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Abstract

In this thesis, we consider two classes of matrix optimization problems. One is the
matriz decomposition problem (MDP), which aims to decompose a given data matrix
into the sum of two matrices with different desirable structures. The other one is the
matriz factorization problem (MFP), which aims to factorize a given data matrix
into the product of two small factor matrices with different desirable structures.
These two classes of problems cover many existing widely-studied models with many
applications in areas such as machine learning and imaging sciences. To solve MDP
and MFP, which are possibly nonconvex, nonsmooth and even non-Lipschitz, we
develop two efficient first-order splitting algorithms for them, respectively.

We first consider MDP. Specifically, we adapt the alternating direction method
of multipliers (ADMM) with a general dual step-size to solve a reformulation of the
original problem that contains three blocks of variables, and analyze its convergence.
We show that for any dual step-size less than the golden ratio, there exists a compu-
table threshold such that if the penalty parameter is chosen above such a threshold
and the sequence thus generated by our ADMM is bounded, then the cluster point
of the sequence gives a stationary point of the nonconvex optimization problem. We
achieve this via a potential function specifically constructed for our ADMM. Mo-
reover, we establish the global convergence of the whole sequence if, in addition,
this special potential function is a Kurdyka-Lojasiewicz function. Furthermore, we

present a simple strategy for initializing the ADMM to guarantee boundedness of



the sequence. Finally, we perform numerical experiments comparing our ADMM
with the proximal alternating linearized minimization proposed in [8] for the back-
ground/foreground extraction problem on real datasets. The numerical results show
that our ADMM with a nontrivial dual step-size is efficient.

We then consider MFP. To solve it, we develop a non-monotone alternating up-
dating method based on a potential function. Our method essentially updates two
blocks of variables in turn by inexactly minimizing this potential function, and up-
dates another auxiliary block of variables using an explicit formula. The special
structure of our potential function allows us to take advantage of efficient compu-
tational strategies for non-negative matrix factorization to perform the alternating
minimization over two blocks of variables. A suitable line search criterion is also
incorporated to improve the numerical performance of our method. Under some
mild conditions, we show that our line search criterion is well defined, and establish
that the sequence generated is bounded and any cluster point of the sequence is
a stationary point of our problem. Moreover, we discuss the convergence rate for
the function value if, in addition, the objective is a Kurdyka-Lojasiewicz function.
Finally, we conduct some numerical experiments using real datasets to compare our
method with some existing efficient methods for non-negative matrix factorization
and matrix completion. The numerical results show that our method can outperform

these methods for these specific applications.
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Chapter 1

Introduction

Nowadays, many optimization problems arising in various areas, e.g., signal proces-
sing, image processing and machine learning, are nonconvex, nonsmooth and even
non-Lipschitz. Moreover, these problems are usually presented in large scale. Thus,
the fast solution methods for these problems are urgently in demand. On the ot-
her hand, the first-order splitting methods have played a significant role for solving
convex problems and inspired many efficient numerical algorithms in different appli-
cations. Hence, it is conceivable that the performance of using the first-order splitting
methods for nonconvex, nonsmooth and non-Lipschitz problems can be promising.
In fact, some encouraging empirical performances have been verified for different
applications in the literature. However, the theoretic analysis is still limited. The
goal of this thesis is to develop efficient first-order splitting algorithms for solving
some existing or new nonconvex, nonsmooth and non-Lipschitz problems capturing
concrete applications in various areas, and analyze their convergences. Specifically,

in this thesis, we consider the following two classes of matrix optimization problems:

e Matrix Decomposition Problem (MDP): in this problem, we focus on
decomposing a given data matrix D € R™*" into two components L € R"™*"

and S € R™*™ with different desirable structures such that D ~ L + S.

e Matrix Factorization Problem (MFP): in this problem, we focus on facto-

1



CHAPTER 1. INTRODUCTION PhD Thesis

rizing a given data matrix M € R"™*™ into two factors X € R™*" and Y € R™*"

with different desirable structures such that M ~ XY T, where r < min{m, n}.

These two classes of matrix optimization problems arise in many applications
from areas such as machine learning and imaging sciences. We will discuss more
details for their models in Section 1.1 and Section 1.2, respectively, and develop two
efficient first-order splitting algorithms for solving them in Chapter 3 and Chapter
4, respectively. To better distinguish these two classes of problems, throughout this
thesis, for MDP, we use L € R™*™ and S € R™*" as the decision variables, and use
D e R™*™ as the given matrix; while, for MFP, we use X € R™*" and Y € R™*" as
the decision variables, and use M € R"™*™ as the given matrix. With a slight abuse
of notation, we use F(L,S) in (1.1) and F(X,Y) in (1.4) to denote the objectives

in the models for MDP and MFP, respectively.

1.1 Matrix decomposition problem

The MDP considered in this thesis can be modeled as

min F(L,S) := W(L) + B(S) + % ID — A[B(L) + ()], (1.1)

where ¥, ® : R™*" — R, u {oo} are proper closed nonnegative functions, and ¥
is convex, while ® is possibly nonconvex, nonsmooth and non-Lipschitz; A,B,C :
R™ ™ — R™*™ are linear maps and B, C are injective. In particular, W(L) and
®(S) in (1.1) can be different regularizers used for inducing the desired structures.
For instance, W(L) can be used for inducing low rank in L. One possible choice is
U(L) = |L|« (see Chapter 2 for notation and definitions). Alternatively, one may
consider W(L) = dq(L), where Q is a compact convex set such as Q = {L € R™*" :
|L|lw <1, Ly = Lo = -+ = Ly} with [ > 0, or Q = {L € R™" : |L|, < r'}
with 7" > 0; the former choice restricts L to have rank at most 1 and makes (1.1)

— 2
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nuclear-norm-free (see [52, 54]). On the other hand, ®(.S) can be used for inducing

sparsity. In the literature, ®(.5) is typically separable, i.e., taking the form

m n

O(S) =), D b(siy), (1.2)
i=1j=1
where ¢ is a nonnegative continuous function with ¢(0) = 0 and p > 0 is a regulari-

zation parameter. Some concrete examples of ¢ include:
1. bridge penalty [41, 44]: ¢(t) = [t|P for 0 < p < 1;
2. fraction penalty [28]: ¢(t) = a|t|/(1 + alt|) for a > 0;

3. logistic penalty [64]: ¢(t) = log(1 + «t]) for a > 0;

¢l
4. smoothly clipped absolute deviation [24]: ¢(t) = min(1, (a — s/p) /(a0 —
0

1)) ds for o > 2;

_
0

5. minimax concave penalty [93]: ¢(¢) (1 —s/(ap)) ds for a > 0;

6. hard thresholding penalty function [25]: ¢(t) = p— (u — [¢])2 /.
The bridge penalty and the logistic penalty have also been considered in [20]. Finally,
the linear map A can be suitably chosen to model different scenarios. For example,
A can be chosen to be the identity map for extracting L and S from a noisy data D,
and the blurring map for extracting L and S from a blurred data D. The linear map
B can be the identity map or some “dictionary” that spans the data space (see, for
example, [57]), and C can be chosen to be the identity map or the inverse of certain
sparsifying transform (see, for example, [65]). More examples of (1.1) can be found
in [11, 12, 13, 20, 67, 89].

One representative application that is frequently modeled by (1.1) via a suitable

choice of &, ¥, A, B and C is the background/foreground extraction problem, which

is an important problem in video processing; see [9, 10] for recent surveys. In this
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problem, one attempts to separate the relatively static information called “back-
ground” and the moving objects called “foreground” in a video. The problem can
be modeled by (1.1), and such models are typically referred to as robust principal
component analysis (RPCA)-based models. In these models, each image is stacked
as a column of a data matrix D, the relatively static background is then modeled
as a low rank matrix, while the moving foreground is modeled as sparse outliers.
The data matrix D is then decomposed (approximately) as the sum of a low rank
matrix L € R™*" modeling the background and a sparse matrix S € R™*"™ mo-
deling the foreground. Various approximations are then used to induce low rank and
sparsity, resulting in different RPCA-based models, most of which take the form of
(1.1). One example is to set ¥ to be the nuclear norm of L, i.e., the sum of singular
values of L, to promote low rank in L and ® to be the ¢; norm of S to promote
sparsity in S, as in [13]. Besides convex regularizers, nonconvex models have also
been widely studied recently and their performances are promising; see [20, 83] for
background /foreground extraction and [6, 18, 35, 63, 64, 97] for other problems in
image processing. There are also nuclear-norm-free models that do not require the
singular value decomposition of the matrix variable L when solving them, making
the model more practical especially when the size of matrix is large. For instance,
in [54], the authors set ® to be the ¢; norm of S and ¥ to be the indicator function
of Q ={LeR™ : Ly =1Ly=-- = L,}. A similar approach was also adop-
ted in [52] with promising performances. Clearly, for nuclear-norm-free models, one
can also take ® to be some nonconvex sparsity inducing regularizers, resulting in
a special case of (1.1) that has not been explicitly considered in the literature be-
fore; we will consider these models in our numerical experiments in Section 3.3. The
above discussion shows that problem (1.1) is flexible enough to cover a wide range
of RPCA-based models for background /foreground extraction.

Problem (1.1) is nonconvex in general. Thus, in this thesis, we will focus on

— 4 —
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finding a stationary point of the objective F in (1.1). As we will show later in
Section 3.1, model (1.1) can be reformulated into an optimization problem with three
blocks of variables. This kind of problems containing several blocks of variables has
been widely studied in the literature; see, for example, [54, 62, 67]. Hence, it is
natural to adapt the algorithm used there, namely, the alternating direction method
of multipliers (ADMM), for solving (1.1). Classically, the ADMM can be applied to

solving problems of the following form that contains 2 blocks of variables:

min { fi(21) + fa(z2) : Ai(z1) + Aa(22) = b}, (1.3)

1,72

where f7, fs are proper closed convex functions and Ay, Ay are linear maps. The

iterative scheme of ADMM is
( 33116-&-1

€ Argmin {Eﬁ(lﬂl, x5, Zk)} ’
1

{ 5™ e Argmin {Lg(2} ™, 20, 27)},
2

= 2 1 B(A (2T + Ay (25T — b)),

\

where 7 € (0, ‘/52“) is the dual step-size and L3 is the augmented Lagrangian function

for (1.3) defined as

E,B(:Bl,xg,z) = fl(ZBl) + fg(ivg) — <Z,¢41(ZL‘1) + AQ(ZBQ) — b>

+ D lAs() + As(a) — P

with 8 > 0 being the penalty parameter. Under some mild conditions, the sequence
{(z%,25)} generated by the above ADMM can be shown to converge to an optimal
solution of (1.3); see for example, [5, 23, 27, 33]. However, the ADMM used in
[54, 62, 67] does not have a convergence guarantee; indeed, it is shown recently in

[16] that the ADMM, when applied to a convex optimization problem with 3 blocks

— 5 —
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of variables, can be divergent in general. This motivates the study of many provably
convergent variants of the ADMM for convex problems with more than 2 blocks of
variables; see, for example, [37, 38, 55, 56]. Recently, Hong et al. [40] established the
convergence of the multi-block ADMM with 7 = 1 for certain types of nonconvex
problems whose objective is a sum of a possibly nonconvex Lipschitz differentiable
function and a bunch of convex nonsmooth functions when the penalty parameter
is chosen above a computable threshold. The problem they considered covers (1.1)
when @ is convex, or smooth and possibly nonconvex. Later, Wang et al. [83]
considered a more general type of nonconvex problems that contains (1.1) as a special
case and allows some nonconvex nonsmooth functions in the objective. To solve this
type of problems, they considered a variant of the ADMM whose subproblems are
simplified by adding a Bregman proximal term. However, their results cannot be
applied to the direct adaptation of the ADMM for solving (1.1). In view of the
above, we will develop the three-block ADMM with a non-trivial dual step-size for

(1.1) and analyze its convergence in Chapter 3.
1.2 Matrix factorization problem
The MFP considered in this thesis can be modeled as

min F(X,Y) := U(X) + @(Y) + % |AXYT) b (1.4)

where X € R™" and Y € R™" are decision variables with » < min{m, n}, the
functions ¥ : R™*" — R U {00} and ® : R — R U {0} are proper closed but
possibly nonconvex, nonsmooth and non-Lipschitz, b € RY is a given vector and
A R™" — RY is a linear map with ¢ < mn and AA* = Z'. Model (1.4) covers

many existing widely-studied models in many application areas such as machine

1 'We here make a blanket assumption on A that AA* = T for matrix factorization problem

— 6 —
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learning [81] and imaging sciences [96]. Similarly, ¥(X) and ®(Y) in (1.4) can be
various regularizers for inducing the desired structure. We take ¥(X) for example. W
can be the Frobenius norm of X for improving the stability of the estimation of factor
X. When the factor X is required to be sparse, ¥ can be chosen as a sparsity-inducing
norm, which is typically separable, i.e, taking the form ¥(X) = v > ", Z;Zl P (z45)
with different forms of the penalty v (the concrete examples of ¢ can be found in
Section 1.1). When the factor X is required to have low rank, one can consider
U(X) = v|| X, with v > 0 or ¥(X) = dx(X), where X = {X € R™" : | X|, < '}
with 0 < 7/ < r. Moreover, one can also impose nonnegativity on X by considering
U(X) = dx(X), where X = {X € R™*" : X > 0}. For the linear map A, it can
be suitably chosen to model different scenarios. For instance, A can be the identity
map for the factorization of a given matrix, or the sampling map for recovering a
matrix from some observations as in the matrix completion problem [14, 15, 68, 69].
More examples of (1.4) can be found in recent surveys [81, 96].

One representative application of (1.4) is the non-negative matrix factorization
(NMF) problem, where ¥(X) and ®(Y) are chosen as the indicator functions for
X ={XeR™:X >0}and Y = {Y € R : Y > 0}, respectively, and A is
the identity map. NMF was first introduced by Paatero and Tapper [66], and then
popularized by Lee and Seung [46]. It now has been widely used in data mining
applications due to its ability to provide interpretable decompositions of data. The
basic task of NMF is to find two nonnegative matrices X € R7*" and Y € R}*"
such that M ~ XY for a given nonnegative data matrix M € R7*". One can also
impose some desired structures (e.g., sparsity) on X or Y by using some suitable
regularizers (e.g., ¢1-norm). Thus, this type of problems can be modeled by (1.4)
via suitable choices of ¥, & and A. We refer readers to [4, 29, 30, 31, 47, 86]
for more information on NMF and its variants. Another important application of
(1.4) is the matrix completion (MC) problem, which aims to recover an unknown

— 7 —
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low rank matrix from a sample of its entries. This problem also arises in various
applications, e.g., collaborative filtering [70, 77|, sensor-network localization [7] and
system identification [59]. One popular class of methods for MC is based on nuclear-
norm minimization [14, 15, 68, 69], or, more generally, Schatten-p (0 < p < 1)
(quasi—)norm minimization [45, 60, 61, 94]. However, this class of methods bears
the computational cost of singular value decompositions or eigenvalue decompositions
of huge (m x n) matrices, which can become costly for large-scale problems. Recently,
an alternative class of methods based on low—-rank matrix factorization has attracted
more and more attentions in the literature; see, for example, [43, 73, 74, 75, 79, 87].
In these methods, the m xn matrix variable is replaced by the product of two or more
small-sized matrices. Strategies such as alternating minimization are then adopted
so that the resulting subproblems only involve small-sized matrix variables and hence
can be solved efficiently. In particular, it has been showed in [73, 74, 75] that the
Schatten-p (0 < p < 1) (quasi-)norm of any matrix is equivalent to minimizing
the weighted sum of Schatten-p; quasi-norm and Schatten-p, quasi-norm of its two
factor matrices for suitable py, po > 0. Thus, Schatten-p (0 < p < 1) (quasi-)norm
minimization for MC can be modeled as (1.4) with suitable choices of ¥, ® and A.
Promising numerical results of this method have also been reported in [73, 74].
Problem (1.4) is in general nonconvex (even when W, ¢ are convex) and NP-
hard?. Therefore, in this thesis, we also focus on finding a stationary point of
the objective F in (1.4). Note that F here also involves two blocks of variables.
This kind of structure has been widely studied in the literature; see, for example,
3, 8, 22, 39, 42, 80, 91, 92, 95]. As we mentioned in Section 1.1, one popular class
of methods for tackling this kind of problems is the alternating direction method of

multipliers (ADMM) (see [22, 92, 95]), in which each iteration consists of an alter-

2 Problem (1.4) is NP-hard because it contains NMF as a special case, which is NP-hard in general
[82].
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nating minimization of an augmented Lagrangian function that involves X, Y and
some auxiliary variables, followed by updates of the associated multipliers. However,
the conditions presented in [22, 92, 95| that guarantee convergence of the ADMM
are too restrictive. In fact, their condition requires that the successive change of
the dual variable goes to zero, which is uncheckable in practice. Moreover, updating
the auxiliary variables and the multipliers can be expensive for large-scale problems.
Another class of methods for (1.4) is the alternating-minimization-based (or block-
coordinate-descent-type) methods (see [3, 8, 19, 32, 53, 58, 80, 91]), which alternately
(exactly or inexactly) minimizes F(X,Y’) over each block of variables and conver-
ges under some mild conditions. When A is not the identity map, the majorization
technique can be used to simplify the subproblems. Some representative algorithms
of this class are proximal alternating linearized minimization (PALM) [8], hierarchi-
cal alternating least squares (HALS) (for NMF only; see [19, 32, 53, 58]) and block
coordinate descent (BCD) [91]. Comparing with ADMM, it was reported in [91] that
BCD outperforms ADMM in both CPU time and solution quality for NMF. While
methods such as PALM, HALS and BCD are currently the state-of-the-art algo-
rithms for solving problems of the form (1.4), in Chapter 4 of this thesis, we develop
a new iterative method for (1.4), which, according to our numerical experiments in

Section 4.4, outperforms HALS and BCD for NMF, and PALM for MC.

1.3 Contributions of the thesis

The contributions of this thesis can be divided into two parts.

e The first part is for MDP. Following the studies in [40, 83] on convergence
of nonconvex ADMM and its variant, and the recent studies in [1, 49, 84],
we manage to analyze the convergence of the ADMM applied to solving the

possibly nonconvex problem (1.1). In addition, we would like to point out

— 09 —
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that all the nonconvex ADMM mentioned in Section 1.1 only have a dual step-
size of 7 = 1. While it is known that the classical ADMM converges for any
T € (0, @) for convex problems, and that empirically 7 ~ @ works best
(see, for example, [26, 27, 33, 55]), to our knowledge, the algorithm with a
dual step-size 7 # 1 has never been studied in the nonconvex scenarios. Thus,
we also study the ADMM with a general dual step-size, which will allow more

flexibilities in the design of algorithms. The specifical contributions in this part

are presented as follows.

— We show that for any positive dual step-size 7 less than the golden ra-
tio, the cluster point of the sequence generated by our ADMM gives a
stationary point of (1.1) if the penalty parameter is chosen above a com-
putable threshold depending on 7, whenever the sequence is bounded.
We achieve this via a potential function specifically constructed for our
ADMM. To the best of our knowledge, this is the first convergence result
for the ADMM in the nonconvex scenario with a possibly nontrivial dual
step-size (7 # 1). This result is also new for the convex scenario for the

directly extended multi-block ADMM.

— We establish global convergence of the whole sequence generated by the
ADMM under the additional assumption that the special potential function

is a Kurdyka-Lojasiewicz function.

— Furthermore, we discuss an initialization strategy to guarantee the boun-

dedness of the sequence generated by the ADMM.

— We conduct some numerical experiments to evaluate the performance of
our ADMM by using different nonconvex regularizers on real datasets
in Section 3.3. Our computational results illustrate the efficiency of our

ADMM with a nontrivial dual step-size.
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e The second part is for MFP. In this part, we develop a new iterative method
for (1.4). Our method is based on the following potential function (specifically

constructed for the objective F in (1.4)):
) - T 2 B 2
Ous(X, Y, 2) 1= W(X) + 2(V) + TIXYT — 7[5+ T A2) b, (1)

where o and 3 are real numbers. Instead of alternately (exactly or inexactly)
minimizing F(X,Y) or the augmented Lagrangian function, our method alter-
nately updates X and Y by inexactly minimizing 6, 3(X,Y, Z) over X and Y,
and then updates Z by an explicit formula. Note that the coupled variables
XY is now separated from A in our potential function. Thus, one can readily
take advantage of efficient computational strategies for NMF, such as those
used in HALS (see the “hierarchical-prox” updating strategy in Section 4.2),
for inexactly minimizing ©, 3(X,Y, Z) over X or Y. Furthermore, our method
can be implemented for NMF and MC without explicitly forming the huge
(m x n) matrix Z (see (4.46) and (4.49)) in each iteration. This significantly
reduces the computational cost per iteration. Finally, a suitable non-monotone
line search criterion, which is motivated by recent studies on non-monotone
algorithms (see, for example, [17, 34, 88]), is also incorporated to improve the
numerical performance. The specifical contributions in this part are presented

as follows.

— We propose a potential function ©, 3 and study its properties. If AA4* =7
and «, 3 are chosen such that aZ + SA*A > 0 and é + % = 1, then the

problem )r(n;r% {©,5(X,Y,Z)} is equivalent to (1.4) (see Theorem 4.1).

