THE HONG KONG
Q POLYTECHNIC UNIVERSITY
& Fenian

Pao Yue-kong Library
BEREEE

Copyright Undertaking

This thesis is protected by copyright, with all rights reserved.
By reading and using the thesis, the reader understands and agrees to the following terms:

1. The reader will abide by the rules and legal ordinances governing copyright regarding the
use of the thesis.

2. The reader will use the thesis for the purpose of research or private study only and not for
distribution or further reproduction or any other purpose.

3. The reader agrees to indemnify and hold the University harmless from and against any loss,
damage, cost, liability or expenses arising from copyright infringement or unauthorized
usage.

IMPORTANT

If you have reasons to believe that any materials in this thesis are deemed not suitable to be
distributed in this form, or a copyright owner having difficulty with the material being included in
our database, please contact lbsys@polyu.edu.hk providing details. The Library will look into
your claim and consider taking remedial action upon receipt of the written requests.

Pao Yue-kong Library, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

http://www.lib.polyu.edu.hk




This thesis in electronic version is provided to the Library by the author. In the case where its contents is different from the
printed version, the printed version shall prevail.

FINITE ELEMENT ANALYSIS WITH
EMBEDDED GLOBAL OPTIMIZATION
METHOD FOR OPTIMAL DESIGN OF
ELECTRIC DEVICES

CHEN NINGNING

Ph.D
The Hong Kong Polytechnic University
2012



lbsys
Text Box
This thesis in electronic version is provided to the Library by the author.  In the case where its contents is different from the printed version, the printed version shall prevail.



The Hong Kong Polytechnic University

Department of Electrical Engineering

Finite Element Analysis with Embedded Global
Optimization Method for Optimal Design of

Electric Devices

CHEN Ningning

A thesis submitted in partial fulfillment of the requirements for

the degree of Doctor of Philosophy

October 2011



Certificate of Originality

I hereby declare that this thesis is my own work and that, to the best of my knowledge
and belief, it reproduces no previously published or written, nor material that has been
accepted for the award of any other degree or diploma, except where due
acknowledgement has been made in the text.

Name: Chen Ningning



Abstract of thesis entitled

“Finite Element Analysis Embedded Global Optimization Method for Optimal

Design of Electric Devices”

Submitted by
Chen Ningning
for the degree of Doctor of Philosophy
at The Hong Kong Polytechnic University
in October 2011

In this project, three-dimensional (3D) Finite element method (FEM) embedded
global optimization method is applied to obtain optimal design electric devices. FEM
with nodal basis function and edge basis function are used to analysis magnetic field and
the eddy current problem in electric devices. Time step FEM with slave master
technique, circuit coupling technique is applied to simulate the performance of electric
motor. Global optimization method including Genetic algorithm (GA), simulated
annealing (SA), taboo search (TA) and particle swarm optimization (PSO) are coupled
with FEM program to find the parameters of the optimal design. Parameter extraction
technique is applied to extract the mass parameters of electric motor to accelerate the
computation speed of optimization process. Moving least square (MLS) based surface
response model is applied to reduce the optimization time. The coupled FEM with
optimization method is applied to optimize the performance of surface mounted PM
motor, magnetic gear and an axial flux magnetic motor.

In the thesis, the following work has been done:

(1) 2D and 3D FEM program for eddy current have been implemented and couple

with optimization method.
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(2) A two-grid FEM has been studied for reducing the 3-D FEM computation time
to reduce the computation time of nonlinear problems. TEAM Workshop
problem 13 is used to test the two-grid method and the results obtained using
the two-grid algorithm are compared with those using conventional methods.
Since the two-grid method requires less computing time, it can be effectively
applied to study large-scale nonlinear problems.

(3) Particle swam optimization (PSO) optimal algorithm and genetic algorithm
(GA) have been implemented for optimization computation. A surrogate based
on moving least squares (MLS) method has been developed to approximate the
expected fitness evaluations, which would replace many times of FEA
computation and would save much computation time. FEM with embedded
GA has been applied to optimize the shape design of permanent magnet (PM)
in motors to reduce the cogging torque.

(4) Moving mesh FEM has been proposed for coupling FEM with optimization
method.

(5) The state of art programming method with object oriented programming
technique for FEM is introduce to faculae the complexity of programming.

The major contributions of the thesis are reflected in the following aspects:

It proposes a novel moving mesh method to handle the mesh re-generation in the
optimization step; Two-grid method is introduced to reduce the computational time of
the nonlinear Maxwell system with nonlinear materials, and an effective interpolation of
the FE solution from coarse grid to non-nested fine grid is proposed. 3D nodal and edge
FEMs are implemented to analyze the eddy current problem involved in electric devices,
and coupled with some global optimization process to design optimal electric devices.
The FEM with global optimization method is applied to optimize the performance of
PM motors and magnetic gears. Slave master technique is extended for 3D FEM
computations to handle the non-conforming meshed on the interface between the

moving and static parts of the devices. Time step FEM along with the slave master
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technique and circuit coupling technique is used to simulate the performance of the

electric motors.
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1. INTRODUCTION

1.1. APPLICATION OF FEM IN ELECTROMAGNETISM

Finite element method (FEM) was introduced to and applied in computational
electromagnetism since 1950. With the development and wide application of FEM in
electrical engineering, it has become a powerful tool to simulate the magnetic field and
eddy current in electric devices, especially in electric motor. In the past, A-formulation,
A-¢ formulation and 7-Q formulation are applied to solve Maxwell Equations.

When FEM is applied to simulate the motion of electric motor, the mesh on the
rotor rotates with the rotor while the mesh on the stator remains static, and thus
non-conforming mesh on the interface between the stator and the rotor is usually
encountered. Slave master method is usually applied to deal with such problem. In the
thesis, such method is extended to 3D problem for simulation of the dynamic
performance of the electric motor.

Edge element is the newly constructed vector based element for solving Maxwell
equations. The advantage of edge element is that it ensures the continuity of the
tangential component of the vector variable and does not impose the continuity on the
normal component. The vector potential 4 is approximated by edge element, and thus
the jump of the normal component of 4 will provide the jump of flux density B on the
iron-air interface.

The type of vector elements was first described by Whitney [1] in 1957. In 1980,
Nedelec constructed edge elements on tetrahedral element for 3D computation [2]. M. L.
Barton and Z. J. Cenders introduced the new vector basis functions for 3D magnetic

field conputation [3]. In application, Bosavit applied edge element method to 3D eddy



current problems [4]. Biro analyzed the characteristic of the matrix of 4-method, A-¢
method by using edge element [5].

There are many ways to implement FEM programming with computer language on
computer. State-of-the-art programming techniques for implement of FEM by object
oriented programming language for electromagnetic field computation are presented in
the thesis. It covers program structure, data structure and algebraic matrix equation.

In the FEM programming, linear solver such as ICCG, BICG-stable and Pardiso
solver are used. The FEM computation efficiency is determined mostly by the efficiency
of linear equation solver. The stiff matrix of Maxwell Equations obtained by FEM are
not positive definite and usually are singular. However, if the right hand side conforms
to the curl-free, the linear equation will converge when iteration method are used.
Pardiso solver is a high-performance serial and parallel sparse linear solver and it is used

in the program to accelerate the computation speed.

1.2. OPTIMIZATION METHOD FOR
ELECTROMAGNETICS

In electric engineering, the performance of the electric devices as a whole is
considered and the objective is to improve its performance. The design of devices is
represented by several parameters, which are the optimization variables in optimization
method. Global optimization method is usually used to find the optimal solution of
design to improve its performance.

Global optimization methods are more suitable for the inverse problem in
electromagnetic problems because of its ability to find the global optimal solution.
Several global optimization methods including genetic algorithm (GA), taboo search
(TA), simulated annealing (SA), particle swarm optimization (PSO) method, ant colony

algorithm and are artificial neural network (ANN) invented through the analysis and



simulation of the natural phenomena, society activity and physical progress. Such
optimization methods are good at finding the global solution, which are more suitable in
the optimization electromagnetic devices. The objective function of the optimization of
electromagnetic devices is usually constructed to maximize the performance or to

minimize the loss of energy of the devices.

1.3. CoOUPLING FEM WITH OPTIMIZATION METHOD

In the thesis, global optimization method and FEM are coupled to obtain the
optimal design of electric devices. In the coupling algorithm, FEM is applied to compute
the electric and magnetic field. Then the result of FEM is used to calculate the objective
function of the optimization method.

There are several difficulties in coupling FEM program with optimization method.

(1) The slow convergence of global optimization method;

(2) The computation time for FEM is too long, especially for 3D problems;

(3) The mesh regeneration for FEM is not convenient for coupling the FEM with

optimization method;

In the thesis, moving mesh method is proposed to facilitate the complexity of
regenerating mesh in the optimization step.

It is difficult to couple commercial FEM software with optimization method. Most
commercial FEM software does not provide variable interface open to the user. The aim
of most prevail FEM software is to analysis the fixed model of the devices.

(1) It is not convenient to get the result to do post process in commercial software;

(2) It is not convenient to embed the execute program of commercial software to

the optimization algorithm;

(3) New algorithms are not convenient to be implemented with the commercial

software



In order to accelerate the convergence and reduce the computation time, MLS
based surface response model (SRM) is constructed to approximate the objective
function. Several hundreds times results of FEM computation are used to construction
the SRM and then the objective function is calculated by the SRM which will then

reduce the computation time.

1.4. RESEARCH OBJECTIVES

The research objectives in the project are:

(1) FEM programming for 2D and 3D electromagnetic problem is implemented
for simulating electromagnetic field. The objective oriented C++ programming
language is used to implement the FEM program. The implemented program
can be used to analysis the forward problem in electromagnetic problem.

(2) Optimization methods are investigated and applied to obtain optimal design of
electromagnetic devices. The coupled optimization method with FEM program
is applied to several application of electromagnetic devices design to improve
its performance.

(3) The proposed method is applied to optimize the design of an axial flux

magnetic motor.

1.5. THESIS OUTLINE

The scope of the dissertation covers the basic literature review of Maxwell
equations and the potential formulation. Finite element method with nodal and edge

basis functions are discussed and the programming structure for implement FEM are



illustrated. Field - circuit coupling for simulation the dynamic characteristic of electric
devices is analyzed. Several global optimization methods are discussed and the surface
response model (SRM) based on MLS is applied to an application example. The
structure of coupled FEM with optimization method is illustrated.

There are seven chapters in this thesis. In chapter one, the main point of the thesis
and the objective of the project are introduced. In chapter two, the basic literature on
computational electromagnetism and optimization methods are reviewed. FEM
programming technique involving eddy current problems is proposed in charter three. In
chapter four, two grid techniques for reduce computation time are investigated. In
chapter five, optimization methods are introduced and the moving mesh method for
coupling optimization method with FEM is proposed. In chapter six, three applications
of coupled FEM with optimization method in electric motor are introduced. Conclusion

and recommendation are discussed in chapter 7.



2. LITERATURE REVIEW ON EDDY
CURRENT PROBLEM AND OPTIMIZATION
METHOD

2.1. MAXWELL EQUATIONS

Maxwell equations describe the whole basic dieseline that electric field and

magnetic field observe. The differential form of Maxwell equations shows as:

VxH=J+P @.1)
ot
vxE=_8 2.2)
ot
V-B=0 (2.3)
V-D=p (2.4)

The variables are: E electro field intensity (volt/meter), H magnetic field intensity
(ampere/meter), D electric flux density (coulomb/meter’), B magnetic flux density
(tesla), J electric current density (ampere/meter’), and p is electric charge density
(coulomb/meter’). These variables may be functions of coordinate (x, y, z) and time t.

The continuity equation which derived from (2.1) and (2.4) is:

v+ g (2.5)
ot

The following constitution relationships in Maxwell’s equations describing the

material property of a medium are:

B = uH (2.6)



D = ¢E (2.7)

J = oE (2.8)

In the research scope of the project, the applications are focused on low frequency
electromagnetic field. In low frequency problem, the frequency of the source varies
slowly with time such that the wavelength is immensely longer than the size of
geometry in the considering domain. Thus the field varies instantaneously with the
change of the source other than lagging behind the change of the source. Many electric

devices in engineering application belong to the low frequency problems. For such
problem, the displace current density %—? in (2.1) is so small that it can be ignored

when compared with conducting current density J. The problems in electromagnetic

field without considering the displace current density are called eddy current problem.

2.2. POTENTIALS FOR EDDY CURRENT PROBLEM

Usually the domain of eddy current problem is divided into two parts for further
research, one part V; is eddy current region which includes the conduct media but not
includes the source current and the other part V), is source region which includes the
current source but not includes the conduct media [6]. Maxwell equations (2.1) - (2.4)
for eddy current problems are shown as:

In eddy current region V; :

VxH =oE (2.9)
VxE+%—l:=0 (2.10)
V-B=0 (2.11)
In non eddy current region V> :
VxH=J, (2.12)
V-B=0 (2.13)



The boundary conditions are:

Bn =0 (2.14)
Hxn =0 (2.15)
On the interface of V; and V>, the boundary conditions are:
B;n;; = Bynj; (2.16)
H;xn;; = Hy<nj; (2.17)

Where, J; represents for source current density, n for the unit normal direction on
surface, n;, for the unit normal direction from region V; to V.

In the numerical method used for solving eddy current equations, several
formulations are used. There are three kind of potentials applied typically which are
scalar potential ¢ formulation, vector potential 4-¢ formulation and vector formulation

T-Q formulation. In the scope of the thesis, vector potential A-¢ formulation is applied.

2.2.1. A-&» FORMULATION

A-¢ formulation is usually applied to solve equation (2.9) - (2.13). The
computation domain is divided into eddy current region and non-eddy current region. In
eddy current region, vector potential 4 for magnetic field and scalar potential ¢
formulation for electric field is applied; in non-eddy current region, only vector potential
for magnetic field is applied.

From (2.11) and (2.13), there exists vector function 4, which satisfies:

B=VxA (2.18)

Then substitute (2.18) to (2.10), we get:

VX(E+6—A]:O (2.19)
ot
From (2.19), there exists a scalar ¢ which satisfies:
E+86—A:—V(p (2.20)
t



0A
E=—-"--V 221
Py [ (2.21)

Substitute (2.18) - (2.19) to eddy current equations (2.9) - (2.13), we get the
equations based on the vector potential 4 and scalar potential ¢:
In region V;:

0A

V x (W x A) =—0§—0‘7(p (2.22)
In region V>:
Vx(WxA)=J, (2.23)
n-VxA=0 (2.24)
WxAxn=0 (2.25)
n, VxA,=n,,-VxA, (2.26)
(v,VxA,)xn,=(v,VxA4,)xn,, (2.27)

Where, v=1/u s the magnetic reluctance. Due to the definition of vector potential 4
in (2.18) ensures the divergence free of flux density B, V-B =0 in (2.11) and (2.13)
satisfies automatically.

However, (2.21) - (2.25) does not ensures the uniqueness of vector potential A.
Coulomb gauge need to be imposed in order to ensures the uniqueness of vector
potential 4 [7]. The divergence free of A is imposed by Coulomb gauge.

V-A=0 (2.28)

The Coulomb gauge is combined into equation (2.20) and (2.21) using penalty
method, which lead to:

In V; region:
0A
Vx(viA)—V(/IV-A)+o-E+o-V¢>:O (2.29)
In ¥, region:
Vx(WxA)-V(AV-A)=J, (2.30)

Where A is the penalty coefficient and it can be chosen to be same as v.



In V; region, V-J,=0 implies that V-oF =0 and the following equation
should be satisfied:

v-(—a%—f—awjzo (2.31)

Finally the A4-¢ formulation for eddy current equations (2.9) - (2.17) can be
synthetically expressed as [6]:

In V; region:

Vx(viA)—V(/W-A)—i-O'%—I?—i-oV(p:O (2.32)
V-(—aa—A—aV(p]:O (2.33)
ot
In V; region:
Vx(WxA)=V(AV-A)=J, (2.34)

On the boundary of computation domain:

nxA=0 (2.35)
n-VxA=0 (2.36)
n-A=0 (2.37)
WxAxn=10 (2.38)
On the interface of two different materials:
A=A (2.39)
n, VxA,=n,,-VxA, (2.40)
(VIVxAl)xnIZ :(VZVxAz)xnU (2.41)
n-(—a%—a‘ﬁpj:O (2.42)

The advantages of A-¢ formulation are:
(1) Due to the uniqueness of 4-¢, the stable numeric solution for any eddy current

problem can be obtained;
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(2) The boundary condition on internal interface are normal boundary condition
which enable the such boundary condition will be automatically satisfied when
FEM is applied;

(3) Such method is valid for multiply connected conductor domain;

(4) Itis very convenient to deal with the current source;

(5) High accuracy solutions will be obtained by using 4-¢ formulation.

