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Abstract

This thesis is devoted to studying the statistical properties and quantum filtering of

continuous-mode single-photon Fock states. Four topics are under consideration:

1. Wigner spectrum of continuous-mode single-photon Fock states.
2. Coherent feedback control of continuous-mode single-photon Fock states.

3. Quantum filtering for multiple measurements of quantum systems driven by

fields in continuous-mode single-photon Fock states.

4. Quantum filtering for multiple measurements of quantum systems driven by

two continuous-mode single-photon Fock states.

For the first topic, we propose to use Wigner spectrum to analyze continuous-
mode single-photon Fock states. Normal ordering (Wick order) is commonly used
in the analysis of quantum correlations. Unfortunately, it can only give partial
information for correlation analysis. For example, for a continuous-mode single-
photon Fock state (whose correlation function consists of two parts, one due to
quantum vacuum noise and the other due to photon pulse shape), the normal ordering
analysis simply ignores the contribution from the quantum vacuum noise. In this
topic, we show Wigner spectrum is able to provide complete quantum correlation
in time and frequency domains simultaneously. We demonstrate the effectiveness of

the method by means of two examples, namely, optical cavity (a passive system) and
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degenerate parametric amplifier (DPA, a non-passive system). Numerical simulations
show that Wigner spectra are able to reveal the clear difference between the output
states of these two systems driven by the same single-photon state.

For the second topic, we show how various control methods can be used to manip-
ulate the pulse shapes of continuous-mode single-photon Fock states. More specifi-
cally, we illustrate that two control methods, direct coupling and coherent feedback
control, can be used for pulse-shaping of continuous-mode single-photon Fock states.
The effect of control techniques on pulse-shaping is visualized by the Wigner spec-
trum of the output single-photon states. It can be easily seen that the linear quantum
feedback network has much more influence on the detection probability of a single-
photon than the directly coupled system. In addition, for a simple quantum feedback
network, the changes of the output Wigner spectrum with respect to beamsplitter
parameter also have been analyzed.

For the third topic, we extend the existing single-photon filtering framework by
taking into account imperfect measurements. The master equations and stochastic
master equations for quantum systems driven by a single-photon input state are
given explicitly. More specifically, we study the case when the output light field is
contaminated by a vacuum noise. We show how to design filters based on multiple
measurements to achieve desired estimation performance. Two scenarios are stud-
ied: 1) homodyne plus homodyne detection, and 2) homodyne plus photon-counting
detection. A numerical study of a two-level system driven by a single-photon state
demonstrates the advantage of filtering design based on multiple measurement when
the output filed is contaminated by quantum vacuum noise.

For the fourth topic, the problem of quantum filtering with two homodyne de-
tection measurements for a two-level system is considered. The quantum system is
driven by two input light field channels, each of which contains a single photon. A

quantum filter based on multiple measurements is designed; both the master equa-
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tions and stochastic master equations are derived. In addition, numerical simulations
for master equations with various pulse shape parameters are compared. It seems
that the maximum of excitation probability can be achieved when the two photons
have the same peak arrival time and the same ratio of bandwidth to the decay rate

of the two-level system.
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Chapter 1

Introduction

In this chapter, we firstly give the background of the research to be carried out in the
thesis, which mainly include single-photon states, Wigner spectrum, photon pulse-
shaping and quantum filtering. We also list the contributions and organizations of

the thesis.

1.1 Background
1.1.1 Single-photon states

Non-classical states of light are fundamental resources for quantum communication
[9], quantum computing [32], quantum metrology [22, 31], and quantum networks
[30, 37, 1]. Photon states are typical non-classical states. In contrast to single-mode
photon states, continuous-mode photon states are closer to a real experimental envi-
ronment in quantum information processing [19, 11, 10, 12]. In [21], continuous-mode
single- and two-photon wave packets have been studied and the single-photon state
is defined in [21, Eq. (3)]. The pulse shape is expressed by a unit norm function
g(w) in the frequency domain, the master equation of a quantum system driven by
a single-photon state is given in [21, Eq. (24)]. A two-photon state is defined in [21,
Eq. (58)] and the master equation is presented in [21, Eq. (68)]. Moreover, the issue

of generation of continuous-mode single-photon state is discussed in [21, Sections V



and VII]. In [5], a theoretical framework is presented which describes the interac-
tion between light wave packets of arbitrary spectral distribution functions and a
quantum system. Master equations for the system and output field quantities (e.g.,
quadratures and photon flux) have also been discussed in this framework. In [40],
real-time quadrature measurement of a continuous-mode single-photon wavepacket
is studied. To overcome the vacuum fluctuation, filtration of the field is used in this
experiment. The optical parametric oscillator (OPO) with a built-in polarization
beamsplitter is used to make sure the signal photon ejected earlier than the idler.
Two filter cavities which can remove photons in irrelevant frequencies in the idler line
have been added and then the filtration becomes a third-order low-pass filter (LPF).
Quantum filters for single-photon states have been derived in [27, 28]. In particular,
both the homodyne detection and photon counting measurements are discussed and
the filtering equations are explicitly given by a set of stochastic differential equa-
tions in those research works. In [14], by applying the stochastic master equations
to an optical cavity driven by a continuous-mode single-photon field, the conditional
dynamics for the cross phase modulation in a doubly resonant cavity are analyzed.
Based on a quantum stochastic model, the phase shift for the doubly resonant cavity
which driven by a coherent field in one mode and by a single photon in the other
mode is simulated. Furthermore, the formalism proposed in [14] is well suited for
measurement-based feedback control [54]. In [62], linear signals and systems the-
ory has been proposed to study single-photon quantum signals, and the response of
quantum linear systems driven by multi-channel single-photon input fields are inves-
tigated. It is shown that the steady-state output is in a single-photon state for a
cavity driven by a single-photon input state, while this is not the case for a degener-
ate parametric amplifier (DPA). A class of photon-Gaussian states is defined which
can describe the steady-state output state of the DPA driven by a single-photon
state. It has also been proved that the class of photon-Gaussian states is invariant

2



in regard to quantum linear dynamics. Interestingly, single-photon states are special
cases of photon-Gaussian states. In [59], a mathematical framework for analyzing the
quantum linear systems’ response to multi-photon states is presented, where both
the factorizable and unfactorizable wave packtes are treated. Particularly, a more
general class of states represented by tensors is defined when the quantum linear

system is driven by multi-photon input states.

1.1.2 Wigner spectrum

The Wigner function (also called the Wigner quasiprobability distribution or the
Wigner-Ville distribution) is firstly introduced by Eugene Wigner [52], and used to
link the wave function to a probability distribution in phase space. In [33], an ex-
periment in which the relative optical phase of the signal and local oscillator varies
randomly is presented. The phase-averaged Wigner function and diagonal elements
of the density matrix for a single-photon Fock state are reconstructed using the
method of homodyne tomography. Due to the exhibition of negative values around
the origin of phase space, the reconstructed Wigner function reflects the non-classical
property of the single-photon state. In this case, experimental results, such as de-
tection efficiency, minimum of Wigner function, are consistent with the theoretical
evaluations. In [58], a continuous-wave (cw) laser was used in the experiment as light
source to generate arbitrary superposition of Fock states. Those generated superposi-
tion states with wider bandwidth are applicable to the teleportation-based quantum
operations. Particularly, a three-photon Fock state |3), superpositions of Fock states
|1) and |3), and of |0) and |3) are generated in the experiments. Multiple areas of
negativity of the Wigner function are observed which confirm the non-classical prop-
erty of the generated states. In [43], an experimental technique of polychromatic
optical heterodyne tomography is presented and nonvanishing imaginary parts have

been added into the temporal mode function (TMF) to demonstrate that the tech-
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nique can reconstruct photon states with complex temporal modes. Both the real
and imaginary components of a single-photon’s temporal density matrix are consid-
ered by measuring the reduced autocorrelation matrix. In addition, the experimental
temporal modes and their theoretical predictions are compared with several phase

modulations.

1.1.3 Photon pulse-shaping

The problem of pulse-shaping of single-photon states has been investigated in [36].
The relation between input and output pulse shapes is derived in the frequency do-
main when the underlying system is an empty cavity. In [6], a solution for interfacing
quantum optics and microwaves has been proposed based on a micromechanical res-
onator (MR). In the presented scheme, the cavity output modes are mixed with the
input field on a photon detector, which results in a homodyne current. Upon mea-
surement results, a conditional displacement in the receiving site is made and the
resulting state of the output microwave field could be prepared in the same quan-
tum state as the input. In addition, the teleportation protocol can be reversed by
exchanging the role of the optical and microwave output fields. In [41], the response
of quantum nonlinear systems to single-photon input states is presented. Particu-
larly, the output states and pulse shapes for quantum two-level systems are derived
explicitly in time and frequency domains. In [62], the input-output relation of pulse
shapes is expressed by transfer functions. The pulse-shaping problem in the case
of quantum linear systems has been discussed in [62]. It has also been proved that
any two pulse shapes which satisfy some specific conditions can be implemented by
an all-pass linear quantum stochastic system. In [55], a memory subsystem within
a linear network is proposed. The memory system is decoupled from the optical
field during the storage process while coupled to the field in the writing or reading

process. The zero-dynamic principle, that is, the output field in a general passive sys-
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tem must be vacuum during the writing or reading process for perfect state transfer,
is emphasized for the quantum memory problem. Recently, a complete framework
for quantum information science with the temporal modes (TMs) of single-photon
states is proposed in [12]. The definition of temporal modes and their application
in quantum information encoding are reviewed. Particularly, the quantum pulse
gate (QPG), which is equivalent to a TM reshaper, is presented and the reshaping

operation is given theoretically.

1.1.4 Quantum filtering

After the interaction between light and a quantum system, e.g., an optical cavity
or a two-level atom, partial information of the system could be transferred to the
output state. Then, the output light can be measured via homodyne detection or
photon-counting measurement. The quantum filtering problem is firstly introduced
by Belavkin in [7, 8] within a framework of continuous measurements. To estimate
the stochastic evolution of the conditional system state, quantum filters with various
Gaussian input fields, such as vacuum state, squeezed state, thermal states, have
been presented and investigated in [16, 20, 54, 13, 38]. Non-classical lights have also
been considered in connection with quantum networks with the aid of a variety of
physical architectures, such as quantum dots in semiconductors [57], cavity quan-
tum electrodynamics (QED) [35], and circuit QED [17]. Particularly, the interaction
between a two-level atom and a propagating mode single photon in free space is con-
sidered in [51]. The influence of various temporal pulse shapes for both single-photon
Fock states and coherent states on the atomic excitation probability has been ana-
lyzed in terms of the temporal and spectral features. In [27], the problem of quantum
filtering of a quantum system driven by single-photon states and coherent states has
been discussed. Both the master equations and quantum filters are presented for

an arbitrary quantum system which is probed by a single-photon input field. As



for application, the conditional dynamics for the cross phase modulation in a dou-
bly resonant cavity are described in [14]. Homodyne detection and photon-counting
measurements are simulated respectively for a cavity driven by single-photon input
states.

Due to the existence of vacuum noise, there may exist limitations for single mea-
surement in real quantum physical experiments. In [15], quantum filtering with
multiple output fields has been investigated, and quantum trajectory theory with
multi-input-multi-output (MIMO) feedback is used to overcome such imperfection.
In [45], a closed-loop simulation has been presented with an experimental implemen-
tation which has been conducted by using the photon box. In [46], the impacts of
experimental parameters, such as the impurity of input states, inefficiency of the
detector, mode mismatch, on the Schrodinger kitten’s generation have also been an-
alyzed quantitatively. In [2], a finite dimensional Markov system in discrete time
with perfect and imperfect measurements have been considered. Quantum filtering
equations and general robustness property for the two cases of measurements are pre-
sented for state estimation. In [3], the general sufficient and necessary convergence
conditions have been derived. The diffusive stochastic master equations for quantum
systems with perfect measurements is presented in the discrete-time approximation.
Then imperfections and errors of the measurements are modeled by a left stochastic
matrix, and quantum filters for systems driven by either Poisson, Wiener processes

or both are derived.

