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Abstract

This thesis concentrates on the study of distributed broadband beamforming sys-

tem and source localization problem.

The main contributions of this thesis consist of the following four parts.

1. For the design of distributed broadband beamforming system, each micro-
phone is equipped with wireless communications capability. It is designed
such that the error between the actual response and the desired response
is minimized which is then formulated as a minimax optimization prob-
lem. Since we find that the performance of the optimized designs is very
sensitive to the perturbations in microphone locations, we first use sensor
network technology which solved by semi-definite programming method to
estimate the microphone locations, and then incorporate it into the design
process. We propose a suitable robust formulation as a remedy to regain
the performance. The minimax optimization problem is transformed into a
semi-definite programming problem so that interior point algorithms can be
applied. We illustrate the proposed method by several designs and demon-
strate that this approach is essential to regain accuracy in the optimized

designs.

2. The broadband beamforming design problem is formulated as a non-strictly
convex semi-infinite programming problem. The approach to solve it is that
adding a small perturbation quadratic function to the objective function

to make it strictly convex. We demonstrate that the solution of the per-



turbation semi-infinite programming problem approximates the solution of
the original problem as the perturbation going to 0. The new exchange

algorithm is applied successfully to the filter design problem.

. We present a new method to solve the source localization problem with time-
difference information. Fist we formulate a mixed SDP-SOCP relaxation
model and then state how to obtain the exact solution from the solutions
of the mixed SDP-SOCP relaxation model and the second order polyno-
mial equation. The estimator properties for the true source location under
noises is proposed. We also give bi-level method to solve the source localiza-
tion problem that formulated only as a semi-definite programming. Then a
mixed SDP-SOCP relaxation model for source localization combined with
sensor network localization problem is studied, also we give some statistical
analyses for it. Many illustrated examples demonstrate those approaches

can be applied successfully and some comparisons are presented.

. We obtain a representation for the solution of the mixed SDP-SOCP model
and the characterization such that the mixed SDP-SOCP model has an
exact relaxation in two-dimensional case. We derive the geometry of the
localizable region for the proposed mixed model. The characterization shows
that the source localization with some time-difference information can be
solved exactly by the mixed SDP-SOCP relaxation model in a larger region

than the triangle region determined by three points.
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Chapter 1

Introduction

1.1 Background

Current advancement of wireless communications has made its deployment in
wider perspective. This facilitates the development of distributed systems, such
as a microphone network, which overcomes some of the technical problems from
a wired system by providing greater freedom of movements to the speaker and
avoidance of cabling problems common with wired microphones caused by con-
stant moving and stressing the cables. There are numerous applications that
can be built on a microphone network. Speech is the preferred natural interface
for controlling equipment in households or factories. However, signal degrada-
tion poses a serious problem in many environments, which affects the accuracy of
the speech recognition and voice control system. As a result, beamforming tech-
niques, a signal processing technique used in sensor arrays for directional signal

transmission or reception, are required to enhance the received signals.

Broadband beamformers (Veen and Buckley [1988] Trees [2002] Khosravy et al.
[2009] Zhang et al. [2010b]) have been studied extensively due to their wide appli-
cations in many areas such as radar, sonar, wireless communications, biomedicine,

speech and acoustics. When microphone arrays are deployed, many beamforming
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algorithms exist (for example, Hoshuyama et al. [1999] Gannot et al. [2001] Chan
and Chen [2007]) to reduce the level of localized and ambient noise signals from
the desired direction via spatial filtering, which plays an important role in noise
reduction and speech enhancement. For many applications, such as video con-
ference and mobile telephony, the speaker doesn’t stand very far from the array.
There are various algorithms dedicated for the design of this kind of beamformer
in the literature. In (Kennedy et al. [1998]), the near-field-far-field reciprocity
relationship is derived and applied to design near-field beamformers via far-field
design techniques. An interesting approach is presented in (Ryan and Goubran
[2000]). It makes use of a signal propagation vector representing an ideal point
source of acoustic radiation. When the desired frequency response is known, mul-
tidimensional filter design techniques can be applied. In (Nordebo et al. [1994)),
the minimax problem is formulated as a quadratic programming problem and the
SQP method is applied. A penalty function method is developed in (Nordholm
et al. [1998]) to formulate the problem as an unconstrained nonlinear optimiza-
tion problem. This method is modified in (Lau et al. [1999]) by replacing the
penalty function with a root-catching method. In (Yiu et al. [2003]), the [; norm
measure and the real rotation theorem are applied to formulate the problem as a

semi-infinite linear programming problem.

For many applications, the design problem can be formulated as a minimax
optimization problem. Similar to many filter design problems (Dam et al. [2000]
Yu et al. [2005] Lee et al. [2006]), large-scale linear programming techniques (for
example, Lim and Lian [1993] Choi and Lim [2008]) are often used. When the
problem size increases as a result of an increase in the number of filters as well
as the filter lengths, or a refinement in the discretization of the frequency-space
domain, the number of constraints will be very large and these problems will be
very expensive to solve if the methods above are applied. Hence, an efficient

algorithm is necessary.

Semi-definite programming (SDP) is a generalization of linear programming
(LP) where the decision variables are arranged in a symmetric matrix instead of

a vector, and the non-negative orthant is replaced by the cone of positive semi-
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definite matrices (Wolkowicz et al. [2003] Li et al. [2003] Huang et al. [2003]).
Since interior point algorithms can be employed, semi-definite programming has
polynomial time computational complexity and can be solved efficiently. It has
also been successfully applied to many signal processing problems, such as fre-
quency response masking filter design (Lu and Hinamoto [2003]), antenna design
(Wang et al. [2003]), filter bank design (Kha et al. [2007]), and sensor network
(Biswas and Ye [2004]), achieving very good performance. Hence, in this thesis,
first we will apply the SDP method for solving the broadband beamformer design

problem.

Semi-infinite programming (SIP) is an optimization problem with a finite num-
ber of variables and an infinite number of constraints (Goberna and Lépez [1998;
2002] Hettich and Kortanek [1993] Reemsten and Gérner [1998]). It has many
applications in approximation theory (Glashoff and Roleff [1981]), optimal con-
trol (Liu et al. [2001]), and engineering problems such as optimum filter design in
signal processing (Potchinkov and Reemsten [1995]). The difficulty for solving the
SIP is that it has infinite number of constraints. There are two common method
to solve it, one is the discretization method (Hettich Still [2001] Teo et al. [2000]),
the other is the reduction based method (Hettich and Kortanek [1993] Reemsten
and Gérner [1998]). For discretization methods, they are computationally costly
when the number of discretization is very large. On the other hand, the reduction
method may need strong assumptions. However, another families called exchange
methods are also very important and usually be used (Cheney [1982] Laurent and
Carasso [1978] Hettich and Gramlich [1990] Tichatschke and Nebeling [1988] Kor-
tanek and No [1993] Betré [2004]). Recently, Zhang, Wu and Lépez (Zhang et al.
[2010a]) proposed a new exchange method for the convex SIP problem (P) whose
main feature is that only those active constraints with positive Lagrange multipli-
ers are kept, and no global optimization needs to be carried out at each iteration
to detect the (almost) most violated constraint. The algorithm associated with
the method terminates in a finite iterations needs to be under the condition that
x — f(x) or x — g(x,s) is strictly convex. For solving the non-strictly convex
cases, the idea is that we add a small perturbation to the objective function in

order to let it be strictly convex. Thus in this thesis, we will propose a pertur-

— 3
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bation method of exchange algorithm for solving the general convex semi-infinite
programming (CSIP) problems. We will show that under some assumptions, an
approximation solution of original problem can be obtained in a finite of iterations
by the perturbation exchange algorithm. Then we will use this exchange method

to solve the broadband beamformer design problem.

One of the assumptions in applying the aforementioned design techniques is
that the locations of the microphones are required to be measured exactly. In
practice, the microphones could be scattered around and could even be moving
around occasionally. If very precise measurements are needed every time, this
will make the design process very tedious and repetitive. If wireless microphones
are deployed instead, we just need to make use of the accurate positions of a few
anchor nodes in the network together the pairwise distance measurements between
any two nodes to estimate the locations of the wireless microphones. Since the
distance measurements always contain noise and the effect of the measurement
uncertainty usually depends on the geometrical relationship between sensors which
is not known a priori, optimization techniques are often deployed to find the
best estimates. Here, we also adopt the SDP method for solving the problem
(Biswas et al. [2006a] So and Ye [2007]). The basic idea behind the technique is
to convert the nonconvex quadratic distance constraints into linear constraints by
introducing a relaxation to remove the quadratic term in the formulation. The
performance of this technique is highly satisfactory compared to other techniques
(Biswas et al. [2006b] Wang et al. [2008a]). Very few anchor nodes are required to
accurately estimate the position of all the unknown nodes in a network. Also the
estimation errors are minimal even when the anchor nodes are placed arbitrarily

within the network.

Owing to perturbations in the estimated sensor locations, a robust formulation
is required to allow for certain amount of errors. In fact, the designed beamformers
turn out to be very sensitive to errors in the microphone locations. In this thesis,
the sensor network technology will be employed and incorporated into broadband
beamforming design. In particular, an appropriate robust formulation is proposed

to give more flexibility in the designs. We will demonstrate by examples that the
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proposed robust approach is essential to regain the accuracy in the designs if

microphone locations are indeed erroneous.

Time difference of arrival estimation (TDOA) between signals received at two
microphones has been considered to be a useful parameter for a variety of applica-
tions such as acoustic source localization, speech recognition and radar communi-
cation. There are various techniques that can be used to compute the TDOA. The
most basic method to solve this problem is cross-correlation (CC) method (Carter
[1993]) which first cross-correlates the two received signals and then consider the
maximum peak in the output as the estimation. To improve the the accuracy and
moderate computational complexity of the result, generalized cross-correlation
method which is to find the maximum peak in the output of cross correlation
between the filtered versions of two received signals is proposed by Knapp and
Carter in 1976 (Knapp and Carter [1976]). To choose the weighting function, there
are two common methods. One is the phase transform (PHAT) and the other is
maximum likelihood estimator (ML). Also there are some other algorithms such
as average square difference function (ASDF), adaptive algorithms, MUSIC (Chu
and Mitra [1999]), ESPRIT (Jakobsson et al. [1998]) and wavelets (Barsanti and
Tummala [2003]).

Acoustic source localization, aiming to locate the sound source given some
measurements, remains to be an important problem in the signal processing lit-
erature owing to their importance to many applications including radar, sonar,
teleconferencing, wireless communications and voice control. It can be solved
based on TDOA, or angle-of-arrival (AOA) measurements, or a combination of
them. TDOA information has been stated on the above. In the AOA approach,
each sensor node is equipped with an antenna array which can be costly, thus
using AOA to estimate the source location is less practical. Typically, the source
location is estimated by two stages. In the first stage, the TDOA between each
pair of microphones is estimated and then transformed into distance difference
measurements between sensors, resulting in a set of nonlinear hyperbolic equa-
tions. In the next stage, efficient algorithms are needed to find the intersection

of these nonlinear hyperbolic equations and obtain an estimate to the location of
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the source. As a matter of fact, finding the intersection of hyperbolic equations is
a highly nonlinear problem. For many years, numerous iterative algorithms have
been proposed for solving this problem, including the maximum likelihood estima-
tion method (Hahn and Tretter [1973]) and the constrained optimization method
(Yang et al. [2010]). Usually linear approximation and numerical techniques are
used in these approaches. However, finding a good initial point to avoid local
minima is a difficult task, and therefore the convergence can not be guaranteed.
To avoid the reliance on a good initial solution guess, estimators with some kind
of closed-form formulas are also widely adopted (Smith and Abel [1987] Chan and
Ho [1994] Gillette and Silverman [2008]).

Another approach is to employ convex relaxation to convert the problem into
a convex optimization problem. In this way, very efficient algorithms can be de-
rived. In this thesis, we will also apply the SDP method for solving the source
localization problem. Another method is the second order cone programming
(SOCP) (Tseng [2007]) which has been applied successfully to localization prob-
lems. However, for the SOCP relaxation, it has been proven in (Tseng [2007]) that
the optimized source location must lies in the convex hull of the microphone array.
It is unfavourable for acoustic localisation since the speaker is usually standing in

front of the microphone array instead of surrounded by the microphones.

Motivated by the works in SDP and SOCP in the literature, in this thesis,
we will study the convex relaxation method for solving the source localization
problem extensively. The basic idea behind the convex relaxation technique also
comes from (Biswas et al. [2006a]). In order to achieve better solution, it is pos-
sible to couple the idea of SOCP together in the formulation. In view of this,
a novel mixed SDP-SOCP relaxation model is proposed. We derive the charac-
teristics of the optimal solution to the mixed SDP-SOCP method. Furthermore,
for comparison with existing convex relaxation methods, we define the notion of
a localizable region, in the sense that the source location can be sought exactly
when the errors in TDOA are zeroes. We aim to propose a standard in compar-
ing different convex relaxation methods using this defined localizable region. For

localization problems on a plane, based on the derived solution characteristics,
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we derive the exact geometry for this localizable region for the proposed mixed
model, and show that the region is larger than the convex hull formed by the
microphone array alone and also larger than other convex relaxation methods.
This is important for applications when the source is staying in front of the ar-
ray instead of surrounded by the array. We continue to collect experimental data
with two different array configurations and demonstrate our proposed method can

indeed find very accurate estimates to the locations.

1.2 Main results

In Chapter 2, we study the design of distributed broadband beamforming system.
In the configuration, we assume that each microphone is equipped with wireless
communications capability. A broadband beamformer can then be designed such
that the error between the actual response and the desired response is minimized.
Many algorithms have been proposed to solve this optimization problem, similar
to many filter design problems, large-scale linear programming techniques are
often used. But the problem will be very expensive to solve if the number of
filters as well as the filter lengths increase. Therefore we propose the semi-definite
programming method which has polynomial time computational complexity and
can be solved efficiently since the interior point algorithms can be employed. Once
their mutual distance information are collected, the sensor network technology is
used to estimate sensor microphone locations and is incorporated into the design
process. The sensor network is also solved by the semi-definite programming
method. We have studied the performance of the optimized designs and found
that it was very sensitive to perturbations in microphone locations. We then
propose a suitable robust formulation as a remedy to regain the performance.
We illustrate the proposed method by several designs and demonstrate that this

approach is essential to regain accuracy in the optimized designs.

For the design of distributed broadband beamforming system, we also apply

the l; norm measure and the real rotation theorem to formulate it as a non-strictly
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convex semi-infinite linear programming problem. Zhang, Wu and Loépez (Zhang
et al. [2010a]) proposed an exchange method for the strictly convex SIP prob-
lem. For our non-strictly convex cases, we add a small perturbation quadratic
function to the objective function in order to let it be strictly convex. We pro-
pose a perturbation method of exchange algorithm for solving the general convex
semi-infinite programming (CSIP) problems. We prove that the solution of the
perturbation semi-infinite programming problem approximates the solution of the
original problem as the perturbation going to 0. The exchange algorithm for
this semi-infinite programming program is proposed, whose main feature is that
only those active constraints with positive Lagrange multipliers are kept, and no
global optimization needs to be carried out at each iteration to detect the (almost)
most violated constraint. This method is applied successfully to the broadband

beamformer design problem.

The time of difference of arrival between each pair of microphones is estimated
and transformed into distance difference measurements between sensors, resulting
in a set of nonlinear hyperbolic equations. Sound Source is localized from these
hyperbolic equations which is a highly nonlinear problem and difficult to solve.
In chpater 3, we propose a novel formulation called the mixed SDP-SOCP relax-
ation model for source localization with time-difference information. We present
a method to obtain the exact solution for the source localization. The method
shows that the exact solution for the source localization can be obtained from the
solutions of the mixed SDP-SOCP relaxation model and the second order polyno-
mial equation. We also give the estimator properties for the true source location
under noises. Moreover, the mixed SDP-SOCP relaxation model for source local-
ization combined with sensor network localization problem is presented, and some

statistical analyses are given.

In (Tseng [2007]), we know for single SOCP relaxation, the optimal solution
must be in the convex hull of microphone array. In chapter 4, we study some
properties for the solution of the mixed SDP-SOCP model in two-dimensional
case. We obtain a representation theorem for the solution of the mixed SDP-

SOCP model and the characterization such that the mixed SDP-SOCP model
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has an exact relaxation. The characterization theorem shows that the source
localization with some time-difference information can be solved exactly by the
mixed SDP-SOCP relaxation model in a larger region than the triangle region
determined by three points, which means the exact solution region by our mixed
SDP-SOCP model is not only the convex hull formed by the microphone array,

but also outside the convex hull.

For illustration, many examples are presented in Chapter 5. In Chapter 6, we
give four methods to find the time difference of arrival (TDOA), and use the cross

correlation method to solve our actual problem.

1.3 Preliminaries

Positive semidefinite matrices

A symmetric n X n matrix A is said to be positive semidefinite, denoted by A = 0,
if 27 Az > 0 for all z € R™. On the other hand, a symmetric matrix A is said to

be positive definite, denoted by A = 0, if 27 Az > 0 for all non-zero x € R™.

The next two theorems present several equivalent characterizations of sym-

metric positive semidefinite and positive definite matrices.

Theorem 1.3.1 Let A be an n x n real symmetric matriz of rank r. Then the

following statements are equivalent:

1. A is positive semidefinite.

2. All ergenvalues of A are nonnegative.

3. There exists an n x r matriz S such that A = SST
4. All principal minors of A are nonnegative.

— 9 —
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Theorem 1.3.2 Let A be an n X n real symmetric matriz, then the following

statements are equivalent:

1. A is positive definite.
2. All eigenvalues of A are positive.
3. There exists a nonsingular matriz S such that A = SST.

4. All leading principal minors of A are positive.

Theorem 1.3.3 Let A be an n X n matriz and let B be a nonsingular n X n

matriz. Then A = 0 if and only if BTAB = 0.

Proof. Assume that A = 0 and let z be any vector in R”. Then 2" BT ABx =
(Bz)T A(Bx) > 0 since A = 0. Therefore, BTAB = 0.

On the other hand, assume that BT AB = 0, let z be any vector in R™. Since B
is nonsingular, there exists y € R™ such that By = x. Thus 27 Az = y" BT ABy >
0 since BTAB > 0. Therefore, A > 0. m

The next theorem, known as Schur’s Complement Lemma, is well known.

Theorem 1.3.4 (Schur) Let

A Ay
AT A,

A:

be a symmetric matriz, and assume that A; = 0. Then A > 0 if and only if
Ay — ATATTAy = 0.

Proof.

I 0\ (A A\ [I —A;TA, Ay 0
—ATATY 1)\ AT As) \O I 0 As— ATA'A,

10 —
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. I —A7TAy . .
Since is nonsingular, then it follows from Theorem 1.3.3 that
0 1

A is positive semidefinite if and only if A3 — AYAT'A; = 0. =

Semidefinite programming

Semidefinite programming (SDP) (Wolkowicz et al. [2003]) is a generalization of
linear programming (LP) where the decision variables are arranged in a symmetric
matrix instead of a vector, and the non-negative orthant is replaced by the cone

of positive semidefinite matrices. Thus the following is an SDP problem.

inf tr(CX)
st. tr(A'X) =b;, fori=1,--- ,m (1.3.1)
X >0,
where C, Al ..., A™ are given n X n symmetric matrices, b,...,b, are given

scalars, and X is an n X n symmetric positive semidefinite matrix whose entries

are the decision variables.

