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Abstract

This thesis is devoted to studying the statistical properties and quantum filtering of

continuous-mode single-photon Fock states. Four topics are under consideration:

1. Wigner spectrum of continuous-mode single-photon Fock states.

2. Coherent feedback control of continuous-mode single-photon Fock states.

3. Quantum filtering for multiple measurements of quantum systems driven by

fields in continuous-mode single-photon Fock states.

4. Quantum filtering for multiple measurements of quantum systems driven by

two continuous-mode single-photon Fock states.

For the first topic, we propose to use Wigner spectrum to analyze continuous-

mode single-photon Fock states. Normal ordering (Wick order) is commonly used

in the analysis of quantum correlations. Unfortunately, it can only give partial

information for correlation analysis. For example, for a continuous-mode single-

photon Fock state (whose correlation function consists of two parts, one due to

quantum vacuum noise and the other due to photon pulse shape), the normal ordering

analysis simply ignores the contribution from the quantum vacuum noise. In this

topic, we show Wigner spectrum is able to provide complete quantum correlation

in time and frequency domains simultaneously. We demonstrate the effectiveness of

the method by means of two examples, namely, optical cavity (a passive system) and
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degenerate parametric amplifier (DPA, a non-passive system). Numerical simulations

show that Wigner spectra are able to reveal the clear difference between the output

states of these two systems driven by the same single-photon state.

For the second topic, we show how various control methods can be used to manip-

ulate the pulse shapes of continuous-mode single-photon Fock states. More specifi-

cally, we illustrate that two control methods, direct coupling and coherent feedback

control, can be used for pulse-shaping of continuous-mode single-photon Fock states.

The effect of control techniques on pulse-shaping is visualized by the Wigner spec-

trum of the output single-photon states. It can be easily seen that the linear quantum

feedback network has much more influence on the detection probability of a single-

photon than the directly coupled system. In addition, for a simple quantum feedback

network, the changes of the output Wigner spectrum with respect to beamsplitter

parameter also have been analyzed.

For the third topic, we extend the existing single-photon filtering framework by

taking into account imperfect measurements. The master equations and stochastic

master equations for quantum systems driven by a single-photon input state are

given explicitly. More specifically, we study the case when the output light field is

contaminated by a vacuum noise. We show how to design filters based on multiple

measurements to achieve desired estimation performance. Two scenarios are stud-

ied: 1) homodyne plus homodyne detection, and 2) homodyne plus photon-counting

detection. A numerical study of a two-level system driven by a single-photon state

demonstrates the advantage of filtering design based on multiple measurement when

the output filed is contaminated by quantum vacuum noise.

For the fourth topic, the problem of quantum filtering with two homodyne de-

tection measurements for a two-level system is considered. The quantum system is

driven by two input light field channels, each of which contains a single photon. A

quantum filter based on multiple measurements is designed; both the master equa-
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tions and stochastic master equations are derived. In addition, numerical simulations

for master equations with various pulse shape parameters are compared. It seems

that the maximum of excitation probability can be achieved when the two photons

have the same peak arrival time and the same ratio of bandwidth to the decay rate

of the two-level system.
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Chapter 1

Introduction

In this chapter, we firstly give the background of the research to be carried out in the

thesis, which mainly include single-photon states, Wigner spectrum, photon pulse-

shaping and quantum filtering. We also list the contributions and organizations of

the thesis.

1.1 Background

1.1.1 Single-photon states

Non-classical states of light are fundamental resources for quantum communication

[9], quantum computing [32], quantum metrology [22, 31], and quantum networks

[30, 37, 1]. Photon states are typical non-classical states. In contrast to single-mode

photon states, continuous-mode photon states are closer to a real experimental envi-

ronment in quantum information processing [19, 11, 10, 12]. In [21], continuous-mode

single- and two-photon wave packets have been studied and the single-photon state

is defined in [21, Eq. (3)]. The pulse shape is expressed by a unit norm function

g(ω) in the frequency domain, the master equation of a quantum system driven by

a single-photon state is given in [21, Eq. (24)]. A two-photon state is defined in [21,

Eq. (58)] and the master equation is presented in [21, Eq. (68)]. Moreover, the issue

of generation of continuous-mode single-photon state is discussed in [21, Sections V
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and VII]. In [5], a theoretical framework is presented which describes the interac-

tion between light wave packets of arbitrary spectral distribution functions and a

quantum system. Master equations for the system and output field quantities (e.g.,

quadratures and photon flux) have also been discussed in this framework. In [40],

real-time quadrature measurement of a continuous-mode single-photon wavepacket

is studied. To overcome the vacuum fluctuation, filtration of the field is used in this

experiment. The optical parametric oscillator (OPO) with a built-in polarization

beamsplitter is used to make sure the signal photon ejected earlier than the idler.

Two filter cavities which can remove photons in irrelevant frequencies in the idler line

have been added and then the filtration becomes a third-order low-pass filter (LPF).

Quantum filters for single-photon states have been derived in [27, 28]. In particular,

both the homodyne detection and photon counting measurements are discussed and

the filtering equations are explicitly given by a set of stochastic differential equa-

tions in those research works. In [14], by applying the stochastic master equations

to an optical cavity driven by a continuous-mode single-photon field, the conditional

dynamics for the cross phase modulation in a doubly resonant cavity are analyzed.

Based on a quantum stochastic model, the phase shift for the doubly resonant cavity

which driven by a coherent field in one mode and by a single photon in the other

mode is simulated. Furthermore, the formalism proposed in [14] is well suited for

measurement-based feedback control [54]. In [62], linear signals and systems the-

ory has been proposed to study single-photon quantum signals, and the response of

quantum linear systems driven by multi-channel single-photon input fields are inves-

tigated. It is shown that the steady-state output is in a single-photon state for a

cavity driven by a single-photon input state, while this is not the case for a degener-

ate parametric amplifier (DPA). A class of photon-Gaussian states is defined which

can describe the steady-state output state of the DPA driven by a single-photon

state. It has also been proved that the class of photon-Gaussian states is invariant
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in regard to quantum linear dynamics. Interestingly, single-photon states are special

cases of photon-Gaussian states. In [59], a mathematical framework for analyzing the

quantum linear systems’ response to multi-photon states is presented, where both

the factorizable and unfactorizable wave packtes are treated. Particularly, a more

general class of states represented by tensors is defined when the quantum linear

system is driven by multi-photon input states.

1.1.2 Wigner spectrum

The Wigner function (also called the Wigner quasiprobability distribution or the

Wigner-Ville distribution) is firstly introduced by Eugene Wigner [52], and used to

link the wave function to a probability distribution in phase space. In [33], an ex-

periment in which the relative optical phase of the signal and local oscillator varies

randomly is presented. The phase-averaged Wigner function and diagonal elements

of the density matrix for a single-photon Fock state are reconstructed using the

method of homodyne tomography. Due to the exhibition of negative values around

the origin of phase space, the reconstructed Wigner function reflects the non-classical

property of the single-photon state. In this case, experimental results, such as de-

tection efficiency, minimum of Wigner function, are consistent with the theoretical

evaluations. In [58], a continuous-wave (cw) laser was used in the experiment as light

source to generate arbitrary superposition of Fock states. Those generated superposi-

tion states with wider bandwidth are applicable to the teleportation-based quantum

operations. Particularly, a three-photon Fock state |3〉, superpositions of Fock states

|1〉 and |3〉, and of |0〉 and |3〉 are generated in the experiments. Multiple areas of

negativity of the Wigner function are observed which confirm the non-classical prop-

erty of the generated states. In [43], an experimental technique of polychromatic

optical heterodyne tomography is presented and nonvanishing imaginary parts have

been added into the temporal mode function (TMF) to demonstrate that the tech-
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nique can reconstruct photon states with complex temporal modes. Both the real

and imaginary components of a single-photon’s temporal density matrix are consid-

ered by measuring the reduced autocorrelation matrix. In addition, the experimental

temporal modes and their theoretical predictions are compared with several phase

modulations.

1.1.3 Photon pulse-shaping

The problem of pulse-shaping of single-photon states has been investigated in [36].

The relation between input and output pulse shapes is derived in the frequency do-

main when the underlying system is an empty cavity. In [6], a solution for interfacing

quantum optics and microwaves has been proposed based on a micromechanical res-

onator (MR). In the presented scheme, the cavity output modes are mixed with the

input field on a photon detector, which results in a homodyne current. Upon mea-

surement results, a conditional displacement in the receiving site is made and the

resulting state of the output microwave field could be prepared in the same quan-

tum state as the input. In addition, the teleportation protocol can be reversed by

exchanging the role of the optical and microwave output fields. In [41], the response

of quantum nonlinear systems to single-photon input states is presented. Particu-

larly, the output states and pulse shapes for quantum two-level systems are derived

explicitly in time and frequency domains. In [62], the input-output relation of pulse

shapes is expressed by transfer functions. The pulse-shaping problem in the case

of quantum linear systems has been discussed in [62]. It has also been proved that

any two pulse shapes which satisfy some specific conditions can be implemented by

an all-pass linear quantum stochastic system. In [55], a memory subsystem within

a linear network is proposed. The memory system is decoupled from the optical

field during the storage process while coupled to the field in the writing or reading

process. The zero-dynamic principle, that is, the output field in a general passive sys-
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tem must be vacuum during the writing or reading process for perfect state transfer,

is emphasized for the quantum memory problem. Recently, a complete framework

for quantum information science with the temporal modes (TMs) of single-photon

states is proposed in [12]. The definition of temporal modes and their application

in quantum information encoding are reviewed. Particularly, the quantum pulse

gate (QPG), which is equivalent to a TM reshaper, is presented and the reshaping

operation is given theoretically.

1.1.4 Quantum filtering

After the interaction between light and a quantum system, e.g., an optical cavity

or a two-level atom, partial information of the system could be transferred to the

output state. Then, the output light can be measured via homodyne detection or

photon-counting measurement. The quantum filtering problem is firstly introduced

by Belavkin in [7, 8] within a framework of continuous measurements. To estimate

the stochastic evolution of the conditional system state, quantum filters with various

Gaussian input fields, such as vacuum state, squeezed state, thermal states, have

been presented and investigated in [16, 20, 54, 13, 38]. Non-classical lights have also

been considered in connection with quantum networks with the aid of a variety of

physical architectures, such as quantum dots in semiconductors [57], cavity quan-

tum electrodynamics (QED) [35], and circuit QED [17]. Particularly, the interaction

between a two-level atom and a propagating mode single photon in free space is con-

sidered in [51]. The influence of various temporal pulse shapes for both single-photon

Fock states and coherent states on the atomic excitation probability has been ana-

lyzed in terms of the temporal and spectral features. In [27], the problem of quantum

filtering of a quantum system driven by single-photon states and coherent states has

been discussed. Both the master equations and quantum filters are presented for

an arbitrary quantum system which is probed by a single-photon input field. As
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for application, the conditional dynamics for the cross phase modulation in a dou-

bly resonant cavity are described in [14]. Homodyne detection and photon-counting

measurements are simulated respectively for a cavity driven by single-photon input

states.

Due to the existence of vacuum noise, there may exist limitations for single mea-

surement in real quantum physical experiments. In [15], quantum filtering with

multiple output fields has been investigated, and quantum trajectory theory with

multi-input-multi-output (MIMO) feedback is used to overcome such imperfection.

In [45], a closed-loop simulation has been presented with an experimental implemen-

tation which has been conducted by using the photon box. In [46], the impacts of

experimental parameters, such as the impurity of input states, inefficiency of the

detector, mode mismatch, on the Schrödinger kitten’s generation have also been an-

alyzed quantitatively. In [2], a finite dimensional Markov system in discrete time

with perfect and imperfect measurements have been considered. Quantum filtering

equations and general robustness property for the two cases of measurements are pre-

sented for state estimation. In [3], the general sufficient and necessary convergence

conditions have been derived. The diffusive stochastic master equations for quantum

systems with perfect measurements is presented in the discrete-time approximation.

Then imperfections and errors of the measurements are modeled by a left stochastic

matrix, and quantum filters for systems driven by either Poisson, Wiener processes

or both are derived.

1.2 Contributions and organization of the thesis

As the novelty, this thesis mainly considers the Wigner spectrum, coherent feedback

control and quantum filtering for systems driven by continuous-mode single-photon

states and two single-photon states. In Chapter 3, we characterize continuous-mode
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single-photon state by means of its Wigner spectrum. In chapter 4, we study how to

engineer the pulse shape of a single-photon state via coherent feedback networks. In

Chapter 5, we discuss single-photon filtering for a quantum system where the output

channel is corrupted by a quantum vacuum noise, and in Chapter 6, we investigate

a two-photon filtering problem. Details can be summarized as follows.

• Chapter 2 gives some basic knowledge about quantum systems, quantum fil-

tering, continuous-mode single-photon states, Wigner distribution function and

Wigner spectrum.

• Wigner spectra for an optical cavity and a DPA are characterized respectively

in Chapter 3. The changes of Wigner spectrum with respect to cavity decay rate

and de-tuning are treated in Chapter 3.1. On the other hand, Wigner spectrum

for DPA is presented in Chapter 3.2, together with a brief comparison with the

case of cavity. The difference between cavity (passive system) and DPA (non-

passive system) are revealed by their respective Wigner spectra.

• In Chapter 4, the wave packets of several coupled systems are compared. Pho-

ton pulse shape synthesis by means of coherent feedback control and the de-

tection probability have also been analyzed. It has been shown how to use

coherent feedback control to engineer photon wave packets and Wigner spec-

trum of single-photon states.

• Single-photon filtering framework with multiple measurements in [27, 18] is

extended in Chapter 5. Particularly, when the output light field is corrupted

by a vacuum noise, quantum filters based on multiple measurements have been

designed to obtain better estimation performance. By comparison with the

ideal case, i.e., quantum filtering with the absence of noise in the output light

field, simulation results demonstrate the significant advantage of filtering design

7



based on multiple measurements.

• In contrast to the scenarios given by Chapter 5, we have also considered a

more complicated case in Chapter 6. The problem of quantum filtering with

two homodyne detection measurements for a two-level atom is investigated.

The two-level atom is driven by two input channels and each channel contains

a single photon. Numerical simulations for master equations with various pulse

shape parameters are also conducted in this chapter.

• Chapter 7 concludes this thesis and point out some future work.
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Chapter 2

Preliminaries

This chapter records some preliminary results necessary for the presentation of the

thesis. Continuous-mode single-photon Fock states and coherent states are briefly

discussed in Section 2.1. Open quantum systems with three basic examples are

introduced in Section 2.2. The concatenation and series products are reviewed in

Section 2.3. Section 2.4 presents the definition and properties of quantum filtering.

Wigner distribution function and Wigner spectrum are discussed in Section 2.5.

