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Abstract

The use of multiple mufflers is often a way used to improve the sound attenuation
performance of the mufflers. When the mufflers are periodically mounted on the duct,
the transmission loss of the periodic mufflers is determined by the characteristics of
both the muffler itself and the periodic structure. This thesis therefore provides a
systematic investigation of the effect of the periodic arrangement on the transmission
loss of the mufflers including the simple expansion chamber muffler and the micro-
perforated muffler. The study on the wave propagation in such periodic structures
provides how the periodic structure influences the performance of the mufflers which

can contribute to the design of the periodic mufflers.

The theory of various mufflers is investigated. For resonator mufflers, the resonance
frequency is mainly determined by its physical parameters. In order to adapt to the
changes, a semi-active resonator via the control of the termination impedance of the
resonator is used. A theoretical study is conducted to investigate the effect of flow on
the semi active Helmholtz resonator in a low Mach number flow duct. To improve the
attenuation of the Helmholtz resonator at lower frequencies, a Helmholtz resonator
with a spiral neck is proposed and the theoretical results show that the resonance
frequency can be effectively lowered by incorporating the spiral neck which have

potential application of tonal noise control within a limited space.



The expansion chamber muffler is an effective device for noise reduction in duct
systems. The transmission loss of the single expansion muffler has a periodic character
that is often used for the periodic noise control. The Bloch wave theory and the transfer
matrix method are used to study the wave propagation in periodic expansion chamber
mufflers and the dispersion characteristics are examined. The theory is validated
against finite element method simulation. Compared to a single expansion chamber
muffler, the stopbands of the finite periodic structure is mainly due to its dispersion
characteristics. With different configuration, the results indicate that the periodic
structure can enhance the transmission loss within a narrower frequency range or
change effective noise control frequency ranges with different distance between

mufflers.

Because of the high acoustic resistance and low mass reactance due to the sub-
millimeter perforation, the micro-perforated muffler can provide considerable sound
attenuation of duct noise. The wave propagation in periodic micro-perforated mufflers
is studied theoretically, numerically and experimentally. This study indicates that the
combination of the Bragg reflection due to the periodic structure and the resonance of
the micro-perforated muffler can result in different transmission loss. The proposed
periodic placement of micro-perforated mufflers can provide lower frequency noise
control within a broader frequency range or enhance transmission loss around the

resonant frequency.
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Chapter 1

Introduction

1.1 Duct noise control methods

In modern buildings, a ductwork system is an essential part of the Heating Ventilation
and Air Conditioning (HVAC) system and the ductwork system is mainly used for air
exchange and heat transfer. The ducts bring in fresh air and give out warm exhaust in
order to provide a comfortable environment for building users and also the equipment.
However, the air conditioning units such as fans produce air-borne sound and the
sound propagates along the ducts and finally emits as noise into the indoor
environment. Besides, the ducts itself also generate noise when air flow passes through

especially when the flow speed is high.

As the widely application of air conditioning system in modern buildings, the noise
problem is of great concern as it imposes a detrimental impact on the occupants and
machines in the buildings. Therefore, various noise control methods have been
developed to eliminate the noise throughout the sound propagation path. The control
methods can be categorized into three types: passive noise control, active noise control

and semi-active control.



1.1.1 Passive noise control

Passive noise control can be classified as dissipative noise control or reactive noise
control based on whether the energy is dissipated into heat or the sound is reflected
due to acoustic impedance mismatch. In practice, combination of the dissipative noise

control and the reactive noise control is often used in the design of the mufflers.

A. Dissipative noise control

The dissipative noise control devices generally attenuate the noise with sound
absorbing materials lined within the duct where the sound waves propagates. The
friction between the sound waves and the porous absorptive materials degrades the
energy by converting the sound energy into heat. The dissipative mufflers usually can

effectively attenuate medium to high frequency noise’.

The performance of the dissipative mufflers is governed by the cross dimensions of
the duct, lining thickness and the physical properties of the absorptive materials such
as porosity, flow resistivity and thermal characteristics. The theory of the lined duct
was started by Morse? in 1939. He presented an exact solution for the transmission
loss of sound inside a rectangular lined duct with no flow. Scott® analyzed the acoustic
attenuation in infinite rectangular and circular lined ducts in terms of bulk-reacting
model. Davis et al.* conducted a systematic study on the evaluation of the mufflers
with no flow to predict muffler characteristics. Later, a number of studies were

conducted on the performance of the dissipative mufflers in flow ducts. Ko®



investigated the sound transmission loss in acoustically lined flow ducts separated by
porous splitters. Nilsson and brander® presented a theoretical model of wave
propagation in cylindrical ducts with mean flow and bulk-reacting lining and the
effects of a perforate screen was examined. Cummings and Chang’ investigated a
finite-length dissipative muffler and studied the effect of the mean flow on the
performance of the dissipative devices in circular ducts. Peat® obtained the transfer
matrix for a dissipative muffler for evaluating the acoustical performance with a low
frequency approximation method. Wang® developed a de-coupling method based on
the plane wave propagation to study the performance of a resonator with absorbent
material. Finite element method!® ! and boundary element method*> 3 were also

developed to evaluate the acoustic behavior of the dissipative noise control.

B. Reactive noise control

Reactive noise control, also called reflective noise control, suppresses the noise by
reflecting sound waves as a result of the impedance mismatches. A reactive muffler is
composed of the acoustical element with different impedance such as a side branch
resonator or a duct with different transverse areas. The impedance mismatch at the

discontinuity junction reflects the acoustic energy back to the source.

A simple expansion chamber muffler is the most basic reactive muffler. It consists of

an expansion chamber of larger cross sectional area than that of the main duct. The



sound attenuation performance of the expansion chamber muffler can be described in
terms of expansion ratio (the ration of the across sectional area of the expansion
chamber to that of the duct) and the length of the muffler. The transmission loss is a
periodic function with frequency. When the length of the muffler is an odd multiple of

quarter-wavelengths, the transmission loss of the muffler reaches maximum?,

Another type of the reactive muffler is the side branch resonator muffler. The resonator
is placed as a side branch of the main duct. It functions by providing a very low
impedance in parallel with the impedance of the main duct at the point where the
resonator is placed. The side branch resonator can attenuate sound effectively around
its resonance frequencies and this type of muffler usually works over very small
frequency ranges which can be used to control tonal noise in practice. The side branch
resonator may take the form of a short length of pipe®® or a Helmholtz resonator (HR)®.
At resonance frequencies, the input impedance of the side branch tends to be minimal
which makes the branch element act as a short circuit to the sound wave at the junction

and the sound energy is reflected back to upstream.

Stewart investigated the transmission loss of a duct with a branch line in 1925, He
presented a theory of acoustic transmission in a duct with a side branch. Next year he
extended the theory to the case of Helmholtz resonator as a side branch!® and
concluded that the Helmholtz resonator could provide large acoustic transmission loss

when the frequency of the noise source is near its resonance frequency. A typical
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Helmholtz resonator is composed of a connecting neck and a backing volume cavity.
The Helmholtz resonator is widely used in the control of duct noise due to its high
sound absorption property at resonance frequency. Due to the radiation reactance at
the end of resonator, an effective length of the resonator neck is taken into account
when calculating the resonance frequency instead of the original physical length.
Ingard*® derived the interior end correction for different orifices. Alster?® extended the
classical formulation for calculating the resonance frequencies and increased the
accuracy of the classical model. He took the effects of motion of mass in the resonator
and found resonance frequencies also depended on the shape of the resonator.
However, his theory was only applicable for the known resonator shape function. The
classical analysis of resonator was made by lumped parameter method under the
assumption that the wavelength is much bigger than the dimension. Tang and
Sirignano?! did not regard the resonator as lumped parameter and built up a model
based on the one-dimensional wave propagation inside both the neck and the cavity.
They did not consider the end correction and the result indicated that the theory
worked well for resonators with a deep cavity or a long neck. Panton and Miller??
presented a simple method to analysis cylindrical resonator for length much larger
than classical model. They demonstrated that the classical model was valid only when
length of resonator was less than 1/16 of the wave length. A different formula was
proposed to calculate the resonant frequency based on one dimension propagation in
the cavity. Chanaud® developed new equations for interior and external end

corrections for calculation of the resonance frequency. He applied the formula to a

5



rectangular parallelepiped cavity with a symmetrically placed orifice which was
circular, rectangular or cross-shaped and. His model gave good predictions for the
resonators with extreme cavity dimensions. Later, Chanaud®* derived another formula
for end corrections of resonator with cylindrical cavity. Experiments for both kinds of

cavity were performed in the reference and agreed well with the simulation results.

1.1.2 Active noise control

It is known that the passive noise control method does not usually perform well at low
frequencies and it is bulky and costly for low frequency noise control. In recent years,
much work has been conducted on developing the active noise control (ANC) system
since it has advantages over the traditional passive noise system. Active noise control
uses a secondary source generating an anti-noise sound field to cancel noise from the
primary source. Active noise control systems are more effective at low frequency and
usually smaller than passive control system .With the use of adaptive algorithm the

ANC system could follow up with the changes of the sources.

The principal of active cancellation of sound was first proposed by Lueg® in a 1936
US patent. He proposed to cancel sound by destructive interference and the system
consisted of an upstream microphone detecting the plane wave propagating in the duct,
a downstream loudspeaker producing an inverted wave to cancel the primary noise

and a control system to generate proper drive signal for the loudspeaker. In 1953,



Olson and May?® introduced a different system which did not need the prior knowledge
of the primary field and called feedback control. Conover?” originally introduced
harmonic control in 1956. He proposed to achieve best performance by adjusting the
amplitude and phase of the individual harmonic manually. However, there was a long
time before the widely application of ANC. The control system needs fast real time
processing to follow up with the changes of the noise sources and the implementation
of the technique came to a reality until 1980s with the development of low-cost fast

digital signal processors (DSP).

In Lueg system, it is obvious that the secondary loudspeaker propagates both upwards
and downwards and consequently the detect sensor would inevitably sense the sound
from secondary loudspeaker which called acoustical feedback. The acoustical
feedback badly contaminates the reference signal and deteriorates the system
performance seriously. Many researchers tried to eliminate the influence of acoustical
feedback. Based on Chelsea’s work, Eghtesadi and Leventhall?® developed a system
which employed two secondary loudspeakers powered in antiphase. The microphone
was located centrally between the two secondary source and isolated from the upwards
of the secondary source by subtracting contributes of the standing wave between the
two sources. Swinbanks?® proposed to generate a directional secondary source with
the use of a pair of monopole sources. He showed that if the delay between the two
sources was set properly there will be no radiation downwards. However, this method

is only applied to limited bandwidth and the frequency response match of two speakers
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is also difficult in practice. Jessel, Mangiante and Canevet®® 3! developed the JMC
method to produce zero upstream radiation at all frequency. The method used a
combination of monopole and dipole sources to generate unidirectional secondary

source and hence there was no upstream sound from the secondary source.

Adaptive filter are used in ANC system to make the system response quickly to the
changes of the system. The noise source is usually time-varying and non-stationary.
Changes of environment such as wind, temperature also influence the property of the
source. A little change of the noise source will lead to significant system performance
deterioration. Therefore, the controller needs to be adaptive to deal with the variations.
Adaptive filter was first used in digital signal processing to cancel the electric noise
component and Widrow et.al.®? presented the concept of adaptive noise cancelling
based on previous work in 1975. Later, Burgess® applied the adaptive digital filters to
active noise control. His simulation implied that the use of adaptive algorithm could
significantly improve the performance of the system. Chaplin and Smith3* developed
a control strategy called “waveform synthesis” to adapt to the variations of the system.
His method only applied to the periodic noise. Roure®® described an adaptive active
noise control system for an air-conditioning duct with help of the programmable
digital filter. Eriksson® proposed to solve with the acoustical feedback taken account
into the FLMS algorithm. He used an IIR adaptive filter to cancel the unwanted noise

and meantime to cancel the influence of the feedback.



1.1.3 Semi-active noise control

Although active noise control is efficient at low frequency and small, it is more costly
and requires external power supply such as amplifiers and loudspeakers systems. The
electronic equipment usually has a limit lifetime and is less stable than the passive
noise control system. Furthermore, the complex control system also implies the

potential instability.

An emerging solution is semi-active control. Semi-active noise control method
combines both passive and active elements for noise control. The method takes use of
the active control to adapt parameters of the passive control system in order to follow
the changes of the operating conditions. Less power is needed in the strategy and
therefore less instability than the fully active control. Adaptive algorithms can be used
to tune the resonant frequency of some adjustable passive resonators for the

suppression of transmission noise.

The study on semi active control has been increasing in the past years. Resonators
such as quarter-wavelength resonator and Helmholtz resonator are the most common
element used in semi active control. It is well known that the resonance frequency of
resonator is mainly determined by physical parameters of the resonators. The natural
frequency of a Helmholtz resonator can be changed by adjusting the cavity volume

and the opening area. Therefore, the resonators could be tuned to reduce noise of



different frequency. In a semi-active control system, the resonators are adjusted by

control schemes in order to control the time varying noise.

Neise and Koopmann®” used a quarter-wavelength resonator to reduce the dynamic
noise produced by a centrifugal blower. They tuned the resonator by changing the
length via a movable end plug in order to achieve better reduction. Lamancusa®
proposed the use of tuned Helmholtz resonators instead of expansion chamber
mufflers in automobiles. He changed the resonator volume by a movable piston and
closable partitions in the cavity. He suggested tuning the resonator according to the
engine speed and his manually adjust showed good reduction performance. 1zumi®®
also presented a tunable resonator by changing the volume of the resonator. The
adjustable volume usually was bulky. In order to reduce the volume variable resonator,
Izumi®® later investigated a compacted adjustable Helmholtz resonator. Unlike
constructing a volume adjustable resonator he tuned the resonator by varying the
opening area. However, the resonator was only applicable to sinusoidal source and the

effective bandwidth was narrow.

These resonators were usually controlled manually and no control algorithms were
given to achieve optimal tuning. Matsuhisa et al.*> %2 introduced an automatically
control strategy. They investigated noise reduction by a tunable resonator as a side
branch in a duct. The experiment showed significantly reduction with the auto

adjusting resonator. deBedout et al.** developed an adaptive algorithm based on

10



feedback control. The resonator was tuned by the signal detected in duct downstream
of the resonator. Optimal tuning was achieved with a gradient descent approach. In
order to reducing high frequency noise, Nagaya et al.** suggested a new silencer
consisting of a two stage Helmholtz resonator: one for low frequency noise attenuation
and another for high frequency. Esteve et al.*® used adaptive Helmholtz resonator to

control broadband noise into a rocket payload fairing.

