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Abstract

Censored data, one of the most common data types, arise frequently in
many fields of modern science, e.g., health science, reliability, economics,
finance, etc. The most prominent feature of this kind of data is that the
occurrence of the event could not be observed exactly. Right censored
data and interval censored data are among the most popular ones. Over
the past decades, there have been numerous state-of-the-art methodolo-
gies in survival analysis literature to handle censoring. This thesis would
focus on the nonparametric statistical inference of right censored data
and interval censored data.

As the first part of this thesis, a penalized nonparametric maximum
likelihood estimation of the log-hazard function is introduced in analyzing
the right censored data. The smoothing spline is employed for a smooth
estimation. The most appealing fact is that a functional Bahadur rep-
resentation is established, which serves as a key step for nonparametric
inference of the unknown parameter/function. Asymptotic properties of
the resulting estimate of the unknown log-hazard function are proved.

Furthermore, the local confidence interval and simultaneous confidence



band of the unknown log-hazard function are provided, along with a local
and global likelihood ratio tests. We also investigate issues related to the
asymptotic efficiency.

As the second part of this thesis, the aforementioned nonparametric
inference approach is extended to handle interval censored data. In par-
ticular, we focus on the nonparametric inference of the cumulative hazard
function, instead of the log-hazard function of the interval censored da-
ta. Similarly, we have derived a functional Bahadur representation and
established the asymptotic properties of the resulting estimate of the
cumulative function. Particularly, the global asymptotic properties are
justified under regularity conditions. A likelihood ratio test is also pro-
vided. To the best of our knowledge, there is no report in the literature
on the asymptotic properties of a smoothing spline-based nonparametric
estimate for the interval censored data.

The theoretical results are validated by extensive simulation studies.
Applications are illustrated with some real datasets. A few discussions
and closing remarks are given.

Key Words: Functional Bahadur representation; Interval censored da-
ta; Likelihood ratio test; Nonparametric inference; Penalized likelihood;

Right censored data; Smoothing splines.

vi



Acknowledgements

Although the endeavor of carrying out research is an isolated activity,
under the guidance of my supervisors and the company of my classmates,
the process is still full of happiness and pleasant surprise. I would like
to express my heartfelt appreciation to the several individuals, who have
assisted me in various ways during my PhD life and would like to hereby
acknowledge their support.

First and foremost, I would love to extend my deepest and sincerest
gratitude to my supervisor, Dr. Xingqiu Zhao, for her instructive and en-
lightening guidance, invaluable discussions and insightful ideas through-
out the years. I also benefited from her enthusiasm for life and open
mind attitude towards everything. Without her rigorous requirements
and vast knowledge, my thesis would not be finished.

Next, I would express my thanks to my supervisor Dr. Yuanyuan Lin,
for her strong encouragement and patience during the years of my PhD
study. I feel fortune to work with her. In particular, I am grateful to her
continuous support and guidance in every aspect before or after her move.

What I have benefited most from her is the rigorous and diligent attitude

vil



to scientific research, active, open and sharp mind towards any ideas,
thirsty and insistence for the purist of truth. With her kind assistance
and grave attitude, everything would not have been possible.

Besides, I would express my gratitude to Professor Heung Wong. At
the forefront of my PhD experience, he has been a constant source of
inspiration and mentorship.

Finally, I would like to express my special thanks to my family, my

friends and my classmates for their love, encouragement and support.

viil



Contents

Certificate of Originality iii
Abstract v
Acknowledgements vii
List of Figures xiii
List of Tables xvii
List of Notations xix
1 Introduction 1
1.1 Background . .. ... .. ... ... L. 1
1.1.1 Primary biliary cirrhosis datasets . . . . .. . .. 1

1.1.2  Lung Tumor Data. . . . . . ... ... ... ... 2

1.1.3 Breast cosmesis study . . .. ... ... ... .. 3

1.2 Time origin, censoring and truncation . . . .. . .. .. 3
1.2.1 Timeorigin . . . . .. .. ... L oL 4

1.2.2  Censoring and truncation . . . .. ... ... .. 5t

1.3 Distribution, survival time, density, hazard and cumula-

tive hazard . . . . . ... 8

1X



1.4 Literature review . . . . . . . . . . .. ... ... ... 10

1.4.1 Right censoring . . . . .. ... .. ... ..... 10
1.4.2 Interval censoring . . . . . . .. ... .. ... .. 16
1.5 Research of outline . . . .. ... ... ... ... ... 21

Nonparametric Statistical Inference for Right Censored

Data Using Smoothing Splines 23
2.1 Imtroduction . . . . . . ... ..o 24
2.2 Preliminaries. . . .. ... ... ... ... . .. .. 28
2.2.1 Notation and Methodology. . . . . . .. ... .. 28
2.2.2  Reproducing Kernel Hilbert Space . . . . . . .. 30
2.3 Functional Bahadur Representation . . . . . . . ... .. 34
2.4 Likelihood Ratio Test . . . . . . .. .. .. ... .. ... 39
2.4.1 Local Likelihood Ratio Test . . . . . . ... ... 39
2.4.2 Global Likelihood Ratio Test . . . . .. ... .. 45
2.5 Simulation Results . . . ... ... ... 0. 47
2.6 Application . . . ... ... 52
2.7 Appendix . . ... 53

Nonparametric Statistical Inference for Case One Inter-

val Censored Data 95
3.1 Introduction . . . . . . .. ... . 95
3.2 Methodology . . . .. ... .. ... . 97
3.3 Functional Bahadur Representation . . . . . . . ... .. 102



3.4 Likelihood Ratio Test . . . . . . . . . . . . . . ... ... 105

3.4.1 Local Likelihood Ratio Test . . . . . .. ... .. 105

3.4.2 Global Likelihood Ratio Test . . . . .. .. ... 109

3.5 Simulation . . . .. ..o oo 111
3.6 Application . . .. ... ... 113

3.7 Appendix . .. ... 114

4 Conclusions and future work 147
4.1 Conclusions . . . . . .. ... 147

4.2 Future Work . . . . . .. ..o 149
Bibliography 151

X1



x1i



List of Figures

2.1

2.2

2.3

The pictures show the simulation results with censoring rate being
20%. The first panel and fourth panel is the estimation ( marked
with —.) and the true function (solid line), respectively. The second
and fifth panels display the estimate coverage probabilities given by
LCP (marked with —.) and BCP (marked with -), while the third and
last panels show the estimate pointwise confidence intervals given by

LCI (marked with —.) and BCI (marked with -). . . . . . . . ..

The pictures show the simulation results with censoring rate being
40%. The first panel and fourth panel is the estimation ( marked
with —.) and the true function (solid line), respectively. The second
and fifth panels display the estimate coverage probabilities given by
LCP (marked with —.) and BCP (marked with -), while the third and
last panels show the estimate pointwise confidence intervals given by

LCI (marked with —.) and BCI (marked with -). . . . . . . . ..

The pictures show the simulation results with censoring rate being
20%. The first panel and fourth panel is the estimation ( marked
with —.) and the true function (solid line), respectively. The second
and fifth panels display the estimate coverage probabilities given by
LCP (marked with —.) and BCP (marked with -), while the third and
last panels show the estimate pointwise confidence intervals given by

LCI (marked with —.) and BCI (marked with -). . . . . . . . ..

xiii

88

89



24

2.5

3.1

The pictures show the simulation results with censoring rate being
40%. The first panel and fourth panel is the estimation ( marked
with —.) and the true function (solid line), respectively. The second
and fifth panels display the estimate coverage probabilities given by
LCP (marked with —.) and BCP (marked with -), while the third and
last panels show the estimate pointwise confidence intervals given by

LCI (marked with —.) and BCI (marked with -). . . . . . . . ..

The pictures display the real data analysis. The first panel displays
the cumulative hazard estimation: the kernel methods (solid line),
the Kaplan-Meier estimator (marked with ——) and our estimation
(the dash line), and the confidence band is given by the Kaplan-
Meier estimation marked with —. line. The second panel shows
the log-hazard estimation and its confidence band various the three
methods: the solid line is the log-hazard estimation, the —— line
the simultaneous confidence band, the —. line is the local pointwise
confidence interval while the line marked with - is the confidence

interval given by Wahba. . . . . . . .. .00

The picture gives the estimation and local CI of the example 1 with
n=100. It shows the cumulative hazard estimation with censoring
rate being 20% and 30% and the coverage probabilities with the cen-
soring rate being 20% and 30%, respectively. Specifically, the solid
line is the true cumulative hazard estimation, the —. lines are that
according to the censoring rate being 20% and 30%, respectively.
The solid lines marked with - are the CI according to the method of
Wahba. . . . . . ...

Xiv

91

92



3.2

3.3

3.4

The picture gives the estimation and local CI of the example 1 with
n=200. It shows the cumulative hazard estimation with censoring
rate being 20% and 30% and the coverage probabilities with the cen-
soring rate being 20% and 30%, respectively. Specifically, the solid
line is the true cumulative hazard estimation, the —. lines are that
according to the censoring rate being 20% and 30%, respectively.
The solid lines marked with - are the CI according to the method of
Wahba. . . . . . oL

The picture gives the estimation and local CI of the example 1 with
n=300. It shows the cumulative hazard estimation with censoring
rate being 20% and 30% and the coverage probabilities with the cen-
soring rate being 20% and 30%, respectively. Specifically, the solid
line is the true cumulative hazard estimation, the —. lines are that
according to the censoring rate being 20% and 30%, respectively.
The solid lines marked with - are the CI according to the method of
Wahba. . . . . .. .00

The pictures gives the real data analysis. It shows the cumulative
hazard estimation and its confidence band various the three meth-
ods: the dash line is the cumulative hazard estimation, the —— line
the simultaneous confidence band, the —. line is the local pointwise
confidence interval while the line marked with - is the confidence

interval given by Wahba. . . . . . . . ..o

XV

142

143



Xvi



List of Tables

2.1

2.2

2.3

24

2.5

3.1

The estimated size and power of PLRT for example 1,
where the test function is ¢g(t) = go(t) + ¢t with various ¢

values and the nominal significance level is 95%. . . . . .

Estimated global coverage probability with the nominal
coverage probability being 95% for example 1. . . . . .

The estimated size and power of PLRT for example 2,
where the test function is g(t) = go(t) + ¢t with various ¢

values and the nominal significance level is 95%.

Estimated global coverage probability with the nominal
coverage probability being 95% for example 1. . . . . .

The estimated size and power of PLRT for example 3,
where the test function is ¢g(t) = go(t) + ¢t with various c¢

values and the nominal significance level is 95%.

Estimated global coverage probability with the nominal

coverage probability being 95% for example 1. . . . . .

XVil

87

87

93

93

93



Xvill



List of Notations

Set of real numbers
Transpose of matrix/vector x
Euclidean norm

Converge in distribution

The trace of the matrix A

Xix



XX



Chapter 1

Introduction

The chapter briefly introduces the background via some datasets and
gives some literature reviews related to the topic. In this thesis, we
mainly discuss the nonparametric analysis about the right censored data

and interval censored data.

1.1 Background

Three datasets would be introduced first, which would reveal some data
structures in the biomedical studies, engineering and many other fields

in survival analysis.

1.1.1 Primary biliary cirrhosis datasets

Although the primary biliary cirrhosis (PBC) is very rare, with just about
50-per-million in population, it is a kind of lethal chronic liver disease
with ambiguously cause. As types of the events reveal that the dis-

ease may be mediated by immunologic mechanism, the Mayo Clinic con-
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ducted a trial to explore the drug D-penicillamine (DPCA) on the PBC
from January 1974 to May 1984. Specially, 312 patients were double-
blinded randomized in the treatment group with DPCA and the control
group with a placebo. Many related explanatory factors, such as clin-
ical, biomedical, serological and histological variables were recorded for
as many participates as possible. Finally, there were 125 patients died,
with 11 deaths were not died of PBC liver. Besides, there were 8 patients
lost to follow up, and another 19 patients had chosen to undergo liver

transplantation. The data can be found in Appendix 6 in Fleming and

Harrington (2011).

1.1.2 Lung Tumor Data

In order to determine the relationship between a suspected agent or envi-
ronment with the time of tumor onset, some tumorigenicity experiments
are often carried out. In these trials, the tumor onset is the occurrence
of an interesting event. But most of the time, the death or sacrifice time
instead of the time of tumor onset can be observed. Hoel and Walberg
(1972) gave a dataset related to a lung tumor trial. In the trail, 96 mice
were put into the conventional environment and 48 mice were treated
with germ-free environment. Specifically, the death time of 144 male
RFM mice were measured in days and whether the lung tumor presence
or not at the time of death are recorded by an indicator function. As

lung tumor’s occurrence in RFM mice will not affect the time of death,



the occurrence of tumor onset is only known before or after the death or

sacrifice. The data can be found in Table 1.3 in Sun (2007).

1.1.3 Breast cosmesis study

Beadle et al. (1984) conducted a clinical trial to explore the cosmetic
different effects of radiotherapy alone and radiotherapy plus adjuvan-
t chemotherapy on women with early breast cancer. In the study, 46
subjects were treated with radiation treatment while the other 48 were
assigned to the radiotherapy plus chemotherapy group. Patients were
pre-scheduled followed for every 4-6 months, but the time gap between
every visit was lengthened with the recovery progressing. Three points
of scale (none, moderate, severe) of breast retraction were recorded at
each visit. The interest event is the first observation time of the retrac-
tion of moderate or severe breast. As the subjects were observed only
when they did the examinations, instead of observing the exact time of
the retraction of breast, we just know whether it fell in the interval be-
tween visits or not. The subjects were followed up to 60 months, and the
recorded data of the two groups can be found in Table 1.9 in Klein and

Moeschberger (1997).

1.2 Time origin, censoring and truncation

The commonness of the three examples in the previous section is that
the response of interest is the time until some events occur. Such events

3



often refer to the occurrence of a disease, death or the onset of certain
milestone, the failing of a machine, or learning something. Thereby,
the event is often named as failure and the time, usually referring to
the death in biological organisms and failure in mechanical systems, is
named as failure time or survival time. In order to analyze the data,
it is important to have a general knowledge about the data structures.
More specifically, in the section, we would introduce the time origin, the

censoring mechanism and the similar data structure, truncation.

1.2.1 Time origin

Before analyzing the failure time data, it is crucial to define the time
origin clearly and unambiguously. In some instances, it may be the birth
time of an individual; in other cases, it can be the occurrence of an event,
such as the randomization registered in a trial or the occurrence of a heart
attack. According to Kalbfleisch and Prentice (2011), in order to get the
time origin, we should make clearly the following:

(1) A clear definition of what constitutes the failure;

(2) An exact definition of the occurrence of the event of interest,
namely “response”;

After figuring out the above two definitions, we can define the survival
or failure time. For example, in PBC data case, failure means a subject
died of PBC liver; in lung tumor situation, the response is the tumor

onset while in breast cosmesis study, the time of breast retraction is the
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response. Just like the examples, if the observed time is not at the origin,

special data structure arises.

1.2.2 Censoring and truncation

As noted in the PBC data example, lung tumor data and the breast
cosmesis study case, we can find that the data often include some indi-
viduals whose time could not be observed. The data on these subjects are
said to be censored. Specifically, there are three censoring mechanisms:
right censoring, left censoring and interval censoring.

In the PBC data example, we can find that some individuals do not
fail during the observation period. The data on these individuals are
said to be right censoring. Actually, the right censoring include three
kinds of cases: (1) the individuals are still alive at the end of the study;
(2) the individuals are lost to follow up because of their moving home,
or withdrawing from the trial; (3) the other events happened before our
interesting event happening, such as the individual died of heart attack
while the interesting event is the PBC liver disease. Specifically, right
censoring is that you can observe the failure time data exactly or the
failure does not occur at the time the censoring happens. In the light
of the relationship between the failure time and the censoring time, it
consists of different kinds of censoring mechanisms: type one censoring
with a random censoring time, type two censoring with the fixed censor-

ing time; independent censoring mechanism with the failure rate applies



to the individual at each time is the same as those without censoring,
vise versa, it is called dependent censoring. Most of the times in survival
analysis, we would assume the failure time is independent or conditional
independent of a random censoring time.

Similar to the right censoring mechanism, there also exists the left
censoring mechanism. Specifically, left censoring occurs when the failure
time could be observed just before some time, otherwise, we could not
know whether it fail or not. The analysis of left censoring is very similar
to that of the right censoring mechanism, so we do not talk it in detail.

Compared with right censoring, interval censoring is much more com-
plex. Asin the example of lung tumor data and the breast cosmesis study,
instead of recording the exact failure time, we just know that the event
occurred before or after some point or that the event occurred in some
interval or not. This kind of data is named as the interval censored data.
Specifically, there exist three kinds of interval censored data types: case-
one interval censored data, case-two interval censored data and doubly
censored failure time data. Generally, case-one interval censoring means
that instead of observing the exact of each individual’s failure time, one
just knows that the failure time is either left before or right behind some
time. Case-one interval censoring is also referred as current status data,
coming from the demographic studies. The data in example 2 is exactly

about case-one interval censoring. According to the sampling schemes,



there mainly exist four types of the case-one interval censored data: case-
control censored data (Jewell and Van Der Laan (2004)), doubly censored
data (De Gruttola and Lagakos (1989)), clustered censored data (Gal-
braith et al. (2010)) and bivariate case-one interval censored data (Wang
and Ding (2000)). From the example 3, we can get that there exists at
leat one interval for an individual, and the event failing in an interval
or not could be observed. However, the exact failure time could not be
recorded. This kind of data is called case-two interval censored data.
When two related events are studied in a study and you just know that
each event could fail in an interval or not, doubly censored data occurs.
Similar to the right censoring mechanism, there also exists independent
or dependent censoring mechanism. Specifically, if the failure time is in-
dependent of the censoring time, the independent censoring occurs. Vise
versa. Under the situation of current status data, independent censoring
means that the failure time is independent of the observation time point,
while for case-two interval censoring, it means that the failure time is
independent of the interval of the observation time. Also, we mainly talk
about the case of independent censoring in this thesis.

Truncation data are very similar but different from censored data.
Generally, in some cases, whether the subjects could be observed or not
depends on their entry of the study. If the individual can be observed

if and only if the failure time is larger than some time, we claim that



the left truncation or the delay entry occurs. Vise, we claim the right
truncation happens. The analysis of left truncation is very similar to the
right censored data, and many methods related to the right censoring

can be extended easily to the left truncation.

1.3 Distribution, survival time, density, haz-

ard and cumulative hazard

Let T be an arbitrary nonnegative random variable. Denote F(t) =
P(T < t), which represents the cumulative distribution function of 7. In
survival analysis, three other statistics related to the distribution function
of T' can also reveal the structure of the failure time: the survival function,
denoted as S(t), the probability density, denoted as f(t) and the hazard
denoted as A(t).

The survival function measures the probability of T larger than a

fixed value t, namely an individual lives longer than time ¢. That is:

S(t)=P(T >t)=1—F(t),0 <t < cc. (1.1)

It is easy to check that S(t) is right-continuous at time ¢, and S(0) = 1
while S(oc0) = 0.
If T is continuous, then it has the probability density function, defined

as:

- . (1.2)



The hazard function gives an instantaneous rate at which failure oc-
curs for an individual or item that is surviving at time ¢, which is defined

as:

1
= lim — < >
A(t) gur% dtP{t <T<t+dtT >t}

ds(t)

_dS(
S(t)

= —dlog{S(t)}. (1.3)

Actually, as Spierdijk (2008) said, an increasing hazard rate reflects the
positive duration dependence while a decreasing hazard rate means neg-
ative duration dependence. Besides, following from (1.3), it is easy to

check that:

S(t) = exp{— /0 A(s) ds} = exp{—A(1)}, (1.4)

where A(t) = fg A(s) ds, which is called the cumulative hazard function.

From (1.1), (1.2), (1.3) and (1.4), it is known that there is a one-to-
one mapping relationship between F(t), S(t), f(¢) and A(t). So in order
to get the feature of the failure time, anyone of the four can be used. we

can extend the previous discussion to the discrete case via some slight

changes .



1.4 Literature review

In the fields of biometry, reliability, clinical trials and medical follow-
up studies, estimating the distribution of the failure or survivor time
is of fundamental importance. As the occurrence of censoring would
complicate the analysis of survival time, there exists abundant literature
that focuses on this topic. This section would give an overview about the
analysis of the right censored data and interval censored data in survival

analysis.

