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Abstract

In the study of survival data, one of the important problems is about competing risks
combined with the possible existence of long-term survivors (subjects that will never
experience the events under consideration, also referred to as “cured” or “immunes”).
Under this scenario, it is important to know the failure rates with respect to different
risks and the cured proportion. It is also useful to make inferences on the regression co-
efficients of the covariates that influence the failure. Further analysis of the significance
levels of the parameters plays an important role in the study. In particular, a major
attention is paid to the significance level of the cured rate which implies the existence

of immunes.

In this dissertation, three models are investigated for survival data with competing
risks, covariates and immunes: general mixture model, piecewise exponential mixture

model and proportional cause-specific hazards model.

In the general mixture setting, full maximum likelihood methods are employed to
draw statistical inferences on the model attributes and the asymptotic properties of

the estimators. Likelihood ratio tests are developed to test the significance levels of

IT



the parameters and the relationships among them. Under some regularity conditions
and mild assumptions, the estimators are proved to be consistent and asymptotically
normally distributed, and the tests are also consistent and follow different distributions
according to the underlying hypotheses. The performances of the estimators and tests
are assessed by a simulation study. It shows that the approach given in this part

provides a satisfactory way to investigate many practical problems.

The second part of the dissertation is the piecewise exponential mixture model for
competing risks data. The existence, consistency and asymptotic normality of the
estimators are rigorously derived under general sufficient conditions. Likelihood ratio
tests are investigated for various hypotheses of practical interest. A study of real life

data is conducted to illustrate the approach.

In addition, a semi-parametric approach is proposed to investigate the competing
risks data under the assumptions of independent censoring and proportional cause-
specific hazard functions among different risks and covariates. Partial likelihood meth-

ods are used to make inferences on the levels of the risks.
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Chapter 1

Introduction

The focus of survival analysis is the study of the time duration until the occurrence of
a certain event of interest, such as death of a patient or a life insurance policyholder,
recurrence or relapse of a disease, lodgment of an insurance claim, a natural disaster,
settlement of a liability law suit, malfunction of a consumer product, a failure of a

company, rearrest of a former prisoner, marriage breakdown, and so on.

The occurrence of the event of interest is often referred to as a failure (although it
may actually represent a positive outcome in some applications), and the time duration
until it occurs is called the failure time. Failure time, however, is not the only thing
of concern. Also of great interest in survival analysis are failure causes, referred to
as competing risks for there are often different types of risks that are “competing” to
cause the failure. Take an employee benefit plan for example, the present value of
the benefits to be paid depends on both the time and the cause of the termination of

employment (retirement, resignation, death, disability, etc.). Other examples include



different causes of death, different types of losses under insurance coverage, and so on.

Another important issue in survival analysis is the possible presence of long-term
survivors (also known as immaunes or cured individuals) in the sense that they are not
subject to the event of interest. This is natural in many real life situations, such as
patients cured of a life-threatening disease, or insured employees who never experience
disability. In such situations, not only the failure mechanism with respect to the risks
but also the proportion of long-term survivors (such as the cured rate of the patients

under a certain treatment) is of interest.

Furthermore, the failure time and failure cause of an individual are often influenced
by certain particular features associated with the individual, which are referred to as
covariates. In medical study, for example, covariate factors are often comprised of age,
gender, health condition, treatment method, etc. for a patient under observation. In
motor vehicle insurance, age and postal code are often taken as major indicators in
assessing the risk level of a driver. For the application of the models in real life, it
is important to consider covariate information as it usually exists and influences the

outcome of analysis.

Owing to the wide application of survival analysis, there have been many investi-
gations of survival data with competing risks or immunes in the presence of covariates.
However, the large sample analysis of survival data, which incorporate competing risks,
covariates and possible presence of immunes, has been limited to parametric models.
In addition, the cases where the “true” value of parameters may be on the boundary of

the parameter space, (e.g. the cured rate is not significant) have not been studied to-



gether with covariates. In this study, we will attempt to narrow this gap with extensive
and thorough investigations to general mixture model and proportional cause-specific

hazards model for life time data mentioned above. Questions of interest are:

1. What is the probability of a subject to fail from a certain risk?

2. What is the cumulative distribution function of an individual conditional on a

given risk?

3. Is there any insignificant covariate factor that can be dropped from the analysis?

4. Are the baseline cause-specific hazard rates proportional to each other so that a

proportional hazards model is suitable?

5. Do immunes exist? If yes, what is their proportion in the population?

The remainder of this thesis is devoted to answer these five questions. In Chapter
2, the previous work of competing risks and immunes is reviewed and the differences
between our work and previous work are discussed. In Chapter 3, a series of general
mixture models are reported with answers developed for these five questions. It is
proved that the mixture model setting produces consistent and asymptotically normally
distributed estimators under some mild sufficient conditions when the true values of the
parameters lie on the parameter space (interior or boundary) and questions 1 and 2 are
answered consequently. For questions 3-4, the large sample properties of the likelihood
ratio statistics are investigated to test the significance levels of the parameters and
the relationships among them. The consistency of the tests are proved and their large

sample distributions are provided. In particular, the asymptotic distribution of the



likelihood ratio statistic for the boundary hypothesis of the exhaustiveness of failure
causes (no cured individuals or immunes) is investigated. Question 5 is answered by

the result of the test.

An application of the general results on real life data is demonstrated in Chapter 4. A
piecewise exponential mixture model for competing risks data is proposed, which allows
censoring, covariates and immunes. The maximum likelihood estimators are shown to
be unique local to the true values of the parameters with probability approaching 1,
consistent and asymptotically normal. To assess the performances of our models, a set

of Bone Marrow Transplant Data is fitted by the proposed model.

In Chapter 5, we propose a semi-parametric approach to draw statistical inferences,
under the assumption that the cause-specific failure rates are proportional to each other.
The estimators are proved to be consistent, and the estimated coefficients of covariates
have asymptotic normal distributions whereas the estimated coefficients of risks have
asymptotic log-normal distributions in the interior of the parameter space. A simulation

is conducted to examine the proposed methods.

The main contributions of the thesis are summarized as follows:

(i) A general class of mixture models are developed, which account for competing

risks, possible presence of long-term survivors and covariates.

(ii) Maximum likelihood estimators of the model parameters as well as deviance tests
for the presence of long-term survivors and covariate effects are established, and

their large-sample properties are proved rigorously.



(ili) A class of piecewise exponential mixture models is investigated with rigorous

derivation of statistical inference and application to real-life data.

(iv) A semi-parametric proportional hazards model is developed and the method of
partial likelihood is employed to draw statistical inference on competing risks,

proportions of long-term survivors and covariate effects.



Chapter 2

Literature Review

The origin of the study on competing risks can be traced back to Daniel Bernoulli’s
(1760) attempt to separate the cause of death by smallpox from other causes. Since
then, research in this area has been developed quickly due to its wide applications
in many areas such as medical research, health science, actuarial science, economics,
finance, management, engineering reliability, criminology, social science, etc. The study
of competing risks has now become one of the issues of primary importance in the

analysis of survival data.

In the competing risks model, individuals are exposed to several distinct causes of
failures, but if a failure happens, it can only be due to one of the risks of interest.
Cox (1959) formulated the survival data with competing risks in terms of latent failure
times. The risks are assumed to be independent of each other. Although there are
various criticisms on the identifiability problems of this assumption, models with latent

variables have been commonly used in data analyses since then, especially in the areas



of economics and finance. Literature on latent variables applied to various fields can be
found, for example, in Han and Hausman (1990) and references therein. An alternative
approach for survival data with competing risks is the cause-specific hazard rates setting
which is proposed by Prentice et al (1978). This framework allows for dependence
between competing risks. The survival analysis based on the hazard functions has been
popular, as they can approximate survival data more naturally than the latent failure
times setting. One of the most widely used models is the Cox’s proportional hazards

approach of Cox (1972), in which the hazard function is assumed to be

A(t1Z) = Xo(t) exp(87 2),

where )¢ is a baseline hazard function, J is a vector of regression parameters and \(t|2)

is the hazard function for an individual with a k-dimensional covariate vector Z.

The concept of immunes or cured individuals has also been investigated for several
decades. Boag (1949) is among the first to study the cured proportion in cancer patients.
Since the cured rate cannot be estimated independently from the other parameters
of the model in the presence of censoring, a commonly used approach to solve this
problem is to formulate the model as a mixture of two populations, one for cured
individuals or immunes and the other for “susceptibles” (individuals suffering from
the risks of interest). An extensive discussion of popular methods of inference on this
model has been provided by Maller and Zhou (1996). Such mixture models have also
been investigated by many other authors. Among them Peng and Dear (2000) adopted
a non-parametric approach, Ghitany and Maller (1992) and Ghitany et al. (1994)

studied exponential mixture distributions and Vu et al. (1998) extended their work to



survival distributions mixed by exponential family and cured rate of the population. In

addition, semi-parametric mixture models are discussed by Zhao and Zhou (2006).

Various models of different types have been proposed for survival data with immunes
and competing risks. Miyakawa (1984) gave parametric estimation for two failure causes
and allow possible missing causes, Kundu and Basu (2000) studied their large sample
properties. Larson and Dinse (1985) suggested a mixture model approach and computed
maximum likelihood estimators by replacing the right-censored failure times under un-
known causes with a set of suitably weighted hypothetical ones under known causes.
Maller and Zhou (2002) provided a rigorous analysis of the parametric mixture models
and derived useful large sample properties (consistency and asymptotic normality) of
the maximum likelihood estimators and the asymptotic distributions for the test statis-
tics under certain boundary hypotheses. However their work was restricted to the i.i.d.
case without covariates. As a complementarity, Choi and Zhou (2002) studied the large
sample properties of a class of parametric mixture models with covariates for competing

risks in the presence of immunes.

There are a number of similarities among the works of Larson and Dinse (1985),
Maller and Zhou (2002), Choi and Zhou (2002) and the present work. The current
approach extends the works of the above authors by relaxing their restrictions in several

ways.

Suppose that individuals are exposed to J causes and the failure time 7T of an



individual with covariate Z has a mixture distribution as follows:
J
F(t|1Z) = P{T <t|Z} =Y p;(Z)F;(t|Z)
j=1

with Z}]:1 p;(Z) < 1, where p;(Z) is the probability that this individual fails from
risk j and Fj(t|Z) is the failure distribution function for this individual, conditional on
the eventual failure from risk j. The approach proposed by Larson and Dinse (1985)
is restricted to the boundary case in the sense that ijlpj(Z) = 1, i.e. it does not
allow for immunes. The models of Maller and Zhou (2002) do allow for the existence
of immuned individuals by a possibly improper setting but not covariates. Finally,
Choi and Zhou (2002) attempted an improper mixture model with ijl p;i(Z) <1
for competing risks data with covariates and immunes included. Their work, however,
assumes the existence of immunes as a priori. This yields identifiability problems as it
is hard to identify such kind of information from the observations. For instance, if the
censoring is heavy, we can only consider the probable existence of immunes but cannot
claim that there must be immunes as censoring is also influenced by experimental design

and other reasons.

It is desirable and of practical interest to relax the restrictions of the above works
so that a more general approach can better model real life data. In this dissertation,
a general mixture model is developed to cover the models of Larson and Dinse (1985),
Maller and Zhou (2002) and Choi and Zhou (2002), with extensive and thorough in-
vestigations of the large sample properties of the estimators and various test statistics.
The model is more flexible than the previous models and can be readily applied to real

life problems. For the case when the data have good properties of proportional hazards,



a semi-parametric approach is investigated, which is relatively more restrictive than the

general mixture model but much easier to use.
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Chapter 3

General Mixture models

3.1 Introduction

In this chapter, a general mixture model is introduced to make inferences on competing
risks data with covariates and possible immunes. In Section 3.2, the framework of the
model is explained. In Section 3.3, the large sample properties of the estimators and
test statistics are provided with the explanation of the applications. A simulation is
shown in Section 3.4 to assess the performance of the methods. Section 3.5 is devoted

to the discussions and future work. Finally, the proofs are collected in Section 3.6.

11



3.2 Model Specification

Suppose there are n individuals who are exposed to J distinct failure causes and the
observation of an individual can be either censored or caused by one and only one of
these risks. Further assume that there may be individuals who are not susceptible to
the risks under consideration, i.e. immunes may exist. The competing risks data in
the presence of censoring consist of observations (¢;, d;;, z;),7 = 1,...,n, where ¢; is the
observed failure time of individual 7, z; is the covariate information for individual i,

which is also observable and for:=1,...,nand j=1,...,J,

1 if individual 7 dies from cause j,

5@']’ —

0 otherwise
are the indicators of the failure causes. For each individual i, the indicator of the

censoring status is defined as

1 if individual ¢ is uncensored,
0 if individual 7 is censored.

Thus
J

(51'2251']’, i:1,2,...,n.

j=1

Further suppose that the individuals under study are independent of each other and
pij = P{individual ¢ will fail from cause j eventually}

fort=1,...,nand j=1,...,J. Thus

J
pi = Z pij = P{ individual 7 is susceptible to the risks under consideration},
j=1

12



where 0 < p; < 1 and the existence of cured individuals or immunes is implied by

p; < 1.

Fori=1,...,n, let T be a nonnegative independent random variable representing
the true failure time (without censoring) of individual i, u; be the censoring time of

individual 7 and ¢} be the realization of T7*. It is obvious that

Further associate each individual 7 a random variable D; with

j if individual ¢ will fail from cause j eventually,
Di -
0 individual 7 is an immune subject

fort=1,...,nand 7 =1,...,J. Here we can treat D, as a discrete random variable

with the following proper distribution function:

P{D;,=j}=py, 1<j<J and P{D; =0} =1 —p;.

Thus D; can be interpreted as an indicator of the failure cause of individual ¢. It should
be pointed out that the value of D; is observed when ¢; = 1 and cannot be observed
when §; = 0. Throughout our study, an i.i.d. censoring mechanism is assumed, i.e. wu;’s

are independent of each other and they are all independent of the ¢}’s. Thus

0ij = Lir<u; Di=j} and 0; = Lr<usy

fori=1,...,nand j =1,...,J, where 1g is the indicator of event E which takes value
1 when E occurs and 0 otherwise. And the c.d.f. of the censoring time is assumed to
be non-informative. Let

Fy(t) = P{T} <1D; = j} (3.2.1)

13



represent the conditional c.d.f. of T} conditional on the type j failure for i =1,...,n

and j =1,...,J. It is obvious that Fj;(¢) is proper. Also let

Fi(t) = P{TF <t} (3.2.2)

denote the unconditional c.d.f. of T*. A fact to be noted is that

P{T} = oco|D; =0} = 1. (3.2.3)
Then Fj(t) can be given by
J J
Fi(t)=) P{T; <tIDi=j}P{D; = j} = Y piFy(t). (3.2.4)
=0 j=1

When p; = ijl pij < 1, Fi(t) is improper. We shall assume that Fj;(t) and F;(t) have
density functions f;;(t) and f;(t) respectively throughout, this is not essential but it

simplifies the notations.

The above specifications provide a probabilistic foundation for a general mixture
model approach to accommodate competing risks data with possible immunes. Like
Maller and Zhou (2002), we further provide a cause-specific formulation approach which
is equivalent to the general mixture approach and also widely used in survival analy-
sis. For the details of the cause-specific formulations, see Prentice et al. (1978) and
Kalbfleisch and Prentice (1980, p. 167). The cause-specific hazard function associated

with individual ¢ and risk j is defined by
Nij(t)dt = P{Ty € [t,t +dt), D; = j|T} >t} (3.2.5)
The hazard function for individual ¢ is

J
Ni(t)dt =" Nydt = P{T} € [t,t + dt)|T} > t}. (3.2.6)

j=1

14



The hazard functions can be expressed in terms of p;;, fi;(t) and Fi(t) as

Aij(t) = fif—}((?) (3.2.7)
and
Ailt) = 1f—;f>(t) (3.2.8)

fori=1,...,nand j=1,...,J. Conversely, p;; and Fj;(t) can be defined in terms of

Aij and Fi(t) as

pij = P{D; =j} = /OOO Xij () (1 — Fi(t))dt (3.2.9)
and
) = APt [0 = Rty (32.10)

Thus for a fixed i € {1,...,n} and 1 < j < J, \;;(t)’s are proportional to each other if

and only if f;;(¢)’s are proportional to each other.

