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Abstract

In the past twenty years, reproducing kernels and the kernel-based learning algo-
rithms have been widely and successfully applied to many areas of scientific research
and industry, and are extensively studied. Many of these algorithms take the form of
an optimization problem. Typically, the objective function consists of a fidelity term
for fitting the observations, and a regularization term for preventing over-fitting.
Examples include the support vector machines for classification, and the regularized
least squares for regression. However, in many regression problems, the constant
component should be treated differently in the regression function, and the exist-
ing kernel methods are not perfect tools to model this difference. Examples include
score-based ranking function regression. In this thesis, we study a class of Cen-
tered Reproducing Kernels (CRKs), which separate the constant component from
the reproducing kernel Hilbert spaces. We provide the non-asymptotic convergence

analysis of the empirical CRK-based regularized least squares.
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Chapter 1

Introduction

1.1 Learning Problems

In the era of Big data, one important problem of data analysis is what information
we can learn from massive data through automatic algorithms. The learning pro-
cess through these algorithms is called machine learning. For example, a modern
definition of machine learning is proposed by Mitchell [44]:

“A computer program is said to learn from experience E with respect to some
class of tasks T and performance measure P, if its performance at tasks in T, as
measured by P, improves with experience E.”

In mathematics, we identify a function in a class T of functions based on a data set
E. The difference between the identified function and the unknown target function
is measured by a distance P, such as the L? norm based on a probability measure.

Let X denote an input space, and let Y be an output space. Usually, X
is a compact metric space such as a set of genes or a domain in R” and Y is a
subset of the real line R. Furthermore, we assume that there is an unknown joint
probability distribution p on X x Y which can be decomposed as a conditional
distribution p(y|x) on Y for almost every z and a marginal distribution px on X. The
labeled training sample D = {(x1,11), (2, y2), ..., (TN, yn)} with the size |D| = N is

assumed to be drawn independently from the distribution p. These y;,7i =1,2,..., N



are referred to as labels or supervised information. The aim of a supervised (or
semi-supervised) learning problem is to find a functional relation f : X — Y between
the input and the output spaces that has the generalization power, i.e., the power
to predict the label f(x) of a new instance x that may not belong to the training
set. The generalization power is pointwisely measured by some problem-specific loss

function

¢ RxR—R,,

and the over-all generalization error is defined by

Ex(f) = f o(f(x), y)dp(z, y).

XxY

This quantitative description of the generalization power yields many learning algo-
rithms under the empirical risk minimization scheme, which we will review below.
Based on different types of training data, learning problems can be separated into

the following three parts.
1. Supervised Learning: the training data consist of only labeled data D =

{(zi yi) }ils

2. Unsupervised Learning: the training data consist of only unlabeled data
D(z). For example, the clustering problems, and the association analysis prob-

lems belong to this category.

3. Semi-supervised Learning: the training data consist of both labeled and
unlabeled data. In particular, the learning scenarios that have very cheap

unlabeled data but the labels are expensive.

1.1.1 Regression Problems

The classical least squares regression corresponds to the least squares loss

O(f(x),y) = (y — f(2)*
2



Consider f € L7 (X) and let

I = | f@idpx(o
X
be the square of L%X norm. Then the least squares error

E(f) = L (= 1)y

is minimized by the regression function

fola) = jy ydplylz).

In fact, for any f € LIQ)X(X ), a straightforward calculation shows that

Ef) =11p = fI5 + E(fp)-

It is worthy of mentioning that the regression function is just the conditional expec-
tion of a random variable on Y with distribution p(y|x). Compared with learning
the mean, another regression problem is called quantile regression.

Quantile regression aims at learning the 7-quantile, in particular, the median
regression is the 0.5-quantile regression. Precisely, for a real number 7 € (0, 1), the

conditional 7-quantile of p(y|x) is the number ¢ € Y such that

ply <tlz)=7and p(y = tjz) =1 -

The learning algorithms of 7-quantile (e.g. [36, 59, 49, 56, 68]) are usually based on

the pinball loss

(y — f(2), > f(x)
é-(y, f(x)) = { (?(x) —y)(1—71), yotherwise.

In particular, for 7 = 1/2, the loss function is the absolute loss

¢absolute(y7 f(x)) = % |y - f(.fﬁ)‘ :

3



Another property of quantile regression is the robustness since the outlier doesn’t
affect the median [35].
Combining the least squares regression with the median regression, one obtains

the so-called Huber’s loss

1/2(y — f(x))2, ly— flz)| <k
Prtuver (Y, f(2)) = { kly _y flx)| — 1/2k;2, ogfcherwise.

The motivation of Huber’s loss comes from a truncation to the outlier by k as a result
the target function is robust to the outlier. Moreover, when £ tends to infinity, the
Huber’s loss is close to the least squares loss which leads to learning the conditional

mean [35].

1.1.2 Classification Problems

When Y = {£1}, the learning problem is a binary-classification problem whose
target function (or classifier) is the sign of the function f that minimizes the mis-

classification risk

R(f) = ply # f(2) = j ply # F(@)|x)dpx.

X

To get the explicit minimizer of the risk, one (e.g. Proposition 9.3 [24]) decomposes

R(f) as

RU) = 5ox () + [ oy # F@)le)dpx

X/K,

with K, = {x € X : p(y = 1|z) = p(y = —1]x)}. Thus the optimizer of the above
functional is the Bayes Rule

_ 1L ply=1z)>ply=—1z),
Je(x) = { 1, ply=—1z)=p(y=1lz).

When Y contains k& points (k classes) for £ > 3, the classification problem is
called multi-class classification problem. The analysis of multi-class classification are

studied in, for example, [67, 13].



1.1.3 Ranking Problems

Consider (z,y),(2',y") ~ (X x Y,p) which are independent of each other. z is
regarded a better instance than ' when y > 3/. Ranking problems aim at finding
a suitable rule to predict the rank. In this section, we introduce some basic settings
in bipartite ranking, i.e., Y = {£1}.

For normalization, let (e.g. [16])

As a result, z is said to be better than 2’ if z > 0. The target function for a bipartite

ranking problem is defined by the minimizer of the ranking risk

L(r)=p(z-r(z,z') <0),

which is the probability of ranking mistake. Also in [16], the decomposition of L(r)

can be presented as

£<T) = J (1[T(9&,x’)=1]p— (ma JJ/) + 1[T(I,$’)=—1]p+ (ma I/)) dpx (:E)de (17/)7 (1'1>
XxX

where

p-‘r(wi/) = p(Z > 0|$,ZL’/) and p_($,$/) = p(Z < O‘l’,ﬁ/) :

As a consequence of the decomposition above, the minimizer of the ranking risk is

r*(x, x’) =2 X 1[”(33@/)27"7(95@/)] -1
and the corresponding ranking risk is
L) = | minfp- (o). (8 b (0)dpx o).
XxX
In the case where there is an optimal scoring function s* : X — R such that
r*(x,2’) = 1if and only if s*(z) = s*(2'),

the ranking problem is equivalent to a scoring problem which aims at learning the

optimal scoring function s*.



1.1.4 Other Learning Problems
There are also some other fields of learning theory such as

1. dimension reduction: reduce the dimenssion of the data points z1,...,xy (e.g.
[65]), either linearly of nonlinearly, as an approach to reduce computation load,

collinearity, or noise of the data.

2. association analysis (e.g. [60]), which tries to find interesting association rules

hidden in large data sets.

1.2 Kernel-based learning algorithms

Kernel methods have been extensively studied in learning theory literature (e.g.
23, 62]). Kernel methods was used in support vector machines by Vapnik et al.
in [9, 19]. The implementation of RKHS in regression problems through integral
operators was studied in, for example, [55]. In this section, we will review the

framework of kernel-based learning algorithms.

1.2.1 Reproducing Kernel Hilbert Spaces

In this thesis, the basic tool for analyzing algorithms is reproducing kernel Hilbert
spaces (RKHS) [4, 62].
Let
K: XxX-—>R

be a bivariate function on X. We say K is symmetric if

K(s,t) = K(t,s), for all t,s € X.
Moreover, if K satisfies that

N
Z CZ'C]'K<.TZ',ZEJ‘) =0
i,j=1

6



for any finite set {z;}, = X and any coefficients ¢; € R,i = 1,2,..., N, then K is
called a positive semi-definite kernel. A Mercer kernel on X is a positive semi-
definite kernel on X which is continuous. Since we always assume X to be a compact
set, for a Mercer kernel K, we have

K:=sup/ K(z,z) < +o0.
reX

For any = € X, we define
K, (t) = K(x,t), teX.

The reproducing kernel Hilbert space corresponding to the kernel function K is

defined by

(Hk, (-, ) ) = span{K,,z € X},

where the completion is done with respect to the inner product (-,-), defined on
span { K,z € X} that satisfies
(K, Kp) e = K(s,1).

