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ABSTRACT 

 

Recently published and popular national design codes such as the AISC (2010), 

Eurocode 3 (2005) and CoPHK (2005) recommend the use of second-order analysis 

and design method as an advanced tool in place of the first-order analysis and design 

method such that the unreliable estimation of effective length and determination of 

buckling reduction factors can be eliminated. The use of this simple and accurate 

advanced design tool for typical steel structures has been proposed by many 

researchers. However, research with aim for practical application of the method for 

steel-concrete composite structures receives relatively few discussions and 

verifications against test and code results. The aim of this thesis is to propose and 

develop a practical advanced design method for light-weight and composite 

structures. 

 

The light-weight structures such as the transmission towers and tower cranes which 

collapse quite commonly in different parts of the world. The collapse of these 

structures is mainly due to the structural instability rather than material yielding. 

Therefore, the inclusion and consideration of the nonlinear effects such as P-Δ and 

P-δ moments, member initial imperfection and global structural imperfection in 

analysis are important so as to reflect the actual structural behaviors. However, the 

way to consider these effects in design by estimation of effective length in the first-

order analysis and design method is not only inconvenient, but also inaccurate and 
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unreliable. Incorrect estimation of the effective length may lead to under-design of 

the structures which may eventually cause the collapse of the structures.  

 

Convenience and reliability in design of steel structures, especially for angle 

members are another attraction for second-order analysis and design method. The 

monosymmetric or asymmetric section property and eccentric connection in angle 

members further complicates its design process, and many design codes provide 

different complex equations to consider these effects which can be simulated 

automatically in analysis model in the proposed method so that the design process 

can be much simplified. 

 

Steel members have been popularly used in different structural forms. Due to the 

increase of building height and structural span, the use of steel-concrete composite 

members becomes more popular because of its advantages over bare steel and 

reinforced concrete members. Most nonlinear finite element packages are 

complicated and unsuitable for practical design because of the requirement of huge 

computational time. Therefore, an efficient and accurate analysis and design method, 

which includes the nonlinear effects and fulfills code requirement, is proposed for 

steel-concrete composite members with verification examples to confirm its validity 

for practical applications. 

 

Consideration of material nonlinearity in study of inelastic behavior of composite 

members is obviously important and the second-order inelastic analysis is proposed 

in the final part of the thesis to include both the geometric and material nonlinearities 

in analysis. Refined plastic hinge method in conjunction with initial and full yield 
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surfaces is used to trace material yield for guaranteeing both efficiency and accuracy. 

In this thesis, extensive numerical examples are provided for verification. 
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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 Background 

 

Use of the nonlinear analysis method as an accurate tool for design of different types 

of structures becomes more popular because the cost of computational time is much 

reduced due to the rapid development of computer technology, resulting in 

production of low-cost and high capacity personal computers. Different types of 

nonlinear analysis were studied by researchers for their advantages and limitations, 

see Chan and Chui (2000). The results from some analysis methods such as second-

order elastic and inelastic analysis methods can be used directly for design propose 

but some nonlinear analysis such as the elastic bifurcation analysis only provides an 

upper bound solution. Latest versions of national design codes such as American 

standard (2010), Australian standard (2004) and European standard (2005) 

recommend the use of second-order analysis and design method to eliminate the 

uncertainties in estimation of effective length and determination of moment 

amplification factors in traditional first-order method. The complicated design 

process is simplified in second-order analysis and design method by using the 

section capacity check as most of the nonlinear effects such as P-δ and P-Δ effects 
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and member local and structural global imperfects can be included in analysis 

directly.  

 

Two approaches are commonly adopted including the finite element method and 

stability function in developing the beam-column element for second-order analysis. 

The details and differences in both methods were presented by Chen and Lui (1991). 

Because of the simplicity in finite element method, it is widely adopted to solve the 

engineering analysis problems. The use of cubic Hermit element is the simplest 

method for development the nonlinear element which, however, is unable to include 

the initial imperfection in element which leads to error when the axial force is large. 

Therefore, higher order elements including fourth-order and fifth-order were 

proposed by researchers. The imperfect Pointwise Equilibrium Polynomial (PEP) 

element proposed by Chan and Zhou (1995) can consider not only the initial member 

curvature, but also the interaction between the axial force and bending moments at 

element level. Use of only one element per member is sufficient for most 

engineering problems so that a consistent model for first-order and second-order 

analysis can be obtained. In other words, engineers do not need to divide a member 

into two or more elements when they construct a computer model for second-order 

analysis of a frame. The application of second-order analysis and design method for 

different typical steel structures was studied by researchers, and the accuracy was 

also reported. This research project aims to propose a second-order analysis and 

design method for angle members and to assess the accuracy of the proposed method 

and the traditional codes method in design of angle trusses. 
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The demand on steel-concrete composite structures has increased significantly due to 

the requirements of high strength and ductility members especially for high-rise 

buildings and mega trusses. The beneficial effects on composite members over the 

steel and reinforced concrete members were summarized by Johnson (2004). In 

order to understand the different behaviors of composite members, extensive 

experimental investigations were carried out to study the beam, beam-column and 

column behaviors of composite members as described by Shanmugam and Lakshmi 

(2001). The research areas included the confinement effect on in-filled concrete 

provided by steel tubes under different cross-sectional shapes, the beneficial effect 

on strength and ductility of the composite members under different strengths of 

concrete and steel, and the increase in the capacity of composite members under 

different slenderness ratios and loading conditions. Most of the experimental tests on 

composite members focused on the behaviors of isolated columns under pinned or 

fixed end condition. Based on the understanding on the behaviors of isolated 

columns, the experimental test to study the behaviors of Concrete-Filled Steel (CFS) 

tubes which are acted as members in the trusses are conducted in the research project 

for this thesis. 

 

The commonly used methods for analysis of composite members include one 

dimensional beam-column analysis model and three-dimensional finite element 

model. The beam-columns analysis model is relatively simple while the three-

dimensional finite element model is more accurate. The uses of these methods for 

analysis of composite members were demonstrated by researchers with its accuracy 

and efficiency verified. However, due to the complexity and extensive time 

consumption, these methods are more applicable to analysis for behaviors of single 
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members. Therefore, a simple, accurate and efficient second-order analysis and 

design method for steel-concrete composite members which can include the 

nonlinear effects and initial imperfection automatically in analysis and fulfill the 

code requirements is needed and proposed in this thesis.  

 

The material nonlinearity should also be considered in advanced analysis to capture 

the load-deflection relationship and to study the inelastic behavior of members and 

structures. Generally speaking, distributed plasticity (Plastic zone method) and 

lumped plasticity (Plastic hinge method) are two methods commonly adopted for 

beam-column element. The accuracy of the plastic zone method was demonstrated 

by researchers in different examples. An exact solution can be obtained in plastic 

zone method to include most of the nonlinear effects. However, the huge 

computational effort in discretization of the cross-section and along the member 

length is required and therefore this method is less applicable for engineering 

practice. The plastic hinge method is simpler than the plastic zone method without 

much loss of accuracy. In plastic hinge method, the cross-section plastification is 

only lumped at one or two ends of the member and the remaining region is assumed 

to be elastic. The studies on different refined-plastic hinge methods to simulate the 

gradual yield were conducted by researchers such as beam-column section stiffness 

degradation method by Liew et al. (1993a,b), beam-column member degradation 

method by King and White (1992) and zero-length pseudo-spring element method by 

Al-Mashary and Chen (1991). The different expressions on the section spring 

stiffness and definition of initial yield and full yield surfaces were studied by these 

researchers. This thesis proposes a practical second-order inelastic analysis method 

for steel-concrete composite beam-columns by using the refined-plastic hinge 
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method. The determination of the initial and full yield surfaces of the composite 

cross-section based on the cross-section analysis method is described. 

 

 

1.2 Research Objectives 

 

The primary objective of this research project is to extend the accurate and efficient 

second-order analysis and design method to other structural forms to replace the 

traditional first-order analysis and design method. It also aims to explain the 

inaccuracy and inconvenience of using first-order analysis and design method so as 

to emphasize the advantages of using the proposed second-order analysis and design 

method and to provide the verification examples. 

 

This research project also aims to study the behaviors of composite beam-columns 

experimentally and analytically. The proposal of both the second-order elastic and 

inelastic analysis for composite beam-columns for applications in different situations 

is another objective of this research project.  

 

The objectives of this research project can be summarized as follows.  

 

a) To apply the second-order analysis and design method to light-weight angle 

structures with comparison on the accuracy of the proposed method and 

traditional codified method against experiments. 
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b) To compare both the strength and ductility of steel and CFS tubular isolated 

columns and members in truss systems so as to study the beneficial effects due 

to in-filled concrete.  

 

c) To verify and compare the accuracy of linear-analysis and design method in 

some common design codes for steel-concrete composite beam-columns. 

 

d) To propose the second-order elastic analysis and design method for composite 

beam-columns to include the geometric nonlinearity for fulfillment code 

requirements with inclusion of verification examples. 

 

e) To develop a simple and efficient second-order inelastic analysis method to 

include both the material and geometric nonlinearities in analysis for composite 

beam-columns using the refined-plastic hinge to simulate gradual material yield.

  

 

1.3 Layout of Thesis 

 

The thesis comprises eight chapters and the layout of this thesis is presented as 

follows: 

 

Chapter 1 provides the background information on the needs and objectives of the 

current research project. The research layout is also described. 
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Chapter 2 presents a review on the existing literature covering the topics in this 

research project. The development of finite element method for beam-columns 

element in second-order analysis is reviewed. The scope of application, accuracy and 

limitations of different nonlinear analysis methods are concluded and compared. The 

experimental and analytical investigations on the behavior of CHS tubular members 

are concluded for development of efficient and accurate second-order analysis and 

design method for composite members. Finally the uses of plastic hinge and plastic 

zone methods in second-order inelastic analysis are also examined. 

 

Chapter 3 presents the formulation for PEP element, which is able to model one 

element per member with inclusion of member imperfections. The formulations of 

secant and tangent stiffness matrices are described. The theories of different 

incremental-iterative numerical techniques, which are essential in nonlinear analysis 

to trace the load-deflection curves, are introduced and summarized with its 

limitations and efficiency described. Finally, an example of shallow dome is given to 

demonstrate the use and verify the accuracy of PEP element in highly nonlinear 

analysis and to show the ability of the numerical methods in tracing the snap-through 

buckling. 

 

In Chapter 4, both the first-order and second-order analysis and design methods for 

steel structures especially for angle members are presented. Predicted failure loads of 

the angle members in the trusses by different codified method are compared with test 

results in order to verify the accuracy of effective length methods in design codes 

which commonly modify the slenderness ratio or use interaction equations to 

consider effects due to the eccentric connection and end rigidity. To date, design 
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method using the second-order analysis has become popular because it captures 

directly the structural behavior in analysis and eliminates the error in a linear 

analysis and design. Therefore, a refined second-order analysis method is proposed 

for design of angle trusses composed of single angle members with accuracy verified 

by tests. 

 

Chapter 5 describes the experimental investigations on steel and CFS tubular 

columns and trusses. The beneficial effects due to the in-filled concrete on both the 

isolated columns and constituent members in trusses are studied. The capacities and 

load-deflection relationships of the members in the trusses are also compared with 

the isolated columns to study the effects of member end conditions.  

 

In Chapter 6, both traditional and advanced design methods for composite beam-

columns are described. The traditional codified linear analysis and design methods 

are summarized and compared with the test results to show its inconvenience and 

uncertainties in design of composite beam-columns. Due to the disadvantages of the 

codified method concluded in this chapter, the second-order analysis and design for 

composite beam-columns, which fulfills the code requirement and includes initial 

imperfection, is proposed. The accuracy of the proposed method in design of 

composite beam-columns with various cross-section types is calibrated and verified 

with the design codes and experimental tests. 

 

Chapter 7 proposes the second-order inelastic analysis for steel-concrete composite 

beam-columns with material nonlinearity included in analysis directly. The refined 

plastic hinge approach is used in inelastic analysis to trace gradual material yield and 



 
Chapter 1   Introduction 
 

9 

simulate the full plasticity of a cross-section. The definitions of the initial and full 

yield surfaces, which are used to initiate the yielding and indicate the full plastic 

stage, for steel-concrete composite cross-sections based on the cross-section analysis 

are presented. The proposed method is verified in tracing the load-deflection 

behavior of both isolated composite columns and structural members.  

 

The thesis ends with Chapter 8 and the significances of this research project are 

highlighted in this chapter. Recommendations and suggestions for future works are 

given. 
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CHAPTER 2  

 

LITERATURE REVIEW 

 

 

2.1 Introduction 

 

This chapter presents a review on the development of finite element method for 

beam-column element in second-order analysis. Different types of nonlinear analysis 

and its limitations and accuracy are discussed. Based on the theory of finite element 

method, a beam-column element with imperfection will be proposed for second-

order analysis of steel and steel-concrete composite structures in the following 

chapters. The reviews on the experimental, analytical and codified studies on 

Concrete-Filled Steel (CFS) tubular members are carried out to investigate the 

behaviors of isolated members for studying the constitutive members in the 

structural systems in this thesis. Last but not least, the study of inelastic behaviors of 

frame structures by the plastic zone and plastic hinge methods are reviewed in this 

chapter for proposing the second-order inelastic analysis method by using the refined 

plastic hinge method for composite beam-columns. 

 

 

2.2 The Finite Element Method for Beam-column Element 
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Rapid development of technology in desk-top computing makes the second-order 

analysis more popular, with extensive researches focused on refining this method for 

practical applications. Many design codes such as AISC (2010), AS4100 (1998), 

Eurocode 3 (2005) and Eurocode 4 (2004) recommend the use of second-order 

analysis method as a more accurate computational tool for both steel and steel-

concrete composite structures and should be used when the elastic critical load factor 

is less than the code specified limit. In the second-order analysis, the important 

nonlinear effects such as the P-Δ and P-δ moments as well as local and global 

imperfections are included in analysis process. As a result, this analysis and design 

method not only increases the accuracy on estimation of failure load, but also saves 

the time and effort for design. The advantages of using the second-order analysis and 

design method have been summarized by many researches such as Chen (2000) and 

Chan et al. (2005) as skipping of the assumption of effective length because the P-Δ 

and P-δ effects are considered reliably and automatically in analysis. 

 

Generally speaking, the finite element method (Bathe and Bolourchi 1979; Connor et 

al. 1968; Chan and Zhou 1994; Iu and Bradford 2010) and the stability function 

(Oran 1973; Chen and Lui 1987; Liew et al. 1999; Chan and Gu 2000) are two 

common approaches in developing the beam-column element. Their merits and 

limitations were reported by McGuire and Ziemian (1989) and Gu and Chan (2005). 

The merit of the finite element method is on its simplicity, whereas the stability 

function is about its accuracy. The finite element method for beam-column element 

in second-order analysis is focused in this chapter. 
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The finite element method is a widely accepted method to solve engineering analysis 

problems. It generally based on the energy principle. The assumption of the 

displacement function is important for the element. By employing the principle of 

total potential energy, the stiffness matrix relating the nodal forces and nodal 

displacements can be obtained. The use of cubic Hermite element is the simplest 

method for developing the nonlinear element by finite element method (Connor et al. 

1968; Bathe and Bolourchi 1979; Meek and Tang 1984; Teh 2001). The third-order 

displacement shape function is assumed in cubic element which contains four 

coefficients in the displacement function, requiring four boundary conditions at both 

ends of the element to solve the coefficients. The successful applications of the cubic 

element were well demonstrated through many examples. However, researchers 

indicated that the error for the cubic element increases significantly when the axial 

force is large (see So and Chan 1991; Chan 2001). Furthermore, the P-δ effect due to 

member imperfection cannot be included if only one element per member is used in 

modeling. The use of several elements to model a member not only leads to 

complexity in modeling, but also causes the inconsistence between the linear and 

nonlinear models. The higher order elements were proposed to improve the accuracy 

of using one element per member in analysis, which lead to much convenience in 

practical design. For examples, the forth-order displacement function (Izzuddin 1996; 

So and Chan 1991; Iu and Bradford 2010) and fifth-order polynomial displacement 

function (Chan and Zhou 1994) were proposed to replace the cubic element. In the 

fifth-order Pointwise Equilibrium Polynomial (PEP) element, two additional 

constraints of equilibrium were imposed at the mid-span of an element to find out 

two additional coefficients. Only one element per member in PEP element is 
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sufficient in most practical cases and its accuracy was verified in different structures 

(Chan and Zhou 2000). 

 

Initial imperfection is important for engineering design because it is essential in 

affecting the buckling strength of a structure and unavoidable during fabrication or 

erection of structures, hence, the inclusion of the initial imperfection in second-order 

analysis is important. Srpcic and Saje (1986) and Wen and Suhendro (1991) included 

the initial curvature into the curved element, however, the P-δ effect due to axial 

force and member deflection was still not properly included in their method. Chan 

and Zhou (1995) included the member initial imperfection in their imperfect PEP 

element by using the fifth-order displacement function via the parabola shape for the 

initial imperfection.  

 

Based on the accuracy and efficiency of the PEP element and its ability to include 

the member imperfection by using only one element per member, the PEP element is 

adopted in this thesis for second-order elastic and inelastic analysis.  

 

 

2.3 Different Types of Nonlinear Analysis 

 

Different types of analysis have its assumptions, scope of applications, accuracy and 

limitations. The aim of each analysis method is to simulate the behavior and to give 

a reasonable prediction on the capacity of the structural systems. Member capacities 

from some analysis methods can be applied for design directly while some results 

should be amplified with various factors according to design codes. Some typical 
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analysis methods used for structures are reviewed below and they include the elastic 

bifurcation analysis, second-order P-Δ only elastic analysis, second-order P-Δ-δ 

elastic and inelastic analysis, and advanced analysis. Various analysis types are 

graphically presented in Figure 2.1. 

 

In elastic bifurcation analysis, the eigenvalue problem is formulated as follows. 

[ ] [ ] 0L cr GK Kλ+ =  (2.3.1)

where [KL] is the linear stiffness matrix and [KG] is the geometric stiffness matrix, 

and λcr is the elastic buckling load factor. When the applied load is at this buckling 

load level, the structures will buckle elastically and suddenly. In this analysis, the 

initial imperfection, pre-buckling deformation and material nonlinearity are not 

considered and hence, this method can only obtain the upper bound solution which 

cannot be directly used for design (Chan et al. 1995). The effective length factor for 

a member in the structural system can be determined by using this method (Kirby 

1988) and the elastic buckling load factor can also be used as an indicator for frame 

classification such as non-sway, sway or sway ultra-sensitive frames. 

 

In second-order P-Δ-δ elastic analysis method, the P-δ and P-Δ effects, local and 

global imperfections, member bowing deflection and stiffness change, and the 

equilibrium in the deformed position of the structure are considered in analysis 

process. Therefore, the load-deflection curve of this analysis method shown in 

Figure 2.1 follows the path of actual behavior before yielding. Because material 

nonlinearity is not considered in elastic analysis, the capacity of the structural system 

is over-predicted and deviation of the load-deflection curve is mainly due to this 

reason. In second-order P-Δ only elastic analysis, only the P-Δ effect is considered in 
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analysis and P-δ effect is ignored. Hence, the individual member check to 

compensate for the P-δ effect is still required. 

 

The difference between second-order elastic and inelastic analysis is the 

consideration of the material nonlinearity in analysis (Ziemian et al. 1992a,b; Yau 

and Chan 1994). The ways to consider the material nonlinearity including the 

distributed plasticity and lumped plasticity models which are reviewed in section 2.7. 

Theoretically, the behavior and collapse load of the structural system analyzed by 

second-order inelastic analysis method are very close to the real structural behavior. 

However, the errors in this analysis method are generally due to the discrepancies on 

assumption of the material constitutive model, the value of initial member and frame 

imperfections as well as the residual stress in the structures. 

 

In advanced analysis, the individual member capacity check is avoided because both 

the material and geometric nonlinearities are taken into account in the analysis (Chen 

and Kim 1997; Liew et al. 1997; Chan and Zhou 1998; Trahair and Chan 2003). Any 

analysis methods with elimination of the specification member buckling resistance 

checks by capturing all nonlinear structural behaviors in analysis can be defined as 

the advanced analysis.  

 

The limitations and accuracy of typical nonlinear analysis methods have been 

discussed above. The second-order P-Δ-δ elastic and inelastic analysis are two 

common methods for analysis and design of structures. Although material 

nonlinearity is ignored in second-order elastic analysis, the method is simpler than 

inelastic analysis and only the section capacity check is required so that the complex 
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and unreliable process in estimation of the effective length factor is eliminated. In 

second-order inelastic analysis, the behaviors of structures such as the load-

deflection relationship can be traced more precisely so as to study the inelastic 

response of the structures. Therefore, both the second-order P-Δ-δ elastic and 

inelastic analysis methods will be investigated in this thesis. 

 

 

2.4 Experimental Investigations on Concrete-filled Steel Tubes 

 

CFS tubes are widely used in many structural systems such as the columns of high-

rise buildings and long span structures, chord and web members of mega trusses in 

different regions such as Japan (Morino 1998), Australia (Uy 2003; Uy 2011) 

Europe and Hong Kong (Vesey et al. 2005). Numerous advantages of CFS tubular 

members over equivalent steel and reinforced concrete members enhance the use of 

CFS tubular members in structural systems. The major advantages were indicated by 

many researchers through the experimental tests and are summarized as below. 

 

(1) The use of CFS tubular columns eliminates the use of formwork which is 

replaced by steel tube so that the construction time and cost are reduced (Tomii M et 

al. 1973; Bridge and Webb 1993). 

(2) The strength and stiffness of the CFS tubular members can be increased without 

enlargement of the column size with the usable space maximized (Roderick and 

Rogers 1969; Shakir-Khalil and Zeghiche 1989; Shakir-Khalil and Mouli 1990).  
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(3) The in-filled concrete core prevents the inward local buckling of the steel tube so 

as to delay local plate buckling of the external steel tubes (Furlong 1967; Zeghiche 

and Chaoui 2005).  

(4) The concrete core restrained by the steel tube provides the confinement effect 

which increases the compressive strength of concrete (Gardner and Jacobson 1967; 

Matsui et al. 1995; O'Shea and Bridge 1997a,b; Johansson and Gylltoft 2002).  

 

Extensive experiments were conducted and reported on CFS tubular columns, beam-

columns and beams to study its axial, flexural and their interaction between axial and 

flexural actions. The main parameters of the studies on the behaviors of CFS 

members include the cross-sectional shapes (circular, square, rectangular), the 

strengths of concrete and steel, the slenderness ratios and the loading conditions 

(pure bending, concentric or eccentric axial load). A brief review on experimental 

investigation of the columns, beam-columns and beams tests of CFS tubular isolated 

members is given in this thesis. 

 

2.4.1 Concrete-filled steel tubular columns and beam-columns 

 

Experimental studies on CFS tubular columns and beam-columns are generally 

classified into short and slender columns according to the slenderness ratio. The 

failure mode of short column is typically crushing of the concrete or yielding of the 

steel. Therefore, the material strengths of concrete and steel especially the high 

strength materials, depth-to-thickness ratios and diameter-to-thickness ratios which 

influence the local buckling of the steel plate, and confinement effect on concrete 

core due to different types of cross-sections including circular, square, rectangular 
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and elliptical (Yang et al. 2008; Zhao and Packer 2009) were focused in the tests. 

Due to the development of technology, the high strength materials including high 

strength concrete and steel are generally used in practice. Recently, Liew (2011) 

studied the ultra-high strength composite columns with the use of ultra high strength 

concrete of 200MPa and high strength steel of 700MPa, he also applied the high 

strength materials in practical structures in Singapore. Although the higher ultimate 

strength can be reached, the sudden crash and the loss the stiffness sharply are the 

major concerns (Ge and Usami 1992). The influence on the ultimate strength due to 

local buckling was studied by (Uy and Bardford 1995; Bridge et al. 1995; Uy 2000), 

the capacity of the columns generally decreases with increasing of the steel plate 

slenderness. Therefore, many design codes limit steel plate slenderness to insure that 

the ductile yield of the steel can generally occur prior to the local buckling of steel 

plate. Also, the ductility of high strength concrete may not allow the simultaneous 

attainment of maximum strength of steel and concrete that equations for composite 

columns for normal concrete may not be applicable. 

 

Many findings reported that the confinement effect can only observed in the CFS 

tube with circular section, and no significant beneficial effect is noted on square and 

rectangular hollow sections (Tomii M et al. 1977; Tsuda et al. 1996; Schneider 1998). 

This confinement effect also diminishes with increase of bending moment and 

slenderness ratio because the mean compressive strain in the concrete is reduced due 

to tension induced by bending and significant lateral deflection in slender columns. 

Therefore, many design codes such as Eurocode 4 (2004) and AS5100 (2004) ignore 

the confinement effect when the relative slenderness ratio exceeds 0.5 and 

eccentrically to external diameter of the column ratio (e/Dout) exceeds 0.1. 
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In intermediate length or slender CFS tubular columns tests, the increase of the 

applied load enlarges the mid-span deflection and P-δ moment, and therefore, the 

flexural instability generally governs the failure mode of slender columns, and some 

crushing of concrete and yielding of steel prior to buckling are involved (Wang 

1999). The slenderness ratio highly influences the capacity of the slender column 

due to significant P-δ effect. Han (2000) pointed out that the column capacity is 

more controlled by the flexural rigidity rather than the strengths of steel  and 

concrete which give very little influence on the capacity of the slender columns.  

 

2.4.2 Concrete-filled steel tubular beams 

 

Tests on the CFS tubular members under pure bending are limited because the 

primary application of the CFS tubular members is taken as columns. When the CFS 

tubes under flexural, the steel contributes a large portion on stiffness and strength 

and the in-filled concrete can enhance flexural strength and ductility and energy 

absorption. Lu and Kennedy (1994) tested four steel and twelve CFS hollow sections 

and the results show that the in-filled concrete increases the ultimate flexural 

capacity on the specimens by 10 to 35% relative to bare steel tube. Similar 

conclusions can be drawn from the test results from Elchalakani et al. (2001) in their 

large deformation pure bending test, that the beneficial effects on CFS tubes are 

more significant for thinner steel sections.  

 

Some researchers also emphasized that the yield plateau can be observed and this 

reflects the good ductility for CFS circular, square and rectangular tubular members 
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compared with bare steel tubular members, (Han 2004; Chitawadagi and Narasimhan 

2009). Good ductility is also noted in CFS tubes with high strength steel or/and 

concrete (Prion and Boehme 1994; Uy 2001; Gho and Liu 2004). Lu et al. (2007) 

tested CFS tubes with rectangular section under different plate thickness, and they 

found that better ductility can be obtained for beam under different plate thickness 

compared with the beam with equal thickness walled for same overall size and 

materials. The initial rigidity of CFS tube in flexure is highly influenced by the 

degree of bonding of two materials. Lu and Kennedy (1994) concluded from the test 

results that the preferred bonding between two materials can be established and the 

slip is not observable under various shear-span-to depth ratios. 

