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Abstract

This work is concerned with mathematical modeling and numerical simulations of
the steady state and the movements of complex fluids involved in oil exploitation
practice. Capillary pressure caused by surface tension at the interface between every
two adjacent different phases of the mixture is viewed as the leading force in oil
recovery from fractured oil reservoirs. Therefore, the interface between contiguous

phases has become a critical mathematical modeling aspect.

The diffuse interface theory, or the phase field model, or the gradient theory, has
been widely applied to model or understand the interface between different phases of
oil mixture. Based on the assumption that the density of every substance is contin-
uous over the whole fluid region, the total Helmholtz free energy often contains the
homogeneous part Fy (n) and the gradient contribution part Fy (n). The derivative
of the total homogeneous free energy, f,(n), or of the gradient part of free energy,
fv(n), varies from substance to substance. Based on the original total free energy,
the equilibrium state and the kinetic processes could be determined according to

thermodynamic principles.
As for the fluid system related to the oil recovery process, we apply the ho-
mogeneous free energy density and the parameters of the gradient part of the free

energy density provided by the widely used Peng-Robinson equation of state (EOS).
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The fourth-order parabolic equation is derived and solved numerically by a convex-
splitting scheme, the Crank-Nicolson scheme and a second order linearization scheme
to describe the evolution processes of one-component, two-phase substances. The
theoretical analyses of these numerical schemes have been obtained to demonstrate

their mass conservation, energy stability, unique solvability and convergence.

The Euler-Lagrange (E-L) equation derived from this expression of total Helmholtz
free energy to determine the equilibrium state of the fluid systems has also been stud-
ied. In this study, it is solved numerically by the original Newton iteration and a
convex-splitting based Newton iterative method. Its theoretical analysis remains a

part of our future work.

Numerical experiments have been carried out for both the fourth-order equation
approach and the Euler-Lagrange equation approach. Our computational results
match well with laboratory experimental data and are in good agreement with the
well-known Young-Laplace equation.

Key Words: Diffuse interface theory, Peng-Robinson Equation of State, convex-

splitting, energy stable schemes, convergence analysis



Acknowledgements

First and foremost, [ want to express my sincere gratitude to my principle supervisor,
Dr. Zhonghua Qiao. He is undoubtedly professional on both research field and
supervision of students. During these three years, he has spent adequate time to
know me, selected an appropriate research topic for me based on my background
and taught me how to conduct research work step by step. He gives me enough
freedom without lose of exact demands. My every progress during these years could
not be achieved without his guidance, corrections, consideration, invaluable patience,
trust, encouragement and unreserved assistance. His precepts and examples will well
profit me through my whole life. I also want to thank my co-supervisor Prof. Yanping
Lin for his kind encouragement and necessary assistance.

I would like to express my appreciation to Prof. Shuyu Sun (of Division of Phys-
ical Sciences and Engineering, King Abdullah University of Science and Technology,
Kingdom of Saudi Arabia). He brought this interesting and meaningful research
topic to us, and has introduced us useful application background and the frontier
achievements. His wealth of knowledge and rich experience on fluid modeling provide
me much deeper understanding and further application on this area. The numeri-
cal codes and manuscripts provided by him are my indispensable and fundamental
learning materials for our research.

I would also like to thank Dr. Zhengru Zhang (of Beijing Normal University,

China) for her generous sharing of the numerical codes, Prof. Xiaojun Chen, Prof.

vi



Zhizhong Sun (of Southeast China University, China), Prof. Xijun Yu (of Institute
of Applied Physics and Computational Mathematics), Dr. Dong Li (of University
of British Columbia), Prof. Jie Shen (of Purdue University, West Lafayette) and
Prof. Hui Zhang(of Beijing Normal University, China) for their useful discussion
and advices on the theoretical aspects. Thanks are also given to Dr. Hehu Xie (of
Chinese Academy of Sciences, China), Prof. Yanzhong Yao and Dr. Zhigiang Sheng
(of Institute of Applied Physics and Computational Mathematics) for their patient
assistance on my numerical codes and helpful suggestions for my theoretical deriva-
tion. In addition, the kind suggestions from Dr. Boshi Tian (of Hunan University,
China), Dr. Hongli An(of Nanjing Agricultural University, China) and Dr. Congpei
An (of Jinan University, China) would also be thanked.

I want to extend my sincere thanks to Dr. Zhicheng Hu and Dr. Yang Zhou
for their patient and useful help during my total dissertation writing process, Dr.
Xjaolin Fan (of King Abdullah University of Science and Technology, Kingdom of
Saudi Arabia) for his genuine discussion. I also want to thank Dr. Yan Wei, Dr.
Huili Zhang, Dr. Meiling Hao and Dr. Yue Shi for their amicable companionship
for my badminton excises, which is really important for my health. Besides these,
the kindness and help from all my schoolfellow, especially Dr. Xianping Wu and Dr.
Qun Wang is my memorable treasure.

Last but not least, I am deeply indebted to all my family members, all my true-
hearted friends and all the other kind people who are concerned with me. Without
their understanding and unconditional tolerance, trust, encouragement and support,

it is impossible for me to reach here.

Vil



Contents

Certificate of Originality ii
Abstract iv
Acknowledgements vi
List of Figures X
List of Tables xi
1 Introduction 1

1.1 Background . . . . .. .. ... 1

1.2 Formulation of the total Helmholtz free energy provided by the Peng-
Robinson EOS . . . . . . . . . . ... 4

1.3 Literature review of numerical approaches for diffusive interface model 7

2 The fourth-order parabolic equation for a single-component two-

phase system and its numerical approaches 11
2.1 Derivation of the fourth-order parabolic equation . . . . . .. .. .. 13
2.2 Notations and some anxiliary lemmas . . . . . . . .. ... ... ... 16
2.3 A convex-splitting scheme for the fourth-order parabolic equation . . 20
2.3.1 The first-order convex-splitting scheme . . . . . . . . . . . .. 20
2.3.2 Mass conservation and unconditional energy stability . . . . . 23
2.3.3 Unconditional unique solvability . . . . . .. .. .. ... ... 24
2.3.4 Convergence . . . . . . ... 26

2.4 The Crank-Nicolson scheme for the fourth-order parabolic equation . 37

viil



2.4.1 Mass conservation and energy stability . . . .. .. ... ... 38

2.4.2  The unique solvability . . . .. .. ... ... 40
24.3 Convergence . . . . . . ..o 43
2.5 A second order linearization scheme for the fourth-order parabolic
equation . . . ... o1
2.5.1 Mass conservation and energy stability . . . .. .. ... ... 53
2.5.2  The unique solvability and convergence . . . . . . . . .. ... 53
2.6 Numerical Examples . . . . . ... ... oL 71

2.6.1 Spatial distribution of molar density and other chemical prop-
erties . . . . . e 72

2.6.2 Calculation of interface tension and verification against Young-

Laplace equation . . . . . .. ... ... ... .. .. ... .. 74
2.6.3 Predictions under a special initial condition . . . . . .. ... 75
2.7 Chapter summary . . . . . . . . . . .. 78

3 Euler-Lagrange equation for single-component substances and its
numerical solutions 79
3.1 Euler-Lagrange equations . . . . . . . . . . .. ... ... ... ... 80
3.2 Tterative methods for the Euler-Lagrange equation . . . . . . . . . .. 82
3.2.1 Picard iteration . . . . . .. ... L oL 84
3.2.2  The original Newton iteration . . . . . .. ... .. ... ... 86
3.2.3 Convex-splitting method . . . . . . . ... ... ... ... .. 88
3.3 Numerical Examples . . . . . ... .. ... 101
3.4 Chapter summary . . . . . . . . .. . 102
4 Conclusions and Future Work 105
4.1 Concluding Remarks . . . . .. ... ... ... L 0 105
4.2 Future work . . . . ... 107
Bibliography 109

1X



List of Figures

2.1
2.2

2.3

2.4

3.1

3.2

Numerical steady states of the fourth order equation . . . . ... .. 73
Energy evolution history of the fourth-order parabolic equation. . . . 74

Comparison between numerical predictions from the fourth-order parabolic
equation with laboratory data . . . . . . . . ... ... 76

Evolution history of solution of the fourth-order parabolic equation
and total energy . . . . . ... 7

The results obtained from Newton iterative method for the Euler-
Lagrange equation. . . . . . . . . . . ... ... 103

The results given by the convex-splitting based Newton iterative scheme
for Euler-Lagrange equation . . . . . . . ... ... ... 104



List of Tables

1.1 Critical properties of some species . . . . . . . .. ... .. .. ....

2.1 Critical properties of isobutane (nCy).. . . . . . . .. .. ... ..

x1



Chapter 1

Introduction

1.1 Background

Mathematical modeling and numerical simulation of the multi-phase systems in the
subsurface oil and gas reservoirs not only play a crucial role in reservoir engineering
practice [36, 53, 94, 100], but also are crucial in solving or relieving many envi-
ronmental problems, such as realizing the idea of injecting and storing the carbon
dioxide into the subsurface depleted reservoirs and saline aquifers [1, 70, 79], which is
an attractive and practical method to alleviate the greenhouse effect. There exist at
least four major mechanisms to trap the injected carbon dioxide into subsurface for
long term storage. They are structural stratigraphic trapping, residual fluid trapping,
solubility trapping and mineral trapping. To understand these mechanisms deeply
and explore new trapping methods, it is necessary to provide accurate modeling and
simulation of the flow of these underground materials.

Capillary pressure caused by surface tension between two fluids can be the leading
force in oil recovery from fractured oil reservoirs [14, 50]. There is a surface or an
interface between any immiscible fluids or partially miscible fluids and between a
fluid and a solid [67, 72]. From the molecular level, it could be found that the
interior molecules are exposed to balanced forces. However, as for the molecules on

the interface, the attractive pull and repulsive push, coming from their surrounding



molecules are not balanced since the molecules around them are different. This
anisotropic attractive force is the fundamental cause of the interfacial tension.

There are at least three methodologies that have been used to understand and
model the interface between phases (see [85] and the references therein). The first
approach is based on molecular scale. The molecular dynamics simulation or the
molecular Monte Carlo simulation [31, 37, 119] is used with a given intermolecular
potential function (e.g. Lennard-Johns potential). The molecular dynamics simula-
tion has been applied to predict CO2-water interfacial tension under certain pressure
and temperature conditions of geologic carbon dioxide storage [79]. Although it can
describe the interface in detail, the central processing unit (CPU) intensive property
limits its application to only a small part of simple substances. The second approach
is sharp interface modeling. By using this method, the interface is simulated by a
zero-thickness two-dimensional entity, and the molar or mass density undergoes a
jump across the interface [51, 89]. This method can be applied to predict the shape
and the dynamics of the interface with a given interface tension. Unfortunately, it
cannot provide the details within the interface itself and predict the surface tension,
which is a major interest in engineering. The third methodology is known as gra-
dient theory [16, 59, 72|, or diffuse interface theory [4, 19, 21, 116], or phase field
theory [8, 32, 39, 54, 56, 80, 83]. By using this method, the interface is described as
a continuous substance separating fluid regions. In this case, mass or molar density
is constant in the regions occupied by either single phase, but varies continuously
within the interface. This approach is more efficient than the methods from the
molecular scale and can also provide the quantity of the surface tension [16, 71, 72].
In addition, methodologies combining different scales have also been applied. For
example, diffusive interface model and molecular simulation have been combined to
investigate the formation of carbon dioxide [98].

The diffusive interface theory becomes our first choice to model the complex oil
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fluids considering its advantages on both clear phenomenological descriptions on an
appropriate scale and efficient numerical implementations. This theory was originally
found by van der Waals [91] to study the interface based on thermodynamic principles
[4], and was then extended by Cahn and Hilliard [16, 17, 18, 19, 20, 21]. According
to this theory, the total Helmholtz free energy contains two parts, the homogeneous
free energy Fy, and the contribution from the gradient of the mass concentration,
Fg. So far, the phase field method has been applied to investigate various materials,
such as polymorphism, crystal nucleation and growth [7, 84, 101], thin film epitaxy
(25, 54, 105], vesicle membranes [32], surfactants on two-phase fluid flow [34, 99],
polycrystalline growth [41], Taylor flow in mini/microchannels [39], tumor growth
[69], deformation of plasticity [95], electrohydrodynamic multiphase flows [114, 115],
etc. The two parts of the total free energy for these substances have distinct forms
according to the different features of the studied objects. One of the classical
examples of the total free energy is the popular double-well Ginzburg-Landau free

energy functional

)= [ |36 - 102+ 51V ax (1)

for the order parameter ¢. This typical energy has already been used to qualitatively
model segregation, precipitation and phase-transition behaviors of alloys and liquid
mixtures in geology, physics, materials science and biology fields, etc [13]. However,
this typical double-well energy functional could not be applied to tell the differences
of all kinds of oil-gas systems by just setting various quantitative parameters [85]. As
for the petroleum fluids studied in reservoir engineering and oil industries, a realistic
cubic equation of state (EOS) is required. The homogeneous free energy density and
the coefficients of the gradient part given by the well known Peng-Robinson EOS
are the preferred choice. The detailed description of the free energy provided by the

Peng-Robinson EOS will be presented in next section.
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1.2 Formulation of the total Helmholtz free en-
ergy provided by the Peng-Robinson EOS

This section introduces the free energy provided by the Peng-Robinson equation of
state (EOS) [82]. We consider a fluid system consisting of fixed species amount on
a fixed domain with spatially uniform-distributed given temperature. Let M denote
the number of components in the studied fluid mixture, n; represents the molar

concentration of the component ¢, and

(N17N27“' 7NM)T
\%

n = (n17n2a”' 7nM)T:

be the molar concentrations of all components and n = ny+ns+- - -+ny, be the molar
density of the fluid. Based on the diffusive interface model, the total Holmholtz free
energy is summation of homogeneous Helmholtz free energy density contribution,

Fy (n), and the concentration gradient Fy (n) in the following form,
Fn)=F(n;T,Q) = / f(n; T)dx
Q
= Fy(n; T,Q) + Fy (n; T,Q)

:/Qfo(n; T)dx+/9fv(n; T)dx. (12)

From the Peng-Robinson EOS, the Helmholtz free energy density fo(n) = fo(n; T)

of a homogeneous fluid is given by

foln) = f5** (n) + f57(n), (1.3)

M
ddeal () = RTZ n; (Inn; — 1),

=1

S (m) = —nRT'In (1 — bn) + a(T)n In (1 + El — 2)bn) )




Here T' denotes the temperature of the mixture and R represents the universal gas
constant (approximately 8.31432JK 'mol™* ). From this EOS model, for a mix-
ture, the energy parameter a = a(7") and the covolume parameter b are related to

parameters of pure fluids by the following mixing rules:

M M M
o(T) =D wyjlaa) *(1—ky), b=y,
i=1 j=1 i=1
where y; = n;/n is the mole fraction of component i. The binary interaction coeffi-
cient k;; of Peng-Robinson EOS, which is viewed as a constant for fixed species pair,
is usually computed from experimental correlation. a; and b; are the Peng-Robinson
parameters for pure-substance component ¢, which can be computed from the critical

properties of the species:

2

R?*T? T

= a; (T) = 045724 [ 14 m; [ 1— [ —
a; = a; (T') = 0.457 P, ( +mz( Tq)) )

RT,,
b = 0.07780—".

Cq

Here, the critical pressure P, and critical temperature 7., of a pure substance are
intrinsic properties of the species, and they are available for most species encountered
in application. The critical properties of selected species are provided in Table 1.1.
The parameter m; contained in the above formula of a; is experimentally related to
the accentric parameter w; of the species by the following equations:

0.37464 + 1.54226w; — 0.26992w?, w; <0.49,

m; =

0.379642 + 1.485030w; — 0.164423w? 4+ 0.016666w;, w; > 0.49.

The accentric parameter w; could in turn be obtained from its relationship with
critical temperature Ty,, critical pressure F,, and the normal boiling point T;, as
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Table 1.1: Critical properties (Data from the Table 3.1 on Page 141 of the book by
Firoozabadi [36]), w and m (our computed results) of selected species.

| symbol | T, (K) | P. | w | m |
Cy 190.58 | 4.604 MPa | 0.0110 | 0.3916
Cs 305.42 | 4.880 MPa | 0.0990 | 0.5247
nCy 425.18 | 3.797 MPa | 0.1990 | 0.6709
nCig 617.7 | 2.099 MPa | 0.489 | 1.0643
CO, 304.14 | 73.75 bar | 0.2390 | 0.7278
C6 507.40 | 30.12 bar | 0.2960 | 0.8075
C7+ | 647.59 | 22.24 bar | 0.7006 | 1.3451
N2 126.21 | 33.90 bar | 0.0390 | 0.4344
C3 369.83 | 42.28 bar | 0.1530 | 0.6043
iC4 407.80 | 36.04 bar | 0.1830 | 0.6478
iCh 460.40 | 33.80 bar | 0.2270 | 0.7108
nCbH 469.70 | 33.70 bar | 0.2510 | 0.7447

follows,

P,
3 logyo <14.695 PSI)

Wi =z T., —1
7 - 1
P..
3 lOglO <1 atzm> 1
=-|—= "L
7 - 1

7

Here, both PSI and atm are measure units of pressure. PSI is the abbreviation of
"pounds per square inch”, and atm refers to the standard atmosphere, which equals
101325 Pa. The units PSI and atm satisfy the relation latm = 14.695PSI.