1.2 Contributions and organization of the thesis

As the novelty, this thesis mainly considers the Wigner spectrum, coherent feedback
control and quantum filtering for systems driven by continuous-mode single-photon

states and two single-photon states. In Chapter 3, we characterize continuous-mode



single-photon state by means of its Wigner spectrum. In chapter 4, we study how to
engineer the pulse shape of a single-photon state via coherent feedback networks. In
Chapter 5, we discuss single-photon filtering for a quantum system where the output
channel is corrupted by a quantum vacuum noise, and in Chapter 6, we investigate

a two-photon filtering problem. Details can be summarized as follows.

e Chapter 2 gives some basic knowledge about quantum systems, quantum fil-
tering, continuous-mode single-photon states, Wigner distribution function and

Wigner spectrum.

e Wigner spectra for an optical cavity and a DPA are characterized respectively
in Chapter 3. The changes of Wigner spectrum with respect to cavity decay rate
and de-tuning are treated in Chapter 3.1. On the other hand, Wigner spectrum
for DPA is presented in Chapter 3.2, together with a brief comparison with the
case of cavity. The difference between cavity (passive system) and DPA (non-

passive system) are revealed by their respective Wigner spectra.

e In Chapter 4, the wave packets of several coupled systems are compared. Pho-
ton pulse shape synthesis by means of coherent feedback control and the de-
tection probability have also been analyzed. It has been shown how to use
coherent feedback control to engineer photon wave packets and Wigner spec-

trum of single-photon states.

e Single-photon filtering framework with multiple measurements in [27, 18] is
extended in Chapter 5. Particularly, when the output light field is corrupted
by a vacuum noise, quantum filters based on multiple measurements have been
designed to obtain better estimation performance. By comparison with the
ideal case, i.e., quantum filtering with the absence of noise in the output light

field, simulation results demonstrate the significant advantage of filtering design
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based on multiple measurements.

e In contrast to the scenarios given by Chapter 5, we have also considered a
more complicated case in Chapter 6. The problem of quantum filtering with
two homodyne detection measurements for a two-level atom is investigated.
The two-level atom is driven by two input channels and each channel contains
a single photon. Numerical simulations for master equations with various pulse

shape parameters are also conducted in this chapter.

e Chapter 7 concludes this thesis and point out some future work.



Chapter 2

Preliminaries

This chapter records some preliminary results necessary for the presentation of the
thesis. Continuous-mode single-photon Fock states and coherent states are briefly
discussed in Section 2.1. Open quantum systems with three basic examples are
introduced in Section 2.2. The concatenation and series products are reviewed in
Section 2.3. Section 2.4 presents the definition and properties of quantum filtering.

Wigner distribution function and Wigner spectrum are discussed in Section 2.5.

2.1 Continuous-mode single-photon states

2.1.1 Continuous-mode single-photon Fock states

Define an operator

B(¢) £ / " dwewlbll,

o0

where the Euclidian norm of &, [|£|| = 1 and b[w] is the annihilation operator of a
free field in the frequency domain. A continuous-mode single-photon Fock state with
spectral pulse shape £[w] is

19 2 BHOI0) = [ duglult'lu][0), 2.1)

— o0



b [w], the adjoint of b[w], is the creation operator of the light field, bf[w] |0) = |1,,) can
be understood as phton generation at frequency w, while the probability is given by
|€[w] ”. So, the single-phton Fock state |1¢) can be interpreted as a photon coherently
superposed over a continumn of frequency modes with probability amplitudes given
by the spectral density function £[w] [47]. Fourier transforming Eq. (2.1) gives the

time-domain expresson of the single-photon Fock state, which is

1) = / " e (1) (9)]0). (2.2)

—00

Noticing the commutation relation
[Dlwn], b [wa] ] = 6(wr — w2)
and bw]|0) = 0, it is easy to show that
(Lelb[w][1e) = (1e[bT[w]|1e) =0, Vw € R,

and
(1e[BT()[1e) = (1e[B(E)[1¢) = 0.

Moreover,

BOI) = [ dnllblal [ duatlaliunllo)

_ / Z o, / Z duon€” )€ w61 — w2)[0)

_ / duor €[] 210)

= o).
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2.1.2 Continuous-mode single-photon coherent states

A continuous-mode single-photon coherent state ([10, Eq. (3.1)]) can be defined to
be

lag) £ exp (aB'(§) — a™B(¢)) 0)

= o ([ doaglel - [ do faclel) el ) 0,

o0 o0

0

where o = €% is a complex number. It can be readily shown that

B().BI(¢)] = /_Oo o /_OO deoy £[eor)é" ] [bles, ]

- /_Z e /_Z dwy §lw1]€ [wald(wr — w2)

— [ dnlelenl?

o0

= 1.

Moreover, by the Baker-Hausdorff formula [34],

exp(A + B) = exp(B) exp(A) exp <%[A, B]> ,
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we have

B(¢)lag) = B(&)exp (aB'(€) — a"B(€)) |0)

Obviously,

(ag|B(&)]ag) = .
2.2 Open quantum systems

The system model we discuss is an arbitrary quantum system G driven by a single-
photon input field. Here, we will describe the system by using the (S, L, H) formalism
[23, 48, 61]. The scattering operator S is unitary, which satisfies STS = SST = I. The

coupling between the system and field is described by the operator L = C_a+ C,a*
1
with C_, C} € C™ ™. The initial Hamiltonian of the system is H = §dTA(Q_, Q)a
with Q_, Q, € C™" satisfying QT = Q_ and QT = Q.
The input field is represented by the annihilation operator b(t) and the creation
operator b'(t) on the Fock space Hp [42], which satisfy [b(t),b(s)] = 6(t — s). The

integrated annihilation and creation operators, together with the gauge process are

12



given by
t t t
B(t) = / b(s)ds, B(t) = / bi(s)ds, A(t) = / b (s)b(s)ds.
0 0 0
In this thesis, we assume that these quantum stochastic processes are canonical, that

is, their products satisfy the following Ito table

X |dt dB dA dB?
ad [0 0 0 0

dB|0 0 dB dt (2.3)
dA |0 0 dA dBf
aBt|o 0 0 0

The dynamical evolution of the system can be described by a unitary operator

U(t) on the tensor product Hilbert space Hg ® Hp, which is given by the following
quantum stochastic differential equation (QSDE)

dU(t) = {(S — I)dA(t) + LdB'(t) — L'SdB(t) — GLTL + iH) dt}U(t), (2.4)

where U(0) = I (the identity operator).
In the Heisenberg picture, the system operator X at time ¢ > 0 is given by
Ji(X) = U'(#)(X @ Igea)U(t) on Hg ® Hp. By the quantum Ito product rule and

table (2.3), the temporal evolution of j;(X) = X (¢) is derived as

dji(X) =51 (LeX)dt + jt([LT,X]S)dB(t)
(2.5)
+ 5, (ST[X, L))dB(t) + 5,(STX S — X)dA(t),

1
where £oX = —i[X, H] + L'XL — S(L'LX + XL'L).

The output fields are defined by

Bou(t) = UT(t) (Isystem ® B(t))U(2),

Aous (1) = UT(t) (Lgstem @ A())U (1),
13



and by Ito calculus, we can find the following QSDEs for the evolution of the output

field
dBow(t) =S(t)dB(t) + L(t)dt,

dAou (t) =S*(£)dA ) ST (£) + S*(t)dB* (£) L (¢) (2.6)
+ L*(t)dB* (t)ST(t) + L*(t) L (t)dt.

2.2.1 Optical cavity

bout

Figure 2.1: A Fabry-Perot cavity.

An optical cavity is a system which consists of totally reflecting and/or partially
transmitting mirrors [56], [4, Chapter 5.3], [50, Chapter 7], [39]. A widely used type
of optical cavities is the so-called Fabry-Perot cavity, as depicted in Fig. 2.1. Arrows
indicate the direction of light in the cavity. The black rectangle (M) denotes a fully
reflecting mirror, while the white rectangle (M;) denotes a partially transmitting
mirror. In this figure, the electromagnetic filed inside the cavity is mathematically
modelled by the bosonic annihilation operator a. The left-hand mirror (M) allows
the incident light (denoted by its annihilation operator b) to enter into the cavity.
After bouncing inside the cavity for a while, the electromagnetic field leaves the
cavity from the partially transmitting mirror M;, and together with the directly
reflected light, forms the outgoing electromagnetic field, as represented by b,y in
Fig. 2.1.

The coupling strength between the cavity and the external electromagnetic field

14



in Fig. 2.1 is denoted by k > 0. Moreover, let the de-tuning between the cavity mode
and the carrier frequency of the incident light field be wy, then the Fabry-Parot cavity
can be described by (I,+/ka,wpa’a). The quantum stochastic differential equations

of the Fabry-Parot cavity are, [20, Chapter 5.3], [50, Chapter 7], [56, Section III],

K

a(t) = —(5 +iwo)a(t) - VRb(t) (2.7)

bout(t) = Vka(t) +b(t). (2.8)

2.2.2 DPA
b a
— EEEE I’ ‘\ EEREN
> i Nonlinear |
—lout | | g ol g
M, M,

Figure 2.2: A DPA consists of a classically pumped nonlinear crystal in the Fabry-
Perot cavity.

A degenerate parametric amplifier (DPA) is an open oscillator that is able to
amplify a quadrature of the cavity mode and produce squeezed output fields, see Fig.
2.2, [20, Chapter 6.3], [50, Chapter 7.6], [4, Chapter 6.3], [39]. The black rectangle
(Ms) denotes a fully reflecting mirror, while the white rectangle (M) denotes a
partially transmitting mirror. A nonlinear crystal is placed in the cavity to be a
source of additional quanta for amplification. For this open oscillator, C_ = 4/k,

Cy =0and Q. =0, Qp = % The DPA in Fig. 2.2 can be described by the

following quantum stochastic differential equations, [20, 62]

[#0] - s (]l
bout(t) = Vra(t) +b(t), (0<e<r). (2.9)
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2.2.3 Beamsplitter

v

Figure 2.3: A beamsplitter with reflection parameter ¢ in the quantum operator
mode.

A beamsplitter can be described by a quantum-mechanical model, see Fig 2.3
[4, Chapter 5.1], [50, Chapter 14.4]. The input light is a travelling beam, which is
represented by the operator b. There are two waves leaving the beamsplitter: the

reflected light b,, and the transmitted light b;. The reflection parameter is denoted

1
by €. A special case ¢ = 3 describes the balanced 50/50 beamsplitter. As required

by quantum-mechanics, there exists a second input light, i.e., b, in Fig 2.3, two input
waves are made to interfere. The beamsplitter can be described by (S, 0,0) in terms

of (S, L, H) formalism with

and we can obtain

] =la= 2R B



Figure 2.4: Concatenation product.

2.3 The concatenation and series products

Concatenation product [23]

Given two systems Gy = (S, Ly, Hy) and Gy = (Ss, Lo, Hy), see Fig. 2.4, we define

the concatenation product to be the system G H G4y by

GlEGQZ({SOl 32}7{§;}7H1+H2). (2.11)

Series product [23]

«— G, ——- G, ——

Figure 2.5: Series product.

Given two systems G = (S, L1, H1) and Gg = (Ss, Lo, Hy) with the same number

of field channels, see Fig. 2.5, we define the series product Gy <t G by

1
GQ < G1 = (5251, Lo+ SQLl, Hi+ Hy + g(LESng — LJ{S;LQ)) . (212)
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2.4 Quantum filtering

Homodyne and photon-counting detections are the most commonly used measure-
ment methods in quantum filtering [47]. By using homodyne detection, the measure-

ment is given by the quadrature phase
Y(t) = UN(t) (Lystem ® (B(t) + B'(1)))U (1), (2.13)
while in the photon-counting case,
Y(t) = Aout(t) = UT () (Lsystem @ A(£))U(2). (2.14)
Both of these measurements satisfy the following commutation relations
Y(s),Y(t)] =0, 0<s<t. (2.15)
The quantum conditional expectation is defined by
X(t) = m(X) = E[5:(X)| V4], (2.16)

where ) is generated by the observation processes {Y(s) : 0 < s < t}. Gener-
ally speaking, the quantum filtering problem is about minimizing the least mean-
squares estimate E[{X (¢) — j:(X)}?] of the system observable j,(X) based on the
past measurement information );. Furthermore, we note that the set of observables

{Y(s) : 0 < s <t} is self-commuting
[Y(t),Y(s)] =0, s<t. (2.17)

Recall X (t) = j,(X), and the quantum conditional expectation is well-defined since

it satisfies the non-demolition property

X(1),Y(s)] =0, s<t. (2.18)
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The quantum filters for an arbitrary quantum system driven by a continuous-
mode single-photon Fock state have been derived in [26]. Two approaches are pro-
posed, the non-markovian embedding technique [28] and the markovian embedding
technique [27], and the latter discussed how to design a two-level system to generate
a desired continuous-mode single-photon Fock state. The study in [26] are extended
in [5] to derive the master equations of an arbitrary quantum system driven by
continuous-mode multi-photon Fock wave packets. Moreover, based on [28], the
quantum filters of an arbitrary quantum system driven by a continuous-mode multi-

photon state are derived in [47].

