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Abstract

Systems of inter-connected components can be modeled by networks. A network

is a collection of “nodes” linked by “edges”. The network models of large scale

complex systems, e.g., social networks, transportation systems, engineering in-

frastructures, etc., have shown some non-trivial universal structural properties

compared to regular graphs such as lattices or random graphs. These network

models are hence referred to as complex networks. In this thesis the author

analyzes the structure and dynamics of the complex networks abstracted from

different systems, including arts, finance and social systems, in order to describe

the functioning mechanisms and to optimize the functionalities of the systems.

In Chapter 3, music compositions are analyzed from a complex network per-

spective. By abstracting music notes to network nodes and the co-occurrence of

notes to edges between nodes, it is shown that different genres of music, ranging

from pop to classic, western to oriental, all display universal network proper-

ties. It is shown that the theme of music is also embedded in the underlying

complex networks of music compositions. Computer algorithms for automatic

music generation are proposed based on a random walk process in the musical

networks. Applying some additional rudimentary rhythmic constraints on the

computer algorithms, appealing music can be generated.

In Chapter 4, global stock markets are analyzed from a complex network

perspective. The dynamical complex network model considers each stock market

as a node and connects each pair of nodes by an edge. Each edge is assigned

v
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by a time varying weight which equals the dynamic conditional correlation of

the market index return values. The network properties reveal that the global

stock market integration exhibits a periodic behavior, and that developed markets

show stronger integration than emerging and frontier markets. The network also

exhibits strong synchronization when the markets experience volatility. Unlike

in the market integration, this volatility spillover phenomenon is more obvious in

frontier markets than in developed markets.

In Chapter 5, scientific collaborations are analyzed from a complex network

perspective. With scientists abstracted by network nodes and the coauthorship

of academic papers by edges between nodes, the collaboration network has been

found to be intensively evolving in a local scale, where most coauthorships are

one time collaboration. The structure of the collaboration network of a scientist

depicts his/her influence in the peer collaborators. By examining the impact of

unforeseen deaths of active eminent scientists to their collaboration networks, it

is found that the fast evolving scientific collaboration networks are very robust

to attacks on the hub nodes. It is suggested that future design of engineering

systems should imitate the evolution mechanism of human social interactions to

create robust systems.

In Chapter 5, the consensus process in online social networks is analyzed

from a complex network perspective. Users of online social websites form social

communities by indicating friendship or interacting with each other. The resulting

networks of online social relationship can be considered snapshots of the entire

human social communities. By studying the consensus process in an online social

network, it is found that a few users with very large number of connections can

shift the final consensus decision of the community. Moreover, the compartmental

structure of social networks can actually slow down the consensus rate.
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Chapter 1

Introduction

1.1 Background

Any system of interconnected components can be abstracted by only two ele-

ments, namely a collection of “nodes” or “vertices”, representing the components,

and a collection of “edges”, representing the connections between the components.

The collections of nodes and edges are called “graphs” or “networks”.

The study of graphs can be dated back to the 18th Century. The former

Prussia city Königsberg sat on both sides of the Pregel River, and included two

large islands which were connected to each other and the mainland by seven

bridges. An interesting problem for the citizens of Königsberg was to find a path

through the city that would cross each bridge once and only once. The debate

of whether such a path exists was ended in 1735 by mathematician Euler, who

indicated that there is no solution to the problem. By abstracting the lands

to nodes and bridges to edges as shown in Figure 1.1, Euler proved that to

traverse a graph without passing a single edge twice, except for the nodes to

start and end, all the other nodes must have an even number of edges connected

to it. In the history of mathematics, the Königsberg problem laid down the

foundation of graph theory. Soon after that, graph theory has found itself among

1



2 CHAPTER 1. INTRODUCTION

(a) (b)

Figure 1.1: The Königsberg problem. (a) The seven bridges on Pregel River.
(b) The graph representation of the seven bridges, where nodes are islands and
mainland, edges are bridges. Pictures are authored by Bogdan Giuşcă, obtained
from Wikipedia under GNU Free Documentation License.

the most ubiquitous tool to study interconnected systems. Various topics of graph

theory have been developed and applied, benefiting physical, biological and social

systems in the past two centuries. For example, by abstracting the countries to

nodes and common boundaries to edges, it can be proved that no more than

four colors are required to color the regions of the map so that no two adjacent

regions have the same color. This graph coloring problem has also been applied to

job scheduling in digital computers and bandwidth allocation in communication

systems. Other graph theory problems have also been applied to solving practical

problems. For example, routing problems are applied to VLSI design, network

flow problems are applied to designing water pipes in cities and network potential

problems are applied to solving the exact voltage and current on any point of an

electronic circuit.

As the scale of interconnected systems being studied became larger and larger,

the resulting graphs became so complex that they could no longer be neatly

drawn on a single plane. Therefore, the study of statistics of the graph models

had emerged from the former combinatorics study. The statistical study of graph

models is also referred to as the study of complex networks. Pioneer works of
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complex network study started from the investigation of social relations. Social

scientist Milgram conducted a famous small world experiment in the U.S. in the

1960s [1]. Randomly selected people from Nebraska and Kansas were requested

to forward some parcels to certain people in Boston. The experimental setting

was that if the person who held the parcel knew the target on a first-name basis,

the person was to forward the parcel directly to the target. Otherwise, the person

was to think of another person he knew personally who was more likely to know

the target and forward the parcel to that person. The results published later

indicated that people in the U.S. were separated by about only six people on

average [1]. About the same time of the small world experiment, another study

addressed the network structure of one of the oldest information systems. By con-

sidering scientific papers as nodes and citations as directed edges, the networks

of scientific papers characterized the knowledge succession in the academia [2].

One of the key findings was that the distribution of the number of citations in a

scientific paper and the distribution of the number of times a paper being cited

both have power-law tails, with exponents around -2 and -3, respectively. In

the last two decades, people have developed unprecedented ability of gathering

and storing data from complex natural and man-made systems. Thanks to the

automated machines and bursting of computation technology, researchers have

acquired knowledge of DNA sequences, protein-protein interactions, digitized so-

cial relations, financial tickings, infrastructural facilities, etc. more than ever

before. The underlying complex networks have shown that the power-law de-

gree distribution is actually a universal property of these large scale natural and

man-made systems [3, 4]. The signature feature of power-law distribution is that

the distribution is scale invariance, which means that networks of different scales

may have an identical degree distribution. Hence, the power-law distribution is

also called scale-free distribution. Along with the scale-free structure, some other

notable universalities are found in empirical studies. For example, most com-
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plex networks demonstrate the small-world phenomenon, which means any pair

of nodes can be found only a few hops away from each other [5, 6]. Many complex

networks display interesting community structure, as several densely connected

communities are loosely joined to form one network [7, 8]. Some complex net-

works are found to be better described by the connections of essential building

blocks of three to five nodes, called “motifs” [9, 10], where the motifs actually

represent the functioning modules of the system.

Followed by the empirical study of real-world networks, theoretical models

had been proposed in order to explain the network formation and structure prop-

erties. Among these models, the random network model [11], the small-world

model [5] and the preferential attachment model [3] are the most essential ones.

The random network model was proposed in the 1960s. It starts with n nodes,

and each pair of nodes is connected with a probability p. The resulting network

has a binomial degree distribution and an average degree of np. It was found

later that the random network model disagreed with some important empirical

findings in real networks, e.g., short average path length and long tail degree

distribution. Motivated by the shortcomings of the random network model, the

small-world model was proposed to provide the short average path length and

high clustering features. Starting with a one dimensional lattice, with each node

connected to its k-th closest neighbors, the small-world model rewires each edge

with a probability to a random edge. However, the resulting network still cannot

reproduce the scale-free feature observed in many real-world networks. The pref-

erential attachment model starts with a small complete graph and continuously

appends new nodes to the existing network, where the probability of existing

nodes being connected is proportional to their degrees. Regardless of the number

of nodes added to the network, the networks generated by preferential attachment

model all have power-law degree distributions with power-law exponent -3.

The theoretical modeling of networked systems has enabled the study of dy-



1.1. BACKGROUND 5

namical processes on a network. Notable dynamical processes include navigation

and diffusion on networks, epidemic spreading on networks, collective behavior

in social contexts and percolation processes on networks. The navigation and

diffusion processes are actually related to random walks on the network. Starting

from an arbitrary node, the random walk follows randomly one of the edges con-

nected to this node and explores the adjacent node. The random walk process

mimics the information searching process on information networks by iteratively

exploring new nodes until a certain finishing condition is reached. The study of

epidemic spreading processes on networks examines the virus or rumor spreading

in social communities at a microscopic level. A key finding of the epidemic spread-

ing on complex networks reveals the absence of epidemic threshold of diseases in

human communities [12]. Similar to the study of epidemic processes, the de-

tailed network structure of social communities has also enabled the microscopic

level understanding of collective behavior in social systems. The investigation

of different interaction protocols, e.g., consensus model, voter model and games

among interacting agents, has been able to reproduce the opinion formation and

segregation in social communities. The coevolution of dynamical processes on the

networks and topological dynamics of networks has revealed the important self-

organizing and self-healing properties of real-world systems [13]. The percolation

process reveals the robustness and vulnerability of complex networks. By gradu-

ally removing nodes or edges randomly or purposefully, it is shown that networks

with scale-free degree distribution are prone to targeted attacks but robust to

random failure [14, 15]. Inspired by the recent empirical and theoretical study of

large-scale networked systems across a multitude of areas, the study of complex

network has found itself emerged as a “new” kind of science.
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1.2 Motivation

The complex network model of a real-world system contains only two elements:

nodes and edges. It is actually amazing that such a simple abstract method

can reveal so much information of the structure and dynamics of networked sys-

tems. However, in order for network science to have an impact on our daily

life, researchers have to explicitly address the relationship between the statistical

properties of network models and the functionality of the systems being modeled.

Successful examples of such applications of complex networks are relatively few.

Yet some are still worth noting. Google is recognized as the best search engine in

the world and provides the most accurate search results to the user. Its “PageR-

ank” indexing algorithm [16] takes advantage of the topology feature of the World

Wide Web that the pages with more incoming connections are more likely to pro-

vide useful information. The discoveries such as long-tail distribution and explicit

community structure of network of stocks in the US stock market have resulted

in new approaches in defining market index [17] and sectoring the stock mar-

ket [18], respectively. The studies of link prediction in complex protein-protein

interaction networks and metabolic networks have paved the way to predicting

unknown gene and protein functions [19]. The null epidemic threshold of disease

spreading in human communities has provided insight into the lack of efficiency

of uniform immunization strategies. However, new immunization strategies have

taken advantage of the vulnerability to targeted attacks on long tail distributed

human contact networks. Targeted immunization produces a significant improve-

ment on the network tolerance to disease spreading at the price of a reduction in

the fraction of immunized individuals [20]. In light of the promising prospect of

applying complex network theory in designing and optimizing practical systems,

this thesis aims at finding explicit relationship between network properties and

functionality of real-world systems. The fields of interest include arts, finance
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systems and social networks.

1.3 Thesis organization

The thesis is arranged in the following order. The current literature on complex

network theory and applications is reviewed in Chapter 2. Then, the applications

of complex networks in arts, finance and social science are discussed in Chapters 3

to 6. Specifically, in Chapter 3, complex networks are constructed from music

compositions, with music notes as network nodes and the co-occurrence of music

notes as edges between pairs of nodes. Some universal properties are observed

from music of different genres. Algorithms to compose new pieces of music from

the musical networks are also proposed. In Chapter 4, a dynamical network of

more than sixty stock markets are constructed. The complex network of global

stock market network provides a systematic perspective to examine important fi-

nancial phenomena in terms of the evolving network structure. In Chapter 5, the

evolution mechanisms of the scientific collaboration network is studied. Through

examining the resilience of scientific collaboration networks under targeted at-

tacks, the impact of the loss of an important member in a team is revealed. In

Chapter 6, the consensus formation process on complex social networks is studied.

By grouping individuals according to their number of connections and studying

the interactions between different groups, it is found that the final consensus state

and consensus rate are determined by the degree distribution and degree mixing

in the social network. Finally, the thesis concludes in Chapter 7 and suggestions

for future research are also proposed.
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Chapter 2

Literature Review

In this chapter the fundamental work of complex network science is reviewed.

First, the empirical studies on modeling real-world networks are investigated.

Next, the metrics of topological network structures will be examined. Then,

the mathematical models of complex networks are studied. After that, work on

dynamical processes and network topology dynamics will be reviewed. Finally,

some significant state-of-the-art applications of complex networks will be given.

2.1 Empirical study of networked systems

Networks are abstractions of real-world systems, they are everywhere. The empir-

ical studies of networks can be categorized by the nature of the system described.

For example, networks have been constructed from social systems, biological sys-

tems, man-made systems with actual forms and networks of abstract information.

The basic components in these complex systems are mostly obvious, whereas the

method of abstraction of edges can sometimes be obscure. Basically there can be

six types of methods for network construction [21] as shown in Table 2.1.

9



10 CHAPTER 2. LITERATURE REVIEW

Table 2.1: Six types of methods for network abstraction.

Mapping method Examples of networks
Communication Email, phone, airports
Coexistence Collaborations, friendships
Reference Web, citations, software packages
Confluence Highways, circuits, power grid
Correlation Financial markets, neuroscience
Adjacency (temporal and spatial) Linguistic, earthquake

2.1.1 Social networks

To most people social network refers to the 2010 David Fincher movie “The So-

cial Network” which brings the birth of online social networking website Facebook

to the silver screen. The actual modeling of social systems considers individuals

as nodes and their relationship or interactions as edges. Online social websites

such as Facebook and Twitter present digital records of people connected by

friendships [22, 23], subscriptions [24, 25] or other complicated relationships [26].

Actually the recording of social relationships goes far further back than the con-

temporary computer incarnations when friendships of children in a school were

first recorded in 1926 [27]. Later the conflict and fission of 34 members of a Karate

club was studied in 1977 [28]. People can be bounded by various relationships

except for friendship and hostility. For example, the network of collaborations

between Hollywood actors was among the first large-scale social network con-

structed [5, 29]. Similarly, the collaboration of scientists also aroused lots of

interest in network research [30, 31]. Also, the business collaboration network

is used to model a web of executive officers in large companies [32]. Even a so-

cial network of genes was formed by finding correlation of the genotypes among

people [33]. Edges in social networks can also be abstracted from interactions

among people. For example, email exchanges [34, 35], telephone calls and mo-

bile phone message exchanges [36, 37, 38] were used to construct communication

networks. Recently, daily face to face contact pattern [39] and the human sex-
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ual interactions were studied in order to identify super-spreaders of contagious

diseases [40, 41, 42, 43].

2.1.2 Biological networks

The largest biological complex system is the ecological community on earth.

Taking each species as a node, ecological networks can be built on predator-

prey relationship (food webs) [8, 44, 45, 46, 47] or mutualistic interdependence of

spices [48, 49, 50, 51, 52, 53, 54]. In a much smaller scale, living organisms are sys-

tems with no less complexity than ecological systems. With the human genome

decoded, the biological interactions which are determined by genetic codes, of

molecular and proteins are the next key to understanding the entire biological sys-

tem. Processes in living organisms are basically divided and linked in three levels

of complexity [55], and in each level complex networks were constructed, providing

a systematic method of characterizing the systems of: (i) metabolic and signaling

pathways [56, 57, 58, 59], which are determined by (ii) protein-protein interac-

tions [60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70], whose production is controlled by

(iii) the genetic regulatory network [71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83].

The human neurological system is another assembly of complex biological sys-

tems [84]. Brain networks of two types of connectivities were constructed: (i)

anatomy connectivity which can be examined by fMRI [85]; (ii) functional con-

nectivity which can be determined by electroencephalographs (EEG) or magneto

encephalographs (MEG) [86, 87].

2.1.3 Physical networks

The two biggest infrastructures that men have ever made are the Internet and the

electric power transmission system. The structure of the Internet was examined

at both router (local) level and the autonomous systems (global) level [88, 89, 90].
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Figure 2.1: A map of the Internet on date November 23 2003, at the autonomous
systems level. Color code: Asia Pacifica - Red; Europe/Middle East/Central
Asia/Africa - Green; North America - Blue; Latin American and Caribbean -
Yellow; RFC1918 IP Addresses - Cyan; Unknown - White. Picture is obtained
from the Opte Project, under a Creative Commons License.

Figure 2.1 shows a map of the Internet at the autonomous systems level. The

2003 blackout in north America has triggered extensive research on the structure

and robustness of the power grid infrastructure [91]. The network of the elec-

tric power transmission system shows no less complexity than the Internet [92].

Transportation networks such as roads and railways are also complex man-made

systems built in the last two centuries. Unlike the planar land transportation, the
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Figure 2.2: The “bow tie” diagram representing the structure of World Wide
Web. The center of the bow tie represents a strongly connected component, on
the left and right are the bow of giant In and Out components [95]. Picture
obtained from: http://www9.org/w9cdrom/160/160.html

network formed by airlines between airports demonstrates much more complex

structural properties [93, 94].

2.1.4 Networks of abstract information

Frequently people consider the terms “Internet” and “World Wide Web” in-

terchangeable, but the two networks are in fact different. The World Wide

Web is a collection of webpages referring to each other by hyperlinks on the

pages [6, 96, 97]. The network of webpages forms a “bow tie” shape as shown in

Fig. 2.2. Likewise, networks formed by references of one article to another can

also be constructed from scientific papers, pattens [2, 98, 99] and software pack-

ages [100]. The economic system can also be considered networks of economic
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entities connected by trading activities. The trade network and input-output

network characterize the custom or service transactions among nations or com-

panies [101]. Similarly financial market networks were built on the comovement

of stock prices or market indices [17, 18]. Moreover, the semantic relationships

of words can form linguistic networks [102, 103]. The correlations of climate

parameters, earthquakes can form environmental networks [104].

2.2 Topological properties of networks

In this section the topological properties, specifically degree distribution, shortest

path distance, clustering and network building blocks in networks constructed

from real-world systems will be reviewed.

2.2.1 Node degree

The “degree” of a node is the number of edges connected to it. In a directed

network, the “in-degree” of a node is the number of edges pointing to it whereas

the “out-degree” is number of edges pointing from it. One of the most prominent

discoveries of complex network research is that the distributions of node degrees

in many complex networks exhibit long tails property, which means that nodes

of very large degrees appear more frequently than expected. Zipf’s law or power

law is frequently used to describe the long tail distributions [3], in which the

probability p(k) of finding a node of degree k follows:

p(k) ∼ k−γ, (2.1)

where γ is the power-law exponent and the exponents of real-world network

mostly fall between 2 and 3 [4]. The power law distribution is sometimes called

a scale-free distribution, because a power law is the only distribution that is the
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same whatever scale we look at it on [105]. Hence, the scale-free distribution

can actually reflect the universality most complex networks share. However, fur-

ther study showed that due to reasons like data incompletion or constraints on

physical systems, the degree distribution might not strictly follow the power law.

For example, the power grid and airline traffic networks have exponential degree

distributions, the social networks have Gaussian distributions and others have

exponentially truncated power-law distribution [92]. Nonetheless, the long tailed

distributions have left a message that in most complex networks, a few “hub”

nodes dominate by possessing most of the connections in the networks.

In the network, nodes of different degrees may not be mixed randomly. The

assortativity which measures the correlation between pairs of nodes of certain

degrees is given by [106]

R =
1

σ2
k

∑

ij

ij(eij − kikj), (2.2)

where σ2
k =

∑
i i

2ki−[
∑

i iki]
2, ki is the degree of node i, eij is the joint probability

distribution of the out degrees of nodes i and j. A positive assortativity means

nodes of higher degrees tend to connect to nodes of higher degrees and so are

those of lower degrees. A negative assortativity means nodes of higher degrees

tend to connect to nodes of lower degrees, and vice versa. The assortativity can

also be generalized to measure how nodes are connected to each other based on

similarities of other properties [107].

