THE HONG KONG
Q POLYTECHNIC UNIVERSITY
& Fenian

Pao Yue-kong Library
BEREEE

Copyright Undertaking

This thesis is protected by copyright, with all rights reserved.
By reading and using the thesis, the reader understands and agrees to the following terms:

1. The reader will abide by the rules and legal ordinances governing copyright regarding the
use of the thesis.

2. The reader will use the thesis for the purpose of research or private study only and not for
distribution or further reproduction or any other purpose.

3. The reader agrees to indemnify and hold the University harmless from and against any loss,
damage, cost, liability or expenses arising from copyright infringement or unauthorized
usage.

IMPORTANT

If you have reasons to believe that any materials in this thesis are deemed not suitable to be
distributed in this form, or a copyright owner having difficulty with the material being included in
our database, please contact lbsys@polyu.edu.hk providing details. The Library will look into
your claim and consider taking remedial action upon receipt of the written requests.

Pao Yue-kong Library, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

http://www.lib.polyu.edu.hk




This thesis in electronic version is provided to the Library by the author. In the case where its contents is different from the
printed version, the printed version shall prevail.

The Hong Kong Polytechnic University

Department of Building Services Engineering

A Study of Helmholtz Resonators on Broadband Noise

Control and Their Potential Application on Ventilation

Wang Xu

A thesis submitted in partial fulfillment of the requirements for the

Degree of Doctor of Philosophy

August, 2012



lbsys
Text Box
This thesis in electronic version is provided to the Library by the author.  In the case where its contents is different from the printed version, the printed version shall prevail.



Certificate of Originality

I hereby declare that this thesis is my own work and that, to the best of my
knowledge and belief, it reproduces no material previously published or written, nor
material that has been accepted for the award of any other degree or diploma, except
where due acknowledgement has been made in the text. I also declare that the
intellectual content of this thesis is the product of my own work, even though I may

have received assistance from others on style, presentation and language expression.

(Signed)

Wang Xu (Name of student)

Department of Building Services Engineering
The Hong Kong Polytechnic University
Hong Kong, China

August, 2012



Dedication

To my parents

Wang Ya-sheng and Zhang Shi-fang
who always support me with warm care

To my wife

Wang Xiao-nan
who always accompany me patiently with her love

II



Abstract

Noise abatement and ventilation control are two important aspects in improving the
indoor environmental comfort in buildings. The aims of this thesis were to achieve a
better understanding of the broadband noise control and ventilation effects of

Helmbholtz resonators.

Helmholtz resonator (or simply called resonator), a noise control device that has a
resonance peak, is useful when noise centralized in a narrow frequency band. In this
thesis, both the lumped- and distributed-parameter models of the Helmholtz
resonator were considered. The latter model considering the multi-dimensional wave
propagation inside its neck and cavity gave a better prediction of its resonance

frequency.

To obtain a boarder noise attenuation band, combing several resonators is a possible
way. This thesis reported a theoretical study of sound propagation in a
one-dimensional duct with identical side-branch resonators mounted periodically.
Bloch wave theory and the transfer matrix method were used to investigate wave
propagation in these spatially periodic resonators. Three types of stop-bands were

discussed, and their bandwidths were predicted. The results predicted by the theory
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fit well with the computer simulation using a three-dimensional finite element
method and the experimental results. This study indicated that the wave coupling in
this periodic system resulted in the distribution of the frequency band into the stop-
and the pass-bands. The long-term significance is that periodic resonators may more

effectively control noise in ducts by broadening the bandwidth they attenuate.

This thesis also considered the disorder in the periodic duct-resonator system. Two
cases were investigated: the disorder in periodic distance and the disorder in the
geometries of Helmholtz resonators. The latter case was then compared to the
traditional case of an array of differently tuned resonators without periodic mount. It
was found that the analysis of the disorder in the geometries of resonators with
periodic distance being kept unchanged provides a useful way for the design of such
a system to achieve a relatively wide noise attenuation band and to track some

narrow noise peaks within it.

Apart from their extensive application on noise control, Helmholtz resonators were
found to have the effect on ventilation. This thesis presented the results of a
theoretical investigation of the airflow through the neck into the cavity of a
side-branched Helmholtz resonator. It was found that the motion of the airflow in the

opening may result in an air jet formed in the resonator that provided the fresh air
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from the ventilation duct. This air jet was composed of the “escaped” air masses, and
the “escaped” air masses resulted from the behavior of the airflow in the region of
opening-enclosure interface that can be regarded a sink-jet model. This ventilation
method can be considered as “AC” ventilation with the electrical analogy, which is

far less understood than the traditional ventilation method.

It is hoped that the present study can provide a stepping stone for investigation of
both the acoustic and ventilation performance of Helmholtz resonators, and seeking
their potential application in improving the indoor environmental comfort in

buildings.
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Nomenclature

Cross sectional area of the opening

Sound speed (mean value)

Vector represents the wave component in the duct segment of the n'

periodic element
Periodic distance

Ensemble average

Periodic function

Resonance frequency

Resonance frequency of n™ Helmholtz resonator
Bessel function of first kind and order zero

Bessel function of first kind and order one
Wave number

Radial wave number of mode n

Axial wave number of mode n

Damping force coefficient

Neck length of the circular concentric Helmholtz resonator

Cavity length of the circular concentric Helmholtz resonator

Effective neck length of the circular concentric Helmholtz resonator

Effective length of flow through opening
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‘begin

end

I e

N

1L

Length of the duct before the first resonator

Length of the duct after the last resonator

Characteristic function of the random “periodic” distance

Probability density function

Sound pressure

Sound pressure in the neck of the Helmholtz resonator

Sound pressure in the cavity of the Helmholtz resonator
Matrix composed of the corresponding eigenvectors of E[A]
Airflow rate

Strength of the sink/jet

Neck radius of the circular concentric Helmholtz resonator
Cavity radius of the circular concentric Helmholtz resonator
Reflection coefficient of n'™ Helmholtz resonator

Neck cross sectional area of the circular concentric Helmholtz
resonator
Cavity cross sectional area of the circular concentric Helmholtz

resonator

Duct cross sectional area
Entry in the /™ row and the /™ column of T
Transmission coefficient of n™ Helmholtz resonator

Time-dependent term: exp(jot)

Transmission loss
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7i

Averaged transmission loss

Periodic transfer matrix

Centerline velocity of jet

Flow velocity along a streamline

Volume of the enclosure

Particle velocity in z-direction in the neck of the Helmholtz resonator

Particle velocity in z-direction in the cavity of the Helmholtz

resonator

Cavity volume of circular concentric Helmholtz resonator
The eigenvector of the periodic transfer matrix

Flow velocity vector

Width of the opening in z-direction

The n™ root of the function J,'(y,)=0

Acoustic impedance of the Helmholtz resonator

Acoustic impedance of the duct

Acoustic characteristic impedance of the Helmholtz resonator

Acoustic characteristic impedance of the duct

Reflection coefficient of the end termination of the duct

Entrainment coefficient

Contraction ratio
Isentropic index
Fraction of the momentum flux

Diagonal matrix containing the eigenvalues of E[A]



H,

H;

Represents exp(—2 jkD)

Ratio of the positive- and negative-going characteristic wave types in

the duct segment of the n' periodic cell

Stop-band boundaries

Relative bandwidth

Ratio of the cavity’s volume to the duct’s volume in a periodic cell

Eigenvalue of the transfer matrix

Propagation constant

Ratio of area at vena contract and the opening area

Attenuation constant
Phase constant
Air density (mean value)

Instantaneous air density perturbation

Standard deviation

Velocity potential
Streamline function
Resonance circular frequency

Circular frequencies of Bragg reflection
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Chapter 1

Introduction

1.1 Helmholtz Resonator

Helmholtz resonators (or simply called resonators hereafter) are devices created in
the 1850s by Hermann von Helmholtz.! A classical Helmholtz resonator consists of
a cavity and a hollow neck. It is useful to control noise centralized in a narrow
frequency band. Many studies were conducted to accurately predict its resonance
frequency. Initially, Rayleigh assumed Helmholtz resonator as a lumped-parameter
system,> in which the air in the neck acts as a mass piston and the air inside its
cavity acts as a spring. To calculate its resonance frequency, the effective length of
neck is introduced, which is derived by regarding the sound energy radiation from
the neck as an additional “radiation mass” to the piston and leads to adding end
corrections to the real length of the neck. In Rayleigh’s work, the interior and
exterior end corrections are the same; despite the interior space and exterior space
may be quite different. The work about a piston with different terminations was
carried out by Ingard,” and a more accurate end correction was then derived.’
Different form previous works on the lumped-parameter model of Helmholtz

resonator, Tang and Sirignano ® derived a general model that considers



one-dimensional wave propagation inside both the neck and cavity. This work was
subsequently improved upon by Panton and Miller’ by adding interior and exterior
end corrections that include the influence of the resonator shape. However, all these
models only work well when the Helmholtz resonator is with such an extremely thin
geometry that only plane wave propagated inside. This model was then expanded by

9,10 . .
’ Their studies

Monkewitz and colleagues ® and Selamet and colleagues.
investigated two- and three-dimensional wave propagations in Helmholtz resonators.
The distributed-parameter model is shown to fit the experimental results better than a

lumped one."

In addition to the previous researchers who focused on the
symmetrical Helmholtz resonator, Chanaud '' discussed the influence of

asymmetrically placed orifice work and deriving an explicit interior end correction

. . . .12
formula with an experimental verification “.

Since a single resonator has a narrow resonance peak, combining several resonators
is a possible way to obtain a broader band of noise attenuation. An array of
differently tuned resonators was used in some previous works to attenuate broadband
noise.'>'* The duct with multiple similar resonators that includes a duct with the
boundary of a perforated or micro-perforated plate backed by air cavities was
discussed.'>'® Tt is found that when resonators of similar resonance frequency are in

close proximity, they can interact and lead to a decrease in the overall performance



compared to that of a single resonator.'” To avoid this interaction, the resonators at

. . . 15,16
some distance between each other were considered in most of the works. ™

1.2 Periodic Structure

A periodic structure is composed of a number of identical structural components that
are joined together end-to-end and/or side-by-side to form a whole complex.'®
Periodic structures can be classified into three categories: (1) the periodic medium,
(2) the periodically inhomogeneous medium, and (3) the periodically bounded
medium.'® The study of Rayleigh®® on wave propagation in a stretched string with
periodic density is an example of the first class of periodic structures, i.e. the
periodic medium. Related work can be found on structure-borne sound, in particular,
on sound propagation in one-, two-, and three-dimensional periodic structures, such
as beams,?'** plates,” ** and shells***° in various combinations and support
conditions, or even with multiple layers®’. An example of the second class is a fluid
having a periodic variation in ambient density or sound speed.”” The work involving
periodically inhomogeneous media is about the quantum theory of electrical
conductivity.”® The third class of periodic structures is a system composed of a
homogeneous medium with a periodically vary boundary. Related work can be found

on air-borne sound, in particular, on sound propagation in a duct with periodically



varying cross section,”’ a duct loaded periodically with quarter-wavelength tubes, '’
or a duct with periodic arrays of obstacles inside.*® A duct loaded with identical
resonators investigated by Sugimoto and Horioka®' is found to be a new class of
ultrasonic metamaterial®”.

A periodic structure is sometimes imperfect; it may contain defects or perturbations.
A single disorder of an infinite periodic structure, which can be regarded as two
semi-infinite periodic structures connecting through the disordered element®, was
studied. It was found that defects in the perfect periodicity may lead to narrow

frequency transmission bands (i.e. defect states) within the original stop-band

34,35
gaps.

Sometimes the “defect” means the adiabatic variations of the geometries of some
periodic elements in the whole system.’® The perturbations in the geometries of the
“periodic” element are random and have some statistical properties. Wave
propagation through a medium with random impurity modulation will cause the
phenomenon of Anderson localization,”” which was originally discovered in the
field of solid state physics and then introduced to the acoustic context.” It has been
found that even in the absence of any dissipation, the propagation of vibration in a

structure which is not perfectly periodic is impeded by the irregularities, resulting in



an exponential decay in vibration level away from the driving point.®® In the
presence of irregularities, the individual modes making up each pass-band change
from being extended throughout the whole system in the periodic case to being
localized in local areas. This can be interpreted as follows: if the nature modes of
each periodic element of the structure are significantly different, the modes will be
localized around the individual periodic element.** When the random irregularity of
the geometries of the “periodic” elements is small compared to its mean value, as a
perturbation, this kind of system is sometimes called a near-periodic system.” The
study of vibration localization due to random disorder in near-periodic structures has

been the subject of much recent research.***

Sometimes the “defect” means the non-adiabatic variations of the geometries of the
periodic element, which means that substantial geometric variations occur from one
cell to another.’® The non-adiabatic local perturbation of the geometries affects the
global characteristics of the whole system, which is then called quasi-periodic
structure.* The quasi-periodic system can be described by the “quasi-Bloch”
theory.** The distinguishing behavior of sound propagation in a quasi-periodic
system lies between the corresponding behavior in a periodic and a random disorder
system. It has been found that the spectrum of a quasi-periodic structure is a discrete

dense set with discontinuous spectral intensities, which clearly lie between a periodic



- 45
and a random disorder system.

1.3 Ventilation

Ventilation is a process of providing sufficient quantities of outside fresh air into a
building and diluting the concentration of pollution to achieve a higher indoor air
quality.*® Methods for ventilating a building may be divided into mechanical and
natural types.?” Natural ventilation refers to the ventilation that is driven by pressure
difference due to the wind effect or/and temperature difference;*® while the
mechanical ventilation refers to the use of mechanical fans for supplying and/or
extracting air.* According to its characteristic, the airflow in ventilation can be
divided into two types: laminar flow and turbulent flow. Laminar flow is a
completely steady flow that at any fixed point, the velocity and pressure do not vary
with time, which means the airflow is traveling in well-ordered layers (or lamina).’
Generally, laminar flow exists in a situation with small ventilation opening, slow
airflow speed and high flow viscosity. In fluid mechanics, this type of flow can be
analyzed by simple steady-state methods, which is based on the equation for
pressure drop across the opening. Such methods are recommended in current codes
of practice.”’ Turbulent flow is an unsteady flow with its velocity and pressure

fluctuating irregularly, covering a wide range of amplitudes and frequencies.™ In the



description of the turbulent flow, the flow quantities are usually divided into two
parts: a mean part and a fluctuating part. If the mean part is independent of time, the
turbulent flow is statistically stationary, which is also called steady turbulent flow in
spite of the instantaneous quantities of the flow are varying with time.*’ In practice
most ventilation flows through openings can be considered to be stationary, and the
mean quantities are of main interest. If the mean quantities cannot be found, the
turbulent flow is non-stationary, or called unsteady turbulent flow. In the literature
on ventilation, the unsteady flows have received relatively little attention and are
least well understood.* In natural ventilation, it is difficult to analyze the unsteady
flow through multiple openings of the building under the complex governing
equations combined with complicated boundary conditions. For mechanical

ventilation, most of mechanical ventilation systems operate with steady airflow.

The acoustic and the ventilation performances of Helmholtz resonators are the two
major aspects concerned in the thesis, both of which aim at the improving the indoor
environmental comfort in buildings. When considering the ventilation of an
enclosure through a single opening, where the enclosure with single opening can
also be regarded as a Helmholtz resonator, the flow in the neck of resonator driven
by the external pressure variation can be described by a non-linear oscillator

equation.’>*>** In both Ref. 53 and 54, the fundamental derivation of the non-linear



oscillator equation was discussed, different linearization processes were presented,

and the corresponding experiment validations were carried out.

1.4 Objective and Scope of Research

This thesis aims at the improving the indoor environmental comfort in buildings by
investigating the acoustic and the ventilation performances of Helmholtz resonators.
The first objective of this thesis is to investigate the wave propagation in the duct
with identical resonators mounted periodically. Compared with those studies* >’ on
wave propagation in periodic solid structures, air-borne sound propagation in
periodic systems, especially in periodic side-branched resonators array attracts less

3132 this thesis

attention. Different from the previous works on resonators array,
mainly considers the influence of the number of resonators on the noise reduction
behavior of a finite periodic duct-resonator system, as well as the influence of the
disorder in it. Meanwhile, the present study is different from the previous work of
Seo and Kim' by achieving a broad noise attenuation band using identical
resonators that mounted periodically. Furthermore, although those previous works on
a duct with the boundary of a perforated or micro-perforated plate backed by air

cavities can be regarded as identical resonators mounted periodically,'®'” the

distance between two nearby resonators considered in this thesis is much larger in



order to investigate the unusual attenuation of sound transmission in the periodic

structure at low to medium frequencies.

The second objective of this thesis is to investigate the ventilation effect of
Helmholtz resonators. Although in building ventilation, the airflow in the single
opening of an enclosure (can be regarded as the neck of a Helmholtz resonator)
driven by the external pressure variation can be described by the non-linear oscillator

. 52.54
equation,

this does not provide any information about the actual ventilation
performance of a single-opening enclosure since that may only describe the
backward-forward motion of the “air piston” in the opening. The actual ventilation
performance, if any, can be described by the air exchange between the external and

the internal air of the enclosure through the opening. This thesis further looks into

the air exchange mechanism of Helmholtz resonators.