1.4.1 Right censoring

The random right censoring arises frequently in fields of survival analysis
in biomedical studies and of reliability analysis in engineering. In these
situations, life-time table estimation is firstly proposed to estimate the
survival function (Berkson and Gage (1952), Cutler and Ederer (1958),
and Gehan (1969)). Resulting from the grouping of the data structure,
the life-time table estimator is slightly biased. Thereby, Bohmer (1912)
extended the life-time table to the product limit estimator or the Kaplan-
Meier estimator. After Kaplan and Meier (1958) showed that the estima-
tor was a nonparametric maximum likelihood estimation, the method was
widely applied in statistics under the scenario of right censoring. Efron
(1967) proved the estimator enjoyed the self-consistency property while

Breslow and Crowley (1974) gave the asymptotic normality properties.
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There also exists abundant literature that talked about the exponential
bound for the Kaplan-Meier estimator, see Dabrowska (1989), Bitouze
et al. (1999), Wellner (2007). As the similarity of the right censoring
and left censoring scheme, many statisticians extended the Kaplan-Meier
estimator to the left censored data case, named as Left Kaplan-Meier es-
timator (LKM). This can refer to Ware and Demets (1976), Csorgé and
Horvath (1980), Gomez et al. (1992) and Gdémez et al. (1994). The self
consistency and asymptotic properties about the LKM are also well es-
tablished. Although the Kaplan-Meier estimator is easy to calculate and
well-developed, it is a step function. As a smoothed survival function is
much more desirable in survival analysis, many statisticians extended the
step-function to a smoothed version. Among these, Blum and Susarla
(1980) and Foldes et al. (1981) proposed kernel methods to smooth the
estimate of survival function, Kim et al. (2003) borrowed the idea about
Bezier curve smoothing from computer science, while Whittemore and
Keller (1986) used the splines to get a smoothed nonparametric max-
imum likelihood estimator of the survival function. Some parametric
methods are also involved to get the smoothed estimator of the survival
function. Among these, Weibull and exponential models have been con-
sidered by Greenhouse and Silliman (1996), Gompertz model was used in
Gieser et al. (1998) while Weibull, logistic and log-logistic were discussed

in Hauck et al. (1997).
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Density estimation is another important way to study the lifetime,
both in theory and reality in statistics. Among the nonparametric esti-
mators of the density, histogram density estimator is the simplest and
first way to give the density estimation in survival analysis. Actually,
based on the life time table, Gehan (1969) gave the density estimation
of the survival function. Based on the Kaplan-Meier estimator, Foldes
et al. (1981) also gave the formula of the histogram density. Not only
they gave the self-consistency property of the estimator, they gave the
exact convergence rate of the histogram estimate. Burke and Horvath
(1982) have considered a more general density estimator, and the his-
togram can be the special case of this kind of estimators. Although the
histogram estimator is easy to calculate and requires few assumptions,
its non-smoothed character hinders the sophisticated inference. Thereby,
the kernel-type estimators have been well-developed with right-censored
data after 1980. Specially, via the kernel method, Blum and Susarla
(1980) have considered to maximize the deviation of the density, which
has a strong powerful for goodness-of-fit test and tests for hypothesis
about the density without specified form. Féldes et al. (1981) showed
that another kind of kernel estimator of the density enjoyed the strong
convergence property, which covers the usual Parzen (1962) density es-
timate. As the mean integrated square error (MISE) is one of the most

usual criteria to evaluate the performance of the estimates, Sanchez-
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Sellero et al. (1999) talked about the convergence of MISE with censored
data. Based on which, they showed the optimal bandwidth to get the
minimum MISE. From the formula in Sanchez-Sellero et al. (1999), it
can derive that the censoring will not affect the bias of MISE but it will
affect the variance of the estimates. As competing risks is a special case
of right censoring model, Burke and Horvath (1982) proposed a general
estimates of the density under the senecio, which include the kernel-type
estimates, series-type estimates and histogram-type estimates. McNi-
chols and Padgett (1981) gave a weighted kernel-type estimates of the
density under the proportional hazard model. The estimator is shown
to be asymptotically unbiased. McNichols and Padgett (1982b) modified
the weighted kernel method and showed that the new estimator enjoyed
the consistency property under mild conditions. Delta sequence curve
estimator, including the kernel-type estimators, is proposed by Yandell
(1981). The estimator enjoys the uniform consistency and asymptotical
normality properties. The nonparametric maximum likelihood estimates
of the density is another method to get the estimator of the density, see
McNichols and Padgett (1982a), Kooperberg and Stone (1992). Series-
type estimates can be found in Kimura (1972), Tarter (1979), Tanner
and Wong (1984), Antoniadis et al. (1999) and so on. Specifically, Tarter
(1979) expanded the density as a linear combination of the Fourier se-

ries, and based on the maximum likelihood method, he got a consistent
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estimator of the density. Based on the wavelet method, Antoniadis et al.
(1999) and Li (2007) gave an estimator of the density and showed the
optimal rate, respectively. Splines or the log-splines are also used to
estimate the density, such as in Koo et al. (1999). All the methods
talked above are based on the nonparametric methods. Parallel to the
survival function, there also exist some parametric density estimation
methods. For example, the exponential model, the Weibull model and
the log-normal are the most common model to estimate the density. The
maximum likelihood method is often used to estimate the corresponding
parameters in the models.

As the hazard rate can reveal the instantaneous probability that an
event maybe occurs in the next instant, it can reflect much more details
about the survivor time. Thereby, extensive state-of-the-art method-
ologies exist about the estimation of the hazard rate. Among theses,
the Nelson-Aalen estimate, which was proposed by Nelson (1969) and
Nelson (1972), is the simplest one to calculate. Besides, Breslow and
Crowley (1974) and Aalen (1976) gave the asymptotic properties of the
Nelson-Aalen estimate. As the estimate is a jump function, the smoothed
version are well developed. Specifically, kernel, wavelets and the splines
are the usual methods to give the smoothed estimators of the hazard.
In particular, Beran (1981), Dabrowska (1987), Gray (1992), Muller and

Wang (1994) and Cai (1998) have derived smooth estimators of the haz-
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ard based on the kernel methods and neighbour smoothing methods.
Likelihood methods, always with a penalty to derive a more smooth
estimation, are also discussed in extensive statistical literature, see An-
derson and Senthilselvan (1980), O’Sullivan (1988), Antoniadis (1989)
and Antoniadis and Grégoire (1990), Gu (1996), Kooperberg and Stone
(1992). This penalized maximum likelihood is well-developed and the
nonparametric function is often approximated by a linear combination
of the splines. Cox and O’Sullivan (1990) gave the general convergence
rate of this kind of estimates in a Sobolev space. Similar to the sur-
vival function, the orthogonal series is another well-developed approach
to estimate the hazard (Kronmal and Tarter (1968), Tanner and Wong
(1984)). Among these, the wavelet method is much more popular (Patil
(1997), Antoniadis et al. (1999), Li (2002)). As most of the times, many
explanatory variables have an effect on the failure time, there exists ex-
tensive literature to model the relationship between the covariates and
the hazard. Among these, the relative risk model or the Cox model
(Cox (1972)), the additive hazard model (Lin and Ying (1994)) and the
accelerated failure time model are well known and developed. Specifi-
cally, there has numerous literature about the Cox model. Cox (1972)
and Cox (1975) proposed the model and used the partial likelihood to
estimate the hazard. Kalbfleisch and Prentice (1973) generalized the

marginal likelihood derivation based on the Cox regression model. Other
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methodologies talked about the Cox model based on the maximum likeli-
hood approach can be found in Breslow (1974), Thompson and Godambe
(1974) , Jacobsen (2012) and so on. Lin and Ying (1994) gave the estima-
tion equation about the additive hazard model. They talked about the
asymptotic properties about the estimators and through modifying the
nonparametric parts, they can get a positive and monotone cumulative
hazard functions. But most of the above methods just can get a discon-
tinuous estimate of the hazard as the nonparametric part is sum of the
indicator function. Fosen et al. (2006) extended the kernel methods to
estimate nonparametric parts of the multiplicative and additive hazard

models, which can give a smoothed hazard.

1.4.2 Interval censoring

Interval-censored data arise frequently in health or medical studies when
the interest is the occurrence of an event during a pre-specified period.
Nonparametric maximum likelihood estimation (NPMLE) has been
discussed in extensive literature with interval censored data. The earli-
est work about NPMLE with current status data, namely the case-one
interval censored data was proposed by Ayer et al. (1955), Eeden (1956)
and Eeden (1957). The pool-adjacent-violators algorithm was discussed
to compute the estimate of the distribution function. The asymptotic
properties about the NPMLE were established in Groeneboom (1987).

Groeneboom and Wellner (1992) have proved that the asymptotic distri-
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bution of the NPMLE was a two sided Brownian process, then based on
Groeneboom and Wellner (2012), the confidence interval of the NPMLE
can be derived through the estimation of the quantile. Following from the
limiting theorem, the bootstrap method can also be used to get the point-
wise variance estimation and the confidence interval. Without estimating
the unknown parameters in the asymptotic distribution, Banerjee and
Wellner (2005) established the confidence interval for case-one interval-
censored data based on the likelihood ratio test. Recently, Groeneboom
et al. (2015) also talked about the confidence intervals with current status
data based on the likelihood ratio test with restricted and unrestricted
likelihood function. Peto (1973) and Turnbull (1976) generalized the
estimation to case-two interval-censored data. The Newton-Raphson al-
gorithm and self-consistency algorithm were presented respectively in the
two literature. Specifically, as there are not a closed form of the NPMLE
with case-two interval censored data, various algorithms have been devel-
oped for the NPMLE with case-two interval censored data. The iterative
convex minorant (ICM) algorithm was proposed by Groeneboom and
Wellner (1992) and modified by Jongbloed (1998). After modification,
the algorithm can make sure the increase of the objective function after
every iteration and enjoys the global convergence property. The EM-ICM
algorithm, which combines the EM algorithm with the ICM algorithm

and was proposed by Wellner and Zhan (1997), also enjoys the global con-
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vergence property. Bohning et al. (1996) generalized the vertex-exchange
or other algorithms proposed for the finite mixture model estimation to
determine the NPMLE with interval censored data. Gentleman and Gey-
er (1994) and Li et al. (1997) also investigated the algorithm or character-
ized the data structure related to the NPMLE based on interval-censored
data. Besides, Groeneboom and Wellner (1992) showed that the NPMLE
enjoyed the uniform consistency property with case-two interval censored
data. So do van de Geer (1993) and Yu et al. (1998). Further, Schick
and Yu (2000) gave a strong consistency results with L; norm, while
Yu et al. (2000) showed the self-consistency results about the NPMLE
under this scenario. As pointed out by Sun (2007), the NPMLE with
case-two interval censored data also has the same limiting distributing
as current status data in Groeneboom and Wellner (1992). Huang (1999)
showed that under a little strong assumption, both case-one and case-two
interval censored data can converge to a standard normal distribution.
Then the likelihood ratio statistics or the bootstrap method can be used
to get the confidence interval. Further, Goodall et al. (2004) established
the confidence interval for case-two interval-censored data based on three
methods. The first one is based on the full information matrix, the sec-
ond is based on the nonzero estimates’ information matrix while the third
one is relied on the likelihood ratio inference. In addition, Sun (2001)

generalized the Greenwood formula to interval-censored data to estimate
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the variance. Similar to the Kaplan-Meier estimator, the NPMLE is al-
so a discontinuous function. Thereby, in order to do some sophisticated
inference, smoothed estimation about the survival function or density is
needed. Although the complexity of the interval censored data result-
ing in the difficulty of smoothing the NPMLE directly, some smoothed
estimation about the survival function or density estimations were pro-
posed by Braun et al. (2005) and Pan (2000) respectively. Vandal et al.
(2005) proposed the the constrained nonparametric estimation problem
to estimate the distribute function with interval censored data.

As the hazard can reveal more characters of the failure time than
the survival function, there exist numerous well-developed approaches
to estimate the hazard with interval censored data. The earliest work
is based on the nonparametric estimation without smoothing. But the
hazard derived through this way is unstable and unsuitable for graphical
presentation. The smoothing estimator of the hazard mainly based on
the kernel methods (Lawless (2011); Tanner and Wong (1984)) the the
spline methods (Kooperberg and Stone (1992), Rosenberg (1995)), and
the local likelihood methods (Tibshirani and Hastie (1987)) with para-
metric model. Actually, the spline methods are mainly related with the
likelihood methods. Specifically, in order to get a smooth estimator of
the hazard, the penalized likelihood method would be introduced and the

hazard or log-hazard would be modeled as a linear combination of the s-
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pline basis. Among the basis, the B-spline basis, penalized B-spline basis
(Cai and Betensky (2003)), M-spline basis (Joly et al. (1998)) are used.
Similar to the right censored data, there exit some regression methods
to estimate the hazard. Among them, the proportional hazards model,
the additive hazards model and the proportional Odds model are the
most popular ones. Specifically, for the current status data, Huang et al.
(1996) and Huang and Wellner (1997) gave the rigorous and detailed
discussion about the use of the proportional hazards model. They gave
fundamental ground work for the asymptotic study based on the max-
imum of the likelihood estimation and investigated the use of the pro-
portional hazards model. The additive hazards model for current status
data were investigated by Ghosh (2001), Lin et al. (1998), and Marti-
nussen and Scheike (2002). For case-two interval-censored failure time
data, Finkelstein (1986) was the first to study the use of the PH model
for interval-censored data. After that, Huang and Wellner (1997) gave
the asymptotic properties of the PH model with interval censored data.
Alioum and Commenges (1996), Datta et al. (2000), Huber-Carol and
Vonta (2004), and Pan and Chappell (2002) generalized the PH model
the analysis of survival time data that involve interval censoring as well
as truncation. Others that investigated the PH model include Satten
(1996), Goggins et al. (1998), Betensky et al. (2002),Cai and Betensky

(2003), Huber-Carol and Vonta (2004), ect. The proportional odds mod-
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el involved case-two interval censoring include Huang and Rossini (1997),
Rabinowitz et al. (2000), and Shen (1998). The reviews about the accel-
erated failure time model include Pu and Li (1999), Li and Pu (2003),

Rabinowitz et al. (1995), Betensky et al. (2001), and Xue et al. (2006).

1.5 Research of outline

The remainder of the dissertation is organized as follows. Chapter 2
presents a penalized nonparametric maximum likelihood estimation of
the log-hazard function with the right censored data. In particular, the
log-hazard is approximated by a linear combination of the B spline basis,
which derives a smoothed estimator. A reproducing kernel Hilbert space
is established with a special inner product. The most appealing fact is
that a functional Bahadur representation is established in the reproduc-
ing kernel space, which serves as a key technical tool for nonparametric
inference of the unknown parameter/function. Both pointwise and glob-
al asymptotic properties of the resulting estimator of the unknown log-
hazard function are proved. Furthermore, the local confidence interval
and simultaneous confidence band of the unknown log-hazard function
are provided, along with a local and global likelihood ratio tests. We also
investigate issues related to the asymptotic efficiency. The fast comput-
ing algorithm is used to calculate the estimators.

As the second main part of this thesis, the aforementioned nonpara-
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metric inference approach is extended to handle interval censored data
in Chapter 3. In particular, we focus on the nonparametric inference of
the cumulative hazard function, instead of the log-hazard function of the
interval censored data. That is because it’s not so easy to take care of
the inner space with log-hazard. Similarly, we have derived a functional
Bahadur representation and established the asymptotic properties of the
resulting estimate of the cumulative function. Particularly, the global
asymptotic properties are justified under regularity conditions. A like-
lihood ratio test is also provided. Besides, some constrained algorithm
would be used to calculate the estimator.

Some conclusions and future work would be related in Chapter 4.
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Chapter 2

Nonparametric Statistical
Inference for Right Censored
Data Using Smoothing
Splines

This chapter focuses on the statistical inference about the penalized non-
parametric maximum likelihood estimation for right censored data using
the smoothing splines. A functional Bahadur representation is derived
firstly, which is the key technical tool of the chapter. Based on the func-
tional Bahadur representation, we study the asymptotic properties about
the estimator. Then the local confidence interval and simultaneous con-
fidence band about the estimator is given as by products. After that, the
local and global likelihood ratio test are shown. Besides, some optimal
and efficiency issues are figured out. Simulation studies are carried out

to verify the theories. A real data example is demonstrated.
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2.1 Introduction

In survival analysis, the outcome variable of interest is the time until the
occurrence of an event, such as occurrence of a disease, death, marriage,
etc. The time-to-event or survival time is usually measured in days, weeks
or years, which is typically positive. Censored observations, of which the
survival time is incomplete, are collected frequently in medical studies,
reliability and many other fields related to survival analysis. The most
commonly encountered case is right censoring. To accommodate cen-
soring, state-of-the-art statistical methodologies have been developed in
past decades, including parametric, semiparametric and nonparametric
methods.

Parametric approaches assume that the underlying distributions of
the time-to-events are certain known probability distributions. For ex-
ample, the exponential, lognormal and Weibull distributions are among
those commonly used ones. Parametric methods are appealing to prac-
titioners owing to their convenience and ease of interpretation (Johnson
and Kotz (1970), Mann et al. (1974),Lawless (2011), Kalbfleisch and
Prentice (2011)). The most extensively used semiparametric model for
the analysis of survival data is the celebrated Cox’s proportional hazards
model, in which it is assumed that the hazard function of the survival
time is multiplicatively related to an unknown baseline function and the

covariate; see Cox (1972),Cox (1975), Cox and Oakes (1984), Lin and
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Wei (1989) and Lin and Ying (1994). In contrast to parametric models,
Cox’s model makes no assumption on the shape of the baseline hazard
function, and provides easy-to-interpret information for the relationship
of the hazard function of the survival time and the covariates. The
parameter regarding the covariate effect in the Cox’s model is usual-
ly estimated by maximizing the partial likelihood, and its large-sample
properties are beautifully justified with the martingale theory; see An-
dersen and Gill (1982), Kosorok (2008), and Fleming and Harrington
(2011). In the analysis of survival data, an important alternative to the
Cox’s proportional hazards model is the accelerated failure time model
(AFT), which assumes the logarithm of the survival time is linearly re-
lated to the covariates; Kalbfleisch and Prentice (1980),Cox and Oakes
(1984), Wei (1992) and Zeng and Lin (2007). Intriguing semiparametric
inference methods for the AFT model have been studied thoroughly in
the literature, Buckley and James (1979),Prentice (1978),Ritov (1990),
Tsiatis (1990), Wei et al. (1990), Lai and Ying (1991a), Lai and Ying
(1991b), Lin et al. (1993) and Lin and Chen (2013).

Parametric and semiparametric methods rely very much on the dis-
tributional or model assumption. However, the underlying distribution
or model is often unknown, and the inference based on the parametric
and semiparametric models may suffer from possibly mis-specification.

Without making assumption about the unknown distribution or an ac-
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tual model form, nonparametric inference concerned about the hazard
rate, survival function and density function are proposed in the litera-
ture, as hazard function is closely tied to survival function and density
function through a direct relationship. Among them, the Kaplan-Meier
estimator Kaplan and Meier (1958) was the nonparametric maximum
likelihood estimator, which enjoys the self-consistency and asymptotic
normality, see Efron (1967) and Breslow and Crowley (1974). Although
the Kaplan-Meier estimator is well developed and easy to calculate, the
discontinuous property would hinder the sophisticated inference. There-
by, some smoothed estimator of the hazard and density estimators are
developed. For example, with censored survival data, kernel smooth-
ing and nearest neighbor smoothing on the time axis are well-known
approaches to estimate the density function or the hazard function; see
Beran (1981), Dabrowska (1987),Gray (1992). In order to avoid the selec-
tion of bandwidth, ease the computation and give a smoothed estimator,
penalized likelihood methods for the estimation of the hazard rate using
the smoothing splines are developed in the literature; see Anderson and
Senthilselvan (1980), O’Sullivan (1988) and Rosenberg (1995). It is also
known that kernel estimates reflect mostly the local structure with the
data, and estimates of the density function or the hazard function based
on smoothing splines with a global smoothing parameter enjoy better

global properties (O’Sullivan et al. (1986)). Except some consistency
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properties for the smoothing splines hazard estimate were reported (Cox
(1972)), to the best of our knowledge, there are limited discussion on
the theoretical properties of the estimate of the hazard function using
smoothing splines in the literature. Moreover, the nonparametric infer-
ence for the hazard function is subject to a positivity constraint, which
makes the computation complicated. In this chapter, we target at the
log-hazard rate in a nonparametric framework Kooperberg et al. (1995)
provide a penalized likelihood estimate using smoothing splines. Our
major contribution of this chapter is to establish the local and global
asymptotic properties of the proposed log-hazard estimator.

The rest of the chapter is organized as follows. Some background
and preliminary knowledge are given in section 2.2. In section 2.3, we
report a new functional Bahadur representation (FBR) in the Sobolev
space, and investigate the local and global asymptotic properties of the
resulting estimate of the log-hazard rate; We discuss the hypothesis test
in section 2.4 and some simulation results are presented in section 2.5. In
Section 2.6 our method is applied to a non-Hodgkin’s lymphoma dataset.
Section 2.7 contains some concluding remarks and further discussions.

All technical proofs are deferred to the Section 2.8.
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2.2 Preliminaries
2.2.1 Notation and Methodology.

We introduce notations that will be used throughout this chapter. Let
T be the survival time and let C be the censoring time. We define the
observation time Y = min(7,C) and § = I(T' < C) be the censoring in-
dicator, where I(-) is the indicating function. Moreover, we denote A(¢)
as the hazard rate/function of the survival time and go(t) = log(A(t)).
A(t) : I — Ris bounded away from 0 and infinity (this already is assump-
tion). Without loss of generality, we consider I = [0, 1]. Suppose that
the observed data (Y;,d;),i = 1,...,n, are independent and identically

distributed (i.i.d) copies of (Y, d). Then, the log-likelihood of g is:

) = = [explal0)S,(0)dt+ > Gig(Y)

where S, (+) is the empirical survival function of Y; see O’Sullivan (1988).

Let I(g) = E{l,.(9)}. A direct calculation yields that

lo) == [explo@®)ste)dt+ [explan(®la)s(e) it

where S(t) is the survival function of Y. Throughout this chapter, we

consider the true target function go(t) belongs to the mth-order Sobolev
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space H™(I) shorten as H™:
H™ (D)

={g: 1~ R|g" is absolutely continuous for j = 0,1,...,m —1,¢"™ € Ly(I)}.

where the constant m > 1/2 and is assumed to be known, gY) is the jth
derivative of g and Lo(T) is the Lo space defined in I. Define J(g,§) =

g™ (t)§™(t) dt. The penalized likelihood of ¢(-) is defined as:
I

1a(o) = (o)~ 57(9.9)

where J(g, g) is the roughness penalty and A is the smoothing parameter,
which converges to 0 as n — oc.
For the inference of gy(t), we propose to use B-splines to approximate

g in [, x(g). For the finite closed interval I, we define a partition of I:
O=t1=...=1 <1 < ovc < bmptm < by +met1 :-~-:tmn+2m:17

with which [0, 1] is partitioned into m,, 4+ 1 subintervals with knots set
Z = {t;}" ™ and m, = o(n") for 0 < v < 1/2. Let {B;m,1 < i <
¢n} denote the B-spline basis functions with ¢, = m, + m. Let U, 1
(with order m and knots Z) be the linear space spanned by the B-spline

functions, that is

qn

Uiz ={D_ 0iBim b € Ri=1,....q.}.
=1
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It follows from Schumaker (1981) that there exists a smoothing spline

gn(t) € Wz such that [lgn(t) — go(t)[ec = O(n™™) and |lg(t)[e =

super |g(t)]. Now, we define

Gy = arg max. L (9)

= arg max {ln(g) — %J(gag)}

geq’m,I

as the estimator of gg(t). The numerical implementation of solving the
above objective function is available in O’Sullivan (1988) with a fast
computation algorithm. Moreover, a data-driven method based on AIC

criterion was suggested to select the smoothing parameter .