The word “reproducing” comes from the reproducing property

(f, Ko) o = [(2), for all f in Hx and z in X,

which implies that

| flloo = esssup | f(z)| < sup | fllx|Kollx = | flxsup v/ K(2,2) = &[ flx.  (1.2)
reX reX reX

Define the integral operator

Li L2 (X)— L2 (X)
fro | F@Kdpx(a)

The integral operator Ly is a compact, symmetric, positive semi-definite, and Hilbert-
Schmidt opertor [55]. Thus we can write its eigen-system as {\;, ¢;}:*% with non-

negative eigenvalues \; > )\, > ... and eigenfunctions {¢;}; % normalized in

7



LiX(X ). Based on the integral operator, we have the following famous Mercer’s

Theorem [37].

Theorem (Mercer). Let X be a compact metric measure space with finite measure
px and let K be a Mercer kernel. Moreover, let {\;, ¢;};5; denote the eigen-system

of the integral operator Lx with |||, = 1, for alli=1,2,.... Then

K(s,t) = i Nidi(8)pi(t), for all s,te X. (1.3)

Here the series converges absolutely and uniformly.

The RKHS was generalized to the reproducing kernel Banach space (RKBS) B
in [74] by regarding K, as a continuous linear functional on its dual space Bj; such

that

K.(f) = f(x), for all f in By and x in X.

In this chapter, we introduce the regularized learning scheme in learning theory
based on the RKHS. With the RKHS, the regularized learning algorithms have the

form

N
[\ = arg }gl;& {%Zdyu f(xz'))} +AQ(f) (1.4)

for a given loss function ¢ and a regularization (or penality) term Q(f) with functional

When one takes Q(f) := | f|%, the well-known representer theorem [51, 62] guaran-
tees that one can always find a solution to (1.4) with the form

N

fg)\ = ZCszZ (1.5)

i=1



1.2.2 Learning Algorithms for Regression Problems

In the previous section, we introduced two kinds of regression problems: the least
squares regression problems and the quantile regression problems.

For the least squares regression, the regularized least squares (RLS) learning
algorithm

1
R = arg min {N;(f(xi) —y:)* + AQ(f)}

has been extensively studied. The RLS with penalty term Q(f) = | f|% is also named
as kernel ridge regression (KRR). The convergence of the output function generated
by KRR are studied in [46, 23, 55, 54, 58, 10, 57], with consistency and robustness
[14]. Moreover, the empirical feature based RLS (regularized kernel priciple compo-
nent analysis (RKPCA)) [7, 8, 81, 80] is a powerful tool for solving not only KRR,
but also RLS with [; penalty [30] and folded concave penalty [28].

Define the empirical integral operator

Lg(x) : HK - HK

1 N
Fro oy L) (16)

Since Lg(x) is also a compact positive semi-definite Hilbert-Schmidt operator, we de-

note {)\ZD (m)7 ¢ZD($)}Z~ its eigensystem normalized in H . These eigenfunctions {gbf)(z) }

are called empirical features. The concentration results of A\P'®) and LE® to ),
and Ly, respectively, are well studied in [32, 33].
The output function of the empirical feature based learning algorithm has the

form

N

D Dw D(x)
w,A _Zcz' AN

i=1

9



D
where ¢ = (¢

D,w
= (1™, .., cn™), and

i: = =

N 2 N
P = arg ggﬂén Z (2 cj(b — yz> Z (l¢i])

with w : R — R. In [30], the RLS with [; regularization term w(|¢;|) = |¢;| is analyzed
while the convergence of f2, with folded-concave w was studied in [28].

For the KRR

f§’=argmm{%2<f<m b’ +A|f||K} (17)

i=1

by taking the gradient with respect to f in Hy and letting the gradient vanish, we

have the explicit solution given by

JP = (L2 4 A1) Ey@ ” (L8)

By the representer theorem (1.5), f£ has the form

N
= ks, (1.9)
i=1
Substituting (1.9) into (1.7), we obtain
in{ | K S+ MK
c=(c1,...,cn) = arg min NH € — Y35 + A’ Kpqc
= (N)\I + K[x])fly

with
y = (- un)
and
K = (K (2, %5))nxn-
The convergence of f{ to the regression function f, are widely studied (e.g. [55]).

The convergence analysis of KRR is usually under the assumptions on

10



1. the regularity of f, (e.g. [55]);

2. the covering numbers of the unit ball in Hx (e.g. [79]);

3. the decay of the eigenvalues \; of the integral operator Lk ([57]);
4. the effective dimension of L (e.g. [75]).

In our error analysis, we will use the assmputions on the regularity of f,, that is,
f, = Lih, for some h, € Lf,X(X) and 7 > 0. Moreover, we also assume that the

effective dimension

Ni () i=Te((Lx + M) "'Lg) =0 (A7), for some s > 0. (1.10)

In [10, 57], the optimal convergence rate for KRR in the sense of minimax under

the L2 (X) norm was obtained
_2r
172 = 1ol =0 (N75).

To reduce the memory requirement and computing time for analyzing big data,
distributed learning algorithms have been widely used. A distributed learning algo-

rithm usually consists of the following three steps:
1. partitioning the data set D into subsets Dy, ..., Dyy;

2. implementing a learning algorithm to the data subset on each computing node

to produce an individual predicted function;
3. synthesizing a global output by, for example, averaging the individual outputs.

For distributed KRR, on each local machine, we use the RLS learning scheme

=g min 4 —— S0 (F(2) - 5)? + ALK

ferr | | Dyl (972D,

11



to get a local output function. Then we approximate the regression function f, by

averaging the local output functions as

x| Dil b,
i=1

The convergence of f to the regression function f, was first studied in [78]. [40]
obtained the minimax optimal rate for distributed KRR. Furthermore, in [11], un-
labeled data (semi-supervised) was used to loosen the restriction of the maximum
possible concurrent computing nodes.

For the quantile regression, the convergence of the output function of the regu-

larized learning scheme with the form

1 N
ﬁh—a@gﬁwvgﬁxw—ﬂ%»+ﬂmi (1.11)

is studied in [36, 59, 49, 56, 68, 15, 34].

1.2.3 Learning Algorithms for Classification Problems

For classification problems, the loss function can be rewritten as a univariate function
by ¢(y, f(x)) = ¢e(yf(x)). To approximate the Bayes classifier, in [6, 77], the convex
analysis techniques were applied and several loss functions for binary-classification

problems were studied, including

o Least squares loss: ¢y (t) = (1 — )%

Modified least squares loss: ¢ms(t) = max(1 —¢,0)%.

Hinge loss: ¢p(t) = max(1 —¢,0).

Exponential 10ss: @exp(t) = exp(—t).

Logistic loss: @rg(t) = log(1 + exp(—t)).

12



In particular, the hinge loss ¢, was employed in the famous supported vector
machines (SVM), introduced by Vapnik and his collaborators [9, 19]. The aim is
to separate two classes Cp := {i : y; = 1} and Cpy := {i : y; = —1} of a data set
{(xi,y:)}¥, for X = R" by a hyperplane H?, := {z:w -z —b =0, ||w|s = 1}, i.e.,

{ w-x; > b, ieCy,
w-xz; <b, i€Cy.
Generally, we say that this two classes are separable if there is a measurable f such

that
{ f(l‘,) > 0, 1€ CI,
f

(l’l) < 0, 1€ CH-
Moreover, the hyperplane H? is called separating hyperplane. The solution of
the linear case was obtained in [61]. Specifically, define the margin A(w) as the

distance of two classes to the hyperplane H? that is,

1
A(w) = = {minw T, — maxw - xl} .

iGCI iECH

Let @ be the solution of the following minimization problem

: 2
popin - Jwllz
st yi(w-z; —b) = 1,i=1,2,..., N. (1.12)

Then the separating hyperplane is Hﬁ; with

=%

=

Ly .
b* =b(w*) = = {mlnw* - x; + max w* xz} :
2 iECI ’iECH

In this separable case, the margin A(w) is called hard margin.

13



For the non-separable case, the minimization problem could be modified by slack

variables £ € RY by

| X
min_[wlf + 5 Y&
AN =

weR™ beR £eRN

s.t. yl(wxz—b)>1—§l, i=1,2,...,N,

& =0, foralli=1,2,..., N,
whose solution is the same as

. 1
mim —
weR™ beR N

N
2 Enlyi(w - @i = b)) + Awl.
i=1

Similarly, the regularized SVM based on RKHS is defined by

min o0 20) — 1) + M (1.13)

feH kg ,beR

For non-linear case, we say that p is strictly separable by Hx with margin

A > 0 if there is some fy, in Hg such that

[ fopllre =1

and

yfsp(x) = A almost surely.

