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Abstract

A wide variety of mathematical models have been proposed to investigate age-
structured population growth for single species. Mathematical models allowing for
more biotic and abiotic factors tend to better describe the complex behaviour of
populations. In this thesis, we attempt to provide a comprehensive mathematical
modelling framework and rigorous theoretical analysis for age-structured populations
with the consideration of various factors regulating population growth such as sea-
sonal variations, intra-specific competition, spatial movements and diapause. It is
worth noting that developmental durations within each age group are assumed vary-
ing with time. Consequently, the model reduced from the classical Mckendrick-von
Foerster equation takes the form of retarded delay differential or reaction-diffusion
equations with time-dependent delays, which brings novel challenges to the theoreti-
cal analysis. By applying the well-developed theory of retarded functional differential
or reaction diffusion equations and the theory of monotone dynamical system in pe-
riodic environment, we establish the well-posedness of the solutions and the global
dynamics involving the global extinction, uniform persistence and global stability of
the trivial and positive periodic solutions in terms of the basic reproduction number.

We begin this thesis with a brief introduction for the development of early and
advanced age-structured population models in Chapter 1. Then, the methodologies
employed in the theoretical analysis of age-structured models are reviewed. Finally,

the motivations of this thesis are illustrated in detail. In Chapter 2, we provide some
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requisite mathematical theories for this thesis, which refer to the theories related to
monotone dynamical systems, uniform persistence and basic reproduction number
in periodic environment.

The work presented in Chapter 3 mainly involves the investigation of the age-
structured population growth based on the assumptions that the birth and death
rate functions are dependent on density and periodic in time. In this work, we pro-
pose a generalised hyperbolic age-structured model, and give a detailed proof for
the existence and uniqueness of the solution by applying the contraction mapping
theorem on the integral form solution obtained through integration along character-
istics. By assuming time-varying developmental durations and age thresholds and
using tick population as a motivative example, we deduce an age-structured model of
four coupled periodic delay differential equations (DDE) with time-dependent delays.
When the immature intra-specific competition is ignored, we obtain a new reduced
periodic DDE model system, the adult system of which can be decoupled. Based on
this decoupled periodic delay differential equations, we show the global existence and
uniqueness of the solution, define the basic reproduction number Ry and prove the
global stability of the positive periodic solution in terms of Ry by defining a periodic
solution semiflow on a suitable phase space and employing the theory of monotone
dynamical systems. Under the consideration of immature intra-specific competition,
the threshold dynamics including population extinction and uniform persistence in
terms of Ry is established.

Chapter 4 is devoted to analyse an age-structured population model with the con-
sideration of spatial movements, seasonal variations, intra-specific competition and
time-varying maturation duration simultaneously. When the competition among
immatures is negligible, the model takes the form of a system of reaction-diffusion
equations with time-dependent delays, in which situation one equation for the adult
population density is decoupled. The well-posedness of the decoupled system is es-

viil



tablished and the basic reproduction number R is defined and shown to determine
the global attractivity of either the zero equilibrium (when Ry < 1) or a positive
periodic solution (Ry > 1) by using the dynamical system approach on an appro-
priate phase space. When the immature intra-specific competition is included and
the immature diffusion rate is negligible, the model is neither cooperative (where
the comparison principle holds) nor reducible to a single equation. In this case, the
threshold dynamics about the population extinction and uniform persistence are es-
tablished by using the newly defined basic reproduction number 7%0 as a threshold
index.

In Chapter 5, we propose a novel modelling framework to investigate the effects
of diapause on seasonal population growth. Diapause, a period of arrested devel-
opment caused by adverse environmental conditions, serves as a key survival mech-
anism for insects and other invertebrate organisms in temperate and subtropical
areas. In this work, a novel modelling framework, motivated by mosquito species, is
proposed to investigate the effects of diapause on seasonal population growth, where
diapause period is taken as an independent growth process, during which the popu-
lation dynamics are completely different from that in the normal developmental and
post-diapause periods. More specifically, the annual growth period is divided into
three intervals, and the population dynamics during each interval are described by
different sets of equations. We formulate two models of delay differential equations
(DDE) to explicitly describe mosquito population growth with a single diapausing
stage, either immature or adult. These two models can be further unified into one
DDE model, on which the well-posedness of the solution and the global stability of
the trivial and positive periodic solution in terms of an index R are analysed. The
seasonal population abundances of two temperate mosquito species with different di-
apausing stages are simulated to identify the essential role on population persistence
that diapause plays and predict that killing mosquitoes during the diapause period
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can lower but fail to prevent the occurrence of peak abundance in the following sea-
son. Instead, controlling mosquitoes during the normal growth period is much more
efficient to decrease the outbreak size. Our modelling framework may shed light on
the diapause-induced variations in spatiotemporal distributions of different mosquito
species.

Chapter 6 gives the conclusions of the results presented in this thesis and the

discussions of the future work.
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Chapter 1

Introduction

Mathematical models have been extensively developed and effectively applied to the
study of population growth, the recorded history of which can be dated back to thir-
teenth century when Leonardo Pisano (or Fibonacci) proposed the first mathematical
model, the well-known Fibonacci sequence, with the problem of rabbit population as
an example [8, 102]. Five centuries later, a pioneered work of Euler uncovered the ge-
ometric growth of human population, which inspired Malthus to formulate the most
simple population model [22]. The Malthusian model assumed a constant per capita
growth rate and suggested that the size of human population increases or decays
exponentially with time in the case of ignoring the influences of overcrowding and
limited resources [57]. Afterwards, by adding a term describing crowding effects or
competition for resources into the Malthusian model, Verhulst proposed the logistic
model, which predicted that the size of the population tends to a finite number under
appropriate initial conditions other than infinity as time approaches to infinity [1, 17].
The dynamics predicted by the logistic model are in agreement with the behaviours
of many populations. The development of mathematical formulation for population
growth made little progress until Lotka and Volterra pioneered the modern ecology
theory [62]. The classical population models including the Lotka-Volterra (or named

predator-prey) equations and their generalisation have made great contributions to



the study of population dynamics and ecology [26].

Simplifying assumptions are often made to formulate mathematically tractable
models. Nevertheless, oversimplified assumptions in a model would limit the scope
of its biological accuracy. The first common oversimplification in the aforementioned
models is the assumption of homogeneity for individuals in a population, which
means all individuals of the population are assumed to be physiologically identi-
cal. However, the population dynamics are very complex in the natural world, the
individual developmental processes vary with many biotic and abiotic factors and
therefore, a more realistic way characterising the differences between individuals is
to formulate structured population models. The chronological age is one of the most
natural and important structuring variables. In the natural world, the populations
for many species of animals are structured by age. The human population is the
best-known example. Age-distribution constitutes the most concerned topic in the
study of demography since the age structure determines the future growth pattern
of the population and has profound implications for government policy [23]. For ex-
ample, juveniles have a relatively high developmental rate and low level of fecundity
in comparison with adults. A larger proportion of the human population in elderly
age classes leads to increasingly population aging and slower population growth. In
consequence, the retirement systems and medical facilities must be developed by
government to serve the elder people. Moreover, for some species of insects such
as mosquitoes, in addition to the vital rates, the habitats of immature and mature
individuals are completely different. It would be natural to associate with the ef-
fects of age structure by dividing the population into different age classes. Before
proceeding to further investigations, it is imperative to give a brief introduction of

age-structured population models.



1.1 Early age-structured population models

Age-structured models can be formulated mathematically in either discrete or con-
tinuous ways, each of which has advantages and drawbacks. Both discrete and con-
tinuous age-structured models have been widely applied in modelling population

growth.

1.1.1 Discrete age-structured models

Leslie matriz model [68] is the classic representative discrete age-structured model.
The population is first classified into a finite number of age groups, labeled by ¢ =
0,1,--- ,m. The number of individuals within each age group is counted at discrete
time steps, t = 0,1, ---. At the ¢t-th time step, the number of the population, denoted
by P(t), is described by a column vector, P(t) = [Py(t), P(t), - , Pn(t)]?, where
Pi(t)(i = 0,1,--- ,m) represents the number of the population within the i-th age
class at the t-th time step. The number of the population at the next time step ¢+ 1,

P(t + 1), is deduced by the following difference equation:
P(t+1)=AP(t),

where A is the Leslie matrixz or projection matriz and the ijth entry of A is deter-
mined by the age-dependent reproductive, developmental and survival rates.
Compared to continuous age-structured models, matrix population models have
the advantage that they are relatively tractable and easy to formulate, simulate and
analyse. However, the matrix models are unable to describe the instantaneous rate
of change and the dynamics occurring between different age groups and discrete time

steps.



1.1.2 Continuous age-structured models

The first time-continuous model considering age as a continuous structuring variable
was in the formulation of integral equations and introduced by Sharp and Lotka in
1911 [99], where they assumed that fertility and mortality rates are age-dependent.
Based on similar idea, McKendrick in 1926 [84] proposed a first order partial dif-
ferential equation (PDE) to describe the continuous variations of a population with
respect to time and age. The dynamics of an age-structured population described

by the McKendrick model is shown as follows:

(£ + )ot.a) = —n(apolt, o)
p(0,a) = ¢(a), a =0,

p(t,0) = SSO b(a)p(t,a)da, t =0,

where p(t,a) represents the density of the population at time t of age a, u(a) and
b(a) are nonnegative age-dependent mortality and fertility rates, ¢(a) is the non-
negative initial age-distribution of the population. This classical model is named
as McKendrick-von Foerster model since the same partial differential equation was
developed by von Foerster in 1959 to study cellular populations [120]. The investi-
gation of the nonlinear modification and generalisation based on this classical model
has attracted a great deal of attention in recent years. Interested readers can refer to
the wonderful monographs to gain comprehensive understanding of age-structured

models [26, 57, 70, 85, 122].

1.2 Generalised age-structured models in hetero-
geneous environment

Another common simplification in population models is the assumption of homogene-

ity for the environment that organisms inhabit, which is heterogeneously distributed
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in reality. Seasonal variations caused by climatic changes are considered as the
dominant environmental factor shaping annual patterns of the population dynamics
[112]. This is particular true for some insect species such as ticks, serving as the
main vector spreading tick-borne diseases, the distribution and abundance of which
are very sensitive to the climate conditions as they need relatively high humidity and
moderate temperature to survive during their prolonged nonparasitic stages [89]. In-
corporating seasonal effects in age-structured models would be a sensible choice to
better investigate the population dynamics, with all the time-dependent parameter
functions being periodic with the same period.

In the natural world, food and water resources may vary from place to place,
which drive the organisms to keep drifting or dispersing. In addition to the seasonal
effects, spatial diffusion affecting population dynamics and the structures of the com-
munities are of particular interest to scientists. Due to limited available resources
for individuals from the same species, intraspecific competition is a ubiquitous phe-
nomenon in the population growth of a single species. Moreover, diapause, a period
of suspended growth, serving as an surviving mechanism in response to harsh envi-
ronmental conditions, plays significant roles on the persistences of insects or other
invertebrate species. In this thesis, we attempt to investigate the age-structured
population growth of single species subject to various factors such as the seasonal ef-
fects, intra-specific competition, spatial diffusion and diapause on individual growth,

in particular, the birth, death and maturation rates.

1.3 Motivation

The analysis on age-structured models has attracted more attention than on other
kinds of structured models such as size-structured models. This may be attributed to

the predicted linear relation between age and time. Various mathematical method-



ologies have been applied to analyse the age-structured population models. The
stable age distribution was identified in models with linear birth and death rates
during early developmental period [73, 74]. By applying the methods of Volterra
integral equations and Laplace transforms, rigorous analysis of linear age-structured
models was established [11, 39]. For nonlinear age structured models, the existence,
uniqueness and convergence to equilibrium of solutions was established by utilising
a nonlinear Volterra integral equations approach [50], which was investigated sytem-
atically in [57, 59, 85]. Another classical functional analytic approach, the theory
for semigroups of operators in Banach spaces, was applied to the nonlinear age-
structured models with increasingly complex nonlinearities (see the book of Webb
for details [122]).

Although the operator semigroup theory and the theory of integral renewal equa-
tions are powerful tools to analyse age structured population models, the requisite
sophisticated mathematical technics makes few analysts proficiently apply these two
approaches in dynamical systems to gain heuristic biological insights. Gurney et
al. advocated utilising the delay differential equations framework to model age-
structured populations [49, 88]. For many species with various life stages, the in-
fluences of age differences among individuals within each age group may be trivial
relative to that of intergroup differences. Consequently, the population can be di-
vided into different age groups by different age thresholds. It is reasonable to assume
the vital rates within one age group are independent of age, which means the vital
rates are piecewise functions with jumps at age thresholds. The influences of age
structure on population dynamics can be described by introducing time delays, that
is, the developmental duration within each age group. In this case, the classical
McKendrick-von Foerster model can be reduced into a system of delay differen-
tial (with discrete delays) or integral-differential equations (with distributed delays),
which allows us to apply the well-developed theory of retarded functional differential

6



equations to the complex dynamical systems to draw some useful conclusions.

The aim of this thesis is twofold. On one hand, we aim to provide a comprehensive
modelling framework for age-structured populations growth with the consideration
of time-dependent developmental durations in a general biological setting. In the
natural word, the developmental durations of most species such as mosquitoes [100]
and ticks [89] greatly rely on the temperature, which vary with time. The intro-
duction of time-dependent maturation periods into the age-structured model will
cause time-dependent age thresholds and lead to a system of functional differential
equations with time-varying delays, the formulation of which is quite different from
those with time-independent delay in [2] since we cannot indiscreetly replace the
constant delay with time-changing delay. In this thesis, we start with the gener-
alised McKendric-vonForster equation with age-dependent nonnegative fertility and
mortality functions in periodical environment, then reduce it into a system of re-
tarded functional or delay differential equations with periodic delays by introducing
time-dependent developmental durations, as the work shown in Chapter 3 and 4.
On the other hand, rigorous theoretical analysis is imperative to establish from the
perspective of periodic dynamical systems. Monotone dynamics can be generated by
some special class of retarded functional differential or reaction-diffusion equations,
that is, the solutions of which preserve some kind of order relation on initial and
boundary conditions [106]. This is particular suitable for the mathematical mod-
els describing biological population growth since the population sizes or densities
are intrinsically positive, which facilitates the system gaining monotonicity or order-
preserving properties [105]. In this thesis, we conduct our analysis on systems of
retarded functional differential or reaction diffusion equations with time-varying de-
lays in periodic environment. In light of the theory of retarded functional differential
or reaction diffusion equations and monotone dynamical systems [135], we establish
the well-posedness of the solutions and global dynamics involving the global extinc-
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tion, uniform persistence and global stability of a positive periodic solution in terms

of the basic reproduction number.



Chapter 2

Preliminaries

In this chapter, we present some terminologies and known results used in the rest of
this thesis, which involve the theory of global attractors, uniform persistence, mono-
tone dynamical systems and basic reproduction number for age-structured population

models in periodic environments.

2.1 Global attractors and uniform persistence

Suppose X is a metric space with metric d. Let f : X — X be a continuous map
and Xy < X an open set. Define 0Xy := X\ Xy, and M, := {x € 0X, : f"(x) €

0Xo,Vn = 0}, which may be empty.
Definition 2.1. A bounded set A is said to attract a bounded set B in X if

limsup {d(f"(z),A)} = 0.

n—0o0, reB

A subset A < X is said to be an attractor for f if A is nonempty, compact and
invariant (f(A) = A), and A attracts some open neighborhood of itself. A global
attractor for f : X — X s an attractor that attracts every point in X. For a
nonempty invariant set M, the set W*(M) := {x € X : lim,, . d(f™(z), M) = 0} is
called the stable set of M.



Recall that a continuous mapping f : X — X is said to be point dissipative if

there is a bounded set By in X such that By attracts each point in X.

Theorem 2.1. [135, Theorem 1.1.3] If f : X — X is compact and point dissipative,

then there is a connected global attractor A that attracts each bounded set in X.

Definition 2.2. f is said to be uniformly persistent with respect to (Xo, 0Xo) if there

exists an 1 > 0 such that iminf, ., d(f™(x),0Xo) = n for all z € X,.

Definition 2.3. Let A < X be a nonempty invariant set for f. We say A is
internally chain-transitive if for any a,b € A and any € > 0, there is a finite sequence
X1, Xy i A with 1 = a,x, = b such that d(f(z;),zi41) <€, 1 <1< m—1.

The sequence {1, -+ , Ty} is called an e-chain in A connecting a and b.

Definition 2.4. A lower semicotinuous function p : X — R, is called a generalized
distance function for f: X — X if for every x € (Xo(p~'(0)) Up *(0,0), we have
p(f"(x)) >0, Vn > 1.

Theorem 2.2. [135, Theorem 1.3.2] (or [107, Theorem 3]) Let p be a generalized

distance function for continuous map f : X — X. Assume that
(P1) f has a global attractor;

(P2) There exists a finite sequence M = {My,--- , My} of disjoint, compact, and
isolated invariant sets in 0 Xy with the following properties:
(@) (MNpens, @(@) © Y, M, where w(x) represents the omega limit set of x;
(b) no subset of M forms a cycle in 0Xo;
(¢c) M; is isolated in X ;

(d) W#(M;)(\p ' (0,0) = & for each 1 < i < k, where W*(M;) is the stable
set of M;.
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Then there exists a & > 0 such that for any compact chain transitive set L with
L & M;, for all 1 < i < k, we have mingey, p(x) > 6. In particular, [ is uniformly
persistent in the sense that there ezists ann > 0 such that liminf, ., d(f"(z), 0Xy) =

n for all € X,.

Suppose T' > 0, a family of mapping ®(¢) : X — X, ¢t > 0, is called a T-periodic

semiflow on X if it possesses the following properties:
(1) ®(0) = I, where I is the identity map on X;
(2) ®(t+T) = P(t) o ®(T), ¥Vt = 0;
(3) ®(t)x is continuous in (¢,z) € [0,0) x X.

The mapping ®(7') is called the Poincaré map (or period map) associated with
this periodic semiflow. In particular, if (2) holds for any 7" > 0, ®(¢) is called an

autonomous semiflow.

Theorem 2.3. [135, Theorem 3.1.1] Let ®(t) be a T-periodic semiflow on X with
O(t) Xy = Xo, Vt = 0. Assume that S = ®(T) is point dissipative in X and
compact. Then the uniform persistence of S with respect to (Xo,0Xo) implies that
of ®(t): X - X.

Recall that the Kuratowski measure of noncompactness, «, is defined by
a(B) :=inf{r : B has a finite cover of diameter < r}

for any bounded set B of X. It is not difficult to see that B is precompact if and only
if «(B) = 0. Let (X,d) be a complete space, and let p : X — R, be a continuous
function. We define My := {z € X : p(z) > 0} and oM, := {z € X : p(z) = 0}.

Definition 2.5. A continuous map f : X — X is said to be p uniformly persistent
if there exists € > 0 such that liminf, . p(f"(z)) = €, Vo € My. The map is said
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to be a-condensing (a-contraction of order k, 0 < k < 1) if f takes bounded sets
to bounded sets and a(f(B)) < a(B) (a(f(B)) < ka(B)) for any nonempty closed
bounded set B < X with «(B) > 0.

Theorem 2.4. [79, Theorem 4.1 and Theorem 4.7] Assume that f : X — X is
a-condensing. If f : My — My has a global attractor Ag < My, then f has a fized
point xy € Ag. The analogous result holds for an autonomous semiflow ®(t) : let P(t)
be an autonomous semiflow on X with ®(t)(My) < My, Vt = 0. Assume that P(t)
is a-condensing for each t > 0, and that ®(t) : My — My has a global attractor Ay.

Then ®(t) has an equilibrium xo € Ao, i.e., P(t)xg = xo, t = 0.
Theorem 2.5. [79, Theorem 4.5] Assume that
(1) f: X — X is point dissipative and p-uniformly persistent.
(2) ™ is compact for some integer ng = 1.
(3) Either f is a-condensing or f is convex k-contracting.

Then [ : My — My admits a global attractor Ay, and f has a fixed point in Ag.

2.2 Monotone dynamics

Let E be an ordered Banach space with an order cone P having nonempty interior

int(P). For x,y € E, we write:
e x>y ifx—yeP;
o x>y, if x —ye P\{0};
o x>y, if x —yeint(P).
The order interval is defined as: [a,b] := {z € E': a < x < b}, provided that a < b.
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Definition 2.6. Let U be a subset of E, and f : U — U a continuous map. The

map [ is said to be:
e monotone if x >y implies that f(z) = f(y);
e strictly monotone if x > y implies that f(z) = f(y);
e strongly monotone if x > y implies that f(z) > f(y).

Recall that a subset K of E is said to be order convex if [u,v] € K whenever

u,v € K satisfy u < v.

Definition 2.7. Let U < P be a nonempty, closed and order convex set. A contin-

wous map f: U — U is said to be:
e subhomogeneous if f(A\x) = \f(x) for any x € U and X € [0,1];

e strictly subhomogeneous if f(Ax) > \f(x) for any x € U with x » 0 and
Ae (0,1);

e strongly subhomogeneous if f(\x) > Af(x) for any x € U with x » 0 and
Ae(0,1).

Theorem 2.6. [135, Theorem 2.5.2] Assume that f : U — U satisfies either
(i) f is monotone and strongly subhomogeneous; or
(ii) f is strongly monotone and strictly subhomogeneous.

If f: U — U admits a nonempty compact invariant set K < int(P), then f has
a fized point e » 0 such that every nonempty compact invariant set of f in int(P)

consist of e.
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Recall that a continuous mapping f : X — X is said to be asymptotically
smooth if for any nonempty closed bounded set B < X for which f(B) < B, there
is a compact set J < B such that J attracts B. Denote the Fréchet derivative of f
at u = a by Df(a) if it exists, and let 7(D(f(a))) be the spectral radius of the linear

operator Df(a): E — E.

Theorem 2.7. (Threshold dynamics) [135, Theorem 2.3.4] Let V' = [0, b] with b > 0,

and f:V —V be a continuous map. Assume that
(1) f:V =V satisfies either

(i) f is monotone and strongly subhomogeneous; or

(i) f is strongly monotone and strictly subhomogeneous;

(2) f 'V — V is asymptotically smooth, and every positive orbit of f in V is
bounded;

(3) f(0) =0, and Df(0) is compact and strongly positive.
Then there exists threshold dynamics:
(a) If r(Df(0)) <1, then every positive orbit in V' converges to 0;

(b) If f(Df(0)) > 1, then there exists a unique fized point u* > 0 in V such that

every positive orbit in V\{0} converges to u*.

2.3 Basic reproduction number in periodic envi-
ronment

In the study of population dynamics, one of the most important quantity is the basic
reproduction number, Ry, defined as the expected number of new offsprings born

by a typical individual during its entire life. In a population, the basic reproduction
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number R serving as a threshold value to determine whether the population goes
extinct (if Ry < 1) or keeps persistent uniformly (if Ry > 1).

In this section, we present the theory of basic reproduction number for abstract
delay differential equations (including periodic and time-delayed reaction-diffusion
models) developed in [134]. Let 7 > 0 be a given number, X = C([—7,0],R™),
and X+ = C([—7,0],R7). Then (X, X*) is an ordered Banach space equipped with
the maximum norm and the positive cone X*. Let F': R — L(X,R™) be a map
and V(t) be a continuous m x m matrix function on R. Assume that F(¢) and
V(t) are T-periodic in t for some real number 7" > 0. For a continuous function

u:[—71,0) > R™ with o > 0, define u; € X by
ug = u(t +0),v0 € [—7,0]

for any t € [0,0).
By linearizing a population growth model at its population extinction equilibrium,
we have the following linear and periodic function differential system:

du(t)

= Fu—V(tu(t), t=0, (2.1)

where F'(t)u; describes the newly born individuals at time ¢ linearly dependent on
the reproductive individuals over the time interval [t — 7,t]. Further, the inter-
nal evolution of individuals in the reproductive compartments (e.g., natural deaths,
and movements among compartments) is described by the following linear ordinary

differential system:

= —V(tyult), t=0. (2.2)

We assume that F'(t) : X — R™ is given by

F(t)p = [ dn(t,0)]e(0), VieR, ¢eX,

—T
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where 7(t, 0) is an m x m matrix function which is measurable in (¢,0) € R x R and
normalized so that 7(¢,6) = 0 for all # > 0 and 7(¢,0) = n(t,—7) for all § < —7.
Further, n(¢,0) is continuous from the left in # on (—7,0) for each ¢, and the variation
of n(t,-) on [—7,0] satisfies Var_,qn(t,-) < m(t) for some m € L*((—o0, ), R),
the space of functions from (—0,0) into R that are Lebesgue integrable on each

compact set of (—o0,00). Since F(t) is T-periodic in ¢, it follows that

sup|F'(t)| = sup [F(t)]| < sup m(?).
teR t<T

0<i< o<t<T

We define the evolution operators U(t, s) on X related to system (2.1) as
U(t,2)p = w(s,0), VpeX, t>s sck,

where u(t, s, ¢) is a unique solution of (2.1) on [s,00) with us = ¢, i.e. u(s, ¢)(0) =

u(t +0,s,¢), ¥0 € [—7,0]. Then, each operator U(t, s) is continuous and
U(s,s)=1, U(t,s)U(s,r)=U(t,r),Ut+T,s+T)=U(t,s), Vt=s=r (2.3)

Let ®(t,s), t = s, be the evolution matrices corresponding to system (2.2), that

is, ®(t, s) satisfies

%@(t, s)=-=V(t)®(t,s), Vt=s, and P(s,s)=1, VseR,

and w(®P) be the exponential growth bound of ®(t, s), that is,
w(¢) = inf {dz :IM = 1such that|®(t + s,s)]| < Me*', VseR, t > 0}.

We assume that the initial distribution of new born individuals, v(t), is T-periodic
in t to allow for the periodic environment. For any given s > 0, F(t — s)v;_
is the distribution of newly born individuals at time ¢ — s, which is born by the

reproductive individuals who were matured over the time interval [t —s — 7, — s].
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Then, ®(t,t — s)F(t — s)v,_s is the distribution of those newborns who were newly
born at time ¢ — s and remain in the immature compartments at time ¢. It follows

that

foo O(t,t — s)F(t — s)vy_sds = foo O(t,t —s)F(t —s)v(t — s+ -)ds
0 0

is the distribution of accumulative newborns at time ¢ produced by all those repro-
ductive individuals introduced at all previous times to ¢.

Let C7 be the ordered Banach space of all continuous and T-periodic functions
form R to R™, which is equipped with the maximum norm and the positive cone
CF :={veCr:v(t) =0,Vt € R}. Then, we can define the following linear operator
on Cr by

o

[Lo] (t) = Jo O(t,t —s)F(t—s)v(t —s+-)ds, VteR, velr.

Then, the basic reproduction number for periodic system (2.1) is defined as the
spectral radius of L based on the theory of next generation operators [34, 113, 118],
ie.

RO = T(L)

The following theorem shows that Ry is a threshold value for the stability of the
zero solution for periodic system (2.1). Recall that U(T',0) is the Poincaré (period)

map of system (2.1) on X.

Theorem 2.8. [13/, Theorem 2.1] The following statements are valid:
(i) Ro =1 if and only if r(U(T,0)) = 1.
(1)) Ro > 1 if and only if r(U(T,0)) > 1.
(i) Ro < 1 if and only if r(U(T,0)) < 1.

Thus, Ry — 1 has the same sign as r(U(T,0)) — 1.
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Chapter 3

Age-structured tick population
growth subject to seasonal effects

3.1 Background

Ticks as the primary vector can transmit many tick-borne diseases such as anaplas-
mosis, babesiosis, Lyme disease, tularemia and so on [27]. For the sake of evaluating
the risk of tick-borne diseases, the population growth of ticks has attracted increasing
attentions. The lifecycle of ticks consists of four main stages, which are egg, larval,
nymphal and adult stage. Seasonal effects are recognised as pervasive factors gener-
ating the annual patterns of tick population dynamics particularly the survivability
during non-parasitic periods [90]. Consequently, a large amount of age-structured
models incorporating seasonal variations have been proposed to investigate tick pop-
ulation growth. A computational model with delays dependent on temperature was
formulated by Ogden and coauthors, who took into consideration of twelve tick mu-
tually exclusive states to investigate the effect of temperature on tick population
growth [89]. A continuous age-structured model of twelve ordinary differential equa-
tions was developed in [127] to study the persistence of tick population. Another
similar continuous model with seasonal temperature-driven development and host

biting rates estimated by temperature normals was formulated to evaluate differ-
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ent basic reproduction number at different locations of Eastern Canada [126]. By
utilising the delay differential equations (DDE) framework, Fan et al. proposed a
stage-structured DDE model to study the self-regulation in tick population growth
[37]. With consideration of time dependent developmental durations, Wu et al. de-
veloped a periodic DDE model with temporally periodic delays for tick population
in [128], where the chronological delays and the interstadial developmental delays
were linked. They studied the nonnegativity and boundedness of solutions to such a
system, defined the basic reproduction number Ry and computed it by a simple al-
gorithm, which can be applied to different scenarios [128]. Nevertheless, they did not
investigate the global dynamics, including the extinction, persistence and the global
stability of the positive periodic solutions to the model system in terms of Ry, which
motivates us to provide a rigorous mathematical framework to study the population
growth subject to seasonal variations on birth, death and development rates. Al-
though the study is presented in terms of tick population, it is worth remarking that
the theoretical framework is general enough for investigating population growths of
other species.