The current chapter covers a review of the existing knowledge on Helmholtz
resonator and ventilation methods. In chapter 2, a single Helmholtz resonator is
investigated, in both the lumped- and distributed parameter model. Chapter 3
considers the case with multiple resonators and provides a theoretical study of sound
propagation in a one-dimensional duct with identical side-branch resonators

mounted periodically. Their noise reduction effect is investigated and compared with



the numerical simulation using finite element method and the experiment results.
“Defects” of the periodicity in this duct-resonator system is discussed in Chapter 4,
in which both the case of disorders in periodic distance between any two nearby
resonators and in the geometries of Helmholtz resonators are considered. In Chapter
5, the ventilation effect of a Helmholtz resonator is discussed. It is a mechanical
ventilation method different from the traditional way using mechanical fans for
supplying and/or extracting air. The final chapter, Chapter 6 provides a conclusion to

all the findings in the thesis, as well as suggestions for future work.
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Chapter 2

Single Helmholtz Resonator

In this chapter, the theoretical analysis of a single Helmholtz resonator is presented.
Firstly, the lumped-parameter model is introduced; then, the distributed-parameter
model is discussed; finally, these two models are compared with the numerical
simulation based on the finite element method. It should be noted that both the
lumped-parameter and distributed-parameter model described in this chapter come
from the existing literature. Interested readers can find a detailed discussion of these
two models in Ref. 5 and 10. However, for the sake of completeness, the description
of these two models is incorporated into the thesis here, and the

distributed-parameter model is rewritten here in terms of matrices.

2.1 The Lumped-parameter Model

In Chapter 2, 3 and 4, only circular concentric Helmholtz resonators in the lossless
case are considered. As shown in Fig. 2-1, a resonator, with neck/cavity radius /r,,
cross sectional area S,/S, and length /,//, respectively, is mounted on a duct

with cross sectional area S, as a side branch. The volume of the cavity is

11



V, = xr,’l,. According to Ingard’, the acoustic impedance of the resonator Z, is

given as

2,25 -} @.1)

1
where p, is the air density, /, is the length of the neck with end correction, and

®, is the resonance circular frequency (i.e. @, =c,/S,/LV, , c, the speed of

sound in the air).

2
S,=TIry

cavity 2
P(r,z2)
Z
OL r y
S1='ITI'12
|
P.(r,21) . neck 1
A
(0] r
P —
duct I —_ P »
Po¢———

Figure 2-1. A simple model of a side-branched Helmholtz resonator

2.2 The Distributed-parameter Model

When considering the multi-dimensional wave propagation in this circular

concentric resonator as shown in Fig. 2-1, the sound pressure in the neck (A ) and

12



cavity (P, ) can be expressed as'®”

P (r,z ) A(q) kg +ZA(q)J (k(q)r)e Kz,

n=1

N Béq)e./kzq n ZB,Sq)J (k(q)r)ejk vy g=12 (2.2)

n=1
in a cylindrical coordinate as the combination of inward-going planar waves (the
first term), radial waves (the second term), outward-going planar waves (the third
term), and radial waves (the fourth term), where the subscript or superscript g=1
indicates that it is a parameter considered in the neck of the resonator; the subscript
or superscript g=2 indicates that it is a parameter considered in the cavity of the
resonator. Herein 4", A", B{”,and B'” are the complex constants related to
the magnitude of the corresponding wave mode. J, is the Bessel function of first
kind and order zero.® k, k), and k'? represent the wave number, the radial
wave number of mode 7, and the axial wave number of mode n (respectively), with

the relation k° = (k%) +(k\”)* (¢ =1.2). In terms of the momentum equation,

the particle velocity in z-direction can be obtained as

Aéq) ‘ 1 ad _ ‘k(q)z
F(r2) = S AR (e
poco
B((I) . 1 & Ko,
_poc P __ZB(q)k(q)J (k(q)r)e/ g=12 2.3)
0“0

The wall of the resonator is assumed to be rigid without any absorption materials, so

the boundary conditions

13



OF (r,z,) 0. OP,(r,z,) vy OP,(r,z,) _o (2.4)
or . or v, 0z, -

give

ko=x/n. ki =x,1m (2.5)

and

B = AP e BIEZ)eka?)Iz _ An(z’e”"g“)lz 2.6)

where g, is the n™ root of the function®® J,'(x,)=0.

At the neck-cavity interface of the resonator, the continuity conditions of sound

pressure and particle velocity

Pl(r,zl)Ll:l1 :PZ(V’Zz)zz:o’ 0<r<p 2.7)
V](r,zl)zlzl1 :I/Z(r’z2)|22:o’ 0<r<p (2.8)
give
1 > AW ik Wk _ L2 4D @y, N 4D @y\hh h 79
>0 (A4e™ + Be )_Er1 (A7 +BP)+ > (A + B )—Jl(r—;(n) (2.9)
n=1 n 2

1> 20 4 =ik 1y ik
Erl [JO(Zm)] (Am e +Bm € )

+00 r r
=3P B ey (7,00, ) (2.10)

" () = () 2 .

7, n
and
i (A e = By =y (A5 - By (2.11)
1 4 .
S RO G P (A = B = k(4e M~ B ) T2, (L 7,)
m 2
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h

=3 kD (4D g o g I CE ) 2.12)
n=1 (ﬁ)Z_(ﬁ)Z 7, 7
r,

h

where J, is the Bessel function of first kind and order one,”® and m=1,2,...,+0

in both Egs. (2.10) and (2.12).

The frequency range concerned in the present study is well below the cut-on
frequency of the resonator neck and the duct. It means that the nonplanar waves
excited at the discontinuity junction (the duct-neck interface) will decay
exponentially. Therefore, only planar waves are assumed to exist in the duct-neck
interface. This is an approximation, which helps us to develop a direct relation of the
sound pressure in the duct and neck by ignoring the multi-dimension effect in this
complex interface. However, this assumption will be the limitation of the distributed
parameter model, which will be shown in the Section 2.2 and discussed in Section
2.3. This indicates that the frequency concerned in this thesis should be low enough
that not only below the cut-on frequencies of the duct and neck but also make the
evanescence waves excited at the duct-neck interface decay rapidly enough to be
ignored. Usually, the distributed model works well on the resonator with long and
thin neck. Due to this assumption, 4" is set to zero. At the meantime, nonplanar
waves can also be excited at the neck-cavity interface due to the sudden area

discontinuity. This multi-dimension effect can no longer be ignored since it can be
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considered as sounds radiate into a bigger space (cavity) and the frequency may not
below the cut-on frequency of the cavity. However, the nonplanar waves excited at
the neck-cavity interface traveling in the neck in negative-z direction will decay over
the length of the neck (i.e., kf,’, should be imaginary). In this case, B is assumed
to be one-dimensional in the duct-neck interface and two-dimensional in the
neck-cavity interface. So F is no longer a variation of 7 in the vicinity of z, =0.
At the duct-neck interface, the continuity conditions of sound pressure and volume

velocity can be expressed as

P+P =R| =P (2.13)
P-P P
L8, =V|  S+——5, (2.14)
PLoCo " PC
which give
S,P =(S,+0.55)A4" +(S, -0.55)B" (2.15)

Combining Egs. (2.6), (2.9)-(2.12), and (2.15) yields an equation set that determines
the complex coefficients 4, B, BV, 4%, BY?, 4%, and B'”. Since
higher-order harmonic components have a diminishing effect on the solution,'™” we
can use a finite number of terms instead of an infinite summation of all modes and
still ensure that the solution is reasonably accurate. Assuming that £/ P, is made of

harmonic components up to order N/M respectively, the equation set can then be

rewritten in terms of matrices, as
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Ux=y or x=Uy, (2.16)
where x and y areboth (4+ N +2M)-dimensional vectors, which are given by
x=[a0 B BY B AP BY AP BY 4D BYT o)
y=[s,7 le(wﬂm]' (2.18)
And U is a square matrix of dimension (4+ N +2M)x(4+ N +2M), which can be

written as U= [U1 U, U, U4]T . Herein the 3x(4+ N +2M) -dimensional

matrix U, is given by

Sy +0.58, §,-0.55, 0, 01><(2+2M)
_ 2 - jkh 2 jki, 2 2
U =| ne —he Oy —1 h 01000 (2.19)
2 ok 2k, 2 2
he he Oy -1 —h Cron

where 0 denotes a zero matrix, with the subscript such as 1x N indicating its
dimension, and

1 r 1 |2 1 r 1 7
C1><2M:_2r1r2|:_']1(_1;(1) _Jl(r_lﬂﬁ) _Jl(r_llM) _Jl(r_IZM):|

X ) ya 2 Xm 2 Xu 2

(2.20)
U, is a M+1)x(4+N+2M) matrix, as U, = lO(M+1)X(N+2) D(M+l)x(2+2M)J s

where

—jki ikl
e Jkty _ e] 2 O
e—Jk.E,Zl)lz _ ejki,zl)lz

D

(M+D)x(2+2M) —

0 o
2.21)

The Nx(4+N+2M) -dimensional  matrix U, is given by
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U3 = [0N><2 EN><N 0N><2 FN><2M]7 il’l Wthh

i (1)
[Jo(r)Pe" "
I »
EN><N = Erl
GO g
[JO(ZN)]ze N
(2.22)
. Y., ‘PMI 1 1
Fyoum _r_l Do (2.23)
2 yle TM,N 1 1
where
W= K . JO(XH)JI(E—IXm) for n=12,..N and m=12,..M.
(") —(2m)? 2
I, L

U, is a Mx(4+N+2M) matrix, as U4=[Isz Juv Ono KszM], in

which
- _
J (1)
&)
2 . .
L., =—knr, : x[e — ] (2.24)
v
J (L
1(7’2 Xu)
KO el e ik
r z,l ~ 1,1 z,N ~ LN
Jven =r—1 P . P . (2.25)
2 kilj \IJM,lesz.lll . kg}\] [PM’Nesz,lll
[Jo(Zl)]Zki,zl) 1 -1
K rou :Erzz . x -
[Jo ()T kS, 1 -1
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(2.26)

So the acoustic impedance of the Helmholtz resonator in the neck opening, can be

derived by Z =P /(V151)|z where B and V| are described in Egs. (2.2) and

—0°

(2.3). An example of the MATLAB codes of the distributed-parameter model of

Helmholtz resonator is attached in the appendix.

2.3 Numerical Simulation

To compare the theoretical prediction of Helmholtz resonator using lumped- and
distributed-parameter models, the three-dimensional finite element method (FEM)
using the commercial software COMSOL Multiphysics® version 2009 is used in the
thesis as a validation tool, which also offers an extensive interface to MATLAB and
its toolboxes for a large variety of programming and postprocessing works. In this
chapter, the following parameters are set in both theoretical calculation and
numerical simulation: ¢, =344 m/s, p,=1.21 kg/m®. To ensure accuracy, a fine
mesh spacing of less than 0.01 m was used and the model was divided into more
than 3600 elements for both two cases in Fig. 2-2. The geometries of the duct and
resonator in Fig. 2-2(a) are: r,=2 cm, r,=8 cm, /=5 cm, /,=12 cm; and

those in Fig. 2-2(b) are: =2 cm, r,=5 cm, [[=5 cm, [,=7 cm.
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2.4 Results and Discussion

(a) (b)
60 } 60
| lumped parameter model lumped parameter model
: — — — - distributed parameter model — — — - distributed parameter model
50 1 *  FEM simulation 50 * FEM simulation
\

40 !

N
[=}

30 I

Transmission loss (dB)
Transmission loss (dB)
w
o

]
i
20 Ar

0 500 1000 1500 0 500 1000 1500 2000 2500 3000
Frequency (Hz) Frequency (Hz)

Figure 2-2. Transmission loss comparison between the lumped-parameter model, the
distributed-parameter model, and FEM simulation of Helmholtz resonator.

The comparison of HR transmission loss (7L) derived by the distributed-parameter
model, the lumped-parameter model, and FEM simulation is shown in Fig. 2-2(a)
and Fig. 2-2(b). It can be seen that the traditional lumped-parameter model does not
agree well with the FEM simulation in both Figs. 2-2(a) and 2-2(b) particularly at
the fundamental resonance frequency at around 160 Hz in Fig. 2-2(a) and 340 Hz in
Fig. 2-2(b). Strictly speaking, this indicates that the lumped-parameter model has a
bigger relative error with the FEM simulation than the distributed model. This

deviation between the lumped distributed model and the FEM simulation is large
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enough to lead to the misprediction of the fundamental resonance peak due to its
narrow bandwidth, which is similar to that observed in Ref. 10. Compared with
lumped-parameter model, the model of a distributed-parameter Helmholtz resonator
agrees very well with the FEM simulation at most frequencies, including the
fundamental resonance frequency at around 160 Hz in Fig. 2-2(a) and 340 Hz in Fig.
2-2(b), and the second resonance frequency at around 1450 Hz in Fig. 2-2(a). This
may indicate that the multidimensional effects in the neck-cavity interface
considered in the distributed model have a more accurate description on the
frequency characteristic of the Helmholtz resonator than the interior end correction
in the lumped model in this case. However, it can also be observed in Fig. 2-2(b) that
the discrepancy between the distributed-parameter and the FEM simulation increases
as the frequency increases, especially, at around the second resonance peak of
around 2500 Hz. It may be due to the assumption of the distributed model that the
planar wave propagated in the neck-duct interface becomes invalid as the frequency
increases to above 2000 Hz. It should be noted that this assumption (only planner
wave exists in the duct-neck interface) comes from the mathematical difficulties on
solving the non-planner waves in this complex interface. The discrepancy on the 2™
resonance peak shows the frequency limitation of this distributed-parameter model
due to this assumption. In general, the comparison in both Fig. 2-2(a) and (b) show

clearly that the model of distributed-parameter HR has a more accurate description
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of the frequency characteristic of an HR in most frequencies provided that the planar

wave propagation in the neck-duct interface can be ensured.
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Chapter 3

Periodic Helmholtz Resonators Array

3.1 Wave Propagation in a Semi-infinite Duct Loaded

Periodically with Resonators

3.1.1 Theoretical Outline

This section considers a semi-infinite duct loaded periodically with resonators, as
shown in Fig. 3-1. Compared with the length of duct segment between two nearby
resonators D, the diameter of the neck of the resonator is assumed to be negligible
since the length D usually much larger than the diameter of the neck (as shown in the

remainder part of the chapter). In other words, D also can be regarded as the periodic

distance.
19 HR 2" HR n" HR n+1" HR n+2" HR
o JL o J[ | SN | S |
HP, N ) = Pi) - =>Pu’(xD) To infinity
&P, & Pr(x) & Pr(x) < Pi(x) & Prs1’(x-D)
: ) S . .« ——— - - - - - - <
S P S A 7
1% periodic cell 2™ periodic cell nih periodic cell n+1t periodic cell

Figure 3-1. Semi-infinite duct loaded periodically with resonators.
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As shown in Fig. 3-1, a typical periodic cell consists of the duct segment and a
resonator attached to the left side. As assumed in Chapter 2, only planar waves exist
in the duct and the vicinity of the opening of the resonator. In the region of the n™
periodic element, (n—1)D <x<nD, the sound traveling in positive- and negative-x

(n—1)D) and

directions can be described with sound pressure P (x)=C e/
P (x)=C, e/ " P "where C' and C, are complex constants related to the
magnitude of positive- and negative-going planar waves in the n™ duct segment
respectively. In the region of the next cell, nD<x<(n+1)D, the acoustic field has
a similar form, with sound pressure P’ (x)=C! e’ and
P (x)=C,, e’ Combining the continuity of sound pressure and volume

velocity at the point x =nD yields the relation between the n™ cell and n™+1 cell in

the form of matrix, called the periodic transfer matrix*® T, as

C11+l — T Cn (3.1)
Cn_+] Cn_

where the 2 x 2 -dimensional matrix T is given by

(1_liM)eﬁ‘kD _lipoco o/

28, 7 28, Z
o Sa 2, (32)
18 po? o P (1+li pof’o )e?
28, 7. 28, 7

The entry in the i row and the /" column of T is denoted as ;, and Z_ is the acoustic
characteristic impedance of the resonator, which can be derived by using the

lumped-parameter model in Section 2.1 or the distributed-parameter model in
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Section2.2,as Z,=Z7,/8,.

Dynamic periodic systems are unlike static periodic systems, which can be described
in terms of a periodic function f'(x), with the relation f(x+ L) = f(x), where L is
the periodicity of the function. Instead, dynamic periodic systems (such as the sound
field distribution in the periodic structure considered in this section) can be described
by the function f(x+L)=e"f(x). This is called the Bloch wave theory.”
Therefore, Eq. (3.1) can be rewritten in another form, as

e el =etler T (33)
Combining Egs. (3.1) and (3.3), the analysis of a periodic resonator system boils

down to an eigenvalue problem that involves finding the eigenvalue A =e* and the

corresponding eigenvector v = [v+ v_]r for the transfer matrix T.