The inhomogeneous term or the gradient contribution fg(n) in (1.2) can be com-

puted by the following relation
| M
fv(l’l) = 5 Z cl-jVni . an,
ij=1

where the influence parameter ¢;; is a function of temperature and molar concentra-

tions, and can be also related to the parameter of pure substance by a mixing rule
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of modified geometric mean as follows

cij = (1 = Bij)\/Cic)

where the parameter (3;; is the binary interaction coefficient for the influence param-
eter. To maintain the stability of the interface, 3;; is required to be included in the
interval [0,1] and §;; = f;;. For most systems, f3;; is viewed as zero. When ;; = 0,
this mixing rule is simplified to the geometric mean. The influence parameter of pure

substance ¢; is related by the parameters a; and b; by [16, 71, 72, 85]

T

where m{ , and ms$; are coefficients correlated merely with the accentric factor w; of

the component i by the following relations,

10716
" = 779396 + 1.3757w;

10—16
20 = 0.0051 + 1.5410w;

1.3 Literature review of numerical approaches for
diffusive interface model

With the assistance of thermodynamical theory, both the equilibrium state and the
kinetics of fluid system can be derived from the given free energy functional. Gen-
erally, the Euler-Lagrange equation derived from the variation of the free energy
functional F' with respect to n is applied to determine the equilibrium state of a
fluid system. Moreover, the kinetics equation with the form dp/0t = NJy| is ob-
tained from the following two commonly used approaches [61]. The first equation is

proposed based on the hypothesis that the free energy decreases along solution paths



leaded by the second law of thermodynamics in the form

0p(x,t) _ _K5F[g0t(-)]

ot do(x,t)’ (1.5)

where ¢, (+) denotes the order parameter field at time ¢, and K is a positive coefficient,
which may depend on temperature 7" and on ¢. A mass conserved constraint

= )dx = 1.
pr QSO(X; Jdx =0 (1.6)

is often imposed on this kind of kinetics equation by introducing a Lagrange multi-
plier. Another usually used kinetics equation is of the form

do(x,t) IF[pe(4)]
o (V) o

Although (1.7) can not guarantee that the total free energy decreases along solu-
tion path, it satisfies the mass conservation (1.6) automatically. In addition, the
fourth order term could be used to describe the surface diffusion [87]. These proper-
ties improve its application frequency greatly to simulate the flow process of multi-
phase systems by combining it with traditional momentum equations [8, 56]. The
well-known Allen-Cahn equation and the Cahn-Hilliard equation derived from the
Ginzburg-Landau free energy functional (1.1) are typical examples of the above two
kinds of equation, respectively.

Due to the high nonlinearity and high order of the kinetics equations derived
from the phase field model, it is unpractical to obtain the analytical solutions of
these equations, not to mention to solve the equation systems derived from their
combinations with moving process. Numerical methods become indispensable tools
to approach the solutions for these equations and describe our desirable manifesta-
tion. To guarantee the reliability of the proposed numerical schemes, the stability is
always the main consideration for constructing numerical schemes to solve equations

8



with time-dependence. Up to now, there are at least two kinds of stable schemes
for the phase field models, the traditional L? stable schemes and the energy stable
schemes.

The classical L? stability often refers to the linearization difference schemes.
The standard explicit Euler scheme is one of a basic L? stable schemes. Analysis has
verified that the stability of this scheme can only be guaranteed when the time step
is really small [117]. To lessen the limitation for the time step, some unconditional
L? stable schemes, such as the backward Euler scheme with linearization for the
nonlinear term [7], and a linear splitting scheme [28], have been proposed to solve the
phase field crystal equation. In addition, similar strategy has been used to simulate
an epitaxial growth model [86] and the Allen-Cahn and Cahn-Hilliard equations
[104]. These schemes could be proved to be uniquely solvable and convergent with
appropriate limitation for the discrete time step. However, the energy stability of
these schemes could not be guaranteed, which is an important concern related to
physical background.

Energy stability can be guaranteed by two main approaches, the stabilized schemes
and the convex-splitting strategy. The stabilized schemes are obtained by adding sta-
bilized terms on both sides of the partial differential equation [22, 68, 93, 113]. In this
method, involved stabilization parameters are required to be large enough to ensure
energy decreasing property and are dependent on unsettled solutions [87]. Convex
splitting schemes are another significant energy stable ones. This method was first
presented by Eyre [35], to give an unconditional energy stable scheme to solve the
Cahn-Hilliard equation. In this case, the homogeneous part of the free energy den-
sity functional was decomposed into convex and concave parts, with the concave
part treated explicitly and the convex part treated implicitly. This ingenious idea
has been applied to various gradient flow systems and has achieved many successful
results [9, 10, 23, 24, 92, 105, 107, 109, 110, 112]. Moreover, there are also other

9



kinds of energy stable schemes for the equations derived from phase field models,
such as linearization schemes [23, 45, 86], the Crank-Nicolson scheme [87], and so on
3, 6, 22, 28, 30, 38, 96].

With the unconditional stable property of these schemes, one can introduce adap-
tive strategies to adjust the time interval. Roughly speaking, one can use small time
step when energy varies rapidly, while large time step can be used to save time, if
energy evolves mildly. This strategy can resolve not only the steady state solution,
but also the dynamical changes of solution accurately and efficiently [88, 117, 118].
Furthermore, one can also solve the elliptic partial differential equations without
time-dependence by getting the steady state of these equations with a term of the
partial derivative of unsolved variable with respect to time. In this case, all these
stable schemes and adaptive strategies used to solve the time-dependent equation

can be applied in this process.
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Chapter 2

The fourth-order parabolic
equation for a single-component
two-phase system and its
numerical approaches

The cubic Peng-Robinson EOS [82] is widely used to describe properties of the sub-
stances related to the underground oil and gas reservoirs. Kou et al. [59] derived
Euler-Lagrange equations from this expression of free energy and provided adaptive
finite element method for computing surface tension. Qiao et al. [85] converted the
original elliptic equilibrium for the pure substance into a parabolic equation by in-
troducing a derivative term of the molar density with respect to time since the final
steady state of the time-dependent equation is equivalent to the equilibrium. A La-
grangian multiplier was used to guarantee the mass conservation. This second order
parabolic equation was demonstrated to be energy stable and solved by a convex-
splitting scheme. Numerical results provided in their work showed great consistence
with the experimental results. This validates the reliability of the application of the
diffusive interface theory and Peng-Robinson EOS on modeling the fluids related to

the oil recovery process.
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This work continues these previous achievements by investigating fourth-order
parabolic equations to describe the equilibrium state and the flow of the components
in the crude oil from the Peng-Robinson EOS due to the inspiration of the preferred
properties and the derivation of the Cahn-Hilliard equation. Our work starts from
the investigation of single-component, two-phase fluids. For this case, the homoge-
neous free energy density fo(n) is approximately a linear function. The nonconvexity
of this function could not be visualized until a linear function was subtracted from
fo(n), and the two minimizers of the obtained double-well function are of different
orders, as shown in Qiao and Sun’s paper [85]. As mentioned in their paper, evalua-
tion of the contribution of this minute nonconvex perturbation to phase separation
and capturing the different magnitude minimizers are challenging numerical tasks.
Accurate and efficient numerical methods are our indispensable tools to meet this
challenge. Here, we apply a convex-splitting scheme, the Crank-Nicolson scheme and
a second order linearization scheme to solve the derived fourth-order parabolic equa-
tion for these fluids, sequentially. Moreover, their mass conservation, energy decay
property and convergence are investigated.

This chapter is organized as follows. In the next section, it presents the derivation
of the fourth-order parabolic equation for the multicomponent fluids in the subsurface
oil reservoirs, which is also provided by Kou and Sun [58]; and demonstrate energy
decrease and mass conservation characteristics of the equation for single-component,
two-phase fluids. Notations on the discrete space and some auxiliary lemmata are
presented in the second section. After that, a first order convex-splitting scheme, the
Crank-Nicolson scheme and a second order linearization scheme and their unique
solvability, convergence will be demonstrated successively. Then, it provides the
numerical results obtained from using these schemes and compares them with exper-

imental data. The conclusion of this chapter will be provided in the last part.
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2.1 Derivation of the fourth-order parabolic equa-
tion

The fourth-order parabolic equation is established based on the reference of [58, 75].
We now consider a multicomponent fluid composed of M species with molar density
ni, @ = 1,..., M. The derivation of the fourth order equation comes from the following

mass balance

on

— =_-V-h,

ot
where n = (ny,ng,- -+ ,ny) is the molar density vector, n = ny +ng + -+ - + ny and
h = (hy, hg, - -+, hyr) is the mass flux which relates to the chemical potential py, - -,

1 by the following constitutive equations,

M
hi=—=Y Vu(n), i=1--- M
7=1

The chemical potential of i-th component y; in the above equation is the first order
variational derivative of the total free energy (1.2) with respect to the molar density

of i-th component n; as follows,
M

i = ) — ZV ~cijVng, 1=1,2,..., M,
j=i

where the variable p? is the first order derivative of the homogeneous free energy

density (1.3) with respect to the i-th component molar density n;. Therefore,

8 T;
ot

M
= Ap= A =) V- c;;Vny).

j=i

We note that, these equations for multi-component carbonization fluids involve cross-

product terms of parameters and molar density for different substances. It is not
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an easy task to numerically decouple the molar density of one special component
from equations for other substances while keeping appropriate consistence with their
original continuous counterparts. To reduce the difficulties, our work starts from
modeling single component substances. For this case, the total free energy is given

by
Fn) = / [S190P + fo(m)] dx (2.1.1)
Q
where the homogeneous energy density fo(n(x,t)) is in the following detailed form,
o) = F5n) + f5(n)

= () + ) 4+ 537 ),

eal(n) = RTn (Inn — 1),

(2.1.2)
01 (n) = —nRTIn (1 —bn),
excess a(T>n 1+ (1 B ﬁ)bn
025 (n) = In :
2v/2b 1+ (1++/2)bn
1 . o
Here 0 < n < 7 The homogeneous chemical potential is
n RTbn
=RT'1
Ho(n) =R n(l—bn) * 1—bn
(2.1.3)

N a(T) i 1+ (1—+2)bn B a(T)n
2v/2b 1+ (1++v2)bn 1+ 2bn — b2n?’

Given periodic boundary condition, the fourth-order parabolic equation for a

single-component two-phase system with Peng-Robinson EOS is given as follows

a”g;’ D _ eA%n(x,t) + Apo(n(x, 1), (2.1.42)
subjected to the initial condition
n(x,0) = ng(x). (2.1.4b)

14



The evolution of the homogeneous free energy density satisfies

dfo(n(x,t))  dfoon on(x,t)
ot onot fo(n(x, 1)) or

(2.1.5)

Lemma 2.1. (Mass conservation). If n(x,t) is a solution of the fourth order equa-
tion (2.1.4a) under periodic boundary condition, then we can get the following mass

conservation identity

i /. n(x,t)dx = 0. (2.1.6)

Proof. Using the equation (2.1.4a), we can get

%/Qn(x,t)dx :/Q [—cA*n(x,t) + Apo(n(x, t))] do

:% a [CATZ(X, t) - MO(n(Xv t>)]d8

=0
v ’

where I' is the boundary €2, and v is the unit normal vector on I'. O
Moreover, taking the inner product of (2.1.4a) with the term cAn(x, t)—puo(n(x, t)),

we can obtain the following energy identity:.

Lemma 2.2. (Energy identity). If n(x,t) is a solution of the fourth order equa-
tion (2.1.4a) under periodic boundary condition, the following energy identity can be

guaranteed

dF (n(x,1))

o = =V ean(x,t) = poln(x 1) (2.1.7)

From this natural energy decay property of the fourth order equation (2.1.4a),
it is reasonable for us to use it to approach minimums of the total free energy,
and steady states of the single-component, two-phase fluid system. In the follow-
ing sections of this chapter, we will propose three numerical schemes under periodic
boundary condition to solve (2.1.4a)-(2.1.4b) and study their stability and conver-
gence properties.

15



2.2 Notations and some anxiliary lemmas

We investigate the solution of the fourth order equation (2.1.4a)-(2.1.4b) at the time

interval [0, 7},,] on the domain Q = [0, L,] x [0, L,|. Here, T,, denotes the final time.

Let h1 = LJ;/]\417 hg = Ly/MQ, At = Tm/K, xTr; = ’ihl, Yy; = jhg, tk = k/A\t. Denote

the spaces for the discrete grid points on Q and temporal interval [0, T,,] as follows,

O ={(w, ;) |0<i <My, 0< 5 < M},

Q ={t, |0< k< K}.
The space for the discrete periodic functional on €2, is denoted by
Vi ={nln = {ny}, nican; = ni, nijean = ngl.

For n € Vy, denote

1 1
6xni+%,j ~ . (it1; — nij) 5yni,j+% ~ (i j+1 — nij) s
1 2
2 1 2 1
0z1ij = 15 (iry = 2nij + nicrg) s 0ynuy = 55 (Mige = 2nij + i),
1 2
T 2 2
Uity = (Oemisg o Omigey) + Ownig = (82462 ny

Define the function space on €2, as
W, = {w\w = (wo,wl, e ,wal,wK)} )

For a grid function w € W,, define

wk+§ _ 1 (wk Jrwk+1) ’ (5twk+% _ (wk—H . wk) L 0<k<K-1,
2 At
Akt k-1 k-2 R n—2
wrr =20w""2 —w 2 =w  + —w" T ——w"Y, 2<kE< K -1,
1 3
w? :w0+§w?At, W? :w0+§Atwg

16
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For u,v € V), their inner product is defined as

(u,v) =h hzzliu”"u”, (2.2.3)

=1 j=1

and Sobolev norms are defined as

Jull = v/ ), full =, max _ Jugl,

2

wVimg yUWij—11]
i=05=0 2 i=17=1 2

My Mo 2 My My
[0zull = 4 [haha}_ > : [0yull = 4/ hiha}" 37 |yu

vhuz—f— j-‘r

=0 j=0 i=1j=1

My Ms 2 My M 9
[Vpull = ([ hih2d_ >0 Al =g fhahe 3 30 [Dpuig|”

For demonstrating the solvability and the convergence of our proposed numerical

schemes, we will frequently use the following lemmas.

Lemma 2.3. For any grid function u, v € V, we have
(Apu,v) = (u, Apv) = — (Vpu - Vo, 1) . (2.2.4)
Lemma 2.4. [63, 66, 86] For any grid function u € Vy,, we have
IVnull® < ull [Anull, lull, < Ko llull ([ Anull + Jull)
where kg is independent of the grid size h and the function u.

Lemma 2.5. [2, 3, 87, 97] Let (H, (+,-)) be a finite dimensional inner product space,

||| be the associated norm, and g : H — H be continuous. Assume moreover that
Ja>0, VzeH, |z]=a {(g9(2),z2)>0.

Then there ezists an element z* € H, such that g(z*) = 0 and ||z*| < .

17



Lemma 2.6. (Gronwall lemma)[87, 96] Let £ be positive, and v, ax, (k =0,1,2,3,...)

be nonnegative and satisfy

ar < (14+&r)ag— +vr, k=1,23, ..,
then

ap < exp(EkT)(ap +v/E), k=1,2,3,...

Referencing to the Lemma 4.2 given by [63], we can obtain the following similar

results.

Lemma 2.7. For any u,v € W, and k > 1, we have the following identities

1

b 1 1 1 1 1 b UH—% — ul_i
Zul+§5tvl+§ _ <uk+§vk+1 _ u§v0> _ sz—’
At — At

k I+1 !
1 1 uTt —u
Zul+15tvl+2 _ (uk—i-lvk—i—l o u1U0) . Zvl 7
At At
1=0 =1
k k l -1
1 1 u —u
Zul(;tvurz _ - (ukvk+1 o UOUO) o sz—'
At At
1=0 =1
Proof.
k k I+1 ! k
1 1 1v — v 1 1
Z u”ﬁw”? :E :ul+2 _ 2 :ul+2 (UHl vl)
At At
=0 =0 1=0
1 m ok k 1 k+1 k
1 1 _1 1
_ ZuHQUZH_E:unl _ ! 2vl_§:ul+gvl
At At
L 1=0 1=0 =1 1=0

1 1 1 1 1
_ Z (ul 1 _ul+2)vl+uk+2vk+1_uwo
At —

1 k l+% —ul-

L R N R 0) _ wee-uw oz
AL (u v u2v Zv A7

=1

N|=

18



+1 k+1

Z l+ldvl+2_zulv At Atzu o) =

=0

k+1

k
E : o 2 ulJrlUl
=0

:é zk: (ul l+1) ol 4 Rkt ulv()]
=1
k
1 Ut — o
- ( k1 k1 u'v?) — Z N 0

ZU(SUH? _Zulv N Z L

1

1 [k k
_ Z dottt — Z ul!
At
L1=0 1=0

k+1 k
Z w1t — Zulvl
=1 1=0

r k
1 _
=5 Wkt 00 & ; (ul 1 ul) Ul]

Lok k10,0 - yul —u!
:E(uv —uv)—lzlvT
This completes the proof. n

Lemma 2.8. Suppose the function ®(u) has continuous second-order derivative on
any connected subset of R. Foru = (u°,u', ..., u™),u = (a°,a,...,a") € W, and k €
{1,2,..., K —1}, there exist p € (0,1), ay = puF+t 4+ (1—p)u®, ay = pa* ' +(1—p)aF,

and & € (min{ay, as}, max{ay, as}) dependent on k such that
o [ < ’”2) — @ (u’”%)} =0’ (pu"*' + (1= p)u*) 6, <ﬂk+% - u’”%)
+ 0" () (p (a1 — W) + (1 - p) (@b — uP)) 6t

Proof.

oo () o ()



= el [o (- dmat) - @] = [o (ut + st ) -0 ()]}

_y (ak + pAtét'ak*%) 5kt — @ <uk + pAtdtu“%) S+ (2.2.5)
Y (pak—l—l La- p)ﬂk) 5tak+% Y (puk-l-l - p)uk) 5tuk+é
= [®' (pu"™ + (1 = p)u*) — @ (pu"*" + (1 — p)u*)] S,k T2

+ @' (put + (1= p)ut) 6 (a’”% — u’”%)
— 3" (¢) (p (ﬂk—&-l _ uk—f—l) +(1-p) (ak _ uk)) 5tﬂk+%

+ @ (pu" + (1= p)u®) 6, (ﬂ’”% - u’”%) : (2.2.6)

This completes the proof. O

In the derivation (2.2.5), we treat ® (a’“ + AtpétaH%) - (uk + Atpétu“%) as

a function of p € [0,1] and then use the differential mid-value theorem.

