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Abstract of thesis entitled 

MICRO-MACRO MECHANISMS OF COHESIONLESS 

GRANULAR MEDIA―PARTICLE SHAPE; FABRIC; CRUSHING; 

AND LOADING PATHS 

submitted by Yi Yang 

for the degree of Doctor of Philosophy 

at The Hong Kong Polytechnic University in Aug 2014 

Granular materials are applied in many fields, such as pharmaceuticals, agriculture, 

mining industry, geotechnical engineering and others. They are unusual media that 

cannot be directly categorized as solid, liquid or gas. The mechanical responses of a 

granular material are notoriously complicated to describe or predict. Although many 

previous researchers have attempted to explore the granular medium through different 

directions, the mechanisms of these materials under various conditions are still far 

from well understood. The nature of granular materials is composited by discrete 

grains and surrounded voids, which crucially determine the macroscopic mechanical 

behavior of granular media. Hence, it is extremely important to know the variation of 

particle contact information at the micro-scale. This study aims to deeply explore the 

variation of microscopic contact information with many new insights under different 

loading and boundary conditions, including biaxial drained, “undrained”, and one 

dimensional compression. In the current thesis, the discrete element method (DEM) is 

adopted as a robust tool to carry out a series of numerical tests, which can be 

considered to explain the relationships between the microscopic information and the 

macroscopic response. 

 

Particle shape plays an important role in both the microscopic and macroscopic 

responses of a granular assembly. A more suitable shape descriptor SF is suggested for 

the quantitative analysis of the macro-scale strength indexes and contact parameters 
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for non-convex grains. The critical state friction angle increases linearly with the SF 

value. It is found that particle shape can directly influence the strain localization 

pattern, micro-scale fabric distribution, micro-scale mobilization indexes and 

probability density function (PDF) of the normalized contact normal force. 

Additionally, the accuracy of the stress-force-fabric (SFF) relationship can be 

overestimated or underestimated by the average normal force and the distribution of 

contact vectors. 

 

A series of numerical tests on the quasi-static deformation of dense granular media are 

performed to investigate the characteristics of mixtures of shapes that are composed 

of round and non-convex (Elongate) particles. Four respective contact types, which 

are divided into circle-circle contacts (CC), circle-elongate contacts (CE), simple 

elongate-elongate contacts (EE1) and multiple elongate-elongate contacts (EEm), are 

applied to interpret the macro granular mechanical response from the information of 

the effective contacts on a deeper micro-scale. The contact force ratio (K) of these 

four contacts can also be considered to explain the variation of the steady friction 

angle, particularly at the decreasing ranges of (0.2, 0.3) and (0.6, 0.7). Another 

interesting finding is that the PDF of friction mobilization (𝐼𝑚) for the CE contacts 

nearly overlaps at the mixture of 30%~60% Elongated particles. For the end of the 

strong force chains, the probability of the CC contacts is approximately the same. 

However, the pdf curves of the normalised contact forces of EE1 and EEm show a 

nearly linear increasing relationship with the increased percentage of Elongated 

particles. It should be point out that the variation of contact normal anisotropic 

coefficient is insensitive with the contact portions of EE1 and EEm. 

 

A traditional rolling resistance model has been implemented to compare with the 

simplified irregular clumps under the “undrained” shearing conditions. The numerical 

results indicate that the effects of rolling resistance model are limited to achieve the 

critical shear strength of irregular assemblages even when the rolling resistance 

coefficient 𝛼 > 0.5. Moreover, the artificial rolling resistance effect cannot easily 
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generate an apparent liquefaction as the loose packing of irregular particle.  

Furthermore, the main weights of anisotropic parameters for “undrained” Elongate 

medium sample (UEM) and Triangular medium sample (UTM) are related to contact 

normal. However, for the rolling resistance samples, the anisotropy of contact normal 

force dominates the macro shear strength. In addition, it should be noted that the 

patterns of the probability distribution of friction mobilization as well as the combined 

with the force class for the rolling resistance samples and irregular assemblages at the 

quasi-static or the critical state are obviously different.  

 

The contact forces and coordination number distribution for crushable granular 

materials during one-dimensional compression are investigated using the DEM. A 

simple method is developed to reveal the fractal distribution of contact forces in 

comminuted granular materials. When the contact force distribution shows a 

log-normal relation, a fractal pattern of contact forces will emerge. The fractal contact 

force distribution can be considered to explain the evaluation of particle size 

distribution with a fractal feature. Moreover, systematically parametric studies show 

that the size ratio of the initial maximum size and the minimum crushable size, 

Weibull modulus, inter-particle frictional coefficient and permitted tensile stress of the 

initial largest particle can influence the patterns of contact force distribution at the 

ultimate state. Furthermore, the coordination number distribution for each particle 

displays a unified distribution within the fractal size distribution of granular 

assemblages at the ultimate state.  

 

The effects of initial particle size distribution (PSD) for the crushable granular 

materials are investigated under one dimensional compression within the 

loading-unloading-reloading procedure. The numerical macro results can qualitatively 

match with previous experimental tests for the initial uniform, bimodal and fractal 

packings. Many interesting post-processing results have been investigated to explore 

the variation of the macro responses. It is noticeable that the contact force distribution 

would gradually decrease with the reloading procedure, which would also increase the 
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fractal dimension of the particle size distribution. However, the variation of the 

coordination number distribution is insensitive to the repetitive loading as well as the 

initial particle size distribution.  
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CHAPTER 1  

Introduction 

1.1 General Background  

Granular materials, such as gravel, sand, rock and asphalt are quite common media in 

geotechnical engineering. A special feature of granular materials is the uncertain phase, which 

cannot be directly categorized as an absolute solid, liquid or gas (Jaeger et al., 1996). The 

mechanical responses of these materials are rather complicated as a result of inherent 

discontinuous and heterogeneous nature. Due to these uncertainty or unclear situations, many 

researchers have been attracted in this region to explore the mechanics of granular materials. 

Although many valuable contributions have been published in the past decades, we are still 

far from achieving a general theory to predict the mechanical behavior of a granular material 

under various conditions, which can be influenced by many factors, e.g., the initial relative 

density, the loading history, the drainage condition, the initial anisotropy, the interparticle 

properties, the particle shape and other factors.  

 

The main challenge for the granular media is how to reasonably predict the mechanical 

responses. There are two main theoretical directions to determine the mechanism of granular 

materials, the phenomenological or structural approach (Feda, 1982). In additional, laboratory 

tests are considered to validate the existed model or to construct new relationship for the 

above two distinct views. The phenomenological approach is developed by the traditional 

continuum theory to construct related constitutive models (Been and Jefferies, 1985; Dafalias 

and Popov, 1975; Schofield and Worth, 1968). These models can efficiently predict the 

macroscopic behavior of some engineering problems through a simplified or practical 

formulation. However, due to the discrete feature of granular materials, there still exist many 

fundamental questions which cannot be quantitatively predicted satisfactorily by the 

constitutive models, such as the anisotropy, strain localization, crushability, liquefaction and 
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others. As the granular mass is discrete in nature, the structure approach based on the 

microscopic grain interaction is much more approximate than the physical basis of granular 

medium. Moreover, laboratory tests considering the microscopic physical variables have been 

significantly developed in the past four decades (Drescher and De Jong, 1972; Oda et al., 

1985). In recent years, some advanced high-resolution x-ray micro-tomography and 

diffraction techniques have been considered to characterize the individual particle (Andò et al., 

2012; Jia et al., 2007; Moreno et al., 2010). Some researchers have attempted to represent the 

inter-particle contact forces through the inter-particle strain fields and spatial contact 

distribution (Andrade and Avila, 2012; Hall et al., 2011; Hurley et al., 2014). However, it 

remains unavailable to directly describe the accurate inter-particle contact forces within the 

natural sands, particularly when particle shape and crushing effects are considered. As an 

alternative numerical structural approach, the discrete element method (DEM), which was 

originally developed by Cundall and Strack (1979), can be used to reproduce the macroscopic 

mechanical behavior and simultaneously obtain detailed contact information for each grain, 

including contact force and energy transmission. These internal indexes cannot be easily 

captured by the laboratory tests. The numerical DEM has been verified in many fundamental 

geotechnical problems. Many element tests have been carried out to pursue the mechanism of 

granular materials, such as shear banding (Iwashita and Oda, 1998; Jiang et al., 2011; Wang et 

al., 2007b), anisotropy evaluation (Guo and Zhao, 2013; Rothenburg and Bathurst, 1989; 

Thornton, 2000; Yang and Dai, 2010; Yang et al., 2013; Yin et al., 2010a), crushability 

(Åström and Herrmann, 1998; Jensen et al., 2001; McDowell and Harireche, 2002; Tsoungui 

et al., 1999), etc. Moreover, various complicated boundaries conditions can be applied in 

DEM. Furthermore, the microscopic mechanical findings by DEM can assist the continuum 

approach to construct effective constitutive model. In addition, with the highly developed 

computer technology, DEM has a potential to analyze the large scale engineering problems in 

the future.  

1.2 Objectives and scope of the study 

Particle shape can significantly influence both the microscopic and macroscopic mechanical 

behavior of a granular soil. Especially for the consideration within the geotechnical discipline, 
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the shear strength and dilation effect are highly depended on the irregular particle shape. 

However, for the non-convex particle shape assembles the results remain a qualitative feature, 

which is induced by the complicated and inaccurate shape descriptors. The main objective of 

this thesis report is to deeply explore and interpret the particle shape effect. In addition, 

comminution is an another key controller for many physical phenomenon in many fields, such 

as mineral processing, fault gouge metamorphism, powder technology, and so on (Ben-Nun, 

2011). However, the knowledge of the mechanism of the comminution is rather limited. An 

effective fractal approach is proposed to investigate the confined granular comminution at the 

microscopic through DEM simulations. Hence, another core objective of this thesis is to 

explore the mechanical process of crushable granular materials under one-dimensional 

compression. DEM is a robust research tool, which can provide detailed information on an 

individual particle and its contact interaction. These contact data within a granular assembly 

can be used to explore the microstructure during loading transfer. Meanwhile, the variations 

of these statistical data can be considered to explain the macroscopic behavior. Hence many 

new techniques are developed to visualize the microscopic contact information for 

interpreting particle shape and crushing effects. This thesis is focused on exploring the 

particle shape effect and the crushing effect of granular sands under the quasi-static condition, 

where the rate-dependent deformation can be ignored. It should also be pointed out that only 

the induced anisotropy is considered in this thesis. In addition, due to the restriction of 

computation efficiency, the particle number is relatively smaller than the realistic sample. 

 

Based on the two-dimensional (2D) numerical DEM simulations (PFC2D), a systematic series 

of biaxial shear tests would be performed to quantitatively interpret the shape effects of 

non-convex granular assemblies. The characteristics of mixtures of shapes are composed of 

round and non-convex particles are explored by four internal contact types, which are 

presented on a deeper micro-scale. Furthermore, a traditional rolling resistance model would 

be implemented to compare with the simplified irregular granular assemblies under the 

undrained shearing condition.  

 

2D DEM is adopted to investigate the micromechanics for crushable granular materials under 
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one-dimensional compression. In addition, the initial particle size distribution (PSD) and 

unloading-reloading condition will be investigated within these numerical comminution tests. 

1.3 Thesis outline 

This thesis is organized as follow: 

 

Chapter 1 presents the general background of the research subject, research objectives and 

scope, as well as the thesis organization. 

 

Chapter 2 firstly gives a summary of the macromechanics of granular materials. The 

framework of microscopic descriptors are then discussed to provide a background of the 

micromechanics. In addition, the development of particle shape, particle crushing, and related 

DEM modelling techniques are also briefly reviewed in this chapter. At the end of this chapter, 

the methodology of DEM including the governing principles, contact models, the codes 

development as well as the servo-control schemes for various boundary conditions are 

introduced. 

 

Chapter 3 describes a simple quantitative framework for investigating the particle shape effect. 

A systematic series of biaxial shear tests are performed to obtain a suitable shape index. In 

addition, the accuracy of the stress-force-fabric (SFF) relationship is also investigated for 

these non-convex granular assemblies. 

 

Chapter 4 investigates the characteristics of mixtures of shapes that are composed of round 

and non-convex (Elongate) particles. Four internal contact types are applied on a deeper 

micro scale to explore the correlations from the information of effective contacts within the 

granular assemblages. The variation of macroscopic mechanical behavior will then be 

explored by the microscopic information of the respective contact types. 

 

Chapter 5 compares the traditional rolling resistance model with the simplified irregular 

granular assemblages under the “undrained” shearing condition, which is different from the 
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above two chapters. It is also concentrated to clarify the feasibility of artificial rolling 

resistance effect. 

Chapter 6 studies the mechanical process of crushable granular materials during 

one-dimensional compression. Detailed parametric studies have been performed to identify 

the sensitivity of contact force distribution, coordination number distribution, and PSD within 

the granular assemblies. Moreover, a simple method is developed in the current study to 

reveal the fractal distribution of contact forces in comminuted granular materials. 

 

Chapter 7 extends the investigation performed in chapter 6 to consider the initial PSD within 

the unloading-reloading procedure. The initial uniform, bimodal and fractal granular packings 

are simulated to compare with the experimental tests.  

 

Chapter 8 summarizes the major findings of this dissertation and recommends an outlook 

necessary for further studies. 
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CHAPTER 2  

Literature review 

2.1 Introduction 

In this chapter, the shear strength, dilatancy and anisotropy of granular materials are firstly 

presented to give a simplified background on the associated macromechanics.  

 

Afterwards, an introduction to the micromechanics of granular sands is provided. Meanwhile 

a systematic review of micro physical descriptors is given. Next, a background of the stress 

force-fabric (SFF) relationship is presented.  

 

A review of particle shape effect, particle crushing effect and related DEM modelling 

techniques for the granular sands are given. Moreover the related physical phenomenon is 

also presented   

 

At the end of this chapter, the procedures of DEM is presented, followed by various boundary 

conditions with associated servo-controlling algorithms. In addition, the typical mechanical 

behavior of granular sands under these loading paths are also included.  

2.2 Macromechanics background of granular sands 

How to suitable describe the stress-strain behavior of granular sands is still a challenging task 

for both the academic researchers and practical engineers. It has been proved that the critical 

state soil mechanics (CSSM) framework proposed by Schofield and Wroth (1968) can be used 

to efficiently predict the granular sands behavior. Critical state in granular sands intrinsically 

indicates the granular packing reaches a constant stress, constant void ratio and constant 

volume during the external shearing. 

2.2.1 Shear strength and dilatancy  

The shear strength is a fundamental soil property index in practical geotechnical designs. Its 
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value can be determined by the Mohr-Coulomb yield criterion (1773), which can be found 

from any soil mechanical book (Das, 2008; Mitchell and Soga, 2005; Schofield and Worth, 

1968; Wood, 1990). For cohesionless granular materials the Mohr-Coulomb yield criterion 

can be written as: 

 tannτ σ φ=       (2.1) 

where 𝜏 is the shear stress at failure, 𝜎𝑛 is the normal stress on the failure plane, and 𝜙 is 

the friction angle, which is generally considered as a bulk property to describe the shear 

strength of granular sands. A direct shear test equipment is usually adopt to measure the 

friction angle 𝜙. Meanwhile, a typical stress-strain relationships of direct shear test rests in 

loose and dense sands is shown in Figure. 2.1, which can also be found from any soil 

mechanics text book. The loose sand possess a clear strain-hardening feature, whilst the dense 

sand shows a strain-softening behavior with a clear peak state. They all achieve a critical state 

at the large strain condition. Hence the peak friction angle 𝜙𝑝 and the critical state friction 

angle 𝜙𝑐𝑣 are adopted to characterize the strength of sand. As an alternative laboratory 

device, the triaxial test is also used to determine the strength property. The friction angle can 

be expressed by the principal stresses for both the two tests as follow: 

 1 3
1 3 1 3

1 3

sin ; ( ) / 2; ( ) / 2q p q
p

σ σφ σ σ σ σ
σ σ

−
= = = + = −

+
    (2.2) 

where 𝜎1 and 𝜎3 are the major and minor principle stresses, p means the effective stress, q 

indicates the effective deviator stress.  

 

It is generally known that the value of peak friction angle reduces with increasing 

consolidated void ratio and stress level. Moreover, the triaxial test would induce a lower 

friction angle than the plane strain test. These early views about the peak friction angle can be 

seen from many soil mechanics handbook or papers (Bolton, 1986; Houlsby, 1991; Schanz 

and Vermeer, 1996). The critical friction angle is a unique feature at the constant volume stage 

(Bolton, 1986; Houlsby, 1991; Rowe, 1971; Schanz and Vermeer, 1996). Recently, many 

researchers continued the laboratory tests to explore the strength of granular sands by 

considering various more specific indexes, such as particle shape (Cho et al., 2006; Shin and 
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Santamarina, 2012), fabric (Been et al., 1991; Guo, 2008; Chang and Yin, 2010; Yin and 

Chang, 2013), particle crushing (Coop et al., 2004; Indraratna et al., 2014b), etc. Even for the 

unified critical state friction angle, there are still many conflicts which are mainly induced by 

the limited deformation capability of triaxial tests. Sadrekarimi and Olson (2011) have carried 

out a systematic work on triaxial tests and ring shear tests to explore the features of friction 

angle of sands, especially at the critical state. The tested samples were prepared by 

air-pulviated and moist-tamped methods. They pointed that the critical state friction angles 

measured in triaxial tests were independent of consolidated stresses, but related to the 

consolidated void ratio, which may be induced by the displacement limit of the triaxial device. 

For the ring shear tests, the critical friction angles are independent of the stress path, sample 

preparations, consolidated void ratios and consolidated pressures (over 200 kPa). Indraratna 

and his co-workers (2014) performed a series of triaxial tests (axial strain range 20% to 25%) 

on rail ballasts and showed some conflict with the studies on carbonate sands by ring shear 

tests (Bandini and Coop, 2011; Coop et al., 2004).  

  

The concept of dilatancy in soil mechanics is initially described as that soil particle would lift 

over one another due to occurrence of sliding by Rowe (Rowe, 1962). As described by the 

geotechnical pioneers (Bolton, 1986; Houlsby, 1991), the understanding about the soil 

dilatancy mechanism can help us to know the development of stress-strain relationship due to 

shearing. Its magnitude can be described as the ratio of plastic volume strain rate to plastic 

shear strain rate. For a plane strain condition (𝜀2 = 0), it can be represented by the ratio of 

plastic principle strain rates as follow (Bolton, 1986; Houlsby, 1991): 

 1 3

1 3

( )sin
p p

p p

ε εψ
ε ε

− +
=

−
 

 
    (2.3) 

where 𝜀1̇ and 𝜀3̇ mean the plastic major and minor principal strain rates, and 𝜓 is the 

dilation angle. Another expression (Houlsby, 1991) is used the ratio of plastic volume strain 

increment (d𝜀𝑣
𝑝) and deviator strain increment (d𝜀𝑞

𝑝) type to define the dilantancy (d), which 

can be expressed as: 
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The essential of above two equations are the same (𝑠𝑖𝑛𝜓 = 𝑑). The magnitude of dilation 

angle can be generally influenced by the void ratio, stress levels, particle shape effect, particle 

crushing, and so on. The connection between the friction angle and the dilation angle has been 

studied by many researchers. Among these studies, Houlsby (1991) presented an extremely 

clear framework for the followers to understand. The simplified saw-tooth model in Figure 

2.2 is used to explain the relationship between the friction angle and dilation angle when 

sliding occurs. Hence, the mobilized friction angle can be rewritten as the sum of the critical 

state friction angle and the dilation angle as: 

 tan tan( )cv cv
n

τ φ φ ψ φ φ ψ
σ

= = + ⇒ = +     (2.5) 

where 𝜙𝑐𝑣 means the critical state friction angle. This type of relationship is generally named 

as a flow rule (Houlsby, 1991). Two of other initially theoretical flow rules are proposed by 

Taylor (1948) and Rowe (1962) through respective concepts towards to a similar result. 

Taylor (1948) suggested to use an energy correction for calculating dilation. Its formulation 

can be written as: 

 tan tan tancvφ φ ψ= +     (2.6) 

This concept is also adopted by Schofield and Wroth (1968) to develop the Cam-Clay model. 

The other initial flow rule is proposed by Rowe (1962), who communicated with Taylor and 

built a new stress-dilatancy relationship. This flow rule is based on a function of the stress 

ratio and the strain rate ratio assuming a minimum energy ratio hypothesis. This function can 

be expressed as: 

 2 31

3 1

tan ( )( )
4 2

µφ εσ π
σ ε

−
= +




    (2.7) 

where 𝜙𝜇 is inter-particle friction angle. However, the dilatancy feature of a granular sand is 

not only affected by the stress ratio. Other indexes such as the relative density, particle shape, 

and crushability can also influence the rate of dilatancy. Rowe’s stress-dilatancy theory (1962) 

is not able to evaluate the complicated mechanical responses of granular sands.     

9 
 



 

Bolton (1986) proposed an empirical flow rule by comparing the experimental data on the 

strength and dilatancy of 17 sands in axisymmetric or plane strain loadings with different 

consolidated densities and confining pressures. This empirical flow rule can be expressed as: 

 

max
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max
1

max

max min

0.8 5 ; plane strain
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    (2.8) 

where 𝜙𝑝 indicates the peak friction angle, 𝜓𝑚𝑎𝑥 is the maximum value of dilation angle, 

𝐼𝑅  means the relative dilatancy index, 𝐼𝐷  indicates the relative density, p is the mean 

effective stress [kPa], Q and R are fitting parameters which depend on the intrinsic material 

properties, 𝑒𝑚𝑎𝑥 and 𝑒𝑚𝑖𝑛 are the related maximum and minimum void ratio.  

 

Houlsby (1991) compared the above four flow rules under the plane strain condition, and 

pointed that the differences were relatively low. Moreover, the Rowe flow rule (1962) 

matched well with the empirical Bolton flow rule (1986) which both fall in the middle range. 

However, the critical friction angle in Bolton flow rule (1986) for both plane strain and 

triaxial strain loadings is assumed equal, which is not according with the experimental tests. 

Then, Schanz and Vermeer (1996) performed extensive triaxial compression tests on Hostun 

sand, and extended previous plane strain flow rules to triaxial strain condition.  

 

Some other researchers proposed indirect indexes to quantify the strength and dilatancy of 

granular sands. Been and Jefferies (1985) presented a state parameter 𝜓 = 𝑒 − 𝑒𝑐  to 

determine the dilation or compression feature of a granular sand under the same mean 

effective stress, which was constructed within the framework of critical state soil mechanics 

(Schofield and Worth, 1968). The concept of this index intuitively comes from the figure void 

ratio or special volume versus the logarithmic effective mean normal stress (Wroth and 

Bassett, 1965). Another index 𝐼𝑠 is proposed similar as the type of relative density for 

describing the sand dilatancy feature during shear (Ishihara, 1993). Li and Dafalias (2000) 
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pointed out the drawbacks of Rowe’s stress dilatancy theory and proposed a new 

state-dependent dilatancy for suitable predicting the granular media, where a micromechanical 

analysis was considered to verify the macroscopic behavior. This dilatancy function can be 

expressed as: 

 ( , , , )d d e Q Cη=     (2.9) 

where 𝜂 means the stress ratio, Q indicates internal state variables other than intrinsic 

material constant C and void ratio e. Afterwards, Yang and Li (2004) adopted this 

state-dependent dilatancy to explore the influence of density and stress level. Moreover, a 

linear flow rule is suggested to connect the peak friction angle and the maximum dilation 

angle.  

 

Many Ph.D. dissertations have detailedly reviewed the shear strength and dilatancy for the 

granular sands. Here some of them at listed for easy capture of the related information, such 

as Sallam (2004) at the University of Florida, Li (2006) at the Hong Kong University of 

Science and Technology, Cox (2008) at the University of Arizona, Yang (2014) at the 

University of Nottingham, and so on.    

2.2.2 Anisotropy  

The macro mechanical behavior of a granular soil is significantly influenced by the anisotropy, 

which is initially distinguished into inherent anisotropy and induced anisotropy by 

Casagrande and Carrillo (1944). The inherent anisotropy is produced during the geologic 

sedimentation history in nature or sample preparation in laboratory. The latter induced 

anisotropy is mainly formed by external loading. Here the anisotropy study on the laboratory 

tests and constitutive models are briefly reviewed for introducing the fabric quantification 

from microscopic point of view in the followed section.  

 

The inherent anisotropic tested sample can be prepared by pouring into tilting mold by 

different angles (Arthur and Menzies, 1972; Yamada and Ishihara, 1979). Many geotechnical 

tests, including true triaxial tests (Ochiai and Lade, 1983; Yamada and Ishihara, 1979) and 

hollow cylinder tests (Karstunen and Yin, 2010; Lade et al., 2008; Nakata et al., 1998; 
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Pradhan et al., 1979) have been performed. All these tests demonstrate that the initial 

anisotropy can significantly influence the granular mechanical responses, especially under 

small strain level.  

 

For analyzing the induced anisotropy caused by external loading, a series of plane strain tests 

on dense sand have been carried out by changing the principal stress directions (Arthur et al., 

1977). The results indicate that the induced anisotropy can significantly influence the stress 

and strain relationship. Afterwards, both monotonic (Gajo and Wood, 1999) and cyclic triaxial 

tests (Yamada and Ishihara, 1982) are performed to explore the pre-sheared samples. It can be 

found that the pre-loading history can significantly form a material anisotropy, which plays an 

important role in the soil behavior.  

 

In order to reasonable predict the macro responses of granular sands, the anisotropy feature 

should be involved in the constitutive models. The pioneer work is proposed by Cowin (1985), 

who considered the fabric tensor to determine the anisotropy of the porous elastic solid. Oda 

and Nakayama (1989) introduced the fabric tensor to construct a continuum model for 

analyzing soil plasticity. Many investigators followed this framework and validated the 

efficiency of fabric tensors for granular materials (Azami et al., 2010; Dafalias and Manzari, 

2004; Li and Dafalias, 2002; Tejchman et al., 2007; Tobita and Yanagisawa, 1992). However, 

the above methods usually adopted a fixed fabric tensor during the loading procedure. 

Recently, Li and Dafalias (2012) have presented a robust anisotropy critical state theory, 

where the fabric tensor can be evaluated through a proper state value. 

2.3 Micromechanical description of granular sands 

The macro responses of a granular sand is controlled by the development of microscopic 

particle interactions and surrounding voids. Using the DEM, many microscale physical 

properties can be captured during the resistance of external loading. It has been pointed out in 

the above chapter that the continuum mechanics cannot reasonably capture the mechanism of 

a granular media due to its discrete feature. Hence DEM can be considered as a robust tool to 

develop the present constitutive models, which still dominate our understanding in 
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geotechnical engineering. As mention by O’Sullivan (2011) in her edited book “Particulate 

discrete element modelling”, geomechanics should be investigated by combining the 

continuum and discrete consideration. Another book edited by Oda and Iwashita (1999) also 

gives a similar view that some continuum mechanical concepts (stress and strain) can describe 

a granular assembly. Therefore, in this subchapter, the average stress tensor and strain tensor 

are firstly presented to describe the microstructural feature through a continuum scope. Next 

the fabric structure are quantitatively described by the spatial distributed microscopic contact 

variables. Some microscopic descriptors are then defined. Afterwards, a stress-force-fabric 

relationship is briefly described for connecting the micro-mechanics and macro-mechanics.        

2.3.1 Stress and strain tensors 

The definitions of an average micro-structural stress tensor within a volume have been 

determined by many researchers with different mathematical considerations (Bagi, 1996; 

Christoffersen et al., 1981; Oda and Iwashita, 1999; Rothenburg and Bathurst, 1989). 

However, the essential of these formulations is the same, and can be derived into a general 

form. For a closed continuous domain with volume V, a distributed force 𝑡𝑖(𝑥𝑖) is loaded on 

its boundary S, and the body force 𝑔𝑖(𝑥) is acted within the domain, the equilibrium 

equation under a quasi-static condition is: 

 , 0ij i igσ ρ− =     (2.10) 

The body force in the current study is ignored. The material boundary condition is satisfied as 

follow: 

 ij j in tσ =     (2.11) 

where 𝑛𝑖 represents the unit normal vector on S. Hence the statistical average stress tensor 

over a volume V of material can be defined as: 

 1
ij ijV

dV
V

σ σ= ∫     (2.12) 

The stresses within each particle are assumed as the average value (𝜎𝑖𝑗 = 0 in the voids). 

