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Abstract

Ermakov-Ray-Reid systems have recently attracted much attention due to their
novel invariant of motion, nonlinear superposition principles and extensive physical
applications. In this thesis, our main concern is with integrable structure underlying
certain models in nonlinear continuum mechanics and optics via reduction to such

Ermakov-type systems.
The main contributions of this thesis are as follows :

In hydrodynamics, a shallow water system with a circular paraboloidal bottom
topography is investigated via the elliptic vortex procedure. Key theorems analogous
to those of Ball and Cushman-Roisin et al are generalised and used to construct the
analytical vortex solutions in terms of an elliptic integral function. In particular, a class
of typical pulsrodon solutions with a breather-type free boundary oscillation is isolated

and its behaviour is simulated.

In nonlinear optics, a coupled 2+1-dimensional optics model is studied via a varia-
tional approach. Three distinct reductions to integrable Ermakov systems are set down.
The underlying Hamiltonian structures render their complete integration. It is shown
that integrable Hamiltonian Ermakov systems likewise arise in a 3+1-dimensional op-
tics model. In particular, an Ovisannikov-Dyson type reduction is obtained wherein the

eigenmode of the solution explains a remarkable flip-over effect observed experimentally.

Integrable Ermakov-Ray-Reid structure is shown to arise out of a 2+1-dimensional
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modulated Madelung system with logarithmic and Bohm quantum potentials via an
exponential-type elliptic vortex ansatz. In addition, exact analytical solutions of the

original system are obtained in terms of an elliptic integral representation.

In magnetogasdynamics, a power-type elliptic vortex ansatz and two-parameter
pressure-density relation are introduced into a 2-+1-dimensioanl magnetogasdynamic
system and a finite dimensional nonlinear dynamical system is thereby obtained. The
latter admits integrable Hamiltonian Ermakov structure and a Lax pair formulation
when the adiabatic index v = 2. Exact solutions of the magnetogasdynamic systems
are constructed which describe a rotating elliptic plasma cylinder bounded by a vacuum

state.
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Chapter 1

Introduction

Nonlinear coupled dynamical systems of Ermakov-Ray-Reid type introduced in 1979
[89] have been subsequently shown to arise in a variety of physical contexts, most
notably in nonlinear optics (see, e.g. [22,40-42,127,129]). In this thesis, our main
goal is to analyse Ermakov-Ray-Reid structure not only in nonlinear optics but also in
hydrodynamics and magnetogasdynamics. We commence the thesis with a short review

of some relevant literature which has motivated this research.

1.1 Literature Review

The analysis of the coupled nonlinear ordinary equations known as Ermakov-Ray-Reid
systems originated in the work of Steen in 1874 [124] together with independent results
of Ermakov published in 1880 [30]. In the latter paper, a time-dependent oscillator

with variable frequency
G+wit)g=0 (1.1.1)
was considered in conjunction with the nonlinear oscillation equation [124]
p+wit)yp=p"2. (1.1.2)
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On elimination of w?(t) and integration, a first integral is obtained, namely

1= [(pd— pa)? + (a/p)?). (1.1.3)

N | —

This is commonly called the Ermakov-Lewis invariant after H Ralph Lewis who 're-
discovered’ it in a study of the motion of charged particles moving in magnetic fields
with Kruskal’s asymptotic method in 1966 [64]. This invariant is associated with the
conservation of angular momentum [29] and has subsequently been the subject of much
literature (see e.g. [34,45,53,65,68]). It was shown in the work of Steen [124] that,
remarkably, the general solution of the nonlinear oscillator equation (1.1.2) may be
expressed as a nonlinear superposition of linearly independent solutions of the linear

oscillator equation (1.1.1).

In 1979, Ray and Reid [89] introduced an important generalisation of the 'Ermakov
pair’ (1.1.1) and (1.1.2), namely the coupled nonlinear system

i+ (07 = - flu/a).

j+w(t)y = xing(x/y%

(1.1.4)

where f and g are arbitrary functions of their indicated arguments. This admits a novel

integral of motion, namely the Ray-Reid invariant

y/z z/y
I= %(my — iy)? + / f(u)du +/ g(v)dv. (1.1.5)

Moreover, the system (1.1.4) admits a novel nonlinear superposition principles [90,91]
which may be regarded as generalising that of Ermakov pair (1.1.1) and (1.1.2). Linear
structure underlying the Ermakov-Ray-Reid system (1.1.4) was isolated in [8] while sta-
bility and periodicity were subsequently discussed for a special subclass by Athorne [6].
Particular 2+1-dimensional Ermakov-Ray-Reid systems were constructed in [103] while
Ermakov-Ray-Reid systems of arbitrary order and dimension which admit a Ray-Reid
type invariant and associated nonlinear superposition principles were presented in [112].
Multi-component Ermakov systems were introduced in [108] and application made to
an N-layer fluid model. The algebraic structure underlying these multi-component

Ermakov systems was subsequently analysed in [7]. There are also a number of theo-
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retical studies mainly on Lie symmetry structures of Ermakov-Ray-Reid systems (see,

e.g. [38,62,92]).

In terms of the applications, Ermakov systems arise most notably in nonlinear optics
where they occur in the description of elliptic Gaussian beams [22,40-42,44,127,129].
In nonlinear elasticity, the nonlinear oscillation equation (1.1.2) arises in the analysis
of the radial oscillation of hyperelastic tubes [99, 120, 121]. In hydrodynamics, such
systems arise out of both a single-layer and two-layer shallow water theory [96, 100].
In molecular structures, Ermakov pairs occur in the description of soliton behaviour in
the vicinity of impurities [37,46]. Ermakov pairs also arise in time-dependent quantum

problems [47,93,95,119] as well as in cosmology [11,48,113].

The possession of a novel integral of motion and concomitant nonlinear superposition
principles in combination with their established physical relevance has motivated the

present extensive investigation into Ermakov-Ray-Reid systems in this thesis.

1.2 Motivation and Objectives

1.2.1 Hydrodynamics

The study of hydrodynamics is of great importance, in particular, in oceanography
and geophysics, notably in the analysis of tidal oscillations and vortex structures in the
upper ocean [61]. In the latter context, shallow water systems derived via the 3+1-
dimensional Euler equations [84] incorporating a Coriolis force play an important role

and have received considerable attention in the literature (vide §2.1).

A fundamental contribution to the analysis of shallow water systems relevant to
the present thesis was made by Ball [9]. Important theorems concerning the time evo-
lution physical quantities such as moments of inertia were presented therein. It was

subsequently shown, remarkably, that these theorems can be readily constructed by a



Lie-group analysis [97]. In [96], the f-plane shallow water model of Cushman-Roisin was
investigated via introduction of an elliptic vortex ansatz. Thereby, an eight-dimensional
dynamical system which admits a general analytical solution as well as particular pul-
srodons corresponding to pulsating elliptic warm-core eddies was isolated. The applica-
tion of the Ball-type theorems proved key to the construction of the complete solution.
It is natural to inquire as to whether the Ball-type theorems can be similarly employed
when the shallow water system has bottom topographies of a circular paraboloidal or
elliptical paraboloidal type when there is also privileged underlying Lie-group struc-

ture [66]. This will be the subject of the opening chapter.

1.2.2 Nonlinear Optics

In a pioneering paper, Wagner et al [127], starting from Maxwell’s equations, de-
rived dynamical equations for the envelope of the self-trapping field via the paraxial
approximation. Subsequently, a coupled pair of nonlinear dynamical equations for the
evolution of the transverse radii of elliptical beams in a polarized medium was set down.
This pair turns out to be an integrable Ermakov-Ray-Reid system [30,90,91]. Remark-
ably, such systems have subsequently been shown to arise in both self-trapping and
self-focusing nonlinear optics contexts [22,40-42,44]. In particular, the evolution of the
size and shape of a light spot and wave front in an elliptical Gaussian beam described
by such Ermakov-Ray-Reid systems [22,40]. The Ermakov-Ray-Reid invariant in con-
junction with the Hamiltonian may be employed to reveal the underlying properties of

such nonlinear optics.

The nonlinear Schrédinger equation (NLS) and its variants are ubiquitous as models
in nonlinear optics [2,56]. Thus, the coupled NLS may be employed to study the co-
propagation of two optical pulses in a nonlinear planar waveguide [85]. On the other
hand, the logarithmic NLS originally introduced by Bialynicki-Birula and Mycielski
[12-14] in quantum mechanics and notable for admitting analytical Gaussons, may be

applied to investigate the propagation of Gaussian beams in a saturable medium [123].



However, there has been but little investigation into nonlinear optical models based
on their underlying Ermakov-Ray-Reid structure. The analysis of Ermakov-Ray-Reid

systems that arise through variational approximation will be the subject of Chapter 3.

1.2.3 Madelung-Type Hydrodynamic Systems

The classical Madelung transformation [69] associates a nonlinear Schrédinger equa-
tion with a hydrodynamic system. Madelung systems involving logarithmic terms or
Bohm quantum potentials have most notably arisen in plasma physics and nonlinear

optics [27,63,72,82,83,106, 109, 127].

In [100], Rogers and An showed that the rotating shallow water system subject to a
circular paraboloidal basin admits an underlying integrable structure of Ermakov-Ray-
Reid type. In particular, in the case of irrotational motion and ignoring the Coriolis
force, connection was made to a NLS equation with a Bohm quantum potential via the
Madelung transformation. That is to say, the Ermakov structure was derived for the

equivalent NLS system via the elliptic vortex ansatz introduced in [96].

In Chapter 4, we investigate nonlinear integrable reduction of Ermakov-Ray-Reid
type which arises out of NLS equations incorporating both Bohm and logarithmic type
quantum potentials. The construction of exponential-type elliptic vortex ansatz and
concomitant Ball-type theorems proves crucial to the exact solution of these dynamical

systems.

1.2.4 Magnetogasdynamics

The analysis of the motion of electrically conducting fluids and plasmas as described
by Lundquist magnetogasdynamic system is of considerable importance in astrophysics,

geophysics and engineering applications (see, e.g. [16,88,122]). In general, analytical



solutions are not available due to the inherent nonlinearity of the governing Lundquist

system.

In a series of papers on magnetogasdynamics [75-77], Neukirch et al introduced a
novel solution procedure wherein the nonlinear acceleration terms in the Lundquist mo-
mentum equation either vanish or, are assumed to be conservative. In recent work [111],
Rogers and Schief showed that a 2+1-dimensional magnetogasdynamic system with a
parabolic gas law admits exact elliptic vortex reduction to an integrable Hamiltonian
Ermakov system. An important extension to more general gas laws and elliptic vortex

ansatz is examined in Chapter 5.



Chapter 2

A Shallow Water System with
Paraboloidal Bottom Topography:
An Integrable Sub-System

2.1 Background

In recent years, much attention has been paid to oceanic warm-core eddies (rings),
which consist of rotating isolated water masses (see, e.g. [23,31,58,59,117]). Such eddies
play an important role in large scale oceanic circulation and can profoundly affect the
transfer of physical, chemical, and biological properties across frontal zones and exert a
substantial contribution to the horizontal and vertical mixing of different water masses
[80]. The physical importance of warm-core eddies explains the number of observational,
experimental, numerical and analytical investigations that have been carried out to

elucidate different aspects of their dynamics (see, e.g. [24,25,54,55,73,96,114,115]).

The reduced gravity shallow water model has been widely used in the theoretical

study of warm-core eddies (see, e.g. [24, 25,54, 96]). Although the model excludes



relevant oceanic processes such as wave radiation toward the exterior ocean or baroclinic
instabilities, it has proved an model which produces many fundamental characteristics
of eddy dynamics. Indeed, laboratory experiments on warm-core eddies evolution by
Rubino and Brandt [114] have established that this evolution is consistent with known
analytic solutions describing the dynamics of warm-core eddies of the nonlinear, reduced

gravity shallow water equations evolving on an f-plane (see, e.g. [24,96]).

Interest in shallow water systems goes back to work of Goldsbrough [39] who, in a
study of tidal oscillations in an elliptic basin obtained a class of exact elliptical vortex
solutions whose velocity components are linear and height field is a quadratic function of
the horizontal coordinates. The latter work, in turn, is related to that of Kirchoff [60] on
vortex structures in the classical 2+1-dimensional Euler system (in which the velocity
components are linear and the pressure is quadratic). Subsequently, Ball [9,10] obtained
key results on the time evolution of moments of inertia and invariance properties of the
rotating shallow water system. Using this system, Thacker [126] investigated the tidal
oscillations in elliptical basins whose depth profile is parabolic. With the oceanic warm-
core eddies in mind, Cushman-Roisin et al [24,25] obtained two canonical solutions
of the reduced gravity shallow water system. One solution corresponds to a steady
clockwise rotation of an unchanging elliptical eddy and the other to a pulsating circular
eddy. The former has been termed a rodon and the latter a pulson. Ripa [94] later
showed that the rodon-type solution was Lyapunov stable to disturbances within the

class of elliptical solutions.

Important contributions to the study of the rotating shallow water equation were
made by Young [128], who employed the theorems of Ball and the invariants of the
rotating shallow system to reduce the nonlinear elliptical vortex dynamics to quadra-
tures. Rogers [97] and later Levi et al [66] subjected the rotating shallow water system
with elliptic and circular cylindrical bottom topographies to a Lie-group analysis and
a variety of group-invariant solutions were isolated. Importantly, it was shown in [97]
that the invariance theorems of Ball have a group-theoretic origin. Rogers [96] sub-

sequently obtained the complete solution of an eight-dimensional nonlinear dynamical



system resulting from the introduction of an elliptical-vortex ansatz into the reduced
gravity shallow water system. A new subclass of so-called pulsrodon solutions which
correspond to pulsating, rotating elliptical eddies was obtained. The application of a
Ball-type moment of inertia theorem set down in [9] proved key to the construction
of such solutions. The shallow water system in the case of plane bottom topography
was subsequently investigated in an elegant Lagrangian treatment using Hamiltonian
dynamics by Holm [52]. In particular, it was shown that the canonical exact solutions
namely the rodon, pulson and pulsrodon (which rotates and pulses periodically) are or-

bitally Lyapunov stable to perturbations within the class of elliptical vortex solutions.

In this chapter, the elliptical vortex procedures of [96] are applied to the case of a
rotating shallow water system with a circular paraboloidal bottom topography. Impor-
tantly, key theorems analogous to those of Cushman-Roisin et al [25] are generalised and
used to solve the resulting eight-dimensional dynamical system. In particular, a class of
pulsrodon solutions is derived and its behavior is displayed via numerical simulations.
Additionally, such exact pulsrodons are also used to show the efficiency of numerical
pulsrodons obtained in [3]. It was established by Rogers and An [100] that, remarkably,
the nonlinear dynamical system admits underlying integrable structure of Ermakov-
Ray-Reid type. This system, which describes the time evolution of the semi-axes of the

elliptical moving shoreline on the paraboidal basin, is also Hamiltonian.

2.2 The Rotating Shallow Water Model

The rotating shallow water system governing the motion of an incompressible fluid

and considered in the present chapter takes the form

%—I—div(hq):(),
5 (2.2.1)
a—?+q-Vq+fk><q+V(Z+h):0.



Here, f is the Coriolis parameter, q = ui + vj is the velocity vector and (i, j, k) is the

usual orthonormal basis. In the above,
z=Z(z,y) (2.2.2)
is the equation of the basin surface underlying the liquid while
z=n(z,y,t) =Z+ h(z,y,t) . (2.2.3)

denotes the upper free surface. The geometric configuration is as below in Fig 2.1.

geometry

n

\&

=y

Fig. 2.1: The Basin Geometry.

This classical rotating shallow system may be readily derived ab initio via a hydro-
static approximation and incorporates the relevant kinematic and boundary conditions
in a manner reviewed, in detail, in the work of Rogers [97]. Therein, it was established
that the system (2.2.1) admits privileged Lie group symmetries when the underlying
basin is either a circular or an elliptical paraboloid. Accordingly, attention in the sub-

sequent sections is restricted to the same case with

Z = A*z® + B*y*. (2.2.4)

2.3 Elliptical Vortices in the Rotating Shallow Wa-
ter Model

Here, the elliptical vortex procedures described in [96] in connection with the hydro-

dynamic f-plane system are extended to the case of a paraboloidal bottom topography
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of the type (2.2.4). Key to this extension will be the generalisation of results originally
obtained in the f-plane context concerning the time-evolution of important physical

quantities.