Apart from a multiplicative constant, the full likelihood of the n observations is

given by

Ly= H{(pij@-)fzm)(t@-)) (L= E()"™

:H{H pifig ()™ (1 = Fi(t ))1_&}7

Jj=1

(3.2.11)

where j(i) indicates the observed failure cause of individual ¢ when a failure occurs.

And the log-likelihood function is

= Z {Z 8;5log (pi; fij(t:)) + (1 — ;) log (1 — E(tz))} . (3.2.12)

i=1 {j=1
Thus individual i contributes p;; fi;(t;) to the likelihood function if he/she experiences
a type j failure. Alternatively, the contribution to the likelihood function of individual

i with censored failure time observed should be S;(t;) =1 — F(t;).

15



Assume that
fij(t) = f(t; d4j), t>0, (3.2.13)

where ¢;; = [ij1,Pijo, - - -, Piji]” is a K-vector of parameters varying over an open subset
of RE, and T denotes the transpose of a matrix or vector. Suppose that for 1 < i < n,

1<j<Jand 1<k <K, ¢;'s are linked to the linear combinations of covariates by
Gige = n(Kigr)  With kg, = aj;, (3.2.14)

where z; is a m-dimensional sub-vector of z;, o is a m-vector of parameters and 7 is

a differentiable function from R to the domain of ¢;j;. Let

bij = C(éjj— G) ,  with Pij = ﬁjTyi and  o; =~ w;,

w(i) + 2= C(& + pa)
where ( is a link functions from R to R™ and w is a real function. As above, y; and w;
are my-dimensional and 73-dimensional sub-vectors of z; respectively with corresponding
regression coefficients 3; and . Thus aji, &, fjand v, 1 < j < J, 1 <k < K

constitute parameters to be estimated from the data. Let 6 be a vector that consists of

all parameters, thus
9 = (O/{J e ,Oé?;, ﬁf; s 7&?]—‘7517 e 7£JJV)T c RWlJK+(7F2+1)J+7F37

where aJT = (%‘Tp e ,onTK) € RmK, ﬂjT € R™ ¢ € R and 47 € R™. The true value of

the parameter vector 0 is
_ (T T AT T T T T
0o = (igs - - %05 Bios -+ B05 E10s 50070 )
with vy constrained in

I'={y|veR™ w"w;) >0, forall 1 <i<n}.

16



Thus the parameter space © for 0 is

0 = {0]6 € R™I/EHmADT Y

In our model, the probability of failing from a risk j is given by a logistic model

(Cox, 1970, ch, 7.5). Two cases are considered:
The interior case: 0 <p; < 1,1 <7< n.

In the interior case, the true value is restricted in the interior of the parameter
space ©. Our work will only include one of the most commonly used cases that w(g;)
is degenerated to 1 and ((&; + pi;) = exp (§; + pij), i-e.

_ exp(&; + B} vi)
1+ 300 exp(&+ Bl yi)

The parameter space is ©; = R™/E+(m+DJ and the true value should be

T T T T T T
00:(a1077aJ07/610776J07£1077£]0)

The boundary case: p; =1, 1 < < n.

The boundary of the space is denoted by
O, = {0]6 € R™/KHmADT 5 1y}

with

Iy = {y|7" € R™, w(y"w;) =0, forall1 <i<n},

so that Z;}:lpij = 1. In this boundary case, let w; = 1 and w(g;) = g;, 1 < i < n.
Further assume that £;9 and 39 are degenerated to 0. Hence p;; can be formulated by

exp(&; + BTy
Py = p(& + ) i) 1<j<J-1 (3.2.16)

v+ 1+ exp(& + Bl y)

17




and

1
Dig = — . (3.2.17)
YA+ 14+ 2 exp(& + Bl y)
The true value of the parameter vector is
90 = (a?[b L 7a§07 /8%;)7 L 766—1)0? 5%7 s ’5(7:]_1)0’ ’-)/0)7
which lies on
O3 = {0]0 € RM/EHmADU=D o 117, (3.2.18)
And the parameter space under consideration should be
Oy = {00 € RM/EHADU=D 5 1) 00)}. (3.2.19)

Assume that the following three regularity conditions are satisfied by f(¢; ¢;;) through-

out:

(R1) The support of f(t;¢) is not influenced by ¢. It is assumed to be [0,00) in our

analysis.
(R2) f(t; ) is twice-differentiable.

(R3) Of(t;¢)/0¢ and D%f(t; ¢)/0pApT are continuous and integrable for ¢ > 0.

These regularity conditions are commonly required in survival analysis and it is easy
to check that most of the distributions, such as the exponential, Weibull and geometry

distributions, used in survival analysis satisfy these conditions.
Let 1,(0) = > 1n:(0) with
J
Lai(0) = dilog (pisfii(t:) + (1 = ;) log (1 — Fy(t;)). (3.2.20)

i=1
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The first derivative of [,,(6) with respect to 6 is

which is a (m; JK + (mg + 1)J) x 1-vector for the interior case and (m JK + (me+1)(J —
1) + 1) x 1-vector for the boundary case. The negative second derivative matrix of [,

is denoted by

Fol) = (3.2.21)

8969T B Z_: 8989T ’
which is a (m JK + (m + 1)J) X (m JK + (73 + 1)J) matrix for the interior case and a
(mJK 4+ (ma+1)(J—1)+1) x (mJK + (ma + 1)(J — 1) + 1) matrix for the boundary

case. Then the regularity conditions for f(¢) and the link functions imply that

8pij 8pij . .
Py _ iy <i<n 1<<J 3.2.22
06~ g / (3:2.22)
8pz-j 8p,;j . .

= i, 1<i<n, 1<j5<, 3.2.23
08, Opa’ g (3:2.23)
Opi; _ Opij . .

= 1, 1<:1< 1<9<J 3.2.24
8/}/ agl i /L p— n? —_— .] —_— ) ( )

where 1 <[ < J for the interior case and 1 <[ < J — 1 for the boundary case. And

Afii(t)  Ofiy

— i 1<i<n 1<j<J1<k<K, 3.2.25
a&jk 8/iijkx ! " J ( )
Ual) _o ycicni<i<djAl (3.2.26)
Oayy,
Thus
Si(0) = 81’5"9(9) = H,..7(0) (3.2.27)
and
82[7”(9) ar T
(0) = — = H, % (0)H:; 2.2
Fnz(e) aeaeT Hl‘/l( ) 7 (3 8)
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with
Ik ®x; 0 0

H;, = 0 Loy O (3.2.29)

0 0 Iy

for 1 < i < n, where b = J for the interior case and b = J — 1 for the boundary case.
H;isa (mJK +mb+J) x (JK +b+ J) non-stochastic matrix. It should also be noted
that . and .%; are (JK + b+ J) x 1 random vector and (JK +b+ J) x (JK +b+J)
symmetric random matrix respectively that vary over the interior case and boundary
case. As aresult, Q,, = E[F,(0y)], the expectation of F,, with respect to the true value

of the parameters, can be expressed by
Q.= Hi2H/, (3.2.30)
i=1

where 2, = E[Z;(0y)], 1 <i <mn,are (JK+b+J) x (JK + b+ J) symmetric fixed
matrices that also vary over the interior case and boundary case. The elements of
Z(0), Z;(0) and 2; are denoted by s7(0), fI(0) and g™ respectively for 1 < i < n,

1<r<JK+b+Jand1<m<JK+b+J,ie

Fi(0) = [s7 ()] x4v+0)x15 (3.2.31)
Fi(0) = [fzm(@)](JK+b+J)x(JK+b+J) (3.2.32)

and
2; = [Qfm](JK+b+J)x(JK+b+J)- (3.2.33)

Our aim is to estimate the true value of the parameter vector 6, by maximizing [,,(6)
over different subsets of the parameter space in different cases and to derive different test
statistics of practical interest. The large sample properties of the proposed estimators
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and test statistics also need to be verified. In the next section, we will show the
sufficient conditions under which a maximum likelihood estimator (MLE) exists local
to the true value, and provide its asymptotic distribution. We shall also discuss the

sufficient conditions and asymptotic properties of the test statistics.

3.3 Main Results and Examples

Throughout this chapter, I; denotes an identity matrix of d dimensions, and N (0, )
represents a standard normal random vector of s dimensions. For a symmetric matrix
C, let tr(C') denotes its trace and || C' ||; represents the sum of the absolute values of
the elements of C. For a positive definite matrix D, D'/? represents the left Cholesky

square root (the lower triangular matrix) of D such that D'/?(DV?)T = D.

For a fixed positive constant A, the neighborhood of 6 is defined by
No(A) =1{0: (0 —00)" Q. (0 — 6y) < A}, (3.3.34)

where Q,, is defined by (3.2.30). To make inferences on our general mixture model, the
following assumptions about the covariates and the expectations of the score statistic

and information matrix are needed:

(B1) lim, oo Y0, (tr{HTQ; H;})** = 0.
(B2) Forall 1<i<n,1<r<JK+b+Jand 1 <m < JK +b+ J, we have
Var({f]™(60)}) < M, (3.3.35)

where f/™ are defined by (3.2.32) and M is a positive constant.
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(B3) Forall 1<i<n, 1 <r<JK+b+Jand 1 <m<JK+b+ J,

1/2

E{ sup )|f{m(9) — fi" ()1} < M A(tr{H] Q" H}) (3.3.36)

0eNL(A
for all A > 0. Like (B2), f™ here are defined by (3.2.32) and M is also a positive

constant.

(B4) There exists M" > 0 such that

1"

E[(Sg(eo))4] <M

forall 1 <i<nand1<r<JK+b+ J, where s}(0) is given by (3.2.31).

Assumption (B1) implies that Q,, is non-singular and also ensures that the covariates
do not degenerate to a lower dimensional subspace for n large enough. Assumption (B2)
- (B4) depend on specific models and can be checked by the usual calculus methods.
The assumptions are satisfied by most of the commonly used survival distributions,

such as exponential, Weibull and Gamma, under some mild assumptions.

The next theorem shows the existence of an MLE of the parameter vector local to

an interior true value, and provides its asymptotic distribution.

Theorem 3.3.1 Suppose that assumptions (B1)-(B4) hold. Then, with probability ap-
proaching 1 (WPA1), as n — oo there exists an interior mazimizer 929) in ©1 such

that:

(i) o5V is unique in a neighborhood of 6y;

(ii) Timy o0 65 = 6o;

22



(111) as n — oo, we have

QYT (0D = 0) B N(O, Iy sk 1mas 1.7 (3.3.37)
and
(Fa/(00)) (0 = 00) > N(0, Lny s ymis), (3.3.38)

where Q,, is defined by (3.2.30) and F,, is defined by (3.2.21).

Theorem 3.3.1 shows the existence and large sample properties of the maximum likeli-
hood estimator 5" of the interior true point 6y in the parameter space. In the theorem,
(7) indicates that 0" is a consistent estimator and (74i) means that if 0% is normed
by the left Cholesky square root of sample information matrix, it has an asymptotic
standard normal distribution. Thus the covariance matrix of @(11) can be approximated

by the inverse of the estimated information matrix, which can be obtained directly by

F, (6.
The next part is about the interior hypotheses testing.

Let S, be an r-dimensional subspace of RT/E+mJ+)) with 0 < r < m JK +m9J +J,
and let 8* be any specified point in the interior of ©;. The null hypothesis of our interest
is

HY: 6y € S, + 67, (3.3.39)
The alternative hypothesis with respect to Hél) is
HY: 6, € ©,. (3.3.40)
Thus the restricted parameter space {2, under Hél) is
Q. = (S, +60)N O, = (S, + ") NRFIE+m2I+]) (3.3.41)

23



while the parameter space under unrestricted interior alternative is still

0, = R(mJK+m2J+J)

We have the following theorems.

Theorem 3.3.2 Suppose that assumptions (B1)-(B4) hold. Then with probability ap-
proaching 1, there exists a mazimizer é,(?) over §,., which is unique and consistent in a

neighborhood of 0y in €.

Theorem 3.3.2 guarantees that there is a maximum likelihood estimator 0 of o in the
restricted parameter space (), under H(()l). The next theorem is about the asymptotic

distribution of the test statistic for H((]l).

Theorem 3.3.3 Suppose that assumptions (B1)-(B4) hold. Then the deviance statistic
follows an asymptotic Chi-square distribution with m JK+meJ+J—7r degrees of freedom,
1.e.

- A D
dY = —2(1,(0?) = 1,(01) 2 X2 sktmasssr (3.3.42)

n n

where 0 is defined in Theorem 3.3.1 and 082 s defined in Theorem 3.3.2.

Theorem 3.3.3 provides a likelihood ratio test not only for a hypothesis where there
are some specified parameters but also for hypotheses about relationships among the
parameters. For instance, problems 1, 3 and 4 proposed in Chapter 1 could be answered

via different null hypotheses according to specific problems. We list the tests below:
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1. Recall that problem 1 in Chapter 1 is about the value of p;;. Consider the hy-

pothesis
1 * * * *
H'Y 6 =€, 6 =8 B=51.... 8 =B, (3.3.43)
where 0 = (&7, ... T BT, B3]  is a (meJ +J)-dimensional constant vector

and S, = R7K) Thus the deviance statistic atv asymptotically follows a Chi-
square distribution with moJ + J degrees of freedom. This test can be applied to
test whether the regression coefficients of the covariates equal to specific values.
Especially, by letting 0 = [0](x,/4)x1, We are able to test whether the covariates

have influence on the failure rates with respect to the risks.

2. Problem 3 is related to the significance levels of the regression coefficients for the
covariates z; and y;. For instance, to test whether z;1), ..., Zip) and yi), - - -, Yigro)

can be removed from the covariates under consideration, we should test
(12), _ _ _ _ _ _
Hy ™ agpay =+ = ) =0, By =+ = Bj(ra) =0, (3.3.44)

where [2;1),..., %] is a subvector of x; and [y, .., Yiry] i a subvector
of y; with 1 < riy < m and 1 < ry < my. Thus Hélz) implies that S, =
R((mi=r)JE+(me=r2+1)J) and §* = 0. According to Theorem 3.3.2, the asymptotic

distribution of d'*) for this test is X2, JK el

3. Another type of questions of our interest is whether the hazard functions with
respect to different types of risks are proportional to each other. In other words,
are f;;’s proportional to each other for fixed i? The mull hypotheses for such tests
depends on the formulations of f;;’s. As a special case, the differences among the
c.d.f.’s conditional on the risks can be tested. The hypothesis can be formulated
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as

H(glg):ajk:07 k:17"'7K7j:17"’7‘]‘ (3345)

In this situation S, = R™*+Y/ and #* = 0. By Theorem 3.3.2, the asymptotic

distribution of i is X72rl JK-

Theorems 3.3.1, 3.3.2 and 3.3.3 generalize the result of Maller and Zhou (2002),
which are about similar problems in the absence of covariates. The interior setting
indicates that there are individuals that are not susceptible to the risks {1,...,J}. In
other words, the failure causes under consideration are not exhaustive. This is reason-
able if the existence of immunes is previously known. In practice, however, it is difficult
to identify the existence of immunes from real life data because of censoring. Actually,
this issue has been of increasing interest recently. To investigate this problem, we may
wish to develop a test of the hypothesis that the J risks of interest are exhaustive, i.e. all

failure causes to which the individuals are susceptible are included in our investigation.

In the boundary setting, consider the hypothesis
HP: v = 0. (3.3.46)

Thus the restricted parameter space under H(()2) is ©3 and the unrestricted parameter
space is ©4. The following theorems are about the point estimation under the null

hypothesis of boundary.