The weakly separable classification problems was considered in [12]. Precisely,
p is said to be weakly separated by Hy if there is an f, € Hx, | fsp|x = 1 such
that yfip(z) > 0 a.s.p. Moreover, we say that it has separation triple (0,A,C))

for 0 <0 <400 and 0 < A,C, < +0if

px{re X 1 |fop(n)] < At} < Ot for all ¢ > 0. (1.14)

The largest 0 satisfying (1.14) is called the separation exponent of p.
The following comparisom theorem was studied in[12, 6, 77].

14



Theorem. For any measurable f: X — R, it holds

R(sgu(f)) ~ R(f:) < 1/ (Ea (1) — Ea, (1)

In general, the -transform

¢:[071]_)R+

satisfying
Y (R(sgu(f)) — R(f.)) < Es(f) — Es(fe), for all measurable f: X — R,

where

E(f) = J én(yf(2))dp.

X XY

was studied in [6].
The solution analysis of regularized SVM (1.13) could be found in [22, 52, 61, 76]

while the convergence results are obtained in [25, 42, 61, 62, 63, 77].

1.2.4 Online Learning Algorithms

In the previous section, we considered only learning algorithms handling the whole
data set at one time, which is called batch learning. Meanwhile, there is a large
class of algorithms that use data points one by one. These algorithms are referred to
as online algorithms, and are some times used as fast substitutes for batch learning
algorithms. Another important application of online algorithms is when users need
to update the predicted function on the fly, while they keep obtaining new data
points. In [38, 53, 70], a stochastic gradient descent (SGD) learning algorithm of

least squares loss

Jeri=Jfe—m ((ft(ft) - yt)KZ‘t + )‘ft> t=1,2,..,N,

where 7, > 0 are step sizes, was studied to approximate the regression function f,.

Furthermore, in [69, 71], an SGD algorithm for a general loss function ¢, which is

15



convex and differentiable at 0 with

#'(0) <0,

was utilized as

Jeor = fo = (O (e foe(@) )y Ky + Af2) t=12.,N,

where ¢’ is the left derivative of ¢. For non-strongly convex case, convergence
analysis has been done in [5]. The optimal rate is attained by [26] using an averaged

unregularized least squares algorithm under a large step-size assumption.

1.2.5 Algorithms for Ranking and Pairwise Learning

Bipartite ranking problems have been considered in learning theory for a long history
(e.g. [1, 2,17, 16, 18, 20, 21]). For learning the scoring functions, a method focused
on maximizing the AUC criterion

AUC(s) = p[s(z) = s(@)|y = 1,/ = —1]
was analyzed in [2, 18], while in [16], the convergence of the empirical version

1
L) = ——— N 10 0w 1.15
(r) o 1); {21 @i,;) <0} (1.15)

of L(r) defined by (1.1), where

Yi —Yj

Rij = 5

was estimated. Note that L, (r) is a U-statistic of order 2, the estimation of training
error between L, (r) and L(r) has been done based on U-statistic theory combined
with VC-dimension techniques by [16]. In [3, 47], the ranking learning problems was
formulated under the framework of pairwise learning with a loss function

¢:RY x (X xY) x (X xY)— [0, +c0)
(f; (@), (2,y) = &(f. (z,y), (2',))

16



which is symmetric about (x,y) and (2/,%/), where RX := {f : X — R} is the set
of all real functions on X and some error analysis based on kernel methods were

achieved. In this settings, define the ranking error as

Ly(f) = f o(f, (x,y), («',y")dp(x,y)dp(',y).

(X,Y)x(X,)Y)

For pairwise learning, online learning algorithms were used and analyzed in, for

example, [72, 73, 64].

1.2.6 Deep Neural Networks

Artificial neural networks (ANN) dated back to multilayer perceptrons [48, 50].
ANN's, especially those with many layers (thus called deep neural networks), pro-
vide an alternative way (perhaps more successful nowadays) to generate nonlinear
hypothesis spaces for learning, that parallel kernel methods. In recent years, the
development of computing hardware has boosted a fast development of deep neural
networks and deep learning. Many new algorithms, using different network struc-
tures, are studied and have achieved big successes in speech recognition and natural
language processing (e.g. recurrent neural networks, RNN [27, 66]), and in image
processing and computer vision (e.g. convolutional neural networks, CNN [39, 50]).

However, we will not expand ANN in this thesis.

1.3 Centered Reproducing Kernels

In this Chapter, we first introduce the definition of a class of centered reproducing
kernels and the motivations behind. In Chapter 2, some properties of the CRKs will

be sumarized.
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1.3.1 Centered Reproducing Kernels

Given a Mercer kernel K from X x X to R, we define a new kernel K with respect

to the marginal distribution px by

R(e,u) = K(z,u) L K (€, u)dpx (€) — L K, €)dpx (€) + f K, &)dpx (©)px (€).

XxX

It’s obvious that K is symmetric. It is shown in [29] that K is also a Mercer kernel

(see Lemma 2.1 below). Since px is a probability measure,

\/sup K(z,7) < \/4sup K(z,z) = 2x.

zeX xeX

For K, an important property of the corresponding RKHS H  is that it contains

no non-zero constant function. In fact, a straightforward calculation shows that

J K.dpx(z) = 0. (1.16)

Since Hy is spaned by K, and completed with respect to the norm || - |z which is

stronger than the sz norm, we have

J F@)dpx(x) =0,  forall fe Mg, (1.17)

i.e., Hx is perpendicular to the constant function 1 in L/QJX (X).
Since the definition of K is based on the unknown marginal distribution py, in

practice, we need to discretize K by

) | X | X T
K(z,u) =K _NZ (x,z; _NZ (i, u 222[(@,%
i=1 i=1 i=1j5=1
Similar as (1.16) and (1.17), we have
1
NZ{K% —0 (1.18)



and

iZ:f(a:l) =0, for all f in H.

The relationship between K and K is given in section 2.1.

1.3.2 The Motivation of CRKs

In many regression problems, such as the score-based ranking problems, the con-
stant component shoule be treated differently from the other part of the regression
function. However, there is no existing approach serving this intuition. For example,
we will give a simulation later which shows that the convergence rate of the output
functions generated by KRR based on Gaussian RBF kernel could be much slower
if we add the original regression function by a constant, since the RKHS spaned by
a Gaussian kernel contains no non-zero constant [43]. Under this circumstance, we
first separate the constant from the RKHS by centering the kernel to K, and consider
the constant term independently. Moreover, note that K denpends on the unknown

distribution p, we approximate K by the discrete centered kernel K.
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Chapter 2

Regularized Least Squares with
Centered Reproducing Kernels

In the previous chapter, we introduced the centered reproducing kernel (CRK) with

respect to the marginal distribution px,

R(,u) = K(z,u) L K (€, u)dpx(€) - L K(r,€)dpx(€) + f K(& €)dpx (€)dpx (€,

XxX

and the CRK with respect to the empirical measure % Zf\il d,, concentrated on the

observations,
X 1N R | NN
K s = T i iU 7O i
(z,u) NZ T, T;) ; x; N ZZ (@i, 25).

In this chapter, we first summarize the properties of CRKs. Then we study a modified

kernel ridge regression based on CRKs and give the error analysis.

2.1 Properties of CRKSs

Summarized in [29], the centered reproducing kernel K and the corresponding inte-

gral operator L and RKHS H g possess the following properties.

Lemma 2.1. For a given Mercer kernel K and the corresponding centered kernel K,

integral operator Lg and the RKHS Hg, one has
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1. K is a Mercer kernel on X. Moreover, Hy is perpendicular to the constant

function 1(x) =1 in L (X).

2. Let Py : L (X) — L2 (X) denote the orthogonal projection operator onto the

space spanned by 1(z) =1, i.e.,
Pif = | f@)dox(a)
X

Moreover, let I be the identity operator on Lf)x (X). We have

Ligf=(I—P)Lg(I—Py)f, for any f in L2 _(X).

3. For the eigenvalues {\;}2, of Li arranged in decreasing order, one has the

interlacing relationship

MZMZXh=h= 2020, > .. (2.1)
between { N}, and {\}2,.

4. For any f in Lix (X) and 1/2 < r < 1, there is a real constant ¢ and a function

g i L2 (X) with |g|, < |fl, such that

Lyg=L%f +ec

Moreover, if Lx has eigenfunction 1, then the requirement on r can be slacked

tore (0,+00).

5. We have

Hi™ Cspan {1} + Hi ~ and Hg'* < span {1} + Hy' |
where the completion “PX is done with respect to the LZX norm.

For the relationship between K and K, we have the following Lemma.

