THE HONG KONG
Q POLYTECHNIC UNIVERSITY
& Fenian

Pao Yue-kong Library
BEREEE

Copyright Undertaking

This thesis is protected by copyright, with all rights reserved.
By reading and using the thesis, the reader understands and agrees to the following terms:

1. The reader will abide by the rules and legal ordinances governing copyright regarding the
use of the thesis.

2. The reader will use the thesis for the purpose of research or private study only and not for
distribution or further reproduction or any other purpose.

3. The reader agrees to indemnify and hold the University harmless from and against any loss,
damage, cost, liability or expenses arising from copyright infringement or unauthorized
usage.

IMPORTANT

If you have reasons to believe that any materials in this thesis are deemed not suitable to be
distributed in this form, or a copyright owner having difficulty with the material being included in
our database, please contact lbsys@polyu.edu.hk providing details. The Library will look into
your claim and consider taking remedial action upon receipt of the written requests.

Pao Yue-kong Library, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

http://www.lib.polyu.edu.hk




This thesis in electronic version is provided to the Library by the author. In the case where its contents is different from the
printed version, the printed version shall prevail.

SPHERICAL t.-DESIGN AND APPROXIMATION ON THE SPHERE:
THEORY AND ALGORITHMS

YANG ZHOU

Ph.D

The Hong Kong Polytechnic University

2014



lbsys
Text Box
This thesis in electronic version is provided to the Library by the author.  In the case where its contents is different from the printed version, the printed version shall prevail.



THE HONG KONG POLYTECHNIC UNIVERSITY

DEPARTMENT OF APPLIED MATHEMATICS

SPHERICAL t.-DESIGN AND APPROXIMATION ON
THE SPHERE: THEORY AND ALGORITHMS

YANG ZHOU

A THESIS SUBMITTED IN PARTIAL FULFILMENT OF THE REQUIREMENTS

FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

JuLy 2014



11



Certificate of Originality

I hereby declare that this thesis is my own work and that, to the best of my knowledge
and belief, it reproduces no material previously published or written, nor material that
has been accepted for the award of any other degree or diploma, except where due ac-

knowledgement has been made in the text.

(Signed)

ZHOU Yang (Name of student)

111



v



Dedicate to my parents.



vi



Abstract

This thesis concentrates on the spherical t.-designs on the two-sphere, numerical algo-
rithms for finding spherical t.-designs and numerical approximation on the sphere using
spherical t.-designs.

A set of points on the unit sphere is called a spherical t-design if the average value
of any polynomial of degree at most ¢ over the set is equal to the average value of the
polynomial over the sphere. Spherical t-designs have many important applications in
geophysics and bioengineering, and provide many challenging problems in computational
mathematics. As a generalization of spherical t-design, we define a spherical t.-design

with 0 < e < 1 which provides an integration rule with a set of points on the unit sphere

min weight <

e woight S 1. The integration rule also gives

and positive weights satisfying (1 — €)% <
the exact integral for any polynomial of degree at most ¢. Due to the flexibility of choice
for the weights, the number of points in the integration rule can be less for making the
exact integral for any polynomial of degree at most t. To our knowledge, so far there is
no theoretical result which proves the existence of a spherical t-design with (¢ +1)? points
for arbitrary t. In 2010 Chen, Frommer and Lang developed a computation-assist proof
for the existence of spherical t-designs for ¢ = 1,...,100 with (¢ + 1)? points. Based on
the algorithm proposed in that paper, a series of interval enclosures for spherical ¢-design
was computed. In this thesis we prove that all the point sets arbitrarily chosen in these
interval enclosures are spherical t.-designs and give an upper bound of e. We then study
the variational characterization and the worst-case error of spherical ¢.-design. Based on
the reproducing kernel theory and its relationship with the geodesic distance, we propose

a way to compute the worst-case error for numerical integration using spherical ¢.-design

in Sobolev space.

vil



Moreover, we propose an approach for finding spherical ¢.-designs. We show that
finding a spherical t.-design can be reformulated as a system of polynomial equations
with box constraints. Using the projection operator, the system can be written as a
nonsmooth nonconvex least squares problem with zero residual. We propose a smoothing
trust region filter algorithm for solving such problems. We present convergence theorems
of the proposed algorithm to a Clarke stationary point or a global minimizer of the problem
under certain conditions. Preliminary numerical experiments show the efficiency of the
proposed algorithm for finding spherical ¢.-designs.

Another contribution in this thesis is the numerical approximation on the sphere using
regularized least squares approaches. We consider two regularized least squares problems
using spherical t.-designs: regularized polynomial approximation on the sphere, and regu-
larized hybrid approximation on the sphere using both radial basis functions and spherical
polynomials. For the first approach we apply the /5 regularized form and give an approx-
imation quality estimation. For the second approach we study its ¢; regularized form
and solve the problem using alternating direction method with multipliers. Numerical

experiments are given to demonstrate the effectiveness of these two models.
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Chapter 1

Introduction

As a long-standing difficult problem, distribution of points on the sphere is widely studied
in recent years. In 1998 Steve Smale proposed a list of eighteen unsolved problems in
mathematics, in which distribution of points on the two-sphere is the ranked 7th problem
among them.

There are numerous applications of distribution of points on the two-sphere. This
problem appears in plenty of academic areas which is relative to numerical integration
and approximation on the sphere. For instance, the earth’s surface is an approximate
sphere S?, and distribution of points is relevant to many problems of geophysics, including
climate modeling, geodetic engineering and global navigation. Especially, polynomial
approximation on S? has wide applications in coding communications, scattering and
inverse scattering problem, viruses analysis and surface reconstruction.

Based on different purposes and strategies, various kinds of point systems are pro-
posed in recent decades, such as minimal energy points [46], extremal points [55, 63] and
equal area partitioning points [54, 57]. As an important type of point systems, spherical
t-design is a set of points with the average value of any polynomial of degree at most ¢

over the set equal to the average value of the polynomial over the sphere.

In this thesis we investigate a new concept called spherical t.-design with 0 < e < 1,
which is a generalization of spherical t-design. The organization of this thesis is as follows.
In the rest of Chapter 1 we will introduce some backgrounds about the distribution of

points on the two-sphere, and its applications to numerical approximation and integration
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on the two-sphere.

In Chapter 2 we study the relationship between interval enclosures containing fun-
damental spherical ¢-designs and spherical ¢.-designs. We prove that all the point sets
arbitrarily chosen in the interval enclosures proposed in [25] are spherical ¢.-designs and
give an upper bound of €. We then study the variational characterization and the worst-
case error of spherical t.-design. Based on the reproducing kernel theory and its relation-
ship with the geodesic distance, we propose a way to compute the worst-case error for
numerical integration using spherical ¢.-design in Sobolev space.

In Chapter 3 we propose an approach for finding spherical ¢.-designs. We show that
finding a spherical t.-design can be reformulated as a system of polynomial equations
with box constraints. Using the projection operator, the system can be written as a
nonsmooth nonconvex least squares problem with zero residual. We propose a smoothing
trust region filter algorithm for solving such problems. We present convergence theorems
of the proposed algorithm to a Clarke stationary point or a global minimizer of the problem
under certain conditions. Preliminary numerical experiments show the efficiency of the
proposed algorithm for finding spherical ¢.-designs.

In Chapter 4 we apply the spherical t.-designs to the numerical approximation on
the sphere using regularized least squares approaches. We consider two regularized least
squares problems using spherical t.-designs: regularized polynomial approximation on
the sphere, and regularized hybrid approximation on the sphere using both radial basis
functions and spherical polynomials. For the first approach we apply the [y regularized
form and give an approximation quality estimation. For the second approach we study
its [; regularized form and solve the problem using alternating direction method with
multipliers.

We implement relative algorithms and models in MATLAB 2012b on a Lenovo Think-
center PC equipped with Intel Core i7-3770 3.4G Hz CPU, 8 GB RAM running Windows

7. Numerical experiments are given to demonstrate the effectiveness of these two models.



1.1 Spherical harmonics

1.1.1 Unit sphere and spherical geometry
The unit sphere is a nonempty compact subset of R4*! defined by
S i={x = (21,...,2451)" € R | x|y = 1},

where | - || means the Euclidean norm, i.e.,
dt1

x|y = x"x = 2 T3
i=1

The unit sphere S? = {x = (2,9,2)T e R® : 22 + 4? + 22 = 1} can be parameterized
by spherical polar coordinates (6, ), where 6 and ¢ are the polar and azimuthal angles

respectively, satisfying 0 < § < 7 and 0 < ¢ < 27. That is to say,

sin @ cos
x = | sinfsing |. (1.1)
cosf

One significant property of S¢ is that it can be generated from one single point by
application of elements of the group of all (proper) rotations R — R+l Note that
with respect to the standard basis in R%*!, the elements of this group are represented by

the elements of

Y= (S e REFDXE+D | g6 — T det(S) = 1}. (1.2)
For multivariate continuous functions on the sphere
f:SY >R,
denote the space of all these functions by C(S%), provided with the maximum norm, i.e.,

[ fle@s = 1fle := sup [f(x)].

x€eSd
For f e C(S%) and S € 4! define fg e C(S?) by
fox) = f(5%), xe§"

If feV and V is a subspace of C(S?), fs needs not to be located in V for arbitrary S.
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Definition 1.1. (Rotationally invariant) A subspace V of C(S%) is called rotationally
invariant if x € S implies Sx € S for all S € U and if fs € V holds for arbitrary

fev,Seudtt,

Obviously, C(S?) is rotationally invariant. Moreover, there are elements in C'(S?) with

the property that f¢ = f for some rotations S. For instance, if f is defined by
flx) =gt x), xe8,

for some g € C[—1,1] and t € S%, then fg = f holds for arbitrary S € U4 which keep t
fixed.

In this thesis we will concentrate on studying the point sets on the two-sphere S?.
Denote a point set on S? by Xy = {x1,...,Xx}, the mesh norm of Xy describes the

radius of the largest “hole” on the surface of the sphere with none of x; in it.

Definition 1.2. (Mesh norm) The mesh norm hx, of a set Xy < S?% is defined by

h = max min cos ' (x-y). 1.3
Xy 1= Iax min (x-y) (1.3)

The reproducing kernel is a very useful tool to deal with the representation for ap-
proximation schemes. For detail, we refer to the classical article [4]. Let B(S?) be a class
of functions defined in S?, forming a Hilbert space with inner product (-, and norm

| - |g. The function ¢(x,y) of x,y € S? is called a reproducing kernel of B if

1. For every y, ¢(x,y) as function of x belongs to B.

2. For every y € S? and every f € B,
fy) =<F0), 00, y)e. (1.4)

From the definition we can see that ¢(-,-) is invariant under rotation, and is bizonal

following the definition below.

Definition 1.3. [67] A function ¢(-,-) € C(S* x S?) is called bizonal if for arbitrary points

x,y € S?, the following holds
o(x,y) = (xy)
4



for some univariate function ¢ : [—1,1] — R.

1.1.2 Spherical harmonic polynomials

The restriction of a homogeneous polynomial in 3-dimension of degree ¢ > 0 to the
sphere S? is called a spherical polynomial of degree /. Denote the space of all spherical
polynomials on S? of degree £ = 0 by Y, := Y,(S?) and it is well known that the dimension
of Y, is

dim(Y,) = 20 + 1. (1.5)

Denote the space of square integrable functions on S?* by LL,(S?). Then it is a Hilbert

space with the inner product defined as

oy = ||| Fx)gx)dul), 1.9 2 LS, (1.6

and the induced norm

s = ( ] !f(X)I2dw<X)>; . JeLy(sY, (1.7

where w(x) denotes the normalized surface measure on S?. By Corollary 2.15 in [5], we
have that for ¢ # ¢,
Y, L Yy, (1.8)

with respect to the Ly(S?) inner product.

If p is a polynomial, then we denote its restriction to S? by p|sz, and we define

P, = P,(S?) = {pls> : deg(p) < t}, (1.9)

as the space of spherical polynomials of degree < t. Thus together with (1.8) we can have
that
Pt:Y(]@YI...@Yt, (110)

is a decomposition of P; into orthogonal subspaces, with the orthogonality based on the
Ly (S?) inner product. Therefore, a basis for P; can be introduced by giving a basis for each
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of the subspaces Y, £ > 0. Denote an Ly-orthogonal basis of Y, by {Y, 1, k = 1,...,2¢(+1}
for a fixed . We call Yy, a spherical harmonic (polynomial) with degree ¢ and order k.
The spherical harmonics is also the eigenfunction of the Laplace’s equation with the form

as

Au=0 or V?u=0, (1.11)

where A = V? is the Laplace operator and u is a scalar function. As their name suggests,
the spherical harmonics arise from solving the angular portion of Laplace’s equation in
spherical coordinates using separation of variables. For d = 2, {Y;;,¢ = 0,...,0,k =
1,...,20 + 1} is the eigenvalue function set of the Laplace operator. Then from (1.8) we

know that all Y, are Ly-orthogonal to each other, in the sense that
f Y'&k}/g/’k/dw(x) = 6(,[’5k,k’7 f, él = 0, cee ,t; k?, k‘/ = 1, ce ,25 + 17 (112)
SZ

where g is the Kronecker delta. Therefore, {Y,i, £ =1,...,¢t, k=1,...,20+1 } is a

[Ly-orthonormal basis of the space P;. And it is easy to see that
t
dy = dim(P;) = Y 120+ 1 = (t + 1)°. (1.13)
=0

The spherical harmonic basis functions derived in this fashion take on complex values,
but a complementary, strictly real-valued set of harmonics can also be defined. The close
form of real spherical harmonic polynomials Yy, £ =0,...,0, k=1,...,20+ 1 on $? is
[1, 5]

NepP P (cosO) coskp, k=1,...,4,
Yir(0,0) =< NepPP(cosh), k=0+1, (1.14)

NewPF " HeosO)sinkp, k=0+2,...,20+1,

where Ny are the normalization coefficients

24 1(0—|k— (1))
Npp = k=1...,2 1
L \/ ar (Ot k— (-1 - 204



and P, : [-1,1] — R are the associated Legendre polynomials. Furthermore, the spherical

gradient V*(-) of Y, could be represented as [42, 70]

—kNg’ka‘k‘(cos O sinkp, k=—0,...,—1,
0
Y, (0 = — 1.15
(9@ Z,k( 780) 07 k Oa ( )
k Ny P (cos 8) cos ke, k=1,...,¢,
@ (01 1)2 — k2 2 k2
—_ = — 1 _ .
sinf 75 e (0, ) Z\/ Rir D3 o) - >\/ i =1 )

(1.16)

Moreover, for any given Y;;, we have
1. }/Z,k(07 p+ 27T) = n,k(ev QD),
2. |Yer(0, )| < 0,

3. [Yie(m, ¢)| < o,

4 Yol < 4/EE for k=1,...,20+1,0=0,...,00.

Another important result about spherical harmonics is the addition theorem, which is
concerned with the relationship between spherical harmonics and Legendre polynomials.
The addition theorem holds on S¢ with d > 1. Similar with what is defined in S? case,
we define Y¢ as the space of all spherical polynomials with degree £ on S¢, and let P, be
the normalized Gegenbauer polynomial [1], then the addition theorem can be represented

as follows.

Theorem 1.4. [5] (Addition Theorem) Let {Yéz) ck=1,...,M(d,{)} be an orthog-

onal basis of Y¢, i.e.,
f Y x)Y 0 (x)dwa(x) = 0w, 1< kK < M(d, ().
sd ’
Then

M(d,0)
3 YRV (y) = M 0)Pa(x-y) ¥xyeS” (1.17)
k=1
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Another important result is Berstein’s inequality. Define the set of trigonometric

polynomials Ty by

t
T; = {p 2 p(0) = Z are®® a; e C}. (1.18)

k=—t

A real trigonometric polynomial of degree at most ¢ is an element of T¢ taking only real
values on the real line. We denote by T; the set of all real trigonometric polynomials of

degree at most t.

Theorem 1.5. [16] (Bernstein’s Inequality) The inequality

[P lem@) < " [pllom ) (1.19)

holds for every p € Ty, where | - || cmw) denotes the uniform norm on C™(R).



1.2 Distribution of points on the sphere

1.2.1 Spherical t-designs

Firstly, we show the definition of spherical t-design which was first introduced in the

groundbreaking paper [36] by Delsarte, Goethals and Seidel.

