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Abstract 

 

Building services equipment such as chillers, pumps, air compressors, generators, and 

electric motors are installed in modern buildings. These kinds of vibratory equipment 

produce low frequency noise and vibration that is a serious environmental problem 

because of its negative effect on human health, well-being, and living quality. 

Therefore, to improve acoustical environment, a lot of efforts are required to reduce 

noise and vibration of building services equipment. It is known that mounting 

positions of building services equipment and geometrical parameters of supporting 

structures have influence on the amount of structure-borne sound power transmitted 

to the supporting structures and as a result influence the levels of low frequency noise 

and vibration. This thesis addressed the problem of optimizing mounting positions of 

building services equipment and geometrical parameters of supporting structures. The 

aims are therefore to develop optimization strategies for mounting positions and 

supporting structures; to propose active and passive control systems for the 

suppression of structure-borne sound power transmission and to obtain a better 

understanding of structure-borne sound power transmission of vibratory equipment. 

 

Firstly, an investigation of the optimum mounting positions for a vibratory building 

services equipment on a floor is presented. The criteria for selecting the optimum 

mounting positions are the minimum structure-borne sound power transmission and 
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the minimum rotational velocity of the vibratory equipment. The results indicate that 

a vibratory equipment should be symmetrically installed on diagonal lines of the floor. 

A study of the optimum mounting positions of two coherent motors on a floor is also 

presented. 

 

Secondly, a study of the structure-borne sound power transmission from two coherent 

vibratory equipment to a supporting structure is presented. A design framework of 

supporting structure optimization strategy that targeted on minimizing the structure-

borne sound power transmission from two coherent vibratory equipment to a 

supporting structure is proposed. A steel-made periodical supporting structure with 

two coherent fans installed are investigated. Experiments are conducted to obtain the 

source characteristics (source mobility and free velocity) of the two coherent fans. 

Parametric finite element analysis models and a genetic algorithm are utilized in the 

optimization strategy. The results show that the proposed design framework is 

sufficiently capable of optimizing a supporting structure.  

 

Thirdly, a theoretical study of an inertial actuator connected to an accelerometer by a 

local feedback loop for vibration control on a two-stage vibration isolation system 

with time-varying excitation sources is presented. The results reveal that the optimum 

mounting positions of the inertial actuator varied with frequencies. Therefore, a 

control system based on monitoring rotational frequencies of the excitations, real-time 

measurement of a cost function, and automatically searching the optimum mounting 
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position of the inertial actuator is proposed. A linear motor is proposed to move the 

mounting position of the inertial actuator according to the optimization result solved 

by the control system.  

 

Finally, the band gap properties of periodic structures on the vibration control of a 

two-stage vibration isolation system are investigated by using the transfer matrix 

method. To maximize the power transmissibility of the two-stage vibration isolation 

system, a geometrical parameters optimization strategy by using the genetic algorithm 

is proposed. The fitness function is the power flow of the flexible floor in the two-

stage vibration isolation system. The numerical results demonstrate that stop band 

regions of the optimum periodic structure contained all the harmonic frequencies of 

the force excitation. The proposed optimization approach has potential use for the 

development of vibration isolation systems for vibratory equipment. 
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Chapter 1  

Introduction 

1.1 Background 

Building services equipment such as chillers, boilers, air compressors, pumps, fans, 

electric motors, and generators are essential parts of modern buildings. These kinds of 

building services equipment are mainly utilized for air exchange, heat transfer, and 

water supply. However, these kinds of vibratory building services equipment produce 

low frequency structure-borne sound during their shafts and blades rotate. The 

structure-borne sound is transmitted to the connected floors and walls. The structure-

borne sound eventually emits as unwanted sound into the indoor environment. 

 

As the widely application of vibratory building services equipment in modern 

buildings, the low frequency noise and vibration become severe problems to residents 

of buildings. These problems cause annoyance and stresses to occupants [1-4], 

seriously influence living quality [5, 6], negatively affect job performance [7-9], and 

increase health risks [10, 11]. Therefore, various vibration control methods have been 

proposed to decrease the structure-borne sound power transmission. 

 



2 

1.2 Vibration Control of Vibratory Equipment 

Vibration control methods can be categorized into passive vibration control methods 

and active vibration control methods according to whether secondary vibration sources 

are utilized. 

 

1.2.1 Passive Vibration Control 

The most widely used methods for the control of vibration or structure-borne sound 

are vibration isolation and structural damping. In practice, vibration isolation and 

damping are commonly used in vibration control systems. 

 

Vibration isolation involves use of a resilient supporting or connection between an 

excitation system and an structure, so that the receiving structure vibrates less than it 

would if a rigid connection was used [12]. Vibration isolation systems can be classified 

as single-stage isolation systems and multi-stage isolation systems according to the 

number of layers of resilient element employed. Conventional single-stage isolation 

system employs a single layer of resilient element. Multi-stage isolation systems 

employ multiple resilient elements with an intermediate mass between two nearby 

resilient elements. Spring isolators and rubber isolators are typical examples of single-

stage isolation systems. The floating rafts are a kind of typical two-stage isolation 

system.  
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Structural damping refers to the removal of mechanical energy from a source of 

vibration. This removal may result from transfer of vibration energy to structural 

components, fluids, or vibration modes that are not of concern or from conversion of 

mechanical energy into other forms [12]. 

1.2.2 Active Vibration Control 

Passive vibration control methods usually do not perform well at low frequencies. 

Passive vibration control systems which perform well at low frequencies are bulky 

and costly. In recent years, more and more works have been devoted to the 

investigation and developing of the active vibration control (AVC) systems for their 

distinguished advantages over traditional passive vibration control systems. The 

primary source (vibration) is cancelled by a secondary source generated by an actuator. 

Active control systems can obtain better performance than passive control systems at 

low frequencies. Moreover, active control systems are usually smaller and lighter than 

passive control systems. Last but not the least important, active control system can be 

integrated with adaptive algorithms, which ensure the active control system follow up 

the changes of time-varying systems.  

 

The concept of active control was first proposed by Georg Heinrich Paul Lueg in his 

patent “Process of Silencing Sound Oscillations” [13, 14]. Lueg outlines the principle: 

pick up the unwanted sound, amplify and reverse its phase, and reproduce a sound 

wave to cancel the original unwanted sound [15]. Lueg’s application was based on 
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“feedforward” control. In 1953, Olson et al. [16] proposed a system which was based 

on “feedback” control. This system did not use any prior knowledge [17]. In 1956, 

Conover [18] proposed an active control system for controlling a periodic sound. 

Conover proposed to achieve optimum controlling performance by adjusting the 

amplitudes and phases of the harmonics. It is hard for implementing this control 

strategy by analogue technology [19]. However, amplitudes and phases of signals can 

be automatically adjusted easily by using digital techniques. 

 

Although active control was proposed since 1936, the electronic components of that 

period were inadequate for real-time application of active control systems [14]. There 

was a long time before the widely application of active control systems. Applications 

of the active control systems were boosted with the rapid development of the 

integrated circuit industry since the 1980s. The digital signal processing (DSP) 

systems were the most widely used digital electronic systems for active vibration 

control systems. Typical DSP systems were board-level systems. To overcome the 

board size and cost problem arises when using the board-level systems, a one-chip 

digital signal processor has been developed by Baik et al [20] in 1995. The chip 

developed by Baik et al. included ADCs, a DAC, complementary metal-oxide-

semiconductor (CMOS) OP-amps, a fixed-point arithmetic digital signal processor 

and a read-only memory (ROM).  

 

Changes of operation state such as rotational speed can influence the property of the 
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excitation source in the frequency domain. Therefore, the controller of the active 

control system should be able to deal with the variations. Adaptive filters were 

introduced to the active control systems to cancel time-varying or non-stationary 

excitation sources. In 1975, Widrow et.al. first [21] introduced the concept of adaptive 

noise control. Later, Burgess[22] applied the adaptive digital filters to active noise 

control. 

 

Generally, active vibration isolation systems utilize actuators to produce counter-

acting forces for reducing the sources of disturbing vibration [23, 24]. Active vibration 

isolation systems have been employed to decrease vibration of engines [24-31]. Li et 

al. [25-27] investigated the feasibility of using active control to minimize the vibration 

of an intermediate mass of an existing two-stage passive isolation mount. Daley [28] 

developed a smart spring machinery mounting system. Two control strategies: kinetic 

energy control and modal control were evaluated in their work. Howard and Hansen 

[29] devised a six-axis transducer. Premont et al. [31] devised a six-axis vibration 

isolator based on force feedback control. 

 

Vibration of building services equipment can be transmitted to the floors and walls not 

only via mounting or supporting systems but also via pipelines connected with 

building services equipment. Therefore, vibration control of pipelines is of interest to 

researchers and engineers. An active vibration control system have been designed by 

Yau et al. [32], to decrease undesired vibration of a fluid-filled pipe. Lin and Tsai [33, 
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34] investigated the active control of a cantilever fluid conveying pipe by using the 

model reference adaptive control approach. Maillard [35] designed a non-intrusive 

actuator for the control of pipelines. Lenz [36] developed a tuned three-dimensional 

vibration absorber for pipelines. Kartha [37] explored and compared the potential of 

active, passive and active/passive control methodologies for vibration control of in 

fluid-filled pipelines by experimental studies.  

 

1.3 Periodic Structure 

Periodic structures are commonly consisted of identical components (“periodic 

elements”) [38]. Periodic structures can be classified as one dimensional (1D), two 

dimensional (2D), and three dimensional (3D) periodic structures. Periodic elements 

of periodic structures can be beams, shafts, bars, plates, and shells. 

 

Lots of efforts have been made in the investigation of periodic structures [38-47]. 

Periodic structures consisted of beams [41, 42, 48], plates [43-45, 49, 50], and shells 

[46, 47] in various combinations and support conditions have been investigated. 

Propagation of waves in periodic structures can be investigated by using the plane 

wave expansion (PWE) method [51], multiple scattering theory (MST) [52], the finite 

element method (FEM) [53, 54], the lumped mass method (LMM) [55], and the 

transfer matrix method (TMM) [56, 57]. Some other methods have also been proposed 

to investigate the propagation of waves in periodic structures. Li et al. [57] proposed 
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a modified transfer matrix method for investigating 1D phononic crystal Euler-

Bernoulli beams. Jin et al. [58] firstly proposed to investigate periodic rectangular 

plate structures by the spectral-dynamic stiffness method (S-DSM).  

 

Waves propagated in periodic structures have shown the existence of stop band regions 

and pass band regions [59, 60]. Sound and vibration were forbidden in the stop band 

regions of infinite periodic structures. They can be applied to frequency filters, noise 

absorbers, vibration absorbers, and high-precision mechanical systems [58, 61-64]. 

Therefore, periodic structures can be applicable to noise and vibration control for their 

outstanding isolation effectiveness in the stop band regions. The existence of stop band 

regions of periodic structures also provides a new insight into vibration isolation 

applications in the area of civil engineering [48]. 

 

A lot of efforts have been made in the investigation and application of periodic 

structures. Yu investigated the flexural wave propagation of Timoshenko [64] and 

Euler-Bernoulli beams [65] with locally attached resonators as well as torsional 

vibration gaps of shafts [66] with locally attached resonators. Wen et al. [67] therefore 

designed a vibration isolation structure by utilizing the feature of flexural wave band 

gaps of beams with periodic structures. Xiao et al. [61] consequently examined 

influence of parameters on the flexural vibration gap of beams with periodically 

attached vibration absorbers. Richards and Pines [68] demonstrated the application of 

a periodic shaft in reducing vibration transmission from meshes to other mechanic 
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components. Applications of periodic structure applied to piping systems can be found 

in References [63, 69, 70]. Shen et al. [63, 69] proposed a pipeline constructed of 

periodic structures. Koo and Park [70] studied the applicability of the periodic supports 

for vibration control of pipelines. 

 

1.4 Objective and Scope of Research 

This thesis aims at improving indoor environmental comfort by investigating the 

structure-borne sound power transmission and proposing practical solutions. For a 

vibratory equipment mounted on a floor, the structure-borne sound power transmission 

from the vibratory equipment to the floor is determined by both the source 

characteristics of the vibratory equipment and the receiver mobility of the floor. This 

thesis therefore provides a systematic investigation of the optimum mounting positions 

for vibratory equipment and a kind of actuator – the inertial actuator. Practical 

solutions for the problems of reducing structure-borne sound power transmission are 

provided. 

 

The first objective of this thesis is to investigate the optimum mounting positions for 

vibratory building services equipment on the criteria of the minimum structure-borne 

sound power transmission from the vibratory equipment and the minimum rotational 

velocity of the vibratory equipment. Previous work of Mak and Yun [71, 72] have 

shown that interaction between two coherent equipment have influence on structure-
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borne sound power transmission. Motivated by their work, the influence of 

interactions between two coherent vibratory equipment on the result of the optimum 

mounting positions of the equipment is investigated. 

 

The second objective of this thesis is to investigate the structure-borne sound power 

transmission from two coherent vibratory equipment to a steel-made supporting 

structure. This work is targeted on the geometrical optimization of supporting 

structures for decreasing structure-borne sound power transmission. To decrease 

structure-borne sound power transmission, this thesis therefore provides a geometrical 

optimization framework for the design of supporting structures. The specific 

objectives are listed below: 

1) To conduct experimental studies to measure source mobility and free velocity 

of the vibratory equipment as well as receiver mobility of the supporting 

structure; 

2) To validate simulation results of receiver mobility obtained from parametric 

finite element analysis (FEA) by comparing with results of experimental 

measurement; 

3) To propose a geometrical optimization framework for the design of 

supporting structures. 

 

The third objective of this study is to examine the problem related to vibration control 

of a two-stage vibration isolation system – floating raft with time-varying excitation 
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sources. Although the performance of vibration isolators or vibration absorbers 

mounted on various positions have been investigated in previous literatures, there were 

no published works on improving broadband performance of active vibration control 

system by moving actuators to follow up changes of time-varying excitations. To 

improve the broadband control performance of a floating raft, a movable active 

vibration control system with its control algorithm are proposed. A theoretical study 

is conducted to investigate the optimum mounting positions for the actuator of the 

active vibration control system. 

 

The fourth objective of this thesis is to investigate band gap properties of periodical 

structures and the power transmissibility of a floating raft. The distinguished 

performance of periodic structures motivates us to combine it with floating rafts. The 

specific objectives are listed below: 

1) To investigate the propagation of longitudinal wave in 1D periodic structures 

and investigate the power transmissibility of a floating raft with periodic 

structures mounted; 

2) To combine the transfer mobility matrix method with the genetic 

algorithms in the optimization of geometrical parameters of periodical 

structures in floating rafts. 
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Chapter 2  

Optimum Mounting Positions for a 

Vibratory Equipment  

 

It was validated that mounting positions of vibratory equipment have noteworthy 

influence on power transmission. Therefore, optimization of mounting positions for 

vibratory equipment can be taken as a measure to decrease power transmission. For 

some high precision equipment, stability should be concerned during the operation 

stage. Rotational velocity can be an effective parameter to indicate the stability of 

equipment. This chapter aims to investigate the optimum mounting positions for an 

isolated vibration equipment on the criteria of the minimum power transmission and 

the minimum rotational velocity. 