We organise the rest of this chapter as follows. In Section 3.2, we propose a
generalised hyperbolic age-structured model and show the existence and uniqueness
of the solution to this system. Then, the reduced periodic age-structured DDE model
with periodic delays from the hyperbolic model is derived in Section 3.3. When the
host populations for immature ticks, such as deers, white-footed mice, chipmunks
and shrews [92], are abundant and the density-dependent regulation of immature
ticks can be ignored. In Section 3.4, we prove the global existence of the solutions to
the new DDE model, define the basic reproduction number R as the spectral radius
of the next generation operator and establish the global attractivity of a periodic
positive solution by using the theory of monotone dynamical systems for the case
Ro > 1. In the case of considering the immature intraspecific competition, detailed
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proof of tick extinction and persistence in terms of Ry is provided in Section 3.5. A

brief discussion section is presented in the last section.

3.2 (Generalised hyperbolic age-structured model
and well posedness

In this section, we first generalise the McKendrick-von Foerster equation to obtain
a periodic hyperbolic age-structured model, and then show some preliminary results
related to this system including the uniqueness and existence of the solution. In
order to study the long term dynamic behaviour, we reduce the generalised periodic
hyperbolic system into a periodic age-structured DDE model with some reasonable

assumptions.

3.2.1 A generalised hyperbolic age-structured model

Let p(t,a) be the tick population density at time t of age a. The McKendrick-von
Foerster equation (also named Lotka-McKendrick equation [57, 70, 122]) is known
as a appropriate modelling framework for age structured population growth. In this
work, we attempt to extend it to the following system by incorporating seasonal

effects and intra-specific competitions.

(5 plt.a) = —u(n.a 57 alt, ), )ds) plt ),
q p0,a) = d(a), a =0, (3.1)

p(t,0) = b(t, §o p(t, s)p(t, s)ds), t=0.

\

Here, b(t, Sgop(t, s)p(t,s)ds) denotes the egg production rate, which depends on
time ¢ and population density p(¢,a) with a weight function p(t,a), the per-capita
mortality rate u(t, a, Sgo q(t, s)p(t, s)ds) varies with time ¢, age a and the population

density with another weight function ¢(t,a). Here and in what follows, the variable
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parameter functions including the birth function b, death function p and the weight
functions ¢ and p are all periodic in time ¢ with the same period T, taking the
seasonal effects on population growth into account. The function ¢(-) gives the non-
negative bounded initial age distribution of the population. It is very natural to have
the following general assumptions on the birth rate, death rate, initial and boundary

conditions as well as kernel functions:

(B1) Both the birth rate b(t,z) and the per-capita death rate pu (¢, a,z) are non-
negative and Lipschitzian functions with respect to the z variable with Lip-
schitzian constants b and ji respectively. Moreover, there exists a positive

constant fiyin, such that u (¢, a,x) = pmin > 0 for all x, ¢ = 0 and a = 0.

(B2) The inherent relationships between boundary condition and initial condition

must be satisfied, that is

(0.0 = 60) = 0 (0, [ p(0.5)0(6)a: ).

0

(B3) ¢(t,-) and p(t,-) are assumed to be non-negative in L[0, o0o].

Based on these assumptions, we can establish some preliminary results for the hy-

perbolic equation (3.1) as below.

3.2.2 Local existence and non-negativeness of solutions

In order to obtain the formulation of solutions for system (3.1), we will follow a more
readily comprehensible method of characteristics (for example Li and Brauer [70] and
[122]). Since the time variable ¢ is involved in the right hand side of the hyperbolic
equation and the boundary condition, a careful argument is needed and for reader’s

convenience.

22



Set p(h) := p(to+h,ap+h) and ji(h) := p(to+h, ag+h, Sgo q(to+h, s)p(to+h,s)ds),
where ¢y and ag are fixed. Differentiating p(h) with respect to h yields
dp(h) o 0

dh = (a + %)p(to + h, ag + h,)

o]

= —u(to + h,ap + h,J q(to + h, s)p(te + h,s)ds) (3:2)
0

that is

p(to + h, ag + h)

h o0

=p(to, ao) exp ( - f

q(to + r,s)p(to + 7, 3)ds)dr>.
0

w(to + ryag + r,f
0

In case where a > t, setting (to,a9) = (0,a —t) and h = ¢, it follows that

t 0

p(t,a) = p(0.a — t)exp ( _f

0

,u(r,a—t—Fr,J

. q(r, s)p(r, s)ds)dr)

t

=¢(a—t)exp<—f0p(r,a—t+r,f

0

09]

q(r, s)p(r, s)ds)dr> :

Similarly, in case where ¢ > a, setting (to,a0) = (t — a,0) and h = a yields

a Q0

p(t,a) =p(t — a,0) exp ( Jo u(t— a +r,r,f0 gt —a+r,s)p(t fa+r,s)ds)dr>

zb(t —a, JOO p(t —a, s)p(t — a, s)ds)

0

a Q0

X exp(—f ,u(t—a—l—r,r,f q(t—a+r,s)p(t—a~|—r,s)ds)dr>.
0 0
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Then, (3.1) can be rewritten as following equivalent integral equation:

Q0

p(t,a) :b<t —a, fo p(t —a, s)p(t — a, s)ds)

a o0

cexp (= [ ut—at o [ Calt—atropt - atn o)) ey (33)
0 0

t Q0

—l—d)(a—t)exp(—f

0

,u(r,a—t—i—r,f

Al 9)plr 9)ds)dr ) Lz

where the indicator function is shown as follows:

1, t>a=0, 0, t>a=0,
1{t>a} = and 1{a>t} =
0, a=t>=0, 1, a=t=0.
Next, we prove local existence and uniqueness of solutions to system (3.3) and hence

to system (3.1) in the light of Theorem 2.1 in [18].

Theorem 3.1. Let ©qg = ¢(-) € L, [0,0), then there exists ¢ > 0 and an open
neighborhood By < L[0,00) with o € By such that there ezists a unique continuous
function, x : [0,€) x By — L[0,00), where x(t, ) is the solution to system (3.3) with

x(0,2) = x.

Proof. Denote the set of all continuous functions from [0,€) x By to L[0,0) as

Y = C([0,€) x By, L[0,00)) with the norm | - |y defined by

Wy = sw | " ol 2)(a)lda,

te[0,¢e],xze By JO

where € > 0 and By < L[0, o) is a neighborhood of x, which will be determined later.
Let B be a subset of ) containing functions whose ranges lie in B < L[0, ), where

B =U(¢(-),r) is the closed ball of radius r centered around the initial function with
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the value of r to be determined later. Then, B is a complete metric space. Define

an operator A on B as follows: for any x = z(-) € By and n € B,

0

A)(t.2)() =b(t =~ a [ (e~ a.s)nlt - a,2)()ds)

0

a 0

X exp ( - J u(t —a+r, T‘,J qt—a+rs)nt—a+r, $)(s)ds)dr> 1gsa)
0 0

t 0

u(rya —t + T’,J q(r, s)n(r, :c)(s)ds)dr) L=ty

0

+x(a—t)exp<—f

0
(3.4)
If A admits a fixed point u € B such that Au(t,z)(-) = u(t,z)(-). Let p(t,a) =

u(t,z)(a), Ya = 0, then we have

o]

p(t,a) =b<t - a,fo p(t —a,s)p(t — a, s)ds)

a Q0

X exp < - f p(t—a—+r, r,f qt —a+rs)pt—a+r, S)ds)dr> | PP}
0 0

t

+x(a—t)exp<—J0u(r,a—t+r,J

0

0

(7. )5(r. 5)ds)dr ) Ls=.

Hence, p(t,a) satisfies equation (3.3), i.e. p(t,a) is a solution to (3.3) with p(0,a) =
¢(a).

The subsequent proof is to show that A is a contraction mapping on B, which

ensures the existence of a unique fixed point of A on B. This conclusion can be

achieved by the following three steps.
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Step (I): For any n € B, it follows from equation (3.4) that

[ 1aea) @ da

0

J
0
a o0

X exp < - f w(t—a+r, r,f gt —a+r,s)nt—a+r, x)(s)ds)dr) 1g>a)
0 0

b(t —a, JOO p(t —a, s)n(t — a, x)(s)ds)

0

t

+x(a —t) exp ( - Jo p(r,a—t+r, LOO q(r, s)n(r, CL‘)(S)dS)dT) 1{a>1y| da

00]

t o t
<bmaxj e Hminldq 4 f exp ( — J w(r,a —t+ ’I",J q(r, s)n(r, x)(s)ds)dr) |x(a —t)|da
0 t 0 0

1 — 7,U'mint 0
<bmax67 + J e_“mi"t|1:(a - t)|da
Hmin t
1 — e_umint
Sbypax——— + ||| < o0,
min
for all t € [0,¢€), where € is sufficiently small number, | - | is defined as Sgo |z(a)|da,

and bpax > 0 is the maximal value of b (Z, SSO p(t, s)n(t,z)(s)ds) on By since the birth
function is continuous in the closed region. Therefore, it can be concluded that

A(n) € Y for any n € B, that is, A : B — ).
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Step (II): Set By = B(o, g) with zg = p(0, -), then it follows that
[A()(E, ) — o
00
gl
a o0

X exp ( - J u(t —a+mrr, J gt —a+rsnlt—a+r, x)(s)ds)dr) 1g>a)
0 0

b(t —a, J‘OC p(t —a, s)n(t — a, :x)(s)ds)

0

t Q0

da

w(r,a —t+r, f q(r, s)n(r, x)(s)ds)dr) 1=ty — p(0,0a)

0

+9:(a—t)exp(—f

0

]_ — e_y‘mint 0
BRE
Hmin 0

4 00

z(a —t) exp ( - L p(r,a—t+r, L q(r, s)n(r, a:)(s)ds)dr)

Lia> — p(0,a)|da

1 — e_p/mint 0 t 0
st [ e (= [ atra= e | alr ot o))
Hmin 0 0 0

l{azt}’x(a —t)—p(0,a — t)’da

0
j
0

Note that

o]

exp < B Lt u(r,a —t+r, L q(r, s)n(r, x)(s)ds)dr) 1ia>130(0,a —t) — p(0,a)| da.

LOO exp ( - fot u(r,a —t+r, JOO q(r, s)n(r, x)(s)ds)dr) 1zpylz(a —1t) — p(0,a — t)|da

<[a(-) = p(0,-)],

and

LOO exp < _ Lt p(r,a —t + T,J;) q(r, s)n(r, x)(s)ds)dr) 1a=0p(0,a —t) — p(0,a)|da
< JOOO 1ia=030(0,a —t) [exp ( - f u(rya —t+r, LOO q(r, s)n(r, x)(s)ds)dr) — 1| da

o0
+ f |P(O, a— t)]-{aét} - P(O, a)‘ da.
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Hence the dominated-convergence theorem implies

09]

lim [ Lyp(0,a —1)
t—0 0

o]

exp ( - j:,u(r, a—1t+ T’,L q(r, s)n(r, x)(s)ds)dr) — 1| da = 0.

Therefore, if € is sufficiently small, the following inequality holds for all ¢ € [0, €):

exp < — Lt p(r,a—t+r, LOO q(r, s)n(r, x)(s)ds)dr) —1|da < —

o0
Li>np(0,a—1 .
Jo {>t}( ) 16

Since the set of all continuous functions with compact support is dense in L, there

exists a continuous function £ with compact support in [0, o) such that | p(0, ) —¢| <
r
16 Besides, the function with compact support vanishes at the boundary, which

indicates there exists a bounded and closed interval I < [0,00) such that {(y) = 0

for Yy ¢ I. Then,

e0)
| 1610.0 = 1102~ p(0.0)jda
0

< j 1p(0,a)|da + f (0,0 — ) — p(0,0)\da
< j 1p(0,a)|da + f p(0,a— ) — E(a— t)|da

+ [ lgta =0~ gGallda + [ le@ - pl0.0)jda

< [[Iot0.0)1da +2 [ le@ - 0. 0)lda + [ leta - 1) - o

0

T T T 3r

where € should be very small.

28



Hence,

r

00]
< J Liaztyp(0,a — 1)
0

o]

exp ( _ fot pu(rya —t + T,JO q(r, s)n(r, x)(s)ds)dr) 1i4>0p(0,a —t) — p(0,a)| da

0

exp < - f: w(rya —t + r,fo q(r, s)n(r, x)(s)ds)dr) —1|da

0
+ L ’p(ov a— t)l{azt} - p(O, a)‘ da

r 3r T

In summary, we have

1 — 7/'Lmint
HA<T]>(t7:E) - 'TOH < bmaxﬁ + H5L’<) — p(O, )H + % < 2 —+ g + 2 =7,

for all ¢ € [0, €), where constant € > 0 is small enough. Therefore, for any n € B, we

have A(n) € B, that is A : B — B.

Step (III): In the final step, we will show that A is a contraction mapping on B
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for € small enough. For any 7,7, € B, it then follows that

IA(m) (2t 2) — Aln2)(t, @)
<),

X exp ( — Jo u(t —a+ r,r,fo qt—a+r,s)mt—a+ r,x)(s)ds)dr)

0e]

b(t - a,JO p(t —a, s)n(t — a, x)(s)ds)

0e]

—b(t - a,fo p(t —a, s)na(t — a, x)(s)ds)

a Q0

X exp ( — fo u(t —a+r, r,fo qt—a+r s)nt—a+ r,x)(s)ds)dr)

g

—z(a —t)exp ( — Jot w(r,a —t+r, JOOO q(r, s)na(r, x)(s)ds)dr) Lia>t)
< f

0

—b(t - a,fo p(t —a, s)na(t — a, x)(s)ds)

1{t>a}da

t Q0

x(a —t) exp ( — L w(r,a —t+r, fo q(r, s)m (r, :L’)(s)ds)dr) L=t

da

0

b(t —a, L p(t —a, s)n(t — a, m)(s)ds)

o]

exp ( - fo u(t —a+ r,r,fo qit —a+rs)mt—a+r, x)(s)ds)dr)da

N fot b(t L fooo p(t —a, s)na(t — a, :c)(s)ds)

a 0

exp ( — Jo pu(t —a+r, r,fo qt—a+t,s)mt—a—+ r,x)(s)ds)dr)

0

—exp(—f u(t—a—i—r,r,fo q(t—a—l—r,s)ng(t—a—i—r,x)(s)ds)dr) da
0

+ fo x(a —t)| exp ( — Lt w(r,a —t 4+, JOO q(r, s)m(r, m)(s)ds)dr>

0

t 0

—exp ( — L pu(rya —t+r, fo q(r, s)na(r, x)(s)ds)dr) da
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<bf g Hmin® JOO p(t —a,s) |t —a,x)(s) —n2(t — a,z)(s)| dsda

0 0
t a
+ f bmaxf
0 0
Q0

— (t —a-+nrr, L q(r, s)n2(r, z)(s)ds)

+£wz(a—t)f;

- ,u(r, a—t+r, LOO q(r, s)na(r, m)(s)ds)

o]

u(t —a+rr, Jo q(r,s)ni(r, x)(s)ds)

drda

Q0

,u(r, a—t+r, J;] q(r,s)mi(r, x)(s)ds)

drda

t t ra
<bf e M psup [ — 2l da + bmaxf J Gsupft|m — nlldrda
0 0 Jo

o t
+ J z(a —1t) J QSup/anl — 2| drda
t 0

_ 1 — eflu'mint t2 B B
<psuprHm = 2] + 5 Gsuplibmax M — 2] + gsuptilz||m — n2||

min 2

_ 1 — e_umint t2 B B
< (psupb + *QSuprmaX + QSupt,U/“ﬂ) Hnl - 772”

Hmin 2

<€MH771 - 772”?

with some constant M > 0, peyp = sup {p(t,a)} and gep = sup {q(t,a)}. It is

a=0,t=0 a=0,t=0

T—e Y < |z —y|, Vr,y > 0 is used.

noted that, in the above proof, |e~
Thus, A is a contraction mapping on B when € is small enough. The contraction
mapping theorem guarantees the existence of a unique fixed point of A in B, denoted

by x. In conclusion, x(t,z) is the continuous solution to (3.3) on [0, €] x By with

x(0,z) = x for any z € By. O

We can easily check from the integral form (3.3) that this solution to (3.1) remains

nonnegative whenever it exists for any nonnegative initial value p(0,-). Hence the
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following theorem holds.

Theorem 3.2. Any solution to (3.3) through a non-negative initial value remains

non-negative for every a = 0 and all t = 0 on the interval of existence.

3.3 DDE model with time dependent delays

In this section, we shall reduce the hyperbolic equation into a system of delay differ-
ential equations, for which the tick population dynamics is easier to infer. However,
the reduction process involves careful biological justifications. We first assume some
age thresholds in order to stratify the tick growth into some discrete age stages,
and in this project, we divide the ticks into four stages, including egg, larval, pupal
and adult stages. Since the maturation age is determined by weather conditions,
and therefore two periodically time-dependent terms are introduced, which are the
developmental period and the chronological age. We use 7;(t) to denote the time pe-
riod needed for ticks to develop from the i-th stage (i = E, L, N, denoting egg-stage,
larval-stage and nymphal-stage respectively) to the (i + 1)-th stage (i +1 = L, N, A,
representing larval-stage, nymphal-stage and adult-stage respectively) at time ¢. In
general, 7;(t) is determined by ambient environment conditions and can be implicitly
considered as a periodic function of time ¢ with the period T'. That is, the ticks
developing to the (i + 1)-th stage at time ¢ were entering the i-th stage at time
t —7;(t). Likewise, the threshold age for each stage at the instant time ¢ is a periodic
function of ¢t with the same period 7" and we assume the maximum chronological ages
at time t are fg(t), fr(t) and fy(t) for egg, larval and nymphal stages respectively,
which are in order of increasing maturity (e.g. egg, larval and nymphal stages), that
is fn(t) = fo(t) = fe(t) for every t = 0. In addition, we assume the maximum
chronological age of adult ticks is a constant, ay.., rather than infinity as the life

span of ticks is between 2 to 4 years [13]. The relationships between time dependent
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threshold ages and time-varying delays can be formulated as follows:

fe(t) =TE(t),

fut) = 7o(t) + 75 (t = 70(t)) = 70(t) + fE (t — 7L(1)) |

§ IN@) =N () + 7Lt — TN (1) + TRt — TN () — 7Lt — T (D)) = T () + fr(t — TN (1),
1= f1.(t) = A =7,(0))(1 = [t —72(1))),

(1= /h(®) = @ =7y(6)A = fLE =7 (1))).

(3.5)

These relationships are illustrated in Figure 3.1 and interested readers can also find
another derivation for these relationships in [128].

Moreover, the following arguments guarantee that 7;(¢) must satisfy 1 —7/(¢) = 0

(1 = E, L, N). Indeed, this assumption is biologically reasonable since the following

relationship holds:

¢
J o(rydr=1, i=FE L N,
t

—Ti(t)
where o(r) is the developmental proportion at time r. After taking the derivative

with respect to ¢, we have

1—7i(t) = - o(t)

T A i:E7L7N7
(t —7i(t))

which indicates 1 — 7/(¢) > 0. Then, it is easy to check that 1 — f/(t) > 0 (i =
E, L, N). Experimentally, we can measure the developmental proportion to evaluate
the development duration by using the above relationship. However, in our model
system (3.8) presented later, we will use the chronological age thresholds f(¢) through
the identities in (3.5).

The population size for each stage can be computed as the accumulative density
between two age thresholds, in particular, we have the following mathematical ex-
pressions for the numbers of individuals within the egg (E(t)), larval (L(t)), nymphal
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. time
time

t>

t— 7L (t) =

t*(t) —4

t— TE(t) —4

A
age 1 fr(t) age

fE(t—7L(%))

(b)

t—TN(t) —

t1 (t) —]

to (t) —¢

Egg Larva ENymphE Adult

T e age

0

| fmt—n() - Tt =N (1) |
(c)
Figure 3.1: (a) At time ¢, the ticks reach the threshold age fz(t) and develop into the larval
stage. These newly developed larvae are grown from eggs laid at previous time ¢ — 75(¢). Thus,
the threshold age at time ¢ is fg(t) = ¢t — (t — 7g(t)) = 78(t). (b) At time ¢, the ticks reach
the threshold age fr(t) and develop into nymphal stage. These newly developed nymphs are
grown from ticks entering larval-stage at previous time ¢ — 77,(t) which were developed from eggs
laid at earlier time t*(t) = t — 7(t) — 7e(t — 72(¢)). Thus, the threshold age at time ¢ admits
fo@) =t —t*(t) = 7.(t) + Te(t — 7.(t)) = 7(t) + fe(t — 70(t)). (c) At time ¢, the ticks reach
the threshold age fn(t) and mature into adults. These newly developed adults are grown from
ticks entering nymphal-stage at previous time ¢ — 7y (¢) which were developed from larvae at earlier
time ¢1(t) =t — 75 (t) — 70.(t — 75 (¢)). Likewise, these larvae stem from eggs laid at previous time
to(t) =t —7n(t) =Tt — 7N () — TE(t — TN (t) — T.(t — T (t))). Thus, the threshold age at time ¢
is fn@) =t—to(t) =7n@E) + 7Lt —TN () +TE(E —TN () —TL(t — TN (1)) = TN () + frL(t — TN (E)).

Fo(t— 7N ()
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(N(t)) and adult stage (A(t)):

E(t) = SOE(t) p(t,a)da, L(t) = fr(0) p(t,a)da,

Je(t)
- ) (3.6)
= §ipw p(ta)da, A(t) = §70) p(t, a)da.

Since the solution of equation (3.1) is in L (0,0) based on Theorem 3.1 and 3.2,
the above terms are all well-defined and remain nonnegative when it exists for all
nonnegative initial values.

Next, we propose natural biological assumptions for the birth and death rates in
the hyperbolic equation (3.1). Since only adults give birth, b (¢, §5™ p(t, s)p(t, s)ds)
can be rewritten as b(t, A), a periodic function in ¢. This can be done by choosing

an appropriate weight function p(¢,a) in the general model (3.1) as follows.

1, if fy(t) < a < amax,

p(t.a) =
0, otherwise.

For individuals in each stage, they are subject to a natural death rate p;(t) and a
possible density dependent death rate (except eggs) D;(t,i(t))i(t) (i = L, N, A) due
to intra-specific stage competition [75]. This assumption can be formulated in the
general PDE equation by choosing an appropriate kernel function

p(t,a, §5" q(t, s)p(t, s)ds), that is

qe(t,a), if0<a< fp(t),
qL<t7a)7 if fE(t) <a<fL(t)v
qn(t,a), if fr(t) <a < fn(1),

qa(t,a), if fy(t) < a < amax-

q(t,a) = <

The value of ¢; (i = E, L, N, A represent egg, larval, nymphal and adult stages
respectively) is 1 if the ticks develop into the ¢ — th stage, otherwise the value takes

35



0. Furthermore, we choose the function p (t, a, ng‘”‘ q(t, s)p(t, s)ds) as the following

form:
pe(t), if 0<a< fe(t),
amax pr(t) + Dr(t, L(t))L(t), if  fe(t) <a< fr(t),
uitea | gttt = 3
0 un(t) + Dn(t, N ()N (), if  fo(t) <a< fn(?),
L 1a(t) + Dalt, A(t))A(t), if  fn(t) < a < amax-

Differentiating the equations in system (3.6) with respect to time ¢ on both sides

yields

— da + p(t, fe(t)) fp(t)

dE(t) ffE(t) op(t,a)

dt ), ot
=p(t,0) — p(t, fu(t)) — pe)E®) + p(t, f(t) fi(t)
=b(t, A(t)) — pet)E(t) — (1 = f5(t)p(t, f&(t)),

dL(t) fr(®) op(t,a) , /
) L o da ol SO0 — ol SO0

=p(t, fe(t) — p(t, fo(t)) — uo(t)L(t) — Dr(t, L(t)) L*(1)
+ p(t, fL()f1(t) = p(t, fe(t) fE(t)
=(1 = fe()p(t, fo(t)) — pr(t)L(t) — Dr(t, L(t))L*(t)

— (L= fL()p(t, fL(1)),
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In(t) a
B[ gt £y 0) (6=t D150

=p(t, fr(t)) — p(t, fn(t) — pv ()N () — Dy (t, N(t)) N*(t)
+ p(t, [ (@) iy (E) = p(t, fL(8) f1.(2)

=(1 = fL(®)p(t, fr(t)) — pn(E)N(t) — Dy (t, N () N*(t)
— (L= fn@)p(t, fn (1),

dA(t) [ dp(t, a) /
- Lw) —ada = plt, fn () fr(®)

=p(t, [n(t)) — pa(t)A(t) — Dalt, A(t))A*(t) — p(t, [ (1) fu (1)
=(1 = fx))p(t, () — pa(t)A(t) — Dalt, A(t)) A*(t).
To get the closed form of the above system, p(t, fi(t)) (for i = E, L, N) is evaluated

by method of integration along characteristics. Setting t = tg + h, a = ag + h and
V(h) = p(to + h,ao + h). Then,

dv(h) 0

0
- (& + %)P(t,a)

Amax

= —/ub(to-i-h,a() +]’L7J

alto + h, 5)p(to + h, $)ds) plto + h,ag + ) (3.7)
0

Amax

= —/L(to—Fh,CLo +h,J

g(to + h, $)plto + h, s)ds)V(h).

Integrating equation (3.7) from h; to hs, yields,

V(h2) = V(hl)e_ S:f #(to+r,ao+r, @max q(to—&-r,s)p(to-s-r,s)ds)dr‘
For t > fi(t), setting to =t — f;(t), h = fi(t) and ag = 0, for i = E, L, N, we have

Db F(0)) = plt— Fi(8), 0)e o Bt RO a0 )t 0475105
_ b(t . fz (t), A(t . fl(t)»ef Soi(w }L(t*fi(t)Jr'I‘,T‘,Sglnax q(tff,'(t)Jrr,s)p(tffi(t)Jrr,s)ds)dr'

37



Since we focus on the long-term behavior of population dynamics, the closed form
of the model for ¢ > fy(t) is obtained as follows.

dE(t)

g U6 AR) = e E®R) = (1= fp(®)b(t = fe(t), At - f5(1)))

fE(t) Gmax

X exp<7L u(t—fE(t) +T,T,L qit — fe(t) +7,8)p(t — fe(t) +r,s)d5)d7’)
=b(t, A(t)) — pe()E() — (1 = f5()b(t — fe(t), At — f&(t)))

exp (- f " u(t = fi(t) + r)dr)

0

=b(t, A(t)) — ne(t)E(t) — (1 — fp()b(t — fB(t), At — f&(1)))

t

exp ( — L—fg(t) ME(T)dT)7
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dL(t)

dt

t

~(1 = F®)ME ~ Fe(t), At fot) exp (- |

ME(T)dT>
t—fEe(t)

— pr(t)L(t) = Dr(t, L()L*(t) — (1 = fL(£)b(t — fr(t), At — fr(t)))

Gma.

exp ( _ JOfL(t) M(t — fo(t) + r,fo ’ q(t — fo(t) +7,8)p(t — frL(t) + T,s)ds)dr)

t

~(1 = T O~ et A~ o)) exp (= [ ()

t—fEe(t)

— pr(t)L(t) = Dr(t, L) L*(t) — (1 = fL(£)b(t - fr(t), A(t = fr(t)))

exp ( - Ltf " M(r, r— (t —T7L(t)), jamx q(r, s)p(r, 3)d3> dr)

0

t

~(1 = F®)ME - Fe(t), At folt)) exp (- |

ME(T)dT)
t—fEe(t)

= pr(t)L(t) = Dr(t, L()L*(t) — (1 = fL(£)b(t — fr(t), At — fr(t)))

¢ t—7r(t)

oo (= e+ Du L) [ (i)

—fr(?)

t

~(1 = F O~ Fe(t). A~ o)) exp (= [ ur(rdr)

t—fE (t)

= pr(t)L(t) = Dr(t, L)L () — (1 = fL(O)b(t — fo(t), At — fL(t))

¢ t—71 (t) t

exp (- j NG J o up(r)dr) exp ((~ J o D L(r)L(r)dr),
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AN(t)
dt

=(1 = fL®)b(t — f(t), At = fL(1)))
t—7r (t)

t
X exp(—f uL(r)dr—J uE(r)dr) exp(—f
t*TL(t) t*fL(t) t

— un (N () = Dy (t, N(O)N?(t) — (1 = fy ()bt — fn(t), At — fn(2)))

D (r, L(r)L(r)dr)

—TrL (t)

I (t) Gmax

X eXp(—JO M(t—fN(t) +T,T,L q(t — fn(t) +r,8)p(t — fn(t) +r,s)ds)dr>

t t—71 ()
~(1 = T3 )b~ Fut), Al Fule)exo (- |

t—T1r, (t)

pr(r)dr — f

uE(r)dr)
t—fr(t)

xep (= | DLRLODLIr) — (DN () - Du(t NOIN(0)
t—7r(t)

t

— (L= fn@®)b(t — fn(t), At = fn (1)) exp ( - f (un () + Dy (r, N(r)) N (r))dr

t—TN (t)
t—7n (t) t—Tn (£)—TL(t—7N (1))
- (12r) + Dur L)L)~ | ()
t*TN(t)fTL(thN(t)) t*fN(t)
t t—7r(t)
~(1 = W0 - 0.4 few (= [ puar= [ ppr)
t—7r(t) t—fr(t)

Dy (r, L) L(r)dr) = pun (N (£) = D (t, N(0)N*(1)

—TL (t)

xexp(—f
t
t

~ (L= FRNble = fle) Al — fv@Des (= [ uxrar

t—TN (t)

t—7n () t—Tn (¢)—TL(t—TN (1))
— J\ ,UJL('I")d"’ — J 'LLE(T)CZ’I")
t

=N (t)—TL(t—7n (1)) t—fn(t)

con (-

t t—7n ()

D (r, N(r))N (r)dr — J

t—7n (t) =7 (t—7N (1))

Dy (r, L(r) L(r)dr),

—TN(t)
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dixlit) = (1— fn(@®)b(t — fn(t), A(t — fn(t))) exp ( _J ()

t—TN (t)

t—7n (1) t—7n () —TL(t—TN (t))
- J wr(r)dr — J ME(’I“)d’F>
t

—TN (t)—TL (t—TN (t)) t—fN (t)

t

exp (- me D (r, N(r))N (r)dr — J

t—7n ()7L (t—Tn (1))

t—7n (1)

Dy (r, L(r))L{r)dr)

— pa(t)A(t) — Da(t, A1) A%(1).

