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Abstract

The purpose of this thesis is, to study optimality conditions for constrained optimiza-
tion problems in finite dimension spaces from the viewpoint of exact penalty functions.
The tools that we use are mainly from the modern variational analysis popularized by
Rockafellar and Wets’ classical book. The problem models that we focus on are nonlin-
ear programming and mathematical programs with complementarity constraints. We
aim at developing a unified framework and providing a detailed exposition of optimality
conditions from exactness of penalty functions. In this connection, we intend to answer
questions as to when penalty functions are exact and how optimality conditions of the

original constrained problems can be inherited from those of exact penalty functions.

We study sufficient conditions for penalty terms to possess local error bounds, which
guarantee exactness of penalty functions. We give characterizations for a stronger
version of the local error bound property in terms of strong slopes, subderivative and
regular subgradients for points outside the referenced set. In particular, we give full
characterizations of the local error bound property for the elementary max function of
a finite collection of smooth functions. With the aid of these characterizations, we show
that the quasinormality constraint qualification implies the existence of a local error
bound. We also study sufficient and necessary conditions for the existence of local error

bounds by virtue of various limits defined on the boundary of the referenced set.

We study first- and second-order necessary and sufficient conditions for penalty
functions to be exact. These conditions are expressed by subderivatives, second-order
subderivatives, and parabolic subderivatives, which are the notions that have been
utilized to formulate tight optimality conditions for optimization problems. In our in-
vestigation, the kernels of these derivatives, representing directions at which derivatives

vanish, play an key role. In particular, we show an interesting auxiliary result which
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asserts that, the polar cone of the subderivative kernel of an extended real-valued func-
tion at a local minimum is the same as the positive hull of its regular subgradients at

the same point.

We show how Karush-Kuhn-Tucker conditions and second-order necessary condi-
tions in nonlinear programming, and strong and Mordukhovich stationarities in math-
ematical programs with complementarity constraints, can be derived from exactness of
penalty functions under some additional conditions on constraint functions. In present-
ing these additional conditions, it turns out that the kernels of (parabolic) subderiva-
tives of penalty terms are very crucial. By virtue of these kernels and a variational
description of regular subgradients, we show necessity and sufficiency of these addi-
tional conditions. We also present conditions in terms of the original data by applying

(generalized) Taylor expansions to calculate these kernels.
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Chapter 1

Preview and Introduction

1.1 Review on Nonlinear Programming Problems

Consider the nonlinear programming problem

(NLP) min f(z)
st. gi(x) <0, 1€,
hj(z) =0, j€J,

where I = {1,2,---,m}, J = {m+1,m+2,---,m + ¢}, and the functions f, g;, h;
R™ — R are assumed to be continuously differentiable. Associated with (NLP), the
Lagrange function L : R" x R™"% — R is defined by

L(xz,\) = f(x)+ Z Nigi(x) + Z Aihj(z)
iel jeJ
and the generalized Lagrange function L : R" X R x R™"4 — R is defined by

IN/(iU, )\0, = >\0f +Z)\lgl +Z)\Jh](x)

i€l jeJ

In what follows, let C' be the feasible set of (NLP) and let z € C' be fixed. Note
that any point in C' is called a feasible point of (NLP). If f(z) < f(x) for all feasible
x # T in some neighborhood of Z, then Z is called a local minimum. If f(z) < f(x) for

all feasible x # Z in some neighborhood of Z, then 7 is called a strict local minimum.



And if there exist some positive integer x and some positive number 7 such that
f(@) +7lle —z|" < f(2)

for all feasible x in some neighborhood of Z, then Z is called a strict local minimum of

order k. It is clear that a strict local minimum of any order  is a strict local minimum.

First-order necessary and sufficient conditions and constraint

qualifications

In what follows, let the index set of active inequality constraints at Z be defined by
I(z) :={iel]g(z) =0},
let the (Bouligand) tangent cone to C' at = be defined by
To(z) :={w € R" | Ity — 0+, Jwy, — w, s.t. T + trwy, € C Yk},

and let the (first-order) linearized tangent cone to C' at T be defined by

Lc(i’) =qweR"
Vhi(@)Tw=0 Vje.J

Vgi(2)Tw <0 Viel(x) }

When 7 is a local minimum of (NLP), the basic primal necessary condition for

(NLP) can be expressed as follows:
Vi) 'w>0 VYwe To(a).
Conversely, if the first-order sufficient condition holds as follows:
V(@) 'w>0 Vuwe Te()\{0},

then Z is a strict local minimum of (NLP). Since T¢(Z) C Le(Z) holds automatically,

a stronger version of the first-order sufficient condition can be expressed as follows:

V@) "w >0 Ywe Le(7)\{0}. (1.1.1)

The Fritz John condition (also known as the FJ condition), named after Fritz John
[90], holds at T if there exists a vector (Ao, \) € R x R™% such that A\g > 0, (Ao, \) #
(0,0),

VoL(Z,X0,A) =0 X\ >0, X\igs(Z) =0 Vi€l
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We call such a vector (Mg, A\) an FJ multiplier, and denote by FJ(Z) the set of all F.J
multipliers of (NLP) at z. It is clear that FJ(z)U{(0,0)} is a polyhedral cone, and it is
well-known that FJ(Z) # 0 whenever Z is a local minimum of (NLP). The primal form

of the F'J condition at  can be expressed as the inconsistency of the following system:

V@) w<0, Vg(z) w<0Viel(z), Vhj@)Tw=0Vjec.J

The Karush-Kuhn-Tucker condition (also known as the KKT condition) holds at

if there exists a vector A\ € R™™4 such that

We call such a vector A a KKT multiplier, and denote by KKT(z) the set of all KKT
multipliers of (NLP) at z. It is clear to see that KKT(Z) is a polyhedral set and that
A € KKT(z) if and only if (1,\) € FJ(z). The KKT conditions were originally named
after Harold W. Kuhn and Albert W. Tucker, who first published the conditions in
[96]. Later scholars discovered that the necessary conditions for this problem had been
stated by William Karush in his master’s thesis [93]. The primal form of the KKT

condition at ¥ can be expressed as the inconsistency of the following system:

V@) 'w<0, Vg(z)'w<0Viel(x), Vhiz)'w=0VjeJ

It should be noticed that KKT conditions may not hold at local minima of (NLP) un-
less some regularity conditions are satisfied. By regularity conditions, we mean various
conditions imposed on the problem data, some of which may depend on the constraint
functions only, while some of which may depend on the objective function as well.
When regularity conditions are independent of the objective functions, they are more
often known as the constraint qualifications (CQs) in the literature. For various CQs

appeared in the literature, we refer to the survey papers by Peterson [127] and Bazaraa

et al. [15], and the text books [17, 16].

In the following, we list a number of CQs that are frequently used in the literature

or has been studied recently, and discuss their relationships.

The linear independence constraint qualification [50] (LICQ) holds at z if the vectors
{Vygi(z),i € I(z)} U{Vh;(x),j € J} are linearly independent. If z is a local minimum
of (NLP), the LICQ at z implies that KKT(Z) is a singleton.

3



The Mangasarian-Fromovitz constraint qualification [108] (MFCQ) holds at z if the
gradients of the equality constraints are linearly independent at z, and there exists
w € R™ such that Vg;(z)"w < 0 for all i € I(z) and Vh;(z)"w = 0 for all j € J.
Applying a theorem of alternatives [107], the equivalent dual form of MFCQ at Z
asserts that the vector pair ({Vg;(z),i € I(Z)},{Vh;(Z),j € J}) is positive-linearly
independent. Here, the vector pair ({a1,...,ax}, {ars1,-..,@}) is said to be positive-

linearly independent if
!
Z)\Zal:(), )\220 VZzl,,k’:>)\1::)\l:O,
i=1

otherwise, it is positive-linearly dependent. If Z is a local minimum of (NLP), then
the MFCQ at Z amounts to the boundedness of KKT(z) [62], and also amounts to the
emptiness of the set (FJ(z) N {0} x R™7) according to the dual form of MFCQ.

The constant rank constraint qualification (CRCQ) holds at z if the rank for each
subset of the gradients of the active inequality constraints and the equality constraints
at a neighborhood of Z is constant, or in other words for each I' C I(z) and J' C J, if
the vectors {Vg;(7),7 € I'} U{Vh;(z),j € J'} are linearly dependent, then the vectors
{Vygi(z),i € I''U{Vh;(z),j € J'} are linearly dependent for all = in some neighborhood
of Z. The CRCQ was introduced by Janin [87], and its weaker version, called the relaxed
CRCQ, has been recently studied in [111]. If the constraints of (NLP) are all defined
by affine functions, the CRCQ is obviously satisfied at every feasible point. Moreover,
if the CRCQ holds at z and some equality constraint h;(z) = 0 is replaced by two
inequality constraints: h;(z) < 0 and —h;(x) < 0, the CRCQ still holds at z with the
new description of the feasible set. Note that the MFC(Q does not enjoy this property.

The constant positive linear dependence constraint qualification (CPLD) holds at
z if for each I’ C I(z) and J' C J, the positive-linear dependence of the vector
pair ({Vygi(z),i € I'},{Vh;(z),5 € J'}) implies the linear dependence of the vectors
{Vygi(z),i € I'YU{Vhj(x),j € J'} for all z in some neighborhood of z. The CPLD was
introduced for use in the analysis of SQP methods by Qi and Wei [131] who conjectured
that CPLD could be a constraint qualification. This conjecture is proved to be true in
[4].

The quasi-normality constraint qualification (QNCQ) holds at z if there exist no



nonzero vector A € R x R? and no sequence x, — Z such that

D ANVgi(T) + YA\ Vh(E) =0,

iel jeJ
and for all k, \;g;(x) > 0 for all ¢ with \; > 0, and A;h;(z;) > 0 for all j with A; # 0.
The QNCQ was introduced by Hestenes [75], and a slightly stronger CQ, called the
pseudo-normality constraint qualification (PNCQ) has been proposed and investigated
by Bertsekas and Ozdaglar [22] for constrained optimization problems with not only
equality and inequality constraints but an abstract set constraint. If the functions g;
are all concave and the functions h; are all linear, then the QNCQ holds at each feasible

point.

The Abadie constraint qualification [1] (ACQ) holds at z if T(Z) = Lo(Z). Note
that the ACQ at Z was referred to as Z being a regular point in [75], and as T being a

quasi-regularity point in [22].

The Guignard constraint qualification [65] (GCQ) holds at = if T (Z)* = Leo(Z)%,
where for a given subset A of R", A* := {v € R" | vTx <0 Vz € A} stands for the

polar cone of A.

If Z is a local minimum of (NLP), then the KKT condition holds at Z provided that
one of the CQs described previously is satisfied. The relationships among these CQs

are as follows:
LICQ = (MFCQor CRCQ) = CPLD — QNCQ — ACQ = GCQ.

Most of the implications are straightforward. In particular, Andreani [4] showed the
implications MFCQ = CPLD, CRC(Q = CPLD and CPLD = QNCQ, and demon-
strated by several examples that the reverse implications do not hold, see also Qi and
Wei [131]. Moreover, Hestenes [75] showed the implication QNCQ = ACQ, while
Janin [87] showed the implication CRCQ = ACQ. Note that the MFCQ is neither
weaker nor stronger than the CRCQ), see [87]. However, if the CRCQ holds, there exists
an alternative representation of the feasible set for which the MFCQ holds, see a recent
paper by Lu [103]. Among all CQs, the GCQ is the weakest one in the sense that
GCQ holds at z if and only if the KKT condition holds at # whenever a continuously

differentiable objective function f has a local minimum at z relative to C', see Gould



and Tolle [64] for the original version of this result, and Theorem 6.11 of Rockafellar
and Wets [141] for new features of this result.

It was established by Robinson [133] that the MFCQ holds at z if and only if the
set-valued mapping M : R4 = R™ defined by

‘ (1.1.2)
h](l') =Y, J€ J

M(y) = {x €R"

has the Aubin property [141] (also known as the pseudo-Lipschitz continuity [7]) at
y = 0 for T or equivalently the inverse mapping M ! is metric regularity [85, 47] at T
for y. This stability property highlights the special role of MFC(Q among all the other
CQs. See Chapter 9 of Rockafellar and Wets [141] for extensive discussions on the

notion of metric regularity, the Aubin property, and the calmness variant of the Aubin
property.
Let do(z) be the distance of the point x from C' and let
S(z) =Y max{g;(x),0} + Y _|h;(z)] VzeR" (1.1.3)
iel jet
We say that S is a local error bound for C' at Z if there exist some 7 > 0 and a

neighborhood V' of z such that
Tdo(z) < S(x) VeV (1.1.4)

We say that S is a global error bound for C' if the inequality (1.1.4) holds with V' = R".
Since all the norms in a finite dimensional space are equivalent, the right-hand side of
the inequality (1.1.4) can be replaced by functions induced from other norms, such as

the function

max{0, g;,(x),i € I, |h;(x)],j € J}, (1.1.5)
which is induced from the ¢, norm and was considered in [112]. According to Henrion
and Outrata [73], and Dontchev and Rockafellar [47], S is a local error bound for C' at
z, if and only if the set-valued mapping M given by (1.1.2) is calm at g = 0 for z or
equivalently the inverse mapping M ! is metric subregularity at Z for . It should be
noticed that the metric subregularity, unlike the metric regularity, may not imply the

stability, as pointed out by Dontchev and Rockafellar [47].

It is well-known that the ACQ holds at z if (1.1.4) is satisfied, and that the con-

verse is in general not true, see in particular Henrion and Outrata ([73], Proposition 1

6



and Example 1). Since the Aubin property implies calmness, (1.1.4) holds under the
MFCQ. Janin [87] essentially showed that (1.1.4) holds if the CRCQ holds at z. Very
recently, Minchenko and Tarakanov [112] showed that if the QNCQ holds at z and the
gradients of g; and h; are locally Lipschitz continuous, then the function defined by
(1.1.5) is a local error bound for C' at = or equivalently (1.1.4) holds. However, the as-
sumption on Lipschitz continuity of the gradients is not necessary, as will be seen from
a characterization of local error bounds presented in Chapter 2. As such, the existence
of local error bounds can be treated as a constraint qualification that takes a position

between the QNCQ and the ACQ. To sum up, we have

QNCQ = (1.1.4) = ACQ.

Originated from the practical implementation and numerical considerations of itera-
tive methods for solving optimization problems, the study of error bounds has received
increasing attention in many interesting areas such as sensitivity and stability anal-
ysis, subdifferential calculus, exact penalty functions, and optimality conditions, see
(36, 25, 84, 82, 91, 95, 132, 86] and especially the excellent survey papers by Lewis
and Pang [98], and Pang [124] for more details. It should be noticed that the notion of
error bound is closely related with the notions of weak sharp minima [49, 30], calmness
[141] and subregularity [47]. These notions are equivalent with each other in the sense
that each of them can be used to interpret the others. Sufficient conditions ensuring
local or global error bounds have been studied in [100, 148, 41, 42, 101, 153, 29, 118,
69, 170, 171, 172, 114] under the convexity assumption, in [104, 106, 43, 105] under
the analyticity assumption, and in [115, 116, 79, 156, 155, 158, 157, 10, 11, 119] for
general lower semi-continuous functions. With other particular structures being im-
posed, sufficient conditions ensuring local or global error bounds can also be found in

[151, 27, 28, 117, 174, 44, 173, 134, 71, 73, 70, 72].
Second-order necessary and sufficient conditions and constraint
qualifications

When second-order optimality conditions are discussed in this thesis, all the functions

in defining (NLP) are assumed to twice continuously differentiable. The critical cone



of (NLP) at z is defined by

V@) w <
V(@) =qweR"| Vgi(z)Tw <0 Viecl(z)
Vhj(z)Tw=0 VjeJ

If KKT(z) # 0, then the inequality V f(Z)"w < 0 in the definition of the critical cone
V() can be replaced by the equality V f(Z)Tw = 0, and for any A € KKT(z), V(Z) can
be reformulated as
Yw <0 Vie{iel(z)| =0}
V(@)=qweR"| Vg(2)Tw=0 Vie{iel(z)| X\ >0} ;,
Tw=0 VjelJ

see [66, 20, 23]. The reduced critical cone of (NLP) at Z is defined by

V' (z) = {w e R"

V() Tw=0 Viel(z)
Vhi(@)Tw=0 Vje.J ’

If KKT(z) # 0, then V"(Z) C V(z), and if in addition, the strict complementarity
condition holds at # with respect to some A € KKT(z) (i.e., \; > 0 for all i € I(7)),
then V"(z) = V(z), see (3, 23].

There can be found in the literature four different types of second-order necessary

conditions for a local minimum Z of (NLP). They are as follows.
There exists at least one A € KKT(z) such that
(SON1) w’'V2 L(Z,\)w >0 Yw € V().
There exists at least one A € KKT(Z) such that
(SON1)" w!'V2 L(z,\N)w >0 Yw € V' (z).
For each w € V(z), there exists some A € KKT(z) such that
(SON2) w'VZ L(z,\)w > 0. (1.1.6)

For each w € V(z), there exists some (g, A) € FJ(Z) such that

(SON3)  w!'V2 L(zZ, A, N)w > 0.



It is clear that (SON1) = (SON1)" and (SON1) = (SON2) = (SON3). The
(SON2) and (SON3) are distinguished by the use of the entire set of multipliers rather
than a single multiplier vector as is the case for the (SON1) and the (SON1)". Since
the (SON3) relies on FJ multipliers, it holds without any constraint qualification, see
Proposition 5.48 of [23], Ben-Tal [19], and Ben-Tal and Zowe [20].

Under the LICQ at Z, which implies that KKT(Z) is a singleton, the (SON1)" was
first obtained by McCormick [109], see also [50]. McCormick [109] actually showed
the (SON1)" under a weaker condition: each w € Lo(Z)\{0} is tangent to a once-
differentiable arc, emanating from z and contained in the feasible set, and each nonzero
vector w € V'(Z) is the tangent of an arc «(f), twice differentiable, along which
gi(a(f)) = 0 for all i € I(z) and hj(«(f)) = 0 for all j € J, where 0 € [0,¢], ¢ > 0.
Under the LICQ, the (SON1), a slightly stronger condition than the (SON1)", has also
been established in the text books [21, 60, 120, 16], and furthermore, even a stronger
condition than the (SON1) can be obtained which asserts that the unique KKT multi-
plier \ satisfies

w' V2, L(Z,\)w >0 Yw € Lo(%),

see Theorem 3.3 of [19] and Theorem 4.4.3 in the text book by Bazaraa et al. [16].

Recently, Andreani et al.(2010) showed in Theorem 3.1 of [3] that the CRCQ implies
the (SON1). Note that KK'T(Z) may not be a singleton under the CRCQ. They actually
showed that for any A € KKT(z), the (SON1) holds. Moreover, they showed that the
(SON1)" holds for any A € KKT(z), under any CQ ensuring KKT(z) # (), and the
weak constant-rank (WCR) condition at z (i.e., the rank of the vectors {Vg;(z),i €
I(z)} U{Vhj(x),j € J} does not change in some neighborhood of z). The WCR
condition, originated with Penot [126], implies the ACQ for (NLP) with only equality
constraints, see [126]. However, when inequality constraints are involved, the WCR

condition may not guarantee that KKT(z) # 0, see [4] for an example.

The counterexamples given in [6, 5, 13] demonstrate that the MFCQ alone cannot
guarantee the (SON1) or the (SON1)", i.e., there may not exist a fixed A € KKT(z) such
that V2 _L(z, \) is positive semi-definite on V(Z) or V"(#), unless additional conditions
are imposed, see Baccari [12] and Baccari and Trad [13]. Therefore, any CQ weaker
than the MFCQ does not imply the (SON1) or the (SON1)".



Of particular note in derivation of the (SON1) is the work by Rockafellar [137]
who employed a perturbation method that does not require any CQ by estimating the
generalized subgradients of the optimal value function associated with a parameterized

nonlinear programming problem.

The (SON2), developed initially by loffe [83], has been extensively studied, see
[19, 20, 94, 138, 139, 26, 24, 18, 31]. In what follows, we shall recall some constraint
qualifications using the information of second-order derivatives, which can guarantee
the (SON2). Ben-Tal’s Constraint Qualification (BTCQ) [19, 20] holds at z if the
vectors {Vh;(z),j € J} are linearly independent, and for each w € V(Z), there exists

some z € R" such that
Vi ()2 + w'V2g(2)w < 0 Vi € I(Z,w),
Vhi(z)"z + w'V2h(z)w =0 Vj € J,
where I(z,w) := {i € I(%) | Vg;(z)Tw = 0} is the active index set of the inequality

constraints at Z in the direction w.

The second-order linearized tangent set to C' at Z in the direction w € Lo(7) [94, 23]
is defined by

Lg(fyw):{ze}zn

If w¢ Lo(x), the set LE(Z | w) is interpreted as an empty set. The second-order
tangent set TZ(Z | w) [141] to C at Z for a vector w € T (Z) consists of vectors z such
that there are sequences t;, — 0+ and z, — z such that z + t,w + %tizk € C for all
k. If w ¢ To(x), TA(Z | w) is interpreted as an empty set. The second-order Abadie
constraint qualification (SACQ) [94] holds at z if

T2 | w) = 12,5 | w) Y € V(@),
and the second-order Guignard constraint (SGCQ) [94] holds at z if
cleonv[T3(z | w)] = LE(Z | w) Yw € V(7),
where the set clconvA stand for the closed convex hull of A. It was shown in [94] that
MFCQ = BTCQ = SACQ = SGCQ.
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If the local error bound property (1.1.4) holds at z, it is easy to check by definition
that the SACQ holds at Z, see also He and Sun [68]. Therefore, any CQ, which implies
the local error bound property, can be used to derive the (SON2).

The feasible point T is a strict local minimum of order 2 for (NLP), if one of the

following second-order sufficient conditions is satisfied:

There exists some A € KKT(Z) such that
(SOS1) w'V2 L(Z,\Nw >0 Yw < V(z)\{0}.
For each w € V(z)\{0}, there exists some A € KKT(Z) such that

(S0S2) w'VZ L(Z,\)w > 0.
For each w € V(z)\{0}, there exists some (A9, \) € FJ(Z) such that

(SOS3)  w!'V2 L(Z, Ao, N)w > 0.

It is clear that (SOS1) = (SOS2) = (SOS3). Note that the (SOSi) and the (SON7)
with ¢ = 1,2, 3 have no gap in the sense that the only change between them is between
a strict and non-strict inequality. The (SOS1) was first considered by McCormick [109]
who actually showed that 7 is a strict local minimum under the (SOS1), see also the text
books [50, 21, 60, 16, 120]. The (SOS1) was slightly extended to an FJ-type condition
by Han and Mangasarian [66] who showed that if there exists some (g, \) € FJ(z) such
that
w2 L(Z, Mo, Nw >0 Yw e V(7)\{0},

then Z is a strict local minimum of (NLP). They demonstrated by an example that the
(SOS1) may not applied because KKT(Z) = (), but the generalized result can be applied.
The (SOS2) was studied by loffe [83], Ben-Israel et al. [18], Rockafellar [138, 139], Burke
26, 24], Burke and Poliquin [31]. The (SOS3) was given in Proposition 5.48 of [23], see
also [19, 20].

Optimality conditions and exact penalty functions

As pointed out by Rockafellar and Wets [141, p.35], penalty functions have some earlier

history in association with numerical methods, see e.g., [40, 2, 143, 32], but in opti-
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mization they were popularized by Fiacco and McCormick’s book [50]. Over the last
sixty years, penalty functions have been extensively investigated both theoretically and
practically. In the vast literature on penalty functions, much attention has been paid
to the notion of exact penalization. This notion can be well explained in the context
of nonlinear programming from the rich connections between optimality conditions of

(NLP) and exact penalty functions that are attached with (NLP).

There can be found in the literature many various penalty functions associated with

(NLP), most of which fall into a category of functions with the form

P, p) = f(x) + pQ([lv(x)]), (1.1.7)

where p1, the penalty parameter, is a nonnegative real number,
v(z) = (max{0, g1 ()}, ..., max{0, g ()}, hms1(z), ..., hmig(x))"  Vz € R™,

| - || is a vector norm in R™*9, and @ : Ry — R, is a nonnegative function with the
property that Q(¢) = 0 if and only if ¢ = 0. By setting Q(t) = ¢* and using the 5 norm,

we obtain from P(x, u) the classical quadratic penalty function

flx) +p (Z(Qz(x)+)2 + Z |hj($)|2> ;

i€l jeJ
which dates back to an idea of Courant (1943) [40, 50] and has been fully developed in
the book by Fiacco and McCormick [50]. By setting Q(t) = ¢ and using the ¢; norm,

we obtain from P(x, ) the well-known /; penalty function

flx)+p (Zgi($)++2\hj(l’)\>, (1.1.8)

iel jeJ
which was first introduced by Eremin [48] and at essentially the same time by Zangwill
[169], as pointed out by Burke [26]. Han and Mangasarian [66] employed the penalty
function P(z, p) with an additional requirement on @ as follows:

0 < Q' (0+) := lim Q) — Q)

Jim : < +00. (1.1.9)

The penalty function P(z, i) is said to be ezact at a local minimum z of (NLP), if z
is an unconstrained local minimum of P(z, i) for all sufficiently large but finite values of

. For short, this property is referred to as exact penalization. The question as to under
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what circumstances the penalty function P(z, u) is exact at local minima of (NLP), is
the main concern of many research work. Note that exactness of P(x, ) using a specific
norm implies exactness for all other norms as well. Moreover, Han and Mangasarian
([66], Theorem 4.2) showed that the exactness of P(x, 1) does not depend on the specific
form of @ as long as the property (1.1.9) is satisfied. Therefore, exactness of the classical
[y penalty function amounts to exactness of many other penalty functions. The central
roles that the [; penalty functions play in the theory of constrained optimization have

been comprehensively investigated by Burke [26] and many references therein.

Among various regularity conditions for exact penalization, the notion of calmness,
originally formulated by Rockafellar and first appearing in the paper by Clarke [35], can
be utilized to give some full characterizations of exact penalization. In general terms,
calmness can be described as a basic regularity condition under which we can study the
sensitive properties of certain variational systems. Since the appearance, the notion of
calmness has been extensively used in the literature, see [36, 136, 25, 154, 45, 152]. To

be precise, we consider the perturbed nonlinear programming problems

NLP(y) min f(z)
st. xe M(y),

where M is a set-valued mapping defined by (1.1.2). Let § = 0 € R™"%. Tt is clear that
z € M(y) = C and that NLP(y) is exactly the same with (NLP). According to Burke
25], the problem NLP(7) is said to be calm at Z if there exist a number 7 > 0 and a
neighborhood U of z such that,

flx)+ally—gll > f(z) YeeMy)nU,

where ||z|| stands for the norm of z in R™*9 and we can specify the norm to be the
/1 norm without loss of generality. Note that this definition of calmness varies from
Definition 6.4.1 of Clarke [36] in that the variable y is not restricted to a neighborhood
of g in order for the above inequality to hold. It was shown by [25] that the restriction on
the perturbation y is redundant when the functions g; and h; are continuous. Calmness
can also be defined independent of the existence of a local minimum of NLP(gy). The

problem NLP(y) is said to be calm at g if

Viy) = V()

liminf ——= > —o0,
vy |ly =l
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where V : R™*4 — R U {400} is the value function defined by

V(y) = inf{f(z) |z € M(y)}.