3.1.2 Nature of the Characteristic Wave Type

4 in Bq. (3.3) is called the propagation constant,” which is a complex value
composed of a real part x, , called the attenuation constant, and an imaginary part
M., called the phase constant (4= u + ji,). In principle there are ranges of
frequencies in which the solution contains the real part 1, . This result indicates that
the energy gets attenuated when waves travel through each periodic cell, and those

frequency ranges are called the stop-bands. In other frequency ranges, the solution

25



only contains the imaginary part £, which indicates that there is only a phase delay
when a wave travels through each cell. These frequency ranges that the waves are

allowed to propagate through are called the pass-bands.

Combining Eqs. (3.1) and (3.3) yields the characteristic polynomial® of T. Note
that—for a passive system—the determinant of the matrix T is unity’® and

e —(t, +ty,)e +t b, —tot, =€ —(t, +t,,)e" +1=0 (3.4)
Consequently, we can write

_/kD)_i_%% pgco (e./kD _e*ka) (3.5)
d r

cos(jy)zl(t11 +t22):l(e”‘D +e
2 2

Eq. (3.5) indicates that gz is a function of the frequency and other geometric

parameters, such as periodic distance (D) and resonator acoustic characteristic

impedance (Z,). In general, the eigenvalue A =e” describes the propagation

property of a characteristic wave type, and the characteristic wave type is defined by

its corresponding eigenvalue [v+ v_]T , which represents the specific linear
combination of positive- and negative-going planar waves. There are two solutions
of u in Eq. (3.5) that occur in opposite pairs:  ==(x, + ju;) in the stop-bands,
and p==xju in the pass-bands. Assumed that g >0 and O0<y <27 ,
u, =—(u, +ju,) describes the propagation property of the “positive-going”
characteristic wave type (or simply positive wave type), defined by the

corresponding eigenvector v, = [vl+ v, ]r Similarly, sz, = p, + ju, describes the
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propagation property of the “negative-going” characteristic wave type (or simply
negative wave type), defined by the corresponding eigenvector v, = [\/2+ v, ]T. It

can be imagined that these two wave type are of the same characteristic wave type

but traveling in opposite directions, and there are relations between two

2

corresponding eigenvectors (V, :[vl+ v, ]f and Vv, :[vz+ v, ]I) , as ‘vf ‘=‘v2_

- |+
and ‘vl‘—vz

When planar waves travel in the semi-infinite duct with periodic resonators
considered in this section, only the positive-going characteristic wave type v,

exists in duct segments of all periodic cells, as

Ct +
"lzav,=a| |, n=12,.,0 (3.6)
c v,

n

where a, is a complex constant. By introducing Eq. (3.1), Eq. (3.6) can be

expressed as
C’ C’ C’ C/ _
=T T =T R = =T =T Y =a A Y, (3.7)
Cﬂ Cn—l Cn—2 Cl

which gives a, = 611/11"_1 . Eq. (3.7) indicates that the positive- and negative-going
planar waves in duct segments of all periodic cells have the same amplitude ratio

/a

n+l n

‘vf /vy ‘ and decay at the same rate |a

(=e ") when they pass through each
periodic cell along the positive-x direction. In other words, they propagate as a whole

in the positive-x direction, denoted as the positive-going characteristic wave type.
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Let w, =—jgD (A, = e "), the sound pressure in the duct segment of n" periodic
cell can be expressed as
Pn (x) — C:lre—jk(x—(n—l)D) + Cn—ejk(x—(n—l)D)

=[av!e D) 4 g o R-(1DD) Jja(n-DD (3.8)
Letusset x, =x—(n—1)D (0<x, <D), which is a local variable. The exponential

—jq(n-1)D

component of Eq. (3.8) (i.e. e ) represents net changes of the characteristic
wave type from cell to cell in a positive-x direction. The terms in square bracket
(av;e ™ +av; e’ ) represent components of the characteristic wave type, and its
behavior in a periodic cell. Besides, Eq. (3.8) indicates that the positive-going
characteristic wave type v, contains the negative-going planer wave component
v, . Moreover, Eq. (3.8) can be expressed as

Pn (x) = [alv;re—j(k—q)xn + alvl—ej(kw)xn ]e—./qx — CDI (xn )e—jqx (3.9)
It can be noted that the x in the exponential term e™/** is a global variable; Eq. (3.9)
describes the sound pressure distribution in the whole duct. This is another

expression of the positive-going characteristic wave type. It can be seen that ¢ is the

wave number of the wave type.

Fig. 3-2 shows the distribution of the attenuation constant g, , in terms of

20log,,(e"), and the phase constant z, . Resonators, with neck radius »=1.7 cm,

length /,=4.55 cm and cavity radius r,=4.7 cm, length /,=4 cm, mounted on a
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duct of cross sectional area S,=13.2 cm’ is selected here, with periodic distance
D =40 cm. The positive-going characteristic wave type is seen to propagate without
attenuation over the two broad bands of 0-240 Hz and 630-870 Hz with a phase
change per cell ;. A strong stop-band is found in the frequency range of 240-630
Hz, with a phase inversion between two nearby periodic cells (i.e. x = 7). A sharp
peak is observed at around 420 Hz, which is due to the resonance of the Helmholtz
resonators. It should be noted that there is a sharp gap at around 425 Hz in the
stop-band, which belongs to the phase inverse of a single resonator at its resonance
frequency f,. Basically, the frequency positions of the peak and gap of the
stop-band are related to the f, of the single resonator, the bandwidth of which is
controlled by the periodic distant D, as well as the geometries of both duct and
resonators. The distribution of the frequency band into the stop- and pass-bands is
due to wave coupling, which is similar to the waves that Yun and Mak*’ observed
propagating in a periodic structure. Different kinds of the stop-bands including their

peaks and gaps will be discussed in detail further in Section 3.1.4.
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Figure 3-2. Frequency variation of the real and imaginary parts of the propagation
constant for the positive-going characteristic wave type in the semi-infinite duct with
periodic resonators.

Fig. 3-3 shows the ratio of negative- and positive-going planar wave components in

the positive-going characteristic wave type in terms of ‘vf / v, |, ignoring the phase
difference between them. The dimensions of duct, resonators and periodic distance
used here maintain the same as those used in Fig. 3-2, i.e. n=1.7 cm, [,=4.55 cm
r,=4.7cm, 1,=4 cm, §,=13.2 cm” and D=40 cm. The stop- and the pass-bands are
the same as shown in Fig. 3-2(a). It can be seen that even in the pass-bands of the
positive-going characteristic wave type as shown in Fig 3-2(a), a small amount of
negative-going planar wave component v, exists, which means the “pass-band” is

fully passed for the characteristic wave type, but not for the planar waves. In the

situation of planar waves traveling though a single resonator, a full reflection only
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occurs at the resonance frequency f, of the resonator. In contrast, a full reflection
(i. [y /vi|=1) is observed here in the whole stop-band (240-630 Hz and 870-940
Hz) regardless of whether the characteristic wave type decays significantly or only

slightly.

i /v

0 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Figure 3-3. Frequency variation of the positive- and negative-going planar wave

components of the positive-going characteristic wave types in the semi-infinite duct
with periodic resonators.

3.1.3 Response of a Semi-infinite Duct Loaded Periodically

with Resonators

This study also investigated a semi-infinite duct with periodic resonators responding
to external excitation, which is a positive-going sound wave of pressure magnitude

P =1. The sound propagation can be described by the maximum sound pressure in

the duct segments of the first five periodic cells. The maximum sound pressure in the
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duct segment of the n™ cell P, ..x can be calculated by finding the maximum® of
P (x)=P (x)+ P (x)=Cle /0D L Coe/mdD 12,5 (3.10)
The dimensions of the duct, resonators and periodic distance used in Fig. 3-4
maintain the same as those used in Fig. 3-2,1.e. n=1.7cm, /,=4.55cm r,=4.7 cm,
l,=4 cm, S,=13.2cm®and D=40 cm. Fig. 3-4 clearly shows the occurrence of the
pass-bands and stop-bands that are associated with the corresponding propagation
constant in Fig. 3-2(a). In the main stop-band of 240-630 Hz, the energy of the
propagating waves drops at a rate of about 10 dB per periodic cell. It is also seen that

the system has a strong attenuation peak at the natural frequency of a single

resonator (i.e., around 415 Hz).
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Figure 3-4. Frequency variation of the maximum sound pressure in duct segments of
the first five periodic cells of the semi-infinite structure, n=1,2,...,5.
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3.1.4 Bandwidth Discussion of the Characteristic Wave

Type

In this section, the stop-band width of the characteristic wave type is investigated.
Although Eq. (3.5) describes the frequency characteristics of the characteristic wave
type, it does not give an explicit expression about the position of the stop-bands, as
well as their bandwidth. Furthermore, although the distributed-parameter model
provides a more accurate prediction for the resonance frequency, only the
lumped-parameter model is used here to give readers a clear and direct impression of
the tendency of bandwidth to vary with the geometries of the resonators. The
theoretical prediction of the bandwidth has been proposed by Sugimoto and
Horioka®' for small resonators (compared to the geometries of the duct), and this
section will expand their work to a wider applicable range by adding some
modification. In general, three types of stop-bands result from either the resonance
of the resonators or the Bragg reflection, or from both.”' Using the definitions of Z,

(lumped-parameter model) and Z,, as

4 =j§Lll(a)2—a)§) and Z, = p,c,/S, (3.11)

' 1
where Z, is the acoustic impedance of the duct. Eq. (3.5) can be rewritten as

V,k

cos(gD) =cos(kD) + 25, [(a) Loy 1]

sin(kD) (3.12)
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When the right hand side of Eq. (3.12) is smaller than or equals to unity, the wave
number of the characteristic wave type ¢ is real; and the corresponding frequency
range is the pass-band. At the meanwhile, when the right hand side of Eq. (3.12) is
larger than unity, ¢ is a complex number; and the corresponding frequency range is
the stop-band. Therefore the position of the stop-band is determined by the stop-band

boundary when the right hand side of Eq. (3.12) equals to unity.

The first kind of stop-band (referred to as stop-band I) results from the resonance of
the resonators. The stop-band is near @,, as @/@w,=1+A, where |A| <1 is
assumed. To differentiate it from the other two types of stop-bands, k,D #mx here,
where k,=®,/c, . When the modulus of Eq. (3.12) is equal to unity, the
approximated stop-band boundary A, can be obtained, as

Vk k,D k,D k,D
A1=4‘—S°cot[07(1+Al)]= Z [cot( 02 ) —

d

1 k,D
sin’(k,D/2) 2

A+.]  (3.13)

Yk tan[kOD (1+A)]=- koD [tan(kOD) + ! kD

M=% 2 4 2 2
4 cos*(k,D/2) 2

A, +..]1(3.14)

where x 1is the ratio of the cavity’s volume to the duct’s volume in a periodic cell

(x=V,/S8,D), which is generally assumed to be smaller than unity (x <1). The
terms in the square bracket of Eq. (3.13)/(3.14) are the series expansion of the

cotangent/tangent terms, respectively. The zero order corrections (the first terms in

the square brackets) of Eqs. (3.13) and (3.14) give A, =xk,D/4-cot(k,D/2) and
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A, =—xk,D/4 tan(k,D/2) , with a relative bandwidth
Ay =KkyD/2- |tan(k0D/ 2)+cot(k,D/ 2)|. These are obtained from Sugimoto and

Horioka’s examination of the issue,’’

which also includes a general discussion of
stop-band I. The bandwidth A,, is of the order x . Furthermore, A,, reaches its
minimum value when k,D is an odd number multiplied by 7/2, and becomes
broader when it approaches multiples of 7. However, this approximation has a
significant deviation when |A|[>0.1. A more accurate result can be obtained by

considering the first order corrections (the second terms in the square brackets) of

Egs. (3.13) and (3.14), or even the higher order corrections.

The second kind of stop-band (referred to as stop-band II) is the result of the Bragg
reflection, which occurs when the periodic distance becomes a multiple of a
half-wavelength of sound waves (kD=mz m=1,2,..).>" The stop-band is near

o, =mmc,/D,as w/w,=1+A. To differentiate it from the third case, ®, # ®,

here. In the frequency range of stop-band II, Eq. (3.12) can be approximated as

V,mr(1+A)
208, [ (,(1+48)/ @) ~1]

= (=1)" {1+ (m;”z E} (3.15)

cos(gD) = cos(mx +Amrm)+ sin(mzm + Amr)

where

_ k(1+A) _Q
1+ Mo, /o) -1

(3.16)
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E can be approximated as GA-A’, where G =x/[(®, /®,)* —1], which gives
A =0 and A, =x/[(w,/ @) —1] with  the  relative  bandwidth
Ay = K/‘(a)m /w,)* —1‘ . This is derived by Sugimoto and Horioka.”' For
stop-bands II where @, < ®,, there is 1+« /[(®,/®,) —1]<@/w, <1; for others
in higher frequency ranges where 0, >0, , there is
1<w/w, <1+x/[(®,/®,)’ —1]. In general, @, is always one stop-band boundary
and the stop-band appears on either side of @, only, which depends on the relative
position of @, and @,. The relative bandwidth A,, 1is of the order x, which
becomes broader as it approaches the resonance frequency ,. Similarly, the
approximation made above has a significant deviation when |A|>0.1. A modified

approximation can be obtained by rewriting Eq. (3.16) as

=M—N (3.17)
2y°A+y° -1

where y =, /®,.In additionto A, =0, there are two other roots, as

3 K+1-y? i\/(y2 —1-x)* +8xy’
= =

A, (3.18)

For the stop-bands Il of <1, A, is in the range of (-1, 0), which is the physically
reasonable root. For the stop-bands Il of y >1, the A, in the range of (0, 1) should

be selected.

The third case (referred to as stop-band III) results from both the resonance of the
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resonator and the Bragg reflection (i.e. @, =®,). In the frequency range of
stop-band 1II, Eq. (3.16) can be approximated as E=x/2-A" , with
A, =+Jx/2 and the relative bandwidth A,, =2k . This is obtained from
Sugimoto and Horioka.”' Compared with the previous two types, this stop-band is
widened to be of the order +/x . As D is in this case limited to mz/ ky (k,D=mm),
the relative bandwidth A, is at its maximum value when m =1. Similarly, the
approximation has a significant deviation when | A [>0.1. Substituting @, /@, =1
into Eq. (3.16) gives

N+2N -kA—Kk=0 (3.19)

The equation above has three roots,” as

A = —% —%«/4 +3x cos(g) (3.20)
A, :_§+ ”4;3’f [cos(g)i\/gsin(g)] 3.21)

where @ =arccos(K), K =(16-9x)/[2(4+3k)'"’]. As A, <-1 is physically
impossible, the other two roots A, are chosen. Compared to the results obtained

by Sugimoto and Horioka,” Eq. (3.21) indicates that f, is not exactly in the middle

of the stop-band.
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Figure 3-5. Three types of stop-bands.

Fig. 3-5 shows an example of three types of stop-bands. For Fig 3-5(a), the
geometries of resonators and duct are: 7 =2 cm, [ =2.1 cm, V,=136.75z cm’,

S, =12 cm?’, D =45cm; for Fig 3-5(b), D =34.4 cm with others unchanged.

Stop-bands I and II are shown in Fig. 3-5(a). The Sugimoto and Horioka’s
approximation’ gives stop-band 1 at around 280-1280 Hz ( A, =-0.43 and
A, =1.55), and the first stop-band II at around -344-382 Hz (the prediction form Ref.
31 gives a physically meaningless lower frequency boundary in this case with big
Helmholtz resonators). The modified approximation using Egs. (3.13) and (3.14)
gives stop-band 1 at around 430-590 Hz ( A, =-0.14 and A, =0.18, the

consideration is up to the first order corrections) and the first stop-band II using Eq.
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(3.18) at around 210-382 Hz. Comparing the predicted stop-band I at 425-680 Hz
with the first stop-band II (kD = 7 ) at 210-380 Hz using implicit equation, Eq. (3.5),
it is clear that the modified approximation derived from Eqgs. (3.13), (3.14) and (3.18)
shows better agreement with the theoretical prediction than that of Sugimoto and

Horioka.

Stop-band III is shown in Fig. 3-5(b). Sugimoto and Horioka’s approximation gives
stop-band III at 185-815 Hz, while the modified approximation derived from Eq.
(3.21) gives stop-band III at around 240-850 Hz. Comparing the predicted stop-band
IIT at 240-820 Hz using implicit equation, Eq. (3.5), the modified approximation has
a relative error of 17%, which is less than the 24% relative error in Sugimoto and
Horioka’s approximation. The modified approximation makes only a slight
improvement on the prediction, because the modified approximation on the cosine

and sine terms of Eq. (3.15) has a relatively low accuracy as |A[>0.5.