Lemma 2.2. For K and K, we have
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1. If we take the maps K — K and K — K as transformations of kernels and

denote them by~ and ~, respectively, then we have the following relations:

K=K, K=k, K=K K=K, (2.2)

2. Define Py = enek as the matriz of the orthogonal projection onto the space
spanned by ey = \/Lﬁ(l, n DT in RN, Let Iy - RN — RY be the identity matrix

on RY. Then we have

K[x] = K[x] — PNR[X] — K[X]PN + PNK[X]PN = (IN - PN)R[x]([N — PN()2, 3)

where K[x] = <IA((951,$])> and [_([x] = (I_((xi,xj))NxN are the kernel ma-
NxN

trices off( and K, respectively. As a result, we have

K[X]SN = 0, (24)
so ey 1s an eigenvector of R[x] associated with the eigenvalue 0.

Proof. We only prove K=K , and the rest proof of Item 1 follows from tedious but
similar calculation.

Note that
K(s,t) = K(s,t) - L K(& t)dpx(€) — L K(s,&)dpx () + o K(&,6)dpx(€)dpx (€)

N

1 1 1
_NZ (x4t _NE (s, ;) Z K(zp, z4)

p,q=1

- ( | B€0dnx(©) - 5 K@ - 52 | KEadon©) + 35 X Kla, m)

p,g=1
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N
(J K(s de ——ZJ K(x;,& de ¢ —%Z (s,2;) L Z K(zp, x,)

p7q=1

" ( K E)dpx(€)dpx (¢ Zf (22, )dpx (€)

| X N
_N;L( K(& x;)dpx (€ Z_: (), x )

=K(s,t) — | K(&t)dpx(&) — | K(s,€)dpx(€) + K (&,&)dpx (€)dpx ()

X X XxX

Wo obtain K = K in (2.2).

For Item 2, since

=

Mz

mlaxQ 7ZK($laxN)> )

i=1 i=1

_ 1 N
PNK[X] = \/_N (ZK ilfl,.’ll'l

=2

Mz

T
K (o, 1), ...,ZI_((xN, )) ens

z=1 i=1

1 N
K[ Py = — (; 951,
and

_ 1Y
PNK[X]PN = (N Z K(ZL‘Z,JZJ)) €N€£,

4,j=1

we obtain (2.3) by comparing each entry of both sides of the equation.

Equation (2.4) follows from

(]N—PN)eNZGN—eNIO.
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2.2 CRK-based Modified KRR Learning Algorithms

Recall the classical kernel ridge regression

= arg}nin {%Z (f (@) — yi)2 + /\||f|§<} : (2.5)

eH
K i=1

As we mentioned before, to separate the constant component from the RKHS, we
introduced centered reproducing kernels K and K for KRR. Based on K, we modify
the classical KRR as

€H - ,beR
TeM g, i=1

N
(F,0%) = arg _min {%Z(f(xmb—yi)%w}}. (26)

Recall that

Note that

Y fxi) =0,  forall fin Hg.

By letting the gradient of (2.6) with respect to (f,b) in H; @ R vanish, we get

.y 1o 1< 1<
b)\D:NZyi_N;f(mi):Nth (2.7)

=1

—_

. . 1] & . . 11 &
= (129 M) S w0 = (L2 4 A) Yk (28)

By using (1.18), we get

R . -1 1 .
= (7)) X (y - fp<x>dpx<x>> Ko

=1



Here the operator L?((x) is defined similarly as Lg(z), by replacing K by K in (1.6).
By (1.8), one has

N

2
f/\D = arg}glyi{r; {%Z (f(xz) -y + JX fp(x)de(‘r)> + )‘Hf’i(} .

i=1

Thus by the representer theorem (1.9), we can represent ff) as
~ N A
=) 6K,
i=1

A~ ~ ~ T . .
where ¢ = (¢4, ...,éy)" € RY is the solution to

(1. N
min {N Kixjc — yH2 + Ac K[x]c} , (2.9)

with

y— <y1 - L £ (@) dpx (), ooy — L fp(x)dpx(x)>T cRY.

By (2.4) in Lemma 2.2, (2.9) is equivalent to

. 11~ 2 .
miy {N Kpq(In — Py)e— YH2 + A" (Iy — Py) K (In — PN)C} :

As a result, (Iy — Py)¢ is also a solution of (2.9). Since

(Iy — Py)é), = VNek (Iy — Py)é =0,

i=1

without loss of generality, we can assume that ¢ has already been centered, i.e.,
N
Y=o (2.10)
i=1
So we define
oo\l
¢ = (Iy = Px) (NAIy + Ki) 3.
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The output function of CRKs-based learning algorithm is given by
P+ bp.
In classical KRR, the regularization assumption on f, is

fo = Lixh,, for some h, in L? (X) and r > 0. (2.11)

Let

o= bo= | tle)dpx(o)

be the centered regression function. In this work, we modify the regularization

assumption to be

fo = L%h,, for some h, in L? (X) and r > 0. (2.12)
Now we demonstrate our main results with the proof deferred to the next section.

Theorem 2.1. Assume that |y| < M almost surely and (2.12) with 1/2 < r < 1.
Take A\ = N™%+1. Then
E|fY + 00 — fol, < CN"=751,

where C'is a constant independent of D, N, or X\, and it is specified in the proof.

In this work, we always assume |y| < M almost surely for (z,y) ~ p.

2.3 Error Analysis for the CRK-based Learning
Algorithm

For error analysis, we insert a sample free analogue of ( ff , Bf’ ) based on K. Define

(b =avg v {[ (560 + 0= wdote) + 251}

feH z,beR

Recall the centered regression function

o= b= | e)dpx(o)
27



Parallel to (f2,b2) in (2.7), as a consequence of

JX f(x)dpx(z) =0, for all fin Hz,
we obtain
i = [ f@)dpx(a),
b'e
=Lz + M) Lef, = (Lg + M) Lgf,
Moreover, based on K, we define the empirical analogue of f as

_ . 11 Y,
i=1

(z

where Lg ) is defined similarly as Lﬁ(m), by replacing K by K in (1.6). It is easy to

see that fP is the solution to the minimization problem

1min {%Z(f(%) — i)+ A”f’%(} '

Jerk i=1

We do the error analysis by using the decomposition

[P+ -1 =P8 -f-b|
ST < R AR T A O A R

By the interlacing relationship (2.1) in Lemma 2.1 between Lz and Lk, we have

the effective dimension of L satisfies that

NLF{()‘) < NLK(A).

The norms | f2 — fi], and | fn — f,], have already been well bounded in literature
under the regularization assumption on f, (2.12) and the assumption on effectice
dimension (1.10). The second term in the right-hand side of (2.13) was bounded by
[11, 40] while the third term was bounded by [54]. Precisely, we have the following

Lemma.
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Lemma 2.3 (Smale & Zhou, [54]). If we assume (2.11) with 0 < r < 1, then
I3 = Foll, < Al -

Moreover, for 1/2 <r <1, we have

I £x = Folle < XV |Ry,.

We prepare some notations for the next Lemma. Define the sampling operator

SD . HK — RN
fr (fl@), s flan)T (2.14)
So the adjoint operator of Sp has the form
ST RN — Hy
N
y = > Uik, (2.15)
i=1

Let Sp and ST denote the sampling operator and the adjoint sampling operator on
H i, respectively. The relation between the sampling operator and the empirical
integral operator can be described as

1
L") = <+555p.

In what follows, for any Mercer kernel G on X, we let ||, denote the operator

norm on the RKHS (He, (-, )¢, ||| o) associated with G. That is

| Llopey = sup [Lflg,
feta | flg=<1

for any bounded linear operator L : Hg — Hg.
Chang et al. [11] studied the classical KRR (2.5) without the offset term b, with
the help of f\, defined by

po=anpin {70 =0 doto) + A1 S

feHk
_ . o2 2
= arg min {|f ~ £oI7 + A IfI%§ (2.16)

and obtained the following Lemma.
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Lemma 2.4 (Chang et al., [11], Proposition 6). We have

max {17 = A, VALY = Bl < QbaPoa+Spalfil), (217)

where
Ppy = H(LK + )\I)_I/Q (Lrf, — %Sg)’) o (2.18)
Qp = (L + M)V2(Ly, Y Y2 op() (2.19)
Spa = H(LK )TV (Lye — LR o (2.20)

Moreover, from (2.16), with assumption (2.11) for r > 1/2,
[£3 = Folls + M Aal% < O+ Mol
S0

I£lie < 1ol < IEicholic < w270 |Liho| < w2l (221)

where the last equality comes form [23], see also Corollary 4.13 in [24], and the second

inequality follows from the estimate | L |, < #% in fact,

il = | [ FoRuanx(@)] < Iflsup 1T = 217

K

Similar as Lemma 2.4, we define

Y

_ B 1 =
Ppa = H(LK + M) (L f, — ngy) )
K

QD/\ - H(LK + )‘1)1/2( + /\]) 1/2Hop(f()7

sm=H<Lf~<+M>—W<LR_ng>

Lemma 2.4 implies that
max { |72 = Al VAIY = Al } < @aPor+Soalfils).  (222)