Definition 1.6. (Spherical t-design) Let Xy = {x1,...,xx} be a set of N points on
the unit sphere S¢, and let P, := P,(S?) be the linear space of restrictions of polynomials

of degree at most t in d + 1 variables to S®. The set Xy is a spherical t-design if
LS p) = o [ st (1.20)
— ) p(xj) = = | p(x)dwy(x .
szl / 1S4] Jsa

holds for all spherical polynomials p € Py, where dwy(x) denotes the normalized surface

measure on S¢.

In the past decades, spherical ¢-designs have been extremely studied, see [2, 3, 6,
7, 8,9, 25, 43, 47, 64]. The existence of spherical designs for all values ¢ was proved
by Seymour and Zaslavsky [60] in 1984. However, the number of points N needed to
construct a spherical t-design is a long-standing open problem.

For each t,d € N denote by N(d, t) the minimal number of points in a spherical ¢-design

in S¢. The following lower bound

d+k N d+k—1 if = 2k,
d d

N(d,t) = 4 (1.21)

2(%"“) if t =2k + 1,

is proved in [36]. Spherical t-designs attaining this bound are called tight. It has been

proved that the vertices of a regular ¢ + 1-gon form a tight spherical ¢-design on the circle
S', so we have N(1,t) =t + 1, see [36]. Exactly eight tight spherical designs are known
for d = 2 and t > 4. All such configurations of points are highly symmetrical and optimal
from many different points of view, see [33, 35]. Unfortunately, tight designs rarely exist.

9



In particular, Bannai and Damerell [7, 10] have shown that tight spherical designs with
d > 2 and t > 4 may exist only for t =4,5,7 or 11.

In [50, 61] a well known lower bound of the number of positive weight quadrature
points was established for general regions. Denote € R? by a region which is either the
closure of a connected open domain, or a smooth closed lower-dimensional manifold in

region R

Lemma 1.7. [61] If a quadrature rule is exact for all polynomials of degree < 2t on the
region €2, then the number of quadrature points N satisfies N = d(2), where di(Q2) is the

dimension of P(£2).

Recently, a lot of remarkable work for the value of N(d,t) has been raised. In
1993, Korevaar and Meyers [47] proved that N(d,t) < Cgt@+9/2 and conjectured that
N(d,t) < Cyt?, where Cj is a sufficient large positive constant depending only on d. This
conjecture have been proved by Bondarenko, Radchenko and Viazovska [14] in 2011. In
addition, Bondarenko, Radchenko and Viazovska [15] proved the existence of well sepa-

rated spherical t-designs for all N > Cyt¢ for some unknown Cy > 0.

Theorem 1.8. [14] For d = 2, there exists a constant Cyq depending only on d such that

for every N = Cgt? there exists a spherical t-design on ST with N points.

For d = 2, there is an even stronger conjecture by Hardin and Sloane [43] saying that
N(2,t) < 2t? + o(t?) as t — co0. Numerical evidence supporting the conjecture was also
given [43, 64].

In 2011, Chen, Frommer and Lang [25] proposed a computational-assisted proof for
the existence of spherical designs on S? with N = (¢ + 1)? for all values of ¢ < 100. In
[25], an algorithm based on interval arithmetic is proposed to calculate a series of sets of
small interval enclosures containing spherical designs.

It is well known that there are many equivalent conditions for a set Xy < S? to be a
spherical t-design. Among them the following proposition plays a significant role in the

study of this problem:

10



Proposition 1.9. [36, 64] A finite set Xy = {X1,...,Xn} is a spherical t-design if and

only if the Weyl sums
N
DYir(x) =0, k=1,...20+41, (=1, .t (1.22)
i=1

Based on this proposition, Chen and Womersley [28] reformulated the problem of
finding a spherical ¢-design with N = (¢ + 1)? points as a system of underdetermined
nonlinear equations. A generalized result was then proved in [2] for the case N > (¢ +1)%.

Define the function C; : §? x --- x §* — RN~! by
[ —

N times
Ci(Xn) := EG{(Xn)e, (1.23)
where
E = [1,-Iy_4]eR&-DxN (1.24)
Gi(Xn) = Y XN)Y(Xy), (1.25)
e = (1,1,..., )T e RO+, (1.26)
and1 := (1,..., )T e RN, (1.27)
and

(Yt>i,€2+k(XN) :ng’k(Xi), 1= 1,...,N, k= 1,,2€+ 1, EZO,,t

Proposition 1.10. [2] Let N > (¢t + 1)?, and suppose that Xy = {xi1,...,Xn} 15 a

fundamental system of P,. Then Xy is a spherical t-design if and only if Cy(Xy) = 0.

By Proposition 1.9 we can guess that for any fixed ¢ and N = (¢ + 1)?, spherical
t-design is not unique, since equation (1.22) is nonlinear with respect to the points with
maximal degree t. The matrix G¢(Xx) which is constructed by some spherical t-designs
may be singular, or ill-conditioned, which is not suitable for polynomial approximation
and interpolation. To overcome this challenge, a new concept called well-conditioned

(extremal) spherical t-design was proposed in [2].
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Definition 1.11. (Extremal spherical designs) A set Xy = {x1,...,xy} © $? of
N > (t + 1)? points is an extremal spherical t-design if the determinant of the matriz
H,(Xy) := Y XN)Y(XN)T € REDXED® s magimal subject to the constraint that Xy

15 a spherical t-design.

In [2], the well conditioned spherical t-designs with N > (¢+1)? points are constructed
by maximizing the determinant of a Gram matrix which satisfies undetermined nonlinear
equations. Interval methods are then used to prove the existence of a true spherical t-
design and to provide a guaranteed interval containing the true spherical t-design. The
well-conditioned spherical designs are proved to have well separated properties.

Some other noteworthy work is that Sloan and Womersley [64] analyzed some varia-
tional characterization of spherical designs and proposed another approach to find spher-
ical t-design with N < (¢ + 1)? using the found variational characterization. Furthermore,
Brauchart, Saff, Sloan, and Womersley studied the worst-case error of numerical integra-
tion for functions in Sobolev spaces using spherical designs in [19], and demonstrated the
effectiveness numerical integration using spherical designs compared to some other point

systems.

1.2.2 QMC designs

Denote the space of square integrable functions on S by L,(S%). It is a Hilbert space

with the inner product

(s s = J F(x)g(x)dwa(x),  f,g € La(S"), (1.28)

Sd

and the induced norm

o = ([ 1700Paa)) ", 1 e Lafs) (1.29)

The Sobolev space H*(S?) can be defined for s > 0 as the set of all functions f € Ly(S%)

whose Laplace-Fourier coefficients

12



fﬁ,kz = <f> n,k>L2(Sd) = Ld f(X)ng,k(X)dwd(X)

satisfy
oo M(d/L
Z Z 1+/\g )fgk‘ < 00,

where the Ay = £(¢ + d — 1). Obviously, by letting s = 0 we can obtain H"(S?)
Define the norm of H*(S?) as

N|=

If

o 20+1 1
H“":[ZZ ()fék] )

=0 k=1 @y
where the sequence of positive parameters ozg ) should satisfy
af ~ (14 X) ™ ~ (L +1)72,

Correspondingly, we define the inner product in H*(S?) as

o 20+1

<f7 g>Hs 2 Z

(=0 k=1 &

(1.30)

(1.31)

— Ly(S%).

(1.32)

(1.33)

(1.34)

The results in this section are based on the explicit expression for the “worst-case

error” in [19]. In [19] the worst-case integration error is established based on the concept of

reproducing kernel. Using the relationship between reproducing kernel and point distance,

an efficient way to calculate the the worst-case error is found.

Definition 1.12. [19] (Worst-case error) For a Banach space B of continuous functions

on S and denote its norm by || - |, the worst-case error for the integration rule Q[Xy|

with node set Xy = {x1,...,Xy} approximating the integral I1(f), with Q[ Xn](f) and

I(f) defined by

j=1 s

(1.35)



s given by

Es(Q[Xn]) = sup {|QIXN](f) = I(f)] : f € B, | f]e < 1}. (1.36)

In [19] Brauchart, Saff, Sloan and Womersley studied the equal weight numerical in-
tegration and raised a concept called QMC (Quasi-Monte Carlo) designs. They discussed
the integration of functions in Sobolev space H*(S?) with s > d/2. And the so-called
QMC designs represent a kind of sequence with its worst-case error converges to zero

with its number of points N — oo with a certain order.

Definition 1.13. [19] (QMC designs) Given s > £, a sequence (Xy) of N-point con-

figurations on S* with N — 0 is said to be a sequence of QMC designs for H*(S%) if there

exists a positive number c(s,d) > 0, independent of N, such that

ap 1S o0) = [ Fooduao] < S50 (1.37)
fllﬂ_f[; N o i o d = Ns/d -~ .
Ifls <1 -

For brevity of notations, denote the worst-case error of a quadrature rule Q[ Xy, w]

on H*(S%) by

Ea(Q XNy, w]) = sup  [Q[Xy,w](f) = I(f)]- (1.38)

feHs | flls<1

For sequences of positive weight cubature rules there have been some results about its fast
convergence property in Sobolev spaces, as shown in the following theorem. This theorem
was first proved for the case s = 3/2 and d = 2 in [44], then extended to all s > 1 for

d = 2 in [45], and finally extended to all s > d/2 and all d > 2 in [18].

Theorem 1.14. [18] Given s > d/2, there ezists a positive number c(s,d) depending on

the H*(S%)-norm such that for every N-point spherical t-design Xy on S there holds
B, a(Q[XN]) < (s, d)N 1. (1.39)

In the following of this subsection, we will discuss the worst-case error of spherical
te-design on H*(S?). Again for brevity of notations we denote F,(Q[Xx]) := E,2(Q[Xn])
in the following. We will use the reproducing kernel theory to analyze the worst-case

14



error. The Riesz representation theorem and the additional theorem assures the existence

of a reproducing kernel of

K,(x,y) = Z 20+ 1)l Py(x - y)

Il
) Mg

2 Y er(x)Yir(y). (1.40)

where P, denotes the Legendre Polynomial with degree £.

Proposition 1.15. [18] For s > 1, let H*(S?) be the Hilbert space with norm (1.32),

where the sequence aés) satisfies (1.33), and let K, be given by (1.40). Then, for a equal

weight quadrature rule Q[ X x| with node set Xy = {xy,...,xy} < S,

(=1 k=1

w0 2041 N 2\ 2
E (Q[X ZZ <Zn,€(xi)> . (1.41)

In what follows, we will firstly introduce some theoretical results about the equal
weight case. The following theorem, obtained by appealing to results of Brandolini et al.
[17], asserts that if (Xy) is a sequence of QMC designs for H*(S?), then it is also so for

all coarser Sobolev spaces H* (S?) with 1 < s’ < s.

Theorem 1.16. [17] Given s> 1, let (Xy) be a sequence of QMC designs for H*(S?).
Then (Xy) is a sequence of QMC designs for H* (S?), for all s satisfying 1 < s’ < s.

According to this theorem, for every sequence of QMC designs (Xy), there exists a
number s* such that (Xy) is a sequence of QMC design for all s satisfying 1 < s < s*,

and is not a QMC design for s > s*, that is
s* = s*[(Xn)] :=sup {s: (Xn) is a sequence of QMC designs for H*(S*)}. (1.42)
When s* = +00, we call the sequence (Xy) “generic” QMC design.

Proposition 1.17. Given s > 1, a sequence of QMC design for H*(S?) is asymptotically

uniformly distributed on S*.
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Reproducing kernels for H*(S?) for s > 1 can be constructed utilizing powers of dis-
tances, provided the power 2s — 2 is not an even integer. Indeed, it is known (cf., e.g.,
[11, 18]) that the signed power of the distance, with sign (—1)X*! with L := L(s) := |[s—1],

has the following Laplace-Fourier expansion:

(D) =y = (= D)P MV 00(8?) + D 0 (20 + 1) Pix - y), (1.43)
=1
where
2y ._ % — vIZ2dw(x)dw(v) = 2251 ['(3/2)L'(s)
Van(8) = [ [ iyt utanty) - 2 B (aa)
and
(s) ._ 2 (_1)L+1(1 - 3)6
al) 1= Vy_0y(S?) e (1.45)
Here
(1—-5)¢ Fl+s)Tl+1—s) N (1 — 8>€*28 2
(1+s) T(A—-s)T(l+1+s) TI(1+s) '

By Proposition 1.15 the worst-case error on H*(S?) could be obtained as [18]

1. for 1 < s <2,

where

Qr(x-y) = Y (1) = Dal (20 + ) Pi(xy), x,yeS
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1.3 Numerical approximation on the sphere

Much attention are given to the numerical approximation problem on the sphere in recent
decades, which could be applied to solve physical problems arising in plenty of science
landscapes such as geophysics, astrophysics, and surface reconstruction. In this section

we review the two regularized approaches for numerical approximation on the sphere.

1.3.1 Regularized least squares problem on the sphere

Numerical approximation for continuous functions on the unit sphere is widely studied in
recent decades. Among the methods and models for this problem, polynomial approxi-
mation is a basic approach and has long been paid much attention. A regularized discrete
least squares form polynomial approximations on the unit sphere is usually considered:
S?={x=(2,y,2)T e R® : 2? + y? + 2? = 1} arising as minimizers

min » (p(x;) — Z Rip(x;)) (1.48)

cP
pPErL i=1

where f is a given continuous function with values (possibly noisy) given at N points X .
The regularizer, Ry, : P, — Py, is a linear operator which can be chosen in different ways,
and A > 0 is a parameter. Usually we assume always that the problem is well posed,
which requires the number N to be at least dim(Py) = (L + 1)

All approximations of the form (1.48) are special cases of the penalized least squares
method, studied in a general context by [71].

It is easy to see that {Yy 4, £=0,...,L, k=1,...,20+1} is a basis of Py, with Ly(S?)

norm. Then for arbitrary p € Py, there is a unique vector e = () € REFD? guch that

L 20+1
= Y1) anYir(x), xeS (1.49)
(=0 k=1

We can define the regularizing operator Ry in its most general rotationally invariant
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form by its action on p € Py:

Rep(x) = > B D Yer(x)(Yir, D)Ly (1.50)
=0 k=1
L (20 + 1)
=Y 8 P y)p(y)dw(y), (1.51)
=0 S2 v
where Sy, (1, ..., B are at this point arbitrary non-negative numbers, which may depend

on L.

Given a continuous function f defined on S?, let f := f(Xy) be the column vector

f= [f(xl)a"'7f<XN)]T € RNa

and let Y, := Y (Xy) € RM*(Z+D? he a matrix of spherical harmonics evaluated at the

points of X, with elements
(YL)z‘,€2+k(XN) = Y@k(xi), 1=1,...,N, k=1,...,20+1, £=0,...,L.

Substituting of (1.49) into (1.48), the problem (1.48) reduces to the following discrete

regularized least squares problem

min _ |[Yoa —f[5+ AREal3, X>0, (1.52)

aeR(Z+1)?

where Ry := Ry (Xy) = BY? € REFD N with B a positive semi-definite diagonal

matrix defined by

B:= diag(ﬁ()v ﬁla 617617 s 7BL7 s aﬂL) € R(L+1)2X(L+1)2‘ <153)
3 2L+1

Thus the matrix Ry is determined by the elements of the diagonal matrix B and the
choice of the points Xy. The problem (1.52) is a convex unconstrained optimization

problem. Its solution set coincides with the solution set of the system of linear equations
Tra=YIf, (1.54)
where T := Ty (Xy) is given by

T, = (H, + ABH,B) € REFD*(L+1D)* (1.55)
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H; = H, (Xy) = YIY, € READ XEL+1)?, (1.56)

To guarantee that (1.48) always has a unique solution even when A = 0, we always
impose conditions on Xy that ensure that the matrix Hy, is non-singular. We denote that
solution by o := a(L, X, B) € RE+D? and the corresponding polynomial approximation

by

L 2¢+1

PLN = Z Z QYo (1.57)

=0 k=1

As stated before, we assume that Xy is a spherical t-design for some ¢ > L. It is
useful to consider separately the cases L <t < 2L and t > 2L, because in the first case
important issues arise from the conditioning of the least squares problem (1.52), while in
the second case, An, Chen, Sloan, Womersley [3] prove that the matrix becomes diagonal

and hence the linear algebra becomes trivial.