In these studies of active tuning the resonator, the adjustable functional frequency is
still mainly around the natural frequency and the effective bandwidth is still narrow.
Hence, it is hard to achieve satisfied performance for a wide bandwidth noise. Besides,
the tunable mechanical structure is significantly complex and bulky for practical use.
Okamoto et al.*® investigated active noise control via a side branch resonator. The
secondary source was mounted at the end of the side branch resonator and less power
was required than mounted directly on the duct wall. Radcliffe and Birdsong*
suggested changing the response of the resonator through the active control rather than
tuning the structure. A secondary source was mounted at the end of the resonator to
tuning the resonator resonance with a feedback approach. Utsumi*® theoretically
studied the possibility of broad band noise control through modifying the terminator
impedance of the resonator. He derived the controller transfer function and
demonstrated the efficiency of the method by computer simulation. Yuan*® proposed
an electrically tuned Helmholtz resonator with positive real impedance. The control

strategy made the system more reliable and robust. Multiple resonators were used by
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Zhao® to control multiple noise modes simultaneously. He developed algorithms for
identifying the characteristics of all modes and tuning the neck areas of the Helmholtz

resonators.

These adaptive algorithm usually tuned resonators by sensing pressure in the
downstream duct and the detected signals were often contaminated by the exhaust and
other noise. Singh®! developed a control transfer function based on the phase
relationship between the pressure at the top of the closed end of the cavity and the
pressure at the neck wall. This method did not detect pressure in ducts and hence
eliminated the influence of contamination by exhaust and other unrelated noise.
Kook used active control to suppress the associated unwanted noise. He also used a

feedback control to adapt to varying flow conditions.

1.2 Periodic structure

Multiple mufflers are often used to enhance the sound attenuation performance. When
the mufflers are distributed periodically in a duct, the periodic structure can produce
peculiar dispersion characteristics in the overall transmission loss. Acoustic wave
propagation in periodic waveguides involves two types of periodic waveguides®®:
waveguides with periodically nonuniform boundaries and uniform waveguides which
including periodically scattering inclusions. The solutions of wave propagation in

these two types of periodic waveguides were Bloch wave functions.
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Many studies have investigated sound propagation in a spatial periodic structure.
When the mufflers are distributed periodically in a duct, the periodic structure can
produce peculiar dispersion characteristics in the overall transmission loss. At certain
frequencies the Bloch wave cannot transmit through the structure which is called
stopbands and at certain frequencies the Bloch wave can propagate freely through the

periodic structure which is called passbands.

Bradley®® > investigated the time-harmonic acoustic wave propagation in periodic
waveguides both theoretically and experimentally. His work showed that the Bloch
wave functions were solutions to a broad class of periodic acoustic waveguide.
Sugimoto and Horioka® examined the dispersion characteristics of waves propagation
in a tunnel with an array of Helmholtz resonators and the band structures exhibited as
a result of the side branch resonance and the Bragg reflections. Wang and Mak®% %7
investigated the attenuation performance of the periodic Helmholtz resonators array
in a duct system. Owing to the coupling of the periodic structure and the resonator, it
was found that the periodic Helmholtz resonators can provide a much broader sound

attenuation than a single resonator.

The periodic structure may contain defects sometimes. The defects includes the
disorder in the periodic distance and the characteristics of the periodic scattering
inclusions. Mead®® investigated wave propagation through a mono-coupled periodic

system with a single disorder. He introduced three types of disorder and found that the
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introduced disorder resulted in reduced transmission when the frequency is in the
passbands of the periodic system. Munday et al.>® examined a simple one-dimensional
acoustic band gap system which is made of a diameter-modulated periodic waveguide
theoretically and experimentally. Their results showed that the defects leaded to
narrow frequency transmission bands within the stopbands of the periodic waveguide.
Wang and Mak®® discussed the effect of disorder in a periodic Helmholtz resonators
array. It was found that the periodic system was sensitive to defects in the periodic
distance and might bring significant gaps to the perfect periodic system. However,
disorder in geometries of Helmholtz resonators with the periodic distance unchanged

did not influence the main attenuation band of the original periodic structure.

1.3 Objective and Scope of Research

This thesis aims to study the effect of the periodic arrangement on the transmission
loss of the mufflers. When the mufflers are periodically mounted on the duct, the sound
attenuation of the periodic mufflers is determined by the characteristics of both the
muffler itself and the periodic structure. This thesis therefore provides a systematic
investigation of the effect of the periodic arrangement on the transmission loss of the
mufflers including the simple expansion chamber muffler and the micro-perforated

muffler.

The first objective of this thesis is to examine the theory of various mufflers including
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the side branch resonator, the expansion chamber muffler and the micro-perforated
muffler. To improve the performance of the side branch Helmholtz resonator, a
Helmholtz resonator with a spiral neck is proposed to lower the resonance frequency
within a limited space. Besides, in order to adapt to the changes, a semi-active
resonator via the control of the termination impedance of the resonator is used. A
theoretical study is conducted to investigate the effect of flow on the semi active

Helmholtz resonator in a low Mach number flow duct.

The second objective of this thesis is to investigate the wave propagation in a periodic
array of expansion chamber mufflers. Although multiple expansion chamber mufflers
have been used to improve the sound attenuation performance, there is little works on
the transmission loss of the periodic expansion chamber mufflers. The specific
objectives are list below:

1) To understand the wave propagation in the periodic expansion chamber

mufflers based on transfer matrix method and the Bloch wave theory
2) To evaluate the effect of the periodic structure on the transmission loss of the

periodic expansion chamber mufflers

The third objective of this thesis is to investigate the micro-perforated muffler and the
transmission loss of an array of periodic micro-perforated mufflers. The development
of the acoustic Bloch wave motivates us to combine it with the micro-perforated tube

muffler. The specific objectives are list below:
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1) To understand the underlying physics related to the micro-perforation and its
impact on the muffler performance;

2) To study the wave propagation in the periodic micro-perforated mufflers and
obtain the transfer matrix of the micro-perforated muffler in the periodic
structure;

3) To investigate the dispersion relation of the periodic micro-perforated
mufflers and evaluate the effect of the periodic structure on the transmission

loss of the micro-perforated mufflers

1.4 Outline

The thesis is divided into six chapters. Chapter 1 introduces the background of the
present work. Literature of related previous work is reviewed and the motivations as

well as the objectives of this study are presented.

In Chapter 2, the transmission loss of the side Helmholtz resonator was investigated
theoretically and numerically. In order to adapt to the environmental changes, a semi-
active resonator via the control of the termination impedance of the resonator is used.
A theoretical study is conducted to investigate the effect of flow on the semi active

Helmholtz resonator in a low Mach number flow duct.

In Chapter 3, the Helmholtz resonator with a spiral neck is proposed in order to
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improve the attenuation performance of the Helmholtz resonator at lower frequencies.
The transmission loss of the proposed Helmholtz resonator is studied theoretically
based on the equivalent of the curved duct. The performance derived from the

theoretical prediction are compared with finite element method for validation.

In Chapter 4, a theoretical study of the acoustic attenuation of periodic expansion
chamber mufflers is conducted. The transfer matrix of the periodic structure is derived
to determine the Bloch wave in periodic expansion chamber mufflers. The dispersion
characteristics of periodic mufflers is examined. Periodic expansion chamber mufflers
have different transmission loss than a single expansion chamber muffler, which may

have potential applications in muffler design.

In Chapter 5, the wave propagation in a periodic array of micro-perforated tube
mufflers is investigated theoretically, numerically and experimentally. Because of the
high acoustic resistance and low mass reactance due to the sub-millimeter perforation,
the micro-perforated muffler can provide considerable sound attenuation of duct noise.
The Bloch wave theory and the transfer matrix method are used to study the wave
propagation in periodic micro-perforated tube mufflers and the dispersion
characteristics of periodic micro-perforated mufflers are examined. The results
predicted by the theory are compared with finite element method simulation and the

experimental results.
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Chapter 6 summarizes the investigation of the present study and together provides

suggestions of improving the work for further investigations.
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Chapter 2

The Side Branch Resonator Muffler

Side branch elements attached to ducts are very useful devices for suppressing tonal
noise in a ductwork system. At the junction, the sound energy is distributed among the
duct and the side branch depending on the relative impedances of the junctions. The
side branch resonator functions at the frequencies where the impedance of the side
branch is relatively low and the side branch is equivalent to a short circuit which

suppresses the sound power transmitted to the downstream duct.

2.1 The Side Branch Helmholtz Resonator

2.1.1 Transmission Loss of the side branch
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Figure 2-1 A duct with a side branch: (a) acoustical system; (b) equivalent analogous circuit

The configuration of a duct with a side branch is shown in Figure 2-1 and the duct
ends in an anechoic termination. Assuming only plane waves propagate in the duct.
The cross-sectional area of the duct is S. The junction where the side branch joins the
duct is set as x = 0. The acoustic pressure upstream of the junction is p1 and the acoustic
pressure downstream of the junction is pz. The acoustic pressures and the particle

velocities can be expressed as follows:

pl (X) _ AI ej(wt—kx) + ARej(wHkx) (21)
P (x) = A" (2.2)
1 j(ot—kx J(ot+kx
u(x)=—— Aiej(t )_AReJ( ) 23
(9=——] } .3
_ 1 j(@t-kx)
U, (X)=——Ae (2.4)

PoCo
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where o, Co are the density and the sound speed in air, wis the angular frequency and

k is the wave number.

The acoustic pressure of the side branch at the junction is pp = Ape!. As indicated in
Figure 2-1, the acoustic pressure py is the same as the acoustic pressure in the duct at

the junction (x = 0) and the volume velocity is continuous.

Py (O) =P, (O) =P, (2.5)

Su, (0)=Su, (0)+U, (2.6)
_P

U, = Z, (2.7)

where Zy is the acoustic impedance of the side branch at the junction and Uy is the
volume velocity of the side branch at the junction. Substituting Eqg. (2.1) to (2.4) into
Eqg. (2.5) and Eqg. (2.6), yields

A+A=A=A 2.8)

S (A-A)=—"A+D 29)

PoCo PoCo Z,

By eliminating Bs, the relation between A, and At can be expressed as

_[ 1, PoCo
A _(1+ ZSZJAT (2.10)

The transmission loss is defined as the ratio of the incident acoustic power and the

transmitted acoustic power. The transmission loss of the side branch can be obtained

p.()
p, (x)

For a side branch resonator muffler, the transmission loss is determined by the acoustic

PoCo

TL=20log,, 77
b

1+

=20log,,

(2.11)

%‘ =20log,,
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impedance of the side branch,

2.1.2 Impedance of the Helmholtz resonator

(a)
U Ry M,
-1 1 YYY Y
P Cir ::
111
P
(b)

Figure 2-2 (a) The side branch Helmholtz resonator, (b) equivalent analogous circuit of the HR

The Helmholtz resonator consists of a narrow neck and a cavity volume. As shown in
Figure 2-2, the side branch is a circular concentric Helmholtz resonator with
neck/radius rq/re, circular cross sectional area Sn/Se, and length Ln/Lc respectively. The
Helmholtz resonator is mounted on a rectangular duct with cross sectional area S.
When the wave length is much greater than the dimensions of the Helmholtz resonator,
the modeling of a Helmholtz resonator can be simplified as a lumped model. The

Helmholtz resonator is analogous to a mass-spring system. The air in the neck of the
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resonator is modeled as a lumped mass element and the air compacted in the cavity
volume is modeled as an acoustic compliance. The thermos-viscous losses at the neck
walls and the sound radiation at the neck can be modeled as an acoustic resistance.
Thus, the impedance of the Helmholtz resonator at the junction is made up of a

resistance term, an inertance term and a compliance term:

. 1
Zr=Rg+ j(a)l\/l R j (2.12)
HR

The acoustic mass is given by

P (L, +AL)
S

n

M, = (2.13)

where L is the length of the neck of the resonator and Sy is the cross sectional area of
the resonator. AL is the sum of the end correction at the inner and outer neck ends. The

end correction is given as'®:

AL =0.85r, [1—1.25r—”]+0.85rn (2.14)
I

c

where rn and r¢ are the radius of the neck and the cavity.

The acoustic compliance is derived based on assuming a uniform pressure throughout

the whole cavity and an isentropic compression process.

Vv

C. =
HR >
PoCo

(2.15)

where V = ScL. is the cavity volume and S¢ and L. are the cross sectional area and the

length of the cavity.
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At low frequencies, the resistance of the Helmholtz resonator can be represented as

below!®

ck’
Ry =220 (2.16)
2r
where k = @lco is the wave number. o, Co are the density and the sound speed in the

air. The acoustic impedance of the Helmholtz resonator can be expressed as

_ 1 PoCok? [ @py (L, +AL)  pyc?
Z.=R..+ M. .. — =100 L 070 2.17
HR R T (a) HR oC, .. J o J ( S Ry, ( )

n

2.1.3 Transmission Loss of the side branch Helmholtz resonator

According to Eq. (2.11), the transmission loss of a side branch can be given if the
impedance of the side branch at the junction is known. Therefore, with the impedance
of the side branch Helmholtz resonator of Eq. (2.17), the transmission loss of a side

branch Helmholtz resonator can be calculated.

1+ pOCO

2.18
2527, (2.18)

TL =20log,,

The resonance frequency of the Helmholtz resonator is the frequency at which the
reactance of the impedance is zero.

wp, (L, +AL) _ P
S N

n

(2.19)

The resonance frequency is fo

C S
f,=—0 | —=n 2.20
° 27\ (L, +AL)V (220)
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It can be seen from the Eq. (2.20), the resonance frequency is determined by the

geometries of the Helmholtz resonator.

Let the geometries of the Helmholtz resonator be: r, =0.01 m, L, = 0.02 m, rc = 0.06
m, Lc = 0.1 m. The cross sectional area of the duct is set as 0.12 m*0.12 m. The
transmission loss of the side branch Helmholtz resonator according to Eq. (2.18) is
plotted in Figure 2-3. The resonance frequency is 153 Hz. It is seen that the side branch
resonator can effectively attenuate noise over a narrow frequency range around its

resonance frequency.

w
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N
o

-
o
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o

Figure 2-3 Transmission loss of the Helmholtz resonator by theoretical analysis
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Figure 2-4 The side branch Helmholtz resonator in FEM simulation

To compare with the theoretical results, a three dimensional finite element method
(FEM) is used to simulate the side branch Helmholtz resonator. The numerical model
consists of a duct with a side branch Helmholtz resonator and an excitation from an
oscillating sound pressure at fixed magnitude Po = 1 at the inlet of the duct. The end
termination was set to be anechoic. The configuration of the FEM model is illustrated

in Figure 2-4 and the geometries is the same as the theoretical model.
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Figure 2-5 Transmission Loss calculated by FEM simulation

Figure 2-5 shows the transmission loss of the side branch Helmholtz resonator based
on the FEM method. It is seen that the FEM results is identical with the theoretical
results in Figure 2-3. In the FEM results, the resonance frequency is 156 Hz which is
a little different from that of the theoretical results shown in Figure 2-3. The difference
is due to the end corrections of the length of the Helmholtz resonator is different from

the three dimensional FEM simulation.