There are two different expressions for p(t, f;(t)) for t > fi(t) and t < fi(t)
respectively. Since we focus on the long-term behavior of population dynamics,
without loss of generality, we study the case when ¢t > f;(t)(i = E, L, N), which is
feasible due to the boundedness of f;(¢). It follows from the integral form of the

solution 3.3 that when t > fy(t) (note that fy(t) = fr(t) = fr(t)), we have:

plt, Fil8)) = bt = £i(0), AGt — filp))e™ 8 (B0 mn sttt ryic)ir

Therefore, we can obtain a closed form, in terms of delay differential equations, to

describe the tick population growth when ¢ > fn(¢) :

o P AW) = peE() — (1= fe®)h ()bt = 5 (1), At = f&()),

A (1 00D~ Fo(0), Al — Fu(8) (L) ~ Dut, L0
— (L= FLO)ha(O)gn (6 L — fu0), At~ Fu0)
== L) ha(t)gr (4 DO~ fu(0), A~ f2(0))) — D (e, NN )
— AN ON() ~ (L= T O)ha()galt, LO, NOW(E — fv(0) At~ Fw(0)
P (0 F ) halga(t, L), N OB — (1), A~ f(1))

— pa(t)A(t) — Da(t, A1) A%(1),
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where
¢

hi(t) =exp ( - ftf o ME(T)d7”>a

ha(t) =exp ( — J: pr(r)dr — Jt_m(t) ,uE(r)dr),

—71,(t) t—fr(t)
t t—7n ()

hs(t) =exp < — J wun (r)dr — f wr(r)dr
t—TN (t) t—TN (t)—’TL (t—TN (t))

t—TN(t)—TL (t—TN(t))
— J ME(r)d'r),
t

—fn(t)
are probabilities surviving through natural death during development while

t

(b LO) =exp (= [ Dul L)L),

t—7r(t)

w6 LON@) —exp (— | Da NN (s

t—TN (t)

t—7n (1)
— L Dp(r, L(r))L(r)dr),

—TN (t) —TL (t—TN (t))

represent the probabilities surviving through additional death due to competition.
Alternatively, E(t), L(t), N(t) and A(t) can be expressed into integral forms.
Note that 7(t) is the developmental time for eggs at time ¢. Hence, the eggs at time
t consist of all eggs laid at previous time & with £ € (t — 7g(t),t) and survived to
time ¢. We have
t t Gmax
E(t) = Jt exp < - J u(r, a,f q(t, s)p(t, 3)ds> dr) b(&, A(§))dE

—7e(t) 13 0
(3.9)

[ e (= [ mstorin )it ateae

—TE

All the larvae at time ¢ are developed from eggs laid at previous time (£ — fg(&))
with £ € (t —71(t),t) and successfully survived in the egg stage for 75(€) (i.e. fr(§))

time period, then matured into larvae with a “maturation rate” (1 — 75(£)) at time
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¢ and remain alive in the larval stage until time ¢. Thus, the number of larvae at

time ¢ can be expressed as follows.

L) :f exp (- L th(g)u(r, a, fqu(t, $)o(t, 5)ds)dr)

—7r(t)

b(& — fr(€), A€ — fr()(1 — TR(£))dE
5 (3.10)

_ f exp (- f(m(m+DL<r,L<r>>L<r>>dr—f pe(r)dr)

—7L(t) 3 §—fu(8)

b(& — fe(€), A(§ — fe(€))(1 — fE(§))ds.

Similarly, nymphs at time ¢ contain all newly developed nymphs at previous time
¢ with £ € (t — 7n5(t),t) and survived to time ¢. These newly developed nymphs
are grown from larvae produced at time (§ — 71(£)), which developed through 77 (€)
time period in the larval stage and matured into nymphs at time £ with “maturation
rate” (1 — 77 (§)). Likewise, the larvae produced at time (£ — 71,(£)) come from the
eggs laid at time (& — 7.(€) — TR(§ — 72.(£))), i.e. (& — fr(§)), which experience
through (75(§ —7(£))) time period and matured into larvae at time (§ — 71(&)) with
“maturation rate” (1 — 75(£ — 72(£))). Therefore, the total number of nymphs at

time ¢ is given as follows.

N(t) = Lt exp ( - Lth(g) ,u(r, a, Lamax q(r, s)p(t, s)ds) dr)

—TN (t)

b(€ = fr.(€), A(§ = fL(©))(L — () (1 — TR(€§ — (£)))d8

£

- f_w(t) exp ( B Lt(MN(T) + Dy (r, N(r))N(r))dr — L_TL(g)(ML(r)

E—7L(§)

+ Dr(r, L(r)) L(r))dr — f ME(T)dT>b(§ — fL(&), A& — fr(£)))(1 = fr.(€))d¢.

E—fL(§)
(3.11)

While for adult ticks, the total number A(t) can be computed in the following

43



integral form:

t

A —exp (- | <u,4<f>+DA<5,A<§>>A<5>>df)[ | @ = firenmie - av(o). A - fu(e)

0

'3
% oxp ( _ f (un(r) + Dy (r, N(r))N () dr
E—7n(8)

E—7n (&)
- f (ui(r) + Di(r, L(r)L(r))dr
E—Tn(&)—TL(E—TNn(E))

E—Tn(€)—TL(—Tn () 3
- f pp(r)dr) exp (J ua(r) + Dalr, A(r) A(r))dr ) dg + Ao
E—fn(8) 0

9

(3.12)
where Ay = A(0) is the initial value of A(t).

Combining with the relationships between f;(t) and 7;(¢t) (i = E, L, N) shown in
(3.5), it is easy to check by differentiation that the system of integration-differential
equations consists of (3.9), (3.10), (3.11) and (3.12) is equivalent to the system (3.8).

We would like to draw readers’ attention the fact that a similar model system
was formulated in project [128]. The main focus of the current project is on the
mathematical analysis of this kind of model system to get the global properties of
solutions. Moreover, we will link the relationships between the basic reproduction
number and the population dynamics of ticks. Here, we reformulate the model
system for readers’ convenience. In the subsequent section, we will first investigate
the dynamics of a special case for (3.8) when the immature intra-specific competition

is not considered.

3.4 Global dynamics without immature intraspe-
cific competition

We will establish the global stability in terms of the basic reproduction number for a

special case when there is no intra-specific competition in the immature stages, which
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means the density dependent death coefficients D;(t,i) (i = L, N) take 0. Indeed,
this assumption makes sense in biology when the host community, which includes
a group of small mammals such as deers, white-footed mice, chipmunks and shrews
[92], is very rich. If the host density is very high, the intra-specific competition during

immature stages can be ignored and system (3.8) can be reduced into the following

PO bt AD) — ms(B) — (1~ o) (1000 ~ F(0), Al (1),
T (0 DR (00— Fole), A~ Fo(0)) — e )00

= (L= FEDhat)blt — fo(0), At~ f2(0))
AN (t)

— = (L= fL@)ha(0)b(t = fr(2), At = fr(t))) — ux ()N (D)

— (1= fy(@)hs()b(t — fn (1), At — fn (1)),

dA(#)

— = (L= Sa(O)hs(Db(t = (D), At = [n(£))) = ia()A(t) = Dalt, A1) A%(1).

(3.13)
Since variables E, L and N in system (3.13) do not appear in equation related to A,
it suffices to study the decoupled system:

diliit) = (1 — f]lv(t))hg,(t)b(t — fN(t), A(t — fN(t))) — MA(t)A(t) _ DA(t,A(t))A2(t)_

(3.14)

To investigate the long-term dynamics of system (3.14), we make the following

assumptions:
(H1) The birth rate b(t, A) satisfies:

(i) b(t,0) = 0, é’béi,l()) = B(t) > 0 for all t € R, where (t) is a T-periodic
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continuous function;

ob(t, 0)

oA A

(i) b(t, A)is increasing with respect to A for all A > 0 and b(t, A) <

B(t)A for all (t,A) e R x R,.

(H2) The per-capita natural death rate 4 () and density dependent death coefficient
D 4(t, A) are non-negative T-periodic continuous functions with respect to time

t. In addition, Da(t, A) is non-decreasing with respect to A.

(H3) There exist positive constants Dy, and A* such that b(t, A) < A and D4(t, A) >

Dyin hold for all £ € R when A > A*, where 3 = H[l(?j}f]ﬂ(t).
telo,

Let f = maxXepo,r] fv(t), define X := C’([—f, 0],R) with the norm |¢|x =

max [¢()|g. Then X is a Banach space. Let X+ = C([—f,0],R*), then (X, X*)
0e[—£,0]

is a strongly ordered space. Given a function w(t) : [-f,0) — R for o > 0, define
w, € X by w,(0) = w(t +6) for all @ € [—f,0] and t € [0,5). We firstly verify the

global existence of the solution to system (3.14).

Lemma 3.1. A unique solution A(t) of system (3.14) exists globally on [0,0) with
the initial data ¥ (0) € X*. Moreover, system (3.14) generates a T-periodic semiflow
Uy Xt — Xt e U ()(0) = A(t+0;¢), Vipe XT,t=0, 0 [—F,0].

A~

Proof. Set A** = max{ AN, A*}, where 4y = ma%](l — fn(t)). Based on as-
tel0

min €[o,
sumptions (H1) and (H3), we can show that [0, pA**] is positively invariant for system
(3.14) with any given p > 1, that is, the unique solution A(¢) with 0 < A(f) < pA**
satisfies 0 < A(t) < pA** for all ¢ > 0 and for any 0 € [—f,0]. It easily follows
from Theorem 3.2 that A(t) is nonnegative. We claim A(t) < pA** by argument

of contradiction. Assume the contrary, there exists t, such that A(t) < pA** when
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aA()

t < to, while A(ty) = pA™ and
dt to

> (. However, it follows from assumptions
(H1) and (H3) that

%}Et) t0 < (1 — fi(to)blto — f(to), Alto — fn(to))) — Dalto, Alto)) A% (to)

< 'AYNBIOA** - Dmin(pA**)2 < 0.
Therefore, A(t) € [0, pA**] for all ¢ provided that 0 < A(f) < pA** for any 0 €
[—f,0]. Due to the arbitrariness of p (can be as large as you wish), the non-negativity
and boundedness of solutions of system (3.14) hold in [0, c0). Thus, a unique solution
A(t) of system (3.14) exists globally on [0, 00) with the initial data ¢ (0) € X .

Define the solution map of system (3.14) as
Wi(y) = A(t +6;9),¥t > 0,0 € [ f,0], ¢ € X",

where A(t; 1)) is the solution of system (3.14) with the initial data (6) for all 6 €
[— f ,0]. Due to the periodicity of the variable coefficients, it easily follows that ¥,

is a T-periodic semiflow on X 7. O

3.4.1 The basic reproduction number, R,

It follows from the assumption (H1) that system (3.14) has the extinction equilibrium
0. The linearized system of system (3.14) at the population extinction equilibrium
is shown as follows:

dA(t)

Lo = (L= O)hs(0)5(E = fn(O)AG — () — pa®A®).  (315)

Since all time-dependent coefficients are non-negative T-periodic functions, both
systems (3.14) and (3.15) are T-periodic. Let Cr be the ordered Banach space of all
T-periodic continuous functions from R to R, which is equipped with the maximum

norm | - || and the positive cone

Cl ={peCr:o(t) =0, VteR}.
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Let F(1)(6) = (1~ fi(D)hs(DB(E — fn(8)6(~fn(8)) and V() = pa(t), then the
next generation operator £ : Cp — Cr is defined as

[Lo] (t) = JOO e S VIdrp(t — s)g(t — s + -)ds

0

R Ty

Bt —s— fn(t—9))p(t —s— fn(t —s))ds.

We then define the basic reproduction number as the spectral radius of L, i.e.
Ro = r(L). Let P(t) be the solution maps of the linear periodic equation (3.15) on
X, that is, P(t)¢ = wy(¢), t = 0, where w(¢)(0) = w(t + 0,¢), V0 € [—f,0], is
the unique solution semiflow of (3.15) satisfying wg = ¢ € X. Hence, P := P(T)
is the Poincaré map associated with system (3.15). Let r(P) be the spectral radius
of P. The following Lemma shows that the system admits a special solution, which
is the key technique for investigating the long-term dynamics in later proofs. The

argument below is motivated by the treatment in [130].

Lemma 3.2. There exists a positive T-periodic function v(t) such that w(t) = e*wv(t)

Inr(P)
T

is a positive solution of (3.15), where p =

Proof. Since (1 — fy(t))hs(t)B(t — fn(t)) > 0, then P is a positive operator on
X. It then follows from Krein-Rutman theorem [47, Theorem 3.1] that r(P) is an
eigenvalue of P with a positive eigenfunction ¢*. In addition, it is easy to check that
the linear operator P is strongly monotone when ¢ > 2 f . Therefore, there exists an
integer n, such that nT" > 2 f , guaranteeing that P" is strongly positive and compact.
Applying Krein-Rutman theorem again, we can get the spectral radius of P", r(P"),
is a simple eigenvalue of P" with a strongly positive eigenfunction ;. It is noted
that P"p* = r(P™)yY* = (r(P))"* = P™p%. Then, we have ©* = so10* » 0 for some
positive constant sg. Thus, it can be concluded that ¥* >» 0.
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nr(P)

1
Let u = . Suppose w(t) is the particular solution of (3.15) through *,

that is w(f) = ¥*(0) and w(T + 0) = P(¢*)(0) = r(P)y*(0) for all 6 € [—f,0]. Let
v(t) = e #w(t), then v(0) = e *w(h) = e #1)*(0) for all # € [—f,0]. Furthermore,
for all 6 € [—f, 0] we have

V(T +6) = e M0y (T 4 0) = e PT0r(PY*(0) = e H09p* (6) = v(8).
Based on the uniqueness of solutions, we know v(¢) is periodic and w(t) = e**v(t). O

3.4.2 Global dynamics in terms of R

We will show the main focus of this section, that is, the positive periodic solution is
globally attractive when Ry > 1. To do this, we will employ the theory of monotone
and subhomogeneous semiflows [135, Section 2.3]. To employ this result, the key idea
is to show that the periodic semiflow of the decoupled system (3.14) is (eventually)
strongly monotone in a suitable phase space. However, in the natural space X :=
C([—f,0],R), the periodic semiflow is monotone but not strongly monotone. As a
matter of fact, a solution periodic semiflow @, can also be defined through a new
phase Y := C([—fn(0),0],R) with maximum norm | - | and positive cone Y :=
{p € C([—fn(0),0],R) : ¢(#) = 0}, see [77]. Then we can show that the periodic
semiflow @, is strongly monotone and strictly subhomogeneous. Now we have two
phase spaces for (3.14), X and Y with the following observation for the solution in

these two phase spaces [77, Lemma 3.3 and 3.5]:
Alt,¢) = A(t, ), ¥ € X, Yo Y, provided that 6(6) = 4(6), ¥6 < [ x(0),0).

However, since different phase spaces are used, Ro may not determine the stability
of the linear periodic system of (3.14) on Y. It is necessary to prove the equivalence
of stability properties for the linear periodic system of (3.14) in two different spaces.

Recall that P(t) is already defined as the solution map of linear periodic system
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(3.15) on X in the above proof. We denote Q(t) as the solution map of the linear
periodic system of (3.14) on Y. Let Q := Q(T) be the Poincaré map related to
system (3.15) on Y. Its spectral radius is denote by 7(Q). The following lemma

reveals the equivalence of stability properties for the linear periodic system in these

two spaces, which can be obtained by an argument similar to that in [77].

Lemma 3.3. Poincaré map P and Q has the same spectral radius, that is, r(P) =
r(@Q).
The subsequent two theorems show that @, is a strongly monotone and strictly

subhomogeneous periodic semiflow in Y.

Theorem 3.3. For any ¢1 and ¢ in Y with ¢1 > ¢ (that is, ¢p1 = ¢o but ¢1 #
®2), the solutions uy(t) and us(t) of system (3.14) with ui(-) = ¢1 and ua(-) = ¢e,
respectively, satisfy uy(t) > uy(t) for all t > f, and hence Dy () » i)t(@) inY for
all t > 2f.

Proof. 1t is easy to prove uy(t) = wug(t) for all ¢ > 0 by a repeated comparison
argument on each interval [nfx(0),(n + 1)fx(0)], n € N. Since w,;(¢) (i = 1,2) is
bounded on [0,00), then u;(t) (i = 1,2) can be restricted in an order interval [0, h]
for all ¢ = 0, where h is a positive real number. Hence, we can construct a function
g(t, A) = —pa(t)A— Da(t, A)A* + HA, where H > 0 is a large number to guarantee
g is increasing with respect to A when A € [0, h]. It is noted that u;(t) (i = 1,2) for
all ¢ > 0 satisfies the integral equation:
t
A(t) =e T A(0) + L e =9 (s, A(s))ds

| (3.16)
e s hals)bs ~ (o), Als — Fo(s))ds.

0
It is apparent that [—fx(0),0] < mA([0, f]), where ma(t) := ¢t — fn(t) is increasing
with respect to ¢t € R. Since ¢ > ¢, there exists an n € [—fx(0),0] such that
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ui(n) > ug(n). It follows from equation (3.16) and the comparison theorem [105,
Theorem 5.1.1] that ui(f) > us(t) for all ¢ > f. Thus, the solution map ®; is

strongly monotone if t > 2 f . O]

Before conducting the proof of strictly subhomogeneous, we need to make some

assumption about the birth rate b(t, A), that is,
(S1) The birth rate b(t, A) can be expressed as follows,
b(t,A) = B(t,A)A,
where B(t, A) is the per-capita birth rate and nonincreasing in A for all ¢ € R.

This assumption is reasonable for ticks according to [89], as the per-capita birth rate
for ticks is decreasing with respect to the number of adults due to host grooming or
host resistance. With this assumption, we can show that ® is strictly subhomoge-

neous by the following theorem.

Theorem 3.4. For any ¢» » 0 in Y and any r € (0,1), the following two results
hold, that is,

(i) u(t,rv) > ru(t,v) for allt > f;
(i) ®n(r) » rdu(y) in'Y, where the integer n satisfies that nT > 2f.

Proof. Let u(t, 1) be the unique solution of system (3.14) with ug =1 » 0in Y. For
notational simplification, we use w(t) = u(t, 1) and v(t) = ru(t,). It then follows
from Theorem 3.2 that u(t) > 0 and v(¢t) > 0 for all £ > 0 and w(0) = ry(0) = v(0)
for all 8 € [—fx(0),0].
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Note that

dv

=iy == F3(0)hs(0) B0 = fiv(0), u(0 = fx(0)))u(0 = f(0)) = pa(0)v(0)

<(1 = fx(0))h3(0) B(—fn(0), ru(—fn(0)))v(=fn(0)) — 1£4(0)v(0)
— D 4(0,u(0))v*(0)

<(1 = fy(0))hs(0)B(=fn(0), ru(=fn (0)))v(=fn(0)) = pa(0)v(0)
— D4 (0, ru(0))v*(0)

=(1 = f3(0)h3(0)b(—fn (0), w(=Fn(0))) = 14 (0)w(0) — Da(0,v(0))w*(0)
_dw
Cdt li=0
It follows from w(0) = v(0) > 0 that there must be an £ € (0, f) such that w(t) >
v(t) > 0 holds for all ¢ € (0,£). We can further conclude that w(t) > v(t) holds for

all 0 < t < fn(0). If we assume the contrary, then there is a ¢ € (0, fx(0)] such

dw
2 -
t=f dt

) o d
that w(t) > v(t) for all ¢ € (0,7) and w(#) = v(#), which indicates d—;’

t=t
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However,

dv

il == IO ha (DB~ fa(E), ulE — fx(D))ull ~ (D) = pao()

<(1— fyE)hs(O)B(E — fn(t),u(t — fn ()0 — fn () — pa(t)v(?)
— Da(E, u(®)o* ()

<(L— fy@)ha(O)B(E — fu (@), ru(t — fn())o(t — fn (D) — pa()v(D)

— Dy(t, ru(t))v* (1)

=(1 = fx@)ha(Db(F — fu(E), w(t — fx () — pa(B)w(E) — Dalt, w())w(f)
_dw
dt li=t’
which is a contradiction. Similarly, we can repeat this procedure to prove w(t) > v(t)
forallt € (nfy(0),(n+1)fn(0)], where n can be any integer. Note that t— fx(¢) > 0
when ¢ > f. Thus, u(t,r) > ru(t,¢) for all t > f and ®2(r¢)) = Spp(re) >

r®, (1) = r®%(1h) in Y, where the integer n satisfies that nT > 2. O

We now prove the global stability of system (3.14) when Ry > 1 bu focusing on
the positive cone Y := {¢ € C([—fn(0),0],R) : ¢(0) = 0}.

Theorem 3.5. If Ry > 1, then system (3.14) has a unique positive T-periodic

solution A*(t), which is globally asymptotically stable in Y *\{0}.

Proof. Note that ®; can be regarded as an noT-periodic semiflow in Y+ if we choose
proper integer ng such that ngT > 2 f . It follows from Theorems 5.2 and 3.4 that @nOT
is a strongly monotone and strictly subhomogeneous map on Y *. It is shown that the
sign of Ry—1 is the same as 7(D®,,,1(0))—1 [134], where r(D®,,,7(0)) = 7(Q(noT)) =
(r(@))™. Based on [135, Theorem 2.3.4] for periodic maps, if r(D®,,7(0)) > 1,
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system (3.14) admits a unique positive ngT-periodic solution A*(t), which is globally
asymptotically stable for system (3.14) in Y *\{0}. In addition, A*(¢) is T-periodic.

This is true since
O (Dryp*) = D (PRY*) = Bp(Pgrtp*) = r(1h¥),

where ¢* = A} € Y guarantees J:)nOTw* = ¢*. It follows from the uniqueness of
positive fixed point of &D%O = fl:DnOT that ®7¢* = ¢* holds. Thus, A*(t) is a T-

periodic solution of system (3.14). O

Based on the information about the undecoupled equation (3.14) for A(t), we can
also deduce the solution property for other variables E(t), L(t) and N(t) by their

integral expressions:

£ = [ e (= [ netorin)ite. A

3
s - a-seen (- [ [ i)
bE — fo(6), A€ — fu(€)))de,
N(t) = f t_w)u ~ JhE@)esp (- L () L E_m pin (r)dr — L gf((j pis(r)r)

b(€ — fr(&), A(§ — fL(€)))dE.
It easily follows from the global stability of A(t) that

lim [E(t) — E*(t)] =0, thj& [L(t) — L*(t)] =0, and lim [N(t) — N*(t)] =0,

t—00 t—0o0
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where

0= e (= [[ustorin)ie e

—TE

3

po - <r<&@»wp(—£uamm—j‘ (1)

—7(t) §—fe(8)

b(€ = fu(£), A*(§ — fu(£)))ds,

t 3 E—7(§)

pr(r)dr —J /LE(T)dT’>

§=fL(é)

pn (r)dr — J

E—71(8)

N“ﬂ=ﬁt <1—ﬁ@»wp(—j

—7n(t) 3

b(€ — f(&), A*(§ — fL(€)))dE,

are all positive T-periodic functions. Thus, the global attractivity of the full system

(3.13) can be obtained.

Theorem 3.6. If Ry > 1, then system (3.13) has a unique positive T-periodic
solution (E*(t), L*(t), N*(t), A*(t)), which is globally attractive for all nontrivial

solutions.

3.5 Dynamics under immature intraspecific com-
petition

Under the consideration of competitions among immature individuals, the model
(3.8) is composed of four coupled delay differential equations with time-dependent
delays. We will conduct a series of rigorous analysis including the well-posedness and
threshold dynamics in terms of the basic reproduction number, which constitutes the
main focus of our project. To investigate the long-term dynamics of system (3.8),
we make the additional assumptions for the immature mortality rates based on the

assumptions made in last section:

(C1) All the mortality rates including per-capita natural death rates p;(t) (i =
E,L,N) and density dependent death coefficients D;(t,4) (i = L, N) are non-
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negative T-periodic continuous functions with respect to time ¢t. In addition,

D;(t,1) is non-decreasing with respect to i for i = L, N.
Define C := C([—f,0],R*) with the norm |¢lc; = max |¢(0)]lz- Then Cf is a
0e[—f,0]

Banach space. Let C’;{ — C([—1,0], R?%), then (CY, C’Jf) is a strongly ordered space.
Given a function u(t) : [—f,0) — R* for o > 0, define u; € Cj by w(0) = u(t + 0)

for all § € [—f,0] and t € [0, 5). Before exploring the long-term dynamics, we firstly

verify the global existence of the solution to (3.8) defined on.

Lemma 3.4. A unique solution (E(t), L(t), N(t), A(t)) of system (3.8) exists globally
on [0,00) with the initial data ¢(0) € C;{. Moreover, system (3.8) generates a T'-

periodic semiflow P, : C;{ — Cff, i.e. Dy(p)(0) = (E(t+0;0),L(t + 0;0), N(t +

~

0:0), A(t+6;¢)), Vo e C1, £ >0, 0 e [~f,0].

Proof. Based on assumptions (H1) and (H3), we can show that [0, pA**] is posi-
tively invariant for the last equation of system (3.8) with any given p > 1, which is
analogous to the proof of Lemma 3.1 in the previous section.

Likewise, E(t), L(t) and N(t) are bounded since

t

p<|  eaenes [ seaeE < propa

dt—TE(t) t—TE(t)

L <[ = Rl — fole), Alt — fole))de

Jt—T1p, (t)

<[ r©)BE - Fol€) A€ — fo()dE < prrAmBA™,

J t—TL (t)

N < [ (= OB = £u6), At — £o(€)))de

Jt—TN (t)

N

[ (- OB — ()A€ — Fu(€))de < piniuBA™,

t—TN (t)

(.
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here 75 = ), 7 = ), Ay = 1), A = 1 — f.()) and
where 75 trer[l(%%c]m(),n trer[lg%c]n(),m trer[l(%%c]m(),%z trer[l‘%( fE(t)) an

4 = max (1 — f1(t)). Hence,

S = C([_.]E7 0]7 [O7p7:EBA**] X [07p7:L;}/E'BA**] X [0,)07A'N”A}/LBA**] X [OJpA**])7

is positively invariant for system (3.8). Due to the arbitrariness of p (can be as large
as you wish), the non-negativity and boundedness of solutions of system (3.8) hold in
[0,0). Thus, a unique solution (F(t), L(t), N(t), A(t)) of system (3.8) exists globally
on [0,00) with the initial data ¢() € C;{.