Semidefinite programming has been a very active area of research since the
early 1990’s for its many important applications in several areas of sciences and
engineering especially in the areas of combinatorial optimization and control the-
ory. One of the early successful applications of SDP in combinatorial optimization
was the Goemans-Williamson’s randomized algorithm (Goemans and Williamson

[1995]) for the well-known max-cut problem.

Semi-infinite programming

Semi-infinite programming is an optimization problem with a finite number of

variables and an infinite number of constraints, or an infinite number of variables
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and a finite number of constraints. It can be stated as follows:

min f(x
(@) (1.3.2)
st. g(z,s) <0, Vse€Q
where f : R” — R and g : R” x 2 — R are continuous functions, and 2 is a given

nonempty compact set in R?.

Second order cone programming

Second order cone programming (SOCP) is a convex optimization problem in
which a linear function is minimized over the intersection of an affine linear mani-
fold with the Cartesian product of second order (Lorentz) cones. We define second
order cone:

Q= {x = (v0,z) €eR": 29 > ||Z||},

where || - || is the standard Euclidean norm.

The second order cone programming can be written as follows:

min cip:cl + - cfxT
st. Ajxi+---+ A2, =0 (1.3.3)
x; =00, fori=1---,r

where ¢; € R™, A; are given m X n; matrices, b is a given m-dimension vector,

and x; are n;,-dimension decision variables.

We denote arrow-shaped matrix Arw(x) as:

Ty T
Arw(z) = °

T ZL‘()I
Since Arw(x) > 0 if and only if either & = 0, or zy > 0 and the Schur complement
zo — &7 (zol) '@ > 0. It means that x =g 0 if and only if Arw(x) is a positive
semidefinite matrix and @ =g 0 if and only if Arw(x) is a positive definite matrix.

Thus we can see that the SOCP is a special case of semidefinite programming.

12 —



Chapter 2

Design of distributed
beamforming system using
semi-definite programming and

semi-infinite programming

2.1 Introduction

In this chpater, broadband beamformers design with wireless microphone array
is studied. For many applications, the design problem can be formulated as a
minimax optimization problem. Here, we use an efficient method called Semi-
definite programming (SDP) to solve it. Then we use sensor network technique
to estimate the wireless microphones, which just need a few anchor nodes in the
network together with the pairwise distance measurements between any two nodes.
SDP method is also used for solving the problem. Owing to perturbations in the
estimated sensor locations, an appropriate robust formulation is represented to
allow for certain amount of errors. The sensor network technology is incorporated

into broadband beamforming design. We will demonstrate by examples that the

13
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proposed robust approach is essential to regain the accuracy in the designs if

microphone locations are indeed erroneous.

Zhang, Wu and Lépez (Zhang et al. [2010a]) proposed an exchange method
for the strictly convex SIP problem. The algorithm associated with the method
terminates in a finite iterations needs to be under some strictly convex conditions.
Our filter design problem can be formulated as a non-strictly convex semi-infinite
programming (SIP) problem. Because this SIP problem is not strictly convex,
the exchange method in (Zhang et al. [2010a]) can not be directly applied to the
filter design problem. For solving the non-strictly convex cases, our idea is to
add a small perturbation quadratic function to the objective function in order
to let it be strictly convex. We will prove in this chapter that the solution of
the perturbation SIP problem approximates the solution of the original problem
as the perturbation going to 0. The method is applied successfully to the filter
design problem in the chapter.

The rest of the paper is organized as follows. In Section 2, we formulate the
wireless beamformer design problem and the localization problem of microphones.
Then, we introduce its corresponding robust problem. We transform all the prob-
lems into equivalent SDP problems. For illustration, several examples are solved.
In Section 3, a new SIP problem associated with the filter design problem is for-
mulated. A perturbation method and the convergence theorem of general convex
semi-definite programming problem are presented. The application of the method

to the filter design problem is given.



PhD Thesis Design of DBS using SDP and SIP

2.2 Design of distributed beamforming system

using semi-definite programming

2.2.1 Formulation

The structure of a wireless near-field broadband beamformer can be found in
Figure 2.1, where the positions of microphones can be arbitrary and the sound

signal is received by the microphone array and processed by the FIR filters behind.

Output

Figure 2.1: The structure of a wireless near-field beamformer.

We assume that there are N elements in the array. Using a simple spherical
model, the transfer function from the source point  to the i-th element of the

broadband beamformer is given by

1

—jenfllr—mrill/c 2.2.1
Hfr» — riHG 3 ( )

Ai('r?f) =

where 7 is the position vector of the source signal, r; is the position vector of the
1-th microphone, f is the frequency, and c is the sound speed. Then, the array

response vector is therefore given by

a(r,f) = (Ai(r, f),..., An(r, f))T. (2.2.2)

Let each microphone signal be sampled at a rate of f,, and suppose that each FIR
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filter has L taps. Denote the filter response vector by
do(f) = (1’ efj%f/fs’ o 7efj2ﬂf(L*1)/fs)T (2.2.3)
and the filter coefficients by
w=(w],...,wy)7, (2.2.4)

where

w; = (w;(0), ..., w;(L —1))T, 1=1,...,N,

then the actual response of the broadband beamformer is given by
G(r,f) =w'd(r, f)

with
d(r,f) =a(r, ) ®do(f),

where ® denotes the Kronecker product and the dimension of wisn =N x L.

Let G4(r, f) be the specified desired response of the broadband beamformer,
and consider a region {2 = U",€); in the space-frequency domain where each §2;
is a convex set and €; N€Q; = 0 for i # j. Then, the minimax design problem can

be formulated as

min max |w'd(r, f) — Gu(r, f)].

weR™ (r,f)EQ
Obviously, if the term |wTd(r, f) — Gq4(r, f)| above is replaced by |wTd(r, f) —
Gq(r, f)|?, the optimal solution will not be changed. Hence, we can formulate the

filter design problem as

Problem 2.2.1 Find a coefficient vector w € R™ of the FIR filters to minimize

the following cost function

Jnax |wTd(r, f) = Gar, . (2.2.5)

For wireless microphones, since they can be placed in anywhere, it is more
practical if we can estimate the locations spontaneously. In fact, the locations of

the microphones can be estimated by a method whose principle is the same as
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the localization problem in sensor network. That is, to estimate the locations of
the microphones, we need to have some points whose locations are known. These
points are called anchors and can be denoted by a = {a; :€ R", k € MM}, where
M is the index set of the anchors and h is the dimension which can be 1, 2
or 3, depending on the structure of the anchors. The unknown microphones are
called sensors, which can be denoted by r = {r; :€ R", j € M®}, where M® is
the index set of the sensors. An example of sensors and anchors can be seen in
Figure 2.2, where three diamond points are the anchors and two circle points are

the sensors.

09k & anchor
O sensor
0.8 ¥
0.7F
¢
0.6
0.5 ¢}
0.4F
0.3
o)

0.2
0.1p o

0 .

0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2.2: An example of sensor network.

For every pair of points, we can estimate the distance. That is, we have
Euclidean distance measures di; between anchor a, and sensor r; for some £, j,
and d;; between sensor r; and sensor r; for some ¢ < j. Denoting N, = {(k, ) :

ke MW, jeMP}and N, ={(i,j) i < j,i € MY, j € MW}, we have

law — > =d3;, (k.)€ N,

T i N (2.2.6)
| —rj|I* = ij (4,7) € N,

From these information of distances, we can then estimate the locations of the
sensors. The localization problem is to find the sensor coordinates r such that

(2.2.6) is satisfied. The localization problem is equivalent to the optimization
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problem below:

Problem 2.2.2 Find the locations r of the sensors to minimize

F(ry= > ]Hm—rjntcifj + > \Hak—rjy\?—cizj. (2.2.7)

(4,7)ENy (k,j)ENa

Thus, we can find the locations 7 of the sensors by optimizing the cost function
(2.2.7). If the optimal value F™* is zero, then the solution obtained is the exact
locations. However, in most cases, the optimal value F™* is strictly greater than
zero. To see this, we suppose that the number of a is m. Then, the number of
N, is mN and the number of N, is N(N — 1)/2. Hence, the total number of
the equalities in (2.2.6) is mN + N(N — 1)/2. On the other hand, the number
of decision variables is hN. Then, when mN + N(N — 1)/2 > hN, that is,
m + (N —1)/2 > h, this problem is over-determined. Since h < 3, this condition
is satisfied in most cases. Hence, the optimal value of Problem 2.2.2 is strictly
greater than zero and the obtained locations are not exact in most cases. Since
the locations r is not exact and the performance of the designed beamformer is

very sensitive to the errors in the locations, a robust design is needed.

Similar to Problem 2.2.1, we consider a corresponding robust problem where
the location vector contains certain uncertainties. Denote the position vector by
7 = p(r,0), where r is a position vector in Problem 2.2.1 and 6 € [—n,n] is the
parameter for uncertainty. Without loss of generality, we define p(r,0) = r. We

can formulate the robust filter design problem as

Problem 2.2.3 Find a coefficient vector w € R™ of the FIR filters to minimize

the following cost function

max max [wld(F, f) - Ga(7, )" 2.2.8
96[—n,n](r,f)e§z| (7, f) a(7, f)] ( )

Both Problem 2.2.1 and Problem 2.2.3 are nonlinear minimax optimization prob-

lems. After the discretization of the space-frequency domain Q = [—n, 7] x Q,
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gradient-based methods can be applied to solve for numerical solutions. However,
if the discretization of Q is very large, these problems become very expensive
to solve. Thus, an algorithm with polynomial time computational complexity is

desirable.

2.2.2 Methodology

Robust broadband beamformer design

The cost functions in Problem 2.2.1 and Problem 2.2.3 are quadratic. They can

be rearranged as SDP problems as follows. Expanding the complex functions
d(rv f) = dl(r7 f) +jd2(rv f)a

Ga(r, f) = Ga,(r, ) + jGa (7, f),
and denoting

u(r, f) = (widi(r, f) = Ga, (7, f)),

o(r, f) = (w'ds(r, ) — Ga, (7, [)),

by adding an additional variable z, Problem 2.2.1 becomes

min z
weR” zeR

s.t. u(r, > +o(r, f)>? <z Y(r f)eQ. (2.2.9)

We will make use of the following theorem proven in (Chen [2001]):

Theorem 2.2.1 Let A be an n x n real symmetric matriz of rank r. Then, the

following statements are equivalent:

1. A is positive semi-definite.
2. All eigenvalues of A are nonnegative.

3. There exists an n X r matrixz S such that A = SST.
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4. All principal minors of A are nonnegative.

By Theorem 2.2.1, the constraint in the above problem holds if and only if
zur, f) v(r,f)
O(z,w,r, f)=1| ulr, f) 1 0 =0, Y(r, f) € Q, (2.2.10)
v(r, f) 0 1

where “ > 7 denotes the positive semi-definite symbol. Denote
Gz, w) = diag{®(z,w, v, 1), B(z,w, v, f)}, (2.2.11)

where Qg = {(r%, f1),..., (r*, f%)} C Q is a set of dense grid points. Then, we

transformed Problem 2.2.1 into a SDP optimization problem:

Problem 2.2.4 Find a coefficient vector w € R™ of the FIR filters and z, such

that z is minimized, subject to the constraint

G(z,w) = 0. (2.2.12)

Similarly to Problem 2.2.1, Problem 2.2.3 can also be transformed into an SDP

optimization problem. Denote
é('Z? 'lU) = dlag{q)(z? w,p(’f‘l, 01)7 f1)7 R (I)(Zv w7p(rk7 Ok)’ fk>}7 (2213)

where Qg = {(0%, 7", f1), ..., (0%, 7%, f¥)} C Qs a set of dense grid points. Then,

Problem 2.2.3 is transformed into an SDP optimization problem:

Problem 2.2.5 Find a coefficient vector w € R™ of the FIR filters and z, such

that z is minimized, subject to the constraint

G(z,w) = 0. (2.2.14)

Basically, since there is a discretization of the interval [—n, 7], Problem 2.2.5 is
more expensive to solve than Problem 2.2.4. However, if n is small, it’s not
necessary to do the whole discretization of the interval [—n,n] and Problem 2.2.5

can be simplified. This can be seen in the next theorem.
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Theorem 2.2.2 Suppose that n is small. Then, for any given coefficients vector

w € R™ and frequency f, we have

max |G(p(7'7 9)7 f) - Gd(p(’!‘, 9)7 f)’Z =

96[_77777]

max {‘G(p(’l‘, —77)7 f) - Gd<p(T7 _77>7 f)|2 ) ’G(p(’l", 77)7 f) - Gd(p(rv77>7 f)|2} + ’0<77>’
(2.2.15)

Proof. Denote H(f) = (H1(f),...,Hn(f))T, where H;(f) = w]dy(f). Then, the

actual frequency response G(p(r,0), f) can be reformulated as

G(p(r,0), f) = HT())b(p(r,0), f). (2.2.16)

Denote the gradient of b(p(r, ), f) with respect to the parameter 6 as

OO (B0 | BRI g
Then, since p(r,0) = 7 and 7 is small, we can rewrite G(p(r,6), f) as
Gp(r.0), f) = H(f) (b('r, )+ W@) +0(8). (2.2.18)
Similarly, Gq(p(r,0), f) can be rewritten as
Ga(p(r,0), f) = Galr, f) + aad(pg; 01y 4 o(0) (2.2.19)
Then, we have
[G(p(r,0), f) = Galp(r,0), f)|?
- ‘G(r, f) = Galr, f) + (HT(f)ab(p(g’eo)’ H_ aGd(pg’g 0. f>> 6+ o(6) 2
|tr.1) - Gutro gy + (1 REOL_OGLBODY " 1
(2.2.20)

Note that the first term of the right hand side of (2.2.20) is convex with respect

to # and the maximum of a convex function exists when @ is in the boundary. Then,
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we have
T ab(p<’l",0),f) aGd(p('r?O)vf) 2
og[l—%y),(n} G(r,f)—Ga(r, f)+ <H (f) 50 — 50 ) 0
:mw{kijmmnﬁ+(Hmﬂ%@%f””—m%@gmjvn,
‘ijy4%wjy—Qﬁuﬁmmgmjv—&%@gﬁ””)n}

= Ga(p(r,n), )’} +lo(n)]. (2.2.21)

This completes the proof. m

By Theorem 2.2.2, if n is small, Problem 2.2.5 can be simplified to

Problem 2.2.6 Find a coefficient vector w € R™ of the beamformer filters and

z, such that z is minimized, subject to the constraint
G(z,w) = 0, (2.2.22)
where
G(z,w) = diag{®(z,w,p(r',n), ), ®(z,w, p(r', —n), f1),
LB (2w, p(rR ), ), (2, w, p(rF —n), )} (2.2.23)

Localization of microphones

Let R(= [r1,79,...,7,]) € R™¥ be the unknown matrix. Then, we have

lri — 7 |° = el;R" Re;j,

um(%),

lay — 75> = (af €])

RT
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where e;; is the vector with 1 at the i-th position, —1 at the j-th position and
0 elsewhere, e; is the vector with —1 at the j-th position and 0 elsewhere. Let
Y = R™R, then (2.2.6) is equivalent to find a symmetric matrix Y € RV*V and

a matrix R € R"™¥ such that the following equations are satisfied:

el Ye; =d}, Y(i,j) € N,
I R a N

(af €T) "l =, vk j)eN, (2.2.24)
RT Y ej

Y = R'R.

To relax the sensor network localization problem, werelax Y = RTRtoY = RTR

which is equivalent to (Boyd et al. [1994]):

I R
Z = = 0.
R"Y

Then, the relaxed version of the problem (2.2.24) can be represented as a standard
semi-definite programming model, that is, we need to find a symmetric matrix

Z € RMHN)x(h+N) guch that the following equations are satisfied:

b
(b1 0" Z =b'b, for some vectors b € R"

0
(0T el)Z O )& Y(i,5) € N,
Y e;; v ’ (2.2.25)
T T Ak 72 .
(a] €]) Z =dj;, Y(k,j) € N,
€j
Z 0.

The first set of equations in (2.2.25) is to assure that the first h x h submatrix
of Z is I. The number of the vector b depends on the dimension h. If h = 1,
there is only one element in I and the minimum number of b is 1. If h = 2,
since I is symmetric, there are three elements to be determined and the minimum
number of b is 3. If A = 3, there are six elements in the symmetric matrix I to
be determined and the minimum number of b is 6. There are many choices for b.

An example can be seen in Table 2.1.
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b
1
(1o)r, (01T, (11)

(100)T, (010)T, (00 1)T, (L10)T, (LO1)T, (01 1)T

Wl |~ | >

Table 2.1: A typical choice of the vector b.

A relaxed solution Z can be obtained by solving equations (2.2.25). How-
ever, as we discuss in previous section, the second and third set of equations in
(2.2.25) are not satisfied in most cases and the solution does not exist. There-
fore, we need to consider Problem 2.2.2. To transform Problem 2.2.2 into a
semi-definite programming problem, we add some nonnegative slack variables as
a;j,oz,;j > 0,V(i,j) € N,.,V(k,j) € N,}. Then, Problem 2.2.2 is

(ot oA
& = {aijaaijy

reformulated as

Problem 2.2.7 Find o and the locations r of the sensors, such that the cost
function
> (afi+ap)+ D (af+ap)
(4,9)ENy (k,j)ENG

18 minimazed, subject to the constraints

+ — . .
ig — “igo V(Zaj)eN’r

lay — 7% — dzj =af, —ap, V(k,j) € N,.

s — 7yl — dfy = o3 —

(2.2.26)

With the introduced relaxed matrix Z, Problem 2.2.7 is transformed into a stan-

dard SDP problem:

Problem 2.2.8 Find o and the symmetric matriz Z, such that

(e +ap)+ Y (o + o)

(4,7)ENy (k,j)ENa
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1s minimaized, subject to the constraints

b
(bT0")Z =b'b, for some vectors b € R"
0
(0T el )Z 0 of +a; =d2, VY(i,j) €N
K eij oo ’ (2.2.27)
T ol @k + - & .
(ak ej)Z _Oék:j—i_akj:dkj? \V/(k,j) ENa

Z = 0.

Problem 2.2.8 is a semi-definite programming problem which can be solved by any
SDP software. Note that any solution of Problem 2.2.8 has at least rank h. For
a localizable system, we need to impose certain conditions on the rank of Z and

the relaxation of Y. This is summarized in the following.

Definition 2.2.1 The localization problem is localizable if there is a unique local-

ization in R" and there is no r; € R, j=1,...,n, where K > h, such that

lri — || = &},

V(i,j) € Ny
2

0 — T :dzj, V(k,j) € N,.

The latter says that the problem cannot be localized in a higher dimension space

where the locations of the anchors are augmented to (a], 0T)T € R k€ MM,

Then, we have the following theorems (proven in So and Ye [2007]):

Theorem 2.2.3 The following statements are equivalent:

1. The problem is localizable.

2. The max rank of the solution Z has rank h.

925
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3. The solution Z satisfy Y = RTR or Trace(Y — RTR) = 0.

Theorem 2.2.4 If a problem contains a subproblem that is localizable, then the
submatriz solution corresponding to the subproblem in the SDP solution has rank
h. That is, the SDP relazation computes a solution that localize all possibly local-

1zable unknown sensor points.