We cite from [11] the following Lemma, which is a summary of several results
proved in [10, 31, 40].
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Lemma 2.5. Assume that |y| < M almost surely and 0 < 6 < 1. Then each of the

following inequality holds with probability at least 1 — 6,

Ppa < 2M(k + 1)Apalog(2/6), (2.23)
2(k2 + k) Ap.alog(2/8)\°
Spa < 2(k* + K)Ap.log(2/6), (2.25)
where
1 Nii (V)
Ap, = + X, 2.26

As a result of

we have

Moreover, since

sup K (z,7) < 2k,
zreX

we obtain that each of the following inequality holds with probability at least 1 — ¢,

Ppa < 2M (2k + 1)Ap xlog(2/9), (2.27)
} 4262 + K)Ap.a log(2/5)>2

Dy <2 : +2, 2.28
Spa < 4(26% + k) Apalog(2/9). (2.29)

To carry out the error analysis, we use the following first order and second
order decomposition. In general, for two invertible operators on a Banach space,
we have the following Lemma [40].
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Lemma 2.6 (Lin et al., [40]). For A and B being two invertible operators on a
Banach space, we have

A'-B'=B ' (B-A)A' = A B—- A)B". (2.30)

Moreover, we have

A'-B'=BYB-AB'+BYB-A)A(B-AB" (2.31)

As a direct use of the first and second order decomposition, we have the following
Lemmas, which will be used to estimate the term f2— fP. Before giving the Lemmas,

we first introduce some notations.

Define

Qi :yl_fp(‘rz)7 y: (@17"'7@N)T7

o Lo 2.32
y= 75 (2.32)
We decompose f{ as
D D(x) N RERE
D _ (Lk +M) = 2 il + by (LK +)\]> =2 K. (2.33)
i—1 i—1
By the representer theorem (1.9), we have
o N N
(LK +/\I> = ik, = Y aks,
i=1 i=1
where the coeflicients
= (@1, .., en)" = (Kpg + NAIN) 'y (2.34)
For simplicity, we define
L 1
G = Gl = —Kpy, 2.35
x = (2.35)
G— Gy = ~K (2.36)
= G = 3 - :



Recall that f)? is a part of the solution in (2.6), and we have defined the vector

¢ = (¢4, ..., ¢y) such that

N
D oA
f)\ ZECI'K%'
=1

From (2.34) we have ¢ =

2=

_ _ ~ —1
(G+Ay) ™'y, Recall that & = & (Iy — Pv) (G + M) ¥

According to (2.2), (2.10) and (2.33), we have

i=1 N i=1
N _ 1 - 7 (D@ B
o1 1<i,j <N i=1

= J1+ Jy+ Js. <237)

We bound the three terms separately below.

To bound J;, we need the following concentration inequality.

Lemma 2.7 (Pinelis-Hoeffding [45]). Let {&} be a sequence of independent random
variables in a Hilbert space (H, |-| ;) with B& = 0 and &g < ¢; < 00 almost surely

for every i. Then for any e >0 and N > 1,

N 2
€
Prob &l =ep <2exp {*—} : (2.38)
{ ; I } 821']\;1 cf

As a direct application of the Pinelis-Hoeffding inequality, we have the following

lemma.
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Lemma 2.8. For any vector n = (m, ...,nN)T e RY of coefficients, and ¢ > 0, we

have

Prob {|n"y| = ¢[D(z)} < 2exp{—N—622}, (2.39)

or equivalently, for 0 <6 < 1,

2log(2/0
Prob{!n ¥ = 2M |, % D(@} <. (2.40)
Proof. Recall that y = (71, ..., QN)T with
N 1 .
yi:\/_ﬁ(yi_fp(xi))a 1<i<N.

So En;g; = 0 and |n;7;] < f/—%m] almost surely. One applies Lemma 2.7 to obtain

that for € > 0,

Prob {|n"y| = ¢[D(z)} < Qexp{—N—EQZ}.
8M? |nll

This proves (2.39), and (2.40) is obtained by letting the right-hand side of (2.39)

equal 4. n
The following Lemma estimates J; in H .

Lemma 2.9. Assume f, € Hi. We have

ST 2|G"en], r (1 o
;(c— i) K, 7<T \—56N<XG+]N> y

K

+ prHK> . (2.41)

Proof. As a result of (2.3), we get

-1

(é + )\I> Iy = Py) = (In — Py) (G + ,\I)
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By (2.30), one has

N
D (& —a) Ky,
i=1

2
2

= (-0 Ky(é—0) = HK’[Z]2 O E)H2

K
= | G2 [(IN — Py) (G + )\IN> o (G + /\IN)I] Ly 2
VN,
~1/2 (A ! ~ A a1
— |GV (G + M) [(Iv = Py) GPy = APy] (G + Aly) il
(2.42)

Recall that ﬁy =y+ \/Lﬁgpfp (see (2.14), (2.15) and the paragraph below for the

definition of Sp). We decompose the right-hand side of (2.42) above, to give

<S1+SQ,

K

N
Yie—a) K,
=1

with

1.

Sy = HGW (G+ AIN)_l [(Iv = Py) GPy = APN] (G + Aly) 'y

Y

2

1 15 2
—5
\/N Dfp

2

2= |62 (6 Aty) ({1 = Po) GPy = AP] (6 + M)

Below we abuse the notations by letting | - |2 also denote the spectral norm of a
matrix (i.e. the maximum singular value). This will not introduce ambiguity. Recall
that [AAT|, = | AT A, for any matrix A, and that G = (Iy — Py) G (Iy — Py). We

have

_ A -1 _
G2 (G + M) (I — Py) G*2

2

B R -1/2 /. -1/2 _
=G Iy~ Py) (G+AIy) (G ALy) (I = Py) G2

2

<1 (2.43)
2

=G+ am) e (G + a1y o

35



Now we apply (2.43) to obtain

S1 <

G2 (G + M) (I — Py) GPy (G + M) '

2

.\

G_«1/2 <é+)\[N>_1PN (G"{')\IN)ilS’

2

1.

<|GPy (G+AN) 'y

FA|G en |k (G4 ALv) e
) Ny |EN N N

A (G Ay

-1

<2|G ey, |k (G +Av) 9] (2.44)
and
S, < |GV <G+AIN>1 (Iy — Py)GPy (G + \Iy) ' —=5,7,
VN,
_ . -1 _ 1 - -
+)\‘G1/2<G+>\IN> Py (G + M) I—N ofol.
_ _ _ 1 - -
< |GV2Py (G + My) ™ \/—Nspf,, 2
_ A -1 _ _ 1 - -
# MG e, ek (G ALy)  en| [eh (G + ALy) 1ﬁsD A
Note that
= 12 1 2 12 1 12 1
G+ M) =55, = ((G+AD)""" ==58pf,, (G+\I)""* —=5pF,
H( + ) \/N DfP2 <( + ) \/N Dfpa( + ) \/N Dfp>2
1 /or - EETR 1/ o (1, 5 R
:N< T(G+ ) 15Dfp,fp>K:N<sg <NSDS};+)\I) SDfp,fp>
K

R A A B
<(NS]§SD + )\I) (ngSD + )J) ST (NSDSJE + )\I) Sp o, fp>

1 o m [ ;
(stooat) gstson i) <l

K

K
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So,

1 12 1

50 < 2@ 2en, [ (G + M) en, H e

2

_ 2] e,

</ | ol - (2.45)
This completes the proof. O
Lemma 2.10. Recall G = %f([x]. We have
_ 42 _ 2 48k2
T T
EGNG6N < W, E (GNGBN) < N2 .

So, according to Holder’s inequality, E[HG_-’l/QeNH;] < <5—%> , for any r € (0,2].

Proof. Since

. 1 G 1 G5 1«5
ehGey = Nz Z K(zi,x;) = WZK(Q:“%) + WZK(%,%),
ij=1 i=1 i#j
and
E[K(z;,2;)|z;] =0,  fori#j (2.46)
we have
2 (21)°

Moreover, we have

(e%@eN)z — (% 2 K(mi,xj)> = (%2[((@,%) + $ZK<IH$])>



Also by the degenerate property (2.46), we obtain

E (Z K(mi,mi)) (Z f((xk,xl)) =0,

k#l

and

E (Z K(xi,xj)> =E Z K(zi,2)) K (2, 1) = QEZ K(zi,75)* < 326" N(N — 1).

7] 1#j,k#l 1#£]

Since
N 2
(Z K (z, :1:1)> < 16N%K4,
=1
we get
- 484
]E(e%GeN) < N2 .