2.2.2 Reproducing Kernel Hilbert Space

We now present some useful properties about the reproducing kernel
Hilbert space (RKHS) as in Shang and Cheng (2013). First of all, it
is known that when m > 1/2, H™ is a RKHS with the inner prod-
uct < g,g >x= [;9(1)g(t) exp{go(t)}S(t)dt + X\J(g,g) and the norm
lgll3 =< g,9 > . Furthermore, there exists a positive definite self-
adjoint operator Wy : H™ +— H™, which satisfies: < Wyg, g >x= AJ(g,9)
for any g, € H™ Denote V(g,9) = [;9(t)g(t) exp{go(t)}S(t) dt. Then,

it follows directly that

< gag >A= V(g7§>+ < W)\g>§ > -
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Let K(-,-) be the reproducing kernel of H™ defined on I x I. Then it is

known to possess the following properties:

(P1) Ki(-) = K(t,-) and < K}, g >x= g(t) for any ¢g in H™ and any ¢ in
I.

(P,) There exists a constant ¢, depending on m only, such that || K[|, <
cmh™? for any t € T and h = A/®™) Hence, we have ||g(t)|s <

cmh™2||g|s for any g € H™.

We denote two positive sequences a,, and b, as a, < b, if they satisfy
lim,, o0 (@, /by) = ¢ > 0. There exists a sequence of eigenfunctions h; €

H™ and eigenvalues +; satisfying the following properties:

(P3) supjey [|1h)lloe < 00, 75 < 7™, where N = {0,1,...};

(Py) V(hi, hj) = 6ij, J(hiyh;) = 1;0;5, where ¢;; is a Kronecker delta,
that is 0;; = 1 when ¢ = j; otherwise, d;; = 0.

(P5) For any g € H™, we have g = » 2V (g, h;)h; with convergence in
the || - ||x-norm.

(Ps) For any g € H™ and t € I, we have [|g|§ = 372, V(g, h;)*(1 +
M)y Ki() = 22520 hi(@)h; (1) /(1 + Xv;) and Wih;(-) = (Ay;)/(1 +

)l ().

Following Shang and Cheng (2013, page 2613), the eigenvalues and

eigenfunctions can be solved through the ordinary differential equations
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(k) _ 7 (k) _ _
h;7(0) = h;”(1) = 0, k=mm-+1,---,2m— 1.
(2.1)

For ease of presentation, we introduce more notations related to the
Fréchet derivatives. Let S,(g) and S, (g) be the Fréchet derivatives
of 1,(g) and I, x(g), respectively. Similarly, let S(g) and Sx(g) be the
Fréchet derivatives of [(g) and 1,(g), respectively. Let D be the Fréchet

derivative operator and g1, g2, g3 € H™ be any direction. Then, we have

1 n
Dlur(@)gt = = [exp{a}n S, W)t + > 5iga(¥)= < Wag g1 >»
I i=1

=< 8,(9),91 >» — < Wig, 1 >

=< Sn,)\(g)a gl >)\7

where S,(g9) = — [yexp{g(t)} K S (t) dt +n~' 37 6; Ky, and S,a(9) =

Sn(g) — Wig. Moreover,

DQZn,A(Q)QlQQ = - /exp{g(t)}g1 (1)ga(t)Sn(t) dt— < Wig1, g2 >a,
I

Iﬂm@Mm%::—A%Mﬂﬂm@w@%®&®ﬁ-
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Further, by a direct calculation, we can express

S(g) = Dl(g)

. / exp{g(t)} .S (t) di + / explgo()} KS(t) dt = E{S,(9)}

as well as S\(g) = S(g) — Wig. Besides,

D{S(9)g:}92 = DA(q)gngs = — / exp{g(t) 1 ()g2(H)S (1) dt.

I

Hence, we have the following result:
< DS\(90)f,9 >x = < D{S(g0) — Wirgo} .9 >»
= < DS(g0)f,9>x— <Wif,g >

- < / explg()} F(NKS(E) dt,g 5 — < Wafog >»

=~ [o O expla)} S0 de ~ A9,

I

= _<f7.g>)\-

Proposition 2.1. DS)(gy) = —id, where id is the identity operator on

’H’ITL

This proposition will be playing an important role in deriving a func-

tional Bahadur representation (FBR) about the proposed estimator.
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2.3 Functional Bahadur Representation

In this section, we derive and present the major technical tool: functional
Bahadur representation (FBR), which laid down a theoretical foundation
for statistical inference procedures in later sections. With the help of the
FBR, we establish the asymptotic normality of the proposed smoothing
spline estimate. Likelihood ratio test procedure are also justified rigor-
ously. To begin with, we present a lemma regarding the consistency of
the proposed estimate for obtaining the FBR. All theoretical conditions

and proofs are deferred to Appendix.

Lemma 2.1. (Consistency) Suppose conditions(C2.1)-(C2.3) given in
Appendiz hold. Then, if A(nU="/2 4 n?™) — 0 asn — oo for 0 < v <

1/2, we have

1n.x = golloe = 0p(1),

J(Gnx = 905 Gnx — 90) < C,
where C' is a constant larger than 1.

In fact, the consistency of the estimator with the infinity norm can be
derived by Cox and O’Sullivan (1990). But the second theoretical result
is given firstly by us.

To obtain the rate of convergence of the proposed estimator, we next

drive a concentration inequality of certain empirical process. Define G =
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{g € H" :|lglle <1,J(g,9) < C}, where C is specified in Lemma 2.1.

We next define
2,9) = = > lonl¥i) ~ ElalYiu)l

where ¢, (Y}, g) is a real-valued function in H™.

Lemma 2.2. Suppose that ¢, (Y, g) satisfies the following condition:

lon(Y, ) —on(Yo9)Ix S If —glls forany  figeG. (2.2)

Then, we have

. Zn g)lix
lim P |sup 1”1/(2151))H
= 56 gl 4t

- < {5loglog(m}*| = 1.

By Lemma 2.1 and Lemma 2.2, we obtain the convergence rate of our

estimate which is presented in the following theorem:

Theorem 2.1. (Convergence Rate) Assume that conditions(C2.1)-(C2.3)
giwen in Appendiz are satisfied. Then, when log{log(n)}/(nh?) — 0,

Mn=/2 4 pvm) 5 0 as n — 0o, we have
130 = gollx = Op((nh) ™2 + h™).

Remark 1. If h < n=Y/®m+1) Theorem 2.1 suggests that §, » achieves
the optimal rate of convergence when we estimate gy, € H™, that is
Op(n—m/(Qm-l-l)).
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Based on Theorem 2.1, we are ready to present the key technical
tool of this chapter, a new version of functional Bahadur representation

compare with that of Shang and Cheng (2013).

Theorem 2.2. (Functional Bahadur Reprensentation) Assume that conditions(C2.1)-
(C2.3) hold. Then, if log{log(n)}/(nh?) — 0, A(nU=%/2 4-n*™) — 0 as

n — 0o, we have

1Gn.x = 90 = Sua(go)llx = Op(ewm),

where S A(go) =n"t Y 0, fﬂ exp(go(t)) Ky dM;(t) — Wi(go),
a, = n—l/Q—vm + n—vm{(nh)—l/Q + hm} + h—l/Z{(nh>—1 + h2m}

+ h—(Gm—l)/(4m)n—1/2{loglog(n)}l/Q{(nh)—l/Q + hm}

In fact, one of the key results leading to the FBR in Theorem 2.2
is Proposition 2.1, which can be seen from the proofs of Theorem 2.2
in Appendix. Moreover, Theorem 2.2 reveals that the “bias” of our
estimate g, is approximately S, 1(go), a sum of certain independent
and identical random variables. Applying this result, we immediately

obtain the following result regarding the asymptotic normality:

Theorem 2.3. Assume conditions (C2.1)-(C2.3) hold. For m > 3/4 +
V5/4 and 1/(4m) < v < 1/(2m), suppose nh*™~' = 0 and nh® — oo as

n — oo. Then, we have:
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(i) For anyty €1,
Vh{gu(to) — g(to) — Wago(to)} — N(0,02),

where of = im0 h 372 h3(to) /(1 + My;)? and Ly means con-

verges in distribution.

(1) Moreover, we have vnh{g, x(t) — go(t) — Wixgo(t)} converges weak-
ly in I to a mean zero Gaussian process Z(t) with the covariance

function at (s,t) equals to (s, t), where
N }1L1—>0 mh Z (1 —I— /\'y]

Remark 2. The second part of Theorem 2.2 provides the weak con-
vergence of our proposed estimate. To the best of our knowledge, there is
no report in the literature regarding the weak convergence to a Gaussian

process of a smoothing spline-type estimate.

Corollary 2.1. Assume conditions(C2.1)-(C2.3) hold. Form > 3/2 and
1/(4m) < v < 1/(2m), suppose nh*™ — 0 and nh® — oo as n — .

Then, for any ty € I, we have
Vih{ga(to) = golto)} == N(0,03)

with o, defined in Theorem 2.1. In addition, we show that v/nh{jn \(t)—

go(t)} converges weakly in 1 to a zero-mean Gaussian process Z(t) with
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the covariance function at (s,t) equals to (s, t).

Remark 3. Corollary 2.1 implies that, under certain under-smoothing
conditions, the asymptotic bias for the estimation of gy(ty) vanishes.
Hence, Corollary 2.1 together with the so-called Delta-method imme-
diately gives the pointwise confidence interval (CI) for some real-valued
smooth function of go(t) at any fixed point ¢y € I, denoted by p(go(to)).
Let p(-) be the first derivative of p(-). By Corollary 2.1, for any fixed

point ¢ € I, if p(go(to)) # 0, we have

P (p(go(to)) € [p(gn,A(to)) + %M\/O_)h)%b e l—a

as n — 00, where ®(-) is the standard normal cumulative distribution
function and ®,, is the lower a-th quantitle of ®(-), that is ®(®,) = .
As for the simultaneous confidence band, we employ the resampling
method of Lin et al. (1993) for distributional approximation. For illustra-
tion, let (G1,...,G,) be independent standard normal random variables,
independent of the data (Y;,0;),i = 1,...,n. It can be shown that the
distribution of the limiting process Z(t) can be approximated by that of

the following zero-mean Gaussian process

~

2(t) = \/% Zl /H Ku(s) dMi(s)Gh, (2.3)

where M;(t) = N;(t) — fot I(Y; > s)exp{go(s)}ds, and N;(t) = I(V; <
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t,0; = 1). It is well-known that M;(t) is a martingale. In view of this fact,
we obtain a large number of realizations of Z () by repeatedly generating
the standard normal random samples (G, . .., G,) while fixing the data.
Thus, one may use the empirical distribution of these random samples to
approximate the distribution of Z(t). In particular, the a-percentile of
Supser | Z(t)| can be approximated by the empirical percentile of a large
number of realizations of sup,;|Z(t)|, denoted by Go. As a result, we

can construct the global confidence band of gy(t) as follows:

) 1 . 1 .
(gn)\(t) - mGOm gm/\(t) + —Ga) .
2.4 Likelihood Ratio Test

With the help of the FBR, we consider further inference of go(-) by testing
local and global hypothesis. In this section, we focus on likelihood ratio

tests for testing go(-).

2.4.1 Local Likelihood Ratio Test

We consider the following hypothesis for some pre-specified (g, wp):

Hy : g(to) = wo Versus Hy : g(ty) # wo.
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The penalized log-likelihood under Hj, or the “constrained” penalized

log-likelihood by Shang and Cheng (2013), is defined as:

Luala) == [explo(®) +nbS.(0)dt + 1 3 6i{g(¥) + e} = 57(0.9),

where g € Ho = {g € H™ : g(ty) = 0}. We consider the following

likelihood ratio test (LRT) statistic:

LRTn,A = ln,A(WO + gg,)\) - ln,)\(gn,/\)v

where gg}k = arg maXgecgo _ L, x(g) is the MLE of ¢ in

dn qn
U0 7 ={) 0:Bism, Y 0:Bim(to) =0}
i=1 i=1

Clearly, Hy is a closed subset in H™, and hence it is a Hilbert space
endowed with the norm || - ||.
The following proposition states the reproducing kernel and penalty

operator of H,y inherited from H™ without proofs.

Proposition 2.2. The reproducing kernel and penalty operator of Hy

inherited from H™ satisfy the following properties:

(a) Recall that K (t1,ts) is the reproducing kernel for H™ under

< -+ >x. Then, the bivariate function

K (b, ts) = K (t, ta) — K (to, 1)K (to, t2) /K (to, to)
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is a reproducing kernel for (Ho, < -,- >x). That is, for any t € 1
and g € Ho, we have K = K*(t,-) € Ho and < K[, g >,= g(t).
Moreover, we have | K*||x < vV2cnh™/?, where ¢, is the same as

m PQ.

(b) The operator Wy, defined by Wig = Wxg—(Wig)(to) Ky, /K (Lo, to),
is bounded linear from Ho to Ho and satisfies < Wig,§ >= AJ(g,9),

for any g,g9 € H,.

Based on Proposition 2.2, we are in the position to derive the func-
tional Bahadur representation (FBR) for gg , under null hypothesis, or
the so-called “restricted” FBR for gj ,, which will be used to obtain the
limiting distribution under null. A direct calculation yields the Fréchet
derivatives of L, (along directions in Hy). Consider g1, ¢2,935 € Ho.

The first-order of Fréchet derivative of L, ), denoted by 827/\, can be

41



calculated as follows:

DL, x(9)g:
1 1 n
=~ [ emlo®) +un)Sutg(t)dt + S5l
0 =1
— < W;\kgmgl >
1 1 n
_ _/ exp{g(t) +wo}bSu(t) < Kf, g1 =5 dt+ > 6 < K, g1 >
0 i—1
— < Wxg, 91 >x
1 1 n
=< —/ exp{g(t) +wo}Sn(t) K} dt, g1 > + Z@' < Ky, g1 >
0 =1

— < Wxg, 91 >x
=< 8)(9), 91 >x — < W5g, 91 >»
=< SgA(g),gl >
where 85(g) = — [y exp{g(t)+wo}Su(t) K} di+n=' 31, 6K, and 82 ,(g) =
Sn(9) —W3g. Define 8°(g) = E{S;(¢)} and S}(g) = 8°(g) — W3g. Nex-
t, we denote the second-order and the third-order Fréchet derivatives

of L, x(g) as D*Ly, x(9)9192 and DL, 1(g)g19295 respectively. Further

calculation yields that

1
D%MWMQZ—/em@@+wﬁﬂﬁﬁmwﬁ—<WMﬂpm
0
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and

D’ L \(9)919293 = —/0 exp{g(t) + wo}Sn(t)g1(t)g2(t)gs(t) dt.

We consider the derivative of SY(g) and obtain

1
Dﬁ@%mz—/em@@+%ﬁ@m@%ﬂﬁﬂdﬁ%m>»
0

Then, by defining gJ(t) = go(t) — wo, we got the following important

equation:

< DSg(gg)fnq >y =< D{S()(g(()))}fag >y — < W;\kfvg >
1
=~ [ explgb(®) + ) SOFWgle) = < Wisg >
0
=—-Z< fag >
We state this result as the next proposition.
Proposition 2.3. DSY(g)) = —id, where id is the identity operator.

Similar to Theorem 2.1 in Section 2.3, we need to prove the rate of

convergence of the resulting estimator so as to obtain the FBR.

Proposition 2.4. (Convergence Rate) Assume conditions(C2.1)-(C2.3)
hold. Under Hy, if log{log(n)}/(nh?) — 0, A(n*=")/2 £ n*™) — 0 as
n — oo, we have

13m0 = g0llx = Op((nh) ™12 + B™).
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The proof of Proposition 2.4 is similar to that of Theorem 2.1. Hence
it is omitted. The next theorem follows directly from Propositions 2.2-

2.4.

Theorem 2.4. (Restricted Functional Bahadur Representation) Suppose
that conditions(C2.1)-(C2.3) are satisfied. Also, we assume that under
Hy, log{log(n)}/(nh?) — 0, A(n=2/2 4+ n*™) — 0 as n — co. Then, we

have
19mx — 96 — SpA(90) |l = Op(a),

where o, is defined in Theorem 2.2.

Our main result on the local likelihood ratio test follows immediately

from Theorem 2.4 and is presented below.

Theorem 2.5. (Local Likelihood Ratio Test) Assume conditions(C2.1)-
(C2.8) hold. For m > (5++/21)/4 and 1/(4m) < v < 1/(2m), suppose
that nh®™ — 0 and nh* — oo as n — oco. Furthermore, for any to € 1,
if o, # 0, let ¢y = limy,_o V (K3, Kyy)) /|| K l|3 € (0,1]. Then, under Hy,

we have:
(1) ||Gnx — @,QM —wollx = Op(n—l/Q);
(ii) —2nLRT, 5 = nl|gnx — 60, — woll3 + 0p(1);

(iii) —2nLRT,\ -5 ¢y X2
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Remark 4. The central Chi-square limiting distribution in part (iii)
above is established under those under-smoothing assumptions in The-
orem 2.5. One may also relax those conditions for h at the price of
obtaining a noncentral Chi-square limiting distribution. We also note
that the convergence rate stated in Theorem 2.5 is reasonable under lo-

cal restriction.

2.4.2 Global Likelihood Ratio Test

It is of paramount importance to study the global behavior of a smooth

function. In this section, we consider the following “global” hypothesis:

Hglobal 1 g =g versus Hl :g 7é 4o,

where gy € H™ can be either known or with unknown. The penalized

likelihood ratio rest (PLRT) statistic is defined as:

PLRTn,A = ln,/\(QO) - ln,A(.@n,A)-

We next derive the null limiting distribution of PLRT), .

Theorem 2.6. Assume conditions(C2.1)-(C2.3) hold. For m > (3 +
V5)/4 and 1/(4m) < v < 1/(2m), suppose that nh*™+' = O(1) and
nh® — 0o asn — co. Define 05 =32 h/(1+ M), pX =220 h/(1+

M2, = 02 /02, va = hlol/p2. Under HY™, we have

(203) Y2 (=2n\ PLRT,x — nya||[Wago(D)]12 = v3) =2 N(0, 1).
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In fact, the null limiting distribution above remains unchanged when
go in the null hypothesis is unknown. Moreover, it can be easily verified
that h < n~¢ with 1/(2m + 1) < d < 1/3 satisfies those conditions in
Theorem 2.6. We can also show that n|Wygol|? = o(h™') = o(v,). Thus,
—2ny\PLRT, ) is asymptotically N(vy,2r,), which approaches XEA as n

goes to infinity. In other words, we have
2
—2n\PLRT, \ ~ Xy,

suggesting the Wilks phenomenon holds for the PLRT.

Lastly, to conclude this section, we show that the PLRT achieves the
optimal minimax rate of testing given by Ingster (1993) based on the
uniform version of the FBR. To this end, we consider the alternative
hypothesis Hy, : ¢ = gn,, Where g,, = go + gn, 90 € H™ and g, belongs
to the alternatives value set A = {g € H™, exp{g.(t)} < (,J(g9,9) < (}

for some constant ¢ > 0.

Theorem 2.7. Assume that conditions(C2.1)-(C2.8) are satisfied. For
m > (34 +/5)/4 and 1/(4m) < v < 1/(2m), suppose that h =< n=¢ for
1/(2m + 1) < d < 1/3 and uniformly over g, € A, [|[Gnr — Gnollr =
Op((nh)*l/2 + hm) holds under Hy, : g = gn,. Then, for any § € (0, 1),

there always exist positive constants C' and N such that

inf inf P(reject HZ"™|Hy, is true) >1— 90,
n2N gn€A,|lgnllx=Cnn
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where 0, > \/h2™ + (nh1/2)=1. Moreover, the minimal lower bound of n,

is n=2m/mED) hich can be achieved when h = h** = n~/m+1),

Importantly, when h = h** = n~2/4m+1) Theorem 2.7 proves that
the PLRT can detect any local alternatives with separation rate no faster

—2m/(

than n 4m+1) which is actually the minimax rate of hypothesis test-

ing in the sense of Ingster (1993).

2.5 Simulation Results

To verify the theoretical results, we present three simulated examples in
this section. In the simulation studies, we set v = 1/5 and the number
of knots is [3 x n'/?], where [z] is the integer part of x. Fore ease of

presentation, more notations are needed. We define
1
1= [ exp{gl)} BO)BE)S,(5)ds
0
1 .. ..
Q= / Bu(s)Bem(s)ds,  Lk=1,2. .. qu,
0

Q0 = () which is the matrix with the (/,%) element being € and
By (s) is the second derivative of By, (s). The following AIC criterion
proposed by O’Sullivan (1988) is used to select the smoothing parameter
Al

trace|(H + Q)11
ALCON) = —(Gr) + race[(H + A2 ]7

n
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In linear algebra, the trace of an n-by-n square matrix A is defined to
be the sum of the elements on the main diagonal (the diagonal from the
upper left to the lower right) of A.

Ezample 1: In this example, the failure time follows Beta(1, 51) and
the censoring time follows Beta(1, 1— 1), where f3; is chosen to yield 20%
or 40% censoring rate. The sample size n = 250, 500 and the replication
time is 500.

To examine the performance of the pointwise confidence interval and
global simultaneous confidence band, we compare our method with the
Bayesian confidence interval proposed by Wahba (1983), denoted by B-
CI. And its corresponding coverage probability is denoted by BCP. We
refer our proposed pointwise (local) confidence interval and its coverage
probability as LCI and LCP, while we refer our proposed simultaneous
(global) confidence band as GCI. Through the simulations, we find that
exp(g(t))Sy(t) is nearly flat in the interval [0.2, 0.8], we set the eigen-
functions as the trigonometric series. To be specific, we let r be the mean
value of [{exp(§(t))S,(t)}]"/?,t € [0.2,0.8]. Thus, the eigenfunctions and

eigenvalues are given as the following:

1/T7 ]:()7
hi(t) =< V2sin(27k)/r, j=2k—-1,k=1,2,...;
V2cos(2rk)/r, j=2k,1=1,2,...;
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0, J=0;

yit)y =< EE ok 1k =1,2,..;
Qe =2k 1 =1,2,..