 

2.1 Theoretical Outline 

2.1.1 Simple Models for a Symmetrical Vibratory Equipment 

and an Inertial Block  
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Figure 2-1 The schematic diagrams of the symmetrical vibratory equipment model: (a) top view, 

(b) front view 

 

A symmetrical vibratory equipment model consisted of two cylinders is shown in 

Figure 2-1. The parameters for the lower cylinder are diameter 1a , thickness ch , and 

mass 1cm . The parameters for the upper cylinder are diameter 2a , thickness ch , and 

mass 2cm . The mass of the vibratory equipment model is cm . Assuming an eccentric 

force F0 is excited at the center of the vibratory equipment model. There are four 

symmetrical mounting points ( 1p , 2p , 3p , and 4p ) on the bottom interface of the 

vibratory equipment model. The moments of inertia of the symmetrical vibratory 

equipment model throughout its center of the bottom interface can be given as: 

 2 22 2

1 2
1 1 1 2

7
( ) ( )
12 3 12 3

c c
x y c c

h ha a
I I m m     . (2.1) 
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Figure 2-2 A schematic diagram of the vibratory equipment mounted on an inertial block 

 

The symmetrical vibratory equipment model is symmetrically mounted on an inertia 

block with four contact points ( 1q , 2q , 3q , and 4q ). The dimensions and the mass of 

the inertial block are b b bl l h   and bm , respectively. The moments of inertia of the 

vibratory equipment together with the inertia block throughout the center of the bottom 

interface of the inertia block can be given as: 

2 2 3 3 3 3

1 1 2

( ) ( ) ( 2 ) 8

12

b b b b c c b c c
x2 y2 x c c

c c

m l h h h h h h h
I I I m m

h h

    
     .   (2.2) 

 

To describe the dynamic characteristics, a source mobility matrix can be given as:  

 
2 2

2 2

2 2

1 2

2 2

1 1 1 1

1 1 1 11

( ) 1 1 1 1

1 1 1 1

c c bj m m m

 

 

  

 

  
 

  
    
 

  

S
Y , (2.3) 

where 
2 2

1 2( ) / 4c c b b x2m m m l I    . 
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2.1.2 Floor Mobility 

The floor being investigated in this chapter is assumed to be a flat plate with uniform 

thickness and density. The mobility of a uniform plate can be determined by theoretical 

analysis. The general two-dimensional equation of motion for a plate without 

excitation can be given as [40]: 

 4 '' 2( , ) ( , ) 0D v x y m v x y   , 
3

2
=

12 1

Eh
D

（ ）
, (2.4) 

where 4  denotes the biharmonic operator, D denotes the bending stiffness, ω 

denotes the angular frequency, ''m  denotes mass per unit area of the plate, ( , )v x y  

denotes the velocity at the point with coordinates ( , )x y , E denotes the Young’s 

modulus, h denotes thickness of the plate, and μ denotes the Poisson’s ratio. Equation 

(2.4) can be solved by separation of variables. Therefore, the natural frequencies and 

mode shapes can be given as [73]: 

 
    2 2

1 2''
/ /r

D
r l r b

m
    , (2.5) 

 1 2( , ) 2sin( / )sin( / )r x y r x l r y b   , (2.6) 

where 1r  and 2r  denote the modal indices of the rth mode, l denotes the length of 

the plate, and b denotes the width of the plate. 

 

The general expression of the point mobility at the point with coordinates ( , )x y  can 

be given as: 

 

 

2

2 2
1

( , )
( , | , )

(1 )

r
r

r p r

x y
Y x y x y j

m j




  






 

 , (2.7) 
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where 
pm  and η denote the mass and loss factor of the plate, respectively. The 

general expression of the transfer mobility on the plate between two points  with 

coordinate  1 1,x y  and  2 2,x y  can be given as: 

 

 
1 1 2 2

1 1 2 2 2 2
1

( , ) ( , )
( , | , )

(1 )

r r

r p r

x y x y
Y x y x y j

m j

 


  






 

 , (2.8) 

 

To solve Eq. (2.8), the natural frequencies r  and the mode shapes ( , )r x y  need 

to be obtained. For simply supported rectangular plates with uniform mass distribution, 

analytical solutions can be solved. However, analytical solutions cannot be solved for 

plates with other kinds of boundary conditions and complex geometries. Numerical 

methods can be utilized to obtain approximate results. The floor being investigated in 

this chapter is assumed to be a flat plate with uniform thickness and density. For the 

assumption of an uniform structure, the finite difference method (FDM) is quite 

convenient to be applied and relatively straightforward in understanding and 

application [74]. Therefore, FDM is utilized in this chapter.  

2.1.3 Structure-borne Sound Power and Stability 

The free velocity can be given as: 

 
T

0 [1 1 1 1]V SV , (2.9) 

where 0V  denotes the magnitude of free velocity; the superscript T  denotes the 

transpose of a vector or matrix. Four spring isolators were installed between the inertia 
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block and the floor. The mass of the spring isolators is ignored in this chapter. The 

vector of force at the four contact points can be given as: 

 1

4 4( )
i

j

k

 

  r S r SF Y I Y V , (2.10) 

where ik  denote the elastic coefficient of a spring isolator; 4 4I  denotes a 4×4 

identity matrix; rY  denotes the matrix of floor mobility. The structure-borne power 

can be given as: 

 *T1
Re(( ) )

2
P  r r rF Y F , (2.11) 

where the superscript   denotes the conjugate transpose of a matrix. The vector of 

velocity at the mounting points can be given as: 

 
4 4

i

j

k




 
  
 

q r r
V I Y F , (2.12) 

 

In this chapter, it is assumed that the rocking motion of the isolated vibratory 

equipment is relatively small. The rotational velocity can be given as: 

 
2 2

(1) (2) (3) (4) /r bV L   q q q qV V V V , (2.13) 

where (1)qV  ~ (4)qV  denote the first to the four elements of qV , respectively.  

2.1.4 Objective Functions 

The objective functions for optimizing the mounting positions for the vibratory 

equipment on the criteria of the minimum structure-borne sound power transmission 

and the minimum rotational velocity can be given as: 
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 1Minimize   ( , )f x y P , (2.14) 

 2Minimize   ( , ) rf x y V . (2.15) 

 

For the multi-objective optimization problem of requiring minimum power 

transmission and minimum rotational velocity, the simplest method is to combine 

these two objective functions into a weighted multi-objective function, as: 

 1 2
3 1 2

0 0

( , ) ( , )
Minimize   ( , )= 10 log( ) 20 log( )

f x y f x y
f x y w w

P V
     , (2.16) 

where 1w  and 2w  denote the weighting coefficients of the levels of power and 

velocity, respectively; reference values of power and velocity are 
12

0  = 10  WP 
 and 

6

0  = 10  m/sV 
, respectively. The weighting coefficients express the relative 

importance of the objectives. It is obvious that if 3( , )f x y  is minimized, the optimized 

mounting position can be found. 

 

2.2 Numerical Simulation and Analysis 

The parameters of the vibratory equipment model are: 1  = 0.5 ma , 2  = 0.25 ma , 

 = 0.3 mch , 
3 3 = 7.8 10  kg/mc  , and cm  = 5.74×102 kg. The parameters of the 

inertia block model are:  = 0.7 mbl ,  = 0.2 mbh , 
3 3 = 2.8 10  kg/mb  , and 

2 = 2.74 10  kgbm  . The parameters of the floor are: 3 3 = 2.8 10  kg/mf  , 

10 2 = 2.1 10  N/mE  ,  = 0.02 , and  = 0.2 . The parameters of the floor are: 

 = 3.5 ml ,  = 3.5 mb , and  = 0.24 mh . The mass of the floor is 3 = 8.23 10  kgfm  , 
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which is far greater than the mass of the vibratory equipment. The deformation of the 

floor result from the weight of the vibratory equipment is ignored in this chapter. It is 

assumed that the frequency of the harmonic excitation force is 15 Hz and the elastic 

coefficient of a spring isolator is 
6 = 1.88 10  N/mik  . In this chapter, the frequency 

range between 1 Hz to 1000 Hz is investigated. 

 

 

Figure 2-3 A schematic diagram of the square floor divided into a grid of 10 × 10 equal squares 

 

Only ten mounting positions are investigated for the symmetrical arrangement of the 

symmetrical vibratory equipment and the square inertia block mounted on the floor. 

Any other mounting positions can find their equivalent mounting positions in the ten 

mounting positions being investigated. As shown in Figure 2-3, the square floor is 
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divided into a grid of 10×10 equal squares. The numbers shown in Figure 2-3 indicate 

the serial number of the grid points. 

 

 

Figure 2-4 The schematic diagrams for the first to the ninth mounting positions: (a) the first 

mounting position, (b) the second mounting position, (c) the third mounting position, (d) the fourth 

mounting position, (e) the fifth mounting position, (f) the sixth mounting position, (g) the seventh 

mounting position, (h) the eighth mounting position, (i) the ninth mounting position 
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Table 2-1 Mounting points for the ten mounting positions 

Mounting 

position 
1 2 3 4 5 6 7 8 9 10 

1q  2 3 4 5 12 13 14 22 23 32 

2q  10 11 12 13 20 21 22 30 31 40 

3q  20 21 22 23 30 31 32 40 41 50 

4q  12 13 14 15 22 23 24 32 33 42 

 

The first to the ninth mounting positions are shown in Figure 2-4 (a) to Figure 2-4 (i) 

(the areas filled black), respectively. The tenth mounting position is shown in Figure 

2-3 (the area filled with black). Mounting points 1q , 2q , 3q , and 4q  for the ten 

mounting positions on the floor are shown in Table 2-1.  

 

The floor is divided into a grid of 100 × 100 equal meshes in the finite difference 

analysis. The modal frequencies obtained by using 50 × 50 meshes were compared to 

the solutions obtained by using 100 × 100 meshes. The relative errors are less than 

0.1%. This means that 50 × 50 meshes are fine enough to obtain solutions with 

acceptable relative errors for this floor. To validate the results obtained by FDM, 

solution of natural frequencies of a simply supported floor calculated by FDM are 

compared with analytical solutions. The relative errors of solutions of natural 

frequencies are less than 0.1% for frequencies below 1000 Hz.  
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2.2.1 Structure-borne Sound Power and Rotational Velocity  

Combining Eqs. (2.9) to (2.11), the structure-borne sound power can be given as: 

 2 1 *T

0 1 4 4 4 4 4 4 1Re (( ) ) ( )
i i

j j
P V

k k

 

   

 
      

 
s r r s r

I Y I Y Y Y I Y I . (2.17) 

 

Combining Eqs. (2.9), (2.10), (2.12), and (2.13), the vector of vibrational velocity can 

be given as: 

 
0 4 4 4 4 4 1( )( )

i i

j j
V

k k

 
     q r s rV I Y Y I Y I . (2.18) 

The rotational velocity can be calculated by Eqs. (2.13) and (2.18).  

2.2.2 Case Study – Simply Supported Boundary Condition 

 

Figure 2-5 The structure-borne sound power transmission from the vibratory equipment to the 

simply supported floor for different mounting positions 
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Figure 2-6 The optimum mounting positions on the simply supported floor with the minimum 

structure-borne sound power transmission: (a) the optimum mounting position for each frequency, 

(b) the possibility of each mounting position to be the optimum mounting position 

 

It is assumed that 0  = 1 m/sV  in the frequency spectrum. The structure-borne sound 

power transmission for each mounting position are shown in Figure 2-5. According to 

Figure 2-5, it can be found that the optimum mounting position for the vibratory 

equipment with the minimum power transmission differs throughout the frequency 

range. For each frequency, the optimum mounting position with the minimum power 

transmission is shown in Figure 2-6(a). For the frequency ranges increased from 1 Hz 

- 10 Hz to 1 Hz - 1000 Hz (the increment is 10 Hz), the possibility of each mounting 

position to be the optimum mounting position with the minimum power transmission 

is shown in Figure 2-6(b). Refer to Figure 2-6, it can be found that the mounting 

positions 2, 3, 6, and 8 have such small possibilities to be the optimum position. 

Meanwhile, the mounting positions 1, 5, and 10 are the positions with the largest 

possibilities to be the optimum position, especially for frequencies between 1 Hz and 

500 Hz. The mounting positions 1, 5, and 10 are symmetric about the diagonal line of 



23 

the floor. It can be concluded that the optimum mounting positions on the criterion of 

the minimum structure-borne sound power transmission, are symmetric about the 

diagonal line of the floor. 

 

 

Figure 2-7 Rotational velocity of the vibratory equipment and the inertial block for different 

mounting positions on the simply supported floor 

 

 

Figure 2-8 The optimum mounting positions on the simply supported floor with the minimum 

rotational velocity: (a) the optimum mounting position for each frequency, (b) the possibility of 

each mounting position to be the one with the optimum mounting position 
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The rotational velocity of the vibratory equipment for different mounting positions is 

shown in Figure 2-7. According to Figure 2-7, the curves of rotational velocity are 

quite complex. Some drop and rise sharply at very narrow frequency ranges. For each 

frequency, the optimum mounting position with the minimum rotational velocity is 

shown in Figure 2-8(a). For each frequency range increased from 1 Hz - 10 Hz to 1 

Hz - 1000 Hz (the increment is 10 Hz), the possibility of each mounting position to be 

the optimum position with the minimum rotational velocity is shown in Figure 2-8(b). 

Refer to Figure 2-8(a) and Figure 2-8(b), it can be observed that the mounting positions 

1, 2, 3, 6, 7 and 9 have small possibilities (less than 5%) to be the optimum mounting 

position with the minimum rotational velocity. While, the mounting positions 5, 8 and 

10 are the positions with the largest possibilities to be the optimum mounting position 

with the minimum rotational velocity. The mounting positions 5, 8 and 10 are 

symmetric about the diagonal line of the floor. It means that the optimized mounting 

positions, on the criterion of the minimum rotational velocity, are symmetric about the 

diagonal line of the floor. 
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Figure 2-9 Correlation coefficients between rank order of mounting positions sorted by the 

absolute value of structure-borne sound power transmission and rank order of mounting positions 

sorted by the absolute value of rotational velocity 

 

Refer to Figure 2-6 and Figure 2-8, one can see that minimum rotational velocity (that 

is, a relatively stable equipment) does not imply minimum structure-borne sound 

power transmission or vice versa. To validated it, the correlation between rotational 

velocity and power transmission is investigated. For each frequency, the absolute 

values of power transmission and rotational velocity of different mounting positions 

are sorted in descending order, respectively. The correlation coefficient of rank orders 

sorted on these two criteria are shown in Figure 2-9. Refer to Figure 2-9, it can be 

found that less structure-borne sound power transmission is not strongly associated 

with smaller rotational velocity. It is validated that optimum mounting positions for 

an isolated vibratory equipment determined on the criterion of the minimum structure-

borne sound power transmission does not imply the optimum mounting position 

determined on the criterion of minimum rotational velocity or vice versa. 
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2.2.3 Case Study – Fixed Boundary Condition 

 

Figure 2-10 The structure-borne sound power transmission from the vibratory equipment to the 

fixed floor for different mounting positions 

 

 

Figure 2-11 The optimum mounting positions on the fixed floor with the minimum structure-borne 

sound power transmission: (a) the optimum mounting position for each frequency, (b) the 

possibility of each mounting position to be the optimum mounting position 

 

The structure-borne sound power transmission from the vibratory equipment to the 

fixed floor for each mounting position is shown in Figure 2-10. The optimized 

mounting positions with the minimum power transmission for each frequency is 
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shown in Figure 2-11(a). For the frequency range increased from 1 Hz - 10 Hz to 1 Hz 

- 1000 Hz (the increment is 10 Hz), the possibility of each mounting position to be the 

optimized mounting position with the minimum power transmission is shown in 

Figure 2-11(b). Refer to Figure 2-11 (a) and (b), it can be observed that the mounting 

positions 1, 5, 8, and 10 are the positions with the largest possibilities to be the 

optimum position with the minimum structure-borne sound power transmission. Just 

like the case with simply supported boundary conditions, these optimum mounting 

positions are symmetric about the diagonal line of the floor. 