2.1 Continuous-mode single-photon states

2.1.1 Continuous-mode single-photon Fock states

Define an operator

B(ξ) ,
∫ ∞
−∞

dωξ∗[ω]b[ω],

where the Euclidian norm of ξ, ‖ξ‖ = 1 and b[ω] is the annihilation operator of a

free field in the frequency domain. A continuous-mode single-photon Fock state with

spectral pulse shape ξ[ω] is

|1ξ〉 , B†(ξ)|0〉 =

∫ ∞
−∞

dωξ[ω]b†[ω] |0〉 . (2.1)
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b†[ω], the adjoint of b[ω], is the creation operator of the light field, b†[ω] |0〉 ≡ |1ω〉 can

be understood as phton generation at frequency ω, while the probability is given by

|ξ[ω]|2. So, the single-phton Fock state |1ξ〉 can be interpreted as a photon coherently

superposed over a continumn of frequency modes with probability amplitudes given

by the spectral density function ξ[ω] [47]. Fourier transforming Eq. (2.1) gives the

time-domain expresson of the single-photon Fock state, which is

|1ξ〉 =

∫ ∞
−∞

dtξ(t)b†(t)|0〉. (2.2)

Noticing the commutation relation

[
b[ω1], b†[ω2]

]
= δ(ω1 − ω2)

and b[ω]|0〉 = 0, it is easy to show that

〈1ξ|b[ω]|1ξ〉 =
〈
1ξ|b†[ω]|1ξ

〉
= 0, ∀ω ∈ R,

and 〈
1ξ|B†(ξ)|1ξ

〉
= 〈1ξ|B(ξ)|1ξ〉 = 0.

Moreover,

B(ξ) |1ξ〉 =

∫ ∞
−∞

dω1ξ
∗[ω1]b[ω1]

∫ ∞
−∞

dω2ξ[ω2]b†[ω2]|0〉

=

∫ ∞
−∞

dω1

∫ ∞
−∞

dω2ξ
∗[ω1]ξ[ω2]δ(ω1 − ω2)|0〉

=

∫ ∞
−∞

dω1|ξ[ω1]|2|0〉

= |0〉.
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2.1.2 Continuous-mode single-photon coherent states

A continuous-mode single-photon coherent state ([10, Eq. (3.1)]) can be defined to

be

|αξ〉 , exp
(
αB†(ξ)− α∗B(ξ)

)
|0〉

= exp

(∫ ∞
−∞

dω αξ[ω]b†[ω]−
∫ ∞
−∞

dω (αξ[ω])∗b[ω]

)
|0〉 ,

where α = eiθ is a complex number. It can be readily shown that

[
B(ξ),B†(ξ)

]
=

∫ ∞
−∞

dω1

∫ ∞
−∞

dω2 ξ[ω1]ξ∗[ω2]
[
b[ω1, b[ω2]†

]
=

∫ ∞
−∞

dω1

∫ ∞
−∞

dω2 ξ[ω1]ξ∗[ω2]δ(ω1 − ω2)

=

∫ ∞
−∞

dω1 |ξ[ω1]|2

= 1.

Moreover, by the Baker-Hausdorff formula [34],

exp(A+B) = exp(B) exp(A) exp

(
1

2
[A,B]

)
,
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we have

B(ξ)|αξ〉 = B(ξ) exp
(
αB†(ξ)− α∗B(ξ)

)
|0〉

= B(ξ) exp (−α∗B(ξ)) exp
(
αB†(ξ)

)
exp

(
|α|2

2

)
|0〉

= exp

(
|α|2

2

)
exp (−α∗B(ξ)) B(ξ)

∞∑
n=0

{
1

n!
(αB†(ξ))n

}
|0〉

= exp

(
|α|2

2

)
exp (−α∗B(ξ))α

∞∑
n=0

{
1

n!
(αB†(ξ))n

}
|0〉

= α exp

(
|α|2

2

)
exp (−α∗B(ξ)) exp

(
αB†(ξ)

)
|0〉

= α|αξ〉.

Obviously,

〈αξ|B(ξ)|αξ〉 = α.

2.2 Open quantum systems

The system model we discuss is an arbitrary quantum system G driven by a single-

photon input field. Here, we will describe the system by using the (S, L,H) formalism

[23, 48, 61]. The scattering operator S is unitary, which satisfies S†S = SS† = I. The

coupling between the system and field is described by the operator L = C−a+C+a
#

with C−, C+ ∈ Cm×n. The initial Hamiltonian of the system is H =
1

2
ă†∆(Ω−,Ω+)ă

with Ω−, Ω+ ∈ Cn×n satisfying Ω†− = Ω− and ΩT
+ = Ω+.

The input field is represented by the annihilation operator b(t) and the creation

operator b†(t) on the Fock space HF [42], which satisfy [b(t), b†(s)] = δ(t − s). The

integrated annihilation and creation operators, together with the gauge process are
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given by

B(t) =

∫ t

0

b(s)ds, B†(t) =

∫ t

0

b†(s)ds, Λ(t) =

∫ t

0

b†(s)b(s)ds.

In this thesis, we assume that these quantum stochastic processes are canonical, that

is, their products satisfy the following Itō table

× dt dB dΛ dB†

dt 0 0 0 0
dB 0 0 dB dt
dΛ 0 0 dΛ dB†

dB† 0 0 0 0

. (2.3)

The dynamical evolution of the system can be described by a unitary operator

U(t) on the tensor product Hilbert space HS ⊗ HF , which is given by the following

quantum stochastic differential equation (QSDE)

dU(t) =

{
(S − I)dΛ(t) + LdB†(t)− L†SdB(t)−

(
1

2
L†L+ iH

)
dt

}
U(t), (2.4)

where U(0) = I (the identity operator).

In the Heisenberg picture, the system operator X at time t ≥ 0 is given by

jt(X) = U †(t)(X ⊗ Ifield)U(t) on HS ⊗ HF . By the quantum Itō product rule and

table (2.3), the temporal evolution of jt(X) ≡ X(t) is derived as

djt(X) =jt(LGX)dt+ jt([L
†, X]S)dB(t)

+ jt(S
†[X,L])dB†(t) + jt(S

†XS −X)dΛ(t),
(2.5)

where LGX = −i[X,H] + L†XL− 1

2
(L†LX +XL†L).

The output fields are defined by

Bout(t) = U †(t)(Isystem ⊗B(t))U(t),

Λout(t) = U †(t)(Isystem ⊗ Λ(t))U(t),
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and by Itō calculus, we can find the following QSDEs for the evolution of the output

field

dBout(t) =S(t)dB(t) + L(t)dt,

dΛout(t) =S∗(t)dΛ(t)ST (t) + S∗(t)dB∗(t)LT (t)

+ L∗(t)dBT (t)ST (t) + L∗(t)LT (t)dt.

(2.6)

2.2.1 Optical cavity

Figure 2.1: A Fabry-Perot cavity.

An optical cavity is a system which consists of totally reflecting and/or partially

transmitting mirrors [56], [4, Chapter 5.3], [50, Chapter 7], [39]. A widely used type

of optical cavities is the so-called Fabry-Perot cavity, as depicted in Fig. 2.1. Arrows

indicate the direction of light in the cavity. The black rectangle (M2) denotes a fully

reflecting mirror, while the white rectangle (M1) denotes a partially transmitting

mirror. In this figure, the electromagnetic filed inside the cavity is mathematically

modelled by the bosonic annihilation operator a. The left-hand mirror (M1) allows

the incident light (denoted by its annihilation operator b) to enter into the cavity.

After bouncing inside the cavity for a while, the electromagnetic field leaves the

cavity from the partially transmitting mirror M1, and together with the directly

reflected light, forms the outgoing electromagnetic field, as represented by bout in

Fig. 2.1.

The coupling strength between the cavity and the external electromagnetic field

14



in Fig. 2.1 is denoted by κ > 0. Moreover, let the de-tuning between the cavity mode

and the carrier frequency of the incident light field be ω0, then the Fabry-Parot cavity

can be described by (I,
√
κa, ω0a

†a). The quantum stochastic differential equations

of the Fabry-Parot cavity are, [20, Chapter 5.3], [50, Chapter 7], [56, Section III],

ȧ(t) = −(
κ

2
+ iω0)a(t)−

√
κb(t), (2.7)

bout(t) =
√
κa(t) + b(t). (2.8)

2.2.2 DPA

Figure 2.2: A DPA consists of a classically pumped nonlinear crystal in the Fabry-
Perot cavity.

A degenerate parametric amplifier (DPA) is an open oscillator that is able to

amplify a quadrature of the cavity mode and produce squeezed output fields, see Fig.

2.2, [20, Chapter 6.3], [50, Chapter 7.6], [4, Chapter 6.3], [39]. The black rectangle

(M2) denotes a fully reflecting mirror, while the white rectangle (M1) denotes a

partially transmitting mirror. A nonlinear crystal is placed in the cavity to be a

source of additional quanta for amplification. For this open oscillator, C− =
√
κ,

C+ = 0 and Ω− = 0, Ω+ =
iε

2
. The DPA in Fig. 2.2 can be described by the

following quantum stochastic differential equations, [20, 62][
ȧ(t)
ȧ†(t)

]
= −1

2

[
κ −ε
−ε κ

] [
a(t)
a†(t)

]
−
√
κ

[
b(t)
b†(t)

]
,

bout(t) =
√
κa(t) + b(t), (0 < ε < κ). (2.9)
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2.2.3 Beamsplitter

Figure 2.3: A beamsplitter with reflection parameter ε in the quantum operator
mode.

A beamsplitter can be described by a quantum-mechanical model, see Fig 2.3

[4, Chapter 5.1], [50, Chapter 14.4]. The input light is a travelling beam, which is

represented by the operator b. There are two waves leaving the beamsplitter: the

reflected light br, and the transmitted light bt. The reflection parameter is denoted

by ε. A special case ε =
1

2
describes the balanced 50/50 beamsplitter. As required

by quantum-mechanics, there exists a second input light, i.e., bu in Fig 2.3, two input

waves are made to interfere. The beamsplitter can be described by (Sb, 0, 0) in terms

of (S, L,H) formalism with

Sb =

[ √
ε

√
1− ε√

1− ε −
√
ε

]
,

and we can obtain [
br

bt

]
=

[ √
ε

√
1− ε√

1− ε −
√
ε

] [
b
bu

]
. (2.10)
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Figure 2.4: Concatenation product.

2.3 The concatenation and series products

Concatenation product [23]

Given two systems G1 = (S1, L1, H1) and G2 = (S2, L2, H2), see Fig. 2.4, we define

the concatenation product to be the system G1 �G2 by

G1 �G2 =

([
S1 0
0 S2

]
,

[
L1

L2

]
, H1 +H2

)
. (2.11)

Series product [23]

Figure 2.5: Series product.

Given two systemsG1 = (S1, L1, H1) andG2 = (S2, L2, H2) with the same number

of field channels, see Fig. 2.5, we define the series product G2 C G1 by

G2 C G1 =

(
S2S1, L2 + S2L1, H1 +H2 +

1

2i
(L†2S2L1 − L†1S

†
2L2)

)
. (2.12)
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2.4 Quantum filtering

Homodyne and photon-counting detections are the most commonly used measure-

ment methods in quantum filtering [47]. By using homodyne detection, the measure-

ment is given by the quadrature phase

Y (t) = U †(t)(Isystem ⊗ (B(t) +B†(t)))U(t), (2.13)

while in the photon-counting case,

Y (t) = Λout(t) = U †(t)(Isystem ⊗ Λ(t))U(t). (2.14)

Both of these measurements satisfy the following commutation relations

[Y (s), Y (t)] = 0, 0 ≤ s ≤ t. (2.15)

The quantum conditional expectation is defined by

X̂(t) ≡ πt(X) = E[jt(X)|Yt], (2.16)

where Yt is generated by the observation processes {Y (s) : 0 ≤ s ≤ t}. Gener-

ally speaking, the quantum filtering problem is about minimizing the least mean-

squares estimate E[{X̂(t) − jt(X)}2] of the system observable jt(X) based on the

past measurement information Yt. Furthermore, we note that the set of observables

{Y (s) : 0 ≤ s ≤ t} is self-commuting

[Y (t), Y (s)] = 0, s ≤ t. (2.17)

Recall X(t) ≡ jt(X), and the quantum conditional expectation is well-defined since

it satisfies the non-demolition property

[X(t), Y (s)] = 0, s ≤ t. (2.18)
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The quantum filters for an arbitrary quantum system driven by a continuous-

mode single-photon Fock state have been derived in [26]. Two approaches are pro-

posed, the non-markovian embedding technique [28] and the markovian embedding

technique [27], and the latter discussed how to design a two-level system to generate

a desired continuous-mode single-photon Fock state. The study in [26] are extended

in [5] to derive the master equations of an arbitrary quantum system driven by

continuous-mode multi-photon Fock wave packets. Moreover, based on [28], the

quantum filters of an arbitrary quantum system driven by a continuous-mode multi-

photon state are derived in [47].

2.5 Wigner distribution function and Wigner spec-

trum

For the continuous-mode single-photon Fock state |1ξ〉 defined in (2.2), we have〈
1ξ|b(t)b†(τ)|1ξ

〉
= δ(t− τ) + ξ(t)ξ∗(τ), (2.19)

which shows the non-stationarity of the single-photon state |1ξ〉. The presence of the

Dirac delta function is cumbersome for the statistical analysis of the single-photon

state |1ξ〉. Because of this, time ordering is commonly used in quantum optics, see

e.g., [20]. The normal ordering of b(t)b†(τ) is defined as

: b(t)b†(τ) :, b†(τ)b(t). (2.20)

Notice that in this case, 〈
1ξ| : b(t)b†(τ) : |1ξ

〉
= ξ(t)ξ∗(τ). (2.21)

That is, the impulse function δ(t− τ) has been thrown away. In this thesis, instead

of the partial information of the normal ordering term : b(t)b†(τ) :, we adopt an

alternative method for analyzing the statistical properties of input and output quan-

tum signals. We aim to present a direct analysis on b(t)b†(τ) in terms of the Wigner
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spectrum method, therefore keeping the complete information, details can be found

in Chapter 3.

The method we use belongs to the time-frequency analysis. Let x(t) be a quantum

variable, e.g., b(t), b†(t) or b(t)b†(t), define the two-time autocorrelation function

rx(t, τ) , Eξ[x(t)x†(τ)], (2.22)

where the subscript “ξ” indicates that the expectation is taken with respect to the

single-photon state |1ξ〉. Clearly, by (2.19) we have

rb(t, τ) = Eξ[b(t)b†(τ)] = δ(t− τ) + ξ(t)ξ∗(τ). (2.23)

Similarly, by normal ordering,

rb†(τ, t) = Eξ[b†(τ)b(t)] = ξ(t)ξ∗(τ) = Eξ[: b(t)b†(τ) :]. (2.24)

Applying the Fourier transform to the two-time autocorrelation function rx(t, τ) in

(2.22) with respect to the time variable τ , yields

Sx(t, ω) =
1√
2π

∫ ∞
−∞

rx(t, τ)e−iωτdτ. (2.25)

Define

Wx(t, ω) ,
1√
2π

∫ ∞
−∞

x(t)x†(τ)e−iωτdτ. (2.26)

By (2.22), (2.25), and (2.26) we have

Sx(t, ω) = Eξ [Wx(t, ω)] . (2.27)

In the literature, Wx(t, ω) is called the Wigner-Ville distribution function, or simply

Wigner function, and accordingly, Sx(t, ω) the Wigner spectrum, [52], [49], [44].