2.2 Semi-Active Helmholtz Resonator

This study aims at studying the effect of flow on the semi active Helmholtz resonator
for duct noise control. First the plane wave propagation in a flow duct is introduced

and the discontinuity condition is analytically derived. Then, the control controller
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transfer function under flow condition is then proposed.

2.2.1 Wave propagates in a mean flow duct

When a plane wave propagates in a mean flow duct, the wave equation is :

2

(1—M2)%+k2p—2jkM%:0

M denotes the Mach number M = uo/c. The solution to the wave equation is:

jk,x Jkox

p(x)=pe’™ +pe
k, = K ko K
1+ M 1-M

(2.21)

(2.22)

Eq. (2.22) presents superposition of two progressive waves moving in opposite

directions.

When there is a side branch Helmholtz resonator along the flow duct as shown in

Figure 2-6. A side-branch Helmholtz resonator is mounted on the side wall of an

infinitely duct and the plane wave propagates along the duct. The cross-sectional area

of the duct is S. The mean flow in the duct is Uo. The dotted area indicates the pressure

discontinuity due to the mean flow. At the connection, the upstream pressure is p1 and

the downstream pressure is p2. The pressure at the neck of the Helmholtz resonator is

p3 and is assumed to be equal to the upstream pressure at the junction.
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Figure 2-6 A side branch Helmholtz resonator in a grazing flow duct

At the junction, according to Eq. (2.22) the sound pressure can be expressed as follows:

pl — ( Ie—ik,X + ReikRX )eiwt (2.23)
D, _ Tekrglet (2.24)
K = @/C, K, = o/c,
1+M’ 1-M’
e (2.25)
_ 0
T 1+M

The fluid particle velocities satisfy the following equation:

Du__1op Du,__ 10p (2.26)
Dt  p,x Dt  p, X '

The propagation of the wave can be characterized by the following equations ®2:

(R+p)S+(p+p) (U, +u1)2 S
=(R,+p,)S +(p0+p2)(U0+u2)ZS
(po +p1)(U +u1)S

=(po+ ) (U +U,)S+(py + ;) S,Us

(2.27)

(2.28)

where Po is the equilibrium pressure, Up is the mean flow velocity and po is the

equilibrium density. Eq. (2.27) and Eq. (2.28) respectively indicates conservation of
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momentum and flow mass at the junction. Substituting Egs. (2.21)-(2.25) into Eq.
(2.27) and Eq. (2.28)
1+M) 1+(1-M)* R=(1+M?)T (2.29)

(1+M-C)I -(1+M +C)R=(1+M)T

(2.30)
C = pyCy/SZ,

R is eliminated from the Eq. (2.29) and Eqg. (2.30). Thus, T is indicated with | as

follows:

T 2[(1+M)(1+M?)+2CM |
1 2(1+M%)+C(1+M?) (2:31)

Eq. (2.31) shows the relationship between transmission wave and incident wave in a

grazing flow duct.

2.2.2 Flow effect on acoustic impedance of Helmholtz resonator

As shown in Eq. (2.31), the transmission loss performance of the Helmholtz resonator
is mainly determined by the acoustic impedance and the Mach number. The acoustic

impedance of Helmholtz resonator can be expressed as below:

Zig =R + X
. 1
= RHR + J[O)M HR —KHRJ

Rur and Xur are respectively the acoustic resistance and the acoustic reactance of the

(2.32)

Helmholtz resonator. The resonance frequency f, =J/\/l\/IHRCHR =\/S/leﬁV (less is the
effective length of the neck) of Helmholtz resonator is determined by the reactance.

The acoustic reactance reaches minimum when resonance occurs.
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A lot of studies have been conducted on the acoustics impedance of a HR in a grazing
flow duct. Although there is no unified model to indicate the flow effect on acoustic
impedance of the HR, it is agreed that the flow mainly influence the resistance and the
effective length of Helmholtz resonator. Many experimental work shows that acoustic
resistance increases linearly and the effective length of the neck decrease as the flow

velocity increased. Cummings ® proposed an empirical impedance model:

Rf CO (t j—0.32 U,
=(12.52| — —-2.44 -3.2 .

fd ( d fd (2:33)
LA Y 0128
5, ft t

U129 ] (2.34)
< =(1+ o.aljexp Mt el [Yio12d
5, d 0054 L d |t t

7y

d and t are respectively diameter and the length of the neck of the Helmholtz resonator.
Rt denotes resistance introduced by flow. ¢&'is the end correction of the neck with
grazing mean flow, & is the end correction without flow, co is the sound speed in air.
u= is friction velocity at the boundary surface. With Cummings’ model, the effect of

various flow speeds on a Helmholtz resonator is show in Figure 2-7.
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Figure 2-7 Transmission loss of a Helmholtz resonator under different flow condition.

In Figure 2-7, the geometries of the Helmholtz resonator are: cross sectional area of
duct S¢=0.0144 m?, resonator orifice area S, = 0.0004 m?, length of the resonator neck
is Ln = 0.03 m, the cavity of the resonator V = 0.0014 m2. From the result shown in
Figure 2-7, the transmission loss is influenced in the items of the resonant frequency
and the transmission loss amplitude at resonant frequency. As the mean flow speed
increased, the resonance occurs at a higher frequency and the transmission loss

performance decreased at the higher frequency.

In a practical exhaust ductwork system, the Mach number is normally less than 0.3. In
that case, the convective flow effects in the duct can be neglected®. The mainly
important effect of mean flow is on the acoustic impedance of Helmholtz resonator.
The transmission loss is below:

(poco /ZS +Ryg )2 + Xfm

TL =10log RE X

(2.35)
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This equation indicates that the transmission loss reach a peak when the reactance
approaching to zero and the resistance significantly influence the sound reduction
performance at the resonance frequency. At resonance frequency, the acoustic

reactance is close to zero, therefore the transmission loss will be:

2
HR

TL =10log {(p"c"/?—m'ﬂ)z} (2.36)
Transmission loss will decrease as the resistance increases. It is known that acoustic
resistance increases linearly and the effective length of the neck decrease as the flow
velocity increased. Therefore, the flow influences the attenuation performance of
Helmholtz resonator in two ways: the resistance at the orifice and the effective length
of the neck. The decrease in length end correction results in resonance frequency shifts
to a higher frequency and the increased resistance leads to lower transmission loss

amplitude at resonance frequency.

2.2.3 Termination impedance control

This formula (2.31) indicates the discontinuity condition due to the mean flow and
the flow will reduce the transmission loss performance of Helmholtz resonator. An
emerging solution aims to adapt to the changes of the environment is semi active
control system. Semi active control method using active noise control strategy

adaptively changes the passive resonator to follow the environmental variation.
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However, controlling low frequency makes the system bulky and costly. The concept
of semi-active control is to control noise by changing the acoustic impedance of
Helmholtz resonator. Here we control the acoustic impedance of Helmholtz through

controlling end termination impedance instead of physical geometries.

After the discontinuity condition where the main duct joins the side branch Helmholtz
resonator is formulated, it is possible to consider reducing the noise via termination

impedance control of the side branch Helmholtz resonator.

Control Source

Hiw)

—
:}chip-_: ipﬁ—r

Figure 2-8 Control system model

The system configuration is shown in Figure 2-8. The side Helmholtz resonator is
ended by a control source. The termination impedance is controlled by detecting the
sound pressure near the resonator neck and the controller function is defined as H(w).
The acoustic circuit of the semi active Helmholtz resonator is shown in Figure 2-9.
The Rur, Mur, and Crr are the acoustic resistance, acoustic inertance, and acoustic

compliance of the Helmholtz resonator under flow condition.
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Figure 2-9 Acoustic circuit of the semi active Helmholtz resonator

According to the acoustic circuit, the pressure ps can be readily expressed as:

P, :Us(ja)lleR"’RHR)'FL(CU)FJ3 (237)
JoC s

Thus, the impedance of the semi active Helmholtz resonator is:

z, _Ps _ joM g + Ry +1/ jaCyp (2.38)
u, 1+H()/joC g

Substituting Eq. (2.38) to Eq. (2.31) we can obtain the transmission coefficient with

the termination impedance control:

2[(1+M)(1+M2)+2'0°C° M}
TT: _ SZs (2.39)
2(1+M3)+'Z°Z°(1+M2)

3

To suppress the transmitted wave means to let transmission coefficient approach to
minimum. Thus, the controller function should be determined such that the Eq. (2.39)

equal to zero. Thus, we obtain

H (@)= joC,y [1+

XY (1+M)(1+M2)(ja)MHR+RHR +]/jwcHR)} (2.40)

The controller function is related to impedance of the Helmholtz resonator and the
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mean flow velocity. Adjusting the controller function could reach maximum
transmission loss over a wider frequency range. The mean flow significantly
influences the acoustic impedance of the Helmholtz resonator and there is no a unify
model to predict the effect of flow on the acoustic impedance of the Helmholtz
resonator and it will be determined by investigating the lumped parameters under

different air flow velocities experimentally.

2.3 Summary

The side branch resonator muffler is investigated. For a side branch Helmholtz
resonator, the resonance frequency is mainly determined by the physical parameters
of the resonator. The side branch resonator can effectively attenuate noise over a
narrow frequency range around its resonance frequency. The transmission loss of the

side Helmholtz resonator was investigated theoretically and numerically.

The performance of the Helmholtz resonator is fixed once the resonator is made. In
order to adapt to the environmental changes, a semi-active resonator via the control of
the termination impedance of the resonator is used. A theoretical study is conducted to
investigate the effect of flow on the semi active Helmholtz resonator in a low Mach

number flow duct.
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Chapter 3

Helmholtz Resonator with a spiral neck

To improve the sound attenuation performance of a HR at low frequencies, much work
has been conducted on making them as small as possible while keeping the effective
resonance frequency low enough. Selamet and Lee®® extended the neck into the cavity
and find that this shifted the resonance frequency down within it. Later, Selamet et
al.% presented another approach to lowering the resonance frequency of a HR by lining
it with fibrous material. This was found to lower the resonance frequency and peak

transmission loss without changing the cavity dimensions.

Apart from improving the passive control system, researchers have also used active
control methods to shift the efficient frequency range of the HR. Radcliffe and
Birdsong*’ proposed a means to control the acoustic impedance of the HR by mounting
a loudspeaker at the end. The control source was stimulated by a closed-loop adaptive
control strategy to change the resonance frequency. Utsumi® also investigated a side
branch HR with dynamic termination impedance and explored the possibility of broad

band noise control through varying the termination impedance.

This chapter focuses on improving the noise reduction performance of HR at low
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frequency within a limited space. In order to make the neck as long as possible, a spiral
duct takes the place of the traditional short neck of the HR. The curved structure
lengthens the neck without requiring a large space. The wave propagation in the spiral
duct neck is analyzed and the acoustic impedance formulated based on the transfer
matrix method. The results show that the resonance frequency of the HR can be
reduced by using the spiral neck, which has potential applications in tonal noise

control in a limited space.

3.1 Wave propagation in the spiral neck

G9!
F v 95

Figure 3-1 The Helmholtz resonator with a spiral neck

Figure 3-1 illustrates a Helmholtz resonator mounted on a rectangular duct with cross-
sectional area Sq. Unlike the traditional straight duct neck, the neck considered in this

study is a spiral duct of circular cross-sectional area Sn. The cavity of the Helmholtz
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resonator is a circular duct of cross-sectional area Sc and length L.

~

_LIH

i

5

Figure 3-2 The spiral neck with three turns

As shown in Figure 3-2, the spiral neck can be divided into three parts: straight duct |
of length L, spiral duct Il of length Ly measured at the midline, and straight duct I11
of length L. The spiral neck has three turns and compacts the long neck within a
smaller space. The spiral duct has a circular cross section of radius ro and its midline

has a curvature radius Ro as shown in Figure 3-3.
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Figure 3-3 A section of the curved duct

The spiral duct takes N turns and the length Ly is N*21*Ro. From Newton’s Second

Law, the particle velocity along the toroidal axis is:

_ Ll o
”Rﬁydw%{Rafﬂm} &

where p is the pressure, @ is the angular frequency, oo is the medium density, ¢ is the
curvature angle, and R is the distance from the point to the curvature center.
Nederveen®” assumed the radial dependence of the pressure is small at low frequency
which meant the pressure is the same over the cross section; this is valid for the

frequency range discussed in this study. Therefore, the particle velocity is:

__ 1o
V(R,¢)= fop R o4 (3.2)

The volume velocity in the duct in terms of the axial pressure gradient at the midline

and the volume velocity in the bent duct is expressed:
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72"'0 - —
jop, F 0(Ry¢)
2
= 0.5« K:li
R0

1—1-«?

The ratio x = ro/Ro indicates the abruptness of the bend and the factor F represents the

(3.3)

flow change as a result of the curvature in the duct. The effect of the curvature is
described as a change in the input impedance of the duct. For a spiral duct of cross-
sectional area Sp and length L measured at the midline, the input impedance of the
spiral duct can be written as a straight circular duct with cross-sectional area Sg and

length Lg:

S, =S, INF
I-B:Lu\/E

(3.4)

This means the spiral duct can be seen as an equivalent straight tube with cross area
Sg and length Lgs. According to Eqg. (3.3), the factor F is always less than 1. The
equivalent circular duct is wider and shorter than the original spiral duct. Therefore,
the spiral neck can be equivalent to the combination of three connected straight ducts
as shown in Figure 3-4 and it is obviously that the spiral neck is different from a
straight duct neck with the same length as a result of the curvature effect of the bend

duct.
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Figure 3-4 The equivalent of the spiral neck

3.2 Impedance of the spiral HR

The transfer matrix for a straight circular duct of area S and length L is given by

Munjal:
coskL -] 'Oo—c"sin KL
|: pin j| — S |: pout:| (35)
Uin j S sinkL coskL Uou
PoCo

pin, Uin and pout, Uout are the acoustic pressures and volume velocities at the input and
output ends of the duct, respectively. L is the effective length of the duct which

includes two end corrections at each side.

Figure 3-1 illustrates a duct system with a side branch Helmholtz resonator. The

impedance of the HR can be calculated by the transfer matrix between the inlet of the
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neck and the end of the cavity. As shown in Figure 3-2, the neck section can be divided
into three parts; straight duct I, equivalent straight duct I, and straight duct I11. Ty, Ty,
and Ty are respectively the transfer matrices of the three parts. T¢ is the transfer matrix

of the cavity. According to Eq. (3.5), theses transfer matrices can be expressed as

follows
0Co ]
coskL,, -] S—sm kL,
T = S ' (3.6)
J—sinkL, coskL,,
PoCo i
cosklL,  —j pso—%sin kL,
Ty = S ° (3.7)
j—2-sinkL, coskLg
PoCo ]
coskL,,,, —] pSOCO sinkL,,,,
Ty = " (3.8)
J——sinkL,,, coskL,,.
PoCo
coskL, —jpso—%sin (9
T=| ° (3.9)
J—=—sinkL, coskL,
PoCo

Therefore, the pressure and the volume velocity between the inlet of the neck and the

end of the cavity can be written as

[pl}:T.T..T...T{pZ}{A B}[pz} (3.10)
U, U,|] |[C DJU,

where p1, U1 and p2, Uz are the acoustic pressures and volume velocities at the neck

and the end of the cavity of the Helmholtz resonator, respectively. Lie and L are the
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effective length of the straight duct I and straight duct 111 which including the end
correction effects. Eq. (3.10) gives the overall transfer matrix of the Helmholtz

resonator.