 

From the research review, most previous experiments focused on the behaviors of 

isolated members under pinned or fixed end conditions, and the tests on steel and 

CFS tubes acting as members of a frames or truss structures are limited. When the 

CFS tubes are used as the members of a structural system, its end condition cannot 

be simply treated as pinned or fixed end. The contribution on stiffness from the 

adjacent members affects the end condition as well as the buckling resistance of the 

member. 

 

 

2.5 Codified Methods on Composite Members 

 

The design procedures for composite members were studied and modified by a lot of 

researchers over the past decades. Different approaches for design of composite 

members are used in AISC (2010), ACI 318 (2008), Eurocode 4 (2004), AS5100 
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(2004), BS5400 (2005) and CoPHK (2005). Various design methods are provided 

for several types of commonly used composite cross-sections. Some methods 

consider the composite columns as a steel column with equivalent and modified 

cross-sectional properties whereas other methods treat the composite columns as a 

concrete column with modified cross-sectional properties. The design principle, 

accuracy and degree of conservatism of the design codes in flexural capacity, axial 

strengths and their interactions are reviewed below.  

 

In AISC (2010), the design principle of composite columns is the same as the steel 

columns. The equivalent flexural stiffness is calculated and the reduction factors are 

then applied to determine the compressive strength. The second-order effects are 

considered in design by using the moment magnification approach when using the 

linear design approach. The nominal bending capacity is obtained by the plastic 

stress distribution in the composite section. Similar to the design of bare steel, the 

bilinear interaction formulae are used in composite members for calculating the 

interaction between axial and flexural effects, and the biaxial bending is treated as a 

linear combination of moments about principal axes.  

 

The same principle as the AISC (2010) for design of composite column is used in 

ACI 318 (2008) and the composite column is treated as the concrete column 

reinforced by steel tube with reinforcing bars or structural steel. The equivalent 

properties of the composite columns such as the flexural stiffness and radius of 

gyration with a parameter of sustained load ratio are used. A similar magnification 

approach is used to take the second-order effects into account. The same method 

used for concrete for consideration of strength interaction between the axial and 
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flexural effects is used for composite members, and it is based on the assumption of 

a linear strain distribution through the composite cross-section. Both the AISC (2010) 

and ACI 318 (2008) ignore the confinement effect on concrete in-filled in the steel 

tube for calculation of strength and ductility of composite columns. 

 

The design method of the most commonly used cross-section types of the composite 

columns are covered in Eurocode 4 (2004) including concrete fully and partially 

encased in steel sections and concrete in-filled tubular sections. The influence on 

flexural stiffness of composite columns due to long term effect can be considered in 

this code and the confinement effect is taken into account. The buckling and second-

order effects are compensated by factors to reduce the cross-section strength of the 

composite columns with the first-order moment amplified. The interaction of axial 

and flexural actions should be checked with moments properly amplified to include 

the second-order moments. 

 

The design method in AS5100 (2004) is applicable for CFS tubular columns with 

constant or varying cross-sections. The design principle in AS5100 (2004) is similar 

to Eurocode 4 (2004) with difference in determination of buckling reduction factor. 

The interaction curve same as Eurocode 4 (2004) is employed to consider the 

composite columns under axial and flexural effects. 

 

The design methods for Concrete-Encased Steel (CES) sections and CFS sections are 

provided in BS5400 (2005). The plastic stress distribution method over the cross-

section is used to determine the flexural capacity. The approximation for the 

interaction curve for axial load and moment is used to determine the design load. 
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The enhanced strength on concrete due to the steel tube is considered in BS5400 

(2005). 

 

Many researchers compared the results from experimental tests and predictions by 

the design codes in the axial capacity and the axial and flexural interaction effects. 

These studies include American standards (Weng and Yen 2002; Han et al. 2004; 

Ellobody and Young 2006; Ellobody et al. 2006), European standard (Wang 1999; 

Han 2000; Al-Rodan 2004; De Nardin and El Debs 2007), Australian standard (Tao 

et al. 2008) and British standard (Johnson and May 1978; Shakir-Khalil 1994; 

Hunaiti and Fattah 1994). Generally speaking, Eurocode 4(2004) covers most of 

design considerations and influences to the resistance of the columns (Saw and Liew 

2000). For the short columns, Eurocode 4 (2004) gives the closest estimation on the 

cross-section capacity. The other design codes generally underestimate the capacity 

because of the conservative reduction factors on the cross-section strength in 

concrete and steel. And some design codes ignore the confinement effect on the 

concrete due to the circular hollow tube resulting in a conservative prediction. For 

intermediate to slender columns, the degree of conservatism highly depends on the 

method to include the second-order effects and the interactive effect of axial and 

flexural strengths. The comparisons on test results and predictions from codes 

indicate that the interactive equations in AISC (2010) and BS5400 (2005) are too 

conservative and this leads to over-design of composite columns. Generally, results 

from Eurocode 4 (2004), AS5100 (2004) and ACI 318 (2008) give the relatively 

accurate and safe predictions. However, Hunaiti and Fattah (1994) and Zeghiche and 

Chaoui (2005) emphasized that the code methods on predicting the capacity of 

columns under double curvatures is inaccurate. The comparisons on the accuracy of 
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design codes in predicting the flexural capacity of composite members were also 

studied (Elchalakani et al. 2001; Han 2004; Gho and Liu 2004; Han et al. 2006). In 

conclusion, the design method in Eurocode 4 (2004) gives a better estimation in 

flexural capacity of the composite members while the design methods in ACI 318 

(2008), AISC (2010) and BS5400 (2005) give a safer but less accurate prediction.  

 

The degree of accuracy of design codes in predicting the capacity of CFS tubular 

members under concentric or eccentric load with pinned or fixed end boundary 

condition was compared against experimental results. The method to estimate the 

effective length highly governs the accuracy of the codified design. For simple end 

conditions like pinned and fixed ends, the effective length can be easily estimated. 

However, for more complicated cases in practical structures like trusses or arch 

structures, determination on the effective length is difficult and sometime impossible. 

Therefore, the degree of accuracy of those design codes should be verified, if the 

pinned or fixed end condition is assumed for those members of which the 

assumption over-simplifies the end connection in practical structures. 

 

 

2.6 Analysis Method on Composite Members 

 

The commonly used methods in analysis and simulation of the behaviors of 

composite members are (1) one dimensional beam-column analysis models (Neogi et 

al. 1969; Shakir-Khalil and Zeghiche 1989; Rangan and Joyce 1992; Matsui et al. 

1993; Lakshmi and Shanmugam 2002; Tikka and Mirza 2006) and (2) three-

dimensional finite element models (Schneider 1998; Shams and Saadeghvaziri 1999; 
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Hu et al. 2003; Hu et al. 2005; Ellobody et al. 2006; Han et al. 2008; Ellobody et al. 

2011). Two one dimension beam-column analysis models and the fiber model for 

section analysis are described below. 

 

The beam-column analysis model is relatively simple and the critical features of the 

behaviors of composite members can be simulated. Generally, there are two methods 

used for beam-column analysis in composite structures. The first method assumes 

the deflected shape of pin-end columns to be in a half sin-curve (Shakir-Khalil and 

Zeghiche 1989; Rangan and Joyce 1992), equilibrium is only maintained at the mid-

height of the column where the maximum deflection is noted. The assumption of 

deflection for a single member is simple and possible, however, for practical 

structures with a number of members, the assignment of the deflection becomes 

tedious and impossible. The second method is more general and accurate where the 

unequal end eccentricities can be considered and it is, however, more complicated 

than the first method. The member is divided into a number of segments along the 

member and the curvature can be obtained from the moment-curvature-thrust 

relationship for the cross-section. By integration of the curvature over the length, the 

member deflection can be found (Neogi et al. 1969; Matsui et al. 1993; Lakshmi and 

Shanmugam 2002; Tikka and Mirza 2006). The division of the member into a 

number of segments increases the computing time and, therefore, this method is 

seldom used in large structures. 

 

The fiber model is generally used by researchers in analysis of cross-sectional 

strength (Eltawil et al. 1995; Uy 1996; Hajjar and Gourley 1996; Munoz and Hsu 

1997; Han et al. 2004; Liang 2008). The cross-section is divided into a number of 
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fibers and each fiber can be assigned with different material properties such as 

concrete or steel. The strain in each fiber can be calculated from the neutral axis and 

curvature of the cross-section and the stress in fiber can be obtained from the 

constitutive models. The stresses are then integrated over the fibers to find the 

resultant force and moments and hence the moment-curvature-thrust relationship can 

then be determined. 

 

Another analysis method for composite members popularly adopted by the 

researchers is the three-dimensional finite element model. In this model, the 

behaviors of composite members is simulated accurately by using adequate elements 

for modeling different components such as the concrete, steel, reinforcement and the 

interface. The accuracy of using this method was demonstrated by different 

examples. However, this method is not popular in practice because huge 

computational effort is needed. 

 

Both efficiency and precision are important in analysis of practical structures which 

include hundreds of members. The use of a simple and accurate way to include the 

nonlinear effects such as initial imperfection is important. Therefore, a more 

practically applicable analysis and design method which fulfills the code 

requirements for second-order analysis is needed for steel-concrete composite 

structures. 

 

 

2.7 Plastic Hinge and Plastic Zone Methods for Frame Structures 
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The consideration of material nonlinearity in inelastic analysis of frame structures by 

beam-column element is essential because material yield is an important factor 

affecting the capacity as well as the load-deflection relationship of the members and 

structures. The studies in inelastic analysis for framed structures can be broadly 

classified into distributed plasticity (i.e. the Plastic zone method) and lumped 

plasticity (i.e. the Plastic hinge method).   

 

2.7.1 Plastic zone method 

 

Many researchers employed the plastic zone approach to study the inelastic 

behaviors of steel frames (Meek and Lin 1990; Izzuddin and Elnashai 1993b; Pi and 

Trahair 1994; Izzuddin and Smith 1996; Teh and Clarke 1999; Jiang et al. 2002; 

Wang et al. 2008; Alvarenga and Silveira 2009). In the plastic zone method, member 

is discretized into a number of elements with its cross-section divided into fibers. 

Numerical integration is then applied across the discretized cross-section located at 

the integration points along the element and hence gradual spread of plasticity within 

the whole volume of the structure can be modeled. Geometrical imperfection, 

residual stress and hardening effect can all be taken into account by using this 

method and therefore solutions are deemed to be exact. The fundamental stress-

strain relationship is explicitly and directly used for moments and forces 

computation and the result is more accurate than the plastic hinge method. However, 

as demonstrated by Kitipomchai et al. (1990) that the  heavy computational effort is 

needed in discretization across the cross-section and along the member length and 

hence this method is only suitable for relatively simple structures and not popular for 

practical engineering design.  
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2.7.2 Plastic hinge method 

 

The simpler and more practical way to include material nonlinearity in inelastic 

analysis is the use of the plastic hinge method. In this method, the spread of cross-

section plasticity is simulated at the two ends of elements as two plastic hinges. The 

plastic hinge method can generally be applied in larger size steel structures (King 

and White 1992; Izzuddin and Elnashai 1993a; Liew et al. 1993a,b; King and Chen 

1994; Liew et al. 2000a; Chen et al. 2001) and composite structures (Iu 2008; Iu et al. 

2009; Landesmann 2010). Researchers further inserted an additional hinge at mid-

span (Chen and Chan 1995) or arbitrary location along the member (Zhou and Chan 

2004; Chan and Zhou 2004). However, this method to insert an additional hinge is 

considered to be too complicated in formulation and for practical uses. 

 

In plastic hinge method, the cross-section plastification is only lumped at two ends 

of an element and the remaining region is assumed to be elastic. Several methods can 

be used to model the cross-section plastification. The elastic-plastic perfect hinge 

method is the simplest way to simulate the elastic-plastic behavior and widely used 

by the researchers due to its simplicity (Defreitas and Ribeiro 1992; Guralnick and 

He 1992; Liu et al. 2010). However, material gradual yield cannot be simulated in 

this method which results in over-prediction of member capacity.  

 

Refinements on the elastic-plastic hinge method were conducted to capture the 

material gradual yield which included the beam-column section stiffness degradation 

method studied by Liew et al. (1993a); Kim and Chen (1996b); and Chen et al. (2001) 
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and beam-column member degradation method studied by King and White (1992). 

In the beam-column section stiffness degradation method, the element stiffness is 

reduced gradually from the ideally elastic to perfectly plastic states by introducing 

the scalar parameters which allow for progressive reduction of inelastic element 

stiffness based on the axial force and moment at the element ends. The use of the 

beam-column section stiffness degradation method and its accuracy in space frame 

structures were also demonstrated by Liew et al. (2000b); Liew and Tang (2000) and 

Kim et al. (2001). In beam-column member degradation method, the overall member 

strength is used to simulate the inelastic behavior of the element instead of 

considering the plasticity effect at the ends. A similar parameter, which is 

determined based on the element strength ratio, is used to simulate the gradually 

yield of element stiffness.  

 

The plastic strength of heavily loaded column member can be modeled by column 

tangent modulus method to reduce the modulus of elasticity in the element stiffness 

calculation (Chen and Lui 1991; Liew et al. 1993a; Kim and Chen 1996a). Two 

expressions of column tangent modulus including the Column Research Council 

(CRC) and AISC (2010) methods are generally adopted by researchers. 

 

Use of a zero-length pseudo-spring element attached to one end or two ends of the 

element was studied by researchers (Al-Mashary and Chen 1991; Yau and Chan 

1994; Chan and Chui 1997) with different definitions of section spring stiffness. Al-

Mashary and Chen (1991) modified the method for nonlinear analysis of semi-rigid 

jointed frames to include the lumped-plasticity material model by end-spring in the 

analysis. Yau and Chan (1994) further developed a simple and efficient technique for 
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an element with ends having a pair of springs connected in series, hence, the effect 

of semi-rigid connection and material nonlinearity can be simulated by different 

springs. The cross-section strength is modeled by the stiffness of the spring element. 

The partial yield of the cross-section is simulated by the gradual reduction of the 

spring stiffness. The method to determine the section spring stiffness used by Chan 

and Chui (1997) was based on the initial and full yield surfaces, which took into 

account the presence of axial force and residual stress. The members remained 

elastic when the force point was located within the initial yield surface and the 

gradual yield started when the force point was beyond the initial yield surface. The 

full plastic hinge was formed when the force point reached the full yield surface. In 

this zero-length pseudo-spring element method, the accuracy of analysis depends on 

the validity of section spring stiffness and the associated initial and full yield 

surfaces. 

 

The use of the zero-length pseudo-spring element in steel-concrete composite 

structures in conjunction with initial and full yield surfaces to consider the material 

gradual yield in inelastic analysis is limited in literature. The definition of initial 

yield surface of composite member is important for an accurate advanced analysis of 

composite structures but it is not well studied. The inelastic analysis should include 

both geometric and material nonlinearities so as to predict the failure load and the 

behavior of the structures accurately. Therefore, not only the technique to consider 

the geometric nonlinearity is important, but also the method to include the material 

nonlinearity is critical for a successful inelastic analysis. 
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2.8 Concluding Remarks 

 

In this chapter, the finite element method for beam-column element used in second-

order analysis has been reviewed. The shortcoming of the cubic Hermite element can 

be overcome by using the fifth-order PEP element, and the advantages of the PEP 

element over the other methods have been emphasized. Therefore, the PEP element 

will be used for second-order analysis in this thesis. Extensive experimental, 

computational and codified investigations on CFS tubular members were conducted 

to study their behaviors. Most researchers focused on studies of isolated members. 

Based on the understanding on the behaviors of CFS tubular isolated members, the 

experimental and analytical studies can be extended to structural systems and frames. 

Most analysis methods require huge computational effort to obtain accurate results 

and hence these methods are less applicable in engineering design and analysis of 

large structures. Therefore, a more practical second-order P-Δ-δ elastic and inelastic 

analysis and design method, which includes important nonlinear effects and member 

initial imperfection, should be developed. The uses of plastic zone and plastic hinge 

methods on frame structures have been reviewed and both the efficiency and 

accuracy of these methods have been discussed. The complexity of plastic zone 

method makes it less attractive for practical design of mega structures. Therefore, the 

refined-plastic hinge method will be adopted and researched in this project and 

reported in this thesis.  
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Figure  

 

 

Figure 2.1 Typical Analysis Types for Frame Structures 
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CHAPTER 3  

 

ELEMENT FORMULATIONS AND INCREMENTAL 

ITERATIVE STRATEGIES  

 

 

3.1 Introduction 

 

The finite element method and stability function are two main approaches used in 

beam-column element for nonlinear analysis. The details and difference between 

both methods have been reviewed in Chapter 2. The Pointwise Equilibrium 

Polynomial (PEP) element proposed by Chan and Zhou (1994) has been extensively 

used in analysis of different kinds of steel structures. The PEP element allowing for 

modeling by one element per member not only simplifies the modeling efforts, but 

also greatly reduces the computational time. Furthermore, the PEP element method 

also eliminates the need of separating the compressive and the tensile load cases with 

the matrix being valid for positive, negative and zero axial force of which different 

expressions are required in stability function. The displacement function of the PEP 

element is different to the cubic Hermite element in that the fifth-order polynomial 

function is used in the PEP element. Two additional constraints of equilibrium and 

its rate are imposed at the mid-span of an element together with four compatibility 

equations at end nodes employed in solving the coefficients of the displacement 
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function. The element formulation, secant stiffness matrix and tangent stiffness 

matrix for nonlinear analysis are given in this chapter. 

 

Various techniques for nonlinear analysis have different limitations and efficiency in 

elimination of the residual or unbalanced displacement and the unbalanced forces. 

The commonly used techniques such as the Newton-Raphson method, displacement 

control method (Batoz and Dhatt 1979), the arc-length method (Crisfield 1981) and 

the minimum residual displacement method (Chan 1988) are introduced with their 

principle and limitations in this chapter.  

 

Comparison on the behavior of a shallow dome by experimental test and prediction 

from proposed method is given as an example to verify the accuracy on PEP element 

in nonlinear analysis with allowance for member imperfection and use of the actual 

imperfect geometries for nodes in a structure to include the global imperfection. The 

cause of failure for shallow dome is not simply due to material yielding or elastic 

buckling of individual members, but it comes from the more complicated failure 

modes like snap-through buckling where the influence of nodal displacement is 

significant to the resistance of the dome. Therefore, an accurate prediction on the 

capacity of the shallow dome can only be guaranteed by use of an accurate nonlinear 

analysis which captures nonlinear effects, and an appropriate technique for nonlinear 

analysis. 

 

 

3.2 Element Formulation for PEP element 
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The following assumptions are made in the present formulations. 

(1)  The element is prismatic and elastic 

(2)  The applied loads are conservative and nodal 

(3)  Small strain but arbitrarily large deflections is assumed 

(4)  Shear deformation and warping are ignored 

(5) Rotations between the tangent at member ends and the chord joining the two 

ends are small 

 

The fifth-order polynomial function with six coefficients of  with i =0 to 5 is 

given by,  

2 3 4 5
0 1 2 3 4 5v a a x a x a x a x a x= + + + + +  (3.2.1)

where x is the non-dimensional distance along the element, v is lateral displacement.  

The initial imperfection as shown in Figure 3.1 is assumed in the element as, 

2
0

2[1 ( ) ]mo
xv v

L
= −       and      / 2 / 2L x L− ≤ ≤  (3.2.2)

where v0 is the lateral initial imperfection, vmo is the amplitude of initial imperfection 

equal to the imperfection at mid-span and L is the length of the member. 

 

To solve the six coefficients in the polynomial function, four equations in 

compatibility condition and two equations in equilibrium condition are introduced as, 

For equilibrium, 

1 2
0 1'' ( ) ( )

2
M M LEIv P v v x M

L
+

= + + + −  (3.2.3)

1 2''' ' M MEIv Pv
L
+

= +  (3.2.4)

For compatibility,  

ia
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At 
2
Lx = − ; 0v=  and 1'v θ=  (3.2.5)

At 
2
Lx = ; 0v=  and 2'v θ=  (3.2.6)

where E is the modulus of elasticity; I is the second moment of area; v is the lateral 

displacement due to applied loads; P is the axial force; M1 and M2 are the nodal end 

moments. The shape function derived by PEP element is valid for positive, negative 

and zero value of axial force. 

 

Considering equilibrium and compatibility conditions, the coefficients in Eq. (3.2.1) 

can be solved and the final displacement function about the axis passing through the 

two ended nodes can be expressed as,  

1 1 2 2 0( ) ( ) mov N L N L N vθ θ= + +  (3.2.7)

where N1 and N2 are the shape functions for perfectly straight element and  

2 2

0

2(1 ( ) )

48

x
LN q

q

−
= −

+
 (3.2.8)

2PLq
EI

=  
(3.2.9)

 

3.3 Secant Stiffness Matrix 

 

The secant stiffness matrix used to check the equilibrium convergence and to 

compute the equilibrium error due to change of geometry and cross-sectional 

strength can be found by first variation of the strain energy function. 

The total potential energy function, Π, is given by, 
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U VΠ= −  (3.3.1)

where U is the strain energy and V is the external work done expressed as, 

i iV Fu=∑  (3.3.2)

and Fi is the applied forces and ui is the displacements.  

 

The strain energy, U, is given by, 

2 2 2
0

1 1 1' '' ( ' 2 ' ')
2 2 2L L L

U EAu dx EIv dx P v v v dx= + + +∫ ∫ ∫  (3.3.3)

where A is cross-sectional area and u is the axial displacement.  

The first, second and third terms in Eq. (3.3.3) are the strain energy due to axial, 

bending and member bowing respectively.  

 

The secant-stiffness relations can be obtained by the first variation of the energy 

functional as follows, 

x x

U U qP
e q e
∂ ∂ ∂

= +
∂ ∂ ∂

 

     ( ) ( ) ( )2 2 2
1 1 2 2 1 2 1 2 ( )x mo mo

vs vv
e v vEA b b b b
L L L

θ θ θ θ θ θ⎡ ⎤= + + + − + − +⎢ ⎥⎣ ⎦  
(3.3.4)

and 

1
1 1

U U qM
qθ θ

∂ ∂ ∂
= +
∂ ∂ ∂

 

      ( ) ( )1 1 2 2 1 2 0
movEI c c c

L L
θ θ θ θ⎡ ⎤⎛ ⎞= + + − + ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦  

(3.3.5)
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2
2 2

U U qM
qθ θ

∂ ∂ ∂
= +
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      ( ) ( )1 1 2 2 1 2 0
movEI c c c

L L
θ θ θ θ⎡ ⎤⎛ ⎞= + − − − ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦  

(3.3.6)

where ex is the member shortening, 1θ  and 2θ  are the nodal rotations, and c1, c2, b1, 

b2, co, bvs and bvv are the coefficients and given as follows, 

( ) ( ) ( ) ( )2 2 3

1 2

3 80 10 80 61 / 7 23 /1260
(80 )

q q q
c

q
+ + +

=
+

 (3.3.7)

( ) ( ) ( )2 2 3

2 2

48 6 48 29 / 5 11/ 420
(48 )

q q q
c

q
+ + +

=
+

 (3.3.8)

( ) ( )( ) ( ) ( )2 2 3

1 3

2 80 26 / 7 80 46 / 21 23 / 2520
(80 )
q q q

b
q

+ + +
=

+
(3.3.9)

( ) ( )( ) ( ) ( )2 2 3

2 3

2 48 14 / 5 48 66 / 35 11 / 840
(48 )
q q q

b
q

+ + +
=

+
 (3.3.10)

( )2 2

2
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q q q
c

q
+ × + ×
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 (3.3.11)

'vs ob c=  
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3

2 11 33 48 49 48 35 48
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q q q
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=
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(3.3.12)

( )2

3

64 144 5376
35(48 )vv

q q q
b

q
+ +

= −
+

 (3.3.13)

 

A more readable form can be used to express the axial force, P, as shown below, 

2 x
b bo

eq c c
L

λ ⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 (3.3.14)

and where, 
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2AL
I

λ =  (3.3.15)

( ) ( )2 2
1 1 2 2 1 2bc b bθ θ θ θ= + + −  (3.3.16)

( )
2

1 2
mo mo

bo vs w
v vc b b
L L

θ θ⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (3.3.17)

 

The initial crookedness and end rotation are included in Eq. (3.3.14) as the last term, 

and which are ignored for a straight member, and the first and second terms in Eq. 

(3.3.14) are the linear strain and bowing due to member end rotations respectively. 

 

 

3.4 Tangent Stiffness Matrix 

 

The tangent stiffness matrix used for prediction of the displacement increment can 

be found by second variation of the total potential energy function as follows. 

2
2 i i

i j j j

s s q
r r r q r

δ ∂ ∂∂ ∏ ∂
∏ = = +

∂ ∂ ∂ ∂ ∂
; for i ,j = 1,2,3 (3.4.1)

where si and ri are the force and displacement vectors respectively, and can be 

expressed as, 

( )1 2
Ts M M P=    (3.4.2)

( )1 2
T

xr eθ θ=  (3.4.3)

The basic matrix about a principal axis can be determined as follows, 
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2
1 1 2 1

1 2 1 2

2
2 2

1 2

2

1

e
t

G G G Gc c c c
H H LH

G GEIk c c
L H LH

L H

⎡ ⎤
+ + − +⎢ ⎥

⎢ ⎥
⎢ ⎥= + +⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

(3.4.4)

where H, G1 and G2 can be expressed as follows, 

2

1 ' 'b boH c c
λ

= − −  (3.4.5)

( ) ( )1 1 1 1 2 2 1 2' 2 2 mo
b vs

vG c b b b
L

θ θ θ θ ⎛ ⎞= = + + − + ⎜ ⎟
⎝ ⎠

(3.4.6)

( ) ( )2 2 1 1 2 2 1 2' 2 2 mo
b vs

vG c b b b
L

θ θ θ θ ⎛ ⎞= = + − − − ⎜ ⎟
⎝ ⎠

(3.4.7)

 

The expression of the matrix in three-dimensional space can be obtained by 

repeating the process for the other principal axis. The final tangent stiffness matrix is 

given as, 

[ ] [ ][ ] [ ] [ ] [ ]( )Nele NeleT T Te
t T t T T T t T TK L k L L T k T N L⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ (3.4.8)

where [ ]TL is the standard local to global transformation matrix, [ ]TT is the 

transformation matrix relating the six basic element forces and moments to the 12 

forces and moments about the element ends, and [ ]N  is the geometric-stiffness 

matrix for translational displacement. 

 

 

3.5 Techniques for Nonlinear Analysis 

 



 
Chapter 3   Element Formulations and Incremental Iterative Strategies 
 

41 

The response of structures under specified set of loads or displacements can be 

traced by nonlinear solution techniques. The divergence problem is quite common in 

nonlinear analysis due to the limitations of different nonlinear solution techniques 

which are discussed in the followings. Various numerical methods based on 

incremental-iterative procedure were proposed to improve rate of convergence and 

to prevent divergence. In this section, the numerical methods including the Newton-

Raphson method, displacement control method (Batoz and Dhatt 1979), the arc-

length method (Crisfield 1981) and the minimum residual displacement method 

(Chan 1988) are introduced and discussed. Detailed descriptions of all these 

techniques were given by Chan and Chui (2000).  