2.5 Wigner distribution function and Wigner spec-
trum

For the continuous-mode single-photon Fock state |1¢) defined in (2.2), we have

(Lelb(D)bT(T)[1e) = 6(t — 7) + E(B)E"(7), (2.19)

which shows the non-stationarity of the single-photon state |1¢). The presence of the
Dirac delta function is cumbersome for the statistical analysis of the single-photon
state |1¢). Because of this, time ordering is commonly used in quantum optics, see

e.g., [20]. The normal ordering of b(t)b'(7) is defined as
b(L)b (1) 2 Y (7)b(1). (2.20)
Notice that in this case,

<1£| L b(t)bT(7) : |15> =£(t)E* (7). (2.21)

That is, the impulse function §(¢ — 7) has been thrown away. In this thesis, instead
of the partial information of the normal ordering term : b(#)b'(7) :, we adopt an
alternative method for analyzing the statistical properties of input and output quan-
tum signals. We aim to present a direct analysis on b(¢)b'(7) in terms of the Wigner
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spectrum method, therefore keeping the complete information, details can be found
in Chapter 3.
The method we use belongs to the time-frequency analysis. Let z(t) be a quantum

variable, e.g., b(t), b'(t) or b(t)b'(t), define the two-time autocorrelation function
ra(t, 7) = Eelz(t)z"(7)], (2.22)

where the subscript “¢” indicates that the expectation is taken with respect to the

single-photon state |1¢). Clearly, by (2.19) we have
ry(t, 7) = Ee[b()b1(7)] = 6(t — 7) + E(H)E* (7). (2.23)
Similarly, by normal ordering,
(7, 1) = Ee[b'(1)b(1)] = €(1)€" (1) = Ee[: b(t)b' () 1. (2.24)

Applying the Fourier transform to the two-time autocorrelation function r,(¢,7) in

(2.22) with respect to the time variable 7, yields

Se(t,w) = \/%_W /_Oo ro(t, T)e “Tdr. (2.25)
Define
Wt w) & / " et (e dr (2.26)
z\b) /_271' . . .

By (2.22), (2.25), and (2.26) we have
Sy(t,w) = Ee [W,(t,w)]. (2.27)

In the literature, W, (¢, w) is called the Wigner-Ville distribution function, or simply
Wigner function, and accordingly, S,(t,w) the Wigner spectrum, [52], [49], [44].
Notice that

Sp(t,w) = e 4 £(1) €% w)]. (2.28)



Comparing (2.23) and (2.28), we see that the Dirac delta function does not appear
in the Wigner spectrum Sy (¢, w). Motivated by this, in Chapter 3 we use the Wigner
spectrum to analyze the statistical properties of quantum signals, instead of resorting

to the normal ordering.
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Chapter 3

Wigner spectrum of
continuous-mode single-photon
Fock states

The purpose of this chapter is to use Wigner spectrum, the time-frequency variant
of the Wigner function, to analyze the covariance functions for continuous-mode
single-photon Fock states. In most literature, correlations are calculated for normal
ordered (Wick order) operators to avoid the Dirac delta function, see e.g., [20] and
Chapter 2.5. With the aid of the Wigner spectrum, such ordering is not necessary.

As a result, the whole correlations can be investigated.

3.1 Wigner spectrum for optical cavity
The impulse response function for the optical cavity given in Chapter 2.2 is
ga(t) = 8(t) — rel=570)t ¢ > q, (3.1)

while go(t) = 0 when ¢ < 0. Recall Chapter 2.1, let |1,) be a continuous-mode

single-photon Fock state

1,) = Bl w)[0) = / B ()i 0) (3.2)

o0
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with an exponentially decaying pulse shape

B 2ve ", t >0,

The state |1,) can describe a single-photon field emitted from an optical cavity with

damping rate y/2v [50, 32]. Then, the input covariance function [62, Eq. (35)] is

b(t)bi(r)  b(t)b(r)
Rin(t,r) = E”{bT(t)bT(T) b*(t)b(f)]

_ { 5(1&0— 7) 8 } N { ,,*(Tgy(t) V*(tg)y(r) } '

>

(3.4)

On the other hand, by the steady-state input-output relations [62, Section II-C], the
output single-photon state |1,) has the pulse shape

V2 K
n(t) = /2ye "t — kv 2y (e—fyt _ e(—g—zwo)t) ' (3.5)

The steady-state output covariance function [62, Section III-D] is

b()bT(r)  b(t)b(r)
Row(t,r) = E"{bT(t)bT(T) bT(t)b(r)]

P P T

0o (3.6)

n*(t;)n(r) } ‘

By (2.25) and (3.4), the Wigner spectrum of the input covariance function can be
expressed in terms of both time and frequency

1 [e™t 0 1 2t 0
. _ - __ Yt+iw
Sin(t:10) V21 [ 0 0 ] i V2r [ 0 2t | (37)

y+iw

Similarly, by (2.25) and (3.6), we can get the Wigner spectrum of the output covari-

ance function

Swt) =7 | 0 0 | |0 s ) @9
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where

Snlw] = [ﬁn%ﬂaer

oo

5 o —1K2 + 2Ry — wg 4 wwo + i[ywo + Swk — w]
= /2y — — .
(v +iw)(5 — two — Y)(§ — iwo + iw)

?

Splu] = /mn@p%wm-

[e.e]

_ JTx — 1k 4 3K — Wi — wwo + i[—ywo + Wk — wY]
(v + iw) (5 + two — 7)(§ + iwo + iw)

If we send decay rate kK — oo, namely the bad cavity case, then the following
equation holds

Sout(t,w) = Sin(t,w). (3.9)

That is, the output single-photon state is identical to the input single-photon state.

It should be noted that, throughout the thesis, the quantities plotted are all
dimensionless. In the following, we fix damping rate v = 2. In Fig. 3.1, (a) and (b)
are the diagonal entries of the input Wigner spectrum respectively. It can be seen
that both of them are exponentially decaying with respect to time t.

Fig. 3.2, 3.3 and 3.4 are the output Wigner spectra with different decay rates s
and the same de-tuning wy = 0. We can see that: 1) when k = 0, the output Wigner
spectrum is the same as the input Wigner spectrum since the output covariance
function reduces to the input one, see Fig. 3.2; 2) compared with the input, the
output Wigner spectrum is no longer monotonic in w = 0 as the decay rate x becomes
larger, see Fig. 3.3; 3) the output Wigner spectrum is much similar to the input when
decay rate « is sufficiently large, compare Fig. 3.4 and Fig. 3.1.

Fig. 3.5, 3.6 and 3.7 are the output Wigner spectra with the same decay rate
k = 4 and different de-tunings wy. It can be seen that: 1) in contrast to the case
for the decay rate x, the output Wigner spectrum is much unlike the input Wigner
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Figure 3.1: (Color online) (a) and (b) are the diagonal entries of the input Wigner
spectrum.

Figure 3.2: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with de-tuning wy = 0 and decay rate k = 0.

spectrum even when the de-tuning wy is very small, see Fig. 3.5; 2) when the de-
tuning wy becomes larger, the output Wigner spectrum will tend to be the input one,
see Fig. 3.6; 3) if the de-tuning wy is sufficiently large, the output Wigner spectrum
would be close to the input Wigner spectrum, compare Fig. 3.7 and Fig. 3.1.

By comparing these figures, we can see that there exist five cases. Case 1: the
output Wigner spectrum is close to the input Wigner spectrum when the decay rate
K is very small (compare Fig. 3.1 and Fig. 3.2); this can be explained by comparing
(3.7) and (3.8) directly. Case 2: the output Wigner spectrum is close to the input
Wigner spectrum when the decay rate k is very large (compare Fig. 3.1 and Fig.

3.4). Since the impulse response function g;(t) — 0(f) when x — oo, the output
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Figure 3.3: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with de-tuning wy = 0 and decay rate k = 3.

Figure 3.4: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with de-tuning wy = 0 and decay rate x = 100.

Figure 3.5: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with decay rate xk = 4 and de-tuning wy = 0.
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Figure 3.6: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with decay rate xk = 4 and de-tuning wy = 10.

Figure 3.7: (Color online) (a) and (b) are the diagonal entries of the output Wigner
spectrum with decay rate kK = 4 and de-tuning wy = 50.

state will be close to the input state. Case 3: the output Wigner spectrum is much
similar to the input Wigner spectrum when the de-tuning wy is very large since the
optical cavity has little influence on the photons, see Fig. 3.7. Case 4: it can be seen
from Fig. 3.3 that the output Wigner spectrum is quite different from the input one
when & is not very large or small. Moreover, (a) (for boub!,,) and (b) (for bl bou)
are quite different. Case 5: The output Wigner spectrum would change a lot with
a small de-tuning wy since there exists a strong interaction between the photon and
system (compare Figs. 3.1 and 3.5).

Therefore, with Wigner spectrum, we are able to observe the changes of the

system’s response to the input signals in the time and frequency domains simulta-
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neously. To our best knowledge, this has not been done before in the single-photon

setting.

3.2 Wigner spectrum for DPA

Recall the quantum stochastic differential equations for a DPA in Fig. 2.2, [20, 62]

] B | e

bout(t) = Vra(t) +b(t), (0<e< k). (3.11)

— VR { ;((tt)) ] , (3.10)

The DPA is driven by a single-photon Fock state, but the steady output state
is no longer a single-photon state since the DPA has pump designated by e. The
steady output state belongs to a class of photon-Gaussian states which is defined in
[62]. Let the single-photon input Fock state |1,) be that defined in (3.3). The output

covariance function [62, Section III-D] is

Row(tr) = | Xn(6m) xo(tr

Xo1(t, ) xao(t,r + A (), SR A (G (1), &L ()T, (3.12)

~— —

where
S €—K
£ (1) = (€2 + K? — 49%)\/2y - Ka/27y 2o t o RV2y 22 t
out (k+€—27)(e — Kk +27) K+€e—2y €— K+ 2y ’
€+ K €—K
() = 2r€r/27y ot KA/ 27y S £ KA/ 27y . 2 t
out (k+e—29)(e — k+27) K+e—2y e—K+2y ’
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and

xu(t,r) =

Xiz2(t, 1) =

Xa1(t, 1) =x12(t,7),

Xo2(t,7) =

( €+ K €E— KR
—Ke€ e_( 5 )(t=r) n KE e( 5
4(k + €) 4(k — €)
5t — 1) ke — 2K3
—r
2(k2 —€2)’
€+ K —
—KE€ . )(r—t) KE e( 5
[ 4(k+¢€) 4(k — €)
( €+ KR — KR
— t—r
K€ . 5 )(t—r) K€ e( 5
4(k + ¢) 4(k —¢)
K2e
2(Kk2 — €2)’
€+ K ( ) €E—K
K€ e—( 5 )(r—t) n KE e(
[ 4(k+¢€) 4(k —¢)
( (6 + /{)( : (6 — K
—Ke - t—r K€
- 2 - 2
4(/<;+e)6 +4(/<c—e)6
ke
2(k?2 —€2)’
E ——
—KE — r—t KE
— ¢ 2 +———e 2
[ 4(k+¢€) 4(k —€)

The corresponding Wigner spectrum is

Sout1(t,w)  Sou2(t,w)

Sout(t:0) = | 6" (1 w) Seman(t) |
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where

St (b w) = — «{ —re ot re i
out, 11\ %y -
V2 4(/<o—|—e)(E+£—z'w) 4(/@—5)(5—5_@@)
2 2 2 9
—he —iwt K€ —iwt —iwt
[ T
K 5 T Tw k—e€)(z—z+tw
RACIED 5~ 3
) Y ea
out .
(e4+ K —27)(e — K+ 27)(y + iw) (/1‘1'6—2’7)(%—1-%—1-2@))
K27 + 2K€/27
(“_5—27)(5—5—1-200) €t Kh—2y)€— K+ 27)(7+w
Ky 2y K27
(et 2)(”+€+‘)+( o )(E - Sy )]}’
KT €— -+ = +w K—€— 4w
AT MG — 3
ke K€ .
Sout,12(t, w) = X { et it
V2 4(/<;+6)(£+E—iw) 4(H—6)(E—E—iw)
2 2 2 2
ke —iwt K€ iwt
T Y T YL S
K 5 T TwW K—€)z — 7 +iww
RACIED 5~ 3
+0) e - el
out .
(e r=2)( =Rt +)  (xte—2)(5 + 5 +iw)
V7 P Gt S e
(/1—6—27)(5—5—1—%0) e+ k—27)(e— K+ 27)(y+iw
+ I{V2ry + H\/Q’y ]}
(/{+e—2'y)(g+§+iw) (R—E—Q’y)(g—§+iw)

1 .
Sout,21(t, w) = Sout,12(t, W),  Sout,22(t, w) = Sou1(t, w) — \/?G*Mt.
T

Similar to the cavity case, if we let decay rate k — oo, (3.9) also holds for the

DPA case, which is consistent with the simulation result in Fig. 3.10.
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In the following, we fix ¢ = 1 and v = 2. Because the same single-photon input
state |1,) is used, the input Wigner spectrum is the same as the optical cavity
case in Fig. 3.1. Figs. 3.8-3.10 are simulation results for the different decay rates
K, where Sou11(t,w), Sout12(t,w), Sout21(t,w), Sout22(t,w) are the entries for the
output Wigner spectrum in (3.13) respectively. Compared with the cavity case,
there exists non-zero off-diagonal entries since DPA is a non-passive system. In Fig.
3.8, compared with the passive system (the optical cavity), the off-diagonal entries
are non-zero. The output Wigner spectrum is much different from the cavity case
since DPA is an active system. In Fig. 3.9, the output Wigner spectrum becomes
non-monotonic with a large decay rate k. Compared with Fig. 3.5 for the cavity case,
it can be seen that the 1-by-1 and 2-by-2 entries converge to 0 more slowly with the
same decay rate k = 4. Moreover, the off-diagonal entries cannot be ignored since
the corresponding amplitudes are close to 0.4. In Fig. 3.10, if we compare the four
parts in one figure, it can be seen that the amplitudes in 1-by-2 and 2-by-1 entries
are almost 0 (the corresponding amplitudes are less than 0.025). Thus, the output
Wigner spectrum is similar to the input Wigner spectrum when the decay rate k is
large enough even though DPA is non-passive. Finally, it can be seen clearly from
Figs. 3.8 and 3.9 that the photon-Gaussian state is significantly different from the
single-photon state. A photon-Gaussian state is obtained by driving a DPA with a
single-photon state, [62]. Intuitively, a photon-Gaussian state is of the form BT(n)|a)
in which 7 is a pulse shape and |«) is a coherent state. Clearly, when |a) = |0), we
get a single-photon Fock state.