Furthermore, under the weaker conditions that AA* = 7 and é + % =1,

we can show that (i) a stationary point of ©, g gives a stationary point

of F; (ii) a stationary point of F can be used to construct a stationary
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point of ©, 5 (see Theorem 4.2). Thus, one can find a stationary point of

F by finding a stationary point of O, g.

— We develop a non-monotone alternating updating method based on this
potential function to find a stationary point of ©, s, and hence of F.
The convergence analysis of this method is presented. We show that
our non-monotone line search criterion is well defined and any cluster
point of the sequence generated by our method is a stationary point of F
under some mild conditions. Moreover, we discuss the convergence rate for
the function value if, in addition, the objective is a Kurdyka-Lojasiewicz

function.

— Finally, we conduct some numerical experiments to evaluate the perfor-
mance of our method for NMF and MC on real datasets in Section 4.4.

Our computational results illustrate the efficiency of our method.

1.4 Organization of the thesis

This thesis is organized as follows.

e In Chapter 1, we briefly introduce the backgrounds and models for two classes
of matrix optimization problems considered in this thesis and summarize the

main contributions of this thesis.

e In Chapter 2, we present some basic notions and some well-known theoretical

results needed in this thesis.

e In Chapter 3, we develop the three-block ADMM with a non-trivial dual step-
size for MDP (1.1) and analyze its convergence. Then, we conduct numerical

experiments to evaluate the performance of our ADMM.
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e In Chapter 4, we derive a non-monotone alternating updating method for MFP
(1.4) and analyze its convergence. The numerical experiments for nonnegative
matrix factorization and matrix completion are also conducted to evaluate the

performance of our method.

e In Chapter 5, we summarize our main results in this thesis and give some

possible further works.
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Chapter 2

Notation and Preliminaries

In this chapter, we summarize some basic notation used throughout this thesis, and

recall some well-known theoretical results in the literature.

2.1 Basic notation

In this thesis, we use R™ to denote the set of all m-dimensional vectors and use R"*"
to denote the set of all m x n matrices. For a vector & € R™, we let x; denote its i-th
entry, ||| denote the Euclidean norm of & and Diag(x) denote a diagonal matrix
whose i-th diagonal element is x;. For a matrix X € R™*", x;; denotes its ¢j-th entry
and x; denotes its j-th column. The {;-“norm” denoted by |X|, is defined as the
number of nonzero entries in X and the ¢,,-norm denoted by | X| is defined as the

largest entry in magnitude in X. The ¢;-norm and /,-quasi-norm (0 < p < 1) of X

1
are defined as | X |1 := 22, D7, [i;| and | X |, := (Z:il pIY ]xij|p) ", respectively.
Moreover, the Schatten-p (quasi-)norm (0 < p < ) of X is defined as |X|s, =
1
<Z?:rf(m’") gf’(X))p, where ¢;(X) is the i-th singular value of X. For p = 2, the
Schatten-2 norm reduces to the Frobenius norm | X |, and for p = 1, the Schatten-1

norm reduces to the nuclear norm || X |.. The spectral norm of X is denoted by || X|,

which is the largest singular values of X. Additionally, for two matrices X and Y

15
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of the same size, we denote their trace inner product by (X,Y) := 37", Z?:l TijYij-
We also use X <Y (resp. X >Y) to denote z;; < y;; (resp. x;; = y,;) for all (4, j).

For the linear map A : R™*" — R™*"  A* denotes the adjoint linear map and
|A|| denotes the induced operator norm of A, i.e., ||A| = sup{||A(X)| : |X|r < 1}.
Particularly, for notational simplicity, we use Apax (resp., Amin) to denote the largest
(resp., smallest) eigenvalue of the linear map A*A in Chapter 3. For a linear map
T R — R™" we write T > 0 if T is positive definite. Finally, the identity
map is denoted by Z.

For an extended-real-valued function f : R™*™ — [—o0, 0], we say that it is
proper if f(X) > —oo for all X € R™*" and its domain domf := {X € R™*": f(X) <
o0} is nonempty. Such a function is lower semicontinuous at a point X € R™*"™ if
f(X) < liminfy_,x f(Y). We say that f is lower semicontinuous or closed on R™*"

if f is lower semicontinuous at every X € R™*". For a proper function f, we use

the notation ¥ % X to denote Y — X and fY) — f(X). The basic (limiting)

subdifferential [71, Definition 8.3] of f at X € domf used in this thesis is
Of(X) = {D e R™" . 3X* L X and D¥ — D with D* e 3f(X*) for all k} ,

where 0f(U) denotes the Fréchet subdifferential of f at U € domf, which is the set

of all D e R™*" satisfying

f¥) =) =Dy -U)

A Y -0l

From the above definition, we can easily observe that
{DGRW" axt L x, p* - D, Dkeaf(X’“)} < Of(X). (2.1)

We also recall that when f is continuously differentiable or convex, the above subdif-

ferential coincides with the classical concept of derivative or convex subdifferential of
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f; see, for example, [71, Exercise 8.8] and [71, Proposition 8.12]. Moreover, from the
generalized Fermat’s rule [71, Theorem 10.1], we know that if X € R™*" is a local
minimizer of f, then 0 € df(X). In this thesis, we say that X* is stationary point of
fif 0 € df(X*). Additionally, for a function f with several groups of variables, we
write dx f (resp., Vx f) for the subdifferential (resp., derivative) of f with respect to
the group of variables X.

For a nonempty closed set X < R™*", its indicator function dy is defined by

0 if XeX,
+00 otherwise.

o) - |

The normal cone of X" at the point X € X is given by Ny (X) = ddx(X). We also use
dist(X, X) to denote the distance from X to X, i.e., dist(X, X) := infycy | X —Y|F,
and Px(X) to denote the closest point to X in X

For a proper closed function g : R™ — (—o0, c0], the proximal mapping Prox, :

R™ — R™ of g is defined by

Prox,(z) := Argmin {g(w) + %az — zQ} :

xeR™

For any v > 0, the matrix shrinkage operator S, : R™*" — R™*" is defined by

si—v, ifsi—v>0,

L . _ T . z
S,(X) := UDiag(s)V ' with s; { 0 otherwise,

where U € R™*" s e R", and V' € R™*" are given by the singular value decomposition

of X, ie, X = UDiag(s)V'.

2.2 Kurdyka-Lojasiewicz property

We next recall the Kurdyka-FLojasiewicz (KL) property, which plays an important role

in our global convergence analysis in Section 3.2 and convergence rate in Section 4.3.
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For notational simplicity, we use =, (7 > 0) to denote the class of concave functions
¢ :[0,n) — R, satisfying: (1) ¢(0) = 0; (2) ¢ is continuously differentiable on (0,7)
and continuous at 0; (3) ¢'(z) > 0 for all x € (0,n). Then, the KL property can be

described as follows.

Definition 2.1 (KL property and KL function). Let f be a proper lower semi-

continuous function.

(i) For X € domdf := {X € R™" : 0f(X) # &}, if there exist an 1 € (0, +0],
a neighborhood V/ of)N( and a function ¢ € =, such that for all X e V n {X €

R™ : f(X) < f(X) < f(X) +n}, it holds that

~

' (f(X) = f(X))dist(0, 0f(X)) = 1,
then f is said to have the Kurdyka-Eojasiewicz (KL) property at X.

(i1) If [ satisfies the KL property at each point of domdf, then f is called a KL

function.

We refer the interested readers to [2] and references therein for examples of KL
functions. Based on the above definition, we can further describe the KL exponent,

which is defined [2, 3] as follows.

Definition 2.2. Suppose that f is a proper closed function satisfying the KL property
at X € domdf := {X e R™*" : 0f(X) # &} with o(s) = as'™ for some a > 0 and

v e[0,1), i.e., there exist a,e,n > 0 such that
~ A\
dist(0, 0f(X)) = a (f(X) = f(X))

whenever X € domof, | X — X|p < ¢ and f(X) < f(X) < f(X) +n. Then, f is

said to have the KL property at X with an exponent ¥. If f is a KL function and
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has the same exponent ¥ at any X e dom of, then f is said to be a KL function with

an exponent 9.

Finally, we recall the following uniformized KL property, which was established

in [8, Lemma 6.

Proposition 2.1 (Uniformized KL property). Suppose that f is a proper lower
semicontinuous function and I' is a compact set. If f = f* on I for some constant
f* and satisfies the KL property at each point of I', then there exist e > 0, n > 0 and

¢ € £, such that
¢ (f(X) — f)dist(0, 0f (X)) = 1

for all X e {X e R™*" : dist(X, ') < e} n{X e R™™: f* < f(X) < f* +n}.
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Chapter 3

ADMM for Matrix Decomposition
Problem

In this chapter, we consider applying ADMM with a general dual step-size for solving
the matrix decomposition problem (1.1), i.e.,

min F(L,S) = (L) + @(S) + % |D—A[B(L) +C(9)]|7.

Note that this problem is possibly nonconvex, nonsmooth and non-Lipschitz. Thus,
we focus on finding a stationary point of the objective F, i.e., finding a point (L*, S*)
such that 0 € 0F(L* S*). Moreover, from [71, Exercise 8.8] and [71, Proposi-

tion 10.5], we see that

OU(L) + B*A* (A(B(L) + C(S)) — D)
OF(L, 5) = ( 0B(S) + C*A* (A(B(L) + C(S)) — D) )

Then, a stationary point (L*, S*) of F must satisfy the following first-order necessary

conditions:

0e V(L") + B*A* (A(B(L*) + C(S*)) — D),
(3.1)
0 dD(S*)+C*A* (A(B(L*) +C(S*)) — D).
Later, we will show that for any dual step-size less than the golden ratio @, there

exists a computable threshold § such that if the penalty parameter 3 is chosen above

21



CHAPTER 3. ADMM PhD Thesis

3 and the sequence thus generated by our ADMM is bounded, then the cluster
point of the sequence gives a stationary point of F, i.e., a point satisfying (3.1).
We achieve this via a potential function specifically constructed for our ADMM.
Moreover, we establish the global convergence of the whole sequence if, in addition,
this special potential function is a Kurdyka-Lojasiewicz function. Furthermore, we
present a simple strategy for initializing the algorithm to guarantee boundedness
of the sequence. Finally, we perform numerical experiments comparing our ADMM
with the proximal alternating linearized minimization (PALM) proposed in [8] on the
background /foreground extraction problem with real data. The numerical results
show that our ADMM with a nontrivial dual step-size is efficient.

The rest of this chapter is organized as follows. We first present the ADMM for
(1.1) in Section 3.1. We then present the convergence analysis in Section 3.2. Some

numerical results are reported in Section 3.3.

3.1 Alternating direction method of multipliers

In this section, we present an ADMM for (1.1). To this end, we first rewrite (1.1) as

the following equivalent form:

min W(L)+0(S) + 3 |D - A2
s (3.2)

s.t. B(L)+C(S)=Z.
We then introduce the augmented Lagrangian function of (3.2) as follows:
1
Ls(L,8,2,A) = U(L) + 0(S) + |D = A(Z)[
B
— (A, B(L) +C(S) = Z) + SIB(L) + C(S) = Z|,

where A € R"™*" is the Lagrangian multiplier and § > 0 is the penalty parameter.
Now, we are ready to present the complete ADMM for (3.2) (equivalently (1.1)) in
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Algorithm 1.

Algorithm 1 ADMM for solving (3.2)

Input: Initial point (S°, Z° A%), dual step-size parameter 7 > 0, penalty parameter
8> 0. Set k — 0.

while a termination criterion is not met, do

Step 1. Set
(LF*e Arngin Ls(L,S* 7% AF), (3.3a)
Shl e Argsmin La(LFT S, 728 AR, (3.3b)
ZM — arg;nin Lp(LFT SEL 7 AF), (3.3c)
AR = AP — 73(B(LFHY) + C(S™Fh) — ZF).

Step 2. Set k:=k + 1.

end while
Output: (L*, S*)

Comparing with the ADMM considered in [40], the above algorithm has an extra
dual step-size parameter 7 > 0 in the A-update. Such a dual step-size was introduced
in [27, 33] for the classical ADMM (i.e., for convex problems with two separate blocks
of variables), and was further studied in [26, 55, 78, 90] for other variants of the
ADMM. Numerically, it was also demonstrated in [78] that a larger dual step-size
(1~ @) results in faster convergence for the convex problems they consider. Thus,
we adapt this dual step-size 7 in our algorithm above. Surprisingly, in our numerical
experiments, a parameter choice of 7 ~ @ leads to the worst performance for our
nonconvex problems.

When 7 = 1, the above algorithm is a special case of the general algorithm
studied in [40] when ¥ and ® are smooth functions, or convex nonsmooth functions.

The algorithm is shown to converge when £ is chosen above a computable threshold.

However, their convergence result cannot be directly applied when 7 # 1 or when ¢
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is nonsmooth and nonconvex. Nevertheless, following their analysis and the related
studies [49, 84, 83], the above algorithm can be shown to be convergent under suitable
assumptions. We will present the convergence analysis in Section 3.2.

Before ending this section, we further discuss the three subproblems in Algorithm

1. First, notice that the L-update and S-update are given by

LF! e Argmin {@(L) + §B(L) + C(Sk) — gk _ %Akﬁv} )
L

S*+1 e Argmin {@(S) + guz’s(ml) +C(S) - 2" - %A’“H%} :
S

In general, these two subproblems are not easy to solve. However, when ¥ and
® are chosen to be some common regularizers used in the literature, for example,
V(L) = ||L|+ and ®(S) = |51, then these subproblems can be solved efficiently via
the proximal gradient method. Additionally, when W(L) = dq(L) with  being a

closed convex set and B = Z, the L-update can be given explicitly by
1
LM =Py (—C(S’“) + 78 + BAk) ,

which can be computed efficiently if 2 is simple, for example, when = {L €
R™™ | |L|oo <, Ly = Ly =---= Ly} for some [ > 0. For the S-update, when ® is
given by (1.2) with ¢ being one of the penalty functions presented in the introduction
and C = Z, it can be solved efficiently via a simple root-finding procedure. Finally,
from the optimality conditions of (3.3c), the Z*! can be obtained by solving the

following linear system
A*A(Z) + BZ = A*(D) — A* + 8 (B(LkH) + C(SkH)) ,

whose complexity would depend on the choice of A in our model (1.1). For example,
when A is just the identity map, the Z¥*! is given explicitly by

1
1+ 75

Zk+1 _ [D _ Ak +ﬁ (B(LkJrl) +C(Sk+1))]
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3.2 Convergence analysis of ADMM

In this section, we discuss the convergence of Algorithm 1 for 0 < 7 < %5 We
first present the first-order optimality conditions for the subproblems in Algorithm

1 as follows, which will be used repeatedly in our convergence analysis below.
(0€ QU(LF) — B*(AF) + BB* (B(LF™) + C(S*) — Z%), (3.4a)
0 e 00(SHh) — C*(A%) + pC* (B(LkH) +C(SM) — Zk) , (3.4b)

0=A*(AZ") = D) + A* — B(B(L*™) + C(SF) — ZFY), (3.4c)

(AP — AP = —73 (B(LF) + C(S*HY) — ZFH) . (3.4d)
Our convergence analysis is largely based on the following potential function:
©,5(L, S, Z,A) = Ls(L, 8, Z, ) + 0()B|B(L) + C(S) — Z|3,

where

(1 —1)72
1+7—72

0(r) := max{l—T, }, for 0 <7< Lt (3.5)

Note that 6(-) is a convex and nonnegative function on <O, ”2*/5). Thus, for any

(L, S, Z,A), we have ©,5(L, S, Z,A) = Ls(L,S,Z,A) for 0 < 7 < %5 and the

equality holds when 7 = 1 (so that §(7) = 0).

Our convergence analysis also relies on the following assumption.
Assumption 3.1. ¥, & B, C, 8 and T are chosen such that

(al) B*B = oZ for some o >0 and C*C = o'Z for some o' > 0;
(a2) W is continuous on its domain;
(a3) the first iterate (L', S*, Z1, AY) satisfies
O,5(LY, SY ZN AY) < hg:= liminf  U(L) + ®(S).

IL[ 7 +1S] r—c0
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Remark 3.1 (Note on Assumption 3.1). (i) Since B and C in (1.1) are injective,
(al) holds trivially; (ii) (a2) holds for many common reqularizers (for example, the
nuclear norm) or the indicator function of a set; (iit) (a3) places conditions on the
first iterate of the algorithm. It is not hard to observe that this assumption holds

trivially if both U and ® are coercive, i.e., if liminf  W(L)+ ®(S) = 0. We will
[ Ll 7 +[S] r—00

discuss more sufficient conditions for this assumption after our convergence results,

i.e., after Theorem 3.2.

We now start our convergence analysis by proving the following preparatory
lemma, which states that the potential function is decreasing along the sequence
generated from Algorithm 1 if the penalty parameter ( is chosen above a computa-

ble threshold.

Lemma 3.1. Suppose that 0 < 7 < ”T*E and {(L*,S*, Z* A*)} is a sequence gene-

rated by Algorithm 1. If (al) in Assumption 3.1 holds, then for k = 1, we have

@T,ﬂ(Lk+l7 SkJrl7 ZkJrl7 AkJrl) . @T,B(Lka Sk, Zk, Ak)
(3.6)

2 .
< (max {1, o2} M Dt zket _ 7R o2 ket — LR,

where Apax (T€SP., Amin) denotes the largest (resp., smallest) eigenvalue of the linear

map A*A. Moreover, if 5 = _>\me + %\/)\2 + rnaoc{1 2 } - 8\2 then the

min 70 1T47—72 max’

sequence {O, g(L*, S* ZF AF)}2 | is decreasing.
Proof. We start our proof by noticing that

@T,ﬁ(LkH’ Sk:+1’ ZkH,AkH) _ @T,ﬁ(LkH, Skﬂ, ZkH,Ak)

_ _<Ak+1 _ Ak Lk+1 + Sk+1 o Zk+1> _ iHAk—H . AkH2 (3.7>
) 7_/8 F»

where the last equality follows from (3.4d). We next derive an upper bound of
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|AFT1 — A¥|2.. To proceed, we first note from (3.4c) that
0 = A*(A(ZkJrl) . D) + Ak _ﬁ(B(Lk+1> +C<Sk+1) o Zchrl)

= A*(A(Z**') = D) + A* + 1(Ak+1 — AF)

pu
— A = 7 A(D - A(ZFT) + (1 - 7)AF,

where the second equality follows from (3.4d). Hence, for k > 1,

Ak+1 o Ak
= [tA*(D — A(Z"™) + (1 = 7)A*] — [T A*(D — A(Z%)) + (1 — 7)A*1] (3.8)

= TATA(ZE — ZMY) 4 (1 — 1) (AR — AR,

We now consider two separate cases: 0 <7< land 1 <7< %5

e For 0 < 7 < 1, it follows from the convexity of | - |% that

% _ 2
AR — AR = |TARA(ZY = 2 + (L= ) (AT = AP

< TRLZFH = ZHE (1 - AR - AR

max ‘

We further add —(1 — 7) [A**! — A"‘Hi7 to both sides of the above inequality
and simplify the resulting inequality to get
AR — AR
< Ml 25 = Z85 + 5E (A" = AP — AR - ARG
(3.9)
= (1=7)78 (IB(L") + C(S%) = Z*|[F — IB(L*) + C(S*) — Z5413)

+ N2

max ‘

75— 24 B

where the last equality follows from (3.4d).
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e Forl <7< %5, dividing 7 from both sides of (3.8), we have

%(Ak+1 _Ak) = A*A (Zk _ Zk+1) + <1 _ 1) (Ak _Ak—l)

T

= — - TA*A(ZF -2 + (1 — 1) (A1 — AR,

T

N

This together with 0 < 2 <1 and the convexity of | - |3, implies that

[L (A= AR)[L < LrARA(ZE = ZFY) 3o+ (1 - L) AR - AR

< Al 2 = ZHE + (1= D) IAF = A

ax

— AT AL < A

mae |

74— ZH + (72— 7) AR — AR

Then, adding — (7% — 7) |A*+! — A"/’HfJ to both sides of the above inequality,
simplifying the resulting inequality and using the fact that 1 + 7 — 72 > 0 for

l<71< %,We see that

AR — AR

T3\2 i
< max Zk+1 _ Zk: 2 Ak: . Ak—l 2 Ak+1 _Ak 2
e b+ T () 7| 2)
332 (r — 1)r38° (310)
T T—171
_ max Zk+1 _ Zk: 2 B Lk C Sk o Zk 2
e I3+ TR () + e(st) - 2

— IB(LM) + (™) = 2 5),

where the equality follows from (3.4d).