If M(y) is an empty set, then V(y) is assigned the value +oo. It is easy to see that
if the problem NLP(y) is said to be calm at gy, then for any global minimum z of
the problem NLP(y), the problem NLP(y) is calm at z, see Proposition 6.4.2 [36] and
Proposition 2.2 of [25]. Clarke [36] showed that calmness of NLP(y) implies exactness
of penalty functions, while the reverse implication was first established by Burke [25,
26]. Therefore, the notion of calmness is in a sense equivalent to the notion of exact

penalization.

Howe [76] showed that if there exists no nonzero w € V(Z) or equivalently the first-
order sufficient condition (1.1.1) for (NLP) holds at z, then Z is a strict local minimum
of the [y penalty function for all u sufficiently large. Rosenberg [142] extended Howe’s
result to the Lipschitzian case and provided a sharp lower bound for all exact penalty

parameters. Similar result can be found in [26, 14].

Note that the calmness property of the problem NLP(y) and Howe’s result both
rely on the objective function f. Other regularity conditions for exact penalization
that are independent of the objective function f, can be found in the literature. Han
and Mangasarian [66] showed that, if Z is a strict local minimum of (NLP) and the
MFCQ holds at z, then z is a local minimum of the [; penalty function for all u
sufficiently large. Pietrzykowski [128] obtained the same result by assuming the LICQ),
a stronger condition than the MFCQ. Lasserre [97] also employed the LICQ but provided
a slightly different result from the corresponding result of Han and Mangasarian, and
Pietrzykowski, since Lasserre did not assume that the local minimum Zz is a strict one. It
follows from Clarke’s elementary exact penalty penalization theorem ([36], Proposition
2.4.3) that, the [; penalty function is exact at T provided that the local error property
(1.1.4) holds at Z, see also Proposition 3.111 of [23] and Corollary 2.6 of [147]. This
fundamental result indicates that the QNCQ or any stronger CQ is sufficient for the
exactness of the [y penalty function, since the QNCQ implies the local error property

(1.1.4).

Exactness of the [; penalty function is also closely related to second-order sufficient

and necessary conditions of (NLP). Han and Mangasarian [66] essentially showed that,
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if the (SOS1) holds at a feasible point Z with respect to some y € KKT(z), then z is a
strict local minimum of the I; penalty function for all ;1 > ||7||ec. This result subsumes
and sharpens the result by Charalambous [33] who considered the problem (NLP) with
inequality constraints only. Similar result can be found in Lasserre [97]. Parallel to the
results of Charalambous, Han and Mangasarian, and Lasserre, a more elegant result
obtained by Burke (][26], Theorem 4.7) asserts that for all u > ||7||, Z is a strict local

minimum of order 2 for the [; penalty function.

It is well-known that if the [; penalty function is exact at z, then both the KKT
condition and the (SON2) hold at Z, see in particular Han and Mangasarian ([66],
Theorem 4.8) and Rockafellar ([139], Corollary 4.5). This indicates that the [; penalty
function is qualified for detecting both the KKT condition and the (SON2) in the
sense that any condition ensuring the exactness of the [; penalty function at some
local minimum of (NLP), guarantees the KKT condition and the (SON2) at this local

minimum.

Thanks to the efforts of many researchers, the equivalence of first- and second-
order optimality conditions for (NLP) and the l; exact penalty function is now well
understood. But there is another type of exact penalty functions whose optimality
conditions have no direct connections with those of (NLP), such as the so-called lower

order [, (0 < p < 1) penalty function

f@)+p (Zgi($)++2\hj(x)\> (1.1.10)

iel jeJ
which is obtained from P(z,u) by setting Q(t) = t? and using the ¢; norm. Note that
when p = 1, the above function reduces to the [; penalty function. This type of penalty
functions was first introduced in Luo et al. [105] for the study of mathematical programs
with equilibrium constraints, and has been studied extensively in [80, 145, 160, 161,
110, 162]. Note that the [, (0 < p < 1) penalty function is, in general, non-Lipschitz
because it is defined via the function ¥ : R, — R, which is non-Lipschitz at ¢ = 0

relative to R,.

Similarly as the case for the {; penalty function, it is easy to show that the [, penalty
function is exact at z if and only if there exist a number & > 0 and a neighborhood U
of x such that,

F(@)+ filly — gl = f(2) Vo€ My)nU.
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The latter property was referred to as the generalized calmness-type conditions by
Rubinov and Yang in their book [144], where the global version of the generalized
calmness-type conditions by virtue of value functions is also discussed. The general
exact penalty result for subanalytic systems ([105], Theorem 2.1.2) asserts that if all
functions in defining (NLP) are continuous subanalytic, then there exists some p € (0, 1]
such that the [, penalty function is exact at z. If the [, penalty function is exact at z,

then for any 0 < p’ < p, the [, penalty function is also exact at Z.

Although the [, penalty functions have a greater chance to be exact than the [;
penalty function, their exactness, however, does not in general imply the KKT condi-
tions. Consider the simple problem of minimizing —z subject to 22 < 0, for which the
KKT condition does not hold at the local minimum z = 0. The [; penalty function
for this problem is not exact at x = 0, but the [, (with p = 0.5) penalty function is
exact at x = 0. Therefore, not every [, exact penalty function is qualified for detecting
KKT conditions. Yang and Meng [161] showed that if a type of conditions in terms of
(generalized) second-order derivatives of the constraints is satisfied, then KKT condi-
tions can be derived from the [, exact penalty functions. Their technique is conducted
by first applying (generalized) Taylor expansions to estimate the Dini upper-directional

derivatives of the [, exact penalty functions, and then by using the Farkas” Lemma.

We end this section by emphasizing that the terminology ‘exact penalization’ ap-
peared in the literature may be different from the one that we previously reviewed.
The exact penalty functions found in [46, 59, 67, 129, 39] are distinguished by their
differentiability, while exact penalty functions having the form P(z,pu) are commonly
believed to be non-differentiable. The exact penalty functions appeared in the context
of augmented Lagrangian theory are also different because the penalty terms associ-
ated with augmented Lagrangian functions could take negative values. The augmented
Lagrangian method was proposed by Hestenes [74] and Powell [130] for the equality
constrained problem, and extended to the inequality constrained problem by Rock-
afellar [135, 140]. The augmenting functions, referred to as additional penalty terms,
considered in these work are quadratic. Further developments have been done by Rock-
afellar and Wets [141] in connection with convex augmenting functions, by Huang and
Yang [80] in connection with level-boundedness augmenting functions, by Zhou and

Yang [175, 176] in connection with valley-at-0 augmenting functions. For an overview
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of modified Lagrangians and their usage in numerical optimization, see Bertsekas [21]

and Nocedal and Wright [120].

1.2 Review on Mathematical Programs with Com-

plementarity Constraints

Consider the mathematical program with complementarity constraints

(MPCC) min f(x)
st gi(z) <0, iel,
hj(z) =0, jEd,
Gr(x) >0, H(z) > 0,Gy(z)Hi(x) =0, k€K,

where f,I,J,g;, h; are given as in (NLP), K = {m+q+1,---,m+q+1}, and Gy, Hy
are all assumed to be continuously differentiable functions from R™ to R. Let T be a
fixed feasible point of (MPCC). The index sets I(Z), o, 3,y depending on Z are defined
as follows:

I(z) = {k € I|gi(z) = 0},

a={ke K|0=_Gy(z) < Hi(z)},

B ={k € K|Gy(z) = Hr(z) = 0},

v=A{k € K|Gy(z) > Hp(z) = 0}.
For a given set A, the set of all partitions of A is given by

P(A) - {(AhAQ) | Al U A2 - A, A1 N AQ = @}

It is clear to see that (MPCC) is essentially an (NLP) problem. Moreover, (MPCC)
is closely related to many other (NLP) problems with different various forms. First, we

can associate with (MPCC) two (NLPs) [146], the tightened NLP

(TNLP) min f(z)

st gi(z) <0, iel,
hi(xz) =0, Jj € J,
Gr(x) =0,Hg(z) >0 k€ q,



and the relaxed NLP
(RNLP) min f(x)
st. gi(z) <0, i e,

Then, for each partition (8, 32) € P((), we can associate with (MPCC) an (NLP) as
follows [54, 165]:

NLP(fy,32) min f(z)

s.t. gi(z) <0, i e,
hi(z) =0, JjeJ,
Gr(x) =0,Hg(z) >0 k€ q,
Gi(z) =2 0, Hi(z) =0, k€,
Gr(z) > 0,Hy(z) =0, k€ by,
Gr(z) =0, Hp(z) 20, k€ [

Next, by the so-called NCP-function [51] ¢ : R? — R with the property that ¢(a,b) = 0
if and only if @ > 0,0 > 0,ab = 0, we can reformulate (MPCC) as an (NLP) as follows
(146, 160]:
(MPCC), min f(x)
st gi(z) <0, i€l

h;(z) =0, JjEeJ,

¢(Gr(x), Hi(x)) =0 k€ K.
Note that the composition function ¢(Gy(x), Hi(x)) may be non-differentiable even if
the functions Gy, and Hj, are sufficiently smooth, since the NCP-functions may be non-
differentiable at the origin, such as ¢(a,b) := min(a,b) or ¢(a,b) := a + b — /a® + b2.
Finally, by introducing slack variables r and s, (MPCC) can be also reformulated as an

(NLP) with abstract constraints as follows [165]:

(MPCC)q min f(z)

st. gi(z) <0, 1el,
hj(l') = O, j € J,
Gk(l‘)—TkZO,Hk(ZL')—Sk:O, k€K7
(T‘k,Sk)EQ, ke K,
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where 0 = {(a,b) € R?> |a > 0,b > 0,ab = 0}.

Denote by E, Frnrp, FRNLP: and FNLp(s,,3,) the feasible sets of the problems
(MPCC), (TNLP), (RNLP), and NLP(f3, 32), respectively. Then,

FiNtP = [ PNLP@s C FNLP@on CE= U PNLP(s.5) © FRNLP-
(B1,B2)EP(B) (B1,82)€P(B)

(1.2.11)
holds on some neighborhood of Z, see [146]. Based on these relations, Z is a local
minimum of (MPCC) if and only if it is a local minimum of program NLP(53, ;) for
each (41, 02) € P(B). If & is a local minimum of (RNLP) then it is a local minimum
of (MPCC), and if Z is a local minimum of (MPCC) then it is a local minimum of
(TNLP). The reverse implications hold in general only if strict complementarity holds
at T (i.e., 0 = (), see [146]. In this case, P(3) = {(0,0)}, the problems (TNLP),
(RNLP), and NLP(0, () are the same, and equality holds throughout (1.2.11) on some
neighborhood of Z. In general, the (MPCC) with 3 # () is more difficult to deal with

than the (MPCC) with 3 = 0.

Since (MPCC) has close connections with different NLPs, many concepts and meth-
ods known from the nonlinear programming literature have been used to study (MPCC).
The various constraint qualifications ensuring the KKT conditions (also known as the
strong stationary conditions in the MPCC literature) have been studied, see [16, 146].
The sequential quadratic programming method for (MPCC) can be found in [89, 61],
and the sequential penalization approach has been investigated in [81]. More impor-
tantly and frequently, variants of these concepts and methods, which are tailored specif-
ically for (MPCC), have been used in the (MPCC) community. In what follows, we will
mainly focus on various constraint qualifications and stationarity concepts for (MPCC),

and survey briefly on penalty methods for (MPCC).

Standard CQs for (MPCC)

As mentioned earlier, the (MPCC) is essentially a nonlinear programming problem. But
it is a well-known fact that most of the familiar CQs known from nonlinear programming
literature do not hold, see [34, 167, 56]. In particular, the linear CQ is violated because
the constraints of (MPCC) cannot be all affine functions. The MFCQ is also violated
at every feasible point of (MPCC), see [167, 146] and Proposition 2.15 of [52] for a
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detailed proof. Thus, any CQ stronger than the MFCQ, including in particular the
LICQ, cannot be fulfilled at any feasible point of (MPCC). However, the LICQ and
the MFCQ for (TNLP) may have a great chance to be fulfilled because of the absence
of complementarity constraints, and they are respectively called the MPCC LICQ and
the MPCC MFCQ), and were first considered by Scheel and Scholtes [146] for deriving
optimality conditions for (MPCC). For various applications of the MPCC LICQ in
connection with numerical methods for (MPCC), see [77, 78, 160, 81, 102].

If there exist some k € § and a sequence x, — Z such that Gy (z,)Hg(z,) # 0 for all
v, then by definition the (QNCQ) does not hold at z. This indicates that the (QNCQ)
can be easily violated for (MPCC).

The ACQ holds at z for (MPCC) if by definition Tx(z) = T (z), where Tg(Z) is
the (Bouligand) tangent cone to E at Z, and T"(Z) is the first-order linearized cone of

(MPCC) at Z which can be explicitly expressed as

( Vo (#)Tu<0, iel(z) )
Vhi(z)Tu=0, jeJ
Tn(e) = e B VGr(z)Tu=0, kea
VH(2)Tu=0, kevy
VGL(T)Tu>0, kep

\ VH(2)Tu>0, kep )

One drawback of the ACQ is that it can never be satisfied when Tx(Z) is non-convex,
which is rather common for (MPCC) due to the existence of the complementarity

constraints.

The ACQ is closely related with the notion of piecewise ACQ first introduced by
Pang and Fukushima [125], which is satisfied at & by definition if the ACQ holds at Z
for each NLP(f, B2) with (01, 52) € P(8). For each (51, 32) € P(3), let the first-order
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linearized cone of NLP(/3y, 32) at & be given by

( Vo(®)u<0, iel(z) )
Vhi(z)"u=0, jeJ
T 5(T) = qu e R" VGk(:Tj)TU =0, keaUp
VH(2)"u=0, k€yUps
VG(@)Tu>0, k€ p
L VH(2)Tu >0, kep )

Under the piecewise ACQ at z, the ACQ holds at z, if and only if, among all the subsets
T3 5y(T) of TH(7) with (61, 32) € P(B), there exists at least one which is equal to
T (z) and hence the biggest one, see Flegel and Kanzow [56]. As can be easily seen
from the simple complementarity constraints: x; > 0, zo > 0, x125 = 0, the ACQ does
hold at 7 := (0,0)” though the piecewise ACQ is satisfied at . Note that the piecewise
ACQ is a very weak assumption, because each NLP((, 32) with (01, 32) € P(f) is

merely an ordinary nonlinear programming for which the ACQ is commonly believed

[16] to be weak enough.

The ACQ is also closely related with the notion of nonsingularity for linear systems,

which is also introduced by Pang and Fukushima [125]. Consider the linear system

Az <b, Cz=d. (1.2.12)

The inequality A;x < b;, where A; is the i-th row of the matrix A and b; is the i-th
component of the vector b, is said to be nonsingular if there exists a feasible solution of
the system (1.2.12) which satisfies this inequality strictly. Denote by S (respectively,
(") the subset of 3 consisting of all indices k € 3 such that the inequality VG, (Z)Tu > 0
(respectively, VHy(z)Tu > 0) is nonsingular in the system defining 7""(z). If 3¢NpH =
) and the MPCC MFCQ holds at Z, then the ACQ holds at Z, see [125].

The GCQ holds at 7 for (MPCC) if by definition Tg(Z)* = T"(Z)* or equivalently
T (%) = cleconvTk(Z). Due to the close convex hull operation, the GCQ has a greater

chance to be satisfied than the ACQ. Let the MPCC-linearized cone of (MPCC) at z
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be given by

( Vgi(z)Tu <0, ieI(z) )
Vh;(z)Tu =0, jeJ
VGL(Z)Tu =0, kea
Tiboo(Z) = Q u € R* | VH(7) u = 0, ken
VGL(Z)Tu >0, kep
VH(z)Tu >0, kep
\ (VG(@)Tu)(VH(z)u) =0, kef |

This linearized cone was first introduced in [146, 125] and later studied extensively in
[54, 165, 57]. It is shown by Corollary 3.20 of [52] that the GCQ holds at z if and only
if Tp(Z)* = Tioo(Z)* and Tim, o (Z)* = T (Z)*. The latter equality was referred as
to the intersection property (IP) for (MPCC) at & by Flegel in his PhD thesis [52], see
also [58]. It is shown by Lemma 3.22 of [52] that the IP is implied by the assumption
(A2) of [125], which is said to be satisfied at Z by definition if there exists a partition
(BEH 3G € P(BY N BH) such that the equality

D NVG(E) + ) MVhi(E) = Y AVGHE) - Y M VH(Z) =0

icl(z) jeJ keaUp kerUB
implies that \{ = 0 for all k € BF and M =0 for all k € S, The assumption (A2)
of [125] is clearly implied by a stronger condition, called the partial MPCC LICQ [165],
which is said to be satisfied at z if by definition the equality

D NVG(E) + Y NVhi(E) - Y AVGHE) — Y M VH(Z

icl(z) jeJ keaUp kerUB

implies that A\{ = M = 0 for every k € 3. It is shown by Theorem 4.6 of [56] that the
GCQ holds at z if the MPCC LICQ holds at z.

MPCC tailored CQs

Having checked several CQs known from the nonlinear programming literature, we have
seen that most of the standard CQs including the LICQ and the MFCQ), are violated
for the (MPCC). Therefore, the CQs tailored specifically to (MPCC) are needed, some

of which are defined as follows.
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The piecewise MFCQ [165, 121] holds at z if the MFCQ holds at z for each NLP (3, 32)
with (ﬁl,ﬁg) € ,P(ﬁ)

The MPCC generalized MFCQ (MPCC GMFCQ) [165] holds at Z if there is no nonzero
vector A = (A9, A", NG \) € Rmtat2l guch that

D NVgi(T) + Y NVhi(T) = Y [MVGHE) + M VH(2)] =0,

iel jeJ keEK
Vie I\ >0, Mgi(z) =0, (1.2.13)
Vk €7, \E =0, Vkea, M =0,
Vk € 3, either A > 0, A\ > 0 or A\ A = 0.

The MPCC generalized pseudonormality (MPCC GPNCQ)[92] holds at Z if there are
no nonzero vector A = (A9, A", \¢ \¥) € Rm*t9+2% and a sequence x, — T such

that (1.2.13) holds and for all v,

> Ngi() + > Nhy(a,) = Y M Gr(zy) + M Hy(z,)] > 0.

iel jeJ keK

The MPCC generalized quasinormality (MPCC GQNCQ) [92] holds at Z if there are
no nonzero vector A = (A, \", \¢ ) € Rm+t4+2 and a sequence r, — T such
that (1.2.13) holds and for all v, A/g;(x,) > 0 for all ¢ with A > 0, Ah;(z,) > 0
for all j with A} # 0, =AfGy(z,) > 0 for all k with A{ # 0, and —A\[!Hi(z,) > 0
for all & with A\ # 0.

The local MPPC error bound [55, 165] holds at Z if there exist some p > 0, a neigh-
borhood W of the origin of R™+9+2! and a neighborhood V of Z such that

Ao, B) < ll(w v, )| Vv, rs) € W, Vo € Z(u,v,r,5) 0V,
where Z : R™T9+2l = R" is a set-valued mapping defined by

gi(x) <w,i€l, hj(x)=v;,5€J
Z(u,v,1r,8) = x € R"| Gp(x) +r, >0, Hy(z) + 5, >0, ke K p, (1.2.14)
(Gi(z) + i) (Hi(z) +5) =0, k€ K

which can be considered as a perturbation of the feasible set of the (MPCC) due
to Z(0,0,0,0) = E.

The MPCC linear CQ [165, 54] holds if the functions g;, hj, Gy, Hy are all affine.

23



The MPCC-ACQ [54, 165] holds at Z if Ty (z) = T)i o (Z).

The MPCC-GCQ [52, 57] holds at T if Te(Z)* = Timo(T)*.

The property of local MPCC error bound is actually defined via the calmness of the
set-valued mapping Z at (0,Z), which in an alternative way [73] can be expressed as

the existence of some 7 > 0 and a neighborhood V' of z such that

rdp(r) < (sm +Z|min{ak<x>,ﬂk<x>}|> Vaev,

keK
where dg(x) is the distance of the point x from E, and S is given by (1.1.3). Equiv-
alently, the right-hand side (induced from the £, norm in R™T4"2) of the above in-

equality can be replaced by many other functions, such as

S(z) + Z max{—Gy(x), —Hy(x), —(Gr(z) + Hi(x)), min{Gy(z), Hc(z)}},

keK

which is induced from the ¢; norm in R™972 see [92] for details.

The result that the local MPCC error bound holds at every feasible point of (MPCC)
under the MPCC linear C(Q, can be obtained by applying Robinson’s well-known result
([134], Proposition 1) on a continuity property of polyhedral multifunctions, see Ye
[165] and Flegel and Kanzow [55]. It can also be obtained in a direct way by exploited
carefully the affine structure of (MPCC) under the MPCC linear CQ, see Lemma 3.1
of Meng and Yang [110]. It has been shown by Kanzow and Schwartz [92] that the
local MPCC error bound holds at z if the MPCC GPNCQ holds at . However, by
checking their proof ([92], Lemma 4.3), we find it that the local MPCC error bound
actually holds at  under a weaker version of the MPCC GPNCQ, which happens to
be equivalent with the MPCC GQNCQ by taking Proposition 3.2 of Bertsekas and
Ozdaglar [22] into account. Therefore, the local MPCC error bound holds at Z if the
MPCC GQNCQ holds at z.

According to [52, 54, 56, 165, 92] and the previous discussion, we have the following

implications:

MPCC LICQ = MPCC MFCQ = Piecewise MFCQ
— MPCC GMFCQ = MPCC GPNCQ = MPCC GQNCQ
= local MPPC error bound = MPCC ACQ = MPCC GCQ
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and
MPCC linear CQQ = local MPPC error bound.

Stationarity conditions for (MPCCQC)

Stationarity (or first-order optimality) conditions of (MPCC) have been the subject of
many recent papers and books, see [146, 125, 165, 105, 123] and references therein. Since
there are several different approaches for deriving these conditions, various stationarity
concepts arise, see a very recent PhD thesis [52] by Flegel for their definitions and

connections.

According to [54], we say that Z is a B-stationary point if —V f(Z) € Tg(Z)*, that
it is an MPCC-linearized B-stationary point if —V f(z) € Tyt (Z)*, and that it is a
linearized B-stationary point if —V f(Z) € T""(z)*. We have

Linearized B-stationarity = MPCC-linearized B-stationarity => B-stationarity,

due to

T™(2)" € Tipeo (@) C Te(@),
see [H4]. B-stationarity was first proposed in [106], and studied in depth in [105, 125].
MPCC-linearized B-stationarity was first defined in [146], and later developed by many
papers [165, 55]. Note that z is an MPCC-linearized B-stationary point if and only if
the KKT condition holds at & for each NLP(;, 32) with (31, 52) € P(3), see [146]. The

notion of Linearized B-stationarity was introduced in [54] for the sake of completeness.

Besides these primal stationary conditions, there are several dual stationary condi-
tions or KKT-type conditions developed for (MPCC), such as strong stationarity [125],
M-stationarity [121], C-stationarity [146], A-stationarity [53, 54]), and weakly station-
arity [146]. Here, we mainly focus on strong stationarity and M-stationarity. We say

that z is a strongly stationary point [146, 125, 56| (respectively, an M-stationary point
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(121, 122, 55, 165]) if, there is A = (A9, A", X&' \) € Rm+at+2l guch that

V@) + D MNVG(E) + Y N Vhi(E) = > NVGL(E) + M VH(T)] =0,

il jeJ keK
Vie I, >0,Mg(z)=0,
Vk ey, \{ =0, Vkea =0,
Vk e 8,08 > 0,00 >0
(respetively, Vk € 3, either AY > 0, A > 0 or ACA = 0).

Clearly, strong stationarity implies Mordukhovich stationarity. Note that Z is a strongly
stationary point if and only if the KKT condition holds at z for (MPCC) or (RNLP), see
[54] for details. M-stationary condition (with ‘M’ standing for ‘Mordukhovich’) was first
introduced in [166] for optimization problems with variational inequality constraints by
using Mordukhovich’s generalized differential calculus [113], and was further studied in
[164] and [121]. It was shown by Theorem 2.3 of [165] that M-stationary condition is
also sufficient for global or local optimality under certain MPCC generalized convexity

condition.

In what follows, we assume that z is a local minimum of (MPCC). Then by the

basic first-order conditions for optimality ([141], Theorem 6.12), we have
—Vf(z) € Tg(z)".

Therefore, any local minimum of (MPCC) is by definition a B-stationary point. If the
GCQ holds at z, then we have

—Vf(z) e T™(z)",

which implies by definition that z is a linearized B-stationary point, or equivalently a
strongly stationary point by Farkas’ lemma, see [54] for more details on this equivalence.
Note that the GCQ is the weakest CQ for strong stationarity, as is the case for (NLP),
see [64] and also Theorem 6.11 of [141].

To show the M-stationarity under the MPCC-GCQ, an MPCC variant of the notion
of calmness has been considered in [164, 55]. (MPCC) is said to be MPCC-calm at
if there exist x4 > 0, a neighborhood W of the origin of R™+4+% and a neighborhood V'
of z such that

f(@) < f(x) + pl|(u,v,r,s)|| V(u,v,7,8) € W, Yo € Z(u,v,r,5) NV,
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where Z is the set-valued mapping defined by (1.2.14). If (MPCC) is MPCC-calm at z,
then Z is an M-stationary point, see [55] and also [165]. If the local MPCC-error bound
holds at a feasible point x of (MPCC), then the (MPCC) is MPCC-calm at x provided
that x is a local minimum of (MPCC). Recall that the MPCC linear CQ implies the
local MPCC-error bound.

If the MPCC-GCQ holds at z, then
~Vf(Z) € Tyfpec(), (1.2.15)

which implies by definition that z is an MPCC-linearized B-stationary point. Note that
(1.2.15) holds if and only if u* = 0 is a local minimum of the problem
min  Vf(z)Tu

ueRr | (1.2.16)
st weim . (7),

which satisfies the MPCC linear CQ because all functions in defining Ty (Z) are
affine. Thus, u* = 0 is an M-stationary point of (1.2.16), which amounts to that z is
an M-stationary point of the original (MPCC). This explains how M-stationarity can
be derived from the MPCC-GCQ by means of MPCC-calmness, see [165, 57] for more

details on the original idea and the proof.

Note that MPCC-linearized B-stationarity implies M-stationarity but not vice versa,

as shown by the following MPCC instance with m =¢=0,n=1[0=1, and x = 0:

min f(z) = —x

(1.2.17)
st. Glx)=x2>0,H(z)=2>>0,G(x)H(z) = 0.

The MPCC instance (1.2.17) also indicates that the MPCC-GCQ is not the weakest CQ
for M-stationarity because it is violated at & which, though, is an M-stationary point.
It was shown, though not explicitly, in Flegel and Kanzow [57] that, the weakest CQ for
M-stationarity in the sense that it is both sufficient and necessary for M-stationarity,

can be defined as follows:
Tu(2)* x {0} x {0} C Ng, (0,0,0) + Ng, (0,0,0), (1.2.18)

where N4(y) stands for the normal cone [141] (also known as the Mordukhovich limiting

normal cone [113]) to A at y € A, ; and )y are two cones defined respectively by

Q= {(u,85,m5) € RN | & > 0, > 0,8 = 0, ¥k € B},
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and

Vgi(#)"u <0, i€ I(z),
Vh;(z)"u =0, jel
Qo= L (u.5.m) € 2ol | VORETu=0, ke
VH(@)u =0, ke,
VGLE)u =& =0, kep,
* S0, ke )

Flegel and Kanzow [57] derived M-stationarity from the MPCC GCQ by actually show-
ing that the MPCC GCQ implies condition (1.2.18). Again, the MPCC instance (1.2.17)

can be used to demonstrate that the condition (1.2.18) may be strictly weaker than the
MPCC GCQ.

