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Abstract

Navier-Stokes equations are basic equations in fluid dynamic. The problem is impor-
tant both in practice and theory. As it is difficult to find their accuracy solutions,
numerical simulations and experimentations have become important approaches to
solve the problem. Variational multiscale finite element method is one of most use-
ful methods. In order to guarantee the effectiveness, adaptive algorithm has been
developed, which makes use of the solutions in the progress to automatically control
the computing progress. In this thesis we first present an adaptive variational mul-
tiscale method for the Stokes equations. Then we develop two kinds of variational
multiscale method based on the partition of unity for the Navier-Stokes equations.

First, we propose some a posterior error indicators for the variational multiscale
method for the Stokes equations and prove the equivalence between the indicators
and the error of the finite element discretization. Some numerical experiments are
presented to show their efficiency on constructing adaptive meshes and controlling
the error.

Vil



Secondly, a parallel variational multiscale method based on the partition of uni-
ty is proposed for incompressible flows. Based on two-grid method, this algorithm
localizes the global residual problem of variational multiscale method into a series of
local linearized residual problems. To decrease the undesirable effect of the artificial
homogeneous Dirichlet boundary condition of local sub-problems, an oversampling
technique is also introduced. The globally continuous finite element solutions are
constructed by assembling all local solutions together using the partition of unity
functions. Especially, we add an artificial stabilization term in the local and paral-
lel procedure by considering the residual as a subgrid value, which keeps the sub-
problems stable. We present the theoretical analysis of the method and numerical
simulations demonstrate the high efficiency and flexibility of the new algorithm.

Another a partition of unity parallel variational multiscale method is proposed.
The main difference lies in that in this algorithm we propose two kinds of refinement
method. It is difficult to obtain the theoretical result as the above method. However,
the numerical simulations show that the error of this algorithm decays exponentially

with respect to the oversampling parameter.
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Chapter 1

Introduction

1.1 Background

The variational multiscale method was proposed to solve multiscale problems by
Hughes and co-workers in [42, 44]. They defined a projection of the large scales
in Large Eddy Simulation method into appropriate subspaces. Since then much
attention has been paid in this field. For example, John and Kaya [46] gave the finite
element analysis of a variational multiscale method for the Navier-Stokes equations.
Gravemeier et al. [33] also presented the three-level variational multiscale method.
Zheng et al. improved the finite element variational multiscale method by introducing
two Gauss integration method [89] and adaptive technique [90]. Zhang et al. [88], Yu
et al. [86], Shan et al. [64] presented subgrid model, projection basis and modular

type to improve the variational multiscale methods, respectively.



Based on the observation that in numerical simulations low frequency components
can be approximated well by the relative coarse grid and high frequency components
can be computed on a fine grid by some local and parallel procedure, the parallel finite
element computations have been widely used [83, 12, 36, 71]. Combining the partition
of unity method [59, 6] and the parallel adaptive algorithm from [12], Holst [38, 39]
constructed the parallel partition of unity method (PPUM). Zheng et al. [87, 91]
developed some local and parallel finite element algorithms based on the partition of
unity. Song et al. [73] presented an adaptive local postprocessing technique based on
the partition of unity method for the Navier-Stokes equations. There are also some
papers improving the variational multiscale methods by combining with two-grid
method or local and parallel techniques [52, 66].

It is natural to consider to add the local parallel method to the variational mul-
tiscale method in order to retain the best features of both methods and overcome
many of their defects. In particular, we use the variational multiscle method based on
two local Gauss integrations [89] since it avoids constructing the projection operator,
keeps the same efficiency and does not need extra storage compared with common
VMS method. Comparing with the parallel method in [66], we add an artificial
stabilization term in the local and parallel procedure by considering the residual

as a subgrid value, which keeps the sub-problems stable. Then, an oversampling



technique is introduced in order to overcome the undesirable effect of the artificial
homogeneous Dirichlet boundary conditions of local sub-problems. The interesting
points in this algorithm lie in: firstly, a class of partition of unity is derived by a
given triangulation, which guides the domain decomposition; secondly, the series of
local linearized residual problems are implemented in parallel, and they require less
communication between each other; finally, the globally continuous finite element
solution is obtained by assembling all local solutions together via the partition of

unity functions.

1.2 Literature review

1.2.1 Navier-Stokes equations

The Navier-Stokes equations describe the motion of fluid substances in physics. They
are named after Claude-Louis Navier(1785-1863) and George Gabriel Stokes(1981-
1903). Assuming that the fluid stress is the sum of a diffusing viscous term and a
pressure term, we can derive these equations by applying Newton’s second law to
fluid motion. Exactly, we can get the equations from the conservation of mass and
conservation of momentum [57].

Because the equations describe the physics of many things of academic and e-

conomic interest they have a lot of applications. In many fields, such as petroleum



industry, plasma physics, the Navier-Stokes equations appear alone or coupled with
other equations. For example coupled with Maxwell’s equations they can be used to
model and study magnetohydrodynamics.

In a purely mathematical sense the Navier-Stokes equations are also of great
interest. However, although people have studied the equations since the 19th century
mathematicians have not yet proven the existence and smoothness of the solutions
of the equations in three dimensions, which are called as existence and smoothness
problems of Navier-Stokes equations. Since May 2000 the Clay Mathematics Institute
has offered a 1,000,000 dollar prize for people who can make substantial progress in
mathematical theory to help people understand the equations, which has been called
this one of the seven most important open problems in mathematic.

It is difficult to find the accurate solutions of the Navier-Stokes equations. People
have found only more than one hundred particular solutions. That’s one of the
reasons that numerical simulations are introduced to solve the problem. The finite
difference method, finite volume method and finite element method are the three

most commonly used methods to solve partial differential equations.



1.2.2 Variational multiscale method

Variational multiscale method proposed by Hughes [42, 44] offers a new perspective
for the stabilized methods. They defined the large scales in Large Eddy Simulation
method a projection into appropriate subspaces. In the method, they decomposed
the solution into fine scales and coarse scales u = u. + uy, determined the fine scale
solution u; analytically, eliminated it from the coarse equation and then solved the
coarse scale solution u,. numerically. Based on the idea [42], [43], people proposed
several variational multiscale methods [44], [45], [47]. In [47], John and Kaya gave
the finite element analysis of a variational multiscale method for the Navier-Stokes
equations. In [54], Liu et al. presented a new variational multiscale method for the
Stokes problem by using the infinite Green’s function to derive the fine scale velocity
and pressure analytically.

Gravemeier et al. [33] also presented the three-level variational multiscale method.
Zheng et al. improved the finite element variational multiscale method by introduc-
ing two Gauss integration method [89] and adaptive technique [90]. Zhang et al.
[88], Yu et al. [86], Shan et al. [64] et al. presented subgrid model, projection basis

and modular type to improve the variational multiscale methods, respectively.



1.2.3 Adaptive technique

With the development of computers, numerical computation plays a more and more
important role in our research and practice. Not only can they simulate a lot of phys-
ical phenomenon, but also can prove the reliability of theoretical analysis. However,
no matter how complex the mathematical model is, there still exists numerical error
which could influence the effectiveness of the method. In order to guarantee the ef-
fectiveness, scientist build mathematical theory to estimate the discretization error.
Furthermore, the discretization error also provides us with important information to
use the adaptive algorithm to get better numerical solutions.

Adaptive algorithm uses the solutions in the progress to automatically control
the computing progress to solve the problems. It can first compute the mesh by
the solutions in the progress and then choose the best discretization pattern, thus it
can adapt the error to the needed accuracy step by step. The method can use less
amount of calculation to achieve the needed accuracy. Adaptive analysis consists of
two parts: reliable error estimate and powerful automatical mesh division technology.
Thus the a posteriori error analysis is the essential part in the adaptive algorithm.

The a posteriori error estimates for finite element methods was first proposed
in the pioneering work of Babuska and Rheinboldt in 1978 [8] when they presented

a posteriori error estimates of finite element solutions of linear elliptic problems in



one dimension. Then some other results were presented [9, 10, 7]. These results
formed the foundation of adaptive algorithm. In the early 1980s, based on prior
error estimate or difference value people derived lots of a posteriori error estimators,
which were still rough but very efficient for the adaptive algorithm. Zienkiewicz
and Zhu proposed a simple error estimation technology which could be used for the
finite element method for many classical problems [63], [92]. In 1990s the basic
technic of a posteriori error estimation was built and had been used to the classical
problems, such as Stokes equations, Navier-Stokes equations, hyperbolic problems
and parabolic problems. Ainsworth and Oden [2],[3] Stewart and Hughes [74, 75]
and many other scientists did much work in this area. Now the theory of a posteriori
error estimation has been mature and the key point of the research has turned to
test the effectiveness of the a posteriori error estimators and their limitations in
computing.

Especially for the Stokes and Navier-Stokes equations, R.Verfiirth gave a poste-
riori error analysis of the finite element method for Stokes equations [80]. The main
contribution was that he proposed a posteriori error estimator for the mini-element
discretization of the Stokes equations and proved the equivalence between the esti-
mator and the discretization error by using the property of Bubble function. Then

the method was applied to non-confirming element discretization of Stokes equations



and Navier-Stokes equations [81, 82],.

Larson and Malqvist developed two adaptive variational multiscale method for
elliptic problem in [50, 51]. They decoupled and solved the fine scale equation-
s approximately on patches, derived a posteriori error estimate to control a linear
functional of the error or got a posteriori error estimate of the error in the energy nor-
m. Then they got the adaptive algorithms based on the a posteriori error estimators.
In [35] they derived an explicit a posteriori error estimator using the approximation
of the Green’s function. John and Kindl developed a method which could choose
the large scale space adaptively in [48]. It extended the projection-based variational
multiscale finite element method. In [90] the authors gave an adaptive variational
multiscale method in which the error estimators could be computed by two local

Gauss integrations at the element method.

