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Abstract

The \olterra series based nonlinear analysis and design methodology is a
powerful tool that has been applied to various engineering practices. This study
addresses several key issues of the Volterra series based methodology that have
not been well developed in the literature, including its convergence, applications,
and extensions.

Two novel concepts, i.e., the parametric bound of convergence (PBoC) and
parametric convergence margin (PCM), are proposed for nonlinear systems
described by nonlinear auto-regressive with exogenous input (NARX) models.
The proposed PBoC can calculate the convergence bound not only for the input
magnitude, but also for the parameters of interest. The PCM is developed as a
quantitative assessment to examine the distance from a given nonlinear system to
the bound of a convergent \olterra series expansion.

By applying the theoretical results above, the nonlinear characteristic output
spectrum (nCOS) function can be well analysed and designed within a certain
region of nonlinear parameters of interest. A nonlinear damping is proposed to
overcome the well-known dilemma with respect to linear damping. The
performance of the nonlinear damping is derived with the nCOS method, which
also provides a straightforward and effective way to tackle the multiple-object
nonlinear optimization problem.

Linear components or linear controllers are usually easier to implement in
practice, and are thus of considerable interest for analysis and design to achieve a
better performance when simultaneously considering a system that is inherently
nonlinear. The existing nCOS method is only available for nonlinear parameters,
and thus is extended to those linear parameters of interest. A symbolic algorithm
for calculating the new nCOS function is developed for single-input
single-output (SISO) systems. In case that the built symbolic algorithm is

complicated for MIMO systems, a numerical identification method is developed.



The results above are established for nonlinear systems with polynomial
nonlinearity. For those nonlinear systems with exponential-type nonlinearity,
there would be too many parameters in the analysis and design because
exponential nonlinearity is usually approximated by Taylor series expansions. An
efficient algorithm with many fewer parameters for calculating the generalized
frequency response function (GFRF) in the nonlinear analysis and design is then
developed.

The contributions of this thesis lie in the following points. The results of
PBoC and PCM are notable extensions of those convergence results in the
literature, and can provide a more straightforward and useful guidance for the
parameter design or feedback design of nonlinear systems via the nCOS method.
The new nCOS function can provide a straightforward understanding of the
effect of the linear parameters of interest on the nonlinear output spectrum and
thereby greatly facilitate the analysis and design of linear components or
controllers for nonlinear systems. The extension of the nCOS method to
exponential-type nonlinear system will considerably ease the analysis and design
of systems with exponential nonlinearity, such as amplifier circuits and neural

networks, in the frequency domain.
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1. Introduction

Many practical systems have inherent nonlinearity. Examples can be observed
in mechanical engineering, i.e., the leaf spring in a vehicle suspension [1], the
magnetorheological fluid damper and the pneumatic spring in a vibration isolator
[2-4], and also in electronic engineering, i.e., satellite communication channel
modelling [5] and a radio frequency amplifier [6-11]. Even if all of the system
components have ideal linear characteristics, the system characteristics can
possess observable nonlinearity, for example, the quasi-zero stiffness isolator
[12-20] and the recently developed scissor-like isolator [21, 22]. Moreover, many
results show that some potential advantages or benefits can be achieved when
nonlinearity is intentionally employed in the system, for example, the nonlinear
damper investigated in [23, 24] to overcome the well-known dilemma associated
with linear viscous damping.

From the above, system nonlinearity should be well taken into account in
system analysis and design, but the existence of nonlinearity often introduces
difficulties. An effective and efficient method for the analysis and design of
nonlinear systems is increasingly demanded but is still a challenging topic in the
literature.

In the following, the overview and comparison of different nonlinear analysis
methods are first presented. Then, the motivation, objectives, and corresponding

main contributions of this thesis are presented. Finally, an outline of this thesis is

1



given.

1.1 Overview of nonlinear analysis methods

A variety of methods (both time domain methods and frequency domain
methods) have been independently developed for analysing nonlinear systems. A
brief overview of the following nonlinear analysis methods is presented:

Time domain methods

*  Adomian Decomposition Method

»  Homotopy Analysis Method

Frequency domain methods

« Harmonic Balance Method

+ Lindstedt-Poincare Method

»  Describing Function Method

»  \olterra Series Associated Method

* Nonlinear Characteristic Output Spectrum (nCOS) Method

1.1.1 Time Domain Methods

Adomian Decomposition Method

The Adomian decomposition method was introduced by Adomian [25] in the
1980s and has been widely used in various areas [26-29]. It is defined by the
nonlinear equation

L{y(t) + NV (y(®) =u(t) (1.1)
2



where £'(+) is a linear operator, A () is a nonlinear operator, y(t) is the
system output, and u(t) is the system input. The Adomian decomposition

method decomposes the solution y(t) and the nonlinear operator A/ () as,

Yyt =327y, ) (12)
and
N(Y®) = S A" A (Yo 1), Y (t), -, Yo () (13)

where A, (Y, (1), v, (t),---, y, (t)) is referred to as Adomian polynomials, which can
be analytically calculated. Substituting (1.2) and (1.3) into nonlinear equation (1.1)

and equating the coefficients of A" on both sides, the nonlinear equation can be

decomposed into a series of linear equations as
L(Yo(t)) =u(t)
[(yn(t)): A1—1(y0(t)’ yl(t)""’yn—l(t))! n>1.

From(1.4), vy, (t) can be recursively calculated with y,(t), y,(t),---, y, . (t) . It

(1.4)

should be noted that no perturbation theory or closure approximation is required
for calculating y, (t), so the small parameters assumption is thus not needed, and
the Adomian decomposition method is able to work in circumstances where the
perturbation method fails. Supposing that (1.2) and (1.3) converge when A =1, the
solution y can then be obtained via (1.2). This assumption works in many
circumstances but with the problem that (1.2) and (1.3) are not always convergent
[30, 31]. Thus, the Adomian decomposition method is only applicable to mild

nonlinearities, although it is not restricted to a small parameters assumption [32].



Homotopy Analysis Method

The homotopy analysis method was proposed by Liao [32] in the 1990s
based on homotopy, a fundamental concept of topology. An auxiliary parameter
and an auxiliary function are introduced in this method to adjust the convergence
region and convergence rate, which enables its use for some strongly nonlinear
cases. Considering the following nonlinear equation, A (y(t))=0 , Liao
constructed a so-called homotopy,

(L-x)LTx(t,6) - Yo O = xh I ()N [7(t,x)] (1.5)
where () is an auxiliary linear operator with the property _(0) =0, which
need not be the linear part of nonlinear operator A(s). vy, (t) is an initial
guess output. The choice of a different auxiliary linear operator (-) and
initial guess output y,(t) makes it possible to construct the system output y(t)
with different sets of base functions. h and # (t) are the auxiliary parameter
and auxiliary function for adjusting the convergence region and convergence rate,
respectively. « <[0,1] is an embedding parameter, and ~(t,«) is a function of
t and ~. When x=0 holds, we have x(t,0)=y,(t), and (t,1) = y(t)
holds when ,-equals to 1. As the embedding parameter .- increases from 0 to
1, the solution z(t,x) varies from the guess output vy, (t) to the exact output
y(t) . Such a continuous variation is called deformation in topology.

The homotogy analysis method provides great freedom to choose the initial

guess output y, (t) , the auxiliary linear operator £ () , the auxiliary parameter 1,



and the auxiliary function .7f(t) , but no rigorous guidance has been developed

for choosing them. The choice of those auxiliary elements may require some
prior knowledge about the nonlinear operator, and would not be easy if the
nonlinear problem is completely new to engineers [32].

Most studies of homotogy analysis method focus on the initial value problem
or the boundary value problem [33-36]. In a case with an external input, the
homotogy analysis method also has the problem [37] that occurs in the harmonic

balance method or the Lindstedt-Poincare method, which will be discussed later.

1.1.2 Frequency Domain Methods

Although time domain methods for nonlinear problems are easy to implement,
nonlinear phenomena such as super-harmonic, sub-harmonic, or intermodulation
directly relate to the concepts in the frequency domain, making the use of
frequency domain methods more straightforward, which has led to their

popularity in the literature.

Harmonic Balance Method

The harmonic balance method is not restricted to mildly nonlinear problems
and can easily be understood by transferring a nonlinear differential equation
problem into a nonlinear algebraic problem [38]. Considering the nonlinear

equation in (1.1), the harmonic balance method assumes that the solution is given



by a truncated Fourier series of the form
M
y =Y A, cos(mat+g,) (1.6)
m=0

where M is the truncation order, and A and ¢ are the coefficients to be
determined. First, approximate the nonlinear operator A(-) in (1.1) with a
Taylor series expansion, and then substitute solution (1.6) into the approximated
nonlinear equation. After equating the coefficients of the lowest M +1
harmonics to 0, 2(M +1) nonlinear algebraic equations involving A, , ¢, ,
and the input frequency variable @ can be obtained. The solution is obtained by
solving the algebraic equations, which would be much easier than directly solving
nonlinear differential equations. The technical line of the harmonic balance
method is straightforward and easy to understand.

One problem of the harmonic balance method is that the accuracy of the
solution depends on the number of harmonics, M, in (1.6). One needs to use a
large enough truncated order M or to understand a great deal of the solution a
priori, or the solution would otherwise be inaccurate [39, 40]. However, a large
truncated order M would cause a dimension problem of the nonlinear algebraic
equations, which would be even worse when a multi-tone input or a general input
acts on the system [41-43]. Hence, Nayfeh had the following

comment—-‘therefore we prefer not to use this technique’ [39].



Lindstedt-Poincare Method

The Lindstedt-Poincare method was developed to eliminate the secular terms
that exist in the perturbation method [38, 39]. Considering nonlinear equation
(1.1) again, the Lindstedt-Poincare method expands the system output Yy and
the frequency variable @ as power series of the small parameter ¢in the
nonlinear operator A/ (s),

YO =Yo+eyte Yo+ (L7

W = a)0+ga)l+52a)2+--- (1.8)

where «, is the resonant frequency in the linear operator £ (-). Substituting

(1.7) and (1.8) into nonlinear equation (1.1) and equating the coefficient of each

power of & to zero, the nonlinear equation is then transferred into a series of

linear differential equations. New nonlinear algebraic equations can be derived to

eliminate the secular terms. After solving the nonlinear algebraic equations, the
solution y(t) can be obtained.

The Lindstedt-Poincare method strongly depends on the small parameter
assumption, so would fail if there exists no small parameter in the nonlinear
equation. Usually, the approximation of the system output in (1.7) is truncated up
to second-order or third-order because it is very complicated to derive the
associated nonlinear algebraic equations of a higher-order approximation vy, .
Another problem of the Lindstedt-Poincare method is that yj,Y,,--- are
implicitly involved in the nonlinear algebraic equations, so it fails to provide an

explicit relationship between the system output and the system input (or model



parameters of interest). Moreover, when nonlinear equation (1.1) is a
multi-degree-of-freedom system or subject to a multi-tone input, it is not easy to
derive the nonlinear algebraic equations based on the rule of eliminating secular

terms, which limits the application of this method.

Describing Function Method

The frequency response function (or transfer function) is a powerful tool in
linear system analysis and design that does not work in nonlinear systems
because the principles of superposition and homogeneity do not hold. The
describing function method tries to extend the concept of the frequency response
function to a nonlinear problem [44, 45]. Assuming that a single-tone input

u(t) =Ue™ acts on the nonlinear operator A~(u(t)) , the describing function is

then defined as

DU, w) = 1.2

(1.9)
where Y (U, ) is the output of nonlinear operator A (u(t)) at frequency @
with input amplitude U . The nonlinear operator A (u(t)) can then be
approximated as a linear operator with transfer function D(U, w) . The describing
function is a function of input amplitudeU , which is different from the linear
transfer function (that is independent of input).

From (1.9), the describing function only considers the output at the

fundamental excitation frequency, so it fails to characterize the super-harmonic

components, sub-harmonic components, and the intermodulation effect of the



nonlinear operator. The nonlinear operator A/ () is usually assumed to have
odd-order nonlinearity, and the input is supposed to be single-tone in the
literature to simplify the calculation, which limits the application of the
describing function. The generalized describing function was then proposed to
relax the input to be multi-tone [46, 47], but in this case, the nonlinear operator

A (+) should be Volterra-type.

\olterra series associated method

The \olterra series associated frequency method generalizes the concept of
the frequency response function in linear systems to nonlinear systems. Initiated
by Vito Vloterra [48] and then developed by many researchers, for example,
Brilliant [49], Brockett [50], Sandberg [51-54], and Boyd [55, 56], it was shown
that the input-output relationship of the nonlinear operator ~A/"(s) can be
approximated uniformly and to an arbitrary degree of precision by a sufficient

high order \olterra series as

v =3[ [ e )] Tult-z)dr, (1.10)

n=1 i=1
where h (z,---,z,)IS the nth-order Volterra kernel, N is the truncated order, and
z, isthe convolution variable. In (1.10), the existence of the convolution variable
z, implies that the output of the nonlinear system at the given moment t via
\olterra series expansion depends on the part input to the system, which provides
the ability of the output via Volterra series expansion to capture the ‘memory’

effect of the nonlinear system. This is the fundamental difference between the
9



\olterra series expansion and the Taylor series expansion because the output of the
nonlinear system via Taylor series expansion depends strictly on the input at that
particular time. Therefore, the Volterra series associated method is more suitable
for the devices/systems having ‘memory’ effect, for example, capacitors and
inductors.

The generalized frequency response function (GFRF) was first introduced by
George [57] and is defined as the n-dimensional Fourier transform of the Volterra

kernel as

n

Hn(a)l!"'va)n):J."'J.hn(TlV'WTn)ei:; dTl"'dTn . (111)

The calculation of the nth-order generalized frequency response function (GFRF)
was first developed for nonlinear autoregressive models with exogenous inputs
(NARX) [58] using the probing method and then built for nonlinear
integro-differential equations [59] and nonlinear rational models [60]. According
to these results, higher-order GFRFs can be recursively calculated from
lower-order GFRFs, which provides a powerful tool to calculate GFRFs from
model parameters, greatly facilitating the analysis of nonlinear systems. The
calculation of GFRFs for a nonlinear system with constant terms [61-63] was
investigated thereafter, and algorithms for multiple-input single-output [64] and
multiple-input multiple-output (MIMOQO) [65] nonlinear systems were also
developed for a wide range of practical systems. The algorithm for determining
the GFRFs of a nonlinear system was also studied with other methods, for

example, the Adomian method [66] and the Diophantine equation method [67],
10



and techniques for simplifying and improving the computation efficiency of
higher-order GFRFs were studied in [62, 68, 69].
The nonlinear output spectrum can be analytically calculated with the input

spectrum and the calculated GFRFs as

n

N chqti n
Y@= [ [ Hi@-a)kT [[U(oda-do, (112)

n=1 (272_)71 ooy =Q

where € is the output frequency, U(jm) is the input spectrum, and
H, (o, -, w,) 1S the calculated GFRF. Lang and Billings studied the nonlinear
output response function when a nonlinear system is subjected to a multi-tone
harmonic input and general input [70]. The output frequency range was
investigated in [70-73], and was found to be totally different from that in linear
systems (in linear cases, the output frequency range is the same as the input
frequency range), and important nonlinear output frequency properties were
theoretically revealed in [73]. Studies were also attempted to visually interpret
the nonlinear output frequency response characteristics in [74-78], and a
theoretical understanding of the nonlinear influence on the output response in
vibration control was given in [79]. The concept of nonlinear energy transfer was
developed and discussed in [73, 80-83], which illustrated phenomena of
nonlinear energy transfer from one frequency to others. Applications of nonlinear
properties and the benefits of nonlinearity for vibration control were studied in
[23, 24, 79, 84-86]. The concept of a nonlinear output frequency response
function (NOFRF) was proposed by Lang [82], with applications in structural

health monitoring and fault diagnosis [87-90]. A systematic method for the
11



analysis and design of nonlinear systems in the frequency domain was developed
in the last 10 years [79, 91-93] based on the concept of GFRFs with a parametric
characteristic approach, initially referred to as the output frequency response
function based method [94, 95] and later called the nCOS method [92]. With this
parametric characteristic approach, the magnitude-bound characteristics of
nonlinear frequency response functions (i.e., GFRFs and output spectrum) were
studied in [96-98]. These results provide the important basis for the results,
including the novel parametric convergence bounds and the new nCOS function,
to be established in this thesis.

Studies of the Volterra series associated frequency domain method were also
conducted for time delay systems [59, 99, 100], time varying systems [101],
spatial-temporal systems [102-106], and even systems with strong nonlinearity

having sub-harmonic [107-109] or jump phenomena [110, 111].

Nonlinear Characteristic Output Spectrum (nCOS) Method

As mentioned before, the nCOS method is developed with a parametric
characteristic approach based on the GFRF concept [112]. One significant
advantage of the nonlinear characteristic output spectrum (nCOS) method is that
the nonlinear output spectrum can be expressed in the form of a polynomial
function with respect to the nonlinear system model parameters, which provides
an explicit and analytical relationship between the nonlinear output spectrum and
the nonlinear model parameters of interest. The above several methods (both the
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time domain methods and frequency domain methods) focus more on the
nonlinear model analysis rather than the system design. With the constructed
explicit and analytical relationship between the nonlinear output spectrum and
the nonlinear model parameters, the nCOS method provides a straightforward
insight into nonlinear system design that can greatly facilitate the process.

The nCOS method was proposed and developed by Jing and Lang [73, 79, 85,
86, 91-95, 113-117], as summarized in monograph [112]. The output spectrum is

given as a polynomic function of nonlinear model parameters [95,113] as

Y@ =D o QKb -k (1.13)
where k;,---,k, are s, nonlinear parameters of interest, and ¢;..; (Q)are
the coefficients of the corresponding terms k" ---kstsN . The terms related to the
nonlinear parameters of interest and the corresponding coefficients can be
symbolically calculated with the results in [93, 113-117]. Applications in
vibration suppression were then studied with the developed characteristic
relationship [85, 86, 94]. Further studies of the property of opposition of input
nonlinearity and alternating series were then conducted in [73, 79]. An effective
method for the identification of coefficients ¢;..; (€)in (1.13) was theoretically
investigated [91] with an efficient algorithm developed in [92], which would

greatly facilitate the application of the nCOS method for nonlinear analysis and

design.
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1.1.3 Comparison

Table 1.1 Comparison between different frequency methods

. . Response at
Multi-Degree-of-Freedom | Multi-tone | Input-output .
L . . non-excited
system excitation | relationship )
frequencies?
Harmonic Balance difficult difficult implicit available
Lindstedt-Poincare e er L .
difficult difficult implicit available
method
Describing not partially i
. easy . . not available
Function available explicit?
\olterra series .. .
. easy easy explicit available
associated method

1 only limited and specific model parameters are involved.

2 Non-excited frequencies involve the inter-modulated frequencies and harmonic frequencies.

This section concludes with some comparisons between the different
frequency domain methods discussed above. From Table 1.1, it can be observed
that both the harmonic balance method and Lindstedt-Poincare method have
difficulty analysing multi-degree-of-freedom (MDoF) systems or nonlinear
systems with a multi-tone input. The reason for this is that the input-output
relationship via these two methods is implicitly involved in a set of nonlinear
algebraic equations, whose derivation would be very complicated. The describing
function method usually requires that the input be a single tone sinusoid input
and only considers the response at the excited frequency. The generalized
describing function (GDF) method can relax the single tone input to a multi-tone
input when the nonlinear system is Volterra-type nonlinear, but for this case, the
GDF method is in essence a \olterra series associated method. The \olterra

series associated method thus show great advantages over the other methods.
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The nCOS method provides a more straightforward and explicit relationship
between the output spectrum and the nonlinear parameters of interest (equation
(1.13)) than the traditional Volterra series associated method (equation (1.12)).
Moreover, a new recursive calculation for the output spectrum is required via
(1.12) when the nonlinear parameters of interest change, but not for the nCOS
method via (1.13). These advantages of the nCOS method are the motivation for

this thesis work.

1.2 Motivation, Objectives and Contributions

1.2.1 Motivation of study

The nonlinear characteristic output spectrum (nCOS) method explicitly
defines an analytical relationship between the output spectrum and the system
nonlinear parameters of interest and shows great advantages over other nonlinear
analysis methods for the analytical study and design of a wide class of nonlinear
systems, but it requires that the nonlinear system be Volterra-type. A nonlinear
system is defined as possessing Volterra-type nonlinearity if the input-output
relationship of the nonlinear system has a convergent Volterra series expansion.

The nonlinearity degree of a given nonlinear system relates to the model
parameters, the input magnitude, and the excited frequency. For example, upon
applying a given input to a nonlinear system at the resonant frequency, strongly
nonlinear behaviours such as jump phenomena, bifurcation, or chaos may occur
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in the system output, but the nonlinearity degree of the system may be very weak
when the system is excited at a frequency far away from the resonant frequency
with the same input magnitude. The model parameters, input magnitude, and
frequency variable are denoted as the characteristic parameters that affect the
nonlinearity degree of a given nonlinear system.

Determining under what range the characteristic parameters can freely take
values such that the system input-output relationship is always valid for a
convergent \Volterra series expansion is very important not only for the nonlinear
characteristic output spectrum (nCOS) method, but also for other \olterra series
associated time domain and frequency domain methods. Although the
convergence problem is a fundamental issue in this area, it still has not been
completely solved. The convergence criteria for fading memory systems or
nonlinear operators were theoretically given by Boyd [55, 56] and Sandberg [51,
53, 54], but may not be easy to implement in practice. Similarly, the convergence
criterion for analytic systems in L° space was established in [118]. For a specific
nonlinear system such as a Duffing oscillator, the convergence criteria in the
frequency domain were discussed in [110, 119, 120], but almost all of the results
are obviously over-estimated (the computed convergence bound for the input
magnitude is larger than the real bound), and only one of the results can catch the
convergence bound at the 1/3 super resonant frequency [120]. Recently, the
results were developed for the convergence bound of the input magnitude, but
they require the system to be input analytic [121, 122], i.e., with an input

16



nonlinear degree not larger than 1, which shows limitations in practical
application (only for the input magnitude and only for an input analytic system).

The system always suffers from various perturbations. If the design
parameters are chosen very close to the convergence bound, the system would
easily go out of convergence. If the designed nonlinear system is out of the
convergence region, the real output of the designed system may be very different
from the design output. Therefore, for any characteristic parameter, it is
reasonable to develop a measure for accessing the convergence margin in terms
of this characteristic parameter, which is referred to here as the parametric
convergence margin (PCM). A large PCM implies that the system dynamics stay
far from divergence in terms of the concerned parameters and in the sense of a
convergent Volterra series expansion.

With the parametric bound of convergence (PBoC) and parametric
convergence margin (PCM) developed in this thesis, the system output response
can be freely studied in the computed convergence region using the nonlinear
characteristic output spectrum (nCOS) method. The nonlinear benefits or
advantages can then be studied with the intentionally introduced nonlinearity or
nonlinear controller based on this powerful tool.

A well-known dilemma for linear damping is that a large linear damping can
suppress the vibration around the resonant frequency but deteriorate the
performance at the frequencies away from the resonant frequencies. Overcoming
this issuse is a hot topic in the literature. Nonlinear damping or a nonlinear
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controller would be potential technique to achieve this aim.

In the analysis and design of vibration control systems, multiple-objects are
often required for a full assessment of the design. One problem of
multiple-object analysis and optimization for nonlinear systems is that complex
nonlinear phenomena may exist. To avoid such complex dynamics as chaos,
bifurcation, sub-harmonics, and jump phenomena, one can design a nonlinear
system to be \olterra-type nonlinear because the \olterra series theory works
only for mild nonlinearity, which can be easily ensured by taking the parameters
in the computed convergence region via the parametric bound of convergence
(PBoC) developed in the thesis. Another problem is that the calculation of the
nonlinear system performance is difficult and not straightforward in the literature,
especially when a multi-degree of freedom system or a multi-tone input is
considered.

For those systems with inherent nonlinearity, the design of a linear
components or linear controller is sometimes preferable because of the ease in
implementation. The nonlinear characteristic output spectrum (nCOS) method
developed in (1.13) is only available for nonlinear parameters of interest, and
fails in the analysis and design of linear parameters of interest. This thesis thus
aims to extend the nonlinear characteristic output spectrum (nCOS) method to
analyse and design those linear parameters of interest.

Note that the nCOS method is developed for polynomial nonlinearities, so
exponential nonlinearities should first be transformed into polynomial
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nonlinearities via a Taylor series expansion. Higher accuracy Taylor series
approximations require a larger truncation order, which obviously leads to a large
number of parameters in the analysis and design and would significantly
complicate the application of the nCOS method. An effective and straightforward
method for the analysis and design of an exponential nonlinear system is thus

targeted in this thesis.

1.2.2 Objectives

The research in this thesis aims to contribute an effective and efficient method
for the analysis and design of nonlinear systems. The following two objectives
are addressed:

1.  To study the parametric convergence problem of the Volterra series
expansion.

2. Toapply, develop, and extend the existing nCOS method.

The first objective is to address under what parametric conditions the
input-output relationship of a nonlinear dynamic system has a convergent
\Dlterra series expansion. Obviously, only when we know this clear can we
confidently apply the nonlinear characteristic output spectrum (nCOS) method
mentioned above to any nonlinear analysis and design in any context of signal
processing or control.

The second objective involves the following three parts:

1. Applying the nCOS method to the analysis and design of nonlinear
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parameters considering the parametric convergence bound. First, a
nonlinear damping is proposed and studied using the nCOS method to
overcome the well-known dilemma of linear damping. It is shown that the
nCOS method can provide a straightforward insight into the analysis and
design of such a system. Then, the nCOS method is applied to a nonlinear
optimization problem. By mapping the multiple-object performance
function into the nonlinear characteristic function as shown in (1.13), the
multiple-object analysis and optimization problem is then ready for
analysis and design in the convergence region computed by the developed
algorithm for PBoC, which shows straightforward insight and can greatly
facilitate the nonlinear analysis and optimization problem. A systematic
and novel method for the nonlinear analysis and optimization problem is
then developed in this thesis.

Developing a new nCOS function for the analysis and design of linear
parameters of interest. The existing nCOS method is only developed for
nonlinear parameters of interest. The issue is how to express the output
spectrum as an explicit and analytical function of those linear parameters
of interest such as that built for nonlinear parameters in (1.13). The
development of such an expression that maintains the independence
between the coefficients ¢;..; (€) and the linear parameters of interest
is not straightforward. An algorithm is thus built for the symbolic

calculation of the independent coefficients ¢;..; (€) for single-input
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single-output nonlinear systems, and a numerical identification method is
developed for multiple-input multiple-output (MIMQO) nonlinear systems
described in state space. After these, a systematic method can be built for
the analysis and design of linear parameters of interest.

3. Extending the nCOS method and the new nCOS function to
exponential nonlinearities. To this aim, an effective and efficient
algorithm is developed to determine the generalized frequency response
function (GFRF) of exponential nonlinearities with many fewer
parameters. The proposed algorithm can greatly facilitate the application
of the new nCOS function to the analysis and design of exponential

nonlinear systems in practical engineering applications.

1.2.3 Contributions

The main contributions of this thesis are summarized as:

1. The parametric bound of convergence (PBoC) and parametric convergence
margin (PCM) are proposed for nonlinear systems, and the corresponding
algorithms for calculations are also developed. It should be noted that the
computation of PBoC is not only for the input magnitude but also for the
model parameters and frequency variables. All of the result in the literatures
were focused only on the convergence bound of the input magnitude. This
study thus would be the first one on the convergence bound of the model

parameters, and it provides a solid basis for the analysis and design of
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nonlinear systems via the nonlinear characteristic output spectrum (nCOS)
method.

. A systematic and novel method for multiple-object nonlinear analysis and
optimization problems is proposed by mapping the multiple-object function
onto the nonlinear characteristic output spectrum function. The proposed
concept of the parametric bound of convergence (PBoC) or parametric
convergence margin (PCM) can help guarantee that the designed or
optimized system is Volterra-type nonlinear to avoid the complex dynamics
of strong nonlinearity.

The nonlinear characteristic output spectrum (nCOS) function is extended to
those linear parameters of interest, which shows great significance in
practical engineering applications because the design of linear components or
a linear controller would be easier for implementation. The algorithm for the
symbolic calculation of the independent coefficients is developed for a
single-input single-output (SISO) nonlinear system, and a procedure is built
for the numerical identification of the independent coefficients in state
feedback controller design.

. An algorithm for calculating the generalized frequency response function
(GFRF) of exponential nonlinearities is proposed by introducing two
auxiliary equations, which has many fewer parameters of interest than that
necessary upon approximating the exponential nonlinearity with a truncated
Taylor series expansion. The newly developed algorithm can greatly facilitate
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the analysis and design of many exponential nonlinear problems with the
nCOS method in practical engineering applications such as the design of

power amplifiers or the analysis of a neural network.

1.3 Outline of the thesis

All of the results in this thesis aim to provide effective and efficient methods
for the analysis, design, and optimization of nonlinear systems. The other parts of
this thesis are organized as follows.

In Chapter 2, the parametric bound of convergence (PBoC) and parametric
convergence margin (PCM) are proposed. The algorithms for calculating the
PBoC and PCM are first developed for single-input single-output nonlinear
systems with a harmonic input. The results are then extended to single-input
multiple-output nonlinear systems and also to nonlinear systems with a general
input, which are thus applicable to a wide class of nonlinear systems in practical
applications such as those multi-degree of freedom (MDoF) systems or
multiple-input multiple-output (MIMO) systems.

Chapter 3 involves two applications of the nCOS method to the analysis and
design of nonlinear parameters considering the result of PBoC in Chapter 2. First,
a nonlinear damping defined as a function of both position and velocity is
proposed to overcome the well-known linear damping dilemma. This part
focuses on the qualitative analysis of nonlinear damping based on the nonlinear

characteristic output spectrum (nCOS) method. Then, the multiple-object

23



optimization problem is investigated by mapping the nonlinear multiple-object
function onto a nonlinear characteristic output spectrum function. This method
provides a straightforward insight into the nonlinear optimization problem. A
procedure is given, and an application to nonlinear suspension vibration control
is presented to demonstrate this systematic and novel method.

In Chapter 4, the analysis and design of linear parameters of interest in a
nonlinear system is studied. The traditional nCOS method cannot be applied to
this problem because it is developed only for nonlinear parameters of interest. It
is shown that the generalized frequency response function (GFRF) and the
nonlinear output spectrum can both be expressed as a polynomial function with
respect to linear parameters of interest. The coefficients of the polynomial
function are independent of those linear parameters of interest, which is similar
to that in the traditional nCOS method in (1.14). The newly developed method
for linear parameters of interest can thus be observed as an extension of the
traditional nCOS method. An algorithm for the symbolic calculation of the
independent coefficients is developed for single-input single-output nonlinear
systems, and a numerical identification procedure for the independent
coefficients is built for multiple-input multiple-output (MIMO) nonlinear
systems (expressed in state space with state feedback control). Applications for
the improvement of the harmonic distortion of the common-gate amplifier and
linear state feedback controller for nonlinear suspension systems are presented to
demonstrate the effectiveness and efficiency of the proposed method.
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In Chapter 5, two auxiliary equations are introduced to facilitate the
calculation of the generalized frequency response function (GFRF) of the
exponential-type nonlinearity. With the auxiliary equations, the exponential-type
nonlinear equation is transformed into polynomial-type nonlinear equations but
with many fewer parameters of interest than that obtained by Taylor series
expansion. Examples, the design of a common-gate amplifier and the analysis of
a neural network with the new nCOS function, are presented to illustrate the
advantages of the proposed algorithm.