From these two theorems, we can see that the solution to the SDP problem
provides the first and second moment information on R (Bertsimas and Ye [1998]).
After we find a solution Z by solving Problem 2.2.8, r; will be the estimated
position of j-th microphone and Yj; — ||r;||* will be used as its perturbation. The

total perturbation of the microphones is then given by

N
Trace(Y — RTR) =Y (Yy; — |lrl°) -

j=1
2.2.3 Illustrative examples

In solving the formulated linear SDP problems (Problem 2.2.4, Problem 2.2.5,
Problem 2.2.6 and Problem 2.2.8), interior point algorithms can be applied. There
are several software packages available, such as LMI control toolbox (Gahinet
et al. [1995]), SDPA-M (Fujisawa et al. [2005]), SDPSOL (Wu and Boyd [1996]),
SeDuMi (Sturm [1998]). All these software packages can be applied. In this sec-
tion, we use SDPA-M (Fujisawa et al. [2005]) and the computation was performed
in Matlab.

The proposed method is first used to design several broadband beamformers
with different target performances. At the same time, we will study the perfor-
mances of the designs towards errors in speaker and microphone locations. We
focus on multimedia applications and the desired frequency response function will

include the frequency range of human voice together with a range of positions
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that the speaker is located. We choose the desired response function as

, llr=rell , L—1 . .. .
efﬂﬂf(f+TT)7 if (v, f) is in passband region

Gd r, f = )
(r.f) 0, if (7, f) is in stopband region

where 7. is the coordinate for the center element, the sound speed is ¢ = 340.9m/s

and the sample increment is T' = 125us, that is, the sampling rate is set as 8kHz.

In the first example, we consider an equispaced linear array with five elements.
To avoid spatial aliasing for the frequency of interest, the element spacing is S5cm.
That is, they are located at the coordinates {(—0.1,0), (—0.05,0),..., (0.1,0)}.
A seven-tap FIR filter behind each element is used. The passband region and
stopband region are specified on an z-axis parallel with, and y = 1 meter in front

of, the array. The passband region is defined as

{(r,f): —04m <2 <04m, y=1m, 0.5kHz < f < 1.5kHz}
while the stopband region is the union of several parts as

{(r,f): =04m <2z <04m, y=1m, 2.5kHz < f < 4kHz},

{(r,f):1.5m < |z| <2.5m, y=1m, 0.5kHz < f < 1.5kHz},

{(r,f):1.bm < |z| <2.5m, y=1m, 2.5kHz < f < 4kH~z}.

The complexity of the implementation depends on the discretization of the
space-frequency domain €2 in this problem. Suppose that the number of discretiza-
tion of €2 is given by m, x my. Then, for different numbers of discretization, the
comparison of our method with the SIP method (Yiu et al. [2003]) is given in
Table 2.2.

From Table 2.2, we see that our method is more efficient than SIP method
(Yiu et al. [2003]), especially when the number of discretization becomes very

large. The amplitude of the actual response G(r, f) is shown in Figure 2.3.

Next, we consider the robust filter design for the above problem, where there is

a small perturbation in y-axis in both the passband region and stopband region.
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Mg X My LP SDP

40 x 40 17.66s 8.98s

80 x 80 | 299.63s | 36.97s

120 x 120 | 1490.25s | 85.04s

130 x 130 | 2192.06s | 102.89s

Table 2.2: Comparison of the running times (seconds)

Magnitude(dB)
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Figure 2.3: Amplitude of G(r, f) in Example 1 where N =5, L =7 and y = 1m.

28 —



PhD Thesis Design of DBS using SDP and SIP

We set y = 146, 6§ € [—0.1,0.1]. Then, the number of discretization of € is
denoted by m, X mjs X my, where my is the number of discretization of §. In
order to demonstrate the design, we employ a grid size of 40 x 40 x 10 for the
discretization. The optimized function value is 0.0388 (-14.11dB). However, if
we apply Theorem 2.2.2 to solve this problem, that is, # only take values at
the boundary point {—0.1,0.1}, then the optimal function value obtained is the
same as -14.11dB (in fact, the difference between these two values is less than the

allowable error 107%).

i s
i
L

Magnitude(dE)

25

o ng 2

Frequency(Hz)

Figure 2.4: Amplitude of G(r, f) with robust design in Example 1, where N = 5,
L=7andy=1m.

The robust property of the result can be depicted when the source moves.
In Figure 2.4, the filter has been designed with y = 1m. Then, the source is
subsequently displaced to calculate the final amplitude response. Here, when the
source moves to y = 0.9m and y = 1.1m, the amplitudes of the actual response
are depicted in Figure 2.5 and Figure 2.6, respectively. When the speaker location
changes, we found that the optimized performance is very similar with or without
robustness in the formulation. This again confirms the findings in (Yiu et al.

[2003]) that the optimal design is not too sensitive to the movement of speaker.

Next, we consider another case of this robust filter design, where the first
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Magnitude(dE)

Figure 2.5: Amplitude of G(r, f) with robust design

L=7and y=09m.
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Figure 2.6: Amplitude of G(7, f) with robust design in Example 1, where N = 5,

L=7and y=1.1m.
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Figure 2.7: Amplitude of G(r, f) with robust design in Example 1, where N = 5,
L=7 21 =-0.15m and x5 = 0.15m.

and the last microphones have perturbations. We set x; € [—0.15,—0.07] and
x5 € [0.07,0.15]. In order to demonstrate the design, we employ a grid size of
40 x 40 x 2 for the discretization. The optimized function value is 0.0379 (-
14.21dB). When the z-coordinate of the first and the last microphones move to
—0.15m and 0.15m, respectively, the amplitude of the actual responses are shown

in Figure 2.7.

For this case, if we do not use the robust filter design to design the beam-
former, then the amplitude of the actual response is depicted in Figure 2.8. This
performance is poor, compared to Figure 2.7. Detail of the comparison between
using robust filter design and not using robust filter design is given in Table 2.3.
From the results, it is clear that the optimized beamformer is very sensitive to
perturbations in microphone locations. With the use of the robust formulation,

the optimized performance is recovered in spite of the perturbations.

In the second example, we consider a filter design problem, where there is an
equispaced linear array with seven elements. They are located at the coordinates

{(—0.15,0),(—=0.1,0),..., (0.15,0)}. A twenty one-tap FIR filter behind each
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-30

Magritude (dE)

40~

-60

&0

3000

Frequency(Hz) x(m)

Figure 2.8: Amplitude of G(r, f) without robust design in Example 1, where
N=5 L=T7 21 =—-0.15m and x5 = 0.15m.

Methods | Passband gain | Passband ripple(dB) | Stopband ripple(dB)

1 1.03146 0.20281 —14.23836
2 1.05639 0.36851 —6.87912
3 0.98606 0.34450 —5.32115

Table 2.3: 1. using robust filter formulated in Example 1; 2. using filter formulated
in Example 1 without robust consideration; 3. using traditional LP method (Yiu

et al. [2003]) without robust consideration.
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element is used. The passband region is defined as

{(r,f): =04m < 2z <04m, 0.16m <y < 0.25m, 0.3kHz < f < 3kHz}
while the stopband region is the union of several parts as

{(r,f): =04m <z < 04m, 0.1m <y <0.3m, 3.3kHz < f <4kHz},

{(r,f): 1.5m <|z| <2.5m, 0.lm <y <0.3m, 0.3kHz < f <3kHz},

{(r,f):1.5m < |z| <2.5m, 0.lm <y <0.3m, 3.3kHz < f <4kHz}.
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Figure 2.9: Amplitude of G(r, f) in Example 2, where N = 7, L = 21, and
y = 0.2m.

For this example, we can treat it as a robust filter design problem by setting

= 0.2 + 6, where § € [—0.1,0.1]. Then, we can apply Theorem 2.2.2 to solve

this problem. In order to demonstrate the design, we employ a grid size of 40 x 40

for the discretization. The optimized function value is 0.0856 (-10.68dB). The
amplitude of the actual response G(r, f) (6=0) is shown in Figure 2.9.

To see the robust property of the result when the source moves, we move the
source to y = 0.1m and y = 0.3m. The corresponding amplitudes of the actual
responses are depicted in Figure 2.10 and Figure 2.11. From these two figures, we

see that the changes of the performances are not much when the source moves.
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Figure 2.10: Amplitude of G(r, f)
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Figure 2.11: Amplitude of G(r, f) in Example 2, where N
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In the third example, we consider five microphones which are located at the
coordinates {(—0.1,—0.2),
(—0.05,-0.1), (0,0), (0.05,—0.1), (0.1, —-0.2)}. A seven-tap FIR filter is used be-
hind each element. In this example, the passband region and stopband region are
the same as those in Example 1. In order to demonstrate the design, we employ a
grid size of 40 x 40 for the discretization. The optimized function value is 0.0475
(-13.23dB). The amplitude of the actual response G(r, f) is shown in Figure 2.12.
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Figure 2.12: Amplitude of G(r, f) in Example 3 where N =5, L =7 and y = 1m.

Next, we consider the robust filter design of this example. The same as Ex-
ample 1, we assume that z; € [—0.15,—0.07] and x5 € [0.07,0.15]. In order to
demonstrate the design, we employ a grid size of 40 x 40 x 2 for the discretiza-
tion. The optimized function value is 0.0520 (-12.84dB). When the z-coordinate
of the first and the last microphones move to —0.15m and 0.15m, respectively, the

amplitude of the actual response is shown in Figure 2.13.

If we do not use the robust design, the amplitude of the actual response is
shown in Figure 2.14 when the z-coordinate of the first and the last microphones
move to —0.15m and 0.15m, respectively. The detail of the comparison between
using robust filter design and not using robust filter design is given in Table 2.4.

We can see that the performance of the robust design scheme is the best.
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Magnitude(dB)

3000

Frequency(Hz) xm)

Figure 2.13: Amplitude of G(r, f) with robust design in Example 3, where N = 5,
L="7 2, =-0.15m and x5 = 0.15m.
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Figure 2.14: Amplitude of G(r, f) without robust design in Example 3, where
N =5 L=T7 2, =-0.15m and x5 = 0.15m.
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Methods | Passband gain | Passband ripple(dB) | Stopband ripple(dB)

1 1.03246 0.23434 —12.82194
2 1.03612 0.28552 —8.57016
3 1.06463 0.26534 —10.30237

Table 2.4: 1. using robust filter formulated in Example 3; 2. using filter formulated
in Example 3 without robust consideration; 3. using traditional LP method (Yiu

et al. [2003]) without robust consideration.

In the last example, we demonstrate how to incorporate the sensor localization

method together with the robust design formulation. We consider a 5mx5m class-
room and the speaker stands in the middle of the room. At the corner of the room,
there are two anchors with coordinates {(—2.5,2.5),(2.5,2.5)}. Seven micro-
phones are located at the coordinates {(—0.15,0.7), (—0.1,0.8), (—0.05,0.9), (0, 1),
(0.05,0.9),
(0.1,0.8),(0.15,0.7)}. We assume the distances between the nodes can be esti-
mated and there exist errors in the estimated distances. We simulate the estimated
distances similar to (Wang et al. [2008b]). That is, we add a random error to the
estimated distance:

~

dZ]:dZJ(1+€XNf)

where Ny is a given noisy factor between [0,1] and € is a standard normal ran-
dom variable. For this example, we further assume that the microphone with
coordinate (0,1) is also an anchor, and all the other microphones are sensors.
The noisy factor is chosen as 0.005 and the distances between the nodes can be
estimated. In the first stage, we estimate the microphones’ positions by solving
Problem 2.2.8. The estimated positions are illustrated in Figure 2.15 and the
perturbations of these six sensors are 0.0139,0.0007,0.0004, 0.0005,0.0004 and
0.0018, respectively. Since the perturbations of three sensors with coordinates
(—0.05,0.9), (0.05,0.9) and (0.1,0.8) are very small, they are neglected and we

just consider the uncertainties of the other three sensors.

In the second stage, with the estimated positions and the perturbations, we

design a robust beamformer with a seven-tap filter behind each microphone. The
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<& anchor
O sensor
*  estimated position of sensor

Figure 2.15: Estimated positions via solving the localization problem.

passband region, stopband region and the desired frequency response function are
chosen in the same manner as in Example 1. By solving Problem 2.2.6, we obtain
the optimal design. The amplitude of the actual response G(r, f) is shown in

Figure 2.16.
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Figure 2.16: Amplitude of G(r, f) in Example 4.
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2.3 Design of distributed beamforming system

using semi-infinite programming

2.3.1 Formulation

In this section, we transform the filter design problem into a new semi-infinite

programming problem.

In the last section, the filter design problem and the robust filter design prob-

lem are formulated as the following

Problem 2.3.1 Find a coefficient vector w € R™ of the FIR filters, such that the

cost function

max |w'd(r, f) — Ga(r, f)] (2.3.28)
(r.f)EQ

18 minimized.

Problem 2.3.2 Find a coefficient vector w € R™ of the FIR filters, such that the

cost function

max | max jwid(r, f) = Ga(, 2.3.29
pax  max [wid(r, f) = Ga(F, f) (2.3.29)

18 minimized.

We expand the complex functions as
d(’l", f) = d1<’l", f) + jdg(’l", f)7

Gd("', f) = Gdl(ra f) +de2(’l“, f)a
and denote

u(r, f) = (w'dy(r, f) — Ga, (v, f)), (2.3.30)
U(’I”, f) = ('lUTdQ(’I", f) - Gd2 (’I", f)) (2331)
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An alternative and more flexible way to convert the design problem into a semi-
infinite linear programming problem is to control the real part and the imaginary

part separately by introducing two new variables as:

= a. r — a r .
2= max Ju(r, )], 22 = max fo(r, f))]

Thus, the design problem can be formulated as the following semi-infinite

programming;:

min b’z
ZeRnt2
subject to LP($)
A(T,f)Z—G(T',f)SO V(’l“,f)GQ

where z = (w, 21, 29)7, b = (0, ¢, )7,

di(r,f)" -1 0 Ga, (7, f)
_dl(raf)T -1 0 _Gd1<r7f)

Alr, f) = , G(r,f)= ,
(r f) d2(r7 f)T 0 -1 (Ir f) Gd2 (7’, f)
—dy(r, /)T 0 -1 —Gay(r, f)

in which ¢, and ¢, are two different weights for the real and imaginary parts,

respectively.

Define
V(z) =b"z and g(z,(r, f)) = A(r, f)z — G(r, f)

Then the above problem LP(2) can be represented as

min  V(z)
st. gz, (r, f) <0 VY(r f) e

40 —
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2.3.2 Perturbation exchange algorithm and its convergence

Zhang, Wu and Lépez (Zhang et al. [2010a]) proposed an exchange method for the
convex SIP problem (P) whose main feature is that only those active constraints
with positive Lagrange multipliers are kept, and no global optimization needs to
be carried out at each iteration to detect the (almost) most violated constraint.
The algorithm associated with the method terminates in a finite iterations needs

to be under some strictly convex conditions.

In this section, we propose a perturbation method of exchange algorithm for
solving general convex semi-infinite programming (CSIP) problems and prove that
the solution of the perturbation SIP problem approximates the solution of the

original CSIP as the perturbation going to 0.

Perturbation exchange algorithm

A convex semi-infinite programming (CSIP) problem can be written as follows:

min  f(z)
s.t. g(z,s) <0 for any s € €.

(P)

where f: R" — R and g(s,-) : R — R are continuous convex functions, and {2 is

a given nonempty compact set in R? (or in CP).

We also focus on the convex SIP problem (P) satisfying the following condition

(A):

Assumption A.

(). f is convex and continuously differentiable on R";

(ii). For any s € €, g(+, s) is convex and V,g(x, s) exists and is continuous on

R"™;
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(iii). Slater constraint qualification (SCQ) holds; i.e., there exists & € R™ such
that g(z,s) < 0 for all s € Q.

(iv). There exists a finite subset g such that for every A € R, the set
FY:={x € R" f(x) < X and g(x,s) <0 for all s € Q}

is bounded when nonempty.

We consider a perturbation of the problem (P) as follows:

min  f(z)
s.t. g(z,s) <0 for any s € Q.

where

fo(z) = f(z) + €||z|] (2.3.32)

For given finite set R = {s;,j = 1,---,m} C Q, we consider the finitely

constrained convex programming problem:

min  f(x) + €|z (P.(R))

st. g(x,s;) <Oforany j=1,---,m.

Remark 2.3.1 Let 2* € R™ be a feasible solution of (P.(R)). It is known that
(Luenberger [2004]) x* is optimal if and only if there exist multipliers \* € R™
such that (x*, \*) satisfies the following Karush-Kuhn-Tucker (KKT) conditions:

m

Vf(x A(s;)Vag(x,s5) =0,
()+; (1) Vag(z, s;) KKT)

A('S]) 2 07 g(ngSJ') S 07 A(S])g(xvsj) = 07 .] = 1a e, M,

Now, applying Algorithm 2.1 in (Zhang et al. [2010a]) to (P.(R)), we obtain
a perturbation exchange algorithm (PEA) which is described as follows.
For given a small € (0,1/2), choose € = €(n) > 0 small enough such that

e sup |z[|* <,
zZeF?
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and A = 1+ f(2) for some given z € {x € R"; g(x,s) < 0,Vs € Q}.

Step 0. Choose a finite reference set R = {S?,j =1,---,mp} C Q such that
Qg C Ry, and f, is level bounded on the feasible set of (P.(R)). Let xy be an
optimal solution to (P.(Re)) and let {A(s9)),j = 1,---,mo} € R™ be the set of

associated multipliers. Set k = 0.

Step 1. Find a point s*_ € Q such that

new

9k, Spewy) > 1-

If such a point does not exist, then stop. Otherwise, put Ry 1 = Ry U {s,,}.

Step 2. Let 41 be an optimal solution to (P.(Ryy1)) and let {\zy1(s),s €

Ri41} be the set of associated multipliers.

Step 3. Define new reference sets Ry+1 = Riy1 \ Rh 1, where the leaving

reference set
R§€+1 = {S € Rk+1; )\k+1<3) = 0} .

Set k = k + 1, and return to Step 1.

Remark 2.3.2 [t is obvious that the optimal solution z1 to (P.(Rey1)) also
solves (P.(Ry+1))-

Let 1, be an optimal solution to (P.(Rg)) and let v denote the optimal value
of (P.(Rg)). Let Ay, = {Mi(sj),5 = 1,---,m,} be the corresponding Lagrange
multiplier. Since f, is strictly convex, by the KKT’s condition (KKT), if the

algorithm (PEA) does not terminate in k iterations, then
Ves1 — Ve =fe(@ri1) — fe(@r) > Ve(zn)" (@re1 — 21)

== > Nels)Vag(@h, 5) (Ther — 21)

SjERk
9.3.33
> 57 Alsy) (0 55) — 9(mrs1,55)) (2:3.33)
s;€ERy
== Z Ak(87)9(Trt1, 85) > 0
SjE'Rk
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where the last equality is due to Zsjem Ai(s)g(xk, s;) = 0. In particular,

Vg1 — Vg > 0. (2334)

The following result is a consequence of Theorem 3.1 in (Zhang et al. [2010a]).

Theorem 2.3.1 The algorithm (PEA) terminates in a finite number of itera-

tions.

Convergence

Our main convergence result is the following theorem.

Theorem 2.3.2 For given n > 0, Let x; be the point determinated by the algo-
rithm (PEA) in a finite number of iterations. Then

1). Every accumulation point of {x>,n — 0} is an optimal solution of (P).
n
(2). limy, 0 fe(z5) = v*, where v* is the optimal value of (P).

(8). For anyn > 0,
0 <0 = fe(ap) < Mi(n)dist (FN{f <o}, FIN{f <a+n}),
where a > v*,
Fi={x;9(s,2) <0 for all s € Qy and g(x,s) <n for all s € Q},

F ={x;9(s,2) <0 for all s € Q},

Mi(n) = sup  ([Vf(@)[] +2e(m)l=]),

zeF1N{f<a+n}

and dist(A, B) := max,ep minge4 ||z — y|| for compact set A C B.
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(4). For any n > 0,

) o o M) L
0<v" = famy(x) < T, — x|,
<o = fo(ay) < TR o — 3|
where & is a point such that g(z,s) < 0 for all s € Q, p = —maxseq g(Z,s), and

a > max{v*, f(z)}.