2.3.1 An Integrable Nonlinear Dynamical Sub-system

Exact solutions of the rotating shallow system (2.2.1) are now sought via an elliptical-

vortex ansatz (Rogers and An [100])

a=L(t)x+M(t) ,

x [ 7790 (2.3.1)
h=x"E(t)x + ho(t) , y—p(t)
where
u(t) ua(t) q(t)

(2.3.2)
(t) o(t)

a
b(t) c(t)

The presence of the terms in p(t), q(t), p(t) and ¢(t) corresponds to an underlying Lie
group invariance of the system (2.2.1) when augmented by the geometric constraint

(2.2.4)(see [97]). It is required that the eddy edge h = 0 be closed so that
A=ac—b>0. (2.3.3)
In general, the eddy’s rim is an ellipse, which degenerates to a circle if a = ¢ and b = 0.

Insertion of the ansatz (2.3.1) into the continuity equation (2.2.1); produces

a 3uy + vy 207 0 a
b |+ uy 2w 4 v) v b | =0 (2.3.4)
C 0 2U9 Uy + 309 C
together with
i”L(] = —<U1 -+ Ug)ho . (235)
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Substitution of (2.3.1) into the momentum equation (2.2.1)s now gives

Ul (A} a A*
ug LT _fI U9 b 0
+ +2 +2 =0 (2.3.6)
U1 fI LT V1 b 0
1.}2 (%) C B*

augmented by

15+f9+23*p:07
(2.3.7)
Gg— fp+24*q=0.

It is noted below that when A* = B*, relations obtain which are key to the subsequent
development. These may be established by direct appeal to the system (2.3.4)-(2.3.6)

and are recorded in the following theorem.

Theorem 2.3.1 If
Rf=uvy—ug+f, A=a—b>0,
. f f 2.3.8
M—a(u2—§)+b(02—u1)—c(v1+§), (2.3.8)
Q* = —a (u3 + v3) + 2b (urug + v1v2) — ¢ (u? + v}) +4A — 24%(a + ¢)

then the following relations hold:

ho = —(uy + v2)ho
A = —4(uy +vy) A
R* = —(uy +vy) R* (2.3.9)
M* = —3(uy + vg) M*

Q* = —3(u1 + v2) Q*

These relations constitute analogous of those derived in the context of plane bottom

topography in [25,96]. The quantities ho, A, R*, M* and @Q* are related to physical

12



invariants as follows:

1 1
(i) volume = //h dxdy = 5ﬂh§A7 ,
.. 1 2 2
(ii) energy = Qh [+ (v +0%)] dzdy
1 3,
= ﬂﬂ'th 2@ ,

(iii) potential vorticity = // ( uy i f) dxdy (2.3.10)

= thoATIR"
(iv) angular momentum = // h {(xv —yu) + g(xZ + yQ)} dxdy
1
= —Whgﬁ_%M* )
12

In the sequel, attention is restricted to the case A* = B* corresponding to an
underlying circular paraboloidal topography. Accordingly, the above relations (2.3.9)

are valid.
It proves convenient to proceed in terms of new variables as employed in [96], namely

1
G=u + vy, GR=§(U1—U2),

1 1
GS = 5(1)1 +U2) s GN = 5(7,[,1 —_ ’U2) R (2311)

1
B=a+c, Bg=Vb, BNzi(a—c).
Here, G and Gp represent, in turn, the divergence and spin of the velocity field, while
Ggs and Gy denote shear and normal deformation rates. The geometry of the moving

shoreline boundary h = 0 is now determined by B, Bg and By together with hy.

In terms of the new variables, the last two important relations in Theorem 2.3.1

adopt the form

M* = —3GM*
(2.3.12)
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implying the integral of motion
M*/Q* = const . (2.3.13)

The nonlinear dynamical equations (2.3.4)-(2.3.6) reduce in extenso to the equivalent

generalized Kirwan-Liu system:
ho + hoG =0,
B +2[ BG +2(ByGy + BsGs) | =0,
Bs +2BsG + G5B — 2ByGr =0,

By +2BNG + GyB 4+ 2BsGr =0,

o (2.3.14)
G+§G2+2(G?\,+G§—G§z)—2fGR+2B+2(A*+B*) =0,
GR+GGR+%fG:O,
Gs+GGs+fGN+QBs:O,
Gy +GGy — fGs+2By+ A*—B*=0.
If we set
Q:1/(GR+£)1/2, GR+£7£O (2.3.15)
then (2.3.14)¢ shows that
G =20/ . (2.3.16)

The precluded irrotational case Gg + g = 0 is dealt with at the end of next section.

Relation (2.3.14); together with (2.3.16) gives, in turn,
ho = C7/ Q2 (2.3.17)

where C7 is an arbitrary constant of integration.

New modulated variables are now introduced as in the f-plane study, viz

B=Q'B, Bg=Q'Bg, By =By,
i i (2.3.18)
Gs = 02Gs, Gy =Gy

14



whence the system (2.3.14) reduces to
B +4 (ByGy + BsGg) /92 =0,
Bs+ (BGg—2By)/Q2 + fBy =0,
By + (BGy +2Bs)/Q? — [Bs =0, (2.3.19)
Gy — fGs+2By/Q? + (A* — B2 =0,
Gs+ fGy +2Bs/Q? =0
together with a nonlinear equation for {2, namely,

QO+ 204 -1+ G4+ G4+ B+ QYA +B) =0. (2.3.20)

In what follows, we proceed only with the circular paraboloidal case when A* = B*.
The system (2.3.19) remarkably reduces to exactly that of the f-plane analysis in [96].
The presence of a circular paraboloidal bottom topography is only made manifest in
the nonlinear equation (2.3.20) obtained from the corresponding f-plane (plane bottom
topography) equation via the replacement f? — f2 + 8A*. Accordingly, the analytical
procedures used in [96] are directly applied to solve the system (2.3.19)-(2.3.20). These

are summarised in the next sub-section.

2.3.2 Parametrisation and Solution

It is shown that when A* = B*, the dynamical system (2.3.19) admits the three

integrals of motion (cf. Rogers and An [100])

_ _ 1_
B§+B]2\[——BQZC[[ ,

=~

G2+ % —B=Cuy (2.3.21)
B +2(BsGy — ByGs) = Cry
the relevance of which are described below. Here Cy;, Crrr and Cyy are constants of

integration. It is noted that (2.3.21); shows
A =—Cp /8 (2.3.22)
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whence the condition (2.3.3) requires that Cj; < 0.

The integrals of motion (2.3.21); » are parametrised, in turn, according to

Bg = —/Cr + Lp cos¢(t), By=—1/Cr+ Lpe sin (1) ,
4 4 (2.3.23)

Gs=—/Ci+B sin0(t) , Gy =+\VCir + B cosO(t) ,

where signs are adopted compatible with the subsequent construction of pulsrodon-type

solutions.
Substitution of the parametrisation (2.3.23) into (2.3.19); yields

B—|-— “C[[—i- 32\/ C[[[+B SlIl 9 ¢ —O (2324)

Conditions (2.3.19)y 3 reduce to a single relation, viz.

\/CH + 132 |:¢+ 1 é vV Crrr + B COS(@ (b) =0. (2.3.25)

Similarly, conditions (2.3.19)4 5 produce another single requirement

VCii+B [f y } 5 2 e+ 11132 cos(f — ¢) = 0. (2.3.26)

It is seen that insertion of (2.3.16) into (2.3.12); results, on integration, in:
M = [_B +2 (BNGS - BSGN)} QO =Cp0" (2.3.27)

whence, by appeal to the particular parametrisation (2.3.23),

=—Crv+ 2\/(0]} + iBz)(C[U + B) COS(Q — gb) . (2.3.28)

It is readily validated that (2.3.28) satisfies (2.3.24). Elimination of § — ¢ between
(2.3.28) and (2.3.25), (2.3.26), in turn, yields
. 9 L _
¢:f+§ [—1+B(B+ij)/(4CII+B2)] ,
(2.3.29)

) 1 _
9: —ﬁ(B—FC]‘/)/(B—f—C[[])

Bearing the construction of exact solutions in mind, we turn to consider the second-

order nonlinear equation (2.3.20), namely,
Q0+ (f2+8A)Q* 4+ Cyp +2B—-1=0. (2.3.30)
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The latter, as it stands, is intractable unless B = X 4+ uQ?*, (), peR) when it reduces
to the classical Steen-Ermakov-Pinney equation [30, 86, 124]. However, in general, it

readily leads to an important relation which is shown in the following theorem:

Theorem 2.3.2 [f M* and Q* are given by (2.3.8), then

(2 B) + (f2 + 8A")2B = —2(Q* + fM*) O
(2.3.31)

= -2(Cy + fCy)

This result constitutes a generalisation of the well-known result which corresponds to

plane bottom topography given in [25,96] and states that
. 1
I+ L= TATPRY(Q + M) (2.3.32)

where [, is the moment of inertia given by
Cr 1P s
I = 2 L) hdedy = ——h3 A D=L 2B (23

€

with the double integral being taken over the eddy e. In the more general circular
paraboloidal basin geometry under present consideration, the moment of inertia equa-
tion embodied in (2.3.31) corresponds to a result originally obtained by Ball [9] and
subsequently derived by Rogers via a Lie group approach [97]. Here, it proves key
to the completion of our construction of the general solution of the eight-dimensional

dynamical system (2.3.14).

It is noted that in the present circular paraboloidal case, the integral of motion
: 1
L2+ (f? +8ANIZ = 5 mATRG(Q + fM)I, (2.3.34)

involving the moment of inertia I, provides an additional invariant of the rotating

shallow water system.

On integration of (2.3.31), we obtain

Q2B = Cyrcos/f2+8A* t + Cyyrsin/f2 + 8A* t — 2(Cy + fCrv)/(f* + 8A%) ,

(f%+ 8A4* #0)
(2.3.35)
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where Cy; and Cy; are additional integration constants. While on elimination of 6 — ¢

and € in (2.3.24) via the relations (2.3.28) and (2.3.35), it is seen that B is given by

/B dB*
Cvirr B*\/(B*2 + 40[[)(3* + CHI) - (B* + CIV)2

t dt*
0 CV] COS( f2 + 8A* t*) + CV]] sin( f2 + 8A* t*) - 2(0\/ + fC[V)/(f2 + 814*)

( B # const)
(2.3.36)

where B lizo = Cyrrr. The elliptic integral of B can be readily treated by classical
methods described in Ref. [18].

The generalisation of the elliptic vortex approach of [96] to circular paraboloidal
basins is now completed. Thus, the corresponding shallow water velocity components

are given by

QO 1 _ 1 = 1
u1:5+@\/0111+3 cosO(t) , e P Cir+B s1n9(t)—|—§—g,
1 _ 1 QO 1 -
Uy = — =3 Crr+ B sinf(t) — P + g y 2= G Ty V Crir + B cosd(t) ,
(2.3.37)
while the elliptic moving shoreline parameters are
I 1, . L 1~
a= 7 §B —4/Crr + ZBQ sin gb(t)] , b= o Cr+ 132 cos ¢(1) ,
_ L sy o+ 2B e (23.38)
c=0i |3 + H+Z sing(t) | , "
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The Precluded Case
GR + % =0

It is recalled that the parametrisation in terms of €2 in the above proceeded provided

(ct.(2.3.15))

f

Gt #0 (2.3.39)

and thereby solutions of the rotating shallow water system in the generic case has been

obtained via (2.3.37)-(2.3.38). If G + g = 0, that is

U1 — Ug + f =0 (2340)

and the parametrisation (2.3.23) is again introduced. Then it is readily shown that an
analogous reduction applies mutatis mutandis. Therefore, the resulting parametrisation
becomes (cf.(2.3.37))
Q 1 =
Uy = 5 + @\/ C[U—i-B COS G(t) , U1 =

1
K2

L VCirr + B sin 0(t) — g

KeE
1 Q
, Uy = —m CIII + B cos 49(75) + ﬁ

and the elliptic moving shoreline parameters are given by the relations (2.3.38).

(2.3.41)

Uy = Cirr + B sin 0(t) +

DO [~

It is interesting to remark that the constraint (2.3.39) corresponds to a privileged
class of motions which may be connected to irrotational shallow water motions with
f = 0. Thus, Chesnokov [21] recently used Lie-group analysis to establish a novel
connection between the rotating shallow water system (2.2.1) with Z = 0 and an
associated non-rotating system with f = 0. The general Lie-group analysis of [66] may

be readily adduced to extend this result to elliptic paraboloidal bottom topographies.

19



2.3.3 The Pulsrodon: Circular Paraboloidal Bottom Topogra-

phy

It is noted that elliptical integral expression (2.3.36) is only valid if B # const.

Here, we consider the reduction when B is constant. In this case, (2.3.19); reduces to
BnGy + BsGs =0 . (2.3.42)

If we set
BN = Oéés y BS = —CYGN . (2343)
then the system (2.3.19) is reducible to the linear coupled equations

200 . = = 20 _

Gy =(f~ @) Gs , Gs = (@ — ) Gn (2.3.44)

where
B=2(l—-a), a=0. (2.3.45)

The general solution of the system (2.3.44) is

Gy = Gosing , Ggs = Gocosn (2.3.46)

where

1

n=ft—2a | =dt. (2.3.47)

QQ

It is emphasized that the three integrals of motion set down in (2.3.21) are valid, in

particular, for the case of B = const.

Insertion of (2.3.45) and (2.3.46) into (2.3.20) results in the general Steen-Ermakov

equation [30, 124] i
1-GE—2B
03

The latter, which originated in the work of Steen [124], arises in a wide range of areas

Q-+ (iﬁ + 2A*) Q= (2.3.48)

of physical importance, most notably in quantum mechanics, optics, and nonlinear
elasticity (see, e.g. [33,74,121]). Another avatar of this equation has appeared recently
in a study of pulsons by Sutyrin [125]. It is distinguished by its admittance of a nonlinear
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superposition principle which was derived by Lie group considerations [107]. Therein,
the Steen-Ermakov equation was derived in another manner in the context of moving
shoreline analysis in a rotating shallow water system with circular paraboloidal bottom

topography.

The general solution of (2.3.48) is given by

Q= /5103 + 26,005 + 5,03 (2.3.49)
where €)1, ), are independent solutions of the associated linear oscillator equation
.. 2
Qr + <Z + 2A*) Q=0 (2.3.50)
with unit Wronskian, that is
W(Q, Q) = % — 00 =1 (2.3.51)
and the constants §; (i = 1,2, 3) are constrained by the relation
5103 — 62 = (1— G2 —2B) := 0, . (2.3.52)
If we choose 21,2, as
1 .
Oy =coswt, Qo= —sinwt, w=+/f2/44+2A* (2.3.53)
w

then, the general solution of the Steen-Ermakov equation (2.3.48) is determined by

Q = /64 cos(2wt + 0) + 55 (2.3.54)

where the constants d,, 05 and 6 are related by

252&)

W2(52—5§)+50:O, Qzarctanm .

(2.3.55)

The reality constraints associated with the relations (2.3.45), (2.3.52) and (2.3.55) re-
quire that
55>0,>0, a(l—a)<0, 20°>—2a+1>G? (2.3.56)

without loss of generality.
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A subclass of analytical solutions of the rotating shallow water system is now ob-

tained, namely

e Go L
W =G T g S i = QQCOS”_QQ 2
v = g;}cosnﬂL%—g U2 = %—%sinn,
~ (2.3.57)
a = 94(1—06+G0C087]) b:—aQ—CiOSin”v

This subclass corresponds to the pulsrodons of elliptic warm-core eddy theory that were
originally constructed in the case of plane bottom topography (A* = 0) by Rogers [96].
Pulsrodons and their duals were later derived by Holm [52] via an elegant Lagrangian

formulation.