1.2.4 The partition of unity method

In the beginning people only used the polynomial basis functions in the trial space
of the standard FEM. The idea of adding non-polynomial basis functions into the
trail space of the FEM started in the 1970s [15, 16, 28].

Duarte and Oden [25, 26, 53, 61, 24] developed a new meshless method called

h-p clouds, the basic idea of which is to multiply a partition of unity by polynomials



or other appropriate class of functions. Both a priori and a posterior error esti-
mate were analyzed and the implementation of the method using objective oriented
programming was discussed.

In [5] Babuska and co-authors proposed three Special FEM to solve second or-
der problems with rough coefficients. In particular, the shape functions used in the
Special FEM #3 have compact supports and are products of piecewise linear FE
hat-functions and a non-polynomial function that mimic the special features of the
unknown solution. Melenk [58] further generalized the method with detailed math-
ematical theory and applications in his Ph.D dissertation. He also showed that the
hat-functions could be replaced by any PU (with compact support).

Then Babuska and Melenk referred to the method as the partition of unity finite
element method(PUFEM) in [59, 6]. They explained the mathematical foundation of
the PUFEM and discussed some of its features, for example, the ability to include a
priori knowledge about the local behavior of the solution in the finite element space,
the ability to construct finite element spaces of any desired regularity. They also
showed how to use the PUFEM to employ the sructure of the differential equation
under consideration to construct effective and robust methods. Some classes of non-
standard problems which can profit highly from the advantages of the PUFEM were

presented.



A lot of attention has been paid on the method to the method. Two approach-
es are the Generalized Finite Element Method(GFEM) which are proposed by S-
touboulis [76, 77, 78] and Duarte [61, 24, 27] and the Extended Finite Element
Method(XFEM), which are raised by Belytschko and co-atuthors [13, 60, 21, 14, 22].
Recently it was recognized that these two methods are same and were referred to as
XFEM/GFEM [30].

Huang and Xu [40] first applied a partition of unity method to homogenization
problems. They made use of the advantage that the partition of unity method could
flexibly localize the approximation and keep the global continuity and showed that
the partition of unity method was a powerful tool for handling a large variation of
problems efficiently. Then they [41] proposed a finite element method for nonmatch-
ing overlapping grids considering both overlapping and nonoverlapping cases.

Bank and Holst [11, 12] presented the parallel partition of unity method (PPUM)
by combining the local and parallel method and the partition of unity method. Then
Holst described a variant of the algorithm in [38, 39]. Global error estimates for

PPUM were derived and a duality-based variant of PPUM was also discussed.

10



1.2.5 Local and parallel finite element algorithm

The finite element method was proposed by R. Courant in 1943 [20]. However, peo-
ple didn’t notice the contribution of the method until the engineers independently
re-invented the method in the 1950s [4, 79]. R. Clough proposed the name in 1960
[18]. It has become one of the major tools for numerically solving partial differen-
tial equations based on the advantages that it can relatively easily handle general
boundary conditions, complex geometry, and variable material properties. Also, it is
possible for people to develop flexible and general purpose software for application
based on the clear structure and versatility of the method. Moreover, a solid theo-
retical foundation makes it possible to obtain concrete error estimates of the finite
element solutions in many situations.

When we use finite element method to solve the Navier-Stokes equations we will
meet two difficult problems [23]. First, due to the discretization of the nonlinear
convective terms we have to use stabilized finite element formulations to treat high
Reynolds number flows. Secondly, it is difficult to numerically handle the saddle-
point problem will arise from the variational form of the incompressible problem with
the pressure acting as a Lagrangian multiplier of the incompressibility constraint. A
lot of work have been done to overcome these difficulties, such as, the penalty method
[42], pressure gradient method [19], projection method, and so on.

11



Xu and Zhou prosposed some new local and parallel discretization and adaptive
finite element algorithms for elliptic boundary value problems in [83]. They use a
coarse grid to capture the global component of the approximate solution and then
parallelize the major computation in a much fine grid. The local error estimate for
finite element approximations is one important technical tool in this idea. Then they
applied the similar method to nonlinear elliptic boundary value problems in both two
and three dimensions [84]. The method is also useful for the eigenvalue problems
[85, 72]. Bank and Holst [11, 12] presented a similar approach and implemented in
detail.

Based on two-grid discretizations, He et al. [37, 36] developed some new local
and parallel finite element algorithms for the Stokes problems and the stationary
incompressible Navier-Stokes problem. They also obtained some local a prior error
estimates for the finite element solutions on general shape-regular grids. Ma et al.
applied the method to the stream function form of Navier-Stokes equations [56] and
steady Navier-Stokes equations [55].

Shang et al. have published many papers in this topic. They proposed and
analyzed the method for the d-dimensional (d=2, 3) transient Stokes equations [69].
Several different kinds of local and parallel finite element algorithms for the Navier-

Stokes equations were presented in succession [67, 71, 70, 65]. Based on two-grid

12



discretizations and domain decomposition, a parallel Oseen-linearized finite element
algorithm for the stationary Navier-Stokes equations with moderate or large viscosity
parameter was proposed and analyzed in [68]. They also proposed a new method
by combining the two-grid discretization approach with a finite element variational
multiscale algorithm for simulation of the incompressible Navier-Stokes equations

[66).

1.3 Summary of contributions of the thesis

The original contributions of this thesis are as follows:

e We propose some a posterior error indicators for the variational multiscale
method for the Stokes equations and prove the equivalence between the in-
dicators and the error of the finite element discretization. Some numerical
experiments are presented to show their efficiency on constructing adaptive

meshes and controlling the error.

e A parallel variational multiscale method based on the partition of unity is
proposed for incompressible flows. Based on two-grid method, this algorithm
localizes the global residual problem of variational multiscale method into a se-
ries of local linearized residual problems. To decrease the undesirable effect of

the artificial homogeneous Dirichlet boundary condition of local sub-problems,

13



an oversampling technique is also introduced. The globally continuous finite el-
ement solutions are constructed by assembling all local solutions together using
the partition of unity functions. Especially, we add an artificial stabilization
term in the local and parallel procedure by considering the residual as a subgrid
value, which keeps the sub-problems stable. We present the theoretical analysis
of the method and numerical simulations demonstrate the high efficiency and

flexibility of the new algorithm.

Another a partition of unity parallel variational multiscale method is proposed.
The main difference lies in that in this algorithm we propose two kinds of re-
finement method. It is difficult to obtain the theoretical result as the above
method. However, the numerical simulations show that the error of this algo-

rithm decays exponentially with respect to the oversampling parameter.

1.4 Organization of the thesis

The thesis is structured as follows.

e Chap. 2 reviews the preliminary knowledge of Navier-Stokes and Stokes equa-

tions. Some notations and properties are introduced.

e Chap. 3 presents some a posterior error indicators for the variational multi-

scale method for the Stokes equations and proves the equivalence between the

14



indicators and the error of the finite element discretization. Some numerical
experiments are presented to show their efficiency on constructing adaptive

meshes and controlling the error.

Chap. 4 proposes two kinds of parallel variational multiscale methods based
on the partition of unity for incompressible flows. Based on two-grid method,
the algorithms localizes the global residual problem of variational multiscale

method into a series of local linearized residual problems.

In the first method, to decrease the undesirable effect of the artificial homo-
geneous Dirichlet boundary condition of local sub-problems, an oversampling
technique is also introduced. The globally continuous finite element solutions
are constructed by assembling all local solutions together using the partition
of unity functions. Especially, we add an artificial stabilization term in the
local and parallel procedure by considering the residual as a subgrid value,
which keeps the sub-problems stable. We present the theoretical analysis of
the method and numerical simulations demonstrate the high efficiency and

flexibility of the new algorithm.

Another a partition of unity parallel variational multiscale method is then
proposed. The main difference lies in that in this algorithm we propose two

kinds of refinement methods. It is difficult to obtain the theoretical result as the

15



above method. However, the numerical simulations show that the error of this

algorithm decays exponentially with respect to the oversampling parameter.

e Chap. 5 concludes the whole thesis and lists our plans in the future work.

16



Chapter 2

Preliminaries

2.1 Navier-Stokes equations

We consider the following incompressible flows

—vAu+ (u-V)ju+Vp =f in (),

V-u =0 in Q, (2.1)

where () represents a polyhedral domain in R? (d =2, 3) with boundary 09, u, p, f
and v > 0 represent the velocity vector, pressure, prescribed body force, kinematic
viscosity respectively. And v is inversely proportional to the Reynolds number Re.

For sub-domains D < G < Q, D cc G means that dist(dD\0S2, 0G\of2) > 0.

Throughout the thesis we use C' to denote a generic positive constant whose value
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may change from place to place but remains independent of the mesh parameter h.

In order to describe the variational form of the equations we give some notations.
For a bounded domain Q < RY, we use the standard notations for Sobolev spaces
W**(Q)) and their associated norms [1, 17]. Especially when k = 2, H*(Q) = W*%(Q)
denotes the usual Soblev space, || - [so0 = | - [s2.0 denotes standard Soblev norm,
(-,-)s denotes the inner product in L*(Q) or its vector value version. We introduce

the following spaces,

=
=
I

{pe H'(Q);o=0 on T},

12(Q) = {pe Q) Lso=0}.

Let X = (H}(Q))? Y = L*(Q)*, M = Li(Q). H'(Q) is the dual space of Hj(Q).
In the following we will denote the spaces consisting of vector-valued functions in
boldface.