3.2 Wave Propagation in a Finite-length Duct Loaded

Periodically with N Resonators

3.2.1 Theoretical Outline

In the previous section, for a semi-infinite duct with periodic resonators, there is
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only the positive-going characteristic wave type defined by the eigenvector v,. This
section considers a more general situation: a finite-length duct with N periodic
resonators. In this case, the influence of the end boundary condition should be
considered. This means in addition to the positive-going characteristic wave type, the
negative one defined by the eigenvector v, needs to be considered, which can be

regarded as the “reflected” characteristic wave type.

Fig. 3-6 shows a duct loaded periodically with N side-branch resonators at an
identical distance D between two nearby resonators. At the beginning of the duct
there is a loudspeaker that oscillates at the magnitude of sound pressure F, at the
distance Lyegin from the first resonator (the interested readers can also use a more
realistic beginning boundary condition, a constant vibration velocity ¥, instead,

and the right hand side of Eq. (3.25) becomes p,c,V} ). At the end of the duct there

is a material with reflection coefficient O at the distance Leng from the M B resonator.

* resonator “ resonator N-2" resonator N-1" resonator N" resonator

end

termination with reflection
Lbegin D D Lo ¥ coefficient a

—> Py’ —> Py —> P2’ — Py’ — Py
Po &~ Py &— Py & Pyno & Pna’ &~ Py

“Loegn 0 \;, D{ (N-3)R, (N-2)R}, N1)Q/ (N-1)D+Long X

1 cell 2" cell N-2" cell N-1" cell " cell

Figure 3-6. Finite periodic Helmholtz resonators array.
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Similar to Section 3.1, the sound pressure in the duct segment of the n™ periodic cell
can be described as P, (x)=C;e ") 4 €7/ 07D Hin which the magnitude
of positive- and negative-going planar waves can be obtained by adding the part of

negative-going characteristic wave type v, into Eq. (3.6), as

{C"} —av +bv,=a {Vl} +b {vz } (3.22)
Cn 1%} v,

where b, is also a complex constant. By introducing Eq. (3.1) , Eq. (3.22) also can
be expressed as
SHE e
C, C C., C,
=a,T"'v, +bT"'v, =a,4""'v, +b A"V, (3.23)

Combining Egs. (3.22) and (3.23) gives a, =a,A,"" and b, =bA1,"".

The pressure function in the N cell (as shown in Fig. 3-6) is also valid in the range
(N-)D<x<(N-1)D+L,,; and the sound pressure in x=(N-1)D+L,,

matches the end boundary condition, as

P]\; (x) _ C;/ejk(x—(N—l)D) |
P]\f (x) C;}e—jk(x—(Nfl)D)

x=(N-1)D+L,,, x=(N-1)D+L,,,

N = kL N1 = ik
_a AT ve M +b A, e

- N-1_+ —jkL,y N-1_+ —jkL,y,
at” ve +b A" vye

=0 (3.24)

Similarly, the pressure function in the 0™ cell (as shown in Fig. 3-6) is also valid in
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the range —L,,,, <x<0; and the sound pressure in x=-L, . matches the
beginning boundary condition, as
¥ - _ vt —jk(x+D) - jk(x+D)
Fy(x)+F, (x)‘x__L =Cje +C,e .
— Tbegin A= Lbegin
-1 -1 = Jh(D=Lyeg, -1 - 1\ KDLy,
= (@A v +b A, e M (@, A vy + b A, vy e e = By (3.25)

So the complex constants a; and b; can be solved by combining the boundary
conditions (Egs. (3.24) and (3.25)), which means for a certain beginning- and
end-boundary condition, the sound pressure in the duct segment of the n™ periodic
cell can be described by the specific combination of the positive- and negative-going

. e n-1 n-1
characteristic wave types, as a4, v, +b4i, v,.

General speaking, in the finite-length duct with N periodic resonators, the
positive-going planar waves can be divided into two parts (i.e., C; =a,v, +b,v,),

the first part a,v decays at the rate a,, /a, (=4,) with the other part b, v,

n+l

increasing at the rate b,,,/b, (=A,). Due to the relation A, =1/4, discussed in

n+l

previous section, these two parts actually decay at the same rate but in opposite
directions: one a,v, as a component of the positive-going characteristic wave type
with the other b, v, belonging to the negative-going characteristic wave type.
Similarly, the negative-going planar waves can also be divided into two parts (i.e.

C, =a,v; +b,v;), with one a,v; moving forward and the other b,v; backward.

n
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Similar to Eq. (3.9), the sound pressure field in the whole duct can be expressed as

P,(3) = B, (x,)e "+, (x, )™ (3.26)
where
D, =byie /" 4 p e/ T (3.27)

represents the components of the negative-going characteristic wave type.

3.2.2 A Finite-length Duct-resonator System with Anechoic

Termination

Although the positive- and negative-going characteristic wave types belong to the
same characteristic wave type, they propagate in opposite directions along the duct.

Their relative ratio in the duct segment of the n™ periodic cell can be expressed as

5, =

b}’l/al’l

, (0<n<N).

Under the condition of a semi-infinite duct with periodic resonators, there is no

negative-going characteristic wave type (i.e. 0, =0). In contrast, 6, is a function
of frequency in a finite-length duct with N periodic resonators. Fig. 3-7 shows the
variation of J,under anechoic termination in a finite-length duct with 10 resonators
(N=10). The dimensions of duct, resonators and periodic distance used here maintain
the same as those used in Fig. 3-3, so the stop- and the pass-bands are the same as

shown in Fig. 3-3(a). It should be noted that although Fig. 3-3 only shows the stop-
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and the pass-bands of the positive-going characteristic wave type, it can be imagined
that the negative one has the same frequency band distribution since they are of the
same characteristic wave type. In the stop-bands (240-630 Hz and 870-940 Hz),
there are few waves of the negative wave type in the duct segment of the first
periodic cell (6, =0). In addition, it can be seen in the stop-bands that the amount of
the negative wave type continues to increase in the subsequent periodic cells, and
finally reaches the same amount as the positive one (8, =1) in the last periodic cell
(the N™ cell). In other words, o0, reaches its minimum value at the beginning (n=0)
and its maximum value at the end (n=10). It is interesting to see that even though
“anechoic termination” does not reflect any planar waves, it is an absolutely “rigid”
termination for the characteristic wave type in the stop-bands, since it fully reflects

the positive wave type in the N cell, as the dotted line in Fig. 3-7 shows.

T I | T
0.8~ h 2‘ | —
0.6+ \ ( —

\ |
0.4} | | 1
0.2 ‘ / JJ .

n increasin / \ N J

0 g Kf DRI T - /J

L L L L L ]
0 100 200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Figure 3-7. Frequency variation of the finite periodic structure under anechoic
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termination, n=1,2,...,10.

In the pass-bands (0-240 Hz, 630-870 Hz, and above 940 Hz), it can be seen that all
the lines overlap. This means that the relative ratio of the positive- and
negative-going characteristic wave types (J,) has the same pattern in all periodic
cells, as both the positive- and negative-going characteristic wave types propagate
freely without any attenuation in the duct. In the pass-bands, the “anechoic

termination” seems to be a partially reflective boundary for the characteristic wave

type.

It should be noted that the amount of negative wave type quickly increases at the
pass-band and stop-band junctures, at frequencies around 240, 430, 640, 870, and
940 Hz in all periodic cells. The system seems to respond strongly at these
frequencies. It is more prominent in the gap of the stop-band, i.e., a sharp boundary
at around 425Hz (as shown in Fig. 3-3(a)), because the characteristic wave type is
fully reflected and the amount of negative wave type is nearly the same as that of the
positive one. In general, unlike what it means to planar waves, anechoic termination
cannot be regarded as “anechoic” to the characteristic wave type, and it can even be

fully reflective at a particular frequency.
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3.2.3 Estimating the Properties of the Characteristic Wave
Type in an N-cell Duct-resonator Structure with Anechoic

Termination

First of all, 0, can be used to estimate the ratio of ‘vl_ / v, ‘ described in Section

3.1 by rewriting Eq. (3.24) under anechoic termination as

N-1 = kLo N-1 = jkLea _ L = JkLey
a,A’ ve +b A, vye =a,v, e +b,v,e =0 (3.28)
So there is
b i i
|5N| S o' O O Y 6 O (3.29)
- +
ay v, 12

by using the relation ‘vf ‘ =‘v2_ , which was discussed in Section 3.2. This can be

verified by comparing Fig. 3-3 and the dotted line in Fig. 3-7.

Furthermore, the averaged transmission loss TL of this finite-length duct with N

periodic resonators can be used to estimate the attenuation constant g, in terms of

20log,,(e"). The averaged transmission loss TL canbe expressed as

— 20 Pl 20 C;
L =—1log,, 0+ Z—IOglo—i
N Pi| N C
20 a A v +b A,V |20
="log,l———"—12—2=""log,,|X (3.30)
N T v b A, VN olX

Within the frequency range of stop-bands, there is

A =e T Q= et @ >0 and 0<pu <27 (3.31)
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Because |/11| <1, when N — oo, the first term in Eq. (3.28) approaches zero, so

b, =0. Therefore, Eq. (3.30) can be rewritten as

=20log,, (e" ) (3.32)

N-1 +
an Y

Within the frequency range of pass-bands, there is
A=e M L =e (0<u <2r) (3.33)
and the X in the Eq. (3.30) can be rewritten as

JH; + —JH; + + +

X = e“ayv +e by, _ a,v, +b,v,
—j(N-D) i(N-1) —jNu,; iNu;

e J( )u,alvr +e./( )ﬂlblv; AL aov; + e’ ”‘bovg

(3.34)

which can be regarded as the addition of the vectors a,v, and b,v, divided by the
addition of themselves with an Ny, degree rotation of a,v, in the clockwise
direction and an Ny, degree rotation of b,v, in the counter-clockwise direction.
By substituting Eq. (3.34) into Eq. (3.30), TL fluctuates over the pass-band since
the phase constant g, is the function of frequency. On the other hand, TL
decreases at the rate of 1/N and the fluctuation of 7L becomes smaller when the

number of periodic cells (N) increases. Moreover, TL approaches zero (i.e., is close
to 20log, (") with g =0) within the pass-band in the semi-finite duct with

periodic resonators when N approaches to infinity, as shown in Fig. 3-2(a).

Compared with the semi-infinite duct with periodic resonators discussed in Section

3.1, this section investigates two cases: two ducts with 3 and 10 resonators
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respectively under anechoic termination, as shown in Fig. 3-8. It is noted that the
case N=1 is also investigated, which is the common condition that a duct with a
single side-branch resonator. In addition, the attenuation constant 4, in terms of
20log,,(e*) in Fig. 3-2(a) is re-plotted in Fig. 3-8, which has been verified above
that equals to TL in the case N=oo. The dimensions of duct, resonators and periodic

distance maintain the same as those used in Fig. 3-2, with the beginning and end

conditions: L,

=30 cm, L,, =30 cm, P, =1 Pa and o =0. When the case
N=1 is compared to other 3 cases (N=3, 10 and =), one can have a clear impression
of the difference brought by structural periodicity. In the frequency range of 150-240
Hz and 640-860 Hz, different from a single resonator (N=1) providing slight
attenuation of around 0.5-2 dB, planar waves propagate without any decay through
the resonators array (N=c0). On the other hand, the combination of several identical
resonators provides more averaged noise attenuation than the single resonator in the
frequency range 240-380 Hz and 480-640 Hz of the main stop-band (N=00). When
the three cases of N=3, 10 and oo are compared, one can see that the averaged
transmission loss 7L approaches the attenuation constant g in terms of
20log,,(e") (i.e. the case N=o) in the stop-bands as N increases. Similarly, as N
increases, 7L approaches 20log,,(e”) with the ripple pattern of TL decreasing

in both cases of N=3 and 10 in the pass-bands. It should be noted that there is a

undesirable dip in Fig. 3-8 at the Bragg reflection frequency (425 Hz). To eliminate
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this dip, the resonance frequency of resonators should set

accurately to this

frequency; and this leads to a broad stop-band, i.e. stop-band III.

Figure 3-8
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. Using the averaged transmission loss ﬁ to estimate the attenuation

constant ., interms of 20log ().

3.3 Numerical Simulation Based on the Finite

Element Method

A three-dimensional finite element method (FEM) was used to verify the theoretical

analysis of the finite-length duct with periodic resonators; investigate the influence

of number of Helmholtz resonator on noise reduction characteristic, and compare

with the experimental results in next section. The detailed description of this method
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for time-harmonic acoustics in this thesis, which are governed by the Helmholtz
equation, can be found in numerous sources.®’ The commercial software COMSOL
Multiphysics® version 2009 is used in the thesis as a validation tool, which also
offers an extensive interface to MATLAB and its toolboxes for a large variety of
programming and postprocessing works. The numerical model consisted of a duct
with different number of identical side-branch resonators and an excitation from an
oscillating sound pressure at fixed magnitude F, =1. The end termination was set to
be anechoic (i.e. dP/dx+ jkP=0)."* To ensure accuracy, a fine mesh spacing of
less than 5 cm was maintained for the models (compared to the wavelength of the
upper frequency, i.e. 1000 Hz, considered in this chapter). For example, when
considering the case used in Figs. 3-2 and 3-8 with N=5, the mesh divided the
duct-resonator structure into more than 8,000 triangular elements; and the maximum
element was observed in the duct with a side length of 4.8 cm; the minimum element

was observed in the neck-duct interface with a side length of 1.7 mm.

Fig. 3-9 shows the noise attenuation effect formed by the wave coupling in the
periodic duct instead of the resonance of a single resonator ( f, =415 Hz), sound
field distribution (pressure magnitude) on the sliced plane along the duct were
examined at 500 Hz. In Fig. 3-9, the geometries of the duct-resonator system are the

same as those used in Fig. 3-8, i.e. n=1.7 cm, /,=4.55 cm r,=4.7 cm, [,=4 cm,
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S,=132 ecm’,D=40 ¢cm, L, =30 cm, L, , =30 cm, P,=1 Paand a=0. It

egin

can be seen from Fig. 3-9 that sound pressure dropped noticeably at a rate of around

10 dB per cell, which agrees well with the theoretical analysis shown in Fig. 3-8 at

500 Hz.
[ ; : : B
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Figure 3-9. Sound field (pressure magnitude) of the finite periodic structure.

Secondly, FEM is used to investigate the influence of number of resonators in the
periodic duct-resonator system, which results in an evolution of the noise attenuation
from a single peak to the three different stop-band types; and the FEM simulation is
compared with the theoretical analysis of the stop-band width developed in Section
3.1.4, as shown in Figs. 3-10 and 3-11. The geometries of the duct-resonator system
in Fig. 3-10/3-11 is the same as those used in Fig. 3-5(a)/(b) respectively, 1.e. 7 =2
cm, [ =2.1 cm, V,=136.75z cm’, S,=12 cm’, D=45 cm for Fig. 3-10;

D =344 cm with others unchanged for Fig. 3-11.
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Figure 3-10. The averaged transmission loss ﬁ of the duct with N resonators (the

solid lines represent the FEM simulation and the dotted lines represent the theoretical

prediction).
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Figure 3-11. The averaged transmission loss ﬁ of the duct with N resonators (the

solid lines represent the FEM simulation and the dotted lines represent the theoretical
prediction).

Compared to the geometries of the duct, the resonators used in Figs. 3-10 and 3-11
are large. To ensure the validity of the lumped model, the interested frequency range

is kept well below the cut-on frequency of the duct and neck. The deviation between
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the theoretical prediction and the FEM simulation can be observed in Fig. 3-10(a)
and Fig. 3-11(a), which is very similar to that observed in Fig. 2-2. However,
although the distributed models will give a better prediction (as shown in Fig. 2-2),
the lumped one helps in the discussion on the band types with the geometries of
resonators. Moreover, the theoretical predictions in Fig. 3-10 and 3-11(a) diverge at
the resonance frequency in this lossless case (ﬁ — 0); and there is a truncation on
the peak in these figures (dotted lines). Truncated the peaks can show clearly the
main attenuation bands in thesis figures without considering the peaks that are
unrealistic in practice. Due to the calculation error in the FEM simulation, sound
pressure in the downstream duct can not accurately equal to zero at the resonance
frequency, the resonance peak of solid lines will not diverge. In Fig. 3-11(b), (c)
and (d), the peaks of both dotted and solid lines are suppressed due to structural

periodicity in the case o, = @,.

In Figs. 3-10 and 3-11, when the cases N=1 are compared to other cases, there is a
clear impression of the difference caused by structural periodicity. The cases N=2,
shown in both Fig. 3-10(b) and Fig. 3-11(b), illustrate the rudiments of the frequency
attenuation caused by structural periodicity; the original pattern of frequency
attenuation begins to break down under the influence of the emerging structural

periodicity. In the cases N=5, shown in Figs. 3-10(c) and 3-11(c), the width of the
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stop-bands decreases and a ripple pattern is observed beside them. That pattern

disappears when N=co, as can be seen in both Fig. 3-10(d) and Fig. 3-11(d).

As the case shown in Fig. 3-11(c), beside the peak resulted from the resonance of a
single resonator, the duct with five identical resonators provides an averaged
transmission loss with a broadband around 240-820 Hz at the level of around 3-15
dB; the overall transmission loss of this system is quintupling, providing around

15-75 dB in this wide frequency range.

