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In this thesis, a novel fast remesh-free finite element method (FEM) for electric 

machines and other electromagnetic (EM) devices design optimization is studied to 

promote the speed of the process of design optimization. Two-dimensional (2D) 

engineering design optimization problems can be solved on the base of the developed 

software packages in C++. The contribution of this work includes an overlapping 

remesh-free mesh deformation technique which employs a virtual boundary technique for 

finite element algorithm. When geometrical deformation happens, the virtual boundary 

technique and the two layer mesh system makes it is unnecessary for researcher to 

regenerate entire mesh. 

In this research to accelerate the optimal design process of EM devices, the adaptive 

Newton-Raphson (N-R) method based on stabilized bordered block diagonal form 

(SBBDF)is first proposed and applied to practical nonlinear problem. Another approach 

is that two types of response surface models (RSM) are applied in optimization process to 

replace the objective function which is traditionally calculated by FEM at each iteration.  
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For the purpose of saving the working load of designers, general patterns of PM 

motors are designed. Based on these patterns, novel optimization algorithms are proposed 

and verified by practical single objective and multi-objective problems. All the proposed 

algorithms are achieved by programming computer code in C++. 

In this thesis, the following work has been done: 

(1)2D FEM programs have been implemented based on A-φ potential formulations 

for solving general electromagnetic field problems. 

(2) 2D remesh-free mesh generation for problems with geometric deformation for 

both small and large geometrical deformation has been discussed.  

(3)N-R method for nonlinear problems has been studied. An Adaptive N-R method 

based on SBBDF for 2D finite element solver for electromagnetic problem involving 

nonlinear material is presented. Parallel computingis adopted for the adaptive N-R 

iteration. 

(4)Several optimization algorithms are studied and RSMsfor optimization are 

introduced for permanent magnet(PM) motor design problem. A dual RSM is proposed 

for the ALOPEX based optimization. The objective function is approximated by the 

combination of two types of RSMs for the purpose of reducing the error of the 

approximation. 

    (4) A RBFEM combined with k-means clustering is presented and a 2D 

electromagnetic field problem is used to validate the accuracy and the effect of reducing 

computing time. 

    (5) General patterns of PM components of PMSM are proposed for optimization 

problems, both single objective and multi-objective. RSMs are applied in single objective 
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problems to accelerate the optimization process. Parallel calculation is applied for 

multi-objective problem and several objective function values are computed by FEM at 

the same time. 

    The main contributions of this work can be concluded as: 

 A novel 2-D remesh-free FEM with large geometrical variations is 

developed. 

 An adaptive N-R method based on SBBDF is applied to 2D electromagnetic 

field problem. 

 An adaptive RBM to ensure that full FEM computation is only needed on 

limited sample points is developed. 

 Apply the RSM to the ALOPEX optimization method of  PM motors 

 General pattern of PM motor is designed. Two RSM of design objective are 

applied for single objective problems. 

 General pattern of PMs of PMSM is designed.NSGA-II based on this 

general pattern is applied for multi-objective problem and the FEM in the 

optimization process is completed in parallel.  

 Engineering design optimization problems are solved by applying the 

proposed methods and evolutionary algorithms of optimization with 

different types of EM devices. 
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Chapter 1 

Introduction 

1.1. Challengesof Optimal Design Problems and Motivation of 

the Thesis 

Rescent years, people's demand for electric power keeps growing with respect to 

the economic progress of and social development. So conservation of energy in general is 

already an essential problem for the mankind today. Therefore, it has a broad market 

prospect for the development of high efficiency electric motors. Electric motors are a 

major component of electromechanical energy conversion. Due to the large number of 

electric machines operating in daily life, even small increases in efficiency during energy 

conversion can yield significant savings in energy conversion. Therefore, it is crucial to 

study novel optimization methods.  

It is a hot spot to design a highly efficient permanent magnet (PM) motor on 

account of low efficiency and low power factor of the traditional induction motors have  

[A1]. An viable solution is to use high efficiency permanent magnet (PM) motors to take 

the place of the traditional induction motors. Due to the elevation of the production 

technology of PMs in recent years, comprehensive gaining ground applications of PM 

motors become possible [A2]. Due to fierce market competition, companies that make 

electromagnetic devices such as motors and transformers must constantly improve 
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product quality and reduce product costs. Therefore, the study of new optimization 

design work is a hot spot. 