Theorem 1.18. [3] Assume f € C(S?). Let L = 0 be given, and let Xy = {x1,...,Xy}
be a spherical t-design on S* with t = 2L. Then
T N (L+1)2x (L+1)?
HL = YLYL = 4_I(L+1)2 eR , (158)
T

while (1.54) has a unique solution

Y, 1.
v = 1+)\ﬁ£ Z ve(%5) f (1.59)

and the unique minimizer of (1.48) is given by

N & S 1425 =
Lo X
=2 {a +;53)N2Pe(x-xy)f(xy) (1.60)

The choice of the regularized operator R, is multiple. In [3] several interesting choices

of the regularizing matrix B are discussed:
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1 The choice B = 0, gives the unregularized problem. This choice includes (depending
on N, L and t) the classical interpolation problem (when N = (L + 1)?), quasi-
interpolation (when N > (L + 1)?), hyperinterpolation [22] (when ¢ > 2L), and

orthogonal projection in the limit ¢ — oo with fixed L.
2 Choices of B related to “filtered” polynomial approximation [65], in which the diagonal
elements (5, of B are chosen so that

1 14
—_— = — =0,...,L—-1 1.61

where h(zx) is a prescribed “filter” function on R*, vanishing for > 1. The moti-
vation is that, as we shall see, for ¢ > 2L such approximations can have excellent
approximation properties in the uniform norm if A is well chosen. We shall see that

they may also therefore be good candidates when ¢ < 2L.

3 Choices related to the Laplace-Beltrami operator A*. ( Laplace-Beltrami regularizers).
The Laplace-Beltrami regularizer has proved to be effective in recovering functions

form contaminated data.

1.3.2 Hybrid approximation using radial basis functions and
spherical polynomials

Another important approach of numerical approximation on the sphere is the hybrid ap-
proximation scheme, which is widely applied to deal with approximation to continuous
functions on the sphere [39, 62, 72]. It employs both the radial basis functions and spheri-
cal harmonic polynomials as the basis of approximation by adding an orthogonal condition
to guarantee the efficiency. Usually, the radial basis functions could approximate rapidly
varying data over short distance effectively, whereas the spherical harmonic polynomials
are more suitable for slowly varying data on a global scale.

In this subsection we will discuss approximating a continuous function f € C(S?)

using both radial basis functions (RBF) and spherical harmonic polynomials, where C'(S?)
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denotes all continuous functions defined on S?. We assume that the values of f are given
at a distinct data point set Xy = {x1,...,xn, N € N}.
To construct the radial basis functions, we choose all points in Xy as the center points

and employs a (strictly) positive definite kernel ¢ [58, 72, 73] which satisfies
N N
Z Z a0 (xi, %) = 0, (1.62)

for any point set of Xy < S? and for all N € N, with equality for distinct points x; only
if &y = ag = ... = ay = 0. Then the RBFs are defined as ¢(-,x;) with j = 1,..., N.

Additionally, we assume that ¢ is zonal, which means

o(xi, X)) = d(x; - X;5),

for arbitrary i,j = 1,..., N, where x; - x; denotes the Euclidean inner product in R

According to the addition theorem, a zonal radial basis function has an expansion of the

form
* 0 . 20+1
Z ICEEDY 2+ 1 D Yer()Yor(x), (1.63)
£=0 £=0 k=1

where ¢y > 0, £ =0,..., when ¢ is a strictly positive kernel.

We define the RBF approximation space as
Xy = Xy =span{o(-, x;) 1 x; € Xy}
Furthermore, denote by
Fy =span{d(-,x;): x;€S8%jel,...,N, NeN},
which is a reproducing kernel pre-Hilbert space [72] under the inner product
N N N N
Z a;d(+,x;), Z 2o(-%x5) ) = Z Z o0 p(%, X;), (1.64)
i=1 j=1 g i=lj=1

and the norm

=D D, 0o (xi, x;), (1.65)

o i=lj=1
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with a; € R, j =1,--- , N. Let N, be the completion of F, and then we can obtain that
N, is a reproducing kernel Hilbert space (RKHS).
Now let X < S? be fixed. Then the approximation of f € C(S?) with both RBFs

and spherical harmonics can be defined as

N L 2041
Axrf = Z a;¢(+ x;) + Z Z BewYe, (1.66)
j=1 (=0 k=1
with the orthogonal condition
N
2 a;u(x;) =0, YvelPp, (1.67)
j=1

where o, 5 = 1,...,N, By, £ =0,...,L, k =1,...,20 + 1, are the coefficients of
the RBFs and spherical harmonics, and L denotes the maximal degree of the spherical
harmonics applied in the approximation. The values of f are given at the N-point set
Xy ={x1,...,xn} = S? and we insist that Xy is a fundamental system of degree L, see

2, 29, 62]. Thus the approximation Ax 1, f is to find an element v € Xy and a v € P, as

u = Z a;o(-,x;),
i=1
L 20+1

v = Z 2 BekYok,
=0 k=1

satisfying condition (1.66) and (1.67). To obtain the approximation, we can directly force

Axpf(x;) = f(xi),i=1,...,N. Then let f:= f(Xy) be the column vector with
£i= [fGxa), . )] € RY,
A= A(Xy) e RMN and Q := Q(Xy) € RV*I+D” with their entries as
A= o(xi, %), i,j=1,...,N, (1.68)

and

Qi7gklzn7k(xi), i=1,...,N,€=O,...,L,k’=1,...,2€+1, (169)



and substitute (1.68), (1.69) to (1.66), (1.67), we could obtain a saddle point linear system

MT%H%]:[H (1.70)

Since the kernel we choose for constructing the RBF's is strictly positive definite, the

as

matrix A here is positive definite. Moreover, the fact that Xy is a fundamental system
implies that @ is of full column rank. Under these two conditions, equation (1.70) is
well-posed and has a unique solution.

Condition (1.67) is added to guarantee the polynomial accuracy and the efficiency
of the approximation (1.66). Under the assumption that @ is of full column rank, the
approximation form (1.66) with condition (1.67) has an algebraic accuracy with degree
L. That means, when the function f is a spherical polynomial with its order no greater
than L, the condition will guarantee that Ax f = f no matter how the point set Xy is
chosen.

To keep the efficiency of the approximation with both RBFs and spherical harmon-
ics, the obtained linear combination of RBFs u is expected to be ¢—orthogonal or Lo—
orthogonal to the spherical harmonic space Py,. In this sense we can have that (u, vy, =0
or {u,vyr, = 0 for arbitrary element v € P.. Since Yy, ¢ =1,...,L, k=1,...,20+ 1is

a basis of Py, the orthogonal condition could be presented as
<U,3/g,k>¢=0 fOI‘EZO,...,L,k‘Zl,...,Qe-‘rl, (171)

or

u,Yopo, =0 for0=0,...,L, k=1,...,20+1. (1.72)

From the definition of the two different inner products and gﬁg >0, ¢=0,...,00in (1.63)
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we can obtain that

N
<U, )/f,k>¢ = Z aj¢(axj>7}/€,k>
j=1

¢

= D (%), Yer),

j=1

N
= D loYiu(x;) =0, for =1, L k=1.20+1,

=1

and

N
Yo, = O a6(%;), Yerw,
=1

r

= EOéjJ d(x, %) Yok (x)dw(x)

j=1 U8
N ~  © Qgé 2041

e Y/ / Y/ /Y d
;%JS%;) 2£+1]§1 v (X) Yo 1 Yo 1 (x)dw(x)

o
= > aj%—Hm(xj) =0, ford=1,...L, k=1,..20+1,

which are both equivalent to the equation

Qa =0. (1.73)
Le Gia, Watson, Sloan in [48] indicated that problem (1.70) can also be explained as a
constrained optimization problem as

.1
min §Hu —f1; (1.74)

UEXN
s.t. <U, }/g’k>¢=0, EIO,...,L, k)zl,...,2€+1,

where the || - |, is defined as in (1.65). The problem can be reformulated as

mina’ Aa — o' f
o

(1.75)
st. QTa=0.
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By introducing the vector g as the Lagrangian multiplier and deriving the KKT condition

of this problem we can also obtain system (1.70).

25



26



Chapter 2

Spherical {.-Designs

In this chapter we will introduce a new class of point sets on the unit sphere S? which is
called spherical t.-design on the unit sphere S?. Spherical t.-design is a generalization of
the spherical t-design.

A spherical t-design provides an equal weight cubature rule with its algebraic accuracy
as degree t for numerical integration on the whole sphere, which, further, also performs
well for numerical integration of spherical functions belonging to Sobolev spaces. Different
from spherical designs, spherical t.-design relaxes the weights to be chosen in a small
interval around % with respect to a positive parameter €. With this kind of positive
weights we can get numerical integration with polynomial precision using fewer points
than spherical t-designs.

This chapter is organized as following. In Section 2.1 we mainly introduce the defini-
tion of spherical t.-designs and discuss its relationship with these points in the interval
enclosures of spherical ¢-design calculated in [25]. In Section 2.2 we generalize some results
in [64] about the variational characterization of spherical ¢-designs to spherical ¢.-designs.
In Section 2.3 we analyze the worse-case error for spherical t.-design when applied to
numerical integration on the unit sphere S2.

In this chapter, we assume that all the point sets located on the unit sphere are

distinct, which means that each point in the set is different from others.
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2.1 Spherical t.-design: a generalization of spherical
t-design

The definition of spherical t.-design is presented as following:

Definition 2.1. (Spherical t.-deisgn) A spherical t.-design with 0 < ¢ < 1 on S?

is a set of points X§ = {x5,...,x%} = S? such that the cubature rule with weights
w = (wy,...,wy)" satisfying

4 4

%(1—e)<wi<§(1—e)—1, i=1,...,N, (2.1)

18 exact for all spherical polynomials of degree at most t, that is,

Z wip(x5) = L2 p(x)dw(x) VpeP,. (2.2)

From Definition 2.1 we can see that the spherical t.-design is a kind of positive weight
cubature rule and e restricts the differences among each weights w;, ¢« = 1,..., N round
the mean value at %. Especially, when e = 0, spherical ¢.-design reduces to the spherical
t-design that is an equally weighted (w; = %) cubature rule [28, 2]. Since the existence of
spherical t-designs has been proved for arbitrary ¢ and they are special spherical ¢.-designs
with € = 0, we have the existence of spherical t.-designs. In this section we will study the
relationship between spherical t.-design and spherical t-design when they have the same

number of points.

Let w = (wy,...,wy)? and define Y (X§) € RV*¥ with elements

Yion(XG) = Yer(x), i=1,...N, k=1,...,20+1, £=0,... ¢

4dm(1—e)

+ (1= ¢ where ¢ = (1,...,1)T € RN, Then we could obtain

eand b = ~

Let a =

the following proposition.
Proposition 2.2. The set X§ 1= {x§,...,x%} = S? is a spherical t.-design if and only if
Y (X)) "w —V4re, =0  and  w — mid(a,w,b) = 0, (2.3)
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where

g, w; < a;
(mid(a,w,b)); = mid(a;, w;, b;) = w;, a; <w; <b; 1=1,..., N.
bl‘, w; > bz

Proof. 1t is easy to see that w — mid(a,w,b) = 0 if and only if a < w < b. Hence,we only
need to prove the equivalence between (2.2) and the first equality in (2.3).

Assume (2.2) holds. Since Yj(x) is a spherical harmonic of degree 0 with
2 Yo (%) Yo (x)dw(x) = 1
S
and the fact that

| dot) = am.

we have Y (x) = 1/+v/4m and

Z w;Ypq1(x5) = Lﬁ Y01 (x)dw(x) = Yy 1(x) L2 dw(x) = V/4r.

Moreover, from that {Yyx, k=1,...,20 4+ 1,£ =0,...,t} is a set of Ly-orthonormal basis

functions of P;, we obtain
N
Zine,k(XE) = f Yip(x)dw(x) = VA | Yie(x)Y01(x)dw(x) =0
i=1 §? §?

for k=1,...,2¢+ 1, and 1 < ¢ < t. This implies the first equality in (2.3).

Now we assume that the first equality in (2.3) holds. Then we obtain that
N
Zinb,l(xj) =Vir = | Yo1(x)dw(x),
i=1 §?

and

Zwi}/}@k(xg) =0= J Yir(x)dw(x), for ¢ =1,...,t, k=1,...,20+ 1.
SQ



Moreover, for any p € P, there exists a unique group of numbers py . satisfying
t 2041
P=> > psYer

(=0 k=1

Hence (2.2) is derived as the following

Lz px)dw(x) = Zt: %Zjl Pek L? Yo (x)dw(x)

t 20+1 N

= Z Z p&kzwiyé,k(xg)

{=0 k=1 =1

]

Let X$ = {x!,...,x%} = S? be a spherical t-design system and corresponding matrix

Y, € RV*% ig defined as
(YO)z,Zk:n,k(X?)a 221,,N, kzl,,2£+1, 620,,15

For two points x;,x; on the sphere S, as is well known, the geodesic distance between
them is defined as

dist(x;,x;) = cos ' (x; - x;),

and for a point set Xy = {xy, - ,xy} = S?, the separate distance of Xy is defined as

p(Xx) = mincos™ (x; - x;),
7]

which represents the minimal geodesic distance between two different points in Xy.

In addition, we define the distance from the point x € S? to the set Xy by

dist(x, Xy) = 11<I%i<nN dist(x, x;) = 1I<I%i<HN cos 1 (x - x;),

which can also be seen as the geodesic distance from x to its projection on Xy. And

based on this definition, we denote the Hausdorff distance between two point sets Xy
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and X}, as

o(Xn,Xy) = max{max dist(x}, Xy), max dist(x;, Xy)}

1<i<N 1<i<N
= max{max mincos™'(x} - x;), max min cos” ' (x} - x;)}. (2.4)
i j j i

Note that o(Xy, X§) = o(X}, Xn) and o(Xy, X)) = 0 if and only if Xy = X}.

Remark 2.3. For two point sets Xy and Xy, if o(Xn, X)) < 3p(Xn), then for each

x; € Xy there exists a unique X € X} satisfying X € C(x;, 3p(Xn)), where

5P(Xx)) = fxe8? | o™ (x - x) <

C(Xi, 2

p(Xn)}-

l\.’)lr—\

From the remark we know that, for two point sets X}, Xy < S?, if the Hausdorff
distance between them is smaller than separate distance of X}, then every cap region
C(x;, %p(X ~)) includes a unique point in X). Based on this uniqueness property, in
what follows we will let x] be the point in C(x;, $p(Xy)) for simplicity if we assume
o(Xn, Xjy) < 5p(Xn).

In the following part we will investigate the relationship between spherical ¢t-designs
and spherical ¢.-designs when they are all fundamental systems with N = (¢t+1)%. Let the
point set Xy = {x1,...xy} = S? be a fundamental system with order t and N = (¢ + 1)%.
We denote Y = Y(Xy) € RVX(+D? 1y

Y, =Yo(x) fori=1,... N {=1,... . t,k=1,...,20+1,
which is nonsigular and thus there exists a unique vector w € R such that
T w = Ve, (2.5)
Correspondingly, for a spherical ¢t-design point set X we have known that [64]

4
Y. le = VAdre;. (2.6)

Then together with these two equalities and Theorem 2.1 in [37], if [(YZ)T((Yo—Y)T)| <

1 we can obtain that
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[w—Fel _ IOYDT - [(Yo — )"

[Frel 1= 10V8) (Yo = )T (27)

where (YI)T is the generalized inverse of Y!. Since X{ is a fundamental system with

order t and N = (¢t + 1)?, Yy is also nonsingular and we have

[w— el _ IO - 1(Yo = Y)]
| Fel 1= [(Y5) " (Yo = Y)7|

By the definition of matrix (Yo —Y)? we have

(Yo-Y)") = Yeu(x7) — Yeu(x:)-

2tk

Let Qux be the restriction of Y;x on the great circle through x{ and x;, see [64]. Then

Qe 1s a trigonometric function and by Bernstein’s inequality (1.19) we can obtain

Yir(x)) = Yor(x)| = [Qen(x7) — Qeu(xi)|

N

cos (x; - x;) sup |Qp |

N

COS_1<XQ ;) (£ + 1) sup [Quil

)

N

cos H(x) - x;)(t + 1) sup |[Yor(x)]. (2.9)

i
x€eS2

For a point set X% < S?, given a positive number o*, denote the neighborhood with

respect to o* of Xy by
C(XR.0%) ={Xn =S 0(Xn, X}) < 0"}

The following theorem shows that for any fundamental spherical ¢-design under certain
conditions, such that for any point set contained in this neighborhood is a spherical .-

design.