Thus, for 0 < 7 < 1+2*/5, combining (3.9), (3.10) and recalling the definition of 6(7)

in (3.5), we have

2 2
i”Ak*‘l _ Ak”%‘ < max{lj T 2} ) Amax HZk-i—l _ Zch%7
T8 T 1l+7—17 6] (3.11)

+0(r)B (IB(LY) + C(S*) = Z*|[5 = [B(L) + C(S*1) = Z517) .
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Next, note that the function Z +— Lg(LF*1 Sk 7 AF) is strongly convex with
modulus at least A\pin + 4. Using this fact and the definition of Z¥*! as a minimizer

in (3.3c), we see that
O, 5(LE+L, §FFL ZK+L ARY _ @ (LF+1, Gh+1 7k AR)
= Lo(LFFY, SR ZRFL AR g (LRFL R 7k AR
+0(r)B (IB(LMY) + C(S) = ZF 5 — [B(LM) + (8™ = ZM]%) - (3.12)
< O(7)B (IBLM) + (™) = Z8H 5 — | B(L) + C(s*) — Z8]%)
- Ayt 7601 7H]}.
Moreover, using the fact that S¥*1 is a minimizer in (3.3b), we have
O, 5(LF*L, SFFL Zk AF) — @, 4(LF1, S*, ZF, AP
= Lo(LFY, SR 7k AR) £ (DY SR Zk AR
(3.13)
+0(7)B (IB(L*) + C(S) = ZF|E — |B(L*) + C(8%) — Z8%)
< 0(r)B (IB(LM) + C(S™) — ZF|5 — [B(LM) + C(S%) — Z°|%) -
Finally, note that L — Lz(L, S*, Z%, A¥) is strongly convex with modulus at least

of from (al) in Assumption 3.1. From this, we can similarly obtain
@Tﬁ(Lk-‘rl’S}ﬁz, Zk:7Ak:) - ®T,B(Lk7 Sk, Zk,Ak)
< 0(r)B (IB(L*) +C(8") — Z5 — [B(L) + C(S*) — Z2°|%) (3.14)

-y - L

Thus, summing (3.7), (3.11), (3.12), (3.13) and (3.14), we obtain (3.6).

Now, suppose in addition that 5 > _Ame + %\/)\?nin + max{%, H:—?_ﬂ} -8A2 .

Then, it is easy to check that

1 2 A2 Amin
max{— T } max _ +5<0.

I

T 1+7—72
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Hence we see from (3.6) that
@7-”3(Lk+1,sk+l, Zk‘Jrl,AkJrl) o @T,,B(Lka Sk, Zk,Ak) < O,
which means that {©, g(L*, S* Z* AF)} | is decreasing. This completes the proof.

[

We next show that the sequence generated by Algorithm 1 is bounded if g is
chosen above a computable threshold, under (al) and (a3) in Assumption 3.1. For

notational simplicity, from now on, we let

f := max {max{l/T, T} Amax; —Argi" + %\/)\ilm+max {%, 1+:2—72} . 8)\12%)(} . (3.15)

Proposition 3.1 (Boundedness of sequence generated by ADMM). Suppose

that 0 < 17 < %5 and 8 > (. If (al) and (a3) in Assumption 3.1 hold, then a
sequence {(LF, S* Z* AF)}L | generated by Algorithm 1 is bounded.

Proof. With our choice of § and (al) in Assumption 3.1, we see immediately from
Lemma 3.1 that the sequence {O, g(LF, S* Z* AF)}% | is decreasing. This together

with (a3) in Assumption 3.1 shows that, for k > 1,
ho > ©,5(L', S Z N AY) = ©,5(LF, S ZF AF)

= U(LF) + (") + %D — A(Z") [ — (A%, B(LY) + C(S%) = Z%)

+ (14 26(7)) gB(L’“) +C(8%) = Z*|% (3.16)

e 1

— W(LY) + B(S*) + 5D~ A2+ IBLY +C(Y) - 2 - LAk

1
- ﬁHA’“H% +0(T)BIB(LY) +C(S*) — Z*|F,

where the last equality is obtained by completing the square. We next derive an
upper bound for HA"“‘H? We start by substituting (3.4d) into (3.4c) and rearranging
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terms to obtain

0 = A*(A(Z%) — D) + A*1 4 Z(AF — AR

e

—  —7A* = TA*A(Z") - D) + (1 —7) (A" — AF ).
We now consider two different cases:
e For 0 < 7 < 1, it follows from the convexity of | - |% and (3.17) that
| = 7AME < TIAT(AZY) = D)JE + (1= 7) A = A
< TAmax|A(ZY) = DI+ (1= 7) A" — A5
= TAmax|A(Z%) = DI + (1 = )78 B(LY) + C(S™) = Z*|%,
where the equality follows from (3.4d). Then, we have

Amax
A < == IAZY) = DIE + (L= 7)8%B(L) + C(S") = Z¥[5. (3.17)

efForl<rt< %3, by dividing —7 from both sides of (3.4c), we obtain

ar = L TA*(D — A(Z")) + (1 — 1) (AF — AR,

T T

Then, since 0 < £ < 1, using the convexity of | - [% and (3.4d), we have

1 1
A2 < Liraro— Az + (1 _ —) IAF — AR1J2
T T (3.18)

< Thmax| D — A(Z) 5 + (r = D7B%B(LY) +C(S%) — Z*-
Thus, combining (3.17) and (3.18), we have
[AME < max{1/7, 7} Amax| D — A(Z")|7

+max{l — 7, (1 — 1)7}8%| B(L*) + C(5*) — Z*|%

1 max{1l/7,7} Amax
— —ﬁHA’“H? > —medln e D — A(ZF)|7

— med N () + o(S¥) - 243
— 31 —
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Substituting (3.19) into (3.16), we have

ho > O, 5(L*, S*, ZF A*) = U(LF) + &(5%)

1 AI‘I‘lal)(
+ 3 (1 — max{1/7,7} - 3 ) |D — A(ZR)H%

(3.19)

s k k VL
+5IBLY) +c(s) - 2 -0 %

+[20(7) — max{1 — 7, ( — 1)7}] - HB (L*) +C(SF) — Z*[..

With (3.19) established, we are now ready to prove the boundedness of the se-

quence. We start with the observation that for 0 < 7 < ”‘f and 8 > 3, we always
have
>\max
1 — max{1/7,7} - 3 >0 (3.20)
and
1—7>0, for 0 <7 <1,
20(1) —max{l — 7, (1 — 1)1} =<0, for T =1, (3.21)

T(r=1)(r%+7-1) 1+v/5
T— >0, forl <7 <52,

where 0(7) is defined in (3.5). Then we consider two cases:

e For 7€ (0,1) u (1, %), it follows from (3.19), (3.20), (3.21), and the non-
negativity of ¥ and @ that {|D — A(Z%)||r}, {|B(L*) + C(S*) — ZF — %AkHF}
and {|B(L*) + C(S*) — Z*| r} are bounded; and moreover,

U(LF) + ®(S*) < he.

The boundedness of {L*} and {S*} follows immediately from this last relation.

Furthermore, {A*} is bounded since

[A%F < BIB(LY) +C(S%) — 2* - %AkF + B|B(L) + C(S*) — Z*| p-
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Finally, we obtain the boundedness of {Z*} from

1
|ZF < |B(LF) +C(S*) — 2" — BMHF +[B(L*)|r
(3.22)
1
+[C(S*)]r + BHA’“HF.

e For 7 = 1, it follows from (3.19), (3.20), (3.21), and the nonnegativity of ¥
and @ that {|D — A(Z")|r} and {|B(L*) + C(S*) — Z* — 5A*|p} are bounded;
and moreover W (L) + ®(S*) < hy, from which we see immediately that {L*}
and {S*} are bounded. The boundedness of {A*} now follows from (3.17) with
7 =1,1ie, AF = A*(D — A(Z*)). The boundedness of {Z*} again follows from
(3.22).

This completes the proof.  []

We are now ready to prove our first global convergence result for Algorithm 1,

which also characterizes the cluster point of the sequence generated.

Theorem 3.1 (Global subsequential convergence). Suppose that 0 < T < %5

and B > B. If Assumption 3.1 holds, then

(i) Jim [ZFE = L¥p 4 [ S = S8 p + [ 255 = 28 p + [ AR = A¥[ e = 0

(ii) for any cluster point (L*,S*, Z* A*) of a sequence {(L*, S*, Z* A*)} generated

by Algorithm 1, (L*,S*) is a stationary point of F.

Proof. The boundedness of the sequence {(L¥, S*, Z* A¥)} follows immediately from
Proposition 3.1 and thus a cluster point exists. We now prove statement (i).
Suppose that (L*, S*, Z*, A*) is a cluster point of the sequence {(L*, S*, Z* A¥)}

and let {(L*, S* Z*% A¥)} be a convergent subsequence such that

lim (L*, S%i, ZF AR = (L*, S*, Z*, A*).

1—00
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By summing (3.6) from k =1 to k = k; — 1, we have

O, 5(LF Sk ZF AF) — @, 4(L*, S, 21, AY)

ki—1 o Rl (3.23)
DN L Py YT
k=1 k=1

where C' := A“—;JFB — max { L L} : % > 0 (since 3 > f3). Passing to the limit

T 147—72

in (3.23) and rearranging terms in the resulting relation, we obtain

©¢] O'/B o0
C Y174 - 2+ T L -
k k=1

=1

< @T7B(L1’317ZI’A1) - @T,ﬁ(L*7S*7Z*7A*) < (I)y

where the last inequality follows from the properness of ¥ and ®. This together with

C > 0 and o > 0 implies that

oY) 0
DNz~ ZF3 <o and > |LF - LF|3 < oo,
k=1 k=1

Hence, we have
ZFr—ZF 0, L - LF 0. (3.24)

Next, by summing both sides of (3.11) from k = 1 to k = k; and passing to the limit,
we have

e} 0
Z AR — AF2 < max{%, 1+:2_T2} TN L Z | ZF+ — ZF2,
k=1 k=1

+ 9(7)752 (HB(LI) + C(Sl) — ZlH% — lilgninf HB(L’““) + C(Sk“) — Zk“H%) ,
from which we conclude that

AR AR 0. (3.25)
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Finally, we have S*¥™1 — S* — 0 from (3.24), (3.25), (3.4d) and (al) in Assumption
3.1. This proves statement (i).
We next prove statement (ii). From the lower semicontinuity of O, (since ¥
and @ are lower semicontinuous), we have
1
limin (L, 54, 24, AR) > W(LY) + B(5%) + D~ AZ);

1—00

(3.26)
— (N, B(L*)+C(S*)—Z*)+ (1 + 20(T)) ng(L*) +C(S*) — Z*|3..

On the other hand, from the definition of S¥*! as a minimizer in (3.3b), we have

GT,IB(LI{:’LJ’_IJ Sk2+17 Zkl? Akl) g @T7ﬂ(Lkz+17 S*y Zkl) Akl)

+0(7)B (| B(LRHY) + C(SMTh) — ZM|F — |B(LM*) + C(S*) — ZF

OF

Taking limit in above equality, and invoking statement (i) and (a2) in Assumption
3.1, we see that
1
limsup O, g(LF+t Skitt Zk ARY) < W(L*) + ®(S*) + 5HD — A(Z%)|%

1—00

(3.27)
C(NF, B(LY) +C(S*) — Z* + (1 + 20(r)) §|B(L*) +C(S*) — Z*|2.

Then, combining (3.26) and (3.27), we see that

1
lim O (L, S8, 20 AR) = W(LY) + &(S7) + | D = A(Z")]}

1—00

— (A% B(LY) +C(57) = 27%) + (1 +26(7)) gIB(L*) +C(8%) = Z* [

which, together with (a2) in Assumption 3.1, L¥*! — L* — 0, S¥*1 — S* — 0 and the

definition of ©; g, implies that

lim ®(S*+1) = (S*). (3.28)

1—00
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Thus, passing to the limit in (3.4a)-(3.4d) along {(L*, S*, Z% A*)} and invoking
statement (i), (3.28) and (2.1), we see that
(0€0U(L”) - B*(A") + BB (B(L®) + C(S*) = Z7),
0€ 0P(S*) —C*"(A*) + BC* (B(L*) + C(S*) — Z%),

3 (3.29)
0= A*(A(Z*) — D) + A* — B(B(L*) + C(S*) — Z*),

(B(L*) +C(S*) = Z*.
Rearranging terms in (3.29), it is not hard to obtain

0edV(L*)+B*A* (AB(L*) +C(S*)) — D),
0e dP(S*) +C*A* (A(B(L*) +C(S*))— D).
This shows that (L*,S*) is a stationary point of F. This completes the proof.  []

Remark 3.2 (Comments on the computable threshold). From the above dis-

cussions, we establish under Assumption 3.1 the convergence of the ADMM with

0 <7< 1+2*/5 when the penalty parameter B is chosen above a computable thres-
hold 8 which depends on 7. The ezistence of this kind of threshold is also obtained
in the recent studies [1, 40, 49, 83, 84] on the nonconvex ADMM and its variants
with 7 = 1. In Fig. 3.1, we plot B against T with A being the identity map (hence,
Amax = Amin = 1). It is not hard to see from Fig. 3.1 that for a given penalty para-
meter B > 1, we can always choose a dual step-size T from an interval containing 1

so that the corresponding ADMM is convergent.

Remark 3.3 (Practical computation consideration on penalty parameter).

In computation, for a 0 < 7 < 1+2\/57 the B in (3.15) may be too large and hence

fixing a B close to it can lead to slow convergence. As in [50, 78], one could possibly
accelerate the algorithm by initializing the algorithm with a small B (less than B)
and then increasing the 8 by a constant ratio until B > [ if the sequence generated
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Figure 3.1: The computable threshold /3 for 0 < 7 < %5

becomes unbounded or the successive change does not vanish sufficiently fast. Clearly,
after at most finitely many increases, the penalty parameter B gets above the threshold
B and the convergence of the resulting algorithm is guaranteed by Theorem 3.1 under
Assumption 3.1. On the other hand, if 5 is never increased, this means that the
successive change goes to zero and the sequence is bounded. Then it is routine to

show that any cluster point is a stationary point if ® is continuous in its domain.

Under the additional assumption that the potential function ©, s is a KL function,
we show in the next theorem that the whole sequence generated by Algorithm 1 is
convergent if 5 is greater than a computable threshold, again under Assumption 3.1.
Our proof makes use of the uniformized KL property; see Proposition 2.1. This
technique was previously used in [8] to prove the convergence of the proximal alter-
nating linearized minimization algorithm for nonconvex and nonsmooth problems,
and later in [83, 84] to prove the global convergence of the Bregman ADMM with

7 = 1. Our analysis, though follows a similar line of arguments as in [83, 84], is
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much more intricate. This is because when 7 # 1, the successive change in the dual

variable cannot be controlled solely by the successive changes in the primal variables.

Theorem 3.2 (Global convergence of the whole sequence). Let 0 < 7 <
\f > . .. . .
% and B > B. Suppose in addition that Assumption 3.1 holds and the potential
function ©, 5(+) is a KL function. Then, the sequence {(L*,S*, Z% AF)}* | generated
by Algorithm 1 has a cluster point (L*,S*, Z* A*). Moreover, {(L*, S* Z* A¥)}¥

converges to (L*,S*, Z* A*) and (L*,S*) is a stationary point of (1.1).

Proof. In view of Theorem 3.1, we only need to show that the sequence is convergent.
We start by noting from (3.19), (3.20) and (3.21) that {0, g(Lk, S*, ZF A*)}* | is
bounded below. Since this sequence is also decreasing from Theorem 3.1, we conclude
that limy ., O, 5(LF, S* Z* AF) =: 6* exists. In the following, we will consider two
cases.

Case 1) Suppose first that ©, (LY, SN, ZV, AY) = 6* for some N > 1. Since
{©,5(Lk, S* ZF AF)}* | is decreasing, we must have O, 45(L*, S* Z% A¥F) = 6* for
all k > N. Then, it follows from (3.6) that LV ™" = LY and ZN*t = ZN for all t > 0.

Hence, {L*} and {Z*} converge finitely. Moreover, from (3.8), we have

[ARE = A¥p = 1= 7| A" = A p = = (1= [N AT — AN

forall k = N. Since 0 < 7 < 1+2‘/‘F’, we have 0 < 1 — |1 — 7| < 1 and hence we see

further that

0
1
2 A = A¥p < o AN - AN < oo, (3.30)
k=N

1= 7]
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which implies the convergence of {A*}. Additionally, for all k > N, we have

|SF— S| < (S*H) = C(SM)|r

1
—|C
75!

1 1 1
— - Ak o Ak+1 _ Akfl . Ak
\/07 7—6( ) 7—/8< ) »
< T AR A b AR AR
7B\ o’ 7B\ o’ ’

where the first inequality follows from (al) in Assumption 3.1 and the equality fol-
lows from (3.4d). This together with (3.30), implies that >~  |S**! — S¥|p < c0.
Thus, {S*} is also convergent. Consequently, we see that {(L*, S*, Z% A*)}* | is a
convergent sequence in this case.

Case 2) From now on, we consider the case where O, 5(L*, S*, Zk AF) > 6*
for all £ > 1. In this case, we will divide the proof into three steps: 1. we first
prove that ©, 5 is constant on the set of cluster points of the sequence {(LF, S*,
ZF, AF)} , and then apply the uniformized KL property; 2. we bound the distance
from 0 to 00, g(L*, S* Z% A*); 3. we show that the sequence {(L*, S*, Z% A¥)}¥,
is a Cauchy sequence and hence is convergent. The complete proof is presented as
follows.

Step 1. We recall from Proposition 3.1 that the sequence {(L*, S*, Z% A¥)}*
generated by Algorithm 1 is bounded and hence must have at least one cluster point.
Let T' denote the set of cluster points of {(L*, S* Z* A¥)}%* . We will show that
©, 3 is constant on I.

To this end, take any (L*,S*, Z* A*) e T and consider a convergent subsequence
{(LFi, Sk ZF AR} with limy . (LK Sk Zki AR) = (L* S* Z* A*). Then from
the lower semicontinuity of ©, s (since ¥ and ® are lower semicontinuous) and the

definition of 6*, we have

0* = lim O, (L%, 5%, ZF A*) > O, 5(L*, S*, Z* A*). (3.31)

1—00
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On the other hand, notice from the definition of S**! as a minimizer in (3.3b) that

Orp(LP, S8, Z871 ABTY) — @, 5(LM, 8%, 2871 AR
= La(L, 8%, 2871 ARy — LIk, 5%, 2071 AR
+0(7)B (IB(LY) +C(S™) = 2571} — |B(LY) + ¢(5%) — Z7'[7)
< 0(r)B (IB(L") +C(%) — ZM7H % — [B(LY) +C(5%) = Z57H7) -

This together with Theorem 3.1(i), the continuity of ©, 3 with respect to L (from

(a2) in Assumption 3.1), Z and A; and the definition of #* implies that

0* = lim O, (L%, 5%, ZF A*) < ©,5(L* S* Z* A*). (3.32)

1—00
Combining (3.31) and (3.32), we conclude that ©,(L*, S*, Z* A*) = 6*. Since
(L*,S*, Z*,A*) € I is arbitrary, we conclude further that the potential function O, 4
is constant on I'.
The fact that ©, 5 = 6* on I' together with our assumption that O, 4(-) is a KL

function and Proposition 2.1 implies that there exist e > 0, n > 0 and ¢ € &, such

that
¢ (©,5(L, S, Z,A) — 0%)dist (0, 0©,4(L,S,Z,A)) =1

for all (L, S, Z,A) satistying dist((L, S, Z,A),I') < € and 6* < ©,4(L,S,Z,A) <
0*+n. On the other hand, since limy_,., dist((L*, S*, Z* A*),T') = 0 by the definition
of I', and ©, 5(L*, S*, Zk A¥) — 6* then for such € and 7, there exists k; > 3 such
that dist((L*,S* Z% A¥),T) < e and 6* < ©,4(L*, S*, ZF AF) < 6* + 1y for all

k = ki. Thus, for k > k;, we have
¢ (0,5(LF, 5%, ZF AF) — 6*) dist (0, 00, 4(L", S*, 2% AF)) > 1. (3.33)

Step 2. We next consider the subdifferential 00, s(L*, S* Z* A*). Looking at
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the partial subdifferential with respect to L, we have
01,0, 5(L*, S* 7% AF)

— OU(LF) — B*(A%) + (1 + 20()) BB* (B(L¥) + C(S¥) — Z*)

— QW(LF) — B*(A*1) + BB*(B(L*) + C(S* 1) — ZF1)
+20(7)BB*(B(LF) + C(S%) — ZF) — B*(AF — AF)
+ BB*(C(S%) — ZF —c(S* 1) + 2+

5 260(7)BB* (B(L*) + C(S*) — ZF) — B*(AF — AF1)
+ BB*(C(S%) — ZF —c(S* ) + Z+ )

D (14 ) BE(AF - A 4 BBU(C(SY) - 2F) - (C(8FY) — 257

D (14 20 ) Br(A* — AP o BBV (= B(LF) — A=A

- (_ B(Lk—l) _ Ak_l;BAk_z)]

_<1 + 29(T)+1)B*(Ak - Akfl) + %B*(Akfl o Ak72) o 5B*B(Lk - kal)’

T

where the inclusion follows from (3.4a), and the equalities (i) and (ii) follow from
(3.4d). Similarly,
050 5(L*, S*, ZF, AF)
= 0B(S*) — C*(A") + (1 +26(7))BC*(B(L*) + C(S*) — Z*)
= 00(S*) — C*(A*) + BCH(B(LY) + C(S*) — ZF)
+20(1)BC*(B(LY) + C(S*) — Z*%) — C* (A" — A*1) — ge*(2F — 2*1)
5 20(7)BC*(B(L¥) + C(S*) — ZF) = C*(A* — AV — pe*(zF — 2+

-~ (1 + ﬂ”) C*(AF — A< = en (75 — 751,

T

where the inclusion follows from (3.4b) and the last equality follows from (3.4d).
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Moreover,

V20, 5(LF, Sk ZF AF) = A*(A(Z%) — D) + A* — B(B(LF) + C(S*) — Z¥)
—20(7)B(B(L*) + C(S*) — Z)
= A*(A(ZF) — D) + A* 1 — B(B(L*) + C(S*) — ZF)
—20(7)B(B(LF) + C(S*) — Z*) + (A* — A%

= —20(1)B(B(L*) + C(S*) — Z¥) + (AF — AP

(1 2O e,

T

where the third equality follows from (3.4c) and the last equality follows from (3.4d).