Theorem 3.3.4 Suppose that assumptions (B1)-(B4) hold. Then

(1) With probability approaching 1, there exists a mazimizer HAS’) over Osz, which is

unique and consistent in a neighborhood of 6y in O3.
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(i) With probability approaching 1, there exists a mazximizer 0% over ©4, which s

unique and consistent in a neighborhood of 0y in ©,4.

Theorem 3.3.4 shows the existence, consistency, and asymptotic normality of the max-
imum likelihood estimators éﬁfﬂ over ©3 and 9A§L4) over ©4 for true point 6y. From the
work of Vu and Zhou (1997), the next theorem can be developed. It plays an important
role in our investigation because it provides a method to test the exhaustive of the

failure causes under consideration.

Theorem 3.3.5 Suppose that assumptions (B1)-(B4) hold. Then the deviance statistic
is asymptotically distributed as a mizture of a Chi-square distribution with 1 degree of

freedom and 0, i.e.

d? = —2(1,(6%)) — 1,(6W9)) & N2T{N <0}, (3.3.47)

n

where N is the standard normal distribution and 05 and 05 are defined in Theorem

3.3.4.

Theorem 3.3.5 is an extension of the work of Maller and Zhou (2002) in which a bound-
ary hypothesis test is discussed in the absence of covariate information. This theorem
allows us to verify whether there are individuals who are immune to all of the causes
under consideration by comparing the deviance value to the critical value. We can
accommodate data with suitable models according to the testing results, i.e. the in-

terior models are reasonable if H(g2)

is rejected, otherwise the boundary model can be
used to fit the data. The limiting distribution of the deviance d'? is a 50-50 mixture

distribution of a Chi-square random variable with 1 degree of freedom and a point mass
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at 0. As P{N%I{N < 0} > ¢} = 0.5P{x* > ¢} for any non-negative constant c, the
critical value of N?2IT{N < 0} can be easily calculated from x?, i.e. its 95th percentile
is 2.71 and the 99.5th percentile is 6.635. For the details of the application of the 50-50
mixture Chi-square distribution and 0, see Zhou and Maller (1995) and Maller and

Zhou (1996).

An important issue to be emphasized is that if the boundary model is chosen by the
result of H(§2), we can still carry out the test Hél). In boundary model, under H(()l) the
deviance statistic asymptotically follows a Chi-square distribution with mJK + (my +

1)(J — 1) — r degrees of freedom.

3.4 Simulations

A simulation is carried out to illustrate the performance of our approach. A commonly
used exponential mixture model is investigated in our study, where the survival time of
individual ¢ given that D; = j is assumed to be exponentially distributed and P{D; =

]} = Dij, i.e. for t > 07
fig(t) = Ajexp(=Aiit),  1<sisn 1<j</J (3.4.48)
and

J
Fi(t) = Zpij(l — eXP(_)\ijt)), 1<1<n,

J=1

where \;;’s are linked to z;, the sub-vector of the covariates of individual 7, by
1 <5< J (3.4.49)
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The failure rate with respect to a specific risk ;7 of individual 7 is related to ¥;, another
sub-vector of the covariate vector of individual ¢, by (3.2.15) for the interior case and
by (3.2.16) and (3.2.17) with v = 0 for boundary case. The covariates z; and y; are set
to be one dimensional in the simulation. As a result, the parameters to be estimated

for the interior case are

01 = (o, az, &, &, B, 52)T

and the parameters to be estimated for the boundary case are

0y = (ah ag, &, /B)T

with true values
010 = (—1.0000, —2.0000, 0.9016, 0.8188, —0.3561, 0.1099)T

and

020 = (—1.0000, —2.0000, 0.9016, —0.3561)"

Both z; and y; are random variables with discrete uniform distributions. The value of
x; is set to be one of 0.4321 and 0.8588 and the value of y; is assumed to be one of
0.1398 and 0.3968. Thus the individuals are classified into four groups by the values of

(x;,y;). The censoring time ¢; for individual 4 is uniformly distributed in [20, 30].

Two sets of data for the interior case and boundary case are generated by Matlab
from the mixture exponential distributions specified above respectively. The sample
sizes are taken as N=100, 200, 300, 400, 500, 600, 700, 800, 900 and 1000 with 100
repetitions. We fit each dataset with both models of interior case and boundary case

and compute the maximizer of the log-likelihood functions as the estimates of the
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parameters. Take the interior case as an example, we first fit the data generated by
the models defined by (3.2.4), (3.2.15), (3.4.48) and (3.4.49) to assess the performances
of the inference methods by comparing the estimates and the true value ;5. Then we
approximate the data by the models specified by (3.2.4), (3.2.16), (3.2.17), (3.4.48) and
(3.4.49) to assess the performances of the two models for the interior data by comparing
the fitted curves of the overall distribution function generated by both models with the
true c.d.f. curve. For the data of boundary case, simulation is conducted in a similar
way. Results of the point estimates and fitted c.d.f.’s are listed in Table 3.1 - 3.4 and

Figure 3.1 - 3.8 respectively.

In this simulation, the estimators are defined to be the mean of the maximum
likelihood estimates developed by all the replicates. Table 3.1 and Table 3.2 list the
results of the boundary data and Table 3.3 and Table 3.4 are for interior data, where
STD denotes the standard deviation and N represents the sample size. In addition,
we plot in Fig.3.1 - Fig.3.4 the overall c.d.f. curves of the boundary data based on
true parameters, estimates given by boundary model and estimates given by interior
model. Similarly, Fig.3.5 - Fig.3.8 are for the comparison of of the overall c.d.f. curves
of the interior data based on true parameters, estimates developed by interior model
and estimates developed by boundary model. The estimates used in the figures are

generated by one replicate with the sample size N=100.

From Table 3.1 and Table 3.3, we can see that the estimates are reasonably accurate
and the accuracy improves as N grows. A larger sample size may be required to achieve

reasonable accuracy when the number of parameters increases. It is not surprising to
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see from Fig.3.1 - Fig.3.4 that the fitness of interior model applying to boundary data is
not bad as the interior model allows 1 — Z}]:1 pi; to be almost 0. But we cannot replace
the boundary model by interior model in applications because the standard deviations
of the estimates are extremely large when boundary data are fitted by interior model. In
contrary, Fig.3.5 - Fig.3.8 show that the fitness of boundary model applying to interior
data is poor as the boundary model ignores the existence of immunes. That explains

why it is important to identify the existence of immunes in survival analysis.
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Table 3.1: Results of Boundary Data Fitted by Boundary Model

Parameters o Q9 & 6]
N True values  —1.0000 —2.0000 0.9136 —0.3561
100 Estimate -0.9856 -1.9876 1.0303 -0.3733
STD 0.1911 0.2098 1.5352 0.4809
200 Estimate -0.9945 -2.0005 0.9284 -0.3484
STD 0.1279 0.1589 1.1136 0.3328
300 Estimate -0.9847 -2.0000 0.9056 -0.3459
STD 0.1141 0.1278 0.9166 0.2924
400  Estimate -0.9763 -1.9997 0.8999 -0.3486
STD 0.1015 0.1044 0.8250 0.2515
500 Estimate -0.9800 -2.0094 0.8991 -0.3509
STD 0.1024 0.0990 0.6782 0.2000
600 Estimate -0.9805 -2.0079 0.8904 -0.3480
STD 0.0851 0.0897 0.6812 0.2002
700 Estimate -0.9841 -2.0056 0.8900 -0.3494
STD 0.0803 0.0843 0.5256 0.1584
800 Estimate -0.9900 -2.0046 0.9257 -0.3638
STD 0.0828 0.0739 0.5251 0.1545
900 Estimate -0.9934 -2.0060 0.9180 -0.3606
STD 0.0664 0.0742 0.4697 0.1463
1000  Estimate -0.9976 -2.0110 0.9183 -0.3594
STD 0.0696 0.0804 0.4332 0.1395
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Table 3.2: Results of Boundary Data Fitted by Interior Model

N Parameters o Qs &1 &2 b B2
100  Estimate -0.9853 -1.9644 1259748 127.0195 15.1838 14.8031
STD 0.1908  0.2089 399.0192 399.0058 64.0790 64.0868
200  Estimate -0.9942 -1.9864 76.2962 77.2323 27.3727 27.0206
STD 0.1277  0.1584 340.1610 340.2234 94.7250 94.7439
300  Estimate -0.9847 -1.9877 58.3858 59.2943 34.6003 34.2522
STD 0.1140  0.1312 490.2110 490.0754 156.5305 156.4826
400  Estimate -0.9763 -1.9922 13.5408 14.4490 47.1526 46.8007
STD 0.1015  0.1079 445.9458 445.8482 159.4396 159.4045
500  Estimate -0.9798 -2.0034 59.4537 60.3564 31.4325 31.0799
STD 0.1024  0.1016 368.0414 368.0962 93.8851 93.8886
600  Estimate -0.9804 -2.0028 -42.4383 -41.5458 62.1624 61.8132
STD 0.0850  0.0896 471.6789 471.6527 175.1202 175.1130
700  Estimate -0.9841 -2.0019 21.9784 22.8692 37.6823 37.3323
STD 0.0803  0.0850 224.9419 224.9444 72.5659 72.5632
800  Estimate -0.9900 -2.0023 41.5852 425125 43.9957 43.6312
STD 0.0828  0.0753 455.3250 455.3576 120.8669 120.8682
900  Estimate -0.9934 -2.0032 -19.1711 -18.2484 62.9437 62.5812
STD 0.0664  0.0739 603.2434 603.2077 203.2201 203.1933
1000  Estimate -0.9976 -2.0088 -77.9795 -77.0613 102.4376 102.0778
STD 0.0696  0.0808 908.6678 908.6989 287.0666 287.0690
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Table 3.3: Results of Interior Data Fitted by Interior Model

Parameters o Qg &1 &2 B B2
N True values -1.0000 -2.0000 0.9016 0.8188 -0.3561 0.1099
100  Estimate -0.9382 -1.9837 0.9234 0.7867 -0.3499 0.1191
STD 0.2913 0.2505 2.2162 2.0976 0.6383 0.5843
200  Estimate -0.9682 -1.9807 0.7828 0.7483 -0.3071 0.1397
STD 0.1869 0.1797 1.5322 1.3359 0.4536 0.3718
300  Estimate -0.9858 -1.9865 0.9340 0.8805 -0.3611 0.0980
STD 0.1476  0.1460 1.2608 0.9118 0.3697 0.2349
400  Estimate -0.9929 -1.9834 0.9326 0.8737 -0.3711 0.0926
STD 0.1386 0.1177 1.1489 0.8232 0.3361 0.2384
500  Estimate -0.9971 -1.9830 0.8466 0.8528 -0.3421 0.0952
STD 0.1196 0.1178 1.0123 0.8095 0.2837 0.2296
600  Estimate -0.9997 -1.9771 0.8245 0.8310 -0.3457 0.0918
STD 0.1137 0.1056 0.8707 0.6632 0.2522 0.1965
700  Estimate -1.0038 -1.9765 0.8522 0.8429 -0.3512 0.0906
STD 0.0979 0.0970 0.8472 0.6449 0.2419 0.1802
800  Estimate -0.9948 -1.9816 0.8545 0.7989 -0.3503 0.1074
STD 0.0985 0.0868 0.8141 0.6275 0.2322 0.1853
900  Estimate -0.9979 -1.9834 0.8507 0.7782 -0.3505 0.1139
STD 0.0953 0.0782 0.7146 0.6074 0.2030 0.1702
1000  Estimate -1.0011 -1.9854 0.8110 0.7556 -0.3384 0.1203
STD 0.0856  0.0808 0.6586 0.5605 0.1930 0.1694
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Table 3.4: Results of Interior Data Fitted by Boundary Model

N  Parameters o Q9 £ 15}
100 Estimate -0.9377 -5.0508 -0.4508 1.1124
STD 0.2906 0.4492 1.7760 0.5401
200 Estimate -0.9680 -5.0084 -0.3386 1.0737
STD 0.1866 0.2923 1.2745 0.3955
300 Estimate -0.9856 -5.0181 -0.4096 1.1003
STD 0.1474 0.2887 1.1142 0.3380
400 Estimate -0.9927 -5.0218 -0.4222 1.1089
STD 0.1383 0.2207 1.0398 0.2982
500 Estimate -0.9968 -5.0319 -0.3489 1.0811
STD 0.1195 0.2124 0.8547 0.2442
600 Estimate -0.9994 -5.0385 -0.3432 1.0830
STD 0.1136 0.1855 0.7578 0.2194
700 Estimate -1.0036 -5.0396 -0.3621 1.0870
STD 0.0977 0.1629 0.7046 0.2053
800 Estimate -0.9946 -5.0322 -0.3907 1.0959
STD 0.0984 0.1500 0.6816 0.1953
900  Estimate -0.9977 -5.0302 -0.3978 1.0992
STD 0.0951 0.1481 0.6061 0.1760
1000  Estimate -1.0009 -5.0308 -0.3731 1.0910
STD 0.0854 0.1313 0.5504 0.1662

35



[R:]

0g

=
o

o
m

=
.

Curnulative Distribution Function
o
(i)

o
()

True c.d.f
C.dffitted by boundary model
———C.dffitted by interior model

02

a1

o ! L L L L
o L 10 15 20 25 30

Failure Time
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Figure 3.3: Comparison of C.d.f.’s for Boundary Data with x=0.8588 and y=0.1398
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Figure 3.4: Comparison of C.d.f.’s for Boundary Data with x=0.8588 and y=0.3968
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Figure 3.6: Comparison of C.d.f.’s for Interior Data with x=0.4321 and y=0.3968
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I
True c.df
C.d ffitted by interior madel

Curnulative Distribution Function

|
a 3 10 15 20 25 30
Failure Tirme
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3.5 Concluding Remarks

In this chapter, a general mixture model is proposed to analyze competing risks data
with covariates and possible immunes. Our approach is based on the assumption of
independent censoring. The maximum likelihood estimators and their asymptotic prop-
erties are obtained and investigated under some fairly general conditions. The main
findings are the basic properties of consistency and asymptotic normality hold in both
interior and boundary cases and the large-sample 50-50 chi-square distribution for the
boundary hypothesis test that none of the population is immune to the causes under
consideration. The theoretical results provide the basic large sample foundations for

analysis of competing risks data using the mixture model.

The simulation study indicates that the proposed model and estimation procedures
produce efficient estimators for exponential mixture models. Further specific distribu-
tion functions that are commonly used in survival analysis could be investigated in a
similar way. The idea is to check the sufficient conditions required in (B1)-(B4) under

different assumptions for different models with some technical details.

The boundary hypothesis test proposed in this chapter is essentially a test for
whether the failure causes of interest include all causes of failure since there may be
unobserved potential causes. If the existence of extra causes are tested, an improper
mixture model should be accommodated to approximate the data. Otherwise, the

model should be restricted on the boundary of the parameter space.

The identifiability problem of immunes is related to the duration of follow-up. The-
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oretically, the ideal follow-up should be oo, but this is impossible in practice. This
issue has been investigated by Maller and Zhou (1992; 1996, p.37). The conditions and
a suggested test for sufficiency of follow-up are developed in their work. We expect
that Maller and Zhou’s methods could be generalized to investigate the problems of

sufficient follow-up in competing risks data with possible immunes.