Hence the above equation can be replaced by the sum of the stresses acting on all the particles 

(p = particle) within the domain.  
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As each contact is composed by two entities, it would be identified as two different contacts. 

Eq. (2.12) can be rewritten as: 

 
1 c c

ij i j
c V

f l
V

σ
∈

= ∑     (2.14) 

where 𝑓𝑖𝑐is the ith component of the contact force at contact c within the assembly, 𝑙𝑗𝑐 is the 

jth component of the contact vector at contact c, V is the volume of the assembly; The 

illustration of these variables is described in Figure 2.3. 

 

The microstructural expression of strain tensor for a granular media has been explored by 

many researchers in the past three decades (Bagi, 1996; Cambou et al., 2000; Cundall and 

Strack, 1979; Dedecker et al., 2000; Kruyt and Rothenburg, 1996; Kuhn, 1999; Li and Li, 

2009; Liao et al., 1997; O'Sullivan et al., 2003; Satake, 2004; Thomas, 1997; Wang et al., 

2007a). An early version of overview of the different microstructural strain definitions is 

summarized and compared by Bagi (2006). O’Sullivan (2011) then systematically discussed 

the calculated approaches of particulate strain. The difference of these approaches is mainly 

on how to efficiently capture the displacement gradients, which control the calculated strain. 

There are two directions for predicting a suitable displacement gradient. They are best fit 

approach and spatial discretization approach (also named equivalent continuum approach by 

Bagi (2006). The most convenient and speedy algorithm within the best fit approaches is 

proposed by Cundall and Strack (1979). The related governing equations of the average of 

particle translation (𝑉𝑖0) and position (𝑥𝑖0) for an analyzed region are briefly shown as 

follow: 

 0 0,p p

p p
i i

p N p N
i i

p p

V x
V x

N N
∈ ∈

= =
∑ ∑

    (2.15) 

where 𝑉𝑖
𝑝 and 𝑥𝑖

𝑝 are the translation velocity and centroid location for particle p, 𝑁𝑝 is the 

number of particles within the analyzed domain. The measure relative velocity and position 
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for each particle in the calculated region to the average values are given by: 

 
0p p

i i iV V V= −     (2.16) 

 
0p p

i i ix x x= −     (2.17) 

If the relative translation of each particle satisfies a uniform deformation rate gradient tensor 

𝛼𝑖𝑗, the relative velocity of every particle would be predicted as: 

 p p
i ji jV xα=      (2.18) 

However, in reality the above equation is usually unsatisfied. Generally, we need to seek a 

specific 𝛼𝑖𝑗 tensor to best fit the particle translations through a minimization principle as 

follow: 

 ( )( ) min
p

p p p p
i ji j i ji j

p N
Z V x V xα α

∈

= − − ⇒∑       (2.19) 

where Z is the sum of the squares of difference between the actual velocity and the predicted 

value through the best fit method. The function Z is minimized as: 

 0
ij

Z
α
∂

=
∂

    (2.20) 

Substituting Eq. (2.18) into Eq. (2.19) and using Eq. (2.20) to minimize, the following four 

equations would be obtained in 2D (3D nine equations): 

 
1 1 2 1 1

1

21 2 2 2 2

p p p

p p p

p p p p p p
i

p N p N p Ni
p p p p p p

i i
p N p N p N

x x x x V x

x x x x V x
α
α

∈ ∈ ∈

∈ ∈ ∈

  
    

=     
    

   

∑ ∑ ∑

∑ ∑ ∑

    

    
    (2.21) 

where 𝑁𝑝 is no less than 3 to guarantee the left matrix is always positive definite. All the 

four components can be obtained by a single LU-decomposition as well as two back 

substitutions for i = 1 or 2 (Bagi, 2006). This best-fit approach applied by Cundall and Strack 

(1979) is simple in calculation and valid for both 2D and 3D conditions. However, particle 

rotation is not accounted in the strain tensor. In addition, the shear bands or localizations 

cannot be easily captured for a relative large region by all the best-fit approaches (Cambou et 

al., 2000; Cundall and Strack, 1979; Liao et al., 1997) 

 

Another strain calculation method is spatial discretization approach, which have been 
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developed by many investigators (Bagi, 1996; Dedecker et al., 2000; Kruyt and Rothenburg, 

1996; Kuhn, 1999; O'Sullivan et al., 2003; Thomas, 1997; Wang et al., 2007a). These various 

calculated methods have their respective advantages and limitations, which are given by 

O’Sullivan (2011). In this dissertation, the strain calculation method proposed by Wang et al. 

(2007a). It can directly obtain the displacement gradient due to the movements of individual 

particles. Moreover, this approach does not consider the interpolation functions, which may 

induce erratic internal element strains (O'Sullivan et al., 2003) or overly smooth the 

displacement gradient (Wang et al., 2007a). The framework of this method can be seen in 

Figure 2.4, which includes a grid-based reference configuration and a displacement calculated 

algorithm. Each grid point in this method is assigned only to one particle j governed by the 

follow principle: 

 ( 1, 2..., ; )j i
p

j i

d d i N i j
r r

≤ = ≠     (2.22) 

where the subscript i and j represent the particle number, 𝑟𝑖 means the radius of particle i, 𝑑𝑖 

is the distance from the centroid of particle i to the grid point, 𝑁𝑝 is the number of particles 

within the analyzed region. The grid space is applied by the Eq. (2.22) before the deformation 

occurs. Moreover, the spacing size in this method is suggested equivalent as the medium 

particle diameter (𝐷50), which has verified by Wang et al. (2007a) for capturing the shear 

band with an acceptable resolution. As shown in Figure 2.4, the displacement of each grid 

point can be calculated by the displacement and rotation of the related particle, and the 

calculated equation is given by: 

 
[ ]
[ ]

0 0

0 0

cos( ) cos( )

sin( ) sin( )

g p
x x

g p
y y

u u d

u u d

θ ω θ

θ ω θ

= + + −

= + + −
    (2.23) 

where 𝑢𝑥
𝑔 and 𝑢𝑦

𝑔 are the grid displacement components on the x and y directions, 𝑢𝑥
𝑝 and 

𝑢𝑦
𝑝 are the particle displacement components along the x and y directions, d is the distance 

from the particle centroid to the grid point, 𝜃0 is the initial phase angle of the particle 

centroid towards to the corresponding grid point, and 𝜔 is the accumulated rotation. This 

strain calculated method can account for both the translations and rotations for a deformed 

granular assembly. Detail information about this strain calculation method can be seen in 
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Wang et al. (2007a).  

2.3.2 Fabric structure 

2.3.2.1 Void ratio 

The void ratio of granular materials is an important physical characteristics associated with 

the relative densities, stress-strain relationship and other engineering behaviours. It can be 

transformed into porosity or specific volume by a fairly simple formulation. Both of these 

indexes can be consider to predict the density of a granular packing. O’Sullivan’s (2011) 

discussed that the scale effect should be carefully considered (Munjiza, 2004). Hence the 

statistical void region should be large enough to reduce the extra errors. Bardet and Proubet 

(1991) proposed a measured circle to determine the void ratio, which is illustrated in Figure 

2.5. In this study, a modified version of measured circle is suggested to accurately calculate 

the void ratio, where the contact overlapping regions are considered. The expression is shown 

as follow: 

 
m p c

Np Nc

p c
Np Nc

A A A
e

A A

− +
=

−

∑ ∑
∑ ∑     (2.24) 

where Np is the total number of particles that lie within the global region, Nc represents the 

active external contacts, which include the particle-particle and particle-wall contacts, Ap is 

the individual particle area, Ac is the overlap area of each active contact point (which is 

updated in every numerical step), Am is the area of measurement region, which can be like as a 

circle in Figure 2.5 or rectangular.  

2.3.2.2 Coordination number 

The coordination number is another index to describe the contact density at a microscopic 

level. It can also be used to indirectly reflect the packing relative density as well as the 

internal structural stability of a granular media. The initial expression of the coordination 

number is as follow: 

 
2 c

p

NZ
N

=     (2.25) 
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where Nc indicates the total number of contacts, Np is the number of particles. Each contact is 

shared by two particles. Thornton (2000) pointed out that many numerical simulations 

possessed some particles with one or no contact. These specific particles have no contribution 

on the stable state of stress. A modified coordination number is suggested by Thornton (2000) 

and used throughout this study which can be determined as: 

 1

0 1

2
( )

c
m

p

N NZ
N N N

−
=

− −
    (2.26) 

where N0 means the number of particles with no contact, and N1 is the number of particles 

with only one contact.  

2.3.2.3 Contact normal orientation distribution 

As shown in Figure 2.3, the contact normal can be determined as a unit vector to describe the 

orientations of contacts within a granular media. This spatial vectors can be statistical related 

to the fabric tensor, as suggested by many previous researchers (Oda and Iwashita, 1999; 

Satake, 1993). A fabric tensor can be generally expressed as: 

 ...
1 ...

c

c c c
ij l i j l

c Nc

n n n
N

φ
∈

= ∑     (2.27) 

where 𝑛𝑖𝑘 (𝑖 = 1,2,3) are three direction cosines of the unit vector 𝒏𝒌 with related reference 

axes, Nc is the total number of contacts. The general form of it is multidimensional arrays 

which are difficult to interpret. The most commonly used form is a simplified second-order 

style, which can be written as: 

 
1

c

c c
ij i j

c Nc

n n
N

φ
∈

= ∑     (2.28) 

A density function E(n) can also be used to express the statistical distribution of contact 

normal. In the current dissertation, the second-order fabric tensor the density function is 

applied as: 

 1( ) (1 )
2

c
ij i jE n a n n

π
= +     (2.29) 

where 𝑎𝑖𝑗𝑐  indicates a second-order anisotropy tensor, which can be used to predicate the 

deviations from the isotropic distribution of contact unit normal vector. The integration of this 
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density function over the whole domain 𝛺 is 1, as 

 ( ) 1E n d
Ω

Ω =∫     (2.30) 

The above equation can also be rewritten as the following formulation with consideration on 

the inclined angle 𝜃 between the vectors.  

 
2

0
( ) 1E d

π
θ θ =∫     (2.31) 

For a 2D case, 𝐸(𝜃) should be a periodic function with the period of 2𝜋, and expanded by a 

Fourier series. The second-order Fourier expression using anisotropic parameters has been 

presented by Rothenburg and Bathurst (1989). It can be rewritten as: 

 1( ) [1 cos 2( )]
2 aE aθ θ θ
π

= + −     (2.32) 

where a represents the anisotropy coefficients of contact normal, 𝜃𝑎 describes the principal 

direction of contact normal. Their value can be equally obtained from the fabric tensor as 

follow (Bathurst and Rothenburg, 1992; Dai, 2010; Guo and Zhao, 2013; Li and Yu, 2013; 

Seyedi Hosseininia, 2013; Wang et al., 2007b; Yin et al., 2010a; Yin et al., 2010b): 

 2 2 12 21
11 22 12 21

11 22

1( ) ( ) ; arctan( )
2

c c
c c c c

a c c

a aa a a a a
a a

θ +
= − + + =

−
    (2.33) 

The above components of 𝑎𝑖𝑗𝑐  can be determined as follow: 

 
1(n)

c

c c
ij i j i j

c Nc

E n n d n n
N

φ
Ω

∈

= Ω = ∑∫     (2.34) 

2.3.2.4 Contact force distribution 

As described in Figure 2.3, the contact force vector (𝑓𝑐) is composed of the contact normal 

force vector (𝑓𝑛𝑐) and the contact tangential force vector (𝑓𝑡𝑐). For quantitatively investigating 

the spatial distribution of both types of contact force vectors, two second rank tensor are 

applied to describe the variations of contact forces. The contact normal force vector is along 

the contact normal direction, and the contact tangential force vector is perpendicular to it. 

With the orientation of contact normal 𝐧 = (𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃)  and contact tangent 𝐭 =

(−𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜃), the two tensors can be calculated by (Guo and Zhao, 2013; Li, 2006; Seyedi 

Hosseininia, 2013; Yang et al., 2013): 

19 
 



 
)

2
(

c

n
ij

c Nc

c
n i jf n

F
N

n
E n

π
∈

= ∑     (2.35) 

 2
( )

c

c c c
t i jt

ij
c Nc

f t n
F

N E n
π

∈

= ∑     (2.36) 

where 𝐹𝑖𝑗𝑛 and 𝐹𝑖𝑗𝑡  describe the fabric tensors of contact normal and tangential forces, 𝑁𝑐 

means the total number of contacts, 𝑓𝑛𝑐 and 𝑓𝑡𝑐 are the magnitude of contact normal force 

and contact tangential force at contact c. The angular statistical distribution of contact normal 

force (𝑓𝑛̅(𝜃)) and contact tangential force (𝑓𝑡̅(𝜃)) can also be described as second-order 

Fourier expressions similar as the contact normal distribution. They can be rewritten as: 

 ( ) 0 1 cos 2( )][ n fnf f aθ θ θ= + −     (2.37) 

 ( ) 0 sin 2( )t ttf f aθ θ θ= − −     (2.38) 

where 𝑎𝑛  and 𝑎𝑡  are the magnitude coefficient of contact normal force and contact 

tangential force anisotropies, 𝜃𝑓 and 𝜃𝑡 denote the related principal directions of contact 

normal and tangential forces, 𝑓0̅ indicates the average contact normal force from different 𝜃 

with the same weight. The magnitude of 𝑓0̅ can be determined as: 

 
00

21 ( )
2 nf df

π
θ θ

π
= ∫     (2.39) 

The two anisotropic coefficients and related principle angles of the contact forces within a 

granular assemblage can be determined by the numerical discrete data through the type of the 

two above fabric tensors (direction-averaged), which can be equivalent as the integration of 

the Fourier series in the whole domain. The transforming formulations are shown as follow: 

 
2

0

1 1( )
2 1c

c
n i jn

ij i jn c
c Nc kl k l

f n n
F f n n d

N a n n
π

θ θ
π ∈

= =
+∑∫     (2.40) 

 
2

0

1 1( )
2 1c

c
t i jt

ij i jt c
c Nc kl k l

f t n
F f t n d

N a n n
π

θ θ
π ∈

= =
+∑∫     (2.41) 

Substituting equation (2.37) and (2.38) into above two equation respectively, the above 

mentioned anisotropic parameters can be determined by: 

 
2 2

11 11 12 21 12 21

11 22

( ) ( ) 1; arctan( )
2 2

n n n n n n

n f n n

F F F F F Fa
F F

θ
− + + +

= =
−

    (2.42) 
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2 2

11 11 12 21 12 21

11 22

( ) ( ) 1; arctan( )
2 2

t t t t t t

t t t t

F F F F F Fa
F F

θ
− + + +

= =
−

    (2.43) 

2.3.2.5 Contact vector distribution 

Similar to the discussion of contact force vectors distribution, the spatially statistical 

distribution of contact vectors is also investigated in this dissertation. The determination of a 

contact vector is a vector which connects the particle center and the contact point. Each 

contact vector can be decomposed to the normal and tangential components with respect to 

the local related coordinate system. Its magnitude is highly related to the particle shape (Li, 

2006). With the same manner of contact force vectors distribution, two tensors are adopted to 

quantitatively characterize the contact vectors distribution within a particle assembly. They 

can be written as follow (Guo and Zhao, 2013; Li, 2006; Seyedi Hosseininia, 2013; Yang et 

al., 2013): 

 2
( )

c

c c c
n i jn

ij
c Nc

l n n
V

N E n
π

∈

= ∑     (2.44) 

 2
( )

c

c c c
t i jt

ij
c Nc

l n n
V

N E n
π

∈

= ∑     (2.45) 

where 𝑉𝑖𝑗𝑛 and 𝑉𝑖𝑗𝑡  describe the fabric tensor of contact normal vectors and contact tangential 

vectors, 𝑁𝑐 means the total number of contacts, 𝑙𝑛𝑐  and 𝑙𝑡𝑐 are the lengths of contact normal 

vector and contact tangential vector at contact c. The angular statistical distribution of the 

average contact normal vector (𝑙𝑛̅(𝜃)) and contact tangential vector (𝑙𝑡̅(𝜃))can also be 

described as second-order Fourier expressions similar as above contact forces distribution. 

Their expressions are shown as: 

 0( ) [1 cos 2( )]n n bnl l bθ θ θ= + −     (2.46) 

 0( ) sin 2( )t t btl l bθ θ θ= − −     (2.47) 

where 𝑏𝑛 and 𝑏𝑡 are the magnitude coefficient of anisotropy in average contact normal and 

tangential vectors, 𝜃𝑏𝑛 and 𝜃𝑏𝑡 denote the related principal directions of average contact 

normal and tangential vectors, 𝑙0̅ indicates the length of average normal contact vectors from 

different 𝜃 with the same weight. The magnitude of 𝑙0̅ can be determined as: 
21 

 



 
0

0
21 ( )

2
nl dl

π
θ θ

π
= ∫    (2.48) 

Similar to the contact force vectors distribution, the two tensors of contact vectors can also be 

equivalent to the integration of the Fourier series in the whole domain. The transforming 

formulations are shown as follow: 

 
2

0

1 1( )
2 1c

c
n i jn nij i j c

c Nc kl k l

l n n
V l n n d

N a n n
π

θ θ
π ∈

= =
+∑∫     (2.49) 

 
2

0

1 1( )
2 1c

c
t i jt tij i j c

c Nc kl k l

l t n
V l t n d

N a n n
π

θ θ
π ∈

= =
+∑∫     (2.50) 

Substituting equation (2.46) and (2.47) into above two equation respectively, the above 

mentioned anisotropy parameters can be determined by: 

 
2 2

11 11 12 21 12 21

11 22

( ) ( ) 1; arctan( )
2 2

n n n n n n

n bn n n

V V V V V Vb
V V

θ
− + + +

= =
−

    (2.51) 

 
2 2

11 11 12 21 12 21

11 22

( ) ( ) 1; arctan( )
2 2

t t t t t t

t bt t t

V V V V V Vb
V V

θ
− + + +

= =
−

    (2.52) 

2.3.3 Stress-force-fabric relationship 

Rothenburg and his co-workers (Rothenburg and Bathurst, 1989; Rothenburg and Bathurst, 

1992; Rothenburg and Selvadurai, 1981) proposed a connection bridge between the 

components of the stress tensor for a granular assembly of particles and the statistics 

distribution of contact normal, contact forces and contact vectors in micro-scale, where the 

granular system is under the static equilibrium condition. This connection is named as 

stress-force-fabric (SFF) relationship. Many numerical tests have been carried out to verify 

the accuracy of the measured stress ratio of a loaded granular media and the predicted stress 

ratio using SFF (Li, 2006; Mirghasemi et al., 1997, 2002; Rothenburg and Bathurst, 1989; 

Rothenburg and Bathurst, 1992; Rothenburg and Selvadurai, 1981; Seyedi Hosseininia, 2012, 

2013; Yang et al., 2013). In this review chapter, the detail derivation of SFF will be explored 

for easy understanding. Firstly, the micro-structural definition of stress tensor in equation 

(2.14) would be reconsidered. Its expression is replaced by the statistics of the microscopic 

average quantities. The stress tensor can be rewritten as: 
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 ( )2

0
( ) ( )c

jij i

N f l E d
V

π
σ θ θ θ θ= ∫     (2.53) 

where 𝐸(𝜃) is the normalized contact orientation distribution with orientation 𝜃, 𝑓𝑖̅(𝜃) and 

𝑙𝑗̅(𝜃) are the average force and average length of contact vectors acting associated with the 

same contact normal. The orientation of contact normal can also be defined as 𝐧 =

(𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃)  and  𝐭 = (−𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜃). Due to the symmetric feature of disk and sphere 

(𝑙𝑗̅(𝜃) = 𝑙0̅𝑛𝑗), the value of 𝑙0̅  is nearly the mean of the particle radius. However, for 

irregular particles  𝑙�𝑗(𝜃) is not equivalent to 𝑙0̅ sin𝜃. The magnitude of contact vectors is 

highly dependent on the particle shape. Meanwhile, the average contact force and average 

contact vector on each contact can also be decomposed into a normal and a tangential 

component (Seyedi Hosseininia, 2013).  

 ( ) ( ) ( )
( ) ( ) ( )

i n i t i

i n i t i

f f n f t
l l n l t

θ θ θ
θ θ θ

 = +


= +
   (2.54) 

Substituting equation (2.54) into equation (2.53) and rewritten as:  

 ( )2 2

0 0
( ) ( ) ( ( ) ( ) )( ( ) ( ) ) ( )c c

j n tij i i j jti n

N Nf l E d f n f t l n l t E d
V V

π π
σ θ θ θ θ θ θ θ θ θ θ= = + +∫ ∫     (2.55) 

Substituting the second-order Fourier series of contact forces, contact vectors and contact 

normal into above formulation, the stress components can be obtained as follow: 

00
11

11 [ cos(2 ) cos(2 ) cos(2 ) cos(2 ) cos(2 )]
2 2

1 [ cos 2( ) cos 2( ) cos 2( ) cos 2( )]
2
1 [cos 2( ) cos 2( ) cos 2(
8

{c
a n f t t n bn t bt

n a f n a bn n n f bn t t t bt

n n a f bn a f bn a f

N f l a a a b b
V
a a a b a b a b

a a b

σ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

= + + + + +

+ ⋅ − + ⋅ − + ⋅ − + ⋅ −

+ ⋅ ⋅ + − + − + + − )]
1 [cos 2( ) cos 2( ) cos 2( )]
8
1 [cos 2( ) cos 2( ) cos 2( )]
8
1 [cos 2( ) cos 2( ) cos 2( )]
8

}

bn

n t a f bt a f bt a f bt

t n a t bn a t bn a t bn

t t a t bt a t bt a t bt

a a b

a a b

a a b

θ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

−

+ ⋅ ⋅ − − + − + − + −

+ ⋅ ⋅ − − + + − − − +

+ ⋅ ⋅ − − − + − − − +

  

(2.56a) 
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00
22

11 [ cos(2 ) cos(2 ) cos(2 ) cos(2 ) cos(2 )]
2 2

1 [ cos 2( ) cos 2( ) cos 2( ) cos 2( )]
2
1 [cos 2( ) cos 2( ) cos 2(
8

{c
a n f t t n bn t bt

n a f n a bn n n f bn t t t bt

n n a f bn a f bn a f

N f l a a a b b
V
a a a b a b a b

a a b

σ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

= − + + + +

+ ⋅ − + ⋅ − + ⋅ − + ⋅ −

− ⋅ ⋅ + − + − + + − )]
1 [cos 2( ) cos 2( ) cos 2( )]
8
1 [cos 2( ) cos 2( ) cos 2( )]
8
1 [cos 2( ) cos 2( ) cos 2( )]
8

}
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n t a f bt a f bt a f bt

t n a t bn a t bn a t bn

t t a t bt a t bt a t bt

a a b

a a b

a a b

θ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

−

− ⋅ ⋅ − − + − + − + −

− ⋅ ⋅ − − + + − − − +

− ⋅ ⋅ − − − + − − − +

  

(2.56b) 
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1 [ sin(2 ) sin(2 ) sin(2 ) sin(2 ) sin(2 )]
2 2
1 [ sin 2( ) sin 2( ) sin 2( ) sin 2( )]
2
1 [sin 2( ) sin 2( ) sin 2(
8

{c
a n f t t n bn t bt
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n n a f bn a f bn a

N f l a a a b b
V

a a a b a b a b

a a b

σ σ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ

= = + + + +
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1 [sin 2( ) sin 2( ) sin 2( )]
8
1 [sin 2( ) sin 2( ) sin 2( )]
8
1 [sin 2( ) sin 2( ) sin 2( )]
8

}

f bn

n t a f bt a f bt a f bt

t n a t bn a t bn a t bn
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a a b

a a b

a a b

θ θ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

−

+ ⋅ ⋅ − + − + − − − −

+ ⋅ ⋅ + − − − + − − −

− ⋅ ⋅ + − + − + + − −

  

(2.56c) 

Since all the anisotropy coefficients are smaller than 1, the polynomials equal or beyond three 

orders can be neglected. The above equations can be simplified as the followed equations: 
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11 [ cos(2 ) cos(2 ) cos(2 ) cos(2 ) cos(2 )]
2 2

1 [ cos 2( ) cos 2( ) cos 2( ) cos 2( )]
2
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(2.57a) 
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The invariants of the average stress tensor are as: 
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Similar to equation (2.57), eliminating the third and higher orders, the general form of the two 

invariants ratio can be simplified as: 
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(2.59) 

Since the magnitudes of average contact normal and tangential vectors anisotropy are very 

small, especially for disk or sphere particles, the above equation can be reduced as: 
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(2.60) 

With the assumption of coincident𝜃𝑎 = 𝜃𝑓 = 𝜃𝑡, equation (2.59) can be further decomposed 

as: 
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2.4 Particle shape effect of granular sands 

2.4.1 Macro and micro responses 

Particle shape plays an important role in both the macro and micro scales behavior of a 
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granular assembly. From a macro perspective, many researchers have found that the strength 

properties of granular materials are highly related to the particle shape. This point has been 

verified from experimental tests to numerical simulations (Abedi and Mirghasemi, 2011; 

Azéma and Radjaï, 2010; Cho et al., 2006; Rothenburg and Bathurst, 1992; Shin and 

Santamarina, 2012; Wei and Yang, 2014). Moreover, granular packing density can be 

influenced by particle shapes. Abbireddy and Clayton (2010) performed a series numerical 

tests to explore the relationships of initial void ratios and particle shape, which can influence 

the maximum and minimum void ratios of a granular packing. They also proposed an 

effective method to produce suitable loose and dense samples for DEM simulations. Other 

investigations have also been carried out to explore the relationship between particle shape 

and packing density (Biarez and Hicher, 1994; Abbireddy and Clayton, 2010; Azéma and 

Radjaï, 2010; Cho et al., 2006; Jia and Williams, 2001; Salot et al., 2009). Furthermore, both 

the static and dynamic liquefaction can be influenced by the particle shape (Kuhn et al., 2014; 

Vaid and Chern, 1985; Wei and Yang, 2014; Yang and Wei, 2012). Wei and Yang (2014) 

carried out extensive laboratory triaxial tests on several types of sand-fines mixtures to 

explore the role of grain shape in static liquefaction, where the fines of rounded shape can 

increase the potential of liquefaction compared with the angular shape. From a micro 

perspective, particle shape can influence the contact force distribution (Azéma and Radjaï, 

2012; Azéma et al., 2007; Yang and Cheng, 2015). Meanwhile, the global average value and 

the probability density distribution of the friction mobilization can also be influenced by 

particle shape effect (Azéma and Radjaï, 2012). In addition, the statistics of micro anisotropic 

coefficient are highly depend on the particle shape (Antony and Kuhn, 2004; Azéma and 

Radjaï, 2010, 2012; Pena et al., 2007).   