Finally,

(AR,

VO, 5(LF, S* ZF AF) = —(B(L*) + C(S*) — Z%) = 5

where the last equality follows from (3.4d). Thus, from the above relations, there

exists a > 0 so that

dist (0, 00,45 (L*, S*, Z%, AF))
(3.34)
<a(|LF =LY p + 128 = Z8 e + A" = A¥ e + AR = AR p)

Step 3. We now prove the convergence of the sequence by combining (3.34) with

(3.33). For notational simplicity, define
Ak = (Gf,ﬁ(ka Sk, Zk,Ak) . 9*) — (®T,[3(Lk+1a S]’H'l’ Zk+1,Ak+l) . 6*) )

Since ©, 5 is decreasing and ¢ is monotonic, it is easy to see A > 0 for k£ > 1. Then
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we have for all k& > k; that

a(|LF = LY p + 128 = Z8 e + A" = AM e + AR — AR ) - AP
> dist(0, 00, 4(LF,S*, 7% AF)) - AF
> dist(0, 00, 5(LF, S*, ZF, AF)) - ¢ (O, 5(LF, 5%, 7%, A¥) — 6%)

) [@T,B(Lk, Sk7 Zk’Ak) . @Tﬂ(LkH’SkH’ Zk+17Ak+1)] (3'35)
> @Tﬁ(Lk,Sk’ ZkyAk) _ @Tﬁ(Lkz+1’ Sk“,Zk“,Ak“)

> by | L = LE[ + b 2 — 25

r .
> g minby, ba} - [ — L]+ |24 — 2¥],

where the first inequality follows from (3.34), the second inequality follows from the

concavity of ¢, the third inequality follows from (3.33), the fourth inequality follows

from (3.6) with by := 22 and by 1= 2nntf _ max{l T—Q} =

2 T 147—72
Dividing both sides of (3.35) by ¢ := %min{bl, by}, taking the square root and

using the inequality /uv < *3* for u,v > 0 to further upper bound the left hand

side of the resulting inequality, we obtain that

s (|28 = L e + [ 2% = Z8 e + A = A+ AR = AR2| ) + AN
(3.36)
> ”Lk+1 o LkHF + ||Zk+1 o ZkHF,

where v is an arbitrary positive constant. On the other hand, it follows from (3.8)

that

AR = AFp = T ATA(ZE 28 (1= ) (AR - AR

< Thmax|Z% = ZF 7Y p + |1 — 7| - [AFE = AF2| .

Adding —|1 — 7| - |[A* — A¥=1|r to both sides of the above inequality and simplifying
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the resulting inequality, we obtain that

A¥ — A5
< e |25 — 261 p 4 (BTl (JART - AR2p — AR - AFTR) (3.37)

1—-|1—7 1\17’|

= | Z" = Z5 g + dp (JAM = AR — AR = AP R)

for notational simplicity. Similarly,

where we write d; 1= 12’\“1“?;' and dy 1= 1L1|Ii‘
A1 AR 2 < 21— 25+ dy (JAR2 = AF ] — AR AR ) (3.38)
Then substituting (3.37) and (3.38) into (3.36) and rearranging terms, we have

L O )
< (118 = L7 e = LM — L¥)

<2L _> (12" = 2" p = |25 = Z¥)|r) (3.39)
FE (125 = 22— 2 = 2 )

k—1 k—2 k k—1
+ g2 (JA = A2 — AT = AT p)

2_2 (HAk72 o AkigHF o HAkfl - Ak72HF) + %Ak

Thus, summing (3.39) from k = k; to o0, we have

(1 — %) Zfzkl |LE+Y — LF||p + (1 — 35— —) py k1||Zk+1 7%

LILR = L+ (5 + 2) 125 = 297 p + &1 2970 - 2972

Sy 2y

i e PR TRy W

+ Do (0,5(LF, 8%, ZF AR — 6%) < .

2c

Recall that v introduced in (3.36) is an arbitrary positive constant. Taking v > 1+—22dl
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and hence 1 — % >1— % — % > 0, we have from the above inequality that
e 0] a0
DL — LFp <o and ) |2 - ZF|p < 0.
k=k1 k=k1

Hence {L*} and {Z*} are convergent. Additionally, summing (3.37) from k = k; to

o0, we have
o0 e 6}
Z [AF =AY < dy Z |ZF = ZF | p + do AT = AP 72 p < o,
k=k1 k=k1

which implies that {A*} is convergent. Finally, from (3.4d) and (al) in Assumption
3.1, we see that {S*} is also convergent. Consequently, we conclude that {(L*, S*,

ZF, AF)}% | is a convergent sequence. This completes the proof.  []

Our convergence analysis relies on Assumption 3.1. While (a3) in Assumption 3.1
appears restrictive since it makes assumptions on the first iterate of Algorithm 1, we
show below that this assumption would hold upon a suitable choice of initialization.

Specifically, if we initialize at (L°, S°, Z° A) satisfying

0,5(L", 8", ZN AY) <0, 5(L° 8%, Z° A, (3.40a)

0,.45(L°,5°, 2%, A°) < hq, (3.40b)

then it is easy to check that (a3) in Assumption 3.1 holds. In the next proposition,
we demonstrate that (3.40a) can always be satisfied with a suitable initialization.
After this, we will propose a specific way to initialize Algorithm 1 for a wide range

of problems so that both (3.40a) and (3.40b) are satisfied.

Proposition 3.2. Suppose that 0 < 7 < %5 and B > B. If the initialization

(L°, 89 Z° A%) is chosen as (L°,S°) € dom ¥ x dom ® and

A’ = A*(D — A(Z2%)), (3.41)
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then we have
O,5(LY, SY, Z' AY) <0, 4(L°, 5%, Z° A°).
Proof. First, from (3.4c), we have

0=A*(A(Z") — D)+ A° — B(B(L') + C(S") — ZY)

. B +C(SY) - 2 — %AO i %A*(A(Zl) D) - %A*A(Zl _ 7,

where the last equality follows from (3.41). Then,

O, 5L S, Z' AY) — 0, 4(L", S', 2", A?)
= —(A'=AB(LY) +C(SY) — Z") = 78|B(LY) + C(S") - Z'3

= (7+0(n) BIB(LY) +C(SY) = Z' [ — 0(r)BIB(LY) + C(S") — Z'[%

= (40 8| 5ATAZ - 20|~ 6(IBIB(LY) + (8" - 21}

(T +6(7)) %Zl = Z°|F = 0(r)BIB(LY) + C(S") = Z' [, (3.43)

N

where the second equality follows from (3.4d) and the fourth equality follows from
(3.42). Additionally, using the same arguments as in the proof of Lemma 3.1 leading
to (3.12), (3.13) and (3.14), it is easy to see that

0,5(L", S, 21 A%) — 0, 5(L', S*, Z° A%) < —AmintB| 71 _ 70|12

+0(T)B (|B(LY) +C(S") = Z*5 — [B(LY) +C(SY) = Z°(%) , (3.44)
O, 5(L', S, Z° A%) — O, 5(L', S°, Z° A”)

<O(n)B(IB(LY) + () — 2°|% — IB(LY) +C(5°) — Z2°I%) , (3.45)
O, 5(L', S, Z° A%) — ©,5(L°, S, Z° A")

< O(r)B (IBLY) +C(S°) = Z°% — |B(L") + C(S”) = 2°[F) . (3.46)



PhD Thesis CHAPTER 3. ADMM

Summing (3.43), (3.44), (3.45) and (3.46), we obtain

O, 5(L', S", Z' AY) — ©,5(L", S°, Z° A°)

2 (3.47)
< (7 +(r) By — 22 21— 203 — (r)B|B(LY) +C(S°) — 273

We now consider two cases:

e For 0 <7 <1, it is easy to see #(1) = 1 — 7 and

+ 2N

A Ami 1 2
B>max{—ma", — a4 Alin = max}.

T

Then, we have

T + 6 T )‘r2nax _ /\min""/B — )‘?nax . >‘min+ﬁ < )‘r2nax _ /\min""B < O
( B8 2 B 2 T8 2

e Forl <7< ”2‘/5, it is easy to see 0(7) = =07 and

5 > max {T)\maxa - % + %\/)\2 + 872 )\2 }

min
Then, we have

>‘t2n x Amint8 __ TA2 x Amin+8 T2)\2 x Amin+8
(7 +06(7)) B R G5 y; Hs R ¢ prwm= ) y; S <0.

Thus, combining the above with (3.47) and 6(7) > 0, we conclude that
O,5(LY, SY, ZN AY) <0, 4(L°, 5%, 2° A°).
This completes the proof.  []

From Proposition 3.2, we see that if the initialization (L° S° Z° AY) is chosen
to satisfy the conditions in Proposition 3.2, then (3.40a) holds. Based on this, we

can now present one specific way to initialize Algorithm 1 so that both (3.40a) and
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(3.40b) are satisfied for a class of problems, whose objective functions W(L) and ®(.5)
take forms do(L) and (1.2), respectively; here,  is a compact convex set.

The initialization we consider is:
= Po(kD), S° =0, Z2° = B(L°), A" = A* (D — A(Z")), (3.48)

where k is a scaling parameter. One can easily check that this initialization satisfies

(3.41). Moreover,

05", 5, 2 A) = [ D~ A(Z)[2 = 3 ID ~ A(B(Pa(sD))3

HF:2

Thus, the condition (3.40b) is equivalent to

% ID— ABPo(xD))% < liminf (L) + &(S) = liminf &(S).  (3.49)

LI F+[S]p—c0 I5] 7 —c0

We further discuss this inequality for some concrete examples of ® presented in the

introduction.

Example 3.1. Suppose that ® is coercive. Then liminf ®(S) = oo and hence (3.49)

ISl —00

holds trivially for any choice of k.

Example 3.2. Suppose that ®(S) = p > > ol fora > 0. Then lim inf o(S) =

j=1 1+as] 1S p—o0
p. Hence, (3.49) holds if the parameter k can be chosen so that 1 |D — A (B(Po(xD)))|%
< p.
Example 3.3. Suppose that ®(S) = p3", >0, g”‘ min(1, (o — t/pu); /(o — 1)) dt

for a > 2. Then liminf ®(S) = 3(a + 1)p®. Hence, (3.49) holds if k can be chosen

[5]p—c0

so that 5 | D — A (B(Po(kD)))|% < s(a+ 1),

Example 3.4. Suppose that ®(S) = p3;" 37, (‘)s”|( —t/(ap))y dt for a >

0. Then, liminf ®(S) = Lau?. Hence, (3.49) holds if  can be chosen so that

S| p—c0 2
LID — A(B(Po(kD))) |7 < Lap?.
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Example 3.5. Suppose that ®(S) = p33", >0y pp— (u — |si])3/p. Then it is not
hard to show that liminf ®(S) = p?. Hence, (3.49) holds if k can be chosen so that

ISl —00

3 |D = AB(Pa(kD))[ < u*.

3.3 Numerical experiments

In this section, we conduct numerical experiments to show the performances of our
algorithm. All experiments are run in MATLAB R2015b on a 64-bit PC with an
Intel Core i7-4790 CPU (3.60 GHz) and 32 GB of RAM equipped with Windows 10
OS.

3.3.1 Implementation details

Testing model We consider the problem of extracting background/foreground

from a given video under different scenarios. Specifically, we consider:

min ®(S) + D — AL+ S)[}

(3.50)
s.t. LeQ,

where Q@ = {Le R™" | |L|,, <1, Ly =Lsy=---=L,} and A is a linear map.
This model corresponds to (1.1) with W(L) = do(L) and B = C = Z. We compare
the performances of the ADMM with different choices of 7, as well as the proximal
alternating linearized minimization (PALM) proposed in [8], on solving (3.50). For

ease of future reference, we recall that the PALM for solving (3.50) is given by

)
LF+ = Pg (L’“ — lA*(A(Lk +8F) — D)) :

Ck

S — Sk 4 diA* (A(L* + 8% — D)
k

S*1 e Argmin {@(S) + %
s

2
)
F

\

where ¢, and dj are positive numbers.
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In our experiments, we consider the following three choices of the sparse regula-

rizer ®(S):

e bridge regularizer: ®(S) = p| S| for 0 < p < 1;

o fraction regularizer: ®(S) = p 3", D7 13_‘5’;' for o > 0;

e logistic regularizer: ®(S) = p 337, >0, log(1 + afs;;|) for v > 0;

and two choices of the linear map A:

e AL+ S):= L+ S: in this case, model (3.50) can be applied to extracting
background /foreground from a surveillance video with noise.

e A(L+S):=H(L+S) with H e R™™ being the matrix representation of a
regular blurring operator (the blurring is assumed to occur frame-wise): in this
case, model (3.50) can be applied to extracting background/foreground from a

blurred and noisy surveillance video.

Testing videos We choose four real videos, “Hall”, “Bootstrap”, “Fountain” and
“ShoppingMall”, from the dataset I2R' provided by Li et al. [51]. The details of

these videos are as follows:
e Hall video contains 200 144 x 176 frames (from airport2001 to airport2200);

e Bootstrap video contains 200 120 x 160 frames (from b01801 to b02000);

e Fountain video contains 200 128 x 160 frames (from Fountain1301 to Foun-
tain1500);

e ShoppingMall video contains 200 256 x 320 frames (from ShoppingMall1501
to ShoppingMall1700).

! This dataset is available in http://perception.i2r.a-star.edu.sg/bk_model/bk_index.
html. The authors also provide 20 ground-truth images of foregrounds for each video in this
dataset.


http://perception.i2r.a-star.edu.sg/bk_model/bk_index.html
http://perception.i2r.a-star.edu.sg/bk_model/bk_index.html
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We show one frame of each testing video under two different scenarios (noisy and
noisy blurred), and their ground-truth images of foregrounds in Fig.3.2. Additio-
nally, all pixel values of the testing videos are re-scaled into [0, 1] in our numerical
experiments.

Fountain ~ ShoppingMall

[" i SRR

Figure 3.2: One frame (from left to right: airport2180, b01842, Fountain1440 and
ShoppingMall1535) of each testing video under different scenarios (the first two rows)
and the ground-truth image of foreground of each testing video (the last row).

Parameters setting For the ADMM, we use the following heuristics® to update
B: we initialize n, = 0 and 8 = 0.63, where (3 is given in (3.15). In the k-th iteration,

we compute

fnorm* = |L*|r + | Z¥|p,

succ_chg® = |L* — LF Y p + | 2% — ZF 7Y p.

Then, we increase ng by 1 if succ_chg® > 0.99 - succ_chg®~'. Obviously, n, is non-

decreasing in this procedure. We then update 8 as 1.18 whenever 8 < 1.013 and

2 Note from Theorem 3.1(i) that the successive change of each variable goes to zero as k — 0.
Thus, intuitively, it is more favorable to see a decrease in the successive change as k increases. This
heuristic is designed based on this intuition.
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the sequence satisfies either ny > 0.3k or fnorm”* > 10'°. On the other hand, for

PALM, we set ¢, = dj, = Jwmax

0.99 °
We initialize our algorithm and the PALM at the point specified in (3.48) with
3.

k = 1. Moreover, we terminate our ADMM by the following two-stage criterion”: in

each iteration, we check if

|28 = L p + 12" = 2" r
| L5+ 25 + 1

< T01A71

for some Tol,; > 0; if it holds, then we further check if

|S* = S Hp + [A* — AP g
|S%p + 1AM 7 + 1

< TO].A’Q

for some Tolys > 0. We terminate the algorithm if this latter condition is also

satisfied. For the PALM, we terminate it when

|Z% = LMY p + || S% = S5 p

< Tol
|ZE] 7 + [ SE[ 7 + 1 r

for some Tolp > 0. The specific values of Toly 1, Tols 2 and Tolp are given in the

following experiments.

3.3.2 Comparisons between ADMM with different 7 and
PALM

In this subsection, we use the performance profile to evaluate the performances of
the ADMM with different 7 and the PALM for extraction under different scenarios.

The performance profile is proposed by Dolan and Moré [21] as a tool for evaluating

3 We use this two-stage criterion rather than computing the relative errors of all four variables
(L, S, Z, A) in each iteration of our algorithm because computing matrix Frobenius norms can be
expensive, especially for large scale problems. This strategy will help reduce the cost per iteration.
We examine |L* — L*~!| p and ||Z* — Z*~!| p in the first stage because these quantities being small
intuitively implies that |S* — S*~![r and |A* — A*~!|x are small; see the proof of Theorem 3.1,
particularly (3.24), (3.25) and the discussions that follow.
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and comparing the performance of a collection of solvers IC on a set of test problems
J.

To describe this method, we assume that we have K solvers and J problems, and
we use the iteration number as a performance measure. Then, for each problem j

and solver k, we set
iter;, = the iteration number required to solve problem j by solver k.

and compute the performance ratio

iter;
min{iter;; : k€ K}

Tj,k = (351)

The performance profile of iteration numbers is then defined as the distribution

function for the performance ratio, i.e.,

1
pr(v) = 7 tHied rjp <v}

for v = 1. Similarly, the performance profile of function values is obtained by using
fval;, in place of iter;, in (3.51), where fval;) denotes the function value at the
solution given by solver k for solving problem j. Generally speaking, for solver
k € K, the higher px(v) indicates a better performance within the factor v.

In our experiments, we evaluate the following solvers: the ADMM with 7 = 0.8,
the ADMM with 7 = 1, the ADMM with 7 = 1.6 and the PALM.

For A(L +S) = L+ S, our test problems are described in Table 3.1, where we
use the four real videos introduced above as our input data in (3.50), with 3 choices
of sparse regularizers, 10 choices of u, and 6 choices of p and a. Thus, we have
4 solvers and a total of 720 test problems, with 240 test problems for each sparse
regularizer. Moreover, we set Toly; = 107% Tolss = 5 x 1073 and Tolp = 107
Fig. 3.3 shows the performance profiles of iteration numbers and function values for
different regularizers under this scenario.
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Table 3.1: Problem setting for A(L +S5) =L+ S

data 14 regularizers
oe-1, le-1, be-2, le-2, He-3 bridge: p = 0.2,0.4,0.5,0.6,0.8, 1
le-3, be-4, le-4, be-5, le-5 | fraction/logistic: o = 0.01,0.1,1,2,5,10

4 real videos

For A(L+S) = H(L+S), our test problems are described in Table 3.2, where we
use 2 choices of p and «. Thus, we have 4 solvers and a total of 240 test problems,
with 80 test problems for each sparse regularizer. In our experiments, we use the
method described in [36] to generate the blurring matrix H, which can be represented
as a Kronecker product H = H, ® H. under the periodic boundary condition. The
matlab codes* that generate H, and H, are shown below, where “frame_size” is the

size of each frame:

[P, center] = psfGauss(frame_size, 1);

[Hr, Hc] = kronDecomp(P, center, ’periodic’);

Moreover, we set Toly; = 5 x 1073, Tolyo = 1072 and Tolp = 3 x 1073. Fig.3.4

shows the performance profiles under this scenario.

Table 3.2: Problem setting for A(L + S) = H(L + S)

data 14 regularizers
oe-1, le-1, be-2, le-2, 5e-3 bridge: p = 0.5,1
le-3, be-4, le-4, be-5, le-5 | fraction/logistic: o = 1,2

4 real videos

It is not hard to see from Fig.3.3 and Fig.3.4 that the performance profiles
of iteration numbers for the ADMM with 7 = 0.8 and 7 = 1 usually lie above
those for the PALM; and their performance profiles of function values are almost

the same. This shows that the ADMM with 7 = 0.8 or 7 = 1 takes less iterations

4 The codes are available at http://www.imm.dtu.dk/~pcha/HNO/ as a supplement to the book


http://www.imm.dtu.dk/~pcha/HNO/
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for solving all the test problems while giving comparable function values. For bridge
regularizer in the case where A(L + S) = L + S (see Fig.3.3(a)) and in the case
where A(L + S) = H(L + S) (see Fig.3.4(a)), we can see that the ADMM with
7 = 0.8 sightly outperforms the ADMM with 7 = 1 in terms of the number of
iterations. For other regularizers, their performances are comparable. Additionally,
for the ADMM with 7 = 1.6, we can see from Fig.3.3 and Fig. 3.4 that it always
terminates with the worst function value, although it is always fastest in the case
where A(L + S) = H(L + S) (see Fig.3.4).

To better visualize the performance of the algorithms in terms of function values,
we also plot RelErr* := | F(L*, S*) — Frin|/Fmin against the number of iterations
for each algorithm, where F(L*, S¥) denotes the objective value obtained by each
algorithm at (L*, S*) and F;, denotes the minimum of the objective values obtained
from all algorithms. We only consider the ADMM with 7 = 0.8, the ADMM with
7 = 1 and the PALM, and terminate them only after at least 500 iterations and
the termination criteria are satisfied with Tols; = 1075, Tolyo = 5 x 10~* and
Tolp = 107°. For brevity, we focus on the scenario A(L + S) = L + S and use
the “Hall” video. The results are presented in Fig. 3.5, from which we can see that
the ADMM with 7 = 1 or 7 = 0.8 performs better than PALM for those particular

instances.