Exact penalization results for MPCC

Exact penalty results for (MPCC) are known in the literature [105, 106, 106, 147, 168,
55, 52]. In particular, Flegel and Kanzow [55] showed that the (MPCC) is MPCC-calm
at z if and only if the penalty function for (MPCC) defined by

H(x) = f(x) + p (5(96) + ) |min{Gy(x), Hk(ﬂf)}l)

keK

has a local minimum at & with some p > 0, where S is given by (1.1.3). This equivalence
indicates that any condition that can imply the MPCC-calmness will be sufficient for
the exactness of the penalty function H(x). Examples of such conditions are the local
MPCC-error bound property [55, 165], the MPCC linear CQ [55, 165], and the MPCC
GMFCQ [102]. If the penalty function H(z) is exact at Z, then z is an M-stationary
point, see [55, 165].

When the (MPCC) is treated as an ordinary (NLP), the classical [; penalty function
for (MPCC) can be expressed as follows:

G(x) = f(x) +p (5(@ + D A(=Gi())+ + (—Hi())+ + IGk(x)Hk(ﬂf)l}) ,

kK
where S is given by (1.1.3). If the penalty function G(x) is exact at Z, then Z is a strongly
stationary point or equivalently the KKT condition holds at Z, see [36, 35, 26]. Note
that the MFCQ is invalid at every feasible point of (MPCC) and that local minima
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of (MPCC) may be merely M-stationary points but not strongly stationary points.
This indicates that the exactness of the penalty function G(x) may requires somewhat

stronger regularity conditions, such as the LICQ.

1.3 Notation

The notation that we employ in this thesis is for the most part borrowed from the book

[141] by Rockafellar and Wets. A partial list is provided for the reader’s convenience.
We denote by R the set of all real numbers, and set
R:=RU{*+cx}, R, ={teR|t>0}, R, :={teR|t>0}

For a,b € R with a < b, we denote by [a, b] the closed interval between a and b, and
by [a,b) the half-closed and half-open interval between a and b, and by (a,b) the open
interval between a and b. For vectors x,y in R", we denote by x7 the transpose of z,
by 7y or (x,y) the inner product of z and y, by z+ := {v | (v,z) = 0} the orthogonal
complement of x, and by ||z|| the Euclidean norm of z. For a given subset A of R", we
denote the closure of A, the interior of A, the boundary of A and the convex hull of A
respectively by clA, intA, bdA and convA. We say that the function f: R* — R is C*
with k& being a positive integer if f is k times continuously differentiable, and that f
is CY1 if f is differentiable with the gradient being locally Lipschitz. For a set-valued
mapping F': R" = R™, the graph of F' can be identified as a subset of R" x R™, namely

gphF := {(z,y) |y € F(x)}.

For a nonnegative function f : R — R, U {400} and a scalar p > 0, the p-th order
function of f is defined by

fP(x) = (f(z))’  VxeR", (1.3.19)

where the convention (4+00)? := 400 is used. When p = 0, we interpret the function

/7 as the indicator of the set {x € R™ | f(x) = 0}.

In what follows, let A be a nonempty subset of R". We say that A is locally closed

at a point Z (not necessarily in A) if C NV is closed for some closed neighborhood V/
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of z. The polar cone of A is defined by
A*={veR"|(v,z) <0 Vxe A}
The positive hull of A is defined by
posA={A x|z € A \>0}.
The horizon cone of A, representing the direction set of A, is defined by
A*® ={z € R" | 3z € A, I\, — 0+ with Nz — x}.
The distance function to A, written as da(-) or d(-, A), is defined by
da(w) = inf Jlz —y].

The projection mapping P, that assigns to each x € R"™ the point, or points, of A

nearest to x, is defined by

Pa(x) :={y € Allly — zl| = da()}.

The indicator function of A is defined by

5A ($) =
+00 otherwise.

{ 0 ifzeA,

If A is empty, we set by convention

A" =R, posA={0}, A*={0}, du()=-+oc, Pa()=0, and 8a(-)= oo,

Let x € A. Variational geometry of A at T can be captured by a number of notions
that have been investigated in great details in Chapters 6 and 13 of Rockafellar and
Wets [141].

(1) A vector w € R™ belongs to the tangent cone T4(Z) to A at z, if there are sequences
t, — 0+ and w; — w such that & + tw; € A for all k.

(77) A vector v € R™ belongs to the proximal normal cone NY(z) to A at , if there

exists some 7 > 0 such that € Py(Z + 7v).
(ii7) The regular normal cone N4(Z) to A at Z is the polar cone of Ty (Z).
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(iv) A vector v € R" belongs to the normal cone N4 () to A at z, if there are sequences

x, — T and v, — v with z;, € A and v, € NA(xk) for all k.

(v) The set A is said to be regular at z in the sense of Clarke if it is locally closed at
z and Na(Z) = Na(z).

(vi) A vector z € R™ belongs to the second-order tangent set to A at z for a vector
w € Ta(Z), written as z € T3(Z | w), if there are sequences t; — 0+ and z, — 2
such that Z + tyw + i3z, € A for all k. When w ¢ Ta(Z), we interpret 73(Z | w)

as an empty set.

In harmony with the general theory of set-valued mappings, it is convenient to think of

NT. ]/\\714 and N4 not just as mappings on C' but of type R" = R" with
NE(2) = Nu(z) = Na(z) := 0 when z ¢ A.
In general, we have N¥(x) C ]VA(x) C Ny(z) for every x € A and hence

gphN¥ C gphN,4 C gphN,. (1.3.20)

In what follows, let f : R* — R be an extended real-valued function and let Z be a

point with f(z) finite. The effective domain of f is the set
domf :={z € R" | f(z) < o0},
and the epigraph of f is the set
epif :={(z,a) e R" xR | a> f(z)}.
For each o € R, we will find it useful to have the notation for the lower level set
leveof :={x € R" | f(z) < a}.

The function f is said to be lower semicontinuous if, epif is closed in R" x R or
equivalently the level sets of type lev<,f are all closed in R"; it is said to be upper
semicontinuous if the function —f is lower semicontinuous; and it is said to be locally

lower semicontinuous at z if, epif is locally closed at (z, f(Z)).

The notions related with generalized differential and subdifferential that we need
throughout the thesis are summarized as follows. They have been extensively studied

in Chapters 8 and 13 of Rockafellar and Wets [141].
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(1) The vector v € R" is a regular subgradient of f at Z, written v € B) f(z), if
f(x) = f(2) + (v,2 — 7) + o(||lz — 2[).

(i1) The vector v € R™ is a (general) subgradient of f at z, written v € f(Z), if there

are sequences =¥ — = and v* — v with f(z%) — f(Z) and v* € gf(xk)

(i17) The function f is said to be regular at z if epif is regular in the sense of Clarke
at (z, f(z)) as a subset of R" x R.

(iv) The subderivative function df (z) : R* — R is defined by

df (z)(w) := liminf J@+ ) = f(j:)

T—04, w' —w T

(v) For any v € R", the second subderivative at Z for v and w is

flz+71w) — f(z) - T<v,w’>'

2 £ R TIN
Crwlote) = Toul, :

(vi) For any vector w with df (Z)(w) finite, the parabolic subderivative at Z for w with

respect to z is

f@+ 1w+ 37%2) — f(z) — 7df (z)(w)

2

d?f(Z)(w ] 2) := liminf

T—0+4, 2/ —2 %T

(vii) The function f is said to be parabolically regular at z for a vector v € R"

(Definition 13.65 of [141]) if the equality

PF(E | v)(w) = inf {EF@) W] 2) - (v,2)}

zZER™

holds for every w having df (Z)(w) = (v, w), or in other words if for such w with

d?f(z | v)(w) < oo there exist, among the sequences 7% — 0+ and w* — w with

(@ + 7Fwk) — f(7) — 7% (v, wk)

— d*f(z ] v)(w),

ones with the additional property that lim sup, ||[w* — w]|/7* < oo.

(viii) The function f is said to be calm at & from below with modulus 7 € R, if there

exists a neighborhood V' of z such that
f@) =2 f(@) —7llz -z  VeeV
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It should be noted that the notion of calmness from below is closely related with the
notion of strong slope introduced by De Giorgi et al. in [63], where the strong slope of

f at 7 is defined by )
|Vf|(.f) -— lim sup (f($) — f([E))+

@I, 1AL |z — 2z

1.4 Motivation and Outline of the Thesis

The study of exact penalty functions has grown and proliferated in many interesting
areas within mathematical optimization society. In the literature, exact penalty func-
tions have been employed to derive optimality conditions for constrained optimization
problems, see [35, 36, 66, 105] and the milestone paper by Burke [26]. The technique
used in these work is by first transforming constrained optimization problems into un-
constrained ones via exact penalty functions, and then establishing the equivalence of
optimality conditions for the constrained and unconstrained optimization problems. It
should be noticed that not all exact penalty functions are qualified for deriving optimal-
ity conditions in this direct way by establishing such equivalences, as can be seen from
Yang and Meng [161]. In this connection, a natural question arises as to whether and
how general exact penalty functions can be employed to derive optimality conditions for
constrained optimization problems. To a great extent, this thesis is motivated by Yang
and Meng’s work [161], and can be regarded as a further development of the idea hidden
in [161]. In this thesis we aim to study the theory of deriving optimality conditions
for constrained optimization problems from very general exact penalty functions, and
intend to develop a unified theory from a modern perspective of variational analysis

popularized by Rockafellar and Wets” book [141].

For simplicity in the present discussion, we proceed formally to sketch the main
work of this thesis. Let C' be a subset of R™ and let ¢ : R — R, U {+o0} be a
lower semicontinuous function with the property that z € C if and only if ¢(x) = 0.
Moreover, let T € C be a fixed point and let the function f; : R® — R be at least

continuously differentiable.
Consider the constrained optimization problem
(P) min fo(z) st. ze€C,
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and the unconstrained optimization problem
min  fo(x) + pop(x) st. x € R,

where p is a nonnegative real number. In harmony with the general theory of penalty
functions, it is convenient to think of p as a penalty parameter, ¢ as a penalty term,
and fy + p¢ as a penalty function. Note that when C is assumed to be the feasible
set of (NLP) and f is assumed to be the objective function of (NLP), the penalty
function fo + ¢ includes penalty functions of the form (1.1.7) and correspondingly the
l, (0 < p <1) penalty function as special cases.

We say that the penalty function fy+ u¢ is exact at z if it has an unconstrained local
minimum at z for a finite penalty parameter (and hence for all finite and larger values of
the penalty parameter). It is to be note that if fy + ¢ is exact at z, then by definition,
(P) has a local minimum at Z. When ¢ happens to be the indicator function é¢c of C, it
is clear to see that fy+ p¢ is exact at z if and only if (P) has a local minimum at z. In
general, however, fy+ ¢ may not be exact at Z even if (P) has a local minimum at z. In
this thesis, we intend to address two basic questions concerning optimality conditions
and exact penalty functions as to when penalty functions are exact at local minima
of constrained optimization problems, and how optimality conditions of constrained
optimization problems can be derived from exactness of penalty functions. Chapter 2
and part of Chapter 3 are devoted to the first question, while Chapters 4, 5 and part

of Chapter 3 are devoted to the second one.
The outline of the thesis is as follow.

In Chapter 2, we study sufficient conditions for penalty terms to possess local error
bounds. To be precise, we say that ¢ is a local error bound at z for C, if there exist

some 7 > 0 and € > 0 such that for all x € R" with ||z — Z|| < e,
Tdo(z) < ¢(x). (1.4.21)

A stronger version of (1.4.21) asserts that there exist some 7 > 0 and € > 0 such that

for every « > 0 and every x € R™ with ||z — Z|| < e, it follows that
7d (z,1ev<n@) < (0(z) — a). (1.4.22)

Note that lev<,¢ = C when a = 0. Conditions of the type (1.4.22) were first studied
by Azé and Corvellec [11]. A similar result can be found in ([37], Theorem 3.1).
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In the first part of Chapter 2, we establish equivalent conditions for the stronger
version (1.4.22) of the local error bound (1.4.21). These conditions are expressed in
terms of the strong slopes, the subderivatives and regular subgradients of ¢ at points
outside C'. We observe that (1.4.21) not necessarily implies (1.4.22) even if ¢ is locally
Lipschitz continuous. However, if ¢ is the max function for a finite collection of contin-
uously differentiable functions, we show that (1.4.21) and (1.4.22) are equivalent. As
a consequence of this equivalence, we show that the quasi-normality constraint qualifi-
cation introduced by Hestenes [75] is sufficient for the existence of local error bounds.
Moreover, we use an example to illustrate how to apply our result to identify when

exactly local error bounds occur for a parameterized system.

In the second part of Chapter 2, we study sufficient conditions for (1.4.21) in a
systematic way by checking limits defined on the boundary of C' in the following way:

kkﬂo ¢ (i ;:tkvk)
where {(zy, vk, tx)} C bdC' x R" x R,y and (xg, vy, tx) — (Z,v,0) with v € Ne(z)\{0}.
Studniarski and Ward ([151], Theorem 2.5) showed that (1.4.21) holds if all limits of the
form (1.4.23) are positive. Toffe and Outrata ([86], Theorem 2.1 (b)) obtained the same

: (1.4.23)

result under a weaker condition which requires positiveness of all limits of the form
(1.4.23) but with an additional requirement that v, € Ne(z) for all k. A similar result
to that of Ioffe and Outrata has been given by Henrion and Outrata ([73], Theorem
1). In addition, we show under what circumstances on C' these sufficient conditions are
also necessary by considering limits of the kind (1.4.23) for the distance function dc.
We end this chapter by using an example to illustrate that the second class of sufficient

conditions is applied when criteria studied in the first part fail.

In Chapter 3, we study first- and second-order necessary and sufficient conditions
for fo+ o to be exact at x. We present our conditions in terms of three epi-derivatives:
subderivatives, second-order subderivatives, and parabolic second-order subderivatives.
These notions have been successfully utilized to formulate very tight first- and second-
order optimality conditions for an extended real-valued function to attain a local min-
imum, see in particular Theorems 10.1, 13.24 and 13.66 of Rockafellar and Wets [141].
We study some basic properties of the subderivative, the second subderivative and the
parabolic subderivative of ¢, and pay our attention to derivative kernels consisting of

directions at which these subderivatives vanish. Because of the differentiability as-
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sumption on fy, the subderivative, the second-order subderivative, and the parabolic
second-order subderivatives of the function fy + u¢ can be expressed respectively by
that of fo and ¢, which makes it possible for us to apply Theorems 10.1, 13.24 and
13.66 of [141] in a straightforward way.

In Chapter 4, we study KKT conditions and second-order necessary conditions of
the form (1.1.6) for the nonlinear programming problem (NLP) via exactness of penalty
functions associated with (NLP). By setting C' to be the feasible set of (NLP), we have
a general penalty function f+ p¢ for (NLP), which includes the [, (0 < p < 1) penalty
functions as special cases. Beside the penalty term ¢, we mainly focus on the penalty

term S? of the [, penalty function. Explicitly, we have

SP(z) = (Z i)« + ) |hj<x>1> Vo € R".

iel jed

It is well known that both the KKT condition and the second-order necessary con-
dition (1.1.6) holds at z if the [; penalty function is exact at z, see in particular Han
and Mangasarian ([66], Theorem 4.8) and Rockafellar ([139], Corollary 4.5). But for
0 <p < 1, the KKT condition may not hold at z even if the [, penalty function is exact
at Z. This can be seen from the simple example: min —z s.t. 22 < 0. However, Yang
and Meng [161] showed that it is still possible to derive KKT conditions from lower or-
der exact penalty functions, by requiring that the constraint functions of (NLP) satisfy
some additional conditions in terms of (generalized) second-order derivatives. Yang and
Meng formulated these conditions by applying Farkas’ Lemma and by estimating Dini
upper-directional derivatives of the [, penalty function using the tools of (generalized)

Taylor expansions.

We say that the penalty term ¢ is of KKT-type at z if the KKT condition holds
at T whenever there is a continuously differentiable function f such that f + u¢ is
exact at . In Section 4.2, we study conditions under which penalty terms are of
KKT-type. These conditions allow us to derive KKT conditions from exactness of
penalty functions. The main results that we rely are Theorems 3.2.1 and 3.3.1, and the
variational description of regular subgradients (Rockafellar and Wets [141], Proposition
8.5). In subsection 4.2.1, we give equivalent conditions for penalty terms ¢ and SP to be
of KKT-type. These equivalent conditions are expressed by either subderivative kernels

or regular subgradients of ¢ and S?. In subsection 4.2.2, we present several conditions
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in terms of the original data of (NLP), which are sufficient for S to be of KKT-type. In
particular when (NLP) has one inequality only, we give full characterizations in terms
of the original data for S? to be of KKT-type. We end Section 4.2 by giving a class
of parameterized problems to illustrate that our result can be applied to derive KKT

conditions when all existing methods fail.

In Section 4.3, by applying the second-order necessary conditions presented in The-
orem 3.3.3 and the duality theorem of linear programming, we derive second-order
necessary conditions of the type (1.1.6) for (NLP) from exactness of f + p¢ under some
additional conditions in terms of the kernel of the parabolic subderivative of ¢. When
¢ = SP, we give sufficient conditions for these conditions in terms of the original data of
(NLP). We end this chapter by using an example to illustrate that even if neither the
GCQ nor the SGCQ holds, our result obtained in this section can be applied to derive

the second-order necessary condition (1.1.6).

In Chapter 5, we study strong stationarity and Mordukhovich stationarity for the
mathematical program with complementarity constraints (MPCC) via exactness of
penalty functions associated with (MPCC). Let 0 < p < 1. We consider two [, penalty
functions for (MPCC) as follows:

Hy(x) = fz) +p <5(w) + ) Imin{Gx(x), Hk(l’)H)

keK

Gplx) = f(x) + p (5(1’) + Y A(=Gi())+ + (—Hi())+ + IGk(x)Hk($)|}> :

keK
where S is given by (1.1.3). By setting C' to be the feasible set of (MPCC), we have a

general penalty function f + p¢ for (MPCC), which includes the [, penalty functions
G, and H, as special cases. We say that the penalty term ¢ is of S-type (resp., M-type)
at 7 if strong stationarity (resp., Mordukhovich stationarity) holds at & whenever there
is a continuously differentiable function f such that f + u¢ is exact at . In Section
5.2, we establish equivalent conditions for ¢ to be of S-type or M-type. In Section 5.3,
we consider the [, penalty functions G, and H,. We give sufficient conditions in terms
of the original data of (MPCC) for these two penalty functions to be of S-type and

M-type. We also establish some relationships between these two penalty functions.

In Chapter 6, we conclude the thesis and give directions for future work.
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Chapter 2

Characterizations of Local Error

Bounds

2.1 Introduction

Throughout this chapter, let C' be a subset of R", let £ € C be a fixed point, and let
¢: R" — R, U{+400} be a lower semicontinuous function with the property that = € C
if and only if ¢(z) = 0.

We say that ¢ is a local error bound at z for C|, if there exist some 7 > 0 and € > 0

such that for all z € R™ with ||z — Z|| < ¢,

Tdo(z) < ¢(x). (2.1.1)

Suppose that there is a function fy : R — R which is locally Lipschitz at z and has a
local minimum at z relative to C'. It follows from Clarke’s elementary exact penalization
principle ([36], Proposition 2.4.3) that if ¢ is a local error bound at z for C', then there
exists some g > 0 such that fy + pu¢ has a local minimum at z, see also Proposition
3.111 of [23] or Corollary 2.6 of [147]. That is, the local error bound (2.1.1) allows us
to reduce the constrained problem of minimizing fy over C, in a local sense to that of
minimizing fo + pe¢ over R". This fundamental result motivates us to study local error

bounds and their characterizations in this chapter.

In general, there can be found in the literature two classes of sufficient conditions
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for (2.1.1). The first one is expressed in terms of various derivative-like objects defined
for points outside C'. Such a condition in terms of the Clarke subdifferential was first
investigated by Ioffe [84], who used Ekeland’s variational principle and the sum rule
to provide a global error bound for a Lipschitz continuous equality system, under the
assumption that the norm of any element in the Clarke subdifferential of the constraint
function at each point outside the solution set is bounded away from zero. Ioffe’s main
idea has been developed in many aspects. One aspect of development is made by us-
ing other derivative-like objects, such as the limiting subdifferential (also known as the
Mordukhovich subdifferential) [163, 151], a partial subdifferential in a general Banach
space [91], the proximal subdifferential ([37], Theorem 3.1), the so-called abstract subd-
ifferential [156], the lower Dini-directional derivatives [115, 116, 155], the subderivative
(also known as the Hadamard directional derivative) [79, 157], and the strong slope
[11, 10, 86, 119], a notion introduced by De Giorgi et al.[63]. Of particular note are
conditions expressed by strong slopes, which are not only sufficient for (2.1.1), but also
necessary if there exist some 7 > 0 and € > 0 such that for every a > 0 and every

r € R" with ||z — Z|| <, it follows that
7d (z,1ev<n@) < (0(z) — a). (2.1.2)

Note that lev<,¢ = C' when o« = 0. We confirm that (2.1.2) is a stronger version of
(2.1.1). Conditions of the type (2.1.2) were first studied by Azé and Corvellec [11]. A

similar result can be found in ([37], Theorem 3.1).

The second class of sufficient conditions for (2.1.1), which seems to attract less
attention than the first one, relies on limits defined on the boundary of C'in the following

way:
t

lim —¢<xk+ kvk),
k—4o00 tk

where {(zy, vk, tx)} C bdC' x R" x R,y and (xg, vy, tx) — (Z,v,0) with v € Ne(Z)\{0}.
Studniarski and Ward ([151], Theorem 2.5) showed that (2.1.1) holds if all limits of the
form (2.1.3) are positive. loffe and Outrata ([86], Theorem 2.1 (b)) obtained the same

(2.1.3)

result under a weaker condition which requires positiveness of all limits of the form
(2.1.3) but with an additional requirement that v, € No(2) for all k. A similar result
to that of Ioffe and Outrata has been given by Henrion and Outrata ([73], Theorem 1).

The outline of this chapter is as follows. In Section 2.2, we study the first class

of sufficient conditions for local error bounds, and establish equivalent conditions for
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the stronger version (2.1.2) of the local error bound (2.1.1). These conditions are
expressed in terms of the strong slopes, the subderivatives and regular subgradients of
¢ at points outside C. We observe that (2.1.1) not necessarily implies (2.1.2) even if ¢
is locally Lipschitz continuous. However, if ¢ is the max function for a finite collection
of continuously differentiable functions, we show that (2.1.1) and (2.1.2) are equivalent.
As a consequence of this equivalence, we show that the quasi-normality constraint
qualification introduced by Hestenes [75] is sufficient for the existence of local error
bounds. We end Section 2.2 by using an example to illustrate how to apply our result

to identify when exactly local error bounds occur for a parameterized system.

In Section 2.3, we study the second class of sufficient conditions for (2.1.1) in a
systematic way, and show under what circumstances on C' these sufficient conditions
are also necessary by considering limits of the kind (2.1.3) for the distance function dc.
We end Section 2.3 by using an example to illustrate that the second class of sufficient

conditions is applied when criteria obtained in Section 2.2 fail.

2.2 On Subdifferential, Subderivative and Strong
Slope for Outside Points

In this section, we establish equivalent conditions for the stronger version (2.1.2) of the
local error bound (2.1.1). These conditions are expressed in terms of the strong slopes,
the subderivatives and regular subgradients of ¢ at points outside C. We observe
that (2.1.1) not necessarily implies (2.1.2) even if ¢ is locally Lipschitz continuous.
However, if ¢ is the max function for a finite collection of continuously differentiable
functions, we show that (2.1.1) and (2.1.2) are equivalent. As a consequence of this
equivalence, we show that the quasi-normality constraint qualification introduced by
Hestenes [75] is sufficient for the existence of local error bounds. Finally, by an example,
we illustrate how to apply our result to identify when exactly local error bounds occur

for a parameterized system.

To begin with, we review a few results that are needed in the sequel.

Lemma 2.2.1 (Ekeland variational principle). Let f : R — R be lower semicontinu-
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ous with inf,cpn f(2) finite, and let T € R™ be such that

[(@) < inf f(z) +e,

£
57

f(&) < f(z), and T is the unique minimum of the function f(x)+ 6|z — Z|| over R".

where € > 0. Then, for any § > 0, there exists a point T € R"™ such that || — Z|| <

Below are some basic results concerning the relations among strong slopes, sub-

derivatives, and (regular) subgradients.

Lemma 2.2.2 Consider a function f : R* — R and a point T with f(Z) finite. The

following properties are equivalent:

(¢) f is calm at T from below.
(#) df(z)(0) =0, or equivalently, df (Z)(w) > —oo for all w # 0.

(i7) [V f|(Z) < 400.
Moreover, the following statements are true:

@) |Vf(z) =— ”Iul?”iill df (z)(w) = inf{1 € Ry | f is calm at T from below with modulus T}.

(ii') |V f(z) < d(0,0f(z)), and if f is locally lower semicontinuous at %, then
d(0,0f(7)) < [V [f[(7).
(¢id") If f is reqular at T, then d(0,0f(Z)) = |V f|(Z), and

Of(x) #£ 0 < [ is calm at T from below .

Proof. In view of Proposition 8.32 of [141] and the definition of strong slope, all the
results follow readily. O
The following two examples demonstrate that the inequalities in statement (ii’) of

Lemma 2.2.2 can be strict when f is not regular at z.
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Example 2.2.1 Let f(x) = —|x| and let T = 0. f is clearly locally lower semicontin-
wous at T since f is lower semicontinuous. We have Of(z) = 0, 8f(z) = {1}, and

IV fl(z) = 1. Therefore, f is not reqular at T, and

1=d(0,0/(z)) = |Vf|(Z) < d(0,0f (z)) = +oc.

Example 2.2.2 Let f(x) = — /x5 and let T = 0. f is clearly locally lower semicon-
tinuous at  since f is lower semicontinuous. We have 0f(z) = 0, 0f(z) = —1, and

IV f(z) = +oc0. Therefore, f is not reqular at T, and

1=d(0,0f(z)) < |V/|(@) = d(0,0f (z)) = +oc.

Now, we give characterizations for the stronger version (2.1.2) of the local error
bound (2.1.1).

Theorem 2.2.1 Consider the following conditions:

(i) There exist € > 0 and T > 0 such that for every x ¢ C with ||x — Z|| < ¢ and
o(x) < +o0, it holds that
d(0,0¢(x)) > .

(it) There exist € > 0 and 7 > 0 such that for every x ¢ C with ||z — Z|| < € and
o(x) < +o0, it holds that
Vol(z) = .

(#i1) There exist ¢ > 0 and T > 0 such that for every x ¢ C with ||z — Z|| < € and
() < +o0, it holds that
dp(z)(w) < —7

for some w € R™ with ||w|| = 1.

(iv) There exist € > 0 and T > 0 such that for every a > 0 and every x € R" with
|z — Z|| <e, it holds that

7d (x,lev<,9) < (d(x) — )4
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We have (i) = (i1) <= (iii) <= (iv). If, in addition, ¢ is reqular at every point
x & C with ¢(z) < 400 and ||x — Z|| < e for some € > 0, we have (ii) = (i).