Proof. Since the set {z},7 > 0} C F} is bounded. Therefore, there exists at
least an accumulation point z* of {z},n — 0}. By g(x;,s) <7 for all s € Q, we
have x* € F. It is clear that there exists finite positive integer N = IV,,, such that
x; is an optimal solution of the problem

min fe,)(z)

sit. g(z,s) <0forall s € Ry and g(z,s) <nfor all s € Q\Ry.

Therefore, if z is such that g(z,s) < 0 for all s € Ry and g(z,s) < n for all
s € Q\Ry, then

Jean (@) < femy ().

For any subsequence 7, — 0 such that z; — 2%, Since f}](ﬁ) D {z; f(z) <
f(z*)} N F and {x; ,n > 1} are bounded, we have that as n — 0,

sup | fu(@) = (@) < elm) sup [a]* =0,

0 0
:ve]-'f(m*) er—‘f(m*)

and as n — oo,
| femn (y,) = F@)| < [f(ay,) = f(@7)] + () sup [y, I = 0.

Hence, fe,) (7 ) = f(x*), and f(2*) < f(x) on {z; f(x) < f(2*)} N F. Noting
that f(z*) < f(z) on {x; f(x) > f(z*)} N F, it follows that f(z*) < f(x) for all
x € F. Thus, z* is an optimal solution of (P), and lim, o fem)(z;) = v*. (1) and
(2) are valid.
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Next, let us show (3). Let 2} be the orthogonal projection of z; onto FN{f <
a}. Then f,)(Z;) > v* and

0 <0 = fe (27)
=v" = fen) (@) + e (&) = fean (23)
<fem () — fem ()
=V fe (@) (&7, — 27)
< (IVF@I -+ 2¢mlzol) 25 — 2]

where 7 is a point of the segment determined by 27 and z;. Noting that f (a:;‘]) <
fey (@) < infoer{f(x)+€(n)l|z]?} < v*+n, we have that Z; € FTN{f < a+n}

which is a compact set. Therefore, (3) is valid.

Finally, we prove (4). It is obvious that

g(—ﬁﬂf+ 7 ,><—ﬁ—ﬂ §)+ ——g(&,s)

n+p " n+p n+p n+p
p n
< X 1+ X (=p) =0,
n+p n+p
andsoé = L2 g +—x€.7: Then

ntp
0 <v*— fE(n)(mj;)
=" = fe) () + fem) (3) = Fem (23)
<fem)(2)) = fetm (27)
=V fem (Z) (2 — 27)
< (IVFEDN+ 2emIZ]]) 12 — ]
where Z; is a point of the segment determined by 2} and z}, and so, Z; € F"N{f <

a+n} with a > max{v*, f(#)}. Noting that ||Z; — 2} <

< m”l’ — wnH? we obtain
(4).

Remark 2.3.3 (1). If (P) has a unique optimal solution, denoted by x*, then by
Theorem 2.3.2 (1), lim, o x; = %, and lim, o f,(2;) = f(z*). Therefore, the
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perturbation algorithm (PEA) provides an approximate optimal solution to (P)

after finitely many iterations.

(2). Theorem 2.3.2 (3) and (4) provide error bounds for the approximate
optimal solution x; of (P).

(8). Since
F{f<a}Cc F'n{f<a+n}CF,,

it 1s obvious that

dist (FN{f<a}, FIn{f<a+n}) < sup |z—yl,

x,yG]—‘ELM
and
Mi(n)= sup  ([Vf(@)[|+2e()|z])) < sup ([VFf(z)|l+ 2e(n)]=])).
zeF1N{f<a+n} T€FQ

2.3.3 Multiple exchange algorithm for beamforming prob-

lem

Algorithm

We consider a perturbation of the Beamforming problem (BP) as follows:

min  V.(z)

st. gz, (r, f) <0 V(r f)eQ,

(BF)

where

Vi(z) =V(2) + €| 2| (2.3.35)

Assumption: There exists a finite subset {2y such that for every A € R, the

set

Fri={z eR"V(2) <\ g(z, (r,f)) <0,¥(r, f) € Q}

is bounded when nonempty.
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For given finite set R = R'UR?UR3UR* = {(r), f;),j =1,---,m} C Q,
we consider the finitely constrained convex programming problem:

win V(z) + 2|
(BP(R))
s.t. g(za(rjvfj))SOfOI' anyjzl,... ,m.

For given a small n € (0,1/2), choose € = €(n) > 0 small enough such that

e sup |[z]|* <,
ZEeFy

where A = 1+ f(2) for some given z € F. We describe the perturbation exchange
algorithm (PEA) for beamforming problem as follows.

Step 0. Choose a finite reference set Ro = {(rf, f}),j =1,--- ,mo} C Qsuch
that Qy C Ry, and f. is level bounded on the feasible set of (P.(Ry)). Let zy be
an optimal solution to (P.(Ry)) and let {)\('r?, fJQ),j =1,---,mp} € R™ be the

set of associated multipliers. Set k = 0.

Step 1. Find a set {(v*_,, f* ,),new =1,--- n} C Q such that

new

gi(zk’ (’r'rkz:ew7 few)) > .

If such a point does not exist, then stop. Otherwise, put R, = RiU{(rk.,, fX.)}.

Step 2. Let z;; be an optimal solution to (P.(Ry1)) and let {\py1(7, ), (v, f) €

Riy1} be the set of associated multipliers.

Step 3. Define new reference sets Ryi1 = Riy1 \ RE +1, Where the leaving

reference set
R§g+1 = {(”’af) S 7ék+1§)\k+1(7“7f) = 0}'
Set k = k + 1, and return to Step 1.

Error bounds

From Theorem 2.3.2 (3) and (4), we obtain error bounds for the approximate

optimal solution z} of the Beamforming problem.
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For any n > 0 and a > v*,
0<ov*— Ve(n)(z;;) < Mi(n)dist (FNA{V < a}, FTN{V <a+n});

and for z with g(z,(r,f)) < 0 for all (r,f) € §, for any n > 0 and o >
max{v", f(2)},

) o o M), L
0<v" =V lz,) < ——llz; — 2|,
n+p
where p := —max(, s)eq 9(2, (v, f)), and
Mi(n) :==1\/¢1 + @3 +2¢(n) sup ||z
zeF?

a+n

In particular, if @ = v*, then ]-_aOJm C ]-—f\], thus

Mi(n) < \/¢? + ¢3 + 2,

dist (FN{f <o}, F'N{f <a+n}) < sup [z -yl

x,yEFg

and

Illustrative examples

In this section we give one example to demonstrate the performance of the algo-
rithm for non-strictly convex example and apply the proposed algorithm to solve
the broadband beamformer design problem. The quadprog function in Matlab is

used to solve.

The same as the previous illustrative examples in the last chapter, we choose

the desired response function as

6_j2ﬂf(|\r1rc\\+L51T)

G(d T?f = ’ )
. 9) 0, if (v, f) is in stopband region

if (v, f) is in passband region

where 7. is the coordinate for the center element, the sound speed is ¢ = 340.9m/s

and the sample increment is 7' = 125us, that is, the sampling rate is set as 8kHz.

In this example, we also consider an equispaced linear array with five elements

with coordinates {(—0.1,0), (—0.05,0), ..., (0.1,0)}. A seven-tap FIR filter behind
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each element is used. The passband region and stopband region are specified on

an x-axis parallel with, and y = 1 meter in front of, the array. The passband

region is defined as

{(r,f): —04m <z <04m, y=1m, 0.5kHz < f < 1.5kHz}
while the stopband region is the union of several parts as

{(r,f): =04m <2z <04m, y=1m, 2.5kHz < f < 4kHz},

{(r,f):1.5m < |z| <2.5m, y =1m, 0.5kHz < f < 1.5kHz},

{(r,f):1.5m < |z| <2.5m, y=1m, 25kHz < f < 4kHz}.

The amplitude of the actual response G(r, f) is shown in Figure 2.17.

201og|G| (dB)

i

i AT

4 allaa |

Figure 2.17: Amplitude of G(r, f) where N =5, L =7 and y = 1m.



Chapter 3

A mixed SDP-SOCP relaxation
model for source localization
problem with time-difference
information and sensor network

localization

3.1 Introduction

In this chapter, we will apply the SDP method for solving the source localiza-
tion problem. The basic idea behind the technique comes from (Biswas et al.
[2006a]), that is to convert the nonconvex quadratic distance constraints into lin-
ear constraints by introducing a relaxation to remove the quadratic term in the
formulation. Here we propose a novel idea, combining the second order cone
programming (SOCP), then a mixed SDP-SOCP relaxation model is expressed
for source localization problem with time-difference information. We present a

method to obtain the exact solution for the source localization. The method
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shows that the exact solution for the source localization can be obtained from the
solutions of the mixed SDP-SOCP relaxation and the second order polynomial
equation. We also give the estimator properties for the true source location under
noises and present a bi-level method. In (Tseng [2007]), we know for single SOCP
relaxation, the optimal solution must be in the convex hull of microphone array.
In the next chapter, we will study some properties for the solution of the mixed
SDP-SOCP and present a characterization such that the mixed SDP-SOCP has
an exact relaxation. The characterization shows that the exact solution region is
not only the convex hull of microphone array, but also outside the convex hull.
The source localization problem can be combined with the sensor network local-
ization problem, we also give a mixed SDP-SOCP relaxation model for it and give

some statistical analyses.

The chapter is organized as follows. In Section 2, we formulate a mixed SDP-
SOCP relaxation model for source localization problem with time-difference in-
formation. We present a method to obtain the exact solution for the source lo-
calization from the solutions of the mixed SDP-SOCP relaxation and the second
order polynomial equation. The estimator properties for the true source location
under noises is studied. In section 3, we present the bi-level method. A mixed
SDP-SOCP relaxation model for source localization combined with sensor net-
work localization problem is studied in section 4, also we give some statistical

analyses for it.
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3.2 Mixed SDP-SOCP relaxation model for source
localization problem with time-difference in-

formation

3.2.1 Convex relaxation models

: _ T i _
Assume we have microphones a; = (a;1, a4, ,a;4)", © = 1,--- ,m, whose lo-
cations are known. Given a true source location s, we can derive the true time

difference of arrival(TDOA)

T<{a’iaa’j}7s) = ||S — G’ZH — ||S — ajHa 27] = 17 s, I, (321)
Co

where ¢g is the speed of sound in the air. The estimated TDOA will be given
by 7;; using the signals received at the two microphones. The source localization
problem is to estimate the source location § from using these nonlinear hyperbolic
equations. In this section, we will introduce four relaxation models for solving

this source localization problem.

SDP relaxation model

With a set of delay estimates, the problem is to find § such that

HS - G,ZH - HS — CLJ'H = C(ﬂA'Z'j, Z,j = 1, e, M. (322)

These equations also can be expressed as

' A . .
ﬂi_/Bj:COTijv Z)]:]-)"'vmv

||S_a’7:H2:Oéi7 Z':l?"'am7
2 (32.3)

;= Py, izla"'7m7

Bi > 0, t=1---,m.
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1 .
We relax the equality constraints a; = 37 to b
Bi

a; > 2 and transform the source localization problem into

/ m
min ¢ E «;
i=1

> 0 which ensure that

s.t. 61 _Bj :CO’f_ija Za] = 17 , T,
Is—ail*=qa;, i=1,---,m, (3.2.4)
1 B
/B i07 ,L':]_’...7m’
Bi

L /81207 izl?"'7m7

where 0 is a positive constant for penalization.

I
Noting that [|a; —s|? = (a] —1) . 1 s]

. Let Y = sTs. Then

the above problem is equivalent to

i T =05 1= 17 : , M,
5 Y/ \-1 (3.2.5)
L G
5 07 v = 17' , 1,
Bi Q;
/81 > 0’ Z = 17 7m7
Y =s's

An effective method for solving this problem is to relax Y = s’s to Y = s's

which is equivalent to
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Then, the relaxed version of the problem (3.2.5) can be represented as the following

mixed SDP relaxation model

(aiT —1)Z =q; 1=1,---.,m,
-1 (3.2.6)
L G
& =0, 1=1, L 1M,
/Bi Q;

Zigrda=14,Z = 0,8 = Z1.44+1.

SOCP relaxation model

For equation (3.2.2), instead of (3.2.3), it also can be expressed as

51'_6'2607&2”7 i)j:]-?"'vm?
’ ’ (3.2.7)
s —aill =8, i=1,--,m.

Similar to the method in (Tseng [2007]), we relax the equality constraints
s — a;|]| = B; to” <7 inequality constraints, which yields a second order cone
problem. Then we transform the source localization problem into the following

SOCP relaxation model

/ m
min 0 g Bi
i=1

s.t. 6’6_/6‘] = CoTij, Zu] = 17 , M,

(3.2.8)

L Hs_a'zHgﬁm ZZl?am

where ¢ is a positive constant for penalization.
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Y WL’s model

In this section, we present another convex relaxation model introduced in (Yang

et al. [2009a]). They use a maximum likelihood formulation

m m 1
min 32 3 (lls = aill = —lls = oyl = 7"
j=1i=1, o

(3.2.9)

which can be equivalently written as

min Z Z — 7i)?
(3.2.10)

j=11i=1,i#j

1

st. —|s—ail|=t; i=1,--- m.

They transform the objective function of (3.2.10) as 6 and notice that

0=|t—7|*+ ||t + 7| (3.2.11)

where
t= (tl — o, bty =ty to — 13,00t — i, St _tm)T =Gt
t= (tla ' 7tm)T
1 -1 0 0
1 0 ce 0 -1
0O 1 -1 0 0
G = (3.2.12)
0 1 0 0 -1
0 0 1 -1
T = (7_127 s Timy 723,00 5 Tam, aTmfl,m>T
T = (7—217 5 Tm1, 732,00 3 Tm2, ;Tm,m—l)T~
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Then the objective function of (3.2.10) can be written as
0=t —7I"+ It + 7|

t
=1tr (tT 1) F
1

(3.2.13)
T t
=tr F
t" 1
where
T =tt"
P 2GTG  GT(r—7) (3.2.14)
(T-7)"G 7Tt +77T
The constraints -||s — a;]| = ¢; can be represented as
T, =t
1
= S ls - al’
¢ (3.2.15)
1 I s a;
T2 <a"T _1> T ’
0 SR —1
where z = s”’s.
By Cauchy-Schwartz inequality,
T = tit
1
= C_gHS_aiHHS_ajH (3.2.16)
> —5l(s — a)"(s — ay)|
o
where
I s a;
(s—a;) (s—a;) = (aT —1) (3.2.17)
st 2] \ -1
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Using the above argument together with the following relaxations:

T I
s's<z& =0
T

n

N

~

T
(tT 1)50:» . =0
t

—_

then (3.2.10) can be cast into the following SDP model

(

P+ 3T,

where ¢ is a positive constant for penalization.

Mixed SDP-SOCP relaxation model

For equation (3.2.2), we expressed it as

min tr
t 1 i=1 j=1
1 I s a;
st. Ti= = (af 1)
& sz -1
1 I s a
1-;,32_2|<CLT —1> ! ‘
0 sz -1
T t
=0
t" 1
I s o .
toa Zajzla '>m7]>2
sz
51'—53':0073']', ij=1,---,m,
Is—ai|| =86, i=1,---,m.

(3.2.18)

(3.2.19)

(3.2.20)
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Adding some redundant constrains

(

5i_/8j:CO7A—ij7 Z.7j:17 "z
HS_aiH:ﬁi» Z:L' "z
(3.2.21)
||S_a”il|2:ai7 Z:]-)' , M,
| = f, 1=1,---,m.
It is equivalent to the following problem
( . .
5i_ﬁj:COTij7 7’7]:17 ) 1T,
||S_a’i||:6i7 Z:]-?' "z
9 ||S_a’i”2 = Oy, 1= 17' , M, (3222)
a22ﬁ127 Zzlv' "z
a; < iz’ 1=1,---,m.
\
o | . 8, )
The inequality constraints a; > [3; is equivalent to = 0,and a;; < f3;
Bi i
is equivalent to ||s — a;|| < f;.
Thus we relax the equality constraints [[s — a;|| = £; to 7 < 7 inequality

constraints, which yields a second order cone problem. Then we transform the

source localization problem into

( m
min ¢ E Q;
i=1

\

where ¢ is a positive constant for penalization.

s.t. ﬁz — ﬁj = CO’?A'ij, Z,j = 1,

Hs_aiugﬁiv 2:17

Is — ail|* = s, i=1,
1 .
51 t()) 221,'
51’ %)

...7m7

7m7

(3.2.23)

Then using a similar method as described in previous section, the above prob-
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lem is equivalent to

( m
min (520@
=1
s.t. 61_/3]:00712]7 Z.uj:la"'7m7
||s_a'iH§6i7 Z.:17”'7m7
I s a
(aiT —1) “N=a, i=1,---,m,
sT Y -1
L G
6 t07 i:17”'7m7
Bi
Y =s's.

(3.2.24)

The relaxed version of the problem (3.2.24) can be represented as the following

mixed SDP-SOCP relaxation model

m
min ¢ E Q;
i=1

Hs_aiugﬁia 2_17 y T,
a;
(a;fF —1)Z o, 1=1, ,m,
—1
L 5
ﬁ toa 2_1a 7m7
Bi

Zigrda=14,Z = 0,8 = Z1.g4+1.

(3.2.25)

It is obvious that the solution of (3.2.2) is a feasible solution for (3.2.25). The

following question is natural and important:

(Q). Whether the solution of (3.2.2) can be obtained from the solutions of the

mixed SDP-SOCP relaxation?

In next section, we present an approach how to obtain the exact solution for



PhD Thesis Mixed SDP-SOCP Relaxation Model

the source localization from the solutions of the mixed SDP-SOCP relaxation.

3.2.2 An error correction algorithm

In this section, we consider source localization with time-difference information
of m points. By solving order polynomial equations, we obtain the exact solution
for the source localization from the solution of the mixed SDP-SOCP relaxation

model.

Let a = (a17a27"' aam)T7 5 = (617527"' 7/8m)T7 5 = (81782a"' 7Sd)T- Let
a; = (a1, o, ,a;q)7, i = 1,2,--+ ,m, be m points in R¢, where m > d + 1.
Assume

rank{a;, as, - ,a,} =d.

Then the mixed SDP-SOCP (3.2.25) can be written the equivalent form:

( .
min a; +az + -+

s.t. Bi_ﬁ'zc(ﬂﬁi'a iaj:1727"'7m7
L (3.2.26)
Is — @l + (y = [Is[*) = 2w, i=1,2,---,m,

y>Isl?, ;i >p8% Bi>ls—ai, i=1,2---,m.

\ - Mi»
For convenience, we use the notation (s, 8, a,y) to denote a feasible solution for

(3.2.26).

Let s* = (s}, 83, ,55)7 be true source localization, i.e., it satisfies
”S* — CI,Z“ — |S* — (lj” = Cofij,i,j = 1,2, s, M.

Denote by 8 = [|s* —a,, i =1,2,--- ,m.

Lemma 3.2.1 Let (8,4, 3, &) be an optimal solution of (3.2.26). Then there exists
A > 0 such that
Bl:ﬁ*_Av 221727 ) 1.