Future work also includes a study of nonparametric approach in the framework of
general mixture model. Many techniques have been discussed in the literature. For the
analysis of covariates, see Kalbfleisch and Prentice (1980, p.183), Cox and Oakes (1984,
p.143). For a discussion of competing risks data via non-parametric approaches, see
Lagakos, Sommer and Zelen (1978) and Andersen et al. (1993). The estimation and

testing methods could be developed based on the previous work in future.
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3.6 Proofs

Our proofs will mainly take advantage of the results in Vu and Zhou (1997). Here, the
deviance statistic is defined to be the difference of the values of an estimating function
evaluated at its local maximizer over two different subsets of the parameter space. The
large sample properties of the estimators and deviance are investigated under some
natural and fairly mild conditions. The regularity conditions of density functions with
respect to specific risks and link functions guarantee that the log likelihood functions are
second order differentiable. For more details, see conditions (A1), (A2), (42") and (A3)
of Vu and Zhou(1997) and the proof of Maller and Zhou (2002). Conditions (B1)-(B5)
of Vu and Zhou (1997) concern asymptotic behavior of the first and second derivatives

of log-likelihood functions and their expectations. We restate the conditions as follows:

(C1) E[S.(6p)] = 0 and E[S,(00)S,.(00)"] = E[F,.(0o)] is finite.

(C2) Anin(Qn) — 00 as n — oo, i.e. Q, is positive definite as n large enough, where

Amin denotes the smallest eigenvalue of a matrix.

(C3) For any positive constant A, as n — oo

sup [|Q, 12 F,(0)(Q, )" — I|li — 0.
0ENL(A)

(C4) Condition C2 holds and
Q, /25, (60) = N(0.1).
It should be noted that in condition (C3) we take Q,, = G,, and V = [ in Vu and

Zhou’s original conditions (B1)-(B4) and thus make B4 redundant.
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For the proofs we need the formulations of S,,(¢) and F,,(6).

Lemma 3.6.1 Assume that the reqularity conditions (R1)-(R3) are satisfied by f(t; ¢;j)

for1 <i<nand1l<j<J, then condition (C1) holds.

Proof. The first derivative of [,;, the contribution to the log-likelihood function by

individual 7 is

Olu(0) <> piifii(t:)} oy 95i(t)
90 =20 pij fij(£:)00 * 51)51‘(%)39'

=1

Note that for any measurable function M (-) on R, we have

El6;;M(t;)] = E[6; M (t;))|D; = j]P(D; = j)
= pijo E[E[0; M (t;)|ui, D; = j)]]

- ngOE {/ M dE]O } (3650)

and

E[(1 = 0)M(t:)] = E[E[(1 = 6:) M (t:) |wi]]

[ st

= E{M(u;)Sio(uw)} . (3.6.51)
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Thus by the regularity conditions we get

o {50, e { [ St o), ,

j=

+ B {Si0<ui>;f;—%}9:9

- jz:;pijOE {/0’“ M%dﬂow}eeo

pijOfijO(t)

+E {Sio(ui)%}g 0

J “ i fi; (1)} } {881»(%-) }
_ o 3t dt E
1 {/0 o0 0=0, - o 0=09

J

E{%(/ prf” )dt + Si( u))}
o

0=0¢

B {2 (Fi(us) + Si(w)

- 89 7 0 7 0 ot

=0 (3.6.52)

fori=1,...,n. As a result,
- Ol (6
E{S,(6y)} = ZE{ ae< )} = 0. (3.6.53)

i=1 0=00

Similarly, the second derivative of [,,; is

Pla(f) & P {pi; fij (i)} L Npijfis(ta)} 0pij fis(ta) }
X o

928, (t;) 1 OF(t;) OF(t;)
+<1_5i>{Si(ti)aeﬁeT_Sf(ti) 060 967 }
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_ ZpijOE{/OW{ 0*{pi fi(t) } 1 3{Pz‘jfij(t)}a{1%jfij(t)}}dﬂjo(t)}e )

= pii fi;()0000T  p%fA(t) 00 00T _
b {{siiiggé)w - Sf(lui) aFé(eui) 829(;@) } 5 ”0(“")}”0
=S { [ (st o P o}
B {{Sw@(i:-g)igga)m Bl Sfotui) a%EUi) ag,gg . } Sio(w) }HO
:Z;E{A“{aj%ggw}_mm;dwa@%%a»a@gg@n}ﬁ}e%

U~ st s o))

E
Uj J 2 o 2Q (.
:E{/ ZFﬁ{mﬁﬁﬂﬁ+8&WJ}
0 0=0,
E

00007 060007

it
2 pofo(®) 00 00T TS 06 067

dt +

{/“ 1 {piifij ()} i fis (1)} 1 08i(w) 35¢(Ui)}
= pijOfijO(t) 80 89T Slo(’ul) 80 09T }

_ _E{ / s 1 Hpifiy(t)} olpi () 1 0Si(us) 8 (w:)

Note that &;; = d;;, (1 — ;) = 1 —&; and 8;;(1 — 6;) = 0 by their definition, we also

have

ZJ: 8ij  Hpijfij(ti)} O{pisfis(ta)} n 1 —6; 9S;(t;) 0S;(t;)
0=0o

dt
piofuet) 00 067 T S 06 067

. EJ: 1 A fii(te)} 0{pisifis(t:)} 1 95(t;) 9Si(t:) }

=v0
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As the individuals are assumed to be independent of each other and (3.6.52) and (3.6.53)

holds, we get

n

E{Su(0)(S0(0)) Yo, = D var(S,(0))o=s,

i=1

= Zn:va <8lm )
6=06o
Olin (0) 0l;, ()
-3 (5%,
021,46
o Z { 90007 }

= E{F,(0))}. (3.6.54)

Hence condition (C1) holds by (3.6.53), (3.6.54) and the regularity conditions (R2)-

(R3). m

Lemma 3.6.2 Assume that conditions (B1) holds, then condition (C2) holds.

Proof. The results follow readily from the proof of Theorem 2 in Choi and zhou (2002).

Thus we omit the proof here. m

Lemma 3.6.3 If (B1) and (B2) are satisfied, then as n — oo,

P

19, /2 {Fulb0) — Q12,311 = 0. (3.6.55)
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Proof. Let v be an arbitrary unit vector in R™/5K+(m+1J thys by routine calculus we

have

vI{Q, A Fu(bo) — Qu}(Q, M)

:ZUT{QT‘Ll/Q{Hifi(QO) — H;2,(00)H }(Q,"*)" }v

n miJK+(me+1)J mi JK+(me+1)J

_Z Z ST LF0) — ¢ Yo el v, (3.6.56)

m=1

where e;, is the rth column vector of Q;l/zHi forr =1,...,mJK + (m + 1)J and

Q. V2 H; = (eq, . .. s €imi JK 4+ (ot 1)) - (3.6.57)
Furthermore, as E[f/™(6y)] = ¢/™, we have
E{u™{Q,*{Fulb) — Qu}(Q,"*) }v} = 0.

Let Wirm = {fT™(0y) — ¢7™ vl esrel v, it is obvious that E[Wi,.,] = 0, thus

varWirm) = E{{fz‘rm(eo) - qzm}Q(UTezre U) } = (UTGW U)2Ua7"{fz‘rm}'
When (i; —i9)% + (11 — r9)? + (m1 — ma)? > 0, we get

COU(Wi1T1m17 Wi2T2m2) = E[Wilrﬂm WiQTQWQ}

< E { lelTlml + W7«227'2m2 }

2

—%{Uar(wllrlml)}-i- ~{varWiyrym,) }-

47



As a result of the Cauchy-Schwarz inequality,

nh_}n()lo UCLT{UT{Q;ID{.FTL(H()) — Qn}(Qﬁl/Q)T}U}

n miJK+(me+1)J mi JK+(ma+1)J

< AmJK + (my + 1)J}2nli_>rgoz > > var{fI™(00)}(

m=1
n miJK+(m2+1)J mi JK+(m2+1)J

< M{mJK +(m+1)JF lim S Y > (Wlenel,v)’

n—oo
=1 r=1 m=1

n TriJK+(ﬂ'2+l)J ﬂ'iJK+(ﬂ'2+l)J

< M{mJK + (m+1)J}* lim >y > lenlleml
i=1 r=1 m=1
n 7T,LJK+(7T2+1)J

= M{mJK + (m + DI im S S0 ey P

n—00
=1 r=1

= M{mJK + (my+ 1)J}* lim > (tr{H] Q" H;})”
n—oo
=1
= 0.

Then (3.6.55) follows from Chebychev’s inequality. =

Lemma 3.6.4 If (B1) and (B3) hold, then for each A > 0, as n — oo,

sup || Q, Y2H{Fu(0) — Ful00)1(Q, )7L S 0.

e (A)
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Proof. Let v be an arbitrary unit vector in R™/E+(m+1J and e, be defined by (3.6.57),

then follows from (B1), (B3) and Cauchy-Schwarz inequality, we have

lim E{ sup |vT Q- V2{F,(6) —fn(Go)}(Q;1/2)Tv|}
n—00 0N, (A)

n miJK+(me+1)J m; JK4(ma+1)J
E

“im> 2 >

m=1

sup | f77(0) = 7" (00)|[v" ene; vl}

0cMn(A)
n miJK+(me+1)J mi JK+(m2+1)J

< M A lgm Z Z Z (tT’{HlTQ;IHi}>1/2|6iT||€im|

m=1
mi JK+(ma+1)J 2
=M Anh_)ngoz (tr{HI Q' H;})'/? mZ::l |€im]
/ n i JK+(ma+1)J
< M A(mJK + (my +1)J) lim Zl(tr{HiTinHi})l/Q mZ:l |im|?

< M A(mJK + (o +1)J) lim Y (tr{H] Q; H,})*?
n—oo
—
—0.

Hence (3.6.55) is implied by Markov’s inequality. m
Lemma 3.6.5 If (B1), (B2) and (B3) are satisfied, then (C3) holds.

Proof. Note that

Q. HF(0)}HQ, )T

= O, {Fu(0) — Fu(bo) + Fulbo) — Qn + QuH(Q, /)T

= Q. H{Fa(0) = Fulb0)H( QAT + QP Ful(0o) — Q)T + Q. H{Qu 1@, )T
=T+ Q;V2{Fu(by) — QuH Q)T + QY F(8) — Fulb0) HQ V)T (3.6.60)
The right side of (3.6.60) converges in probability towards I by (3.6.55) and (3.6.59)

and so does the left side. (C3) holds consequently. m
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Lemma 3.6.6 If (B1l) and (B4) are satisfied, then (C4) holds.

Proof. Note that the individuals under consideration are independent of each other.
This proof will appeal to the central limit theorem. Let v be an arbitrary unit vector,
thus

V'S, (00) = Y 0" QP H,H(6). (3.6.61)

=1

By (3.6.52), we can get
E{v"Q,'2S8,(00)} = E {v" Q,"/*H,.#,(6,)} = 0.
We still have

var{vT Q%S (6))} = E {UTle/QSn(eo)Sn(eo)T(Q;UQ)TU}

_ UTQ;I/QQﬁ(Q;l/Q)TU

=1.
By condition (C'1) and Cauchy-Schwarz inequalities, we have

E{o" Q7 HiHi(00) ) = B {v" Q72 Hiu(600).74(00) " HT (Q5%) v}
= E{5(00) S (60)"} {v" Q. HH] Q') v}
< E|S(00)|*Amas {07 QY2 H HT (Q,1%) v}
< B|.(00)Ptr {vT QY2 H,HT (Q;V/?) v}

(3.6.62)
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and similarly,

E {UTQ;1/2HZ‘,%(@O)}4 — B {UTQ;1/2HZ‘%(90)L%(90)THZT<Q71/2)TU}2

n

2

= B{7(00)7(00)" }? {v" QP H T (Q,1?) v}

2

< E|%(90)|4)‘mtm {UTQ;l/gHiHiT(le/Q)TU}

< E|S(00)|*tr {07 Q; P HHT (Q;/2) v} |
(3.6.63)

Note that Cauchy-Schwarz inequalities in addition with condition (B4) imply that

m J K+ (ma+1)J 2
E%(%)‘*E{ > [s:(eo>]2}

r=1

r=1

TriJK-i-(ﬂ'Q-‘rl)J
<AmJK + (my + 1)J} > E[s{(60)]
<A{mJK + (my + 1)J}2M"
and that

E|A(60) = / 1(0) 2P

<{/ \%(90>|4dﬂj’}5

— (E|7(0)')

S /M”,

where P is the probability measure with which the expectation is respect to. As a result,

we have

E{0TQ, ?H,.(60)} < VM tr {u" Q;/*H,HT(Q,/*) v} (3.6.64)

n

o1



and

2

E {07 Q; P H,.(00)} < {miJ K + (ma+ 1)JY M tr {07 Q2 H,HT (9120}
Thus by condition (B1), Cauchy-Schwarz inequalities and Chebyshev’s inequalities, we

have, for any € > 0,

n—oo

0 < lim Z / {0 QY2 H,.7,(64) }2dP
T 2 H, 7 (00) | >e

= Z/ (T Q52 H,.7 (o) |>e}{”TQ V2 H,.7,(60)}*dP

n—o0

1
: 2 TH—1/2 4 2
i S { [ niazat®) {07 @ 00y ]

IN

= lim ZP1/2{|UTQ V2H,.7,(60)] > €} { / {UTin/QHi%(eo)}%P}

n— oo
var{vT 0,'*1,. (6o)} 2 B 3
<3 {fore sy

~ lim %Z (B{0TQ; 2 H, (0012} { B{uT Q5 2 H, (60} }?

=1

< lim - ZM {tr{vTQ Vi T ( ;1/2)T'U}}g

n—oo €

As a result,

nh_g)loz (0" QY2 H,.7,(6,) }dP.

vTQ»nl/zH i (00)|>€

The Lindeberg condition holds consequently. So as n — oo
T ~A—1/2 D
v Qn Sn(eo) — N(07 1)7

where N(0,1) is a standard normal distribution. As v is an arbitrary unit vector, the
elements of O, "/ ?S,(0) converge in distribution to N(0,1). Note that the individuals
are independent of each other, condition (C4) holds consequently. =
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Proof of Theorem 3.3.1. Since conditions (C1) — (C4) have been verified by the
lemmas, it suffices to check the conditions (A1) — (A2) to use Theorem 2.1 in Vu and

Zhou (1997). The subset over which the maximization takes place is specified as:

= @1 — RﬂlJK+(7r2+1)J

On the basis of the specification, we can recast conditions (A1) — (A3) as

(D1) For a neighborhood .4 of 6y, the function ,(¢) is continuous on 7 NN, and the
first and second directional derivatives of [,,(f) with respect to € exist, are finite

and are continuous on T NN

(D2) There is a closed cone C, with vertex at 6, such that
C.C o, and C.NN=1NN,

where N is a closed neighborhood of 6.

Condition (D1) is satisfied trivially by the regularity conditions. Let

C =1 = RﬂlJKJr(Trngl)J
F =T = .

It is clear that N (0) C 7 for sufficiently small §, since 6y is an interior point of ©;.

Then condition (D2) is established.

Now conditions (C1) — (C4) and (D1) — (D2) are verified. Then Theorem 2.1 of Vu
and Zhou (1997) gives a local maximum likelihood estimator 6" with maximization
taking place over 7, which is locally uniquely determined interior to 6y with probability
approaching 1, and is consistent for 6y as n — oo. The asymptotic distributions of
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the maximum likelihood estimators, however, are not discussed in Vu and Zhou (1997).
The next part of the proof is for the asymptotic normality of 05", Let v be an arbitrary
unit vector in R™/K++17 Note that 65 is a maximizer of [,(0) over a neighborhood

N, (A) of 6y with probability approaching 1, i.e.
S, (0)) =0 (3.6.65)

with probability approaching 1. Let 6* be on the line segment between 0t and 0y, then

by Taylor expansion we have

0'Q 128, (60) = v" Q28 (60) — v Q.12 S.(0)
=0T QAFL(67) (05 — 60) + 0p(1)
= 0" {1+ Q2 {Fu(0") — QuHQ ) H Q)T (6 — bo) + 0,(1)
=0T {1 +0,(1)} (Q/*)T (01 — 60) + 0, (1),

(3.6.66)

where 0,(1) is a square matrix whose elements converge in probability to 0. Hence
070, 28,(6y) and vT(Q)*)T (Y — 6) have the same limiting distribution. Thus

(3.3.37) holds. To prove (3.3.38), it suffices to show that as n — oo,
(QU)T (OO = B0) = (F/*)T (B) (05 — 6) = 0. (3.6.67)
It holds directly from condition (C3).