 

The same approach of super-imposition of the original incremental equilibrium 

equation to the constraint equation can generally be used to derive those nonlinear 

solution methods. The incremental equilibrium equation can be written as,  

[ ] [ ][ ]TF K uΔ = Δ  (3.5.1)

where [ ]FΔ  and [ ]uΔ are the unbalanced force and displacement respectively and 

[ ]TK is the tangent stiffness matrix. 

 

The constraint equation with force vector parallel to the applied load vector can be 

expressed as follows, 

[ ] [ ][ ]TF K uλ λΔ Δ = Δ Δ  (3.5.2)
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where λΔ is a load corrector factor for imposition of the constraint condition, [ ]FΔ

is the force vector parallel to the applied load vector and of arbitrary length and [ ]uΔ

is the conjugated displacement vector to [ ]FΔ . 

 

The resulting incremental equilibrium equation can be obtained by superimposing 

Eqs. (3.5.1) and (3.5.2) as, 

([ ] [ ]) [ ]([ ] [ ])TF F K u uλ λΔ +Δ Δ = Δ +Δ Δ  (3.5.3)

Therefore, both the load and displacement in each iteration can be updated as 

follows, 

1 1[ ] [ ] [ ]i i iF F Fλ+ += + Δ Δ  (3.5.4)

1 1 1[ ] [ ] [ ] [ ]i i i iu u u uλ+ + += + Δ + Δ Δ  (3.5.5)

where the subscript ‘i’ refers to the i-th iteration number within a load cycle.  

 

Eq. (3.5.3) is used in numerical analysis for incremental-iterative nonlinear finite 

element analysis formulation. The different expressions of the load corrector factor 

λΔ  are used for different methods. The details of the commonly used numerical 

methods are described below. 

 

3.5.1 The Newton-Raphson method 

 

The Newton-Raphson method combines the direct iterative and pure incremental 

methods. The tangent stiffness is used to estimate the displacement increment due to 

a small but finite force, while the secant stiffness is used to check for the equilibrium 
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condition. The tangent stiffness is reformed in each iteration in conventional 

Newton-Raphson method, so that less iteration is required to achieve convergence. 

The tangent stiffness is reformed at the first iteration only in the modified Newton-

Raphson method, hence, less computational time is needed as the formulation of 

tangent stiffness matrix is time consuming. The incremental-iterative schemes for 

both conventional and modified Newton-Raphson methods are shown in the Figures 

3.2a and 3.2b respectively.  

 

The key steps of the Newton-Raphson method procedure are given below: 

1. Apply the first incremental load vector [ ]FΔ  

2. Calculate the global displacement incremental vector [ ]uΔ  

1[ ] [ ] [ ]Tu K F−Δ = Δ  (3.5.6)

where [ ]TK is the global tangent stiffness matrix 

3. Accumulate of displacement increment to total displacement 

1[ ] [ ] [ ]i iu u u+ = + Δ  (3.5.7)

4. Update the geometry 

1[ ] [ ] [ ]i ix x x+ = + Δ  (3.5.8)

5. Extract element displacement vector [ ]eu from global displacement vector and 

transform to local displacement vector [ ]lu  

[ ] [ ][ ]l T eu L u=  (3.5.9)

where [ ]TL is the transformation matrix 

6. Calculate the element resistance force vector [ ]lF  
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[ ] [ ][ ]l lF k u=  (3.5.10)

where [ ]k is the element stiffness matrix 

7. Accumulate the element resistance force to obtain the final element force vector 

[ ]eR and transform to global axes for resistance force [ ]R  

[ ] [ ]e lR F=∑  (3.5.11)

[ ] [ ] [ ]T
T eR L R=  (3.5.12)

8. Compare the applied forces and resistance forces to compute the unbalanced 

forces  

[ ] [ ] [ ]R F RΔ = −  (3.5.13)

where [ ]F is the external force vector 

 

The process is repeated by revising the displacements and re-checking the 

equilibrium condition until the unbalanced forces are eliminated with its norm less 

than a pre-defined tolerance. The convergence check is carried out by using the 

following conditions, 

[ ] [ ] [ ] [ ]T Tu u TOLER u uΔ Δ < ⋅  (3.5.14)

[ ] [ ] [ ] [ ]T TF F TOLER F FΔ Δ < ⋅    (3.5.15)

The TOLER should be set sufficiently small so as to get an accurate analysis result 

and the value is normally set to be 0.1%. After the convergence, a new load cycle is 

applied using an updated tangent stiffness matrix and the whole previous process is 

repeated.  
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The use of Newton-Raphson method is sufficient for engineering design for most 

pratical structures, since the post-buckling behavior is seldom investigated in daily 

design. However, the inability of the load control Newton-Raphson method to 

converge near the limit point is a handicap for nonlinear analysis of some structures 

such as rafters and shallow domes which are discussed in next section. Therefore, the 

following solution schemes should be used in analysis of these structures to 

overcome the divergence problem in post-buckling analysis. 

 

3.5.2 Displacement control method 

 

In the displacement control method proposed by Batoz and Dhatt (1979), a single 

degree of freedom with a pre-defined magnitude of displacement increment is 

chosen to be the steering displacement degree of freedom for control of the advance 

of the solution for equilibrium path. This method simultaneously possesses the 

capacity of traversing the limit point without destroying the symmetrical property of 

the tangent stiffness matrix. A graphical representation of this method is shown in 

Figure 3.3. 

 

In this method, the m-th degree of freedom is selected as the steering displacement 

degree of freedom. The displacement increment is set to be 1muΔ  in the first iteration 

for each load increment and then substituted it into Eq. (3.5.5) to obtain the corrector 

factor as, 

1
1

1

m

m

u
u

λ Δ
Δ = −

Δ
 (3.5.16)
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For second onward iteration within a load cycle, 1iu + will be equaled to iu for no 

displacement increment in m-th or the steering degree of freedom, Eq. (3.5.5) can 

then be expressed as, 

m i
i

im

u
u

λ Δ
Δ = −

Δ
  for i ≥ 2 (3.5.17)

The selection of the steering degree of freedom correctly is important in this method. 

However, for practical large structures with many degrees of freedom, the choosing 

of steering displacement is difficult and inconvenient. Furthermore, the method 

breaks down in a snap-back problem because of the non-existence in solution for a 

certain displacement in a snap-back problem.  

 

3.5.3 The arc-length method 

 

The arc-length method was initially proposed by Riks (1979) and refined by 

Crisfield (1981) and Crisfield (1983) by making the original un-symmetric tangent 

stiffness matrix to become symmetrical. In the arc-length method, the dot product of 

the displacements is used to control the load increment. This arc- distance is 

specified and kept constant in a particular load cycle. A graphical representation of 

this method is shown in Figure 3.4. 

 

The arc-distance is given in S, and the constraint equation in the first iteration of a 

load cycle from Eq. (3.5.5) can be obtained as, 

1

1 1[ ] [ ]T

S

u u
λΔ =

Δ Δ
 (3.5.18)
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For the second iteration onwards, the arc-distance S is kept constant. The following 

expression can be obtained, 

2
1 1([ ] [ ] [ ] ) ([ ] [ ] [ ] )T

i i i i i i i iu u u u u u Sλ λ− −+ Δ +Δ Δ + Δ +Δ Δ = (3.5.19)

The arc–length method is superior to both constant load method and constant 

displacement method, and applicable to most structural problems such us tracing the 

snap-through and snap-back behaviors. However, the involvement of the quadratic 

equation in the iterative procedure may give the imaginary root, and the selection of 

the root makes this method complicated. 

 

3.5.4 The minimum residual displacement method 

 

The minimum residual displacement method was proposed by Chan (1988) to 

provide a simple and fast way to eliminate the residual displacements or unbalance 

forces. The graphically presentation of this method is shown in Figure 3.5. A simple 

technique is used to search for a direction leading to the minimum value for the 

displacement error expressed as [ ] [ ]i iu uλΔ Δ + Δ . This can be achieved by 

differentiating the residual displacement with respect to the parameter, iλΔ , as, 

{ }( [ ] [ ] ) ( [ ] [ ] )
0

T
i i i i

i

u u u uλ λ

λ

∂ Δ Δ + Δ Δ Δ + Δ
=

∂Δ
(3.5.20)

The following expression can be obtained by simplifying Eq. (3.5.20), 

[ ] [ ]
[ ] [ ]

T
i

i T

u u
u u

λ Δ Δ
Δ = −

Δ Δ
 (3.5.21)

For the size of load increment, the simple scaling of the load factor is used as follows: 
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1
1 1
k

pS γλ λΔ = Δ  and 1
1
1

2 0.1
kλ

λ
Δ

> >
Δ

 (3.5.22)

where γ  is a parameter to control the load size, and the second condition ensures a 

proper incremental load size. 

 

The minimum residual displacement method can deal with the most problems with 

simplicity and efficiency and its performance is comparable and sometimes superior 

to the arc-length method. 

 

 

3.6 Investigation on the Snap-through Behavior of Shallow Dome 

 

Cause of failure for space structures like shallow dome is not simply due to material 

yielding or individual member buckling, but it comes from the more complicated 

failure mode of snap-through buckling where the influence on the capacity due to 

nodal displacement is significant (Rothert et al. 1981; Shibata et al. 1993).  The 

comparison on the failure loads of a shallow dome between the laboratory test and 

nonlinear analysis is carried out here to verify the use of PEP element in nonlinear 

analysis and the capability of the nonlinear solution techniques to trace the snap-

through buckling of the shallow dome. There have been quite a few collapses of 

domes in different countries such as Poland, Germany, China and others even under 

a snow load less than the normal design load in some cases. Although engineers need 

not consider snow load in some regions, wind pressure can be upward on one side 

and downward on the other side that can lead to asymmetric snap-through buckling. 
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Therefore, the use of an accurate nonlinear analysis method, which includes both the 

local and global imperfections correctly, and an appropriate technique is important. 

 

3.6.1 Experimental setup  

 

A single layer shallow dome of spherical geometry with depth of 0.27m and span of 

4.76m was fabricated for test. The shallow dome consisted of 90 members and 37 

nodes as shown in Figure 3.6. The stainless circular hollow section steel tube with 

19mm diameter and 0.8mm thick was used as the members of the dome. The length 

of each member was basically the same and equal to 0.8m approximately. The mean 

value of Young’s modulus of elasticity was 201.9N/mm2, and yield and ultimate 

strengths were 394.2N/mm2 and 691.4N/mm2 respectively.  

 

The hexagonal stainless steel plates were used to connect the members of the dome 

and its dimensions are given in Figure 3.7. The side length of the plates was 

106.9mm. There were 12 holes in the plates with 9mm diameter and the spacing 

between holes was 22.5mm. The distance between the center of the outer hole and 

the edge was 20mm. Six members were jointed together through the plates with an 

intercepting angle of approximately 60 degrees spaced evenly and connected to the 

plates by 8mm bolts.  

 

The dome was supported at six nodes (nodes 1, 4, 16, 22, 34 and 37) and the other 

nodes were free. The supports were fixed to the ground as shown in Figure 3.8. Each 

support consisted of two hexagonal plates, two I channels and one base plate which 

was fixed to the ground, and one 6mm iron plate was placed together with two 
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additonal hexagonal paltes as protection during the test. The overall picture of the 

setup of the dome is given in Figure 3.9. 

 

A high precision surveying procedure was adopted to measure the coordinates of 

each node before test. The coordinates of all nodes are listed in Table 3.1 and the set 

up of the shallow dome is shown in Figure 3.6. The dome was not perfectly 

symmetric but with local asymmetry present and surrounding the nodes, and the 

actual imperfect shape of the dome and the designed perfect dome are represented by 

the dot line and the solid line respectively in Figure 3.6. The maximum geometrical 

imperfections were 40mm at node 7 in lateral direction and 56mm at node 9 in 

vertical direction comparing with the perfect dome.  

 

Load cell was placed at the centre of the dome to record the corresponding load 

under the change of displacement, and the vertical movement was applied by using a 

rigid bar which connected to the load cell directly. A thick plate was bolted together 

with the hexagonal plate to prevent the failure of central node during the test. The 

vertical movements of the nodes of the dome were measured by transducers. The 

deflection of the central node was recorded at 0.1kN interval before the snap-through 

buckling and 0.05kN interval after snap-through buckling. 

 

3.6.2 Test results 

 

The load-deflection relationship of node 19 (central node of the dome) from the test 

is plotted in Figure 3.10. The central node moved downward linearly with increase 

of applied load at the initial stage. When the applied load reached around 0.2kN, the 
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relationship became nonlinear. As the load increased to 0.51kN, the dome snapped 

suddenly at the centre as shown in Figure 3.11 and the deflection increased with a 

decreasing load. Due to the geometric imperfection, the deformed shape of dome 

was unsymmetrical with the maximum deflection at the center of the dome. The final 

deformed shape of the dome is given in Figure 3.12 

 

3.6.3 Nonlinear analysis method 

 

The analysis model of the shallow dome is shown in Figure 3.13. The mean Young’s 

modulus of elasticity and yield strength from material test are assigned for all 

members of the dome in the analysis model and the measured coordinates of each 

node are adopted in the analysis model and two groups of solid plates with the total 

of 12 elements are used in modeling the connection of the dome as shown in Figure 

3.14. The first group including 6 solid plates connects the members side by side. The 

width of the solid plates is taken as 22.5mm by assuming only the center distance of 

two holes in the member is effective to provide stiffness. The depth of the solid 

plates is equal to the thickness of the hexagonal plate by assuming only one plate 

provides stiffness effectively. The second group consists of another 6 solid plates to 

connect the members to the center of the connection. The width of the solid plates is 

taken as the diameter of the hollow tube, and the depth is the same as the first group. 

Using two groups of solid plates, the properties of the connection in the dome could 

be simulated directly in analysis model. 

 

For a practical nonlinear analysis, both the local member and global structure 

imperfections, which will be discussed in next chapter, should be taken into account. 
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The actual imperfect coordinates of each node are used in the analysis model for 

consideration of global imperfection. The local member imperfection for all 

members is set to be L/500, in which L is the member length. 

 

The load-deflection relationships of some failure types like snap-through buckling 

cannot be traced by load-control method due to the divergence problem at limit point. 

Hence, the combined arc-length method and the minimum residual displacement 

method are used for incremental-iterative procedure to trace the path up to and 

beyond the limit point.  

 

The computed load-deflection curve of node 19 is compared with test result in 

Figure 3.10. The snap-through buckling load in nonlinear analysis is 0.47kN. After 

reaching the snap-through buckling load, the deflection increases continuously with 

the decrease of applied load. After the deflection of node 19 reaches 50mm, the 

dome regains stiffness and thus stability and the applied load increases continually. 

  

3.6.4 Discussions of the results 

 

The load-deflection relationship of dome predicted by the nonlinear analysis with 

PEP element is close to the test result. The predicted snap-through buckling load 

from nonlinear analysis is slightly lower than the test result and the post-buckling 

behavior of the dome can be modeled well. The comparison on the results implies 

the accuracy of using the PEP element in nonlinear analysis to simulate the 

behaviors of the shallow dome, and only one element per member is required in 

analysis with inclusion of member imperfection. The example has also verified the 
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capability of tracing the load-deflection relationship before and after the limit point 

as well as the snap-through buckling by using the combined arc-length and the 

minimum residual displacement methods.  

 

The major reason for the discrepancies on the test and analysis results is due to the 

assumptions of the effective width and depth to contribute the stiffness in modeling 

the connection which may be varied from reality. Furthermore, the initial 

imperfection of all members is set to be L/500 in the nonlinear analysis but the actual 

imperfection of each individual member may be different from this value. Therefore, 

the difference in member imperfection between the test and analysis model also 

leads to the discrepancy on the results. 

 

3.6.5 Study on the dome connections 

 

The influences on the buckling load and behavior of the shallow dome by using the 

rigid connection between the members are examined for comparison. In the analysis 

model, all members are connected rigidly instead of simulating the actual condition 

of the connection. The load-deflection curve for node 19 presented by dot line is 

compared with the test result and plotted in Figure 3.10. The buckling load of the 

dome is found to be 1.47kN which is nearly 3 times higher than the test result. 

Therefore, it shows that the different properties of the connection greatly influence 

the capacity of the dome and should not be overlooked. 
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3.7 Concluding Remarks 

 

The use of nonlinear analysis for structures is preferable and becomes more popular 

nowadays. An efficient and simple element in nonlinear analysis is important and 

essential to obtain an accurate result with high efficiency that engineers would 

accept it as a better alternative to the effective length method. The use of PEP 

element only requires one element per member with the ability to include 

imperfections at local member and global frame levels. The detailed element 

formulation and the secant and tangent stiffness matrices have been presented in this 

chapter, and the properties of commonly used numerical methods in tracing the 

behaviors of structures have been summarized and discussed. The comparison on the 

load-deflection behavior of shallow dome between the test and analysis method has 

been carried out to verify the accuracy of PEP element in nonlinear analysis and to 

demonstrate the capability to trace the snap-through behavior by using the combined 

arc-length and the minimum residual displacement methods where the arc-length 

method controls the first iteration and the minimum residual displacement method 

iterates for a solution. 

 

In the following chapters, the PEP element will be used for second-order analysis for 

both steel and steel-concrete composite members. The different nonlinear analysis 

techniques will be used in incremental-iterative process to find the ultimate capacity 

and load-deflection curve of the members and structures. 
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Figures 

 

 

Figure 3.1 Basic Forces versus Displacements Relations in PEP Element 
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(a) Conventional Newton-Raphson Method   

       

(b) Modified Newton-Raphson Method 

Figure 3.2 The Newton-Raphson Method 
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Figure 3.3 The Displacement Control Method 

 

Figure 3.4 The Arc-length Method 
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Figure 3.5 The Minimum Residual Displacement Method 

 

  



 
Chapter 3   Element Formulations and Incremental Iterative Strategies 
 

59 

 

Figure 3.6 Layout of the Tested and Perfect Domes 

 

 

Figure 3.7 Connection Detail of the Dome 
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Figure 3.8 Support of the Dome 
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Figure 3.9 Experimental Setup of the Dome 
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Figure 3.10 Load against Deflection Curves of Node 19 

 

 

 

 

Figure 3.11 Snap-through Buckling at Node 19 
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Figure 3.12 Final Deformed Shape of the Dome 

 

 

 

 



 
Chapter 3   Element Formulations and Incremental Iterative Strategies 
 

64 

 

Figure 3.13 Analysis Model of the Dome 

 

 

 

Figure 3.14 Modeling of the Connection 
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Table 

 

Table 3.1 Nodal Coordinates of the Tested Shallow Dome 

Node 
No. 

X 
(mm) 

Y 
(mm) 

Z 
(mm) 

Node 
No. 

X 
(mm) 

Y 
(mm) 

Z  
(mm) 

1 -1190 2060 250 20 790 10 490 
2 -390 2060 302 21 1590 10 385 
3 400 2070 316 22 2380 20 256 
4 1210 2050 248 23 -1970 -700 354 
5 -1580 1370 307 24 -1200 -690 418 
6 -790 1380 391 25 -400 -690 482 
7 40 1380 398 26 400 -680 479 
8 790 1380 393 27 1210 -670 416 
9 1590 1390 356 28 1980 -660 301 
10 -1980 690 347 29 -1570 -1370 330 
11 -1190 690 405 30 -790 -1360 378 
12 -390 700 473 31 10 -1370 411 
13 400 700 479 32 800 -1360 375 
14 1190 700 432 33 1590 -1360 311 
15 1980 700 375 34 -1170 -2050 256 
16 -2360 0 253 35 -380 -2060 324 
17 -1580 0 419 36 420 -2060 334 
18 -800 0 484 37 1200 -2040 263 
19 0 0 520  
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CHAPTER 4  

 

FIRST-ORDER AND SECOND-ORDER ANALYSIS FOR 

DESIGN OF ANGLE TRUSSES 

 

 

4.1 Introduction 

 

As discussed in the introduction of this thesis, the objective of this research project is 

to investigate the application of second-order analysis to design of unconventional 

structures not comfortably designed by the traditional effective length method of 

design. This chapter is about a new application of the second-order analysis to 

design of trusses made of angle sections. 

 

The first-order analysis and design method provided in design codes with different 

design formulae for design of steel structures has been used for many decades. In 

this traditional design method, the member forces and moments are calculated first 

by the linear analysis which ignores the nonlinear effects such as the initial 

imperfection, P-Δ and P-δ effects, and then some factors are used to amplify the 

linear moments and reduce the section capacity. For some light weight steel 

members like angles, it is normally used as the web members of trusses and bracing 

members or main legs of tower cranes and transmission towers. The design process 
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of these angle members is more complicated due to the monosymmetric or 

asymmetric property when compared with design of members of doubly symmetric 

section. Inaccurate estimation on the capacity of angle members would result in 

inconsistent factors of safety among its members and finally to an unsafe and 

uneconomical design with some members over-designed and others under-designed. 

Several steel codes such as AISC (2010), BS5950 (2000), CoPHK (2005) and 

Eurocode 3 (2005) are applicable to design of the single angle members with 

different end conditions by using either the simplification method modifying the 

slenderness ratio or interaction equations to take the effect of eccentricity and 

different end conditions into account. The detailed design methods in these design 

codes used for steel structures and particularly for angle members are given in this 

chapter. 

 

First-order analysis and design method includes nonlinear effects in design, this 

method is not only inconvenient to determine these factors but also inaccurate as the 

true behaviors of structures cannot be reflected in analysis. The use of first-order 

analysis and design method also becomes inappropriate in some scenarios including 

the case when loads are along the member length affecting the buckling strength but 

not the effective length factor, and the effect of eccentric connections affecting the 

buckling resistance in a nonlinear analysis but not the effective length factor in the 

linear analysis. As an alternative, the second-order analysis and design method is 

proposed in this chapter as an advanced tool for design of steel structures to include 

nonlinear effects such as the P-δ and P-Δ moments in analysis directly. As these 

nonlinear effects are included in analysis, the complicated and sometimes irrational 

design process using the effective length can be eliminated. The inclusions of the 
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local and global imperfections precisely and in a simple manner are essential and 

important for the success of the second-order analysis used in the industry. The 

resistance of the structures may be overestimated with dangerous design resulted, if 

the imperfections are ignored in analysis and this is demonstrated in section 4.3.3. It 

must be emphasized that imperfections are essential for the validity of the proposed 

second-order analysis otherwise the code results cannot be reproduced by the 

second-order analysis for some benchmark examples such as the one by Machowski 

and Tylek (2008). In this chapter, the use of second-order analysis and design 

method for single angle members is proposed, and the effects due to different end 

conditions and eccentricity can also be considered directly in analysis instead of 

using the irrational and complicated slenderness modification equation. Furthermore, 

the effect of connecting the angle members on the same side or on the alternate sides 

of truss can be simulated and considered directly in the analysis which is beyond the 

scope of many design codes. In order to verify the accuracy of the proposed method, 

the predicted resistances of single angle columns by proposed method are compared 

with the test results.  

 

The failure loads of angle members used as web members of truss with single and 

doubled bolted connections connected on the same side and opposite sides are 

predicted according to the design methods in AISC (2010), BS5950 (2000), CoPHK 

(2005) and Eurocode 3 (2005) and the proposed method. The results from different 

design methods are also compared with test results so as to scrutinize their reliability 

and accuracy in prediction of failure loads of angle members under different end 

conditions. 
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4.2 First-order Linear Analysis and Design Method for Angle 

Members 

 

The conventional design method is based on the first-order linear theory with the use 

of effective length to consider buckling effect. The member forces and moments are 

first calculated by the linear analysis, and the design formulae in codes are then 

employed to check the buckling strength of each member individually by applying 

the effective length factor (i.e. the K-factor). The member would be considered safe 

if the resistance of every member is larger than its external force. The reliability of 

this design method depends highly on the accuracy of the estimated effective length 

factor. However, the ideal and simple end conditions like pin and rigid ends are 

unrealistic in practical structures and therefore the determination of the effective 

length depends heavily on the experience of the engineer. Discrepancies and 

controversy among designers will appear when different assumed effective length 

factors are used. 

 

The first-order linear analysis ignores the nonlinear effects such as P-Δ and P-δ 

effects in analysis process, and uses factors to amplify the linear moments and 

reduce the axial capacity to compensate these effects. For example, AISC (2010) 

uses the factor B1 which is employed to include the moment due to the P-δ effect, 

and B2 which is used to consider the moment due to the P-Δ effect. BS5950 (2000) 

and CoPHK (2005) use the factor of 
1

cr

cr

λ
λ −

 , in which crλ  is the elastic critical load 

factor, to amplify the moment so as to include the sway effect. For analysis and 
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design of light-weight steel members like angles, the cross-sectional property is 

monosymmetric or asymmetric instead of doubly symmetric, which further 

complicates the design process. In many design codes, the effects due to end fixity 

and end eccentricity are implicitly included by modifying the slenderness ratio and 

thus the compressive strength, and the effective length factors under different 

conditions are calculated from the slenderness modification equations. The design 

codes like AISC (2010) and Eurocode 3 (2005) do not provide the simplified method 

for design of angle members with single bolted connection, hence the interaction 

equations should be used to consider the combined effect due to axial force and 

bending moments arise from end fixity and eccentricity of the angle members. These 

interaction equations are mostly derived on the basis of doubly symmetric sections, 

and the moment ratios in these formulae are evaluated for the case of maximum 

stresses about each principal axis. For doubly symmetric sections, the most critical 

location for maximum moments about two principal axes occurs at one of the four 

corners. However, for monosymmetric and asymmetric angle sections, the points 

having maximum bending stress about the two principal x- and y-axes may not be 

coincident and it depends on the load location. Hence, the interaction equations may 

underestimate considerably the loading resistance of angle sections.  

 

The first-order analysis and design methods in some commonly used design codes 

such as AISC (2010), BS5950 (2000), CoPHK (2005) and Eurocode 3 (2005) for 

angle sections under different end conditions are introduced below. The difference 

on the web members connected at the same side and alternate sides cannot be 

reflected in these design codes. 
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4.2.1 AISC 

 

AISC (2010) provides a simplified method to determine the compressive strength of 

single angle members by using the slenderness modification formulae when the 

members are evaluated as axially compressed members. The following conditions 

should be fulfilled for using this simplified method. 

(1) Members are loaded at their ends in compression through the same leg; 

(2) Members are connected by welding or by minimum two-bolt connections; and 

(3) There are no intermediate transverse loads. 

 

For different length to radius of gyration ratio (
xr

L
), there are two formulae provided 

to modify the slenderness ratio as, 

For 800 ≤≤
xr
L

 72 0.75
g x

KL L
r r

= +  (4.2.1)

For  80>
xr
L

 32 1.25 200
g x

KL L
r r

= + ≤  (4.2.2)

where L is the length of member between centre of intersection lines at chord of truss, 

K is the effective length factor, rx is the radius of gyration about geometric axis 

parallel to the connected leg and rg is the governing radius of gyration. 