2.3 A convex-splitting scheme for the fourth-order
parabolic equation

In this section, we will provide a first order convex-splitting scheme for the fourth-
order parabolic equation of pure substance (2.1.4a) and investigate its unconditional

stability, unique solvability and L*> cconvergence.

2.3.1 The first-order convex-splitting scheme

For the gradient part of the total free energy Fg = /

E|Vn(x, t)|*dx, we have
Q2

dFy
py =5 = —cAn(x,t). (2.3.1)

For the homogeneous part of the total free energy, selecting
for(n) = fideal(p) 4 fexeess(n) = RTn (Inn — 1) —nRT In (1 — bn),
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— _ foxcess ) __@ n
Joa(n) = =[5 (n) = 2\/§b1 <1+(1+\/§)bn

then we have fy = fo1 — fo2, and

bn
por(n) = 4 (n) + i (n) = RTnm — RT I (1 bm) + RT %

ey a(T) 14 (1 —+v2)bn a(T)n
poz (1) = =gy (n) = 2\/§bln<1+(1+\/§)bn> T bt bn(l —bn)’

Therefore,

Pfor(n)  Ouoa(n) RT bRT(2—bn)
on2  On —7+ (1—bn)2

_ RT(1-bn)>  bRTn(2 - bn)
 n(1—1bn)’ n(1—bn)?

s m(2—bn) _ BT, (23.2)
n (1 —bn) n (1 —bn)
for(n) _ Opoa(n) _ 2a(T) (1+bn) >0 (2.3.3)
on? on (1+ 2bn — 62n2)2 ' -

So fo(n) can be convexly split with fo(n) = fo1(n) — fo2(n). The convex splitting of
total energy described in (2.1.1) is F' = F, — F,, where

= /Q [£19n06, O + fur] dx

= / [ IVn(x,t)|* + RTn(Inn — 1) —nRTIn (1 — bn)] dx (2.3.4)
a(T)n 14+ (1 —+V2)bn
de = — In dx. 2.3.5
/f02x /2\/_17 T+ (1+v2)m ) (2.3.5)
oF
Denote p(n) = =-(n) = pic — pte, then u(n) = py + po, and
F,
Lo = (;nc(n) = v + po1 = —cAn(x,t) + RT'Inn — RT In (1 — bn) Enbn’
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- B . a(T) 1+ (1—+v2)bn a(T)n
e = T (1) = b2 = 5 (1+ (1t ﬂ)m) T ot bn(—tmy 239

Define the total discrete energy F}, to be
c
Fy(n) = 5 [Vanl* + (for(n),1) = (fon(n),1) (23.7)

Lemma 2.9. (Ezistence of a convex-splitting of the discrete total free energy.) Sup-

pose both n and Apn are periodic. Define the energies

c
Fy(n) = ) thnHQ + (for(n), 1), Fi(n) = (foz(n), 1) . (2.3.8)
. . ‘ OFy SF¢
Then the gradients of the respective energies are 5 —cApn + po1(n) and 5t =
n

toz(n), and FY and Ff are convez, admitting the convex splitting Iy, = Ff — Ff.

Proof. Calculating the (discrete) variation of F} and using summation-by-parts
give

dFy
de

(n+en)|e=o = (—cApn,n) + (uo1(n),n).
A calculation of the second variation reveals

& Ff

1+ eit) oo = [Vl + (s (1), %) 2 0.

For Fy, we have
dry
de

2 F¢
de?

(n 4 en)|emo = (po2(n), n),

(n+ )]0 = (piy(n), 7%) = 0.

These verify the convexity of the discrete functionals F), and Fy. Since it is obvious

that Fj, = F} — Fy, the proof is completed. n
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We now describe the fully discrete scheme in detail. Define the discrete chemical

potential i to be

~ OFY OFY
ik nk) = S (ke — Sk (o
= —CAhnk+1 + Mot (nkﬂ) — o2 (nk) . (239)

The total discrete scheme for the original fourth order equation is the following:

given n¥., find periodic nk“ such that

157

nkJrl —nk

“Tt”:Ah —cAPET 4 Appior (nT) — Appia (nf) . (2.3.10)

2.3.2 Mass conservation and unconditional energy stability

Lemma 2.10. The solution of the discrete equation (2.58.10) satisfies the mass con-

servation, which means, for any 0 < k < K — 1,

M1 M2 Ml M2
hiha » ) it =hihy Y > 0k
=1 j=1 =1 j=1

Proof. Denote [LZJF* fi ( Rl f]) Multiplying hyho At to both sides of (2.4.4a)

and summing for ¢ = 1,..., My, j = 1, ..., My, with the periodic boundary condition,

we obtain
My Mo
hlh?zz k+1
i=1 j=1
My Mo
= —hthAtZZA ,LL k+1 )
=1 j=1

M
k4 _k+1 k42 k42
= —hthAtZ Z |:<M2+12,j ,u” > - <l1’z] ‘- M2712,]>:|

1
k+ ~k+3 _k+3 _k+3
- h1h2AtZ Z [(Mmfl sz > - (:uij ? = /%',jflﬂ
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= 0.
This completes the proof. O

Theorem 2.1. (Energy stability.) The scheme (2.3.10) for the fourth order equation

(2.1.4a) is unconditional energy stable, which means that

Fi(n™1) < Fy(nF) (2.3.11)

1s satisfied for any time step At > 0.

Proof. From the convexity of of the discrete energy Fy(n) and Fy(n), we can

obtain

F;;(nkJrl) _ F}(L:(nk) < <6nF]f(nk+1>’nk+l _ nk> :
Fi(n*) — Fp(n™*) < (6, Ff(n*),n* —n**).

Therefore,

F(n*h) = (o) = (Fi(n*) = B () — (Fg(n = Fi (n")

=Fi(nH) = Fy(nh) + Fi(n¥) — Fy(n*)

IN

<5nF}f<nk+1)7 nk+1 _ nk’> + <5nF;lz<nk)’ nk _ nk+l>

IN

<5nF}f(nk+1) . 5an(nk), nk—i—l o nk>

<ﬁ(nk+1’ k), AtApi(n*+1, nk)>
= — At|| Vil b))

<0.
This completes the proof. O

2.3.3 Unconditional unique solvability

Define M to be all the functions in V), with zero average as follows,

1 My M>
MQZ {nth | M1M2ZZ7’L¢,]':O}.

i=1 j=1
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The symmetry and positive definite property of the discrete operator under the

periodic condition yields the following lemma.

Lemma 2.11. [110] For any ny € My, there exists a unique periodic solution fg €

My such that —Apng = ng.

Note that, the requirement of ng, ng € Mg attributes to the zero average of

the functions in V}, manipulated by Aj,. From this lemma, we define the inverse of

1

operator Lo, Ly', as 19 = Ly 'ng. Naturally, L' is also symmetrical and positive

definite.

Theorem 2.2. (Unique solvability). The difference scheme (2.3.9)-(2.3.10) is uniquely

solvable for any time step At > 0.

Proof. Define L = AtLy = —AtAy. It is obvious that, both the operator L and

its inverse L' are symmetrical and positive definite. For n € V}, denote
TR
e RN

i=1 j=1

then we have n € M. Asfor k =0,1,..., K —1, define a functional on V), as follows,

G(n) = =(L7'(n),n) — (L7 (), n") + Fg(n) — (n, 6, FF(n")), (2.3.12)

1
2
For any ng € My,

Gn + Ano) :%<L‘1(fz ), 4 Ang) — (L=1(7 + Ang), 7iF)
+ Ff(n+ Ang) — (n + Ang, 0, Ff (n")).

So we have

d\ A=0
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= (L™ (7 + Ang — 7i%),n0) + (5, FF (n + Ang),mo) — (8, FF (n*), no) [a=o

= (L7 (7 = "), no) + (0uFy(n), o) — (6. F (n*), 1),

it follows that
6,G(n) = LA — %) + 8, F(n) — 6,Ff (n"),

and

d2G(n + )\TL())

d\2 r=o= (L™ (n0), no) + (05 Fy(n), n5).

The convexity of F and the positive definiteness of L™! guarantee the convexity of

G(n) on V,. Supposing n**1 solves (2.3.9)-(2.3.10), we can obtain

SF¢ OFy
nFt gk <5_nh(nk+1) _ (5_nh<nk)> =0. (2.3.13)

The mass conservation of the solution of discrete equations (2.3.9)-(2.3.10) yields

oF¢ oF¢
K1y _ 7 —1/=k+tl =~k b okl OLh o
5,G(n") =L (n n") + (_(Sn (n") S (n ))

0F¥ OFf¢
-1kl k 0Ly o kr1y  Olp
—oo oy (SR - S )
=0.

Therefore, n*1 solves (2.3.9)-(2.3.10) if and only if 6,G(n*™1) = 0. The convexity

of the functional G(n) implies that it is uniquely minimized by n**!. O

2.3.4 Convergence

Denote

1 1
11 —max{]ugl(n)\ ne |:€1, E - 61:| }, 12 = max{]/ﬂo’l(n)\ ne |:€1, g - 61:| },

1 c+ o, +a(T)?
a21=max{|%2(n)|: nec [61,5—61}} <a(T), 3= i+ ad) ;
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1 ol + a3,
Q99 :max{]%’?(n)\ ne [61,5—611}, 061520—2,

(r{4 = max ntt -t ‘e le 1 c o — Q12014 + Q220014
14 = A7 : Ly T, o= - ,
afy + a3 + anany + agaiy 2
¢ c
Q
aug = max {4ans (dars + 1) + darr, dagg}, Oy = %ml exp (nsTh)
13

20018 9 Q13 09
4 2 —
Cia =4/ P k§ |92 exp (( 5 + 1 ) (k + 1)At> my.

Theorem 2.3. (Error estimate.) Suppose the unique, smooth, periodic solution for
the original fourth order equation (2.1.4a) is given by n(x,y,t) on Q for 0 <t <T,
for some T,, < oo with initial data n(z,y,0). As for k=0, 1, ..., K —1, define

gy = (s, y5, KAL), (2.3.14)
and eﬁj = ﬁfj — nij, where ny ; is the k-th periodic solution of (2.8.9)-(2.3.10) with
0 _ 70  Thenif Al < — S L

nz,j nz,j en Zf 2(05%1 T C) , we nave

"] < Cia(hT + h3 + Ab).

c c
2(04%1 + C)’ 200120014

}, the L error estimation could be given as

If At < min{

leX]|. < Cas(h? + B2 + A,

Proof. The continuous function n solves the discrete equations

k1l —k
nZ] B nl] _ A ~(7k2+1 —k ) + Rk+1 (2 3 15)
N RHATY 5 5 Ty ij -0.

where Rfj“ is the local truncation error, which satisfies

|REFY < my(hi + h3 + At), (2.3.16)
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for all 4, j, and k for some m; > 0 that depends only on T}, L,, L,,.
Subtracting (2.3.10) from (2.3.15), we have

et — ek k+1 —k k+1 k+1
i +1 = ~ + +
T = Dpfi ( N5 ’nij) — Dl (nm ) l]) RZJ ’
1<i< M, 1<j<M;,, 0<kE<K-1 (2.3.17)
e? =0, 1<i< M, 1<j< M. (2.3.18)

Taking inner product of (2.4.10) with 2Ate**! yields
[ e

= 2At <A L ( k1 ﬁk) — Apji (nk+1, nk) ,ek+1> + 2At <Rk+1, ek+1> .

‘ 2

(2.3.19)

According to Lemma 2.3, we have

IAL <Ah,u( k—f—l = )_Ah,a (nk—&—l’nk) 78Ic—|—1>

— —2At< — cAZeFT 4 Ay o (ﬁk“) — Appior (nk+1)

— [Ahﬂoz (T_lk) — Opfioz (’flk)} ,€k+1>

— —2eAE || Anet |7 208 (o (RF) = pon (n*F1), At

= 20t (proz (1) = oz (n*) ; Spe™™)
— —2CA || AR |* + 28 (i (€ F T, ARt ) — 2A¢ (g (E5)eF, Akt
< —2eAt | Ane [ + 200 A ] [| At | + 200 A eF|[| Ane|

ozHAt

< 2t e+ SR e g

4 SBBE ket et
< a%cht HGHIHQ N a(TfAt

IE
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and

QAL (RF, 1) < m2|Q|A(RS + h2 + At)? 4 At [[FH ]|

Combining all the above results and ignoring the nonnegative term [|e*! — ekHZ in

(2.3.19), we obtain
2
e+ = [le*]” < “+1 Al 4+ CEE o
C
+ m3|Q|At(hT + h3 + At)?. (2.3.20)

Therefore,

o At
c

a(T)?At
c

(1- — A || < (1+ )HekH2+mamAt<h§+h§+At>2,

Hek+1||2< L ” kH m%|Q|At(h%+h§+At)2
_1—“11“— 1 — %At Ay

1+ M H kHZ m1|Q‘At(h2+h2+At)
1-— C‘H“At ’ 1— 2hiteny

a11+c
c

If ——At< 5 then

2 2
le]I* < (1 i s O‘“j al?) At) [e5|]” + 2m2|QAL(h2 + b2 + At)?
— (14 2013A8) ||e¥||* + 2m2 |92 At(h? + h2 + At)*.

According to Gronwall inequality given by Lemma 2.6, we can get

2
[Caasdli SQQ%M exp (2a13(k + 1)At) (h? + b2 + At)?
13

mi|Q|

exp (2015T;,) (B2 + h2 + At)? (2.3.21)

13

Y]

e <
| a3
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Replacing £ in the inequality (2.3.20) by [ and summing [ from 0 to k, we obtain

e =32 (e - )

=0
< (s a) arys oy LS
=0
+mi|Q|(h] + h3 + At)*(k + 1) At
< <an1 + 1) At [[eFHH|* + (%%1 +1+ G(TT)Q) Atlz; €!|”

+m3|Q|(h] + h3 + At)*(k + 1)At.

Therefore,

[1_(0‘7@1)&] T <( “+1+—>AtZH I

+ 4m3|Q|(hT + b3 + At)*(k + 1)At,

a(T)?

o1+
ek <— (an v Atzu {5

mi|Q
- (1) At

c

(T + h3 + At)*(k + 1)At.

C

2
1
If (% + 1) At < 2 we have

2 2 k
oot (220 42 220 S ol oo+ 8 + A0(h-+ 1

k
=203 Y ||e!|| + 2m2[Q (2 + h2 + At (k + 1AL (2.3.22)
=0

The Gronwall inequality yields

2
[ < ™ exp (2a000T5) (82 4 13 + A"
13
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To derive the estimation of HAhek“”, the equation (2.4.10) is taken inner product

k+1 k

ith g,e" s = = °
with d;e I
ekl _ ok 2 )
N _ <Ahﬂ (ﬁk—&-l,ﬁk) YN (nk+1’ nk) ’5t€k+§>
k1 ok
+ <R’“+1, %> . (2.3.23)

The last term of the above equation satisfies

2
b+l _ ok

At

e

k+1 _ k 2
M1 & 76N mi[Q o 2 2 1
<R A >_ ) (hi + h; + At) +3

(2.3.24)

And for the first term of the right hand side of (2.3.23), we have

1

<Ahﬂ (ﬁk-&-l?ﬁk) N (nk—&-l’nk) ’5t€k+§>

= < — CAiek—H + Ah/JOl (ﬁk—H) — Ah/vb()l (nkH)

— [Dnpion (7%) — Appioz (n)] 75t€k+%>

= Ait —cAhek+1, Ajeltt — Ahek> + <M01 (ﬁk—&-l) — Uot (nk—H) aétAh€k+%>
_ <M02 (ﬁk) — 1102 (nk) 75tAh€k+%>
= (eI — net ]+ [t - )

* <”°1 (n*7) = por (n*) ’5tAh6k+%> a </~L02 (") = poa (%) 75tAh,€k+%>
= _QLAt (HAh@kHHZ - HAh@kH2) + <“01 (ﬁkﬂ) — Ho1 (nkH) >5tAhek+%>

- <M02 (7*) = oz (n*) 75tAh6k+%> : (2.3.25)
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Combination of (2.3.23), (2.3.24) and (2.3.25) leads to
k1l ok 2

At

(&

2
k+1 _ ok

At

mi|Q

2

+ <M01 (ﬁkﬂ) — Ho1 (”kH) 75tAh€k+%> B <“02 (ﬁk) — Ho2 (nk) 7(51&Ah€k+%> ;

e
<

1
(h} + h3 + At)* + 5

&
i e

from which, we have

C
Q_At (”Ahek-HH? . ||Ah6kH2>

= <“01 (") = por (n*) v5tAh€k+%> B <ﬁ‘02 (") — poo (%) 75tAh€k+%>

2 2

Lllet*! — e milQ| o 2 2
ST ar | T3 (Rt A
Accordingly,
||Ah€k+1H2 . HAthHQ
2A¢ AL
= ¢ <N01 (7)) = pox (n™*) v(StAhek+%> o <:“02 (7*) = poz (n*) 75tAhek+%>
At ||+t — k)l mi|QY 2 2 2
oo || At At(h? + B2 + At)?.