3.3.3 Simulation results

In this subsection, we present some simulation results for the background /foreground
extraction problem. In order to evaluate the performance in background/foreground
extraction, we compare the support of the recovered foreground S* with the support

of the ground-truth S by computing the following measurement:

precision - recall

F-measure := 2 x — )
precision + recall
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where precision and recall are defined as

.. TP TP
precision := ————  recall :=

TP + FP’ TP + FN’
in which,

e TP stands for true positives: the number of true foreground pixels that are

recovered;

e FP stands for false positives: the number of background pixels that are misde-

tected as foreground;

e FN stands for false negatives: the number of true foreground pixels that are

missed.

The support of the recovered foreground S* is obtained by thresholding S* entry-
wise with a threshold value (we use le-3 in our numerical experiments). We would
like to point out that F-measure varies between 0 and 1 according to the similarity
of the support of S* and S. The higher the F-measure value, the better the recovery
accuracy of the support of S. The F-measure approaches the maximum value 1 if
the supports of S* and S are the same, which means the foreground is recovered
completely.

In our experiments below, we choose 7 = 0.8 for the ADMM. We also use the
aforementioned four real videos as input with 3 choices of sparse regularizers and 2
choices of p and «.. For each fixed p and «, we experiment with different regularization
parameters p (5e-1, le-1, be-2, le-2, be-3, le-3, be-4, le-4, be-5, le-5) and present

only the p corresponding to the maximal F-measure.?

Extraction from noisy surveillance videos In this case, A(L +S) =L+ S,

Amax = Amin = 1 and we set Toly ; = 1074, Tolyo = 5 x 1073 and Tolp = 107*. The

5 If the F-measures are the same, we pick the u that corresponds to the minimal number of
iterations.
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computational results are reported in Table 3.3, where we report p and «, the optimal
i, the number of iterations, the CPU time (seconds) and F-measure. We also show

the extracted backgrounds and foregrounds given by the ADMM in Fig. 3.6.

Extraction from noisy and blurred surveillance videos In this case, A(L +
S) = H(L+5), Max = Mmax(H*H), Anin = Amin(H*H) and we set Tols; = 5x 1073,
Tolys = 1072 and Tolp = 3 x 1073, The blurring matrix H is generated by the same
method introduced in Subsection 3.3.2. One frame of each corrupted video is shown
in the second row in Fig.3.2. We report the computational results in Table 3.4 and

show the extracted backgrounds and foregrounds by the ADMM in Fig. 3.7.

Summary From the results above, it can be seen that the ADMM with 7 =
0.8 performs better in the sense that it takes less CPU time for solving most test
problems while returning comparable F-measures. The performances of our ADMM

for extraction are also promising from Fig. 3.6 and Fig. 3.7.
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Figure 3.3: Performance profiles of iteration numbers (denoted by “iter” on the left)
and function values (denoted by “fval” on the right) for each sparse regularizer with

A(L+ S) =L+ S. The blown-up subfigures are used to highlight the differences in
a specific range of v.
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Figure 3.4: Performance profiles of iteration numbers (denoted by “iter” on the left)
and function values (denoted by “fval” on the right) for each sparse regularizer with
A(L+S) = H(L+S). The blown-up subfigures are used to highlight the differences
in a specific range of v.
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Figure 3.5: The RelErr* vs the number of iterations for each sparse regularizer
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Table 3.3: Numerical results for extraction for case A(L + S) = L+ S

ADMM PALM
Data regularizer| p iter time F-measure fval o iter time F-measure fval
bri.p 1.0 |5e-02 10 2.07 0.7562  1869.66 |5e-02 19 2.58 0.7560  1869.62
0.5 [1e-02 32 842 0.7634 1149.09 |1e-02 36 6.40 0.7624 1149.12
Hall fra.a 1.0 [5e-02 23 5.55 0.7578  1595.60 |5e-02 33 5.56  0.7578  1595.60
2.0 [5e-02 12 279  0.7368 2106.98 |5e-02 15 2.36 0.7368  2106.98
log.« 1.0 [5e-02 12 11.34 0.7566 1721.64 |5e-02 39 36.11 0.7576  1721.36
2.0 [5e-02 12 9.61 0.7368 2426.38 |5e-02 16 14.57 0.7368  2426.39
bri.p 1.0 {le-01 14 2.13 0.8180 8832.69 |1e-01 19 1.82 0.8180 8832.69
0.5 |5e-02 23 5.27  0.8206 7960.33 |5e-02 22 3.70 0.8209 7959.47
fra.a 1.0 [1e-01 15 3.36 0.8163 7155.41|1le-01 20 3.44 0.8165 7155.41
Bootstrap
2.0 [1e-01 14 3.15 0.8264 9709.11 |1e-01 16 2.49 0.8261 9709.11
log.aw 1.0 |1e-01 16 11.37 0.8195 7941.13 |1le-01 22 14.56 0.8195 7941.13
2.0 [1e-01 12 5.06 0.8363 11473.90|1e-01 10 3.70 0.8363 11473.90
bri.p 1.0 |1le-01 9 1.38 0.7749 2446.89 |1le-01 7 0.65 0.7749 2446.88
0.5 |5e-02 13 2.23  0.7000 2511.64 |5e-02 11 1.23 0.6922 2511.32
. fra.a 1.0 [1e-01 9 1.66 0.7717 2284.07 |1le-01 8 1.03 0.7717 2284.07
Fountain
2.0 [5e-02 10 1.86 0.7717 2151.58 |5e-02 9 1.16 0.7717 2151.58
log.av 1.0 [1e-01 9 6.81 0.7738 2365.23 |1le-01 7 4.86 0.7738 2365.23
2.0 15e-02 9 6.37 0.7717 2294.74 |5e-02 8 5.55 0.7717  2294.74
bri.p 1.0 |le-01 10 6.10 0.7046 16920.08|1e-01 13 4.96 0.7043 16920.09
0.5 [1e-02 39 41.28 0.7087 6234.82|1e-02 79 70.33 0.7078  6235.19
. fra.a 1.0 |1e-01 12 9.94  0.7055 15220.65|1e-01 18 11.31 0.7055 15220.65
ShoppingMall
2.0 [5e-02 15 12.93 0.7061 13797.45|5e-02 26 16.00 0.7061 13797.42
log.«« 1.0 [1e-01 11 33.15 0.7055 16070.07|1e-01 16 44.65 0.7055 16070.08
2.0 [5e-02 12 27.84 0.7057 15326.69|5e-02 18 49.90 0.7057 15326.69
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Table 3.4: Numerical results for extraction for case A(L +S) = H(L + S)

ADMM PALM
Data regularizer| p iter time F-measure fval @ iter time F-measure fval
bri.p 1.0 |5e-02 24 9.18 0.6801 6616.61 |5e-02 36 15.52  0.6626 6412.11
0.5 [1e-02 44 19.25 0.6358 5439.40 |1e-02 45 21.11  0.6357  5448.62
Hall fra.a 1.0 [5e-02 57 25.50 0.5265 5692.80 |5e-02 49 22.39 0.5616 5811.12
2.0 |1e-02 66 33.11 0.5381 4779.83 |1le-02 61 32.21 0.5445  4852.03
log.av 1.0 [5e-02 42 48.90 0.5970 6066.31 |5e-02 44 54.91  0.6033 6071.10
2.0 [1e-02 54 67.45 0.5188 5121.25|le-02 52 64.82 0.5211 5167.56
bri.p 1.0 |{1le-01 22 5.97 0.7651 11098.68|1e-01 50 15.13  0.7364 10866.62
0.5 |1e-02 56 24.10 0.6694 4046.93 |1e-02 86 37.02  0.6589  3864.54
Bootstrap fra.oc 1.0 [5e-02 66 24.98 0.5705 5427.10 |5e-02 99 36.25  0.5270 5175.45
2.0 |5e-02 73 25.45 0.5267 6070.65 |5e-02 111 38.21  0.4676 5776.34
log.av 1.0 [be-02 47 44.05 0.5651 6480.76 |5e-02 87 81.41  0.5666 6172.91
2.0 |5e-02 73 68.53 0.4891 7670.60 |5e-02 115 109.46 0.4179  7329.97
bri.p 1.0 [5e-02 28 7.83 0.7229 6167.61 |5e-02 64 20.55 0.6970 5688.45
0.5 |1le-02 51 17.03 0.6881 5271.96 |le-02 78 27.25  0.6606 5054.11
Fountain fra.oc 1.0 [he-02 64 22.24 0.5155 5384.44 |5e-02 84 29.27  0.5000  5259.77
2.0 [1e-02 62 24.29 (0.4482 4784.08 |1e-02 87 34.54  0.4341 4596.22
log.ac 1.0 [5e-02 50 47.58 0.6095 5676.79 |5e-02 77 74.04 0.5760  5451.61
2.0 [1e-02 53 50.74 0.4438 5042.31 |1le-02 80 77.10  0.4525 4819.92
bri.p 1.0 [5e-02 22 31.99 0.6431 14000.88|5e-02 25 39.06  0.6411 13957.07
0.5 |5e-03 54 107.27 0.6271  5590.31 |5e-03 40 82.12 0.6328 5878.83
. fra.a 1.0 [1e-02 33 65.56 0.5045 5267.76 |5e-02 60 108.54 0.5106 10698.09
ShoppingMall
2.0 |1e-02 51 94.69 0.5810 6137.38 |1le-02 38 74.95 0.5935 6450.37
log.ac 1.0 [5e-02 58 237.06 0.5453 12096.71|5e-02 39 158.97 0.5967 12514.39
2.0 [1e-02 38 154.29 0.5856  7182.66 |1le-02 33 135.12 0.5913  7332.29
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Figure 3.6: Extracted backgrounds and foregrounds given by the ADMM for noisy
surveillance videos.
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Figure 3.7: Extracted backgrounds and foregrounds given by the ADMM for noisy
and blurred surveillance videos.



Chapter 4

NAUM for Matrix Factorization
Problem

In this chapter, we consider the matrix factorization problem (1.4), i.e.,
1
min F(X,Y) = W(X) + (V) + o [AXYT) - b

To solve this possibly nonconvex, nonsmooth and non-Lipschitz problem, we in-
troduce a potential function 6,4 in (1.5), which is specifically constructed for the

objective F in (1.4). For ease of future reference, we recall that ©, g is given by
Ous(X,Y, 2) o= W(X) + B(Y) + SIXYT — 2[5 + Z | AZ) ~ B[P,

where o and 3 are real numbers. The relation between F and ©, g is discussed in
Section 4.1. We then, in Section 4.2, develop a non-monotone alternating updating
method (NAUM) with a suitable line search criterion based on this potential function.
In Section 4.3, under some mild conditions, we show the well-definedness of our line
search criterion, and establish that the sequence generated by NAUM is bounded and
any cluster point of the sequence gives a stationary point of 7. Moreover, we discuss
the convergence rate for the function value if, in addition, the objective is a Kurdyka-
Lojasiewicz function. Finally, in Section 4.4, we conduct numerical experiments to
compare our method with some existing efficient methods for non-negative matrix

65
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factorization and matrix completion on real datasets. The numerical results show
that our method can outperform these methods for these specific applications.
Before proceeding, we discuss the first-order necessary conditions for (1.4). First,

from [71, Exercise 8.8] and [71, Proposition 10.5], we see that

SF(X, Y>:( OU(X)+ A" (AXYT)-b)Y )

dB(Y) + (A* (AXYT) - b)) X
Then, it follows from the generalized Fermat’s rule [71, Theorem 10.1] that any local
minimizer (X,Y) of (1.4) satisfies 0 € 0F(X,Y), i.e.,
0ed¥(X)+ A*(AXYT) - b)Y,
- - B (4.1)
0€dd(Y) + (A*(AXYT) = b)) X,
which implies that (X,Y) is a stationary point of F. In this chapter, we again focus
on finding a stationary point (X*,Y*) of F in (1.4), i.e., (X*,Y™*) satisfies (4.1) in
place of (X,Y).
Additionally, we present the following two propositions, which will be useful for

developing our NAUM.

Proposition 4.1. Suppose that AA* =T and a(a+ ) # 0. Then, oZ + fA*A is

tvertible and its tnverse is given by éI — ﬁA*A.

Proof. It is easy to check that 7 — ﬁA*A is well defined since a(a + ) # 0,

and that

1 B

(aZ + BA*A) (EI — WA*A) =T.

This completes the proof. [

Proposition 4.2. Let ¢ : R — (-0, 0] and ¢ : R — (—o0,00] be proper closed
functions. Given P,Q € R™™ and a € R", b € R™ with |al # 0, |b| # 0, the
following statements hold.
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(i) The problem mﬂi@n {¢v(z) + |xa’ — P|%} is equivalent to the problem
TER™

|

(i1) The problem m}%@n {o(y) + 3|by" — Q|%} is equivalent to the problem
yeR™

)

Proof. Statement (i) can be easily proved by noticing that

Pa
la|?

o]
2

L]y
2

_Qb
o]

yeR”™

min {qb(y) +

|za’ — Pli = |za' [} — 2(za’, P) + |PlE = |a)?|z|* — 2(=, Pa) + | P|
2
= |a|* |z — Pa/|al*|" - |Pal*/|a|* + | P

Then, statement (i) can be easily proved by using statement (i) and |by" — Q|%

=[yb" - Q3. O
4.1 The potential function

In this section, we analyze the relation between F in (1.4) and its potential function
Oup in (1.5). Intuitively, O, g originates from F by separating the coupled variables
XY from the linear mapping A via introducing an auxiliary variable Z and penali-
zing XY T = Z. We will see later that the stationary point of F can be characterized
by the stationary point of ©, 3. Before proceeding, we prove the following technical

lemma.

Lemma 4.1. Suppose that AA* = T and é + % = 1. Then, for any (X,Y,Z)

satisfying
a+p

7= (T Z5AA) (XYT) + 254 (b), (4.2)

we have F(X,Y) = 0,4(X,Y, 2).

— 067 —
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Proof. First, from (4.2), we have

XY' -7 = ZAYAXYT)-b), (4.3)
AZ)-b = A (XyT — ATAXYT) + aLjBA*(b)) _b

= AXYT) = ZHAAAXYT) + 5 AA (D) - b

= 2 (AXYT)-b), (4.4)

a+f

where the last equality follows from AA* = Z. Then, we see that

o 5
SIXYT - 23 + L AZ) - b

- B px T 2 o T 2
-5l B o o)
1y 2
= 5 AT AXYT) - b, + 2 HA (XYT) - b|
o 1 )
= @y 5 Y T) = b + 2 HA (XYT)— b

2
= e LAy b

where the first equality follows from (4.3) and (4.4); and the third equality follows
from AA* = Z. This, together with £ + % = 1 and the definitions of F and ©, g

completes the proof. [
Based on the above lemma, we now establish the following property of ©, g.

Theorem 4.1. Suppose that AA* =Z. If « and 5 are chosen such that aZ+A* A >
0 and = + %3 =1, then the problem )I(n}l/% {©a5(X.Y, Z)} is equivalent to (1.4).

Proof. First, it is easy to see from aZ + SA*A > 0 that the function Z ——
O©.5(X,Y, Z) is strongly convex. Thus, for any fixed X and Y, the optimal solution

Z* to the problem mZin {©,5(X,Y,Z)} exists and is unique, and can be obtained



PhD Thesis CHAPTER 4. NAUM

explicitly. Indeed, from the optimality condition, we have
a(Z* — XYT) + BA*(A(Z*) — b) = 0.
Then, since oZ + SA*A is invertible (as oZ + SA*A > 0), we see that
Z* = (aZ + BA*A) " [aXY T + BA*(b)]

= |47 - A A [axy T 4 pA*(b)]

a(a+p)

a+5

<I wayY >(XYT)+[§A*(b)_M+ﬁ A" AL (b )}
- (

T- LAA)XYT) + |2 - 2 A m)

_ (z _ aLiﬁA*A) (XYT) + £ A%(b),

oa-‘rﬂ

where the second equality follows from Proposition 4.1 and the fourth equality fol-
lows from AA* = Z. This, together with Lemma 4.1, implies that F(X,Y) =
O, 5(X,Y, Z*). Then, we have that

min {00,5(X, Y. 2)} = min {min {0,,5(X.Y, 2)} |

min {Qa,5(X, Y, 2%)}

in {F(X,Y)}.

I
=E.
~E

This completes the proof. [

Remark 4.1 (Comments on Theorem 4.1). From the proof of Lemma j.1, we

see that if ® and ¥ are the indicator functions of some nonempty closed sets, then

F(X,)Y) = <é + %) Ons(X,Y, Z) holds with the special choice of Z in (4.2) whe-

never AA* = T and 1 =+ B > 0. Thus, the result in Theorem 4.1 remains valid

whenever AA* =T and «, B are chosen such that oZ + BA* A > 0 and é + % > 0.
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It can be seen from Theorem 4.1 that (1.4) is equivalent to minimizing ©, s with
some suitable choices of a and 5. On the other hand, we can also characterize the
relation between the stationary points of F and ©, 3 under weaker conditions on «

and .

Theorem 4.2. Suppose that AA* = T and «, B are chosen such that i + % = 1.

Then, the following statements hold.

(i) If (X*,Y*, Z*%) is a stationary point of ©4p, then (X*,Y™*) is a stationary

point of F;

(i) If (X*,Y™) is a stationary point of F, then (X*,Y* Z*) is a stationary point

of ©n 5, where Z* is given by

7% — <z - iA*A) (X*(Y*)T) + -2 A*(b). (4.5)

a+p a+p3

Proof. First, if (X*,Y*, Z*) is a stationary point of O, g, then we have 0 € 00, 5(X*,

Y* Z*%), ie.,
0e dU(X*) +a(X*(Y*)T — Z%)Y*, (4.6a)
0e 0P(Y*) + a(X*(Y*)T — Z5)T X*, (4.6b)
0=a(Z* - X*(Y*)") + BA*(A(Z*) - b). (4.6¢)

Since = + % = 1, we have a(a + ) # 0 and hence aZ + SA* A is invertible from
Lemma 4.1. Then, using the same arguments in the proof of Theorem 4.1, we see
from (4.6¢) that (X*,Y*, Z*) satisfies (4.5). Moreover, using (4.5) and the same

arguments in (4.3) and (4.4), we have

X*(YHT -7 = ZHANAXH(YH)T) - b), (4.7)
AZ*)-b = %5 (AX*(Y*)T)—b). (4.8)
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Thus, substituting (4.7) into (4.6a) and (4.6b), we see that

0€ OW(X*) + ZHA(AX(Y*)) — b)Y,

a+p

] (4.9)

0€0D(Y*) + 25 (A*(AX*(Y)) - b)) X*.

This together with é + % = 1 implies (X*,Y™*) is a stationary point of F. This
proves statement (i).

We now prove statement (ii). First, if (X*,Y™*) is a stationary point of F, then
invoking é—k% = 1 and (4.1), we have (4.9). Next, we consider (X*,Y*, Z*) with Z*
given by (4.5). Then, (X*,Y™* Z*) satisfies (4.7) and (4.8). Thus, substituting (4.7)
into (4.9), we obtain (4.6a) and (4.6b). Moreover, we have from (4.7) and (4.8) that

a(Z* = X*(Y*)T) + BA*(A(Z*) - b)
(4.10)
= AT (A ()T = b) + A" (555 (A (r)T) = b)) = 0.

a+p a+f

This together with (4.6a) and (4.6b) implies that (X*, Y*, Z*) is a stationary point

of ©,p. This proves statement (ii). [J

Remark 4.2 (Comments on Theorem 4.2). From the proof in Theorem 4.2, one
can see that if OV and 0P are cones, Theorem 4.2 remains valid under the weaker

conditions that AA* =T and é + % > 0.

From Theorem 4.2, we see that a stationary point of F can be obtained from a

stationary point of ©, 3 with a suitable choice of o and 3, i.e., é + % = 1. Since

the linear map A is no longer associated with the coupled variables XY in ©, g,
finding a stationary point of ©, 3 is conceivably easier. Thus, one can consider
finding a stationary point of ©, g in order to find a stationary point of F. Note that
some existing alternating-minimization-based methods (see, for example, [3, 91]) can

be used to find a stationary point of ©, 3, and hence of F, under the conditions that
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AA* = 7 and «, [ are chosen so that oZ + SA*A > 0 and é + % = 1. These
conditions further imply that o > 1 and 8 = -%; > 1. However, as we will see from
our numerical results in Section 4.4, finding a stationary point of O, with a > 1
can be slow. In view of this, in the next section, we develop a new non-monotone
alternating updating method for finding a stationary of ©, s (and hence of F) under
the weaker conditions that AA* = Z and * + £ = 1. This allows more flexibilities

B

in choosing o and £.

4.2 Non-monotone alternating updating method

In this section, we consider a non-monotone alternating updating method (NAUM)

1

5= L Compared to the existing

for finding a stationary point of O, with é +
alternating-minimization-based methods [3, 91] applied to ©, g, which update X,
Y, Z by alternately solving subproblems related to ©,,3, NAUM updates Z by an
explicit formula (see (4.15)) and updates X, Y by solving subproblems related to
O,,p in a Gauss-Seidel manner. Before presenting the complete algorithm, we first
comment on the updates of X and Y.