 

The flexural buckling stress, crf , can then be determined as, 
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For 4.71 s

g y

EKL
r f

≤  0.658
y

cr

f
p

cr yf f
⎡ ⎤
⎢ ⎥=
⎢ ⎥⎣ ⎦

 (4.2.3)

For  4.71 s

g y

EKL
r f

>  0.877cr crf p=  (4.2.4)

where Es is the Modulus of elasticity of steel, fyd is the design strength of steel and 

and pcr is the elastic critical buckling stress as, 

2

2
s

cr

g

Ep
KL
r

π
=
⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

 
 (4.2.5)

 

The nominal compressive strength can be obtained from the flexural buckling stress 

and section area as, 

n cr gP f A=   (4.2.6)

where Ag is the gross cross-sectional area. 

The design compressive strength can then be determined by multiplying the 

resistance factor, ϕc, to the nominal compressive strength as, 

cd c nP Pφ=   (4.2.7)

  

For single bolted connection angle sections, this simplified method is not applicable. 

The appropriate interaction equations of Eqs. (4.2.8) and (4.2.9) from the code are 

used and they combine the effect due to the axial force and bending moments.  

For  0.2
cd

P
P

≥  
8 ( ) 1.0
9

yx

cd cx cy

MMP
P M M

+ + ≤  (4.2.8)



 
Chapter 4   First-order and Second-order Analysis for Design of Angle Trusses 
 

73 

For  0.2
cd

P
P

<  ( ) 1.0
2

yx

cd cx cy

MMP
P M M

+ + ≤  (4.2.9)

where P is the applied axial compressive strength, Mx, My, Mcx and Mcy are the 

applied and available flexural strength for major and minor axes respectively. 

 

4.2.2 BS5950 

 

In BS5950 (2000), a simplified method is given to compute the compressive strength 

of single angle members. The members can be treated as axially loaded members 

with reduced compressive strength and ignorance of eccentricity at end connections, 

provided that the following conditions are satisfied. 

a) For connections composed of two or more bolts in standard clearance holes in 

line along the angle, or by an equivalent welded connection, the slenderness ratio λ is 

taken as the greater of: 

1) 0.85 vλ  but  0.7 15vλ≥ +  (4.2.10)

2) ,1.0 x yλ  but  ,0.7 30x yλ≥ +  (4.2.11)

 

b)  For single bolted connection, the compressive resistance is taken as 80 % of the 

compressive resistance of an axially loaded member and the slenderness ratio λ is 

taken as the greater of: 

1)1.0 vλ  but  0.7 15vλ≥ +  (4.2.12)

2) ,1.0 x yλ  but  ,0.7 30x yλ≥ +  (4.2.13)
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where λv and λx,y are the slenderness ratios of the segment about the v axis and x,y 

axes respectively.  

The compressive strength of the angle can then be obtained as follows: 

( )0.52

cr y
c

E y

p f
p

p fφ φ
=

+ −
 (4.2.14)

where 

( )1
2

yd crf pη
φ

+ +
=  (4.2.15)

2

2
s

cr
Ep π

λ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 
(4.2.16)

where λ  is the slenderness ratio determined in Eqs. (4.2.10) to (4.2.13) under 

different conditions. η is the Perry factor which can be obtained according to 

different Robertson constants. 

 

The compressive resistance of angle members can be calculated as, 

cd g cP A p=  (4.2.17)

 

4.2.3 CoPHK 

 

The design method in CoPHK (2005) is based on the design principle in both 

Eurocode 3 (2005) and BS5950 (2000), and can be used for design of angle sections 

which are connected eccentrically with different degrees of connection stiffness. For 

angle sections connected by two or more bolts, the slenderness ratio is calculated 
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from the larger of the actual member length, and the effective slenderness ratio effλ  

is taken as follows. 

For buckling about minor v axis,   

,
0.70.35
93.9

v
eff v

λλ
ε

= +   (4.2.18)

For buckling about x axis,         

,
0.70.5
93.9

x
eff x

λλ
ε

= +   (4.2.19)

And the slenderness ratio λ  is     

2

eff

y

E
f

πλ λ=   (4.2.20)

and          

275

ydf
ε =   (4.2.21)

where λv and λx are respectively the slenderness ratios about minor v axis and the x 

axis parallel to the two legs.  

 

The compressive resistance of single angle members can be determined by using the 

same formulae in Eqs. (4.2.14) to (4.2.17) with different slenderness ratio computed 

in Eqs. (4.2.18) and (4.2.19). 

 

For a single bolted connection, 80% of the compressive resistance of the double 

bolted connection is used as the resistance of angle members with single bolted 

connection.  
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4.2.4 Eurocode 3 

 

For design of the angles as web members in compression, Eurocode 3 (2005) also 

provides simplified formulae to calculate the effective slenderness ratio. The end 

fixity can be allowed for in the design of angle and the eccentricity can be neglected 

under the condition that the appropriate end restrained is supplied by chords to web 

member with appropriate end fixity as welded connections or connected by at least 2 

bolts. The effective slenderness ratio is taken as the greater of: 

a) For buckling about minor v axis    

vveff λλ 7.035.0, +=   (4.2.22)

b) For buckling about x axis 

, 0.50 0.7eff x xλ λ= +  (4.2.23)

where 

1

1g yd

cr

A f L
P r

λ
λ

= =  for class 1, 2 and 3 cross-sections (4.2.24)

1

eff

geff yd

cr

A
AA f L

P r
λ

λ
= =  

for class 4 cross-sections (4.2.25)

and 

1 93.9
yd

E
f

λ π ε= =   (4.2.26)

235

ydf
ε =   (4.2.27)

where crP  is the elastic critical force, L is the member length, r is the radius of 

gyration about the relevant axis, Aeff  is the effective area of a cross-section. 
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The buckling reduction factor is calculated as, 

22

1

eff

χ
φ φ λ

=
+ −

 (4.2.28)

where 

( ) 2
0.5 1 0.2eff effφ α λ λ⎡ ⎤= + − +⎢ ⎥⎣ ⎦

 (4.2.29)

and α  is the imperfection factor. 

The design buckling resistance of the compressive members is given as follow. 

 
1

g yd
cd

M

A f
P

χ
γ

=  for class 1, 2 and 3 cross-sections (4.2.30)

1

eff yd
cd

M

A f
P

χ
γ

=  for class 4 cross-sections (4.2.31)

where 1Mγ is the partial factor for resistance of members to instability assessed by 

member check. 

 

The simplified formulae are not applicable to single bolted connection of angle web 

members. For single bolted connection, the effect of eccentricity should be included 

by using interaction equations as shown below.  

, ,, ,

, ,

1 1 1

1y Ed y Edx Ed x Ed
xx xy

x Rk x Rk y Rk
LT

M M M

M MM MP k kP M Mχ
χ

χ χ χ

+ Δ+ Δ
+ + ≤  

 (4.2.32)

, ,, ,

, ,

11 1

1y Ed y Edx Ed x Ed
yx yy

y Rk x Rk y Rk
LT

MM M

M MM MP k kP M Mχ
χ

χχ χ

+ Δ+ Δ
+ + ≤

 (4.2.33)
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where RkP is characteristic value of resistance to compression and ,x RkM , ,y RkM  are 

the characteristic values of resistance to bending moments , xχ , yχ  and LTχ  are the 

reduction factors for flexural buckling and lateral torsional buckling respectively. 

,x EdMΔ and ,y EdMΔ  are the moments due to the shift of the centroidal axes.  kxx, kyy, 

kxy, kyx are the interaction factors. 

 

 

4.3 Second-order Analysis and Design Method for Angle Members 

 

Second-order analysis and design method has been recommended in many design 

codes such as AISC (2010), Eurocode 3 (2005) and CoPHK (2005) as an advanced 

tool for design of steel structures because the interactive effect between the structural 

members and structural system can be considered. Hence, the actual structural 

behaviors can be reflected in analysis. In this design method, the nonlinear effects 

such as the member imperfection and frame imperfection are included in analysis. 

These nonlinear effects change critically the ultimate load when a member is slender 

or when the deflection or end rotation is large that the nonlinear effects are 

significant. The consideration of these nonlinear effects in analysis is important and 

essential for structures with the estimation of effective length factor (K-factor) no 

longer required and the complicated process in determination of many factors to 

compensate for the nonlinear effects is eliminated. And the use of first-order analysis 

could be non-conservative if these effects are not carefully considered. The idea of 

local member and global structure imperfections, the importance on inclusion of 
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these imperfections in analysis, and the use of section capacity check for steel 

structures are described in the followings. 

 

4.3.1 P-δ and P-Δ effects 

 

The P-δ effect is due to the member bowing in the presence of axial force and the 

deflection along the member length as instructed in Figure 4.1. It affects the state of 

stress and the stiffness of the member. As a result, the second-order moment named 

P-δ moment is induced due to this effect. The importance of this effect increases for 

buckling analysis and design of slender skeletal structures.  

 

The P-Δ effect is due to the nodal geometrical change of the structure as shown in 

Figure 4.1. When a structure deforms, the original geometry can no longer be 

employed for the formulation of the transformation matrix simply because the 

coordinates of the structures have been changed. When the deflection and/or the 

conjugate force are large such as the case of a building under a heavy mass at the 

roof and a lateral wind load, this P-Δ effect becomes important. Hence, the second-

order moment named P-Δ moment is induced due to this P-Δ effect. 

 

Both P-δ and P-Δ effects generate the additional nonlinear moments which should be 

included correctly and rationally in an analysis. This thesis considers both effects in 

the analysis such that separated member design is not needed.  

 

4.3.2 Local and global imperfections 
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Perfectly straight members or structures are non-existent and therefore both the local 

and global imperfections should be included in second-order analysis. 

 

Generally speaking, local imperfection means imperfection for individual members 

or so-called the member imperfection which is due to combined effects of the initial 

geometric imperfection and residual stress. For practical design, local imperfection 

can be considered as an equivalent initial bow imperfection in member. Based on 

different cross-section types, the different values of initial bow imperfections are 

specified in different design codes. The method of calculating the imperfection 

values under various column buckling curves was demonstrated by Chan and Cho 

(2002) and the imperfection values for different cross-sections for nonlinear analysis 

of steel structures in CoPHK (2005) are given in Table 4.1 for illustration. 

 

The global imperfection is the imperfection of the whole structures which is resulted 

from the out of plumbness of frame in the construction. The imperfection in the 

structures may increase the sway effect and induce the P-Δ moment. In second-order 

analysis, the global imperfection can be included by a reliable and convenient 

method of using the elastic buckling mode as the imperfection mode with an 

amplitude set equal to the out-of-plumbness normally taken as height/200 or other 

justified values. The inclusion of global imperfection is important in second-order 

analysis as its ignorance may overestimate the resistance of the structures and leads 

to dangerous design as demonstrated below. 
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4.3.3 The importance of consideration the global imperfection in second-order 

analysis 

 

Failure load of dome is especially sensitive to the global imperfections (See and 

McConnel 1986; Morris 1991; Zhao et al. 1993; Kim et al. 1997). Therefore, the 

behavior and snap-through buckling load of two shallow domes are studied by using 

second-order analysis with one dome ignores the global imperfection as a case of 

perfect dome while another dome includes the global imperfection as imperfect 

dome in the analysis to demonstrate the influence of the resistance of the dome 

against global imperfection. The domes consist of 1024 members of rectangular 

hollow section with 40mm in width, 60mm in depth and 4mm in thickness as shown 

in Figure 4.2. The domes are assumed to be pin-supported at all corner nodes and the 

loads are applied to all nodes. The local member initial imperfection of L/500 is 

assigned to all members in both domes.  

 

The deformed shapes of the perfect and imperfect domes are given in Figures 4.3a 

and 4.3b respectively. For the perfect dome, when the applied load increases 

gradually, the dome deforms symmetrically with the largest vertical deflection 

occurs at the centre. The snap-through buckling load is 39.5kN. When the global 

imperfection is considered as the first elastic buckling mode, the dome deforms 

asymmetrically as shown in Figure 4.3b. The node with maximum vertical 

movement shifts away from the centre to node 284 as shown in Figure 4.3b. Because 

the symmetrical geometric property of the dome no longer exists, the resistance of 

the dome against snap-through buckling is greatly reduced. The snap-through 

buckling load drops to 15.5kN which is 60.8% lower than the prefer dome. The load-
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deflection curves of the largest vertical movement nodes for perfect dome (node 513) 

and imperfect dome (node 284) are compared in Figure 4.4. The discrepancy in 

capacity of the prefect and imperfect domes indicates the necessary of considering 

global imperfection in second-order analysis in dome as well as the other structures 

for a reliable and safe design.  

 

4.3.4 Section capacity check 

 

Second-order analysis and design method considers the change of the geometry and 

member stiffness due to the present of force and load in analysis, so that the effective 

length is not required to be assumed. In second-order analysis, the individual 

member check is replaced by the section capacity check as follows. 

( )( ) 1y y yx x x
SCF

g yd cx cy

M PM PP
A p M M

δδ φ
+ + Δ+ + Δ

+ + = ≤

 
(4.3.1)

in which pyd is the design strength of the member, P is the axial force in the member, 

Ag is the cross-sectional area, Mx and My are the first-order moments about the x and 

y axes, Mcx and Mcy are the moment capacities about the x and y axes, and SCFφ  is the 

section capacity factor. P(δx+∆x) and P(δy+∆y) are the second-order moments about 

the x and y axes of which the consideration allows one to include automatically the 

bending effect due to axial force and second-order deflections. Therefore, the use of 

effective length is not required as the P-Δ and P-δ effects have been included in the 

Eq. (4.3.1) for section capacity check. Moreover, the initial imperfection is also 

included in analysis so that the Perry-Robertson formula for imperfect columns can 

be directly applied in this integrated analysis and design procedure. 
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4.3.5 Simulation of the end conditions for angle members 

 

Different end conditions for angle such as single bolted and double bolted 

connections as shown in Figure 4.5 provide various rotation spring stiffness. The end 

conditions of the angle members can be simulated by inserting rotational spring 

elements to the two ends of the members as demonstrated by Cho and Chan (2005). 

The properties of gusset plate are used to determine the rotation spring stiffness of 

double bolted connection. For single bolted connection, the spring stiffness is zero as 

the connection joints are allowed to rotate freely. The magnitude and direction of 

end moments due to the load eccentricities can be modeled by a rigid arm joining the 

centroid of gusset plate and the point of load application. 

 

4.3.5.1 Connection spring 

 

The stiffness of a rotational spring in a double bolted connection can be calculated as, 

2
shear bolt

c
bolt

GA dS
l

=  (4.3.2)

where dbolt is the distance between the centroids of the two bolts; lbolt is the length of 

the bolt shank; G is the shear modulus of elasticity. Ashear is the shear area which can 

be taken as 0.9 of the cross-sectional area recommended in design codes like the 

CoPHK (2005). As the connections are dominantly under axial force with small 

moment, only the linear portion of the nonlinear moment-rotation curve of 

connections can be used that the connection stiffness is assumed linear in Eq. (4.3.2). 
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To account for the rotational stiffness of the spring element in the analysis, the 

tangent stiffness matrix is used to determine the incremental displacement. Consider 

the equilibrium of moment at internal and external nodes as shown in Figure 4.6, the 

equilibrium condition at two ends of a joint is given by,  

0s rM M+ =  (4.3.3)

and 

( )s c s rM S θ θ= −  (4.3.4)

( )r c r sM S θ θ= −  (4.3.5)

where Sc is the stiffness of the connection, Ms and Mr are the external and internal 

moments at two ends of a connection, θs and θr are the conjugate rotations for the 

moments Ms and Mr. 

 

Re-arranging Eqs. (4.3.4) and (4.3.5) to an incremental form, the following 

expression can be obtained,  

c cs s

c cr r

S SM
S SM

θ
θ

−Δ Δ⎡ ⎤⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟⎢ ⎥−Δ Δ⎝ ⎠ ⎝ ⎠⎣ ⎦

 (4.3.6)

where ∆Ms and ∆Mr are the incremental external and internal moments at two ends 

of a connection. The external node refers to the one connected to the global node and 

the internal node is joined to the angle element, ∆θs and ∆θr are the conjugate 

incremental nodal rotations to these moments. 

 

The basic equations for incorporating the end connection stiffness are considered 

both in the tangent and the secant stiffness matrix equations. 
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4.3.5.2 Tangent stiffness matrix with combination of connection spring 

 

The incremental displacements corresponding to the incremental forces are solved 

and the basic element stiffness is modified by addition of the element stiffness to the 

connection spring, which is modeled as a dimensionless spring element in analysis as, 

1 1 1 1

1 1 11 1 12 1

2 21 22 2 2 2

2 2 2 2

0 0
0

0
0 0

s c c s

r c c r

r c c r

s c c s

M S S
M S K S K
M K K S S
M S S

θ
θ
θ
θ

Δ − Δ⎛ ⎞ ⎡ ⎤ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎢ ⎥Δ − + Δ⎜ ⎟ ⎜ ⎟⎢ ⎥=
⎜ ⎟ ⎜ ⎟⎢ ⎥Δ + − Δ
⎜ ⎟ ⎜ ⎟⎢ ⎥Δ − Δ⎝ ⎠ ⎣ ⎦ ⎝ ⎠

(4.3.7)

 

External load is applied or transformed to the global nodes only, and both the ∆Ms1 

and ∆Mr1 are therefore equal to zero. Hence, the incremental rotations at the internal 

nodes can be expressed as,  

1
11 1 11 12 1

21 2 22 22 2

0
0

sr c c

c cr s

S k K S
K S K S

θθ
θ θ

− ΔΔ + ⎛ ⎞⎛ ⎞ ⎡ ⎤ ⎡ ⎤
= ⎜ ⎟⎜ ⎟ ⎢ ⎥ ⎢ ⎥+Δ Δ⎣ ⎦ ⎣ ⎦⎝ ⎠ ⎝ ⎠

 (4.3.8)

 

Substituting Eq. (4.3.8) into Eq. (4.3.7) to eliminate ∆θi in Eq. (4.3.7), the following 

expression can be obtained, 

1 2 22 12 1

11 1 2 21 1 11 2

2 2 21 11 2 22 12 21

0 0
0 0 0

0 ( )( )

c c c

ss c c c c

s c sc c

S S K K S
M S S K S K S
M S S K S K K K

θ
θ

⎛ + − ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ΔΔ − + ⎛ ⎞⎛ ⎞ ⎡ ⎤ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎜ ⎟= − ×⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟Δ Δ+ + −⎝ ⎠ ⎣ ⎦ ⎝ ⎠⎜ ⎟⎜ ⎟
⎝ ⎠

 (4.3.9)

where 1cS  and 2cS  are the spring stiffness for simulation of semi-rigid connections 

at ends; ijK  are the stiffness coefficients of the element; ∆θs1, ∆θr1, ∆θs2 and ∆θr2 are 

respectively the incremental rotations at the two ends of an element. 
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Assembling the element matrix, the global stiffness matrix for the angle frame and 

truss is formed. The incremental displacement vector is solved and added to the last 

displacement for determination of member resistance which is then assembled to 

obtain the frame resistance by a standard finite element procedure. 

 

4.3.6 Verification of second-order analysis and design method on single angle 

struts 

 

To verify the accuracy of the proposed second-order analysis and design method on 

single angle members, a comparison on the resistances of the members between the 

laboratory test results and proposed method is conducted. Trahair et al. (1969) tested 

single angle columns under eccentric load with the slenderness ratios from 60 to 200 

which cover the common range of angle struts in practice. The legs of the test 

specimens were welded to the stem of the structure tee to simulate the chord of the 

truss. The load was applied through the centre of the stem of the structural tee to 

induce an eccentricity. The specimens were tested under three different end 

conditions. In end condition (a), a fixed end was assumed that the testing machine 

head and base connected to the outside face of the flange of the structural tees 

directly. In end condition (b), only the rotation along the direction of the outstanding 

leg was allowed. Similar to condition (b), the plane in end condition (c) was allowed 

to rotate along the connected leg of the angle.  

 

In the test, equal angles with section 50.8 × 50.8 × 6.35 mm with ASTM A242 steel 

were used. The test results from Series A are compared with the predicted results by 

the proposed method with the inclusion of the member initial imperfection according 
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to the code requirement so as to verify the accuracy of the proposed method. A good 

agreement between the test and the predicted results can be obtained as shown Table 

4.2 with the second-order analysis method being more conservative generally. The 

average ratios of the test to predicted results are 1.04, 1.05 and 1.02 with standard 

deviations of 0.05, 0.09 and 0.06 for End condition A, End condition B and End 

condition C respectively. The comparison on the capacities of angle members 

implies the accuracy and efficiency of the proposed method in analysis and design of 

angle member and the discrepancy between the predicted results of stocky columns 

and the test results are still considered as well acceptable for engineering 

applications. 

 

 

4.4 Experimental Investigation on Angle Trusses 

 

The accuracy of the second-order analysis and design method in single angle 

members has been verified above. However, the use of isolated member is 

uncommon in practice and hence, the verification on the accuracy of first-order 

analysis and design method according to the design codes and the proposed second-

order analysis and design method on angle trusses is further carried out below. 

 

4.4.1 Test setup 

 

Four single angle struts were tested as web members of two plane trusses by Chan 

and Cho (2008) and shown with dimensions and support condition in Figure 4.7. The 

members with length of two meters were used and the material properties of the 
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specimens are given in Table 4.3. Four tested single angle members were divided 

into two sets (Trusses 1 and 2) with two variables including web arrangements and 

end conditions. In Truss 1, the web members were connected to the chords on the 

same side, while in Truss 2 the web members were connected to the chord members 

on the alternative sides. The different end conditions of each specimen and the 

dimensions of gusset plate, which were used to connect the members at each end, are 

summarized in Table 4.4. Point load was applied to the upper joint of the target 

failure member and the out-of-plane bucking at connecting node between chords and 

webs was fully restrained. The target member, chosen as the compression web under 

applied point load and closer to the left end support, was purposely designed to fail 

first. 

 

4.4.2 Test result 

 

The failure loads of all specimens are presented in Table 4.5. The design strength of 

the angle members was controlled by the resistance to the flexural buckling about the 

principal minor axis. The single and double bolted connections were most likely to 

be treated as perfectly pinned and partially restrained at ends. The results represent 

that the failure loads of specimens with double bolted end connection are 17% to 25% 

higher than corresponding specimens with single bolted end connection. The load 

resistances of the specimens with web members on the same side are 9% to 17% 

higher than the specimens with web members on alternate sides under the same end 

conditions. Therefore, the test results indicate that double bolted connection can 

provide greater end fixity, which gives a more beneficial effect to the compressive 

resistance of the angle members than single bolted connection. Moreover, the test 
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results also show that the web members connected on the same side are able to take a 

considerably greater load than the web members connected on alternate sides, since 

the trusses with web members connected on alternate sides contain a larger eccentric 

moment at ends of the webs which reduces considerably the buckling strength. 

 

 

4.5 Comparisons on Different Design Methods 

 

The predicted results based on the codified method including AISC (2010), BS5950 

(2000), CoPHK (2005) and Eurocode 4 (2004) and second-order analysis and design 

method are compared with the test results of the angle trusses to verify the accuracy 

of different design methods. 

 

4.5.1 First-order analysis and design method 

 

The predicted results according to different design codes are compared with test 

results and given in Table 4.6. The findings show that AISC (2010) gives an over-

conservative estimation on failure loads with the differences of 49% and 68%, 52% 

and 58% for single and double bolted connections respectively. BS5950 (2000) gives 

an over-conservative prediction on failure loads of single bolted connection with the 

differences of 46% and 62%, and a more reasonable conservative prediction is 

obtained on double bolted connection with the differences of 10% and 14%. CoPHK 

(2005) gives an economical design in the angle sections as the predicted failure loads 

are close to the actual failure loads, and the differences are 3% and 21% for single 

bolted connection with the same and alternate sides arrangement of web, and the 



 
Chapter 4   First-order and Second-order Analysis for Design of Angle Trusses 
 

90 

differences become 2% and 13% for double bolted connection with web members on 

the same and opposite sides. The predicted capacities from Eurocode 3 (2005) are 

only about half of the test results in single bolt connection, and it shows that the 

highly conservative interaction equations have been used for single bolted 

connection in Eurocode 3 (2005). However, a reasonably safe prediction for double 

bolted connection is provided in Eurocode 3 (2005) with nearly 20% difference 

between two sets of results. 

 

4.5.2 Second-order analysis and design method  

 

The analysis model of the trusses is shown in Figure 4.8, and the failure loads 

predicted by second-order analysis and design method with three imperfection 

values are compared in Table 4.7. In present method, both the end moments and end 

rotational restraints can be considered and included in analysis. The rotational 

stiffness “k” is assumed as 100kNm/radian by taking 10% of the flexural stiffness of 

the bolts. For angle members connected by single bolt, the members are released at 

the end; for angle members connected by double bolts, the rotational stiffness is 

inserted into two ends of members. The capacities of the angle members based on 

three initial imperfection values are calculated. The first initial imperfection is taken 

as L/360, in which L is the length of the member, and the imperfection of L/360 is 

based on a calibration exercise between the second-order analysis and the buckling 

curve used in the CoPHK (2005). The second initial imperfection is assumed to be 

L/300 which is provided in CoPHK (2005) as shown in Table 4.1. The third initial 

imperfection is conservatively taken as L/200 as given in Eurocode 3 (2005). 

However, a more precise value of initial imperfection can be back-calculated from 
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the formulae for the buckling curves given in Eurocode 3 (2005) using the 

appropriate section modulus. The same and alternate side arrangements of web 

members are simulated in the analysis model as shown in Figure 4.9. For same side 

arrangement, the web members are first connected to a rigid bar to simulate the 

eccentricity and then the rigid bar is connected to the chord member. For alternate 

side arrangement, the web members are connected to the rigid bars in different sides. 

The effect due to different arrangements of web members can be reflected in the 

predicted members capacities that the first set of specimens are higher than the 

second set for both single and double bolted connections. The differences between 

the test and predicted results in single bolted connection are 6% and 12% for 

imperfection equal to L/360, 8% and 15% for imperfection equal to L/300, and 14% 

and 25% for imperfection equal to L/200. The differences in double bolted 

connection are 1% for imperfection equal to L/360, 3% and 4% for imperfection 

equal to L/300, and 7% and 13% for imperfection equal to L/200. The results 

indicate that both the CoPHK (2005) and Eurocode 3 (2005) recommended initial 

imperfection values are conservative for single angle members in second-order 

analysis. The use of imperfection of L/360 gives a close prediction on the failure 

loads for both single and double bolted connections compared with the other design 

methods. 