2.4.2 Particle shape descriptor 

Many previous studies have been carried out to quantify the shape characteristics of granular 

sands. However, a general description index of the particle shape remains unavailable. In this 

subchapter, the existing particle shape descriptors will be briefly reviewed. Generally, the 

particle shape is 3D in nature. However, 3D measurements need a sophisticated devices, 

which is highly dependent on the minimum particle size and the orthogonally placing manner. 
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Even for the present computer image processing techniques, a general characterization of 3D 

particle shape remains extremely complex. Hence more particle shape descriptors are 

constructed by 2D, which is always a form of a projection or a sectional image (Blott and Pye, 

2008; Pourghahramani and Forssberg, 2005; Sallam, 2004). Since this dissertation is 

concentered on 2D numerical tests, only 2D shape descriptors are introduced. Many particle 

shape indexes have been proposed with respective scope in the past century. The most widely 

used shape formulation is the 2D form of Wadell’s roundness (1932). Other commonly used 

particle shape descriptors in geotechnical discipline are Aspect ratio and Circularity, which are 

simplified for describing 2D particle shape. Two of previous review papers (Blott and Pye, 

2008; Pourghahramani and Forssberg, 2005) have systematically discussed and compared the 

previous particle shape descriptors. Meanwhile, Cox (2008) also summarized the history of 

grain shape characterization approaches in his thesis report. In this dissertation, the author 

mainly refers to the recent popular categories of particle shape indexes especially in 

geotechnical discipline. Cho et al. (2006) presented a systematic work on the particle shape 

effect of natural and crushed sand, where the three important shape indexes sphericity, 

roundness and roughness are adopted to quantify the properties of density, stiffness and 

strength. These three shape indexes based on independent scales are developed by previous 

researchers (Barrett, 1980; Krumbein and Sloss, 1951; Powers, 1953; Wadell, 1932). Mitchell 

and Soga (2005) also presented a similar methodology to describe the particle shape by three 

sub-quantities at different scales. These specific shape descriptors presented by the above 

mentioned researchers are illustrated in Figure 2.6. Other advanced techniques for 

qualitatively accounting for the particle shape include Fourier mathematical approach 

(Bowman et al., 2001; Ehrlich and Weinberg, 1970) and Fractal analysis method (Kennedy 

and Lin, 1992; Orford and Whalley, 1983; Vallejo, 1995). The expression of Fourier series in 

(R,𝜃) is followed as (Bowman et al., 2001): 

 0
1 1

( ) A cos( ) sin( )
N N

n n
n n

R R n B nθ θ θ
= =

= + +∑ ∑     (2.62) 

where 𝑅(𝜃) is the radius at angle 𝜃, N is the total number of harmonics, n is the harmonic 

number. The other three coefficients can be determined by: 
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The Fourier descriptors can be expressed as: 
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The Fourier method with a clear mathematical framework can be considered to exactly 

quantify the particle shape effect. However, more than 5 Fourier descriptors are related to the 

particle shape (Mollon and Zhao, 2012). This extremely complicated situation may be not 

suitable for practical geotechnical studies. Detailed information about these Fourier 

descriptors are given in Figure 2.7. In addition, the natural sand cannot be strictly described 

by a unique and precise fractal dimension. Sukumaran and Ashmawy (2001) proposed a 

discretizing 2D projection of a particle and analyzing the projected outline with an external 

circle. This particle shape descriptor requires only two parameters. 

2.4.3 Particle shape modelling 

Generally, particle shape can influence the overall mechanical responses of granular materials. 

Hence the modelling methodologies of particle shape effect is an important research issue for 

the granular system. The traditional modelling is to adopt circle or sphere to simulate 

individual particle. However, this regular modelling may bring in excessive rotation, which 

would induce a lower shear resistance (Bardet and Proubet, 1992). Extensive modelling 

approaches emerge to consider particle shape effect. These methods can be mainly divided 

into two groups (1) rolling resistance model; (2) irregular geometry. The rolling resistance 

model is an indirect method which adds an artificial rotation torque at the contact points for 

traditional circles or spheres. It is initially presented by Iwashita and Oda (1998, 2000). 

Afterwards, many different rolling resistance models are constructed by versatile 

consumptions (Ai et al., 2011; Belheine et al., 2009; Jiang et al., 2005; Mohamed and 

Gutierrez, 2010; Tordesillas and Walsh, 2002; Wensrich and Katterfeld, 2012; Zhao and Guo, 
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2014). The other approach is to directly generate particles using irregular geometries through 

many different ways, e.g., ellipse or ellipsoids (Ng, 1994, 2004; Rothenburg and Bathurst, 

1992), polygons (Azéma et al., 2007; Estrada et al., 2011; Mirghasemi et al., 1997; Seyedi 

Hosseininia, 2012), and combining clusters/clumps (Abedi and Mirghasemi, 2011; Ferellec 

and Mcdowell, 2010; Jensen et al., 1999; Lu and McDowell, 2007; Yang and Dai, 2010; Yang 

et al., 2012, 2013; Zhou et al., 2013). Recently, Mollon and Zhao (2012, 2013, 2014) 

undertook a systematic work to generate much more complicated and accurate particles for 

discrete modelling from 2D to 3D analysis. 

2.5 Crushable granular materials 

2.5.1 One dimensional compression 

The mechanical and deformable features of a granular assembly under one dimensional 

compression are very important for many problems in geotechnical engineering. One 

dimensional compression usually relate the void ratio (e) and vertical effective stress (𝜎𝑣), 

which are generally plotted as semi-logarithm in Figure 2.8. The governing principle can be 

expressed as follow: 

 0 ln , Loading
ln , Unloading

v

k v

e e
e e

λ σ
κ σ

= −
 = −

    (2.65) 

where 𝜆 is the gradient of loading compression line, 𝜅 indicates the gradient of unloading 

straight line. 𝑒0 and 𝑒𝑘 mean the void ratio at 1 kPa. Moreover, a typical compression curve 

of crushable granular materials undergoes an extremely high axial pressure (800 MPa) is 

given in Figure. 2.8 from Yamamuro and his co-workers (1996). The studies on one 

dimensional compression behavior of a granular medial can be generally divided into 

experimental and numerical directions.  

 

Initially, the experimental tests are briefly reviewed. It is generally known that particle 

crushing effect can be ignored under low confining pressure. Hagerty et al. (1993) carried out 

a series of one dimensional compression test with consideration on particle crushing under 
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extremely high pressure (689 MPa). They also reviewed previous one dimensional 

compression tests of sands, and pointed that the confined compression procedure can be 

categorized into three stages from a large stress range. Their experimental results shown that 

particle crushing greatly increased with particle angularity and median particle size. 

Meanwhile, the initial crushing stress is related to the relative density. Yamamuro et al. (1996) 

designed a new one dimensional compression apparatus for applying extremely high pressure 

(up to 800 MPa). They found that the effects of initial void ratio could be ignored at high 

pressures, where the plots of e versus logarithm of 𝜎𝑣 were merged into a single curve. 

Nakata et al. (2001a) carried out a large number of one dimensional compression tests on 

silica sands, and found that the yielding characteristics is related to the particle size 

distribution. They also explored the developments of the gradient coefficients of loading 

compression lines. Moreover, the effects of initial void ratio and particle size distribution 

during the whole crushable confined compression behavior were investigated. In addition, this 

paper significantly influenced the followed researchers on the topic of crushability of granular 

materials. The important conclusions of this experimental study is shown in Figure. 2.9, 

where the points P in the compressional curve are distinct yield points. The physical feature of 

these yield points is conventionally used to distinguish the elastic and plastic deformation 

regions. For a crushable particular system, the stress at yield point is commonly related to the 

initiation of marked particle crushing (Coop and Lee, 1993; Nakata et al., 2001a; Yamamuro 

et al., 1996). Afterwards, Nakata et al. (2001b) found that the magnitude of yield stress can be 

influenced by the particle size, single particle crushing strength, and initial void ratio. 

Moreover, the non-uniform distribution of inter-particle stresses was considered to introduce a 

ratio of single particle strengths to the mean value of the characteristic tensile stress. 

Mcdowell and Humphreys (2002) reexamined the yielding feature of brittle granular material 

subjected to one dimensional compression. They found that the measured yield stress is 

proportional to the Weibull (1951) 37% particle tensile strength of the constituent particles. 

Meanwhile, more than 30 particles for each material were diametrically compressed to 

explore the Weibull statistical pattern of tensile strengths. Graham et al. (2004) carried out 

many groups of one dimensional compression tests for densely crushable sand with the 

30 
 



emphasis on the temperate effects (up to 100。C). Experimental results shown that the 

temperature effect could be ignored. Uygar and Doven (2006) carried out monotonic and 

cyclic oedometer tests on sand at elevated stress levels. These tests showed a linear 

relationship between compressibility index and relative density. In addition, repetitive loading 

cycles increased the probability of particle crushing, which may induce a higher 

compressibility and volume strain. More than 100 sands have been carried out to clarify the 

role of particle rearrangement and particle damage on primary and secondary compression by 

Mesri and Vardhanabhuti (2009), where the yield stress and lateral pressure coefficient are 

also discussed. Altuhafi and Coop (2010) carried out series of compression tests of sand for 

identifying the evaluation of particle characteristics. Although the tensile strength of a single 

particle is the main factor to control the crushing behavior, the initial void ratio and particle 

size distribution can still highly influence the probability of particle breakage. For a well 

graded samples, it is difficult to emerge a unique normal compression line, where particle 

breakages are not significant. The experimental results also imply the concept of critical 

grading of a granular material, where the feature of particle size distribution is a stable and 

fractal. Cil and Alshibli (2014) performed a series of one dimensional compression tests with 

an emphasis on the specimen aspect ratio. An advance synchrotron microtomography 

technique is applied to evaluate the particle fracture and deformation behavior.   

 

The alternative numerical approaches have been considered by many researchers for studying 

the mechanism of crushable granular material within the confined system during the past 20 

years. McDowell et al. (1996) developed a conceptual isosceles right angled triangles to 

explore the microscopic origins of the crushable granular materials, where a statistical method 

was introduced to evaluate the probability of breakage for each particle. The governing 

formulation is coupled by the applied stress, particle size and coordination number. 

Afterwards, McDowell and Bolton (1998) carried out series of numerical single particle 

fracture tests to verify the Weibull statistical pattern of tensile strengths of grains of various 

mineralogy and size. They found that the yield stress was related to the average grain tensile 

strength. Particle fractures would induce a self-similar geometry configuration. In addition, 
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the comminution limit of particle size would influence the magnitude of void ratio of a 

granular assemblage. Cheng et al. (2003) performed a systematic numerical simulation to 

quantitatively compare with the experimental tests data of the silica sand. The numerical tools 

could support to provide value insights for exploring the micromechanical origins of soil 

plasticity. Lobo-Guerrero et al. (2006) visualized the procedure of individual particle crushing 

in one dimensional compression. Ben-Nun and Einav (2010a) compressed the crushable 

granular assemblies into an ultimate fractal topology with a specific fractal dimension. They 

found that the ultimate packing was insensitive with the initial void ratio and particle size 

distribution. Meanwhile, the fractal dimension is irrespective with the failure criteria of each 

particle within a granular assembly. And then, Ben-Nun et al. (2010b) revealed a novel 

attractor in the spatial distribution of contact forces within a granular materials during 

confined comminution. In addition, they proposed a log-normal distribution to describe the 

contact force distribution at the ultimate state. Walker et al. (2011) investigated the process of 

confined comminution by the methodology of complex networks. They pointed that an 

ultimate contact network possessed a scale-free degree distribution as well as a small world 

properties. McDowell and Bono (2013) studied particle crushing and the developed procedure 

of fractal grain size distributions. The yield stress is dependent on the average particle 

octahedral shear strength. Minh and Cheng (2013) carried out series of numerical one 

dimensional compression tests for exploring the effects of particle size distribution. However, 

particle crushing effect is ignored within these numerical tests. They then explored the force 

transmission by bimodal particle size distribution under one dimensional compression (Minh 

et al., 2014). The maximum packing efficiency in their studies is the mixture of 30% smaller 

silt sands. Recently, Yang and Cheng (2015) investigate the contact forces and coordination 

number distribution of a crushable granular assemblage during one dimensional compression. 

A simple method is developed to reveal the fractal distribution of contact forces in 

comminuted granular materials.  

2.5.2 Particle crushing modelling 

The numerical modellings of a crushable grain have been constructed by many previous 

investigators through various algorithms, which include Finite element method (FEM), 
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Material point method (MPM), Discrete element method (DEM) and others. As the numerical 

research tool in this dissertation is DEM, other numerical approaches for crushing modelling 

are only briefly reviewed. 

 

Tang (1997) proposed a modified FEM approach (RFPA2D) to simulate the progressive rock 

failure. The heterogeneity of rock parameters, elastic modulus reduction and even rate of 

failed elements are considered in this method. Tang et al. (2001) verified the RFPA2D by 

simulating the Brazilian tests with a disk shape. Meanwhile, the effects of particle shape were 

considered. Liu et al. (2005) applied this code to explore the internal grain breakage of a 

confined packing. Although these investigations have captured reasonable numerical results, 

the essential of this continuum approach is based on the assumed constitutive model, which is 

not suitable for investigating the granular media, especially for consideration on particle 

crushing. Sulsky and Schreyer (2004) employed the numerical MPM to study the spall failure 

in brittle materials. Meanwhile, they developed an initial criterion to install a discrete 

constitutive equation model for simulating material failure. Li et al. (2011) proposed a new 

statistical failure criterion in MPM to investigate the impact failure of brittle particles.  

 

Particle crushing modellings in the DEM are mainly divided into two alternative algorithms: 

replacing the breaking particles with new smaller fragments or using a bonded agglomerate. 

McDowell and Harireche (2002) applied the bonded agglomerates to explore particle 

breakage behavior during the normal compression. The Weibull distribution of each bond in 

an agglomerate was proposed to capture a qualitative normal compression lines compared 

with the experimental tests, but the particle number in their study is very limited. Jensen et al. 

(2001) adopted the clusters to explore the particle damage on interface behavior. Cheng et al. 

(2003) used the bonded agglomerates to perform a systematic study of crushable soil on 

various loading paths. They also showed many micro insights to interpret the macroscopic 

responses. Moreno et al. (2003) employed the bonded agglomerates to explore the oblique 

impact damage process. Lim and McDowell (2005) carried out single particle crushing tests 

by using bonded agglomerates. Numerical Oedometer tests on these bonded aggregates of a 

crushable ballast particles were performed to compare with the laboratory tests. Bolton et al. 
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(2008) used the bonded agglomerate to study the fundamental features of crushable granular 

soils through normal compression and triaxial shear tests. Wang and Yan (2011) applied the 

bonded agglomerates to investigate the role of particle crushability during plane shear tests. 

Cil and Alshibli (2014) used the bonded agglomerates to explore the confined compression 

test. Although the bonded agglomerates have been verified through many previous studies, at 

present, a general modelling framework of an agglomerate is still not available. There still 

exist many uncertain problems such as the number of sub-particles as well as the particle size 

distribution within an individual agglomerate. Moreover, the magnitude of bonding strength is 

set with certain artificial value. Another major particle crushing modelling in DEM is 

performed through replacing breaking particles with smaller new fragments. Tsoungui et al. 

(1999) proposed a new failure criterion on an individual grain based on the related 

surrounding contact forces. The failure particle in their study was replaced by twelve 

fragments of four different volume as shown in Figure 2.10 (a), where the mass conservation 

is not suitable. Lobo-Guerrero and his co-workers (2005; 2006) presented a particle breakage 

criterion to visualize the granular crushing under shear or compress load. This criterion is 

governed by a threshold of tensile strength, which is dependent on the coordination number, 

particle size and maximum contact force. In addition, mass conservation is not complied as 

shown in Figure 2.10 (b). Ben-Nun and Einav (2010a) proposed a physical mass conservation 

law as illustrated in Figure 2.10 (c) for exploring the feature of self-organization of crushable 

granular during confined comminution. Meanwhile, they found that the ultimate fractal 

dimension was insensitive with initial void ration and particle size distribution. Afterwards, 

Ben-Nun et al. (2010b) applied their particle failure modelling framework to study the force 

attractor in the confined comminution system of a crushable granular assembly. They 

published their findings on Physical Review Letter, which is an extremely significant original 

publisher. McDowell and Bono (2013) proposed an octahedral shear stress controlled failure 

criterion of an individual particle. Meanwhile, the replaced 3D algorithm is similar as the 2D 

approach of Ben-Nun and Einav (2010). Yang and Cheng (2015) used the tensile strength 

failure criterion for an individual particle to systematically study the one dimensional 

compression of a granular assemblage. They proposed a simple statistical model to reveal the 

fractal distribution of contact forces in comminuted granular materials.  
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2.6 Discrete element method (DEM) 

2.6.1 Brief description of DEM 

A granular material is basically composed of series of contact particles and surrounded voids. 

This discrete nature cannot be well described by the continuum theory. When external load 

applies onto the granular assembly, particles would transfer force via the inter-particle 

contacts to resist external stresses. Moreover, the interacted contacts and the corresponding 

voids would be simultaneously emerge or varnish. This special microscopic structure feature 

crucially determine the macroscopic mechanical responses. Hence, the main challenge for the 

granular material is to suitably capture the evaluation of microscopic contact information. For 

this purpose, the numerical discrete/distinct element method (DEM) (Cundall and Strack, 

1979) is proposed as a robust research tool which can effectively capture the mechanical 

behavior of granular materials, with an emphasis on particle-scale kinematics and forces.  

 

As is mentioned above, DEM is initially developed by Cundall (1971) for investigating the 

motion and deformation of rock as a block system. Another pioneer contribution within the 

block system is proposed by Shi (1992), who used an implicit formulation to describe the 

interaction between the individual blocks. This approach is named as discontinuous 

deformation analysis (DDA). The above two block DEMs are quite different theoretically, the 

former one is a force method with an explicit computing scheme, while the later one is a 

displacement method with an implicit computing scheme. However, a rock mass and a 

granular media have a different element scale. DDA is more suitable for blocky medium 

where the number of variables are not major, but will be extremely time consuming for 

granular medium. Since the focus of this dissertation is to study the mechanical behavior of 

granular materials, only the early original contributions of block DEM (Cundall, 1971; Shi, 

1992) are reviewed in this chapter. The purpose is for introducing the particulate DEM for 

granular materials in the geotechnical discipline. Cundall and Strack (1979) firstly extended 

the block DEM to investigate the granular materials at a particle scale. Particles in this 

particulate DEM are assumed to rigid with soft contacts, where a moderate overlap is 

permitted between two entities (ball and ball or ball and wall) during each numerical cycle. 
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The active overlap is controlled by a force-displacement law to calculate the contact forces. In 

addition, this controlling algorithm is different from the other particulate DEM such as 

contact dynamics method (Jean, 1999) and the implicit computing code (Salami and Banks, 

1996). Henceforth, the DEM in this dissertation only represents the particulate scale for the 

granular materials. 

 

Based on the particulate DEM framework, the initial computer code BALL (Cundall and 

Strack, 1978) is constructed for studying the two dimensional (2D) granular material with 

ideal circle shape. Afterwards, an extension three dimensional (3D) version TRUBAL (Strack 

and Cundall, 1984) is available. These two codes are the fundamental platform for other DEM 

codes developments at the initial stage, including DISC (Bathurst and Rothenburg, 1992), 

ELLIPSE2 (2D) (Ng, 1994), ELLIPSE3 (3D) (Lin and Ng, 1995), POLY (Mirghasemi et al., 

1997). These numerical codes can be considered various shapes of particle, from regular 

circle/sphere to irregular polygon/polyhedral. Jing and Stephansson (2007) have reviewed the 

development of DEM codes from 1980s to 1990s. Nowadays, the most widely computing 

DEM codes in geotechnical discipline are PFC2D and PFC3D (particle flow code in two 

dimension/three dimension) (Itasca, 2000). In this dissertation, the PFC2D is mainly adopted 

for the numerical investigations. In addition, some open source codes are also proposed and 

developed very fast, e.g., YADE (Kozicki and Donzé, 2008), LAMMPS (Plimpton et al., 

2007), OVAL (Kuhn, 2006). O’Sullivan (2011) has also summarized the recent DEM codes. A 

comprehensive information about the DEM codes can be seen on the internet Wikipedia.     

 

Cundall (2001) presented a perspective of DEM in geomechnics and demonstrated the 

advantages of DEM modelling over classical constitutive modelling. While flow rules, plastic 

potential functions, dilation angles, hardening rules and other constitutive relations and 

parameters, which are practically arbitrary and curve-fitting oriented procedures, are used in 

classical formulation of soil models. The DEM has the advantage of reproducing these 

behaviors using only the basic parameters of the particle and the particle state. In addition, 

two important review papers (O'Sullivan, 2011; Zhu et al., 2008) have summarized the 

application of DEM for investigating granular assemblies.   
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2.6.2 Governing principles  

The main DEM code in this dissertation is PFC2D, which is developed by Itasca Consulting 

Group. This program adopts an explicit finite time integration using the acceleration of the 

individual balls/particles through Newton’s second law. The contact forces and relative 

displacement are determined by a force-displacement law and updated at every numerical 

cycle, using vanishing and emerging contacts. The calculation cycle in DEM then involves 

repeatedly applying the law of motion to each particle, a force-displacement law to each 

contact, and a constant updating of wall positions (Itasca, 2005). The illustration of the 

calculation cycle is shown in Figure. 2.11.  

 

The force displacement law relates the relative displacement between two entities at a contact 

to the contact force generating on them. All the contacts arise from contact occurring at a 

single point, which includes two contact types. For contacts between balls, the normal vector 

is directed along the line between two ball centers. For ball-wall contact, the normal vector is 

directed along the line defining the shortest distance between the ball center and the wall. As 

shown in Figure 2.12, a typical contact force 𝑓𝑐 can be divided into a normal and shear 

component with respect to the contact plane.  

 
c c c

n sf f f= +     (2.66) 

where  𝑓𝑛𝑐  is the normal contact force, 𝑓𝑠𝑐  is the shear contact force. These two force 

components can be calculated by the force-displacement law in Figure 2.13. Hence, the 

normal contact force can be determined as follow: 

 
c

n n nf K U=     (2.67) 

 ,c c c c
s s s s s nf K U f f fµ∆ = + ∆ ≤     (2.68) 

where ∆𝑓𝑠𝑐  is the shear contact force increment, 𝐾𝑛  is the normal stiffness, 𝐾𝑠  is the 

tangential stiffness, 𝑈𝑛 is the relative normal displacement, 𝑈𝑠 is the incremental tangential 

displacement, and 𝜇 is the friction coefficient to limit the shear contact force. There are two 

principle contact stiffness models in PFC2D for studying the granular materials. One is the 

linear contact stiffness model, which can be assumed by the two contacting entities at in 
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series: 

 
n n

n a b
n n
a b

K KK
K K

=
+

    (2.69) 

 
s s

s a b
s s
a b

K KK
K K

=
+

    (2.70) 

The subscripts a and b denote the two balls in contact. In addition, the other one is simplified 

Hertz-Mindlin model, which defined by the shear modulus G and Poisson’s ratio ν of the 

two contacting balls with radii Ra and Rb. Moreover the stiffness value is influenced by the 

depth of overlap  𝑈𝑛. The contact and tangential stiffness can be determined as follows: 

 
2 2

( )
3(1 )

n nG R
K U

ν
=

−
    (2.71) 

 
2 1/3

1/32( 3(1 ) )
( )

2
s c

n

G R
K f

ν
ν

−
=

−


    (2.72) 

The multipliers in the above equations are a function of the geometric and material properties 

of the two entities in contact. For the ball-ball contact, the multipliers depend on the 

followers:  

  
1 12 , ( ), ( )
2 2

a b
a b a b

a b

R RR G G G
R R

ν ν ν= = + = +
+

    (2.73) 

For the ball-wall contact, the multipliers can be determined: 

 , ,ball ball ballR R G G ν ν= = =     (2.74) 

The selection of contact stiffness model also requires careful consideration. Firstly, the 

simplified Hertz-Mindlin model can be directly derived from particle material properties. For 

the collision and small strain problems, the difference between the linear contact model and 

non-linear Hertz-Mindlin model is obvious (Kumar et al., 2014; O'Sullivan, 2011). However, 

the numerical specimens in this study are all in the process of quasi-static behavior, where the 

small-strain response is also ignored in this study. In addition, previous investigation 

(Mirghasemi et al., 1997) has pointed that choosing a suitable magnitude of the linear contact 

stiffness will show a similar macroscopic behavior as that for Hertz-Mindlin, especially under 

the large strain response. Moreover, recently many researchers still adopt linear contact 
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models to represent the mechanical responses of granular assemblages (Abedi and 

Mirghasemi, 2011; Jensen et al., 1999; Jiang et al., 2009; Kumar et al., 2014; Seyedi 

Hosseininia, 2012, 2013). Furthermore, the computation efficiency of Hertz-Mindlin is 

extremely lower than the linear contact model, therefore, the author adopt the linear stiffness 

contact model in this dissertation for simplicity.   

 

The law of motion for single particle is determined by the resultant force and moment upon it. 

The translation motion is induced by the result force. Meanwhile, the rotation motion is 

determined by the resultant moment. Some physical symbols for the particle are defined:  

position 𝑥𝑖, velocity 𝑥̇𝑖, acceleration 𝑥̈𝑖, its angular velocity 𝜔, and angular acceleration 𝜔̇𝑖. 

The determined equations of the translational and rotational motion can be written as follows: 

 
1

N
c

n
c

f mg mx
=

+ =∑      (2.75) 

 M Iω=     (2.76) 

where m is the total mass of the particle, g is the body force acceleration, M is the result 

moment, I is the inertial moment of the particle. 

 

The above two equations are integrated using a centered finite difference algorithm, including 

a time step ∆𝑡. The translation and angular velocities can be computed at the mid-intervals of 

𝑡 ∓ 𝑛∆𝑡/2, while other quantities 𝑥, 𝑥̈,𝑎𝑛𝑑 𝑤̇ can be determined by the primary intervals of 

𝑡 ∓ 𝑛∆𝑡. The integration of both translation and angular velocities at time (𝑡 + ∆𝑡/2) can be 

computed as: 

 ( /2) ( /2) 1( )

N
c

n
t t t t c

f
x x g t

m
+∆ −∆ == + + ∆

∑
     (2.77) 

 ( /2) ( /2) ( )t t t t M t
I

ω ω+∆ −∆= + ∆     (2.78) 

The solutions of motion in the above equations are integrated through a centered 

finite-difference scheme. A critical time step is applied to stable the computed procedure, 

which is dependent on the minimum eigen-period of the total system. A simplified procedure 

is considered to estimate the critical timestep at the beginning of each cycle. The following 
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equations can be used to determine the value of the above critical timestep in PFC2D: 

 / ,

/ ,

tran

crit
rot

m k translation motion
t

I k rotational motion

= 


    (2.79) 

where 𝑘𝑡𝑟𝑎𝑛 is the translation stiffness and 𝑘𝑟𝑜𝑡 is the rotational stiffness for each particle.  

 

The final critical timestep using for computation is set as a fraction of the minimum value of 

all estimated timestep in Eq. (2.77) for a granular media. It is well known that only sliding 

mechanism may not be efficient to control the granular assemblages within a quasi-static 

system, therefore, damping is artificially introduced to avoid the non-physical vibrations that 

develop at the contacts. Two most common damping models are the mass damping and local 

non-viscous damping. Cundall (1987) pointed out some limitations of the mass damping and 

suggests to use the local non-viscous damping to simulate the quasi-static response of a 

granular media, where only acceleration motion is damped. In addition, the non-dimensional 

damping constant is also frequency independent. Detailed discussion on the damping model 

has been investigated by O’Sullivan (2011). In this thesis, the governing equations of the local 

non-viscous damping are presented as follows: 

 ( ) ( ) ( ) ( ) ; 1...3d
i i i iF F A i+ = Μ =    (2.80) 

 ( ) ( )

, 1...2;
, 3

i
i i

mx for i
M A

I for iω
=

=  =




   (2.81) 

where 𝐹(𝑖) are the generalized forces including the portion form the gravity force, 𝑀(𝑖) and 

𝐴(𝑖) are the mass and acceleration components. 𝐹(𝑖)
𝑑  indicates the damping force, which can 

be determined as follow: 

 ( ) ( ), 1...3d
i i iF F sign v iζ= − =    (2.82) 

extended the generalized velocity, 

 ( )
( )

, 1...2;
, 3

i
i

x for i
v

for iω
=

=  =


   (2.83) 

where 𝜁 is the damping constant to control the input damping force. 

2.6.3 DEM boundary conditions and load paths 
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Similar to the finite element method (FEM), boundary conditions and associated servo 

algorithms within DEM are very important for the numerical modelling. In this subsection, 

the boundaries types, controlling conditions, and traditional geotechnical laboratory loading 

servo-control algorithms are briefly presented.  

2.6.3.1 Boundary types 

In DEM, there are mainly three types of boundaries which include the rigid wall, membrane, 

and periodic boundary. The illustrations of the three boundaries can be seen in Figure 2.14. 

 

Rigid wall is the most commonly used boundary type to mimic the interactions between 

particles and machine components. The boundary inertia effect can be ignored for this type 

wall. Moreover, the interacted force between particle and wall cannot influence the motion of 

the rigid wall. Furthermore, contacts between wall and wall aren’t be considered. In addition, 

particles contacted with the wall may move outside the boundary, when the wall stiffness is 

very low or the timestep is not suitable (O’Sullivan, 2011). Users need to write a 

servo-control algorithm to move the wall to achieve a required stress, volume or stiffness state. 

The interaction surfaces of a rigid wall can be simulates as planar or curved. Many previous 

investigations have adopted this boundary to perform the element tests or practical problems. 