Then we define the bilinear terms a(-, -), d(+, -) and trilinear term b(+, -, -) as follows
a(u,v) = v(Vu, Vv),

bu,v,w) = 3((u-V)v,w) — 3((u- V)w,v),

N [—=

d(v,q) = (V-v,q),Vuv,weX ge M,

18



With the above notations, the standard variational formulation of (2.1) reads:

find (u,p) € (X, M) such that

a(u,v) + b(u,u,v) —d(v,p) + d(u,q) = (f,v),V (v,q) € (X, M). (2.2)

Here are some properties of a(u,v), b(u,v,w), d(v,p).

(1) a(-,-) is symmetric, continuous and X coercive.

a(u,v) = a(v,u), VYu,velX,;
|a(u,v)| < )\|u‘1|V’17 vu7VEX;

a(u,u) = Au}, VueX.

(2) b(+,-,-) has the following properties:

b(u,v,w) = b(u,w,v), Vu,v,we X;
b(u, v, w)| < N|ulfv][w], Vu,v,weX;
1,1 11 101
b(u, v, w)| < C([uflv]z[v]z + |v[|uf>[u]2)[w]>[w|z, Vu,v,weX;

b(u, v, w)| < C(|v|[w[z|w|z + [w][v]z[v]?)|u]Z|u]?, VYu,v,we X.
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(3) d(-,) is continuous and satisfy the inf-sup condition.

d
sup (v, q)

= 5”9”& vq e M
veX ‘V|1

Then we give the following classicla existence and uniqueness of solution of (2.2),

see [32, 34].

Theorem 2.1. Given f € X', there exists at least a solution pair (u,p) € (X, M)

which satisfies (2.2) and

) (f,v)
v < v LIf| fll-10= ITEv2STNN
IVllog < vl |10, [£]]-10 = sup s s

and if v and f satisfy the following uniqueness condition:

1— v 2N|f]|—1.0 > 0, (2.3)

then the solution pair (u,p) of problem (2.2) is unique.

2.2 Variational multiscale method for Navier-Stokes

equations

Let 7, be a regular triangulation of the domain €2, and h denote the maximum

diameter of the elements in 7,. We use P, — P; elements in this paper, which
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means that X" and M" contain piecewise polynomials of degree 2 and 1 respectively.
(XH MH) is defined in the same way but on 75 with coarser mesh size H where
H > h. Set (X, Mh) = (X", M"Y (X, M).

It is known that the standard Galerkin finite element discretization of (2.2) is
unstable in the case of high Reynolds number (or smaller viscosity). Therefore,
we consider the finite element variational multiscale method [89]: find (up,pp) €

(Xh, M) satisfying

va(uy, v) +b(un, wp, v) —d(v, pp) + d(up, ¢) + Gun, v) = (£,v)  V(v,q) € (X5, My),
(2.4)
where G(uy, v) = (I —11;,)Vuy, (I —0,)Vv). Let L = L*(Q)*? and 1T, : L — LL"

be the orthogonal projection operator with the following properties:

((I - Hh)ra gh) = 07 Vre ]LJ gh € ]Lha (25)
[Hrfo < Crlo, Vrel, (2.6)
I(I —y)r|o < Chlr|y, Vrel n HY Q)™ (2.7)

where [ is the identify operator.

According to [89], we can use the equivalent formulation of G based on two local
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Gauss integrations as follows,

G(up,v) = « Z { Vu,Vvdz — Vu,Vvdz} VYu,, ve X"

QeeTh Qe75 Qevl

where ng g(x)dx denotes an appropriate Gauss integral over €2, which is exact for
polynomials of degree i, i = 1,2. For all test functions v € X" Vu, must be
piecewise constant when i = 1. And set o = O(h?) in order to keep the rates of
convergence.

In [66] Shang proved the following theorem.

Theorem 2.2. Assume that (u,p) is a nonsingular solution to the Navier-Stokes
equations satisfying (u,p) € (H3(Q)" (N Hg (") x (H*(Q) (N L3(Q)), and « tends to
zero as h tends to zero. Then the solution (uy, p) computed by the numerical scheme

(2.4) satisfies

lu—un|1.0 + [P — Pnlogo < ch? + ca, (2.8)

lu—unfoe + [P — Pul-1,0 < ch(h® + @) + ca?. (2.9)
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Chapter 3

Adaptive variational multiscale

method for the Stokes equations

3.1 Variational multiscale finite element method

for Stokes equations

We give the variational form of Stokes equations: find (u,p) € V' x M satisfied

(3.1)

alw,v) +d(v,p) = (Ev), eV,
d(u,q) = 0, Vge M.

Define X = V x M, then the variational form is equivalent to the following
equality:
L(u,p;v,q) = a(u,v) +d(v,p) +d(u,q) = (£,v), V(v,g)eX,  (3.2)
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In the following we present the variational multiscale formulation of the problem.

First we split the space X into two subspaces: the coarse space X, and the fine space

Xy which satisfy:

XIXCC—BXfZ‘/C X Mc@Vf X Mf,

where V = V,.®Vy and M = M.® M;. Thus we can get the following decomposition

u=u.@us,v=v.PDvy,

P=DPcD®Ps,q=GqDqy.

Then the problem can be divided into two sub problems as follows,

E(umpc; Ve, QC) + »C(uf,pf; Ve, CIC> = (f, Vc); V(Vc, QC) € Xc;

*C(ucapc;vacbc) + E(ufaprVf»Qf) = (fa Vf>7 V(Vfaqf) € Xfa

We define the residual R : X — X as follows

R((v,q),(w,t)) = (f,w) — L(v,q;w,t), V(w,t)eX.

Thus the fine scale solution can be driven by the residual of the coarse scale solution
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as follows,

L(us,ps;vy qr) = R((ue,pe), (vi,a5)),  Y(vy,qp) € Xy (3.5)

Denote uy = F1R(u.,p.), ¢f = FoR(u., p.) then we can derive the modified coarse

scale equation,

E(ucapc; Ve, QC) + ﬁ(FlR(ucapc)a FQR(ucapc); Ve, qc) = (fa Vc)a V(Vca QC) € Xc- (36)

Here the second term is the effect of the fine scales on the coarse scales.
In the following, we present the localized problems to solve the fine scale equation.

First we introduce the triangulations of 2: 7, which satisfies

e the intersection of two different elements is at most a vertex or a whole edge,

e the ratio of the diameter of any element in 7, to the diameter of its inscribed

circle is bounded by a constant independent of h.

Let T present the element in 7, with diameter hr and N be the set of nodes in
Jn- Now we present how to choose the local domain. Denote {¢;},en to be a set of
Lagrange basis function in X.. We know that {¢;},n is a partition of unity with
support on the elements sharing the nodes i. Based on this we make choice of the

local domain. Let S} be the set of the elements which have one corner in node i
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and SF = Zjesic—l S7 and we call it the kth layer of node i. We choose the local
domain w; to be S¥(k =1,2,3---). In Fig 3.1 we present S¥(k = 1,2, 3) and the fine

h-refinement meshes for them.

oA

i)

2.0

LA b ) ree

Figure 3.1: 1st layer(left), 2nd layer, and 3rd layer(right)

Thus we can approximate the fine scale equation by constructing an algorithm

using a set of decoupled localized problems. The fine scale solution can be written

as uy = ZieN Uy, Df = ZieN Py where

L(ugi pris vy, qr) = ¢iR((e,pe), (Viar)), V(v qp) € Xy (3.7)

We introduce this into (3.4), then the Stokes problem becomes: find (u.,p.) € X.
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and uy = > vugp; € Vi, pr = D v Dri € My such that

£(ucapc; Ve, QC) + E(uf,pf; Ve, QC) = (f7 Vc)7 V(Vc, QC> € Xm (38>

L(upi,priive,qr) = oiR((ue, pe), (Vi qr)),  V(vy,qr) € Xy (3.9)

Then we use finite element method to solve this problem. First we choose the
finite element spaces Xy and Xj, to approximate the coarse space X, and Xy re-
spectively. Let P; and P, denote the space of linear polynomials and quadratic

polynomials. Put

P1 = {@EC(@):VTEJH,QO’TE'Pl},
P2 = {SDGC(Q):VTEJH>SO|TEP2}7

Vi = {Pan Hy(Q)Y, My =P nL3(Q).

There are several choices of the fine scale space. In our computing, we choose to use
standard piecewise polynomials to discrete X; on the fine mesh as that of the coarse

mesh.

Then the discretization form of the problem is: find (U, P.) € Xy and Uy =

27



Dvien Uygi € Vi, Pp =Y.\ Pfi € M), such that

ﬁ(Ua Pc; Ve, QC) + ﬁ(Uf, Pf; Ve, QC) = (f7 Vc); v(ch QC) € XH7 (31())

LUy psii Vs ar) = 6:iR((Ue, Fe), (V5,47)), V(v 4p) € Xa(wi)andi € N.(3.11)

Obviously, U = U, + Uy and P = P. + Py are continuous because in X, (w;) the
functions are equal to zero on the boundary dw;. In our computing, we only choose
some nodes to solve the local problems. Thus we denote F as a set of the nodes

where the local problems need to be solved and C as the set of other nodes

3.2 A posteriori error analysis for variational mul-

tiscale FEM for Stokes equations

In this section we define two kinds of a posteriori error estimators to estimate the
discretization error. The first kind is based on a quasi-dual problem and the second
one computes suitable norms of the residual.