An optical cavity is a passive system while a DPA is not. By comparing figures
for the cavity case and the DPA case, it can be seen that the Wigner spectrum is able
to demonstrate such fundamental difference very clearly in terms of the statistical

characterization of the input-output relation.
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The Wigner spectrum for the output photon-Gaussian

)

Figure 3.8:

(Color online

state: e =1,v=2 and &

= 1.5.

The Wigner spectrum for the output photon-Gaussian

=4.

2 and K

(Color online)

» Y

Figure 3.9:
state: e =1
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Figure 3.10: (Color online) The Wigner spectrum for the output photon-Gaussian
state: e =1, v =2 and x = 100.

3.3 Final remarks

In this chapter, the Wigner spectrum has been used to analyze the statistical proper-
ties of continuous-mode single-photon Fock states. The Wigner spectrum is able to
show the significant difference between the statistical nature of the output fields of an
optical cavity and a degenerate parametric amplifier, driven by a continuous-mode

single-photon Fock state.

34



Chapter 4

Coherent feedback control of
continuous-mode single-photon
states

In this chapter, we discuss how to engineer pulse shapes of single-photon states by
means of coherent feedback control methods, namely direct coupling and coherent

feedback.

|1) I1,,)

Figure 4.1: The original system G.

As introduced in the Preliminaries, quantum Markovian systems can be con-
veniently described by the triple (S, L, H) formalism, in which S is the scattering
operator matrix, L is the coupling between the system and its environment, and H
denotes the initial system Hamiltonian, see [23, 25, 61]. The system G in Fig. 4.1 is

an optical cavity with the following parameters,

G = (1,vkay,wialay), (4.1)

where & is the system decay rate and w; denotes the de-tuning for system G. |1¢) is
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the single-photon input Fock state and |1,,) is the output state.

4.1 Direct couplings

1) [1,.)

Figure 4.2: Directly coupled system G 1 K.

In Fig. 4.2, two independent systems G and K may interact by exchanging energy.
This energy exchange can be described by an interaction Hamiltonian H;,; with the
form

Hy = X1X, + X, X1, (4.2)

where X; and X, are operators on system GG and K respectively. We can denote the
directly coupled system by G < K, see [53, 60].
In Fig. 4.2, the system G is directly coupled with another linear quantum system
K with parameters
K = (=, — walay), (4.3)

b

where the symbol “—” means that there is neither scattering nor coupling, wy and
as denote the de-tuning and the annihilation operator for system K, respectively. In
this case, the output state is described by |1,,).

Alternatively, we may use a beamsplitter to form a coherent feedback network,

see Fig. 4.3. In the following, we derive the explicit forms of output pulse shapes in

the frequency domain.
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by /
by / by G

Figure 4.3: A linear quantum feedback network.

by

4.2 Photon shape synthesis

Let the pulse shape of a single-photon input Fock state |1¢) be

—Bt
ao={ V720 (4.4

where ( is the damping rate of a single-photon. By the Fourier transform, we can

get the input pulse shape in the frequency domain

) = Y22 (45)

w4 B

The dynamic model for a linear quantum system in Chapter 2.2 is
a(t) = Aa(t)+ Bb(t), alty) = a,
boww = Ca(t)+ Db(t),
where system matrices can be given in terms of the (S, L, H) formalism,
D =A(S,0), C=A(C_,Cy),

B=—C"A(S,0), A= —%Cbc — i, A(Q, Q).

Then by (4.1), the quantum stochastic differential equations for system G in Fig.

4.1 are
alt) = (=2 —iw ) a(t) — Vrb(t),
(F2-) "
bous (t) =v/ka(t) + b(t),



and the system matrices for system G are

[ _k _; _
Ay=| Tz Y ],Blz{ﬂ_ ]

0 —g—l—iwl

[t o=[34)

The transfer function for system G is given by

K

Gilw]=1— ———, (4.7)

iw+iw1+§

and the output pulse shape in the frequency domain is [62, 59|
mlw] = Giw]€[w]. (4.8)

Secondly, for the directly coupled system in Fig. 4.2, we assume that X; = aay,

a € C and Xy = ag. The interaction Hamiltonian is given by

Hiy = o‘zai@z + aala;. (4.9)
Then the Hamiltonian for the whole system G > K is

H = Hy + Hyy + Ho, (4.10)

where H; = wlaJ{al and Hy = wgagag.

Similarly, we can get the (S, L, H) parameters for G < K, which is

({ é 8 ] : [ \/Ecn ] ,wialay + aalay + aayaf +W2a;a2) ’ (4.11)

and the quantum stochastic differential equations for G <1 K are

an(t) = (—g - iwl) ar(t) — idas(t) — VRb(L),
as(t) = — icay (t) — iwsas(t), (4.12)

bout (t) =v/kay (t) + b(t).
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Then we can get the system matrices,

[ —% i —ia 0 0 —Vk 0 0 0
B —ia —iws 0 0 o 0o o o0
A = 0 0 —f+tiw ia B g 0 SvE oo |
0 0 i iws 0 0 0 0
(VE O 0 0 1000
0 0 0 0 0000
G2 = 00\/E0’D2_0010’
L0 0 0 0 0000

and the pulse shape of the output single-photon Fock state for the system G <1 K,
which is
K .
—E(w +wo)i — (w+ wi)(w + ws) + |af?

olw] = % £[w]. (4.13)
e wm)i— (@) + )+ ol

Finally, in Fig. 4.3, let the beamsplitter introduced in Chapter 2.2 be

_ VI V=
S_[_m A , 0<y <1, (4.14)

and the input field by be in the single-photon Fock state |1¢).

By [ 2?; } =S [ zg } and by = {[w|, b3 = n3]w|, by = G1]w]by, we can get the

pulse shape for the output field b3 in Fig. 4.3, given by

1—
— ﬁ(w—i-wl)i—i—H

1+ .7 2
= 1% £l (4.15)

Nl N
1+ﬁ(w+w1)z+§

4.3 Photon distribution

n3[w]

For the single-photon Fock state we defined before

0= [ "B () dt]0), (4.16)

—00
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Figure 4.4: (Color online) |£(¢)|> denotes the detection probability of input pulse
shape, |n;(t)]* denotes the detection probability of output pulse shape in the case
of original system (Fig. 4.1), |no(t)|* are the detection probabilities of output pulse
shape in the directly coupled system (Fig. 4.2) with different parameters .

bi(t) is the creation operator of the input field and the pulse shape £(t), which is also
known as temporal wave packet, is given by (4.4). |£(¢)|* denotes the probability of
finding the photon (detection probability) in the interval [¢t,¢ + dt). In this section,
we will focus on how the system parameters in the control schemes discussed above
change the detection probabilities |n;(¢)|?, 7 = 1,2, 3.

By the inverse Fourier transform, we can get the output temporal wave packets

wlt) == [l (=1.2) (4.17

where j denotes the j-th case we discussed before.

In what follows, we fix f =2, Kk = 1, and w; = 1 for the direct coupling scheme
(Fig. 4.2) and the coherent feedback network (Fig. 4.3). Fig. 4.4 and Fig. 4.5 are the
detection probabilities for different o and wo respectively. The detection probabilities
for different beamsplitter parameter v are given in Fig. 4.6.

By comparing these three cases, it can be easily seen that the linear quantum
feedback network in Fig. 4.3 has much more influence on the detection probability
than the directly coupled system. In addition, the changes of output Wigner spec-

trum with respect to the beamsplitter parameter ~ for the quantum feedback network
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Figure 4.5: (Color online) |£(¢)|* denotes the detection probability of input pulse
shape, |n;(¢)]* denotes the detection probability of output pulse shape in the case
of original system (Fig. 4.1), |no(t)|* are the detection probabilities of output pulse
shape in the directly coupled system (Fig. 4.2) with different parameters ws.

----- 1§12
----- (D)2
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Figure 4.6: (Color online) |(¢)|* denotes the detection probability of input pulse
shape, |n:(t)]* denotes the detection probability of output pulse shape in the case
of original system (Fig. 4.1), |n3(t)|* are the detection probabilities of output pulse
shape in the linear quantum feedback network (Fig. 4.3) with different beamsplitter
parameters -.

also have been analyzed. In Figs. 4.7 - 4.9, let the decay rate of the optical cavity be
k = 4 and damping rate be g = 2. Specifically, in Fig. 4.7, since b3 — by, by — by
when v — 0, the feedback network should reduce to the original system G in Fig.
4.1 without beamsplitter. This can be verified by comparison with Fig. 3.3. In Fig.
4.9, if v — 1, then bs — by. It means that the output Wigner spectrum will be close
to that of the input. It can be verified that those changes are consistent with the

photon distributions in Fig. 4.6. Thus, the simulation result should be much similar
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Figure 4.7: (Color online) The output Wigner spectrum for quantum feedback net-
work with beamsplitter parameter v = 0.01.

Figure 4.8: (Color online) The output Wigner spectrum for quantum feedback net-
work with beamsplitter parameter v = 0.5.

to the input Wigner spectrum in Fig. 3.1.
On the other hand, we assume the system G for the feedback network in Fig. 4.3

is a DPA with the following parameters

So=1, Lo=+/ra, Hy= %((d)? —a?). (4.18)

Then the (S, L, H) formalism of the whole feedback network system in Fig. 4.3 for

the DPA case is given by

1+
Sl = —1, Ll = ﬂ/ﬁ)a, H1 = Ho. (419)
I VAl

So the only change between the feedback network and the original system is k —
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Figure 4.9: (Color online) The output Wigner spectrum for quantum feedback net-
work with beamsplitter parameter v = 0.99.

1+ 7
Ve

1) when v = 0, the feedback network reduces to the open-loop system G.

k. We have the following observations:

2) when v = 1, then S = 1, b3 = by, there is no interaction between the field and the

system.

1+
3) when 0 < v < 1, il

k > K, the decay rate is always enhanced. However, it is
L—\

clear that

VA (4.20)

lim K=K

=01 — ./

Therefore, by tuning the beamsplitter, we can get various output single-photon
states. It is worth noting that the same feedback scheme Fig. 4.3 has been used

for optical squeezing, see theoretical [24] and experimental [29].

4.4 Final remarks

In this chapter, two control schemes have been compared for single-photon pulse-
shaping. We have also investigated how to use control methods to engineer photon
pulse shapes of the output state of a quantum linear system in response to a single-

photon state. It has been demonstrated that the coherent feedback control scheme
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is the most effective one in terms of single-photon pulse-shaping.
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Chapter 5

Quantum filtering with multiple
measurements for systems driven
by single-photon states

In this chapter, the single-photon filtering framework proposed in [14, 27| are ex-
tended by including imperfect measurements. In practice, the detector responds
with a quantum efficiency of less than unity since there exists some mode mismatch
between the detector and the system [10], and the single-photon signal may be cor-
rupted by quantum white noise [46]. Motivated by this, we study the case when the

output light field is corrupted by a vacuum noise. More specifically, we present the

Vacuum noise

Single-photon
input |1 s’)
—> System G

5 HD
Homodyne detectionf >

P

A4

PC
Photon-counting >

N

Figure 5.1: Simultaneous homodyne detection and photon-counting detection at the
outputs of a beam splitter in a quantum system.
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stochastic master equations for a quantum system interacting with a single-photon
state, see Fig. 5.1. Quantum filters for the cases of joint homodyne detection and
photon-counting detection measurements and both homodyne detection measure-

ments are designed to improve the estimation performance, respectively.