 

4.5.3 Comments on studied design methods 

 

All design codes give a safe design on single angle members, and the differences on 

the failure loads between the test and design methods are summarized in Tables 4.8 

and 4.9. The discrepancy between the same and alternate side arrangements of the 
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web members cannot be reflected in all studied design codes. For angle members 

with single bolted connection, the ratios of the predicted and tested failure loads in 

descending order are Eurocode 3 (2005), AISC (2010), BS5950 (2000), CoPHK 

(2005) and second-order analysis method. It appears that the interaction equations 

for single bolted angle members in Eurocode 3 (2005) and AISC (2010) are too 

conservative as the difference is nearly 70%. A large difference in BS5950 (2000) 

also means that the slenderness modification equations are too conservative for 

slender angle members. CoPHK (2005) gives the closest results when compared with 

the other codes and this implies taking 80% of the axial force compressive resistance 

of the double bolted connection as the compressive resistance of single bolt 

connection seems to be more reasonable.  

 

For double bolted connection, the differences between the tested and predicted 

results arranged in descending order are AISC (2010), Eurocode 3 (2005), BS5950 

(2000), CoPHK (2005) and second-order analysis method. The results show that the 

modification equations for slenderness ratio in AISC (2010) are over-conservative 

for double bolted compressive members. CoPHK (2005), BS5950 (2000) and 

Eurocode 3 (2005) give a closer prediction on failure loads. This is due to their 

provided simplified formulae for slenderness modification and estimation of the 

effective length being close to the actually buckling length. 

 

The results predicted by the proposed second-order analysis with imperfection of 

L/360 are close to the test results for both single and double bolted connections, 

since the true behavior of the members is simulated and reflected. This analysis 

method can include the nonlinear large deflection and buckling effect, imperfections 
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of the members and structures, and the arrangement details of webs and joints in 

analysis. With the consideration of the rotational stiffness due to the gusset plates, 

the accuracy of the second-order analysis and design method could be further 

increased. Furthermore, only one element is used to model a single member which 

makes the proposed method efficient and simple to use, and the advantage of using 

only one element per member becomes more significant for mega structures. 

 

 

4.6 Concluding Remarks 

 

The different codified first-order analysis and design methods including AISC 

(2010), BS5950 (2000), CoPHK (2005) and Eurocode 3 (2005) for design of steel 

structures have been discussed in this chapter. The specific design requirements for 

angle members have been emphasized due to its monosymmetric or asymmetric 

cross-section property which further complicates the design process. Some codes 

greatly underestimate the failure loads of the angle members by using the over-

simplified and conservative interaction equations which are mostly based on doubly 

symmetric section. As a result, when used in monosymmetric or asymmetric cross-

section like angle section, these interaction equations may underestimate the loading 

resistance of angle sections. Some codes give a less conservative estimation on the 

failure loads of angle sections, not only due to the error in effective length method 

itself which ignores P-δ deflection due to member loads, but the code methods also 

sensibly rely on the judgment by the designer on the value of the effective length 

factor for some non-typical structural forms and connections. Moreover, the method 
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cannot rationally consider the effect of end moments on members connected on the 

same and on the alternate sides of webs of a truss. 

 

Due to the complicity and inaccuracy on using the first-order analysis and design 

method, the second-order analysis and design method has been proposed in this 

chapter for design of the steel angle members. Both the local and global 

imperfections and residual stresses are included automatically in the analysis to 

reflect the structural behaviors. Therefore, the estimation of the effective length and 

factors to compensate for the nonlinear effects are eliminated. The different 

behaviors due to the same side and alternate side arrangements of web members and 

the moments due to the end eccentricity are also included directly in analysis in the 

proposed method. The comparisons between the test and the analysis results further 

confirm the validity of the proposed method for practical applications.  
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Figures 

 

 

Figure 4.1 P-Δ and P-δ Effects in the Frames 
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Figure 4.2 Layout of 1024-members Dome 

 

 

 

 

 

Figure 4.3 Analysis Failure Modes of Perfect and Imperfect Domes 
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Figure 4.4 Load against Deflection Curves of Perfect and Imperfect Domes 

 

 

Figure 4.5 Angle with Single and Double Bolted Connections 
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Figure 4.6 Connection Spring Element 

 

 

 

 

   End condition (a)   End condition (b)          End condition (c) 

Figure 4.7 End Conditions on Single Angle Member Tests 
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Figure 4.8 Layout of the Angle Trusses 
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Figure 4.9 Analysis Model of the Angle Trusses 

 

Figure 4.10 Modeling of Different Sides Arrangement of Web Members 

Target Failure Member 
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Tables 

Table 4.1 The Values of Steel Member Initial Bow Imperfection in CoPHK (2005) 

Buckling curve Member initial bow imperfection for 
second-order analysis 

a L/500 
b L/400 
c L/300 
d L/200 
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Table 4.2 Test and Analysis Results of Angle Members 

Specimen Length 
(mm) 

Test result Analysis result 
Ptest/Pprop 

Ptest (kN) Pprop (kN) 

End condition A 
A1 2009.1 66.7 68.6 0.97 
A2 1574.8 101.0 97.0 1.04 
A3 1371.6 110.3 105.6 1.04 
A4 1295.4 108.5 108.6 1.00 
A5 1168.4 112.1 113.2 0.99 
A6 1064.3 120.5 116.5 1.03 
A7 962.7 122.8 119.1 1.03 
A8 861.1 129.0 121.0 1.07 
A9 762.0 118.8 122.2 0.97 
A10 683.3 135.7 122.4 1.11 
A11 553.7 137.5 121.4 1.13 

 Mean 1.04 
 SD 0.05 

End condition B 
B1 2034.5 31.6 34.5 0.92 
B2 1397.0 50.3 52.4 0.96 
B3 1193.8 63.2 60.3 1.05 
B4 1005.8 72.1 68.5 1.05 
B5 886.5 75.2 74.1 1.01 
B6 787.4 90.3 79.0 1.14 
B7 708.7 95.2 82.9 1.15 
B8 584.2 100.5 89.0 1.13 

 Mean 1.05 
 SD 0.09 

End condition C 
C1 1600.2 57.8 59.0 0.98 
C2 1320.8 74.3 72.6 1.02 
C3 1092.2 80.1 83.9 0.95 
C4 889.0 94.3 92.1 1.02 
C5 711.2 106.8 96.1 1.11 

 Mean 1.02 
 SD 0.06 

* SD=Standard Deviation 

 

  



 
Chapter 4   First-order and Second-order Analysis for Design of Angle Trusses 
 

103 

Table 4.3 Coupon Test Results and Experimental Failure Loads of Angle Trusses 

 
Set 

 
Specimen 

Young’s 
modulus 

(kN/mm2) 

Yield stress 
(N/mm2)　 

Failure 
load 
(kN) 

Failure load/ 
Squash load 

1 1a 216.9 347.0 67.2 0.26 
1b 211.8 347.6 78.4 0.30 

2 2a 194.5 348.6 57.5 0.22 
2b 185.6 344.9 72.1 0.28 

 

 

 

Table 4.4 Details of Specimens and Gusset Plates 

Set Specimen Specimen 
size 

Web 
arrangement 

End 
condition 

Gusset plate 
dimension 

1 1a 65×65×6 Same side Single bolt 240×180×8 
1b 65×65×6 Same side Double bolt 240×180×8 

2 2a 66×66×6 Alternate sides Single bolt 240×180×10 
2b 66×66×6 Alternate sides Double bolt 240×180×10 

 

 

 

Table 4.5 Test Results of Angle Trusses  

Set Specimen Test result (kN) 
Ratio 

Double bolt/ 
Single bolt 

Same side/ 
Alternate sides 

1 1a 67.2 / 1.17 
1b 78.4 1.17 1.09 

2 2a 57.5 / / 
2b 72.1 1.25 / 
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Table 4.6 Predicted Capacities by Design Codes 

Set Specimen Test result 
(kN) 

Predicted capacity (kN) 
Design code 

AISC BS5950 CoPHK Eurocode 3 
1 1a 67.2 39.9 41.5 55.5 33.8 

1b 78.4 51.5 68.5 69.5 65.1 
2 2a 57.5 38.5 39.4 55.9 33.1 

2b 72.1 45.8 65.3 70.8 61.2 
 

 

Table 4.7 Predicted Capacities by Second-order Analysis and Design Method 

Set Specimen Test result 
(kN) 

Predicted capacity (kN) 

Imperfection 
value 1 

Imperfection 
value 2 

Imperfection 
value 3 

L/360 L/300 L/200 

1 
1a 67.2 60.1 58.4 53.6 
1b 78.4 77.4 75.4 69.4 

2 
2a 57.5 54.3 53.2 50.5 
2b 72.1 71.4 70.3 67.6 

 

 

Table 4.8 Ratios of Test to Predicted Results by Design Codes 

Set Specimen 

Ratio of test to predicted results 

Design codes 

AISC BS5950 CoPHK Eurocode 3 

1 1a 1.68 1.62 1.21 1.99 
1b 1.52 1.14 1.13 1.20 

2 
2a 1.49 1.46 1.03 1.74 
2b 1.58 1.10 1.02 1.18 
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Table 4.9 Ratios of Test to Predicted Results by Second-order Analysis and Design 

Method 

Set Specimen 

Ratio of test to predicted results 

Second-order analysis and design method 
(Imperfections) 

L/360 L/300 L/200 

1 1a 1.12 1.15 1.25 
1b 1.01 1.04 1.13 

2 2a 1.06 1.08 1.14 
2b 1.01 1.03 1.07 
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CHAPTER 5 

 

EXPERIMENTAL STUDIES OF STEEL AND 

CONCRETE-FILEED STEEL TUBULAR COLUMNS 

AND TRUSSES 

 

 

5.1 Introduction 

 

Owing to the rapid development of world economies, the requirement of high-rise 

buildings and long span structures has been ever increasing. Traditional steel and 

reinforced concrete structures are no longer able to fulfill the demands and 

requirements of the society, and steel-concrete composite structures have become 

popular in modern structural systems. Generally speaking, the Concrete-Filled Steel 

(CFS) tubular composite members are favorably used as columns of high-rise 

buildings and long span structures, and chord and web members of mega trusses 

such as the recently constructed Tamar Government Headquarters in Hong Kong. 

There exist numerous advantages on using composite members over the 

conventional steel and reinforced concrete members such as the enhancement of 

strength and stiffness of columns without enlargement of their size which then 

maximizes the usable space. The construction time and cost can be reduced as the 

steel tubes can be used as the formwork for fresh concrete. The concrete inside the 
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sections can also delay the local buckling of circumstancing steel walls. In order to 

understand the behaviors of composite members, extensive experiments were 

conducted and reported to study the beam, column and beam-column behaviors of 

various types of composite members such as CFS tubular members and concrete-

encased steel members reviewed in Chapter 2. 

 

From the review on the composite column and beam-column tests, most previous 

experiments focused on the behavior of isolated columns under pinned or fixed end 

condition, and tests on steel and CFS tubes acting as members of a frame or truss 

structure are limited. When the CFS tubes used as the members of a structure, its 

boundary condition cannot be simply treated as pinned or fixed end. The 

contributions to overall stiffness at connection from connecting members affect the 

end conditions as well as the member capacity. Therefore, tests on trusses composed 

of the bare steel and CFS tubes as chords and webs were carried out together with 

tests on the isolated columns with same section and material properties in order to 

investigate the actual behaviors of CFS tubes in a structure. The test program was 

divided into two parts including tests on the columns and trusses. In the first part, the 

four columns under pinned and fixed end conditions were tested and their capacities 

were compared. The second part of test included two sets of trusses with different 

member sections and concrete strengths. The behaviors of trusses under point loads 

were monitored and the beneficial effects due to in-filled concrete on trusses 

members were investigated. 

 

Furthermore, the capacities of these isolated columns and members in the trusses 

will be predicted by the traditional codified design methods and proposed second-
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order elastic analysis and design method in next chapter and compared with the test 

results from this chapter. The load-deflection responses of composite trusses 

members from the test will also be compared against the proposed second-order 

inelastic analysis method for composite members in Chapter 7. 

 

 

5.2 Behaviors of Steel and Concrete-filled Steel Tubular Columns 

 

In the first part of the experimental program, the behavior of isolated columns was 

studied. The tests on steel and CFS tubular columns were aimed to compare the 

increase in the capacity of CFS tubular columns under different end conditions 

including pinned and fixed ends. The buckling resistances of the isolated struts were 

also compared with the resistances of the constituting members in the trusses so as to 

investigate the behaviors of these members under the idealized design condition and 

actual condition.  

 

5.2.1 General 

 

The conducted column test included two bare steel and two CFS tubes. Square 

hollow steel tubes with cross-section of 60x60x3mm were used in the test and the 

average width, depth and thickness are listed in Table 5.1. Two boundary conditions 

were set up in the test as indicated in Figure 5.1 for pinned end and Figure 5.2 for 

fixed end cases. The specimen length for the pinned end condition and fixed end 

condition were 1.74m and 2m respectively. The failure loads as well as load-

deflection behavior were studied. 
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5.2.2 Material properties 

 

The steel plate slenderness ratio was selected according to the guidelines provided in 

Eurocode 3 (2005) and Eurocode 4 (2004) so that the effect of the local buckling on 

the steel plate can be neglected. Four steel tensile coupon tests were carried out in 

accordance with British Standard BS EN 10002-1:1990 to determine the stress-strain 

curve of the steel material. Properties including the average yield stress, ultimate 

tensile stress and Young’s modulus of elasticity of the steel tube used in the isolated 

column test are listed in Table 5.1. 

 

Normal strength concrete was used in filling the steel tubes. The concrete mix 

included 200kg/m3 water, 408kg/m3 Ordinary Portland Cement, 1074kg/m3 coarse 

aggregate and 716kg/m3 fine aggregate. A series of standard concrete cylinders, 

100mm in diameter and 200mm in height, were cast and cured under the same 

conditions as the specimens until the day of test. The average compressive cylinder 

strength and modulus of elasticity of the concrete used in the CFS tubes are given in 

Table 5.1. 

 

5.2.3 Test setup 

 

The setups of steel and CFS tubular columns with pinned and fixed boundary 

conditions are given in Figures 5.3 and 5.4. The columns were 2 meters in length, 

measured between the centre of rotation at both ends. The test specimens were cast 

on the surface of flat steel plates at both ends to ensure smooth surface for producing 
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uniform load. For pinned end case, the specimens were welded to the steel plates and 

bolted to the pinned ends and fixed by four bolts, and rotation was only allowed in 

the in-plane direction. For the fixed end condition, the specimens were welded to the 

steel plates at both ends and bolted to the ground at the bottom and rigid connected 

to the load cell at top, and no rotation was allowed in both the in-plane and out-of-

plane directions. During the test, point load was applied to the top of the column via 

the loading jack with maximum capacity of 400kN. The load interval was taken as 

0.5kN throughout the whole test and the load cell was located at the top of the 

column to record the applied load.  

 

5.2.4 Instrumentation 

 

Totally 12 and 10 displacement transducers were used for pinned and fixed end 

conditions respectively to measure the displacements of the specimens. Four 

transducers were used to measure the downward and lateral displacements at the top 

of the specimens. The deflections at the middle and quarter points for both the in-

plane and out-of-plane directions of the specimens were monitored by other six 

transducers. The displacements at the bottom of the pinned end specimens were 

measured by other two transducers with their locations shown in Figure 5.5. Strains 

on each face of the steel tubes at the middle and quarter points were monitored by 12 

strain gauges at each point as indicated in Figure 5.5. 

 

5.2.5 Discussion of test results 

 

5.2.5.1 Failure modes 
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All the specimens failed in flexural buckling mode with the maximum deflection at 

the middle of the specimens as shown in Figures 5.6 and 5.7 for pinned end and 

fixed end conditions respectively. Local buckling was not observed before reaching 

the maximum applied load for all columns. For pinned end columns, owing to the 

friction in the pinned ends, the degree of end restraint may be varied and the 

maximum applied load could be higher than the theoretically perfect pinned end case.  

 

5.2.5.2 Lateral load-deflection curves in the in-plane direction 

 

The axial load versus mid-length in-plane deflection curves for both steel and CFS 

tubular columns are plotted in Figure 5.8. Generally speaking, the load versus in-

plane deflection relationships were expectedly similar for all tested specimens that 

the deflection increased linearly with applied load at the initial stage, and the 

relationship became nonlinear when the load approached failure load. After attaining 

the maximum load, the deflection of the members increased significantly with 

decreasing load.  

 

5.2.5.3 Lateral deflection-load curves in the out-of-plane direction 

 

The load against out-of-plane deflection curves are presented in Figure 5.9. The 

results show that the deflections were small before reaching the maximum load when 

compared with the deflections in the in-plane direction for pinned end columns. 

However, for fixed end columns, the mid-length deflections along the out-of-plane 

direction were similar to the deflections along the in-plane direction, which indicates 
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that the columns deflected in both directions with similar initial imperfections in 

these directions. After the peak load, the out-of-plane deflection increased 

significantly due to the lost of stability. 

 

5.2.5.4 Resistance of the isolated columns 

 

The maximum loads in test for all specimens are listed in Table 5.2. The load 

resistances of steel tubular columns were 152.5kN and 249.4kN for pinned and fixed 

end conditions and larger resistance were obtained for CFS tubular columns with 

loads of 186.9kN and 249.4kN for pinned and fixed ends respectively. The load 

resistance ratios of CFS to bare steel tubular columns were 1.23 and 1.33 for pinned 

end and fixed end conditions respectively, and the load ratios of fixed to pinned end 

conditions were 1.64 and 1.77 respectively for steel and CFS tubular columns. The 

results show that the beneficial effect due to the in-filled concrete on the columns 

under fixed end condition is more significant than under pinned end condition. 

 

5.2.5.5 Axial strain-load curves 

 

The load against strain curves at the mid-length of the columns are plotted in Figures 

5.10 and 5.11 for pinned end columns, and Figures 5.12 and 5.13 for fixed end 

columns. These curves were noted to possess a typical and consistent pattern similar 

to load-deflection curves. Sign of local buckling on the steel plate was not observed 

from these curves. 
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5.3 Behaviors of Steel and Concrete-filled Steel Tubular Trusses 

 

The behaviors of steel and CFS tubular isolated columns have been studied in last 

section. However, the behavior of the CFS tubular members used in structural 

systems instead of an isolated column is more interesting because the use of single 

and isolated column in practice is rare. Hence, in the second part of the experimental 

program, test was carried out on two pairs of trusses to study the behaviors of steel 

and CFS tubular members in the trusses. The results of the first set of trusses were 

also compared with the results of the column test to identify the effects of end 

condition on a constituting member in a truss system. 

 

5.3.1 General 

 

Two sets of trusses with members composed of bare steel tubes (named as steel truss) 

and CFS tubes together with steel tubes (named as composite truss) were tested with 

the dimensions of trusses members shown in Figure 5.14. Each pair of tested trusses 

included one steel truss and one composite truss. Steel trusses were composed of 

steel tubes for all members and the composite trusses consisted of CFS tubes in the 

compressive members and bare steel tubes in the tensile members. The steel tubes 

with the same section and material strength as the tested columns were used in the 

first set of trusses so that the results can be compared directly with the column test 

results. In truss set 1, the steel tubes with section of 60x60x3mm were used for all 

members. In truss set 2, the two target failure members were 50x30x3mm 

rectangular hollow section tubes and the remaining members were 60x60x3mm 

square hollow section tubes. Each of these three-dimensional trusses consisted of 19 
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members including 14 main members of 2m length and 5 tie members of 0.8m 

length connecting the two plane trusses. All members were connected as moment 

joints by 8mm fillet welds. 

 

5.3.2 Material properties 

 

The same materials used in columns test were adopted for truss set 1 which further 

used normal concrete while the high strength concrete was chosen in the steel tubes 

for truss set 2. The composition of concrete mix used in the CFS tube in truss set 2 

were water (238.1kg/m3), Ordinary Portland Cement (479.5kg/m3), coarse aggregate 

(862.5kg/m3), fine aggregate (709kg/m3) and Pulverized Fly Ash (205.5kg/m3). The 

material properties of steel tube, and the average compressive cylinder strength and 

the modulus of elasticity of the concrete on the same day of trusses tested are given 

in Table 5.3 for both sets of trusses. 

 

5.3.3 Test setup  

 

Trusses were simply and pin supported at two ends and roller supported at another 

two ends, and they were loaded vertically at their top at one side by hydraulic jacks 

with a maximum capacity of 400kN as shown in Figure 5.15 The loads were applied 

gradually in the test at a rate of 2kN/minute and the loads increment was taken as 

0.5kN during the test. Two load cells were located under point loads to record the 

load during the test. Sufficient lateral restraints were provided to ensure out-of-plane 

buckling at connecting nodes between members was prevented. 
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5.3.4 Instrumentation 

 

In the test, the displacement transducers were set to monitor deformation of the 

trusses including the overall movements of the trusses at the top and bottom of the 

target failure members, in-plane movements of the target failure members at mid-

length and quarter-lengths, and out-of-plane displacement of the target failure 

members at mid-length. The exact locations of displacement transducers are shown 

in Figure 5.16. The strain gauges were mounted on four faces of steel plate at the 

mid-length and quarter points of the target failure members to trace the strain during 

the test. The detailed locations of strain gauges for both trusses are shown in Figure 

5.16. 

 

5.3.5 Discussion of test results 

 

5.3.5.1 Failure modes 

 

The deformation of the trusses was most obvious in the members near the point 

loads. The failure of the trusses was due to the member flexural buckling at the in-

plane direction on the target failure member, and the maximum deflection was noted 

at the middle of the member for all tested trusses. During the test, the surfaces of the 

tubes were examined continuously and the local plate buckling was not observed in 

all members of the tested trusses before reaching the maximum applied load. The 

final deformed shapes are shown in Figures 5.17 and 5.18 for truss set 1 and Figures 

5.19 and 5.20 for truss set 2. 
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5.3.5.2 Lateral load-deflection curves in the in-plane direction 

 

The applied load against mid-length in-plane deflection curves of the failed members 

are plotted in Figures 5.21 and 5.22 for truss sets 1 and 2. Similar load versus 

deflection curves were observed for both the steel and CFS tubular members that, 

when the load was small, a linear relationship between the load and deflection was 

noted and the relationship became nonlinear when the maximum load was 

approached. The load was applied continuously after reaching the maximum load in 

order to study the post-buckling behavior of the trusses. 

 

5.3.5.3 Lateral load-deflection curves in the out-of-plane deflection 

 

The applied load against the out-of-plane deflection curves at mid-length of the 

failure members are plotted in Figures 5.23 and 5.24 for truss sets 1 and 2 

respectively. The curves show that the out-of-plane deflections were small compared 

with the in-plane deflections and remained constant with increasing load before 

reaching the maximum load for all tested trusses, and the out-of-plane deflections 

were mainly due to the initial member and truss global imperfections. After reaching 

the maximum load, the member buckled and the trusses deformed globally with the 

lateral out-of-plane deflections increased drastically. 

 

5.3.5.4 Resistance of the trusses 

 

The test results are given in Table 5.4 and the maximum applied loads were 250.4kN 

and 323.1kN for steel and CFS tubular members respectively in truss set 1, and 
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76.6kN and 90.0kN for steel and CFS tubular members respectively in truss set 2. 

The maximum loads resisted by the members in the composite trusses were 

respectively 29% and 17% higher than the trusses for sets 1 and 2. The normal 

concrete was used for truss set 1 and high strength concrete was filled for truss set 2 

which also used a smaller steel section. The increase in the capacity of the failure 

member due to in-filled concrete was more significant in truss set 1 than set 2. The 

results indicate that the capacity of the member is more controlled by the second 

moment of area instead of strength of concrete for slender members. The increase on 

the member stiffness is more effective than the increase of material strength to obtain 

a larger member resistance for slender members. 

 

5.3.5.5 Axial strain-load curves 

 

The applied load against the strain curves at the mid-length of the failure members 

are shown in Figures 5.25 and 5.26 for truss set 1, and Figures 5.27 and 5.28 for 

truss set 2. The nonlinear relationship and post failure behaviour were observed in 

the figures. Large compressive strains were developed at the bottom fibres which 

gave a consistent result with displacement transducers. The strains recorded on both 

sides of the member were nearly identical for both steel and CFS tubular members 

and the slight difference was mainly due to the out-of-straightness imperfections. 

The results also imply that the out-of-plane deflection was insignificant before 

reaching the failure load, after which the out-of-plane deflection increased 

significantly with decreasing load. 

 

5.3.5.6 Post buckling behaviors 



 
Chapter 5   Experimental Studies of Steel and Concrete-filled Steel Tubular Columns and 
Trusses 

118 

 

After reaching the maximum load, the deflection and strain on the steel plates 

increased continuously with decreasing load and the local buckling on the steel plate 

was detected. For steel tubular members, the inward buckling of the steel plate was 

observed first at the mid-span of the members and then at top and bottom of the 

same member. For CFS tubular members, the concrete core prevented the inward 

buckling and therefore the steel plate local buckled outward as shown in Figure 5.29. 

 

5.4 Comparisons on the Results of Columns and Trusses 

 

The results on isolated columns and truss set 1 have been presented above. The same 

materials and section were used for both tests with different end conditions. The 

pinned and fixed end conditions were set for isolated columns while the end 

condition of the members in the trusses was more complicated because the 

movement was restricted by the other members. The member force against 

deflection curves of columns under pinned and fixed end conditions and the failure 

members in the trusses are plotted in the same figures (Figures 5.30 and 5.31) for 

comparison of the capacities and behavior. The comparison results show that the 

resistances of both the steel and CFS tubular members in the trusses were 

somewhere between members with pinned and fixed end conditions which implies 

that the boundary condition of the trusses members was between these extremes and 

semi-rigid. 
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5.5 Concluding Remarks 

 

Experimental investigation on the behaviors of steel and CFS tubes used as isolated 

columns and members in the trusses has been presented in this chapter. Four 

columns including two steel and two CFS tubes were tested under pinned and fixed 

end conditions. The beneficial effects in strength and ductility due to the in-filled 

concrete were compared and the load ratios on pinned and fixed end columns were 

studied.  

 

Extending the studies on the behaviors of isolated columns, tests were extended to 

study the structural systems. Trusses consisted of steel and CFS tubular members 

were tested. The end condition of the members in the trusses was not simply the 

idealized pinned or fixed end and they were complicated with the realistic end 

condition that the end movement and rotation were restricted by the other members. 

From the comparison, the actual buckling length of the member cannot be arbitrarily 

estimated and used for determination of the buckling resistance of the members.  

 

The comparisons on the behaviors of isolated columns and members in the trusses 

verified that the end condition of the members was in-between the pinned and fixed 

ends. Therefore, assuming pinned or fixed end condition for those members will give 

an inaccurate and even dangerous design which will be demonstrated in the next 

chapter. Furthermore, the accuracy of first-order analysis and second-order analysis 

design method in design of isolated columns and members in the trusses will also be 

verified in the next chapter through the comparisons on the predicted and test results. 