2
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Proof. Set 8 = (8,5, . Bu)T, o = ((B)% (8% (B)®)T, and y =
ls*|I*. Then (s*, 8*, a*,y*) is a feasible solution of the mixed SDP-SOCP (3.2.26).
Since

af = () =" —aill*, i=1,2,-- m

7

and (8,9, 8, &) is an optimal solution of (3.2.26), then we have
YSE TS IS SR s
i=1 i=1 i=1 i=1

Notice that Bi,i =1,---,mand 5,7 = 1,--- ,m are the solution of the linear

equations with m variables and d equations:
Tm — Xy = C0Tm 4, 1= ]-727"' 7m_17

and the rank of the coefficient matrix of the above linear equations is d, then there

exists A € R such that

From

PPV

i=1

we have A > 0. m

Therefore, there exists A > 0 such that §* = B + A, i.e, s* is a solution of the
equations

This implies that
||S - a’mH2 - HS - a’z”2 = (Bm + /\)2 - (/Bl + )‘>277: = 1727 M o— L.

That is

> 2(ay — amy)s;

7j=1

d

j=1

(3.2.28)
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Define

where

Then the equations (3.2.28) can be written by
Bs=C +\D, (3.2.29)

which implies that
BT"Bs = B'C + AB"D.

Therefore,

s=(B"B)"'B"C + \(B"B)"'B"D. (3.2.30)

Substituting (BT B)'BTC+A(BTB) " 'BTD for s in ||s—an||? = (Bm+A)2,

we obtain

|(BTB)'BTC + A\(B"B)"'B"D — a,,||* = (B + ))*. (3.2.31)

The above equation can be written the following form:
N (1-(B"B)"'B"D)"(B"B)"'B"D)
+ A (2Bm —2((B"B)"'B'C - a,)" (BTB)‘lBTD> (3.2.32)

+ 32— ((B"B)"'B"C —a,,)"((B"B)"'B"C - a,,) = 0.

By solving the above second order polynomial equation, we can obtain the
exact solution for the source localization from the solution of the mixed SDP-

SOCP relaxation. That is, we have the following result.
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Theorem 3.2.1 Let a; = (ai, aip, - ,a4)%, 1 = 1,2,--+ ,m, be m points in R?
satisfying

rank{ay, as, -+ ,a,} =d.

Let (é,gj,B,d) be an optimal solution of (3.2.26) and let \ called error corrector
be a positive solution of the equation (3.2.32). Define

s* = (BTB)'BTC + \(B"B)"'B" D, (3.2.33)
Then s* is is a true source location, i.e.,

s*—a;|| —|s* —a;|| =coTi;y ,7=1,2,---,m. 3.2.34
J J

Remark 3.2.1 If m =d+ 1, then
(B"B)'B" =B
Therefore, the equation (3.2.32) can be simplified the following form:
N (1-D"(B")"B'D)
+ A (20001 ~2(B7'C - ag1)" B7'D) (3.2.35)
+ B§+1 — (B7'C - a41)"(B™'C = a441) =0,

and

s* =B 'C+\B'D, (3.2.36)

Remark 3.2.2 If d =2 and m = 3, then

2 — 2 —
B— (an CL31) (Glz CL32)

2(a21 — as1) 2(az — asz)

2 2 2 2 22 22
aiy +ajy — a3 —azy + B3 — 5

2 2 2 2 22 2
ay + azy — az; — azy + 5 — B

C =



PhD Thesis Mixed SDP-SOCP Relaxation Model

3.2.3 Estimator properties

In this section, we study the least square estimator of source localization with

time-difference information of m points and noises.

Let a; = (a1, a5, -+ ,a;9)7, i = 1,2,--- ,m, be m points in R where m >
d+ 1. Assume

rank{ay, aq, -+ ,a,} =d.

Let (8,9, B, &) be an optimal solution of (3.2.26) and let \ be a positive solution

of the equation (3.2.32). Let r; be a noisy observation of the distance between s*

and a;:
ri =B + &, (3.2.37)
where 3 = Bl —1—5\, and e1,--- , €, are noises. We assume that 1,--- ,¢,, are i.i.d.
random variables with common mean 0 and the unknown variance o2.
Thus
Tij = 7A'Z‘j + 5 ; Ej, (3238)

where 7;; denotes a noisy observation of 7;.

The noisy observation equations associated the equations (3.2.27) are as fol-
lows:

Is— a2 = (82 +28/e; + i =1,2,- ,m. (3.2.39)

This implies that
||S - a’m“2 - ||S - a’i“2 = (6;1)2 - (B:)Q + gzaz = 172a T, — 17

where
G =2Bnem —2Bjei+ ey, —f, i=12 ,m—1

79

That is

2aiy — amg)s; = (0% — aZ) + (Bo)? — (B + G = 1,2, ,m — L.
j=1 Jj=1

(3.2.40)
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Then the equations (3.2.40) can be written as
(=Y — Bs, (3.2.41)
where
Y =C+ D +¢,

from equation(3.2.29) and

C = (Cl? e 7Cm—1)T'

Lemma 3.2.2 If E(c}) < oo, then the covariance matriz of ¢:

Cov (¢, ¢) = X = (04) (m-1)x(m—1), (3.2.42)
where

4(8,.)%0% + 4B},v3 + vs — o, if i,
A((B)? + (B7))0® +A(By, + B )vs + 204 — 20, if i = j,

Uz’j =

Proof. For any 1, j,

GG =4(Bn) em — ABnBieme; + 2Bnem — 2BnEme;
— 4B Biemes + A8} Bieie; — 2BFenei + 265 eie;
+2B5Ed, —2Btel e + Epy — el
— 2Bremer +2B;ele; — eled 4 eler.

Then

Cov (G, G;)
=E (G¢j)
=4(8,) E(ey,) + 285, E(ey,) + 487 B; E(eig;) + 2] (eic5)
+2B,,E(e,) + E(ey,) — E(e3,)E(e]) + 28/ E(ele;) — B(e}) E(ey,) + E(eie])
4(Br)%0% + 485 vs + vy — o, if i # 4,
A((By,)% + (B7)*)0® + 4By, + B )vs + 2v4 — 204, if i = j,

and v3 = E(e3), and vy = E(e]). =
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The least square estimator s of s is defined by
argmin || Bs — Y|*. (3.2.43)

Then
s=(B'"B)"'B'Y =5+ (B"B)"'B"¢. (3.2.44)

Theorem 3.2.2 (1). § is a unbiased estimator of 8, i.e.,

E(8) =s. (3.2.45)

(2). If E(g}) < oo, then the covariance matriz of §:

Cov (3,8) = (B"B)'B">((B"B)'B")7, (3.2.46)

Proof. (3.2.45) is obvious since
E(()=0,i=1,---,m—1.
Next, let us show (3.2.46).

Cov (5,8) =E (5 — E(8))(5 — E())")
(B"B)'B"E (¢¢7) (B"B) ™ B")"
=(B"B)"'B"2((B"B)'B")".

3.3 Bi-level method for source localization prob-

lem

The solution of (3.2.6) is not what we want, in this section we consider bi-level

Bi

method to solve it. In the constrains = 0, we have a; > 2. Since
Bi
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a; = [? is the solution that we want, we need S; to be bigger. Therefore we

transfer our relaxation problem to be:

min Z o; — Zc%
i=1 i=1
s.t. ﬂz — Bj = C07A'Z'j, Z,] = 1, e, M,
a;
(aiT —1)Z =q; 1=1,---.,m,
-1 (3.3.47)
1 5
p =0, 1=1, ,m,
Bi
Zl:d,l:d = Ida Z = 0,
Bi > -

Then we need to find ¢ such that the sum of «; — 3? is minimized. That is

mcin fle) = Z(ai - B3 (3.3.48)

1=1

This method do the best to let «; close to 32.

3.4 Mixed SDP-SOCP relaxation model for source
localization combined with sensor network

localization problem

3.4.1 Mixed SDP-SOCP relaxation model

In the previous section, we present the mixed SDP-SOCP relaxation model for

source localization problem. In this section, we want solve the source localization
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problem combined with sensor network localization problem.

The standard sensor network localization problem takes edge distance infor-
mation and attempts to determine the location of the sensors. For example, given
the sensor-to-sensor edge set N, with distances d;; for all (i,5) € N, and the
sensor-to-anchor edge set N, with distances dkj for all (k,j) € N,, and given the
anchor locations {ay,...,a,} in R? we want to determine the sensor locations

{1’41, To,... 7Tn} in Rd that Satisfy

ri —r||* =d%, V(i,j) € N,,
I il 2 32 (2, 7) (3.4.49)
lar —7i|° = di;, (k. j) € N,
Let R = [ry,7ry,...,7,] be the R>" matrix determined by ri,7,...,7,.
Then, we have
|ri —7;||> = e, R"Re;;, V(i,j) € N,,
T a (3.4.50)
lax = rj|* = (af e) TR, ¥(kj) €N,
RT ej

where e;; is the vector with 1 at the i-th position, —1 at the j-th position and
0 elsewhere, e; is the vector with —1 at the j-th position and 0 elsewhere. Let
Y = RTR. Then (3.4.49) is equivalent to find a symmetric matrix Y € R™*"

and a matrix R € R such that the following equations are satisfied.

(
ez;'Yeij = d?j? V(’L,j) € er
I R aj. A .
(af €]) . =d;;, V(k,j) € N, (3.4.51)
R Y ej
Y = R”R.

An effective method for solving this problem is to relax Y = RTR to Y =
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R R which is equivalent to

I R
Z = > 0.
R Y

Then, the relaxed version of the problem (3.4.51) can be represented as a standard

semi-definite programming model.

min Qe Z

0
)Z = d?

- T T
subject to (0" e i
€ij

i v(i,j) € Ny,
(3.4.52)

(al eT)z | ™| =&, V(k j) € N,

J kj>
€;

Zl:d,l:d = [da Z t 0.

For our source localization combined with sensor network localization prob-

lem, we assume there are some anchor microphones a; = (a;,a;2,- - ,aid)T,
i = 1,---,m whose locations are known and some sensor microphones r; =
(751,72, -+ ,13q) T, i =1,--- ,n whose locations are unknown. Given a true source

location s, we also can derive the true time difference of arrival(TDOA) as the

previous section

T(frymy.s) = =TI =rdl g e

Is = il — lIs — anl (3.4.53)
T({rjv a’h}vs) = ! h ) (]7 h) S TCU

Co

where ¢g is the speed of sound in the air. The estimated TDOA will be given
by 7;; using the signals received at the two sensor microphones and 7;; using the
signals received at one sensor microphone and one anchor microphone. Also we
have the information about sensor-to-sensor edge set N, with distances d;; for
all (i,j) € N, and the sensor-to-anchor edge set N, with distances czkj for all
(k,j) € N,

i —rjll* = d3y, V(i ) € N,

i 32 (3.4.54)
”ak_’er :dkj7 v<k7j> GNa,
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We want to determine the sensor locations {7y, 7o, . .

., 7} in R? and the source

location § that satisfy time difference constraints plus distance constraints:

(

\

|s — ;|| = [|s — 7&l| = coTu,

(j7 k) € TT’
Is =7l = lIs — anl| = coTjn,  (J, h) € 1o,

Y(i,j) € N,
||'r‘j - ak“2 = dijv V(k’,]) € N,

(3.4.55)

s — ryl* = 3,

Denote such sensor-sensor edges by /N and sensor-anchor edges by Ny, in
T,UT,, i.e., Ny = Ujmen{(5,5), (5,k)}, Nia = U nyer{(s,7), (s, h)}. We assume
that Ny NN, = 0 and N,y NN, = 0. (3.4.55) is equivalent to find a symmetric

matrix Y € R™" and a matrix R € R¥" such that the following equations are

satisfied.

Bsj — Bsk = coTjk, Y(j,k) € T;,
Bsj — Bsn = coTijn, V(j, h) € Ty,
Bsj = lls —mjll,  V(s,j) € Nur,

Bsh = ||s — anl|, VY(s,h) € Ny,

elT,j+1Y61,j+1 = ayj, 055 20 V(s,]) € Niy,

I R ayp
RT Y €

T T

(ah e1) = s, Bsn > 0 Y(s,h) € Ny,

Qg = 2 V(s,7) € Ny,

s77
Qgp = ﬁg}w V(S, h) € Ntm

T 2 . .
€ii1j1Y €t = iy, V(i,j) € Ny,
I R ay

(af ez‘T+1) = d?m

V(i,h) € Ng,
R" Y €1

Y =R'R.

It is equivalent to the following problem

71—

(3.4.56)
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Bsj — Bsk = coTjr, V(j, k) €T,
Bsj — Bsn = coTin, V(j, h) € Ty,
Bsj = lls =mill, V(s,J) € N,

Bsn = ||s — anl|, V(s,h) € Ny,

el Ve i =ay, By >0 Y(s,j) € Ny,
(a4 er) = aan, B > 0 (s, h) € Nig,

$ay > B ¥(s,j) € N (3.4.57)

T . 2 . .
€1 j11Y €ir1j = dyy, V(i j) € Ny,

I R ap

CLT CT
(h z+1) RT y €t

=d%, V(i h) e N,,

| Y =R'R.

The same as the previous technique, the inequality constraints a,; > /ng is

equivalent to P =0, and oy < /ng is equivalent to ||s — a;|| < Bis.
ﬁsj asj
Thus we relax the equality constraints ||s — r;|| = [, to 7 < 7 inequality

constraints, which yields a second order cone problem. Also relax Y = RTR to

Y = R" R which is equivalent to

I R
Z = > 0.
RT'Y

Then, the relaxed version of the problem (3.4.57) can be represented as a

mixed SDP-SOCP model.

72
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( .
min E Qg5+ g Qlsh

(5,7)ENr (5,h)ENta
subject to fs; — Bsk = coTj, V(j,k) € T},
Bsj — Bsn = coTyn, V(j, h) € T,
By 2 s —rsll, V(s,5) € Na,
Bsn > ||s —an||, ¥Y(s,h) € Ny,

0 .
(OT e{jJrl)Z e = asjaﬁsj Z 0 V(S,j) S Ntrv
1,j+1
a
(a',lzl1 e,{) Z " = Qip, Bsh Z O V<S7 h) S Nta;
€1
< 18 (3.4.58)
71 =0,Y(s,j) € Ny,
st asj
1 s
Bt = 0,¥(s,h) € Nua,
Bsh Olgp
T T 0 2 .o
(0" €i1141)Z . =d;;, V(i,j) € Ny,
i+1,5+1
T T ap 5 ,
(a’h ei-i—l) Z = dih? V(Z, h) € Na7
€it+1

Zigia=1s, Z=0.

\ Tj = Z1dd+14]

3.4.2 Statistical analysis

Statistical analysis for least square model

Assume we have M pairs of microphones r; and 7y, (j, k) € T,, whose locations
are unknown, and N pairs of microphones a;, and r;, (h, j) € Tj,, whose locations

are known and unknown respectively. Given a true source location s, we can
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derive the true time difference of arrival(TDOA)

[s=rill=lI's=mll

T({rj,m},s) = ,

and
[s—an|l—[s—mr;

T({a’h/r]’}vs) = )

C

where ¢ is the speed of sound in the air. Then the estimate of these true TDOA
will be given by 7;, and 7,; respectively using the signals received at the two

microphones.

We need to estimate the source location §. If the TDOA estimates for each
microphone pair are assumed to be independently corrupted by zero-mean addi-
tive white Gaussian noise of equal variance, then the estimator can be found by

minimizing the least squares error criterion

VE) = > (B =T 718+ Y (B — T({an, 7}1,8)*  (3.4.59)

(4,k)ETy (h,j)€T,

Then the source location estimate if found from

Srps = argmin V (8)
S

T({7;,7r},S) can be expressed as their first-order Taylor series expansion

T({7j,7x},8)

_Is=rill—ls—7ll
c
Is=ri+As—Ar; || = |[s =7y + As— Ary ||
c
N s -7 | +||§ :J|| (AS_ATJ‘) —(ls—r | +HS "'kH (As — Ary))
- c
L[/ (s—m) (s — 1)

= Tlrrids) + - ({EZ (s am) - B2 aeany),

’ c\l[s=m; ol — ]
Thus

T({7j,rr},8) = T({rj, ri},s)
A=) (sor) N L Bomy) o (B
~ <| > A Ay + Ary

[s—rill Is—mll clls—r;| clls—mr

74—
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For (j,k) € T,, set

h _1((5—7“]) (S-?“k))
jk —— )
c\l[s=rill |s=mrl

T
_ ( (s—rj) (s—7k) )
clls— 7“gll’CHS rill )

Then

T({r;,7},8) — T({rj, i} s) ® by - As + ¢ Arjy, (4,k) €T,

Similarly, we can get

T({an,7;},8) —T({an, v}, s) = hyj - As+ ¢pj - Arpg,  (h,j) €T,

where

h _1((s—ah) (s—rj)>

hj —— - y
c\lls—an| [s—r
(s — 7))

Oy =

Toclls—m
Ary; =Ar;.

For convenience, according to the same order we arrange
T({#),7},8) = T({rj,vi},8), (4. k) € T, T({an,7;},8) — T({an, 7;}.8), (h,j) € T,
Tk — T({75,7},8), (U, k) € Ty Tng — T({an, 75},8), (h,5) € T,
Arjy, (4, k) € T, Aryg, (hyj) € Ty,

Gjk, (4,k) €T, dnj, (h,j) € T,
hje, (4, k) € T, hyy, (h,j) € To.
respectively, into

A1y = (A1, -+ ATMTNT

Ate = (ATE - AT

D= (Arl, Df, o ATy Aryg, - ,ArM+N)T,
(@1, s drps Darts -+ > daren)

H= (h1,h2,"' Jhy hyg, e ,hM+N)T.



PhD Thesis Mixed SDP-SOCP Relaxation Model

Set
o1
o3
P = %] )
Or41
OMLN
Then
A1y = HAs + A7,
and

VE) = Y (=T 718+ > By — T({an, 75},8))°

(4,k)ET: (h,j)eTa

= > (?ﬂc— T({rj,ri}s) + T({rj,ri},s) = T({7), 74}, 8))"

(Gk)ET,

+ Z {ah,r]} )+T({ah’rj}>s) _T({a’mf'j}vé))g
(h.j)ETa

:(AT;- — ATg)T(AT.f- — ATL@)
=(A1: — ®Ar — HAs) (A1; — dAr — HAS).

It can be shown that the right side of the above equation can be minimized at

ASLS = (HTH)_IHT(AT;- — (I)A’I")

The covariance of Asyg is given by

cov{Asps} = E[(Asps — E(Asps))(Asps — E(Asps))’]

Since TDOA estimates are assumed to be corrupted with a zero-mean, uncor-
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related noise, F(Asrs) = 0. Then

cov{Asrs}
=F ASLSAST
| is] (3.4.60)
= (H'H)'H'E (An:A7] + oArArT0) H(H™H) )T
= (H"H) 'H' (cov{A7:} + cov{®Ar}) HH H) !
Statistical analysis for least absolute value model
In this subsection we consider the least absolute deviation error:
BE) = 3 =T b+ S 15— Tan#}.5)
(4,k)ET (h,j)€ETq
From some estimates in previous subsection, F(S) can be rewritten as
E(8) = |A1: — ®Ar — HASs|. (3.4.61)

The least absolute deviation (LAD) estimator As; 4, can be found by minimizing

the least absolute deviation error criterion
ASpAp = argn&in |AT: — PAr — HAS| .
S

Let y; denote the i-th component of A7; — ®Ar. Set f = As and let z; denote
the i-th row of H. Then, the minimization minag £(S) of the right side of the
above equation is equivalent to the least absolute deviation estimator B of the

linear model

yizziﬁ+ei7 i:1727"'7M+N7

where e;, 2 =1,2,--- , M + N, are independent random variables with a common
probability density function f. We assume that the median of e; is 0 and f is a

continuous, and positive in a neighborhood of 0.