Define the solution map of system (3.8) as
1(9) = (B(t +0:), L(t +0:0), N(t +0:0), A(t +6:0)),¥t > 0,0 € [-f,0], 0 € C,

where (E(t;¢), L(t; ), N(t; ¢), A(t; ¢)) is the solution of system (3.8) with the initial
data ¢(6) for all @ € [—f,0]. Due to the periodicity of the variable coefficients, it

easily follows that ®; is a T'— periodic semiflow on C;{. O

It follows from the assumption (H1) that system (3.8) has the extinction equilib-
rium (0,0,0,0). The linearized system of system (3.8) at the population extinction

equilibrium is shown as follows:

%Et) = BOA() — pet)E@) — (1 = fe)hi(D)B( = fe(t) At — f(t)),
dfl—ftt) = (1= fp(0)m )8t — fe(t) At — fe(t) = p(t)L()
— (1= fr(0)ha(t)B(t = fL()A(t — fL(1)),
(3.17)
djgft) = (L= fL())ha(t)B(t — [L(6))A(t — fr(t) — un(t)N (1)
— (1= fy@)hs()B(t — fn () At — fn (1)),
%@ = (1= fy(EDha(D)B(t = () At = f(t) — pa()A().
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The last equation in (3.17) is decoupled, giving a linear scalar delay differential

equation as below:

dA(#)

o = U= In@)hs(0)5( = [ () Al = v (t)) = na(t)A(D).

Note that the linearized system for system (3.8) at the population extinction equilib-
rium is precisely (3.15). Therefore, the formulation of the basic reproduction number,
Ry, serving as a threshold parameter, and the related theoretical results involving

Lemma 3.2 in the previous section remain valid.

3.5.1 Extinction and persistence

The following theorem deals with extinction and uniform persistence in terms of Ry.

Let
My := {¢ = (¢17¢27¢37¢4) € Cf : qbz(()) >0,Vie {17273’4}}7

and
aMo = Cf\MO = {¢ = (§Z§1, ¢2,¢3, (b4) € Cf,QbZ(O) = O,fOI' some 1 € {1, 2,3,4}}

Theorem 3.7. Let (H1 — H3) and (C1) hold. Then the following statements are

valid:

(1) If Ry < 1, then the population extinction equilibrium (0,0,0,0) is globally

attractive for system (3.8) on Cj.

(2) If Ry > 1, then system (3.8) admits a positive T -periodic solution
(E*(t), L*(t), N*(t), A*(t)) in My and there exists a real number n > 0 such
that the solution (E(t), L(t), N(t), A(t)) with ¢ € My satisfies lign inf i(t) = n
—00
fori=FE L N,A.
Proof. In the case where Ry < 1, we have r(P) < 1 since sign(Ro—1)=sign(r(P)—1)

in light of [134, Theorem 2.1]. Based on Lemma 3.2, there is a positive T-periodic
58



function v(t) such that w(t) = e*wv(t) is a positive solution of (3.15), where pu =

Inr(P)

< 0. Then, the positivity of A(t) and assumption (H1) indicate that

L < (L F)ha(00t — f(e), Al = Sy(0) ~ alD ALD)

< (L= fn@)hs()B(t = fn(0) Al = fn (1)) — pa(t)A(R),

since

() exp ( - f

Hence, the comparison theorem [105, Theorem 5.1.1] implies that there exists a

t t—7 (t)

Dy (r,N(r))N(r)dr —J

t—TN (t) —Tr (t*TN (t))

D (r, L(r))L(r)dr) < hs(t).

7TN(t)

constant K > 0 such that A(f) < Ke"®v(0) for all —f < 0 < 0 guaranteeing that
A(t) < Kw(t) = Ke'o(t),

and further, tli_gloA(t) =0.

Besides, based on equation (3.9), (3.10) and (3.11), it follows from assumption (H3)

that

t

Bty <[ be A < j BIEAE)E,

Jt—7p(t) t—7E(t)

L) <[ (= Fbe = fule), Ale — Fole))de

Jt—T1r, (t)

<[ 4mBle - F€)AE - Fu())de,

Jt—T1, (t)

NO <[ (1= FEBE— £u(6), Ale — Fu©)de

t—7n (1)

(-

[ LB~ fE)AE - fL0)de.

thN(t)

N

(&

Thus, when Ry < 1,

lim (E(t), L(t), N(t), A(t)) = (0,0,0,0).

t—00
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In the case where Ry > 1, we have r(P) > 1. Then, there exists a sufficiently

small € > 0, such that r., the spectral radius of the Poincaré map corresponding to

u'(t) = (1= fy(@)hs(t)(B(t = fn (1) — ult — fn (1)) = (palt) + €u(t),  (3.18)

satisfies r. > 1. Similarly, there is a positive T-periodic function v¢(t) such that

Inr,

u(t) = e*Mve(t) is a positive solution of equation (3.18) with \ = > 0.

Based on the continuity of g(¢, -, ) and differentiability of b(¢, -), for any € > 0, we

can choose a sufficiently small number 7; > 0 such that for all i € [0, 7] (¢ = L, N, A)

ab(t,0)
0A

92(t7 L7 N)b(tv A) > (92(t> 07 O) - E)A = (B(t) - E)A,

and Dy(t, A)A < Da(t,m)m < € hold according to assumption (H2).
Recall that the solution semiflow ®;(¢) (defined in Lemma 3.4) tends to 0 uni-
formly for all ¢ € [0, T] when ¢ approaches to 0, then there exists 1y > 0 such that

for any [¢| < ny, we have
|®e(&)] < mi, VL€ [0,T].

Furthermore, we can prove the following claim to obtain weak persistence when
Rg > 1.
Claim: There exists 79 > 0 such that limsup||®,r(¢)|| = no for all ¢ € M,.

n—0o0

Suppose the claim is false, then lim sup||®,,7(¢)| < 1o for some ¢ € My. Hence, there

n—o0
exists a positive integer Ny, such that |[®,7(4)| < 1o when n = N;. Thus, for any

t =nT +t; with n > Ny and t; € [0,T], we have || D:(@)|| = [P, (Prr(@))]| < 1 and

dA(t)

— = U= fn@E)hs(B)(B(t = [ (1) = At = v (#)) = (nalt) + ) A(D).

Again, by the comparison theorem [105, Theorem 5.1.1], we can conclude that there

exists a constant L > 0 such that A(0) > Le*v<(0) for all —f < 6 < 0, which implies
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that
A(t) = Lu(t) = LeMuvc(t).

However tlim eMv(t) = oo holds, which contradicts to the uniform boundedness of
—00

A(t).

Define P(t) as the solution map for the linear periodic system of (3.8) on C', that
is, P(t)p = wy(¢), t = 0, where w,(¢)(0) = w(t + 0;¢), V0 € [—f,0] is the unique
solution of system (3.17). Denote P := P(T) as the Poincaré map associated with
system (3.17). Let M; = (0,0,0,0). It then follows from the above claim that M is

a isolated invariant set for P on Cj and W*(M;) n My = @, where W*(M,) is the

stable set of M; for P. Define
My :={p € oMy : P"(¢) € 0My,¥n = 0}.

Then Ugen,w(¢) = M;. In addition, it is easy to see that no subset of M; forms a
cycle in M, which also holds in 0 M. According to the acyclicity theorem on uniform
persistence for maps in [135], we have P C; — C; is uniformly persistent with
respect to Mo. Thus, Theorem 3.1.1 of [135] implies that the semiflow @, : C; — C;
is also uniformly persistent with respect to My. Based on [133, Theorem 3.1], it can be
concluded that system (3.8) admits a T-periodic solution (E*(t), L*(t), N*(t), A*(t))
with (E*(0), L*(6), N*(0), A*(0)) € M,.

In order to obtain the practical uniform persistence, we define a continuous func-

tion p: Cy — Ry by

p(gb) = min(¢1(0)7 ¢2(0)7 ¢3(O)’ ¢4(O))7 V¢ = (gbh ¢2a 92537 ¢4) € Cf7

with maximum norm || - ||. By applying similar arguments with the proof of [76,
Theorem 3.2], we can obtain the existence of a positive T-periodic solution and the

practical uniform persistence, that is, there exists n > 0 such that

lim inf min(E(t, 6). L(t.6). N(t.6), A(t, 6)) = liminf p(®,(6)) > 5 for all ¢ My,

t—00
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This completes the proof. O

3.6 Discussion

This chapter started from a periodic version of McKendrick-von Foerster equation
with periodic coefficients to describe the population growth with seasonal effects.
Using the equivalent integral equation obtained by the method of integration along
characteristics, we presented a detailed proof of the uniqueness and existence of the
solution in the light of contraction mapping theorem. It is worth noting that the age-
dependent models can also be studied by using the semigroup theory [94] and similar
models have been extensively studied in [122]. Our approach is highly motivated by
[18, 122]. Then the hyperbolic equation was reduced to a periodic differential system
with periodic delays through rigorous biological and mathematical arguments, with
the tick population growth as our motivating example. The derived age-structured
model with time-dependent periodic delays is quite different from previous time-
independent delay system.

When the host community for immature ticks is very rich, the intra-specific com-
petition between immature stages of ticks is negligible. In this scenario, the basic
reproduction number R is defined as the spectral radius of the next generation oper-
ator following the work [134]. We should mention that the study [128] has also used
the approach in [7] to define and derive the basic reproduction number for tick popu-
lation dynamics, with some numerics for the model parameterized by the blacklegged
ticks. The formulation of the basic reproduction number for models with periodic
coefficients has been extensively studied and interesting readers can find more details
from [9, 10, 58, 121] and references therein. Even though the specific form of Ry is
not known, it is shown that R, is a threshold value for the stability of zero solu-

tion of the corresponding linear equation [134, Theorem 2.1]. Given this, we further
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obtain the global stability of the positive periodic solution with the following two
steps. Firstly, we investigate the global attractivity on this decoupled scalar subsys-
tem when Ry > 1 by applying the theory of monotone systems. We showed that the
solution semiflow is strongly monotone and strictly subhomogeneous in a novel space
Y := {C[-fn(0),0],R}, different from the usual space X := {C[—f, 0], R}. Then,
we extended the result to the full system as the other variables can be represented
by the decoupled variable for adult size. However, the introduction of novel phase
space introduces new challenges and we need to argue the following facts: (1) show
that the solution can define a periodic semiflow; (2) the basic reproduction number
R, can not only determine the stability of the system on Y, but also determined the
stability in X; and (3) the periodic semilfow is (eventually) strongly monotone and
strictly subhomogeneous. When the immature competition is included, we proved
the global existence and uniqueness of the solution, and found that the basic repro-
duction number in this case is the same as in the previous case. The extinction and

uniform persistence of tick population was further shown in terms of Ry.
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Chapter 4

A nonlocal reaction-diffusion
growth model with periodic delay

and competition

4.1 Background

The environment that organisms inhabit in the natural world is heterogeneously
distributed. Many physiological factors such as climates and food resources may
differ from place to place, which drive the organisms to keep drifting or dispersing.
Spatial effects affecting population dynamics and the structures of the communities
are of particular interest to scientists. Different kinds of models can be formulated to
incorporate spatial effects explicitly. The patchy framework [46, 69, 108] involving
a system of ordinary or delay differential equations describes the movement in a
discontinuous spatial region consisting of multiple patches. Alternatively, spatial
effects can be treated as a continuum and described appropriately by a reaction-
diffusion model [21, 46], which is the main tool we are going to employ in this
chapter.

Different reaction diffusion models with age-structure and nonlocal terms have
been derived and investigated theoretically in the bounded or unbounded domain

[44, 108, 114, 131]. For example, a stage structured nonlocal reaction diffusion model
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was proposed in [129], where the threshold dynamics and global attractivity of the
positive steady state were investigated through the decoupled equation for adult
variable as the immature intra-specific competition was ignored. By generalizing the
model in [129] to a nonautonomous version, authors in [61] established the existence
of the asymptotic speed of spread in an unbounded domain and a threshold result
on the global attractivity of either zero or a positive periodic solution in a bounded
domain. Authors in [131] studied the global dynamics of a class of age-structured
reaction diffusion models with a fixed temporal delay and a nonlocal term in an
unbounded domain.

In order to simplify the analysis, two significant factors regulating population
growth were ignored in these stage structured nonlocal reaction diffusion models.
One factor is the immature intra-specific competition, which enables these models to
be reduced into only one equation for mature variable. However, the intra-specific
competition within one stage, especially the immature stage, will generate a series of
variations in successive stages and greatly influences the dynamics of organisms with
complex life cycles [6]. For example, the body size and longevity of adult mosquitoes
are to a large extent affected by the larval competition [4, 96]. The alteration of
susceptibility of adult mosquitoes to dengue virus may be induced by the competi-
tion among larval mosquitoes [5]. The density-dependent acquired host resistance
to ticks leads to the increased deaths of feeding and developing ticks [24, 123, 124].
Models incorporating density dependent death terms for immature individuals are
more realistic to describe complex population dynamics of some species experiencing
intra~specific competition. In this study, we assume that immature (mature) indi-
viduals only compete with all other individuals in the same stage and there is no
competition between immature and mature stages. This assumption is biologically
reasonable since the intra-specific competition within one stage rather than between

stages can be commonly founded in species such as some insects and amphibious
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animals, which immature and mature individuals live in different environments and
have quite different requirements for food or resources [38].

The other negligible factor is the time varying maturation period, which serves
as a developmental index measuring the developmental progression and addresses
the timing of the transition from the previous life stage [87]. In this chapter, we
assume the maturation duration for juveniles is dependent on time, which is par-
ticular suitable for insects subject to climatic factors. For instance, the maturation
periods of mosquitoes [100] and ticks [89] greatly rely on the temperature, which
varies with time. Time-dependent maturation durations were considered in [45],
where the authors derived a size structured delay differential equation (DDE) model
with state-dependent delays to describe the population growth of a single species
experiencing larval competition. To investigate the population growth influenced by
seasonality, authors in [128] also took into account intra-specific competition and
time varying development durations within each developmental stage of ticks and
developed a stage-structured DDE model with periodic delays by building a link
between time dependent age thresholds and developmental durations. Based on a
similar model, authors in [72] provided a rigorous analysis involving the well posed-
ness of the solution and threshold dynamics for tick populations subject to seasonal
effects.

For these aforementioned models involving time-varying maturation period, spa-
tial movement of individuals is not considered, which motivates us to formulate an
age structured nonlocal reaction diffusion growth model with consideration of imma-
ture intra-specific competition and time dependent maturation duration simultane-
ously. In addition, it is well known that the annual trends of population dynamics
are greatly affected by the seasonal changes in rainfall, temperature and accessible
food or resources. This is particular true for some insect species such as ticks, the

primary vector transmitting tick-borne diseases, the distribution and abundance of
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which are very sensitive to the climate conditions as they need relatively high hu-
midity and moderate temperature to survive during their prolonged nonparasitic
stages [89]. Incorporating seasonal effects in the model would be a sensible choice to
better investigate the population dynamics, with all the time-dependent parameter
functions in our model being periodic with the same period T. The main focus of
this chapter is to provide a rigorous and detailed theoretical analysis on a delayed
nonlocal reaction diffusion population model with age structure and time dependent
delays from the perspective of periodic dynamical systems.

In the next section, a closed system related to the densities of immatures (¢, x)
and adults M (¢, z) is formulated in terms of a system involving time-periodic delays
due to the seasonal juvenile maturation period. The time-dependent periodic delay
in our model brings novel challenges to the theoretical analysis. Section 4.3 con-
ducts theoretical analysis on the model ignoring juvenile intra-specific competition,
making the model reducible to one equation for M (t,x), based on which, the well
posedness of the system and the existence of the global attractor are established. In
addition, the basic reproduction number R is formulated and the global stability of
one equation in terms of Ry is obtained by employing the theory of monotone and
subhomogeneous semiflows. In section 4.4, we investigate the threshold dynamics for
the obtained model under the consideration of immature intra-specific competition
when the immature individuals have limited dispersal ability. It is impossible to
decouple the equation for the matured population density M (¢, z) from the model
system as usual due to the existence of the intra-specific juvenile competition. A

discussion session in the final part concludes this chapter.
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4.2 Model formulation

We start with a well-accepted age-structured framework proposed in [85] and gen-
eralize it into the following spatial model with periodic coefficients to study the
interactive effects of the age structure and spatial dispersal on population growth

subject to seasonal effects:

p(t.a,x) = Dla) Zep(t,a,x) — i (£, 57 a(t. 5)p(t. 5. )ds) plt, 0, 2),
(4.1)

—

2
+

Qo

where p(t,a,x) is the population density of one species at time ¢, age a (> 0) and
location x in a bounded spatial domain 2 with smooth boundary 09, D(a) (= 0)
is the age-dependent diffusion rate, y (t, a, SSO q(t, s)p(t, s, x)ds) (= 0) represents the
per-capita death rate, which varies with the time ¢, age a and a weighted population
density with kernel ¢(¢,a) (= 0).

By choosing appropriate weight functions as in [72], the specific form of the per-
capita death rates pu (t, a, Sgo q(t, s)p(t, s, x)ds) for immature and mature stages are

assumed to be:

1 (t, a, LOO q(t, s)p(t, s, x)d8>

ur(t) + f(I(t,x)), t>-7(0), 0<a<7(t), xe,
= ll

pr () + g(M(t,x)), t>—-7(0), a>7(t), x €.
In this formula, p;(t) and pp(t) are density-independent per capita death rates
for immature and mature individuals respectively, while f(-) and g(-) are density-
dependent death rates, which represent the intra-specific competition between indi-
viduals within the immature and mature stages respectively.
Let 7(t) denote the juvenile maturation period at time ¢, that is, a newly matured

individual at time ¢ is developed from an immature individual born at time ¢ — 7().
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That is, the age threshold classifying the population into immature and mature
stages at time ¢ is 7(¢). In other words, the chronological age at time ¢ for adults
should be greater than 7(¢). Thus, the densities of individuals within the immature
stage I(t,x) and mature stage M (¢, x) at time ¢t and location z can be represented

as follows:
I(t,z) = Sg(t) p(t,a,z)da and M(t,z) = S:O(t) p(t,a,z)da. (4.2)

Provided that the developmental proportion during juvenile stage at day t is o(t),
the immature individuals attain maturity when the corresponding accumulative de-

velopmental proportion during the interval [t — 7(t),¢] is unity, that is

f o(r)dr 1.

—7(t)

By taking the derivative with respect to t, it follows that

o(t)

1-7(t) = —a(t—T(t))'

This indicates 1 — 7/(¢) > 0, which guarantees that developmental processes proceed
according to the chronological order and never develop back to the previous stage.
Based on (4.1), the population model incorporating both seasonal effects and

spatial movements is presented as the following reaction diffusion equations with no
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flux boundary condition:

(L + Doftia.e) = Diddplt,a,) — (uslt) + (I 0)olt . ),

t>—7(0), 0<a<r(t), zeQ,
(S T )olta) = Daplt,a,2) — (uaelt) + (ML, 2)))olt, a,),

) t>—7(0), a>7(t), T, (43)
o(t,0,2) = b (t, M(t,2)), t>—7(0), ve,
o(=(0),0,) = 6(a ), >0, 2c0,

\Wﬂ), t>—7(0), z e,

where A is the laplacian operator, n is the outward normal vector on 02, Dy (> 0
or = 0) and Dy (> 0) denote the diffusion coefficients for immature and mature
individuals respectively, b (¢, M(t,x)) is the birth rate, which is dependent on the
density of matured individuals, ¢(a, ) is the initial distribution. Note that all above
functions are non-negative. Due to the seasonal factors regulating the population
growth, we assume that 7(¢), b(t, M), us(t) and pps(t) are periodic in time ¢ with the
same period T'. Moreover, the inherent relationships between boundary and initial

condition must be satisfied in order to keep the system consistent, that is,

p(_T(O)7 07 .I‘) =b (_T(0)7 M(_T(0)7 ZL’)) = ¢<07 l’)
In addition, for the sake of clarity, we introduce the following notations:

7= tH[IOa,%(]{T(t)}’ T = tén[oi,r:/l“]{T(t)}' (4.4)

The basic assumptions for the coefficients are made as below, with the birth and

death functions illustrated in Figure 5.3.
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(A1) The birth rate b(¢, M) is Holder continuous on R x R, periodic in time ¢ with

the period T' > 0, and increasing with respect to M > 0. Moreover, b(t,0) = 0,

b(t, M) > 0 when M > 0, X&) = B(t) > 0 for all t € R and b(t, M) < B(t)M

for all ¢t € R and M > 0, where ((t) is a T-periodic continuous function.
Furthermore, there exists a number M > 0 such that for all H > M , (1 —

T (O)b(t = 7(t), H) — (nar(t) + g(H))H < 0.

(A2) All the per-capita death rates including natural death rates u;(t) and p(t)
and density dependent death rates f(I) and g(M) are Holder continuous. In
particular, p;(t) and py(t) are positive functions and periodic in time ¢ with
the same period 7' > 0. Function g(M) is non-decreasing with respect to M.
In addition, f(0) = 0, g(0) = 0, f(/) = 0 and g(M) > 0 when I > 0 and

M > 0 respectively.

— Birthrate
=== Death rate

Figure 4.1: Model assumption for the birth rate b(t, M) and death function (p(t) +
g(M))M for fixed time instant ¢.

By differentiating (4.2) with respect to time ¢ and combining with (4.3), we obtain
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the following system:
o1(t, x)
ot

B f "™ op(t,a, x)
b ot

da + 7' (t)p(t, 7(t), z)

7(t) a,T
—L (_&z)(ta,a,) + D1Ap(tya,x) — (pr(t) + f(I(t, 2)))p(t, a,a:)) da + 7' (t)p(t, 7(t), x)
:DlAI(ta‘/E) + p(t, 071') - p(t,T(t),:L’) - (:ul(t) + f(I(ta:E)))I(tv$) + T/(t)p(t, T(t)a IE)

:DlAI(tvx) + b(t,M(t, $)) - (,U/I(t) + f(I(tv x)))l(tvx) - (1 - T/(t))p(t,T<t>,x),

and
OM (t,x)
ot

_ r’ op(t,a,x)
) O

da — 7' (t)p(t, 7(t), )

- j - (ﬁp(ta’“’x) + Dalp(t,a,z) — (uar(t) + g(M(t,2)))p(t, a,m>) da — 7' (H)p(t, (t), 7)
7(t) a
:DQAM(t7 iL‘) + ,O(t, T(t)7 l‘) - ,O(t, 0, 1’) - (IUM(t) + g(M(tv $)))M(ta :E) - T,(t)p(t, T(t)’ l’)

=Dy AM(t,x) + (1 —7'(t))p(t, 7(t), 2) — (uar(t) + g(M(t,2))) M (t, ),
where the reasonable biological assumption guarantees that p(t, o0, x) is zero since
no individual can survive forever.

To get the closed form of the above system, we need to determine p(t, 7(t), z) by

integrating along characteristics. For any £ = —7(0), let v(&,z) = p(tg+ &, ao + &, ),
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where ty and ag are fixed. Then, when 0 < ag + £ < 7(¢), we have,

a%”(fﬂ) = (% + a—aa) p(to +& a0+ &, x)
) = D1Ap(to + & a0 + &, 2) — (pr(to + &) + f(L(to + &, 2))) p(to + &, a0 + &, @)

= DiAv(&, x) = (ui(to + &) + f(I(to + & 2))) v(&, ),

[ v(=7(0),2) = p(to — 7(0), a0 — 7(0), x).

(4.5)

Clearly, the expression of the solutions v(§, x) of (4.5) depends on coefficients D
and f(I). More precisely, the fundamental solution corresponding to the partial dif-
ferential operator L := [0,— D1 A—pr(t)— f(I(t,-))] involves Dy and f(I). Especially,
when Dy > 0 and f(I) > 0, it is very challenging for us to show such fundamental
solution (see [41]). At what follows, we study the equation (4.5) in terms of D; and
f(I) with three cases: (I) Dy >0, f({) =0for I > 0; (II) D; =0, f(I) =0 for I > 0;
(III) Dy = 0, f(I) > 0 for I > 0, and then we show the closed form of the system
on I and M. As a matter of fact, the fundamental solution based on (II) is a special
case of it involved with (I) due to f(I) = 0. Hence, we mainly concern cases (I) and
(IIT).

Case I: D; > 0 and f(/) = 0. For some species such as mammals [42] and
raptor [83], the juvenile individuals have the ability to disperse, which alleviates the
intra~specific competition within immature stages [86]. Consequently, the juvenile
intra-specific competition can be ignored when immature individuals can move or

disperse efficiently, that is, f(/) = 0 when Dy > 0. In view of (4.5), we have
062 = || Tt +& to = 7(0) .5, Di)o(—7(0), )y
Q

= fﬂ [ (to +&,to— 7(0), 2,9, D) p(to — 7(0), a0 — 7(0), y)dy,

where I['(¢, s, z,y, D1) represents the fundamental solution corresponding to the par-
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tial differential operator L := [d; — D1A — us(t)] (see [41, Chapter 1]). For all
t=0,let tg=t+7(0)—7(t), £ = 7(t) — 7(0) and ag = 7(0), then & = —7(0) and

&+ ag = 7(t). In this case,
p(t,7(t),2) = v(r(t) — 7(0), )
- | vttt = rt0) 2 D)ol = 70),0.00d,

_ JQ T (bt — 7(), 2.y, Dy) bt — 7(8), Mt — 7(£), ).

Therefore, the closed form of the system describing the population growth when

t = 0 can be written as:

% 5](;7; z) =D1AI(t,z) +b(t, M(t,x)) — pr(t)I(t, x)
(-7 L P (t— 7(8). 2. Dy) bl — 7(£). M(t — 7(t). 9))dy.
t>0, xe,
X % =DoAM (t,x) — (pup(t) + g(M(t,x)))M(t, )

L (- (1) Lr (1 — 7(8), 2., D) bt — 7(t), M(t — (t). 9))dy,

t>0, xel

o1(t,x) :6M(t, x)

\ o P =0, t>0, zed,

(4.6)
When D; = 0and f(I) = 0, the fundamental solution operator I' (¢, — 7(¢), z, y, D1)
is reduced to

[, (0)2,y, Dy) = Ferin a4
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and hence, we have the following system:

( a](;; 7) =D AI(t,z) + b(t, M(t,z)) — pur(t)I(t, )
—(1- T’(t))eﬁ”“) MI(S)dSb(t —7(t),M(t—7(t),y)), t>0, ze€l),
) —aMa(z’ 2NN (t,2) — (par(t) + g(M(t, )M (t, )

(1= 7)oy () M(t—1(t),y)), t>0, zeQ,

oI(t,z) OM(t,x)
L on  0On

=0, t>0, zed,

(4.7)

Case III: D, =0, f(I) > 0. For some species such as mosquitoes [66] or frogs
[35], the immature individuals are often restricted in a limited area due to inefficient
dispersal ability, which would intensify the competition for food and resources among
immature individuals. In this scenario, the diffusion rate for immature individuals
is negligible (i.e. D; = 0) while the immature intra-specific competition is taken
into consideration, that is, f(I) > 0 for I > 0. Then, the fundamental solution

corresponding to the differential operator L = [0; — pus(t) — f(I(t,-))] is given by

exp (X;T(t) (ur(s) + f(I(s,"))) ds) . Similar to the former arguments, we obtain that

p(t,7(t), x) = v(7(t) = 7(0),2)

~exp ( | )+ s, ) ds) o(t — 7().0.9).
_exp ( | )+ 1) ds> bt — (), M(t — 7(1), ).

Consequently, the closed form of the system describing the population growth when
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t = 0 can be written as:

(D) i a(e0)  u) + AU ) IE2) — (L 7(0)

conp (= o)+ e, m))s ) b0 = 7). Mt = 7(0),2)

t>0, xe,
1 aMa(*?x) —DoAM(t,2) — (par(t) + g(M(t, 2)))M(t, 2) + (1 — 7'(¢))
X exp (— L_T(t) (pr(s) + f(L(s, x)))ds) b(t — (), M(t — 7(t),2)),
t>0, vel,
\ 8[(@2;;:13) :5M8(;L,x) L0, t>0 zedn.
(4.8)

Notice that during derivation of the above system, it is not difficult to see that

p(t,a,z) = exp (_ L t_a(,ul(r) + F(I(r, :C)))dr) b(t — a, M(t — a, 7))

for t = 7(t) = a, while

I(t,z) = p(t,a,z)da

r7(t)

_ [ e <_ L t_a(,u[(r) I x)))d’r) bt — a, M(t — a,2))da

JO

[ exp (—f(m(rH f(](r,x)))dr)b(s,M(s,x))ds

Jt—7(t) s
for t = 7(t) = a. Letting ¢ = 0 in the above equation for I, we obtain the following
constraint:

1(0,2) = JOT@ exp (— JO(,u[(r) + I, x)))dr) b(s, M (s, z))ds. (4.9)

s
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When the competition among immature individuals is non-negligible, that is,
f(I) > 0 provided I > 0, the model (4.8) consists of two coupled equations which is
not reducible to a single equation. The model structure of (4.8) is quiet different from
systems (4.6) and (4.7). A series of rigorous analysis including the well-posedness
and threshold dynamics in terms of the basic reproduction number will be conducted,
which constitutes the main focus of our chapter. In the subsequent section, we will
first investigate systems (4.6) and (4.7) where the immature intra-specific competi-

tion is negligible.