The load-deflection behavior of the members in the trusses for both loading and 
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unloading stages will also be compared with the analysis results by using the  

proposed second-order inelastic analysis method for composite members in Chapter 

7 for verification. 
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Figures 

 

 

 

Figure 5.1 Layout of Pinned End Columns 
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Figure 5.2 Layout of Fixed End Columns 
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Figure 5.3 Experimental Setup of Pinned End Columns
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Figure 5.4 Experimental Setup of Fixed End Columns
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Figure 5.5 Locations of Strain Gauges and Displacement Transducers on the Columns 
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Steel tubular column    CFS tubular column 

Figure 5.6 Failure Mode of Pinned End Columns 
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Steel tubular column    CFS tubular column 

Figure 5.7 Failure Mode of Fixed End Columns 
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Figure 5.8 Load against In-plane Lateral Deflection Curves of Columns 
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Figure 5.9 Load against Out-of-plane Lateral Deflection Curves of Columns
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Figure 5.10 Load against Strain of Pinned End Steel Tubular Columns 

 

 

Figure 5.11 Load against Strain of Pinned End CFS Tubular Columns  
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Figure 5.12 Load against Strain of Fixed End Steel Tubular Columns  

 

Figure 5.13 Load against Strain of Fixed End CFS Tubular Columns  
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Figure 5.14 Layout of the Steel and Composite Trusses 

Bare Steel Members 

CFS Members CFS Members 
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Figure 5.15 Experimental Setup of the Steel and Composite Trusses 
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Figure 5.16 Locations of Strain Gauges and Displacement Transducers on the Trusses
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Figure 5.17 Buckling Mode of Set-1 Steel Truss 



 
Chapter 5   Experimental Studies of Steel and Concrete-filled Steel Tubular Columns and Trusses 

136 

 

 

Figure 5.18 Buckling Mode of Set-1 Composite Truss 
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Figure 5.19 Buckling Mode of Set-2 Steel Truss 

 

 

 

 

 

 

 



 
Chapter 5   Experimental Studies of Steel and Concrete-filled Steel Tubular Columns and 
Trusses 

138 

 

 

 

Figure 5.20 Buckling Mode of Set-2 Composite Truss 
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Figure 5.21 Load against In-plane Lateral Deflection Curves of Set-1 Truss  

 

 

Figure 5.22 Load against In-plane Lateral Deflection Curves of Set-2 Truss  
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Figure 5.23 Load against Out-of-plane Lateral Deflection Curves of Set-1 Truss  

 

 

Figure 5.24  Load against Out-of-plane Lateral Deflection Curves of Set-2 Truss
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Figure 5.25 Load against Strain of Steel Truss 1 

 

Figure 5.26 Load against Strain of Composite Truss 1 
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Figure 5.27 Load against Strain of Steel Truss 2 

 

Figure 5.28 Load against Strain of Composite Truss 2
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Inward buckling in steel tubular member    Outward buckling in CFS tubular member 

Figure 5.29 Local Buckling in Steel and Composite Members
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Figure 5.30 Member Force against In-plane Lateral Deflection of Steel Columns and 

Truss Member 

 

Figure 5.31 Member Force against In-plane Lateral Deflection of Composite 

Columns and Truss Member
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Tables 

Table 5.1 Material Properties on the Columns 

Steel 
section 

Width 
B 

Depth 
D 

Thickness 
t 

Steel Concrete 

Yield 
stress 

fy 

Ultimate 
tensile 
stress 

fu 

Young’s 
modulus 

Es 
fu/fy 

Age at 
testing 

Compressive 
Stress 

fc 

Young’s 
modulus 

Ec 

(mm) (mm) (mm) (N/mm2) (N/mm2) (kN/mm2) (days) (N/mm2) (kN/mm2)

60x60x3 60.40 60.30 3.10 407.98 480.22 206.36 1.18 34 40.96 22.17 

 

 

Table 5.2 Test Results of Columns 

Specimen End 
condition 

Applied load 
(kN) 

Ratio 
CFS column/ 
Steel column Fix/Pin 

Steel tubular column Pin 152.45 / / 
CFS tubular column Pin 186.88 1.23 / 
Steel tubular column Fix 249.40 / 1.64 
CFS tubular column Fix 331.60 1.33 1.77 
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Table 5.3 Material Properties of the Members in the Steel and Composite Trusses 

Truss Steel 
section 

Width 
B 

Depth 
D 

Thickness 
t 

Steel Concrete 

Yield 
stress 

fy 

Ultimate 
tensile 
stress 

fu 

Young’s 
modulus 

Es 
fu/fy 

Age at 
testing 

Compressive 
Stress 

fc 

Young’s 
modulus 

Ec 

(mm) (mm) (mm) (N/mm2) (N/mm2) (kN/mm2) (days) (N/mm2) (kN/mm2) 
Set 1 60x60x3 60.20 60.20 3.10 404.11 473.55 205.72 1.17 56 41.16 22.73 
Set 2 50x30x3 50.00 30.08 2.96 399.17 448.30 203.87 1.12 51 89.87 37.45 

 

 

Table 5.4 Test Results of Steel and Composite Trusses 

Set Specimen Applied load on truss 
(kN) 

Failure member force 
(kN) 

Ratio 

Composite/Steel 

1 
Steel truss 250.37 216.57 / 

Composite truss 323.09 279.47 1.29 

2 
Steel truss 76.61 66.27 / 

Composite truss 90.00 77.85 1.17 
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CHAPTER 6  

 

FIRST-ORDER AND SECOND-ORDER ANALYSIS FOR 

DESIGN OF COMPOSITE BEAM-COLUMNS 

 

 

6.1 Introduction 

 

Steel-concrete composite beam-columns are widely used due to its advantages over 

the bare steel and reinforced concrete beam-columns as mentioned in Chapter 5. 

Many design codes such as Eurocode 4 (2004), AISC (2010) and AS5100 (2004) 

and CoPHK (2005) generally recommend the use of two design approaches as the 

first-order linear and second-order nonlinear analysis and design for steel-concrete 

composite members. For the linear analysis method, it simplifies the analysis process 

and complicates the design process which needs to allow for buckling and the 

second-order effects. The accuracy of this design method for predicting the capacity 

of isolated composite members under pinned and fixed end boundary conditions was 

reported by many researchers. However, the behavior of composite members under 

more realistic boundary conditions such as constitutive members in a truss has not 

been widely considered in previous research. The traditional linear analysis method 

of design assumes an effective length factor for different boundary conditions of a 

chord or a web member in a truss and assesses various factors to compensate for 
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buckling and second-order effects in the determination of buckling strength of 

individual members. Unfortunately, the accuracy on determination of the effective 

length highly affects the reliability of these methods. For some complicated and 

practical structures like trusses and curved structures, the accurate determination of 

effective length is difficult and sometime impossible. This chapter describes and 

compares the accuracy of the codified linear analysis and design methods in 

Eurocode 4 (2004), AISC (2010), AS5100 (2004) and CoPHK (2005) in predicting 

the resistances of composite columns, and steel and Concrete-Filled Steel (CFS) 

tubes acting as isolated columns with pinned and fixed end conditions and as 

constituent members in the trusses.  

 

Similar to the tendency in design of steel structures, many design codes tend to 

recommend the use of second-order analysis and design method so as to obtain a 

more accurate result in an efficient manner. In current practice, the design of 

composite columns such as CFS and Concrete-Encased Steel (CES) columns is a 

member-based procedure which is based on the linear analysis in conjunction with 

effective length method, rather than a system-based approach utilizing the concept of 

advanced analysis. In principle, the second-order analysis can be used for any 

structural form when imperfections are considered and plastic functions for cross-

sections are used. Both efficiency and precision are critical in analysis for practical 

structures made of many members and the use of a simple and reliable way to 

include nonlinear effects is important. Therefore, a more practical analysis and 

design method fulfilling the code requirements for second-order analysis is proposed 

in this chapter for design of steel-concrete composite beam-columns. The accuracy 

of the proposed method is verified by comparing the predicted results of columns 
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with results calculated according to the design method in Eurocode 4 (2004) as well 

as experimental test. The degree of conservatism of the initial imperfection provided 

from Eurocode 4 (2004) is also studied. 

 

Furthermore, the capacities of the tested columns and members in the trusses in 

chapter 5 are compared with the predicted results by using the proposed method. 

With the verification and calibration carried out in this chapter and, without loss of 

generality, the proposed method can be applied to the design of practical composite 

beam-columns beyond the scope of the conventional design method and without the 

assumption of uncertain effective length factor which implies a significant 

improvement in accuracy and convenience as frame classification for use of effective 

length or alignment charts is no longer needed. Finally, recognizing stiffness of a 

member and a frame varied by presence of forces on them such as brace in tension is 

stiffer than in compression, an important error for the linear analysis of using the 

stiffness under unloaded condition can be eliminated. 

 

 

6.2 Codified Design Methods for Composite Columns 

 

Many design codes such as Eurocode 4 (2004), AS5100 (2004) and CoPHK (2005) 

provide conventional design method for composite columns, which allows engineers 

to use the first-order linear analysis and effective length method to check the strength 

and stability of each member separately. The codified methods including Eurocode 4 

(2004), CoPHK (2005), AISC (2010) and AS5100 (2004) in checking the axial 

capacity of composite columns are briefly introduced in this section. In the linear 
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analysis method below, the second-order effects are only included in design process, 

such that many factors are required to be determined for consideration of buckling 

and second-order effects. In other words, the analysis process is simplified but the 

design process is much complicated and unreliable. 

 

6.2.1 Eurocode 4 and CoHPK 

 

The design methods in Eurocode 4 (2004) and CoPHK (2005) are similar for 

composite columns, the section capacity of the composite columns is determined by 

summation of the resistances of the concrete, steel and reinforcement as follows. 

 

0.85cp s yd c cd r rdP A f A f A f= + + (6.2.1)

     

where cpP  is the compressive strength of a composite cross-section, As, Ac and Ar, and 

fyd, fcd and frd are the cross-sectional areas and the design strengths of the steel, 

concrete and reinforcement respectively. 

 

For concrete filled rectangular and square hollow section, the coefficient of 0.85 in 

the second term of Eq. (6.2.1) is replaced by 1.0. For concrete filled circular hollow 

section, the strength of concrete would be further increased under specific conditions 

by considering the confinement effect due to the external steel tube surrounding the 

in-filled concrete. 
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To allow for the buckling effect, a reduction factor χ, which is based on the effective 

slenderness ratio and section type, is multiplied to the section capacity of the 

columns, and then the compressive resistance is given as follows.  

( 0.85 )cd s yd c cd r rdP A f A f A fχ= + + (6.2.2)

The reduction factor χ can be determined by, 

 
 (6.2.3)

and  

  (6.2.4)

where  is the imperfection factor and  is the relative slenderness ratio and can be 

expressed as, 

Rk

cr

P
P

λ =  (6.2.5)

 

where PRk is the characteristic value of the compressive capacity and Pcr is the elastic 

critical buckling load for the relevant buckling mode. 

 

6.2.2 AISC 

 

Design methods for composite columns with encased and in-filled sections are 

provided in AISC (2010) and the compressive strength of the composite columns is 

calculated under two conditions as follows. 

For 0.44cr cpP P≥  

22

1χ
φ φ λ

=
+ −

21 1 ( 0.2)
2

φ α λ λ⎡ ⎤= + − +⎢ ⎥⎣ ⎦

α λ
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( )
[0.658 ]

cp

cr

P
P

n cpP P=  (6.2.6)

 

For 0.44cr cpP P<  

0.877n crP P=  (6.2.7)

where  2 2( ) / ( )cr effP EI KLπ= , and Pcp is the nominal axial compressive strength 

without consideration of length effects. The expression for Pcp for encased and in-

filled sections are given below, 

 

For encased composite members 

' ' '0.85cp s y r r c cP A f A f A f= + +  (6.2.8)

where '
yf , '

rf  and '
cf are the specified minimum yield stress of steel, reinforcement 

and specified minimum compressive strength of concrete respectively. 

 

For in-filled composite members, different expressions for compact, non-compact 

and slender sections are given. 

 

A1. For compact sections 

cp pP P=  (6.2.9)

where ' '( )0.85s
p s y c r c

c

EP A f A A f
E

= + +  , and the coefficient of 0.85 is replaced by 

0.95 for circular sections, and Es and Ec are modulus of elasticity of steel and 

concrete. 
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A2.For non-compact sections 

2
2 ( )

( )
p y

cp p p
r p

P P
P P λ λ

λ λ
−

= − −
−  (6.2.10)

where ' '( )0.7s
y s y c r c

c

EP A f A A f
E

= + + , and λ , pλ  and rλ are the slenderness ratios of 

the member, compact and non-compact element 

 

A3.For slender sections 

'
, ( )0.7s

cp s y cr c r c
c

EP A f A A f
E

= + +  (6.2.11)

and ,y crf is the reduced steel strength for slender steel section and it is equal to 

2
, 9 / ( / )y cr sf E b t=  for rectangular concrete-filled hollow sections, and 

0.2' '
, 0.72 / ( / ) /y cr y out y sf f D t f E⎡ ⎤= ⎣ ⎦  for round concrete-filled hollow sections, where 

b, Dout and t are the inner and outer diameters and thickness of the tube. 

 

Finally, the design compressive resistance of composite columns can be obtained by 

multiplying the resistance factor of 0.75 as, 

0.75cd nP P=   (6.2.12)

 

6.2.3 AS5100 

 

The ultimate section capacity of concrete-filled rectangular and circular steel tubular 

columns can be determined by summing the axial capacity of the steel tube and 

concrete and reinforcement as follows. 
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0.9 0.6 0.9cp s y c c r rP A f A f A f= + +  (6.2.13)

where cf  is characteristic compressive strength of concrete. The value of 0.9 is the 

capacity factor for steel and reinforcement, and 0.6 is the capacity factor for concrete.  

The stability of CFS tubular members is considered by multiplying a buckling 

reduction factor χ in calculating the member resistance as,  

cd cpP Pχ=  (6.2.14)

and 

2
901 1χ ξ
ξλ

⎡ ⎤⎡ ⎤⎢ ⎥= − − ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦
 

 (6.2.15)

2

0

2

1
90

2
90

λ η
ξ

λ

⎛ ⎞ + +⎜ ⎟
⎝ ⎠=
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where  is the section constant. 

Similar to Eurocode 4 (2004) and CoPHK (2005), the beneficial effect due to the 

confinement on concrete core by the circular hollow steel tube can be taken into 

account in AS5100 (2004) when the relative slenderness and eccentricity are within 

the limitation. 

 

bα
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The accuracy on the codified methods in prediction the capacity of CFS tubular 

columns and members in the truss system is given in Section 6.5. 

 

 

6.3 Second-order Analysis and Design Method for Composite 

Members 

 

Due to the disadvantages and inconvenience of the traditional design method, the 

second-order analysis and design method for composite beam-columns is proposed 

in this chapter. In second-order analysis, the nonlinear effects are directly included in 

the analysis so that the estimation of effective length is no longer required, and 

member section capacity can directly be used for design. The individual member 

check is replaced by the section capacity check in a single equation in place of the 

approach requiring the use of several parameters embedded in several checking 

equations such as the section capacity and the member buckling checks. This section 

presents the section capacity check equations for composite beam-columns so that 

the method can be used by engineers and researchers in second-order and advanced 

analysis of composite columns and frames.  

 

6.3.1 Section capacity check 

 

The finite element method is used for beam-column element formulation and the 

fifth-order imperfect PEP element is adopted for second-order analysis of composite 

structures to include the geometric nonlinearity in analysis. The element formulation 
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of the fifth-order PEP element for steel structure has been described in Chapter 3. 

For steel-concrete composite structures, the equivalent flexural stiffness of the 

composite column EcompIcomp should be used in formulation of element and stiffness 

matrices and the section capacity check equations should be modified by using the 

properties of composite columns so that the second-order analysis method can be 

applied for composite members. The equivalent flexural stiffness of the composite 

columns can be taken according to each design code, in this study, the flexural 

stiffness equation from Eurocode 4 (2004) is used and expressed as   

0.9( 0.5 )comp comp s s r r c cE I E I E I E I= + + , where Es, Er and Ec are the modulus of 

elasticities of steel, reinforcement and concrete and Is, Ir and Ic are the second 

moment of areas of steel, reinforcement and concrete. 

 

In second-order analysis and design method, the section capacity check under two 

conditions is carried out for composite columns. When the applied force is larger 

than the section capacity of concrete section (i.e. P>Ppm), Eq. (6.3.1) will be used 

and it allows for the effects of axial force and moment in the section capacity 

equation. The first term of Eq. (6.3.1) is the section capacity factor due to the axial 

force and the second and third terms are the factors due to the moments in two 

principal directions. When the applied force is less than the capacity of concrete 

section (i.e. P≤Ppm), only the applied moments are considered since the axial force 

does not reduce the failure load and Eq. (6.3.2) is then used for section capacity 

check. These two sets of section capacity check equations are given below. 

( )( ) 1pm y y yx x x
SCF

cp pm cpx cpy

P P M PM P
P P M M

δδ φ
− + + Δ+ + Δ

+ + = ≤
−  

,  when P>Ppm (6.3.1)
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( )( ) 1y y yx x x
SCF

cpx cpy

M PM P
M M

δδ φ
+ + Δ+ + Δ

+ = ≤ ,                    when P≤Ppm (6.3.2)

 

where P is the axial force, Ppm is compressive capacity of concrete cross-section, Pcp 

is compressive capacity of a composite cross-section, Mx and My are the external 

moments about the x and y axes, P(δx+∆x) and P(δy+∆y) are the P-δ and P-Δ 

moments about the x and y axes, Mcpx and Mcpy are the moment capacities of 

composite cross-section about the x and y axes.  

 

In every load cycle, a small load increment of, say 5 to 10% of expected design load, 

is applied to the structure by an incremental-iterative procedure until the design load 

is achieved in which the section capacity factor SCFφ  in Eq. (6.3.1) or Eq. (6.3.2) 

should not be greater than unity for second-order elastic design. 

 

6.3.2 Member initial imperfection for composite cross-sections 

 

In second-order analysis and design method, the member initial imperfection should 

be assigned to the members. The importance of both the member and global 

imperfections has been discussed in Chapters 3 and 4. Ignoring or assigning the 

imperfections improperly is dangerous. Many design codes provide the member 

initial imperfection values for different composite cross-section types. Reviewing 

different design codes, the member initial imperfection provided by Eurocode 4 

(2004) covers most common composite cross-section types and the values are 

summarized in Table 6.1. For the verification examples in the next section, the 

member initial imperfection values according to Eurocode 4 (2004) are assigned to 
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the members for different composite cross-sections. 

 

6.3.3 Numerical procedure 

 

The load control Newton-Raphson method combined with the arc-length or the 

minimum residual displacement method as described in Chapter 3 is capable of 

tracing the path up to and beyond the limit point without numerical divergence. And 

the minimum residual displacement guarantees a minimum equilibrium error in each 

iteration, therefore, it is used in the present analysis.  

 

 

6.4 Numerical Examples 

 

6.4.1 Composite columns under axial load 

 

A parametric study of composite columns is conducted here. Two CFS tubular 

sections including one rectangular and one square hollow section, and one CES 

section are studied. The dimensions of the specimens are shown in Figure 6.1. The 

capacities of the specimens are predicted according to the proposed second-order 

analysis method and first-order linear method in Eurocode 4 (2004). The columns 

are assumed to be pinned at both ends. The modulus of elasticities of steel and 

reinforcement are assumed to be 205kN/mm2 and the steel strength, concrete 

cylinder compressive strength are tabulated in Table 6.2. The plates slenderness ratio 

are chosen to be less than the value of / 52 235 /out yD t f≤  for concrete filled 
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hollow section and / 44 235 /f yB T f≤  for concrete-encased section, in which Dout 

is the outer diameter of the tube and B is the width of the flange, and t and Tf are the 

thickness of tube and flange, so that the effect due to local buckling can be neglected. 

The capacities of the columns with relative slenderness ratios  from around 0.05 to 

2 are calculated, in which, the limit of 2 is the maximum permissible relative 

slenderness ratio for the simplified design method in Eurocode 4 (2004). 

 

The predicted capacities by proposed method for specimens 1, 2 and 3 are tabulated 

in Tables 6.3, 6.4 and 6.5 respectively. The first column of the tables lists the lengths 

of the specimens and the second column represents the relative slenderness ratios of 

the columns in the axis of buckling. The capacities with two imperfections of L/300 

and L/400 for CFS tubular columns and two imperfections of L/150 and L/250 for 

CES columns are included in the tables, where L is the length of the columns. The 

larger imperfections of L/300 and L/150 are the recommended imperfections in 

Eurocode 4 (2004) for CFS tubular columns and CES columns respectively. The 

predicted capacities of specimen 3 with imperfection of L/1000 for the relative 

slenderness ratio less than 0.22 are also included for completeness. Finally, the 

predicted results according to the linear design method in Eurocode 4 (2004) are 

included and compared with the results predicted by the proposed method in the 

tables. The reduction in capacity due to the increase of member length for both 

proposed method and code method are graphically presented in Figures 6.2, 6.3 and 

6.4 for specimens 1, 2 and 3 respectively. 

 

λ
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The results in the tables show a good agreement on the predicted capacities between 

the proposed method and code method. For CFS tubular columns (specimen 1 and 2), 

the average ratios of the loads predicted by proposed method and by the code 

method are both 0.95 for specimen 1 and 2 for imperfection equal to L/300 with a 

standard deviation of 0.02, and average load ratios are 0.99 (specimen 1) and 0.98 

(specimen 2) for imperfection equal to L/400 with a standard deviation of 0.02 

(specimen 1) and 0.01 (specimen 2). For CES columns, the average ratio of the 

proposed method to the code method is 0.87 for imperfection equal to L/150 with a 

standard deviation of 0.04, and average ratio is 0.97 for imperfection equal to L/250 

with a standard deviation of 0.02 respectively. 

 

The results indicate that the imperfections of L/300 and L/150, which are the 

suggested imperfections in the code for CFS tubular columns and CES columns, are 

conservatively appropriate for use with second-order analysis. For columns with 

relative slenderness ratios between 0 and 0.2, the differences in predictions by both 

methods increase and the proposed method gives a lower capacity, because the 

buckling reduction factor in code is exactly equal to 1 when the relative slenderness 

ratio is smaller than 0.2 which has no reduction in the compressive strength of the 

columns due to the buckling effect. However, in the present method, second-order 

moments due to initial member imperfection still exist and this make the proposed 

method to have lower predicted results. The consideration of imperfection for stocky 

members leads to the difference between two sets of results. Therefore, for specimen 

3, a very small imperfection equal to L/1000 is chosen for proposed method and the 

results are compared with code results for slenderness ratio less than 0.22. The 

differences in results between these two methods are less than 1%. Thus, it is 
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recommended to adopt a lower imperfection when the slenderness ratio is small 

otherwise the second-order analysis may give an over-conservative prediction for 

stocky columns. 

 

6.4.2 Composite columns under axial load and end moments 

 

When the column is under an axial load with equal end moments causing the single 

curvature with rm=1, where rm is the ratio of the end moments, the moment diagram 

is given as Figure 6.5a. Under such a load application, the most critical section of the 

member is located at the mid-height of the column. However, when the end moment 

ratio is not equal to unity, the critical location of the member shifts away from the 

mid-height of the column. Figures 6.5b and 6.5c show the shift of critical location at 

the column under axial together with smaller and larger end moments respectively. 

However, this effect cannot be reflected in Eurocode 4 (2004) as the reduction factor 

 for moment capacity is not related to the magnitude of end moments. In this 

section, the capacities of the columns under axial load and equal end moments are 

studied and the predicted capacities by the proposed method with two imperfections 

are compared. The stress block reduction factor is taken as unity for both methods in 

prediction of capacities for consistency and simplicity. 

 

The columns with lengths equal to 3, 4 and 5 meters and end moments ranged from 

100 to 400 kNm with 100 kNm increment for CFS tubular columns and end 

moments of 100, 200 and 300 kNm for CES columns are studied. Tables 6.6, 6.7 and 

6.8 list the predicted capacities by the code method and the proposed method with 

different imperfections. 

μ
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Predicted results of CFS tubular columns by proposed method for both imperfections 

of L/300 and L/400 are close to the code method. The average load ratios of the 

proposed method to the code method are 0.96 to 0.97 for imperfection of L/300 with 

a standard deviation of 0.01 to 0.02, and average ratio is 0.99 for imperfection of 

L/400 with a standard deviation of 0.01 to 0.02. For CES columns, the average ratio 

of the proposed method to the code method is 0.89 for imperfection equal to L/150 

with a standard deviation of 0.02, and the average ratio is 0.98 for imperfection equal 

to L/250 with a standard deviation of 0.02. 

 

6.4.3 Comparisons with test results  

 

The predictions on the resistances of composite columns based on proposed method 

are compared with experimental results conducted by De Nardin and El Debs (2007), 

Bridge (1976), and Neogi et al. (1969). All specimens were pinned end CFS tubular 

columns under concentric or eccentric load with equal end eccentricity and bent in 

single curvature. Totally 20 slender composite columns are studied here. The main 

variables in these specimens are the eccentricities, steel shapes and slenderness ratios, 

and the details of each column are provided in Tables 6.9 and 6.10 for clarity.  

 

De Nardin and El Debs (2007) tested six numbers of 1.2 meter long CFS tubular 

columns which included two rectangular, two square and two circular columns under 

concentric load. The results from Bridge (1976) included four square CFS tubular 

columns under axial load with same end eccentricity ratios equal to 0, 0.187, 0.25 
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and 0.417. The test results from Neogi et al. (1969) included 12 circular CFS tubular 

columns under eccentric load with eccentricity ratios equal to 0.23 and 0.28. 

 

Comparisons between the results from experimental tests and second-order analysis 

and design method are listed in Tables 6.9 and 6.10 for verification. The average 

ratios of the test to analysis results for three tests are 1.09, 0.99 and 1.02 with 

respective standard deviation equal to 0.04, 0.04 and 0.03. Thus, the second-order 

analysis gives close and slightly conservative predictions in general.  

 

6.4.4 Portal frame with composite columns and steel beam 

 

A portal frame made of composite columns and steel beam with dimensions and 

members sizes shown in Figure 6.6  is studied here. The beam connects to the 

columns rigidly and the columns are fixed to the ground. The capacities of the 

composite columns are computed by using the design method in Eurocode 4 (2004) 

and the proposed second-order analysis and design method. In linear analysis, the 

effective length of the columns is assumed by using the K-factor method specified in 

design code and the K-factor for column is 1.08 in this example. The results by both 

design methods are given in Table 6.11. Only one element per member is used for 

modeling, and the rigid connection is assumed for beam and column. The design 

moment obtained from the proposed second-order analysis includes both first-order 

linear and second-order moments, whereas the linear design method considers only 

the second-order effects via code formulae. 
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The results from this example show that similar capacities of the composite columns 

can be obtained for this portal frame by using both methods. However, in most 

practical cases the effective length cannot be determined easily and accurately, and 

therefore the traditional linear design method cannot give a reasonable result while 

the high accuracy of the proposed second-order analysis is not limited to the degree 

of complexity of the structure. Thus, the proposed method is considered as a more 

reliable and robust design method than the first-order linear analysis used with the 

effective length assumption. 