Proof. In view of Lemma 2.2.2, it remains to show (ii) <= (iv). First, we show
(i1) = (iv). Suppose that € and 7 are the constants satisfying condition (i7). Let

a>0and ||z —z|| <& with 0 <&’ < g. To show condition (iv), it suffices to show
Td(z,levend) < (¢(z) — ). (2.2.4)

If x € leve,¢ or ¢(x) = 400, (2.2.4) holds trivially. In what follows, we assume that
a < ¢(x) < +o0. In view of the lower semicontinuity of ¢, the lower level set lev<,¢ is

closed and we have

0 < d(z,leveyd) < ||z — z, (2.2.5)

where the second inequality follows because Z € lev<,¢. Suppose by contradiction that

(2.2.4) does not hold, i.e.,

(p(x) — )y < Td(x,leve,o).

Due to (2.2.5), we can find two constants 7, p with 0 < 7 < 7 and 0 < p < d(z,lev<,¢)
satisfying (¢(z) — o)y < 7p. Let f(y) = (¢(y) — )4 for all y € R™. It is easy to check

that f is lower semicontinuous with infyegn f(y) = f(z) = 0. Thus, we have

fl@) < inf f(y)+7p
y€e

It follows from Lemma 2.2.1 that, there exists a point & € R" such that ||z — z|| < p,
f(@) < f(x), and, for all y € R™ with y # Z,

f@) < fly) +7lly — |-
This implies, by the definition of the strong slope, that
IVflz) <7

We claim that f(Z) > 0 or equivalently & ¢ C, because otherwise we have T € lev<,¢,
implying that d(z,lev<,¢) < ||T — x| < p < d(z,lev<,¢), which is impossible. By the

lower semicontinuity of f, we have for all y close to z,

fly) =9(y) —a >0,
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which implies that |V¢|(Z) = |V f|(Z) < 7. In view of (2.2.5), we have
13— 2l < 113 — 2l + llz — 3l < 5+ 2 — 31| < do, levead) + |z — 3 < 2o — 3 < =

Therefore, we have found a point & ¢ C satistying ||z —z|| < e, ¢(Z) = f(T)+ o < +0o0,
and |Vo¢|(Z) < 7 < 7. This contradicts to condition (iz). Thus, (2.2.4) holds and the
proof for (it) = (iv) is completed.

Now, we show (iv) = (i7). Suppose that ¢ and 7 are the constants satisfying
condition (iv). Let 0 < ¢’ < e and z ¢ C with ||z — Z|| < &’ and ¢(z) < +00. To show

condition (i7), it suffices to show
|Vo|(x) > T. (2.2.6)

Let oy, := ¢(x) — 1 for all positive integers k. Due to z ¢ C, we have ¢(x) > 0 and hence
there exists some k such that aj > 0 for all & > k. Since ¢ is lower semicontinuous,

lev<,, ¢ is closed for all k. By condition (i7), we can find some xj € lev<,, ¢ such that
7|z — 24| = 7d(z,leven, ) < ¢(x) — ap VE > k.

We have x; # x for all k > k, because otherwise ¢(z) = ¢(zy) < ay = ¢(z) — +, which
is impossible. Therefore, we have

o(r) — ag 1

T kT

0<|lz—a < Vk > k.

This implies that z, — x as k — 00, and that x is not a local minimum of ¢ because
1 _
Har) < ax = ¢(x) = < dz)  Vh=k
By the definition of the strong slope, we have

IVo|(z) > limsupM > hmsupm > 7
e koo % — i

which shows (2.2.6). The proof is completed. O

Remark 2.2.1 The equivalence of conditions (ii) and (iv) can be easily derived from
Proposition 2.1 and Theorem 5.1 in [11]. Here, for completeness, we have given a direct
proof in the context of finite dimensional spaces. Condition (iv) implies that ¢ is a local
error bound for C at x, but not vice versa even when ¢ is Lipschitzian continuous as

shown by Example 2.2.35.
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Example 2.2.3 (Ezample 5.2 of [151]) Let C = —R, and let ¢ : R — R be defined

(

0 ifx <0,
2™ if 2771 < @ <27 with n being an odd integer,

3r— 27" if 27"t <@ < 27" withn being an even integer,

T otherwise.
\

It is clear to see that ¢ is Lipschitzian continuous and that ¢(x) = 0 if and only if
x € C. Consider a point x =0 € C. It is easy to check that ¢ is a local error bound for
C at z, since ¢(x) > xy for all x € R and the function xy is a local error bound for C
at T. However, for 271 < x < 27" with n being any odd integer, we have |V¢|(z) = 0.
Therefore, by Theorem 2.2.1, there exist no € > 0 and 7 > 0 such that, for every a > 0
and every v € R with |x — Z| < ¢, it holds that

7d (z,1even@) < (0(z) — a)4. (2.2.7)

To see that in a direct way, let x, = 27% and oy, = 27% — 272 for each odd integer k.

Then, we have
(Pxr) — o)y _ 27
d(z,leve,, ¢) = 27k — 2-k-17
where the right-hand side term tends to 0 as k — +o0o. Therefore, we cannot find e > 0

and T > 0 such that (2.2.7) holds for every a > 0 and every x € R with |z — z| < e.

Let I = {1,---,m} and let f; : R" — R be continuously differentiable for all i € I.
Consider the function defined by

¢(w) = (max fi(z))+ Ve R, (2.2.8)
and the set defined by
C={zxeR"|fi(r) <0 Viel}. (2.2.9)

The following proposition identifies exactly when ¢ is a local error bound for C' at some
x € C. In particular, we show that ¢ is a local error bound for C' at z if and only if
condition (iv) of Theorem 2.2.1 holds.
Proposition 2.2.1 Let x € C' and let

I(z):={iel| fi(z)=¢(x)} VzeR" (2.2.10)
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where C' is given by (2.2.9) and ¢ is given by (2.2.8). Then, the following conditions

are equivalent:

(?) ¢ is a local error bound for C at .

(ii) There exists T > 0 such that, for any sequences {x} C R"\C and {px} C C with
I(px) =1, pr € Po(xr), T — T, and 2L — o, it holds for some i € I' that

[E

<Vf,(ii‘), 6) > T.

(#i1) There exists T > 0 such that, for any I' € I(x), there exists v € R™ with ||v]] =1
such that
VE@E, 0 =T Viel,

where

I(z) :={I' c I(z) | 3{ar} C R"\C withxy — T and I(zx) =I'}.  (2.2.11)

(iv) There existe > 0 and T > 0 such that, for every x ¢ C with ||x—Z|| < e, one of the
following equivalent conditions is satisfied: (a) d(0,0¢(x)) > 7; (b) |Vo|(x) > T;
(¢) do(z)(w) < —7 for some w € R™ with ||w|| = 1.

(v) There exist € > 0 and T > 0 such that, for every a > 0 and every x € R" with
lz — Z|| <e, it holds that

rd (2, levead) < (6(z) — ).

Proof. In what follows, we show step by step:
(i) = (it) = (it1) = (1v) = (vi) = (v) = (1).
[(i) = (i4)]: Since ¢ is a local error bound for C' at z, there exist € > 0 and 7 > 0
such that for every z € R" with ||z — z|| <,
7d(z,C) < ¢(x). (2.2.12)

We will show that this constant 7 satisfies condition (i7). Suppose by contradiction

that, there exist sequences {z;} C R"\C and {py} C C with I(px) = I', pr € Pc(xy),

2 — T, and 2=Pt — ¢ but it follows that
llzk—pxll

(Vfi(z),v) <T Viel.
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Since all functions f; are continuous, there exists py € (0, 1] such that &y = py + px(zx —

pr) and I(zx) C I(px). By taking a subsequence if necessary, we can assume that

I(zy) = I". Tt is easy to check that py € Po(Zx), T — T and ng:gi\\ — 7. Since

1" C I, we have, for every i € I"

. o(Tr) . 0(@k) —olow) . fi(@k) — filpw)
A A7, C) G Ze —pell G 7. — prl

= (Vfi(z),v) <,
which contradicts to (2.2.12).

[(7i) = (¢ii)]: Assume that condition (i) holds with some constant 7 > 0. Let
{zx} € R"\C be such that z;, — = and I(zy) = I'. It is clear that I’ € Z(z). Since
C is closed, we have Po(xy) # 0 for all k. Let py € Po(xy) for each k. By taking a

subsequence if necessary, we can assume that I(py) = I” and that Hi::g:\\ — © with

||o]] = 1. Tt follows from condition (ii) that, for some j € I”,
(V[(z), 0) = 7.

Thus, we have for every i € I’,

(V)5 = lim L) = filen)

koo |lz) — pkgl

> Jim inf P(zr) — d(pr)
k00 yxk — i

> lim inf filze) = fi(pr)
k—too ||y — pi|

= (Vf;(z), v)

> T.

Therefore, condition (éi7) holds with the same constant 7 as that in condition (i).

[(#i1) = (wv)]: Assume that condition (77i) holds with some constant 7 > 0. By
Example 7.28 and Exercise 8.31 of [141], ¢ is regular at every z € R™\C with
do(z)(w) = IIlIE:(LX)<Vf1(.T), w) Vw e R".
el (x
Let 0 < 7/ < 7. Since all functions f; are smooth, there exists £; > 0 such that, for all

i €1, x € R"with ||z — z|| < &1, and v € R™ with ||v|| = 1, it holds that
[(Vfi(z) = Vi(2),0)] < max [V fi(x) = V(@) <7 - 7" (2.2.13)

We claim that there exists e > 0 such that I(x) € Z(z) for all x € C with ||z —Z| < €.
Otherwise, there exists a sequence {x;} C R™\C such that z;, — Z and I(zy) € Z(Z)
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for all k. By taking a subsequence if necessary, we can assume that I(z;) = I'. Since
I(x) C I(z) for all sufficiently large k, we have I’ C I(Z) and hence I' € I(Z),
contradicting to the assumption that I(x;) ¢ Z(z) for all k. Let ¢ = min{ey,e2} and
let z ¢ C with ||z —z|| < e. We have I(z) € Z(z). Thus, by condition (i), there exists
w € R" with ||w| = 1 such that

(Vfi(z),w)>71  Viel(z). (2.2.14)
By (2.2.13) and (2.2.14), we have, for every i € I(x),
(Vfilx),w) > 7"+ (Vfi(Z),w) —7 > 7.

Thus, we have

do(z)(—w) < —7".

In view of Theorem 2.2.1 and Lemma 2.2.2, condition (iv) follows readily.
[(iv) = (v)]: This implication follows directly from Theorem 2.2.1.

[(v) = (¢)]: This implication is trivial. O

Remark 2.2.2 Condition (ii) was considered by Studniarski [150]. It follows from
Lemma 2.2.2 and Rockafellar and Wets ([141], Example 7.28 and Ezercise 8.31) that
¢ is regular at every x € R™\C, at which the subdifferential, the subderivative, and the

strong slope appeared in condition (iv) can be calculated as follows:

0p(x) = conv{V fi(x) | 1 € I(x)},
do(z)(w) = iern;(%Wfi(x),w Vw € R,

IVo[(x) = min max(V fi(z), w) = min{|[y|| | y € conv{V fi(z) [ i € I(x)}}.

|lw]|=1i€l(x)

Condition (iit) holds if and only if one of the following equivalent conditions is satisfied:

(a) 0 & conv{Vfi(z)|iel'} VIeI(z).

(b) For any I' € Z(x), the inequality system f;(x) < 0 with i € I' satisfies the MFCQ

at T, i.e., there exists v € R™ such that
(Vfi(z),v) <0 Viel.
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(¢c) For any I' € Z(z), it follows that

> ANVS(E) =0 and \; =0 Viel' = X\=0 Viel. (2.2.15)

iel’

In applying the criteria (a), (b), and (c), the main difficulty lies in the identification
of the index collection Z(x) defined by (2.2.11). Incidentally, we are not certain at
this time how to identify Z(z) in an easier way. It is worth mentioning that the index

collection Z(x) is in spirit of the following index collection:
J (@) :={I' c I(z) | 3{xx} C bdC\{Z} with x — T and I(x}) = I'},

which was introduced by Henrion and Outrata, who essentially showed in Theorem 3 of

[73] that if, the ACQ holds at z, i.e.,
Te(z) ={w e R" | (Vfi(z),w) <0Vie I(T)}), (2.2.16)

and

0¢&conv{Vfi(z)|iel} VI'e J(z), (2.2.17)

then ¢ is a local error bound for C' at T. Note that Henrion and Outrata’s result provides
in general only sufficient conditions for local error bounds, as can be demonstrated by
a simple example where fi(z) = x1 — @9, folz) := 29 — 21 and T = (0,0)T. For
this example, ¢ is clearly a local error bound for C' at T, and we have by definition
J(@) = {{1,2}} and Z(z) = {{1},{2}}. Therefore, the criteria (a) is fulfilled but
condition (2.2.17) is not satisfied. Another thing worth a mention is that if ¢ is a local
error bound for C' at T, then necessarily the ACQ holds at Z, i.e., the equality (2.2.16)
holds.

Let ¢ and C be given respectively by (2.2.8) and (2.2.9). Recall that the quasi-
normality constraint qualification (QNCQ), introduced by Hestenes [75], is satisfied for
C at some T € C, if there exist no nonzero vector A € R"" and no sequence x, — T

such that

> ANVfi(@) =0,

iel
and for all k, \; f;(x) > 0 for all ¢ with A; > 0. Very recently, Minchenko and Tarakanov
([112], Theorem 2.1) showed that if the QNCQ holds at & and the gradients of f; are

locally Lipschitz continuous, then ¢ is a local error bound for C' at . By applying
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the criteria (2.2.15), the assumption on Lipschitz continuity of the gradients can be

dropped as shown in the following corollary.

Corollary 2.2.1 Let ¢ and C be given respectively by (2.2.8) and (2.2.9). Suppose
that the (QNCQ) holds at some T € C'. Then, ¢ is a local error bound for C at .

Proof. Suppose by contradiction that ¢ is not a local error bound for C' at z. By
applying the criteria (2.2.15), we can find some I’ € Z(Z) and a vector A € R7\{0}
such that \; = 0 for all i ¢ I, and Z AV fi(z) = 0. By the definition of Z(z) given

icl
by (2.2.11), we can find a sequence x, — T satisfying I(zy) = I’ and z), ¢ C for all k,

where I(xy) is defined by (2.2.10). Thus, for all k£ and all ¢ € I’ with A\; > 0, we have
Ai fi(zx) > 0. This indicates by definition that the (QNCQ) is not satisfied at z. The

proof is completed. O

We end this chapter by demonstrating in the following example how to apply the
criteria (2.2.15) to identify when exactly local error bounds occur for a parameterized

system.

Example 2.2.4 Consider a subset of R® defined by

fi(z) :=a'z + asxi <0
C:={zxecR® fo(z) == bTa + [)495%l <0 ) (2.2.18)

f3(z) ==z + cyxi <0
and a function defined by
¢(x) == (max{fi(z), fo(w), f3(2)}), Vo€ R’

where a = (ay,as,a3)’, b = (by,by,b3)T, ¢ = (c1,c0,¢3)T € R? and ay, by, ¢y € R. 1t
is clear that C' is closed and nonempty (since 0 € C), and that x € C if and only if
o) = 0.

In what follows, let T = (0,0,0)T € R® and let e3 = (0,0,1)T € R®. To identify
when ¢ is a local error bound for C at T by applying the criteria (2.2.15), we consider
all possible data settings except for those that can be treated symmetrically as follows:

(A) The vectors a, b and c are linearly independent.
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(B) The vectors a and b are linearly independent, and

(B1) ¢ = —kia — kb with either ky < 0 or ko < 0.

(B2) ¢ = —kia — kob with ky >0, ko > 0, and kyay + kaoby + ¢4 < 0.

(B3) ¢ = —kia — kob with ky >0, ko > 0, k1ke = 0, and kiay + kaby + ¢4 > 0.
(B4) ¢ = —kya — kb with ky > 0, ky > 0, kyay + kaby + ¢4 > 0, and

(B4-1) the vectors a, b, and e3 are linearly dependent.

(B4-2) the vectors a, b, and ez are linearly independent.
(C) a#0, and

(C1) b= pra and ¢ = paa with p; > 0 and py > 0.
(C2) b= pra and c = pea with p1 <0, py <0, by — prag <0, and ¢4 — poay < 0.

(C3) b= pra and ¢ = pya with p; <0, py < 0, either by—pray > 0 or cy—paay > 0,

and

(C3-1) the vectors a and eg are linearly dependent.

(C3-2) the vectors a and eg are linearly independent.
(C4) b= pra and ¢ = paa with p; > 0, pa <0, and ¢4 — paay < 0.
(C5) b= pra and c = pea with p1 >0, ps <0, ¢4 — peay > 0, and
Cbh-1) the vectors a and es are linearly dependent.
Yy aep

(C5-2) the vectors a and eg are linearly independent.
(C6) b=0,c=0,by <0, and ¢4 <O0.

(C7) b=0, c =0, either by >0 or cy > 0.
(D) a=b=c=0, and

(D1) a4 <0, by <0, and ¢4 <0.

(D2) one of the numbers ay, by, and cy is positive.

We confirm that for cases (A), (B1), (B2), (B4-1), (C1), (C2), (C3-1), (C4), (C5-1),
(C6), and (D1), ¢ is a local error bound for C' at . But for the rest cases, ¢ is not a

local error bound for C' at & because in each of these cases, we have
To(7) = cleonvTo(z) € {w € R?* | a’w <0, b"w <0, ¢"w < 0}, (2.2.19)
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i.e., neither the ACQ nor the GCQ s satisfied at . Recall that the ACQ at T is defined
by the equality (2.2.16). While the GCQ at T is by definition the equality (2.2.16) with
the left-hand side being replaced by its closed convex hull.

In what follows, we give details on how to apply the criteria (2.2.15) to cases (B2),
(B3), and (B4-1), which are relatively more complicated cases than others. To begin
with, we recall that the index collection Z(x) defined by (2.2.11) has the property that
I' € Z(z) if and only if I' C {1,2,3} and there exists a sequence x, — T such that for
each k, fi(xy) = fi(xg) >0 foralli,j € I', and fi(zy) > fi(zg) for alli € I' and 1 ¢ I'.

[(B2)]: We further assume that ky > 0 and ke > 0 as the other cases can be investi-
gated in a similar way. For any I' C {1,2,3}, it is easy to check that (2.2.15) holds if
and only if I' # {1,2,3}. Suppose by contradiction that {1,2,3} € Z(z). Then we can
find a sequence xy, — T such that for each k, fi(xg) = fo(xr) = fs(zx) > 0. Thus,

kfu(ae) + ko fo(wr) + fa(an) = (kias + kobs + ca) sy, > 0,
which is impossible because kyag + koby + ¢4 < 0. This indicates that {1,2,3} € Z(Z).
Therefore, ¢ is a local error bound for C at Z.
[(B3)]: For any x € C, we have
kufi(@) + kafo(x) + fa(x) = (kraa + kaba + ca)as,

which implies that x3 = 0 because kiay + koby + c4 > 0. Thus, we have

( )
atz <0

bl'e <0

e <0

C=_zeRr®

z3=20
\ 3 J

That is, C is a polyhedral cone in R*. We thus have C = To(z) = cleonvTp(z).

Moreover, it is not hard to check that
C’g{weRS]ang(), bw <0, cTwSO}7

when k1 > 0, ks > 0, kiky = 0, ¢ = —kya — kab and the vectors a and b are linearly

independent.

[(B4-1)]: Let e3 = Aa + \ob for some M\, o € R. For any I' C {1,2,3}, it is
easy to check that (2.2.15) holds if and only if I' # {1,2,3}. Suppose by contradiction
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that {1,2,3} € Z(z). Then we can find a sequence xy — T such that for each k,
filzg) = folzk) = fs(xx) > 0. Set By = fi(xy) for each k. Then we have

k1Bk + kaBr + B = (kraa + koby + ca)sy,

and hence
B /{51G4 + ]{?Qb4 + ¢4 4

= > 0.
P ki + ko +1 Tk
This shows that xs, # 0 for all k. However, we have

T3k = €§$k = (>\1G -+ /\Qb)TLUk = Al(ﬂk — a4x§k) + /\Q(ﬂk — b4x§k),

and hence
k1a4 + k2b4 +cyq

ki+ky+1
which is impossible because 3, — 0 and x3, # 0 for all k. This indicates that {1,2,3} ¢

Z(z). Therefore, ¢ is a local error bound for C' at .

T3 = ()\1 + )\2) — ()\1&4 + )\2[)4) $§k,

2.3 On Some Limits Defined on Boundary

It has been shown by Studniarski and Ward ([151], Theorem 2.5) that ¢ is a local
error bound at z for C'if, for any sequence {(zy, vk, tx)} C bdC' x R™ x Ry, such that
(xk, vg, tr) — (Z,v,0) with v € Ne(Z)\{0}, it follows that

lim inf —qb(xk + L)

> 0. (2.3.20)
k—4o00 tk

This result motivates us to study similar sufficient conditions in this section. Moreover,

we also study conditions under which these sufficient conditions become necessary.

Theorem 2.3.1 Consider the following conditions:

(¢) For any sequence { (g, vg, tr)} C (bdC x R" x Ry UintC x {0} x R,) such that
(g, Vg, tx) — (Z,0,0) with v € No(2)\{0}, the inequality (2.3.20) holds.
(it) For any sequence {(xg, vk, tx)} C gphNe X Ryy such that (zy,vg, ty) — (Z,0,0)

with v # 0, the inequality (2.3.20) holds.
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(iii) For any sequence {(xy,vr, )} C gphNe x Ry such that (zx, vy, ty) — (,v,0)
with v # 0, the inequality (2.3.20) holds.

(iv) For any sequence {(xy,vp,tx)} C gphNE x Ry, such that (zy, vy, t) — (Z,v,0)
with v # 0, the inequality (2.3.20) holds.

(v) For any sequence {(xg, vg, tr)} C Qo :={(z,v,t) € R*XR"X R, | v € Po(z+tv)}
such that (xy, vk, ty) — (Z,v,0) with v # 0, the inequality (2.3.20) holds.

(vi) ¢ is a local error bound at T for C.

Then, we have

(i) = (i1) = (i) = (iv) = (v) <= (vi).

If, in addition, ¢ is continuous, then

(i1) <= (iii) = (iv).

Proof. Note that any v appeared in conditions (i7) — (v) is an element in the set No(Z).

Since
Qo C gphN& x Ry, C gphNe x Ryt C gphNe x Ry
and
gthC X R++ - (de X R™ x R++ UintC' x {0} X R++),
we have

(1) = (it) = (i) = (iv) = (v).

By definition, ¢ is a local error bound at x for C| if and only if,

e o(x)
1 f ————— . 2.3.21
e agC d(z,C) >0 (23.21)

Let {(xg, vk, tx)} C Qo be a sequence such that (xy, vy, tx) — (Z,v,0) with v # 0. By the
definition of g, we have z; € Po(xy + tgvy), implying that d(xy + tpvg, C) = tx| vk
Since v # 0, we have d(xp + tyvg, C) > 0 or equivalently xy + tyvr, € C for all k
sufficiently large. Thus, from the inequalities (2.3.20) and (2.3.21), we can easily show

that (v) <= (vi).
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By assuming that ¢ is continuous, we now show (iv) = (ii). Let {(zx, vg,tx)} C
gphN¢ x R, be a sequence such that (xy, vy, tx) — (Z,v,0) with v # 0. Since ¢ is
continuous and

Ne(z) = limsup NE (y) Vo € C,

y—z, yeC

there exists a sequence {(Zy, Ux)} C gphNJ such that (Zy, vx) — (Z,v) and
|¢(ZL‘]<; + tkvk) — ¢(fk + tk@k)| < (tk)Q. (2.3.22)

By condition (iv), we have

lim inf —qb(:vk + 1)

> 0. (2.3.23)
k——4o00 tk

From (2.3.22) and (2.3.23), we have

P(xr, + trvr) O(ZTy, + tiUy)

lim inf > lim inf( —tg) > 0.
k—+o0 [ k—+o00 tr
This shows that (iv) = (i7) and hence (i1) <= (ii1) <= (iv). 0

Remark 2.3.1 Condition (i) is identical to the condition used in Theorem 2.5 of [151].

Theorem 2.3.2 Consider the following conditions:

(Ry) For any sequence {(xy, vk, tx)} C (bdC x R" x Ry, UintC x {0} x Ryy) such
that (zg, vk, ty) — (Z,v,0) with v € No(z)\{0}, it holds that

lim inf d(wk + trvr, ©)

> 0. (2.3.24)
k—+o00 tk

(Ry) For any sequence {(z, vy, tx)} C gphNE x Roy such that (zg, v, t) — (Z,v,0)
with v # 0, the inequality (2.3.24) holds.

The following statements are true:

(a) If condition (Ry) holds or C is convez, then condition (Rz) holds.

(b) Condition (Ry) implies that any condition from (i) to (iv) of Theorem 2.3.1 is not

only sufficient but also necessary for ¢ to be a local error bound for C' at T.

95



(¢) Condition (Rg) implies that any condition from (ii) to (iv) of Theorem 2.5.1 is not

only sufficient but also necessary for ¢ to be a local error bound for C' at x.

(d) If condition (Ry) holds, then there exists € > 0 such that

Te(z) N Ne(z) = {0} Vo € bdC with ||z — Z|| < e. (2.3.25)

(e) If condition (Ry) holds, then there exists ¢ > 0 such that

To(x) N Ne(x) = {0} Vo € bdC with ||z — Z|| < e. (2.3.26)

Proof. Since v € Ng(z) for any v in condition (Rs), and
gthg X R++ C (de x R™ x R++ U intC x {O} X R++),

we have (Ry) = (Ry). Let {(x1,vx,tx)} C gphNE x Ry, be a sequence such that
(g, vk, tx) — (Z,v,0) with v # 0. Suppose that C' is convex. By Proposition 6.17 of
[141], we have for any (x,v) € gphNZ,

r € Po(x+tv)  Vt>0.

Thus, we have

d t tovn —
lim inf 20 0 C) g Ik o+ ok = 2

k—+o00 tr k—+o00 123

= [l >0,

implying that condition (Ry) holds. Thus, statement (a) is true. We now show state-
ment (b) is true. Let {(zg, vk, tx)} C (bdC x R" x Ry, UintC x {0} x R;.) be a
sequence such that (xg, vy, tx) — (Z,v,0) with v € Ng(2)\{0}. If ¢ is a local error

bound for C' at Z, then there exists some 7 > 0 such that

(2.3.27)
k——+o0 tk k—-+o00 tk

In view of Theorem 2.3.1, it follows easily from (2.3.27) that statement (b) is true. We
can show statement (c) in a similar way by noticing the fact that condition (Rs) remains
the same when gphNZ in this condition is replaced by gph]/\\fc or gphN¢, see Theorem
2.3.1.