Assuming the wall of the cavity is rigid, which means that the volume velocity at the
end of the cavity is zero Uz = 0, the Eq. (3.10) will be
P, = Ap, (3.11)
U, = sz (3.12)

Therefore, the input impedance of the HR can be expressed as:

Ol>

Py
in =T A1
T (3.13)

Once the input impedance of the Helmholtz resonator determined, the transmission

loss of a side HR can be described as':

|Poco 28, +Z,,

TL=20 Iog10| (3.14)

in

3.3 Results and discussion

3.3.1 Validation of the FEM model

The three-dimensional finite element method (FEM) is used to enable comparison
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with the theoretical analysis. Firstly, a duct with a bent portion is calculated. The model
described in Figure 3-5 is the same as given in the literature®® and consists of two
straight circular and one bent duct. The geometries are illustrated in Figure 3-5. The
sound source is located at the beginning of the duct and the output end is set as rigidly

closed.
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Figure 3-5 A curved duct with a close end

Figure 3-6 shows the model of the curved duct with a close end in FEM simulation.
The geometries are set the same as shown in Figure 3-5. The boundaries of the duct
are set as rigid. The duct at left side is the inlet and the duct at the right side is the
outlet. The inlet of the curved duct is set as the plane wave radiation boundary

condition and the outlet of the duct is set as a rigid wall.

A probe is located at the center of the inlet of the curved duct to measure the sound

pressure and the particle velocity. Then the non-dimensional input impedance can be
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evaluated with the measured sound pressure and the particle velocity.

Figure 3-6 The curved duct in FEM simulation

The input impedance of the curved duct is calculated with FEM simulation and the
result is shown in Figure 3-7. The modulus of the input impedance of the curved duct
gives a result identical with the theoretical and experimental results in the reference®®,
It can be concluded that the FEM simulation is an effective approach to evaluate the

effect of the curvature of the bend duct.
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Figure 3-7 Input impedance (modulus) calculated by FEM.

3.3.2 FEM Simulation of the HR with a spiral neck

As the Finite Element Method has been proved an effective way to simulate the curved
duct in last section, it is used here to simulate the Helmholtz resonator with a spiral

neck.

As shown in Figure 3-8, the numerical model is composed of a rectangular duct with
a side branch Helmholtz resonator. The geometries of the duct system are the same as
defined in Figure 3-1 and are set as follows; S¢ = 36.zcm?, Lc = 10 cm, Sq = 144 cm?,
Lg =100 cm, Sp = zcm?, Ly =3 cm, Lin =3 cm, Ro= 1.2 cm, and ro = 1 cm. The mesh
divides the duct-HR system into more than 2200 triangular elements and the minimum

element size is 1.8 cm.
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Figure 3-8 The Helmholtz resonator with a spiral neck in FEM simulation

The left end of the rectangular duct is the inlet and the right end of the duct is the outlet.
The inlet boundary is set as a plane wave radiation boundary condition and the incident
pressure is po = 1 Pa. The outlet boundary is also set as a plane wave radiation
boundary condition with no incident pressure which means the outlet boundary of the
duct is set to be anechoic. A probe is set at the center of the outlet of the duct to measure
the transmitted sound pressure and then to be used to calculate the transmission loss

of the Helmholtz resonator.

The FEM simulation of the transmission loss of the duct-HR system is compared with
the theoretical prediction described in Section 3.2. The number of turns N of the spiral
neck is set from 1 to 4. Figure 3.9 shows the transmission loss of a side branch HR

with a spiral neck. In Figure 3-9 the solid lines represent the theoretical results of the
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transmission loss and the dashed lines represent the FEM simulation results.
Comparing the solid lines to the dashed lines, the theoretical prediction agrees well

with the FEM calculations.
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Figure 3-9 Transmission loss of the HR with a spiral neck (solid lines represent the results of

theoretical prediction and dashed lines those of the FEM simulation).

For a traditional Helmholtz resonator, the maximum length of the neck as considered
in Figure 3-1 will be the sum of the length of straight ducts I and I11, which is 6 cm in
the FEM simulation. The resonance frequency of the traditional HR will be fo = 105
Hz. For the HR with a spiral neck, the resonance occurs at 76 Hz, 61 Hz, 54 Hz, and

48 Hz for the turns of the spiral duct N = 1, 2, 3, and 4 as shown in Figure 3-9(a)-(d).

49



It is apparent that the spiral neck substantially downshifts the resonance frequency
without requiring a lot of space compared to the traditional Helmholtz resonator, and
that giving the spiral neck more turns results in a much lower resonance frequency of

the proposed Helmholtz resonator.

3.3.3 High frequency modes of the HR

The Helmholtz resonator with a spiral neck is different to the traditional Helmholtz
resonator. When there are large turns, the dimension of the neck may be comparable
with the sound wavelength being considered. It is therefore necessary to investigate

the effect of the spiral neck on the transmission loss at high frequencies.

Figure 3-10 illustrates the transmission loss of the Helmholtz resonator when the

number of turns of the spiral neck is set to be 3.
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Figure 3-10 Transmission loss of the HR with a spiral neck at higher frequencies (solid lines

represent the results of theoretical prediction and dashed lines those of the FEM simulation).

As shown in Figure 3-10, resonance occurs at more than one frequency. These higher
modes are generated by the long neck of the Helmholtz resonator. When the frequency
is high, the side branch HR can be modelled as a long tube, similar to the quarter wave
resonator, which has more resonance frequencies. Therefore, the spiral neck not only
lowers the resonance of the HR but also gives more resonance at higher frequencies.
This is very useful in practice, especially when the noise source contains more than
one frequency to be controlled. Fan noise is a good example, where the frequency is
determined by the speed of the fan rotation. Traditional HR only work at one frequency
and so cannot respond to changes in fan speed. With the help of the spiral neck, the

HR can be designed to control the different tonal noise.
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3.4 Summary

To improve the attenuation of the Helmholtz resonator at lower frequencies, a
Helmholtz resonator with a spiral neck is proposed. The transmission loss of the
proposed Helmholtz resonator is studied theoretically based on the equivalent of the

curved duct.

The Finite element method is used to simulate the Helmholtz resonator with a spiral
neck and the turns of the spiral neck is set as different to investigate its effect. The
theoretical results agree well with the FEM simulation results. The results show that
the resonance frequency of the Helmholtz resonator can be effectively lowered by
incorporating the spiral neck and larger number of the turns of the spiral neck results
in lower resonance frequency of the Helmholtz resonator, which have potential

application of tonal noise control within a limited space.

Additionally, the effect of the higher modes of the Helmholtz resonator is investigated
and the results show that the spiral neck not only lowers the resonance of the HR but
also gives more resonance at higher frequencies. This is very useful in practice,

especially when the noise source contains more than one frequency to be controlled.
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Chapter 4

Periodic Expansion Chamber Mufflers

The expansion chamber muffler is an effective noise reduction device for duct systems.
The transmission loss of a single expansion muffler has a periodic character that is
often used for the control of periodic noise. Combining several mufflers is a way to

improve performance.®® 7

When mufflers are periodically loaded along a duct, this periodic structure can produce
peculiar dispersion characteristics in overall transmission loss. Bloch waves were
introduced to explain the wave propagation in periodic waveguides. Bradley®® %
investigated acoustic Bloch waves in periodic waveguides theoretically and
experimentally and proved that Bloch waves were the solution to infinite, semi-infinite,
and finite periodic waveguides. Sugimoto and Horioka® examined the dispersion
characteristics of wave propagation in a tunnel with an array of Helmholtz resonators.
Wang and Mak®® 7 found that periodic Helmholtz resonators can provide a much

broader sound attenuation than a single resonator.

This Chapter aims to investigate wave propagation in periodic expansion chamber

mufflers. The transfer matrix of the periodic structure is derived to determine the Bloch

53



wave in periodic expansion chamber mufflers. The dispersion characteristics of
periodic mufflers is examined. Periodic expansion chamber mufflers have different
transmission loss than a single expansion chamber muffler, which may have potential

applications in muffler design.

4.1 Single Expansion Chamber Muffler
4.1.1 Transmission Loss of the single expansion chamber

The single expansion chamber is a common device for attenuating noise in ductwork
systems. The single expansion chamber is composed of one expansion chamber to
provide an acoustic impedance mismatch. The acoustic energy is reflected by the
expansion chamber at effective frequencies and the expansion chamber muffler is a

reactive noise control device.
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Figure 4-1 The configuration of the single expansion chamber muffler
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As shown in Figure 4-1, the diameter of the circular duct is d; and the diameter of the
single expansion chamber is do. The length of the muffler is L. Assuming that only
plane waves propagate in the duct and the expansion chamber muffler. The incident

wave and the reflected wave in the inlet duct can be represented as:

y :Aej(wt—kx) 1 =picej((oth) (@.1)
0“0

pr _ Aej(wHkx) ur :_pp:; ej(wt+kx) (42)
0“0

where po and co are the density and the speed of sound in air. Similarly, the sound
pressure in the expansion chamber can also be represented by the combination of the

incident plane wave piec and the reflected plane wave prec.

piec = Aecej(wtikX) uiec = Aec ej(MikX) (43)
PoCo
prec = A\'ecej(wHkX) urec == Aec ei(wHkX) (44)
PoCo

Assuming the outlet duct is end with anechoic termination, the sound pressure and the

particle velocity at the outlet duct can be expressed as:

pterj(wt—kx) utzpicej(wth) (4.5)
0~0

At the junction of the duct and the expansion chamber muffler, the pressures and the
volume velocities are continuous. At the inlet of the muffler, the instantaneous acoustic
pressure in the inlet duct and in the expansion chamber are equal and at the outlet of

the muffler, the instantaneous acoustic pressure in the expansion chamber equals to
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that in the outlet duct. The instantaneous volume velocities are equal on each side of

the inlet and outlet junction of the expansion chamber.

At the junction of the inlet of the expansion chamber muffler (x = 0), the sound
pressure and the volume velocity are continuous.

P (0)+ P, (0)= P (0) + Py (0) (4.6)

S,u; (0)+S,u, (0)=S,u,. (0)+S,u,. (0) (4.7)

iec

where S; and Sy are the cross sectional area of the main duct and the expansion chamber.

Similarly, at the junction of the outlet of the expansion chamber muffler (x = L), he
sound pressure and the volume velocity are continuous.

Piec (L) + Prec (L) =P (L) (4.8)

S,u,, (L)+ S,u,, (L) =S,U, (L) (4.9)

Substituting Egs. (4.1) to (4.5) into Egs. (4.6) to (4.9)

A+A=Ac+ A, (4.10)

S (A-A)=5(Ac-Ax) (4.11)
A e+ A e =Ae (4.12)

S, (Ace ™ - A" ) =5 Ae (4.13)

Eliminating Ar, the Eq (4.10) and Eq. (4.11) yield
25,A :(Sl+82)Aec +(Sl_SZ)Arec (4.14)
According to Eq. (4.12) and Eq. (4.13), the incident wave and the reflected wave in

the expansion chamber can be expressed as
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(S, +S,)

Ac =55 A
(SZ_Sl) —j2kL
=—->=A¢

Aw=""5 A

Substituting Eq. (4.15) and Eqg. (4.16) into Eq. (4.14)

A = (S.+S, )2 A - (S, _31)2 Ae 12K
4SS, 4SS,

Let m = S,/S;1 be the area ratio of the expansion chamber and the duct.

S+, S, -S, Y
A=(1+ Z)A—(z )

4SS, 4SS,

:e—jkL (Sl+82)2 ejkL _(Sz _Sl)z ejkL]A

AeijKL

4SS, 4SS,

=e | coskL +i(m +ijsin kL} A
i 2 m

The transmission loss of the single expansion chamber is

A

TL 10Ioglo(

(1Y .
:10Iogm[1+z(m—a] smszJ

4.1.2 Transfer matrix of the single expansion chamber

i 1( 1Y
=10log,, | cos’ kL+—(m+—] sin? kL
A 4 m

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

The transfer matrix method has been used for evaluating the performance of the

muffler for a long time. Transfer matrix is usually suitable for one-dimensional

systems such as the mufflers. The performance of the muffler can be evaluated in terms

of the transfer matrix of the system. The transfer matrix relates the variables on the
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two side of the element as shown in Figure 4-2.

p in p out

L W

Figure 4-2 General representation of an element for transfer matrix

The variables on the two sides of the element can be related by its transfer matrix as

follows:

{ Pin }:T|: Pout :|:|:Tll T12}|: Pout } (4.20)
PCU;, PCUGy To Ty || PCUG,

where pin Uin are sound pressure and particle velocity at the inlet of the element and
Pout Uout are sound pressure and particle velocity at the inlet of the element. The transfer

matrix of the element is denoted as T.

In order to evaluate the transmission loss of the element in terms of the transfer matrix,
the outlet of the element is assumed to be anechoic. The pressures and the particle
velocities at the inlet junction and the outlet junction of the element is expressed as

follows

Pin = A + Ar
PoColin = A — A
Poue = A
PoColloy = A

(4.21)
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where Aj, Ar are the amplitudes of the incident wave and the reflected wave at the inlet

junction, A is the amplitude of the incident wave at the outlet junction.

{AWA}ZFH TnMA} 4.22)
A-A T T LA

Eliminating Ay, the relation between A;j and At can be expressed as:
1
Ai = E[Tll +T12 +T21 +T22] A\ (4'23)
Therefore, the transmission loss of the element is expressed in terms of the transfer

matrix.

Sin Aﬁz /Zpoco
Sout AZ /2100CO

TL =10log,, =20log,, +10log,, Sin

1
E[Tll +T12 +T21 +T22]

out

(4.24)

where Sin and Sout are the cross-sectional area of the inlet and the outlet.