2.3. FINITE ELEMENT METHOD FOR EDDY CURRENT
PROBLEM

The weak form of eddy current equation (2.32) - (2.42) and the Galerkin finite
element method for solving it will be introduced. Because stiff matrix calculation on
element is a crucial step for establish the linear equation for FEM, the detailed stiff

matrix computation based on nodal element and edge element will be deduced.

2.3.1. GALERKINFINITE ELEMENT METHOD

Partial differential equations are usually solved in Soblev space and the equations
are satisfied in weak sense [8]. The weak form of equation (2.32) - (2.42) is deduced
below. For the function (dA4, d¢) in test function space, the weak form of equation (2.32)

- (2.34) becomes:

jV(v x (W x A) = V(AV - A) + aaa—‘;‘ + anoJ5AdV = jV JSAdV  (2.43)

va : (- a%—‘;‘— O'V(o}&pdV =0 (2.44)

Equation (2.32) in region V; and (2.34) in region V, are written into (2.44) and in

region V5, o =0; in region V;, J&=0.

11



From the basic formulation of vector function:

V-(axb)=b-(Vxa)—a-(Vxb) (2.45)
[ (VX (W x ))s4dV = [ (W x AV x 84dV + [ V(07 x A)x 54)dV
= jy(vva)v x SAdV +J:V(VV x A) x 5A - nds (2.46)
= jV (W x A)VV x SAdV + LV (W x A)x n)- 5Ads

From the boundary condition (2.38), we have LV (W xA)xn)-54ds =0.

Therefore, (2.45) can be written as:

j(aaa_A5A+(vva)Vx5A+w AV - 5A+JV¢5AJJV=IVJS5AdV (2.47)

From the basic formulation of vector function,
V-(aa)=aV-a+a-Va (2.48)

The left term of (2.44) can be written as:

jv ( 0——0‘V ]5@11/

- j ( a——oV(pjé‘(oj jv(—az—f—aw)v&pdrf (2.49)
_j ( o-——qu)jégo nds+j (J—A+JV¢)V5MV

Substitute the boundary condition in (2.42) to (2.49), we obtain:
0A
jV o Vp+aV gV Sp dV =0 (2.50)

Equation (2.47) and (2.50) are the weak form of equation (2.32) - (2.42).

When applying Galerking FEM, the computation domain is firstly divided into a
set of nonintersecting elements. Then a set of basis functions defined locally on the
nodes of elements {A4;, 4>, ..., A3y} and {@;, @2, ..., pn} are constructed. The unknown

variable 4 and ¢ is express as the linear combination of the basis functions.

12



3N
A:ZaiAi (2'51)
i=l1

N
»= zbi(pi (2.52)
i1

Where N is the number of the nodes on the division of the computation domain;
a; and b; are defined on nodes and represent the value of unknown (A4, ¢) on the i node.

The test function (dA4, dg) can be chosen as (4;, ¢)), i=1, .., 3N, j=1, .., N.

N, 0 0
s=|0 S4=| N, s=|0
O O Nzi

Substitute (2.51) and (2.52) and the test function into the weak form (2.47) and
(2.50), one can obtain a linear equation of the unknowns (a;,b;). After solving the linear
equation and the unknowns (a;,b;) will be obtained and then the solution of eddy current

equation will be obtain by (2.51) and (2.52).

2.3.2. NODAL ELEMENT

In the section, stiff matrix calculation on element by using nodal element will be
introduced. Firstly, a general method for stiff matrix calculation will be illustrated by
using hexahedral element. Secondly the commonly used analysis basis functions on
tetrahedral will be introduced.

Take the hexahedral element for example. A transformation from original
coordinate (x, y, z) to reference coordinate (& #, ¢) will be found to transform it to the

standard cube as shown in Fig. 2.1. The transformation is defined as:

x= inNi(f,n,é” ) y= Z yN.(EnE)  z= ZziN[(f,n,g) (2.53)

Where
Ni(gaﬂag):(1+§i§)(1+77i77)(1+§i§)/8 (2.54)
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is the linear interpolation basis functions on reference coordinate.
Where (&,7,,¢,) are the reference coordinate of i"™ vertex; for example, the

reference coordinate of vertex 1 is (-1, -1, -1).

Fig. 2.1 The standard cube

The derivate of the basis function to the reference coordinate are:
N(En, ) =& +nm1+S8)/8
N (Em.8) =1+ 5 (1+,£)/8
NE(En ) =1+ & +nm)S, /8

The computation of Jacobian matrix and the derivate of the basis function to the
original coordinate are shown below.

According to the chain derivation law,

oN, _aN,3x N, oy oN, oz

o ox o0& oy 0& 0z O&

aN, _oN, ax OV, &  ON, &

on Ox On Oy On 0Oz On
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N, N, ox N, oy N, &
o oOx 0 oy 0§ 0z O¢

Therefore, we can write:

(N Tar oy aoN] [av]
g % % % ox ox
v | |ax o @ |aw,|_loN, 0.55)
on on 0On On| oy oy
v || &L E N |y,
oc | 96 0 ol az| | oz
From the transformation defined in (2.53), we obtain
ox & ON, 0 8, ON, 5, ON,
I p —y=zy,~—’ “2 Z oy
oc I 0¢ oc I 0¢ o 0g
8 8 8
X _y M Oy N %:zzi%
on = on on I on = On
8 8 8
&y N O Zyi% %z _y, N
o = 0 = o T 0
Therefore, the Jacobian matrix J defined as:
Ye Ve Ze
S=1x, ¥,z (2.56)
Yo Ve 2

can be obtained by the coordinate of the nodes and the derivate of the basis functions to

reference coordinate. Thus, the inverse of Jacobian matrix J'' can be obtained through J.

S M. &
J = gy 1, é,y (2.57)
& 1. ¢

It is noted that the Jacobian matrix and the inverse of Jacobian matrix in defined on

the Guass integration point.

15



After the inverse of Jacobian matrix is obtain, the derivate of basis function to

original coordinates can be obtained by

av, ] [N

o ¢

ON, | _ y1| 9N, (2.58)
Oy on

ON, oN,

For tetrahedral element as shown in Fig. 2.2, the linear basis function can be

expressed as the function of original coordinate directly.

v
y »
A/ /x
Fig. 2.2 Tetrahedral element
The basis functions on tetrahedral element are:
N, :L(pi+qix+rl.y+siz) i=k,m,n,l (2.59)

oV

Where V' is the volume of the tetrahedral element,
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X Vm Zn Xe Ve Zk Xe Ve Z Xe Ve Z

pk: xn yn Zn pm:_'xn yn Zn pn:xm ym Zm pl:_xm ym Zm

X Vg Xz X Vg Xo Vn Z,
1y, z, 1y, z 1y z Ly z
qk:_l yn Zn qm:1 yn Zn qn:_l ym Zm qZZI ym Zm
Ly z 1y z 1y z 1y, z
1z x, 1 z x, 1 z x, 1 z
rk_ xn 1 n rm:_xn 1 Zn rn:xm 1 Zm ’/}__xm 1 Zm
x 1 z x 1 z x 1 z x, 1 z
X Vool X o1 X o1 X o1
Sk:_xn yn 1 Sm:xn yn 1 Sn:_xm ym 1 Sl:xm ym 1
R | xooy 1 xooy 1 x, Y, 1

2.3.3. EDGE ELEMENT

The advantage of edge element in electromagnetic is analyzed in [5]. When using
nodal element method, not only the tangential component but also the normal
component of the vector potential 4 are assumed to be continuous on all the surfaces.
However, the continuous of normal component of the vector potential 4 on any surfaces
does not follow any physical consideration. On the iron-air interface, the tangential

component of flux density can be written as

— aAn _ 814[2

= 2.60
s (2.60)

where #; and ¢, are two tangential coordinates and » stands for the normal direction. if 4,

0A,
is continuous on the iron-air interface, the first term "5, ~ is continuous and only the
2

0A,,
second term ~ 5, can represent the necessary jump in B;. Since A is unique, it may

17



turns out that in many case, the continuous term is much larger than the discontinuous
one and thus the approximation of the discontinuity is numerically difficult.
If the continuity of 4, is not imposed, the jump in the tangential component of the

flux density can be easy to satisty.

Fig. 2.3 The order of edge in tetrahedral element

The basis functions of edge element can be derived from nodal element basis

functions (2.59).
N,=(N,VN,-N ,VN)l, (2.61)
where N is the basis function on edge i-j and V; is the basis function of i node; /;
is the length of edge i-;j.
The feature of the edge element is analyzed below [9].
Firstly, it is easy to see that the basis function N is divergence free V-(VN,)=0

because A, is linear interpolation basis functions.

V-N

"~ NV-(VN,)+VN,VN, - N ,V-(VN,)-VN VN, =0
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Secondly, /V;; has a constant tangential component along edge i-j and at the same
time has no tangential component along the other edges. Let e denotes the unit vector
pointing from node i to node j. Since N; is a linear function that varies from 1 at node i
to zero at node j and N is a linear function that varies from 1 at node j to zero at node 7,
e-VN, :—li and e-VN, :i. Therefore,

ij ij
e-N,=e-(NVN,-N,VN)l,=N,+N, =1 (2.62)

Further, from the definition of N; and N, it is easy to see that NV;; has no tangential

component along the other edges.

i 1 . .
From the definition N, = a(pi +qx+ry+sz)i=1234, the basis function of

e

edge element can be expressed as:

q, 4
]712 =N1VN2—N2VN1=NIé rz —Nzé "
12 e S2 e Sl

124 e
Sy

| e 1 q,

=N, VN,-N.VN,=N,—|r, |-N,—|r
L, PARAR! 3 VIV, 26Ve 3 36Vg 5
S3 Sy

q,
N 1
1 _ N,VN,-N,VN, _NZW[Q
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q, q;

N, 1 1
=N.VN,-N,VN.=N.—|r, |-N,—|r
I, 3VIVy 4ViV3 36Ve 4 46Ve 3

Sy S,

According to the weak form of eddy current equation (2.63)

aé(A,a‘Aﬁ V(Vx A,V x 54)+o(V 0, 84) = aé(A”‘lﬁA)

(2.63)
o(A,V6p)+ota(Vp,Vop)=c(A"",Vp)

The element matrix can be obtained from (2.64),

(A,64)yy = [ NyNy =1y [ (NN, =N, VN,N,YN, - NN, Jv

=11y (N,N,VN VN, - N.N,VN VN, v

+10,[ (- N,N.VNYN,+ N ,N VNN, Jiv 68

36V, 20 ¢ 36V, 20

:Zi.lk,(qquJrrjrl +5,5, 5l,k V _qjqk +rrntss, ﬁVe]

| gt Ow L agu tn s Oy,
e 36V, 20 ¢ 36V, 20 ¢

According to the following equations,
mllm2!m3!m4!

[.orrryrytay = Ve
e (ml+m2+m3+mé+3)

VxN,; =Vx(NVN,-N VN)l, =2VN,;xVN I

. 7 q; { TS =S85

=2 =X /. = l.|s.q.—q.5s.
36V, i i i 18ng ij| 2l 90

S S q:"; — 194,

The integration of shape function of edge element and that of nodal element can be
written as (2.65):
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(Vo,64),, =1, IV VN,-N, = llsz N,VN,-VN,-N,VN,-VN,

q.q,+rr,+s.s q.q,+rn+s.s
:l12 42 122 J2J'EN1_JI ./12 Jlj‘e]\]2
36V, v 36V,
4,49, t 11+, _(qj% T +SJ'S1)
1447

= 112

By this way, the stiff matrix on each element can be calculated out.

(2.65)
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3. TECHNIQUES FOR FEM APPLICATION

Several techniques for FEM application in electromagnetic are proposed in the
chapter. Electromagnetic applications have its own features and need special techniques
when FEM is applied to. Slave master method is usually applied to treat with the
problems with rotation part [10]. Circuit coupling with field computation is always used
to simulate the whole performance of the electric devices [11]. Parameter extraction is
the method used to extract the mass circuit parameter of the devices [12]. Such
technique was used to 2D FEM computation in reference. In the thesis, slave master
technique is extended to 3D FEM computation. Circuit coupling and parameter
extraction method are used in coupled 3D FEM and optimization method. In last part of
the chapter, the state of art programming technique is proposed to illustrate the

implement FEM by object oriented programming method.

3.1. TECHNIQUES FOR MOVING OBJECT

3.1.1. SLAVE MASTER TECHNIQUE

For problem with moving object on computation domain, in traditional FEM the
moving part are studied in Euler coordinate which lets the coordinates of the moving
part remain stable and at the same time will result in an additional convection term

(v-V)4 in the equation. The convection term (v-V)4 will bring with numeric

oscillation when the speed v is large and so it should be avoid bringing into the Maxwell
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Equations. Another method is to study the moving part in Lagrange coordinate and the
coordinates of the moving part will change according to its speed. Using such method,
the mesh on the interface of moving part and static part always will not conform. Slave
master method is an efficient method for dealing with the non-conform mesh. In the
thesis, slave master method is extended to 3D FEM computation for solving axial flux

PM motor.

Al
Ai/&\tAe

A2/ AS N a3

Fig. 3.1 Slave master nodes on the interface

The slave master method is illustrated by 2D example by triangular element as
shown in Fig. 3.1. The nodes in the red triangular and the black triangular are not accord
with the requirement of traditional FEM. Therefore, slave master method is applied. The
nodes A4,, A5, A; marked with star in the red triangular are defined as slave and nodes M|,
M>, M3, My, M5 marked with dot in the black triangular are defined as master. The value
A on the slave node can be expressed by the value on the master nodes as:

Az = AoiMy +A2M>o+ A23M

As = AsiM 1 +As:2Mo+ AssM;

Az = A3iM3+A3:My+ A33M s

There is a two order interpolation function M on line M;M;. The interpolation
function can be expressed as M = M;N;+M>N,+M;N;, where N;, N>, N3 are defined as:
Ni(M;) = I and N;(M;) = 0 when i #j. Therefore, 4; can be obtained by the coordinates of
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node i and the interpolation function M. The freedom in the element becomes A'=(4,;, M,
M5, M3, Ay My, M5,A6)T and the transform between the original freedom A= (4;, 42, A3,

Ay A 5,A6)T and the new freedom is:

AI
(4] 1 0 0 0 O 0 0] M,
A, 0 4, A, 4, O 0 0|M,
A, _ 0 0 0 A4, 0 A4, A, 0|M, G.1)
A, 0O 0 0 1 0 0 0 0f4,
A 0 A, 4, 4; 0 0 0 0| M,
4] (0 0 0 0 0 0 0 1]M;
LA
We abbreviate (3.1) as
A=TA' (3.2)

When calculating the stiff matrix on element which contains slave nodes, we get

the original form of stiff matrix and the load:

a, al6| 4, F
) 4, F,
ass 4, _ Fy (3.3)
Ayy 4, F,
ss A; Fy
| a6l ag | A | | Fy |
We abbreviate (3.3) as
SA4=F (3.4)
Substitute (3.2) to (3.4),
TS T A=T'F (3.5)

The new stiff matrix and new load on the element becomes to be 7° S T and T'F
respectively. Then the stiff matrix and load can be added on the total stiff matrix

automatically.
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3.1.2. FEM AND FVM CoOUPLED TECHNIQUE

For problem with moving part on computation domain, in traditional FEM such
moving part are studied in Euler coordinate which lets the coordinates of the moving
part remain stable and at the same time will result in an additional convection term

(v-V)A in the equation. For eddy current problems, an additional induction electrical
field E, =vx B will arise. The eddy current analysis in electromagnetic devices with

high speed moving conductors therefore becomes a convection-diffusion problem with

high Peclet number [13]. The governing equations of 4-¢ method for such problem are:

invXA—a[vaxA—ja)A—v(p]st (3.6)
P .
V-olvxVxA-jod-Vp]=0 (3.7)

where; A and ¢ are magnetic vector potential and electrical scalar potential,
respectively; x and ¢ are permeability and conductivity, respectively; v is the velocity of
the media relative to the motion.