For example, many researchers have used the rigid wall to reproduce the traditional 

geotechnical laboratory tests, which contain the biaxial shear, one dimensional compression, 

and triaxial tests (Calvetti, 2008; Cheng et al., 2003; Cheung and O'Sullivan, 2008; Gong et 

al., 2011; Guo and Zhao, 2013; Li and Li, 2009; Minh and Cheng, 2013; Yang and Dai, 2010). 

Other researchers also have considered the rigid wall as connected pieces to mimic the 

practical studies, such as hopper (Cheng et al., 2010; Cheng et al., 2009; Langston et al., 

1996), pile penetration (Jiang et al., 2006; Lobo-Guerrero and Vallejo, 2005; Zhang et al., 

2012), flume test (Banton et al., 2009; Valentino et al., 2008), and rough interface (Wang and 

Jiang, 2011) etc.  

 

A stress controlled flexible membrane is an alternative boundary, which are mainly produced 

by two approaches. The first approach is linked string small balls to generate the rubber 
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membrane (Bardet and Proubet, 1991; Iwashita and Oda, 1998; Wang and Leung, 2008). A 

slight dispute is how to suitably determine the moving laws of four fictitious balls at the 

intersections of loaded rigid wall and confined flexible membrane. Moreover, the reasonable 

value of property parameters of membrane particles is still questionable. The secondary 

approach is directly applied the force on the outermost particles (Cheung and O'Sullivan, 

2008; O'Sullivan, 2011), which are updated for each numerical cycle. This method cannot 

efficiently obtain the area/volume changing. In addition, the applied force is direct towards 

the center but not on the particle surface. Hence the above two approaches have respective 

advantages and limitations. Meanwhile, it should be noted here that the flexible boundary is 

more efficient to simulate the nature strain localization than the rigid boundary. However, this 

boundary type cannot be used to simulate “undrained” tests.   

 

Another commonly used boundary within DEM is a periodic boundary, which is treated as 

infinitely repeating the identical representative subdomain to generate a granular assemblage. 

The macro mechanical behavior can be represented by the responses of repeated identical 

representative volume element (RVE) (O’Sullivan, 2011). The strain-controlled or 

stress-controlled test can also be controlled by a servo-system analogous to the rigid and 

membrane boundary. Some researchers have considered this boundary to perform the DEM 

simulations (Cundall, 1989; Thornton, 2000; Thornton and Antony, 2000). However, some 

limitations still exist. Using this boundary type, the idealized stress homogeneous is 

significantly different from the nature sands. Moreover, strain localization cannot be easily 

developed under the periodic boundary.    

 

The above three boundaries have respective advantages and limitations. Reader needs to 

know the differences between these boundary types. In this dissertation, the rigid wall is 

adopted throughout the numerical simulations for the requirement of continuity and 

simplicity. 

2.6.3.2 Controlling boundaries 

The rigid walls in this study can be servo-controlled by two approaches, which include strain 
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controlled and stress controlled. Figure 2.15 shows a brief description of the specimen 

boundary. The strain controlled approach is similar as the displacement condition in FEM. It 

would be achieved through a prescribed velocity algorithm. Moreover, the boundary velocity 

should keep at a low level to eliminate the inertial effect, which would influence the granular 

system to achieve a quasi-static condition. The strain in this dissertation is the engineering 

strain which can be calculated by the displacements of boundary on the x and y directions. 

 ; y yox xo
x y

xo yo

L LL L
L L

ε ε
−−

= =    (2.84) 

where 𝐿𝑥 and 𝐿𝑦 are the current sample lengths, 𝐿𝑥𝑜 and 𝐿𝑦𝑜 are the reference sample 

lengths.  

 

Force cannot be directly applied on the rigid wall. Hence, in DEM the interaction forces 

between particles and boundary would be generated by the applied velocity, which is also the 

reason for the relative displacement and overlap between two entities. The stresses 

(𝜎𝑥𝑥 𝑎𝑛𝑑 𝜎𝑦𝑦) on the boundary can be computed by the total contact force on the boundary 

and the related contact area as follow: 

 ( ) ( )
,

2 2xx yy
y x

f x f y
L T L T

σ σ= =∑ ∑    (2.85) 

where f(x) and f(y) are the interaction forces between particles and walls along the x and y 

directions, T is the thickness of the disk shape particle. In this study, the particle thickness is 

set as a unit length. Since the rigid wall cannot directly applied force, the stress-controlled 

boundary is constructed by a numerical algorithm, which alters the wall velocity and monitors 

the interacted stress at each numerical step. The differences between the monitoring stress and 

the target stress should satisfied a restricted condition, then go to the next loading procedure. 

The following principles of this servo-controlled boundary is shown below. Here the target 

stress normal to the x and y direction is selected as an example as follow: 

 
( ) ( ) ( , )w meas meas req
i i i i i iu G G i x yσ σ σ= − = ∆ =    (2.86) 

 / ( , )req
i i tolerance i x yσ σ∆ ≤ =    (2.87) 
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where 𝐺𝑖 = 𝛾𝐴𝑖
𝑘𝑛𝑖

(𝑤)𝑁𝑐𝑖∆𝑡
 (𝑖 = 𝑥,𝑦), 𝐴𝑖 is the wall area, 𝑁𝑐𝑖 is the number of contacts on the 

wall, ∆𝑡 is the time increment, 𝛾 is a relaxation factor ∈ (0,1), and tolerance is an artificial 

convergence value. The relaxation factor and convergence are taken as 0.5 and 0.005, 

respectively, which are typical values that have been used in previous studies.  

2.6.3.3 Implementation of different loading conditions 

In this subsection, the DEM implemented procedures of the mimicked traditional geotechnical 

laboratory tests are briefly reviewed. These laboratory tests using different devices are mainly 

included oedometer test, direct shear test, triaxial test, etc. They can be used to get the 

strength and deformation properties of granular sands, even for the non-coaxial phenomenon 

(simply shear or hollow cylinder test). However, for the demand of computing efficiency, all 

the numerical studies are performed on 2D. Moreover, the research focused on the oeodmeter 

and traixial tests, which are simplified as one dimensional confined normal compression and 

two dimensional biaxial shear. Each numerical test can be generally divided into three steps: 

initial sample preparation, isotropic consolidation, and loading. The initial sample can be 

generated by three approaches, which are expansion, compression and deposition. Since the 

inherent anisotropy is ignored in this dissertation, the widely used expansion method is 

adopted for numerical studies in this thesis.  

 

Isotropic consolidation step is achieved by a stress-controlled algorithm of boundary walls. 

The governing principles of this stage can be seen from Eq. (2.83) to Eq. (2.85). In addition, 

the detailed numerical framework of isotropic consolidation that is proposed and adopted in 

current study is presented in Figure 2.16 and Figure 2.17. The main servo-controlled patterns 

are similar to those of Li (2006) and Dai (2010). A stress condition of 5 kPa is used to 

compress the sample under a temporary numerical liquefaction condition.  

 

Biaxial shear tests can be classified into two kinds: drained and “undrained” conditions. As 

shown in Figure 2.15, wall 1 and 3 are chosen as the loading platens, and the other two walls 

are recognized as the confining boundaries. For the biaxial drained test, the loading platens 

are served by strain-controlled, which is set as a constant strain rate of 5% per minute (Jiang 
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et al., 2013; Zhang et al., 2013), which can efficiently control the granular assemblage 

remains in the quasi-static condition. Moreover, the confining walls are controlled by a stress 

manner boundary through Eq. (2.85) and Eq. (2.86). For the biaxial “undrained” test, it is 

essentially a constant volume test. Hence the velocity of confining boundary would justify 

each step to make the sample constant area. The velocity algorithm for the confined boundary 

is as follow: 

 ( 2 )( 2 ) / ( 2 )x y x c y l c l x y lL L L u t L u t u u L L u t= − ∆ − ∆ ⇒ = − − ∆        (2.88) 

where 𝑢̇𝑐 is the velocity of two confined walls, 𝑢̇𝑙 is the velocity of the two loading platens.  

The one dimensional compression test is usually used to evaluate the volume change feature 

of a granular assemblage. After the sample is consolidated to the target stress level, one pair 

of two opposite boundaries are selected as the loading platens, which are controlled by a 

constant strain rate. Meanwhile the other two walls are fixed. 
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Figures 

 
Figure 2.1: Illustration of direct shear test on dense and loose sands. 

 

Figure 2.2: Schematic of saw-tooth model for dilatancy from Houlsby (1991). 
 

 
Figure 2.3: Illustration of the associated contacts, contact normal (𝒏), contact force vector (f), 
and contact vector (𝒍).  
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Figure 2.4: Illustration of the strain calculation method from Wang et al. (2007a). 

 

Figure 2.5: Schematic of measurement circle (a) from Bardet and Proubet (1991); (b) current 
calculated version. 

 

Figure 2.6: Illustrated of particle shape determination: (a) from Cho et al. (2006); (b) from 
Mitchell and Soga (2005). 
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Figure 2.7: Illustrated of Fourier descriptors from Mollon and Zhao (2012).  
 

 

 

Figure 2.8: Schematic illustration of one dimensional compression behavior of sands: (a) 
idealized illustration; (b) experimental data from Yamamuro et al. (1996). 
 

 (a) (b) 
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Figure 2.9: Experimental data of one dimensional compression from Nakata (2001a).  

 
(a) 

 
(b) 
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(c) 
Figure 2.10: Schematics of failure criterion of a broken particle and the related post-crushing 
replacing manners: (a) from Tsoungui et al. (1999); (b) from Lobo-Guerreo and his co-workers 
(2005, 2006); from Ben-Nun and Einav (2010). 
 

 

 

Figure 2.11: Illustration of calculation cycle in PFC2D (Itasca, 2005). 

 

Figure 2.12: Diagram of contact c between two entities. 
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Figure 2.13: Illustration of the contact law for both ball-to-ball and ball-to-wall contacts. 
 

 

Figure 2.14: Schematic of the three boundary types within the DEM program. 

Rigid boundary Membrane boundary 

Periodic boundary from Cheung and O’Sullivan (2008) 
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Figure 2.15: A schematic of specimen boundary. 
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Figure 2.16: The detailed procedure for isotropic consolidation. 
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Figure 2.17: Schematic illustration of isotropic consolidation.  
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CHAPTER 3  

Analysis of non-convex grains from micro to macro scales 

3.1 Introduction 

Particle shape can directly influence the structural features of granular assemblies, which 

ultimately control the mechanical properties of the granular material. Generally speaking, the 

peak friction angle and the peak dilation angle of circular disks (2D) or spheres (3D) are 

significantly lower than those of natural sand, which has an irregular particle shape. Many 

previous studies have aimed to determine the shape effect of granular materials. Two main 

approaches exist for investigating the shape effect. The first approach is to establish the 

rolling resistance model, which has been discussed in the section 2.4. However, the real 

rotation mechanism (instead of an artificial mechanism) is constrained by the particle’s 

geometry, which may induce an asymmetric stress tensor for an individual particle. The 

second approach generates an appropriate model of the grain shape, in which the modelling 

geometry of the irregular particles can be divided into two main groups by contact: (1) a 

smooth-convex shape and (2) a non-convex shape. Smooth-convex particles can be generated 

using arbitrary functions or superquadric formulations based on previous work. The simplest 

smooth-convex shape is an ellipse. An ellipse shape has been used in many studies (Ng, 1994; 

Rothenburg and Bathurst, 1992). The non-convex particles can be formed by polygonal 

(Mirghasemi et al., 1997, 2002; Seyedi Hosseininia, 2012, 2013) or by combining clusters 

(Abedi and Mirghasemi, 2011; Jensen et al., 1999; Jensen et al., 2001; Lu and McDowell, 

2007) . Some advanced engineering techniques (Digitial, SEM, and X-ray) and robust 

algorithms have also been applied to establish realistic microscale particle geometry for the 

three-dimensional (3D) condition (Alonso-Marroquín and Wang, 2009; Ferellec and 

Mcdowell, 2010; Fu et al., 2012; Fu et al., 2006; Liu et al., 2013; Wang et al., 2007; Williams 

et al., 2014). There is no doubt that real physical grains are 3D in geometry; however, more 

artificial assumptions are required in the realistic geometry algorithms. Moreover, 3D 

simulations require significantly higher-performance devices, or even parallel analysis. 

54 
 



Although, the direct comparison between 2D and 3D simulations are unavailable. The 

findings from the 2D simulations can also give an implication to the 3D simulations, which 

will be carried out in the future 3D study. Many previous studies have demonstrated that a 2D 

discrete element model can adequately capture various complex mechanical features of 

granular materials (Abedi and Mirghasemi, 2011; Jiang et al., 2014a; Jiang et al., 2014b; Jiang 

et al., 2006; Luding, 2005; Ng, 1994; Rothenburg and Bathurst, 1989; Rothenburg and 

Bathurst, 1992; Seyedi Hosseininia, 2012, 2013; Wang et al., 2007b; Wang et al., 2007a). 

Moreover, the visual deformation patterns and force chains are easily captured by 2D analysis; 

therefore, this study uses 2D numerical simulations, which are sufficient for the fundamental 

study of the physical and mechanical properties of the granular assemblages. The author here 

choose to combine clusters to generate non-convex particles for the shape effect analysis, 

which can lead to a better understanding of the problem. 
 

Although non-convex particles are well recognised in the real granular world, they are still 

not fully understood either on a laboratory experimental scale or through simulated numerical 

methods, particularly for quantitative analysis. A quantitative analysis study is thus important 

to understand the more detailed behaviour of granular materials. Many different quantitative 

shape descriptors have been proposed for this purpose in previous studies, which can be seen 

in Section 2.4. However, there are very few comparisons of mechanical properties performed 

on these common particle shape definitions, particularly for non-convex shapes. In the present 

study, eight different particle shapes are evaluated using four quantitative shape descriptors to 

address this insufficiency. This methodology provides an additional approach for a suitable 

and adequate shape index. Next, quantitative relationships between particle shape and 

strength indexes are investigated. In addition, the patterns of strain localization for different 

shapes are captured. The relationships between particle shape and microscale fabric 

parameters are also evaluated at the peak state (peak stress ratio  ( 𝜏f
𝜎n

)max) and critical state 

(stress ratio 𝜏f
𝜎n

= constant) . Moreover, the accuracy of stress-force-fabric (SFF) 

(Christoffersen et al., 1981; Guo and Zhao, 2013; Li and Yu, 2013; Rothenburg and Bathurst, 

1989; Seyedi Hosseininia, 2013) is investigated, with special consideration of the accuracy of 
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average contact normal forces and the distribution of contact vectors. In this thesis, an 

evaluation of particle interlocking effects from peak state to critical state is also presented to 

address the particle shape effect using a probabilistic approach (Zhou et al., 2013). The 

distributions of force chains for different shapes are also compared quantitatively by the shape 

descriptor. The inter-particle force network is a striking feature that determines the 

mechanical properties of granular mass (Radjai et al., 1996; Sun et al., 2010). It can be used to 

describe the strength variation at critical state in a microscale model. Additionally, the author 

finds that the relationship between the strong force network and the confining pressures can 

explain the decrease in the strength indexes with the increased confining intensities. 

 

This chapter presents a comprehensive analysis of particle shape effects using the discrete 

element method (DEM), which captures the micro mechanical behaviour of the granular 

assembly. The followed section of this chapter will describe the definitions for the particle 

shape indexes, which are analysed and compared in a later section. Meanwhile, the DEM 

modelling details are also briefly introduced in this section. Next, the numerical findings and 

discussion are presented.  

3.2 Investigation scheme 

3.2.1 The compared particle shape descriptors 

Using the DEM method, rigid particles with soft contacts can be used to reflect the contact 

geometry and evaluate the fundamental features of a cohesionless material. Seven non-convex 

particles are employed in the present DEM analysis, where each irregular particle is expanded 

using a standard element to prevent incorrect moments of inertia. Hence, the combined clump 

density is modified and reassigned (𝜌clump = Vclump𝜌disk
(Voverlap+Vclump)

). Next, the numerical results 

are compared. The particle shape categories are shown in Figure 3.1(a) and Table 3.1. Four 

simple quantitative shape indexes (Figure. 1(b)) are considered: elongation (AR), circularity, 

shape parameters SF and AF. The definitions of these indexes are presented by several 

investigators (Cho et al., 2006; Sukumaran and Ashmawy, 2001) as follows: 
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where 𝐸𝐿min and 𝐸𝐿max are the smallest axis and largest axis, 𝐷max−in and 𝐷min−out are 

diameters of the largest inscribed circle and smallest circumscribed circle, respectively, 

  𝛼𝑖_grain is the difference in orientation between the particle chord vector and the related 

circle,  𝛽𝑖_grain is the difference between 180° and the internal angle of the particle, and N is 

the number of interval points. 

 

The detailed values for the above shapes are shown in Table 3.1, and the sampling interval is 

set at 9° (N=40) to represent the degree of angularity and the surface roughness for each 

shape. A small interval (4.5°) is also chosen to capture the quantities of the rhombus, where 

the difference between 4.5° and 9° is very small. Hence, the interval number (N=40) is 

adequate for the quantitative analysis of the particle shape, as was suggested by the initial 

supporters of this idea (Sukumaran and Ashmawy, 2001). In this thesis, different definitions 

for the particle shape are compared to obtain an improved curve-fitting analysis and 

understanding. 

3.2.2 DEM simulation details 

In the present biaxial numerical simulation, the numerical sample initially contains 9,506 

circular particles with dimensions of 100 mm (W) × 200 mm (H). The numerical specimen 

illustration (Figure. 3.2), which can easily be used to capture the internal deformation of a 

granular sample, was first proposed by Jiang et al. (2006) for effectively evaluating the deep 

penetration mechanisms in granular materials. The particle size distribution (PSD) is also 
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shown in Figure 3.2. The mean particle diameter (𝑑50) is 1.62 mm with a uniformity 

coefficient of   𝐶u = 1.47. After an initial porosity (0.16) is obtained, seven irregular particles 

will replace the initial disk with an equivalent area and the same center location. The 

orientation of the irregular particles is arbitrarily distributed in the range of 0° to 360°. A 

comparison of the mechanical properties is performed, using a biaxial loading test on single 

shapes. During the servo-control mechanism, the sample is subjected to a target consolidated 

pressure (100, 300, and 500 kPa). In this study, the loading rate is a constant strain rate of 5% 

per minute, and the confining stress on the lateral walls is constant. All simulations in this 

thesis are maintained in a plane strain condition. The contact model selection also requires 

careful consideration. For the collision and small-strain problems, the difference between the 

linear contact and non–linear contact model is obvious (Kumar et al., 2014; O'Sullivan, 2011). 

However, the numerical specimens in this study are all within the process of quasi-static 

shearing, where the small-strain response is ignored in the element tests. Additionally, 

previous study (Mirghasemi et al., 1997) has found that choosing a suitable magnitude for the 

linear contact stiffness will produce macroscopic behaviour similar to Hertzian behaviour, 

especially for the large-strain response. Moreover, many researchers adopted linear contact 

models and were able to adequately represent the mechanical responses of granular media 

(Abedi and Mirghasemi, 2011; Jensen et al., 1999; Jiang et al., 2009; Kumar et al., 2014; 

Seyedi Hosseininia, 2012, 2013).Therefore, for simplicity, the author used the linear contact 

model in the numerical simulations. It is well known that using only a sliding mechanism may 

not be efficient to control the granular packing within a quasi-static system. Therefore, local 

non-viscous damping is artificially introduced in this study, to avoid the non-physical 

vibrations that develop at the contacts. This damping model only damps the acceleration 

motion. The non-dimensional damping constant is also frequency-independent. The damping 

model has been discussed in detail by O’Sullivan (2011). The values of the numerical 

parameters are provided in Table 3.2. The internal-particle friction coefficient follows 

previous studies of the author and other researchers (Abedi and Mirghasemi, 2011; Jiang et al., 

2011; Seyedi Hosseininia, 2012, 2013; Wang et al., 2007b; Wang et al., 2007a). Additionally, 

the particle density, damping coefficient and contact stiffness used for the present study are 

very close to those in the above studies. For a better comparison of particle shape effects, 
58 

 



equal input parameters are used for the mimic samples. 

3.3 Numerical findings and discussions 

3.3.1 Strength and deformation for the prior shape descriptor  

The particle shape can directly influence granular stress-strain behaviour, especially for the 

critical state, as shown in Figure 3.3(c). The quantitative analysis for the particle shape effect 

is shown, with the strength and dilation characteristics (Figure 3.3 and 3.4). The different 

particle shape descriptors (Eq. 3.1) are considered to evaluate the trend of the peak friction 

angle (sin(∅mobilized)max = ( 𝜏f
𝜎n

)max) (Figure 3.4(a)), critical friction angle (sin∅mobilized =

𝜏f
𝜎n

= constant) (Figure 3.4(b)), and peak dilation angle (sin𝜓max = (−𝑑𝜀1+𝑑𝜀2
𝑑𝜀1−𝑑𝜀2

)max) (Figure 

3.4(c)) through the fitting comparisons of the exponential function. The comparative results 

show that the SF index provides the best fit, where the associated adjusted residual square is 

approximately 1.0. The aspect ratio and AR indexes produce poor results in the discrete 

regression analysis. Hence, the SF index is suggested to evaluate the granular mechanical 

behaviour from the micro-to-macro scale in the following sections. The peak friction in these 

granular assemblies is dramatically increased for a low SF value, and slightly decreased for a 

large SF coefficient. The shape of the particle, particularly for a higher SF value, will play an 

important role in the global mechanical behaviour. The critical friction angle (mean value in 

the critical state) is directly increased by the SF coefficients. Particles with higher SF values 

are more difficult to realign at the large deformation state, which may directly increase the 

critical friction angle. The peak dilation angle then decreases faster than the peak friction 

angle associated with a larger SF value. Unless otherwise specified, the following section is 

studied under 100 kPa. 

 

Previous studies have proved that shear can induce strain localisation within granular material 

under rigid or flexible boundaries (Desrues and Viggiani, 2004; Gao and Zhao, 2013; Jiang et 

al., 2014a; Jiang et al., 2011). It is clear in Figure 3.5 that the ultimate shear bands (i.e., 15% 

strain) for the irregular particles are much more obvious than those for the disk sample. 

Accumulated shear strain in Figure 3.5(b) was calculated using the mesh-free strain approach 
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proposed by Wang et al. (2007a). Nevertheless, the localisation patterns exhibit disparities for 

different samples. Particle shape can directly influence the evaluation of strain localisation in 

the granular media. Additionally, the rose distributions of the contact normal force magnitudes 

and associated numbers are investigated at the critical state (15% strain) for typical shapes 

(Figure 3.5(c)) to evaluate the progressive behaviour of the granular media using advanced 

visualization techniques to display two micro-anisotropy parameters in the same figure. 

Figure 3.5(c) can also be used to explain the differences between the macro-mobilised 

strength and shear bands for these shapes. It can be found in the below figure that the 

variation of the measured shear bands are only sensitive between the circle and irregular 

shapes. For different irregular assemblages, the orientation angles are close to each other. This 

result is matched with previous studies (Mohamed and Gutierrez, 2010) of the biaxial 

shearing of rolling resistance samples, where the orientations of shear bands are only sensitive 

with smaller rolling resistance coefficients (<0.1). A more intense degree for the contact 

normal force can induce a higher critical strength. Additionally, the low anisotropic 

distribution of the contact number for circular particles cannot easily generate an obvious 

strain concentration. The development of these micro-statistical variables can help explain the 

anisotropy development in later parts of the study.  

3.3.2 Micro anisotropic parameters and SFF 

To quantify the arrangement of contacts, the second-order Fourier series represent the shape 

of the contact orientation distribution, the mean contact force distribution, and the mean 

contact vector distribution. The determination of these physical indexes have been discussed 

in details in the above literature review chapter. In this chapter, the way to choose the average 

normal contact vector ( 𝑙�0) and the average normal force ( 𝑓�0) over all contacts are firstly 

discussed. These two indexes can be determined as follow: 
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Figure 3.6 (a) shows the accuracy of the SFF relationship for different average contact normal 
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forces versus the axial strain for two cases. 𝑓0̅ = 1
𝑁𝑐
∑ 𝑓𝑛𝑐 will induce a significantly higher 

stress ratio than the average anisotropic determination in Eq. 3.2(a), which is nearly the same 

as the monitored data. Hence, the average normal force that is selected is very important. The 

figure is useful for determining the effect of the induced anisotropies in Figure 3.6(b), (c), and 

(d), where the critical state parameters are the mean values within the critical regimes. The 

particle SF coefficients can directly influence fabric development in the granular assembly at 

the peak/critical state. With the exception of the contact normal anisotropy coefficient, the 

magnitudes of these fabric parameters are larger at the peak state. These figures show that the 

anisotropy coefficients at the critical state are increasing nearly linear with the associated 

particle SF coefficient. Additionally, the contact normal, which can describe the geometry 

contact, shows the highest increasing gradient. However, particle shape displays a threshold 

effect for these fabric parameters, except for the contact tangential anisotropic coefficient, 

which has only a minor contribution to the friction and dilation angle at the peak state. This 

microscale statistical information can also be used to explain the variation of macroscale 

strength indexes in Figure 3.4.  

 

The evolution of the mean contact normal vector anisotropy (parameter 𝑏𝑛) and the contact 

tangential vector anisotropy (parameter 𝑏t) is presented in Figures. 3.7(a) and (b) and is 

determined using the discrete data. The selected rose distributions of the contact vectors at the 

critical state are also shown for the Elongated5 category, where the Fourier series fit with the 

collected data from the numerical results. These results are interesting and useful, but are 

seldom considered in studies. The magnitudes of 𝑏n and 𝑏t depend on the contact normal 

distribution along the vertical and horizontal directions through the whole deviatoric loading. 

Their related values have a smaller magnitude than the minimum values of the other 

anisotropy coefficients, except for Elongated5 (Figures. 3.7(a) and (b)) where the values of 

𝑏n and 𝑏t for Elongated5 at the critical state are close to the minimum value of 𝑎t in Figure 

3.6 (d). Hence the anisotropic coefficients of the contact vectors and the related principal 

angles can also be influenced by the particle’s shape, especially for a high SF value. 
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The general SFF formulation (Eq. (2.59)) may be more accurate than the simplified 

expression (Eqs. (2.60) & (2.61)) in Figure 3.8. Hence, the general SFF relationship is 

suggested as a means of verifying the monitored data in the granular assemblages and the 

microscale fabrics evaluation. The magnitude of the contact vector cannot be ignored for the 

high SF grains. 

3.3.3 Friction mobilization and force chain distribution 

The probability distribution of the sliding friction mobilisation index Im can determine the 

shape effect (Zhou et al., 2013). The definition of Im is: 

 
c

t
m c

n

f
I

fµ
=     (3.3) 

The probability value of Im at the plastic portion (Im=1.0) in the peak state is significantly 

higher than that in the critical state, which is always associated with a larger particle 

interlocking effect, and can explain the strength variation between the peak and critical states. 

The particle shape may have a threshold effect, based on the uniform gradient of the sliding 

friction from the centre of the shear band (Figure 3.9(a)). Figure 3.10(b) shows that the 

average Im increases linearly with SF, and the incremental gradient and magnitude are 

significantly lower at the critical state than at the peak state. 

 

The semilogarithmic plot of the probability distribution of the contact normal force 

normalised by the mean contact force 〈𝑓nc〉 is given in Figure 3.10 at the critical state. For all 

of the shapes in this thesis, the probability density of the normalised contact normal force 

essentially follows a power-law decay: 
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where 𝛼 and 𝛽 represent the variation indexes. Here we only focus on the distribution of the 

strong force, which resists the major external load transfer. 𝛽  decreases with increasing SF, 

which shows the intensity of inhomogenous contact normal force shift. This microscale force 

chain information can also be used to explain the variation in  𝑎n  in Figure 3.6(c). 

Additionally, the higher strong force percentage can increase the strength indexes. 
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3.3.4 Confining pressure effect 

Figure 3.11 shows the strength indexes of biaxial compression tests under different confining 

pressures. The peak friction angle and critical state friction angle are slightly decreased with 

the increased confining pressures. Whereas, the peak dilation angle is highly decreased. 

Particle shape still plays an important role in the friction angles, even under higher confining 

pressures, and especially for the critical state. Additionally, the strain value at peak friction 

angle and peak dilation angle is enlarged by the increased confining stress in Figure 3.11(d). 