Then following from the method in Shang and Cheng (2013) on page
2631, we can get the estimate of o,,. Specifically, we can estimate oy,
by Lr=®=Y/™ [z where I, = [;°(1 + 2*™)"*dz. By plugging in the
eigenfunctions and eigenvalues obtained previously into 2.3 to get G,
we can compute the global coverage probability (CP). The simulation
results are presented in Figures 1-2. We observe that the length of our
proposed local confidence interval (LCI) is shorter than that of Wahba'’s
method (1983), which is consistent with that of Shang and Cheng (2013).
The LCP is close to 95% for ¢t € [0.1, 0.8] while the BCP is almost 1 due to
over-estimation in the variance. Besides, table 1 gives the Global CP at
different intervals. From the table, we can get that the global confidence
band is reasonable.

To show the power of the test, we considered the test functions: g(t) =
log(p1)—log(l—x)4cx, with ¢ = 0,0.5,1,1.5. As J(g, g) = 0o, we modify
PLRT, x» < 1,(90) —ln(gn.x). The results about the global likelihood ratio
tests are listed in Table 2. From the table, we can find that when ¢ = 0,
the power is around 5% or less 5%, and when ¢ > 0, the power increases

to 1 with the samples or ¢ increasing. This means that the modified
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PLRT, \ can also do some likelihood ratio test when J(g, g) = oo, namely
the true function do not belong to the H™.

Example 2: The failure time is generated from the truncated Weibull
distribution on [0.1, oo] with density function

fo) o 3G

) Texp(~()1). we(0,00]

with £ = 2.8 and A = 0.8. We generate the censoring time from the
truncated Weibull distribution on [0.1,1.1] with A = 5 and k is chosen to
yield 20% and 40% censoring rate. In this example, we set m=2. We are
able to obtain the eigenvalues and eigenfunctions of the Hilbert space by
solving the ODE functions (2.1) numerically, which therein are used in
the estimation of oy, and @a similar to Example 1. The simulation results
of the pointwise and global confidence interval and coverage probability
are reported in Figures 3-4. We observe that the local and global CI and
CP exhibit similar patterns as in example 1, for example, LCP is close
to 95% for [0.2, 0.9] and the global confidence band works reasonably
well.

To show the power of the test, we consider the test functions: g(t) =
log(k)+ (k—1)log(t) — klog(\) +cx, with ¢ = 0,0.5, 1, 1.5. Still following
from the ODE function (2.1), we can get the eigenvalues of the different
g are v; &~ (aj)*™, with a = 2.9162,2.4562, 2.6543,2.2476 and alpha =
3.1169,2.9013,2.6673, 2.4820 with the censoring rate being 20%, n=250
and n=500, respectively. Then we can get the v, = 1.333 while hv, =
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0.5078,0.5579,0.6029, 0.6589 or hvy = 0.4751,0.5104,0.5552,0.5967, re-
spectively. The results about the global likelihood ratio tests are listed in
Table 4. The table shows that when ¢ = 0, the power is around 5%, and
when ¢ > 0, the power increases to 1 with the samples or ¢ increasing.

Example 3: In our simulation studies, the failure time follows from
the exponential distribution with the corresponding mean parameter 1/2,
while the censoring time follows from the uniform distribution Uni f(0, L)
and the end of the study time is 1. L is chosen to yield the censoring rate
being 20% or 40%. We considered the sample sizes n = 250,500 while
the replication times are 500.

To show the power of PLRT, \, we considered the test functions:
g(t) =log(2) + cx, with ¢ = 0,0.5, 1, 1.5. Following from the ODE func-
tion (2.1), we can get the eigenvalues of the different g are v; ~ (aj)*™,
with a = 1.887,1.7584,1.6431,1.5446 and o« = 1.8727,1.7665, 1.6507, 1.5572
with the censoring rate being 20%, n=250 and n=500, respectively. Then
we can get the v, = 1.333 while hvy, = 0.7883,0.8488, 0.9013,0.9588 or
hvy = 0.7908, 0.8384,0.8972,0.9510, respectively. Similarly, we can also
get the hvy when the censoring rate is 40% and n=250, 500 respectively.
The results about the global likelihood ratio tests are listed in Table 5.
The table shows that when ¢ = 0, the power is around 5%, and when

¢ > 0, the power increases to 1 with the samples or ¢ increasing.
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2.6 Application

For illustration, we apply the proposal to analyze the study of non-
Hodgkin’s lymphoma Dave et al. (2004). The goal of the experiment
is to detect the effect of follicular lymphoma on the patients’ survival
time. The data were obtained from seven institutions from 1974 to 2001.
The samples are from 191 patients with untreated follicular lymphoma,
who are diagnosed at the ages from 23 to 81 years (median 51). The
follow-up times are ranging from 1.0 to 28.2 years (median 6.6). Af-
ter removing 4 samples with missing censoring indicator and observation
time, we have n = 187 samples and around 50% censoring rate. As
suggested by Iglewicz and Hoaglin (1993), we also calculate an outlier
statistic: Z; = 0.6745]Y; — median(Y)|/mad(Y’), where i refers to the
ith subject, median(Y’) and mad(Y’) are the median and median abso-
lute deviation of the 187 observation times, respectively. According to
Iglewicz and Hoaglin (1993), an observation is an outlier if Z > 3.5. In
this analysis, we observe that the 170th subject is the outlier. Then
we would clean it out and use the left samples to do the data analysis.
We standardize the survival times to range from 0 to 1. The results are
summarized in Figure 5.

For comparison, we also compute the Kaplan-Meier estimate, the
smooth Kaplan-Meier estimate and our proposed method about the cu-

mulative hazard function. Besides, we give the lower and up bound of the
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95% CI of cumulative hazard with the method of Kaplan-Meier estima-
tor. The results are shown in the left panel of Figure 5. From the figure,
we can get that our method can give an appropriate estimation, which is
very close to the other classical methods. The right panel in figure 5 gives
the estimation of the log-hazard of our method, the LCI and BCI. From
the figure, we can get that the pointwise interval is shorter than that

given by Wahba (1983), which are accordance to the simulation results.

2.7 Appendix

The following regularity conditions are assumed to prove the main results.

(C2.1) The probability P(min(7,C') > 1) > 0.

(C2.2) The censoring time C' and the survival time 7" are independent.

(C2.3) The hazard function of T, A(t) is bounded away from 0 and oo,
that is, there exist constants C; > 0 and Cy < oo such that ¢ <

A(t) < Co.

To prove Lemma 2.1, we define the inner product < -, - >; as a special
case of < -+ >y when A = 1 and the corresponding norm ||g||? =<
9,9 >1-

Proof of Lemma 2.1. Let g,(¢) be the B-spline function satisfying
lgn — golleo = O(n~"™). Since any two norms in a finite dimensional
Hilbert space is equivalent, we choose h, € W, satisfying ||h,|. =
O(n=0=92 4 n=v™) and ||hy)|ee = O(n=1=9/2 4 n="™) For some o € R,

23



write

Hn(a) = ln,)\(gn—i_@hn)

I

1 n
_ / exD{ga () + Al ()}S,(0) dt -+ -3 8i(gn + aha) (V)
=1
1
_5 < W/\(gn + ahn)vgn + ahn >

The derivative of H,(«) with respect to « is

H, ()
—/exp{gn(t)—i—ozh (1)} (1)S, (1) dt + - Zah

I

—a< thm hn >y — < W)\gn’hn >

= /]I [exp (go(t)) + exp (g0(t)) {gn — g0 + ahn(t) }{1 + 0(1)}] (1)

1 n
X Su(t) dt — o < Wahu, hy > = < Wagn, ho >x +- > Gihn (Y
i=1
= -« /hfl(t){l +o(1)} exp (g0(t)) Sn(t) dt — v < Wihy,, by >
I

—[/exp@o( 00t =S

I

- / (90 — 90) {1+ 0(1)}on(8) xp (90(1)) Su(£) dt— < Wrg h 3

= —oz]l —()é[2+13+]4+[5.
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Because S, (t) is a Donsker-Class,we have that ||S,,(t)—S(¢)]|e = Op(n~1/2).

Then,

L] = / B2 ({1 + o(1)} exp{go(t)} S, (1) dt

> 0,(1)P(Y > 1)Cy||h]|2

— O, (n~ ) ),

Next, we consider I3. In view of the fact that M;(t) is a martingale, we

have

2

n

_ %E{/ﬂhn(t) dMi(t)}Q

_ % / h2 exp{go(t)}S(¢) dt

B{Ll?} = ~E {&hn(Yi) —/Hexp{go(t)}hn(f)Sn(t) dt

_ O(TL_(Q_U)—I—TL_QUm_I).
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Thereby, we have I3 = Op(n_@;v) + n*vmfl/Z). On the other hand, from

”gn - gOHOO = O(n_vm>7 we get

1l = |- [l = a0+ om0 explan) (o)t
< |- [l - a1+ oWl explan(HS (0 - S(O}
| [l0. = a1+ o O explan) s(o a1
< Op(n” T T T2 IL2) 4 O(nT T T,

Lastly, it follows from the property of B-spline that || g%m) ()| 2 < Cp, for some

constant Cy depending on Hg(()m) (t)|| 2 and m, where || - ||z2 is the Ly norm,
which is the integral norm. Thus, we have
’15| = |< W)\gnu hn >)\|
< Allgt™ 21 alls
= AOp(n_kTv +n ") = op(n_(l_v) 4 n72m),

As a result, we can conclude that aH/ (a) < 0. Further, it is not hard to see

that

H!'(a) = — /exp{gn(t) + ahn(t)}h%(t)S’n(t) dt— < Wihy, hy, >y <0,
I

which implies H),(c) is a nonincreasing function. Hence, §,, x € [gn — hn, gn +

ahy]. Note that

A

Hgn,)\ - gOHoo >~ ||gn,)\ - gn”oo + Hgn - gOHoo

o[ lloo +O(n™"™) = O(”_Tv +n=""),

IN
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which goes to zero as n — oo. Recall that any two norms in the finite dimen-

sion Hilbert Space are equivalent. Then, [|gnx — gnll1 = O([|gn.r — gnlloo) =

O(niliTv + n~""). Therefore, we have

1gnx — g0l < 1[gnx — gnll + llgn — gollx

1—v
< O™ 407" + |lgn — golh-
Using [lgn — golloc = O(n™"™), g5 ()| 12 < Co and go € H™, we have

Gnx — g0ll1 < C,

and

J(Gn.x — 905 Gnx — 90) < C,
where C' only depends on gy and m. The proof of Lemma 2.1 is complete.

Proof of Lemma 2.2. Following from equation (2.2) and Theorem 2 of

Hoeffding (1963), we have

42
P([Za(g) = Za(H)llx = 1) < 2exp (M) '

Together with Lemma 2.2.1 of Van Der Vaart and Wellner (1996), we have
H HZn(f) - Zn(g)H)\Hw2 S SHf - gHom

where || - ||y, denotes the orlicz norm associated with 12(s) = exp(s?) — 1.

Applying Theorem 2.2.4 of Van Der Vaart and Wellner (1996), for any § > 0,
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we have

sup 12n(9) = Zn(f)lIx
f:gegvnffg‘loogé ¢2
6
~ 51_ﬁ
where N (0,3, | - ||oo) is the covering number, which means the minimum num-
ber of || - [ 0-balls needed to cover G. Thus, we have

P( sup ||zn<g>||@t>gzexp<a2““%2).
9€G, |9/l <0

For brevity, we denote v = 1 — 1/(2m), T, = {5loglog(n)}'/2, b, = /n,
e=0b,1, and Q. = [~ log(e) — 1]. Write

o8



b, || Z
P | sup n” ny(Q)HA >T,
9eG bnllglldo + 1

nZn
P( wp bn@m>n>

966, lglo<ct/r nllgllde +1 7

IN

Qe
bl Z
sup nH n(g)H)\

+y P ballZa(a)la -
l; <g€g7<ele)1/wsg||oos<eu+1>e>1m bnllglld + 1 ">

IN

9EG llglloc <€t/

Qe
bnllZn
+ZP( s \@m>n>

= \ged.lglloo<let ey Onllglldo +1 7

P ( sup anZn(g)H)\ > Tn>

IN

Qexp{ — (61/7)_2+1/mT3/n}

Qe
+2) " exp (— [{eHD /)= 201/ my2(l 4 1)2 /n)
=1

Qe
= 2exp(—T2)+2 Z 2 exp{—e_2(l"'1)T73 (el +1)%}
=1

< 2(Qe +2) exp(—T;/4)

= Clog(n){log(n)}™>* =0
as n — oco. We complete the proof of Lemma 2.2.

Proof of Theorem 2.1. Denote g = g, » — go. By Lemma 2.1, it is clear
that g € G. Write

1 1 "
(90 +9) = Ina(90) = Sua(90)g+ 5DSnA(90)99 + gDzSn,A(g )999

I+ I + I3, (2.4)

29



where ¢* = go + 19 and a1 € [0,1]. We will next discuss the order of

each term in (2.4). From the definition of g, x, we can get that I, x(go + g) —

In2(g90) > 0.

First, it follows from ¢g € G that there exists a constant ¢ such that

exp{|g(t)|} < ¢. Then, we have

615

IN

AN

IN

|D?S, (%) 999

% 2 /]I exp{go(t) + a1g(t)}g* (1) 1(Y: > ) dt
=1

3 [emlan® + anglaO10 > ) e
=1

Il
e [ 3 [explon(®)o* 103 > 0)
=1
gl [N SOI(Y. > ) dt— n [[ex 2
2 (2 [enlanlet 102 0t [eptam(0)g 050
+elllle [ explan)}o?(0)(0) . (25)

Denote (Y g) = [;exp{go(t)}g(t)I(Y > t)Kydt and (Y3 g) = Cy e B/ 24)(Y3 g).

Then, we have

— 027167:11]11/2

;/ﬁexp{go(t)}gQ(t)I(Yi >t)dt — nAeXp{go(t)}QQ(t)S(t) dt

> <d(Yiig),g >x — < EY(Yii9),9 > (2.6)

=1
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Under condition(C2.2), we have
[6(Y59) = O (Y5 f)lIn
= Oyl WP g(Ys9) = (Y5 f)lln

— CQ—lc;nlhl/Q

/1[ exp{oo(®)H (1) — g (Y > 1)K, dt

A

IN

Cylerint/? /H exp{go(t)} dtLf — glloo | Kol

IN

Cy e ' 2 Cocmh 2| f = glloo

= [ = 9gllo-

Together with Lemma 2.2, the following inequality hold with probability one

< Vi {llgllis /™) + 1} {5loglog(m)}/ . (27)
A

> W(Yiig) — E¥(Yi;g)
=1

The order of the first term in equation (2.4), directly derived from (2.5)
and (2.6)

cllglloo
n

iz:;/ﬂexp{go(t)}g%t)l(ié >t)dt — n/HeXp{QO(t)}gz(t)S(t) gt

> $(Visg) — EP(Yi; g)

i=1

IN

c 1
190ee 1 a2 g

A

= Opl{5loglog(n)}'/*n~"2h~1||g]13.
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As log{log(n)}/nh? — 0, we have

cllglloo
n

;/Iexp{go(t)}g%t)l(yi >t) dt_n/lexp{go(t)}f(t)S(t) &

= op(D)]gll3.

For the second term in (2.4), we have

Alale| [exptmnl s | = gV (0.0
< ellgllocllgl:

Thus, we have |613] = o,(1)||g||3. It then follows from the Cauthy-Schwarz

inequality that
(1] = [Sn.a(90)g] < 1Sn,A(g0) Ixllg -

For S, x(g0), we have

1 n
[Snag0)llx = H_/GXP{QO(t)}KtSn(t) dt + — Y 6Ky, — Wago
I i=1 A
1 || -
< ﬁ Z/Kt dMZ(t) + ”W)\QOH)\ = OP((TLh) 1/2 + A1/2).
i=1 71 A

Regarding I, we have

2l = DS,.(g90)99
= DS, 1(90)99 — DSx(90)99 + DSx(90)99

= —|lgl} + DSn(90)99 — DSx(90)g9.
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This is because

| DS, A(90)99 — DSA(g0)99]

2 22 | [tz 050 @ [eotaysin o]

N

< Jglloo /H explao()}] < Koog >x [1Su(t) — S(0)]) di)

T ANTR ( /H exp{g0(6)}[Sn(t) — S(twoodt)
— 0, (10, {(nh) "2} gl

Therefore, we have
IgI3{1 + 0p(1)} < |Op{(nh) /2 + X/} + Op{(nh)_1/2}] llgllx,

which leads to ||g|[x = Op((nh)~Y2 + ™).

Proof of Theorem 2.2. For brevity, we denote g = g, x — go, ™n =
M{(nh)=V24n™}, § = d; gand d,, = crh™ Y2, Recall ||g|x = Op((nh) /24
h™) in Theorem 2.1. Then, there exists a constant M such that the even-
t B, = {|lg]]x < rn} happens with large probability. Since h = o(1) and
log{log(n)}/(nh?) — 0 as n — oo, it is easy to see that d, = o(1). On the

other hand, when event B,, happens, one can get ||| < 1 and
J(9,9) = d AN (9,9) < d " A7 |gl} = dPAT e < e thAT

It then follows directly that § € F, where F = {g : ||glloc < 1,J(g,9) <

¢2hA~ 1} when the event B,, happens. Next, by a Taylor expansion, we have
m pp , DY Y p )
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Sn(gn,)\) - Sn(QO) - {S(gn,/\) - 8(90)}

Y / explgo(t) + () (Vi > Ky dt + 5 / explgo(D}I(Y; > Ky dt
i =
- [— Jexplantt) + o}SOK i+ [ esplan®}s0K dt]
1 n
3 [esplao®}expla(0)} = 11 > 0Ky e
=1

4 /H exp{go(t) Hexplg(t)} — 1S(t) Ky dt

n 2
23 [explan(®} |oto) + 251+ 0,01 {103 2 0) - 5(0)) Keat
=1
1 n
3 [emlan®gOv: = 0 - SO}
=1

~3 2 [ exp{an( a0V = ) = S} {1 + 0,(1))
=1

I+ Is.
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Observe that

28l = =3 [explan()a (OU(V = ) = SWHE {1 +0,(1))
=1

A

- / exp{go(t)}° (D) {Su(t) — S} Ky dt{1 + 0,(1)}

I

A

IN

/H exp{go(t)} dt

15n(£) = S(B)lloo 91136 |1 15
A

IN

Op(n™" ) (emh™ )2 gl cmh ™"/

= Op{(nl/Qh)il}”g”icmhil/z'
The fact log(log(n))/(nh?) — 0 imples nh? — oo as n — co. Thus, the term
Iy = op(V)emh ™ 2|lgl3 = op(L)emh™ 2 {(nh) /2 + B}, (2.8)

We next consider I;. Write
1 n
1= 23 [eplala®{I > 0 - SO}
i=1
1 n

where ¢(Y, g) = [rexp{go(t)}g(t)I(Y > t)K;dt. We denote:
0(Y319) = Cy (emh™ %) 1, oY, d, ).
By a careful evaluation, we can show that

16(Y33) = &Y FlIx < 1] — Glloo-
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Define
1 n
Zn —_ = }/;, _E }/i7 9
(9) \/ﬁ;(b( 9) — E¢(Yi, )

In light of Lemma S.1 in Shang and Cheng (2013) and the proof of Lemma

2.2, we have

1Zn(9)lIx

lim P
gefh (2m— 1)/4mHgH1 1/(2m)+ —1/2

n—oo

< {5log log(n)}1/2] =1
Then, the term

Il = Calenh™)du ||+ 3° 6%, 4) ~ B{3(¥:)}

=1

‘ n

A

~1/2
_ Calemh™')dy {\/ﬁHg||(1>gl/(2m)h—(2m—1)/(4m)+1}{510g10g(n)}1/2‘
n
In view of the fact that m > 1/2 and ||g|lc < 1, we get

_1/
Coemh™%)dy {\/>|’9H1 1/(2m) = (2m=1)/(4m) 1} {5loglog(n)}'/?

_ O(h—(ﬁm—l)/(4m){n—1/2 + h(?m—l)/(4m)}{5log log(n)}l/Q{(nh)—l/Q + hm})
= O(h~6m=D/6m) =12 {160 1og(n) }/2{(nh)~1/2 + K™Y). (2.9)
Hence, combing (2.8) and (2.9), we have

Sn(gn.n) — Sn(90) — (S(Gnr) — S(g0))

= O, (k= Em=D/Em) =172 {160 log(n) }/2{ (nh) " /% + K™} + h=Y2{(nh) =" + K2™}).
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On the other hand, we note that

Sn(Gn) = Snl(go) = {S(gnr) — S(90)}

= Sn,)\(gn,)\) - Sn,)\(go) - {Sk(gn,)\) - S)\(g(])}

= Sua(Gnx) — Snal(go) — {DSA(QO)Q + //SDQSA(QO + 5'sg)g” ds dS'}
1J1
= g—Sur(90) — //3D2S>\(go + 8/89)92 dsds + Sna(Gn))-
1J1

For any h € H™, there exists h, € U, 7 such that [|[h — hy,|lec = O(n™"™).
Furthermore, by the definition of Sy, x(gn 1), we have Sp A(gn,2)hn = 0. Then,

we further write
Sua(Gna)h
= Sn,k(gn)\)(h - hn)

= Su A (Gn2)(h = hy) = Sn(go)(h — hy) + Sn(go)(h — hy)

_ [_ /Hexp{go(t)}g(t){l + 0p (1) HAE) = hn(£)}Sn(t) dt— < Wig, h — hy >y

- /HeXp{QO(t)}{h(t) - hn(t)}Sn(t) dt + % Z 5z(h - hn)(}fz)_ < W)\907 h — hn >

i=1

EL1+L2+L3.
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First, we consider Li. Write

L] = /Hexp{go(t)}g(t){l +o()HA(E) = hn ()} Sn(t) di+ < Wig, b — hn >

IN

[/Hexp{g()(t)}f(t)sn(t) dt} N [ /H exp{go(t) H{A(t) — hn(t)}2Sn(t) dt] 1/2'

x{L+o(1)}+ [ <Wig,h —hy >y |
S OP(HQH/\Hh - hn”oo) + Op()\n_”m)

= Op(n™"™{(nh) ™2 + K™}) + 0p(R*n™"™).