Suppose by contradiction that (2.3.25) does not hold, i.e., there exist some sequences

{zx} € bdC and {v;} C R" such that zy — Z, vy € Te(zx) N Ne(Z), and ||vg|| = 1.
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Without loss of generality, we can assume that vy — v. It is clear that v € No(z) and
|lv|| = 1. By definition, vy € To(zg) if and only if

lim inf —d(q;k + tvy, C)

m in . = 0. (2.3.28)

Let e — 0+4. Due to (2.3.28), we can find a sequence {t;} C R,y such that t; — 0

and for each k,

d t C
(x, +t KUk, C) < e
k

Since e, — 04, we have
d t C
lim inf (zk + titr, )
k—+o0 tk

=0,

contradicting to condition (R;). Therefore, statement (d) is true. Similarly, we can

show that statement (e) is true. This completes the proof. O

Example 2.2.3 can be used to illustrate that when criteria obtained in Section 2.2
fail, Theorem 2.3.1 can be utilized to verify the existence of local error bounds. Below

is another example.

Example 2.3.1 Let p > 0 be a constant and let ¢ : R — Ry be defined by

5(2) _{ ((z*sin 1), )P ifz >0,

0 otherwise.

Set C:={x € R | ¢(x) = 0}. Explicitly we have
C' = =Ry U (UL, [ax, bi])

and

bdC = {0} U (U, {a, b })
1

1
where ap = oy and by = m Let z = 0 € C. Since ¢ is continuously

differentiable on R\C, each open interval (by+1, a) contains at least one local mazimizer
g, at which it is necessary that |V¢|(cx) = 0. Since ar, — 0 and by, — 0 as k — +o0,

we have ¢, — 0 as k — 4o00. Therefore, no condition in Theorem 2.2.1 can be applied

to check whether or not ¢ is a local error bound for C' at x = 0.

In what follows, we apply condition (v) in Theorem 2.3.1 to verify that ¢ is a local
<

)
error bound for C' at T if and only if p % By direct calculation, we have No(Z) = R

and

{(z,v,t) ER" X R" X Ry |x € Po(x +tv)} = A; U Ay U As,
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where Ay = C' x {0} x Ryy, Ay = U2 {(ax,v ’#%H)) |v<0,0<p <1}, and
Ag = {(br,v,8) | v > 0t > 0} U U (be, v, mpisaeny) | v > 0,0 < 6 < 1}, Let
{(zg, vg, tr)} C A3 U Ay U Az be a sequence such that (zx, vg, ty) — (Z,v,0) with v # 0.
Without loss of generality, we can assume in the case of v = —1 that,

O
—4k7rvk(2k + 1)

Tp=ay, v,<0, tp= with some G € (0, 1].

2

Thus, we have in the case of p = 3

t
lim inf —é(xk + tivr)
k—+o00 tk

win

1 B N 1
— S1n
2km 4km(2k + 1) L B
2km 4km(2k + 1)

= liminf

k—-+00 B
—4kmup(2k + 1)
1 ﬁk 2 . 2 Qﬂ],ﬂr
o2 ") S (2’“” =N
= liminf b
Sy kk+ 17
2 26T
) sin 3 1 Th = )
= liminf — k > —
k—+4oco T ﬁk T

If v =1, we can similarly obtain that in the case of p = % lliminf
— o0 k

Thus, by Theorem 2.2.1, ¢ is a local error bound for C' at * when p < % When p > %
and xp = m, we have
3p—2, 2 =Ll
Plzy) oz g _ 2 A k7)) 0
d<$k»c) TE — b PoL L 7

3T k+ % k+ ZI

indicating that ¢ cannot be a local error bound for C at .
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Chapter 3

Necessary and Sufficient Conditions

for Exact Penalty Functions

3.1 Introduction

Throughout this chapter, let C' be a subset of R and let ¢ : R" — R, U {400} be a
lower semicontinuous function with the property that = € C if and only if ¢(x) = 0.
Moreover, let £ € C' be a fixed point and let fy : R® — R be at least continuously
differentiable.

Consider the constrained optimization problem
(P) min fo(z) st. ze€C,
and the unconstrained optimization problem
min  fo(z) + po(x) st. z e R,

where p is a nonnegative real number. In harmony with the general theory of penalty
functions, it is convenient to think of i as a penalty parameter, ¢ as a penalty term,
and fy+ p¢ as a penalty function. It is worth mentioning that penalty functions of the
form fy + p@ include many penalty functions in the context of nonlinear programming
as special cases, such as the classical [; penalty functions originated with Zangwill [169]
and Eremin [48], and the lower order /, (0 < p < 1) penalty functions introduced by
Luo et al. [105] and further studied in [80, 144, 145, 160, 161, 110, 162].
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We say that the penalty function fy 4+ p¢ is exact at x if it has an unconstrained
local minimum at = for a finite penalty parameter (and hence for all finite and larger
values of the penalty parameter). It is to be note that if fy + u¢ is exact at z, then
by definition, (P) has a local minimum at . When ¢ happens to be the indicator
function 0¢ of C, it is clear to see that fy + u¢ is exact at z if and only if (P) has a
local minimum at Z. In general, however, fy+ ¢ may not be exact at = even if (P) has
a local minimum at Z, unless some conditions are satisfied. Conditions ensuring that ¢
is a local error bound for C' are such conditions, which do not depend on the objective

function fy and have been investigated in last chapter.

In this chapter, we focus on another type of conditions ensuring exactness of penalty
functions, which relies not only on ¢ but also on the objective function f;. More pre-
cisely, we study first- and second-order necessary as well as sufficient conditions for
fo + o to be exact at x. When ¢ can be formulated as the composition of a lower
semicontinuous convex function and a continuously differentiable function, this problem
has been extensively studied under the framework of convex composition optimization,
see, e.g., loffe [83], Fletcher [60], Jeyakumar and Yang [88], Burke [24, 26], Burke and
Poliquin [31]. By way of epi-derivatives, this problem has been also studied by Rockafel-
lar [139, 138] who considered the case where ¢ is the composition of a piecewise linear-
quadratic function and a continuously differentiable function. Because epi-derivatives
relies on epigraphs and epigraphical convergence, they have a stronger basis in geomet-
ric approximation and correspondingly a greater potential of stability and robustness
than classical derivatives relying on graphs and graphical convergence, as pointed out
by Rockafellar [139]. Note that the classical I; penalty functions are covered by the
mentioned references, but the lower order [, (0 < p < 1) penalty functions cannot be
covered by any of the mentioned references because in these functions, ¢ is formulated
as the composition of a non-Lipschitzian and non-convex function and a continuously

differentiable function.

To cover at least the lower order I, (0 < p < 1) penalty functions in our consider-
ation, we merely require that ¢ is a non-negative lower semi-continuous function. We
present our conditions in terms of three epi-derivatives: subderivatives, second-order
subderivatives, and parabolic second-order subderivatives. These notions have been

successfully utilized to formulate very tight first- and second-order optimality condi-
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tions for an extended real-valued function to attain a local minimum, see in particular

Theorems 10.1, 13.24 and 13.66 of Rockafellar and Wets [141].

The outline of this chapter is as follows. In Section 3.2, we study some basic prop-
erties of subderivatives, second subderivatives and parabolic subderivatives of ¢, and
pay our attention to derivative kernels consisting of directions at which these deriva-
tives vanish. In Section 3.3, we give a number of first- and second-order necessary and

sufficient conditions for fy 4+ pu¢ to be exact at z.

3.2 Derivative Kernels
In this section, we study subderivatives, second subderivatives, and parabolic subderiva-
tives of the penalty terms for (NLP).

To begin with, we give some basic properties on these derivatives of ¢ as follows.

Lemma 3.2.1 The following statements are true:

(¢) Letv e R™ and let w € domdp(z). The functions

dp(z)(-), d*¢(z |v)(-), d°¢(z|v)(-): R"—=R
are lower semi-continuous.

(ii) Let T >0, let v,z € R", and let w € domdp(z). Then

d(1¢)(z) = Td¢(T);

P(1)(T | v) = 7d?G(Z | 2);
(1) (@) (w | ) = Td*$(z)(w | -);
dp(7)(72) = Td¢(T)(2);

(x| v)(r2) = T?d*¢(2 | v)(2);
(| 0)(2) = 2[de3 (z)(=)].

Proof. Recall that the notation ¢2 has been defined by (1.3.19). All the results are

easily obtained from the definitions of subderivative, second-order subderivative, and
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parabolic subderivative, if Propositions 13.5 and 13.64 in [141] are taken into account.

This completes the proof. O

It is clear to see that Z is a global minimum of ¢. Therefore, the necessary optimality
conditions in Theorems 10.1, 13.24 and 13.66 of Rockafellar and Wets [141] can be

applied immediately, which give the following lemma.

Lemma 3.2.2 The following statements are true:

(7) do(z)(w) >0 for all w € R".
(i1) d*¢(z | 0)(w) >0 for all w € R".

(1i1) d*¢(z)(w | z) > 0 for all w with dp(z)(w) =0, and all z € R™.

As can be seen from our latter developments, the subderivative kernels, consisting
of the vanishing directions of subderivatives of ¢ at z, will play a key role. We formally

give their definitions as follows.

Definition 3.2.1 (:) The kernel of the subderivative of ¢ at T is defined by

kerdp(z) :== {w € R" | dp(z)(w) = 0}.

(it) The kernel of the parabolic subderivative of ¢ at T for the vector w € kerdp(z) is
defined by
kerd’¢(z)(w | ) = {z € R" | &*¢(z)(w | 2) = 0}.

For convenience, we set kerd*¢(z)(w | -) = 0 when w & kerdp(z).

(i17) The kernel of the second subderivative of ¢ at T for the vector 0 is defined by

kerd’¢(Z | 0) := {w € R" | d*¢(z | 0)(w) = 0}.

Remark 3.2.1 Since d2¢(z | 0)(w) = 2[dp2 (Z)(w)]? for all w € R™ (see Lemma 3.2.1
(i)), we have
kerd?¢(z | 0) = kerde? (). (3.2.1)

As such, the first two kernels in Definition 3.2.1 seem to be enough for applications.
But the notation kerdqﬁé(f) itself does not indicate any connection with the second

subderivative, so we insist on using the notation kerd*¢(z | 0).
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Let 0 < p < 1. Recall that the p-th order function ¢” with p > 0 has been defined
by (1.3.19), and that ¢ is interpreted as the indicator function ¢ when p = 0. Some
basic results on kerd¢?(z) and kerd?*¢?(z)(w | -) are summarized respectively in the

next two propositions.
Proposition 3.2.1 The following statements are true:

(i) kerdp(z) is a monempty closed cone in R™ with the property that w € kerdp(z) if
and only if there exist t, — 0+ and wyp — w such that

QZS((Z’ + tkwk)

0. (3.2.2)
12

(it) Te(z) C kerdg(Z). The equality holds if ¢ is a local error bound for C at .
(i1i) Let p > 0 and let p' > p. Then

kerdgP(z) C domd¢?(z) C kerdd® ().

Proof. Since the subderivative function d¢(z) is lower semi-continuous and positively
homogenous (see Lemma 3.2.1), kerd¢(z) is clearly a nonempty closed cone in R™.
From the definition of subderivative, it is easy to verify that w € ker d¢(z) if and only
if there exist ¢, — 04 and wy — w such that (3.2.2) holds. From statement (i) and the

definition of the tangent cone, we can easily get
Te(z) C ker do(z).

To get the converse inclusion, we suppose that ¢ is a local error bound for C' at Z, i.e.,

there exist 7 > 0 and § > 0 such that for all z € R with ||z — Z|| < 0,
Tdo(x) < ¢(x). (3.2.3)

Let w € kerd¢(z). It follows from statement (i) and (3.2.3) that, there exist t — 0+

and w;, — w such that
dc(a_f + tkwk)

123
Since C' is closed, there exists yp € C for each k such that T + tywy — yr = o(ty).

That is, T + tg(wr — o(tx)/tx) = yx € C for all k. This implies by definition that

— 0.

w € Te(Z). Thus, statement (i7) is true. We now show statement (éiz). Let p > 0 and
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let p' > p. It is clear to see that kerd¢?(z) C domd¢?(z). Let w € domd¢?(z). We
have 0 < d¢?(Z)(w) < +o00. By the definition of subderivative, we can find sequences

t, — 0+ and w, — w such that

@+ tywy) = (T) _ S b))
’“t: = @) (w),

which implies that ¢(Z + tywy) — 0. Due to p’ —p > 0 and the finiteness of d¢?(z)(w),

we have / /
or (:Z‘ + tkwk) _ gbp(:i' + tkwk)qbp 7p(£f + tkwk) 0
tr 123 7
implying by statement (i) that w € ker d¢? (z). This completes the proof. O

Proposition 3.2.2 The following statements are true:

(1) Let w € kerdgp(z). The set kerd*¢(z)(w | -) is a closed (possibly empty) subset of
R™ with the property that z € kerd*¢(Z)(w | -) if and only if there exist t, — 0+

and z, — z such that
t2
k

— 0. (3.2.4)

(71) kerd*¢(z)(w | -) = kerdp(z) when w = 0.
(i) kerd?¢(z)(w | -) = 0 when w € kerdg(z)\kerdo? (7).

(iv) For any w € Te(x), TA(Z | w) C kerd*¢(z)(w | -). The equality holds if ¢ is a

local error bound for C at .

(v) Let p >0 and let p' > p. Then for any w € kerd¢?(z),

kerd?¢P(z)(w | -) € domd?¢P(z)(w | -) C kerd?¢P (z)(w | -).

Proof. Let w € kerdg(Z). Since the function d?¢(z)(w | -) : R* — R is lower semi-
continuous (see Lemma 3.2.1), the set kerd?¢(z)(w | -), though possibly empty, is a
closed subset of R". By the definition of parabolic subderivative, it is easy to verify
that 2z € kerd?¢(z)(w | -) if and only if there exist t; — 0+ and 2, — z such that (3.2.4)
holds. In view of this characterization, the rest results can be obtained in a similar way

as we have done in the proof of Proposition 3.2.1. So the details are omitted. O
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It is interesting to establish the equivalence of the polar cone of kerdf(z) with the
positive hull of the regular subgradient set ) f(z) under the circumstance that the

function f : R® — R has a local minimum at Z with f(Z) finite, where
kerdf (z) := {w € R" | df (z)(w) = 0}.

Theorem 3.2.1 Suppose that f : R* — R has a local minimum at T with f(T) finite.

Then we have

(i) Tkerdf (z)]" = pos(9f (7).
(i1) é\f(f) is a cone if and only if [domdf (Z)]* = [kerdf (Z)]*.

Proof. It follows from Theorem 10.1 of [141] that df () > 0 or equivalently 0 € 9 f(Z).
By Theorem 8.9 of [141], we have

v € 9f(7) == (v, —1) € Nepiy (7, f(7)) = Topis (7, f(2))". (3.2.5)
According to Theorem 8.2 of [141], we have
epi df (7) = Tepis (7, (7)), (3.2.6)

which implies that

ker df () x {0} C Tepss (2, /(2)). (327
It follows from (3.2.5) and (3.2.7) that, if v € df(z), then v € [kerdf(Z)]* because
(v,u) = ((v,—1), (u,0)) <0 for all u € kerdf (z). This implies that 5f(i") C [kerdf(z)]*.
Since [kerdf(z)]* is a cone, we have pos(éf(f)) C [kerdf (z)]*.

To show the converse inclusion, let A = {u € R" | df (z)(u) < 1} and £ = {u €
R™ | 0 < df(z)(u) < 1}. It is clear that kerdf(z) N E = (. Since df(Z) > 0, we have
A = kerdf(z) U E. It is easy to see from (3.2.6) that df (Z) is lower semicontinuous and
positively homogeneous. This implies that kerdf(Z) and A are closed sets in R" with
kerdf(z) being a cone, and together with (3.2.6) also implies that

Tepif(Z, f(Z)) = {Mu,1) |ue A, A >0} U{(u,0) | u € kerdf(z)}. (3.2.8)
If there exists some 7 > 0 such that for all v € [kerdf(Z)]* and v € E,
(v,u) < 7ljol], (3.2.9)
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then by (3.2.5) and (3.2.8), we have [kerdf(z)]* C pos(gf(f)), because for every v €
[kerdf (z)]*\{0}, we have

(Y (Y

(=1, (0, 0) = (5

gl g

u) <0 Vu e kerdf(z),
and by (3.2.9), we also have

((

Now, it remains to show the existence of some 7 > 0 such that (3.2.9) holds. Without

v (%

D A1) = A[{(— ) —1] <0 Yue A VA>0.

T’ 7lloll’
loss of generality, we can assume that E is unbounded, otherwise (3.2.9) holds auto-
matically when 7 > 0 is large enough. We claim that there exist two positive numbers

p and o such that for all z € F with ||z|| > p,
d(z, kerdf (z)) < o. (3.2.10)

Suppose by contradiction that (3.2.10) does not hold. Then, we can find a sequence
r, € E such that ||z,| — 400 and diewar(z)(2,) — +00. Without loss of generality, we
can assume that o — u for some u € R" with |lu|| = 1. Since df(z) is positively
homogeneous, F is a subset of R™ with the properties that Az € E for all 0 < A <1
and x € E, and that for every x € R", there exists some \g > 0 such that Ax ¢ E for
all A > \g. Therefore, for any positive number A, we have )\”i—’;” € FE for all sufficiently
large v, implying that Au € clE. Since E C A and A is closed, we have Au € A for all
A > 0. Observing that Au ¢ E when A > )¢ for some \y > 0, we have \u € kerdf(z) for
all A > Ay because kerdf (Z) N E = () and kerdf(Z) U E = A. This implies that ||z, ||u €
ker df () since kerdf(z) is a cone. Thus, we have diergr(z)(2r) < |20 — || |lul] — 0
which contradicts to the assumption that dierqr(z)(z,) — 400. Let 7 = max{p, o},
where p > 0 and ¢ > 0 are such that (3.2.10) holds. Fix a point v in [kerdf(z)]* and a

point u in E. If ||ul| < p, we have
(0, u) < [ollllull < pllvl] < 7ol

Alternatively, if ||u|| > p, then by the closedness of kerdf (z), there exists u € kerdf(Z)
such that diergr(z)(u) = ||u — ||, and by using the inequality (3.2.10), we also have

(v,u) < (v,u) = (v, 1) = (v,u — @) < vf[lu—al <afv] <ol

where the first inequality follows from the fact that v € [kerdf(z)]* and u € kerdf(z).
By now, we have shown the existence of some 7 > 0 such that (3.2.9) holds. Therefore,

statement (i) is true.
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We now show statement (i7). According to Theorem 8.9 of [141] and its proof
therein, we have

df(2)™ = [domdf (z)]". (3.2.11)

Observing that B) f(Z) a closed and convex set containing the origin (see Theorem 8.6

of [141]), we get from Theorem 3.6 of [141],
df (%)™ C Of (). (3.2.12)

If [domdf(z)]* = [kerdf(Z)]*, it then follows from statement (i), (3.2.11), and (3.2.12)
that pos(df(z)) C df(z), implying that f(z) is a cone. Conversely, if df(z) is a cone,
then 9f(2)® = df(z) = pos(df(z)), which together with (3.2.11) and statement (7)
implies that [domdf(Z)]* = [kerdf(Z)]*. This completes the proof. O

3.3 Necessary and Sufficient Conditions

In this section, we study first- and second-order necessary and sufficient conditions for
fo + pu¢ to be exact at . When second-order conditions are discussed, we assume
that fy is twice continuously differentiable. Our conditions are presented in terms of
subderivatives, second-order subderivatives, and parabolic subderivatives. Because of
the differentiability assumption on fy, the subderivative, the second-order subderivative,
and the parabolic subderivatives of fy + u¢ can be expressed respectively by that of
fo and ¢, which makes it possible for us to apply Theorems 10.1, 13.24 and 13.66 of
Rockafellar and Wets [141] in a straightforward way.

Theorem 3.3.1 (a) (necessity) If fo+ po is exact at T, then

(Vfo(z),w) >0 Vw € kerdo(z). (3.3.13)

(b) (sufficiency) Conversely, if the inequality (3.5.13) is strict when w # 0, then fo+ pud
1S exact at T.

Proof. Applying the definition of subderivative, we can easily verify that
d(fo + po)(T)(w) = (Vfo(Z),w) + pdp(z)(w) V=0, Vw € R". (3.3.14)
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[(necessity)]: By assumption, there exists some p > 0 such that the function fy + uo¢

has a local minimum at z. By Theorem 10.1 of [141], we have
d(fo + po®)(Z)(w) >0  Yw € R".

In view of (3.3.14), we have (V fo(Z), w) > 0 for all w € kerdp(z).

[(sufficiency)]: Suppose that the inequality (3.3.13) is strict when w # 0, which
clearly implies that —V fy(z) € [kerdé(z)]*. By Theorem 3.2.1, we have

—Vf(z) € pos(5¢(3§)).

1 -
Thus, we can find some 7 > 0 such that ——V f(Z) € 0¢(Z). It follows from Exercise
T
8.4 of [141] that
1
(Vo) w) < do(E)w) Yo e R

Let i > 7. Since the inequality (3.3.13) is strict when w # 0, we thus have
(Vfo(T),w) + pidg(z)(w) >0 Vw #0.
In view of (3.3.14), we have
d(fo+ o) (T)(w) >0 VYuw # 0.

This implies that fy + fi¢ admits an unconstrained local minimum at z. Thus, fo+ pe

is exact at . This completes the proof. O

Theorem 3.3.2 Suppose that fq is twice continuously differentiable.

(a) (necessity) If fo+ p¢ is exact at T, then
—Vfo(z) € [kerdep(z)]", (3.3.15)
and there exists T > 0 such that for all w € kerdp(Z) NV fo(Z)*,

(w, V2 fo(Z)w) + 7d*(7 | _vfi(i')

)(w) > 0. (3.3.16)

(b) (sufficiency) Conversely, if (3.3.15) holds and (3.53.16) holds with a strict inequality
when w #£ 0, then there exist p > 0, ¢ > 0 and 6 > 0 such that for all x € R"
with ||z — z|| <4,

fo(x) + po(x) > fo(z) +ellz — 2|
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Proof. Applying the definition of second-order subderivative, we can easily verify that

for any p > 0 and any w € R",

&*(fo+ ne)(@ | 0)(w) = (w, V* fo(2)w) + nd*¢(z | —

)(w). (3.3.17)

[(necessity)]: Let 7 > 0 be such that fy+ 7¢ has a local minimum at z. Theorem 3.3.1
gives that —V fo(z) € [kerdp(z)]*. From Theorem 13.24 of [141], we have

V fo(Z)
1

d*(fo+76)(Z | 0)(w) >0 Yw € R".

This together with (3.3.17) implies that the inequality (3.3.16) holds not only for w in
the set kerdo(z) NV fo(z)*, but for all w € R™.

[(sufficiency)]: Suppose that —V fo(z) € [kerd¢(z)]* and that there exists 7 > 0

such that for all w € kerdg(z) NV fo(Z)+ with w # 0,
(w, V2 fo(z)w) + Td*¢(7 | —@)(w) > 0. (3.3.18)

By Theorem 3.2.1, we have —V fo(Z) € pos(dp(z)). It then follows from Exercise 8.4
of [141] that, there exists 7o > 0 such that

(Vfo(z),w) + 10do(Z)(w) >0  Yw € R"™ (3.3.19)

Let p > max{7, 7o} and let w € R"\{0}. Since u > 7 and d¢(z) > 0, it follows from
(3.3.14) and (3.3.19) that

d(fo+ po)(z)(2) >0  Vze R™ (3.3.20)
If w & kerdp(z) NV fo(Z)*, then, from (3.3.14) and (3.3.19), we have
d(fo + pe)(@)(w) = (V fo(2), w) + pdd(z)(w) >0,

which implies by Proposition 13.5 of [141] that
V()
i

d*( | )(w) = +00

This together with (3.3.17) implies that
P(fo+ pd)(T | 0)(w) = +00 >0  Vw ¢ kerdd(T) NV fo(T)™*.
Since p > 7, by applying the definition of second-order subderivative, we have

TR — )@ | -V ) 2 B0 @ | -V hla) = o]

no(z | - ).

~ V/o(Z)
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Thus, it follows from (3.3.17) and (3.3.18) that

& (fo+pd)(@ | 0)(w) >0 Vuw € (kerdd(z) NV fo(z)")\{0}.

Therefore, we have

P(fo+ pd) (@ | 0)(w) >0  Vw #£0. (3.3.21)

In view of (3.3.20) and (3.3.21), all results now follow readily from Theorem 13.24 of
[141]. This completes the proof. O

Corollary 3.3.1 Suppose that fy is twice continuously differentiable with V fo(z) = 0.

(a) (necessity) If fo + u¢ is exact at T, then there exists T > 0 such that for all
w € kerdp(z),
(w, V2 fo(z)w) + 7d*¢(z | 0)(w) > 0. (3.3.22)

(b) (sufficiency) Conversely, if (3.3.22) holds with a strict inequality when w # 0, then
there exist p >0, € >0 and 6 > 0 such that for all x € R™ with ||z — Z|| < 4,

fo(z) + po(z) > fo(z) +ellz — 2|

Remark 3.3.1 In view of (3.2.1), the necessary condition in Corollary 3.3.1 (a) can

be weakened as each of the following equivalent conditions:

(a1) (w, V2fo(z)w) >0 VYw € kerd*¢(z | 0).

(as) (w,V2fo()w) >0 VYw € kerdz¢(z).
Theorem 3.3.3 Suppose that fy is twice continuously differentiable.

(a) (necessity) If fo + ¢ is exact at T, then
—Vfo(z) € [kerdg(z)]", (3.3.23)
and there exists 7 > 0 such that for all w € kerdp(z) NV fo(Z)*,

(w, V2 fo(z)w) + inf {{(Vfo(Z),2) + 7d°(Z)(w | z)} > 0. (3.3.24)
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(b) (sufficiency) Suppose that (3.3.23) holds and (3.3.24) holds with a strict inequality
when w # 0. If there exists 79 > T such that ¢ is parabolically reqular at T for
the vector —%Vfo(i), then there exist 4 > 0, € > 0 and 6 > 0 such that for all
xr € R™ with ||z — z|| <4,

fo(@) + po(z) > fo() + ez — z||*.

Proof.[(necessity)]: It follows from Proposition 13.64 of [141] that for any x > 0 and
any w € kerdp(z) NV fo(z)*4,

)(w).

inf {(V fo(2), 2) + udo(x)(w | 2)} > pdo(z | ‘WZ@)

In view of this inequality and Theorem 3.3.2, the results in (a) follow readily.

[(sufficiency)]: Suppose that —V fo(Z) € [kerdp(z)]*, and that there exists 7 > 0
such that for all w € kerdo(z) NV fo(Z)*+ with w # 0,

(w, V2 fo(z)w) + ir;f {{(Vfo(z),2) + 7d*¢(Z)(w | z)} > 0. (3.3.25)

Let 79 > 7 be such that ¢ is parabolically regular at z for the vector —%V fo(z). Then
for any w € kerdp(z) NV fo(z)*, the equality

inf {(V0(2), 2) + 0o (@)(w | 2)} = o | -~ )w) (3320

To

holds. Let w € (kerdé(z) NV fo(Z)7)\{0}. From the definition of parabolic subderiva-
tive, we have

Po(T)(w|z) >0  VzeR™

In view of (3.3.25) and 75 > 7, we thus have
(w, V2 fo(z)w) + iIzlf {{(V fo(Z), z) + Tod’¢(Z)(w | 2)} >0,

which, together with (3.3.26), implies that

<w, V2f0(f)w> + Tod%b(f ’ —M)(w) > 0.