Proof of Theorem 3.3.2. and Theorem 3.3.3. For these theorems, we shall use the
results of Vu and Zhou (1997) again. Here we need to deal with two parameter spaces
71 and 7, where 7 is a subset of ©; to which the true point 6, is constrained under the
null hypothesis and 75 is the parameter space under the alternative hypothesis. The
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requirements for 7 in conditions (D1) and (D2) should be satisfied by 7 and 7. In
addition, 71 and 75 are required to have similar properties as (A3) in Vu and Zhou

(1997) which we recast as condition (D3) here:

(D3) The space 7 is said to satisfy (D3) if there exists a closed cone C, with vertex
at the true point 6y and a closed cone C’; with vertex at 0 such that C; can be

rescaled to C..

Let
=295 +0"C0
with S, + 0* being defined by (3.3.39). The parameter space under the unrestricted

alternative hypothesis is simply

Ty =0, = R71J KA+ (m2+1)J

Further assume that

/

C,=S.+6" and C, =R" x {o}/EHm+DI-r

T1

As 6 and 6* are in the interior of Oy, S, 4+ 6* can be rescaled to R" x {0}71/K+(ma+1)J=r

and condition (D3) is satisfied by 1. Let

_ mmJK+(me+1)J ' mmJK+(me+1)J
C,=R and C,=R .

Condition (D3) holds trivially for 75 since R™/5+ (217 keeps invariant under rescaling
and centering. Thus the existence, uniqueness and consistency of éﬁf), the maximum
likelihood estimator under the null hypothesis, are implied by Theorem 2.1 of Vu and

Zhou(1997) and Theorem 3.3.2 is proved. By Theorem 2.2 of Vu and Zhou(1997) we
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can get

D . .
—inf [Naysgimsrs — 0] — inf [Ny jrymses — 0|
beC beC
71 T2
= inf |V, — 0| — inf N, —0
ol |Neysscemarr =0l = b Neyswm s — 0]

2
Xy JK +ma J+J—13

where Ny, sk 4,7+ 1s a standard normal random vector in m JK 4 7o J + J dimensions.

This proves Theorem 3.3.3.

Proof of Theorem 3.3.4 and Theorem 3.3.5. Theorem 3.3.4 and Theorem 3.3.5
are for the boundary cases. The proof is similar to that of Theorem 2. The parameter

spaces under null hypothesis and alternative hypothesis are respectively
(__)3 — R7’qJK+(7T2+1)(]—1) % {O}

and

@4 — RW1JK+(7F2+1)(J—1) % [07 OO)

Further we specify
C@S — Rﬂ1JK+(7T2+1)(J71) % {O} C(’a — RW1JK+(7T2+1)(J71) % {O} (3 6 68)
, . 6.
and

064 — RleK—‘,-(Wz—i-l)(J—l) % [O OO) O/@ — RW1JK+(7r2+1)(J—1) % [0 OO) (3 6 69)
) ) N ) . V.
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To verify the conditions (D1) — (D3), we need to define the neighborhood of #, on the

boundary by

=

J Lot
H H [Oéjkm — (5, Ajkm + 5]
j=1k=1m=1
J J o
< 1[I =0, & + 0l < [ []1Bim — 6 Bjm + 0] x [=6, d].

1 j=1m=1

|
—

<.
Il

Thus
J T
5) N @3 = H H [ajkm - 67 Qe + 5]
j=1k=1m=1
J—1 J ma
< [11& =0, & + 6l < [T T (Bim — 6. Bim + 6] x {0}
j=1 j=1m=1
and

ﬂ 94 H H H Ajkem — 5 Ajkm + 5]

j=1k=1m=1

J—1 J mo
< [11& = 6, & + 6l < [T T (Bim — 6. Bjm + 6] x [0, 00).
j=1

j=1m=1

We still need to define the first and second order derivatives of [,(6) in A4 (J) N O3
and .4 (0) N ©4. For those points that are in the interior of /,,(6) in A47(4) N O3 and
N (§)N Oy, the derivatives are set to be the usual directional derivatives. For the points

that lie on the boundary, i.e. the points in A4 (§) N O, let

09(6) _ . {0+ {0}/KHEIIUD x (12)) — g(6)
87 h2—0 h? ’
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where ¢(-) is any function satisfying the regularity conditions. It is obvious that (D1)
and (D2) are satisfied by ©3 and ©4. By Theorem 2.1 of Vu and Zhou (1997), there are
maximizers 0;(3) and 9An(4) of [,,(0) over ©3 and ©4 respectively, which are locally unique

with probability approaching 1, and is consistent for #,. Theorem 3.3.4 is proved.

As RM/E+(m+D=1) g trivially invariant under rescaling and centering, Ce, and
Co, satisfy condition (D3) by (3.6.68) and (3.6.69). Then by Theorem 2.2 of Vu and

Zhou(1997),

d1? = —2(1,,(6%)) — 4W)

n

D . 2 . 2
— inf Ny jkgm@u—n4s — 017 = inf | Naggim—1)4+7 — 0
! /

0eCy, 0eCy,

: 2
= inf Ny K T+ — 0
geR™1IK+(m2+1)(J—1) 5 (0} ’ ™ ma( ) ‘

: 2
- inf N, JK J—1+J — 0
GeRm1 K+ (r2+ ) (-1 x [0,00) | mJK+ma(J—1)+ |

= N? — N’ I{n<oy

= N*I{n>0, (3.6.70)

where Ny, jiim(s—1)+s Tepresents a standard normal distribution of m JK + mo(J —
1) 4+ J dimensions and N is the standard normal distribution. Theorem 3.3.5 is proved

consequently.
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Chapter 4

A Piecewise Exponential Mixture

Model

4.1 Introduction

In this chapter, a piecewise exponential mixture model which is a special case of the
general mixture model in Chapter 3 is investigated for competing risks data with covari-
ates and possible immunes. Section 4.2 is devoted to the model development. Section
4.3 is for the inference methods and the large sample properties of the estimators and
test statistics. In Section 4.4, a set of real life data is fitted by our model. Section 4.5

is for the concluding remarks. Finally, the proofs are put in Section 4.6.
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4.2 Model Specification

A simple and flexible distribution for modeling time to event data is piecewise exponen-
tial distribution, which has been widely used because it allows us to approximate almost
any baseline hazard function reasonably when the cutpoints of the time duration are
specified appropriately. There have been many discussions in the literature in which
the applications of piecewise exponential distribution are investigated. Among them
Friedman (1982) studied piecewise exponential models for survival data with covariates
and Larson and Dinse (1985) approximated the Stanford Heart Transplant data by a

boundary piecewise exponential mixture model.
In a piecewise exponential mixture distribution setting, the distribution of the sur-
vival time of individual 7 given that D; = j is assumed to be

for t > 0, where \;;(t)’s are linked to observed covariates x;’s, the sub-vector of the

covariates of individual 7, by
Aij(t) = exp{q;(t) + aj x;}, 1<i<n, 1<j5<J (4.2.2)

The time duration [0, co) under our study is partitioned into M exhaustive and mutually

exclusive intervals Z,,, = [7,,_1, T,) With cut points
0:T0<T1<'--<TM:OO.

In addition, the baseline hazard function is assumed to be constant within each interval,
so that
Gi(t) = Sjm, t €Ly, 1<m< M. (4.2.3)
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The failure rate with respect to a specific risk ;7 of individual 7 is related to ¥;, another
sub-vector of the covariates of individual 4, by (3.2.15) for the interior cases and by

(3.2.16) and (3.2.17) for boundary cases, i.e.

exp(&; + 6] vi)

Dii = (4.2.4)
DXL exp(&+ B y)
when the true point lies in the interior of the parameter space and
exp(§; + 8] i) .
p’L] — 71 J T s 1 S j S J — 1 (425)
v+ 14> exp(& + B vi)
and
1
Pig = (4.2.6)

v+ 1+ 3 exp(& + Bl i)

when the true point lies on the boundary of the parameter space. Under the previous

assumptions,

F;(t) = P{T; <t|D; = j}
M
Z 1{t>Tm—1}P{7—m—1 < 7—;* S (t N Tm)|Dz = _]}
1

m

M-

]-{t>7'm_1} {exp ( — Tm_1€§jm+a]rx¢) — exp ( _ (t A Tm) echj'erafzi )}

3
Il

for1 <i<nand1l<j<.J. Notingthat for any ¢t < oo,

P{Ty <#|D; =0} =0 and P{T7 >{|D; =0} =1,

the distribution function of individual 7 is

J
Rt) = P{T; <t} = 3 pyFy(t). (4.2.7)
j=1
Recall that the observations normally consist of (¢;,0;5, 2, y;), ¢ = 1,2,...,n and
j=1,2,...,J, where t; represents the observed survival time for the ith individual, x;
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and y; are the observed values of the covariates and ¢;; is the risk indicator defined by

1 if individual ¢ dies from cause j,
5y = i=1,2,...,n; j=1,...,J (4.2.8)

0 otherwise,

The ith individual who experiences a type j failure contributes p;; f;;(¢;) to the likelihood
function. Alternatively, individual 7 who is censored contributes 1 — F;(t;) =: S;(t;) to
the likelihood. As a consequence, the full likelihood function is

a ! 5 1-5

L= {H (i (1)) (1 = Fi(t) } -

i=1 (j=1

The log-likelihood function of the observations is

n J
=) { 6;; (log pij + log fi;(t;)) + (1 — 6;) log Si(tz‘)} :

i=1 (j=1

which is the estimating function in this part of study.

Assume ¢; = (j1,...,5;m)7, it should be emphasized that the parameters to be

estimated for the interior case are

T T T T T T T
0:(gl,...7§J7a17...7aj,51,...,5‘],51,...,6])

and the parameters to be estimated for the boundary case are

T T T T AT T T
0=1(s1, - ySyy07,say, By, B 1,8, &-1,7)" .

The estimators of the parameters could be developed under some further specifica-
tions. In next section, we will investigate the application of the EM algorithm to the
statistical inferences on the mixture piecewise exponential model and develop several

tests for hypotheses of practical interest.
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4.3 Main Results and Applications

For the piecewise exponential mixture model specified in Section 4.2 with finite follow
up, the sufficient conditions (B2) — (B4) can be replaced by the following simpler

condition:

(E) The true value of the regression coefficients of the hazard functions are uniformly

bounded. More specifically, there is a constant M, > 0 such that
|§jm0| S Ms and |Oéj0’ S Ms
fori1<j<Jand1<m< M.

Remark. Condition (E) implies that for an individual, the failure rates subject to
different types of risks are comparable, i.e. no particular type of risk dominates the
other types. If condition (F) is violated, i.e. there is a risk which is negligible compared
with another, degeneracy would arise. Furthermore, Condition (E) implies that if the

covariates are finite, there exists 0 < £ < 1 such that
E<A(t) <
for1<i<n, <j<Jand0<t<o0.
Thus we have the following theorem.

Theorem 4.3.1 For the piecewise exponential mixture model specified in Section 4.2

with bounded censorship and covariates, if (B1) and (E) are satisfied, the conclusions

of Theorem 3.3.1 — 3.3.5 hold.
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Theorem 4.3.1 provides us with the existence, uniqueness and normality with probability
approaching 1 of the maximum likelihood estimators of the parameters local to the true
point over several subspaces of the parameter space. It also allows us to carry out a
number of tests of practical interest by restricting the parameter in the underlying

subspaces which depend on the details of the tests.

To calculate the estimates, we adopt EM algorithm which is proposed by Demp-
ster, Laird and Rubin (1977). EM algorithm has been a popular method in statistical
computation as the computation based on the likelihood function of complete data is
much easier than that on the basis of incomplete data. The convergence properties of
EM algorithm was then discussed in Wu (1983). Our settings satisfy the requirement of
Theorem 2 in Wu (1983) trivially so that EM algorithm is applicable and a stationary
point could be reached. For other examples of applications of EM algorithm in survival
analysis, see Larson and Dinse (1985), Peng and Dear (2000) and Craiu and Duchesne

(2004).

The EM algorithm is applicable when there is a many-to-one mapping from the
complete data to incomplete data. In our analysis, the observations are incomplete
because of the existence of censoring. Take individual ¢ for example, the missing infor-
mation that is unobservable is the failure cause that individual ¢ may be susceptible to

and will eventually fail from if the observation of individual 7z is censored.

A set of “pseudo-data” should be created to use the EM algorithm. Let ¢;; be a
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Bernoulli variable indicating failure causes, i.e.

1 if individual ¢ will fail from cause j eventually,

Cij
0 otherwise
fori =1,2,...,nand j =1,...,J. Naturally ¢; = Z}]:1 cij can be used to represent

the cured status of individual ¢ as

1 if patient ¢ is susceptible to the risks,

C; =
0 if ¢ is cured or an immune subject
for i =1,2,...,n. The relationships of the ¢;;’s and d;;’s are
(
1 51']' - 1,
Cij =4 0 0;j =0 and §; =1,
Oorl ;=0
{
and
0 Cij = 0 s
57;]' — ’
Oorl ¢;=1

fori=1,2,...,nand j=1,...,J.

The complete observation of individual 7 is assumed to be the combination of ¢;;

and the normal observation (¢;,d;;,z;,y; ), 1 <i < n. The cured rate of individual i is

J
pf:1_2p137 i:1,2,...,n.
j=1

Let A; be the contribution of individual 7 to the likelihood function based on the

complete observations, we have

(

A= D5 ¢ = 0; =0,

DijSij 0i=0,¢c;=1, 1<j5<J
\



The likelihood function and log-likelihood function on the basis of the complete

observations are

b'
I
:j:

7

=1

J

A;
J
{H pwfzj c” ” Z (1—ei)(1— 5)H pm ’LJ cZ] (1- 5)}

J= =1

Il
=

1

sy

[

and

3

J J
=22 {eudislog (pisfist }+Z{ 1— e)(1 = o) log(1 —Zp@-»}

i=1 j=1

3

+ Z {Cw 6;) log (leSZJ (t; )>}

i=1 j=1

The log likelihood function /. can be divided into two separate parts [.; and [., say,
such that /., depends on p;;’s only and [ depends on A;;’s only. So we can estimate

the parameters corresponding to p;;’s and \;;’s separately. The expressions of [.; and

.o are
J
cl _ZZ{C’L]d’LJ Ingz]}+Z{ 1 _Cz 51) log(l_zpm)}
=1 j=1 J=1
+ Z Z {Czy log pz]}
=1 1
n J] J
:ZZ{CZ]((sZJ‘i‘l— logpz]}+2{ 1 —Cz 51) lOg(l—sz])}
i=1 j=1 j=1
and

lez = 22{61352J log (fi;(t:)) } +ZZ{C%J 0:) log (Si;(t:)) }

=1 j5=1 =1 j=1
— Z Z {CU(SU log i ( } + Z Z {cl] dij +1—9;)log (Szj(tz))} )
i=1 j=1 =1 j=1

The expectations of [.; and [, conditional on the incomplete observations and current
estimates of the parameters are required to be calculated in the E-step in the EM
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algorithm. Let 9ij = E[Clj‘(t“ 5ij7 Xy, yl)], then

gij = P{cij = 1]6i5,6;}
= 0ijP{ci; = 10i5 = 1} + (1 — 6;5)0;P{ci; = 1];; = 0, 6; = 1}

P{Cij = 1,111* > tl}
P{T} >t}
PijSij(ti)
L= 37 pi + Yo7y pijSis(t:)

=0+ (1= ) (4.3.9)

So the conditional expectations of I.; and [ are

ZZ{QZJIngzJ}+Z{ 1 — g;)log 1_pr }

=1 j=1 7j=1

and

ZZ{@]log i ( }+ZZ{91310g i ( )}

i=1 j=1 =1 j=1

where ¢g; = El¢;] = ijl gij- Then the EM Algorithm is ready to use. Let 67 be the
estimation of the parameter vector after the gth iteration. The iteration from 64 to #4+!

is comprised of the following two steps:

E-step: Calculate E|l.1(07)] and E[l.2(07)].
M-step: Find 69! that maximizes E[l.;(07)] and Ell.(69)].