Next, we consider Ly and get

E{|L]’} = E

‘/Hexp{go(t)}{h(t) — hn(£)}Sn(t) di — 7112 dith — ha(t)}

7

= %E ‘/lexp{go(t)}{h(t) — hy(t)} dM;(t)

< G
n

— O(n_l_va),

which implies |La| = Op(n~'/27v™). Third, it is not hard to verify that
|Lz| = O(An™"™). Combining the asymptotic order of Li, Ly and L3, we have
IS0 A (Gn)llx = Op(n =127 4 2= =" {(nh) =12 + 1™ }). Lastly, we

observe

//SDQS)\(QO + 5'sg)g? ds ds’
1J1

= //HDQSA(QO+5’59)92HA dsds'.
A IJI
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In particular,

1D%8x(g0 + s's9)%n = H [t + ss's(0} 500 K

A

IN

&emh™ ) gl3-

Finally, we get
19 = Snalg0)llx = Oplan),

where

= n—1/2—vm + n—vm((nh)—1/2 + hm) + h—1/2((nh)—1 + h2m)

+h_(6m_1)/(4m)n_1/2(loglog(n))l/Q((nh)_l/Q +hm)
The proof of Theorem 2.2 is complete.

Proof of Theorem 2.3. For ease of presentation, we denote R, = g, ) —
g — Sn(go) and g* = (id — W))go. It follows from Theorem 2.2 directly that
|Rullx = Op(a) = 0p(n~1/2). Tt can be checked that [|S,|[x = Op((nh)~1/2).
Hence, R, is asymptotically negligible compare with S,,. In the following, we
shall derive the asymptotic distribution of (nh)~/2{g, x(to) — g*(to)}. Recall

that for any ¢t € T and g € H™, we have < K;,g >x= g(t). Then, we have

(nh)'? < K, gnx — g = Sulgo) >x | < [1Kol|x]| Rula(nh)
< emh V2 (nh)Y20,(n1/?)

= op(1).
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Next, we write
—(nh)Y? < Ky, Snl(go) >

— (nh)2 /]I exp{gg(t)}Sn(t)Kt(to)dt—%Z&J(yi (to)
=1
= ()72 [ exp{an()}5. (0K 1 t——zamo

VIR - : 4
CORED Sy ERORI

1 n
_ W;/HKto(t)dMi(t).

Observe that
{/Kto t) dM;(t } /Kto )exp{go(t)}S(t) dt = V(Ky,, Kiy).

Invoking hV (Kyy, Ky,) < h|| K |3 < ¢z, and hV (Kyy, Kyy) — 07, as n — 00, we
have

(nh)'/? < Ky, Sn(g0) >~ N(0,02)

as n — oo. By the multivariate central limit theorem, (nh) 1/271L Yo i K

converges to a zero-mean Gaussian distribution with covariance function (s, t).

70

i(t)



Moreover, since Ki(s) =3 72 1]1/(\2 hj(s), it can be shown that

h)l/QiZ/ﬂKt(S) dM;i(s) = 1/21 Z/Z 1+ /\’y 5) dM;(s)
i=1
h/2h;(t
= fZZ e [y an)

R 2h(t
- Z% 14 Ay, \FZ/

= Zn(t).

Note that h'/2h;(t)/(1 + M\y;) is a bounded deterministic function and

S (1/vA) / 1(s) dM;(s)

=1

is tight. Then,
h'2h(t
V(1 + )"YJ 12/

is also tight. By Theorem 2.1 of Kosorok (2008) and Y7, (1/v/n) [y hj(s) dM;(s)

is integral of martingale, we can show

h2h(t) 1 Z/
1‘1’)\% \F

is a Donsker-Class. Also, for any integer M, it can verified by Corollary 9.32
of Kosorok (2008) that

Z h1/2h h;(s)dM;(t
n,M(t):Z 1+)"Yj \FZ

=1
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is a Donsker-Class. Hence, it follows from Theorem 2.1 of Kosorok (2008) that

there exists a semimetric p for which [ is totally bounded and

lim lim P( sup | Zn i (t) — Znm(s)] > €) =0

0J0 no0 g withp(s,t)<d
for all € > 0. Moreover, it can be shown similarly that Z, (t) converges
uniformly in I to Z,(t) as M — oo. So far, we have shown, for any € > 0,
there exists a M such that |Z,(t) — Z, am(t)| < €/4 for all t € I. Consequently,

lim lim P( sup | Zn(t) — Zn ()] > €)
6J0 n=00 g teT withp(s,t)<6 ! '

IN

lim lim P( sup  |Zpm(t) = Zoa(s)| + 1 Zuna (t) — Zn(1)]
4}0 n—o0 s,telwithp(s,t) <8

+ | Zpm(s) — Zn(s)| > €)

IN

lim lim P( sup | Zn () — Znm(5)] > €/2) =0,
6J0 n—o0 s,t€Iwithp(s,t)<é

implying Z,,(¢) is tight. Finally, for any finite-dimension (t1,to, - -+ ,tx), (Zn(t1), Zn(t2),

e Zn(tr) =S (Z(4), Z(ta), -, Z(ty)) as n — oo can imply that Zy () ——

Z(t) uniformly in I. Hence, we have shown vnh{g,(t) — g*(t)} converges
weakly in I to a mean zero Gaussian process Z(t) with covariance function at

(s,t) being ¥(s,t). The proof of Theorem 2.3 is complete.

Proof of Corollary 2.1. First, for any ¢,

o0

Wigo(t) =< Wago, K; >x= Y T xv,hj(t)v(907hj)-
5=0 J
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By the Cauchy-Schwarz’s inequality,

i 12 1/2
jzoli’yiwhj@)V(go,hj) < ZA% (90, Juﬁjymﬂz@
. \ 1/2
Vi
S W7 gl T ) 2 (s

Invoking gy € H™ and v; = j2™, Wigo(t) = O(h™~1/2). Hence,

VnhWigo(t) = O(n'/2h™) = o(1).

It follows directly from Theorem 2.3 that the results of Corollary 2.1 hold.

Proof of Theorem 2.5 (ii). For notational convenience, we denote g = g »,

= @2,\7 g ="+ wy— §. By Theorem 2.4,

lgllx = 113° +wo — gllx < 113” +wo — gollx + 19 = gollx = Op(ra),

where r, = (nh)~'/2 + k™. Applying Taylor expansion,

LRTn,)\ = ln,)\(WO + gO) - ln,)\(g)

= Sa(@) w0+ — §) + / / SDSu(3 + 55'9)gg ds ds'
IJ1
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It follows from the definition of S, x(§) that S, A(9)(§° + wo — §) = 0. Hence,

LRT,»
= //3D8n7>\(§ + s5'g)gg ds ds’
IJI
= / / s{DS8, (G + s5'9)99 — DSn 1(90)9g } ds ds’ + / / sDS, \(g0)gg ds ds’
IJI IJI
. 1
= / / s{DS, \(G + 55'9)g9 — DSp A(90)g9} dsds’ + i{DSn,)\(QO)gg — DSx(g0)99}
IJI
1
+ §D5,\(90)99
= Il =+ IQ —+ 13.

We first consider I;. Denote § = g + ss'g — go for any 0 < s, < 1. Then,
19lx = Op(rn) and

DS, 7§+ 55'9)99 = DSp (3 + 90)99

. /H exp{go(t) + 51 }g(t)g(t)Sn(t) dt— < Wig,g >» .

Thus, we can write
|DSp (9 + 55'9)99 — DS (90)99]

— '— /H[exp{go(t) + Q(t)} — exp{go(t)}]g(t)g(t)sn(t) dt‘

[eplan®3a001+ 0,1} 050 dt]

I

IN

91 | [ explne)s2(e)5.0 |

< gl [ explan) 150 = SOl de + 3] H [etatnsos dtH .
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Under condition(C2.3) and the assumption that nh* — co as n — oo,

1lloe /H exp{g0(t)}g2(1) Sn(t) — S(0)|dt

= 1lgllo /H explgo(t)}9(t) < Kr,g >x 1Sa(t) — S(0)] dt

IN

= Op(n

[1llco [N gNIANSn () = S(#)lloollg () lloo /Hexp{go(t)} dt

a7 91319

= op(D)llgl3N1gloc-

Moreover, note that

16 H [ewtaing st dtH < lcllgl

which gives that |11] = Op(1)[gllcllgll} = Op(h™"/?r7).

We next consider I5. Write

2|I] = [DSnA(90)99 — DSx(g0)99|
1 | 9
- /H exp{go()) )2 (O{I(Y; > 1) — S(1)} dt
=1

1
n

<Z/HeXp{go(t)}g(t)Kt{I(Yi >1) — S(t)}dt,g>
=1

A

We can show along the same lines of Theorem 2.2 that |I5| = Op(r,al,) and

al, = h*(6m*1)/(4m)n*1/2{log log(n)}l/Q{(nh)*l/2 + KM}
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Lastly, we consider I3. Applying the fact that I3 = —||g||3 /2 and combining

the previous arguments, we have
A= T + Op( Ty + Tndy,).

Recall that nh?™ — 0. Hence, nh®"*1 — 0 as n — oo. Together with

nh* — oo, we have shown h=2r3 4+ r,a, = o(n™1). As a result,
~2nLRT;, 5 = nl3° +wo — I3 + 0p(1).

Proof of Theorem 2.5 (iii). In view of —2nLRT,, » = n||g°+wo—g||3 +0,(1)
in Theorem 2.5 part(ii), to show part (iii), it suffices to derive the asymptotic

properties of n||g° + wy — g||3. It is not hard to see that

2 |g° +wo — § — SHA90) + Sua(g0)],

IA

n'2)18° +wo = SpA0) I + 7219 = Snalgo) 1

= 0,(n*?a,) = 0,(1).

Thus, we only need to focus on n1/2{827/\(98) —Spa(90)}- Recall that

52,,\(98 )

* 1 - * *
- /]I exp{g0(t)}Sa (1)K dt -+ 3 GikY, — Wigh
=1

_ Kto (t)Kto 1 a ) Kto (Yz‘)Kto
=~ [exp{an(®) .0 {K - Tt } 30 {Ky - Bt }

- {W)\QO - <WAgO)(tO)Kto} :

K (to,to)

76



Then,

593(68) = Sua(g0) = /modM + (Wago)(to)]

to,to
and
VS (68)-Snr )l = | ——— | Z/K (1) dMi (1) + v/r(Wago) (o)
290 n)\ go A \/W f to x90)(to

Applying nh?™ — 0, we get

V(Wago)(to) Vnh(Wago)(to) Vnh(Wago)(to) my _
Kals = WPV, KO0 o (V™) = o(1)

Combining these gives

m {;ﬁ ) /H Ko (£) dM; () + \/H(Wxgoﬂto)} =5 N(0,c1y)
) i=1
where

ct, = lim Vi, Ky) € (0,1].

h—0 HKt0H2

As a result, it follows immediately that —2nLRT),, » A, cto X3, which implies

that ||g° +wo — gl/x = Op(n~'/2). Thereby, we prove the first part of Theorem
2.5. The proof of Theorem 2.5 is complete.
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Proof of Theorem 2.6. For simplicity, we denote g = go — gn,» and 7, =

(nh)~Y2 + h™. By a Taylor expansion,

PLRTn,)\ = ln,/\(gﬁ)_ln,)\(gn,/\)

e Sun(Gun) (g0 — G + /H /H SDSyr(ir + 5g) ds s’

I + Is.

We first consider I;. Along similar lines of the proof of Theorem 2.2, we have

’II| = |Sn,)\(gn,)\)g|

IN

1Snllllgllx
_ Op[nfl/vam_i_h2mv7vm_’_n7vm{(nh)fl/2_’_hm}]HgH

= Op(ra[n~ Y2 o™ 4 =™ (nh)~Y2 4 h™})).

Similar to the proof of Theorem 2.5(ii), it can be easily verified that
| = ||g||?\ O.(h=1/2y3 /
2’ - 92 + P( Tn +7’n04n),
where of, = h~6m=1)/(4m)=1/2 (100 log(n)}/?r,. Thus,
nA = T 9 + P( Tp T rnan)?

where o/ = o, +n 127" =" L (nh)~Y2 4 ™}, Under the conditions that

m > (34 +5)/4, 1/(4m) < v < 1/(2m), nh?™*1 = O(1) and nh® — oo,

—2nPLRT,, \ = nl|g|2 + op(h~1/?).
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On the other hand, under Hgl[)bal, go is true function. Then, Theorem 2.2
gives ||gnx — 90 —Snr(90)|| = Op(ay) and Theorem 2.3 suggests n'/2a,, = o(1).

Combining these gives

n'2(1gllx = 2S00 (90)||x + 0p(1).

Next, we consider ||S,, A(g0)||x. Through direct calculation,

nHSn Alg0) 13 = n~!

Z/thM

n
+2< Y [ KMo Wage > +nWagl 3
— J1

We first approximate ||Wygo||». To this end, we define m(5) = |V (g0, h;)|*v; 1iMJ

and m(j) = |V (go, hj)|*vj, j = 0,1,2,---. Note that |m(j)| is a sequence of

functions satisfying |m(7)| < m(j). Since g9 € H™,

IV (go, ) P = /N m(7) du() = T (go, g0) < oo

where (+) is the counting measure. Invoking limy_,o mx(j) =0,

hj)|? )d
X Voo ) 1+m] = [ ) mi) 0

as A — 0 by the Lebesgue dominated convergence theorem. That is,

2.2
)\'yj
1+>\’yj

IWagollX = [V (g0, ) = 0(}).

J
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Using this fact, we have

2
E

< Z/HKt dM;(t), Wago >
=1

2

; /H Wgo(t) dMi(t)

—n / exp{go()}S (1) {(Wa(go(t))}2 di

<l Walgo())I3 = o(nA).

Together with nh?™*+!1 = O(1), it follows that
<> /Kt dM;(t), Wago >= op{(n\)Y/2} = 0,(n'/2n™) = 0,(h1/?).
i=1 "1
So far, we have shown that

nllSna(go) 3 =n~" +0p(h7).

2
A

é /H K, dM;(t)

In what follows, we shall derive the limiting distribution of n™ 1| 7 | [} K¢ dM;(t)|[3.

A direct calculation yields that

1
n

2 n
1 1
== //< Ky, Ky > dM;(t) dM;(s) + =W,
A nz’:l IJI n

; /]I Ky dM;(t)

where Wy, = 32, J1 Ji < Ki, Ky > dM;(t) dM;(s). Denoting Wy =2 [ [, <
Ky, Ky > dM;(t) dM,(s), one can write W,, = Zl§i<j§n Wij. So, W, is clean

(del987central). Next, we aim to derive the limiting distribution of W,,. Let
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o2 = Var(W,). Write

n(n—1)
s = MY gy

2
_ 2n<n_1>E{ [ [« > o a)}
IJI
_ —1)
n(n ; 1+)\’Yz

More notations are needed here. Define G1, Go and G4 as follows:

EZE(W4)

1<j

= Y {EWZWR)+EW;W53) + EOWEWE)},
1<j<k

Z {E(Wy Wiy Wi;Wii) + E(WiiWyWieiWiy) + E(Wy Wy Wi W)}
i<j<k<l

By Proposition 3.2 of Jong (1987), if G1, G2, G3 are all of lower order than o,

o, 1W,, converges weakly to the standard normal distribution. Now, we study
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the order of each G;,i = 1,2, 3. First, observe that

E{W;;}
4
= 16E{//<Kt,KS > dMi(t)de(S)}
IJI
—16////////<Ktl,f(sl S Koy Koy < Kiy, Koy >< Koy Koy >
IJi1Ji1Ji1JiJiJiJi
E{ dAM; (t1) dM; (s1) dM;(ts) dM; (s2) dM;(ts) dM;(s3) dM;(ts) de(34)}

SULARNE /H B{dM;(1))]* /I [B{dM;(s1)})!

=O(h™),
which implying G1 = O(n?h™). Next, by Cauchy-Schwarz inequity,
EXWEWi} < [E{W N2 E{WNY? = 0(h™),

which gives Go = O(n®h™*). A straightforward calculation yields that

(o)
1
E(WiyWaWyWiy,) =163 ————— = O(h™").
(Wi Wi W2 W) (14 2)! ()

Therefore, G4 = O(n*h~!). Combining the fact that of = (¢2)? = O(n*h~2)

n

and the assumptions that nh® — oo and h = o(1), G1,G2, G4 are of lower

order than that of 0. Hence, by Jong (1987),
o'W, -4 N(0,1)

as m — oo. Recall that p3 = Z?O:o W We have
J

1 d
- W, -5 N(0,1). 2.10
TR (0,1) (2.10)
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Lastly, we consider 1 3" | [ [ < Ky, Ky > dM;(t) dM;(s). By a direct cal-

culation,

E { / / < Ky K, > dMi(t) sz-<s>}2 = O(IKA]1}) = O(h™2).

Then,

n 2
, () — hlg2
E{;/ﬂ/ﬂ< K, Ky > dM;(t) dM;(s) — h A}
< nE{//< K Ky > dMi(t) dMy(s)}> = O(nh™?),
IJI

2 _ o0 h s .
where o5 = ) i=0 TF A9, " Combining these gives

1 n
RZ//< Ki, Ky > dM;(t) dM;(s) = h™'o% + 0,{(n'/?h)7'}.  (2.11)
i=1 IJI

Combining (2.10) and (2.11), we have n|S, |3 = Op(h~') and therefore

”1/2H5n,/\ A= Op(h_l/2). As a result,

—20PLRT,» = {n?|SuAllx + 0p(1)} + 0,(h~1/?)

=l Sual} +op(h™?). (2.12)

In view of (2.10), (2.11) and (2.12), we have that as n — oo,
(2h "% /p3) "2 {~20y\PLRT, » — nn[Wago(DI3 — h'od/p3} —% N(0,1).

Proof of Theorem 2.7. First, it can be easily verified that m > (34 +/5)/4,
1/(4m) < v < 1/(2m) and h < n~% with 1/(2m + 1) < d < 1/3 satisfy

those conditions in Theorem 2.6. Throughout this proof, we only consider

83



9Ino = 9o + gn for g, € Ain Hy. To prove Theorem 2.7, we write
—2n - PLRTTL,)\ = *2n{ln,)\(90) - ln)\(gno)} - 2n{ln,)\(gng) - ln)\(gn,)\)}
=1+ Is. (2.13)

We first consider I;. For simplicity, we denote

R;

- [_ /Hexp{go(t)}I(Yi > t)dt +5igo(Yi)] - [— /Hexp{gno(t)}I(Y; > t) dt + 6igny (Vi)
= — i(t) — exXpi9n, — S9n 2 i Z S.

- / gn(t) dM(1) / / D{gno (1) — 59 (D)} g2 (VT (Y; > 1) dt d

Then,

E{R}}

2
<2 / G2(1)S(2) explgn (1)} dt + 2 [ / / exp{gn () — s9n(8)}2(DI(Y; > t) dt ds
I TJ1
Therefore, we can get

8

Combining these gives

n

> (R — ER;)

i=1

2
} < nB{R}} = (nllgall} + nllgally).

1107 (90) = LA (9n0) = E{lnA(90) = lnx(900) ] = Op(n'2[lgalln + 02| gul3).
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On the other hand, invoking DS\ (g)gngn < 0 for any g € H™, there exists

constant ¢’ > 0 satisfies that
E{DS,\(g5,)9ngn} < ¢ E{DSy \(9no)9gngn}
= =l gall3-

Then, we can write

E{lna00) = 1r(0n0)) = £ {Sna000)(-50) + 5 DS0a7)n5n

C/ In 2
S )\J(gnoagn) - H 9 H)\
C/ gn 2
<{J(gn>gn) + J(90,9n)} — HQHA
1/2 1/2 C’HQnHi
<A{J(gn,9n) + J(90,90)" " “J(gn, gn)" ' "} — —3
|lgnll3
=0(\) - —2,
o) -
It then follows that
It > 1)l gnl3 + Op(nA + 12| gnllx + n*/?||gal3)
= nllgnl3{1 + Op(Allgnlly + 72|l gnlly* +n72)}. (2.14)

Second, we consider Iy. Wnder Hy,, note that ||gn.x—gn, || = Op{(nh) /24
h™}. Tt then follows by the FBR in Theorem 2.2 that

nlgfv girg;élpgno (Hgn,)\ —9no — Sn,)\(gn,O)H/\ < Mrn) ) (215)

where 7, = (nh)~/2+n™, Py, means the probablity relies on gp,. Along the
lines of Theorem 2.6, we can show [ has the same limiting distribution as in

Theorem 2.6, uniformly for any g, € A. In other words, uniformly over all
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gn € A,

(200) (12 = nl[Wagn I3 = h "oy 2) = Op(1), (2.16)

4

where v, = h_lano A\

/ pfm’ \ 072107 y and pim y are defined the same as 0/2\ and p?\

but with eigenvalues and eigenvectors obtained under g,,. Next, let V,,, and

Vo be similar functions defined like V' as in section 2. Thus, for any f € H™,

Vo (f5 1) = Vo, )l = ‘/ﬂ [exp{gn, (1)} — exp{go(t)}]S(t) f2(t) dt

< [ exp{gn(t) }HlocVo(f; FlIgnlloo

= Vo, )llgnlloo-

It follows from the Shang and Cheng (2013) in the supplementary on page 56
that

Tron = 3 = O ?||gnll). (2.17)

Combining (2.14), (2.16) and (2.17) gives
(2Vn)_1/2(—2nr>\PLRTn,>\ —Up)
=(2u) AL+ I2) = v}
=(2vn)2ra (T2 = [ Wagno 13 = B 07 ) + (20n) ™ 2ran | Wign I3

no,\
+ (2v) AL+ (2vn) VPR (02, ) — 0F)
>0p(1) + (2v) " Pranllgal3{L + Op(Mlgally
+ 07 2| gallyt + 072} + O galln),
where Op(1) holds uniformly in A, v, = h~ o} /p3 and r) is defined in Theorem

2.6. Let Mlgnlly* < 1/C, n7'2lgnllyt < 1/C, Ch7Hlgnllx < (nh'?)llgnl13,
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and ||gn||2 > C(nh'/2)~L for some sufficiently small constant C. In other
words,

|(20,) Y2 (=207 \PLRT,,  — vp)| > ca,

where ¢, is the critical value (based on N(0,1)) to HZ'*" at nominal level a.

This leads to

lgnll} = C{R*™ + (nh!/?)~"}. (2.18)

Combine (2.15) and (2.18), the proof of Theorem 2.7 is complete.

Table 2.1: The estimated size and power of PLRT for example 1, where
the test function is g(t) = go(t) +ct with various ¢ values and the nominal
significance level is 95%.