There is also a small saturation SF value for the peak dilation angle under the higher 

confining stress level. The variation in these strength indexes can also be explained by the 

strong force distribution in Figure 3.11(e). The green arrow indicates that the coefficient of 

  𝛽 decreases with increasing confining pressure. 

3.4 Conclusions 

This chapter quantitatively analyses the particle shape factor through a series of numerical 

studies of non-convex irregular particles, using a significant amount of computer analysis. SF 

provides a better evaluation of the granular mechanical behaviour than do other particle shape 

indexes. The critical state friction angle increases linearly with the SF value. The strong force 

chain in the higher SF granular assemblies will occupy a larger portion of the assemblage 

contacts, which will increase the packing resistance. Additionally, the peak friction/dilation 

angle shows a nonlinear correlation with SF where there exists a threshold value. Furthermore, 

all of the strength indexes decrease with increasing confining pressure, especially for the 

dilation angle. It is remarkable that the coefficient of 𝛽 for the contact force decreases with 

increasing confining pressure. This study also found that shear localisation patterns are 

sensitive to the particle shape. It is difficult to generate a shear band for circular particles with 

a low anisotropic level of the contact normal. 

 

The average contact normal force is also found to influence the accuracy of the SFF 

formulation. The magnitudes of fabric parameters are higher at the peak state, except for the 

contact normal anisotropic coefficient with a larger SF. The contact tangential force 

anisotropic coefficient shows a linear, increasing relationship with SF at both the peak and 
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steady states, but its contribution to the macroscale strength is smaller than that of the other 

fabric parameters. The anisotropic coefficients of the contact vectors and the related preferred 

angles can also influence the SFF relationship. Hence, the general formulation of the SFF 

relationship is suggested for representing the mechanical behaviour of irregular granular 

media. 

 

The probability distributions of friction mobilisation and contact force display an 

inhomogeneous distribution within the granular packing. The microscale average Im increases 

with SF magnitude, especially at the peak state. The higher strong force percentage also 

increases with SF. The end of contact force distribution is used to explain how macroscale 

strength varies with the particle shape index and confining pressure level. 
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Tables 

 

Table 3.1: Quantitative value of the shape indexes. 
 

Category Aspect ratio Circularity SF (%) AF (%) 
Circular 1.0 1.0 0 0 

Elongated1 0.952 0.952 4 0.1 
Elongated2 0.909 0.909 8 0.4 
Elongated3 0.80 0.80 19.8 1.9 
Elongated4 0.667 0.667 33.3 3.88 
Elongated5 0.50 0.5 45.8 13.2 
Triangular 0.957 0.722 34.5 10.4 

Rhombus 0.804 0.710 
35.1 (N=40) 12.9 
33.6 (N=80) 12.96 

 

 

Table 3.2: Input microscale parameters in DEM simulations. 
 

Sand particles 

Density (kg/m3) 2600 
Normal/shear contact stiffness (N/m) 1×108 
Inter-particle frictional coefficient 0.5 
Local non-viscous damping 0.45 

Confining boundaries 
Normal contact stiffness (N/m) 1×107 

Frictional coefficient 0.0 
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Figures 

 

 

 
Figure 3.1: (a) Schematic of the particle shapes; (b) illustration of different particle shape 
indexes.  
 

 

(a) 

(b) 
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Figure 3.2: Schematic of the numerical specimen and particle size distribution. 
 

 

(a) 
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Figure 3.3: Macroscopic behaviour of the numerical results (a) relationship between the 
principal stress ratio and the axial strain; (b) relationship between the volumetric strain and the 
axial strain; (c) error bars of the stress ratio in the critical state. 

(b) 

(c) 
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Figure 3.4: Peak friction angle (a), critical friction angle (b), and peak dilation angle (c) versus 
different shape quantitative indexes. 
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(c) 
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Figure 3.5: Macroscale granular deformation observations and microscale rose diagrams at the 
critical state (15% axial strain) (a) painted grid distribution, (b) accumulated shear strain 
distribution, (c) statistical particle contact orientation and the related contact normal force, (d) 
effect of the SF value on the orientation of shear band. 
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Figure 3.6: Illustration of the accuracy of the SFF relationship with collected data for different 
average contact normal forces (Eq. 3.2(a)) (a), relationship between respective anisotropic 
coefficients of contact normal (b), contact normal force (c), contact tangential force (d) and SF. 

 

 
 
Figure 3.7: Contact normal vector anisotropy coefficient (a) and contact tangential vector 
anisotropy coefficient (b) versus axial strain (polar distribution of Elongated5 at critical state). 
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Figure 3.8: Comparison of the relationship between the stress force and the fabric evaluation 
from the general SFF relationship with the simplified forms. 
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(a) 

 

(b) 

Figure 3.9: The probabilistic distribution of the friction mobilisation: (a) the mobilisation index 
Im at the peak state and critical state and (b) the average value of Im correlated with SF at the 
peak state and critical state. 
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(a) 

 

(b) 
Figure 3.10: (a) Probability distribution function of normalised normal force at the critical state 
(15% axial strain); (b) relationship between the strong force exponent and SF. 
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(a)                                       (b) 

 

(c)                                         (d) 

 

(e) 
Figure 3.11: Strength indexes and PDF of normalised normal force under different confining 
pressures: (a) peak friction angle, (b) critical state friction angle, (c) peak dilation angle, (d) 
macro-responses of Circle, and (e) Elongated5 at the critical state (15 % axial strain). 
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CHAPTER 4  

The development of contact types within different mixtures of shapes 

4.1 Introduction 

Particle shape can directly influence the microstructure features of granular assemblies, which 

play an important role in controlling the macro mechanical responses. Previous researchers 

have made a great effort to explore the effect of particle shape through a theoretical way in 

two major directions: the physical consideration (rolling resistance models) or the geometry 

consideration (simple irregular particle shapes), which have systematically discussed in 

Section 2.4. Mollon and Zhao (2012, 2013, 2014) recently undertook a systematic work to 

generate the accurate realistic particles for discrete modelling from 2D to 3D analysis. The 

procedure of their framework stems initially from the Fourier-Voronoi approach to generate 

complex particle shapes with their orientation under arbitrary boundary conditions in 2D. 

They directly extended this method to 3D by choosing arbitrary 2D contours. However, this 

approach will incur uncertainty effects. To overcome the drawbacks, they applied the random 

field theory to develop the 3D algorithm. Although these methods for generating the realistic 

particle shapes are meaningful, extremely complicated geometry will result in excessive 

contact points during the collision between two particles. Additionally, for the granular 

assemblages under this contact detecting algorithm, the computation speed will be too low. 

Moreover, the error for determining the overlapping zone will increase with the use of 

complicated geometries; this is a natural but unavoidable consequence. Researchers must 

therefore choose between the computation speed and the complexity of the analysis. If the 

study aims to determine the constant correlation from the contact information, simple shapes 

should be used, which are sufficient to obtain a fast calculation time. However, at present, the 

traditional micro statistical information (Rothenburg and Bathurst, 1989) for the whole 

domain cannot explain the sudden, unpredictable macro response. To achieve better modelling 

of the macro behaviour, some descriptors in the deeper micro scales are presented. There are 

two major ways to approach this: using the contact cycles (loop) (Tordesillas et al., 2011; 
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Walker and Tordesillas, 2010) or contact types (Azéma and Radjaï, 2010, 2012; Minh and 

Cheng, 2013; Minh et al., 2014; Szarf et al., 2011). These approaches are all crucial 

mesoscopic structures and can be considered to explore the mechanism of load resistance and 

self-organisation within the granular systems. Additionally, compared with the contact loops, 

the contact types are easier to determine. Therefore, the author here employ the different 

contact types to explore the micro statistical information.  

 

Many traditional experiments are still performed to capture the macro responses of the 

particle shape effect (Härtl and Ooi, 2011; Shin and Santamarina, 2012; Yang and Wei, 2012) . 

With an emphasis on inter-particle contact information, some advanced and expensive imaged 

devices such as X-ray CT are also applied to describe the granular assemblages quantitatively 

(Andò et al., 2012; Hall et al., 2010) to evaluate the particle interaction behaviour, which can 

be useful in developing a theory of contact mechanics. However, these devices cannot provide 

information about a particle’s contact with its neighbouring particles. The discrete element 

method proposed by Cundall and Strack (1979), which is adopted in this thesis, is an 

alternative and economic approach to investigate the micro and macro mechanical behaviour 

of granular materials.  

 

The aim of this study is to address the variation of the four contact types under the biaxial 

loading procedure within the particle shape mixtures from 𝜂𝑚 = 0.0 to 1.0. The mixture of 

shapes implemented in this work is the same as the binary mixture of particles used to 

investigate the effects of PSD (Miao and Airey, 2013; Minh and Cheng, 2013; Voivret et al., 

2009). This is an effective way to quantify the parameters. Recently, Shin and Santamarina 

(2012) performed useful laboratory tests to study the mechanical response of sand mixtures 

made of round and irregular grains under lower confining stress, where the crushing effect can 

be ignored. This paper also intends to attract other researchers to discuss the crushing effect 

with the particle shape developed by Xiao and Liao (2014). In addition, we can observe many 

quantitative shape descriptors in the previous literatures (Azéma and Radjaï, 2010; Cho et al., 

2006; Matsushima and Chang, 2011; Sukumaran and Ashmawy, 2001; Szarf et al., 2011) , and 

there is no index that can handle all of the complicated granular behaviour. Moreover, there 
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are seldom absolute findings or linear relationships after using those shape indexes. In the 

work by Azéma and Radjaï (2010), on the stress-strain relation of elongated particles, the 

shape index shows a nonlinear variation for the solid fraction in the whole domain (0.0, 1.0), 

with a saturation near 𝜂 = 0.4. Accordingly, Shin and Santamarina (2012) found that that the 

correlation of void ratio increases with the increased angular mass portions, where the angular 

particle may possess certain degree of roughness rather than the sphericity index of 0.55. 

Fortunately, the practical engineering index, the friction angle, shows a nearly linear curve in 

the whole domain (Azéma and Radjaï, 2010, 2012; Shin and Santamarina, 2012). As 

mentioned above, the granular media exhibits many questionable and uncertain behaviours, 

particularly under complicated external conditions. To reduce the major nonlinear factors, the 

authors of this work chose to mix a medium of irregular non-convex particles (Elongate) with 

circular disks. Moreover, the crushing effect is ignored throughout the loading procedure. The 

detailed contact information during the whole loading procedure is divided into four 

respective contact types: circle-circle contacts (CC), circle-elongate contacts (CE), simple 

elongate-elongate contacts (EE1) and multiple elongate-elongate contacts (EEm). Hence, in a 

mixture of packed shapes, the development of these various contact types with the associated 

force chains, mobility and fabrics, is interesting and can enhance our understanding of the 

granular media in a deeper scale.   

 

In the following sections, we first give a brief introduction to the basic information about the 

samples and contact types. Then, some macro simulation results are presented. The detailed 

force chains distributions, friction mobilisations and fabrics are explored using the four 

respective contact types within the varied shape mixtures (𝜂𝑚). Finally, the main conclusions 

of this chapter are presented.  

4.2 Investigation scheme 

4.2.1 Particle shape mixtures and contact types 

The numerical samples in this study contain the same number (9506) and PSD as those by 

Azéma and Radjaï (2010), where two shapes are used for the descriptor 𝜂𝑚 (ranging from 0.0 

to 1.0) to express the mass portion of the elongate particles. The schematic shapes of the two 
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samples are shown in Figure 4.1. Additionally, a list of the shape mixture samples with their 

respective mass contents is given in Table 4.1. The shape index of the elongate particle 

(non-convex) used in this study is 0.5, as calculated by Azéma and Radjaï (2010). PSD and 

the four contact types are shown in Figure 4.2. The mean particle diameter (𝑑50) is 1.5 mm 

with a uniformity coefficient 𝐶𝑢 = 1.47. In this study, the aim is to investigate the correlations 

of micro contact information of shape mixtures using the four assumed contact types. Each 

contact type can be identified during each collision. Illustrations of the contact types in two 

shape mixtures at the initial isotropic state can be observed in Figure 4.3. It can be observed 

that the contact types can control the structure feature of the normal force chains.  

4.2.2 DEM simulation details 

A dense packing for the circles sample (ηm = 0.0) was first randomly distributed by the PSD 

inside a rectangular region with dimensions of 100 mm(W)×200 mm (H). Subsequently, the 

whole packing expands to the target initial porosity (0.16) through the iterative servo controls. 

In addition, the circle assemblage plays the mother role, where other ηm mixtures replace the 

mother particle with the elongate one using an equivalent area and the same centre location. 

Each replacement also iterates to the balance state in the analysis. All of the mixture samples 

are prepared using the same procedure. To ensure the generation of homogenous dense 

assemblages, gravity is ignored to avoid force gradients, where the isotropic stress is 

gradually increased to the target confining pressure (100kPa). The isotropic samples of shape 

mixtures are then subjected to vertical compression by a constant strain rate of 5% per minute 

while the confining stress on the lateral walls is constant. All of the simulations in this study 

are maintained in a plane-strain condition. Moreover, the linear contact model and the 

non-viscous damping model are considered throughout this study. The values of the numerical 

parameters are provided in Table 4.2. 

4.3 Numerical findings and discussions 

4.3.1 Macroscopic results for the contact types  

In this section, we first consider the stress-strain response and the solid fraction variation 

throughout the loading procedure. The average stress tensor in the granular media can be 
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calculated using the micro quantities of the contact forces and contact vectors. Detail 

information about the stress tensors can be seen in Chapter 2.   

 

Figure 4.4 shows the variation of the mobilised internal friction angle (sin∅mobilized = 𝜎1−𝜎3
𝜎1+𝜎3

) 

against the axial strain for different values of  𝜂𝑚. For the initial dense isotropic packing, all 

of the samples show a peak-residual curve with small fluctuations at the residual state. 

Additionally, the peak friction angle shows a linear increasing relation with the increasing 𝜂𝑚. 

However, the peak dilation angle gives a different relation for the granular behaviour; for 

instance, the packing can be easily compressed at 𝜂𝑚 = 0.1. A subtle increasing trend can be 

found between 0.1 and 0.3. The further increase of elongate particles has no noticeable 

influence on the peak dilation angle. The error bars in Figure 4.4 (c) shows the fluctuations at 

the steady state (critical/residual state) in Figure 4.4(a). It can be observed that the steady 

friction angle shows a linear increasing relation, except for the ranges of (0.2, 0.3) and (0.6, 

0.7). Although the relation is somewhat nonlinear in some ranges, the overall relation can be 

considered as an approximate linear correlation. The nonlinear relation may be induced by the 

elongate particle with the non-convex feature, which shows a different behaviour from the 

convex particle. These macro behaviours are explored at the deeper micro scales in the 

following sections.  

 

In Figure 4.5, the evolution of the void ratio with different 𝜂𝑚values is given at different 

axial strain levels. All of the packing cases show a significant dilation behaviour that is caused 

by the initial dense packing. Moreover, the global behaviour of the void ratio is a linear 

decrease with increasing 𝜂𝑚, except for some isolated points that are marked in the figure 

with a red circle. This phenomenon is consistent with previous investigations (Azéma and 

Radjaï, 2010, 2012; Saint-Cyr et al., 2011) in low η values. In contrast with the numerical 

simulations with non-convex object (Saint-Cyr et al., 2011) or some uncertain experimental 

tests (Shin and Santamarina, 2012), an opposite trend is obtained. As noted above, this study 

focuses on the linear relation, which is interesting and easily controlled. Furthermore, the two 

subtle points also provide a clue to determine the effect of a low mass percent of round or 
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irregular particles, which can significantly influence the geometrical topology of the granular 

media. This macro response may inspire us to reconsider the material theory. 

4.3.2 Microscopic results for the contact types  

In this section, we analyse the four contact types, shown in Figure 4.6(a), for different 𝜂𝑚 

values at steady state. In addition, the information associated with the normalised contact 

normal forces is shown in Figure 4.6(b), where the ratio (K) is determined between the 

average contact normal force of four respective contact types (〈𝑓𝑛𝑡𝑐 〉) and the global average 

contact normal force (〈𝑓𝑛𝑐〉) using the following equation: 

 
c

nt
c

n

fK
f

=    (4.1) 

It can be observed from Figure 4.6(a) that the contact types have a linear relationship with 𝜂𝑚, 

except for the CE contact. These variations are reasonable and easy to understand. The 

interesting finding is that the K value of the contact type EE1 is always greater than that of 

EEm contacts. The CC contacts are nearly equal to the CE contacts at 𝜂𝑚 = 0.3. A similar 

situation is evident between the CE and EE1 contacts at 𝜂𝑚 = 0.7. For the normalised 

contact normal force in Figure 4.6(b), the ratios of the four contacts increase linearly with 

increasing 𝜂𝑚. To interpret the contact force between the overlapping particles, the ratio K 

must be multiplied by the contact points. Hence, the EE1 contacts are the lowest between the 

individual particles at the critical state. We can easily find that only the ratios of EE1 at the 

interval (0.2, 0.3) and of CC at the interval (0.6, 0.7) are decreased, which may be the reason 

for the variation of the steady friction angle at the residual state in the two ranges.  

 

The properties of friction mobilisation can also be considered as a basic index to describe the 

microscopic interlocking effect, which would induce the variation of the shear strength for 

different values of 𝜂𝑚. This descriptor Im can be defined by Eq. (3.3). In the current chapter, 

Igm describes the global average mobility; Icm expresses the mean value of the mobilisation 

index for the associated contact type. Further, the Igm in Figure 4.7(a) increases slightly with 

the increased 𝜂𝑚, except for the ranges noted above when discussing Figure 4.4(c). Moreover, 

the statistical micro mobility can be used to explain the variation of the macro shear strength. 
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However, the global statistical information is extremely ambiguous and lacks a clear direction. 

The index of Icm can provide some guiding information in Figure 4.7(b), where the capability 

of the mobility for all four contacts declines in the two intervals 𝜂𝑚=(0.2, 0.3) and 𝜂𝑚=(0.6, 

0.7). For the two subtle points in Figure 4.5, we can also find that the values of Icm for CC at 

𝜂𝑚 = 0.1 and EEm at 𝜂𝑚 = 0.8 are lower than those of their neighbouring domains. Hence, 

a very little percentage of round or irregular particles can significantly influence the mobility 

property of the main granular mass. 

 

Figure 4.8 shows the probability of Im for values of 𝜂𝑚 at the steady state. The weakly 

mobilised contacts decrease with an increasing 𝜂𝑚. These weakened mobility contacts can be 

replaced by the strongly, nearly sliding contacts, which are composed of the weak force zone 

(network). Additionally, the probability density function (pdf) for all of the contact types for 

Im in Fig. 8 has the same trend as that of the contact portions in Figure 4.6 (a). Another 

interesting finding is that the pdf of Im for the CE contact almost overlaps between the regions 

where 𝜂𝑚 ranges from 0.3 to 0.6, where the frictional angle is strongly increased (Figure 

4.4(c)). The CC contacts in all groups show a decreasing trend, except for the slide point (Im = 

1.0), suggesting that the shape mixtures cannot significantly influence the CC contacts. A 

similar situation is also observed for the EE1 and EEm contacts.  

 

The semilogarithmic plot of the probability distribution of the contact normal force, 

normalised by the mean contact force 〈𝑓𝑛𝑐〉 at the steady state, is shown in Figure 4.9. For all 

of the shape mixtures described in this study, the probability density of the normalised contact 

normal force essentially follows a decay power law determined in Eq. 3.4. For the global 

contact normal force in Figure 4.9(a), α increases with increasing 𝜂𝑚, and β increases with 

increasing 𝜂𝑚. These findings are reasonable and easy to understand. Our focus is on the pdf 

of the contact normal force for the four contact types in the other four figures. In this chapter, 

the contact force is statistically cumulated by the individual contact because the same contact 

type between two overlapped particles may include more than one contact points. It can be 

found from Figure 4.9(b) that the decreased CC contact probability in Figure 4.8(b) is just a 

decrease at the weak force chain. The strong force chains are stable, except when 𝜂𝑚 > 0.9. 
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In addition, the pdf of the contact normal forces in CE contacts is nearly stable in the range 

from 𝜂𝑚= 0.3 to 0.7. Furthermore, the pdf of the EE1 and EEm contacts increases linearly 

with increasing 𝜂𝑚 for both the weak and strong forces (Figure 4.9(d)). These findings give 

us another indication that the micro contact forces also show the same behaviour as the 

contact numbers portion in Figure 4.6(a). 

 

Figure 4.10 shows the average friction mobilisation with the associated normalised contact 

force at the critical state. In Figure 4.10(a), it can be observed that the value of Ifm decreases 

with the increasing normalised contact normal forces. In this figure, Ifm decreases with the 

normalised contact forces. Hence, the high mobilised particles always remain at the weak 

force chains. Additionally, Ifm increases with increasing 𝜂𝑚. The main trend of Ifm for the four 

contacts in Figure 4.10 is as low shift that becomes parallel to the horizontal direction. These 

variations coupled with the contact percent in Figure 4.6(a) can explain the separated Ifm in 

Fig. 10(a). The contact information for the respective contacts can control the global statistical 

trend, which can give the macro responses a much more reasonable direction. These 

correlations are only suitable for a medium-level normalised contact normal force, where the 

data at the end are discrete at a large normalised contact normal force. 

 

Using the second-order Fourier series expressions, the micro contact information in the polar 

domain can be calculated to describe the development of fabric in the granular systems. 

Previous researchers have constructed a bridge between the micro fabric parameters and 

macro stress responses, referred to as the stress-force-fabric relationship. Detailed discussion 

on the SFF and related anisotropic parameters can be seen in Chapter 2. In biaxial shearing, 

the principal angles are nearly along the loading direction, and the difference can be ignored. 

Hence, we can focus on the magnitude of these anisotropic parameters for the respective 

contact types at the critical state. It can be observed from Figure 4.11 that the three global 

anisotropic parameters show a linearly increasing trend with increasing 𝜂𝑚, except for some 

intervals such as ac in (0.6, 0.7) and 𝑎𝑓𝑡 in (0.2, 0.3), where the relations are decreasing. The 

SFF relationship is constructed to connect the micro anisotropic parameters and macro 

strength indexes because the two anisotropic coefficients can be used to explain the variation 
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of frictional angle, as shown in Figure 4.4(c) and given by Eq. 2.60. The anisotropic 

coefficients for the four contact types can explain the two regions above. A decreasing ac, is 

induced by the extremely decreased contact normal coefficient for CE, which is larger than 

the increasing gradient of EE1 and EEm. Another interesting finding is that the larger portion 

of EE1 contacts at high 𝜂𝑚values cannot effectively increase its related ac compared with 

EEm contacts. However, the 𝑎𝑓𝑛 and 𝑎𝑓𝑡 coefficients for the above two contact types match 

well the trend in Figure 4.6(a).The CE contacts also play a key role in the three anisotropic 

parameters when 𝜂𝑚 is lower than 0.7.  

4.4 Conclusions 

Deeper investigations into the micro scales, the development of the four contact types and the 

associated contact information within the shape mixtures 𝜂𝑚 are used to explore the macro 

mechanical response using the discrete element method. To avoid excessive parameters in the 

study, some major linear regions are chosen. We explain the subtle points in the variation of 

the void ratio for the small, round or irregular particles through the information from the 

different contact types, where Icm for CC at 𝜂𝑚 = 0.1 and EEm at 𝜂𝑚 = 0.8 are lower than 

their neighbouring domains. The ratio K of the four contacts can also be considered to explain 

the variation of the steady friction angle, particularly at the decreasing ranges of (0.2, 0.3) and 

(0.6, 0.7). Additionally, the index Icm for the four contacts decreases in the two intervals, 

providing another direction to explain the macro strength. Another interesting finding is that 

the pdf of Im for the CE contact nearly overlaps at 𝜂𝑚 values from 0.3 to 0.6. For the end of 

the strong force chains, the probability of the CC contact is approximately the same. However, 

the pdf curves of the normalised contact forces of EE1 and EEm show a nearly linear 

increasing relationship with an increasing 𝜂𝑚. The main trend of Ifm for the four contacts can 

explain the separated global Ifm with increasing 𝜂𝑚. It is also notable that the anisotropic 

coefficient of ac is not sensitive to the contact portions of EE1 and EEm. For the regime 

of 𝜂𝑚< 0.7, the CE contacts play an important part in the three fabric parameters. Future work 

will consider different contact types in the anisotropic shearing. The methodology proposed in 

this study, through the scope of the development of contact types, will help us to construct a 

bridge between the inherent heterogeneous samples and the final states.  
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Tables 

Table 4.1: Sample shape mixtures for DEM simulations. 
 

Category 
Circle 

mass content 
(%) 

Elongate 
mass content 

(%) 
ηm 

1 100 0 0.0 
2 90 10 0.1 
3 80 20 0.2 
4 70 30 0.3 
5 60 40 0.4 
6 50 50 0.5 
7 40 60 0.6 
8 30 70 0.7 
9 20 80 0.8 
10 10 90 0.9 
11 0 100 1.0 

 

 
Table 4.2: Input micro parameters in DEM simulations. 

 

 Density (kg/m3) 2600 

Sand particles 
Normal/Shear contact stiffness (N/m) 1×108 
Inter-particle frictional coefficient 0.5 
Local non-viscous damping 0.45 

Confining boundaries Normal contact stiffness(N/m) 1×107 

Frictional coefficient 0.0 

 

 

 

 

 

 

 

 

 

 
86 

 



Figures 

 

 
Circle                  Elongate 

 
Figure 4.1: The two shapes used for the mixture analysis. 

 

 

 

Figure 4.2: Schematic of the PSD and the four contact types within the shape mixtures. 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
87 

 



 

 

(a) 𝜂𝑚 = 0.3 

 

(b) 𝜂𝑚 = 0.7 
Figure 4.3: Snapshots of normal force chains for the two shape mixtures: (a) 𝜂𝑚 = 0.3; (b) 
𝜂𝑚 = 0.7. 
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(a) 

 
(b) 

 
(c) 

Figure 4.4: Macro strength curves for different shape mixtures (a) the variation of sine value of 
internal friction angle along the axial strain, (b) peak friction/dilation angle, (c) error bars of 
friction angle at the steady state. 
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Figure 4.5: Void ratio as a function of the various shape mixtures at different axial strain level 
from isotropic state to critical state. 
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(b) 
Figure 4.6: (a) error bars of the four contact types propagate at the critical state; (b) error bars of 
the normalised contact forces at the critical state. 
 

 

 

(a) 
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(b) 
Figure 4.7: Friction mobilisation for different 𝜂𝑚 at the critical state (a) the variation of Igm; (b) 
the variation of Icm. 
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(b) 

 

(c) 

 

(d) 
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(e)  
Figure 4.8: Probability distribution of the mobilisation Im for different 𝜂𝑚 at the critical state (a) 
global mobility distribution; (b) CC contact distribution; (c) CE contact distribution; (d) EE1 
contact distribution; (e) EEm contact distribution. 
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(b) 

 

(c) 

 

(d) 
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(e) 
Figure 4.9: Probability distribution of normalised contact normal force at the steady state for 
different 𝜂𝑚 (a) all contact types distribution; (b) CC contacts distribution; (c) CE contacts 
distribution; (d) EE1 contacts distribution; (e) EEm contacts distribution. 
 

 

(a) 
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(b) 

 

(c) 

 

(d) 

97 
 



 

(e) 
Figure 4.10: Average friction mobilisation Ifm with the associated normalised contact normal 
force at the steady state for the 𝜂𝑚  (a) all contact types distribution; (b) CC contacts 
distribution; (c) CE contacts distribution; (d) EE1 contacts distribution; (e) EEm contacts 
distribution. 
 

 

(a) 
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(b) 

 

(c) 
Figure 4.11: Error bars of anisotropic coefficients at the critical state: (a) coefficients of contact 
normal for the four contact types; (b) coefficients of contact normal force for the four contact 
types; (c) coefficients of contact tangential force for the four contact types. 
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CHAPTER 5  

Study of rolling resistance model and irregular particle shape during the 

“undrained” tests 

5.1 Introduction 

Particle shape can directly influence the structural features of granular assemblies, which 

ultimately control the mechanical properties of granular material. Generally speaking, the 

strengths obtained by the discrete element method (DEM) using disk or spherical particles are 

much lower than those of natural sand, which has an obviously interlocking effect induced by 

the irregular particle shape. Previous researchers have made great efforts to explore the effect 

of particle shape through a theoretical way in two major directions: physical consideration 

(rolling resistance models) or geometry consideration (irregular particle shapes). These two 

modelling methodologies have been briefly discussed in Chapter 2.   
 