For a straight duct with length L shown in Figure 4-3, the wave in the straight duct can

be expressed as the combination of the incident wave and the reflected wave.

p(x) = 16/ 4 Rel* ) (4.25)
and the particle velocity is
u (X) _ I ej(a)tka) _ R ej(a)HkX) (426)
PoCy PoCy

where S is the cross sectional area of the straight duct, p,c are the density and speed of

sound in the air.
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Figure 4-3 A straight duct with length L
p(0)=[1+R]e (4.27)
u(0)= L [1-R]e (4.28)
PoCo
L)=|le”* +Re¥ |/
()= ! | (4.29)
=coskL[I +R]e' — jsinkL[I -R]e'
u(L)= L [Ie"'kL—Re”‘L]e"”t
P . (4.30)
_ coskL[I _R]ei — jsin kL[I +R]ei
PoCo PoCo

Eqg. (4.29) and (4.30) can be rewritten in the matrix form

ENESL e

poCu(L)| [—jsinkL  coskL || p,cou(0)
and the transfer matrix can be obtained by inverting the Eq. (4.31)
p(0 coskL  jsinkL p(L
( ) = J ( ) (4.32)
PoCU(0)| | jsinkL coskL || pyCou (L)
Therefore, the transfer matrix T of a straight duct with cross sectional area S and length

L can be expressed as:

(4.33)

- coskL  jsinkL
| jsinkL  coskL

For the expansion chamber as shown in Figure 4-1, the sound pressure and the particle
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velocity in the inlet straight duct, the expansion chamber and the outlet straight duct
are Pin/Uin, Pec/Uec, Pout/Uout respectively. At the inlet junction of the muffler, the sound
pressures and the particle velocities in the inlet duct and the expansion chamber can
be related as:

1 0
pin — S pec (O) 4 34
PoColiy 0 S_Z PoColee (0) (.39

1

Similarly, at the outlet junction of the muffler, the sound pressures and the particle

velocities in the expansion chamber and the outlet duct can be related as follows:

1 0
{ P (L) ] ‘ { P } s
pOCOUec(L) O S_l pocouout .
2

Now the transfer matrix of the expansion chamber can be obtained with Eq. (4.34)

and Eq. (4.35)

1 0 .. 1 0
Pin coskL  jsinkL Pout
- Soll v S,
OuCuU, | |0 S |Lisin kL coskL || O 35 |LPoCoba
- 2 (4.36)

cos kL jS":nkL[ ot }
| jmsinkL  coskL Poollou

where m is the area ratio of the expansion chamber and the duct defined as in section
3.1.1. Therefore, the transfer matrix of the single expansion chamber can be expressed

as:

. sinkL
T - coskL - (4.37)

jmsinkL  coskL

According to Eq. (4.24), the transmission loss of the single expansion chamber
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muffler can be expressed as:

TL =20log,,

coskL + Jsin kL(m +£]
2 m

2
=10log,, [cos2 kL +%(m +%j sin? kL} (4.38)

1 1Y .
:10|Ogl°(1+2(m_HJ smsz}

which is the same as Eq. (4.19)

4.1.3 Simulation
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Figure 4-4 The geometries of the model

As shown in Figure 4-4, let the geometries of the expansion chamber be: the diameter
of the circular duct d; = 1.375 in, the diameter of the expansion chamber d> = 6.035
in, and the length of the expansion chamber L = 8 inch (the geometry is the same as

the model used by Tao™).
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Figure 4-5 Transmission Loss of a single expansion chamber of 1D theoretical analysis

The transmission loss of the expansion chamber muffler according to Eq. (4.38) is
plotted in Figure 4-5. The 1D theoretical results are based on the plane wave
assumption. It is seen that the transmission loss of the single expansion chamber
muffler is a periodic function. As indicated in Eqg. (4.38), the transmission loss is a
periodic function of kL. When sin kL = 0, the transmission loss is zero which means
the element has no sound attenuation at these frequencies. When sin kL = 1, the
transmission loss reaches maximum. The sound attenuation performance of the
expansion chamber is determined by the area ratio and the length of the expansion
chamber. The larger of the area ration, the larger of the transmission at frequencies

when sin kL = 1.

To compare with the theoretical results, a 2D axisymmetric finite element method

(FEM) is used to simulate the expansion chamber muffler. The numerical model is
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composed of a circular duct with expansion chamber and an excitation from an
oscillating sound pressure at fixed magnitude Po = 1 at the inlet of the duct. The end
termination is set to be anechoic. The configuration of the FEM model is illustrated in

Figure 4-6. The geometries is the same as the theoretical model.
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Figure 4-6 The FEM model of the expansion chamber

As shown in Figure 4-6, the beginning and the end of the main duct are set as a plane
wave radiation boundary condition. The plane wave radiation boundary condition
means the boundary allow an outgoing wave to leave the domain with minimal
reflections. At the beginning of the duct, the plane wave radiation boundary, the
incident pressure is set as 1 Pa which is the incident wave of the expansion chamber.

At the end of the main duct the plane wave boundary is associate with no incident
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pressure and thus the boundary is identical to anechoic termination. A probe is set at
the center of the end boundary of the termination to measure the transmitted sound
wave. Therefore, the transmission loss in FEM model can be calculated with the

incident wave and the transmitted wave.
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Figure 4-7 Transmission loss of the single expansion chamber by FEM

Figure 4-7 gives the transmission loss of the single expansion chamber muffler
calculated with FEM model. The result agrees well with the experiment data measured
by Tao and Seybert’:. However, the FEM result is different from the predicted by 1D
plane wave theory shown in Figure 4-5. The difference occurs at higher frequencies
where the plane wave assumption is no longer suitable for the model and the higher

modes exists in the expansion chamber and the main duct.
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4.2 Periodic Expansion Chamber Mufflers

4.2.1 Transfer matrix of the periodic expansion chamber

SR A i
Ffe---d---
; [”efj(f-* ) - L--3 fwr]efj(H 1)
S— !
........... e A8
il :2 — Xn Kl To infinity
————————
R | R
) n
€ - -n" periodic celF - -3,
(a)
eI NEI=T=t=1=1= >
[e_j(x_xl) T (-_--d___')(__ L= I —J(x=x,)
1 L I [ -1 ﬂ+le
1
1 1 I
_'_'+f'_"f11_5?2 ''''''''''''''''''''''''''''''''''''' in'_'_'-‘_‘_'_'_'_'fnﬂ
b e ————— —

1 . -
‘€ - -n" periodic celF - -3,

(b)
Figure 4-8 (a) Infinite periodic expansion chamber mufflers; (b) Finite periodic expansion

chamber mufflers with anechoic termination.

Figure 4-8(a) shows an infinite array of periodic expansion chamber mufflers loaded
periodically along a circular duct and Figure 4-8(b) shows a finite array of periodic
expansion chamber mufflers. The diameters of the duct and the expansion chamber
are di and d> respectively. A typical periodic cell consists of a uniform duct of length

d and an expansion chamber of length L. The length of a periodic cell is: h = L+d.

Assume that only planar waves propagate both in the duct and the mufflers and that

the time-harmonic disturbance takes the form e, The sound wave propagation in a
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spatially periodic structure has been examined by Bradley,>* % who found that Bloch
wave functions are the solution for a periodic waveguide. For the Bloch waves, the

relation between waves in two adjacent periodic cells is:

In+1 =T In :equh In T= Tll T12 (439)
Rn+l Rn Rn T21 T22

where the transfer matrix T relates to the sound fields at the center of the uniform duct
in the n™ periodic cell and that in the n+1" periodic cell, h is the length of a periodic
cell and q is called the Bloch wave number. In the n" periodic cell shown in Figure
4-8(a), the Bloch wave in the uniform duct is composed of two conventional plane
waves traveling in opposite directions, associated with the amplitudes I» and Rn. In a
periodic waveguide, the Bloch waves in the n+1" cell are related to ones in the n'" cell
with e7%". Finding the solution of the Bloch waves requires determining the transfer

matrix T of the periodic structure and its eigenvalue problem:

|:Tll Ty :|{V| :| — g |:VI :| (4.40)
T T [ Vg Ve

where 19" and v are, respectively, the eigenvalue and the corresponding eigenvector

of the transfer matrix T of the periodic expansion chamber mufflers.

In the n'" periodic cell, the sound pressure can be expressed as:
p,(x)=1,e 07 L R ghtH) (4.41)
Let the sound pressures and the particle velocities at the inlet and outlet of the

expansion chamber muffler in the n™ cell be pin, Uin and Pout, Uout respectively:

67



_ —jkd/2 jkd/2
P, =1,e +R.e

D, = |n+le1kd/2 +R e k2

Eq. (4.42) can be rewritten in the form of matrices:

{ Pou }: 1
pocouout _O

E

. . . n . 4.42
PoColiy = Ine_jkd/2 - Rnejkd/2 PoColoy = In+1ejkdl2 - Rn+le_1kd/2 ( )
i —jkd/2 jkd/2 ]
S I L (4.43)
pocouin e—jkd/Z _ejkd/2_ Rn
—jkd/2 —jkd/2 ][
n+l}: 0-5¢ jkd /2 0-5e jkd /2 Pou :| (4.44)
el 0.5e’ —0.5¢’ | PoColu
Pout, Uout and Pin, Uin can be related by transfer matrix method:"
0 coskL  —jsinkL |1 O P
S,/S, || —jsinkL  coskL |0 S,/S, || psColis
. 4.45
cos kL —jmsinkL | p;, (449
| —jsinkL/m  coskL || p,CoU;,

where m = S,/S:. S1 and Sy are the cross-sectional areas of the duct and the expansion

chamber respectively. Combining Egs. (4.43), (4.44), and (4.45) vyields:

o ikd/2

o ikdr2

» 5 coskL  —jmsinkL oz gz [y
|:Rn+l:| - plkdr2 glkd/2 —j sinkL cos kL |:ejkd/2 _ejkd/2:||:Rn:|
2 2 m
(4.46)
Therefore, the transfer matrix T is:
e (1), j 1) .
ZcoskL—J(m+—)sm kL —(m——jsm kL
m 2 m

i(1—m]sin kL
2\m

el 1
—£2cos kL + j(m +—jsin ij
2 m

(4.47)
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4.2.2 Eigen problem of the periodic transfer matrix

The Bloch wave number q determine the transmission character of the Bloch waves
and this can be solved by solving the characteristic Equation of the eigenvalues of

transfer matrix T:

—jgh
T11 —€ T12

Cor —e ™ (T, +T,,)e ™ +[T|=0 (4.48)
21 22

According to the principle of reciprocity, the determinant of the matrix T is unity®.

The two solutions of Eq. (4.48) are q: and g2 respectively. The solutions must satisfy
the relations as follows:

g fuhg-iuh (4.49)

e e N =T 4T, (4.50)

According to Egs. (4.40) and (4.47), the dispersion relation of the periodic structure

can be expressed as:*3

cos(qlh) = %(T11 +T22) = coskL coskd —%(m +%jsin KL sin kd (4.51)

The solution of q is multivalued due to the inverse cosine function. When the absolute
value of the term on the right side of Eq. (4.51) is no more than unity, the solution of
qg is real and the waves traveling through each periodic cell are only changed with a
phase delay of eJ9". These spectral regions under this condition are known as
passbands, where waves propagate through the structure with no amplitude attenuation.

When the solution of ¢ is complex, the coefficient e 79" can be expressed as:
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e I = g (AN — gaihg AN (4.52)
where @i and gr are the real part and the imaginary part of q, respectively. In these
spectral regions, the amplitudes of the waves propagating through each periodic cell
are attenuated by e“". When the number of periodic cells is large enough, the waves
are eliminated and cannot transmit through the whole periodic structure; such

frequency regions are referred as stopbands of the periodic structure.

Eq. (4.40) can be rewritten by eliminating eJ9";

2
Vv Vv
T21 [V_lj + (Tzz _Tll)v_l _le =0 (4.53)

R R

where [V, ,VR]T is the solution of the Bloch waves and represents the linear
combination of the conventional plane waves and has two solutions. When V, /VR >1,
the magnitude of the incident wave is larger than that of the reflected wave in the
periodic cell, which indicates that the total energy is transported in the direction of the
propagation (+x direction) and this type of Bloch wave is categorized as a forward-
traveling Bloch wave. When 'V, /VR <1, the reflected wave dominates in each periodic
cell and the total energy of the Bloch wave is transported in the opposite direction to

the propagation; this is called a backward-traveling Bloch wave.

4.2.3 Finite periodic expansion chamber mufflers

In the case of a finite periodic structure, Bradley®® has proven that forward- and
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backward-traveling Bloch wave functions are also solutions to the finite periodic
waveguide and the combination of two types of Bloch wave functions are able to
produce an arbitrary termination impedance. Figure 4-8(b) shows a duct loaded
periodically with n expansion chambers mufflers at an identical distance. A
loudspeaker is mounted at the beginning of the duct and the termination is assumed to
be anechoic. The waves in the first periodic cell can be described as a combination of

forward- and backward-traveling Bloch waves:

N
Rl VlR V2R
where [vll,le]T and [V2|,V2R]T are forward- and backward-traveling Bloch waves

associated with Bloch numbers q: and gz respectively. a and b are arbitrary constants

determined by the boundary conditions. Therefore, the waves after the n'" cell are:
|: In+1:| — Tna|:vll j|+-|-nb|:v2l :| — e—quhna|:vll j|+e—jqzhnb|:v2l :| (455)
Rn +1 VlR VZ R VlR v2 R

When the duct ends with anechoic termination, there is no reflection in the last cell,
which means that Rn+1 is equal to zero.
- jgh - jgoh
R.,=e""av +e " by, =0 (4.56)
Then the ratio of the forward- and backward-traveling Bloch waves can be expressed

as:

SR (4.57)

The incident wave and the transmitted wave of the n periodic expansion chamber
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mufflers are 11 and In+1 respectively. The transmission loss of the finite periodic
structure can be calculated by:

| v, +b/av,, |
|e"'qlh”v1I +b/ae %"y, |

TL =20log,, Ill =20log,, (4.58)

n+1

In an infinite periodic waveguide, the transmission loss of n mufflers can be easily
calculated as TL,, = 20|og10|av1,/(e‘jq*"‘av1I )| When the number of finite periodic
mufflers is large enough, the ratio b/a reaches zero and the transmission loss will be
similar to that in an infinite periodic waveguide. Figure 4-9 and Figure 4-10 show the
comparison of averaged transmission loss (TL/n) of n expansion chamber mufflers in

a finite and an infinite periodic waveguide.

14 T T T T T T T T
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10
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Averaged Transmission Loss (dB)
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Figure 4-9 The averaged transmission loss (TL/n) of n expansion chamber mufflers in a finite
waveguide (dashed-dotted lines: n = 1; dotted lines: n = 3; dashed lines: n =5) and in an infinite

periodic waveguide (solid lines). L = 0.4m, d = 0.4m
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Figure 4-10 The averaged transmission loss (TL/n) of n expansion chamber mufflers in a finite
waveguide (dashed-dotted lines: n = 1; dotted lines: n = 3; dashed lines: n = 5) and in an infinite

periodic waveguide (solid lines). L = 0.4m, d = 0.3m.

In Figure 4-9 the length of the muffler equals to the distance between the mufflers (L
= 0.4 m, d=0.4m) and in Figure 4-10 the length of the muffler is different from the
distance between mufflers (L = 0.4 m, d =0.3 m). It is seen from Figure 4-9 and Figure
4-10 that as the number of finite periodic mufflers increases, the averaged transmission
loss of n finite expansion chamber mufflers approaches that in the infinite periodic
waveguide no matter the length of the muffler equals to the distance between mufflers
or not. The stopbands and passbands of the finite expansion mufflers are similar to
those in a perfect infinite system. Therefore, the dispersion characteristics determined

by Eq. (4.51) can be used with the finite periodic expansion chamber mufflers to
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predict their stopbands.