Lemma 2.4. Assume that the spherical t-design X% is a fundamental system with order
t and N = (t+1)%. Then there exists a positive number o* < $p(XY) such that any point

set Xy satisfying 0 < o(Xy, XS) < o* is a fundamental spherical t.-design.
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Proof. For all Yy ;(x) with ¢ <t denote their upper bound by

2t+1
M, = max sup | Yy (x)| = i ) (2.10)

0<e<t, 1<k<20+1 42 4dm

Then for a point set Xy € C(XY, 5p(XY)), with inequality (2.9) we have
[Ver(x?) = Yer(xi)| < Mi(t + 1)o(Xw, X)),
fori=1,...,N, £ =0,...,t, k=1,...,20 + 1. Then it is easy to obtain that
[(Yo=Y) | < Nt + 1) Mo (Xn, X3) = (£ + 1)° Mo (Xn, XR), (2.11)
by the definition of matrix norm || - |. For fixed ¢ it is obvious that we can let

1
(t+ 1M (Y5) oo

o1 =

so that for any set Xy satisfying o(Xy, X%) < o1 the condition |(YE) - [(Yo—Y)T e <

1 is satisfied. Then together by the fact
IT— (Y)Y < [(Y5) oo [YG = Y7o < 1,

It can be concluded that Y is always nonsigular for point set Xy satisfying o(Xy, X$) <
01, which implies that Xy is a fundamental system.

Now let

N 1
o = —01

27 T 2 (YD) oo Myt + 1)

Together with inequality (2.8) we have

an_ dm|w— el
N el

Am [(Y5) " ool (Yo = ¥) oo
N1=(Y5) " (Yo =Y) |

N

4 [(YE) Yoo My(t + 1)30* _ 47
N1 — (YD) ouM(t +1)3c* = N’

which implies that w is a positive vector. Then ¢* is the positive number which satisfies

the lemma. O
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Corollary 2.5. Let X% be a fundamental spherical t-design with ordert and N = (t+1)2.

Then Xy is a fundamental spherical t.-design if

€

1Y) oo Me(t + 1)

1
o< §p(XR,) and o <

Proof. By the fact that o(Xy, X§) < 01, we can have

dn dr (YD) YoMt + 1)%0

- < -
[w = el N1— (YD) oMi(t + 1)

A €

N1—¢

Then we have
€ 4w 4m(1 —€)

2 — N
w = ( - 6) e N e
and
e . Am 41 —€)!
< (1 —e =
ws )y N ¢
We complete the proof. O

In the above theorem and corollary we have both assumed that there exists a funda-
mental spherical t-design for N = (¢ + 1)?. Until now, there have been a lot of ways about
how to calculate the spherical t-designs in 2-dimensional case, such as [2, 43, 64]. But
as is well known, there is no theoretical result which proves the existence of a spherical
t-design with (¢ + 1)? nodes or less. However, Chen, Frommer and Lang in [25] proposed
computer-assisted proof of spherical t-designs with N = (¢ + 1) for ¢ < 100. In this
paper, they propose a computational algorithm based on interval arithmetic which, for
given ¢t < 100, upon successful completion has proved the existence of a spherical t-design
with (t+1)% nodes on S? = R? and computed narrow interval enclosures which are known
to contain a well-conditioned fundamental spherical ¢-design. From Corollary 2.5 we can
know that, if the range of of interval enclosure is small enough, we can definitely say that
any point set selected from these interval enclosures is a fundamental spherical ¢.-design.

In the following part, we will emphasize on the relationship between spherical ¢.-design

and the interval enclosures proposed in [25].
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Now let
Xy = {[x]i = C(%Xcs,7) =S% i=1,...,N} (2.12)

be a set of spherical caps, with x.; as the center and ~; as the radius of each cap. We say
that Xy is an interval enclosure of a point set Xy if x; € [x]; for ¢ = 1,..., N. Denote
the radius of Xy by

rad(Xy) = max -,

1<i<N

and the separate distance of Xy by

p(Xy) = min - cos”(x; - X;).
s € Dxla ) € [,

In [25], the points x;, ¢ = 1,..., N, on the sphere are presented by spherical coordinates
with 6; and @; as stated in Chapter 1, and then they seek intervals [6];, [¢]; such that
there is a well-conditioned spherical t-design in the interval set Zy = {[z]1,...,[z]n}, in

which the interval for each point is defined by

sin([0]:) cos([¢]:)
[z];, = | sin([0];)sin([¢];) |, ¢=1,...,N. (2.13)
cos([0]:)
In this sense, different from the interval enclosure defined in this section, each interval
enclosure calculated in [25] is a rectangle as [0]; x [¢];, whereas in our section we deal with

a spherical cap. To deal with this difference, we need to construct a series of spherical

caps which include the spherical rectangles in [25]. For the spherical rectangle [6]; x [¢]; =
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[0:,6;] % [i, ¢i], we denote a pair of its four vertice as

sin(0;) cos(y;) sin(0;) cos(@;)
x;1 = | sin(f;)sin(y;) |, xi2= sin(#;) sin(gp;) |,
cos(6;) cos(0;)
sin(6;) cos(@;) sin(6;) cos(y;)
X;3= | sin(@;)sin(p;) |, xia= | sin(d;)sin(y;)

cos(6;) cos(6;)

By the symmetric property of of the spherical rectangle [0]; x [¢];, we can know that
there exists a point x.; € [0]; x [¢]; with its spherical coordinate as (65, 3(¢; + @;))
satisfying

dist(xc,;, x; ;) = dist(x.;,x;,) for j,k=1,2,3,4. (2.14)

Also note that all the points with whose geodesic distance to x; and x; are located on a
great circle

2yt +2t=1
, (2.15)
ar +by+cz =0

with a,b, ¢ € R, which crosses (3(6; + 0:), ¢i), the geodesic middle point of x;

and x7, is
orthogonal to the line segment through these two points. Therefore, the center point x’
will also located on this great circle. By the fact that (3, ¢; + 7) is also on this great
circle, we can then uniquely obtain the proportion of a, b, c. Then the center point x.;
can be obtained by substituting its azimuthal angle %((_pz + ¢;) to the form of the great
circle. After that, let

v = dist(X.4,%}), (2.16)

and then the cap region C(x',;) is a spherical cap and we can have that

[z]; < C(xc4, i)
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By this strategy, we can obtain the center point x.; with its distance to the four
vertice equal to each other, and the generated spherical cap has a minimal possible radius.
However, in this process, for each interval [z];, we need first obtain the close form of the
great circle including x.; by substituting two points into (2.15). Then, we substitute the
azimuthal angles of x.; to the great circle and obtain the polar angle of x.; and then
calculate the radius. This approach is time-consuming and will import more round-off
errors. Since the measure of intervals [6]; x [¢]; are usually very small, this approach is
not recommended to use. Instead, we will create another strategy which is coarser but
more suitable for our problem.

For the interval enclosure set [z];, by X; we denote the point with its spherical coor-

dinate as (3(6; + 6;), 3(: + @;)), with its cartesian coordinate as

sin(%( i +60i)) cos(5(@s + i)

Note that its spherical coordinate is the center point of the interval [0]; x [¢]; but X; itself

is not necessary to be the center point of [z];. Still, we have that
dist(x;, x}) = dist(%;,x}), dist(%;,x7) = dist(X;, x7). (2.18)

And we know that the distance between X; and any point in [z]; does not exceed the
maximum of the four in (2.18) when the measures of [#]; and [¢]; are sufficiently small.
Therefore, if we let

v = max{dist(X;,x}) , dist(X;,x3)}, (2.19)

then we can have

z]; < C(xi, 7). (2.20)

Similarly, we define the radius of Zy by

rad(Zy) = max { max{dist(X;,x;) , dist(x;,x})}}, (2.21)

1<i<N
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and the separate distance by

p(Zy) = min  {dist(X;, %) =7 — 1. (2.22)
1<i,j <N

Then we can have the following theorem.

Theorem 2.6. Let Xy defined by (2.12) and Zy defined by (2.13) be two interval en-
closure sets containing a fundamental spherical t-design X% and assume that rad(Xy) <
p(Xy), rad(Zy) < p(Zy). Then all the point sets Xy with x; € [x];, ¢ = 1,... N, are

fundamental spherical t.-designs with
e=Cia(t+1)° (2.23)

where

Cia = 2rad(Xy)M; max H(YT)’IHOO.
XNEXN

And all the point sets Xy with x; € [z];, i = 1,... N, are fundamental spherical t.-designs

with
€= Cpalt +1)° (2.24)
where
Cio = 2rad(Zy)M; max [(YT) ™.
XNEZN
Proof. First we prove the formula (2.23). Since for X we have x; € [x]; fori =1,..., N,

we can have
p(X}) < p(Xn).

And for arbitrary Xy with x; € [x°];, i = 1,... N, we also have

o=0(Xy,XY) < max cos 1 (x; - X;) = 2rad(Xy).
SUAS

Thus together by the assumption rad(Xy) < p(Xy) we have 0 < $p(X%). And together
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with the fact

o < 2rad(Xy)

€
My maxxyexy [|(YT) o

€

1Y)~ oo Me(t + 1)%°

<

we can obtain (2.23) according to Corollary 2.5.

For the interval enclosure Zy, we define a new set of spherical caps on the sphere as
XN = {C(f(z,’%% 1= 1,...,N},

with X;, 7; defined by (2.17) and (2.19). Then by (2.21) and (2.22) we have rad(Xy) =
rad(Zy) and p(Xy) = p(Zy). With similar process of proving (2.23), we can obtain (2.24)

and complete the proof. O

The next problem we need to solve is that how to calculate the value or an upper
bound of maxyexy |(Y?) ™!, and then we can give the upper bound of €, denoted by
€, for the interval enclosure provided in [25].

Denote x.; by the center of the interval closure [x];. Let X.n = {Xc1,...,Xcn} < S?

and for simplicity we denote Y. = Y (X, y). By Corollary 2.7 in [66] we conclude that

for arbitrary Xy with x; € [x];, i =1,..., N, we have
- (YY)
1Y) e < NT YT
L-w(Y)—mi -
Y oo

Additionally, since each x.; is the center of [x];, which implies that o(Xy, X.y) <

rad(Xy), then together with inequality (2.11) we can obtain
1(Ye = Y) oo < (t+ 1) Myrad(Xy).

[Ye oo
M (t + 173s(YT)

Finally we can conclude that if rad(Xy) < , the upper bound of infinity

norm of (Y7)~! can be estimated as
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ma |(¥7) s < I¥e) "l .
XneXy (t +1)3Mrad(Xy)
1 —k(YT) -
Y&

(2.25)

Now we prepare to calculate the upper bound of € for the interval inclosures proposed
in [25], which we denote by € here. Based on this relationship, now we can calculate the
€ for the interval enclosures proposed in [25]. Then according to Theorem 2.6 we can say
that arbitrary point set chosen from the interval enclosure set Xy satisfying x; € [x]; for
i =1,..., N is a fundamental spherical t.-design. The data containing the enclosures for
the parameterization of the spherical ¢-designs and the programs can be downloaded from

the web site http://www-ai.math.uni-wuppertal.de/SciComp/Spherical TDesigns.

107 * € -
10—14.4 (t + 1)6.6

10 1 1 1 1
0 20 40 60 80 100

t
Figure 2.1: € for t =2,...,100

In Fig. 2.1 we report the upper bound of € for interval enclosures computed in [25] for
t =2,...,100 (for t = 1 we have known an exact form of spherical ¢-design so that we

would not consider this case here), based on formula (2.23) and (2.25). In this figure we
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also plot a function

y = 107"t +1)%F, (2.26)

to approximately discribe the track of € with respect to ¢. From the figure we can conclude
that the upper bound of € grows with the increase of ¢. Additionally, from (2.25) we know
that the condition number of Y7 is also of great importance in this process. Since the
interval enclosures provided by [25] seek to include a well-conditioned spherical t-design,

the growth of upper bound of € keeps stable for all the ¢ considered here.

Table 2.1: Information for interval enclosures Zy for selected ¢

t rad(Zy) p(Zy) € € for X, n
10 1.843454e-12 3.396362e-01 2.148389¢-08 6.694645e-14
20 1.515848e-11 1.805783e-01 1.744486e-06 1.783018e-13
30 5.588085e-11 1.249714e-01 2.510650e-05 2.480238e-13
40 1.044163e-10 9.203055e-02 1.285961e-04 5.339063e-13
50 2.199182¢-10 7.638945e-02 5.906459¢-04 5.057066e-13
60 4.006638e-10 6.302748e-02 2.043721e-03 6.747935e-13
70 6.143914e-10 5.421869e-02 5.594428e-03 8.820722e-13
80 1.220430e-09 4.771142e-02 1.722072e-02 1.151368e-12
90 2.089473e-09 4.264961e-02 4.686558e-02 1.228462e-12
100 2.273791e-09 3.846343e-02 7.549403e-02 1.880540e-12

We also report some information of the interval enclosures and their theoretical upper
bound of € for some selected ¢ in Table 2.1. The radius and separate distance for Xy are
shown in the table as the second and the third column. We can see that the radius of
each interval enclosures is far smaller than their separate distance, which means that the
assumption in the above lemmas and theorems are satisfied. For a fixed ¢, with all the
interval ([0];,[¢]:) € Zn, i = 1,---, N, we choose their middle points and build a new
point set Xy = {X;--- , Xy}, with X; defined by (2.17). For each new point set Xy we
compute its € so that it forms an spherical t.-design. As shown in the table, the €’s for
each Xy are all very close to zero but they still do not equal to, and they are growing
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with the increase of t. This means that Xy which is selected properly from the interval

enclosures is still not a spherical ¢-design, but a spherical t.-design.
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2.2 Variational characterization of spherical {.-designs

In this section we focus on investigating the variational characterization of spherical .-
designs on S%. In [64] Sloan and Womersley proposed some variational characterizations
for spherical t-designs. In this section, we will generalize their results to spherical -
designs case. Different from spherical ¢-design case, in spherical t.-design case the weights
is allowed to be chosen in an interval, instead of restricting them to be equal to each
other. Therefore, other than only the set of points, the weights are also variables in the
study of spherical ¢.-designs. Now we denote by the matrix Y; = Y (X§) € RV*(de=1)

with
(Y1)1752+k<X]6\7) :}/g,k(xl), 1= 1,,N, k:17,2€+1, g=1,,t

Let Q[X§, w] be the integration rule with node set X§, and weights w approximating

the integral I(f), which are defined by

QX G, w)(f) = D wif (xs), (2.27)
and
I(f) = . f(x)dw(x). (2.28)

where w(x) is the surface measure. For the cubature rule Q[X§;, w] we define a quantity

function as

€ 1 € 1 € €
A(Xy, w) = SV (X w3 = Su" Y (XR) YT (Xy)w. (2.29)

Obviously, by the definition of Y1(X§), this non-negative function A;(X§,w) : S* xR —

R can also represented as

1 N N
Af(X§,w) = 522wiwjxp<xi,xj), (2.30)
i=1j=1
where
20+1
U(xi,%;) = Z V(%) Yo (x;)
{=1 k=1



According to the new notation (2.29), we can reformulate proposition (2.2) as the follow-

ing.

Remark 2.7. X§ = {xy,...,xy} © S? is a spherical t.-design if and only if there exists

(e widlown )= (7). a1

where e = (1,...,1)T e RN, such that

a vector w satisfying

A(XS, w) = 0.

Note that equality (2.2) implies
—e w = Z wiYo,1 =

and

Y (X{)w = 0.

Remark 2.8. The quantity function A(X§,w) is rotationally invariant, i.e., let SX§ =
{Sx5,...,5%x5} = S? with S € U3, then there always holds

Proof. By the addition theorem 1.4 we can have

t
X)) %

=1
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Then

N N
A(SXG,w) = %ZZwiwj\If(Sxf-,Sx;)

i=1j=1

t

= S Y 2 (8% - (5%)

i=1j=1 =1

t

— _Zszw]Z £+1 x§)" ST 5xS)

i=1j5=1 =1

- —ZszwJ

i=1j5=1

= At(Xje\Ta w)
We complete the proof. O

The remark illustrates that, like spherical ¢-designs on the sphere, spherical t.-designs
can be mapped upon each other via a rotation on the sphere and regarded to be equivalent
with respect to the quantity function A;, even when they have different weights.