Finally, in Chapter 6, the conclusion is given, and some recommendations for

further study are presented.
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2 Parametric convergence bound for
Volterra series expansion of nonlinear
systems

2.1 Introduction

For a large class of nonlinear systems, the input-output relationship allows a
\olterra series expansion [51, 53, 56, 57]. The Volterra series and its associated
nonlinear analysis methods have been extensively applied in practice for control
designing, signal processing, system identification, and system analysis
[123-129].

Whether a nonlinear system has a convergent \Volterra series expansion is
determined by the input magnitude, the input frequencies, and the model
parameters, referred to as the characteristic parameters. When applying the
\olterra series based methods to the nonlinear analysis and design, a fundamental
issue is to ensure that the underlying nonlinear dynamics can be approximated by
the Volterra series, which requires the characteristic parameters be within certain
appropriate ranges. Several results in the literature attempted to address this issue
only focusing on the input magnitude bound. That is to estimate a bound of input
magnitude for a given nonlinear system to guarantee the nonlinear system has a
convergent \olterra series expansion. The results in [51, 53, 56] are general
operator theory based results, which theoretically prove the existence of the

\olterra series expansion for a class of nonlinear systems but fail to provide a
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detailed parametric convergent bound for any characteristic parameter. Some
other works can be found in [110, 119, 120], which were studied only for a
specific nonlinear system, the Duffing oscillator. A recent result in [121] tackled
the input-analytic nonlinear systems. All the results above are either conservative
or obviously over-estimated and only focus on a convergent criterion for the
input magnitude.

In the analysis and design of a nonlinear system, a fundamental problem could
be: in what parameter ranges (in terms of the input magnitude, the model
parameters, and the input frequencies) can the nonlinear system has a convergent
\olterra series expansion? More specifically, for the parameter design of a
nonlinear system, the question could be: under what range can a parameter freely
take its value such that the system is valid for a convergent \olterra series
expansion? These practical questions are clear the key issues before any
nonlinear analysis and design based on the Volterra series based methods but are

still not well addressed.

2.2 The parametric convergence bound for single-input single-output

(SISO) nonlinear autoregressive with exogenous input (NARX) model

Many nonlinear systems can be identified into a NARX model [130-132] ,
which includes several commonly-used nonlinear models as special cases. The
NARX model actually provides a generic and convenient platform for the

analysis and design of a nonlinear system in practice. Consider the NARX model
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y(k) = ZZ Z Cpmp(kl,- )HY(k k)Hu(k ki) (2.1)

m=1 p=0 (k; - i=p+1
where M is the maximum nonlinear degree in terms of y(k)and u(k), P is the

nonlinear degree in terms of y(k), and M- pis the nonlinear degree in terms of

u(k) which is denoted later by g=m-p. (k,---,k,) denotes all of the

combinations of nonlinear terms in terms of input and output, which can be

expressed as (k.- K,) €O, ={(k;, - k,)[1<k <K, p<k +---+k < pK,

q<k,,+---+k, <gK}, where K is the maximum order of the derivative, and

Cpm_p (Koo K,) s the corresponding coefficient of Hy(t k)H u(t—k,) .

i=p+1

The NARX model (2.1) can be approximated by a Volterra series expansion as
N © n
y(k) = ij h(ry, ) Juk—z)dz, (2.2)
n=1 i=1

where N is the truncation order, and h (z,---,7,) is the nth order \olterra
kernel.
The following comes to study the convergence bound of the characteristic

parameters (the input magnitude, the input frequencies, and the model parameters

Comp(K,ooKy) ) in the frequency domain to guarantee the Volterra series

expansion in (2.2) holds for the NARX model given in (2.1).

2.2.1 The GFRFs and the nonlinear output spectrum

The nth order GFRF of the NARX model can be recursively calculated as
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H (jo, - jo,)=—
(o jo,) L (0, )

Z- K (2'3)
— 2 1Pn—q+iKpsi . i
XZ Z Z Cpq(kl’ Hn—q,p(.la)l"..']a)n—q)
m=1 p=0,q=m-p (k-
K *jklzn:“’u
L@ @) =1-3 co(k)e ™ (2.4)
k=L
o ot KXo
Hn,p(Ja)li"'i J(!)n): Z HH (Ja))(+11 : ;Ja)xH )e = (25)
(I —1Zr n i=1
Hn,l(Ja)11""Ja)n):Hn(lei"'!Ja)n)e " (2.6)

i—-1
Where Hyo())=1, H o()=0 for n>0, H, ()=0 for n<p, X=>r,,
j=1
and
. 1 q=0,p>1
ex k = 2.7
p(; an—q+| p+|] {O q:0,p£1 ( )
When n=1, the first-order GFRF is the linear transfer function as

K . K .
D Con(k)e ™™ ey, (ke
k=1

H, (jm) =—= = : 2.8)
1—chyo(k1)efj“’lk1 L(je)

k=1

The nonlinear output spectrum when the system is subject to a harmonic input

*

(k) =U cos(aTT k+ 2A) = Agion +A?efjaﬁsk (2.9)

where T is the sampling interval can be computed as

~+00

WMFZ; S H,(jo, mMHMm (2.10)

n=1 o+t @, =Q

where @ €{o,-0}, Alw)=A, A(—a)):A*,and U :|A|-
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2.2.2 Notations and definitions

denotes the absolute value for scalars and Euclidian norm

The operator

,for vectors. N is the set for all nonnegative integers, and N* for positive

integers. Define

L(w) = inf {||L, (je, -, joo, )} (2.11)

where W, = JW, = {QI1Q=a,+ -+ 0, 0 e{o,-a}}. W, is the set of all

k=1 k=1

of the output frequencies in the kth order output spectrum, and W, represents
the whole output frequency range when the NARX model is subject to the input

(2.9). Define

C(p.a)= X [cpqlks-ky)| (2.12)
(k)
where ¢, (k,,---,k;) is the coefficient of the NARX model (2.1), and clear
C(p,q) Isanonnegative function. Denote

H,(jo) =|H,(ja))| (2.13)

2.2.3 The bound results of output spectrum

Lemma 2.1: The upper bound of the nth order GFRF can be obtained as

Sup{”Hn(ja)l’”" Ja)n)” va)l’”"a)n E{a)’_a)}} < |__|n(ja)17'“’ Ja)n)

n-m+1

:ﬁ(C(O,n)+iiC(p,Q) Z f[H_ri (a’xw“',“’xﬁi)]’ n>?2

m=2 p=1 foenlp=1Y =n—q
(2.14)
Proof: See Lemma 1 in [98].

Lemma 2.2: The upper bound of the nonlinear output spectrum involving the
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whole output frequency range W, is given as

> Y.(iQ)

QeW,

Y(U)(U—ZYQ W)= Y, U)= Z

QeW,, n=1

=Y H,(jo, - jo)U"
n=1
(2.15)

where v, () is the upper bound of the output spectrum at frequency

Q=

Q =k, k e N, which is given as

n-1

Y (< Vou, U) = 2 kizin‘i;:l Hicon (i@, J0,,20 9 U2 ke N
Y (i) 1<V 0, W) = 225 S A, (o, jo, U™ k=0
:1
(2.16)

Proof: For k e N*,

+0 2 k+2(n-1)

Ya’;:kw(U) 22k+2(n—1) Z Hk+2(n 1)(]6017 ' a)) H ||A(a)|)||

ko i1
n-1
= Z zcig(zrsnl)l)l _k+2(n—1)(ja)1’ " 1OV Fes,
For k=0, the result is straightforward.
Proposition 2.1: The analytical relationship among the upper bound of nonlinear
output spectrum, the model parameters, magnitude bound of the first-order GFRF,

the input magnitude, and frequency variable can be obtained as

P

S {iC(p q)Uqup L(a))x+(L(a))H (jo)U +ZC(O mu " j 0, p+q>2

p=1
2.17)
where X IS simplified for x(w,U) . Denote
(0,U Z (jo, - jo )", and v, is the maximum nonlinear
n-1

degree in terms of output y(k). Specifically, when the NARX model only
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involves those nonlinear terms with p =1 or together with the pure input
nonlinearity, the upper bound of the nonlinear output spectrum X can be

obtained directly as

H,(jo)U +— C(O mu "
X = ( OO)q m=2 (218)

ot
Proof: See Appendix 2.1.

Remark 2.1: The output bound X in (2.17) should be a real nonnegative
number. If (2.17) possesses only one positive root, this positive root is the output
bound; when (2.17) has more than two positive roots, the parametric convergence

margin proposed later can help to determine the true output bound.
2.2.4 Parametric bound of Convergence (PBoC)

The parametric bound of convergence (PBoC) is referred to as a bound (e.g.,
C ) for any characteristic parameter C (i.e., |C|<C ) under which the NARX

model has a convergent \olterra series expansion.

Proposition 2.2: Denote the formal function 7 (x;C,U,w) as

=]

My
:LL) > pC(p,qUIXP?,  p+g=2 (2.19)
= p=1 q=0

Il
LN

The upper bound of the nonlinear output spectrum, the power series

X= Z H,(je, -, jo,)U", is convergent when 0</7 <1 holds and divergent
n=1

when /" >1holds.

Proof: See Appendix 2.2.
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Remark 2.2: The function /" is a non-negative continuous and monotonically

increasing function of C(p,q) or the input magnitude U .

Remark 2.3: When the NARX model (2.1) has only pure input nonlinearity, then

the whole input part can be considered as a new input. In this case, the model can

be regarded as a linear model with this new input, which is not focused on in this

study.

Proposition 2.3: Consider the NARX model except the case that the NARX

model involves only the nonlinear terms with index p =1 or together with only

pure input nonlinear terms, the analytical PBoC can be obtained by solving the

following equation

M p-l rows

M _ rows

By, A a, 0 0
0 Gm, Am,a 89 0
0 0 ai,Mp a1,|v|p71 ) 8
A m,-1 A, -2 &0 0 0
0 M, Bom,-2 80 0
0 0 aZ,Mp—l a2,Mp—2 By

where n  takes the same definition as in Proposition 1, and

a , =((p—1)ZC(p,q)U“j, 1< ps<M,,p+q=2,
q=0

A, = —(l_-(w)ﬁl(J'w)U + iC(O, m)U ”‘j,

a2,p—1:pzc(p’q)uqa ZSpSMp;
q=0

Ao = ZC(l, OU - L(w) .
-1
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When the NARX model (2.1) involves only the nonlinear terms with p=1 or
together with the pure input nonlinear terms with p=0, the PBoC can be obtained

by directly solving I'=1 as

—L(io ) iC(l,q)Uq =1 (2.25)
L g=1

Proof: See Appendix 2.3.

Remark 2.4: If the NARX model only involves the nonlinear terms with index
p =1 or together with p =0, the coefficients of the pure input nonlinearity do
not play a role in (2.19), which means that these pure input nonlinearities do not
affect the convergence bound. Otherwise, the pure input nonlinearities could
have great influence on the convergence bound, which can be seen in (2.20) and
(2.22) and will be validated in Examples 2.2.6.3 and 2.2.6.4.

Remark 2.5: When the input amplitude U is given, the PBoC of any model
parameter of interest can be obtained from (2.20). When the parameter values are
selected under the bound calculated by (2.20), the nonlinear system can be well
approximated by a convergent Volterra series. When all of the model parameters
are given, the PBoC of the input amplitude can be obtained. The latter has been
studied in [110, 118-121] for some specific nonlinear systems. The result in
Proposition 2.3 is  more general, not restrictive to any specific nonlinear system,

and less conservative due to the frequency dependent bound used.

Algorithm 2.1 (Computation of PBoC) :

Step 1. Calculate L(w) according to (2.4) and (2.11); Calculate H,(j@,)
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according to (2.8) and (2.13); Calculate Cc(p,q) using (2.12).
Step 2. Compute (2.21)-(2.24) to construct (2.20) for the applicable case.

Step 3. Solve (2.20) or (2.25) for the applicable case to obtain the PBoC .

2.2.5 The parametric convergence margin (PCM)

For any characteristic parameter, it is reasonable to develop a measure to
assess the convergence margin with respective to this parameter, referred to as
the parametric convergence margin (PCM), before the \olterra series expansion
diverges. A larger PCM implies that the system dynamics can be well
approximated by a Volterra series expansion and stays away from its divergence.

Considering the function 7" in (2.19), when all of the nonlinear coefficients in
the NARX model are equal to 0 or the input amplitude U =0, then 7" =0;
when the nonlinear coefficients or the input amplitude reach the PBoC, then
I" =1; when the nonlinear coefficients or the input amplitude is out of the PBoC,
then 7" >1. Because of these properties, the function / can be used as an
overall indicator to the convergence margin of the NARX model. Therefore, the
PCM is defined as

PCM=1-TI" (2.26)

When the PCM is very close to 1, the NARX model possesses the largest

convergence margin; when the PCM is close to 0, the NARX model is very close

to the convergent bound and has smaller convergence margin; when the PCM is
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negative, the system cannot be expanded by a Volterra series and thus is not a
\olterra-type system.

Proposition 2.4: When the NARX model does not only possess nonlinearities
with index p =1 or together with pure input nonlinearity, the indicator /" can

be obtained by solving (2.20) with

a,= gC(D,Q)Uq, (2.27)
8, =Y. ClLOU ~L() 2.29)
=
& =LA, (j)U + SCOmU" 2.29)
&= pgc(p,q)uq, (2.30)
8,0=> CLAU" - I'L(w) . (2.31)
=

where 2< p<M . When the NARX model possesses only nonlinear terms with
index p =1 or together with pure input nonlinearity, /" can be directly obtained
according to (2.19).

Proof: See Appendix 2.4.

Remark 2.6: When 0</ <1 (0<PCM <1), the NARX model possesses
unique steady state and can be well approximated by a convergent \Volterra series;
when 721, i.e., PCM<O0, the \olterra series becomes divergent, and
therefore cannot approximate to the NARX model. From (2.19), it is clear that
I is a real nonnegative number. Therefore, if (2.20) has no real positive root, the

nonlinear system can be seen as divergent in the sense of \olterra series
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expansion. If there exists more than one real positive root, the PBoC can be used
to determine the true /. That is, when the nonlinear coefficients are out of the
PBoC, the solution that is larger than 1 should be the true /" ; otherwise, the
solution that is smaller than 1 would be the true one. Similarly, when there exists
more than one real positive solutions in (2.17), [ can be calculated by
substituting the solutions into (2.19), the true solution for the output bound X

should be the one who has the same /" by (2.19) as that obtained by (2.20).

Remark 2.7: The PBoC and PCM provide a novel view for understanding the
nonlinear influences on a system dynamic response (such as super/sub harmonics
and inter-modulation) incurred by different characteristic parameters. Some other
recent advances also vindicate that the \Volterra series approach can also be used
for interpretation of complicated nonlinear behaviour such as bifurcation and
even chaos [107, 109, 110].

Remark 2.8: There are some other nonlinear analysis methods, for example, the
harmonic balance method and the nonlinear normal mode [133], which are often
computationally intensive as the nonlinear degree of the system increases [134,
135]. This study presents a simple and novel evaluation on the nonlinear
influence in terms of the characteristic parameters and on the parametric
convergence bound of a nonlinear system in the sense of \olterra series
expansion. This provides a very fundamental and significant basis for the
nonlinear analysis and design using the Volterra series based methods [58, 70, 73,

98, 113, 116, 117].
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To facilitate the computation of the PCM, the procedure is summarized as

Algorithm 2.2 (Computation of PCM) :

Step 1. Calculate L(w) accordingto (2.4) and (2.11); Calculate H_ (jw,)
according to (2.8) and (2.13); Calculate C(p,q) from (2.12).

Step 2. Compute (2.27)-(2.31) to construct (2.20) for the applicable case.

Step 3. Solve (2.20) or (2.19) for the applicable case to obtain the indicator

I
Step 4. Calculate (2.26) for the applicable case to obtain the PCM.

2.2.6 Examples and discussion

In order to illustrate the theoretical results, the NARX model in four cases

with different nonlinear terms are discussed, which is given with zero initial

conditions as
y(k) =@ yk=1)+c,,(2)y(k —2)+ ¢, (L1 y (k1) .
+Cp, (LLD)y(k —1)u2(k -1+ 00'3(1, 1, 1)u3(k -1+ covl(l)u(k -1 (2.32)

The model in (2.32) can be obtained by discretizing in a backward manner the

following nonlinear differential equation
my() + cy(t) + kpy(t) + kaoy () + kYU (®) + koau®() = ut)  (2.33)
where the linear coefficients are given asm=21,¢=0.01w,,k =}, @, =207 ,

and u(t) =U cos(at) Setting T = 1/ 2000s , then u(k) = U cos(£2k)

cT, kT’ T, T?
= Ucos(aTgk) and ) =2-— >+ =1L9987,0,,(2) =~ £-1=-09997;, () =+
_25%107 ¢, 010 - ¢ aan-—Kele ¢ qap-—Kels
= & 13'011_ m,C1121a_ m,0'3|1_ m
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The discussion starts with the case that the NARX model only possesses pure
output nonlinear terms, that is, ¢ ,(L11)=c,,(1,11) =0, which can be obtained
by discretizing the well-known Duffing oscillator equation. Several existing
results available in the literature are compared with this example. However, no
existing results can be applied to all the other examples. In example 2.2.6.2, the
nonlinear term with coefficient ¢ ,(1,1,1) is considered in the discussion, and
only €,;(1,11) issetto be zeroin (2.32). Example 2.2.6.3 and example 2.2.6.2
are presented to illustrate and validate Remark 2.4 (how and in what conditions
can the pure input nonlinearities affect the PBoC and PCM of a given nonlinear
system).

When all of the parameters of the NARX model are given, (2.20) or (2.25) can
also give an estimation of the PBoC for the input amplitude. But this thesis
focuses on the PBoC for model parameters and the PCM in the following
discussion.

In order to indicate the error between the synthesized output using Volterra
series and the true output, the normalized root mean square error (NRMSE) is

introduced,

Z ( Yynthesized (k) - Yirte (k))z
(Ve K))’

where Y nesiea 1S the synthesized output and Yiwe (K) is the true output.

NRMSE =

(2.34)
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2.2.6.1 The NARX model with pure output nonlinearity

The model is given as

y(k) =, @MYk -1)+¢,4(2y(k=2)+¢; (11 y (k=D + o, Mu(k-1)  (2.35)
which can be obtained by discretizing the well-known Duffing equation. The

PBoC of ¢,,(L,11) is calculated first, and then the PCM is discussed when the
coefficient ¢,,(L11) and the input are given.
The PBoC of ¢,;,(1,1,1) can be computed via Algorithm 2.1. According to

(2.21)-(2.24), it gives

;= 2C(3,0), A, = _H_l(ja))UI_—(a))!
a, = 3C(3,0), Ao = ~-L(w),
Q,=a,=8, = 0.
where C(3,0) =|c,,(1,1,1)[. Then from (2.20), the following equation holds

2C(30) 0 0 -A(jo)UL(®) 0
0 2C(30) O 0 -H, (jo)UL(w)
330 0 -L(w 0 0 -0 (2.36)
0 3C(30) 0 L(w) 0
0 0 3C@B0 0 L(w)
Denoting A:(ZC(C’),O) 0 j B:[O H(joll@) 0
0 2C(3,0))’ 0 0 -H,(jo)UL(w) | *
3C30 0 ~L(w) 0 0
C= 0 3C(30) |, D= 0 -L(w) 0 |, (2.36) is equivalent
0 0 3C(3,0) 0 —L(w)

to |Al|D-CA™B|=0. The following equation can be obtained
27 — . 2
I__(a))—ZC(&O)(Hl(ja))U) =0 (2.37)
From Eq. (2.37), C(3,0)can be solved.

In the discussion, the input amplitude is given as U =0.5. L(w) and
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H,(jow) can be obtained from (2.11) and (2.13), respectively. From (2.11), it can
be obtained that L(®) = inf {L(@), L(3w), L(5w), L(7®),---} [117]. Since the first
several orders of output spectra take the dominant roles, it can be simplified as
L(w) =inf {L(a)), L(3w), L(5w), L(7a))} [73, 117]. The estimated PBoC of
;0 (LLD)| is shown in Fig. 2.1, indicating a very close estimation to the real
ones (obtained by numerical simulations) at different frequencies. The estimated
bound varies at different frequencies and is very small at or around the harmonic
resonant frequencies, which shows the nonlinear influence and potential

behaviour due to this specific nonlinearity.

—— The PBoC of C(3,0) by Proposition 2.3
* The true parametric bound of convergence

250000 H

8000

7000 -
200000 —+
6000
5000
4000 -
150000 A
3000

2000

100000 — 1000 -

The PBoC of C(3,0)

50000 -

T T T T T T 1 T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00

Normalized frequency o/
Figure 2.1 The PBoC of ¢ (3,0) — |C,0 @ LD)|

To validate the effectiveness of the convergent bound above, a comparison
with different nonlinear coefficients |c3’0(1,1,1)| at@ = 0.8w,is given in Fig. 2.2.
The estimated PBoC is C(3,0)=426.0788. Fig. 2.2 shows that when the
coefficient|c, , (1,1,1)| < C(3,0) holds, the synthesized output and the true output
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has good agreement with each other (with the NRMSE quickly decrease to 0 as
the synthesized order increases), while a larger nonlinear coefficient |C3,o (1,1,1)|
leads to the divergence of the synthesized output with an observable increasing

NRMSE.

For the comparison with the other existing results [110, 119-121], the PBoCs
of the input amplitude are given in Fig. 2.3, which indicates that our result

provides the closest estimation.

20 4 —e— Up to 1st order synthesis
—+— Up to 5th order synthesis
4| —%— Up to 9th order synthesis

5 —=— Up to 13th order synthesis

NRMSE (%)
5
1

51 Computed PBoC
0 T T T T T T T T T T
0 200 400 600 800 1000
|c,,(1,1,1)]

Figure 2.2 Comparison of the synthesized output and the true output at « = 0.8¢, .
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55
-+« PBoC for the input amplitude by Tomlinson

50 - - -PBoC for the input amplitude by Peng

I PBoC for the input amplitude by Li

A PBoC for the input amplitude by Helie

PBoC for the input amplitude by Proposition 2.3
e The true PBoC for the input amplitude
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The PBoC for the input amplitude
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0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
Normalized frequency w/em,

Figure 2.3 The PBoCs for the input amplitude

2.00

The following is to show the parametric convergence margin (PCM).

According to (2.27)-(2.31), the following equations hold

a,,=C(3,0),a, =-L(0),a, = H,(jo)UL(e)
a,,=3C(3,0),a,,=-/"L(w)

Q,=a,,= 0.

Then I’ can be estimated from (2.20) as

From (2.38), the following equation can be obtained

271C(3,0) (A (jo) )
i L() )

I2—6r%+9r

C(3,0) 0 ~-L(w) H,(jo)UL(w) 0

0 C(3,0) 0 - L(w) H, (jo)UL ()
3C(3,0) 0 —I'L(w) 0 0

0 3C(3,0) 0 ~I'L(w) 0

0 0 3C(3,0) 0 —I'L(®)

(2.38)

(2.39)

I can then be solved, and the PCM can be obtained according to (2.26). The
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convergence margin with c3(1,1,1) = -153.8223 and U =0.5 is presented

in Fig. 2.4.

N

0.8 1

0.6 1

PCM

0.4 1

0.2 1

oo--A4b-4eeee o J oo

T T T T T T T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Normalized frequency o/w,

Figure 2.4 The parametric convergence margin (PCM)

The PCM is equal to zero around the resonant frequency, which means that
the nonlinear system with given coefficients and input is divergent in the sense of
\olterra series expansion, while at high frequencies the PCM is near to 1. This is
consistent with the previous PBoC results, and also confirms the existing
knowledge about the Duffing equation [110, 119]. Numerical simulations show
that complicated nonlinear behaviours can be observed at the frequencies where

PCM=0.

2.2.6.2 The NARX model with pure output nonlinearity and cross

nonlinearity

In this example, the NARX model has a nonlinear cross-term with p =1 and
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a pure output nonlinear term with p =3 as

y(k)=c, MYk -1+, (2 y(k—2)+¢; (L LDy (k1)

(2.40)
+¢,(L1)y(k —u? (k -1)+ ¢y, Qu(k -2)

From (2.21)-(2.24), it can be obtained that

;= 2C(3,0), &, = _H_l(ja))UI:(a)),

a,,=3C (3,0), Qo = C@2)u ? - L(w),

Q,=a,;=38,;= 0.
where C(3,0) =|c,,(L11)[, and C(1,2) =|c,,(1,1,1)|. Then according to (2.20), it
gives

(Ca2u’- |__(a)))3 +2747C(3, 0)(H,( ja))UI__(a)))Z =0 (2.41)

Clearly, (2.41) provides an analytical relationship among the parametric bounds

(C(3,0),C(,2), and U ), and the linear part of the model. It can be obtained

that

L(@)~{{27,C(3,0) (H,(jo)UL(®))

C@L2) = T

(2.42)

P CORC 20°)
27 (A(jo)L(@)

(2.43)

In the discussion, the input amplitude is given as U =0.5, and give
C,0(L1,1) =-153.8223 for (2.42), and C,,(1,1,1) =-1.5382*107* for (2.43). The
estimated bound results are presented in Fig. 2.5 and Fig. 2.6. Fig. 2.5 shows that
at or around the resonant frequency or some harmonic resonant frequencies, the
PBoC C(1,2) is zero, which means that the \olterra series expansion of the model
with ¢;,(1,1,1)=-153.8223 , ¢,(1,1,1)=0, and U =0.5 diverges; Similar
phenomena can also be observed in Fig. 2.6 for the PBoC of C(3,0).
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Figure 2.5 The PBoC of c@12) = ‘01.2 (Lll)‘
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Figure 2.6 The PBoC of <(3,0)— |Cao (LL))
Fig. 2.7-2.8 show that when the nonlinear parameter is selected under the
estimated bound, the synthesized output can well approximate to the true output,
while the synthesized output becomes divergent when the parameter takes a

value larger than the estimated bound.
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Figure 2.7 Comparison of the synthesized output and the true output at = 0.8, with
C;0(1,1,1) =-153.8223.
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Figure 2.8 Comparison of the synthesized output and the true output at = 0.8, with
c,,(111) =-1.5382x10"".

According to (2.27)-(2.31), the following equations hold

a,,=C(3,0),8, =C(L2)U* - L(w),8,, = H,(jo)UL(w),
a,,=3C(3,0),8,, = (C(L2U* - L())T,
A, =8y, = 0.
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Then [ satisfies the following equation according to (2.20)

(L(@))’ T ~3(L(@))' CL2UI? +3L(e) (CQL2V?) T

27C(3,0)(L(e)F, (jo)U )2) (2.44)

~(C(L2U?) + ; =0

The convergence margin indicator /" can then be solved. When 7" >1, the Volterra
series expansion is divergent with PCM<0, which is denoted by PCM=0 in the
Figures. The PCM can then be calculated according to (2.26) and is presented in

Fig. 2.9 with U =0.5,¢,,(11,1) =—153.8223, and ¢, ,(L,11) = —1.5382*10.

1.2

—— model in example 2.2.6.2
- - - model in example 2.2.6.1
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T T T T T T T T T T T T T T
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Figure 2.9 The parametric convergence margin (PCM)

From Fig. 2.9, the convergence margin PCM with given coefficients and input
amplitude is equal to O around the resonant and super-harmonic resonant
frequencies, and the influence of the nonlinear cross-term with index p =1can
be seen. The nonlinear cross-term gives rise to a stronger nonlinear behavior,
which can be observed from the smaller PCM. The frequency bandwidth where

the PCM=0 around the resonant frequency increases (compared with the case in
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Example A). This means that the nonlinear dynamic response of the NARX

model becomes more complicated after introducing a new nonlinear term.

2.2.6.3 The NARX model with pure input nonlinearity and cross

nonlinearity

The system model is given by

y(k)=c,, ) y(k-1)+c,,(2) y(k-2) +c,, (1,12 y(k -1)u’(k 1)
+Cy, L LU (k—1) + ¢, Qu(k -1)

(2.45)
Egs (2.25) and (2.19) can be used for the computation of the PBoC and PCM,
respectively. It is interesting to see that the pure input nonlinear term with the
coefficient ¢,,(L,11) does not affect the PBoC of c,,(1,11), the PBoC of the
input magnitude, and the PCM.

From (2.25), the convergent bound can be obtained

ca2u” (2.46)
L(o)

The PBoC for c,(1,11) with U =0.5 is presented in Fig. 2.10. The PBoC of
C,,(111) is very close to O at or around harmonic resonance frequencies. In
order to validate that the convergent bound (PBoC of C(,2) :‘cly2 (1,1,1)‘ ) is
independent of the pure input nonlinear parameter, the case that ¢;;(1,1,1) =0
and the case that C,,(1,11) =-2.5%10" are compared. In both cases, the
simulations take the same input magnitude and consider the same frequency
point, for example, U =0.5,and @ =0.8w,. The PBoC of c(1,2)is computed

as 0.00142. The results are presented in Figs. 2.11-2.12, which show that when
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|cl,2(1, 1, 1)| is out of the estimated bound, the synthesized output is divergent, and

the convergent bound is independent of ¢, ;(1,1,1).

0.012 —
The PBoC of C(1,2) by Proposition 2.3
» The true parametric bound of convergence .
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Figure 2.10 The PBoC of cq,2) =|c,, (1,1,1)|
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Figure 2.11 Comparison of the synthesized output and the true output at ¢« = 0.8, With
Cos(11,1) =0

50



120
100
80 4| —=— Up to 1st order synthesis
< 1| —e— Up to 5th order synthesis
ﬁj 60 4| —— Up to 9th order synthesis
g —w— Up to 13th order synthesis
o4
Z 40
20
Computed PBoC
0 T T T T \ T T T

T T T
0.0000 0.0003 0.0006 0.0009 0.0012 0.0015 0.0018
¢, ,(1,1,1)
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Figure 2.13 The PCM

The indicator I can be obtained from (2.19). When
C,,(1,1,1)=-1.5382*10" and U =0.5, the result of the PCM is shown in Fig.

2.13. The PCM at/around the resonant frequency decreases to 0, indicating the
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complicated nonlinear dynamics there.