3.4 Experiment

Fig. 3-12 shows the experimental setup for the measurement of the sound pressure in
a duct with an array of resonators. Similar to the numerical model shown in Fig. 3-9,
the experimental apparatus consisted of a duct with five identical side-branch
resonators and a loudspeaker mounted at the beginning. In the experiment, two
replaceable end terminations were used. One is rigid end termination and one is a
termination with absorptive materials. The transfer matrix method was used.®®
This method including the two-microphone technique® is used to separate incident

and reflected waves for calculation of the transmission loss by placing one pair of

microphones before and another pair after the resonators array, and the two-load
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method® to yield strict anechoic end termination. A detailed description of the
transfer matrix method can be found in Ref. 63. The testing apparatus consisted of
four B&K %2 type 4935 microphones, a B&K PULSE analyzer with four input
channels and two output channels, and a B&K type 2706 power amplifier. The
matching of the four microphones was carefully calibrated following Ref. 63. The
calculated transmission loss is then divided by the number of resonators (N=5) as
averaged transmission loss ﬁ, that can be regarded as an approximation of the
attenuation constant g, in terms of 20log,,(e” ), as discussed in Section IV. The
dimensions of duct, resonators are the same as those used in Fig. 3-8, except now
[,=5 cm and D=47 cm (ie. n=1.7 cm, [,=5 cm r,=4.7 cm, [,=4 cm,

S,=132 cm> D=47 c¢m, L, =30 cm, L,, =30 cm, P,=1 Pa and a=0).

egin
Furthermore, these dimensions of the duct and resonators are similar to that in Ref.
10, which are selected to investigate nonplanar waves excited in the resonators

neck-cavity interface and to ensure planar wave propagation in the duct and neck

with higher-mode waves decay quickly.
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Figure 3-12. The experiment setup for measurement. (a) schematic, (b) instaliment.

3.5 Results and Discussion

Fig. 3-13 shows the comparison of the average transmission loss TL between the

experiment, the theory using the distributed-parameter model, and the FEM
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simulation for a duct with 5 identical side-branch resonators. It can be seen from Fig.
3-13 that the changes in the geometry of the structure result in the difference of the
range of the main stop-band, the position of the gap, and the peak of the main
stop-band compared to Fig. 3-8. As shown in Fig. 3-13, the FEM simulation fits
better with the experimental data than the theoretical predictions both in the
stop-bands and in the ripple of the pass-bands. The deviation of the experiment data
from other two methods at the sharp peak is probably due to the sensitivity of the
microphones, which is similar to that observed in Ref. 32. However, instead of the
sharp peak resulted from the resonance of a single resonator, the broad noise
attenuation band from 210 to 570 Hz is a more important feature for this periodic
structure because it can provide considerable noise attenuation in both magnitude
and bandwidth. It can be seen from Fig. 3-13 that the averaged transmission loss TL
in the main stop-band is about 3-15 dB, except the narrow gap at around 380 Hz and
the sharp peak at around 400 Hz. In this finite-length duct with five identical
resonators (i.e. N=5), the overall transmission loss 7L 1is about 15-75 dB (i.e. 5 %

3-15 dB) in the stop-band except the gap and the peak.
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Figure 3-13. A comparison of TL between experiment, the theory using

distributed-parameter model and the FEM simulation for a duct loaded periodically
with 5 identical resonators.

3.6 Conclusion

This chapter has presented a theoretical study of a periodic resonators array based on
the distributed-parameter resonator model. When waves travel through each
resonator, they produce reflected and transmitted waves. Those reflected and
transmitted waves are then reflected and transmitted again by the previous and next
resonators. This process is physically repeated in the periodic structure. In this
situation, instead of dividing the sound pressure field in the duct simply into

positive- and negative-going planar waves, it is more appropriate to decompose it
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into positive- and negative-going characteristic wave types. Three types of
stop-bands of the characteristic wave types have been discussed, and their

bandwidths have been predicted theoretically.

After introducing the characteristic wave type to describe the wave coupling in the
periodic structure, both the semi-infinite duct with infinite periodic resonators and
the finite-length duct with N periodic resonators have been discussed. The influence
of the number of resonators has also been investigated. The predicted results using

this theory fit well with the FEM simulation and the experimental results.

As the case shown in Fig. 3-11(c), beside the peak resulted from the resonance of a
single resonator, the duct with five identical resonators provides an averaged
transmission loss with a broadband around 240-820 Hz at the level of around 3-15
dB; the overall transmission loss of this system is quintupling, providing around
15-75 dB in this wide frequency range. This study indicates that compared to a
single resonator, the use of periodic resonators may provide a much broader sound

attenuation band under carefully designed.

In this chapter, the eigenvalue analysis on the periodic structure is the existing theory.

However, as the original contribution, the duct with periodic resonators is found to
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be an effective tool for broadband noise control. In particular, such as the influence
of the number of resonators in the finite-length duct-resonator system and the
modified bandwidth prediction are original works, so does the detailed analysis on

the physical meanings of the characteristic wave types.
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Chapter 4

Disorder in a Periodic Helmholtz
Resonators Array

4.1 Theoretical Analysis

As shown in Fig. 4-1, a “periodic” cell comprises a duct segment with a resonator
attached to its left side. When considering the irregularity of the periodic distance
between any two nearby resonators and the geometries of Helmholtz resonators, the
system can no longer be represented by a single transmission matrix T and a single
periodic distance D as it is in the pure-periodic case discussed in Chapter 3. Rather,

we should specify each transmission matrix and “periodic” distance, noted as T,

and D, for n=1,2,...,N .

2" HR N-2" HR N-1" HR N" HR
DN 2
ﬁpn — Py 9P2 >S(9P ﬁpNi 9PN+
% Po_ e P1- e Pz' S % PNz 6 PN1 % PN
——>y 1l 59 cell N2Pcell N1 cell \"N cell

Figure 4-1. A duct with N Helmholtz resonators.

Similar to the pure-periodic case, the diameter of the resonator neck is assumed to be
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negligible compared to the length of the duct segment between two nearby
resonators, D,. The frequency range considered is well below the cut-on frequency

of the duct. In the duct segment of the n™ cell, the sound traveling in positive- and

. . . . . —jk(x,-D,
negative-x directions can be described with sound pressure P’ (x)=C'e /")

and P (x)=C, "™ for 0<x, <D, , where C/ and C, are complex

n

c

T
n+l:|

represent the wave component in the duct segment of the n™ and n™+1 element of the

constants and k is the wave number. If ¢, = [C: C, JT and ¢, = [C+

n+l n+l

“periodic” system, then it can be related through a wave transfer matrix T, as

follows:

c.,.=T. ¢ (4.1)

n+l n+1"n

As discussed in Chapter 3, the transfer matrix can be expressed as

T :{e/‘wn SD }{l—fn -, } (4.2)
0 & & 1+¢,

where & =Z,/2Z,, where Z,/Z, is the acoustic impedance of the duct/n™

no
resonator respectively. Furthermore, the transfer matrix T, can be rewritten in terms

of the transmission and reflection coefficients, ¢, and r , as®

n?

*

efjan 0 % x ( T t j
T, = e " (4.3)
0 e " o, 1
. N

where the superscript * means conjugation. It follows immediately that

c.c.. =T, (ceHT (4.4)

n+1""n+l1 n+l
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where the superscript 7 means transposition; equation (4.4) can be rewritten in
vector form as

e =A e (4.5)

n+l n+1"'n

where en:[C;C;* cc ccr C;C;*]T;and the entries of the 4x4 matrix
A, can be expressed in terms of the entries of T,. It should be noted that the final
diagonal entry of the matrix A, has the value An(4,4):1/ 1z, [ 2 and thus
knowledge of A ,, leads immediately to the modulus squared transmission
coefficient between the n™ and n™+1 “periodic” elements. Furthermore, for the

whole system, there is

N
ey =(HANH”]eO = Ae, (4.6)

n=1

where A is the matrix derived from T, and A 1is the corresponding matrix of

the whole system.

4.1.1 Random Disorder

If the periodic system subject to random disorder and the random variations in the
properties of each “periodic” element are statistically independent, then Eq. (4.6)

can be described by the ensemble average behavior of the system as*

E[A]=]] EIA,...,] (4.7)

n=1

Here, E[ | represents the ensemble average. If the random variations in the system
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properties are homogeneous, so that the various “periodic” elements have the same
probability distribution, then Eq. (4.7) can be reduced to

E[A]=E[A]Y (4.8)
If the duct-resonator system is initially periodic, with periodic distance D and the
transmission and reflection coefficients of a side-branched Helmholtz resonator ¢
and 7, the matrices A, are all the same with the omission of the subscript » and

take the form

Vit =/ leP =1t P 1ol
|l sl sl e
—r/ot* PS5t 1[6t  —r/SF
R A T Vi

where O =exp(-2jkD) . The expected value of A may be computed if the

(4.9)

statistical properties of the system are known. For example, it is assumed that the
Helmholtz resonators are identical while the periodic distance D 1is allowed to vary
in a random fashion with a probability density function p(D). In this case, the
expected value of A is given by Eq. (4.9), with the parameters o interpreted as
average values, as

5= jz e p(D)dD = M (-2k) (4.10)
Here, M (8) is the characteristic function of the random “periodic” distance. For a
Gaussian distribution, M (€) would be exp(jD,0—0c°6>/2), where D, is the

mean “periodic” distance and o is the standard deviation.
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Eq. (4.8) can also be expressed in the form

E[A]=PI'"P"' 4.11)
where I' is a diagonal matrix containing the eigenvalues of E[A] and P is a
matrix whose columns are the corresponding eigenvectors. If N is allowed to tend to

infinity and E[A] has at least one real eigenvalue greater than unity, there is

lim {E[/|2, F1} = NIn 2, (4.12)

4.1.2 Man-made Disorder

However, sometimes the disorder is not an imperfection but a man-made disorder to
achieve a modified filter characteristic of the “periodic” system, which means the
disorder in periodicity is no longer weak but significant. Furthermore, in practice,
the duct-resonator system does not contain a large number of resonators that are
suitable to be described by a statistical method, as discussed above. This case is
considered in this section. As discussed above, the duct-resonator system can no
longer be represented by the mean transmission matrix T and the mean periodic
distance D. In other words, each transmission matrix and “periodic” distance should
be specified as T, and D, for n=1,2,..., N . As considered in this section, the finite
“periodic” system only contains five side-branched Helmholtz resonators (i.e. N=5).
Two cases are considered: (1) disorder in the periodic distance with the geometries

of the resonators unchanged and (2) disorder in the geometries of the resonators with
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the periodic distance remaining unchanged. So, the whole system can be described

as

Cs C,
{CS_} =TT,TTT |:CO_:| (4.13)

5 0

By introducing Eq. (4.4), there is

5
e, = [H A“je0 = Ae, (4.14)
Jj=1

It has been discussed that in the matrix A, the entry of A(4,4)equals the modulus

squared transmission coefficient of the whole system ¢,,,, thatis A(4,4)=1/|z,., I’

total >

So, the average transmission loss of the whole system can be described as

TL =10/ log, (A(4,4)),  N=5 (4.15)

4.2 Results and Discussion

It is found that a periodic Helmholtz resonators array may provide a considerable
broad noise attenuation band. To compare this with the case of disorder in periodicity,
some results derived from the pure-periodicity case in Chapter 3 are discussed here.
The average transmission loss for a duct mounted periodically by five identical
Helmholtz resonators with the geometries S =47 cm’, [ =2.1 cm,

V,=136.75zcm’, S, =12 cm’, and D=34.3 cm is shown in Fig. 4-2(a). The

detailed description of such pure-periodic duct-resonator system is presented in
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Chapter 3. The theoretical prediction is compare with the FEM simulation using the
commercial software COMSOL Multiphysics® version 2009, which offers an
extensive interface to MATLAB and its toolboxes for a large variety of programming

and postprocessing works.

4.2.1 Disorder in Periodic Distance

In this section, the disorder in the distance between two nearby resonators is

considered, while the geometries of the Helmholtz resonator remain unchanged. The

five distances between two nearby resonators are expressed as D,, k=1,2,...,5.
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Figure 4-2. Disorder in periodic distance (“x” represents the FEM simulation and the
solid lines represent the theoretical prediction).

Fig. 4-2(a) shows the case in which the periodic distance between two nearby
resonators is perfectly maintained in the whole system as D=34.3 cm; this case is the
same as that discussed in Chapter 3. Fig. 4-2(b) shows the simple case in which one
distance is changed (D;=24.3 cm) while the other periodic distances are kept

unchanged. In this case, the “defect” is adiabatic, which means that the “defect” does
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not affect the other periodic elements. It can be seen that due to the single “defect,”
the pattern of the whole main noise attenuation band changes significantly. First, the
attenuation peak at the frequency of 500 Hz is more obvious than it is in the perfect
periodic system shown in Fig. 4-2(a). Owing to the single “defect” in periodic
distance, the resonance peak at the frequency of 500 Hz in the system seems to be
not as strongly suppressed as it is in the original perfectly periodic system. The
suppression in this region is due to structural periodicity in the case in which the
periodic distance D matches the condition kD =mzx, m=1,2,...,00, as discussed in
Chapter 3. Second, an obvious reduction in the main attenuation band can be seen at
around 630 Hz. As discussed before, the introduction of defects into the perfect
periodicity may lead to narrow frequency transmission bands (i.e. defect states)
within the stop-band gaps.” Fig. 4-2(c) shows the case in which there are two
defects in periodic distance, D;=24.3 cm and D,=44.3 cm, while the other periodic
distances are kept unchanged. Compared to the previous case shown in Fig. 4-2(b),
the defects in this case are no longer adiabatic; the variation of D; also affects the
nearby distance D,, which can be interpreted as moving the second Helmholtz
resonator (Fig. 4-1) to the left of the system by 10 cm. As shown in Fig. 4-2(c), the
affect introduced by these two “defects” is more obvious, and due to the structural
periodicity, the original pattern of the noise attenuation band begins to break down

under the influence of these two “defects.” It can be seen that the suppression due to

70



the periodicity at 500 Hz is no longer strong as the attenuation peak is much stronger
than those in Fig. 4-2(a) and (b). It can be seen that the main noise attenuation band
seems difficult to define, especially the upper frequency boundary. In general, the
periodic system seems to be very “sensitive” to the defects in the periodic distance,
and such “defects” should be carefully avoided in manufacturing such periodic

systems.

4.2.2 Disorder in the Geometries of Helmholtz Resonators

In this section, the disorder in the geometries of Helmholtz resonators is considered,
with the periodic distance between each of the two nearby resonators being kept
unchanged. Owing to the disorder in their geometries, the five resonators may have
different resonance frequencies, noted as f,, n=1,2,...,5.

Fig. 4-3(a) shows the case in which the periodicity is perfect, with all of the
resonators resonating at 500 Hz, which is the same case as that discussed in Chapter
3, with the geometries S, =47 cm’, [, =2.1 c¢cm and V, =136.757 cm’. Fig.
4-3(b) shows the case in which there are two resonators in disorder, with resonance
frequencies of 400 Hz and 600 Hz, with the geometries S, =47 cm?®, [, =2.1 cm,
V.=213.677xcm’ and S, =4z cm’, [, =21 cm, V, =957 cm’ respectively,

while the other three resonators resonate at 500 Hz. It can be seen that in this case,
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the main broad noise attenuation band is well maintained, with the bandwidth being
kept unchanged at around 240-820 Hz. However, when compared to the perfectly
periodic case shown in Fig. 4-3(a), the pattern of the main attenuation band is
significantly different in its frequency range. Two new attenuation peaks are found at
the frequencies of around 400 Hz and 600 Hz. Furthermore, although three
resonators resonate at the frequency of 500 Hz, the average transmission loss TL in
the vicinity of 500 Hz seems to be suppressed significantly; a similar phenomenon
can also be found in Fig. 4-3(c). The suppression in this region is due to structural
periodicity in the case in which the periodic distance D matches the condition
kD=mmr, m=12,...,0, as discussed in Chapter 3. Fig. 4-3(c) shows the case in
which there are two resonators in disorder, with resonance frequencies of 250 Hz and
800 Hz, with the geometries S, =47 cm’, [, =2.1 cm, V, =547z cm’ and
S, =4r cm?, [, =21 cm, V, =5342x cm’ respectively, which are close to the
lower and upper boundary of the main attenuation band, while the other three
resonators resonate at 500 Hz. In general, Fig. 4-3(c) shows that as long as the
variation of the resonance frequencies of the disordered Helmholtz resonators is kept
within the frequency range of the main attenuation band, the band will be well
maintained, with the bandwidth being kept unchanged. This is a useful way for the
design of such a system to achieve a relatively wide noise attenuation band and to

track some narrow noise peaks within it. It is especially effective for the kind of
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noise that is low frequency and broad band and has some peaks.
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Figure 4-3. Disorder in the geometries of Helmholtz resonators (“x” represents the

FEM simulation and the solid lines represent the theoretical prediction).
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4.2.3 Comparison of Differently Tuned Helmholtz

Resonators with and without Periodic Mounts

It can be seen from the previous section that the main noise attenuation band
(240-820 Hz) results mainly from the appropriated design of the periodic distance D.
In engineering, combining differently tuned resonators is usually one possible way
of obtaining a broader noise attenuation band, and this has been investigated by
some researchers.®>®” This section investigates the noise reduction effect of an array

of differently tuned resonators with and without periodic mounts.