 

 

Figure 2-12 Rotational velocity of the vibratory equipment and the inertial block for different 

mounting positions on the fixed floor 



28 

 

Figure 2-13 The optimum mounting positions on the fixed floor with the minimum rotational 

velocity: (a) the optimum mounting position for each frequency, (b) the possibility of each 

mounting position to be the optimum mounting position 

 

The rotational velocity of the vibratory equipment for each mounting position on the 

fixed floor is shown in Figure 2-12. For each frequency, the optimum mounting 

position with the minimum rotational velocity is shown in Figure 2-13(a). For each 

frequency range increased from 1 Hz - 10 Hz to 1 Hz - 1000 Hz (the increment is 10 

Hz), the possibility of each mounting position to be the optimum position with the 

minimum rotational velocity is shown in Figure 2-13(b). Refer to Figure 2-13(a) and 

(b), it can be observed that the mounting positions 1, 7, 8, and 10 are the position with 

the largest possibilities to be the optimum mounting position with the minimum 

rotational velocity. The mounting positions 1, 8, and 10 are symmetric  about the 

diagonal line of the floor.  

 

The curves in Figure 2-10 shown minor differences from the curves in Figure 2-5, but 

they have the same rule almost. The mounting positions of the vibratory equipment 
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and the inertia block with the minimum structure-borne sound power transmission are 

symmetric about the diagonal lines of the floor. It can be found that the curves in 

Figure 2-7 and Figure 2-12 have similar trends and Position 10 seems to be the 

optimized choice because the rotational velocity is small (that is, the equipment is 

relatively stable). The analyzed results reveal that the optimized mounting positions 

on the simply supported floor are not significantly different from the optimum 

mounting positions on the fixed floor. It can be concluded that the optimized mounting 

positions for an isolated symmetrical vibratory equipment with minimum structure-

borne sound power transmission and rotational velocity are symmetric about the 

diagonal lines of the floor. 

2.2.4 Multi-objective Optimization 

By utilizing Eq. (2.16), the optimum mounting position of the symmetrical vibratory 

equipment meet the two objectives can be found. The two weighting coefficients 1w  

and 2w  can be decided by users in practice. If the structure-borne sound power 

transmission is concerned more, the weighted coefficient 1w  can be larger; if the 

stability is concerned more, the weighting coefficient 2w  can be larger. In this 

chapter, 1w  = 1 and 2w  = 0.5. 
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Figure 2-14 The simply supported floor: (a) values of f3 for different mounting positions, (b) the 

optimum mounting position for each frequency 

 

For the simply supported floor, the values of 3f  and the optimum mounting 

positions for the vibratory equipment and the inertial block are shown in Figure 

2-14(a) and Figure 2-14(b), respectively. It can be observed that the mounting 

positions 1, 5, 8, and 10 are the mounting positions with the largest possibilities to 

be the optimum mounting position. The mounting positions 1, 5, 8, and 10 are 

symmetric about the diagonal line of the floor. 

 

 

Figure 2-15 The fixed floor: (a) values of f3 for different mounting positions, (b) the optimum 

mounting position for each frequency 
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For the fixed floor, the values of 3f  and the optimum mounting positions for the 

vibratory equipment model and the inertial block are shown in Figure 2-15(a) and 

Figure 2-15(b), respectively. It can be observed that the mounting positions 1, 8, and 

10 are the positions with the largest possibilities to be the optimum mounting position. 

The mounting positions 1, 8, and 10 are symmetric about the diagonal line of the floor. 

 

2.3 Summary 

The optimum mounting positions of a symmetrical vibratory equipment model with 

an inertial block on a floor are investigated theoretically. Two kinds of boundary 

conditions, the simply supported boundary condition and the fixed boundary 

conditions have been considered in this chapter. The criteria for selecting the optimum 

mounting positions are the minimum structure-borne sound power transmission and 

rotational velocity.  

 

The simulation results reveal that, to ensure less power transmission and smaller 

rotational velocity, the vibratory equipment should be symmetrically installed on 

diagonal lines of the floor. It has been demonstrated that boundary conditions of the 

floor have little influence on the results of the optimum positions, for that the optimum 

mounting positions on the simply supported floor and the fixed floor are similar. 
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Chapter 3  

Optimum Mounting Positions for Two 

Coherent Motors 

 

For vibratory equipment mounted on a floor, mounting positions have noteworthy 

influence on the value of structure-borne sound power transmission. This chapter 

therefore investigates the best mounting positions for two coherent vibratory 

equipment.  

 

Firstly, the structure-borne sound power transmission from the two coherent single-

phase motors to a simply supported floor is derived. Then, the optimum mounting 

positions for the two coherent single-phase motors on the criterion of the minimum 

structure-borne sound power transmission from the two coherent single-phase motors 

are determined.  
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3.1 Theoretical Outline 

 

 

Figure 3-1 A schematic diagram of a simply supported floor with two coherent single-phase motors 

mounted (“s-s” stands for simply supported) 

 

 

Figure 3-2 The schematic diagrams of the simply supported floor equally separated into 10 × 10 

meshes: (a) Case 1: motor A is installed on the position with coordinate number (2, 4), (b) Case 2: 

motor A is installed on the position with coordinate number (5, 5) 
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Two coherent single-phase motors with four spring vibration spring isolators are 

mounted on a simply supported floor, as shown in Figure 3-1.The floor is separated 

into 10  10 meshes, and there are 100 possible mounting positions (each mesh is a 

possible mounting position for a motor), as shown in Figure 3-2. In Figure 3-2, the 

numbers with bold font denote the coordinate numbers for the meshes and the numbers 

with regular font in the meshes denote the corresponding serial numbers for the meshes. 

Firstly, two set of mounting conditions for the two coherent motors as shown in Figure 

3-2 (a) and (b) are investigated in this section. The first set of mountings (Case 1) is 

that motor A being mounted on the position with coordinate number (2, 4) and motor 

B being mounted on the other possible positions (i.e. 99 meshes filled white) as shown 

in Figure 3-2(a). The second set of mountings (Case 2) is that motor A being mounted 

on the position with coordinate number (5, 5) and motor B being mounted on the other 

possible positions (i.e. 99 meshes filled white) as shown in Figure 3-2(b). Secondly, 

100  99 kinds of possible mounting conditions for the two motors are investigated 

(it is assumed that two motors cannot be installed on the same position for limited 

space). 

 

The vectors of free velocities of the two coherent single-phase motors can be given as: 

 
T

1 2 3 4[ , , , ]v v v vf1V , 
T

5 6 7 8[ , , , ]v v v vf2V , (3.1) 

where subscripts 1~8 in the right part of the equations stand for the corresponding 

mounting points on the bottom interface of motors A and B as shown in Figure 3-1. 

The dynamic forces transmitted from the two coherent single-phase motors to the 
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simply supported floor at the eight mounting points can be given as: 
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where 4 40   denotes a 4×4 zero matrix; s1Y  and s2Y  denote the source mobility 

matrices of the coherent single-phase motors A and B, respectively; k11Y  ~ k22Y  

denote the mobility matrices of the spring vibration isolators; r11Y  and r22Y  denote 

the mobility matrices of points 1~4 and 5~8, respectively; r12Y  and r21Y  denote the 

mobility matrices between points 1~4 and 5~8, respectively; ik  and im  denote the 

stiffness and the mass of a spring isolator, respectively. 

 

The structure-borne sound power can be given as [73]: 

 *T1
e(( ) )

2
cP R c cF V , (3.4) 

   *T1
e(( ) )

2
cP R

 
  

 

r11 r12

c c

r21 r22

Y Y
F F

Y Y
, (3.5) 

where cV  is a 8 × 1 vector which denotes vector of velocity at the mounting positions. 

In this chapter, the source characteristics of the motors are obtained from experimental 

measurement. The receiver mobility of the simply supported floor is derived by the 

model summation method, as presented in Eqs. (2.5) to (2.8).  

 

In Eqs. (3.2), (3.3) and (3.5), the coupling of the two motors is included, that is the 

interactions of different vibratory sources. If the coupling of the two motors is ignored, 
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the amount of experimental and computational work can be reduced. The dynamic 

forces transmitted to the supporting structure at the eight mounting points without 

including the coupling can be given as: 
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The structure-borne sound power without including the cross coupling can be given 

as: 

 *T1
e(( ) )

2
ncP R

 
  

 

r11 r12

nc nc

r21 r22

Y Y
F F

Y Y
. (3.7) 

 

3.2 Experimental Setup and Measurement Results  

 

The experimental measurement works involve measurements of source 

characterization of the motors: free velocities and source mobilities. The measurement 

procedures are conducted according to ISO (International Organization for 

Standardization) standards ISO 7626-1 [75] and ISO 7626-5 [76]. In the experiment, 

the motor is suspended by rubber ropes for realization of the free boundary condition 

[77]. In the experiments, only the vibration in the vertical direction is considered. 
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Figure 3-3 Kistler impulse hammer type 9728A2000 

 

 

Figure 3-4 Kistler power supply/coupler type 5118B2 
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Figure 3-5 Brüel & Kjær type 4394 accelerometer 

 

 

 

Figure 3-6 Brüel & Kjær Pulse Type 3160-B-042 
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Figure 3-7 Experimental setup for measuring free velocity and source mobility of the motor 

 

An Kistler impulse hammer type 9728A20000 (Figure 3-3), the Kistler power 

supply/coupler type 5118B2 (Figure 3-4), four Brüel & Kjær type 4394 accelerometers 

(Figure 3-5) and a Brüel & Kjær Pulse Type 3160-B-042 (Figure 3-6) associated with 

Labshop software are utilized in the experiments. The experimental setup is shown in 

Figure 3-7.  

 

Figure 3-8 Levels of measured free velocity at the four mounting points on the single-phase motor 
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The free velocity at the four mounting points of the motor is collected by four Brüel 

& Kjær type 4394 accelerometers when the motor operates. Consequently, Brüel & 

Kjær Pulse Type 3160-B-042 integrated accelerations to velocities and Brüel & Kjær 

Labshop 19.0 recorded the velocity data. The levels of the measured free velocity at 

the four mounting points on the motor are shown in Figure 3-8. 

 

 

Figure 3-9 Levels of measured point mobility at the four mounting points on the single-phase 

motor 

 

The measurement of complex source mobility is conducted by using a Kistler impulse 

hammer type 9728A20000 with in-line force transducer, a Kistler power 

supply/coupler type 5118B2, and four Brüel & Kjær type 4394 accelerometers. The 

impact force is collected by the force transducer in the impulse hammer and the 

corresponding acceleration response is collected by the four accelerometers. 
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Consequently, Brüel & Kjær Pulse Type 3160-B-042 integrated accelerations to 

velocities and Brüel & Kjær Labshop 19.0 recorded the force and velocity data. 

Velocities divided by forces are the point mobility. The magnitudes of the measured 

point mobilities at the four mounting points of the motor are shown in Figure 3-9.  

 

3.3 Numerical Simulation and Analysis 

 

The parameters for the floor are length   = 6 ml , width   = 4.5 mb , thickness

 = 0.18 mh , 3 3density   = 2.8 10  kg/mf  , loss factor   = 0.03f , Poisson’s 

factor   = 0.2f , and Young’s 10 2modulus   = 2.1 10 /f NE m ,. The parameters for 

the spring isolators are mass   = 0.2 kgim  and 
5stiffness   = 1.1 10  N/mik  . 

 

The natural frequencies of the simply supported floor are solved by Eq. (2.5). The first 

to the sixth order natural frequency of the simply supported floor are 17.60 Hz, 36.61 

Hz, 51.40 Hz, 68.30 Hz, 70.41 Hz, and 102.10 Hz, respectively. The seventh to the 

twelfth order natural frequency of the simply supported floor are 107.73 Hz, 112.66 

Hz, 126.74 Hz, 146.46 Hz, 158.43 Hz, and 169.69 Hz, respectively. The thirteenth to 

the eighteenth order natural frequency of the simply supported floor are 186.59 Hz, 

202.79 Hz, 203.49 Hz, 205.61 Hz, 237.29 Hz, and 239.40 Hz, respectively.  
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Figure 3-10 The first to the sixth order mode shapes of the simply supported floor  

 

 

Figure 3-11 The seventh to the twelfth order mode shapes of the simply supported floor  
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Figure 3-12 The thirteenth to the eighteenth order mode shapes of the simply supported floor 

 

The mode shapes of the simply supported floor are solved by using Eq. (2.5) and Eq. 

(2.6). The first to the sixth order mode shapes of the simply supported floor are shown 

in Figure 3-10. The seventh to the twelfth order mode shapes of the simply supported 

floor are shown in Figure 3-11. The thirteenth to the eighteenth order mode shapes of 

the simply supported floor are shown in Figure 3-12. 

 

3.3.1 The Best Mounting Positions for One Motor 

A. The best mounting positions for motor B with the minimum 

structure-borne sound power Pc 
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Figure 3-13 The structure-borne sound power Pc transmitted from the two coherent single-phase 

motors to the floor for Case 1 

 

 

Figure 3-14 The structure-borne sound power Pc transmitted from the two coherent single-phase 

motors to the floor for Case 2 
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Table 3-1 The best and the worst mounting positions for the first set of mountings (Case 1) selected 

by using the values of structure-borne sound power Pc 

 
Best Worst Range 

Cx Cy Pc (dB) Cx Cy Pc (dB) (dB) 

50 Hz 10 10 -34.51 5 3 -25.60 8.91 

100 Hz 10 10 -21.13 5 2 -17.04 4.09 

160 Hz 10 10 -72.35 2 2 -67.56 4.79 

200 Hz 10 10 -69.91 7 2 -64.17 5.74 

 

Table 3-2 The best and the worst mounting positions for the second set of mountings (Case 2) 

selected by using the values of structure-borne sound power Pc 

 Best Worst Range 

 Cx Cy Pc (dB) Cx Cy Pc (dB) (dB) 

50 Hz 10 10 -34.56 5 3 -25.34 9.22 

100 Hz 10 10 -21.26 5 2 -16.29 4.97 

160 Hz 10 10 -73.18 2 2 -66.51 6.67 

200 Hz 10 10 -70.65 7 2 -62.92 7.73 

 

The structure-borne sound power cP  transmitted from the two coherent motors to the 

floor in the 1/3 octave bands of 50 Hz, 100 Hz, 160 Hz, and 200 Hz for Case 1 are 

shown in Figure 3-13(a), (b), (c), and (d), respectively. Similarly, the structure-borne 

sound power cP  transmitted from the two coherent motors to the floor in the 1/3 

octave bands of 50 Hz, 100 Hz, 160 Hz, and 200 Hz for Case 2 are shown in Figure 

3-14(a), (b), (c), and (d), respectively. In Figure 3-13 and Figure 3-14, the label “Cx” 
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and “Cy” denotes the coordinate numbers in the X axis and Y axis for mounting 

positions, respectively. 