4.3 Dynamics for the model without immature
intra-specific competition

In this section, we establish the global dynamics for (4.6) via the basic reproduction
number. It is easy to check that the system is reducible to one single equation for
M(t,z). In fact, since the M equation in (4.6) is independent of I, it suffices to

study the decoupled system:

| % = DoAM(t, ) — (par(t) + g(M(t,2))) M (t, x)
+ (1 - T/(t)> f r (t,t — T(Zf), T, Y, Dl) b(t _ T(t), M(t N T(t),y))dy,
4 Q
t>0, zel,
\%:07 t>0, xed
(4.10)

4.3.1 Global existence and uniqueness of solutions

Without loss of generality, we choose the initial timing as the global maximum point

of 7(t) in [0,T], that is, 7(0) = maxejo,r{7(t)} = 7, which is feasible with solution
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evolution. Let Y := C(Q,R) be the Banach space of continuous functions with the
supremum norm | - |y. Define C = C([—7(0),0],Y). For any ¢ € C, define the
norm || = maxge[—-(0),01 [¢(f)|v. Then, C is a Banach space. Let Y* := C(Q,R")
and C* = C([-7(0),0],Y"), then (Y,Y") and (C,C") are both strongly ordered
spaces. Given a function u(t) : [-7(0),0) — Y for o > 0, define u; € C by u (0, z) =
u(t + 0, z), for all € [-7(0),0], z € Q and t € [0, 7).

Define the linear operator A by

D(A(t)) = {vp e C*(Q) : g—:{: =0 on 09},

A(t) = DoAp — py (), Vi € D(A(1)).

Define the nonlinear operator F : R x C* — Y by

F(t,9) = = g(1(0,-))(0,-) + (1 = 7'(1)) f Dt =7(), -y, D1) b(t = 7(2), (=7 (t), y))dy,

Q

fort >0and ¢y eC™.
Then, system (4.10) can be reformulated as the following abstract functional

differential equation:

ot (4.11)

MU A(M(L,-) + F(t, M), t>0, z e,
M, z) = (0, z), 6 € [—7(0),0], z €.

Let W (t, s) be the evolution operator determined by the following linear reaction-

diffusion equation

ot
ML) _ ), t>0, e

on

M) _ DOAM(E, z) — p ()M (¢, z), t>0, z€Q,
{ 2AM (L, ) — par (1) M (L, ) (4.12)

The equivalent integral form of system (4.11) is shown as follows:

M(t;4) = W(t,0)y(0) + f: Wi(t,s)F(s, My)ds, t=0, el
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and the solution of which is a mild solution of (4.10).

Clearly, F(t,-) is locally Lipschitz continuous on C*, and hence for any 1 €
C™, system (4.10) admits a unique non-continuable mild solution M (¢;1)) such that
M;(¢p) € C for all ¢ in its maximal interval of existence [0,0,) for o, > 0. Since
W (t, s) is compact and analytic for ¢t > s,t,s € R, M(t;1) is compact and a classical
solution of (4.11) for t > 7. In view of assumption (A1), it easily follows that for
any H > M, Sy = {1 € C* : 0 < ) < H} is a positively invariant set for (4.11)
(see, e.g. [82] and [125]). Thus, for any ¢ € C*, M (t;v) globally exists on [0, o),
and hence the equation (4.10) can define a periodic semiflow ¥, : C* — C* by

U, () (s,x) = M(t+ s,z;v), VYse[-7(0),0], z €.
Consider the following time-periodic and delayed differential equation:

0(t) = =(uar(t) + g((®)v(t) + (1 = 7' ()bt — 7(t), v(t — 7(1)))

(4.13)
v(s) = p(s) e C([-7(0),0],R"), Vse[-7(0),0].

Note that the function b(¢,-) is Lipschitz in any bounded subset of R* as defined in
Assumption (Al). Consequently, for any ¢ € C'([—7(0),0],R*), the equation (4.13)
admits a unique bounded solution v(t; @) with v(s; ) = p(s), Vs € [=7(0), 0], which
globally exists on [0, 00). In the following, we state a comparison theorem associated

with the solutions of equations (4.10) and (4.13).
Lemma 4.1. For any given £ € CT, let ﬁ(s) = max{{(s,z),z € Q}, Vs e [-7(0),0].
Let v(t; PAI) be the solution of the following differential equation:

0(t) = =(uar(t) + g(v(®)v(t) + (1 = 7()b(t — 7(t), v(t — 7(1))),

v(s) = H(s) € C([-7(0),0,R"), Vs e [-7(0),0].
Then the solution M(t,z;€) of (4.10) with My = ¢ satisfies M(t,x;€) < v(t; H) for
all (t,x) € (0,00) x 2.
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Proof. Let go(t,u) = au — (up(t) + g(u))u, where « is a sufficiently large number

that makes g, (¢, u) increasing with respect to all u € [0, H]. Note that,
0(t) = —av(t) + ga(t,v) + (1 = 7'(2)b(t — 7(2), v(t — (1)),

and

OM(t, )

= =D AM(t,0) — aM(t,x) + ga(t, M(1, 7))

L) f L (= 7(t), 2.y, Da) bt — 7(8), M(t — 7(t),4))dy.

Let Q(t) (t = 0) be the strongly continuous semigroups generated by DsA and

the Neumann boundary condition. Thus,

t

v(t) = e’a(t"s)v(s) + J e t=r) [ga(r,v(r)) + (1 = 7' (r)b(r — 7(r),v(r — 7(r)))] dr

S

and

M(t,z) =e =) Q(t — s)M (s, x) + Jt

S

et — ) !ga(ﬁ M(r)) + (1 —7'(r))
fg Lo (r,r —7(r),z,y, D) b(r — 7(r), M(r — 7(r), y))dy] (x)dr.

Set w(t,x) = M(t,x;€) — v(t; H) for any (t,z) € [0,7] x Q. Then, we have

t

w(t,z) < efa(t*S)Q(t — s)w(s,x) + f e’o‘(t’T)Q(t — 1)(ga(r, M (1)) — go(r,v(r)))(x)dr,

S

(4.14)

for 0 < s <t < 7, where 7 is defined as in (4.4). Let w(t) = sup w(t,z) for
zeQ

t € [-7(0),7]. It is obvious that w(t) < 0 for t € [-7(0),0]. We first prove w(t) < 0
for any t € (0,%], where ¢t = min{7, %} with p > 0 being a constant determined later.
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Suppose, by contradiction, that there exist a positive number § and a ¢, € (0, 7]
such that 0 < w(tg) < 0 and w(tg) = w(t) for t € (0,1y]. By the definition of g, (¢, u),

there is a p > 0 such that 0 < %(t, u) < pfort>0andue|0,H]. Thus,

ga(t, M(r; x)) = ga(t, v(r)) Z%(tC(T, 2))(M(r, ) —(r))

g%(t,((r, x))w(ty) < p(to),

for any r € (0,t0] and = € Q, where ((r, x) is between u(r, z) and v(r). It then follows

from (4.14) that

w(to) <sup e” " Q(to)w(0)(x) + Sup LO e (ga(r, M(r)) = ga(r, v(r))) (x)dr

to

<eb(0) + pib(ty) f eetto) gy
0

which is a contradiction, and hence, w(t) < 0 for any ¢ € (0,7]. By repeating the
above arguments for finite times, we can prove that w(t) < 0 for any (¢, ) € [0, 7] x Q.
This means that

M(t,z) < v(t) for (t,z) € [0,7] x Q.

Now we prove that M (¢, z;&) < v(t, H) holds for t € (#,00). In this situation,

M(t,z:€) is a classical solution of (4.10). Let w(t,z) = M(t,z;€) — v(t; H). Then
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we have

-

aw(t, x) — DoAw(t, z) + ppr(t)w(t, ) + h(t, x)w(t, x)

{ = ﬁw(t, x) — Do Aw(t, x) + pp (t)w(t, z) + (g(M)M — g(v)v) <0, Yo e,

iw(t,:z:) =0, VreodQ,

for t € (7,7 + 7), where h(t,z) = G'(M(t,z) + o[v(t) — M(t,z)]),0 € (0,1), is
bounded and G(u) = g(u)u. Thus, the parabolic maximum principle implies that
w(t,z) < 0, and hence, M (t,z;¢§) < v(t;ﬁ]) for any t € (7,7 + 7]. Continuing this
procedure on t € [T + n7,7 + (n + 1)T|, n = 1,..., 0, respectively, we can obtain
that M(t, ;&) < v(t: H) holds for t € (7, ).

[

Remark 4.1. Note that v(t,z) = v(t,ﬁ) for all x € Q also satisfies the reaction-
diffusion equation (4.10) and the comparison principle for reaction-diffusion systems
with time delays [82] can also be used to establish this result. Here we use a basic

approach for reader’s interest.

On the basis of the above discussion and Lemma 4.1, we show the following results

on the existence of a global attractor of ¥r : C* — C*.

Theorem 4.1. For each ¢ € C*, the equation (4.10) admits a unique solution
M(t,z;1) on [0,00) x Q with My = . Moreover, equation (4.10) generates a T-
periodic semiflow Wy = My(-) : CT — C*, d.e. Ui(¢)(0,2) = M(t+0,2;¢), Yo e CT,

t=0,0€e[-7(0),0], z€Q, and Uy : C* — C* has a global compact attractor in C*.

Proof. Here we only prove the existence of a global attractor as the global existence
of solutions was argued earlier. To do that, we first show the solutions of (4.10) are

eventually uniformly bounded.
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Note that the equation (4.13) admits a unique bounded solution v(t; ) with
v(s;p) = @(s), Vs € [—7(0),0], which globally exists on [0,00). Therefore, for
any ¢ € C([—7(0),0],R"), the omega limit set w(y) of the positive orbit v*(p) =
{vi(p) : t = 0} is nonempty, compact and invariant. Let G := {¢(s) : ¥ € w(p), s €
[—7(0),0]}. On the basis of the compactness of w(yp), it follows that G is compact. As
a result, there exist sy € [—7(0),0] and ¥ € w(y) such that ¥(sy) = max{G} := Hg.

For any t € [0, 7], since t — 7(t) is increasing with respect to ¢, we have
—7(0)=0—7(0) <t —7(t) <7 —7(7) while 7 — 7(7) = 7 — 7 = 0.

Hence there exists ty € [0,7] such that ty = 7(fy). By means of the invariance
of w(p), there exists * € w(p) such that vy, (V*) = ¥, i.e. v(tg + s;9%) = ¥(s),
Vs e [—7(0),0]. Without loss of generality, we assume that ¢(0) = Hg. Assume that

H¢ > M, it then follows from assumption (A1) that

0(to; ") < — (a(to) + g(v(to; ¥%)))o(to; %) + (1 = 7'(t0))b(0, v(0; 1))

< — (uar(to) + g(He)) He + (1 — ' (t6))b(0, He) < 0.

Hence, there exists some s € [—7(0), 0) such that ¢ (s) > ¥(0) = Hg, a contradiction.
Thus,

limsup v(t; ) < M, Ve C([-7(0),0],R").

t—0

For any given ¢ € C*, let gg(é’) = max{¢(#, ) : v € Q}, V0 € [-7(0),0]. Then,

lim sup v(¢; QAS) < M. By Lemma 4.1, we have limsup M (¢, z;¢) < limsup v(t; gg) <

o0 t—o0 t—0
M , Vo € Q, which means that ¥, : C* — C7 is point dissipative. According to
[132, Lemma 4.1] and [135, Section 3.5], ¥z : C* — C* is k-contraction and hence
asymptotically smooth. Therefore, it follows from [135, Theorem 1.1.2] that WUy :

C™ — C* has a global compact attractor. O
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We further show that the periodic semiflow ¥, : C* — C* is strongly monotone

and strictly subhomogeneous in C*.

Lemma 4.2. For any ¢ and ¢ in CT with ¢ > 1 (that is, ¢ = ¢ but ¢ # 1), the
solutions u(t, z; @) and v(t, x; ) of system (4.10) with u(0,z) = ¢(0,x) and v(0,x) =
(0, x), for all € [-7(0),0] and x € Q respectively, satisfy that u(t,x;¢) > v(t, x;))
for allt > 7, and hence V(o) » Y (¢) in C for all t > 27.

Proof. By a comparison argument on each interval [n7(0), (n + 1)7(0)], Vn € N as in
the proof of Lemma 4.1, it is not difficult to show that u(t,z;¢) = v(t,x;1) for all

t = 0. Note that u; and v; satisfy the following integral equation for all £ > 0:

t

M(B)@) = " QOMO)) + |

Q0 = 5) gl M(5)) + (1= 7'(5))

(4.15)
L To(s,s —7(s),x,y, D1)b(s — 7(s), M(s — 7(s), y))dy] (x)ds,

where ¢,(t,u) and Q(t) are defined as in the proof of Lemma 4.1. Then for any ¢ and
¥ in C* with ¢ > 1, it follows from (4.15) and the strong positivity of Q(t),t > 0

that
w(t,x) = u(t,z;0) —v(t,z;9) = e Q(t) (4(0,-) —¢(0,)) >0,  ¢>0

provided that ¢(0,-) # (0, ).
In the following, we show that for any ¢ and ¢ in C* with ¢ > ¢ and ¢(0,-) =
(0, ), there exists tg € [0, 7] such that w(ty,-) > 0. Suppose, by contradiction, that

for a pair of initial values ¢, ¢ € C* with ¢ > ¢ and ¢(0,-) = (0, -), there holds
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w(t,-) =0 for t € [0,7]. In view of (4.15), we have that

0 = w(t)(x) =f e IQ(t — 5) [gals,uls, 5 0) — gals, v(s, )] (z)ds

0

+ f e =09t — 5)(1 — 7/(5s)) J I (s,s —7(s),x,y,D1)

0 Q

[b(s = (), u(s = 7(s5), ) = bls = 7(s), v(s = 7(s),9)) | (¥)dyds

for t € [0,7]. Since e=*(=9)Q(t — s) is strongly positive for ¢ > s > 0, and both
ga(t,u) and b(t,u) are increasing functions with respect to the variable u, we must

have

0

b(s = 7(s), u(s = 7(s),y)) = b(s = 7(s), v(s = 7(s),y))
for any s € [0,7] and y € Q, which implies that u(s —7(s),y) = v(s —7(s),y) for any
s € [0,7] and y € Q. This contradicts to ¢ > v. Consequently, we have w(to,-) > 0
for some ¢, € [0,7]. Applying the strong positivity of e *¢=5)Q(t — s) for t > s > 0

and (4.15) again, for any t > t(, we see that
w(t7x) = e_a(t_tO)Q(t_tO) (U(to, " ¢) - U(tl)? E 7WZJ)) = e_a(t_tU)Q(t_to)w(th ) > 07 1> 1.

Therefore, for any ¢ and ¢ in C* with ¢ > 1, there holds u(t, x; ¢) > v(t,x;1) for
all t > 7 and = € Q, which further implies that ¥, is strongly monotone whenever

t > 27. O

In order to show the periodic semiflow is strictly subhomogeneous, a further

assumption about the birth rate b(t, M) should be imposed:

(A3) The birth rate b(t, M) is strictly subhomogeneous in M in the sense that for
any k€ (0,1), b(t, kM) > kb(t, M) for all M >0 and t > 0.

Based on this assumption, we can show W, is strictly subhomogeneous through the
following lemma.
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Lemma 4.3. For each t > 27, U, : Ct — C* is strictly subhomogeneous.

Proof. For any v € C* with ¢ = 0, let u(t,x;1) be the solution of system (4.10)
with u(6,z) = ¥(0, z) for all § € [-7(0),0] and x € Q. For a fixed k € (0, 1), by (A2)
and (A3), we have

O(ku(t, x))

) Dy A(ku(t, 7)) — (uas (8) + glu(t, ) (rult, 2)

+ k(1 —17'(t)) fﬂ C(t,t—7(t),z,y, D) b(t —7(t),u(t — 7(t),y))dy

<DyA(ku(t, 7)) — pas (1) (ku(t, 2)) — g(ku(t, 2)) (ku(t, 2))

+(1-7@1) L U (t,t—7(t), 2y, D) b(t — 7(t), ku(t — 7(t), y))dy.

By a similar comparison argument to the proof of Lemma 4.1, it is not difficult to see
from the above inequality that ku(t, z;v) < u(t, x; ki) for t = 0, where u(t, z; k) is
the solution of (4.10) with u (6, z; ki) = ky(0, ) for (0, z) € [-7(0),0] x Q.

Let w(t,z) = u(t, z; k) — ku(t, z;4). Then w(f,x) = 0 for (6, ) € [-7(0),0] x Q
and w(f,z) = 0 for (6, z) € [~7(0), 20) x Q. In the following, we show that w(t, z) > 0

for all t > 7, x € Q. Let
P(tvu(t7x>7u(t —T(t),$>>

=—g(u(t,x))u(t,z) + (1 —7'(t)) L L(t,t —7(t), z,y, D1)b(t — 7(t), u(t — 7(t), y))dy.
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Then we have

ow(t, x)
ot
_Qult, k) ) du(t, ;)
B ot ot

:DQAu(tv Z; k;w) - ILLM(t)u(t7 xT; ]{?’QD) + P(t> U(t, xT; k¢)> u(t - T(t)a €, k’?/f))
— k[D2Au(t, ;40) — par (Wult, z39) + Pt ult, z;4), ult — (1), 2;4))]

=DyAw(t, x) = par(w(t, x) — gu(t, z; k))ult, z; k) + kg(ku(t, x5 ) Jult, z;1))

R D)+ (1—7(1) J

T(tst = 7(0), 2,y D) |t = (), u(t = 7(8), ; k)
— b(t = 7(t). ku(t = 7(t), y:v)) |dy
2Dy Aw(t, x) — par(t)w(t, z) — g(ult, z; k) ult, 5 k) + kg(ku(t, z;9))ult, ;¢) + R(E, )
where
R(t,x) = P(t, kut, v:0), ku(t — 7(t), 230)) — kP(t, u(t, 2390), u(t — 7(t), 7).
Note that
g(ku(t, z;9)) (ku(t, z;9)) — g(u(t, z; k))u(t, z; ki)

= —G'(ku(t, z;¢) + ofult, z; k) — ku(t, z; ) w(t, x), o€ (0,1),

where G(¢) = ¢g(¢)¢, and G'(¢) is bounded, that is, there exists a positive number

[ > 0 such that —] < G'(¢) < I. Consequently, we have

ow(t, )
ot

> DoAw(t, z) — pay(t)w(t, x) — lw(t, x) + R(t, x).

In view of the assumption (A3), we have R(t,z) > 0 for t > 7 and x € Q. Consider

the following equation

7 (4.16)

Q) — DyAad(t, ) — par(t)i(t, &) — h(t, z)i(t, x) + R(t,z), t>0,
w(0,x) =0, x e,
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which can be rewritten as

where U(t,s),0 < s <t is the evolution operator generated by

ot

awa(i,m) —0, t>0, zed

{%(t’m) = DoAw(t,x) — py(t)w(t, @) — h(t, 2)w(t, ), t>0,

Since R(t,x) > 0, V¢t > 7, x € Q, we can conclude from the strong positivity of
U(t,s), 0 < s < t that the solution of (4.16) satisfies w(t,z) > 0 for all ¢t > 7 and
x € Q. It then follows from the comparison principle that w(t, z) = w(t, z) > 0 for all
t > 7 and z € Q. Therefore, u(t, x; k) > ku(t,x;4) for all t > 7, x € Q, and hence,
U, (k) > kW, (¢) for all ¢ > 7, which implies that for each ¢t > 27, U, is strictly

subhomogeneous. O

4.3.2 Basic reproduction number

Set the ordered Banach space consisting of all T-periodic continuous functions from
R to Y as Cp(R,Y), where |¢|cpry) := maxgepor | @]y for any ¢ € Cr(R,Y). The

positive cone of Cp(R,Y) is defined as follows:
CHR,Y) :={pe Cr(RY): ¢(t)(z) =0, VteR, ze€Q}.

The linearized system for (4.10) at the population extinction equilibrium M = 0
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is shown as follows:

() pwlt,a) — (bt )
+(1=7(@) L U (t,t —7(t),z,y,D1) B(t — 7(t)w(t — 7(t),y)dy,
9 t>0, ve,
dw(t, ) —0, t>0, z€dQ,
on
w(f,x) =p(0,x), @eC, 0e[-7(0),0], z €.

\

(4.17)
Similar to the previous subsection, we know that (4.17) has a unique mild solution
w(t, z; ) with wy(-, ;@) = ¢ and w(-, ;) € CT for all ¢ = 0. Moreover, w(t, z; ¢)
is a classical solution when ¢ > 7, and wy(-, ;) is strongly positive and compact
on C* for all t > 27. Define P : C — C by P(¢) = wr(y) for all ¢ € C, where
wr(p)(0,2) = w(T+0,x; ) for all (0,2) € [-7(0),0] x 2, and w; is the solution map
of (4.17). Thus, we have P" = w,,r is compact and strongly positive, where ng :=
min{n € N: nT > 27}. Let r(P) be the spectral radius of P. By virtue of [71, Lemma
3.1] that r(P) is a simple eigenvalue of P having a strongly positive eigenvector @,
and the modulus of any other eigenvalue is less than r(P). Let w(t,x; @) be the
solution of (4.17) with w(s,z; @) = @(s,z) for all s € [—7(0), 0], z € Q. By the strong
positivity of ¢, we have w(-, ;@) » 0. Inspired by [130, Proposition 2.1], we can
prove the following observation, which indicates the existence of a special solution of
system (4.17).

Lemma 4.4. There exists a positive T-periodic function v*(t, x) such that e"v*(t, )

Inr(P)

is a solution of (4.17), where p = ==

Proof. Since ¢ is the eigenvector of P, we have Pp = r(P)p. That is

w(s +T,z;9) =r(P)e(s)(x), Vse|[-7(0),0].
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Let = % and v*(t,z) = e *w(t, z; ) for allt = —7(0), 2 € Q. Then r(P) = eT.
By a following simple calculation, we can see that v*(¢, x) is periodic. In fact, for all

s € [—7(0),0], we have

w(s + T, x;9) = Po(s)(x) = r(P)p(s)(x).

Then, for all ¢t > 0,

w(t+T,x;¢) =r(P)w(t,z; p).

This indicates that
v (t+ T, x) = e Pyt + T2, @) = e Pe " r(P)w(t, z; ¢) = e Mw(t, z;9) = v¥(t, x).

Thus, the equation (4.17) admits a positive solution e #v* (¢, z) with v*(¢, ) being
periodic in t.

]

Let ¢(s,x) = ¢(s)(z) € Cr(R,Y") be the initial distribution of adult individuals
at time s € R and the spatial location x € Q. Define an operator C(t) : Y — Y as

follows:

(CHe)(x) := (1 =7(1)) L L@t t =7(t), 2y, D)B(t = 7(t)p(y)dy, VpeY.

Recall that W (t,s) is the evolution operator determined by the following linear

reaction-diffusion equation:

ot

dulta) _ ), t>0, e

{ ow(tx) _ DgAw(t,x) _ IuM(t)w(t’:)j), t > 0, X € Q,
on

Then, W(t — 7(t), s)¢(s)(x) represents the density distribution of the individuals
who matured into adults at previous time s (s < t — 7(t)) and survived to time
t — 7(t) at location x. Hence, St__og(t) W(t — 7(t),s)o(s)(x)ds denotes the density
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distribution of the accumulative individuals who matured into adults at all previous
time s < t — 7(t) and survived to time t — 7(t) at location x. Thus, the distribution

of new-born individuals at location x and time ¢ can be represented as follows:

t—7(t)
(1= (®) | Tt =000 D08~ ) | W= ). 90()w)ds)dy
== [ 10 70,0080 ) ([ W00 )00t s) i)y

_ f R j D(t 1 — 7(8), 2,5, DV)B(E — ()Wt — 7(8), 1 — 8)(t — 5)(y)dyds

7(t) Q

_ LZ) [COW @ —7(0).t - 5)o(t - 5))|()ds

_ f N (71, 5)0t — 5)| @),

0

where H(t,s), t € R, s = 0 is defined as follows:

C(COW(—r(t)t—s), s>7(0),
H{(t,5) = { 0. se[0,7()].

Thus, the next generation operator £ can be defined as
o0
L) (E) = J H(t, $)o(t — s)ds, ViR, ¢eCp(R,Y).
0

It easily follows that L is a positive and bounded linear operator on Cr(R,Y). The

basic reproduction number can be defined as the spectral radius of £, that is,
Ry :=1(L).

In the light of [132, Theorem 3.4] and [134, Remark 2.1], we obtain the subsequent
result, which implies that R, serves as a threshold value for the stability of the zero

solution for system (4.17).

Lemma 4.5. Ry — 1 has the same sign as r(P) — 1.
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4.3.3 Global dynamics

The main focus of this section is to show the global attractivity of the system (4.10)
in terms of Ry by employing the theory of monotone and subhomogeneous semiflows
[135, Section 2.3]. Since the strong monotonicity and strict sub-homogeneity of the
periodic semiflow W; has been proven (see Lemmas 4.2 and 4.3), it is time to show

the global stability of system (4.10) when Rg > 1 in C*.

Theorem 4.2. If Ry > 1, then system (4.10) admits a unique positive T-periodic

solution M*(t,x), which is globally asymptotically stable in CT\{0}.

Proof. We can fix an integer ng such that nyT" > 27, then W, can be regarded as an
noT-periodic semiflow on C*. Furthermore, V,, 7 is a strongly monotone and strictly
subhomogeneous map on C* as a consequence of Lemma 4.2 and 4.3. It follows
from [135, Theorem 2.3.4] that system (4.10) admits a unique positive noT-periodic
and globally asymptotically stable solution M*(t,z) when r(DWV,, r(0)) > 1. Note
that r(DW,,,7(0)) = r(P(neT")) = (r(P(T)))". It then follows from Lemma 4.5 that
sign(Ry — 1) = sign(r(DV,,r(0)) — 1). Hence, it suffices to show the existence of

the unique T-periodic positive solution M*(t,z) when Ry > 1. This is true since
U (Vr®) = Wp (V™) = Up(Wngr™) = Wr(¥7),

where ¥*(s,-) = M*(s,-) for all s € [—7(0),0] guaranteeing that ¥, r¢* = *.
Therefore, the uniqueness of the positive fixed point of U} = W, o implies that
Ur* = 1b* holds, which indicates that M*(¢,x) is a T-periodic solution of system
(4.10). O

By implying [135, Theorem 2.3.4] and a similar argument as in the previous proof,

we can establish the following result:

Theorem 4.3. If Ry < 1, then the zero equilibrium 0 is globally attractive for all
solutions of system (4.10).
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It can be easily checked that I(t, z) can be represented by the following equivalent

integral form:
t
I(t,x) = f f L(t,s,z,y,D1)b(s, M(s,y))dyds, t>0, x €.
t—7(t) JQ

When Ry > 1, as a consequence of the global stability of M(¢,x), we can obtain
the property of the solution for the other variable I(¢, z) as well by using its integral
form:

lim [[(t, ) — I*(t, x)] —0,

t—00

where

t
Pla) = [ [ Tl Db M o) dyds
t—7(t) JQ

is a positive T-periodic function. The scenario when Ry < 1 can be discussed in a
similar way. Thus, the global attractivity of the full system (4.6) can be obtained

and summarized in the following theorem.

Theorem 4.4. If Ry > 1, then system (4.6) admits a unique positive T-periodic
solution (I*(t,x), M*(t,x)), which is globally attractive to all nontrivial solutions. If
Ro < 1, then the population extinction equilibrium (0,0) is globally attractive for all

solutions.

Remark 4.2. The main analytic methodologies for the system (4.6) are also applica-
ble to (4.7). In fact, due to the absence of the intra-specific competition (f(I)=0),

the I equation can be decoupled from (4.7).

In the next section, we will establish the well-posedness and threshold dynamics
for the model when the intra-specific competition is included and the immature

dispersal ability is negligible.
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4.4 Dynamics under immature intra-specific com-
petition

In this section, we devoted to dynamics for system (4.8) with the constraint (4.9),
namely, intra-specific competition is taken into account. As the beginning of this
section, we introduce several notations. Let X := C(Q, R?) be the Banach space of
continuous functions with the supremum norm | - [x. Define & = C([—7(0), 0], X).
For any ¢ € &, define the norm |¢| = maxge—r(0)0) [¢(f)|x. Then, £ is a Banach
space. Let X* := C(Q,R%) and £+ = C([—T(O),O],X+), then (X, X™) and (&£,E7)
are both strongly ordered spaces. Given a function u(t) : [—7(0),0) — X for ¢ > 0,
define u, € € by w,(6,7) = u(t + 0, z), for all f € [-7(0),0], z € Q and t € [0, 7).
Define the linear operator A = (A, Ay) by

0

D(A(t) = {¢ € C*(Q): 5= = 0 on 20},

Ay (t)¢ = —pr(t)p, Vo€ D(AL(1)),

and

29
on

As(t) = DoAd — i (t)d, Vo € D(As(1)).