2.2.6.4 The NARX model with pure input nonlinearity and pure output

nonlinearity

The system model is given by

y(k) =, (D y(k =1+, (2)y(k =2) +C3, (L1 y* (k1)

5 (2.47)
+Cy5(LLDu (k —1) + ¢y, (Du(k -1)

This example is given as a comparison with example 2.2.6.1 and 2.2.6.3 to

further show how the pure input nonlinearity affects the PBoC and the PCM. In

this case, (2.20) can be used to calculate the PBoC. From (2.21)-(2.24),

., =2C(3,0),8,, =—C(0,3U° - A, (jo)UL(),
a,= 3C(3,0), Ao = ~L(w),
Q,=8,=a,= 0.

the following equation holds
(I__(co))3 _ZTZC(B’ O)(I-_Il(ja))UI__(a)) +C(0,3)U 3)2 =0. (2.48)

Then, the PBoCs can be obtained as

CE0- 5 \Le)) ; (2.49)
27 (H,(jo)UL(e)+C(0,3)U°)
4L@) .
——— -~ —Hi(jo)UL(w)
cE9 =10 e (2.50)

From (2.49), it is clear that the coefficient of the pure input nonlinearity (i.e.,

¢, 5(1,1,1) ) does affect the the bound C(3,0). This is different from the case in

example 2.2.6.3 where the pure input nonlinearity does not affect the PBoC.
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150000 The PBoC of C(3,_0) by Proposition 2.3
« The true parametric bound of convergence
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Figure 2.14 The PBoC of 3,0y = |0 WLD)|
The estimated PBoCs for C(3,0)and C(0,3)are shown in Figs. 2.14-2.15
respectively,  with C013(1,1,1)=—2.3073*10_7 in Fig. 214 and
C0(L1,1) =-153.8223 in Fig. 2.15. In Fig. 2.14 and Fig. 2.15, the computed
PBoC cC(3,0) is very close to O around the resonant frequency and

super-harmonic resonant frequencies.
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Figure 2.15 The PBoC of c(0,3) = |Cos LLD)|

30
= —=a— Up to 1st order synthesis
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5 1| —v— Up to 13th order synthesis
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Ic,o(L,L,1)|

Figure 2.16 Comparison of the synthesized output and the true output at = 0.8, With
Cos(@L1,1) = —2.3073x1077

The validation of these estimated bounds is given in Figs. 2.16-2.17 with
w=08w, and U=05 . Given the model parameters
c013(1,1,1):—2.3073*10‘7 for (2.49) and c,,(1,1,1)=-153.8223 for (2.50),
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The PBoCs are computed as C(3,0)=281.2949 and C(0,3)=6.6431x10"" . Fig.
2.16 and Fig. 2.17 show that the estimated bound is effective, and the synthesized
output becomes slowly divergent when the nonlinear coefficients are out of the

estimated bound.

1
—=— Up to 1st order synthesis
100 .
—e— Up to 5th order synthesis
—a— Up to 9th order synthesis
80 —w— Up to 13th order synthesis
< w0
LL
(92)]
z
= 40
20 Computed PBoC
0 N 1 T T T T T
0.0 3.0E-7 6.0E-7 9.0E-7 1.2E-6 1.5E-6 1.8E-6

¢,5(LL,1)]

Figure 2.17 Comparison of the synthesized output and the true output at = 0.8, With
Cy0(1,1,1) = —153.8223
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Figure 2.18 The PCM

For the calculation of the PCM , the following equations hold from (2.27)

-(2.31)

2, =C(3,0),a, =-L(@),a,=C(0,3)U° + H,(jo)UL(w)
a,,=3C(3,0),a,, =—1"L(w),
Ay =8y, = 0.

Then from (2.20), it can be obtained that

1 27CE.0)(L(@H,(je)U +C0,3U°)
L) 4

~—
Wl

(2.51)

Given U =05, c;,(1,11)=-153.8223 and Cy5(1,1,1) =-2.3073*10"
the convergence margin is presented in Fig. 2.18, which shows that the pure
input nonlinearity leads to a smaller PCM, indicating a stronger nonlinear
behaviour. The PCM around the super-resonant frequencies decreases to 0, and
the region where PCM =0 becomes wider, implying that the nonlinear

dynamics become more complicated.
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2.3 Parametric convergence bound for general input

2.3.1 Notations and definitions

Let R, as the input frequency range of a input signal u(t), and W,, is the output
frequency range. The latter can be determined with the method in [71, 73]. C(p,q)
IS a non-negative function of parameter cpgq(-) (0<p,g<n) defined in (2.12).

Define

Ho= max (|H,()|) (2.52)

o eR,

For any input U(jw) defined in R,, , and denote the minimum value of |L(jw)| as
Le, = min{L(O)} (2.53)
Obviously, different input U(jw) leads to different L, . For any input signal r(t),
denote R(jw) as the spectrum of r(t), and
p=max|R(jo)] (2.54)
U(jo)=R(jo)!p (2.55)
It is clear that U(jw) is the normalized spectrum of R(jw), and max|U(jw)|=1. The

output frequency response of the nonlinear system can be obtained as [71, 136]

N 1 o0 o0
Y(jo)=) ———| - Edw,---dw,_ 2.56
(jo) =2 P [ ] =do--da, (2.56)
n-1
where E:Hn(ja)ll”'1 j%&! j(w—Q—~--—%,l))Un(jw, j@l"'! ja)ml) and

U, (JQ jar, -, jan) =Ui(Jar) - - U (jaor 1)UL (J( Q- —+ - — -11))
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2.3.2 The main result

Magnitude bounds of nonlinear frequency response functions including the
GFRFs and output spectrum have been studied in [96-98] with a parametric
characteristic point of view, where the magnitude bounds are expressed as
polynomial functions of the magnitude bound of the first-order GFRF Hi(jw). In
this study, the bound of the output spectrum in (2.56) is formulated into a
frequency-dependent polynomial function of the input magnitude, and this
polynomial function is actually an infinite power series with respect to the input
magnitude. The closed form polynomial function in (2.58) explicitly involves the
frequency variable, wave form information of the input, input magnitude, and also
the model parameters, which provides a novel insight into the bound of output
spectrum and leads to the new parametric convergence criterion in Proposition 2.5
based on the analytic inversion lemma in [137].

Lemma 2.3: The bound of the output frequency response in (2.56) subjected to a

general input having the Fourier transform p-U(jw) (@ € R, ) is given by
. - 1&- .
V(i) <Y ==2 H.r (2.57)
n=1

which can be further written into a closed form as

s o 1 ¥ -
Y=Hy+—2 > Cp.aY"’ (2.58)
=R, m=2 p+q=m
0<p,q<m
where
o= [ [U(jm)|dm, Y=oV, y=op (2.59)
o eR,
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K
Specifically, if u(t) =) |F|cos(at+£F) with max|Fil=1, o in (2.59) is given
i=1

by
(2.60)

o= |F(ia,)
@R,

with R, ={am,@r,---ax} ad F(a,)=|F |e"™ for k e{l-,K} . For a
single-tone input, i.e., K=1, A, can be replaced by |H1(ja))| in (2.57) and
(2.58).
Proof: See Appendix 2.5.
Remark 2.9: ¢ in (2.59) involves the wave form information of the input, Y and
y can then be considered as a new bound for the output spectrum and the new input
magnitude having wave form information, respectively. The input wave form
information involved in ¢ makes the result in this section available for a general
input.

In [137], it is shown that an analytic function locally admits an analytic inverse
near any point where the first derivative of the inverse is non-zero. However, a
function cannot be analytically inverted in a neighbourhood of a point where the
first derivative vanishes.

The output bound in (2.57), V:%i H,»", is analytic in its convergence

=t
region, which allows an analytic inverse. That is, in the convergence region, there
exists an inverse f ™ such that y = f(Y) . Therefore, the minimum input
magnitude bound where the first derivative of the inverse is zero, i.e., dy/dY =0,
can be regarded as the convergence bound of the power series (2.57) (where the

analytic inverse does not exists). The following proposition can be obtained.
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Proposition 2.5 The parametric convergence bound of the \olterra series
expansion of the NARX system subjected to any input p-u(t) with a Fourier
transform pU(jw) (satisfying |U(jw)|<1 for all w) for any model parameters (with

p+g>1) and input magnitude p can be obtained by solving the following equations:

L w i (2.61)
—> Z pC(p,a)Y Py =1

Proof: To ensure the convergence of the power series in (2.57) is to guarantee the
existence of analytic inverse and thus to find the singular point where the first
derivative of the inverse is zero. Therefore, applying the first derivative operation
to both sides of (2.57) with respect to Y , and setting it to be d%Y =0, it yields
the second equation of (2.61). Together with (2.57), the convergence bound for 7
can be obtained and thus the bound of p can be computed by (2.59). If the input
magnitude p is given, solving (2.61) can give a bound for any model parameters
with p+g>1. o

Remark 2.10 Proposition 2.5 presents a more general result, which is applicable
to any input signal (not just for single-tone harmonic input as those in [110, 119,
120, 138, 139]), and can achieve a convergence bound for both input magnitude
and any model parameter (with p+g>1). Due to the definition of y in (2.59), the
convergence bound obtained with Proposition 2.5 is dependent on the wave form
of the input (not just input magnitude in all of the existing results). Also, due to the

definition of | _ in (2.53), different input frequencies may result in different
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values of L; , and thus the bound result by Proposition 2.5 is also
frequency-dependent.

Remark 2.11 A convergence bound (denoted by 7 ) for y can be obtained via
Proposition 2.5. From (2.59), the input magnitude bound for p can be calculated
with 5=7/o . For a single-tone harmonic input u(t) = pcos(at +<£R)
o =1 in (2.59) and the input magnitude boundis 5=7/1=7 , whichisthe input
magnitude bound obtained in last section. For a general input, the convergence
bound of input magnitude in [121] is a constant that close to the worst case in this
frequency-dependent bound.

The convergence bound results obtained by Proposition 2.5 is dependent of the
frequency, the magnitude and wave form information of input signals, and is
available to any characteristic parameters (including input magnitude and model
parameters with p+g>1). This cannot be achieved by all the existing methods. To
compute the parametric convergence bound, the following procedure can be used
Algorithm 2.3:

Step 1. Compute the bounds H, and Ly with (2.4), (2.8), (2.52), and (2.53).

Step 2. Solve (2.61) to find the bound for 7 or any model parameters Cpq( 9
with p+g>1.

Step 3. If all model parameters are known, the parametric convergence bound
of input magnitude p can be obtained with the computed bound of y, and (2.59) ; if
input magnitude p is given, then y can be computed with (2.59), and a
convergence bound for any specific model parameter cpq(9 with p+g>1 can be
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obtained from (2.61).
2.3.3 Examples and discussion

Consider that model (2.35) is subject to a multi-tone input
u(k) = p(cos(ak) + S cos(w.k)) (2.62)
where gcos(w.k) Can be seen as a disturbance of cos(wk) , satisfying

0< B <1 . Similar conclusions can be drawn for any other input signals.
2.3.3.1 Computation of the convergence bound of input

The parametric bound of convergence (PBoC) of input magnitude p can be

computed according to Algorithm 2.3. From (2.61), the following equations hold,

CB,OY -L,Y+L, Hy=0
{ (3,0) L, T T, M (2.63)

3CBOY*-L, =0
From the second equation of (2.63), it gives Y =+/Lg, /3C(3,0) . Substituting Y
into the first equation of (2.63), the convergence bound of y can be obtained. Then

according to (2.59), the PBoC of p is straightforward as
2,/L
Y _ V=R (2.64)
1+8 301+ ﬁ)Hl\/3C(3, 0)

Given cso(1,1,1)=—153.8, k30=0.01wo?, =0.2, and wz=w1+2n-1-Ts, the computed

p=

PBoC of input magnitude is presented in Fig. 2.19. From Fig. 2.19, it can be seen
that the computed PBoC of the input magnitude p is very close to the convergence
bound by numerical simulations. As a comparison, the PBoC of input magnitude
when model (2.35) is subject to a single-tone input, setting fto 0 in (2.62), is also

presented in Fig. 2.19. It can be seen that even though f is very small, for example,
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0.2 in this case, the PBoC with a multi-tone input is obviously smaller than the
PBoC with a single-tone input because of the inter-modulation between the two
input frequencies [39, 73]. When the model (2.35) is subject to a multi-tone input,
the results in [110, 119, 120, 138, 139] are not applicable, and the convergence
bound according to [121] is 5.3895x10°®, which is more conservative compared

with the PBoC via Proposition 2.5 at the resonant frequency (0.0032 in this case).

18

- = - The convergence bound by numerical simulation with multi-tone inp
1—=— The PBoC via Proposition 2.5 with multi-tone input
15 4—*— The PBoC via Proposition 2.5 with single-tone input

[N
N
1

The PBoC of input magnitude p

T T 1 .t - 1 r 1 17
00 02 04 06 08 10 12 14 16 18 20
Norminalized frequency /ey

Figure 2.19 The PBoC of the input magnitude
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0.00 0.05 0.10 _ 0.15 0.20
Input magnitude p

Figure 2.20 The normalized root mean square error

The normalized root mean square error is again given to validate the
effectiveness of the bound result above. The NRMSE taken at wi1=1.1wo as an
example is presented in Fig. 2.20 It can be seen that when the input magnitude is
smaller than the computed PBoC, the NRMSE dramatically decreases to 0 as the
synthesized order increases, but the synthesized output Ysynthesized(k) becomes
divergent with an observed increasing NRMSE when the input magnitude is larger

than the computed PBoC.
2.3.3.2 The convergence bound of model parameters

The computation of the PBoC of model parameter c3o(1,1,1) is given as

2

C(3,0) (2.65)

J— _Ra}
271+ B)2 p?HE

64



The PBoC C(3,0)
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Figure 2.21 The PBoC of the model parameter c30(111)
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1 —A&— The PBoC via Proposition 2.5 with multi-tone input 2

—e— The PBoC via Proposition 2.5 with single-tone input
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65



For the computation of the PBoC, the method in [121] is not applicable.
Considering the input magnitude as p=0.5, the computed PBoC is presented in Fig.
2.21 In Fig. 2.21, the multi-tone input 1, multi-tone input 2, and single-tone input
correspond to the input in (2.62) with =0.1, $=0.3, and p=0, respectively. The
PBoC of the model parameter with the multi-tone input is also smaller than that
with a single-tone input. When g varies from 0.1 to 0.3, the nonlinearity degree of
model (2.35) increases, which leads to a smaller PBoC of the parameter (see Fig.

2.21).
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2.4 Parametric convergence bound for single-input multiple-output (SIMO)

system

Consider a SIMO NARX model with M subsystems as [65]

M M M K
1p=0 j=1 j,=} jp:Jp—l k1,~~,kp+q:0

( o (R pw.,lk)]_[yJ (k- k)ﬁu(k k))

i=p+1

p+q

y; (K) =

‘ﬁM—Z

(2.66)

where y, (K) is the jxth output, jx=1,2,---,M. M is the number of subsystems, and N;

IS the maximum nonlinear order in terms of output y(k) and input u(k).

“'” Bk, k ) is the model parameter of the corresponding term

1 Rpiqo Jk
Iy, (- ki)HiT:HU(k —k;) in the jkth subsystem, which has a nonlinearity
degree p+q (p order in terms of the output and g order in terms of the input), and k;
is the difference order with the maximum order K. The superscript ji, i=1,2,---,p in

the model parameter ¢ ™" (k,, -, K,.q; j,) means that the jith output, y ().

Yy p+q1

is in the corresponding term T’ y, (k _ki)Hi:q+1U(k —k;) . Denote m=p+q,

which is, clearly from the above, the nonlinear degree in NARX model (2.66). An

example for a single-input four-output NARX model can be seen in Section 3.3.
The jxth output of the SIMO NARX model in (2.66) can be approximated by the

\olterra series (truncated up to the order N) as,
N © 0 . n
Y, =2 [ W, r)[Jut-7)dz, (2.67)
n=1 i=1

where h{"(z,,---,7.) is the nth-order \Volterra kernel of the jith subsystem.
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2.4.1 The nth-order GFRF and nonlinear output spectrum

The nth-order generalized frequency response function (GFRF) can be recursively

calculated [65] as,

Hrﬁl)(ja)l,---, Ja)n) |1,1 I1,2 Il,M N Ai,n

H — HrEZ)(ja)li.“’ Ja)n) |2,1 |2,2 Iz,M Az,n
" : | : (2.68)

HrEM)(ja)l,---,ja)n) IM,l IMZ IM,M AM,n

=L (joy, - jo,) A,

where H® (jay,--+, jo) is the nth-order GFRF of the jith subsystem, Ain
represents the ith element of An. wi, i=1,---,n is the frequency variable in the

nth-order GFRF,

K H - _ H +.+w - -
_chj,io(kl; Je wlortion) Ji # o
=1 269)
1= ¢l (ky; e el im) ji = i
k=1

Equation (2.69) involves only the linear model parameters, e.g., cio(.). A  in

(2.68) is given by,

m=2 p=1 j;=1 jZ:j1 Jp=lpa Ky -~,kp+q Ky, k, =0
(k Knon) c ipl j
= j(kyo ++kp, Jplpah .
xe it o Z el R (e, Ko ) (2.70)
Ky K =0
= J(Kpaa@n_qat+Kpqon) Ly Uplparh) ¢ 5 :
x e p+1%n—q p+q@n Hn—z,';) (Ja)l"”’Ja)nfq):|

where m=p+q, and

o i n-p+1
oty M ey ia) =
r1,~~,rp:1;r1+-~+rp:n—q (271)
|:Hr(iji)(ja)xi+1"“’ iji+|—i )elki(’”xi+1+"'+w><i+n)}

p
i=1
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n—p+1
Z is the summation of all different combination of (y1,72,**,7p)

fen =L+ 4y =n—q
which satisfy , 1<y1,y2,+,yp<n-p+1 andyi+yo+---+yp=n-q.
H;E,Jlk)(Ja)l’ ., Ja)n) — Hrglk)(Ja)l,’ Ja)n)e*k1(lﬁ)1++Ja)n) (272)

i o, et , 1 :0’ >1
e J(Kpg@nguate+Kpoqon) :{ q=4p (2.73)

0 g=0p<1
In (2.71), Xi=y1ty2t---+yi1, and y1+yo+---+yp=n-q for all p>2 and positive integer yi.
It is clear that higher-order GFRFs can be recursively calculated from the
lower-order GFRFs, and the recursion terminates at the first-order GFRF, i.e.,

H ) (jay,) . To compute the first-order GFRF via (2.68), (2.70) is then defined by

K .
A= Z Cox(Ky; jk)e_mkl- (2.74)

k =0
When the SIMO NARX model is subject to the harmonic input (2.9), the nonlinear
output spectrum of the jkth subsystem (truncated at the order N) can be obtained as

[70, 73, 79, 117]

Y (0=

2_1n 3 (Hé’“(jwp---,jwn)ﬁA(wi)ﬂ (2.75)

o+ w0, =Q
where |A| is the magnitude of the input u(k), which is denoted by U latter, Q is the

output frequency, w is the input frequency, «, {w,—w}-

2.4.2 Notations and Definitions

is denoted for matrix A as ||A| =supHxH:1||Ax|| . Denote the upper bound of

L (jeo, - jeo,) » Which is defined in (2.68), over the whole output frequency

range Wy as
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L™ (@) = sup {
QeW,,

] } (2.76)

where W, = )" W, =) {Q|Q=a + +a, o{o,—w}} represents the
output frequency range when the NARX model (2.66) is excited by (2.9), and W,
is the output frequency range of the nth-order output (see more discussion in [73]).

Define

Jpjpl LY Koo Jk)” (2.77)

. . K
Jplpah z
C(p,q;Jk) -
Ky Kpaq=0

10" Rpig

Obviously, C(’p‘q"j)‘l is a nonnegative function of the model parameters

JJpl h( Jk)

2.4.3 Boundedness of the GFRF and nonlinear output spectrum

Lemma 2.4: The upper bound of the nonlinear output spectrum of the jkth

subsystem at Q=kw is given by

v (k) _ S n-1 k+2(n-1)-1
YQ Ii(w (U) - Z(CkJrZ(nfl) 2

(2.78)
XHIEikz)(n—l)(jwl’“" ja)k+2(n_1))U k+2(n—l)) k e N*
Yok, U) = 2[252 H¥ (jeo,, - ,ja)Zn)Uz”J, k =0. (2.79)

where H(ja,++, jm) is the upper bound of the nth-order GFRF, which

satisfies the following equation

S0 o) = L), [ S D )

J=1 m=2 p=1 j=1 j,=}j; jp:jp—l
(2.80)
—m+l
ijjp’l"‘h & : _(ji)(' H ) n>1
(p.ai i) % H i JOxr s )0y ) | N>
r,=1,> r=n—q i=1
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and

H¥ (jey) =|[HP (joy)), n=1. (2.81)
Proof: See Appendix 2.6.
Lemma 2.5: The upper bound of the nonlinear output spectrum of the jkth
subsystem involving all of the frequencies in the output frequency range W is

given as
THU)=2TE0)= T TH)
k=0

QeW,,
o0

n=1

(2.82)

+00

=2 ALY (o, - Jo U

n=1

ZY_n(jk)(ja_))

QeW,

Proof: Following Lemma 2.2 .

Lemma 2.6: When |:(a)) < holds, and the upper bound of the nonlinear output
spectrum of any subsystem is divergent, the upper bounds of the nonlinear output
spectrum of all of the other subsystems also diverge.

Proof: See Appendix 2.7.

Remark 2.12: The bound results above can be seen as an extension of the results
for SISO case in section 2. The upper bound of the nonlinear output spectrum of
the jk'[h subsystem in (2.82) is expressed as the summation of an infinite power
series, which can also be seen as the summation of the power series (with
nonnegative coefficients) in (2.78) and (2.79). If the upper bound of the nonlinear
output spectrum in (2.82) converges, the upper bound of the nonlinear output
spectrum at any frequency for any subsystem converges. Obviously, this indicates
a convergent Volterra series expansion.
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Lemma 2.7: The upper bounds of the nonlinear output spectrum of all of the M

subsystems satisfy

EDYD RN P (e | )

B=lm=2p= j=1i=j  Qp=lps i=1

(2.83)
Mo _ M 4o M o
VI U+L@Y] D (Comy U ")+ 2 (AP (i)U) =0,
k=1 jk=1m=2 =1

Proof: See Appendix 2.8.

2.4.4 Parametric bound of convergence (PBoC)

The parametric bound of convergence (PBoC) is defined as the upper bound of a
characteristic parameter in which a given nonlinear system has a convergent
\olterra series expansion.

Proposition 2.6: The PBoC can be obtained by solving (2.20), with

By = @), il L (p.9:Jk) HI-_I(D 2SPpsM; (2.84)
k=19=0 =l j=h  Jp=lpa i=1 ' (C())
_ M +0 M . |'_|(j1)(a)) M |__|(jk)(a))

—L UiCh 1 ey g >2 (2.85
e (“’)ZZ( o Hf“(co)j 2R P Praz2 25
M . . _ M +o0 o

8= (Hl(Jk)(Ja)l)U)+L(w)ZZ(C(O,m;jK)U ) (2.86)

o1 oL m=2
M

N VRS (e gW
L3 SS S § ko [ | 2<p<m, con

ik=19=0 j=1 j,=} Jp=lpa i=1

_ M 40 M ) H (h)(a)) M (jk)(a))
a,,=L(w) (U“C’l.. L -y = ,p=1p+q=>2(2.88)
2,0 ;;; @.asJ) Hl(l)(a)) szzll Hl“)(a))

where jefL---,M} which means that H,”(®) can be any one of
(A9 (@), A" (@)}
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Proof: See Appendix 2.9.

Note that the PBoC in Proposition 2.6 can be computed via any subsystem of
the SIMO model, and the PBoCs by different subsystems will be the same with
each other, which is consistent with the result in Lemma 2.6, that is, if one of the
subsystem is not Volterra-type, then all of the other subsystems are also not
\lterra-type.

Remark 2.13: If (2.20) has only one positive root, this positive root is the
computed PBoC. If there exists more than one positive roots, then the smallest one
is the computed PBoC. Otherwise, if there does not exist any positive root, the
computed PBoC is 0, which means that the nonlinear model under study is already
out of the convergence bound, and the system is not \olterra-type. Although the
PBoC estimated here is derived for harmonic input signal, it can act as a useful
reference or guidance for parameter optimization and design in practice for any
input signals.

Remark 2.14: The bound result in (2.83) is an explicit expression of the output
bound of all of the M subsystems, which is for the first time developed for a
multi-output system and cannot be simply extended from the result in for SISO
case. The result in Proposition 2.6 holds for any j from 1 to M, which is in
compliance with Lemma 2.6. With Lemma 2.6 and the approximation (I-1) in
Appendix 2.9, the bound result of the nonlinear output spectrum in (2.83) for a
single-input multiple-output (SIMO) model can then be cast into the SISO case as
shown in (I-2) in Appendix 2.9.
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The procedures for calculating the PBoC is summarized as:

Algorithm 2.4 Computation of PBoC:

Step 1. Calculate I:_l(a)) according to (2.69) and (2.76); Calculate C("g’j;;};'jl
according to (2.77).

Step 2. Calculate I-_|1(jk) according to (2.68)-(2.70), (2.74), and (2.81).

Step 3. Solving (2.20), the PBoC can then be obtained.
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2.5 Conclusion

In this chapter, the parametric bound of convergence (PBoC) is studied for the
single-input  single-output (SISO) nonlinear systems, the single-input
multiple-output (SIMO) nonlinear systems, and also the nonlinear systems with a
general input. The developed algorithms for calculating the PBoC not only
determine the convergence bound of input magnitude (the results existed in the
literatures) but also determine the convergence bound of model parameters of
interest. These results can provide a straightforward and useful guidance for the
analysis and design of nonlinear systems with the nCOS method, which will be

illustrated in the following chapter.
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3 The nCOS method based analysis and
design of nonlinear parameters,
considering the parametric convergence
bound (PBoC)

3.1 Introduction

Nonlinearities are complex phenomena in practice for analysis and design. If a
nonlinear system has multiple steady states, the dynamic response could be very
complicated, and even a simple harmonic excitation could lead to complex
bifurcation or chaos. This could greatly complicate nonlinear analysis and design.

In vibration control problems, system nonlinearity usually comes from two
sources: inherent nonlinearity such as in a vehicle suspension [140-142] or robotic
manipulators [143-145] and externally introduced nonlinearity for performance
improvement, which can be observed in nonlinear stiffness and damping design
[23, 73, 79, 92], energy harvesting systems [146], hard disk drivers [147], elastic
drives [148], and power invertors [149].

As discuss in Chapter 1, there are several methods for the analysis and design of
nonlinear systems, for example, the harmonic balance method and perturbation
method [39]. Difficulties such as analysis complexity and computation burden can
often be observed, especially when these methods are applied to a
multi-degree-of-freedom (MDoF) system or a multiple input multiple output

(MIMO) system. Compared with the harmonic balance or the perturbation method,
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the Volterra series associated frequency domain method has an obvious advantage,

i.e., the output spectrum of the system can be expressed as a polynomial function

with respect to the nonlinear model parameters of interest [92, 95, 113, 115],

which is referred to as the nonlinear characteristic output spectrum (nCOS)

function in [92].

The nCOS function can be any system output function or multiple-object
performance function to be optimized, it is therefore obvious that the nCOS
function based method can provide a straightforward insight into the analysis and
design of nonlinear systems and also greatly facilitate the applications in practice,
especially for MDoF or MIMO systems.

In this chapter, two applications of the nCOS method to the analysis and design
of nonlinear parameters are presented:

1. In section 3.2, a nonlinear damper is proposed to overcome the dilemma
associated with linear viscous damping. The system performance (force
transmissibility and displacement transmissibility) is analytically derived in
the form of the nCOS function with respect to the nonlinear damping
coefficient. The transmissibility performance can then be easily studied, and
the superior performance of the proposed nonlinear damping relative to that of
linear viscous damping can be well demonstrated.

2. In section 3.3, a nonlinear optimization problem is studied. The
multiple-object performance function is constructed and mapped onto an
nCOS function with respect to nonlinear parameters of interest. The
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optimization can then be straightforwardly conducted within the determined

parametric convergence region, i.e., the PBoC proposed in Chapter 2.

In these two cases, the nCOS method works only when the system input-output
relationship allows a convergent \Oolterra series expansion, which can be
guaranteed via the PBoC or PCM proposed in Chapter 2. These two cases show
that:

1. The results in Chapter 2 can provide a useful guidance for Volterra series
associated methods such as the nCOS method.
2. The nCOS method can provide a straightforward and effective way for the

analysis and design of nonlinear parameters or nonlinear components.
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3.2 nCOS method based analysis of nonlinear damping

There is a well-known dilemma associated with linear viscous damping
systems, i.e., a larger damping coefficient leads to performance improvement
at/around the resonant frequency w, but deteriorates the performance at
frequency Q >+v2w, [150, 151]. To overcome this dilemma, isolators with
nonlinear stiffness and/or nonlinear damping have been widely studied to explore
the potential nonlinear benefits in vibration control [24, 95, 152-156].

In [153], vibration isolators with nonlinear stiffness and nonlinear damping
have been investigated. The transmissibility was derived using the harmonic
balance method. Jump phenomena can be observed because of the nonlinear
stiffness. Nonlinear damping defined as a pure function of velocity is studied
under force excitation [24, 85, 86] via the Volterra series associated method [94, 95,
113]. The cubic-order nonlinear damping can produce an ideal vibration isolation,
i.e., the force transmissibility is suppressed only in/around the resonant frequency
but remains almost unaffected in the non-resonant frequency region. Milovanovic
[157] studied vibration isolators with cubic-order nonlinear stiffness and damping
under base excitation. The absolute displacement transmissibility of the isolator
with cubic-order nonlinear damping approaches 1 as Q—oo, which corresponds to
a rigidly connected system.

In this section, a cubic-order nonlinear damping (i.e., (-)? %) is investigated.
The performance (force and absolute displacement transmissibility) is derived to

be an explicit and analytical polynomial function with respect to the nonlinear
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damping coefficient (defined as nonlinear parameter of interest). With these
transmissibilities developed in the form of the nCOS function, it is then
straightforwardly and analytically shown that the nonlinear damping (-)2%
can produce much better vibration isolation performance under both force

excitation and base excitation.

3.2.1 Nonlinear isolators and transmissibility functions

F (1) = Asin(aot)

v 50

e

- E, (1)
[ v

Figure 3.1 Isolator subjected to force excitation

m JIJ(”

tj c%wz(—)jm-

‘F(f)

| Y - J u(t) = Asin(wt)

Figure 3.2 Isolator subjected to base excitation

The nonlinear damping force is denoted as:

d( d(
Fo=c0 ¢ ()7 90 (3.1)

where c is the linear damping coefficient and c, is the cubic order nonlinear
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damping parameter.