Equation (3.6) is a typical convection-diffusion problem. Because the solutions of
(3.6) - (3.7) are exponential functions, spurious oscillations will arise when dealing with
the convection process using linear or polynomial basis function in standard FEM [14].
Finite difference method (FDM) with upwind scheme is usually used to deal with such
convection-diffusion problems [15]. However, it is difficult to use FDM to deal with
geometry models with complex boundaries and arbitrary shape triangles or tetrahedron
elements. Streamline upwind Petrov—Galerkin FEM (SUPG FEM) is proposed to
overcome the oscillations due to the convection term [16]. However, the optimal
stabilization parameters in SUPG method are difficult to choose. A finite analytic
element method (FAEM) has therefore been proposed to analyze this problem [13].
Nonetheless, FAEM is too complex for implementation in practical applications because

the method requires finding of the exact solutions of the characteristic equation [17].
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FVM with upwind scheme is used to solving convection dominated equations.
FVM possess the merits of having eliminated the numerical oscillations in the solutions.
Diffusion problem leads to second order differential equation and it may contain
complex boundary conditions. However, it is difficult to deal with the complex
boundary condition using FVM. Moreover, FEM is more widely used to solving
diffusion problems compared with FVM [18].

Convection-diffusion problems are viewed as coupling of two different physical
processes: convection and diffusion. The two physical processes result in different
characteristic stiff matrixes mathematically and therefore need to be discretized by a
suitable method for each other. FVM is well suited for dealing with convection
dominant problems having oscillations in their numerical solutions, whereas FEM is
widely used to solve diffusion problems on complex geometry shapes. In this paper, a
conformal discretization scheme for FEM and FVM on the same mesh is proposed to
allow the designer to combine the two methods when solving convection-diffusion
problems.

For linear conductive medium, with Lorentz gaugev. 4 = - o9, the equivalent form
of (3.6) - (3.7) can be written as follows:

V(lV-A]+O'(vaxA—ja)A):—JS (3.8)
U

Vip— jouce =0 (3.9)
For simplification, the proposed coupled FEM and FVM algorithms will be derived

in two-dimension (2D). Equation (3.8) in 2D becomes:

V(lV-Aj+a(v-VA)+k2A=O (3.10)
MU

where &° is defined as k’=-jowuo.
Ly 4

P j , kK’4 and convection term

Equation (3.10) includes diffusion terms V[

O'(v-VA). The diffusion terms with the boundary conditions are discretized by standard
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FEM with linear basis functions (or second order functions) and the convection term

a(v~VA) is discretized by one order upwind scheme FVM (or two order upwind

schemes FVM). The detail discretization of upwind FVM is illustrated below.

On the FEM mesh (triangle element or quadrilateral element) in the computation
domain, the dual mesh is defined virtually for the FVM discretization analysis. Taking
the triangle for example, as shown in Fig. 1, for each node P; in FEM mesh, there is a set
of affected elements which contain it. The circumcenter M; (or orthocenter) of all the
affected elements can be found and all the circumcenter of the affected elements are
then linked. The included area (the area surrounded by the dotted line in Fig. 3.2 is
called the control volume of P;. The control volumes of the entire vertexes in FEM mesh

are called the dual mesh of FVM which covers the whole computation domain.

Fig. 3.2 The control volume of vertex P..
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Fig. 3.3 Triangle vertex K, M, N.

The discretization of the convection term (v-VA4) is.

N
[(-Va)ixdy =" [ (v- V) Adxdy (3.11)
Q i=1 O
where N is the number of the control volume and £; is the i-th control volume.
j (v- V) Adxdy = j V- (vA)dxdy — j AV -vdxdy (3.12)
Qi Qi Qi

The first part of the right hand side of (3.12):

[V-(ydxdy = §(v-n)Ads = f [(v-n)ads (3.13)

Qi Qi J= MjMj+1

Using first order upwind scheme to represent of 4 on line M;M;,

A =rd+(1-1)4, (3.14)

MiMj+1 g

where r;; is the upwind parameter which is defined by Samarskii scheme:

1 )
’/;'jzl__ 1_ ZZU
ZU eii _1

where i = J. (v ' n)ds , which means the flux on the edge 7.
rij

The second part of the right hand side of (3.12) is:

28



IAV-vdxdy =4, IV-vdxdy =4, §v-nds :Al.i I(v-n)ds (3.15)
Qi Qi J=1

Qi MiMj+1

Equation (3.12) can be written as:

[v-Vadxdy = f(r,.jA,. +(1-r)4,) j(v-n)ds—A,.f [(-n)ds
Qi J ‘ MiMj+1 J=1 MiMj+1

; (3.16)
=Y (1-r,)(4,-4) I(v-n)ds

J MjMj+1

In each triangle on the finite element mesh based on (3.16) the FVM discretization

matrix of convection term (v - VA) is:

(1-1k) (A~ A FLUX i + (1-1in) (An-Ar) FLUX (3.17)
(1-rni) (A= An) FLUX,ic + (1-Fum) (A= An) FLUX (3.18)
(1-ri) (Ai-A ) FLUX i+ (1) (Ay=A) FLUX (3.19)
where 4; is the unknown variable on node i, FLUXj is the flux Z,= _[ (v-n )ds on

Tij

edge I

Equations (3.17), (3.18) and (3.19) are the discretization of the convection term
o(v-VA) of FVM on nodes &, m and n, respectively, as shown in Fig. 3.3, which have
the same form of stiff matrices of the FEM on the element. Therefore, the discretization
form of FVM can be added to the stiff matrix of the FEM stiff matrix directly to form a
total stiff matrix.

The FEM and FVM coupled method is firstly verified by a classical one-
dimensional convection-diffusion equation:
u"-2Pu'+k*u =0 in (0,1

{u]x_O:O,u|x_1:1 . (13)

where; P =vou/2; P.= Ph = vouh/2 is the Peclet number; / is nodes scale; ¢ and u

are conductivity and permeability, respectively.

29



L | 1 1 ] L | | |

= SUPG FENI Method
— Exact Solution
=— The proposed Method

0.6

0201 \
| . ——
o

0613

T T T T T T T T

Fig. 3.4 Comparison of the SUPG FEM and the proposed method.

There are 21 nodes distributed in the solving domain: 19 nodes for interior and 2
nodes for boundary. Peclet number P,=3. The numerical solutions of SUPG FEM and
the proposed algorithm are compared with the analytical solution in Fig. 3. It can be
seen that the proposed algorithm obtains essentially the analytical solution without

suffering the oscillations encountered using SUPG FEM.

3.1.3. MLS APPROXIMATION BASED INTERFACE ELEMENT

Modeling the sliding-surface between stator and rotor in motor on which the mesh
is not conforming has been studied for decades. Many researches are focused on it and
many techniques have been proposed: the moving band technique, the locked-step
approach, the use of Lagrange multipliers, the nodal interpolation method [19], the
mortar-element approach, to name but a few. Each of this method presents advantages
and drawbacks and many adaptations have been proposed to improve them.

Recently, a moving least-square (MLS) approximation based interface element

method (IEM) is introduced to deal with non-conformed meshes [20]. IEM shows
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distinguish advantage on other methods. At the non-conform mesh interface, the
continuity is satisfied automatically while Lagrange multipliers based methods
guarantee it only in variation sense. Secondly, the construction of new shape functions
on element with variation nodes allow IEM to use the frame of conventional finite
element method (FEM), therefore the stiff matrix remains symmetric and positive
defined. In this section, new IEM shape functions on triangular element are constructed
and applied to deal with the sliding-surface in modeling the rotation of electric machines.
Shape function of variable-node elements will be introduced in the following.

Fig. 3.5 shows that when the rotor rotates, the nodes between the rotor and stator will

always not coincide with each other.

Sliding surface I'

@

Fig. 3.5 The sliding surface between stator and rotor.

The nodes on the sliding interface I" are not conforming and so the shape functions
of general FEM become incompatible on the sliding interface. New shape functions
need to be constructed to ensure continuity on the sliding surface. The procedural of
construction of the new shape functions is as follows.

Firstly, map the triangular element to the standard element in (&, ) plane according

to the vertex of the element, as shown in Fig. 3.6.
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Fig. 3.6 Mapping triangle element with variable nodes to (&, n) plane.

On the element with 5-node as shown in Fig. 3.6, the new shape functions are
expressed as follows, where N;denotes the shape function associated with node i.

Ni=W(,1,0), Na=W(n, 1,14, N3 =W (1-¢-n, 1, 15),

Na =W (1, na, min (|na=ns|, [na—n2l ) ),

Ns =W (n, ns, min (|ns|, [1ns—n4| ),

where,
(1—6x —8x —3x) forx=20 <]
X1 =X
W(xaanxl) = (320)
0 for x = o 1>
X1 =X

The quadratic spline in (3.20) is the popular weight functions in MLS-based
methods. It is easy to check that N; (x;)= 1 and Ni(x;) = 0 when j#i and it will be proved
in full paper that the shape functions are compatible on the sliding surface.

If the triangular element is constituted by (m+3) nodes, the uniform expression of

shape functions can be constructured in the same way.
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3.2. STATE-OF-THE-ART PROGRAMMING TECHNIQUES
OF FEM

State-of-the-art programming techniques of implement of FEM by object oriented
programming language for electromagnetic field computation are presented in the
chapter. It covers program structure, data structure and algebraic matrix equation. The
advantages of the proposed program structure are that multi-developers are empowered
to work on different solvers and share common algorithms. The beauty of the proposed
data structure is that two-dimensional FEM, multi-slice FEM and three-dimensional
FEM can share the same data structure. It allows quick access to all data and is efficient
for organizing FEM programs and convenient for mesh generation. It can also deal with
motion problems readily. The merits of the matrix equation solver are that it can
automatically deal with Dirichlet boundary conditions, master-salve boundary
conditions and all other constraints in sparse matrix equations. The sub-matrix operation
technique allows the electric circuit equations to be coupled easily with electromagnetic

field equations.

3.2.1. INTRODUCTION

Finite element method is a proven powerful numerical method for electromagnetic
field computation. Most prior art focus either on means to improve the efficiency of
FEM to reduce the computation time when dealing with complex nonlinear problems or
on new algorithms to reduce the numerical errors of FEM [21][22]. Many of the
researches are on procedure-oriented programming technologies. However, these
programs are inflexible in dealing with the data transmission among different solvers
and since there is a high consistence requirement for data storage, it is inconvenient for

several developers to organize, maintain and extend the programs.
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FEM is usually utilized to model problems with complicated geometry and
different materials, and the basic characteristics of these elements, such as the materials,
coordinates, potentials have to be stored in arrays and tables [23]. For the modeling of
many different electric devices, different models such as two-dimensional model,
multi-slice model or three-dimensional model may be used in FEM [23]. They simulate
the same problem at different levels. The multi-slice and 3-D models have higher
accuracy but long computing time is needed. It is usually a good practice to use 2-D
model to get a rough initial solution, then followed by multi-slice and 3-D models to
consider the effects due to skewed slots and end-windings. As all of these models need
to access to the same basic data of elements, it is convenient for the developers to adopt
object-oriented program to solve the FEM problems [23].

In object-oriented programming, the data structure is the foundation of all
algorithms [24][25]. In this chapter, a new data structure based on C++ object-oriented
programming technique and a program structure are proposed. An equation solver is
also presented. In the program structure, multi-developers can work on different solvers
and share common algorithms. 2-D FEM, multi-slice FEM and 3-D FEM can also share
the same data structure [26]. Hence it is convenient to switch among these three models
when simulating the same problems. It allows quick access to all data and is efficient for
organizing FEM programs, convenient for mesh generation and the proposed algorithm
can also be used to address motion problems readily. The equation solver can
automatically deal with Dirichlet boundary conditions, master-salve boundary
conditions and all other constraints in sparse matrix equations. The sub-matrix operation
technique allows the electric circuit equations to be easily coupled with electromagnetic
field equations.

Many other aforementioned advantages are included in the proposed programming
techniques. For example, the geometry has a nested structure so it is easy to deal with
holes inside the geometry. The mesh is a property of face and volume objects. The mesh

generation starts from the innermost internal object, first on faces, then on volume
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objects [27]. It is convenient to deal with mechanical motion. Overall, the proposed

software offers a convenient platform to allow data to be accessed quickly.

3.2.2. PROGRAMMING STRUCTURES

The FEM program adopts object-oriented technology, and inheritance is one of the
main concepts of the proposed software. The base class defines the interface, and the
derived one provides implementations that are specific to this derived class. Virtual
functions can be used to define a set of interfaces for the base class. It is convenient to
share the codes and maintain as well as extend the software efficiently. Template is
another technology to express the commonality. With it the programmers can regenerate
the entire family of related classes [28]. With object-oriented technology, the FEM
program structure allows multi-programmers to work on different solvers and share
common algorithms.

The FEM program comprises of pre-processing, the solvers and post-processing
modules, and the solvers have the functions of meshing, pre-assembly, assembly, matrix
equation solver. In the FEM program, the base class of the solver is named the
FeSolverBase. All other solvers are derived from it. The sizes of the included data items
in the solver, such as FeData, FeVertex, FeFace and etc. are not known beforehand, so
it is convenient to organize them in a dynamic data structure and a template class is used
here.

In each base class, if necessary, it has the functions of reading data and writing data.
Each solver can easily derive its own class from the base classes and the functions of
reading data and writing data are always shared by different solvers. Therefore the input
and output data formats can be kept unchanged. All solvers follow the same formats of

input and output files to allow the FEM data files to be readily transferable.
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The derived solvers are FeSolver2d, FeSolverMs, FeSolver3d, and they are
developed by different programmers and can be used to solve the 2-D, multi-slice and

3-D problems conveniently.

3.2.3. DATASTRUCTURES

To develop a FEM program, a proper data structure is of paramount importance. In
our program, the data of a FEM project before meshing is all defined in the class
FeData. The FeData has its own methods of reading and writing, so it is easy to pass
the data among the pre-processor, the solvers and the post-processor. All data files use
standard and structured Extensible Markup Language (XML) so it is convenient for the
FEM program to communicate with other software. Fig. 3.7 shows the main data

members of FeData.

FeData
|
|

SolverType Geometry ParameterSetup || SolverSetuplList || CircuitSetup || PostprocessSetupList

Fig. 3.7 The class FeData.

Besides the geometry information, the class FeData also contains solver setup
information, motor and circuit data which are necessary in electromagnetic computation
and post processing. Another advantage of this class is that it integrates the data of 2-D
FEM, or multi-slice FEM or 3-D FEM into one class.

The class Geometry contains the geometry data as shown in Fig. 3.8. It has a nested
structure. The top is the background object. It contains the face list of the external
boundaries, the volume list inside the background object, etc. Each volume object in the
internal volume list is also a sub-set of the class Geometry, so that the background

object and all internal volume objects have the same data structure and nested structure.
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Each face has a pointer which points to the volume object to which it belongs. So it is

quick to finding the face from the volume object, or finding the volume object from the

face.

[
Boundary

|
Mesh on

FaceList VolumeList Material Source Motion
(External) (Internal) on Object || on Object || Information Object
\
\ l
[ I | [ I |
‘ Face: 0 ‘ ‘ Face: 1 ‘ ‘ Face: ...... ‘ ‘ Volume: 0 ‘ ‘ Volume: 1 ‘ ‘ Volume: ......

Fig. 3.8 The class Geometry.

The class Face is shown in Fig. 3.9. It contains an edge list of the external boundaries.
For the 2-D FEM and multi-slice FEM, the face is not limited to a triangle, as it can be a
straight line, triangle, square or polygon. For each face we define the external edges and
internal faces. In the 3-D model the class Face may contain a list of internal faces. Each

face in the face list is also a subset of the class Face, so that all faces have the same data

structure.
[ [ \ \ \
Edgelist FacelList Boundary Source Mesh
(External) | | (Internal) on Face on Face on Face
| | \
[ [ \ [ [ \
Edge: 0 | | Edge: 1 Edge: ...... Face: 0 | | Face: 1 Face: ......

Fig. 3.9 The class Face.