Now we estimate the error between f/{j and fP.

Proposition 2.1. Assume |y| < M almost surely and f, € Hg. We have

1 AD,A)

E|fP - 7] < (ﬁ*w—ﬁm

where C' is a constant independent of D, N, or \, and it will be specified in the proof.

Proof. Recall the decomposition (2.37). We have

Il = | V20| < 2605

1. -1
ek (—G - 1N> y

]G el ( 1
A

ST A \n

; pruK) R

38



Obviously H (+G + IN)_1 eNH < |lex]2 = 1. We apply Lemma 2.8 to obtain
2

2
1. -1
E (eﬁ (XG+IN) y) D(x)
0 1 _ -1
:J Prob (eﬁ (—G—I—[N> y
0

<2 foo Nt |, 4
X ex - = .
o P T o N

>/t

D(:U)) dt

>

We apply Holder’s inequality to give

|

According to the decomposition E[|Ji|z] = E[E[|Ji|z|D(x)]], we use (2.47) and

2M

el (%(‘H JN)ly D(:c)] < TN

Lemma 2.10 to obtain

8k 2M -
5[11,] < S (v Il )
Obviously,

% (In — Py) (G + )\IN> 'y
T A A -1 —
— LG (Ix — Py) (G + MN) ik

The f tHL*H < 20 implies that
e Iac \/Ny ) 1mples a

= ~ A -1/
|Jo| < HG1/2€NH2 HG1/2 (Iy — Pyn) <G + )\[N) 1/2

1 1 _
T~ Iy
zﬁH\/ﬁ 2

1/2

2M H@l/zeNHQ —1/2
< — 12

o (G + )\IN> Iy = Py) G Iy — Py) (G + )\IN)

2

2M | -
< ],
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We use Lemma 2.10 to get

4Mk

E[|J5]] < NiTo¥

Now we estimate |J3]|,. Since J3 € Hy and |by| < M,

/5], < K

175 N
x A =
(Lg + )" (LLP( ) 4 )J) 2 2 K,

Nz:l K
MQp, |1 & MQp,
b \/XD/\ Nlez, - - \/XD/\HGW NH2

Let 9 = 2 (4(262 + k).Ap.)°. We rewrite (2.28) as

>

. 2
Prob (Q%,A > 2 + Jlog? g) < 4.

(2.48)

Let z = 9 1og? 2+2¢€ [2+11og? 2, +0) to obtain a solution § = 2exp(—+/(x — 2)/9)).

By letting u = 4/ 331,%2, we have

0 249 log? 2

3 2+1910g2 2 0 T — 2
E[Q},] < f dx + QJ exp y =\ = dx

0
=2+ 9log?2 + 419J ue” “du

log 2

=2+ 9log?2 + 20 (log2 + 1) < 49 + 2.

We apply Holder’s inequality to (2.48) to give

M /8 9 9 2K
11 < B o ¢ )t + 225

2k M 8v/2(262 + k)
< T (V2 T )
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The proof is completed by letting

C} = max {8/12 HfPHf( +4ME + 2v/26M, 165> M, 1672 M (252 + /{)} :

]

Proof of Theorem 2.1. We decompose the norm Hff) + P — pr according to (2.13),
P

of which the four terms at the right-hand side are estimated one by one below. First,
take A = N~ 21, Recall the definition of Ap,» and the fact that N7 (A) < N (A) <

%. We have

L, VN
NVX VN

1/2 1, 1/2 r
< N V@i 4 N 2tme < QN o e1,

Ap )y =

Proposition 2.1 implies

2r—1/2

E Hff _ ffH <C (N—zr’ﬁ + NP 4 2N—ﬁ> < 4C\N-F.
p

Similar as (2.21), we have |fA| . < (2k)* 7| h,|,. We substitue the estimates

K
(2.27), (2.28), and (2.29) into (2.22) to give that with confidence 1 — 4§,

|2 - fAHp < QhA(Pox+ Spalfil i)

AQ
< (2(4(2/@2 + K))? i”\ log? g + 2) X

6 6 -
(2M(2/1 + 1)Ap )y log 5 +4(2k% + k) Ap a <log 5) (2/{)2T—1||hpp)

r 6
<CFN~z+ log? 5 (2.49)
2 .
where we have used the fact that A’;”A < 4N"z%1 < 4 thanks to the assumption

r = 1/2, and the constant Cf is defined by

CF = (8(4(2k* + K)))? + 2)(4M (26 + 1) + 8(2k% + ) (26)* 1| R, ).
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We write (2.49) equivalently as

Prob (H PRl > crvEog? g) <.

Let © = C¥ N~ 2+ log® Se [C*N ™27 log® 6, +0) to obtain a solution § =

6 exp {—{/xN%TH(C{‘)—l} . We let u = {/xNﬁ(Of)—l to obtain

0¢]
]EHf){)_f)‘Hp<CTN_2T1110g36—|—6J‘ e~ Udu

C¥N T log? 6
©¢]
=CF N~z log® 6 + I8N~ 41O J e “u*du
log 6

<33CF N~ 71, (2.50)

For the third term at the right-hand side of (2.13), we use Lemma 2.3 to give

| =Tl < ARl = 1B, N2t
The fourth term at the right-hand side of (2.13) is estimated by considering
U 1 X
bf - bf N ; (yz - JX fp(x)de(x))
as the average of N i.i.d. zero-mean random numbers, each of which has the variance
Var (yZ - J fp(x)d,ox(x)) = Var(y;) < Ey? < M*
b's

So

N v ,«
Elby — by'| < v/Var(y:)/N < N MN™ =%,

We summarize the above analysis and complete the proof by letting

C = 4C, + 33C; + |h,|, + M.
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2.4 A Simulation under Gaussian RBF kernel

Theorem 2 in [43] tells us that the RKHS generated by the Gaussian RBF kernel
A2
K(s,t) = exp (—(S H )

2

contains no non-zero polynomial on X, including the non-zero constant. This phe-
nomenon inspires us to consider the case where the regression funcion is added by a
constant.

To verify the intuition, we run a simulation under the gaussian RBF kernel as
following. First, we generated a regression function f, using the empirical feature
methods by Remark 1 in [30] by 3000 points uniformly distributed on [0,1]. The
samples {x;}¥, are generated randomly according to the uniform distribution on

[0,1]. We set the output y; as

= foz:i) + €

where noise ¢; is Gaussian with variance 6 = 0.01 and is independent of all {z;}Y .

Then we use another regression function

f;onst — fp + 10

and the same inputs {z;}?, and the outputs

ylconst = + 10

The errors of each case is defined as

3000 1/2
error = <30100 Z(f,\ (z§™) — fp(ﬂfjrror)f)

or

3000 1/2
. t = D. const error error
€rror.cons <3000 2 ) fp( )) ) )
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respectively, to arrpoximate the L? (X) norm with {257 }3% generated by the

uniform distribution on [0, 1]. Moreover, we take the regularization parameter A =

N=%5_ The results are displayed in the following table.

’ N ‘ error error.const

100 | 0.06679019 | 0.3580925
300 | 0.05064902 | 0.2502581
500 | 0.03951036 | 0.2118137
1000 | 0.03089287 | 0.1768217

Through the simulation results, we find that the convergence rate becomes much

slower when the regression function is replaced by the original one plus a constant.
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Chapter 3

Distributed KRR

In this chapter, we get convergent results for the output function of distributed
kernel ridge regression with high probability and get the almost sure convergence for

distributed KRR as a result of the Borel-Cantelli Lemma.

3.1 The Convergence with High Probability of DKRR

Let D = {(x;, yl)}‘g1 be a labeled training sample. For the purpose of distributed
learning, we divide D evenly into m disjoint subsets D = [ Ji_, D; (so that D; () D; =
& whenever i # j). Without loss of (too much) generality, in this thesis, we assume

|Dy| = ... = |Dy,]. Recall the KRR on a single machine

2 —argmin = S (f() = )2+ AlFIE

Jerx |D | (z,y) ED
LDj (x) a 1
= (L™ +AI) — > yK
1Dl 52,
J
To approximate the regression function f,, we synthesize these output functions by
Z 1D
ID\

The convergent results with high probability for DKRR could be described as the
following Theorem and its Corollary.
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Theorem 3.1. Assume that

fo = Lih,, for some h, € LiX(X) and 1/2 <r <1,

_1

and that |y| < M almost surely. For 0 <6 < 55—,

the following estimate holds true

with confidence 1 — 9.

r = AD.)\ AQD A
D g g 3
Hf’\ prp <Gy max { <1 + 7 ) 7 log®(16m/d)

~ Apr  Aba
+Co 14+ =22+ —
( VA

> Apalog®(20/8) + | h,|,\", (3.1)

where Cy and Cy are constants independent of m, |D, |Djl|, A\, or 6, and they will be

specified in the proof.
Corollary 3.1. Let |y| < M almost surely and

Ni.(A) < Cor7%, for some s > 0.