The second result discusses the bound of the quantity function for arbitrary point set

on the sphere S2.

Lemma 2.9. Lett > 1. If w satisfies (2.51), then

0 < Ay Xy, w) < m(t? + 2t). (2.33)
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Proof. Recall the notation (2.30) and by Addtion Theorem 1.4 we can obtain that

1 N N
At(Xje\fvw) = ézzwiwj\lj(xl’xj)

N
M
L []=

g
&
Dagh

=

_|._

—_

A
%
+
S
-y
1
S

The proof is completed. O

In the following part we need a notion of stationary points and stationary quadratures.
Usually, a point x € S? is called a stationary point of f € C'(S?) if (V*)f(x) = 0, where
V* denotes the surface gradient [39] of f. Similarly, we say that (X§,w) with X§ < S
w € RY is a stationary point of Ay (X§,w) when Vi A(X§,w) = 0 fori = 1,...,N
and V,Ay(X5,w) = 0. If we have Vi Ay(X§,w) = 0 for i = 1,..., N, we say that
V*A (X, w) = 0.

Lemma 2.10. Assume thatt = 1 and for X§ there exists a w which satisfies (2.31) and
V* A (X§,w) = 0. Then either X§; is an spherical t.-design, or there exists a nonconstant

polynomial pxs, € Py with each x{ € X§, @ =1,..., N, as its stationary point.

Proof. First we denote that (X5, w) = 3N, w;Yox(x;). Then we have that

t 20+1
A(Xf, w ZZ WX w
=1 k=1

46



and forz=1,..., N,

Vi, AlX

”M“
i ek
=

w) (Ve k) (X, w).

From the equality

(v;k(f.af,k)<XJ€V7 w) = wZ(V*n,k)<Xz>7 l= 17 st k . 72£ +1

we could have that

t 20+1
Vi A Xy, w) = ZZ wice k(X w) (Vo) (x5)
=1 k=1

= (V'pxg)(x5), (2.34)
where
t 20+1
pxs, = O, X wice (X, w)Yex (2.35)
I=1 k=1

From (2.34) and (2.35) we see that if Vi A, (X§,w) = 0 for i = 1,..., N, then either
app(Xy,w) =0,¢=1,...,t, k =1,...,2¢ + 1, in which case Xy is an spherical ¢.-
design, or pxs, is a non-constant polynomial in P; which has a stationary point at each

X;EXN. L]

Based on the above lemma we can conclude another result for the characterization of

spherical t.-design.

Theorem 2.11. Lett > 1 and w satisfy (2.31). Suppose that we have V* A (X§,w) = 0,

and the mesh norm of Xy satisfies hxs < 1/(t +1). Then X§ is a spherical t.-design.

Proof. We assume that X§ is not a spherical ¢.-design and seek a contradiction.
Since X§ is a stationary point of A; which is not a spherical ¢.-design, from Lemma
2.10 we conclude that there exists a nonconstant polynomial p = px¢ € P, with each

x; € X§ as its stationary point. Define

QJ:€JV*p’ j:17273a
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where e;,j = 1,2,3 are the unit vectors in the direction of the coordinate z;,j = 1,2, 3,
and the dot indicates the inner product in R?. By the stationary property of p, each g;
for 7 = 1,2, 3 satisfies

¢j(x5) =0 fori=1,...,N. (2.36)

Since p is a nonconstant polynomial, we have that at least one ¢;,7 = 1,2,3 is not
identically zero. We assume this ¢ is ¢;. According (1.15) and (1.16) we obtain that
q € Py, Let xo € S? be a point at which |l¢| attains its maximum value |¢[l,. By
the definition of the mesh norm hx< and the assumption of the theorem, there exists an

x; € X§ such that

1
COS_I(XZE' . Xo) < hXIEV < t—}-—l

Now let @) be the restriction of ¢ to the great circle through x§ and x,, parameterised
by arc length, and let ¢’ denote its derivative. Since @ is a trigonometric polynomial of

degree <t + 1,it follows from the Bernstein’s inequlity (1.5) that

sup [Q'] < (t + 1) Qo0

Thus

N

|q(x0) — q(x;)| sup Q'] cos™" (xo - x§)
< (t+1)cos  (x0 - x5) Qo

|Qllec

A

and in consequence

lg(x5)] = la(x0)] — lg(x0) — q(x)]
> |q(x0)| = 1Q[w =0,

which is a contradiction with (2.36). We complete the proof. O

In [64] Sloan and Womersley discussed the mean value of the quantity function A, for

spherical t-designs which here can be defined as

A= (4m)7N LQ e L? Af( Xy, w)dw(x]) - - - dw(xy). (2.37)
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We can also generate this result to spherical t.-design case as the following.

Theorem 2.12. The mean value defined by (2.37) has the value

_ 752+21tZ

Proof. By the definition of A, and separating the diagonal and the off-diagonal terms of

the double sum in (2.30), we can obtain that

Ay

By the fact

and

) [ | A () - )

(4m)" L LQZEMM x5 )do(x]) -+ duo(xy)

i=17=1

A REE

2 i=1
+(47T)2;'=1ZN:#wiwj L2 LQ\IJ( €, x5)dw(x )dw<x§‘)]'
L}f( P X )dw(xi) = ;tljjJSQYfk(xl)dw(xj)

I
-
—_
|
~
V)
_|_
[\
S

| Wt otx)nt) = 3 3 | Viute¥anlo e eo(x) = 0,

we can obtain
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2.3 Worst-case error of spherical t.-designs

In this section we will investigate the worse-case error for numerical integration on the
Sobolev spaces defined on the sphere using spherical t.-designs. Until now, there are a lot
of remarkable work about the constructive theory of functions including interpolation and
cubature on the sphere. In some of the early work, the main tool of analyzing multivariate
functions is to trace back them to univariate problems by product argument[31, 59].
In the recent development, the reproducing kernel theory is applied to analyze these
problems[18, 19, 44, 45, 72]. In this section, since the Sobolev spaces are finite-dimensional
rotationally invariant subspaces of C(S?), the bizonal reproducing kernel will naturally
be used in the analysis.

Similar with what is defined in Section 1.2, we define
N
QIXn,wl(f) =), 7= f(x)), I(f) = | f(x)dwa(x), (2.38)

and

B, a(Q[Xn, w]) := sup { |Q[Xn, w](f) = I(f)] : f € H(S), | flw- < 1}. (2.39)

And for simplicity we denote Es(Q[Xn,w]) = Es2(Q[Xn,w]). Together with the prop-

erty of reproducing kernel K(-,-) defined in (1.40) and the addition theorem, we can
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have

(E(Q[Xn,w])* = | sw [Q[Xn,w](f) - I(f)|

feHs
| Iflls <1

= sup
feH?

| Iflls <1

feH?
| Iflls <1

= sup
feHs
| Iflls <1

= sup <faZ%Ks(7X)> - Sz<f’ KS("X)>3dw(X>

Then with the fact that

K (x,)dw(x) = af”,
§2

the worst-case error could be represented as

By w))® = |3 3 o (Z%n,m)

N N 0
- 2 Z S Z aéS)n,k(Xi)n,k(X]’)- (2.40)

Now we recall formula (1.43), which describes the the Laplace-Fourier transformation
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of the signed distances between two points on S%:

0
()" x = y 272 = (~ 1) Va0(S?) + Y a0l (20 + 1) Pu(x - ),

=1
where
_ . D(3/2)I(s)
. (S?) = — v|?24 d — 921 \2/2)7 7).
Von8) 1= [ || x =y P tduodaly) - 220 B
and
L+1
(s) o V S2 <_1) (1 B S)£ g >1
ap - 2—25( ) (1 + 3)@ ) = L
Thus we have
o0
(—1) 2 (Vaaa($?) — [x —y[*2) = Dlaf? 20+ 1)Pix - y) (2.41)
=1
o0 20+1
= Zaés) Z Y (x)Yer(y)- (2.42)
=1 k=1
Note that for aés) we have
L(&)T
ay) ~ 2271 ( 2 )1 (Sd) (7% as £ — oo, (2.43)
VI(=D)EHT(G + s)

and when 1 < s < 2, which means L = L(s) = |s — d/2| = 0, we have af) > 0 for all
¢ =1,...,00. Therefore, we regard the left hand side of (2.41) as the reproducing kernel
of H*(S?), which is

Ki(x,y) = Vaas(§?) — [x —y[* 77,

and then we obtain

N N
W; W5 s
(E(Q[Xn, w])? =D = (Vaos(S?) — |x; — x;°72). (2.44)
i=1j=1
For the case s > 2, we know that ags) > 0 does not hold for all / = 1,...,00. In this

situation, similar with (1.47) in Section 1.2, we let

Ky(x,y) = (1= (1) ") Vaas(S%) + Qrlx - y) + (1) x —y[* 77
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with
L
Qu(x-y) = Y (D)X — Dol (20 + DP(x-y), x,yeS?,
/

which changes the signs if the negative coefficients aﬁs) in (1.43). Then we can obtain that

the worst-case error on H*(S?) with s > 2 can be represented as

N N
(Es(Q[XN, w ZZ 67r2 (Qulxi-x5) + (1) s — 3572 = (—1)F71V294(S?)) -

i=1j5=1

(2.45)
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Chapter 3

Filter Algorithm for Finding
Spherical {.-Designs

In this chapter we develop an efficient algorithm to find spherical t.-designs on S%. By
the result shown in Section 2, Chapter 2, we reformulate the problem for finding spherical
t-design as a system of polynomial equations with box constrains. Using the projection
operator, the system can be written as a nonsmooth nonconvex least squares problem
(3.2) with zero residual.

Throughout this chapter, ||-| represents the Euclidean norm and R, = {« € R|a > 0}.
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3.1 Nonlinear least squares reformulation for finding
spherical t.-designs

We represent the points x; € S? using spherical coordinates with angles 6;, ¢;. Since (2.3)
is rotationally invariant with respect to X5, we fix x; at the north pole and x5 on the

zero meridian as [28]

0 sin(6s) sin(6;) cos(y;)
xi=1[ 0 |, xo= , x; = | sin(6;)sin(p;) |, i=3,...,N
1 cos(fs) cos(0;)
Let xg = (02,...,08)" 2y = (3, ..., on) " @ = (2], :EZ, w?)T e R3N=3 and

= () ) - (Yrlemzggo - iren ) -

', (w) w — mid(a, w, b)

where 7(z) : R?V=3 — RE+D’ ig a locally continuous but not differentiable function. A
solution of the nonsmooth equation r(z) = 0 defines a spherical t.-design. It is difficult

to solve (3.1) directly and we consider its least squares form as
(3.2)

Then a global minimizer of (3.2) is a solution of (3.1), which also forms a spherical t.-
design.

In general, f : R™ — R in (3.2) is nonconvex and nonsmooth. In the presence of
nonsmoothness and noncovexity, most optimization methods only guarantee convergence
to a Clarke stationary point of the objective function f [23, 24, 32, 40].

In this chapter, we propose a smoothing trust region filter (STRF) algorithm to find
a global minimizer of f. This algorithm combines smoothing approximations [20, 24, 26],
trust region methods [34, 52] and filter algorithms [38, 41]. Using a smoothing function
of f, we can construct a good quadratic approximation of f in a certain region at each
iteration. The smoothing trust region method [26] can reduce the objective values and
guarantee convergence to a Clarke stationary point, but has no convergence results to a

global minimizer. The filter method [38, 41] is a technique for finding a global minimizer
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of a twice continuously differentiable function under certain conditions, but application to
a nonsmooth nonconvex minimization problem has not been investigated. The proposed
STREF algorithm is a novel combination of these optimization techniques for nonsmooth

and nonconvex least squares problems.
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3.2 Smoothing trust region filter (STRF) algorithm

We use the ideas in [41] to construct the filter, which partition r(z) into p sets {r;(x)}ier,, j =
L, p, with {1,--- ,m} =L |J---|JI,- For readability and simplicity, we explain how

to construct the filter with a disjoint partition. Let

rn (2) ©1(z)
r(z) = : . 05() =|r(@)], j=1,....p, O(z)= : ,
r, (z) O,(2)
where 77, : R" — R™ and }*_, m; = m.
Obviously, a vector x is a solution of (3.2) with f(x) = 0 if and only if ©(x) = 0.
We say that a vector x; dominates a vector xs whenever O(z1) < O(x3). If 1 domi-
nates x,, we do not need to consider x5 anymore.
At the kth iteration, the filter F is a subset of {©(xg), O(z1),...,0(zx)}. A new trial

point z; is acceptable for the filter F if and only if there is j € {1,...,p} such that
0;(zy) < Oj(z¢) — ymin{|O(z)[, [O(zo)[}, VO(x) € F, (3.3)

where v € (0,1/,/p) is a positive constant.
We remove O(z) from the filter F if

3 O(z;) € F, such that ©(x;) —v|O(z¢)|e = O(x;), (3.4)

where e = (1,...,1). The inequality in (3.4) implies that z; dominates .

To overcome the nonsmoothness of r, we use a smoothing function 7(-, ) of r.

Definition 3.1. (Smoothing function) Let r : R"™ — R™ be a locally Lipschitz contin-
wous function. We call 7 : R" x Ry, — R™ a smoothing function of r, if for any fized

pe R, 7(-, 1) is continuously differentiable in R™ and for any fived & € R™,

lim 7(x,pu) =r(z).
z—Z,ul0
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A smoothing function 7 defines a smoothing function f of f and a smoothing least
squares problem of (3.2) as the following

min f(z, 1) = 27, )| (3.5)

zeR™

By Definition 3.1, for any fixed > 0, f(-, ) is continuously differentiable in R and for

any fixed z € R"
lim f(x, 1) = f(2).

z—&,ul0

In this paper, we assume that the smoothing function 7 satisfies the following condition
[Ti(z, 1) —ri(x)| < k(p), i=1,...,m, (3.6)

where £ : Ry — R, satisfies k(1) < k(p2) for py < po, and x(u) — 0 as p — 0.

Denote J(z, 1) = Voi(z, 1) and g(x, 1) = Vo f(z, p) = J(z, 1) "7 (z, po).

The smoothing trust region method computes a trial point x; = xy + dj, for some step
di by a quadratic approximation function g (d) of f(z, 1) in a trust region {x; +d | ||d| <
A}, where Ay is the radius of the trust region. Namely, dj is the unique solution of the
following quadratic program

- ; T L op
”;ﬁ’lélgk qr(d) = f(ag, px) + g(zr, )" d + §d Byd (3.7)

where By = J (@i, )" J (@, p) + /1

The term ,/ul in By plays a regularization role and ensures the nonsingularity of
Bi. When both smoothing and regularization techniques are used in an algorithm, it is
recommended to let the smoothing parameter go to zero faster than the regularization

parameter for good numerical performance [27].
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Smoothing Trust Region Filter (STRF) Algorithm

Step 0: Initialization. Given constants 0 < A <0, 0 <m <1y <1, 0<y <1<
Y2, 0<0o<1,0<v<1/y/p, 0<f <00, an initial vector zo € R", the radius of a
trust region Ay € (0, A), the smoothing parameter py > 0, and filter F = {O(z0)}.

Step 1: Define a trial point. Compute dj, by (3.7) and set 2} = z} + dj.

Step 2: Evaluate the reduction at the trial step. If dy = 0, set z;1 = xy,
Api1 = Ay, and go to Step 5. Otherwise, compute

[ (@r, pw) — f(%j:ﬂk)
@(0) — qu(dy)

Pr =

Step 3: Update the trust-region radius. Set

min{yeAg, A} if pp = mo, |di| = Ay,
Api1 =< mA if p, < M,
Ag otherwise,

Step 4: Test to accept the trial step.

e x} is acceptable for the current filter by (3.3): Set 11 = z; and add ©(z)
to the filter if p; < m;. Update F by (3.4).

e ;] is not acceptable for the current filter: If py > 1, set x41 = a. Other-
wise, set Tpi 1 = 2.

Step 5. Update the smoothing parameter. If min{f(z;), |Vaf (e, )|} < B,
set pry1 = opg. Otherwise, set pgy1 = pg. Go to Step 1.
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3.3 Convergence analysis

Now we investigate the convergence of the STRF algorithm. We first consider the case

that infinitely many values are added to the filter in the STRF algorithm.

Theorem 3.2. Assume that 7 satisfies condition (3.6). If infinitely many values of ©(xy,)
are added to the filter by the STRF algorithm, then

kh_{rolo H@(%)H = kh_{{.lo f(iﬂk) = 0.