 

The best and worst mounting positions for motor B and the corresponding levels of 

structure-borne sound power cP  are list in Table 3-1 (Case 1) and Table 3-2 (Case 2). 

The differences of structure-borne sound power cP  between the best mountings and 

the worst mountings are also listed in Table 3-1 and Table 3-2. Refer to Table 3-1 and 

Table 3-2, it can be found that the selection of best mounting positions is of 

engineering importance, which can achieve a reduction of 9.22 dB in power 

transmission. The best mounting positions for motor B in Case 1 are identical to the 

best mounting positions for motor B in Case 2. That is the same for the worst mounting 

positions. 

 

B. The best mounting positions for motor B with the minimum 

structure-borne sound power Pnc 
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Figure 3-15 The structure-borne sound power Pnc transmitted from the two coherent single-phase 

motors to the floor for Case 1 

 

 

Figure 3-16 The structure-borne sound power Pnc transmitted from the two coherent single-phase 

motors to the floor for Case 2 
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The structure-borne sound power ncP  transmitted from the two coherent motors to 

the floor in the 1/3 octave bands of 50 Hz, 100 Hz, 160 Hz and 200 Hz for Case 1 are 

shown in Figure 3-15(a), (b), (c), and (d), respectively. Similarly, the structure-borne 

sound power Pnc transmitted from the two coherent motors to the floor in the 1/3 octave 

bands of 50 Hz, 100 Hz, 160 Hz and 200 Hz for Case 2 are shown in Figure 3-16(a), 

(b), (c), and (d), respectively.  

 

Table 3-3 The best and the worst mounting positions for the first set of mountings (Case 1) selected 

by using the values of structure-borne sound power Pnc 

 
Best Worst Range 

Cx Cy Pnc (dB) Cx Cy Pnc (dB) (dB) 

50 Hz 10 10 -34.55 5 3 -25.76 8.79 

100 Hz 10 10 -21.18 5 2 -17.64 3.54 

160 Hz 10 10 -72.48 2 2 -68.63 3.85 

200 Hz 10 10 -70.18 7 9 -65.61 4.57 

 

Table 3-4 The best and the worst mounting positions for the second set of mountings (Case 2) 

selected by using the values of structure-borne sound power Pnc 

 
Best Worst Range 

Cx Cy Pnc (dB) Cx Cy Pnc (dB) (dB) 

50 Hz 10 10 -34.67 5 3 -25.77 8.90 

100 Hz 10 10 -21.39 5 2 -17.73 

 

3.67 

160 Hz 10 10 -73.57 2 2 -69.01 4.56 

200 Hz 10 10 -71.43 7 9 -66.05 5.38 
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The best and worst mounting positions for motor B and the corresponding structure-

borne sound power ncP  are listed in Table 3-3 (Case 1) and Table 3-4 (Case 2). The 

differences of structure-borne sound power ncP  between the best and the worst 

mounting conditions are listed in Table 3-3 (Case 1) and Table 3-4 (Case 2). 

 

By comparing Table 3-1 with Table 3-3 and comparing Table 3-2 with Table 3-4, it 

can be found that the best mounting positions for the two cases on the criterion of the 

minimum power cP  are identical to the results obtained by utilizing the criterion of 

the minimum power ncP . The worst mounting positions obtained by utilizing the two 

criteria are quite similar. It means that for the two set of mounting conditions being 

investigated, selecting the best mounting position by utilizing the criterion of the 

minimum power ncP  can be a compromised choice.  

3.3.2 The Best Mounting Positions for the Two Motors  

The power transmission for all possible mounting conditions (i.e. 100  99 mounting 

conditions) in the 1/3 octave bands of 50 Hz, 100 Hz, 160 Hz, and 200 Hz are shown 

in Figure 3-17  a d （ ） （ ）, respectively. The structure-borne sound power ncP  

transmitted from the two coherent motors to the floor for all possible mounting 

conditions in the 1/3 octave bands of 50 Hz, 100 Hz, 160 Hz, and 200 Hz are shown 

in Figure 3-18 (a), (b), (c), and (d), respectively. In Figure 3-17 and Figure 3-18, “Na” 

and “Nb” denote the serial numbers of mounting positions for motor A and motor B, 

respectively. 
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Figure 3-17 The structure-borne sound power Pc transmitted from the two coherent single-phase 

motors to the floor for all possible mounting conditions 

 

 

Figure 3-18 The structure-borne sound power Pnc transmitted from the two coherent single-phase 

motors to the floor for all possible mounting conditions 
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Table 3-5 The best and worst mounting positions for the two coherent single-phase motors by 

using the values of Pc. 

 
Best Worst Range 

Na Nb Pc (dB) Na Nb Pc (dB) (dB) 

50 Hz 
1 10 

-47.75 
43 53 

-20.93 26.82 

91 100 48 58 

100 Hz 
1 10 

-33.10 
42 52 

-14.57 18.52 

91 100 49 59 

160 Hz 
1 10 

-80.21 
12 88 

-65.24 14.98 

91 100 13 89 

200 Hz 
1 10 

-76.45 
19 62 

-61.81 14.64 

91 100 39 82 

 

Table 3-6 The best and worst mounting positions for the two coherent single-phase motors by 

using the values of Pnc. 

 
Best Worst Range 

Na Nb Pnc (dB) Na Nb Pnc (dB) (dB) 

50 Hz 
1 10 

-50.19 
43 53 

-23.54 26.65 

91 100 48 58 

100 Hz 
1 91 

-35.66 
42 52 

-17.18 18.47 

10 100 49 59 

160 Hz 
1 91 

-82.73 
13 19 

-67.93 14.80 

10 100 82 88 

200 Hz 
1 91 

-77.25 
32 39 

-64.33 12.92 

10 100 62 69 

 

The best and worst mounting positions for the two coherent single-phase motors 
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obtained by using the values of cP  are listed in Table 3-5. The ranges of structure-

borne sound power cP  are also listed in Table 3-5. Similarly, the results obtained by 

utilizing the criterion of the minimum and the maximum values of ncP  are listed in 

Table 3-6. Refer to Table 3-5, the difference of power between the best and the worst 

mounting position can be as large as 26.82 dB. 

3.3.3 Correlation Analysis between the Mode Shapes and the 

Power Transmission of Different Mounting Positions 

 

 

Figure 3-19 Coefficients of correlation between the values of Pc and the first to the eighteenth 

order mode shapes of the floor (Case 1) 

 



54 

 

Figure 3-20 Coefficients of correlation between the values of Pc and the first to the eighteenth 

order mode shapes of the floor (Case 2) 

 

By comparing Figure 3-10 with Figure 3-13, it can be found that the contour of power 

transmission for Case 1 in the 1/3 octave bands of 50 Hz approximating to the fifth 

order mode shape of the floor. It is straightforward to assume that the positions with 

smaller displacements at natural frequencies are more likely to be the best mounting 

positions for the motors. To validate this assumption, the coefficients of correlation cc 

between the transmitted structure-borne sound power for Case 1 and the first to the 

eighteenth order mode shapes of the floor are shown in Figure 3-19. Similarly, the 

coefficients of correlation cc between the transmitted structure-borne sound power for 

Case 2 and the first to the eighteenth order mode shapes are shown in Figure 3-20. 
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The largest values of cc in Figure 3-19 and Figure 3-20 are 0.64 (between the power 

level cP  for Case 1 in the 1/3 octave band of 50 Hz and the fifth order mode shape) 

and 0.60 (between the power level cP  for Case 2 in the 1/3 octave band of 50 Hz and 

the fifth order mode shape), respectively. Refer to Reference [78], coefficients of 

correlation between 0.59 and 0.79 present strong positive correlation. It indicates that 

the positions with smaller displacements on the fifth order mode shape of this floor 

are more likely to be the best mounting positions, and vice versa. 

 

3.4 Summary 

 

The best mounting positions for two coherent single-phase motor on the criterion of 

the minimum power transmission are investigated. It is calculated by the source 

mobility, free velocity, and receiver mobility. Source mobility and free velocity are 

obtained by experimental measurement. The receiver mobility of the simply supported 

concrete floor is obtained by the modal summation method. The best mounting 

positions for the two coherent single-phase motors are investigated numerically.  

 

The results have shown that the power transmission reached peak values in the 1/3 

octave bands of 50 Hz (the rotational frequency of the motors) and 100 Hz. The results 

have highlighted that the difference between the minimum structure-borne sound 

power (the two motors were installed on the best mounting positions) and the 
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maximum structure-borne sound power (the two motors were installed on the worst 

mounting position) can be as large as 26.82 dB. The difference is large. It means that 

selection of the best mounting positions for the two motors is of engineering 

importance. 

 

The numerical results have shown that the best mounting positions of the motors 

determined by the total structure-borne sound power including and excluding the 

interactions among installation points of the two motors are identical. The worst 

mounting positions of the two motors determined by the structure-borne sound power 

transmission including and excluding the interactions are almost the same. For this 

case, the interaction between the two coherent single-phase motors do not have 

considerable influence on the result of the best and the worst mounting positions for 

the two coherent single-phase motors.  

 

The simulation results revealed that strong correlation exists between the structure-

borne sound power transmission in the 1/3 octave band of 50 Hz and the fifth order 

mode shape of the simply supported floor. Therefore, for the floor being investigated 

in this chapter, a rough estimate of the best and the worst mounting positions for the 

two motors in the 1/3 octave band of 50 Hz can be made rely on the displacements of 

positions on the fifth order mode shape of this floor.  



57 

Chapter 4  

Geometrical Optimization of a Supporting 

Structure 

 

In previous studies, the structure-borne sound power transmission from two coherent 

equipment to a simple floor and a dual-layer coupling floor have been investigated by 

Mak and Yun [71, 72]. Their simulation results have shown that the structure-borne 

sound power transmission from two coherent equipment could differ from two 

independent equipment. They pointed out that the reason for the differences were the 

existence of the coupling effect due to the interactions among mounting points of the 

two coherent equipment. 

 

The power transmission from two coherent equipment to the floors was magnified at 

some frequencies and decreased at some other frequencies due to the coupling effect. 

The coupling effect has potential applications in decreasing the structure-borne sound 

power transmission from coherent equipment. Synchrophasing control [79, 80] is such 

a kind of control technique works in this way. This technique has been recently 

introduced into the area of vibration control. Dench et al. [81] investigated this kind 

of control technique theoretically and experimentally. 
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Synchrophasing control technique reduces noise and vibration by utilizing the 

interactions of coherent noise and vibration sources. However, utilization of 

interactions of the mounting points among coherent equipment has not been reported 

in the published literature and research. This chapter therefore is targeted on utilizing 

the interaction of mounting points among coherent equipment properly by developing 

a practical geometry optimization approach. A genetic algorithm (GA) and parametric 

finite element analysis (FEA) models are utilized in the geometry optimization 

approach.  

 

4.1 Theoretical Outline 

 

Figure 4-1 A schematic diagram of the supporting structure with two coherent fans mounted 

 

 

Figure 4-2 A schematic diagram of the supporting structure with dimensions and local coordinate 

system attached 
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A steel-made supporting structure with two coherent fans mounted, as shown in Figure 

4-1, is investigated in this chapter. The schematic diagram of the supporting structure 

with the rectangular coordinate system oxy attached is shown in Figure 4-2. Points 1p  

~ 4p  are mounting points for fan A, and points 5p  ~ 8p  are mounting points for 

fan B. The geometrical parameters for this supporting structure are: length l , width 

b , and thickness d . The widths of the upper beam and the lower beam paralleled to 

the x-axis as shown in Figure 4-2, are 1w  and 2w , respectively. The width of each of 

the seven beams paralleled to the y-axis as shown in Figure 4-2 is 3w . The four holes: 

1h  ~ 4h  on the corners of the supporting structure are used for installing the 

supporting structure. 

 

The structure-borne sound power transmission from the two fans to the supporting 

structure, is selected as the fitness function in this chapter. It starts with calculating the 

transmitted force. The free velocity vectors of the two fans can be given as: 

 1 11 12 13 14[ , , , ]Tv v v vfv , 2 21 22 23 24[ , , , ]Tv v v vfv , (4.1) 

where 1fv  and 2fv  denote the free velocity vectors of fan A and fan B, respectively; 

11 14 ~ v v  denote the free velocities at the four mounting points of fan A; 21 24 ~ v v  

denote the free velocities at the four mounting points of fan B. 

 

The dynamic force TcF  transmitted from two coherent fans (with the coupling effect) 

to the supporting structure and the dynamic force TiF  transmitted from two 

independent fans (without the coupling effect) to the supporting structure at the eight 
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mounting points 1p  ~ 8p  can be given as: 
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R22
Y , (4.9) 

where S1Y  and 2SY  denote the source mobility matrices of fan A and fan B, 

respectively; R11Y  denotes the receiver mobility matrix of the mounting points 1p  ~ 

4p  (for installing fan A) on the supporting structure, and 2R1Y  denotes the receiver 
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mobility matrix between the mounting points 1p  ~ 4p  and the mounting points 5p  

~ 8p  (for installing fan B) on the supporting structure. The supporting structure has a 

bilateral symmetry, with left and right parts as mirror images of each other, as shown 

in Figure 4-2. For topological mirror image symmetry between mounting points 1p  

~ 4p  and mounting points 5p  ~ 8p , 
T

2 2( )R 1 R 1Y Y   denotes the receiver mobility 

matrix between the mounting points 5p  ~ 8p  and the mounting points 1p  ~ 4p ; 

22 1R R 1Y Y  denotes the receiver mobility matrix of the mounting points 5p  ~ 8p . 

 

The structure-borne sound powers transmitted from two coherent fans and two 

independent fans to the supporting structure can be given as [73]: 
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Refer to the Eqs. (4.1) to (4.11), matrices of the source characteristics of the two fans 

and the receiver mobility matrix of the supporting structure should be obtained. In this 

chapter, the source characteristics of the fans are obtained by experimental 

measurement, whilst the receiver mobility of the supporting structure is obtained by 

parametric FEA simulation. 

4.2 Parametric Finite Element Analysis 

The enterprise FEA software COMSOL is utilized for the FEA simulation in this 
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chapter. There is an interface between MATLAB and COMSOL. It is convenient to 

link MATLAB to a COMSOL server on the same computer or through the network. 

Therefore, by coding and executing a routine with defined values of geometrical 

parameters in the scripting environment of MATLAB, the corresponding FEA models 

can be built in a COMSOL server. 

 

 

Figure 4-3 The supporting structure SS1 made of medium carbon steel 

 

A supporting structure made of medium carbon steel is manufactured, as shown in 

Figure 4-3. The parameters for this supporting structure SS1 are  = 770 mml , b  = 

145 mm , and  = 4 mmd . The widths of the beams paralleled to the x-axis as shown 

in Figure 4-2 are 1 2 =  = 20 mmw w . The width of each beams paralleled to the y-axis 

as shown in Figure 4-2 is 3  = 20 mmw . The parameters for the material of the 

supporting structure are 
3 3density   = 7.8 10  kg/m  , Young’s modulus E  = 
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11 22.1 10  N/m , Poisson’s factor   = 0.269 , and isotropic loss factor   = 0.01 . 