Censoring rate n c= c=0.5 c=1 c=15
20% 250 0.016 0.604 1 1

500 0 0.912 1 1
40% 250 0.056 0.634 1 1

500 0.022 0.906 1 1

Table 2.2: Estimated global coverage probability with the nominal cov-
erage probability being 95% for example 1.

Censoring rate n [0,0.96] [0,0.97] [0,0.98] [0,0.982]
20% 250 98.8% 98.2% 93.2% 88.8%

200 100% 100% 99.4% 93.6%
40% 250 95.2% 95.2%

200 99.8% 99.6% 96.4% 91.6%
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Figure 2.1: The pictures show the simulation results with censoring rate being 20%.
The first panel and fourth panel is the estimation ( marked with —.) and the true
function (solid line), respectively. The second and fifth panels display the estimate
coverage probabilities given by LCP (marked with —.) and BCP (marked with -),
while the third and last panels show the estimate pointwise confidence intervals given
by LCI (marked with —.) and BCI (marked with -).
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Figure 2.2: The pictures show the simulation results with censoring rate being 40%.
The first panel and fourth panel is the estimation ( marked with —.) and the true
function (solid line), respectively. The second and fifth panels display the estimate
coverage probabilities given by LCP (marked with —.) and BCP (marked with -),
while the third and last panels show the estimate pointwise confidence intervals given
by LCI (marked with —.) and BCI (marked with -).
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Figure 2.3: The pictures show the simulation results with censoring rate being 20%.
The first panel and fourth panel is the estimation ( marked with —.) and the true
function (solid line), respectively. The second and fifth panels display the estimate
coverage probabilities given by LCP (marked with —.) and BCP (marked with -),
while the third and last panels show the estimate pointwise confidence intervals given
by LCI (marked with —.) and BCI (marked with -).
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Figure 2.4: The pictures show the simulation results with censoring rate being 40%.
The first panel and fourth panel is the estimation ( marked with —.) and the true
function (solid line), respectively. The second and fifth panels display the estimate
coverage probabilities given by LCP (marked with —.) and BCP (marked with -),
while the third and last panels show the estimate pointwise confidence intervals given
by LCI (marked with —.) and BCI (marked with -).
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Figure 2.5: The pictures display the real data analysis. The first panel displays
the cumulative hazard estimation: the kernel methods (solid line), the Kaplan-Meier
estimator (marked with ——) and our estimation (the dash line), and the confidence
band is given by the Kaplan-Meier estimation marked with —. line. The second panel
shows the log-hazard estimation and its confidence band various the three methods:
the solid line is the log-hazard estimation, the —— line the simultaneous confidence
band, the —. line is the local pointwise confidence interval while the line marked with
- is the confidence interval given by Wahba.
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Table 2.3: The estimated size and power of PLRT for example 2, where
the test function is g(t) = go(t) +ct with various ¢ values and the nominal

significance level is 95%.

Censoring rate n c=10 c=0.5 c=1 c=1.5
20% 250 0.064 1 1 1

500 0.044 1 1 1
40% 250 0.052 0.982 1 1

500 0.052 1 1 1

Table 2.4: Estimated global coverage probability with the nominal cov-

erage probability being 95% for example 1.

Censoring rate n [0.18,1.1] [0.17,1.1] [0.16,1.1] [0.1,1.1]

20% 250 95.6% 92.8% 90.0% 81.6%
500 98.2% 98.2% 98.0% 95.6%

40% 250 98.2% 98.2% 98.2% 71.0%
500 96.6% 96.2% 96.2% 96.0%

Table 2.5: The estimated size and power of PLRT for example 3, where
the test function is g(t) = go(t)+ct with various ¢ values and the nominal

significance level is 95%.

Censoring rate n c= c=20.5 c=1 c=1.5
20% 250 0.058 0.790 1 1

500 0.052 0.954 1 1
40% 250 0.070 0.492 1 1

500 0.060 0.716 1 1
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Chapter 3

Nonparametric Statistical
Inference for Case One

Interval Censored Data

In this chapter, we consider the nonparametric statistical inference with case-

one interval censored data, namely the current status data.

3.1 Introduction

When analyzing the survivor data, interval censoring arises frequently in med-
ical and public health examples. In particular, interval censored data occur
when the exact failure time data could not be observed, instead we just know
that it lies within an interval or not. Among these data, due to the constraints,
costs, character of interest events and many other difficulties, one extreme for-
m is that the failure time is just be known before the examination time or not.
This kind of data is called the case-one interval censored data or current status

data (Groeneboom and Wellner (1992)).
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Nonparametric maximum likelihood, as a widely used method in survival
analysis, has been derived for the survival functions with current status da-
ta. Specifically, Ayer et al. (1955) and Eeden (1956) gave the nonparametric
maximum likelihood estimators of current status data, while Banerjee and
Wellner (2005) established the estimator’s self-consistency property and the
confidence interval. However, as the estimator is discrete, it is not suitable to
study the density and the hazard. Groeneboom et al. (2010) introduced the
smoothed estimator for the survival function with current status data based
on the kernel method.

As hazard can give more insight about the event of interest than the sur-
vival function, numerous articles have been developed based on the hazard.
While the nonparametric estimation without smoothing is not stable, some
smooth estimation approaches have been developed. Similar to the right cen-
sored data, the kernel-based approaches were given in Eubank (1999) and
Groeneboom et al. (2010). In order to avoid selecting the sensitive bandwidth
in estimation, spline methods have also been extended to the interval censored
data. Specifically, Joly et al. (1998) used the M-spline to model the log-hazard,
Rosenberg (1995) suggested using the non-negative coefficients to model the
hazard, while Cai and Betensky (2003) developed the penalized B-spline basis
to model the hazard. However, all the method with the splines have not talked
about the asymptotic properties about the estimators.

In this chapter, we also use the penalized likelihood method to get the es-

timator of the cumulative hazard function. Specifically, a functional Bahadur
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representation would be established. Based on the technical tool, we show the
estimator enjoys the pointwise asymptotic normality and global asymptoti-
cal gaussian process. Further more, the likelihood ratio test is shown, which
reveals some efficient properties of the test.

The setup of this chapter is organized as follows: In section 3.2, we give
some preliminary knowledge. Specifically, we talk about the statistical model
and some estimating procedures; then we present how to construct the Sobolev
space with a special inner product; Section 3.3 develops a new functional
Bahadur representation (FBR) in the space and gives the local and global
asymptotic property of the estimators of the cumulative hazard function; In
Section 3.4, we propose the hypothesis test; In Section 3.5, some simulation
results are presented; In Section 3.6, the real example analysis is given; All

technical proofs are deferred to the 3.7.

3.2 Methodology

Denote U as an “examination” or “observation” time, T" as the failure time.
Then under the scenario of current status data, the observation consists of the
random vector X = (0,U) where § = 1(T" < U). Through the whole chapter,
we assume that the examination time is independent of the failure time. Let
Xi; = (0;,U;),i = 1,2,...,n are the i.i.d copies of X = (6,U). Under this
condition, the likelihood function can be denoted as:

n

Lo(F) = [T FU)*(1 = F(U))' " h(Uy),

=1
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where F'is the cumulative distribute function of the failure time 7" and that
h is the density of the examination time. As U is independent of T, the

log-likelihood of the failure time without an additive term not involving F' is:

— %Z dilog(F(Uy)) + (1 — &;) log(1 — F(U7)).
i=1

Assume that gg is the true cumulative-hazard function of the failure time, and
go(t) : I = R is bounded away from 0 and infinity, without generality, we can

assume that I = [0, 1]. Then the log-likelihood of g is:

o) =+ 1ol — exp{~g(U)] + (1 — &) loglexp{ ~g(U)]

i=1

= " dilogll — exp{—g(U)}] — (1~ 5:)g(U).

i=1
Define I(g) = El,(g), and
H™(I)

={g: I — R|gY)is absolutely continuous for j =0,1,--- ,m —1,¢™ € Ly(I)},

where m > 1/2 and is assumed to be known. Define J(g, §) = [, g™ ™) (t) dt.

To make an inference about go(t), the penalized log-likelihood of g is:

bale) = > iloal1 — exp{—g(U)}] ~ (1 - 5)g(U) — / {9 (1)}2 dt
=1

= In(g) — %J(g,g)-
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Define the inner product in the space H™ is:

h(U)g(U) exp{—go(U

<0 b= B e U))

)} b ) (m)
+>\/Og (OR™ (1) dt,

where Ep is the expectation regarding to U. As exp{—go(U)} < C < 1,
we have that under the inner product, H™ is the reproducing kernel Hilbert
space (RKHS) with the norm ||g||3 =< g, >\. Besides, there exists a positive

self-adjoint operator:
Wy :H™ = H™,
which satisfies: < W f,g >= A\J(f,g) for any f,g € H™. Define:

F(U)g(U)exp{—go(U)}
1 —exp{—go(U)}

V(fag) = EU

we have that

< f’g >A= V(fag)+ < W)\f,g >N -

Further, the reproducing kernel K (-,-) of H™ defined on I x I satisfies the

following properties:

(P1) Ki(-) = K(t,-) and < Ky, g >\= g(t) for any g in H™ and any ¢ in 1.
(P2) There exists a constant ¢, which only depends on m s.t. | K[x <

emh ™2 for Vt € I, where h = AY/2™_ Thereby, for any g € H™, we

have [[glleo < cmh™'/2[lg]lx.
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Denote positive sequences a; and b; as a; < b; if lim;_,~(a;/b;) = ¢ > 0, and
when c=1, we write a; ~ b;. There exist a sequence of eigenfunctions h; € H™

and eigenvalues v; satisfying the following properties:

(P3) supjen [1hjlloc < 00, 75 = 7™

(Py) V(hi,hj) = dij, J(hi, hj) = r;0;;, where 0;; is a Kronecker’s delta, which
means that when ¢ = j, 0;; = 1; otherwise, it’s zero.

(P5) For any g € H™, we have g = >,V (g, h;)h; with an convergence in the
| llx-norm.

(Ps) For any g € H™ and t € I, we have ||g|3 = > V(g,hi)?(1 + M),

Ki() = 225 b ()R () /(1 4 Ayj) and Wih;(-) = (Ay;) /(14 Ayj)h; ().

It follows from Shang and Cheng (2013) that, the underling eigensystem

satisfies the following ODE functions:

my @)y _ . exp{—go()} ,
O O e IO LIO2
hM0) = hP (1) =0,k =mm+1,...,2m — 1, (3.1)

where 7(-) is the density of U.

Denote S,,(9) (Sn,x(9)) and S(g) (Sx(g)) as the Fréchet derivatives of 1,(g) (I, 1(g))

and [(g) (l A (g)) respectively, D be the Fréchet derivative operator, g1, g2, g3 €
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‘H™ be any direction, then we have:

1 < 91(U;) ! (m)
Dhia(@lsr = = (U +5; a [ gm0 ) de
> T—exp{—g@] o O
1 — Ky,
= - -Ky, % : ) - )
n;< Uy g1 >3+ <0 T oxpl—g (U] g1 >x — < Wxg,91 >»
= <85n(9),91 >x — < Wirg, g1 >»,
where
Ky,

1 n
Snlg) =~ > —Ky, +6;
=1

Sna(9)

7

1 —exp{—g(Us)}’

= Snlg) — Whg.

1~ il
D21, =——> 4
2(9)9192 pa

Ui)g2(Ui) exp{—g(Ui)} _ ! (m) (m)
[1 — exp{—g(U;)}]? >‘/ (t) (t)dt.

g1 9o
0

D3 (9)g19205 = Tllzn:‘sigl(Ui)QQ(Ui)gg(Ui) exp{—g(U;)}[1 + eXp{—g(Ul-)}].

=1

Further, we have

[1 —exp{—g(U)}]?

exp{—g(U)} — exp{—go(U)}

S(g) = Dl(g) = EKy

Sx(g) =

1 — exp{—g(u)} ’

S(g) — Whg.
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Besides, we have that

[1 — exp{—90(Ui)}]g1(Ui)92(U:) exp{—g(Ui)}

D{S(9)g1}92 = D*I(9)9192 = —Eu [1 —exp{—g(U:)}]2

Thereby, we have that

f(Ui)g(U;) exp{—go(Us)}
1 —exp{—g(U;)}

= _<f7g>/\-

< DS8x\(90)f, 9> = —Ey — <Wif,g>x

Proposition 3.1. DS\(go) = —id, where id is the identity operator.

This proposition would paly a key role in the FRB, as following from it,
the first term of the taylor expansion of S, x(g) at go can be approximated by
—id(g — go). This would result in that we may have a sum of the independent

and identically distributed random variables.

3.3 Functional Bahadur Representation

The Functional Bahadur Representation (FBR), which is a key technique in
the whole chapter is established in this chapter, and we then give the asymp-
totic normality of the estimators through the straightforward application of
the FBR. The following lemma shows that the estimator is consistent in the

Il - [loo and || - ||1, which denotes that || - |5 with A = 1.
On )\ = l .
Gnx = arg max bnx(9)
Lemma 3.1. (Consistency) Assume that Conditions (C3.1) ~ (C3.2) are
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satisfied. If An'=2* — 0 as n — oo for any p > 0, we have ||gnx — gollco =

Op(l)} J(gn,/\ - gngn,)\ - gO) = Op(l)’ which means that Hgn,)\ - 90”1 = Op(l)'
Based on Lemma 3.1, we can get the exact rate of convergence.

Theorem 3.1. (The Rate of Convergence) Iflog{log(n)}/(nh?) — 0, Ant=2* —

0 as n — oo for any p > 0, we have ||gn.x — gollx = Op((nh)~1/2 + ™).
Given the exact rate of convergence, we derive a new version of FBR.

Theorem 3.2. (Functional Bahadur Reprensentation) Assume that Condi-
tions (C3.1) ~ (C3.2) are satisfied. If log{log(n)}/(nh?) — 0, An1=2# — 0 as

n — oo for any p > 0, we have ||Gnx — go — Spa(90)|[x = Op(aw,), where
o = hY2{(nh) " B2} p~ Om=D/Gm) =12 06 flog(n) }]V/2{ (nh) "2 +R™}.

From Theorem 3.2, we can find that the ‘bias’ of the estimator is very close
to a sum of some independently and identically distributed random variables,

which is very helpful to study the asymptotic normality.

Theorem 3.3. (Asymptotic Normality) Assume that Conditions (C3.1) ~
(C3.2) are satisfied. If m > 3/4 + /5/4, nh*™~1 — 0 and nh3 — oo as
n — oo. For Vig € I, define o7, = limy, 0 h 3272, h3(to)/(1 + Av;)?.  Let

g* = (id — Wy)go be the biased ‘true parameter’, then we have
. « d
Vih{g.a(to) = g*(to)} = N(0,07,).

Besides, we have vnh{g, x(t) — g*(t)} converges weakly in I to a zero mean

103



Gaussian process with the covariance function at (s,t) equals to ¥(s,t), where

_h hz 1—1—)\73

Corollary 3.1. Assume Conditions (C3.1) ~ (C3.2) hold. If m > 3/2,

nh?>™ — 0 and nh® — 0o as n — 0o, we have
~ d
Vnh{gn(to) — go(to)} — N(0,07).

Besides, we have vnh{g, x(t) — go(t)} converges weakly in I to a zero mean

Gaussian process Z(t) with the covariance function at (s,t) equals to X(s,t).

Remark: Corollary 3.1 together with Delta-method immediately gives
the the pointwise CI for some real-valued smooth function of go(tp) at any

fixed point ¢y € I, denoted as p(go(t)). Let p(-) be the first derivative of p(-).

It p(go(to)) # 0O, we have

P(p{go(to)} € [p{gna(to)} £ @(Q/Q)W]) —1—a,

where @ is the standard normal distribution function and ®(«) is the lower
ath quantile of ®.

Regarding to the confidence band, it is not so easy to get as Z(t) is not
so easy to sample. To overcome this difficulty, we appeal to the resampling
approach (e.g., Lin et al. (1993)). Let (Gi,...,Gy) be independent standard
normal random variables independent of the data. It can be shown follow-

ing from Lin et al. (1993) that the distribution of the process Z(t) can be
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approximated by that of the zero-mean Gaussian process

~ - 51
2(t) = \/Z D e %) A

Thus, we can first obtain a large number of realizations of Z(t) by repeat-
edly generating the standard normal random sample (Gy, ..., G,) while fixing
the data at their observed values, and then use the empirical distribution of
these realizations to approximate the distribution of Z(t). More specifically,
the a-percentile of sup,c;|Z(t)| can be obtained by the empirical percentile
of a large number of realizations from sup,c; |Z(t)|, denoted as Z,. Then the

global confidence band of go(t) is:

. 1 5 . 1 4
(gn,)\(t) - ﬁzcwgn,)\(t) + mZa> .

3.4 Likelihood Ratio Test

Based on the likelihood ratio test, we give the local and global hypothesis test

about go.

3.4.1 Local Likelihood Ratio Test

For some prespecified point (ty,wp), we consider the following hypothesis:

Hy : g(to) = Wwp V.S. H, Zg(t(]) #£ wp.
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The “constrained” penalized log-likelihood is defined as:

Lualg) = + 3 Gilogl1 — exp{~g(U3) ~ wo}] (1= 5){e + 9T} = 57 (5.9),
=1

where g € Ho = {g € H™ : g(tp) = 0}. We consider the likelihood ratio test

(LRT) statistic:

LRT, 5 = Lyx(wo + §9.3) — Lo (dnn),

where gﬂm = arg maxgen, L, (9)-

Endowed with the norm || - ||x, Hp is a closed subset in H", and thus
a Hilbert space. The following proposition says that Hg also inherits the
reproducing kernel and penalty operator from the space H™. The proof is

trivial thus omitted.

Proposition 3.2. (a) Recall that K(t1,t2) is the reproducing kernel for
H™ under < -,- >\, the bivariate function K*(t1,t2) = K(t1,t2) —
K (to,t1)K (to, t2)/ K (to,to) is a reproducing kernel for (Ho, < -,- >)).
That is, for any t' € I and g € Ho, we have K}, = K*(t',-) € Ho and
< K}, g >x= g(t'). Besides, |[K*||x < V2c,h™ /2.
(b) The operator W5 defined by Wig = Wxg — (Wag)(to) K, /K (to, to) is

bounded linear from Ho to Ho and satisfies < Wig,§ >= AJ(9,9)-

On the basis of the proposition 3.2, we denote the restricted FBR for g}% A
which will be used to obtain the null limiting distribution. By straightfor-
ward calculation we can find the Fréchet derivatives of L,  (under Hg). Let
g1, 92, 93 € Ho, the first-order of Fréchet derivative of L, x (L) is denoted as
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82,/\ (8Y), then we have

DLna)\ (g>gl

ex — W i 1 m
*Z lp_{efp{ LT ?ﬂ?—u—ammm—x /O g™ (£)g™ (¢) dt

n

. . 1
i SEerrt e S ACOREY WAV

ni=1- exp{—g(U;

1 & 6i Ky, K i
=< — - g1 >x — < Wyg,91 >
n 2T exp{—g(U) —wo} U A

=< Sg(g)vgl >y — < W:\kgagl >\

=< 52)\(9)791 > -

where
1 <& 0; K
=3 v - K,
nzll—exp{ 9(Ui) —wo} i
Sna(9) = Sp(g) — Wig.
Define

S%(g9) = E{S)(9)}
S3(g) = 8%g) — Wxg.

Then the second-order and the third-order of the Fréchet derivatives of Ly, x(g)
are denoted as D2L,, x(9)g192 and D3Ly, x(g)g19293 respectively. Besides, we

have

1 Z”: b exp{—g(U;) — wo}91(Us)g2(U;)

D?L, = -
,)\(9)9192 n — [1 _ exp{—g(Ul) — WO}]Q

— < Wxg2,91 >,
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D*Ly, 2(9)919293

1 znz 3ig1(Ui)g2(Ui)g3(Ui) exp{—g(Ui) — wo}[1 + exp{—g(Ui) — wo}]
n [1 = exp{—g(Ui) — wo}]?

Considering the derivative of S9(g), we have

6i exp{—g(Ui) — wo}g1(Ui)g2(U;)
[1 —exp{—g(U;) — wo}|?

DSY(9)g192 = —E — < WXg2,91 >,

Define g9(t) = go(t) — wo, then we have

<DSYg)f,g>x = <D{S°g)}f,9>r— <Wif.g>

exp{—g0(Ui)}91(Ui)g2(U;)
1 —exp{—go(U:)}

= —<f,g>.

= —F

_<W)>\kfvg >

Following from the equation, we have the next proposition.
Proposition 3.3. DSg(gg) = —id, where id is the identity operator.

Proposition 3.4. (The Rate of Convergence) Assume that Conditions (C3.1) ~
(C3.2) are satisfied. Under Hy, if (loglog(n))/(nh?) — 0, A\(n*/?>7#) = 0 as

n — oo for p >0, we have Hf]g)\ — @llx = Op((nh)~12 + B™).
Proposition 3.4 is very similar to the proof of theorem 3.1.

Theorem 3.4. (Restricted FBR) Assume that Conditions (C3.1) ~ (C3.2)
are satisfied. Under Hy, suppose that (loglog(n))/(nh?) — 0, A(n'/?>=#) = 0
as n — oo for any p > 0 hold, we have HggA - g8 - 827)\(98)\\>\ = Op(an),

where oy, is defined as in theorem 3.2.
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Our main result follows immediately from the Restricted FBR.

Theorem 3.5. (Local Likelihood Ratio Test) Assume that Conditions (C3.1) ~
(C3.2) are satisfied. If m > (5++/21)/4, nh?®™ — 0 and nh* — oo as n — co.
Furthermore, for¥ty € I, if oy, # 0, ¢y = limp—0 V (Kyy, Ko ) /1 Ko |13 € (0,1],
Under Hy, we have that: (i) Hgm)\—gg,/\—wgﬂ)\ = 0,(n~Y?); (ii)—2nLRT, ) =
nllgn — 325 — woll3 + 0p(1); (i6)~2nLRTy \ ~2 e

Note that the parametric convergence rate stated in theorem 3.5 is rea-

sonable since the restriction is local.