4.3 Theoretical Results and discussion

The finite element method (FEM) is used to verify the theoretical analysis of periodic
expansion chamber mufflers. The wave propagation is governed by the Helmholtz

equation in the inner duct and the expansion chamber.
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07 " o
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Figure 4-11 The periodic expansion chamber mufflers in FEM simulation

Figure 4-11 shows the periodic expansion chamber muffler in FEM simulation. As the
structure considered here is structurally symmetric, a 2D axisymmetric model is

selected to simulate the periodic expansion chamber. The numerical model consists of
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a circular duct with three periodic expansion chamber mufflers. The beginning of the
duct is modeled with a plane wave radiation boundary condition with amplitude po =
1 and the end is modeled with a no-reflection boundary. In the simulation, the
temperature and the air pressure are 20 degrees Celsius and 1 atmosphere respectively.
The geometries of the periodic structure in the analysis below are set as: the diameter

of the duct d1 is 0.05m and the diameter of the expansion chamber d> is 0.1m.

When the length of the expansion chamber L is equal to the distance d between two

mufflers, Eq. (4.51) will be

cos(gh) = cos’ kL—%(m jtijsin2 kL
m

=1—F(m+ij+l}sin2 kL
2 m

The term on the right side of Eq. (4.59) is a periodic function and consequently the

(4.59)

solution of Bloch number q is also a periodic function in kL. This is identical to the

character of the transmission loss of a single expansion chamber muffler.
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Figure 4-12 The transmission loss of three finite periodic expansion chamber mufflers with L =
0.4m, d = 0.4m (the solid line represents the results of theoretical prediction and the dashed-

dotted lines those of the FEM simulation).

Figure 4-12 shows the transmission loss of three finite periodic expansion chamber
mufflers. L and d are set as 0.4 m. The solid line and dashed-dotted line respectively
represent the theoretical result and the FEM simulation result. It is seen that the FEM
simulation fits well with the theoretical results. When frequencies are relatively high,
there are some discrepancies between the theoretical and FEM results. This is mainly
due to the differences between the one-dimensional theoretical model and the three-
dimensional FEM simulation. The plane wave assumption is not valid at higher
frequencies. Figure 4-12 demonstrates that when the length of the expansion chamber
L is equal to the distance d between two mufflers, the transmission loss of the finite

expansion chamber mufflers is periodic with the same period of transmission loss as a
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single expansion chamber. The periodic expansion chamber mufflers can offer
significant improvement in transmission loss within a narrowed frequency range

compared to the single expansion chamber muffler.
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Figure 4-13 The transmission loss of three finite periodic expansion chamber mufflers with L =

0.4m and d = 0.2m (dashed-dotted line), 0.3m (dotted line), 0.4m (solid line) respectively.

Figure 4-13 shows the comparison of the transmission loss of three finite periodic
expansion chamber mufflers with different distances d between two mufflers. The
transmission loss is obtained from the FEM simulation. The length of the expansion
chamber L is set as 0.4m and the distance d is set as 0.4m (solid line), 0.3m (dotted
line), and 0.2m (dotted-dashed line). As shown in Figure 4-13, when the length of the
expansion chamber muffler L is not equal to the distance d between mufflers, the
periodic character of the transmission loss changes. The peak of the periodic mufflers’
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transmission loss is no longer identical to that of the single expansion chamber muffler
and shifts in different ways with different distances between periodic mufflers. The
stopbands of the periodic expansion chamber mufflers can be predicted by Eq. (4.51),
which has a potential application in changing the effective control frequency ranges.
This should be avoided in the design of periodic expansion chamber mufflers when

the controlled noise is periodic.

4.4 Summary

This Chapter presents a theoretical study of the acoustic attenuation of periodic
expansion chamber mufflers. The theoretical results fit well with the FEM simulation.
The stopbands and passbands of finite expansion mufflers are similar to those in a

perfect infinite system.

Investigation of the influence of the distance between periodic mufflers has revealed
that when the distance between mufflers is the same as the length of the expansion
chamber (d = L), the transmission loss of periodic expansion chamber mufflers has the
same period in frequencies and is largely enhanced within a narrowed frequency range.
For other cases (d # L), the transmission loss of periodic expansion chamber mufflers
is no longer a periodic function in kL and the frequencies of peak transmission loss

change with different d. In general, unlike with a single expansion chamber muffler,
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the stopbands of the periodic structure are mainly due to the dispersion characteristics
of the Bloch waves. A different configuration can enhance the transmission loss within

a narrow frequency range or shift the stopbands.
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Chapter 5

Periodic Micro-perforated Mufflers

A micro-perforated panel (MPP) is composed of a thin plate across whose surface are
distributed holes of sub-millimetric size. Maa’® initially proposed an approximate
theory to predict the impedance of an MPP, which revealed that the panel itself can
provide high acoustic resistance and low mass reactance, making the structure an
efficient sound absorber. The MPP was introduced as an alternative to conventional
porous absorbers avoiding the problems of bacterial contamination and small particle
discharge. Many studies have since been conducted on the application of MPPs in

fields such as room acoustics’*"® and environmental noise control’.

In addition to its application in the field of room acoustics, the MPP has also been used
to attenuate noise in duct systems®® 81, The micro-perforated tube muffler consists of
micro-perforated tubes backed by air cavities. This kind of muffler is similar to
conventional silencers except for its sub-millimeter perforation and the absence of
porous material in the cavities. Because there is no fibrous material, the muffler can
be used in situations where there are concerns about hygiene and health problems,
such as hospitals and food industries. Although many studies have been done on the
performance of perforated mufflers®2-8, the perforated screen is usually used to retain

fibrous material and the perforation diameter of such mufflers is usually greater than
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a millimeter, unlike the micro-perforated tube mufflers. Wu® first presented a
preliminary study evaluating the sound attenuation of MPP silencers and discussed the
effect of geometric parameters on silencer performance. Allam and Abom®® found that
the micro-perforated muffler had minima at higher frequencies. These minima
occurred due to the resonances in the outer chamber and were reduced by introducing
an uneven split to the outer chamber. Wang et al.2® introduced micro perforation to a
light plate silencer to broaden the effective frequency range of noise control. The
vibration of the light micro-perforated plate was taken into account and the proposed
hybrid silencer provided wider stopbands. Multiple MPP absorbers were used to
achieve a broader frequency range of noise control and attenuate duct noise®’. These
devices comprised an MPP back with different cavities and the proposed silencer can

offer wider stopbands than the single-plate silencer.

Because of the high acoustic resistance and low mass reactance due to the sub-
millimeter perforation, the micro-perforated muffler can provide considerable sound
attenuation of duct noise. Multiple mufflers are often used to enhance attenuation
performance. When mufflers are distributed periodically in a duct, the periodic
structure produces peculiar dispersion characteristics in the overall sound transmission
loss. The Bloch wave theory and the transfer matrix method are used to study the wave
propagation in periodic micro-perforated tube mufflers and the dispersion
characteristics of periodic micro-perforated mufflers are examined. The results

predicted by the theory are validated against finite element method simulation and the
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experimental results. The results indicate that periodic structure can influence the
performance of micro-perforated mufflers. With different periodic distances, the
combination of periodic structure and the micro-perforated tube muffler can contribute
to the control of lower frequency noise with a broader frequency range or improvement

of the peak transmission loss around the resonant frequency.

5.1 Theory

5.1.1 Bloch waves in the periodic structure

ity R AT :
e --- _———al(_i
: Ine_j(x_xn) - L= In+]e J(x x’&])
—_— e
I 1
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Figure 5-1 A periodic array of micro-perforated mufflers.

As shown in Figure 5-1, an array of micro-perforated mufflers are distributed
periodically along a circular duct. Each periodic cell here consists of a uniform duct
and a micro-perforated muffler. The diameter of the inner duct of the muffler is
identical with the uniform duct. The length of the micro-perforated muffler is L and
the distance between two adjacent mufflers is d. The length of a periodic cell is: h =

L+d.
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Assume that only planar waves propagate in the duct and the mufflers the time-
harmonic disturbance takes the form exp(—jat). The sound wave propagating in a
spatially periodic structure has been examined by Bradley %% % and the solution wave

functions of the periodic waveguide are Bloch wave functions which can be expressed

In+1 =T In :equh In T= Tll T12 (51)
Rn+l Rn Rn T21 T22

where the transfer matrix T relates the sound fields at the center of the uniform duct

as:

in the n'" periodic cell and that in the (n+1)" periodic cell, h is the length of a periodic
cell and q is called the Bloch wave number. In the n" periodic cell shown in Figure
5-1, the Bloch wave in the uniform duct is composed of two conventional plane waves
traveling in opposite directions associated with the amplitudes I and Rn. In a periodic
waveguide, the waves in the (n+1)" cell are related to ones in the n'" cell with e’
Finding the solution of the Bloch waves falls into determining the transfer matrix T

and its eigenvalue problem:

|:T11 T, } v = ey (5.2)
Ty T

where e79 and v are the eigenvalue and the corresponding eigenvector of the transfer

matrix T of the periodic mufflers.
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5.1.2 The transfer matrix T of the periodic structure

The sound pressure p, and the velocities u, in the ™ periodic cell can be expressed as:

jk(x=x,) jk(x=x%q)

pn(x): le +R e

. . (5.3)
Piaty (X) = 1, M0 R ¥
where Xy is at the center of the uniform duct in the n periodic cell, po and co are the

density and the sound speed in the air.

In the n™ periodic cell of Figure 5-1, let the sound pressures and the particle velocities
at the inlet (x = x,+d/2) and the outlet (x = xn+1—d/2) of the micro-perforated muffler

be pin, Uin and pout, Uout Which can be expressed with (5.3):

pin = pn(xn +d /2) pout = pn+l(xn+1_d /2)
— I e—jkd/Z + R ejkd/Z — I ejkd/Z + R e—jkd/Z

n+1
(5.4)
PoColin = PoCol, (Xn +d /2) PoColloue = PoCollyen (X —d /2)

—jkd/2 jkd/2 jkd/2 —jkd/2
=1 e " -Re! =1,."“-R "’

n+1

n+1l n+1

Define the transfer matrix C of sound pressures and particle velocities between the
inlet and outlet of the inner duct of the micro-perforated muffler, the sound pressure

and particle velocity at the outlet of the micro-perforated muffler in the n periodic

|:p0ut:|:C|:pin:| (55)
uout uin

Eqg. (5.4) can be rewritten in the form of matrices:

. —jkd/2 jkd /2 |
|: Pi :|:|:ejkd/2 ° jkd/2j||: n:| (5.6)
pOCOUin e —€ Rn
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| —jkd/2 —jkd/2
|: n+l:|:|:0.59 . 0.5e _kd/2j||: Pout :| (57)
R 0.5e’ —0.5¢’ PoColou
Combing Egs. (5.5), (5.6) and (5.7) yields:
| —jkd/2 —jkd/2 —jkd/2 jkd/2 |
[ n+1}:{0.5e_ 0.5¢”/ }C{e | e M n} 5.9)
Rn+1 0.59Jkd/2 —0.5ejkd/2 e—jkd/Z _ejkd/2 Rn
According to the Eq. (5.1), the periodic transfer matrix T can be expressed as:

T T _jkd/2 —jkd/2 _jkd/2 ikd/2
T:[ " 12}:{0.5e 0.5e }C[e e } (5.9)

T21 T22 O_Sejkdlz _0_58jkd/2 e—jkdlz _ejkd/Z
The transfer matrix T can be determined when the transfer matrix C of the micro-
perforated muffler is known. In order to get the transfer matrix C, the n" periodic cell
is depicted in Figure 5-2. The micro-perforated muffler is composed of a micro-
perforated inner duct of the diameter d; and an outer chamber of diameter d>. The

length of the muffler is L.

- —Q — >

Figure 5-2 The n' periodic cell of the periodic micro-perforated mufflers.
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Assume that only harmonic planar waves propagate in both the micro-perforated inner
duct and the outer chamber (Figure 5-2), and that the continuity and momentum
Equations yield. In the absence of mean flow, the coupled wave Equations in the inner

duct and the outer chamber are expressed as follows 2:

d2p, (., 4ik 4 ik

Ve ( 0. 2 P, 0. 2 P, (5.10)
d’p, ( 4d, ik . 4d, ik

.\ e Ad k) o 5.11
e (df—df 2 P a—d’ 7)™ G.11)

where k is the wave number, p1 and p2 represent the sound pressures in the inner duct
and outer chamber, respectively. z is the non-dimensional acoustic impedance of the

micro perforation.

According to Maa’s model '8, the non-dimensional acoustic impedance z can be

expressed as:

2 2
7= 32n Lz 1+K_+£K$ +Jit 1+]/,/32+K+0.85$
opC, dZ |\ 32 32t oC, 2 t

(5.12)

where 7 is the viscosity of air, o, dn and t are the porosity (the ratio of the micro-

perforated area to the area of the panel), the hole diameter and the thickness of the

micro perforation, K =d,\/wp,/47 .

Eqg. (5.10) and Eq. (5.11) can be rewritten in the form of matrix:
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p1' i 0 1 0l- 5 _

1

(%] _(kz_diﬁ] 0 —diﬁ 0| dp.

X _ 1Z 1 z dx
ol | 0 0 0 1 p, | G

, 4d, ik 4d, ik dp,

d L 20 kP o

IR ( df—dfz] Jhax

()’ denotes the derivative with respect to x. The relation between the acoustic pressure

and the particle velocity is:

1 op,

PoColy = ——~—-=
J'l‘ 2: (5.14)

cu, =———"2

Pobol, ik ox

where uy and u; are the sound particle velocities in the inner duct and outer chamber,

respectively. Substituting Eq. (5.14) into Eq. (5.13) gives:

- - 0 —ik 0 0
p.
S I LI
PoColhy | _ dz d;z PoColy
pz' 0 0 0 =i P,
, 4d, 1 . 4d, 1 o XeX1
c.u - 0 —j— 1~ 0 0~0™2 .
L Pobolz | _dzz_dlzz d22—d122 | (5.15)
Py
N PoColy
P,
PoColU;
The matrix A satisfies the equation below
A
12
A*Y —P*D =V (5.16)

%
1’4

where A is the eigenvalue of the matrix A and ¥ is the modal matrix whose columns
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are the eigenvectors of the matrix A. Both sides of Eq. (5.16) multiplied by ¥ yields:

A=Y*D*¥" (5.17)
Eqg. (5.15) becomes:
Py P, Py
PoColy N PoColy _prprypl PoColy (5.18)
P, P, P,
_Pocouz'_ PoCoU, PoCol,

Both sides of Eq. (5.18) are multiplied by ¥* from the left side:

!