Replacing k in the last inequality above by [ and summing [ from 0 to k, we can get

||Ah€k+1H2

k
=3 (llane " = [|ane|”)
=0
k 2
< —%At > <um (7") = po2 (n') ,5tAhel+%> + @(k + 1)At(hT + h3 + At)?
=0
2At o At N et — et ]?
i — Z <#01 <ﬁl+1) . (nl“) ’5tAh€l+%> - = Z e - e
=0 =0

(2.3.26)
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Using Lemma 2.7 and Lemma 2.8, we have

INE &

c <H01 (™) — por (n') a5tAh€k+%>
=0

= 2 o (5541) = i (1) 805) = (i (1) = i () . 4]

k

S i o (50) (51 )

=1

IAL &

_ _< i, ( k:+1) k+1’Ah€k+1> - = > <5t [Mm <ﬁz+%> — o1 (nz+§>] ’Ah€l>

2At k l I+1 1 1
< T <#61 (PJZ”ZH +(1- :01J1r§)nl> O (ﬁHE - nHi) aAh€l>
1=1

k
2At 141 I 141 T
_ <H6’1 (51;2> <p1+2 (7 41 nl+1) e —pl?) (nl o )) 5tnl+2,Ahel>

c
=1

20411
+ 200 ok g
C

5 2011 At o
< S e e S e e
=1

2&120&14At b H

2 (e e fane]

=1
1 2 4a? 2 At k 112 202, At F 2
< lanet P+ S [l + 5 ; o3| + == g 1 Anel
I 0512&614At Hek+1||2 20&120&14At Z H H 204120414At Z ||Ah6lH
=1
(2.3.27)
And
AL &
IS 1))



= =2 LG (1) o (), 306 = G () = g (). 0]

c = At
<N02 (521) ;A k+1> + Q?t Xk: <5t [,UOQ <T_ll*%) — Ho2 (nl%)} ,Ahel>
=1
= % zk: <N02 (012 n+(1- /?l12 )nl> Ot (ﬁli% - nk%) ,Ah€l>
1=1

+ 24t Zk: <%/2 (gég%) <p1155 (ﬁl B nl) 41— pg%) (ﬁlfl B nkl)) 5tﬁl7%’Ah€l>

=1

2&21

e[l Ane™|

(5256172

9 2o At
< 2000 k| gt 4 2220 5 el

- C

200990014 AL b _
+ == D (e e lane||
=1

%l”A k+1H +40421 H k+1|| +Atz 5l

2c

9 k
1|2 N 2a2clAt Z HAhelH2
1=1

206220[14At Z ||e H 204220614At Z HAhel” (2328)

Combining (2.3.26), (2.3.27) with (2.3.28), we can obtain

et

EHA k+1H +4a11 H k+1“ +AtzH561+

9 k
S e
=1

k k
L ok 2NBE S | 2L S

C
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I DS

_1
(Stel 2

9 k
2 N 204261At Z HAh@lHQ
=1

204220[14At Z He H 20&220&14At Z HAhel”

k +1 _ 1])2 2
_ At ~ N 2l D A2 £ 2+ A
¢ = t c
N R e
2 c2 c

202, + 202, + 20100014 + 2009000 b
4 2on 5 cl2 14 22 14AtZHAh€lH2

=1

200120014 + 200000014 - a2 . mil 2 2 2
+ . ALY €| + =L (k + AR + h3 + At)
=1

1 At
5 [ A ekHH + dags H€k+1H + 2a16AtZ | Ane ZH % ||€k:+1H2
=1
* 20‘”Atz lll* + == mllﬂl (k + 1)At(h] + hy + At)*. (2.3.29)

=1

2

1
Using the inequality (2.3.22) under the condition (@ + 1) At < 5 we have
c

1
5 [8ne P+ [l

k
< (dogs + 1) | 200308 Y [€!]|” + 2m?[Q (B2 + h2 + At)2(k + 1)At
=0

At - k
+ LR oA S ([ Al + 2008t Y el

N 2m?|Q|
c

(k + 1)At(hT + h3 + At)?
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04120él4At }

= [20&13 (40&15 +1 —|— 20&17 Atz H || | k+1H + 2a16AtZ HAhel”

+ (8a15 +2+ %) m3 Q| (k + 1)At(h? + h2 + At)?. (2.3.30)
If 1201481 1 hen
c 2
HA = H ah

k k
< 2003 (4ou5 + 1) + 2a47] Atz Hel”2 + 20416Atz ||Ah€lH2

=0 =1
1
- (80415 o 2) m?|Q|(k + 1)At(h? + b2 4+ At)%. (2.3.31)

Therefore,

e+ + et

k k
S [4@13 (40&15 + 1) -+ 4&17] Atz H@lH2 + 40(16Atz HA}ZEZHQ

=0 =1

2
+ (16a15 o 4) m3 Q| (k + 1)At(hT + h3 + At)?

k
< oAty (Hel”2 + HAhelH2> + apgm?|Q|(k + 1)At(h? + h3 + At)2. (2.3.32)
=0

Gronwall inequality yields
e+ [l < 2% exp (oo + 1)AD) [0 [y (1 + 15+ A1)]. (2333)

where k= 0,1, ..., K — 1. With the help of Lemma 2.4 and (2.4.14), we can get

e 1% <o e ([l 2ne* ] + e )

sw ekt (Jlek+11” + 1 anek+ 1))
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<ko 2aus

Q13019

Therefore,

exp ((alg + %) (k + 1)At> m? Q| (h? + b2 + At)?.

2
o < e 8198 exp (557 + ) G4 0) 0 4 75+ 20
o Q1309 2 4

<Chy (B} + 3 + At?) .

This completes the proof.

]

2.4 The Crank-Nicolson scheme for the fourth-

order parabolic equation

Applying Taylor expansion to (2.1.4a), (2.1.5), we have

—k+1 —k
e — 1 1 1
Z]Tt” + CA,QLFLZ%Q — Ah,uo (ﬁff?) = RZJFQ,
1<i<M;, 1<i<M;,, 0<k<K-1,
_ _ —k B
At At CA

1<i<M, 1<j<M, 0<k<K-1

where there exists a constant ms, such that

k+3
ij

‘ R

< my (h] + h3 + At?),

k+3%

< my (hi + h3 + A,
with the initial conditions
g =no (zs,y;), 1<i< M, 1<j< M,
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(2.4.1a)

(2.4.1Db)

(2.4.2a)

(2.4.2b)

(2.4.3a)



fiy = fo (), 1<i< M, 1<j<M,. (2.4.3b)

Omitting the small terms in (2.4.1a) and (2.4.1b), we can derive the Crank-Nicolson

scheme of the fourth-order parabolic equation (2.1.4a) and (2.1.5) as follows,

k:—l—l nk

e N, Zj+cAin Aug( k+)=0,
(2.4.4a)
(fo)fj+1 - (fO)i’Cj — (nl;f%> ”Zﬂ - nfg
At K At (2.4.4b)

2.4.1 Mass conservation and energy stability

Lemma 2.12. The solution of the discrete equation (2.4.4a) satisfies the mass con-

servation, that is, for any 0 < k < K — 1,

My M My Mo
hihay > Y it =hihy Y 0> 0k

=1 j=1 =1 j=1

Proof. Multiplying hyhe/At to both sides of (2.4.4a) and summing for i = 1, ..., My,

7 =1,..., My, with the periodic boundary condition, we obtain

h@ii B ph) = —hthAtiiAh el — o (n )]

i=1 j=1 =1 j=1

Let

k+i k+1 k+3
cApn. 2 — g (n 2 2

17 1%

(2.4.5)

then

h1h2 Zl ZQ k—‘rl

=1 j=1
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= —hthAt Zl ZQ Ahww

=1 j=1

k+L 1 k+1 k41
- —mwz [ -t ) - (o )]

1 1 1
S0 3 o] (GEEOR B CRES))
= 0.

This completes the proof. n

Theorem 2.4. If the total discrete free energy at kAt, k = 0,1,...K, is defined by

(2.3.7), the discrete scheme provided by (2.4.4a)-(2.4.4b) can guarantee the following

energy identity for any time step At > 0 as follows,

k+1 k
By

N =0. (2.4.6)

2
1
+ H—Vw“?

Proof. Taking the inner product of (2.4.4a) with —w**z defined by (2.4.5), we

can get

k+1

—nk 2
<—cAhn’“ré + Lo (n“é) ,u> + H—le”%

=0
At ’

which is equivalent to

k+1 _ k
o (19 = )+ (o (48) ) w3 =0
Noticing the relation given by (2.4.4b), we have
1 2
o (I = 908 + 5 o) = fo(w), 1) + [ w5 =0
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Recombining the terms in the above formula, we can get

L e k+1]|2 k41 L rc k||2 k kL2
i (5 Iom " + (o 4),1)) = 5 (S I9RH + (o), 1)) + [Futd | <o,
which is an expanded form of (2.4.6). This completes the proof. H
2.4.2 The unique solvability
In this subsection, we consider the existence of the solution of (2.4.4a).

Theorem 2.5. The discrete scheme (2.4.4a) has at least one solution if At < ﬁCT)
a

Proof. The scheme (2.4.4a) can be written as
nk—&-% nk
ij — T 9 k+1 k+1 o
At/Q + CAhnij : - Ahﬂo (nij 2) - 07
or
cAt At
(wi; — nfj) + TA}%wij - TAhMO (wij) =0,

(2.4.7)

where w = n¥*+3. Define the map

g(wy;) = (wi; —nk) + CTNA}ZLQUU — %Ahﬂo (wij) ,
then
(o), ) = (ol = () + 20 vl — S 4o () )
= (ol = o) + 20 Nwal? 4 2 (Tt () - T, 1)
= (ol — () + 2l + 2 ) Vo - Vo, 1)
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Here,

to (w) = RT In Y Ly RT bw +a(T) ln<1+E1— 2)bw>

1—bw L=bw  2v20  \1+ (14 V2)bw
_ a(T)w
1+2bw—b2w2

T 1 1—42 T
> RPInw+ BTbw 4 0 (LA = vDbw) _ a(T)w

2/2b 4 2bw
a(T) 14+ (1 —V2)bw a(T)
— RT1 T 1 -
RT'lnw+ R bw+2\/§bn< 1 T
which yields
, RT 2a(T') (1 + bw) 2a(T)(1 + bw)
- - - —4a(T).
Ho(w) w(l —bw)? (14 2bw — b?w?)? ~ (14 2bw — b?w?)? > —4a(T)
Therefore,
2 k CAt 2
(o), ) > [l — ¥, )] + 20 sl — 20(T) At [
cAt
> [l — (o, w)] + 25 | Al — 20(T) At o] [ o]
cAt
> [[lw]l* = [|n* [ llwl] + == [12nw]?
c\t 2a%(T)\t
- (S5 nwl? + # o)
2a(T) A\t
= (1 2550 ol o) o
c
2a%(T) A\t
> [(1- 22020 g — o] o
c 202(TYAt 1
hen A —, it foll h
When t<4a2(T)’ . <2,1t ollows that

(atw) ) 2 (G ol = 4] boll = 5 (ol =2 ) sl
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If |lw]| = 2|n*

, we have (g(w),w) > 0. By Lemma 2.5, there is at least one
solution w satisfying ||w|| < 2||n¥||. The solvability of the Crank-Nicolson scheme is
proved. ]

Now we present the uniqueness of the solution of (2.4.4a).

Theorem 2.6. The discrete scheme (2.4.4a) has at most one solution in the region

1 2c 1
{00,5—90} for any 6y € ( —) if At < e Here M = max{m (n)|:n € {00,5—90]}.

1
Proof. Suppose (2.4.7) has another solution z, and w;; € [90, 5 90} and z;; €
1 . .
l@o,g — 00} forall 1 << M, 1 <j < M,, then

At At
CTA%ZM — S Do () =0, 0<k<K -1, (2.4.8)

(2ij — 145) +
Let €;; = w;; — #;. Subtracting (2.4.8) from (2.4.7), we have

c\t At
€ij + — 5 AiQ] [Ahuo(wi]’) — Ahuo(zij)] =0. (249)

Taking the inner product of (2.4.9) with €, we obtain

c/\t VAN
el + —HAhGH — 5 (Bnupo (W) = Bapio (), €) = 0.

According to the Lemma 2.3, we have

At At
— (Db (W) = DBapio (2) , €) = == (o (w) = 1o (2) , Dae) -
Then
c/\t At 0
e+ 5 nel =5 Gun (1) = i <) 806) = { F2(6)es e
AtM2 cAt
<M el [8el] < 2 e 4 2 el
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where &€ = Aw + (1 — M)z, A € [0, 1], satisfies |p/(§)| < M spontaneously. Therefore,

cAt AtM2 cAt
lell* + == [ Anell* < lell® + == 1 Anell”,
which finally yields
2 _ AtM2
lell” < lel*.
2c .
If At < e ve get € = 0. This completes the proof. O

2.4.3 Convergence

To derive (2.2.6), we also apply the differential mid-value theorem. This completes

the proof. Denote

1 1
Qo1 :max{mg(n)]: n e [61,5—61]}, a02:max{|,ug(n)]: n e [61,5—61]},

2 —k+1 _ —k
a5 1 n"T —n
=+ — = ma k=12 .. K —1.
Q23 4C + 27 QOlog m X{ At ) 9~y }
a2,  4a3,a? 2 4o 202,02, 4 2a?2
(og =2 201 02%24 2 g =max{l+ 201 4 2002 24’__|_ o\
c c c c c c

Q
Co = o exp (2a3(k + 1)At) mo,
dovgs

2&230429 4

O =\/ B k210 exp <<a23 + —) (k + 1)At>

Theorem 2.7. Suppose the solution of the original fourth order equation (2.1.4a)-
(2.1.4b) is sufficiently smooth, and there exists €; such that for any k =0,1,..., K—1,

1
the solution of the Crank-Nicolson scheme (2.4.4a), we have n* e |:€1, b 6;|. If
1
a3 At < 3 then

"] < Car (AT + h3 + A) ;
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1
if ang At < o7 we can obtain

|eF1|. < Con (B2 + B2+ AE2).

Proof. Define n(x,y,t) as the exact solution of (2.1.4a). ak™

ng o = (i, y;, ) s
the solution of (2.4.1a), and nffl is the solution of (2.4.4a), Let ef, = a}; —nf,
Subtracting (2.4.4a) from (2.4.1a), we have

fjﬂ _ Z 2 k+3 _k+1 ket 2 kel
(2.4.10)
e; =0, 1<i< M, 1<j<M. (2.4.11)
1 ebtl 4 ek
Taking inner product of (2.4.10) with "2 = — then
k1 2 ok 2 9
H HMt It el e 3 = (Bupo (754%) = Bago (+3) 644

For convenience, we use its equivalent form as

2 2
eI = [l

2At

_ <Ahﬂo <ﬁk+%> — Ao (nk+§> ’ek+%> n <Rk+%’€k+

2

1
+c Ah6k+2

N
\/

According to Lemma 2.3, we have
<Ahuo (ﬁkJr%) — Dppio (nk+%> ,€k+%>

= <,U0 <ﬁk+%> — Mo (nk+%> ,Ahek+%> = <M0(§k+%)6k+%,ﬁh6k+%>

2 2
1 (0
cht3 < 2ot

~ 4e¢

< ap

1
"Ah€k+§

1
okts

2
+c HAheH%
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Using (2.4.2a), we have

<sz+% ek+%> _ [ pk+3 Mt 4 eh < HRH% e
’ ’ 2 - 2
ek+1+€k
Q 2
g%mg (2 + h2 + A)° + :

Q

ok+1 2+ ok 2
<md (B 4+ AF) + 1 e

4

Combining all the above results, we obtain

el N PR N Y et g
Bz (2 4 03+ 2y
T
2Nt
< Z—gcl He’”% g %mi (h? + b3+ AP)” + Hekﬂ”? HBkHZ, (2.4.12)
< (B4 1) (e + 1 17) + o 0+ 13+ 22
Therefore,
et < e (52 5 ) (e ¥ )+ o e (45 + e’

—[[e*[[* + st ([[ = + [[e4]]") + €2 Atm3 (12 + b + Ae2)*.
(2.4.13)

(1 — ap3At) ||ek+1H2 < (1 + agsAt) ||ekH2 + |Q| Atm3 (k3 + h3 + At2)2.
1
If a3 At < 5, then

Hek“”2 < (1 4 4daggAt) HekH2 +2|Q| Atm; (hf + h3 + At2)2.
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According to Gronwall inequality given by Lemma 2.6, we can get

o0 2L -+ 150y 04 14 A, 2419

HekHH < J(xﬂ exp (2a03(k + 1)At) my (h] + h3 + At?) = Cyy (B + b + At?) .
23

From (2.4.12), we also can obtain

« 1
et = et < (52 4 5) (I + k)
+ 19 m3 (B2 + h2 + A?)* At. (2.4.15)

Replacing the superscript k& by [ in (2.4.15) and summing up for [ from 0 to k leads

to
k

417 = 32 e 1P = 1))

=0

k

IA

(%8 5) (I 1) 5+ 5+ )10 (108 + A2 .
=0

Putting all terms for He’““ || on the left hand side, we have
(oq 1 k1|2
{1 ( o 2) At} )

0
- (2”1+1)AtlZ;H N+ (k + 1) Q) m2 (b2 + B2+ AR)? At,

e+ (k+1)|Q
PRI C AL R S L TRV

1 (4 +1)atis 1— (4 +1) A

1 1
IfAt<1/( °1+1> (i‘”+2) At < 5, and

2 k
ek < (204 2) A0S [+ 20h+ 1) 0 (42 418 + A2) A (2410
=0
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Gronwall inequality leads to

Q 2
e < g esp [(— + 2) (k + M 90 md (3 + b3+ AR) . (2.417)
23

oL _ ok

For estimating HAek“H, we take inner product of (2.4.10) with SeftE = N
With the help of Lemma 2.3, we have

2

k+1 c
v UL e NP

— ek

At

k+1 _ _k
- e (471) - B 7). (1, 55

E+1 _ K
(o (8) = (1) i) (e S,

The last term of above formula satisfies

e

Rk’-i-% ektl _ ok _ Rk-i-% ektl _ ok - HR’“*‘%H ekl _ ok
At At - At
Q| s 1|kt — ek |2
Sng (h%+h§+At2) +§ N
Therefore,
1]|ett —ek > ¢ b1 (12 2
| e R (o B

1 1 1 Q
g@mﬁﬂﬁ_M%Mﬂ»@&ﬁb>+%%ﬂﬁ+@+Aﬂ? (2.4.18)

Replacing the superscript k& by [ in (2.4.18) and summing up for [ from 0 to k
and using Lemma 2.7, we can obtain

1k
22
1=0

k

2
C
+ g7 2 (12w I = 12 )

et _ gl
At

k

1 1 1 Q
< <u0 (n”a) — 1o (n%) ,5tAhel+a> + |—2|(k + 1)m2 (k2 + h2 + A?)?
=0
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L () o () ) L o (18) (1) 2
+ zk: <6t [Mo (ﬁl%) ~ o (n”%ﬂ ,Ah6’> + %(1@ + 1)mg (b + hs + AF)
=1
_ Ait <M0 (ﬁm%) ~ o (nk-i-%) 7Ah€k+1> | ‘(k+ 1)m2 (h2 + h2 + AL?)
3 () - (7))
=1
= 5 0 (7)) 3 o () )] )
‘2' (k + 1)ym3 (hi + h3 + At?)