The class Edge is shown in Fig. 3.10. It contains a vertex list. For the 2-D model the

vertex list only has one vertex; for multi-slice model, the vertex list has two vertexes.
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. Boundary Source Mesh
VertexList on Edge on Edge on Edge (only 3-D)
| ‘ | |
‘ Vertex: 0 ‘ ‘ Vertex: 1 ‘ ‘ Vertex: ...... ‘ 2-D: only 1 vertex

Multi-slice: only 2 vertexes

Fig. 3.10 The class Edge.

The relationship of the main classes is demonstrated in Fig. 3.11. The solid line
means one class’s dependence on another class. The dash line means the dependence
and access of one class to another. In our design the material class is related with
Volume and Face. Inciting Source is connected with Volume, Face and Edge. Volume,

Face, Edge and Vertex all can be set as Boundary conditions.
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Fig. 3.11 The logic relationship of the data.

Another important class is the FeMeshData which is created from FeData or
imported from mesh files. Class FeMeshData is general enough to take into
consideration a great number of element types such as triangle or quadrilateral for 2-D
programs, and as cubes or tetrahedrons for 3-D programs. It has similar structure to that

of FeData. But it contains all mesh information which are necessary for equation
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solving. The mesh generation uses refining quality, optimal meshing methods and
considers all possible conditions such as holes, boundaries, multi-domains.

Mesh information usually includes many volume elements, face elements, edges
element, and nodes element. Class MeshVolume, MeshFace, MeshEdge and
MeshVertex are used to descript it coordinately. Each class contains one pointer which
point to the geometry volume or face it belongs to. Therefore the material property and
boundary condition on mesh can be found from the geometry by such pointers. All the
MeshVolume in mesh are stored in a vector called MeshVolume list and they are the
same for class MeshFace, MeshEdge and MeshVertex. The class FeMesh contains the
MeshVolume list, MeshFace list, MeshEdge list and MeshVertex list as its members.
The mesh on the computation domain may be divided into several parts according to its
different usage, so the mesh on each part is assigned to one instance of FeMesh. Several
instances of FeMesh form one vector of FeMesh, which is a member of FeMeshData.
FeMeshData actually manages all the meshes on computation domain. The structure of
class FeMeshData is shown in Fig. 3.12.

The structure of FeMeshData is convenient for dealing with mesh moving problems,
because the meshes on the static part and moving part are separated to form two
instances of FeMesh. It is also easy to implement for dual-mesh method, because two
sets of meshes are constructed to solve the same problem and two sets of meshes are

stored in two instances of FeMesh.
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FeMeshData

FeMesh: 0 FeMesh: 1 FeMesh: 2 FeMesh: ......
| — — |
MeshVolume: 0 MeshFace: 0 MehsEdge: 0 MehsVertex: 0
| | \ \
Meshvolume: 1 MeshFace: 1 MeshEdge: 1 MeshVertex: 1
Meshvolume: ...... MeshFace: ...... MeshEdge: ...... MeshVertex: ......
Fig. 3.12 The class FeMeshData.
Static linear Static Nonlinear Dynamic linear Dynamic nonlinear Harmonic
equation equation equation equation equation
FeSolver2d FeSolver3d FeSolverMs
| |
FeSolverBase
[ \ \ |
Input fand output Basis function Linear solver Basic algorithm library
library library library ‘
. L | _| |
Time differential and Circuit coupling Slave master Moving mesh Librar
nonlinear dealing library library library Library y

Fig. 3.13 The class FeSolverBase.

3.2.4.

EQUATION SOLVERS

The top class in the proposed programming techniques is the FeSolverBase, which

contains FeData and FeMeshData as data members, as show in Fig. 3.13. The classes

of the 2-D FeSolver2d, multi-slice FeSolverMs, and 3-D solvers FeSolver3d are

derived from the base-class FeSolverBase, so different solvers can be developed

independently but they share the same data structure. The FeSolverBase contains not
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only the basic common data for the solver, such as FeData and FeMeshData, sparse
matrix equation and so on. It also contains several common libraries, including the input
and output library, basis function library, linear equation solver library and basic
algorithm library. The input and output library is mainly used as read data to setup class
FeData and FeMeshData and write out the results after solving the equations. Basis
function library includes all the one-order and two-order polynomial basis functions of
triangular, quadratic, tetrahedron, prism and hexahedra elements. It also includes the
basis functions of edge element method. Basic algorithm library includes common
algorithms used in FEM, such as the library of discretization on the time dependent
variables,as well as the library to deal with nonlinear equations, circuit-field coupling,
slave-master boundary conditions, moving objects and so on. Based on the class
FeSolverBase, several classes are derived to solve different types of equations, such as
static linear equations, static nonlinear equations, dynamic linear equations, dynamic

nonlinear equations and harmonic equations.

3.2.5. SPARSE MATRIX

The equation solver can solve symmetric, asymmetric, and complex-valued
sparse-matrix equations. It can automatically deal with Dirichlet boundary conditions,
master-salve boundary conditions and all other constraints in sparse matrix equations.
The sparse matrix storage technique allows the contributions to be added to the matrix at
any time. It does not need to pre-determine the positions of non-zero elements. It
supports many matrix operations. Sub-matrixes can be added into the main coefficient
matrix conveniently which allows that electric circuit equations to be easily coupled
with the electromagnetic field equations. The organization of the data structure as as
described below.

Firstly, a row data structure in sparse matrix, namely class MatrixSparseRow, is

defined as a map in standard template library (STL). The first key is the column number
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of sparse matrix and the datum entry is the type of the element in the matrix, which can
be real number or complex number. In this way, only none-zero elements in stiff matrix
are stored and their positions are marked. None-zero elements can be added to
MatrixSparseRow anytime because its length is dynamically allocated. Secondly, the
class MatrixSparse is defined as a vector of MatrixSparseRow and the vector size can
also be dynamically allocated.

In FEM, the number of rows in sparse matrix is usually determined by the
unknowns while the number of columns is not determined for the sparse characteristic
of stiff matrix. The data structure of class MatrixSparse is very efficient and effective
for storing the sparse FEM stiff matrix.

In traditional FEM method, the number of none zero is fixed according to the
freedom on the nodes or edges before the sparse matrix is created, therefore a new
sparse matrix should be allocated when dealing with circuit coupling and when new
variables need to add into the equation. When using MatrixSparse, the stiff matrix can
be calculated by FEM first. The new variables of the circuit can be added to the sparse
matrix without any modification on its structure because the sparse matrix can be

dynamically allocated after the matrix is created.

3.2.6. SUMMARY

The applications of this proposed FEM programming techniques have been
reported in many our previous publications [21][22][26][29][30][31][32][33], but this
chapter is the first documentation of the methodology in a systematic manner.

This chapter presents the state-of-the-art programming techniques of FEMs for
electromagnetic field computation. A new data structure based on C++ object-oriented
programming technique and a novel program structure is comprehensively described
together with an equation solver. Multi-developers working on different solvers and

sharing common algorithms have been proposed. The algorithm allows quick access to
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all data and is efficient for organizing FEM programs to look into motion problems. It is
also convenient for mesh generation and the equation solver can automatically deal with
Dirichlet boundary conditions, master-salve boundary conditions and all other
constraints in sparse matrix equations. The sub-matrix operation technique allows the

electric circuit equations to be easily coupled with electromagnetic field equations.
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4. TwoO GRID TECHNIQUES FOR FEM
COMPUTATION

A two-grid finite element method to reduce the computing time of nonlinear
magnetic problems is presented in the chapter. It is shown that the initial solution of the
nonlinear iteration on the fine grid can be derived from the solutions of the coarse grid,
thereby saving the computation time for iterations on the fine grid. A numerical
technique based on the nonlinear functional is proposed to reduce the complexity of the
discretization of the nonlinear term. The interpolation method from coarse grid to fine
grid is discussed in this chapter. A method to optimize the relaxation factor of
Newton-Raphson iteration is also reported. The proposed method is applied to TEAM
Workshop problem 13 and the results obtained by using the proposed algorithm are

compared with those using conventional methods.

4.1, INTRODUCTION

when nonlinear magnetic materials such as steel are included in the study of
electromagnetics, the Maxwell’s equations become nonlinear. Convergence property
and iteration number are the two main factors when numerical methods are used to solve
nonlinear equations. Newton-Raphson method is usually used because of its second
order convergence characteristics. However it still needs several iterations before it
converges. As a result, when three-dimensional (3D) nonlinear problems with a large
number of elements are solved by finite element method (FEM), the nonlinear iterations

are time consuming.
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Two-grid finite element technique and convergence estimation are proposed in [34]
to reduce the computation time of nonlinear problems. In that method, two finite

element subspaces v, and v, (with mesh size r<<H) are employed for the FEM
discretization. On the coarse spacev,, , the standard FEM discretization is used to obtain

a rough approximation uy €vy and a linearized equation based on u; 1is solved to

produce the corrected solution u" € v, . With the use of that method, solving a nonlinear
equation is not much more difficult than solving a linear equation, since

dimv, <<dimv, and the effort for solving uy is relatively insignificant.

Considering that Maxwell’s equations are fully nonlinear equations, the method
presented in this chapter is not to simply solve the linearized equations on the fine grid,
instead it is proposed to continue the nonlinear iteration until it becomes convergent.
Because iteration on the fine grid as proposed in this chapter ensures the accuracy of the
solution is high, the nonlinear iteration on the coarse grid is only required to produce a

reasonably good approximation solution. Consequently the space v, can be extremely

coarse ( H? <), and the total computing time can be significantly reduced. After several
iterations on the coarse grid, the solution on the coarse grid is interpolated to give the
solution in the fine grid.

The number of iterations on the coarse grid affects the efficiency of the method.
The initial convergence criteria on the coarse grid is set to be the same or slightly higher
than that of the fine grid and the speed of the residual reduction is being watched
carefully. When it is too slow the iteration on the coarse grid will stop.

Another difference between the proposed method and the method presented in [34]
is that the finite element space v, does not need to be a subspace of v,. This feature
allows the independent generation of the coarse and fine meshes. But new difficulties
arise when the solution on the coarse mesh is interpolated to produce the solution in the
fine mesh. Hence an interpolation technique designed to address this issue will be

presented in this chapter.
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In the chapter, the proposed two-grid FEM is applied to TEAM Workshop problem
13 and the numerical results obtained using the proposed algorithm are compared with

those using conventional methods.

4.2. FORMULATIONS AND NUMERIC SCHEME

Assume the nonlinear magneto-static field equation is governed by,

VxH=J
V'B:() (4.1)

H=v(B)B
where B is the flux density and v(B) is the magnetic reluctivity varying with B, J is
the source current density.

The coupling of magnetic vector potential and scalar potential method is used to
solve the equation [35].

The computation domain is divided into two regions: (2 which comprises of
nonmagnetic materials such as air and coil with permeability u,; £2, which comprises of
iron with high permeability u or low reluctivity v.

In region £2;, the magnetic field can be derived from the magnetic scalar potential
and is written as:

H=H;-V¢ (4.2)
where H, is the magnetic field due to the coils and it can be computed from
Biot-Savart’s Law. Hence,

VxH =J (4.3)

Therefore, the magnetic scalar potential of (4.1) in region £2; satisfies the differential
equation:

~V- (V) =0 (4.4)

In region (2, of iron where the current density is zero, the magnetic field can be

derived from the magnetic vector potential gauged by Coulomb gauge and written as:
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B=VxA 4.5)
Vx(WxA)-V(W-4)=0 (4.6)
On the interface of the region €2, and (2, I';,, the continuity of the normal component of
the flux density as well as the tangential component of the magnetic field intensity have
to be satisfied:

WxAxn+H xn—Vg¢xn=0 4.7)
uVo-n—H -n—-VxA-n=0 (4.8)

Consequently the Galerkin weak form of (4.4) and (4.6) is obtained as follows:

jﬂ 1,V VNAQ + jr 1,V ¢ nNdT + IQVVXA-VdeQ

(4.9)
+jgvv-Av-NdQ—jF V(Vx A)xn-Ndl =0

For the magnetic reluctivity v(||B||) which is varying with B in the iron region (2,
the Galerkin weak form gives rise to a nonlinear equation. A numerical technique based
on nonlinear functional algorithm is proposed to reduce the complexity of the
discretization of the nonlinear term. For simplification, the linear term of (4.9) is omitted

and it is assumed the following nonlinear equation is to be solved.

jgvva.VdeQ+ W - AV - NdQ

(4.10)
_J.r v(VxA)yxn-Ndl'=0
A functional F(A4) is introduced as,
F(A) = [ v([Vx AV x 4.V x NdQ
+ [ vV x AV -4V - Nd© (4.11)
- J; V(”V X A||)(V x A)yxn-NdI'
The nonlinear equation to be solved is,
F(A)=0 (4.12)

Newton-Raphson method is used to linearize equation (4.12),
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F(A+AA)=F(A)+F (A)AA=0 (4.13)
Thus,
F'(A)AA=—F(A) (4.14)
Adding F’(A)A to both sides of (4.14) gives,
F(A)A+F (A)A=F (A)A-F(A) (4.15)
Letw= A4+ AA, where w means the unknown variable of the current step, 4 is the
iteration solution from the previous step. Consequently,
F' (Aw=F (A)A-F(A) (4.16)
F'(Ayw = [ v/([Vx ApwV x 4-V x NdQ
vV x APV xw VX NdQ+ [ v (v x AwvV - 4V NaQ
(4.17)
vV x APV - wV - NdQ— [ v (V< Aw(Vx A)xn- NaT

- L v(||V X A||)(V xw)xn-Ndl'
The term V'(”V X A||)w is as follows.

v (”v x A||)w = (MJW

0A

_(avvxApalv<d]) _(ov(B] dv<a])
ovxA| o4 o] o4

0|V x A|
Now consider the G-derivative oA

w

AvxA| (VX (A+AA).V X (A+0A) — (VX AV xA)
O0A AA—0 AA
i (Vx(A+AA),V x (A+A4))—(Vx A,V x A)
= 1um w
M0 AV x (A + AA),V x (A + AA)) +/(V x A,V x A))

__(VxAVxw) —LVXA'VXW

Jvxavxa) |8
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F'(Aw = ——VxA-VxwVxA4-VxNdQ

*la

+ ], (VX APV wY - Na- jﬂz I3

V><A VxwV-AV - NdQ

1 ov

| 211

———VxA-Vxw(VxA)xn- NdI'
—Jr V(||V><A||)(wa)><n-NdF

OV G A VXAV X AV x NdO

VY UxA-VxAV- AV - NdQ

j 1
o8] a|| ||

J‘ L ov ——VxA-VxAVxA)xn- Ndr
QEEE]

Hence (4.16) can be written as,

jﬂz v([V x AV x w -V x NdQ + jﬂ v([V x AV - wV - NdQ

1 ov
- v(||V><A||)(V><w)><n-NdF+ ——VXxA-VxwVxA-VxNdQ
k, ArEr]

——VxA-VxwV-AV - NdQ x A-Vxw(VxA)xn-Ndl (4.18)

1
b 1a aan

——VxA-VxAVxA- VdeQ+I ||B|| Ov ——VxA-VxAV - AV - NdQ

aa|

1
“Lo Ja] g aan
gSrEr

j L ov ——VxA-Vx ANV x A)yxn- Ndl'
" | 8] o 8]

In solving (4.9), the nonlinear iteration is based on the weak form of (4.18). It is
convenient to calculate Vx4 and V-4, because A is the known solution of the previous

step.
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4.3. THE TwoO-GRID FEM TECHNIQUE

To apply the two grid FEM technique, it is necessary to generate an auxiliary
coarse mesh on the solution domain. This means there are two meshes, the coarse one

and the fine one. Hence two finite element subspaces v, and v, (with mesh sizer<<H)

are employed for the FEM discretization. The following nonlinear equation is solved

first until the convergent solution (¢#,,,A4,,) is obtained.

[ V8, YN, dQ+ [ 1,V N, dT+ [ Wx Ay VXN, dQ

+[ W4,V N Q= [ v(VxAy)xn-N,dl =0

The solution (¢, ,A,,) is then interpolated to produce (¢,,A4,) on the fine mesh. Then
assume (¢,,A,) be the initial solution of the nonlinear iteration on the fine mesh and

the following nonlinear equation would have to be solved until the convergent solution

(4,,A4,) is obtained.