Let (X*, Y*) denote the value of (X,Y) after the (k—1)-st iteration, and let (U, V)
denote the candidate for (X* 1 Y**1) at the k-th iteration (we will set (X*+1 Y**1)

to be (U, V) if a line search criterion is satisfied; more details can be found in Algo-

rithm 2). For notational simplicity, we also define

a T 2

Ha(X7 Y? Z) = §HXY - ZHF
for any (X,Y, Z). Then, at the k-th iteration, we first compute Z* by (4.15) and, in
the line search loop, we compute U in one of the following 3 ways for a given p; > 0:

e Proximal
U e Argmin U(X) + Ho (X, Y*, Z%) + %Hx — X2 (4.11a)
X
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e Prox-linear

U e Argmin W(X) + (VxHa(X* V" Z8), X — X*)+ %HX — XF|2. (4.11b)
X

e Hierarchical-prox If ¥ is column-wise separable, i.e., U(X) = > ¢;(a;) for
X =[xy, -,z ] € R™" we can update U column-by-column. Specifically,

fori=1,2,---,r, compute

w; € Argmin ¥;(x;) + Ho (W), @i, 5, Y5, ZF) + %Haz, —xzf|2 (4.11c)

7>
T

After computing U, we compute V' in one of the following 3 ways for a given o > 0:

e Proximal

V e Argmin ®(Y) + Ha(U,Y, Z%) + %HY — Y2, (4.122)
Y

e Prox-linear

Ve Argmin O(V) + (VyHo (U, Y* Z%), v — V%) + %HY ~YR2. (4.12D)
Y

e Hierarchical-prox If ® is column-wise separable, i.e., ®(Y) = >77_ | ¢i(y;)
for Y = [y1, -+ ,yr] € R™", we can update V' column-by-column. Specifically,

fori=1,2,---,r, compute

. Ok
v; € Argmin. ¢y(y;) + Ha (U, vj<io vin ¥ 2°) + i —wi P (412)
Yi

For notational simplicity, we further let

pim HI - iA*AH2 (4.13)

a+f
and let v > 0 be a nonnegative number satisfying
(a+79)T+ BA*A > 0. (4.14)

Now, we are ready to present NAUM as Algorithm 2.
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Remark 4.3 (Comments on “hierarchical-prox”). The hierarchical-prox upda-
ting scheme requires the column-wise separability of W or ®. This is satisfied for
many common regularizers, for example, |- |3, |- |1, |- |2 (0 < p < 1), and the

indicator function of a column-wise separable constraint.

Remark 4.4 (Comments on p and ). Since AA* = T, we see that the eigen-

values of A*A are either 0 or 1. Then, the eigenvalues of T — aLiﬁA*A must be

either 1 or ==, and hence p = max{l, a*/(a + §)*}. Similarly, the eigenvalues

a+B’
of —(aZ + BA*A) are either —a or —(a + ). Then, (4.14) is satisfied whenever

v = maX{Ov —Q, —(OZ + 5)}

In Algorithm 2, the update for Z* is given explicitly. This is motivated by the
condition on Z at a stationary point of O, s; see (4.6¢). In fact, following the
same arguments in (4.10), we see that (4.6¢) always holds at (X* Y* ZF) with Z*
given in (4.15) when AA* = 7 and é + % = 1. If, in addition, aZ + SA*A >

0 holds, one can show that Z* is actually the optimal solution to the problem

min {Oa,s(X*,Y* Z)}. In this case, our NAUM with N = 0 in (4.16) can be conside-

red as an alternating-minimization-based method (see, for example, [3, 91]) applied

to the problem min {0.5(X.Y, 2)}.

Our NAUM also allows U and V to be updated in three different ways. Thus,
one can choose suitable updating schemes to fit different applications. In particular,
if U or ® are column-wise separable, taking advantage of the structure of ©, 4 and
the fact that XY can be written as Y, &;y, with X = [@1,--- ,@,] € R™*" and
Y = [y1, - ,y,] € R"™", one can update X or Y column-wise even when A # 7.
The motivation for updating X (or Y) column-wise rather than updating the whole
X (orY) is that the resulting subproblems (4.11c¢) (or (4.12¢)) can be reduced to the

computation of the proximal mapping of ¥; (or ¢;), which is easy for many commonly
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Algorithm 2 NAUM for finding a stationary point of F
Input: (X% Y?), a and 3 such that é + % =1, p as in (4.13), v > 0 satisfying (4.14),
7>1,¢>0, g™ >0, g™ > g™ > 0 and an integer N > 0. Set k = 0.

while a termination criterion is not met, do

Step 1. Compute Z* by

Zk — (Z— - f ﬁA*A> <X’“(Y’“)T) + af—ﬁA*(b)' (4.15)

Step 2. Choose u > ™" and of € [o™", o™aX] arbitrarily. Set i, = pu, o) = o and
s = (= 2p)VH? e
(2a) Set pj — min {fig, p"**}. Compute U by either (4.11a), (4.11b) or (4.11c).
(2b) Compute V by either (4.12a), (4.12b) or (4.12c).
(2¢) If

i i ¢ k|2 k|2
—_ < —— _ —
FOV) = max  FOOY) <=5 (JU = X5+ IV - YHE) S (a16)

then go to Step 3.

(2d) If py = i, set o = (a+ 29p)|U|? + ¢, ok < min {roy, o} and
then, go to step (2b); otherwise, set jiy, < Tu and o < 7oy and then,
go to step (2a).

Step 3. Set Xk*L — U, Y**1 — V| i < g, 63 «— ok, k — k + 1 and go to Step 1.

end while
Output: (X* YF)

used 1; (or ¢;). Indeed, from (4.11c) and (4.12¢), u; and v; are given by

. (6] 2 %3
u; € Argmin {%’(wi) +t3 |lz:(yf)" — PF|, + 7“%’ - waQ} :

Ty

(4.17)
_ a 2 O
v; € Argmin {gbz(yz) + 5 Huiyj - QfHF + ?kHyz - yzkHQ} ,
Yi
where PF and Q¥ are defined by
Pz.k = ZF— Z;;llu] (y;?)T - Z;:Hlm?(y?)—r’
(4.18)

i—1 T
Qr:= 7" - Zj:fujva - Zj:i+1uj(yjl‘€>—r‘
Then, from Proposition 4.2, we can reformulate the subproblems in (4.17) and obtain
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the corresponding solutions by computing the proximal mappings of ¢; and ¢;, which
can be computed efficiently when ; and ¢; are some common regularizers used in
the literature. In particular, when ;(-) and ¢;(-) are | - |1, | - ||3 or the indicator
function of the box constraint, these subproblems have closed-form solutions. This
updating strategy has also been used for nonnegative matrix factorization; see, for
example, [19, 53, 58]. However, the methods used in [19, 53, 58] can only be applied
for some specific problems with A = Z, while NAUM can be applied for more general
problems with AA* = 7.

Additionally, NAUM adapts a non-monotone line search criterion (see Step 2 in
Algorithm 2) to improve the numerical performance. This is motivated by recent
studies on non-monotone algorithms with promising performances; see, for example,
[17, 34, 88]. However, different from the non-monotone line search criteria used there,
NAUM only includes (U, V') in the line search loop and checks the stopping criterion
(4.16) after updating a pair of (U, V'), rather than checking (4.16) immediately once U
or V is updated. Thus, we do not need to compute the function value after updating
each block of variable. This may reduce the cost of the line search and make NAUM

more practical, especially when computing the function value is relatively expensive.

4.3 Convergence analysis of NAUM

In this section, we discuss the convergence properties of Algorithm 2. First, we
present the first-order optimality conditions for the three different updating schemes

in (2a) of Algorithm 2 as follows:

e Proximal

0€ V() +a(UYH = ZF)Y* + 1 (U — XF), (4.19a)
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e Prox-linear

0€ 0V (U) + a (X" (YH)T = ZF) Y* 4+ 1 (U — XF), (4.19D)

e Hierarchical-prox Fori=1,2,---  r,
T

0€ dYi(u;) + a (Zl: Uj(yf)T‘*‘ Z w?(yf)T—Z’“> yf + puge(u; — scf) (4.19¢)

j=1 j=i+1

Similarly, the first-order optimality conditions for the three different updating sche-

mes in (2b) of Algorithm 2 are

e Proximal

0edd(V)+a UV =29 U+ oV —Yh), (4.20a)
e Prox-linear
0edd(V)+a (UYHT =25 U+ o,V —YH), (4.20b)
e Hierarchical-prox Fori=1,2,---,r,

i T T
0 € 0¢i(v;) + « (Z wv] + Z uj(yf)T—Zk> w; + op(v; — yF).  (4.20c)

j=1 j=i+1
We also need to make the following assumptions.

Assumption 4.1.

(al) W, ® are proper, closed, level-bounded functions and continuous on their dom-

ains;
(a2) AA* =T,
(a3) + + % = 1.
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Remark 4.5 (Note on Assumption 4.1). (i) From (al), it is easy to see from [71,
Theorem 1.9] that inf U and inf ® are finite, i.e., ¥ and ® are bounded from below. In
particular, the iterates (4.11a), (4.11b), (4.11c), (4.12a), (4.12b) and (4.12¢) are well
defined; (ii) The continuity assumption in (al) holds for many common regularizers,
for example, €1-norm, nuclear norm and the indicator function of a nonempty closed
set; (iii) (a2) is satisfied for some commonly used linear maps, for example, the

tdentity map and the sampling map.
We start our convergence analysis by proving the following auxiliary lemma.

Lemma 4.2 (Sufficient descent of F). Suppose that Assumption 4.1 holds. Let
{(X*,Y®)} be the sequence generated by Algorithm 2 and (U,V) be the candidate
generated by steps (2a) and (2b) at the k-th iteration. Then, for any integer k = 0,

we have

F(U, V) - F(Xk Y
(4.21)

- 2 Ul
Ok (Oé—i— P)/p)H H HV_YICH%“

2

p, — (a0 + 29p) [ Y*[? |

X U - X*3 -

< —
Proof. First, from Lemma 4.1 and (4.15), we see that F(X* Y*) = 0, 5(X*, Y*, ZF).
For any (U,V), let

W= (z - iA*A) (UVT) + £ A% (b). (4.22)

a+p a+p

Then, from Lemma 4.1, we have F(U,V) = ©,3(U,V,W). Thus, we only need to
consider the difference O, 5(U, V,W) — 0, 5(X*, Y* Z¥).
We start by noting that

A*AW) = (A*A _ A% (AAY) A) (UVT) + Z5A (AA%) (b)

a+p

(4.23)
= S ATA(UVT) + £S5 A% (b),

a+f
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where the last equality follows from (a2) in Assumption 4.1. Then, we obtain that

V2045(U, V,W)

=a(W —-UVT") + BA*A(W) — BA*(b)

—a [—Q%A*A(UVT) + aLjﬁA*(b)] + 8 [Q%BA*A (ovT) + a’%ﬁfl*(b)] — BA*(b)
=0,

where the second equality follows from (4.22) and (4.23). Moreover, since 7 is chosen
such that (a+7)Z + SA* A > 0 (see (4.14)), we see that, for any k > 0, the function

Z— O,p(UV,Z) + 3| Z — Z¥||% is convex and hence

Ous(U.V, 2") + 2|25 — 2",

-
=0

= @a,B(U, V? W) + %HW - Zk”%‘ + <VZ@0¢ﬁ(U7 V7 W) +’7(W - Zk)v Zk - W>>

/

~—

=0

which implies that

Ous(U,V, W) = Ous(U,V. 2¥) < T|W = Z¥|. (4.24)
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Then, substituting (4.15) and (4.22) into (4.24), we obtain

Oups(U, V,W) — 045U, V, Z¥)

(- 225404) (UVT - xR0 |2

F

a+p3

<z gl Jov - x4

I

Llow —y?T+ W - x0T, (4.25)

N

P (o =yl + @ - x0T, )

N

P k k k 2
Ly = v* e+ Y410 - X¥[5)
<p(IUPRIV = V¥ + Y10 - X*13),

where the equality follows from the definition of p in (4.13), the second last inequality
follows from the relation |AB|r < | A||B]|r and the last inequality follows from the
relation |a + b < 2]a|* + 2]b]>.

Next, we show that

alUl* —o

Oap(U,V,Z%) — 0, 5(U, Y*, ZF) < 5 Blv = v (4.26)

To this end, we consider the following three cases.
e Proximal: in this case, we have
Oas(U,V, Z") = O (U, Y*, ZF)
=O(V) + Ho(U,V, ZF) — d(Y*) — H (U, Y*, ZF)
— [@(V) + Ho(U,V, Z%) + %Hv - Y’“H%] — [(Y*) + Ho (U, Y, Z%)]
- SV -Y*;
< -V =Y,
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where the inequality follows from the definition of V' as a minimizer of (4.12a).

This implies (4.26).
e Prox-linear: in this case, we have

Oup(U,V, Z¥) —0,5(U, Y* ZF)
=O(V) + Ho(U,V, Z") — d(Y*) — HL (U, Y*, ZF)

U 2
S O(V) + Ho(U,Y*, ZF) + (VyH (U, Y*, ZF), V = Y*) + O"Tv —Y*|%
— DY) = Ha(U,YF, Z%)

= (V) + (Vv Ha(U YR, 25, V = YF) 4+ ZEV = V|3 — o(rh)

U|? -
+ A=y yp
oIV ~ o
< W=7y e,

where the first inequality follows from the fact that Y — VyH, (X, Y, Z) is Lip-
schitz with modulus o X |? and the last inequality follows from the definition

of V' as a minimizer of (4.12b).

e Hierarchical-prox: in this case, for any 1 < i < r, we have

O0,6(U, vj<i, 01, Yjeis Z°) = Ou s (U, vj<i Y Y)is Z°)
= 0i(vi) + Ha(U, 0j<i, 05, Y)i, Z%) = 6i(y7) — HalU, 00, 5, Yo ZF)
= [6:0) + Ha(Urvjcis v )i, 2 + Tlon =yl | = Slo = ol
- [@(yf) + Ho(U, vj<i, Yt y;?>i7 Zk)]
Ok

<~ Zfwi - oI

where the inequality follows from the definition of v; as a minimizer of (4.12c).
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Then, summing the above relation from ¢ = r to ¢ = 1 and simplifying the

resulting inequality, we obtain (4.26).
Similarly, we can show that

Al Y¥I? — g

Ou (U, Y* ZF) — 0,5(X* YF ZF) < 5

|U = X% (4.27)

by considering the following three cases.

e Proximal: in this case, we have
Oup(U,Y* ZF) — 0, 5(X* YE ZF)
= U(U) + Ho(U, YE, ZF) — W (XF) — H (XY, Z)
= [ W) + Ha(U YR, 2% + B U = XH3| = [W(X5) + Ha(XE, Y5, 29)]
- U - XM

i
< B4 U — X4,

where the inequality follows from the definition of U as a minimizer of (4.11a).

This implies (4.27).
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e Prox-linear: in this case, we have

Oup(U,Y* ZF) — O45(X* YE ZF)
= U(U) + Ho(U, Y*, ZF) — W (XF) — H (X, Y, 2

OéHY’“H2

S U(U) + HoXF YE Z8) 1 (VxHJ(XF YE ZF), U — XP) + ——|U — XF*|%

— U(X*) = Ho (XF YE ZF)
= W(U) + (VxHa(XH Y5, 25, U = X5 + EE U = X435 - w(X*)

Yk 2
Lol
2

aYH? —
< BT By - s,

U= X%

where the first inequality follows from the fact that VxH, (X, Y, Z) is Lipschitz
with modulus «||Y'|? and the last inequality follows from the definition of U as

a minimizer of (4.11b).
e Hierarchical-prox: in this case, for any 1 < i < r, we have

O (Wjci, ws, T, YF, ZF) = O p(wjes, i ., YF, ZF)

Ljsis
= ¢l(u1) +Hoz(uj<i’uw ]>z>Yk Zk) ¢z(mf) _,Ha<uj<i7mi‘g7ml? i YkaZk)

J>0

= [ilw) + Halwjer i@, Y5, 29 + B s — b | = B — 2

— [il@)) + Ha (i, af b YE, 2]

i

where the inequality follows from the definition of u; as a minimizer of (4.11c).
Then, summing the above relation from ¢ = r to ¢ = 1 and simplifying the

resulting inequality, we obtain (4.27).



CHAPTER 4. NAUM PhD Thesis

Now, summing (4.25), (4.26) and (4.27), and using F(U,V) = ©,3(U, V,W) and
F(X* YF) = 0,5(XF, Y* ZF), we obtain (4.21). This completes the proof. [

From the above lemma, we see that the sufficient descent of F(X,Y) can be
guaranteed as long as ui and oy are sufficiently large. Thus, based on this lemma,
we can show in the following proposition that our line search criterion (4.16) in

Algorithm 2 is well defined.

Proposition 4.3 (Well-definedness of the line search criterion). Suppose that
Assumption 4.1 holds. Let (X* Y*) be the sequence generated by Algorithm 2. Then,
for each k = 0, the line search criterion (4.16) is satisfied after finitely many inner

iterations.

Proof. We prove this proposition by contradiction. Assume that there exists a
k = 0 such that the line search criterion (4.16) cannot be satisfied after finitely
many inner iterations. Note from (2a) and (2d) in Step 2 of Algorithm 2 that
i < P = (o + 29p)|Y¥||> + ¢ and hence pg = (" must be satisfied after finitely
many inner iterations. Let nj denote the number of inner iterations when gy, = p'**

is satisfied for the first time. If pQ > pi"®, then ny = 1; otherwise, we have
IuminTnk—Q < Iungk—Q < MglaX7
which implies that

1 max) __ | min
log 7

Then, from (2d) in Step 2 of Algorithm 2, we have U = Uymax and o™ = (a +

”

29p)|Uymax|[* + ¢ after at most ny, + 1 inner iterations, where Uymax is computed by

(4.11a), (4.11b) or (4.11c) with py = ppP**. Moreover, we see that o, = o®* must

be satisfied after finitely many inner iterations. Similarly, let n; denote the number
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of inner iterations when oy, = o} is satisfied for the first time. If o} > o/, then

max

i, = ng; if o = o then 7y, = 0; otherwise, we have
O_rniankal < 0_27_73;671 < O_Irqnax

Y

which implies that

< {log(a,g ) — log(o™™) N 1J ‘
log T

Thus, after at most max{ny, 7z} + 1 inner iterations, we must have V' = Vymax, where
Vomax is computed by (4.12a), (4.12b) or (4.12¢c) with oy = o3**. Therefore, after at

most max{ny, 7} + 1 inner iterations, we have

F Uy, Vopax) — F(X*,YF)

R = (ot 29p) YR o™ = (a + 29p) | Uppes

k2
< 2 ’ HU,U'I/:‘aX - X HF - 2

Vo = V¥
C
= =5 (1Unp = XEG + Voo = Y¥[5)

where the inequality follows from (4.21) and the equality follows from p** = (a +
27p)|[Y*|? + ¢ and o™ = (a + 27,0)HU%naxH2 + ¢. This together with

FXFYH < max  F(X, YY)

[k—N]i<i<k

implies that (4.16) must be satisfied after at most max{ng, n,} + 1 inner iterations,

which leads to a contradiction. ]

Now, we are ready to prove our main convergence result, which characterizes a
cluster point of the sequence generated by Algorithm 2. Our proof of statement (ii)
in the following theorem is similar to that of [88, Lemma 4]. However, the arguments
involved are more intricate since we have two blocks of variables in our line search
loop.
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Theorem 4.3. Suppose that Assumption 4.1 holds. Let {(X*,Y*)} be the sequence

generated by Algorithm 2. Then,
(i) (boundedness of sequence) {(X* Y*)}, {j} and {51} are bounded;

(ii) (diminishing successive changes) Jim | XEH — XF| o+ [V — Y| =

(iii) (global subsequential convergence) any cluster point (X*,Y*) of {(X* Y*)}

1s a stationary point of F.
Proof. Proof of Statement (i). We first show that
F(XF YR < F(X° Y9 (4.29)

for all £ > 1. We will prove it by induction. Indeed, for £k = 1, it follows from

Proposition 4.3 that

FALYH) = FXY?) < =5 (| X' = XOE + [V = YO5) <0

l\DIQ

is satisfied after finitely many inner iterations. Hence, (4.29) holds for £ = 1. We
now suppose that (4.29) holds for all k£ < K for some integer K > 1. Then, we only
need to show that (4.29) also holds for k = K + 1. For k = K + 1, we have

F<XK+17yK+1> _f(X07Yo> < JT_'(XKJrlijJrl) _ max f(Xk,Yk)

[K—N]4 <i<K

< =5 (15 = XF + YR - YRR <,

where the first inequality follows from the induction hypothesis and the second ine-
quality follows from (4.16). Hence, (4.29) holds for £ = K + 1. This completes the

induction. Then, from (4.29), we have that for any k > 0,

FXO V%) = F(XE YR = 0(XP) + oY) + HA (XE(YHT) - b,
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which, together with (al) in Assumption 4.1, implies that the sequences {X*}, {Y*}
and {|A(X*(Y*)T)—b|} are bounded. Moreover, from Step 2 and Step 3 in Algorithm
2, it is easy to see fip, < u"™ = (a+ 27vp)|Y*|? + ¢ for all k. Since {Y*} is bounded,
the sequences {pj***} and {fix} are bounded. Next, we prove the boundedness of

{o1}. Indeed, at the k-th iteration, there are three possibilities:

o ji; < < In this case, we have 7, < o\ < ™7 where 7, denotes

the number of inner iterations for the line search at the k-th iteration and

Ny < max {1, [log(“ ?m;());og(“ "y QJ} (see (4.28) and the discussions preceding

it).

o ji; = ™ and G > o™ In this case, we have 75, < o)

'ka < max {1, [log(uznax)_log(umin) " QJ }

log T

T L M7 where

e Otherwise, we have 6;, < o™ = (a + 27yp)|| X* |2 + c.