Py Py
CoU, c,u
! Po 0' L | _prypt Poloth (5.19)
D, P,
PCU PoCol;
L Lol

¥-1is independent from x; Eq. (5.19) may be expressed as:

’

Py A Py
pl PoColy _ A yp PoColy (5.20)
P, A3 P,
PoCol, Ay PoCol,

Eq. (5.20) can be solved readily and the solution is:

— pl(X) ] _Cleﬂix N
X
gl PGl (X) | _|ce 5 01
pz(x) C3e23x ( )
Py (X) ][ c,e™

where c1, C2, czand cs are arbitrary constants. Then the sound pressure and particle

velocity are obtained as follows:
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P (X) e C, C,

PoColy (X) e’ C, G,
=y =@(X 5.22
P, (X) e C, () C, (622)

| PoColl (X)_ i e 1LCs Cs

where
e
ApX
o(x)=¥| ° " (5.23)
eﬂ%x

The acoustic pressures and particle velocities at the inlet and outlet of the muffler can

be related by

p(L) | p(0) | | m(0) |
e ]
B=(®(0)) ®(L) (5.25)

where B is the transfer matrix which relates the sound pressures and particle velocities
of both the inner duct and the outer chamber at the inlet and outlet of the micro-

perforated muffler.

Assuming that the wall of the outer chamber is rigid and the boundary condition of the

outer chamber is that the velocities at the wall are zero.

u,(0)=0
(5.26)
u,(L)=0
Then Eq. (5.24) will be:
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where
B..B B..B
C,=B, ——E 4 C,=8B, —— 7
B 4; B 43B (5.28)
C21 = le -2 sz :TBzz - 283 =

43 43

Equations (5.27) and (5.28) gives the transfer matrix C of sound pressures and
particle velocities between the inlet and outlet of the inner duct of the micro-perforated
muffler. The matrix relates the sound pressure and particle velocity at both ends of the

muffler and now the periodic transfer matrix T is obtained according to Eq. (5.9).

5.1.3 Eigenvectors and eigenvalues of the periodic transfer

matrix T

The transfer matrix T has two eigenvectors, v, =[v; Vv ]T and v, =[v,, VZR]T :

associated with the eigenvalues: exp(—qg:h) and exp(—gzh). The eigenvectors indicate

the conventional component makeup of the Bloch waves. Take the eigenvalue v, for
- jk(x=%,) jk(x=x,) . th ..

example, when the plane waves V, e +V.€ propagate in the n™ periodic

cell, the plane wave in the next cell will be e " [y, e ) 1y e | The

combining of the incident and reflected wave with the ratio V;, /VlR or VZ,/VZR is

called the Bloch wave. The Eq. (5.2) can be rewritten as below:
T,—-e T, NAa= 0 (5.29)
T21 T22 —e " Ve 0
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Eliminating e7" Eq. (5.29) can be rewritten as:

2
Vv Vv
T21 [V_lj + (Tzz _Tn)v_l _le =0 (5.30)

R R

The ratio V, /VR will be calculated from Eq.(5.30). When the ratio |VI /VR| >1, that
means the magnitude of the incident wave is larger than that of the reflected wave in
the periodic cell, which indicates that the total energy is transported in the direction of
the propagation (+x direction) and this Bloch wave is categorized as a forward-going
Bloch wave. For the other case, when the ratio |VI /VR|<1, the reflected wave
dominates in each periodic cell and the total energy of the Bloch wave is transported
in the opposite direction to the propagation (—x direction); this is called a backward-

going Bloch wave.

As the definition of the Bloch wave in Eg. (5.1), the Bloch wave number g determine
the transmission character of the Bloch waves and this can be solved by solving the

characteristic Equation of the eigenvalues of transfer matrix T:

—Jgh
T11 —€ T12
—Jgh
T21 T22 —¢€

— g (o’ —(Ty+Tp ) ™ +[T|=0 (5.31)
According to the principle of reciprocity, the determinant of the matrix T is unity®.
The two solutions of Eq. (5.31) are q: and g2 respectively. The solutions must satisfy
the relations as follows:
e luhgTieh —q (5.32)
e M e N =T 4T, (5.33)
Substituting the Eq. (5.32) into Eq. (5.33) gives
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cos(o;h) = %(T11 +T,) (5.34)
This is the Bloch dispersion relation of the periodic structure. The solution of q is
multivalued due to the inverse cosine function. q is real for the term on the right side
of Eq. (5.34) is areal number and the absolute value is less than or equal to unity, or
q is complex under other conditions. The waves in the (n+1)"" cell are related to ones
in the n™ with e, When the solution of q is real, the waves traveling through a
periodic cell are only changed with a phase delay. These spectral regions under this
condition are known as pass bands, where waves propagate through the structure with
no amplitude attenuation. In the other case when the solution of q is complex, the
waves in the (n+1)" are that in n" cell multiplied by exp(-j(qr+ja)h) =
exp(—jarh)exp(qih). The coefficient exp(qih) is necessarily less than or equal to unity
according to the energy conservation theorem, otherwise the waves will become larger
and larger through each periodic cell, which is not reasonable. In the spectral regions
where gih is less than zero, the Bloch waves are attenuated by exp(gih) through each
periodic cell. When the number of periodic cells is large enough, the waves are
eliminated and cannot transmit through the whole periodic structure; such frequency

regions are called stopbands.

5.1.4 Finite periodic micro-perforated mufflers

In the preceding sections the periodic waveguide is infinite and the downstream

boundary condition is different with that in finite periodic structure. Bradley ** also
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investigated the wave propagation in a periodic waveguide of semi-infinite or finite.
He proved that forward and backward traveling Bloch wave functions were also the

solutions of the finite periodic waveguide.

For finite periodic micro-perforated mufflers with N cells, the waves in the n'" cell can

BRERE R
R, R R, R,

Waves in the finite periodic structure consist of both forward-going and backward-

be expressed as:

going Bloch waves. The makeup of the Bloch waves is determine by the boundary

conditions at the beginning and end of the periodic duct.

For a finite periodic array of n micro-perforated mufflers, the waves in the first cell

can be expressed as the linear superposition of the two types of Bloch wave:

I, oV Vo,
HE kb 63

where a and b are arbitrary constants and can be solved with the boundary conditions.

The waves in the n" cell of the periodic micro-perforated mufflers are:

|: In :| — Tn1a|:vll }_i_Tnlb{VZI }
Rn VlR V2R
_ e—quh(n—l)a|:vll :|+ e—jqzh(n—l)b|:V2I }
VlR V2R

When the finite periodic micro-perforated mufflers end with anechoic termination, the

(5.37)
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incident wave in the first cell is 11 and the transmitted wave in the last cell is I,. The

transmission loss of the n micro-perforated mufflers can be calculated as:

| av,, +bv,, |

TL =20log,, |e7jq1d(nfl)av 4 g ety |
1 21

=20log,,

(5.38)

L
I

n

Anechoic termination means that there is no reflection in the last cell. The reflected

wave in the last cell is zero:

R =e ¥ ay  +e %" Uhy =0 (5.39)
and
—jogh(n-1)
b__ & Vg (5.40)
a e—quh(n-l)VZR

Substituting Eg. (5.40) for Eq. (5.38), the transmission loss of the finite periodic

micro-perforated mufflers is then obtained.

- jgh(n-1
Vip — : -Jq | )VlR Vo
| e—quh(n—l)VZR
TL =20log,, e 20log,, S o aa () (5.41)
n o jud(n1), € € Vir ,
11 _jqzh(n_]_)v 21
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5.2 Experiment

5.2.1 Configuration of the experiment

In line with the theoretical analysis and FEM simulation, an experimental setup is
established for comparison with the theoretical study. The configuration of the

experimental setup is shown in Figure 5-4. The dimensions of the duct and the

configuration of the micro-perforated muffler are shown in Table 5.1.

Table 5.1 The configuration of the micro-perforated muffler

Property Value
The inner diameter di =94 mm
The outer diameter d2 =154 mm
The length of the micro-perforated tube L =100 mm
The hole diameter of the micro perforation dh=1mm
The thickness of the micro perforation t=3mm
The porosity of the micro perforation o=0.0085
Temperature 20 C
Pressure 1 atm
Viscosity in air 1.8-10° Pa-s




Figure 5-3 The micro-perforated muffler

Figure 5-3 shows the micro-perforated muffler used in the experiment. The walls of
the inner duct and the expansion chamber are made of 3-mm-thick acrylic. Figure 5-4
and Figure 5-5 show the experimental setup for measuring the transmission loss of the
periodic micro-perforated mufflers. The periodic mufflers consists of a duct with three
micro-perforated mufflers. The distance between periodic micro-perforated mufflers
is set to be 0.30 m and therefore the periodic distance h (h = L+d) is 0.40 m. The testing
apparatus consists of a loudspeaker, four Briel & Kjaer microphones Type 4935
(Figure 5-6), Briel & Kjaer LAN-XI acquisition hardware Type 3160-B-042 (Figure

5-7), and Briel & Kjar power amplifier Type 2706 (Figure 5-8).
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Figure 5-4 The schematic of the experimental setup

Figure 5-5 The experimental setup
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Figure 5-6 Briiel & Kjaer microphones Type 4935
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Figure 5-7 Briel & Kjer LAN-XI acquisition hardware Type 3160-B-042
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Figure 5-8 Briiel & Kjar power amplifier Type 2706

5.2.2 Two-Load Method

In order to measure accurately the transmission loss of the periodic structure, the two-
load method is applied in the experiment to measure the transfer matrix of the
apparatus under test %. The two-load method means that the experiment is carried out
with two different duct terminations and then the transfer matrix of the structure could
be calculated by the measured sound pressure levels under the two different
termination conditions. Once the matrix of the finite periodic micro-perforated muffler
is measured, then the transmission loss of the muffler can be calculated based on the

transfer matrix.
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pin —pout

in out

Figure 5-9 Transfer matrix representation of a system

The two-load method is based on the transfer matrix approach. As shown in Figure

5-9, an acoustical element can be represented by its transfer matrix (or called four-

pin _ A B pout
e ol o

where pin and pout are the sound pressure at the inlet and outlet of the element,

pole parameters).

respectively; uin and uou are particle velocity at the inlet and outlet of the element,

respectively. A, B, C and D are the so-called four-pole parameters of the system.

In Eq. (5.42) there are four unknown variables but only two equations. In order to get
two additional equations, changing the termination boundary condition is a way as
shown in Figure 5-10. The measurement is carried out with two different end condition
and four equations can be obtained for the four unknown variables. It should be noticed

that the two load cannot be very similar which will result in unstable results.
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Source Zb

Load b

Figure 5-10 Setup of two-load method

In Eq. (5.42), pin, Uin and pout, Uout are measured in experiment. The sound pressure pin
and pout can be measured directly with microphones while the particle velocities cannot
be obtained with the microphones. The working frequency range of the two-load
method is below the cut-off frequency® of the duct which means only plane waves are
assumed propagate in the duct. Two microphones at both sides of the acoustic element

are used to determine the particle velocity on both sides of the acoustic element.
For load a shown in Figure 5-10, the transfer matrix of the acoustic element is

p2a _ A B p3a
e ol 5

where the sound pressures p2a and pza are directly measured with the microphones at

expressed below

location 2 and location 3.
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The sound pressures and the particle velocities at locations 1 and 2 can be related by
the transfer matrix as below:
|:p1a:|:|:A12 Blz:||:p2a:| (544)
ula C12 D12 u2a
Therefore, the particle velocity uza at the location of the microphone 2 can be

calculated as

1
Uy, = _( Pra — A12 pZa) (5.45)
BlZ

Similarly, the sound pressures and the particle velocities at locations 3 and 4 can be

related by the transfer matrix as below:

|:p3a:| :|:A34 BSA:||:p4a:| (546)
u3a C34 D34 u4a
and the particle velocity uza at the location 3 can be calculated as
U,, = Cy, s, + Dy [%_—Aﬂp‘*aj (5.47)
BS4
Substituting Eq. (5.45) and (5.47) into Eq. (5.43)

pZa ~ |:A B p3a

. - (5.48)
B_(pla_Alsza) C D} C34p4a+D34(p338—A34p43J
N 34

The transfer matrix between locations 1 and 2 is known as the transfer matrix of a

straight duct with length |12.
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=| jsinkl,
ol

B
PZ g (5.49)

coskl, jpcsinkl,
C12 DIZ}

coskl,,

Similarly, the transfer matrix between locations 3 and 4 is known as the transfer matrix

of a straight duct with length Isa.

= jsinkl,

B
|:A3,4 34 (5.50)

coskl,,  jpcsinkl,,
C34 D34:|

p coskl,,

For load b shown in Figure 5-10, the transfer matrix of the acoustic element is

P | | A Bl Py
olle o)) 51

where the sound pressures p2» and pabp can be directly measured with the microphones

expressed below

at location 2 and location 3.

The sound pressures and the particle velocities at locations 1 and 2 can be related by

the transfer matrix as below:

|:p1b:|:|:A12 Blz:||:p2b:| (552)
ub C12 D12 u2b
Therefore, the particle velocity uzp at the location of the microphone 2 can be

calculated as

1
Uy, = B_( Py — A12 pr) (5.53)
12

Similarly, the sound pressures and the particle velocities at locations 3 and 4 can be
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related by the transfer matrix as below:

|:p3b:|:|:A34 B34:||:p4b:| (554)
u3b C34 D34 u4b
and the particle velocity uap at the location 3 can be calculated as

Ug, = Cyy Py + Dy (%_B—AMJJ (5.55)
34

Substituting Eq. (5.53) and (5.55) into Eq. (5.52)

p2b ~ |:A B p3b

. - (5.56)
B_( P — A, pr) C D} C34p4b+D34[p3bB—A34p4bj
N 34

Now Eq. (5.48) and (5.56) contains four equations for the unknown pole parameters

A, B, C and D. Thus, the four-pole parameters can be calculated as

A (HazaH34a - Hssz34a)+ D34(H32b - H32a)

A=—2 (5.57)
A34(H34b - H34a)

_ 834(H32a — H32b) (5.58)
A34(H34b - H34a)

C= (Hs1a = AH 50 ) (AssHaa = Dse) ~ (Has — ApHa ) (A5 Hsie — Dsi) (5.59)
B12A34(H34b - H34a)

D:(Hsla_H31b)+A12(H32b_H32a)B34 (5.60)

Ble34 ( H34b - H34a)

where A, =A,D, -B,Cp,, Ay =ADy-B,Cy and Hij = pi/pj which can be

measured readily with two-channel frequency analyzer.

Once the transfer matrix of the sound pressure and particle velocity between the inlet
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and outlet of the tested element is determined, the transmission loss can then be

expressed in terms of the four-pole parameters.

A+

+ p,C,C+D

TL = 20log,, (%

]+1o log, ( SS j (5.61)
out

where Sin and Sout are the cross-sectional area of the inlet and the outlet.