Notice that

Sb(t, ω) =
1√
2π
e−iωt + ξ(t)ξ∗[ω]. (2.28)
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Comparing (2.23) and (2.28), we see that the Dirac delta function does not appear

in the Wigner spectrum Sb(t, ω). Motivated by this, in Chapter 3 we use the Wigner

spectrum to analyze the statistical properties of quantum signals, instead of resorting

to the normal ordering.
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Chapter 3

Wigner spectrum of

continuous-mode single-photon

Fock states

The purpose of this chapter is to use Wigner spectrum, the time-frequency variant

of the Wigner function, to analyze the covariance functions for continuous-mode

single-photon Fock states. In most literature, correlations are calculated for normal

ordered (Wick order) operators to avoid the Dirac delta function, see e.g., [20] and

Chapter 2.5. With the aid of the Wigner spectrum, such ordering is not necessary.

As a result, the whole correlations can be investigated.

3.1 Wigner spectrum for optical cavity

The impulse response function for the optical cavity given in Chapter 2.2 is

gG(t) = δ(t)− κe(−
κ
2
−iω0)t, t ≥ 0, (3.1)

while gG(t) ≡ 0 when t < 0. Recall Chapter 2.1, let |1ν〉 be a continuous-mode

single-photon Fock state

|1ν〉 ≡ B†(ν)|0〉 :=

∫ ∞
−∞

b†(t)ν(t)dt|0〉 (3.2)
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with an exponentially decaying pulse shape

ν(t) =

{ √
2γe−γt, t ≥ 0,

0, t < 0.
(3.3)

The state |1ν〉 can describe a single-photon field emitted from an optical cavity with

damping rate
√

2γ [50, 32]. Then, the input covariance function [62, Eq. (35)] is

Rin(t, r) , Eν
[
b(t)b†(r) b(t)b(r)
b†(t)b†(r) b†(t)b(r)

]

=

[
δ(t− r) 0

0 0

]
+

[
ν∗(r)ν(t) 0

0 ν∗(t)ν(r)

]
. (3.4)

On the other hand, by the steady-state input-output relations [62, Section II-C], the

output single-photon state |1η〉 has the pulse shape

η(t) =
√

2γe−γt − κ
√

2γ
κ
2

+ iω0 − γ
(
e−γt − e(−κ

2
−iω0)t

)
. (3.5)

The steady-state output covariance function [62, Section III-D] is

Rout(t, r) = Eη
[
b(t)b†(r) b(t)b(r)
b†(t)b†(r) b†(t)b(r)

]

= δ(t− r)
[

1 0
0 0

]
+

[
η(t)η∗(r) 0

0 η∗(t)η(r)

]
. (3.6)

By (2.25) and (3.4), the Wigner spectrum of the input covariance function can be

expressed in terms of both time and frequency

Sin(t, ω) =
1√
2π

[
e−iωt 0

0 0

]
+

1√
2π

[
2γ
γ+iω

e−γt 0

0 2γ
γ+iω

e−γt

]
. (3.7)

Similarly, by (2.25) and (3.6), we can get the Wigner spectrum of the output covari-

ance function

Sout(t, ω) =
1√
2π

[
e−iωt 0

0 0

]
+

1√
2π

[
η(t)S11[ω] 0

0 η∗(t)S22[ω]

]
, (3.8)
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where

S11[ω] =

∫ ∞
−∞

η∗(τ)e−iωτdτ

=
√

2γ ×
−1

4
κ2 + 1

2
κγ − ω2

0 + ωω0 + i[γω0 + 1
2
ωκ− ωγ]

(γ + iω)(κ
2
− iω0 − γ)(κ

2
− iω0 + iω)

,

S22[ω] =

∫ ∞
−∞

η(τ)e−iωτdτ

=
√

2γ ×
−1

4
κ2 + 1

2
κγ − ω2

0 − ωω0 + i[−γω0 + 1
2
ωκ− ωγ]

(γ + iω)(κ
2

+ iω0 − γ)(κ
2

+ iω0 + iω)
.

If we send decay rate κ → ∞, namely the bad cavity case, then the following

equation holds

Sout(t, ω) = Sin(t, ω). (3.9)

That is, the output single-photon state is identical to the input single-photon state.

It should be noted that, throughout the thesis, the quantities plotted are all

dimensionless. In the following, we fix damping rate γ = 2. In Fig. 3.1, (a) and (b)

are the diagonal entries of the input Wigner spectrum respectively. It can be seen

that both of them are exponentially decaying with respect to time t.

Fig. 3.2, 3.3 and 3.4 are the output Wigner spectra with different decay rates κ

and the same de-tuning ω0 = 0. We can see that: 1) when κ = 0, the output Wigner

spectrum is the same as the input Wigner spectrum since the output covariance

function reduces to the input one, see Fig. 3.2; 2) compared with the input, the

output Wigner spectrum is no longer monotonic in ω = 0 as the decay rate κ becomes

larger, see Fig. 3.3; 3) the output Wigner spectrum is much similar to the input when

decay rate κ is sufficiently large, compare Fig. 3.4 and Fig. 3.1.

Fig. 3.5, 3.6 and 3.7 are the output Wigner spectra with the same decay rate

κ = 4 and different de-tunings ω0. It can be seen that: 1) in contrast to the case

for the decay rate κ, the output Wigner spectrum is much unlike the input Wigner
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Figure 3.1: (Color online) (a) and (b) are the diagonal entries of the input Wigner
spectrum.

Figure 3.2: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with de-tuning ω0 = 0 and decay rate κ = 0.

spectrum even when the de-tuning ω0 is very small, see Fig. 3.5; 2) when the de-

tuning ω0 becomes larger, the output Wigner spectrum will tend to be the input one,

see Fig. 3.6; 3) if the de-tuning ω0 is sufficiently large, the output Wigner spectrum

would be close to the input Wigner spectrum, compare Fig. 3.7 and Fig. 3.1.

By comparing these figures, we can see that there exist five cases. Case 1: the

output Wigner spectrum is close to the input Wigner spectrum when the decay rate

κ is very small (compare Fig. 3.1 and Fig. 3.2); this can be explained by comparing

(3.7) and (3.8) directly. Case 2: the output Wigner spectrum is close to the input

Wigner spectrum when the decay rate κ is very large (compare Fig. 3.1 and Fig.

3.4). Since the impulse response function gG(t) → δ(t) when κ → ∞, the output
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Figure 3.3: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with de-tuning ω0 = 0 and decay rate κ = 3.

Figure 3.4: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with de-tuning ω0 = 0 and decay rate κ = 100.

Figure 3.5: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with decay rate κ = 4 and de-tuning ω0 = 0.
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Figure 3.6: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with decay rate κ = 4 and de-tuning ω0 = 10.

Figure 3.7: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with decay rate κ = 4 and de-tuning ω0 = 50.

state will be close to the input state. Case 3: the output Wigner spectrum is much

similar to the input Wigner spectrum when the de-tuning ω0 is very large since the

optical cavity has little influence on the photons, see Fig. 3.7. Case 4: it can be seen

from Fig. 3.3 that the output Wigner spectrum is quite different from the input one

when κ is not very large or small. Moreover, (a) (for boutb
†
out) and (b) (for b†outbout)

are quite different. Case 5: The output Wigner spectrum would change a lot with

a small de-tuning ω0 since there exists a strong interaction between the photon and

system (compare Figs. 3.1 and 3.5).

Therefore, with Wigner spectrum, we are able to observe the changes of the

system’s response to the input signals in the time and frequency domains simulta-
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neously. To our best knowledge, this has not been done before in the single-photon

setting.

3.2 Wigner spectrum for DPA

Recall the quantum stochastic differential equations for a DPA in Fig. 2.2, [20, 62]

[
ȧ(t)
ȧ†(t)

]
= −1

2

[
κ −ε
−ε κ

] [
a(t)
a†(t)

]
−
√
κ

[
b(t)
b†(t)

]
, (3.10)

bout(t) =
√
κa(t) + b(t), (0 < ε < κ). (3.11)

The DPA is driven by a single-photon Fock state, but the steady output state

is no longer a single-photon state since the DPA has pump designated by ε. The

steady output state belongs to a class of photon-Gaussian states which is defined in

[62]. Let the single-photon input Fock state |1ν〉 be that defined in (3.3). The output

covariance function [62, Section III-D] is

Rout(t, r) =

[
χ11(t, r) χ12(t, r)
χ21(t, r) χ22(t, r)

]
+ ∆(ξ−out(t), ξ

+
out(t))∆(ξ−out(r), ξ

+
out(r))

†, (3.12)

where

ξ−out(t) =
(ε2 + κ2 − 4γ2)

√
2γ

(κ+ ε− 2γ)(ε− κ+ 2γ)
e−γt +

κ
√

2γ

κ+ ε− 2γ
e
−
ε+ κ

2
t
− κ

√
2γ

ε− κ+ 2γ
e

ε− κ
2

t
,

ξ+
out(t) =

2κε
√

2γ

(κ+ ε− 2γ)(ε− κ+ 2γ)
e−γt − κ

√
2γ

κ+ ε− 2γ
e
−
ε+ κ

2
t
− κ

√
2γ

ε− κ+ 2γ
e

ε− κ
2

t
,
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and

χ11(t, r) =



−κε
4(κ+ ε)

e
−(
ε+ κ

2
)(t−r)

+
κε

4(κ− ε)
e

(
ε− κ

2
)(t−r)

, t > r,

δ(t− r) +
3κε2 − 2κ3

2(κ2 − ε2)
, t = r,

−κε
4(κ+ ε)

e
−(
ε+ κ

2
)(r−t)

+
κε

4(κ− ε)
e

(
ε− κ

2
)(r−t)

, t < r,

χ12(t, r) =



κε

4(κ+ ε)
e
−(
ε+ κ

2
)(t−r)

+
κε

4(κ− ε)
e

(
ε− κ

2
)(t−r)

, t > r,

κ2ε

2(κ2 − ε2)
, t = r,

κε

4(κ+ ε)
e
−(
ε+ κ

2
)(r−t)

+
κε

4(κ− ε)
e

(
ε− κ

2
)(r−t)

, t < r,

χ21(t, r) =χ12(t, r),

χ22(t, r) =



−κε
4(κ+ ε)

e
−(
ε+ κ

2
)(t−r)

+
κε

4(κ− ε)
e

(
ε− κ

2
)(t−r)

, t > r,

κε2

2(κ2 − ε2)
, t = r,

−κε
4(κ+ ε)

e
−(
ε+ κ

2
)(r−t)

+
κε

4(κ− ε)
e

(
ε− κ

2
)(r−t)

, t < r.

The corresponding Wigner spectrum is

Sout(t, ω) =

[
Sout,11(t, ω) Sout,12(t, ω)
Sout,21(t, ω) Sout,22(t, ω)

]
, (3.13)
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where

Sout,11(t, ω) =
1√
2π
×
{ −κε

4(κ+ ε)(
κ

2
+
ε

2
− iω)

e−iωt +
κε

4(κ− ε)(κ
2
− ε

2
− iω)

e−iωt

+
−κε

4(κ+ ε)(
κ

2
+
ε

2
+ iω)

e−iωt +
κε

4(κ− ε)(κ
2
− ε

2
+ iω)

e−iωt + e−iωt

+ξ−out(t)[
(ε2 + κ2 − 4γ2)

√
2γ

(ε+ κ− 2γ)(ε− κ+ 2γ)(γ + iω)
+

κ
√

2γ

(κ+ ε− 2γ)(
κ

2
+
ε

2
+ iω)

+
κ
√

2γ

(κ− ε− 2γ)(
κ

2
− ε

2
+ iω)

] + ξ+
out(t)[

2κε
√

2γ

(ε+ κ− 2γ)(ε− κ+ 2γ)(γ + iω)

− κ
√

2γ

(κ+ ε− 2γ)(
κ

2
+
ε

2
+ iω)

+
κ
√

2γ

(κ− ε− 2γ)(
κ

2
− ε

2
+ iω)

]
}
,

Sout,12(t, ω) =
1√
2π
×
{ κε

4(κ+ ε)(
ε

2
+
κ

2
− iω)

e−iωt +
κε

4(κ− ε)(κ
2
− ε

2
− iω)

e−iωt

+
κε

4(κ+ ε)(
κ

2
+
ε

2
+ iω)

e−iωt +
κε

4(κ− ε)(κ
2
− ε

2
+ iω)

e−iωt

+ξ−out(t)[
2κε
√

2γ

(ε+ κ− 2γ)(ε− κ+ 2γ)(γ + iω)
− κ

√
2γ

(κ+ ε− 2γ)(
κ

2
+
ε

2
+ iω)

+
κ
√

2γ

(κ− ε− 2γ)(
κ

2
− ε

2
+ iω)

] + ξ+
out(t)[

(ε2 + κ2 − 4γ2)
√

2γ

(ε+ κ− 2γ)(ε− κ+ 2γ)(γ + iω)

+
κ
√

2γ

(κ+ ε− 2γ)(
κ

2
+
ε

2
+ iω)

+
κ
√

2γ

(κ− ε− 2γ)(
κ

2
− ε

2
+ iω)

]
}
,

Sout,21(t, ω) = Sout,12(t, ω), Sout,22(t, ω) = Sout,11(t, ω)− 1√
2π
e−iωt.

Similar to the cavity case, if we let decay rate κ → ∞, (3.9) also holds for the

DPA case, which is consistent with the simulation result in Fig. 3.10.
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In the following, we fix ε = 1 and γ = 2. Because the same single-photon input

state |1ν〉 is used, the input Wigner spectrum is the same as the optical cavity

case in Fig. 3.1. Figs. 3.8-3.10 are simulation results for the different decay rates

κ, where Sout,11(t, ω), Sout,12(t, ω), Sout,21(t, ω), Sout,22(t, ω) are the entries for the

output Wigner spectrum in (3.13) respectively. Compared with the cavity case,

there exists non-zero off-diagonal entries since DPA is a non-passive system. In Fig.

3.8, compared with the passive system (the optical cavity), the off-diagonal entries

are non-zero. The output Wigner spectrum is much different from the cavity case

since DPA is an active system. In Fig. 3.9, the output Wigner spectrum becomes

non-monotonic with a large decay rate κ. Compared with Fig. 3.5 for the cavity case,

it can be seen that the 1-by-1 and 2-by-2 entries converge to 0 more slowly with the

same decay rate κ = 4. Moreover, the off-diagonal entries cannot be ignored since

the corresponding amplitudes are close to 0.4. In Fig. 3.10, if we compare the four

parts in one figure, it can be seen that the amplitudes in 1-by-2 and 2-by-1 entries

are almost 0 (the corresponding amplitudes are less than 0.025). Thus, the output

Wigner spectrum is similar to the input Wigner spectrum when the decay rate κ is

large enough even though DPA is non-passive. Finally, it can be seen clearly from

Figs. 3.8 and 3.9 that the photon-Gaussian state is significantly different from the

single-photon state. A photon-Gaussian state is obtained by driving a DPA with a

single-photon state, [62]. Intuitively, a photon-Gaussian state is of the form B†(η)|α〉

in which η is a pulse shape and |α〉 is a coherent state. Clearly, when |α〉 = |0〉, we

get a single-photon Fock state.

An optical cavity is a passive system while a DPA is not. By comparing figures

for the cavity case and the DPA case, it can be seen that the Wigner spectrum is able

to demonstrate such fundamental difference very clearly in terms of the statistical

characterization of the input-output relation.
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Figure 3.8: (Color online) The Wigner spectrum for the output photon-Gaussian
state: ε = 1, γ = 2 and κ = 1.5.

Figure 3.9: (Color online) The Wigner spectrum for the output photon-Gaussian
state: ε = 1, γ = 2 and κ = 4.
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Figure 3.10: (Color online) The Wigner spectrum for the output photon-Gaussian
state: ε = 1, γ = 2 and κ = 100.