Note that {n;} is bounded as {u***} is bounded. Thus, {74} is bounded as the
sequences {X*} and {f;} are bounded. This proves statement (i).

Proof of Statement (ii). For notational simplicity, from now on, we let Ayr =

XL XFE Ay = YR —YE Ay = ZF — ZF and

((k) = argmax{ F(X",Y") :i=[k—N],---,k}. (4.30)
Then, the line search criterion (4.16) can be rewritten as
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Observe that

]_—<Xe(k+1)7 Yé(kJrl)) = max -F<Xi7 Yi)

[E+1-N]y<i<k+1

= max{}"(XkH,YkH), max F(Xi,Yi)}

[k+1—N] <i<k

(i .
<max{f(xf<k>,yf<’f>), max .F(XZ,YZ)}

[k+1—N]; <i<k

<maX{F(XZ(k),Y€(k)), max .F(Xi,Yi)}

[k—N]+ <i<k
@ hax {]_—<Xz(k)’ YR, F(X®), Yf(k))}
_ ]:(Xf(k)7 yf(k))’
where (i) follows from (4.31) and (ii) follows from (4.30). Therefore, the sequence

{F(X*®) | y*Hk))} is non-increasing. Since F(X**®) | Y4*)) is also bounded from below

(due to (al) in Assumption 4.1), we conclude that there exists a number F such that

lim F(X‘® | y®Wy = F. (4.32)

k—o0

We next prove by induction that for all 7 > 1,

lim Axl(k)—j = lim Ayé(k)—j = 0, (4.33&)
k—00 k—o0

Jim F(X0,y ®7) = F. (4.33b)
—00

We first prove (4.33a) and (4.33b) for j = 1. Applying (4.31) with & replaced by

((k) — 1, we obtain
F(XW, vy ®)) — F(x -1 yh=n) < —g (1A xsw-1 7 + [ Ayew-]F) -
Thus, from this and (4.32), we have

X Cc
kh—{lolo 5 (”AX‘ZU“)—lH?? + ||Ay€(k)—1|ﬁ?) =0,
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which implies that

lim AXz(k)fl = khm Ayé(k)fl = 0. (4.34)
—>00

k—o0

Then, from (4.32) and (4.34), we have
F o= lim F(X'® yth)
k—00

= lim f(Xg(k)fl + Axe(k)q,ye(k)*l + Ayé(k)71>

k—o0

= lim F(XW yr®-t)

k—o0

where the last equality follows because {(X*,Y*)} is bounded and F is uniformly
continuous on any compact subset of domF under (al) in Assumption 4.1. Thus,
(4.33a) and (4.33b) hold for j = 1.

We next suppose that (4.33a) and (4.33b) hold for j = J for some J > 1. It
remains to show that they also hold for j = J + 1. Indeed, from (4.31) with k
replaced by ¢(k) — J — 1 (here, without loss of generality, we assume that k is large

enough such that ¢(k) — J — 1 is nonnegative), we have

f(Xe(k)_J, Yﬂ(k)—J) . f(XZ(Z(k)_J_l), Yé(ﬂ(k)—J—l))

N

C
~3 (1A xew-s-1]3 + |Ayen-s-1]F) |

which implies that
|Axe-11]F + | Ayew-s- |7

< g (,F(XK(K(k)_J_l), Yﬁ(f(k})—J—l)) . J—"(Xg(k)_J, Yf(k)—J)) )

o

This together with (4.32) and the induction hypothesis implies that

lim AXZ(k)f(JJrl) = lim Ayé(k)—(J+1) = 0.
k—0o0 k—o0
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Thus, (4.33a) holds for j = J + 1. From this, we further have

lim I(Xﬁ(k)—(J+l)7 Y@(k)—(J-‘rl))

k—o0

= lim ]:(Xg(k)_J — Axe(k)—(J+1), ytk—J _ Aye(k)—(J+1))

k—00

= lim F(X‘W~7 yi0=Jy - F

k—00

where the second equality follows because {(X*,Y*)} is bounded and F is uniformly
continuous on any compact subset of domF under (al) in Assumption 4.1. Hence,
(4.33b) also holds for j = J + 1. This completes the induction.

We are now ready to prove the main result in this statement. Indeed, from (4.30),
we can see k — N < ((k) < k (without loss of generality, we assume that k is large
enough such that & > N). Thus, for any k, we must have k — N — 1 = {(k) — jj, for

1 < jx < N + 1. Then, we have

Aol = Ay lr < | max [Axio0-s]r,

[Ayin-ilr = [Ayors e < | max Ay s

This together with (4.33a) implies that

lim AXk- = lim AXk—N—l = O,
k—00 k—00

lim Ayk = lim Aykafl = 0.
k—00 k—o0

This proves the statement (ii).

Proof of Statement (iii). First, since {(X*, Y*)} is bounded from statement
(i), there exists at least one cluster point. Suppose that (X*, Y*) is a cluster
point of {(X* Y*)} and let {(X% Y*)} be a convergent subsequence such that
Zlirg(in,Yki) = (X*,Y*). Then, it is easy to see from (4.15) that Zlirg Zk = 7%,
where Z* is given by (4.5). Thus, it can be shown as in (4.10) that

a(Z* — XHY*)T) + BA*(A(Z*) — b) = 0. (4.35)
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We next show that
0e oV (X*) +a(X*(Y*)"T — Z%)Y™, (4.36a)
0e 0D(Y*) + a(X*(Y*)T — 25T X*, (4.36D)
We start by showing (4.36a) in the following cases:
e Proximal & Prox-linear: in these two cases, passing to the limit along {( X% Y*)}

in (4.19a) or (4.19b) with X**1 in place of U and fiy, in place of p;, and invo-

king (al) in Assumption 4.1, statements (i), (ii) and (2.1), we obtain (4.36a).

e Hierarchical-prox: in this case, passing to the limit along {(X*, Y*))} in (4.19c¢)
with X**1 in place of U and fi, in place of 1z, and invoking (al) in Assumption

4.1, statements (i), (ii) and (2.1), we have
0€ oi(af) + a(X*(Y")" = Z)yf

for any ¢+ = 1,2,---,r. Then, rearranging the above relations, we obtain

(4.36a).

Similarly, we can obtain (4.36b). Thus, combining (4.35), (4.36a) and (4.36b), we
see that (X*, Y™, Z*) is a stationary point of ©, g, which further implies (X*,Y™) is

a stationary point of F from Theorem 4.2. This proves statement (iii). []

Remark 4.6 (Comment on (a3) in Assumption 4.1). If & and ¥ are the in-
dicator functions of some nonempty closed sets, the results in Theorem 4.3 remain
valid under the weaker condition on « and [ that é + % > 0 with a slight modifi-
cation in (4.16) of Algorithm 2. Indeed, when ® and ¥ are the indicator functions,

one can see from Remark 4.1 and the proofs of Lemma 4.2 and Proposition 4.3 that
if§+%>0, then
FUV) = FXYH) = (L4 5) (BuslU, VW) = 0,5(X*,YE, 24))

2 2

=

< _<l + ) <uk—(a+27p)HY’“H2 U - XkH% n op—(a+2yp)|U|? v — Yk“%)
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and the line search criterion is well defined with ¢ replaced by (é + %) c. Moreover,

recalling [71, Ezercise 8.14], we see that 0V and 0® are normal cones. Thus, follo-

wing Remark 4.2 and the similar augments in Theorem 4.3, we can obtain the same

results when é + % > 0 with c replaced by (é + %) ¢ in (4.16) of Algorithm 2.

Remark 4.7 (Comments on updating u*** and 0;"*). In Algorithm 2, we need
to evaluate ™ = (a+2yp)||[Y*|? + ¢ and o** = (a+2vp)|U|*+c in each iteration.
However, computing the spectral norms of Y* and U might be costly, especially when
r is large. Hence, in our experiments, instead of computing |Y*|? and |U|?, we
compute |Y*||% and |U|%, and update p® and o™ by p** = (a + 2yp)||[Y*|% + ¢
and o2 = (o + 29p)|U|% + ¢ instead. Since |Y*| < |Y¥|p and |U| < |Ul|F, it

follows from (4.21) that

F(U,V) - F(X* Yk

o — (o + 29p)|U|%
2

e — (a+ 29p) [YH|F
2

< U = X - V=Y

Then, one can show that Proposition 4.3 and Theorem 4.3 remain valid. Additionally,
the quantities |U||% and |[Y*|% can also be reused in the computation of the successive

changes |U — X*|% and |V — Y*|2 to reduce the cost of line search.

Next, under the additional assumption that the objective function F in (1.4)
is a KL function with an exponent 1}, we can discuss the local convergence rate
of Algorithm 2 with respect to the function value. To this end, we first give the

following supporting lemma.

Lemma 4.3. Suppose that Assumption 4.1 holds. Let {(X* Y*)} be the sequence

generated by Algorithm 2. Then, there exists di > 0 such that

dist (0, OF (X", YF)) < dy (| X* = XK p + |YF =Y p). (4.37)
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Proof. We first let {Z*} be the sequence generated by (4.15). Thus, it is easy to see

AS(AXE (YR T —b) = & ; b (XFYM)T =28 =a(XFYF)T - 2F),  (4.38)

where the last equality follows from é + % = 1. Then, we consider the subdifferential
OF(XF YF).
For the partial subdifferential with respect to X or ax;, we consider the following

three cases:

e Proximal: in this case, we have

OxF(X*,YF)

= OU(XF) + A*(AXH(YH)T) — b)Y*F

= 0U(XF) + o (XF(YH)T - ZF) Y*

= 0U(X") + o (XY =2 YR g (X - XY — e (XF - X
4 a(Xk(Yk)Tyk _ Xk(yk—l)Tyk—l) _ a(Zkyk _ Zk—lyk—l)

5 —fip_1 (X — XED paXb(YR v Tyk Lo Xy T(vh — v
—a(ZF = ZFNYE —aZF N (YR YR,

where the second equality follows from (4.38) and the inclusion follows from

(4.19a).
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e Prox-linear: in this case, we have

OxF(X*,YF)

= 0U(XF) + A (AXFYH)T) — b)Y*

= 0U(XF) + o (XF(YH)T - ZF) Y*

= 0U(X") + o (XYM = Z8 ) YR 4 o (X = XY — g (X - X
4 a(Xk(Yk)Tyk _ Xk—l(yk—l)Tyk—l) _ a(Zkyk _ Zk—lyk—l)

5 —fip_1 (X — XE N 4 aXb(YF v Ty R L aXxb(yh)T(vh — v
+ (XF - XEOY(YROYTY R o(ZF - ZEYYR - aZM (YR - YR,

where the second equality follows from (4.38) and the inclusion follows from
(4.19D).
e Hierarchial-prox: in this case, for any i = 1,2,--- ,7, we have
Ou, F(XF,YF)
= opi(xf) + A*(AXPYM)T) - b)y;
= 0pi(xf) + a (XF(YF)T = ZF) yf
= ovi(at) + o (X byl )T+ et T = 2 ) e (@ - 2l )
+aY (w;?fl . a:f) (y;_gq)Tyfq + o (XRYE)TyE — XRL (YR Tyb)

—a(Z%; = 2"y ) — e (2 — )

5 aZ’; (w?il _ w;c) (,y;vfl)Tylkfl T a (Xk _ kal) (Y5 Tyt

—a (25— 2 gt — 0z (g -y Y) — s (af — 2b ),

where the second equality follows from (4.38) and the inclusion follows from

(4.19¢).
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Similarly, for the partial subdifferential with respect to Y or y;, we also consider

the following three cases:

e Proximal: in this case, we have

Oy F(XF,YF) = 00(YF) + (A*(AXF(YH)T) — b)) " X*
— 0D(Y*) + o (XE(YF)T = 28) " X
= 0B(Y*) + o (XY = 28N XE o, (YE— YR
— (Y —YF T —a (28— ZF ) x*
s —op 1 (YF—Y* ) —a (28— 21 XK,

where the second equality follows from (4.38) and the inclusion follows from

(4.20a).

e Prox-linear: in this case, we have
Oy F(XF Yk
— 0B(YF) + (A*(AXF(YMT) — b)) Xx*
= 0B(YF) + a (XF(YF)T — Z%) " x*
= 0B(Y*) +a (XYY = 280 XE 4o (Y- YR
— o (Y=Y p (Y — YR (XH)TXE — o (2F - 20 xE
5o (Y=Y ) 4 a(YF — YR ) (XM TXF — o (28— 281 XK,

where the second equality follows from (4.38) and the inclusion follows from

(4.20D).
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e Hierarchial-prox: in this case, for any i = 1,2,--- ,7, we have
Oy Ous(X* YF ZF)
= 00i(yl) + (A (AKX (YY) - b)) 2t

= 06i(yf) + o (X*(YH)T - 24)

. T
= 0¢i(y}) + (ZL@?(Z/?)T + 30wy - Z’“) @ +on (Y -y )

+ 042311 (yf’1 — yf) (a:f)Ta:f + « (Yk — Yk’l) (Xk)wa

—a(Z8 -2 e - o (g - )
saXi (y' — ) (@) '@ + o (V= YH) (X8 Taf

—a (28 =72 &t o (yf -yt Y,

(2

where the second equality follows from (4.38) and the inclusion follows from

(4.20c).

Note that, for any 4, we have |zf — 2| < | X* — X* | and |yF — yF 7! <

|Y* — Y*=1 -, and moreover,

|25+ — 2% < H (I— a‘%ﬂA*A> (XFH (Y R)T Xk(yk:)T)HF

<[z e ey - T,

a+p

_ \/ﬁHXkJrl (Yk+1 _ Yk)T n (Xk+1 _ Xk) (Yk)THF

VP [XE A YT 0 = X )T

< VPIXFHY R = YE |+ YR X — X,

where the equality follows from the definition of p (see (4.13)). Thus, from the above
relations and the boundednesses of {(X* Y*)}, {fix} and {54} (see statement (i) in

Theorem 4.3), we can obtain (4.37). This completes the proof.  []
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Then, we discuss the convergence rate of our NAUM in the following theorem.

Theorem 4.4. Suppose that Assumption 4.1 holds and F in (1.4) is a KL function
with an exponent U, i.e., F satisfies KL property with ¢(s) = as*=" for some @ > 0
and 9 € [0,1). Let {(X*,Y*)} | be the sequence generated by Algorithm 2. Then,

there exists a constant F* such that the following statements hold.
(i) If 9 = 0, then F(X*,Y*) < F* for all large k;
(i) If Y € (0,1], then there exist o € (0,1) and ¢ > 0 such that
FX* YR - F* < ¢ob
for all large k;

(i) Ifve (%, 1), then there exists ¢ > 0 such that

F(X* YR = F* < kw1
for all large k.

Proof. We start by defining an index sequence {£(t)}2, as follows:

where ((k) is defined in (4.30). Since k — N < {(k) < k for any k > N, we then have
E@) =Ll(N+1t)=(N+1)t—N=(N+1D){t-1)+1=(N+1)({t—-1)+1>
£(t —1) for any t > 1. Thus, {£(t)}%2, is increasing. Note that {F(X¢® y&®)ye
is a subsequence of {F(X*® Y#*))1© = Then, this sequence is non-increasing and

bounded from below, and there exists a number F* such that

lim F(X¢O yeW) = F*,

t—00
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Moreover, it follows from (4.31) with k replaced by &(t) — 1 that
}“(XE(t)7 yE(t))

< F(XHEOD YOy — = (A g |7 + | Ay )

l\DIQ

(4.39)
< F(XUN+DE-1) yeN+1)(-1)) _ g (1A xew-1 |2 + [Ayeor-a]2)

_ _ C
= F(X y sty 3 (|Axew-1]F + |Ayew-1]F) |

where the second inequality follows from the facts that {F(X*®) Y¢k))1e “is non-
increasing and £(t) — 1 = (((N +1)t) =1 = (N + 1)(t — 1). We next consider two
cases.

Case 1: First, we suppose that F(X¢™) YT = F* for some T > 0. Since the
sequence {F(X¢® YE¢®)® "is non-increasing, we must have F(X¢® yY¢®)) = F*

for all t > T. Then, for all k€ [(N + 1)t — N, (N + 1)t] with any ¢t > T, we have
FXEYF) < F(XEO yt0) = F*,

This proves three statements.

Case 2: From now on, we consider the case where F(X¢® Y¢®) > F* for all
t > 0. From statement (i) in Theorem 4.3, we see that {(X¢®, Y¢®)}1® is bounded
and hence must have at least one cluster point. Let I" denote the set of cluster
points of {(X¢® Y¢®) = Then, from the facts that ¥, ® are continuous on their
domains ((al) in Assumption 4.1) and the definition of F*, it is not hard to see
F(X*,Y*) = F* for any (X*,Y*) e I'. This together with our assumption that F
is a KL function with ¢(s) = as'~” and Proposition 2.1 (uniformized KL property)

implies that there exist € > 0 and n > 0, such that
O (F(X,Y) — F*)dist (0, 0F(X,Y)) =1

for all (X,Y) satisfying dist((X,Y), ') < ¢ and F* < F(X,Y) < F*+1n. On
the other hand, since lim dist((X¢® Y¢®) T) = 0 by the definition of T, and

t—00
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F(XEO &MY — F* then for such ¢ and 7, there exists an integer T > 0 such
that dist((X¢®,Y¢®) T') < ¢ and F* < F(X¢® YE®) < F* 4 for all t = Ty,

Thus, for t > Ty, we have
¢ (F(XEO Y0y — F) dist (0, 0F (X0, yEW)) > 1. (4.40)

For notational simplicity, let A5 := F(X&® yE®) — F*_ Since {F(XEO, yED)} is
non-increasing, it is easy to see that Agt) is non-increasing, Agr(t) > ( for t > 0 and

Ai—_(t) — 0. Then, we have that, for all t > Ty,

1< (A%9) dist (0, oF(XE0, vE0))
a
10

ad -0
e (A§§t>) . \/2 (| Axew—1 ]2 + [Ayew[2) (4.41)

< (a5 g 1A A
< F 1 ([Axew—1|r + [Ayewr-]r)

N

N

ady e\ 7 \/% E(t—1) VE(E-1) HOIR%30)
— (Af> _(F(XED, YEmn) — F(XE0, yew))

where dy := (1%‘1)1\/5 > 0, the first inequality follows from (4.40), the second inequality

follows from (4.37), the third inequality follows from p+q < A/2(p? + ¢2) for p,q = 0

and the last inequality follows from (4.39). In the following, we consider three cases.

(i): ¥ = 0. In this case, we see from (4.41) that AET(FU —Afr(t) > % for all t > Tj,

which contradicts Agt) — 0. Thus, Case 2 cannot happen.

(if): 0 < ¥ < 5. In this case, we have 0 < 20 < 1. Since Agt) — 0, there exists
T5 > 0 such that Agf(t) <lforallt>T:= max {7y, T5}. Then, for all t > T, we see

from (4.41) that

29
AS < (A59) 7 < g (A5 - a0,
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which implies that

Agf(t) < éAgét_l) <o < ét—f’+1 AgT—l)

9

where ¢ := % < 1. Then, for all k € [(N + 1)t — N, (N + 1)t] with any t > T, we

have

FXR VR — F* < A < s Aér(f’fl) < peTH AéT D — o,

5741 ALT-D

where ( = 0 and o := @N%H < 1, the last inequality follows from

t> This proves statement (ii).

REse
(iii): 3 < ¥ < 1. We define f(s) := s~ for s € (0, 0). It is easy to see that f

is non-increasing. Then, for any ¢t > T}, we further consider the following two cases.

o If f(Af‘—_(t)) < 2f(A§T(t71)), it follows from (4.41) that

Ly < (AF)72 (A5 = ASY) = f(a5Y) - (A5 - A%Y)

£(t-1)
Af

2f(A§}£t—1)) , (Aé_gt—l) _ Ag@) <2 N f(s)ds
F

Q(Agt—l))l—w _ Q(Agt))l—w _ Q(Ag_@)l—w _ 2(A§t—1))1—2§
1-2¢ 20 — 1 ’

which, together with 299 — 1 > 0, implies that

(AF)12 = (AFT)1 2 = (20 — 1)/(2d3). (4.42)

. Iff(Aﬁé”) > 2f(A§£t_1)) it is not hard to see that (Aw))1 20 > 2% (Ag(t Y )1*219.

Then, we have

29—1

(Afr(t))P?ﬁ o (Agétfl))lfw > (2%

—(AFTY)
(4.43)

> (2 ot 1)(A§_ETO_1))1_219,
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where the last inequality follows from the facts that A'Sf(t) is non-increasing and

1—-29<0.