2.2.2 Shortest path distance

The first work to find distance between individuals was the Milgram’s small world

experiment in 1969 [1]. In the small world experiment random people were chosen

to send a mail to an unknown people through their acquaintances. If the person
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who held the mail knew the target on a first-name basis, the person was to

forward the packet directly to the target. Otherwise, the person was to think of

another person he knew personally who was more likely to know the target and

forward the mail to that person. The result showed that by average the mail

will only go through six persons before arriving at the receiver. This “six degree

of separation” between people is also known as the small-world phenomenon in

network science [108]. In network analysis, the precise shortest distances between

nodes can be calculated by Floyd-Warshall algorithm, which iteratively revise

path lengths between all pairs of vertices until shortest path length are found.

The pseudocode of the algorithm can be written as follows:

1 procedure FloydWarshall ()

2 for k := 1 to n

3 for i := 1 to n

4 for j := 1 to n

5 path[i][j]

= min ( path[i][j], path[i][k]+path[k][j] );

where path[i][j] stores the shortest path distance between nodes i and j. Most

complex networks exhibit the small-world phenomenon [95, 108], yet no charac-

teristic average shortest path distance can be found in real-world networks. The

largest shortest path distance in the network is also called the diameter of the

network. The betweenness of a node or an edge is the number of shortest paths

that run through it.

2.2.3 Clustering

Clustering is a significant feature of social networks. It was found that if indi-

vidual A knows individual B and individual B knows individual C, then there

is a heightened probability that individual A will also know individual C. The
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measurement of clustering coefficient can be found by [5, 109]:

C1 =
3× number of triangles in the network

number of connected triples of nodes
(2.3)

C2 =
1

N

∑

i

number of triangles connected to node i

number of triples connected to node i
(2.4)

The clustering coefficient falls between 0 and 1, and the higher the coefficient is,

the more probable triangles are found in the network. The clustering coefficient

in complex networks can vary significantly. For example, the coefficient can be as

high as 0.2 in social networks but close to 0 in highly hierarchical technological

networks such as the Internet or power grid [90].

2.2.4 Network motifs

A motif is a pattern of interconnection occurring with significantly higher proba-

bility than in randomized version of the network [9]. The statistical significance

of a motif M can be described by a Z − score:

ZM =
nM − 〈nrand

M 〉
σrand
nM

, (2.5)

where nM is the number of occurrences of motifM in the original network, 〈nrand
M 〉

and σrand
nM

are the average number and standard deviation of occurrences of motif

M in the randomized network. Limited by computing feasibility, the interconnec-

tion patterns of only 3-5 nodes were reported. Motifs are found in biochemistry,

neurobiology, ecology, and engineering networks [110]. Although criticisms on the

functionality of these small size subgraphs are raised [111], the network motifs

still give a microscopic view of the network structure.
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Figure 2.3: A sketch of a small network displaying community structure, with
three groups of nodes with dense internal connections and sparser connections
between groups. Picture authored by J ham3, obtained from Wikipedia under a
Creative Commons License.

2.2.5 Community structure

Quite often a large scale network is loosely connected by several densely connected

clusters or “communities”, as shown in Figure 2.3. The algorithms for separating

these communities take two different approaches. The “top-down” approach looks

for the most densely connected part(s) in the network. For example, the k-

clique algorithm finds all the complete graphs of k nodes and define them as the

cores of communities in the network. The “bottom-up” approach looks for the

weakest links in the network and gradually removes them from the network until

disconnected components emerge. The weakest links or nodes can be those with

fewest shortest paths passing through them [7, 112].
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2.3 Theoretical models of networks

From the empirical data, researchers are able to describe the structural properties

of real-world networks. The next step taken to understand complex networks are

to build mathematical network models and to simulate formation of networks.

2.3.1 Random network model

The first effort to model an autonomously formed network is done by mathemati-

cians Erdös and Rényi in 1959 [11]. By simply taking n nodes and randomly

distributing some connections between pairs of nodes with probability p, ran-

dom network models can be formed with a binomial degree distribution. The

probability pk that a randomly chosen vertex is connected to exactly k others is

pk =

(
n

k

)
pk(1− p)n−k. (2.6)

In the limit where n becomes large, this becomes

pk = lim
n→∞

nk

k!

(
p

1− p

)k

(1− p)n =
zke−z

k!
, (2.7)

which is the Poisson distribution. By adjusting p, networks with different edge

densities can be modeled. The average shortest path distance L of a random

network is given by

L =
ln(N/〈k〉)
ln(〈k〉2/〈k〉) + 1, (2.8)

and L increases with N .
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(c)(b)(a)

Figure 2.4: (a) A one-dimensional lattice with connections between all vertex
pairs separated by k or fewer lattice spacing, with k = 3 in this case. (b) The
small-world model [108] is created by choosing at random a fraction p of the edges
in the graph and moving one end of each to a new location, also chosen uniformly
at random. (c) A slight variation on the model [113] in which shortcuts are
added randomly between vertices, but no edges are removed from the underlying
one-dimensional lattice.

2.3.2 Small-world model

In light of that most complex networks exhibit small average shortest path dis-

tances, a small-world network model was proposed [5]. This model is able to

replicate the small-world phenomenon and large clustering coefficients in some

real-world networks. The network modeling process is illustrated in Fig. 2.4,

starting from a k-regular network, by choosing at random a fraction p of the

edges in the graph and moving one end of each to a new location, a network

with a small average shortest path distance can be formed. In this model the

average shortest path distance L ∼ n/2k ≫ 1 and clustering coefficient C ∼ 3/4

as p → 0, while L ≈ Lrandom ∼ ln(n)/ ln(k) and C ≈ Crandom ∼ k/n ≪ 1 as

p → 1.

2.3.3 Preferential attachment model

Although the small-world model resembles some properties of networks from the

real world, it is still not capable to explain how the networks grow to such states.

And the largest flaw of the small-world model is that the networks formed do not
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have power-law degree distribution. A highly influential model called “preferential

attachment” was then proposed [3] to address these issues. The preferential

attachment starts with a small complete graph and continuously appends new

nodes to the existing network. When the network grows, new-comer nodes prefer

to attach to those of high degrees. Let ki be the degree of vertex i, the probability

that an edge belonging to a newly appearing vertex connects to i is

∏
(ki) =

ki∑
j kj

. (2.9)

Following this probability the degree distribution at time step t is

P (k) = −
(
dki
dti

)−1

∼ t

k3
. (2.10)

The power-law exponent of the degree distribution is always approximately γ =

−3. This model not only successfully modeled properties of real networks but

also gave a clue of how networks are formed. Further work has proposed many

additional processes on preferential attachment. For example, edges can be added

to and rewired in the network; also the nodes could be added to and removed

from a network [114].

2.4 Network dynamics

With theoretical network models, researchers are able to analyze dynamics on the

network. Interesting topics include dynamical processes on networks, topological

dynamics of the network and the evolutionary adaptive behavior between the

dynamical process and topological dynamics.
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2.4.1 Walk and diffusion process

The simplest strategy to explore a network is to choose a node, randomly jump

to one of its adjacent nodes and iterate this process until certain information is

found or a termination condition is reached. In this random walk process, nodes

of different degrees have different probabilities of being reached. In a general case

the probability p(k) of a node of degree k being reached can be expressed by [115]

pk =
k

〈k〉
1

N
(2.11)

Hence, the random search in a network is eventually trapped in the center of the

network where the degrees of nodes are larger. The process of multiple simultane-

ous random walkers exploring the network is also called random diffusion. Similar

topics such as searching and navigation in the network have been reported in the

literature [34, 116].

2.4.2 Epidemic process

In a network, each node can be assigned a variable or an array of variables. Fol-

lowing certain interaction rules, the variables of nodes can be altered iteratively.

Suppose the nodes are assigned a binary internal state 0 or 1. And the nodes of

internal states 0 have a certain probability of updating their internal states to 1

through interactions with nodes of internal states 1. This process is referred to as

epidemic process which reproduces many real-life scenarios such as disease spread-

ing, rumor spreading, etc. Apart from the above mentioned simple “susceptibles-

infectious” model of epidemic process, many other variations were proposed. For

example, the nodes with internal states 1 can change back to 0 after some iter-

ations (which is called “susceptible-infectious-susceptible” model) or nodes with

internal states 1 can be removed from the network (which is called “susceptibles-
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infectious-removed” model). The mathematical expression of change of infected

population of nodes of degree k in the “susceptibles-infectious-removed” (SIR)

model can be written as

dik(t)

dt
= βksk(t)Θk(t)− µik(t), (2.12)

where ik(t) is the probability that a node of degree k is infected at time t, sk(t)

is the probability that a node of degree k is susceptible at time t, Θk(t) is the

density of infected neighbors of nodes of degree k, β is the spreading rate and µ is

the removal rate. Research shows that in order to ensure an epidemic outbreak,

the following condition has to be met:

β

µ
≥ 〈k〉

〈k2〉 − 〈k〉 . (2.13)

In a network with long tail degree distribution, 〈k2〉 → ∞, the epidemic threshold

is absent [117].

2.4.3 Opinion formation models

In a network where nodes update their internal states through interactions with

their neighbors, all nodes can possibly reach a final agreement or separate them-

selves into groups of different internal states. Practical examples of such “con-

sensus” processes are ubiquitous. Examples include multi-agent coordination

problems such as birds flocking, vehicle formation [118, 119], opinion formation

problems such as language games, voter model and majority model [120, 121, 122].

Here, some important protocols used to mimic opinion formation in social context

are reviewed.
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Voter models

The definition of original voter model is: each node is assigned with a binary opin-

ion s = ±1. At each time step a node i is selected along with one of its neighbors

j and their opinions aligned si = sj. This update rule implies that nodes imitate

their neighbors. One possible modification is the presence of quenched disorder,

in the form of one “zealot,”, i.e., an individual that does not change its opinion

[123]. Another variant is the constrained voter model [19], where agents can be in

three states (leftists, rightists, or centrists) but interactions involve only centrists,

while extremists do not talk to each other. In the “vacillating” voter model [124]

a site checks the state of two of its neighbors and flips if either is different from

himself. This leads to a bias toward the zero magnetization state, anticoarsening

behavior, and consensus time scaling exponentially with the system size.

Majority rule model

In a population of N agents, endowed with binary opinions, a fraction p(+) of

agents has opinion +1 while a fraction p(−) = 1 − p(+) has opinion -1. For

simplicity, suppose that all agents can communicate with each other, so that the

social network of contacts is a complete graph. At each iteration, a group of agents

is selected at random “discussion group”: as a consequence of the interaction, all

agents take the majority opinion inside the group. This is the basic principle of

the majority rule (MR) model, which was proposed to describe public debates

[125]. The MR model has been extended to multistate opinions and plurality

rule [126]. In the majority-minority (MM) model [123], one accounts for the

possibility that minorities take over: in a discussion group the majority opinion

prevails with a probability p, whereas with a probability 1− p it is the minority

opinion that dominates.
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Social impact theory

The starting point is a population of N individuals. Each individual i is charac-

terized by an opinion i = ±1 and by two real-valued parameters that estimate

the strength of its action on the others: persuasiveness pi and supportiveness si,

which describe the capability of convincing someone to change or to keep their

opinion, respectively. These parameters are random numbers, and hence intro-

duce a complex dynamics of the model. The distance of a pair of agents i and j

is dij. In the simplest version, the total impact Ii that an individual i experiences

from his or her social environment is

Ii =

[
N∑

j=1

pj
dαij

(1− σiσj)

]
−
[

N∑

j=1

sj
dαij

(1 + σiσj)

]
(2.14)

where α > 2 expresses how fast the impact decreases with the distance dij be-

tween two individuals. The first term expresses the persuasive impact, i.e., the

pressure exerted by the agents with opposite opinions, which tend to enforce an

opinion change; the second term instead is the supportive impact, i.e., the pres-

sure exerted by the agents with the same opinion of i, which favor the status quo.

In both cases, the impact of each agent on i is proportional to its persuasiveness

or supportiveness.

The opinion dynamics is expressed by the rule

σi(t+ 1) = − sgn[σi(t)Ii(t) + hi], (2.15)

where hi is a random field representing all sources other than social impact that

may affect the opinion (e.g., mass media). According to Eqn. 2.15, a spin flips

if the pressure in favor of the opinion change overcomes the pressure to keep the

current opinion Ii(0) for vanishing hi.
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Sznajd model

In Sznajd model, each individual i is characterized by an opinion i = ±1. The

neighbors of a disagreeing agent’s pair maintain their opinions. Extension of the

Sznajd model to different substrates usually adopts this prescription. On the

square lattice, for instance, a pair of neighboring agents affects the opinions of

their six neighbors only if they agree. Sznajd dynamics turns out to be a special

case of the general sequential probabilistic model (GPM)[125]. Here, opinions

are Ising spins: the proportions of both opinions at time t are p(t)(+1) and

1−p(t)(−1). In the mean-field limit, a random group of k agents is selected, with

j agents with opinion +1 and k−j with opinion −1. The opinion dynamics of the

GPM enforces consensus among the agents of the group, which adopt opinion +1

with a suitably defined probability mk,j and opinion −1 with probability 1−mk,j.

Deffuant model

Consider a population of N agents, represented by the nodes of a graph, where

agents may discuss with each other if the corresponding nodes are connected.

Each agent i is initially given an opinion xi, randomly chosen in the interval

[0, 1]. The dynamics is based on random binary encounters, i.e., at each time

step, a randomly selected agent discusses with one of its neighbors on the social

graph, also chosen at random. Let i and j be the pair of interacting agents at time

t, with opinions xi(t) and xj(t), respectively. Deffuant dynamics is summarized

as follows: if the difference of the opinions xi(t) and xj(t) exceeds the threshold

ǫ, nothing happens; if, instead, xi(t)− xj(t) < ǫ, then xi and xj are averaged by

a certain weight on the counterparts.
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Axelrod model

Individuals are located on the nodes of a network (or on the sites of a regular

lattice) and are endowed with F integer variables σ1, ..., σF that can assume q

values, (f = 0, 1, ..., q− 1). The variables are called cultural features and q is the

number of the possible traits allowed per feature. They are supposed to model

the different “beliefs, attitudes, and behavior” of individuals. In an elementary

dynamic step, an individual i and one of his neighbors j are selected and the

overlap between them,

wi,j =
1

F

F∑

f=1

δσf (i),σf (i) (2.16)

is computed, where wi,j is Kronecker’s delta. With probability wi,j, the interac-

tion takes place: one of the features for which traits are different [σf (i) 6= σf (i)]

is selected and the trait of the neighbor is set equal to σf (i). Otherwise nothing

happens. It is immediately clear that the dynamics tends to make interacting

individuals more similar, but the interaction is more likely for neighbors already

sharing many traits (homophily) and it becomes impossible when no trait is the

same.

DeGroot model

The consensus process on a complex network can be described by DeGroot model.

The DeGroot model consists of N nodes (i = 1, ..., N) with continuous internal

states between 0 and 1. The influence from one node to another is passed through

an edge, whose weight represents the strength of belief. Starting from initial

condition S(0) = {s1(0), s2(0), ..., sn(0)} ∈ R
n, each time step the nodes imitate
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their neighbors by

si(t+ 1) =
k∑

j=1

wijsj(t), (2.17)

where k is the total number of edges connected to node i, including a self-

connecting edge.

More complex variations of consensus processes include synchronization of

coupled oscillators or chaotic dynamics [127].

2.4.4 Topological dynamics

Same to internal node states, the topological structure of a network can also

change over time. Studies have reported that networks can have topological

dynamics in micro scale, where the nodes and edges appear and disappear regu-

larly, while the network structure staying statistically stationary in macro scale.

The topological dynamics are found in biochemical networks [128], airport net-

works [94] and social networks [129]. The topological dynamics of complex net-

works under attacks have also been studied extensively. During attacks on com-

plex networks, the nodes or edges are removed from the network with certain

probability. The connectivity of the residue network is of interest. With certain

proportion f of nodes removed, the network can be disconnected to two or more

components. The critical value of proportion of nodes randomly removed for a

network being deconstructed can be given by [115]:

fc = 1− 〈k〉0
〈k2〉0 − 〈k〉0

, (2.18)

where 〈k〉0 is the mean degree of initial network. Heavy tailed networks display

very large fc as 〈k2〉0 →= 0. However, heavy tailed networks are very vulnerable

to attacks biased on high degree nodes, where a node is removed with probability
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proportional to its degree.

2.4.5 Adaptive networks

The interactions or similarities between nodes can sometimes cause vanishing

of existing edges or formation of new edges. On the other hand, the initiating

or deleting connections in the network can also cause new dynamical process

behaviors. This process is referred to as adaptive coevolution. For example,

the evolutions of chemical species in catalytic reactions, food web evolution and

the evolution of social balance in social networks are all adaptive coevolution.

The most prominent mathematical study of adaptive behaviors is found in evo-

lutionary games on networks. For example, in the Prisoners’ dilemma game,

two players simultaneously choose between cooperation and defection. From the

perspective of a single player choosing to defect always yields a higher pay-off

regardless of the action of the opponent. However, the collective pay-off received

by both players is the lowest if both players defect and the highest if both coop-

erate. The numerical study of Prisoners’ dilemma on a random network shows

that evolution ends up either in an state where only defectors exist in network

or the population of two parties form a frozen pattern [130]. Other forms of

games on complex network, such as Rock-Scissors-Paper games or multi-species

predator-prey model [13] have also been studied.

2.5 Applications of network science

For network science to have an impact on policy, business, and technology, re-

search has to explicitly address the relationship between network properties and

the functionality of real-world networked systems. Despite of the fruitful research

in the past ten years revealing the nature of complex systems, applications of net-

work science have only been developed recently. In this section we briefly review
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some significant applications of complex networks.

One of the earliest and most prominent example would be a webpage ranking

algorithm called “PageRank” [16], which is proposed in 1998 as the prototype

of the now search engine giant Google. The algorithm uses the network of web-

pages in World Wide Web, which was neglected by most of the search engines

at that time, as an important resource. Assuming a page A is pointed by pages

T1, T2, ...Tn and C(A) is defined as the number of links going out of page A.

The PageRank of a page A is given as follows:

PR(A) = (1− d) + d

(
PR(T1)

C(T1)
+ ...+

PR(Tn)

C(Tn)

)
(2.19)

where d is a deliberately chosen number between 0 and 1. The “PageRank” algo-

rithm is practical because the importance of a certain page can be approximated

proportional to its in-degree. The extraction of information from the World Wide

Web can also be based on other webpage network properties such as distribution

of interest in different areas and communities related to different topics [131].

Complex network has found itself an important tool of extracting information

from biological systems. Examples include identifying essential proteins from

network properties of the protein-protein interaction network in yeast. In this

case the selection of proteins based on their node degrees or betweenness index

gives no advantage to random selection. But further analysis of spectral measure

of bipartivity can identify essential proteins much more accurate than random

guess [19]. The modeling of biological network has also lead to cell’s functional

organization [132], novel relationship between breast cancer susceptibility, rela-

tionship between centrosome dysfunction [133] and relationship between obesity

and inflammatory bowel disease [134].

Network science has also been applied in social studies. Knowing certain uni-

versal properties of social networks, link prediction algorithms can help finding
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missing links in a partially sampled social network. In military use, the terror-

ists and their family-relationship or daily communication are modeled by social

networks. Potential terrorists and potential terrorist attacks can therefore be

identified [135]. Meanwhile, social networking websites such as Facebook deploys

link prediction algorithms in their friend recommendation systems, in order to

enhance user experience and attract potential users.