To

Since w € (kerdd(z) NV fo(z)1)\{0} is arbitrarily chosen, the results now follow readily
from Theorem 3.3.2 (b). This completes the proof. O
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Remark 3.3.2 The necessary conditions in Theorem 3.3.3 (a) can be weakened as

follows:
(Vfo(z), wy=0 ~ o,
Vi), z w, Ve fo(x)w) >0,
zekerd2¢(;p)(w|.)}:>< fo(@),2) +{ fo(@)w)

or equivalently

Vi(Z), =0
Wfol(@), w) — (Vfo(7), 2) + (w, V2 fo(@)w) > 0. (3.3.27)

z € cleonv|kerd?¢(z)(w | -]
We end this chapter by mentioning that the kernels of subderivatives and parabolic
subderivatives appeared in Theorems 3.2.1 and 3.3.1, and Remark 3.3.2, will be used

very often in the next two chapters.
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Chapter 4

First- and Second-order Necessary
Conditions in Nonlinear
Programming via Exact Penalty

Functions

4.1 Introduction

In this chapter, we consider first- and second-order necessary condition for the nonlinear

programming problem

(NLP) min f(z)
st. gi(x) <0, 1€,
hj(l') = 0, ] € J,

where [ = {1,2,--- ,m}, J ={m+1,m+2,---,m+ ¢}, and the functions f, g;, h; :
R" — R are assumed to be at least continuously differentiable. In particular when
second-order conditions are discussed in this chapter, all functions in defining (NLP) are
assumed to be twice continuously differentiable. Associated with (NLP), the Lagrange
function L : R" x R™tY — R is given by

L(xz,\) = f(x) + Z Nigi(x) + Z Ajhj(x).

iel jed
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Throughout this chapter, let C' be the feasible set of (NLP) and let z € C'. The following
index sets are useful in the sequel:

I(z) :={i e I]gi(z) =0},

I(z,w):={i€l(z)]| (w,Vg(z)) =0} Ywe R",

I(Z,w,2) = {i € [(Z,w) | (2, Vg:(T)) + (w, V?¢;(Z)w) =0} Vw,z € R".
The first-order linearized tangent cone to C' at T is given by

(w,Vg;(z)) <0 Viel(z) }

Loto) = {w < (w, Vhy(Z) =0 VjeJ

while the second-order linearized tangent set to C' at Z in the direction w € Lo () is

given by

(Vgi(z), 2) + (w, V2 (2)w) <0 Vi e I(z,w) }

Lo (T | w) = {Z € R (Vhi(z),z) + (w, V*h(Z)w) =0 Vj € J

When w ¢ Lo (Z), we interpret LZ(Z | w) as an empty set. The critical cone of (NLP)
at T is defined by

(w, Vf(z)) <0
V(x):=qweR"| (w,Vg(z)) <0 Vielx)
(w,Vhi(Z)) =0 VjeJ

The first-order necessary conditions for (NLP) that we shall study in this chapter
are the well-known Karush-Kuhn-Tucker conditions (also known as KKT conditions).

We say that the KKT condition holds at 7 if there exists a vector A\ € R™"7 such that

We call such a vector A a KKT multiplier, and denote by KKT(Z) the set of all KKT
multipliers of (NLP) at Z. By Farkas’ lemma, KKT(z) # 0 if and only if

_Vf(7) € Lo(@)

As can be seen from Chapter 1, there are several classes of second-order necessary
conditions for (NLP). In this chapter, we focus our attention on the ones depending the
entire KK'T multiplier set. Explicitly, we say that the second-order necessary condition
holds at z if

sup (w, V2 L(Z,\w) >0  Yw € V(). (4.1.1)

AEKKT(z)
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It should be noticed that if (4.1.1) holds, then necessarily KKT(z) # (. Note that
(4.1.1) is exactly the same as the (SON2) described in Chapter 1. This class of second-
order necessary conditions was initially studied by Ioffe [83], and has been extensively
studied in [19, 20, 94, 138, 139, 140, 18, 31]. It is well-known that KKT conditions or
second-order necessary conditions of the type (4.1.1) do not necessarily hold at local

minima of (NLP) unless some conditions are satisfied.

One type of such conditions, often referred to as constraint qualifications (for short,
CQs), relies on the constraints of (NLP) only, or in other words, is independent of the
objective function of (NLP). We refer to the literature review presented in Chapter 1 for
various CQs ensuring KK'T conditions or second-order necessary conditions of the type
(4.1.1). Among all possible CQs, Guignard constraint qualification (for short, GCQ) is
the weakest one in the sense that it is both necessary and sufficient for KKT conditions

to hold at local minima of (NLP), see [64]. The GCQ holds at z if by definition
To(z)" = Le(z)”
or equivalently,
cleconvTe(z) = Lo (7).

As for the CQs ensuring second-order necessary conditions of the type (4.1.1), it is worth
mentioning the so-called second-order Guignard constraint [94] (for short, SGCQ),
which is defined in spirit of the GCQ as follows:

cleonvT2(7 | w) = L&(Z |w)  Yw € V(Z).
Note that the GCQ can always be recovered from the SGCQ by taking w = 0.

Another type of conditions, which in contrast relies on both the constraints and the
objective function of (NLP), is often expressed by virtue of exact penalty functions.
See the survey paper by Burke [26] for a comprehensive investigation on the central
roles that the classical [; exact penalty functions play in connection with optimality
conditions. To be precise, we consider the [, (0 < p < 1) penalty function for (NLP)
defined as follows:

Fp(x) := fz) +pSP(x)  Voe R,

where p > 0 is the penalty parameter and the function S is defined by

S(x) =Y (i) + > |h(x)]  VzeR" (4.1.2)
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When p = 0, we interpret S? as the indicator function d¢, and thus have Fy = f + dc.
From this construction, it follows that z is a local minimum of (NLP) if and only if
Fo has a local minimum at z. When p = 1, F,(z) reduces to the classical [; penalty
function, which dates back to Eremin [48] and Zangwill [169], and has been investigated
by many researchers, e.g., Pietrzykowski [128], Howe [76], Han and Mangasarian [66],
Burke [25, 26], and Rockafellar [139]. When 0 < p < 1, F,(z) is often referred to as
the lower order [, penalty function, which was introduced by Luo et al. [105] for the
study of mathematical programs with equilibrium constraints, and has been studied

extensively in [80, 144, 145, 160, 161, 110, 162].

It is well known that both the KKT condition and the second-order necessary con-
dition (4.1.1) hold at Z if the {; penalty function is exact at z, see in particular Han
and Mangasarian ([66], Theorem 4.8) and Rockafellar ([139], Corollary 4.5). But for
0 < p < 1, the KKT condition may not hold at Z even if the [, penalty function is
exact at . This can be seen from the simple example: min —z s.t. 22 < 0. How-
ever, Yang and Meng [161] showed that it is still possible to derive KKT conditions
from lower order exact penalty functions by requiring that the constraint functions of
(NLP) satisfy some additional conditions in terms of (generalized) second-order deriva-
tives. Yang and Meng formulated these conditions by applying Farkas’ Lemma and by
estimating Dini upper-directional derivatives of F,(z) using the tools of (generalized)

Taylor expansions.

In what follows, let ¢ : R" — R, U {400} be a lower semicontinuous function with
the property that ¢(x) = 0 if and only if z € C. To a great extent, ¢ plays the role
as a general penalty term for (NLP). Note that the functions SP with 0 < p < 1 are
particular instances of ¢. We say that ¢ is a KKT-type penalty term if it has the ability

of detecting KK'T conditions in the sense as described in the following definition.

Definition 4.1.1 We say that ¢ is of KKT-type at z if the KKT condition holds at
T whenever there is a continuously differentiable function f : R — R such that the
penalty function f+ pe¢ is exact at T (i.e., for some finite penalty parameter p > 0, this

penalty function admits an unconstrained local minimum at ).

According to the previous literature review, S is of KKT-type at Z, and S° is of KKT-
type at Z if and only if the GCQ holds at z.
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The outline of this chapter is as follows. In Section 4.2, we study conditions under
which penalty terms are of KKT-type. These conditions allow us to derive KK'T condi-
tions from exactness of penalty functions. The main results that we rely are Theorems
3.2.1 and 3.3.1, and the variational description of regular subgradients (Rockafellar and
Wets [141], Proposition 8.5). In subsection 4.2.1, we give equivalent conditions for
penalty terms ¢ and S? to be of KKT-type. These equivalent conditions are expressed
by either subderivative kernels or regular subgradients of ¢ and SP. In subsection 4.2.2,
we present several conditions in terms of the original data of (NLP), which are sufficient
for SP to be of KKT-type. In particular when (NLP) has one inequality only, we give
full characterizations in terms of the original data for S? to be of KKT-type. We end
Section 4.2 by giving a class of parameterized problems to illustrate that our result can

be applied to derive KKT conditions when all existing methods fail.

In Section 4.3, by applying the second-order necessary conditions presented in The-
orem 3.3.3 and the duality theorem of linear programming, we derive second-order
necessary conditions of the type (4.1.1) for (NLP) from exactness of f 4+ p¢ under some
additional conditions in terms of the kernel of the parabolic subderivative of ¢. When
¢ = SP, we give sufficient conditions for these conditions by virtue of the original data
of (NLP). We end this chapter by using an example to illustrate that even if neither the
GCQ nor the SGCQ holds, our result obtained in this section can be applied to derive
second-order necessary conditions of the type (4.1.1) for (NLP).

4.2 First-order Necessary Conditions via Exact Penalty

Functions

In this section, we study conditions under which penalty terms are of KKT-type. These
conditions allow us to derive KKT conditions from exactness of penalty functions. In
subsection 4.2.1, we give equivalent conditions for penalty functions ¢ and S? to be of
KKT-type. These equivalent conditions are expressed by either subderivative kernels
or regular subgradients of ¢ and S? . In subsection 4.2.2, we present several conditions
in terms of the original data of (NLP), which are sufficient for the equivalent conditions

obtained in Section 4.2.1.
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4.2.1 Equivalent Conditions for KKT-type Penalty Terms

In this subsection, we apply Theorems 3.2.1 and 3.3.1, and the variational description
of regular subgradients (Rockafellar and Wets [141], Proposition 8.5) to establish some
equivalent conditions for penalty terms to be of KKT-type.

We begin with a review of the variational description of regular subgradients.

Lemma 4.2.1 (Rockafellar and Wets [141], Proposition 8.5). Consider a function
f:R" — R and a point T with f(Z) finite. A vector v belongs to 5f(:7c) if and only
if, on some neighborhood of Z, there is a function h < f with h(z) = f(Z) such that
h is differentiable at T with Vh(Z) = v. Moreover h can be taken to be continuously

differentiable with h(x) < f(x) for all x # Z near .
Now we give equivalent conditions for ¢ to be of KKT-type at z.

Theorem 4.2.1 The following conditions are equivalent:

(i) [kerdg(z)]" C Lo(T)"

~

(i) pos(9¢(z)) C Lo(7)".

(1ii) ¢ is a KKT-type penalty term at .

Proof. [(i) <= (ii)]: Observing that z is a global minimum of ¢, the equivalence

follows immediately from Theorem 3.2.1.

[(¢) = (#4i)]: Suppose that there is a continuously differentiable function f : R" —

R such that the penalty function

f(@) + po(x)

has a local minimum at z for some finite penalty parameter p > 0. It follows from
Theorem 3.3.1 that
—Vf(z) € [kerdp(z)]".

By condition (i), we have
—Vf(z) € Lo(z)".
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This implies by Farkas’ Lemma that the KK'T condition holds at z. Thus, by Definition
4.1.1, ¢ is a KKT-type penalty term at z.

[(i17) = (ii)]: Let v € 5¢(§:) According to the variational description of regular

subgradients in Lemma 4.2.1, there exist a neighborhood V' of z and a continuously

differentiable function ¢ : R* — R with (%) = ¢(z) = 0 and Vi)(Z) = v such that
(z) < g(x)  VreV.
Set f = —. Tt is clear to see that
fl@)+o(x) = —¥(2) + ¢(z) 2 0= f(z) + ¢(z) VaeV.

That is, the function f + ¢ has a local minimum at Zz. Since ¢ is a KKT-type penalty

term at Z, we have the KKT condition at z. By Farkas’ Lemma again, we have
—Vf(z) € Lo(z)".
Since Vf(z) = —V(Z) = —v, we have
v € Lo(z)".
Therefore, we have shown 5(}5(5:) C Le(z)* and hence
pos(96(z)) C Le(7)".

This completes the proof. O

In what follows, we establish equivalent conditions for S? with 0 < p < 1 to be
a KKT-type penalty term at . We begin with the calculation of the subderivative
(kernel) and the subdifferential of S at z.

Lemma 4.2.2 Let S be given by (4.1.2). Then
dS(z)(w) = > (Vgi(®),w)) 1 + > [(Vhy( Yw € R", (4.2.3)
i€l(x) jeJ
and
0S(z) = 05(z)
= Z ANVG(E) + Y NVR(E) [0S\ <1Vie (@), -1 <\ <1V e ]
i€l(Z JjEJ

(1.2.4)
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In particular, one has

kerdS(z) = Lo(T) (4.2.5)
and

[kerdS(z)]* = [Lc(7)]" = pos(DS(%)) = pos(9S(7))

(4.2.6)
=D O NVGE) + ) NV(E) [N >0 Viel(®), \;eR VjeJ

1€I(Z) jeJ

Proof. Applying the basic chain rule and the sum rule given respectively in Theorem
10.6 and Corollary 10.9 of [141], we can easily get (4.2.3) and (4.2.4). Once these
formulas are obtained, (4.2.5) and (4.2.6) follow readily. This completes the proof. O

Theorem 4.2.2 Let S be given by (4.1.2). Then S is a KKT-type penalty term at z,

and for any 0 < p < 1, the following conditions are equivalent:

(i) [kerdSP(z)]* = Lo(Z)*.
(ii) 0SP(%) = Le(2)*.

(113) SP is a KKT-type penalty term at Z.

Proof. Let 0 < p < 1. It follows from (4.2.5) and Proposition 3.2.1 (7iz) that
kerdSP(z) C domdS?(z) C kerdS(z) = Lo (), (4.2.7)

which implies that
Lo(z)" C [kerdS?(Z)].

In view of Lemma 4.2.2 and Theorem 4.2.1, it suffices to show that the regular subdif-
ferential 9.5 () of SP at T is a cone when condition (i) is satisfied. In fact, it follows

from condition (7) and (4.2.7) that
[kerdSP(z)]" = [domdS?(Z)]*.

Observing that the function S has a global minimum at z, we get from Theorem 3.2.1

that 9S5P(Z) is a cone. This completes the proof. O
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Remark 4.2.1 Theorem 4.2.2 includes two existing results as special cases:

(1) The GCQ is the weakest CQs in the sense that it is both necessary and sufficient
for local minima of (NLP) to possess KKT conditions. To see that, we observe
that every local minimum of (NLP) is a local minimum of the ly penalty function
Fo, and that condition (i) in Theorem 4.2.2 holds with p = 0 if and only if the
GCQ holds.

(it) The KKT condition holds at Z if the l; penalty function is exact at T. This is

because S is a KKT-type penalty function at T without any other condition.

It should be noticed that a similar condition to condition (i) of Theorem 4.2.2 has
been given by Meng and Yang ([110], Theorem 2.5). This condition is expressed by
the notion of contingent derivatives of set-valued mappings, see [8] for more details
on various derivatives for set-valued mappings. The contingent derivative of a set-
valued mapping M : R* = R™ at (z,y) € gphM is defined by the set-valued map
DM (z,y) : R* = R® such that

gph(DM(z,y)) = Typum (7, y).

In particular, when M is single-valued at x, i.e., M (z) = {y}, we use DM (x) to denote
DM (xz,y) for simplicity, and define the kernel of DM (x) by

KerDM(z) ={ue R"|0€ DM (x)(u)}.
Let 0 < p < 1. The kernel of the contingent derivative of SP at (z,0) is then given by
kerDSP(z) :={u e R" |0 € DSP(z)(u)}.
By virtue of this kernel set, we obtain a sufficient condition for S? to be a KKT-type
penalty term as follows, which is a reformulation of Theorem 2.5 of Meng and Yang
[110].
Theorem 4.2.3 ([110], Theorem 2.5). Let 0 < p <1 and let S be given by (4.1.2). If
[kerDSP(z)]* = Lo(z)", (4.2.8)
then S? is a KKT-type penalty term at .
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Proof. Let f be a continuously differentiable function such that the penalty function
F,(z) has alocal minimum at = with a finite penalty parameter > 0. By the definition

of contingent derivative, we thus have
DF,(z)(w) C Ry Yw e R".

Noting that f is assumed to be continuously differentiable, it follows easily from the

sum rule of contingent derivative (see [8] and [99]) that
DFy(z)(w) = Vf(2)"w + uDS*(z)(w).
Therefore, we have
~Vf(@)"w <0 VYw € kerDSP(7),

that is, =V f(z) € kerDSP(z)*. In view of (4.2.8), we have —V f(z) € Lo (z)*, which

by Farkas’ lemma amounts to the KK'T condition at . This completes the proof. O

Remark 4.2.2 By definition, it is straightforward to verify that
kerdSP(z) = kerDSP(Z).

In view of this equality and Theorem 4.2.2, we confirm that condition (4.2.8) is not only
sufficient but also necessary for SP to be a KKT-type penalty term. Incidentally, we are
not aware of the necessity at the time when our paper [110] got published. We emphasize
that this equivalence cannot be easily obtained without the help of Theorem 3.2.1 and
the variational description of reqular subgradients (Rockafellar and Wets [141], Propo-
sition 8.5), both of which are closely related with the notion of subderivative instead of
contingent derivative. This is why we do not use contingent deriwatives in this thesis

anymore as we have done in the paper [110]. The same reason applies in next chapter.

4.2.2 Sufficient Conditions by Original Data

In this subsection, in terms of the original data of (NLP), we give several conditions

which are sufficient for the equality

kerdS?(z) = Lo(%). (4.2.9)
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According to Theorem 4.2.2, if (4.2.9) is satisfied, then S? is clearly a KKT-type penalty

term at T .
To begin with, we consider the implications of condition (4.2.9) when p varies. In
view of Proposition 3.2.1 and (4.2.5), we have

Lemma 4.2.3 Concerning condition (4.2.9) with different values of p, we have

(i) kerdS'(z) = Le(3).
(71) kerdS°(z) = Lo(T) if and only if Tc(T) = Lo(T) (i-e., the ACQ holds at T).
(ii7) If kerdSP(z) = Lo (%) for some 0 < p < 1, then

kerdS” (z) = Lo(Z)  Vp' € [p,1].

Proposition 4.2.1 For 0 < p <1, (4.2.9) holds if and only if, for every u € Le(x),

there exist t;, — 04+ and ur — u such that

{gi(t72 + truy)

max 7 ,0} =0 Viel(z,u), (4.2.10)
by
and
hij(z+t
ig%ﬁ@_m Vi€ J (4.2.11)
ty

Proof. Let 0 < p < 1. In view of Lemma 4.2.3, the relation kerdS?(z) C Lo (Z) holds
automatically. It follows from Proposition 3.2.1 (7) that, u € kerdS?(z) if and only if
there exist t;, — 04+ and u, — w such that

Sp(ff + tkuk)

0. (4.2.12)
12

By the definition of S?, (4.2.12) can be reformulated as follows:

(T +t .
Imﬂigéfﬁlm—w Viel, (4.2.13)
tk
and
hy(t +t
Pl b))y e (4.2.14)

ti/p
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Clearly, (4.2.11) is equivalent to (4.2.14). To show the equivalence of (4.2.10) and
(4.2.13), it suffices to show that, for any u € Lo (Z) with any sequences t — 0+ and

U — U,
(x4t
gi(T + kUk),O}
tl/P
k

=0 VigI(zu). (4.2.15)

max{

If i ¢ I(z), (4.2.15) follows easily from the continuity of g; at z. If i € I(Z) but
i & I(Z,u), we then have Vg;(Z)Tu < 0 since u € Lc(Z). Observing that g; is assumed

to be continuously differentiable, we have by the first-order Taylor expansion
gz(f + tkuk) = thgl-(ic)Tuk + O(tk),

and by noticing that Vg;(z)Tu < 0 and 1/p — 1 > 0, we further have

gt t) o Veil@) T+ A
liminf =————=— = liminf = —00.
k—+o00 t /P k——+o0 tl/P_l
k k
Therefore, we have shown (4.2.15). This completes the proof. O

The following generalized lower and upper second-order directional derivatives for

a continuously differentiable function can be found in [38] and [159].

Definition 4.2.1 Let f : R® — R be a continuously differentiable function. The gen-
eralized lower and upper second-order directional derivatives for f at x € R™ in the

direction u € R™ are defined, respectively, by
tu)Tu — T
foo(x; u) = lim lnf vf(y - U) U Vf(y) Uu

y—x, t—0+ t ’

and ] )
f(z;u) = limsup Vily+tu)u—Viy) U‘

y—x,t—0+ t

The following results on the generalized lower and upper second-order directional

derivatives can be found in [38].

Lemma 4.2.4 Let f : R" — R be a continuously differentiable function. The following

statements are true:

(@) foo(z;u) and fo°(x;u) are positively homogeneous of degree 2 in the second arqument

u, i.e., fort >0,
foolx; tu) = tzfoo(x; w), fx;tu) = t2f°°(x; u);
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(b) The function (x,u) — foo(x;u) is lower semicontinuous and the function (x,u) —

fo(z;u) is upper semicontinuous;

(¢) Let x,y € R™. The following generalized Taylor expansions hold (31,32 € (0,1)):

F) > F@) + VI @y~ 1) + 5 fula + By — )y —x),  (42.16)
F) < @)+ VI (g —2) 4 5/ + oy — 2y —a). (217

The following proposition is originally due to Yang and Meng [161]. For the sake of

completeness, we give its detailed proof from a slightly different perspective.

Proposition 4.2.2 FEach of the following conditions is sufficient for (4.2.9) by fulfilling
(4.2.10) and (4.2.11) for each u € Lc(Z) with an arbitrary sequence ty, — 0+ and a

constant sequence ug = u.

1
(7) 5 <P< 1 and the functions g;, i € I(Z) and h;, j € J are C*'.

1
(it) p= 3 and for every u € Lo(T), it follows that

97°(T;u) <0 Vie I(Z,u), hi°(T;u)=h;

Joo

(Z;u) =0 Vjeld

1
(i17) p = 3 the functions g;, i € I1(Z) and h;, j € J are assumed to be twice continu-

ously differentiable, and for every u € Lo(Z), it follows that

(u, V2g;(Z)u) <0 VieI(Z,u), (u,V°hj(@)uy=0 Vje. (4.2.18)

(iv) p=0, ¢ =0 (i.e., there is no equality constraint), and for every u € Lc(Z)\{0},
it follows that
9% (T;u) <0 Viel(z,u).

Proof. Fix arbitrarily v € Lo(Z), i € I(Z,u), and j € J. Let {tx} be an arbitrary se-
quence such that ¢, — 0+. To show conditions (i) to (i), it suffices to show (according
to Proposition 4.2.1)

x4+t
max{w, 0} — 0, (4.2.19)
k

85



and

o 0 (4.2.20)
k

[condition (7)]: It follows from the generalized Taylor expansion (4.2.17) that,

gi(T +tyu)  _ gi(T) + 6V gi(2)Tu + 392°(Z + Patius; tru)
tl/p - tl/P
k k
397°(T + Batyu; tyu) (4.2.21)
tl/P
k

= 197°(% + Botyu; w)ty VP,

where 3, € (0, 1), and the second equality follows from the fact that ¢g°(x;u) is posi-
tively homogeneous of degree 2 in the second argument u. Since g; is assumed to be C1',
99°(Z;w) is clearly finite. Thus, by the upper semicontinuity of (z,u) — ¢?°(x;u) and
by noticing that 2 — 1/p > 0 because % < p < 1, we have %gfo(f + Botru; u)ti_l/p — 0.
This together with (4.2.21) implies (4.2.19). Along the same line of deriving (4.2.21)
and by applying the generalized Taylor expansions (4.2.16) and (4.2.17), we have
%hjoo

(@ + St u)ty P < ho( + Botyu; w)ty 7, (4.2.22)

1
2
where (1,3, € (0,1). Since hj; is assumed to be C"', both h; (Z;u) and h$°(Z;u)
are finite. Thus, by the lower semicontinuity of (z,u) — h;, (2;u) and the upper
semicontinuity of (z,u) — h$°(z;u) and by noticing again that 2 —1/p > 0, (4.2.20)
can be easily obtained from (4.2.22).

[condition (i7)]: Along the same line of deriving (4.2.21), we have

(T + tu 1 _

g(—Qk) < —g7°(ZT + Botru; u) (4.2.23)
2 2

where (3, € (0,1). Since ¢°(z;u) < 0, (4.2.19) with p = 1 follows readily from (4.2.23)

and the upper semicontinuity of (z,u) — ¢f°(z;u). Along the same line of deriving

(4.2.22), we have

1 B h
§hjoo(:1: -+ ﬁltku, U) S J( t2
k

R (7 + Batpus u), (4.2.24)

where 31,8, € (0,1). Since h$°(Z;u) = h;, (T;u) = 0, (4.2.20) with p = § follows
easily from (4.2.24), the lower semicontinuity of (z,u) — h; (x;u) and the upper

semicontinuity of (z,u) — h$°(x;u).
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[condition (4i7)]: It follows from the second-order Taylor expansion for twice contin-
uously differentiable functions that,
9i(Z + tyu) 9i(®) + tsVgi(2)"u + 33 (u, V2gi(2)u) + o(t)
t2 t2
k oty ¥
= Hu, Vig(Z)u) + 5 — 1(u, V2q(T)u),

2
tk

which implies (4.2.19). Similarly, we can obtain (4.2.20).

[condition (iv)]: By Lemma 4.2.3, it suffices to show T-(Z) = Lo(Z) or equivalently
Lo(z) C Te(z). Let w € Lo(z)\{0} and let i € I(Z). It follows from the generalized
Taylor expansion (4.2.17) that for any t; — 0+,

1
9(T + trw) < Vg (7)) w + 5930(1’: + Botrw; trw) (4.2.25)
If Vgi(z)"w < 0, then (4.2.25) implies that ¢;(Z + tzw) < 0 for sufficiently large
k. If Vg;(z)Tw = 0, condition (iv) implies that ¢?°(z;w) < 0. Due to the upper
semicontinuity of (z,w) — ¢°(z;w), we get from (4.2.25) that g;(z + tpw) < 0 for
sufficiently large k. Therefore, we actually have g;(Z 4 tyw) < 0 for sufficiently large k

and for all ¢ € I. This shows that w € T¢(Z). Thus, we have shown L¢(Z) C T (7).
This completes the proof. O

The following proposition gives another sufficient condition for kerdS? (z) = Lo (Z),

which is strictly weaker than (4.2.18) as can be seen soon.

Proposition 4.2.3 Assume that g;, t € I and h;, j € J are twice continuously differ-

entiable functions. Set

D AiVgi(T) + Y A Vh(E) =0
KKTy(z) := ¢ A€ R™| el jeJ
A>0 Viel(z), \=0 Viel\I(z)

If for every u € Lo(z), it follows that

max {Z Nilu, V2 gi(Z)u) + Z Mj{u, V2h; (x)u>} =0, (4.2.26)

AEKKTo (2
o@ | %er jeJ

then kerdSz(z) = Le (7).