[ #VA YN+ [ 1V, -nN,dT+[ WA, -VxN,dQ
+[ WAV N, dQ~[ v(Vxd,)xn-N,dl =0

The flow chart of the two-grid technique is shown in Fig. 4.1.
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Fig. 4.1 Flow chart for the two-grid FEM technique

4.4, INTERPOLATION METHOD

The accurate interpolation of the solution from coarse grid to fine grid is an
important procedure of the proposed method. The nonlinear iteration solution needs to
be mapped to the fine grid as accurately as possible. The proposed interpolation is based
on the FEM space vy. Given the basis function on vy is {¥;}i~; , and the solution is {u;}i; ,
then if the node v(x,y,z) is in the fine mesh, the interpolation value on node v is:

n
u() = D (£, 9,205, 9,2),§ (5,9,7) (4.19)
i=1
where (&,7,¢) are the reference coordinates. In order to determine the reference

coordinates of node v, the coarse mesh element which contains it must be found
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according to its global coordinates (x,y,z). There are two procedures to find the
element. Firstly one must determine a set of elements that probably contain the point
according to the global coordinates of the node in the element. The second step is to
solve the following nonlinear algebraic transformation equation by Newton iteration

method on each element in the set:

x=f(5.n,¢)
y=g(&.1.¢) (4.20)
z=h(&.n,¢)

since the isoparametric elements f, g, 4 are shape functions.
With this method, the reference coordinates (£,7,4) can be obtained in the set of
elements. If (£,7,¢) 1is in the defined range, the element that contains the node is found

and the interpolation values on the node can be calculated by (4.19).

4.5. NEWTON-RAPHSON METHOD WITH A
RELAXATION FACTOR

Newton-Raphson method is commonly used to solve nonlinear equations. In
ordinary Newton-Raphson method, the relaxation factor is set to be 1 at every iteration
step. An adjustment of the relaxation factor will influence the convergence procedure
and iteration number, especially when the problem is strongly nonlinear [36]. In order to
guarantee the convergence on the coarse mesh, an efficient method to adjust the
relaxation factor based on the inner product between the increments of the solution is
proposed.

For the nonlinear iteration, the relaxation method used is:
uf =k 4 ok sut (4.21)
where u is the variable for the solution, « is the relaxation factor, Ju is the increment of

u, and the superscripts denote the iteration number. Relaxation factor a is adjusted by
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the inner product between the increments of the present solution du* and the previous
solution du*’. The cosine of the angle between du* and du*’ will be used to determine
whether to enlarge or reduce the relaxation factor; and the relaxation factor is controlled
to be smaller than or equal to 1.0. A concrete implementation of the adjustment in the
chapter is shown below.

Stepl: seta’=1.0
Step2:  fork=1n do:

faa)

o]

cc= cos<§uk,§uk71> m

if (cc>0.8) d"=o""-2.0
if (cc<0.3) o =105
if (cc<—0.4) a* ="' -0.5
if (cc<—0.8) d* =a""-0.5
if (" >1.0) o =1.0

4.6. NUMERICAL EXPERIMENT
TEAM Workshop problem 13 [37] as shown in Fig. 4.2 and Fig. 4.3 is taken as a

test example and the results derived from the two-grid method are compared with those

obtained using a general method.
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In the FEM analysis, first-order tetrahedral elements are used. There are 4136
nodes and 17599 elements in the coarse mesh as well as 25877 nodes and 117895
elements in the fine mesh.

The common B-H curve of the steel is used and the curve of high flux density
(B>1.8T) is approximated by the following equation:

B=ugH +(aH? +bH +¢)  (1.8<B<2.22T)

B = ppH + Ms (B >2.22T) “)

where u, i1s the permeability of free space and the constants a, b, ¢ are

—2.23x1071%,2.327x107°,1.590, respectively. Ms is the saturation magnetization (2.16T)
of the steel.

In the numerical experiment, the incomplete Cholesky-conjugate gradient method
is used as the algebraic equation solver. Table 4-1 compares the iteration number and
CPU time required to obtain a converged solution. It is found that the solution time on
the fine mesh is about 10 times as long as that on the coarse mesh in every iteration step.
The total solution time of the two-grid FEM which includes the 66 seconds interpolation
time is only about 75% of that of the general FEM. The residue of each iteration step as
shown in Fig. 4.4 reveals that after iteration on the coarse grid, the residue of
interpolation solution on the fine grid is 0.00030. It is the same as that of the 5™ residue
on the fine grid. That means, the effect of the iteration on the coarse mesh is equivalent
to that of five iterations on the fine mesh. However the computation time on the coarse
mesh is about 55 s whereas the computation time of the first 5 iteration steps on the fine

mesh is about 300 s.

Table 4-1 ITERATION NUMBER AND CPU TIME

One step solution
Method Iteration Number ‘ Total Time
time
Two-grid | Coarse grid 11 4-5s
565s
method Fine grid 6 64-71 s
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Fig. 4.4 Convergence of the two-grid method and conventional method

4.7. SUMMARY

Finite element method is an accurate numerical method for analyzing the
performance of electric motors. However, the disadvantage of FEM is its long
computation time, which has become a main obstacle for optimal design of motors. In
the chapter, the two-grid FEM algorithm is suggested to reduce the computation time
and meanwhile conserves the computation accuracy of the simulation results. TEAM
Workshop problem 13 is used to test the proposed method and the results obtained by

using the proposed algorithm are compared with those using conventional methods. The
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computing time using the proposed method is only 75% of that by using the
conventional method. Since the two-grid method requires less computing time, it can be

effectively applied to study large-scale nonlinear problems.
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5. COoOUPLING FEM WITH OPTIMIZATION
METHOD

Electromagnetic devices such as permanent magnet (PM) motors are widely used
in industry. Properly designed PM motors can greatly reduce the energy losses during
energy conversion from electric power to mechanical power. The design of PM motors
is time consuming as each product needs to meet special specifications or requirements.
In order to design a PM motor satisfying the demand of applications, many parameters
of the motors should be determined. For each design of the PM motors, a numerical
model is needed to precisely evaluate its performance. Numerical techniques can
approach the practical complicated models under fewest assumptions. They enable the
designer to solve the problems which are difficult to consider by using the analytical
approach. Many empirical factors then become not necessary when using numerical
methods. The actual flux distribution is then found from the given current or voltage
waveforms. Although the development of numerical computation in the study of
electromagnetic fields dates back only about 20 years ago, it has been maturing into an
independent subject with high commercial potential. Among the various numerical
methods, the finite element method (FEM) has a dominant position because it has the
merits of versatility, strong interchangeability and ready incorporation into standard
programs.

Many researchers have studied the performances of electric machines using FEM.
The most complete model at present is to use a time stepping FEM coupled with circuit
and mechanical equations. Time stepping method can deal with transient problem, and

can also be used to calculate steady eddy-current fields when current and magnetic
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waveforms are non-sinusoidal. When circuit and mechanical equations are coupled with
FEM, the currents and torque can be obtained readily without any iteration. The correct
saturation of different parts, the eddy-current effect, the distribution of high-order
harmonics and mechanical motion are readily accounted for.

Due to the advance of time stepping FEM in recent years, many assumptions,
which are essential when using equivalent circuit model, static FEM model and complex
FEM model, are not necessary. The time stepping FEM is becoming popular in the
analysis of induction machines.

In order to find the best design and reduce the complexity of the motor design, an
optimization method need to be used to maximize the performance of the motors and at
the same time reduce the energy losses. In the chapter, the coupling FEM with
optimization method will be introduced.

In the study of optimal motor design method, the motor design process often needs
a comprehensive consideration of the total performance of the motor. Attention also
needs to be paid to reduce core loss and reduce PM material. Therefore, the objective
function of the optimization method is proposed to consider both to improve the

performance and to reduce the loss for the PM motor designs.
5.1. OPTIMIZATION METHOD

In electric device design, the problems to obtain a good performance of a device by
adjust its design parameters are often encountered. Such problems are called inverse
problem. The performance of the devices is indicated by several performance index or

objective. Therefore, inverse problem can be expressed as an optimization problem:

min f(x) x € D or max f(x) x € D (2.41)

Where f(x) is the function which indicates the performance index of the device and

it is called as the objective function; x = (x;,x2,x3, ..., x,,)T is the vector of design
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parameters and also called as optimization variable; D is the range of the optimization

variable x.

5.2. INTRODUCTION OF COUPLING FEM WITH
OPTIMIZATION METHOD

To meet an ever-increasing demand for high quality products to function in
variable operating situations, the study of optimal motor design methodologies and
techniques has become a new topical area in design during the last two decades [38] -
[48]. The difficulty in optimal motor design is mainly that the time needed for
computing the performance of the designed motors is too long [49] and the optimization
method to find the global optimal solutions is too slow. So many approximate methods
are proposed to reduce the evaluation time for new motor design and at the same time
some new optimization methods have been proposed to reduce the time needed for
finding the global optimal solutions.

The flow chart of coupling FEM with optimization method is show in Fig. 5.1. In
the coupling FEM with optimization method, the data transfer from the variables of the
optimization method to new meshes in FEM computation is always a challenge. In

section 5.1, moving mesh method is proposed to facilitate the problem.
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Fig. 5.1 Flow chart of coupling FEM with optimization method

5.3. MOVING MESH METHOD

An efficient moving mesh algorithm with fast solver is proposed for remeshing the
parameterized computation domain so as to embed finite element methods into
optimization algorithms for optimizing the shapes of electromagnetic devices. The
proposed method has the merits of conserving the original mesh structure with minimal
mesh deformation. The developed algorithm has been applied to TEAM workshop
problem No. 25. The reported results are used to showcase the efficiency and validity of

the algorithm.
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5.3.1. INTRODUCTION

Optimization of the shapes of electromagnetic devices has become an important
issue in product design. In the optimization procedure, FEM is usually used to compute
objective functions [50]. During the optimization process, the shapes of electromagnetic
devices are inevitably changed; therefore the mesh of the devices needs to be
regenerated for each FEM computation, as shown in Fig. 5.2(a). It is also well known
that data transfer from the variables of the optimization method to new meshes in FEM
computation is always a challenge. For example, if the geometry of the computation
domain is built and the mesh on that is generated by commercial software which is
separated from the FEM program, it is always difficult to rebuild the geometry and
regenerate the meshes automatically. Also, the regeneration of FEM mesh is time
consuming, especially in 3 dimensional (3D) problems; and the newly generated mesh
generally has no relationship with the previous one, making the previous FEM solution
not directly available for the new FEM computation in solving nonlinear problem.

Mesh smoothing algorithms have been extensively exploited to improve the mesh
quality and, among others, Laplacian smoothing is one of the most popular methods [51].
Lately a related type of smoothing, namely Winslow smoothing, is proposed to alleviate
or guard against mesh folding in the process of mesh smoothing [52].
Optimization-based smoothing methods are used to guarantee an improvement in the
mesh quality by minimizing a particular mesh quality metric [53]. After an initial mesh
is generated on the computation domain, these methods are used to adjust the position of
the interior nodes in the meshes so as to obtain better element shapes and the positions
of the boundary nodes are kept unchanged.

In this chapter, mesh smoothing methods are introduced to move the meshes in the
optimization procedure in which the positions of the nodes on the boundaries are
changed. An efficient moving mesh algorithm with a fast solver is proposed for moving

the meshes on the parameterized computation domain while embedding FEM into the
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optimization method in order to optimize the shapes of electromagnetic devices. Fig.
5.2(b) gives the flowchart to illustrate how the proposed algorithm replaces the
procedure of rebuilding geometry and mesh regeneration.

In the proposed algorithm, the mesh of the initial shapes of the electromagnetic
devices is generated and then with a change in the shapes of the device, the initial mesh
will be moved adaptively to the new design. The proposed algorithm can be applied to
remesh complex two-dimensional (2D) and three-dimensional (3D) geometrical shapes
and save considerable time when regenerating the meshes. The new moving mesh
algorithm has the merits of conserving the original structure of the mesh with minimal
mesh deformation, as the mesh smoothing methods can smooth out the incremental
positions of all the mesh points in the computation domain. Another merit of the
proposed method is that when solving time stepping equation or nonlinear equation, the
result of the previous FEM solution can serve as a good initial solution for subsequent
FEM computation, as the increment of each point is small and each point is in the same
material after reconstruction of the mesh. Furthermore, in the proposed algorithm, the
mesh information is stored and modified in memory, which avoids the need to retrieve

the mesh information from the disk at each optimization step.
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Fig. 5.2 (a) Procedure of coupling optimization method with FEM. (b) Moving mesh
algorithm in the procedure of coupling FEM in the optimization algorithm.

5.3.2. MOVING MESH ALGORITHM

When optimizing several parameters of an electromagnetic device, the shapes of
the device are changed at each optimization step. A novel moving mesh algorithm is
proposed to obtain the new mesh according to the new shape of the device, instead of
rebuilding the geometry and regenerating the mesh.

In the proposed moving mesh algorithm, an initial shape of the electromagnetic
device is set up according to the range of the optimization parameters. Usually the

parameters of the initial shape are the average value of its upper and lower bounds. An
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initial mesh is generated on the initial shape of the device. At each optimization step,
changes in the parameters of the device can be considered as a change in the boundaries
of the device. According to the changes in the boundaries of the computation domain,
the mesh can be moved based on the initial mesh. In this chapter, the moving mesh
algorithm is described in 2D, but it can be extended to 3D problems in a straightforward

manner.

Laplacian Smoothing

The basic idea of the moving mesh algorithm based on Laplacian smoothing can be
illustrated by a simple example in Fig. 5.3. The initial mesh of a fixed initial shape of
the electromagnetic device is shown in Fig. 5.3. The shape of the boundary I'; is

parameterized and it needs to be optimized while the shape of I'; remains unchanged.

I, —
.
@ T (b)

Fig. 5.3 (a) Mesh on the original geometry. (b) Mesh on the geometry of the changed
shape.
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Fig. 5.5 Mesh after changes in the die molds.

When the shape of I'; in Fig. 5.3(a) needs to be changed to I'; as shown in Fig.

5.3(b), the coordinates of some interior mesh points in Fig. 5.3(a) should be adjusted
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accordingly. The incremental coordinates of each interior points u=(Ax, Ay) are
variables and satisfy the following Laplace’s equation, as the Laplace’s equation can
smooth out the incremental coordinates of the mesh points inside the computation

domain:

_i(a_"j_i o in 0, 5.1)
ox\ ox) oy\ oy

u=0, onl>,
u=uyb)-u,(a),onl}.
where; uo(b), uo(a) are the coordinates of the point on I'y and I, respectively.

The mesh point coordinates in Fig. 5.3(b) can be obtained by the sum of the
solution of (5.1) and their original coordinates in Fig. 5.3(a).

Moving mesh algorithm based on Laplacian smoothing is very effective in
problems in which the new shape of the device is a minor modification of the initial
shape [54]. As a numerical example, the initial mesh of the example mentioned is shown
in Fig. 5.4 while the mesh after changing the size and positions of the die molds is

shown in Fig. 5.5.

Weighted Laplacian Smoothing

Laplacian smoothing method is easy to implement and efficient. However the
method is not guaranteed to work sometimes when inverting mesh elements. A weighted
Laplacian smoothing method based on optimization method which is more resilient to
mesh folding is introduced in [53]. The weighted Laplacian smoothing method is used
with the aim to guarantee an improvement in the mesh quality by minimizing a
particular mesh quality metric. Compared to other smoothing method, their main
drawback is their computational expense in evaluating the weight on each edge in the

mesh. However, in the moving mesh problem being studied, the initial mesh is fixed,
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and the computation needs to be done only once. The weights are then stored in memory
for subsequent several hundreds times of computation.

The first step in the algorithm is to use nonlinear programming to generate a set of
weights for each interior node that represents the relative distances of the node to each
of its neighbors. The new position of the boundary nodes is then specified. Using these
new positions for the boundary nodes and the sets of weights from the original mesh, a
system of linear equations to determine new positions is solved for the interior nodes.