The first approach is to add an artificial rotation torque at the contact points for disks or 

spheres, and generally named as “rolling resistance model”. This model is distinctly different 

from the original standard DEM, where particle rotation can only be generated by the 

frictional force through the conservation of angular momentum at the contact points. The 

rolling resistance model is firstly incorporated in DEM for simulating the shear band 

development by Iwashita and Oda (Iwashita and Oda, 1998, 2000). After then, many different 

rolling resistance models have been constructed at the contact regions (Bardet and Huang, 

1993; Belheine et al., 2009; Estrada et al., 2008; Jiang et al., 2005; Mohamed and Gutierrez, 

2010; Zhao and Guo, 2014; Zhou et al., 2013; Zhou et al., 1999). A detailed review work 

about the rolling resistance models in discrete element simulations has been summarized by 

Ai et al. (2011), where the rolling resistance models are classified into four directions: (1) 

directional constant torque models (Zhou et al., 1999); (2) viscous model (Kondic, 1999); (3) 

elastic-plastic spring dashpot model (Belheine et al., 2009; Estrada et al., 2008; Iwashita and 

Oda, 1998, 2000; Mohamed and Gutierrez, 2010; Zhao and Guo, 2014); (4) contact 
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independent models (Sakaguchi et al., 1993). The direction constant model may face 

mathematical discontinuity when the relative angular velocity is zero. In addition, the contact 

independent models are lack of realistic physical meaning, which have been reported by Ai et 

al. (2011). The most commonly used rolling resistance model in their review paper is the 

elastic-plastic spring dashpot model. Recently Huang (2014) presents an efficient way for 

dividing the rolling resistances models only by the related magnitude of the normal contact 

force and the evaluation of the relative angular motion. Likewise, for the elastic-plastic rolling 

resistance models, the difference is determined by the definitions of rolling stiffness (Ai et al., 

2011; Belheine et al., 2009; Iwashita and Oda, 1998, 2000; Jiang et al., 2005; Mohamed and 

Gutierrez, 2010; Tordesillas and Walsh, 2002; Wensrich and Katterfeld, 2012; Zhao and Guo, 

2014). The other approach is to directly generate particles using irregular geometries through 

many different ways, e.g., ellipse or ellipsoids, polygons, and combining clusters/clumps. 

These particle generation methodologies have been discussed in Chapter 2.  

 

Many previous studies have shown that rolling resistance models can nearly capture the 

stress-strain and strain localization responses of irregular granular materials. However, the 

link between the rolling resistance model and the mechanism of realistic particle shape is still 

a major challenging issue. Zhou et al. (2013) carried out a systematic DEM biaxial tests to 

compare the rolling resistance model and simplified clump particles. They concluded that the 

rolling resistance model cannot replace the irregular particle to produce analogous strain 

localization and energy dissipation behaviors for the granular materials. Additionally, the 

selection of a rolling resistance coefficient represents an artificial trial without a clear physical 

reasoning. Recently, some researchers attempt to construct a bridge to connect the rolling 

resistance model and irregular particle shape through a reasonable physical formulation. 

Estrada et al. (2011) found a simple equation to identify the effect of rolling resistance for the 

disk by a regular polygonal grain with variable number of sides. However, the compared 

range of rolling resistance coefficients is very small from 0.0 to 0.15. In addition, the 

boundary condition for these numerical tests is monotonous under simple shear. Wensrich and 

Katterfeld (2012) proposed a simple geometric argument to estimate the rolling resistance 

coefficient from the ratio of the average eccentricity to the effective rolling radius. Meanwhile, 
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they pointed out that the proposed method can partially predict the irregular clumped particles. 

Since the rolling resistance can only artificially resist rolling motion, while the realistic shape 

can both induce and resist particle rotation. The quantitative relationship between rolling 

resistance coefficient and irregular shape still remains poorly known. In addition, to describe 

quantitatively the rolling resistance coefficient, the validity of the rolling resistance model is 

much more important. Likewise, it is still questionable whether the rolling resistance model 

can fully replace the irregular particle to produce similar patterns of shear localization, 

mesoscopic structure, fabrics and probability distribution of contact information. Moreover, 

most references are related to biaxial or simple shear tests, and the “undrained” mechanical 

response is seldom considered. In particular, the macro and micro responses at some 

characteristic states such as liquefaction, quasi-steady, phase transformation, and critical state 

are seldom studied. In the current chapter, for clarifying the difference between the disk 

particles with the rolling resistance model and the irregular shape grains, the original Iwashita 

and Oda (1998, 2000) rolling resistance model is considered due to its efficiency and 

simplicity. Moreover, the effects of surface roughness and bonding are ignored in this rolling 

resistance model. Meanwhile, the irregular shape is generated by using the clusters/clumps 

technique. Two simple clumps (Elongate and Triangular) are employed in the current study 

for comparing with the rolling resistance model.  

 

This chapter is organized as follow: the methodology of rolling resistance model is firstly 

introduced. Then, the DEM sample preparation and “undrained” tests are described. 

Additionally, both the macroscopic and microscopic mechanical responses for the rolling 

resistance model and clumps are compared and discussed in Section 5.3. Finally, a conclusion 

about the main findings from this study will be given. 

5.2 Investigation scheme 

5.2.1 Rolling resistance model 

The simulations are carried out using the DEM, which adopts an explicit computation scheme 

and assumes the rigid particles with soft contacts. The mechanical interactions for the contact 

entities between ball-ball and ball-wall are determined by the contact laws. Figure. 5.1 (a) 
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shows the illustration of the rolling resistance model. The contact force can be determined 

from Eq. (2.66) to Eq. (2.68) as shown in Figure 5.1 (b). In traditional DEM, particle can 

freely rotate with no restriction. The angular momentum for individual particle is only 

determined by the torque resulting from the shear contact force as follow: 

 
1

n
c

s
c

wI f r
t =

∂
=

∂ ∑   (5.1) 

where I is the polar moment of inertial of a disk particle, w is the polar angular velocity, r is 

the particle radius, and n is the number of contacts surrounded a disk. The rolling resistance 

torque at the contact points is added into the angular momentum equation for each particle, 

and the above Eq. (5.1) can be rewritten as: 
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where 𝑀𝑖 is the rolling resistance at the cth contact. The rolling resistance simulates the 

restriction on a particle rolls over another, at which the contact normal force will induce an 

interlocking effect between the effective touching area. The rolling resistance model in Figure 

5.1 (a) contains an elastic spring, a dashpot, a slider and a no-tension joint, which can be 

considered as an elastic-plastic model. The elastic part of the rolling resistance torque can be 

written as: 

 r
i r r rM K C

t
θθ ∂

= − −
∂

  (5.3) 

where 𝐾𝑟 is the rolling stiffness, 𝜃𝑟 is the relative rotation between two particles, 𝐶𝑟 is the 

viscosity coefficient. In the current study, all the numerical samples are under quasi-static 

condition, hence the viscosity coefficient can be set as zero (Zhou et al., 2013). The value of 

𝐾𝑟 can be determined by previous study on cylinders (Bardet and Huang, 1993): 

 2 c
r n nK rf J=   (5.4) 

where 𝐽𝑛 is a dimensionless parameter, and its value varies from 0.25 to 0.5 depending on 

the particle roundness. Since perfectly rigid discs are considered in this study, 𝐽𝑛 is fixed as 

0.5 for all the simulations (Ai et al., 2011; Mohamed and Gutierrez, 2010; Zhou et al., 2013). 

The rotation slider is analogous to a shear slider, hence a threshold moment is considered as a 

perfect plastic behavior (Figure 5.1(b)).  
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where 𝜂  is the coefficient of rolling resistance with a dimension of length. Once the 

resistance exceeds the threshold moment, particle will roll without restriction with any further 

rotation resistance. Iwashita and Oda (2000) decomposed this coefficient into two parts (1) a 

typical length B, which is equal to half of the contact width between two contacting particles; 

(2) a dimensionless parameter 𝛽. Moreover, the typical length B is dependent on the average 

radius 〈𝑅〉 and shape parameter 𝛿 (Jiang et al., 2005; Mohamed and Gutierrez, 2010). 

Therefore the rolling resistance coefficient 𝜂 can be rewritten as: 

 B R Rη β δβ α= =< > =< >   (5.6) 

where 〈𝑅〉 denotes the average radius of two contacting particles with radius r1 and r2 as 

〈𝑅〉 = (2𝑟1𝑟2)/(𝑟1 + 𝑟2), 𝛼 is a combined coefficient of two dimensionless parameter 𝛿 and 

𝛽. The parameter 𝛼 is the final form of rolling resistance coefficient. Additionally, the 

physical meaning of 𝛼 is similar to the internal friction coefficient, and its range is from 0.0 

to 1.0. Substituting Eq. (5.6) into Eq. (5.5), the moment threshold can be rewritten as:  

 c
i nM f R α≤    (5.7) 

The rolling resistance model described above was implemented in the framework of DEM. 

This secondary developed model would be adopted to carry out the numerical undrained tests 

and compare with the irregular clump particles. For verifying the developed rolling resistance 

model, a pure rolling and a pure shearing element tests are carried out and compared with the 

thresholds of moment torque and contact shear force. Detailed information about the element 

tests are shown in Figure 5.2. It can be found that the present rolling resistance model is 

effective to obtain the assumed mechanical behavior (Figure 5.1(b)) between the particles’ 

contacts. 

5.2.2 DEM simulation details 

In the present numerical “undrained” test, all the samples are composed of 9127 disk 

grains or irregular clumps. The particle size distribution (PSD) and particle morphology are 

shown in Figure 5.3. The mean particle diameter (d50) is 1.62mm with a uniformity coefficient 

of Cu=1.47. Particles are randomly distributed in a rectangular box with dimensions of 100 
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mm (W) ×200 mm (H). The intention of this chapter is to compare the disks installed rolling 

resistance model and the irregular clumps at some characteristic states in Figure 5.3. Initially, 

the target is to make a suitable isotropic sample, which can produce the liquefaction, 

quasi-steady or dilate features during the monotonic “undrained” shearing. In addition, for the 

consolidated samples of disks and irregular clumps, the void ratios are different. Moreover, 

the common technique for generating different densities consolidated samples is to change the 

internal friction coefficient during the isotropic consolidated procedure. Upon fulfilling the 

consolidated state (𝑝𝑐=100 kPa), the internal friction coefficient 𝜇 is fixed as 0.5. In addition, 

the rolling resistance coefficient is switch off until the undrained shearing stage. After series 

of trial and back tests, loose packing disk particles are obtained with a void ratio nearly 0.24. 

Different rolling resistance coefficients are then implemented to examine the effect of the 

rolling resistance. Detailed information can be seen in Table 5.1. Additionally, the irregular 

clump samples are generated by replacing the initial disk particles with an equivalent area and 

the same center location before the isotropic consolidated stage. The orientation of the 

irregular grains is arbitrarily distributed in the range of 0 to 360 degrees. Next, the irregular 

assemblages are isotropically consolidated to achieve the target confining pressure. In 

addition, the relative density is still controlled by the internal friction coefficient. After the 

isotropic consolidated procedure, the granular packings obtain different void ratio from loose 

to dense (Table 5.2). During the subsequent “undraind” shearing, 𝜇 is fixed at 0.5. Using an 

undrained shearing test on each specimen, a comparison of the mechanical properties would 

be performed in the later section. Since water is not considered, the undrained condition can 

be equivalent to a constant area test, which is controlled by a servo system between the 

loading plate and the confining plate. The values of the numerical parameters are provided in 

Table 5.3. Note that four boundary walls are assumed with no friction to eliminate the 

boundary arch effects.  

 

For easily understanding the mechanical responses of sand under monotonic “undrained” 

shear behavior, a typical illustration for different initial densities is shown in Figure 5.4, 

where q represents the deviator stress, p indicates the effective mean stress, u denotes the 

excess pore water pressure and 𝜀𝑎 is the axial strain. The phase transformation in Figure 5.4, 
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which corresponds well with the state of minimum effective mean stress, indicates the 

deformation response of granular soil changing from contractive to dilative (Vaid et al., 1990; 

Yang and Dai, 2010; Yoshimine et al., 1998). When the sand is loose, a static liquefaction will 

emerge due to the fast generated excessive pore water pressure, which will replace the stress 

components (q and p) to sustain the load transferring during the continuous deformation. 

Moreover, some catastrophic disasters (e.g. debris flow and landslides) are induced by the 

liquefaction, where the soil completely lost the shear strength. For a medium sample in Figure 

5.3, there exists a special phase transformation state named quasi-steady state 

(Alarcon-Guzman et al., 1988; Ishihara et al., 1975), which represents a temporary 

liquefaction and then regains certain strength to achieve an even higher peak strength with 

further strain. However, there still exists a conflict about the reality of the quasi-steady state 

(Been et al., 1991; Zhang and Garga, 1997), whether it is an intrinsic property or a 

test-induced behavior for the granular materials. Many investigations including the 

experimental and numerical studies (Gong et al., 2011; Guo and Zhao, 2013; Vaid et al., 1999; 

Yang and Dai, 2010; Yoshimine et al., 1998) have proved that the quasi-steady state is a real 

material behavior of granular materials. DEM is a robust tool to eliminate the restrictions 

from the traditional laboratory devices (e.g. end restraint or friction). For a dense sample in 

Figure 5.4, there is a phase transformation emerge at a very small strain, and the pore water 

pressure will then turn from positive to negative. Additionally, a critical state with constant 

deviatoric stress and a unified critical state line in Figure 5.4 can be found at large strain level. 

The slope value of the critical state line is 𝑀 = 𝑞/𝑝, which can also be expressed by the ratio 

of critical macro friction angle (𝜑𝑢𝑐) at the critical state 𝑀 = 6 sin𝜑𝑢𝑐 /(3 − sin𝜑𝑢𝑐). As 

mentioned before, the phase transformation, liquefaction, quasi-steady, and critical states are 

also marked in Figure 5.4.  

 

The definitions of stress tensors and fabric components within the methodology of DEM has 

been discussed in Chapter 2. Hence the major principal stress (𝜎1) and minor principal stress 

(𝜎3) are thus given by: 

 11 33 11 33 2 2
1 13( ) ( )

2 2
σ σ σ σσ σ+ −

= + +   (5.8a) 
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3 13( ) ( )

2 2
σ σ σ σσ σ+ −

= − +   (5.8b) 

The deviatoric stress, effective mean stress can be found in Eq. (2.2), and pseudo excess pore 

water pressure can be determined as: 

 cu p p= −   (5.9) 

5.3 Numerical findings and discussions 

5.3.1 Macroscopic mechanical responses 

Figure 5.5 shows the systematic macro responses of granular samples with different rolling 

resistance coefficients under “undrained” conditions, where the micro numerical parameters 

and boundary conditions are identical for exploring the sensitives of 𝛼 (Table 5.1and 3). It 

can be found that UR0 with a loose packing exhibits an explicit liquefaction phenomenon in 

Figure 5.5 (a), which is qualitatively similar to previous experimental tests and numerical 

simulations (Guo and Zhao, 2013; Yang et al., 2012, 2013; Yoshimine, 1999; Yoshimine and 

Ishihara, 1998; Yoshimine et al., 1998). Moreover, the artificial rolling resistance torques can 

directly influence the liquefied sample UR0 to possess some level of dilation effects. Among 

these samples, UR1 and UR2 exist a distinct quasi-steady state as the medium sample in 

Figure 5.4. The slopes of the critical state lines in p-q space as shown in Figure 5.5 (a) 

increase steadily with the raised rolling resistance coefficient. This relationship has also been 

captured by Zhao and Guo (2014) for evaluating the development of “undrained” shear 

induced anisotropy in granular media with different rolling resistance coefficients. Actually, 

the value of M cannot increase linearly with the rolling resistance coefficient. As shown in 

Figure 5.5(b), the variation of M is very small for 𝛼 > 0.5, which is analogous to a threshold. 

This relationship between M and 𝛼 is similar to the peak friction angle in drained shear test 

by Mohamed and Gutierrez (2010). Figure 5.5(c) and (d) show the deviatoric stress vs axial 

strain for capturing the effects of rolling resistance coefficients. It can be seen that the peak 

deviatoric stress is steadily increased for 𝛼 < 0.5. Fig. 5 (e) and (f) present the pseudo excess 

pore water pressure (u), which can be obtained by the difference of constant confining 

pressure and the mean effective pressure, plotted vs axial strain for all the samples. It can be 
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found that the rolling resistance coefficient can induce the granular sample to generate 

negative u, which may prohibit the packing to develop into liquefaction state. Moreover, UR2 

with a very small rolling resistance coefficient exhibits a positive u when 𝜀𝑎 > 15%. As an 

alternative to the deviatoric stress, Figure 5.5(g) and (h) show the evaluation of the mean 

effective stress with the axial strain. The variation of p is analogous to q. The evaluation of 

mobilized friction angle is shown in Figure 5.5(i) and (j). It is noticed that higher rolling 

resistance coefficient may induce larger macroscopic shear strength. In addition, the 

differences would become very small when 𝛼 > 0.5. 

 

Figure 5.6 shows the evolution of stress path in p-q space for the three different shape samples 

in Table 5.2. As shown in Figure 5.6, although the rolling resistance coefficient can enhance 

the slope of critical state line, the effect is limited (UR7). This may also hint that the rolling 

resistance model cannot fulfill all the M value for the irregular clumps. In addition, particle 

shape can influence the peak value of q for the loose samples within the liquefaction stage. An 

interesting finding is that the disk sample is not standing at the minimum level of peak q. 

Moreover, the rolling resistance samples cannot easily generate an apparent liquefaction in 

Figure 5.5. This is another drawback of the rolling resistance model for simulating the 

undrained shear tests.  

 

Figure 5.7 shows the evolution of deviatoric stress with the axial strain. It can be seen that all 

the three shapes can qualitatively match well with the mechanical responses of typical 

monotonic undrained shear of granular materials in Figure 5.4. Moreover, particle shape can 

influence the peak values of q at the quasi-steady state and critical state. The strain levels for 

the two characteristic states are also influenced by the particle shape. 

 

Figure 5.8 shows the variation of the pseudo excess pore water pressure against the axial 

strain for the nine samples. For the medium packings, the disk shape is difficult to generate a 

negative u even at the critical state. Nevertheless, the irregular geometry would induce the 

granular packing to develop much more dilating behavior, which may be conductive to form a 

negative u. This feature is very similar as the rolling resistance effect in Figure 5.5(e).   
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In the below sections, some statistical quantities upon the micro scale would also be 

compared for the rolling resistance samples and irregular clumps at the characteristic states. 

 

5.3.2 Microscopic behavior 

Figure 5.9 shows the validation of SFF relationship, which is a bridge to connect the micro 

statistical anisotropic information and macro shear strength of a granular assembly, for both 

the irregular clump and rolling resistance samples. It can be found that the analytical SFF 

relationship in Eq. (2.60) can math well with the DEM results for the six samples, except for 

UR5 which possess a quasi-steady feature in Figure 5.4. In addition, these six samples are 

considered to primarily investigate the difference between rolling resistance and irregular 

shape. All the samples except UR5 present a typical hardening behavior, hence the macro 

mechanical responses are qualitatively similar. The UR5 sample is considered to play as an 

upper bound rolling resistance effect in Figure 5.5. In addition, the highest value of sin𝜑𝑢𝑐 

in Figure 5.5 is still lower than the irregular Elongate or Triangular granular assemblage. This 

phenomenon is an alternative view to the slope of the critical state line in Figure 5.6. 

 

Figure 5.10 shows the variation of the coordination number 𝐶𝑁 = (2C−𝑁1)/(𝑁 −𝑁0 −

𝑁1) (C is the total contact number, N is the total particle number, N1 is the number of particles 

with only one contact, and N0 is the number of particles with no contact) for the 

aforementioned six samples. It can be found that the value of CN drops initially and then 

increase to the critical state which is affected by the increasing mean effective stress. The 

reason for the initial decrease in Figure 5.10 is induced by the contact loss along the principal 

strain directions (Gong et al., 2011). Moreover, the minimum value of CN corresponds well 

with the quasi-steady state (Gong et al., 2011; Yang and Dai, 2010). Furthermore, the value of 

CN for UEM and UTM samples is much higher than the rolling resistance samples at the 

critical state. This also hints that the structural feature of granular assemblage is highly 

influenced by the particle shape. In addition, the properties of friction mobilization (IM) can be 

considered as a basic index to describe the micro interlocking effect, which would influence 
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the variation of the shear strength. The descriptor IM can be determined by 𝐼𝑀 = |𝑓𝑠𝑐|/(𝜇𝑓𝑛𝑐) 

for the individual grain. Figure 5.10(b) presents the evolution of the average friction 

mobilization (Igm) of the whole assemblage for all the six samples. It can be seen that the 

initial peak value of Igm is quickly increased at a very small strain. From the comparisons of 

the six samples, it can be found that the value of Igm for the irregular shapes (UEM, UTM) is 

significantly larger than the resistance samples. Additionally, the rolling resistance effect can 

only slightly enhance the value of Igm for the disk shape of granular assemblages.     

 

Figure 5.11 presents the contributing percentages of a, an and at during the “undrained” shear, 

which are also explored by Guo and Zhao (2013). It can be found that the anisotropy of 

contact normal force an dominates the macro shear strength for nearly 50% of the total value 

in UDM and rolling resistance samples. Moreover, the rolling resistance effect can slightly 

increase the portion of tangential force anisotropy at and reduce the weighting of an. This 

trend is analogous to previous studies (Guo and Zhao, 2013; Zhao and Guo, 2014). However, 

for the UEM and UTM samples, the contact normal anisotropy a plays the major role after the 

axial strain beyond 6%. While the weighting of at increases from approximately 15% to 20%. 

Additionally, the irregular shape may reduce the portion of an for contributing the macro shear 

strength. As well, this is distinct from the rolling resistance samples. 

 

Figure 5.12 shows the contributions of the weak force network (contact force lower than the 

average contact force), the strong force network (contact force larger than the average contact 

force) and the whole force network for the contact normal anisotropy a. In the weak force 

network, a plays a very minor role. Its trend for UDM, UR1 and UR2 is quickly increasing to 

a maximum value and then drops to a constant which is nearly 0. However, for the high 

rolling resistance sample UR5, the weak anisotropy of contact normal a stands at a larger 

value, which is analogous to UTM. Moreover, the trend of a in the strong force network or the 

entire force network is nearly the same. Furthermore, the value of a in the whole force 

network is smaller than the strong force network. This pattern has also been found by Guo and 

Zhao (2014) using sphere particles. Additionally, the trend of a in the weak force network for 

UEM and UTM firstly decrease and then increase to a certain level which cannot be ignored. 
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Moreover, the value of a for UEM in the weak force network plays nearly the same role as the 

strong force network. This may be induced by the excessive weak contacts between the 

non-convex shapes in the current study. In addition, the ratio of a between the strong and 

weak force networks within UEM is lower than 3 times as compared with the rolling 

resistance samples. Meanwhile, the weights of weak and strong a for UTM and UR5 are 

similar, but the macro mechanical response are different as shown in Figure 5.5 and Figure 

5.7.  As mentioned above, although the macro response between the irregular granular 

assemblages and the rolling resistance sample are qualitatively similar, the evolution of the 

micro anisotropies is different.  

 

Figure 5.13 shows the rose distributions of contact normal for the quasi-steady state and 

critical state. The determination of contact normal orientation is normalized as the fraction of 

all contact normals at an angular interval ten degrees. It can be seen that the contact normal 

anisotropy is significantly developed within the strong force network, where the contacts are 

mainly orientated along the major principal direction. For the rolling resistance samples, the 

difference of contact normal distribution (within the strong force network) between the 

quasi-steady state (QSS) and critical state (CS) parallel the loading direction is not obvious. 

Moreover, the distribution of the contact normal perpendicular to the loading direction is 

slightly decreased even for the high rolling resistance sample UR5, which shows a similar 

macro response as the dense medium in Figure 5.4. Hence, the quasi-steady state is changed 

as phase transformation state (PTS) for the UR5. However, the contact normal distribution for 

the strong force network along the loading direction is clearly enhanced by the irregular 

particle shape (UEM and UTM). For the weak force network, it can also be seen that the polar 

histogram of contact normal network is approximately a circular shape (Figure 5.13), which 

means the number of contacts in each interval is nearly the same. This feature hints that the 

anisotropy coefficient of contact normal is almost zero, which can also be seen in Figure 5.12. 

Nevertheless, the contact normal distribution for UEM and UTM within the weak force 

network is increased along the loading direction from the quasi-steady state to the critical 

state, and decreased at the perpendicular direction. This variation is analogous to the strong 

force network. It can be said that the anisotropy of contact normal in the weak network cannot 
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be ignored for the UEM and UTM, which can also be seen in Figure 5.12. Moreover, by 

comparing these figures, it is noticed that the strong force network plays a much more 

important role for the whole loading procedure.  

 

Figure 5.14 shows the probability distribution of the contact normal force, normalised by the 

mean contact force 〈𝑓𝑛𝑐〉 at the quasi-steady state except for UR5 (PTS) and the critical state 

in log-linear scale. For all the six samples in this chapter, the normalized contact normal force 

essentially follows a power decay law which is determined in Eq. (3.24). It can be seen both 

the values of 𝛼 and 𝛽 represented the variation indexes are decreased with increasing rolling 

resistance in Figure 5.14 (a) and (b). The broad of contact normal force is narrowed from the 

quasi-steady state to critical state. In addition, the variation of UR5 in Figure 5.14 is 

analogous to UEM and UTM, especially for the critical state. This finding indicates that the 

rolling resistance model will give similar probability distribution of contact normal force with 

the irregular shape model. However, the macro stress-strain behaviours are different in Figure 

5.5 and Figure 5.7. 

 

Figure 5.15 shows the probability of Im for the six samples at the quasi-steady state and 

critical state. It can be seen that the variation of PDF for the two characteristic states shows a 

similar pattern. That is to say, the probability of Im is not a strain dependent index. For the 

rolling resistance samples, the variation of PDF presents a similar trend, with a nearly linear 

decreasing feature from Im = 0.0 to Im = 0.9. Meanwhile, this result also indicates that the 

weight of weakly mobilized contacts is larger than the strongly mobilized contacts even when 

the rolling resistance coefficient is set to a high level (UR5). However, for the irregular 

samples, a nearly constant PDF emerges for the whole range of Im except for Im > 0.9, which 

means a highly mobilized contact even for sliding. It can also be found that the portion of 

highly mobilized contacts (Im > 0.9) within the two irregular samples is much larger than the 

rolling resistance assemblages at the two states. 

 

Figure 5.16 shows the variation of average friction mobilization Imf with the associated 

contact normal force at the quasi-steady state and critical state. The distribution of Imf  is also 
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a strain independent index. It can also be found that the value of Imf within the weak force 

networks is higher than the contacts within the strong force networks. Moreover, the 

distributions of rolling resistance samples covered each other for the whole range (𝑓𝑛𝑐/〈𝑓𝑛𝑐〉), 

and are lower than the irregular clumps. Furthermore, the value of Imf  is sensitively 

influenced by the irregular clump when 𝑓𝑛𝑐/〈𝑓𝑛𝑐〉 < 3.0. Hence, it can be said that there 

possess an obvious difference between the rolling resistance samples and the irregular clumps.  

Figure 5.17 shows the average magnitude of rotation is increased with the increasing rolling 

resistance coefficient for the same strain state. This finding is similar as other biaxial drained 

test for rolling resistance samples at the peak and critical state (Zhou et al., 2013). The 

difference of the spatial rotation distribution is also indicated that the rolling resistance model 

cannot realistically reflect the microscopic structure feature of granular materials.  