Below, the exact solution for the moving shoreline h = 0 is used to exhibit typical
eddy boundary evolution. Fig 2.2 shows the time evolution of a small eccentricity
elliptical eddy. From the figure, one can see that the clockwise rotation of the elliptical
mode is successive but irregular, being faster when the eddy is expanded (wider rim) and
slower when the eddy is contracted (smaller rim). A plausible explanation is as follows:
for a given eccentricity, the larger the eddy, the greater the radius of curvature at the
extremities compared to the radius of inertia, and the lesser the inertial tendency for a
particle to overshoot the rim’s curve at its point of maximum curvature. In Fig 2.3, the
eccentricity of the eddy is increased and the same behavior is displayed. Interestingly,
this evolution of the upper free surface for such a typical pulsrodon coincides with an

oscillating ”breather-type” motion.

2.3.4 Pulsrodons: Numerical Treatment

In this subsection, our main concern is with the construction of pulsrodons of the

shallow water system via a numerical treatment [3]. The approach to be adopted here
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Fig 2.2: The temporal evolution of a small eccentricity elliptical eddy.
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Fig 2.3: The temporal evolution of a large eccentricity elliptical eddy.

is the homotopy perturbation method [50,67]. With this method, it is seen that series

representations of pulsrodon which rapidly converge to the exact ones are obtained.

To employ the homotopy procedure, it proves convenient to rewrite the rotating
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shallow system (2.2.1) with a circular paraboloidal basin in the operator form :
(
Lh + (uh); + (vh), =0,

Lu+ wuy +vuy + hy — fo+2A4%2 =0, (2.3.58)

| Lv + uvs + 0oy + by + fu+ 24" =0

where L = 2 with inverse L™ = fot (-)ds. With the construction of pulsrodons in

mind, we set the initial values as (cf.(2.3.57)) :

70 go . f 90
) aO = ) ~ )
u(z,y,0) (W0 + 7 sin o)z + (2 7 + 7 cos 1)y
1 f 90 70 go .
v(z,y,0) = (w—g =5 + w_g cosno) + (w—0 — w_g sinng)y , (2.3.59)

a .
h(z,y,0) = > + 1 (2 + %) + %(COS nox? — 2sinnoxy — cos noy?)
0 0

C: ol —a)

=0
0

where Cf, a, Ty, wo, go and 1y are constants to be determined.

Now, a homotopy : © x [0,1] — R is constructed, which satisfies

(

Hl(ua v, hap) =Lh+p [(uh)x + (Uh)y] =0,

Hy(u, v, h,p) = Lu+p (uuy + vuy, + hy, — fo+24*2) =0, (2.3.60)

\ Hj(u,v, h,p) = Lv+ p (uv, +vvy + hy + fu+2A%y) =0
where p € [0,1] is an embedding parameter. It is observed that when p = 0, the

homotopy model (2.3.60) reduces to a linear system

(

Hy(u,v,h,0)=Lh =0,

Ho(u,v,h,0) = Lu =0, (2.3.61)

\ H3(u,v,h,0) = Lv=0
which may be readily solved. On the other hand, when p = 1, this model corresponds

to the original problem (2.3.58), namely
(
Hy(u,v, h,1) = Lh + (uh), + (vh), =0,

Hy(u,v, h,1) = Lu + wuy +vuy + hy, — fu+24*c =0, (2.3.62)

KI—Ig,(u,v,h,l) = Lv + uvy +vv, + hy + fu+2A*y =0.
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In topology, the continuous deformation from H;(u, v, h,0) to H;(u,v,h,1) ,(i =1,2,3)

is commonly termed homotopic.

According to the perturbation theory of [50,67], the solution of (2.3.58) can be

expressed by an infinite-series involving the homotopy parameter p, namely

+oo +o0 +oo
u= Zpiui , U= Zpivi , h= Zplhz (2.3.63)
i=0 i=0 i=0

Substitution of the series solution ansatz (2.3.63) into (2.3.58), produces a set of alge-
braic equations of p’. Balancing the terms of p?, produces an over-determined differential

system with the unknown variables u;, v; and h; (i =0,1,---) :

O@p°): Luy=0, Lvy=0, Lhy=0,
O(p'):  Lhy + ugho + uohos + voyho + voho, = 0,
Luy + ugug o + voto,y + hox — fro + 242 = 0,
Ly + wyvg z + vovoy + hoy + fuo +2A%y =0,
O(p*) = Lhy + (uohy + urhe)s + (vohy + v1ho), = 0,
Lug + (uou1)e + voury + vitoy + b1 — fv1 =0,

Lvy + (vov1)y + w14 + w1V + hay + fus =0, (2.3.64)

[y

i—1 i—

O(pz) : Lhz -+ Z(ukhi—k—l>m + (Ukhi—k—l)y = 0, 7> 2 y
k=0

(]

0

[~
=l

i—1 [

Lu; + E U zUi—f—1 T E VpUi—k—1,, + hi—10 — fri1 =0,
k=0 k=0
i—1 i—1

Lv; + E VyViek—1 T E URVi—f—1,, T hz’—l,y + fuiy =0,
k=0 k=0

With the aid of symbolic computation of Maple, one can readily obtain the solutions
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of the above system :

up = Fo(z,y), w = Fi(z,y) +tFi(z,y),

vo = Go(z,y), v1 = Gi(z,y) +tGi(x,y),

ho = Ho(w,y), hi = Hi(a,y) +tHi(z,y),

w = Fyle,y) + thy(a,y) + 5 Filr, ), (2.3.65)

_ 1 _
vy = Ga(z,y) + tGa(z,y) + §t2G3(x,y),

_ 1. -
h2 - H?(‘r’y) + tHg(.l’,y) + §t2H3(.l’,y)7

where
Fl('r’y) = ui<x7y70)7 ZFZ(%?J) = U(xvyao)u
1=0
Gl<x7y) = Ui<x7y70)7 ZGz(xyy) = U(xaya 0)7
1=0

Hi(x,y) = hi(z,y,0), Y Hi(w,y) = h(z,y,0),

= fFy — FyFy, TOGOFOy — Ho, — 242,

= —fFy — FoGor — GoGoy — Hoy — 2A™y

= _FOwHO - FOHO:c - GOyHO - GOHOy )

= fG1— (FoF1), — GoFyy — G1Fyy — Hy, (2.3.66)

(z,y)
(z,y)
(z,y)
(z,y)
Go(r,y) = —fFy — (GoGh),y — FoGi1p — Fi1Go, — Hyy
(z,y)
(z,y)
(z,y)
(z,y)

Therefore, the preceding gives series representations for u, v and h associated with
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pulsrodons, namely,

+oo
u(z,y,t) :;EZpiui:u0+u1+u2+u3+---
=0

oo - - 1.
= ZF,-(:B,y) + (F1 + Fo)t + §F3t2 + -
=0

0 90 f 1 g - 12 5
= (—+ L L 4+ L Fy + Fo)t + —Fxst
(w0+ Osmno)x+(2 wg—i-wgcosno)y—i—( 1+ F) +2 3t” +
v(z,y,t) —hm§ P'vi = v + V1 + vy + Vg + -

p—1

I
.Mg

Gi(l’, y) + (Gl + Gg)t + §th2 +

=0
L 9 9o 2
= <w_§ —§+—OCOS770)~TC+(W—O - w—OSIHﬁo)Z/+(G1+G2)t+ Gst

h(l’,y, —hmth —h0+h1+h2+h3+

p—14
- 1
=Y Hi(w,y)+ (H + Hy)t + 2H3t2 (2.3.67)
i=0
ol — « Qo .
— %(ﬁ + %) + %(COS nox? — 2sinnyxy — cos Noy?)

0 0

C - - 1
—i——; + (Hy + Ho)t + —Hst® +
wj 2

It is recalled that the exact pulsrodons derived previously (cf.(2.3.57)) are given by

QG G 1
u(x,y,t) = (Q Ry Ysinn)z + (g - Q—g cosn — ﬁ)%
1 G Q Gy
'U(xay;t> - (@ — Q_g COS77 —_ i)l' -+ (5 — m S]nn)y’ (2368)
20G C
h(z,y,t) = 94(1—044—6’000877):5 — (;2 0511”7371/—1-@(1—04—6’0(:0377)3/24_9_;

where gy = Go, Qli—o = wo, Qim0 = 70 and 7y =7 — ft+2af L dt.

Comparison of the approximate solution {¢%, ¢2, ¢} = {37 i, D qvi, Dopghi}
(n = 2) and exact solution {u, v, h} is presented in Table 1-3. There, the parameters

are selected as C; = 0.1, f=2, A*=15,a=2, go=1, 10 =12, wy = V2.
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Comparison of ¢4 and u(z,y,t) given by (2.3.67); and (2.3.68); at y = 20.

Table 1

X

t

%]

u(z,y,t)

’ u(x7y7t)_¢g |
u(x,y,t)

-10
-10
-10

0.001
0.002
0.003
0.001
0.002
0.003
0.001
0.002
0.003

3.859493490
3.862990452
3.866486986
5.907544349
5.910367379
9.913189881
7.545985034
7.548268919
7.550552193

3.860046388
3.864096535
3.868146548
5.907820757
5.910920281
5.914019358
7.546040254
7.548379279
7.550717607

1.432361025e-4
2.862462130e-4
4.290328661e-4
4.678679523e-5
9.353907238e-5
1.402560509e-4
7.317745220e-6
1.462035702e-5
2.190705687e-5

Comparison of ¢ and v(z,y,t) given by (2.3.67)2 and (2.3.68), at y = 10.

Table 2

t

95

v(z,y,t)

| ’U(x’yzt)_d)g |

v(z,y,t)

10
10
10
15
15
15
20
20
20

0.001
0.002
0.003
0.001
0.002
0.003
0.001
0.002
0.003

16.14297293
16.13774623
16.13252045
12.38448015
12.37911357
12.37374804
8.625987356
8.620480922
8.614975643

16.14186708
16.13553390
16.12920102
12.38337430
12.37690128
12.37042867
8.624881528
8.618268656
8.611656335

6.850818400e-5
1.371091910e-4
2.058025066e-4
8.930118506e-5
1.787434472¢-4
2.683310408e-4
1.282137032e-4
2.566949452¢-4
3.854436209e-4
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Comparison of ¢§ = 372 h,, and h(z,y,t) given by (2.3.67)3 and (2.3.68)3 at y = 2.

Table 3

x| t o hr,yt) | |Meeloo

10 | 0.001 | -4.095304769 | -4.095304749 | 4.883641444¢-9
10 | 0.002 | -4.095143892 | -4.095144182 | 7.081557745e-8
10 | 0.003 | -4.094984520 | -4.094984934 | 1.010992731e-7
20 | 0.001 | -26.19910546 | -26.19910580 | 1.297754216e-8
20 | 0.002 | -26.18715621 | -26.18715739 | 4.506025539¢-8
20 | 0.003 | -26.17521065 | -26.17521323 | 9.856653229¢-9
30 | 0.001 | -150.7431809 | -150.7431825 | 1.061407868e-8
30 | 0.002 | -150.6848556 | -150.6848623 | 4.446365678e-8
30 | 0.003 | -150.6265550 | -150.6265694 | 9.560066366e-8

From Table 1-3, it can be seen that the numerical solutions provided by the homo-
topy method closely approximate the the exact solutions for the pulsrodons. General
aspects of the convergence of series solutions derived the homotopy method to the exact,

one can refer to [50].
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Chapter 3

Ermakov-Ray-Reid Systems in
Nonlinear Optics: A Variational

Approach

3.1 Background

In this chapter, our concern is with Ermakov-Ray-Reid systems which arise in
nonlinear optical models [30,90,91, 104,108, 112]. Firstly, we consider a coupled 2+1-
dimensional nonlinear Schrodinger (NLS) system which incorporates that investigated
by Pietrzyk [85] in an analysis of the co-propagation of two optical pulses in a Kerr-type
planar wave guide. A variational approach elucidated by Anderson and Bonnedal [5] is
adopted and thereby a 4-component nonlinear dynamical system is isolated as in [106].
The latter admits three classes of reductions to Ermakov-Ray-Reid subsystems. The
underlying Hamiltonian structure of these systems makes them completely integrable

[106].

Secondly, we investigate a modulated 3+1-dimensional NLS equations incorporating

both a de Broglie-Bohm and Bialynicki-Birula logarithmic potential term as well as a
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harmonic trap [105]. It is remarked that a de Broglie-Bohm potential [17,19] arises in
the pioneering work of Wagner et al [127] while a NLS equation involving a logarithmic
potential was originally studied in a nonlinear optics context by Snyder and Mitchell
[123] in connection with the propagation of Gaussian beams in a saturable medium. The
logarithmic Schrodinger equation was originally introduced by Bialynicki-Birula and
Mycielski [12-14] in a quantum-mechanical context and is noteworthy for its admittance
of Gausson-type solutions. In the present chapter, on application of the variational
approximation to the 3+1-dimensional modulated NLS equations is shown to result in
a coupled nonlinear system for the beam widths. A reduction to Hamiltonian Ermakov
system is obtained. In particular, an Ovsiannikov-Dyson reduction [28, 35, 36, 81] is
discussed wherein the eigenmode of the solution explains a kind of flip-over effect that
was experimentally observed in a model descriptive of an asymmetric expansion of laser

induced plasmas into vacuum [43].

3.2 A 2+1-Dimensional Coupled Nonlinear Schrodinger
System

This section is devoted to the investigation of a coupled nonlinear Schrodinger
system with a harmonic trap which incorporates that investigated in [85] in an analysis
of two-pulse interaction in a Kerr medium. In what follows, we shall indicate how the
variational approach is applied to the model as in [5], leading to a nonlinear dynamical
system describing the evolution of the basic parameters of the beam. The latter admits
three distinct reductions to Ermakov-Ray-Reid system of integrable Hamiltonian type

[106].
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3.2.1 The Nonlinear Optics System

The coupled 2+1-dimensional nonlinear Schrodinger system considered here adopts

the form of (Rogers, Malomed, Chow and An [106]):

8\111 g1 82\111 1 82\111 9 2 9 2 2 o
e T3 g tage WP AP+ GHOE + )0 =0,

OV, 0y0*°W,  pud*U, 2 2 2 2 2 _
5 +t S Ty 52 + (| Wy)? + 21¥, [2) Wy + w3 (0)(E2 + 72Uy =0 .

(3.2.1)

In the absence of the terms corresponding to a harmonic trap, namely those involves
w1(¢) and wy((), the system is that investigated by Pietrzyk [85] in an analysis of the

co-propagation of two optical pulses in a nonlinear Kerr-type planar wave guide.

It is observed that the coupled nonlinear Schrodinger system can be derived from

the variational principle 5 = 0 with action !

S = /Edde d¢ (3.2.2)
where £ is the Lagrangian density given by
oV, 8\11* K oV, ov} 1 6\111
\If* — X 2
o1, 0¥ 0w o9, 0V
1’ 1’2 ’ 2’2 2; 8_2’2 (C)(€2 +T2)‘\I’1’2 (323)

1
+wy(Q)(E% + %) | T2 * + §|‘1’1!4 + 2[00 + [
and the asterisk denotes the complex conjugation.

It is emphasized that variational formulations constitute an important approach
to construct approximate solutions in certain nonlinear optics contexts (see, Malomed

70,71)).

Tt is important to note that there are limits to the applicability of variational procedures in

nonlinear optics (see e.g. [26])
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3.2.2 The Variational Approach: Reduction to A Nonlinear

Dynamical System

According to the variational principle [5, 70|, one needs to find appropriate VU;
(7 = 1,2) such that the action S an extremum within a set of trial functions. A natural

choice for the trial functions ¥; is the 12-parameter Gaussian ansatz, namely:
2

Wf“?@T’::ANC*“P{—éu;;g>"%wjgg}exp{%7%17«>+§s%%ﬂz>} (3.2.4)

j=12

In the nonlinear optics context of [85], A% are complex amplitudes, w.;, we; are tem-
poral and spatial widths while C7; and C¢; are temporal and spatial chirps. All these

quantities are (-dependent.

