array was 

estimated based on the slope of the streamwise mean velocity profile in the viscous 

sublayer, which has been demonstrated presently to be reliable. Results show that the 

drag reduction depends on +
zλ , +

oA  and +
of . The friction drag reduction increases 

rapidly from +
of  = 0.13 to 0.45 but levels off for a higher +

of . The required +
of  is 

much higher than the average frequency of bursts ( +
of  ≈ 0.004) to alter effectively the 

energy-containing large-scale coherent structures in the near-wall region. Similarly, the 

friction drag is reduced quickly for increasing +
zλ , but is essentially unaffected beyond 

+
zλ  ≈ 150 or at a small phase shift ϕi, i+1 < 60o between two adjacent actuators. This 

observation is qualitatively consistent with that by Du & Karniadakis (2000) and also 

Du et al. (2002), who examined the effect of +
zλ  on drag reduction up to +

zλ  = 840. 

Unlike numerical simulation, the present discrete actuators could not form an ideal 

spanwise sinusoidal wave. Furthermore, as Du et al. (2002) suggested that, due to a gap 

between excitation regions, a higher oscillation frequency was needed for the non-ideal 

discrete travelling wave in order to obtain drag reduction. The friction drag dips initially 
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with increasing +
oA  and then grows for larger +

oA  after reaching the minimum at +
oA  

= 1.94, at which the penetration depth is probably comparable to the viscous sublayer 

thickness. The maximum friction drag reduction presently observed is 50% at x+ = 17 

under +
zλ  = 416, +

oA  = 1.94 and +
of  ≥ 0.39. The friction drag recovers downstream, 

back to its uncontrolled level beyond x+ = 150. 

The near-wall flow structures with and without perturbation were measured 

extensively using laser-illuminated smoke-wire flow visualization, hotwire, hot-film and 

PIV techniques, and were compared with each other. The data have been carefully 

examined and analysed using techniques such as space-time cross-correlation, POD and 

conditional averaging based on the VITA detections. All the results point to a 

pronounced change in the coherent structures in the boundary layer under control. The 

linear region of the 
+

U  profile or the viscous sublayer thickness grows by about 100%, 

compared with the uncontrolled flow, given effective drag reduction, say under the 

optimum parameters ( +
zλ  = 416, +

oA  = 1.94 and +
of  ≥ 0.39). The result resembles 

previous observations when different drag reduction techniques were deployed, e.g., 

spanwise wall oscillation (Choi et al. 1998) and the transverse travelling wave (Du et al. 

2002). As such, the log-law region is lifted up. The increased thickness of the viscous 

sublayer is probably connected to the stabilized near-wall low-speed streaks, which 

hampers the stretching of streamwise vortices and other near-wall active turbulence 

activities (Karniadakis & Choi 2003). The frequency, intensity and duration of bursts all 

retreat greatly, say by more than 20% at y+= 6.5, under control. Furthermore, both the 

POD and spectral analysis indicate less energetic large-scale coherent structures. All the 
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observations point to weakened high-momentum sweep motion. The large-scale 

longitudinal streaky coherent structures break up under control; their sizes contract 

substantially, in particular, along the longitudinal and spanwise directions. For instance, 

under the control parameters corresponding to the maximum drag reduction, the 

downsize of these structures amounts to about 50% along the x and z directions and 

about 10% in the cross-stream direction. These large-scale coherent structures have also 

been pushed upward slightly by the wall-based oscillations. In addition, fine turbulent 

structures such as Taylor timescales in the near-wall region were reduced largely under 

control. The physical picture behind the control is summarized in a conceptual model of 

the modified coherent structures.  

It should be noted that the friction drag reduction is not uniform along the spanwise 

direction. The discrete actuators were presently used to generate the wall oscillation, 

which may not be identically fabricated, mounted and hence performed. Misalignment 

of the actuators may also contribute to the variation in drag reduction in the spanwise 

direction. As a result, the disturbance to the near-wall flow may vary along the spanwise 

direction.  

6.3 Turbulent Wake of Two Staggered Square Cylinders 

The turbulent wake of two staggered square cylinders has been investigated 

experimentally using LIF flow visualization, hotwire, and PIV measurements at Re = 

300 ~ 1.3 × 104. The configurations include a wide range of P* and α, i.e. P* = 1.5 ~ 5.0 

with an interval of 0.5, and α = 0o ~ 90o with an increment of 5o. Based on the St maps 
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in the P*-α plane and the downstream evolutions of flow structures from x* = 4 to 15, 

four distinct flow modes were classified, i.e. flow modes S-I and S-II with only one 

Karman vortex street generated, and flow modes T-I and T-II with two Karman vortex 

streets produced. The different flow modes are connected to initial conditions, i.e. 

interactions between the four shear layers.  