_ zk: <,Ug (é’?%) <pz+§ (A = n) + (1 — pl+§) (! — nl)> 5ml+§7Ah€l>

+Zk:<,u6 (pl-i-%nl—i-l +( _pk+%)nl> 5t< s _ ) Ahe>

o
S e lanerr ) + 5 3 (12 + 1+ AR)?
E ettt —
+06020424Z HelHH + H H) HAhelH + oy Z At ‘AhelH
=1 =
A €]
< g (e ) + s (04 02+ A7)

& 0‘(2)20‘%4 1+1|2 a§2a§4 1)]2 112
D (5 e+ =+ (ane|
=1

a2
%t
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Spontaneously,

2
0401

k+1
[0 S0

4At | (”JHHQ + H‘BkHQ) + %Uf +1)m2 (b2 + h3 + A?)?

k

+Z (aoz 24 H l+1H 04020424 H H + ||Ah€lH ) CY01 Z HAhelH

It naturally gives

AR <QO‘01 (H L €| >+ﬂ(k:+1)m§ (h2 + 2 + At?)* At

k 2 2 2 2
b0 (200 et 20O )

=1
4 204 - 1|2
+ (E + 7) ; | Anel||” At. (2.4.19)

The inequality (2.4.16) provides

k—1
e < (O‘m +2) A€ + 2k 12 m3 (B2 + B3+ AR) AL (2.4.20)
=0

Combining (2.4.16), (2.4.20) and (2.3.21), we can obtain

e e

, ) ) 2 9 k
- (1+ 224201 N 204020424) Hek+1||2+ % Hek||2+ 40‘0_20‘24At E HGZHQ
=1

k

2 2 (12 2 2)2 4 203 e
+ —(k’+ 1)m2 (hl +h2 —|—At ) At+ E + T Z HAhe H At
=1

2 2 2 2 i
< (1 + 2(634201 n 206020424) [ (% + 2) Atz HGZHQ
=0

+2(k 4 1) |2 m2 (b2 + b2 + A?)® At

49



c2

4 2% [(% + 2> ALY [ |” + 2k [ m3 (B2 + b2 + A#?)* At
=0

2 2 k 2 k

+ @Atz lle'||” + (% + 20;01) S Akl At
=1 =1

219

C

+

(k + 1ym3 (b2 + b2 + At?) At

2 2 2 2 k 9 Kk
< % +4c <1 N 4, N 2&020424) Atz HelH2 N 4+62a01 Z HAhGZHQAt
1=0 I=1

c c?

2

8a2,  4ad 2
+ (2+ Cou | 2000 E) (k4 1) [ m2 (h? + h2 + A?)* At

c? c

c2 c ¢ c

2 2 2 2 k
< max {1+ 200 20000 2 20000 A0S () + el )
=0

8a2,  4a? )
+ (2+ Qor | Z% | E) (k+ 1) Q| m3 (h? + h3 +At2)2At

<a29AtZ(H Y+ [ Ane!|*) + (ke + Veaas |2 m3 (03 + B + AE)2AL

=1

Gronwall inequality yields
e 1" + [|ane™|* < a—exp (az9(k + 1)AL) - [Qf [my (] + b3 + A12)]7,

where £ =0,1,..., K — 1. Using Lemma 2.4 and (2.4.14), we can get

e 1% <o lle®* Il e+ + [les)

%\/Q ekt (Jlek 17 + 1 2nek+ 1))

Q28 2 2 2
<ko,/ et exp <<2a23 + 7) (k+ 1)At> m3 Q| (k] + h3 + At ) ,

Therefore,

et < g 190 exp (o + 2 ko 1)) (8] 83 + 52)
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< Cyy (BT + b3 + A) .

Using Lemma 2.4 and (2.4.17), we can obtain

1% <o llet* Il e+ -+ [les])

S’W? et (et + [ Anet+ 1)

Qa8 Q29 2 2 2 2)2
<ko/ Dot exp ((20@3 + 7) (k+ 1)At> m3 Q| (h] + h3 + A7)

Therefore,

et §</—2oz§(8129 k2 Q) exp ((0@3 + %) (k+ 1)At> my (hi + hi + At?)

< Cyy (BT + b3 + AF) .

This completes the proof. O

2.5 A second order linearization scheme for the
fourth-order parabolic equation
In this section, we also use ﬁf} to denote the exact discrete solution of the proposed

Akt d
scheme. As an element in the function space W,, ﬁf;“ is also defined by (2.2.2).

Applying Taylor expansion to (2.1.4a), (2.1.5), we have

—k+1 _ =k
n.tt —=nw 1 N 1 A 1
% + CA}QLﬁZ%Q — Ah,uo <ﬁ2+2> :RZ%Q,
t (2.5.1a)
(J?o)ffl - (J?o)f} B Sl T_lffl — 7l At
At = Mo\ A + 05 7
(2.5.1Db)
with following initial conditions
nY =no(xiy), 1<i< M, 1<j< M, (2.5.2a)

o1



(fo)} = foln(xy)), 1<i< M, 1<j<M,, (2.5.2b)

where there exists a constant ms such that

N
R <ma (03 4+ 13+ A82),
(2.5.3a)
1<i<M, 1<j<M, 0<k<K-1,
e < 2 72 2
(2.5.3b)

1<i<M, 1<j<M, 0<k<K-L

The difference scheme is constructed by omitting the small terms in the above two

equations as follows,

k+1 k
ng o —ng 1 1
S cAinfo — Apto (ﬁ?z) =0,
At (2.5.4a)
subject to the initial condition
ny =no(xy), 1<i< M, 1<j< M. (2.5.4b)
The discrete energy density ( fo)ffl is computed by
(fo)ffl - (fO)i‘Cj — 1 (ﬁl-&%) ”Z’Jrl - nfg
At v At (2.5.5a)
1<i< M, 1<53<M,, 0<kE<K-1,
with initial value
(fo)ij = fo(mo(xyy)), 1<i< My, 1<j<M,. (2:5.5b)
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2.5.1 Mass conservation and energy stability

Similar to derivations of the mass conservation and the energy decay property of the
Crank-Nicolson scheme, these properties of the second order linearization scheme

could be given by the following two lemmas.

Lemma 2.13. The solution of the discrete equation (2.5.4a)-(2.5.4b) satisfies the
mass conservation if periodic boundary condition is given, which means that for any
0<k<K-1,

M1 M> My Ms

hlhg Z Z nffl = hlhz Z Z TLZ

i=1 j=1 i=1 j=1

Lemma 2.14. If the discrete total energy at kAt, k = 0,1,...K, is defined as (2.3.7),
then the discrete scheme provided by (2.5.4a)-(2.5.5a) can guarantee the following
enerqy identity for any time step At > 0 as follows,

k+1 k
BT -5

2
= 2.5.
3 0, (2.5.6)

et
+ H—Vwkﬂ

kil 1 gl
where W2 = eApnFta — pg(nFt2).

2.5.2 The unique solvability and convergence

Theorem 2.8. The linearization scheme (2.5.4a)-(2.5.4b) is uniquely solvable.

Proof. The scheme (2.5.4a) can be written as

At At .
P SR AT =l — SR AR+ AtAwgo (i)
R ! (2.5.7)

Suppose n*, #**2 have been determined. Then (2.5.7) is a linear equation about

n*+1. Consider its homogenous system as follows,

At
niT 4 SO =0, 1<i< My, 1<) <M. (2.5.8)
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k+1

Taking inner product of (2.5.8) with n*"", we have

At
e P (2:5.9)

It requires n*t1 = 0. Therefore (2.5.7) has a unique solution. This completes the
proof. O]

We also provide a lemma which is similar to Lemma 2.8 as an auxiliary to derive
the convergence of the linearization scheme.

_ A ALl .
Lemma 2.15. Denote efj = nfj—nf n=(nz,n

Forn, n € Vh, there exists p' € (0,1) and v, = pln“r +(1-— [’)l)ﬁl 2 g =p lplts 4
(1= it z, & € (min{y, v}, max{yi,72}), k, 1 =0,1,2,..., K — 1, such that

1 1

37 [l = (@) = () = (')

AN
Al+l /\lil
Ial+2 Ayal—1y€ 2 e 2
n'2 1 — nn 22—
= p1o(p (L=
Al _ pls

el Al sl4-1 Al Al—1
1o ey o
+uo(§)(pe 2+ (1—p)ee A7




1iely (Al sl 1- 4 Al—1>ﬁ
+Mo(§)(p6 (A =p)e )

This completes the proof. O
Let
1 0 d1 4
él:maX{|M6(”)| ne [573—51}, c2:max{|ug(n)\ ne [575—5 }7
042 —k+1 _ =k 1962 4 1
é3 :ﬂ—i_la é4_1’1133( n n ,kZO,l,K—l , 68: Cl+ —|—]_,
4c At c

12658 | 58365 207 }
?

R 3¢ _ ., . R
Cr =maxq ——,2¢] +4,, Co=max{cCs+ ,
c? c c

4

[ 26 ¢ ¢
¢ =exp (¢3Th) IA |m3, ¢= 4 ﬁké ]Q]Q exp ((03 —1—09) Tm) ms.
C3 C3Cyg 2

Theorem 2.9. Suppose the solution n(x,t) to the fourth order equation (2.1.4a)-

. 1.
(2.1.4b) is sufficiently smooth, and there is a 6 € (0,1), such that if; € [0, 3 0] for
Al1<i<M,1<j<M, k=01, K. If
AD2 12 2 0
eh + I3+ AP) < 2 (2.5.10)

then the difference scheme (2.5.4a)-(2.5.4b) is convergent with second order in both

time and space in the following detailed form
|| < e (hf+h3+ A7), || <é(hi+h+ AtF). (2.5.11)

Proof. Since

. At At
a2 =0+ —n0 =n' 4+ =-n0 = Az,
2 2
- 3At 3At
n%:n0+7ﬁgzn0 Tng:ﬁ%,



we have

Sr
N

(1) () =0, () o (1) =0

Subtracting (2.5.4a) from (2.5.1a), we have

6k+1 k.

i~ G <A2 ) _ pMte
VI i =Ly -,
At g ! (2.5.12)
1<i< M, 1<j< M, k=0,1.
ef]“ e 9 k4l Akt ke A+l
Tt+ c(Ahe 2) —Ah,uo< >+Ahﬂo< 2) =R ?,
gl (2.5.13)
e; =0, 1<i< M, 1<j<M, (2.5.14)
0 1
For the first step, taking inner product of (2.5.12) at k = 0 with er =& e yields
leM]* — [|e°|f? e +e\||* /ar Ot
-t DNy | ——— = 2 .
one o 55
For the initial value, HeOH =0, so
10, a2l = (252N, 1<icmn 1<j<m (2.5.15)
2At h2 - 72 ) S 1, 7> 2- cJ.
Using (2.5.3a), we can get
HelH _ e, A0l (B + b3 + o)
SAr T HA PP < AL T 1 : (2.5.16)
which gives
le'” _lletl” | 192 Atm3 (b + B3 + At?)°
< 2.5.1
oAt ANt 1 ’ (2:5.17a)
P | m3At (B2 + hE + At2)°

VAN 4
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2 2
et < QI m3AL (kT + h3 + At?) '

SAr = 5 (2.5.17c¢)
'] <|Q)m2Ae® (B2 + b2 + A2)?, (2.5.17d)
e']| <VIQImsAt (hT + h3 + At?) (2.5.17¢)
and
2 (1,2 2 2\2
From (2.5.18),
2 (7,2 2 2\2
i HAhGIHQ < |Q| Atm3 (h14+ hQ + At ) ’ (2519&)
2 (12 2 2)2
§%ZW&¢ﬂ2§K“m3M1ZhT+At), (2.5.19b)
ne | </ B0, (2 4 13+ 242). (2.5.190)
According to Lemma 2.4,
Helﬂi (2.5.20)

< o ([13e! | e + ')

At
gm[ E Q| At (B2 4+ 12+ AL + Q| m2AE2 (B2 + h2+ A)?] . (2.5.21)

c
1

If At < —, then
c

”eqﬁofi%EﬁgﬁéiégUﬁ-%h§+-A¢32- (2.5.22)

Besides, from (2.5.15) we can also obtain

2 2 2
e’ [llI” 9 m3 (B + by + AL
4 4 '
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Therefore,

2 2 2
et ™ _ el +|Q|m§(h§+h§+ﬁt2)

SAr <7 0 (2.5.24)

Secondly, to get the error at second time step ||e?||_, we take the inner product

61—|—62
2 )

el 4+ 2
(57
Applying (2.5.3a), we have
2112 1,112 1 2
le*]I” — e +CHAh (6 ;re )

of (2.5.12) when k = 1 with et =

2 2
“I” = el

“6 +c
VAN

2 12 212 Q| At
< el lel” 1 w2 (12 + 1+ AL)’.

2\t - ANt 2
2112 112 12 2112
e2l” —|le el + |le Q
I HQNH I < e’ ] : [l |2|m§ (12 + 02+ AP), (2.5.25)

or
2 2 2 2
eI —llel” _ Nletl” + lle*” |2 At
20t T ANt 2

m2 (h2 + b2 + A?)*. (2.5.26)

From (2.5.26) and the estimation of HelH2 by (2.5.17e), we can get

H€2H2 QAL 5, 2 22 3HelH2

ANt =7 mg (b + B + AF)" + ANt

||62||2 5 2 (12 2 2\2

[€2[|* <519 m2AL% (B2 + h2 + At?)?, (2.5.27b)
|€?]| < V/51QmsAt (b + b3 + At?) . (2.5.27c)

To get the estimation of HA@QH, taking the inner product of (2.5.12) when k£ = 1

I
with ———, we have

At

2
e —el

C
||+ i (1l = e )

2At

58



2 _ 1 _
_<}?{§7€At€ >_ eAte +|4|A§(h2+h2+At2)
Accordingly,
287 (120l = fl ') < %63 (W} + 13+ A8)°, (2.5.28)
¢ o2 1 Q| 2 2 22
2A¢ o] < 2At [2ne!|[* + 26 (0] + b3 + A2, (2.5.29)

|Q|At

[Ane?|]” < || 2net||* + 2 (W2 + h2+ A?)?.

Combining the above equation with (2.5.19¢), we can get

310 At
et < 22

& (h2+ h2+ At?)°.
Similar to the first case,

2
le*]l

< ko ([0 ] + 1)

Al
Sko[ 200101 AL (B2 + 3+ D) + 510 mEAE (B2 + W+ AR)| . (2.5.30)

If At < 1, then
c

25ko || At

el = =7 — & (i +hs + At (2.5.31)

At the third step, we derive the estimation for HekH H and Hek+1 HOO by mathematical
induction. Suppose (2.5.11) is true for [ from 0 to £ (0 < k < K —1). Then if
(2.5.10) is satisfied, we have

Ml < ek + 12 + AR) <

1<I<k.

b

N | D>

99



Then it follows that

61 0

2’0 2
ko ok+1
Taking inner product of (2.5.13) with bt = %, we obtain
1 — et :
e € 1
A k+35
2Nt +CH ne
X ko oktl
=t (745 = 2o (7543 7 4 <Rk+;’ e —i—2e >
Because
BEHT _ pkts —pk 4 %nk—l _ %nk—2 (nk + %nkz—l 1nk—2)
1
_ ko Lokl k—2
=e" + 26 e" e,
we have

i (ﬁk+%> — 1o <ﬁk;+%> _ M/<gk+%) (ek i %ek—l _ %ek—Q) '

where &2 = Mtapkta 4 (1 — Mta)akta, Mtz € [0,1]. Therefore, according to

Lemma 2.3, we can get
<Ahuo <ﬁk+%> — Dppio (ﬁkJr%) ,€k+%>
= <Mo (ﬁk%) — Mo (ﬁk+%> ;Ah@k+%>
. 1 1
’ M/(€k+%) (ek + §€sz1 _ 5elc2>

. 1y s 1 e 1
< [+ g et g el et

(2.5.32)

IN

1
‘HA}LGHQ
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Whereupon

i W P RN |
241 2

X 1., 1., eF 4 eftt eF 4 eftt
scl(uekuguek 1II+§He’”II)HAh( )|+ (7t 5—)

A, (6k +2€k+1> 2

m?2 (h2 + b2 + A?)*.

le

< B (1P + Jh 7+ 2 e

O 1 e

4 2
Accordingly,
k1|12 || ok
I B8 (e e o)
(2.5.33)
2
e+ e e

2(W2 4 h2+ A

4 g M
Replacing the superscript k& by [ in (2.5.33) and summing up for [ from 2 to k, we

can get

o i i

2\t
=2
302 K 1 k 612+ 1|2
<3S (el e ) + 3o I 1
=2 1=2
2§
+5 ) m m3 (h? + h3 + At?)

l

4—<Z P L3 fiielnz)*(zw” 1D

(2.5.34)

Il
)

2]

1=e] m2 (h2 2 2
5 (B3 + h2 + At?)”.

mg

Mw

+
l

I
¥
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Combining (2.5.24), (2.5.25) with (2.5.34), we obtain

At 2
(1=5) I

<2 (LI F I 1) o
5 (S 1) 10603 4

2 2
le]I” + lle]

g A [Q] At (] + b+ At?)?
2 2
L etIP AL (9)mE (R 4 b+ AT)
2 2
2
< 32661 3 ) 10 Atm3 (B2 + h3 + At)’

(9461 )AtZH UP + (k+ 1) [ m3At (B2 + b3+ A2)?

k
= &ALY |||+ (k + 1) [ miAt (B2 + hE + Ar2)?.