Substitution of the Gaussian function (3.2.4) into (3.2.3), we obtain :

1. . . . 1
(L) = §{Z(A1A1 — A AY) = |A (7200 + E2Ca) — A P(CE + w—g)
1
_ 20 A 12( 12 L 2 2 _ 7 _ _2
o172 AL (C2) 4+ —) + 207 A1 (€2 4 7°) } exp{ }
Tl Wr1 we1
1 ) . . 1
+ 2—7,{2(142142 — Ay A5) — |45 (1°Cra + €2C2) — n€?| Ao|*(CE + w_é)
1 72 2
— 072 | Ao (C2, + —) + 2rwy| Ao (€2 + %) exp{—— — =—}
Wrg Wr2 We2
1 272 252 272 252
Z1AL 4 — Aol4 =
+2’ 1" exp{ o }+ ’ 2| o ve
2 2 2 2 2 2
<MM%$WF——i—i—i} (3.2.5)

Wr1 We1 Wr2 Wea

In the above and the sequel, the dots denote derivatives with respect to (.
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Integration of (3.2.5) with respect to & and 7, produces the reduced Lagrangian

= / Ld&dr = %W{\Aﬂ‘* +2i(A1 A — A1 AY) — AP (Criwn + Cawer)

1 1
—wa A *(C + o) g1wr|Ai*(CF + o)t 207 | A [P (wer + wr)}
£l et

T . . L
+ E\/WT2W£2{|A2’4 + 2Z(A2A2 — AQA ) |A2| ( roWro + ng&){g)

1 1
— fiwea] Ao|*(CE, + w—g) — Oowra| Ao (C2, + w_z) + 2w | Ag[* (wez + wr2) }

&2 72
+ 2\A1\2|A2|2\/ e \/ L (3.2.6)
We1 + Wea || Wr1 + Wro

The latter, in turn, results in the equivalent Euler-Lagrange equations :
8(5) d o(L)
dp  d¢ dp ’ (3.2.7)
b= { Aja A;(? Wej, Wrj, C{ja CTj7 j: 172} )

which embodies the following 12-dimensional nonlinear dynamical system :

8<£> d 9(L) _0 .
A, dC 8A1 '
. . - 1 1
= —ZA"{ — ZAl[(OleTl + Cflwgl) + Wet (0521 + w_2) + 01W71(0721 + w—2)
£l T1
2 Lo p 1 d
— 2wy (wer + wr)] + —A1[|A1| — §d—gln(wglwﬂ)

+ 4‘A2‘ \/W&'QWTQ\/ ] =0 N (328)

(wer + we2) (wr1 + wr2)

o) d o)
A7 d¢ QA:
. 1 . : 1 1
= 1A — —Al[(Cﬂle + Cglwgl) + wgl(Ogl + w—z) + 01W71(0721 + w_Q)]
&1 71

— 2w (wer + wr1)] + A1[|A1|2 In(we1wr1)

id,
2d¢

+ 4|A2’ \/(,%20.)7-2\/ ] =0, (329)

(wer + wea) (Wr1 + wr2)
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0{L) _ d L) _

a142 dg 3142 N
- oy . 1 1
_;A§ — EAz[(CTngQ + C@w@) + uw@(C’é + w—é) + ngfg(czz + w_fz)]
2 L. o 1 d
— 2rwj (wep + wra) + —A2[|A2| — ——In(wewr2)
o dl
4| A, |2 /oo 0, 3.2.10
+ 4 1’ wew 1\/ 1+w£2 wT1+wT2)] ( )
oL) _ d o)
043~ dC DAy
i . 1 ) ) 1 1
— ;AQ — EAQ[(CTQWTQ + ng(x)gg) + MW@(Cé + w_§2) + 02(,07—2(032 + w—32>
2 1 2 d
— 2rwy (wea2 + wra) + —A2[|A2| + 2_d_C1n(CU§2CU7—2)
4| A2 Jomo =0, 3.2.11
+ 4[4, 7 Werw 1\/ (wer + wez) wﬂ+w72) ] ( )
oLy daL)
8051 d¢ 86"51
— d—c(|A1|2w5h/w@le) — 2|A1|2051w£1\/u)§1w7—1 =0 , (3212)
o) _ doL)
8052 d(: 86’5
d
dC(|A2| u)ggw/(,LJgngQ) 2/JJ|A2|2C£2W52,/(4)§2W.,—2 =0 y (3213)
o) doe)
ac,, — dCac,,
d
dC(’A1| lew/u)glel) — 20'1’141’ Cﬂwﬂ,/wglwﬂ 0 (3214)
oL) L) _
ac,, — dCac,
d
dC(’A2| (.L)7-2\/CL)§2(.L)7-2) — 20’2’A2| 07-20)7-2\/&)520)7-2 = 0 (3215)
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o(L)  d L)
&u& dC au}&

- Z(AlAT — AlA ) — —|A1| [( F1wWr1 + 3051(4)51)
g1 1

— =) =2 1+ 3 Ayl
o o) 26 £ 30q) — ALY

w
+ 4| A 2| Ao “’72,/“’gl e I (3.2.16)
Wr1 + wro (wer + weo)?

oLy  daL)y
Owe,  dC O,

3(AQA*

(30521%1 + 0,C% W)

AQA*) — —|A2| [( oWro + SOEQW&)
IR
Wr2 We2

LU
4|47 A2 ”“,/‘"51“’£2 &, (3.2.17)
Wr1 + Wra (Wer + wea)?

oLy  doaLy
Owr,  dC Do,

(3N0521W£2 + 02C 5wr0)
) — 2rw2 (Wr2 + 3wea) — |A2|2]

i Z(AlAl — AlAﬁ — —|A1|2[<3C7—1w7—1 + Cglu)gl) + (0521%1 + 30'10 1w71)

1
— ﬂ—— —2(4)1 w§1—|—3w71 |A1| ]
Wr1 We1
+ 4] Ay 2] Ag 2, /‘”52 | el —0, (3.2.18)
wer + wea (Wr + wr2)?
8(5) d 8<£>
Ow,,  dC i,
1 1 . )
_(AQA; — AQA;) — —|A2|2[(3C7—2w72 + ng(x)gg) + (HC?QWEQ + 30’20722(,07-2)
(22 i — 2rwi( Wea + 3wra) — | As|?]
Wr2 wgz

+ 4 A2 A ”51 L T w2 =0. (3.2.19)
We1 + Wea le + w72

Multiplication of (3.2.8) and (3.2.10) by A; and A, respectively and subtracting the
complex conjugates yields :

d .
d_c(‘Aj|2\/w§ijj) =0, 7=12 (3220)

36



whence
|A;|?\/wg;w,; = T; = const . (3.2.21)
It is interesting to notice that relations of (3.2.21) imply the energy conservation of
motion which may be directly obtained via
+oo
/ W (¢, & 7)PdedT = 7| Aj|*\/we; wry; = const . (3.2.22)
Similarly, multiplication of (3.2.8) and (3.2.10) by A; and A,, respectively, and addition

of complex conjugates, produces :

o . 1 . . o 1
Z(AlAT — AlAik) — §‘A1‘2[(C7-1w71 + 0510%1) + (0521(4}51 + 010310)71) + w—ll + w_gl
1
—2w? + we)| + AL+ 44112 A5 |2 Soeawrs =0
wl(wil W 1)] | 1| | 1| | 2| Wealr2 (w71+w72)<w51+w52>
(3.2.23)
and
LAy A5 — Ap ) — Ao [(Crotwrs + Ceawen) + (HC2wen + 03 Cma) + 22 4 12
, 2419 2419 o 2 T2Wr2 £2We2 ML g1 Wea 2U oWr2 Woa e
1
—2rw2 (wey + wra)] + [Agl* + 4| Ay 2| Ag]2, [ =0.
TWy (w§2 w 2)] | 2| | 1| | 2| We1 (le + WTQ)(Wfl +w§2)
(3.2.24)
Substitution of (3.2.21) into (3.2.12) and (3.2.14), delivers, in turn
1d 1 d
Cﬁl == §d—<1n(w51) y CTl == rﬁd—cln((ﬂq—1> (3225)
while combination of (3.2.21) with (3.2.13) and (3.2.15), yields :
1 d 1 d
052 == ﬂd_cln(w§2) s 07—2 = qu—cln((ﬂ7—2> . (3226)

On subtraction of (3.2.23) from (3.2.16) and (3.2.18), one can readily obtain two

important relations:

1 . 1
—_— = C§1w€1 — O§1w§1 + 2&)%0&51 — §’A1|2

w§1
— 4] 4,22 L =0 (3.2.27)
We1 + Weo (le + wTQ)(w§1 + w@)
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and

g .
— - r1Wr1 — 010 1wr1 + 2w1w71 - |Al|2
Wr1
Weolr92
4] A, P 2T =0. 3.2.28
= Wr1 + Wra \/(WTI + wro) (Wer + wea) ( )

In a similar manner, from (3.2.17) and (3.2.19), one can derive the further two

relations:
w1l
L —C’ — —C 2 ——|A
7“0.)52 520152 520052 + w2w§2 | 2|
We1Wr1
— 4| Ay ST =0 3.2.29
Al Wet1 + Wea \/(er + wro)(wer + wea) ( )
and
oy 1 1. o 1
S roWro — —20320072 + 2w§w72 - —|A2|2
T Weo 2
—4|A, 22 werwr —0. 3.2.30
Al Wr1 + Wro \/(wrl + wro)(wer + wea) ( )

Insertion of the relations of T}, C¢;, C.; given by (3.2.21), (3.2.25) and (3.2.26),

results in a 4-component nonlinear system:

2 d)2 T1 8Tgw§1 1
Wep = — + + 4w1w§1 — ,
2wer V0w wea +we | (Wi + wre) (Wer + wea)

. 20’% w2 0'1T1 801T2w71 1
Wy = + dowiwsy — — ;
wr1 | 2w VWewrr  wet Wi\ (Wr + wre) (wer + wez)

. 2u2 Wy ruTh 8ruThwes I
Wep = — —i— + A1 pwiwes — — ,
2&)52 \/We1Wr Wel + We2 (wﬂ + ng)(wgl + w§2)
202 w2, rool: 8rosTiw, 1
Wrg = 2 + —+ 47’0'2(4)2(,072 272 2°1 2\/ .
Wry  2wro VWers  wr +wr | (Wi wre) (wer + wea)

(3.2.31)

If we now set
Ql = \/Wr1, QQ = V/Wet, Qg = \/Wr2, Q4 = \/We2 (3232)
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then the system (3.2.31) reduces to the form

s — 2rrsey — ;_gg . g_; _m;% (Q_i)g ~ ;ZZT; | (3.2.33)
ot = g [ -1 () - g |

571/2 571/2
} and Ay = {1%— (g—j) } .

It is this nonlinear dynamical system that will be the subject of the subsequent
analysis. It is noted that in the absence of terms in w;, wy corresponding to the

harmonic traps, the system (3.2.33) coincides with that set down in [85].

3.2.3 Three Distinct Ermakov-Ray-Reid Reductions

Here, we return to the un-modulated optics system wherein w} = w? = 0 as originally
investigated in the context of two-pulse propagation in Kerr-type planar wave guides
in [85]. Therein, it was asserted that it is only in the special case of 01 =09 =1, To =0
will an analytic solution, namely

we; (€) = wr;(¢) = [1 + ¢ (1 - %)} v (3.2.34)

be available. That is not actually the case to be established below, where three dis-
tinct situations are described which lead to complete analytic solution via integrable

Hamiltonian Ermakov-Ray-Reid systems.
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Case 1
Q1 =Q3, Q=

In this case, wherein

Wr1 = Wr2 , Wgl = Wea (3235)

with the choice of parameters
oi=0y, r=1, u=1, T1 =T (3.2.36)

the nonlinear optics system (3.2.33) reduces to the Ermakov-Ray-Reid system
I 0'% 3T10'1 1
=55~ 200,
Q . 1 3T10'1 1
2T 2 ) 002
with the Ray-Reid invariant
1 . . 2 Ql 2 2 Q2 2 Ql QQ
[125 (QlQQ—Qng) + Q_2 —|—(71 Q_l —3T1(71 Q—2+Q—1

It is seen that the system (3.2.37) has previously been derived in other nonlinear

(3.2.37)

(3.2.38)

optics contexts in [20,22,44,129].

Case 11
Q) =Qy, Q=103

In this case

Wr1 = We2 , Wra = Wel (3239)

and if we set

or=ur, o5=1, r=1/oy, Ty =T (3.2.40)

then the system (3.2.33) reduces to the Ermakov-Ray-Reid system

2
. 1 QQ 0'1T1 Ql s Ql 2
O=—— |02 (=2) = —4Tyoy | =2 1+ (=2
tT o, |7 (Ql> 2 s (Q2> /< +(Qz> 7

L , (3.2.41)
. 1 |9, 1 Q 0\’
), — S T A e el

2T o0 | 2 1(92)/< +<Qg)
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with the integral of motion

1|/ N2\ L)
IQ —5 <QlQQ - 9192> + (Q_2> + 01 <Q—1
_4 (&) _ah (&) _ thae AL F 5 )
2 \ Qs 2 0 1_|_(Q_;)2 1+<Q_;>2
Case 111

=0y, Q3=10Q

Here,

Wr1 = We1 , Wra = Wea (3243)

and if we set

op=1, o9=p (3.2.44)

then the system (3.2.33) reduces to the Ermakov-Ray-Reid system

B 2
- 1 Q4 T1 Ql ’ Ql ?
G = | (o) (=) (e (2
LT, Ql( 2) 2(94)/ \a !

L N (3.2.45)
&, ﬁ % (Ug B ra;T2) — AT\ oor (g—D / (1 + (3—1) )
and the Ray-Reid integral of motion is given by
I :% (le — 91(24)2 - ;fl(g?g 1 f?%)z
Ty 04\ 2 5 roodh 01\
(-2) (@) + (#-750) () | wew

3.2.4 The Hamiltonian Ermakov Systems and Integrals of Mo-

tion

Hamiltonian Ermakov systems have been discussed by Goncharenko et al in the

study of elliptic Gaussian beams in nonlinear optics [40,41] and recently shown by
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Rogers and An to arise in a rotating shallow water model with circular paraboloidal

bottom topography [100]. Thus, if a Ermakov-Ray-Reid system

d—l—wza:LF(ﬁ/a),

2
alﬁ (3.2.47)
B+w?l = o G(B/a)
adopts the form of
OH - oOH
V= —— =—— 3.2.48
then, such system has associated Hamiltonian
Lo oy Lo o 2
H = 5(04 +5%) + v (o + 5%) + V(a, B) (3.2.49)

where V' (a, ) is the potential function of o and (3.

Interestingly, it is noticed, in the present Cases I - III established above, that the
Ermakov-Ray-Reid systems indeed possess the Hamiltonian form (3.2.48). The associ-

ated Hamiltonians are as follows :

Case I: (Ql = Qg s QQ = 94)

I . o? 1 3T0
H, = = QQ QQ -1 - _ 171 2.
Case 112(91294, ngﬁg)
1] . . o? o o171} 40T
Hy=-|O2 QRN TS B o1 3.2.51
=g | Bt B - S - 3251

Case II1: (Ql = QQ , Qg = Q4)

) . rosl} T o915 15 droTiT,
{ro—QTﬁf + 105 + (1 — ?> + o0 (02 - 7) T2 L) } :
(3.2.52)

H3:

N | —

Additionally, it is observed that if w? and w3 are constant, then the system (3.2.33)
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shows that
A+ Qs + 7 Q305 + € Uy

.oy oy Q ATy01 4,2
90 w2 () 174 oudy S 201804
oywiih il + 03 2 02 (2 + Q2)32(Q2 + Q)12

I
>~

O T O ATH 0,0
—I—ﬁ 2w1Q2Q2+ 2 1 2 PARPARD

03 2 002 (02 +Q2)2(0% + 02)32

(3.2.53)

- L 02y oy Tor) 40 Tir 250
AR 200.0) 2°°3 0272730 2
+ v rogwillslils + Q% 29{2})94 (Q% + 93)3/2(93 + Qi>1/2

r 2 . .
= . % Q4 1 [LTQTQ4 4T1,M7"Q4Q4
21 w3480 - —
B e B PR e I R
On setting

_ - T T, T
A:/]:I?:C':T1 (L

01 02 M

and integrating (3.2.53) with respect to time ¢, now produces the general Hamiltonian

integral of motion

15

Q2 4+ 1T Q2 +—

H:l [TTl

T:
92 + 202 ]
2 @
— rTwi — rTwiQs — rThwiQ; — rThws Q]

1 1 1 1 1
-+ 5 |:(7"O'1T1) Q_% -+ (T’Tl)Q—% —+ (TQO'Q)Q—% + <T2M>Q—Z‘| (3254)
I T12 i T22 i 47”T1T2

Q18 Qa8 (QF +Q5) 25 + Q)12

It is emphasized that the existence of integrals of motion (namely the Ray-Reid
invariant and Hamiltonian invariant) for the three particular reductions of (3.2.33)
allows their complete integration. Analytical solutions of these Hamiltonian Ermakov

systems may be readily constructed via the procedure of [100, 106].