Proof. Let © = O(xy), ©f = O(zf) and O, = O;(xx),j = 1,...,p.

Let {k;} index the subsequence of iterations at which Oy, = @,;_71 is added to the
filter. Assume by contradiction that there exists a subsequence {k,} < {k;} such that
|©,|| = € for some ¢ > 0. Since {Oy,} is bounded, there exists a further subsequence
{ke} < {k,} such that

Jim O, = 6. (3.8)

Since {k¢} < {k,} < {ki} and | Oy, | > € for all v, we know that for all £, min{||Oy, ||, |O,[} =
¢ and Oy, is acceptable for the filter. Hence for each ¢, there exists a j € {1,--- ,p} such
that

O3, — Opi s < —ymin{[O4, 1,04 I} < —7e. (39)

However, by (3.8), we get ©;4, — Ojk,_, — 0, as ¢ — . This is a contradiction. Hence,
we obtain

lim Oy, | = 0. (3.10)
1—00

Now, we consider any ¢ ¢ {k;} and let k; be the last iteration before ¢ such that
Ok, was added to the filter. By the definition of {k;)} and (3.10), we have

lim f(zy,,) = 0. (3.11)

{—o0

Moreover, we have py,, — 0 as £ — oo by Step 5 of the STRF algorithm. Hence, using

i1 < pg, we obtain pp — 0 as k — 0.
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From the condition on the smoothing function (3.6), we derive

|f<xki(g)7,uki(z)) - f(xki(e))‘

L.

§|Hr(xki(2)7ﬂk¢(z))u2 - Hr(xki(é))H2|
m
Z(f?(xki(é) ) /’Lki(é)) - sz(xki(z)))‘

7j=1

N —

|fj (xki(é) ) /“%(z)) - Tj(xki(é))‘ ’ ‘fj (xki(i) ) /“%(e)) + 7y (xki(e)>’

<
Il
_

N
DO | —
INgE

K/(Iuki(ﬁ) ) |7:j (xki(@ ) Mh(z)) + 7 (J7ki(e) )|

<
Il
—

N N
N | — N | —
| RSERN NgE

H(:ukim ) (K(Nk‘i(o ) + 2|Tj (xki(é) ) |>

j=1

< G + Rl (g )b

< R+ Al Wl (g, )l

< %ﬁ(uw)m(ﬂw) 2mf(h,)- (3.12)

Hence from (3.11) and py — 0, we obtain
gli,nolo f(xki(ewﬂki(e)) = 0. (3.13)

By Step 2 and Step 4 of the STRF algorithm, if ©(zy,,,+1) is not included in the filter,

then we have

which, together with (3.13), implies

lim f(xk’i(g)-’rl’ ,uki(g)) = 0. (314)

l—0

Using the similar argument in (3.12), we can show

m ~
|f(xki(é)+17 luki(é)) - f(xki(e)+1>’ < 5“2(:“’%(@)) + R(uki(l))\/me(xki(é)JFl’ luki(é)) (315)
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which, together with (3.14) and

. ~ . m ~
EILIBD |f(wk’i(g)+la /’Lk)i<g)) _f(xki([)+1)‘ < Khm(5’%2(”]61'([))_'—'%(/’6@(@))\/2mf(xki(g>+17 /J’ki(z))) = 07

—00

we obtain

}E& f(‘rkiw)-i-l) = 0.

By recurrence relations, we get
lim f(xr) =0 and lim |O(z)| = 0. (3.16)
k—0 k—o0

We complete the proof. O

Now, we study the convergence of the STRF algorithm without assuming that infinitely
many values of ©(xy) are added to the filter.

We say that f has bounded level sets, if for any o > 0, the level set {x | f(x) < a} is
bounded.

If f has bounded level sets and condition (3.6) holds, then the smoothing function f
has bounded level sets for any fixed ;1 > 0. In fact, using the argument in (3.12) and

(3.15) with condition (3.6) and p < pp, for any o > 0, the following holds

(7) < o+ 3r*(p) + K(p)v2ma}

{z] flz,n) <) {z|f
{z] f(z) < a4+ Zr*(po) + K(po)V2mal.

(3.17)

N N

Lemma 3.3. Suppose that f has bounded level sets and Vf(',u) 1s Lipschitz continuous
for any fixed p > 0, then
lim gy = 0. (3.18)

k—o0

Proof. Let K contain all iterations at which pg.1 = opug, namely,

K = { k| min{f(a), | Vaf (@r, m)} < Br}. (3.19)

If K is an infinite set, then limy_,o, px = 0. Moreover, from Theorem 3.2, if infinitely

many values of O, are added to the filter, then limy_, ur = 0. Hence, in the following,
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we will prove that K is an infinite set in the case when only finitely many values of Oy
are added to the filter.

Assume by contradiction that K is finite and only finitely values of ©, are added to
the filter. Then there exists a nonnegative integer /%, such that for all nonnegative integers

7, @(%’ﬂ,) are not added to the filter and py, ; = . This means

f(x,;ﬂ.,u,;) - f(ﬂJ;;Jer,/i;;) >0, for 7=0 (3.20)
and
min{f (i), Vo (@ m)l} > B, for j = 0. (3.21)

By (3.17) and the assumption that f has bounded level sets, we know that f(-, p;,) has
bounded level sets. Hence, in such case, the STRF Algorithm reduces to Algorithm 4.1
for solving the smooth optimization problem with the objective f(-, ;) in [52]. From the
assumption of this Lemma, Vf (-, ;) is Lipschitz continuous, and thus By is bounded.
Note that dj is the exact solution of (3.7). All conditions of Theorem 4.6 in [52] hold.

Similar to the proof of Theorem 4.6 in [52], we can show

i [V, .. 00)] = 0 (3.22)
This contradicts to (3.21). Hence (3.18) holds. O

Since r is locally Lipschitz continuous, f is locally Lipschitz continuous and almost

everywhere differentiable. The Clarke subdifferential of f at x € R™ can be defined by
of(x) = con{v |V f(z) = v, f is differentiable at z, z — z},

where “con” denotes the convex hull. A vector x is called a Clarke stationary point of
fif 0 € df(x). To show that any accumulation point of {x} generated by the STRF
algorithm is a Clarke stationary point of f, we need functions r;, ¢ = 1,...,m to be

regular and their smoothing functions 7; to satisfy the gradient consistency.

Definition 3.4. [32] A function h : R" — R is said to be regular at x € R™ if for all

v € R"™, the directional derivative exists and

h tv) — h h tv) — h
h(z;v) = lim (z +tv) = h(z) = lim sup (y + tv) (y)
ti0 t y—x,t|0 t
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Definition 3.5. (Gradient consistency)[24] A smoothing function h of h : R" — R is

said to satisfy the gradient consistency if
con{v | Voh(z*, i) — v, for % — x, . | 0} = oh(z).

Theorem 3.6. Assume that 7; satisfies condition (3.6) and the gradient consistency, for
i=1,....,m, f has bounded level sets and Vf(~, w) is Lipschitz continuous for any fixed

> 0. Then the sequences {xy} and {ux} generated by the STRF algorithm satisfy
lim inf IVaf (k)| = 0. (3.23)
—00

In addition, if r; is requlari = 1,...,m, then any accumulation point of {zy} is a Clarke

stationary point of f.

Proof. We consider two cases. Case 1. liminf,_,o, f(zx) = 0.

In this case, we have
m
lim inf 2 = liminf 2 = 0.
im inf | (2| = lim in j;n(xk) 0

From condition (3.6) and Lemma 3.3, we get pp — 0, and
0< lilrgninf |75 (2 pire)| < lilgninf(|rj($k)| + k(ug)) =0, for j=1,...,m.
—00 —00

Since r; is Lipschitz continuous, the Clarke subdifferential or; is bounded. Hence from

the gradient consistency of r;, we can get |V,7;(xk, pr)| is bounded and
lim inf IVaf (@i, )| = lim inf |V o (hy i) (2, )| = 0.

Case II. lim infy_,o f(xg) > 0.
In this case, there exist k and € > 0, such that for k > k, f(z;) > ¢. By Lemma 3.3,

fi — 0. Thus from min{f(zy), |Vaef(zk )|} < B, we have
lim inf ||V, f (zx, )| = 0.
k—o0

Hence we complete the proof for (3.23).
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If r; is regular and 7; satisfies the gradient consistency, then by Proposition 2.1

in [12], 72 is a smoothing function of 7 and satisfies the gradient consistency. Since

f(x) = 33", r2(z) is a convex composite function of r7(z), fla, p) = I3 P, p) s
a smoothing function of f and satisfies the gradient consistency, which means

con{v|Vf(z) — v, f is differentiable at z,z — z} = con{v|Vf(z,n) — v, z =z, | 0}.

Hence, from (3.23), any accumulation point of {x;} is a Clarke stationary point of f. [

Example 3.7. To explain the smoothing approzimation and gradient consistency, we

consider the following example. Let
1 1
r(x) = Mz + max(0,z) + ¢, where M = < ) and ¢ = ( )

At = (0,0)T, r(z) and f(x) are not differentiable. Since ry and ry are convex, by
Proposition 2.3.6 in [32], they are reqular. By Corollary 3 in [32], the Clarke gradient of
f(z) at T is

o) = §(@ria) + ori)

= con{v | Vri(x)ri(z) + Vre(z)re(z) — v, 21 # 0,29 # 0,2 — T}

_ {( wl ) ( _}) o, o € [1,2]),

Since 0 € 0f (), T is a stationary point.

We use the smoothing function

max(0,t)  if[t| > §
% + £+ L& otherwise

o(t, p) = {

for max(0,t), and

7(x) = Mz + ®(z,u) +q

for r(x) where ®(x, p) = (¢(x1, 1), p(wa, pu))T. It is easy to see that 0 < @' (t,u) < 1. In
particular, ¢’ (=5, 1) = 0 and ©'(§, 1) = 1. Hence, we find that f satisfies the gradient

consistency, that is,
con{u|V f(z, 1) = Vi(w, p) 7z, 1) — v, & — 7,41 | 0} = O (2).
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More examples and results on the smoothing approximation, regularity and gradient

consistency can be found in [20, 21, 24].
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3.4 Numerical results

All numerical experiments in this thesis are implemented in MATLAB 2012b on a Lenovo
Thinkcenter PC equipped with Intel Core i7-3770 3.4G Hz CPU, 8 GB RAM running
Windows 7.

In this section we report numerical results of the STRF algorithm for solving non-
smooth nonconvex least squares problems (3.2) arising from spherical t.-designs. The
problem is highly nonlinear and have many stationary points at which the residual is not
zero. Numerical results show that the STRF algorithm is efficient and robust for finding
global minimizers of the problem.

The values of parameters in the STRF algorithm are chosen as follows: Ay = 107},
A=1021m=02,1 =08, = 0.8, 75 = 1.25, 0 = 0.95, 11 = 0.5, v = 0.01, 8 = 10.

To use the STRF algorithm, we need a smoothing function 7 of r and the Jacobian

of 7. Since 1y, : R¥3N=3 — R+’ ig differentiable, we only define a smoothing function of

rr, : RV — RY as follows:

w; — a4 w; < a; — 4,
Wi ﬁ(wi a;)? — 2w — a;) — pfA—a; a;—p<w; <a;+p,
(71, (w, )i = 0 ai+p < w; <b—p,
w2+41“(wi b1)2_%(wi_bi)+ﬂ/4—bi by — < w; < b; + pu,

The function 7y, is Lipschitz continuous and regular. The smoothing function 7, satisfies

the gradient consistency. Moreover, f(z) = |r(z)|?* = 3r(z)"r(z) is continuously differ-

entiable and has bounded level sets. Hence all conditions on r and f in the last section
hold.

The function f is nonconvex with many stationary points. It is hard to find a global
minimizer of f by using most existing methods. We use this example to test the STRF
algorithm and compare it with smoothing trust region (STR) algorithm and fmincon,
lsqnonlin, fsolve codesin Matlab. To guarantee the fairness of the comparison, we use
same parameters in STR and STRF algorithms, and same initial points for all algorithms

and codes.
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First we generate N points distributed evenly on the whole sphere. The points are
generated by “The Recursive Zonal Equal Area Sphere Partitioning (EAP) Toolbox” pro-
posed by P. Leopardi, which could be downloaded from http://sourceforge.net /projects/eqsp/.
Next, we add a small random perturbation on the points to create more initial point set-

s with the same cardinalities. All the perturbation obeys a uniform distribution with

47 -
N Z—l,...

expectation as 0.1. We choose initial weights w? = ,N.

In Table 3.1 we show numerical results for finding spherical ¢y 1-designs with different
t and N points on the sphere. The final value of the residual |r(z)| and the CPU time
(CPUtime) are reported in the table. Compared with other methods, the STRF algorithm

can find a good numerical global minimizer efficiently.

Table 3.1: Values of r(x)(CPUtime) for spherical ¢.-design with € = 0.1

t, N fmincon Isqnonlin fsolve STR STRF

4,12 1.41e-07(1.39) | 1.91e-05(0.281) | 3.28e-15(0.185) | 2.64e-03(1.94) | 7.78e-11(0.038)
9,45 | 8.54e-07(10.1) | 2.00e-04(2.29) | 3.96e-06(1.89) | 6.81e-03(6.26) | 9.39¢e-11(0.35)
12, 80 | 1.16e-06(52.5) | 3.19e-04(13.8) | 3.95e-06(15.8) | 1.01e-2(12.1) | 7.12e-11(0.888)
14, 105 | 1.61e-06(107) | 4.99¢e-03(66.1) | 3.68e-06(46.8) | 1.06e-3(22.3) |9.68e-11(2.07)
19, 190 | 7.66e-06(492) | 1.1e-02(189) 2.78e-07(207) | 3.06e-04(70.5) | 9.79e-11(12.1)
21, 235 | 1.91e-06(856) | 1.18e-04(193) | 3.98e-08(310) | 1.89e-03(115) | 9.35e-11(98)
24, 305 | 2.30e-05(2064) | 6.13e-04(382) | 8.66e-07(689) | 1.56e-03(220) | 9.05e-11(36)

Note that there is no theoretical result which proves the existence of a spherical ¢-design
with N < (¢ + 1)® points for arbitrary ¢. In [25], using a computational algorithm based
on interval arithmetic, Chen-Frommer-Lang proved the existence of a spherical ¢-design
with N = (¢ + 1)3 points on the unit sphere S* = R3 for ¢t = 1,2,...,100. In [64], Sloan
and Womersley, conjectured the existence of a spherical t-design with N = [(t+1)3/2] +1

points on the unit sphere S? < R? for some small ¢, where [-] denotes rounding up to
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Figure 3.1: Possible minimal number N of points for spherical ¢.-designs

next integer. We believe that with the flexibility of choice for the weights, the number
of points for a spherical ¢.-design can be less than [(¢ + 1)?/2] + 1. To see the minimum
number of points for a spherical t.-design, we solve the least squares problem with r(x)
defined in (3.1) for [(t + 1)%/3] < N < [(t + 2)?/2] + 1 with different € and ¢. Figure
3.4 shows the minimal values N such that |r(z)| < 107 with ¢ = 21,25 and € = 1079,
a=05+7x0.1, i=0,1,...,11. From Figure 3.1, we see that the bigger value of ¢ we

choose, the smaller number of points for a spherical ¢.-design we need.

Since we have develop a way for finding spherical ¢.-designs by the STRF algorithm
proposed in this chapter, now it is possible for us to implement the worst-case error of
spherical ¢, designs on H*(S?) obtained in Section 2.3. In what follows we will calculate the
worst-case errors of the spherical t.-designs found in the previous part of this section. In
this experiment we choose ¢ = 0.1 for spherical ¢.-designs. For comparison, the worst-case
errors for spherical t-designs on H*(S?) will also be implemented.

The worst-case errors in H*(S?) for s = 1.5 (s < d/2 + 1) are illustrated in Figure 3.2.
For all spherical t,1-designs, the worst-case error with s = 1.5 is calculated using (2.44)
and the distance kernel, and for spherical ¢t-designs the worst-case error are calculated by
(1.46). From the figure we can see that in this case, the computed worst-case errors of
spherical t-designs and spherical ¢y -designs essentially lie on the same curve, which is

similar to the numerical results shown in [19, Fig.1]. Based on Fig. 3.2 and [19, Fig.1], we
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Figure 3.2: Worst-case error for H*(S?) and s = 1.5

can conjecture that the worst-case errors of both QMC designs which include spherical
t-designs and spherical t.-designs decay in the same speed with respect to the number of
points in the case s < d/2 + 1.