3.2.1.1 The isolator subjected to force excitation and the force

transmissibility

From Fig. 3.1, the governing equation of an isolator under force excitation can
be given as
my, =—kx, —cX, — ¢,%’%, + Asin(at) (3.2)

The force ratio Tg.(t) is then defined as

F CX,  C,X X
T, (t)= %":%+TX1+ ZX%\Xl (3.3)

b

These two equations can be non-dimensionalized as

{V1+y1+§1y1+ﬂ2y12yl =sin(Qr) (3.4

Y=Y+ ézlyl + ﬂ2y12Y1

with

ot =1,0, =\/%,Q=%O’Zl(7)zxi(t)zxi(%)oj’

()=t (0). 4 (0 =07 (). 3 ()= )7
Y, (Z')ZTf (T),fl :ym’ﬂz :CzAzﬁ

3.2.1.2 The isolator subjected to base excitation, and the force and

displacement transmissibility

The governing equation of an isolator in Fig. 3.2 under base excitation can be
written as:
Mm%, = K(U =) +C(U—%) +C,(U—x)* (U - %) (3.5)

where U= Asin (a)t) . The force ratio Ti.(t) is denoted by:
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T ()= = 2 U-%) 2@ %) 2 U-x)@-%) (36

Denote the relative displacement x of the isolator as:
X=X-U 3.7)

The following non-dimensional equations can be obtained:

{y1+y1+§1y1+ﬁ2y12)71 =Q Sin(Q‘T) (3.8)

Yo=Y +§1y1 +ﬁ2y12y1

with
t=r, :k,Q:a’ J2(t)=x(t)=Xx| © ,
at=r.0,= 5,029, 2(2)=x(1) (%Ooj
! . o . z
X(t)=aw2(7),%(t)=w2(7), y,(7) = (T%,
— — C :Czﬂz
Y2(T) T (T)’éjl /M'ﬂz M
From (3.4) and (3.8), it can be observed that the base excitation can be
equivalent to a force excitation when the magnitude of the disturbing force is
proportional to the square of the exciting frequency Q*.
In the following, the absolute displacement transmissibility is derived. The

displacement ratio is defined by:

X, X+u
T t == = 3.9
dr( ) A A ( )
which is non-dimensionalized as:

ys =Y, +sin(Qr) (3.10)

where Y, is defined in (3.8).

In the next section, an explicit and analytical relationship between the force or
displacement transmissibility and the nonlinear damping coefficient £, will be

developed in the frequency domain using the nCOS method.
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3.2.2  The force and displacement transmissibility in the frequency domain

The concept of the nonlinear characteristic output spectrum (nCOS) was
recently proposed [5, 12-13]. The advantage of this concept is that the output
spectrum can be given as an explicit and analytical polynomial function with
respect to the nonlinear parameters of interest. The analytical relationships
between the transmissibilities, i.e., the force transmissibility T¢(22) and
displacement transmissibilityT4(£2), and the nonlinear damping coefficients £,
are developed in this section, which can provide a straightforward understanding

of the proposed nonlinear damping.
3.2.2.1 Force transmissibility T;(2)

From system (3.4) and system (3.8), it can be observed that the force ratio under
base displacement excitation has the same form as that under force excitation. The
only difference is that the input magnitude is 1 for force excitation but Q> for base
excitation. These two transmissibilities will be developed in the frequency domain
in this section.

According to [65, 85, 114], system (3.4) and system (3.8) can be regarded as a

single-input-double-output system, with the output spectrum obtained as

YJ(ja)):Z% S H (jo, o jo)U(@)-U(w,)  J=12 (3.11)

n=1 o+ 0, =0

where H,{(jwl, -+, jwy,) is the nth-order generalized frequency response function
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(GFRF), N is the truncation order, and U(w;) is the input spectrum. For system

(3.4),
-] when @ =Q , i=1---,n
U(w)=10 otherwise (3.12)
j when o, =—Q,i=1---,n
For system (3.8)
-jQ° when w =Q, i=1L,n
U(w)= otherwise (3.13)
jQ? when @ =-Q,i=1,L,n

(3.11) involves the computation of the nth-order GFRFs H,{(jwl,m,jwn),

which can be referred to Appendix 3.1 . With the results in Appendix 3.1, the

output spectrum Y, (jw) in system (3.4) and system (3.8) can be written as

IN/2]

Y,(jo)=P,(jw)+ z; P,(jo) B! (3.14)
where
R, (jo)=H}(jo)U(jo) (3.15)
1 (je) ma T { y ot o ,k)}
(0= 2 Ly éﬂﬂ_wllej(Jwi)U(w); 11

l:ja) +- +ja)l(h)}
(3.16)
The definition of L(jw) is also given in Appendix 3.1. (3.14) presents an
analytical relationship between the output spectrum and the nonlinear parameters

B, . The force transmissibility can then be given by

[n2]
T (Q)=|v,(i2)=|R ZF’ (iQ)B (3.17)

It can be observed that (3.14) and (3.17) are explicit polynomial functions of the
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input and first-order GFRF. Substituting (3.12) into (3.15) and (3.16), for system

(3.4) (nonlinear isolator subjected to force excitation), it can be obtained that
i) A+ 15€) 3.18
R, (i) L) (3.18)

n

S H[jw'i“ﬁ“r ja’li(m)}

P (jQ)=— jQ° Yy (3.19)
[j“"f<1> e j“’ﬁwJ

2 LGP [LGT we T T T L

i=1
where w;e{—Q,Q},i=1,---2n+1
Similarly for system (3.8) (the nonlinear isolator subjected to base excitation),
it can be obtained that

|0+ j£0)
»(2)="10)

] 1 -Q4n+4 Nm
P, (iQ) ‘ y o Yu

T2 LGP [LGQT arSaS

where w;e{—Q,Q},i=1,---2n+1 .

From (3.17), when there exists no nonlinear damping coefficients, i.e., 8, = 0
and B, =0, the nonlinear isolator turns into a linear isolator. The force
transmissibility is easy to obtain as

For system (3.4), the linear isolator under force excitation,

ja+jgo)|_ | 1+(s0)
L) | |(1-07) +(50)

T <Q>=\Y2<19>\=\Po<m>\=\ 622

For system (3.8), the linear isolator under base displacement excitation,

192<1+j§19)‘: P I L)

T, (Q) = ‘Yz ( JQ)‘ = ‘Po ( JQ)‘ :‘ L(jQ) (1_92)2 +(§Q)
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3.2.2.2 Absolute displacement transmissibility T4(£2)

The output spectrum of Y, in (3.10) is given as

[N/2]
Y;(jo)=Y,(jo)+(-])=PR(jo)+ Z P,(jw)p" (3.24)
where P(jo )——j—L_(JJa;) (3.25)

n

. 1 1 2n+1 Nn Hl:'la)lzk(l)++]a)|i(]£):|
Fﬁl( JCU) = oo :E: jI_IiF* (jo)U (o, ):E: =u
(Ja)) Ot Oy =0 i=1 =1 HL|:Ja) T ja)( J

i=1

(3.26)
The absolute displacement transmissibility can be obtained as
[N/2]
T, (Q)= (iQ)=|P Z P.(jQ)B (3.27)

3.2.3 Effects of nonlinear damping coefficients on vibration isolation

The force transmissibility and the absolute displacement transmissibility are
derived in section 3.2.2. All of these transmissibilities have an explicit analytical
polynomial relationship with the nonlinear damping coefficient f, . The
performance of the proposed nonlinear damping can then be easily investigated
with the explicit nCOS function. The following results can be obtained
Proposition 3.1: For force excitation, the nonlinear damping ()2 % can produce
the following performance for force transmissibility:

(DWhen Q@ > 1 or Q K1,
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1+(£Q)
(1-02) +(50)

T (Q)=|R(iQ)= (3.28)

(I When Q =~ 1, there exists a f such that the force transmissibility can be
expressed by an alternating series with respect to the nonlinear coefficient 5, if
0 < B, < B. The force transmissibility can therefore be suppressed by exploiting
the properties of alternating series.

Proof: See Appendix 3.2.

Proposition 3.1 indicates that the nonlinear damping term (-)de—(t') has almost
no effect on the force transmissibility over the non-resonant frequency regions, i.e.,
a frequency much lower or much higher than the resonant frequency, and the force
transmissibility is obviously suppressed at/around the resonant frequency.
Proposition 3.2: When the isolator is under base excitation, the following
performance for the force excitation can be obtained:

(I) When Q > 1 or Q « 1, nonlinear damping (-)2%) leads to

1+(£Q)
(1-07) + ()

T(Q)~|R(jQ)=9? (3.29)

(I1) When Q =~ 1, there exists a # such that the force transmissibility can be
expressed as an alternating series with respect to the nonlinear coefficient g,
where 0 < 8, < B. The force transmissibility can therefore be suppressed by
exploiting the properties of alternating series.

Proof: See Appendix 3.3.
Proposition 3.2 shows that the proposed nonlinear damping can significantly
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reduce the force transmissibility over the resonant frequency while leaving it
almost unaffected in the non-resonant frequency region.

The absolute displacement transmissibility under base displacement excitation
is very similar to the force transmissibility discussed above.
Proposition 3.3: The proposed nonlinear damping ()2 % leads to the following
performance for the absolute displacement transmissibililty:

() When Q > 1 or Q « 1, nonlinear damping (-)2% can make

_ 1+(£Q)°
T(Q)=[R(j2)= (1_9252 . ()5 oy (3:30)
(1) When Q = 1, there existsa > 0 such that
d[T ()*
iz, <0, for 0<p,<p (3.31)

Proof: See Appendix 3.4.

In this section, the performance of the nonlinear damping is theoretically
investigated with the nCOS method. When the harmonic balance method or
perturbation method is used to analyse the proposed nonlinear damping, the
isolator perfromance (the force transmissibility and absolute displacement
transmissibility) and the input are involved in a set of nonlinear algebraic
equations that must be numerically solved to obtain the performance. The
derivation of the isolator performance in Proposition 3.1-Proposition 3.3 vianCOS

method is thus more straightforward.
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3.2.4 Examples and Discussion

The following simulations via the Runge-Kutta method are given to verify the
theoretical results above. The demonstrations of the results in section 3.2.3 are
based on the nCOS functions developed between the system performance (force
transmissibility and displacement transmissibility) and the nonlinear damping
coefficient, so the convergent Volterra series expansion relationship between the
system performance and the system input should thus be studied first. The
parametric convergence bound for the nonlinear damping coefficient f, is

computed.

3.2.4.1 Compute the PBoC of the nonlinear damping coefficient 5,

From (3.4) and (3.8), it can be observed that the only difference between the
dimensionless governing equation of force excitation and that of base excitation
is that the input magnitude for force excitation is 1 but the input magnitude for
base excitation is Q. Thus, the parametric convergence bounds, i.e., PBoC, for
the nonlinear damping coefficient f, in these two cases can be computed in the
same way but with different input magnitudes.

The first equation of the governing equations ((3.4) or (3.8)) is transformed

into a SIMO NARX model as
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x(K) + Y, (K) + &2(K) + B,¥;° (K)z(K) + B,2° (k) =U sin (Q7)

x(K) = y, (k) - 2y1(kT—21) +y,(k—2)

S

where U =1 for (3.4) and u=Q?*for (3.8), and x(k) and z(k) denote the
acceleration and velocity of Y,(k), respectively. T is the sample time.
According to Proposition 2.6, and denoting Bz as the parametric bound of

nonlinear damping coefficient 5, the following equations hold
H (jo) HY (jo) , H (jo)
T |t =t = ,
AP (jo) AP (jo) P (jo)
A, =[ny1)(lw)+ H?(jo)+HP(jo) JU, a,, =3a,5, a,, =2a,,, 8,,=4,,.

=B,L(jo) ===

From (2.20), the following equation can be obtained:
27al,a’, +4a 8, =0
Then, the parametric bound for the nonlinear damping coefficient £, can be

obtained as

el 4 H(yl)(Ja’) a11
— 3.33
% 27L(jo) AP (jw) a?, (3:33)

In Figure 3.3 and Figure 3.4, the parameter is given as & =0.1,T, =1/2000s.
It can be observed that the computed parametric convergence bound for the
nonlinear damping coefficient S, has good agreement with that obtained by
numerical simulations, thereby validating the results proposed in Chapter 2, i.e.,
the parametric convergence bound for the Volterra series expansion of nonlinear

systems.
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Figure 3.3 The parametric convergence bound g, for a nonlinear isolator under force excitation
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Figure 3.4 The parametric convergence bound g, for a nonlinear isolator under base excitation
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3.2.4.2 lsolator performance

Figure 3.5 presents the force transmissibility of an isolator under force
excitation. The solid line and dash line are the force transmissibilities with linear
damping coefficients & = 0.1 and & = 0.325, respectively. The star line
presents the performance when the cubic order nonlinear damping (-)de—(t') IS
introduced into an isolator with nonlinear damping coefficient 8, = 0.1. It can
be observed that the force transmissibility over the resonant frequency is
obviously suppressed but remains almost unaffected over the non-resonant
regions. The dash line is presented as a reference case. To reach the same force
transmissibility in the resonant frequency as that by cubic-order nonlinear
damping, the linear damping coefficient &; increases from 0.1 to 0.325, which
obviously leads to performance deterioration at high frequency.

The nonlinear damping coefficient is chosen as £, =0.1 in the following
discussion. This is because that the convergence bound for the nonlinear
damping coefficient, ,Bz, is larger than 0.1 in almost the whole frequency range
except around the resonant frequency. For the case in/around the resonant
frequency, the equivalent damping coefficient, i.e., §1+,BZ(-)2, is a positive
damping coefficient that is always larger than &, , which will obviously lead to a
superior vibration suppression, so the discussion are thus still reasonable and

meaningful.
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Figure 3.5 The force transmissibility of an SDoF isolator under force excitation
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Figure 3.6 The force transmissibility of an isolator under base displacement excitation

In Figure 3.6, the force transmissibilities under base displacement excitation
are presented. The proposed nonlinear damping can significantly suppress the
force transmissibility over the resonant frequency and keep the performance very
close to that with a small linear damping coefficient over the non-resonant regions.
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The dash line is also presented as a reference case, from which it can be observed
that the force transmissibility can reach the same performance as that by
cubic-order nonlinear damping at the resonant frequency but results in
performance deterioration at high frequency.

In Figure 3.7, the absolute displacement transmissibility with cubic-order
nonlinear damping (-)2% is presented. Superior performance for the absolute
displacement transmissibility relative to that by a larger linear damping coefficient

can also be observed.

20 -
m 0-
c)
2
= 20 -
Rz
=
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<
= -40 -
| — &=0.1,5=0 .
60 ~ = - £=0.325,3=0
¥ £=0.1,4=0.1
0.1 1 10 100

Normalized frequency

Figure 3.7 The absolute displacement transmissibility of an isolator under base displacement
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Figure 3.8 Equivalent damping coefficient of the cubic order nonlinear damping

To provide a more straightforward insight into the nonlinear mechanism in
vibration suppression, the equivalent damping coefficient of the isolator is
provided in Figure 3.8. As shown in Figure 3.8, the cubic order nonlinear damping
(-)2% has an equivalent linear damping coefficient very close to 0.325 at the
resonant frequency and near 0.1 in non-resonant frequency region. The better

performance of the nonlinear damping (-)2% at high frequency presented in

Figure 3.5 to Figure 3.7 therefore straightforwardly results from this small

equivalent damping coefficient.
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3.3 Multiple-object nonlinear optimization based on the nCOS method

Vibration control of a vehicle suspension is a multiple-object (body
acceleration, relative tire load, and suspension stroke) optimization problem. This
multiple-object problem is often nonlinear because of the inherent nonlinearity of
the spring [158, 159] and damper [160], and also the actuator saturation [161].
Controller designs that neglecting these inherent system nonlinearities may
therefore lead to performance deterioration, so an effective and efficient method
for the analysis and design of nonlinear suspension systems is needed.

The body acceleration, relative tire load, and suspension stroke are three
indicators for assessing the vehicle suspension performance. Note that 4-8Hz is
suggested by 1SO2361 as nominal frequency range for assessing the ride comfort;
a systematic methodology in the frequency domain for the analysis and design of
the vehicle suspension may provide straightforward information for the engineers.
The existence of nonlinearity makes it more difficult to analyse and design the
suspension system, and the nCOS method could be a powerful tool for the
nonlinear analysis and design of this multiple-object optimization problem.

First, the PBoC can be computed to indicate whether the system is Volterra-type
or has strong nonlinear dynamics such as bifurcation or chaos. By guaranteeing
that the system nonlinearity is Volterra-type, the system nonlinear dynamics can be
well analysed using the nCOS method. Second, the multiple-object performance
(MOP) function (including the ride comfort, suspension stroke, and relative tire

load) is constructed. The MOP function is regarded as a nonlinear output function
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and expressed as a polynomial function of model parameters with the nCOS
method [92]. How the model parameters of interest affect the MOP can then be
studied in the frequency domain, and the design and optimization of the MOP
function can be conducted directly within the computed PBoC.

In this section, a nonlinear controller based on Xf is deliberately introduced
into the suspension system for performance improvement. Compared with the
sprung mass acceleration adopted here, the absolute sprung mass displacement
and velocity based control strategies [162-165] (for example, the skyhook control,
ground hook control, acceleration driven damper (ADD), mixed skyhook and
ADD strategy, and state feedback control) may have a limitation in that required
motion signals such as absolute displacement and velocity are not readily available
for measurement on a moving vehicle. Usually, these motion signals can be
obtained by state estimation methods or filters (e.g., integration of acceleration
signal or Kalman filters), which will introduce estimation error and control delay
to the system, and increase development or manufacturing cost. However, by
employing beneficial nonlinearity in vibration control, a simple nonlinear
controller with measurable signals could provide the same or even better

performance.
3.3.1 Model under consideration

According to Figure 3.9, the governing equation of the quarter vehicle

suspension model is given as,
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3.34
msx.s =—C, (Xs _).(t)_c:sa)‘(.s3 - fs ( )

{mts('I =ku-+cu—kx —cX —mX,
where f, =K, (X, =% ) +Kg, (X, —X)? +ks(x, —%)° . The model parameters are
borrowed from [141], which are obtained by curve fitting with measurement data
from a Hyundai Elantra  front  suspension and given as
m, = 240 kg, m, = 25kg, k, =160 kN / m,k, =12 kN /m,c, =10N -s/ m,k_, =
~73696N / m?, k , = 3170400N /m®,c, =1385.4N -s/m. Here only the model
parameter cs3 is unknown, which is considered a characteristic parameter of

interest. To compute the PBoC of cs3, the road input is assumed to be a cosine input

u=Ucos(2xft).

Sprung mass m, Ty

S

fs = ksl (') : ksz (') o & CS3X§
+Kgs(2) ot

unsprung mass m

A

Figure 3.9 A quarter vehicle suspension model

3.3.2 Compute the PBoC of cs3

The suspension model in (3.34) can be transformed into a SIMO (single-input

four-output) NARX model by backward discretization as,
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X, (K) = o (1) %, (K =) + ¢, (2,2) %, (k = 2) + ¢ (0; 1), (K)
+Co, (0;Du(k) +c,, (L Du(k -1)

X, (K) =2, (L 2)%, (k —1) + ¢ (25 2)X, (k — 2) + ¢, (0; 2) X, (k)
+¢55 (L 2) %, (k —1) + ¢35 (0,0;2) %2 (K) +¢3%(0,0,0;2) x5 (k) (3.35)
+C5 (0,0,0;2)x} (k)

X; (K) = ¢5(0;3)X, (K) + ¢, (0;3) %, (K)

X, (K) =2, (0;4)%, (K) + ¢, (L 4)x, (k —1) + ¢, (2;4) %, (k — 2)

where x1=xt, X2=Xs, and all of the coefficients are presented in table 3.1.

Table 3.1 Coefficients of (3.35)

c1o(1;1) =(2m+cTs)/D cio(2;1) =m
/D

€01 (0;1) = (kT3 + ¢, T;)/D cfo(1;2) =2

o1 (1;1) = —c,Ts/D cfo(2;2) =1

$0(0;2) =(kaT? +cT)/ | cfo(1;2)

mg =CsT/ my

35(0,0;2) =—kg T2 /mg c10(0;3) =1

€35°(0,0,0;2) =—kg3T? /mg c10(0;3) =1

€361(0,0,0;2) =—cg3T?/mg c0(0;4)
=-1/T?

cfo(2;4) =UT? cto(1;4)
=-2IT?

D=k?T? + ¢, Ty + m; Ts=1/2000

From (3.35), Cs¢(0,0,0;2)=—c,T//m, , and cs is only involved in

444
Cso

(0,0,0;2) . Thus the PBoC of cs3 (denoted as Cs3) can be obtained as

Cys =(M,/T7)Cfio. (3.36)
where C(ys is the computed PBoC of €3, (0,0,0;2). The computation of Cyy,y
can be conducted according to the procedure in Algorithm 2.4. The elements in
(2.20) can be obtained according to (2.84)-(2.88), which are given as (as shown in

Proposition 2.6, j can be any value from 1 to 4, and here j takes 4 in the following
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calculation)

_ HO (i) ) 4
a, =L(jo)|CZ2, (—-1(4)“.“’)j s | an, = A oW,
H; (jow) =

8, = L(jo)CEs, [W] a, =y (o)
i (jo) i Hi 7 (joo)
a,, =385, &,, =28,,, &, =,
where C%3, =[cs (0,0,0,2)[,C&5,, =[e:'(0.0,0;2) .y, =[c35(0,0;2) . The following
equation then holds,
(2787, )ar, + (43}, -18a, 8,3, ), , + (42,3, —ala%; ) =0  (3.37)
Equation (3.37) is a quadratic equation of a1,3 with known coefficients. Solving
avsfrom (3.37), the PBoC Cpy, can then be obtained,
Cih o) =/ L(i0) —CES,, (AL (jo) /AP () (3.38)
When Cp, from (3.38) is smaller than 0, denote Cio, =0 because Cip,
is nonnegative. This means that the suspension model with existing nonlinear
stiffness is not a \olterra-type nonlinear system. Based on (3.38), the PBoC Cs3
can then be computed according to (3.36).
The computed PBoC for Cszis presented in Fig. 3.10 with the input amplitude
given as
U =n,/2G(n,)v/f (3.39)
where G(no) is the spatial ground displacement power spectral density, which has 8
grades according to 1SO/TC108/SC2N67. G(no) is chosen as 25610 m?in (3.39),
which corresponds to the C grade road profile. The vehicle velocity v here is 20

m/s, f is the excited frequency, and no is the reference spatial frequency, which

equals 0.1 min (3.39). The input amplitude U in (3.39) is closer to the actual road
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profile over a constant amplitude in the whole frequency range because the road
profile has a higher amplitude at a lower frequency and a lower amplitude at a
higher frequency.

From Figure 3.10, the smallest PBoC, which is located at the first resonant
frequency, is 20. The estimated convergence bound by numerical simulation is
approximately 140. This deviation mainly comes from the large damping ratio in
this example, that is, £=c,/2./k,m, =0.4 . In the rest of the frequency range,

the PBoC obtained by Proposition 2.6 is very close to the true convergence bound.

6000
—— Computed PBoC
*  The convergence bound
5000+ by numerical simulatio
4000 H
O
33000 -
[a
2000
1000
0 T T T T T T T T T T
5 10 15 20 25 30
Frequency (Hz)

Figure 3.10 The PBoC of Cs3

To validate the effectiveness of the result above, the normalized root mean
square error (NRMSE) defined in (2.34) is used to measure the closeness between

the synthesized output truncated up to the Nth-order and the real output by ode 45.

101



9
—&— up to 1st order synthesized
’\3 8] —a— up to 3rd order synthes_ized ,\3 30
2> 74 —e— up to 5th order synthesized D
;' 6 —»— up to 7th order synthesized ><<\,24,
Y— Y=
5]
o Computed PBoC O g Computed PBoC
L
0 4 7
S 3 S 12
- =
Z 6l
1
0 T T 0 T
0 200 400 600 0 200 400 600
Cs3 Cs3
4 3
32
—_ = 28
S 3 S
~ < 24+ N
™
< X 20
5 2 5 161 Computed PBoC 4
% L
s Computed PBoC Q
14 = 8- . »
@ o ]
=z Z 4] /
49
0 / ; ; 0 # ; ;
0 200 400 600 0 200 400 600
C33 CSS

Figure 3.11 The normalized root mean square error when f=4 Hz

From Figure 3.11, when the model parameter cs3 is chosen to be smaller than
the computed PBoC, the NRMSEs of all of the outputs in (3.35) dramatically
decrease to O as the synthesized order increases. For example, when f=4 Hz and
Cs3 takes 140, which is smaller than the computed PBoC ( i.e., 190 ), the higher
the order of the approximation used, the smaller the NRMSEs that can be
obtained. This means that the vehicle suspension system (3.35) involves a
convergent \olterra series expansion. As the parameter cs3 becomes larger and
larger, the synthesized outputs up to the same truncated order also have
observablely growing NRMSEs. When the model parameter cs3 is taken to be
much larger than the computed PBoC, for example, if cs3 equals 600, the
NRMSEs of the synthesized outputs become larger and larger after a certain
synthesized order (fifth-order in this case), which indicates that the synthesized
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outputs diverge. Therefore, within the PBoC range, the suspension system (3.35)
is Volterra-type and consequently can be freely analysed with the Volterra-series

based methods.
3.3.3 Multiple-object performance analysis

The performance of the vehicle suspension system, for example, the ride
comfort (the vertical body acceleration) y; = X, the relative dynamic tire load
y2=ki(X-u)/(ms+my)g, and the suspension stroke ys=xs-x: , can be analysed in the
frequency domain using the nonlinear output spectrum if the nonlinear model
(3.35) is Wolterra-type. Any nonlinear output function including the MOP function
can be treated with the nCOS (nonlinear characteristic output spectrum) function
based method, and thus can be expressed as an explicit and analytic polynomial
function of the model parameter of interest [92] (the model parameter is cs3 in this

case),

Yi(jo) =Y, (jw) +Yi,2(J'w)+Yi,3(jw)\03=0 +C3015(Css3 J)
S Yis(jo)
HYa(Jo)|, o +Cq04(Cai Jo) (3.40)
s Y4 (io)
HYis (@) + s (Cosi J) 0005 (CE53 o) + -+

Yi,s(jw)

where Yim(jw) is the mth-order output spectrum for the output yi, and qoi'm(cskg; jo)
is the model parameter independent part in the mth-order output spectrum, which
corresponds to the kth-order of the model parameters cs3. When csz is taken under

the convergence bound, (3.40) is always valid.
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For a \Dlterra-type nonlinear system, there are no jumping or chaotic
phenomena because it works around a stable equilibrium. Therefore, the system
dynamic response will change continuously with the characteristic parameters,
and thus the nCOS in (3.40) at several typical frequencies can well represent the
system output spectrum.

Under cosine wave excitation. Figure 3.12 presents the performance of
vertical body acceleration when the suspension system is subjected to a cosine
wave excitation. cs3 here takes 140, and thus, system (3.35) is Volterra-type over
the whole frequency range. Figure 3.12 presents the first-order harmonic
component of the acceleration, that is, the Fourier transform of the acceleration at
the first-order harmonic frequency (the same as the input frequency). It can be
observed that the nonlinear controller has much better performance in the
frequency range between the two resonant frequencies (e.g., 4-8 Hz, which are
most sensitively felt by the human body and are suggested as a nominal frequency
range for assessing the ride comfort according to 1ISO 2361). Another advantage of
the nonlinear controller when compared with the skyhook based methods is that it
is much easier to measure the acceleration signal than to obtain the absolute
velocity or displacement signal. The active suspension controller based on H
[166] is developed with linear models, and thus they are not available in this case.
For those based on fuzzy control [167] and adaptive control [142, 159, 168], more
complicated controllers, state estimation and filters are needed. Compared with the
methods above, the proposed nonlinear controller is much easier to implement.
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Figure 3.12 only shows how the performance varies with the frequency change
but does not present how the performance is affected by model parameters.
Therefore, the nCOS (nonlinear characteristic output spectrum) function would be
much better than the traditional simulation based output spectrum analysis. When
it is truncated up to the fifth-order, (3.40) can be rearranged as,

Y, (i@) =Y, (jo) +C5Y, (jo) +c5Y, (jo), 1=1,2,3 (3.41)
where Y, (jo) =Y, (jo) +Y,,(je)+Y,s(j)|,_,+Y. (o), ,+YVs(io)], , Yalio)=

03(Cr J0) +0,4(Cr JO) +05(Cr J0) and Y,,(jo) =, (¢ jo).

0.8 — linear damping+nonlinear control
4-8Hz —— only linear damping
] 06 -
@
E
c
2 f//
=
© 0.4+
(3}
@
(]
(&}
<
0.2 1
0.0 r T r T r T .
0 4 8 12 16 20

Frequency (Hz)

Figure 3.12 Comparison of vertical body acceleration under cosine road excitation

Denote the multiple-object performance (MOP) including vertical body

acceleration y, relative dynamic tire load y., and suspension stroke ys as,

CoN — | 1(Jw)| | Y, (] )| | 3(j(0)|
Ul G ) M|Y1|(Ja))| |Y2|(Jw)| v 2)|Y3|( a’)|
=2, (14, 1y @) + Cos2y (14, 1y @) +C5Z, (144, 41, ) (3.42)

+C§323(ﬂ1,/¢2;w) +C§324(ﬂ1’ 1y @)
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where 2o, 21, 22, Z3, and z4 are independent of cs3, as presented in table 3.2. Yi(jw)
stands for the performance when only linear damping is used, and u1, w2,
wz=1-u1-uo stand for the weight of the vertical body acceleration, the relative tire
load, and the suspension stroke in the multiple-object performance function (3.42),
respectively. Clearly, u1+u2+uz=1 holds. The MOP function in (3.42) implies the
performance improvement of the vehicle suspension by taking all of the three

indicators into account.

Table 3.2 Coefficients of (3.42)

Motio) | Naolio)’
Vu(jo)?  Na(jo)

 Naolje)

+(1- 5
Val (jo)

20(u, 2, 0) = 11

2Re(Vo(joVii(jo))  2Re(Yao(jo)¥z(jo)

21 (p1, pi2; @) = 1 — + 12 Y
Ya (jo) Va1 (jo)
2Re(Yao (joo)Y1(jo))
+ (L - p12) \Y3|(jw)\2

Ma(io)f +2Re(Vo(jo)ia(je))  Na(io)’ +2Re(Yaolj0)¥22(je)
Va (joo)* e Vai(joo)
Vaa(je) +2Re(Yao(j)Vaa(jo)

Yaio)

22(a, 2, 0) = 11

+(L~ g - p2)

2Re(Vyy(jo)Vz(j@))  2Re(Ya(jo)z(jo))
ol Nt
2Re (Y31( jo)Yg (jw))
Va (o)

23(ta, 13 @) = 14

+(1= — 1)

Yao (i)}

Mol | aalio)f i
Yai (joo)|

Mu (J'w)‘2 ? V2l (J'w)\2

24 (4, 3 @) = 14 (= pn— 1)

To estimate the parameter-independent parts in (3.40), the following

procedure is given [92]:
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Algorithm 3.1:

Step 1. Given cs3, for example, ¢s3=10, then 5 simulations with different input
magnitudes are needed to estimate Yim(jw) (because it is truncated up to the
fifth-order in (3.40)).

Step 2. Take two additional values of cs3, for example, 50 and 90, and repeat step
1.

Step 3. Estimate the model parameter independent part using the different Yim(jw)
obtained by steps 1 and 2.