Pobo

5.3 Results and discussion

5.3.1 FEM simulation

As the periodic structure in this study is structurally symmetric around the axis, a 2D
axisymmetric finite element method (FEM) was used to verify the one dimensional
theoretical analysis of the finite micro-perforated mufflers in the previous sections and

then is also verified itself by experimental results in the next section.

The wave propagation is governed by the Helmholtz Equation in the inner duct and
the outer chamber of the muffler. The numerical model is composed of a circular duct
with three micro-perforated mufflers. The sound source is located at the beginning of
the duct and modeled with the plane wave radiation boundary condition with
amplitude po= 1 which is the incident wave to the periodic micro-perforated mufflers.
The main duct is ended with anechoic termination modeled with a non-reflective
boundary condition and a probe at the termination boundary is used to measure the

transmitted wave pressure. Therefore the transmission loss of the finite periodic micro-
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perforated muffler can be easily obtained with the transmitted pressure at the

termination boundary and the incident wave pressure.
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Figure 5-11 The periodic micro-perforated mufflers in FEM simulation

Figure 5-11 shows the periodic micro-perforated mufflers in FEM simulation. In the
simulation, the temperature and the pressure in air are 20 degrees Celsius and 1
atmosphere respectively. The dimensions of the finite periodic micro-perforated

muffler are the same as indicated in Table 1 of section 5.2.1.

As shown in Figure 5-11, the blue lines represents the micro-perforation boundaries

which are modeled by the interior impedance boundary condition. The interior
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impedance relates the acoustic pressures in the inner duct and the muffler chamber
through the boundary. Here the impedance of the micro-perforation is defined

according to Maa’s model as Eq.(5.12).

5.3.2 Results

The FEM model simulates a periodic array of three micro-perforated mufflers (the
periodic distance h is set as 0.40 m). The simulation results are compared with the one

dimensional theoretical analysis.

Figure 5-12 shows that the transmission loss predicted by the theoretical model agrees
well with the simulation result obtained using the FEM method for the three periodic
micro-perforated mufflers. Here the differences between the FEM and the theoretical
model is very small, this is reasonable because both the FEM and the theoretical model
use the Maa’s impedance model to simulate the micro-perforation and assume only

plane waves propagating in the ducts.

107



w
[3)]

Theory

W vV  Experiment

w
o
b

N
(5]

N
o

-
o
T

Transmission Loss (dB)

o
<
4
qqqqq
dq
q

© &9
A

200 400 600 800 1000
Frequency (Hz)

Figure 5-12 A comparison of transmission loss of the three periodic micro-perforated mufflers
between theory, FEM simulation and experiment result (the distance between mufflers d = 0.30

m).

Figure 5-12 shows the comparison of the transmission loss between the theory, the
FEM simulation and the experiments for a periodic array of three micro-perforated
mufflers when the distance between periodic mufflers is set as 0.30 m. It can be seen
that the experimental data agree well with the theoretical results and the FEM
simulation. A periodic array of three micro-perforated mufflers can provide more than
15 dB noise attenuation from 300 Hz to 580 Hz. The results verify that, with
appropriate periodic distance, micro-perforated mufflers can attenuate noise over a
wider frequency range. It can also be noted from Figure 5-12 that there is a gap at
around 430 Hz. This occurs due to the interaction between the Bragg reflection and

the resonance of the micro-perforated tube. At the cost of such a gap, the effective
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noise control frequency range is extended and shifted to a lower frequency range.

The difference in magnitude between the experiment and the theoretical study is
mainly due to the discrepancies between the one dimensional theoretical modal and
the three dimensional experiment. It is assumed in the theoretical model and the FEM
that only planar wave propagates in the inner duct and the outer chamber. However,
the higher order modes below the cut-off frequencies are evanescent and cannot decay
sufficiently if the muffler is not long enough. These higher order modes are different
from the planar wave assumption of the theory and FEM. In addition, it is a fact that
the acoustic impedance of the micro-perforation used in previous studies is a
simplified model and does not consider the holes interactions that also contribute to

the differences between the experiment and the theory.

Eqg. (5.34) reveals the dispersion characteristic of the periodic micro-perforated
muffler. The dispersion relation is determined by the characteristics of the micro-
perforated muffler and the periodic structure. Here the effect of the periodic distance

on the transmission loss is investigated.

Figure 5-13 shows a comparison of the transmission loss of three periodic micro-
perforated mufflers with no space and 0.46 m between each other. The dimensions of
the mufflers are the same as shown in Table 1. The distance between two mufflers d is

set as 0 and 0.46 m respectively. The solid line indicates the three mufflers connected
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directly and the dotted line indicates the mufflers are distributed periodically at a

distance of 0.46 m.
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Figure 5-13 Transmission loss of a duct with three periodic micro-perforated mufflers. The

distance between two mufflers is set at O (solid line) and 0.46 m (dotted line).

It can be seen from Figure 5-13 that the periodic placement of mufflers results in a
different transmission loss from that of the mufflers connected directly. For d = 0.46
m (periodic distance h = 0.56 m), the maximum transmission loss is increased around
resonant frequency but the effective attenuation frequency range is narrowed. In
addition to the resonant frequency of the micro-perforated muffler, other stopbands
occur at around 300 Hz and 640 Hz. These stopbands occur as a result of coupling
between the resonance of the muffler itself and the Bragg reflection in the periodic
structure %3. For a periodic cell of length h, the Bragg stopbands occur around the
Bragg frequency: f =nc/2h (n=12,--).
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For the case in Figure 5-13, the periodic distance h = 0.56 m and the first Bragg
frequency is 306 Hz. In order to investigate the coupling of the Bragg reflection and
the resonance of the micro-perforated mufflers, Figure 5-14 shows the imaginary part
of gh in this case. As analyzed in section 2, the frequencies in Figure 5-14, where an
imaginary part of gh is less than zero, means that the Bloch waves are attenuated by

exp(Im(gh)) and these spectral regions are referred as stopbands.
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Figure 5-14 Imaginary part of gh.
As shown in Figure 5-14, the shape of the transmission loss of the periodic mufflers is

more compressed than that of the directly connected mufflers. The control frequency

range is narrowed but the maximum transmission loss is increased.
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Since the Bragg resonance can narrow the frequency range, it may influence the
performance of the muffler in another way, by adjusting the periodic distance. In
Figure 5-15 the distance between two mufflers d is set as 0.30 m and the corresponding
periodic distance h is 0.40 m. The first two Bragg frequencies are 429 Hz and 860 Hz.
In this case, although the peak of the transmission loss is decreased compared to that
of the directly connected mufflers, the transmission loss is increased at lower
frequencies and the efficient frequency range is widened, which has potential

implications for lower frequency noise control.

Transmission Loss (dB)

0
200 400 600 800 1000
Frequency (Hz)

Figure 5-15 Transmission loss of a duct with three periodic micro-perforated mufflers. The

distance between two mufflers d is set at O (solid line) and 0.3 m (dotted line).

The above predicted transmission loss at different periodic distance demonstrates that

the Bragg resonance as a result of the periodic structure has a modulation effect on the
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transmission loss of the micro-perforated muffler. The characteristics of the periodic
structure are very useful for the design of the periodic micro-perforated mufflers. By
selecting an appropriate periodic distance, these characteristics can contribute to the
control of lower frequency noise within a broader frequency range and achieve higher

transmission loss around the resonant frequency.

5.4 Summary

This chapter presents a detailed examination of the acoustic attenuation of a periodic
array of micro-perforated tube mufflers. Owing to its sub-millimeter perforation, the
micro-perforated muffler can provide considerable sound attenuation for duct noise
without using absorptive materials. When such mufflers are loaded periodically in a
duct, the periodic structure produces peculiar dispersion characteristics in the overall

transmission loss.

The periodic distance has an important effect on the sound attenuation performance.
The combination of the Bragg reflection due to the periodic structure and the
resonance of the micro-perforated muffler can result in different transmission loss. The
theoretical results fit well with the FEM simulation and the experimental data. This

study indicates that the length of the periodic cell can influence the sound attenuation
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performance of micro-perforated mufflers.

Compared to a single micro-perforated muffler, the proposed periodic placement of
micro-perforated mufflers can provide lower frequency noise control within a broader
frequency range or enhance transmission loss around the resonant frequency. The
periodic structure provides a way of modifying the transmission loss of the single
micro-perforated muffler by inserting uniform ducts provided that the space is not

limited and has a potential application in muffler design.
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Chapter 6

Conclusion and Suggestions for Future
Work

6.1 Conclusion

The effects of the periodic arrangement on the transmission loss of the mufflers
including the simple expansion chamber muffler and the micro-perforated muffler
have been investigated in this thesis. The attenuation performance of the periodic
mufflers is different from the single muffler and the effects of the distance between
periodic mufflers has a potential application in muffler design. The theoretical study
has been validated with finite element method and experiments carried out at The

Hong Kong Polytechnic University.

First of all, the side branch resonator muffler has been investigated. The side branch
elements attached to ducts are very common devices for suppressing tonal noise in
ductwork system. The sound energy is conserved and the energy is distributed among
the duct and the side branch depending on the relative impedances of the junctions.
The side branch resonator functions at the frequencies where the impedance of the side
branch is relatively low and the side branch is equivalent to a short circuit which
suppressing the sound power transmitted to the downstream duct. The performance of

the side branch Helmholtz resonator is given with the lumped-parameter model from
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the existing literature. The performance of the resonator is fixed once the resonator is
made. In order to adapt to the environmental changes, a semi-active resonator via the
control of the termination impedance of the resonator is used. A theoretical study is
conducted to investigate the effect of flow on the semi active Helmholtz resonator in

a low Mach number flow duct.

Secondly, a Helmholtz resonator with a spiral neck is proposed. The performance of
the Helmholtz resonator is restricted with its geometries including the cross sectional
area and the length of the neck and the volume of the cavity. The resonator will be
bulky when the lower frequency noise is required to be controlled. In order to make
the neck as long as possible, a spiral duct takes the place of the traditional short neck
of the HR. The curved structure lengthens the neck without requiring a large space.
The wave propagation in the spiral duct neck is analyzed and the acoustic impedance
formulated based on the transfer matrix method. The results show that the resonance
frequency of the HR can be reduced by using the spiral neck, which has potential
applications in tonal noise control in a limited space. More turns for the spiral neck
can shift the resonance frequency much lower. Apart from its low-frequency
performance, the proposed resonator also has several resonance frequencies at higher

frequencies because of its long neck.

Thirdly, a theoretical study of the acoustic attenuation of periodic expansion chamber

mufflers has been conducted. The expansion chamber muffler is an effective device
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for noise reduction in duct systems. The transmission loss of the single expansion
muffler has a periodic character that is often used for the periodic noise control. The
use of multiple mufflers is often a way used to improve the sound attenuation
performance of the mufflers. When the mufflers are periodically mounted on the duct,
the transmission loss of the periodic mufflers is determined by the characteristics of
both the muffler itself and the periodic structure. The Bloch wave theory and the
transfer matrix method are used to study the wave propagation in periodic expansion
chamber mufflers and the dispersion characteristics of periodic expansion chamber
mufflers. The influence of the distance between periodic expansion chamber mufflers
has been investigated. The theory is validated against finite element method simulation.
Compared to a single expansion chamber muffler, the stopbands of the finite periodic
structure is mainly due to its dispersion characteristics of the Bloch wave. With
different configuration, the results indicate that the periodic structure can enhance the
transmission loss within a narrower frequency range or change effective noise control
frequency ranges with different distance between mufflers. Investigation of the
influence of the distance between periodic mufflers has revealed that when the
distance between mufflers is the same as the length of the expansion chamber, the
transmission loss of periodic expansion chamber mufflers has the same period in
frequencies and is largely enhanced within a narrowed frequency range. For other
cases, the transmission loss of periodic expansion chamber mufflers is no longer a
periodic function and the frequencies of peak transmission loss change with different

distance between periodic mufflers. In general, unlike with a single expansion
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chamber muffler, the stopbands of the periodic structure are mainly due to the
dispersion characteristics of the Bloch waves. A different configuration can enhance
the transmission loss within a narrow frequency range or shift the stopbands. The study
on the wave propagation in such periodic structures provides how the periodic
structure influences the performance of the mufflers which can contribute to the design

of the periodic mufflers.

Finally, the wave propagation in the periodic micro-perforated mufflers has been
investigated. Because of the high acoustic resistance and low mass reactance due to
the sub-millimeter perforation, the micro-perforated muffler can provide considerable
sound attenuation of duct noise. The wave propagation in periodic micro-perforated
mufflers is studied theoretically, numerically and experimentally. The periodic
distance has an important effect on the sound attenuation performance. The micro-
perforation is studied based on the plane wave assumption in both the duct and the
outer chamber. The impedance model proposed by Maa is used to relate the sound
pressure between the two sides of the micro-perforation and then the transfer matrix
of the periodic micro-perforated muffler is derived. The theoretical results agree well
with the FEM simulation and the experiment. In the experiment. the transmission loss
of the three periodic micro-perforated mufflers was measured with the two-load
method. This study indicates that the combination of the Bragg reflection due to the
periodic structure and the resonance of the micro-perforated muffler can result in

different transmission loss. The proposed periodic placement of micro-perforated
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mufflers can provide lower frequency noise control within a broader frequency range
or enhance transmission loss around the resonant frequency. The periodic structure
provides a way of modifying the transmission loss of the single micro-perforated
muffler by inserting uniform ducts provided that the space is not limited and has a

potential application in muffler design.

6.2 Suggestions for Future Work

On the basis of the present studies, future theoretical and experimental work are

recommended as follows:

1. The chapter on the Helmholtz resonator with a spiral neck could develop a more
accurate model of the spiral neck. In the present work, the spiral neck is modeled
as a straight duct with equivalent cross sectional area and length and it is effective
when the plane wave assumption is satisfied. In other cases, if the wave in the
spiral neck is not a plane wave, the present model is not applicable. Besides, an
experimental work is required to be compared with the theory and the FEM

simulation.

2. This thesis only provides a study of the effect of periodic arrangement on the
mufflers under plane wave assumption. However, in practice, higher-order modes

effect cannot be neglected. Because of the larger cross sectional area than the inlet
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duct, the higher-order modes can be excited at the expansion chamber even the
frequency is below the cut-off frequency of the inlet duct. Therefore, the wave
propagation in the periodic mufflers should take into account the higher-order

mode effects.

Flow effect should be considered to investigate the effect of the periodic
arrangement of the mufflers. Flow is inevitable in heating, ventilating and air
conditioning system. Therefore, wave propagation of the periodic mufflers under
flow condition can be investigated and compared with that under no flow

condition.

This thesis has only considered the periodic arrangement of one type muffler such
as the expansion chamber muffler of the micro-perforated muffler. A study of the
periodic arrangement of two or more types mufflers may be considered in future

work.
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