Set S = EM+N Ty =HTH, z; = 2,5 /2. Then ZMHV 2z, = Iy n and
(see Theorem 1 in Babu [1989]),

M+N M+N

51/2 Z xlsigne; = Z x}sign(y; — z;8).
i=1
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That is, the least absolute deviation estimator Asyap of As:
M+N

1 .
ASpap &~ T(O) 121 (H"H) 2] signe;.

Since the median of e; is 0, then P(e; < 0) = P(e; > 0) = %, E(signe;) = —P(e; <
0) + P(e; > 0) = 0 and F[(signe;)?] = 1, which implies that

cov(Aspap, Aspap) = E(Aspap(Aspap)’)

] M+N
~ B Z (H"H) 2] z;(H"H) 'signe;signe;)
1 M+N
=——(H'H)™! ziz;(HTH) ™
1
= H H) .
ipo ™
In particular, if e; ~ N(0,0?%), then f(0) = ﬁ, and

[\

o
cov(Aspap, Aspap) & T(HTH)_l.



Chapter 4

The solution region of the mixed
SDP-SOCP model associated

with source localization problem

4.1 Introduction

In the last chapter, we have presented the the mixed SDP-SOCP relaxation model
(3.2.25) of (3.2.2). Some methods to obtain the exact solution for the source
localization have been proposed. The estimator properties for the true source
location under noise has been studied. It is obvious that the solution of (3.2.2) is
a feasible solution for (3.2.25). For the SOCP relaxation part, by Proposition 5.1
(a) in (Tseng [2007]), we know that the optimal source location s must lies in the
convex hull of some microphones a;. That means when the source is located in the
convex hull of microphone array, it can be correctly localized by the above SDP-
SOCP relaxation model (3.2.25). However, when the source is located outside
of the convex hull of microphone array, the optimal solution of the SDP-SOCP
relaxation problem (3.2.25) may has some errors. The following question is natural

and important:

79
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(P). When the number of microphone is fixed and the error of time difference
of arrival estimates goes to zero, what is the condition such that the solution for

(3.2.25) is the solution of (3.2.2)7

In this chapter, we shall answer this question. We study the problem in two-
dimensional case. We obtain a representation for the solution of the mixed SDP-
SOCP model and the characterization such that the mixed SDP-SOCP model has
an exact relaxation. The characterization shows that the source localization with
some time-difference information can be solved exactly by the mixed SDP-SOCP
relaxation model in a larger region than the triangle region determined by three
points. The representation theorem and its proof are presented in Section 2 for
the solution of the mixed SDP-SOCP model. The characterization theorem and

its proof are given in Section 3.

4.2 A representation theorem for the solution of

the mixed SDP-SOCP

In this section, we study some properties of the solution possessed by the mixed
SDP-SOCP in R?, i.e., d = 2 and m = 3. For standardization, since most array
configurations can be represented by a union of triangular array, we shall simplify
the theorem by deriving the properties for a triangular array. The main result is
Theorem 4.2.2 which gives a representation for the solution of the mixed SDP-
SOCP and which plays a key role in the proof of the characterization theorem
(Theorem 4.3.1 in next section), which is important in deriving the geometry of

the localizable region.

Let a = (a1, a9, 03)", 8 = (81,2, 85)", s = (s1,82)". Let a; = (a1, a2)”,

i = 1,2,3, be three points in R%. Then the mixed SDP-SOCP (3.2.25) can be
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written the equivalent form:

(
min o + as + a3

s.t. 81— B2 = coTia,
51 - 53 = CoT13, (4~2~1)

HS - a’iH2 + (y - HSHQ) = Qy, i = 172737

y>|s|?, a>p Bi>|s—ail, i=1,23.

For the convenience, we use the notation (s,y, 3, «) to denote a feasible solution

for (4.2.1).
Let s* = (s}, s3)T satisfy

Is" = a1l| = [Is" — aall = comia, [Is" — aul| = [Is" — as]| = coms.

Denote by 8} = ||s* —ail|, i = 1,2,3. Set 8* = (8}, B3, 83)", a* = ((81)% (B3)?,
(83T, and y* = [|s*||2. Then (s*,y*, 3*, a*) is a feasible solution of (4.2.1).

Theorem 4.2.1 If s* is in the triangle region Ay a,q, determined by the three

points ai, ay and as, then (s*,y*, 5%, a*) is an optimal solution of (4.2.1)

Proof. Let (8,7, 3, &) be an optimal solution of (4.2.1), then there exist a A > 0
such that
Bi :6: _)‘) 1= 1’2737

Thus
s € Ny, B(a;, ff — \) C N_B(ai, 7).

But if s* € Ay, 4444, then
N Blai, 57) = {s: [ls —aif| < 5 = [s" —ail,i =1,2,3} = {s"}.

Therefore S=s*. m

Lemma 4.2.1 Let (8,9, 3, &) be an optimal solution of (4.2.1). Then || — a;|| <

BZ-, 1=1,2,3 can not be satisfied at the same time.

81 —
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Proof. If for all i = 1,2,3, ||§ — a,|| < fi. Then it is clear that § > ||§]|2. Let
§ = mini_105{f3; — |8 — ai||}, B; = B — §/2. Given € > 0 such that § — ||§]2 > ¢
and (B; —0/2)2 < a; —e, i =1,2,3. Let § =8, § =4 —¢, & = G&; — ¢, then
(8,7, 3, @) is also a feasible solution of (4.2.1) and &y + ds + a3 < @&y + Ga + Gs.

Thus, (8,7, 3, &) is not optimal. m

Lemma 4.2.2 Let (é,g],B,@) be an optimal solution of (4.2.1). Then Bf <

Q;, 1 =1,2,3 can not be satisfied at the same time.

Proof. If for all i = 1,2,3, 42 < @&. Then it is clear that § > ||§]|2. Choose & > 0,
such that &i—ézﬂ?, i=1,2,3and §— ||8]|2>5. Let § =8, § = — 0, B; = B,
a; =aq; —90,1=1,2,3. Then (§,gj,5’,5z) is also a feasible solution of (4.2.1) and

a1 + Go + a3 < &1 + Go + az. Therefore, (8,7, B, &) is not optimal. m

For simplicity of notations, let us consider the case: a; = (a,0)”, ay = (b,0)7
and a3 = (0,¢)” where a <0, b > 0, ¢ < 0. Let Q be the region enclosed by lines

ug =0, uy —a=—%uy and u; — b = _IE)UQ, ie.,

a b
Q= {u: (uy, ug) 5 ug > 0,u; —a > ——uy and uy; — b < ——uy, }
c c

Since (s*,y*, 8*,a*) is an optimal solution of (4.2.1) if s* is in the triangle
region Ay, 4,0, determined by the three points a1, as and as, we only consider the

case: s* € ) with s > 0.

For A € [0, minj<;<3 f;], then we have
B(ay, 57 — A\) N B(aq, 5 — A\) C B(as, 85 — A).
where B(a,r) = {u,|u —a| < r}. In particular, 85 — A > —c.
Let (8,4, 05,a) be an optimal solution of (4.2.1). Then there exists A €
[0, minj<;<3 7], such that
Bi=B— N i=1,23

82
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and

s € Mz Bla, f7 — A) = Blay, 5] — A) N Blag, B3 — \).

Let s* = (s7,53)T denote the point such that s3 > 0 and ||s* — a;|| = 87 — A
for i =1,2. When A > 0, ||S — a3]|> < (85 — \)?, and if a < §; < b, then

8y < 85 < 55

By Lemma 4.2.1 and Lemma 4.2.2, the one of the following seven cases :

(C1):
Is — au]* = (B — V),

Is — aaf|* = (85 — V), (4.2.2)

é — as < 3 — = dg,
I 17 < (85 —N)?

(C2):
18 — a1||* = (B — N, (4.2.3)
(B = N? = |l — aalf? = (85 — N — [§ — as]|* > 0;

(C3):
|8 — as|” = (85 — ) ) (4.2.4)

(BT =N = I8 —ar]* = (85 — A)* — [Is — as]|* > 0;

(C4): 8 =ar|* = (Bi = AN)? I8 —aa|® < (85 = A)* = G, S —as|* < (B3 - A)?,
and (83 = A)? = [[8 — a2[|* > (85 = A)* — [Is — as]|*;

(C5): [8—anl® = (B N2 [8—asll? < (85— N2, [§—as]2 < (85— N)? = ds,
and (B3 — N2 — 1§ — asf]? < (85 — )? — [18 — ay*

(C6): s—ai]* < (B7=A)? = du, [|s—azl® = (85— A)?, [s—as]? < (B5—N)?,
and (87 —A)? = 8 = a1[* > (85 = A)* = [IS — as]|*;

(CT): I8 = @l < (87 = M2, 18 = aa* = (8 = )%, [Is — as[* < (85 — A)?
ag,and (B = A)? — |8 — aa[|* < (85 = A)* — [Is — as]|*.
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We want to prove that the cases (C4), (C5), (C6) and (C7) can not appear.

The following theorem is a main result in this section.

Theorem 4.2.2 (Representation theorem). Assume that —c > |a + b|. Let
(é,gj,ﬁ,&) be an optimal solution of (4.2.1). Then S5 > 0 and there exists A > 0
such that B = 8* — X\, and one of (C1), (C2) and (C3) holds. Furthermore, if
$ € [a,b], then (C1) must be true.

Proof. The proof will be completed by the following five lemmas.

Lemma 4.2.3 Let (8,9, 8" — A\, &) be a feasible solution of (4.2.1). If (8,9, —
A\, &) satisfies (C4) or (C6), then (8,79, " — A\, &) is not an optimal solution of
(4.2.1).

Proof. We only consider the case (C4) since the case (C6) is similar. Assume that
(8,7, 8% — A\, &) satisfies (C4). If § is below of z-axis, let §* denote the reflection

of 8 with respect to z-axis. Then |8 — as|| = [|8* — ax||, [[s — a1 = [|8* — a4, and
(B; = A = 18" — as|* <(8; — A)* — |18 — as|”
<(B; =N =8 —azl* = (8; = A\)* — [I8" — az|*.

Set
9O u) = (5~ NP~ u—as— (3 — V) — lu— asf?) , w € (L, Blas, 5 - ).

Then g(\,s*) > 0, g(A\,8) < 0 and g(\,8*) < 0, thus there exists § with s? < §; <

$1%, 83 > 0, and ||8 — a|* = (8f — A\)? and [|S — aa|* < (85 — \)? = Gy, such that

g(A,8) =0.

Set § = [I5]1 + (85 — A)? — |8 — aal*, B =5 — X and a1 = (B; — X)* + (85 —
A2 — 58— as||?, o = B2, &g = 2. Then (8,7, 5, &) is a feasible solution of (4.2.1),

84 —
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and &y < (BF — A)? + (85 — N)? — ||s — a2||?, and so
Q1+ Qo + a3 < &1 + g + a3,

Thus, (8,7, 8" — A, &) is not optimal.

Lemma 4.2.4 Assume that —c > |a+Db|. Let (8,9, 8=\, &) be a feasible solution
of (4.2.1). If 35 < 0 or §; € [a,b], and (8,7, f* — A\, &) satisfies one of (C2) and
(C3)

then (8,9, 5* — X\, &) is not an optimal solution of (4.2.1).

Proof. We only consider the condition (C2). If § is below z-axis, denote by §*

the reflection of § with respect to z-axis. Then
(85 =N = [I8" — as]* <(85 = N)* — |Is — as|*.

If (B5=A)?—[8"—as||* > (B5—A)*—[[8" —azl|?, set § = [|8"[*+(B5—A)*—[|s"—as]%,
B=p"=Xand ay = (87 = A)? + (85 = A)? — [I8" — as]?, G2 = [|8" — az|* + (85 -
A)? — ||8* — as||?, &3 = B2. Then (8*,7, 3, @) is a feasible solution of (4.2.1), and

a; < @; for e =1,2, and so
Q1+ Qg + a3 < Q1 + Qo + Q.
Thus, (8,7, 8" — A, &) is not optimal.

If (85— N)? —||s* —as®* < (85 — N\)? — ||8* — aq|?, then there exists § with
Sy < 8 < 8, Is—ai|* = (B — N)? and ||s — aof]* < (85 — A\)?, such that
g(\8) = 0. Set § = [8]° + (55 = N =[5 — @2, 5 = 5" — A and @ =
(B = N2+ (85— A\)? —||8 — as|?, a2 = B3, &3 = B2. Then (3,7, 5, &) is a feasible
solution of (4.2.1), and ay < (87 — A2+ (B — A)2 — ||§ — a.]|?, and so

C~k1+0~62+0~63<@1+@2+@3,
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which implies that (8,9, 5" — A, &) is also not optimal.
Therefore, § must be above z-axis, i.e., 83 > 0, and s} < 3;.

The equation (85 —\)? — ||u —as||* = (85 — A\)* — ||u — a@]|? can be written by
2cuy = 2buy + (B — N)? — (Bs — A)? = b* + &,

which is a straight line with a negative slope.

Assume that the straight line intersects the circle {u; ||u — ay|| = 87 — A} at

s = (50, 87T and 3@ = (82, 57T where 5 < 52,

Without loss of generality, assume that Sél) < §§2), then §§2) >0, and § = 8V

~

or s =83,

If § =8, for e > 0, set

R b N2 = (B =N =P+ b
=5 —¢, u§:Eu§—i—(ﬁ2 ) (B;c ) 282—?3

u

=

Then when ¢ is small enough, u® = (u§,u5)” € B(ay, 8; — \) N B(ay, 55 — \),
lu® = as|* + (55 = N)* = |lu” — aaf* > (8] = A)*,
and
(85 = A7 = llu® — as]|* = (B; = N)* — [|u” — aaf|* < (B; — N)* = ||8 — a|*.

Set § = [[u]| + (8 = \)? = [uf —aof?, B = 4" — X and & = [|[u® —aq||* + (85 —
A)? — |Juf — ao|]?, ay = B2, a3 = (2. Then (u®,§,5,a) is a feasible solution of

(4.2.1), and &1 < (BF — A)?+ (85 — N)? — || — a2||?, and so
ay + Qo + a3 < &1 + g + as3.

Therefore, (8,7, 3, &) is not optimal.

If § =58® and § > a, for € > 0, set
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Then
[u® — a1]]* = (87 — X)* = 22(|81 — a| + 3,) + O(e?),

and so, for ¢ small enough, u® € B(ay, 7 — ). Set

€ * € B*_/\
Then
N =A+e+0(),
and
b *_)\52_ *_/\52_62_|_2 . * *—l-b
Eui+(52 ) (ﬁ:;c ) ¢ —0—0(52):32—B2 fs ..

Since |8 — B3] < VB2 + 2 < b—c, we have B} — B +b > ¢, ie, 25 5 9

which yields
(85— X = (B = NP =B+ ¢
2c '

b
ug < —uj +
c

Noting that 8, > 0 and s < 8, we see that (85 — \)? > ||8 — a»||?>. Then we
can choose gy > 0 small enough such that for all € € (0,¢¢), u® € B(ay, 5; —A°)N
B(a2a ﬁ; - )‘8)7

Ju® — a1|]* + (85 — X°)° — |lu® — as|® > (87 — X°)?,
and

(85— X = (B = X2 B+ &
2c )

b
uy < -uj +
c

Noting that
(85 = A = llu — a3 > (8; = A9)* = lu — o,

if and only if , s e
* )\E _ * )\6 _ b
Uy < —uy + (85 ) — (B3 ) tc ’
c 2c

we have that

(85 = X" = [lu* — as[* > (B3 — A)* — [|u” — asf”.

87 —
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Set § = [[u[|* + (85 = A)* — |u* —as|?, B =5 = X and a1 = [[u* —ai|* +
(85 = AP = |lu® — @y, Gz = [lu® — al® + (85 — X)* — |lu® — as]*, &3 = f5.

Then (uf,§, 3, @) is a feasible solution of (4.2.1). Since
[u® = ai||* = [Is — a1 = =2 ((51 — @) + 32) + O(e?),

[u® — as|]” = [I8 — as||* = —2¢ (81 — b) + 32) + O(<?),
[u® = as]|* = [Is — as||* = —2¢ (81 + (32 — ¢)) + O(<?),
and
(85 = A9 = (85 = A)* = —2e(B5 — A) + O(?),
we have that
&1 + G2 + G — (61 + o + Ga)
=[w = ail]* = 8 — aul]® + [|lu” — aof* — |8 — @al® — 2 (u” — asl* — I8 — as])
+3((85 =)= (85 = N)?)
= —dce +2e(a+b) — 65(B5 — \) + O(e?).

Therefore, under the condition —c > |a+b|, when ¢ is small enough, &y +ds+das <

&1 + Qo + as, and so, (8,7, f* — A\, &) is also not optimal. This is a contradiction.

Lemma 4.2.5 Assume that —3c¢ > |a + b|. Let (8,y,8" — X\, &) be a feasible
solution of (4.2.1). If $5 =0, and one of (C5) and (C7), then (8,9, 8" — A\, &) is
not an optimal solution of (4.2.1).

Proof. We only consider the condition (C5). Suppose that so = 0, then § =
Bi—Ata If (B3 = A)? = I8 — as||* > (85 = A)* = [|8 — ax|?, then
a1+ Qg+ ag
=8 — a1|” + [Is — azl* + 285 — A)* = |Is — as*) + (85 — V)*
=BT = A+ (BT = A+a =0 +2((5 - N = (Bl = A+0a)* =) + (5 = V)",
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Choose g9 > 0 such that for any € € [0, ),
(B5 = X°)? = [I8° — as|” > (B — X°)? = |I5° — as|%,

where \* = X\ +¢ and §° = (3; —¢,0)7. Set 7 = ||8°]|*> + (85 — \*)? — ||8° — as]]?,
B=p" =X and & = |87 — a1])* + (85 = A°)* = [I8° — s, G2 = [|§° — asf* +

(B5 — X°)2 — ||8° — as]|?, a3 = 3. Then
ay + Qg + Qs
=8 — a1|” + [Is — azl* + 2((85 — A)* = |Is — as*) + (85 — A)*
—2e(Bf —A) +e*—2e(Bf —A+a—b)+e°—6(8; — \) + 3¢
+4e(Bf — N +a) — 2¢°

:d1+@2+d3+25(a+b—3(6§—)\))+352

Therefore, noting that 85 — A > —c, under the condition —3¢ > |a + b|, when ¢
is small enough, &3 + ag + a3 < &1 + Gg + a3. Therefore, (8,9, 5* — A\, &) is not

optimal.

Lemma 4.2.6 Assume that —c > |a+Db|. Let (8,7, 5*—\, &) be a feasible solution
of (4.2.1). If one of (C5) and (C7), then (8,79, B*—\, &) is not an optimal solution
of (4.2.1).

Proof. We only consider the condition (C5). Suppose that (8,9, 5* — A\, &) is an
optimal solution of (4.2.1). Then by Lemma 4.2.5, § > 0, and § is above z-axis
by a similar argument in the proof of Lemma 4.2.4. Thus, § is above z-axis with

9 > 0 and s{‘ < 8.

For € > 0, set
€(§1 — (I)

Ui:g’l u§:§2—s.

5 —df

Then
|u® — a1 = (Bf — A\)? — 22 (|51 — a| + 32) + 2% + O(£?),
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and so, for € small enough, u® € B(aq, 7 — A). Set
X = (5 - )
Then
A= A+e+0(),

Noting that 35 > 0 and s} < §;, we see that (85 — \)? > ||8 — as|?. Then we can

choose gy > 0 small enough such that for all € € (0,e¢), u® € B(as, 35 — X°).