The likelihood function based on the incomplete data is maximized by repeating the

iterations from a chosen starting point.

Recall that to improve the approximation of the competing risks data with covariates

and possible immunes, it is better to solve the following problems first:
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(a) Are there immunes?

(b) Are the probabilities that individuals will eventually fail from a risk the same?

(c) Are the failure rates subject to a risk the same for all individuals?

(d) Are the failure rates of the risks of an individual the same with each other?

(e) Can we combine some intervals together? More specifically, is the exponential

mixture model proper?

It is desired to investigate question (a) at the beginning of the data analysis. If there
are immunes, the interior model should be adopted, otherwise the boundary model is
preferred. Questions (b) — (e) are studied for the simplicity of the model since the

4

number of parameters decreases when the answers for the questions are “yes”.

The test of the presence of immunes can only be carried out firstly. Once the
existence of immunes is identified, the interior model or the boundary model can be
chosen to fit the data accordingly. Thus for the model defined by (4.2.1), (4.2.2), (4.2.5)

and (4.2.6), question (a) can be expressed by

Hyi: v =

If Hy, is accepted, the boundary model with v = 0 is supposed to be proper. If Hy;
is rejected, the interior model may be more precise since the test implies the existence
of immunes. For convenience of understanding, we describe the remaining tests in
boundary model and in interior model separately. For the boundary case, questions
(b) — (e) can be expressed mathematically as:
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Hy: 1 =pBr=---=085-1=0.

Hog: a; =0, for 1 <j < J.

Hoy: stm=9om="=¢miorl<m<Mandog =ay=---=ajy.
Hos: sjir=¢go="=¢gufor1 <5< J.

Alternatively, for the model defined by (4.2.1), (4.2.2) and (4.2.4) questions (b) — (e)

can be formulated similarly as:

Hyy: B1 =0 =---=p;=0.

Hyg: a; =0, for 1 <5 < J.

/

Hyy: Sim=¢m=-=¢pforl<m<Mand oy =ay =+ = ay.

!

Let d,, = —2(ln(§0) — ln(éa)) be the deviance statistic, where 0, and 6, are the estimates

of the parameters under null and alternative hypotheses respectively. By Theorem 4.3.1,

we have )
N2I{N <0} under Hyy,
XCr—1)ms under  Hoo,
2 ’
X7 under H,,
dy = : " (4.3.10)
XZJ7r1 under Hys or H(’]37
X?J,l)(Mer) under Hy or Hé4,
XQJ(M_D under Hys or Hé5.
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4.4 An Example of Real Life Data

We now illustrate the proposed approach with a subset of Bone Marrow Transplant
Data listed in Tables 4.1 and 4.2, which have been studied by many authors, see for
example Ibrahim, et al (2008) and Shu and Klein (2005). The common group (group
1) and AML low-risk group (group 2) are considered in our analysis. N = 92 patients
who have received a transplant are exposed to two failure causes. ¢; and J, are the
indicators of death with relapse and death without relapse, respectively. We can see
from Table 4.3 that there are several differences between the two groups. The censoring
of group 2 is heavier than that of group 1 and the proportion of failures caused by risk
2 among the deaths in group 2 is bigger that that in group 1. For the convenience of

computation, the covariate is set to be x = 0 for group 1 and x = 1 for group 2.

The piecewise exponential mixture model specified in Section 4.2 is applied to the
data. The cutpoints are set to be 7 = 800 and ™ = 1600 so that M = 3. We fit the
data with several models based on different settings. Model 1 is the boundary model
specified by (4.2.1), (4.2.2), (4.2.3), (4.2.5) and (4.2.6). The assumptions of model 2 are
those of model 1 in addition with v = 0. Model 3 is defined by (4.2.1), (4.2.2), (4.2.3)
and (4.2.4). Model 4 is a specifical case of model 3 with M = 1. The estimates are

developed by EM algorithm.

The models are assessed by the values of —2log L and the performances are listed in
Table 4.4. Two tests are carried out for the model selection and the details are in Table
4.5. According to the test of model 2 against model 1, the interior model should be

adopted to approximate the data. The test of model 4 against model 3 suggests that an
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exponential mixture model is acceptable. The estimates developed by the exponential
mixture model are presented in Table 4.6. The fitted model for this grouped data
displayed in Table 4.7. It is easy to see that the cured rate of group 2 is higher than

that of group 1. This is reasonable since group 2 is AML low-risk.

Figure 4.1 and Figure 4.2 show the survival curves developed by the exponential
mixture model, the approach of Kaplan and Meier (1958) and the method of Larson
and Dinse (1985). The curves developed by our approach are similar to those by the
method of Kaplan and Meier (1958) for both groups. The approach of Larson and
Dinse (1985) tends to over-estimate the survival up to about 1100 days for group 1 and
1400 days for group 2, and then predict shorter survival than the other two methods.
The main reason is that the existences of immunes is ignored in the approach of Larson

and Dinse (1985).

Compared with the previous models, our approach in the analysis of the BMT data

has several advantages:

1. Tt is more flexible to fit the data and model the real-life situation by relaxing the
restriction that all individuals under the study must eventually fail from one of

the risk under consideration.

2. It is able to test the presence of long-term survivors and thus select the appropriate

model — interior or boundary.

3. It provides more accurate estimates, especially if there is a substantial proportion

of long-term survivors.
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We also carried out the boundary hypothesis testing on a subset of Standford Heart
Transplant Data (Crowley and Hu, 1997). This set of data has been studied by Larson
and Dinse (1985) with the boundary model. The test shows that the existence of
immunes is insignificant (deviance = 0.24). Hence the work of Larson and Dince (1985)

is supported by our results.

Table 4.1: Bone Marrow Transplant Data for Group 1

t 51 8y t 61 bo t 1 02
2081 0 0 |1167 0 0 |1279 1 0
1602 0 0 418 0 1 110 1 0
1496 0 0 417 1 0 243 1 0
1462 0 0 276 0 1 86 0 1
1433 0 0 156 1 0 466 0 1
1377 0 0 781 1 0 262 1 0
1330 0 0 172 0 1 162 1 0
996 0 0 487 0 1 262 1 0
226 0 0 716 1 0 1 0 1
1199 0 0 194 0 1 107 0 1
1111 0 0 371 1 0 269 1 0
530 0 0 526 0 1 350 0 0
1182 0 0 122 0 1
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Table 4.2: Bone Marrow Transplant Data for Group 2

t 51 5y t 61 do t 01 02
2569 0 0 |1527 0 0 288 0 1
2506 0 0 [1324 0 0 522 1 0
2409 0 0 957 0 0 79 0 1
2218 0 0 932 0 0 |1156 1 0
1857 0 0 847 0 0 583 1 0
1829 0 0 848 0 0 48 0 1
1562 0 0 |1850 0 0 431 1 0
1470 0 0 |1843 0 0 |1074 0 1
1363 0 0 |1535 0 0 393 1 0
1030 0 0 | 1447 0 0 10 0 1
860 0 0 |1384 0 0 53 0 1
1258 0 0 414 0 1 80 0 1
2246 0 0 [2204 0 1 35 0 1
1870 0 0 |1063 0 1 1499 0 0
1799 0 0 481 0 1 704 0 1
1709 0 0 105 0 1 653 1 0
1674 0 0 641 0 1 222 1 0
1568 0 0 390 0 1 135 0 0
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Table 4.3: Data Analysis

Group Total No. Risk 1 Risk 2 Censoring

1 38 12 (31.58%) 11 (28.95%) 15 (39.47%)
2 54 7 (12.96%) 16 (29.63%) 31 (54.71%)
Total 92 19 (20.65%) 27 (29.35%) 46 (50.00%)

Table 4.4: Performances of Different Models

Model Type M Cutpoints -2Log-L
1 boundary 3 800, 1600 816.4664
2 boundary, v =0 3 800, 1600 821.6395
3 interior 3 800, 1600 816.3791
4 interior 1 NA 821.6194

Table 4.5: Results of The Tests

H, H; Deviance

Distribution Critical value Result
model 2 model 1 5.1731 N2I{N <0} 2.71(95%) reject
model 4  model 3 5.2403 X3 7.78(90%) accept

Table 4.6: Estimation of The Parameters
Parameter oy oy S G2 &1 &2 B B2
Estimate -0.3974 -0.7728 -6.3739 -5.6511 0.1589 -0.0544 -1.3367 -0.3969
Table 4.7: Fitted Model
Group P Pi2 Dy Ai1 Ai2
1 0.3758 0.3036 0.3206 0.0017 0.0035
2 0.1978 0.2626 0.5396 0.0011 0.0016
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4.5 Concluding Remarks

In this chapter, we discussed the application of a piecewise exponential mixture model
and EM algorithm on competing risks data with covariates and possible immunes. Two

real life data sets are investigated and the results favorite our approach.

The theoretical results of the general mixture model provide the basic large-sample
foundations for competing risks data analysis in the possible presence of immunes. But
it is difficult to identify the distribution of the failure time conditional on a give risk at
the origin of a study. The piecewise exponential mixture model provide a convenient
process to specify the hazard function of the failure time conditional on a give risk by
selecting the cutpoints appropriately. In this way, the theoretical results developed in

Chapter 3 could be applied easily in practical survival analysis.

4.6 Proofs

As the proofs are similar for the interior case and boundary case of the model, we

illustrate the details of the proof based on the boundary model, in which

T T T T T T T T T
0:(gl7"'7gJ7O[17"'7O[J7ﬁ17"'7BJ717£17"'7€J7177)
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and

_ Iin 0 0 0 0 |
0 I;y®uwx 0 0 0
H, = 0 0 I, 1®y 0 0 |- (4.6.11)
0 0 0 I, 0
0 0 0 0 L

Lemma 4.6.1 In the piecewise exponential mizture model specified in Section 4.2, if
the censorship and covariates are bounded and condition (E) holds, Var{f*(0y)} are

uniformly bounded for 1 <i<mn and1<I[ k< J(M+3)—1.

Proof. First we derive some useful equations. For 1 <i<n, 1 <j,r<J, 1<l w <
J—1land 1 <m,k <M,

(1-— 5i)pij>\§? OF;;(t;)
1 — Fi(t;) N} ’

sV = 1 e 30 (1 — tiNj) —

M m
IM+5 _ s (1 _ 4% () — (1 — d)pisAij OF;(t:)
s; = (5”(1 tz)\z](tl)) Z 1— E(tz) a)‘ZL ’

m=1

J(MAD)H _ J(MA2-1H o (1= 0;)pu(l — Fy(t:))
S, S; il D + 1 — Fz(tz) 5
J(MA3)-1 _ (1 —8;)pis
S'L pZJ + 1 - E(tl) 9
FHOmEm MO 1 ez e im0t N + Ljrmek) o Oy (h)

1= F(t;) 0N}
(1 = 8:)pi(A)? 0°Fy(t:)

1= F(t:)  (OA])?
(1-— (5¢)pijpz‘r)\§?)\fr OF;(t;) OF (1)

(1- Fi<ti>)2 oNp ONE

+ Lij=rm=r)
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(1= 0:)pig Al OF;(t;) (1= 5i)pij(>‘?}>2 O*Fy(t;)
1—Fi(t;) 0" 1= E(t)  (OA])?
N (1 = 00)pijpir A} OFy;(t;) OF ()
(1 — E(tz>)2 oAl oy ’

M((j—1)+m,JM+r
f; G-+ + :1{tiEIm}5ijti)\;?+

fM(j—1)+m,J(M+1)+l :fM(j—1)+m,J(M+2)—1+l

1

(= opg g oFy() [ pa(l = Fa(t)
CI-R) oy " 1-Fw) [

FMGDAm I (M8 (1 = 8) AT pipis OF;;(t;)
’ (1- ()" 0N

(1= 0;)pij O*F;(t:) (1 — 8:)pijpir OF;(t;) OF(t;)

fJM+j,JM+r =1 r=j 611}@)\1 ;) +1 r=j ’
R T % R R TR Y PR A TR e

1

fJM+j,J(M+1)+z . fJM+j,J(M+2)—1+l
7 —Ji

(1= 0)pa OF;(t:) (1= 8:)(1 = Fa(t:)) papi; OF;;(t:)

il
:1 =3 ’
{l=5} 1-— Fl(tz) 804]~ (1 _ E(tz) 2 80(]'

fJM+j,J(M+3)—1 _ (1 — 6:)pijpis OF3;(t:)
% 2
(1-F(t)” 99

)

fq(M+1)+l,J(M+1)+w :fq(M+1)+l,J(M+2)—1+w

_fq(M+2)—1+l,J(M+1)+w _ fq(M+2)—1+l,J(M+2)—1+w

—Ja 7

(1= 0:)(1 = Fu(ts)) pa

=1{w=03Pit — Puliw — l{i=w}

1 — Fi(t;)
N (1=6;)(1 = Fu(t:) (1 = Fou(ts)) Papiw
(1 - Fi(t;)” ’
FIODHIOH =L pJ 2L ML (1—-06)(1- El(ti»pilpij’

(1 - F(t)?
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(1— 5i)(pu)2
(1- F(t)*

fiJ(M+3)—l,J(M+3)—1 _ —(pu)2 i

where 1y is an indicator function and

8E t; AT (s —_\m
) sy { e A e 5O g )

aQE‘ tz 2 _Am(t AT A\
(8)\%?()2) = Ltisrn 1} {_((tz’ AT)) e 0N 72 e WI},
1)

aE i (i m
] Z Heorn X {(t’ A T )e N (ATm) Tm—le_Aiij—l} ;

O*Fy;(t s .
805] ; Liti>mme 1})‘w {(tl A Tm)e AT (tiATm) _ Ton1€ N m,l}

+ ]‘{ti>7-m—l}()\’?;)2 { ((t A Tm)) Alj(t ATm) + 7. L€ )\?}Tm—l} .
Let u; be the censoring time associated with individual 7,

— Foalw) > ; —Ajoui
1 Eo(uz)_lgjggflllngM{e 701}

> ot
_1<]<J1<m<M{€ ? }

> exp{— sup Aijo Sup u;}
1<j<J,1<m<M 1<i<n
— K", (4.6.12)

where K* is a positive constant.

Thus for 1 <1, k < J(M +3) — 1, Var{f*(6y)} < E[(filk(ﬁo))2] and (filk(eo))2 are

linear combinations of the following terms with finite coefficients:

1{t GIm}(SZj {t >\1]0 9
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2
m — A7 (L AT, m A Tm—1 1 2
{)\’LJO(t /\ Tm)e z]O( i m)} , {)\1]0Tm_1€ 350 1M 1} ,

(A K

A (8 ATm) —AE T
50 er) (ti/\Tm)Tk—le io ) w0kl

P e S
( zgo) (Aro)? {Tm—lTk—1€_/\%Tm16_/\§TOT’“‘1}27

( UO) ()\z'r[)) (ti A Tm)Q(ti A Tk)Tk_le_Q)‘wO(t iA\Tm) _’\fro(ti/\Tk)e_AfroTk—17

( zgo) (N5o)?(t: A 7o) (5 A T ) T Tp_q €0t Tm) o= Niro (EATR) o= Azjonfle—)‘?rokalj

( ’L]O) ()‘WD) (ti/\Tm)TmflT]?_ (& A”O(t ATm) _A"LOTm le™ 2)\5"07-’“*1,

Noting that for 1 <i<n, 1 <j< Jand 1 <m < M, we have

E[lgt,e1,,30: (tiN70)?] = pijo B {/ (Not)*ATjpe™ ’fotdt}

< sup{/ (Ajot) /\:.’J?Oef\i?otdt}
0

= sup {/ er_ydy}
0

=2 (4.6.13)

and for any positive integer a < oo we have

x a,_ —a

supze " = a"e " < oo, (4.6.14)
>0

we can argue that the above terms that constitute (f* (90))2 are uniformly bounded.
It follows that Var{f*(6y)} are uniformly bounded. m
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Lemma 4.6.2 In the piecewise exponential mixture model specified in Section 4.2 with

bounded censorship and covariates, if condition (B1) and condition (E) hold, condition

(B3) holds.