 

 

6.5 Comparisons of Codified and Second-order Analysis Methods on 

Isolated Columns and Members in the Trusses 

 

The test results of CFS tubular columns and composite trusses given in Chapter 5 are 

used to compare with the predicted results from design codes and proposed second-

order analysis and design method to verify the accuracy of design code methods 

including Eurocode 4 (2004), CoPHK (2005), AISC (2010) and AS5100 (2004) and 

second-order analysis method in design of composite isolated members and 

structural systems.  

 

For completing the comparisons of the test results in Chapter 5, the test results on the 

steel isolated columns and steel truss are also compared with the codified methods 

including Eurocode 3 (2005), CoPHK (2005), AISC (2010) and AS5100 (2004) and 
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second-order analysis and design method for steel structures as described in Chapter 

4. 

 

6.5.1 Comparisons on isolated columns 

 

6.5.1.1 Codified method  

 

The material factors reducing the strengths and modulus of elasticities of steel and 

concrete are taken as unity when compared with the test and predicted results. The 

effective length factors equal to 1.0 (Le=2000) and 0.5 (Le=1000) are assumed for the 

pinned and fixed end conditions respectively. Predicted capacity according to the 

different design methods are summarized and compared in Table 6.12.  

 

Generally speaking, for steel columns under pinned and fixed end conditions, 

conservative predictions are obtained from Eurocode 3 (2005), AISC (2010) and 

CoPHK (2005) with an under-estimation around 5% to 23%, and close estimations 

are made by AS5100 (2004) (under-design by 1%-3%). For CFS tubular columns 

under pinned and fixed end conditions, highly conservative predictions are obtained 

from AISC (2010) (over-design by 29%-35%) due to the conservative resistance 

factor, and the reasonable predictions are made by the other codes with the 

differences less than 7%. Although the design codes such as the AS5100 (2004), 

among others, overestimate the columns capacities. Material factors have been 

adopted in these codes but not considered here for consistency, and therefore the 

final design in these codes should still warrant a design with adequate factor of 

safety. 
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6.5.1.2 Second-order analysis and design method 

 

Similar to the comparisons in section 6.4, two initial imperfections equal to L/300 

and L/400 are used for both steel and composite members in prediction the columns 

resistances to demonstrate the degree of conservatism of the recommended 

magnitude of imperfections. The load increment factor 0.01kN is used in analysis 

until the section capacity factor is equal to 1.0. 

 

The predicted results for both columns and members in the trusses are shown in 

Table 6.13. For the columns under pinned and fixed end conditions, the ratios of test 

to predicted results are 1.09 and 1.08 for steel tubular columns, and 1.14 and 1.03 for 

CFS tubular columns with the initial imperfection equal to L/300, and closer 

predictions are made with the imperfection of L/400 that the ratios are 1.02 and 1.03 

for steel tubular columns, and 1.08 and 0.98 for CFS tubular columns.  

 

6.5.2 Comparisons on members in the trusses 

 

6.5.2.1 Codified method  

 

In the tested trusses, end movements of the members were allowed but their 

connections to other members provided partial restraints. Hence, the boundary 

condition of the truss members was between the extreme pinned and fixed end 

conditions. The predicted resistances of the members according to those design 

codes by assuming the pinned and fixed end conditions are compared with 
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experimental results and reported in Table 6.12. As expected, very conservative 

predictions are made with the differences from 40% to 74% for steel tubular member 

and 44% to 92% for CFS tubular members if the pinned end condition is assumed 

which implies an uneconomical design. If the fixed end boundary condition is 

assumed, the capacity of the member is overestimated for steel tubular member in 

the range of 3% to 16%, and CFS tubular member with 21%, with the exception for 

AISC (2010) which gives a load below the tested load. 

 

6.5.2.2 Second-order analysis and design method 

 

The analysis model of the trusses is given in Figure 6.7. The center-to-center length 

of the members is used in the model and rigid connection between members is 

assumed. The analysis results with two imperfection values are presented together 

with test results in Table 6.13. The predicted failure loads of the members in the 

trusses are between the failure loads of isolated steel and CFS tubular columns, this 

indicates that the interactive effect between the members can be simulated in the 

analysis model with actual member end condition modeled.  A close and 

conservative prediction is made with the discrepancy within 5% for both steel and 

CFS tubular trusses members when using the imperfection of L/400. 

 

6.5.3 Comments on studied design methods 

  

The comparisons show that the conservative predictions are obtained for steel 

columns by the design codes with the exception of AS5100 (2004) which gives 

aggressive ultimate load predictions, and close predictions for composite columns 
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are made except with AISC (2010) which underestimates considerably the 

resistances of the CFS tubular columns. The comparisons on the test and predicted 

results of trusses members according to the design codes by assuming the effective 

length as member length for pinned and half of member length for fixed end 

conditions indicate that the pinned end assumption underestimates the resistances of 

the members which led to an uneconomic design, while the fixed end assumption 

overestimates the capacities of the members and the design becomes non-

conservative. The main disadvantage of using the effective length method was 

demonstrated that the idealized pinned and fixed end conditions do not exist in 

practice and the results by either assumption are inaccurate, and the effect due to 

bracing members cannot be taken into account directly and accurately. The 

comparisons on the results by the proposed method also indicate that the second-

order analysis and design method not only provides an accurate design solution, but 

also avoids uncertain approximation of effective lengths which involves 

complications in sway or non-sway frame classification or determination from 

inspection of buckling mode shape. Lastly, the change of members and frame 

stiffness in the presence of loads is considered in the second-order analysis but not in 

the linear analysis and this consideration makes the linear analysis method unsuitable 

for uses in design of structures susceptible to buckling and second-order effects. 

 

 

6.6 Concluding Remarks 

 

This chapter has reviewed the first-order linear analysis and design method in 

several international design codes for predicting the capacity of steel-concrete 
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composite beam-columns. The accuracy of these design codes in predicting the 

resistances of isolated columns and members of trusses has been given. The 

uncertainties in estimation of effective length in structural systems have been 

emphasized and the second-order analysis and design method has been proposed for 

design of composite beam-columns. The advantages of the proposed method, which 

include avoidance of complicate and uncertain processes like estimation of effective 

length factor and use of amplified first-order moment for consideration of the 

second-order effects, have been described in this chapter. As the second-order 

moments are directly considered in the section capacity check, the proposed method 

is more rational with a more accurate reflection of the true behavior of the members 

and a considerable simplification on design of composite beam-columns. The failure 

loads of columns with two CFS tubular sections and one CES section under axial 

load with and without end moments and the composite columns in a portal frame 

have been analyzed by the proposed method with the results compared well against 

the design method in Eurocode 4 (2004). This indicates that the proposed method is 

consistent with the design output by the established code and can be used for 

practical structural design. Further, the good agreement of the failure loads between 

the proposed method and laboratory tests including isolated columns and members in 

the structures verifies the accuracy of this second-order analysis and design method 

for composite beam-columns design. Without loss of generality, the proposed 

method can be applied to the design of complex and large composite structures of 

which the reliability of the effective length method is in doubt. Further, the present 

method considers change of stiffness in the presence of loads on structures. 
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Figures 

 

Figure 6.1 Dimensions of the Specimens 
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Figure 6.2 Reduction in Capacity with Increasing Member Length for Specimen 1 
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Figure 6.3 Reduction in Capacity with Increasing Member Length for Specimen 2 
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Figure 6.4 Reduction in Capacity with Increasing Member Length for Specimen 3
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Figure 6.5 Locations of Critical Moment of the Columns under Different Conditions

Critical point Critical point 
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Figure 6.6 Layout of the Portal Frame with Composite Columns and Steel Beam 
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Figure 6.7 Analysis Model of the Trusses
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Tables 

 
Table 6.1 Member Imperfections for Composite Cross-sections in Eurocode 4 (2004) 

Cross-section type Reinforcement ratio 
limit (ρs) 

Axis of buckling Member 
imperfection

Concrete-encased 
section / 

Major L/200 

Minor L/150 

Partially concrete-
encased section / 

Major L/200 

Minor L/150 

Hollow steel sections 
(Circular, Square and 

rectangular) 

 
ρs≤3% Any L/300 

3%<ρs≤6% Any L/200 

Circular hollow steel 
section with 

additional I-section 
/ 

Major L/200 

Minor L/200 

Partially concrete-
encased section with 

crossed I-sections 
/ Any L/200 
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Table 6.2 Dimensions and Material Properties of the Specimens 

Specimen Cross-
section 

Steel section Reinforcement Concrete 
D B Tf tw As fs Ar fr Ac fc 

No. mm mm mm mm mm mm2 N/mm2 mm2 N/mm2 mm2 N/mm2 
1 300x800 800 300 20 20 42400 275 / / 197600 32 
2 400x400 400 400 16 16 24576 355 / / 135424 32 
3 500x500 368 373 24 14 22600 355 452 460 226948 24 
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Table 6.3 Comparison of Results for Specimen 1 under Axial Force 

Length 
(m) λ  

Predicted capacity (kN) Analysis /Eurocode 4 

Analysis 
(L/300) 

Analysis 
(L/400) Eurocode 4 L/300 L/400 

Specimen 1 
0.5 0.05 15230 15280 15425 0.99 0.99 
1 0.11 15040 15140 15425 0.98 0.98 
2 0.21 14640 14830 15385 0.95 0.96 
4 0.42 13730 14120 14600 0.94 0.97 
6 0.64 12530 13110 13510 0.93 0.97 
8 0.85 10870 11550 11830 0.92 0.98 
10 1.06 8912 9501 9615 0.93 0.99 
12 1.27 7060 7485 7495 0.94 1.00 
14 1.48 5590 5866 5845 0.96 1.00 
16 1.7 4476 4660 4635 0.97 1.01 
18 1.91 3620 3760 3745 0.97 1.00 
20 2.12 2978 3080 3085 0.97 1.00 

 
Mean 0.95 0.99 
SD 0.02 0.02 

 

* SD=Standard Deviation 
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Table 6.4 Comparison of Results for Specimen 2 under Axial Force 

 
Length 

(m) 
λ  

Predicted capacity (kN) Analysis /Eurocode 4 

Analysis 
(L/300) 

Analysis 
(L/400) Eurocode 4 L/300 L/400 

Specimen 2 
0.5 0.06 13150 13200 13340 0.99 0.99 
1 0.12 12970 13060 13340 0.97 0.98 
2 0.24 12600 12760 13220 0.95 0.97 
4 0.48 11700 12060 12403 0.94 0.97 
6 0.72 10410 10920 11160 0.93 0.98 
8 0.96 8540 9090 9210 0.93 0.99 
10 1.21 6590 6970 7025 0.94 0.99 
12 1.45 5010 5250 5280 0.95 0.99 
14 1.69 3870 4020 4050 0.96 0.99 
16 1.93 3060 3150 3180 0.96 0.99 
18 2.17 2457 2530 2560 0.96 0.99 
20 2.41 2020 2070 2100 0.96 0.99 

Mean 0.95 0.98 
SD 0.02 0.01 
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Table 6.5 Comparison of Results for Specimen 3 under Axial Force 

Length 
(m)  

Predicted capacity (kN) Analysis /Eurocode 4 

Analysis Eurocode 4 L/150 L/250 L/1000
(L/150) (L/250) (L/1000)

Specimen 3 
0.5 0.05 10690 10820 10980 11042 0.97 0.98 0.99 
1 0.11 10350 10610 10920 11042 0.94 0.96 0.99 
2 0.22 9680 10190 10810 10955 0.88 0.93 0.99 
4 0.43 8390 9262 

N.A. 

9730 0.86 0.95 

N.A. 

6 0.65 7070 8130 8370 0.84 0.97 
8 0.86 5760 6785 6892 0.84 0.98 
10 1.08 4610 5425 5490 0.84 0.99 
12 1.29 3680 4280 4335 0.85 0.99 
14 1.51 2955 3390 3451 0.86 0.98 
16 1.71 2365 2705 2790 0.85 0.97 
18 1.94 1935 2190 2290 0.85 0.97 

 Mean 0.87 0.97 
 SD 0.04 0.02 

 

 

  

λ
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Table 6.6 Comparison of Results for Specimen 1 under Axial Force and End 

Moments 

Length 
(m) 

Moment  
(kNm) 

Predicted capacity (kN) Analysis/Eurocode 4 

Analysis 
(L/300) 

Analysis 
(L/400) Eurocode 4 L/300 L/400 

Specimen 1 
3 100 13410 13660 14094 0.95 0.97 
3 200 12620 12870 13188 0.96 0.98 
3 300 11850 12090 12294 0.96 0.98 
3 400 11070 11290 11411 0.97 0.99 

4 100 12890 13240 13635 0.95 0.97 
4 200 12090 12410 12696 0.95 0.98 
4 300 11290 11590 11781 0.96 0.98 
4 400 10530 10800 10886 0.97 0.99 

5 100 12310 12740 13082 0.94 0.97 
5 200 11470 11870 12100 0.95 0.98 
5 300 10680 11020 11165 0.96 0.99 
5 400 9904 10220 10260 0.97 1.00 

 
Mean 0.96 0.99 
SD 0.02 0.02 
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Table 6.7 Comparison of Results for Specimen 2 under Axial Force and End 

Moments 

Length 
(m) 

Moment  
(kNm) 

Predicted capacity (kN) Analysis /Eurocode 4 

Analysis 
(L/300) 

Analysis 
(L/400) Eurocode 4 L/300 L/400 

Specimen 2 
3 100 11310 11560 11846 0.95 0.98 
3 200 10470 10690 10872 0.96 0.98 
3 300 9629 9833 9918 0.97 0.99 
3 400 8814 8998 8985 0.98 1.00 

4 100 10800 11100 11342 0.95 0.98 
4 200 9912 10200 10327 0.96 0.99 
4 300 9055 9310 9353 0.97 1.00 
4 400 8255 8475 8417 0.98 1.01 

5 100 10140 10540 10705 0.95 0.98 
5 200 9250 9580 9645 0.96 0.99 
5 300 8406 8703 8660 0.97 1.00 
5 400 7608 7840 7730 0.98 1.01 

 
Mean 0.97 0.99 
SD 0.01 0.01 
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Table 6.8 Comparison of Results for Specimen 3 under Axial Force and End 

Moments 

Length 
(m) 

Moment  
(kNm) 

Predicted capacity (kN) Analysis /Eurocode 4 
Analysis 
(L/150) 

Analysis 
(L/250) Eurocode 4 L/150 L/250 

Specimen 3 
3 100 8144 8765 9213 0.88 0.95 
3 200 7256 7819 8102 0.90 0.97 
3 300 6403 6869 7015 0.91 0.98 
       
4 100 7519 8262 8580 0.88 0.96 
4 200 6667 7315 7485 0.89 0.98 
4 300 5850 6385 6435 0.91 0.99 
       
5 100 6879 7718 7906 0.87 0.98 
5 200 6079 6768 6827 0.89 0.99 
5 300 5298 5884 5824 0.91 1.01 

 
Mean 0.89 0.98 
SD 0.02 0.02 
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Table 6.9 Comparison of Test and Analysis Results -De Nardin and El Debs (2007) and Bridge (1976) 

 Specimen information Failure 
load Analysis Ratio 

Specimen B D t L e fy fc Ptest Pprop Ptest/Pprop mm mm mm mm mm N/mm2 N/mm2 kN kN 
 De Nardin and El Debs (2007)    

S4 100 200 3.0 1200 0 251.2 45.8 1296.0 1170.0 1.11 
S5 100 200 6.3 1200 0 247.1 51.6 1710.0 1596.0 1.07 
S6 150 150 3.0 1200 0 357.5 43.4 1534.6 1446.0 1.06 
S7 150 150 6.3 1200 0 262.1 48.1 1836.0 1754.0 1.05 
S8 127 127 3.2 1200 0 355.0 47.7 1051.5 920.0 1.14 
S9 127 127 3.2 1200 0 329.1 59.3 1292.1 1167.0 1.11 

  
Average 1.09 

SD 0.04 
 Bridge (1976)  

S10 203.7 203.9 9.96 2130 38 291 30.2 1956.0 2001.0 1.00 
S11 204.0 203.3 10.01 3050 0 290 30.6 2869.0 2880.0 1.04 
S12 152.5 152.3 6.48 3050 38 254 35.0 680.0 718.0 0.98 
S13 152.5 152.3 6.48 3050 64 254 35.0 513.0 583.0 0.93 

  
Average 0.99 

SD 0.04 
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Table 6.10 Comparison of Test and Analysis Results - Negoi et. al. (1969) 

 
Specimen information Failure 

load Analysis Ratio 

Specimen B D t L e fy fc Ptest Pprop Ptest/Pprop 
mm mm mm mm mm N/mm2 N/mm2 kN kN 

Negoi et. al. (1969) 
S14 169.5 169.5 5.1 3327 47.6 308.9 47.2 621.8 577.0 1.08 
S15 169.2 169.2 5.3 3327 38.1 308.9 45.9 701.5 665.0 1.05 
S16 168.9 168.9 5.7 3327 47.6 295.0 36.1 599.8 597.0 1.00 
S17 168.4 168.4 6.6 3327 47.6 298.1 32.3 624.7 635.0 0.98 
S18 169.2 169.2 7.2 3327 47.6 312.0 27.2 652.6 653.0 1.00 
S19 169.2 169.2 7.3 3327 38.1 312.0 28.2 738.3 723.0 1.02 
S20 168.9 168.9 8.8 3302 47.6 322.8 28.1 757.3 753.0 1.01 
S21 140.2 140.2 9.6 3327 31.8 273.4 35.3 548.0 566.0 0.97 
S22 140.2 140.2 9.8 3327 31.8 273.4 23.0 548.0 532.0 1.03 
S23 141.0 141.0 5.0 3327 31.8 293.4 36.2 416.5 412.0 1.01 

  Average 1.02 
SD 0.03 
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Table 6.11 Comparison on the Results Calculated by Two Design Methods 

 
Design 

moment (kNm) 
Design axial 

load (kN) 
Capacity 

factor 

Linear design method of 
Eurocode 4 309.7 841.4 0.72 

Proposed second-order 
analysis and design method 361.5 850.0 0.74 
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Table 6.12 Predicted Results from Different Design Codes 

Specimen End 
condition 

Member 
force 
(kN) 

Predicted capacity from design code Ratio 

Eurocode 3 
Eurocode 4 AISC CoPHK AS 5100 

Test/ 
Eurocode 3 
 Eurocode 4

Test / 
AISC 

Test/ 
CoPHK 

Test/ 
AS 5100 

Steel tubular 
column Pin 152.45 124.23 141.21 132.54 154.61 1.23 1.08 1.15 0.99 

Steel tubular 
column Fix 249.40 226.59 223.63 236.64 256.75 1.10 1.12 1.05 0.97 

Member in steel 
truss / 216.57 

Pinned end assumed 1.74 1.53 1.63 1.40 
Fixed end assumed 0.96 0.97 0.92 0.84 

CFS tubular 
column Pin 186.88 184.33 145.35 184.33 193.96 1.01 1.29 1.01 0.96 

CFS tubular 
column Fix 331.60 353.21 246.39 353.21 354.81 0.94 1.35 0.94 0.93 

Member in 
composite truss / 279.47 

Pinned end assumed 1.52 1.92 1.52 1.44 

Fixed end assumed 0.79 1.13 0.79 0.79 
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Table 6.13 Predicted Results from Second-order Analysis and Design Method 

Specimen End 
condition

Member 
force (kN) 

Predicted capacity from second-order analysis and design 
method 

Load (kN) Ratio 
L/300 L/400 L/300 L/400 

Steel tubular column Pin 152.45 140.43 149.28 1.09 1.02 
Steel tubular column Fix 249.40 229.96 241.92 1.08 1.03 
Member in steel truss / 216.57 190.20 205.70 1.14 1.05 

CFS tubular column Pin 186.88 164.11 172.30 1.14 1.08 
CFS tubular column Fix 331.60 322.50 340.10 1.03 0.98 

Member in composite truss / 279.47 254.36 272.94 1.10 1.02 
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CHAPTER 7 

 

SECOND-ORDER INELASTIC ANALYSIS OF STEEL-

CONCRETE COMPOSITE BEAM-COLUMNS 

 

 

7.1 Introduction 

 

The consideration of material nonlinearity directly in inelastic analysis of steel-

concrete composite beam-columns is important in predicting the failure load and 

tracing the load-deflection relationship accurately. The way to include geometric 

nonlinearity in analysis for composite members has been detailed in Chapter 6. In 

this chapter, the procedure to take the material nonlinearity into account for second-

order inelastic analysis and design of steel-concrete composite beam-columns is 

given. Research works on the inelastic analysis can be broadly categorized into 

distributed plasticity (plastic zone) method and lumped plasticity (plastic hinge) 

method. Details of these two methods have been reviewed in Chapter 2. Generally, 

an exact solution can be obtained by using the plastic zone method which, however, 

requires extensive computer time in the discretization process across the cross-

section and along the member length, so that this method is seldom used in practical 

engineering design.  



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

191 

 

The more practical, easy and accurate way to include the material nonlinearity in 

inelastic analysis is the use of the plastic hinge method. In this method, cross-section 

plastification is only lumped at the two ends of a member and the remaining region 

is assumed to be elastic. The different methods to simulate the cross-section 

plastification have been summarized in Chapter 2. The refined-plastic hinge method 

by using the zero-length pseudo-spring element in conjunction with initial and full 

yield surfaces is proposed in this chapter to simulate gradual yield of composite 

cross-section in inelastic analysis. The studies on the different expressions of initial 

and full yield surfaces were carried out  by Duan and Chen (1989),  Orbison et al. 

(1982), Liew et al. (1993a,b) and Chan and Chui (1997) for steel cross-sections and 

Iu et al. (2009) for steel-concrete composite cross-sections. In this chapter, the 

determination of the initial and full yield surfaces, which are used to indicate the 

initiation of yield by reducing the spring stiffness and full plasticity state, based on 

the cross-section analysis method are described with its application demonstrated. 

The constitutive laws of steel and concrete, and the procedure to calculate the cross-

section properties are given below. Numerical examples for various types of isolated 

composite columns, beam-columns and constitutive structural members in trusses 

and portal frame are given to confirm the accuracy of the proposed method. 

 

 

7.2 Constitutive Laws of Steel and Concrete  

 

The stress-strain relationships are given in Figure 7.1  for structure steel and 

reinforcement and in Figure 7.2 for concrete material. An elastic-plastic bi-linear 
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stress-strain curve is assumed for steels. Isotropic and ductile behavior for steel 

material in the direction of longitudinal normal stress is assumed for elastic range, 

and this assumption is made for both tension and compression zones. Strain 

hardening is not considered in the present study. The stress-strain relationship for 

concrete in uni-axial compression is represented by the parabola-rectangle diagram 

given in Eurocode 2 (2004), the stress of concrete cσ  can be obtained as follows. 

 for  (7.2.1)

   for  (7.2.2)

 

where ucσ  is the compressive stress of concrete, n is the exponent, cε  
is the strain of 

concrete, dcε  is the strain of concrete at maximum strength and ucε
 
is the ultimate 

strain of concrete. The tension capacity of concrete is ignored for conservative 

design. isε  
and icε  are the initial yield strains of steel and concrete which are taken 

as the strain at the intersection point of the tangents of the initial slope and of the 

ultimate stress in the stress-strain curves. When the strains are beyond the limit of 

initial yield strain, the materials are assumed to become inelastic. isσ  and icσ  are the 

corresponding initial yield stresses for steel and concrete respectively. usσ  and ucσ  

are the ultimate stresses of the steel and concrete, and usε  and ucε  are the ultimate 

strains of steel and concrete. 

 

 

7.3 Cross-section Properties 

 

1 1
n

c
c uc

dc

εσ σ
ε

⎡ ⎤⎛ ⎞
⎢ ⎥= − −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

0 c dcε ε≤ ≤

c ucσ σ= dc c ucε ε ε≤ ≤
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Concrete-Filled Steel (CFS) tubular sections and Concrete-Encased Steel (CES) 

sections are two typical cross-sections of composite columns as shown in Figure 7.3. 

The internal force and bending moments in both axes of the composite cross-sections 

can be determined by the cross-section analysis method. 

 

The following assumptions are made in cross-section analysis method.  

(1) The plane section remains plane after deformation 

(2) Shear deformation is ignored 

(3) No slippage exists between concrete and steel elements, and the complete 

interaction is assumed 

(4) Strain hardening of steel and tensile stress of concrete are ignored 

 

The composite cross-section is sub-divided into a number of layers (n) as indicated 

in Figure 7.3. The areas of steel, reinforcement and concrete in each layer are 

represented by Asi,, Ari and Aci respectively. The distances from the center of the layer 

to the center of the cross-section are represented by xsi, xri, xci and ysi, yri, yci for steel, 

reinforcement and concrete respectively in both x and y axes. The corresponding 

stresses and strains can be obtained from the stress-strain relationship of steel and 

concrete materials as shown in Figures 7.1 and 7.2. The linear strain distribution at 

each layer can be determined by the distance from the neural axis to the center of 

each layer and the curvature (ρ) as indicated in Figure 7.3. From the stress-strain 

curves of the constitutive materials, the corresponding stresses can be obtained. The 

total internal force (PI) in the composite cross-section is equal to the sum of the 

forces in individual steel, reinforcement and concrete layers as shown in Eq. (7.3.1). 



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

194 

( )
1

n

I si si ri ri ci ci
iA

P dA A A Aσ σ σ σ
=

= = + +∑∫  (7.3.1)

 

The neutral axis of the cross-section can be found by an iterative process. Force is 

first applied to the section and, with the value of neutral axis is assumed, the 

curvature of the section at initial yield and full yield states can be found according to 

the pre-defined initial yield strain and full yield strain. The corresponding internal 

force can then be obtained and compared with the applied force. If the difference is 

below a pre-defined tolerance, convergence is assumed and the corresponding 

solution is obtained. Otherwise, a new value of neural axis is assumed using the 

same iterative process. After convergence, the bending moments (Mcx and Mcy) of the 

composite cross-section under various values of axial forces at initial yield and full 

yield states can be calculated by summing individual bending moments of each steel, 

reinforcement and concrete layer by Eqs. (7.3.2) and (7.3.3). 

 

  (7.3.2)

 (7.3.3)

 

7.4 Initial Yield and Full Yield Surfaces 

 

The initial and full yield surfaces of composite cross-sections under biaxial bendings 

are given in Figure 7.4. The initial yield state of the cross-section is assumed when 

either the strain of steel or concrete in the outmost layer reaches the corresponding 

( )
1

n

cx si si si ri ri ri ci ci ci
iA

M xdA A x A x A xσ σ σ σ
=

= = + +∑∫

( )
1

n

cy si si si ri ri ri ci ci ci
iA

M ydA A y A y A yσ σ σ σ
=

= = + +∑∫
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initial yield strain of steel (εis) or concrete (εic). The full yield state of the cross-

section is achieved when the strain of steel or concrete in the outmost layer equal to 

either the ultimate strain of steel (εus) or concrete (εuc). The curved initial and full 

yield surfaces can be simplified into tri-linear line for full yield surface (see curve 

ABCD) and bi-linear line for initial yield surface (see curve EFG).  