Here, we perform some numerical simulations of the solutions (3.2.4) descriptive of
beam propagation. Since, the Hamiltonian Ermakov system obtained in Case II is more

generalised than that in Case I and III, so we take it as example to exhibit the numerical
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results (see Fig 3.1-3.3). Fig 3.1 shows the time evolutions of the pulse widths. Fig
3.2 depicts the approximate theoretical shape of the optical beam obtained via the
variational approach. Fig 3.3 exhibits the contour of corresponding beam propagation

in Fig 3.2.

(@) (b)

30004

20001 0
QIN2) Q©7Q2)

1000

0 T T T T
2.5 5 75 10 0 25 5 75 10
t '

=

Fig 3.1: Time evolutions of pulse widths: (a) is for temporal width w, = Q2, (b) is for

spacial with we, = Q3.

(a) (b)

Fig 3.2: Theoretical eigenmodes |¥;| of the beams given by (3.2.4). Fig (a) is for |¥;| and
Fig (b) for [Pyl

(b)

Fig 3.3: Contour plots of the theoretical modes || corresponding to Fig 3.2. Fig (a) is for
|¥;| and Fig (b) for |Wsl.
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3.3 A 3+4+1- Dimensional Modulated Nonlinear Schrodinger

Equation

In this section, the application of the variational approximation is extended to
investigate a 3+1-dimensional modulated NLS equation. A multi-parameter Gaus-
sian ansatz is introduced which results in a coupled nonlinear system for the beam
widths. Particular reductions to integrable subsystems of Ermakov-Ray-Reid type and

Ovsiannikov-Dyson type are obtained.

3.3.1 The Governing Equations

The modulated 3+1-dimensional nonlinear Schrodinger equation considered here

adopts the form of (Rogers, Malomed and An [105])

_@+[1(8_2+8_2+C(t)6_2>_ V2l
"ot 12\ 0a2 0y? 920~ ° [ul

LW+ A u=0 (3.31)

+0(t) In |u| + e(t)|u|*™ — 5

which incorporates a Bialynicki-Birula logarithmic and de-Broglie Bohm-type quantum
potential term in V?|u|/|u| together with a harmonic trap. It is noted that when
s < 1/2, the term of Bohm-type quantum potential may be removed via an analogous

transformation introduced by Rogers et al in [106].

In the sequel, our task is to isolate the competing effects of modulation and nonlin-
earity via the variational approximation method of the type that has been employed in

the preceding section.

It is seen that the NLS equation (3.3.1) can be readily derived via the Euler-Lagrange

equation

oL d 0L d 0L d oL d oL
L= 5w @ow  ow  dyow  dow (3.32)
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where

:////ﬁ(u,u*,ut,u:,uz,u;,uy,uz,uz,uﬁ)dxdydzdt (3.3.3)

and L is the Lagrangian density given by

1 1 1 1
£ = Lt =) — S = S, = SO = 2o
O fuf + < 22 4 (s ?) (3.3.4)
n+1 2 4
* 1
+ Z%(ui +ul +ul) + i%(uf + uZQ +u?) — §w2(t)(x2 + %+ 22)|ul?
(n#—1) .
The multi-parameter Gaussian wave ansatz
(0,208) = Ay exp {i00) — 3 (=54 L Z ) L b0+ clt)y? + 5(0)27)
u(z,y, z,t) = exp i - = -
s P RO EOREE O Y
(3.3.5)

is introduced as a trial function. Substitution of (3.3.5) into (3.3.3) produces

£:%{z‘(A*A—AA*)—2[A|ng—\A|[ 20+ 0+ (e + )+ 2B+ ()6 ]

BWIAR — POIAPE 1y + ) — AP 25) (- 1 Ly SO

2 2 2

5, T Yy z x Yy z
— ()| A] (W tiyz T —2In|A4]) }GXP(—W i ﬁ)
€(t) 2n+2 x? y? 2

+7’L—+1|A| + exp[—(n+1)(m+ﬁ+ T2> ] . (336)

with associated reduced Lagrangian
+o00 +00 +00
/ / / L dxdydz
= T2 WVT { (A*A— AA") — |APPo + 6(t)|AP In |A| — Zé(t)\AF (3.3.7)

_ —|A| [ (b F 0+ PN+ (¢ + A+ PV + (B4 C) 5 4+ () T? ]
11 1, o, 1 1 <)
Tt I GE T

) O jape )

_A :
AP (o o

The corresponding Euler-Lagrange equations

o(e) _ d oie)

=0 ={A, W, V,T,b 3.3.8
ap dt ap y P { ) (AR 77Caﬁ} ( )
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lead to the integral of motion

|AP WVT = const = N (3.3.9)
together with the relations
b=W/W, c¢=V/V, B=T/Ct)T (3.3.10)
and ultimately the following nonlinear system for {W,V, T'}:
. 1—2s  40(t) 2ne(t)|AP"
W+ ()W = — —
Q w3 W W(n+ 1)3
_1-2s 46()  2n e(t)N™
COWE W (p4 1) WY
- 1—2s  0(t) 2ne(t)|A]"
V4wtV = — — .
Q V3 Vv V(in+1)z
(3.3.11)

1-2s 4(t) 2n e(t)N™
& Vo (n41): WrVnHT

C(t) =25 8(t)  2ne(t)| AP

13 T  T(n+1)3
) —2s 6t)  2n e(t)N™
T8 T (n+41)z WnVnTntt

In general, the above system is analytically intractable. However, for certain classes
of modulations {(t), e(t)} , it can be reduced to consideration of an integrable Ermakov-

Ray-Reid system [105].

3.3.2 Associated Reductions of the Nonlinear Dynamical Sys-

tem

In the sequel, two distinct associated reductions of the nonlinear dynamical system
(3.3.11) are to be discussed. One is the Ermakov-Ray-Reid type and the other is the

Ovsiannikov-Dyson type.
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I. A Ermakov-Ray-Reid Reduction

If the modulations {0(¢),e(t)} are chosen the form of

5(t) = %Q (g) ) = WA (g) (3.3.12)

then (3.3.11) reduces to a Ermakov-Ray-Reid type system

Wt w2 ()W = W12V {(1 - 28)% L (%M ,
(3.3.13)
V4 W (t)V = # [(1 — %)% + WU (g)]
augmented by
(%) W ()T = C(t)T; 2s | W;qu (g) (3.3.14)
where
v (g) -0 (g) - (nfﬁ/\ (g) . (3.3.15)

In the absence of a de-Broglie-Bohm potential so that s = 0, then on introduction

of the new independent variable t* according to
dt* = ((t)dt (3.3.16)
if the modulation ((¢) adopts the form
Ct)=kT?, keR (3.3.17)

and w(t) = 0, then (3.3.14) reduces to the classical Steen-Ermakov equation [30,124]

1 w 1

The latter has general solution constructed by the nonlinear superposition principle

90, 100, 107]

T =\ AT?+2u T\ Ty + v T (3.3.19)

where T7 and T; are linearly independent solutions of

1 w
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with unit Wronskian and

—pt=1. (3.3.21)
Thus,
() = : (33.22)
CANT22u TN T+ v T2 o
and
1
t:E/pT%JuﬂB+uﬁyw (3.3.23)

so that T'(t) is given parametrically in terms of t* via the relations (3.3.22) and (3.3.23).
Likewise T'(t) is given parametrically in terms of ¢* through (3.3.19) and (3.3.23).

In particular, the Ermakov-Ray-Reid system (3.3.13) adopts the Hamiltonian form

) 00 . 90
W=—om. V=—oo (3.3.24)

iff U = const = C in which case, the Ermakov-Ray-Reid system (3.3.13) reduces

- (1—2s) C
Jir = +
3 2 )
@K@ %V (3.3.25)
V="t vy

This system arises in a variety of other nonlinear optics contexts via the paraxial ap-
proximation [20, 22,44, 129]. The availability of two integrals of motion, namely the
Ray-Reid invariant and the Hamiltonian readily allows its integration [100, 106].

In light of the above analysis, we perform a numerical integration of the original
problem described by (3.3.1). The initial conditions of governing equations (3.3.25)
and (3.3.20) are chosen by (W (0),V(0),7(0)) = (0.1,0.2,0.3) and C = 2. The results
are exhibited in Fig 3.4-3.6. Fig 3.4 shows the approximate theoretical mode shape
obtained from the variational theory in xy-plane. Fig 3.5 and 3.6 depict the theoretical

eigenmode shapes in xz- and yz- plane, respectively.
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Fig 3.4: (a) Theoretic eigenmode |u| at xy-plane. (b) Contour plot of the

theoretic eigenmode |u| in Fig 3.4(a).
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Fig 3.5: (a) Theoretic eigenmode |u| at xzz-plane. (b) Contour plot of the

theoretic eigenmode |u| in Fig 3.5(a).
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Fig 3.6: (a) Theoretic eigenmode |u| at yz-plane. (b) Contour plot of the

theoretic eigenmode |u| in Fig 3.6(a).
II. An Ovsiannikov-Dyson Type Reduction
If ((t) =1, w?(t) = 0, s = 1/2 and the modulations

5(t) = Wv—%w ) = W (3.3.26)
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then, on appropriate scaling, the system (3.3.11) reduces to the form

C

WW=VV=TT=———.
(WVT)—1

(3.3.27)

The latter has origin in work of Ovsiannikov [81] and Dyson [28] on spinning clouds
in anisentropic gasdynamics. Importantly, it was established by Gaffet [35,36] via a
Painlevé test that the system (3.3.27) is integrable in the case of an ideal monoatomic
gas with adiabatic index v = 5/3. It is of particular interest to notice that when v = 5/3,
the theoretical eigenmode In |u| (with u given by (3.3.5)) exhibits a flip-over phenomena.
In order to shed some light on the behaviours of the flip-over effect, we choose the ini-
tial data (W (0),V(0),7(0)) = (0.1,0.25,0.5) and (W (0),V(0),7°(0)) = (0.5,0.25,0.1),
respectively. Fig 3.7 shows that the eigenmode In |u| changes its shape from verti-
cally elongated (cigar-like shape) to horizontally elongated (pancake-like shape) as it
expands and vice versa (see Fig 3.8). Such flip-over effect has recently been experimen-
tally observed by Gornushkin in a model that describes an asymmetric expansion of

laser induced plasma into a vacuum [43].

i
f
i
5

S

Fig 3.7: Time evolutions of the ellipsoid given by In |u|=const. The initial asymmetry ratios

is 0.1:0.25:0.5.

It is noted that in [28], Dyson considered the large-time asymptotics of the special
case of (3.3.27) with W =V so that the system becomes

. CcCwT
W= (W2T)r’
I (3.3.28)
T=-——"
(W2T)
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Fig 3.8: Time evolutions of the ellipsoid given by In|u|=const. The initial asymmetry ratios

is 0.5:0.25:0.1.

Here, we observe that this system adopts Ermakov-Ray-Reid form iff vy = 5/3 in which

case it becomes

C T\/3

—wrr\w)
- Y (3.3.29)

T = Ir7 )

W12 \W
with the Ray-Reid invariant
1, . ., 3C |[[/T\" W >?

I = 3 (WT —WT)” + e G +2 o . (3.3.30)
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Chapter 4

On A 2+41-Dimensional Madelung
System with Logarithmic and Bohm

Quantum Potentials

4.1 Introduction

Here, our concern will be with a 2+1-dimensional modulated Madelung system with
logarithmic and Bohm quantum potentials. Early work on systems with a logarithmic
potential goes back to Bialynicki-Birula and Mycielski [14], who introduced a nonlinear

Schrodinger (NLS) equation of the type

v
zaa—t + V20 — (e In|¥| 4+ V(r, 1))V =0

in the context of quantum mechanics. Since then there has been an extensive literature
devoted to the analysis of this type equation (see, inter alia [13-15,32,49,51,57,116]).
Particular interest in such systems centres around its admittance of Gaussian shaped
soliton-like solutions [14]. In [74], Nassar set down a general class of NLS equations
incorporating both logarithmic and Bohm quantum potential terms and made connec-

tion to hydrodynamic type systems via a Madelung transformation. Madelung systems
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containing Bohm quantum potential terms arise in both plasma physics theory and non-
linear optics [74,127]. In particular, in the case of a logarithmically nonlinear saturable
medium, the Madelung system as derived via Maxwell’s equations in a nonlinear optics
context by Wagner et al in [127] involves both Bohm and Bialynicki-Birula quantum

potential contributions.

In this chapter, a modulated versions of 24-1-dimensional Madelung system with log-
arithmic and Bohm quantum potentials is investigated. Introduction of an exponential-
type elliptic vortex ansatz as originally introduced in the context of elliptic warm core
eddy theory in [96] into the Madelung system results in an eight-dimensional nonlinear
dynamical system which admits exact analytical solutions in terms of an elliptic integral
representation. This eight-dimensional dynamical system has an underlying integrable

Hamiltonian structure. Novel integrals of motion render its complete integration.

4.2 The Governing Equations

The 2+1-dimensional Madelung system to be considered here adopts the form (Rogers
and An [101])

%JrV(hV@) =0, (4.2.1)
od 1 9 V2pl/2 2 2 .2\ _

This incorporates a modulated logarithmic quantum potential together with a Bohm
quantum potential term and harmonic trap contribution. It is noted that a Madelung
system of the above type with a Bohm quantum potential, but in the absence of a
harmonic trap term and for a general nonlinear optical medium has been derived by

Wagner et al in [127].

Introduction of the Madelung transformation [69]

O
U = h'2exp (%) (4.2.3)

o4



shows that the nonlinear coupled system (4.2.1)-(4.2.2) may be encapsulated in the
logarithmic NLS type equation

.oV 9 V2|0
-~ U —
Loy +V 5 ]

+e®)In |¥| + () (2® +9%) | ¥ =0. (4.2.4)

incorporating the Madelung-Bohm quantum potential type term V?|W¥|/|¥|. The latter
has its origin in de-Broglie-Bohm quantum theory [17,19].

If we now set

q=Vo (4.2.5)

then the Madelung hydrodynamic system equivalent to (4.2.1)-(4.2.2) becomes

%g+dw(hq):0, (4.2.6)
2p1/2
%%+q-Vq—2u—ﬂ)zg%ﬁ—l+dwvmh+aw%wv@2+f)=0 (4.2.7)

augmented by the irrotational condition

Vxq=0. (4.2.8)

It is the Madelung hydrodynamic system (4.2.6)-(4.2.7) incorporating the harmonic
trap that will be the subject of the present chapter.

4.3 A Class of Exact Analytical Solutions of the

Madelung System

This section is devoted to investigations on the Madelung system incorporating the
logarithmic and Bohm quantum potentials (4.2.6)-(4.2.7) via an exponential-type ellip-
tic vortex ansatz wherein an eight-dimensional nonlinear dynamical system is isolated.
Appropriate choice of the modulated physical variables and construction of a represen-
tation that analogous to Ball-type moment of inertia theorem in [96] proves key to the

construction of solutions of the dynamical system.
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4.3.1 An Exponential-Type Elliptic Vortex Ansatz

Integrable substructure of the Madelung system (4.2.6)-(4.2.7) is now sought via the
exponential-type elliptic vortex ansatz (Rogers and An [101])

a=L(t)x+M(t) ,

x [ 770 (4.3.1)
h=o(t)exp (x'E(t)x), y—p(t)
where
uy(t) ua(t) q(t)
L= , M= ;
vi(t) wa(t) p(t)
(4.3.2)
(a0
b(t)  c(t)

At this stage, we proceed without the irrotationality constraint (4.2.8) which may

be imposed ‘a posteriori’.