It can be observed that only 15 simulations are needed for the estimation of the
nCOS function in (3.40) and (3.41) up to the fifth-order with a simple least squares
method. Three different Yim(jw)s are needed in Procedure 1 because the quadratic
term ©% exists in Yis(jw) in (3.40). The MOP function can then be studied with
different model parameters cs3 and different weights (u1 and w2) according to
(3.42).

In (3.42), 11=1, uo=0 means that only vertical body acceleration is considered in
the MOP function. x1=0, u2=1 and x1=0, 12=0 present the case that only the relative
tire load or suspension stroke is taken into account in the MOP function,

respectively. cs3=0 stands for the case when only linear damping is used.
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Figure 3.13 Multiple-object performance under cosine excitation: (a) at 4Hz, (b) at 8Hz

Figure 3.13 presents the influence of the model parameter cs3 on the MOP
function when only the vertical body acceleration yi, relative tire load y», or
suspension stroke ysis considered. It can be observed that the proposed nonlinear
controller can improve both the vertical body acceleration and relative tire load,
which correspond to the ride comfort and vehicle handling ability (relates to the
ride safety), respectively. The suspension stroke represents the relative motion
between the unsprung mass and the sprung mass, and thus usually it is designed to
be smaller than a constraint value. The nonlinear controller maintains almost the
same suspension stroke as that when only linear damping is used at 4 Hz which
leads to a slightly larger suspension stroke at 8 Hz.

The computed PBoC at f=4Hz is approximately 190 according to Figure 3.11.

Thus, the results in Figure 3.13 by the MOP function based on the nCOS function
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are reliable when cs3 is taken to be smaller than the computed PBoC, and if cs3 is
much larger than the computed PBoC, for example, larger than 400, the
multiple-object performance (MOP) function based on the nCOS function by
(3.42) may results in some errors when compared with those by numerical
simulation. This shows the significance and guidance of the results in Proposition
2.6 for the optimization and design of nonlinear systems using the nCOS-based
MOP function.

The MOP function considering both vertical body acceleration and relative tire
load with different weights u1+u2=1 is presented in Figure 3.14. The MOP function
takes 400000 numerical simulations (by ode 45) when 1=0:0.01:1 and
€s3=0:0.1:400 for Figure 3.14. However, only 15 simulations are needed for the
nCOS method. When more than one model parameter of interest is studied, the
efficiency of the nCOS-based method using (3.40) is more obvious. Theoretically,
the harmonic balance or perturbation method is available in this case, but the
computation complexity makes it impractical. Therefore, if a system is
\Dlterra-type, the advantages of the nCOS-based method including the
computational efficiency and the effectiveness for practical applications are
obvious, and the results in Proposition 2.6 provide an important guidance for
nonlinear analysis, design, and optimization using these Volterra series associated

theory and methods.
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Figure 3.14 Multiple-object performance under cosine excitation at 4 Hz with u1+u,=1, the red
ball is the MOP function by numerical simulation

Under random road excitation. The road disturbance is usually considered a
random process, and according to ISO/TC108/SC2N67, the road profile can be
classified into 8 grades. In this case, the total suspension performance can also be
studied according to (3.40)-(3.42).

There also exists other comfort oriented strategies, for example, the
acceleration driven damper (ADD) strategy [162] and the improved mixed

skyhook and ADD method [164]. The latter has a controller of
Cn() =Crp  [(-a”}0) SOAX (X, —%)>0]

v[ (% -a’5¢)> 0 A%, (X —%)>0] 643)
o) =Crn [ (R-a®X0) SOAX (% —%)<O0]

v (8 -a*%) >0 A% (X, —%)<0]

where cin(t) is the requested damping coefficient. The actual damping coefficient is
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obtained by applying a low pass filter on cin(t), i.e., C(t)=-pc(t)+ ¢, (t). The
comparison of the performance between the proposed nonlinear controller and that
with the mixed skyhook and the ADD method is presented in Figure 3.15. The
comparison takes the following coefficients:a=11, =30, Cmin=300, Cmax=4000
[164], and cs3=140. Figure 3.15-(a) presents the performance when the
suspension system is subjected to a C level road profile with velocity 20 m/s, and
Figure 3.16-(b) presents those with a D level road profile and velocity 20 m/s.
The performance with the mixed skyhook and ADD method is close to that with
the proposed nonlinear controller when subjected to a C level road profile, but
when the road profile deteriorates to D level, the proposed nonlinear controller
has a much better performance than that with the mixed skyhook and ADD
method.

A unified comparison between the active forces of the proposed nonlinear
controller and the hybrid skyhook and ADD method when subjected to a C level
road profile is presented in Figure 3.16. The active force with the proposed
nonlinear controller is much smoother than that with the hybrid method, and thus
the damping force of the hybrid method at high frequency is larger than the

proposed one, which leads to a worse performance at high frequency.
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Figure 3.15 Comparison of the performances with different strategies. (a) subjected to C level
road profile with 20 m/s, (b) subjected to D level road profile with 20 m/s
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Figure 3.16 Comparison of the active forces

From the results above, the nCOS-based MOP analysis for different excitation

inputs indicates clearly that: (1) the proposed nonlinear analysis method provides a
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straightforward insight into the nonlinear relationship between the characteristic
parameters and system output performance, which can considerably facilitate
nonlinear analysis and design and is also computationally efficient; (2) the
suspension performance can be effectively improved with the proposed nonlinear
acceleration control method, which is much easier to implement than many
existing ones; (3) the proposed PBoC can ensure that the system nonlinearity
always remains at a Volterra-type level without strong complicated jumping or

chaos phenomena.

To provide a straightforward understanding of the proposed nCOS-based MOP
analysis method for nonlinear analysis and optimization design in practice, the

following general procedure can be followed.

Algorithm 3.2:

Step 1. Identify the real plant into a NARX model with experimental data. The
example in (3.34)-(3.35) shows how to obtain the NARX from a
continuous model.

Step 2. Determine the characteristic parameters of interest in the design and
optimization, e.g., input magnitude or model/controller parameters.

Step 3. Compute the PBoC of these characteristic parameters of interest
according to Proposition 2.6 to find the parameter ranges to guarantee that

the underlying nonlinearity is Volterra-type.
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Step 4. Determine the nonlinear characteristic output spectrum (nCOS) based
multiple-object performance (MOP) function. This can follow Algorithm
3.1

Step 5. Evaluate the MOP function with respect to the characteristic parameters

of interest. Examples can be referred to the results in Fig. 3.13-Fig. 3.15

3.4 Conclusions

In this chapter, the application of the nCOS method to the analysis and design
of nonlinear parameters of interest is shown in two case studies, i.e., the analysis of
the proposed nonlinear damping in section 3.2 and the multiple-object
optimization of a vehicle suspension in section 3.3. In these two cases, the
parametric bound of convergences (PBoC) in Chapter 2 are calculated to
guarantee the input-output relationship a convergent Volterra series expansion,
which therefore ensure the effectiveness of the nCOS method. Thus, the nCOS
method is shown to provide a straightforward insight into the analysis and
understanding of the nonlinear systems and also to offer a powerful tool for the

design and optimization of nonlinear parameters of interest.
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4 A new nCOS function for the analysis and
design of linear parameters in a nonlinear
system

4.1 Introduction

Many practical systems are inherently nonlinear, for example, a power
amplifier [6, 8, 169] or phase lock loop [128]. Nonlinearity often brings
difficulties to the analysis and design of these systems. In Chapter 3, it is shown
that the nCOS method can significantly facilitate the analysis and design of
nonlinear parameters of interest. One weak point of the nCOS method is that it is
only applicable to those nonlinear parameters of interest.

A simple linear control or linear component is often preferable in engineering
practice for its ease of implementation. How to design linear components and/or
how to evaluate the potential influence of linear components or linear feedback
control while well considering the inherent system nonlinearity is far from
sufficiently investigated in the literature.

In this chapter, a new nCOS function is developed for those linear parameters
of interest in a nonlinear system. The linear parameters of interest can be linear
components or linear feedback control in engineering practice. The new nCOS
function is a significant extension of the existing nCOS method.

In section 4.2, the new nCOS function is developed for a single-input

single-output (SISO) nonlinear system. It is shown that the output spectrum of
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the nonlinear system can be analytically and explicitly expressed as a polynomial
function of those linear parameters of interest. An algorithm for symbolically
calculating the coefficients of the new nCOS function is proposed. An example,
i.e., the design of linear components in a nonlinear circuit system, is presented to
illustrate the application of the proposed new nCOS function.

In section 4.3, the new nCOS function is extended to a multiple-input
multiple-output (MIMO) nonlinear system. A numerical algorithm for estimating
the coefficients of the new nCOS function is proposed, which can greatly
facilitate the application of the new nCOS function to a wide class of engineering
practice. Linear feedback control design for a nonlinear vehicle suspension is

given as an example to demonstrate the effectiveness of the proposed results.
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4.2  New nCOS function for linear parameters of interest

The following nonlinear differential equation (NDE) model is considered,

i Zm: Z pq Iy, p+q)Hd y(t)H @ U(t) (4.1)

i=p+1

Iy ol paq=0

where y(t) is the system output, u(t) is the system input, and M is the maximum
nonlinear order. li, i=1,2,---,p+q is the differential order with maximum order L.
Cpq(ly, -+, Ly4q) 1s the model parameters with nonlinear degree p in terms of
output y(t) and nonlinear degree q in terms of input u(t). ¢,,(l;) with p+g=1
corresponds to the linear model parameters.

System (4.1) allows a \Volterra series expansion of its input-output relationship

[48, 51, 53, 56, 170] as

yO=3] ) Jut-a)ds

where h (z,,---,z,) IS the nth-order Volterra kernel, and =i is the convolution

variable. The input-output relationship can also be expressed in the frequency

domain as [70],

v@=Y[ [ Hlaa)][U@)de

@+ A+ @, =Q
where H (ja, -, @,) is the nth-order generalized frequency response function
(GFRF) (which is the n-dimensional Fourier transform of the \olterra kernel

h (z,,---,z,) ), and U(wi) is the input spectrum. The nth-order (n=2) GFRF can be

calculated as[59, 116]
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. . -1 u
H o jo) = —— 2 > 2
n(Ja)l Ja) ) L (a)lv A ) m=p+q=2 p=0 (I,-,1,)

|:qu ' )]‘_I(.la)pﬂ)p+I n—q, p(.la)l’ ) ’J ):|

(4.2)

where

Ln(a)v!a)n):iﬁlo(l)[i Ja’lj (4.3)

n-g-p+1 p

n— qp(Ja)l’ ’Ja)n q)_ Z H (ZQ)XHjj H (Ja)XHl’ ’ ’Ja)XHr) (44)

=l
Zﬁ n-q
where Xi=r1+---+ri.1. In (4.4), ri+---+rp=n holds, and thus r; is smaller than n. It is
clear from (4.2) that higher-order GFRFs can be recursively calculated from

lower-order GFRFs. The first-order GFRF (when all of the nonlinear model

parameters equal 0, i.e., Cpq(-)=0 with p+q=2) is given as,

> .0 (i)
H o) =~ B @)

For convenience in discussion, denote the linear parameters of (4.1) as two

parts, i.e.,
Ep'q(l):ép’q(l)+cplq(l), p+q=1 1=01---,L

where ¢;0(l) and ¢&,;(l) denote those existing system inherent linear
components or those linear components of no interest, and ¢y (1) and cq4(1)
are linear parameters to be analysed and designed (introduced by the linear
feedback control or linear circuit components). Moreover, denote a = [alaz ---aL] :
B=[BB B, aBeN, 120 L. 0y= w0, w,]. Let =

I 0C10(l)c 1 (D), which involves only those linear parameters of interest.
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4.2.1 Explicit polynomial relationship between GFRFs and those linear

parameters of interest

Proposition 4.1: If |L;}(wp)8(wy)| <1, §(w,) = Xigcro(D(w, + -+

jwy)*, then the following equation holds,

0

Lio) =0 (@,)+ D, oi(@,)c"’ (4.6)
ag+to =1

where

L

ZL:O" ~ La|+1 . . Ixg
@)= (07 [C@)F" (jm -t o) @)
1

7 (@,)= (@)= 1 .
> 6o (jar++ )

(4.8)

Proof: From (4.3), Li'(@n) = L' (@n) Zio[Lt (@n)8(@,)] . [8(wn)] =
[Sho co@Gor + -+ jo)] = TTho e (DGwr + -+ jwr) @ where
ay + -+ + a;, =i. This completes the proof. o

Remark 4.1: From (4.7) and (4.8), it is clear that ¢>°(w,,) only involves those
linear parameters of no interest, i.e., ¢; (1), so it is independent of those linear
parameters to be analysed and designed, cio(l). ¢®® =T[Ij_oci’ (1) only
involves those linear parameters of interest.

Proposition 4.2: The first-order GFRF of system (4.1) can be given as a

polynomial function with respect to the linear parameters of interest as

0 Sp

H, (@) =0(@)+ > 6 (w)c (4.9)

ag+-+a +Sp=1, fy+-+ L =0
sp<l

where
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0 (@) =" (@) )| & (i)' | (4.10)

and 6°(wy) = =% (wy) Ty o1 (D wy)" is the first-order GFRF when all
of the linear parameters of interest are 0.
Proof: Substituting (4.6) into (4.5), the result in Proposition 4.2 is
straightforward. o

For higher-order GFRFs (n>2), the following proposition holds:
Proposition 4.3: The GFRFs of system (4.1) with order n>2 can also be
expressed in the form of a polynomial function with respect to those linear

parameters of interest,

© S

H (0)=0(@)+ Y, > ¥ (w,)c (4.11)
ag+ta +85=1, fo+ -+ =0
sp<n
where
[ of
Gt w)= > o (@b *(@,) (4.12)

a? =[afa? -al] and ab =[alal - af] denote the nonlinear orders of

co(l) in ¢, (w,) and b, (w,), respectively.

q |

@)= > Y {—ep,qal,---,lpw)r[(jwn_qn)p“d:;%,p(wn.q)} (4.13)

p+0=2 p=0 (l.Iy,-~lpq) i=1

and

A (@)= > Y ﬁ[e;f'“'(wx)(iwxnkj'] (4.14)

nbetrp=n=0, o+ taf=ay i=

riyp2l

at +tal=a

Janny B}
P BR=p

where a' = [aial--a}] and B¢ = [BiBs-- Bi] are the nonlinear orders of
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0y, (wx,), wx;, = [Wx, 41, Ox;4y,]s Xi =y1+--+yi_ fori=2,and X, = 0.
Proof: In this proof, we first assume that Proposition 4.3 holds for all of the
nth-order GFRFs with n<no, and it is then shown that Proposition 4.3 also holds
for n=no.

First, d,‘,ffq,p(wn_q) in (4.14) is derived, and then b™*(w,) in (4.13) is
demonstrated. Based on these results, H,f‘ﬂ (w,) in (4.12) can be obtained, and
thus, the nth-order GFRF in (4.11) is then straightforward to derive. Details are
given in Appendix 4.1. o

Remark 4.2: 62°(w,) and 62°(w,) in (4.9) and (4.11) are the GFRFs when
all of the linear parameters of interest, i.e., cio(l) and coi(l), are 0. The
coefficients Gﬁ’ﬁ(wn) for n=1,2,--- only involve those parameters of no interest,
so they are independent of the linear parameters to be analysed and designed, i.e.,
czo(l) and co1(l).

Remark 4.3: The GFRFs in (4.9) and (4.11) are given as polynomial function
with respect to the linear parameters of interest i.e., c1,0(l) and co1(l). How those
linear parameters of interest act on the nth-order GFRF is then straightforward.
Note that those existing relationships between the nth-order GFRF and the linear
parameters in (4.2)-(4.5) involve complicated recursive calculations, so the
polynomial functions in (4.9) and (4.11) provide a very straightforward and
explicit expression.

Remark 4.4: Once the coefficients, Bﬁ'ﬁ(wn), have been calculated, the effects

of the different linear parameters of interest on the nth-order GFRF can all be
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obtained via (4.11), and no additional recursive calculation is needed. When
recursive computation via (4.2)-(4.5) is adopted, , the first-order GFRF should
be computed again via (4.5) if the linear parameters of interest change, and then
new recursive calculations (4.2)-(4.4) are required. These show the computation
efficiency of the results in (4.9) and (4.11).

The following procedure is developed for computing the
coefficients 67 (w,y):
Algorithm 4.1: Calculation of coefficients for the nth-order GFRF
Step 1. Calculate *°(w,) and @2°(w,)via (4.7) and (4.8), respectively.
Step 2. Calculate 6P (w,) via (4.10) for the first-order GFRF.
Step 3. For n>2, calculate dﬁ’fq,p(wn_q) and b** (w,) via (4.14) and (4.13),

respectively.

Step 4. Calculate 0% (w,) via (4.12).

Following Algorithm 4.1, the developed characteristic relationship between
the nth-order GFRF and the linear parameters of interest in (4.11) is ready for

analysis and design with different linear parameters of interest.

4.2.2 Nonlinear characteristic output spectrum (nCOS) function with

respect to linear parameters of interest

The analytical and explicit polynomial relationship shown in Proposition
4.1-4.3 provides a straightforward and effective way to study the effects of the

linear parameters of interest on the nth-order GFRF. Note that the GFRFs,
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together with the input spectrum, determine the output spectrum of the system,
and how those linear parameters of interest affect the nonlinear output spectrum
can then be investigated based on the results in section 4.2.1.

Proposition 4.4: The nonlinear output spectrum of system (4.1) can be given as a

polynomial function with respect to the linear parameters of interest as

Y@=p@)+ > > () (4.15)
ag+ o +s/;=1, Po++p.=0
where
N n
@)= [ | oe)][]U(@)de (4.16)
n=1, =0+, i=1
sﬁgn

N, here, is the truncation order. Clearly, the coefficients ¥*#(w) in (4.15) are
also independent of those linear parameters of interest. ¥%0(w) is the case in
which all of the linear parameters of interest are 0.

Proof:

V@)=Y= [ Hae)][U@)de

© S

)Y R D YD 3 0:"’(wn)c“"‘ir"1[U<w.)dwi

n=1 o+ 0y =0 ag+tag +85=0, fy++f =0
Spn

0

> oy ijm | 9:"‘(wn)1jU(wi>dwi c*

ag++ag +85=0, fy++f =0| n=1 o+, =02
Sp<n

0 Sp

> Y vtter

agtta +85=0, fy++f =0

This completes the proof. o

Algorithm 4.2: Calculation of coefficients for the nth-order nonlinear output
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spectrum

Step. 1 Calculate coefficients 9,?”’ (w,,) for the nth-order GFRF via Algorithm
4.1.

Step. 2 Calculate coefficients ¥*P(w) via (4.16) for the nth-order output

spectrum.

Remark 4.5: The relationship between the nonlinear output spectrum and the
linear parameters of interest in Proposition 4.4 is referred to as the nonlinear
characteristic output spectrum (nCOS). Proposition 4.4 still has the following
advantages: 1. a more straightforward and explicit relationship between the
nonlinear output spectrum and the linear parameters of interest, 2. the
coefficients of the polynomial function, i.e., ¥*#(w), are independent of those
linear parameters of interest, 3. high computational efficiency (especially when a
higher truncation order is required for the nonlinear output spectrum), 4. ease of
application by symbolic calculation (via Algorithm 4.1-4.2). The results above
can greatly facilitate the analysis and design of linear parameters.

Remark 4.6: The computation of the coefficients via (4.16) is available for
various inputs, for example, harmonic inputs, multiple inputs, random inputs.
Remark 4.7: The nonlinear characteristic output spectrum (nCOS) built in (4.15)
is a polynomial function of those linear parameters of interest (to design) and is

an important extension of the method established in [92, 95, 113, 115].
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4.2.3 Examples and discussion

Example 4.1: Effects of linear parameters of interest on the nth-order
GFRFs.
In Fig. 4.1, a current source with conductance 1/R, and susceptance 1/jwL
acts on a common-gate amplifier. The drain current iout can be modelled as
_ s _ 2 3
y - Iout - glvgs + gzvgs + g3vgs
where vgs is the gate-to-source voltage. A capacitor is introduced to suppress the

harmonic distortion of the amplifier. vgs=-vs, and denote x=vs, which is governed
by

chX'+(Ri+g1)>'<+%x—Riu—2g2x>'<+3g3x2>'<+(:>'<':0

S S

where & 0(2) = Cys, €10(1) = 1/Rs + g1, €10(0) =1/L, &,(1) = —1/Rq,
C20(0,1) = —2g,, and ¢34(0,0,1) = 3g3. Only one linear parameter is of

interest in this case study, i.e., ¢;0(2) = C.
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Figure 4.1 The equivalent circuit model of a common-gate amplifier

In the following, the parameters are borrowed from [7] with a 65nm CMOS
process as, Cgs=500 fF, g1=7.3 mS, g.=0.0598 S/V, g3=0.2628 S/V2, R=50 Q,
L=4 uH, u(t)=Usin(2xft),and f=5 MHz.

In this case study, only the linear parameter c;4(2), the capacitance, is of
interest as an example to show the results, so that a = [00a,],B = 0. For
convenience in the following study, the notation a, 8 is simplified as a,, where
a, denotes the nonlinear order of the linear parameter c; ((2).

Following Algorithm 4.1, ¢*°(w,,) and ¢2°(w,) should be calculated first.
According to (4.8),

‘P?(wﬂ = é1,0(2)(1'001)2 + é1,0(1)(1'(1)1) + 61,0(0)-

From (4.7),

01 (w1) = =1 % (99(w)) Gw)?,
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02(w1) = (02(w1))’ Gwp)*,

93 (1) = =1 x (9%(w))" jw,)8, and

L7 (wy) = ¢ (wq) + 91 (w1)cy0(2) + 92 (wy) (CLO(Z))2 e

For the first-order GFRF, according to (4.10),

9?(0)1) = _908(0)1)61,0(1)(1'(‘)1)1

911(0)1) = —fpi(wﬂ@l,o(l)(fwﬂ,

02 (wy) = —p?(w1)é10(D(wy), -

From (4.9),

Hy (w1) = 69 (wq) + 61 (w1)c1,0(2) + 07 (wq) (61,0(2))2 te

Table 4.1 Coefficients 6 (& )atm, =27 x5x10°rad /s

a, 6, (w;) a, 6, (wy)

0 0.6748  +0.1961i 1 | 4.1561e+08 -6.5479e+08i
2 | —5.6602e+17 —6.4217e+171 | 3 | -8.5496e+26 +4.0215e+26i
4 | 1.6293e+35 +1.0300e+36i
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— 0.70
1 — H ()| by (4.5), C=63pF
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0.69 - —+— [H,(o,)| with only 6(e,) (the case C=0)
T |H1(a)|)| by (49) up to CZ, C=63pF
T |H1(wl)| by (4.9) up to CG, C=63pF
0.68 . : i : ' l :
0 5 10 15 20

Frequency (MHz)
Figure 4.2 Validation of Proposition 4.2 with ¢ ,(2)=C=63pF. 63pF is adopted here because it is
the optimal value for the suppression of the harmonic distortion in example 2.

—— |H,(@))| by (4.5)
07201 - - - |H (e by (4.9) up to C?
- - H,(w)| by (4.9) upto C*

0.715 +

|H1(0)1)|

0.710 +

0.705
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0 20 40 60 80 100
C (pF)

Figure 4.3 Magnitude of H, () with different capacitance values at ¢y = 27 x5x10°rad /s

Fig. 4.2 shows the first-order GFRF, i.e., H;(w,), with different frequency
variables, and Fig. 4.3 presents H;(w;) with different introduced capacitance C

values, having the coefficients calculated at w, = 2w x 5 x 10°rad/s shown in
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table 4.1. From these two figures, it can be observed that as the truncated order of
capacitance C increases, H,(w,) calculated by (4.9) quickly converges to that
by direct application of the existed result via (4.5), which verifies the
effectiveness of the results in Proposition 4.2. From the above calculation, the
advantage shown in Remark 4.2 can be observed, that is, the coefficients
01 (w,),0%(w,), - are independent of the linear parameters of interest. Those
advantages in Remark 4.3 and Remark 4.4 will be more obvious when
higher-order GFRFs are considered, for example, H;(wq, w5, w3).
For the third-order GFRF, H;(w, w,, w3), according to step 3 in Algorithm

4.1, d33(w3) and d32(ws) should be calculated first.
d32(w3) = (o, +jw3)07 (0107 (w2, w3) + (jwz) 62 (w1, 2)07 (w3),
d32(w3) = (jowp +jw3)07 (w103 (w,, w3) + (jwz + jws) 01 (01)67 (w,, w3) +

(w3)83 (w1, 02)01 (w3)+(jws) 03 (w1, w2)07 (w3),
d32(w3) = (jw, +jw3)07 (0103 (W, w3) + (jwy + jws) X 67 (w1)63 (wa, w3) +

(jwz +jw3)01(w1)83 (w2, w3) + (jw3)03 (w1, w,)67F (ws) +

(jw3)03 (w1, w2) 67 (w3) + (jw3)03 (w1, w,) 07 (w3),

Similarly, according to (4.14),
d33(w3) = (jw3)07 (w1)67 (w2)07 (w3),
d3 3 (w3) = (jw3)01 (w1)07 (w2)67 (w3) + (jw3)67 (w1) X 67 (w2)67 (w3) +
(jw3)67 (w1) 67 (w2)61 (w3),
d33(w3) = (jw3)07 (w1)07 (w2)67 (w3) + (jw3)07 (1) 67 (w2) 07 (w3) +
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(]'(‘)3)9{) ((‘)1)93 (0)2)93 (w3) + (i“)3)911 (0)1)911 (0)2)9{)(0)3) +

(jw3)01 (w1)07 (w2)07 (w3) +  (jw3)67 (w1)61 (w,)07 (w3) -+

Then b2 (ws3)can be calculated according to (4.13) as,

b3 (w3) = —C,0(0,1)d3,(w3) — €3(0,0,1)d3;(w3),

b%(w3) = _EZ,O(Orl)d%,Z(w3) - 63,0(01011)61%,3((‘,3)!

Finally, the coefficients 9,?"3 (w,) can be calculated in a straightforward manner

accordingto (4.12) as

93?(003) = ‘Pg(ws)bg(ws),

03 (w3) = @3(w3)b3(w3) + ¢3(w3)b3 (w3),

05 (w3) = 93 (w3)b3 (w3) + @3(w3)b3(w3) + 5 (w3)b3 (w3) -

and

Hs(w3) = 63 (w3) + 03 (w3)cy0(2) + 65 (w3) (61'0(2))24”“

Table 4.2 Coefficients of 65> (0)3)

a 930[2 (w3) 4%) 9;2 (w3)

0 -0.4280  +0.2060i 1 | 7.8371e+09 +5.9585e+08i
2 | 3.2996e+18 —6.7376e+191 | 3 | -3.7399e+29 -5.3968e+28i
4 | -4.4446e+38 +1.6680e+39i

From the computation of the third-order GFRF, H;(w,, w,, w3), above, it is

clear that the coefficients of the polynomial function in (4.11), 93‘,"2(0)3), are

independent of the linear parameter of interest c¢;(2) = C. Thus, once the
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coefficients 6;2(w3) have been calculated, Hs(w;, w, wz) with different
linear parameters of interest can all be obtained, and no additional recursive
calculation is required (each of the coefficients require only one calculation),
which shows an obvious advantage over that by recursive calculation via (4.2)
-(4.4). In the latter case, once the linear parameter of interest changes, new
recursive computations are required. The recursive calculation in (4.2)-(4.4) not
only makes the computation of higher-order GFRFs less efficient but also causes
an inexplicit relationship between the higher-order GFRF and the linear
parameters of interest. The relationship built in (4.11) in the form of a power
series is more straightforward and explicit. The coefficients 6;2(w3) are shown
in table 4.2, and from Fig. 4.4 it can be observed that the 4th truncation order is
enough for the characteristic relationship between the nth-order GFRF and the

linear parameters of interest.
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— |H,| by recursive calculation with (4.2)
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Figure 4.4 Magnitude of H,(w,,®,, @,) with different capacitance values at

o =, =m, =27x5x10°rad /' s
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Figure 4517 :‘I:Il(a)l)é(a)l)‘ and I, :‘Iigl(a)3)5(a)3)‘

The validation of Proposition 4.1-4.3 in Fig. 4.2-4.4 requires that
|7t (w,)8(w,)| < 1 holds. For the first-order GFRF and the third-order GFRF,
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it is shown in Fig. 4.5 that the linear parameter of interest satisfies this condition.

Example 4.2: Optimal suppression of the harmonic distortion of the
common-gate amplifier.

The third-order harmonic distortion is defined as HD; = |Y(3Q)|/|Y ()],
where Y(Q) and Y(3Q) are the output spectra at frequencies Q and 3Q,
respectively. First, the response of the voltage x = v, is required. According to
Proposition 4.2, the output spectrum can be calculated in the form of a
polynomial function as X(w) = ¥2(w) + ¥ (w)cy0(2) + P2 (w) (cm(Z))2 +
-+, with the coefficients ¥,;?(w) independent of the linear parameters of interest.
Similar to the case in example 4.1, the notation a, Bis simplified as a, for
convenience. Then, the output spectrum of the current y = i,,can be computed
as

V(@) = P9(0) + B (@)ero(2) + P2(0) (10(D)) + -
where ¥ (w) = U(w)/Rs + (jwCys + 1/jwl + 1/RO¥(0) , ¥ (w) =
(jwCys + 1/jwL + 1/Rs)¥? (w) + (jw) P2 (w), ay > 1.

Once the coefficients ll'yaz(w) have been calculated as shown above, the

study of the harmonic distortion can be conducted with the following

straightforward and explicit expression

(@) ¥y ) +#5(30)xC0(2) +-+ ) (3)x(c,,(2))"
R(®) S”;)(Q)+‘P;(Q)><clvo(2)+---+‘1/;“(Q)x(clyo(Z))N

(4.17)

From (4.17), how the linear parameter of interest c,; ((2), the capacitance,
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affects the harmonic distortion is ready for study. All of the coefficients in (4.17)
can be symbolically calculated, as shown in Table 4.3 (computed with the model

parameters given in example 4.1).

Table 4.3 Coefficients of (4.17)

a, v2(Q) v2(30Q)

0 | -7.4217e-06+2.1565e-06i | -2.7079e-11+1.7670e-11i

1 | -4.5714e+03+7.2021e+03i | 0.4687e-00-0.1648e-00i

2 | 6.2256e+12+7.0633e+12i | -5.5927e+08-2.0840e+09i

3 9.4037e+21-4.4233e+21i | -4.2874e+18+6.9534e+17i

4 | -1.7921e+30-1.1329e+31i | 1.8328e+27-2.4603e+27i

Table 4.3 shows the coefficients in (4.17), which are constant and thus
independent of the introduced capacitance. With these calculated coefficients, the
third-order harmonic distortion can be freely analysed and optimized with
different introduced capacitance C values. From Fig. 4.6-4.8, it can be observed
that the output spectra (Y(Q2) and Y(3Q)) and the third-order harmonic distortion
HD3 given in the coefficients of (4.17) all have good agreement with those
obtained by numerical simulation (ode 45 and Fourier transform), and as the
truncation order increases (up to the fourth-order in Fig. 4.6-4.8), the output
spectrum and harmonic distortion by (4.17) converge quickly to those obtained
by the recursive computation of the Volterra series using (4.2)-(4.5), which

shows the effectiveness of the third-order harmonic distortion given in (4.17) and
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also the new nCOS relationship developed in (4.15).