=1
If At <1, then
k
e 1]1° < 26586 > [|e||* + 20k + 1) [ m3At (B + b3 + AF)* . (2.5.35)
=1

The Gronwall inequality yields

14| < exp (2ea(k + 1)AL) 22
3

2(h2+ B2+ A2)° (2.5.36)

Therefore,

HekﬂH < exp (&3(k + 1)At) ‘?‘mg) (R} + b3 + OF) = & (h] + h3 + At?)
3
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For estimating HA@’““H, we take inner product of (2.5.13) with 5tek+% _ A; ‘ ;
then

okl _ ok |2 9 2

—ar | *aar (18 = 2t )

1 1 1 €k+ €k
<Ahuo ( k+2> — Dppio (ﬁk+§) >5t6k+§> <Rk+2 —> :
At
Similar to the derivation of (2.5.32), we have

(o (1902 - B (32) 50892) = (o (4°1) s (47 0000

Also, we can obtain

2

ey O N (OIE(RE R AR 1M ek
7 At 2 2| At
Therefore, we have
Llet — e |7 ¢ k1|2 k||2
2 At HETN] <HA’1€ = [ Anet] >
Akt +1 Q| ca(h? + h3 + At?
= <“° (ﬁ’%) —uo( 5) S Apett > 2] &5( +2 A% (2.5.37)

Replacing the superscript & by [ in (2.5.37) and summing up for / from 0 to k, we

can get
1 k o2 c
2 > A || T2 e

=0

< i <uo ( ) 10 ( %) ,5tAhel+%> + Z €21 (i +2h2 + AP)” . (25.38)

=0 1=0

According to Lemma 2.7, we have

=k

2 (po (714) = (31°2) ')

=0
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At At
E /o (ﬁl+§) — 1o <ﬁz+%) _ (,uo (nl 2) — (nz—5>)
- Z ,Ahel
P At
Here,
2k+3 k+1
7)o ()
_ Mo(ﬁk+%ﬁk+% (1 pk+é)ﬁk+%) (ﬁm% _ ﬁk-i-%)
= (PRI (1= At
_ Mg(ﬁk+§ﬁk+§ +(1 pk+§)ﬁk+§) (ek + %ek 1 6k—2> :
~5 ~3
i) 1037
— iy(p0% + (1= ph)ad) (ad - ak)
. 1 1
— o+ (1= ity (24 3ot - 36)
) AB2B A5\ 5 5 1.3, 0
= mo(p2nz + (1= p2)nz) (e —e +ge —ge |,
and



< g 1 2 (1 + 31+ 5 1)

At
. ’(Agfﬁ + (1 — A%)ﬁ%) e —el & §el e AN Y=
At \F'oV P 2- 2 )"
ez —et 3el —e° Cle? — et 3¢
<o |T5t + 30 ial < | T ey + 22
2 12 02
—%1 eAte +C%HAh€2H2+i eAte +Zéf [Ane?|*
1 e2 — el |2 el — 012 P
SR IS e

1 A 1 A 1
For the term x [Ho (ﬁ”%) Lo ( s ) (Mo (ﬁ %> — o (ﬁlﬁ))] , using Lemma

2.15, we can get

1 N - N

At [M(J( ) — po(n2) — (No(nl 2) — puo (! 2))]

s s
l+2 1 — ~l Al,% €
= pup(p'ate + (1 - pHn'—2) -
Ql—l-l . Ly
+ g (&) (ﬁlél+z +(1— ﬁl)él_;) nta —pla
At

Bttt 4 (1 byt T AT e — e

(€N ( slelts 4 (1— e ) Al — Al 4 LA - a?) -

where p' € (0,1) and €' € (min{ys, 72}, max {71,72}). So we have

zk: < o (') — o (#F) = (o ("2) — o (1)) ,Ahel>

— At
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The first term of the right hand side of (2.5.39) satisfies

k ! -1 4 1(,0-1 -2 L l-2 1-3
e —e T t+s(e —e —sle7"—e
—Z<u’o<ﬁ%l+é (1= it G ) ')

+ ] Z HAhelH —|—

A% : 1)|2
5 212
=3

L4 Z [Ane|)? (2.5.40)

T
=
o
—~
3
\_/

N
b«\.
m(\.
+
+
~—~
—_
b(\.
S~—
(-DN
|
[V
—
S
|
S
|
_
+
3
|
B>l ™
Sl
b
|
:«\A
b
||
:N
&
>
>
CDN
\/

k
<2 ey ||pelE + (1 - el
=3

- 2;6264 p (el + %el_l - %el_2> +(1-p) (el_l + %el_2 - %el_?’) ‘ ||AhelH
o Pt (L) g2 L= P s a0
:2;:;0204 pe+(1—§>e +<§—p>e —|—Te HAheH
k .
cxgliro (- L)l st
1=3

k
<2) G He I+ e+ 5 e+ 5 ”II} 18]
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: A2 A2 1-11|2 égéﬁ 12012 égéi 1-31|2 1012
S (S Nl + &8 e + Z3 e+ Z3 e 1l

<
1=3
i 2 k_2é§éi eE . k36204 2

-+ S T+ 5 - A a3 e
=3 =1

Hence,

I=k

Z <M0 (ﬁlJr%) — Lo (ﬂH%) 75tAhel+%>

1=0

() (o) ) )

202
et 2 (4 e+ e

< i cAl
1||le2 = e el — 02 13¢2 . b
1l A NP e +4>§ e
L= el 2 k=2 el 2 k3 2
12 gz gz
=2 =1 =0
i P 2 222 o S22 e
+ > &l +Zé§6‘i 7+ 3 2+ D 2 e
=3 = =1 =1
c 2¢2
< gz Nt 2 (1 3 e+ 3 et )
12 e+ — el 13¢2 . i
+§; A +max{T3,2cf+4}l22HAhel”2
233 2 = B3 e
Z%%H I +ZCzC4|| I Z 'l + > = el
=1
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2¢
< e 2 (et 3 eI+ )
1l et — et ))?
D) e +c7zumeln +zc2c4u {5
=0

c2¢2 3 6262
20204 lef]I” + Z =2 e’ Z 23|l (2.5.41)
Combining (2.5.41) with (2.5.38), we can get

1k
22
1=0

€l+1

AT
At

+ gz 1At

< g et 0 22 (I 300+ 5 1)

1k—1 e+l o2 A
+5 2|15 +07ZHAhe’H +ZCzc4H I +Z a& |1’
=0
B3 e B3 2 o [ B (02 + b3+ A2
+ZTH6H +ZTH€H + 5 - (25.42)
=1 =1 =0
Therefore,
262
T e <2 (H P LR ) e e
- = 222 || ,1]]2 — 636421 12 3 égéi 112
+ e Z aeille'll”+ 322l + 22 2 e
=3 =2 =1 =1
k 2072 2 22
+y 12 & (R +2h2+At g (2.5.43)
=0
Accordingly,

8¢ 4¢
o < (A 31+ F1e1) + 2003 el
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ko pr222 k=1 2242 k=2 9.9
+30 T A P4 S T A P+ 3 E e el
=2 =1

1=3
k=3 9.9 k ~2( 12 2 2)2
cié 2 2|Q|é3(hi + hs + At?)
—i—;l:%At”elH +l§o B At. (2.5.44)

According to (2.5.35), if At < 1, we can get

k
l[eF1|* < 2634t ) [€']|” + 2(k + 1) || m2At (B2 + B3 + At?)?,

=1

k—1
e )7 < 26586 3 ||€l][* + 2k Q) m3AE (B + 13 + A8,

=1

k—2
1" < 2858 Y [|e!]|” + 2(k — 1) [Q m2AL (b2 + B3+ At2)?,

=1

k—3
2" < 2858 Y [|e!]|” + 2(k — 2) [Q m2AL (b2 + B3+ At)?.

=1

Synthesizing the above results, (2.5.35) with (2.5.44), we have

e+ fl et

A k 4¢ k
<2052t Y [|€]|” + 20k + 1) [Q AL (B + b3+ A8)° + =LAty || ae|f

=1 =2
82 [ X e 2 2, 12 2)2
+ = 2630t Y ||€!]|” + 2k |Q m3AL (] + b3 + At?)
L =1
267 = 12 2 2 | 12 2 2|
+ 2630t Y ||€']|” + 2k — 1) [ m3At (k] + b3 + At?)
L =1
207 RS 12 2 2 | 12 2 2|
+ 2630t Y ||€']|” + 2(k — 2) [ m3At (k] + b3 + AF?)
=1
ko pr222 k=1 1222 k=2 199
ISRV N eV R =< Ny
=3 =2 =1
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Cc

k=3 9.2 k 727192 2 2\2
C5C 2 2|Q|C (h +h +At )
;1 204étHelH ;0 2\ 2 At

c? 1 c

) £2 2 k A k
< (200 + 2 T ) A3 e+ Ay e
=1 =1

246% 2 ~2(1,2 2 2\2
+(k+1) 2+7+Z 1 &5(hy + hs + At*)"At

A A2 2242 faA k
< maX{Qés B 106264’ &} Aty <H‘3l||2 + HAhelH2>

c? c c
=1

24¢2 2
cfl + Z) Q] E2(h2 + b2+ At?)2At

+(k+1) (2+
k

< 26ALY (HelH2 + ||AhelH2> 420k + 1)és |Q) E(h2 + B2 + A)2AL.
=1

Gronwall inequality yields

H€k+1H2 n HAhekHHQ < ?exp (Go(k 4+ 1)At) - Q| [é (h] + h3 + AtQ)F’
9

where £ =0,1,..., K — 1. Using Lemma 2.4 and (2.5.36), we can get

et 1% <o lle I (et + [l )

SWQ ekt (Jlek 17 + 1 anes+ 1))

5
Sho\| o exp (6 + o) (k -+ 1)A) m3 [ (1 + 13 + AF)°
3¢9

Therefore,

Hek+1||oo <y 623%]{38 Q) exp ((CS ;L CQ) (k + 1)At> ms (b + h3 + At?)

< ¢ (k] + R+ AF).

This completes the proof.
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Table 2.1: Critical properties (Data from the Table 3.1 on Page 141 of the book by
Firoozabadi [36]), w and m (our computed results) of isobutane (nCy).

’symbol‘TC,K‘PC,MPa‘Tb,K‘ w ‘ m ‘
| nC, [425.18 ] 3.797 | 3.797 | 0.1990 | 0.6709 |

2.6 Numerical Examples

In this section, all the above three schemes are used to obtain the steady state and
the evolution history of the solution of the fourth order equations (2.1.4a)-(2.1.4b).

In our numerical experiments, we also consider the substance of isobutane(nCy,) at
the temperature of 350 K for comparing with the results of the second-order parabolic
equation provided in [85]. At this time, the values of parameters are a = 1.6977,
b = 7.2442e — 5, ¢ = 2.08869¢e — 19. The critical properties and the normal boiling
point of nCy are provided in Table 2.1.

For comparing with the results in [85], we also consider the problem of our fourth
order equation on the two-dimensional domain Q = [0, L]> with L = 2 x 10~® meters.
The initial condition is also set as: the molar density equals the liquid isobutane (nCy)
under a saturated pressure in the region [0.3L,0.7L], the rest of the domain and a
saturated isobutane gas fills the rest of the region. The periodic boundary condition
is imposed. This original domain € is projected to its normalized map 2 = 0, I:]Q,
where L = 108 x L, to simplify the computational process. The whole discrete
domain  has 200 x 200 uniform rectangular meshes. Newton iterative method has
been used to obtain the solution at every temporal step, and the resulted linear
systems are solved by an algebraic multigrid (AMG) solver. The tolerances for the

Newton iteration and AMG solver are set to be 107> and 107°, respectively.
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2.6.1 Spatial distribution of molar density and other chem-
ical properties

In this part, we provide comparisons of the numerical results of our fourth-order
parabolic equation with the second-order parabolic equation provided by Qiao and
Sun’s previous work [85] based on the same equation of state. We note that, all these
three numerical schemes have been applied to solve the above initial and boundary
problem. Since the evolution history and steady state obtained from these schemes
are quite similar, only the results provided by the convex-splitting scheme is presented
for our demonstration.

The molar density, homogeneous chemical potential density and the thermody-
namic pressure at the steady state are our concerned variables for this comparison.
Here, the homogeneous contribution of chemical potential pg is defined as (2.1.3).
The surface tension contribution to the Helmholtz free energy density, fintfrens, and
the thermodynamic pressure, py, have the same expressions as those presented in

Qiao and Sun’s paper [85] as follows,

finthens = 2fv(n) =cVn-Vn. (261)
_(0f B _ nRT n?a(T)

po_ﬂ(@n) ~Jo=nmo = fo= 1—bn 14 2bn— b2n?
_ B a(?) (2.6.2)

v—>b wv+b)+bv—>)

The corresponding results are depicted in Fig. 2.1. We can see that, the fourth-
order parabolic equation has similar equilibrium state with the second-order parabolic
equation, and both these two equations indicate that all these three variables experi-
ence a sharp variation at the interface at the the steady state. As shown in Fig. 2.2
(al), (a2), the total Helmholtz free energy has a clear dissipative trend during the
whole evolution history, and it decays rapidly initially and slows down within later
time.
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Figure 2.1: Numerical results given by the fourth-order parabolic equation obtained from
convex-splitting scheme at steady state: (al) molar density; (bl) interfacial Helmholtz free
energy density; (cl) chemical potential density; (d1) thermodynamic pressure density;
cross profile of (a2) molar density; (b2) interfacial Helmholtz free energy; (c2) chemical
potential; (d2) thermodynamic pressure density provided by the fourth-order and second-
order parabolic equations. 73
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Figure 2.2: Energy evolution history of the fourth-order parabolic equation obtained
from convex-splitting scheme.

2.6.2 Calculation of interface tension and verification against
Young-Laplace equation

The surface tension o is defined as the net contractive force per unit length with a

unit of N/m mechanically or the work for creating a unit area of interface with a

unit of J/m?. Here we also use the formula [36, 85]

- a_F o F(n) — Fo(Ninit)
0A A

o

with the assumption that o is spatially constant within the interface for the given
system.

In our simulation, the contribution of the surface tension to the total free energy
at equilibrium state is defined as AF = F(n) — Fy(n;). We also assume that the
volume of the liquid droplet does not change with time and the steady state has a
perfect circular shape. The radius of the droplet is also 7 = 2 x 1078 x (0.16/7)'/? =
4.514x 1072, The length of the circle A equals 27 x4, 514 x 10~ meters. For example,
at temperature T = 350K, F(n) — Fy(ni) = 1.774 x 107197, the surface tension is
derived by o = 1.774 x 10719/A = 6.2578 x 1073.J/m?. The surface tension ranging
from 250K to 350K are obtained in the same way. The results are plotted in Fig. 2.3
with the laboratory results provided in Table 2 of [67]. We can see that, the difference
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between the surface tension trend calculated by the steady state of our fourth order
equation and the experimental data, which comes mainly from modeling errors [85],
is acceptable from the engineering point of view. Therefore, it is reasonable for us
to calculate another physically concerned quality, capillary pressure, based on the
value of surface tension provided by the fourth-order parabolic equation.

The capillary pressure, P., relates to the surface tension, o, through the well-

known Young-Laplace equation in the form of [36, 85]

P. = Piguia — Poas = =
Based on this formula, two different approaches have been used to calculate the cap-
illary pressure based on our numerical results for the fourth-order parabolic equation.
On the one hand, it is viewed as the difference of the liquid drop pressure, Fjqyiq, and
the pressure of the gas phase, Pqs. In our numerical example, the pressure in the
center of the liquid drop, Pjiquia, is picked from the grid point (101, 101) and the pres-
sure in the bulk gas region P, is picked from the point (51,51). All the variables
are projected from Q to the original domain €. The capillary pressure is calculated
by Pei = Pliguia — Pyas- On the other hand, the capillary pressure could be obtained
by applying the previously calculated value of the surface tension, o, by the relation
Py = o/r. The capillary pressure P, from temperature 250K to 350K are given
by these two methods respectively, and depicted by Fig.2.3. It could be observed
that, the capillary pressure obtained from these two different methods based on the
numerical results of the fourth-order parabolic equation are in nice agreement. This

guarantees the reliability of the fourth-order equation and its numerical schemes.

2.6.3 Predictions under a special initial condition

From the numerical results demonstrated in the above paragraphs, we can see that

the fourth-order parabolic equation is reliable to be used to approach the steady
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Figure 2.3: Comparison of (a) the surface tension (N/m) obtained by Convex-
splitting scheme and laboratory data; (b) capillary pressure calculated from the
numerical results of the fourth-order equation by two methods: P. = Fliguia — FPyas

(red stars) and P., = o/r (blue dots).

state of the single-component, two phase fluids for the substance isobutane (nC4).
Here, we use the convex-splitting scheme to predict the solution evolution history
under a specific initial condition. Fig. 2.4 depicts the molar density distribution at
several different points of time:  and the energy evolution history during the whole
process. The initial data is set by putting four commensurate square bubbles around
the center of the domain symmetrically. From this group of pictures, we can see
that, a gas-liquid interface is formed around every single bubble during initial time
as showed in Fig. 2.4 (a2), (a3). These bubbles get rounded separately at early stage
during time slot [0.0005,0.01] . At time 0.01s, these nearly circular bubbles touch
their neighboring bubbles. After that stage, the contact areas between contiguous
droplets increase gradually, then, the bubbles become a unit ring. Finally, this single
ring becomes a circular droplet at the center of the domain at time 7, = 0.90638.

The total energy is decreasing all the time and decays rapidly when the shape of the

liquid bubble changes dramatically.
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Figure 2.4: Evolution history of solution of the fourth-order parabolic equation
and total energy under a specific initial condition. Subfigures (al)-(d3) depict the
molar density distribution at different points of time during the whole evolution
history. The subfigure (el) describes the whole total Helmoltz energy evolution
history; subfigure (e2) depicts the energy decreasing process during the time slot
[0.2,0.5]; subfigure (e3) describes the energy decaying trend during later period of
evolution.
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2.7 Chapter summary

In this chapter, we have investigated a fourth-order parabolic equation for a single-
component, two-phase substance. For this equation, three numerical schemes have
been proposed in order to describe the kinetic and steady state of the molar density
distribution. The mass conservation and energy stability of both the original con-
tinuous and discrete equation are demonstrated from both theoretical and numerical
perspectives. The unique solvability and L convergence of these schemes are theo-
retically investigated in detail and guaranteed by numerical experiments. Moreover,
the numerical results of these schemes coincide to a great degree with the laboratory

experimental results.