5.1 The extended system

Normally, quantum filtering for a system driven by the vacuum input is easy and
convenient to analyze. In this chapter, we use the idea in [27] to construct a quantum
signal generating filter M = (S, Las, Hyr), which is usually called ancilla. Cascad-
ing this ancilla M with the quantum system G, then we get the extended system
Gr = G < M. Since the extended system G is driven by vacuum input, the master
equation and quantum filter follow from the known result in [27]. In this chapter, we
use a two-level atom as an ancilla. The interaction of the ancilla M with the vacuum
input is given by

(S, Lar, Hyr) = (I, A\(t)o—,0), (5.1)

where o_ is the lowering operator from the upper state | 1) to the ground state | ),
while o is the rising operator from the ground state | J) to the upper state | 1). It
means that the atom decays into its ground state at some stage, creating a single
photon in the output. The ancilla will output the desired single-photon state |1¢)

since we can choose the coupling strength A(¢) to be

where w(t) = [~ |€(s)|ds.

By using the cascade connection formalism in Chapter 2.3, we have the extended
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system G
Gr = (S, L+ X\t)So_, H + 2% (A(t)LTSo_ — X* (t)o+STL)) : (5.3)

Let U(t) be the unitary operator for the joint ancilla-system-field system. The

following equality can be defined (see [27] for more details)
Ee[X(1)] = Erpo[UT()(I @ X @ DU (1)] (5.4)

with initial state | 1) ® |n) ® |0) for arbitrary operator X (¢) of the system G. Here,
| 1) is the upper state of the ancilla, |n) is the initial state of the system and |0)

denotes the vacuum state of the field.

5.2 Quantum filter with multiple measurements
for systems driven by the vacuum input

We will use the following notation to define the conditional expectation
Xy = m(X) = E[(X)| W,

where ) is generated by the observation processes {Y(s) : 0 < s < t}. To derive the
quantum filter for a system driven by a single-photon input state, we firstly introduce

the result of multiple measurements with the vacuum input.

Lemma 5.1. ([18, Theorem 3.2]) Let {Yi+,i = 1,2,...,N} be a set of N compat-
1ble measurement outputs for a quantum system G. With vacuum input state, the

corresponding joint measurement quantum filter is given by

N
dXt = Wt[EG(Xt)]dt + Zﬁi,tdWi,h (5.5)

i=1
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where AW, = dY;, — m(dY; ) is a martingale process for each measurement output

and B;, s the corresponding gain given by

(" = m(Xady]") = m(K)ml@v;") + m (L], ) SidBav,”)
(5.6)
= m(dvidY), §=%7'

where Y3 1s assumed to be non-singular.

Remark 5.1. The class of measurement outputs is compatible if and only if it sat-

1sfies the self-commuting
and non-demolition

properties.

Remark 5.2. A general measurement equation, which is a function of annihilation,

creation and conservation processes of the output field, is defined as [18]
dY (t) = F*dBY, (t) + FdBoy(t) + Gdiag(dAoy (t)). (5.7)

Particularly, a combination of homodyne detection and photon-counting measurement

S|

In this case, [Y1(t),Ya(t)] = 0, it means that the two compatible measurements are

15 given by

independent of each other.
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Beam splitter
Gs

The whole system G

Figure 5.2: Quantum system depiction of Fig. 5.1.

5.3 Quantum filter with joint homodyne and photon-
counting detections for systems driven by a
single-photon state

Suppose that the system is in an initial state py = |n)(n| and the single-photon input

state is |1¢). For a given system operator X, we define the expectation
Wi (X) = Blj (X)) = (| X (D) ngw), .k =0,1,
0),  J=0;
=1.

|1§>7 ]

The quantum filter for the conditional expectation for the system G driven by a

where ¢; = {

single-photon field is given by
T (X) = Eye[X(1)]Y(5),0 < s < 1], (5.8)

and the quantum filter for the extended system G = G << M driven by the vacuum

input is defined as
T(A®X) =EpoUT(1)(A@ X)UM)|I @Y (s),0 < s <], (5.9)

where A is an ancilla operator and X is a system operator.

The whole system G with the measurements in Fig. 5.1 can be depicted in Fig. 5.2.
G1 = (S, L, H) is the original system G, which has been connected to a signal model
(ancilla) M = (I, A(t)o_,0). By introducing a second open quantum system Gy =
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(1,0,0), which is actually an identity operator, we concatenate the vacuum noise
into our system. The last open quantum system is a beam splitter Gz = (5,0, 0),

where

V1—r2?  peitft3)

So=1| e T2 |

0<r<l1. (5.10)

By the concatenation and series products, the whole system G is given by

g - Gg < [(Gl < M) Bﬂ GQ] - (St,Lt,Ht), (511)
where
S 0 L+ \t)So_ 1 .
Sy =Sy [ 01 1 Ly = { (()) } Hy = H+ o (A#)LTSo_ — X\ (t)oSTL) .

Furthermore, the Lindblad superoperator Lg(A ® X)) for the whole system G can

be expressed in the following form

Lo(A® X) =A® LeX + (Dr, A) @ X + Li,A® S'[X, L]
(5.12)
+ ALy ® [LT, XS + LI, ALy @ (STXS — X),

where A is any operator of the ancilla and X is the system operator.
In what follows, we denote by B;;, the vacuum state as the input of signal model
M, and B,; the vacuum noise for system G5, then the total input, together with

gauge process for the whole system G are given by

B’*:{Bﬁi]’AtZ{Ai Af}’

where

t t t
B = / bi(s)ds, A= / bl (s)bi(s)ds, Ajpy = / bl (s)by(s)ds.
0 0 0
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By the evolution of output fields (2.6), the measurements stochastic equations

are given by

dYi, =v1— r2{ [ew(L 4 SLy) +e (Lt + LLST)] dt

5.13
+e"SdB;, + e*”STdB;{t} +r (e@'"dBv,t - e*”dBm : o
and
Yy, =1’ [SdAi,tST + (L + SLy)STdB!, + S(L' + L}, S1)dB;,
4 (LT 4+ LT, ST + SLM)dt} +(1—r?)dA,,
(5.14)

+irVI— 12 [SdAm,t — Sty + (L + SLy)dB!,
— (L + LY, S")dB,,|

where dY) ; is for the first channel with homodyne detection and dY53 is for the second
channel with photon-counting measurement. Then the expectation and correlation

of the measurements can be derived as
F(dYr,) = VI — 72, [ew(L 4 SLy) +e (Lt + ijsf)] dt,

Fu(dYaq) = FuldYaudYay) = 127, (LN + L ST)(L + SLap)| dt,

(5.15)
7~Tlt((iyl,fﬁﬂfl,t) = dt,
T (dY1,dYsy) = T (dYa,dY1,) = 0.
Thus, we have the non-singular matrix
dt 0
=10 2 (L1 4+ L SH(L + SLar) | dt | (5.16)
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and the corresponding gain § = [; 2] can be calculated by (5.6)

B =V1—r2"7(A® XL+ ALy ® X5)

+V1—-r2e 5 (A® L'X + L},A® S'X)

(5.17)
—V1-r7(A® X)
X 7, [ew(L 4 SLy) + e (LT + LLST)] ,
[ (71t T ot T T -1
By =[m(LTL+ L, STL + LTS Lys + Li,Lar)]
(5.18)

x i (A® L'XL+ Li,A® STXL+ ALy ® L'XS
+ L, ALy ® S'XS) — 7 (A® X),

where A is any ancilla operator and X is the system operator.

Finally, by Lemma 5.1, the joint measurement quantum filter for the whole system

G driven by vacuum input state is given by

di(A® X) =m(Lg(A® X))dt + By [dY1r — T (dY14)] + Po [dYay — T (dYay)],

(5.19)
where the Lindblad superoperator Lg(A ® X) is defined in (5.12).
If we define [27]
: 2 (030X
k() = T@aBX) gy (5.20)

Wik
where Q) and wj;, are given by

Qi = [Qoo Qo1 } _ [0+0 o, ]
’ Q1o Qu o I |’

501 )

k= [ Wi Wiy w(t) 1

we obtain the following theorem which presents the quantum filter for the original

system G driven by the single-photon state |1¢).
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drf! (X) ={mi! (LaX) + mPt (STIX, L)E"(8) + m{ (LT, X]S)e(t) + m° (STXS — X)[€(1)[* }dt
+ V1= r2[rf Y (XL) + e Or (LT X) + e r Ol(sTX)g*(t)+ei97rt10(XS)§()—wtl(X)Kt]dW()
+ {v (LT XL) + 7 (STXL)e* (t) + m O (LT X S)e(t) + 70 (STXS)|¢(8)]?] — it (X) }dN(2),
amiO(X) = {mO(LaX) + 70 (STIX, LDE" (1) } e
+ V=72 [rO(XL) + e OrO(LTX) + e OrO(STX)EN (1) — w0 (X) Ko | aw (1)
+{vt [ROEIXL) + 20 (STXD)ET ()] - 70 (X) } an (@),
amf (X) = {1 (LaX) + O((L1, X]S)e) } e
+ V=72 [ rPH(XL) + O (LTX) + e Orl0 (X 9)E() — wfH(X)Ke] dW (1)
+ {o ! [ROULTXL) + mO(LEXS)E®)] - 721 (X) } AN (),
dn%(X) =n%(L e X) dt+\/7r2[ 090X L) + e~ i0 ?O(L‘LX)f 70 (X)Kt] AW (1)

+{vt [P@IXD)] - #0(X) ) dN (),
(5.22)

Theorem 5.1. Let {Y;;,i = 1,2} be a combination of homodyne detection and
photon-counting measurement for a quantum system G. With the single-photon input
state |1¢), the quantum filter for the conditional expectation in the Heisenberg picture

is given by (5.22). Here,

Ky =emi (L) + e Ol (LY) + e 0x0L (ST (1) + e0mi0(S)e (1), o
v =rl N (LTL) + 70 (STL)E (1) + w0 (LTS)e(t) + m () €(1)[2, |

the Wiener process W (t) and compensated Poisson process N(t) are given by
dW (t) = dY1; — V1 —r2Kdt, dN(t) = dYa, — r’v,dt (5.24)

respectively. We have 71°(X) = w0(X"). The initial conditions are Ti1{(X) =
mo (X) = (n, Xn), m"(X) =" (X) = 0.

Proof. We only give the proof of the filtering equation dr}!'(X), the other three

filtering equations in (5.22) can be derived similarly. Let j = k = 1, then

_ m(@Qu® X) =m(l © X).
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By (5.19),

dr (X)) = 7 (Lg(I @ X))dt + By [dY1, — 7e(dY14)] + B2 [dYay — 7o (dYay)] .

Substituting A = I into the corresponding gains (5.17), (5.18) and the Lindblad
superoperator (5.12), by the definition (5.20), we can obtain
B =V1—r2[e?n (XL) + e "m (L1X) + e Pn (STX)& (2)
+ e 0(XS)E(t) — mH(X) KL,
Bo =y my (LYX L) + ' (STX L)€ (t) + m°(LTX S)&(1)
+m (STXS)[E()P] — m ' (X),

and the expectation of the Lindblad superoperator is given by

T(Lo(I @ X)) =m (LX) + m (STX, L)€ (#)

+m (LT, X]9)E(t) + 7 (STX S — X)I€(t)|*.
Consequently, the explicit form of dr}'(X) is

dmy ' (X) ={m ' (LaX) + ' (STX, LDE (1) + m°([LT, X]S)E()
+ m(STXS — X))}t
+ V1= r2[e"m (XL) + e Pnf (LIX) + e (STX)E (1)
+em (X S)E(t) — mp (X)) K [ dW (t)
+ {v [ (LIX L) + 7 (STXL)E () + m (LT X S)E(t)
+ mO(STXS)E) ] — ' (X) }AN(t)

where dW (t) and dN(t) are given by (5.24). O

Remark 5.3. If we let r = 0, 8 = 0, the filter equations reduce to an estimation

problem with a single homodyne detection. It can be verified that (5.22) would be in
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dp'(8) = { LEp" (8) + [Sp° (8), LTIE®) + [L, o0 ())STIE" (8) + (S (6)ST — p(1)]IE (D) } e
+ VT2 [T (LT 4 e Lpt (1) + €980 (1)6() + e p10(1)STE (1) — Kep! ()] AW (1)
+ {uit [Lo LT + S0 0L + Lo ()STe" (1) + SpP()STIE®) 2] - (1)} dN (1)

dp0(t) :{ﬁ* 1004 4 [Sp%0 (), LT)e(t) }dt
+V1-12 [ =10 )10 LT 4 €10 Lp10 (1) 4 €050 ()€ (2) fKtplo(t)] AW (t)
+ {V L LT + SpP W LTEW)] - p0(1) } AN (1), (5.25)
{z* OL(¢) + [L, p°0(£)ST]e* (1) }dt
+m [ T OLE + e Lo (1) + e o0 ()STE (1) — Kep® (1)) dW (1)
+ {u LA OLT + Lo (0)STe (1)) - o7 () } AN (D),

004y =%, (t)dt + \/ﬁ[ “000() Lt 4 e Lp% (1) — Ktpoo(t)] AW ()

4 {u;l [Lp%° () LT] — p%(¢) }dN (t)

the same form as in [27]. On the other hand, if we letr = 1, 0 = —7, the filter equa-
tions reduce to an estimation problem with a single photon-counting measurement.