The grade of tolerance of the steel-made supporting structure is IT12. The surface 

roughness of the steel-made supporting structure is Ra50. 

 

 

Figure 4-4 The FEM model of the supporting structure with a local rectangular coordinate system 

attached 

 

The steel-made supporting structure is installed on a simply supported floor through 

the four holes: 1 4  h h  on the four corners of the supporting structure with steel 

screws. A FEA model of the steel-made supporting structure with a local coordinate 

system oxy attached is shown in Figure 4-4. It is assumed that the supporting structure 

is mounted on a rigid and non-movable floor. Therefore, the four holes 1 4  h h  on 

the corners of the supporting structure were set to be fixed on all directions. To get 

closer to the real condition in practice, the gravity load on the steel-made supporting 

structure is considered in the parametric FEA models. The gravity load on the steel-
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made supporting structure is the dead weight of the steel-made supporting structure in 

the parametric FEA models. 

 

The tetrahedral elements are used in the parametric FEA models. To get more accurate 

results, a finer mesh in the element size list of COMSOL than the default setting 

suggested is defined. High quality elements are created automatically with a regular 

tetrahedral mesh generation method.  

 

 

Figure 4-5 Level of magnitude of the transfer mobility between points p1 and p6 on the steel-made 

supporting structure 
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Figure 4-6 Level of magnitude of the transfer mobility between points p2 and p6 on the steel-made 

supporting structure 

 

In a FEA model, a force was applied to point 
6

p  along the z-axis with a harmonic 

frequency sweeping from 5 Hz to 200 Hz, the increment is 1 Hz. By doing frequency 

modal analysis, the velocity response at each point on the geometry of the supporting 

structure between 5 Hz and 200 Hz can be obtained. Dividing velocity by the 

externally applied harmonic force, the receiver mobility of the supporting structure 

was obtained. Transfer mobility between points 
1

p  and 
6

p  as well as the transfer 

mobility between points 
2

p  and 
6

p  are taken as examples. Level of magnitude of 

the transfer mobility between points 
1

p  and 
6

p  is shown in Figure 4-5. Level of 

magnitude of the transfer mobility between points 
2

p  and 
6

p  is shown in Figure 

4-6. 



66 

4.3 Experimental Setup and Measurement Results 

Experimental measurements of the fans are to obtain the free velocities and source 

mobilities of the fans. Experimental measurement of the steel-made supporting 

structure is to obtain receiver mobility of the supporting structure and to validate 

simulation results of the parametrical FEA models. The experimental measurement 

procedures are based on the ISO (International Organization for Standardization) 

Standards ISO 7626-1 [75] and ISO 7626-5 [76].  

4.3.1 Free Velocities of the Fans 

 

 

Figure 4-7 Photo of the fan hang by elastic robes 
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Figure 4-8 A top view of one fan with four accelerometers mounted 

 

The fans are hang by elastic ropes, as shown in Figure 4-7 with the natural coordinate 

system OXYZ attached. The free velocities of the fans are collected by Brüel & Kjær 

type 4394 accelerometers (Figure 3-5) during the fan was operated. The top view of 

the fan with four Brüel & Kjær type 4394 accelerators attached at the four mounting 

points is shown in Figure 4-8.  

 

Figure 4-9 Level of magnitude of free velocities at the four mounting points 
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Accelerations at the four mounting positions of the fan are collected by Brüel & Kjær 

Pulse Type 3160-B-042 (Figure 3-6). Consequently, Brüel & Kjær Labshop 19.0 

integrates acceleration signal to velocity signal and records the velocity data. The 

recorded velocity data as complex values between 5 Hz and 200 Hz with frequency 

resolution of 1 Hz are analyzed. The level of the magnitude of velocities at the four 

mounting points of the fan are shown in Figure 4-9. Refer to Figure 4-9, it is 

straightforward to be discerned that magnitude of velocities in the frequency band 

below 50 Hz are larger than magnitude of velocities in other frequency bands. 

4.3.2 Source Mobilities of the Fans 

 

 

Figure 4-10 A block diagram of the instrumentations used in measurement of source mobility  

 

Measurement of the complex source mobility is conducted by using a Kistler impulse 

hammer type 9728A20000 with in-line force transducer and four Brüel & Kjær type 

4394 accelerometers, with the fan hang by elastic ropes. The Kistler impulse hammer 
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type 9728A20000 and the Kistler power supply/coupler type 5118B2 are shown in 

Figure 3-3 and Figure 3-4, respectively. The force signal and the acceleration signal 

are sampled and recorded by Brüel & Kjær Pulse Type 3160-B-042 and Labshop 19.0. 

The instrumentation system for measuring source mobility of the fan is shown in 

Figure 4-10.  

 

 

Figure 4-11 Level of magnitude of averaged point mobility at the four mounting points on the fan 

 

In Labshop, the measurements are set to be started up with trigger excitation, different 

from most kinds of measurements, which do not need to set start-up styles [82]. The 

acceleration signal was integrated into velocity signal by Brüel & Kjær Pulse Type 

3160-B-042. The source mobility is then obtained by dividing force to velocity. To 

remove noise to some extent, for each source mobility, 10 measures are conducted and 
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then averaged. The magnitude of averaged point mobility at the four mounting points 

on the fan are shown in Figure 4-11. 

4.3.3 Receiver Mobility of the Supporting Structure 

The receiver mobility is measured by using a Kistler impulse hammer type 

9728A20000 with in-line force transducer and four Brüel & Kjær type 4394 

accelerometers. The procedures for measuring the receiver mobility are similar to the 

procedure mentioned in Section 4.3.2, with the supporting structure SS1 being 

installed fixed on the floor. The supporting structure was mounted on the floor through 

the four holes: 1 4  h h  on the corners of the supporting structure SS1 with steel 

screws. The complex values of force excitation and acceleration response are recorded. 

The acceleration signal is integrated into velocity signal in Brüel & Kjær Pulse Type 

3160-B-042. The receiver mobility is then calculated by dividing force to velocity. For 

each transfer mobility, 10 measures are conducted and then averaged. 
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Figure 4-12 Levels of magnitude of FEA and experiment results of receiver mobility between 

points p1 and p6 on the supporting structure SS1 

 

 

Figure 4-13 Levels of magnitude of FEA and experiment results of receiver mobility between 

points p2 and p6 on the supporting structure SS1 
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To validate applicability of FEA models created in COMSOL, simulation results of 

FEA models are compared with measurement results of transfer mobility on the 

supporting structure. The level of magnitude of the measured transfer mobility 

between points 
1

p  and 
6

p  is plotted with dashed line in Figure 4-12 and the level 

of magnitude of the measured transfer mobility between points 
2

p  and 
6

p  is 

plotted with dashed line in Figure 4-13. Level of magnitude of the transfer mobility 

between points 
2

p  and 
6

p  obtained by solving the FEA models is shown with solid 

line in Figure 4-12. Level of magnitude of the transfer mobility between points 
2

p  

and 
6

p  obtained by solving the FEA models is shown with solid line in Figure 4-13. 

 

Refer to Figure 4-12 and Figure 4-13, it can be observed that the differences between 

results obtained by solving FEA models and results obtained by experimental 

measurements are small. The simulation results obtained by solving the FEA models 

are acceptable. The parametrical FEA models are therefore suitable for the 

optimization process in the design of the supporting structure. 

 

4.4 The GA Optimization Process 

 

GAs have been successfully applied to various optimization problems which are 

difficult to be solved by conventional methods [83]. They have also been utilized in 

noise and vibration control, such as optimization of noise barriers [84], mufflers [85-
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87], supporting structures [82], and acoustical sandwich panels [88]. GAs have 

noticeable advantages of handling optimization problems which exist large numbers 

of parameters, multiple criteria, and parameters in discrete data series. Moreover, GAs 

are especially capable for optimization problems with many local optimal, which are 

unreliable for direct optimum methods (i. e. steepest ascent) [89]. The advantages of 

GAs are especially capable for solving the optimization problem in this chapter.  

 

The GAs are adopted to search optimal solutions, which are inspired by the process of 

natural selection and evaluation [90]. The basic concept of a GA is to generate the 

optimal individuals, also known as the genes, which fit the requirement of the fitness 

function best through evaluation of several generations. It starts with generating the 

initial population randomly. Then, an iteration process is applied to make the 

population evaluate towards global optimal. At each generation, “parents” among the 

individuals of the current generation which have the best fitness value were selected. 

These selected “parents” are utilized to generate “children” that will constitute the 

population for the next generation. For most GAs, four bio-inspired operators: 

evaluation, selection, crossover, and mutation are utilized. All these four operators are 

analogue to their corresponding biological generation operation. 

 

Evaluation operator weights the fitness of the individuals in the current generation. 

The fitness, calculated by the fitness function, indicate the quality of individuals. 

Selection operator selects excellent individuals in the current generation for breeding 
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the next generation individuals. Crossover operator changes the binary data of 

chromosomes from one generation to the next generation. Mutation operator changes 

one or more gene value in a chromosome for individuals in the next generation. 

 

 

Figure 4-14 The block diagram of the GA routine for optimization 

 

The block diagram of the GA code for optimizing the steel-made supporting structure 

is shown in Figure 4-14. The rectangular blocks in the flowchart denote processes in 

MATLAB. The blocks with circular arc in the corners denote processes in COMSOL. 

The general framework for the optimization routine can be concluded as follows: 

 Firstly, before the optimization process started, the GA options: the population 

size, the individual size, the interval of migration, the crossover rate, the mutation 

rate must be defined. Besides, the optimization parameters, the constraints, the 
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bounds, and the fitness function must be defined. 

 

 Secondly, geometrical parameters of each design (supporting structure) are 

converted to binary data and stored in a vector. Each binary data vector is mapped 

to an individual in a population. Consequently, the MATLAB subroutine 

transmitted binary data vectors to a COMSOL server. The COMSOL server 

automatically built a FEA model according to the geometrical parameters defined 

in a binary data vector. 

 

 Thirdly, a harmonic force load is applied to the supporting structure. The 

frequency modal analysis is consequently studied in the COMSOL server. The 

velocity response of mounting points 
5

p  ~ 
8

p  is calculated. 

 

 Lastly, the receiver mobility is calculated by dividing velocity by the harmonic 

force. The receiver mobility is then passed to the main optimization routine. The 

power transmission is calculated. The fitness function is assessed. If the 

optimization design is not obtained, the subroutine of genetic algorithm executes 

continuously.  

4.4.1 The GA Option 

The genetic algorithm option information: the population size  M, the individual size 

N, the interval of migration G, the rate of crossover 
c

R , the rate of mutation 
m

R , and 
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the maximum number of generations (iterations) 
g

M , must be specified before the 

optimization process started. The maximum number of generations is the maximum 

possible number of iterations the GA executes without the optimization having 

reached convergence. The values for M, N, and 
g

M  are shown in Table 4-1. The 

values for G, 
c

R , and 
m

R  are randomly generated decimal numbers in given ranges 

shown in Table 4-1. 

 

Table 4-1 The configuration of the GA options 

GA option Value / Range 

The population size M = 10 

The individual size N = 20 

The interval of migration 0.3 ≤ G ≤ 0.9 

The rate of crossover 0.4 ≤ 
m

R  ≤ 0.99 

The rate of mutation 0.0001 ≤ 
m

R  ≤ 0.1 

The maximum number of generations g
M  = 10 

 

4.4.2 Optimization Design Parameters and the Fitness Function 

There are three geometrical parameters being optimized in the genetic optimization 

process, that are the width of the upper beam, 1w ; the width of the lower beam, 2w ; 

the width of each of the steels paralleled to the Y-axis, 3w . 
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Mathematical formulation of the fitness function and the constraints are needed for 

optimizing the three variables of 1w , 2w , and 3w . The fitness function is the power 

transmission, as a function of the three geometrical parameters. The design constraints 

are the widths of the beams in given ranges. Mathematic formulation of the fitness 

function can be given as: 

 1 2 3 ( , , )minimize P F w w w , (4.12) 

subject to 11 .8 4 82. 2w  ; 21 .8 4 82. 2w  ; 31 .8 4 82. 2w  . Here, the units for 

1w , 2w , and 3w  are millimeter (mm). The increments for 1w , 2w , and 3w  are 0.08. 

 

4.5 Results and discussion 

4.5.1 The Structure-borne Sound Power Transmission 

 

Figure 4-15 Level of magnitude of the structure-borne sound power transmission from the two 

coherent fans to the supporting structure SS1 
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With the experimental results and FEM simulation results, the structure-borne sound 

power transmission from the two coherent fans to the supporting structure SS1 can be 

calculated by Eq. (4.10). The level of magnitude of the power transmission is shown 

in Figure 4-15. It can be discerned straightforwardly that the largest magnitude of 

structure-borne sound power existed below 60 Hz. For more specifically, the largest 

magnitude of structure-borne sound power existed between 30 Hz and 45 Hz (level of 

magnitude larger than -60 dB). Although there are some other peaks near 100 Hz and 

180 Hz, the magnitude increases and falls rapidly, covers a very small frequency range 

(about 3 Hz with magnitude larger than -60 dB). It is determined that the dominant 

frequency range of transmitted structure-borne sound power with the largest 

magnitude is 30 Hz to 45 Hz. Thus, in the GA optimization process, the frequency 

range from 31 Hz to 45 Hz is being focused on. 
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4.5.2 Optimization of the Supporting Structure 

 

Figure 4-16 Level of the magnitude of structure-borne sound power transmission from the two 

coherent fans to the supporting structures (in the frequency range from 31 Hz to 45 Hz) 

 

The target of the optimization process is to minimize the power transmission between 

31 Hz and 45 Hz. Through the GA optimization process, the maximum value of the 

power transmission decreased rapidly during the first few generations and converged 

gradually. The geometrical parameters for the optimal design are 1w  = 0.0136, 2w  = 

0.0128, and 3w  = 0.0192. The maximum magnitude of transmitted structure-borne 

sound power is -37.3 dB. The power transmission of the optimal design, the worst 

design, and the original design (supporting structure SS1) between 31 Hz and 45 Hz 

are presented in Figure 4-16. Refer to Figure 4-16, the power transmission from the 

two fans to the optimal design got a significant decrease of 9 dB compared with the 
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original design (supporting structure SS1) at 42 Hz. The reduction of level of structure-

borne sound power transmission at 35 Hz is 3 dB. 

 

Figure 4-17 Structure-borne sound power transmission of two coherent fans and two independent 

fans 

 

For the supporting structure with the optimum parameters, the power transmission of 

the two coherent fans (with the coupling effect) and two independent fans (without 

including the coupling effect) between 5 Hz and 200 Hz, are shown in Figure 4-17. 

Figure 4-17 reveals that the power transmission from two coherent fans is smaller than 

two independent fans in most regions of frequencies below 80 Hz.  