78



Chapter 3

Euler-Lagrange equation for
single-component substances and
its numerical solutions

In this chapter, we present achievements for the Euler-Lagrange equations derived
from the Peng-Robinson EOS. This includes the work of Kou et al. [59, 60] on
demonstration and numerical approaches for the Euler-Lagrange equation for multi-
component fluids and our work for the iterative methods of the single-component,
two-phase case.

The contents of this chapter is organized as follows. In next section, we will
present the expressions of the Euler-Lagrange equations for multi-component fluids
and achievements on its previous numerical approaches. In section 2, convergence and
energy stability of three potential iterative schemes will be analyzed in detail. After
that, numerical results obtained from two available iterations for the Euler-Lagrange
equation of pure substances will be presented and compared. The concluding remarks

will be provided in the last section.
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3.1 Euler-Lagrange equations

According to the second law of thermodynamics, the total Helmholtz free energy
expressed by (1.2) achieves its minimum at the equilibrium state. Suppose €2 is open,
bounded and connected, and has a sufficiently smooth boundary. Let V = (H* (€)™,

associated with the norm

M 1/2
2 2
vy = <HVH(L2(Q))M + Z HVUiH(LQ(Q))d> :
=1

To get the equilibrium state, we need to consider the problem of minimizing

Helmholtz energy: find n satisfying

F(n) =min F (n), (3.1.1)

neV
subjected to

/ ndx = n’, (3.1.2)
Q

T. . :
where n* = (n},nk,...,n%,)" is a given constant vector representing the fixed amount

of given substance.

Define
FB (HB) = / f() (IIB) dX,
Q

where ng is the molar density in the equilibrium bulk phase. We have a similar

problem without gradient contribution:

Fp(ng) = min F (ng), (3.1.3)

ngeV

subjected to

/ npdx = n'. (3.1.4)
Q
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Note: Fp may posses more than one minimizer.

Let us introduce the appropriate admissible class

Ve = {ne (H! (Q))N:/Qndx:nt.}

t

n
and note that V¢ is nonempty because n = @ c Ve,

Lemma 3.1. [59] There exists n € V© such that (3.1.3) and (3.1.4) hold.

Lemma 3.2. [59] The equilibrium densities at the interface, minimizers of (3.1.1)

constrained with (3.1.2), must satisfy the following Euler-Lagrange equations

M
0 )
ZV-cijan Z ck]Vnk Vn; =py— i, t=1,2,..., M,

’.7_

associated with the Dirichlet boundary condition
n=ng, at o).

Here the variable pu; represents the chemical potential in the equilibrium bulk

8f0 (n)
@ni

phase, ) = . Neglecting dependence of the influence parameters on density,

we have
M
ZV . cijan = ,U? — Wi, 1= 1,2,...,M.

In the recently published work of Kou and Sun [60], these Euler-Lagrange equations
were reduced by introducing a well-defined monotonic path function based on a linear
transformation. Two efficient algorithms were developed to solve these simplified
equations for ternary and five-component mixtures under different temperatures and
pressures on one dimensional region. They skipped the difficulties involved in solving
and analysis of iterative methods for the discrete differential systems whose gap will

be partly made up by our work as follows.
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3.2 Iterative methods for the Euler-Lagrange equa-
tion

In the present section, we investigate the Euler-Lagrange for one-component, two-
phase fluids on a two dimensional domain 2 = [0, L,] x [0, L,], which is written as

follows,

—cAn = p — po(n), (3.2.1a)
/ ndx = N'. (3.2.1b)
Q

Here, p is the Lagrange multiplier and represents the chemical potential at the equi-
librium state of this substance. Nt is a given constant representing the fixed amount
of the component on the whole domain. fy(n) and po(n) have the same expressions
as in the previous chapter.

To simplify our demonstration for the discrete case, we employ the following
notations. Suppose discrete mesh size is uniformly from both directions with grid’s
width, h. Let My = L,/h, My = L,/h, x;; = (i1 — 1)h, yi, = (ia — 1)h for 1 < iy <

M;+1,1<iy < M,y+ 1. The discrete counterpart of the original domain is
Qp={(zs, ¥i,) | 1 <0y <My +1, 1 <iy < My+1}.
The space for the discrete functional on €2 is defined by
Vi={nn={ny},1 <ig <My +1,1<iy < My+1}.

For n € V;, denote
1 1

5wni1+%,i2 - E (ni1+1,i2 - nil;i2> ) 5yni1,z'2+% - E (ni1,i2+1 - nilﬂé) )
2 2
03 Niyiy = 72 (Mg 410, = 2y + My —145) Oy Niyiy = 72 (T i1 = 2Ny + Ny iy—1)
T 2 2
vhniﬁ%ﬂ'ﬁ% - (5’”ni1+%,i2’6yni1,j+%> s Dwlig, = (61 + 5y) Miyiy -

(3.2.2)
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The inner product for u,v € V,, is defined as

Mi+1 Ma+1

<’LL U - h2 Z Z ulllgvhlga (323)

i1=1 i2=1

and Sobolev norms are defined as

lull = v/ {u, ), = max [tiraa |

HuHoo 1<ip <M1 +1,1<io<Ma+1

2
th11+2,22+2 ) ||AhuH - \/h2 Z Z |Ahul122|

11=11i9=1

V] = \/fﬂ% 5

i1=119=1

For the My = (M; + 1) x (M3 + 1) discrete points, we permutate them in the order
of i =1,2,..., My, where i relates i1 and i by i = (i3 — 1) x (M + 1) + ig, io is the
1 — 1y

Mol + 1, correspondingly.

reminder obtained by taking M; + 1 from ¢, and i, =

Hereafter, we use i1, i to denote the discrete points when norms or inner products
are involved, and 7 to simplify the discrete equations.

The discrete form of the equation (3.2.1a) and (3.2.1b) on €, can be written as

— cApn = up’ — jp(n), (3.2.4)
My
> ni=N". (3.2.5)
i=1
These vectors n**! = (n{*' nf™ .nj") and n* = (nf,nk,..nk,) represent the
values of the n®*! and n* on mesh points of the discrete domain Q. p = (1,1, ..., 1)

with M, elements. N! denotes the summation of the concentrations on the inner
discrete grid points. In addition, n® = (ng,n{,...n},) is the initial data for this
iteration.

Defining the function of the discrete solution



and supposing (n* = (nj,n3,...,n},), 1) is the exact solution of discrete equation

(3.2.4) and (3.2.5), then we have

. —cApn* — T+ po(n*
Hn", p*) = hZ:Mt " ]\;io( )]

zln

|: Hl(n*’ﬂ*pT) :| =0
HQ(H*, ,U*pT)

3.2.1 Picard iteration

The original Picard iteration of the equation (3.2.4) with molar conservative restric-

tion (3.2.5) is written as

cApn* T = —FpT 4 (n*), (3.2.6)
My

> onftt =3 "nf =N (3.2.7)
i=1 i

Here, p/*+1 is the updated Lagrangian operator related to the conservative restriction

(3.2.7).

Energy stability analysis

Taking the inner product of the equation (3.2.6) with n**! — n* we have

I = [+ [ (05— mb) ]+ (ol ) — fom), 1)
= 5 (o ) ().
With the conservative restriction (3.2.7)
pM (oMt —nf 1) =0, (3.2.8)

it is simplified to

g [thnk+1||2 B thnkHQ n th (nk+1 _ nk)” } I <f k+1 fo(nk)7 1>

— (P w1,
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From the above equation for the total free energy, we can see that the Picard iteration

0
can not guarantee energy stability by any way since the function %(n) is not
n

nonnegative.
Convergence of the Picard iteration
If we expand H(n, ;1) at (n*, *) for Picard iteration, then

Hu(m, ) = — e — " + o) + 22 (g5 — )
= — up? + pFpT — cApn 4 Attt 4 %(f@)(n —nF).
For the exact solution (n*, u*), we have
Hy (0, i)
= —(u" = pp" — Ay (0 =0 + %< 5)(n* —n*)

= 0.

Therefore, the relationship between errors at k + 1 step and the k£ step can be

expressed as

0
— ey, (n* — 0"t — (pF = pFpT = —%( )(n* —n"). (3.2.9)
Let —cA, = A, 2X0(eky — CF, th
€L —=cAp = A, on (60) - “po cn
A pT” n*—n* 1 [CF 0][n"—n”
o : : I 0 |
Multiplying both sides of (3.2.10) with CpA-l 1| we can get

ey | i I e B
0 _pA—lpT — /j’k+1 _pA—lcl; 0 ,U* o luk : il
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—1.7

Denoting —pA~'p’ = =: o, and multiplying both sides of (3.2.11) with [ (I) @ 1p ] )

we can get
40 [ [ e o)) e
0 —a = pt —-pA~'C; 0] w—p
An* —n"") =[I-a 'p'pA~'| Ci(n* — n*)
Therefore,

n* —n**' = A" [I-a 'p’pA7!| Ci(n* — n*) (3.2.13)

Convergence of this iteration requires ||A_1 [I — a_lprA_l] C];H < 1 under suit-

able initial iterative value. However, this requirement could not be satisfied due to

)
the unbound property of the function ;0 (n).
n

3.2.2 The original Newton iteration

The original Newton scheme of the equation (3.2.4) with molar conservative restric-

tion (3.2.5) is written as

cApn™ Tt = —pFpT 4 g (n*) + %( ") (n* ! — n*) (3.2.14)

an“ Zn = N:. (3.2.15)

Energy stability analysis

Taking the inner product of the equation (3.2.14) with nf*! — n¥ we have

g [thnk+1H2 B ||thk”2 n th (nk+1 _ nk)” ] 4 <f k+1 fo(nk)7 1>

=5 (ot = Tl ) (1) g o 1),
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With the conservative restriction (3.2.15)
pH (ot =0k 1) =0, (3.2.16)

one can yield

g [thnk+1||2 B thnkHQ n th (nk—l—l _ nlc)H } I <f k+1 fo(nk)7 1>

5 (Bt - Zoieh) e -t ),

From the above formula, we can see that the Newton iteration can also not guarantee

energy stability.
Convergence of the Newton iteration
We also expand H (n, i) at (n*, p*), then
Hy(m, ) = — e — "+ po(n) + 20 ) — ) + 2 9 ) m

1 0
= —up +Mk+1pT cApn + cApnttt 4 MO

-, () —n")”

For the exact solution (n*, u*), we have

1
= —(u* = pMhp" — cAy (n* — 0 + 5%( 1)(n* —n*)?

Therefore, the relationship between errors at k + 1 step and the k£ step can be
expressed as

E1) (= T = _182[10 (€5 (n* — n*)2, (3.2.17)

— c\y, (n* —n 5 0’

From above equation, a second order convergence of the Newton iteration could be
guaranteed with appropriate initial value.
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3.2.3 Convex-splitting method

The convex-splitting based Newton iterative scheme

Borrowing the convex-splitting scheme for the time-dependent equation, we propose
a convex-splitting method to solve the Euler-Lagrange equation (3.2.1a) and (3.2.1b)

as follows,

— A"t = M P — o) (0 4 puga (), (3.2.18)

anH Zn = N*. (3.2.19)

To solve the above equations, the formula (3.2.18) is linearized by

0
—cAhn 'uk—o—lpT Mm(nk) _ 5‘31( )(nk—i-l o nk) 4 M02(1’1k)
k1T Ky _ Otor 0 (nFtt — pk 3.2.20
= " pt — po(n”) 8n( )(n n"). (3.2.20)
It can be reordered as
0 0
— eApnFt 5‘1‘1’1( nfnFH = T (0 + gf (n*)n”. (3.2.21)

Energy decay property of the convex-splitting based Newton iterative
scheme under the convergence condition

In this section, we will demonstrate the energy decay property of the convex-splitting
based Newton iterative scheme (3.2.21) and (3.2.15). Taking the inner product of

the equation (3.2.20) with n**! — n*  then

<CAhnkJr17 +1 k> _ vhn . vh(nkJrl . Ilk), 1>

= =5 (17 = [ 90 (04— ) ]

According the following relations

1 Opor

SR (k) (T — P,

fm(ﬂk) _ f01(nk+1) _|_Iu01(nk+1)(nk: . nk—H) 4=
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(1) = foa(n) + pon(n) (47 — ) 4 2 L ey it 2,

= for (") = foo(n*1) = (for (n*) = foa(n"))

= (o1 (1) = piga(n)) (n*+! — n¥) — % (8#01 () + 8#02 (£2>> (M — k)2
e+ Bty
+ _T(Sk)(nk—i—l o nk)Q o ,UOZ(nk)] (nkz—i—l o nk)

1/0 0
5 (et + ey ) e - oy

= [mo(n) + 0 ) (4t — ) 4

-5 (et + ey ) ot -

(palot) + S50 )1 ) e )
(T cet) + ey ) @ byt - )

+ <f0(nk+1) _ fo(nk), 1> ot <(9a/rig1 (gk)( k+1 nk)?’, 1> ‘

5 Zant | = [ Zant | 4 |7 (04— ) 7] + (foln™) — fofw).1)

= (it 1) g () - e ) @ )t )

1 /0Phor oy (- st k\3
+ 3 (ot n 1)

5 (e + 2 ) -t )
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% <82:u01 (gk)(nkJrl - nk)S, 1> .

on?

With suitable choice of the iterative initial data, the desirable convergent condi-

tion could guarantee

<1
2

on?

'82“°1<£’“><nk“—n’f> e+ G|

Then
[V [ = 70 + [ (0 = 0[] + (o) = fon). 1)

< (%t + S eeh) ) (e - e - nk> .

c
2

which is equivalent to the energy decay property
k k
Fith < F}.
Convergence of this convex-splitting based Newton iterative scheme

In this section, we will show the convergence of the scheme (3.2.15) and (3.2.21). By

expanding F(n, u) at (n*, pu*), we have

Ipo
Fi(n, i) = = cApn — pp" + po(n) + = (0) (n = n) + 555 (1) (n — n)*

0
= —cApn — pp” + po(n*) + 531 (n*)(n — n")

a,UOQ k k
— 2 m) (- n*) +

= — cApn — up” + po(n*) + 3;31 (n®)(n*+! — n*) + Ot (n")(n — n**)

_aﬂoz EN( ik oy, 4, k2
22 (0)(n —0*) + 2 () (n — )

(‘9/101( k)(n o nk—i—l)

= — up” + 1T — cApn + cAynFt 4 5
n
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9 pio
20n2

= 202 ) )

o (1) (n — )2

For the exact solution (n*, u*), we have
Fy(n*, p7)
* k41N T * k+1 OHO1 | g /s k41
(= — ey (0 — 0t ) + 2 e — i

9 o
20n?2

_ Opon

L (1) — ) +

(") (" — n*)?

=0.

Therefore, the relationship between errors at k + 1 step and the k£ step can be

expressed as

_ (M* _ Mk+1)pT . CAh (Il* . nk—i—l) + %(nk) (Il* _ nk+1)

Olo2 , gy /s k Y k\2
= L2 —n*) - ()0 —nb)

Reordering it, we can obtain

{—cAh n Ipor (nk):| S e )

on
0 0? i} .
= [— 532 (n*) + 28ﬁg (n*)(n* —n*)| (n* —n*). (3.2.22)

Combining (3.2.15) with (3.2.5), we have
M

>y —nft) =0, (3.2.23)

Let —cA, = A, 281 (n*) = By, — %2 (n*) = C;, and

0 0? A
-2 4 )| = €



then both By and Cj are diagonal positive definite matrices.

B, [B;'A+1I] (n* — ™) + (u* — p*)p" = Ci(n* — n*) (3.2.24)

[Bk(B,;lAH) pT} [n*—nk“]: {Ck 01 {n*—n:]

p 0 || p—ptt! 0 0| pu—p

B;'
0 1

{BJAH BklpT} [n*—n’“”}: [Bklék 0] [“*‘“Z] (3.2.25)

P 0 e — 0 0| w—u

Multiplying both sides of above equation with reversible matrix [ } , we have

I

Multiplying both sides of (3.2.25) with { _pBIA T 1

}, we can get

B,;lA +1 B,;lpT n* — nftl
0 —p(B,'A+1)"'B.'p" | | p—pt

-1/ * _ .k
B, Cy 0 } { noon } (3.2.26)

- { —p(BIA+D)'BIC, 0| | pf—p
Denoting p(B;'A + I)™'B,'p? = a and multiplying both sides of (3.2.26) with

{ I o 'B;'p?

0 1 } , we can get

B,'A+I 0 n* — nftl
0 —a o :uk+1

_ [ B,'Cr— o 'By'p"p(By'A +1)'B,'Cy 0 } { n’ —n* } (3.2.27)

(B,'A+1I)(n* —n"!) = [I- o 'B;'p"p(B,'A+1)] B;'Ci(n* — n*)
Therefore,

n* —n*' = (B;'A + I)_l I-ao'B.'p"'p(B,'A+1)7"] B;'C(n* — n")
(3.2.28)
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The convergence will be proved by four steps. Firstly, we bring the restriction for

_ Opoz

2
the term Cy(n°) = 8;32 (n°) — 288'[;12 (n")(n" —n°) by the term Co(n") = on (n”).
0\ ! 0
Then we will impose restriction on the term By 'Cy(n°) = (au(gﬁln )> 8u(g(n )
n

when the initial data of the iteration n is close enough to the exact solution n*.
After that, the upper bound for the infinity norm of the matrix (B,;lA + I) will be
given. The bound of the matrix I — o 'B;'p p(B;'A +I)~! will be provided at

last step. And finally, the convergence of this scheme will be detailedly formulated.

First step of proof

0 1o
20n2

Optoz
on

A 0
Restriction for Cy = — éu 0 (IIO) +
n

condition ||n* — nOHOO <e"/2.