3.3 Final remarks

In this chapter, the Wigner spectrum has been used to analyze the statistical proper-

ties of continuous-mode single-photon Fock states. The Wigner spectrum is able to

show the significant difference between the statistical nature of the output fields of an

optical cavity and a degenerate parametric amplifier, driven by a continuous-mode

single-photon Fock state.
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Chapter 4

Coherent feedback control of
continuous-mode single-photon
states

In this chapter, we discuss how to engineer pulse shapes of single-photon states by

means of coherent feedback control methods, namely direct coupling and coherent

feedback.

Figure 4.1: The original system G.

As introduced in the Preliminaries, quantum Markovian systems can be con-

veniently described by the triple (S, L,H) formalism, in which S is the scattering

operator matrix, L is the coupling between the system and its environment, and H

denotes the initial system Hamiltonian, see [23, 25, 61]. The system G in Fig. 4.1 is

an optical cavity with the following parameters,

G = (1,
√
κa1, ω1a

†
1a1), (4.1)

where κ is the system decay rate and ω1 denotes the de-tuning for system G. |1ξ〉 is
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the single-photon input Fock state and |1η1〉 is the output state.

4.1 Direct couplings

Figure 4.2: Directly coupled system G ./ K.

In Fig. 4.2, two independent systems G and K may interact by exchanging energy.

This energy exchange can be described by an interaction Hamiltonian Hint with the

form

Hint = X†1X2 +X1X
†
2, (4.2)

where X1 and X2 are operators on system G and K respectively. We can denote the

directly coupled system by G ./ K, see [53, 60].

In Fig. 4.2, the system G is directly coupled with another linear quantum system

K with parameters

K = (−,−, ω2a
†
2a2), (4.3)

where the symbol “−” means that there is neither scattering nor coupling, ω2 and

a2 denote the de-tuning and the annihilation operator for system K, respectively. In

this case, the output state is described by |1η2〉.

Alternatively, we may use a beamsplitter to form a coherent feedback network,

see Fig. 4.3. In the following, we derive the explicit forms of output pulse shapes in

the frequency domain.
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Figure 4.3: A linear quantum feedback network.

4.2 Photon shape synthesis

Let the pulse shape of a single-photon input Fock state |1ξ〉 be

ξ(t) =

{ √
2βe−βt, t ≥ 0,

0, t < 0,
(4.4)

where β is the damping rate of a single-photon. By the Fourier transform, we can

get the input pulse shape in the frequency domain

ξ[ω] =

√
2β

iω + β
. (4.5)

The dynamic model for a linear quantum system in Chapter 2.2 is

˙̆a(t) = Aă(t) +Bb̆(t), ă(t0) = ă,

b̆out = Că(t) +Db̆(t),

where system matrices can be given in terms of the (S, L,H) formalism,

D =∆(S, 0), C = ∆(C−, C+),

B =− C[∆(S, 0), A = −1

2
C[C − iJn∆(Ω−,Ω+).

Then by (4.1), the quantum stochastic differential equations for system G in Fig.

4.1 are

ȧ(t) =
(
−κ

2
− iω1

)
a(t)−

√
κb(t),

bout(t) =
√
κa(t) + b(t),

(4.6)
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and the system matrices for system G are

A1 =

[
−k

2
− iω1 0
0 −k

2
+ iω1

]
, B1 =

[
−
√
k 0

0 −
√
k

]
,

C1 =

[ √
k 0

0
√
k

]
, D1 =

[
1 0
0 1

]
.

The transfer function for system G is given by

G1[ω] = 1− κ

iω + iω1 +
κ

2

, (4.7)

and the output pulse shape in the frequency domain is [62, 59]

η1[ω] = G1[ω]ξ[ω]. (4.8)

Secondly, for the directly coupled system in Fig. 4.2, we assume that X1 = αa1,

α ∈ C and X2 = a2. The interaction Hamiltonian is given by

Hint = ᾱa†1a2 + αa1a
†
2. (4.9)

Then the Hamiltonian for the whole system G ./ K is

H = H1 +Hint +H2, (4.10)

where H1 = ω1a
†
1a1 and H2 = ω2a

†
2a2.

Similarly, we can get the (S, L,H) parameters for G ./ K, which is([
1 0
0 0

]
,

[ √
κa1

0

]
, ω1a

†
1a1 + ᾱa†1a2 + αa1a

†
2 + ω2a

†
2a2

)
, (4.11)

and the quantum stochastic differential equations for G ./ K are

ȧ1(t) =
(
−κ

2
− iω1

)
a1(t)− iᾱa2(t)−

√
κb(t),

ȧ2(t) =− iαa1(t)− iω2a2(t),

bout(t) =
√
κa1(t) + b(t).

(4.12)
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Then we can get the system matrices,

A2 =


−k

2
− iω1 −iᾱ 0 0
−iα −iω2 0 0

0 0 −k
2

+ iω1 iα
0 0 iᾱ iω2

 , B2 =


−
√
k 0 0 0

0 0 0 0

0 0 −
√
k 0

0 0 0 0

 ,

C2 =


√
k 0 0 0

0 0 0 0

0 0
√
k 0

0 0 0 0

 , D2 =


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 ,
and the pulse shape of the output single-photon Fock state for the system G ./ K,

which is

η2[ω] =
−κ

2
(ω + ω2)i− (ω + ω1)(ω + ω2) + |α|2

κ

2
(ω + ω2)i− (ω + ω1)(ω + ω2) + |α|2

ξ[ω]. (4.13)

Finally, in Fig. 4.3, let the beamsplitter introduced in Chapter 2.2 be

S =

[ √
γ

√
1− γ

−
√

1− γ √
γ

]
, 0 < γ < 1, (4.14)

and the input field b0 be in the single-photon Fock state |1ξ〉.

By

[
b3

b1

]
= S

[
b0

b2

]
and b0 = ξ[ω], b3 = η3[ω], b2 = G1[ω]b1, we can get the

pulse shape for the output field b3 in Fig. 4.3, given by

η3[ω] =

−
1−√γ
1 +
√
γ

(ω + ω1)i+
κ

2

1−√γ
1 +
√
γ

(ω + ω1)i+
κ

2

ξ[ω]. (4.15)

4.3 Photon distribution

For the single-photon Fock state we defined before

|1ξ〉 =

∫ ∞
−∞

b†(t)ξ(t)dt|0〉, (4.16)
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Figure 4.4: (Color online) |ξ(t)|2 denotes the detection probability of input pulse
shape, |η1(t)|2 denotes the detection probability of output pulse shape in the case
of original system (Fig. 4.1), |η2(t)|2 are the detection probabilities of output pulse
shape in the directly coupled system (Fig. 4.2) with different parameters α.

b†(t) is the creation operator of the input field and the pulse shape ξ(t), which is also

known as temporal wave packet, is given by (4.4). |ξ(t)|2 denotes the probability of

finding the photon (detection probability) in the interval [t, t + dt). In this section,

we will focus on how the system parameters in the control schemes discussed above

change the detection probabilities |ηj(t)|2, j = 1, 2, 3.

By the inverse Fourier transform, we can get the output temporal wave packets

ηj(t) =
1√
2π

∫ ∞
−∞

eiωtηj[ω]dω, (j = 1, 2, 3) (4.17)

where j denotes the j-th case we discussed before.

In what follows, we fix β = 2, κ = 1, and ω1 = 1 for the direct coupling scheme

(Fig. 4.2) and the coherent feedback network (Fig. 4.3). Fig. 4.4 and Fig. 4.5 are the

detection probabilities for different α and ω2 respectively. The detection probabilities

for different beamsplitter parameter γ are given in Fig. 4.6.

By comparing these three cases, it can be easily seen that the linear quantum

feedback network in Fig. 4.3 has much more influence on the detection probability

than the directly coupled system. In addition, the changes of output Wigner spec-

trum with respect to the beamsplitter parameter γ for the quantum feedback network
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Figure 4.5: (Color online) |ξ(t)|2 denotes the detection probability of input pulse
shape, |η1(t)|2 denotes the detection probability of output pulse shape in the case
of original system (Fig. 4.1), |η2(t)|2 are the detection probabilities of output pulse
shape in the directly coupled system (Fig. 4.2) with different parameters ω2.

Figure 4.6: (Color online) |ξ(t)|2 denotes the detection probability of input pulse
shape, |η1(t)|2 denotes the detection probability of output pulse shape in the case
of original system (Fig. 4.1), |η3(t)|2 are the detection probabilities of output pulse
shape in the linear quantum feedback network (Fig. 4.3) with different beamsplitter
parameters γ.

also have been analyzed. In Figs. 4.7 - 4.9, let the decay rate of the optical cavity be

κ = 4 and damping rate be β = 2. Specifically, in Fig. 4.7, since b3 → b2, b1 → b0

when γ → 0, the feedback network should reduce to the original system G in Fig.

4.1 without beamsplitter. This can be verified by comparison with Fig. 3.3. In Fig.

4.9, if γ → 1, then b3 → b0. It means that the output Wigner spectrum will be close

to that of the input. It can be verified that those changes are consistent with the

photon distributions in Fig. 4.6. Thus, the simulation result should be much similar
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Figure 4.7: (Color online) The output Wigner spectrum for quantum feedback net-
work with beamsplitter parameter γ = 0.01.

Figure 4.8: (Color online) The output Wigner spectrum for quantum feedback net-
work with beamsplitter parameter γ = 0.5.

to the input Wigner spectrum in Fig. 3.1.

On the other hand, we assume the system G for the feedback network in Fig. 4.3

is a DPA with the following parameters

S0 = 1, L0 =
√
κa, H0 =

iε

4
((a†)2 − a2). (4.18)

Then the (S, L,H) formalism of the whole feedback network system in Fig. 4.3 for

the DPA case is given by

S1 = −1, L1 =

√
1 +
√
γ

1−√γ
κa, H1 = H0. (4.19)

So the only change between the feedback network and the original system is κ →
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Figure 4.9: (Color online) The output Wigner spectrum for quantum feedback net-
work with beamsplitter parameter γ = 0.99.

1 +
√
γ

1−√γ
κ. We have the following observations:

1) when γ = 0, the feedback network reduces to the open-loop system G.

2) when γ = 1, then S = 1, b3 = b0, there is no interaction between the field and the

system.

3) when 0 < γ < 1,
1 +
√
γ

1−√γ
κ > κ, the decay rate is always enhanced. However, it is

clear that

lim
γ→0

1 +
√
γ

1−√γ
κ = κ. (4.20)

Therefore, by tuning the beamsplitter, we can get various output single-photon

states. It is worth noting that the same feedback scheme Fig. 4.3 has been used

for optical squeezing, see theoretical [24] and experimental [29].

4.4 Final remarks

In this chapter, two control schemes have been compared for single-photon pulse-

shaping. We have also investigated how to use control methods to engineer photon

pulse shapes of the output state of a quantum linear system in response to a single-

photon state. It has been demonstrated that the coherent feedback control scheme

43



is the most effective one in terms of single-photon pulse-shaping.
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Chapter 5

Quantum filtering with multiple

measurements for systems driven

by single-photon states

In this chapter, the single-photon filtering framework proposed in [14, 27] are ex-

tended by including imperfect measurements. In practice, the detector responds

with a quantum efficiency of less than unity since there exists some mode mismatch

between the detector and the system [10], and the single-photon signal may be cor-

rupted by quantum white noise [46]. Motivated by this, we study the case when the

output light field is corrupted by a vacuum noise. More specifically, we present the

Figure 5.1: Simultaneous homodyne detection and photon-counting detection at the
outputs of a beam splitter in a quantum system.
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stochastic master equations for a quantum system interacting with a single-photon

state, see Fig. 5.1. Quantum filters for the cases of joint homodyne detection and

photon-counting detection measurements and both homodyne detection measure-

ments are designed to improve the estimation performance, respectively.

5.1 The extended system

Normally, quantum filtering for a system driven by the vacuum input is easy and

convenient to analyze. In this chapter, we use the idea in [27] to construct a quantum

signal generating filter M = (SM , LM , HM), which is usually called ancilla. Cascad-

ing this ancilla M with the quantum system G, then we get the extended system

GT = G CM . Since the extended system GT is driven by vacuum input, the master

equation and quantum filter follow from the known result in [27]. In this chapter, we

use a two-level atom as an ancilla. The interaction of the ancilla M with the vacuum

input is given by

(SM , LM , HM) = (I, λ(t)σ−, 0), (5.1)

where σ− is the lowering operator from the upper state | ↑〉 to the ground state | ↓〉,

while σ+ is the rising operator from the ground state | ↓〉 to the upper state | ↑〉. It

means that the atom decays into its ground state at some stage, creating a single

photon in the output. The ancilla will output the desired single-photon state |1ξ〉

since we can choose the coupling strength λ(t) to be

λ(t) =
ξ(t)√
w(t)

, (5.2)

where w(t) =
∫∞
t
|ξ(s)|2ds.

By using the cascade connection formalism in Chapter 2.3, we have the extended
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system GT

GT =

(
S, L+ λ(t)Sσ−, H +

1

2i

(
λ(t)L†Sσ− − λ∗(t)σ+S

†L
))

. (5.3)

Let Ũ(t) be the unitary operator for the joint ancilla-system-field system. The

following equality can be defined (see [27] for more details)

Eηξ[X(t)] = E↑η0[Ũ †(t)(I ⊗X ⊗ I)Ũ(t)] (5.4)

with initial state | ↑〉 ⊗ |η〉 ⊗ |0〉 for arbitrary operator X(t) of the system G. Here,

| ↑〉 is the upper state of the ancilla, |η〉 is the initial state of the system and |0〉

denotes the vacuum state of the field.

5.2 Quantum filter with multiple measurements

for systems driven by the vacuum input

We will use the following notation to define the conditional expectation

X̂t = πt(X) = E[jt(X)|Yt],

where Yt is generated by the observation processes {Y (s) : 0 ≤ s ≤ t}. To derive the

quantum filter for a system driven by a single-photon input state, we firstly introduce

the result of multiple measurements with the vacuum input.

Lemma 5.1. ([18, Theorem 3.2]) Let {Yi,t, i = 1, 2, . . . , N} be a set of N compat-

ible measurement outputs for a quantum system G. With vacuum input state, the

corresponding joint measurement quantum filter is given by

dX̂t = πt[LG(X̂t)]dt+
N∑
i=1

βi,tdWi,t, (5.5)
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where dWi,t = dYi,t − πt(dYi,t) is a martingale process for each measurement output

and βi,t is the corresponding gain given by

ζT = πt(X̂tdY
T
t )− πt(X̂t)πt(dY

T
t ) + πt

(
[L†t , X̂t]StdBdY

T
t

)
,

Σ = πt(dYtdY
T
t ), β = Σ−1ζ,

(5.6)

where Σ is assumed to be non-singular.

Remark 5.1. The class of measurement outputs is compatible if and only if it sat-

isfies the self-commuting

[Y (t), Y (s)] = 0, s 6 t,

and non-demolition

[X(t), Y (s)] = 0, s 6 t,

properties.

Remark 5.2. A general measurement equation, which is a function of annihilation,

creation and conservation processes of the output field, is defined as [18]

dY (t) = F#dB#
out(t) + FdBout(t) +Gdiag(dΛout(t)). (5.7)

Particularly, a combination of homodyne detection and photon-counting measurement

is given by

F =

[
1 0
0 0

]
, G =

[
0 0
0 1

]
.