Proof. For 1 <1, k< J(M +3)—1and 1 <i<n, let

qzlk i a/\m ) >] > =m= 5
aflk .
TR YL U TR

J

OfM0)
Dij apij

J(M+1)+w  J(M42)—14w of*(0)
qzlk qilk — VMiw -

1<w<J-1
apiw }, == 7

Je8-1 Y ()

itk = —PiJ Pij—
= Opij

We will then show that there exists a constant X > 0 such that

E{ sup |qu(9)]} <K (4.6.15)
0N (A)

for 0 € N,,(A), 1 <1, k< J(M+3)—1and 1 <i<n. For simplicity, we provide the

proof for [ = k = 1. It suffices to show that there exist K; > 0 and Ky > 0 such that

E{ sup 1{,51.611}(51'1152‘)\%1} S ]Cl (4616)
0ENL(A)

and for 0 < aq, as, az, ay < 3,

11 \a1,—ALti ()1 a2 Tm a3 o= Tm—1
Eq sup (1-4;) Ot e M) 54)\11Tm )te < Ko.
HEN (A) (1 - Fi(ty))

(4.6.17)
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Noting that for 8 € N,,(A),

|H] (60— 60)]° = |H Q"> Q)/*(6 — o)
< |Q711/2(‘9 - 90) ’2 |Amax{Q;1/2HiHiTQ}z/2}

< A%tr{H! Q,'H,}, (4.6.18)
by condition (B1) and condition (E), we have, for § € N,(A) and 0 < v < oo,

m\v e om s o T (oo
|()\l]> ( zyO) ‘7( zJO) ’U(l—e jota; (ay ,70))|

= (A ’L]O) ’U( - ]0+x — o) Z {U — ]O+x ( a]()))}

r!

— Ig ] (o — o))"

(r)!

|v
—( 1]0) ‘U( j0+x —Oé]() ‘Z

= (M) Jv(S" = <Jg + 2] (o — ajo)) | exp{w|]" — < + =] (o — ajo)[}
< () vA {tr{ HT Q' H 3} exp {UA {tr{H O H}}" 2}

—0 (n — 0). (4.6.19)
Similarly, for 8 € N,(A), we can drive
Ipij — pijo] — 0 (n — o). (4.6.20)
Hence, for n large enough,

|)\;’7; 1J0| < inf )‘er < /\2]0' (4621)

1<r<J, 1<k<M
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It follows that

E{ sup lyenyoutidi} < 2E[Lienydntidi]

QENn( )
< 2pj1ok {/ )‘zlﬂt)‘zloe)\%wtdt}
0

< 2sup {/ (Azllot)Q)‘ho@/\’lwtdt}
0

= 2sup {/ ye_ydy} =2
0

(4.6.22)

and so (4.6.16) holds and it leaves (4.6.17) to be verified. By (4.6.14), there exists

K3 > 0 such that

8F~(t')
N T [ S K 4.6.23
( Z]) { a)\;? } >~ /3 ( )
Also for 6 € N,,(A),
| Fi(ui) — Fio(us)|
J
= Z |p” ij uz B UO(U% ’ + Z |Fl]0 Uz)(pw szO>|
j=1 =
J M o
S Z Z {uz>7—m 1}|€ >\7.]7_m 1 _ €_A$07m71| _'_ ‘e ij Tm/\uz Z Z e 'LJO(Tm/\urL
= j=1 m=1

J
Z ij0(ui)(pij — pijo)| — 0 (n — 00)
by (4.6.19) and(4.6.20). Thus for 6 € N, (A),

{1 — Fi(u;)} — {1 — Fyo(us)}| — 0 (n — 00). (4.6.24)

ALt @ e Aati(\L 7 Yaze=Aimm (\L oz Yase=Xitm-1
B sup (1 o 51)( il ) € ( 1T ) (54 i1 T 1) €
0EN(A) (1 - F(t))

_ E{ e e

sup

" } . (46.25)
0EN,(A) (1= Fi(w))™
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So (4.6.12), (4.6.23), (4.6.24) and (4.6.25) imply that (4.6.17) holds and further imply

that (4.6.15) holds.

Hence for 1 <[, k < J(M + 3) — 1, by Taylor expansion, (4.6.18) and (4.6.15),

E{ sup !ff’“(G)—fZ’“(GoH}:E{ sup \<e—eo>Taai§<e*>r}

OeNn(A) 0€N(A)

= E{ sup |(0 — QO)THiQilk(G*N}

€M (A)

€N (

< A{tT(HITQEIHz')}lmE{ sup |Quk(9)|}
4)
< KA{tr(H] Q," H)}'?,
which implies that condition (B3) holds.

Proof of Theorem 4.3.1. By Lemma 4.6.1 and 4.6.2, condition (B1) together with
condition (E) imply that condition (B2) and condition (B3) are satisfied. It suffices to

verify condition (B4) to prove Theorem 4.3.1. Let

Lim(t:) = (A

fo(ti A7) b1 gmar Ny (tiATm) (A1) b2 a2\t

where 0 < ay, ag, by, by < 4. For 1 <r < J(M+3)—1, {sF(6y)}* are linear combinations

of the following terms:

Litiezny0ijo(1 — tidGjo)", Zim () Zin(ts),  1<b3 <4, (4.6.26)
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for1 <j<Jand 1 <m < M. We only need to prove that the expectations of the

items of (4.6.26) are uniformly bounded.
E{l{tiel—m}(sij()(l - t)\Z?O)4} = pon {/ (1 - tAgO)Ll)\Z}Oe)\?}Otdt}
sup { / (1- tAg’;O)4)\§’;OeA?}0tdt}
0

= sup {/000(1 — y)46‘ydy}

=9,

IN

which implies that E{1y,ez,,30:50(1 — tA7%)*} is uniformly bounded.

(1—0;) 1
Ed ————Zn(ti) Z(ti) p = E - Eim (i) L (w;
{(1—F¢(ti))b3 (i) Zji( )} {(1_5(%)) (i) Ziji( )}

is uniformly bounded by (4.6.12) and (4.6.14). Hence condition (B4) holds and Theorem

4.3.1 is proved. m
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Chapter 5

A Proportional Hazards Model

5.1 Introduction

Methodologies based on the hazard functions (Cox, 1972) have been popular for decades
because they can approximate survival data more naturally than multivariate survival
functions do. Among them Cox’s proportional hazards approach has been the most
widely used. On the other hand, the methodology on the basis of martingale counting
processes has been developed in the modern literature, for it can provide a unified and
efficient way to give proofs. See, for example, Aalen (1975), Fleming and Harrington
(1991), Andersen and Gill (1982), Andersen, Borgan, Gill and Keiding (1993) and Zhao

and Zhou (2006).

Our work is motivated by the fact that studies in proportional hazards models for

survival data that combine competing risks, covariates and immunes have not been
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reported. To narrow this gap, a semi-parametric approach is proposed and modern
techniques of counting processes and martingales are adopted to derive the existence,
consistency and asymptotic normality of the estimators. The advantage of our approach
over the parametric model is that we can concentrate on the parameters of interest

without the need of knowing the particular pattern of the survival distribution.

In this chapter, an extended Cox proportional hazards model is proposed to approx-
imate survival data in the presence of competing risks, covariates and immunes. Under
the assumptions of independent censoring and improper baseline hazards, an MLE is
derived from partial likelihood functions. The existence, consistency and asymptotic
distributions of the estimators are studied thoroughly. A simulation is conducted to

assess the performance of our proposed approach.

The rest of this chapter is organized as follows. In Section 5.2, we give the notations
of the model and introduce some important relationships. In Section 5.3, we derive the
estimators of the coefficients of covariates and failure rates using the partial likelihood
(Cox, 1975) approach and establish their existence, consistency and asymptotic distri-
butions. The analysis of the simulated data is described in Section 5.4. Section 5.5
gives the concluding remarks and discussions about further work. Finally, Section 5.6

is devoted to the mathematical proofs.

87



5.2 Specification

Like the models specified in Chapter 3 and Chapter 4, throughout this chapter, we
assume that n individuals suffering from J risks are included in our study. Let T
be an independent and continuous nonnegative random variable representing the true
survival (uncensored) time of individual ¢, ¢ = 1,2, ..., n. Each individual i is observed
over a limited time interval [0,w;], where w; represents the censoring time which is
independent of T and its distribution is assumed to be non-informative. Further let
D; be a discrete random variable with D; = j for j = 1,2,...,J if the failure of
the i-th individual will be caused by risk 7 and D; = 0 implies that the failure will
never be observed. Suppose that t is the realization of T, the risk indicators are
0ij = Yercu, =iyt = 1,2,...,n,j = 1,2,...,J and the censoring indicators are
0; = ijl 0ij = lypr<uyy, @ = 1,2,...,n, where 1;gy is the indicator of event E. It is
natural that the observation of individual ¢ is comprised of (¢;, d;;, 2;), where t; = tf Aw;

and z; is an outcome of a k-dimensional covariate vector Z; which is independent of

time.

The existence of immunes calls for a possibly improper hazard function including
the informations of the instantaneous failure rates, the influence of covariates and the
probability associated with the immunes. A common methodology adopted in the
literature is to satisfy the requirements by letting the baseline hazard be defined by the
real improper c.d.f. of T* and the cured rate can be obtained by letting the survival time
be oo in the estimated survival function. Instead we propose an approach in which the

cured rate is included in the partial likelihood function and can be estimated directly.
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The hazard functions are formulated by
hij(t)dt = p; exp{ BT 2 }ho(t)dt = P{t < T} < t+dt, D; = j|T; > t},

where hy(t) is an unspecified non-negative function which serves as the baseline hazard
in our study, f is a k-vector of unknown regression coeflicients and p; = exp (r;) is the

baseline probability of failing from cause j with 0 < p; < 1 and Z}]:1 pj=p<1.

Let p;; = P{D; = j} be the probability that individual ¢ dies (will die) from cause
j and Fj;(t) = P{I; < t|D; = j} represent the c.d.f. of the survival time with respect

to a particular risk for i =1,...,nand j =1,2,...,J. Then Fi(t), the c.d.f. of T}, is

Fi(t) = P{T; <t} = ZP{T{" <tD;=j}P{D;=j} = ZpijFij(t)‘

It is obvious that Fj;(¢) is proper and Fj(t) is proper if and only if Z‘j]:l pij = 1.

Let p' = ijl pi; be the probability that individual ¢ is not an immune subject.

From the definition of hazard functions we have:

¢
1 — Fy(t) = exp {—/ pexp{ﬁTZi}ho(U)du} = {1 — Fy(t) ot =it (5.2.1)
u=0
where Fy(t) is the baseline distribution function of 7. This yields:

Pl = Ff(oo) =1 — (1 — p)o»ifrail, (5.2.2)

)

Equation (5.2.2) shows how the probability of being an immune subject of an individual
is influenced by the values of the covariates. Suppose that there is a baseline individual

0 with Zy = 0. Further note that

Pt Ty <t+adt|Ty >t}

ho(t)dt D0 £ 0]

(5.2.3)

It can be seen that ho(t) is the instaneous failure rate for individual 0 if and only if
P{Dy # 0} =1, i.e. there are no immunes.
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5.3 Likelihood and Asymptotics

In this section, we formulate our model on the basis of the previous specifications and
derive the consistency and asymptotic normality of the estimators. The real survival
time and the censoring time are assumed to be random on [0, 7r] and [0, 7¢] with

0 < 7p,7¢ < 00. Suppose that 7 = 70 A 7¢, the observation period is [0, 7].

As the baseline-hazard function ho(t) is left unspecified, we follow the approach
of Cox’s partial likelihood (Cox, 1975) with ho(t) left non-informative for the esti-
mation. Let ¢ = (87,p1,...,ps)T be the parameter vector with true value v, =
(Bo"proy .- p50)T and v = (BT, r1,...,r;)7, where r; = log(p;) for 1 < j < J. The
problem is to estimate the true value vy from the log likelihood function L on the basis
of these observations and the estimator 1 is defined to be the solution of AL (1) /8 = 0.
Noting the fact that 4 = (67, logpy, ..., log )7 is exactly the solution of L(7)/dy = 0
due to the good property of logarithm function, the problem of finding the estimator
of ¢ is equivalent to deriving the estimator of + from the same likelihood function. To
utilize the existing results of the literature, we take v as the parameter vector to be
estimated instead of 1. Let (1) < t(2) < --- < #(x) represent the ordered failure times.
Further assume that there are no tied failure times and individual 7; is the the one
who failed from risk jj, at tg for k =1,..., K. Denote by R; = R(t;) the risk set (the
individuals that are still under observation) at time ¢; and set r = logp, the partial

likelihood function with respect to v based on the observations (t;,d;;, 2;) for 1 <i <mn
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can be written as

" 1T (exp(BT 2 Tj %
szm _Hnjzl( p(B" 2 +1))) | (5.3.4)

ier, liltw)) £ (ZleRi exp(ﬁTzl+r))6i

where h;(t) = Z}]:1 h;j(t) is the hazard function for individual .

The process N;;(t) = I{T} < t, 6;; = 1} is used to count the number of the j-th
failures happening to individual ¢ and Y;(t) = Y;;(t) = I{T; > t} indicates whether
the ith individual is still under consideration for ¢ € {1,2,...,n} and j € {1,2,...,J}.
The sample paths of N;i, ..., N;; are step functions, zero at time zero, with at most one
jump of size +1 at a time as there are no ties. Through this chapter, all properties of the
counting processes of individual ¢ are relative to the right continuous non-decreasing fil-
tration {Z;(¢) : 0 <t < 7} with Z;(t) = o{Ny;(u), N (u) : 0 <u <t,j€{l,...,J}}
where NY(u) = I{C; < u,d; = 0}. Obviously N;(t) = ijl N;;(t) is also a counting
process with at most one jump at a time and Y;(t) is a predictable process. Further we

define
ANG(t) = Ny(t) - Ng(t=)  and  QU(5,1) Z (1) exp{67 2}
for 1 € {0,1,2}, where 20 =1, Z! = Z; and Z} = Z, Z].

Naturally, the intensity processes of N;;(t) and N;(¢) conditional on the covariates
are \;;(t) = exp{f7 zi + r; }Yi(t)ho(t) and \;(t) = exp{BT2; + r}Yi(t)ho(t) respectively.

Thus

i

i=1j=1 ¢

eXp{BTzZ +r;} }de(t)
H { Zl 1 GXp{BTZl + 7“} ) (535)

=
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log L, = i Z /Oo {(rj +B"%) —r —log {i Yi(t) exp(ﬁTzl)} } dN;;(t). (5.3.6)

i=1 j=1 /=0 =1

Consider the parameter space I' = {7 cy = (BT, ... ,rJ)T} with the constrains
that 8 € R, (ry,...,r;)T € M7 and the true value vy = (87,710,...,750)7 € I'. The
simplex M is defined by

J
M7 = {(rl,...,rJ)T:rj € (—00,0) for j € {1,...,J}, Zexp{rj} < 1} C R’.

Jj=1

(5.3.7)

~

We aim to find a maximizer 4 = (87,7,...,7;)7 of logL, and take it as the
estimate of the true parameter vy. The following theorem shows the conditions for the
existence of the consistent MLE and the asymptotic distributions of the estimators. We
shall take advantage of the results in Andersen and Gill (1982) who provided a general
approach of deriving the asymptotic properties of the Cox’s regression model. They
proved the consistency and asymptotic normality of the estimated covariate coefficients
and suggested the asymptotic distribution of the baseline cumulative incidence function
under the so called “A-D conditions” with the time scale being [0, 1] in Section 3 of
their paper. In addition, they also showed how the A-D conditions could be satisfied in
i.i.d. case and the fact that time scale can be extended to [0, c0) under some additional
conditions. As a result, our proof suffices to check the A-D conditions for ¢ € [0, 1] as

well as the condition of extending the result to t € [0, c0).