 

Points A and D in Figure 7.4 represent the axial and moment capacities of the 

composite cross-section at full yield state. The moment capacities when the axial 

force equal to the full and half axial capacities of the concrete cross-section are 

represented by points B and C.  The full yield surface ( ), ,full x yP M Mφ  is a function 

of applied force and moments represented by Eqs. (7.4.1) - (7.4.3) under different 

axial load conditions.  

 

In the initial yield surface, points E and G represent the axial and moment capacities 

of the composite cross-section at initial yield state. The point with the axial force at 

the maximum moment capacity is represented by the point F. The initial yield 

surface ( ), ,initial x yP M Mφ  is a function of applied force and moments and expressed 

by Eqs. (7.4.4) - (7.4.5) under different axial load conditions. 

 

( ) ( )
1y y yx x xB

full
A B Bx By

M PM PP P
P P M M

δδ
φ

+ +Δ+ +Δ−
= + + =

−
For A BP P P≥ ≥  (7.4.1)

( ) ( )
1 1

1y y yx x x
full

Bx x By y

M PM P
M M

δδ
φ

α α
+ +Δ+ +Δ

= + =  For B CP P P≥ ≥  (7.4.2)
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( ) ( )
2 2

1y y yx x x
full

Dx x Dy y

M PM P
M M

δδ
φ

α α
+ +Δ+ +Δ

= + =  For C DP P P≥ ≥  (7.4.3)

 

( ) ( )
1y y yx x xE

initial
F E Fx Fy

M PM PP P
P P M M

δδ
φ

+ +Δ+ +Δ−
= + + =

−

For 

E FP P P≥ ≥  
(7.4.4)

( ) ( )
3 3

1y y yx x x
initial

Gx x Gy y

M PM P
M M

δδ
φ

α α
+ +Δ+ +Δ

= + =  
For 

F GP P P≥ ≥  
(7.4.5)

 

and 

1 1 1CxB
x

B C Bx

MP P
P P M

α
⎛ ⎞−

= − +⎜ ⎟− ⎝ ⎠
 (7.4.6)

1 1 1CyB
y

B C By

MP P
P P M

α
⎛ ⎞−

= − +⎜ ⎟⎜ ⎟− ⎝ ⎠
 (7.4.7)

2 1 1Cx
x

C Dx

MP
P M

α
⎛ ⎞

= − +⎜ ⎟
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 (7.4.8)

2 1 1Cy
y

C Dy

MP
P M

α
⎛ ⎞

= − +⎜ ⎟⎜ ⎟
⎝ ⎠

 (7.4.9)

3 1 1Fx
x

G Gx

MP
P M

α
⎛ ⎞

= − +⎜ ⎟
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 (7.4.10)

3 1 1Fy
y

G Gy

MP
P M

α
⎛ ⎞

= − +⎜ ⎟⎜ ⎟
⎝ ⎠

 (7.4.11)

 

where P is the applied force, Mx and My are the linear moments about the x and y 

axes, P(δx+Δx) and P(δy+Δy) are the P-δ and P-Δ moments about the x and y axes, PA 

to PG are the axial capacities of the composite cross-section at different points, and 
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MAx to MGx and MAy to MGy are moment capacities of composite cross-section at 

different points about the x and y axes respectively.  

 

When the force-moment interaction point lies inside the initial yield surface 

( ), the composite cross-section remains elastic. When the force point 

reaches the initial yield surface ( ), gradual yield on the composite cross-

section activates before the full yield surface ( ) is reached. The full plastic 

state is achieved when the force point reaches the full yield surface. If the force point 

is located outside the full yield surface ( ), the force point should be shifted 

back onto the surface to avoid the violation of yield function. 

 

 

7.5 Refined-plastic Hinge Formulation 

 

A smooth transition from the elastic to the plastic states can be achieved by using the 

proposed refined-plastic hinge approach. The plastic hinge is modeled by the zero-

length pseudo-spring of degradable stiffness formed at one end or both ends of the 

member to simulate the spread of cross-section plastification. The complicated 

integration procedure is not required in the proposed refined-plastic hinge method 

and thus this method is preferable in practical structures. The detailed section spring 

stiffness and the element stiffness formulation are given below. 

 

7.5.1 Section spring stiffness 

 

1initialφ <

1initialφ ≥

1fullφ =

1fullφ >
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The section spring stiffness Sh is defined below, 

*

*

prcomp comp
h

er

M ME I
S

L M M

−
=

−
 (7.5.1)

where Ecomp and Icomp are the Young Modulus and the stiffness of the composite 

section. L is the length of the member. *
prM and *

erM  are the initial yield and full 

yield moments which take the effect due to axial force into account.  

 

The section spring stiffness Sh defined in Eq. (7.5.1) is inserted at the element ends 

when the force point is located between the initial yield and the full yield surfaces 

(  and ). If the force point is located within the initial yield surface 

( ), the section spring with a very large value of is 

assigned. If the full yield surface is reached ( ), a very small value of 

 is assumed in analysis to avoid numerical over-flow. 

 

7.5.2 Element stiffness formulation 

 

With the inclusion of the section spring stiffness to the element stiffness matrix, the 

element stiffness can be used for second-order inelastic analysis to trace load-

deformation relationship of the composite beam-columns. The modified element 

stiffness matrix is expressed in incremental form as, 

1initialφ ≥ 1fullφ <

1initialφ < 1010 comp comp
h

E I
S

L
+=

1fullφ ≥

1010 comp comp
h

E I
S

L
−=
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 (7.5.2)

where ΔMsi is the incremental nodal moments connecting the beam and the global 

node and ΔMri is the incremental nodal moments connecting the beam and the 

section spring. Δθsi and Δθri are the corresponding incremental nodal rotations. The 

subscript ‘1’ and ‘2’ represent nodes 1 and 2 respectively as indicated in Figure 7.5.  

 

By assuming both the internal moments equal to zero that ΔMr1=0 and ΔMr2=0, the 

incremental nodal rotations of Δθr1 and Δθr2 can be represented by Δθs1 and Δθs2 as 

follows. 

 (7.5.3)

and, 

 (7.5.4)

Substituting the Eq. (7.5.4) into Eq. (7.5.2), the incremental stiffness relationships 

can be re-written as, 

 (7.5.5)

and 

 (7.5.6)

where ΔP is the increment axial force and ΔL is the incremental axial deformation. 

1 1 1 1

1 1 11 1 12 1

2 21 22 2 2 2

2 2 2 2

0 0
0

0
0 0

s h h s

r h h r

r h h r

s h h s

M S S
M S K S K
M K K S S
M S S

θ
θ
θ
θ

Δ − Δ⎛ ⎞ ⎡ ⎤ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎢ ⎥Δ − + Δ⎜ ⎟ ⎜ ⎟⎢ ⎥=
⎜ ⎟ ⎜ ⎟⎢ ⎥Δ + − Δ
⎜ ⎟ ⎜ ⎟⎢ ⎥Δ − Δ⎝ ⎠ ⎣ ⎦ ⎝ ⎠

1 1 11 1 12 1

2 2 21 22 2 2

00
00

h s h r

h s h r

S K S K
S K K S

θ θ
θ θ

− Δ + Δ⎡ ⎤ ⎛ ⎞ ⎡ ⎤ ⎛ ⎞⎛ ⎞
= +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎢ ⎥ ⎢ ⎥− Δ + Δ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎝ ⎠ ⎣ ⎦

1
11 1 12 1 11

21 22 2 2 22

0
0

h h sr

h h sr

K S K S
K K S S

θθ
θθ

−+ ΔΔ ⎡ ⎤ ⎡ ⎤⎛ ⎞⎛ ⎞
= ⎜ ⎟⎜ ⎟ ⎢ ⎥ ⎢ ⎥+ ΔΔ⎝ ⎠ ⎣ ⎦ ⎣ ⎦ ⎝ ⎠

2
1 1 1 22 2 1 2 12 1

2
2 1 2 21 2 2 11 1 2

0 0

0 ( ) / /
0 / ( ) /

s h h h h h s

s h h h h h s

EA
P LL

M S S K S S S K
M S S K S S K S

β β θ
β β θ

⎡ ⎤
⎢ ⎥Δ Δ⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟ ⎜ ⎟Δ = − + Δ⎢ ⎥⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟⎢ ⎥Δ − + Δ⎝ ⎠ ⎝ ⎠⎢ ⎥
⎣ ⎦

( )( )11 1 22 2 12 21 0h hK S K S K Kβ = + + − >



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

200 

 

The use of this refined-plastic hinge together with PEP element in second-order 

inelastic analysis includes both the geometric and material nonlinearities. This 

method avoids the complicated integration procedure, which is required in the 

computer time-extensive plastic zone method, and gives accurate results. The load-

deflection relationship at both elastic and inelastic stages can be traced and the 

member ultimate capacity can be predicted by the proposed method. Several 

examples including the isolated composite columns and structural members are 

presented in the next section to demonstrate the accuracy of the proposed method for 

inelastic analysis.  

 

 

7.6 Numerical Procedure 

 

The combined arc-length method and the minimum residual displacement method is 

used for incremental-iterative scheme and it is capable of tracing the elastic, plastic 

and unloading paths efficiently and accurately without numerical divergence. Details 

of the arc-length method and the minimum residual displacement method have been 

discussed in Chapter 3.  

 

 

7.7 Numerical Examples 

 

The proposed second-order inelastic analysis method for steel-concrete composite 

beam-columns with the used of refined plastic hinge is verified in isolated members 



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

201 

including the CFS tubular columns and CES columns. The ultimate capacities and 

load-deflection curves of the tested columns are compared with proposed method. 

Further, the precision of the proposed method used in the structural systems such as 

trusses and portal frame is presented. 

 

7.7.1 Isolated columns 

 

The comparisons on results from experimental tests and proposed method for the 

isolated columns including four CFS square and circular sections and three CES 

sections are given below. 

 

7.7.1.1 Concrete-filled steel square hollow section 

 

Eight slender CFS tubular columns under uniaxial bending were tested by Bridge 

(1976). The results of three columns with the lengths of 2.13 and 3.05m and the 

eccentricities of 38 and 64mm were compared with proposed method. The geometric 

and material properties of the compared columns are given in Table 7.1 and 

graphically presented in Figure 7.6. The predicted results are given in Table 7.1,  and 

the variations of deflection under applied load at the mid-height of the columns are 

plotted in Figure 7.7. Both geometric and material nonlinearities are included in 

analysis, and the assumption of effective length of the columns is unnecessary. The 

comparisons show that the experimental results can be well replicated by the 

proposed method with the peak loads predicted by proposed method 4% higher than 

the experiment loads on average.  
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7.7.1.2 Concrete-filled steel circular hollow section 

 

Elasto-plastic behavior of CFS circular tubular columns was studied by Neogi et al. 

(1969). 18 specimens with pinned end were loaded concentrically and eccentrically 

and all specimens behaved in a ductile manner with no local buckling of the tubes 

occurred. The result of column (M5) is used in comparison and its section and 

material properties are given in Table 7.1. The lateral deflection at the mid-height of 

the column (M5) under applied load is traced by the proposed method and compared 

against the experimental results in Figure 7.8. The axial response from the analysis 

model is reasonably consistent with the test result and close prediction on the 

behavior of the columns in both elastic and plastic stages is obtained. The difference 

on the maximum loads between the test and predicted results is about 3%. 

 

7.7.1.3 Concrete-encased steel section 

 

Three groups of CES columns with pin ended condition were tested by Roderick and 

Rogers (1969). Totally 15 columns were loaded concentrically and eccentrically with 

different steel sections, concrete strengths, eccentricities and member lengths. Three 

columns (SE1, SE2 and SE3) from group 1 loaded axially with eccentricities equal 

to 0, 10 and 20mm are used in comparisons for the ultimate capacities and load-

deflection curves with the proposed method. The material properties of the columns 

are given in Table 7.2 and the central deflection against load curves of the columns 

by test and predicted results are presented in Figure 7.9. The results from proposed 

method give close predictions on the maximum loads with the difference within 6%.  

 



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

203 

7.7.2 Structural members 

 

Comparisons on the isolated columns have been demonstrated above. The 

comparisons on the CFS tubes used as constituting members in the trusses and 

columns of portal frame are given here. The isolated columns are seldom used in 

practice and hence the applicability and accuracy of the proposed method in analysis 

of structural members are important and demonstrated below. 

 

7.7.2.1 Composite trusses 

 

The failure loads and load-deflection curves of members in two composite trusses 

are compared with the proposed second-order inelastic analysis method. The test 

procedures and results of both trusses have been detailed in Chapter 5. The 

dimensions of the members are given in Table 7.3. The trusses were simply 

supported at four points and loaded in pairs by hydraulic jacks.  

 

In the test, flexural buckling took place in the in-plane direction, the local buckling 

on the steel plate was not observed before reaching the maximum load, and the 

deflection in the out-of-plane direction was insignificant when compared with the 

deflection in the in-plane direction. The load-deflection curves of both trusses 1 and 

2 in the in-plane direction are compared with the analysis results. The computer 

models of the trusses are shown in Figure 7.10 and the target failure member is 

divided equally into two elements so that the plastic hinge can be formed at the 

middle of the member. This division of a member to two elements is not needed if 

we are only interested to detect member failure. However, if one wants to plot the 
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post-yield load-deflection curve of the member, this member division is needed to 

insert a plastic hinge to the mid-span of a member. A load increment of 1kN is used 

in analysis and the behavior of the members before and after yield is traced by the 

proposed method. The force point at the middle of the member reaches the initial 

yield surface first, and the springs are inserted to the mid-height of the member to 

initiate the gradual yield on the composite cross-section. Subsequently, the section 

springs are inserted to the ends of the member as the force points at the ends of the 

member reach the initial yield and the stiffness of the springs start to reduce as load 

increases. The applied load against mid-height in-plane deflection curves of the 

failed members in truss 1 and truss 2 are plotted and compared with the analysis 

results in Figure 7.11. The results show that the consistency load-deflection paths 

between the tests and analysis models can be obtained with sufficient accuracy.  

 

7.7.2.2 Portal frame 

 

The portal frame consists of CFS tubular columns and steel beam is shown in Figure 

7.12, together with its geometric properties. The vertical loads of 1000kN are applied 

to the top of the columns, and the vertical loads are kept constant with increasing 

horizontal load. The initial yield and full yield surfaces for the CFS tubular column 

under uniaxial bending are given in Figure 7.13 for illustration. The horizontal load 

versus lateral displacement (Δ) curves under constant vertical load traced by the 

proposed second-order inelastic analysis method and second-order elastic analysis 

method are shown in Figure 7.14 for comparison. The elastic, plastic and unloading 

stages can be traced by using the proposed method. Both the geometric and material 

nonlinearities are considered and included directly in analysis. 



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

205 

 

 

7.8 Concluding Remarks 

 

Second-order inelastic analysis of steel-concrete composite beam-columns has been 

proposed in this chapter. Both geometric and material nonlinearities are included in 

analysis so that the actual behavior of the structures is captured. Inclusion of 

geometric nonlinear effects, member imperfection and frame imperfection in 

analysis avoids the uncertainty in assuming an effective length with accuracy of 

predictions improved. Material nonlinearity for advanced analysis is taken into 

account in analysis so that the elasto-plastic collapse load is determined. The refined-

plastic hinge has been proposed herein to give an efficient and accurate procedure to 

simulate gradual material yield whereas the traditional elastic-perfectly plastic 

analysis over-predicts the resistance of the structures because gradual yield is not 

modeled. The plastic hinges simulated by the zero-length pseudo-spring can be 

formed at one or both ends of the element, and the plasticity of the cross-section is 

lumped at the ends of an element. The determination of the initial and full yield 

surfaces, which are used to initiate the reduction of spring stiffness and indicate full 

plasticity, of the composite cross-sections based on the cross-section analysis has 

been described. Numerical examples are given for predictions of both the ultimate 

capacities and load-deflection relationships of isolated columns and members in a 

structural system. Close correlations with experiments confirm the validity of the 

proposed method. 
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Figures 

 

Figure 7.1 The Stress-strain Relation for Steel and Reinforcement 

 

 

Figure 7.2 The Stress-strain Relation for Concrete
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Figure 7.3 Segmentation of Composite Cross-sections 

Neutral Axis 

xsi 

xci xci 
xsi 

Neutral Axis Neutral Axis 

xci xsi xri 
ysi 

yci yri 

Asi 

Aci 

Asi 

Aci 

Ari 

Aci 

Asi Aci 



 
Chapter 7   Second-order Inelastic Analysis of Steel-concrete Composite Beam-columns 
 

208 

 

 

Figure 7.4 Initial and Full Yield Surfaces
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Figure 7.5 The Plastic Hinge Simulated by Section Spring Model 
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Figure 7.6 Cross-sections of the Columns from Bridge (1976)
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Figure 7.7 Comparison with the Test Results from Bridge (1976) 
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Figure 7.8 Comparison with the Test Result from Neogi et al. (1969) 
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Figure 7.9 Comparison with the Test Results from Roderick and Rogers (1969)
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Figure 7.10 Analysis Models of the Composite Trusses1 and 2 
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Figure 7.11 Comparison on the Test Results of the Trusses 
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Figure 7.12 Layout and Deformed Shape of the Portal Frame 
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Figure 7.13 Initial and Full Yield Surfaces of the CFS Tubular Column 

 

Figure 7.14 Load against Lateral Deflection Curves of the Portal Frame
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Tables 

Table 7.1 Properties and the Comparison Results of Concrete-filled Steel Tubular Columns  

Specimen Length eccentricity B D t fs fc 
Test 

results 
Predict 

load Ratio 
mm mm mm mm mm N/mm2 N/mm2 kN kN 

Bridge (1976) 
C1 2130 38 203.7 203.9 9.96 291 30.2 1956 1938.7 0.99 
C7 3050 38 152.5 152.3 6.48 254 35.0 680 723.5 1.06 
C8 3050 64 152.5 152.3 6.48 254 35.0 513 548.6 1.07 

Neogi et al. (1969) 
M5 3330 47.6 169.2 169.2 7.2 312 27.2 652.6 635.9 0.97 

 

 

Table 7.2 Properties and the Comparison Results of Concrete-encased Steel Tubular Columns  

Specimen 
 

Length eccentricity B D Steel 
section 

fs fc 
Test 

results 
Predict 

load Ratio 
mm mm mm mm N/mm2 N/mm2 kN kN 

SE1 2130 0 178 203 4x3@10 292.3 25.4 1214.4 1143.5 0.95 
SE2 2130 10 178 203 4x3@10 292.3 29.5 938.6 855.19 0.91 
SE3 2130 20 178 203 4x3@10 292.3 27.0 573.8 586.60 1.02 
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Table 7.3 Properties and the Comparison Results of Composite Trusses 

Specimen 
B D t fy fc 

Test 
results 

Predict 
load Ratio 

mm mm mm N/mm2 N/mm2 kN kN 
Truss1 50.00 30.08 2.96 399.17 89.87 90.00 97.90 1.09 
Truss2 60.20 60.20 3.10 404.11 41.16 323.09 315.96 0.98 
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CHAPTER 8 

 

CONCLUSIONS AND RECOMMENDATIONS 

 

 

8.1 Conclusions for Present Study 

 

This thesis presents four years research works on refining the second-order analysis 

and design methods to make it accurate and practical so as to replace the traditional 

first-order linear analysis and design method for light weight and steel-concrete 

composite structures. The proposed second-order analysis and design method is a 

simple and accurate design tool, which includes the nonlinearities in analysis in a 

simple and direct manner fulfilling code requirements. The accuracy of the proposed 

refined second-order analysis and design method for light-weight and steel-concrete 

composite members has been verified in not only isolated members, but also in 

structural frames. The originality of the reported research lies on putting code 

formulae and requirements to the analysis program for advanced analysis and design 

of composite and special structures. Verification against test results and other 

methods confirms the practicality of the proposed technique for possible replacement 

of the effective length method used in the past century.  

 

The following conclusions can be made from the results of this study: 
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a) The success of a nonlinear analysis lies upon the rate of convergence and its 

accuracy. Therefore, the use of an efficient and accurate element is essential in 

nonlinear analysis. The PEP element can fulfill these requirements as only one 

element per member is sufficient for modeling member local and frame global 

imperfections. The comparison on the load-deflection curves of shallow dome 

between the test and analysis confirms the accuracy of PEP element in nonlinear 

analysis and also demonstrates the capability to trace the snap-through buckling by 

using the combined arc-length and the minimum residual displacement method. 

 

b) The codified first-order analysis and design methods for design of steel structures 

have been described and the specific considerations for design of angle members 

have been emphasized. Due to the monosymmetric or asymmetric cross-section 

property of the angle members and additional moment from eccentric connection, 

design process becomes more complicated than the double symmetric sections. In 

general, simplification or interaction equations are provided in different design codes 

and the conservative predictions are generally obtained. Moreover, the method 

cannot rationally consider the effect of end moments on web members connected on 

the same or on the alternate sides of a truss. Because of the unreliability and 

inaccuracy in using the first-order analysis and design method, the second-order 

analysis and design method capable of including the local and global imperfections 

and residual stresses has been proposed for design of angle members so that the 

actual structural behavior can be reflected. The different web arrangements and the 

eccentric connection can be simulated and the effects can be included directly in 

analysis. The comparison on test and analysis results on angle trusses further 
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confirms the validity of the proposed second-order analysis and design method for 

practical applications.  

 

c) Experimental tests have been carried out on both isolated steel and CFS columns 

under pinned or fixed end condition to compare the beneficial effects in both 

strength and ductility due to the in-filled concrete. Based on the understanding on the 

behavior of isolated columns, the experimental investigation has been extended to 

study the behavior of structural systems. Trusses consisted of steel and CFS tubular 

members were tested and the end movement and rotation of the members were 

restrained by adjacent connecting members. These end condition of the members 

connecting to other members in a truss is complicated but more realistic. The 

comparisons on the behaviors of isolated columns and members in the trusses imply 

that the end condition of the members is between the pinned and fixed end 

conditions. Therefore, assuming pinned or fixed end condition for these members 

either over or under designs a real structure.  

 

d) The codified linear methods in design of steel-concrete composite columns have 

been presented. The accuracy of commonly used design codes in predicting the 

capacities of isolated columns and members in the trusses has been compared. The 

uncertainties and inconvenience in estimation of effective length factor and moment 

amplification factors have been demonstrated. Based on the disadvantages of this 

traditional method mentioned above, the second-order analysis and design method 

has herein been proposed to replace the traditional design method. The proposed 

method for design of composite members is more rational and accurate for reflection 

of structural behavior. The individual member design is replaced by the section 
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capacity check allowing for nonlinear effects and this leads to a considerable 

simplification on design of composite members. The favorable comparisons on the 

predicted resistances by proposed method on composite isolated members and the 

columns of a portal frame with results from Eurocode 4 (2004) indicate that the 

proposed method is consistent with the codified design output and can be used for 

practical structural design. Without loss of generality, the proposed method can be 

extended to design of complex and large composite structures for which the 

reliability of the effective length method is in doubt. 

 

e) The consideration of material nonlinearity in advanced analysis is important for 

prediction the inelastic behavior of composite beam-columns. Therefore, a practical 

and codified method of design based on the second-order inelastic analysis has been 

proposed in this research project. Both the geometric and material nonlinearities are 

taken into account in analysis so that the result can be used directly for design 

without modifications. The use of plastic hinge in inelastic analysis is a simpler and 

more practical method to include the material nonlinearity because the complicated 

and time consuming process in plastic zone method in discretizing the cross-section 

and along the member length is avoided. The gradual material yield is able to be 

simulated in present refined-plastic hinge method whereas the traditional elastic-

perfectly plastic analysis over-predicts the resistance of the structures as gradual 

yield in a cross-section cannot be considered. The plastic hinges simulated by the 

zero-length pseudo-spring can be formed at one or both ends of the element, and the 

plasticity of the cross-section is assumed to be lumped at the element ends. The 

determination of the initial and full yield surfaces, which are used to initiate the 

reduction of spring stiffness and indicate full plasticity, of the composite cross-
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sections based on the cross-section analysis has been described. Numerical examples 

have been given on both the isolated composite columns and members in the 

structural system to demonstrate the use of the proposed inelastic analysis method in 

prediction of both the ultimate capacity and load-deflection relationship, and the 

accurate predictions against experiments confirm its validity.  

 

 

8.2 Recommendations for Further Work 

 

This thesis has presented the second-order analysis and design method for light 

weight structures with experimental verifications, and the advanced analysis and 

design method has also been extended from bare steel structures to steel-concrete 

composite structures.  Both second-order elastic and inelastic analysis methods have 

been formulated and can be applied to practical design. For further research works, 

the following recommendations are suggested: 

 

a) In present inelastic analysis method for composite beam-columns, the code 

provided and relative simple stress-strain relations have been used for steel and 

concrete. Further research can be conducted to use more realistic models. And the 

concrete cracking in compression is ignored in the presented method. Therefore, the 

predicted member capacity is greater than actually failure load in some cases 

because the cracking of concrete reduces the member stiffness. Therefore, the study 

on cracking surface for use in conjunction with the initial and full yield surfaces to 

reduce the stiffness can be carried out in the future.   
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b) Use of the refined plastic-hinge method in inelastic analysis for three common 

composite cross-sections including CFS circular and rectangular tubular sections and 

CES section has been proposed with experimental verifications in this thesis. 

However, due to the demand of high strength and ductility mega columns and 

fulfillment of architect’s requirements, the use of composite columns with arbitrary 

cross-sections is increasing. The proposed second-order inelastic analysis method 

can be extended and applied to arbitrary cross-sections with appropriate 

modifications in further research works. Experimental studies on composite columns 

with arbitrary cross-sections by using the high strength materials can be conducted to 

study its behavior for providing the guidelines on design, and verification of the 

accuracy of the proposed inelastic analysis used in composite columns with arbitrary 

cross-sections. 

 

c) The proposed refined plastic hinge method lumps the cross-section plastification 

at two ends of the member. However, the most critical point may locate at the middle 

instead of two ends of the member in some cases. Division of the member into two 

elements is required to allow for the formation of the plastic hinge at the middle of 

the member. The process to divide the member into two elements is sometimes 

tedious and inconvenience although only the critical members are needed for such 

division. Some researchers studied the use of an additional hinge at mid-span or 

arbitrary location along the member which, however, is considered to be too 

complicated in formulation and for practical uses. Therefore, a simple and accurate 

method allowing for the formation of the plastic hinge at an arbitrary location along 

the element can be studied in further research works. 
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d) While the second-order analysis and design method for light weight and steel-

concrete composite structures has been proposed in this thesis, the method can be 

extended to other structural forms such as the reinforced concrete structures to 

provide a generalized and consistent design to structures made of any materials.  
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