In a stock market, the distance between stocks can be taken from the corre-

lation of the time series of stock returns. The network of stock market shows a

scale-free degree distribution, where the high degree nodes are the stocks with

lowest distance (highest correlation) to other stocks. These stocks can be used

to form an index presenting the performance of the whole stock market [17]. The

stock market also shows community structure, which is consistent with a natu-

ral sectoring of stocks into different industries. Community structure detection

algorithms are used to divide the market into accurate groups [18].

Another application of network science is in immunization of disease spread-

ing. The null epidemic threshold on heavy tail networks actually means that the

rapid spread of disease in a small group can lead to epidemic outbreaks in the

population scale [136] and that the infection of virus decays exponentially but for

quite a long time the virus would not vanish [137]. Immunization strategies have

been proposed addressing the unprecedented discovery in disease spreading. For

example, the targeted immunization on high degree nodes [138] and immunization

based on graph-partitioning strategy [139].

The aim of this thesis is to find more applications of network science in real-

world systems, including arts, financial systems and social networks.
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Chapter 3

Application in Arts

The last two chapters have provided an overview of the current development of

network science. Starting from this chapter the applications of complex network

science in arts, financial systems and social networks will be studied. By relating

the topological structure, topological dynamics and dynamical processes with

functionalities of real-world systems, it will be shown that network science is a

viable tool that can characterize system properties and help design systems with

better functionalities.

This chapter presents a complex network perspective of music and proposes

algorithms for artificial music composition. Networks constructed based on co-

occurrence of musical notes for various kinds of music are shown to display similar

statistical properties, including scale-free structure, small-world phenomenon, etc.

Thus, complex networks provide a simple means to capture the universal statisti-

cal properties of appealing music. Algorithms proposed aiming to preserve such

universal statistical properties have shown to be fruitful in artificial music com-

position. However, music so reconstructed is not always appealing and clearly

omits certain essential attributes that make music sound to human-being. Hence,

selected essential music attributes, including rhythmic constraints and repeated

occurrences of “motifs” in music, are combined with the proposed algorithm to

33



34 CHAPTER 3. APPLICATION IN ARTS

provide a practical algorithm for music composing.

3.1 Introduction to music

Music is an art form consisting of sound and silence. Elements of sound in

music are pitch (which governs melody and harmony), rhythm (and its associated

concepts tempo, meter, and articulation) and the sonic qualities of timbre and

texture [140]. Music comes together with human history. The first written music

expression has existed in India and Ur for 4,000 years. Through thousands of

years’ development in different cultures, music has many origins such as Chinese,

European, Indian and African as well as many genres such as folk music, popular

music, classical music, etc. Music ranges from strictly organized compositions,

through improvisational music to aleatoric forms. Different cultures and social

contexts share different definitions of music, which vary from music creation to

performance. Although definitions of music differ according to culture; good

music could always make sense to human brains, bring them emotions like joy,

sorrow, reverence and the like.

People consider composing music a work of talented people. The procedure of

producing music is regarded as a secret of human brains and could always exhibit

the personal characteristics of composers. There are even composers able to do

music improvisation, which is an act of instantaneous composition. Therefore,

music theorists always attempt to answer the question “How does music work?”

They are studying music from many aspects such as harmonization, music no-

tation, ear training and also musical analysis [141]. Scientists and musicians

also attempt to explain music from mathematical aspect [142]. Music is also

studied from algorithmic solutions [143], language network [144] and neural net-

work [145]. The fundamental question of interest is whether these different types

of music share similar properties and the implication of this question is whether
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Table 3.1: A simplified illustration of MIDI file format.

Time mark Event Note identity

Tick 1 Start Pitch 1
Tick 2 Start Pitch 2
Tick 3 End Pitch 1
Tick 4 End Pitch 2
Tick 5 Start Pitch 3
Tick 6 End Pitch 3
... ... ...

a common process/rule exists in the human brain that is responsible for compos-

ing music. To answer this question, a data-driven transformation to represent a

musical score as a complex network is employed in this thesis.

This chapter will be organized as follows. In Section 3.2 the MIDI file format

for storing music is introduced. In Section 3.3 network models are constructed

for a few distinct types of music, including classical music, Chinese pop and semi-

random music. In Section 3.4 the static network properties of musical networks

are examined and reported. In Section 3.5 the basic building blocks of music,

“motives”, are studied in sense of network motifs. Finally music composition

algorithms are proposed based on the statistical properties of music and the

analysis of motifs. This chapter is concluded in Section 3.7.

3.2 Source of data

The MIDI (Musical Instrument Digital Interface) format is an industrial file for-

mat used for notationally storing music. MIDI allows music to be stored in digital

forms that can facilitate repeated performance at later times. Referring to Ta-

ble 3.1, tick n is the time mark which indicates the time an event occurs. An

event is either the start or end of a musical note. For instance, pitch name 1

starts at tick 1 and ends at tick 3.

MIDI files can be created by direct conversion from the scores or from the
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Table 3.2: This selection has contained classic music, pop music as well as semi-
random music. Although the classic music, pop music and semi-random music
are greatly differed in acoustic appearance, some commonalities can still be found
among them.

Composer Work Number of pieces Genre
Bach Sonatas and partitas 31 Classic

for solo violin
WTC Book I 48 Classic
WTC Book II 24 Classic

Chopin Op.28 24 Classic
Nocturne 19 Classic

Mozart KV252 26 Classic
KV457 Classic
KV487 Classic
KV525 Classic
KV545 Classic

Jay Chou Secret 13 Pop

real-time performance. In the case of real-time performance, the time duration

for a note is generally imprecise, which resulting in a much larger number of

nodes due to the wide variation of the actual time duration of the same intended

note. Therefore, only those MIDI files created by direct conversion from music

scores are chosen as source files in order to keep the musical information precise.

Nonetheless, a same piece of music converted from music score and played by

human-beings can be recognized as from the same origin. Comparison of musical

information from both sources of MIDI files could be made to find the reason of

this diversion from same origin. A list of selected music used in this chapter is

given in Table 3.2. The source of the MIDI files used is http://www.musedata.

org/.

3.3 Construction of musical network

In this section the methodologies of musical network construction will be pre-

sented. A musical note is defined by its pitch and time value. For example, a
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Figure 3.1: A crotchet and a quaver of the middle C.

crotchet of the middle C is considered as a note, and a quaver of the same middle

C is a different note. See Figure 3.1. Consider an 88-key piano keyboard. If

each key is limited to have only 20 possible time values for instance (e.g., brieve,

semi-brieve, dotted minum, minum, dotted crochet, crochet, dotted quaver, qua-

ver, dotted semi-quaver, semi-quaver, dotted demisemi-quaver, demisemi-quaver,

etc.), there are altogether 1760 possible notes.

3.3.1 Chronological edges

The simplest form of music is single-melody score where notes are played one after

another, without simultaneous playing two or more notes such as a chord. Taking

musical notes with distinct pitch and duration as network nodes, the edges can

be defined by connections from one note to another chronologically.

Chronological edge: A piece of music can be considered as a sequence of notes

and hence edges can be defined by connections from one note to another

chronologically. That is, if note i starts at time T and note j starts at

T + δt, where no other note starts between T and T + δt, then a directed

edge is established from note i to note j.

Eventually, a network is formed with each node connected to a number of

other nodes. Violin solo works are among the very few musical styles which

contains only a single stream of melody. A typical network formed using the

method described above is shown in Figure 3.2 (a), which corresponds to Bach’s

violin solos.
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(a) (b)

Figure 3.2: Networks constructed from Bach’s violin sonata no. BWV1002. (a)
Network formed with chronological edges. (b) Network formed with concurrent
edges. The redder the network node is colored, the higher degree it has; the
darker the edge is colored, the heavier its weight is.

Figure 3.3: “Skyline” transform on a piece of Bach’s violin music. Bars on the
figure represent musical notes in terms of pitch and duration. The black bars are
the lower-pitch notes which are removed while the red bars are those preserved
by the algorithm.

To construct musical networks based only on single-melody scores from com-

plex musical scores such as piano scores and symphonies, a Skyline transform is

needed. The basic idea of “skyline” transform is to find and preserve the high-

est pitches and filters out the “weaker” notes when multiple notes are overlap-

ping [146]. As shown in Figure 3.3, the notes with lower pitches are eliminated

from the original music but the processed music can still be perceived as the

original one.
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3.3.2 Concurrent edges

The construction of musical network differs from single melody music to music

with simultaneously played musical notes. With single-melody scores network

construction method, only the melody development but no chord information

is represented. Thus, this constructing method has a severe vulnerability. In

the following study, chord information is considered in the network construction

procedure. Network nodes are defined by notes with distinct pith and duration

while edges emerge in two different types from music score this time.

Concurrent edge: In common cases, several musical notes may frequently be

played in a simultaneous way, forming dyads, chords or non-chord tones.

For each pair of musical notes in a simultaneous played combination, one

undirected concurrent edge is formed.

A typical network formed using the method described above is shown in Fig-

ure 3.2 (b), which corresponds to Bach’s work no. BWV1002 extracted from his

violin sonata works. In the following section the networks formed from music

composed by Bach, Chopin and Mozart, as well as from Chinese pop music are

examined. Of particular interest is the number of edges emerging from a node,

which is defined as the degree of that node and is denoted by k. The distance

between two nodes, d, which reflects how closely two nodes are connected, and

the clustering coefficient, C, which reflects on the extent of inter-connections of

nodes, are also of importance. Furthermore, to probe into the structure of the

network, the distribution of the degree will be considered.

3.4 Analysis of musical networks

Each musical network is considered as having two parts, one constituted by

chronological edges and the other by concurrent edges; accordingly represent
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melody development and chord construction in musical point of view. In the

networks with chronological edges, the following parameters are of interest:

1. Length of composition, i.e., total number of notes, T

2. Number of nodes in network, N

3. Total number of edges,
∑

k

4. Mean degree, k̄

5. Mean shortest distance between nodes, d̄

6. Network diameter, dmax

7. Clustering coefficient, C

8. Assortativity, R

9. Power-law exponent of

• Edge weight distribution, γew

• Node degree distribution, γnd

• Node strength distribution, γnw

10. Centrality exponent, β

The length of the selected pieces and the number of nodes for a network can be

found by simple counting. The mean degree can also be found relatively easily by

taking the average over the degree values of all nodes in the network. The calcu-

lation of the mean minimum distance between nodes adopts the Floyd-Warshall

algorithm. The network diameter is the largest minimum distance between nodes.

The clustering coefficient of a node is the percentage of nodes connected to it

which are themselves connected. The weight of an edge is the total number of
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connections made via the edge. The strength of a node is summation of weights

of all the edges connected to it. Since the musical networks are directed networks,

the in-degree, out-degree and in-strength, out-strength are calculated separately.

In a weighted network, centrality represents whether heavily weighted edges are

connected to high degree nodes. It is found that in some weighted networks,

the average strength s(k) of nodes with degree k increases with the degree as

(k) ∼ kβ, where β is called the centrality exponent[147].

Basically, a number of pieces of the same type of works are concatenated

together to form a single set. Complex networks are then constructed and the

parameters are extracted for each network. Tables 3.3 and 3.4 summarize the

results of network constructed from, namely, selected Bach’s sonatas and par-

titas for violin solo, Bach’s “Well-Tempered Clavier” (WTC), Mozart’s KV545,

KV252, KV487, KV525 and KV457, Chopin’s Op. 28 and Nocturnes, and Chinese

pop music.

In the concurrent edges part of musical network, the following parameters are

measured.

1. Number of nodes in network, N

2. Total number of concurrent edges,
∑

k

3. Mean concurrent degree, k̄

4. Mean shortest distance between nodes, d̄

5. Network diameter, dmax

6. Clustering coefficient, C

The networks from same compositions as above are considered, namely, se-

lected Bach’s violin sonatas, Bach’s “Well-Tempered Clavier” (WTC), Mozart’s

KV545, KV252, KV487, KV525 and KV457, Chopin’s Op. 28 and Nocturnes,
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Table 3.3: Parameters of musical networks with chronological edges.

Network T N
∑

k k̄ d̄ dmax C1 C2 R β

Bach’s violin 18000 301 3797 12.6 3.0 10 0.37 0.30 0.00 1.3
Bach’s WTC Book I 18000 589 8955 15.2 3.1 11 0.23 0.17 -0.03 1.2
Bach’s WTC Book II 18000 726 14476 19.9 2.8 9 0.34 0.30 0.05 1.1
Chopin’s Op.28 18000 721 13397 18.6 2.8 8 0.28 0.28 0.08 1.2
Chopin’s Nocturne 18000 899 9718 10.8 3.5 16 0.11 0.15 0.08 1.1
Mozart’s works 18000 509 4005 7.9 3.4 12 0.16 0.16 -0.07 1.1
Jay Chou’s “Secret” 8386 340 2377 7.0 4.2 22 0.15 0.18 0.05 1.1
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Table 3.4: Power-law exponents of degree distribution in musical networks with chronological edges.

Networks γew γnd (in/out/total) γnw (in/out/total)

(fitting error) (fitting error) (fitting error)

Bach’s violin 2.06 0.99/0.59/0.68 0.91/0.68/0.72
(0.00) (0.10/0.36/0.25) (0.41/0.81/0.75)

Bach’s WTC Book I 2.02 1.60/1.28/0.65 1.63/1.31/0.69
(0.01) (0.07/0.12/0.73) (0.10/0.09/1.21)

Bach’s WTC Book II 2.97 1.43/1.57/1.34 1.46/1.58/1.42
(0.00) (0.03/0.10/0.03) (0.05/0.12/0.05)

Chopin’s Op. 28 4.72 1.48/1.48/1.38 1.56/1.45/0.65
(0.00) (0.04/0.03/0.03) (0.14/0.07/1.17)

Chopin’s Nocturne 2.31 1.09/1.26/1.17 1.12/1.28/1.19
(0.00) (0.18/0.08/0.12) (0.29/0.08/0.15)

Mozart’s works 2.48 1.19/1.42/1.38 0.67/0.74/0.72
(0.00) (0.20/0.03/0.05) (1.26/0.92/1.05)

Jay Chou’s “Secret” 3.46 1.40/1.44/1.17 1.17/0.74/0.82
(0.00) (0.05/0.04/0.13) (0.26/0.76/0.80)
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Figure 3.4: Degree distributions (summation of in and out degrees) of networks
with chronological edges for different works. p(k) versus k in log-log scale. Slopes
are measured and reported as γnd in Table 3.4.

and Chinese pop music. Table 3.5 shows the parameters of network with concur-

rent edges from the selected works. The networks with concurrent edges exhibit

much smaller sizes than the ones with chronological edges. It is quite normal

since not all the musical notes are played simultaneously with other ones.

Some findings from the analysis are worth noting.

1. The networks formed for the different musical works are found to be scale-

free in their edge weight, node degree and node strength distributions, and

the power-law exponents, γ, are surprisingly consistent and all fall in the

range of 1 to 2, using a least-square-error estimation. The mean fitting

errors are from 0.001 to 0.006 for sample sizes of around N/2 (as half of the

data corresponding to very large and small k have been discarded) [148].

Figure 3.4 shows the degree distributions plotted in a log-log scale. In cal-

culating the power-law exponent of the distributions, Kolmogorov-Smirnov
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Table 3.5: Parameters of musical networks with concurrent edges calculated from selected works.

Networks N
∑

k k̄ d̄ dmax C1 C2

Bach’s violin 223 563 2.5 3.9 10 0.25 0.18
Bach’s WTC Book I 554 3087 5.6 3.0 7 0.18 0.12
Bach’s WTC Book II 681 3115 4.6 3.3 9 0.13 0.09
Chopin’s Op.28 659 2636 4.0 3.6 9 0.22 0.15
Chopin’s Nocturne 807 3409 4.2 3.4 10 0.28 0.13
Mozart’s works 446 1745 3.7 3.4 9 0.23 0.15
Jay Chou’s “Secret” 276 849 3.1 3.4 8 0.16 0.11
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Test is used to test the goodness of fitting. Some of the KS-Test statistics

are very large (greater than 0.1) due to data distortion of limited size of

networks. Appendix A further explains the fitting method.

2. With the length of the music fixed, other parameters like the number of

nodes, total number of edges, and average degree vary quite significantly

for different works. This shows that the same scale-free structure of music

can produce significantly different kinds of music, and other parameters

may play some roles in characterizing them.

3. The assortativity values of the networks are generally very small in magni-

tude, between 0.01 and −0.01. This shows that pairs of nodes are generally

uncorrelated, and there is no preference for a node of high degree to connect

to nodes of high or low degree, or vice versa. Whether this finding objects

the preferential attachment theory of BA model is left for discussion.

4. Community structure has been observed in some of the music networks. A

few communities of nodes of similar time durations are found, consistent

with the usual observation of sections of different tempos in a piece of work,

e.g., allegrissimo, allegro, andante, etc.

3.5 Music motives and network motifs

Network motifs are patterns of interconnecting nodes and links frequently found

in complex networks [9]. Most complex networks, such as social networks, gene

regulation network and others, have been found to display characteristic motifs.

Network motifs can thus be regarded as signature constituents of a network. For

example, motifs of economic systems are different from those of biological ones.

In Figure 3.5, two simple network motifs are shown.
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(a) (b)

Figure 3.5: Examples of network motifs. (a) Self-regulating motif; (b) feed-
forward motif.

In fact, the word motive appears equally in music and is the foundation of

musical composition. It was created and first used by the German music critic

von Wolzogen [149]. A motive is connected with a particular character, place,

or idea in a piece of music and may be heard whenever that character reoccurs,

representing an important part of the plot. One famous motive in classical music

is in Beethoven’s Symphony No. 5. The four-note motive, as shown in the score

of Figure 3.6, forms a distinctive “short-short-short-long” pattern, and has been

described by music critics as a representation of “fate knocking at the door”. With

a given set of motives, one may generate more motives by re-arranging the tone

and rhythm of the original motives. Such process is called motive development.

Typically, motive development would attempt to retain some characteristics of

the original set of motives. Two common approaches of motive developments

are: (i) retaining the tonal sequence and changing the rhythmic sequence; (ii)

retaining the rhythmic sequence and changing the tonal sequence [150]. Music

with rich motive developments sounds dulcet and that without usually sounds

dull and unappealing.

A music motive embeds two basic elements, namely, tone and rhythm. Specific

motives are defined by arranging tone and rhythm. For example, the opening 4-

tone motive of Beethoven’s Symphony no. 5 is shown in Figure 3.6, and the tonal

motive and rhythmic motive are also shown.

Tonal network and rhythmic network were constructed for the popular Japanese
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(a)

(b) (c)

Figure 3.6: (a) The two opening 4-note motifs in Beethoven’s Symphony no. 5.
(b) Tonal motive and (c) rhythmic motive of Beethoven’s Symphony no. 5.

(a) (b)

Figure 3.7: (a) Tonal network of Japanese folk song “Sato-no-aki”; (b) rhythmic
network of “Sato-no-aki”.

folk song “Sato-no-aki” ( ) [151], as shown in Fig 3.7. Basically the nodes

in the tonal network are the tones used in the song, and the nodes in the rhyth-

mic network are the time durations used. The tonal network is constructed by

connecting the tones chronologically and the rhythmic network connecting the

durations chronologically. Tonal motifs and rhythmic motifs can be found re-

spectively from the tonal network and the rhythmic network. The complete lists
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Table 3.6: Tonal motifs of “Sato-no-aki”.

Name Tonal motif Network flow graph (motif) Frequency

T1 6

T2 6

T3 7

T4 6

T5 4

T6 4

T7 4

T8 3

T9 3

T10 4

T11 3

of motifs for “Sato-no-aki” are given in Tables 3.6 and 3.7. Tonal and rhythmical

motifs with very high frequency can be identified in the networks. In the next

section these significant motifs found in the networks will be used to compose

music.
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Table 3.7: Rhythmic motifs of “Sato-no-aki”.