Proof. Let u € Lo(Z). It is easy to verify that

KKTo(7) = ¢ A € R™"9| el jed . (4.2.27)
A\ >0 Viel(zu), M\=0 Viel\I(z,u)
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Thus, by a nonhomogeneous Farkas’ Lemma (see p.32 of [107] or Lemma 4.2 of [149]),
(4.2.26) holds if and only if there exists w € R™ such that

V(7)) w + (u, V2gi(T)u) <0 Vi e I(z,u), (4.2.28)
Vhi () Tw + (u, V2h(T)u) =0 Vj e J. o
For any t; — 0+ and wy — w, it is not hard to verify that
(T + tyu + 387
max{ 4 ’”;2 ) v Lo vie (), (4.2.29)
e
and -
hi (T + tru + Lt
(Tt 5w g e (4.2.30)

t2
k
In fact, by the second order Taylor expansion, we have for each i € I(Z, u)

1 1 1 1
Gi(T + tpu + §tiwk) = §tﬁ Vgi(Z) wy + (u+ étkwk, V2g:(7)(u + §tkwk)> + o(t3),

which, together with (4.2.28), implies (4.2.29). (4.2.30) can be verified in the same way.
It follows from (4.2.29) and (4.2.30) that the sequences {t;} and {uy := u + Stpwi}
fulfill (4.2.10) and (4.2.11). By Proposition 4.2.1, we thus have kerdS2(z) = L¢(z).
This completes the proof. O

It is well-known that the MFCQ holds at z if and only if KKTy(z) = {0}. Thus,
(4.2.26) holds automatically when the MFCQ holds at . However, even if the LICQ
holds at z, the condition (4.2.18) may not hold. Take the feasible set of the form

C={xecR|z:—x, <0}

and T = 0 for example. Therefore, condition (4.2.26) is in general strictly weaker than

condition (4.2.18).
Below is another example which illustrates that condition (4.2.26) can be strictly

weaker than condition (4.2.18) when the GCQ does not hold at z.

Example 4.2.1 In (NLP), letn=m =2, ¢ =0, g1(z) = 239, g2(x) = 22 — 71, and
let T = 0. Condition (4.2.18) is not satisfied, because for any u = (0,us)” with uy # 0,
we have u € Lo(z) = Ry X R and I(Z,u) = {1,2}, but

(u, V?go(Z)u) = 2u3 > 0.
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However, we can show that condition (4.2.26) is satisfied. By definition, we have
KKTo(Q_?) = {)\ S Ri | >\1Vg1(f) + )\2v92<f) = 0} = R+ X {0}
Then, for each u € Lo(T), we have

max ){Al(u, VZa1(2)u) + Ao {u, Vg2 (Z)u) } = 0.

AeKKTo(z

Therefore, condition (4.2.26) is satisfied and hence kerdS?(z) = Le(z). In fact, by
Lemma 4.2.3 and the criterion in Proposition 4.2.1, we can calculate kerdS?(z) for all

p € [0, 1], which gives that

( 1
R+X(—R+) Zf0§p§g7
1 1
kerdSP(z) = ¢ Ry x (—R,)U{0} x R, if = <p< 3
1
\

Thus, we have

kerdS?(z) = Lo(z)  Vp € (%, 10,

11
[kerdS?(z)]* = Lo(z)*  Vpe (5, g],
and

1
[kerdS?(z)]* # Lo(Z)*  Vp €0, 5]
In particular, the GCQ does not hold at T, and the function SP with p € (%, 1] cannot

be a local error bound for C' at x.

When the feasible set of (NLP) is defined by one single inequality, the question as
to whether S? with any 0 < p <1 is a KKT-type penalty term is quite clear as shown
by the following proposition.

Proposition 4.2.4 Let g : R* — R be a twice continuously differentiable function.

Assume that (NLP) has only one inequality constraint g(x) < 0. In this case, we have
S(z) = max{g(z),0} and C = {x € R" | g(x) < 0}. Let & € R" be such that g(z) < 0.

The following statements are true:
(a) If g(Z) < 0 or g(z) = 0 with Vg(z) # 0, then
kerdS?(z) = Lo(z)  Vp €0,1].
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(b) If g(z) = 0, Vg(z) = 0 and V?g¢(z) is negative semi-definite with V*g(z) # 0, then

kerdS?(z) = Le(z)  Vp €]0,1].

(¢) If g(z) =0, Vg(z) = 0 and V3g(Z) is positive semi-definite with V2g(z) # 0, then

kerdS?(3)]* # Le()* Vp € [0, %}, (4.2.31)

and

kerdSP(z) = Lo(z)  Vp e (%, 1. (4.2.32)

(d) If g(x) =0, Vg(z) = 0 and V?g(z) = 0, then

kerdS?(7) = Lo(7)  Wp € [%, 1.

(e) If g(z) =0, Vg(z) = 0 and V?g(T) is indefinite, then

lkerdSP(2)]* = Lo(z)  Vp € [0, ~

= (4.2.33)

and

kerdSP(z) = Lo(¥)  Vp e (%, 1. (4.2.34)

Proof. Statement (a) holds trivially. In what follows, we assume that z € C' is such
that g(z) = 0 and Vg(z) = 0. By applying the spectral decomposition theorem for real

symmetric matrices, we can find an orthogonal matrix P such that
V2g(z) = PAPT, (4.2.35)

where A is a diagonal matrix with diagonal entries being the eigenvalues of VZg(Z).

Moreover, from a direct calculation, we have Lo (Z) = R", Lo(z)* = {0} and
O C kerdS°(z) C kerdSz(z) = Q, (4.2.36)

where O := {w € R" | (w, V*¢(z)w) < 0} and Q := {w € R" | (w, V3g(z)w) < 0}.
In fact, from the second-order Taylor expansion, we have for any ¢, — 0+ and any

W — W,

1 th
g(a‘: + tkwk) = tz[§ (wk, VQQ(f)wk> + O(t;:)L
k

by virtue of which, we can easily show (4.2.36).
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[(b)]: Since V?g(Z) is negative semi-definite with VZg(z) # 0, we can find w € O,
ie., (w,V3g(z)w) < 0. Let w € Q\O. We have (w,Vg(z)w) = 0. Since V3g(z) is

negative semi-definite, we have
(w+ 70, V?g(Z)(w+ T70)) <0 V7 > 0.

Therefore, w+ 7w € O for 7 > 0. This implies that w € clO and hence clO = @). Since
Le(z) = R™ and Q = R", we get from (4.2.36) that kerdS®(z) = L¢(z). In view of

Lemma 4.2.2, statement (b) follows readily.

[(¢)]: Tt follows from Proposition 4.2.2 (i) that (4.2.32) holds. Let Q = {y € R" |
yTAy < 0}. In view of (4.2.35), we have Q = PQ and Q* = PQ*. Since V?¢(Z) is
positive semi-definite with V2g(Z) # 0, we can assume without loss of generality that,
there exists a positive integer ny such that A(i,7) > 0 with 1 < i < ny, and A(i,i) =0
with ny+1 <4 < n. Then, we have Q = {Og } x R"™ and hence Q* = R™ X {0pn-—n, }.
Since Q* = PQ* and P is an orthogonal matrix, we have Q* # {0}. Since Lo (Z)* = {0},
it follows from (4.2.36) that

kerdSz(z)]* # Lo(z)*.
In view of Proposition 3.2.1 (éi7), (4.2.31) holds.

[(d)]: The result follows directly from (4.2.36) and Lemma 4.2.2.

[(e)): Tt follows from Proposition 4.2.2 (i) that (4.2.34) holds. Let O = {y € R" |
yTAy < 0}. In view of (4.2.35), we have O = PO and O* = PO*. Since V?¢(Z) is
indefinite, we can assume without loss of generality that, there exist positive integers
ny and ny with ny + ny < n such that A(i,i) > 0 with 1 < i < ny, A(i,7) < 0 with
ny+1 < i < ny+ny and A(i,i) = 0 with ny +ny +1 < i < n. Then we have
0= él X R"™™MT™2 where

5 ni ni+nz
O, = {y € R Y CA(i i)y — Y AL )y < 0} :
i=1 i=ny1+1
For every ny + 1 < i < ny + ng, let y@ € R™*"2 be such that yi(i) =1 and yj(.i) =0
for all j # i. For every 1 < i < nq, let y® € R™*" be such that yj(-i) = 1 for all
ni+1< 5 < np+nog, yy) = ,/QA?“.), and y](i) =0 for all 1 < j < mny but j # i, where
ni+n2

A = Z |A(4,4)|. It is straightforward to check that 4y € O, forall 1 < i < ny+no,
i=n1+1
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and that the ny + ny vectors y® with 1 < i < ny + ny are linearly independent. Thus,
we have OF = {0} and O* = {0}. Since O* = PO*, we have O* = {0}. Since
Lo (z*) = {0}, we have O* = Lo (z)* = {0}. In view of (4.2.36), (4.2.33) follows readily.
This completes the proof. O

We end this section by giving a class of parameterized problems to illustrate the
application of Theorem 4.2.2. We identify exactly when KKT conditions can be verified
by one of the existing constraint qualifications, and when they can be verified only by

applying Theorem 4.2.2.

Example 4.2.2 Consider the (NLP) defined as follows:

min  f(x)

(4.2.37)
st. xel,

where
g1(z) :=a’z + asxi <0

C={zeR® ga(x) == bz + byxi <0
g3(z) == c'w + 25 <0

is given as in Example 2.2.4. Let & = 0 € R® and let
S(x) :=max{gi(x),0} + max{ga(x),0} + max{gs(z),0} Vr € R

Consider all the cases for the data on C as specified in Fxample 2.2.4. For the cases
(A), (B1), (B2), (B4-1), (C1), (C2), (C3-1), (C4), (C5-1), (C6), and (D1), it follows
from Ezample 2.2.4 that S is a local error bound for C' at T indicating that the ACQ
holds at . Therefore, in these cases, the KKT condition holds at T whenever T is a

local minimum of (4.2.37).

But in the remaining cases, it follows from the discussion given in Erample 2.2./
that the GCQ does not hold at . That is, the KKT condition may or may not hold at

T even if T is a local minimum of (4.2.37).

Fortunately, we observe from Proposition 4.2.2 (iii) that SP with 0.5 < p <1 is a
KKT-type penalty term at z. As a result, if we can show that the I, penalty function

Fp(x) = f(x) + pSP(x)
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is exact at T for some p € [0.5,1], then we can obtain the KKT condition at .

In what follows, we consider in particular the case (B3) for the feasible set C'. That
18, the vectors a and b are linearly independent, and the vector ¢ = —kia — kob with
ki1 >0, ko > 0, kiko = 0 and kiag + koby + ¢4 > 0. In addition, we assume that the
vectors a, b and e3 = (0,0,1)T are linearly independent. Suppose that the objective

function f takes the form
flx) =w's + w22 Vze R, (4.2.38)
where w = —pra — p2b with p1 > 0, po > 0 and wy < 0.

First, we show that the l, penalty function cannot be exact at T when p > 0.5.
Since the vectors a, b and es3 are linearly independent, we can find a sequence xp =
(21, Tog, w31)T € R such that x), — T, w3, Z 0, a’xp, = 0 and bTx), = 0. For such a
sequence, it is easy to check that for any pu > 0 and p > 0.5, there exists kg such that
the inequality

Folar) = waady + p [(asy) s + (baxgy) 1 + (cazyy) 4" < 0 = Fo(z)
holds for all k > ko. Thus, the l, penalty function is not exact at T when p > 0.5.

Next, we show that the ly5 penalty function is exact at x. It is easy to see that

foj(l‘) = [UJ4 + (p1a4 + p2b4)x§]x§ — P (CLTI + Cl4l’§) — pz(bT.T + b4$§)
+un/(aTx + agxd) . + (BTz + byxd) ¢ + (T + cuxd) .

_ : 1 1
Let 6 = min{1, pren sy b ond

|pra4 + paby| — wy
\/mm{%, L 1} (krag + kaby + c)

ﬂZQmaX 2P172P2a

Y

where the convention § := oo is used when ki =0 or ke = 0. Let pn > i and ||z]| < 6.

By the definition of §, we have
(prag + pabs)x3 > —|pras + paba|6® > —|prag + pabal, (4.2.39)
and
o’z + asws] < |lallllz]] + laslzs < [lalld + |aa|d* < (ol + |as])d < 1, (4.2.40)

93



and similarly,
bz + byxs] < 1. (4.2.41)

Thus, we obtain from (4.2.40) and (4.2.41)

V(aTz + agxd) + (072 + baxd) . + (T + cyxd) ¢

> /(a"x + agwg)y + (b7 + byzs) (4.2.42)
> 5v/(ale +agwd)y + 51/ (0Tx + byxg)
> e o)+ 0+ b

where the second inequality follows from Lemma 4.1 in [80]. Since kyay + kaoby+ ¢4 > 0,

we have

V(T + ageg) s + (072 + baxd)y + (To + eqnd) 4

o/ min{is, & Uk (aT2 + agwd) . + k(072 + baad) . + (Fa + caxg) ¢
\/min{%, 5 1}\/[k:1(aTx + agx3) + ko (0T @ + bya§) + (T + cy3)]
= ( min{kil,k—z,l}\/kla4—|—k2b4+c4> .Z'g

v

(4.2.43)

v

In view of (4.2.89), (4.2.42), (4.2.43), and the definition of i, we have

Fos(x) > (wy — |prag + pabs|)z2 — pr(a’x + asxd) — po(bTz + byxd)
+&(a"r + asx3) + (0T + baxg) s + 4 ( min{ -, o=, 1}vEiay + kaby + 04) 3
0,

v

which tmplies that the ly 5 penalty function is exact at T.

4.3 Second-order Necessary Conditions via Exact

Penalty Functions

In this section, by applying the second-order necessary conditions presented in The-
orem 3.3.3 for exact penalty functions and by applying the duality theorem of linear
programming, we derive second-order necessary conditions of the type (4.1.1) for (NLP)
from exactness of f + u¢ under some additional condition in terms of the kernel of the
parabolic subderivative of ¢. By applying the third order Taylor expansions and in
terms of the original data of (NLP), we give some sufficient conditions for these condi-

tions when the [, penalty functions are involved.
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To begin with, we establish a condition which allows us to derive the second-order

necessary condition (4.1.1) for (NLP) from exactness of f + u¢.

Theorem 4.3.1 Suppose that f + p¢ is evact at x. If

L%(z | w) C clconv]kerd*é(z)(w | -)] Yw € V(Z), (4.3.44)
then
sup (w, V2 L(Z,\w) >0  Vw e V(7). (4.3.45)
AEKKT(z)

In particular when LE(z | w) =0, the supremum in (4.5.45) is +oo.

Proof. Observe that 0 € V(z). It follows from the definition of LZ(z | 0) and Propo-
sition 3.2.2 (4i) that, (4.3.44) holds with w = 0 if and only if

Le(Z) C cleonvkerdd(z)],
or equivalently
[kerdo(z)]* C Le(Z)™.
This implies by Theorem 4.2.1 that KKT(Z) # (). By the definition of V(), it is easy
to verify that for any w € V(z),
V.L(z,\) =0
KKT(z) = A€ R™™| N, >0 Vie I(z,w) : (4.3.46)
Xi=0 Viel\I(z,w)
According to Theorem 3.3.3 or the weakened necessary condition (3.3.27) in Remark

3.3.2, there exists no vector (w, z) € R™ x R" such that

(Vf(@),w) =0, (Vf(Z),2)+(w, V2f(Z)w) <0, 2z € cleonv]kerd*d(z)(w | -)]. (4.3.47)

Let w € V(). First we assume that L%(z | w) # 0. It follows from (4.3.44), the
definition of L%(Z | w), and the inconsistency of the system (4.3.47) that, the optimal

value of the linear program

st (Vgi(T),2) + (w, Vg(2)w) <0 Vie I(z,w), (4.3.48)



is nonnegative. Applying the duality theorem of linear programming (see [107]), we
confirm that the optimal value of the linear program
(Inax (w, V2 L(z, \)w)
st.  V.L(z,\) =0,
A >0 Viel(z,w),
Ni=0 Viel\I(z,w),

is also nonnegative. This together with (4.3.46) implies that KKT(Z) # () and

max (w, V2, L(Z, \)w) > 0.
AEKKT ()

Next we assume that LZ(Z | w) = 0. Since V(Z) C Lo(Z), we have w € Lo(z). Tt

follows from the definition of LZ(Z | w) that, there exists no z € R™ such that

G
K
+
E
A
[\
<

(Vai( z)
(Vhi(z),2) + (w, V2hj(Z)w) =0 Vj € J.

The duality theorem of linear programming (see [107]) guarantees the existence of some

A € R™H4 with \; > 0 for all i € I(Z,w) and \; = 0 for all i € I\I(Z,w) such that

D AiVgi(@) + Y \Vhy(E) =0, (4.3.49)

iel jeJ
and
> Xiw, V2gi(2)w) + > Aj{w, V2hy(z)w) > 0. (4.3.50)
i€l jeJ

Let A € KKT(Z) and let A, = A+t for all ¢ > 0. It follows from (4.3.46), (4.3.49),
and (4.3.50) that A\, € KKT(z) for all ¢ > 0, and that

sup (w, V2 L(Z, \)w) > sup(w, V2, L(Z, \)w) = +oo0.
AEKKT(z) >0

This completes the proof. O

Let 0 < p <1 and let S be given by (4.1.2). Since all functions in defining (NLP)
are assumed to be twice continuously differentiable, it is easy to verify by applying the

second-order Taylor expansion that

L% (7 | w) = clconv[kerd®S(z)(w | -)] Yw € V(z),
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which indicates that condition (4.3.44) holds automatically when ¢ happens to be the
function S. This recovers a well-known result that the second-order necessary condition
(4.3.45) holds when the /; penalty function is exact at Z, see Corollary 4.5 of Rockafellar
[139]. Moreover, in view of Proposition 3.2.2 (v) and the fact that LZ(Z | w) is closed
and convex due to being a polyhedron by definition, condition (4.3.44) holds when
¢ = SP with 0 < p < 1 if and only if

LZ(7 | w) = cleconv]kerd*SP(z)(w | )] Yw € V(). (4.3.51)

Note that when p = 0, we interpret SP as the indicator function dco of the feasible
set C' of (NLP). Thus, in view of Proposition 3.2.2 (iv), condition (4.3.51) with p =0
reduces to the SGCQ. Therefore, Theorem 4.3.1 also recovers a known result that, under
the SGCQ, any local minimum of (NLP) satisfies the second-order necessary condition

(4.3.45), see Kawasaki [94].

In what follows, by assuming that all functions in defining (NLP) are three times
continuously differentiable, we shall given sufficient conditions in terms of the original
data for

L2(7 | w) = kerd®SP(z)(w | -) Yw € Lo(Z),

which is slightly stronger than (4.3.51).

Assume that ¢ : R™ — R is a three times continuously differentiable function. Let
{tx} C R, be a sequence such that ¢, — 0+, and let (z,u) € R™ x R" be such that
Y(z) =0 and (Vy(x),w) = 0. For each z € R", it follows from the third order Taylor
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expansion that,
Ly
U(z + tow + étkz)

= () + (V) ) + SETH(), 2) + gl + gtz VA (w + 5142)

1 1 1 1
+6t2¢(3>(a:)(w t+ Sthz W+ Stz w + Stiz) + o(t})

- %ti(VdJ(x), )+ %ti(w + %tkz, V24 () (w + %tkz))

1 1 1 1

= SRUVE(),2) + o, V()w)] + 5w, V()2) + Stk (=, V() 2)

1 1 1 1
(4.3.52)

Proposition 4.3.1 Let S be given by (4.1.2). Assume that all the functions g; with
i € I and h; with j € J are three times continuously differentiable. For eachw € Lo (Z),

the following statements are true:

(1) kerd®SP(z)(w |-) = L&(Z |w) Vp€E (%, 1].
(i7) kerd?S3(z)(w | -) = L&(z | w) if for every z € L2(Z | w), it follows that
(w, V2gi(2)2) + 59 (2) (w, w,w) <0 Vi€ I(7,w,2),

(4.3.53)
() (w,w,w) =0 Vje

(13i) If ¢ = 0 (i.e., there is no equality constraint), and for every z € LA (Z | w) with
(w, z) # 0, it follows that

1
(w, V2g:(2)2) + ggg?’) (B)(w,w,w) <0 Viel(@uw,z), (4.3.54)

then kerd*S?(z)(w | -) = L4(z | w) for all p € [0, 1].

Proof. If L%(z | w) = 0, we have by Lemma 3.2.2 (v)

kerd®SP(z)(w | ) = L&(z |w) =0  Vpe[0,1].
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In what follows, we assume that LZ(z | w) # (). Let z € L4(Z | w) and let ¢, — 0+.
For any i € I\I(z,w), we have either g;(Z) < 0 or g;(Z) = 0 with (Vg;(Z),w) < 0. In

either case, it is easy to verify that for all sufficiently large k,
1
gxfﬁ—muﬁ—iiuﬁfgo Vi e INI(Z,w). (4.3.55)

By (4.3.52) and the definition of L%(Z | w), we have for every a € (0, 3)

(T + tw + 587
wa{g(x if Qk@,o}—%o vie I(z | w), (4.3.56)
k

and )
th

Combining (4.3.55), (4.3.56), and (4.3.57), we have for every p € (3, 1],

—0 Vjed (4.3.57)

SP(Z + tw + 1t22)
t2
k

p
9i(T + tyw + 3t22) hi(T + tyw + 3t22)
_ (Zmax{ ) oy e )

jeJ

This implies by Lemma 3.2.2 (i) that L& (z | w) C kerd®SP(z)(w | -) for any p € (3,1].

In view of Lemma 3.2.2 (v), statement (7) is true.

Now we show that statement (i7) is true. It follows from (4.3.52), condition (4.3.54),
and the definition of L%(z | w) that (4.3.56) and (4.3.57) hold with o = 3. Thus,
together with (4.3.55), we have

S3(Z + tyw + 132)
t; -~
k

This implies by Lemma 3.2.2 (i) that L2(Z,u) C kerd?S3(z)(w | -). In view of Lemma

3.2.2 (v), statement (i7) is true.

Finally, we show that statement (i) is true. It follows from (4.3.52) and condition

(4.3.54) that, for all sufficiently large k,
1
m@+mw+§id§0 Vi€ I(z,w). (4.3.58)
Combining (4.3.55) and (4.3.58), we have for all sufficiently large k,

1
f+@w+§ﬁz60
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This implies by definition that z € TZ(z | w). Thus, we have L4 (z | w) C TA(z | w).

In view of Lemma 3.2.2 (v), statement (zi¢) is true. This completes the proof. O

In the following example, we demonstrate that condition (4.3.53) may not hold even
if the LICQ holds.

Example 4.3.1 In (NLP), letn =2, m =1, ¢ =0, and g,(x) = 23 — 25. Consider a
feasible point T = (0,0)T. Since Vg(z) = (0, —1)T, the LICQ holds at T. This implies
that S is a local error bound for C' at . By Lemma 3.2.2, we have for any p € [0,1]
and any w € Lo(T) = R X Ry,

Rx R, ifwy=0,

Té(i‘ | w) = kerdQSp(:T:)(w | ) = ch(i* | w) =
R? otherwise.

Let w € Lo(z) with wg = 0 and let z € LE(T | w) with z, = 0. By definition, we have
I(z,w, z) = {1}. Now it is easy to check that condition (4.3.53) is invalid when wy > 0
because
1
(w, V2g(2)2) + 39 (7) (w, w, w) = 2w} > 0.
In the following example, we illustrate that even if neither the GCQ nor the SGCQ

holds, Theorem 4.3.1 can be applied to derive the second-order necessary condition.

Example 4.3.2 In (NLP), letn =2, m =3, ¢=0, f(z) = —2] + 29, g1(7) = —29,
go(x) = 28 + 23, gs(x) = —22 + 22, and let T = 0. By a direct calculation, we have
To(z) = {0}, Le(z) = {w € R? | wy > 0}, and V(z) = {w € R? | wy = 0}. Moreover,

we have
0} ifw=0,
T3y = O
(0 otherwise,
and
R x R+ if Wy = 0,
Li(z |w) =< R? if wy >0,
1] otherwise.

Thus, for any w € V(Z), we have

LZ(7 | w) # cleonv[TA(z | w)].
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By definition or by checking condition (4.3.53), we have for any w € V(%),

L2(% | w) = kerd®S3 (z)(w | -).

In what follows, we will show that the [, penalty function is exact at T for p = % but

2
——— . Clearly, i > 2. Let pn > ji and let
(1—02)5
x € R? be such that |z1| < and |x5] < 6. We consider two cases for x:

not for p > %. Let 6 € (0,1) and i =

Case 1: 29 > 0. We have
4 6 3 2 2 13
T2 () = —a7+zo+p[(—22)s + @ +23)4 + (—2] +23)4+]* (4.3.59)
> —af+ p(af)

= (p—1a;

> 0.

Case 2: 23 < 0. We have from (4.3.59)

Fa(x) > —x‘f + xg + pf(—zo + x? + m§)+]§

3

= —27+zy+ pu[—z(1 —23) + xﬁ]g

N | —

1
Z —l’éll + 29 + 5#[-1’2(1 — LU%)]% +

> (gn— et + (a)h(1 - - 1
> 0,

where the second inequality follows from Lemma 4.1 in [80)].

To show that the 1, penalty function is not evact at T when p > 2, we consider a

37
sequence Ty, := (x1x,0) € R? with x1, — 0+. It is easy to check that for any p > 0 and
p > %, the following condition holds for all sufficiently large k:

}—p(xk) = _fllk; + PJI% < }—p(f) = 0.

Now Theorem 4.3.1 can be applied to derive the second-order necessary condition at .

In fact, by a direct calculation, we have
KKT(Z) ={A€ R* | Ay = 1,)0 > 0,)3 > 0}.
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Thus, for each w € V(&), we have

sup (w, V2 L(Z,\)w) = sup (—2\3w?) = 0.

MEKKT(Z) A3>0
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Chapter 5

First-order Necessary Conditions
for MPCC via Exact Penalty

Functions

5.1 Introduction

In this chapter, we study first-order necessary conditions for a mathematical program

with complementarity constraints as follows:

(MPCC) min f(z)
st gi(z) <0, i e,
hj(z) =0, jEd,
Gi(z) > 0, Hi(z) > 0,Gr(x)Hi(x) =0, ke K,
where f,g;,i € I,hj,j € J are given as in (NLP), and Gy, H, : R" — Rk € K :=
{m+qg+1,m+q+2,---,m+ q+ 1} are assumed to be continuously differentiable.

Throughout this chapter, we denote by F the feasible set of (MPCC) and by Z a fixed
point in .

Stationarity (or first-order necessary) conditions for (MPCC) have been the sub-
ject of many recent papers and books, see [146, 147, 105, 106, 165, 125, 54, 55, 57].

Since there are several different approaches for deriving optimality conditions, various
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stationarity conditions arise, see a recent PhD thesis by Flegel [52] for their definitions

and connections.