-110

_ 1204
m
=
(32
@)
I
i [ HD, by recursive calculation Y
with Volterra series using (4.2)-(4.4) \
¢ HD, by numerical simulation '
140 - - - HD, by (4.17) up to C? } , _
. !l designed capacitance
- = -HD,by (417)upto C v
T T T T T T
0 20 40 60 80 100

C (pF)
Figure 4.6 Third-order harmonic distortion with different parameters of interest

It is obvious in Fig. 4.6 that the third-order harmonic distortion has a
minimum value when the introduced capacitance equals 63pF, and from Fig
4.7-4.8, it can be observed that this optimal value can greatly reduce the
third-order output component Y (3Q) without deteriorating the first-order output

component Y (Q), so a good suppression of harmonic distortion is achieved.
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Figure 4.7 Output spectrum with different parameters of interest at Q

For the output spectrum and harmonic distortion by pure numerical simulation
(ode45) or the direct application of the Volterra series via (4.2)-(4.5), once the
introduced capacitance C changes, a new numerical simulation or a new
recursive calculation via (4.2)-(4.5) is required. Clearly, the expression in (4.17)
in the form of a polynomial function with the calculated coefficients in table 4.3
is more efficient because each coefficient requires only one calculation (resulting
from the characteristic that the coefficients are independent of those linear
parameters of interest). The efficiency of the relationship developed in (4.17)
would be more obvious in the cases where there is more than one linear
parameters of interest, if a higher nonlinear order is considered for higher
accuracy of the nonlinear output spectrum, or if a system with a multi-tone
harmonic input or wideband-modulated signal input is investigated. Moreover, a

pure numerical simulation method or direct application of the Volterra series via
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(4.2)-(4.5) (involves recursive computation) cannot provide the straightforward,
analytical, and explicit relationship shown in (4.17) for facilitating the analysis
and design of the linear parameters of interest with consideration of the system’s

inherent nonlinearity.

— |Y(3Q)| by recursive calculation with Volterra series

using (4.2)-(4.4)
30 1 ¢ |Y(3Q)| by numerical simulation
- - - [Y(3Q)| by (4.17) up to Q
- =~ |Y(3Q)| by (4.17) up to G

AN

N
o
1

Y(39) (pA)

[
o
1

0 . : . : . ; . :

0 20 40 60 80 100
C (pF)

Figure 4.8 Output spectrum with different parameters of interest at 3Q

Remark 4.8: Linearization is frequently used in radio frequency (RF) circuit
design, and various reports have studied harmonic distortion and intermodulation
distortion. For those results with the direct application of the \Volterra series [7,
11, 171-177], Taylor series expansion [178], harmonic balance [179], or
perturbation method[180], usually a system having only up to third-order
nonlinearity together with a single-tone or double-tone harmonic input can be
considered. The results often fail to study the wideband modulated signal in the
real world [181-183] and also cannot be used to investigate those scenarios when

a higher nonlinear order is required [181]. Even for those cases with third-order
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nonlinearity and single-tone or double-tone harmonic inputs, the results may still
be complicated because of the recursive computation of the Volterra series, as
shown in(4.2)-(4.5). Some assumptions are thus required for simplifying the
analysis [7, 172-177], which strongly depends on the engineer’s experience, and
the results are only available for those specific cases.

The proposed results of this study are developed for a wide class of nonlinear
systems governed by the SISO NDE, which provides a straightforward, efficient
and explicit relationship between the nonlinear output spectrum and those linear
parameters of interest (see (4.15) also an example in (4.17)). This can greatly
facilitate the analysis and design of nonlinear systems with only linear feedback

control or linear components.
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4.3 The new nCOS function based linear feedback design for MIMO

nonlinear systems

4.3.1 The system under consideration

Consider the following nonlinear multiple-input multiple-output (MIMO)
plant:

X=Ax+B,w+P(x,w)+B,u (4.18)

y = Cx+ Dw + Q(X,w) (4.19)

where xeR™¢, yeRSL weR"™, and ueR™ are the state vector, output vector,

system external input, and control input, respectively. A, B1, B2, C, D are nonzero

real matrices with proper dimensions. For convenience in practical application, it

is supposed that only a linear state feedback controller is expected to be designed
for the nonlinear plant as

u=-Kx (4.20)

KE R is the linear feedback gain to design. Denote as x;, y,, and w, the jth

element of x, the #th element of y, and the xth element of w, respectively. P(x,w)

and Q(x,w) are vectors with dimensions rX1 and sX1, respectively. The ith

element in P(x,w) and the nth element in Q(x,w) are given as

Np

R(x,w)= > > {cp,q(a, ﬂ;i)foijZ”} (4.21)
n=p+q= 251+ f’ﬂalpa(ffo+a - j=1 =1

N

Quxw=Y ¥ [do,n(a,ﬂ;n)ﬁxffﬁwﬂ (4.22)

N=2 By, f 0,y 20
P+ +ﬂ,,+a1+ —+a, =N

where 1<si<cr and 1<<7<ss. a=a1az2---av, and B=F152---fr in (4.21) and (4.22)

denote the nonlinear degrees of the system external inputs wy,---,w, and the state
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variables xi,--xr, respectively. ¢, (a,B;i) in (4.21) is the nonlinear model
parameter in the ith element of P(x,w) corresponding to the nonlinear term which
has p order in terms of state variable x;with nonlinear degree j and g order in
terms of external input wy,with nonlinear degree a.. d,,(a,B;n) in (4.22)
indicates the nth-order nonlinear parameter in the nth element of Q(x,w) of a
nonlinear term having pj terms of x; and o, terms of w,. Nep and Nq are the
maximum nonlinear degree in P(x,w) and Q(x,w). An example is given to
illustrate the notations in (4.21) and (4.22).

Example 4.3: A nonlinear model with one external disturbance w, one output v,

one control input u, and two state variables is considered here:

2
X:[an an}{&an}W{bﬂu{% +e22x1sz} @23
Ay Ay )X b, b, €% %,

y= [Cll Cu]{i1

2

}Ldnw+ €,% X,W (4.24)

The model parameters (e1 to es) can be represented as
C,0(0,20;) =¢, ¢c,,(L1L) =e,,C;,(0,21,2) =€, dy;(1,1L1) =¢e,

Remark 4.9: The system under consideration, i.e., (4.18)-(4.20), is a general
nonlinear system. Many practical nonlinear vibration systems can be modelled or
identified into such a nonlinear differential equation model. A vehicle suspension
system in section IV will show in detail how to describe a real engineering
problem with equations (4.18)-(4.20).

Remark 4.10: This study focuses on the design of the linear state feedback gain
K. For those unobservable systems, an observer can be constructed to estimate
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the state variables. Moreover, it can be easily shown that all of the conclusions
for the design of K also hold for the design of the matrices A and B2. That is, the
method developed here is applicable for the design of all model parameters of the
linear dynamics of the system.

Remark 4.11: It is supposed that the nonlinear dynamics of the system (4.18)
-(4.19) with the linear feedback control in (4.20) is overall \Volterra-type and thus
allows a convergent Volterra series expansion of the input-output relationship.
The parameter ranges to guarantee the \olterra series expansion can be
determined with the methods in [138, 139].

This paper aims at providing an explicit and analytic relationship between the
system output y and the system linear dynamics (K, A, and B2) and developing a
straightforward method, i.e., the new nCOS function, to facilitate the analysis
and design of the system linear dynamics (K, A, and Bz) with full consideration

of the system’s inherent nonlinearity (P(x,w) and Q(x,w)).
4.3.2 Nonlinear output spectrum

The nonlinear output spectrum of MIMO nonlinear systems can follow those
for SISO nonlinear systems in [70, 95, 113, 115]. The nonlinear output spectrum

of the nth output y, in (4.19), i.e.,Y; (12), can be computed as,

L@=Y Y [ | S@gaa)

=1 BB o,y 20 "=
" é+-<-'fﬂ,0:1-a1+(i-+av:n i:lw'70 (425)

r \

xg{ﬁxj(wnxﬁz)}n{ﬁwﬂ(wnwﬁ)}dwl...dwn

pu=l| z=
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where G!(e, B;@,-,@,) is the nth-order generalized frequency response
function (GFRF) of the nth output in equation (4.19), and N the truncation order.
a=aiaz--ay, and B=p1f»---pr are the numbers of W;(w),-, W,(w) and
X;(w), -, X, (w) appearing in the n-dimensional convolution, respectively.
Xj(w) and W, (w) are the Fourier transforms of the state variable x; and
external input w,, respectively. nX; = g, + -+ pj_1, nX; =0, nW, = nX, +
ay+ -+ ayq.

Given that the output equation (4.19) has pure input nonlinearity (considering
that the spectrum of state vector X(w) can be computed by equation (4.18)), the

generalized frequency response function (GFRF) in (4.25) can then be computed

as (see also discussion in [59, 65, 115]),

Gr?(a’ﬂ;a)l!“"wn):do,n(avﬂ;n) (4.26)
G/ (@,,0;) = D(7, ) (4.27)
G/(0,8;;0)=C(n, )) (4.28)

whereG/'(a,,,0;@,)and G/’ (0, B;; @) are the first-order transfer function of the
nth output with respect to the uth external input w, and the jth state variable
x; , respectively. C(n, ) is the element of C in the nth row and jth column, and
D(n, u) indicates the element of D in the nth row and uth column. au=0---1.--0,
which means that only the uth element equals 1 and all of the other elements are
0. Bj has the same meaning.

Example 4.4: Taking the system in (4.23) and (4.24) as an example, the output
spectrum can be computed according to (4.25) as
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Y,(Q) = GH(0,10; Q) X, (Q) + G*(0,0L, Q) X, (Q) + G (L, 00; Q)W ()
+” I G; (L1L oy, ,, ;) X, (@) X, (0,)W (0,)d 0, d w,d @,

Oy, +0y=02
where X1(Q) and X2(Q) are the spectra of state variable x1 and x, respectively,
and

G,(0,10;Q) =¢,,,G; (0,05 Q) =c,,,G;(1,00,Q) =d,,,G; (L1L 0, 0, 00,) =,
Considering the jth state variable x; as an output of (4.18), the spectrum of the

state variable can be calculated as

N

Xj(Q):Z Z _[ I Hnj(d;a)li”"a)n)

n=l¢,a,20,64+ +a,=n n
' ! ' Y Zi—l =02

(4.29)

where nW; =&, +--+a;_; and nW; =0. @ = &, &, - &, means that &,
terms of external input W,(w) are involved in the convolution for x=1,--v.
Hrf(&;a)l,---,a)n) is the nth-order generalized frequency response function
(GFRF) for the jth state vector x; with respect to external input @ , which can be

computed as

Ho(dsap, ) V., (@)
H, (@)= H”z(&;wl’_. ) ~[(io+-+ie,)1 - (A-B,K)]" VZ'“:(a) @30)
H (&, o,) V. .(a)

= Ln(a)l""’a)n)vn

where i is the imaginary unit, and the elements in V, can be computed following

the methods demonstrated in [59, 65, 115],

n m
Vi @=c,@0)+ > > > (@B
R A (4.31)

X Hn—q,p(d_a!ﬂ;a)l"“’a)n—q)
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where the first part considers the pure input nonlinearity and the second part
involves the cross input-output nonlinearity and pure output nonlinearity, @, —
ay,p=1,--,v, in which @ —a means that a, terms of external input w,

have already been considered with the input nonlinearity, and

Hn—q,p(d_a’ﬂ;a)li""a)n—q): Z Z
e B20 20,3y =n—g

§11+---+ﬂ=p
- ' (4.32)
J

i .
R 1| )
o) =a,~a, of' = -oq \ =1 2=
jz iz

jz _jz jz

where o)” +0)2, + -+ 0] =v;,, 0;,=0/"0) -0y . Denote [[_;() =

1.H)f, stands for the y;,th-order GFRF of the jth state variable x; with respect
jz

to the external input having ¢)* terms of w, , #=12v. Xy, =n—q
indicates that the multiplication [}, Hfi1(') results in a (n-q)th-order GFRF.
Yjz is a positive integer that is smaller than n-g. It is thus clear that a
higher-order GFRF can be recursively computed from lower-order GFRFs. £; +
-+ B, = p indicates that there are overall p terms of H]{jzin the product
T T, 0.

Example 4.5: For the system in (4.23) and (4.24), V;, (@) can be computed
accordingto (4.31) and (4.32) as

Vi,(2) =¢,,(0,20;1)H,,(2,20; 0y, w,) = eH G w)H, L w,),

Vi5(3) =¢,,(0,20;)H,,(3,20; 0, w,, @,) + ¢, (L1L)H, , (211 0, w,)
= elI:Hll(a)l)Hé(wz’ws)+H;(w1’a)z)Hll(C%)J+e2H11(a)1)H12(w2)1

V,5(3) =¢,4(0,2L,2)H,,(3, 2L, @, w,, ;) = esHll(a)l)Hll(a)z) Hf ()

The first-order generalized frequency response function (GFRF) can be directly
obtained,

144



Hl2 (aﬂ 7 a)l)

H,(a,)= =[(iw)1 -(A-B,K)] 'BE, =L*()BE, (4.33)

_le (a,u’ a)l)_
where 1 is the identity matrix, i is the imaginary unit, and E, is a v>l column
vector with the uth element equals 1 and all other elements 0. a,is the same as

that in (4.27).
4.3.3 The nCOS function with respect to the linear feedback gain K

Let Ly (wy, ++, @), Hp(a, B wy, -+, @) Gp(a, B; wy, -+, w,) and ¥(Q)
be the Ly'matrix, nth-order GFRF of state equations (4.18), nth-order GFRF of
output equations (4.19), and output spectrum with the open loop case, i.e., linear
feedback gain matrix K=0, respectively, where the L, matrix is defined in (4.30).
Lemma 4.1: If the inequality p(KL7'B,) < 1 holds, the first-order GFRF of
the state equation (4.18) can be computed using the feedback gain matrix K as a

perturbation on the open-loop transfer function a

Hl(a”;a)l)=Hl(aﬂ;a)l)—x (4.34)
where p(KL7'B,) is the spectral radius of KLi'B,, x =06B4E,, 6=

Y o[(DILi*Bye'KLT"]|, € = KL{'B,, and Li* = ((jwy)I —A)_l. x isan

rx1 vector with the element y;, 1<i<r, as

270 D (P KK k) (4.35)

1=1 7y 4oty o=l

where k; ; is the element of K, 7;; is the order of k;;,and 7;; EN,0 <i <

g
t,0<j<r. @, ., isascalarindependent of k; ;.
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Proof: See Appendix 4.2.
Remark 4.13: The perturbation y in Lemma 4.1 can be theoretically computed
with symbolic manipulations, which then provides an explicit analytical
expression for the first-order GFRF based on the open loop transfer function.
Proposition 4.5: The nth-order GFRF of state equation (4.18) can be regarded as
a perturbation on the open loop nth-order GFRF as,

H, (@)= H, @)-2" (4.36)

when the spectral radius p(KL7*B;) <1 holds, and y™is an rxl vector with

(n)

T1,1Ter’

elements having coefficient ¢

0

Zi(”) = z Z (@:1)«"»% kﬁl klr,lz'z "'ktr,tér ) (4'37)

1=1 71+ 4y =

(n)

where 7;; € NV;i € [0,t],j € [0,7]; P7, ;1. 1S independent of k; ;.

Proof: See Appendix 4.3.

Proposition 4.6: When the spectral radius p(KL7'B;) <1 holds , the
spectrum of state variable x; in (4.18) at any frequency Q of interest can be
computed as a perturbation on the open loop spectrum, so the perturbation can be

given as a polynomial function with respect to the elements of the feedback gain

K.

X@Q=X@+Y Y (of . ki k) (4.38)

1=l g4ty =l
where )?j(Q) is the open loop output spectrum of the jth state variable, and
<,0:1’11...Tt’r is the coefficient independent of the feedback gain matrix K.
Proof: See Appendix 4.4.
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Corollary 4.1: The spectrum of the output at any frequency € can be computed
via a correction (which can be given as a polynomial function with respect to the

elements of the feedback gain matrix K) on the open loop output spectrum,

LOQ=Y,@+> > (o .. kiki k) (4.39)
1=1 7y g+t =l
where Y’,,(Q) is the open loop output spectrum, and <pryl”’1,,,rw is a coefficient

that is independent of K.

Proof: The output equation (4.19) has only pure input nonlinearity. Thus,
substituting (4.38) into (4.25), the result in Corollary 4.1 is straightforward. This
completes the proof. o

Remark 4.14: Coefficient (p:"l,_,rtr in Corollary 4.1 is independent of the

Yn
T1,1 Ttr

elements of matrix K. If ¢ is determined, the output spectrum of the
system (4.18)-(4.20) can then be freely analysed and designed via (4.39) with a
different feedback gain matrix K. The nonlinear output spectrum in (4.39) is
referred to as the new nCOS function with respect to the linear model parameters
of interest, which explicitly unveils for the first time the analytical relationship
between the system output spectrum and the linear feedback gain matrix K. This
is a significant extension of the previous results on the nCOS method for
nonlinear analysis and design in the frequency domain [92, 95, 113, 115].

Remark 4.15: Alternatively, the output spectrum, Y, (%), could also be simply
expanded with respect to the elements of the feedback gain matrix K using Taylor

series. However, the coefficients of the resulting Taylor series are still functions

of the elements of K, and thus the analytical relationship between the nonlinear
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output spectrum and linear feedback gain cannot be revealed as clearly as that via
(4.39).

Remark 4.16: In (4.39), the coefficient wle_.,rt'r also describes the sensitivity
(influence) of the elements of matrix K to the output spectrum, which can then
help to determine the dominant elements of matrix K and thus reduce the design
complexity. This will greatly facilitate the analysis and design of feedback gain
matrix K, especially when K has large dimensions.

The coefficient <pfl’71_,_ in (4.39) can be symbolically calculated, but the

Ttr

calculation could be computationally intensive. To overcome this weak point and
to facillitate practical application, a numerical algorithm is given to estimate the

coefficient ‘/’2’1--- as follows (Algorithm 4.3):

Ttr

Yr] (Q) . . . " -1y @) (Q)
P 1 (KDY (KQ) o (k&) o (kD)™ (kD)™ (k)™ "
Y, : . . Y,I(z)(Q)
P10 |7 : : : .
7y \d 7y \0 =1\ 0 o\ My N S \M :
o 1 (kﬂ“) (quzn)) "‘(kf,“r“) (kﬁ“) (quzn)) "'(kt(,“r“) V@)
Myge My |

(4.40)
where m;; is the truncation order with respect to k;;, kill)kflz)kﬁ) to
KPR ™ are M different sets of elements in K, and %" the output
spectrum with the ith feedback gain matrix K (i.e., ki‘ikigkt(‘r)) Clearly,
M=(14+myqy)xx(1+m,).

The M different feedback gain matrix K should be properly chosen such that

the inverse of the matrix in (4.40) exists (e.g., nonsingular).
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Remark 4.17: If the spectral radius p(KL7*B,) is close to 0, a small truncation
order I=mg1+mio+---+mi, can provide a good approximation of (4.39), where
mi;j in (4.40) is the truncation order of zij in (4.39), while a large truncation order
[ is required if spectral radius p(KLi'B,) is more close to 1.

Remark 4.18: There also exist some other control methods for system (4.18)
-(4.19), for example, feedback linearization [45], which requires full knowledge
of the system and is not so easy to implement because the controller is
nonlinear. Moreover, not all nonlinear systems in (4.18)-(4.19) can be linearized,
and the linearization method may sometimes lose sight of the potential benefits
of the underlying nonlinear dynamics in vibration control [7,9]. The proposed
method in this paper has the following advantages: 1) ease of implementation
because of the simple linear feedback controller adopted; 2) full consideration of
the nonlinear influence on system response; 3) convenience in practical
application with Algorithm 4.3, with which the coefficient <p13'/17?1“'7t,r in the new
nCOS function (4.39) can be identified with input-output data, without a full

knowledge of model (4.18)-(4.19).
4.3.4 A case study on vehicle suspension control

Active control of vehicle suspension systems is a very hot topic in the
literature [140, 142, 184, 185]. To illustrate the design of a simple linear
feedback controller for a nonlinear system for performance improvement via the

proposed new nCOS function, a suspension system with nonlinear stiffness is
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studied in this section.
The governing equation of the system in Fig. 4.9 is

M %, = K (F= %) + G (W= %)+, + €y (X — %) +U (4.41)
msxs :_fs _Csl().(s _Xt)_u

where  f; = kg (xg — x) + kop (xs — x.)? + kg3 (xg — x,)® is the nonlinear
spring force, w is the road disturbance, and u is the control. The model actually
is identified from the Hyundai Elantra front suspension with parameters [1]:
ms=240 kg, m,=25 kg, k,=160 kN/m, c¢,=10 N/m's?, ¢;=1385 N/m-s?,

k1 =12 KN/M, kgp=—73696 N/m2, and kg;=3170400 N/m?.

Sprung mass m, Ty

5

fo =k, () +k52(.)2 ! d(e) @
CS

s —Kx
+ ks3 (.) dt
Unsprung mass mz — X
d(e)
k() = 5
W

e

Figure 4.9 A nonlinear vehicle suspension system

The governing equation in (4.41) can be transferred into state space equations

by using x; = X, — X, Xy = Xp — W, X3 = X5, X4 = X, and w =W as

0 0 1 -1 0 0 0] 0
X 0 0 0 1 X, 0 0 1 0
X X _
Xz.zz—ﬁ 0 -H & 2+—&xf+—&xf+0w+—1u
X, m, m om | x m, m, . m,
L m m.m m | L m L m - LM
(4.42)
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where the linear state feedback controller is defined as u=—-Kx=
—[ky k, k3 k4]x. ks and ks in the feedback gain matrix corresponds to x3=xs, and
Xa=xt , Which can be observed as the damping coefficients in vibration control
and thus are more important. For convenience in analysis, parameters ki and k
are supposed to be already known, i.e., ki=k=0. According to
ISO/TC108/SC2N67, the C level road profile corresponds to the average road
profile, so it is considered here as the external road disturbance w with a vehicle
velocity 15 m/s.

There are three indictors for evaluating the performance of a suspension
system, i.e., the body acceleration (relates to ride comfort), the relative tire load
(corresponds to vehicle handling ability), and the suspension stroke (describes
the deflection of the suspension). To apply the nCOS function based method with
(4.39) for the analysis and design of the state feedback controller, these three

indictors are first presented as three outputs as

G K, c c k k 1
O B W TR M N VO BV A RV BT
yl ) : |: mS mS mS:| mS Xl mSX1 mS
Y, = ktxz /(ms + mt)g (4-43)
Ys =X

From Corollary 4.1, the output spectrum Yi(Q2) can be expressed as an
analytical polynomial with respect to the elements of the feedback gain matrix K.
The nCOS function can be obtained according to (4.39) (with truncation order 2)
as,

Y,(Q) =Y, (9Q)+ Poio1.0Ks + Polo01Ks + (/7oy,io,2,ok32 + Po11KK, + (Doy,io,o,zkj (4.44)

where Y;(jQ) is the output spectrum with the open loop system. The coefficients
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of variables ks and ks can be estimated by the following procedure (Note that all
of parameters ki, ko, k3, and ks can be considered together in (4.39) with the same

procedure, but only ks and ks are focused on here for convenience in illustration).

Algorithm 4.4:

Step 1. Calculate the matrices L7 *(defined in Lemma 1) and B.

Step 2. Choose the first value set for ks and ks, and make sure that
p(KL7'*B;) < 1 holds. Simulate the system with ode45, and then take
the Fourier transform. Denote the output spectrum as Y®(Q).

Step 3. Given the other 5 sets of ks and ks, repeat step 2.

Step 4. Check if the inverse of the matrix in (4.45) exists; if not, try another set
of ks and ka.

Step 5. Identify the associated coefficients by (4.45).

T L S UL C O R I
; 1 k? KO (KO KK (kP )
Pooro : * ’ ° ) Y (Q)
2 2

R R A P T
Pozo | |1 kP Kk (K0) KOK® (k@Y | [YO@|
Yi YO (Q
| ) e ey |10
| o002 | 2 o | L i

1K KO (KOF KO (KO |

With the estimated coefficients @' in (4.45), the nCOS function (4.44) can
then be freely used for the analysis and design of the controller.
The three outputs above are then combined together to form a multiple-object

function as a performance output for the design of the linear feedback gain
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matrix K,

3

: 0010 S @({io,o,l
1690~ 3 Y90S S e o S o

1 Y;(

: Poo20 |2 3 P11 3 Pooo2 |12

+ e RS 4 = kK, + K
[Z” Yi(jQ)J : (Z” Yi(jﬂ)] i (Z” Yiaﬂ)] ‘

where Y;(jQ) and Y;(jQ) are the output spectra for the open loop case and

(4.46)

closed loop case, respectively. i, i=1,2,3 are weights for the three indicators with
wi+p+uz=1. Y,(jQ) stands for the performance improvement of the feedback
control suspension in the open loop case with full consideration of the vehicle
body acceleration, the relative tire load, and the suspension stroke.

If system (4.41) possesses \olterra-type nonlinearity, nonlinear phenomena
such as jump phenomena, bifurcation, and chaos will not exist, so that the
following four frequencies can successfully describe the characteristics of the
system outputs and then be seen as frequencies of interest, i.e., the first and
second resonant frequencies (Q;and (,), the frequencies between the two
resonant frequencies (Q3), and the frequencies larger than the second resonant
frequency (€Q,). In the following discussion, these frequencies are chosen:
Q1=21x1.2 rad/s, Q>=2mx13 rad/s, Q3=271x7 rad/s, and Q4s=27*x25 rad/s.
Following the procedure above, given (ks,ks) as: (37,89), (137, 280), (23, 490),
(167, 680), (42, 890), and (183, 1080), the associated independent coefficients
for the three indicators, yi1, y2, and ys at all four frequencies of interest can be
estimated by (4.45) and are given in table 4.4. Because the ISO C level road
profile involves all of the frequency components, all of the independent
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associated coefficients in table 4.4 can be identified with only 6 numerical
simulations (ode45 and the corresponding Fourier transform), which shows the
efficiency of the proposed theoretical results.

With the independent coefficients obtained in table 4.4, all the three indicators
y1, Y2, and ys, can be freely analysed with different feedback gain parameters, i.e.,
(ks, ka), via (4.45). Fig. 4.10 presents the estimated acceleration by nCOS at all
four frequencies of interest with different ks and ka. It can be observed that the
accelerations by numerical simulation (Fourier transform of the output by ode45)
are in good agreement with those predicted via the nCOS function (4.44), which
shows the effectiveness of the proposed results. The nCOS functions for y, and y3
also work well but are omitted here for space limitations. The spectral radius
p(KL7'B,) < 1 holds for all frequencies of interest, and only the case of Qs is
presented in Fig. 4.11 for space limitations.

Note that with the nCOS function given in (4.44), only 6 simulations are
needed for the estimation of the associated independent coefficients. Taking Fig.
4.10 as an example, when the parameter step is 10, then ks has 21 points, and ka
has 101 numbers, so that more than 2000 simulations are needed for ode 45 if
using a pure simulation-based method. The efficiency of the proposed results can
then be demonstrated. The proposed results with (4.44) and (4.46) can provide an
explicit analytical relationship between the output (performance objective
function) and the linear feedback gain matrix, which will greatly facilitate the
analysis and design of the linear feedback controller.
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Table 4.4 Estimation of Parameters of Interest-Independent Part

Y.(i©) ¢z,io,1,o ‘Pg,io,o,1 ‘P%),,io,z,o ‘P%),,io,1,1 ‘Pz,io,o,z

V.62 0.0189 -1.488e-5. 3.243e-6. 7.617e-.9 -3.401e-10. 2.914e-19
+0.0281i | -2.090e-5i | -1.766e-5i | +3.841e-9i | +1.304e-8i +2.331e-9i

_ 0.0120 1.746e-6 | -5.003e-6 = -1537e-9 | -4.953e-10 | -3.409e-9
YiG9) | 00141i | 3378e7i | +1.080e-5i | +7.272¢-9i | -6.306e-10i | -2.686e-0i
_ 0.0163 | -4.946e-7 = -1.568e-6 = -1.947e-9 = 4.195¢-9 | 4.011e-9
Vi0%) | 01681 | -8.201e7i | +5.6220-7i | +5728¢-9i | -1.881e-9i | -2.700e-0i
_ -0.0037 | -5.871e-8 | 2.097e-6 | 8.100e-10 | -1.172e-10 | 5.430e-10
V109%) ' 0004i | -1905e-7i | +1684e-6i +7.736e-10i  -4.596e-10i  -8.527e-10i
_ 0.0016 | -1.394e-6 & 2.978e-7 | 7.402e-10 & -2.999e-11 & 2.420e-11
Y2000 1 000281 | 1.947e6i | 164961 | +3.480e-10i +1.218e-0i | +2.208e-10i
_ 0.0020 | 2.230e-7 | -6.62le-7 | -1.560e-10 = -6.460e-11 = -4.577e-10
Y209) ' 00004 | 3265081  +1.418e-6i | +8.825e-10i -6.665e-11i | -3249e-10i
_ -0.0013 | 1.038e-6 | 3.500e-6 = 4.574e-9 | -9.424e-9 | -9.087e-9
Y2(9s) +0.0038i | +1.514e-6i = -3.427e-7i = -9.434e-9i | +2.431e-9i = +3.897e-Oi
_ -0.0002 | 4.709e-9 | -6.746e-8 = 4.230e-11 | 4.580e-12 | -1.453e-11
Y2090 (00101 | 5.11086-9i | -4190e-8i | +4557e-11i  -2.1286-13i | +2.276e-12i
_ -4.444e-4 | 2.471e-7 | -5133e-8 | -1.244e-10 | 2.889e-12 = -3.918e-12
Ya0R) ' | ogeai | +3353-7i | +2872e-7i | -6.1d6e-11i  -2121e-10i | -3.765e-11]
v 4.123e-5 = 2.954e-9 | -8.147e-9  -1.812e-12 | -8.601e-13 = -5.642e-12
+5.726e-5i | -4.885e-10 | +1.800e-8i | +1.064e-11i | -1.175e-12i | -3.925e-12i

_ -4.481e-5 = 1.700e-8 | 5.704e-8 | 7.451e-11 | -1536e-10 = -1.481e-10
Y300s) +3.137e-5i | +2.462e-8i | -5.342e-9i | -1.540e-10i & +3.95le-11i = +6.364e-11i
v 7.103e-7 | 1.001e-10 | -1.904e-9 | -7.267e-13 = 8.233e-14 | -2.55le-13
-4.005e-6i | -1.125e-10i -5.91e-10i | +7.298e-13i | -1.028e-13i | +6.041e-14i

The performance function (4.46) fully considers all three indicators

(acceleration yi, relative tire load y., and suspension stroke ys) at the four

frequencies of interest and is thus seen as an objective function for feedback

design. Consider the controller as a ride comfort oriented controller and give the

weights as u,=0.75, u,=0.15, u3=0.1. The performance function with different

feedback gain parameters is presented in Fig. 4.12, from which the optimal

performance can be achieved with parameters (ks, ks) = (140,940).
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Figure 4.10 The estimated nCOS function by (4.44) with different sets of ks and k4 at the four
frequencies of interest. The symbols (ball, star, cubic, and tetrahedron) stand for the accelerations

at the corresponding frequencies and the parameters by numerical simulation. The red balls

represent the accelerations with the design parameters.