Name Rhythmic motif Network flow graph (motif) Frequency

R1 7

R2 25

R3 7

R4 6

R5 6

R6 12

R7 4

R8 6

R9 7

R10 4

R11 6

R12 5

R13 4

3.6 Composing music from networks

3.6.1 Composing single melody music

The properties of the musical networks have indicated some universality across

different composers and styles. For instance, the power-law degree distribution is
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a specific manifestation of such universality. If different composers would come

up with music displaying universality, then would it be possible that music can

be created artificially by preserving the same or similar network parameters? A

random walk algorithm can be used to probe the networks (generating sequences

of notes from the network,) while the part of network being visited can preserve

important properties such as the scale-free degree distribution. Some variation

of random walk algorithms are used to probe the networks.

Algorithm 1 (Based on Edge Weights): The algorithm begins with a random

node in the network. The next node in the sequence will be chosen among those

connected to it with probabilities proportional to the weight of a connecting edge,1

Then, the node connected to the chosen edge will be the next node. The process

continues and a new single melody score is thus created.

Algorithm 2 (Based on Node Degrees): The algorithm begins with an arbitrarily

chosen node (note) in the network. The next node in the sequence will be chosen

among those connected to it. The probabilities that these nodes be chosen are

according to their degrees. The process continues and a new score is thus created.

Algorithm 3 (Based on Node Strength): Similar to Algorithm 2 the algorithm

begins with an arbitrarily chosen node (note) in the network. The next node in

the sequence will be chosen among those connected to it. The probabilities that

these nodes be chosen are according to their strength, i.e., the total edge weights

of all edges connected to the node. The process continues and a new score is thus

created.

For each algorithm, a network of the same length as the original Bach’s violin

solo is generated. The proportion of different musical scales as in the original

1The weight of an edge connecting two nodes is the number of times the two nodes are
connected as the music is played in the original music from which the network was generated.
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Table 3.8: Properties of algorithm generated music networks (Algorithm 1, 2 and
3).

Bach’s violin solo Algorithm 1 Algorithm 2 Algorithm 3
T 18000 18000 18000 18000
N 229 204 185 133∑
k 1965 1749 1793 1253

k̄ 8.6 8.6 9.7 9.4
d̄ 3.1 3 2.9 2.8

dmax 9 7 7 7
C1, C2 0.34, 0.37 0.37, 0.34 0.42, 0.36 0.52, 0.43

R 0.13 0.04 0.01 0.03
γew 1.2 1.2 0.9 1

γnd (in/out/total) 1.0/1.0/1.0 0.9/1.1/1.1 0.8/0.9/1.0 0.8/0.8/1.3
γnw (in/out/total) 1/1/1 0.7/0.8/1 0.9/0.9/1 1.5/1.4/1

composition is preserved, and in this case, A minor : B minor : C major : D

minor : E major : G minor = 1 : 6 : 1 : 3 : 3 : 1.

Table 3.8 shows the properties of the original network and the re-composed

networks. The algorithms based on random walks are able to reproduce net-

works with similar network structures. Particularly, the network recomposed by

Algorithm 1 has the closest resemblance with the original network, having the

number of nodes, mean degree and clustering coefficient closest to the original

Bach’s piece. Also, Algorithm 1 seems to produce “more appealing” music than

the other two algorithms.

3.6.2 Composing music with overlapped melodies

Chronological edges and concurrent edges can be integrated into one network

so that the composition of simultaneously played musical notes is made possi-

ble. Previously random walk composing algorithms based on “edge weight” have

demonstrated to be producing closest composed musical network as the original

network. Here more rules are applied and the results of purely random selection

process are of interest.
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Algorithm 4 (purely random): The algorithm begins with an arbitrarily chosen

node (note) in the network. The next node in the sequence will be chosen among

those connected to it. The probabilities that these nodes be chosen are all the

same. If a chronological edge is selected, the node connected to the chosen edge

will be the next node. If a concurrent edge is selected, the node connected to the

chosen edge will be the played simultaneously and selection process starts from the

previous node again. The picked concurrent edge will not be available temporarily

in next selection. The process continues and a new score is thus created.

Algorithm 5 (Based on Edge Weights, reduce edge’s weight when picked): The

algorithm begins with a random node in the network. The next node in the se-

quence will be chosen among those connected to it with probabilities proportional

to the weight of a connecting edge. If a chronological edge is selected, its weight

decreases by 1, and the node connected to the chosen edge will be the next node.

If a concurrent edge is selected, its weight decreases by 1, and the node connected

to the chosen edge will be the played simultaneously and selection process starts

from the previous node again. The picked concurrent edge will not be available

temporarily in next selection. The process continues and a new score is thus

created.

Table 3.9 and Table 3.10 show the characteristics of recomposed music. The

network with chronological edges formed from Algorithm 4 demonstrates different

mean degree and centrality to the original network; the network with chronolog-

ical edges formed by Algorithm 1 shows good replication on mean degree and

centrality but its network size is much smaller than the original one as the cover-

age of random walk is limited with limited steps of iteration [152]. To overcome

this problem, the algorithms are modified so that each time an edge is selected,

its weight in the network decreases by 1. The networks formed by Algorithm 5

showed pretty good results of replicated networks. Furthermore, with the exis-
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Table 3.9: Properties of algorithm generated music networks (Algorithm 1, 4 and
5).

Mozart’s KV 525 Algorithm 4 Algorithm 1 Algorithm 5
T 3464 3612 3616 3777

N (extra notes) 136 117 (17) 102 (12) 124 (12)∑
k 1486 2305 1393 1484

k̄ 10.9 19.7 13.7 12.0
d̄ 2.6 2.2 2.4 2.5

dmax 9 5 6 6
C1, C2 0.36, 0.30 0.50, 0.44 0.44, 0.39 0.44, 0.38

β 1.3 0.9 1.0 1.1
γew 2.2 2.3 2.3 2.2

γnd (in/out/total) 1.2/1.2/1.1 0.9/1.2/0.9 1.5/1.3/1.0 1.4/1.6/1.5
γnw (in/out/total) 1.4/1.8/1.1 1.2/2.2/0.6 1.9/1.7/1.2 1.6/1.5/1.5

Table 3.10: Properties of algorithm generated music networks with concurrent
edges (Algorithm 1, 4 and 5).

Mozart’s KV 525 Algorithm 4 Algorithm 1 Algorithm 5
N 116 89 78 82∑
k 229 185 136 124

k̄ 2.0 2.1 1.7 1.5
d̄ 3.7 3.7 4.3 4.2

dmax 8 8 10 9
C1, C2 0.15, 0.14 0.22, 0.20 0.28, 0.26 0.16, 0.16

tence of concurrent edges in the network, the musicality of the composed pieces

is quite better than the ones composed only by chronological edges. However,

they still cannot comfort human ears in general sense in most of the time. To

extract more information from music, the motifs in musical networks are used to

compose network.

3.6.3 Composing music with network motifs

In the foregoing section, the derivations of tonal and rhythmic motifs for any

given piece of music have been illustrated. The motifs obtained here can be used

to re-compose music. The first step is to generate a full set of music motifs which

contain both tonal and rhythmic information. Given a song the t tonal motifs and
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(a) (b) (c)

Figure 3.8: Combining (a) tonal motif T1 and (b) rhythmic motif R1, giving (c)
new motif.

r rhythmic motifs are first identified and denoted as T1, T2, ..., Tt, and R1, R2,

..., Rr, respectively. Then, each tonal motif can team up with a rhythmic motif

to form one musical motif. Thus, m composite musical motifs can be generated,

where m ≥ max(t, r). For instance, T1 and R1 give a new motif, as shown in

Figure 3.8. Moreover, the tonal and rhythmic motifs to be combined must have

the same number of notes. Thus, the total number of motifs generated cannot be

larger than t× r, i.e.,

max(t, r) ≤ m ≤ t× r (3.1)

The composition of music can be proceeded by connecting the motifs using a

biased random walk algorithm similar to the one proposed in previous sections.

Specifically, the probability of a motif being used is proportional to the rela-

tive frequency of the motif as it appears in the original composition. Further-

more, correct rhythm has to be preserved in accordance with the original song

by completing every bar with sufficient note duration. This further restricts the

connection possibility.

In the previous example of networks formed from Japanese folk song “Sato-

no-aki” ( ), 18 motifs are identified, giving 13 tonal motifs and 11 rhythmic

motifs. By re-combining the tonal and rhythmic motifs and taking into account

the criterion of combining only those motif pairs having the same note number,

40 musical motifs can be generated. Among these, 16 are 2-tone motifs, 16 are

3-tone, 4 are 4-tone and 2 are 5-tone. Applying the biased random walk algorithm
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(a)

(b)

Figure 3.9: (a) Original score of “Sato-no-aki”, (b) re-composed score using mo-
tifs.

mentioned above, motifs are combined to form bars which are linked to compose

music. A part of the newly composed music is shown in Figure 3.9 (b), which

preserves the characteristic of the original song shown in Figure 3.9 (a). To

make the music sound more vivid, accompaniments can be added. A part of the

newly composed music with accompaniment is shown in Figure 3.10. Readers

are encouraged to make their own judgment on the quality of this sample music.

Sound files can be downloaded from http://cktse.eie.polyu.edu.hk/MUSIC.

3.7 Conclusion and discussion

In this chapter complex networks that connect chronological and concurrent mu-

sical notes are constructed. Universal statistical properties are discovered in

selected western classical and Asian pop music. In particular, the distribution

of node degree, node strength and edge weight distributions are found to be

scale-free distributions with power-law exponents ranging from 1 to 2. The mean

shortest distances between nodes fall around 3 and clustering coefficients around

0.3.

Conjecturing that preserving universal features is a necessary step in artificial

composition of appealing music, simple composing algorithms based on controlled

random walk algorithms have been developed. Although such algorithms are able
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Figure 3.10: A sample section of computer generated music with accompaniments.

to generate appealing music up to some extent, certain essential music proper-

ties are found omitted in the new pieces generated algorithmically. Therefore,

although statistical properties provide important information on the structure of

music, they are insufficient for identifying the actual process in which a sequence

of musical notes is constructed by human brains.

Intuitively, a duplication-free sequence resembles a random sequence which is

undesirable. Further study has focused on the incorporation of a “theme” (e.g.,

via the use of motives) and imposition of rudimentary music rules (e.g., rhythm

alignment) to artificial music composition. Specifically, the highly repeated mu-

sical note sequences called “motives” and their developments are studied in the

composition of “good” music. By extracting the theme and rudimentary rhyth-
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mic information from a piece of music, new motifs which preserve the original

characteristic can be created. Incorporating “motives”, along with other essen-

tial properties, the controlled random walk algorithms have shown better ability

of generating appealing music.

In this chapter, the application of complex networks is based on static network

topologies. In the next chapter, the network of stock markets will be studied.

Unlike the network of musical notes, the network of stock markets possesses far

fewer nodes. However, its topology is constantly changing. Hence, the analysis in

the next chapter will be focused on finding relations between network topological

dynamics and functionalities of the financial system.



Chapter 4

Application in Finance

In the last chapter the application of static properties of network topology in

musical networks was investigated. It has been shown that music can be al-

gorithmically composed from the static complex networks. In this chapter the

applications of dynamical properties of network topology will be investigated.

Specifically, this chapter studies the co-movement pattern of 67 stock market

indices in the past 5 years.

A network approach to analyzing the interdependence of the individual stock

markets is proposed in order to capture the complex interaction of the stock mar-

kets. Specifically, stock markets are considered as network nodes, and the network

links (weights of links) are defined by the dynamic conditional correlations be-

tween market indices. The structural dynamics of global stock market integration

is examined in terms of the variation of network parameters as time elapses. The

global stock market network shows time-varying synchronization, in which devel-

oped markets tend to demonstrate stronger integration while emerging markets

are statistically independent of each other. Moreover, the stock markets gen-

erally behave in a synchronous manner when they experience fluctuation. This

volatility spillover or financial contagion is especially notable in the frontier mar-

kets. This work exposes the interdependence of stock markets in the world and

59
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proposes a network approach to identifying some salient global behavior of the

interconnecting markets.

4.1 Introduction to global stock markets

The total domestic market capitalization of world equity markets has exceeded

US$ 60 trillion in 2007 but dropped by 46.5% in 2008 [153]. The phenomenon

seemed to be global as the 2008 financial crisis swept almost every country [154].

It is thus clear that stock markets in different countries do not operate inde-

pendently, and their interactions have a significant role to play in shaping the

overall world stock market performance. Market integration, financial contagion,

volatility spillover and market co-movement have been discussed extensively in

the research literature. The co-movement of world exchange indices has already

been studied since the 1970s [155] where an exposition of the relationship be-

tween equity indices on world exchange is provided. Market co-movements and

integration of international stock markets are measured with conditional regime-

switching model and other different mathematical models [156, 157, 158, 159, 160].

Some researchers pointed out that an integrated capital market is required for

individual as well as institutional investors to better allocate their portfolios in

global markets [161]. However, others also showed that globalization of finan-

cial markets has its pros and cons [162, 163]. For example, the increasing tail

dependence emerged from global integration reduce the benefits of portfolio di-

versification [164]. Policy makers, especially those from countries of emerging

markets, have to be fully aware of the impact of the globally integrated financial

market before opening up their own to foreign investors. Hence, it is certainly of

interest to study the overall structure of the global stock markets and how stock

markets in different countries interact at different times.

Numerous attempts have been made to describe the global structure of stock
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markets. For example, stock price indices were compared across 24 countries in an

attempt to explain their disparate behaviors [165]. The long-term relationships

among 18 national stock markets in 32 years were also studied [166]. The dynamic

relationships of nine major stock markets were studied using a directed acyclic

graph approach [167]. However, the methodologies used in these previous studies

fall short of providing a convenient viewpoint for analyzing the interdependence

of stock markets in different countries. To study the complex interdependence

of the stock markets in the world, this chapter introduces a network perspective

to analyze this large interconnecting system. The network approach has already

been applied to the analysis of stock market and revealed important statistical

properties of the network of U.S. stocks [17]. Some insights on how network theory

can be used to understand the financial contagion process and to investigate the

stability of financial systems were provided by Haldane [168].

In this chapter, a network of stock markets from 67 member countries of the

World Federation of Exchanges is constructed. In the network, the nodes are the

stock markets. Each pair of nodes are connected by an edge, assigned with a time-

varying weight equal to the dynamic conditional correlation between the daily

returns of the two adjacent markets indices during the 818 working-day period

from 1 December 2006 to 19 January 2010. Then, in Section 4.4, the relationships

between network dynamics and some selected financial properties of the markets

are investigated. In particular, important market behaviors, namely, market

integration and volatility spillover, are investigated from a network perspective.

4.2 Source of data

This study considers stock markets from 67 member countries of the World Fed-

eration of Exchanges, including Argentina, Australia, Austria, Belgium, Brazil,

Canada, Chile, China, Colombia, Czech republic, Denmark, Egypt, Finland,
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France, Germany, Greece, Hong Kong, Hungary, India, Indonesia, Ireland, Is-

rael, Italy, Japan, Jordan, Korea, Malaysia, Mexico, Morocco, Netherlands, New

Zealand, Norway, Pakistan, Peru, Philippines, Poland, Portugal, Russia, Sin-

gapore, South Africa, Spain, Sweden, Switzerland, Taiwan, Thailand, Turkey,

United Kingdom, USA, Croatia, Estonia, Kenya, Lebanon, Mauritius, Nigeria,

Slovenia, Sri Lanka, Tunisia, Bahrain, Bulgaria, Kuwait, Oman, Qatar, United

Arab Emirates, Kazakhstan, Romania, Ukraine and Vietnam.

Daily closing values of MSCI Index (in USD) during the 818 working-day pe-

riod from 1 December 2006 to 19 January 2010 are obtained for each of the 67

countries. In case a stock market is closed on a working-day, the day’s closing

value inherits from the last available day. All the data are provided by Morgan

Stanley Capital Investment (MSCI) and retrieved from the MSCI Barra web-

site [169].

4.3 Network of global stock markets

In the network of stock markets, each stock market is considered a node. Each

pair of stock markets is connected by an edge, with its weight assigned by the

dynamic conditional correlation (DCC) of multivariate GARCH model [170] be-

tween the daily logarithm return of the corresponding indices. The definition and

calculation of DCC are given in Appendix B. Let pi(t) be the closing value of

index i on day t. The logarithm return ri(t + 1) of index i in the t + 1th day is

given by

ri(t+ 1) = ln
pi(t+ 1)

pi(t)
. (4.1)

For each time t the multivariate GARCH model provides a time-varying corre-

lation ρi,j(t) between stock markets i and j. Hence, a network of global stock

markets with time-varying edge weights can be obtained. With all edges included,
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Figure 4.1: Distribution of time-varying edge weights. ρ(i,j) is the weight of edge
connecting each pair of nodes and P (ρ) is the probability of an edge weight falling
in a 0.1 interval.

the number of nodes and edges in the constructed network are 67 and 2211, re-

spectively. Figure 4.1 shows the distribution of all time-varying edge weights. It

can be seen that majority of the time-varying correlations fall between 0 and 0.5,

with a small portion being larger than 0.5 and a few smaller than 0. Figure 4.2

shows a snapshot of the network. The following properties are particularly useful

in characterizing the dynamics of the networks.

Node strength si(t) of node i at time t is the average of the weights of all the

edges connected to node i, i.e.,

si(t) =
1

N − 1

N∑

j=1,i 6=j

ρi,j(t), (4.2)

where N is the number of nodes. Taking a physical viewpoint, the node

strength is a measure of the extent to which a particular stock market is

correlated with other markets in the network.

Network synchronization sNET(m) at time t is the average of all the edge
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Figure 4.2: A snapshot of the network of global stock market network (on Day
600). For clarity of presentation of the network, edges with weights below 0.5 are
not shown. Yellow nodes represent stock market indices from the Asia Pacific re-
gion; red from the Americas; blue from Europe; and black from the Africa/Middle
East region. Note that all the American markets and most of the European mar-
kets are connected while half of the Asian markets and most of the African/Middle
East markets are isolated on this day.

weights in the network, i.e.,

sNET(t) =
1

N(N − 1)

N∑

i=1

N∑

j=1,i 6=j

ρi,j(t). (4.3)

Taking a physical viewpoint, synchronization is a network phenomenon

where the nodes (stock markets of different countries) tend to exhibit similar

behavior.

Stock markets can be grouped into different categories based on a number of

criteria such as geometrical location, total capital or openness to foreign owner-

ship, etc. A network is said to show assortative mixing if its nodes tend to connect

tighter to other nodes with similar network properties [106]. A generalized assor-

tative mixing property can be used for examining the mesoscopic structure of the

global stock market network. The definition of market assortativity is described
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as follows.

Market assortativity r. Let Pi be the average value of the edge weights be-

tween node i and other nodes in the same category as node i and Qi be

the average value of edge weights between node i and nodes in different

categories as node i. If Pi > Qi, then node i has a preference for connecting

itself with nodes within its own category and vice versa. The assortativity

r for a certain market category is defined by

r(t) =
P̄i(t)− Q̄i(t)

2
, (4.4)

where node i is any stock market that belongs to this market category and

P̄i(t), Q̄i(t) are the average values of all the Pi and Qi of stock markets

in this category, respectively. The value of market assortativity r ranges

from −1 to 1, where r > 0 means that nodes have preference connecting to

nodes within the same category and r < 0 means that nodes have preference

connecting to nodes in different categories.

4.4 A network perspective of financial phenom-

ena

In this section two financial phenomena, namely, market integration and volatility

spillover will be examined from a network perspective.

4.4.1 Market integration

The network synchronization describes how closely the stock markets of different

countries are integrating. Figure 4.3(a) shows the network synchronization over

time. It can be observed that the network generally maintains a synchronization
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value at around 0.3. It is worth noting that the network shows a periodic behavior

before January 2009, for every half a year the synchronization suddenly reaches a

peak and slowly drops to a lower value (circled in Figure 4.3(a)). While after the

financial crisis in 2008, the synchronization of the global stock market stabilizes

at a slightly higher value than before the crisis. The node strength, to a smaller

scale, describes the connectivity of a node to its peer nodes. It reveals to what

extent the financial system of a country is fused into the global financial system.