Let e; be the J-dimensional unit column vector with the jth element being 1 and
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Zij = (Z]',€])" be a new covariate vector. Further suppose that for [ € {0, 1,2},

n J

S00,0) = SO A exln" 2} (533

i=1 j=1

and s (v,t) = B[SO (v,t)] with ZJ, = 1, Z}, = Z;; and Z}, = Z;; Z], then we have the

5

following theorem.

Theorem 5.3.1 Suppose that N;,Y;, Z; are i.i.d. replicates of (N,Y,Z) forl =0, 1, 2,

let ¢V (B,t) = E[QW(B,t)]. Assume the following conditions hold:
(1) pjo, po € (0,1), ho(t) is non-negative finite and Z is bounded.

(II)  The matriz T is positive definite, where Y is defined by

~( D) (8o, ) (q<1><ﬁo,t>)T)
. @5, 1) 0 ho(t)dt.
/0 (q (Bo, ) (¢ (8o, 1)) "

Then with probability approaching one, there exists a local mazximizer 4 such that

45 vy and n'2(5 — ~0) 5 N(0,271), where

= S( ) 0 — 0 . ..
N /0 < (70, 1) (3(0)(%775))7, ) ho(t)dt (5.3.9)

Remark. Theorem 5.3.1 establishes the existence, consistency and asymptotic
normality of 4. So the estimated coeflicients of the covariates have asymptotic normal
distributions. The large sample distribution of the estimator of p; is log-normal instead
of normal as a result of the assumption that r; = log p;. Another issue to be noted is
that our discussion is restricted to the interior of the parameter space. The boundary

on which there are no immunes is not studied here.

Although we have restricted ourselves to the independence of baseline failure prob-
abilities of the risks and Z;, and the independence of # and failure causes, there is no
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difficulty in principle in allowing the cause-specific hazard function to be

where p;(z;) is a function of z; and f; is the regression coefficient associated with risk

j. For instance, if we assume that

exp{u; + 7 2}
1+ Zle exp{u; + 7TszZ-}’

pi(zi) =

the statistical inference can be given in the same way under some regular conditions.
The assumption of proportional cause-specific hazards function, however, cannot be
relaxed in this study. If we let hg = hjo, i.e. hy;(t)dt = p; exp{BT 2} hjo(t)dt such that
the hazard functions are not proportional to each other, the partial likelihood approach
cannot be adopted. The work of Larson and Dinse (1985) is relatively general and does
not have such restrictions. But their work is based on a parametric setting and the

exhaustion of the failure cause.

Following the suggestion of Breslow (1972), the cumulative baseline hazard can be

estimated by

/ 2 eXP{BTZz}Y( )
where Ag(?) fo poho(u)du and N(u) = > Nij(u). Consequently, the baseline pro-

portion of the immunes can be estimated by

1 — po = exp{—Ay(c0)}

and the failure function of 7} can be approximated by

~ ~

Fi(t)=1—8,(t) =1 — exp {— eXp(BTzi)Ag(t)} . (5.3.10)
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The foregoing describes how the estimated probability of immunes may be derived with

improper baseline c.d.f. mentioned in Section 5.2. The likelihood function employed is

log L, = Z /0 h BT 2dN;(t) — /0 h log {Z Yi(t) exp{leﬁ}} AN (2). (5.3.11)

It is obvious that only covariate is informative in Equation (5.3.11). The proba-
bilities associated with the risks can be estimated by a non-parametric approach. In

comparison, we have derived the MLE of p;, for 1 < j < J parametrically.

5.4 A Simulation Study

A simulation has been conducted to assess the performance of our approach. As-
sume that Z; = (Z;, Zi2), where Z; follows a 50-50 Bernoulli distribution and Z;5 ~
U(—1,1). The survival times and failure causes of the individuals are assumed to be
independent. The coefficient vector of the covariates is assumed to be fy. Individual
1 suffers from two potential risks with associated probabilities p;; and p;s respectively.
p' = pi1 + pio is the probability that individual ¢ is not a long-term survivor, i.e. indi-
vidual ¢ will eventually fail from the two risks under consideration. We take p’ < 1 so

that the immunes exist.

Without loss of generality, the baseline failure distribution given that a failure will

eventually happen is assumed to be

Fy(t) = P{T; <t|Dy # 0} =1 — ¢ 00321,
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the baseline failure proportion for the two risks are set to be
por = P{Dy =1} = 0.4, poz = P{Dy =2} =0.5

and the covariate coefficient 8y = (—0.6484,0.5)7. In addition, each subject is assumed
to have an independent random censoring time generated from uniform distribution

between 50 and 100. Equation 5.2.2 indicates that:
pi — 1 _ (1 _ pO)eXp{ﬂgZi}.

Thus
pin =71 po1/(Po1 + po2) , P2 =17 Po2/ (Po1 + Po2)-

The baseline distribution function is

Fo(t) = P{Ty <t}
= P{T; <t,D, # 0}
—= P{Ty; < t|Dg # 0}(po1 + po2)

= 0.9 — 0.9¢ 2021,
Hence the true distribution function for 7} is

Fi(t) = P{T < 1}
=1—P{T >t}
=1-(1- Fo(t))e’(p{ﬁgz"}

=1— (0.1 + 0.9e~ 0052t yexp{fig )

Similarly we can derive the distribution conditional on the eventual failure. It is

F*(t) _ E(t) o 1-— (01 -+ 0.96*0.0321t)exp{ﬁoTzi}
i Cputpe 1—(1- pO)eXP{g()TZi}
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Table 1 shows the simulation performance for different sample sizes with replicates
R = 100. To show the robustness of this approach, another simulation with 5, =
(—0.2730,0.8)T, pg1 = 0.3 and pyy = 0.4 is also conducted. The results have been listed
in Table 2 also with replicates R = 100. It can be seen from Table 5.1 and Table 5.2
that our proposed approach leads to reasonably accurate point estimates. The STD

also seems to decrease as the sample size increases.

In addition, to assess the goodness-of-fit of our fitted model, Kolmogorov-Smirnov
test has been carried out for different sample sizes of 1000 replicates based on the re-
moval of the continuous covariate. Two groups of survival data are generated separately
with the covariates (0,0) and (1,0)” for the analysis. The sample size for each group
is assumed to be M. As can be seen from Table 5.3, the rejection percentage for each

sample size is almost zero.

Figures 5.1 and 5.2 show the curves of the estimated c.d.f.’s for the grouped data with
covariates (0,0)7 and (1,0)” superimposed by the empirical distribution and true dis-
tribution for one realization of sample size 100 for each group in simulation 1. The em-
pirical distribution functions are derived by Kaplan-Meier method (Kaplan and Meier,
1958) and the fitted c.d.f.’s are developed from Equation (5.3.10). It can be seen that
the curves are similar and the proposed approach provides good descriptions of the

c.d.f.’s for both groups.

97



Table 5.1: Estimated Parameters in Simulation 1

Parameter Po1 Doz Bo(1) Bo(2)
N True value 0.4000 0.5000 -0.6484 0.5000
100  Estimate 0.3989 0.4951 -0.6653 0.5261
STD 0.1153 0.1361 0.2862 0.2201
200 Estimate 0.3983 0.4914 -0.6676 0.5327
STD 0.0742 0.0919 0.1949 0.1478
300 Estimate 0.4045 0.4998 -0.6614 0.5213
STD 0.0594 0.0639 0.1507 0.1337
400 Estimate 0.4022 0.4966 -0.6655 0.5186
STD 0.0497 0.0533 0.1350 0.1110
500 Estimate 0.4010 0.4984 -0.6596 0.5201
STD 0.0453 0.0517 0.1172 0.1046
600 Estimate 0.4026 0.5009 -0.6588 0.5138
STD 0.0417 0.0444 0.0959 0.0989
700 Estimate 0.3972 0.4958 -0.6590 0.5132
STD 0.0364 0.0397 0.0832 0.0851
800 Estimate 0.3973 0.4991 -0.6563 0.5163
STD 0.0339 0.0439 0.0860 0.0845
900 Estimate 0.3998 0.5012 -0.6576 0.5122
STD 0.0314 0.0383 0.0769 0.0810
1000 Estimate 0.4014 0.5010 -0.6521 0.5106
STD 0.0302 0.0356 0.0735 0.0725
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Table 5.2: Estimated Parameters in Simulation 2

Parameter Po1 Doz Bo(1) Bo(2)
N True value 0.3000 0.4000 -0.2730 0.8000
100  Estimate 0.2936 0.4068 -0.2914 0.7827
STD 0.1097 0.1693 0.2687 0.2478
200 Estimate 0.2969 0.4038 -0.2848 0.8062
STD 0.0984 0.1386 0.2104 0.1665
300 Estimate 0.3001 0.4072 -0.2842 0.7951
STD 0.0643 0.0976 0.1656 0.1307
400 Estimate 0.3006 0.4087 -0.2889 0.7986
STD 0.0672 0.0917 0.1411 0.1149
500 Estimate 0.3055 0.4138 -0.2812 0.7960
STD 0.0509 0.0748 0.1282 0.1142
600 Estimate 0.3041 0.4067 -0.2846 0.7919
STD 0.0513 0.0707 0.1100 0.0955
700 Estimate 0.3005 0.4016 -0.2786 0.7919
STD 0.0406 0.0633 0.1005 0.0891
800 Estimate 0.3019 0.4031 -0.2792 0.7901
STD 0.0388 0.0544 0.0964 0.0868
900 Estimate 0.3033 0.4031 -0.2773 0.7904
STD 0.0369 0.0540 0.0882 0.0746
1000 Estimate 0.3002 0.4010 -0.2753 0.7924
STD 0.0337 0.0473 0.0872 0.0731
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Table 5.3: Rejection Percentage by K-S Test

M 20 50 100 200 300 400 500

Group 1 0.009 0.012 0.006 0.004 0.006 0.007 0.005
Simulation 1
Group 2 0.018 0.019 0.013 0.016 0.012 0.014 0.011

Group 1 0.011 0.008 0.014 0.012 0.009 0.004 0.003
Simulation 2
Group 2 0.013 0.008 0.007 0.009 0.008 0.007 0.008

5.5 Concluding Remarks

An extended Cox proportional hazards model is proposed to approximate survival data
for competing risks in the presence of covariates and immunes. Under the assumptions
of independent censoring and improper baseline hazards, an MLE can be derived from
the partial likelihood function. The existence, consistency and asymptotic properties of
the estimators are studied thoroughly. In particular, the estimators of the failure rates
are proved to be consistent and asymptotically log-normally distributed. A simulation
study which favors the proposed approach has been conducted to assess and compare

the performances of our methods under different sample sizes.

The advantage of this work is that the probabilities of failing from the risks are
parameterized and separated from the shape of baseline hazard functions. In previous
work, the probabilities can only be obtained after the hazard functions are estimated

first. In many studies, the hazard functions are not of main interest. Our approach
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provides an alternative way to investigate these problems. At least, it provides a method
to verify the results developed by the traditional approach. In addition, it also provides

a foundation of the study of the existence of immunes in a semi-parametric approach.

We have restricted our discussion in the proportional hazards setting which is ex-
pected to be relaxed in the future based on the development of counting processes
techniques. Useful approaches such as those of Aalen (1975), Kuk and Chen (1992) and
Andersen et al. (1993) have provided a basis for this development. Another interesting
issue is the test for the existence of immunes, i.e. whether the value of Z}]=1 Poj is 1
or not. A boundary test of “no immunes” for competing risks data in the presence
of covariates has been discussed in Chapter 3 and a similar test in the framework of

semi-parametric model is also included in the future work.

5.6 Proofs

The proof will make use of to the work of Andersen and Gill (1982), where a general
approach to the large sample properties of Cox’s regression model is adopted. Their
conditions A-D can be recast as:

A, [} ho(t)dt < .

B. There exists a neighborhood I" of 7y such that for [ = 0,1, 2

P
sup  [[SU(y,1) = sU(v,8)|| = 0.
te(0,1],y€l

102



C. There exists 6 > 0 such that
_ P
n~? SUE|Zij|3/ij(t)f{7c)TZij > —0}Zij| — 0.
17]7
D. s¥(v,t) is continuous and bounded in I' uniformly in ¢ € [0,1] for [ = 0, 1,2 with

s away from zero.

Lemma 5.6.1 (The application of Theorem 4.1 and Theorem 4.2 of Andersen and Gill
(1982)) Suppose that N;,Y;, Z; are i.i.d. replicates of (N,Y,Z) with Y left continuous
with right hand limits, Z is bounded, E[N(0c0)|] < oo, the above A-D conditions are

satisfied and for each T < 00, P(Y(t) =1,Vt < 7') > 0, we have:

n'2(4 = o) = N(0, 571, (5.6.12)

Proof. The proof is standard and omitted here. m

Proof of Theorem 5.3.1 Note that Y (¢) is automatically left continuous with right

hand limits and E[N(00)] < co. The log partial likelihood function can be rewritten as

log L, = Z/t ) 25yd N (t) — Z/t Olog {Z Yim (%) exp{zlz;n’y}} dN;;(t). (5.6.13)
ij = ij = Lm

The score function with respect to ~ is

. & o Zl,m Yim (t)zlm eXp{le;nﬁ)/} 3
U(y) = Zj /0 {ZZ] ] } AN (1) (5.6.14)
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with a compensator

Oo 1o Yo (8) 2im exp{ 21,
N Z/O {Zij B ZZZ - Yir(jzt) eXPfZ{#’Y;} } dA;(t), (5.6.15)

where

is the compensator of N;;(t).

The next part of the proof is to check the A-D conditions similar to that in Andersen

and Gill (1982). Note that,

500,1) = - S ¥y e 0 = LS Ve

=1 j=1
(5.6.17)
n J n
1 p
S(l)(%t) = ZZZ (1)Y;; exp” Zig(t) _ = Yi(t) eXpﬁTZZ(t)(ZZ'TﬂUT)T,
i=1 j=1 i—1
(5.6.18)
n J n
1 g D —
S®@ =— Z Z Yy exp” TZi;(t) _ = ZYi (1) exp?® %0 A
i=1 j=1 i=1
(5.6.19)

and 59 (v,t) = E[S®(~,t)], where the vector w = (py,...,ps)"/p is comprised of the

weights of the risks and

A= . (5.6.20)

wZl  wl,
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After some trivial calculation, we can see that

T 0 o0
U = 0
¥ is a k x J matrix and its value has no influence on the result. Obviously, ¥ is

positive definite given that T and = are positive definite by assumption. Further for

each t < 7¢ < 00, we have
P{Yi(t) =1} = P{T} > t,u; >t} > (1 —p)(1 - G(t—)) > 0, (5.6.21)

where G is the c.d.f. of u;. Therefore by the same line of Theorems 4.1 and 4.2 of
Andersen and Gill (1982) the conditions A, B and D hold. This leaves the condition

“C”. Note that

n= 2 sup | Z,(4)|Yiy (0 g Zi(8) > =8| Zis (1)}

Z‘,j,t

= Y2 sup \/Z;(t)? + 1Y;(t)] {50TZz'(t) + logp; > _5\/m}

i7j7t

<n " sup |Z,-(t)|Y,~(t)I{ TZ,(t) > —6\/Z, (1) + 1} V2

1,55t

= B+n /2

It is obvious that B — 0. Condition “C” holds consequently. To extend the time
scale, Z is bounded by previous specifications, F[N(o0)] < 1 < oo and for each 7 < oo,

P(Y(t) =1,Vt < 1) > 0 by Equation (5.6.21).

The proof is completed.
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