81 

 

Figure 4-18 Maximum magnitude of structure-borne sound power transmission for each individual 

with their geometrical parameters w1, w2, and w3 

 

 

Figure 4-19 Plot of individuals which with the value of parameter w3 equals 0.0176 
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After the optimization process, some more individuals are analyzed. The total amount 

of individuals being evaluated and recorded is 1800. The geometrical parameters and 

maximum magnitude of structure-borne sound power transmission of each individual 

(design) being evaluated is presented in Figure 4-18. Refer to Figure 4-18, it shows 

that there exist some relationships between the geometrical parameters and the 

maximum magnitude of transmitted power. Firstly, most of the individuals in the upper 

part have smaller magnitude than individuals in the lower part (refer to the differences 

of colors). Therefore, it is concluded that individuals with larger value of parameter 

3w  tend to obtain smaller structure-borne sound power transmission. Secondly, 

among individuals with the same value of parameters 1w  and 3w , individuals with 

smaller value of parameter 2w  tend to have smaller structure-borne sound power 

transmission. To present this relationship more specifically, individuals with parameter 

3w  equals 0.0176 were presented in Figure 4-19. It can be observed that, for 

individuals with the same value of parameter 1w , the smaller the parameter 2w , the 

smaller the magnitude of structure-borne sound power transmission (despite very little 

number of random individuals do not obey this trend). 

 

Based on the results and analysis presented above, it can be concluded that the method 

utilized in this chapter is effective. The following geometrical optimization framework 

for the design of supporting structures with coherent equipment installed can be 

provided:  
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a) Measuring and recording free velocities and source mobilities of the coherent 

equipment; 

b) Deciding optimization parameters for the supporting structure; 

c) Setting up parametric FEA models of the supporting structure, for obtaining the 

receiver mobility; 

d) Initiating the GA optimization routine and link it with the parametric FEA 

models; 

e) Executing the GA optimization routine and obtaining the optimum design. 

 

4.6 Summary 

 

A steel-made supporting structure with two coherent fans installed have been 

investigated in this chapter. A set of geometrical parameters which governing the 

geometry of the supporting structure are optimized. Experimental measurements have 

been conducted to measure free velocities and source mobilities of the fans as well as 

the receiver mobility of a manufactured steel-made supporting structure. Parametric 

FEA models are utilized to obtain receiver mobility of the supporting structure. 

Simulation results of receiver mobility of the manufactured steel-made supporting 

structure have been validated by comparing with the experimental results.  

 

A design framework for supporting structures with coherent equipment mounted have 
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been proposed in this chapter. The structure-borne sound power transmission, 

calculated by utilizing the mobility method, is taken as the fitness function in a GA 

optimization process. The optimization results have shown that the optimal design can 

obtain a decrease of about 18 dB in power transmission, compared with the worst 

design. The simulation results have validated that the proposed optimization approach 

is effective in reducing the power transmission from two coherent equipment at 

targeted frequencies. 
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Chapter 5  

Floating Raft with a Movable Active 

Vibration Control System 

 

Floating rafts, a kind of two-stage vibration isolation system, have been widely applied 

to control noise and vibration transmission and therefore enhance human comfort and 

well-being [91, 92]. In practice, a passive floating raft cannot perform outstanding 

isolation performance in low frequencies and for time-varying excitations [92]. To 

improve vibration isolation performance in low frequencies, active control 

technologies have been applied to floating rafts [91, 93, 94]. To control time-varying 

excitations of machines on a floating raft effectively, Sun et al. [92] proposed to use 

DVAs (adaptive dynamic vibration absorbers). They compared the performance of the 

DVAs for three cases of which the DVAs were mounted on three different positions. 

Their simulation results have shown that differences existed among performances of 

adaptive DVAs mounted on different positions. Hui et al. [93] pointed out that 

mounting positions of isolators have a considerable influence on the vibration isolation 

performance of floating floors. 
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Similar to vibration absorbers and isolators, inertial actuators mounted at different 

positions on a flexible structure can show different vibration control performances. 

Therefore, for a time-varying excitation, it is possible to improve vibration control 

performance by utilizing an inertial actuator and a control system which can move the 

inertial actuator automatically. In this chapter, a novel movable active vibration 

control system is proposed.  

 

5.1 Theory 

 

Figure 5-1 A schematic diagram of the floating raft 

 

The floating raft with the natural coordinate system OXYZ attached is shown in Figure 

5-1, where “s-s” denotes the boundary condition of simply supported. The floating raft 

is consisted of five substructures: two identical rotatory machines (substructure 1), 

eight identical upper isolators (substructure 2), a rectangular intermediate mass 

(substructure 3), four identical lower isolators (substructure 4), and a rectangular  

simply supported flexible foundation (substructure 5). In this chapter, the connections 
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between the isolators and their connected substructures and the connection between 

the inertial actuator and the intermediate mass were assumed to be point connections. 

In the calculation, only the force in the Z-axis direction of the natural coordinate 

system is considered for simplicity. 

 

5.1.1 Model of the Floating Raft 

For the floating raft, the transfer matrix model of the five substructures can be 

expressed as: 

 
( ) ( )

11 12

( ) ( )

21 22

t t ti i

i i i

ib b bi i

i i i

      
       

      

V F Fm m
M

V F Fm m
, (5.1) 

where i  = 1~5 denote the five substructures of the floating raft; 
t

iV  and 
b

iV  denote 

the velocity vectors at the top and bottom interfaces of the ith substructure, 

respectively; 
t

iF  and 
b

iF  denote the force vectors at the top and bottom interfaces of 

the ith substructure, respectively; iM , consisted of four sub-matrices, denotes the 

governing mobility matrix between the velocity vectors and the force vectors of the 

ith substructure. 
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Figure 5-2 A schematic diagram of the bottom interface of a machine model 

 

The vibratory machines are idealized by a rectangular rigid body model of uniform 

mass distribution. As shown in Figure 5-2, on the bottom interface of each machine, 

there are four mounting points on the two diagonal lines. The four sub-matrices of the 

mobility matrix 1M  can be expressed as [95, 96]: 

 (1) 2
11

1j m


I
m , 

(1)

12

1

1 1 1 1 0 0 0 01

0 0 0 0 1 1 1 1j m

 
  

 
m , 

T
(1) (1)

21 12
   m m , 

4 4(1)

22

4 41

01

0j m





 
  

 

s
m

s
, 

(5.2) 
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s , 

where j denotes the imaginary unit;   denotes the angular frequency; 1m  denotes 

the mass of the vibratory machine model; 2I  denotes a 2×2 identical matrix; 1d  

denotes the distance between two adjacent mounting points, as shown in Figure 5-2; 

2

1 1 1= / 6J m L  denotes the moment of inertial of the vibratory machine model about its 

center of gravity; 1L  denotes the length and width of the vibratory machine model as 

shown in Figure 5-2. 

 

The sub-matrices of the mobility matrix 2M  can be expressed as: 

  (2) (2)

11 22 2 2 8/ 1/j k j m   m m I , 

 (2) (2)

12 21 2 81/ j m m m I , 

(5.3) 

where 2k  and 2m  denote the stiffness and mass of an upper isolator, respectively; 8I  

denotes a 8×8 identical matrix. 

 

The mobility matrices of the mounting points on the intermediate mass can be solved 

by the modal summation method. The sub-matrices of the mobility matrix 3M  can 

be expressed as: 
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(5.4) 

where ( )t t

p px , y  and ( )t t

q qx , y  denote the mounting positions of upper isolators on the 

intermediate mass; ( )b b

p px , y  and ( )b b

p px , y  denote the mounting positions of lower 

isolators on the intermediate mass; 3m  denotes the weight of the intermediate mass; 

r  denotes the rth natural frequency of the intermediate mass; ( )r p px , y  and 

( )r q qx , y  denote the rth mode shape of the intermediate mass at position with 

coordinates ( )p px , y  and ( )q qx , y , respectively; 3  denotes the loss factor of the 

intermediate mass. 

 

The sub-matrices of the mobility matrix 4M  can be expressed as: 

  (4) (4)

11 22 4 4 4/ 1/j k j m   m m I , 

 (4) (4)

12 21 4 41/ j m m m I , 

(5.5) 

where 4k  and 4m  denote the stiffness and mass of a lower isolator, respectively; 4I  

denotes a 4×4 identical matrix. 
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For the simply supported flexible foundation, the mobility matrix 5M  can be 

expressed as: 

 5 4 4[ ( | )]pq p p q qx , y x , y M , 

2 2
1 5 5

( ) ( )
( | )=

(1 )

n p p n q q

pq p p q q

n n

x , y x , y
x , y x , y jw

m j

 


  



    
 , 

(5.6) 

where (  )p px , y  and (  )q qx , y  denote the mounting positions of the lower isolators on 

the flexible foundation; 5m  denotes the mass of the foundation; n  denote the nth 

natural frequency of the flexible foundation; ( )n p px , y  and ( )n q qx , y  denote the nth 

mode shape of the flexible foundation at position with coordinates (  )p px , y  and 

(  )q qx , y , respectively; 5  denotes the loss factor of the flexible foundation. 

 

The relationships between the transmitted forces and the corresponding velocities on 

connected interfaces of the five substructures can be expressed as: 

 1

b t

i i F F , (5.7) 

 1

b t

i iV V , (5.8) 

where i = 1 ~ 4. By combining Eqs. (5.1) to (5.8), the force and velocity vectors on 

the top interface of the foundation can be expressed as: 

 5 4 3 2 1 1

t tF T T T TF , (5.9) 

 5 5 5

t tV M F , (5.10) 

where 

 
(4) 1 (4)

4 5 22 21( )  T M m m , (5.11) 
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( 1) ( 1) ( ) 1 ( )

11 12 1 22 21( ) , =1~3i i i i

i i i  

   T m m T m m . (5.12) 

 

The power transmission can be expressed as [73] 

 
*

5 5

1
Re(( ) )

2

t t

fP  F V . (5.13) 

5.1.2 Model of the Inertial Actuator 

 

Figure 5-3 (a) A schematic diagram of the electromechanical model of the inertial actuator, (b) A 

block diagram of the local feedback loop 

 

The inertial actuator is of the same type as the one utilized by Wang et al. [97], which 

consisted of a voice coil motor and four steel springs. Figure 5-3 (a) shows the 

electromechanical model of the inertial actuator. In Figure 5-3 (a), am  denotes the 

mass of upper part of the inertial actuator; aK  denotes the stiffness coefficient of the 

inertial actuator; aC  denotes the damping coefficient of the inertial actuator;   

denotes the force factor of the voice coil motor in the inertial actuator; ai  denotes the 

driving current of the voice coil motor in the inertial actuator. The transmitted force 
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and the corresponding velocity response at the connecting point on the bottom 

interface of the inertial actuator are cf  and cv , respectively. Figure 5-3 (b) shows the 

block diagram of the local feedback loop, where ( )ccG   denotes the frequency 

response of the inertial actuator; g denotes the feedback gain of the feedback loop; 

( )ai   denotes the spectrum of the driven current; ( )cv   denotes the spectrum of the 

acceleration at the mounting position of the inertial actuator with control. The primary 

disturbance denotes the response of the intermediate mass result from the two identical 

vibratory machines in the floating raft. The secondary signal denotes the output current 

signal of the local feedback loop. 

 

According to the electromechanical model described by Díaz et al. [98], the force at 

the connection point cf  and the frequency response of the inertial actuator ( )ccG   

can be expressed as: 

 

1 ( )
c a

a a cc

f i
Z Y Y




 
, (5.14) 

 ( )
(1 ( ))

cc
cc

a a cc

Y
G

j Z Y Y







 
, (5.15) 

where /a a aZ C K j   denotes the mobility of the steel springs in the inertial 

actuator; 1/a aY j m  denotes the mobility of the mass am ; ccY  denotes the point 

mobility at the mounting position between the inertial actuator and the intermediate 

mass. 
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If the inertial actuator is mounted on the intermediate mass, the governing equation 

between the velocity and force vectors of the intermediate mass can be rewritten as  

 3 3

3

3 3T

t t

b b

cc

c c

Y
v f

   
    

    
    

   

V F
M IA

V F
IA

, 

12 1
( | )l l A A

pq p px , y x , y


   IA , 

( | )A A A A

cc pqY x , y x , y , 

(5.16) 

where 
pq  has the same form as in Eq. (5.4); ( )l l

p px , y  and (xA, yA) denote the 

coordinates of mounting positions for an isolator (i. e. the upper isolators or the lower 

isolators) and the inertial actuator on the intermediate mass.  

 

If the acceleration feedback control is implemented, the output force of the voice coil 

motor can be rewritten as: 

 ( ) ( )a cf w j g v    . (5.17) 

 

By combining Eqs. (5.14) and (5.17), the transfer mobility AM  between the velocity 

cv  and the force cf  can be expressed as: 

 ( ) 1 ( )

( )

c a a cc
A

c

v Z Y Y
M

f j g



  

 
  . (5.18) 

 

By combining Eqs. (5.16) and (5.18), the force cf  and the velocity cv  in Eq. (5.16) 

can be eliminated. The governing equation for the intermediate mass can be rewritten 
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as: 

 '3 3

3

3 3

t t

b b

   
   

   

V F
M

V F
, (5.19) 

  
1' T

3 3 A ccM Y


  M M IA IA . (5.20) 

 

If the inertial actuator is installed on the top interface of the intermediate mass and 

operated, the power transmission can be expressed as: 

 
' ' * '

5 5

1
Re(( ) )

2f

t tP  F V , (5.21) 

where 
t'

5F  and 
5

t'V denote the force and velocity vectors of the flexible foundation if 

the inertial actuator is installed on the top interface of the intermediate mass and 

operated, respectively. 

 

5.2 Analysis 

The parameters of the machines are 1  = 30 kgm , 
2

1  = 0.26 kg mJ  , and 1  = 0.2 md . 

The parameters of the upper isolators are 2  = 0.25 kgm  and 
4

2  = 6.66 10  N/mK  . 

The parameters of the intermediate mass are 3  = 75.6 kgm , 
3 3

3  = 2.8 10  kg/m  , 

10 2

3  = 2.1 10  N/mE  , 3  = 0.33 , and 3  = 0.02 . The parameters of the lower 

isolators are 4  = 0.4 kgm  and 
5

4  = 3.01 10  N/mK  . The parameters of the flexible 

foundation are 5  = 567 kgm , 
3 3

5  = 2.8 10  kg/m  , 
10 2

5  = 2.1 10  N/mE  , 5  = 0.2 , 

and 5  = 0.02 . The first order natural frequencies of the intermediate mass and the 
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flexible foundation are 82.5 Hz and 329 Hz, respectively. The parameters of the 

inertial actuator are  = 5 kgam , 
4 = 4.44 10  N/maK  , 

1 = 47.1 N/msaC 
, and 

 = 19.8 N/A . The resonant frequency of the inertial actuator is 15 Hz. 

 

 

Figure 5-4 A top view of the rectangular intermediate mass 

 

It is assumed that the inertial actuator can be mounted on any points on the axis of 

symmetrical (the bold grey line) as shown in Figure 5-4. The rectangular intermediate 

mass is mirror symmetrical about the two axes of symmetry as shown in Figure 5-4. 

Therefore, only half of the mounting positions on the axis of symmetric should be 

investigated. Twenty-five mounting positions (circles filled with black shown in 
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Figure 5-4) equally spaced along the left half of the bold grey line are studied. The 

numbers below the possible mounting positions denote the serial numbers for the 

mounting positions of the inertial actuator. 

 

For the 25 possible mounting positions, the power transmission from the two vibratory 

machines to the flexible foundation with the inertial actuator mounted are investigated. 