It also can be checked that (5.22) would reduce to the corresponding case in [27].

If we write 7/"(X) = Tr[(p/*(t))1X], by the quantum filter (5.22), we can get
the following stochastic master equations for the evolution of conditional density

operator p/¥(t).

Corollary 5.1. With a combination of homodyne detection and photon-counting
measurement, the quantum filter for the system G driven by the single-photon input

state |1¢) in the Schridinger picture is given by (5.25). Here,

Ky =e " Tr[LTp" (8)] + " Te[Lp" (1)] + e Tr[Sp™ (DJ&(t) + e " Ta[STp™(1))€7(8),

=Te[LTLp" (t)] + Te[L'Sp™ (1)]€(t) + Te[STLp" ())€" (1) + Tr[p™ ()]IE() P,
(5.26)
and the initial conditions are p**(0) = p®(0) = [n){n|, p'°(0) = p"(0) = 0.
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Figure 5.3: Both homodyne detection measurements at the outputs of a beam splitter
in a quantum system.

5.4 Quantum filter for both homodyne detection
measurements

In this section, we will derive the filter equations for the case of joint homodyne-
homodyne measurements, see Fig. 5.3. Here, by the general measurement equation

(5.7), we choose

F=1I G=0.

Then, the measurements stochastic equations are given by (5.13) and

dYs, =V1 —12(e"dB,, + e *dB] )
+ir{ [¢(L + SLa) — e (LT + L}, ST)]dt (5.27)

+¢*8dB;, — e S1dB],},

where dY5, is for the second channel with homodyne detection measurement. Thus,
the corresponding gain f can also be calculated by (5.6), where f; is given by (5.17)
and [ is given by

By =ire’ 7 (A® XL+ ALy @ XS) —ire 7 (A® L'X + LI, A® STX)

(5.28)
— iri (A ® X)7[e? (L 4+ SLy) — e~ (LT 4 L1, 5.
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drf (X) = { w1 (£eX) + nf1(ST[X, L)E" (1) + mO (LT, XIS)e(t) + nf(STXS — X)) } dt
+ VT2 [efm I (XL) + e Om (LTX) + e Onf (STX)E (1) + e0mlO (X 9)&(t) — mi L (X) Ka,e| aWa (1)
tir [t (XL) — e Or (LX) — T OrP (STX)EN (1) + ePmiO (XS)E(W) — i (X) Kat| aWa(h),
dm®(X) = {mi®(LaX) + nf(STX, L)E* (1) } dt
+ V=72 [e0mlO(XL) + e i (LTX) + e OrO(STX)E" (1) — miO(X) K] dWa (8)
tir [e¥ni0(XL) — e rO(LFX) — e n(STX)E (1) — O (X) Kot dWa(®),
a1 (X) = {md(LaX) + nf (LT, X]9)EW) | dt
+ \/77«[ 0791 (X L) + e~ 0O (LT X) + €790 (X 8)e(t) — 701 (X) K, t] AW (t)
+ir [e“’wOl(XL) — e O (LTX) + 700 (X S)e(t) — 79 (X) Ko, t] AWa(t),
dm®(X) =nl*(La X)dt + /1= 12 [e9700(X L) + e~ OnfO(LTX) — nf°(X) K10 | dWi (t)

+ir [e’ew?O(XL) e~ 090 (LT X) — 790(X) Ko, t] AWa ().
(5.29)

Then, in the case of both channels are under homodyne detection measurements,

we have the filter equations which are given by the following theorem.

Theorem 5.2. Let {Y;;,1 = 1,2} be the two homodyne detection measurements for
a quantum system G. With the single-photon input state |1¢), the quantum filter for

the conditional expectation in the Heisenberg picture is given by (5.29). Here,

Kyg =e"m' (L) + e "m (L) + e m (ST)E (1) + e'm° (S)8 (1),

| | (5.30)
Koy =e"m' (L) — e”m (L) — e 7m" (SNE (1) + e m° (S)E(1),
the Wiener processes Wi(t) and Wy(t) are given by
dW1 (t) == d}/l,t -V 1-— T’QKLtdt, dW2<t> == d}/g’t - ’L.T’Kgﬂgdt, (531)

respectively. We have 71°(X) = w0 (X"). The initial conditions are Ti1{(X) =
mo (X) = (n, Xn), m"(X) =" (X) = 0.

By the filter equations (5.29) and 7/"(X) = Tr[(p’*(t))TX], we also have the

quantum filter in the Schrodinger picture.
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dp' (1) = { £E5pM () + [S" (1), L) + [L, 00 () STIE™ (1) + [Sp°°(0)ST — p™ ()]I€ (1) | dt
+ M[ —0 (LY + e Lot (8) + e SpPL (DE(E) + e~ pt0 (1) STex (1) — K tpu(t)] AW (t)
—ir [T LY — P LpM (1) — P SpM (1)E() + eI (WSTE () + Kz (1)] dWa(t),
{c* 10(4) 4 [Sp%0(t), LHe(t }dt
+M[ —i6 5104 Lf+e“9Lp10()+eieSp00(t)§(t)fKLtpw(t)] AWh (t)
—ir [T P00 LY — P LpM0 (1) — €0 SpO(0E() + Kaz,0'0()] dWa(t),
{z:* 0L(¢) + [L, p%0(t)S]e* (¢ }dt
F VT2 [0 LT + 0L (1) + e 0 ()T (1) — K ()] WA (1)
—ir [e*“’ OLt) Lt — e L0 (t) + e p20 (1) STE" (£) + K2,tp01(t)] AWa(t),
dp* (1) =L&p™ (0t + /1= 12 [ 50 LT + ¥ Lo (1) — Ka,00™ ()] aWa (1)

—ar [e_wpoo(t)L1L — e Lp%(t) + Ko ¢p° (t)} dWa(t).
(5.32)

Corollary 5.2. With the two homodyne detection measurements, the quantum filter
for the system G driven by the single-photon input state |l¢) in the Schrédinger

picture is given by (5.32). Here,

Ky = OTe[Lipt (6)] + e Te[Lp' (8)] + e Tr[Sp” ()IE(E) + e " Te[STp" (1)]€* (1),
Ky =e "Te[LTp" ()] — e Tx[Lp™ ()] — ¢ Te[Sp™ (1)JE(1) + e Tr[STp'(1)]€* (1),
(5.33)
and the initial conditions are p''(0) = p®(0) = [n)(nl, p°(0) = p”(0) = 0.

5.5 Simulation results

In this section, we apply the filter equations derived in section 5.4 to the problem
of exciting a two-level atom with a continuous-mode single-photon field, [27]. This
system can be parameterized as follows. The scattering is S = I, the coupling
operator is L. = ko_ with the coupling strength k = 1. The atom is taken to be in

the ground state initially |g)(g| with the Hamiltonian H = 0. The wave packet £(t)
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(@) r=0 with two HD measurements (b) r=4/ 0.5 with two HD measurements

Figure 5.4: (Color online) The excitation probability for a two-level system interact-
ing with one photon in a Gaussian pulse shape with different beam splitter param-
eters. The black line is the wave packet [£(¢)]?, the red line is P.(t) given by the
master equation, the colored lines are the trajectories P¢(t) and the blue line denotes
the average of these trajectories.

for the single-photon is given by

£(t) = (92) B exp [—%Q(t - to)ﬂ , (5.34)

o

where ty is the peak arrival time and € is the frequency bandwidth of the wave
packet.

Now we choose €2 = 1.46 and wish to calculate the excitation probability for
the atom as a function of time. The excitation probability for quantum filtering
equations is given by

PE(t) = Te[p" (t)]e) (el], (5.35)

where p!'(t) is the solution to (5.32) and |e) means the excited state.
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In Fig. 5.4, 72 stochastic trajectories are presented as colored lines in each case
given by (5.35). Fig. 5.4(a) (r = 0) denotes the ideal case which is equivalent to
the single measurement (HD1) without any additional noise, [27]. For r = 1, the
case will be similar to Fig. 5.4(a) since the single measurement becomes HD2. We
can see that many of the stochastic trajectories begin to decay after the bulk of
the wave packet, i.e., t = 4. Meanwhile, some trajectories continue to rise towards
PS(t) = 1, it means that the atom may be fully excited. In Fig. 5.4(b), r = v/0.5,
that is, the output field is contaminated by the vacuum noise. Nevertheless, it can
be seen that by means of joint measurement the estimation performance is close
to those for the ideal case. The excitation probabilities become bad if we only use
single measurement, see Fig. 5.4(c) and (d). By comparing Fig. 5.4(b), (¢) and (d),
it is clear that the multiple measurement scheme is able to improve the estimation

performance.

5.6 Final remarks

In this chapter, we have derived the quantum filter for a quantum system driven
by the single-photon input state with multiple compatible measurements. Particu-
larly, the explicit forms of stochastic master equations with two homodyne detection
measurements and a combination of homodyne detection and photon-counting mea-
surements have been presented. A numerical study of a two-level system driven by
a single-photon state has demonstrated the advantage of filtering design based on
multiple measurements when the output filed is contaminated by quantum vacuum

noise.
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Chapter 6

Quantum filtering with multiple
measurements for systems driven
by two single-photon states

In this chapter, we study quantum filtering for a two-level system G which is driven
by two single-photon states |lg,) and |lg,), see Fig. 6.1. Initially, each channel
contains one photon and they are independent of each other. Then the two photons
interact with the system and excite the atom simultaneously. The filtering equations
with two homodyne detection measurements are derived explicitly. In addition,
numerical simulations for master equations with various pulse shape parameters are

also presented and compared.

Single-photon input |1, )
— L

Two-level System
Beam Splitter S,

) . G
Single-photon input |1, ) / Homodyne Detection 1
> >

el /
Homodyne Detection 2

A 4

Figure 6.1: Quantum system description.
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6.1 System description

—_—>1 A4, > > > HD, ——>
Two-level Beam Splitter
System
Sy
G
> 4, > > > HD, >

Figure 6.2: Quantum system depiction of Fig. 6.1.

In Fig. 6.2, A;, Ay and G are two-level systems with the following (S, L, H)
formalism:

A = (I,Ll,O), Ay = ([7L27O>7 G = ([27L70)7

where Ly = A\(t)o_1, Ly = A(t)o_5 and L = [ %2_ } Here, 0_1, 0_5 and o_

are lowering operators and A (t), \o(t) are given by

(1)
)\1 = s >\2 =
(t) ™o (t) oD

9

where w1 () = [;7[&1(s)[Pds, wa(t) = [ |&(s)?ds and & (t), &(t) are the input
pulse shapes in the first and second channels respectively. As introduced in Chapter
5, we usually call A; and A, ancilla. With the aid of A; and A,, single-photon states
with desired pulse shapes can be generated. Moreover, after cascading them with
the two-level atom G, we can obtain the extended system which is driven by the
vacuum state. Hence, the master equations and stochastic master equations for this
extended system can be derived [27, 18].

By adding a beam splitter S, = (S, 0,0) with parameter

V1—1r2 ir

= <
5 ir yIoE |0ST

<1
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and the concatenation and series products [23], we can derive the whole system

(Al Hﬂ AQ) > G > Sb == (St; Lta Ht); (61)
where
o _[VITE
N el
B [ V1 —1r2(Ly + VE10-) +ir(Ly + /R0 )
Lt - . ) (62)
L ir(Ly 4+ y/Rio-) + V1 =12 (Lo + \/Ra0 )

H, - k101 Ly + /Koo Ly — \/IflL];O_ - \/K/_QLEO'_

21

By Ito calculus, the evolution of output fields
dBout(t) = SdBy + Lydt,
and the general measurement equation
dY (t) = F#*dBL(t) + FdBuu(t) + Gdiag(dAw(t)),

with F' = I, G = 0, which means that both channels are under homodyne detection

measurements, we can get the measurement stochastic equations

dYi, =112 [dBl(t) +dBI(t) + (L + rro_)dt + (L} + \/ff_10+)dt]
+ir [ng(t) — dBY(t) + (Ly + /o )dt — (L} + \/n—m)dt} ,
(6.3)
dYy, =ir [dBl(t) —dABI(t) + (Ly + Jrio_)dt — (L + mmdt}

VT2 [ng(t) + dBI(t) + (L + frgo_)dt + (L} + \/11_20+)dt],

where dY;; and dY5; are the homodyne detection measurements in the first and

second channels, respectively.
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By Ito calculus, it is easy to show that

le,tle,t = dt, le,tdY2,t = 0;
dYQ,tle,t = 0, de,tdY2,t = dt.