Figure 4.3(b) shows the node strengths of Hong Kong and United States stock

markets. In the individual cases the connectivity of each node exhibits different

behavior and the periodic rise and drop behavior of node strength is not as obvious

as it is in the synchronization of network. The force driving the time-varying

node strength, periodic network synchronization behavior and the stabilization

of the synchronization after financial crisis is an open question to researchers.

One of the feasible methodologies could be the generalized method of moments

(GMM) estimators [171], which shows that international stock returns are indeed

influenced by some strong global factor.

The MSCI’s Index Country Membership classification [169] classifies the 67

stock markets into three categories, namely, developed, emerging and frontier

markets as shown in Table 4.1. The stock markets can also be naturally cat-

egorized by the continents they are in, i.e., European, American, Asian and

Africa/Middle East. Here the assortative mixing of the stock markets in each

category is calculated using the definition of the generalized market assortativ-

ity in Eqn. (4.4). Figure 4.4 shows the time-varying assortativity of the stock

markets grouped by different criteria. It is found that developed markets tend

to have higher correlation within the same group than those in different groups,

whereas no obvious conclusion can be drawn to the countries in the frontier and

emerging markets. Similarly, it can also be seen that European markets exhibit

higher assortativity than markets on other continents.
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Figure 4.3: (a) Network synchronization. Circles are drawn for indicating periodic
behavior of network synchronization. (b) Node strength of Hong Kong stock
market (red) and United States stock market (green).

Figures 4.5 to 4.8 show the snapshots of the network during the periodic syn-

chronization. It can be found that when the global stock market network is weakly

synchronized, developed markets tend to form a tight cluster while emerging and

frontier markets are loosely connected in the system. During strong synchro-

nization of global stock market network, developed market and some emerging

markets form a tight cluster while more emerging and frontier markets joined the

largest cluster of the network. The categorization of developed, emerging and

frontier markets is largely based on several market accessibility criteria such as
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Table 4.1: MSCI’s Index Country Membership which categorizes the countries
into developed emerging frontier markets.

Categorization Countries

Developed Markets Australia, Austria, Belgium, Canada, Denmark,
Finland, France, Germany, Greece, Hong Kong,
Ireland, Italy, Japan, Netherlands, New Zealand,
Norway, Portugal, Singapore, Spain, Sweden,
Switzerland, UK, USA.

Emerging Markets Brazil, Chile, China, Colombia, Czech Republic,
Egypt, Hungary, India, Indonesia, Israel, Korea,
Malaysia, Mexico, Morocco, Peru, Philippines, Poland,
Russia, South Africa, Taiwan, Thailand, Turkey.

Frontier Markets Argentina, Bahrain, Bulgaria, Croatia, Estonia,
Jordan, Jamaica, Kazakhstan, Kenya, Kuwait, Lebanon,
Mauritius, Nigeria, Oman, Pakistan, Qatar, Romania,
Slovenia, Sri Lanka, Tunisia, Ukraine, UAE, Vietnam.

openness to foreign ownership, ease of capital inflows/outflows and efficiency of

the operational framework. Considering that European markets are mostly de-

veloped markets, the assortative mixing pattern in the network shows that the

global market behavior will have a relatively stronger domino effect within the

developed markets which are more open to foreign investors than those less de-

veloped markets. Integration of global stock markets is shown to decrease the

market diversification hence increases portfolio risks [168, 164]. The strong as-

sortative integration phenomena observed in European and developed markets

may indicate reduced benefits of portfolio diversification of investments in these

countries.

4.4.2 Volatility spillover

The volatility, of a stock market index characterizes to what the extent the index

goes up and down in a certain period. It can be measured by the univariate

GARCH model [172]. The relations between network dynamics and time-varying

index closing values, return and volatility for each individual stock market are
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Figure 4.4: Dynamics of assortativity of markets in different categories. (a)
Markets categorized by MSCI’s Index Country Membership classification. (b)
Markets categorized by geometric location.

studied here.

The MSCI World Index [173] is considered as the stock market index of the

global stock market system. As of June 2007 the MSCI World Index consisted of

the following 23 Developed Market country indices: Australia, Austria, Belgium,

Canada, Denmark, Finland, France, Germany, Greece, Hong Kong, Ireland, Italy,

Japan, Netherlands, New Zealand, Norway, Portugal, Singapore, Spain, Sweden,

Switzerland, the United Kingdom, and the United States. The dynamics of the

closing value, logarithm return and volatility of the World Index (shown in Fig-
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Figure 4.5: Snapshots of global stock market network in Day 168 and Day 185, during the first synchronized period. Developed
markets are marked as red, emerging markets green and frontier markets blue. Network edges with weight less than 0.5 are
eliminated as well as nodes with no edges with weight no less than 0.5.
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Day 292 Day 297

Figure 4.6: Snapshots of global stock market network in Day 292 and Day 297, during the second synchronized period. Developed
markets are marked as red, emerging markets green and frontier markets blue. Network edges with weight less than 0.5 are
eliminated as well as nodes with no edges with weight no less than 0.5.
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Figure 4.7: Snapshots of global stock market network in Day 440 and Day 482, during the third synchronized period. Developed
markets are marked as red, emerging markets green and frontier markets blue. Network edges with weight less than 0.5 are
eliminated as well as nodes with no edges with weight no less than 0.5.
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Day 549 Day 610

Figure 4.8: Snapshots of global stock market network in Day 549 and Day 610, during a stabilized period. Developed markets
are marked as red, emerging markets green and frontier markets blue. Network edges with weight less than 0.5 are eliminated as
well as nodes with no edges with weight no less than 0.5.
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Figure 4.9: (a) Daily closing value of World Index. (b) Return and volatility of
World Index.

ure 4.9) are indicative of how the global financial system behaves. The comparison

between network synchronization and the dynamics of the World Index is of inter-

est. Specifically, the correlations between network synchronization, World Index

closing values, logarithm return and volatility are calculated using the Pearson’s

correlation coefficient. For example, the Pearson’s correlation coefficient ρs,r be-

tween network synchronization s and World Index return r is given by

ρs,r =
cov(s, r)

σsσr

. (4.5)
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Figure 4.10: A graphical representation of correlations among network synchro-
nization s, World Index’s daily closing value p, logarithm return r and volatility
σ.

A graphical representation of the relationships among the network and stock

market dynamics is shown in Fig. 4.10. It can be found that the network syn-

chronization and World Index volatility are strongly correlated with correlation

coefficients 0.72, comparing to those between other pairs of dynamical properties.

It is also worth noting that the correlation between network synchronization and

World Index closing values are negatively correlated with correlation coefficients

-0.64. The network synchronization is actually an assembly of all the individ-

ual node strengths. It is also of interest to know whether the market dynamics

of individual stocks are also related to their network connectivities. It can be

found in Table 4.2 that markets whose node strengths are highly positively or

negatively correlated to the index volatility are mostly frontier markets, while

the correlations are much smaller for developed markets.

The relationship between volatility and co-movement of markets has been ex-
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tensively reported in the literature. Volatility spillovers from across individual

markets to across markets in multiple regions are examined [174, 175, 176, 177,

178, 179, 180, 181, 182]. It has been shown that the global stock markets gen-

erally demonstrate a positive correlation between volatility and integration. The

analysis in this chapter also shows that the volatility spillover or sometimes called

financial contagion is less severe in developed markets than in emerging and fron-

tier markets. This demonstrates the sensitive behavior of integration into the

global stock market system when their markets fluctuate [183, 184, 185].

4.5 Conclusion and discussion

A network of stock markets from 67 countries has been constructed by connecting

each pair of stock markets according to the dynamic conditional correlations

between their representative indices. The dynamics of the networks during the

period from 1 December 2006 to 19 January 2010 have been studied. Taking a

systematic approach, it is shown that the degree of integration of international

financial market varies with time. Specifically, the network exhibits periodic

synchronization behavior before the 2008 financial crisis, while after the crisis

the network becomes stabilized in a state slightly higher than that before the

crisis. Furthermore, developed markets tend to connect more closely with each

other, while frontier and emerging markets integrate into the global stock market

system intermittently. By studying the relationship of network properties such

as synchronization and node strengths with the market properties such as value,

return and volatility, it is discovered that stock markets generally behave in a

synchronous manner when they experience fluctuation. However, this volatility

spillover or financial contagion phenomenon affects frontier markets more than

developed markets.

This chapter has demonstrated that the network approach is a systematic,
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viable and effective methodology for probing into the behavior of global markets

as a complex interconnecting system. It is shown that the application of network

theory in financial study would provide an effective approach to identifying the

interdependence of individual markets and would likely provide quantitative de-

scriptions of some important systematic phenomena in finance. The investigation

of topological dynamics will go on in the next chapter. The response of a social

network to sudden loss of eminent individuals will be reported. The resilience of

a social network when important members are attacked actually sheds light on

the design of robust networked systems.
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Table 4.2: Pearson’s correlation coefficients between each pair of

node strength s, index volatility σ, logarithm return r and closing

prices p for each node. The table is sorted by ρs,σ between node

strength s and index volatility σ.

Country Classification Continent ρs,σ ρs,r ρs,p

QATAR Frontier Africa/Middle East 0.31 0.11 -0.03

JORDAN Frontier Africa/Middle East 0.26 -0.06 -0.17

KUWAIT Frontier Africa/Middle East 0.20 0.16 -0.07

KAZAKHSTAN Frontier Asia/Pacific 0.20 -0.05 0.19

OMAN Frontier Africa/Middle East 0.20 -0.01 -0.31

UNITED ARAB EMIRATES Frontier Africa/Middle East 0.19 0.18 -0.09

EGYPT Emerging Africa/Middle East 0.17 0.25 -0.01

PAKISTAN Frontier Asia/Pacific 0.17 -0.10 -0.14

KOREA Emerging Asia/Pacific 0.15 -0.05 0.32

PERU Emerging Americas 0.14 -0.16 -0.06

IRELAND Developed Europe 0.14 0.03 0.23

PORTUGAL Developed Europe 0.13 0.05 -0.10

MOROCCO Emerging Africa/Middle East 0.13 0.00 -0.15

SWEDEN Developed Europe 0.12 -0.14 -0.04

ROMANIA Frontier Europe 0.11 -0.10 -0.13

THAILAND Emerging Asia/Pacific 0.11 -0.07 0.09

USA Developed Americas 0.11 -0.15 -0.07

BAHRAIN Frontier Asia/Pacific 0.10 0.20 0.06

NEW ZEALAND Developed Asia/Pacific 0.09 0.01 -0.03

HUNGARY Emerging Europe 0.08 -0.09 0.26

DENMARK Developed Europe 0.07 -0.03 0.00

ISRAEL Emerging Africa/Middle East 0.07 -0.16 -0.09

NETHERLANDS Developed Europe 0.07 0.04 -0.02

CANADA Developed Americas 0.06 -0.09 0.20

FRANCE Developed Europe 0.06 -0.06 0.06

ITALY Developed Europe 0.06 -0.02 0.11

LEBANON Frontier Africa/Middle East 0.06 -0.03 0.02
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SINGAPORE Developed Asia/Pacific 0.06 -0.13 -0.08

GERMANY Developed Europe 0.04 -0.04 0.00

VIETNAM Frontier Asia/Pacific 0.03 0.27 -0.21

KENYA Frontier Africa/Middle East 0.03 0.13 -0.10

INDIA Emerging Asia/Pacific 0.02 -0.09 0.00

BELGIUM Developed Europe 0.02 0.00 0.05

GREECE Developed Europe 0.01 -0.13 -0.17

TAIWAN Emerging Asia/Pacific 0.01 0.02 0.12

NORWAY Developed Europe 0.01 -0.24 0.00

AUSTRIA Developed Europe 0.00 -0.10 0.12

CROATIA Frontier Europe -0.01 -0.06 0.04

SPAIN Developed Europe -0.01 -0.06 0.10

ESTONIA Frontier Europe -0.01 -0.02 -0.13

SWITZERLAND Developed Europe -0.01 -0.17 -0.08

HONG KONG Developed Asia/Pacific -0.01 0.02 -0.12

UNITED KINGDOM Developed Europe -0.02 -0.18 0.00

CZECH REPUBLIC Emerging Europe -0.02 -0.14 0.18

FINLAND Developed Europe -0.02 -0.05 0.03

TURKEY Emerging Europe -0.03 -0.34 -0.07

NIGERIA Frontier Africa/Middle East -0.04 -0.08 -0.16

BRAZIL Emerging Americas -0.05 -0.09 0.12

POLAND Emerging Europe -0.05 -0.20 0.01

INDONESIA Emerging Asia/Pacific -0.06 0.03 0.33

JAPAN Developed Asia/Pacific -0.06 0.00 -0.02

CHILE Emerging Americas -0.06 -0.21 -0.01

MEXICO Emerging Americas -0.07 -0.16 0.03

RUSSIA Emerging Europe -0.08 -0.09 0.34

CHINA Emerging Asia/Pacific -0.09 0.09 0.04

BULGARIA Frontier Europe -0.09 0.08 -0.17

SOUTH AFRICA Emerging Africa/Middle East -0.10 -0.16 -0.02

MALAYSIA Emerging Asia/Pacific -0.11 0.04 -0.09

AUSTRALIA Developed Asia/Pacific -0.11 -0.04 0.00

PHILIPPINES Emerging Asia/Pacific -0.19 0.05 -0.08
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MAURITIUS Frontier Asia/Pacific -0.20 0.22 -0.26

SRI LANKA Frontier Asia/Pacific -0.20 -0.06 -0.22

TUNISIA Frontier Africa/Middle East -0.21 -0.15 -0.22

ARGENTINA Frontier Americas -0.25 -0.08 0.12

UKRAINE Frontier Europe -0.25 -0.29 -0.28

SLOVENIA Frontier Europe -0.26 0.09 -0.17

COLOMBIA Emerging Americas -0.29 -0.19 0.17



Chapter 5

Application in Social Science I

The next two chapters will focus on exploring the application of complex networks

in social contexts. Social networks are among the early subjects of complex

network study. The applications of network science on social systems include

immunization strategies, discovery of potential terrorist attacks, etc. This chapter

reveals the microscopic topological dynamics of social networks and attempts to

explain why social networks are robust systems even under targeted attacks.

This chapter empirically studies the response to targeted attacks of the sci-

entific collaboration networks. It will be shown that the scientific collaboration

network is a complex system which evolves intensively at the local level — less

than 20% of scientific collaborations last more than one year. Then, the impact

of the sudden death of eminent scientists on the evolution of the collaboration

networks of their former collaborators will be investigated. It can be observed in

particular that the sudden death, which is equivalent to the removal of the center

of the egocentric network of the eminent scientist, does not affect the topologi-

cal evolution of the residual network. Nonetheless, removal of the eminent hub

node is exactly the strategy one would adopt for an effective targeted attack on

a stationary network. Hence, this evolving collaboration network is used as an

experimental model for studying attacks on evolving complex networks. It is

81
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found that such attacks are ineffectual, implying that the scientific collaboration

network is the trace of knowledge propagation on a larger underlying social net-

work. The redundancy of the underlying structure in fact acts as a protection

mechanism against such network attacks. Understanding the response to targeted

attacks of an evolving network may shed light on how to design robust systems

and find effective attack strategies.

5.1 The evolving complex networks

Stationary complex networks have been extensively studied in the last ten years.

However, many natural and man-made complex systems such as biological net-

works, the WWW, airport network and stock markets network, evolve intensively

at the local level [94, 107, 186]. In fact, local level evolution is both characteristic

and typical of human dynamics, where people constantly change their affinity,

cooperation strategies and communication patterns [28, 187, 188]. There are now

several notable models of network evolution including the preferential attachment

model [189] and the adaptive network models in which network topology evolves

as a feedback to the state change of nodes [13]. However, in the real world, both

network nodes and edges may appear and disappear through a variety of other

mechanisms. For example, none of the above mentioned models considers the life

span of connections among nodes, which may naturally have a broad distribution

uncorrelated with their topological properties.

On the other hand, it has been widely observed that many stationary net-

works are robust to random failure but vulnerable to targeted attacks [14, 190].

For example, the analysis of the North America blackout in 2003 shows that dis-

turbances affecting key transmission substations greatly reduce the grid’s ability

to function [91]. Immunization strategies based on the network vulnerability have

also been proposed to stop epidemic spreading on complex networks [191]. The
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scientific collaboration network, which bears the same statistical properties as

many stationary complex networks [30], has also been shown, in numerical simu-

lations, to be vulnerable to targeted removal of important nodes [190]. However,

exactly how the intensively evolving scientific collaboration network responds to

such attacks in the real world has not been carefully studied.

In this chapter two main topics are addressed on the collaboration network

of US-based life scientists. First, the intensive evolution of the scientific collab-

oration networks is examined. When compared to recently proposed theoretical

models of such networks [58, 192, 193, 194, 195], it is found that the data is consis-

tent with changes in link configuration being driven by an autonomous process,

rather than in response to the change of state of adjacent nodes. Second, the

impact of unanticipated death of high profile scientists to their collaborators’

collaboration network building is investigated. The sudden deaths within the

network are considered as an observed experimental proxy for targeted attack

on an evolving complex network. The network turns out be very robust against

the removal of the hub nodes. The findings show that the scientific collaboration

network could be considered the trace of knowledge spreading on a larger and

denser mapping of hidden social ties among scientists. That is, not only is there

a network of active collaboration, but also a secondary larger hidden network of

latent potential collaborations. When nodes in the active collaboration network

are removed, this latent network helps replace that structure in a robust manner.

5.2 Source of data

The collaborations of three groups of US based life scientists are used to con-

struct networks. The first group consists of the scientists listed in the Faculty

Roster of the Association of American Medical Colleges until the end of 2010.

The second group contains 77 eminent life scientists (“superstars”), including (i)
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current members of National Academy of Sciences major in life science; (ii) emer-

itus members of National Academy of Sciences major in life science; (iii) top 500

highly cited life scientists retrieved from ISI Web of Knowledge until the end of

2010. Moreover all of the 77 scientists had been active in their academic life for

not less than 10 years and had collaborated with not less than 20 other scientists

in the Faculty Roster. The third group of scientists includes 21 life scientists who

died unexpectedly and prematurely in the early stage of their scientific career and

had comparable academic achievements with the previous group of superstars at

the time of their death [196]. These 21 scientists had also been active in their

academic life for not less than 10 years and had collaborated with not less than

20 other scientists in the Faculty Roster.

Scientists are connected only when they co-author a journal article. The pub-

lication information is retrieved from online database PubMED which is provided

by the National Library of Medicine and stores intact biomedical research litera-

ture. The authors’ names in PubMED are stored in the form of name identifier,

which takes the initials of the first names and the whole last name, i.e., Xiao

Fan Liu is stored as XF Liu. However, in the Faculty Roster which stores the

full names of all the faculties, some of the names may have the same identifiers.

For example, the identifiers of John Doe and Jane Doe are all J Doe. Hence, the

information provided by PubMED cannot be used to determine whether a paper

published by J Doe is actually written by John Doe or Jane Doe. In this work,

different names with the same identifiers are eliminated from the Faculty Roster,

thereby reducing the size of the Faculty Roster to 112,753.