Moreover, assume that

fo = Lih,, for some h, € L?)X(X) and 1/2 <r <1,

’Dl‘ = ’DQ‘ = ... = ’Dm‘, and

r—1/2

m< 2T (3.2)
log” |D| + 1

If we take \ = |D|7ﬁ, then for any 0 < 0 < 55—, we have

= = 20
172 = Sl < CIDI 75 log? =2

with probability at least 1 — &, where C is a constant independent of m,|D)|, |Djl, A,

or 6, and it will be specified in the proof.
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3.2 Error Analysis for DKRR
Introduce the sample free analogue of f{

P {L U@ -wPdp A||f3<}

feHK

= (Lg + AXI)"" Li f,.
We decompose the difference between ff and f, as
f)j\:)_fp:fi)_ff"‘f,e_ﬁ*‘f)\—fp-

The approximation error ||fy — f,|, has already been bounded in Lemma 2.3.
Now we are going to bound the sampling error | f2 — fi], for distributed KRR.
Let

Q@) = (L™ + XD = (L + M)~ (3.3)
Moreover, by first order decomposition (2.30), we have
Qo = (L + AN (L = LR9) (LR + )\[>_1 | (3.4)
and by the second order decomposition (2.31), we have
Qb = (Lic + AD ™ (Lic = L3 (Lic + AD™

+ (L + )" (LK - Lﬁm) (LQ(”” + )J)l (LK - Lﬁm) (L + M)
(3.5)
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Let

Then we have the following error decomposition.

Lemma 3.1 (Lin et al. [40]). If Ey* < 40, then we have

== i % {(L%’(I) +AI) o (L7 + /\])_1] A
j=1

| D, / - D;
- %QDJ@)A] +> HQD @4 — Qb Ap,
j=1 j=1

and
= h= (LY +21) - Ap

= QpwAp + (Lx + \)'Ap.
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Proposition 3.1. Assume |y| < M almost surely. For any A > 0, we have

r3 SDJ',)\ S%j,)\
Hf)j\j - fAD)p < 12851 { ( \ﬂ + \ (RDijvfp + ’PDj,A + RDj,A,fA—fp)

SD by 8% A
| | ) 3.8
! ( NS (Rpas, + Poa+ Roas-s,) (3.8)

where

Rpyg = H(LK + ATV (L — D(x) gH for any g in Hg,

and Pp.x, Opa, Sp are defined by (2.18), (2.19) and (2.20), respectively.

Proof. Using Lemma 3.1, we bound each term in the right-hand side of (3.6), respec-
tively.
To bound Qp(,)Ap, use the second order decomposition (3.5) techniques in [40]

and we get

/

HQD(@A HLW ( (LP@ 4\ — (Lg + AI)*) Ay,

— L QpwA

B () a5

—1 ,
+ ‘L}f (Lic + A (Lie = £29) (29 A1) (Lie = L) (L + A1) 7 A

K

< |22 (L + A2 H Ly + A~V H L + \I)"2

L L+ AT Soa (Lt M) (L AN A |

—1
+‘L}?2 (L + 2D Sp, (LQWHI) Spa H(LK+/\])_1/2
OP(K) Op(K)
< b Sha 12
SR )

Spa . Sha ‘ 12 A

= | =+ ——= L Vi A H , 3.9

D(z)

where we have used the following properties since both Lx and L’ are positive
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semi-difinite,

Moreover, since

;1 ) | )
Ab = 5 SbY - Ly f, = oy Sy = Lichy + Lichy - 2@y
we obtain
[+ A2 A < | (L + AD 2 (Lie = L2 S|
1
| A LS, = )
|D| K
= RD,,\,f,, + Pp -
Thus
, S Y
HQD(UU)AD ) < (% + %) (Roag, +Ppa) - (3.10)

Similarly, we have

2
< Spa n Sha H(LK n >\I)71/2A”
K vV A Pllg

HQD@)AIZD , = HL%QQD(@A;’D

(52 a2 1,

No\ A
Spa  Sha
— 7 —_ e 11
( \/X + \ RD)\:f)\ fo (3 )
Note that
Ap =Ap+ AL
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By (3.10) and (3.11), we have

Qo)A < | @A)

, + HQD(J:)A”D

p

Spa S%,,\
< (W + T (RD,A,fp + 'PDQ\ + RD,)\,f,\—fp) . (3.12)

The same is true if we replace D with D, i.e.,

2
Sp; A SDj,A

HQDj(fﬂ)Aj”p S ( NGy + \ ) (RDMyfp +Pp;a+ RD;‘,MfA—fp) : (3.13)

Thus by Lemma 3.1, (3.10), (3.11), (3.12) and (3.13) , we have

|2 =12) = |E (7 - P)

e

< S ‘D]’ SD]',)\ S%)]-’)\ R R

SDy)\ ‘S%,)\
+ <W + \ (RD,)\,fp + Ppa + RD7A7fA_fP)

SD' A 812) A
< max ( \/JX + Aj (Royag, + Poya+ Royafa-t,)

SD)\ ‘S%)\
+ < 2 (RD)\JP + Ppa + RDM\J)\_fP) :

]

The estimation of Pp » and Sp , has already been given in Lemma 2.5. Estimating

Rpg is similar and was given in [40].

Lemma 3.2 (Lin et al. [40], Lemma 18). For any 0 < ¢ < 1, it holds with probability

at least 1 — 6 that

Rpag < 2[gle (5 + 1) Apalog(2/6). (3.14)
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Proof of Theorem 3.1. We use Proposition 3.1, Lemma 2.4, and Lemma 2.3 to obtain
|72 = 5| < |20 = 82 +152 = 5l + 18- 5l
< Jy+ Iy,

(3.15)

where

/ SD]',)\ S%j,)\
JI - 12131}% { ( \/X + Y (RDJV)‘JP + PDM + RDjy)‘vf)\_fp)

. (Spy . S
Jy = (% + i)‘) ('R,D)\,fp + Pp + RD,A,fA—fp)

+ 95\ (Poa + Spalfallk) + Akl

Since 1/2 < r < 1, we use the estimate | fy|x < k¥ !|h,|, from (2.21). With the

assumption that |y| < M almost surely, we have

| fplloo = esssup
reX

L ydp(y|x)

<M

’

so (recall (1.2)),
15 = follo < Kl falk + [ folloo < &7l + M.

With the above estimates, Lemma 2.5, and Lemma 3.2, we have that with probability
at least 1 — 4md,

, 2(k? + k) 2 A(k*+ k)? 2
R T e e B

2 2 2
<2pr00(/£ +1)Ap, alog 5 + 2| fx — follo(x + 1)Ap, xlog 5 +2M(k + 1)Ap, »log 5) } )

We scale d to 8% to see that with confidence 1 — g,

/

~ ADJ‘,)\ A%j,)\ 3 16m
J, <0y max { (1 + G ) Y log 5[ (3.16)
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with

Cy =2k + k) (1 + 2(k* + K))2M (k + 1) + 2(k + 1) (k¥ ||h, |, + M) + 2M (k + 1)).

Similarly, with probability at least 1 — 56,

, 2(k* + k) 2 AP+ k), 5 2
J2 < <TAD’)\ logg + f‘AD,A log 5

2 2 2
X (2|fp|00(/€ + 1).»4[),)\ log— + 2||f/\ - proo(/{ + 1)./4[)7)\ log— + QM(K + 1)AD7)\ log —)

5 0 0
2(K* + 2\ 2
+ (2 <%AD,)\ log 5> + 2) (QM(KJ + 1)AD:)‘ IOg g

2
F2AA (2 + 0 dalog S ) + Nl

We scale § to % to see that with confidence 1 — g,

™ Apy  Ab,
J, <Oy (1 ’ ’
’ 2<+\5+ A

20
) Aplog* == + Xy (3.17)

with

Cy = max{Cy, (2 + 2(2(+” + £))*) 2M (5 + 1) + 2(k* + £)&> By )}

Proof of Corollary 3.1. By taking

A= |D| 7

and the assumption

Ni(A) < Cod™?,

we have

m Oom _ 2r4s—1/2 __r
. < _— —_— _D 2r+s C D 2r 57
Ap; A |D\\/X+4 / Dl m|D| s 4+ 4/Com|D| 2+
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and

Apa < |D|7 5555 4+ 1/Co| D755 < (14 4/Co)|D| 75, (3.18)

Since (3.2) and r > 1/2, we obtain

2r4+s—1/2

m|D|” s < A/m|D| #es

As a result,

Ap;a < (v Co + 1)v/m|D|~ s (3.19)
and

A _
’\/ C(] + 1 |D| 2T+5 < A/ C() + 1. (320)
Also we have
.A
Di <A/Cy+ 2.