0 \ | ! | | W
100 200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Figure 4-4. Noise attenuation of an array of differently tuned resonators (the

solid/dotted lines represent the theoretical prediction for resonators with/without
periodic mounts, respectively).

Fig. 4-4 shows the comparison of differently tuned resonators with and without

periodic mounts. The case of differently tuned resonators with periodic mounts is the
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same as that shown in Fig. 4-3(b). The geometries of the resonators in these two
cases are the same, with resonance frequencies of ;=400 Hz, /,=600 Hz, and
f+=1s=fs=500 Hz. In the case without periodic mounts, the distance between the two
nearby resonators is random, with D;= 15 cm, D,=20 cm, D3=17 cm, D4=18.5 cm,
and Ds=16.5 cm. In the other case, the distance between the two nearby resonators is
the same: D=34.3 cm. It can be seen that the averaged transmission loss TL in the
case without periodic mounts has a significant peak at around 500 Hz, which is the
advantage of the uncoupled resonators array, compared to the other case; the
relatively poor performance at around 500 Hz in the latter case is the result of the
strong suppression due to structural periodicity in the case where the periodic
distance D matches the condition kD =mmz, m=1,2,...,0, as discussed in Chapter
3. However, the coupled resonators (the solid lines in Fig. 4-3) provide a much
broader noise attenuation bandwidth than the uncoupled ones, and this is the
advantage of the coupled resonators. Hence, there are trade-offs between both cases,
and one can choose the resonators array that is suitable according to the properties of

the noise type encountered in engineering.

4.4 Conclusion

This chapter has investigated the influence of disorder in the periodic duct-resonator
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system. Disorder in periodicity includes the disorder in periodic distance and the
disorder in the geometries of Helmholtz resonators. With regard to the disorder in
periodic distance, the periodic system seems to be very “sensitive” to both the
defects in the periodic distance and the original pattern of the noise attenuation band
due to the fact that the structural periodicity begins to break down under the
influence of these “defects.” Such “defects” should be carefully avoided in
manufacturing such periodic systems. However, in the case of the disorder in the
geometries of Helmholtz resonators, the main attenuation band will be well
maintained, with the bandwidth being kept unchanged, as long as the variation of the
resonance frequencies of the Helmholtz resonators are kept within its frequency
range. This is a useful way for the design of such systems to achieve a relatively
wide noise attenuation band and to track some of the narrow noise peaks within it.
Comparing the latter case to the traditional case of a differently tuned resonators
array taking no account of periodic mounting, the latter case provides a much
broader attenuation band and the traditional way gives a much higher resonance peak.
In general, the disorder in the geometries of Helmholtz resonators in the
duct-resonator periodic system may provide an optional way to reduce the noise,
especially the kind of noise that is low frequency and broad band and has some noise
peaks. As an extension of pure-periodic case discussed in Chapter 3, this chapter is

also an original work.
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Chapter 5

Ventilation Performance of Helmholtz
Resonators

5.1 A Fluid Dynamic Model of a Single Opening

Enclosure

As shown in Fig. 5-1, in fluid dynamics, the phenomenon of turbulent wind induced
ventilation of a room with a single opening has been reported by several
researchers.””™* A room with a single opening can be considered as a big Helmholtz
resonator. From now on, for the sake of consistence, in most part of the chapter,
either a room with a single opening or a Helmholtz resonator will be called
single-opening enclosure, with the room or the cavity of the resonator called
enclosure, the opening or the neck of the resonator called opening. The fluid
dynamic modeling of a single-opening enclosure will lead to a non-linear oscillator
equation. Interested readers can find a detailed discussion of the non-linear oscillator
equation in many papers, such as Refs. 53 and 54. However, for the sake of

completeness, the derivation of the nonlinear oscillator equation is discussed here.
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Figure 5-1. Airflow through a single opening.

When considering the ventilation of a single opening enclosure, the wavelength of
the external pressure oscillation is assumed to be much larger the geometries of the
enclosure and the mean air density and ambient pressure can be treated as uniform in
the enclosure. The density of the internal air can be expressed as

Pu(0) =Py, + (1) (5.1)
where p, (¢) << p_m where density changes are assumed to be very small compared
to the mean value. Applying a compressible form of the continuity equation to the

internal air gives

dp.
= t 52
dt Poq(?) (5.2)
where p, denotes the mean density of the internal and external air, asp_m = ,o_er =0

and V is the volume of the enclosure. And ¢(¢) is the airflow rate through the
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opening (defined as the product of the area of the opening and the mean velocity of

the airflow). The internal and external air pressure P, (1) and P _(f) can be

expressed as

P(t)=P,+p,(t) , P.()=P, +p, (1) (5.3)

where p, (¢) << P p.. (1) << P_ex ; and ITM = ITex = F,. The equation of state for the

in 2

internal air is

£ _ K

=— (5.4)

Py (1) pmy
where y is the isentropic index for assuming this is a isentropic process. Thus

dpin — pin dPin :&% (55)

de o, dt )R dr
and substituting in Eq. (5.2) gives

V dp,

=Ry (5.6)

By ignoring the viscous and the gravity effect of the air, the momentum equation can

be expressed as (for 2-dimentional condition)

0 0 0
avx+v)C av“rv %+La—p=0 and Vy+vx vy+v) i +La—p:0 (5.7)
ot ox oy p,0x ot ox oy p, oy

where flow velocity v=(v,,v ). Assuming that the flow through the opening can be

regarded as irrotational flow with velocity potential ¢ with
o
y, =—— 5.8
ST (5.8)

where v 1is the flow velocity along a streamline and s denotes the distance along a
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streamline (a streamline is a line that is everywhere tangent to the velocity field of

the flow).” The irrotational form of incompressible Bernoulli equation then can be

given as
PO V0 09 _
p + 5 Py F() (5.9

Applying Eq. (5.9) to a point on the external side and to another point on the internal
side, gives

Pul®) Vo' (D) 09
Lo 2 ot

— pin (t) + vinz(t) _%

2 o (5.10)
ex 0

Since the instantaneous velocity and velocity potential can be expressed as a

spatial-related term and a time-dependent term 7(¢), Eq. (5.10) can be expressed as

Pa-p, ) _T*°Or > 2 or
ex in — Vv =y + — . 5 11
pO 2 ': s,in s,ex :‘ (¢s,ex ¢S,H’l) 51‘ ( )
where @, /¢, isthe spatial term of ¢, /4, . Since T(f)=¢’" and

¢s,ex - ¢s,in = J.Sin Vsds (5 12)

Eq. (5.12) can be simplified by introducing the concept of an effective length /,,
which is the distance along the central streamline that follows the x-axis from the
external point where the flow velocity can be ignored to the internal point at some
distance from the outlet whose speed can be given by ¢(¢)/ fA4, where 4 is the cross
sectional area of the opening and f is the contraction ratio (describes the

contraction of the flow in sharp-edged opening, as 4, / A shown in Fig. 5-5) as®
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T*()q,’ dT ¢
—2ﬂzjz [ s (5.13)

Ap(t) = p,. (1) = P, (1) = py
where q(t)=q T'(t).An effective length [, can be defined by

qs _ Sin

= jw v, ds (5.14)
So that Eq. (5.13) becomes

r*(0g, 4, dT

H=p,(t)— 5.15
pex() pm() 100 2,82142 e A dt ( )
Combining Egs. (5.6) and (5.15) gives

l,dg _vhR ¢

==+ H+p,— | qdt = t 5.16
P 2t O A fadt=p (5.16)

where ¢, =yP, /p, 1is the sound speed. Eq. (5.16) describes the ventilation of a
room with a single opening by the relation of the instantaneous airflow rate g(?) with
the external pressure fluctuation p, (¢#). And the result of Eq. (5.16) is somehow
similar to the modeling of a Helmholtz resonator in acoustics way, which is to find
the relation of the instantaneous particle velocity v(¢) in the neck with the external

pressure p, (f), as

l@+ cKzA
pOedt pO 27[

V(E) + pyc’ ;jvdt = p..() (5.17)

where K is the damping force coefficient, which is defined as F/v (F is the
damping force of air piston in the neck and v is the mean velocity of the air piston).

Note that the flow rate ¢(¢) = Av(¢), which equals to the concept of sound volume

velocity in acoustics. It can be seen that Eq. (5.16) and Eq. (5.17) only differs in the
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second term on the left-hand side. The acoustic solution is identical to that for a
mechanical oscillator with linear damping. A damping force of this type can be
associated with a low Reynolds number (a dimensionless number that describes the
ratio of inertial forces to viscous forces for a given flow condition) flow through a
narrow opening where the surface shear stress is proportional to the flow rate ¢ .
The difference of the second term on the left-hand side of Eq. (5.16) makes the fluid
dynamic solution of the resonator a non-linear oscillator equation and there are
several works on the linearization process of this non-linear oscillator equation.®*-%°
It can be imagined that when the applied sound pressure continues to grow, the
behavior of the Helmholtz resonator at the resonance frequency can no longer be

described by the linearised oscillator equation, Eq. (5.17), but the non-linear

oscillator equation, Eq. (5.16).

However, both the fluid dynamic modeling in Eq. (5.16), and the acoustic modeling
in Eq. (5.17), does not provide any information about the ventilation performance of
the single-opening enclosure since that either the flow rate g(f) or the particle
velocity v(f) may only describe the backward-forward motion of the “air piston” in
the opening. The actual ventilation performance, if any, can be described by the air
exchange between the external and the internal air of the enclosure. In detail, this

process may contain three parts in a fluctuation period: the air exchange between the
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internal space (enclosure) and the opening, the air mixing in the opening and the air
exchange between the external space (may refers to duct in mechanical ventilation)
and the opening. To investigate the air exchange between the enclosure and the duct

is the main object in the following part of this chapter.

5.2 Fluid Dynamic Modeling of Inlet and Outlet

Airflow

To investigate the air exchange performance of a single opening enclosure, it is
necessary to know the characteristics (such as airflow velocity distribution) of both
the external and internal flow near the opening. In flow dynamics, the flow sucked
into the opening is distinct from the flow pumped out from the opening, and this can
be described by the sink-jet model. For the sake of simplicity, this chapter considers
only the two-dimensional flow in the x-y plane, which can be approximated by
assuming the enclosure, slot-typed opening and external duct has the same width W
in z-direction, and the width W is relatively large (as shown in Fig.5-2); so in the x-y
plane of z=0, the flow can be regarded as two-dimensional. This is the common
approach used by many researchers to simplify the complexity of the fluid dynamic

problem.”®"!
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Figure 5-2. A duct with single opening enclosure.

5.2.1 Inlet Airflow

The flow sucked into the opening (or called inlet flow) from either internal or
external space can be described by a sink. A point sink is the point that into which
fluid submerges in a uniform manner, as shown in Fig. 5-3. This can be used to
represent the flow field induced by sucking through a pipe or a hole in an infinite
plane wall.”” For two-dimensional flow considered in this chapter, a line sink

perpendicular to the x-y plane with length W exists, as shown in Fig. 5-4, into which
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fluid passed at a flow rate per unit length denoted by QO'.

AN
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Figure 5-3. Point sink.

WV

> <
—— —— 1|
)I// \* r §V5.,1
z —)M—(—
X X
4 () (b)

Figure 5-4. Line sink. (a) line sink, (b) view on top of a line sink.
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It is apparent that in this situation, the streamlines in x-y plane are radial lines and
the equipotential lines are concentric spheres center at the origin.” If the inlet flow
rate per unit length into the opening in Fig. 5-2 is Q/W , the corresponding flow

into the sink is 2Q/W . The velocity along the streamline is

v, = 0 (5.18)
Wr

In spite of the instantaneous quantities of the flow are varying with time as a

perturbation, when the majority of flow is steady, the relationship between the

pressures at two points, at 7; and 7, (along the streamline) can be expressed as

11
p, —p, =pQ(—-—) [4r° W* (5.19)

2 1
Given that the mean velocity through the opening is
0
V, =—— 5.20
=D (5.20)

and this speed will occur at a distance »=D/x, where D is the width of the
opening in x-direction in Fig. 5-2. The corresponding pressure will be taken to be the

inlet pressure p, . So the pressure difference at two points is given by

in

DZ
P, =Py =pQ* (=) [2WD* (5.21)
1

Thus it can be seen for 77 /D >10, the pressure difference is essentially unaffected
by the presence of the opening, furthermore at the point of three or four widths away

from the opening for the effect of the flow induced by the sucking flow can be
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negligible.

As considered in this chapter, due to fluctuation, the inlet flow varies with time in
the sucking stage (half of the fluctuation period), this can be generated by varying
the strength of  the sink  with  time, as O=gq,e with
q,<0, t=02k,2k+)x/w, k=[0,00). However, as the fluctuation frequency
increases, the spatial acceleration terms decreases and can be ignored compared to
the temporal acceleration terms in the momentum equation, Eq. (5.7). This is the
assumption in acoustics that leads to the linearised wave equation. In this situation,
the motion of the airflow close to the opening can be approximately regard as

one-dimensional with the direction perpendicular to opening surface.

5.2.2 Outlet Airflow

The flow pumped out from the opening (or called outlet flow) can be described by a
jet. An isothermal jet is characterized by its initial flow rate, Q,,. Steady jets can be
either laminar or turbulent. However, most of jets are somehow turbulent since the
onset of transition from laminar to turbulent jet is found to occur at Reynolds
numbers as low as 30.”° The width of the jet increase as it traveled forward. For
laminar jet, this is the result of molecular diffusion; for turbulent jet, this is due to

the entrainment (a process whereby less turbulent fluid is incorporated into the
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turbulent region of the entraining fluid).*
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Figure 5-5. Jets.

In sharp-edged opening there is a contraction of the flow. As shown in Fig. 5-5. The
diameter of the jet will be less than the diameter of the opening. This phenomenon is
called the vena contracta effect. It is a result of the inability of the fluid to turn the
sharp 90 degree corner since it would take an infinite pressure gradient across the
streamline to cause the fluid to turn a sharp corner.”® As shown in Fig. 5-5, the
contraction coefficient is defined by the ratio of area at vena contract and the

opening area, i = A

et / A. The mathematical expression of the vena contract effect

of flow through sharp opening is given by Kirchhoff.  Considering a
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two-dimensional flow through a sharp opening from (-7 —-2,0) to (0,0), the jet is

bounded by two equation sets:

x=e? -1, y:JLfﬁﬁqn@ﬁhk”—Q (>0, =0) (5.22)
x=—nm-2+1-e", y:\/1—e’2¢—1n(e¢+\/ez¢—l) (¢>0,w=7r) (5.23)
where ¢ is the velocity potential and  is the streamline function.”” It can be seen

that the  contraction  coefficient = for a  shaped-edged  opening,

u=r/(r+2)=0.611."
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Figure 5-6. Four zones in isothermal jet expansion.
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In practice the jets from real supply device are complicated. As shown in Fig. 5-6,
four major zones can be distinguished in the development of a three-dimensional jet
issuing from an opening.”® Zone 1: A short zone extending about 4 diameters from
the outlet surface, in which the centerline velocity remains practically unchanged,
U(x)=constant, and the velocity profile close to the opening exhibits a top hat
profile. Zone 2: A transition zone extending to about 8 diameters, most of which the
centerline velocities vary inversely as the square root of the distance from the outlet,
U(x)~ 1/ Jx . Zone 3: A long zone of major engineering importance in which the
centerline velocity varies inversely with the distance from the outlet, U(x)~1/x,
which extends to about 25~100 diameters long depending on the shape of opening.

For an ideal isothermal jets, the centerline velocity in the zone 3 can be expressed as

U(x) _ 1
0O x4,

(5.24)

where U(0) is the mean velocity of the jet at the outlet surface of the opening and

4, 1s the corresponding cross section area of the jet, and there is U(0)=0,, / 4, .

The value of C is commonly used to characterize terminal performance and is know

as “throw constant” or “C-value”. In sharp-edged opening, C-value can be given as®

oLl [T 525
20(\/; wl+y,

where « is the entrainment coefficient equals to 0.0535+0.0025 for an

axisysmetric jet,”’ and 7, 1s a fraction of the momentum flux due to the mean
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velocity, lies around 15%.”® Zone 4: A terminal zone in which the centerline

velocity decreases at an increasing rate. In zone 4 the jet becomes indistinguishable.

When a jet is approaching an opposite wall, it is decelerated by the adverse pressure
gradient and is then deflected by the wall to turn into a radial wall jet.” And the
effect of the wall is felt when x/L is greater then 0.84, where L is the distance

between the opening and the opposite wall.