 Mode S-I occurs largely at α < 20o, and only one Karman vortex street was detected 

in the wake, with the vortex shedding frequency similar to that in an isolated single 

cylinder wake. In mode S-I, given small P* and large α, the downstream cylinder is 

completely or partially submerged in the wake of the upstream cylinder. As such, shear 

layers separating from the free-stream sides of the two-cylinder pair roll up, forming 

one staggered vortex street. Mode S-I may be divided into two sub-modes, i.e. S-Ia and 

S-Ib, depending mainly on P*. Mode S-Ia occurs largely at P* ≤ 3.5 and α ≤ 45o, with 

shear layers separating from the upstream cylinder overshooting at small P* or 

reattaching to the downstream cylinder at the critical P*. Mode S-Ib was identified at P* > 

3.5 and α < 20o, where both cylinders produce vortices at St lower than that in an 

isolated single cylinder wake.  

 Mode S-II takes place largely at P* < 3.5 and α > 45o, when only one Karman 

vortex street is resulted at x* ≥ 4 from vigorous interactions among the four shear layers. 

The gap flow between the two cylinders is largely deflected towards the upstream 

cylinder wake. Vortices of opposite-signs are characterized by distinct frequencies. 

Mode S-II was further divided into two sub-modes, i.e. S-IIa and S-IIb. 

Higher-frequency vortex shedding occurs from the upstream cylinder in mode S-IIa, but 
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from the downstream cylinder in mode S-IIb. The upstream cylinder in mode S-IIa 

generates a narrow street of the higher vortex frequency; however, the higher-frequency 

vortices, disappearing at x* ≥ 7, in mode S-IIb was emanated from the outer side of the 

downstream cylinder.  

 Mode T-I was identified largely at P* ≥ 3.0 and 40o < α < 75o, characterized by two 

Karman vortex streets of slightly different predominant frequencies. The gap flow is 

strong and slightly biased towards the upstream cylinder wake, thus producing a narrow 

wake of a higher vortex frequency and a wide wake of a lower vortex frequency behind 

the upstream and downstream cylinders, respectively.  

 Mode T-II occurs largely at P* ≥ 3.0 and α > 75o, and at P* ≥ 4.0 and 20o ≤ α < 40o, 

designated as sub-modes T-IIa and T-IIb, respectively. Two coupled Karman vortex 

streets are either anti-phased or in-phased for mode T-IIa, but predominantly anti-phased 

for mode T-IIb. The vortex shedding frequency in mode T-II is essentially the same as in 

an isolated single cylinder wake. 

6.4 Aerodynamic Forces on Two Staggered Square Cylinders  

Time-averaged and fluctuating forces on two staggered square cylinders have been 

investigated experimentally using a load cell and pressure transducers at Re = 1.3 × 104. 

The pitch ratio P* ranges from 1.5 ~ 5.0 and the incident angle α varies from 0o ~ 90o.  

The dependence of aerodynamic forces on P* and α may be divided into three types 

based on α: (i) small, i.e., 0o ≤ α ≤ 25o; (ii) moderate, i.e., 30o ≤ α ≤ 55o; and (iii) large, 

i.e., 60o ≤ α ≤ 85o. Forces on both cylinders behave similarly in each type but not from 
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one type to another. At small α, the CD, CD’, and CL’ on both cylinders are low at P* < 

4.0, but high at P* > 4.0. Meanwhile, CL is pronouncedly negative at a small P* for the 

upstream cylinder but changes from negative at α < 10o to positive at α = 10o ~ 25o for 

the downstream cylinder. At moderate α, CL is large at P* < 2.5 for the upstream 

cylinder but close to zero over the entire P* range for the downstream cylinder. The CD’ 

and CL’ on the upstream cylinder are large at P* < 2.5 and α = 40o ~ 50o, though not on 

the downstream cylinder. At large α, the CL on the upstream cylinder remains large at P* 

< 2.5. So does that on the upstream cylinder. The CD’ and CL’ on both cylinders are large 

at P* > 3.0 because of anti-phased vortex shedding from the cylinders.  

The aerodynamic forces on both cylinders are strongly correlated with the flow 

structure. As the flow structure changes from one mode to another, the forces vary 

accordingly. The CD, CD’, and CL’ on both cylinders increase abruptly when the flow 

structure changes from mode S-Ia to S-Ib. The CD’ and CL’ on the upstream cylinder are 

exaggerated largely as mode S-Ia changes to S-IIa when the upstream cylinder starts to 

generate vortices. In mode T-IIa, the predominantly anti-phased two streets contribute to 

the observation that the CD’ and CL’ on both cylinders exceed their counterparts on an 

isolated single cylinder. The CL’ on the downstream cylinder is also much higher in 

mode T-IIb due to synchronized shedding of vortices from the inner sides of both 

cylinders. 

Three kinds of bi-stable phenomena are found. At the (P*)cri that separates modes 

S-Ia and S-Ib, the flow structure changes from overshooting to co-shedding; one flow 

state is maintained for a while before switchover to another. The second kind of the 



Chapter 6 Summary and Conclusions 

263 
 

bi-stable phenomenon, related to the deflection of the gap flow, takes place as mode 

S-Ia changes to S-IIa. The gap flow is deflected to either the upstream cylinder side or 

the downstream cylinder. The third kind of the bi-stable phenomenon is observed 

intermittently in transition from mode S-IIa to T-I.  
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