3.4.2 Global Likelihood Ratio Test

Consider the following “global” hypothesis:

Hglobal S g = qo V.S. Hl - g 7& 9o,

where gg € H can be either known or unknown. The PLRT statistic is defined

as:

PLRT, \ = lyx(90) — lnA(Gn,n)-

Theorem 3.6. Assume that Conditions (C3.1) ~ (C3.2) are satisfied. If
m > (3+5)/4, nh?™ ! = O(1), nh® — o0 as n — oo. Define 03 =

2o h/(L+ M), 03 = 2o h/ (L4 Ay)% = a3/px, va = hloy/p3.

lobal
Under Hg @ we have

_ d
(2v) V2 (=2n79\ PLRT,, 5 — ny||[Wago(t)13 — va) == N(0,1).
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A direct examination reveals that h =< n~% where 1/2m +1) < d <
1/3 satisfies the conditions required by theorem 3.6. As we can show that
n||Wagol|? = o(h™1) = o(vy), we have —2ny, PLRT, ) is asymptotically N (vy, 2vy).

As N(vy,2vy) is asymptotically distributed as xgk, denoted
—2n\PLRT, \ ~ X, .

That shows that the Wilks phenomenon holds for the PLRT.

To conclude this section, we show that the PLRT achieves the optimal
minimax rate of testing specified in Ingster (1993) based on the uniform version
of the FBR. Write H; : g = gn,, where g,, = go + gn, where go € H" and g,
belongs to the alternatives value set A = {g € H™, exp(gn(t)) < (,J(g,9) < (}

for some constant ¢ > 0.

Theorem 3.7. Assume that Conditions (C3.1) ~ (C3.2) are satisfied. If
m > (34+v/5)/4, h < n=¢, where 1/(2m+1) < d < 1/3. Suppose that uniformly
over gn € A, |Gnx — Gnollx = Op((nh) ™12 + B™) holds under Hip : g = Gng-
Then for any § € (0,1), there exist positive constants C and N that

inf

inf P(reject HglObal|H1n is  true) >1—96,
n2N gn€A,||gnllx=Cmn

where 1, > /h2M 4 (nhl/2)=L. The minimal lower bound of n,, that is ,

n=2m/(Am+1) e gcehieved when h = h*x = n~2/(4m+1),

Theorem 3.7 presents that, h = h*x = n=2/(4m+1) the PLRT can detect
any local alternatives with separation rates no faster than n=2"/(4m+1) which

turns out to be the minimax rate of testing in the sense of Ingster (1993).
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3.5 Simulation

In order to get the estimator of the cumulative hazard function, we would use
the B-spline functions to approximate the true function. Specifically, we have
g(t) =~ B'(1)0, where B(t) = (Bi(t), Ba(t),...,B,(t))" is the B spline basis
and ¢ is the number of basis.

The objective function to be minimized for the B-spline coefficients 8 is:

A

1 n
Ina(0) =~ > —dilog(1 — exp(~B' (t)0) + (1 - 6;)B" (U;)0 + 59%9,

=1

where Q;,,, = fol Bi(8)Bp(s)ds, l,m =1,2,...,q, Q= (). If we let 6F)

be the kth approximation to the minimizer, then #*+1) is:

glk+1) _ H[@(k) . [H(k) + )\Q]*lL

where 7 is the value in the sequence {1,1/2,1/4,1/8,1/16,0} to result in a
reduction in the objective function, II[z] = argmin,cc, where C = {z € R? :

0=121 <2z < ... <z}

H) _ L35 U Bn(U) exp(= Ly BT (U0
= T A ep(— S, B0

() _ 1§~ s exp(= 3L BTUIBWU) | (i oy s op
dj - Z 0; 1—exp(— gleT<Ui)9) +( 51) J(Uz)‘i‘)\[ 0 ]Ja

where The notation [QQ(k)]j stands for the jth component of the vector Q).
In order to verify the theoretical results, we present some simulated examples.

Ezxzample 1: In this example, the failure time follows from Weibull distri-

111



bution:

f@) = (5 ep(=(5)h), @ € 0,00,

with the corresponding parameter £ = 0.3, A = 0.2, while the censoring time
follows from the truncated exponential distribution from 0 to 3, with mean of
the exponential distribute function is chosen to yield 20% and 30% censoring
rate. In order to get the estimate, we use the cubic spline to estimate of the
true function, and the number of knots is at the order of g, = [4.7n/4]. In this
section, we use the AIC proposed by O’Sullivan (1988) to select the parameter

A. Specifically, define

explo(t)} .
H= /1—expg )B(S)B(s) ds,

mm%/waaﬁw, Lm=1,2....q,
0

and Q = (), Bi(s) is the second derivative of Bj(s), B = {By(s),l =

1,2...,q,} is the B-spline basis, then the AIC is:

trace|(H + Q) ' H]
n

AIC = -1, +

In linear algebra, the trace of an n-by-n square matrix A is defined to be the
sum of the elements on the main diagonal (the diagonal from the upper left
to the lower right) of A.

To check the pointwise confidence interval and global simultaneous confi-
dence band, we compare the method proposed by Wahba (1983). Specially, we

denote the coverage probability derived from Wahba (1983) as W_CP, while
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that derived from our method is local_C'P. In this example, we set m=2, and
following from the ODE functions (3.1), we can get the eigenvalues and eigen-
functions of the Hilbert space. Then plug in the estimation of o4, and Ga, we
can get the pointwise and global CI. The simulation results are reported in
Figures 3.1-3.3 and Table 3.1.

From the figures, we can get that the local confidence interval got from our
method is reasonable, that is accordance to the results in Shang and Cheng
(2013). Besides, from Figures 3.1-3.3, we can get that the W_C'P is almost
around 1, that is because the variance is too large, while the local CP is
nearest to 95% at [0.5, 2.5] when the censoring rate being 20%. While the
censoring rate is 30%, the W _CP is also almost around 1, while the local C'P
is nearest to 95% at [0.5, 2]. Further, Table 3.1 gives the Global CP at
different intervals. From the table, we can get that the global confidence band

is reasonable.

3.6 Application

We apply our proposed method to the analysis of one dataset of heart disease
(Detrano et al. (1989)). Actually, there were total 200 patients undergoing the
heart disease at the Veterans Administration Medical Center in Long Beach,
California, from 1984 to 1987. If we deem the age of patients as the observation
time and the heart attack as the interest event, at the end of the study, there
were 75% patients died of the heart disease, with the other 25% patients were

subjected to case-one interval censored. Besides, we would scale the data to
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make the survival time ranging from 0 to 1. For comparison, we would give
the confidence interval through various methods: the method given by Wahba
(1983), our pointwise confidence interval and the global confidence interval.
The results are shown in Figure 3.4. From the figure, we can get that the
pointwise interval is shortest among the three methods, which are accordance

to the simulation results.

3.7 Appendix

In order to study the asymptotic properties of the proposed estimators, we

need the following regularity conditions.

(C3.1) exp{—go(U)} < C < 1 almost surely.

(C3.2) U and T are independent.

Proof of Lemma 3.1: Let h,(t) € H™ which satisfies that |hp|lcc =

O(n~'/2%#). Then we have that:
Ha@) = 3" dilogll - exp{-g0(U:) — ahn(U)}] — (1= 8){g0(U) + aha ()}

=1

A m
- 5 [0+ an i
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Then the derivative of H,(«) is

/ _l hn(Ui) . )
fnte )_nzlal—exp{ 90(U) —aha )y "

—)\/ dt—a)\/

1
725 (U5 — exp{— go( i) —aha(U)} 1 —exp{—go(Ui)}]

+ h(U;)

1
1 —exp{—go(U:)}

1 R0 esp{-0o(U )
= —u|— 5z —|—)\ h dt
> ) / ]

X [(51

—1] —)\/01 g™ ()l (¢ )dt—aA/ol(h;m(t))?dt

[1 —exp{—go(U,

n

1 N 1 0 [ e
I S NUAID Gt ERY RO LION

n = 1 —exp{—go(U,

As ||hp]|oo = O(n=1/2H1), Hh ||oo = O(n~Y# ) \nl/2=1 5 0, we have that

H/ (a)a < 0. Besides, as

o) — 1k — _ h2(Us) exp{—go(Us)} L2
Hie) =~ S O R | rrw2an,

we have that H], («) is a nonincreasing function, so g, x(t) € [go(t)—ahy,(t), go(t)+
ahy(t)]. Then we have that [[gnx — gollcc < @|lhnlcc — 0. Following from
Schumaker (1981), there exist two B-spline functions izm 2 Bm,o that we have

lGnx — hmalloo = OM™™), [hmo — golleo = O(n™"™), where 0 < v < 1/2
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and the number of knots have the same order of (n”). Then we have that

”Bm)\ - }Alm,() 00

oo + 1m0 = golloo + 13nx = g0/l

S Hgn,)\ - iLm,)\

= Op(n "™+ n_1/2+“).

Then as ﬁm’A, iLmo belong to the same finite space, we have that Hﬁgn/)\—ﬁg;n% || oo

has the same order of ||f,o — ﬁm,)\Hoo, namely Hﬁf;n;\ - ﬁgn())ﬂoo = Op(n™""™ +

n~1/2+1) Thereby, we have

1557 = 5™ llso < 1355 = AT loo + N — B Moo + 11g8™ — BTl oc-

As Schumaker(1981) says, the derivative of the spline approximate the deriva-
tives of the function it approximates, so the first term and the last term in
the above format is o(1), thereby,ng(JK) — g(()m)Hoo — 0.Then we have that
J(A(m) (m) ~(m) (M)) _

Gy =90 +9p —9y ) =0p(1). Then the conclusions derived.

Proof of Theorem 3.1: Denote g = g, » — go, then

1 1 *
(9 +90) = lna(90) = Snal90)g + 5 DSn(90)99 + gDQSm(g )999

I+ I + I3,
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where ¢* = go + ag,with a € [0, 1].

6135 = |D*S,(9%)g999|

_ 1+ exp{—g*(Us)}] exp{—g* (Us) }¢*(U:)
m 25 1 - exp{—g" (T}

[1 + exp{—g*(U;)}] exp{—g* (U;) }¢*(U;)
[1 —exp{—g*(Us)}]?

IN

1
R
n

As ||g]loc = 0o(1), then when n is large enough, we have || exp{—¢(U;)}||c =~ 1.

Besides, as exp{—go(U;)} < C < 1, we have

6] ~ lgloer—gl Z etttk ()

IN

2Hg\|oo exp{—go(U)}g*(Ui) . exp{—g0(U:)}¢*(U;)
‘Z '[1 — exp{—go(Ui) }2 E([l—exp{—go(Ui)}]z)

2 exp{—g0(U;)}¢*(U;)
+ llglloe (1— C)E( [1— GX;{_QO(UZ')}P)

- nﬂg\\oo Z¢ 5:, Ui, 9) Ky, — E[w(8,U, 9)Ku), g >x |

2||glloc ., exp{—g0(Us)}g*(U;)
e Rl ey s AN IR

Define @2(52, Ulag) = %C;}hl/Qw(éia Ui7g)> @ = 17 27 RN then

_ (1- C)chlhl/Q di exp{—go(Ui)}
¢ " [ —exp{—go(Ui)}

]2|f(Ui> — g(Uy)|
< et W2 f = glloo-

117



Then it follows from Shang and Cheng (2013) that
I Z (6, Ui, 9) Ku, — E{0(8i, Ui, 9) K I
< (n2gll i VC™ 4 1) {5 loglog(m)} /2.
Thereby, we have that

2]|gloo

(1 — )| < Z?’b 517U179)KU - [¢(5a U?.g)KUz]ag >\ |

c h_1/2 C

S Cm 1-C)

HgHO:L”g”)\( 1/2” ||1 1/(2m) +1){510g10g( )}1/2'

exXpy— i 2 i
ol 2 B EDE L] < gl 2 alol

we have that

615

C

<a—opet ! 2W(n1/2\gr\;1/<2m> +1){5loglog(n)}'/?

2 2
+ m“g\\m“g”,\

2
5cm{loglog(n)}'/?|lgl|x +

2
< - - e .
~ nl/2p(1 - C) 1-C)2 19100 |91 x

Thereby, following (n'/2h)~!{loglog(n)}'/? = o(1), we have |63] = 0,(1)]|g]|3.

1] = 185,0(90)9] < S0, (90)Allgllx = Op((nh) ™%+ AV/2)]lg]lx.
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Regarding to I, we have

2, = DS, x(90)99
= {DS,(90)99 — EDS,, A(90)99} + EDS,, A(90)99

= —||gl3 + {DSu1(90)99 — EDSn1(90)99}

ol L3 (IO ) _ g U)oU)y

— “11 — exp{—go(U;)}]? 1 —exp{—go(U:)}

It follows from the proof of I3, we have that

‘7 Ui) exp{—g0(U:) } _E[QQ(UOGXP{—QO(UO}H
1—exp{ g0(U;) }? 1 —exp{—g0(U:)}

1
o h-l/2

1
S G-apoh IIL(JIIA(\/EHQH1 Hem) 4~ ){510g10g( )32

1 — m
- mcmllglmmué@”@ '{51oglog(n)}'/?

1
+ 5 Cm 5log log( 172,
Vin(l )2 l9llx{5loglog(n)}

Then, we have that

1 m
21 —HgHAercml\glhllgll1 1/Em {5 log log(n)}/?
1
+ —=————cnllgllA{5loglog(n)}'/*.

nVh(1 — C)2
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Thereby, we have that

lglIx(L + 0p(1))

< HgHi—l/(2m)n—1/2c72{1/(2m)h71+1/(4m){5log log(n)}1/2

1 1/2 —1/2 | \1/2
+ ml!gllx{moglog(n)} /2 4+ Op((nh) + A7) glla-

lglla < ((nh) ™2 4 N/2) 4 |[g||y /i =1/2e2 1/ Gm) p =151/ Gm) (5164 1og (1) } /2

1 1/2
+ m{S loglog(n)}™/=.

As (nh*/?)~1{51oglog(n)}'/? = o((nh)~1/?), we have that
lglla < (nh) =12+ A2 4 |g)l 0 M0~ 2 {5 log log(n) } 2enh™!/2.

Besides, as ||gllcc = 0p(1), (nh)~1/?{5loglog(n)}*/? = o(1), we have that
lgllx < (h)=12 + ™.

Proof of Theorem 3.2: Denote g = g, »—go, following from theorem 3.1, we
have that ||g|[x = Op((nh)~Y/2 + h™). Thereby, there exists a constant M, s.t.
B, = {|lgllx < rn = M((nh)~Y?4h™)} has large probability. Define § = d;,'g,
where d,, = cprnh~2, since h = o(1), and {loglog(n)}(nh?)~* — 0, we
have that d, = o(1). Besides, on B,, we have [|j|lcc < 1 and J(§,9) =
d2AY (AN (9,9)) < &2 gl3 = en2A7th™l. Thus, when the event B,

holds, we have § € F, where F = {g : ||glloc < 1,J(g,9) < ¢,;2hA~1}. By the

120



Taylor expansion, we have that

n KU

221 1—exp{ 90(Ui)}

KU _5 KU
1 —exp{=gna(U)} 1—exp{-go(U)}

— l Z(S Ky, Y Ky,
n 4 "1 —exp{—gap(U:)} "1 —exp{—go(U:)}

Ky Ky

BT e S e )

_ 1 Ky, exp{—go(Ui) }g(U:)
B Z [1 — exp{—go(Ui)}]?

Ky, exp{—g0(U;) }9(U;)

BT B A

1 - (- exp{—g0(U)} Ku,g*(U)[1 + exp{—go(U3)}]
- n;<5 [1— exp{—go(U))}?

exp{—g0(Ui) } Ku,9*(Us)[1 + exp{—go(U:)}] o
— E6; [ — exp{—go(U}]P >(1+ »(1))
= L+ D
_ 1 Ky, exp{—go(Ui)}g(U:) . Ku, exp{—go(Ui)}g(Us)
ho= Z [1 — exp{—go(Us)}]? Fo [1 — exp{—go(Us)}]?

1 n
i=1

where

o) — g XP{=90(Ui) 19 (Ui)
P00 U 0) =0 cp g0} 2
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define

- 1—
¢(5’La Ui7 g) = ?Cd'zlqb(&“ Ui7 dng)cr_nlhl/zv

then we have

1-C

C

1—
= Cdglc

C

IN

dy e B2 |60, Uy, dng) — ¢85, Ui, di f)]

—1,1/2| Siexp{—go(Us)} _
CR N T Ay e

e W21 = Gllocs

IN

Then we have
1D ¢(6i, Ui, ) Ku, — E(8:, Ui, ) Ku, |1
i=1
< (/2 Gm D/ () g =M ) (5 1og log(n) /2.

Thereby, we have that

(RER 15

1 n
= > 6(6i, Ui, g) — E¢(6, Ui, 9)|x
=1

< (n1/2h‘(2m‘1)/(4m)HgHigl/(Qm)+1){5loglog(n)}l/QLdncmh‘l/Q

1-C
C

1-C

3=

< (n—l/Qh—(Qm—l)/(4m)||§||<1>O—1/(2m) + n—l){5 log log(n)}1/2 dncmh_l/Q.
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As [|d]lco < 1, we have

(0= V2= Gm=1)/Gm) | =1 =1y 5 1o Tog (1)} /2 ¢ 2.

I
113 [|x T

IN

= Op(n~2p=Om=D/Um) 1516010 (n) }/2{(nh) "2 + h™}).

Regarding to I, we have that

1, exp{—go(U)} Ku,g*(Ui)[1 + exp{—go(U:) }]
= n;<5 [1— exp{—go(U:)}]3

Eé

‘exp{—g0(Ui)} Ku,9*(Us)[1 + eXp{—go(Ui)}])
' [1 — exp{—go(U:)}]? ’

Thus, we have

2/|gloo

I <
Il < 7=

[11l[x = op([[11][x)-

Thereby, it is easy to check that

”Sn(gn)\) — Sn(g0) — (S(gn,)\> — S(90))

= Op(n~/2h~ OV floglog(n) }'/2{ (nh) /2 + b}).
On another hand, we have

Sn(Gnx) — Snlgo) — (S(Gn.n) — S(g0))
= SpalGna) = Sua(90) = (Sx(gn,n) — Sa(g0))

= —Sua(90) — (Sa(Gn,n) — Sx(90))

1
= g—Sux(90) — / / sD?Sx(go + s5'g)g* ds ds’,
0 Jo
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As || [} Ji sD2Sx(g0 + s5'9)g%dsds'|[x < [} [ |D®Sx(go + 55'9)g?||x ds ds',

and
1D*Sx(g0 + 55'9)g°[Ix = Op(h™/*{(nh) /2 + 1)),
we have that ||g — SpA(90)]|x = Op(av), where
o = h™Y2{(nh) T 4h2m 4712 R 6m=D/Um) (o0 10g(n) /2 { (nh) /2 407},

Proof of Theorem 3.3: Define Rem, = gnx — 9" — Sn(go),then it fol-
lows from the Functional Bahadur representation, we have that ||Remy||x =
Op(an). As nh® — oo, nh*™=1 — 0, m > (3 + /5)/4, we have that o, =
op(n~1/2). Since [|Sn(go)|lx = Op((nh)~/?), thus Rem,, is negligible com-
pared with S,(go). Next, we would show the asymptotic distribution of
(nh)~Y2{g, A(to) — g*(to)}. We would use the fact that for any ¢ € I, and any

g € H™, we have < Ky, g >)= g(t). Thereby, for any fixed to € I, we have

[(nh)™1? < Ko, gnx = 9" = Sa(90) >x | < 1Keollallgnn — 9" = Sulgo) I (nh) '/

_ 0; )
1 —exp{—go(U;)}"’

1 n
)< Ky Sl r= (LS K 00
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Var(Kto(Ui)(l - W)) V(Kig, Kio), hV (Ko, Kip) = 02, < 2,

we have
d
(nh)'? < Ky, Sn(g0) >x—— N(0,02).

Then the conclusion follows.

It follows from the multivariate central limit theorem that
(n~"h) UQZKto 8i[1 — exp{—go(Ui)} 1)

converges in finite dimensional distributions to a zero-mean Gaussian distri-

bution with the covariance function is X(s,t). Besides, As

it’s easy to get that

n 0;
h)lﬂ% Z Ky (Us)[1 - 1— eXp{—QO(Ui)}]
i=1

— (a2t - d
= Z Z 1 + M [1 1— eXp{—go(Ui)}}

=1 j=0

h1/2h d;
= Z 1+>\% fz [ 1—eXP{—90(Ui)}}

=0

Denote

1/2
Zoy =3 M) th 61 — exp{—go(U)}] ™).

= 1—i—)\'yj
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As h'/2h(t) /(14-Xv;) is a bounded deterministic function, n=1/2 3" | h;(U;) (1—
0i[1—exp{—go(Us)}] ") is tight, h'/?h; (1) /{v/m(1+Xv;)} Sy hy(Us) (1-6:[1~
exp{—go(U;)}]™") is also tight. Then it follows from Kosorok (2008) that, we
can get h'/2h; () /{v/n(1 + M)} 37y hy(U) (1 = &L — exp{—go(U)}] ") is
a Donsker-Class. Again, following form Kosorok (2008), we have for any inter
M, 32000 WM 2Ry (0 /{v/m(1+3)} iy b (U) (1= 6L — exp{—go(Un)}] ) is

a Donsker-Class, denoted as Z, az(t). Thereby, it follows from Kosorok (2008)
that there exists a semimetric p for which I is totally bounded and

lim lim P( sup | Zn i (t) — Znm(s)] >€) =0
410 s,tel withp(s,t)<d

for all € > 0. As it’s easy to prove that Z, p/(t) uniformly in I converges
to Zn(t) as M — oo. We have that for any € > 0, there exists a M, s.t.

|Zn(t) — Znm(t)| < €/4 for all t € I. Then we have

lim lim P( sup 1Zn(t) = Zn(s)| > €)
610 s,tel withp(s,t)<d
< lmlimP( sup [ Zoas(t) = Zoa(5)| + [ Znas (8) = Za(t)]
410 s,telwithp(s,t)<d
+|Zp 01 (8) — Zn(s)] > €)
< limlimP(  sup |Zn,01(8) = Zn,pa(5)] > €/2) = 0
640 s,t€Iwithp(s,t)<d

thereby, Z,(t) is tight. As for any finite-dimension (¢1, %2, - ,tx), Zn(t1,t2, -, tx) 4,

Z(ty,t2, - ,t) when n — oo, we can get Z,(t) LN Z(t) uniformly in I.
Thereby, Vnh{gn(t) — g*(t)} converges weakly in I to a mean zero Gaussian

process Z(t) with the covariance function at (s,t) equal to (s, ).
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Proof of theorem 3.5(ii): For notational convenience, denote § = g »,
' = gn)\, g = §°+wo—g. By theorem 3.4, we have that ||g||x = ||§°+wo—g||x <
19° + wo — golla + 1§ — gollx = Op(ry), where r,, = (nh)~'/2 4 h™. By Taylor
expansion, we have
LRT,) = Lya(wo+3°) — Laa(9)
1
= Sa@eo+ 8=+ [ [ sDSur@+ss'g)ggdsds
0 Jo

It follows from the definition of S,, x(§) = 0, we have S, x(9)(wo +§° — g) = 0.