Denote e = u— U and € = p— P to be the error. It’s obvious that the errors can
be divided into two parts: the coarse scale error e, = u. — U, €. = p. — P. and the

fine scale error ey = > v eri = Dn(Uri—Uyi), e = Dy ri = Dien (Pri — Pri)-

Now we derive some properties of the error. Subtracting (3.10) from (3.3) we can
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get the Galerkin orthogonality of the coarse scale error

E(ea Ecy Ve, QC) + £(efa Efy Ve, QC) =0, V(ch QC) € Xy. (3'12>

And the Galerkin orthogonality of the fine scale error can be derived by subtracting

(3.11) from (3.4):

E(ef,ivgf;vfaqf) = _‘C(ec>€c;¢ivf7¢iQf)a v(vf7Qf> € Xh- (313)

We first define for any T € 7},

nex = {chr|Pof — AU, — VP[§ 1 + ch [

U, 1
o Pl + IV wl  (3.1)

and for any T € F,

L @UC 1
nrr = {chr||AU. + VP[5 - + Ch?«;H[W —P.onlyg e+ |V -wlirtz (3.15)

where the [-]; denotes the jump of (-) across E.
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Theorem 3.1. The a posteriori error estimate

lels +lelo < c{{D(mér + hTlIf — Pof[§.1)}2
TeC

D 0y + BEIE = Pot 5.2 + 130)}2) (3.16)

TeF

holds, where ¢ only depends on €2 and the smallest angle in the triangulation [Jp,.

Proof. It’s known that the P2-P1 velocity-pressure finite element space X =

Xyg @ X, satisfies the inf-sup condition, that is there exist f > 0 such that

. L(u,p;v,q)
inf  sup
WpeX (v gex ([l + [plo)([v]i + [glo)

= .

In the proof we have to use the following two inequalities[80] for all 7" € 7, and all

edges E of T,
|v = Inv]or < Chrlvl|ir,
and
1
v —Iyv]or < Chz|v]ip.

Here I, v is the standard pointwise interpolation operator by the finite elements.
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N

N

L(e,&;v,q)
E(e, g, Vi — ]th, (]f)

ﬁ(u - Ucvp_ Pc;vf - [hvf7Qf) - E(Uf,Pf,Vf - [hvfaqf)

ou,

1
Y{(E =AU, = VP, vy — Livy)r + (g7, V- Uo)r + 3 > pm

ieC EcoTnQ

Vi — Ith)E} + Z{(f — AU, — VPC,Vf — Ith)T + (Qf, V- Uc)T

el

_Pc‘n]Ja

1 oU,
+§ Z ([ _PC'n]J7Vf_Ith)E_((_AUf_VPf,Vf—[th)T

on

EcoTn)

1 ou

.V Upr+ 5 3y (55 = Pronly vy = Ivp)e))
EcoTn$2

U,

1
S chr| P — AU, = VPalolvls + chil[

TeC

— P.-nlsloelvih

+che|[f = Pofloz vl + |V - willozlgrlor} + ) {chr| Pof — AU,

TeF

oU,

—VP.orlvel + chll e

10U
IV Uclorlaglor + (chr| AU, + VPlorlvsly + chip| [

—Pr-nlsloslvily + [V -Uslozlarlor)}

1
{{ D (er + BEIE = Pof 50032 + D e + W7 — Rof5
TeC TeF

1
)W Vi + glor)-

31

— P.-n]s|oelveli + chrlf — Poflor|vyls



Thus we can get the conclusion.[]
As the adaptive algorithm based on the second error estimator is very similar to

that based on the first one, we also denote C; = o and F; = (1g,, + n%jT)%.

3.3 Numerical experiments

An adaptive algorithm usually has four steps:

solve — estimate — remark — refine

The algorithms based on the two kinds of a posteriori error estimator are similar,

thus we present an adaptive algorithm as follows.

Step 1. Give an initial mesh 7, with no node in F.

Step 2. Solve the Stokes problem (3.1) on the mesh J;.

Step 3. Calculate C; for each coarse node.

Step 4. Solve the local problems where C; is large and then we can get the new

Uy and U..

Step 5. Calculate C; and F;. If C; is large, solve the local problems; if F; is

large, we choose to increase the number of layers for the local problem. Based
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on C; and F; generate mesh J;,1 by the refinement strategy in [29]. Stop if we

get the desired tolerance or go back to Step 2.

Then we present two examples to show the efficiency of our error estimators in
the process of constructing self-adaptive meshes and in estimating the discretization
errors.

Example 3.1 We consider a driven cavity problem in the domain © = (0,1) x
(0,1). It means that u, = 1, u, = 0 on the upper side and u = 0 on the other three
sides. Fig 3.2 presents the problem. It’s obvious that the solution is not continuous

on the two vertices of the upper boundary.

vx=1 vy=0

e G e e G — e—

L

Figure 3.2: Driven cavity problem

We begin our calculation from the initial mesh in Fig 3.3, Fig 3.4 and Fig 3.5
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Figure 3.3: initial mesh
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Figure 3.5: mesh after 3 refinements

present the mesh we get after one refinement and three refinements respectively.
From these pictures we can see clearly that at the two top corners there are more
triangles than other areas. In Fig 3.8 and Fig 3.9 we present the velocity field in
uniform mesh and adaptive form mesh after 2 steps in Fig 3.6 and Fig 3.7 with nearly
the same number of triangles. From these figures we can see that the solution using
the a posteriori error analysis is more closer to the real situation.

Example 3.2 We consider a problem with a smooth solutions which are given
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Figure 3.7: uniform mesh

Figure 3.9: P on uniform mesh

1.572(c0s(0.50) — cos(1.56)),
1.5rY2(3s5in(0.50) — sin(1.56)),

—6/r'2c0s(0.50),
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in a circular domain with radius 1 and angle 27 and with a non-homogeneous Dirich-
let boundary conditions on the curved part of the boundary and homogeneous Dirich-
let boundary conditions on the straight part of the boundary. We start the strategies
from the initial triangulations 79 as in Fig 3.10 and refine 2 times to get the meshes
jhl and jhz shown in the following two figures. We can see that in the noncontinuous
area there are much more elements than these in the continuous area. Fig 3.13 -Fig
3.18 present the pressure level line with Galerkin method and VMS method on the
above three meshes. It can be seen clearly that the pressure based on VMS method

is more smooth. From the result we can obviously see the advantage of our method.

Figure 3.10: initial mesh
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Figure 3.12: mesh after 2 refinements
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IsoValue

Figure 3.13: pressure level line with Galerkin method on j,?

IsoValue
W-27.3408
M0.790541

W85.1845

W141.447

Figure 3.14: pressure level line with VMS method on J;?
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IsoValue

W2.0355
M6.23116

m23.0138

Figure 3.15: pressure level line with Galerkin method on jhl

IsoValue

W-67.7489
W26.5054

m403.523

Figure 3.16: pressure level line with VMS method on J;!
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IsoValue

W34.0678
W47.7598

W102.528
W116.22

H129.912
W143.604
W157.296
W170.988
W184.68

W212.064
W225.756

Figure 3.17: pressure level line with Galerkin method on j,f

IsoValue

W1037.59
m1255.08

Figure 3.18: pressure level line with VMS method on J2
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Chapter 4

A parallel variational multiscale
methods for Navier-Sotkes
equations based on the partition of

unity

4.1 The parallel variational multiscale method based

on the partition of unity
4.1.1 Analysis and algorithm

In this section, we will derive a partition of unity based on a given triangulation, and
propose a framework for domain decomposition.

First, choose a regular conforming triangulation 74, for 0. For each node xz; €
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TH,, @ = 1,2,---,N, (here N is the number of nodes on 7g,), define associate
continuous linear Lagrange basis function ¢;, such that ¢;(z,,) = ;. Let w' =

suppp; N €2, 1 =1,2,--- N denote the local subdomain.

0

Then, we denote w*® = w?, which means the local domain without oversampling.

To enlarge this domain we introduce one layer oversampling w®!, which is the union of

the supports of p; and one layer of its neighbors, and also multiple layers oversampling

7,8 .

Figd.1 would help us to understand the definition of oversampling.

It’s easy to check that, for any given s, {w"*}¥ is an open cover of Q and {¢;}

is a partition of unity subordinate to the cover {w**}¥ which satisfying

suppp; < wis, Vi. (4.1)
Z% = lon. (4.2)

@il Loy < Coo. (4.3)
IVeil[ e rmy < g—j- (4.4)
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Figure 4.1: Local domain with oversampling. w*®=blue region, w®!'=blue and red
regions, w®?=blue, red and green regions.

where Cy, Cg are two constants.

Based on above special partition of unity, we develop a new local and parallel
variational mutiscale method as follows.
ALGORITHM PVMS-PU:

Step 1. Using the variational multiscale method to find a globally coarse grid

solution (ug,py) € (XA, ME) such that

va(ug,v) + b(ug,ug,v) —d(v,pg) + d(ug,q) + G(ug,v) = (f,v),
(4.5)
¥(v,q) € (Xg', My').

45



Step 2. For a given 7y, fix s > 1, correct the residue (e',€¢') on a fine grid of

each overlapping subdomain w’* of 7, in parallel, (e, €') € (X{(w"*), M (w™)), i =

1,2,---, N, such that

va(e',v) + b(e', ug, v) + b(ug, €', v) —d(v,€) + d(e', q) + 3(Ve', Vv)
(4.6)

= (R(U‘Hv pH)v V)> V(V, q) € (Xg(whs)v Mg(wi7s))’

where (R(ug, pu),v) = (f,v) —v(ug,v)—b(ug, ug, v) +d(v, pua) —d(ug, q). Here

XP(wh) = {veX"Q): supp v cc w™},

MPIMw™) = {qge M"(Q): supp ¢ cc w"*and f qdz = 0}.

whs

Step 3. Update: (u',p') = (ug,py) + (€', €) in w"*.
N . N .
Step 4. Obtain the finite element solution u* = > pu?, ph = 3 p;pt.

In order to get the error estimate of this algorithm we first introduce a lemma

and regularity property from [36] and we list as two lemmas here.