,\QQQ o

Figure 4.11 The value of ,, — |ki;'B,|
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Figure 4.12 Performance function (4.46) with different feedback gain parameters. The red ball is
the performance with the optimal design parameters.

For comparison, a recently developed ride comfort oriented control, i.e., the

mixed skyhook and acceleration driven damper (ADD) method [164], is adopted
here, which is given by

Cin (t) = Cmax

[ (2 -a*]}) <OAX(X, —%)>0]
Cin (t) = Cmin

v (K -a*%) >0 A% (X, —%)>0]
[ (2 -a*¥) <OAX, (X —%)<0]

v (8 -a*%) >0 A% (X, —%)<0]
where cin(t) is the required damping coefficient, and o=11, =30, Cmin=300,

Cmax=4000 [164]. The actual damping coefficient c(t) is followed by
&(t) = —Bc(t) + Bein (t) -
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Figure 4.13 Comparison of the performance with/without controller when subjected to 1ISO C
level road profile.
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Figure 4.14 (a) Comparison of the accelerations when subjected to 1ISO C level road profile in the
time domain. (b) Comparison of the active force in the time domain.

Comparisons are conducted between the proposed nCOS-based method and

the mixed skyhook and ADD method under very close active forces (with K=[0 0
158



140 940]). It is well known that a large damping in the open loop case, for
example, ¢s=2000 N/m-s™*, will deteriorate the performance in the frequencies
between the two resonant frequencies and also the frequencies larger than the
second resonant frequency, while a smaller damping coefficient, for example,
600 N/m-s?, leads to a performance deterioration around the first and second
resonant frequencies. Both controllers have better performance than the open
loop case, but the proposed one provides much better performance in the
frequencies between the two resonant frequencies and also at high frequencies
(larger than the second resonant frequency), as is presented in Fig. 5. In Fig. 6,
the high-frequency components can be clearly observed in both accelerations and
active force with the ADD method, which again verifies the better performance
at frequencies larger than the second resonant frequency with the proposed
nCOS-based method in Fig. 4.13.

The following procedure is summarized to help understand the proposed new
nCOS function for a MIMO nonlinear system and to facilitate the application of
the new nCOS function to the analysis and design of those linear parameters of
interest.

Algorithm 4.5 (Application of the new nCOS function to the design of linear

feedback controller)

Step 1. Construct the system output and performance objective function;
examples can be seen in (4.43) and (4.46).

Step 2. Estimate the associated independent coefficients in (4.39) with Algorithm
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4.3; an example can be seen in (4.44) with Algorithm 4.4.
Step 3. Determine the feedback gain matrix with the performance objective
function via the nCOS method; examples can be seen with (4.46) and Fig.

4.12.
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4.4 Conclusions

In this chapter, a new nCOS function is developed for those linear parameters
of interest in nonlinear systems as a useful extension of the existing nCOS
function (which is only available for nonlinear parameters of interest). The new
nCOS function is analytically developed for SISO nonlinear systems, and a
numerical algorithm for estimating the nCOS function is proposed for MIMO
nonlinear systems. Two examples, i.e., linear component design in a nonlinear
circuit and linear feedback design for a vehicle suspension system, are given to
illustrate the proposed new nCOS function. Note that the linear parameter of
interest can be a linear component or a linear controller in engineering practice,

so the proposed new nCOS function is thus of great significance.
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5 An extension to exponential type nonlinear
systems

5.1 Introduction

Many of the nonlinear systems can be described with an exponential-type
nonlinearity (nonlinearity described bye'®), and examples can be seen in the
input-output relationship of the bipolar/CMOS amplifier [11, 178], the clearance
nonlinearity in mechanical engineering or controller design [186], the saturation
problem in an actuator [140, 161], and the basis function in a neural network
[187]. To study this exponential-type nonlinearity via the \olterra series
associated method, the exponential-type nonlinearity should first be
approximated with a Taylor series expansion to transform the exponential-type
nonlinearity into a polynomial-type nonlinearity. This is because the algorithms
for calculating the generalized frequency response function (GFRF) are only
developed for polynomial nonlinearities in the literature. The Taylor series
approximation requires a large truncation order for a high-approximation
accuracy, so a large number of parameters are involved in the nonlinear analysis.

The method of transforming the exponential nonlinearity into a
polynomial-type nonlinearity in the Volterra series based analysis and design
results in two problems: low computational efficiency and high analysis

complexity. To overcome these two problems, a low truncation order is usually
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used in practical application, for example, a third-order approximation in
amplifier dynamics modelling [6, 7]. This simplification obviously leads to a
description of system dynamics with less accuracy, and can even miss some
interesting results [181]. An effective and efficient method for the analysis and
design of an exponential-type nonlinear system is thus of great significance.

In this chapter, a new algorithm for calculating the generalized frequency
response function (GFRF) is first proposed for an exponential-type nonlinearity.
Compared with the method using a Taylor series approximation discussed above,
the proposed algorithm can calculate GFRFs with many fewer parameters, and
the advantages of the proposed algorithm, for example, its high computational
efficiency and being straightforward and easy to implement, can then be
demonstrated. Based on the proposed algorithm for calculating the GFRFs, the
nCOS method can be applied to analyse and design the exponential-type
nonlinear systems. Two examples, the suppression of harmonic distortion in an
amplifier and the analysis of a radial-basis function neural network, are given to
illustrate the proposed results. It is shown that the proposed algorithm in section
5.2.1 can effectively calculate the GFRFs for exponential-type nonlinear systems
with many fewer parameters and thereby greatly facilitate the analysis and design

of exponential-type nonlinear systems with the new nCOS function.
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5.2 Calculation of the GFRFs and the nCOS-based analysis of

exponential-type nonlinear systems

The following exponential-type nonlinear system is considered,

L d'u

GO+ g, (6 W™ + gy (x, we ™ = 3 =
1=0

(5.1)

where 0,(X,U),g,(X,u),d;(x,u), f,(X,u) are polynomial functions of system
output X and system input U, and f,(U) is a polynomial function of U .

| denotes the differential order with a maximum order L

1 2 L 1 2 L
X = X,H'ﬂ,...7d_x , and u= u,d_u’d_u,...,d_u . When
dt' ' dt? dt" dt* ' dt? dt*

g,(X,u)=0g,(Xx,u) =0 | system (5.1) reduces to a polynomial nonlinear system,
which has been studied in [59].
The following comes to develop a new algorithm for calculating the

generalized frequency response function (GFRF) for an exponential-type

nonlinear system (5.1).

5.2.1 Algorithm for Calculating Generalized Frequency Response

Functions (GFRF)

Proposition 5.1: The exponential-type nonlinear system (5.1) can be analytically

transformed into the following polynomial nonlinear system as,

L d'u
@11(><,U)+92(><,u)x2+gg,(x,u)x3:ZW
1=0
df, (x,u
=n S 52)
. df,(u)
X, = X, ————=
3 3 dt
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fi(x,u)

Proof: Denote X, =¢€ , and take the derivative with respect to the time

variable of both sides, and the following equation can be obtained

foow df (X, 1)

X, =€
2 dt

It is easy to see that the second equation in (5.2) holds. By denoting X; = e :
the third equation in (5.2) is also straightforward. Note that fl(X, u) and fz(U)
are polynomial nonlinear functions, so that model (5.2) is a polynomial nonlinear
system. This completes the proof.

Remark 5.1: By introducing these two auxiliary equations, the nonlinear system
described by an exponential nonlinearity can be analytically transformed into a
single-input three-output polynomial nonlinear system. The problem between the
approximation accuracy and the truncation order in the Taylor series expansion
can thus be overcome.

Denote as M ,M ;M3 M, M, the number of coefficients in
gl(xiu)! gz(x,u), g3(x,u), fl(x’u)’ and fz(u) , respectively. Denote as N,
and Ny, the truncation orders of the Taylor series expansions of e"™¥ and
e?@in (5.1), respectively.

Remark 5.2: The transformation in Proposition 5.1 results in
My +Mg,+M;+2M + M, +L+3 coefficients of interest, while the direct
Taylor series expansion of e"*" and e"® in (5.1) leads to

1+Ng,

M, + M, x Ny +Mgx N, +L coefficients of interest. The polynomial

nonlinear system in Proposition 5.1 thus with many fewer coefficients than that
by Taylor series expansion. This advantage will be more obvious when a large

165



truncation order N, or N, is required.
The polynomial nonlinear system (5.2) can be rearranged as the following

single-input three-output polynomial equations as

Yazn X Yarin e Seran T -3 e,0 5
N m 515253 at% iy 31+Sz+53 d" X, p+g
£ 5% % el G T el 4
DD YD I SRR ) ki

Ii 51+Sz+sa dIiX p+q d U

i=s;+1

i 3

=541 dt" - s£1+1 dt" iHl dt"
) N m L 5253 5, 45, X S+5,+5 d X, p+q
X = Z Z |Z Sl (-1 prq? l_ld_x1 H H

=0 =1 i=s;+s,+1 i= p+1

=5+, +1 i=p+l
1q=0 i=1

(5.3)
where x; is the ith output, i=1,2,3. N is the maximum nonlinear order in terms of

output x and input u. ¢2z*(l,---,1 .3 J) is the model parameter of the

St X151+52 d X S+ 483 d X p+q
corresponding term [ [—* 0 11 31_[— in the jth equation,

i=1 i=s+1 dt i=s+5,+1 dt i= p+1

which has a nonlinear degree p+q (p order in terms of the outputs X, X,, X;, and
g order in terms of the input U), and I; is the differential order, with the

maximum order L. S,,S,,S, €N | which are the nonlinear degrees of X, X,, X,

. . S-odlix 352 gl 92 gl P )
in the nonlinear term H—f(i —= 11 31_[ , respectively.
i=1 d i=s+1 dtl i=5,+5,+1 dt i= p+1

Denote [ J(+)=1 when $=0,5,8 +S, holds.

i=s+1

Remark 5.3: The equilibrium of the exponential-type nonlinear system is not
zero, which means that there exist constant terms (i.e., dc components) when the

input U is zero, so that the results in [65] derived for multiple-input
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multiple-output nonlinear differential equations are not applicable for system
(5.3).

Proposition 5.2: Denote as Hg,H:,H. the equilibria of XX, X in (5.3),
respectively. The nth-order generalized frequency response function (GFRF) can

be calculated as

Hrll(ja)l"“ Ja) ) |1,1 I1,2 |1,3 Al,n Al,n
Hn = an(ja)l' : Ja) ) I |2,2 |2,3 Az,n = L;l Az,n (54)
H : ( ja)ll Tty Ja)n) |3,1 |3,2 I3,3 Az,n &,n

where

L N
Z co (e +-+je) =3 > 65 (1,0, 0)(j@ +-+ jo,) (Hg)* (H))"

p=2 :2 2‘3 =1P;1
L N
Il‘z=ZCE§°(I;1)(ja)1+~-+ja)n)'—z Z C (0 L O (Joo, ++-+ o, ) (Hg)* (H{)*
e
L N
:Z T(ED)(jo, +---+ja)n)'—z (0,0, 1) (joo, ++--+ j,)* (Hg)" (HJ)"
N
== Y 6e(L,0,,0;2)(jo, ++ jo,)" (Hg)" (Ho)®
p=2 ty+t3=p-1

1y<8; 3<53

L, = G (jo, ++ jo,) =) Z i (0, L, 0 2) (o -+ ) (H;)" (H)®

=Y T 0, 0Li2) ey o) (HE): (HE):

p=2 f+ty=p-1
<, bh<s,

|31:_Z Z MS(IUO 0;3)(1-601-"“'-'_ja)n)ll(HOz)tz(HUB)t3

p=2 ty+t3=p-1
1<) 13<53

Is,z:_z Z tllts(0 <, 0:3)(jao + -+ Joo, ) (HD) (H2)®

p=2 f+t3=p-1
1<87,13583

=LY (jo, ++ jo,) Z c2(0,++,0,1;3)(jo, +--+ jo,)" (HY)" (H)®
p=2 +z:1
f<sytp<

(5.5)

and
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n m p-1 L

A, =Con (L ,n,l)H(Jw) LD D I SR D sl (TR A )

m=p+g=2 p=l t=t+ty+t3=0 b -+~ p,q=0

t1<s1,1<sy (5,6)

t3<s3

><(H )t1(H )tz(H )13H(J o nq+lHI§1tqu3pt(a) ”’a)n—q)

4
Hr?tzqtgp t(a)ll“'la)nfq) :Z(a)l +"'+a)i)lt1+1 Hil(a)l""'a))HrEthl)ltzptSt 1(w+1’ a a)”*q)

t
+Z(a)1+"'+a)i)lwz+lHiz(a)p : a))Hll(;zuli:sr 1(wu+1’ “’a)n—q)
i=0

+z(a)l+.“+a)i)lsﬁsz+t3+i Hi3(a)1’...’ )Hr:ltzq(t? pl)tl(a)ﬂ’ . a)n—q)

(5.7)
0 ' ' '
where Z() =0, andt =s —-t,t,=s,-t,,t; =s,—t,.  The recursion in (5.7)

ends when p =1 holds, i.e.,

HY (@, o) =(o++0,)* H (@, @,)
HOlO( .,a)n) _ (a)1+...+a)n)|sl+sz HHOlO(a)ll..-,a)n) (58)
HOOl( '!a)n):(a)1+'”+a)n)lwsz+53 Hr?m(a)lv'”!a)n)

For the first-order GFRF,
L
Ail = Zco,l(l;l)(ja)l)l
Y Y 0D (He ) (H2)™ (H3)" ()™

p=L §+5,+53=p I ;.1 =0
N (5.9)

Zl Z Izocslszsg "'!Oalp+1;2)(Hé)SI(H()2)SZ(Hg)ss (ja)l)lp+1
p=ls+S;+83=ply 4=
N-1

&,122 Z ZC%stg ...,0,Ip+l;3)(Hé)sl(H )( )(J )M

p=1s,+S,+53= plm1 0
Proof: See Appendix 5.1.

The L, matrix in (5.4) can be singular when @, ++:-+® =0 holds (which
means that the GFRFs are calculated at dc components). For this case, the

following algorithm is proposed for an approximation of the inverse matrix Lﬁ:
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Algorithm 5.1:
Step 1. For the nth-order GFRF, approximate @, by o = +% for
i=12,---,n , where . is a small perturbation close to 0 which makes the
inverse matrix L'(jo/+---+ j&)=L"(ja) exist.

'

Step 2. Approximate H, (@, -, @) with H!(«],"-, @) .

Remark 5.4: The point (a)l',"',a)n')is chosen in the normal direction of the
A

hyperplane @, +:--+@, =0 with a distance d:T to the frequencies
n

(601, ey a)n) . After . ischosen, Lgl(jA)WiII be the same for a different order n,
that is, Lf(jA) = L;1(jA) =---. Note that the distance d decreases as the order n
increases, so the approximation of H! (@, @) with H! (e, @) would

thus be more accurate as the order n increases.

To illustrate the theoretical results above, the following example is given and
discussed.
Example 5.1 Pure input nonlinearity
Consider the exponential nonlinear system described by
N
where U is the system input and X is the system output. This exponential

nonlinearity can be expanded with a Taylor series as

a‘u®> au®

x=1+au+ +
2! 3!

(5.10)

When the nonlinear equation is truncated to u® , there are 4 parameters to

analyse. The GFRFs can be computed as
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e (5.11)

With the results in Proposition 5.1, the exponential nonlinearity x =e* can
be analytically transformed into the following single-input single-output
polynomial nonlinear system

X =axu (5.12)

In (5.12), there exists only one coefficienta. The GFRFs can then be

computed with Proposition 5.2 as

Ham =1,
H asym
Hlasym(aol)= a(Ja)})Ho 1
Jo,
a(jo)H"(jw,) (5.13)

Hasym @, )= _ _
2 ( 1 2) J&)1+J(()2

a(jo)H," (@, @,)
Jo, + o, + jo,

H" (o, 0, 0,) =

The GFRFs in (5.13) are asymmetrical, but can be symmetrized as,

2 3

H" =L H (@) =a,HI" (0, @) = 2 H (0,0, 0) = 5 (5.14)

The GFRFs in (5.14) are the same as those in (5.11), thereby verifying the
effectiveness of the result in Proposition 5.2. It is clear that the polynomial
nonlinear system in (5.12) has many fewer parameters (only one parameter) than
that by the Taylor series expansion in (5.10) (4 parameters). The other advantages
of the proposed algorithm, for example, its high computational efficiency and

being straightforward and easy to implement, will be more obvious for pure output
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nonlinear systems or cross input-output nonlinear systems, which will be

illustrated and discussed in the next section.

5.2.2 The nCOS-based analysis and design for exponential-type nonlinear

systems

It has been shown in Chapter 3 and Chapter 4 that the output spectrum of a
nonlinear system can be expressed as a polynomial function with respect to those
parameters of interest, referred to as nCOS functions for nonlinear parameters of
interest in Chapter 3 and new nCOS functions for linear parameters of interest in
Chapter 4.

Assuming that there are 3 parameters of interest, denoted as C,C,,C; , the

output spectrum can then be given as

Y(w)= §011 (w)c, + (0; (w)c, + Coé (w)c,

2 2 2 2 2 (5'15)
+ (Plzl(a)) (Cl) +¢, (0)C.C, + @5 (@)C,C, + s, () (Cz ) +ee

where go((j))(a)) is the coefficient of the polynomial function, which is
independent of the parameters of interest, i.e., C;,C,,C;. When the nCOS function
in (5.15) is truncated by up to third-order, there are 39 coefficients for calculation.
The problem would be even worse when a higher truncation order is required or
more parameters are of interest in the nonlinear analysis and design.

The proposed new algorithm in section 5.2.1 can calculate the GFRFs of an
exponential-type nonlinearity with many fewer parameters, which will

significantly facilitate the analysis and design of an exponential-type nonlinear
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system via the new nCOS function. An example for studying the harmonic

distortion of a bipolar amplifier is discussed in the following.

Example 5.2 Suppression of harmonic distortion via the new nCOS function

—VVVVV +

R

) £9(Voe) i
@ C \

u(t) Vpe = X

I
<

A

Figure 5.1 Equivalent model of bipolar amplifier

The input-output dynamics of the common emitter amplifier are governed by
the exponential-type nonlinearity as

U—-X . -
T:Cx+ I, (6" 1) (5.16)

X

y =Bl (e 1) (5.17)

where u=Usinat, and 1y, is the reverse saturation current, which always
varies with temperature. It is thus necessary and of great interest to study how the
amplifier performance, for example, the linearity described by the harmonic
distortion, is affected by this reverse saturation current.

In the literature, the exponential-type nonlinearity is often approximated by a

third-order Taylor series expansion as

3. | o I I
_ N 1) = BQ i _ _BQ BQ ,2 BQ ,3
g(x) =l (e 1) ?:1 TV N X V—x + N X+ —=X (5.18)

T T
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From (5.18), it can be seen that IBQis involved in all 3 parameters, so that the

number of parameters to analyse via the Volterra series associated method is 3.

X

Denote X, =1, (ew—l) , and take the derivative with respect to time of both

I
sides, and X, =%>‘<1+Vi>'<lx2 will hold. (5.17) can then be given as Y =-pX,.

T

(5.16) can be rearranged into a single-input double-output set of equations as

1 +C +x—£u
RX1 X +X R

I 1 (5.19)
BO . . .
——X +X, =—XX
V, v
The GFRFs can then be computed according to Proposition 5.2 as
H,=H;=0 (5.20)
1 -1
—+C(] 1
Hija]_| R TCUN 1
H( =l R (5.21)
el TS a) (o) | Lo
1 -1
Hr::(a)li 1a)n) E+C(Ja)l+'.'+-la)n) 1 O
H" = I Az ,Nn>2
n(a)la 1a)n) _%(Ja)l++1wn) (Ja)1++10)n) n
(5.22)
where
1 . L 2y
Az,z :\T(Ja)l)Hl(le)Hl (Ja)z) )

T

A =Vi[(jwl>Hf<wl)H§(wz,w3)+(J‘wl+ jo,)Hy(@,0,)H (@,)]

1o . o
A, =V—[(ja)1)H1 (0)H: (0, 0,,0,)+(jo,+ jo,)H) (0, 0,)H; (0, + @,)
+(jo + jo, + jo,)Hi (@, 0, 0,)H} (0,) ]
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Te o o 2
A Z\/—[(Ja)l)Hl(a)l)HA(a)z,a)a,a)4,a)5)+(Ja)1+ jo, Hi (0, 0,)H: (0, 0,,,0,)

+(ja)1+ ja)z + ja)a)Hsl(a)lva)wws)sz(wwa)s)

+(jo + jo, + jo, + jo,) Hj(a)l,a)z,a)a,a)4)H12(a)5)]

The calculation of the GFRFs for (5.19) is more efficient and straightforward

than that by the Taylor series expansion in (5.18) because there exists only one

1 I
nonlinear parameter, e in (5.19), while at least two nonlinear parameters, Vﬂ

T T

leo
2 H
T

and

are involved in the calculation of GFRFs for the system

approximated by the Taylor series expansion (5.18).

I
In (5.19), it is clear that only one parameter, —%, is of interest to analyse.

T

I
Denote ¢ :—% for ease of notation in the following illustration. According to

T

the new nCOS function developed in Chapter 4 for the analysis and design of those
linear parameters of interest, the output spectrum can be expressed as a polynomial
function of linear parameter € as

Y (@) = g (@) + g (@)c + 9, ()" + 0 (0)C + @, (@) ++- (5.23)
where the coefficients @, (a)),(ol(a))-~are independent of the linear parameter C .

The third-order harmonic distortion can then be calculated as

(3Q) + ¢, (3Q)c + ¢, (3Q)c? + ¢, (3Q)c® + ¢, (3Q)c* +- -

HD, = &
3 2 3 4
00 () + @, (Q)C+ 0, (Q)C” + ¢, (Q)C” + ¢, ()C” +- -

(5.24)

where @, (39),¢1(3Q),---are coefficients at the third-order harmonic frequency,

and (), @, (Q),are coefficients at frequency Q.
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The application of the new nCOS function is under the assumption that the
input-output relationship of the nonlinear system allows a convergent Volterra
series expansion. Given the model parameters ofV; =26mV, £ =180, R =100Q,
C =10pF, and input frequency o = 27 x5x10°rad / s, the input magnitude bound

is 42mV according to the results in section 2.4.

— HD3 via new nCOS function
-20 N - = - HD4 via perturbation method
.
\\ 4 HD4 via numerical simulation (ode 45)
\\ . i . . . .

o -30 1 N HD3 via third order Taylor series approximation
© N
~ LS
C \\\
-9 \\
. \,

-40 4 \,
S N
% —————— \\"‘\ ’,_.'/’.- et
(&)
‘= -50
o
S -
L 7’
(8]
T 404

\ 4
'70 T T T T T T T T T
0.0 5.0E-5 1.0E-4 15E-4 2.0E-4 2.5E-¢

leo

Figure 5.2 Comparison of third-order harmonic distortion with different methods

Linearization is a hot topic in the literatures for the analysis and design of
amplifier [6-11, 180]. Usually, a third-order Taylor series expansion is used to
approximate the exponential nonlinearity. The Taylor series is truncated up to the
third-order to simplify the analysis and design (as only three parameters are
involved in the analysis and design). This simplification may leads to an
inaccurate or wrong result. In Figure 5.2, the harmonic distortion by the
third-order Taylor series expansion is quite different from that by numerical

simulation. To improve the accuracy of the result, the exponential nonlinearity
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should be approximated with a higher-order Taylor series expansion, but in this
case, the number of parameters to analyse and design would increase, which will
greatly complicate the analysis and also reduce the computational efficiency. In
Proposition 5.1, the exponential-type nonlinear system can be analytically

transformed into a polynomial nonlinear system. This transformation produces

. _ I
many fewer parameters to analyse and design (only one linear parameter —%

T

in
this example), which will significantly facilitate the analysis and design of the
nonlinear system described by the exponential nonlinearity. From Figure 5.2, it
can be observed that based on the analytical transformation in Proposition 5.1, the
harmonic distortion via the new nCOS function has good agreement with that by
numerical simulation. As a comparison, the harmonic distortion by the

perturbation method proposed in [180] is also presented in Figure 5.2, which is

also quite different from that by numerical simulation.

Example 5.3 nCOS-based analysis of neural network

Artificial neural networks are a hot topic in the literature for system modelling,
identification, and control. The study of neural networks can also be conducted in
the frequency domain. In [188, 189], the basis functions of the neural network
were first approximated with a truncated Taylor series expansion to transform the
basis functions from exponential-type nonlinearities into polynomial-type
nonlinearities, so that the generalized frequency response functions of the neural

network can be computed, and the Volterra series associated methods can be
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applied to the analysis of the neural network. The Taylor series expansion of the
exponential-type basis functions results in too many parameters (including linear
parameters and nonlinear parameters) to analyse and design, which greatly
complicates the \olterra series based study in the frequency domain. In the
following, it will be shown that the proposed algorithm in section 5.2.1 can
calculate the GFRFs of the neural network with many fewer parameters of interest
and to facilitate the analysis and design of the neural network with the

nCOS-based method.

Figure 5.3 A three-layer radial-basis function neural network

In Figure 5.3, a three-layer radial-basis function neural network is shown.

W, W, are weight values, and hl,hz are radial-basis functions

h(u=e * ,i=12 (5.25)
where C; and bi are the centre point and the width of the Gaussian function,
respectively. u is the network input.

The following comes to study the effects of the parameters C; and bi on

the neural network output Yy . With the results in [188, 189], the basis function
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in (5.25) should be expanded with a truncated Taylor series as

X :aio+ailu+a12u2+a1'3u3+"'1i:1,2- (5.26)
where
8 = e_ﬁ’
6 &
a, Fe 2

From (5.26), it can be observed that the parameters of interest, i.e., C, and
bi, are involved in all of the coefficients a,d;,d,,d, -. Obviously, a large
number of coefficients in (5.26) would complicate the analysis of the neural
network in Figure 5.3.

Denote X; = hi (U) , and take the derivative with respect to time of both sides,

and the following equation holds

! 1. ¢ .
X :—inuu+b7xiu. (5.27)

1 C
In (5.27), obviously only two parameters are of interest, i.e., g and b—'2 The

GFRFs can be calculated according to Proposition 5.2 as

2
Ci

Hi=e ® (5.28)
and

H =LA, (5.29)

where
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1 1

R e (5.30)
A,1=,§—i;Hé,

A= s ) Hi ) - 42 H

A= o)< Hi (04,0 - 12 1 (), (5.31)
A= o0 Hi (0,0,0) 22 Hi (0,.0,).

C ,. i . i
As="5(joy)x Hs(a)l,a)z,a)s,a)4)—%H3(601,602,603)y

b

1 C
Denote f. = —b—zand g =b—'2, and the calculated GFRFs can then be given in

the form of characteristic functions as

Hli(a)l):giH(i)’

Hi(w,0,)=|(g)+f |Hix—%

2(a’1 wz) |:(gl) + |] 0><w1+a)2

Hi (@ 0,,0,) =[ (0,)'+ fig, [Hix e

(a)2 +a)3)(a)1+a)2 +a)3)'

Hl(a)l,a)z,a)s,a)4)=(gi)4 Hti)x e

(0, +0,) (0 + @, + 0, ) (@, + @, + 0, + @)

00,0, 0,0,

+

2 .
f.(9;) H,
¥ ,(g, ) 0{(%+w3)(wl+w2+w3)(wl+w2+a)3+a)4) (o, +0,) (0 +0,+0,+,)

0,0,

+(fi)2H<;><

(o, +o,) (0 +0,+0,+0,)

(5.32)
The output spectrum can then be given as
X, (@) = g, (@)H} + @, (0) TH) + ¢, (@) g H, 539
+ (@) () HE + 0 (@) fgH + 0,0 (@) (g,) Hy+--
and
Y(0)=X,(0)+X,(0) (5.34)

which are nCOS functions, and the coefficients @, are independent of those
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parameters of interest, i.e., fi and ;.

1X,(3Y)|

— |X,(3Q2)| via nCOS method in (5.34)
00207 - = = |X,(3Q2)| via third order Taylor series approximation (5.27)
e numerical method (ode 45)
0.016 AR SN

0.004

0.000

0.07 4 — IX,(3Q)| via nCOS method in (5.34)

0064 e numerical method (ode 45)

0.05
0.04

0.03

Figure 5.4 Amplitude of X1(3Q) via different methods

- = = |X,(3Q2)| via third order Taylor series approximation (5.27)

Figure 5.5 Amplitude of X(3Q) via different methods
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Figure 5.6 Amplitude of Y(3Q) with different parameters of interest

Given U=0.55in(27r><20t) ,and b, =06,b,=04 the spectra of X,(®)

and Xz(a)) with different parameters of interest can be obtained via (5.33). The
coefficients @, in (5.33) can be analytically calculated. Both Figure 5.4 and
Figure 5.5 show that the spectrum via the nCOS method has good agreement
with that by numerical simulation, but the third-order Taylor series
approximation of the radial-basis function in (5.26) leads to an inaccurate result.
To improve the accuracy of the result by Taylor series expansion, a higher
truncation order is therefore required, which will of course introduce more
parameters to the nonlinear analysis and complicate the analysis. The output
spectrum Y(3Q) can then be easily calculated with different parameters of interest,
as is shown in Figure 5.6. It can be observed that the proposed results in section
5.2.1 can calculate the GFRFs of the radial-basis neural network with many fewer
parameters of interest and thereby greatly facilitate the analysis of the neural
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network via the nCOS method in the frequency domain. The nCOS method

provides an effective and straightforward way to analyse the neural networks.
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5.3 Conclusion

In this chapter, the nCOS method is extended for the analysis and design of
nonlinear systems described by exponential nonlinearities. First, the
exponential-type nonlinear system is analytically transformed into a polynomial
nonlinear system, which results in many fewer parameters to analyse and design
when compared with that by a Taylor series approximation. Then, a new
algorithm is developed to calculate the generalized frequency response functions
(GFRFs) of the targeted polynomial nonlinear system with dc terms (with
non-zero equilibria). This new algorithm greatly facilitates the nCOS-based
analysis and design of the exponential-type nonlinear system because many

fewer parameters are involved in the nonlinear analysis and design.
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6 Conclusions and future work

6.1 Conclusions

The \olterra series and its associated methods for nonlinear analysis and
design have been extensively studied and well applied to various engineering
practices. This thesis addresses several issues of the Volterra series associated
method raised in practical applications.