Figure 3.3 plots the worst-case errors for s = 5.5 of both spherical ¢-designs and
spherical ¢y i-designs. For spherical ¢-designs the worst-case errors with s = 5.5 are
calculated using the generalized distance kernel and (1.47) (for which L = 4), and for
spherical ¢.-designs the worst-case errors are calculated using (2.45). From the figure we
can see that the worst-case errors of spherical t.-designs decay faster than the ones of

spherical t-design with respect to the number of points.
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Chapter 4

Regularized Least Squares Problem
on the Sphere

In this chapter we investigate two regularized problems for numerical approximation of
continuous functions on S? using spherical t.-designs.

In the first section we consider a regularized weighted least squares problem only using
spherical polynomials. In the second section we consider a generalized regularized least
squares problem of hybrid approximation using both radial basis functions and spherical

polynomials. Numerical results are presented in the last section.
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4.1 Regularized weighted approximation using spher-
ical {.-designs

In this section we consider the polynomial approximation of continuous functions on the
unit sphere S? arising as minimizers of the regularized weighted discrete least squares

form

min Y w;(p(xy) — £())* + A Y (Rep(x)))° (4.1)

where w; >0, j = 1,..., N are the weights for each term of the least squares, f € C(S?)
has its values given at N points Xy = {x1,...,xy} = S?, X > 0 is the regularization
parameter, and R, is the regularization parameter which is linear and can be chosen in
different ways. Note that {Yyx, k=1,...,20+ 1, £ =0,...,L} is a basis of P, so we

can represent p(x) as a linear combination of the basis as
2041

L
p= Z Yok
=0 k=1

Let the entries of matrix Y € RV*(L+D? he
(YL)KQ-HC,Z' :YM(xi), (=0,....L, k=1,...,20+1,i=1,...,N,
and f = (f(x1),..., f(xn))T. We could reformulate the problem as

min  |diag(v/w)(Yra — )3 + A|Rpals3, (4.2)

aeR(NV+1)2

where
4/ W1
diag(vw) = )
v WN
and Ry = R (Xy) = BY? € RETD*N with B, defined as in (1.53).
Problem (4.2) is a quadratic convex programming and it is easy to verify that (4.2)

has a unique optimal solution. Deriving the first and second order optimality condition,

the minimizer of (4.2) satisfies the following linear system

(Hy, + \R[R.) a = Y] diag(w)f, (4.3)
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where
H; = (diag(\/a)YL)Tdiag(\/E)YL = YT diag(w)Y, € READ?x(L+1)?

Theorem 4.1. Assume f € C(S?). Let L = 0 be given , and let Xy = {x1,...,xn} = S?

be a spherical t.-design on S* with respect to w with t = 2L . Then
H; = Yidiag(w)Yr = Iip4a), (4.4)

while (4.2) has the unique solution

Quf =

1 N
1+ 57 ;lwm’k(xj)f(xj)’ (4.5)

and the unique minimizer of (4.1) is given by

pLn(x) = ) Ye’k(xz)ijYe,k(Xj)f (%)

Proof. Note that when Xy is a spherical t.-design,

N
(HL)g2+k7(g/)2+k/ = Zwin7k(xi)n/7k,(xi)

i=1

= f Yz,kYz’,k’dW(X)
S2

0o Okl »

with the third equal sign established by the orthonormality of spherical harmonics. Sub-

stitute Hy = I(;11)2 to system (4.3) and we can obtain the equality (4.5) and (4.6). [

It is interesting to note that when w; = % forall j =1,...,N, Theorem 4.1 achieves
the same result with Theorem 2.1 in [3]. That is to say, problem (4.1) is indeed a gen-
eralized form of problem (1.48) by adding the weights w; to each element of the least
squares part. Therefore, we can also generalize some other conclusions in (4.1) to our
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problem. The following theorem tells the convergence of model (4.1) that polynomial

approximation (1.48) using spherical ¢, will converges to a continuous form.

Theorem 4.2. Let f € C(S?), and let L = 0 be given. Assume that the sets X§, =
(X1 X, o) fort =1,2,... form a sequence of spherical t.-designs with
w; = [wig,...,wn, 4|7 and t = 2L. Then the unique minimizer prn, € P of (1.48) has

the uniform limit p;, ast — oo, that is
lim |prn, = prfee) =0, (4.7)

where py, € P, denotes the unique minimizer of the continuous reqularized least squares

problem

min {|f - pI2, + A Rupl?, }. A >0. (4.8)

Proof. We have seen already that py, y, is uniquely determined when ¢ > 2L, and that in
this case py, n, is given explicitly by (4.6). It is easy to see that the minimizer of problem

(4.8) is in a similar way given by

L2041
;) A+ ) fPe(X'Y)f(y)dW(y)- (4.9)

Since the sums over £ in (1.60) and (4.9) are finite, to prove the theorem it is sufficient to

prove that for 0 < ¢ < L

lim 2 WPk X0 f(50) = | Pk ) )ty (4.10)
Noting that Py(x -y)f(y) is a continuous function of y for each fixed x € S?, the result
now follows from the well known result that, for a positive weight quadrature rule with
polynomial degree of accuracy L, the quadrature rule applied to a continuous function g
converges to the integral of g as L. — co. For an explicit proof for the case of the sphere
(and indeed for an error estimate) see [45, Therorm 10] combined with Jackson’s theorem

[53, Theorem 3.3]. O
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Based on the numerical results in Section 3.4, we know that due to the flexibility of
choice for the weights, the number of points for constructing a spherical t.-design can be
less than constructing a spherical t-design. In another way, using same number of points
we may construct a spherical t.-design but may not be able to construct a spherical -
design. That is to say, a spherical t.-design can have higher algebraic accuracy than the
spherical designs constructed using same number of points. As is shown in the numerical
results in Section 3.4, spherical t.-designs have a smaller worst-case error than spherical

t-designs.
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4.2 Regularized hybrid approximation using radial
basis function plus polynomials

In this section we will investigate the hybrid approximation scheme using both radial basis
functions (RBFs) and spherical polynomials. As is shown in Subsection 1.3.2, approxi-
mating a function f € C(S?) using formula (1.66) and (1.67) leads to solving a “saddle
point” linear system (1.70).

It is well known that (1.70) is an effective model for approximation problem in many
cases. Now we consider a gerneralized least squares formula for hybrid approximation.
Firstly, instead of using the data point set Xy as the center point set of RBF's, we use a
different point set Xy, = {x],x5,...,X}, } as the center point set to construct the RBFs.
As we declared in the last section, in the original saddle point model (1.70) the data
point set is directly chosen as the center point set when we creating RBFs. However, no
theoretical result has been established to insist this choice as far as we know. Naturally,

we have some new notations about this new center point set as matrix A € RV*+ and

Q. € RV*I+D? defined by
Aij = o(xi, X7), i=1,...,N, j=1,..., N, (4.11)
and
(Qu)ivzn :=Yor(x7), t=1,...,N,, k=1,...,20+1, £=0,...,L. (4.12)
Then the orthogonal condition (1.67) is equivalent to
Q.= 0. (4.13)

In this case, we still always assume that Xy, to be a fundamental system, which implies

that @, is of full column rank. Now we consider the new linear system

o S5 ]-La) a1

If we here assume that N > N, and A is of full column rank, this system will be over

determined and has no solution. In this case, instead of equation (4.14), we consider its
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least squares form as

1
miﬁn §HAo¢ + QB —f|3 (4.15)
st. QTa=0,
or
1 T
mip §aQ*Q*o¢ (4.16)

st. Aa+QpB—-f=0.

The solution of problem (4.15) satisfies the condition (1.67) strictly whereas the solution
of problem (4.16) interpolates the data f exactly. To meet a balance of this two aspects,
we consider its penalized form as a more general case. we plus the two objective functions
in the two models with a penalized parameter multiplied on one of them, and then can

obtain its Iy — [, penalized form as
o1
Hallﬁni\lAaJrQﬁ—fH% + Q% al2, (4.17)

where A\ is the regularized or penalized parameter to balance the approximation and the
orthogonal condition. This problem is a smooth convex unconstrained programming. By
deriving its first order necessary condition, we can obtain a linear system which is easy
to solve.

Moreover, we usually want the orthogonal condition to hold for as many ¢ and k,
0=0,...,L k=1,...,20 +1, as possible. That is to say, we want the vector QT « as

sparse as possible. Based on this point of view, the [, — [y is more advisable to consider:
1
min 5lAa+ QB — £l + A Qxalo. (4.18)

This problem is non-lipschitz nonconvex and can have multiple local minimizers. However,

we should note that problem (4.18) is non-convex and NP hard [30, 49, 51|. Hence we
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should consider an approximation of this model instead. A good approximation is that

replacing the ¢y norm by ¢, norm, with the form as
1
min || da + Q5 — £ + M@ ey, (4.19)

where 0 < p < 1, which is named low order penalty problem. However, the problem is
nonsmooth and nonconvex. For the convenience of computing, a convex approximation
form is expected to make this problem easier to solve. As the closest convex form of model
(4.18), we take the ¢; regularization replacing the ¢, one. Thus problem (4.15) becomes

non-smooth but convex programming as
1
min 3| Ao+ Q5 — 3 + A|QTal,. (4.20)

Remark 4.3. The solution of the saddle point system (1.70), if exists, is also an optimal
solution of optimization problem (4.15), (4.18),(4.19) and (4.20) when choosing Xy, =

{x7,x3,..., x5} = Xn.

The existence of solution for system (1.70) guarantees that the optimal values of all

objective functions in (4.20), (4.15), (4.19) and (4.18) equals to 0.

Remark 4.4. Systems (4.20), (4.15), (4.19) and (4.18) all guarantee the exactness for
polynomials of degree < L. That is, for Vf € Pr, (a*, 5*) is the optimal solution for all

the four problems, in which o* = 0 and * satisfies

L 2/+1
f = Z Z 5Zk}/f,k7
=0 k=1

where B* = (Bz‘k), (=0,....,L, k=1,...,20+ 1. In this situation, B* is unique and all

the objective functions equal to 0.

The | - |1 regularizer in (4.20) is to guarantee condition (1.73) which forces u, the
linear combination of RBF's, separated from the spherical harmonic polynomial space Py,
and A is the regularization parameter to balance the two parts. This leads to (4.20) as a

non-smooth and convex optimization problem. The problem also requires that both Xy
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and Xy, are fundamental systems [2] which guarantee that both @ and @, are of full
column rank.

Now we consider using the alternating direction method (ADM) to solve the problem
(4.20). The motivation of this method is to solve a separable programming by separating
it into two or more easier subproblems. Since the method requires that the objective
function is separable, first we introduce an auxiliary variable vector y = QTar € R(EHD?

and (4.26) can be reformulated into a constrained optimization problem as
1 9
min o | A+ QB — £l + Alyl (4.21)

st. Qla—y=0

which is a structured convex constrained optimization problem and can be solved by the
ADM method. Let z be the Lagrangian multiplier and 0 < p < 1 be the augmented La-
grangian parameter for the linear constraint QZx —y = 0, then the augmented lagrangian

function of (4.21) is

1
L(x,y,2) = 5l Aa+ Q5 — £3 + Nyl —2"(@Ta —y) + £1QTa —yl3 (422

Then a framework of the alternating direction method for problem (4.20) could be given

as Algorithm 4.2.

81



Algorithm 4.2: ADM for the [,—regularized hybrid approximation problem
Step 0: Initialization. Make an initial guess v° = (y°,z°).
Step 1: Find a new x. For given (y*,z"), solve the convex quadratic programming
Kot = (G ) =argmin {140+ Q5 — 13- ()7 (QFa - ¥*)

6k+1
, (4.23)
+21QTa - yH3}.

k+1

Step 3: Find a new y. Use z* and the obtained x**! to solve the convex separable

quadratic programming
: p
y** = argmin {Alyly - (25)7(Qa**! —y) + £|QFat i3} (a29)

Step 4: Update the lagrangian operator. Update z* as z"! = z* — p(QTa**! —
y**1) and go back to step 2 until convergence.

In step 2, by deriving its first-order optimality condition, solving (4.23) could lead to

seeking the solution of the following linear system:

ATA+pQ.Q% ATQ || o ATE + pQ.y" + Q.2
[ QTA QTQ ] [ Bk+1 } = [ QTf ] (4'25)

Now we denote by

M-[A Q] x:{g], B-[0QT 0]

and
7 M|l | A Q
| B| | QT 0
where M e RV*(Na+(L41)%) - B g RUEAD*x(Net(L+1)%) gpd

J € RINHLA)?) x(Ny+(L+1)?)
Lemma 4.5. Linear system (4.25) has a unique solution if

rank (J) = N, + (L + 1)*.
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Proof. For (4.25) we could obtain that

T T AT T
AAngj?*Q* ST?Q}:[ST][A Q]_i_plQ*}[QT 0]=M"M+pB"B.

The above matrix is invertible if and only if the zero vector is the unique solution of the
system

Jx = 0.

Then we can get that
N, + (L +1)? <rank (J) < N, + (L + 1)
O

Now we consider the subproblem (4.24) in step 3. The format of problem (4.20) could

be simplified as
1
min §|\Mx—f\|§ + \|Bx|1 (4.26)
st. Bx—y=0.

We denote by (Bx*®*1); as the ith column of the vector Bx**1. Then problem (4.24) can

be reformulated as

(L+1)? (L+1)?

y/7c+1 — argmin { A Z b’z‘|_ Z (Zk)i((BXk+1)i_Yi)

i=1 i=1

l\le

Z xF+1), — y,)? (4.27)

(L+1)2?

=argmin {35 (vl = () (B —yi) + LB )

i=1

We see that (4.27) is a separable optimization problem. Then the problem can be sepa-

rated to (L + 1)? one-dimension subproblems as
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nyrl — arg min {>\|Yz| + (Zk)i}’z' + g((BXk+1)i o y¢)2} (4.28)

and by the first order optimal condition, we have that
0 € X(|yil) — 2 — p(Bx"*1); + pyi,

where 0(|y;|) denotes the subdifferential of the nondifferentiable convex function |y;|. We
could note that this step is equivalent to a scalar shrinkage process and the following

theorem is developed based on the relative conclusion in [68].

Remark 4.6. The solution of (4.28) could be given by the formulation

1
yitt == (max {0, p(Bx"t); + (2M); — )‘}
p (4.29)

—max {0, —p(Bx"*"); — (z"); — \}).

Now we consider the stopping criterion of the proposed algorithm. By deriving the

first-order optimality condition (4.21), we have
MTMx — M*f — BTz =0,
0e X(|y]1) + =, (4.30)
Bx —y =0.

Hence problem (4.21) has the following variational inequality characterization: find

we Q= RN++3L+D? guch that

weQ, MNy|-lyl) + W —w,Fw)) =0, VYu' e, (4.31)
where
X MTMx — M*f — Bz
w=|y | and F(w)= z : (4.32)
Z Bx -y

Let (x*1, y**1 zF+1) € Q be generated by Algorithm 1. We denote by Q* = {(x*,y*, z*)}

the solution set of problem (4.21). Note that system (4.25) is equivalent to find an x*+1
satisfying
<X/ o chJrl7 MTMXkJrl o MTf o BTZk + pBTBXkJrl_ pBTyk> > O7
yx' e RV++(L+1)?
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Simultaneously, we have

x — Xk-'rl
MY = Iy*) = < y =yl
7 — gk+1
(4.33)
MTMXk-H _l;]wa _ BTZk+1 pBT<yk+1 _ yk)
zh ! + 0 >0
p(BXk+1 _ yk+1) Zk-‘rl _ Zk:

k+1

for any (x',y’,2z') € Q. Therefore, (x**1, y**1 zF*1) is a solution of (4.21) if and only if

1 k41 _

and z z". Then we could establish a stopping criterion for Algorithm 1

yh = yht

according to this conclusion:
max{|y* —y* o, [2° — 2"} <, (4.34)

where € > 0.
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4.3 Numerical results

In this section we establish some numerical experiments to test the efficiency of the ap-
proximation models proposed in the above section. The codes of the ADM are written
by Matlab 2011b, and all the numerical experiments are done on a Lenovo Thinkcenter
PC equipped with Intel Core i7-3770 3.4G Hz CPU, 8 GB RAM running Windows 7.