Lemma 4.1. Suppose that g € H1(Q)*,0 < H < hg and S cc Qy = Q. Then

(w,r) € XL(Q2) x My (2)defined by

va(w,v) + (up, w,v) + b(w,ug,v) —d(v,r) + d(w,q) = (g, V),
(4.7)

¥(v.q) € Xg(Q) x Mg ()
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satisfies
[Wlio + Irlon < CIwlo.o + lr]-1.00 + [&]-1.00)- (4.8)

Lemma 4.2. There exists a unique (¥, ¥y) € X2(Q) x MP(Q) satisfying the dual

problem:

(v + B)a(v, ®y) + b(uy, v, ®y) + b(v,up, &) + d(v, ¥y,) — d(Py, q)
(4.9)
= (¥,v) +(¢,q), V¥(v,q) € Hy(Q) x Lo()

and has the following estimates

@ — Dyl + [V = Vhloe < Ch([9loq + [¢]10),

[®nl10 + [Prloo < Clloloe + [¢]i0):

We also need the following lemma which can be proved easily so that we don’t

show the details here.

Lemma 4.3. Let Cy > 0 be a constant, and {@;} be the partition of unity based

on Ty, with H, = Cy. Then there exist constant Cy, Cs, Cs, Cy independent of N
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satisfying the following inequalities which will be used in the proof of next theorem.

N N
| Y. eivlie <Ci ) leivlie, VeHNQ), (4.10)
iz i-1
N N
| Y widlon < C2 ) lpiqloe,  Vge L*(Q), (4.11)
iz izl
N
HV”%Q + ”quQ < C3(Z(H¢i"“in + HSOiQHS,Q))a (4.12)
im1
lev]ia + lvidlfa < Ca(lv]T e + lali ). (4.13)

Then we can prove the following theorem.

Theorem 4.1. Assume that the conditions of Theorem 2.2 hold, 0 < h < H, for
a given H, = Cy and s = 1, the solution (u®, p") defined by Algorithm PVMS-PU

satisfies

lup — u"1.0 + [pn — P*loo < C(H? + Hag + of; + B(H? + ag)). (4.14)

Proof. Stepl. In order to get the final result, let D = w', Qy = Q%% then, first

estimate |e']gq, + €] _1.0,- From (2.4) and (4.23) we can easily get the equality:
va(uy — ug, Py) + b(u, — ug, ug, Py) + b(uy, u, — ug, Py)
+ b(up — ug, uy — ug, Py) — d(Py, Py — pu) + d(uy — ug, ¥y) (4.15)
+ G(up,, Py) — G(ug, Pg) = 0.
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From (2.4) and (4.24) we can obtain that
(V + 6)a<ei7 V) + b(eiv Uum, V) + b(qu ei7 V) - d(V, Gi) + d(ei7 Q)
= va(up — ug,v) + b(u, — ug, ug,v) + b(ug, u, — ug,v) (4.16)

+ b(up — ug,up —um,v) —d(v,pn — pu) + d(un — un, q) + G(up, v).

We can get the following dual problem:

(¢,€") + (¢, €)
= (v + B)a(e', ®y) + b(uy, e', ®y) + b(e!, ug, Py,) + d(e!, ¥y) — d(Py, €)
= va(uy — ug, Ppn) + b(uy, — ug, ug, Py) + b(uy, u, — ug, Pp)

+ b(up — ug, uy — ug, ®y) — d(Py, pn — Pu) + d(uy, — ug, ¥y) + G(uy, Pp)
= va(up — ug, P, — Py) + b(u, — ug, ug, P, — Py)

+ b(um, up — ug, ®, — Py) + b(u, — ug, up, — ug, P, — Py)

— d(®y — Py, pn — pu) + d(up — up, ¥, — ¥n)

+ G(up, P — Pyu) + G(ug, Py).

(4.17)

Bound every item by using the properties of a(u,v), b(u,v,w), d(v,p) in 2.1 and
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Lemma 4.2:

va(up — ug, ®n — Pu) < CH|uy — unli00([¢fo0, + [¥]1.00),

b(up — ug, ug, @, — Py) + b(uyg, u, — ug, P — Pu)

< CH|up — un|1,00([@lo.00 + [¥]1.00):

b(up — up, uy — up, Bp — ®u) < CH|lup — unl? o, ([6lo.ge + [¢]1.0,),
d(®n — Pw,pn — pu) < CH|pn — prloao([|6]o0 + [¥]1,00),

d(up — ug, ¥y — ¥u) < CH|up — unl1,0,(|¢]o.00 + [¥]1.00);

G(un, ®n — Pr) < Con([u — unl10, + hlufz20,) (|90 + [¥]1.00),

G (um, Pn) < Con(|u - unli0, + H|ulz2.00)([0o.00 + [¢]1.00)-

Thanks to the above inequalities we can get
(¢,€") + (¥, €)
< C(H|up — un |0, + Hlun — unli o, + H|pn — Prlog, + an|u — un 10,

+ ag|u—unl10, + (anh + axgH)|[uf2.0,) ([ 9lo0 + [¥]1.00)-

(4.18)
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Thus the following conclusion can be obtained:

le'lo.20 + l€'l-1.00

(4.19)

< C(H|un — ung)1,0, + H|pn — Prlogn, + H*|u|20,)-

Step2. From (2.4) and the Algorithm we can get the following equality:

(v + B)a(uy —u",v) + b(uy — u®, ug, v) + b(un, up — u*, v) — d(v, ps — p")
+ d(uh - uha q) = _G(uhav) + Ba(uh - quv) - b<uh — UH, Up — UH, V)‘

Then using Lemma 4.1 and (4.19) we can obtain:

1,D *+ |pn — pi”O,D

Ja, — ul

< C(|up — ui]

0.2 + [Pn — P'|-1.00 + |un — un| o, + Blun — unf10,

+ | unl|1.0,)

< C(lun — unon, + [Pn — Prl-190 + [€'fo.o + |€'|-1.00 + [un — unl? g,

+ Blun — un|1.0, + onlunl1.0,)

< C(lun — unlog, + |Pn — PH|-1.00 + [un — un|? o, + H|un — usnliq,

0.0, + H?

+ H|pn — pu ul2.0, + Olun — unl1.0, + onlunf1.a)-

(4.20)

Thus, the inequality (4.20) stands for every D = w' Qo = w®*, i =1,2,---, N.
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We then get the global error estimate by using Theorem 1 and Lemma 2:
[un —u®[10 + [Pn — P00

—!\Z%uh—u umﬂ@%ph— o0
N 1
Z lpi(u ‘|1Q+ZH301 HOQ)5
N 1
O lopi(un = w)[f +Z IS SIFE
i=1

N . N . 1
< C(Z Huh - uluiwi + Z th - p1||(2),wi>§
i=1 i=1

=

CO (lan — ud s + [P = Prl?y e + [un — up]] e

(4.21)
+ H?|up — un|? i + H?|pn — pul§ i + HCul3 i

1
+ B2 un — ug]? e + afunl )2

N
<CO. D (Jun —unlds, + Ipn — pul?1g, + [un — umli g,

i1 Bjewis
+ H?|luy, — un|? g, + H?|pn — puls g, + H®|ul3 g,
+ 5 un — un|f g, + o w3 g, )2

< CCo(|lun —unl§ g + [P — Pul? 1.0 + [un — unli g + H*|uy — unl? g
+ Hpn — prl2g + Holul3 g + A2un — ug)? g + of [un[3 )2

< C(H? + Hay + o3 + B(H? + ag)).
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Here, C,, is a finite integer defined as the maximal number of elements E; con-
tained in each subdomain w®®. It is determined by the layer index s, the minimum

angle of the regular triangulation 75, and is independent of N. O

Remark 4.1. It has been mentioned in [89] that « should been chosen as O(h?) in
the computation. Thus we can make a conclusion that B only needs to be O(H) to

keep the rate of convergence.

Using the triangle inequality we can get the following theorem directly from

theorem 1 and theorem 2.

Theorem 4.2. Assume that the conditions of Theorem 2.2 hold, 0 < h < H, for
a given H, > Cy and s > 1, choose ag = O(H?), B = O(H), then, the solution

(ul, pP) defined by Algorithm PVMS-PU satisfies

lu—u"fia +|p - P00 < C(b* + H). (4.22)

4.1.2 Numerical tests

The algorithm in all experiments is implemented by the public finite element soft-
ware Freefem++ [29]. All simulations were performed on a dawning parallel cluster
composed of 32 nodes, each with eight-core 2.0 GHz CPU, 2 GB x 8 DRAM, and
connected together by 20Gbps InfiniBand. The message-passing is supported by
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MPICH.

Implementation

To verify the analysis results, we consider 2D numerical examples. Dividing €2 into
sub-squares with equal sizes h (or H, H,), and drawing the diagonal in each sub-
square, we obtain the regular triangulation 7, (or 74, 74,).

For convenience of presentation, we introduce the following notations:

SFEM means the standard finite element method. Namely, the nonlinear systems
are solved by Newton iteration.

GVMS means the finite element variational multiscale method based on two local
Gauss integrations (2.4).

PVMS-PU means ALGORITHM PVMS-PU.

Rates of convergence study

Let Q = [0, 1] x [0, 1] and the exact solution of the stationary Navier-Stokes equations

(2.1) be given by (u = (uy,us),p):

ur = 102%(z — 1)*y(y — 1)(2y — 1),
uy = —10x(x — 1)(2z — 1)y?(y — 1)?,

p=102x —1)(2y — 1),
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here, v = 1.0 for simplicity, f and the boundary conditions are set by (u = (uy, us),p).