In Chapter 2, the convergence bound of the \olterra series expansion is
studied for a wide class of nonlinear systems described by a nonlinear
auto-regressive with exogenous input (NARX) model. The proposed parametric
bound of convergence (PBoC) can be easily computed with the proposed
algorithms and can provide a very useful guidance for the parameter optimization
and/or system design of nonlinear systems for any characteristic parameters
(including the model parameters, input magnitude, and frequency variable). The
parametric convergence margin (PCM) is proposed to evaluate the extent of a
given nonlinear system to which the system has a convergent \olterra series
expansion. The result of PBoC is then extended to the NARX model with a
general input and also to the single-input multiple-output (SIMO) NARX model.
The results in this chapter are great extensions of those convergent results in the
literatures, where the convergence bound is only studied for the input magnitude.

In Chapter 3, the applications of the nonlinear characteristic output spectrum

(nCOS) method involves two parts. First, a nonlinear damping defined as a
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function of both position and velocity is proposed to tackle the dilemma relating
to linear damping. The performance of the nonlinear damping is derived using
the nCOS method, and the proposed nonlinear damping shows advantages under
both force excitation and base excitation. Then, the multiple-object optimization
problem in vibration control is investigated. The multiple-object function is first
cast into a nonlinear characteristic output spectrum function, which can then be
freely analysed and designed within the parametric convergence region computed
with the results in Chapter 2. A nonlinear vehicle suspension system is given for
illustration.

The nCOS method in Chapter 3 is only applicable to those nonlinear
parameters of interest. In Chapter 4, the new nCOS function is developed for
those linear parameters of interest in nonlinear systems. This extension is of great
significance because the linear component or linear controller is usually easy to
implement. First, the generalized frequency response function (GFRF) is
expressed as a polynomial function of linear parameters of interest. The
coefficients of the polynomial function is independent of those linear parameters
of interest and can be symbolically determined with the proposed procedures.
The new nCOS function is then developed, which shows great advantages such
as high computational efficiency and straightforward insight into understanding
nonlinear systems. For nonlinear state equations (which can be observed as
multiple-input multiple-output system) in control design, the symbolical
determination of the coefficients in the new nCOS function may be complicated,
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so a numerical identification method is developed for facilitating the application
of the extended nCOS method in practical engineering problems.

Finally, in Chapter 5, the nCOS method is extended to those nonlinear systems
with exponential-type nonlinearity. A novel algorithm is developed for
calculating the generalized frequency response function (GFRF) for
exponential-type nonlinear systems. The proposed algorithm transforms the
exponential-type nonlinearity into a polynomial-type nonlinearity by introducing
two auxiliary equations. Compared with that by directly approximating the
exponential-type nonlinearity with a Taylor series expansion, the proposed
algorithm results in many fewer parameters to analyse and design, which greatly
facilitates the application of the nCOS method. This chapter provides a powerful
tool for the analysis and design of those systems involving exponential-type

nonlinearities.

6.2 Future work

1. The concept of the parametric convergence margin (PCM) is developed as
an indicator to quantitatively evaluate whether or not a given nonlinear
system has a convergent Volterra series expansion. A controller to transfer
a system with strong nonlinearity into a mild nonlinear system can thus be
developed using the concept of PCM. This would be of interest because in
some circumstances, complex phenomena such as jump phenomena are

not likely to exist in the designed or optimized system.
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2. With the novel algorithm for calculating the GFRFs for exponential-type
nonlinearities, a controller with full consideration of the actuator
saturation or clearance nonlinearity can be analysed and designed in the
frequency domain with the nCOS method to provide a straightforward
insight into the analysis and design of the controller.

3. The exponential-type nonlinearity is an important basis function in neural
networks and fuzzy systems. The results in Chapter 5 provide a useful and
fundamental basis for developing training methods or controllers with

neural networks or fuzzy methods in the frequency domain.
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7 Appendix

Appendix 2.1: Proof of Proposition 2.1

S UC(p AT ),) )chmwm

I—( )m2p—l L(w
u);;upWZHW%,meW wMZcmmm
i[L( )(C(O n)+ZZC(p q) nzzm:ﬂ ﬁH_r,(jwl"n’ja)ﬁ)j}Jn

H,(Joy, -, jo,)J"

Ms

>
||
N

then, the following equation holds for p+q=>2

ﬁfiuch OT), )uﬁ S COMU"=Y(U),—A,(je)U (A1)

Denote X(w,U)=YU), ZH (jo, -, jo,)U" | and rearrange (A-1), (2.17)

n=1

can be obtained. The result in (2.18) is straightforward according to (2.17). This

completes the proof.[]
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Appendix 2.2: Proof of Proposition 2.2

When the input amplitude U increases with the model parameters fixed, the

upper bound of the nonlinear output spectrum X=Y H, (ja, -, jo U" also
n=1

increases. When any nonlinear model parameter increases with the other model
parameters and the input amplitude U fixed, according to (2.14), the bound of
the nth order GFRF G _(jw,,---, jen,) also increases. Therefore, the upper
bound of the nonlinear output spectrum , increases accordingly. Both these
cases make the function 7" increase.

Itis clear that /=0 when the input amplitude U =0 or all of the nonlinear
model parameters are zero (C(p,q) =0). When the \olterra series expansion is

divergent, the upper bound of the nonlinear output spectrum X—oo, thus

M, o
"L )ZZ pC(p,q)UxP* — oo . For the case that only the nonlinear terms
p=1 q=0

with index p=1 or together with the pure input nonlinear terms are included in the

NARX model, it is obvious that there exist some (U,C(Lq)) such that

= ()ZC(l ,qU?>1 holds. Because [ is a continuous and
=1

monotonically increasing function with respect to the input amplitude U or any
nonlinear model parameter, then 7" =1 exists forsome U and C(p,q).
According to (2.11)-(2.13), it is clear that L(w), H1(1.60), and C(p,g)are no
functions of the input amplitude U. When the model parameters are given, the
upper bound of the nonlinear output spectrum is only a function of the input

magnitude U. Calculate the derivative with respect to U in (2.17), the following
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equation holds,

Z_p’,ic(p q)qu X +ZZC(|0 qu ¢ |0><"‘l —L( )—

+L(a))H_1(ja))+ZC(O, mmu™t =0, p+q>2
m=2
From this equation, ;—S can be obtained. And then the derivative of the inverse

_ N q p-1
function U(x) is given by dU 1 L(@) ;qz{;c(p U .When/ =1,

AU ZZC(p q)qU X" + L(w)H, (@)

p=19=0

My o .
according to (2.19), >’ > C(p,q)U*px"* = L(w) holds. Because L(w) , H,(j®),

p=1q=0

C(p,g)and U are nonnegative, thus the denominator is always larger than 0, and

then d—U_O holds.

dx

According to the Analytic Inversion Lemma in [137]: An analytic function
locally admits an analytic inverse near any point where its first derivative is
non-zero. However, a function cannot be analytically inverted in a

neighbourhood of a point where its first derivative vanishes. Because the output

bound Xx=Y H,(je, -, jo,)U" is a power series of input amplitude U , and it
n=1

is known that the power series is analytic in the convergence region, which

means that there does not exist singularity in the convergence region.

From the discussion above, when 0</7 <1, Z—Uioholds which means

X

that no singularity exists in this region, thus x (described by an infinite power

series X = Z H,(jo, -, jo,)U" Y is convergent in this region. When 7" =1, the

n=1

output bound « is divergent. Because [ increases as the input amplitude U
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increases or the nonlinear model parameters function C(p,q) increases, so when
I">1, there exists a smaller input amplitude U or smaller function C(p,q)
which can bring /° back to /=1, clear indicating that the output bound x is

divergent for 7" >1. This completes the proof.[]
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Appendix 2.3: Proof of Proposition 2.3

The upper bound of the nonlinear output spectrum x reaches the convergent
bound when =1 holds. In the case that the NARX model does not only involve
the type of nonlinear term with index p =1 or together with the pure input

nonlinear term, the following condition holds,

Z(pZOC(p,q)UqJX“ =L(w), p+q22 (C-1)
=1\ ¢=

By substituting (C-1) into (2.17), it can be obtained that

M

Z((D—l)ic(p,Q)Uq]Xp = L(@)H,(jo)U +iC(0,m)Um, p+q=2,

p=1 =

o

(C-2)
Define  the  formal  function f(x)=aXx"+---+ax+a, and

g(x)=b X" +---+bXx+b, . The Sylvester matrix of f(x) and g(x) is defined

as,
_an...ao 7
m rows
a a
Syl(f,g) = " C-3
yI(f,0) . ()
N rows
L by "'bo_(m+n)x(m+n)

The sufficient and necessary condition for the existence of a solution to the

equations

f(x)=0
{g((x)) 0 is that the Sylvester Resultant equals to 0 [190], that is,
Res(f,g) =det(Syl(f,g))=0 (C-4)

where det(-) means the determinant of the matrix, and Res(s) means the
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Sylvester Resultant of the functions. Equation (C-1) and (C-2) are rewritten as

p

Z(m—l)icmq)quxp ~ L@, (jo)u + > comu”

:;:1 q=0 m=2  pegz 2
2( pY>.C(p, q)UQJx“ = L(w)
p=1 q=0

(C-5)

Equation (2.17) always holds no matter whether x is convergent or divergent. If
there exists a (C(p, q), U, L(w), X) that satisfies (C-1), it also satisfies (2.17), and
thus (C-2) holds for this (C(p, q), U, L(w), X). Therefore, there exists an X that
satisfies (C-5). Then according to the analysis above, (C-4) holds (the Sylvester
Resultant is equal to 0 in this case). According to (C-5), the Sylvester matrix in
(C-3) and (C-4) can be obtained by defining the elements in (2.21)-(2.24).

For the case that the NARX model only involves the type of nonlinear terms
with p=1 and the pure input nonlinear term, the result in (2.25) is
straightforward.

This completes the proof.[]
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Appendix 2.4: Proof of Proposition 2.4

Rearrange (2.19), the following equation holds,

M

i(pic(p,q)quxp‘l—ﬂ:(w)=0, p+q=>2, (D-1)

p=1 q=0
If there is a (C(p, q), U, L(w), x, I') that satisfies (D-1), the corresponding part,
i.e., (C(p, q), U, L(w), x) also satisfies (2.17). Thus there exists a solution for x in

the following equations,

p

%‘(iC(p,q)U qjxp ~ L(@)x+L(@)A,(jo)U + 3 CO,mU" =0

;:1 = , p+g=2
Z( DZC(p,q)UqJX“—FL(w) =0
p=1 q=0

(D-2)

which means that the Sylvester Resultant of equations (D-2) is equal to 0, and
then similarly to Appendix 2.3, (2.20) and (2.27)-(2.31) hold.
For the case of the NARX model with only the type of nonlinear terms with

index p=1 or together with pure input nonlinearity, the result is

straightforward. This completes the proof.[]
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Appendix 2.5 Proof of Lemma 2.3

Considering an infinite order, i.e., N=oo,

¥(ja) < 2, o) &

. 1 0 © _
|Yn(JC())|S (272-)”71 j,oo.”J:oo ‘:da)l”.da)n—l
o1

1 | (E-2)
=H, G [ Wi joy,, jo,,)|do;-do, ,
%/_J

n-1

Jij: |Un(.la)! ja)11'“! ja)n—l)|da)1'“da)n—1

—_———
n-1

="[" [ V@) Yo, )|V (jo- jo - jo,,)|dodo,,  (E-3)
———

n-1
<p" fi.[i U, (jo)| U, (io,)|do-dao,,
T

where |U(jo— jo,—--— je,,)|<I is used in (E-3). From (E-2) and (E-3), it can

be derived that

|Yn(jw)|sﬁn#ﬁ--- [7 v, G|, (i, )|de,-da, ,

n

I__'” (Zf;)nl Uj:‘up(jwl)‘dwl}n_l

(E-4)
H,

Ll o]

H,.7"

O

From (E-1) and (E-4), (2.57) can be obtained. From Lemma 1 in [97], for n>2,

: o S o = e
ooy, Jo, J(@-o -0, ) <H,=— >, Y. C(p.a) [TH.
=R, m=2(;)3:g:n2m %-rp—l i=1
- i=n—-q

Then, it can be further obtained from (2.57) that
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n=2 |__R(u m=2 p+g=m rl-nrp:l i=1
0<p,g<m r.=n—q
_ 1 & n-g-p+l p
=Hy L— Z C(p,a)( HHr,)y”
=R, Nn=2m +0=m hoerp=l =l
0 p,g<m Z
o  N-g-p+l
—H1y+—2 Z C(p,a)( Z It D7
R m= 2 pq<m n=m rirp?q i=1
o n—q-p+l
—H1y+—2 Z Cp,a)>.( 2 HHJ”“W
_R m= 2 n=m r-r=l =l
pq<m > r=n—q

00 p 0 K—p+1l
Also from (2.57), V":(ZH_J/‘) =>( Zp: HH, --H )y

i=1 K=p r1~-~rp=l
2ni=x
K=n-—(, it gives
o o n-g-p+l
n—q
(Z j z Z H"1 I Hrp)7

=1 =p+q n-rp=l
Zr =n—

Substitute (E-6) into (E-5), it gives

_ 1 & .
Y =H,y+ L—Z > C(p, )Yy
=R, m:28<+g:

A3

,qsm

(E-5)

Take

(E-6)

Considering the maximum nonlinear degree, i.e., m<M, it gives (2.58). Similar

results can be derived for multi-tone input, which is omitted here. Moreover, for

a single-tone input, from [98] the bound of |Hn(.)| can be written as
IH, O < Hy (@) =3, +& [H, (jo)|+---+a,|H,(jo)|

where a; for i=0,1,...,n can be referred to [97, 98]. Therefore,

[, can be

replaced by |H1(ja))| in (2.57) and (2.58), and R{_in (2.57) can be replaced by

H_ (w)- This completes the proof. [
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Appendix 2.6: Proof of Lemma 2.4

According to (2.68), the following inequality holds,

[H <[t Gy, je I (F-1)
that is,
M H - - - - M P M
2 [HM Gy )| < Iy (e, o) A, | <T@ XA,
=1 it =L

According to (2.70)-(2.73),

(F-2)

Realp=l,y f=n
= . n-p+l p
Jplpari () (i i
ConintCoun’ 2 [TIH (oxa oy,
rly“.'rpzl,Zri:n i=1

By substituting (F-2) into (F-1), (2.80) can be obtained. When n=1, (2.81) is
straightforward. When turns to the upper bound of the nonlinear output spectrum

of the jkth subsystem at Q=kw, for kEN™,

) +0 2 . ) k+2(n-1)
=S e 3 (Ao T ]
n=1 Q=ka

i=1

n=1

—+00 Cn_l
ke200-1) T (i) . : k+2(n-1)
< Z [ okr2(D1 H Ki2(n-1) (Jay,-, 1O 50 u j

For k=0, the result is straightforward. This completes the proof.[]
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Appendix 2.7: Proof of Lemma 2.6

Denote Ljk as the jxth row of La(jws, - jon). According to (2.68),

HD (jeg,---, jon,) Can be seen as the column vector An projects on to the vector

JH||Ah|| .When FO (e, jew) diverges as order n

Lj,

Ja)l’

increases, in this case, because I:J- (@)<L(w) <o , thus ||A||—o as n—oo,

then Vji=l,- M, AU (jey,---, jon) —>o0 @ N—oo. Then Lemma 2.6 Iis

straightforward. This completes the proof.[]

Appendix 2.8: Proof of Lemma 2.7

i=1

_ M +0 m M M M . +00
C@3 £35S $ (v 170 ]S Can v
j J jo=1] jp=1] i m=2

UqC(JpJqu1 )hH(ZH(J "(joo, -+, J'a)l)Unjﬂ

i=1 1=1

NE
M=
Mz
-

k=1] n=2

n—m+1 P . ) .
{C:(JPJC'IJJlk)Jl HHr(ili)(Ja)X+1!"'1JQ)X+G)JU :l

400 _ M
= {L(a’)ZIZC(o,n;Jk) +
Je=t
[T n—m+1 P TG g A
Chraio >, [TH Uox - jo ) | [V

fenrp=l Y f=n—q i=1
_ZY(Jk)(U)_i(H—fm(jwl)U)

k=1 k=1

This completes the proof.[]
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Appendix 2.9: Proof of Proposition 2.6
The solution of nonlinear differential equations or nonlinear difference
equations can be seen as the perturbation of the solution of the corresponding

linear equations [39], thus assume that

Y_a)(jk)(U) B Hl(jk)(a))u B l:'l(jk)(a))
Y_w(ji)(U) l:'l(ji)(a))u |__|l(ji)(a))

11S jk' ji <M (I'l)

Substitute (I-1) into (2.83) in Lemma 2.7, the following equation holds,

. Moo m MM M e iy AL - .
L@ Y Y Y > > [UqC(pquk) [H H(j)((aa))))](Y,f>(U)) ]_

k=1m=2 p=1 j=1 j,=} Jp=lpa i=1

M Jo)
z[—((“’)) (U)j+Z(H“k)(Ja)1)U)+L(a))ZZ( omiU")=0.

(I-2)

Based on the results in Lemma 2.6, the superscript j in (I-2) can be any value
where 1<j<M. Denote x_v @ w) , which is an infinite power series. In the
convergence region, the infinite power series is analytic, which means that there
does not exist any singularity. When there exists some values (C("g"';;};""l,u,a))

which make the infinite power series singular, the closest point (c(' Jorh a))

to the expanded center can then be seen as the divergence bound, thus the
divergence condition of the infinite power series can be equivalent to the
singularity condition (finding the closest singular point to the expanded center).
According to the Analytic Inversion Lemma in [137], the singular condition of
x =Yy is dU/dx=0. C(‘qu”j) i and L(w) are all independent of input
magnitude U, thus take the derivative with respect to U in both sides of (I-2),

dx/dU can be obtained, then the derivative of inverse function U(x) can be given

as
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du V(@) - 3
_X d/U [Z (J)() Z

J=1

Ly p H (i) ) M dU
[U “Corany (E[Ff(”((a)))j px* 1]}/ 1(H““(Jcol) v )+
1= 1 k=

L(w)IZZC(OmJ)mUm_l+ZZiii i

jk=1m=2 jk=lm=2

i p l:'(ji)(a))
(qu “C (Jqu Jk)l (1:1[ Hll(i)(a))jxpﬂ}

When the nominator of (I-3) is equal to 0O, that is,

p |:|('- wj M ]k ()
q Jp]pl Jl . 0 (|_4)
E;Z;%Jzz}l Jpszl[ ) [1_1[ H" (@) ] Z (@)
dU/dx=0 holds because U C(‘p‘;j) " C(w),x are all positive and the denominator

is also positive. The nominator of (I-2) decreases when increasing C(’p‘;}) E

or U. When any (C(J borh Y a)) makes dU/dx>0 holds, no singularity exists,

and thus the upper bound of the nonlinear output spectrum
(x=YDU)=>"H{(je, -, jo,)U" ) is analytic and convergent; when
increase C(‘qu"}) % or U making dU/dx=0 holds, the upper bound of the

nonlinear output spectrum of the jth subsystem diverges because some

singularity exist in this case; when dU/dx is smaller than 0, there exists some

smaller values of (C(J borh Y a)) which can bring back to dU/dx=0, and thus

the infinite power series Y P U)=>"" HY(ja,,---, jo,)U" also diverges.

When a set (c('p'qul) by, a)) makes the nonlinear system reaches the

parametric bound of convergence (PBoC), (I-2) and (I-4) hold, following the

proof in Appendix 2.3, the result is straightforward. This completes the proof.[]
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Appendix 3.1

Hl(jw,, -, jw,) can be obtained as:
H12(ja)1) :(1"' ja)lél) Hll(Ja)l)
an(ja)l""! Ja)n)=_(1a)l++ ja)n)2 Hr::(ja)li"'! Ja)n) n =2)"') N

L(je)

3
[H: )
H;(ja)l, jo,, ja)s):ﬁz L(jCI;l+ jo, + jo )(Ja)l)
1 ) 3

Hi(Jer) =

Hao(Jo, -+, jo,) =0 n=1,---,[N/2 |

2n+l n

[THiG@) H[J""ia) ot J'w'i(j;)}
2 k=1

Hl

2n+1(ja)1""’ jw2n+1)= . i . n—1
L +eoot — - -
(Ja)l Jw2n+1) ! L|:J0)|i(1)+“'+ lei(jin)il

n=1--,|N/2]

Lo+ jo )] =~ 1+ & (Joy +--+ @, )+ (fay +--+ o, ) |
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Appendix 3.2: Proof of Proposition 3.1

() B,(j22) can be calculated as,

| 1 _jQZ z Nzﬁ l:]a)| +eeet Ja)lk(]k)jl ‘
Pn(jQ) o 2 2 k_il
27 LG LU o rmmame T T L[- : g }
l;[ Jo g+t le.(i.")
1 % Ny {jw'i@ e j“’.i(j;)}‘
S2_ 2n+2 Z -1 =

T S )|

When 2 « 1

1

LI E D S ||

[]a) +-ee ja) j|
O+ @y =Q 2=1 k=1 ( )

o |+ *‘“’kmﬂ
where ci(m= > DI 0 ‘is a bounded constant which is a

1 n+
oo ——Q"?cl(n)

O+ @y, =Q 7=1 k=1

n dependent but independent of 2. So when 2 « 1,

SZ—;Q"*ch(n) ~0, for n=12,---,| N/2|

When 02 > 1

n

1 Q? H

: S a {jw'im ot jwli(is)}‘
Pn(JQ)|S_n 2 znl i}

i) ) HH vl ] 26 s )|

22n QSH

1 QF @ N,

22n Q4n+4 QZn 2 Z ZH

O+ 0y, =Q 7=1 k=1

e+ +,a,“}

where 2= > >T]

O+ @y, =Q 7=1 k=1

is a bounded constant which is a

n dependent but independent of 2. So when 02 > 1,
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1 1 c2(n)~0, for n=1,2,---,| N/2|

ﬁ QSH

P, (jQ)|<
So the conclusion (1) of Proposition 3.1 holds.

(1) The proof is given in theorem 3 in Ref. [79].
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Appendix 3.3: Proof of Proposition 3.2
P,(jn2) for the force transmissibility under base displacement excitation can

be calculated as,

1 _jQ4n+4 B
F - 2n - = ZTX
|L(JQ)| [L(JQ)] @+, =Q 7=1 L|: HP4 Feeet ja)z . iH
i)

P (i9) =

g24n+4

> >

( (1-02) +(g0) jmz e g =0 2= 1]n_[ L{1+(Ja) AR )]2+§1(j“’|iz<1>+"'+jwl?(i.")ﬂ‘

(DWhen 2 « 1

1 n+
== ? QS 4C1(n)

R(Q)<mo™ X 3]

O+ W =Q z=1 k=1

Loty e ol

{jw'i“) T jwli(jk")}
Q

‘is a bounded constant which is a

n dependent but independent of 2. So when 2 « 1,

QS“*“cl(n) 0, forn=12,---,| N/2]

(2)When 2 > 1,

|:](0 +-- +ja) (Jk):| 1
g) ‘ 22n S!n -2

cl(n)

O+ 0y, =Q 7=1 k=1

Where ci(n)= Y ZH[ ' 0 ) ‘is a bounded constant which is a

n dependent but independent of 2. So when 02 > 1,

< el =0, for n=3,4,-[N/2]

(11N The proof is given in [79].

This completes the proof. o
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Appendix 3.4: Proof of Proposition 3.4
Similar to the proof in Appendix 3.3, B,(j2) for the absolute transmissibility

under base displacement excitation approaches 0 when Q<1 or Q>1.

I [ R 212
L(jQ) 1-02+jeQ

R (1Q)=-]

This completes the proof. o
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Appendix 4.1: Proof of Proposition 4.3

Suppose that Proposition 4.3 holds for all of the nth-order GFRF with n<no,
the following then comes to prove that it also holds for n=no. It is clear from (4.4)
that H, _qp,(@wn,—q) Can be computed with lower-order GFRF, i.e., y;+ -+
Yp=no—q and 1 <yq,-,¥, <ny—q—p+ 1. Thus substitute (4.11) Into

(4.4), the following equation holds,

N—g-p+l p l
H”o*q P( no'q) Z H [za)Xij Hri(in)
norp=l =l
zri:”o*q
n—9-p+l p h 0 Sp g L
a , o,
= 2 11 Zm 2 2 6 (o)
o=l =l a0+---+a|i_+siﬂ:0,ﬂé+~--+ﬂ,i_:0
Z"i=no*q Sp<K
s Sp No—gq-p+1
-3 5y [ Sen ] 2 eor
agt e+ +55=0, Syt + fL =01, =l a4 +a1" o i
Sp=<No—1 Z"i:”o*q .
al + +af =a,
/)’11*"#/31%/31

B+ pL=pe

0 Sp

= 2 X Ao et

ao+-~+a|_+s£:0, Lo+-+P.=0
Sp<ng—q

where c%F = lOC10(l)C L (D) and dn0 0p(@Wng—q) is the corresponding
coefficient of c®#. From the above, dn”qp(wn_q) in (4.14) holds.

From (4.2),
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Ly, (@, )H, (@) =

Mo

Z i Z { "'|p+q)ﬁ(jwmi)IMHnO—q,p(wno—q)}
- Zm: Z {Cpq(ll’ T p+q)ﬁ(jwp+i )Imi
) )

0 Sp

X Z Z d;apq p(a)no'q)c‘mi

ap+ta +55=0, fy++p =0
Sp<ny—q

-y ¥ ¥IST

ot ta +55=0, fo+-+ L =0 m=p+q=2 p=0 (I~ 1)

s5<ng—q
q
{_q,q (.-, |p+q)H( oy, ) p dr?oﬁq p (wno-q)}cw3

i=1

0 Sp

= 22 bl

o+ ta +55=0, fy++ 5 =0
$5<Ny

Thus b,‘f’ﬁ (w,) in (4.13) holds. Substitute (4.6) into the above equation,

o0

Hoo)=Lo) S > b P, )0

Og++a +Sg =0, fo+-+p.=0

$5<Ny—q
b
s
— . u"’,O( )Cu”’ 0 N Y bab YB( )Cab B
- ¢n0 wno Ny wno
af +-+afl =0 ag++al +y=0, fg ++ =0
b
sp<ng

0 Sp

- Y3 Y et e

oyt +85=0, fo++f =0| of +oz1 =
s5<ng 2
al val=a,

0 Sp

- 33 @

agt+ag +55=0, fy+--+p =0
Ssp<ny

Hf’ﬁ(wn) in (4.12) thus holds, and the nth-order GFRF in (4.11) is then

straightforward. This completes the proof. o
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Appendix 4.2. Proof of Lemma 4.1
According to the Woodbury formula[191], the Li matrix in (4.33) can be
computed as
L'=[L+B,K] =G~ 'B,(1+KL'B,) K =5-s (K1)
It is clear from (K-1) that the close loop Lj'can be seen as a perturbation on the
open loop matrix Ly*. Based on this, the first-order GFRF in (4.33), i.e.,
H,(@,) = L{'B,E, = (L1* — 8)B4E,, = H(&,) — 6B, E ,can also be seen as
a perturbation on the open loop transfer function 171(&#).
Denote £ = KL7'B,, in which the element can be seen as linear combination
of the element of K, i.e., &, = X (pmi,njki,j! then the element of the Ith-order
0]

H l ; _ (mn) T1,17,T1,2 Ttr
matrix & can be given as &y, = Xy ket Prym, Ka Keg ke

which is thus a Ith-order nonlinear polynomial with respect to k; ;.

Denote 9 =1+ KL7{'B;=I+¢. Then 971 = +&) ' =3 (-1)i&

converges if the spectral radius p(g) < 1 holds.
§=0'8,(1+2) K=Y | (-1) ['B,&'KL | (K-2)
i=0

From(K-2), the element of J can then be given as the sum of infinite series

with respect to the elements of linear feedback gain matrix K,

00

Gan =2 2 (Pon, KT k) (9

1=1 7+ try =

The result in Lemma 4.1 is then straightforward. This completes the proof. o
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Appendix 4.3. Proof of Proposition 4.5
Assuming that Proposition 4.5 holds for all n<ng, the following then comes to
prove that it still holds for n=no.
From (4.31) and (4.32), the nth-order GFRF can be recursively calculated with
lower-order GFRF. From the assumption above, Proposition 1 holds for all
2]

lower-order GFRF, i.e., Hy(a;wy, -, wy) = Hy(a wy, -, w)) + 1",y <ng

Substitute these equations into (4.32),

[TITH: @0 =TT @)+ £)- HHHwamzzw

j=1 z=1 j=1 z=1 j=1 z=1

T[4 s T 560 (1147

i oz wlp 2

(K-3)

where &L ZZ(H;HQHZZ (o-jz)),'gl+...+,gy —p—z , Which is the sum
of monomials obtained by multiplication of p — 7 terms lower-order GFRF.
Substitute (K-3) into (4.31) and (4.32), and considering that the inverse of Ly
matrix in (4.30) can be given as Lp'=L;'—&8 , where &=
Y o[(=DL; Bye'KL; ], and & = KL;'B,. Proposition is straightforward

according to (4.30). This completes the proof. o
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Appendix 4.4. Proof of Proposition 4.6

From Proposition 4.5, H,{(a;wl,---,wn)zﬁf;(a;wl wn)+)((") :

Substituting these equations into (4.29)

xj(g)zi > [ | (Rl@)+ap )H{H (HWH)}da}l---da)n

n=1a@,a,>0 noo =1| z=1
d1+~~+‘éi =n Zi:lw' =0

H{HW (@ H)}da}l---da)n

pu=l| z=1

K @-3- j{z X (o o)

I=1 g4ty =l

:)ZJ.(.Q)+§ > {11111k712"'krrrrr(if"'j(ﬂéﬂf...,z,,ﬁ[ﬁwﬂ(wnwﬁz)}da’l‘“dwnﬂ

I=1 g4ty =l n=1 p=l| z=1

SX@FY Y A Kk ek

I=L 7pg+eetry =l

This completes the proof. o
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Appendix 5.1: Proof of Proposition 5.2.
For the first-order GFRF, assuming that the input is given as u =e!** | the

output of system (5.3) can be expressed as

X =Hy+H, (@)e'™,i=123. (L1)

Substituting (L-1) into (5.3) and equating the coefficients of e!>* to zero, the
results are straightforward.
For nth-order GFRF, giving the input as u=e’" i the output can then be

given as

LD MUHUALEED YD W H RS LE

all combinations all permutations all combinations
of oy in@ of (wp.m,)  of (wy.m;)In@

+ z z Hsi(a)illa)iz'a)is)ej”ﬂ”j“’m”j“"3t +eee (L-2)

all permutations all combinations
of (w11, @5,0;3) of (wy,02,013) In @

i . j@yt =+ joyt
+ Z Z Hn(a)il’ 7a)in)e
all permutations all combinations
of (g, @y,)  Of (@4, @) in@

where 60=(601,---,a)n) . Substituting (L-2) into (5.3) and equating the
coefficients of el +i=ttg zero, the results in Proposition 5.2 can then be

obtained. This completes the proof. o
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