In the calculation, the magnitudes of the excitation force of the two identical vibratory 

machines are 1 [1;1]t F  for frequencies between 20 Hz and 250 Hz. The natural 

frequencies and mode shapes of the intermediate mass are solved by finite element 

simulations in the enterprise software COMSOL. The natural frequencies and mode 

shapes of the simply supported flexible foundation are solved by theoretical analysis 

method given in Eqs. (2.5) and (2.6). 

 

On the criterion of the minimum power transmission, the optimum mounting positions 

of the inertial actuator for each frequency between 20 Hz and 250 Hz with the 

frequency resolution of 1 Hz are searched. The results of the optimum mounting 

positions are shown in Figure 5-5. 
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Figure 5-5 Optimum mounting positions for the inertial actuator between 20 Hz and 250 Hz with 

the frequency resolution of 1 Hz 

 

 

Figure 5-6 Possibility of each mounting position to be the optimum mounting position for the 

inertial actuator between 20 Hz and 250 Hz with the frequency resolution of 1 Hz 
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Refer to Figure 5-5, it can be found that the optimum mounting positions for the 

inertial actuator varied with frequencies. The possibility of each mounting position to 

be the optimum mounting position for the inertial actuator between 20 Hz and 250 Hz 

is shown in Figure 5-6. Three mounting positions with possibility larger than 10% are 

picked out: mounting positions 1, 5, and 25. The possibility of mounting positions 1, 

5, and 25 are 10.0%, 12.6%, and 56.0%, respectively. 

 

 

Figure 5-7 Magnitude of structure-borne sound power transmission from the two vibratory 

machines to the flexible foundation: without the inertial actuator (thick line), with the inertial 

actuator mounted on position 1 (dashed line), with the inertial actuator mounted on position 5 

(dotted line), and with the inertial actuator mounted on position 25 (thin line). 

 

The magnitude of transmitted power for the case without the inertial actuator mounted 
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(thick line), the case with the inertial actuator mounted on position 1 (dashed line), the 

case with the inertial actuator mounted on position 5 (dotted line), and the case with 

the inertial actuator mounted on position 25 (thin line) are shown in Figure 5-7. It is 

straightforward to find that significant differences existed among the four curves 

shown in Figure 5-7. It revealed that mounting positions can affect the performance of 

the inertial actuator. It can be found that for an inertial actuator mounted on a given 

position, the inertial actuator can obtain the optimum vibration control performance 

only in a limited frequency range. Similarly, for an inertial actuator mounted on a 

position permanently, the inertial actuator can obtain the optimum vibration control 

performance for certain excitations. If the characteristics of the excitations varied 

significantly, the optimum mounting position for the inertial actuator should be 

determined again. Therefore, the strategy of moving the inertial actuator to the  

optimum mounting position corresponding to the excitations automatically have the 

potential of improving the broadband control performance and controlling time-

varying excitations. 
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5.3 The Active Control System 

 

Figure 5-8 A Schematic diagram of the floating raft and the movable active vibration control 

system 

 

DSP

System

Velocity  

Sensors

VS1~VS4

Tachometer1

&
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Linear 
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Input Output

Inertial 

Actuator

 

Figure 5-9 A block diagram of the control system 

 

A movable active vibration control system consisted of a linear motor with a shaft, 

two tachometers, four velocity sensors (VS1 to VS4), a digit signal processing (DSP) 

system and an inertial actuator connected to an accelerometer by a local feedback loop 
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is proposed. The linear motor controlled by a real-time control algorithm executed in 

the DSP system moves the inertial actuator automatically as rotational speeds of the 

machines changed with time. The schematic diagram of the floating raft and the 

movable active vibration control system is shown in Figure 5-8. The block diagram of 

the real-time control system is shown in Figure 5-9. 

 

A control algorithm based on real-time measurement of a cost function and then 

automatically searched the optimum mounting position of the inertial actuator is 

proposed. The block diagram of the control algorithm of the movable active vibration 

control system is shown in Figure 5-10. In Figure 5-10, i and k denote integers for 

counting; 1N  and 2N  denote output of tachometer 1 and tachometer 2, respectively; 

n = 25 denotes the amount of possible mounting positions for the inertial actuator; mp 

denotes the serial number of a possible mounting position for the inertial actuator; mod 

denotes the operation of modulo; min denotes the operation of finding the minimum 

element in a vector or a matrix; PS denotes a two-dimensional matrix contains all 

possible values of cost function Ps; the two indices for the two-dimensional matrix PS 

are the rotational speeds of the two vibratory machines. 

 



103 

 

Figure 5-10 A block diagram of the real-time control algorithm of the movable active vibration 

control system 

 

The DSP system monitored the rotational speeds of the two vibratory machines by 

real-time measurement of the output of tachometer 1 ( 1N ) and output of tachometer 2 

( 2N ). If the rotational speeds of the machines varied, the cost function Ps was 

calculated with the real-time measurement of output of the velocity sensors 

(VS1~VS4). The inertial actuator was moved along the axis of symmetric on the top 

interface of the intermediate mass from one mounting position to another mounting 

position by the linear motor (with a time delay larger than the time needed for 

calculating the cost function) until the optimization criterion was satisfied.  
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Cost functions or performance indexes used in active control systems include total 

power flows [91, 92], total kinetic energy of the controlled structure, absorbed power 

by the controller [99-102], et al. The transmission of total power flows into the flexible 

foundation makes a straightforward illustration of the isolation performance of the 

floating raft. Total power flows turned out to be an effective cost function for 

controllers on a floating raft [91, 92]. Therefore, the time-averaged transmitted power 

to the flexible foundation is used as the cost function for the controller to be minimized 

in this control system. The velocity vector  
T

s 1 2 3 4, , ,s s s sv v v vV  measured by the 

four velocity sensors as shown in Figure 5-8 was used to approximate velocities ( 5

t
V ) 

at the connection points between the lower isolators and the flexible foundation. The 

cost function can be expressed as: 

 0 T

s 5
0

0

1
Re(( / ) )

T

s sP dt
T

  V M V , (5.22) 

where 0T  was a time interval which is long enough to make sP  approaching a 

constant value. 

 

5.4 Summary 

In this chapter, a movable active vibration control system consisted of a linear motor 

with a shaft, a DSP system, two tachometers, four velocity sensors, and an inertial 

actuator connected to an accelerometer by a local feedback loop have been proposed.  

A theoretical study of the vibration control performance of a novel movable active 
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vibration control system on a floating raft have been presented. The simulation results 

have demonstrated that significant differences existed among the performances of the 

inertial actuator mounted on different mounting positions. The simulation results have 

revealed that the optimum mounting positions for the inertial actuator varied with 

frequency. For an inertial actuator mounted at a position permanently, the inertial 

actuator obtained the optimum vibration control performance in a very limited 

frequency range. 

 

To improve the vibration control performance of the inertial actuator and to control 

time-varying vibration excitations, an algorithm as well as an automatic control system 

based on real-time measurement of a cost function and searched the optimum 

mounting position of the inertial actuator have been proposed. The criterion for 

selecting the optimum mounting position is the minimum power transmission from 

the vibratory machines to the flexible foundation in the floating raft. 

  



106 

  



107 

Chapter 6  

Floating Raft with Periodic Structures 

 

Noise and vibration of rotatory building services equipment were generally dominated 

by peaks at the rotational frequency, blade pass frequency, and their various harmonics 

in the frequency spectrum. Therefore, in the design of noise and vibration systems, 

more concerns were focused on these frequencies.  

 

Periodic structures that consisted of several identical structural components can be 

applicable to noise and vibration control for their outstanding isolation effectiveness 

in the stop band regions. The stop band regions can be tailored to match the frequency 

bands that contained the rotational frequency and blade pass frequency of vibratory 

building services equipment, attenuating noise and vibration in these frequency bands 

[68]. To decrease power flow and power transmissibility of floating rafts, periodic 

structures are introduced to floating rafts. Genetic algorithms have noticeable 

advantages of handling optimization problems which exist large numbers of 

parameters, multiple criteria, and parameters in discrete data series. Moreover, GAs 

are especially capable for optimization problems with many local optimal, which are 

unreliable for direct optimum methods [89]. Therefore, a genetic algorithm is utilized 

to tailor the stop band regions of periodic structures in this chapter. 
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6.1 Theory 

 

Figure 6-1 A schematic diagram of the floating raft with periodic structures installed 

 

As shown in Figure 6-1, a floating raft consisted of five substructures: two identical 

machines (substructure 1), eight identical isolators (substructure 2), an intermediate 

mass (substructure 3), four identical periodic structures (substructure 4), and a simply 

supported flexible foundation (structure 5) is investigated in this chapter. 

 

6.1.1 Model of the Periodic Structure 

 

 

Figure 6-2 A schematic diagram of the periodic element in a periodic structure 
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It is assumed that each periodic structure in the floating raft consists of N2 periodic 

elements. Each periodic element consists of N1 layers. The 1D model of a periodic 

element is shown in Figure 6-2. The wave transmission characteristics and stop band 

gap regions of 1D models of periodic structure is solved by the transfer matrix method 

for its simplicity and convenience [50]. 

 

The governing equation for the longitudinal wave transmitted in the Z  direction (as 

shown in Figure 6-2) of the lth layer of a periodic element can be given as:  

 
2 2

2 2

( , ) ( , )l l l

l

u z t E u z t

t z

 


 
, (6.1) 

where lu , l , and lE  denote the displacement, density, and Young’s modulus of the 

lth layer in a periodic element, respectively. The solution of Eq. (6.1) can be given as: 

 
( ) ( )

( ) ( )( , )
l l

p pjk z jk zl l j tu z t A e A e e  

 
   
 

, (6.2) 

where j denotes the imaginary unit;   denotes the angular frequency; 
( )lA  and 

( )lA  

denote amplitudes of the waves; ( ) 2 /l

p l lk E   denotes the wave number of the 

longitudinal wave in the lth layer of a periodic element.  

 

The stress can be given as: 

 
( , )

( , ) l

u z t
z t E

z






. (6.3) 

 

The transfer mobility model of the lth layer of a periodic element can be given as: 
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where lA  and ll  denote the cross-sectional area and the thickness of the lth layer, 

respectively. 

 

The transfer mobility matrix between two connected periodic elements can be given 

as: 

 1

1

p p

ele

p p

u u

 





   
   

   
TM , (6.6) 
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The transfer matrix of the periodic structure can be given as: 

 
2( )N

ps eleTM TM . (6.8) 

 

The relationship between displacements and stress of two adjacent periodic elements 

can be given as: 

 1

1

p p

p p

u u


 





   
   

   
, (6.9) 

where 
a bje e    denotes the propagation constant. Combining Eqs. (6.6) and 

(6.9), free wave propagated in the periodic structure can be described by the 
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eigenvalue problem and given as: 

 p p

ele

p p

u u


 

   
   

   
TM , (6.10) 

where 1 1 1

1

a b je e 
   and 2 2 2

2

a b je e 
   are eigenvalues of the transfer mobility 

matrix of a periodic element in the periodic structure. The real parts 1a  and 2a  

denote the exponential decay rate of the longitudinal waves, whereas the imaginary 

parts 1b  and 2b  denote the phase transfer of the longitudinal waves through each 

periodic element [6]. If 0a  , the waves propagate without attenuation, and the 

frequency bands are pass bands. If 0a  , the waves propagate with attenuation, and 

the frequency bands are stop bands. 

6.1.2 Model of the Floating Raft 

The transfer matrix models of the five substructures can be given as: 

 
( ) ( )

11 12

( ) ( )

21 22

 =1~5
t t ti i

i i i

ib b bi i

i i i

i
      

       
      

V F Fm m
M

V F Fm m
， , (6.11) 

where 
t

iV  and 
t

iF  denote the velocity and force vectors at connection points on the 

top interface of the ith substructure, respectively; 
b

iV  and 
b

iF  denote the velocity and 

force vectors at connection points on the bottom interface of the ith substructure, 

respectively; Mi denotes the transfer mobility matrix between the velocity and force 

vectors of the ith substructure. It is assumed in this chapter that the connections 

between connected substructures were point connections.  
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The two identical machines were idealized by a rigid body model of uniform mass 

distribution. The mobility matrix of the model of the machines 1M  can be calculated 

by Eq. (5.2). The mobility matrix of the isolators 2M  can be calculated by Eq. (5.3). 

The mobility of mounting points on the intermediate mass were solved by the modal 

summation method. The mobility matrix of the intermediate mass 3M  can be 

calculated by Eq. (5.4). The mobility matrix of the flexible foundation can be 

calculated by Eq. (5.6). 

 

The mobility matrix of the periodic structures 4M  can be given as: 

 
(4)

11 4/j d c  m I , 

(4)

12 4/j c m I , 

(4)

21 4( ) /j bc ad c  m I , 

(4)

22 4/j a c m I , 

(6.12) 

where = (1,1)psa TM , = (1,2)psb TM , = (2,1)psc TM , = (2,2)psd TM , and 4I  

denotes a 4×4 identical matrix. 

6.1.3 Analysis of Power Flow 

According to Section 5.1.1 in this thesis, the force vector and the velocity vector of 

mounting points on the top interface of the flexible foundation can be given as: 

 5 4 3 2 1 1

t tF T T T TF , (6.13) 

 5 5 5

t tV M F , (6.14) 
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where 

 
(4) 1 (4)

4 5 22 21( )  T M m m , (6.15) 

 
( 1) ( 1) ( ) 1 ( )

11 12 1 22 21( )  =1~3.i i i i

i i i  

   T m m T m m ，  (6.16) 

 

The power flow through the periodic structures to the flexible foundation can be given 

as [73]: 

 
*
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1
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2

t t

fP  F V . (6.17) 

 

The integral of power flow through the periodic structures to the flexible foundation 

calculated over a given frequency band ( minf , maxf ) can be given as 

 
*
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The power transmissibility of the floating raft can be expressed as [26]: 

 
*
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6.2 The GA Optimization Process 

This chapter is targeted on minimizing the integral of power flow through the periodic 

structures to the flexible foundation calculated over a given frequency band. Two sets 

of geometrical parameters including the thicknesses and cross-sectional areas of layers 



114 

in a periodic element that defined the dimensions of the periodic structures are 

considered in the optimization process. The thicknesses and sectional areas of layers 

in a periodic element can be expressed by vectors, 1 2( ,  ,  ,  )l l lnd d dd  and 

1 2 ,  ,( ) ,  l l lnA A AA . Therefore, the integral of power flow through the periodic 

structures to the flexible foundation calculated over a given frequency band is taken 

as the fitness function in this chapter, which can be given as: 

 Minimize  = ( , )ff P d A . (6.20) 

 

In practice, there are always some constraints should be considered (i. e. the total 

thickness and the total mass of a design). In this chapter, the constraints of total 

thickness and mass are considered, which can be given as: 

 
1

max

1

2
N

ln

n

N d d


  , (6.21) 
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N A d M


    , (6.22) 

where maxd  and maxM  denote the maximum thickness and mass of a periodic 

structure, respectively. 
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Figure 6-3 A block diagram of the GA optimization algorithm 

 

A package of GA code is utilized in the optimization process of this study for the 

noticeable advantages and suitability of GAs. It is shown in Figure 6-3. 