D(A,(t)) = {¢p € C*(Q) : — = 0 on 0Q},

respectively. Define the nonlinear operator F(¢,-) = (Fy(t, ), Fa(t,-)) : ET — X by
Fi(t,¢) =b(t, $2(0,-)) = f(¢1(0,-))$1(0,-) = (L = 7'(t))

<o (- ﬂT(t)(uz(SHf(ﬂbl(s,x))) ) b = 7(0)en(-r(0). ).

F(1,0) == (62(0.0)6:(0,) + (1= PO exp (= [ () + Flon(o, )i )

x b(t —7(t), p2(=7(1), ),

fort >0, xeQand ¢ = (¢, ) € EF.
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Then, system (4.8) can be reformulated as the following abstract functional dif-

ferential equations:

o (4.18)

wilt) — A(t)u(t,-) + F(t,w,), t>0, z e,
u(f,z) = ¢(0, x), 0 € [—7(0),0], z €.

Let V (¢, s) be the evolution operators determined by the following linear reaction-

diffusion equations

ot

ate) _ t>0, zed.

{ I (t,x) —ur(®)I(t,z), t>0, xe,
on

Then, an evolution operator on X for (¢,s) € R? with ¢ > s can be defined as

(VL s) 0 : :
U(t,s) := < 0 Wit s))’ where W (t, s) is the same as defined in (4.12). Hence,

the integral form of system (4.18) is shown as follows:
t
alt, &) = UL, 0)6(0) + f UL, )F(s, u)ds, ¢>0, pe&r,
0

and the solution of which is a mild solution of (4.18).

Clearly, F(t,-) is locally Lipschitz continuous on £*, and hence for any ¢ € £,
system (4.8) admits a unique non-continuable mild solution u(¢; ¢) such that u:(¢) €
€ for all ¢ in its maximal interval of existence [0, o) for o4 > 0 (see [125]).

It is obvious that the constraint (4.9) is equivalent to

on(0.) = | 0 e (— f i) + f(cbl(ms)))dT) b(s, do(s,2)ds.  (419)

Denote X as the set of all ¢ € £F such that (4.19) holds. It follows that X" is a
nonempty and closed subset of €. Let u(t, ¢)(x) = (I(t,x), M(t,z)) for ¢ € X, and
define
t t
w(t,r) = ftT(t) exp <—J (pr(r) + f(IL(r, x)))dr) b(s, M(s,x))ds, VYtel0,04).
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Thus,

&w(att,x) =b(t, M(t,2)) — (ur(®) + fFIE )Nt z) — (1 — 7 (1))
X exp (— £T(t) (r(s) + f(I(s,x)))ds> b(t — 7(t), M(t — 7(t), 7)),
and hence,

5([(@5’5)&; w(t, z)) —(ur(t) + fI(t2)((t,z) —w(t,z)), Vte[0,04).

Since 1(0,-) = w(0, -), we have
I(t,:) —w(t,-) =V(t0)(I(0,-) —w(0,-)) =0, Vtel0,04),

which implies that for any ¢ € X, the solution u(t, z, ¢) satisfies

I(tz) - L D e (— J () + f(I(r,x)))dr) b(s, M(s,))ds, Vitel[0,0,).

—7(t) s

By virtue of the maximum principle (see [55, Proposition 13.1]), it follows from (4.8)
that M (¢, x) is nonnegative. Thus, the above integral equation on I indicates that
I(t,z) is also nonnegative, and hence, u,(¢) € E* for all t € [0, 04).

Recall that a family of operators {Q;};>¢ is an T-periodic semiflow on a metric
space (Z, p) with the metric p, provided that {Q;};>0 satisfies: (i) Qo(v) = v, Vv €
Z; (ii) Q(Qr(v)) = Quir(v),Vt = 0,Yv € Z; (ili) Q¢(v) is continuous in (¢,v) on
[0,00) x Z.

The following results asserts the existence of global solutions of system (4.8).

Theorem 4.5. Let (A1) and (A2) hold. For each ¢ € X, the system (4.8) admits a
unique solution u(t, z; ¢) on [0,00)xQ withuy = ¢. Moreover, system (4.8) generates
a T-periodic semiflow ®; = w(-) : X —> X, i.e. Dy(0)(0,2) =u(t+0,z;9), Vo€ X,
t=T,0¢e[-7(0),0], €.
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Proof. Forany ¢ € X, letu(t, z;¢) = (I(t, z;¢), M(t,z;¢)) = (I(t,¢)(x), M(t, ¢)(x))
be the unique solution of (4.8) with (4.9) satisfying uy = ¢ with the maximal interval

of existence [0, 0,) for o4 > 0. Note that
I(t,2;0) =0, M(t,z;¢) =0, Vte[0,04), € Q.

Since f(I) > 0 for I > 0, the second equation of system (4.8) gives rise to

( % <Dy AM (t,z) — (puar(t) + g(M(t,2)))M(t,z) + (1 —7'(t))
{ X exp (— ft_ o MI(S)ds> bt —7(t), Mt —7(t),z)), t>0, xe,
%:0, t>0, xe .

Thus, for any H > M , it follows the parabolic comparison principle and the proof of
Theorem 4.1 that M (t,z) satisfies 0 < M(¢,z) < H for all t > 0 and = € 2 whenever
0 < My(6,z) < H for 6 € [-7(0),0] and x € Q. Moreover, by assumption (Al), we

have

0<I(t,z) < L o b(s —7(s), M(s—7(s),z))ds

< Jt B(s—71(s))M(s—7(s),x)ds
t—7(t)
< B7H,

for t € (0,0,) and z € 2, where B = maxyefo,r] 3(t). Hence,

~

Y= C([_T(())?O]? [OvH] X [O>B%H])7

is positively invariant for system (4.8). Since H can be chosen as large as we can,
u(t; ¢) globally exists on [0,00) for any ¢ € X. Hence, (4.8) can define a semiflow
b, X > X, t =T by

Oi(0)(s,x) =u(t +s,x;¢), Vse[-7(0),0], x e
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It easily follows from the periodicity of the variable coefficients that ®; is a T-period

semiflow. O]

Since the first equation in system (4.8) has no diffusion term, the solution semiflow
®, is not compact. We impose the following condition on the immature intra-specific

competition f(I) in this section:
(A4) fe CYRT,R") and f’(I) is bounded on [0, o0).

Lemma 4.6. Assume that (A1), (A2) and (A4) hold. For any ¢ € X, let (I(t,x;¢), M(t,x;9))
be the solutions of system (4.8) with initial data ¢. Then there exist positive constants

C and C'" such that

11,5 0)ca@y, 1Mt 5 0)|ga@ < C

and

<

ot

oI(t,x; )
e |

‘ OM(t,x; ¢)

fort>27,2€Q and ¢ € X, where a € (0,1).

Proof. In view of Theorem 4.1, for any given ¢ = (¢1,¢2) € X, there exists n > 0
such that

I(t,z;0)| <n, |M(t,z;0)| <n, Vt=0,zeQ.

Let (I(t,z),M(t,z)) = (I(t,z;0), M(t,z;¢)) for V¢ € X,t > 0,7 € Q. By the

assumption (A4), it follows that there exists a positive constant Cy such that | f'(1)] <
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Cp for I = 0. In view of the integral form of I, we have

[1(t,x) = 1(t,y)]

67Si(l”(r)+f(](r,m)))drb(5, M(s,z)) — e*Si(w(r)+f(1(r,y)))drb(57 M(s,y))] ds

t
s

e LM+ UCdry o V(s 7)) — e S @HFUIr)dry o (s 7))

t
Jt—'r(t) [

t
J;T(t) [
+€,gz(,”(T)+f(1(r,y)))drb(8’ M(s,z)) — 6*Sﬁ(m(r)+f(l(r,y)))drb(3’ M (s, y))] ds

. t
_ oL J
t—7(t)

t
. f o 1 ur ()4 £ )
t—7(t)

e Vo fU(ra)dr _ o= FI(ry))dr

b(s, M(s,x))’ds

b(s, M(s,x)) — b(s, M(s, y))‘ds

t
< J o S (ur () + £ (01 (r)+ (1-0)I (ry)))dr
t—7(t)

b(s, M(s,x))‘

X

FOL(r ) + (1 — )1 (r, y))”[(t, ) — I(t, y)‘ds e (0,1))

t
g
t—7(t)

t
< CO”J
t—7(t)

for t = 0,2,y € Q. By virtue of (A1), (A2) and Theorem 4.5, we can conclude from

b(s, M(s, ) — b(s, M(s, y))‘ds

b(s, M(s,x)) —b(s, M(s,y))|ds

I(t,x) — 1(t, y))ds + fT(t)

the second equation of system (4.8) and [78, Theorem 5.1.11] that M(¢,-) is Holder
continuous on Q for ¢t > 27(0) = 27, that is, there exist a positive constant [ and
a € (0,1) such that for any z,y € ,

[M(t, x) — M(t,y)|

<, for t > 27.
|z =yl

In addition, there is a positive constant 7 such that |b(¢, M)| < 7 for t € R due to
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(A1) and the boundedness of M. As a consequence, it follows from the inequality of
|z =yl

< Con ‘r 1t ) — I(t’y)‘ds + Jt Do Mo 1)) = o, M, y))’ds
O t—7(t) v =yl

t I(t,x) —I(t
t—7(t) |z —y

for t > 27,2,y € Q and a € (0,1). Then the Gronwall’s inequality yields that for any

x,y €,

[I(t,x) — I(t,y)| < lpef
|z — y|*

)

for t > 27 and a € (0,1). Set C := max{l,[7¢"}. Then we have

for t > 27 and a € (0, 1).
In view of the I equation of system (4.8) and the boundedness of I and M, we
see that there exists a positive constant C such that for any ¢ € &,

oI(t,z; )

< O} for t > 27, x € Q).
ot

Additionally, Theorem (4.5) and [78, Theorem 5.1.11] indicate that there exists a

C5 > 0 such that

'(9M(t, x; )

o ‘<02 for t > 27, xe Q

due to the diffusion term in M equation of system (4.8). This completes the proof.
O
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Recall that the Kuratowski measure of noncompactness (see [29] ) &, is defined
by

k(B) :=inf{r : B has a finite cover of diameter < r},

for any bounded set. We set x(B) = o0 whenever B is unbounded. It is easy to
see that B is precompact (i.e., B is compact) if and only if x(B) = 0. The following

statement is the immediate conclusion of Lemma 4.6.

Corollary 4.1. Let (Al), (A2) and (A3) hold. Then the map ®r is k-contracting
in the sense that

lim x(®7(B)) =0

n—o0

for any bounded set B < X, where k is the Kuratowski measure of noncompactness.

Proof. Let B be a given bounded subset in X'. Let (I,,(¢, ), M, (t,x)) = ®;(dn)(x), Y, €
B,t > 27,2 € Q. By Lemma 4.6, it follows that for any ¢, € B, there exists a subse-
quence of {(I,,(t,,"), My, (tn, ) }n=1, which is still labelled as {(I,,(t,, ), My (tn, ) }nz1,
such that it converges in X as n — oo0. This implies that @, is asymptotically compact

on B.

Define the omega limit set of B for the map &7 on X
w(B) ={pe&": I}im Ok (pr) = ¢ for some sequences ¢ € B and ny, — o0},
—0

In view of the above discussion, it is easy to see that ®7. = &, is asymptotically
compact on B in the sense that for any sequences ¢, € B and ny — o0, there exists a
subsequence, which is still labelled as ¢y and ny — o0, such that ®5*(¢y) converges
in X as kK — oo. This implies that w(B) is a nonempty, compact and invariant set
for &7 in X, and w(B) attracts B (see, e.g., [98, Lemma 23.1(2)]). By [79, Lemma
2.1(b)], we have

K(D2(B)) < k(w(B)) + §(®N(B),w(B)) = 6((B),w(B)) — 0 as n — .
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This completes the proof. O

Theorem 4.6. Let (A1), (A2) and (A4) hold. The map @7 admits a global attractor
on X.

Proof. We first show the solutions of (4.8) are eventually uniformly bounded. By

modifying the arguments in Lemma 4.1 and Theorem 4.1 slightly, we have

limsup M(t,x; ) é]\?, Voe X, x e,

t—00

which means there exists a positive number [y, such that for any t > (T, z €  and
pe X, M(t,z;¢) < M. We further obtain the following inequalities for I(¢, x) when

t>1,T +7and z € Q:
t
I(t,z) < f b(s —7(s), M(s—7(s),x))ds
t—7(t)

< s—1(s))M(s —T1(s),x)ds
<] Bo—roG—(o).0
< B#M.

Thus, &; : X — X is point dissipative. Moreover, the positive orbits of bounded
subsets of X for &1 are bounded, and ®r is k-contracting on X (see Lemma 4.1).
Therefore, it follows from [79, Theorem 2.6], &1 has a global attractor which attracts
each bounded set in X O

4.4.1 Basic reproduction number

Based on assumption (Al), it is easy to check that system (4.8) has a population

extinction equilibrium Ey = (0,0). Linearizing system (4.8) at the extinction equi-
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librium Ej, we obtain the following linear system for adults:

( 61}(;7; ?) =Dy Av(t,x) — ppr(H)v(t, z) + (1 — 7'(1))
x exp [ — 1(s)ds —7(t))v(t —7(t), ),
| (| mios)ate —r(0)ete — ).
t>0, vel,
\ &v((;x) =0, t>0, xe€ 0,
(4.20)

It easily follows that (4.20) has a unique mild solution v(t, z; ) with vo(-, -; ) = @
and v(+,; ) € C* for all t > 0, and when t > 7, v(t,z; p) is a classical solution and
v (+, ;) is strongly positive and compact on C* for all ¢ > 27. Define P:C—¢C
by P(p) = vr(yp) for all ¢ € C, where vp(p)(0,x) = v(T + 0, x; ) for all (6,z) €
[—7(0),0] x Q, and v, is the solution map of (4.20). Thus, we have P™ = v, p
is compact and strongly positive, where ng := min{n € N : nT > 27}. Let r(P)
be the spectral radius of P. In view of [71, Lemma 3.1] that r(P) is a simple
eigenvalue of p having a strongly positive eigenvector ¢, which means the modulus
of any other eigenvalue is less than 7(P). Let v(t,2; @) be the solution of (4.20) with
v(s,z;9) = @(s,x) for all s € [—7(0),0],z € Q. The strong positivity of ¢ implies
that v(-,-;¢) » 0. Thus, we can apply analogous arguments as in Lemma 4.4 to

prove the following observation, which indicates the existence of a special solution of

system (4.20).

Lemma 4.7. There exists a positive T-periodic function 9(t,x) such that eMo(t, z)

Inr(P)

is a solution of (4.20), where ji = ==

Denote the initial distribution of adult individuals at time s € R and the spatial
location z € Q by ¢(s,z) = ¢(s)(x) € Cp(R,Y*). Define an operator C(t) : Y — Y
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as follows:
t

() ) = (1=~ exp ((~ J

t—7(t)

pr(s)ds) B(t = 7(0)p(x), VoY,

Recall the arguments in section 4.3.2, we know that St__og(t) Wt —7(t),s)o(s)(x)ds
denotes the density distribution of the accumulative individuals who matured into
adults at all previous time s < ¢ — 7(t) and survived to time ¢ — 7(¢) at location
x. Hence, the distribution of new-born individuals at location x and time t can be

represented as follows:

(a-reyew (- | " ilo)ds)B(e— (o) | T W 0,900 @)as)

t—7(t) —00

t

(1= w)esn (- |

t—7(t)

pu(s)as) 3¢~ (o) | O; Wt = 7(0).t = $)6(t — 5)(w)ds)

:foo (1 —T’(t))exp(— Jt ;u(s)ds)ﬁ(t—T(t))W(t—T(t),t—s)gi)(t—s)(x)ds

7(t) t—7(t)

_ f; (GO &~ (), 1~ 9)(t — )| (2)ds

- [ [0 - 9| ras.

0

where }Nl(t, s), te R, s = 0 is defined as follows:

i gy | COWE—7(0),t—s), s>7(),
H{t,5) {0, se[0,7(1)]

The next generation operator £ in this case can be defined as
~ CD ~
L(p)(t) := J H(t,s)o(t —s)ds, VieR, ¢ Cr(R,Y).
0

It can be easily shown that £ is a positive and bounded linear operator on Cr(R,Y).

We can define the basic reproduction number as the spectral radius of L, that is,

7%0 = r(ﬁ)
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Based on [132, Theorem 3.4] and [134, Remark 2.1], we can also obtain the

following similar result as in the previous section, which indicates that ﬁo serves as

a threshold value for the stability of the zero solution for system (4.17).
Lemma 4.8. Ry — 1 has the same sign as r(P) — 1.

In what follows, we establish the threshold dynamics of system (4.8) in terms of

the basic reproduction number 7%0. Let
WO = {¢€ X ¢2(07) 7_é07 Vi = 172}a

and

Wy =E\Wy = {peX:¢,(0,-) =0}

Theorem 4.7. Let u(t,x;¢) be the solution of (4.8) with ug = ¢ € X, then the

following statements are valid:

(1) ]fﬁo < 1, the population extinction equilibrium Eq = (0,0) is globally attractive
m X;

(2) If ﬁo > 1, there exists an n > 0 such that for any ¢ € Wy guaranteeing that

liminf u;(t,z;0) =n, Vi=1,2

t—0

holds uniformly for all z € Q.

Inr(P)
T

Proof. (1) In the case of Ry < 1, we have ji = < 0. Note that the second
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equation of (4.8) for M(t,x) is dominated by (4.20), that is, M (¢, z) satisfies

( % <D AM (t, ) — pupr ()M (t, )
ra-rees (- . ) ) B = 7(0), M2 = 7(0).),
< —r
t>0, re,
wz@, t>0, xe .
L on

(4.21)
It follows from Lemma 4.7 that there exists a positive T-periodic function o(¢, z) such
that w(t,x) = e™v(t, ) is a positive solution of (4.20). In view of the comparison

principle for (4.21), we have
M(t,z) < Kw(t,z) = Ke™o(t, z),

with a constant K > 0 satisfying My(6,2) < Ke™vy(0,x) for all § € [—7(0),0].
Thus, it follows that
limM(t,z) =0, VzeQ.

t—00

Recall the integral form of I(t,z), we have
t
)< | BoM sy,
t—7(t)

and therefore lim; ., I (¢, ) = 0 holds when Ry < 1.

(2) In the case of Ry > 1, we have r(P) > 1, which results in ji = w > 0. It
can be easily shown that the positivity of u;(¢, z; ¢) (i = 1,2) holds for any ¢ € W,
t > 0 and x € Q, which implies that ®%(Wy) € W, for any n € N.

Define P. : C — C as the Poincaré map of the following system with a small

107



positive parameter e:

( a”(;t’ ?) =Dy Av(t, ) — (s () + )v(t, z) + (1 — 7' (1))
x eV m Ot g = 7(1) — | ot - 7(1),2), t>0, zeQ
) (4.22)
ou(t,x) =0, t>0, xed,
on
\ ’U(Qﬁlﬁ) :50<97'T)7 pEe C? NS [_7(0)70]7 z €.

Then, P.(¢) = vp(y), where vp(9)(0,2) = v(T + 6, z; ) for (0, ) € [—7(0),0] x Q,
and v(t, ;) is the solution of (4.22) with v(6,x) = (6, x) for all § € [—7(0),0],
x € Q0. The continuity of the spectral radius indicates that there exists a sufficiently
small positive number ¢; such that the spectral radius of P., #(P,), satisfies r(P.) > 1
for all € € [0, ¢;]. Based on assumptions (Al) and (A2), we may choose some 7; > 0

such that
6*SE,T(U(m(s)+f(1(sw)))dsb(t’ M(t,z)) > (efo,T(t) w3 () )M (¢, ),

and g(M) < g(m) < € hold for all I < n; and M < ;. Moreover, according to the

continuous dependence of solutions on the initial value, there exists 7y € (0, €;) such

that for any |¢(s,z)| < no, s € [-7(0),0], z € €,

(I(t,a30), Mtz 9)| < m, Vie[0,T], xe Q.

Next, we prove the weak persistence when 7%0 > 1 through the following claim:

Claim: limsup|®%.(¢)| = no for all ¢ € W,

n—ao0

Suppose the claim is false, there exists some ¢y € Wy such that

lim sup|[ ®5 (6) | < .

n—o0
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Hence, there exists a positive integer ny, such that |u;(nT + 6, x;¢o)| < no for all

n=ny,i=1,2 0¢e[-7(0),0] and x € Q. Then for ¢y € Wy, we have
0<u(t,r;00) <m, Vt>mT, 2eQ, i=12. (4.23)

Then, M (t,x; ¢y) satisfies

( w >DyAM (t,x) — (par(t) + €)M (¢, z) + (1 — 7'(t))

< ’ |:67 SE?T(ﬂ uI(S)dSB(t N T(t>) B el:l M(t o T(t)7x)7 t > (nl + 1)T7 xr e Qa
OM(t,x)

Lﬁ—nzo’ t>(ny+ 1T, xed.

(4.24)

Let ¢* be the positive eigenfunction of P,, corresponding to 7“(1361). For all t > 7
and x € Q, the positivity of M(t,z; ¢,) gives rise the existence of a constant ¢ > 0

such that

M((m + 1)T 4+ 0,2;¢90) = ™, VOe[-7(0),0], e
Then, based on the comparison principle for (4.24), we have
M(t,z; do) = sv(t—(ni+1)T, z;0*) = or(P)M+0Ty*(0,2), Vit = (n+1)T, z €9,
where v(t, z;1*) is a solution for (4.22) with v(0,z) = ¢*(0, z) for all 8 € [—7(0), 0]
and z € Q. Thus, it follows that

lim M (t,z; ¢p) = 0,

t—00

a contradiction to (4.23).
Let M = (0,0). The above claim shows that M is a weaker repeller for W, and
the stable set of M, W#(M) satisfies that W*(M) n Wy = &. Moreover, M is an

isolated invariant set for ®7 in £'. Define

My = {¢p € oWy : Pl(p) € OWy, Vn € N},
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and w(¢) be the omega limit set of the positive orbit v*(¢) := {®%(¢) : Vn e N}. It

then follows from Theorem 4.1 that
Ma = {gbe &Wg . gbg = O},

and hence

| (@) = {(0,0)}

peMpy

In the light of the acyclicity theorem on uniform persistence for maps [135, The-
orem 1.3.1 and Remark 1.3.1], we obtain the uniform persistence for &7 : X — X
with respect to (W, dWy) due to Corollary 4.1, that is, there exists an 7 > 0 such
that

liminf d(®7(¢), W) =17, V¢ e Wy.

n—o0

Define a continuous function p : X — [0, 00) by

p(¢) :==min ¢o(0,2), Vo = (¢1,¢2) € X.

€S

It follows from A = ®7(.A) that ¢ > 0 for all ¢ € A. We further obtain lim d(®%(¢), A) =

n—0o0

0. The compactness of A implies that gu}r‘l p(¢) > 0, which further indicates that
S

there exists an 7 > 0 such that

liminf (I(nT,2;¢), M(nT,z;9)) = (9,7), Yoe W, i=1,2.

n—0o0

This indicates that there exists n; € N* such that for any n > ny,
(L(nT,2;0), M(nT,z;0)) = (7,9), YoeW, i=12. (4.25)

Note that

WL > DyAM(t ) = (i + g(H)M(tx), t=mT, e,
Mt2) _ 0 t>nT, vedQ,
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where fi5s 1= maxepo ) ptar(t) and H is defined in Theorem 4.5. Then the parabolic

comparison principle and (4.25) imply that
M(t,z) = he”(FaurgtD)t=mT) 5 t>=mT, zeQ,

where 7, is a positive constant. Furthermore, on the basis of the integral form I, it

is easy to see that there exists an 1}, > 0 such that
[(t>337¢)>77§7 v7527117-'7%657¢EVVO-

Set 1 := min{n],n5}. Then we can obtain the practical uniform persistence stated in

the theorem. N

4.5 Discussion

In this chapter, a reaction-diffusion population model with the consideration of sea-
sonal effects, intra-specific competition, age structure and seasonal maturation dura-
tion based on a generalized age-structured modeling framework was formulated. By
applying the method of integration along characteristics, the full system related to
the population densities of juveniles I(¢,x) and adults M(¢,x) at time ¢t and loca-
tion x was obtained with two nonlocal periodic reaction diffusion equations involving
periodic delays and no flux boundary condition. The introduction of juvenile intra-
specific competition and periodic delays, making the system non-cooperative and
irreducible, bring more challenges to the theoretical analysis of our model.

It is worth mentioning that our model involves time-varying delays 7(¢). An ap-
propriate space for theoretical analysis should be introduced to analyze it. In this
chapter, without loss of generality, the initial timing was chosen as the maximum
point of 7(¢) in [0, T'], that is, 7(0) = maxepo7{7(t)} = 7, which is feasible by consid-
ering the evolution of solutions. If the initial timing instant ¢5 = 0 does not satisfies
7(to) = 7, by applying similar arguments in [72, 77|, we may need to introduce two
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spaces. One is C'([—7,0],Y) to show the existence and uniqueness of the solution.
To verify the global attractivity of the positive periodic solution, the other space
C([—7(0),0],Y) is needed, on which we can show the solution semiflow is eventually
strongly monotone and strictly homogeneous. Besides that, we need to confirm that
the solution can define a periodic semiflow on the new space C([—7(0),0],Y) and

R, can determine the stability of the system on both phase spaces.
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Chapter 5

Modeling diapause in population
growth

5.1 Background

Diapause is a neurohormonally mediated dynamic state of low metabolic activity,
associated with a reduced morphogenesis, increased resistance to environmental ex-
tremes and altered or reduced physical activity [111]. As an adapting mechanism to
the unfavourable environmental conditions such as harsh winters and dry seasons,
this process of physiological rest can be commonly found among invertebrate organ-
isms, which include temperate zone insects or some tropical species occasionally and
their arthropod relatives [30, 63|, such as mosquitoes [3], ticks [12], ladybirds [56],
dragonflies [95] and silkworms [54]. Recent extensive studies on different aspects of
diapause contributed to understanding how inherent mechanisms regulate organisms
surviving through diapause [30, 32, 33, 51, 97] and the critical roles of diapause
stage on linking the favourable and adverse seasons, and synchronising the life cycle
of organisms with seasonal environmental variations [3, 31, 110, 111].

Mathematical models are believed to be efficient and indispensable tools for bet-
ter understanding of population dynamics [17, 85]. However, few population models

focus on exploring the impact of diapause on population persistence. In this chap-
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ter, we attempt to investigate how diapause influences seasonal population patterns
by constructing mathematically tractable models, with mosquito species as a moti-
vating example. Mosquitoes act as pathogen vectors to transmit various infectious
diseases including dengue fever, malaria, West Nile fever, Japanese encephalitis, Zika
and chikunguya, which pose great challenges to human health [103]. Due to their
epidemiological significance, the study of mosquitoes attracts increasing attention
and makes mosquitoes to be the most concerned model group among aquatic in-
sects. Even though there are huge investments in mosquito research, relatively a
small number of population models evaluate the effects of diapause on mosquito
persistence.

Our literature review indicates that there were two possible ways employed to
incorporate the diapause effects into the population model. One way was using
piecewise parameter functions to differ either the survival or the development rates
between the normal growth and diapause periods. Gong et al. developed two discrete
difference models with a piecewise death rate function characterising the impact of
adult mosquito diapause to investigate the temporal dynamics of Culex mosquito
populations [43]. A stage-structure, climate-driven population model of ordinary
differential equations (ODE) with a piecewise egg production rate function describ-
ing diapause-induced differences was formulated in [116] to simulate Culex mosquito
population abundance in the Northeastern US. Another temperature-dependent, de-
lay differential equation (DDE) model with piecewise developmental rate functions
accounting for the effects of diapause was proposed to demonstrate the sensitivity of
seasonal mosquito patterns to annual changes in temperature [36]. However, consid-
erable observational studies suggest that not only the developmental rate but also
the reproduction and mortality rates are altered simultaneously when organisms en-
ter into diapause [31, 52, 101]. Consequently, the other fairly reasonable way was
to regard the diapause period as an independent dynamic process, during which the
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population dynamics are completely different from that in the normal growth period.
Cailly et al. [20] built two different stage-structured temperature-driven ODE models
to predict seasonal mosquito abundance during favourable and unfavourable periods
respectively. Based on the above two models, two new fine-tuned ODE models were
constructed in [60] to explore the relationships between major climatic variables and
diapause related parameters. Following this point of view, we aim to propose a novel
and comprehensive framework for modelling diapause in the population growth.
The occurrence of diapause is caused by the advent of adverse environmental
conditions such as winter seasons in temperate zones and dry seasons in tropical
zones. As such, the organisms surviving through diapause must experience a fixed
period of latency before their normal growth resumes [31]. In addition, several ob-
servations [31, 63, 64] indicate that normal growth cannot resume immediately after
the termination of diapause. It would make sense to classify the annual growth pe-
riod into three intervals, that is, the normal growth period, the diapause period and
the post-diapause period. Population dynamics during each interval are described
by different sets of differential equations. Since mosquito diapause is restricted to a
single stage for most species, on either immature (mostly egg) or adult stage [19, 31],
we attempt to investigate two distinct cases of mosquito diapause separately, that
is, adult diapause and immature diapause. Consequently, the population is struc-
tured into immature and mature classes to explicitly describe different diapausing life
stages. In view of the developmental delays induced by the maturation and diapaus-
ing time period respectively, it seems the stage-structured DDE framework is more
suitable and reasonable. Two distinct DDE models with two different delays are
formulated from the continuous age-structured partial differential equations (PDESs)
to explicitly describe mosquito growth with either diapausing adults or immatures.
Furthermore, we formulate a unified DDE model, which can reflect population dy-
namics with adult diapause and immature diapause separately, by assuming different
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diapause-related parameters. Although the motivative example of this work is the
mosquito species, our modelling framework can be applied to other species including
ticks [12], silkworms [54] and flesh flies [40], which are capable of diapause to survive
through unfavourable seasons.