(n°)(n* —n°) by Cy = (n°) with the

f Opior and Otio2

From the expressions o , we can get

on on
Puon 0 [ RT } ~ RT[(1-bn)’=2bn(1—bn)]  RT(1-3bn)
on?>  On|n(1-1bn)’] n? (1 —bn)* n? (1 —bn)?

02u02 g [ 2a(T) (1+bn) 1
on?  On [(1+ 2bn — b2n2)°

2a(T) [b (14 2bn — n2)% — 2 (1 + bn) (2b — 2%n) (1 + 2bn — b*n?)
N (1+ 2bn — b2n2)"

2a(T)b (—3 + 2bn + 3b*n?)
N (14 2bn — b2n2)?

Y

9o o 9” oy 82,u02(n)

on?2  On? on?
B . 2,,2
_ _RT(1-8n) _ 2a(T)b(=3+ 2bn + 36°n?) (3.2.20)
n2 (1 — bn) (1 4+ 2bn — b>n?)
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When

oz 2a(T)b (=3 + 2bn + 3b°n?)

on? (14 2bn — b2n2)°
+/10 — 1
n=-——7——.
3b
10—-1
Because 0 <n < 1/b, n = V10 . At this time,
0 2a(T) (1 4+ b 5v 10+ 14
o 20(T) (1 b)  (GVI0018)
on (14 2bn — b*n?) 32
Since
Ppoz  2a(T)b (=3 + 2bn + 3b*n?) <0
on? (14 2bn — b2n2)°
when 0 < n < \/E_l, and
3b
oz 2a(T)b(—3 + 2bn + 3b°n?) =0
on? (14 2bn — b2n2)?
10—-1 1 10—-1
when \/_gb <n< 3 85722 gets its minimum at n = \/_gb , and
- (Oper\ _ (5V10 + 14)
min < o ) = 3 a(T) > 0. (3.2.30)

2

0
From (3.2.29), we know that 5 M20 gets infinite value when
n

n(1—tn)’=0 <= n=0 or n=1/b

1++v2
(1+an—b2n2)320 = n= b\/_

94



1++v2
b

Because are not in the adapted region of the solution (0, 1/b), 2( n) and

0 o

on

9" po(n)
on?

get their infinite value only at the endpoint of the region (0,1/b), 0 and 1/b.

Puo 0o
on?’ On?

According to the continuous property of the function and the discrete

property of n*, we can put the following assertions:
1. Let " = min{|bn; — 1|, |bn]|,i = 1,2, ..., M;}, where M, is the number of the

elements of the vector n*, then ¢* € (0,1) and for any i = 1,2,..., My, bn} €

[5*7 1/b - 8*];

2. Thereis a M > 0 which satisfies that: for any bn; € [¢*/3,1—¢*/3], Ma g )

Wi 0 pro(n:)

3. For any € > 0, if we choose

€0 = min {22* , 2be min (a'lg—?(n)) /M = bem—jLM)a(T)} ;

16M

then if [bn" — bn*| < &g, then

(a)

S N T M, b (n?)
877/ Y Y ) 7

> [8“01 (bn:1_€_*)r:<%)2(—_%);

on

(b) for any n° between n* and n®,

0? .
s ()" =)

< emin ( o ) = 63—2a(T)
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hence,

<(+0 HM (n0)

on © 20n2

H5’M02 (n%) O pto (n°)(n* —n?) on

The second step of proof

Optor(n) - Opto2(n)
on on

Maximum of the norm of the matrix <

Opoz(n) 2

—— 2a(T 1 1-—

Let u = 5 on — a’( )n( + bn) ( bZL) ’ then
o1 (n) RT (14 2bn — b?n?)

on

2a(T)n(14bn)(1—bn)?
ou 8( RT(14+2bn—b2n?)? )

%: on

(1+bn) (1 —bn)* +bn (1 —bn)* — 2bn(1 — b*n?)

~ 2a(T)
B (14 2bn — b2n2)?

RT

~n(1+bn) (1 —bn)*2(2b — 2b%n)
(1 + 2bn — b2n2)°

1 — 3bn — b®n? 4+ 36°n° + bn — 2b°n? + b3n?
(14 2bn — b2n2)?

_2a(T)
- RT

~ 4bn (1 —2bn + b*n? — b*n? + 20°n3 — bin?)
(1+ 2bn — b2n2)?

~2a(T) (1 + 3b'n* — 4bn)
RT (1 + 2bn — b2n?)*

~ —2a(T) (1 —bn) (36°n® + 3b°n* + 3bn — 1)

. (3.2.31)
RT (1 + 2bn — bn?)
ou
Because 0 < bn < 1, 1 — bn # 0, when o 0,
36°n® + 3b*n* + 3bn — 1 = 0. (3.2.32)
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Now we use Shengjin’s Formulas to solve this cubic equation. Here, a = 3b3, b = 3b2,
¢ = 3b, d = —1 for the original cubic equation an® + bn? 4+ én + d = 0.

= b® — 3ac = 9b* — 27p* = —18b*,

= b¢ — 3ad = 9b® + 270> = 36b°,

& — 3bd = 9b* 4 9b* = 1817,

> Q % =
Il

= B? —4AC = (360%)2 + 4 * 18b* * 18b* = 2 % (36b%)? > 0.
So the cubic equation has only one real solution.

Y1,Y2 = Ab+3a[-B=+(B*—4AC)"?] /2
— 18b% % 3b% + 3% 30° [—361)3 + (24 (36b3)2)1/2} /2
= 540+ 0« (—18 4 18v2)

— 5 (1 13T 3\/5) = 5418 (4 ¥ 3\/5)

(Y)'? = —33/20°(4 — 3v/2)"/% = 3b% % 0.7858,
(Y2)? = —33/20%(4 + 3v2)/3 = —3b? x 2.5451,
_[—30% — 30% % 0.7858 + 3% x 2.5451]
N 3 *x 3b3
_[-1-0.7858 +2.5451]  0.7593  0.2531
N 3b 3% b
Bua(n) 0.2531
Therefore, u = 8#31”(71) gets its maximum value when n = — o At this time,
on

U/m(zm -

2a(T)225L (1 +0.2531) (1 — 0.2531)°  0.1701a(T)
RT (1+2%0.2531 —0.25312)>  RTb

According the expressions of a(7T) and b(T), we have

0.1701 (0.45724%@2 (1+m(1-

N——

N———
[\
N———

L _0354a(T)
" RTY RT (00778042 )
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FenfioR)

For any 6 > 0, if

2
T. T
< (1 1 — ./ —
T<+m( ,/Tc>> <
or
T m+1\?
T =— > . when 0<m <V,
T, (m+\/5)
m+1\? T (m+1)2
<T, ==X ,  when m>\/3,
(m+\/3) T, m — 0
then

|B™'Cy| <6
can be satisfied for any iterative step.

The third step for the proof of convergence

(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)

Upper bound for B,;lA + I. Because By, is a positive definite diagonal matrix, A is

diagonally-dominant positive definite M-matrix, B, 'A is also diagonally-dominant

positive definite, B,;lA + I is diagonal strictly dominant positive definite. In this

passage, we apply the following definitions and results provided by [102] to obtain

the upper bound for ||(B;'A + I)_1H . Let

Gk = BI;IA + I,

then Gy = (g,;) is an M; x M, strictly diagonally dominant M-matrix. From the

reference paper [102], we have

-1
G ORE

on

[e.9]
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1
_ e < M <1
H k Hoo = e { Gis|l = D10, v i | Gl } B

The fourth step to prove the convergence
Suppose we can get

II-a "B, 'p"p(B'A+I)7"|| <2
Derivation of the convergence

In this subsection, we give the conclusion of all the above theoretical results. Let

Cp = 85722 (n"), then

_ Opor , o - Opoz , o
'|< cAy + o (n )) o (n”)

o0

=[[(A+By) ' G,
= |[[(A+By) ' BiB'Cy|
< [|(A+By) " Bu| , [B'Cul|

< |B7'Cy|, (3.2.37)

From the second subsubsection of this part, for any 0 < § < 1, if

2
T. T _
T (Hm (1_ W)) <6, BTG, <4,

then
Opon - Oio2
« 1 _ 0 0 * 0
nt—nt| < 2(14¢) ( A+ <n>) s O L
<20 (14€) ||n" —n||_ (3.2.38)
-1
n* — nQHOO <2 (CAh — aggl (n1)> (1+e) 85722 (n') n'— anoo
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Op ~op .
=2(1+¢) (—cAh + (‘3721 (nl)) (9722 (nl) Hn — anOO

If |n° —n*|| <egand 6 (1 +¢) <1,

n" —n

A E

e <0

then

0 1o

S () (" = )

< e€min ( o ) = 63—2a(T),

H 85722 (n") = 553(1)(n" —n')

<(1+4¢) Haﬂg—in) (n%)]].

From (3.2.38), we have

Therefore,

nf—n?| <2(1+e)

0o, 1)\ Doz,
(cAh o iy >) 2 1)

<21+ 8| —nl|_

<> |

n"—n

w ] <

o0

If we assume that

nt=n'|| <51 +e)|n* - nl_lHoo < ||n* = n°|
for [ =1,2,...,k, under the condition § < L , then
e+1

W=

100

(3.2.39)



o (o ) [ B o] ot
0 0
2(1+e) <—cAh+ L2 (n k)) L2 ()| | —nt,
< 2( I
§2(1+e)k+1 nOHOO
= nfl| <[0T =0l

In conclusion, for any e > 0, if we choose n° satisfies |[n® — n*||_ < £o, where

g0 = min {% 2¢ min <8“°2(")/Mt) _ EM—J“M)@(T)} , (3.2.40)

16M
€* = min {

then for the substance which satisfies
Lo 0 aMoz
3.2.41
' (%) L (3.2.41

the convex-splitting based Newton iterative scheme (3.2.21) and (3.2.15) is conver-

1
n; — E‘,|nﬂ,z = 1,2,...,Mt},

gent. O

3.3 Numerical Examples

In this section, we will provide examples to show the free energy evolution proper-
ties of the original Newton iteration (3.2.14)-(3.2.15) and the convex-splitting based
Newton iterative scheme (3.2.18)-(3.2.19). The mass conservation of the original
Euler-Lagrange equation is guaranteed by introducing the mass conservation restric-
tion using the auxiliary Lagrangian multiplier, which is also viewed as an unknown

variable. We also use isobutane (nCy) at the temperature of 350K for our numerical
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experimentations. The considered domain is Q2 = [0, L,| x [0, L, ], where both L, and
L, equal 2.0e — 8 meters with mesh width h, = h, = 2.5¢ — 10 meters. The tolerance
of the relative error between two contiguous iterative step of both methods are set
to be 1078, Fig. 3.1 and Fig. 3.2 depict results obtained from the original Newton
iteration and the convex splitting method, showing that, these two methods provides
similar molar density evolution history and final state. Both of them provide clear
descriptions that the shape of the liquid bubble becomes rounded, and has a circular
final state with a visible gas-liquid interface. However, Fig. 3.1 (g) reveals that there
are energy jumps during Newton iterations, which does not coincide with the physical
principle. Comparatively, the recent energy evolution trend of the convex-splitting
method showed in Fig. 3.2 (g) is satisfied by all the other short time continuous

iterative steps. This certifies the energy stability of the convex-splitting method.

3.4 Chapter summary

In conclusion, the Euler-Lagrange equation for the single-component, two-phase sub-
stance is solved by a convex-splitting method. We applied its unconditional energy
stability to obtain a physically appropriate iteration. Numerical results demonstrate
this energy decay property clearly. The energy stability of this method could be
guaranteed theoretically based on the convergence condition. However, the conver-
gence of this method is really hard to obtain due to the high nonlinearity of the
involved functions and the difficulty to satisfy the requirement of the application
background. Our future work will still concern on this meaningful task based on the

previous achievements [11, 55, 64, 65, 57, 76, 77, 102].
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Figure 3.1: The results given by Newton iterative method. The molar density of
the pure component at (a): initial time, (b): the 15th iterative step, (c): the 30th
iterative step, (d): the 60th iterative step, (e): the 90th iterative step, (f): the final
state at 104 iterative step; (g): the total Helmoholtz free energy decay history from
the 5th to the 30th iterative step, (h): the whole total Helmoholtz free energy decay

history.
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Figure 3.2: The results given by the convex-splitting based Newton iterative scheme.
The molar density of the pure component at (a): initial time, (b): the 30th iterative
step, (c): the 60th iterative step, (d): the 90th iterative step, (e): the 150th iterative
step, (f): the 202th iterative step; (g): the total Helmoholtz free energy decay history

from the 35th to the 60th step, (h): the whole total Helmoholtz free energy decay
history. 104



Chapter 4

Conclusions and Future Work

In this chapter, we would like to finish this thesis with some concluding remarks and

outline of possible future work.

4.1 Concluding Remarks

In this dissertation, we have investigated a diffusive interface model with Peng-
Robinson EOS for oil-gas systems involved in oil-exploitation engineering. Although
voluminous achievements have been made based on the phase field model, the re-
search work for the partial differential equations derived from a realistic equation
of state for practical industrial materials is relatively few. The application of Peng-
Robinson EOS for derivation of the mathematical differential equations to describe
the flowing process and the steady state of special substances is really recent [58, 59,
60, 85]. The high nonlinear property of these equations, which arises from the free en-
ergy given by the equation of state, poses great obstacles to solve them theoretically
or numerically.

Our work concentrates on efficient numerical methods for these equations. This
thesis concerns numerical simulations of the single-component, two-phase fluids in
two dimensional space. The fourth-order parabolic equation and the Euler-Lagrange

equation are our main focus of study.
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For the fourth-order parabolic equation of pure substance, we have applied a
first-order convex-splitting scheme, the Crank-Nicolson scheme and a second order
linearization scheme to solve it. Their mass conservation, unconditional energy sta-
bility, unique solvability and L* convergence are proved systematically. The high
nonlinearity of the original homogeneous free energy density brings great requirement
of these numerical schemes to satisfy the convergence condition. This barrier was
overcome by applying the idea proposed by Li et al.[63] in 2012 from a theoretical
standpoint. The approach used in our work is able to shed light on ways of over-
coming similar difficulty involved in the derivation of the convergence of a numerical
scheme for other phase field models. In addition, this nonlinear property and the
unboundness of the homogeneous free energy density pose obstacles to approach the
steady state for the numerical schemes of the investigated equation. The temporal
step was required to be set sufficiently small to reach to final state. This complexity of
the free energy functional arising from the real cubic Peng-Robinson equation of state
does not exist for the classical quartic Ginzburg-Landau free energy functional, and
involves more difficulties than the double-well free energy functional with logarith-
mic terms. Therefore, the numerical schemes proposed for the fourth-order parabolic
equation investigated in our work could be applied to the same kind equations based
on the double-well potential. Moreover, numerical results have demonstrated the
reasonability of the theoretical demands and shown great agreement with previous
published results.

The discrete Euler-Lagrange equation is studied by Picard iteration, Newton
iteration and a convex-splitting based Newton iterative method. The first order
convergence of Picard iteration could not be satisfied due to the unboundedness of
the substance’s homogeneous chemical potential and its first order derivative with
respect to variable n(x). The numerical test of this method failed to provide an

acceptable equilibrium state of the one-component, two-phase fluids. The second
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order convergent Newton iteration can provide reasonable solution to the discrete
Euler-Lagrange equation if appropriate initial data is given. However, the total
discrete energy evolution trend was not always decreasing, which does not coincide
with the physical principle. The convex-splitting based Newton iterative method
is firstly used to the time-independent equation to guarantee its energy stability at
every iterative step without loss of the the symmetry and positive-definite property
of the matrix of coefficients. This kind of energy stability is also verified by numerical
experiments. The derivation of the convergence of this iterative method is hindered
by nontrival barriers. However, it is still meaningful to overcome these difficulties

for guidance of application of this method.

4.2 Future work

As mentioned above, this dissertation is just a starting work for mathematical models
based on Peng-Robinson EOS on real oil-exploitation practice. Future work based
on these achievements could be conducted from following perspectives as discussed
below.

Firstly, the Euler-Lagrange equations of the single or more components need to
be analyzed from both theoretical and numerical aspects. Theoretically, one can not
ignore its solvability and the properties of its potential solution. Numerically, more
iterative methods could be proposed and analyzed in detail. The requirements from
the chemical or physical properties of different substances for the iteration may be
presented for practical application. The convergence analysis of the convex-splitting
scheme for the pure substance is still worth of further investigation.

Next, the solution of the proposed parabolic equation, both second-order and
fourth-order for one or more substances, are potential candidates to be approached

by theoretical and numerical methods. On the one hand, further theoretical analyses
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of their solutions are not only essential to obtain their analytic solutions, but also
important to provide significant guidance to devise numerical schemes. Ingenious
ideas investigated for analysis of the Cahn-Hilliard equation [15, 29, 44, 90], phase-
field crystal model [33, 42, 43, 81, 84] would be of great help on this aspect. On the
other hand, previous studied numerical methods for phase field equations could be
tentatively used, such as different linearization techniques [45, 63, 86, 96], stabilized
schemes [52, 68, 113], higher order numerical approaches [62, 86, 92, 112], spectral
method [22, 68] or finite element method [25] with high order [40] or more compli-
cated domains with different initial or boundary conditions. Moreover, both spatial
and temporal adaptive strategies [27, 883, 108, 111, 117, 118] could be applied. Fur-
thermore, it is not an easy task to extend numerical schemes developed in this work
for single-component fluids to multi-component case due to cross-product terms of
the parameters and molar density for different components involved in their molar
density equations. A rigid convex-splitting analysis will be studied in our future
work to overcome this difficulty.

Finally, practical flowing process could be simulated by combination of the previ-
ous dynamic equations of this diffusive model with the equations on flow field. This
work may involve many non trivial tasks, such as improvement of the existing models
derived from the thermodynamic framework [12, 26, 48, 71, 72, 73, 74, 75, 78, 103],
devising appropriate numerical methods to solve these equations in two or three

dimensional spaces based on the references of [5, 47, 46, 49, 106, 109, 115].
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