5.4 Conclusions 

In this chapter, a traditional rolling resistance model has been adopted to explore and compare 

with the simplified irregular clumps under the undrained shearing tests through the DEM. A 

series of DEM simulations have been carried out to identify the differences between the 

macroscopic and microscopic mechanical responses. It can be found from the numerical 

results that both the rolling resistance coefficient and the irregular shape can induce some 

level of dilation effects to enhance the shear strength of the granular assemblage. However, 

the effect of rolling resistance is limited when 𝛼 > 0.5. Moreover, a very small rolling 

resistance coefficient can trigger a positive pseudo excessive water pressure at the critical 

state. Furthermore, the slope value of M for the largest rolling resistance coefficient is still 

lower than the irregular shape. In addition, the artificial rolling resistance effect cannot easily 

generate an apparent liquefaction as the loose packing of irregular particle.  

 

The coordination number of irregular clumps is significantly higher than the rolling resistance 

samples, especially for the critical state. It can also be seen that the variation of CN for the 

rolling resistance samples is extremely smaller than the irregular clumps. Moreover, the 

average friction mobilization of rolling resistance samples even for UR5 is still much lower 

than the irregular assemblages. Additionally, the validation of the analytical expression SFF 
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for the rolling resistance samples and the irregular clumps is confirmed. It can be found that 

the weights of contact normal anisotropy a for the UEM and UTM samples play a major role 

when the axial strain beyond 6%. However, for the rolling resistance samples, the anisotropy 

of contact normal force dominates the macro shear strength for nearly 50%. From the scope of 

weak or strong force network, it can be found that the anisotropy of contact normal within the 

weak force network for UEM and UTM cannot be ignored. Although the proportion of 

contact normal anisotropy a for both weak and strong force networks are similar for UTM and 

UR5, the macro mechanical responses are completely different. Moreover, it can also be seen 

that the rose polar distribution of contact normal a within the weak force network is gradually 

increased along the loading direction from the quasi-steady state to the critical state, and 

decreased at the perpendicular direction. This phenomenon is also different from the rolling 

resistance samples. Although the probability distribution of the normalized contact normal 

force for the rolling resistance sample is analogous to the irregular clumps, the macro 

stress-strain behaviors are distinct. Moreover, the patterns of the probability distribution of Im 

and Imf for the rolling resistance samples and irregular assemblages at the quasi-static and the 

critical state are obviously different. It can also be found that the portion of highly mobilized 

contacts for the irregular samples is significant higher than the rolling resistance packings. In 

addition, the variations of probability distributions of Im and Imf are insensitive to the rolling 

resistance coefficient. As discussed above, the rolling resistance model cannot fully replace 

the irregular particle shape to capture the realistic macroscopic and microscopic responses.    
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Tables 

Table 5.1: Samples to be sheared for the rolling resistance model under undrained condition. 
 

Samples Void ratio Particle rolling resistance α 

UR0 0.243 0.0 (free rolling) 
UR1 0.243 0.01 
UR2 0.243 0.025 
UR3 0.243 0.05 
UR4 0.243 0.1 
UR5 0.243 0.5 
UR6 0.243 0.25 
UR7 0.243 1.0 

 
Table 5.2: Samples for disks and irregular clumps from loose to dense. 

 

Particle shape Sample Void ratio Description 

Disk 
UDL 0.244 Loose sample 
UDM 0.236 Medium sample 
UDD 0.220 Dense sample 

Elongate 
UEL 0.227 Loose sample 
UEM 0.220 Medium sample 
UED 0.203 Dense sample 

Triangular 
UTL 0.230 Loose sample 
UTM 0.214 Medium sample 
UTD 0.201 Dense sample 

 
Table 5.3: Model parameter values used in the DEM simulations. 

 

Model parameters Values 
Sample dimensions (mm) Height: 200; Width: 100 

Particle sizes (mm) 1.0-2.0 (9127) 𝐶𝑢 = 1.47; 𝑑50= 1.62 
Density (kg/m3) 2600 

Sand 
particles 

Normal/shear contact stiffness 
(N/m) 1×108 

Inter-particle friction coefficient 0.5 
Local non-viscous damping 0.45 

Confining 
boundaries 

Normal contact stiffness (N/m) 1×107 
Frictional coefficient 0.0 
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(a) 

 

(b) 
 

Figure 5.1: (a) The illustration of contact rolling resistance model proposed by Iwashita and 
Oda (1998, 2000); (b) mechanical responses at contact points. 
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Figure 5.2: Verified the rolling resistance model (a) pure rolling test; (b) pure shearing test. 
 
 

 

Figure 5.3: Schematic of PSD and particle morphology. 
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Figure 5.4: Schematic of typical monotonic undrained behavior of granular materials (Gu et al., 
2014; Yimsiri and Soga, 2010). 

 
 

 
(a)                                (b) 
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(c)                                 (d) 

 
               (e)                                  (f)  

 
                (g)                                 (h) 
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                 (i)                              (j) 
Figure 5.5: Undrined macro responses of biaxial shear tests with different rolling resistance 
coefficients: (a) (b) stress paths; (c) (d) deviatoric stress versus axial strain; (e) (f) pseudo 
excess pore water pressure versus axial strain; (g) (h) effective mean stress versus axial strain; (i) 
(j) the mobilized friction angle versus axial strain. 
 

 

Figure 5.6: Evaluation of stress paths for the granular assemblies with various initial densities 
and shapes. 
 

 
                  (a)                                (b) 
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(c) 
Figure 5.7: Evolution of deviatoric stress with different initial densities: (a) Disk; (b) Elongate; 
(c) Triangular.  
 

 

                 (a)                                 (b) 

 

(c) 
Figure 5.8: Evolution of pseudo excess pore water pressure with different initial densities: (a) 
Circle; (b) Elongate; (c) Triangular. 
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(a)                                (b) 
Figure 5.9: Illustration of the SFF relationship in Eq. (2.59) with the collected DEM data: (a) 
the medium packing for the three shapes; (b) two rolling resistance samples. 
 
 

 

                  (a)                                 (b) 
Figure 5.10: Evolution of average coordination number and mobilization index.   
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                 (a)                                 (b) 

 
                  (c)                                (d)  

 

(e)                                (f) 
Figure 5.11: Contributing percentages of the three anisotropic coefficients to the undrained 
shear strength of samples.  
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                 (a)                                 (b) 

 
                  (c)                                (d) 

 

(e)                                 (f) 
Figure 5.12: Evolution of the anisotropic coefficient of contact normal a. 
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                  (a)                                 (b) 

 
                   (c)                                (d) 

 
                  (e)                                 (f) 
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                     (g)                                (h) 

 

                   (i)                                 (j) 

 

                  (k)                                 (l) 
Figure 5.13: Polar distribution of contact normal at quasi-steady state and critical state for the 
five samples.  
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(a) 

 

(b) 
Figure 5.14: Probability distribution of normalized contact normal force at the quasi-steady 
state and the critical state (30%) for the six samples. 
 
 
 
 
 
 
 
 
 
 
 

127 
 



 
 
 

 
(a) 

 

(b) 
Figure 5.15: Probability distribution of the friction mobilization index Im at the quasi-steady 
state and the critical state (30%).  
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(a) 

 

(b) 
Figure 5.16: Average friction mobilization Imf with the associated normalised contact normal 
force at the quasi-steady state (UR5 PTS) and the critical state (30%). 
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(a) Left QSS and right 30% axial strain of UDM 

 

(b) Left QSS and right 30% axial strain of UR1 
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(c) Left QSS and right 30% axial strain of UR2 

 

(d) Left 3% and right 30% axial strain of UR5 
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(e) Left QSS and right 30% axial strain of UEM 
Figure 5.17: Spatial distribution of accumulated rotation for rolling resistance samples and 
irregular assemblages. 
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CHAPTER 6  

A fractal model of contact force distribution and the unified coordination 

distribution for crushable granular materials under confined compression 

6.1 Introduction 

Particles in the granular system transfers force via the inter-particle contacts to resist external 

stresses; hence, the inter-particle force networks have striking features to determine the 

mechanical properties of the granular mass. However, even a homogeneous granular 

assemblage under uniform loading shows a complex and heterogonous distribution. These 

non-uniform force chains and particle spatial distributions have been captured in photoelastic 

experimental studies (Drescher and De Josselin de Jong, 1972; Liu et al., 1995; Majmudar 

and Behringer, 2005) through stress-induced birefringence. Hence, the probability density 

function (PDF) is normally considered to suitably characterize the contact force distribution, 

and the target is to construct a quantitative physical model for it. Coppersmith et al. 

(Coppersmith et al., 1996) and Liu et al. (1995) proposed the original “q model” with an 

exponential decay for the strong forces (greater than the average force) and a power law 

distribution for the weak forces (less than the average force). Afterwards, experimental studies 

have observed that similar results are consistent with the q-model (Howell et al., 1999). Using 

numerical simulated approaches, Radjai et al. (1996) investigated the contact force 

distribution within a two-dimensional confined packing of circular rigid disks and presented a 

different physical model. This model also shows that the probability of the contact normal 

force for the weak force follows a power law, whereas the strong-force distribution 

exponentially decays. In addition, the power exponent of the weak force can be negative, 

which is different from the q-model (Mueth et al., 1998). For the three-dimensional spherical 

granular assemblages, the trend of the contact force distribution has also been captured in 

many investigations with a similar feature as the two-dimensional condition (Antony, 2000, 

2007; Radjai and Wolf, 1998; Richefeu et al., 2009; Thornton, 1997; Thornton and Antony, 

1998). These physical models can moderately predict the contact force distribution within 
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jammed static granular assemblies under statically confined states (Ben-Nun, 2011). However, 

for highly compressed granular assemblages, many investigations have found that the 

strong-force decay curve is not similar to the “exponential asymptote” relation. For example, 

a Gaussian distribution (Makse et al., 2000; Tighe et al., 2010) and a steeper downward 

relation than the exponential asymptote relation (Corwin et al., 2005; van Eerd et al., 2007) 

have been reported. Recently, Ben-Nun et al. (2010) considered the particle-crushing effect 

for the polydispersity brittle granular materials during confined comminution, where the 

ultimate distribution of contact force decays as a clear log-normal distribution. These studies 

demonstrate that the contact force distribution in granular media is complex and inconsistent 

among different studies. 

 

In recent years, some advanced high-resolution 3D X-ray diffraction and micro-tomography 

techniques have been considered to characterize particulate assemblies (Andò et al., 2012; Jia 

et al., 2007; Moreno et al., 2010). Some researchers have attempted to represent the 

inter-particle contact forces through the inter-particle strain fields and spatial contact 

distributions (Andrade and Avila, 2012; Hall et al., 2011; Hurley et al., 2014). However, it 

remains difficult to directly obtain the accurate inter-particle contact forces within the 

granular system, particularly when particle crushing is considered. 

 

As an alternative method, the discrete element method (DEM), which was originally 

developed by Cundall and Strack (1979), can be used to capture more information about the 

microscopic behaviors for a crushable granular system. A systematic review of the DEM 

applications and findings is presented in Chapter 2 and will not be repeated here. The DEM is 

a more robust tool to capture the contact intensity and visualize the contact network for an 

individual particle (Antony, 2000, 2007; Azéma and Radjaï, 2012; Guo and Zhao, 2013, 2014; 

Kondic et al., 2012; Minh et al., 2014; Peters et al., 2005; Sun et al., 2010; Thornton, 1997; 

Thornton and Antony, 1998), particularly when the fracture process is considered (Antony et 

al., 2008; Ben-Nun et al., 2010b; Moreno et al., 2003; Thornton et al., 2004; Walker et al., 

2011). In addition, particle crushing makes a more complicated and heterogeneous contact 

system than a simple system under loading. For example, the topologies of colored grains and 
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force networks in Figure 6.1 illustrate the response to effective crushing during confined 

uniaxial compression in our study using the DEM. Over the past two decades, DEM has been 

used to investigate crushable particles through two alternative approaches: replacing the 

breaking particles with new smaller fragments or using a bonded agglomerate, which has been 

reviewed in Chapter 2. In the current chapter, we directly adopt a model that was 

systematically presented by Ben-Nun and Einav (2010a). This model follows a physical 

conservation law to replace the pre-crushed particles with new fragments. They noted that the 

ultimate fractal dimension was independent of the failure criteria (tensile or shear), initial 

packing porosity and initial particle size distribution (PSD) using the DEM. Later, they found 

a new force attractor for the brittle sand during confined comminution (Ben-Nun et al., 

2010b). Then, they continued to capture a stable 4-cycle loop during the comminution process 

through the energy scope (Walker et al., 2011). Although some recent investigations on the 

contact force networks in crushable granular systems were developed, many development 

mechanisms of fractal fragments in brittle granular materials remain unknown. Additionally, 

the characteristics of the fabrics of contact forces during one-dimensional compression test 

are beyond the scope of this chapter (Antony, 2007; Satake, 1993). This study mainly aims to 

identify the features of the contact force distribution in detail using a fractal model, which is 

developed to analyze the normal contact force, shear contact force and total contact force in 

the granular packing (Itasca, 2005). This fractal model can also be used to explain the 

development of the fractal size distribution. Another core aim is to find the development of 

coordination number for each particle during the comminution process. Extensive numerical 

experiments are performed to model two-dimensional crushable granular assemblages, which 

are subjected to confined uniaxial compression. It is found that the development of the contact 

force distribution (including the normal contact force, shear contact force, and total contact 

force) and coordination distribution are strongly affected by the Weibull modulus, 

inter-particle frictional coefficient and permitted tensile stress for the initial largest particle. 

The attractor for the distribution of contact forces gradually emerges when the granular 

assemblage displays a fractal PSD. Interestingly, the distribution of the coordination numbers 

within the ultimate fractal granular system has a unique relation that is independent of the 

above variables. In addition, the size ratio between the initial maximum size and the minimum 
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crushable size can also affect the contact forces to form a fractal distribution. In the numerical 

analysis, a suitable size ratio gives an acceptable result with a balance between computing 

efficiency and accuracy. However, this ratio is essentially an artificial factor, which appears to 

have no physical meaning in nature but is useful in practical computation.  

 

This chapter is organized as follows. First, we introduce the numerical DEM model for this 

confined comminution analysis. Then, the evolution of the contact forces and coordination 

number during the crushing process are described by comparing different conditions. 

Additionally, detailed discussions on the force intensity, force probability and particle fractal 

size distributions are presented in this section. Finally, a conclusion about the main findings 

from this study is provided.  

6.2 Investigation scheme 

6.2.1 Grain breakage criteria 

In the current study, the linear contact model in PFC 2D (Itasca, 2005) is adopted to evaluate 

the confined comminution tests of granular assemblages. The linear contact model has been 

considered by many previous researchers to investigate the mechanical feature of a crushable 

granular system under the confined compression or shear test, which have been discussed in 

Chapter 2. A previous model that was presented by Ben-Nun and Einav (2010a) is used to 

analyze the grain crushing in the present study. Using this model, the stress-induced grain 

crushing can be considered by computing multiple contact forces around each individual 

particle. For the breakage analysis, we must first capture the average stress tensor 𝜎𝑖𝑗 that 

acts on a given particle, which can be calculated by Eq. (2.13). Meanwhile, the major and 

minor principal stress can be obtained by Eq. (5.8). Because grain crush is strongly associated 

with the tensile strength, the modified Brazilian criterion (Ben-Nun and Einav, 2010a; 

Tsoungui et al., 1999), which is given by the followed in this study: 

 1 3( 3 )
2t crit

σ σσ σ−
= ≥   (6.1) 

where 𝜎𝑡 is the particle’s maximum tensile stress and 𝜎𝑐𝑟𝑖𝑡 denotes the tensile stress in 

failure for the given particle. From Weibull’s Survival Probability theory (Weibull, 1951), the 
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size effect of the particle tensile strength can be described as (McDowell and de Bono, 2013; 

Nakata et al., 1999): 

 2/( ) m
crit m

m

d
d

σ σ−=   (6.2) 

where d is the particle size, m is the Weibull modulus, and 𝜎𝑚 is the tensile stress in failure 

for the initial biggest particle with size 𝑑𝑚. 

6.2.2 DEM simulation details 

The particles that split during the crushing process are modelled in the present study in an 

identical manner to that in Ben and Einav (2010a). In their paper, the modelling method was 

provided in details; hence, we will only provide the key features of this fragment model. 

Moreover, the modelling procedure of particle crushing is reviewed in chapter 2. A particle 

breaks when its stresses exceed the failure criterion (Eq. 6.2). Three inscribed smaller 

particles will replace the pre-crushed particle. Random rotation and linear expansion are 

subsequently performed by a rapid numerical step to conserve the mass and ignore artificial 

overlapping. The numerical samples in this study are initially composed of more than 300 

particles with a uniform size distribution, where the largest size 𝑑𝑚 is 6 mm and the size 

ratio between the largest and smallest particles is 2.0. The normal and shear stiffness values of 

the particles are set to 1×109 N/m (per 1 m thickness unit). The normal and shear stiffness 

values of two lateral fixed walls and two vertical loaded walls are 1×1011 N/m. The particle 

density is set to 2600 kg/m3. In addition, the initial particles are randomly filled into a 

rectangular loading box with known dimensions. Moreover, the initial frictional coefficient is 

set to zero to achieve a target void ratio of 0.24, where the granular system generation is 

continued until the unbalance forces diminish to a state with negligible global kinematic 

energy. After this stage, the internal frictional coefficient is assigned a new value, and the 

isotropic compression is executed to achieve a jamming transition from the fluid phase to the 

solid phase. The particle property coefficients in the current work are similar to those in 

previous investigations (Ben-Nun, 2011; Ben-Nun and Einav, 2010a; Ben-Nun et al., 2010b), 

which are motivated by the experiments of comminuting brittle granular materials (sand or 
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fault gouge). Vertical stress monitoring from the loading wall is increased by moving the 

upper and lower walls inwards with a notably slow velocity of 2.5 mm/s. In addition, the two 

lateral walls are fixed during the comminution procedure. The loading speed in the current 

study is less than that in Ben-Nun et al. (2010b), which can much more efficiently prevent 

non-dissipating dynamic effects. The Weibull coefficient m is set to 2.0, 4.0, and 8.0; the 

inter-particle frictional coefficient is set as 0.1, 0.5, and 1.0; and the tensile stress 𝜎𝑚 is set to 

4.0 MPa, 5.0 MPa and 8.0 MPa. The simulation is continued until the attractors of contact 

forces and coordination appear. Interesting numerical findings are presented in the next 

section. 

6.3 Numerical findings and discussions 

6.3.1 Typical typology  

In our crushing numerical tests, we first introduce the appearance of the self-organization of 

the particle arrangement and force chain networks in the fractal crushable conglomeration 

(Figure 6.1). Because the samples are continuously compressed and the vertical stress 

increases, the particles in the confined system rearrange and break. This process sometime 

induces a self-similar pattern in granular packing. Some researchers have investigated this 

phenomenon and have shown that the topology of particle size and force chain networks has a 

fractal feature at the ultimate state of the DEM comminution process (Ben-Nun et al., 2010b; 

Walker et al., 2011). In this section, we first assume a Weibull coefficient of m = 4.0 and 

frictional coefficient of 0.5; 𝜎𝑚 is set to 5.0 MPa; and the minimum broken size is assumed to 

be 0.2 mm. These parameters form the basis for the benchmark numerical sample. Sensitivity 

tests are shown in the later parts of this chapter.  

 

The PSD and probability density of normalized normal contact forces for the simulation 

results are shown in Figure 6.2. The fractal dimension of PSD can be determined based on the 

number and particle size, which is presented by Turcotte (Turcotte, 1986) as: 𝑁(𝐷 > 𝑑) =

𝑘𝑑−𝐷𝐹, where N is the grain number, k is a normalization constant, and 𝐷𝐹 is the fractal 

dimension. Interestingly, the ultimate power law for the broken parts is significantly higher 

than the entire packing (Figures. 6.2 (a) and (b)). The broken parts only consider the failure 
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particles and their fragments. However, experimental tests are notably difficult to capture the 

information for broken particles, which cannot be easily categorized. DEM simulations can 

obtain all of the internal information of broken particles, even for the individual grain 

progressing failure. During the comminution process, the normalized contact forces 

asymptotically achieved the attractor in Figure 6.2(c). Moreover, the comparison between the 

current numerical simulation at the ultimate state and the physical models of the normal 

contact force distribution is shown in Figures 6.2(d) and (e). Most of the referred physical 

models are not consistent with the present confined crushing test, particularly for the later part 

of the results, but the log-normal distribution that was proposed by Ben-Nun et al. (2010b) is 

notably close to the DEM data. The differences in Figures 6.2(d) and (e) are induced by the 

initial assumption that exponential or Gaussian distributions (Liu et al., 1995; Makse et al., 

2000; Mueth et al., 1998; Radjai et al., 1996; van Eerd et al., 2007) are constructed without 

considering the crushing effect within the granular assemblies. Hence, they are not suitable to 

predict the pattern of the normal contact force distribution under crushing, where the granular 

system strongly depends on the dispersion of particles and low porosity.  

6.3.2 Contact force and coordination number distribution 

Here, the author develop a simple fractal model to evaluate the normal, shear and total contact 

forces. This model is calculated as follows using the cumulated contact number (Nc) of 

contact force with an intensity 𝐹𝑐  that is greater than 𝑓𝑐 . 

 1( ) ( ) FDc c c
c n n nN F f k f −> =   (6.3a) 

 2( ) ( ) FDc c c
c s s sN F f k f −> =   (6.3b) 

 3( ) ( ) FDc c c
c T T TN F f k f −> =   (6.3c) 

where 𝑓𝑛𝑐 is the normal contact force, 𝑓𝑠𝑐 is the shear contact force, and 𝑓𝑇𝑐 is the total 

contact force.  

 

Figure 6.3 presents the contact force distribution by number on a log-log scale. It is easily 

found that an asymptotical feature will emerge at the ultimate state of this numerical study. 
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All three force components show a power-law relation (Eq. 6.3), which hints that these 

systems are organized in a self-similar pattern. The fractal dimensions for 𝑓𝑛𝑐, 𝑓𝑠𝑐 and 𝑓𝑇𝑐 

are 1.51, 1.50 and 1.51, respectively, which may be useful to explain the development of the 

fractal PSD. Additionally, the contact force distribution by number during the comminution 

procedure can be considered to predict the state of the crushing dynamic behavior of the 

granular assemblage.  

 

The coordination number for each grain is another important quantity to predict the system 

stability. Figure 6.4 shows the PDF of coordination number in the benchmark sample in 

log-linear and log-log scales during the crushing process. The attractor of the coordination 

number distribution (Figure 6.4(a)) also appears at the ultimate state with a similar curve as 

the ultimate distribution of the normalized contact normal force in Figure 6.2(c). The peak 

portion of the coordination gradually forms at number 4 with increasing vertical stress. 

However, the trend of development is opposite to that of the normalized normal contact force. 

In this comminution procedure, the probability of a coordination number lower than 4 

decreases (see the green arrows in Figure 6.4) and the larger coordination probability 

increases. This result is reasonable because during the continuous compression, larger 

particles are surrounded by smaller particles, which will generate a stable system to protect 

the larger particles. The smaller particles will continuously break to bring in new contacts. 

Additionally, this phenomenon can induce a decrease in the probability of a larger contact 

force (Figure 6.2(c)) within the entire granular assemblage. 

6.3.3 Parameter sensitive study 

Repeating the former benchmark numerical sample, we continue to study the size ratio 

between the initial maximum particle and the smallest permitted crushing particle. Figure 6.5 

shows that the crushing limit size can significantly affect the contact force distribution at the 

ultimate state. A small particle size threshold (0.2 mm), where the size ratio is 30, may induce 

the crushable assemblage to develop a fractal contact force distributions. Obviously, the lower 

particle limit (0.05 mm) is more suitable to generate the fractal distribution. However, the 

numerical computing time will dramatically increase, and the computation time can be 
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extremely long. For the scope of numerical research, a ratio of 30 is suggested for the 

numerical analysis to maintain a balance between the computing efficiency and accuracy. 

 

Figure 6.6 shows the sensitivity analysis results of the contact force distribution at the 

ultimate compression state (vertical stress = 100 MPa) using Eq. (6.3). The effects of the 

Weibull modulus, inter-particle frictional coefficient and tensile strength of the largest particle 

are examined and compared. Figure 6.6 shows that the shear contact force (Figure 6.6(b)) is 

much lower than the normal contact force (Figures 6.6(a) and (c)), but the shear contact force 

is much more sensitive to these parameters. In Figure 6.6(a), the granular assemblage with a 

notably small Weibull modulus and inter-particle frictional coefficient or extremely large 

tensile strength cannot generate a fractal distribution of normal contact force at the ultimate 

state. These parameters can also affect the ultimate fractal dimension. In general, the 

crushable particle assemblage under these circumstances cannot form a fractal fragment 

distribution during one-dimensional compression. Hence, the descriptors of the contact force 

distribution in Eq. 6.3, which are simplified and effective, can be used to predict the granular 

packing whether a fractal distribution is achieved. 

 

Figure 6.7 shows the coordination distribution in log-linear and log-log scales at the ultimate 

state, where the Weibull modulus, inter-particle frictional coefficient and tensile strength of 

the largest particle are also considered. We observe that granular packing without the fractal 

distribution of contact forces (Figure 6.6) shows a concussive variation. After the contact 

force attains a fractal distribution, the coordination distribution will emerge as a unified 

distribution, which is independent of the fractal dimension of the contact forces or PSD.  

 

Figure 6.8 presents the PSD of the broken particles and visualization of the contact force 

network at the ultimate state (vertical stress = 100 MPa). It is observed that the large Weibull 

modulus can only affect the smallest particles to fracture with increasing stress. Additionally, 

the inter-particle frictional coefficient and tensile strength for the initial largest particle can 

induce granular packing to generate a wide range, which can affect the final fractal dimension. 
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Furthermore, the ultimate contact forces network (Figure 6.8), which can also be used to 

explain the ultimate fractal fragments through the uniaxial compression (Walker et al., 2011), 

highly depends on the initial parameters. This result is similar to the contact forces by number 

in Figure 6.6. 

 

6.4 Conclusions 

In this study, we investigated the contact forces and coordination number distribution in a 

crushable granular assemblage. Extensive numerical tests were performed to validate the 

developed fractal model and analyze the sensitivity of the parameters. When the distribution 

of normalized contact normal force shows a pronounced log-normal relation at the ultimate 

state, a power-law fractal pattern of contact forces emerges. The fractal contact force 

distribution can also be considered to explain the development of PSD, which also has a 

power law relation. Additionally, the fractal dimension of the broken particles is much higher 

than the statistical index of global packing. Furthermore, we demonstrated that the size ratio, 

Weibull modulus, inter-particle frictional coefficient and permitted tensile stress can affect the 

development of contact forces to attain an asymptotical power law. In this study, the 

suggested size ratio is 30 for a balance between computation efficiency and accuracy. Notably, 

a small Weibull modulus and inter-particle frictional coefficient or large permitted tensile 

stress are unsuitable to generate a fractal pattern of contact forces. The shear contact forces 

are much more sensitive to these variables from the present study. The current manuscript also 

shows that the coordination number distribution has an opposite trend from the normalized 

normal contact force during the comminution procedure. For the fractal PSD granular 

assemblage, the coordination number distribution is unified, which is independent of the 

above parameters. The fractal dimensions of the broken particles are directly affected by the 

inter-particle frictional coefficient and permitted tensile stress. 
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Figures 

 

Figure 6.1: Configuration of the crushable granular assemblage (a) initial DEM sample; (b) 
final grains topology (vertical stress 100 MPa); (c) final contact force network (vertical stress 
100 MPa). 
 

 
(a) 

(c) 

(b) 

(a) 
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(b) 
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(d) 
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(e)  

Figure 6.2: (a) Evolution of the PSD in the entire assembly by number; (b) evolution of the PSD 
within the broken particles by number; (c) probability distribution function of the normalized 
normal contact force by the average normal contact force in log-linear scale; (d) Comparison of 
previous physical models with the present crushable DEM simulations at the ultimate state. (e) 
Comparison with the q model at the ultimate state. 
 

 
(a) 

 
(b) 
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(c) 
Figure 6.3: Evolution of the contact force magnitudes: (a) normal contact force by number; (b) 
shear contact force by number; (c) total contact force by number. 
 

 
(a)  

 
(b) 
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Figure 6.4: Probability distribution function of the coordination number in the (a) log-log scale 
and (b) log-linear scale. 
 