The superstars are not only excellent in their academic achievements but also

important in terms of network measure in the network of scientists. Constructing

a scientific collaboration network covering all the publications the scientists have

in their life time, Figure 5.1 shows the degree distribution of the three groups of

scientists. The degree distribution of scientists in the Faculty Roster follows an
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Figure 5.1: Degree distributions of three scientific collaboration networks. The
degree distributions of 7555 samples from the Faculty Roster, 77 eminent life
scientists and 21 suddenly died eminent life scientists are shown in the figure.
The average degrees of the three groups are 31.83, 56.56 and 35.29.

exponential distribution and has an average degree of 31.83; the average degree

of the 77 eminent life scientists is 56.56, which is almost twice as many as that

of all the scientists in the Roster; and the average degree of the 21 scientists who

died suddenly is 35.29. Note that the 21 scientists died in their early ages and

had obtained comparable academic achievements with the 77 eminent ones at the

time of death. It can be assumed that their collaboration networks would also

have continued to grow to comparable sizes as the ones alive.

5.3 Topological evolution of the networks

Collaborations between scientists do not last forever. The scientific collabora-

tion network can therefore have drastically different constitution when sampled

in different time intervals. In this section the topological evolution on the col-

laboration network is examined by the life span of scientific collaborations. Five

thousand scientists are sampled from the AAMC Faculty Roster according to the
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criteria that their academic life spans are longer than 10 years and each of them

has more than 10 collaborators. By using this criterion, it can be assured that the

life span of collaboration will not be restricted by the observation period. Then

by retrieving their publications from PubMed, the life span and productivity (in

term of numbers of journal articles published) of each pair of collaboration can

be studied.

Figure 5.2A shows the probability distribution p(s) of collaboration life span

s. Most collaborations lasts for only one year. The dashed line is a power law

with exponent -2.3. Figure 5.2B shows the probability distribution p(r) of num-

ber of journal articles r published by each collaboration. The dashed line is a

power law with exponent -2.4. The extremely skewed distributions indicate that

most of the scientific collaborations last for only one year and have only one

research article published. Figure 5.2C shows the correlation between scientific

collaboration life span and output. The average publications produced by each

pair in a collaboration stays a bit lower than 1 per year, whereas for collabora-

tions with longer life spans, the productivity varies. There is no clear evidence

that collaborations with long life span will have higher productivity than those

with short life span. Notice from Figure 5.2A that fewer than 20% of scientific

collaboration last more than one year, indicating that long term collaborations

are actually fairly infrequent. The “long term” collaborations of a researcher can

be defined as those last longer than half of the scientist’s academic life span.

As shown in Figure 5.3A, the probability P (l) of a scientist having l− 1 long

term collaborators roughly decays with a power law, where most of the scientists

have no long term collaborators. Figure 5.3B shows that the number of long

term collaborators to the total number of collaborators ratio l/d stays stationary

for all degrees, which means that no matter how big the collaboration network a

scientist has, approximately among every 50 of his/her collaborators, only one will

turn out to be a long term collaboration. Hence, the dominance of short life span
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Figure 5.2: Statistics of scientific collaboration life span and productivity.

collaborations characterizes the scientific collaboration network as an intensively

evolving network. The lack of competitive advantage of long term collaborations
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to short term ones in both productivity and team building actually implies that

when selecting collaborators, short term collaborations are intrinsically preferred

over long term co-operation.

To fully characterize the dynamics of the topological network evolution, ego-

centric scientific collaboration networks are constructed based on a sliding window

approach. The egocentric network of a scientist contains the scientist and his/her

first tier collaborators, i.e., the scientists co-authored papers with him/her, and/or

the second tier collaborators, i.e., the co-authors of the first tier collaborators ex-

cluding the center scientist him/her-self, within a certain period of time. Specif-

ically, the egocentric networks in two different scales are considered:

T-1 network: (i) the center node (the scientist) and (ii) its first tier neighbors;

T-2 network: (i) the center node (the scientist), (ii) its first tier neighbors and

(iii) second tier neighbors.

The academic age of a scientist can be defined by the number of years since

his/her first academic publication. Starting from age 0, for every age y of a

scientist, the egocentric network is constructed using the co-authorship of research

articles published from age y to y + 4 (both inclusive, hence forming a window

of 5 years). Figure 5.4A and B illustrate the egocentric scientific collaboration

networks of the same scientist (the red dot) in two consecutive non-overlapping

time windows.

Once the egocentric networks of all windows are formed, the scale and connec-

tivity of the networks with four parameters are measured: numbers of nodes N ,

number of edges M , clustering coefficient c and network efficiency e. The clus-

tering coefficient measures the conditional probability that two scientists may

collaborate if they both collaborate with same (third-party) scientist. The net-
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Figure 5.3: Statistics of long term scientific collaborations. (A) The probability
distribution p(l) of number of long term collaborations l− 1 a scientist can have.
The average number of long term collaborations the 5000 selected scientists have
is 0.73. Most of the scientists do not have long term collaborations with peer
researchers. The dashed line is a power law with exponent -2.4. (B) The cor-
relation between a scientist’s number of collaborators d and the probability of
having long term collaborators (denoted by the proportion of long term ones in
all the collaborators l/d). Each point on the graph shows the average l/d ratio
of scientists with d± 10 collaborators.
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Figure 5.4: Illustration of egocentric scientific collaboration network evolution. (A) and (B) are the T-2 egocentric scientific
collaboration networks of the same eminent scientist in two consecutive non-overlapping time windows (window size = 5 years).
The red node is the center of the network, i.e., the superstar. The blue and gray nodes are the first and second tier neighbors
of the superstar in that particular time window. The sizes of the nodes and thickness of the edges in the figure are proportional
to the numbers of journal articles published by the scientists and the numbers of journal articles co-authored by the pairs of
collaborations. (C) is the T′-2 network after the superstar’s death. The blue nodes are the dead superstar’s first tier neighbors
in the last window before his death (the former collaborators). The gray nodes are the neighbors of the former collaborators in
the first window after the superstar’s death.
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work efficiency e is obtained by:

e =
1

N(N − 1)

∑

i 6=j

1

dij
, (5.1)

where dij is the shortest path distance between node i and j. The network effi-

ciency of a fully connected network is 1, whereas for a network of isolated nodes,

its efficiency will be 0. Figure 5.5 shows the measure of sizes and connectivity of

the egocentric collaboration networks of two scientists in the first 20 windows of

their academic careers.

Previous research of the US airport network [94] indicates that large com-

plex systems can display stationary “macroscopic” structure properties but re-

tain intensive “microscopic” evolution over time. Despite of the ubiquitous global

structure of scientific collaboration networks in different fields [30, 192, 195], the

analysis in this section shows that same as the airport network, the collabora-

tion network is also intensively evolving at the local scale, where collaborations

between scientists are rather temporal than stationary. Furthermore, Figure 5.5

also shows that the scientists may have their egocentric collaboration networks

evolving in entirely different tracks. The different patterns of evolution can be

caused by the fact that in a certain period of time the scientist switches his/her

work emphasis to (for example) clinical duties or that at some time the scientist

is granted a large amount of money and is able to make more collaborations with

peer researchers. Hence, when elaborating a model of the evolving scientific col-

laboration network and other social networks, except for considering the growing

mechanism based on existing topology [192, 195] and modifying connections as

a feedback of the dynamical process on the network [13], future study should

also take the ability of nodes attracting connections and the life spans of links as

intrinsic properties embedded in the systems.
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Figure 5.5: Measures of parameters of two egocentric scientific collaboration net-
works in their first 20 windows. Figures labeled A-B and C-D represent two
scientists respectively. A and C: Numbers of nodes N , number of edges M , clus-
tering coefficient c and network efficiency e in T-1 networks. B and D: Numbers
of nodes N , number of edges M , clustering coefficient c and network efficiency
e in T-2 networks in each window. The two scientists have their collaboration
networks evolve in two different patterns. The egocentric networks of the first
scientist (A and B) have a boost in size during window 10 to 13, while the ego-
centric networks of the second scientist (C and D) have two peaks of their sizes
around window 7 and 16.
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5.4 Targeted attacks on the networks

Recent studies have shown that, following the death of an eminent life scientist

(“superstar”), collaborators experience a 5% to 8% decline in their publication

rates [196]. Yet, apart from numerical simulations [193], there are few reports

regarding the structural response to real life “attacks” on the scientific collab-

oration networks (or in any other application domain). This section evaluates

the impact of sudden deaths of superstars to their former collaborators’ scientific

collaboration networks in order to capture the robustness and resilience of these

naturally evolving complex systems.

Twenty one superstars who died unexpectedly are selected as the subject of

this study. The “former collaborators” of a dead superstar is defined as the

superstar’s direct collaborators in five years preceding death. To study the im-

pact of the superstars’ sudden death, the collaboration networks of the former

collaborators in the last 5 years before the superstar’s death and in the first 5

years afterwards are compared. The T-1 and T-2 egocentric networks of the

dead superstars in the last window characterize, respectively, the collaboration

among the former collaborators and their collaboration networks right before the

death of the superstar. Then, in the first 5-year window after the superstar’s

death, two new networks T′-1 and T′-2 are constructed analogously to T-1 and

T-2 networks, as shown in Figure 5.4C, but with the publications of the former

collaborators in this certain period. The before and after-death networks T-1

and T′-1 have almost identical nodes, while for the T-2 and T′-2 networks, the

network components can be quite different.

Having constructed the former collaborators’ collaboration networks in two

consecutive windows, the changes (∆N , ∆M , ∆c, and ∆e) of the number of

nodes N , number of edges M , clustering coefficient c and network efficiency e, see

Eqn. (5.1) are measured. Table 5.1 presents the average values of the parameters
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Table 5.1: Average values of network parameters (i.e., number of nodes N , num-
ber of edges M , clustering coefficient c and network efficiency e) and the changes
of these parameters in the collaboration networks of superstars’ former collabo-
rators. Assuming a superstar died in year y, T − 1 and T − 2 networks are his
egocentric networks containing only the first tier neighbors and both the first and
second tier neighbors from year y − 4 to y. T ′ − 1 and T ′ − 2 networks are the
former collaborators’ collaboration networks of themselves and with their first
tier collaborators from year y+1 to y+5. After the superstars’ death, the former
collaborators tend to disconnect with each other and find other collaborations
elsewhere.

N M c e
T-1 (before death) 12.57 28.24 0.48 0.75
T′-1 (after death) 10.33 4.57 0.08 0.11
Change in % -18% -84% -83% -86%
T-2 (before death) 81.57 203.90 0.48 0.43
T′-2 (after death) 105.29 306.81 0.51 0.21
Change in % +29% +50% +7% -50%

of the networks before and after the sudden deaths of the superstars as well as

the average change of parameters as a percentage. The results show that in

comparison with the T-1 networks, the number of nodes in the T′-1 networks

only decreases by about two while the number of edges decreases sharply and

along with the disappearance of edges, the clustering coefficient and network

efficiency have both dropped significantly. Comparing to the T-2 networks, in

the T′-2 networks the number of nodes and number of edges have increased by

certain amount while the clustering coefficient varies by a small proportion and

the network efficiency of the networks decreases by a half.

This result suggests that the sudden deaths of the superstars have stimulated

their former collaborators to rearrange their networks in an efficient manner. To

determine whether the impact of sudden death is significantly different from the

natural network evolution (i.e., without the sudden death of the superstar), two

non-parametric statistical tests are conducted.

Test 1: 77 scientists are selected from a group of eminent life scientists as

the control group. Having a superstar suddenly died in age y, all the scientists in
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the control group who were still active in research in age y+5 are selected. Then

the properties of T-1 and T-2 networks of control groups scientists in the window

of age y − 4 to y and the properties of T′-1 and T′-2 networks in the window of

age y + 1 to y + 5 are measured. For each change of the parameters, say θ, of

each suddenly died scientist, the test determines whether it falls into the range

of all the θ’s of the control group. Of the active superstars, let U = max(θ) and

V = min(θ). For each of the dead scientists i, if U ≥ θi ≥ V , let di = 1 (else

di = 0). Then the probability of any dead superstars’ θ fall inside U and V is:

P (U ≥ θ ≥ V ) =

∑
di

21
.

The results of the measured parameters are summarized in Table 5.2. Almost all

the parameter changes of individual egocentric networks after the sudden death

of superstars fall in range of the parameter changes due to normal evolution of

the collaboration networks.

In Test 2 the Wilcoxon’s two-sided rank sum test is used. The observed

data is the parameter changes θ of all the 21 sudden deaths; the control group

is the θ of 42 normal superstars, who are also in the control group in Test 1 and

are removed from their egocentric networks at ages following the same academic

“age-of-death” distribution as the observed data. For each θ, the observed data

and control group are tested for the null hypothesis: observed and control group

data are independent samples from identical continuous distributions with equal

medians, against the alternative that they do not have equal medians. The p-

values for each parameter is presented in Table 5.2. Let significance level be

95%, then all the changes of network parameters of dead superstars are actually

not different (i.e., p-values are all larger than 0.05) from the change of network

evolutions of active scientists.

The statistical tests show that there is no evidence that the sudden death of
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Table 5.2: The test results of Test 1 (P , U and V ) and Test 2 (p-value) for the
changes of numbers of nodes ∆N , number of edges ∆M , clustering coefficient ∆c
and network efficiency ∆e in T ′ − 1 and T ′ − 2 networks comparing to T − 1 and
T − 2 networks. The large values of P ’s (close to 1) and p− value’s (larger than
0.05) indicate that the deaths of superstars did not have significant impact on
the way of evolving of their collaborators.

Change between test parameter ∆N ∆M ∆c ∆e
T′-1 and T-1 P 21/21 20/21 21/21 21/21

(U/V ) (-0.03/-1) (-0.44/-1) (0/-1) (-0.67/-1)
p-value 0.52 0.45 0.68 0.36

T′-2 and T-2 P 21/21 20/21 20/21 21/21
(U/V ) (2.23/-1) (3.07/-1) (3/-1) (2.91/-1)
p-value 0.27 0.24 0.22 0.53

a superstar may have a significant impact on the evolution of its collaborators’

scientific collaboration networks. Previous research shows that improving the

robustness of diverse networks often involves increasing the redundancy of the

network at critical positions [197]. The study of the evolving scientific collabo-

ration network in this chapter reveal, on the other hand, that the network with

intensive evolution also show great resilience even under attacks on important

nodes, which could severely disrupt the functionality of stationary networks.

5.5 Conclusion and discussion

Of course, the deaths of eminent scientists may be considered a great loss to their

particular discipline. Nonetheless, it is known that after the (unanticipated)

deaths of some eminent scientists, the scientific productivity of collaborators suf-

fer from a 5% – 8% drop. This chapter studies, from another aspect, the impact

of the deaths of these superstars to the structure evolution of their former collab-

orators’ collaboration networks. It is first shown that the scientific collaboration

network is a complex system which intensively evolves at the local level. Most

collaborations among scientists have short life spans and the relative incidence
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of long term collaboration is very low. Then the behavior of network evolution

between collaborators of suddenly deceased eminent scientists and active ones

were compared. Surprisingly, statistics show that the evolution of collaborators’

networks is not affected by the sudden deaths of the superstars.

In particular, it has been observed that the egocentric scientific collaboration

networks evolve in such a manner that direct collaborators of a superstar in one

period of time tend not to collaborate with each other in the next, whereas the

collaborators’ own egocentric networks grow bigger. This evolution pattern is

actually an analogy to the diffusion process on an arbitrary form of network,

where nodes can generate a stimulus and spread it out to their first then second

tier neighbors and so on. Hence, it can be conjectured that, rather than mapping

the social networks of scientists, the scientific collaboration network is actually

the “trace” of information propagation on a larger and denser invisible social

network than the trace itself.

Actually the trace of information propagating and disease spreading in human

society share the same evolution mechanism with scientific collaboration network

and the redundancy of the underlying social structure in fact acts as a protection

mechanism when these networks are under attack. From this perspective, fu-

ture study of effective network attacks (such as immunization strategies) should

consider the underlying rapid evolving social structure. Moreover, the design-

ing of robust information transmission systems could also gain from the robust

system formed by human social and collaborative endeavors. Some examples of

preliminary research on optimizing engineering infrastructures with distributed

algorithms include [198] and [199].

This chapter has shown that dynamical processes such as information prop-

agation and collaboration formation are robust on social networks. The next

chapter will continue examining the impact of topological properties of the social

networks to the speed and final state of opinion formation on the networks.
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Chapter 6

Application in Social Science II

In the previous chapters the statistical and dynamical topological properties of

complex networks were explored. It was shown that these properties can be

applied to compose music, characterize global financial phenomenon and explain

the robustness of social systems. This chapter will again focus on social networks

and study how topological properties can affect opinion formation in online social

networks.

Online social websites such as Facebook, Twitter, LinkedIn and Renren have

gone viral in the recent years. With hundreds of millions of registered users indi-

cating their offline relations on the websites and making new social connections

online, these social websites are actually storing a great part of the entire human

social relations. The huge amount of data which was never feasible to be collected

before provides an excellent tool to study the various social dynamics. In this

chapter the consensus formation in social communities will be addressed. Specif-

ically, the questions of how the topological properties of social networks affect

final consensus state and consensus rate will be answered. It is found that the

long-tailed degree distribution can heavily drift the collective opinion of the ma-

jority of individuals in social networks, and that the non-random degree mixing

may slow down the consensus formation rate.

99
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6.1 Consensus in social networks

The study of collective behavior in social systems has always been an interesting

topic in physics and social science. Before the social system has been characterized

by network models, the study of opinion formation or epidemic spreading assumes

that each agent in the system is identical as, for example, in the SIR model of

epidemic spreading [200]. Specifically, each agent is assumed to have the same

number of neighbors and a same probability of receiving new ideas or being

infected by a disease. This assumption of each agent being equal is also called a

mean-field approach to simplify the collective behavior problems. The mean-field

approach may be a good starting point for studying social dynamics in small

populations, such as schools, offices, etc., where agents are exposed in the same

environment. However, it is intuitively known that in a larger social system, the

agents’ social influence or probability being infected by diseases can be totally

different.

With online social services going viral in the recent years, the social relations

of hundreds of millions of people gathered by the websites actually provide a

very detailed database of social relations between individuals. In this chapter the

consensus formation in social systems is studied. Specifically, the social networks

extracted from the online social websites will be used as a “real” model of the

social system. Using a simple consensus formation protocol, the opinion formation

processes in real social networks and theoretical network models will be compared.

This chapter is organized as follows. Section 6.2 provides the basic statistics of

social relations crawled from online social website Twitter. Section 6.3 describes

the consensus protocol. The influence and opinion intake patterns of individuals

grouped by their degrees will be examined in Section 6.4. Section 6.5 simulates

the consensus process in the real social network and two theoretical network

models. The reasons why the opinion formation in real social networks ends in a
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drifted opinion and why the opinion formation is slower than theoretical network

models will be explained. Section 6.6 concludes this chapter.

6.2 Source of data

In this work, the earliest 60,000 users in the Twitter network and the connections

among them are sampled. On Twitter, users can choose to subscribe to other

users and receive their updates by “following” each other. These “following”

relations can be modeled by directed edges starting from the users being followed

to the subscribers. The sampled network has 63,299 nodes and 1,648,267 directed

edges. The clustering coefficient of Twitter network is 0.27. Nodes of in-degree

kin = 0 are removed as in the consensus process they will never receive opinion

from others and will never reach consensus with other nodes. The remaining

network has 50,414 nodes and 1,580,772 directed edges, hence the mean degree is

about 31. Defining the reciprocal of directed edge e directed from node i to node

j as directed edge e′ directed from node j to i, 52.5% (861,240) of the edges in

the Twitter sample network have their reciprocals.