To get the optimal orders for H'-norm of velocity and L2-norm of pressure, we
should choose H and h such that h ~ H?. In this example, we compute the finite
element solutions by PVMS-PU with coarse mesh sizes H = ﬁ (n=1, 2, 3, 4) and
the corresponding fine mesh sizes h = H/m (m=4, 5, 6, 7). Besides, according to
Theorem 2.2and 4.2, we choose ay = 0.1H?, 8 = 0.1H. The corresponding linear
algebraic system is solved by LU factorization. Convergence of the Newton iteration

is achieved when the relative H'-error of successive iterative velocities is within a

fixed tolerance of 107°, i.e., the following condition is satisfied:

o™ = uilhe

IEVARIIERS

<1079,

where u, (1 could be h, H) is the nth Newton iterative solution.
For PVMS-PU, we fix P-PU on 74,, H, = 1/12, s = 1, thus, N = 169, all

simulations are implemented with 32 processors.

Table 4.1: The errors of GVMS

h lu—ayll1q | Order | |[p—prlloqg | Order | CPU
1/48 | 0.000365636 - 0.00112071 - 3.62
1/120 | 5.89085e-05 | 1.9943 | 0.00017977 | 1.99814 | 33.46
1/216 | 1.92045e-05 | 1.99225 | 5.68389¢-05 | 1.98735 | 153.99
1/336 - - - - -

To further test our PVMS-PU, we also consider another problem (referred as

%)



Table 4.2: The errors of PVMS-PU

H h | |[u—u"|liq | Order | |[p—p"loq | Order | Wall time
1/12 | 1/48 | 0.00102771 - 0.00118434 - 2.85
1/24 | 1/120 | 0.000126349 | 2.05336 | 0.00018409 | 1.99975 12.17
1/36 | 1/216 | 3.57543e-05 | 2.11658 | 5.64822¢-05 | 2.01571 50.62
1/48 | 1/336 | 1.47535e-05 | 2.05336 | 2.35785e-05 | 1.99975 182.75

Solution 2) with exact solution u = (uy, us)

uy = sin(mx)? sin(27y),
uy == — sin(27z) sin(7y)?,

p = cos(mz) cos(my).

In present computations, the same parameters h, H and s for PVMS-PU are chosen
as Solution 1. The results are tabulated in Tables 4.3 and 4.4. From these two tables,
we can observe similar phenomena and draw same conclusion as found from Tables

4.10 and 4.2.
Table 4.3: Solution 2, the errors of GVMS

h lu—1Ty|[1q | Order | ||[p—Drlloo | Order | Wall time
/43 | 0.00566745 = 0.000179236 | - 3.32
1/120 | 0.00000770 | 1.99801 | 2.86250¢-05 | 2.00108 |  29.82
1/216 | 0.000280193 | 1.99977 | 9.00352¢-06 | 1.96788 | 153.65
1/336 - - - - -
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Table 4.4: Solution 2, the errors of PVMS-PU

H h [[lu—u"|;q | Order | |[p—p"lloq | Order | Wall time
1/12 | 1/48 | 0.00809542 - 0.00283574 - 5.82
1/24 | 1/120 | 0.000937267 | 2.35306 | 0.00019754 | 2.9075 13.33
1/36 | 1/216 | 0.000284110 | 2.03068 | 4.44115e-05 | 2.53909 51.48
1/48 | 1/336 | 0.000116765 | 2.01252 | 1.56627e-05 | 2.35885 193.94

The driven cavity flow

A popular benchmark problem for testing numerical schemes is the "fluid driven cavi-
ty’. This problem is chosen because some benchmark data is available for comparison.
In this problem, computations are carried out in the domain Q = [0, 1] x [0, 1]. Flow
is driven by the tangential velocity field applied to the top boundary in the absence
of other body forces. On the top side {(z,1) : 0 < x < 1}, the velocity is equal to
u = (1,0), and zero Dirichlet conditions are imposed on the rest of the boundary.

Based on PVMS-PU with P;-PU on 7, H, = 1/12, s = 1, we compute for
Reynolds numbers Re = 5000 with fixed H = 1/48, h = 96 and Re = 10000 with
fixed H = 1/60, h = 120, and ay = 0.1H, § = 0.1H. the computational results are
shown in Fig 4.2, 4.3 and 4.4, 4.5, comparing with the results of Ghia, Ghia, and
Shin [31]. Ghia et al.’s algorithm is based on the time dependent stream function
using the coupled implicit and multigrid methods.

For different Reynolds numbers, the x component of velocity along the vertical

centerline and y component of velocity along the horizontal centerlines by PUPVMS
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are drawn in Fig 4.2, 4.3 and 4.4, 4.5. The accuracy of the computed solutions by

PUPVMS has good agreements with the benchmark data of Ghia et al. [31].

1 T

—6— PVMS-PU
*  Ghia Ghia Shin

x of components velocity

Figure 4.2: PUPVMS for Re = 5000, 2 component of velocity along the vertical centerline
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Figure 4.3: PUPVMS for Re = 5000, y component of velocity along the horizontal centerline.

1 ‘
—6— PVMS-PU
*  Ghia Ghia Shin

x of components velocity

y

Figure 4.4: PUPVMS for Re = 10000, = component of velocity along the vertical
centerline.
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Figure 4.5: PUPVMS for Re = 10000, y component of velocity along the horizontal
centerline.

4.2 Partition of unity parallel variational multi-

scale method
4.2.1 Algorithm

We develop a new local and parallel variational multiscale method as follows.
ALGORITHM PUPVMS:
Step 1. Using the variational multiscale method to find a global coarse grid

solution (ug,py) € (X, M¥) such that

Clum,pm;v,q) + b(ug,um,v) + Glug,v) = (£,v) V(v,q) e (XI, M{T). (4.23)
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Step 2. Correct the residue (e, ¢') on a fine grid of each overlapping subdomain

w®* in parallel, (e, ¢') € (X2 (w*), MM (w*)), i =1,2,---, N, such that

Cle',e';v,q) + b(e',uy,v) + blug, e, v) + G(e',v)

= (£,v) = Cluy,pr; v,q) — b(uy,uy,v) V(v,q) € (Xg(w"®), M§(w"®)).
(4.24)

Step 4. Obtain the globally residue e = ]ZV] piel, ' = szj di€'.

Step 5. Update and yield the globally finite element solution (u”, p") = (ugy, py)+
(e, e).

Remark 1: Based on the above algorithm we have two ways to refine the local
domains.

Refinement 1

For any 4, s, straightly uniform refine the sub-domain w®® with meshsize h, see
the up figure of Fig 4.6, 4.7.

Refinement 2

$;€’, and suppp; < w0, which

1=

N
Noting that, in Step 4, e® = Y ¢;e’, " =
i=1 1

(2

means that we only use €', € in w*® finally, therefore, different from Refinement 1,
for any 4, s, we only refine w®’ with meshsize h uniformly, and using the coarser

mesh for the oversampling parts, the further away from w®’, the coarser the mesh.
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Of course, here, we need refine somewhere close to w*’ to avoid the hang nodes, see
the down figure of Fig 4.6, 4.7.

Remark 2: Here

X)) = {veX"(Q): v]gui—o}

MMw™) = {qge M"Q): f qdr =0and ¢ =0 on dw"*\0Q and outside w"*}.

whs

Note that, we enforce zero Dirichlet boundary condition for both pressure and ve-
locity. Such restriction won’t lead to singular problems since the zero mean-value
constraint for the pressure enforces a unique solution. This treatment will yields a
better accuracy than that with the traditional local pressure space

M (w™) = {ge M"(Q): J qdr = 0 and p has support in w"*}.

whs

The similar boundary conditions are used and discussed in [71, 49, 62].

Remark 3: Note that, the sub-problems only depend on the global coarse grid
solution, and are independent of each other. Thus they can be carried out in parallel
perfectly.

Remark 4: In order to diminish the undesirable effect by the artificial homo-
geneous boundary conditions for the local subproblems, we usually ask for some

oversampling, namely, require the index s > 1 of w®*.
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Figure 4.6: Up: Refinement 1 for w®!; down, Refinement 2 for w®!.
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4.2.2 Numerical tests

The algorithm in all experiments is implemented by the public finite element soft-
ware Freefem++ [29]. All simulations were performed on a dawning parallel cluster
composed of 32 nodes, each with eight-core 2.0 GHz CPU, 2 GB x 8 DRAM, and
connected together by 20Gbps InfiniBand. The message-passing is supported by

MPICH.
Implementation

To verify the analysis results, we consider 2D numerical examples. Dividing €2 into
sub-squares with equal sizes h (or H), and drawing the diagonal in each sub-square,
we obtain the regular triangulation 75, (or 7x). The stable Taylor-Hood finite ele-
ments (Py — P;) are used to solve the Navier-Stokes equations.

Thanks to [89], by Py — P;, we will use the equivalent formulation of (2.4), the
finite element variational multiscale method based on two local Gauss integrations

(which is more efficient) as follows: find (iis, pp) € (X{, M¥) such that

C(Tin, pri v, q) + b, Ty, v) + G(Tn, v) = (£,v)  V(v,q) € (X§, Mp).  (4.25)

65



where,

G, v) =a ), {J

QeETh Qe,m

Vu,Vvdz — f Vi, Vvdz} Vi, ve X"

Qe,1

Here SQl g(x)dz denotes an appropriate Gauss integral over ), which is exact for
polynomials of degree i, i = 1,m(m > 1). For all test functions v € X", Vii;, must
be piecewise constant when 7 = 1.

The corresponding linear algebraic system is solved by LU factorization. Conver-
gence of the Newton iteration is achieved when the relative H'-error of successive
iterative velocities is within a fixed tolerance of 107, i.e., the following condition is

satisfied:

0! = aiflie

<107°
lurttflg ’

where uj; (p could be h, H) is the nth Newton iterative solution.

For convenience of presentation, we introduce the following notations:

SFEM means the standard finite element method. Namely, the nonlinear systems
are solved by Newton iteration.

GVMS means the finite element variational multiscale method based on two local
Gauss integrations (4.25).