In this case, [Y1(t), Y2(t)] = 0, it means that the two compatible measurements are

independent of each other.
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Figure 5.2: Quantum system depiction of Fig. 5.1.

5.3 Quantum filter with joint homodyne and photon-

counting detections for systems driven by a

single-photon state

Suppose that the system is in an initial state ρ0 = |η〉〈η| and the single-photon input

state is |1ξ〉. For a given system operator X, we define the expectation

ωjkt (X) = Ejk[jt(X)] = 〈ηφj|X(t)|ηφk〉, j, k = 0, 1,

where φj =

{
|0〉, j = 0;
|1ξ〉, j = 1.

The quantum filter for the conditional expectation for the system G driven by a

single-photon field is given by

π11
t (X) = Eηξ[X(t)|Y (s), 0 ≤ s ≤ t], (5.8)

and the quantum filter for the extended system GT = G CM driven by the vacuum

input is defined as

π̃t(A⊗X) = E↑η0[Ũ †(t)(A⊗X)Ũ(t)|I ⊗ Y (s), 0 ≤ s ≤ t], (5.9)

where A is an ancilla operator and X is a system operator.

The whole system G with the measurements in Fig. 5.1 can be depicted in Fig. 5.2.

G1 = (S, L,H) is the original system G, which has been connected to a signal model

(ancilla) M = (I, λ(t)σ−, 0). By introducing a second open quantum system G2 =
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(I, 0, 0), which is actually an identity operator, we concatenate the vacuum noise

into our system. The last open quantum system is a beam splitter G3 = (Sb, 0, 0),

where

Sb =

[ √
1− r2eiθ rei(θ+

π
2

)

rei(θ+
π
2

)
√

1− r2eiθ

]
, 0 ≤ r ≤ 1. (5.10)

By the concatenation and series products, the whole system G is given by

G = G3 C [(G1 CM)�G2] = (St, Lt, Ht), (5.11)

where

St = Sb

[
S 0
0 1

]
, Lt =

[
L+ λ(t)Sσ−

0

]
, Ht = H +

1

2i

(
λ(t)L†Sσ− − λ∗(t)σ+S

†L
)
.

Furthermore, the Lindblad superoperator LG(A⊗X) for the whole system G can

be expressed in the following form

LG(A⊗X) =A⊗ LGX + (DLMA)⊗X + L†MA⊗ S
†[X,L]

+ ALM ⊗ [L†, X]S + L†MALM ⊗ (S†XS −X),
(5.12)

where A is any operator of the ancilla and X is the system operator.

In what follows, we denote by Bi,t, the vacuum state as the input of signal model

M , and Bv,t the vacuum noise for system G2, then the total input, together with

gauge process for the whole system G are given by

Bt =

[
Bi,t

Bv,t

]
,Λt =

[
Λi,t Λiv,t

Λvi,t Λv,t

]
,

where

Bi,t =

∫ t

0

bi(s)ds, Λi,t =

∫ t

0

b†i (s)bi(s)ds, Λiv,t =

∫ t

0

b†i (s)bv(s)ds.
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By the evolution of output fields (2.6), the measurements stochastic equations

are given by

dY1,t =
√

1− r2
{[

eiθ(L+ SLM) + e−iθ(L† + L†MS
†)
]
dt

+ eiθSdBi,t + e−iθS†dB†i,t

}
+ ir

(
eiθdBv,t − e−iθdB†v,t

)
,

(5.13)

and

dY2,t =r2
[
SdΛi,tS

† + (L+ SLM)S†dB†i,t + S(L† + L†MS
†)dBi,t

+ (L† + L†MS
†)(L+ SLM)dt

]
+ (1− r2)dΛv,t

+ ir
√

1− r2
[
SdΛvi,t − S†dΛiv,t + (L+ SLM)dB†v,t

− (L† + L†MS
†)dBv,t

]
,

(5.14)

where dY1,t is for the first channel with homodyne detection and dY2,t is for the second

channel with photon-counting measurement. Then the expectation and correlation

of the measurements can be derived as

π̃t(dY1,t) =
√

1− r2π̃t

[
eiθ(L+ SLM) + e−iθ(L† + L†MS

†)
]
dt,

π̃t(dY2,t) = π̃t(dY2,tdY2,t) = r2π̃t

[
(L† + L†MS

†)(L+ SLM)
]
dt,

π̃t(dY1,tdY1,t) = dt,

π̃t(dY1,tdY2,t) = π̃t(dY2,tdY1,t) = 0.

(5.15)

Thus, we have the non-singular matrix

Σ =

[
dt 0

0 r2π̃t

[
(L† + L†MS

†)(L+ SLM)
]
dt

]
, (5.16)
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and the corresponding gain β = [β1 β2] can be calculated by (5.6)

β1 =
√

1− r2eiθπ̃t
(
A⊗XL+ ALM ⊗XS

)
+
√

1− r2e−iθπ̃t
(
A⊗ L†X + L†MA⊗ S

†X
)

−
√

1− r2π̃t
(
A⊗X

)
× π̃t

[
eiθ(L+ SLM) + e−iθ(L† + L†MS

†)
]
,

(5.17)

β2 =
[
π̃t(L

†L+ L†MS
†L+ L†SLM + L†MLM)

]−1

× π̃t
(
A⊗ L†XL+ L†MA⊗ S

†XL+ ALM ⊗ L†XS

+ L†MALM ⊗ S
†XS

)
− π̃t

(
A⊗X

)
,

(5.18)

where A is any ancilla operator and X is the system operator.

Finally, by Lemma 5.1, the joint measurement quantum filter for the whole system

G driven by vacuum input state is given by

dπ̃t(A⊗X) =π̃t(LG(A⊗X))dt+ β1 [dY1,t − π̃t(dY1,t)] + β2 [dY2,t − π̃t(dY2,t)] ,

(5.19)

where the Lindblad superoperator LG(A⊗X) is defined in (5.12).

If we define [27]

πjkt (X) =
π̃t(Qjk⊗X)

wjk
, j, k = 0, 1, (5.20)

where Qjk and wjk are given by

Qjk =

[
Q00 Q01

Q10 Q11

]
=

[
σ+σ− σ+

σ− I

]
,

wjk =

[
w00 w01

w10 w11

]
=

[
w(t)

√
w(t)√

w(t) 1

]
,

we obtain the following theorem which presents the quantum filter for the original

system G driven by the single-photon state |1ξ〉.
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dπ11
t (X) =

{
π11
t (LGX) + π01

t (S†[X,L])ξ∗(t) + π10
t ([L†, X]S)ξ(t) + π00

t (S†XS −X)|ξ(t)|2
}
dt

+
√

1− r2
[
eiθπ11

t (XL) + e−iθπ11
t (L†X) + e−iθπ01

t (S†X)ξ∗(t) + eiθπ10
t (XS)ξ(t)− π11

t (X)Kt
]
dW (t)

+
{
ν−1
t

[
π11
t (L†XL) + π01

t (S†XL)ξ∗(t) + π10
t (L†XS)ξ(t) + π00

t (S†XS)|ξ(t)|2
]
− π11

t (X)
}
dN(t),

dπ10
t (X) =

{
π10
t (LGX) + π00

t (S†[X,L])ξ∗(t)
}
dt

+
√

1− r2
[
eiθπ10

t (XL) + e−iθπ10
t (L†X) + e−iθπ00

t (S†X)ξ∗(t)− π10
t (X)Kt

]
dW (t)

+
{
ν−1
t

[
π10
t (L†XL) + π00

t (S†XL)ξ∗(t)
]
− π10

t (X)
}
dN(t),

dπ01
t (X) =

{
π01
t (LGX) + π00

t ([L†, X]S)ξ(t)
}
dt

+
√

1− r2
[
eiθπ01

t (XL) + e−iθπ01
t (L†X) + eiθπ00

t (XS)ξ(t)− π01
t (X)Kt

]
dW (t)

+
{
ν−1
t

[
π01
t (L†XL) + π00

t (L†XS)ξ(t)
]
− π01

t (X)
}
dN(t),

dπ00
t (X) =π00

t (LGX)dt+
√

1− r2
[
eiθπ00

t (XL) + e−iθπ00
t (L†X)− π00

t (X)Kt
]
dW (t)

+
{
ν−1
t

[
π00
t (L†XL)

]
− π00

t (X)
}
dN(t).

(5.22)

Theorem 5.1. Let {Yi,t, i = 1, 2} be a combination of homodyne detection and

photon-counting measurement for a quantum system G. With the single-photon input

state |1ξ〉, the quantum filter for the conditional expectation in the Heisenberg picture

is given by (5.22). Here,

Kt =eiθπ11
t (L) + e−iθπ11

t (L†) + e−iθπ01
t (S†)ξ∗(t) + eiθπ10

t (S)ξ(t),

νt =π11
t (L†L) + π01

t (S†L)ξ∗(t) + π10
t (L†S)ξ(t) + π00

t (I)|ξ(t)|2,
(5.23)

the Wiener process W (t) and compensated Poisson process N(t) are given by

dW (t) = dY1,t −
√

1− r2Ktdt, dN(t) = dY2,t − r2νtdt (5.24)

respectively. We have π10
t (X) = π01

t (X†)†. The initial conditions are π11
0 (X) =

π00
0 (X) = 〈η,Xη〉, π10

0 (X) = π01
0 (X) = 0.

Proof. We only give the proof of the filtering equation dπ11
t (X), the other three

filtering equations in (5.22) can be derived similarly. Let j = k = 1, then

π11
t (X) =

π̃t(Q11 ⊗X)

w11

= π̃t(I ⊗X).
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By (5.19),

dπ11
t (X) = π̃t(LG(I ⊗X))dt+ β1 [dY1,t − π̃t(dY1,t)] + β2 [dY2,t − π̃t(dY2,t)] .

Substituting A = I into the corresponding gains (5.17), (5.18) and the Lindblad

superoperator (5.12), by the definition (5.20), we can obtain

β1 =
√

1− r2
[
eiθπ11

t (XL) + e−iθπ11
t (L†X) + e−iθπ01

t (S†X)ξ∗(t)

+ eiθπ10
t (XS)ξ(t)− π11

t (X)Kt

]
,

β2 =ν−1
t

[
π11
t (L†XL) + π01

t (S†XL)ξ∗(t) + π10
t (L†XS)ξ(t)

+ π00
t (S†XS)|ξ(t)|2

]
− π11

t (X),

and the expectation of the Lindblad superoperator is given by

π̃t(LG(I ⊗X)) =π11
t (LGX) + π01

t (S†[X,L])ξ∗(t)

+ π10
t ([L†, X]S)ξ(t) + π00

t (S†XS −X)|ξ(t)|2.

Consequently, the explicit form of dπ11
t (X) is

dπ11
t (X) =

{
π11
t (LGX) + π01

t (S†[X,L])ξ∗(t) + π10
t ([L†, X]S)ξ(t)

+ π00
t (S†XS −X)|ξ(t)|2

}
dt

+
√

1− r2
[
eiθπ11

t (XL) + e−iθπ11
t (L†X) + e−iθπ01

t (S†X)ξ∗(t)

+ eiθπ10
t (XS)ξ(t)− π11

t (X)Kt

]
dW (t)

+
{
ν−1
t

[
π11
t (L†XL) + π01

t (S†XL)ξ∗(t) + π10
t (L†XS)ξ(t)

+ π00
t (S†XS)|ξ(t)|2

]
− π11

t (X)
}
dN(t),

where dW (t) and dN(t) are given by (5.24).

Remark 5.3. If we let r = 0, θ = 0, the filter equations reduce to an estimation

problem with a single homodyne detection. It can be verified that (5.22) would be in

54



dρ11(t) =
{
L?Gρ

11(t) + [Sρ01(t), L†]ξ(t) + [L, ρ10(t)S†]ξ∗(t) + [Sρ00(t)S† − ρ00(t)]|ξ(t)|2
}
dt

+
√

1− r2
[
e−iθρ11(t)L† + eiθLρ11(t) + eiθSρ01(t)ξ(t) + e−iθρ10(t)S†ξ∗(t)−Ktρ11(t)

]
dW (t)

+
{
ν−1
t

[
Lρ11(t)L† + Sρ01(t)L†ξ(t) + Lρ10(t)S†ξ∗(t) + Sρ00(t)S†|ξ(t)|2

]
− ρ11(t)

}
dN(t),

dρ10(t) =
{
L?Gρ

10(t) + [Sρ00(t), L†]ξ(t)
}
dt

+
√

1− r2
[
e−iθρ10(t)L† + eiθLρ10(t) + eiθSρ00(t)ξ(t)−Ktρ10(t)

]
dW (t)

+
{
ν−1
t [Lρ10(t)L† + Sρ00(t)L†ξ(t)]− ρ10(t)

}
dN(t),

dρ01(t) =
{
L?Gρ

01(t) + [L, ρ00(t)S†]ξ∗(t)
}
dt

+
√

1− r2
[
e−iθρ01(t)L† + eiθLρ01(t) + e−iθρ00(t)S†ξ∗(t)−Ktρ01(t)

]
dW (t)

+
{
ν−1
t [Lρ01(t)L† + Lρ00(t)S†ξ∗(t)]− ρ01(t)

}
dN(t),

dρ00(t) =L?Gρ
00(t)dt+

√
1− r2

[
e−iθρ00(t)L† + eiθLρ00(t)−Ktρ00(t)

]
dW (t)

+
{
ν−1
t [Lρ00(t)L†]− ρ00(t)

}
dN(t).

(5.25)

the same form as in [27]. On the other hand, if we let r = 1, θ = −π
2
, the filter equa-

tions reduce to an estimation problem with a single photon-counting measurement.

It also can be checked that (5.22) would reduce to the corresponding case in [27].

If we write πjkt (X) = Tr[(ρjk(t))†X], by the quantum filter (5.22), we can get

the following stochastic master equations for the evolution of conditional density

operator ρjk(t).

Corollary 5.1. With a combination of homodyne detection and photon-counting

measurement, the quantum filter for the system G driven by the single-photon input

state |1ξ〉 in the Schrödinger picture is given by (5.25). Here,

Kt =e−iθTr[L†ρ11(t)] + eiθTr[Lρ11(t)] + eiθTr[Sρ01(t)]ξ(t) + e−iθTr[S†ρ10(t)]ξ∗(t),

νt =Tr[L†Lρ11(t)] + Tr[L†Sρ01(t)]ξ(t) + Tr[S†Lρ10(t)]ξ∗(t) + Tr[ρ00(t)]|ξ(t)|2,

(5.26)

and the initial conditions are ρ11(0) = ρ00(0) = |η〉〈η|, ρ10(0) = ρ01(0) = 0.
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Figure 5.3: Both homodyne detection measurements at the outputs of a beam splitter
in a quantum system.

5.4 Quantum filter for both homodyne detection

measurements

In this section, we will derive the filter equations for the case of joint homodyne-

homodyne measurements, see Fig. 5.3. Here, by the general measurement equation

(5.7), we choose

F = I, G = 0.