Let (x; y;) denote the x- and y-coordinates respectively of the i interior node in the
initial mesh and assume the x- and y-coordinates of its adjacent vertices be given by {(x;

) :j € Ni}, where N; denotes the set of neighbors of node i. In order to find the set of

weights wy;, where wy; 1s the weight of node j on the interior node i, the log barrier
function from linear programming is used to formulate the following optimization

problem for each i:

max 2_logw,) (5.2)
wyjeN;  jeN,
Subject to:
w, >0 (53)
> w, =1 (5.4)
JeEN;
X, = ZWU.xl. (5.5)
jeN;
Vi = Zwijyi (5.6)
JeN,

The weights of all interior points w;; can be obtained by solving (5.2)-(5.6) with the
Projected Newton Method. This method can be applied to solve optimization problems

of the following form:
min f(x)
Subject to Ax=b

The optimality conditions for the above problem are:
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Vi(x)—A"2=0 (5.7)

b — Ax=0 (5.8)

Here 4 denotes the vector of Lagrange multipliers. Equation (5.8) is a system of
nonlinear equations in x and 4; thus Newton’s method can be used to solve for x and A. If
the initial point is feasible (i.e., b — Axy = 0), then p; must satisty Ap; = 0 where x;+; =
Xk + pr, 1.€., pr 1s the Newton direction at iteration k. This implies that p; = Zv; for an (n
— m)-dimensional vector v;, where Z is the basis for the null space of 4. It is easy to

deduce that the resulting equation for py is given by
P = —(H" —HAT[AH AT aE )Vf(xk) (5.9)
where H=V?f(x,) [55].
Once the weights have been generated, the new shape of the device is applied to
move the boundary nodes to new locations. The final step is to use the positions of the

boundary nodes and the sets of weights to simultaneously determine the final positions

for the interior nodes by solving the following linear system of equations:

ZWI.jxj =X, (5.10)
JeN;
Sy, =, (5.11)
JeN;

where x;and y; are the new position of the interior node. The linear systems from (5.10)
and (5.11) are both m x m, where m is the number of interior nodes and so the solution

is unique.
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Fig. 5.6 A piece of iron surrounded by air.

Fig. 5.7 Dividing air domain into several convex domains.
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Fig. 5.8 The new shape of iron.

Fig. 5.9 The initial mesh.
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Non-Convex Domain Decomposition

Laplacian smoothing over a convex domain is guaranteed to obtain a no-folding
mesh [56]. But for large deformation in non-convex domain, even weighted Laplacian
smoothing may result in mesh folding. In the moving mesh algorithm, in order to avoid
mesh folding on non-convex domain, the domain should be decomposed to several

convex domains and the smoothing method can then be applied.
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In electromagnetic field computation, the computation domain includes both the
device and the surrounding air. The domain of the device is often convex and the
domain of the air is often non-convex. As a numerical example shown in Fig. 5.6, there
is a piece of iron surrounded by air, and the length of the iron needs to be optimized.
Here the node position on the shared boundary of the device and the air, namely, ['ion,
needs to be changed according to the changes in the optimization variables as shown in
Fig. 5.8. It is obvious that the air domain is not convex. If the boundary of the air
deforms significantly, the solution of the Laplacian equation on the non-convex domain
with such Dirichlet boundary condition may become singular, therefore the moved mesh
in the air domain may be folding, as shown in Fig. 5.10. So the air domain should be
divided into several convex domains as shown in Fig. 5.7. At the same time the new
boundary of the air domain should be applied in accordance to the changes in the
optimization variable. The non-folding mesh is shown in Fig. 5.11 after the non-convex

domain decomposition.

Multi-step Moving Mesh Technique

Laplacian smoothing method is efficient and easy to implement. However the
method does not work sometimes when inverting mesh elements. For large deformation
in non-convex domain, Laplacian smoothing may result in mesh folding, which is
illustrated by the example shown in Fig. 5.10.

In the section, multi-step moving mesh algorithm is proposed to avoid mesh
folding when using Laplacian smoothing. Instead of moving the boundary to the
destination shape at one step, the mesh is moved gradually for several steps and finally
moved to the destination shape. Therefore the following equation (5.12) needs to be

solved N times to before mesh moving is completed.
_O(ou)_0fou)_,
ox\ax) oyl oy Y, in Q, (5.12)

u=0, on Iy,
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u= O =u(@)
N

The boundary condition on I'; in (5.12) shows that the position of boundary point
moves gradually N times and the sum of moving distance of all the steps will finally
reach its destination position. If no mesh operation is performed after each step
movement, the mesh will still be folded because (5.12) is a linear equation and,
according to the superposition principle, the solution will be the same as that of (5.1).
Hence mesh reconstruction method is adopted after each step to improve the mesh
quality.

The first mesh reconstruction technique is to exchange the diagonal line. For two
adjacent and largely deformed triangular elements, if their shared edge faces two obtuse
angles, then the diagonal line of the two elements are exchanged (e.g. a crossed edge is
added and the shared edge deleted) to form two new adjacent elements. As shown in Fig.
5.12, elements 1 and 2 share the common edge AD and the angle £~ ACD and £~ ABD
are obtuse angles. In other words the criteria are satisfied and a crossed edge BC is
added with the edge AD deleted to form two new triangular elements 1 and 2. After
exchanging the diagonal line of the two adjacent and largely deformed triangular
elements, the quality of the two elements is improved.

The diagonal line exchange operation is very efficient for largely deformed
triangular elements around the moving boundary. However the operation is not suitable
if the two elements are of different materials, because one triangular element will then
contain two type of materials that makes it overly complex to realize the exchange
operation. Diagonal line exchange operation is imposed only on the largely deformed
elements within a certain distance from the moving boundary and not on all elements in
the computation domain.

The second mesh reconstruction technique is collapsing element. In the initial mesh,
the nodes of the element are arranged in anti-clockwise order. When one point in the
triangular element crosses its faced edge from one side to another side, the nodes order

then become clockwise and mesh folding occurs in that element which is named the
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folded element. Folded element should be avoided, otherwise the area of such element
calculated by FEM will become negative and such element will not satisfy the
requirements of FEM. The criteria for an element to be collapsed are when there is one
obtuse angle and adjacent elements are of different materials. In such case, as shown in
Fig. 5.13, the largely deformed element AADC will be deleted and the two edges AC
and DC besides the obtuse angle ~ACD will collapse to the third edge AD in the

element. A new point E is then created on edge AD which is then divided into two
newly created edges AE and ED, as shown in Fig. 5.13. Point C in the initial mesh is
replaced by point E in the new mesh and all elements containing point C will be
changed to contain point E. The newly created point E is linked with point B in the
adjacent element to form two new elements AABE and ABDE. Collapsing element
operation is very efficient in avoiding folded element and is imposed only on largely

deformed elements within a certain distance from the moving boundary.

A
A

C/AO/@)B C B

D D

(2) (b)

Fig. 5.12 (a) Large deformed triangular element. (b) Triangular element after exchanging
diagonal line.
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D D

Fig. 5.13 (a) Large deformed triangular element (b) Two new created element after
collapsing element.

5.3.3. BOUNDARY TRACKING MOVING MESH ALGORITHM

In the optimization of electromagnetic devices, changes of boundary may be very
significant. Thus moving the boundary points in the initial mesh to its destination place
may result in large deformation on these elements. Also, the distribution of nodes on the
computation domain is changed significantly and the density of the node in the vicinity
of the moving boundary may be not as balanced as before. In the proposed boundary
tracking moving mesh technique, a set of points in the initial mesh, which are very
closed to the new boundary of the devices, are found and the corresponding distances
for them to move are determined. The surrounding points are moved to the new
boundary by solving (5.1) to form the new mesh. The merit of the boundary tracking
technique is that the moving distance of the point in the initial mesh is very slight and it
is indeed the same as that for the mesh deformation. Details of boundary tracking

technique are described blow.
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Assume y=f(x) describes the destination of the new boundary shapes. Then,

Step 1: A random point (xo, o) is selected on the new boundary. Search among all
elements to find one element, namely E1, which contains (xo, o), and then mark it with
a flag. After element E1 is found, the three edges of E1 are expressed as linear functions
v = kix+b; (xi0 <x <Xx;1), where x; and x;; are the x coordinates of two terminal points of
the i-th edge of E1. Solving (5.13) gives:

{y_f(x)zo (5.13)
y=kx+b,
The solutions (x; y;) which are in the range (x,0 < x < x;;) are the coordinates of
intersection points of the destination boundary and the three edges of element E1.

Step 2: The outward normal of the destination boundary can be determined by an
arbitrary fixed internal point and two intersection points, as shown in Fig. 5.14. The
nodes of E1 outside the moving boundary are specified by the outward normal, namely
N1 and N2 (if two nodes are outside the moving boundary). N1 and N2 are marked as
moving nodes if N1 and N2 have not been marked before.

Step 3: Determine the location at which points N1 and N2 should be moved to. If
N1 and N2 have not been marked before, move N1 to one of the intersection points,
namely NB1, which is closer to N1 and the same is repeated for N2. If either N1 or N2
has been marked before, then move N1 (suppose N2 is marked) to the nearest point
among the two intersection points of NB1, NB2 and the middle point of these two points.
Therefore, the point N1 are marked with Dirichlet boundary condition and Au = u (NB1)

—u (N1) is the moving distance on the x and y coordinates.
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N1

NB1
Outward normal

N2 NB2
Intersection point

Fig. 5.14 Intersection of element and new boundary

Fig. 5.15 Moving direction of the point surrounding the destination boundary

Step 4: There are three adjacent elements which share the same edge with

triangular element E1, and they are E2, E3, and E4. Solve (3) to find the intersection
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points of E2, E3, E4 and the destination boundary. If the element intersects with the
destination boundary and if it has not been marked before (supposing E2), then mark
this element and repeat the steps from 1-3.

Repeat step 4 until all the elements which intersect with the destination boundary
are found to form a close polygonal line linked by an outside point surrounding the
destination boundary as shown in Fig. 5.15. Solve (5.1) with the boundary condition on
the polygonal line to move the point on the polygonal line to the destination boundary.

The last step is to determine the material inside the destination boundary. One fixed
point O;, inside the destination boundary is chosen for reference. For each triangular
element, link its inner point with O;,to form a line segment which is expressed asy =
kx+b (xo < x < x;1). Solve (5.13) to find if there exist intersection points with the
destination boundary. If it exists, the triangular element is outside. If there is no such
intersection point, then the triangular element is in the destination boundary. Then
assign the element with the optimized devices material property.

The proposed boundary tracking moving mesh technique is also valid for moving

objects in the computation domain.

5.3.4. FAST SOLVER

In each step of optimization, moving mesh algorithm will be called to move the
mesh on the initial device adaptively to a new mesh of the newly designed device. In the
optimization procedure, the Laplacian smoothing equation or weighted Laplacian
equation will be solved on the same initial mesh many times and the difference among
the equations in each time is the boundary condition. Assume u,, to denote the unknowns
on the interior nodes and u, to denote the fixed position of the nodes on the boundary,

the resulting linear system from (5.1) or (5.10) and (5.11) can be expressed as:
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Ay Ay | u, S ©

uy, 1s known from the applied boundary condition. So the following linear equation needs
to be solved:
Awu, =f—A,u, (5.15)

Matrix 4,1, A12 and vector f; is the same in each step of the optimization procedure
because the equation is solved on the same initial mesh. Thus the matrixes and vector
can be computed only once and the solutions are then stored for subsequent
computations to save the computing time for the element stiff matrix. To solve linear
equation (5.15), matrix 4;; needs to be decomposed and the decomposition result can
also be stored to save the subsequent decomposition time.

Matrix A;; is symmetric, so two methods are usually used to solve the above
equation: LDL" decomposition method and Incomplete Cholesky Conjugate Gradient
(ICCG) method.

In LDL" decomposition method, a lower triangular matrix with diagonal element
being equal to 1 and a diagonal matrix D can be found to satisfy A“:LDLT, where LT
denotes the transpose of the matrix L. From (5.15),

LDL" u,= fi - Aou, (14).

Equation (5.14) can be solved by a back substitution progress.

In ICCG method, the preconditioner of 4;; is computed and stored together with
Ay for the following steps in solving the linear equation.

In solving 2D problem, LDL" decomposition is fast for the narrow band width of
Ay, and so LDL" decomposition method is usually used. While in 3D problem, LDL"
decomposition is slow for the wide band width of 4;;, so ICCG method is usually

employed.
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5.3.5. NUMERICAL EXPERIMENT

The proposed method is applied to TEAM workshop problem No. 25 [57]. The
goal of this problem is to optimize the shape of a die mold to obtain the best
performance of permanent magnets. Fig. 5.16 is the model of the die mold with the
electromagnet for the orientation of the magnetic axis of the magnetic powder. The die
press and electromagnet are made of steel. The die mold is described by an internal
circle of radius R1 and by an external ellipse represented by L,, L3 and L4, as shown in

Fig. 5.17. The objective function W for the optimization problem is given by:

v=3ls, -5.)+(s, 5.1

where n is the number of specified points (n=10); B, and B,,; are computed values
along the line e-f; B; and By, are specified as By,=1.5cos(0), B,,=1.5sin(6) (T).
The constraints of R;, L,, L3 and L4 can be represented as follows: 5 < R; < 9.4;

12.6 <L, <18; 14 <L3<45;4<L4<109.
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Fig. 5.16 Die mold with electromagnet.

die molds

pole piece

h

L3
125

R1

Fig. 5.17 Optimization parameter of the die mold.

Fig. 5.18 is the decomposition of the non-convex domain of air. Fig. 5.19 shows the
initial shape of the die mold. The parameters that define the initial shape are: R1= 7.2, L,
=153,L3=29.5and Ly=11.5.

The mesh on the optimal shape of die mold with the parameters R,= 8.94, L, =
17.85, Ly = 15.28, Ly = 16.68 is shown in Fig. 5.20. Two cases of extreme deformation
of the shape of the die mold are studied and there is no folding in the mesh, as shown in
Fig. 5.21 and Fig. 5.22, respectively.

To do 100 times of remeshing, it takes about 21 seconds using moving mesh
algorithm while 55 seconds are needed to regenerate mesh with commercial software. In

other words, a significant of computing time can be saved using the proposed technique.

5.3.6. SUMMARY
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In order to facilitate the procedure for obtaining a new mesh on the newly designed
device defined by the optimized parameters and to reduce the time of regenerating mesh,
a moving mesh algorithm with fast solver is presented in this chapter. TEAM Workshop
problem 25 is used to test the resistance of mesh folding of the proposed algorithm and
also to evaluate the computing time saved when using the proposed fast solver. The
result shows that the moving mesh algorithm has successfully overcome the difficulty of

data transfer when coupling FEA and optimization method.

Fixed point boundary

Air boundary

Die mold
boundary

Fig. 5.18 Decomposition of the non-convex domain of air.
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Fig. 5.20 Mesh on optimal shape of the problem.
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Fig. 5.21 Mesh on first case of extreme deformation of the die mold.
Fig. 5.22 Mesh on second case of extreme deformation of the die mold




6. APPLICATION OF THE COUPLED
METHOD IN OPTIMIZATION OF
ELECTROMAGNETIC MOTOR

6.1. REDUCTION OF COGGING TORQUE BY COUPLED
GAAND FEM

6.1.1. INTRODUCTION

Uneven distribution of permanent magnets is an effective way to minimize the
cogging torques of PM motors. A novel and efficient finite element method is proposed
to calculate the cogging torque of PM motors by using coupling FEM with optimization
method when the PM distribution is uneven.

Cogging torque is intrinsically an inherent feature of PM motors due to their salient
geometrical structures. Because cogging torques impair the starting performance of
motors, produces both noise and mechanical vibrations, it is important to reduce the
cogging torque in PM motors. The use of uneven distribution of PM, as shown in Fig.
6.1, is one feasible way to reduce the cogging torques of PM motors [58] - [59]. It is
however essential to determine exactly how and where each magnet should be shifted.
Typically it takes one to two hours to evaluate the cogging torque of one design using
general finite element method (FEM) and most optimization methods have to execute
the object function many hundreds times before arriving at the optimal solution, several

months are required to optimize the performance of PM motors.
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To minimize the cogging torques by uneven distribution of the PM in optimization
studies, the computing time to evaluate cogging torque must be reduced. In this paper an
efficient FEM to compute the cogging torque is presented. The computing time of the
proposed algorithm is only 0.06% of that required by general FEM. With the use of the
proposed FEM, it is feasible to use genetic algorithm (GA) to optimize the PM

distribution so as to minimize the cogging torque of the motor.