The formulations of three DDE models are derived elaborately in Section 5.2.
Theoretical analysis on the unified model including the well-posedness of the solutions
and global stability of the trivial and positive periodic solutions in terms of an index
R is presented in Section 5.3. Numerical simulations are performed in Section 5.4 to
show the seasonality of population abundances of two temperate mosquito species,
the sensitivity of the diapause-related parameters and implications for controlling

mosquito population. Discussions are provided in the final section.

5.2 Model formulation

We first derive the formulation describing the growth of population with only one
diapausing stage, either adult or immature diapause. A unified model capable of
describing both adult and immature diapause cases is then proposed. The mosquito
population is stratified into two different age classes: immature (I(¢)) and mature
(M(t)) classes with a threshold age 7, which represents the development duration
from egg to adult. Within each age group, all individuals share the same birth and
death rates. We denote the population density at time ¢ of age a by u(a,t). Then
the population sizes for immature and adult individuals are represented respectively

by the following integrations:

I(t) = §, u(a,t)da, M(t) = §” u(a,t)da. (5.1)

T

The annual growth period consists of three intervals, that is, the normal growth
period, the diapause period and the post-diapause period, the lengths of which are
denoted by T, Ts and Tj respectively. Here, to derive the closed system, the post-
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diapause period is set to be only one developmental duration, i.e. T3 = 7. The length
of the (irrespective of adult diapause or immature) diapause duration is assumed to
be 74, i.e. T = 74. Biological observations indicate that 7, > 7 [31, 100]. It then
follows that the length of the remaining period, i.e. the normal growth period, is
Ty = 1 —7 — 74. In this chapter, we set the starting time ¢ = 0 of the annual growth
period at the termination of the post-diapause period.

During the normal growth period, there is no difference in the model formulations
between these two different diapause mechanisms. The McKendrick-von Foerster
equation can be used to describe the dynamics of an age-structured population (see,

e.g., [26, 48, 77] and the references therein):

(a—aa + %) u(a,t) = —pla)u(a,t),
w(0,t) = b(M(t)),
u(a,0) = wug(a).

(5.2)

The birth rate function is b(M(t)), dependent only on the adult population size,
and wug(a) is the initial age distribution. The death rates during the normal growth
period are stage-dependent, and p(a) = py for a < 7 while pu(a) = puy for a = 7. In
view of (5.2), differentiating the integral equations in (5.1) with respect to time ¢ on

both sides yields

d;—it) - U(O,t) - u(7-7 t) - Mfl(t) = b<M(t)) — U(T, t) — Mll(t)7
dj\gt@) = u(1,t) —u(oo,t) — up M(t).

It is natural to assume that u(c0,t) = 0 as no individual can live forever. To close
the system, we need to figure out u(7,t), the maturation rate at time ¢, which can be

achieved by the technique of integration along characteristics (see for example [104]).
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To proceed, let £°(t) = u(t — s,t), then for t — s < 7, we have

dg*(t)
dt

= —pu(t—s)§°(1),

where £°(s) = u(0,s) = b(M(s)). Therefore, setting s =t — 7 (= 0), we have the

following expression for u(7,t) when ¢t > 7,
u(r,t) = b(M(t—rT))e M,

The following system describes the population dynamics taking into consideration
of seasonal effects during the normal growth period, i.e. whenn <t <n+1; =

n+1—7—74 here n (= 0) is an integer representing the n-th year:

%(:) — WM (H)) — b(M(t — 7)) — i (8),
d]‘fit(t) — B(M(t — 7)) — g M(2).

However, the population dynamics during the diapause and post-diapause periods
are completely different from both immature and mature diapause individuals. In

the next subsection, we start from the model formulation for adult diapause case.

5.2.1 Adult diapause

Once the diapause period is initiated, all individuals cease their developmental ac-
tivities due to harsh environmental conditions. For adult diapause case, adult indi-
viduals can survive with a diapausing mortality rate dj; while the immature pop-
ulation becomes extinct [109]. Consequently, we assume that the number of im-
matures /(t) decreases to zero continuously during the diapause period, i.e. when
n+l—7—71;<t<n+1-—7,moreover, [(t)=0whente[n+1—-2r,n+1—7].
During the post-diapause period, i.e. when n+1—7 <t < n+1, the maturation rate

is 0 as no immature survives through the diapause period. The annual growth of the
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mosquito population when adults enter into diapause is illustrated in Fig. 5.1(a). In
this case, the population dynamics subject to seasonal effects can be described by

the following system (A), consisting of (A1), (A2) and (A3).

T H T,Ul

1(t) goes

) I(t) extinct
Maturation of continuously I (t)
immature
mosquitoes
born at b(M (1)) No birth and b(M (1))
previous time development
instantt — T
b(M (t—z))e "

—

Hy dy Hi
<+ T (normal growth) «vea'aess T, (diapause) «--pa==++T; (post-diapause) -«
P P TP PR ONE YEarssassasssrassassssassssnssnsnssnsrasnnss »

(a)

ta Td, TM

| ® I(t) — 1)

Maturanon of Maturation of

immature .

mosquitoes born b(M (1)) No birth and :Tr:)r:;Lthil{ges born in

at previous time devel t : b(M (1))

instantt — © SvE opmer period T,

b(M (t—z))e " b(M (t—7—7,))e """

‘LﬂM Hu

e T1 (normal growth) === ><...-T2 (diapause) ss=bessesnss T3 (post-diapause) sssssss »>
@ onssscnsenannsnsusasnsnsansnnsnsanssnsnnnnsnnnns One YAl sesasrasnnnnnnssnsnansnnssnsnnnnnnsnnsnnnnnnnnnnnns >

(b)
Figure 5.1: Diagrams depicting the annual growth of mosquito populations with single diapausing
stage. (a) Diagram for adult diapause; (b) Diagram for immature diapause. The one year period
is divided into three intervals with different growth rates for immatures I(¢) and adults M(t) on
different intervals. Moreover, the lengths of these three intervals Ty, Ts, T3 are 1 — 74 — 7, 7q4 and

T respectively.
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1) During the normal growth period T3, i.e. when t € [n,n+1—7—74]:

AW () — B (E = ))errm — I (2),
ddt (A1)
:%Q': b(M(t —7))e ™7 — parM(t).

2) During the adult diapause period Ts, i.e. whente [n+1—7—74,n+1— 7],
there is no developmental activity, immatures go extinct and adults survive
through diapause:

I(t) decreases to zero continuously and
It)=0,YVte[n+1-2r,n+1—7],

dM (1)
dt

(A2)

— —dyM().

3) During the post-diapause period 75, i.e. when t € [n+1—7,n+1], no immatures

develop to adults since the longest age for newborns in this period is 7:

O ) — pI),
dzc\lj (t) Y
7 = —puuM(t).

5.2.2 Immature diapause

In the case that immature individuals diapause, the annual growth of mosquito pop-

ulation is illustrated in Fig. 5.1(b). During the diapause period, all individuals stop

growing, immatures (eggs or larvae) enter into diapause with a diapausing mortality

rate dy while the adult population goes extinct due to harsh environmental conditions

[67, 115]. Therefore, we assume that M () decreases to zero continuously during the

diapause period, i.e. whenn+1—7—7, <t <n+1—7, and M(t) = 0 when

te[n+1-2r,n+1—r7]. Different from the adult diapause case, the maturation

rate during the post-diapause period is b(M (t — 7 — 74))e #17~47a other than 0. The
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dynamics of seasonal mosquito population when immatures enter into diapause can

be described by the following system (I), consisting of (I1), (I2) and (I3).

1) During the normal growth period T3, i.e. whent € [n,n+1—7 — 74]:

dI(t) = b(M(t)) —b(M(t —7))e M7 — puI(t),
ddt (1)
]Zt(t) = D(M(t —7))e™™7 — M (t).

2) During the immature diapause period Ty, i.e. whent € [n+1—7—74,n+1—7],

no adult gives birth since all adults die:

0
g = Ul (t),

M (t) decreases to zero continuously and
M(t)=0,Vte[n+1—-2r,n+1-7].

3) During the post-diapause period T3, i.e. when ¢t € [n + 1 — 7,n + 1], juveniles
born at previous time instant ¢t — 7 — 7, survive through the diapause period

and mature into adults at time ¢:

O () = bt =7 — 7))e s — I (8),
1 Y
dt(t) = W(M(t—71 —7g))e U — iy M(t).

5.2.3 A unified model

In this subsection, we will explore the formulation of a unified model, which is capable
of describing both the immature (Model (I)) and adult (Model (A)) diapause cases

respectively. The annual growth of mosquito population is shown in Fig. 5.2.

1) During the normal growth period 77, i.e. whenn <t <n+T) =n+1—7—1,,
the population dynamics are described by the following system, which are the
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$u T " 2
. '® I(t) —

Maturation of Maturation of
immature immature
mosquitoes born No birth and mosquitoes born in
at previous time b(M (1)) development period T, b(M ()
instantt — b(M (t—7—17,))e "
b(M (t—2))e ™" |
o LLLLT Tl (normal grovvth) ----- > T (d|apause) ...... T (post d|apause) ........

Figure 5.2: Diagram illustrating the annual growth for the mosquito population when both
immatures and adults can survive through diapause. The one year period is divided into three
intervals with different growth rates for immatures I(¢) and adults M (t) on different intervals.
Moreover, the lengths of these three different intervals 17, T5, T3 are 1 — 74— 7, 74 and 7 respectively.

sale as previous two cases.

Ay () — B = 7))e 7 — I (8),
i o
0 ar(e = e — b )

2) Afterwards, all mosquitoes evolve into the diapause period with the advent
of unfavourable seasons. During this period 75, the development of all indi-
viduals is arrested and we assume both immature and mature mosquitoes can
survive through the diapause period suffering the mortality rate d; and d,, re-
spectively. Then, the population dynamics for mosquitoes during the diapause

period (i.e. whenn+1—7,—7 <t <n+1—7) are described by the following

system:
aw) - _ —dI(t)
i v
o= —duM(t).
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3) For the post-diapause period T3, i.e. when n+1—7 <t < n+1, the population

dynamics can be represented by the following system:

%t) = (M) = b(M(t — 7 — 7))e 747 — 1 I(2), (U3)

d]\c/i[t(t) = B(M(t =7 —7a))e T U — pp M(2).

By assuming d; » 1 (dy; » 1), we can investigate the population dynamics for
individuals experiencing adult (resp. immature) diapause in the previous cases via
this unified model. In fact, when only adults diapause, I(¢) declines to zero very
quickly in (U2), as expressed in (A2). Moreover, the term b(M (t — 7 — 74))e #1717
is close to zero in (U3) in terms of a threshold, which approximates to (A3). Similarly,
when immatures diapause, the dynamics of system (I) can be approximated by those
of system (U) with the assumption of dp; » 1. In summary, we may use system (U)
to reflect the dynamics of systems (A) and (I) and conduct theoretical analysis on
the unified model (U) in the next section, where the detailed proofs for the well-
posedness of the solutions and global stability of the trivial and positive periodic
solutions in terms of a threshold parameter R are provided. The persistence and
extinction of population is totally dependent on the sign of R —1. When R > 1, the

population will eventually oscillate at an annual cycle.
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5.3 Model analysis

Since the equations for M () can be decoupled in system (U), it suffices to analyse

the equations for adult population in the unified model:

(dM
d dt(t) =b(M(t—7))e ™" — pup M(t), ten,n+1—7—m14,
dM(t
3 %:_dMM(t), tepn+1—7—14n+1-7], (5.3)
dM (t
dt( ) =b(M(t —7—79))e M7y M(t), ten+1—7,n+ 1],

where n € N. It is worth noting that only one-sided derivative is considered at all
break points in our model.

We make the following biologically plausible assumptions on the birth rate and
the periods, which are justified in the existing literature [76]:
(H1) b(M) is a non-negative locally Lipschitz continuous function in M. In particu-
lar, we assume that b(M) is strictly increasing with respect to M > 0. Furthermore,
b(0) = 0 and there exists M > 0 such that b(M)e ™7 > M when 0 < M < M,
and b(M)e ™7 < pp M whenever M > M.
(H2) 27+ 715 < 1.

In fact, any desired birth rate function can be constructed with appropriate pa-
rameter values alternatively. In general, our assumptions for the birth rate function
can be deduced from Fig. 5.3. Furthermore, the mosquito diapause is usually ini-
tiated when the cold and dry season comes and halted when the environment is
suitable for reproduction and development [31]. The length of the diapause period
may range from 3 to 5 months among different species and geographies. The lifes-
pan of mosquitoes is very short, which varies with different species and is averaged
at around 2-4 weeks [100]. Thus, it is reasonable to assume that the dimensionless
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parameters (divided by one year), the developmental duration and the period for

diapause, satisfy assumption (H2).

— birth rate : b(M) .
- = = death rate : I M ,

M

Figure 5.3: A schematic illustration of the birth rate function that satisfies assumption (H1).

5.3.1 The well-posedness

Based on the variation of constant formulae, system (5.3) can be written as the

following equivalent integral form:

t
M (t) = e~ Har(t=n) [ f b(M(s —7))e M7 etm (5= gg 1 M(n)} , tenn+1—14—1],

n

(5.4a)
M(t) = em =+ =T=7)) pr(n 11 — 7 — 1), ten+1—71—71n+1—7],

(5.4b)

t

M (t) —e kM (t=(n+1-7)) [J b(M(s— (T + Td)))e—,uzf—dndeuM(s—(n-i-l—r))dS
n+l—7
+M(n—|—1—7‘)], ten+1—7,n+1].

(5.4c)
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Define Y = C([—7,0],R;) with the usual supremum norm. For a function u(-) €
C([—7,0),R;), define u; € Y by w(0) = u(t + 0), V6 € [-7,0],¢t = 0. In what

follows, the well-posedness of system (5.3) is established.

Theorem 5.1. Suppose that assumptions (H1) and (H2) hold, then for any ¢ €Y,
system (5.8) admits a unique non-negative and bounded solution u(t, ) with ug = ¢

n [0, 00).
Proof. Denote f by
f&, M), M(t—7)) = b(M(t—71))e ™™ — up M(1).

For any given p > 1 and any ¢ € Y satisfying 0 < ¢ < pM, where M is defined in the
assumption (H1), system (5.3) becomes the initial-value problem for the following

ordinary differential equation (ODE) on ¢ € [0, 7]:

dM(t)

o = JL M), 6t = 7)), M(0) = 6(0), Vie[0,7]

It follows from assumption (H1) that f is Lipschitz in M, then system (5.3) admits
a unique solution on its maximal interval of existence. It can be easily checked by
differentiation that (5.4a) with n = 0 satisfies system (5.3) on [0,7]. Moreover, it

follows from the assumption (H1) that the following holds for ¢ € [0, 7]:

- ot
u(t) =e Humt ( b(u(s — 7))e M TelM3ds + u(O)]
JO
-t
—e Hut b(p(s —7))e MTelMids 4+ ¢(0 )]
| Jo

- rt
e MMt b(pM)e MM s 4 pM]
JO

_b(pM)er7

e*NMt(e#Mt _ 1) 4 e*thpW
120.%}

<pM (1 — e HMt) e Mt N = p M.
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Hence, system (5.3) admits a unique solution u(t) € [0, pM] for t € [0,7]. Further-
more, the existence of a unique solution u(t, ¢) can be extended to [0,1 — 7 — 74] by
the similar approach.

For t € [1 —7—74,1—7], the solution of system (5.3) can be determined uniquely
by the initial-value problem for the following linear ODE:

dM(t)
dt

=—dyM@t), MA—7—7) =u(l =T —14), Vte[l—7T—74,1—7],

which implies that (5.4b) with n = 0 is the solution of system (5.3) on [1—7—74, 1—7].
In view of (5.4b) with n = 0, we have the solution 0 < u(t) < pM. It then follows
that system (5.3) has a unique solution u(t, ¢) on [0,1 — 7].

Denote g by
g(t, M(t), M(t — (1 +74))) = b(M(t — (T + 74)))e 740 — 1 M(t).

For t € [1 — 7, 1], the solution of system (5.3) must satisfy the initial-value problem

for the following ODE:

dM(t)
dt

=g(t,M(t),M(t—(1+71))), MA—7)=u(l—7), Vie[l—rT1].

According to assumption (H1), g is also Lipschitz in M. It then follows that there
is a unique solution on its maximal interval of existence for system (5.3). It is easy
to verify by differentiation that (5.4c) with n = 0 satisfies system (5.3) on [1 — 7, 1].
Furthermore, based on assumption (H1), for all £ € [1 — 7, 1], we have

t
u(t) = Ha(t=(1=7)) [J b(u(s — (1 + 74)))e P UTagrm (== gs 4 4(1 — 7')]

1—71
t

<e Hm(t—(1-7)) [f b(pﬁ)e—uﬂeuM(5—(1—7))ds + pM]
1—7

_bpM )e"”efumt—(lfr))(euM(t—(H» 1) 4 e P =0 T

129,71
<pM(1— e_NM(t_(l_T))) + e—uM(t—(l—T))pM = pM.
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Thus, system (5.3) admits a unique solution u(t, ¢) on [0, 1].

Next, we can show the existence of a unique solution 0 < u(t,¢) < pM with
0 <uy = ¢ < pM for all t > 0 by applying the method of steps on each interval
[n,n + 1]. Since p can be chosen sufficiently large, it then follows that system (5.3)

admits a unique solution u(t, ¢) with ug = ¢ € Y on [0, o0). ]

Define ®; as the solution semiflow for system (5.3) on Y, that is, ®,(¢)(0) =
u(0,¢0) = u(t + 0,¢) for t = 0, 6 € [—7,0], where u(t, ¢) is the unique solution of
system (5.3) on [0,00) with ug = ¢ € Y. The following lemma implies that ®; is a

1-periodic semiflow on Y.

Lemma 5.1. &, is a 1-periodic map on'Y, that is, (i) ®g = I, where I is the identity
map; (i) Pyppq = $po Py, Vit = 0; (iti) () is continuous in (t,¢) € [0,0) x Y.

Proof. 1t is obvious that property (i) is true. Property (iii) can be easily verified by
applying a standard argument [81, Theorem 8.5.2]. Now, we show that property (ii)
holds. For any ¢ € Y and all t = 0, let v(t) = u(t + 1, ¢) and w(t) = u(t,u;(¢)) with
v(0) = u(@+ 1,¢) = w(d) for 0 € [—7,0]. For all t € [n,n+ 1 —7 — 74] with n € N,

we have

d d
Zl(tt) - ;1’ 2 bt +1 - . 6)e " — pasult +1,0)

=b(v(t — 7))e M7 — upo(t)

and forallte [n+1—7—715,n+1—7]:

= — dM’LL(t + 1,¢) = —dMU(t)

and forallte [n+1—71,n+1]:

d?;it) _ du(t;-tl,cﬁ) zb(u(t +1— (7_ + Td),(ﬁ))eiu[T?led o ,UMU(t + 1’¢)

=b(v(t — (1 + 74)))e M7 — yy0(t).
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This indicates that v(t) is a solution of system (5.3) with the same initial condition
as another solution w(t). The uniqueness of the solution indicates that v(t) = u(t +
L,¢) = w(t) = u(t,u1(¢)), Yt = 0. Thus, u; o u1(¢) = u1(¢), which further implies
that @y, = @, 0 By, Vi = 0. 0

5.3.2 Threshold dynamics

In order to investigate the global dynamics of system (5.3), we employ the theory
of strongly monotone and sub-homogeneous semiflows (see [135, Section 2.3]). The
next two lemmas show that the periodic semiflow ®; is eventually strongly monotone

and strictly subhomogeneous on Y.

Lemma 5.2. For any ¢ and ¢ in'Y with ¢ > 1 (that is, ¢(s) = (s) for s € [-T,0]
with ¢ #£ 1), there are two solutions u(t, @) and v(t, V) of system (5.3) with uy = ¢
and vy = 1, respectively, that satisfy u(t, ) > v(t,v) for all t > 7 + 14, and hence
Oi() » Pr() on Y for allt > 2(T + 14).

Proof. For any ¢ and ¢ in Y with ¢ > 1, it can be easily shown that u(t) = v(t) for
all t = 0 by applying the comparison argument [106, Theorem 5.1.1] on each interval

[n,n + 1] for all n € N. In view of (5.4a) with n = 0 and assumption (H1), we have

u(r) = e #MT [ b(u(s —7))e HTetM3ds + u(O)]
L Jo

= e MMT [ b(p(s —7))e MTetM3ds + gb(())]
[ Jo

> e HMT (7 b(h(s —7))e HTetM3ds + 1/1(0)}
L Jo

= (7).

By the continuity of solutions, there must exist some £ € (7,1 — 7 — 74] such that

u(t) > v(t) for all t € (7,€). This claim can be further extended to all t € (7, 1 —7—74].
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If we assume the contrary, then there exists a tg € (7,1 —7 —74] such that u(t) > v(t)

for all 7 <t <ty and u(ty) = v(ty). However,

[ rto ]

u(ty) = e~#to=m) blu(s — 7))e M7er ) ds 4 u(r)
LJT |
[ rto T

> ¢ Hm(to—T) b(v(s — T))e_“’Te”M(S_T)dS + u(T)
LJT i

[ rto T

> e_lu']\l(tU_T) b(v(s — 7—))6_“17—6/1’]\/[(5_7-)(18 + U(/]—)

LJT i

= U(t(])?
which is a contradiction. For ¢t € [1 — 7 — 74,1 — 7], it follows from (5.4b) that
u(t) =~ t=0=m=1)y (1 — 7 — 7)) > U=y (1 — 7 — 7)) = 0(2).

For t € [1 — 7,1], based on assumption (H1) and (5.4c), we have

- i}
u(t) — e hum(t=(1-7)) j blu(s — (T + Td)))efuﬂfdﬂdeuM(sf(lff))ds +u(l—7)

1—71

— t T
>e—uM(t—(1—T)) f b(v(s — (T + Td)))e—un—d[meuM(s—(l—T))dS +u(l—17)
LJ1—7 -
— t 7
< et (t=(1-7)) f b(v(s — (T + 74)))e M7 dmaern(s=(=m) gg 4 4(1 — 7) | .
LJ1—T1 -

Subsequently, we can show that u(t) > v(¢) for all t > 7 by applying the method
of induction on each interval [n,n + 1] with 1 < n € N. In particular, s — 7 > 0
and s — (7 + 74) > 0 hold when s > 7 + 74, then we have u(s — 7) > v(s — 7) and
u(s—(1+74)) > v(s—(T+74)) for s > 7+74. Thus, it easily follows that u(t) > v(t)
for all ¢t > 7 4+ 74. Therefore, the solution map ®, is strongly monotone on Y when

t>2(1 + 74). O
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We need to make additional assumptions on the birth rate function before inves-

tigating the subhomogeneity of ®;.

(H3) The birth rate b(M) can be expressed as b(M) = B(M)M, where B(M) is

the per-capita birth rate and is strictly decreasing with respect to M (> 0).

Lemma 5.3. For any ¢ » 0 in'Y and any A € (0,1), we have u(t, \¢p) > Au(t, p)
for all t > T + 74, and therefore, ®T(Ap) » APV (@) in Y for any integer n with

n > 2(T + 74).

Proof. Let u(t,¢) be the unique solution of system (5.3) with ug = ¢ » 0 in Y.
Denote w(t) = u(t, A\¢) and v(t) = Au(t, ¢), then for all 8 € [—7,0], w(h) = A\p(0) =
v(0). Since ¢ » 0, the proof of Theorem 5.1 implies that v(¢) > 0 and w(t) > 0 hold
for all ¢ = 0. In consideration of assumption (H3), it follows that v(¢) satisfies the

following system of differential equations:

(dv(t) /1 .
i B(Xv(t — T))U(t —T)e —ppv(t), tenn+1—1—1y),
dv(t) = —dpyo(t), ten+1l—7—mg,n+1-—7),
] Tt
dU(t) _ 1 —urT—drTg
= = B(Solt— (4 7)) Jolt = (7 + 7)e — paro(t),
ten+1—-7,n+1),

where n € N. Then, the corresponding equivalent integral forms are shown as follows:

131



¢ 1
U(t) :eﬂuM(tfn) lj B(—U(S _ T))U(S _ T)e*HITeﬂM(Sfﬂ)dS + v(n)] ,
ten,n+1—71—14,

o(t) =e = I=m=m)y(p 4 1 — 7 — 1), ten+1—T—T4n+1—7],

n+l—7

o(t) =e—tuar(t=(n+1-7) [ J t B(%v(s —(r+ Td)))u(s —(r+ 7))

x e T drmagra(s=(HI=T) gg 4 gy(n 4+ 1 — 7')], ten+1—7mn+1].

(5.5)
For all ¢ € (0, 7], it follows from assumption (H3) and the first equation of (5.5) that

v(t) = Hut f B(iv(s — T))v(s —T)e MTetMids + U(O)]

:e—MMt

h

B d(s —71))w(s — 1)e HTeMM3ds + w(())]

<6—MMt

h

B (Ap(s — 7))w(s — T)e MTelMids + w(O)}

m |

=

<
h

B (s —7))w(s — T)e HTelM3 s + w(O)]

Then, there must exist some & € (7,1 — 7 — 74] such that 0 < v(¢) < w(t) for all
t € (1,&) due to the continuity of the solution. This claim can be further extended

toall t € (1,1 — 7 — 74]. If not, then there exists a t; € (7,1 — 7 — 74] such that
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v(t) <w(t) for all 7 < t < t; and v(t;) = w(ty). However,

w(tl) —e km(ti—T)
> e Hm(t1—T)
—e kM (t1—T)

<> ek (t1—T)

:U(tl)a

rt1
b(w(s —7))e M5 g 4 w(T)]

T

rt1
b(v(s —7))e M7t ds 4 ’U(T)]

T

rt1
B(v(s — 7))v(s — 7)e M7t (57T g 4 U(T)]

T

B(lv(s — T))’U(S — T)e et s 4 U(T)]

which is a contradiction. For all t € [1 —7 — 74,1 — 7], in view of the second equation

of (5.5), we have

U(t) :efdM(tf(lfo‘rd))U(l —r— Td) < e*dM(t*(lfT*Td))w<1 N - Td) = w(t)
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For all t € [1 — 7, 1], assumption (H3) and the third equation of (5.5) imply that

1—7

t
w(t) —eHm(t=(1-7)) [J b(w(s _ (T + Td)))e—u]T—d[Tdep,]u(s—(l—‘r))ds

+w(l — 7')]

t
>e—uM(t—(1—T)) [f b(v(s _ (7- + Td)))e_,u'IT_dITde,u'M(8_(1_7—))d8

1—71

—eru(t=(1-7) [f B(v(s — (1 + 71)))v(s — (T + 74))

x e P dimagrm(s=(=T) g 4 g(1 — 7')]

t
1
>e~Hu(t=(1=7)) [J B (XU<S — (T + Td)))v(s = (7 4 a))e T

1-7
x et 5= ds 4 (1 — T)]

=v(t).