Electric machine (EM) devices should be designed as high efficiency, cost-saving, 

high level of reliability, high performance,and with high power density. Precise 

performance prediction optimizes the machine design, effectively maximizing the motor's 

energy conversion efficiency and minimizing its cost. In practice, there may be single 

objective function and multiple objective functions to be optimized.At the same 

time,there are constraints for the design variables.The objective functions and the 

constraints may find that the optimal design is usually a complicated task. Currently, in 

combination with numerical methods, the optimal design algorithm can automatically 

search the optimal solution under given constraints. The algorithms are very practical and 

have been widely used in industry [A3]. The ultimate dream for many electrical 

engineers is to find the best design of EM quickly justonthe computer in office. 

Finite element method (FEM) is one of the most widely used numerical methods in 

engineering. It is a good choice to accurately predict the performance parameters of EM 

devices. At present, the design process of EM equipment, along with the development of 

computer-aided design (CAD) system, can be realized through the EM numerical 

software package based on parametric swapping analysis [A4-A6]. Based on the results 

of the numerical simulation, designers can quantitatively analyze and improve the design 

for the parameters they are interested in. 

But finding the best design within an acceptable time is the number one challenge 

that researchers need to deal with.First, thousands of iterations of the magnetic field need 

to be solved in optimization studies. Therefore, it is time-consuming to solve the inverse 



3 
 

problem with many design parameters using the FEM. Second, in the optimization 

process, the algorithm needs to regenerate the relevant FEM grid every time the 

geometric parameters are updated. This remeshing process often takes thousands of runs, 

consuming a lot of computational memory and time. And this kind of mesh 

reconstruction is not very robust, especially for complex applications [A7]. Moreover, for 

optimization design problems which involve too many design parameters, despite the 

large increase in computational power the optimization process is still time consuming. 

Due to the actual design time constraints, when looking for the optimal design, researches 

still need to find a proper algorithm to reduce the calculation time. 

 

1.2. Contributions and Research Objectives 

Considering the importance and challenges of optimizing design problems, this 

study focuses on building algorithms to reduce computational time in optimization and 

accelerate optimization of the design process. In order to achieve this goal, the algorithm 

needs to be improved in three aspects. One aspect is to reduce the amount of time it takes 

for mesh regeneration when design parameters change; another aspect is to improve the 

numerical method to reduce the time of each finite element calculation; the third aspect is 

to update the optimization strategy to improve the speed of the optimization algorithm. 

The contributions and research objectives of this research work are 

(1) Computer implementation of 2D FEM using objective-oriented programming 

technique for numerical computation of EM fields. The developed software packages are 

used to analyze the forward problem in optimal design of EM devices; 

(2) 2D remesh-free mesh generation based on overlapping technique for large 

geometric deformation; 
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(3) Adapted multilevel Newton Raphson method based on stabilized bordered block 

diagonal form of Jacobian matrix of 2D FEM; 

(4) 2D reduced basis FEM combined with k-means clustering method; 

(5) Dual-Response-Surface Methodology for Optimal Design of a 

Permanent-magnet Motor. 

(6) Novel methods for topological optimization based on general pattern in the 

design of motors. This thesis will introduce effective methods for single and 

multi-objective problems; 

(7)Application of the developed optimal design package to 2D single objective 

optimal design problem and MOP engineering design examples. 

 

1.3. Literature Review of FEM in Electromagnetics 

Electromagnetic field theory and method of numerical analysis are important part of 

computational electromagnetics, its task is in electrical equipment design conditions, by 

means of numerical analysis on the merits of the scheme [A8].Specifically, it is that in a 

given area with known geometry and physical parameters, solving a definite solution 

problem of electromagnetic field, getting the spatial distribution of the electric field or 

magnetic field in the study area, and calculating the inductor, capacitor, energy, loss of 

the device, the electromagnetic and other characteristic parameters based on previous 

process [A9].Mathematically, electromagnetic field problem for determining solution can 

be described by partial differential equations (PDEs) with proper boundary conditions 

(BCs) and initial conditions (ICs), which forms the so-called initial boundary value 

problems (BVPs). 
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The powerful and inexpensive computing power of computers provides a solid 

hardware foundation for the numerical solution to these problems. Nowadays, numerical 

simulations have typically been used to analyze and design electromagnetic devices, and 

often focus on one only field phenomenon in once analysis. In this thesis, 

electromagnetic field calculation is studied. 