Then, the measurements stochastic equations are given by (5.13) and

dY2,t =
√

1− r2
(
eiθdBv,t + e−iθdB†v,t

)
+ ir

{[
eiθ(L+ SLM)− e−iθ(L† + L†MS

†)
]
dt

+ eiθSdBi,t − e−iθS†dB†i,t
}
,

(5.27)

where dY2,t is for the second channel with homodyne detection measurement. Thus,

the corresponding gain β can also be calculated by (5.6), where β1 is given by (5.17)

and β2 is given by

β2 =ireiθπ̃t(A⊗XL+ ALM ⊗XS)− ire−iθπ̃t(A⊗ L†X + L†MA⊗ S
†X)

− irπ̃t(A⊗X)π̃t[e
iθ(L+ SLM)− e−iθ(L† + L†MS

†)].
(5.28)
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dπ11
t (X) =

{
π11
t (LGX) + π01

t (S†[X,L])ξ∗(t) + π10
t ([L†, X]S)ξ(t) + π00

t (S†XS −X)|ξ(t)|2
}
dt

+
√

1− r2
[
eiθπ11

t (XL) + e−iθπ11
t (L†X) + e−iθπ01

t (S†X)ξ∗(t) + eiθπ10
t (XS)ξ(t)− π11

t (X)K1,t

]
dW1(t)

+ ir
[
eiθπ11

t (XL)− e−iθπ11
t (L†X)− e−iθπ01

t (S†X)ξ∗(t) + eiθπ10
t (XS)ξ(t)− π11

t (X)K2,t

]
dW2(t),

dπ10
t (X) =

{
π10
t (LGX) + π00

t (S†[X,L])ξ∗(t)
}
dt

+
√

1− r2
[
eiθπ10

t (XL) + e−iθπ10
t (L†X) + e−iθπ00

t (S†X)ξ∗(t)− π10
t (X)K1,t

]
dW1(t)

+ ir
[
eiθπ10

t (XL)− e−iθπ10
t (L†X)− e−iθπ00

t (S†X)ξ∗(t)− π10
t (X)K2,t

]
dW2(t),

dπ01
t (X) =

{
π01
t (LGX) + π00

t ([L†, X]S)ξ(t)
}
dt

+
√

1− r2
[
eiθπ01

t (XL) + e−iθπ01
t (L†X) + eiθπ00

t (XS)ξ(t)− π01
t (X)K1,t

]
dW1(t)

+ ir
[
eiθπ01

t (XL)− e−iθπ01
t (L†X) + eiθπ00

t (XS)ξ(t)− π01
t (X)K2,t

]
dW2(t),

dπ00
t (X) =π00

t (LGX)dt+
√

1− r2
[
eiθπ00

t (XL) + e−iθπ00
t (L†X)− π00

t (X)K1,t

]
dW1(t)

+ ir
[
eiθπ00

t (XL)− e−iθπ00
t (L†X)− π00

t (X)K2,t

]
dW2(t).

(5.29)

Then, in the case of both channels are under homodyne detection measurements,

we have the filter equations which are given by the following theorem.

Theorem 5.2. Let {Yi,t, i = 1, 2} be the two homodyne detection measurements for

a quantum system G. With the single-photon input state |1ξ〉, the quantum filter for

the conditional expectation in the Heisenberg picture is given by (5.29). Here,

K1,t =eiθπ11
t (L) + e−iθπ11

t (L†) + e−iθπ01
t (S†)ξ∗(t) + eiθπ10

t (S)ξ(t),

K2,t =eiθπ11
t (L)− e−iθπ11

t (L†)− e−iθπ01
t (S†)ξ∗(t) + eiθπ10

t (S)ξ(t),
(5.30)

the Wiener processes W1(t) and W2(t) are given by

dW1(t) = dY1,t −
√

1− r2K1,tdt, dW2(t) = dY2,t − irK2,tdt, (5.31)

respectively. We have π10
t (X) = π01

t (X†)†. The initial conditions are π11
0 (X) =

π00
0 (X) = 〈η,Xη〉, π10

0 (X) = π01
0 (X) = 0.

By the filter equations (5.29) and πjkt (X) = Tr[(ρjk(t))†X], we also have the

quantum filter in the Schrödinger picture.
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dρ11(t) =
{
L?Gρ

11(t) + [Sρ01(t), L†]ξ(t) + [L, ρ10(t)S†]ξ∗(t) + [Sρ00(t)S† − ρ00(t)]|ξ(t)|2
}
dt

+
√

1− r2
[
e−iθρ11(t)L† + eiθLρ11(t) + eiθSρ01(t)ξ(t) + e−iθρ10(t)S†ξ∗(t)−K1,tρ

11(t)
]
dW1(t)

− ir
[
e−iθρ11(t)L† − eiθLρ11(t)− eiθSρ01(t)ξ(t) + e−iθρ10(t)S†ξ∗(t) +K2,tρ

11(t)
]
dW2(t),

dρ10(t) =
{
L?Gρ

10(t) + [Sρ00(t), L†]ξ(t)
}
dt

+
√

1− r2
[
e−iθρ10(t)L† + eiθLρ10(t) + eiθSρ00(t)ξ(t)−K1,tρ

10(t)
]
dW1(t)

− ir
[
e−iθρ10(t)L† − eiθLρ10(t)− eiθSρ00(t)ξ(t) +K2,tρ

10(t)
]
dW2(t),

dρ01(t) =
{
L?Gρ

01(t) + [L, ρ00(t)S†]ξ∗(t)
}
dt

+
√

1− r2
[
e−iθρ01(t)L† + eiθLρ01(t) + e−iθρ00(t)S†ξ∗(t)−K1,tρ

01(t)
]
dW1(t)

− ir
[
e−iθρ01(t)L† − eiθLρ01(t) + e−iθρ00(t)S†ξ∗(t) +K2,tρ

01(t)
]
dW2(t),

dρ00(t) =L?Gρ
00(t)dt+

√
1− r2

[
e−iθρ00(t)L† + eiθLρ00(t)−K1,tρ

00(t)
]
dW1(t)

− ir
[
e−iθρ00(t)L† − eiθLρ00(t) +K2,tρ

00(t)
]
dW2(t).

(5.32)

Corollary 5.2. With the two homodyne detection measurements, the quantum filter

for the system G driven by the single-photon input state |1ξ〉 in the Schrödinger

picture is given by (5.32). Here,

K1,t =e−iθTr[L†ρ11(t)] + eiθTr[Lρ11(t)] + eiθTr[Sρ01(t)]ξ(t) + e−iθTr[S†ρ10(t)]ξ∗(t),

K2,t =e−iθTr[L†ρ11(t)]− eiθTr[Lρ11(t)]− eiθTr[Sρ01(t)]ξ(t) + e−iθTr[S†ρ10(t)]ξ∗(t),

(5.33)

and the initial conditions are ρ11(0) = ρ00(0) = |η〉〈η|, ρ10(0) = ρ01(0) = 0.

5.5 Simulation results

In this section, we apply the filter equations derived in section 5.4 to the problem

of exciting a two-level atom with a continuous-mode single-photon field, [27]. This

system can be parameterized as follows. The scattering is S = I, the coupling

operator is L = κσ− with the coupling strength κ = 1. The atom is taken to be in

the ground state initially |g〉〈g| with the Hamiltonian H = 0. The wave packet ξ(t)
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Figure 5.4: (Color online) The excitation probability for a two-level system interact-
ing with one photon in a Gaussian pulse shape with different beam splitter param-
eters. The black line is the wave packet |ξ(t)|2, the red line is Pe(t) given by the
master equation, the colored lines are the trajectories P c

e (t) and the blue line denotes
the average of these trajectories.

for the single-photon is given by

ξ(t) =

(
Ω2

2π

)1/4

exp

[
−Ω2

4
(t− t0)2

]
, (5.34)

where t0 is the peak arrival time and Ω is the frequency bandwidth of the wave

packet.

Now we choose Ω = 1.46 and wish to calculate the excitation probability for

the atom as a function of time. The excitation probability for quantum filtering

equations is given by

P c
e (t) = Tr[ρ11(t)|e〉〈e|], (5.35)

where ρ11(t) is the solution to (5.32) and |e〉 means the excited state.

59



In Fig. 5.4, 72 stochastic trajectories are presented as colored lines in each case

given by (5.35). Fig. 5.4(a) (r = 0) denotes the ideal case which is equivalent to

the single measurement (HD1) without any additional noise, [27]. For r = 1, the

case will be similar to Fig. 5.4(a) since the single measurement becomes HD2. We

can see that many of the stochastic trajectories begin to decay after the bulk of

the wave packet, i.e., t = 4. Meanwhile, some trajectories continue to rise towards

P c
e (t) = 1, it means that the atom may be fully excited. In Fig. 5.4(b), r =

√
0.5,

that is, the output field is contaminated by the vacuum noise. Nevertheless, it can

be seen that by means of joint measurement the estimation performance is close

to those for the ideal case. The excitation probabilities become bad if we only use

single measurement, see Fig. 5.4(c) and (d). By comparing Fig. 5.4(b), (c) and (d),

it is clear that the multiple measurement scheme is able to improve the estimation

performance.

5.6 Final remarks

In this chapter, we have derived the quantum filter for a quantum system driven

by the single-photon input state with multiple compatible measurements. Particu-

larly, the explicit forms of stochastic master equations with two homodyne detection

measurements and a combination of homodyne detection and photon-counting mea-

surements have been presented. A numerical study of a two-level system driven by

a single-photon state has demonstrated the advantage of filtering design based on

multiple measurements when the output filed is contaminated by quantum vacuum

noise.
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Chapter 6

Quantum filtering with multiple

measurements for systems driven

by two single-photon states

In this chapter, we study quantum filtering for a two-level system G which is driven

by two single-photon states |1ξ1〉 and |1ξ2〉, see Fig. 6.1. Initially, each channel

contains one photon and they are independent of each other. Then the two photons

interact with the system and excite the atom simultaneously. The filtering equations

with two homodyne detection measurements are derived explicitly. In addition,

numerical simulations for master equations with various pulse shape parameters are

also presented and compared.

Figure 6.1: Quantum system description.
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6.1 System description

Figure 6.2: Quantum system depiction of Fig. 6.1.

In Fig. 6.2, A1, A2 and G are two-level systems with the following (S, L,H)

formalism:

A1 = (I, L1, 0), A2 = (I, L2, 0), G = (I2, L, 0),

where L1 = λ1(t)σ−1, L2 = λ2(t)σ−2 and L =

[ √
κ1σ−√
κ2σ−

]
. Here, σ−1, σ−2 and σ−

are lowering operators and λ1(t), λ2(t) are given by

λ1(t) =
ξ1(t)√
w1(t)

, λ2(t) =
ξ2(t)√
w2(t)

,

where w1(t) =
∫∞
t
|ξ1(s)|2ds, w2(t) =

∫∞
t
|ξ2(s)|2ds and ξ1(t), ξ2(t) are the input

pulse shapes in the first and second channels respectively. As introduced in Chapter

5, we usually call A1 and A2 ancilla. With the aid of A1 and A2, single-photon states

with desired pulse shapes can be generated. Moreover, after cascading them with

the two-level atom G, we can obtain the extended system which is driven by the

vacuum state. Hence, the master equations and stochastic master equations for this

extended system can be derived [27, 18].

By adding a beam splitter Sb = (Sb, 0, 0) with parameter

Sb =

[ √
1− r2 ir

ir
√

1− r2

]
, 0 6 r 6 1
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and the concatenation and series products [23], we can derive the whole system

(A1 � A2) . G . Sb = (St, Lt, Ht), (6.1)

where

St =

[ √
1− r2 ir

ir
√

1− r2

]
,

Lt =

[ √
1− r2(L1 +

√
κ1σ−) + ir(L2 +

√
κ2σ−)

ir(L1 +
√
κ1σ−) +

√
1− r2(L2 +

√
κ2σ−)

]
,

Ht =

√
κ1σ+L1 +

√
κ2σ+L2 −

√
κ1L

†
1σ− −

√
κ2L

†
2σ−

2i
.

(6.2)

By Itō calculus, the evolution of output fields

dBout(t) = StdBt + Ltdt,

and the general measurement equation

dY (t) = F#dB#
out(t) + FdBout(t) +Gdiag(dΛout(t)),

with F = I, G = 0, which means that both channels are under homodyne detection

measurements, we can get the measurement stochastic equations

dY1,t =
√

1− r2
[
dB1(t) + dB†1(t) + (L1 +

√
κ1σ−)dt+ (L†1 +

√
κ1σ+)dt

]
+ ir

[
dB2(t)− dB†2(t) + (L2 +

√
κ2σ−)dt− (L†2 +

√
κ2σ+)dt

]
,

dY2,t =ir
[
dB1(t)− dB†1(t) + (L1 +

√
κ1σ−)dt− (L†1 +

√
κ1σ+)dt

]
+
√

1− r2
[
dB2(t) + dB†2(t) + (L2 +

√
κ2σ−)dt+ (L†2 +

√
κ2σ+)dt

]
,

(6.3)

where dY1,t and dY2,t are the homodyne detection measurements in the first and

second channels, respectively.
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By Itō calculus, it is easy to show that

dY1,tdY1,t = dt, dY1,tdY2,t = 0,

dY2,tdY1,t = 0, dY2,tdY2,t = dt.

Let us denote by π̃t the conditional expectation for the extended system (A1 �

A2) B G B Sb driven by the vacuum input on the ancilla-system Hilbert space.

Then, the expectation and correlation of the measurements can be derived as

π̃t(dY1,t) =
√

1− r2π̃t(L1 + L†1 +
√
κ1σ− +

√
κ1σ+)dt

+ irπ̃t(L2 − L†2 +
√
κ2σ− −

√
κ2σ+)dt,

π̃t(dY2,t) =
√

1− r2π̃t(L2 + L†2 +
√
κ2σ− +

√
κ2σ+)dt

+ irπ̃t(L1 − L†1 +
√
κ1σ− −

√
κ1σ+)dt,

(6.4)

and the non-singular matrix Σ is given by

Σ =

[
π̃t(dY1,tdY1,t) π̃t(dY1,tdY2,t)
π̃t(dY2,tdY1,t) π̃t(dY2,tdY2,t)

]
=

[
dt 0
0 dt

]
. (6.5)

The Lindblad superoperator for the whole system may be expressed in the form

LLt(A1 ⊗ A2 ⊗X) =DL1A1 ⊗ A2 ⊗X + A1 ⊗DL2A2 ⊗X

+ (κ1 + κ2)A1 ⊗ A2 ⊗Dσ−X

+
√
κ1L

†
1A1 ⊗ A2 ⊗ [X, σ−] +

√
κ1A1L1 ⊗ A2 ⊗ [σ+, X]

+
√
κ2A1 ⊗ L†2A2 ⊗ [X, σ−] +

√
κ2A1 ⊗ A2L2 ⊗ [σ+, X],

for any ancilla operators A1, A2 and system operator X.

Using Theorem 3.2 in [18], we can derive the following result directly.

Theorem 6.1. Let {Yi,t, i = 1, 2, . . . , N} be a set of N compatible measurement

outputs for a quantum system G. With the vacuum initial state, the corresponding
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joint measurement quantum filter is given by

dπ̃t(A1 ⊗ A2 ⊗X) =π̃t(LLt(A1 ⊗ A2 ⊗X))dt+ βTt [dYt − π̃t(dYt)] , (6.6)

where dWi,t = dYi,t − π̃t(dYi,t) is a martingale process for each measurement output

and β is the corresponding gain which given by

βTt =
1

π̃t(dYtdY T
t )

{
π̃t(A1 ⊗ A2 ⊗XdY T

t )− π̃t(A1 ⊗ A2 ⊗X)π̃t(dY
T
t )

+ π̃t

(
[L†t , A1 ⊗ A2 ⊗X]StdBtdY

T
t

)}
.