Two-GVMS means the two-grid finite element variational multiscale method
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based on two local Gauss integrations [52].
PUPVMS means ALGORITHM PUPVMS.
Local time means the CPU time of only solving sub-problems.
SwapData time means the CPU time for data communication in Step 4.
Wall time means the CPU time of solving coarse globally problem in Step 1 plus

Local time and Swapdata time.

Problem 1

The first test problem is a problem in € = [0, 1] x [0, 1], where the exact solution of

the stationary Navier-Stokes equations (2.1) is given by (u = (u1, u2), p):

up = 102%(x — 1)*y(y — 1)(2y — 1),
uy = —10x(x — 1)(2z — D)y (y — 1)2,

p=1012x — 1)(2y — 1).

Here, v = 1.0. For simplicity, f and the boundary conditions are set by (u =
(u1,us),p). Note that, for v = 1.0, this ia a laminar case, which does not require
stabilized method. We just use this very simple example to test some properties of
PUPVMS.

Firstly, we examine the effect of the oversampling for PUPVMS. Table 4.5, 4.6
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show the errors of PUPVMS with fixed H, h and processors, with different layers of
oversampling at Refinement 1 and Refinement 2 respectively, and o = 0.1p%, p = H
in Step 1, © = h in Step 2. From this two tables, we know that, PUPVMS without
oversampling does not yield the acceptable accuracies usually by the effect of the
artificial boundary conditions, when oversampling is introduced, s > 1, the accuracies
get better. Compare PUPVMS at Refinement 1 with PUPVMS at Refinement 2,
they obtain the similar accuracies with same s, when s > 2, the improvement becomes
slowly. However, the latter one cost less local time than the former. The local time
for PUPVMS at Refinement 1 increases quickly with the oversampling parameter s,
however, the time for PUPVMS at Refinement 2 increases slowly, since PUPVMS
at Refinement 2 uses coarse mesh outside of w*?, and introduces less variables than

that of Refinement 1.

Table 4.5: The errors of PUPVMS at Refinement 1 with different oversampling,
H =32, h = 128, 32 processors

s|lu=u"liq | l[p—p"loq | Local time
0 | 0.000531367 | 0.000454854 2.53

11 0.000223261 | 0.000259422 7.4

21 0.000217938 | 0.000258164 15.98

3 | 0.000216099 | 0.000257963 30.91

41 0.000214664 | 0.000257889 47.52

5 | 0.000213509 | 0.000257848 70.34

6 | 0.000212574 | 0.00025782 100.03

Secondly, we will test the parallel efficiency of PUPVMS. The performance of a
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Table 4.6: The errors of PUPVMS at Refinement 2 with different oversampling,

H =32, h = 128, 32 processors

s|llu=u"liq | llp—p"loq | Local time
0 | 0.000531367 | 0.000454854 2.53
11 0.000277955 | 0.000348831 3.86
21 0.000212182 | 0.000264358 4.28
3 | 0.000210285 | 0.000264576 5.06
41 0.000200008 | 0.000260023 7.68
5 | 0.000199918 | 0.000259997 8.64
6 | 0.000199911 | 0.000259983 9.8

parallel algorithm in a homogeneous parallel environment is measured by speedup

and parallel efficiency which is commonly calculated by

ny x T(ny)
ny x T(ng)’

(4.26)

where T'(ny) and T'(n2) (n1 < ng) are the wall time of the parallel program using n;
and ns processor, respectively.

Table 4.7 reports the wall time of PUPVMS at both Refinement 1 and Refine-
ment 2 with h = H/4 and s = 1, the corresponding speedup and parallel efficiency
computed with n; = 2 in (4.26). Figure 4.8, 4.9, 4.10 describe the evolution of the
speedup, parallel efficiency and Wall time of PUPVMS with the number of proces-
sors respectively. Both Table 4.7 and Figure 4.8, 4.9, 4.10 demonstrate PUPVMS
has a good parallel performance. Although, for the speedup and parallel efficiency,

PUPVMS at Refinement 1 is a little better than that of Refinement 2, however, from
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the view of Wall time, the latter one is better.

Table 4.7: Wall time T'(J) in seconds, speedup S, and parallel efficiency E, of

PUPVMS, H = 1/32, h = 1/128, s = 1.

J 2 | 4 ] 8 | 16 32
Refinement1
T(J) 118.95 | 61.06 | 32.73 18.29 11.55
Sp = T 1| 1.94808 | 3.63428 | 6.50355 | 10.2987
E, = 2705 | 1 0974042 | 0.90857 | 0.812944 | 0.643669
Refinement2
T(J) 652 [ 36.66 | 22.01 13.53 7.69
Sy = 7p 1| 177851 | 2.96229 | 4.81892 | 8.47854
E,= 77| 1 | 0889253 | 0.740572 | 0.602365 | 0.529909
16 ‘
Linear speedup
—— Refinement 1
1411 —0 — Refinement 2
12
10f 1
| =
/O//
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/@/
27 g
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number of processors

Figure 4.8: The evolution of the speedup of PUPVMS, H = 1/32, h = 1/128, s = 1.

Then, we consider the case of H = 1/32, h = 1/256, s = 2. The corresponding

results are shown in Table 4.8 and Figure 4.11, 4.12, 4.13. For this case, we also
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Figure 4.10: The evolution of Wall time of PUPVMS, H = 1/32, h = 1/128, s = 1.
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obtain that PUPVMS has a good parallel performance. Moreover, the speedup and
parallel efficiency in this case are much better than PUPVMS at the case of H = 1/32,
h = 1/128, s = 1, since at this time, the computation size of the sub-problems are
larger, and Local time will dominate Wall time, the effect of the cpu time for coarse

problem and data communication decrease.

Table 4.8: Wall time T'(J) in seconds, speedup S, and parallel efficiency E, of
PUPVMS, H = 1/32, h = 1/256, s = 2.

J 2 | 4 ] 8 | 1 | 32
Refinementl
T(J) 1302.20 | 658.12 | 33322 [ 171.36 [ 101.53
Sy = 7 1 1.9788 | 3.9082 | 7.59973 | 12.8267
E, = 202 1| 0.989402 | 0.97705 | 0.949966 | 0.801666
Refinement?2
T(J 366.89 [ 187.55 [ 92.35 53.41 33.03
Sy = 17 1 1.95623 | 3.97282 | 6.86931 | 11.1078
B, = 21 1 ]0.978113 | 0.993205 | 0.858664 | 0.694236

Finally, we will check the convergence properties of PUPVMS. To get the optimal
orders for H'-norm of velocity and L?-norm of pressure, we should choose H and
h satisfying h ~ H 3. In this example, we compute the finite element solutions by
PUPVMS with coarse mesh sizes H = 1/(16n) (n=1, 2, 3) and the corresponding
fine mesh sizes h = H/4 and h/8 for simplicity.

All SFEM, GVMS and Two-GVMS are computed with the same fine mesh

sizes on a single processor, see Table 4.9-4.11. For PUPVMS at both Refinemen-
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Figure 4.11:  The evolution of the speedup of PUPVMS, H = 1/32, h = 1/256,
s =2.

t 1 and Refinement 2, the simulations are implemented with 32 processors, for
H = 1/16, 1/32, 1/48. For the case of h = H/4, we fix s = 0, s = 1, all com-
putational results are given in Tables 4.12-4.14.

Comparing Table 4.9-4.14, we can see that all three methods reach the optimal
convergence orders. The differences are, SFEM, GVMS and Two-GVMS obtain the
similar accuracy, and SFEM, GVMS cost the similar CPU time, Two-GVMS are
much more efficient than GVMS. Our PUPVMS has the highest efficiency, when
s = 0, the accuracies are not good enough, which means oversampling are necessary.
While s = 1, PUPVMS with both Refinement 1 and Refinement 2 can yield the

approximate solutions with an accuracy comparable to that of SFEM, GVMS and
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Figure 4.12:
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Figure 4.13: The evolution of Wall time of PUPVMS, H = 1/32, h = 1/256, s = 2.
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Two-GVMS with the very a little Wall time. PUPVMS with Refinement 2 is just a

little better than that on Refinement 2, the advantage is not obvious.

Table 4.9: The errors of SFEM

h lu—up|l10 | Order | |[p—pnlloo | Order | Wall time
1/64 | 0.000816817 \ 0.00103003 \ 8.37
1/128 | 0.000205013 | 1.9943 | 0.00025784 | 1.99814 41.23
1/192 | 9.14038¢~% | 1.99225 | 0.000115185 | 1.98735 120.54

Table 4.10: The errors of GVMS

h lu—1ay|l1o | Order | ||[p—oDnlloo | Order | Wall time
1/64 | 0.000816623 \ 0.00103003 \ 9.95
1/128 | 0.000205001 | 1.99404 | 0.000257841 | 1.99813 47.58
1/192 | 9.14014e7% | 1.99217 | 0.000115185 | 1.98736 133.67

Table 4.11: The errors of Two-GVMS

H h llu—Tu|[1o | Order | ||p—Drlloo | Order | Wall time
1/16 | 1/64 | 0.000816778 \ 0.0010299 \ 5.81
1/32 | 1/128 | 0.00020491 | 1.99495 | 0.0002575 | 1.99986 27.74
1/48 | 1/192 | 9.11727¢7% | 1.99725 | 0.000114446 | 1.99997 77.73

Table 4.12: The errors of PUPVMS without oversampling, h = H/4, s =0

H h [[u—u"i o | Order | []p—p"[lo.a | Order | Wall time | SwapData time
1/16 | 1/64 0.00213003 \ 0.00186634 \ 1.86 0.68
1/32 | 1/128 | 0.000531367 | 2.00309 | 0.000454854 | 2.03674 6.12 1.03
1/48 | 1/192 | 0.000235956 | 2.00216 | 0.000200202 | 2.02397 14.25 2.39