In this chapter, we focus on strong stationarity and Mordukhovich stationarity only.
Specifically, we say that z is a strongly (resp. an Mordukhovich) stationary point of
(MPCC) if, there is A = (A9, A", X6 \T) € Rm+a+2l guch that

V) + Y MNVG(E) + ) NVh(E) = > NIVGL(T) + M VH(T)] =0,
el jeJ keK
Vie I(z),\) >0, VielI\I(z),\ =0,
Vke v, =0, Vkea M =0,
Vk e B, A > 0,0 >0
(resp. Vk € B3, either A{ > 0, A\ > 0 or \{AT = 0),

where I(Z), «, 3, are useful index sets in the sequel:

I(z) = {iellg(z)=0},

= {k € K|0=G(T) < Hi(2)},

{k € K|Gk(z) = Hx(z) = 0},
)

=2 @ R
I
GGG
I

I
2

Clearly, strong stationarity implies Mordukhovich stationarity. Note that Z is a strongly
stationary point if and only if the KKT condition holds at z, see [56] for details. As
for various standard CQs and MPCC tailored CQs for strong stationarity and Mor-
dukhovich stationarity, we refer to the literature review in Chapter 1. Of particular
note is that, as in the context of nonlinear programming, the GCQ is the weakest CQ
for strong stationarity in the sense that it is both sufficient and necessary for local
minima of (MPCC) to possess strong stationarity. There can be found in Flegel and
Kanzow [57] the weakest CQ for Mordukhovich stationarity, though the authors did
not formulate it explicitly. Its detailed formulation is presented at the very beginning

of next section.

Strong stationarity and Mordukhovich stationarity can also be derived from exact
penalty functions of (MPCC). Results on exact penalization for (MPCC) are known in
the literature, see [105, 106, 106, 147, 168, 55, 52, 92, 102] for example.

Let 0 < p < 1 and let the function S be given by (4.1.2). When treated as an

ordinary nonlinear programming problem, (MPCC) can be associated with an [, penalty
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function defined in the spirit of the penalty function F, in Chapter 4 as follows:

Gp(x) = f(x) + pU"(x),
where p > 0 is the penalty parameter, and

Ue) = S() + 3" (~Gal(e))s + (~Hy(w)) s + |Gi(x) Hi(w)]) Vo € B
keK
With the aid of the NCP function ¢pin(a,b) := min{a, b}, (MPCC) can be associated

with another [, penalty function as follows:
Hp(x) = flz) + pVP(x),
where p > 0 is the penalty parameter, and

keK

Note that in the case of p = 0, we interpret both UP and V? as the indicator function
dp of the feasible set E of (MPCC). When p = 1, the penalty function H,(z) reduces
to the [ penalty function considered in [55, 165, 92]. It is well-known that the strong
stationarity holds at Z or equivalently the KKT condition holds at Z if the [; penalty
function G(x) has a local minimum at Z for some p > 0, see in particular Han and
Mangasarian ([66], Theorem 4.8). In contrast with this result, the Mordukhovich sta-
tionarity holds at Z if the [; penalty function H(z) has a local minimum at z for some
w > 0, see [55, 165, 92, 102]. But for 0 < p < 1, the question as to whether and
how strong stationarity or Mordukhovich stationarity can be derived from the [, exact

penalty function G, or H, has not been addressed in the literature.

In what follows, let ¢ : R® — R, U {+o0} be a lower semicontinuous function with
the property that ¢(z) = 0 if and only if z € E. Note that ¢ plays the role as a general
penalty term for the feasible set £ of (MPCC), and that the functions U? and V? with
0 < p < 1 are particular instances of ¢. We say that ¢ is an S-type (resp., M-type)
penalty term if it has the ability to detect strong stationarity (resp., Mordukhovich
stationarity) for (MPCC) in the sense as described in the following definition.

Definition 5.1.1 We say that ¢ is an S-type (resp., M-type) penalty term at T if the

strong stationarity (resp., the Mordukhovich stationarity) holds at T whenever there is
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a continuously differentiable function f : R"™ — R such that the penalty function f+ u¢
is exact at T (i.e., for some finite penalty parameter pu > 0, this penalty function admits

an unconstrained local minimum at T ).

By definition, S-type penalty terms are necessarily M-type. According to the previous
literature review, U is of S-type and V' is of M-type.

The outline of this chapter is as follows. In Section 5.2, we establish equivalent
conditions for penalty terms of (MPCC) to be of S-type or M-type. In Section 5.3,
we consider two [, penalty functions: G, and H,, and in terms of the original data of
(MPCC), we give sufficient conditions for UP and V? to be of S-type and /or M-type. We

end this chapter by establishing some relationships between these two penalty functions.

5.2 S-type and M-type Penalty Terms for MPCC

In this section, by applying the same technique as in Section 4.2.1, we establish equiv-

alent conditions for penalty terms of (MPCC) to be of S-type or M-type.

To begin with, we introduce two cones first appeared in Flegel and Kanzow [57] as

follows:
Ql = {(%fﬁﬂ?ﬁ) € Rn+2|ﬁ| | gk > 07/)714,‘ > 0751677]6 = 07 Vk € ﬁ}
and
( Vgi(2) u <0, iel(z) )
th(f)Tu = 07 ] eJ
VGp(Z)Tu =0, ke
0y = (U,fﬁ,"flﬁ) c Rn+2\ﬁ| k(x) u «Q -
VH(z)Tu =0, kery
VGk(f)TU —&.=0, keg
L VHk(i‘)TU—Uk =0, k Eﬁ )

The strong stationarity and Mordukhovich stationarity can be characterized in a unified
way in terms of (regular) normal cones to €y and 2y as shown by Proposition 5.2.1
below. This idea is borrowed from [57], where a direct proof was given to show that
local minima of (MPCC) posses Mordukhovich stationarity under the MPCC-GCQ. By
definition, the MPCC-GCQ holds at 7 if Tg(Z)* = Tiboo(T)*, where Ti8, . (Z) is the
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MPCC-linearized cone of (MPCC) at & defined by

( Vgi(z)Tu <0, ieI(z) )
Vh(z)Tu =0, jeJ
VGi(z)Tu =0, kea
Tipec(T) == u € R™| VH (%) u = 0, ke~
VG(2)Tu > 0, kep
VH(z)Tu >0, kep
\ (VGL(@)"u)(VH(2) ) =0, kep |

This linearized cone, though not necessarily convex as the terminology suggests, was
first introduced in [146, 125] and later studied extensively in [54, 165, 57]. In contrast
with T3, (Z), the first-order linearized cone T (z) of (MPCC) at # defined by

( V(@) u<0, iel(z) )
Vhi(z)'u=0, jeJ
. VG (z2)Tu=0, ke
Ty = due rr| VM )
VH(z)'u=0, ke~
VGk(.T)TU >0, kep
VHk(f)TU >0, kep )

is always convex and in particular polyhedral.

Proposition 5.2.1 The following statements are true:

(¢) 7 is a strongly stationary point of (MPCC) if and only if
~Vf(z) € {ve R"| (v,0,0) € No,(0,0,0) + No,(0,0,0)}.
(it) x is an Mordukhovich stationary point of (MPCC) if and only if
—Vf(@) e{ve R"|(v,0,0) € No,(0,0,0) + Nq,(0,0,0)}.
(iii) T™(z)* = {v € R"| (v,0,0) € N, (0,0,0) + Nq,(0,0,0)}.
(iv) Tiboo(@)" = {v € R" | (v,0,0) € No,na, (0,0,0)}.
(v) Na,na,(0,0,0) C Ng,(0,0,0) + Nq,(0,0,0).
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Proof. By formulas of Ng,(0,0,0), Ng,(0,0,0), Ng,(0,0,0), Ng,(0,0,0) given in
Proposition 2.2 of [102], statements (i) to (i) follow directly from Farkas’ lemma
and the definitions of strong stationarity and Mordukhovich stationarity. Note that
(u,&5,mp) € Q1 N Qs if and only if u € T (Z) and for every k € 8, & = VGi(Z) v,
me = VH(Z)Tu, and that Ng,nq,(0,0,0) = To,na,(0,0,0* = (2, N Q)*. Thus,
(v,0,0) € Ng,n0,(0,0,0) if and only if

((0,0,0), (4, VG(@) T, Hy(@) ") = {v,0) <0, Y € T (),
which amounts to v € Tyl (Z)*. Thus, statement (iv) is true. Statement (v) has been

shown in [57]. This completes the proof. O

Remark 5.2.1 According to [64], any v € Tg(Z)* corresponds to a continuously dif-
ferentiable objective function f such that T is a local minimum of (MPCC) and v =

—V f(z). Therefore, by statement (ii), the constraint qualification
Te(z)" x {0} x {0} C Nq,(0,0,0) + Nq,(0,0,0) (5.2.1)

is the weakest one for Mordukhovich stationarity. It follows from statements (iv) and

(v), and No,na,(0,0,0) C No,na,(0,0,0) that,
Tyteo(Z)* x {0} x {0} C Ng,(0,0,0) + Ng,(0,0,0). (5.2.2)

It follows from (5.2.1) and (5.2.2) that T is an Mordukhovich stationary point if the
MPCC-GCQ holds at . This result has been shown by [165] and [52]). Ezample
5.2.1 below llustrates that MPCC-GCQ can be strictly stronger than the CQ defined by
(5.2.1).

Example 5.2.1 In (MPCC), letn=1, m=q=0,1=1, G(z) =z, H(z) = 2*, and
z=0. Then Tg(7) = {0}, Ti% o(z) = T"™(z) = Ry, and

{veR| (v,0,0) € N, (0,0,0) + No,(0,0,0)} = R.

Thus, MPCC-GCQ does not hold at T but (5.2.1) holds.

Now we give equivalent conditions for ¢ to be of S-type or M-type at Z.
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Theorem 5.2.1 Concerning strong stationarity, we have the following equivalent con-
ditions:

(i) [kerdp(z)]* C {v € R" | (v,0,0) € Ng, (0,0,0) + Ng,(0,0,0)}.

(ii) pos(0p(z)) C {v € R" | (v,0,0) € Ng,(0,0,0) + No,(0,0,0)}.

(i7i) ¢ is an S-type penalty term at .
Concerning Mordukhovich stationarity, we have the following equivalent conditions:

(") [kerdp(z)]* € {v € R™ | (v,0,0) € Na, (0,0,0) + No,(0,0,0)}.
(ii') pos(d()) C {v € R" | (v,0,0) € Ng, (0,0,0) + No, (0,0,0)}.

(i17") ¢ is an M-type penalty term at .

Proof. In view of Proposition 5.2.1, we can get all results by applying the same

technique as in the proof of Theorem 4.2.1. O

Remark 5.2.2 Due to Proposition 5.2.1 (iii), the right-hand sides in conditions (i)
and (ii) are exactly the set T"™(Z)*. But if we replace the right-hand sides in conditions
(i') and (i7') by Til.o(Z)*, we can get only the sufficient conditions for ¢ being an
M-type penalty term at T. This is because the set Tt (Z)* may be merely a proper
subset of {v € R™ | (v,0,0) € Nq,(0,0,0) + Ng,(0,0,0)}, as can be seen from Example
5.2.1.

5.3 On Two Particular Penalty Functions for MPCC

In this section, we consider the [, penalty functions G, and H,, which have been defined
in the Introduction section. By applying Theorem 5.2.1 obtained in last section, we give
sufficient conditions in terms of the original data of (MPCC) for UP and V' to be S-type
and/or M-type penalty terms. We end this chapter by establishing the relationships

between exactness of G, and H,, and between kerdU?(z) and kerdV?(z).

109



Recall that in defining G,, we use the function

Ulz) = S(x) + ) {(=Grlx))s + (= Hy(2))+ + |Gi(2) Hi(2)]} (5.3.3)

keK

where S is given by (4.1.2).
Lemma 5.3.1 kerdU%(7) C Ti%oo(Z) C kerdU (7) = T (z).

Proof. By Proposition 3.2.1 (i), it is easy to verify that
kerdU'(z) = T"™ (7).
Let u € kerdU%5(z) and let k € 3. To show kerdU%*(z) C Thii% o (Z), it suffices to show
(VGr(Z) ) (VHL(Z) u) = 0. (5.3.4)

By Proposition 3.2.1 (i) again, there exist t, — 0+ and u, — u such that

Gr(T + t,u,)H (T + t,u,)
(t,)?

Since G and Hj are continuously differentiable, we have by Taylor expansion rule

— 0.

G T tl/ 12 H T tl/ 1% — tl/ v — tl/ 12
(t,)? ty ty
Thus, (5.3.4) holds. This completes the proof. O

Theorem 5.3.1 Let U be given by (5.3.3). Then, U is an S-type penalty term at T,

and for any 0 < p < 1, the following condition are equivalent:

(1) [kerdUP(z)]* = T""(z)*.
(i) OUP(z) = T (z)*.
(i43) UP is an S-type penalty term at T.

Moreover, U s an M-type penalty term at T, and UP with 0 < p < 1 1s an M-type

penalty term at T if one of the following equivalent conditions is satisfied:

(i) [kerdU?(2)]* = Tfpoo(7)"
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(ii') pos(IUP(z)) = Tihoc ()"

In particular, condition (ii') can be refined as 5Up(j) = T (Z)* when 0 < p <0.5.

Proof. In view of Theorem 5.2.1, Remark 5.2.2, and Lemma 5.3.1, we can show the

results in a similar way as in the proof of Theorem 4.2.2. O

In terms of the original data of (MPCC), we give sufficient conditions for U? to be
an S-type (M-type) penalty term at z.

Proposition 5.3.1 The following statements are true:

(a) If the functions g;,i € 1(Z), hj,j € J, Gy and Hy, k € K are C*', then
kerdU?(z) = T"™(z)  Vp € (0.5,1],
which implies that UP with 0.5 < p < 1 is an S-type penalty term at .

(b) If the functions g;, 1 € I(Z), hj, j € J, Gy, and Hy, k € K are twice continuously
differentiable, and the following conditions are satisfied:
i) u'V23g(z)u <0 Viel(z), Vue Tinoo(T) NVg(z)t,
i) u'V?hi(Z)u=0 Vj e J, Vue T\heo(T),

iit) I V2Gr(Z)u=0 Vk € a, Vu € i (),

(

(

(

(vi) uWI'V2HR(Z)u =0 Vk €, Vu e Tyl (7),

(v) uI'V2GR(Z)u >0 Vk € B8, Vu € (Tiqo(Z) N VGR(Z)H)\VHi(Z)4,
(vi) uW'V2HR(Z)u >0 Vk € B, Vu € (Tiibee(T) N VH(Z))\VGi(Z)*,
(

vii) vV GL(Z)u > 0 and TV H(Z)u >0 Vk € f,
Yu € TI{}H)CC(;%> m VG]C(@) N VHk<f> s

then
kerdU%®(z) = T, (%),

which implies that UP with p = 0.5 is an M-type penalty term at .
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Proof. Since U is defined in the same way as S in the sense that the complementarity
constraints G (z) > 0, Hi(x) > 0, and G (z) Hi(z) = 0 are treated as general inequality

and equality constraints, statement (a) follows immediately from Proposition 4.2.2 (7).

Now we show that statement (b) is true. In view of Lemma 5.3.1, it suffices to show
Tyiboc(T) C kerdU (7).

To start with, it is easy to check that, for each 0 < p <1,

( P )
. gi(T + tu) , B
IIQSEPT <0, iel(z),
A = =0 je’
lim SEF ke,
t—0+ él/p
uweR"| lim Hy (7 + tu) =0 ken C kerdU%?(z).  (5.3.5)
t—0+ th/p ’ ’
T+t
i inf FEEFHY ke g,
t—0+ ti/p
Hp(z+t
lim inf K7 + tu) >0, ke g,
t—>0+G t/p
T +tu)Hy(z +t
g GFEFEE ) g
. t—0+ ti/p J

Let ¢,% : R* — R be twice continuously differentiable functions. If ¢(z) = 0 and
Vo(r)Tu < 0, we have
(e +tu)  Vo(x)u

o(t?)

v ; + %UTVQQO($)U +—p —o0as t—0+. (5.3.6)
If p(x) = 0 and V(z)Tu = 0, we have
M = %uTvzgp(m‘)u + O(tt;) — %UTV2QO<I>U ast — 0+. (5.3.7)
If p(z) = ¥(x) =0 and V(z)Tu = 0, we have
plo £ tui;b(x + ) = (%uTVng(x)u + 055) J(x+tu) - 0ast —0+. (5.3.8)

In view of the limits in (5.3.6), (5.3.7) and (5.3.8), we can easily show that the set
Tin (%) is a subset of the left-hand said of (5.3.5) with p = 0.5. This completes the
proof. O

Recall that in defining H,,, we use the function

V(z) = S(2) + > |¢min(Gi(x), Hy(z))| Vo € R (5.3.9)

keK
where @min(a,b) = min{a, b} and S is given by (4.1.2).
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Lemma 5.3.2 kerdV (Z) = Tim oo (Z).

Proof. Let u € kerdV (z). By Proposition 3.2.1 (7), there exist t, — 0+ and u, — u

such that
max{g;(Z + t,u,),0}

- ~0  Viel(d) (5.3.10)
M —0 Vjel (5.3.11)
9&2}2@2ﬁ0 vk € a, (5.3.12)
ﬁﬂi}&%lﬁo . (5.3.13)

and
mln{Gk(j + tuuy)a Hk(j + tl/uV)}

by
By applying the Taylor expansion rule to (5.3.10), (5.3.11), (5.3.12), (5.3.13) and

(5.3.14) and noticing that min{VGy(Z)Tu, VHy(Z)Tu} = 0 if and only if

—~0 Vkep. (5.3.14)

VG () Tu > 0, VHy(Z)Tu > 0, (Go(7)Tu) (Hy (7)Tu) = 0,

we can easily get kerdV(z) C Tihoo(Z). Let t, — 0+ and let u, = u with u €
T o (z). By applying again the Taylor expansion rule, we get (5.3.10), (5.3.11),
(5.3.12), (5.3.13) and (5.3.14). This implies that Ty (7) C kerdV (z). This completes
the proof. O

Theorem 5.3.2 Let V' be given by (5.3.9). Then V is an M-type penalty term at T,
and VP with 0 < p < 1 is an M-type penalty term at x if one of the following equivalent
conditions is satisfied:

(i) [kerdV?(z)]* = Tifpoo()".

(i) IVP(Z) = Tifpoc(T)".

Proof. In view of Theorem 5.2.1, Remark 5.2.2, and Lemma 5.3.2, we can show the

results in a similar way as in the proof of Theorem 4.2.2. O

In terms of the original data of (MPCC), we give sufficient conditions for V? to be
of M-type at 7.
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Proposition 5.3.2 The following statements are true:

(a) If the functions g;,i € I(Z), h;,j € J, Gy, and Hy, k € K are C'', then
kerdV?(z) = Tithoo(Z)  Vp € (0.5,1],
which implies that VP with 0.5 < p < 1 is an M-type penalty term at x.

(b) If the functions g;, i € I(z), h;, j € J, Gy and Hy, k € K are twice continuously
differentiable, and conditions (i) — (iv) in Proposition 5.5.1 and the following
conditions are satisfied:

(V) W'V2G(@)u = 0k € B, Yu € (Tiheo(®) N VG(E) N\VHL(3),
(vi') WINV?Hy(Z)u =0 Vk € 3, Vu € (Tiloo(T) N VHy(Z)L)\VGi(Z)1,
(Vi7") Guin (W VG (Z)u, v VEHL(Z)u) = 0 Vu € Tyl o(Z)NVGL(T) TNV Hy (7)*,
Vk € 3,
then
kerdV"®(z) = Tyfpec (2),

which implies that V°® is an M-type penalty term at .

Proof. To start with, it is easy to check that for every 0 < p <1,

( . g:(T + tu) , B
1 —= <0 el
P tel@
tlir& t/p =0, jed

we R"| lim M:o kea ¢ CkerdV?(Z).
t—0+ (tl/p ) ’
tli%i ti/p =0, key
in{Gp(x + tu), H.(x +t

\ T CLICR DR CR D) S Sy

t—0+ t1/p )

(5.3.15)
First we show that statement (a) is true. Let 0.5 < p < 1 and let & € . In view
of Proposition 3.2.1 (#ii) and Lemma 5.3.2, it suffices to show T3 (%) C kerdV? (7).
This can be done by showing that Tifhq(Z) is a subset of the left-hand said of (5.3.15).
Let u € Tyl o(Z). Then min{VG(z)"u, VHi(Z)"u} = 0. Following the proof of

Proposition 4.2.2 (7), it now remains to show

. min{Gp(Z + tu), H,(Z + tu) }
lim
t—0+ tl/p

—0. (5.3.16)
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By a generalized Taylor expansion rule, see [38], we have
min{G(Z + tu), Hi(Z + tu)}
1
tr

— T 1
< ¥ 5 min {w + §G20(57 + t0u; u), Y

H,.(7)T 1
k(@) u + §H,;’°(37: + twu; u)} ,

(5.3.17)
where 0 < # < 1 and 0 < w < 1. Note that the functions z — G¢°(z;u) and = —
H{°(z;u) are upper semicontinuous with G¢°(x; u) and HP°(x;u) being finite when Gy,
and Hj, are C'!'. The min term on the right hand side of (5.3.17) must be finite for
sufficiently small ¢ > 0. Since 275 — 0 as t — 0+, it then follows from (5.3.17) that
(5.3.16) holds.

Now we show that statement (b) is true. Asin (a), it suffices to show that T3, (z)
is a subset of the left-hand said of (5.3.15) with p = 0.5. To that end, we need not
only limits in (5.3.6), (5.3.7) and (5.3.8), but some more limits on twice continuously
differentiable functions ¢ : R* — Rand ¢ : R* — R. If p(z) = ¢(z) = 0, Vip(x)Tu =0
and Vi (z)"u > 0, we have

min{y(x + tu), Y (x + tu)}
12

o(t?) Vip(x)Tu
2’ t

- min{%uTVng(:U)u + + %uTV2w(x)u LAy (538
— 2u"V2p(z)uast — 0+.
If o(x) = ¥(z) = 0 and Vip(z)Tu = Vip(z)Tu = 0, we have
min{p(z + tu), bz + tu)}

t2
o(t?) 1
2 72

o(t?)

t2

= min{%uTvzw(x)u + "V (z)u + } (5.3.19)

— min{%uTVng(x)u, %UTVZw(a:)u} ast — 0+.

In view of (5.3.15) with p = 0.5, and the limits in (5.3.6), (5.3.7), (5.3.8), (5.3.18),
(5.3.19), we can easily show that the set Ti%(Z) is a subset of the left-hand said of
(5.3.15) with p = 0.5. This completes the proof. O

The following lemma and proposition are helpful for establishing some relationships

between exactness of G, and H,,, and between kerdU?(Z) and kerdV?(z).
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Lemma 5.3.3 Leta,b € R, 01 > max{a+1,b+1,2—a,2—b} and o5 > max{/|al, \/|b], 1}.
Then,

(=a)+ + (=b)4 + |ab]|

p < |min{a, b}| < o9/ (—a)y + (=b)4 + |ab]. (5.3.20)

Proof. Noting that a and b are symmetrical, we only need to consider three cases: (7)

0<b<a, (it) b<0<a, (iii) b < a<0. For case (i), we have
(—a)y + (=b)y + |ab| = ab < (a 4+ 1)b < 01b = 01| min{a, b}|,

and

|min{a, b} = b = V2 < Vab < 09\/(—a), + (—b)+ + |ab].

For case (ii), we have
(—a), + (=b), + |ab| = —b(a+1) = (a + 1)| mina, b}| < oy| min{a, b},
and

|min{a,b}| = —b < —bVa + 1 = V—=b\/=bla+ 1) < 09/ (—a); + (—b)4 + |ab).

For case (iii), we have
(—a)y + (=b)y + |ab| = —a — b+ ab < —2b+ ab = (2 — a)| min{a, b}| < 1| min{a, b}|,

and

|min{a,b}| = —b < —bvV—a+ 1 < V—-bvV—a — b+ ab < gov/(—a) s + (D)4 + |ab|.
This completes the proof. O

Proposition 5.3.3 Let 0 > 0 and let y € R™. Then, there exist @ > 0 and n > 0 such
that

%U(w) < V(@) <q/T@@) Vi€ By (5.3.21)

which implies that for any 0 < p <1,

kerdU? () C kerdV?(z) C kerdUP(z). (5.3.22)
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Proof. We only need to show (5.3.21) since (5.3.22) follows from (5.3.21) readily. Let

f# = max6;, where
keK

0 = max max {Gi(z)+ 1, Hy(x) + 1,2 — Gi(z),2 — Hp(x)}.

2€Bs(y)
Clearly, 6 > ; By Lemma 5.3.3 and the definitions of U and V', we have
U(z) <0V(zx), Ya € Bs(y),
which gives the first inequality in (5.3.21). Now, let n = (|K| + 1)7 where 7 =

max{max n, Smax}, 7k = max max{\/|Gr(z)|, /|He(2)|, 1}, and Spax = max /S(z).
keK z€Bs(y)

x€B;(y)
By Lemma 5.3.3 and the definition of 7, we have, for each x € Bs(y) and each k € K|

| min{G(z), Hy(2)} < mv/ (=Gi(@))+ + (= Hi(x))+ + |Gr(w) Hy(2)].  (5.3.23)
By the definition of Spax, we have, for each z € B;(y)
S(z) < SmaxV/ S(x). (5.3.24)

Then, it follows from (5.3.23), (5.3.24) and the definitions of U and V' that, for each
z € Bs(y),

V()

IA

7 {\/5(96) + YV (=Gi(@)s + (—Hi(@))+ + IGk(x)Hk(ﬂf)l}

keK

< (IK1+ 1)77\/5(96) + > [(=Gr(@))s + (—Hi(2))4 + |Gr(x) Hy(2)]]

keK

= ny/U(x),

where the second inequality follows from Lemma 4.1 in [80]. Therefore, we have shown

that (5.3.21) holds. This completes the proof. O

Remark 5.3.1 Let 0 < p < 1. It follows from (5.3.21) that, H, is exact at T if G, is

exact at T, and Gp is evact at T if H,, is ezact at T.
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Chapter 6

Conclusion and Future Work

In this thesis, by means of modern variational analysis, we developed a unified frame-
work and provided a detailed exposition of optimality conditions from the viewpoint of
exact penalty functions. We studied sufficient conditions for penalty terms to possess
local error bounds which guarantee exactness of penalty functions. By using subderiva-
tives, second-order subderivatives, and parabolic subderivatives, we also studied first-
and second-order necessary and sufficient conditions for penalty functions to be exact.
The kernels of these derivatives, representing directions at which derivatives vanish,
played an key role in our investigation. In particular, we showed an interesting auxil-
iary result which asserts that, the polar cone of the subderivative kernel of an extended
real-valued function at a local minimum is the same as the positive hull of its regular
subgradients at the same point. We showed how KKT conditions and second-order
necessary conditions in nonlinear programming, and strong and Mordukhovich station-
arities in mathematical programs with complementarity constraints, can be derived
from exactness of penalty functions under some additional conditions on constraint
functions. In presenting these additional conditions, it turned out that the kernels of
(parabolic) subderivatives of penalty terms are very crucial. By virtue of these kernels
and a variational description of regular subgradients, we showed necessity and suffi-
ciency of these additional conditions. We also presented conditions in terms of the

original data by applying (generalized) Taylor expansions to calculate these kernels.

Beyond these positive results and contributions, there are many other issues that

are needed to deal with in the future work. We summarize three directions for future
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work as follows. (i7) Avakov et al. [9] obtained new first-order necessary conditions
(unlike KKT conditions) for (NLP) by introducing a generalized Lagrangian function
and using the theory of 2-Regularity. It is still unknown at the current stage whether
these new first-order necessary conditions can be derived from the viewpoint of the [ 1
exact penalty function. (i7) It is an open question as to whether our results are able to
find applications in the design of numerical methods, and this is definitely a challenging
research topic in the future. (i7i) Most of our results do not rely on smooth data, but
some do. For those results that do depend on smooth data, is it possible to relax the

differentiability assumptions? This could be an interesting research topic in the future.
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