Fig. 6.1 Uneven distribution of PM in motor

6.1.2. COGGING TORQUE COMPUTATION BY USING FEM

In the proposed method, a surface-mounted PM motor is investigated, and a
2-dimensional (2D) FEM model of the motor is used. The cogging torque can be
computed according to the magnetic field computation when there are no armature

currents. Maxwell’s equations will give rise to the diffusion equation (6.1) as follows,
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V x (lv X Aj =0 in irons and air gap
# 6.1)

Vx( ! VXAJ=V><£ ! VxMJ in permaent magnets
Hpy Hpy

where, A stands for the magnetic vector potential, x is the permeability of the
materials, M is the remanent flux density of the PM, upy is the permeability of the PM.
The weak form of equation (6.1):

Vx(leA,VxNJ:O in irons and air gap

# (6.2)

Vx( ! VxA,VxNJ:Vx( ! VxM,VxN] in permaent magnets
Hpy Hpy

where NV is the shape function. For cogging torque computation, the nonlinear
characteristic of the permeability is negligible. Equation (6.2) can therefore be expressed

as linear equations:
SU=F, U= (Al,Az,...)T,A[ is the value of A on the node i

where, S stands for the stiff matrix, U is the solution of the magnetic potential A4,
and F is the load.
The electromagnetic torque can be computed using Maxwell stress tensor method
[60]. The force on the stator can be expressed as:
F =L§li(n-3)3—2Landl (6.3)
Hy Hy

where, n stands for the normal direction, L is the axial length of the stator and rotor

04

Z

cores, B=VxA=—=i ——xzi is the flux density on the air surface, / is the length of

0

any closed path in the air gap surrounding the stator. The cogging torque 7 = Fy, R,
where F,, 1s the tangential component of magnetic force F, R is the distance from the

center of the stator to the closed path /.
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In the proposed FEM method in the section, every magnet is considered as being
constituted by several radically and seamlessly jointed magnet slices as shown in Fig.

6.2.

Fig. 6.2 Divide the PM to seamlessly jointed slices

Notice the two facts: 1) The cogging torque is computed when the nonlinear
characteristic of the permeability is negligible, so o, = const; 2) For PMs in motor upy
=~ 0.9995u9, so upy can be considered as equivalent to yy. That means if the PM is
divided logically into several blocks, the magnetic vector potential and the flux density
excited by the PM is the sum of the excitations by each PM block.

Note that M = Y M; and M; is the remanent flux density of each slice. So the load

F, =(LMZ.,V><N

F=>F;, where "i Lo, J Notice that for the permanent magnets in the

PM motor upy = 1.00054, thus upy can be approximately equal to . Hence if the
magnetic vector potential A caused by two magnetic slices are required, it can be

obtained by the following procedure:
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(1) Calculate the magnetic vector potential A; when slice 1 exists and the material on the
position of slide 2 is air;
(2) Calculate the magnetic vector potential 4, when slice 2 exists and the material on the
position of slide 1 is air;
(3) A=A+ A..
That is, the almost equivalence of the reluctance of PM and air makes the stiff matrix
roughly the same when either PM or air is occupying the physical position being

considered.

(leA,VxNJ:( ! VxA,VxN],onthecirclewherePMisplaced
H Hppm

Equation (6.2) can be written as,

1 1
[;VXA,VXNJ—Z( Mi,VXN] (6.4)

T\ Hpm

Then,

[iVxAi,VxNJz( 1 M,-,VXNJ, A=ZA1' (6.5)

y2i Hpm
SY 4=DF, B=VxA=VxY 4=>B, (6.6)
i i d i

That means the magnetic vector potential and the flux density excited by the PM is
the sum of the excitations of each PM slice. If the basic solution excited by each slice is
obtained, the principle of superposition applies. When the rotor rotates, the solution can
also be obtained by a proper combination of the basic solutions; no further FEM is
required. Thus only the magnetic vector potential and the flux density excited by each

slice need to be computed and solved once only.

6.1.3. IMPLEMENTATION OF THE FEM METHOD

Implementation procedure of the proposed FEM method is:
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(1) Divide the circle where the PM may be apportioned into N slices according to
the required accuracy of the shift position of PM, so each slice occupies 360/N
degrees. The shift of the PM position in the optimization method should be an
integer multiple of the width of the slice.

(2) Supposing that there is only one slice on the circle which is filled with PM and
other spaces are filled with air, the magnetic vector potential and the flux
density excited by this slice only is obtained by FEM. For each slice of PM on
the circle, a solution of the vector potential A4 and the flux density B is obtained
as the basis of the solution obtained by general FEM. In N equals 360, there
are 360 different positions where the PM slice can be filled in, so only 360
solutions of the magnetic vector potential and their corresponding flux
densities are obtained. All the solutions of the flux density for the computation
of the cogging torque are then stored for subsequent computations. Fig. 6.3
shows the simulation result of the vector potential 4 when only one slice

exists.

Fig. 6.3 Vector potential A when only one slice exists
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(3) When the rotor rotates at a constant angular velocity v, the step time should be
chosen as 2/N/v, which means the rotor rotates exactly by one slice of PM
width for each time step. In such case, one slice of PM will exactly fall into the
position of the previous slice of PM after one time step. Hence the solution of
this case can be a combination of the basis solutions.

(4) For any given distribution of the PMs, a combination of the slices can be
selected to constitute the real case. When the combination of the slices for
constituting the PM is known, it is not necessary to solve the linear
equation SU = F', as the flux density B can be obtained by adding the stored
result B; according to the position of the PM (as the magnetization direction is
radial, the difference between S-pole and N-pole is only on the sign). The
cogging torque7 can be computed according to all of the B; values on the
point of the closed path as shown by (6.3).

As a result, the computation time of cogging torque is decreased significantly using

this method.

6.1.4. OPTIMIZATION PROCEDURE

Genetic algorithm (GA) is good for finding global optimal solutions [61] and it is
exploited in the proposed optimization process for finding the distribution of PM so as
to minimize the cogging torque of the motor.

The object function is chosen as F' = 5.0 — max(abs(T;)), where T; is the cogging
torque on each position when the rotor rotates through 360 degrees. The choice of the
object function governs the minimum cogging torque produced.

The shift position of each PM is the variable to be optimized for the proposed
algorithm.

For the 8-pole and 12-slot motor, the distribution of the PM needs to be optimized
in order to minimize the cogging torque. The circle where the PM is placed is divided

into 8 equivalent parts and each pole is in one part, as shown in Fig. 6.4. The position of
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the PM is described by polar coordinates and each PM occupies 27 degrees and air takes
18 degrees. In one part, there are 18 different positions where the PM can be filled, as
shown in Fig. 6.5 and Fig. 6.6. If the PMs are getting too close to each other, the leakage
of flux on one side of each PM becomes excessively high. In order to avoid such

situation, only 16 different positions for each PM are allowed.

\r\m”a

Fig. 6.4 Poles in 8 equivalent parts

The initial position of each PM is set as p; = (i-1)-45 degrees (i=1,8), as shown in
Fig. 6.4. Assume the position variable 0;is the angle between the initial position p; and
the start position of one PM, as shown in Fig. 5, then 0 = §; =15 and d;is an integer
because each slice of PM occupies 1 degree. Variables o; (i=1,8) are needed for the shift

of 8 poles and 9; shares the same characters of 9; .
Code and decode
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In GA, the variable should be presented by a binary code. A 4-bit code can be used
for the variable §; because 2* = 16, which is the exactly the range of &; and 32 bits are
needed for all the variables ¢; (i=1,8).

In the process of decoding, the position variable & of the i PM is determined
according to the 32 bits code being used. Firstly, the 32 bits code is divided by 8 groups
and each group has 4 bits that represent the shift degree of one PM. The position
variable § ;of the i™ PM is the initial position p; plus its binary code. For example, if
the initial position p; = 0 and also if binary code for p; is 1010, then the position for the
1" PMis 8 | = p;+ 1010 = 8 degrees.

Fig. 6.5 Initial position of one PM

The main parameters to determine the general behavior of GA are as follows: the
number of population is 100; the number of maximum generation is 200; the probability

of crossover is 0.7 and the probability of mutation is 0.01.
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P

Fig. 6.6 Different position of PM

Fig. 6.7 shows the optimization procedure of GA.
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Define variables, objective function, and
select GA parameters

l

Generate initial population

Decode chromosomes to the position of
PM

A

Find value of the objective function by
calculating the cogging torque for each
chromosome

i

Select mates

}

Mating

}

Mutation

)

If the generation reach the maximum
generation number

End
Fig. 6.7 Optimization procedure of GA

Fig. 6.8 shows the proposed method which has been implemented to a surface-mounted

PM machine with 8 poles and 12 slots.
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Fig. 6.8 Surface-mounted PM machine with 8 poles and 12 slots

The main parameter of the motor is listed in table I. The FEM discretization of the

computation domain consists of 40559 nodes and 80006 triangle elements, as shown in

Fig. 6.9 and Fig. 6.10.

TABLE 6-1 MAIN PARAMETER OF MOTOR

Parameters Value [ Units

Pole number 8

Slot number 12

Stator outer diameter 110 mm
Stator inner diameter 50 mm
Rotor PM inner diameter 111 mm
Rotor core inner diameter 130 mm
Stack length 65 mm
Slot opening width 2.5 mm
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Relative permeability of PM

0.99971

Remnant flux density of PM

690015

A/m

Fig. 6.10 The zoom in local view of mesh on the air gap
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Because of the uneven distribution of the PM, the cogging torque 7 on each position
as the rotor rotates through a complete cycle of 360 degrees needs to be computed. In
the numerical experiment, it takes 9 seconds to obtain the torque of one time step.
Therefore, it needs about 2.7 hours to compute all the time steps if general FEM is used.
But it only takes 6 seconds to obtain the torque of all time steps using the proposed
method. Numerical experiment also shows that the results obtained by the two methods

are the same.
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Fig. 6.11 Cogging torque when PMs are distributed at the general position and at  the
optimal position

The cogging torque is shown in Fig. 6.11 when the PMs are distributed at the same
distance and at the optimized position. By using the FEM and GA, the peak cogging
torque decreases from 1.768 N-m to 0.436 N-m. The position variable of each PM is
given in Table II.

TABLE 6-11 POSITION VARIABLES OF EACH PM
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PM No. (I

Vi

Vil

Vil

Position variable | 8 | 10

11

15

The position of the PM distributed at the same distance and at the optimized

position is shown in Fig. 6.12.

The flux crossing the air gap is examined to check whether it will be reduced by the
short distance between two PMs. Numerical experiment shows that in the process of the
optimization, the average flux does not change significantly from a minimum of
1.296x10° Wb to a maximum of 1.327x10° Wb. When the PMs are at the general
position and the optimal position, the average flux is 1.327 Wb and 1.324x10™ Wb,

respectively, indicating that the flux level is almost constant.
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Fig. 6.12 The optimized PM positions
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6.1.5. OPTIMIZATION THE SHAPE OF PM TO REDUCE THE
COGGING TORQUE

Changes in the PM shape are reported as an efficient way to reduce the cogging
torque [62]. In the section the same algorithm as proposed in section 6.1.2 is applied to
minimize the cogging torque of surface-mounted PM (SPM) brushless motor by
optimizing the surface profile of permanent magnet. The air gap between the stator and
rotor of a surface-mounted PM motor is non-uniform in the radial direction but uniform
in the axial direction, so a 2-dimensional model of the motor is needed. The cut section
of the surface of the PM is not a circular arc but an arbitrary curve to be optimized. The
optimal shape of the PM surface is to minimize the cogging torque of the motor. The
couple FEM and optimization method is applied, which requires only 0.017% of CPU
time when compared to that required by general FEM, to precisely compute the cogging
torque.

In the section, the boundary of PM is approximated by fold line other than smooth

curve, as shown in Fig. 6.13.

A

Boundary of PM

Fig. 6.13 Fold line to approximate the boundary of PM

The region where PM is fitted conventionally is divided logically into two parts at
the radiate direction: a fixed PM region, and a flexible PM region, and divided logically
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into 60 parts at the circumferential direction, which means one part occupies 6 degree,
as shown in Fig. 6.14 and Fig. 6.15. The flexible PM region is divided logically into
some parts at the radiate direction further and so many small PM blocks will be obtained
in the flexible region. In the PM shape design process, the fixed PM region will not be
changed and some blocks in the flexible PM region will be changed into air to constitute
the real shape of PM.
Hence if the magnetic vector potential 4 caused by two magnetic blocks are
required, it can be obtained by the following procedure:
(1) Calculate the magnetic vector potential 4; when block 1 exists and the material on
the position of block 2 is air;
(2) Calculate the magnetic vector potential 4, when block 2 exists and the material on
the position of slide 1 is air;
(3) A=A, + A,.
That means the magnetic vector potential 4 and the flux density B excited by the
PM are the sum of the excitations of each PM block. If the basic solution excited by
each block is obtained, the principle of superposition applies. When the rotor rotates, the
solution can also be obtained by a proper combination of the basic solutions; no further
FEM is required. Thus only the magnetic vector potential and the flux density excited by

each slice need to be computed and solved by FEM once only.
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Fixed part of PM

flexible part of PM

Fig. 6.14 Dividing the PM into two part logically

T
Fixed part of PM

Fig. 6.15 One PM block in fixed PM region

The following steps are shown how to get the basis solutions. First, obtain four
basis solutions of the magnetic vector potential 4; and the excitation flux density B; by:

(1) one PM block in the fixed PM region, as shown in Fig. 6.16(a);
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(2) one PM block in the fixed PM region and one PM block in the flexible PM
region, as shown in Fig. 6.16(b);

(3) one PM block in the fixed PM region and two PM blocks in the flexible PM
region, as shown in Fig. 6.16(c);

(4) one PM block in the fixed PM region and three PM blocks in the flexible PM
region, as shown in Fig. 6.16(d).

By using general FEM and at the same time assuming that the other region where
the PM occupies is filled with air, a solution of magnetic vector potential A4 of case (4) is
obtained as shown in Fig. 6.17.

Secondly, let the four cases of PM blocks rotate 0.5 degree anticlockwise to the
new position and then obtain another four basis solutions by FEM. By doing the same
procedure, after the four cases of PM blocks rotate 360 degree, 4x720=2880 basis
solutions of magnetic vector potential and the flux density are obtained.

Thirdly, find all the points on the closed path / which is the integral path to
compute cogging torque, as shown in (6.3). Then pick out the flux density on those
points from the basis solutions and store for further calculation.

For a given design shape of the PM, as shown in Fig. 6.13, a combination of the
four cases of PM blocks, as shown in Fig. 6.16 (a)-(d) and their rotation cases can be
selected to constitute the PM. When the combination of the blocks for constituting the
PM is known, it is not necessary to solve the linear equation SU = F | as the flux density
B can be obtained by adding the stored result B; according to the position of the PM (as
the magnetization direction is radial, the difference between S-pole and N-pole is only
on the sign). By adding the corresponding basis solutions, the solution flux density of
that design can be obtained.

When the rotor rotates 0.5 degree in one time step, the solution is the same as the
that when the PM rotates 0.5 degree. Thus the solution can be obtained by adding the
corresponding basis solutions also. When the rotor rotates one circle, the cogging
torque7 can be computed according to all of the B; values on the point of the closed

path / as shown by (6.3).
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As a result, the computation time of the cogging torque with the use of the

proposed methodology is decreased significantly.

Fixed partluf PM

ﬂcx:'hlc part of PM

(a) (b)

(d)

Fig. 6.16 (a) One PM block in the fixed PM region. (b) One PM block in the fixed PM
region and one PM block in the flexible PM region. (c) One PM block in the fixed PM
region and two PM blocks in the flexible PM region. (d) One PM block in the fixed PM
region and three PM blocks in the flexible PM region.
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0.0024372
0.0018931
0.0013491
- 0.00080506
- 0.00026104
-0.00028299

-0.00082702
-0.0013711
-0.0019151

-0.0024591

Fig. 6.17 Solution of magnetic vector potential.

Then by adding the corresponding basis solutions, the solution flux density of that
design can be obtained.

GA is applied in the optimization process to find the distribution of PM to
minimize the cogging torque. The objective function is chosen as F =
(flux/L)*+10" 2 enu®™ /max(abs(T})). T; is the cogging torque on each position when the
rotor rotates through 360 degrees, flux;is the flux crossing the air gap at the position
when T; reaches its maximum, L is the axial length of the stator and rotor cores and nu is
the total number of flexible PM blocks. The flux crossing the air gap is calculated in the
objective function to assure the flux is not be unduly reduced by changes in the PM
shape. The total number of flexible PM blocks in the objective function ensures the
number of flexible PM blocks will not be reduced too much. The choice of the objective
function governs the minimum cogging torque produced.