Insertion of the ansatz (4.3.1)-(4.3.2) into (4.2.6)-(4.2.7) produces an eight-dimensional
nonlinear dynamical system
U = —u? — ugvy + 4(1 — s)(a® + b?) — 2ae(t) — dw? |
Uy = —ujts — ugvy + 4(1 — s)(ab + be) — 2be(t)
01 = —uqvy — v1vy + 4(1 — s)(ab + be) — 2be(t)

Vg = —uguy — v3 + 4(1 — 5)(b* + %) — 2ce(t) — 4w? |

(4.3.3)
a = —2uja — 2v1b ,
b= —usa — b(uy + v9) — vy,
¢ = —2usb — 2v9c
0= —(u; + )0
augmented by the linear oscillator equations
PH+4aw’p=0, G+4u’q=0. (4.3.4)
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In what follows, it proves convenient to introduce new variables as previously adopted
in the shallow water context in [96,100], namely

1

G =u +vy, GR:§(U1_U2>7
1 1
GS = 5(7}1—'—’&2), GN: §(U1 _UQ), (435)
1
B=a+c, Bs=b, BNzé(a—c).

Thus, G and G represent, in turn, the divergence and spin of the Madelung velocity

field, while G and G represent shear and normal deformation rates.

Two relations which are key to the subsequent development and which may be es-
tablished by appeal to the original system (4.3.3) are now recorded. They may be

validated by symbolic computation and are embodied in the following theorem:

Theorem 1

M* = —2GM*
| (4.3.6)
Q* — —QGQ*
where
M* = auy + b(vy —uy) —cvy , A =ac—b*,
Q* = —a(u? + v3) + 2b(uus + v1v9) — c(u? + v?) (4.3.7)
4 (a4 ¢) + 4D — 41 — $)A(a + ¢) — AN / (1)C dt .
Corollary
It is seen that the relations (4.3.6) imply the integral of motion
M*/Q* = const . (4.3.8)

Remarkably, the relations (4.3.6) are analogous to those obtained in the context of

elliptic warm core eddy theory in [96] and in a rotating shallow water setting in [100].
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However, here the parameter s and time modulated variable €(t) are involved. It proves

that the selection of these two variables are crucial to the calculations established below.

Substitution of (4.3.5) into the system (4.3.3), delivers the nonlinear system

c+Go=0,

B+ BG + 4(ByGy + BsGg) =0,

Bg + BsG + Gg¢B — 2ByGr =0,

By + ByG + BGy +2BsGr =0,

. (4.3.9)
Gr+GGr=0,

Gs+GGg+2eBg—4(1 —s)BBs =0,

Gy + GGy +2eBy —4(1 —$)BBy =0,

.1 1
G+§G2+2(G§+G§V—G%)+2€B+8w2—8(1—s)(ZBQ+B}’V+B§):0.

It is seen that the spacial structure of the original model has been removed and only
time dependent terms remain. In the sequel, focus will be on the construction of the

analytical solution of the above nonlinear dynamical system.

If we now introduce €2 via

20)
= — 4.3.1
G O (4.3.10)
then (4.3.9)¢ and (4.3.9); yield, in turn
GR = C Q_2 , 0 =C( Q_Q . (4311)

The irrotational case corresponds to Gg =0 .

New (2-modulated variables are now introduced via

B=OB. Bs=Q’Bs. By=’By |
i i (4.3.12)
Gs =Gy, Gy =Gy
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whence, the residual six equations of the nonlinear system (4.3.9) reduce to
B+ 4(ByGy + BsGs) /2 =0,
Bs+ (BGs — 2coBy) /92 =0,
By + (BGy + 2¢0Bs) /9% =0, (4.3.13)
Gs+2eBs —4(1 — s)BBg/Q2 =0,
Gy +2eBy —4(1 — s)BBy /O =0,

together with
P —R+GL+G%+eBO*— (1 —5)(B*4+4B% +4B%) +4%Q* =0 (4.3.14)

It is the seven-dimensional dynamical system (4.3.13) and (4.3.14) and its various
avatars will be analysed in detail with a view to construct the explicit solutions to

the original Madelung system.

4.3.2 First Integrals and Analytical Solutions

It is readily verified that combination of (4.3.13)s and (4.3.13)3 together with use of

(4.3.13); produces the integral of motion

_ _ B2
B§ + By — o A (4.3.15)

while, similarly, combination of (4.3.13)4 and (4.3.13); yields

G:+Gy+ (1 —8)B* - /e(t)B QO*dt=0. (4.3.16)
: A k L o
It is seen that when B = const or €(t) = @ @ second explicit integral of motion is
obtained. In the sequel, we shall proceed with the latter case first.
_ k
Case I: B #0 and €(t) = @

It is observed that if B # 0 and the modulation is chosen as

e(t) = % (4.3.17)
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then (4.3.16) produces the second integral of motion, namely

G%4+G% + (1 —s)B* — kB = ¢ (4.3.18)

The integrals of motion (4.3.15) and (4.3.18) may be conveniently parametrised

_ / 1 _ _ / 1 -
BS::t CII+ZBQ COS¢(t), BN::]: CH+L_LB2 smgzﬁ(t)

Gs = ﬂ:\/cm + kB — (1 —5)B2 sinf(t), Gy = i—\/cm + kB — (1 —5)B2 cosf(t).

according to

(4.3.19)

In order to illustrate the subsequent procedure, we proceed with the specific parametri-

1 - _ 1 -
—\/CH-f-ZBQ cosp(t), By = —\/cﬂ—i—zBQ sin ¢(t)

Gg = —\/cm +kB—(1—3s)B? sinf(t), Gy = —i-\/CHI +kB — (1~ 5)B? cosf(t) ,

sation

(4.3.20)

whence

_ _ _ 1 - _ _
BsGs+ ByGy = \Jen+ 7 B2 \Jem + kB — (1—5)B2 sin(0—9),  (43.21)
_ _ _ / 1 - _ _
BNGS — BNGS = cr1 + Z B2 \/CIII + kB — (1 — S)B2 COS(@ — gb) . (4.3.22)

Accordingly, (4.3.13); yields

B+ —\/CH +2 B Ve + kB — (1 - )B? sin(6 — ¢) =0 (4.3.23)

Conditions (4.3.13)3 3 reduce to a single condition, namely

B2 /. 2¢ B — _
o+ I <¢ + Q_;)) — m \/CIII + kB — (1 - S)BQ COS(Q - ¢) =0, (4'3'24)

while, in a similar manner, (4.3.13),5 reduce to another single condition

9\/0111 +kB— (1—5)B2 +2 [6 — %} \/ e+ EBQ cos (0 — @) =0 (4.3.25)
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that is, in the case of the modulation € given by (4.3.17),
. — _ 2 _ 1=
O Jeun + kB — (1 - 5)B? + o [k = 2B(1 = )] yfen + 7B cos(0-6) = 0. (43.26)

The relation (4.3.6) may now be used to obtain the explicit solution of (4.3.23).

Thus, (4.3.6) together with (4.3.10) implies, on integration, that
M* = [—Coé + 2 (BNGS - BSGN)} Q_4 = CI\/Q_4 (4327)
whence, on use of (4.3.22) it is seen that

coB = —crv + 24/ e + = 32 \/CHI + kB — (1 — 5)B? cos( — ¢) . (4.3.28)

Elimination of cos(f — ¢) in (4.3.24) and (4.3.26) by means of (4.3.28) now yields, in

turn -
¢ = % [%Z;II") — co] (4.3.29)
and -
b= % [B(l )= g} crn + lf:?j(iw— s)B* (4:3:30)
A second key result is embodied in :
Theorem II
(Q2B) + 16w (Q2B) = —2(Q* — 4A)Q* (4.3.31)
where, substitution of (4.3.10) into (4.3.6) and integration yields
Q =0 (4.3.32)
so that
(Q2B) + 16w2(Q2B) + 2(cy + 4 ex) = 0 (4.3.33)

Interestingly, it is noticed that the Ball-type theorem established here is associated
with @* and A. While the relation obtained in the hydrodynamic context in [96,100]

is represented by Q* and M™*.
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If we proceed with w = const # 0, then (4.3.33) yields

(cv +4cn)

O°B = 4ot in(4wt) —
cyr cos(dwt) + ey sin(4wt) 2

(4.3.34)

while elimination of § — ¢ between (4.3.23) and (4.3.28) together with use of (4.3.34)

now delivers B via the elliptic integral relation

B
/ do
o\/(02 +4cn) (e + ko — (1 — s)02) — (coo + crv)?
CVIII ¢ (4.3-35)

_ 19 dr

0 cyicosdwT + cyysindwT — %

where B|;—g = cyir. The elliptic integral in (4.3.35) can be treated by standard methods
described in [18]. Once B has been obtained then € is given by (4.3.34), while ¢ and 0
are then determined by integration, in turn, of (4.3.29) and (4.3.30). It is noted that,

in the irrotational case pertinent to the construction via the Madelung transformation

of exact wave packet solutions of the NLS equation (4.2.4), it is required to take ¢y = 0.

The original matrices L(¢) and M(¢) in (4.3.1) are given by

QQ + /e + kB — (1 —s)B? cosf  —(co+ /e + kB — (1 — s) B2 sinf)

L=o

co — \/Cm + kB — (1 — 5)B? sinf 00 — \/Cm + kB — (1 — 5)B? cosf
(4.3.36)

and

B /1 / L 5
X 5 ZLB2+6H sing — CII+ZBZ oS ¢

E- — (4.3.37)

02 5
1 - B 1 -
—\/cII—i-ZB? cos ¢ E—i_“z_le—i_CH sin ¢

while o is given by (4.3.11)3 and p, ¢ by (4.3.4). The intruded terms p, ¢, p, ¢ in the
class of exact solutions corresponds to invariance of the system (4.2.6) - (4.2.7) under
a Lie group transformation. It is recalled that the preceding analysis has been carried

out with the modulation (4.3.17).
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Case II: B = const

When B = const, then mutatis mutandis, an analogous parametrisation procedure

may be employed. In the present case, the second integral of motion adopts the form
G+ Gy = ¢y (4.3.38)
which may be parametrised via
Gs = —+/ciy sinf(t), Gy =-++/cly cosO(t) (4.3.39)

whence,

o _ 1_
BsGS -+ BNGN = \/CTH (CH + 182) sin(9 — ¢) s (4340)

and

_ - 1~
BnGg — GyBgs = \/Cikn (e + ZBQ) cos(f — ¢) . (4.3.41)

1 -
Insertion of (4.3.40) in (4.3.13); shows that if ¢fj; # 0, CII+Z B? = () then 0 = ¢+nm.
If we proceed with 0 = ¢ then (4.3.41) reduces to

_ - 1 -
ByGs — GyBs = \/c’fﬂ (e + ZLBZ) = const . (4.3.42)

Conditions (4.3.13)y 3 reduce to the single condition

¢'5 irev] B\/Cfn/(cn + iBz) — 2¢y ] (4.3.43)

while (4.3.13)45 lead to the single condition

0= % [2B(1—s) — e Q] \/(CU + }132)/0}‘11 . (4.3.44)

Interestingly, with 6 = ¢, consistency of (4.3.43) and (4.3.44) in the present case

B = const again requires the modulation €(t) to be of the type (4.3.17) in which case

the constant B is determined by the relation

B\/cfn/(cn + }132) —2c9 =2[2B(1—s)— k] \/(CH + }132)/% (4.3.45)
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Moreover, (4.3.14) reduces to a classical Steen-Ermakov equation [30, 124]
Q+40°Q =K/, (4.3.46)

where

K = cg — ¢y +2(1 — s)(B* + 2cn1) — kB . (4.3.47)

It is readily checked that (4.3.46) is consistent with (4.3.33) modulo a relation between

B and the residual arbitrary constants.

The Madelung-type hydrodynamic variables q and h are again given by (4.3.1)-
(4.3.2) but now with

] QO+ /ey cos® —(co+ /iy sin )
L=— (4.3.48)

02 .

and B
B /1 - / 1_
) 5 ZBQ + e sin®  —4 /e + ZB2 cos 0
E-_— i (4.3.49)
? \/ + 152 cosh B+,/1B2+ in 6
CI1 1 COS 5 1 Cr1 S1In
where
Q= /A + 209,05 + 103 (4.3.50)

with €, Qs linearly independent solutions of
Q+4w’Q =0 (4.3.51)

with unit Wronskian and Av — pu? = K. In the above, the angle § = ¢ is given
by integration of (4.3.43). In the irrotational case ¢y = 0, associated wave-packet
solutions of periodically modulated 2+1-dimensional NLS equations of the type (4.2.4)
incorporating logarithmic and Bohm quantum potentials are now readily constructed

via the Madelung transformation.
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4.4 Ermakov-Ray-Reid Connection and Integrabil-

ity

Here, it is shown that, remarkably, the nonlinear dynamical system (4.3.3), namely

E+2EL— Ao, =0

(4.4.1)
L+L2—4(1—s)E>+2¢E+ 40T =0
where o is
0 1
= (4.4.2)
-1 0

and A = aus + bvy — buy — cvy, admits an underlying integrable structure of Ermakov-
Ray-Reid type as obtained by Rogers and An in the context of a rotating shallow water
equation with a circular paraboloidal bottom topography in [100].

With construction of Ermakov-Ray-Reid system in mind, we now turn to the rela-

tions (4.3.7) and (4.3.32). It is seen that combination of them leads to the expression

B ., - _
0 [G%+G% —den(l —5)] — BQ* (GR+4w? + G2/4)
" (4.4.3)
+2 G(Bség + BNGN) +2 (GR + CDB) _ QCQH — ey + deyg

While conditions (4.3.23) and (4.3.28), by virtue of the first integral (4.3.18), imply

that .
~ ~ 9432 + 4(CoB + CI\/>
Ge+ Gy = - 444
s + N 4(32 + 4011) ( )
whence, (4.4.3) is reformulated in terms of  and B, namely
B [B2* B(eB+av)?| B,
B2 T 4CH A + 02 + @ [ Co + 4(1 — S)CH ]
(4.4.5)

2 L. = _
+m [ CoCrv — 2]€CH ] — Q(BQ + BQ) — 4szQ2 =cy + 4CH .

Remarkably, the integral of motion (4.4.5) turns out to be the Hamiltonian invariant

of the Ermakov-Ray-Reid system to be established blow. Indeed, if, for instance, in the

65



case of ¢; > 0 and B < 0 < —4cpp < B2, we adopt the physical variables

@:Q\/Qi(B— B2 + deyy) \1/:(2\/21(34r VB2 +dey)  (4.4.6)
CI1 C11
then, up to irrelevant constant, (4.4.5) assumes the 'symmetric form’
1 . : 1
H= §(q>2 + U?) + 203 (% + U?) + @J(cb/\lf) (4.4.7)
where
p = calev +den) (4.4.8)
2en
and
J(&) = a (erv + 2¢ov/—c )QL + (erv — 2c0v/—cn)*———
i v 0 11 €+ 1)y v 0 11 €17 (449)
] A.
+8€%I<1 — 8)(5 + E) - SkCI[\/—CH:| .

It is established that, remarkably, the two physical variables ® and ¥ given by (4.4.6)

are governed by the Ermakov-Ray-Reid system, namely (cf. Rogers and An [101])

D 4 402 = %F(\P/@) — ﬁ {J(@/\y) - %J/(CD/\I/)}

(4.4.10)

U+ 4020 =

So3G(D/) = @1112 [J((I)/\I/)Jrgj’(@/\lf)]

Moreover, one may readily verify that the associated Ermakov-Ray-Reid system has

additional property of adopting a Hamiltonian form

OH - OH

that is . p v
. 9 B A
d + 4020 = 0 400 )®) LDJ(@/\D)] :
(4.4.12)
. 1 d o
2y — | =
U+ 4020 = 2 4@ {\I}J(CD/\I/)} .