Let us denote by 7; the conditional expectation for the extended system (A; B
As) > G 1> S, driven by the vacuum input on the ancilla-system Hilbert space.
Then, the expectation and correlation of the measurements can be derived as

7i(dYiy) =V1 — r27(Ly + L] + /rio_ + /rioy)dt

+ irmy(Ly — L; + Roo_ — /Koo )dt,

(6.4)
Fo(dYay) =V1 — 127, (Ly + LY + \frpo_ + /R0, )dt
+iri(Ly — LY 4+ /Rio_ — /Rioy)dt,
and the non-singular matrix X is given by
o Ti(dY14dY1ys) T(dY1,dYa,) _|dt 0 (6.5)
Ti(dYadY1y) Ti(dY2dYay) 0 dt |’ '

The Lindblad superoperator for the whole system may be expressed in the form

L1,(A1 @A X)=D;, A1 A X+ A D, A ® X
+ (k1 + K2)A1 ® Ay @ D, X
+VRILIA © Ay @ [X, 0] + VR AI L @ Ay ® [0y, X]
+ VR2AL @ LAy @ [X, 0_] + \/RaAy @ AsLy @ [0, X],

for any ancilla operators A;, As and system operator X.

Using Theorem 3.2 in [18], we can derive the following result directly.

Theorem 6.1. Let {Y;:,i = 1,2,...,N} be a set of N compatible measurement
outputs for a quantum system G. With the vacuum initial state, the corresponding
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joint measurement quantum filter is given by
di (A ® Ay @ X) =7,(Lp, (A ® Ay @ X))dt + 8L [dY, — 7,(dY;)] (6.6)

where dW;; = dY; s — 7(dYis) is a martingale process for each measurement output

and 3 1is the corresponding gain which given by

1 - . -
g :W{m(m © A; © XdY)') = 74 © A © X)m(dY]")
t

(6.7)
+ 7 ([LI AL ® A ® X]StdBtdYtT) }

In Fig. 6.2, the corresponding gain # = [ #; S | can be calculated by (6.4) and
(6.5), given by

B1=V1—r2m [A1L1 ®A2®@X + L];A1 ®R@A2@ X +1/k1A1 ® A2 ® Xo— + /Kk1A1 ® A2 ®U+X]
+irfe I:Al ® A2Ly ® X — A1 ® L{A> ® X + \/RaA1 ® A2 ® Xo— — \/raA1 ® Az ®U+X]
— F(A ® A2 ® X) [\/1 "2k () + irklg(t)] ,
(6.8)
B2 =irs [A1L1 ®A2®@ X — LJ{Al ®A20X + k1A ® A2 ® Xo— — /E1A1 @ A ®0’+X]
+ VI =127 [ A1 © A2L @ X + A1 ® L{As @ X + Rz A1 ® A2 ® Xo— + Rz A1 ® A2 © 01X |
— 7~Tt(A1 RA R X) [iTle(t) +Vv1- T2k22(t)] s

where

ki (t) = 7(Ly + LY + /o + \/rioy )dt,

kio(t) = T(Lo — LY + \/Rao_ — /R0y )dt,
ko1 (t) = 7 (Ly — L + /mio_ — /Rioy)dt,

koo (t) = 7(Ly + LY + /Rao_ + /Rgoy )dL.

Remark 6.1. Compared with the theorems given in [18] and Chapter 5, the extended

system operator A ® X has been replaced by A1 @ Ay ® X in this chapter. Moreover,
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when a quantum system is driven by n single-photon states |1¢,), |le,), .. |lg,), the
theorem in terms of quantum filter can be generalized by introducing a corresponding

extended system operator A1 @ Ao ®---® A, ® X.

6.2 Master equations

In this section, we present the master equations for the quantum system G driven

by two photons, one in each input channel. In what follows, write

TE(X) = Bggmn [je(X)] = (165 0m e (X) 16460)

where X is any system operator and

) j=1
%‘{ 0 j—o0.

Here, the notation “j, k,m,n” is used to indicate that the input field in each channel

is in a single-photon state or vacuum state. For example,

m (X)) = (le, Ley (X)) nle 1e,).

Define
ng;mn<X) — Ty {(pjk,mn(t))TX} .7 k"m’ n=020,1,

where p/*™n(t) is the density operator and we only present master equations in the

Schrodinger picture for simplicity, and set

N 1 1
D, p=o_poy — 50+0-P — 5PT40_.

The master equations are given by (6.9) with initial conditions:
pHHH(0) = p™HH(0) = p!H(0) = p™0(0) = In) (nl.
Remark 6.2. [t can be easily verified that
PR () = (P ) g, komyn = 0,1,
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P (L) =(k1 + k2)Df_ p U (t) 4+ V€1 (1) [PV (1), 04 ] + VELEF (8)[o—, ptO 1L (1)
+ V262 (1) [p 101 (1), a+1+ﬁgz U—m“ @),
1

PO () =(k1 + k2)D5_p' M (1) + VI & (®)[0°01 (1), 04] + Va2 ()] (1), 0] + V&3 (0)[o—, p' 010 (B)],
POV () =(k1 + k2) Dy pOB M () + VR & ()0 - 7/700 11('5 )+ V&2 (0)[01 0 (1), 0] + k285 (D)o, o710 (1),
POO(t) =(kr + k2)D_ "M () + Vh2&2 (1) [p°0 0 (), o4 ] + V285 (B)[o—, pO0 O (1)];

PHEIO() =(k1 + k2)Dy_pH0() + VE &1 (D)), 0] + V& (B)lo—, p' OO ()] + V2 ()00 (1), 04,
pOTO(t) =(kr + k2)Dh_ p' % 10(t) + VE1& (0)[p°0 10 (4), 04 ] + V282 (1) [0 (1), 04 ],

pOVIO(t) = (k1 + k2) D5 p"10(1) + V&S (8)[o - 7,000 @] + \/>§2(t)[ﬁ01 (1), 74,

pOO10(t) =(k1 + k2)Dj_ pO%0(t) + Vkaba (£)[p"%° t)»ﬂ}

PO () =(k1 + ko)D) p" 0N (1) + VI & (®)[0"1 (1), 0] + VEE (D)o, p' 0N ()] + VE2E5 (D)o, o' (1),
PO (t) =(k1 + k2)D5_p" M (1) + VR & ()07 (1), 0] + VE2&5 ()], p" 0 (1)),

PO () = (k1 + ko)D" (1) + V&S (D)o, 020N ()] + V25 ()]0, P20 (1)),

POOON () =(k1 + k2)Dy_ p"0 0N (1) + v/ k283 (1) [0 7p0° °°<t>]

pHE(t) =(k1 + k2)Dh_p" () + VE1E (0)[p°H 0 (1), o4 ] + V& (B)[o—, p' 00 (1),

prO00(t) =(k1 + k2)D5_p' (1) + VE1 &1 (1) [0°%° (1), 04 ],

pOHO0 () =(k1 + k2)Dj_ pOH00 () + VR &5 (1) [o—, 020 (1),

pOU00(t) =(k1 + k2) D5 _ p % 00(t),

(6.9)

6.3 Quantum filtering equations

In this section, under two homodyne detection measurements, the filtering equations
for the quantum system G driven by two single-photon input states are derived
explicitly.

We define

7(QF @ QU @ X)
wi®(t)wy (¢)

(X)) = , J k=01,

where Q{k, Q4" are operators for ancilla A; and A, respectively, with

j Q?O Q?l 04i0—; 044 .
ng: [Qm Q! = ;_i ; , =12

and w!® wi™ are given by

A w01 . .
w]'k _ |: i wzll :| _ |: wl(t) wz@) :| L i=1,2.

w; w;



Here, o_; denotes the lowering operator and o; is the rising operator for ancilla A;.
For simplicity, the following theorem only presents the quantum filter in the

Heisenberg picture for the two-level system G, and we give the form of al7r11 11(X )

explicitly.

Theorem 6.2. Let {Y;;,1 = 1,2} be the two homodyne detection measurements for
a quantum system G. With single-photon input states |1¢,) and |l¢,), one for each

input channel, the quantum filter for the conditional expectation in the Heisenberg

picture is given by (6.10) - (6.25).

dmy 1 (X) ={ (m1 + r2)w! M (Do X) + Vi (O] (X o) + ViiE (O ([0, X])
+r5;<t>w21*°1<[x o)) + V22 () ([, X)) Jat
+{VI=r[a®m " () + & O (X) + Ve U (Xoo) + Vi B (04.X))
+ir €2 (t)m “’(X) &5 (O)m 0N (X0 + Vigm B (Xoo) — Vi (04X) | 610
= OO [V = 12k () + irkaa ()] Jawa @)
+{ir[eOm (X) — GO 00 + Vi 5 (Xoo) - VR (04 X))
+ VI [em 100 + & (Om O (00 + Vigr 1 (Xoo) + viRam (040
=m0 [irkan (8) + V1= 72 kaa ()] Fawa(®)

amy " (X) ={ (51 + k2)m} %M (Do X) + VRTE (Om M (X, 0-])
+ V28 (Om " (X, o) + Vigta(O)m " ([0, X)) fat
+{VI=r2 [ "M (X) + RO (Xo) + Virm O (04X
+ir[e(O)m "0 (X) — & Om " (%) + Vram M (Xo) = VRam " (04 X))
=m0 [V = 2k (1) + ik ()] fawa ) (6-11)
+ {ir[ - GOm0 (X) + vEm O (Xon) - Vim0 X)]
VI [0 1000 + g (O 0 (X0 + Vram O (Ko + Viam T (04 ))
— rlOM(x) ['ergl + V1 = 12k (t) ]}de
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ar M () ={(k1 + w2) ) (Do X) + VRIE (OO (o, X))
+ Rz () O (X, o)) + VRs€a (0 (o, X]) Jt
+{VI=r[a @M () + VR (Xoo) + R (04 X))
+ir [e2(6)m 10 (X) = g5 (OnY 0N (X) + Vi) (Xoo) = iz HH (04 X))
— 70L(x) [Mku(t) + irklg(t)] }dWl (t)
+ {ir [ () + VR (Xoo) = ViR (040
+ VT2 [em10(X) + & () (X) + VRer T (Xo ) + Rz (04 )]
— 70LM(x) [mm(t) + ngg(t)] }de(t);

(6.12)

a7 () ={ (k1 + K2) M (Do X) + Viags ()N (1X, 0-]) + VizEa(Om O ([0, X)) e
+{ VT =2 [VRrr M (Xoo) + VR (04 X))
+ir [e2(6)m" 0 (X) = 5 (OnY" 0N (X) + Vi (Xo-) = Vhan M (04 X))
— 7001 (x) [m;m(t) + irklg(t)] }dW1 (t) (6.13)
+ {ir [ VRO (Xoo) = VR (04 X))
+ VI =12 GOm0 (X) + & (O)m" N (X) + virzr " (Xoo) + Viam " (04 X) |
— 7001 (x) [irk21(t) i ngg(t)] }dWQ (t)

dmy 100 ={ (k1 + w2)m! (Do X) + VEIET O O(X, 02 ]) + Ve (O m ([, X))
+r52<t>7r31’°° (1X,0-]) pat
+{VI=r2 [ @m0 () + €L OrO(X) + Vim0 (Xo-) + Vi (o4 X))
+ir[ - g (0)m " °°(X> + Vim0 (Xoo) = Va0 (04 X))
10 [\/ﬁku +irkia(t ]}dWlt
+{w[&<t ) 100 = & (OO + Vi (X o) - Vim0 )
+ VT2 g5 ()m HO0X) + Va1 (Xoo) + Vim0 (04X
— B0 x [zrkzl £) + V1 — r2kaa(t ]}de(t)

(6.14)
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dmy10(X) ={ (51 + w2)m} (Do X) + VRIE (Om (X, o)) + Viags ()m " (X, o-]) fdt
+{VT= 2 @m0 (X) + Vrrm "0 (Xo ) + Ym0 (o4 X)]
t+ir[ = OO (X) + Viam "1 (Xo-) = VRzm %1 (01 X) |
_ oo [mku +irkia ()]} (1) (6.15)
+ {ir[ - 1 OmX) + VRO (Xo) = Virm % (01 X))
VT2 [ Om O (X) + VR 0 (Xo ) + vRam %1 (o4 X))
— 1010 ){“ﬂkm t) + V1 — r2kaa(t) }}dWQ t)

dm 1000 ={ (1 + k2)a? O (Do_ X) + VRGO (o4, X)) + Via€s (O (X, o)) fal
+{VI=r2 e @m0 (%) + Vim0 (Xoo) + VR <a+X>]
tir[ = gm0 (X) + Viamy (X o) = ViRzr (04 X))
— 20110 (x) [Mkn(t) + irklg(t)] }dw1 (t) (6.16)
+ {ir[e1 (O (X) + VR (Xoo) = Vi 1004 X))
+ V1= 2[5 (O 0(X) + Vaam) O (Xo) + Vi (01 X))
— 70110 x) [irkzl(t) + Mkn(t)] }de(t);

Here,

k(1) =6 (Om1 (1) + & (On (D) + VR oo + o),
ia(t) =6 (O (1) — (OO + R (o — o),
kar (1) =6 (D7 (1) — &) + VR o — o),
kaa(t) =62(Om (1) + & ()TN + Vgm0 + o).