In this thesis we do not pay much attention to the choice of regularized parameter \ in
(4.19). We know that choosing a suitable parameter is an important process in regularized
models. It may influence the result of approximation directly and how to choose a “good”
A is still an open problem. As a part of remedy of that, we would try several different
selections of X, as A = 107,102, --- ,10%, and record the best case among them into the
table.

In the coming numerical experiment, to test the two models (4.1) and (4.20) mentioned

in previous sections in this chapter, three functions with the different property are tested.

1. Franke function:
f(x) =f(x,y,2) = 0.75exp(—(9z — 2)?/4 — (9y — 2)?/4 — (92 — 2)?/4)

+0.75 exp(— (92 + 1)?/49 — (9y + 1)/10 — (92 + 1)/10)

(4.35)
+0.5exp(—(9z — 7)%/4 — (9y — 3)*/4 — (92 — 5)?/4)
—0.2exp(—(92 —4)* — (9y — 7)? — (92 — 5)?), (z,y,2) € S*.
2. Franke function with noise added:
Fox) = f(x) +6(x), (4.36)

where for each x, §(x) is a sample of a normal random variable with mean 0 and

standard deviation o = 0.1.

3. Franke function plus a cap function:

Frap(X) = F() + g(x) = f(x) + " (4.37)

0, otherwise,

p COS (MS(XX)> , xeC(x,,r),

where x, = (—0.5,0.5,4/0.5)T, and = 0.5 and p = %
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The Franke Function f, which is modified by Renka [56] is continuous differentiable on
S2. The second function f° presents a noised data with its original function as a continu-
ous differentiable function. The third function f.,, is a continuous but non-differentiable

function on S?. The shapes of the three functions are shown in Figure 4.1.

4.3.1 Regularized weighted least square polynomial approxima-
tion using spherical t.-designs

In this section we will test the model (4.1) proposed in Section 4.1. We will use the

spherical t.-designs found by the STRF algorithm proposed in Section 3.2 as the data

point sets. For comparison, we will also implement the model (1.48) proposed in [3] using

spherical ¢-designs proposed in [64] as data point sets.

In this experiment we will use the spherical ¢ ;-designs which are found in Section 3.2
and the spherical t-design proposed in [64] as the point set for polynomial approximation.
We will record the uniform errors and Ly errors to measure the approximation quality.
We all know that it is a complicated and time-consuming process to calculate the precise
value of the uniform norm and L, norm of a function on the sphere. Here we choose a
large-scaled and well distributed point set X; = S? to be the test set and use it to estimate

the errors. Then the uniform error and L, error of the approximation are estimated by
If = prnlos ~ max | f(x) = pr.(x)], (4.38)

and
A & :

If = prle, = <ﬁt ;(f(xz) - pL,N(Xi))2> ) (4.39)
where N,; denotes the number of points in X;. In this experiment, we choose X; to be an
equal area partitioning point set [57] with 10° points.

For both spherical t.-designs and spherical ¢-designs we always let L = [¢/2]. Under
this setting the solution of model (4.1) can be directly obtained by formula (4.6). Fig.

4.2 shows the errors of for the least squares approximation of f with R, = 0 (or A = 0).
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From the figure it can be seen that, the Ly errors using spherical t.-designs decay faster
than the ones using spherical t-designs, although the uniform errors of them look close to

each other.

Errors for f with t > 2L

—6— uniform error using spherical t—design
102 kg —A— L2 error using spherical t—-design ]

—x— uniform error using spherical t 1—design

—— L2 error using spherical t 1—design

0 100 200 300 400 500 600
N

Figure 4.2: Errors for least square approximation of f with zero regularization operator

Fig. 4.2 shows the errors for least squares approximation of f° with Laplace-Beltrami
operators with A = 0,107% using spherical t.-designs. From the figure we can see that
when A\ = 1079, both the uniform errors and L, errors are smaller than the case with
A = 0, which implies that Laplace-Beltrami regularization can improve the approximation

quality for noisy case.

4.3.2 Regularized hybrid approximation using spherical {.-designs

In this section we will examine the approximation quality of propose model (4.20) in
Section 4.2. In this experiment, we apply the “Wendland” function [72] as the kernel of
RBFs, which is a kind of piece wise function with compact support to approximate it. It

has been proved to be positive definite on S?. The function is defined as

o(xy) =¢(x—y|) =v(2-2x-y), xyeS,
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Error for £ using spherical tg—designs

——— uniform error forA =0
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Figure 4.3: Errors for least square approximation of f° with Laplace-Beltrami regulariza-
tion operator

where (1) could be one of the three choices as

Yo(r) = (1 —71)% e CO(R), (4.40)
Ya(r) = (1 —7)L(4r + 1) e C*(R), (4.41)
Ya(r) = (1 —r)5(35r° + 18r + 3) € C*(R), (4.42)

where 9;,7 = 0,2,4 are all continuous but only 5, 1, are differentiable on R. In our
experiment, numerical tests have proved that approximation residuals do not vary so much
by choosing different RBFs, so here we will only apply the kernel ¢, which is continuous
differentiable on R to construct the RBFs. Sometimes scaling of the compact support is
employed to improve the approximation, but scaling also results in large condition number
of A, which will lead to long solving time, which will influence the solving time for each
different method in different extent. Hence for fairness of the comparison we will not use
scaling in this experiment if nothing announced.

We choose two different types of point sets as the data set and center point set for
RBFs. One type is a set with its points (approximately) uniformly distributed on the
whole sphere. The minimal energy [57], extremal spherical design [29] and well conditioned
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spherical t-design [2] systems are all uniformly distributed point systems. Here we will
use the spherical t.-designs proposed in our thesis as the data point set and the center
point set. In this experiment we will set € = 0.1 to construct the spherical ¢.-designs and
denote these sets as “WD” (well distributed) set for brevity of notations.

The other type is a non-uniformly distributed set with points distributed densely in
a small cap region and relatively sparsely in the rest region of the sphere. Obviously,
this kind of point sets will lead to ill conditioned matrix and cost more solving time.
We will generate this set Xy using equal area partitioning (EAP) method, see [57]. The
basic scheme is that we first generate some points densely and uniformly in a cap region
using EAP and then generate points sparsely in the rest region. We set the proportion
of density between the dense region and sparse region are five. In each time of test, we
apply the same type of the data set and center point set. That means if a non-uniformly
distributed point set is selected as data point set in one test, then the center point set will
also be selected as non-uniformly with the same cap region and vice versa. We should
also note that the theory of keeping matrix M of full column rank is still not studied.
But in practical tests it is not difficult to choose the data set and center set to make this
condition hold.

Now we consider using the model (4.20) to approximate the Franke function. We
choose the both two types of point set mentioned above: scattered data systems (SD),
which represent the non-uniformly distributed point sets, and spherical ¢.-designs, which
represent the uniformly distributed point sets.

We denote A, , as the approximation obtained by problem (4.19) and then the residual

could be obtained as
Ryq = Apof — floe) = max [Apgf(x) = f(x)].

Simultaneously, we present the residual norm when we apply the saddle point system

(1.70) to get approximation, as

Rxp=[Axrf— fleesy ~ max Ax,f(x)— f(x)]
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Table 4.1: Residuals (R..) and CPU time (7'.) with different models for hybrid approxi-
mation with L = 10

Type(N,N,) Ro1(Th1) Roa(Tys) Rii(Ti1)  Rxi(Txr)
Methods ADM MINRES SDPT3 MINRES

WD(2000,400) | 0.0433(0.02) 0.0471(0.05)  0.687(55)  0.0446(0.01)
WD(4000,800) | 0.0165(0.23)  0.0360(0.14)  0.0305(198)  0.0221(0.08)
WD(6000,1200) | 0.0068(0.25)  0.0372(0.39)  0.0076(490)  0.0095(0.25)
WD(8000,1600) | 0.0040(0.56)  0.0377(0.81)  0.0076(927)  0.0071(0.63)

WD(10000,2000)
SD(1993,399)
SD(3979,801)
SD(5974,1194)
SD(7964,1592)

SD(9954,1993)

0.0018(0.69)
0.0535(0.03)
0.0261(0.13)
0.0109(0.27)
0.0080(0.57)

0.0040(0.95)

0.0368(0.87)
0.0563(0.06)
0.0450(0.22)
0.0437(0.79)
0.0438(1.5)

0.0438(2.5)

0.0031(2438)
0.0845(46)
0.0336(216)
0.0162(698)
0.0151(1132)

0.0076(1828)

0.0031(0.69)
0.0514(0.04)
0.0336(0.10)
0.0150(0.52)
0.0126(1.39)

0.0071(2.47)

in the table, of which both the center point set and data set are Xy,. Here we use an
equal area partitioning point set [57] with 10° points distributed uniformly on the sphere
to deal with this process. We collect the infinity norms of the approximation residuals
and CPU time in seconds for solving process for each model as presented in Table 4.1.
The other three models are the Iy — [y problem (4.17), I; — [y, which simply change
all the norm | - |2 in (4.17) to | - |1, and the saddle point system (1.70). Since the
lo — Iy case can be reformulated as a linear system, we will solve it by the minimal
residual method (MINRES), as what is applied to equation (1.70). For l; — {3 we would
employ an existing software or package to solve it. There are many popular methods and
packages to solve a convex problem, such as the SPG [13], which is written in Fortran

77 and is proved to be efficient for many continuous differentiable optimization problems.
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In our experiment we would apply a package called CVX which is written by Matlab for
convenience. The SDPT3 solver [69] is chosen in this package, which employs an infeasible
primal-dual predictor-corrector path-following method and could deal with varieties of
convex problem.

We can obtain some other interesting conclusions from the table. It is natural to see
that all residuals Ry 1, Ra2, R11 and Ry 1 generally decrease when NV, turns larger, which
means that the approximation is more accurate. For the same scale it is obvious to see
that Ry, is always the smallest among the residuals. Also we could see that ADM is an
efficient solver for our model. For same scale and same type of point sets, ADM needs the
least time to solve the [, — [; model. For similar scale but different types of point sets,
lo — [y model using ADM costs similar time for both the SD and the WD case, whereas
other models need much more time to solve for SD case than the WD case.

In the next experiment we will approximate f using noised data f° defined by (4.36).
The saddle point model (1.70) will also be compared with (4.19) for restoration of the
original function. The approximate infinity norms of residuals are still recorded to measure
the approximation quality. Since we have found that the equal area partition point systems
behave well in Table 4.1, in this experiment we only choose the spherical ¢y -designs for
test. The infinity norms of the residual are still recorded to measure the quality of the
approximation.

The residuals of approximating f° using different models in different scales of point
systems are presented in the Table 4.2.

From the table we could find that for noisy case, the regularized models, including
lo—11, ls—15 and [y — 1, process more accurate restoration for the original target function.
Especially, the ls — [y, I3 — I3 model still own similar residuals and perform better than
the {; — {; model.

In Figure 4.4 we present the shapes of Franke function f and the noisy function f°.
Restorations using model appearing in the above tables are also given in the figure. From
Table 4.2 we have already seen that the residuals using Iy — [; and ly — [ models are

smaller than other model.
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Table 4.2: Residuals of approximation for f°

N,Ny,L Ra Ry Ry Rx1
121,36,5 0.3312 0.3187 0.3915 0.3968
441,121,5 0.1129 0.1129 0.1708 0.1646
961,256,5 0.1035 0.1035 0.1134 0.1395
961,256,10 0.1039 0.1039 0.1152 0.1449
1681,441,5 0.0959 0.0959 0.1179 0.1585
1681,441,10 0.0861 0.0861 0.1255 0.1591

\'

(a) restoration by £y — ¢4 (b) restoration by ¢5 — £5

9

(c) restoration by ¢; — ¢1 (d) restoration by saddle point system
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Figure 4.4: Shapes of f, f° and its restoration
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Table 4.3: Residuals of approximation for f.,, with L = 10

N, N, Ry Ry Ry RxL

1993,399 0.1007 0.1040 0.1456 0.1467
2987,598 0.0708 0.0836 0.1096 0.1232
3979,801 0.0673 0.0814 0.0793 0.1101
4980,994 0.0565 0.0745 0.0826 0.0925
5974,1194 0.0490 0.0749 0.0625 0.0745

The third experiment is supposed to approximate the Franke function plus cap func-
tion, denoted by feqp.

Note that f.,, is a continuous but non-differentiable function on the sphere. Thus,
when approximating f.,, using differentiable functions, errors near the cap boundary often
are much larger than other parts. To get a close estimate of the uniform residual for this
case, we choose the test set X; to be a type with points distributed densely around the
cap boundary. Similarly, to obtain better approximation, we will choose points denser in
the cap region than the rest region. Also we should note that in each region the points
could be uniformly distributed, which may lead to good approximation. In this sense, we
apply the SD point systems as the center point set and data point set.

In this experiment we set the scaling parameter ¢ = 0.5, which means that in the
RBFs kernel ¢;(r) the variable 7 is replaced by Z to reduce the compact support area of
each function.

Table 4.3 shows that for any scale of point set we choose, the I, — [; model keeps the
best approximation among the four models. In this sense, we could say that our model

(4.20) is suitable for the hybrid approximation on the sphere.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

In this thesis we basically studied the spherical ¢.-designs on the two-sphere S?, which
is a generalization of spherical t-design with 0 < ¢ < 1. Due to the flexibility of choice
for the weights, the number of points in the integration rule can be less for making the
exact integral for any polynomial of degree at most ¢ than spherical ¢-design. In Chapter
2 we prove that all the point sets arbitrarily chosen in the interval enclosures proposed
by Chen, Frommer and Lang in 2010 are spherical t.-designs and give an upper bound
of e. We then study the variational characterization and the worst-case error of spherical
t~design. Based on the reproducing kernel theory and its relationship with the geodesic
distance, we propose a way to compute the worst-case error for numerical integration
using spherical t.-design in Sobolev space.

In Chapter 3 we propose an approach for finding spherical ¢.-designs. We show that
finding a spherical t.-design can be reformulated as a system of polynomial equations
with box constraints. Using the projection operator, the system can be written as a
nonsmooth nonconvex least squares problem with zero residual. We propose a smoothing
trust region filter algorithm for solving such problems. We present convergence theorems
of the proposed algorithm to a Clarke stationary point or a global minimizer of the
objective function under certain conditions. Preliminary numerical experiments show the
efficiency of the proposed algorithm for finding spherical t.-designs.

In Chapter 4 we consider two regularized least squares problems: regularized poly-

97



nomial approximation on the sphere using spherical t.-designs, and regularized hybrid
approximation on the sphere using both radial basis functions and spherical polynomials
using spherical t.-designs. For the first problem we apply the Iy regularized form and
give an approximation quality estimation, and for the second one we study its [; regu-
larized form and solve the problem using alternating direction method with multipliers.

Numerical experiments are given to demonstrate the effectiveness of these two models.
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5.2 Future work

In this thesis we propose a new concept named spherical t.-design, which is a generalization
of spherical t-design with all its quadrature weight to be positive. We investigates this new
concept from multiple aspects and achieve some results, but there are still some problems
which are interesting to study in the future.

In Chapter 3, we propose the STRF algorithm for finding spherical t.-design. The
STRF is applicable for solving nonsmooth nonconvex least squares problem with zero
residual and have many applications besides finding spherical t.-designs. We propose
its global convergence theory in Chapter 3, and we wish to study its local convergence
property in the future.

As is shown in Section 3.4, we have found some spherical t. designs with different e
and t. And the points we need to construct spherical t.-designs are less than spherical
t-designs. And based on the Figure 3.4 we can see that for spherical ¢, design minimal
number of points N decays with the increase of € but the theory of the relationship
between each other is not constructed. In the future we will try to establish some theory
to explain this phenomenon.

Another work which is worthy to study in the future is that we seek to find spherical
t.-designs which possess a smaller worst-case error in Sobolev spaces. Following the result
in Section 3.3, minimizing a worst-case error among spherical t.-designs leads to solving
an optimization problem

N N
min Z Z wiwi (1)1 %, — x;[*72
’LU,.XNCg2 . .
i=17=1

N
DlwiYor(xi) =0, =1, .t k=1,...,20+1,
s.t. < i=1

w — mid(a, w,b) = 0.

The problem is non-differentiable expect when s = 2. With the flexibility of the weight

w, a smaller minimal wosrt-case error than spherical ¢-design is expected.
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