Set § = [lu[[* + (85 — X)* = |u® — as*, f = 5" = A and 61 = u® — aa]” +
(85 = A = | = ag]?, G2 = [[u = aof* + (85 = A9)” — |[u® — as|?, a5 = f5.
Then (uf,§, 3, @) is a feasible solution of (4.2.1). Since

(Sl_a +0(e

Hua—alHQ—Hé—a1|]2:—26( (81 —a) + S

|81 —a

81 —a

(81 —a

+ O(e%),

81+ SQ—C

)+ol
nw—aﬂﬁw@—@wz—%(“l (50— 0) + )+o
o aal? ~ 15 - aa]? = 22 (=2 ) +ol
and

(85— 3 — (B — NP = —22(8; — \) + O(=2),
we have that
a1 + Gg + a3 — (Gq + Go + A3)
= @l = I8 — @ + 1 — asll® — 18 — asll? — 2 ([ — asll? — 5 — as])
F3((5 - 2P — (5 - V)

= — e 2(a+5)° D (5 0+ 0(e).

|51 — al

Therefore, under the condition —c > |a+b|, when ¢ is small enough, &y +das+das <

&1 + Qo + Gg, and so, (8,7, B — A\, &) is also not optimal. This is a contradiction.

Lemma 4.2.7 Let (8,9, 5*— \, &) be an optimal solution of (4.2.1). If (8,9, * —
A, &) satisfies (C1), then $5 > 0.
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Proof. If 5, < 0, denote by 8* the reflection of § with respect to xz-axis. Then

18" —ar]* = (87 = A%, (18" —aaf* = (85 = A)*, [I8" — as]” < (85 — \)?

and
(85 = A)? = 118" —as||* <(B5 — X)* — |18 — as]®.

Set § = |[8[|* + (85 — A)* — [|8" — a@s||*, 5 = 5" =X and a1 = (8] = A)*+ (65 — \)* —
I18* — @3], @2 = [|8* — asl|* + (8; — A)* — 18" — as|®, @ = B;. Then (5*,7,

y, B, @)

is a feasible solution of (4.2.1), and &; < &; for i = 1,2, and so
a1+ Qo + a3 < &1 + g + as.
Thus, (8,7, 8" — A, &) is not optimal.

If 35 =0, then 8; = 8 —A+a and 8 = 35 — A —b. Therefore, b—a = 35 — 7.
This is a contradiction of that b —a, 87, 55 are three edges of the triangle A, qys+-

4.3 A characterization theorem

In this section, based on the representation theorem derived in the previous sec-
tion, we continue to study the characteristics of the solution to the mixed SDP-
SOCP model. In particular, we would like to know the geometric structure for
the localizable region, where the source can be located exactly when there is no
error in the delay estimates. This gives a standard to compare the performance

of different convex relaxation models.

Technically, we want to find a condition such that (s*, y*, 8*, a*) is an optimal
solution to (4.2.1) where s} € [a, b]. For simplicity of notations, let us first consider

a; = (a,0)7, ay = (b,0) and a3 = (0,c)” where a < 0, b >0, ¢ < 0.

Let (8,9, 3,&) be an optimal solution of (4.2.1) and assume that § € [a,b].
Then by Theorem 4.2.2, § > 0 and § is a solutions of the equation (4.2.2).

91 —
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Define

D ={X € (0,min{f7], 55, F3}]; such that (4.2.2) has a solution} . (4.3.5)

Now, assume § to be a solution of the equation (4.2.2). Define

M(A) =(B7 = N + (85 = M) + 18 — az]|* +2((8; — A)* — |18 — as||*), A € D.

It follows from Theorem 4.2.2 that (s*,y*, 5* a*) is an optimal solution of

(4.2.1) if and only if
g(A) = M(X) = ((B))* + (85)" + (55)%) > 0 for any A € D. (4.3.6)

Set
U={s"=(s},s5)";9(\) > 0forall \ € D}. (4.3.7)

The following theorem gives a characterization such that the mixed SDP-SOCP

(4.2.1) has an exact relaxation under the condition —c > |a + b|.

Theorem 4.3.1 (Characterization theorem). Assume that —c > |a + b|. Let
(é,g),@,@) be an optimal solution of (4.2.1) and assume that §; € [a,b]. If

wis) = = (607 - g+ L= gy 2)

<5i‘ — B3 — 365 + W) (4.3.8)
o2 (g, (B = (B3)° + (b—a)*)(Br - 55)
2 ( 2061 + b= a) >>0.

then § = s*, i.e., the mized SDP-SOCP (4.2.1) has an exact relazation.

Conversely, if the mized SDP-SOCP (4.2.1) has an exact relaxation, then
U(s*) > 0.

Proof. By ||8 — a1]|?> = (8 — \)? and |8 — as||?> = (85 — \)? , we have that

(b—a) (251 — (a+0)) =(B7 = N)* = (8; = \)* = (6] — B3) (B + B3 — 2)),
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PhD Thesis
which yields
= —=" -2 .
S1 2(b — a) (BT + B3 A) + 9
Therefore,

* 0% h— 2
-7 - (BB v gy -on+ 230

Noting that s, > 0, we obtain

§2=\/(BT—A)Z—(%WH@—%HZ’;G) .

By some algebraic manipulations, we have

(87 — AP - (%WH@_%HE)T)Q
:ﬁ ((b—a) = (51 = B3)°) (A—BH@;@—“)) (A_BHB;;U;_@))

Noting that the sum of the lengths of any two sides of a triangle is always greater

than the length of the third one, we see that

0< B OZD gy, )

Let Sg denote the point of intersection of the lines ass* and a,as. Then we also

have that

B — llar — 8ol < B3, B5 — llaz — 8o|| < B3, and |lay — Sol| + [[@az — So|| = b — a.

Thus
T+ 58— (b—a .
Bl 622( )<537
and so
0< = 22( )<mm{51>ﬁz7ﬁ3}-
Thus, When0<)\<w,
* 2 (ﬂik_ﬂg) * * b—a ?
_ (M P2 —9 .
G- - (PR g g -+ 150 o
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and when w < \< w,

o= - (S=B e -n+150) <o

Since min{f;, B3, 55} < w, from 0 < A\ < min{f], 55, 55} and

* Q% . 2
(CHEPIAE ((f(lb_%’)) (,B;‘+5;—2A)+b2a) >0,

we obtain A < w’ that is, D = (O, 5i‘+6§‘2—(b—a)>'

Now, by

(B5 = N)? =18 — as]|?
=(B — N2 — 82— 85+ 28y —c

R e
b

2

2(b—a)
(51 ) <% (51 + 52 ) %a) —c
+%¢m—nt(%¢f%@+@ 2+ 57

(B B+ —2x) —a (P2 @)W?+@—2»+w)—8

+%¢m—»%(gé 2 51+ 55— 20+ 151

we obtain
g(\) =3X* = 2X (B} + 85 + B3) — 2By — B3) (87 + B3 — 20
—2a <(/61 p) (B + B35 —2A) + b) —2¢2

"’_46\/(31k —A)? - <(2/B(1b 52)) (B + 85 —27) + b= 5 a) )

Therefore

{s" = (581, 82); g(\) > 0 for any A\ € D} =

— 94 —
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where

N}l
—

>
N—

:(w CON(B By ) — 20BE — BB + 55— 2N)

2
—2a<ﬁl b (61+62—2A)+b)—2c2>

16 ((BI—A)2—<§(16 B (g4 - 29+ 150 )

3(0) =0, é(ﬁH@;(b_a)) >0,

Bi+85—(b—a) B +85+(b—a)
1 22 S )\ S 1 22

Notice that

and for any

9

5=y - (BB - 20423 <0,

Bi+83—(b—a) Bi+85+(b—a)
1 22 <\ < Bt

— — Y

which implies that for any

G(\) > 0.

Therefore, we can write
§(>\) =)\ (9)\3 + CL1)\2 + ag)\ + ag) R

where Y *
it (1 - g5 - 3+ 202

g ¢ UL

=12
b—a

<12(=3p65 + |la+b|) < —245;5 <0,
v = (35— 55— 55+ 2P oy - 2GS D
+ 162?{_——@52;)2 — 12ab — 28¢2,
i 80(s7) = =8 (87 - g7+ L) gy 2)
(50 - 55 - 3y + 2=
1602 <_2 gry (B (65‘)2(; _<b)— a)*) (B — 65‘)) .
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This yields that (s*,y*, 8%, «*) is an optimal solution of (4.2.1) if and only if for
any A € D
(/\) 229/\3 + al)\2 -+ CL2>\ + asz > 0.

f
In particular, as = f (0) > 0, and so, az > 0 is a necessary condition.

Conversely, if az > 0, then by limy_,_ f()\) = —00, we see that there exists

Ao < 0 such that

f ()\0) = 0.

Let A\; and )y denote other two roots of the equation f (A) = 0. Then
A+ AL+ Ay = —éal.
Therefore, by —sa1 > 585 > 51 + 5 — (b — a),
A+ > B+ B — (b—a),

which implies that one of A\; and Ay is bigger than (8} + 5 — (b —a))/2. On the

other hand, since

f(0)>0, anM(ﬁH@;(b_a)) > 0,

if f (W) > 0, then the number of roots in ((0,3] + 85 + b — a)/2) of
f()\) — (0 must be even number. Therefore, or f (W) = 0, or both )\;
and Ay are ((B7 + 55 +b—a)/2,00), and so, the mixed SDP-SOCP (4.2.1) has an

exact relaxation.

The proof is completed.

Since the distance between two points is invariant under translation and rota-

tion, we can state a general form of Theorem 4.3.1 in the following theorem.

Theorem 4.3.2 Let ay,as, a3 be three point in R? and let r denote the pedal

point of the point ag to the line segment from a; to ay. Set
a=—llay—r|,b=llay—7|,c=—las -],



PhD Thesis Solution Region of the Mixed SDP-SOCP Model

and

=|s"—a4, i=123.

Assume that v is between ay and as, and —c > |a + b|.

Let (8,9, B, &) be an optimal solution of (4.2.1) and assume that §; € [a,b]. If

@)
U(s*) > 0, then § = s*

Conversely, if the mized SDP-SOCP (4.2.1) has an ezxact relaxation, then
U(s*) > 0.

Corollary 4.3.1 For any three point ay, as, asz with ||a; — as|| = ||az — asl|, set

b=lai —asl|/2, c=—+/|laz— as|> — V2.

A

Let (8,9, B, &) be an optimal solution of (4.2. 1) and assume that $; € |a,b]. If

3((81)" + (B2)" — 2(85)" — 2b” + 2¢%) By — b2 (((51) (83)7) — 4b*(B7 + B3)) > 0,
(4.3.9)
then the mized SDP-SOCP (4.2.1) has an ezact relazation.

Conversely, if the mixed SDP-SOCP (4.2. 1) has an exact relaxation, then

3((B1)* + (85)* — 2(83)* — 20" + 2¢) B3 — b2 (((51) = (B3)%) — 4V (81 + B3)) = 0,

(4.3.10)
Proof. Since under the condition a = —b, ag can be simplified by
as = 8\1’(8*)
=12 ((87)* + (B3)* — 2(8;)* — 2b* +2¢%) 3; (4.3.11)
40

—5 (((B1)* = (83)%) — 4% (B} + 53)) »

Corollary 4.3.1 is a consequence of Theorem 4.3.2.
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Figure 4.1: Exact localizable region

To illustrate the characterization theorem, we give a simple example here.
Assume a = —1,b = 1,c = —1, by Theorem 4.3.1, we can find there is an extended
region to the convex hull of the triangular array which has the exact localizable

property (Figure 4.1). We call this region the localizable region of the model.



Chapter 5

Experiments for source

localization problem

5.1 Introduction

In the last two chapters, we give the mixed SDP-SOCP relaxation model for source
localization problem and show the exact solution region. In this chapter, some
numerical results are presented. The chapter is organized as follows. In section 1,
we give comparison between mixed SDP-SOCP relaxation model with other three
relaxation models presented in chapter 2. The experiment for error correction
algorithm is given in section 2. In section 3 and 4, some numerical results by
real data and simulation are presented respectively using least square method,
error correction method and bi-level method. In the last section, a example for
mixed SDP-SOCP relaxation model for source localization combined with sensor

network localization is given.
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Figure 5.1: SDP relaxation model

5.2 Comparison between mixed SDP-SOCP re-

laxation model with other three models

In this section, some numerical results for comparing with four convex relaxation
models in chapter 3 will be presented under the condition that there are no TODA
errors. In solving those relaxation models, we use SDPT3 (Toh et al. [2006]) here

rather than SDPA-M (Fujisawa et al. [2005]) used in the second chapter.

Assume there are three microphones located at the coordinates {(—1,0),
(0,—1),(1,0)} and the true source location is (0.5,0.35). The Figures 5.1, 5.2, 5.3
and 5.4 are using SDP relaxation model, SOCP relaxation model, YWL’s model
and mixed SDP-SOCP relaxation model respectively. From Table 5.1, we can see
that the proposed mixed SDP-SOCP can indeed find the exact location subject to
numerical errors, and is therefore more accurate than the other convex relaxation

models.
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Figure 5.2: SOCP relaxation model
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Figure 5.3: YWL’s model

15

SDP

SOCP

YWL

SDP-SOCP

ESL

(0,—0.1707)

(0.4650, —0.0023)

(0.7033,0.5092)

(0.5000, 0.3498)

Error

0.7219

0.3540

0.2582

1.6939¢ — 04

Table 5.1: Error comparison
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Figure 5.4: Mixed SDP-SOCP relaxation model

5.3 An error correction algorithm for source lo-

calization problem

Here, we also assume that there are three microphones located at the coordinates
{(—1,0),(0,—1),(1,0)}, but the true source location is (0.8,0.5). Since the true
source location is outside the region that our mixed SDP-SOCP relaxation model
could correctly compute which we discussed in the previous chapter, we use the
error correction algorithm in chapter 3. From Figure 5.5, the estimated source
location solved by mixed SDP-SOCP relaxation model is (0.7019, 0.2530) denoted
by diamond point and the corresponding error is 0.2658. After using the error
correction algorithm, the estimated source location become (0.8000, 0.5000) which

is the same as the true source location.
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Figure 5.5: Error correction

5.4 Examples with real data

Equipment and setup

In collecting the experimental data, the microphone arrays used for the recording
consist of 8 microphones, rectangular shape and L- shape in a room with 4 x 4.5
x 24m (L x W x H). The microphones are custom-built and are connected to
OctaMic amplifier, which is then connected to ADI-648 by RME to Hammerfall
DSP interface card in computer. All these equipments are from RME. The sound
driver used is ASIO Hammerfall DSP. All the microphone has been calibrated
before used. The speakers are connected using Delta 1010LT sound-card by M-
Audio. Note that separate sound devices are used for recording and playback but
their sampling frequency are set to be the same, which is 48000Hz. The speech
signals used for the recordings are from NOIZEUS database, which consists of 30
male and female clean speeches. The noise used is babble noise from NOISEX-92
database. All signals are up-sampled to 48000Hz for playback. The recording
setups are as shown in Figures 5.6 and 5.7. For each setup, Spkr 1 and Spkr 2 are
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Figure 5.6: Rectangular shape array

positioned at two distance, d=100 and 200cm.

Mixed SDP-SOCP relaxation model with least square method

We continue to study the use of the mixed SDP-SOCP model for localization
with real data. The SDPT3 (Toh et al. [2006]) will be employed to solve the
formulated model (3.2.25) for 8. By the characterization theorem, this relaxation
model will not be exact when the source is out the localizable region even the
time delay information is very accurate. Therefore, the location estimate can be
further refined by using s as a starting point for a further optimization using the

least square iteration.

First we use this real data to compute the TDOA, and then solve the formu-
lated mixed SDP-SOCP model (3.2.25) to get 8. Figures 5.8, 5.9,5.10 and 5.11
are for rectangular shape microphone array, and Figures 5.12, 5.13,5.14 and 5.15
are for L. shape microphone array, where the circle point is the true source loca-
tion and the diamond point is the estimated source location computed from least
square iteration with § as a starting point. Clearly, the results look promising and

the proposed method is very efficient computationally.
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Figure 5.7: L shape array
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Figure 5.8: Speaker 1, D=100cm, SDP-SOCP-LS method
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Figure 5.10: Speaker 1, D=200cm, SDP-SOCP-LS method
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Figure 5.11: Speaker 2, D=200cm, SDP-SOCP-LS method
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Figure 5.12: Speaker 1, D=100cm, SDP-SOCP-LS method
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Figure 5.13: Speaker 2, D=100cm, SDP-SOCP-LS method
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Figure 5.14: Speaker 1, D=200cm, SDP-SOCP-LS method
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Figure 5.15: Speaker 2, D=200cm, SDP-SOCP-LS method

Mixed SDP-SOCP relaxation model with error correction

method

Figures 5.16, 5.17,5.18 and 5.19 are for rectangular shape microphone array, and

Figures 5.20, 5.21,5.22 and 5.23 are for L. shape microphone array, where the circle

point is the true source location and the star point is the estimated source location

computed from error correction method.
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Figure 5.17: Speaker 2, D=100cm, SDP-SOCP-EC
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Figure 5.21: Speaker 2, D=100cm, SDP-SOCP-EC method
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Figure 5.22: Speaker 1, D=200cm, SDP-SOCP-EC method
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Figure 5.23: Speaker 2, D=200cm, SDP-SOCP-EC
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Figure 5.24: Speaker 1, D=100cm, Bi-level method

Bi-level method

Figures 5.24, 5.25,5.26 and 5.27 are for rectangular shape microphone array, and
Figures 5.28, 5.29,5.30 and 5.31 are for L. shape microphone array, where the circle
point is the true source location and the star point is the estimated source location

computed from bi-level method.
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Figure 5.25: Speaker 2, D=100cm, Bi-level method
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Figure 5.26: Speaker 1, D=200cm, Bi-level method
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Figure 5.27: Speaker 2, D=200cm, Bi-level method
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Figure 5.28: Speaker 1, D=100cm, Bi-level method
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Figure 5.29: Speaker 2, D=100cm, Bi-level method
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Figure 5.30: Speaker 1, D=200cm, Bi-level method
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Figure 5.31: Speaker 2, D=200cm, Bi-level method

SDP-SOCP-LS | SDP-SOCP-EC | Bi-level
speaker 1, D=100cm 0.0483 0.2664 0.0409
speaker 2, D=100cm 0.1167 0.2429 0.1424
speaker 1, D=200cm 0.0712 0.8071 0.1391
speaker 2, D=200cm 0.1522 0.7990 0.1540

Table 5.2: Error comparison with real data for rectangular shape microphone

array

Tables 5.2 and 5.3 are the error comparisons for rectangular and L shape

microphone array.
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SDP-SOCP-LS | SDP-SOCP-EC | Bi-level
speaker 1, D=100cm 0.1333 0.1320 0.1210
speaker 2, D=100cm 0.1906 0.2113 0.1403
speaker 1, D=200cm 0.1793 0.1686 0.0291
speaker 2, D=200cm 0.3393 0.3522 0.2908

Table 5.3: Error comparison with real data for L. shape microphone array

5.5 Examples with simulation

In this section, The matlab code written by Eric A. Lehmann for the purpose of
simulating reverberant audio data in small-room acoustics is used. It provide an
implementation of the image-source method (ISM) described in (Lehmann and

Johansson [2008]).