 
(a) 

 
(b) 

 

(c) 
Figure 6.5: Effect of the size of the minimum permitted crushing particle: (a) normal contact 
force by number; (b) shear contact force by number; (c) total contact force by number. 
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(a) 

 
(b) 

 

(c) 
Figure 6.6: Sensitivity analysis of the Weibull modulus, inter-particle frictional coefficient, and 
tensile strength of the largest particle for the contact forces: (a) normal contact force by number; 
(b) shear contact force by number; (c) total contact force by number. 

148 
 



 
 

 
(a)  

 
(b) 

Figure 6.7: Sensitivity analysis of the Weibull modulus, inter-particle frictional coefficient, and 
tensile strength of the largest particle for the PDE of the coordination number in (a) log-log 
scale and (b) log-linear scale.  
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Figure 6.8: Evolution of PSD of the broken particles by number and visualization of the 
ultimate contact force network (vertical stress 100 MPa).  
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CHAPTER 7  

Different particle size distribution of the crushable granular material 

within the confined compression throughout the repetitive loading 

7.1 Introduction 

Particle crushability is a crucial feature for the brittle granular media. It can considerably 

influence the mechanical properties of soil during loading or deformation (Einav, 2007a, b; 

Hardin, 1985; Indraratna et al., 2014a). For practical engineering purpose, grain breakage 

effect can induce variations of many macro indexes such as friction angle, dilation angle and 

compression slope and others (Coop et al., 2004; Indraratna et al., 2014a; Jiang et al., 2014c; 

Jiang et al., 2011; Nakata et al., 1999; Nakata et al., 2001a; Uygar and Doven, 2006; Wang 

and Yan, 2011; Xiao et al., 2014a; Zhao, 2013; Zhao et al., 2012). The particle crushing 

behavior can be influenced by many factors, and the more crucial factors include the micro 

contact properties, initial relative density, state of effective stress and effective stress paths 

(Hardin, 1985). Additionally, many breakage indexes have been developed to quantify the 

degree of relative crushing (Einav, 2007a; Hardin, 1985; Indraratna et al., 2014a; Russell and 

Khalili, 2004; Salim and Indraratna, 2004; Varadarajan et al., 2006; Xiao et al., 2014b). 

However, these constitutive models are suitable only for reproducing the macro responses, 

and not for the development of internal micro-structural properties. In addition, many 

experimental investigations are carried out to explore the particle crushing effect through 

different apparatuses (Coop et al., 2004; Indraratna et al., 2014a; Miao and Airey, 2013; 

Nakata et al., 2001a; Uygar and Doven, 2006; Xiao et al., 2014a). However, there still exist 

some conflicts among different investigations, especially for the critical friction angle (Coop 

et al., 2004; Indraratna et al., 2014a). Moreover, the testing apparatuses can also influence the 

steady-state properties of sand (Miao and Airey, 2013), hence grain breakage is extremely 

crucial and complicated within the granular system. There are many uncertain phenomenon 

associated with the crushing procedure in the granular assemblages, especially for interpreting 

the micro-structure features. With the developing of computer technology, many numerical 
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simulations approaches are proposed to evaluate the granular materials such as lattice solid 

model (LSM) (Mora and Place, 1994) Molecular Dynamic (MD) and DEM, which have been 

discussed in Chapter 2. These numerical methods are very powerful to visualize the 

progressing behavior on the micro scale. Moreover, they can capture the internal contact 

information, which can be used to quantify the granular property and to explore the 

development of micro structure, even under complicated boundary conditions. Many previous 

investigations applied DEM to explore the crushing behavior of granular soils under various 

boundary conditions. However, even for the confined system, the relation between yielding 

and comminution with the consideration of particle size degradation is still an open challenge 

(Einav and Valdes, 2008). Recently, Minh and Cheng (2013) used the DEM to explore the 

relationship between particle size distribution (PSD) and compressibility under the one 

dimension compression. The PSD in their study is mimicked various power-law distributions. 

Later, they carried out series of DEM simulations to investigate the force transmission within 

the binary mixtures (Minh et al., 2014). The particle breakage effect is however not 

considered in their one dimensional simulations (Minh and Cheng, 2013; Minh et al., 2014). 

The literatures of particle crushing and related modelling methodologies during one 

dimensional compression can be found in Chapter 2.  

 

Although many investigations have been performed with respective concentration, the particle 

size effect within the confined compression system is still not fully understood on the micro 

structural scale. Hence DEM is also adopted to explore the crushing procedure within the 

odometer test in this study, with the focuses on the effect of PSDs within the first cycle, which 

is an intermediate state but not the ultimate steady state. There are two main reasons for 

choosing the first cycle in this study. One aspect is that the greatest change in PSD appears at 

the first cycle, and differences are decreasing with the increasing cycles of loading (Miao and 

Airey). The macro response during the first cycle also has a practical meaning, as the 

compression curves can also be changed after the first cycle (Uygar and Doven, 2006). The 

other aspect is for the simplification of the numerical simulations, as considerable amount of 

computer time is required for the analysis. The approach to model the broken grain in this 
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study is the adoption of small particles to replace the crushed mother particle when it is 

beyond the failure criterion (Ben-Nun and Einav, 2010a; Ben-Nun et al., 2010b; De Bono and 

McDowell, 2014; McDowell and de Bono, 2013). Three initial PSDs, which include the 

uniform distribution, binary distribution and fractal distribution, are considered to explore the 

PSD effect in the crushable granular assemblage. Miao and Airey (2013) have performed 

similar experimental study for capturing the ultimate breakage feature of carbonate sand, but 

the reloading procedure is ignored. Additionally, only macro investigations are presented to 

demonstrate the initial grading effect in their investigation. In current study, we will present 

many micro findings to explore the variations of macro response. For easily understanding of 

the relationship between coordination and force chains, a new index 𝐶𝐹𝐶 is presented to 

interpret the granular structural feature at the micro findings section.   

 

In the following, we first give a brief introduction to the basic information about samples 

preparations. Then, some macro simulation results are presented during the first cycle loading. 

Additionally, the micro contact normal force distribution (CNF), stress distribution, 

coordination number distribution for the individual particle (CNP), force chain visualization, 

and 𝐶𝐹𝐶 are explored for the effects of PSDs and loading paths. Finally, the main conclusions 

of this investigation are presented.  

7.2 DEM simulation procedures 

Three specified initial gradings, which include a uniform grading, a bimodal grading, and a 

fractal grading, are selected to perform the simulation tests, where the initial porosity is fixed 

to 0.18 for the three groups within the mimicked Odemeter tank. The methodology for the 

grading selection is similar as the experimental study by Miao and Airey (2013). The uniform 

sample initially composes nearly 300 grains with associated size distribution from 3.0 mm to 

6.0 mm (Ben-Nun and Einav, 2010a; Ben-Nun et al., 2010b). The bimodal packing contains 

more than 1500 grains with the feature of gap graded, where two distributed ranges are 

random 1.0 mm – 2.0 mm (50%) and 3.0 mm – 6.0 mm (50%). Additionally, the fractal 

sample with the initial artificial fractal dimension 1.0 includes almost 1000 particles and 

covers the uniform and bimodal ranges (1.0 mm – 6.0 mm). These gradings are shown in 
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Figure 6.1. For the sake of simplicity, the normal and shear stiffness of all the grains are set to 

1×109N/m with the same inter frictional coefficient (0.5). The confined and loading 

boundaries are fixed as 100 times of particle stiffness. Particle density is 2600 kg/m3. Vertical 

stress monitoring from the loading wall is increased or decreased by moving the upper and 

lower walls inwards or outwards with a very slow velocity of 2.5 mm/s throughout the 

loading, unloading and reloading procedures. 

 

Many of the previous researchers have used DEM to model the crushing process of granular 

medium through different ways with their respective features, which has been discussed in 

Chapter 2. Previous model proposed by Ben-Nun and Einav (2010a) is directly applied to 

determine the grain crushing in the present study. Detailed information on the grain breakage 

criteria can be seen in Chapter 6. Since the focus of this study is to address the effects of 

PSDs within the first cyclic loading condition, for the sake of simplification, m is fixed to 4.0 

and 𝜎𝑚 is set as 5.0 MPa (𝑑𝑚 = 6.0 𝑚𝑚). 

7.3 Numerical findings and discussions 

7.3.1 Macroscopic mechanical responses 

The three numerical samples are primarily servo-controlled to achieve the target consolidated 

state (𝜎𝑣 = 100 kPa). Then one dimensional compression is applied for the cyclic loading 

procedure. It can be found that the bimodal and fractal gradings will generate denser initial 

consolidated packings that are similar to the experimental finding by Miao and Airey (2013) 

at the initial state. Figure 7.2 (a) and (b) show the compressibility and stress-strain behavior 

during the cyclic loading procedure. It can be seen that the uniform distribution has a steeper 

e-log𝜎𝑣 curve at the initial stage with a larger compression index (C𝑐). The curves for the 

three PSDs would merge into a single unique line as the vertical effective stress increases. 

These findings from Figure 7.2(a) in the loading procedure are similar to the ring shear test of 

the three PSDs by Miao and Airey (2013). Ben-Nun and Einav (2010a) have obtained 

analogous results for the crushable samples with different coefficients of uniformity. Another 

interesting result is that the uniform grading sample shows the largest expansion index (C𝑒), 
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which may be induced by the different initial void ratio of the three PSDs. The value of C𝑒 in 

this study is greater than the traditional granular material by Mitchell and Soga (2005). The 

higher C𝑒 also hinted that the status after the first cyclic loading in this study is in an 

intermediate state which is also observed by previous experimental tests (Miao and Airey, 

2013; Uygar and Doven, 2006). Another possible reason may be due the restricted plane strain 

condition (McDowell and de Bono, 2013). However, for the qualitative study in this study, the 

trend of results is good enough to assess the macro response. It also has an advantage to 

clearly identify the difference of the three PSDs. Moreover, Uygar and Doven (2006) 

performed cyclic oedometer tests on crushable sand at high stress levels with different initial 

relative density and obtained similar variation of C𝑒 as in our numerical tests. The void ratio 

is reduced as the cycles are progressed (Uygar and Doven, 2006), which is due to the grain 

degradation. During the reloading procedure, the uniform grading still possess larger C𝑐 than 

the other two groups. In addition, the merge point for the reloading compression curve stands 

at the larger vertical effective stress than the initial loading procedure. 

 

It can be seen that uniform grading is more compressible than bimodal grading and fractal 

grading during the loading and reloading stages in Figure 7.2(b). In addition, the plastic 

volumetric strain is not sensitive for the gradings, which can be found at the end part of the 

unloading stage. Moreover, the binary and fractal packings with nearly initial void ratio show 

the similar compression pattern.  

 

Figure 7.3 (a) and (b) show the variation of the coefficient of lateral pressure 𝐾0 during the 

cyclic loading procedure. The determination of 𝐾0 from DEM simulations can be get as 

follow: 

 0 /h vK σ σ=    (7.1) 

Where the 𝜎ℎ is the effective horizontal pressure, 𝜎𝑣 is the effective vertical pressure. As the 

water is not considered in the one dimensional compression test, the above two pressures can 

be obtained by Eq. (2.85). It is noticeable that the value of 𝐾0 for the three grading is the 

same, which can also be obtained by the Jaky’s equation. At the initial part of the loading 
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procedure (𝜎𝑣 < 20 MPa), the relation of 𝐾0 is a nonlinear curve which is induced by a large 

number mother particles breakage, hence the system is unstable at this stage. Yamamura and 

Lade (1996) have obtained similar curve by the high pressure compression test of Cambria 

sand (stiff property like quartz), but they explained the initial nonlinear curve by the 

resolution capability of the strain gauges at low pressures. For the unloading and procedure, 

𝐾0 gradually increases to nearly 2.0, where the variation gradient is slight different for the 

three PSDs. It is induced by the locked horizontal stress within the confined boundaries. 

Similar phenomenon is also found under low vertical stress for the investigation of secondary 

compression in soil sample by Gao and Wang (Gao and Wang, 2014). For the reloading 

procedure, 𝐾0 decreases quickly to a stable value which is nearly the same as that for the 

loading procedure. It is noticed that DEM can handle the compression test of crushable 

granular media during the cyclic loading procedure. However, the performance of 

𝐾0 throughout the numerical test is insensitive to the PSDs. Deeper interpretation on the micro 

scale would be considered to explore the variation of 𝐾0 in the later part of this study.  

 

Figure 7.4 shows the evaluation of PSDs at the final state of loading and reloading procedures. 

Intuitively, cyclic loading would enhance the fine contents compared with that for monotonic 

loading. For the initial uniform and fractal gradings, the PSDs tend toward a fractal 

distribution in Figure 7.4(a) and (c). However, there exists a pivot or knee point for the 

bimodal group in Figure 7.4 (b), which has also been obtained by Zhang and Baudet (Zhang 

and Baudet, 2013) through one dimensional compression tests to a very high stress level. This 

suggests that the initial PSD can influence the PSD development during the first cyclic 

loading. 

7.3.2 Microscopic findings 

The growth of the crushing mass ratio, which is determined by the ratio between the mass of 

broken mother particles and global mass during the loading and reloading processes for the 

three gradings are shown in Figure 7.5.The uniform graded packing with a larger initial void 

ratio (Figure 7.2 (a)) shows the higher crushing mass ratio than the other two categories. This 
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micro statistical information can also be used to explain the stress-strain curves in Figure 7.2 

(b). It is noticeable that the more compressible behavior is associated with the breakage 

amplitude. Additionally, the breakage processes of the mother grains mainly appear at low 

stress level, which would influence the variation of 𝐾0 in Figure 7.3. Moreover, the feature 

of packing and force chain distributions in Figure 7.5 shows that the big particles in the binary 

packing and fractal packing have massive neighbor small particles, which would hinder the 

development of particle crushing. Hence the micro structure feature for the three PSDs can 

induce the macro responses in Figure 7.2.  

 

The fractal dimension of PSD can be determined by the number and particle size, which is 

proposed by Turcotte (1986) The relationship can be expressed as 𝑁(𝐷 > 𝑑) = 𝑘𝑑−𝐷𝐹 , 

where N is grain number; k is a normalization constant; and 𝐷𝐹 is the fractal dimension. 

Figure 7.6 shows that the uniform graded and fractal graded samples exhibit linear 

distributions on the double logarithmic axes at the ultimate state in loading and reloading 

stages, where the fractal dimension is larger for the uniform graded assemblage. The bimodal 

packing in Figure 7.6(b) shows a knee point while the PSD relationship in Figure 7.4(b) 

behaves in a different manner. This result is different with the cumulative number distribution 

of gap graded soil by Zhang and Baudet (2013). This micro statistical information reviews 

that the initial grading can influence the ultimate distribution and fractal dimension 

throughout the first cyclic loading.  

 

During the comminution procedure, the distribution of normalized contact normal force (CNF) 

shift from a decay power law with a steeper end (Radjai et al., 1996; Tighe et al., 2010) to a 

clear log normal distribution (Ben-Nun et al., 2010b) in Figure 7.7(a), (b) and (c). The 

distribution of CNF for the uniform graded sample in Figure 7.7 can be reconsidered to 

explain the variation of 𝐾0 (Gao and Wang, 2014). Additionally, the cyclic loading would 

induce the distribution of CNF tends toward exponential at the end again in Figure 7.7(b), (c) 

and (d). This is resulted by the development of crushing under the reloading stage which turns 

toward a weaken level. It can also be found that the knee points in Figure 7.7(d) can matched 
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with the development of PSD in Figure 7.4(b) and Figure 7.6 (b). Moreover, the range of 

normalized contact normal force in the bimodal packing is much narrower than other gradings. 

From Figure 7.7(e), the differences of the strong force chains induced different 𝐾0 during the 

unloading procedure. Additionally, the pattern of CNF for the three graded sample in Figure 

7.7(f) is similar in the reloading stage. It hints that 𝐾0 is not sensitive to the PSDs in Fig. 3 

during loading and reloading procedures. It is also suggested that the micro CNF in the 

different packing can indirectly influence the evaluation of PSD. Figure 7.7(g) describes the 

locking effect of horizontal stress during the unloading procedure, which has resulted in 

higher 𝐾0. 

 

Figure 7.8 demonstrates the coordination distribution of individual particle (CNP), which can 

be considered to evaluate the structure feature of granular media throughout the cyclic loading 

procedure. It can be found that CNP is only influenced by the loading paths in the low stress 

level (Figure 7.8 (a), (b) and (c)). The CNP is partially related to CNF in Figure 7.7 (a), (b) 

and Figure 7.8 (a), (b). The results suggest that the geometry topology and force topology is 

not always fully related. That is to say, CNP is less sensitive than CNF when the crushing 

mass ratio towards to stable level in Figure 7.5. In addition, CNP is also insensitive to the 

PSDs beyond the loading procedure upon a certain stress level. 

 

A new index 𝐶𝐹𝐶 is proposed by the author to interpret the relationship between the force 

chains and the composed particles. 𝐶𝐹𝐶 can be determined as follow: 
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where 𝑁1 and 𝑁2 are the coordination number of the two composed elements for each force 

chain; 𝑁𝑓𝑐 is the number of force chain in the related interval of the normalized contact 

normal force𝑓𝑛𝑐 < 𝑓𝑛𝑐 >⁄ .  
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Figure 7.9 shows the variation of 𝐶𝐹𝐶 throughout the loading procedure for the three PSDs. It 

can be seen that 𝐶𝐹𝐶  is gradually increased with the increasing stress from loading to 

reloading for the whole CNF. This can effectively explain the macro curves of void ration and 

strain with the related stress in Figure 7.2 (b) and (c). 𝐶𝐹𝐶 has the largest value in the 

unloading stage for the same stress state. Below the medium force chain, 𝐶𝐹𝐶 is much greater 

in the loading procedure, particularly for the weak force zone. Additionally, its value is 

decreased with the increasing intensity of force chain. However, this trend will turn to a stable 

value after the reloading stage. It can be found that 𝐶𝐹𝐶 for the bimodal packing in the 

unloading stage shows an obviously declined trend within the medium force regions, and 

inversely increased within the strong force regions in Figure 7.9 (b), (e) and (h). Although the 

macro curves for the bimodal and fractal packings are almost the same, the stable range of 

𝐶𝐹𝐶 at the end of the reloading stage is larger than the initial fractal grade.  

7.4 Conclusions 

The current investigation has considered the DEM to simulate one dimensional compression 

test for the crushable granular media, particularly for exploring the PSD effect during the first 

cyclic loading. The stress governed the grain fracture, and the replacing mother particle with 

small particles can effectively and qualitatively evaluate the macro responses of one 

dimensional comminution tests. The initial compressibility and expansibility can be 

influenced by the initial PSD. Additionally, the evaluation of PSD at the intermediate state is 

mainly governed by the initial grade. However, the variations of 𝐾0are insensitive the PSDs. 

Many interesting post-processing results have been investigated to explore the macro 

responses. In addition to particle space arrangement, the particle crushing mass ratio can 

directly influence the compressibility of the packing. The knee points would emerge for the 

bimodal assemblage at the end of the intermediate crushing state, where the mass and number 

cumulated results are unified. The variation of CNF and its visualized graphs can be consider 
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to explain the variation of 𝐾0. The pattern of CNF throughout the loading procedure would 

shift with a deeper end. Moreover, CNP is found to be not sensitive to the initial PSDs. 

Furthermore, the proposed index 𝐶𝐹𝐶 can be considered to explore the structural feature of 

the granular media by combining the geometrical topology and force chain. It can be found 

that 𝐶𝐹𝐶 is gradually increased with the increasing stress. However, the value at the reloading 

stage is the lowest within the medium force zone. These curves are reasonable for the 

repetitive compression test. Hence, the 𝐶𝐹𝐶 is suggested to be considered for the related 

investigations.  
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Figures 

 

Figure 7.1: The three initial PSDs. 

 

 

(a) 
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(b) 

Figure 7.2: One dimensional compression for three PSDs under cyclic loading (a) compression 
curves; (b) stress-strain curves. 
 

 
(a) 
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(b) 

Figure 7.3: The variation of K0 for the three PSDs during 1stcyclic loading condition (a) 
Loading stage; (b) Unloading and Reloading stages. 
 

 

 
(a) 
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(b) 

 
(c) 

Figure 7.4: Evaluation of PSD for the three samples at the final state (a) the uniformly graded 
packing; (b) the binary mixture packing; (c) the fractal graded packing. 
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(a) 

 

Uniform                      Bimodal                      Fractal  
(b)        

Figure 7.5: (a) the variations of crushing mass ratio during loading and reloading stages; (b) the 
visualization of force chain at the initial stage. 
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(a) 

 
(b) 

 
(c) 

Figure 7.6: Evolution of PSDs in the whole assembly by number (a) the uniform graded 
packing; (b) the bimodal graded packing; (c) the fractal graded packing. 
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Uniform                      Bimodal                      Fractal 
(g) 

Figure 7.7: Probability distribution of normalized contact normal force (a) uniform graded 10 
MPa; (b) uniform graded 50 MPa; (c) uniform graded 100 MPa; (d) three PSDs 100 MPa 
(Loading stage); (e) three PSDs 50MPa (Unloading stage); (f) three PSDs 100 MPa (Reloading 
stage); (g) visualization of contact force chain in unloading stage 10 MPa.  
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Figure 7.8: Probability distribution of coordination number (a) uniform graded 10 MPa; (b) 
uniform graded 50 MPa; (c) three PSDs at loading stage; (d) three PSDs at reloading stage. 
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Figure 7.9: evaluation of the 𝐶𝐹𝐶 during the 1st cyclic loading (a) uniform graded 10 MPa; (b) 
uniform graded 50 MPa; (c) uniform graded 100 MPa; (d)bimodal graded 10 MPa; (e) 
bimodal graded 50 MPa; (f) bimodal graded 100 MPa; (g)fractal graded 10 MPa; (h) fractal 
graded 50 MPa; (i) fractal graded 100 MPa. 
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CHAPTER 8  

Conclusions and future work  

8.1 Conclusions 

Generally, the mechanical behavior of a granular media is extremely complicated. This thesis 

is concentrated on the effects of particle shape, inducing anisotropic, particle crushability and 

loading paths for a granular assemblage by using DEM. By means of systematic numerical 

investigations, the connections between the macroscopic mechanical responses and the 

microscopic structural features are deeply explored. In this chapter, the major conclusions are 

presented in the following. 

 

The results as mentioned in Chapter 3 are successful to quantitatively analyze the particle 

shape effect of non-convex irregular particles during quasi-static shearing. A practical and 

effective shape descriptor SF is suggested to quantitatively evaluate the macro strength 

indexes and micro statistics parameters of non-convex grain packings. The variation of peak 

friction and dilation angles shows a nonlinear correlation with SF. The patterns of strain 

localization and rose distribution of contact forces are found to be highly dependent on the 

composite grain shape of a granular assemblage. Furthermore, the strong force exponents 

decrease with the increasing magnitude of SF and confining pressure. In addition, the 

accuracy of SFF can be influenced by the manner of average contact normal force and the 

anisotropic parameter of the contact vectors for these non-convex granular packings.  

 

The results presented in Chapter 4 capture a reasonable development of four determined 

contact types within the shape mixtures during the quasi-static shearing. Hence, the 

macroscopic mechanical responses of these shape mixture packings can be explored into a 

deeper scale by the contact information of the four contact types. From a macroscopic, the 

subtle points in the variation of the void ratio are emerged at the little percent of round or 

irregular grain. Moreover, the ratio value of the four contacts and the related mobilization 
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indexes can be considered to explain the variation of strength indexes especially at the inverse 

regions. The probability of the CC contact is approximately the same within the strong force 

chains. However, the pdf curves of the normalised contact forces of EE1 and EEm show a 

nearly linear increasing relationship with an increasing 𝜂𝑚. The main trend of Ifm for the four 

contacts can explain the separated global Ifm with increasing 𝜂𝑚. It is also notable that the 

anisotropic coefficient of ac is not sensitive to the contact portions of EE1 and EEm. For the 

regime of 𝜂𝑚< 0.7, the CE contacts play an important part in the three fabric parameters. 

 

A traditional rolling resistance model is installed in Chapter 5 to compare with the irregular 

clumps on the differences between the artificial and geometrical interlocking effects. DEM is 

adopted to perform a series of undrained shear tests. Both the rolling resistance coefficient 

and the irregular shape can induce some level of dilation effects to enhance the shear strength. 

However, simulated results show that the rolling resistance coefficient is limited when 

𝛼 > 0.5. Moreover, a very small rolling resistance coefficient can trigger a positive pseudo 

excessive water pressure at the critical state. Furthermore, the slope value of M for the largest 

rolling resistance coefficient is still lower than the irregular shape. In addition, the rolling 

resistance effect cannot easily generate an apparent liquefaction as the loose packing of 

irregular particle. Detailed microscopic statistical indexes have been compared for both the 

rolling resistance model and the selected irregular clumps. It has been found that the average 

friction mobilization of rolling resistance samples, even for UR5, is still much lower than the 

irregular assemblages. Although the probability distribution of the normalized contact normal 

force for the rolling resistance sample is analogous to the irregular clumps, the macro 

stress-strain behaviors are distinct. 

 

DEM is adopted in Chapter 6 to explore the contact force and coordination distribution within 

a crushable granular media during one dimensional compression. Extensive numerical tests 

are carried out to validate the proposed fractal model and analyze the sensitive of the input 

parameters. When the contact normal force distribution shows a log-normal features, a 

power-law fractal pattern of contact force emerges. Meanwhile, the fractal contact force 
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distribution is accompanied with the development of PSD, which also has a power-law 

relation. In addition, the coordination number distribution has an opposite trend as compared 

with the normalized normal contact force. For a fractal PSD granular assemblage, the 

coordination number distribution is unified.  

 

In Chapter 7 the initial PSD effect is explored for the crushable granular materials within the 

one dimensional compression throughout the unloading-reloading procedure. It is found that 

the initial compressibility and expansibility can be influenced by the initial PSD. Moreover, 

the fractal dimension of PSD and contact normal forces will gradually increase during the 

reloading procedure. Furthermore, the pattern of CNF throughout the loading-reloading 

procedure would shift with a deeper end. In addition, the coordination distribution at the 

ultimate state is not sensitive to the initial PSD and reloading effects.    

8.2 Recommendations for the future work 

This dissertation has explored the initial work of the fundamental feature of granular materials. 

Although some original results have been presented to enhance the understanding of 

mechanical behavior of granular materials from micro to macro, there still possess many 

limitations, and the present work can pave the way to the future study. Few topics are 

suggested as follow to deeply explore the mechanisms of granular materials. 

 

(1) All the numerical investigations are performed on two dimensional basis for the study of 

the particle shape factor of granular materials. On the other hand, the nature of a granular 

material is always three dimensional, hence three dimensional simulations are suggested 

to evaluate the geometry effect with a practical meaning. However, the efficiency and 

accuracy of three dimensional DEM computation is still a challenge to fulfill in the near 

future, as the required computations are extremely demanding. Faster computer and 

parallel computation algorithms can help the three dimensional study in the future.     

(2) The qualitative analysis of particle shape should be constructed as a bridge to connect the 

actual sand grain shape and the DEM modelling approaches. A potential way is to 
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correlate the numerical modelling grains from realistic CT data. In addition, some 

sophistical shape descriptors should be added and compared to evaluate the effect of 

particle shape.  

(3) The accuracy of SFF relationship for the inherent anisotropic packings should be verified 

for both two dimension and three dimension.  

(4) The structure feature of granular contact system should be deeply analyzed by the newly 

developed research tools such as contact types, contact cyclic loops, localized stiffness 

and energy partition under various boundaries conditions.  

(5) The mechanism of instability of granular materials should be deeply explored to enhance 

both the microscopic and macroscopic understandings. In addition, the realistic undrained 

test should be replaced the constant volume or area test. A potential way is to couple the 

fluid solvers with DEM (CFD) in the future study.  

(6) The strain calculation method in this study can also be suggested to extend from two 

dimension to three dimension in the future study. 

(7) Larger scale one dimensional compression test should be performed to enhance the 

present ideal modelling. Moreover, the relationship between PSD and contact force 

distribution during the confined comminution system is suggested to be study in greater 

depth. 

(8) Other boundary conditions such as the biaxial shearing test are suggested to study the 

evaluation of contact force and coordination distribution of crushable granular materials. 

Meanwhile, the bonded agglomerate is also suggested to study the relationship between 

particle shape, inherent anisotropic and the crushability.  

(9) Advance micro experimental studies and DEM modelling should be constructed as a 

coupled method to dynamic update modelling information.  
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