Electromagnetic field numerical analysis cannot be isolated from the discretization 

of field.Classified with discrete form, these methods can be divided into field method, 

boundary element method and equivalent element method. Classify with the form of 

control equations in mathematical models, the methods can be divided into differential 

equation method and integral method. Integral equation solver is mainly used for the 

study of high frequency electromagnetic wave[A10]. Differential BVP solvers are 

derived directly from partial differential equations or weak forms. It can handle nonlinear 

problems easily, and the resulting coefficient matrix is sparse, then the result is obtained 

by iterative linear solver or parallel sparse direct linear solver [A11, A12]. 

In electrical engineering electromagnetic field analysis, the earliest method in use is 

the PDE-based numerical methods[A13, A14] for example FEM [A11, A12, A15], finite 

volume method (FVM, also known as the generalized FDM) [A16, A17], Boundary 

element method (BEM)[A18, A19],  discontinuous Galerkin method (DGM) 

[A20-A22]and so on. Among these methods, FEM [A7, A8, A11]is the most widely used 

electromagnetic field numerical method. FDM uses the difference quotient to 

approximate the derivative on finite Cartesian grids. This approximation is easy to 

implement and relatively easy to parallelize. Therefore, this method is widely used in 

high-frequency electromagnetic field analysis. Staircase problems are encountered when 
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using FDM.FEM that use unstructured grids can approximate the geometric contours 

more accurately so it is able to eliminate the staircase problems.It is widely used to solve 

the low frequency EM BVP defined on complex geometric domains. These problems 

usually include different types of materials such as air, permanent magnets, non-linear 

iron material, stranded wire or solid conductors and so on. 

The FEM was introduced and applied to computational mechanics in the 

1950s[A23]. Since the 1960s, it has been first applied to the calculation of 

electromagnetic field of electrical equipment by Winslow [A24]. Silverster and Chari 

[A25] proposed the first general nonlinear variational expression of the electromagnetic 

field problem inside the EM. 1970s, Anderson[A26] studied the transformer leakage 

magnetic field. Okuda [A27] has done research on magnetic field at the end zone of 

turbine generator. 1980s the numerical simulation and experimental research on the 

characteristics of electromagnetic media by Nakata [A28], and new insights into 

regulatory issues by Morisue [A29] and Biro [A30] and others are groundbreaking. FEM 

is now a well-established technology in electromagnetism, which has attracted a great 

deal of research done by researchers.Finite element analysis (FEA) generally consists of 

three processes: FEM preprocessing that is to generate a mesh; solving discrete linear or 

nonlinear matrix equations; and FEM postprocessing, i.e., derives the number or 

parameters of interest from the numerical solutions and graphical representation of the 

solution.During these three phases, mesh generation in the preconditioning phase and 

solving linear or nonlinear matrix equations take up most of the FEM computational 

time. 
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FEM has become a powerful and routine tool to simulate the magnetic fields and 

eddy current fields in EM devices, especially in electric motors.magnetic vector potential 

(MVP) formulation [A31-A36] and magnetic scalar potential (MSP) formulation 

[A37-A43]are widely used by researchers. In the non-conducting region the MSP 

formulation uses a scalar potential, compared with the MVP formulation such measure 

can reduce the total number of unknowns greatly.However, when solving the MSP 

equation for eddy current problems, there is a huge difficulty in the solution process due 

to the inclusion of multiple connecting conductors [A42-A45] in the solution area. 

Because the MVP formulation is capable of treatingthe conductors with arbitrary 

geometric topology, the problems are implemented in C++ in this thesis. 

The divergence of the MVP for 2D finite element field analysis is zero, since the 

scalar dependent variable of the MVP is usually the z-component. And then the Coulomb 

gauge will be satisfied automatically [A46].This indicatesthat the resultant linear system 

has unique solution. In this case the MVP formulation is mostly adopted for 2D magnetic 

field analysis. 

There are many ways to solve linear algebraic equations, which can usually be 

divided into two categories: direct methods and iteration methods which solve the 

problem of the system of equations to construct an infinite sequence, and its limit is the 

solution of the system of equations. Commonly used iterative methodsare Gauss - Seidel 

iteration method, relaxation iteration method and the general conjugate gradient method, 

Incomplete Cholesky-Conjugate gradiend method (ICCG) [A47] and so on. The 

Newton-Raphson iteration can be conveniently applied to deal with nonlinear regions in 

the problem domain [A47-A49].Due to the increasing complexity of the motor geometry 
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and the growing scale of the system, the computational speed of the N-R method has 

limited its application and many researchers have made improvements to it. 