6.3 The consensus protocol

The consensus process in a complex network can be described by the DeGroot

model. The DeGroot model consists of N nodes (i = 1, ..., N) with continuous

internal states between 0 and 1. The influence from one node to another is passed

through an edge, whose weight represents the strength of belief. Starting from

initial condition S(0) = {s1(0), s2(0), ..., sN (0)} ∈ R
N , each time step the nodes
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Figure 6.1: (a) The in-degree and out-degree distributions of an online social
network. (b) The correlation of in-degree and out-degree in network of Twitter
user connections. (c) Same as (b) but enlarged to where in-degree and out-degree
are less than 400.

imitate their neighbors by

si(t+ 1) =
k∑

j=1

wijsj(t), (6.1)

where k is the total number of edges connected to node i, including a self-

connecting edge. In the following, for convenience, the degree of node i refers
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to the total number of edges connected to node i, including the self-connecting

edge, i.e., k. The influence of node i to the network is

fi(t+ 1) =
k∑

j=1

wjisi(t), (6.2)

where node j is any node that is connected to node i. wij is the weight of the

edge pointing from node j to node i, while wji is the weight of the edge pointing

from node i to node j. In an unweighted network wij = 1/ki and wji = 1/kj ,

where ki and kj are the degree of node i and j.

6.4 Numerical analysis of network models

6.4.1 Heterogeneous mean-field analysis

In a social network, people can be grouped by certain properties, for example, the

number of connections, the color of skins or the social status. The heterogeneous

mean-field approach assumes that the members in a group have identical proper-

ties and then studies the interactions between groups of nodes in the network. In

this chapter nodes within a same degree class k are considered as a group. In an

undirected network, the average state of any node of degree k can be described

by sk. For each step sk is updated by:

sk(t+ 1) =
1

Nk

∑

k′

Mk′k

sk′(t)

k
, (6.3)

where Nk is the total number of nodes of degree k, Mk′k is the total number of

edges connecting nodes of degree k′ with nodes of degree k and sk′ is the average

state of any node of degree k′. The influence fk of any node of degree k can be
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described by:

fk(t+ 1) =
1

Nk

∑

k′

Mkk′
sk(t)

k′
. (6.4)

It can be seen from Eqns. (6.3) and (6.4) that the mixing of groups of nodes

can actually impact the formation of consensus in the network. Denote Pe(k) as

the probability that any edge in the network is connected to a node of degree k,

i.e.,

Pe(k) =
Mk

M
, (6.5)

where Mk is the total number of edges connected to nodes of degree k and M is

the total number of edges in the network. Also, denote Pe(k
′|k) as the probability

that an edge connected to a node of degree k is also connected to a node of degree

k′, i.e.,

Pe(k
′|k) = Mk′k

Mk

. (6.6)

If the mixing of nodes of different degrees in the network is random, then Pe(k
′) =

Pe(k
′|k), i.e.,

M ′
k

M
=

Mk′k

Mk

. (6.7)

Hence, Eqns. (6.3) and (6.4) can be rewritten as:

sk(t+ 1) =
∑

k′

Mk′

M
sk′(t), (6.8)
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and

fk(t+ 1) =
k

〈k〉sk(t), (6.9)

where 〈k〉 is the mean node degree of the network. The equations show that in

a network where the mixing of nodes of different degrees is random, the status

update of any node depends only on the network degree distribution and the

influence of any node to the whole network is only proportional to its degree k.

Consider a directed network. The nodes can be further grouped by in-degree

kin or out-degree kout. Similar to the undirected network, the status skin of nodes

of in-degree kin can be written as:

skin(t+ 1) =
1

Nkin

∑

kout

Mkoutkin

skout(t)

kin
, (6.10)

where Mkoutkin is the total number of edges directed from nodes of out-degree kout

to nodes of in-degree kin and skout is the average status of nodes of out-degree

kout. The average influence of nodes of out-degree kout can be written by:

fkout(t+ 1) =
1

Nkout

∑

kin

Mkoutkin

skout(t)

kin
, (6.11)

where Nkout is the number of nodes of out-degree kout. Denote Pe(kout) as the

probability that any edge in the network is directed from a node of out-degree

kout, i.e.,

Pe(kout) =
Mkout

M
, (6.12)

where Mkout is the total number of edges directed from nodes of out-degree kout.

Also, denote Pe(kout|kin) as the probability that an edge pointing to a node of
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in-degree kin is directed from a node of out-degree kout, i.e.,

Pe(kout|kin) =
Mkoutkin

Mkin

, (6.13)

where Mkin is the total number of edges pointing to nodes of in-degree kin. If the

mixing of nodes of different degrees in the network is random, then Pe(kout) =

Pe(kout|kin), i.e.,

Mkout

M
=

Mkoutkin

Mkin

. (6.14)

Therefore, the status update of any node of in-degree kin and influence of any

node of out-degree kout can be written as

skin(t+ 1) =
∑

kout

Mkout

M
skout(t), (6.15)

and

fkout(t+ 1) =
kout
〈kout〉

skout(t). (6.16)

Again, the status update of nodes of in-degree kin depends on the distribution of

out-degree kout and the influence of a node is proportional to its out-degree kout.

6.4.2 Theoretical network models

The consensus processes in two theoretical network models are compared to the

process in the real social network. The first network model is a bi-directional

BA network generated by the preferential attachment model. Starting with a

complete graph of 16 nodes, the network is evolved by continuously adding a node

with 15 edges to the existing network. The probability of an existing node being

connected by a new edge is proportional to its degree. The power-law exponent
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Figure 6.2: (a) The degree distribution of a BA network. (b) The degree distri-
bution of a random network.

of the BA model is 3 regardless of the initial condition [3]. The numbers of nodes

and edges are the same as those in the Twitter sample. The second network model

is a bi-directional random network of the same number of nodes and number of

edges as the Twitter sample. Figure 6.2 shows the degree distributions of the

three network models.

6.4.3 Influence of nodes in different groups

Given the degree distribution of a network, assuming random degree mixing in the

network, the expected influence of any node of out-degree kout can be calculated

from Eqn. (6.16). Figure 6.3 shows the expected and real values of average influ-

ence fkout of any node of out-degree kout and the accumulated influence Nkoutfkout

of all nodes of out-degree kout. The real influence value of any node of out-

degree kout is the average of influence of all nodes of out-degree kout calculated

by Eqn. (6.2).

It can be seen from Figure 6.3 that the real influence of individual and groups

of nodes agree with the expected influence in the two mathematical network
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Figure 6.3: (a) (c) (e) Expected (circle) and real influence (dot) fkout of any node
of out-degree kout in Twitter sample, BA network and random network. fkout is
plotted in units of skout . (b) (d) (f) Expected (circle) and real influence (dot)
Nkoutfkout of all nodes of out-degree kout in Twitter sample, BA network and
random network. Note: in this figure, Nkoutfkout is presented in the proportion of
the influence of all nodes of out-degree kout in the total influence of all nodes in
the network.

models. Due to certain non-random degree mixing pattern in the Twitter sample

network, the real influence of nodes of very small or very large out-degree has
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slightly larger influence to the network than expected.

Although the influence of individual nodes is almost proportional to its de-

gree, the existence of long-tails in the degree distributions in the Twitter sample

network and the BA network yields some groups of nodes with extremely high

accumulated influence. In the random network model the groups with the largest

number of nodes dominate the contribution to the opinion formation of the whole

network, while in the Twitter sample and BA networks, the high degree nodes,

although small in quantities, can also contribute a lot to the opinion formation.

Therefore, comparing to an almost unbiased final consensus state in the random

network, the final consensus state in networks with long-tail degree distribution

is biased to the nodes with very large amount of connections.

6.4.4 Opinion intake of nodes in different groups

Assuming random degree mixing in a network, the influence taken by a node

from any group of nodes is proportional to the probability Pe(kout) that any edge

in the network is adjacent to a node in this group. Otherwise, the node can

be considered receiving biased information from the network. Let Pe(kout|kin)

denote the probability that any edge pointing to a node of in-degree kin is directed

from a node of out-degree kout. The mixing correlations ρ between Pe(kout|kin)

and Pe(kout) is calculated for each group of nodes of in-degree kin, as shown in

Figure 6.4.

It can be observed that the mixing correlations for most groups of nodes in the

BA network and random network are close to 1. This means that the influence

taken by any group of nodes of different degrees can be considered identical.

However, for the Twitter sample network, the mixing correlations for groups of

nodes of in-degree between 100 and 1000 vary between 0.1 and 0.9, which indicate

biased opinion intake from the network.
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Figure 6.4: Degree mixing correlation ρ between Pe(kout) of the network and
Pe(kout|kin) for each kin in (a) the Twitter sample network, (b) the BA network
and (c) the random network.

6.5 Simulation of consensus process

The actual consensus speed is measured in all the three network models. To

set up the initial states of nodes, the out-degrees of nodes are first ranked in

ascending order, with the smallest out-degree being ranked 0. Then the initial

state of a node of out-degree kout is

skout =
rank of kout

maximum rank
. (6.17)

The value of skout generated is between 0 and 1. Then the DeGroot consensus

process as shown in Eqn. (6.1) iterates on the network. In order to measure

the consensus speed, the following parameters are considered: the mean value

of states of all nodes 〈si(t)〉, the standard deviation σ of states of all nodes,

and the number of opinion clusters in each step. For each edge in the opinion

graph, if the states of the two incident nodes of an edge have a difference larger

than a threshold, say 0.15 in this case, they are considered differing in opinions

and are disconnected. The resulting opinion graph may contain one or several

disconnected components, called opinion clusters. Obviously, a large standard

deviation and more opinion clusters indicate diverged opinions and vice versa.
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Figure 6.5: Consensus formation using DeGroot model in the first 10 steps of
the three network models. (a) Convergence of mean value of states of all nodes
〈si(t)〉. (b) Standard deviation of states of all nodes. (c) Number of opinion
clusters.

Figure 6.5 shows the consensus formation in the three network models. Fig-

ure 6.5 (a) shows the changes of mean node states in the network. The initial

mean node state in the random network is 0.44, and it stays almost the same
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during the consensus process. The initial mean node states in both the Twitter

sample network and the BA network are 0.03. During the consensus formation,

the mean node states change to 0.33 and 0.11, respectively, due to the strong

influence of very high degree nodes to the network. Figures 6.5 (b) and (c) show

the convergence of the standard deviation of states of all nodes and the number

of opinion clusters in each step. It is obvious that the BA network and random

network reach consensus quicker than the Twitter sample network. In the BA

and random network models, nodes in most of the degree groups have a random

degree mixing pattern, so that the opinions they receive are more likely to be

unbiased and similar to the average of the whole network. While, in the Twitter

sample network, the opinions received by some degree groups are biased. The

biased opinion intake can actually slow down the consensus speed of the network.

6.6 Conclusion

In this chapter the impact of topological properties on the opinion formation pro-

cess in online social networks is studied. The heterogeneous mean-field approach

is applied in order to simplify the analysis of network topological properties. In

the heterogeneous mean-field approach, nodes with the same in-degree or out-

degree are grouped together, and every member in a degree group is assumed

equivalent to each other. The consensus process in a real social network and two

theoretical networks are compared.

One finding is that in the online social network the social influence of individ-

ual nodes is mainly proportional to its out-degree. Yet the degree distribution

of the network has a strong impact on the influence of the group of nodes of

same degree. Specifically, comparing to random network models, in online social

networks, the final consensus state is biased to the opinion of high degree nodes.

Another finding is that the probability of any node of degree k being connected to



6.6. CONCLUSION 113

a node of degree k′, i.e., the degree mixing of the network, has strong influence on

the consensus rate. Particularly, in the online social network where the opinion

intake of nodes of some degrees is biased, the consensus formation takes a longer

time to complete than the theoretical network models generated with random

degree mixing.

Using digitized social relation data stored in online social websites, this chap-

ter provides a basic understanding of consensus formation in “real” social net-

works. Further work can incorporate other data from online social websites, e.g.,

the circulation of certain pieces of information or keyword tags in users’ posts, to

study more realistic consensus protocols.
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Chapter 7

Conclusions

7.1 Summary of contributions

In the past two decades human beings have developed unprecedented ability of

observing, collecting and storing information from natural and social systems.

Many of these systems consist of a large number of components with complex

inter-connections between the components. Network science, which aims at mod-

eling and analyzing complex inter-connected systems, has thus emerged as a new

kind of science. Surprisingly, the study of structure and dynamics of complex net-

works has revealed many interesting universalities and characteristics of complex

systems never known before.

This thesis has attempted to explore the applications of network science by

relating the functionalities of real-world systems such as art, finance and hu-

man communities with the properties of their underlying network abstractions.

In Chapter 3, music compositions have been used to construct music networks,

in which musical notes are network nodes and the co-occurrence/concurrence of

music notes are the edges between nodes. It has been found that music compo-

sitions from classical to modern, from western to oriental, all exhibit universal

network properties. Particularly, the distributions of node degree, strength and

115
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edge weight all follow a power-law distribution with exponents between 1 and 2,

and the geometrical distance between nodes is very short. Computer algorithms

were proposed for automatic music generation. The algorithms based on random

walk in the music network are able to generate music compositions with similar

network properties to the original networks. However, the algorithms can only

occasionally generate appealing music. Further investigation was attempted to

link the “theme” of music, i.e., motives, with the basic network building blocks,

i.e., motifs. Enhanced music composing algorithms featuring “theme” inventing

from network motifs along with other rhythmic constraining rules have shown

better ability of generating appealing music.

In Chapter 4, a network of 67 stock markets from different countries was

formed. Every pair of stock markets is connected by an edge, with time varying

weights given by the dynamic conditional correlation between the daily returns

of representing market indices. The synchronization dynamics of the network

during 1 December 2006 to 19 January 2010 has been studied. It has been

shown that the time varying integration of global stock markets exhibits periodic

behavior before the 2008 financial crisis, and that after the crisis the stock markets

show a higher degree of integration. In particular, the comovements between

developed markets are more significant while frontier and emerging markets only

integrate into the global market system intermittently. By comparing the network

dynamics of global stock markets and the dynamics of financial properties in

the stock markets, it has been found that stock markets generally behave in a

synchronous manner when they experience fluctuation. This volatility spillover

phenomenon can be observed easier from frontier markets than from developed

markets.

In Chapter 5, scientific collaboration networks were constructed. Scientists

are considered as network nodes and co-authorship of journal papers as edges

between nodes. The scientific collaboration networks have been found evolving
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intensively at local level, with most of the collaborations resulting in only one

journal paper. It has been known that after unanticipated deaths of eminent

scientists, the scientific productivity of former collaborators suffers from a 5% –

8% drop. The significance of impact of the deaths of eminent scientists has been

studied from another angle here by evaluating the impact of node removal on

the structural evolution of former collaborators’ collaboration networks. Surpris-

ingly, the evolution of former collaborators’ networks is not affected by the loss of

eminent scientists. This evolution pattern of scientific collaboration network can

actually be considered as an analogy to the diffusion process on an arbitrary net-

work. The scientific collaboration network is actually the “trace” of information

propagation on a larger and denser invisible social network of scientists.

In Chapter 6, the opinion formation process on online social networks was

studied. Online social service websites which have been popular in recent years

have already collected a huge amount of detailed society structure data. These

data provides researchers an opportunity to study networks of the entire human

society from a microscopic perspective. In this thesis the impact of the micro-

scopic topological properties of online social networks on the opinion formation

process has been studied. Using the social relations of more than 50,000 users

registered in Twitter, an online social network model has been constructed, with

users considered as nodes and their subscriptions to each other’s posts as directed

edges. The theoretical analysis and numerical simulation of a simple consensus

protocol in online social networks have been compared to those in theoretical

network models. It has been shown that the social influence of an individual in

the network depends on the number of people willing to listen to him/her. There-

fore, the scale-free nature of social networks actually provides a drifted consensual

opinion from the opinion of the majority. It has also been shown that the mixing

of nodes with different degrees in online social networks are not totally random

compared to theoretical network models. The fact that individuals in the social
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network have biased preference to information sources actually slows down the

consensus of the social network.

Most complex systems in the world can be modeled by a collection of nodes

and a collection of edges connecting the nodes together. By analyzing the struc-

ture and functionality of these systems from a complex network perspective, net-

work science has been applied to analyze and compose music, to systematically

describe financial phenomena, to quantify the importance of key members in a

collaboration team and to examine opinion formation in online social networks.

Based on the investigation of the applications of network science conducted in

this thesis, it can be foreseen that many possibilities of applying network science

are yet to be uncovered, and that network science will start to impact the research

communities of a variety of practical disciplines in the near future.

7.2 Suggestions for future research

The network structures of many man-made large scale complex systems such

as electrical power transmission systems, the Internet, etc. have shown to be

particularly vulnerable to certain kinds of single link failure. For example, the

power grid blackout and the Internet malfunction could be caused by the over-

loading of a single transmission line or outage of a single undersea fiber optical

cable. However, the social network and networks of living organisms have shown

self-organizing ability which is characterized by being actively adaptive to even

the removal of important components. Therefore, future design of robust engi-

neering systems should consider embedding the evolution mechanism observed in

self-organizing systems. The author proposes here two possible directions.

One direction is the optimization of routing strategies in the Internet. Using

the shortest distance routing algorithm, the routes through which more shortest

distance paths pass have a larger probability of being congested. In light of this,
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efficient routing algorithms should be designed with the ability to detect and

avoid the congestion region. The current broad gateway protocol (BGP) already

addresses this issue, however more comprehensive network structure information

could be considered in order to enhance the current routing strategies.

Another possible research area is the adaptive control of the power grid. Power

grid blackout usually happens when a single line is overloaded and triggers a

cascading failure. A counter example of a system that has a very low probability

of cascading failure is the swarm of birds. In this example each bird only keeps

aligning with its closest neighbors while the whole swarm can keep moving in a

cluster. A possible approach of designing a smart grid which is robust to cascading

failure is to imitate the swarming behavior, i.e., the grid components could be

designed to become context-aware robots that can response to the local events in

a smart way.
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Appendix A

Power-law Distribution Fitting

This appendix presents in detail the procedures for fitting a power-law distribu-

tion to the distributions in music networks and testing the hypothesis with the

fitting method. The state-of-art techniques of fitting power-law distribution to

empirical data points are first reviewed. However, for the node degree, strength

and edge weight distributions in the music networks, the current fitting methods

provide biased estimation. Therefore, a new method is proposed here for the

power-law fitting. The hypothesis testing uses the Kolmogorov-Smirnov test.

A.1 Power-law distribution

A quantity x obeys a power-law if it is drawn from a probability distribution [201]

p(x) ∝ x−γ, (A.1)

where γ is called the power-law exponent or scaling parameter. In the most

general sense, the power-law distribution has the form

p(x) ∝ L(x)x−γ, (A.2)
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where γ > 1, and L(x) is a slowly varying function, which is any function that

satisfies lim
x→∞

L(tx)/L(x) = 1 with t being constant. This property of L(x) follows

directly from the requirement that p(x) be asymptotically scale invariant. Thus,

the form of L(x) only controls the shape and finite extent of the lower tail. For

instance, if L(x) is a constant function, then the power-law holds for all values of

x.

Another kind of power-law distribution has an exponential cut-off where x is

very large. This can be denoted by

p(x) ∝ L(x)x−γe−λx. (A.3)

In this distribution, the exponential decay term e−λx eventually overwhelms the

power-law behavior at very large values of x. This form of power-law distribution

is seen in earthquake scaling data since there is an upper limit of power released

by earthquake and the energy cannot scale unrestrictedly [202].

Yet another kind of power-law distribution that is found in empirical data has

an increasing function where x is small. It can be denoted by

p(x) ∝ L(x)x−γe
−λ
x . (A.4)

This form of power-law distribution is often seen in data where the sample size

is limited. In this case, distortions are seen at the head as well as the tail of the

distribution. Figure A.1 shows these three kinds of power-law distributions.

The discrete form of power-law distribution is

p(x) =
x−γ

ζ(γ)
, (A.5)

where ζ(γ) is the Riemann Zeta function of power-law exponent γ. Same as the

continuous case of power-law distribution, the discrete case may also have cut-off
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Figure A.1: Different kinds of Power-law distributions. (a) Power-law distribution
with form p(x) ∝ x−γ, (b) Power-law distribution with form p(x) ∝ x−γe−λx and

(c) Power-law distribution with form p(x) ∝ x−γe
−λ
x . In this figure γ = 2 and

λ = 5.

in the tail or distortion in where x is small. Therefore, it is always useful to set

a lower bound xmin and find power-law behavior for all x ≥ xmin.