Here H is the Hamiltonian invariant given by (4.4.7) and J is determined by (4.4.9).
Accordingly, the system (4.4.10) is integrable and analytical solution may be explicitly
obtained via the procedure described in [100].
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Chapter 5

A Rotating Magnetogasdynamic
System: Integrable Hamiltonian

Ermakov Reduction

5.1 Introduction

The purpose of this chapter is to study a 2+1-dimensional magnetogasdynamic
system incorporating rotation with a view of isolation integrable dynamical substruc-
ture. The Lundquist equations of magnetogasdynamics are intrinsically nonlinear and
in general, are analytically intractable. However, under certain physically acceptable
assumptions, analytical progress has been achieved. In [75-77|, particular classes of
time-dependent two-dimensional solutions were derived by Neukirch et al via a proce-
dure in which the nonlinear acceleration terms in the Lundquist momentum equation
either vanish or, are conservative. On the other hand, in [78,79, 87|, exact solutions
were constructed by Lie group analysis and magnetogasdynamic substitution princi-
ples. By contrast, in recent work [98,102,111], an elliptic vortex-type ansatz has been

introduced in 2+1-dimensional magnetogasdynamic contexts and underlying integrable
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Ermakov-Ray-Reid structure has been isolated.

In this chapter, a novel two-parameter pressure-density ansatz which extends that
assumed in [77,98,111,118] is introduced to analyse a non-isothermal rotating magne-
togasdynamic system. A novel power-type elliptic vortex procedure and two-parameter
pressure-density ansatz are introduced and thereby, via elimination of the spatial de-
pendence, reduction obtains to a finite-dimensional nonlinear dynamical system in time
together with adjoined algebraic conditions. Time-modulated physical variables are in-
troduced to derive analytical solutions of the original magnetogasdynamic system. It
is demonstrated that the nonlinear dynamical system admits an underlying integrable
Hamiltonian Ermakov structure and as well as a Lax pair representation analogous to

that in [110] .

5.2 The Magnetogasdynamic System

Here, we consider a anisentropic magnetogasdynamic system incorporating rotation,

namely,

0

a—f +div(pq) =0, (5.2.1)
0

p a—;1+(q.V)q—¢—kaq —pcurl HxH+Vp=0, (5.2.2)
divH=0, (5.2.3)
%—I;I = curl (q x H) | (5.2.4)
g—f +q-VS=0 (5.2.5)

where the velocity q and magnetic field H are given by
q=ui+7j, (5.2.6)
H=VAxk+ hk (5.2.7)

and a polytropic gas law is assumed, namely

1
N InT, v#1. (5.2.8)

S=—-Inp+
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together with
p=pRT. (5.2.9)

In the above, the magneto-gas density p(x,t), pressure p(x,t), entropy S(x,t), tem-
perature T'(x,t) and magnetic flux A(x,t) are all assumed to be dependent only on

x = xi + yj and time ¢.

Insertion of the representation (5.2.7) into Faraday’s law (5.2.4) produces the con-

vective constraint

0A

VA = 2.1
5 +q-V 0 (5.2.10)
together with
oh .

By virtue of the continuity equation (5.2.1), the latter holds automatically if we set

h=Xp, AeR. (5.2.12)

In the sequel, a novel two-parameter (m, n) pressure-density ansatz is introduced
via

p = eo(D)p? + 21 (D)p" + 3(0)p™ (5.2.13)

It is recalled that the the relation p ~ p was previously adopted in [77] and p ~ p?

arisen in astrophysical contexts in [118], while recently, the parabolic pressure-density

law p = pg + p1p + pep?® has been employed in [111].

Insertion of the two-parameter (m, n) ansatz (5.2.13) into (5.2.9), it is seen that

the compatibility of (p, p, T) relation yields
T =co(t)p+e1(t)p" ! 4 eq(t)pm (5.2.14)

whence, on use of (5.2.8), it is required that the entropy distribution adopt the form

S=—-Inp+ In(eo(t)p +e1(t)p™ "+ ea(t)p™ ) . (5.2.15)

v—1

The energy equation (5.2.5) now requires that

g0+ (n—Depn 2+ (m—Degyp™2 1 Eop + E1p" L + Egpm]
(Pt+qu> . ( ) £ n—(l )m2_p1 — |t 0P 2 n—1 2 m—1 =0
(v = D(eop +e1p" " 4+ £2p™71) pl (v =1)(eop+er1p"t +e2p™7 1)
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whence, on use of the continuity equation (5.2.1)

—divg [(2 = 7)eop + (n = Y)erp" ™ + (m = Y)eap™ ] + éop 4 E1p" T+ Exp™ T =0
(5.2.16)
that is

1T : el s e
7 [(2—7)eop+ (n—7)erp” " + (m —7)eap™ ] +éop+E1p"  +Ep™ 1 =0.

v—1
(5.2.17)

On substitution of (5.2.7) and (5.2.13) into the momentum equation (5.2.2), it is

seen that
a q 1 2 n 2 €2 mo__
er(q-V)qufk X q+; [ (VA (VA) +e1Vp"] + (uA +250)Vp+; Vp™ =0
(5.2.18)
together with
Aypy — Azpy =0 (5.2.19)
whence
A= Ap, t). (5.2.20)
Attention here is restricted to the separable case
A=(p)U(t) (5.2.21)

whence, on substitution into (5.2.10) and use of the continuity equation (5.2.1), yields

- p ' (p) :
U(t) = U(t)divq . 5.2.22
(1) =g, (52.22)
Here, we proceed with
o =p" (5.2.23)

where n is the parameter involving in the relation (5.2.14), so that

VU =n¥divg (5.2.24)

and

A= pu(t) . (5.2.25)
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Hence, as in the case of the spinning non-conducting gas cloud analysis of Ovsian-
nikov [81] and Dyson [28], the divergence of the velocity is dependent only on time.
Moveover, the relation (5.2.16) shows that

7 _ 1T e et e e
3 [(2=7)eop+ (n—7)erp" "+ (m —)eap™ | +cop+ 1"+ 2™ =0

S|

and it is observed that this condition holds identically with
o = &O\I]%Tv , &1 = (11\1/% , &9 = O!le% s (5226)

where «; (i = 1,2, 3) are arbitrary constants of integration.

In addition, the isentropic condition (5.2.5) together with the polytropic gas law
(5.2.8) and the continuity equation (5.2.1) show that

1 T
divgq=— = 5.2.27
vg =7 T ( )
whence, on use of (5.2.14),
(2—7)divq:8—0, (n—fy)diqug—l, (m—fy)diqugﬁ. (5.2.28)
o &1 €9

It is seen that in view of (5.2.24), the final results of ¢; given by (5.2.28) coincide with
that given by (5.2.26).

In summary, the magnetogasdynamic system now reduces to consideration of the

nonlinear coupled system

% +div(pq) =0,

b =nWdivg, (5.2.29)
0 1
S +(a-V)a+fkxa+ (pUPVED" 4 21) V" (00 +220) T+ v = 0.

together with the additional algebraic conditions (5.2.26). It is this reduced system
(5.2.29) that will be the subject of the subsequent sections. The inherent nonlinearity
of the system (5.2.29) remains a major impediment to analytic progress. It is noted that
this system is overdetermined since (5.2.29)3 is implicitly constrained by the requirement

that divq be a function of ¢ only.
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5.3 Analytical Solutions of the Magnetogasdynamic

System

In this section, an important extension of the elliptic vortex procedure of [96] which
involves the pressure-density parameter m is introduced into the reduced magnetogas-
dynamic system (5.2.29). The choices of the two pressure-density parameters involved
in the pressure term and time modulated variables are key to the construction of the

exact analytical solution.

5.3.1 Removal of Spacial Dependence

An integrable nonlinear dynamical sub-system is now sought via a power-type elliptic

vortex ansatz involving a pressure-density parameter m (An, Rogers and Schief [4])

q=L(t)x+ M(t), -

x=| " (f(ﬂ (5.3.1)
p=TE®)x+p)" ", (m#1) y —p(t)
where
L(t) = ur(t) ust) E() - a(t) b(t) M = q(t)  (532)
vi(t) a(t) b(t) c(t) p(t)

It is emphasized that the precluded case with the parameters m = 1 and n = 0 coincides
with what has been discussed in [111]. Here, we proceed with the general case m # 1

and n # 0.

Insertion of (5.3.1) into the continuity equation (5.2.29); yields

a 2uy + (m — 1) (ug + v9) 20, 0 a
b+ Ug m(uy + vg) vy b | =0
¢ 0 2uy 209 + (m — 1)(uy + vo) c
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together with
po + pg(m — 1)(U1 + U2) =0. (534)

In order to reduce the system (5.2.29) to a amenable form, we proceed with
n=m-—1 (5.3.5)

and
2e0 + pA2 =0,
(5.3.6)
g1 +2u¥2%(a+c) =0,

so that the two terms Vp and Vp™ vanish and the momentum equation (5.2.29); is

reducible to

0q €9,
-4 . k
at+@1Vm+f Xq+

It is observed that the consistency of (5.3.6); with (5.2.26); requires the adiabatic index

V"l =0. (5.3.7)

v =2.

Substitution of (5.3.1) into (5.3.7) now gives

ul U1 a
ug LT —fI (%) 9N, b
+ + 2 1 =0 (5.3.8)
1.}1 fI LT U1 m= b
() (%) C
augmented by the linear auxiliary equations
p+fg=0, ¢—fp=0. (5.3.9)

At this stage, it is noted that the spacial dependence of the original magnetogasdynamic
system has been removed. Hence, the solution of the magnetogasdynamic system is
encoded in the seven-dimensional time-dependent nonlinear system (5.3.3) and (5.3.8).
Once the solution of the latter is known, the quantities py and ¥ are obtained via

integration of (5.3.4) and (5.2.29),, that is
U= (m—1)(u; + )T . (5.3.10)

However, the conditions (5.2.26) and (5.3.6) remain. The admissibility of these con-

straints on the dynamical system will be examined in the sequel.
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5.3.2 Canonical Variables

In what follows, it proves convenient to proceed in terms of new variables as previously

employed in a hydrodynamics context in [96, 100], namely

1

G:U1+U2, GR:§(U1_U2)7
1 1
Gs = §(U1+U2)7 Gy = §(U1 —v2) (5.3.11)
1
B=a+c¢, Bg=b, BNzi(a—c).

Here, G and G correspond, in turn, to the divergence and spin of the velocity field,

while Gg and Gy represent shear and normal deformation rates.

On use of the expressions (5.3.11), the system (5.3.3)-(5.3.4) together with (5.3.8)

produce the eight-dimensional nonlinear dynamical system
po+ (m —1)pG =0,
B+ mBG +4(ByGy + BsGg) =0,
Bs +mBsG + BGs — 2ByGr =0,

BN +mByG 4+ BGy +2BsGr =0,

o o (5.3.12)
G+§G2+2(G§V+G§—G§%)—2fGR+2m_1B:0,
Gy + GGy — fGs+22" By =0,
m—1
Gs+GGs+ fGy+2-2" Bg =0,
m—1
: 1
GR+GGR+§fG:0
together with
U= (m—1)¥G. (5.3.13)

It is observed that the introduction of the pressure-density parameters m and &5 leads to
a generalisation of the nonlinear dynamical systems obtained in other various contexts

in [96,100-102,110,111].
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The form of (5.3.12), suggests introducing a function Q2 via

G=— 5.3.14
d (5.3.14)
so that (5.3.12); and (5.3.12)g show that
‘I
and
Co 1
== —=f. 3.1

PR (5:3.10
The relation (5.3.13) produces

T =y Q2m= (5.3.17)

where, in the above, ¢q, ¢; and v are arbitrary constants of integration.

Two conditions which are key to the subsequent development and which may be es-
tablished by appeal to the original system (5.3.12) are now recorded. They are readily

validated by symbolic computation and are embodied in the following theorem:

Theorem 1

M*+ (m +1)GM* =0

‘ (5.3.18)
Q"+ (m+1)GQ* =0
where
¥ f L, 2 2
M :2(BNGS—BSGN)—B(GR+§), A:ZB — B — By,
1
Q"= -B(G% + G +GR + ZGQ) +4GRr(BnGs — BsG) (5.3.19)
+2G(BsGs + ByGy) +4 o N —4 m AQm1 /éQle dt .
m—1 m— 1

It is seen that the relation (5.3.19) in Theorem I generalises the results obtained

in [96,100-102].
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New (2-modulated variables involving the pressure-density parameter m are now

introduced according to

B=Q™B, Bg=Q"Bs, By=Q"By,

] ] (5.3.20)
Gs =0Gs, Gy=0Gy
whence the system (5.3.12) reduces to
- 4(ByNGy + BsG
B (BNGN + BsGs) .
02
- ~ BGs—2¢B
Bs+ fBy + s Co N:O’
02

- _ BGy +2¢B
By — fBg+ —X 32 75 ), (5.3.21)
= = 2€2m BS .
G5+fGN+mm—Oy
= = 252m BN o
GN—fG5+m_1Q2(m—1) =0

augmented by the relations (5.3.15) and (5.3.16) together with a nonlinear equation for

), namely

EoMm B
m — 1 QQ(m—Q)

. 1 _ _
Q3 + Z—leQ“ +G%+GE -+ =0. (5.3.22)

The seven-dimensional dynamical system (5.3.21), (5.3.22) together with the time-
modulated constraints given by (5.2.26) and (5.3.6) will be analysed in detail in the

following.

5.3.3 The Constraints and First integrals

We now consider the algebraic conditions of ¢;, (i = 1,2,3) given by (5.2.26) and
(5.3.6). It is seen that the consistency of gy requires the adiabatic index v = 2. Com-

parison of the two expressions for &1 in (5.2.26) with (5.3.6)2, namely
a U + 202 (a + ¢) =0 (5.3.23)
from the relations (5.3.5), (5.3.17) and (5.3.20);, shows that
Qo + 2u*’B =0 (5.3.24)
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whence

v=>0 oo PB=——vyim =4 (5.3.25)
In the former case, the magnetic flux A vanishes so that the magnetic field H is purely
transverse and the nonlinear dynamical system (5.3.21)-(5.3.22) is unconstrained. In the
latter case, the equation (5.3.21); implies that the dynamical system (5.3.21)-(5.3.22)
is constrained by

ByGy + BsGs —692/Q=0. (5.3.26)

When it comes to consider the condition e9, on use of (5.3.17), the relation (5.2.26)3

shows that
£ = Qo1 QM2 (5.3.27)
that is
ey = wgﬂm”) . (5.3.28)

In summary, under the constraint of (5.3.28), the nonlinear dynamical system (5.3.21)

admits four integrals of motion, namely

B
B+ By — o (5.3.29)
G% +G% —aB = ¢y , (5.3.30)
2(ByGs — BsGy) — coB = cry (5.3.31)
2(Gip+eyB) 426 BsGs ByGin) +Aoen 21— 1 _ B (% L2y Gg> .

(5.3.32)

where ¢y, g, crv and cy are constants of integration.

5.3.4 A Parametrisation

The integrals of motion (5.3.29) and (5.3.30) may be conveniently parametrised, in

turn, according to

_ 1~ _ 1~
Bg = —/cn + ZBQ cos¢(t), By = —y/cu+ 132 sin (1) ,
V (5.3.33)

Gs=—+vem+ B sinf(t), Gy=++cm+ B cos(t).
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Substitution of the parametrisation (5.3.33) into (5.3.21); yields

B+ %\/( e+ B2/4) (e + aB) sin(0 — ¢) =0 (5.3.34)

while conditions (5.3.21)y 3 reduce to a single relation, namely

. 2¢ B2 B _
(¢ —f+ Q—;’) cut - — g Vem+aB cos( — ) =0 (5.3.35)

and similarly, (5.3.21),5 produce another single requirement

. - 2a |/ B2
(f — 9) c + aB + Q—O; o+ x cos(f — @) =0. (5.3.36)

Substitution of (5.3.33) into (5.3.31) yields

coB = —crv + 2\/(011 + 32/4) (CHI + aB) cos(f — ¢) . (5.3.37)

Elimination of # — ¢ in (5.3.35) and (5.3.36) respectively, yields
2

. (5(005 + Clng)
¢=f+ 0] ( 1 den P Co (5.3.38)
and
: a [ cpd + ev?