The number of flexible block 7, as shown in Fig. 6.16 in each PM block is chosen
to be the variable for the optimal algorithm and # can be 0, 1, 2, 3 in each PM block. For

the 4-pole motor, because each PM block occupies 6 degrees at the circumferential
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direction and each pole include 9 blocks, there are 4°* = 27* different kinds of PM shape.
So a 72-bit binary code is needed.

The main parameters to determine the general behavior of GA are, namely, the
number of population, 200; the number of maximum generation, 400; probability of
crossover, 0.7 and probability of mutation, 0.05.

Fig. 6.18 shows the proposed method when the proposed algorithm is used to study the
4-pole, 12-slot SPM machine.

flexible part of PM

Fig. 6.18 Surface-mounted PM machine with 4 poles and 12 slots.

The main parameters of the motor are listed in TABLE 6-I11.

TABLE 6-111 MAIN PARAMETER OF MOTOR

Parameters Value Units

Pole number 4

Slot number 12
Stator outer diameter 110 mm
Stator inner diameter 50 mm
Fixed PM inner diameter 113 Mm
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Flexible PM inner diameter 111 mm

Rotor core inner diameter 123 mm
Stack length 65 mm
Slot opening width 2.5 mm

Relative permeability of PM 0.99971
remanent flux density of PM 690015 A/m
Pole embrace 0.6

The FEM discretization of the computation domain consists of 21119 nodes and

41495 triangle elements, as shown in Fig. 6.19 and Fig. 6.20.

Fig. 6.19 The global view of the mesh on 1/4 - of motor.
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Fig. 6.20 Mesh on the zoon in local view of mesh on the air gap.

Because of the non-uniform air gap in the motor, the cogging torque7 on each
position as the rotor rotates through a complete cycle of 360 degrees needs to be
computed. In the numeric experiment, it needs about 0.75 hour for computing 720 time
steps if general FEM is used, however it needs only 0.45 second to obtain the motor
torque using the proposed technique. Numerical experiment also shows that the results
obtained by the two methods are the same.

In the numerical method, the cogging torque, flux and the quantity of the objective
function with the full set of flexible PM blocks and without flexible PM blocks are
compared and shown in TABLE 6-IV. The result shows the quantity of objective
function of the former is bigger than that of the later, which means the quantity function
encourages the use of more flexible PM blocks and therefore to ensure the flux crossing

the air gaps are virtually unchanged.
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TABLE 6-1V COMPARISON BETWEEN FULL OF AND NO FLEXIBLE PM BLOCKS

Cogging /L Quaptity of
torque (Wb/m) obj ective
(N-m) function
Full set of
flexible PM 1.770 0.0432 11.026
blocks
No flexible
PM blocks 0.816 0.0360 3.485

The cogging torques when the PMs are of the general shape and at the optimized

shape are shown in Fig. 6.21. By using the FEM and GA, the peak cogging torque

decreases from 1.770 Nm to 0.716 Nm. The value of flux/L of the former and latter is

0.0432 and 0.0408, respectively. The optimal shape of each PM represented by the

number of flexible PM blocks is given in table III.

Table. 111
OPTIMAL SHAPE OF EACH PM REPRESENTED BY THE NUMBER OF FLEXIBLE PM
BLOCKS
Block | 1 Im({orj|Iv | v [ vl|vil| VIII | IX

A 1 3 1 3 3 3 3 2 1

B 0 2 3 1 3 2 1 3 2

C 1 3 2 1 3 2 1 2 1

D 0 3 3 3 3 3 2 2 0
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1z torque when PMs are of general shape
¢ torque when PMs are of optimal shape
1 1 l 1 1 1 1

Cogging torque (N1n)

: : : : : 1

135 -
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i 45 9 135 18 22.5 27 35 36 405 45
Rotor position (degree)

Fig. 6.21 Cogging torque when PMs are of the general shape and optimal shape.

6.1.6. SUMMARY

In this chapter, an efficient FEM based on finding the basis solutions of the
magnetic field of PM slices and then combined to constitute the solutions for arbitrary
PMs is proposed. It is then used to optimize the distribution of PMs in a surface-
mounted PM motor and to optimize the shape of PMs in a surface-mounted PM motor
so as to reduce the cogging torque. The computing time of the proposed FEM method
for solving this problem is significantly reduced to only 0.06% of that required by using
general FEM. GA is used in the optimization and after optimizing the position of the
PMs in the motor. The maximum cogging torque is reduced to about 24.7% of that
produced by a motor having evenly distributed PMs. Numerical experiment also shows
that when the PMs are placed at the optimal position, the average magnetic flux is

almost the same as that in a motor having the PM located in a general position.
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6.2. OPTIMIZATION FOR MAGNETIC GEARS

6.2.1. INTRODUCTION

Permanent magnet materials can be used to produce a constant magnetic field and
exert magnetic force without any energy consumption. They are widely used in
numerous industry applications. However, with the skyrocketed price of rare earth PM
materials, how to efficiently use the PMs and reduce the cost of the PM associated
products becomes a practical and urgent problem to be resolved [63][64].

Magnetic gears (MGs) are one class of magnetic devices to transmit torque
between two rotating parts with different magnetic pole pairs through flux modulation
poles [65][66]. The reason why MGs gather more attention than ever before is that their
contactless operation can effectively reduce mechanical loss and acoustic noise which is
inevitable and harmful in mechanical gears. Unfortunately, under the worldwide
shortage of rare earth PM supply, excessively using PM materials in MGs and PM
motors leads to a severe increase in the cost of the products. Hence, it is necessary and
important for researchers to find approaches to optimize the design of PM gears and
improve the utilization rate of PM materials.

Finite element method has been successfully used in the design of electric devices
and serves as indispensable tools in the static and dynamic performance analysis of
electromagnetic devices. Compared with analytical method, the advantages of FEM are
its applicable to any complicated geometrical structures, its high accuracy and reliability.
However, when dealing with optimization problems, the numerical computation is
time-consuming, because new meshes need to be regenerated repeatedly according to
the variations of geometrical parameters of designs.

A PSO based mesh adjusting optimization approach is applied in the MG design to

maximize the torque output with a limited usage of PMs. The coordinates of the meshes
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are adjusted according to our proposed dimension modification method, which is
introduce in chapter 5. The dimension displacements are determined by the PSO
algorithm. Consequently, the time-consuming geometry rebuilding and mesh
regeneration process are avoided and a global optimum is reached at a relatively fast
speed of convergence.

The design optimizations of a SPM MGs are presented, which realizes with the
defined utilizations of PMs to reach a maximum of torque output. Optimal results
confirm the proposed method. The optimized designs can effectively use the PM

materials, as well as improve the torque density.

6.2.2. CONFIGURATION AND OPTIMIZATION PROBLEMS

Fig. 6.22 shows the constructions of the SPM MGs to be optimized. In this MG, the
pole pair number of NdFeB PMs in the high speed rotor is p, =4 and that in the low

speed rotor is p, =22, and the flux modulation pole number is p, =26. Consequently,

the gear ratio is G.=p,/p,=-5.5. It means that if the flux modulation poles are

stationary and the high speed rotor rotates in positive direction, the low speed rotor will
rotate in negative direction. The outside diameters of the MG are designed as

r, =126 mm, the shaft diameter is 7, =30 mmand the stack length /=50mm. The

volume of PMs in the MG is set as 0.1125 m’. Each of airgap length is 1 mm. These
values are kept unchanged during the optimization process. According to [67], the

torque on the low speed rotor can be expressed as:

_ lBrlBrhhmohmiPOPl

20, COS(pheg - plei)) (6.7)

l

where, s, and 4, are the thicknesses of the outer PMs and the inner PMs,
respectively; B, and B, are the remanences of the outer and inner PMs; 0, and 0,

are the initial position of low speed and high speed rotor. The magnetic permeance in

radial direction is expressed as:
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P@O)=P+ 3 P, coslkp,0) (6.8)

ks

where P, and P, are the coefficients of permeance. The width of slot is set to be
equal to that of flux modulating pole to get the satisfactory modulation effect [67]. From
(6.7), it is illustrated that the torque output is directly related to the dimensions of PMs
and the flux modulating poles as well as the initial position of the rotor.

Low speed
rotor

High speed
rotor

Stationary
modulating poles

Fig. 6.22 The structure of MG.

114



(b)

Fig. 6.23 Design parameters of MG.

With the initial dimension of the MG, the static torque is obtained by FEM with the
high rotor rotating at 150 rpm and the low rotor and the flux modulating poles stationary.
The flux line distribution is shown in Fig. 6.24. The torque waveforms are shown in Fig.
6.25 and it is verified that the torque ratio is -5.5 almost at any position which is
consistent with the principle of MG. It is shown that when the MG dimensions are
predetermined, there is one position at which the output torque is the maximum. Then at
this postion, the radial dimensions of PMs and modulating poles are need to be

optimized to get the maximum value of the torque.
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Fig. 6.24 Magnetic flux distribution in magnetic gears.
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Fig. 6.25 Static torque waveforms.

6.2.3. OPTIMAL PROBLEM

The design constrains are that outer radius 7, =126 mm and the area of PMs are

S, =2250 mm?. The design variables can be expressed as:
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r,, =Ty, +Aa+ Ak (6.9)

ry =y, +8a) =S, /2 (6.10)
Ty =Top +AD (611)

_ 2 2 2
rin - \/rim - [Sprrz - (rom - rzm )J

= \/(’”02 + Ab)2 =S, /2 + (”01 +Aa + Ak)2 - (”01 + Aa)z

(6.12)

where, r,, r, are outer and inner radius of outer PMs and 7,,, 7, are that of

m

inner PMs. Assuming the initial PM areas in lower speed rotor and higher speed rotor
are equal,r, and 7, are initial dimensions of outer radius of inner and outer PMs. Aa
and Ab are the adjustment of outer radius of outer PMs and inner PMs, while keeping
the PM area unchanged; Ak is the additional adjustment of outer radius of outer PMs to
change the PM area in inner and outer rotors. In this paper, the initial values are
Aa=Ab=Ak=0

, 1, =l =115mm , r =110mm , 7

O m

=7, =10lmm and
r,, =95.26 mm. Since the airgap length is fixed, once the radii of inner and outer PMs

are obtained, the whole dimensions of MG are determined. The optimal objective is
simplified as:

max T(x)=T(Aa, Ab, Ak) (6.13)

6.2.4. PSO ALGORITHM

The PSO algorithm can be expressed as:

k+1

Vit = ovf +c,r1(pf, —x, (k))+ czrz(gf, —x, (k)) (12)
X (ke +1) = x!, (k) + v (k +1) (13)
where, i and x* are the velocity and position; g/ represents the best particle
position among the entire population; ¢, and ¢, represent the acceleration

coefficients; » and 7, are two uniform random functions; p, is the previous best
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particle position; wis the inertial weight to adjust the global and local optimization
capability of the method.
In optimal problem of electromagnetic devices, the optimization variables are

always within a certain range. Therefore, bound control should be imposed to ensure the

variables are in the demanded range. If the position x‘*' of one particle is out of range,

its speed is changed according to the following formular:
vi,(k)z sign(r,)-a v (k) (14)
where, o < 7, r3 is a ramdom number in [0,1], sign is the symbolic function, which
is defined as:
) 1 (r=0.5)
sign(r) = {—1 (r<0.5) 1

Then the new position x5*' is updated according to (13).

The PSO method is a stochastic searching and optimization algorithm, in which the
trajectory of each particle is gracefully adjusted towards its own best position and the
global best position discovered by its neighbors, as well as the whole swarm [69][70].
Since the PSO method has the capability in searching the global optimum with high

probability and its convergence rate is fast, it is advantageous to be combined in FEM to

determine the dimension changes of MGs.

6.2.5. RESULTS

This mesh adjusting with weighted Laplacian smoothing method is convenient and
effective to implement in the design optimization of MGs. During the optimization, the
initial mesh of the MG mentioned is shown in Fig. 6.26, while the mesh changing in the
MG during the optimal procedure is shown in Fig. 6.27. It is shown that, the mesh

quality is still high, which guarantees the accuracy of numerical calculation.
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There are three variables which need to be adjusted in the optimization procedure,
namely Aa , Ab and Ak . The geometry constraints are listed below:

Aa €[-5.0mm, 5.0 mm], Abe[-5.0 mm,5.0 mm], Ak €[-3.0 mm,3.0 mm].

The final optimized results are obtained as Aa=3.1mm, Ab=-4.0mm, Ak=1.1mm.
With the optimized dimensions, as shown in Fig. 6.28, the torque performance of MG is
shown in Fig. 6.29. The torque is 147.9 Nm. Compared with the initial design, the outer

diameter is unchanged, but the torque density of the machine is improved by 10.3%.
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Fig. 6.28 The flux line esult with the optimized dimensions.

Fig. 6.27 Adjusted mesh result.
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Fig. 6.29 The torque transient waveforms on the lower speed rotor while the lower speed
rotor with -27.27 rpm and higher speed rotor with 150 rpm.

6.2.6. SUMMARY

A PSO based mesh adjustable finite element method is utilized to optimize a MG
dimensions and the aim is to get the maximized torque output with defined utilization of
PMs. With the mesh adjustable finite element algorithm, the coordinates of mesh
vertexes can be moved according to the dimension changes, while the mesh quality can
still kept high. The PSO algorithm guarantees a reliable convergence to the global
optimum. With this method, the torque density of MG is improved by 10.3%. Optimal

results confirm the validity and effectiveness of the proposed algorithm.
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7. CONCLUSIONS AND RECOMMENDATIONS

In the thesis, three dimensional (3D) Finite element method (FEM) embedded
global optimization method are applied to obtain optimal design electric devices. FEM
with nodal basis function and edge basis function are used to analysis magnetic field and
the eddy current problem in electric devices. Time step FEM with slave master
technique, circuit coupling technique is applied to simulate the performance of electric
motor. Global optimization method including Genetic algorithm (GA), simulated
annealing (SA), taboo search (TA) and particle swarm optimization (PSO) are coupled
with FEM program to find the parameters of the optimal design. Parameter extraction
technique is applied to extract the mass parameters of electric motor to accelerate the
computation speed of optimization process. Moving least square (MLS) based surface
response model is applied to reduce the optimization time.

State-of-the-art programming techniques of implement of FEM by object oriented
programming language for electromagnetic field computation are presented. It covers
program structure, data structure and algebraic matrix equation. The advantages of the
proposed program structure are that multi-developers are empowered to work on
different solvers and share common algorithms.

Two-grid FEM algorithm is suggested to reduce the computation time and
meanwhile conserves the computation accuracy of the simulation results. TEAM
Workshop problem 13 is used to test the proposed method and the results obtained by
using the proposed algorithm are compared with those using conventional methods. The
computing time using the proposed method is only 75% of that by using the
conventional method. Since the two-grid method requires less computing time, it can be
effectively applied to study large-scale nonlinear problems.

In order to facilitate the procedure for obtaining a new mesh on the newly designed
device defined by the optimized parameters and to reduce the time of regenerating mesh,

moving mesh algorithm with fast solver is presented. TEAM Workshop problem 25 is
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used to test the resistance of mesh folding of the proposed algorithm and also to evaluate
the computing time saved when using the proposed fast solver. The result shows that the
moving mesh algorithm has successfully overcome the difficulty of data transfer when
coupling FEA and optimization method.

An efficient FEM based on superposition principle of PMs is proposed. It is used to
optimize the distribution of PMs in a surface-mounted PM motor and to optimize the
shape of PMs in a surface-mounted PM motor so as to reduce the cogging torque. The
computing time of the proposed FEM method for solving this problem is significantly
reduced to only 0.06% of that required by using general FEM. A PSO based mesh
adjustable finite element method is utilized to optimize a MG dimensions and the aim is
to get the maximized torque output with defined utilization of PMs. With the mesh
adjustable finite element algorithm, the coordinates of mesh vertexes can be moved
according to the dimension changes, while the mesh quality can still kept high. The PSO
algorithm guarantees a reliable convergence to the global optimum. With this method,
the torque density of MG is improved by 10.3%. Optimal results confirm the validity

and effectiveness of the proposed algorithm.
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