The innovation processes Wi(t) and Ws(t) are given by
AW, (1) = Y, — [mkn(t) + irk:12(t)] dt,
AWa(t) = dYs, — [irkgl(t) + mkm(t)] dt
respectively. We have "™ (X)) = (a}7"™(X1))t. The initial conditions are

ka”(X> — { <77|X|77>7 j: k and m = n,

m .
¢ 0, otherwise.
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dr" 10 (X) ={ (k1 + m2) w1 (Do X) + Va5 (O ([X, 0-]) Jt
+{vi-n [mﬂ,?ovw Xo) + a0 x)]
tir[ = O (X) + iz (Xo-) = Rzr (04 X))
— 0010 [\/ﬁku )+ irkia(t ]}dWl(t) (6.17)
+ {ir [ VR0 (Xoo) = R (01 X))
+ VT =2 [e5 ()m{P0(X) + Rz (Xoo) + Vim0 (04X
— 20010 x) [irkzl(t) + m;m(t)] }sz(t)

a1 () ={ (k1 + m)m! 0N (Do X) + VRN OO (X, 0-]) + Vi (6)m"0 ([o4, X))
+ iRz (O)m % ([, X)) e
+{VI=r2 [ ®)m 0 () + €1 OO (X) + Virm O (Xoo) + Vim0 (o4 X))
ir [€2(0)m () + iamy (Ko ) = ViRam O o4 )|
B ( X)[Mku(t) + irk1a(t) ]}dWl(t)
+{ir 6 (O (X) — O () + VRO (o) - Vi (01X
+ V1= 72 [ ()m(X) + VRzr O (Xo) + vRam 5O (04 X))
=m0 [k (8) + V1 = 72 ka ()] Fawa o)

(6.18)

6.4 Simulation results

In this section, we apply the master equations derived in section 6.2 to the problem
of exciting a two-level atom with two continuous-mode single-photon fields. Assume
the atom is initially in the ground state, i.e., |n) = |g). The annihilation operator is
o_ = |g)(e|, and the creation operator is oy = |e)(g|. The pulse shapes of the two
photons are given by

QQ

&i(t) = (T;)iexp {—%?(t—ti)ﬂ L i=1,2. (6.26)

The excitation probability, i.e., the conditional excited-state population, is defined

as

P.(t) =Tr {p"" (t)|e)(el} = (e[p"" ' (t)]e), (6.27)
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dmy "0 (X) ={ (k1 + R2)m} ¥ (Do X) + Vi (Om 0 (X, 0-]) + vRaga(t)m, " (o, X)) Jdt
+{VI=72[g O (X) + Vi (Xo) + VR (04.X)]
+ir [e2(6)m " (X) + Viam "N (Xo-) = vz % (04 X) |
— p 1001 (x) [mku(t) + irklg(t)] }dw1 ) (6.19)
+ {ir[ = & (O () + VRO (Xoo) - Vim0 (04 X)]
+ VT =12 [e2(t)m " (X) + Viam " (Xo-) + vizm "0 (04 X) |
— w001 x) [irkgl(t) + \/ﬁkm(t)] }de(t);

a0 (0 ={ (k1 4+ RO (Do X) 4 V& (O (o4, X)) + Va2 (0] (o4, X)) e
+{VI=r2 [ ®m () + Va5 (Xoo) + e (04 X)
+ir [e2 () (X) + Vram O (Xo ) — izl (04 X) |
— 70501 (x) [mhu ) + i'rkm(t)] }dWl () (6.20)
+{ir [ O (X) + VT (Xon) - Vil (o4 X))
+ VT2 [e2(t)m 0 (X) + Viam O (Xo-) + Rz (04 X) |
= mfONX) [irkar () + VT r2has (1)) paWa (o)

where p''i(¢) is the solution to (6.9).

In Fig. 6.3, the master equations for the two-level system are simulated. Partic-
ularly, the red line denotes the case that the two photons have the same peak arrival
time t; = to = 3 and the same ratio for their decay rates €2y = 5.84k1, 2y = 5.84k,,
and we can get the maximum value of excitation probability P, = 0.44. When we
let ko = 0, it means that the system has only one input channel. Then the problem
reduces to quantum filtering for a two-level system driven by a single-photon state,
which has been considered in [27] and Chapter 5. Meanwhile, let 2, = 1.46k;, the
maximum value of excitation probability P, = 0.8 (black line), which is consistent
with the simulation result in [27] and Chapter 5. Moreover, we also considered the
case of two pulse shapes with different peak arrival times, see the green line. In this
case, the maximum excitation probability P. = 0.36 can be attained at two time

instants.
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dn%0t (X)) {(m + k2)m N (Dy_ X) + \/@éz(t)ﬂfo;oo([ﬂv){])}dt
+{ V1= 2[R (Xoo) + V" (o4 X) |
+ir [e2()m " (X) + Viam "N (Xo-) - Vrzm " (04 X)
0001 [\/ﬁku )+ irkia(t ]}dWl(t) (6.21)
+ {ir [ VR " (Xoo) = VR (01 X))
+ VT =2 [e2(0)m " (X) + Viam " (Xo-) + Rz (04 X) |
— 20001 (x) [irkzl(t) + m;m(t)] }sz(t)

a0 (X) ={ (k1 + m2) ! (Do X) 4 VRIEL (O (X, o)) + Vi (0)m! " (o, X)) bt
+{VI=r2[e1Om " (X) + €1 O (X) + Virm O (Xo-) + Vi (01 X))
+ir [Vim 0 (Xo-) = Viam (04 X))
1100 [\/ﬁku +irkya(t ]}dm (t) (6.22)
+ {ir[e(m "0 X) — gm0 (X) + Vim0 (X o) - ViR (01 X))
+ M[WWII;OO(XU—) + \/'TWH;OO(UA-X)]
— w500 (X) [irkar () + VT = ko (1) bW t)

6.5 Final remarks

In this chapter, we have derived the master equations and filtering equations for a
two-level system driven by two single-photon states. Particularly, two homodyne
detection measurements are applied and the influence of photon pulse shape pa-
rameters on the excitation probability have been shown with numerical simulation
results. By simulation, it seems that the maximum of excitation probability can be
achieved with the same peak arrival time and the same ratio for bandwidth of the

two photons, i.e., = 5.84k.
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%0 (X) ={ (1 + w2)m} P (Do_ X) + VRIET (O (X, o)) }at
+{VI=72 [ (O (X) + rrm! " (Xo ) + Virm (04 X)]
+ ir[\/?wth;OO(Xa,) - \/?wtw;oo(ﬂX)]

lwo[¢:zm )+ irkia(0)] Jawa (0 (6:23)
+{ir[ - @) + VT " (Xo ) — Vim0 X))

+ﬁiﬁWﬂ?W&u+f7PWﬂm}
_ 1000( [ka(t +ﬁk22 ]}sz(t)

a0 (x) ={ (k1 + w2l (Do X) + VL€ (" (0, X]) Jt
+{VI=r [ () + Vim0 (Xoo) + Virre (04 X) |
+ir [z (Xo-) = VRam (04 X))
— 70100 [\/ﬁkn ) + irkia(t ]}dWl(t) (6.24)
+ {ir [0 + R (X ) - Ve (04 X)]
+ VT2 [Vrr Y (Xoo) + Vaam) (04 X)]
— m0100(x )[zrkm(t + V1 = 2k (t) ]}d%(t)

dr?%0%(X) =(k1 + r2)m 0 (Dy_ X)dt
+{ VI =2 [ VRO (Xoo) + R (01 X) | + i [VRzr " (Xo) - VRam " (04 X)]
— 7 00:00( [\/ﬁku +irkia(t ] }dWl (t)
+ {ir [V O (X o) = R (0 X)| 4+ V1= 02 [ViRr " (Xoo) + Viam (04 X)|
— 70000 x) [irkgl(t) + ngg(t)] }dWQ(t)

(6.25)
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Figure 6.3: (Color online) The excitation probability for the two-level system driven
by two single-photon states.
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Chapter 7

Conclusions and future work

This chapter draws conclusions on the thesis, and points out some possible future

research directions related to the work done in this thesis.

7.1 Conclusions

The focus of the thesis has been placed on the characterization of continuous-mode
single-photon Fock states. Specifically, four research problems have been investigated

in detail.

1. Wigner distribution and Wigner spectrum have been used in Chapter 3 to
analyze the response of quantum linear systems to single-photon input states.
In most literature, correlations are calculated for normally ordered (Wick order)
operators by ignoring the Dirac delta function. For example, let b(t) be a
boson annihilation operator of a travelling field, the normal ordering of the
product b(¢)b'(r) is : b(t)b'(r) := bT(r)b(t). That is, the Dirac delta function
d(t — r) has been thrown away. As a result, partial information has been lost
in the procedure of normal ordering. In contrast to normal ordering, Wigner
spectrum is able to provide full information of the quantum states. We showed
that the Wigner spectrum could handle the Dirac delta function naturally,

thus no information was abandoned. Moreover, the Wigner spectrum allows us

7



to visualize continuous-mode single-photon Fock states and photon-Gaussian

states in both the time domain and the frequency domain simultaneously.

. In the input-output formalism, the problem of pulse-shaping of continuous-
mode single-photon Fock states has been investigated. In Chapter 4, we demon-
strated how various control methods (direct coupling and coherent feedback
control) could be used for pulse-shaping of continuous-mode single-photon Fock
states. In addition, the effect of control techniques on pulse-shaping was visual-
ized by the Wigner spectrum of the output single-photon states. Several control
schemes were compared for photon pulse-shaping. It was demonstrated that
the coherent feedback control scheme is the most effective one for single-photon

pulse-shaping.

. The single-photon filtering framework in [14, 27] has been extended in Chapter
5 by taking into account imperfect measurements. More specifically, we stud-
ied the case when the output light field is corrupted by a vacuum noise. We
showed how to design filters based on multiple measurements to achieve de-
sired estimation performance. Two scenarios have been studied: 1) homodyne
plus homodyne detection, and 2) homodyne plus photon-counting detection.
The explicit forms of stochastic master equations for a quantum system driven
by single-photon input state with multiple measurements have been given. A
numerical study of a two-level system driven by a single-photon state demon-
strated the advantage of filtering design based on multiple measurement when

the output filed is contaminated by quantum vacuum noise.

. The system we considered in Chapter 6 is a two-level atom driven by two
single-photon states. Initially, each channel contains one photon and they are

independent of each other. Then the two photons interact with the atom and
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excite it simultaneously. The filtering equations with two homodyne detection
measurements have been derived explicitly and numerical results of master
equations for the system have been given. By simulation, it seems that the
maximum of excitation probability can be achieved with the same peak arrival

time and the same ratio for bandwidth of the two photons, i.e., {2 = 5.84k.

7.2 Future work

Related topics for the future research work are listed below.

1. Wigner spectrum has been used to describe the statistical feature of a single-
channel single-photon state. More specifically, Wigner distribution and Wigner
spectrum are used to analyze the response of quantum linear systems to single-
photon input states in Chapter 3. On the other hand, the degree of second-
order coherence and Mandel’s () parameter are widely used to analyze the
statistical properties of correlation functions. One possible research direction is
to compare our results with the degree of second-order coherence and Mandel’s

() parameter for quantum correlation functions and verify their consistency.

2. Quantum filtering with multiple measurements for quantum systems driven by
single-photon states have been investigated in Chapter 5 and Chapter 6. In the
future, we will consider the stability of single photon filtering. Our approach
is based on applying the method proposed in [3]. As a further direction, we
can study the filtering problem when we consider the multi-photon input state
[47]. Also, we may take into account imperfections in measurements. More-
over, showing the stability of multi-photon filtering is in the perspective of our

research.
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