Thus, combining (4.42) and (4.43), we obtain

(AS)27 — (AFTI) 2 dy = min { (20 - 1)/(245), (25 - 1)(AF0TY)
Then, we have

(A2 > (AF)20 AR s (A5 (AR

j=To+1

d
> (t—Tp)ds = 5375,

where the last inequality holds for ¢ > 27;. This implies that Aﬁé” < dy t_Tlfl,

1

where dy := (%) 2. Then, for all k € [(N + 1)t — N, (N + 1)t] with any ¢ > 21T,

2

we have
J_"(Xk’Yk) —F* < Aiﬂt) < d4t_ﬁ < gk—ﬁ,

where ¢ := (N + 1)ﬁd4 and the last inequality follows from ¢ > NLH This proves

statement (iii). [

4.4 Numerical experiments

In this section, we conduct numerical experiments to test our algorithm for NMF
and MC on real datasets. All experiments are run in MATLAB R2015b on a 64-bit
PC with an Intel Core i7-4790 CPU (3.60 GHz) and 32 GB of RAM equipped with
Windows 10 OS.

— 101 —
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4.4.1 Non-negative matrix factorization
As we mentioned in the introduction, NMF is a very important problem in many
applications. The basic model for NMF is

1
min 5 |XYT - M. st. X=0, Y >0, (4.44)

where X € R™*" and Y € R™ " are decision variables. Note that the feasible set of
(4.44) is unbounded. We hence focus on the following model:

: 1 max max
min SIXYT M| st 0<X <X™ 0<Y <v™, (4.45)

where X™* > (0 and Y™ > 0 are upper bound matrices. One can show that, when
X5 and Y7 are sufficiently large, solving (4.45) gives a solution of (4.44). In our
experiments, we set X = 10'% and Y = 10'° for all (i,7). Now, we see that
(4.45) corresponds to (1.4) with U(X) = 0 (X), (V) = dy(Y) and A = Z, where
X ={XeR™ . 0< X< X™}and Y ={Y e R : 0 <Y < Y™} We
apply NAUM to solving (4.45), and use (4.11c) and (4.12c) to update U and V. The

specific updates of Z*, u; and v; are

( «
Zk: XkYkT—{—
a+ (¥%)

B

M
a+pB

{ u; = max {0, min{x;"™, apiky; + , t=1,2--- 1,
alyy | +

kNT k

: 4 : .
v; = maX{O, min {y;nax’ a(Qz) ’U; OrY; }} i=1,2-- 7
\ afu[* + oy

where PF and QF are defined in (4.18). Note that here it is not necessary to update

Z* explicitly. Indeed, we can directly compute PFyF and (QF)"u; by substituting
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7 as below:

a i—1 .
Py = 225XV Tyl + Z5 Myl - Y () Tyl - Y2 (u)) Ty
(4.46)

i—1
(Qf)Tuz = O[Lwyk(Xk)Tui + Q’%BMT'U%‘ - Z;=1Uju;ui - Z;=i+1y§;u;’ui-

When computing X*(Y*) Ty and Y*(X*) Tu; in the above, we first compute (Y*)Ty¥
and (X*)Tu; to avoid forming the huge (m x n) matrix X*(Y*)". This technique
is also used in many popular algorithms for NMF to reduce the computational cost
(see, for example, [4, 29, 30, 47, 86]).

We will compare NAUM with some recent algorithms! for NMF: the hierarchical
alternating least squares (HALS) method? (see, for example, [19, 29, 30, 32, 53, 58])
and the block coordinate descent method for NMF (BCD-NMF?) (see Algorithm 2
in Section 3.2 in [91]). It shall be mentioned that there are two classical methods
for NMF: the multiplicative updating (MU) method [47] and the alternating least
squares (ALS) method [4], which can be called simply by the Matlab function nnmf*
with options mult and als, respectively. However, as observed in [29, 30, 32, 91,
95] and our experiments, the performances of mult and als are not competitive.
Additionally, it has been reported in [91] that BCD-NMF outperforms ADMM in

both CPU time and solution quality. Therefore, we do not include MU, ALS and

I Most existing algorithms are directly developed for (4.44). However, they need the assumption
that the sequence generated is bounded in their convergence analysis. Although this assumption
is uncheckable and may fail, these algorithms always work well in practice. Thus, we directly use
these algorithms in our comparisons, rather than modifying them for (4.45).

2 HALS for (4.44) is given by

Myb — S i ) Tyl = Y k) Ty
:cfﬂ = max {07 i J J J”kaZQ j=i+1""j\JJ ? L, i=1,--- 71,
7
k i—1, k k k k k
a1 0 MT:Ei+1 _ Z;=1yj+1(wj+l)—rwi +1 _ Z;=i+1y§€(wj+1)—rwi+l .
Y, = max 0, Ha}’“lHQ , 1=1, , T
7

3 The Matlab codes for BCD-NMF is available at http://www.math.ucla.edu/~wotaoyin/
papers/bcu/nmf/index.html.

4 The nnmf function is a part of the Statistics and Machine Learning Toolbox for Matlab.
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ADMM in our comparisons.
To evaluate the performances of different algorithms, we follow [32] to use an
evolution of the objective function value. To define this evolution, we first define

«/T_-k_«/t-min

e(k) := o F F

where F* denotes the objective function value obtained by an algorithm at (X*, Y*)
and Fin denotes the minimum of the objective function values obtained among all
algorithms across all initializations. We also use T (k) to denote the total compu-
tational time after completing the k-th iteration of an algorithm. Thus, 7(0) = 0
and 7 (k) is non-decreasing with respect to k. Then, the evolution of the objective
function value obtained from a particular algorithm with respect to time ¢ is defined

E(t) :=min{e(k): ke {i: T() <t}}.

One can see that 0 < E(t) < 1 (since 0 < e(k) < 1 for all k) and E(t) is non-
increasing with respect to t. The E(t) can be considered as a normalized measure of
the reduction of the objective function value with respect to time. For a given matrix
M and a positive integer r, one can take the average of FE(t) over several independent
trials with different initializations, and plot the average E(t) within time ¢ for a given
algorithm.

The experiments are conducted on face datasets (dense matrices) and text data-
sets (sparse matrices). For face datasets, we use CBCL?, ORLS [72] and the extended

Yale Face Database B (e-YaleB)” [48] for our test. CBCL contains 2429 images of

5 Available in http://cbcl.mit.edu/cbcl/software-datasets/FaceData2.html.
6 Available in http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html.

7 Available in http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/ExtYaleB.html. Both ori-
ginal images and cropped images are provided in this dataset. The cropped images except 18
corrupted ones are used in our experiments.

— 104 —


http://cbcl.mit.edu/cbcl/software-datasets/FaceData2.html
http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/ExtYaleB.html

PhD Thesis CHAPTER 4. NAUM

faces with 19 x 19 pixels, ORL contains 400 images of faces with 112 x 92 pixels, and
e-YaleB contains 2414 images of faces with 168 x 192 pixels. In our experiments, for
each face dataset, each image is vectorized and stacked as a column of a data matrix
M of size m x n. For text datasets, we use three datasets from the CLUTO toolkit®.
The specific values of m and n for each dataset and the values of r used for our tests

are summarized in Table 4.1.

Table 4.1: Real data sets

Face Datasets (dense matrices) Text Datasets (sparse matrices)
Data Pixels m n r Data  Sparsity m n r

CBCL 19 x 19 361 2429 30, 60 | classic 99.92% 7094 41681 10, 20
ORL 112 x 92 10304 400 30, 60 | sports  99.14% 8580 14870 10, 20
e-YaleB 168 x 192 32256 2414 30, 60 | ohscal 99.47% 11162 11465 10, 20

In our experiments, we initialize all the algorithms at the same random initial

point (X?, Y?), generated by the following Matlab commands:

X0

max (0,randn(m,r)); X0 = X0/norm(X0,’fro’)*sqrt(norm(M, ’fro’));

YO0 = max(0,randn(n,r)); YO = YO/norm(YO,’fro’)*sqrt(norm(M,’fro’));

and set the maximum running time to T™** for all algorithms. The specific values
of T™® are given in Fig.4.1 and Fig.4.2. Additionally, we use the default settings
for BCD-NMF. For NAUM, we set p™® = ji_; = 1, o™® = 5_; = 1, o™ = 105,
T =4, ¢ = 10" N = 3, and we choose p) = max {O.lﬂk_l, ,umin} and o) =
min {max {O.l&k,l, ami“}, amax} for any k& > 0. Moreover, we set 8 = -2, v =
max{0, —a, —(a + B)} and p = max {1, a?/(a + B)?} for some a. We then test
NAUM? with o = 0.6,0.8,1.1, 2, compare them to HALS and BCD-NMF, and plot

the average F(t) for each algorithm within time T™®.

8 CLUTO: A clustering toolkit that is available in http://glaros.dtc.umn.edu/gkhome/cluto/
cluto/download.

9 We observed from our experiments for NMF that NAUM with o < 0.6 is not competitive. Thus,
we do not choose o < 0.6 in our comparisons.
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Fig.4.1 and Fig.4.2 show the average F(t) of 30 independent trials for NMF
on face datasets and text datasets, respectively. From the results, we can see that
NAUM with a = 0.6 performs best in most cases, and NAUM with o < 1 always

performs better than NAUM with a > 1. This shows that choosing o and § under

1
B

numerical performance of NAUM.

the weaker condition X + 4 = 1 (hence o can be small than 1) can improve the

4.4.2 Matrix completion

We next apply our NAUM to a recent model for MC:

min o[ X[ + Y + 5 [Pa(XYT = M), (4.48)

where 77 > 0 is a penalty parameter, () is the index set of the known entries of M,
and Pq(Z) keeps the entries of Z in 2 and sets the remaining ones to zero. This
model was first considered in 73, 74] and was shown to be equivalent to Schatten-3
quasi-norm minimization. Encouraging numerical performance of this model has also
been reported in [73, 74]. Note that (4.48) corresponds to (1.4) with ¥(X) = Z||.X|,,
d(Y) = 2||Y|s and A = Pq. Thus, we can apply NAUM with (4.11b) and (4.12b)

to solving (4.48). The updates of Z* U and V are

( p
k _ k k\NT
28 = XY+

Po (M — X*(Y*)T),

R

(X - 24v).

LU = Syjem) (X

@]
V = Sy (Yk _ T - Zk)TU) |

Ok
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Substituting Z* into U and V and using - + % =1 gives
1
U= Sn/(Quk) <Xk - ,U_k [PQ(Xk(Yk)T - M)] Yk) )
(4.49)
1
V = 8,/200) <Y’“ = Aykp - X8y - — [Po(X*(Y")T — M)]T U) .
Ok Ok
Thus, similar to NAUM for NMF, we do not need to update Z* explicitly for MC.
We compare NAUM with the proximal alternating linearized minimization (PALM),
which was proposed in [8] and was used to solve (4.48) in [73, 74]. For ease of future

reference, we recall that the PALM for solving (4.48) is given by

1
w0t (% i [Pt oT an) ).

1 T
k+1 k k+1 k\NT k+1
Y (y - g [PalX )T = )] X+).

For NAUM, we use the same parameter settings as in Section 4.4.1, but choose
a =0.4,0.6,1.1. All the algorithms are initialized at the same random initialization

(X0, YY) generated by the following Matlab commands:
X0 = randn(m, r); YO = randn(n, r);

and terminated if one of the following stopping criteria is satisfied:

Ij:k_]:k71|

o S 10~ holds for 3 consecutive iterations;

X5 XA YR YRl 1oy .
. XAyt < 1077 holds;

e the running time is more than 300 seconds,

where F* = 1| XF||, + Z|[Y*|, + 1 [Pa(X*(¥Y™)T —M)HiP denotes the objective
function value obtained by each algorithm at (X*, Y*).
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Table 4.2 presents the numerical results of different algorithms for different pro-
blems, where two face datasets (CBCL and ORL) are used as our test matrices M
and a subset () of entries is sampled uniformly at random. In the table, sr denotes
the sampling ratio, i.e., a subset €2 of (rounded) mn = sr entries is sampled; r denotes
the rank used for test; “iter” denotes the number of iterations; “Normalized fval”!?
denotes the normalized function value %, where (X* Y*) is obtained
by each algorithm, F(X*, Y*) is the function value at (X*, Y*) for each algorithm

and Frax (resp. Fuin) denotes the maximum (resp. minimum) of the terminating

function values obtained from all algorithms in « trial (one random initialization

IX**) " -M|p

e . All the results presented

and ); “RecErr” denotes the recovery error
are the average of 10 independent trials. Additionally, in each case, the smallest
normalized function value, the least CPU time and the smallest recovery error are
in bold.

From Table 4.2, we can see that NAUM with o = 0.4 gives the smallest function
values and the smallest recovery error within least CPU time in most cases. Moreover,
NAUM with a = 0.6 also performs better than NAUM with o = 1.1 and PALM with
respect to the function value and the recovery error in most cases. This again shows

that a flexible choice of o and S can lead to better numerical performances and the

choice of a = 0.4 performs best for MC from our experiments.

10 This measure is used to distinguish the function values obtained by different algorithms and it
varies between 0 and 1. In a trial, for each algorithm, the smaller the “Normalized fval” value, the
better the quality of solution obtained by this algorithm. “0” means that this algorithm attains
the smallest function value among all algorithms in this trial.
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Figure 4.1: Average E(t) of 30 independent trials for NMF on face datasets.
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Figure 4.2: Average E(t) of 30 independent trials for NMF on text datasets.
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Table 4.2: Numerical results for MC on face datasets
’ n data sr r ‘ a=04 a=06 a=11 PALM ‘ a=04 a=06 a=11 PALM ‘
iter Normalized fval
0.5 30 780 1189 3320 3306 | 1.13e-01 17.50e-02 4.52¢-01 1
CBCL 0.5 60 921 1218 3850 4654 | 3.24e-02 5.10e-02 3.85e-01 1
0.2 30| 1174 2366 4767 3573 | 8.01e-03 2.21e-01 6.87e-01 9.60e-01
5 0.2 60| 1577 1919 5360 5037 |1.03e-02 8.95e¢-02 8.08e-01 8.86e-01
0.5 30| 1218 1243 1241 1468 0 2.94e-01 5.06e-01 1
ORL 0.5 60| 1049 1051 1051 1327 0 1 4.00e-01  7.73e-01
0.2 30| 2074 325 385 2691 | 2.59e-03 7.01le-01 1 1.31e-01
0.2 60| 1551 1551 356 2222 0 3.82e-01 1 2.12e-01
0.5 30| 457 654 1793 1935 | 2.20e-02 1.29¢-01 3.60e-01 9.81e-01
CBCL 0.5 60| 514 594 1950 2559 | 2.65e-01 1.15e-01 3.79¢-01 8.71e-01
0.2 30 627 1313 2513 2116 | 1.91e-02 3.75e-02 8.35e-01 7.79e-01
10 0.2 60 866 1095 2713 2889 | 2.07e-02 2.89¢-02 9.22e-01 4.86e-01
0.5 30| 1003 1186 1192 1402 |3.30e-02 1.47e-01 4.30e-01 1
ORL 0.5 60| 975 1009 1012 1276 0 8.58e-01 6.11e-01 9.99e-01
0.2 30| 1409 364 411 2646 0 7.16e-01 1 8.10e-02
0.2 60| 1241 1504 376 2185 | 4.05e-06 3.97e-02 1 2.21e-01
CPU time RecErr
0.5 30| 35.56 54.14 151.23 119.05 | 1.05e-01 1.05e-01 1.06e-01 1.08e-01
CBCL 0.5 60| 57.66 76.09  240.19 206.47 | 8.81e-02 9.02e-02 9.04e-02 8.99e-02
0.2 30| 34.04 68.57 13797 7556 |1.37e-01 1.37e-01 1.38¢-01 1.43e-01
5 0.2 60| 72.01 87.82  245.21 147.08 | 1.34e-01 1.35e-01 1.35e-01 1.36e-01
0.5 30| 294.20 300 300 300 1.72e-01 1.84e-01 2.01e-01 2.12e-01
ORL 0.5 60| 300 300 300 300 |1.66e-01 2.11e-01 2.05e-01 2.11e-01
0.2 30 300 47.35 55.86 300 2.08e-01 3.04e-01 3.81e-01 2.24e-01
0.2 60 300 300 69.21 300 2.16e-01 2.35e-01 3.49e-01 2.61e-01
0.5 30| 21.01 30.12 82.45 70.32 [ 1.16e-01 1.19e-01 1.18e-01 1.17e-01
CBCL 0.5 60| 32.40 37.38 122.51 113.80 | 1.09e-01 1.11e-01 1.14e-01 1.11e-01
0.2 30| 18.15 38.01 72.84 44.62 | 1.60e-01 1.61e-01 1.62e-01 1.60e-01
10 0.2 60| 39.13 49.37 123.74 83.52 | 1.57e-01 1.57e-01 1.58e-01 1.56e-01
0.5 301]252.15 300 300 300 |1.71e-01 1.77e-01 1.95e-01 2.08e-01
ORL 0.5 60| 289.57 300 300 300 1.53e-01 2.01e-01 2.03e-01 2.09e-01
0.2 30| 207.22 53.08 60.54 300 1.95e-01 3.06e-01 3.83e-01 2.14e-01
0.2 60| 243.45 295.60 74.09 300 1.87e-01 1.95e-01 3.60e-01 2.36e-01
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Chapter 5

Concluding Remarks

In this chapter, we summarize our main results in this thesis and give some possible

directions for the further research.

5.1 Summary

In this thesis, we have considered two classes of matrix optimization problems, which
arise in many applications, and developed two efficient algorithms to solve them,
respectively.

We first study the matriz decomposition problem (MDP), which aims to decom-
pose a given data matrix D € R™*" into two components L € R™*"™ and S € R™*"

with different desirable structures such that D ~ L + 5, and adapt the ADMM with

a general dual step-size 7, which can be chosen in (0, 1+2\@), to solve it. Theoreti-
cally, we establish that any cluster point of the sequence generated by our ADMM
with a non-trivial dual step-size gives a stationary point under some assumptions;
we also give simple sufficient conditions for these assumptions. Under an additional
assumption that a potential function is a Kurdyka-Lojasiewicz function, we can furt-
her establish the global convergence of the whole sequence generated by our ADMM.

Numerically, we conduct some experiments for background/foreground extraction

and show the efficiency of our algorithm.
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We next study the matriz factorization problem (MFP), which aims to factorize
a given data matrix M € R™*" into two factors X € R™*" and Y € R™" with
different desirable structures such that M ~ XY, where r < min{m, n}. To
sovle MFP, we introduce a specially constructed potential function ©, s defined
in (1.5) which contains one auxiliary block of variables. We then develop a non-
monotone alternating updating method with a suitable line search criterion based
on this potential function. Unlike other existing methods such as those based on
alternating minimization, our method essentially updates the two blocks of variables
alternately by solving subproblems related to ©, 3 and then updates the auxiliary
block of variables by an explicit formula (see (4.15)). Using the special structure of
©O,,3, we demonstrate how some efficient computational strategies for NMF can be
used to solve the associated subproblems in our method. Moreover, under some mild
conditions, we establish that the sequence generated by our method is bounded and
any cluster point of the sequence gives a stationary point of our problem. We also
discuss the convergence rate for the function value under an additional assumption
that the objective is a Kurdyka-Lojasiewicz function. Finally, we conduct some
numerical experiments for NMF and MC on real datasets to illustrate the efficiency

of our method.

5.2 Future research

Studying MDP and MFP in this thesis is just a start for us to study the first-
order splitting methods for the nonconvex, nonsmooth and non-Lipschitz problems.
We believe that this topic can be interesting and promising, although it is still
challenging. Some possible future works closely related to this thesis are presented

as follows.

e Our ADMM may not be beneficial when B or C has no special structure, because
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the corresponding subproblems of ADMM may not have closed-form solutions.
Nonetheless, as in [49, 83, 84], it may be possible to add “proximal terms”
to simplify the subproblems of our ADMM and lead to some more efficient
variants of ADMM. In addition, in view of the recent work [85], it may also be
possible to study the convergence of our ADMM for some specially structured

nonconvex W.

e The special potential function given in (1.5) for our NAUM is used to separate
the coupled variables XY T from the linear map A. This technique may be
possibly used for other kinds of problems. Indeed, for our MDP (see (1.1)), it

is possible to consider the following potential function:

- o B
Ous(L. 5. 2) = W(L) + B(S) + 2B(L) +C(S) ~ Z3 + 5 [D — AZ)|3.

where o and § are real numbers. It is conceivable that ©, 5 is closely related
to (1.1). Thus, we may derive a new efficient method for (1.1) based on O, 4

under some conditions.

e Our NAUM may be restricted to the condition AA* = Z, which is mainly
used to construct our potential function. Thus, for the more general liner
map A in (1.4), we may consider using our ADMM discussed in Chapter 3
to solve (1.4). As we mentioned in Section 1.2, the known conditions that
guarantee convergence of the ADMM presented in [22, 92, 95] for NMF are
too restrictive. Therefore, it may be interesting to study the ADMM with

convergence guarantee for solving problems of the form (1.4).

e Although we consider MDP and MFP separately in this thesis, these two classes
of problems have some connections. Note that the matrix L considered in (1.1)

is always supposed to have low rank. Thus, it is possible to consider (1.1)
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incorporated with low-rank matrix factorization, i.e., consider the following
problem:

min W, (X) + Uy(Y) + &(S) + % |ID—A[B(XYT)+C(9)]

I;
X,Y,S .

where X € R™*" Y € R™™" and S € R™*" are decision variables with r <
min{m, n}; ¥; : R™*" - Ru{w}, Uy : R"™*" - Ru {0} and & : R"™*" - Ry
{oo} are proper closed functions; A, B,C : R™*™ — R™*" are linear maps. This
model also arises in applications such as robust principal component analysis

[76]. Thus, it is also a possible future research direction.
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