 

As shown in Figure 6-3, five bio-inspired operators: crossover, mutation, selection, 

elitist selection, and individual migration are included. Crossover and mutation are 

operations that changed binary data and gene values of chromosomes from individuals 

in one generation to individuals in another generation, respectively. Selection is the 

operation that chose excellent individuals for breeding the next generation individuals. 

Elitist selection is the operation that chose the optimum individuals to be passed to the 

next generation. Individual migration is the operation of re-grouping individuals from 

diverse populations. 
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6.3 Analysis 

It has been validated that in practices if enough number of periodic elements are 

utilized (three to four at least), periodic structures can show wave attenuation 

characteristics [62, 103-106]. A periodic structure with four periodic elements are 

considered in this chapter. Each periodic element was consisted of two layers made of 

epoxy and steel.  

 

The physical and geometrical parameters of the substructure 1, 2, 3, and 5 are the same 

as those given in Section 5.2 of chapter 5. They are shown in Table 6-1 to make the 

content self-contained. The physical parameters of epoxy and steel used in the periodic 

structures (PS1) are shown in Table 6-1. The first order natural frequencies of the 

intermediate mass and the flexible floor are 82.5 Hz and 329 Hz, respectively. In this 

chapter, the frequency range between 11 Hz and 500 Hz is investigated. 
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Table 6-1 The geometrical and physical parameters of the floating raft and the materials in the 

periodic structures 

Parameter Value Parameter Value 

1m  30 kg 1J  0.26 kg m2 

1d  0.2 m 1L  0.25 m 

2m  0.25 kg 2k  6.66×104 N/m 

3m  75.6 kg 3  2.8×103 kg/m3 

3E  2.1×1010 N/m2 3  0.02 

41  1.3×103 kg/m3 41E  1.5×106 N/m2 

42  7.8×103 kg/m3 42E  2.1×1011 N/m2 

5m  567 kg 5  2.8×103 kg/m3 

5E  2.1×1010 N/m2 5  0.02 

 

 

Figure 6-4 Magnitude of the excitation force of a motor against frequency 
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Figure 6-5 Band structure of the periodic structures 

 

Figure 6-6 Power transmissibility of the floating raft FR1 

 

Magnitude of the excitation force of a motor is shown in Figure 6-4. The rotational 

speed of the motor is 3000 rotations per minute. It can be discerned that magnitude  of 
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the force contained peaks at 50 Hz (the rotational frequency of the motor) and 

harmonic frequencies of 50 Hz. It is assumed that magnitudes of the force at the top 

of the machines in the floating raft are the same as the curve in Figure 6-4. 

 

Identical periodic structures with geometrical parameters d = (0.07 m, 0.015 m) and 

A = (0.02 m2, 0.04 m2) are used in the floating raft (FR1). The band structure is shown 

in Figure 6-5. The shaded areas, in the frequency ranges from 91 Hz to 242 Hz and 

from 276 Hz to 485 Hz of Figure 6-5(b) stand for the stop band regions (phase of λ 

equals to 0 or π) of the periodic structures. The power transmissibility of the floating 

raft is shown in Figure 6-6. It shows obvious that, in the stop band regions, the power 

transmissibility of the floating raft reduced significantly. 

 

 

Figure 6-7 Power flow through substructure 4 to the flexible floors in the floating rafts FR1 and 

FR2 
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For a traditional floating raft (FR2) with substructure 4 consisted of isolators but not 

periodic structures, the power flow and power transmissibility are analyzed. The 

physical parameters of the isolators in substructure 4 of FR2 were 4  = 0.4 kgm , and 

5

4  = 3.01 10  N/mk  . The power flow of the flexible floors in the floating rafts FR1 

and FR2 are shown in Figure 6-7. It can be found that the power flow through the 

periodic structures to the flexible floor in FR1 are smaller than the power flow through 

the isolators to the flexible floor in FR2 in the stop band regions of the periodic 

structures (40 – 80 dB for most of the frequencies in the stop band regions of the 

periodic structures). In the pass band regions, the power flow through the periodic 

structures to the flexible floor in FR1 are larger than the power flow through the 

isolators to the flexible floor in FR2 (less than 10 dB for most of the frequencies in the 

pass band regions of the periodic structures). It can be concluded that if the stop band 

regions of periodic structures are tailored properly, the floating rafts with periodic 

structures can be more effective than floating rafts with isolators installed in 

substructure 4 in vibration control. 
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6.3.1 The GA Options and Constraints 

Table 6-2 The configuration of the GA options 

GA option Value 

The population size M = 10 

The individual size N = 40 

The interval of migration G = 0.6 

The rate of crossover cR  = 0.75 

The rate of mutation mR  = 0.01 

The maximum number of generations gM  = 50 

 

The values for the GA option used in the GA optimization process of this chapter are 

shown in Table 6-2. The range and increment for the four geometrical parameters are 

shown in Table 6-3. The integral of power flow through the periodic structures to the 

flexible floor calculated over the frequency band (11 Hz to 500 Hz) is taken as the 

fitness function in this optimization progress. Constraints of the periodic structures in 

this chapter are max  = 0.5 md  and max  = 200 kgM . 
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Table 6-3 Ranges and increments for the geometrical parameters of the periodic structures 

Parameter Range Increment 

Thickness of layer 1 (m) 0.0025 ~ 0.08 0.0025 

Sectional Area of layer 1 (m2) 0.015 ~ 0.17 0.005 

Thickness of layer 2 (m) 0.0025 ~ 0.08 0.0025 

Sectional Area of layer 2 (m2) 0.015 ~ 0.17 0.005 

 

6.3.2 Optimization of the Periodic Structures 

 

Figure 6-8 The convergence progress of the genetic algorithm optimization process 
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Figure 6-9 Band structure of the optimum periodic structure 

 

Figure 6-10 Power transmissibility of the floating raft (FR3) with the optimum periodic structure 

installed 

 

During the GA optimization process, the values of the fitness function decreased 
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rapidly and converged gradually after the first 20 generations. The first 50 generations 

of the convergence progress of the GA optimization is shown in Figure 6-8. The 

geometric parameters for the optimum periodic structure (PS2) were d = (0.08 m, 

0.045 m) and A = (0.015 m2, 0.135 m2). The band structure of the optimum periodic 

structure is shown in Figure 6-9. The shaded areas of Figure 6-9(b), in the frequency 

ranges from 25 Hz to 212 Hz, from 216 Hz to 424 Hz, and from 427 Hz to 500 Hz 

stand for the stop band regions. The rotational frequency (50 Hz) and all the harmonic 

frequencies of the machines were in the stop band regions of the optimum periodic 

structure. By comparing Figure 6-5 with Figure 6-9, it is obvious that the stop band 

regions are enlarged, especially for the first stop band region. The power 

transmissibility of the floating raft (FR3) with the optimum periodic structures 

installed is shown in Figure 6-10. It is obvious that power transmissibility of the 

floating raft with the optimum periodic structures installed was much smaller than 

power transmissibility in Figure 6-6.  
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Figure 6-11 Power flow through the periodic structures to the flexible foundations in the floating 

rafts FR1 and FR3. 

 

The power flow through the periodic structures to the flexible foundations in the 

floating rafts FR1 and FR3 are shown in Figure 6-11. The peak values of the power 

flow through the periodic structures to the flexible foundations in FR1 and FR3 were 

-81.4 dB at 51 Hz and -112.1 dB at 17 Hz, respectively. In the stop band regions of the 

optimum periodic structure, the power flow through the optimum periodic structures 

to the flexible foundation in FR3 are smaller than the power flow through the periodic 

structures to the flexible foundation in FR1 (60 – 120 dB for most of the frequencies 

in the stop band regions of the optimum periodic structure). In the pass band regions 

of the optimum periodic structure, the power flow through the optimum periodic 

structures to the flexible foundation in FR3 are larger than the power flow through the 
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periodic structures to the flexible foundation in FR1 (less than 20 dB for most of the 

frequencies in the pass band regions of the optimum periodic structure). It is obvious 

that the floating raft FR3 have better isolation effectiveness than the floating raft FR1. 

By comparing Figure 6-7 with Figure 6-11, it is obvious that the floating raft FR3 have 

better isolation effectiveness than the floating raft FR2. 

 

Based on the analysis and results presented above, it can be concluded that the method 

utilized in this chapter is effective. The following geometrical optimization framework 

for the design of periodic structures mounted on a floating raft can be provided:  

f) Measure excitation forces and source mobilities of the vibratory equipment; 

g) Simulate or measure the transfer mobility matrices for the intermediate mass, 

isolators and foundation; 

h) Decide optimization parameters for the periodic structures; 

i) Set up TMM models for the periodic structures, for obtaining the transfer 

mobility matrix; 

j) Initiate the GA optimization routine and link it with the TMM models; 

k) Run the GA optimization routine and get the optima design. 

 

6.4 Summary 

The application of periodic structures in decreasing the power transmissibility of a 
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floating raft is investigated in this chapter. The TMM has been utilized in investigating 

the wave transmission characteristics and stop band regions of the periodic structures. 

The simulation results have shown that the power transmissibility of the floating raft 

decreased rapidly in the stop band regions of the periodic structures. The simulation 

results validate that periodic structures can be an effective connection component of 

floating rafts and similar multi-stage vibration isolation system. 

 

An optimization framework for optimizing the geometrical parameters of the periodic 

structures - thicknesses and cross-sectional areas of layers in the periodical structures 

has been proposed in this chapter. The fitness function is the integral of power flow 

calculated over a given frequency band. 

 

A case study has shown that the optimization progress converged in a few generations. 

The results have demonstrated that the stop band regions of the periodic structure are 

enlarged and the power flow is decreased. Moreover, for the given excitation force 

with multiple harmonic frequency components, the stop band regions of the optimized 

periodic structure contained all the harmonic frequency components of the excitation 

force. The proposed optimization framework is suitable for the design of periodic 

structures and vibration isolation systems such as floating rafts.  
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Chapter 7  

Conclusion and Suggestions for Future 

Work 

7.1 Conclusion 

The effects of mounting positions of vibratory building services equipment, 

geometrical parameters of supporting structures, mounting positions of inertial 

actuators and geometrical parameters of periodic structures in a floating raft on 

vibration control of vibratory building services equipment have been investigated in 

this thesis. The results of the optimum mounting positions can provide guidance on 

the installation of vibratory building services equipment. The proposed framework for 

the design of supporting structures of coherent vibratory equipment have a potential 

application in practice. The proposed movable active vibration control system and the 

proposed framework for the design of periodic structures have potential applications 

in decreasing power transmissibility of the floating rafts and similarly two-stage 

vibration isolation systems. Some of the results of the FEM simulations have been 

validated with results of experiments conducted at The Hong Kong Polytechnic 

University. The results of the FEM simulations agreed well with the experimental 

results.  

 

First of all, the optimum mounting positions for a building services equipment have 
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been investigated. The criteria for selecting the optimum mounting positions are the 

minimum structure-borne sound power transmission and the minimum rotational 

velocity. Two different boundary conditions, simply supported boundary condition and 

fixed supported boundary condition have been investigated. It has been shown that the 

optimum mounting positions on the two kinds of floors are similar. The simulation 

results have shown that the mounting positions on the diagonal lines of the receiving 

floor are the positions with the largest possibility to be the optimum mounting 

positions. It is recommended that the vibratory machine should be symmetrically 

installed on diagonal lines of the receiving floor.  

 

Secondly, the optimum mounting positions for two coherent single-phase motors on 

the criterion of the minimum power transmission have been investigated. The source 

mobility and free velocity of the single-phase motors are obtained by experimental 

measurement according to the guidance of ISO standards ISO 7626-1 and ISO 7626-

5. The experimental results have shown that the peak value of velocity level occurred 

at the 1/3 octave bands of 50 Hz (the shaft frequency of the single-phase motors). The 

receiver mobility of the receiving floor is obtained by theoretical methods. The 

simulation results have shown that the optimum mounting positions for the two 

coherent single-phase motors are the mounting positions on the corners of the floor. 

The effect of interaction between two coherent single-phase motors on the results of 

the optimum mounting positions has been investigated. The results of the optimum 

mounting positions for the cases including and excluding interaction are similar.  
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Thirdly, the power transmission from two coherent fans to a steel-made supporting 

structure have been investigated. The source mobility and free velocity of the coherent 

fans and the receiver mobility of the steel-made supporting structure are obtained by 

experimental measurement according to the guidance of ISO standards ISO 7626-1 

and ISO 7626-5. The parametric FEM simulations have been utilized to simulate the 

receiver mobility of the steel-made supporting structure. The results of receiver 

mobility obtained by the parametric FEM simulation have been validated by the 

experimental results. To decrease power transmission from the two fans to the steel-

made supporting structure, three geometrical parameters which can decide the 

geometry of the steel-made supporting structure have been optimized. The simulation 

results have shown that optimal design shown superior performance considering the 

structure-borne sound power transmission. A geometrical parameter design 

framework for supporting structure with coherent equipment installed are therefore 

being proposed in this thesis.  

 

Furthermore, the optimum mounting position of the inertial actuator mounted on the 

intermediate mass of a floating raft have been investigated. The criterion for selecting 

the optimum mounting position of the inertial actuator is the minimum power 

transmissibility of the floating raft with the inertial actuator mounted. Simulation 

results have shown that the optimum mounting positions of the inertial actuator are 

varied with frequencies. An automatic control system for moving the inertial actuator 

consisted of tachometers, velocity sensors, a linear motor and a DSP system have been 
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proposed for time-varying excitation sources. The proposed movable active vibration 

control system has potential applications in controlling vibration of time-varying 

excitations. 

 

Last but not the least, the power transmissibility of a floating raft with periodic 

structures mounted has been investigated. The periodic structure been investigated in 

this thesis is consisted of epoxy and steel. The band-gap structure of the periodic 

structures is investigated by using the transfer matrix method. The power 

transmissibility of a floating raft with spring isolators mounted is compared with the 

power transmissibility of a floating raft with periodic structure mounted. The 

simulation results have shown that the power transmissibility of the floating raft with 

periodic structure mounted are smaller in the stop-band regions of the periodic 

structures. To decrease the power transmissibility of the floating raft, a geometrical 

parameters design framework for the periodic structures utilized in the floating raft 

have been proposed. The periodic structures optimized by the design framework have 

shown superior performance and broader stop band regions. The proposed design 

framework has a potential application in the design of periodic structures. 

 

7.2 Suggestions for Future Work 

Based on the present works studied in this thesis, future work is recommended as 

follows: 
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1. This thesis only investigated the power transmission in the vertical direction. 

Further work will be conducted to investigated power transmission in multiple 

degrees of freedom. 

 

2. To verify the proposed movable active control system, experimental work is 

recommended. The experimental work aims at turning the proposed system into 

reality and improving the performance of the proposed system according to the 

experimental results.  

 

3. The last chapter of this thesis only considered layers consisted of two types of 

material: epoxy and steel. Investigation and optimization of periodic structures 

consisted of more types of materials may be considered in the future.  

 

4. This thesis only provides design framework based on the optimization of 

geometrical parameters of the supporting structures and the periodic structures. 

However, topologies of supporting structures and periodic structures have 

influences on the structure-borne sound power transmission. Therefore, 

optimization of topologies should be considered in the design of supporting 

structures and periodic structures. This is the major work to be done in the future. 
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