As considered in this chapter, due to fluctuation, the jet is characterized by its initial
flow rate with its amplitude varying with time, as Q,, = q.e’” with
q,>0, t=2k,2k+)z/w, k=[0,0]. As the unsteady jet travels downstream,
vortex on the boundary of the jet shed, and moves downstream with the flow. This
vortex makes the unsteady jet spreads much faster than both the steady laminar and
turbulent flow. However, as the fluctuation frequency increases, the spatial
acceleration terms eventually become small enough to be ignored when compared to
the temporal acceleration term in the momentum equation, Eq. (5.7). In this
situation, the motion of the outlet flow is complicated. Fortunately, this is the
frequency range that acoustics engineer interested, and the outlet flow in this
frequency range usually travels only a very small distance along the y-direction (as

shown in Fig. 5-2) from the opening in a pumping stage (half of the fluctuation
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period). The outlet flow can be approximately described as a top hat “short” jet with
no flow contraction, which is similar to the characteristics of the inlet flow in

relatively high frequency.’”

5.3 Air Exchange Mechanism of a Single Opening

Enclosure

As shown in the Fig. 5-7 (the x-y plane of Fig. 5-2), the case considered in this
chapter is a duct connected with an enclosure through a single small opening. The
flow velocity in the duct can be described as a combination of a mean velocity and a
fluctuating velocity, i.e. V(t)=17+V'(t), where V(1) =V,e’”. The mean flow is
provided by a mechanical ventilation fan, and the perturbation can be given by a
loudspeaker with the sound pressure p(f) = p,e’” , where the amplitude
Do = pocoVO' for assuming only plane wave exists (interested sound frequency below

the cut-on frequency of the duct).
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Figure 5-7. View on x-y plane of a duct with single opening enclosure.

5.3.1 The Air Exchange between the Duct and the Opening

Without lose of generality, we assume that a fluctuation period begins with the flow
pumping out of the opening into the duct, so the first half period can be considered
as a pumping stage and the second half period can be regarded as a sucking stage.
Due to the presence of the mean flow in the duct, the air exchange mechanism
between the opening and the duct region can be greatly simplified by ignoring the
complexity of the inlet and outlet flow behaviors. The air exchange can be
interpreted as in each fluctuation periodic, the mean flow “sweeps off” the air
volume pumping out from the opening in the pumping stage and providing the

“fresh” air into the opening in the sucking stage when the mean flow velocity in duct
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is high enough. The quantitative analysis on the mean flow velocity required by the

“sweep off” effect is now being investigated.

5.3.2 Air Mixing in the Opening

The mechanism of the air mixing in the opening is relatively least well understood
and is currently being investigated. For the single opening enclosure designed to
investigate the air exchange between duct and enclosure, the opening usually should
be have a relatively short length L. It seems that in the short-length opening the
turbulent diffusion plays an important role in mixing the air, which is the
transportation of contaminants by turbulent fluctuations that occurs much more
rapidly than molecular diffusion and provides rapid mixing during processing.go

Further work needs to analyze the air mixing quantitatively in this part.

5.3.3 The Air Exchange between the Enclosure and the

Opening

It is the mechanism of the air exchange between the enclosure and the opening
attracted the major attention in this chapter. And it is found that this part plays an
important role in the whole air exchange system. Without lose of generality, we still

assume that a fluctuation period begins with the flow pumping out of the opening
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into the enclosure, so the first half of the period can be considered as a pumping

stage and the second half can be regarded as a sucking stage.

As discussed in previous section, when the frequency is relatively low that the
spatial and temporal acceleration terms both play important roles in the fluid
momentum equation, Eq. (5.7), the behavior of the flow pumping out from and
sucking into the opening in the enclosure can be described by the sink-jet model, as

shown in Fig 5-8.

enclosure space
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Figure 5-8. The sink-jet model.
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(The dotted line represents the pumping flow in the first half period, and the solid line
represents the sucking flow in the second half period.)

The line FE is the boundary of the fluid initially on the opening surface at the
beginning of the pumping stage; at the end of the pumping stage, the surface (line FE)
moves to the line GH. So the strip EFGH is the air jet formed in the fist half period
(pumping stage). Similarly, the arc line ACDB is the initial fluid boundary at the
beginning of the sucking stage, which is also the time of the end of the pumping
stage; at the end of the sucking stage the boundary (arc line ACDB) moves to the
line 1J. So the semicircle ACDB is the air sucked into the opening during the second
half period (sucking stage). For the conservation of mass, there must be a relation of
the area of the semicircle ACDB equals to the area of the strip EFGH. It can be seen
that there is an overlap of the strip EFGH with the semicircle ACDB, the composite
CDEF can be considered as the part of the air jet that “hauled back” into the opening
in the sucking stage, with the other part (composite GHDC) “escaped” from the
pumping-sucking cycling of the flow near the opening. From now on, the “escaped”

air is irrelevant to the air motion in the opening.

It is the “escaped” air jet (composite GHDC) that results from the difference

behavior of the inlet and outlet flow causes the air exchange between the opening

and the enclosure. In each fluctuation period there is a fraction of the air jet
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“escaped” and moved freely downstream with its original velocity directed into the
enclosure. Along in the centerline of the enclosure, as shown in Fig. 5-7, at some
distance from the opening, there is a jet path composing many moving air masses
that are escaped in each fluctuating period. In this jet path, at a certain point on the
centerline, the velocity is pulsating with time (non-zero mean), with pulsating peak
proportional to the flow velocity through the opening v,(y) ~v, and the pulsating
frequency equals to that of the supplying sound waves in the duct. If the frequency is
very low, the pulsating peak is sparse in the time spectrum, and the peak means there
is an escaped air mass passing through. If the air flow in the opening is oscillating in
a relative high frequency, for example oscillating at the frequency of 100 Hz for a
Helmholtz resonator, the peak of pulsating velocity is very dense and can be
regarded as one combined with another in the time spectrum. This means the air jet
form by the “escaped” air masses can be regards as a quasi-steady jet with small
perturbation. In this situation, the flow in the whole jet path can be regarded as a
quasi-steady jet characterized by mean part of the centerline velocity ;'( y) and a
fluctuating part with amplitude ov(y,t), as v'(y,t) =17'(y)+u(y, t). Both the mean

velocity and the fluctuating amplitude will decrease as y increases.

As discussed in the previous section, at the beginning the jet speed in the centerline

vary inversely as the square root of the distance from the outlet to about 8 width of
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the opening, then the jet speed in the centerline varies inversely with the distance
from the outlet to about 25~100 widths long, finally the centerline velocity decreases
at an increasing rate and the jet becomes indistinguishable. Usually before the jet
becomes indistinguishable, it will be affected by the opposite wall and decelerated
by the adverse pressure gradient, then deflected by the wall to turn into a radial wall
jet. It can be simply approximated as that the “escaped” air masses will evenly
spread on the surface of the opposite wall as a thin boundary, and this thin boundary
contains “fresh” air from the opening will be hauled down slightly when the air in
the bottom is sucked into the opening in the sucking stage. It should be noted that
due to its fluctuation, this jet will cause more significant vortex at the interface of the
jet boundary and the still air in the enclosure. So this jet will spread more quickly
with the flow slowdown a little quicker with the distance from the outlet of the

opening than the steady turbulent jet discussed in previous section.

When the sound frequency is high enough, the spatial acceleration term can be
ignored when compared with the temporal acceleration term in the momentum
equation, Eq. (5.7), and this leads to the linearised wave equation of acoustics.
Furthermore, for the special case of the Helmholtz resonator this leads to the
linearised differential equation, Eq. (5.17). As discussed in previous section, the fluid

behavior in the opening-enclosure interface is almost the same as a one-dimensional

98



motion in both the sucking and pumping stage in a fluctuation period. In this
situation that no air masses can escape from the opening in the pumping-sucking
cycling and no air exchange between the opening and the enclosure occurs. So
compared to the jet-sink model, the air motion in the opening at high frequency is

more appropriate to be regarded as an air piston.

However, Helmholtz resonator usually designed to control the noise by resonating at
a relatively low frequency. At low enough resonance frequency, the spatial
acceleration term in momentum equation, Eq. (5.7), is no longer appropriate to be
ignored. It can be imagined that when such kind of Helmholtz resonator is resonating,
the flow behavior in the opening-enclosure interface is in some extent similar to a
sink-jet model. In this situation, the air jet formed by the “escaped” air masses can be
found. Fig. 5-9 shows the air jet path in a preliminary experiment of an axisysmetric
Helmbholtz resonator with the opening radius 5.5 mm, opening length 6 mm,
enclosure radius 67 mm and enclosure length 110 mm under supplying sound
pressure level 100 dB. The resonance frequency is 112.5 Hz. It can be seen when the
resonator is driven at the resonance frequency, the air jet is form. When there is no
velocity perturbation induced by sound or the driven frequency is high (500Hz), no

air jet can be found.

99



Figure 5-9. Air jet in the resonator.
(a) f=112.5 Hz, t=0 s; (b) f=112.5 Hz t=1/30 s; (c) f=112.5 Hz, t=2/30 s; (d) f=112.5 Hz,
t=3/30 s; (e) f=500 Hz; and (f) no sound supplied.

5.4 Conclusion

This chapter investigates the mechanical ventilation of an enclosure connect to a

ventilation duct through a single opening. The ventilation is caused by sound
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induced velocity fluctuation. Especially at the resonance frequency of the
enclosure-opening structure (Helmholtz resonator), the motion of the airflow in the
opening may results in an air jet formed in the enclosure that provides the fresh air
from the ventilation duct. This air jet is composed of the “escaped” air masses, and
the “escaped” air masses results from the behavior of the airflow in the region of
opening-enclosure interface that can be described by the sink-jet model in each

fluctuation period.

In Chapter 5, the linearised oscillator equation and the non-linear oscillator equation
are directly from the existing literature, so are the jet model and the sink model.
However, the sink-jet model and the observation of air jet in the Hemholtz resonator

are original works.

However, at the present only the qualitatively analysis is provided; lack of the
quantitatively analysis, the numerical simulation and experimental verification, this
part of work is far from enough. Actually, this is just a beginning that focuses on
finding the air jet in cavities by using various kinds of resonators and trying to
explain the air jet the observed. This work will be extended, which includes the
quantitative analysis on the variation of the air exchange rate with frequency and

amplitude of supplying sound, as well as the corresponding experiment on
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measuring the mean and fluctuating velocity of the air jet in the enclosure.

Compared to the traditional mechanical ventilation that uses mechanical fans for
supplying and/or extracting air, the ventilation method discussed in this chapter can
be considered as “AC” ventilation with the electrical analogy, which indicates the
backward-forward motion of the airflow in the opening may result in an air jet
formed in the enclosure that provides the fresh air from the ventilation duct.
Similarly the traditional mechanical ventilation can be regarded as “DC” ventilation.
Although we called it “AC” ventilation, the air jet in the enclosure can be regarded
as a “DC” flow with the flow velocity fluctuating at the same frequency as that of
the supplying sound waves. To the author’s knowledge, the “AC” ventilation is a
relatively innovative ventilation method that attracts little attention and is far less

understood than the traditional ventilation method.
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Chapter 6

Conclusion and Suggestions for Future
Work

6.1 Conclusion

Both the broadband noise control and ventilation effects of Helmholtz resonators
have been investigated in this thesis. Experiments have been carried out at The Hong
Kong Polytechnic University to validate some of the theoretical analysis. The
experimental data agreed well with the FEM simulation and the theoretical

predictions.

First of all, a single Helmholtz resonator has been discussed. This part mainly comes
from the existing literature. For the lumped-parameter model of a Helmholtz
resonator, the air in the neck acts as mass and the air inside its cavity acts as a spring.
For the distributed-parameter model, the multi-dimensional wave propagation inside
both the neck and cavity has been considered. It has been shown that the
distributed-parameter model has a more accurate description of the frequency

characteristic of a Helmholtz resonator.

Secondly, a theoretical study of sound propagation in a one-dimensional duct with
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identical side-branch resonators mounted periodically has been reported in this thesis.
This is the main chapter in the thesis. The characteristic wave type has been
introduced to describe the wave coupling in this periodic system. Three types of
stop-bands that result from either the resonance of the resonators or the Bragg
reflection, or from both, have been discussed and their bandwidths have been
predicted theoretically. Both the semi-infinite duct with infinite number of
side-branched resonators and the finite duct with N side-branched resonators have
been discussed, and the influence of the number of resonators has also been
investigated. The predicted results using this theory fit well with the FEM simulation
and the experimental result. The long-term significance is that the use of periodic
resonators may lead to a more effective noise control method for duct-borne sound
transmission by broadening the attenuation bandwidth and increasing the magnitude
of sound attenuation. This broadband of sound attenuation is related to two basic
parameters in the periodic resonators: the resonance frequency of a single resonator
and the periodic distance. In this chapter, the eigenvalue analysis on the periodic
structure is the existing theory. However, as the original contribution, the duct with
periodic resonators is found to be an effective tool for broadband noise control. In
particular, such as the influence of the number of resonators in the finite-length
duct-resonator system and the modified bandwidth prediction are original works, so

does the detailed analysis on the physical meanings of the characteristic wave types.
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Furthermore, the influence of the disorder in the periodic duct-resonator system has
been investigated. The disorder in periodicity included two cases: the disorder in
periodic distance, the distance between any two nearby resonators, and the disorder
in the geometries of Helmholtz resonators. For the first case, the periodic system
seemed to be very “sensitive” to the defects in the periodic distance and the original
pattern of noise attenuation band due to the structural periodicity began to break
down under the influence of these “defects”. Such “defects” should be carefully
avoided in manufacturing such periodic systems. However, for the latter case, the
main attenuation band was well maintained with the bandwidth kept unchanged as
long as the variation of the resonance frequencies of Helmholtz resonators kept
within its frequency range. This is a useful way for the design of such a system to
achieve a relatively wide noise attenuation band and to track some narrow noise
peaks within it. In general, the disorder in the geometries of Helmholtz resonators in
the duct-resonator periodic system may provide an optional way to reduce the noise,
especially for the kind of noise that is low-frequency broadband and with some noise
peaks. As an extension of pure-periodic case discussed in Chapter 3, this chapter is
also an original work. However, this chapter only investigated the disorders in
periodic distance and geometries of resonators with some specific cases; as well as

the validation by FEM simulation. Further systematic analysis is need.
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Last but not least, the mechanical ventilation effect of the Helmholtz resonator,
which can be regarded as an enclosure connected to a ventilation duct through a
single opening, has been investigated. Especially at the resonance frequency of the
enclosure-opening structure (Helmholtz resonator), the motion of the airflow in the
opening may result in an air jet formed in the enclosure that provides the fresh air
from the ventilation duct. This air jet was composed of the “escaped” air masses, and
the “escaped” air masses resulted from the behavior of the airflow in the region of
opening-enclosure interface that can be described by the sink-jet model in each
fluctuation period. Compared to the traditional mechanical ventilation that uses
mechanical fans for supplying and/or extracting air, the ventilation method discussed
in this chapter can be considered as “AC” ventilation with the electrical analogy. To
the author’s knowledge, the “AC” ventilation is a relatively innovative ventilation
method that attracts little attention and is far less understood than the traditional
ventilation method. As a new type of mechanical ventilation, “AC” ventilation has
many potential applications. For example, “AC” ventilation can be used in relative
small space that is not suitable for a traditional ventilation method. Furthermore,
“AC” ventilation can also be used as a supplementary method to deal with the
dead-zones of the traditional ventilation. However, in “AC” ventilation, the noise

induced by the sound radiation from the opening is annoying. This means the AC
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ventilation may not be a ventilation method for improving the human comfort but a
special way to remove harmful gas in some particular occasions, such as decreasing
the methane concentration in mine. In Chapter 5, the linearised oscillator equation
and the non-linear oscillator equation are directly from the existing literature, so are
the jet model and the sink model. On the other hand, the sink-jet model and the
observation of air jet in the Helmholtz resonator are original works. However,
Chapter 5 only contains qualitative analysis; much more works are need for it to

become useful.

It is hoped that the present study can provide a stepping stone for investigation of
both the acoustic and ventilation performance of Helmholtz resonators, and seeking

their potential application in passive noise control and mechanical ventilation.

6.2 Suggestions for Future Work

The work conducted in this thesis systematically investigates the acoustic
performance of sound propagation in a one-dimensional duct with identical
side-branch resonators mounted periodically in both perfect and imperfect conditions,
based on both lumped- and distributed-parameter model of the Helmholtz resonator.

However, the investigation of the disorder in a periodic Helmholtz resonators array
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and the “AC” ventilation performance of Helmholtz resonators are still far from

enough. On the basis of the present work, future works are recommended as follows:

1. The chapter on the defects in periodic arrays could do with a systematic
sensitivity analysis to determine the trend of performance variations with each of
the important system parameters, i.e. periodic distance and geometries of
resonators. In extreme case, this could also be related to other important types of

non-periodic arrays, such as those with linear or number sequence variations.