Table 4.13: The errors of PUPVMS at Refinementl, h = H/4, s =1

H h [[lu—u"|iq | Order | []p—p"[lo.a | Order | Wall time | SwapData time
1/16 | 1/64 | 0.000945121 \ 0.00104396 \ 3.01 0.85
1/32 | 1/128 | 0.000223261 | 2.08177 | 0.000259422 | 2.00869 11.55 1.71
1/48 | 1/192 | 9.71595¢=%° | 2.05193 | 0.00011531 | 1.99976 25.74 2.51

)



Table 4.14: The errors of PUPVMS at Refinement2, h = H/4, s = 1

H h lu—u”|io | Order | |[p—p"[[oo | Order | Wall time | SwapData time
1/16 | 1/64 | 0.000975335 \ 0.00108129 \ 2.87 0.55
1/32 | 1/128 | 0.000226273 | 2.10783 | 0.00026851 | 2.0171 9.38 1.01
1/48 | 1/192 9.98711e=% | 2.00971 | 0.000119235 | 2.00212 24.6 2.15

Then, we consider another case, h = H/8. In this case, all SFEM, GVMS and

Two-GVMS can not work with h = 1/256, 1/384. When PUPVMS without oversam-

pling (s = 0 in Table 4.15), the accuracies are not good enough although it obtains

the optimal convergence order. Then, we fix PUPVMS at both Refinement 1 and

Refinement 2 with two layers oversampling (s = 2 in Table 4.16, 4.17), the accura-

cies are much better, and keep the optimal convergence orders. Compare PUPVMS

at Refinement 1 with that at Refinement 2, we find that although they obtain the

similar accuracies, and SwapData time are spent nearly the same, however, the lat-

ter one cost less Wall time than the former one. In fact, PUPVMS at Refinement

2 with two layers oversampling cost the similar Wall time and SwapData time with

PUPVMS without oversampling, but with much better accuracies.

Table 4.15: The errors of PUPVMS without oversampling, h = H/8, s =0

H h lu—u”|io | Order | |[p—p"[[oo | Order | Wall time | SwapData time
1/16 | 1/128 0.0014182 \ 0.00116701 \ 5.4 1.34
1/32 | 1/256 | 0.000350384 | 2.01705 | 0.000274489 | 2.088 27.45 6.92
1/48 | 1/384 | 0.000155032 | 2.01102 | 0.000119035 | 2.06058 52.98 15.12

In summary, PUPVMS is stable and has the high efficiency, especially, PUPVMS

at Refinement 2 is much better, and usually, two layers oversampling (s = 2) is good
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Table 4.16: The errors of PUPVMS at Refinementi, h = H/8, s = 2

H h lu—u”|io | Order | |[p—p"[[oo | Order | Wall time | SwapData time
1/16 | 1/128 | 0.000320561 \ 0.000270283 \ 22.75 3
1/32 | 1/256 | 6.92789¢~°° | 2.21011 | 6.6329¢°° [ 2.02676 | 101.53 14.61
1/48 | 1/384 | 2.91541e7% | 2.1347 | 2.99437¢~%5 | 1.96147 | 215.99 17.95

Table 4.17: The errors of PUPVMS at Refinement2, h = H/8, s = 2

H h [[u—u"|;q | Order | []p—p"lo.a | Order | Wall time | SwapData time
1/16 | 1/128 | 0.000348141 |\ | 0.000203127 |\ 7.63 2773
1/32 | 1/256 | 8.49523¢ 75 | 2.03495 | 7.18085¢ 05 | 2.02749 |  33.03 11.8
1/48 | 1/384 | 3.54307¢ ® | 2.15681 | 3.18908¢ ° | 2.00495 | 59.65 16.71

enough for PUPVMS.
To further test our PUPVMS, we also consider another smooth problem in the

same domain (referred as problem 2) with exact solution u = (uy, us),

uy = sin(7z)? sin(27y),
uy == —sin(2mz) sin(7y)?,

p = cos(mz) cos(my),

and v = 1.0 for simplicity. In present computation, we just use PUPVMS at Refine-
ment 2, set the same parameters H, and fix h = H/8, 32 processors. The oversam-
pling parameter s = 2 is chosen according to the above conclusion. The results are
tabulated in Table 4.18. From this table, we can observe the good convergency and

high efficient of PUPVMS Refinement 2 again.
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Table 4.18: Problem 2, the errors of PUPVMS at Refinement 2, h = H/8, s = 2

H h lu—u”|io | Order | |[p—p"[[oo | Order | Wall time | SwapData time
1/16 | 1/128 | 0.00215143 \ 0.000691436 \ 7.66 2.88
1/32 | 1/256 | 0.000516957 | 2.05718 | 0.000148109 | 2.22294 38.01 12.17
1/48 | 1/384 | 0.000178728 | 2.61945 | 5.08963e~"° | 2.6344 63.3 18.35

The driven cavity flow

A popular benchmark problem for testing numerical schemes is the ’lid driven cavity’.
This problem is chosen because some benchmark data is available for comparison.
In this problem, computations are carried out in the domain Q = [0, 1] x [0, 1]. Flow
is driven by the tangential velocity field applied to the top boundary in the absence
of other body forces. On the top side {(x,1) : 0 < x < 1}, the velocity is equal to
u = (1,0), and zero Dirichlet conditions are imposed on the rest of the boundary.
Based on the discussion in the above subsection, we will use PUPVMS at Re-
finement 2 with two layers oversampling to test this model. Without confusion, we
just name PUPVMS for simplicity. Here, we consider the high Reynolds numbers
Re =5000, 10000 with fixed H = 1/64, h = 128, for PUPVMS, we choose a = 0.1H
in Step 1 and a = 0.1h in Step 2. The computational results are shown in Figures
4.14-4.15, comparing with the results of Ghia, Ghia, and Shin [31]. Ghia et al.’s
algorithm is based on the time dependent stream function using the coupled implicit
and multigrid methods. We shall note that with such meshes and Reynolds number-

s, SFEM cannot yield a numerical solution because the nonlinear iterations on the
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coarse grid fail to converge, and GVMS is stable but asks for a lot of CPU time.

For different Reynolds numbers, the x component of velocity along the vertical
centerline and y component of velocity along the horizontal centerlines by PUPVMS
are drawn in Fig4.14, 4.15. The accuracy of the computed solutions by PUPVMS
have good agreements with the benchmark data of Ghia et al. [31].

Besides, in order to show the stability of PUPVMS, we present the streamlines
and the pressure contours of the cavity flows at different Reynolds numbers in Figures
4.16-4.17. As we know, there will appear one main vortex as Reynolds number
increases, and it will move to the center of the cavity. Then additional second vortex
may appear in the right bottom corner of the cavity, and a third vortex appears in
the lower left corner, then the fourth vortex in the up left corner and the fifth smaller
vortex in the right bottom corner. Note that, all the streamlines and pressures are
constructed by assembling all the local solutions together using the partition of unity
functions, which are globally continuous. These results fit to those of Ghia et al. [31].

This test further illustrates the effectiveness of PUPVMS.
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Figure 4.14: PUPVMS for Re = 5000. Up, x component of velocity along the vertical
centerline; down, y component of velocity along the horizontal centerline
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Figure 4.15: PUPVMS for Re = 10000. Up, z component of velocity along the
vertical centerline; down, y component of velocity along the horizontal centerline.
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Figure 4.16: PUPVMS for Re = 5000. Up, streamlines; down, the pressure contours.
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Figure 4.17: PUPVMS for Re = 10000. Up, streamlines; down, the pressure con-
tours.
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Chapter 5

Conclusions and future work

This chapter draws conclusions on the thesis, and points out some possible research

directions related to the work done in this thesis.

5.1 Conclusions

The focus of the thesis has been placed on . Specifically, two research problems have

been investigated in detail.

e We propose some a posterior error indicators for the variational multiscale
method for the Stokes equations and prove the equivalence between the in-
dicators and the error of the finite element discretization. Some numerical
experiments are presented to show their efficiency on constructing adaptive

meshes and controlling the error.
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e A parallel variational multiscale method based on the partition of unity is
proposed for incompressible flows. Based on two-grid method, this algorithm
localizes the global residual problem of variational multiscale method into a se-
ries of local linearized residual problems. To decrease the undesirable effect of
the artificial homogeneous Dirichlet boundary condition of local sub-problems,
an oversampling technique is also introduced. The globally continuous finite el-
ement solutions are constructed by assembling all local solutions together using
the partition of unity functions. Especially, we add an artificial stabilization
term in the local and parallel procedure by considering the residual as a subgrid
value, which keeps the sub-problems stable. We present the theoretical analysis
of the method and numerical simulations demonstrate the high efficiency and

flexibility of the new algorithm.

Another a partition of unity parallel variational multiscale method is proposed.
The main difference lies in that in this algorithm we propose two kinds of re-
finement method. It is difficult to obtain the theoretical result as the above
method. However, the numerical simulations show that the error of this algo-

rithm decays exponentially with respect to the oversampling parameter.
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5.2 Future work

Related topics for the future research work are listed below.

1. First, we want to apply the method in Chapter 3 to Navier-Stokes equations,
especially with large Reynolds number and time-dependent problems. We can
also do a posteriori error estimation for other variational multiscale methods,
such as those with Bubble functions. Besides, when simulating multiphase
flow in porous media we often use the variational multiscale method. Thus we

intend to study these problems using this approach.

2. We will try to get the theoretical result of the second method in Chapter
4 thus we can obtain the convergence analysis, which will make the method
more convincing. We are also very interested in the extension of PUPVMS to

time-dependent problems and more extensive testing for 3D fluid flows.

3. Another aim is to develop some adaptive strategies for oversampling and re-

finements.
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