A.2 Fitting the power-law distribution

In this section the state-of-art solutions for fitting the power-law distribution will

be reviewed.

A.2.1 Least-squares fitting on log-log plot

The easiest way of fitting hypothesized power-law distribution is to plot the dis-

tribution on a log-log scale since the power-law p(x) ∝ x−γ implies the linear

form

log p(x) = −γ log x+ c. (A.6)

The probability density p(x) can then be measured using a least-squares linear

regression from the log-log plot. Although this method is simple, its result is
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highly biased on the shape of the log-log plot’s tail which has actually little

influence to the power-law exponent compared to the part where x is small and

the proportion of the sample size is large.

A.2.2 Other least-squares fitting methods

Since the linear least-squares fit on the log-log plot of data is quite vulnerable

to an exponential cut-off or data distortion on the tail of the distribution, re-

searchers have found ways to overcome the problem [203]. Some researchers use

the first 5 points in the significant part of empirical data, take their log-log plot

and fit the plot using least-squares linear regression to find the power-law expo-

nent. Some researchers use least-squares linear regression fitting to logarithmic

binned histograms. Instead of fitting a power-law distribution to the probabil-

ity density function (PDF), some other researchers use the cumulative density

function (CDF) as the data source since the visual form of CDF is usually more

robust than a PDF against fluctuations due to finite sample sizes. The power-

law exponent is then γPDF = γCDF + 1, where γCDF is the measured power-law

exponent of the cumulative density function.

A.2.3 Maximum likelihood estimation

Although the aforementioned fitting methods may sometimes give reasonable re-

sults, the long tail of power-law distribution still affects the fitting accuracy on a

log-log plot. To overcome this problem, the maximum likelihood (MLE) estimator

can be applied [204]. Consider a family Dθ of probability distributions param-

eterized by an unknown parameter θ (which could be vector-valued), associated

with either a known probability density function (continuous distribution) or a

known probability mass function (discrete distribution), denoted as fθ. A sample

x1, x2, . . . , xn of n values can be drawn from this distribution, and then the (mul-
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tivariate) probability density can be computed associated with observed data,

fθ(x1, . . . , xn). As a function of θ with x1, . . . , xn fixed, the likelihood function is

then

L(θ) = fθ(x1, . . . , xn). (A.7)

The method of maximum likelihood estimates θ by finding the value of θ that

maximizes L(θ), i.e.,

θ̂ = arg max
θ

L(θ). (A.8)

Consider a continuous power-law distribution with the form

p(x) =
γ − 1

xmin

(
x

xmin

)−γ

, (A.9)

where xmin is the lower bound of data and p(x) been normalized so that
∫∞

xmin
p(x) =

1. The MLE for γ is

γ̂ = 1 + n

[
n∑

i=1

ln
xi

xmin

]−1

. (A.10)

For the discrete case, the MLE for γ is

γ̂ ≈ 1 + n

[
n∑

i=1

ln
xi

xmin − 1
2

]−1

. (A.11)

Table A.1 compares some of the most commonly used fitting methods [205].

A.2.4 Determining xmin

Irregular data is often observed in the distribution where x is small. So, a starting

point xmin has to be found before fitting the distribution. The basic idea is very
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Table A.1: Estimates of the scaling parameter γ using various estimators for
discrete and continuous synthetic data with γ = 2.5, xmin = 1 and n = 10000 data
points. LS denotes a least-squares regression on the log-transformed densities.
For the continuous data, the probability density function (PDF) was computed
in two different ways, using bins of constant width 0.1 and using up to 500 bins of
logarithmic width. The cumulative density function (CDF) was also calculated
in two ways, as the accumulation of the fixed-width histogram and as a standard
rank-frequency distribution. In applying the discrete MLE to the continuous
data, the non-integer part of each measurement was discarded.

γ γ
Method Note (discrete) (continuous)

LS + PDF const. width 1.5 1.39
LS + CDF const. width 2.37 2.48
LS + PDF log width 1.5 1.19
LS + CDF rank-freq. 2.57 2.49
cont. MLE - 4.46 2.5
disc. MLE - 2.49 2.19

simple. Consider a hypothesized power-law distribution with distortion where x

is small, as shown in Figure A.1 (c). If a very small xmin is chosen, the fitting error

would be too large; if a very large xmin is chosen, the fitting error would be small

but the significant portion of the data can be lost. The Kolmogorov-Smirnov or

KS statistic can be used to help find the best point. Kolmogorov-Smirnov test is

a measure of how well the model is fitted to the data by calculating the maximum

distance between the CDFs of data and model,

D = sup
x

|S(x)− P (x)|. (A.12)

Here S(x) is the CDF of the data for the observations with a value at least xmin,

and P (x) is the CDF for the power-law model that best fits the data in the

region x ≥ xmin. However, this function only gives error but the significance of

data portion is not considered. Therefore, the KS test can be modified as in [205]

D∗ = max
x≥xmin

|S(x)− P (x)|√
P (x)(1− P (x))

. (A.13)
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By dividing
√

P (x)(1− P (x)), the error function is reweighed to avoid this prob-

lem and be uniformly sensitive across the range.

A.2.5 Drawback of MLE

Despite the accuracy of MLE, it has a major drawback. Recall that in Eqn. (A.9),

p(x) =
γ − 1

xmin

(
x

xmin

)−γ

, (A.14)

where xmin is the lower bound of data and p(x) is normalized so that
∫∞

xmin
p(x) = 1.

It is assumed that in this calculation γ > 1 so that the function is normalizable.

Although a continuous power-law distribution with γ < 1 cannot occur in nature,

empirical data distributions are often seen in the shape of x−γ with γ < 1 and

bounded by some cut-off as shown in Figure A.1 (b). The distributions from the

music networks mostly follow power-law with exponents around or less than 1.

Therefore, an alternative fitting method is proposed in the next section to solve

this problem.

A.2.6 Proposed alternative fitting method

The method proposed in this section uses least-squares as the error function and

tries to minimize the difference (error) between the fitted model and the empirical

data. This section assumes the portion of data following a power-law distribution

has the form

p(x) = x−γ10α, (A.15)

where x > xmin. γ is the power-law exponent and α is the offset exponent of

distribution since the distortion of data shown in Figure A.1 (c).

Consider a simple data set consisting of n pairs of data points (xi, yi), i =
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1, . . . , n, where xi is an independent variable and yi is a dependent variable whose

value is found by observation. The model function has the form f(x,β), where

the m adjustable parameters are held in the vector β. The least-squares method

defines “best” fit of the data as when the sum, S, of squared residuals

S =
n∑

i=1

r2i (A.16)

is a minimum. A residual is defined as the difference between the values of the

dependent variable and the predicted values from the estimated model,

ri = yi − f(xi, β̂). (A.17)

In the power-law distribution in Eqn. (A.15),

ri = yi − x−γ
i 10α, (A.18)

where γ is the power-law exponent and α is the scaling parameter to the model

function to fit the data. The scale invariant part of a power-law distribution with

distortion in the range where x is small always have α > 0. The proposed method

is different from the traditional least-squares fitting to log-log data that the error

function is based on the raw data and hence not biased on either side.

The aim of the method is to find a minimum S while the fitted data still cover

a reasonably large portion of sampled data. So, the squared residuals are given

weights as

S∗ = i2 ×
n∑

i=1

r2i . (A.19)

The smaller x is, the more important its squared residuals are. By doing this,

both the optimized xmin and γ can be found. However, the finding of minimum
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Figure A.2: Data sample extracted from music networks. The PDF log-log plot
shows data distortion in where x is small.

error is not as straight forward as the linear regression one. Take a set of empirical

data extracted from music network shown in Figure A.2 as an example. By visual

observation, the distribution may start to be scale invariant from xmin = 3. The

error surface for reweighed square residuals

S∗ = i2 ×
n∑

i=1

(
yi − x−γ

i 10α
)2

, (A.20)

where γ = [0.5, 2.5], which is a very common interval for power-law exponent and

α = [0, 1]. Although it is difficult to visually observe where the smallest error is,

one could still take a initial guess that γ = 2 and α = 0.2. Using fminsearch

function in MATLAB the smallest reweighed squared residual is found occurring

at γ = 1.40, α = 0.25 and xmin = 2. The S∗ is then 0.0067.

A.3 Testing the power-law distribution hypoth-

esis

When a function is fitted to a set of empirical data (also called sample in statis-

tics), usually the fitting function does not pass through all the points in the
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Figure A.3: Error surface of Eqn. (A.18) where γ = [0.5, 2.5] and α = [0, 1].

sample so that errors occur. To test whether the function fits the sample well is

to evaluate these errors under some criteria and/or to compare these errors to the

errors from other competing fitting function(s). The Kolmogorov-Smirnov (KS)

test is applied in this thesis.

A.3.1 Kolmogorov-Smirnov test

The Kolmogorov-Smirnov test is based on the following test statistic:

K = sup
x

|F ∗(x)− S(x)|, (A.21)

where F ∗(x) is the hypothesized cumulative distribution function and S(x) is

the empirical distribution function based on the sampled data. For each sample

hypothesized to follow the power-law distribution, it is common to have K > 0.

But a very large K could mean that power-law distribution is not a suitable
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Table A.2: KS test table for power-law distributions with power-law exponents
2.5, assuming MLE estimation [148].

Quantile
# samples 0.9 0.95 0.99 0.999
10 0.1765 0.2103 0.2835 0.3874
20 0.1257 0.1486 0.2003 0.2696
30 0.1048 0.1239 0.1627 0.2127
40 0.092 0.1075 0.1439 0.1857
50 0.0826 0.0979 0.1281 0.1719
100 0.058 0.0692 0.0922 0.1164
500 0.0258 0.0307 0.0412 0.055
1000 0.0186 0.0216 0.0283 0.0358
2000 0.0129 0.0151 0.0197 0.0246
3000 0.0102 0.0118 0.0155 0.0202
4000 0.0087 0.0101 0.0131 0.0172
5000 0.0073 0.0086 0.0113 0.0147
10000 0.0059 0.0069 0.0089 0.0117
50000 0.0025 0.0034 0.0061 0.0077

fitting function. The KS test table can be obtained by generating a large set

of power-law distributed data relative to its own best-fit model and calculating

their KS values. For example, for a set of samples with the number of samples

N = 1354, the fitted power-law distribution has exponent 2.544 and KS statistic

K = 0.0117. From Table A.2 it could be obtained that when the sample size is

1000, there is 90% probability that the KS value is smaller or equal to 0.0186,

which is larger than the sample’s KS value, and if the confidence level is set to

10%, then the power-law hypothesis cannot be rejected.

A.3.2 Generating power-law distributed random numbers

Random numbers with a certain distribution are generated from uniform dis-

tributed random numbers which could be generated using pseudorandom number

generator (PRNG). Common classes of PRNGs are linear congruential genera-

tors, Lagged Fibonacci generators, linear feedback shift registers and generalized

feedback shift registers. Recent instances of pseudorandom algorithms include
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Blum Blum Shub, Fortuna, and the Mersenne twister [206].

Now consider generating numbers randomly extracted from a function f(b).

First, one needs the cumulative distribution function F (b) of the target distribu-

tion f(b):

F (b) =

∫ b

−∞

f(b′)db′. (A.22)

Note that 0 = F (−∞) ≤ F (b) ≤ F (∞) = 1. Using a random number from a

uniform distribution c as the probability density to “pass by”,

F (b) = c, (A.23)

so that

b = F−1(c) (A.24)

is a number randomly selected from distribution f(b).

For a power-law distribution having the form

p(x) = x−γ, (A.25)

the random number generated could be denoted by

x = (1− r)
1

1−γ , (A.26)

where r is a random number generated uniformly between 0 and 1.

A.3.3 Hypothesis testing procedure

The hypothesis testing procedure is as follows:
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1. Determine the best fit of the power law to the data using the non-linear

least-squares method, estimating both the scaling parameter γ, offset pa-

rameter α and the cutoff parameter xmin and get sample size N from the

fitted range of data.

2. Calculate the KS statistic for the goodness-of-fit of the best-fit power-law

to the data.

3. Generate a large number of synthetic data sets with power-law exponent γ

and calculate the KS statistic for each fit.

4. Calculate the p-value as the fraction of the KS statistics for the synthetic

data sets whose value exceeds the KS statistic for the real data.

5. If the p-value is sufficiently small, the power-law distribution can be ruled

out.

Since the amount of sets of sample to be fitted is too large, the p-value need

not to be too accurate. Choosing ǫ = 0.05, only 100 synthetic sets of data need

to be generated to test the hypothesis.

A.4 The distributions in music network

The following table gives the music networks’ characteristics calculated using the

procedure discussed in Section A.3.3.
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Table A.3: Power-law exponents and goodness-of-fit of

distributions in music networks.

edge degree strength

in out total in out total

Bach Violin

γ 2.0573 0.9896 0.5918 (0.6808) 0.9093 0.6823 (0.7248)

xmin 19 2 1 (2) 2 1 (2)

K 0.0034 0.095 0.3569 (0.2520) 0.4139 0.8069 (0.7487)

p-value 1.00 1.00 1.00 (0.00) 1.00 1.00 (0.00)

Bach WTCI

γ 2.0234 1.5985 1.2753 0.6497 1.6326 1.306 0.6929

xmin 3 3 2 1 3 2 1

K 0.013 0.0656 0.1208 0.7331 0.1024 0.0882 1.207

p-value 1.00 1.00 0.45 1.00 1.00 0.60 0.00

Bach WTCII

γ 2.9698 1.4325 1.5659 1.3423 1.4602 1.5773 1.415

xmin 8 2 2 5 2 2 5

K 0.0047 0.033 0.1013 0.0335 0.0488 0.1226 0.0471

p-value 0.85 1.00 1.00 1.00 1.00 0.95 1.00

Chopin Nocturne

γ 4.7223 1.4819 1.4773 1.3834 1.5612 1.4545 0.6461

xmin 49 3 3 4 3 3 1

K 0.0003 0.0436 0.0304 0.0273 0.1401 0.0745 1.1699

p-value 1.00 1.00 1.00 1.00 1.00 1.00 0.00

Chopin Op28

Continued on next page
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Table A.3 – continued from previous page

edge degree strength

in out total in out total

γ 2.3096 1.0946 1.2568 1.1659 1.1171 1.2829 1.1895

xmin 11 2 2 3 2 2 3

K 0.0012 0.1762 0.0848 0.1159 0.2856 0.0822 0.1487

p-value 1.00 0.90 0.80 1.00 0.90 0.85 0.90

Mozart Collection

γ 2.4791 1.1885 1.4228 1.381 0.6678 0.7387 (0.7249)

xmin 21 2 3 4 1 1 (2)

K 0.0012 0.201 0.0311 0.0503 1.2593 0.9229 (1.0454)

p-value 1.00 0.75 1.00 1.00 0 1.00 (0.00)

Jay Secret

γ 3.4631 1.4047 1.4428 1.1723 1.1666 0.7421 (0.8222)

xmin 47 2 3 3 2 1 (2)

K 0.0004 0.0457 0.0356 0.1301 0.2572 0.7644 (0.8027)

p-value 1.00 1.00 1.00 1.00 1.00 1.00 (0.00)

Teng’s Collection

γ 2.6572 1.5386 1.3977 1.4832 1.3714 1.2755 1.4149

xmin 33 2 2 3 2 2 3

K 0.0007 0.0727 0.126 0.0404 0.1302 0.1503 0.0368

p-value 1.00 1.00 0.15 1.00 0.70 0.25 1.00

In Table A.3, the power-law exponents of node degree, strength and edge

weight distributions of 8 music networks are presented as well as the starting

points of fitting xmin, KS statistics K and p-values (the larger a p-value is, the
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more probable that the fitting function fits the empirical data well). Most of the

distributions have power-law exponents around 1.5, and fall in the range between

0.5 and 4.5. To test the hypothesis, the threshold of p-values is usually set to 0.05

or 0.1. In this case, most of the p-values are larger than 0.1. Thus, 10% of the

random generated power-law distributions with the fitted power-law exponent

would have a KS statistic larger than that of the empirical data, or equally, the

empirical data is within the confidence interval of 90%. Then there is not enough

evidence to reject the null hypothesis of the power-law not fitting to the empirical

data. It can also be observed that some of the distributions have D > 1 and p-

values less than 0.1 with power-law exponents around 0.7. In these cases the

power-law distribution could be ruled out from the actual underlying model of

the empirical data.

A.5 Discussion

A set of data having a visual form of a straight line on a log-log plot might not

be merely described by a power-law distribution. Other distributions such as

log-normal, exponential, stretched exponential and the like may also have similar

visual form. To determine whether power-law distribution fits the data well, not

only whether data follow power-law distribution but also whether data follow

other distributions need to be found. An exhaustive calculation on data fitting

by other distributions, using MLE, KS statistic and their p-values, which are

similar to fitting a power-law distribution are provided in [205].



Appendix B

Correlation of Time Series

The most common measure of correlation between two variables X and Y is

the Pearson product-moment correlation [207]. The correlation coefficient ρX,Y

between population X and Y is given by:

ρX,Y =
cov(X, Y )

σXσY

. (B.1)

Similarly the correlation coefficient r between samples X and Y is given by:

r =

∑n

i=1(Xi − X̄)(Yi − Ȳ )√∑n

i=1(Xi − X̄)2
√∑n

i=1(Yi − Ȳ )2
. (B.2)

The correlation coefficient ranges from +1 in the case of a perfect positive

linear relationship, to -1 in the case of a perfect decreasing linear relationship. The

Pearson’s correlation coefficient is a measure of linear dependence. It has been

well documented that the dependence between stock markets exhibits nonlinear

features, in particular asymmetry (dependence being stronger in bear markets

than in bull markets) and tail dependence (dependence being very pronounced

in extreme conditions such as stock market crashes). This invalidates the use of

the correlation coefficient as a suitable measure of dependence.
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In light that the estimates of the correlation coefficient are updated daily to al-

low for time variation in the dependence between different markets, the Dynamic

Conditional Correlation (DCC) [170] is used for the purpose. The conditional

correlation between two random variables r1 and r2 that each have mean zero is

defined to be

ρ1,2,t =
Et−1(r1,t, r2,t)√

Et−1(r21,t)Et−1(r22,t)
. (B.3)

The market index returns can be written as the conditional standard deviation

times the standardized disturbance:

hi,t = Et−1(r
2
i,t), ri,t =

√
hi,tǫi,t, i = 1, 2; (B.4)

where ǫ is a standardized disturbance that has mean zero and variance one for

each series. Hence, the conditional correlation can be rewritten as

ρ1,2,t =
Et−1(ǫ1,t, ǫ2,t)√

Et−1(ǫ21,t)Et−1(ǫ22,t)
= Et−1(ǫ1,tǫ2,t). (B.5)

The time varying correlation matrixR containing the conditional correlations [208]

can be written as

Et−1(ǫtǫ
′
t) = D−1

t HtD
−1
t = Rt, (B.6)

where D−1
t = diag{

√
hi,t}. To allow R to vary with time, a GARCH(1,1) model

is used. It can be obtained that

q1,2,t = ρ̄1,2 + α(ǫ1,t−1ǫ2,t−1 − ρ̄1,2) + β(q1,2,t−1 − ρ̄1,2), (B.7)

where ρ̄1,2 is the unconditional correlation between ǫ1,t and ǫ2,t. The values of α
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and β can be determined by a maximum-likelihood estimation. Finally, the time

varying Dynamic Conditional Correlation between r1 and r2 is then estimated by

ρ1,2,t =
q1,2,t√
q1,1,tq2,2,t

. (B.8)
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