(6.7)

In Fig. 6.2, the corresponding gain β =
[
β1 β2

]
can be calculated by (6.4) and

(6.5), given by

β1 =
√

1− r2π̃t
[
A1L1 ⊗A2 ⊗X + L†1A1 ⊗A2 ⊗X +

√
κ1A1 ⊗A2 ⊗Xσ− +

√
κ1A1 ⊗A2 ⊗ σ+X

]
+ irπ̃t

[
A1 ⊗A2L2 ⊗X −A1 ⊗ L†2A2 ⊗X +

√
κ2A1 ⊗A2 ⊗Xσ− −

√
κ2A1 ⊗A2 ⊗ σ+X

]
− π̃t(A1 ⊗A2 ⊗X)

[√
1− r2k11(t) + irk12(t)

]
,

β2 =irπ̃t
[
A1L1 ⊗A2 ⊗X − L†1A1 ⊗A2 ⊗X +

√
κ1A1 ⊗A2 ⊗Xσ− −

√
κ1A1 ⊗A2 ⊗ σ+X

]
+
√

1− r2π̃t
[
A1 ⊗A2L2 ⊗X +A1 ⊗ L†2A2 ⊗X +

√
κ2A1 ⊗A2 ⊗Xσ− +

√
κ2A1 ⊗A2 ⊗ σ+X

]
− π̃t(A1 ⊗A2 ⊗X)

[
irk21(t) +

√
1− r2k22(t)

]
,

(6.8)

where

k11(t) = π̃t(L1 + L†1 +
√
κ1σ− +

√
κ1σ+)dt,

k12(t) = π̃t(L2 − L†2 +
√
κ2σ− −

√
κ2σ+)dt,

k21(t) = π̃t(L1 − L†1 +
√
κ1σ− −

√
κ1σ+)dt,

k22(t) = π̃t(L2 + L†2 +
√
κ2σ− +

√
κ2σ+)dt.

Remark 6.1. Compared with the theorems given in [18] and Chapter 5, the extended

system operator A⊗X has been replaced by A1⊗A2⊗X in this chapter. Moreover,
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when a quantum system is driven by n single-photon states |1ξ1〉, |1ξ2〉, ... |1ξn〉, the

theorem in terms of quantum filter can be generalized by introducing a corresponding

extended system operator A1 ⊗ A2 ⊗ · · · ⊗ An ⊗X.

6.2 Master equations

In this section, we present the master equations for the quantum system G driven

by two photons, one in each input channel. In what follows, write

πjk;mn
t (X) = Ejk;mn [jt(X)] = 〈ηφjφm|jt(X)|ηφkφn〉,

where X is any system operator and

φj =

{
|1ξ〉 j = 1;
|0〉 j = 0.

Here, the notation “j, k,m, n” is used to indicate that the input field in each channel

is in a single-photon state or vacuum state. For example,

π11;11
t (X) = 〈η1ξ11ξ2|jt(X)|η1ξ11ξ2〉.

Define

πjk;mn
t (X) = Tr

{
(ρjk;mn(t))†X

}
, j, k,m, n = 0, 1,

where ρjk;mn(t) is the density operator and we only present master equations in the

Schrödinger picture for simplicity, and set

D?σ−ρ = σ−ρσ+ −
1

2
σ+σ−ρ−

1

2
ρσ+σ−.

The master equations are given by (6.9) with initial conditions:

ρ11;11(0) = ρ00;11(0) = ρ11;00(0) = ρ00;00(0) = |η〉〈η|.

Remark 6.2. It can be easily verified that

ρjk;mn(t) = (ρkj;nm(t))†, j, k,m, n = 0, 1.
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ρ̇11;11(t) =(k1 + k2)D?σ−ρ
11;11(t) +

√
k1ξ1(t)[ρ01;11(t), σ+] +

√
k1ξ
∗
1(t)[σ−, ρ

10;11(t)]

+
√
k2ξ2(t)[ρ11;01(t), σ+] +

√
k2ξ
∗
2(t)[σ−, ρ

11;10(t)],

ρ̇10;11(t) =(k1 + k2)D?σ−ρ
10;11(t) +

√
k1ξ1(t)[ρ00;11(t), σ+] +

√
k2ξ2(t)[ρ10;01(t), σ+] +

√
k2ξ
∗
2(t)[σ−, ρ

10;10(t)],

ρ̇01;11(t) =(k1 + k2)D?σ−ρ
01;11(t) +

√
k1ξ
∗
1(t)[σ−, ρ

00;11(t)] +
√
k2ξ2(t)[ρ01;01(t), σ+] +

√
k2ξ
∗
2(t)[σ−, ρ

01;10(t)],

ρ̇00;11(t) =(k1 + k2)D?σ−ρ
00;11(t) +

√
k2ξ2(t)[ρ00;01(t), σ+] +

√
k2ξ
∗
2(t)[σ−, ρ

00;10(t)];

ρ̇11;10(t) =(k1 + k2)D?σ−ρ
11;10(t) +

√
k1ξ1(t)[ρ01;10(t), σ+] +

√
k1ξ
∗
1(t)[σ−, ρ

10;10(t)] +
√
k2ξ2(t)[ρ11;00(t), σ+],

ρ̇10;10(t) =(k1 + k2)D?σ−ρ
10;10(t) +

√
k1ξ1(t)[ρ00;10(t), σ+] +

√
k2ξ2(t)[ρ10;00(t), σ+],

ρ̇01;10(t) =(k1 + k2)D?σ−ρ
01;10(t) +

√
k1ξ
∗
1(t)[σ−, ρ

00;10(t)] +
√
k2ξ2(t)[ρ01;00(t), σ+],

ρ̇00;10(t) =(k1 + k2)D?σ−ρ
00;10(t) +

√
k2ξ2(t)[ρ00;00(t), σ+];

ρ̇11;01(t) =(k1 + k2)D?σ−ρ
11;01(t) +

√
k1ξ1(t)[ρ01;01(t), σ+] +

√
k1ξ
∗
1(t)[σ−, ρ

10;01(t)] +
√
k2ξ
∗
2(t)[σ−, ρ

11;00(t)],

ρ̇10;01(t) =(k1 + k2)D?σ−ρ
10;01(t) +

√
k1ξ1(t)[ρ00;01(t), σ+] +

√
k2ξ
∗
2(t)[σ−, ρ

10;00(t)],

ρ̇01;01(t) =(k1 + k2)D?σ−ρ
01;01(t) +

√
k1ξ
∗
1(t)[σ−, ρ

00;01(t)] +
√
k2ξ
∗
2(t)[σ−, ρ

01;00(t)],

ρ̇00;01(t) =(k1 + k2)D?σ−ρ
00;01(t) +

√
k2ξ
∗
2(t)[σ−, ρ

00;00(t)];

ρ̇11;00(t) =(k1 + k2)D?σ−ρ
11;00(t) +

√
k1ξ1(t)[ρ01;00(t), σ+] +

√
k1ξ
∗
1(t)[σ−, ρ

10;00(t)],

ρ̇10;00(t) =(k1 + k2)D?σ−ρ
10;00(t) +

√
k1ξ1(t)[ρ00;00(t), σ+],

ρ̇01;00(t) =(k1 + k2)D?σ−ρ
01;00(t) +

√
k1ξ
∗
1(t)[σ−, ρ

00;00(t)],

ρ̇00;00(t) =(k1 + k2)D?σ−ρ
00;00(t),

(6.9)

6.3 Quantum filtering equations

In this section, under two homodyne detection measurements, the filtering equations

for the quantum system G driven by two single-photon input states are derived

explicitly.

We define

πjk;mn
t (X) =

π̃t(Q
jk
1 ⊗Qmn

2 ⊗X)

wjk1 (t)wmn2 (t)
, j, k = 0, 1,

where Qjk
1 , Qmn

2 are operators for ancilla A1 and A2 respectively, with

Qjk
i =

[
Q00
i Q01

i

Q10
i Q11

i

]
=

[
σ+iσ−i σ+i

σ−i I

]
, i = 1, 2.

and wjk1 , wmn2 are given by

wjki =

[
w00
i w01

i

w10
i w11

i

]
=

[
wi(t)

√
wi(t)√

wi(t) 1

]
, i = 1, 2.
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Here, σ−i denotes the lowering operator and σ+i is the rising operator for ancilla Ai.

For simplicity, the following theorem only presents the quantum filter in the

Heisenberg picture for the two-level system G, and we give the form of dπ11;11
t (X)

explicitly.

Theorem 6.2. Let {Yi,t, i = 1, 2} be the two homodyne detection measurements for

a quantum system G. With single-photon input states |1ξ1〉 and |1ξ2〉, one for each

input channel, the quantum filter for the conditional expectation in the Heisenberg

picture is given by (6.10) - (6.25).

dπ11;11
t (X) =

{
(κ1 + κ2)π11;11

t (Dσ−X) +
√
κ1ξ
∗
1(t)π01;11

t ([X,σ−]) +
√
κ1ξ1(t)π10;11

t ([σ+, X])

+
√
κ2ξ
∗
2(t)π11;01

t ([X,σ−]) +
√
κ2ξ2(t)π11;10

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ1(t)π10;11

t (X) + ξ∗1(t)π01;11
t (X) +

√
κ1π

11;11
t (Xσ−) +

√
κ1π

11;11
t (σ+X)

]
+ ir

[
ξ2(t)π11;10

t (X)− ξ∗2(t)π11;01
t (X) +

√
κ2π

11;11
t (Xσ−)−

√
κ2π

11;11
t (σ+X)

]
− π11;11

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π10;11

t (X)− ξ∗1(t)π01;11
t (X) +

√
κ1π

11;11
t (Xσ−)−

√
κ1π

11;11
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π11;10

t (X) + ξ∗2(t)π11;01
t (X) +

√
κ2π

11;11
t (Xσ−) +

√
κ2π

11;11
t (σ+X)

]
− π11;11

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.10)

dπ10;11
t (X) =

{
(κ1 + κ2)π10;11

t (Dσ−X) +
√
κ1ξ
∗
1(t)π00;11

t ([X,σ−])

+
√
κ2ξ
∗
2(t)π10;01

t ([X,σ−]) +
√
κ2ξ2(t)π10;10

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ∗1(t)π00;11

t (X) +
√
κ1π

10;11
t (Xσ−) +

√
κ1π

10;11
t (σ+X)

]
+ ir

[
ξ2(t)π10;10

t (X)− ξ∗2(t)π10;01
t (X) +

√
κ2π

10;11
t (Xσ−)−

√
κ2π

10;11
t (σ+X)

]
− π10;11

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
− ξ∗1(t)π00;11

t (X) +
√
κ1π

10;11
t (Xσ−)−

√
κ1π

10;11
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π10;10

t (X) + ξ∗2(t)π10;01
t (X) +

√
κ2π

10;11
t (Xσ−) +

√
κ2π

10;11
t (σ+X)

]
− π10;11

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.11)
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dπ01;11
t (X) =

{
(κ1 + κ2)π01;11

t (Dσ−X) +
√
κ1ξ1(t)π00;11

t ([σ+, X])

+
√
κ2ξ
∗
2(t)π01;01

t ([X,σ−]) +
√
κ2ξ2(t)π01;10

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ1(t)π00;11

t (X) +
√
κ1π

01;11
t (Xσ−) +

√
κ1π

01;11
t (σ+X)

]
+ ir

[
ξ2(t)π01;10

t (X)− ξ∗2(t)π01;01
t (X) +

√
κ2π

01;11
t (Xσ−)−

√
κ2π

01;11
t (σ+X)

]
− π01;11

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π00;11

t (X) +
√
κ1π

01;11
t (Xσ−)−

√
κ1π

01;11
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π01;10

t (X) + ξ∗2(t)π01;01
t (X) +

√
κ2π

01;11
t (Xσ−) +

√
κ2π

01;11
t (σ+X)

]
− π01;11

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.12)

dπ00;11
t (X) =

{
(κ1 + κ2)π00;11

t (Dσ−X) +
√
κ2ξ
∗
2(t)π00;01

t ([X,σ−]) +
√
κ2ξ2(t)π00;10

t ([σ+, X])
}
dt

+
{√

1− r2
[√
κ1π

00;11
t (Xσ−) +

√
κ1π

00;11
t (σ+X)

]
+ ir

[
ξ2(t)π00;10

t (X)− ξ∗2(t)π00;01
t (X) +

√
κ2π

00;11
t (Xσ−)−

√
κ2π

00;11
t (σ+X)

]
− π00;11

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[√
κ1π

00;11
t (Xσ−)−

√
κ1π

00;11
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π00;10

t (X) + ξ∗2(t)π00;01
t (X) +

√
κ2π

00;11
t (Xσ−) +

√
κ2π

00;11
t (σ+X)

]
− π00;11

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.13)

dπ11;10
t (X) =

{
(κ1 + κ2)π11;10

t (Dσ−X) +
√
κ1ξ
∗
1(t)π01;10

t ([X,σ−]) +
√
κ1ξ1(t)π10;10

t ([σ+, X])

+
√
κ2ξ
∗
2(t)π11;00

t ([X,σ−])
}
dt

+
{√

1− r2
[
ξ1(t)π10;10

t (X) + ξ∗1(t)π01;10
t (X) +

√
κ1π

11;10
t (Xσ−) +

√
κ1π

11;10
t (σ+X)

]
+ ir

[
− ξ∗2(t)π11;00

t (X) +
√
κ2π

11;10
t (Xσ−)−

√
κ2π

11;10
t (σ+X)

]
− π11;10

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π10;10

t (X)− ξ∗1(t)π01;10
t (X) +

√
κ1π

11;10
t (Xσ−)−

√
κ1π

11;10
t (σ+X)

]
+
√

1− r2
[
ξ∗2(t)π11;00

t (X) +
√
κ2π

11;10
t (Xσ−) +

√
κ2π

11;10
t (σ+X)

]
− π11;10

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.14)
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dπ10;10
t (X) =

{
(κ1 + κ2)π10;10

t (Dσ−X) +
√
κ1ξ
∗
1(t)π00;10

t ([X,σ−]) +
√
κ2ξ
∗
2(t)π10;00

t ([X,σ−])
}
dt

+
{√

1− r2
[
ξ∗1(t)π00;10

t (X) +
√
κ1π

10;10
t (Xσ−) +

√
κ1π

10;10
t (σ+X)

]
+ ir

[
− ξ∗2(t)π10;00

t (X) +
√
κ2π

10;10
t (Xσ−)−

√
κ2π

10;10
t (σ+X)

]
− π10;10

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
− ξ∗1(t)π00;10

t (X) +
√
κ1π

10;10
t (Xσ−)−

√
κ1π

10;10
t (σ+X)

]
+
√

1− r2
[
ξ∗2(t)π10;00

t (X) +
√
κ2π

10;10
t (Xσ−) +

√
κ2π

10;10
t (σ+X)

]
− π10;10

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.15)

dπ01;10
t (X) =

{
(κ1 + κ2)π01;10

t (Dσ−X) +
√
κ1ξ1(t)π00;10

t ([σ+, X]) +
√
κ2ξ
∗
2(t)π01;00

t ([X,σ−])
}
dt

+
{√

1− r2
[
ξ1(t)π00;10

t (X) +
√
κ1π

01;10
t (Xσ−) +

√
κ1π

01;10
t (σ+X)

]
+ ir

[
− ξ∗2(t)π01;00

t (X) +
√
κ2π

01;10
t (Xσ−)−

√
κ2π

01;10
t (σ+X)

]
− π01;10

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π00;10

t (X) +
√
κ1π

01;10
t (Xσ−)−

√
κ1π

01;10
t (σ+X)

]
+
√

1− r2
[
ξ∗2(t)π01;00

t (X) +
√
κ2π

01;10
t (Xσ−) +

√
κ2π

01;10
t (σ+X)

]
− π01;10

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.16)

Here,

k11(t) =ξ1(t)π10;11
t (I) + ξ∗1(t)π01;11

t (I) +
√
κ1π

11;11
t (σ− + σ+),

k12(t) =ξ2(t)π11;10
t (I)− ξ∗2(t)π11;01

t (I) +
√
κ2π

11;11
t (σ− − σ+),

k21(t) =ξ1(t)π10;11
t (I)− ξ∗1(t)π01;11

t (I) +
√
κ1π

11;11
t (σ− − σ+),

k22(t) =ξ2(t)π11;10
t (I) + ξ∗2(t)π11;01

t (I) +
√
κ2π

11;11
t (σ− + σ+).