It remains to consider the nonlinear equation (5.3.22) for 2, namely
2

4

Q + ¢ — Co + —m 1 —Q2(m—2) =0

O30 +

whence, by virtue of (5.3.25); and (5.3.28), produces to a generalised Steen-Ermakov

equation
.1 2 —c 200
O+ -fo="_"1_ =~ 3.
+ 4f oE 05 (5.3.40)
On use of Theorem I, it is readily shown that
(Q?B) + f202B = —2(Q* + FM*)QX+) = —2(cy + fery) (5.3.41)
whence
) cevicos ft + eyisin ft — 2(ey + fev)/f?, f#0
OB = (5.3.42)

—Cth + CVI'LL + CVII » f =0.

78



On elimination of § — ¢ and 2 in (5.3.34) via the relations (5.3.37) and (5.3.42) it is
seen that, if B # const then B obeys the elliptic integral relation

IB dB*
CVIIT B* \/(B*Z + 4CH) (CHI + OCB*) _ (CQB* + CIV)2
' dt*
—2 if 0 5.3.43
/ch cos ft* + ey sin ft* — 2(cy + ferv)/f2 if f# ( )

t
dt*
-2 / , if f=0
0—Cv t*z + Cvr1 t* + CVTI

where B|i—o = cyir. In the present case, when the gas law (5.2.9) prevails, it is seen

that (5.3.41) holds automatically by virtue of (5.3.25), with

_ —2(cv + fev)/ 2, f#0
PB=0= (5.3.44)

CvIl , fZO‘

We now turn to consider the compatibility of the nonlinear equation (5.3.40) and

(5.3.44) with the elliptic integral expression involving B.

It is observed that the first integral of (5.3.40) is

>
o —cm) _ad , (5.3.45)

. 1
2 2092
Q +Zf Q" + RE 0

where k is a constant of integration. While the elliptic integral relation (5.3.43) shows

. 4 _ 4 — =
B? + @(CQB +av)® = @(4011 + B*)(cin + aB) (5.3.46)

whence, on use of (5.3.44),

520% + %*W + (cy — demem)Q? — aQ—(T + 2cocry — dacerd = 0. (5.3.47)
Thus, compatibility requires that
62 f? = 4(cpy — 4enem) (5.3.48)
and
k6% = 2coery — daeyd (5.3.49)
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To conclude, if B = 6272 is determined explicitly by the elliptic integral representa-
tion (5.3.43), then §2 is given by the relation (5.3.44) and the angles ¢ and 6 are obtained
by integration, in turn, of (5.3.38) and (5.3.39). Thus, a multi-parameter class of exact
solutions of the original 2+1-dimensional magnetogasdynamic system is generated with
the velocity components uy, us, vy, v and the quantities a, b, ¢ in the density relation

given, in turn, by

Q 1 c 1 ,
u =g + @\/aé + cm€)? cosO(t) , v = Q_02 — g — ad + cf)? sin (1),
Co f 1 . Q 1
Ug = —ﬁ 5 — ﬁ\/ ad + CIHQ2 sSin H(t) s Vg = 5 — m\/ ad + 011192 COSQ(t)

(5.3.50)

together with

1 . 1
¢ 90em) [6 — VAcnQ* + 02 sing(t)] , b= S Vv 4 + 6% cos o(t)

1
¢ = gy 10+ VAR F 9 sing(t)] .

C1
PO = a(m—1) -
(5.3.51)

The magnetic flux A is given by

A= ypm—192(m—1) — [CL(J; _ q—)2 +2b(z — q)(y — p) + c(y —}3)2 + PO} 02(m-1)

(5.3.52)
and the entropy distribution is given by
S =1In(T/p) (5.3.53)
where 7T is determined via
T =cop® +e1p™ ' 4 e2p™ . (5.3.54)

5.4 Hamiltonian Ermakov Structure

It is now demonstrated that the nonlinear dynamical system (5.3.12) may also be re-

formulated in terms of a Ermakov-Ray-Reid system which turns out to be Hamiltonian,

80



leading to an additional hidden first integral.

Here, it proves convenient to proceed with p(t) = ¢(t) = 0 in the ansatz (5.3.1).

However, the terms are readily re-introduced by use of a Lie group invariance of the

magneto-gasdynamic system.

The semi-axes of the time-modulated ellipse
a(t)z? + 20(t)zy + cy* + ho(t) =0
(ac — b* > 0)

are given by

_ 2po
h \/\/(a—c)2+4b2 —(a+¢)

and

2po
U=
\/—\/m—(cH—c)

Substitution of the relation (5.3.51) delivers

\/ \/ o — 4CHQ4 + 52
2cn

:\/ 9 \/ 5"‘ \/4CHQ4—|—(52
11

where it is required that

cr >0, cr < 0, 0 < 0, 52 + 4CHQ4 > 0.

(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

It is readily established that the semi-axes ®, ¥ of the ellipse (5.4.1) are governed

by a Ermakov-Ray-Reid system, namely

|

o1, 1 zZ7' U\ (Z%+k/4)

Mif‘b‘cw{ +<\If/<1>>2‘(6>[1+<w<1>>212
oL, L[ ZZ7 (0N (ZP+k/4)
\1’+1f\11_<1>x1:2[ 1+ (0/D) (xp) 1+ (®/0)]

]
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where

02 + 401194)(045 + CHIQz) — QZ<005 + CI\/Q2)2

d . 261 (
L=7(Q/V)=VD —-UD =
( / ) Q\/—CH\/ 52—|—4CHQ4

(5.4.8)

and (2 is given in terms of the ratio of the semi-axes via the relation

52 V4 /g @\ /2

In the above, k is the constant of integration given by

k= (CC—III) (fZ(C%V + ) — %(Cv + fCIV)Q) , (f#0). (5.4.10)

In addition, the Ermakov-Ray-Reid system (5.4.7) is seen to be Hamiltonian with
invariant

H= %(d>2+¢12)— ! ) {22—f—2(<1>2+\112)2+é] : (5.4.11)

2(D2 4 U2 4 4

and accordingly, integrable in the manner described in [100].

It is established, in the above, that semi-axes ® and ¥ of the time modulated ellipse
associated with the density in (5.3.1) are governed by a Ermakov-Ray-Reid system,
albeit of some complexity. In the sequel, it is shown that a Ermakov-Ray-Reid system
may also be associated with the velocity components, at least, in a particular reduction.
Attention is restricted, as in the work of Dyson [28] on non-conducting gas clouds, to

irrotational motions in the absence of a Coriolis term.

Thus, we set

a(t)/a(t) 0 a(t) 0
L= o . E= (5.4.12)
0 pa(t)/6(t) 0 )
in (5.3.2) corresponding to the subclass of exact solutions in (5.3.50) with § =0, ¢ =
/2 and
a N 1 S ad B O 1 S ad
— =5 T oz\/ant 57 ==5 " oz\/cmt 57
a Q Q Q g Q Q Q (5.4.13)
_ 1 _ 1
a = W [5—\/4CI[Q4+52 s C = W [5+\/4CIIQ4+52 .
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In the present case, the continuity equation, via (5.3.3), yields

a 3 i @ ki
-4 = DN+-Zm=1)=0 — 4+ —(m-1+5= 1) =0 5.4.14
a—l—d(m—l—)—l—ﬁ(m ) =0, —+—(m )—l—ﬁ(m—i—) ( )
whence
a=¢ga mHIgtm e = gpatmmp Y (5.4.15)
Moreover, (5.3.4) shows that
po = cm(aB) ™ = g Q2-m (5.4.16)

In the above, ¢, ¢y, ¢ and ¢y are arbitrary non-zero constants of integration. The

momentum equation gives

5;+252(t)m_1a@:0, B+ 2e5(t) — 3 =0. (5.4.17)
together with

p=0, q=0. (5.4.18)

Insertion of the expressions (5.4.15) into (5.4.17) gives

= m o, _x 2—m __
a+ 252(t)m 7 dTB(ozﬁ) =0, (5.4.19)

= m Cit ,_ = 2rm

2e9(t) ———=5 =0. 5.4.20
B+ 222(t) " 25 (aB) (5.4.20)

whence, in view of the constraint (5.3.28), we obtain the canonical Ermakov-Ray-Reid

System
= o 2 i
==, = — . 5.4.21
with the Ray-Reid invariant
1 - _ 3 —% B —% Q
where I m—2

- _(Gu\" _x _ ("
¢ = —2adr , = —2acq | = : (5.4.23)

Cnn Crr

It is observed that the system (5.4.21) is also Hamiltonian with the associated integral

of motion

1, - . e
H=_@f +ud?) + 21 (5.4.24)
2 af
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In conclusion, the existence of Ermakov-Ray-Reid systems, not only for density
parameters but also for velocity components, emphasizes the importance of such systems

in the study of the 2+1-dimensional magnetogasdynamic system.

5.5 A Lax Pair Formulation

In light of the above analysis, we now turn to the original magnetogasdynamic
system and find, in the manner of [110], that the nonlinear dynamical system admits

an associated Lax pair representation [1].

It is seen that the eight-dimensional nonlinear dynamical equations (5.3.3) together
with (5.3.8) arising from the ansatz (5.3.1) and (5.3.2) may be rewritten into the com-

pact matrix form as :

E+EL+L'E+ (m - 1)EttL =0,

. (5.5.1)
L + L? + fPL + 2&5(¢) E=0
where L, E are given by (5.3.2); 2 and
0 —1
P= . (5.5.2)
10
Moreover, the relations (5.3.4) and (5.3.9) yield
po+ (m — 1)potrL = 0 (5.5.3)
and
M+ fPM=0. (5.5.4)

Here, it proves convenient to proceed with the gauge transformation according to
[110]
- 1 -
L=DLD '+ ;/P. E= DED! (5.5.5)
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where
1
D =exp (éPft> )

whence (5.5.1) yields

B4 BEL 4 L7E + (m — 1)E 6k — 0,

L 1 m

L+L%2+-f1+2 ——E=0.

+ + 4f + €2<t)m 1 0

On application of the Cayley-Hamilton identity

L? — (trL)L + (detL)I = 0

the matrix equation (5.5.7)y becomes

. .
L+ (L)L — (detD)I + /°T+ 2e5(t)——E =0

m—1

Moreover, on introduction of a new trace-free matrix Q via
Q=PE
and on use of the identity
PHP = H” — (trtH) I

valid for any matrix H, the system (5.5.7)2 results in

Q+[Q, L]+ mtL)Q=0.

Since trL = trL = 20 /€2, it is natural to introduce the scaling

L=LO%>, E=EQ, Q=QO"
so that (5.5.9) and (5.5.12) reduce, in turn, to
Q+Q7?[Q L]=0,

. 2
L — O 2(detD)I + 2021 + 2e,(t)—— Q20-mE =0 .
( e ) + 1 + 52( >m—IQ E=0

(5.5.6)

(5.5.7)

(5.5.8)

(5.5.9)

(5.5.10)

(5.5.11)

(5.5.12)

(5.5.13)

(5.5.14)

At this stage, it is noticed that (5.5.14); may be reformulated in terms of two trace-free

matrixes Q and L*, namely
Q+07?[Q L) =0,
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where L* denotes the trace-free part of L. Further, (5.5.14); may be decomposed into

the trace-free part
m

Q20=-m) Q. Pl = 5.1
— Q, P]=0, (5.5.16)

L + &(t)

together with the trace part

trL — 2Q0-2(detL*) — %Q—?(trL)2 + %f?Q2 + 252(15)% Q2A-m(trE) = 0 .
(5.5.17)
In view of the constraint (5.3.28) with « scaling to unity, the systems (5.5.16) and
(5.5.17) become

L* +072Q, P] =0,
- 1 ] (5.5.18)
trL — 2Q72(detL*) — 5Q—Q(tﬂl)Q +3 2?2+ 2072 (E) = 0.

In general, the matrix system (5.5.15) and (5.5.18) are coupled via the relation

po+ (m—1)petrL = 0. (5.5.19)

A new time variable 7 is now introduced via

dr = Q2dt (5.5.20)

whence the equations (5.5.15) and (5.5.18); reduce to
Q+[Q L)=0, L+[Q,P]=0. (5.5.21)
It is now seen that the matrix system (5.5.21) constitutes the compatibility condition
MA)+ M), LA)]=0 (5.5.22)

associated with the linear pair

U'=LNT, p¥=MNVT (5.5.23)

where

LO)=L"+AP, MM =Q+AL"+\P (5.5.24)

36



and g is an arbitrary constant. £ and M represent Lax matrices for the nonlinear

matrix system (5.5.21).

In addition, it is observed that if we set
y=0" (5.5.25)

then the relation (5.5.18), reduces to a classical Steen-Ermakov type equation [30,124]

_

»” L —trE)X = :
+ (det trE) 53

(5.5.26)

Analogous results have been obtained in the case of non-isothermal spinning magneto-
gasdynamic system by Rogers and An in [102] and rotating gas clouds by Rogers and
Schief in [110], respectively.
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Chapter 6

Conclusions and Suggestions for

Future Research

In this thesis, integrable structure underlying certain models in nonlinear continuum
mechanics and optics has been sought which is associated with reduction to Ermakov-
Ray-Reid systems. The latter admit a novel integral of motion. Numerical simulations
have been performed to depict the physical behaviours exhibited by solutions obtained

by means of the reductions. The details are as follows:

In Chapter 2, we investigated a 2+1-dimensional rotating shallow water system
with a circular paraboloidal bottom topography via an elliptic vortex. Key theorems of
Ball-type concerning the evolution of moment of inertia and invariants of the shallow
water model were generalised and employed to construct exact solutions. In particular,

important pulsrodon-type solutions were isolated and their behaviour was simulated.

In Chapter 3, we studied two nonlinear optical models via a variational approach :
one was a coupled 2+41-dimensional NLS system and the other was a 3+1-dimensional
NLS equation incorporating both logarithmic and Bohm quantum potential terms.
Three distinct reductions to Ermakov systems of Hamiltonian-type were set down.

The Ray-Reid invariant and associated Hamiltonian invariant combined to allow their
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complete integration. Such integrable Ermakov structure also arose in the latter 341-
dimensional optical model. Aspects of an Ovisannikov-Dyson type reduction were in-
vestigated wherein the eigenmode of the solution exhibits a remarkable flip-over effect
that has been experimentally observed by Gornushkin et al in the model descriptive of

an asymmetric expansion of laser induced plasmas into vacuum.

In Chapter 4, we discussed a Madelung-type hydrodynamic system with logarith-
mic and Bohm quantum potential terms. Appropriate choice of exponential-type el-
liptic vortex ansatz and modulated physical variables results in the generalised eight-
dimensional nonlinear dynamical system, which admits exact analytical solutions in
terms of elliptic integrals. The latter, again, possess integrable Ermakov structure of

Hamiltonian-type.

In Chapter 5, we considered a magnetogasdynamic system with a polytropic gas
law. Introduction of a power-type elliptic vortex ansatz and two-parameter pressure-
density relation was shown to lead to a finite dimensional nonlinear dynamical system.
The latter admits an integrable Hamiltonian Ermakov structure when the adiabatic
index v = 2 and a Lax pair formulation may be constructed. Exact solutions of the
magnetogasdynamic systems were thereby obtained which describe a rotating elliptic

plasma cylinder bounded by a vacuum state.

Nevertheless, there is still a series of interesting and challenging problems that need

consideration:

1. The generalised theorems of Ball-type established in Chapter 2 were obtained
when the shallow water system has a circular paraboloidal bottom topgraphy (A* = B*).
In view of the importance of these theorems for construction of analytical solutions and
associated Ermakov systems, it is natural to enquire whether analogous theorems exist

for other geometries (A* # B*), in particular, for elliptical paraboloidal basins?

2. In light of the limitations inherent in the variational approximation employed in

Chapter 3, it would be of interest to investigate whether alternative approaches result
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in a reduction to integrable Ermakov-Ray-Reid structure?

3. Based on the different forms of elliptic vortex ansatz adopted in this thesis,
it is conjectured that more general forms may exist which lead to Ermakov-Ray-Reid

reduction.

4. Tt is noted that the general N-component Ermakov system introduced by Rogers
and Schief in an N-layer hydrodynamic context admits an iterative reduction to a
system of N — 2 linear equations augmented by the canonical 2-component Ermakov
system. The latter has been widely used in various physical areas. Hence, it is antici-
pated that N-component Ermakov-type systems might also have such extensive physical

applications.
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