2. This thesis only proposes a qualitative investigation on the ventilation
mechanism of the Helmholtz resonator. In order to achieve a deeper
understanding of its ventilation effect, the quantitative analysis based on the
sink-jet model is need. The ventilation effect can be described by the variation of
the air exchange rate with frequency and amplitude of supplying sound. This is

the major work being conducted.

3. To verify the proposed AC ventilation effect of the Helmholtz resonator,
experimental work is required. This experimental work aims at measuring the
mean and fluctuating velocity of the air jet in the enclosure. This is the further

work to be done.
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4. A subsequence experiment measuring the variation of the concentration of the

contaminants in the resonator with time at its resonance frequency is necessary.
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Appendix

A.1 MATLAB Codes of Distributed-parameter
Model of Single Helmholtz Resonator

Part of the MATLAB Codes for solving the distributed-parameter model of

Helmbholtz resonator

%CIRCULAR CONCENTRIC HELMHOLTZ RESONATOR
%SOUND DISTRIBUTION

clear

c0=344;ro0=1.21;
pO=1;Pi=1;a1=0.017;a2=0.047;b1=0.0455;b2=0.04;
Sd=3*0.0601*0.022;

Sn=pi*(al)”"2;

%FIND ROOTS OF 1ST ORDER BESSEL
x=0:0.05:50;
y=besselj(1,X);
LDO=[1;
for k=1:1000,
if y(k)*y(k+1)<0
h=interpl(y(k:k+1),x(k:k+1),0);
LDO=[LDO,h];
end
end
Xx20=LD0./a2;
x10=LD0./al;

%initial marix

frequency=0:4:1000;

for jf=1:length(frequency),
fO=Frequency(f);
wO=2*pi*f0;k0=w0/cO;
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N1=[1:5]; LN1=5;

N2=[1:5]; LN2=5;

LD=[LDO(N2)];

x2=[x20(N2)];

v2=(k0"N2-x2.72) .~0.5;

x1=[x10(N1)];

vl=-(k0"2-x1.72).70.5;

C=01:

C(1,:)=[Sd+0.5*Sn Sd-0.5*Sn zeros(1,LN1) O zeros(1,LN2)];

C(2, )=[al2*exp(-j*k0*bl) -al2*exp(J*k0*bl) zeros(1l,LN1)
—a2"2*(exp(J*k0*b2)-exp(-j*k0*b2)) zeros(1,LN2)];

C(3,:)=[0.5%a1"2*exp(-j*k0*b1) 0.5*al”"2*exp(j*k0*bl) zeros(l,LN1)
-0.5%a1"2*(exp(J*k0*b2)+exp(-j*k0*b2))
-al*a2./LD.*besselj(1,al/a2*LD).*(exp(-J*v2*b2)+exp(J*v2*b2))];

for k1=0:LN1,

it k1~=0
C(k1+3,:)=[0 O zeros(1,LN1) O
-al./(x2."2-x1(k1)"2) .*x2.*besselj(0,LD(k1l)) .*besselj(1,al/a2.*LD).*
(exp(-j*v2*b2)+exp(J*v2*b2))1];
C(k1+3,k1+2)=0.5*al1”2*besselj(0,LD(k1))"2*exp(J*v1i(kl)*bl);

end

end

for k2=0:LN2,
it k2~=0

C(k2+LN1+3, :)=[kO*exp(-j*k0*bl)*al*a2/LD(k2)*bessel j(1,al1*LD(k2)/a2)
-kO*exp(J*k0*b1)*al*a2/LD(k2)*besselj(1,al*LD(k2)/a2)
-vl.*exp(J*vl*bl).*al./((x2(k2)"2)-x1.72) .*x2(k2) .*besselj(0,x1*al).
*pbesselj(1,al/a2*LD(k2)) O zeros(1,LN2)];

C(k2+LN1+3,k2+LN1+3)=-(exp(*v2(k2)*b2)-exp(-J*v2(k2)*b2))*v2(k2)*0.
5*a2/2*(bessel j(0,LD(k2)))"2;
end

%made the adjective matrix C
while (abs(det(C))>1)&(imag(v2(length(v2)))<10)
LN2=LN2+1;
N2=[1:LN2];
LD=[LDO(N2)1;
x2=[x20(N2)];
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v2=(k0"N2-x2.72) .~0.5;
while (imag(vi(length(v1)))<10)&(LN1<LN2)
LN1=LN1+1;
N1=[1:LN1];
x1=[x10(N1)];
v1l=-(k0"N2-x1.72) .~0.5;

%X=[Pbi Pbo CO ...Cn(LN1) DO...Dn(LN2)] Y C

C=L1;

C(1,:)=[Sd+0.5*Sn Sd-0.5*Sn zeros(1,LN1) O zeros(1,LN2)];

C(2,)=[a1™2*exp(-j*k0*b1) -al2*exp(J*k0*bl) zeros(1,LN1)
—a2"2*(exp(@J*k0*b2)-exp(-j*k0*b2)) zeros(1,LN2)];

C(3,:)=[0.5%a12*exp(-j*k0*b1l) 0.5*al”2*exp(J*k0*bl)
zeros(1,LN1) -0.5*al™2*(exp(J*k0*b2)+exp(-j*k0*b2))
-al*a2./LD.*besselj(1,al/a2*LD).*(exp(-J*v2*b2)+exp(J*v2*b2))];

for k1=0:LN1,

if k1~=0
C(k1+3,:)=[0 O zeros(1,LN1) O

-al./(x2."2-x1(k1)"2) .*x2.*besselj(0,LD(k1l)) .*besselj(1,al/a2.*LD).*
(exp(-j*v2*b2)+exp(J*v2*b2))];

C(k1+3,k1+2)=0.5*al”2*bessel j (0,LD(k1))"2*exp(J*v1i(kl)*bl);

end

end

for k2=0:LN2,
it k2~=0

C(k2+LN1+3, :)=[kO*exp(-j*k0*bl)*al*a2/LD(k2)*bessel j(1,al1*LD(k2)/a2)
-kO*exp(J*k0*b1)*al*a2/LD(k2)*besselj(1,al*LD(k2)/a2)
-vli.*exp(J*vl*bl).*al./((x2(k2)"2)-x1.72) .*x2(k2) .*besselj(0,x1*al).
*pbesselj(1,al/a2*LD(k2)) O zeros(1,LN2)];

C(k2+LN1+3,k2+LN1+3)=-(exp(*v2(k2)*b2)-exp(-J*v2(k2)*b2))*v2(k2)*0.
5*a2/2*(bessel j(0,LD(k2)))"2;
end
end
end
end

Y=L1:
Y(1,1)=Sd*Pi;
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Y(2,1)=0;

Y(3,1)=0;

for k30=0:LN1,
ifT k30~=0

Y(k30+3,1)=0;

end

end

for k3=0:LN2,
if k3~=0

%Y (k3+LN1+3,1)=-k0*p0*exp(-j*k0*b1l)*al*a2/LD(k3)*bessel j(1,al/a2*LD(
k3));
Y(k3+LN1+3,1)=0;
end

Pbi=X(1) ;Pbo=X(2);
Po=Pbi*(-0.5*Sn/Sd)+Pbo*(0.5*Sn/Sd) ;
pressure(J)=20*10g10(1./abs(Pbi+Pbo));
Zb()=(Pbi+Pbo)/(Pbi-Pbo)*ro*cO;
Y%pressure(jf)=abs(Pbi+Pbo);
%reflection(jf)=20*1og10(abs(Po));
reflection(jf)=abs(Po);

end

plot(frequency,reflection);

%plot(Frequency,pressure);

%plot(Frequency,abs(zZb));

clc

%
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A.2 MATLAB Codes of Finite Periodic
Duct-resonator System Base on the Distributed

-parameter Model

Part of the MATLAB Codes for solving the finite periodic duct-resonator system

based on the distributed-parameter model

%========An example for solving the finite periodic duct-resonator system ========
%FINITE PERIODIC SYSTEM

%DISTRIBUTED-PARAMTER MODEL

clear

c0=344;ro0=1.21;
pO=1;Pi=1;a1=0.0175;a2=0.047;b1=0.052;b2=0.04;D=0.47;
Sn=pi*(al)”"2;

Sd=0.0601*0.022;
%p0=1;Pi=1;a1=0.017;a2=0.047;b1=0.0455;b2=0.04;D=0.4;
%Sd=0.022*0.0601;

%Sn=pi*al”2;

reflect=0;

Lbegin=0.3;

Lend=0.3;

n=5; %periodic number-1

%FIND ROOTS OF 1ST ORDER BESSEL
x=0:0.05:50;
y=bessel j(1,x);
LDO=[1;
for k=1:1000,
if y(k)*y(k+1)<0
h=interpl(y(k:k+1) ,x(k:k+1),0);
LDO=[LDO,h];
end
end
x20=LD0./a2;
x10=LD0./al;
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%initial marix
frequency=0:5:1000;
%Frequency=150;
for jf=1:length(frequency),
fO=Frequency(f);
wO=2*pi*f0;k0=w0/cO;
N1=[1:5]; LN1=5;
N2=[1:5]; LN2=5;
LD=[LDO(N2)];
x2=[x20(N2)];
v2=(k0"N2-x2.72) .~0.5;
x1=[x10(N1)];
v1l=-(k0"N2-x1.72).70.5;
C=[1;
C(1,:)=[Sd+0.5*Sn Sd-0.5*Sn zeros(1,LN1) O zeros(1,LN2)];
C(2,)=[a12*exp(-j*k0*b1l) -al2*exp(J*k0*bl) zeros(1,LN1)
—a2"2*(exp(@J*k0*b2)-exp(-j*k0*b2)) zeros(1,LN2)];
C(3,:)=[0.5%a1"2*exp(-j*k0*b1) 0.5*al”"2*exp(j*k0*bl) zeros(l,LN1)
-0.5*a1"2*(exp(J*k0*b2)+exp(-j*k0*b2))
-al*a2./LD.*besselj(1,al/a2*LD).*(exp(-J*v2*b2)+exp(J*v2*b2))];
for k1=0:LN1,
if k1~=0
C(k1+3,:)=[0 O zeros(1,LN1) O
-al./(x2."2-x1(k1)"2) .*x2.*besselj(0,LD(k1l)) .*besselj(1,al/a2.*LD).*
(exp(-j*v2*b2)+exp(J*v2*b2))];
C(k1+3,k1+2)=0.5*al™2*bessel j (0,LD(k1))"2*exp(J*v1i(kl)*bl);

end

end

for k2=0:LN2,
it k2~=0

C(k2+LN1+3, :)=[kO*exp(-j*k0*bl)*al*a2/LD(k2)*bessel j(1,al1*LD(k2)/a2)
-kO*exp(J*k0*b1)*al*a2/LD(k2)*besselj(1,al*LD(k2)/a2)
-vli.*exp(J*vl*bl).*al./((x2(k2)"2)-x1.72) .*x2(k2) .*besselj(0,x1*al).
*pbesselj(1,al/a2*LD(k2)) O zeros(1,LN2)];

C(k2+LN1+3,k2+LN1+3)=-(exp(*v2(k2)*b2)-exp(-J*v2(k2)*b2))*v2(k2)*0.
5*a2/2*(bessel j(0,LD(k2)))"2;
end
end
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%made the adjective matrix C
while (abs(det(C))>1)&(imag(v2(length(v2)))<10)

LN2=LN2+1;

N2=[1:LN2];

LD=[LDO(N2)];

x2=[x20(N2)];

v2=(k0"N2-x2.72) .~0.5;

while (imag(vi(length(v1)))<10)&(LN1<LN2)
LN1=LN1+1;
N1=[1:LN1];
x1=[x10(N1)];
v1=-(k0"N2-x1.72) .~0.5;

%X=[Pbi Pbo CO ...Cn(LN1) DO...Dn(LN2)] Y C

C=0L1;

C(1,:)=[Sd+0.5*Sn Sd-0.5*Sn zeros(1,LN1) O zeros(1,LN2)];

C(2,)=[a1™2*exp(-j*k0*b1) -al2*exp(J*k0*bl) zeros(1,LN1)
—a2"2*(exp(J*k0*b2)-exp(-j*k0*b2)) zeros(1,LN2)];

C(3,:)=[0.5%a12*exp(-j*k0*b1l) 0.5*al”2*exp(J*k0*bl)
zeros(1,LN1) -0.5*al™2*(exp(J*k0*b2)+exp(-j*k0*b2))
-al*a2./LD.*besselj(1,al/a2*LD).*(exp(-J*v2*b2)+exp(J*v2*b2))];

for k1=0:LN1,

if k1~=0
C(k1+3,:)=[0 O zeros(1,LN1) O

—al./(x2."2-x1(k1)"2) .*x2.*besselj(0,LD(k1l)) .*besselj(1,al/a2.*LD).*
(exp(-j*v2*b2)+exp(J*v2*b2))];

C(k1+3,k1+2)=0.5*al”2*bessel j (0,LD(k1))"2*exp(J*v1i(kl)*bl);

end

end

for k2=0:LN2,
it k2~=0

C(k2+LN1+3, :)=[kO*exp(-j*k0*bl)*al*a2/LD(k2)*bessel j(1,al1*LD(k2)/a2)
-kO*exp(J*k0*b1)*al*a2/LD(k2)*besselj(1,al*LD(k2)/a2)
-vl.*exp(J*vl*bl).*al./((x2(k2)"2)-x1.72) .*x2(k2) .*besselj(0,x1*al).
*pbesselj(1,al/a2*LD(k2)) O zeros(1,LN2)];

C(k2+LN1+3,k2+LN1+3)=-(exp(*v2(k2)*b2)-exp(-J*v2(k2)*b2))*v2(k2)*0.
5*a2/2*(bessel j(0,LD(k2)))"2;
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end
end
end
end

Y=[1;

Y(1,1)=Sd*Pi;

Y(2,1)=0;

Y(3,1)=0;

for k30=0:LN1,
ifT k30~=0

Y(k30+3,1)=0;

end

end

for k3=0:LN2,
if k3~=0

%Y (k3+LN1+3,1)=-k0*p0*exp(-j*k0*b1l)*al*a2/LD(k3)*bessel j(1,al/a2*LD(
k3)):
Y(k3+LN1+3,1)=0;
end

Pbi=X(1) ;Pbo=X(2);
pressure(J)=20*10g10(1./abs(Pbi+Pbo));
%pressure(jf)=abs(Pbi+Pbo);
Zb(JF)=(Pbi+Pbo)/(Pbi-Pbo)*ro*cO;
k=2*pi*frequency/cO;

%u(i)=acos(0.5*0.5*((2-ro*c0*s./Zb(i)) -*exp(-J*k(i)*D)+(2+ro*c0*s./Z
b(#)) . *exp(*k(i)*D)));

A=0.5*[(2-Sn/sd*ro*c0/zZb(F)) *exp(-j*kGF)*D)
-Sn/Sd*ro*c0/Zb(JF)*exp(J*kf)*D);
Sn/Sd*ro*c0/Zb(f)*exp(-j*k(G)*D)

(2+sn/sd*ro*c0/zb(GF)) *expG*kGf)*D)1;

%u(Jf)=acos(0.5*0.5*((2-Sn/Sd*ro*c0./Zb(GT)) - *exp(-j*k@F)*D)+(2+Sn/

Sd*ro*c0./Zb(f)) -*exp(J*k(GF)*D)));
%ui (JF)=abs(real(u(dt)));
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%ur(Jf)=abs(imag(u(d®)));
[V.B]l=eig(A);
r11=B(1,1);r22=B(2,2); %eignvalue
ev1l1l=V(:,1);ev22=V(:,2); %eignvector
if abs(abs(rlil)-1)<0.002
ifT abs(ev11(2)/ev11(1))<1
rl=rll;r2=r22;evl=evll;ev2=ev22;
else
rl=r22;r2=rll;evl=ev22;ev2=evl]l;
end
else
if abs(ril)<1i
rl=rll;r2=r22;evl=evll;ev2=ev22;
else
rl=r22;r2=rll;evl=ev22;ev2=evll;
end
end

% anechonic termination
an=[evli()*exp*k@f)*Lbegin) ev2(1)*exp(*k(GTF)*Lbegin);
ri~n*ev1(2) r2”n*ev2(2)I\[Pi;0];

% rigid wall termination

%an=[evli(1)*exp(J*k(F)*Lbegin) ev2(1)*exp(J*k(JF)*Lbegin);
ri~n*evli(1)*exp(-j*k(gf)*Lend)-rin*evli(2)*exp(J*k(Jf)*Lend)
r2~°"n*ev2(1)*exp(-j*k(f)*Lend)-r2"n*ev2(2)*exp(G*k()*Lend) J\[Pi;0]

a=an(1);b=an(2);

ans(j)=-20/(n-1)*loglo(abs((@*rir(n-1)*(evi(1)+evli(2))+b*r2~(n-1)*(
ev2(D)+ev2(2)))/(a*(evli(D)+evl(2))+b*(ev2(1)+ev2(2)))));

%pressure difference

%ans(jf)=abs(b/a);

%ratio wave type2/wave typel
end

plot(frequency,ans)
clc
%
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