The innovation processes W1(t) and W2(t) are given by

dW1(t) = dY1,t −
[√

1− r2k11(t) + irk12(t)
]
dt,

dW2(t) = dY2,t −
[
irk21(t) +

√
1− r2k22(t)

]
dt,

respectively. We have πjk;mn
t (X) = (πkj;nmt (X†))†. The initial conditions are

πjk;mn
t (X) =

{
〈η|X|η〉, j = k and m = n,

0, otherwise.

70



dπ00;10
t (X) =

{
(κ1 + κ2)π00;10

t (Dσ−X) +
√
κ2ξ
∗
2(t)π00;00

t ([X,σ−])
}
dt

+
{√

1− r2
[√
κ1π

00;10
t (Xσ−) +

√
κ1π

00;10
t (σ+X)

]
+ ir

[
− ξ∗2(t)π00;00

t (X) +
√
κ2π

00;10
t (Xσ−)−

√
κ2π

00;10
t (σ+X)

]
− π00;10

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[√
κ1π

00;10
t (Xσ−)−

√
κ1π

00;10
t (σ+X)

]
+
√

1− r2
[
ξ∗2(t)π00;00

t (X) +
√
κ2π

00;10
t (Xσ−) +

√
κ2π

00;10
t (σ+X)

]
− π00;10

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.17)

dπ11;01
t (X) =

{
(κ1 + κ2)π11;01

t (Dσ−X) +
√
κ1ξ
∗
1(t)π01;01

t ([X,σ−]) +
√
κ1ξ1(t)π10;01

t ([σ+, X])

+
√
κ2ξ2(t)π11;00

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ1(t)π10;01

t (X) + ξ∗1(t)π01;01
t (X) +

√
κ1π

11;01
t (Xσ−) +

√
κ1π

11;01
t (σ+X)

]
+ ir

[
ξ2(t)π11;00

t (X) +
√
κ2π

11;01
t (Xσ−)−

√
κ2π

11;01
t (σ+X)

]
− π11;01

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π10;01

t (X)− ξ∗1(t)π01;01
t (X) +

√
κ1π

11;01
t (Xσ−)−

√
κ1π

11;01
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π11;00

t (X) +
√
κ2π

11;01
t (Xσ−) +

√
κ2π

11;01
t (σ+X)

]
− π11;01

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.18)

6.4 Simulation results

In this section, we apply the master equations derived in section 6.2 to the problem

of exciting a two-level atom with two continuous-mode single-photon fields. Assume

the atom is initially in the ground state, i.e., |η〉 = |g〉. The annihilation operator is

σ− = |g〉〈e|, and the creation operator is σ+ = |e〉〈g|. The pulse shapes of the two

photons are given by

ξi(t) =

(
Ω2
i

2π

) 1
4

exp

[
−Ω2

i

4
(t− ti)2

]
, i = 1, 2. (6.26)

The excitation probability, i.e., the conditional excited-state population, is defined

as

Pe(t) = Tr
{
ρ11;11(t)|e〉〈e|

}
= 〈e|ρ11;11(t)|e〉, (6.27)
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dπ10;01
t (X) =

{
(κ1 + κ2)π10;01

t (Dσ−X) +
√
κ1ξ
∗
1(t)π00;01

t ([X,σ−]) +
√
κ2ξ2(t)π10;00

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ∗1(t)π00;01

t (X) +
√
κ1π

10;01
t (Xσ−) +

√
κ1π

10;01
t (σ+X)

]
+ ir

[
ξ2(t)π10;00

t (X) +
√
κ2π

10;01
t (Xσ−)−

√
κ2π

10;01
t (σ+X)

]
− π10;01

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
− ξ∗1(t)π00;01

t (X) +
√
κ1π

10;01
t (Xσ−)−

√
κ1π

10;01
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π10;00

t (X) +
√
κ2π

10;01
t (Xσ−) +

√
κ2π

10;01
t (σ+X)

]
− π10;01

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.19)

dπ01;01
t (X) =

{
(κ1 + κ2)π01;01

t (Dσ−X) +
√
κ1ξ1(t)π00;01

t ([σ+, X]) +
√
κ2ξ2(t)π01;00

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ1(t)π00;01

t (X) +
√
κ1π

01;01
t (Xσ−) +

√
κ1π

01;01
t (σ+X)

]
+ ir

[
ξ2(t)π01;00

t (X) +
√
κ2π

01;01
t (Xσ−)−

√
κ2π

01;01
t (σ+X)

]
− π01;01

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π00;01

t (X) +
√
κ1π

01;01
t (Xσ−)−

√
κ1π

01;01
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π01;00

t (X) +
√
κ2π

01;01
t (Xσ−) +

√
κ2π

01;01
t (σ+X)

]
− π01;01

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.20)

where ρ11;11(t) is the solution to (6.9).

In Fig. 6.3, the master equations for the two-level system are simulated. Partic-

ularly, the red line denotes the case that the two photons have the same peak arrival

time t1 = t2 = 3 and the same ratio for their decay rates Ω1 = 5.84κ1, Ω2 = 5.84κ2,

and we can get the maximum value of excitation probability Pe = 0.44. When we

let κ2 = 0, it means that the system has only one input channel. Then the problem

reduces to quantum filtering for a two-level system driven by a single-photon state,

which has been considered in [27] and Chapter 5. Meanwhile, let Ω1 = 1.46κ1, the

maximum value of excitation probability Pe = 0.8 (black line), which is consistent

with the simulation result in [27] and Chapter 5. Moreover, we also considered the

case of two pulse shapes with different peak arrival times, see the green line. In this

case, the maximum excitation probability Pe = 0.36 can be attained at two time

instants.
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dπ00;01
t (X) =

{
(κ1 + κ2)π00;01

t (Dσ−X) +
√
κ2ξ2(t)π00;00

t ([σ+, X])
}
dt

+
{√

1− r2
[√
κ1π

00;01
t (Xσ−) +

√
κ1π

00;01
t (σ+X)

]
+ ir

[
ξ2(t)π00;00

t (X) +
√
κ2π

00;01
t (Xσ−)−

√
κ2π

00;01
t (σ+X)

]
− π00;01

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[√
κ1π

00;01
t (Xσ−)−

√
κ1π

00;01
t (σ+X)

]
+
√

1− r2
[
ξ2(t)π00;00

t (X) +
√
κ2π

00;01
t (Xσ−) +

√
κ2π

00;01
t (σ+X)

]
− π00;01

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.21)

dπ11;00
t (X) =

{
(κ1 + κ2)π11;00

t (Dσ−X) +
√
κ1ξ
∗
1(t)π01;00

t ([X,σ−]) +
√
κ1ξ1(t)π10;00

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ1(t)π10;00

t (X) + ξ∗1(t)π01;00
t (X) +

√
κ1π

11;00
t (Xσ−) +

√
κ1π

11;00
t (σ+X)

]
+ ir

[√
κ2π

11;00
t (Xσ−)−

√
κ2π

11;00
t (σ+X)

]
− π11;00

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π10;00

t (X)− ξ∗1(t)π01;00
t (X) +

√
κ1π

11;00
t (Xσ−)−

√
κ1π

11;00
t (σ+X)

]
+
√

1− r2
[√
κ2π

11;00
t (Xσ−) +

√
κ2π

11;00
t (σ+X)

]
− π11;00

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.22)

6.5 Final remarks

In this chapter, we have derived the master equations and filtering equations for a

two-level system driven by two single-photon states. Particularly, two homodyne

detection measurements are applied and the influence of photon pulse shape pa-

rameters on the excitation probability have been shown with numerical simulation

results. By simulation, it seems that the maximum of excitation probability can be

achieved with the same peak arrival time and the same ratio for bandwidth of the

two photons, i.e., Ω = 5.84κ.
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dπ10;00
t (X) =

{
(κ1 + κ2)π10;00

t (Dσ−X) +
√
κ1ξ
∗
1(t)π00;00

t ([X,σ−])
}
dt

+
{√

1− r2
[
ξ∗1(t)π00;00

t (X) +
√
κ1π

10;00
t (Xσ−) +

√
κ1π

10;00
t (σ+X)

]
+ ir

[√
κ2π

10;00
t (Xσ−)−

√
κ2π

10;00
t (σ+X)

]
− π10;00

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
− ξ∗1(t)π00;00

t (X) +
√
κ1π

10;00
t (Xσ−)−

√
κ1π

10;00
t (σ+X)

]
+
√

1− r2
[√
κ2π

10;00
t (Xσ−) +

√
κ2π

10;00
t (σ+X)

]
− π10;00

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.23)

dπ01;00
t (X) =

{
(κ1 + κ2)π01;00

t (Dσ−X) +
√
κ1ξ1(t)π00;00

t ([σ+, X])
}
dt

+
{√

1− r2
[
ξ1(t)π00;00

t (X) +
√
κ1π

01;00
t (Xσ−) +

√
κ1π

01;00
t (σ+X)

]
+ ir

[√
κ2π

01;00
t (Xσ−)−

√
κ2π

01;00
t (σ+X)

]
− π01;00

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[
ξ1(t)π00;00

t (X) +
√
κ1π

01;00
t (Xσ−)−

√
κ1π

01;00
t (σ+X)

]
+
√

1− r2
[√
κ2π

01;00
t (Xσ−) +

√
κ2π

01;00
t (σ+X)

]
− π01;00

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t);

(6.24)

dπ00;00
t (X) =(κ1 + κ2)π00;00

t (Dσ−X)dt

+
{√

1− r2
[√
κ1π

00;00
t (Xσ−) +

√
κ1π

00;00
t (σ+X)

]
+ ir

[√
κ2π

00;00
t (Xσ−)−

√
κ2π

00;00
t (σ+X)

]
− π00;00

t (X)
[√

1− r2k11(t) + irk12(t)
]}
dW1(t)

+
{
ir
[√
κ1π

00;00
t (Xσ−)−

√
κ1π

00;00
t (σ+X)

]
+
√

1− r2
[√
κ2π

00;00
t (Xσ−) +

√
κ2π

00;00
t (σ+X)

]
− π00;00

t (X)
[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t).

(6.25)
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Figure 6.3: (Color online) The excitation probability for the two-level system driven
by two single-photon states.
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Chapter 7

Conclusions and future work

This chapter draws conclusions on the thesis, and points out some possible future

research directions related to the work done in this thesis.

7.1 Conclusions

The focus of the thesis has been placed on the characterization of continuous-mode

single-photon Fock states. Specifically, four research problems have been investigated

in detail.

1. Wigner distribution and Wigner spectrum have been used in Chapter 3 to

analyze the response of quantum linear systems to single-photon input states.

In most literature, correlations are calculated for normally ordered (Wick order)

operators by ignoring the Dirac delta function. For example, let b(t) be a

boson annihilation operator of a travelling field, the normal ordering of the

product b(t)b†(r) is : b(t)b†(r) := b†(r)b(t). That is, the Dirac delta function

δ(t − r) has been thrown away. As a result, partial information has been lost

in the procedure of normal ordering. In contrast to normal ordering, Wigner

spectrum is able to provide full information of the quantum states. We showed

that the Wigner spectrum could handle the Dirac delta function naturally,

thus no information was abandoned. Moreover, the Wigner spectrum allows us
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to visualize continuous-mode single-photon Fock states and photon-Gaussian

states in both the time domain and the frequency domain simultaneously.

2. In the input-output formalism, the problem of pulse-shaping of continuous-

mode single-photon Fock states has been investigated. In Chapter 4, we demon-

strated how various control methods (direct coupling and coherent feedback

control) could be used for pulse-shaping of continuous-mode single-photon Fock

states. In addition, the effect of control techniques on pulse-shaping was visual-

ized by the Wigner spectrum of the output single-photon states. Several control

schemes were compared for photon pulse-shaping. It was demonstrated that

the coherent feedback control scheme is the most effective one for single-photon

pulse-shaping.

3. The single-photon filtering framework in [14, 27] has been extended in Chapter

5 by taking into account imperfect measurements. More specifically, we stud-

ied the case when the output light field is corrupted by a vacuum noise. We

showed how to design filters based on multiple measurements to achieve de-

sired estimation performance. Two scenarios have been studied: 1) homodyne

plus homodyne detection, and 2) homodyne plus photon-counting detection.

The explicit forms of stochastic master equations for a quantum system driven

by single-photon input state with multiple measurements have been given. A

numerical study of a two-level system driven by a single-photon state demon-

strated the advantage of filtering design based on multiple measurement when

the output filed is contaminated by quantum vacuum noise.

4. The system we considered in Chapter 6 is a two-level atom driven by two

single-photon states. Initially, each channel contains one photon and they are

independent of each other. Then the two photons interact with the atom and
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excite it simultaneously. The filtering equations with two homodyne detection

measurements have been derived explicitly and numerical results of master

equations for the system have been given. By simulation, it seems that the

maximum of excitation probability can be achieved with the same peak arrival

time and the same ratio for bandwidth of the two photons, i.e., Ω = 5.84κ.

7.2 Future work

Related topics for the future research work are listed below.

1. Wigner spectrum has been used to describe the statistical feature of a single-

channel single-photon state. More specifically, Wigner distribution and Wigner

spectrum are used to analyze the response of quantum linear systems to single-

photon input states in Chapter 3. On the other hand, the degree of second-

order coherence and Mandel’s Q parameter are widely used to analyze the

statistical properties of correlation functions. One possible research direction is

to compare our results with the degree of second-order coherence and Mandel’s

Q parameter for quantum correlation functions and verify their consistency.

2. Quantum filtering with multiple measurements for quantum systems driven by

single-photon states have been investigated in Chapter 5 and Chapter 6. In the

future, we will consider the stability of single photon filtering. Our approach

is based on applying the method proposed in [3]. As a further direction, we

can study the filtering problem when we consider the multi-photon input state

[47]. Also, we may take into account imperfections in measurements. More-

over, showing the stability of multi-photon filtering is in the perspective of our

research.
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