Then

LRT, »
1 1
= / / sDS, (G + ss'g)ggdsds’
0 0
1 1 1 1
= / / S[DS, (9 + 55'9)g9 — DSnA(g90)9g] ds ds’ + / / sDS, A(g0)gg ds ds'
0 0 0 0

1 R 1 1
= i[DSn)\(g + s5'9)99 — DS, A(90)99] + i[DSn,A(QO)gg — D&\ (90)g9) + §DS/\(90)99
=L+ 1 + Is.
Define § = § + ss'g — go, for any 0 < s < s’ < 1, [|g]lx = [|g — go + s5'g]]x <
19— gollx + [lgllx = Op(rs).Then we have

DS, (g + ss'9)g9 = DSy 2 (G + 90)99

.+ )exp{—g(Ui) — go(Ui) } (m 2
- Z’u—exp{ ST AR GANE A/{9 D) dt.
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Thereby, we have

|DSn 2 (9 + s5'9)99 — DSy A (90) 99

- ‘* = e)xe;({p{gf() Lty 71125 et

~ |7 Z 5,62 (U) 24 go([1 z}e[;;:i{(;g%(gi)}}é(Uz’) |

S - R

- Eﬂ?(f"iiﬁ?f;f?é?ﬁf

< 21Hioo\| ;ILZ”: . _GXZX{p{gog(o()ﬁ} B Eng(— ();;?{ gog(o }} N 2||9c>o|| H 2
=11 + 1.

Following from the proof of theorem 3.2, we have that

Ill = HQHOOOP<T7LO‘;1)’

where of, = n~1/2{(nh)=1/2 4 B} h=Om=D/(4m) f1o0 1og(n) }1/2. Then we have

that
11| = 1|3ll0cOp (rntyy) + |3ll0cOp(r7t).-

Following from the condition of \, we have n~1/2p~(6m—1)/(4

op(1), thereby, we have o), = 0,(ry), so we have

211] = [1gllcOp () < ™21, 0p(r7) = Op(h™1/217).
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Further, we can easy get that

12I5| = | DSy, (90)99 — DS (90)g9]

= Op(rnal,).
As I3 = —||g||3/2, we have
||9H?\ -1/2,.3 /
LRT, ) = " + Op(h™ %1y + rpa,).

Following from nh?™ — ¢, then we have nh*™*+! — 0, along with nh* — oo,

we have h=1/2r3 4 r,al, = o(n~'). Thereby, we have that

—~2nLRT, 5 = n|g° +wo — §]13 + 0,(1).

Then the first part of the proof is completed.
Proof of theorem 3.5(iii):As —2nLRT,, \ = n||§° + wo — |13 + 0p(1), it’s

sufficient to give the asymptotic property of n|g° + wo — g||3. As

n'2(1§° + wo — § — S (90) + Snalg0)llx

IN

n'2)|3° + wo — S A (90) I + 1721 — Sux(g0)llx

= 0,(n"%a,) = 0,(1).
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Thereby, we just have to focus on n1/2{827/\(98) —Sna(90)}. Recall that

— K5, — W0

1 « 6K
A(90) n ; 1 —exp{—g3(U;) — wo}

_ l - 0i _KUi(tO)Kto

- nz; 1 — exp{—gQ(Uy) —wo}(KUi K (to, t0) )
KUi(t )Kto WA(Q )(t )Kto

~ B0 o)) ™ K )

Thus,

_ Ky, 1 & —0; Ky, (to)
Spa(90) = Sna(g0) = K(to, to) [ﬁ z; - eXp{—go(EUi)} + Ky, (to) + (Wago) (o))

Thereby,

n/?| S ,\(go — Snux(90) A

—0; Ky, (to)

= | [ Y
VE(to,to) Vn = 1—exp{—go(Ui)}

+ Ky, (to) + (Wago) (o)) )

As nh®™ — 0, we have

\/H(W)\QO)(tO) \/E(W)\go)(tg) B M(W)\QO)(U)) .
Ky = WPV, Kl O o O/ah™) = o(1)
Thereby, we have
1 1 « -5 KUl (to) .
V/K(to. t0) \/ﬁ ; 1= exp(—go(U) Ky, (to) + (Wago)(to)] — N(0, cx,),
where
¢, = lim V(K Kio) € (0,1].

o[ K |12
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Thereby, we have —2nLRT,, \ 4, cto X3 Tt follows immediately that || g%+
wo = Gl = Op(n=172).
Proof of theorem 3.6: For simplify, denote g = go—gn., ™n = (nh)=Y24+n™.

Using the Taylor expansion, we have

PLRT, » = Inx(90) — lux(gn)

= SpalGna)(90 = Gn) + //SDSn,)\(gn,)\ + ss'g) ds ds'
1)1

I + I
It follows from the the definition of S, », we have that
|| = 0.
using the argument very similar to the proof of theorem 5(ii), we have
ol = <U8 0,122 ),
where of, = h~6m=1)/(4m)=1/2(1og log(n))/?r,. Thus,
PLRT, \ = —”92”§ + Op(h™ 23 + rpal,).

Following from the conditions that m > (3 +v/5)/4, 1/(4m) < v < 1/(2m),

nh?™ 1l = O(1), nh3® — oo, we have

—2nPLRT;, \ = nlg|3 + op(h /).
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Under the hypothesis HglObal that g is “true” parameter, by theorem 2, we
have ||gn,x — 90 — S (90)|| = Op(ay). Following from the theorem 3, we have

n'/2a, = o(1), then we have

n'2(lglln = 02118 (g0) 11 + 0p(1)-

Next, we study the leading term [|S, x(go)|lx. Through direct computation,

we have
) 1 & Ky, )
n[|Spa(go)ln = n”ﬂ;KU¢+5il_eXp{_gO(Ui)} — Wigollx
R Ky,
= HH ; —Ky, + 51‘1 = exp{—g0 (0} [
- 2<§:—K + 65 Ku, 1% Wigoll
2 O ey P 72 eIl

We first approximate ||[Wygol|.Firstly, define

, for j=0,1,2,....

. A’Y
mx(7) = |V (go, J)| 7J1+)\,>,

Then |my(j)] is a sequence of functions satisfying that |mx(4)| < [V (go, h;)|*v; =
m(j). From gy € H™, we have that [V (go, h; | v = fN = J(g0,90) <

0o, where 11()is the counting measure. As

|
)\g%mA(J) 0
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, we have

hy)|? )d
3Vt = [

based on the Lebesgue dominated convergence theorem. That is,

2.2
)\7]'
1—|->\’)/j

IWagollX =D [V (g0, )
i

=o(\).

Following from this, we have

Ky, 9
E| < -K &; ! , Wiago >
| Z R mrnymiin SUC

_ o 2
) E'Z ey

B e 5 ST
= gy )

< nf[Walgo@))IIR = o(nA)

Thereby, it follows from nh?™+1 = O(1) that

Ky,
< —Ky, +9; : s Wiago >
; 1 —exp{—go(Ui)}

= 0p((nN)/2) = 0 (n'/2h™) = 0p(h711?).

Thereby, we have

Ky, _
IS (g0)I13 —HZ Ko+ b ety R o).
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In what follows, we study the limiting property of n=!| Y"1 | — Ky, +6; Ky, [1—

exp{—go(U;)}]7'||3. Through directly computing, we have

— —Ky, +6; :
TlH lz:; U; 1 — exp{—go(Ui)} H)\

1 0; 2 1
— -1 K., K7, —Wh,
n ; [1 —exp{—go(U;)} } < Ko v > +nW
where
Wn:z( 0; —1)( J] —-1) < Ky,, Ky, > .
1 = exp{—go(Ui)} 1 —exp{—go(U;)} ’
Denote
Wij:2( & —1)( i —1) < Ky,, Ky, >,
1 —exp{—go(U;)} 1 —exp{—go(Uj)} !

then we can write Wy, = > 1., Wij, so that W), is clean (Jong (1987)).
Next, we will derive the limiting distribution of W,,. Let 02 = var(W,,), then
through direct computation, we have

2

On

nin—1

5 5 B 2
=20t =08 ( (et~ D ety ) < R )
- 1
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Let G1, G2, G4 be:

G = ZE(VVé)a

i<j

Gz = Z E{WZW%} + E{WJ'QZ'WJ?’C} T E{WIEZW’CQJ}’
i<j<k

Gy = Z E{W;;WyW Wi} + E{W;; WyWie; Wi} + E{Wy, W W;,Wj }.
i<j<k<l

It follows from the proposition 3.2 of Jong (1987) that, if Gy, Ge, G5 are all of

the lower order than o, we will have o, W, converge weekly to the standard

normal distribution.

BOVY)

5; 5 *
=198 { (e ey ) ety ) < s >
=0(h™).

Thereby, we have G1 = O(n?h~%). It follows from Cauchy-Schwarz inequity,
we have EWEJWfk < (EWZ-‘;)l/z(EW/i)l/Q = O(h™*). Thereby, G2 = O(n3h™*).

Straight forward calculation yields that

o0 1
E{Wi;WyWi;Wy} =16 ) ———— =O0(h™").
{Wi; Wi, Wi; Wik } 6FO (1+ Av;)* O(h™)

Therefore, we have G4 = O(n*h™1). As o} = (02)? = O(n*h=2) and nh® — oo,

h = o(1), we have G1, G2, Gy are of lower order than that of o.So we have

o W, =5 N(0,1).
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Following from p3 = > 2o h/(1+ My;)?%, we have

1 d
W, % N(0,1). 3.2
NETE ©.1) (3:2)

Now, consider

1 <& 0; 2
=3 1P < Ky, Ky, > .
n [1 —exp{—g0(U;)} ] U U

(2
Through straight forward calculation, we have

i
S gy s o

— 1)’ < Ky, Ky, > }2 = O(| Kul}) = O(h™2).

Therefore, a direct calculation leads to

E{ ; [1 —exp{—go(Us)}

—1]® < Ky, Ky, > —h~ '3}’

0

< nE{(l —exp(—g0(Us))

1) < Ky, Ky, > }2 = O(nh™?),

where 0% = > 2o/ (1+ Xv;). Thereby, we have

1 Zn o 2 -1.2 1/23\—1
ni3 [1 —exp{—go(U;)} ) Ui U A1 Op(( )"7)-(3.3)

It follows from (3.2) and (3.3), we have n||S, |3 = O,(h™!). Hence, we have

n'2|Suallx = Op(h™1/2).
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Thus, we have

—2nPLRT,»x = {nY?|Suallx+ 0p(1)}2 + 0,(h71/?)

= nl|Snal} + 0p(h7172). (3.4)
It follows from (3.2),(3.3)and (3.4) that,
_ — _ d
(2h7 10y /p3) (=20 PLRT, 5 — nal[Wago (1) — R 'or/p3) == N(0,1).

Proof of theorem 3.7: Firstly, through straightforward calculation, we can
verify that m > (3 ++/5)/4, 1/(4m) < v < 1/(2m), h < n~%, where 1/(2m +
1) < d < 1/3 satisty the conditions in theorem 6. Throughout, we can only

consider gn, = go + gn for g, € A. In order to prove the theorem, rewrite

—2n - PLRTTL,)\ = _2n(ln,)\(90) - ln,)\(gno)) - 2n(ln,)\(gno) - ln)\(gn,)\))

In order to complete the proof, it’s sufficient to derive the order of the two

parts respectively. Firstly, we would see the first part I;. For simplicity, define
R;
= (0;log[1 — exp{—go(U:)}| — (1 — 6i)g0(Ui)) — (6;log[1 — exp{—gn, (Vi) }]
—(1 = 6i)gn, (Vi)

= 0;(log[1 — exp{—go(Ui)}] —log[1l — exp{—gn,(Ui)}]) — (1 = 6:)gn(Us).

It is easy to calculate that

ER} = O(llgnl3)-
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Thereby, we have

E{|)_(Ri — ER)’} < nER? = (n]gall3)-
i=1

Thus, we have that n (I, (90) — lnA(9no) — E(lnx(90) — lnx(gno))) = Op(nl/QHgnH,\).
On the other hand, follows from DS)(g)gngn < 0, for any g € H™, there exists

constant ¢’ > 0 satisfies that

E{DS,\(g5,)9ngn} < ¢ E{DSp \(9no)9gngn}

_ =ligal}
Jall,

Thereby, we have that

B{l(90) ~ o (900)} = BLSu0(900)(~00) + 5 DS (55 )9n0n)

A (G ) — C’Hg;\li

< (Tlgna) + Tan.g)) — 1013

< {T(Gn: gn) + I (90, 90)"/* T (gs 90)"/*} — C’Hg;Hi
/ 2

_opy— sl

Following from the above, we can get
Iy = ngall} + Op(nA + 12l gullx + ' 2llga3)
= nllgnlR (L + Op(Mgally? + 172 gally "t +n7172)). (3.6)

Secondly, let us see the second part I. It’s easy to note that under Hi,,

following from ||gn.x — gnoll = Op((nh)~Y/2 + A™) and the FBR, we can get
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that

nigjfvgirgflpgno (1gnx = no — Snalgn0)lx < M), (3.7)

where 7, = (nh)~'/2 4+ h™. Similar to theorem 6, we can get I, has the same

distribution as in theorem 6, but uniformly for Vg, € A. That’s to say,

(200) (L2 = nl[Wagn I3 = h ™10y 1) = Op(1), (3.8)

no,A

4

uniformly for Vg, € A, where v, = h_lano A

/piw\ with 07210,)\, pio)\ are in the
form of ai, pi but the eigenvalues and eigenvectors are derived under g,,. Let

Vies Vo be the V' functions as defined in section 2, then Vf € H™, we have

It follows from shang and Cheng (2013) that

02,y — 3 = O(h™?|galn).- (3.9)

Thereby, it follows from (3.6), (3.8) and (3.9), we have
(20,)"Y2(=2nr\PLRT — v,
=(20a) VA (=ra(l + I2) — v)
=(2vn) 21Tz = 0l Wigno 13 — B o 2) + (2) Y 2rAnl[Wagn I3
+ (2v) T2+ (20n) T PR (02, ) — 03)

>0,(1) + (2vn) " 2ran||gnl3 (1 + Op(Mlgn 32 + "71/2”%“;1 12y

+ O lgalln)-

139



where Op(1) holds uniformly in A, v, = h =10} /p3, and r) is defined in theorem
6. Let Allgally® < 1/C, 0= 2|lgally" < 1/C, Ch7Y|gallx < (nh'/2)[|gnll3, and
llgnll2 > C(nh'/?)~! for some sufficiently large constant C. This means that
|(2v,,)~Y2(=2nry\PLRT — v,)| > cq, where ¢, is the cutoff value of (based on

N(0,1)) for rejecting HJ"** at normal level a. This means that

lgal} = C(R*™ + (nh'/%)71). (3.10)

Combine (3.7) and (3.10), we can get the conclusion.
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Figure 3.1: The picture gives the estimation and local CI of the example 1 with
n=100. It shows the cumulative hazard estimation with censoring rate being 20%
and 30% and the coverage probabilities with the censoring rate being 20% and 30%,
respectively. Specifically, the solid line is the true cumulative hazard estimation, the
—. lines are that according to the censoring rate being 20% and 30%, respectively.
The solid lines marked with - are the CI according to the method of Wahba.
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Figure 3.2: The picture gives the estimation and local CI of the example 1 with
n=200. It shows the cumulative hazard estimation with censoring rate being 20%
and 30% and the coverage probabilities with the censoring rate being 20% and 30%,
respectively. Specifically, the solid line is the true cumulative hazard estimation, the
—. lines are that according to the censoring rate being 20% and 30%, respectively.
The solid lines marked with - are the CI according to the method of Wahba.
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Figure 3.3: The picture gives the estimation and local CI of the example 1 with
n=300. It shows the cumulative hazard estimation with censoring rate being 20%
and 30% and the coverage probabilities with the censoring rate being 20% and 30%,
respectively. Specifically, the solid line is the true cumulative hazard estimation, the
—. lines are that according to the censoring rate being 20% and 30%, respectively.
The solid lines marked with - are the CI according to the method of Wahba.
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Figure 3.4: The pictures gives the real data analysis. It shows the cumulative
hazard estimation and its confidence band various the three methods: the dash line
is the cumulative hazard estimation, the —— line the simultaneous confidence band,
the —. line is the local pointwise confidence interval while the line marked with - is
the confidence interval given by Wahba.
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Table 3.1: Estimated global coverage probability with the nominal cov-
erage probability being 95% for example 1.

interval censoringrate=20% censoringrate=30%
n=100 n=200 n=300 n=100 n=200 n=300
[0.05,0.95] 95% 97% 97% 99% 99% 98%
[0.05, 1.05] 95% 97% 97% 98% 99% 98%
[0.05,1.15] 95% 97% 97% 98% 99% 98%
[0.05, 1.25] 95% 97% 97% 97% 99% 98%
[0.05,1.35] 95% 97% 97% 97% 99% 98%
[0.05, 1.45] 95% 97% 97% 96% 98% 98%
[0.05, 1.55] 95% 97% 97% 95% 98% 98%
[0.05, 1.65] 95% 97% 97% 94% 98% 98%
[0.05,1.75] 95% 97% 97% 93% 98% 98%
[0.05,1.85] 95% 97% 96% 91% 97% 97%
[0.05,1.95] 95% 97% 96% 89% 96% 96%
[0.05,2.05] 95% 97% 96% 89% 95% 95%
[0.05,2.15] 95% 97% 96% 87% 94% 94%
[0.05,2.25] 95% 97% 96% 85% 92% 93%
[0.05,2.35] 94% 97% 96% 82% 90% 90%
[0.05,2.45] 94% 97% 96% 80% 88% 88%
[0.05,2.55] 93% 96% 96% 78% 85% 85%
[0.05,2.65] 93% 96% 96% 75% 82% 83%
[0.05,2.75] 92% 96% 95% 1% 78% 79%
[0.05,2.85] 91% 95% 95% 68% 74% 75%
[0.05,2.95] 87% 92% 94% 64% 70% 1%
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Chapter 4

Conclusions and future work

This chapter draws conclusions on the thesis, and points out some possible

research directions related to the work done in this thesis.

4.1 Conclusions

This thesis focuses on the nonparametric statistical inference of censored data.
In particular, the right censored data and the current status data are studied

in great detail.

1. In Chapter 2, the nonparametric inference focuses on the log-hazard
function. The major advantage of doing so is that there is no constraint
on the target function, and hence it simplifies the computation. Since
the penalized nonparametric maximum likelihood estimation is quite
useful to balance the smoothness and goodness-of-fit of the resulting es-
timator, we adopt the method here to estimate the log-hazard function
with right censored data. On the other hand, the idea of smoothing

B-spline can be also found in Schumaker (1981) for a smooth estima-
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tion. The most appealing finding of the chapter is that a functional
Bahadur representation is established in the Sobolev space H" with a
proper inner product, which serves as a key tool for nonparametric in-
ference of the unknown parameter/function. Asymptotic properties of
the resulting estimate of the unknown log-hazard function are justified.
Furthermore, the local confidence interval and simultaneous confidence
band of the unknown log-hazard function are provided, along with a
local and global likelihood ratio tests. We also investigate issues related
to the asymptotic efficiency. Extensive simulations have been conducted

to verify the theories.

. In Chapter 3, the nonparametric inference approach in Chapter 2 is
extended to handle interval censored data. Chapter 3 mainly focuses
on the current status data, that is the case-one interval censored da-
ta. What difference in this chapter is that we target at the cumulative
hazard function, instead of the log-hazard function. One key step is to
derive an appropriate inner product. With the inner product defined
satisfactorily, we derive a functional Bahadur representation and estab-
lish the asymptotic properties of the resulting estimate of the cumulative
hazard function. In particular, the global asymptotic properties of the
resulting estimator are shown under certain regularity conditions. A
likelihood ratio test is also provided. Numerous simulations have been

conducted to verify the theories.
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4.2 Future Work

We may pursue along the following directions for future work.

1. Case-two interval censored data are quite common but much more com-
plex than the current status data in survival analysis. To the best of
our knowledge, there is limited report on the asymptotic properties of
the smoothed estimation of the survival function or the hazard func-
tion with case-two interval censored data. In this regard, we shall strive
to generalize the approach for estimating the survival function or the
hazard function with case-two interval censored data, and carry out

corresponding statistical inference for the target function.

2. Functional data regression is fast developing. Proportional hazard func-
tional regression model is one of the most widely used models, in which
the response refers to the time-to-event. For such a model, the penalized
B-spline method has been used to estimate the functional coefficients To
the best of our knowledge, there is no results reported in the literature on
the theoretical properties of the estimate of the entire function. Hence,
we consider to extend our approach to this kind of semiparametric mod-
els. Moreover, we also consider to adopt some penalty function to select
important non-functional covariates. In the meanwhile, we may apply
the penalized B-spline method to control the roughness of the functional
coefficients. As in some case, the functional coefficients may remain a

constant in certain interval. Another penalty function may also be im-
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posed on the B-spline coefficients to control the shape of the resulting

function.

. Nowadays, ultrahigh-dimensional data, in which the number of candi-
date predictors or parameters may be at the exponential rate of the
sample size, arise in many fields of modern science. As the big data
brings to us its own features, such as heterogeneity, spurious correla-
tion, noise accumulation etc, traditional penalized method may not be
suitable both in theory and in computation. Hence, one need to reduce
the high dimensionality to a moderate scale by some screening tech-
niques. However, statistical inference for high dimensional survival data
after screening remains challenging. We shall work along this direction

for future extension and refinement .
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