Since for 0 < § < 57—, log(16/6) > 1, by the inequality

20’

(a +b)* < 8(max{a, b})® < 8(a® + b*), for a,b > 0,

we have

log® (16m/0) < 8 (log®(16/) + log® m)
< 81log®(16/0)(log® m + 1) < 8log®(16/5)(log” | D| + 1). (3.21)

Substitute (3.2), (3.19), (3.20), (3.18) and (3.21) into (3.1), we obtain

= = Ap, 2\ Ab,
D s 3 3
Hf,\ - prp <Gy 12;’227(71{<1 + Y ) iy log®(16m,/6)

Apy  Ab,

D)

<80, (\/c0 + 2) (1 + \/Co)?| D" =7 m|D|~ 5% (log® |D| + 1) log®(16/5)

+ C (1 + — > AD,\log (20/5) + ”h Hp)\r

+ o (204/Ca + 27) (1 + /o) | DI 755 1og(20/3) + Iy, DI

< C|D|" 7+ log®(20/0),
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with

¢ = max {801 (m + 2) (1++/Co)2 Co (2(\50 1224 1)) (1++/Co), thup} .

]

3.3 The Semi-supervised Learning For DKRR

To analyze the almost sure convergence of the semi-supervised learning scheme, we

adopt the method developed in [11] which introduced a new training set as following.

If on each local processor, we have labeled data D; = {(z7,y/ )}lgi' and unla-

beled data D;(x) = {555}‘;’;‘, we introduce a new training set based on D; U D;(x).

D} |

Specifically, let DY = {(x},y})},_7 with
|D} | . ‘
. x; if 1<i<|D; \ yi, if 1< |D|
i =< " < and y’ = 15,1 %0 a
Z { Ticipy), 1 |D; | fl< <|Djl; ! { 0, if Dl +1 <|Djl,

(3.22)

be the training data set on each machine. The whole training set is written as

m

The output function of the KRR based on each training set is

D* 1
J 2 2
= m - + A
I argfe;}( |Dx| 2] *(f(x) Y) (Fas
(z,y)eD}
Moreover, we synthesize these functions by

D5 | D*

- S35

The almost sure convergence of the output function of semi-supervised distributed

KRR are given as follows.
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Theorem 3.2. Assume that

fo = Lih,, for some h, € LiX(X) and 1/2 <r <1,

1

and that |y| < M almost surely. For 0 <§ < 55—,

the following estimate holds true

with confidence at least 1 — 9.

~ ~ AD’F A AD- /\AD’!< A
D* 5o Js 'E 3
Hf,\ - fp”p <G max, { (1 + Gy ) Gy log®(16m/d)

2
Aps+ 5 AD*,A

N5 A

+ Gy <1 + ) Apalog?(20/0) + |y, N7, (3.23)

where é’l and é’g are the same constants as in Theorem 3.1.

Proof. By (3.22), we have
1
| D*|

* 1 %

Thus (3.9) becomes

/

L3 [Qorio] A <

Moreover,

H(LK ADTV2AL,

_ D*(zx
< (L + AD 2L = LY ))prK

1
(L + M)V (L f, — —Sby)

+
D]

K

= RD*,A,fp + PD,A-

Note that the label of data doesn’t appear in A},. Thus by (3.11), we have

1/2 Sp# A S/%*,A
HLK [QD*(ﬂﬂ)] Aps K< NGy + \

) (Rp* a5, + P+ Rpxapa—r,)-

Since

Ap=x < Apa

o6



similarly to (3.16), by replacing D* with DY, we have

~ AD*,A AD’F,AADJ-,A
) <y max { (1 + Gy ) G log(16m/§)

st

with probability at least 1 — g. Moreover, similarly to (3.17), we get

D = Aps ‘AQD*,/\ 3
I = Al <G| 1+ N Aplog”(20/9)

with probability at least 1 — %. In conclusion, it holds with confidence 1 — ¢ that

~ ~ Apsx\ Ap* AAp; A
f,{) - prp < () {121%};1 (1 + \/JX ) Jﬁ log3(16m/5)

= Apss  Absy
+ Oy (14 FEEA T
< VA A

) Apalog(20/8) + A"|h,| ,- (3.24)

O
Corollary 3.2. Let |y| < M almost surely and
Ni..(A) < CoA™* for some s > 0.

Moreover, assume that

fo = Lh,, for some h, € L2 (X) and 1/2 <r <1,
[Di| = |Ds| = .. = [Dpl, D] = |D3] = ... = |Dy|, and
D \2|Dl- 55 | D3| D)~ Fis
m < min 4 2 LAPE T DD DI} (3.25)
log” |D| +1 log” |D| +1

If we take \ = ]D|_ﬁ, then for any 0 < 6 < 53—, we have

rD* ~ —__r 20

with probability at least 1 —8, where C'is the same constant as in Corollary 3.1 which
is independent of m, |D|, |D;|,|D*|,| D3|, A, or 0.
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Proof. By taking A\ = \D|7ﬁ, we get
AD* 2 < < m|D*|~ 1,D|4r+25 +4/Com |D*|~ 1/2,D|4r+25

and

2r+s—1/2

Ap,» <m|D|” "z ++/Coym|D| %%,

Moreover, since

_ [ |D*|V2|D|" 7+ | D*|V3|D| S
m < min 7D| )

log’|D|+1 7 log®|D| +1
we obtain
m|D*| 7! D|w% < \/m| D*| 2| Dz,
Thus
-AD*)\ (v/Co + 1)v/m|D*|~ 1/2‘D’4’"+25
AD* )\ 1+4s
< (V/Co + 1)Vm| D* |72 D,
f
Note that
-AD*,\
Aps x < Ap .y, <vVCo+1
and

log® (16m/8) < 8 (log®(16/6) + log® m)

< 8log?(16/8)(log® m + 1) < 8log®(16/0)(log® | D| + 1).
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Thus we obtain
_ _ Aps '\ Ap* 2 Ap;a
D* _ j° j° 72 3
Hf)\ prp < Cy {112]2(” (1 + NG > 7 log®(16m/d)

~ Aps s Absy
+ Oy (14 FEEA T
( VA

< 8Cy <\@0 + 2> <1 + x/C()) (m\/E|D|—2T§fI3/2|D*|—1/2,D|$§s

) Apalog?(20/8) + X[y,

+1/Com|D*| 72| D|ir+3

D|*ﬁ) (log® | D| + 1) log*(16/9)

+ Gy (2 (\@ + 2)2> (1 + \@) D[ =5 log?(20/8) + |D|" 7%

< C|D| "7+ log®(20/9).

3.4 The Almost Sure Convergence of DKRR

Based on the convergent results with high probability in the previous section, in this
section, we utilize the Borel-Cantelli Lemma to get the almost sure convergence of
distributed kernel ridge regression whose convergence rate could be arbitrarily close
to the optimal minimax rate. The tenique of using the Borel-Cantelli Lemma to get
the almost sure convergence via the convergence with high probability is adopted in
[41].

Recall the Borel-Cantelli Lemma.

Lemma 3.3 (Borel-Cantelli). Let {£,} be a sequence of random variables and {u,}

be a sequence satisfying lim p, = 0. If
n—0oo

o0

PlI&n — & > pn] < o0,

n=1

then &, — & almost surely.
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Using this Lemma, we get the following almost sure convergence.

Corollary 3.3. Assume that |y| < M almost surely and
NLK(A) < CoA™°.

Moreover, assume that

fo = Lih,, for some h, € L> (X) and 1/2 <r < 1.
If |Dy| = |Ds| = ... = |Dy,| and (3.2) holds, by taking
A= D=,
we have
lim [D|%5 |2~ f,l, =0 (3.26)
|D|—+o0 o
almost surely for arbitrary € > 0.
Furthermore, if |D1| = |Ds| = ... = |Dpl|,|D5| = |Dj| = ... = |Dk| and (3.25)
holds, we also have
r(l—e)  ~r%
lim [D|2% ||f" = fo, =0 3.27
‘Dll_ILl_oo| |2 | fy follp ( )

almost surely for arbitrary € > 0.
Proof. By Theorem 3.1, for N = |D| and § = N2, we have

_r(d-e)  ~ ~ __Tre 20 .
P [N s Hf/\D — folp > ON72+5 (log N2>] <NTE

Thus

- ri-9 - 20 -
ZP[N‘ 2t |2 — fol, > ON " z+s (log )]< ZN’2<OO.

—2
N=1 N N=1

By Borel-Cantelli’s Lemma, we get (3.26).
Similarly, by Theorem 3.2, we obtain (3.27) . O
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