The image-source model (ISM) is a well-known technique that can be used in
order to generate a synthetic room impulse response (RIR), i.e., a transfer function
between a sound source and an acoustic sensor, in a given environment. Once such
a RIR is available, a sample of audio data can be obtained by convolving the RIR
with a given source signal. This provides a realistic sample of the sound signal

that would effectively be recorded at the sensor in the considered environment.

This approach is of considerable importance as it provides a quick and easy way
to generate a number of RIRs with varying environmental characteristics, such as
different reverberation times, for instance. Consequently, the ISM technique has
been used intensively in many application domains of room acoustics and signal

processing.

Here we assume the room is 5 x 5 x 2.5m (L x W x H).
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Figure 5.32: Example 1 with simulation, SDP-SOCP-EC method

Mixed SDP-SOCP relaxation model with error correction

method

In this section, we use mixed SDP-SOCP relaxation model with error correction

method to solve.

First, there are five microphones located at the coordinates {(1.7,2.2), (2.1,2.6),
(2.5,3),(2.9,2.6), (3.3,2.2)} and the true source location is (2.5, 2). From Fig 5.32,
we can see that the estimated source location denoted by star point is almost at
the same position as the circle point which is the true source location. The corre-

sponding error is 0.0064.

In the next example, we move the source to the position (2.5,1) and micro-
phones’ positions are the same as previous example, see 5.33. Adding microphones
to the right hand side or the left hand side regularly, See Figures 5.34, 5.35, 5.36
and 5.37. The corresponding errors are 0.1753, 0.1207, 0.1119, 0.0557 and 0.0209.

We can see the error becomes small when adding microphone.
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Figure 5.33: Example 2 with simulation, SDP-SOCP-EC method
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Figure 5.34: Example 2 with simulation, adding microphone (3.7,1.8), SDP-
SOCP-EC method
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Figure 5.35: Example 2 with simulation, adding microphone (1.3,1.8), SDP-
SOCP-EC method

451 O  microphone )
O  true source location

*  estimated source location

x(m)

Figure 5.36: Example 2 with simulation, adding microphone (4.1,1.4), SDP-
SOCP-EC method
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Figure 5.37: Example 2 with simulation, adding microphone (0.9,1.4), SDP-
SOCP-EC method

Next, we use another shape of microphone. Assume there are six microphones
located at the coordinates {(2.1, 3), (2.1, 2.5), (2.5, 3), (2.5,2.5), (2.9, 3), (2.9,2.5) }
and the true source location is (2.5,2). See Fig 5.38, where the circle point is
the true source location and the star point is the estimated source location. The

corresponding error is 0.0694.

In the next example, we move the source to the position (2.5,1.6) and micro-
phones’ positions are the same as previous example, see 5.39. Adding microphones
to the right hand side or the left hand side regularly, See Figures 5.40 and 5.41.
The corresponding errors are 0.3837, 0.2839 and 0.1453. We can see the error

becomes small when adding microphone.
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Figure 5.39: Example 4 with simulation, adding microphone (2.9,2.5), SDP-

SOCP-EC method
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Figure 5.40: Example 4 with simulation, adding microphone (3.3,2.5), SDP-
SOCP-EC method
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Figure 5.41: Example 4 with simulation, adding microphone (1.7,2.5), SDP-
SOCP-EC method
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Figure 5.42: Example 5 with simulation, Bi-level method

Bi-level method

In this section, we use bi-level method to solve. The same as previous section, first
assume there are five microphones located at the coordinates {(1.7,2.2), (2.1, 2.6),
(2.5,3),(2.9,2.6),(3.3,2.2)} and the true source location is (2.5,2). See Fig 5.42,

the corresponding error is 0.0059.

In the next example, we move the source to the position (2.5,1) and micro-
phones’ positions are the same as previous example, see 5.43. Adding microphones
to the right hand side or the left hand side regularly, See Figures 5.44, 5.45, 5.46
and 5.47. The corresponding errors are 0.7259, 0.0372, 0.0372, 0.0336 and 0.0336.

Next, we use another shape of microphone. Assume there are six microphones
located at the coordinates {(2.1, 3), (2.1, 2.5), (2.5, 3), (2.5,2.5), (2.9, 3), (2.9,2.5) }
and the true source location is (2.5,2). See Fig 5.48, where the circle point is
the true source location and the star point is the estimated source location. The

corresponding error is 0.0072.
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Figure 5.43: Example 6 with simulation, Bi-level method
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Figure 5.44: Example 6 with simulation, adding microphone (3.7,1.8), Bi-level
method
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Figure 5.45: Example 6 with simulation, adding microphone (1.3,1.8), Bi-level
method
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Figure 5.46: Example 6 with simulation, adding microphone (4.1,1.4), Bi-level
method
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Figure 5.47: Example 6 with simulation, adding microphone (0.9,1.4), Bi-level

method

Figure 5.48: Example 7 with simulation, Bi-level method
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Figure 5.49: Example 8 with simulation, Bi-level method

In the next example, we move the source to the position (2.5,1.6) and micro-
phones’ positions are the same as previous example, see 5.49. Adding microphones
to the right hand side or the left hand side regularly, See Figures 5.50 and 5.51.
The corresponding errors are 0.2007, 0.0377 and 0.0377.
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Figure 5.50: Example 8 with simulation, adding microphone (3.3,2.5), Bi-level
method
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Figure 5.51: Example 8 with simulation, adding microphone (1.7,2.5), Bi-level
method
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Figure 5.52: Mixed SDP-SOCP relaxation model for source localization combined

with sensor network localization

5.6 Mixed SDP-SOCP relaxation model for source
localization combined with sensor network

localization

Here we give a example for Mixed SDP-SOCP relaxation model for source local-
ization combined with sensor network localization. Assume we just know three
anchor microphones a;,i = 1,2, 3 located at the coordinates {(0.1,0.1), (4.9,0.1),
(2.1,3)}. The true positions of three sensor microphones r;,i = 1,2, 3 are {(2.5, 3),
(2.9,3),(3.3,3)} and the true source location is (2.5,2). We know the distance
between a; and ry,a; and r1,a; and ry,a9 and r3,r; and r3,ry and r3. Figure 5.52

shows the estimated position of sensor microphones and source location.
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Chapter 6

The review of time difference of

arrival

In this chapter, we give four methods to find the time difference of arrival (TDOA),

and use the cross correlation method to solve our actual problem.

6.1 Review of time difference of arrival

Generalized cross correlation(GCC) method

For a pair of microphones, the received signals at the two microphones can be
expressed as

xo(t) = s(t + D) + no(t)

where D is the time difference of arrival(TDOA) of two microphones, and {n;(t),t =
1,2} represent the noise. The Fourier transforms of these two microphone signals

can be represent as

Xi(w) = S(w) + Ny(w)
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Xo(w) = S(w)e?™P + Ny(w)
Then we can obtain the cross power spectral density with no pre-filtering
Py (w) = Xy (w) X3 (w)
[S(w) + Ni(w)][S(w)e™ + Na(w)]*
S(w)S*(w)e™ P 4+ S(w) Ny (w) + S*(w) Ny (w)e 7P + Ny (w)Nj (w)
O (w)e 7P + S(w)Nj(w) + S*(w) Ny (w)e™2 + Ny (w) N (w)

where @4 (w) is the power spectral density of the source signal.

The noise signals are assumed to be uncorrelated with the signal and each
other, thus it is not necessary to do the cross-correlation computation for the last
three terms in the above equation. The cross-correlation of signals is an inverse

Fourier transform operation.

Ryyoy(T) = F_l[qDSS(w>e_jWD]
= Ry(7) % 6(1 — D)
= [* Ry(t)-8(t — D —t)dt

o0

= [* Ry(t) - 6(t — (r — D))dt
= Ry (7 — D)

Thus the TDOA estimate is calculated from

~

D = argmax Ry, .,(T)

With the Fourier transforms of these filters denoted by G (w) and Ga(w), the

generalized cross-correlation(GCC) function is given by

Ryyay(T) =

= 70 (Gr(w) X1 (w))(Ga(w) Xa(w)) e dw
o | (Gr(w) G (w) X (w) X5 (w) el dw

Defining the frequency dependent weighting function(sometimes called prefilter)

U(w) = G1(w)G5(w), the GCC function can be expressed as

1 [~ .
Raay (T> / \D(w)q)xlxg (w)ejw‘rdw

:% .
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The prefilter used in the phase transform(PHAT) is

1

N

Then the generalized cross-correlation with phase transform(GCC-PHAT) is

given by

PHAT
R$1$2

(

ffooo<m) (‘I)ss(w)e_jw’j)ejwdw
(
(

Thus the TDOA estimate is calculated from

A

D = argmax RVHAT (1)

1T

The prefilter used in Maximum Likelihood(ML) is

where | vz, (W) |

2__

1 | Yy (w) |
\IIML<w) — 142
| (1)931332(“)) ‘ 1- | 72711E2(w) |2
— |¢I112(w)‘2
@yqag (w)q)zle (w) "

Average square difference function(ASDF) method

This method is to find the minimum error square between two received signals of

microphone pair.

Raspr(T) = E([z1(t) — 2o(t +7))?

Thus the TDOA estimate is calculated from

7 =argmin Raspr(T)
T
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Least mean square(LMS) adaptive filter method

Assume x4 (t) is the reference signal, z5(t) is the desired signal and a finite impulse
response(FIR) filter of length L is h(t) = [ho, b1, -+, hr—1]. The LMS output can
be expressed as

y(t) = h' (1) Xu(t)

where X (t) = [z1(t),21(t — 1),--+ ,21(t — L + 1)]. The error output is

et) = z5(t) — h' () X1(t)

An estimate h(t) can be obtained by minimizing E{e*(t)} using adaptive al-
gorithm. With the LMS adaptive algorithm, A(t) is updated according to

h(t+1) = h(t) + pe(t) X1(t)

where 1 is a small positive adaptation step size which controls the rate of conver-

gence. Then the TDOA estimate is given by

%:argmlax|hl |

Adaptive eigenvalue decomposition method

In the above methods, a common assumption is that each microphone receives
only the direct-path signal. In this section, we introduce the adaptive eigenvalue
decomposition method which fully into account the reverberation effect. In the
reverberation model, the received signals for a pair of microphones are expressed
as

zi(t) = h; * s(t) +ny(t), i=1,2

where * denotes the convolution and h; is the channel impulse response between

source and the ¥ microphone.

If we ignore the noise term, we can get
x1(t) * hg = s(t) * hy *x hy = z5(t) * hy.
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At the time instant ¢, above equation can be expressed as a vector matrix form
x'(t)w = x| (t)hy — x5 (t)h; = 0,

where
x;(t) = [;(t), zi(t — 1), -+ ,2;(t — L+ 1)]", i =1,2,
x(t) = [x; (1), % ()],
W = [hg’ _h{]Ta

Then we have

x(t)x? (H)w = 0,
E{x(t)x"(t)}w = 0.

Let R = E{x(t)x’(t)} which is the covariance matrix of the microphone signals,

above equation can be expressed as
Rw =0, (6.1.1)

which means w is in the null space of R. More specifically, w is the eigenvector of
R corresponding to the eigenvalue 0. Thus we can determine those two channel

impulse response h; and hs.

With the estimated Hl and HQ, the TDOA estimate can be determined by

7T = arg max | ]tLQJ | —arg max | iLu |

6.2 Experiment comparison

In this section, the same real data in chapter 5 is used to compare TDOA estimates

obtained by the cross correlation method with the exact TDOA.

For rectangular shape microphone array, the detail of the comparison between
the exact TDOA and the TDOA estimates obtained by the cross correlation
method is given in Table 6.1, 6.2, 6.3 and 6.4. In the following tables, the upper
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row presents the exact TDOA and the lower row presents the TDOA estimates

obtained by the cross correlation method.

For L shape microphone array, the detail of the comparison between the exact
TDOA and the TDOA estimates obtained by the cross correlation method is given
in Table 6.5, 6.6, 6.7 and 6.8.
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Conclusions

In this thesis, the design of distributed broadband beamforming system is stud-
ied. We use two methods to solve the minimax optimization problem. First, it
is transformed into a semi-definite programming problem so that interior point
algorithms can be applied. Also it can be formulated as a non-strictly convex
semi-infinite programming problem, adding a small perturbation quadratic func-
tion to the objective function to make it strictly convex and the new exchange
algorithm is applied. For the source localization problem, we formulate a new
mixed SDP-SOCP relaxation model. We obtain a representation for the solution
of the mixed SDP-SOCP model and the characterization such that the mixed
SDP-SOCP model has an exact relaxation in two-dimensional case. Moreover, we
derive the geometry of the localizable region for the proposed mixed model. Many
illustrated examples demonstrate those approaches can be applied successfully and

some comparisons are presented.
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Appendices—The introduction of
Matlab codes

Matlab codes for chapter 2

In chapter 2, we use two methods to solve the beamforming design problem, one is
semi-definite programming, the other one is semi-infinite programming which ac-
tually using multiple exchange algorithm. For solving the semi-definite program-
ming problem, we use the software package SDPA-M (Semidnite Programming
Algorithm in MATLAB) Version 2.0 (Fujisawa et al. [2005]) introduced below.

SDPA-M

SDPA-M Version 2.0 which is a Matlab interface of the SDPA Version 6.0 is a fast

and numerically stable solver for semi-definite programming problems.
The SDPA-M solves the following standard form semidenite program

m
min E CiT;
i=1

s.t. X:ZFZZEI—F(), X>_'0,

i=1
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and its dual
max Fgy-Y

st. F;-Y=¢(i=1,---m), Y =0,

Problem data input

e mDIM — Number of primal variable.

e nBLOCK bLOCKsSTRUCT — The number of blocks, the block structure

vector. If we deal with a block diagonal matrix F of the form

B, 0 0 --- O
B 0O B, 0 --- O
0
0 0 0 --- B,
where B; is a p; X p; symmetric matrix (i = 1,2,--- ).

Define

nBLOCK =1,
bLOCKsTRUCT = (ﬂl, @2, tee ,5l),
p; if B; is a p; X p; symmetric matrix,

B =

—p; if B; is a p; x p; diagonal matrix.

e c — Constant vector. We write all the elements ¢y, ¢o, - - - , ¢, of the constant

vector c.

e F — Constraint matrices. F is nBLOCKx(mDIM+1) cell matrix. Here each
F{i, 7} denotes the ith block of F;_; (i = 1,--- ,nBLOCK, j = 1,--- ,mDIM+1).

The main function is sdpam.m whose calling syntax is as follows:

[objVal, z, X, Y]
= sdpam(mDIM, nBLOCK, bLOCKsTRUCT, ¢, F, 0, X0, Y0, OPTION)
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For our beamforming design problem, since the passband region and stopband
region have six block together. We construct the constraint matrix F' to be a zxzx6
by nxl+2 cell where z is the number of discretization, n is number of microphones
and [ is the filter length. Thus mDIM = n %[ + 1, nBLOCK = 2z % z x 6 and
bLOCKsTRUCT = 3x*ones(1, zx z%6). The constant vector ¢ = [1 zeros(1,n*l)].

Perturbation multiple exchange algorithm

The beamforming design problem is also converted into a semi-infinite program-
ming problem, which is solved by the perturbation multiple exchange algorithm
presented in chapter 2. Here we use the function quadprog in Matlab to solve.
In each iteration, the discretization method is used to find the points that are

greater than 7.

Matlab codes for chapter 5

In chapter 5, The software package SDPT3 introduced below is used for solving
the mixed SDP-SOCP relaxation model.

SDPT3

SDPT3 is designed to solve conic programming problems whose constraint cone
is a product of semidenite cones, second-order cones, nonnegative orthants and
Euclidean spaces. Objective function is the sum of linear functions and log-barrier

terms associated with the constraint cones.
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The SDPT3 solves the following standard form of such SQLP problems

min Z < cj, x5 > —vilogdet(z})] + Z <zl > —vllogry(z])]

ny
+<cat >~ Zvilog(mi)—i— <ctxt >
k=1

> A +2Aq )+ Az + Atz = b,
xi € K¥Vj, ! € KiVi, o' € K" " € R™.

Si . .. . . . . . .
where K’ is the cone of positive semidenite symmetric matrices of dimension s;,

K is the quadratic or second-order cone of dimension ¢;, K;" is the nonnegative

orthant of dimension n;.

It also solves the dual problem

max b’y + Z vilogdet(z5) + s;05 (1 — logvj)]

j=1

+ Z [vflogy(2]) + vi(1 — logul)] + Z vilog(zh) + vk (1 — logv})]
k=1

y+zszcs ZEKSJ’jzl’...’n

S

s.t. (A°

s
J

Aq

(A" s
( )y+Z _szz Gqu ':17"'7nq
ATy +2'=d, 2 e K

(

ATy =, y € R™
Problem data input

For the above SQLP problem, let L be the total number of blocks in it, the block

structure of the problem data is described by an L x 2 cell array named blk.

If the jth block is a semidenite block consisting of a single block of size s;,
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then the input data is

blk{j? 1} =' Sl? blk{j>2} - [Sj],
At{j} = [s; x m sparse],
C{j}, X{j}, Z{j} = [s; x s; double or sparse],

where §; = s;(s; +1)/2.

If the jth block is a semidenite block consisting of numerous small sub-blocks,
say p of them, of dimensions s;i, Sj2,- -, s;, such that > 7_; s;, = s;, then the
input data is
blk{j,1} ="', blk{j,2} = [s;1, )2, ** , Sjp),
At{j} = [s; x m sparse],
C{j}, X{j}, Z{j} = [s; x s; sparse],

where §; = > P sjp(s +1)/2.

If the ith block is a quadratic block consisting of numerous sub-blocks, say
p of them, of dimensions g;1, g2, - ,¢; such that Y 7_, ¢;, = ¢;, then the input

data is
blk{Z, 1} =’ q/’ blk{l, 2} = [Qila qi2, - 7Qip]>

At{i} = [g; x m sparse],
C{i}, X{i}, Z{i} = [¢; x 1 double or sparse],

If the kth block is the linear block, then the input data is

blk{k, 1} =' ', blk{k,2} = n,,
At{k} = [n; x m sparse],
C{k}, X{k}, Z{k} = [n; x 1 double or sparse|,

If the kth block is the unrestricted block, then the input data is

blk{k, 1} =' ', blk{k,2} = n.,
At{k} = [n, x m sparse],
C{k}, X{k}, Z{k} = [n, x 1 double or sparse],

— 152 —



PhD Thesis Appendices

The main function is sqlp.m whose calling syntax is as follows:

[obj, X, y, Z, info, runhist] = sqlp(blk, At, C, b, OPTIONS, X0, 0, Z0).

For our mixed SDP-SOCP relaxation model, in writing matlab code, we con-

struct 3 parts for block. One is Z, it is a positive semi-definite matrix, then we

pi 0 0
have blk{1,1} =" &/, blk{1,2} = 3. Oneis | 0 1 p; | , it is also a posi-
0 B «
tive positive semi-definite matrix, then we have blk{p,1} =" ¢/, blk{p,2} = 3.
At last, one is ‘ , it is a vector in second order cone, then we have
S —a;

blk{p,1} =" ¢, blk{p,2} = 3. The corresponding At,C,b are the coefficients
for those three type variables in the mixed SDP-SOCP relaxation model.

Simulation

For the simulation part, first the matlab code written by Eric A. Lehmann for
the purpose of simulating reverberant audio data in small-room acoustics is used.
Then we use the cross correlation method introduced in chapter 6 to find the time
difference of arrival. Here the function named xcorr in Matlab is used. After

finding the TDOA, we try to solve the relaxation models by SDPT3.
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