Similarly on each interval (n,n + 1], we have 0 < v(t) < w(t) for all t € (n,n + 1]
with n(> 0) € N. Note that s —7 > 0 and s — (7 + 74) > 0 hold when s > 7 + 74,
which imply that w(s — 7) > v(s — 7) and w(s — (7 + 74)) > v(s — (7 + 74)) for
s > 7 4 74. Thus, we have w(t) > v(t) for any t > 7 + 74, that is, u(t, A\¢) > Au(t, ¢)
for all ¢ > 7 4+ 74, and hence, ®7(A\p) = D, (Ap) » AP, (¢p) = AP}(¢) holds for all

integer n satisfying n > 2(7 + 74). O

Motivated by the theory of threshold dynamics in [135] (or those in [136]) for
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strongly monotone and strictly sub-homogeneous semiflows, we investigate the global
dynamics for system (5.3) in the rest of this section. Based on assumption (H1), it
is easy to verify that system (5.3) has a population extinction equilibrium 0. Then,

the corresponding linearised system is

(dM (t
—dt< ) =0'(0)e MMt — 1) — pupr M(t), ten,n+1-71—14,
M
dM (t
—dt< ) _ b'(0)e T UM (t — (T + 14)) — parM(E), t€ [n+1—7,n+ 1],
\

where n € N. For any given ¢ = 0, let P(t) be the solution map of the linear system
(5.6) on Y. Then, P(1) is the Poincaré map associated with system (5.6) with its
spectral radius denoted as R.

We now prove the main result of this section, that is, the global stability of system

(5.3) in terms of R.
Theorem 5.2. The following statements hold for system (5.3):
(1) If R <1, then 0 is globally asymptotically stable in'Y .

(13) If R > 1, then system admits a unique positive 1-periodic solution M*(t), which

is globally asymptotically stable in Y \{0}.

Proof. For a fixed integer n; satisfying nq > 2(7 + 74), it follows from Lemma 5.1
that ®; can be a n;-periodic semiflow on Y. In view of Lemmas 5.2 and 5.3, ®,, is
a strongly monotone and strictly subhomogeneous map on Y. Let D®,, (0) be the
Fréchet derivative of ®,,, at 0 if it exists, and denote the spectral radius of this linear

operator D®,, (0) as r(D®,,(0)). In light of Theorem 2.3.4 in [135], we have:

(i) If r(D®,,(0)) < 1, then 0 is globally asymptotically stable for system (5.3) in
Y.
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(ii) If r(D®,,(0)) > 1, then system (5.3) admits a unique positive ni-periodic

solution M*(t), which is globally asymptotically stable in Y"\{0}.

Since 7(D®,,(0)) = r(P(ny)) = (r(P(1)))™ = R™, it then follows that the above
statements remain valid when the threshold value is R. Moreover, it is necessary to
show that M*(t) is 1-periodic. Let ¢* = M*(0) in Y\{0}, then we have ®,,, (¢*) = ¢*.
Since

DY (1 (7)) = Pr(P(97)) = P1(Pr, (¢7)) = Po(97),
the uniqueness of the positive fixed point of ®]* = ®,,, implies that ®;(¢*) = ¢*.
Thus, M*(t) is a positive period-1 solution for system (5.3) with M*(0) = ¢*. O

5.4 Numerical simulations

In this section, some numerical simulations are carried out to show how the mosquito
population fluctuates with the diapause-related parameters. In this work, we focus
on simulating the population dynamics of two temperate mosquito species. One is
Aedes albopictus, only the immature individuals (restricted in egg stage) of which can
survive by entering diapause with the advent of unfavourable seasons [119]. The other
is Culex pipiens, only the adults of which undergo diapause to maintain viability in
response to harsh environmental conditions [119]. The seasonal patterns of these two
mosquito species with different diapausing stages will be simulated. The sensitivity
analysis is then performed to exhibit how diapause-related parameters affect the
population dynamics. Some implications for controlling mosquitoes can be obtained
from the further check of the integrated effects of the diapausing and natural death
rates.

Parameter values are adopted from existing biological literatures. In virtue of the
habitats for Aedes albopictus and Culex pipiens are distributed in similar latitudes

[80], there may be subtle differences between these two species in the developmental
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rates during the normal growth and diapause periods, and therefore, related param-
eters for these two species are set at the same values. Due to the lack of diapause-
related parameters, some reasonable assumptions are made based on current un-
derstanding of mosquito diapause. Since the two species are mostly distributed in
temperate zone, diapause serves as an overwintering strategy. As such, the duration
of diapause period particularly depends on the length of winter season, which is fixed
as 3 months for both immature and adult diapause cases. During the diapause pe-
riod, the mortality rates of immatures and adults rely on their diapausing ability. For
diapausing immatures (adults), we presume that the mortality rate during diapause
period is slightly larger than that in normal growth duration even though their resis-
tance to harsh environmental conditions is enhanced [53, 97]. The mortality rate for
non-diapausing mosquitoes is assumed as ten-fold of the death rate during the nor-
mal developmental period. In consideration of the density-dependence in mosquito
reproduction, the well-known Beverton-Holt function may be a good choice for the
birth rate function, which is widely applied in modelling the recruitment of fishes
[14] and insects [65]. In this work, the birth rate function is constructed as a special
case of Beverton-Holt function, that is, b(M) = pM /(g + M"), which only depends
on the adult population M with the maximum recruitment rate p = 120 (month™!),
the maximum capacity related parameter ¢ = 5 and the dimensionless parameter

r = 0.5. The detailed descriptions of parameters are provided in Table 5.1.

5.4.1 Seasonal population pattern

We first check the seasonality of the population abundance for Aedes albopictus and
Culex pipiens with different stages entering diapause respectively. For each species,
the population dynamics of immatures and adults are simulated on the unified model
(U) by adjusting the diapause-related death rates d; and dj; as in Table 5.1. The

patterns of the periodic solutions are illustrated as red dashed curves in the top four
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Table 5.1: Parameter values of the model for mosquito population dynamics

Parameter | Definition Range Value Reference

T Developmental duration | 0.4 ~ 1 0.5 [100]
for immature mosquitoes
(month)

T4 Diapause  period for | 2.5 ~5 3 [31]
immature (mature)
mosquitoes (month)

i1 Mortality rate for im- | 0.3 ~ 1.8 0.6 [25, 28, 93]

mature mosquitoes dur-
ing normal growth period
(month™1)

s Mortality rate for ma- | 0.6 ~ 2.1 0.7 [25, 28, 93]
ture mosquitoes during
normal growth period

(month™1)
dy Mortality rate for im- > 0.8 Diapause: Assumed
mature mosquitoes 3
during diapause period Otherwise: 6
(month—1)
dps Mortality rate for mature =09 Diapause: Assumed

mosquitoes during dia-

0.9
pause period (month™!) Otherwise: 7

figures of Fig. 5.4. Moreover, we plot the curves of the periodic solutions (illustrated
as blue dotted lines in Fig. 5.4) to the other two models (A) and (I) since fur-
ther check is needed to verify whether our unified model can characterise them. The
curves of the periodic solutions to the unified model (U) overlap with those simulated
by the other two models, which validates that our unified model (U) is reasonable
to characterise the dynamics of population experiencing immature and mature dia-
pause respectively, by using different mortality rates in the diapause period. In what
follows, all the mentioning simulations are carried out on the unified model (U). Fig.
5.4 also shows that the population dynamics of Aedes albopictus and Culex pipiens
eventually stabilise at seasonal patterns, that is, fluctuating periodically between
maximum and minimum values.

The mosquito abundance bears a dramatic increase and reaches the peak at the

end of the normal growth period, then experiences a sharp decline when diapause
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period begins. The subtle differences in post-diapause period between these two
mosquito species begin to emerge when we zoom in on the dynamics during only
one period containing 12 months in our simulations (Fig. 5.4(e) and 5.4(f)). The
number of both immature and adult Culex pipiens drop substantially in the diapause
period. Unlike the immatures, the minimum adult Culex pipiens population size
appears at the end of post-diapause period as the decreasing trend in the diapause
period is still maintained until the post-diapause period ends (shown in Fig. 5.4(e)).
For Aedes albopictus, the population size of immatures and adults both undergo
similar decline, different from Culex pipiens, the number of juveniles and adults both
bounce back immediately after diapause (shown in Fig. 5.4(f)). Different diapausing
stages may contribute to the subtle difference between these two species. For Culex
piptens, no immature individuals surviving at the end of the diapause period leading
to zero maturation rate during the post-diapause period, which results in further
decline in the number of adults. After one developmental duration (the post-diapause
period T3), the number of adults starts to increase as the new-born immatures attain
maturity and mature into adults. However, for Aedes albopictus, immatures survive
through diapause. At the end of the diapause period, some immatures born 7 + 74
time earlier survive and develop into adults leading to the increased number of adults
during the post-diapause period. Owing to these newly matured adults which can
give birth, the number of immatures can resume growing after the diapause period
ends.

The global stability of the periodic solutions can be demonstrated intuitively by
two phase portraits of systems with respect to immature and adult diapause cases.
The phase portraits sketched in Fig. 5.5, show similar qualitative features. All so-
lutions with different initial conditions converge towards a stable positive periodic
solution, which can be seen as the solid closed curve in Fig. 5.5. The stable periodic
orbit in Fig. 5.5(b) passing the bottom boundary of the axis related to adult popu-
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lation size implies that adult Aedes albopictus die while immatures enter diapause,
whereas, for Culex pipiens experiencing adult diapause, this periodic orbit may reach
the leftmost boundary of the axis referring to the extinction of immatures (shown in
Fig. 5.5(a)).

These simulations are as expected and consistent with our theoretical analysis,
which further demonstrate that the modelling framework is valid to capture the
dynamic behaviour of diapausing species. In the next subsection, sensitivity analysis
reveals how the mosquito population dynamics changes due to the variations of

specific parameters related to diapause.

5.4.2 Sensitivity analysis

The survivability of mosquitoes under adverse environmental conditions is believed
to be the vital factor preserving the population size and maintaining the succeeding
normal development [97]. The sensitivity analysis mainly investigates the impacts
of the mortality rates during diapause period and the length of diapause duration,
which are strongly relevant to the diapausing survivability. To evaluate effects of the
variations of diapause-related parameters on population dynamics, four indexes char-
acterising mosquito population abundance are mainly concerned, which involve the
maximum population abundance, the minimum population abundance, the time of

mosquito population attaining its maximum and minimum values during one period.
(1) Effects of the death rates during the diapause period

For adult diapause case, all immature Culex pipiens die at the end of the diapause
period while some adults can survive through diapause. In this case, the survivabil-
ity of diapausing adults other than immatures during the diapause period is crucial
for subsequent population growth. We first examine how the population dynamics

change when we vary the diapausing adult death rate and fix the immatures dying
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the values of all other parameters are following Table 5.1.
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at a speed of non-diapausing rate, i.e., d; = 6. The consequences of varying adult
mortality rate dj; during diapause period are shown in Fig. 5.6. The curves clearly
show that increasing the survivability of diapausing mature mosquitoes during dia-
pause period may benefit the succeeding normal growth, which is embodied in the
larger maximum (Fig. 5.6(a)) and minimum population abundance (Fig. 5.6(b))
with lower diapausing adult mortality rate. The decreasing trend of the maximum
and minimum population abundance will slow down when d,; is greater than some
threshold value. The possible reason may be that dj; only determines the surviv-
ability of adults during the diapause period. Once the adult population size drops
substantially to a very small number at the end of the diapause period, the impact
of the increased diapausing adult death rate on the population dynamics is not sig-
nificant. Compared to the peak of immature population, the wider range of the
variations in the peak adult population abundance suggests that it is more sensitive
to changes in adult death rate dy; as shown in Fig. 5.6(a). Along with the increasing

diapausing adult death rate, the difference between the immature and adult peak
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population sizes is diminishing. Fig. 5.6(c) shows that the peak population sizes
for both immatures and adults are always attained at the end of the normal growth
period, which is completely irrespective of the diapausing adult death rate. In view
of the monotonicity of the unified model (U), this result is as expected since the im-
mature and adult population sizes will both keep increasing until the normal growth
stops. Due to the fact that the immatures fail to survive through diapause, the min-
imum immature population size always appears at the end of the diapause period
(Fig. 5.6(d)). However, the timing of the minimum adult population size is shifted
forward from the end of the post-diapause period to the end of the diapause period
when the adult death rate is larger than some threshold value (Fig. 5.6(d)), which
further extends the results on the timing of minimum adult size in Fig. 5.4(f). The
cause of this phenomenon may be that the enlarged adult death rate during diapause
period accelerates the decreasing speed of the adult population size, which in turn
increases the density-dependent per capita adult recruitment rate to be greater than
the density-independent per-capita death rate.

In the case of immature Aedes albopictus entering diapause, the ability of the im-
matures surviving though diapause becomes the major concern. In order to explore
the influences of immature mortality rates during diapause period on mosquito pop-
ulation dynamics, we vary the diapausing immature death rate by fixing the adult
death rate of dy; = 7 during the diapause period. Compared with the adult diapaus-
ing case, the curves in Fig. 5.7 suggest that the diapausing immature death rate
influences the population dynamics in similar ways. Increasing the survivability by
lowering the immature death rate d; during diapause period can raise the maximum
(see Fig. 5.7(a)) and minimum population sizes (see Fig. 5.7(b)) for both imma-
tures and adults. The varying diapausing immature death rate has no effects on the
timing of the peak immature and adult population sizes, as shown in Fig. 5.7(c).
Adult peak population size is more influenced than the immature peak population
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size by the diapausing immature death rate d;. The minimum mature population
size always appears at the end of the diapause period since all adults fail to survive
through diapause, while the timing of minimum immature population size is shifted

earlier when the diapausing immature death rate is enlarged (Fig. 5.7(d)).
(2) Effects of the length of the diapause period

In addition to the diapausing death rates, the length of the diapause duration 7, also
plays an important role on the survivability. To evaluate the impacts, we change the

values of 7; to see how the length of diapause period affects the mosquito population
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dynamics. The curves in Fig. 5.8 describe the fluctuations of the population dynam-
ics during one period with three different values of 7;. There is little difference in
the effects of varying diapause durations on the population dynamics of these two
species. For each species, the lengthened diapause period lowers the peak and bottom
population abundances and brings forward the peak time of each stage. Adult peak
population abundance is more sensitive to the variations of diapause durations in
comparison to immature peak. The possible reason is that longer diapause duration

results in relatively low survivability during diapause period and shortening normal
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development time for mosquito population to rebounce.
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It is worth noting that the decline in the peak population abundance for both
cases (as shown in Fig. 5.6(a) and Fig. 5.7(a)) becomes inconspicuous when the
diapausing death rate is above some threshold value. The peak population sizes for
both immatures and adults tend to keep unchanged at a positive value rather than
zero even if the death rate becomes very large, which means that the extremely low
survivability during the diapause period is still hard to cause the extinction of the

population. Once the environment conditions become suitable for development, the
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mosquito population will resume growing rapidly as long as there are few mosquitoes
surviving through diapause. On account of the short developmental durations for
mosquitoes, the normal growth period is long enough for mosquitoes to rebounce
and new outbreaks of mosquitoes will emerge again. The above sensitivity analysis
indicates that the mosquito population growth can benefit from the enhanced dia-
pausing survivability. Diapause plays a significant role in preventing the extinction

of the population from harsh environmental conditions.

5.4.3 Controlling adult mosquito population

Since all mosquito-borne pathogens such as dengue, West Nile, Japanese encephalitis,
Zika and chikunguya viruses are transmitted by adult mosquitoes [103], controlling
or reducing the adult mosquito population size is an indispensable tool to fight
against the transmission of the mosquito-borne diseases. Based on the sensitivity
analysis in the previous subsection, the larger decline in the peak adult population
size indicates that reducing the survivability by increasing the diapausing death rate
may be an alternative way to lower the peak of adult population size and prevent
the transmission of the infectious diseases. However, for the sake of controlling
efficiency, focusing on killing mosquitoes during the diapause period alone may not
be an effective strategy as it is impossible to wipe out all the mosquitoes. It would
be better to take consideration of the effects of eliminating mosquitoes in the normal
growth period. To verify this conjecture, we perform a series of numerical simulations
to investigate the integrated affects of the natural death rate and the diapausing

death rate on the peak and average adult population sizes.
(1) Controlling peak adult population size

In this subsection, we mainly investigate how the peak adult population sizes of

these two species changes with the simultaneous variations of normal and diapausing
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death rate. The surfaces illustrated in Figs. 5.9 and 5.10 depict the fluctuations of
peak adult Culex pipiens and Aedes albopictus population size respectively. For each
species, the peak shows apparent decreasing trend when the normal and diapausing
death rates are increasing respectively. In accordance with the aforementioned re-
sults, the peak adult Culex pipiens drops substantially when d,; is less than 5 and
remains unchanged when the diapausing death rate is greater than 5 (Fig. 5.9(b) and
5.9(d)). The narrower range of variations in the natural death rate lead to the same
decline in the peaks of both species (see contour plots in Figs. 5.9(b), 5.9(d), 5.10(b)
and 5.10(d)), which indicate that reducing the immature or adult death rate during
the normal growth period is more effective than reducing the diapausing death rate
to control the peaks of these two species. The contour plots in Fig. 5.9(f) and 5.10(f)
suggest that increasing the adult death rate other than immature death rate during
the normal growth period is relatively efficient to reduce the adult outbreak size for
both species. Compared with the effects of diapausing adult death rate on the peak
of adult Culex pipiens, the diapausing immature death rate d; has a relatively larger
effects on the peak of adult Aedes albopictus (see Fig. 5.9 and 5.10). Even though
increasing the mortality rate during the diapause period will lower the peak of adult
population, the more efficient way to control the adult outbreak size is to increase
the mortality rate during the normal developmental period, particularly the normal

adult death rate.
(2) Controlling average adult population size

In this subsection, the investigation involves the effects of varying normal and di-
apausing death rates on the average adult population sizes of both species during
one period. For each species, the average adult population size is decreasing with
respect to the normal and diapausing death rates respectively, which can be seen

from the surfaces in Fig. 5.11 and 5.12. By comparing with the effects of diapausing
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death rate on the peak in previous analysis, it is apparent that the influences of
the diapausing death rate especially the diapausing adult death rate d,; on reducing
the average adult population is stronger. Similarly, the corresponding contour plots
show that less efforts is needed if we focus on controlling the average population size

by increasing the death rate during the normal growth period.

5.5 Discussion

Diapause acting as a survival strategy in response to the adverse environment con-
ditions is believed to play significant roles in preserving population size and main-
taining the population growth. The effects of this survival mechanisms on species
persistence remain unclear so far. In this project, we attempted to explore how dia-
pause influences the population dynamics by constructing mathematically tractable
models. Our results indicated that increasing the survivability during diapause pe-
riod by either reducing the diapausing death rate or shortening the length of diapause
period may benefit the following normal growth, which was embodied in the larger
outbreak size with lower diapausing mortality rate and shorter diapause duration.
These sensitivity results further demonstrated that mosquito diapause is crucial for
the sake of population persistence.

Adult mosquitoes as the main source of many mosquito-borne diseases pose a
big threat to human life. Controlling the adult population size is believed to be an
effective way to prevent the disease transmission. Hence, we further investigated
the integrated effects of the diapausing and natural death rates on the peak and
average adult population sizes for these two species. These results indicate that
the more effective approach to lower the peak of these two species is to reduce the
death rate during the normal growth period especially the normal adult death rate

rather than the diapausing death rate. However, the diapausing death rate tends to
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Figure 5.11: The surfaces and contour plots depicting the variations of average adult Culex
pipiens population size with varying death rates. (a) The average varies with changing py and dyy.
(b) The contour map of the surface in (a). (c) The average varies with changing uys and dps. (d)
The contour map of the surface in (¢). (e) The average varies with changing p; and pps. In this
case, we fix dyy = 0.9. (f) The contour map of the surface in (e). Here, d; = 6, the values of all
other parameters are following Table 5.1.
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Figure 5.12: The surfaces and contour maps describing the fluctuations of average adult Aedes
albopictus population size with changing death rates. (a) The average varies with changing p; and

dr. (b) The contour map of the surface in (a). (c) The average varies with changing pps and dj.
(d) The contour map of the surface in (¢). (e) The average varies with changing p; and pas. In
this case, we fix df = 0.8. (f) The contour map of the surface in (e). Here, dps = 7, the values of
all other parameters are following Table 5.1.
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have a stronger negative effects on the average adult population size compared with
the effects on the peak. As an assistant intervention, killing mosquitoes during the
diapause period to decrease the survivability of diapausing mosquitoes is feasible to
lower the peak and average adult population sizes, which can prevent the massive
outbreaks of mosquitoes to some extent.

Based on our unified model, future stochastic simulations with true climatic data
may contribute to understanding the crucial ecological roles that diapause plays in
response to spatiotemporal climatic changes [16]. Beyond the aspect of controlling
mosquitoes, our modelling framework may shed light on the mechanisms for the dif-
ferences in temporal or geographic distributions of different mosquito species due to
diapause-related variations in seasonal abundance, which will further help us predict

the spread of mosquito-borne diseases [15, 31].
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Chapter 6

Conclusions and Future Work

In this chapter, we give some conclusions of this thesis and list a few interesting and

challengeable research topics for future work.

6.1 Research summary

Even though various continuous age-structured models have been proposed to inves-
tigate the population dynamics for single species, few models take into consideration
of other factors regulating population growth such as seasonal effects, spatial move-
ment, intra-specific competition and diapause. In particular, the time-varying devel-
opmental durations or chronological age thresholds are rarely considered in modelling
and analysing age-structured population growth as the induced time-dependent de-
lays would challenge the model derivation and theoretical analysis. In this thesis,
we analysed the age-structured population growth subject to the factors mentioned
above through three different projects.

The first project (as shown in Chapter 3) was devoted to the analysis of an age-
structured model subject to seasonal effects and time-dependent maturation period,
with the application of tick population. We started from a generalised McKendrick-
von Foerster equation with periodic age and time dependent coefficients to describe

the population growth subject to seasonal effects. By employing the method of in-
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tegration along characteristics, we obtained the equivalent integral equation, based
on which we presented a detailed proof of the uniqueness and existence of the so-
lution by applying contraction mapping theorem. With some reasonable biological
assumptions and the tick population growth as our motivating example, we reduced
the hyperbolic equation to a periodic age-structured model of four coupled delay
differential equations with periodic delays, which was quite distinct from previous
constant delay systems. For the long-term dynamics, we first analysed a special
case, that is, the immature intra-specific competition is negligible due to abundant
hosts for immature ticks. In this case, the pervious DDE model can be simplified
into a new DDE model, the adult system of which can be decoupled. Based on this
decoupled scalar subsystem, we defined the basic reproduction number R as the
spectral radius of the next generation operator. To obtain the global attractivity of
the positive periodic solution, we showed the solution semiflow is strongly monotone
and strictly subhomogeneous in a novel space. Since other variables can be described
by the integral form of the decoupled adult variable, the above result can be further
extended to the full DDE system. In the case of considering immature intra-specific
competition, the DDE model is challenging to conduct global analysis as it consists
of a system of four coupled delay differential equations. Nevertheless, we obtained
the global existence and uniqueness of the solution and showed the extinction and
uniform persistence of tick population in terms of Ry. Other than that, we acquired
the existence of at least one positive periodic solution.

The second project (as shown in Chapter 4) mainly involved the analysis of a
generalised age-structured model in the first project with the consideration of spa-
tial movements regulating population growth. As a start, a simple case when the
immature competition can be ignored due to dispersal capability of immature indi-
viduals, reduces the model to one equation for the density of matured individuals.
For this single equation, the global existence, uniqueness of the solution and the
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existence of a global attractor were first shown. Inspired by the work [132, 134], the
basic reproduction number R as the spectral radius of the next generation operator
was defined and the global attractivity of the single equation in terms of R, was
established by exploring the theory of monotone and subhomogeneous semiflows.
When immature competition exists, the analysis becomes somewhat tough as it is
impossible to decouple two equations. In this case, we assumed the immature diffu-
sion rate is negligible, which is justified biologically as follows: For some species such
as mosquitoes and frogs experiencing the immature intra-specific competition, their
juveniles have to compete food and resources with conspecifics in a restricted area
due to inefficient mobility. Consequently, the new model consists of a delay differen-
tial equation coupled with a delayed reaction diffusion equation with periodic delays.
We obtained the global existence, uniqueness of the solution and the existence of a
global attractor. Moreover, the extinction and uniform persistence of the population
were proved in terms of the newly defined basic reproduction number ﬁo.

In the last project (as shown in Chapter 5), we proposed a novel modelling frame-
work to explore how diapause influences the age-structured population growth sub-
ject to seasonal effects. Diapause period is taken as an independent dynamic process,
during which the population growth is completely different from that in the normal
developmental and post-diapause periods. Consequently, the annual growth period
was divided into three different intervals, with respective sets of equations in each
interval. To explicitly describe population growth with different diapausing stage, we
constructed three different models with an emphasis on mosquitoes, which are model
(A) with consideration of the adult diapause case, model (I) taking into account the
immature diapause case and the unified model (U) characterising both the immature
and adult diapause cases respectively. This project dealt with discontinuous growth
rate of age-structured populations due to the occurrence of diapause, which is slightly
different from the first two projects. In addition to the theoretical analysis, the nu-
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merical simulations were carried out on our unified model (U). We used the unified
model (U) to simulate the population dynamics of two temperate mosquito species
respectively, that is, Aedes albopictus experiencing immature diapause and Culex
pipiens undergoing adult diapause. The simulated mosquito population abundance
of these two species from the unified model and the other two models supported
our expectations that the unified model (U) remains valid to describe the dynamics
of diverse mosquito populations with different diapausing stages. The sensitivity
analysis was then performed to check how the diapause-related parameters influence
the population dynamics of these two mosquito species. The fluctuations of four
statistics characterising mosquito population dynamics were mainly concerned. Our
results indicated that increasing the survivability during diapause period by either
reducing the diapausing death rate or shortening the length of diapause period may
benefit the following normal growth, which was embodied in the larger outbreak size
with lower diapausing mortality rate and shorter diapause duration. These sensi-
tivity results further demonstrated that mosquito diapause is crucial for the sake
of population persistence. We further investigated the integrated effects of the dia-
pausing and natural death rates on the peak and average adult population sizes for
these two species. These results indicated that the more effective approach to lower
the peak of these two species is to reduce the death rate during the normal growth
period especially the normal adult death rate rather than the diapausing death rate.
However, the diapausing death rate tends to have a stronger negative effects on the

average adult population size compared with the effects on the peak.

6.2 Future Work

In this section, we list several interesting and challenging topics related to the projects

in this thesis for future work.
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In the first project, the basic reproduction number R is defined through a scalar
periodic delay system. However, we can not conclude that its value is equal to the
coefficient-averaged system as that for a periodic ordinary differential equation in
[121, Lemma 2.2] since a delay is involved. This remains a future question. This
project is focused on the mathematical analysis of the model and simulations have
not been presented. Interesting simulations can also be performed for the model
system to study the effects of seasonal weather variations and global warming on
the population growth, as done in [91, 126]. Furthermore, in the current study, the
global stability of the positive periodic solution is obtained when R > 1, under
the condition that the intra-specific competition for immature ticks is negligible
due to the sufficient availability of immature tick hosts. When the competition
exists, we only show the uniform persistence of the system and existence of positive
periodic solution in this scenario. The number of the positive periodic solutions is
an interesting question to address in the future.

The diffusion coefficients of the model in the second project are assumed to be
constant. In reality, the spatial dispersion and diffusion are greatly influence by the
seasonal variations in biotic or abiotic factors such as resources and climate [132].
Organisms have a high mobility with warmer temperature and tend to keep motion-
less for the sake of saving energy to survive in colder days. Due to the heterogeneity
of resource distribution in spatial scale, nonlinear diffusion or spatial dependent co-
efficients can also be incorporated in the system. Moreover, in various stages of
some species, one stage, such as the immature stage of mosquitoes, is immobile and
the diffusion rate can be negligible. Incorporating these biological factors in model
formulation and analyzing the resultant models would be good topics for further
studies. Furthermore, we focused on the mathematical analysis of the model in the
case of Dy - f(I) = 0 and did not consider the case of Dy - f(I) > 0, which will be

another interesting problem for future investigation.
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In the last project, we ignored the intra-specific competition among immatures
during the normal population growth although the density-dependent self-regulation
is accounted by assuming that the per-capita birth rate is a decreasing function
of the adult density. In mosquitoes, intra-specific competition often occurs during
the immature stage [117]. One feasible way to incorporate the immature intra-
specific competition is to change the death term in system (5.2) into immature density
dependent such as p(a) + g(I(t)), where g(I(t)) represents the additional deaths
due to intra-specific competition among immatures [38]. Then, the resulted model
will contain a term involving the survivability due to intra-specific competition, i.e.
exp(—§; g(I(t =7 +r))dr), which brings challenges to the theoretical analysis of the
model. In this case, it is impossible to decouple the adult population size M(t) from
the whole system, which makes the model much more difficult to analyse. Moreover,
it would be more reasonable to incorporate time varying death rate, u(a,t), lengths
of maturation period, 7(t), and the diapause period, 74(¢), which are strongly related
to the variations of environmental conditions such as temperature, humidity and
photoperiod. These improvements will result in a more complex DDE model with
time-dependent delays, which gives rise new challenges to the derivation of the model
formulations and the theoretical analysis of the model. These interesting topics will

be considered in our future work.
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