The N-R algorithm has been widely to calculate species concentrations that relate to 

the mass balance equations encountered in formation constant refinement problems. In 

1961 Tobias and Hugus [A50] employed the N-R method in one of the first 

Gauss-Newton driven programs for formation constant refinement. To compute species 

concentrations in SCOGS, Sayce [A51] uses the subroutine COGSNR (also known as 

COGS). Later, Motekaitis [A52, A53] and Atkins [A54] have embodied the N-R 

approach for solving the mass balance equations in conventional ways. Ting Po I and 

Nancollas [A55] have provided a detailed examination of various algorithmic variations 

to the original N-R method. They compare the computational efficiency of each 

modification. This includes the effects of matrix scaling and Hartley's method [A50] on 

the convergence rate.Several improvements of the N-R algorithm have validated their 

computational efficiency on many balanced systems [A56].  

For the subsequent finite element analysis, the generation of mesh in FEA 

preprocessing stage is essential because the quality of the grid greatly affects the 

accuracy of the numerical solution as well as the overall calculation time.There are 

several ways to renewal the mesh, and the parameters in the new mesh are related to the 

previous mesh. One method is constructing the mesh in restricted area by calculating the 

new coordinates of the current mesh [A57] by solving the elastic [A58] equation or 

Laplace equation. But this type of restricted remeshing algorithm still require a long 

computing time and the mesh may not as robust as expected [A59]. Other methods are 

not easily implemented in computers, such as mesh deformation technique with radial 
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basis function interpolation [A60] and moving mesh strategy based on optimization 

[A61]. The proposed parameterized mesh technique [A62] and it is capable of avoiding 

the drawbacks of the methods mentioned above. In addition, two techniques in [A63] and 

[A64] have also been proposed to make the method elevated in [A59] in order to solve 

the problem of large deformation in the geometry. 

 

1.4. Literature Review of Global Optimal Design Methods 

In the optimization design process of EM equipment, under the given constraints, 

by selecting the design parameters, the performance parameters as design goals are 

continuously improved [A65].In practice, the global stochastic optimization methods are 

more suitable for the optimal design inverse problem because they can find the global 

optimal solution under the complex constraints of the design variables by searching 

through the entire solution domain [A66]. Commonly used global optimization methods 

includes genetic algorithm (GA) [A67],particle swarm optimization (PSO) [A68], taboo 

search algorithm (TSA) [A69], Algorithms of pattern extraction (ALOPEX) [A70]. These 

algorithms belong to evolutionary algorithms (EA), usually starting with an arbitrary 

feasible solution and continually improving the results with different stochastic 

evolutionary operations which are simulating phenomena and activities in nature.These 

optimization methods have the ability to quickly find the global optimal solution, so 

theyare widely used in electromagnetic equipment optimization. 

In the optimization design, the performance of EM equipment needs to be 

constantly evaluated. The objective function value under each set of design parameters 

can be calculated by finite element method.Due to the search process in the above 

algorithms, it is impossible to scan for each set of design parameters in the domain.And 
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response surface methodology (RSM) can approximately describe the relationship 

between design parameters and values of objective functions. Therefore, the specified 

sampling points can be combined with the obtained objective function values of the FEA 

to construct a RSM. Then this model is used to replace the original objective function of 

the finite element approximation. In this way, the optimization inverse problem can be 

directly optimized by using the model as a new objective function. So it is now widely 

used in engineering optimization problems [A71-A75]. 

Another method to reduce the numerical calculation is reduced basis method 

(RBM), which can replace the original equations of the finite element equations by a 

lower-dimensional equation system.As long as the mapping relationship between the two 

systemsis constructed , the computing time will be greatly reduced [A76]. 

 

1.5. Layout of the Thesis 

This thesisfirstly reviews the potential formulations for Maxwell’s systems for 

low-frequency computational electromagnetics.For both static and transient eddy-current 

problems, 2D FEM with nodal and edge basis functions are studied. Remesh-free 

FEMand FEM with adapted N-R method for dynamical simulation of EM devices is 

investigated. Several global optimization algorithms are studied and the integration of 

global optimization algorithms with FEA is applied to several optimal design examples. 

The next chapters are organized as follows: Chapter 2 gives the detailed potential 

formulations of the Maxwell system for low-frequency problems. Linear and nonlinear 

eddy current field problem are introduced and numerical example of nonlinear problem is 

tested. Chapter 3 mainly discusses the mesh generation, refinement and deformation 
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methodsfor 2D applications. Techniques of remesh-free FEM based on overlapping 

technique for both small and large shape deformation are also presented. Chapter 4 

discusses the N-R method and deals with the implementation details of adaptive N-R 

method based on stabilized bordered block diagonal form (SBBDF)for nonlinear material. 

In Chapter 5, several powerful methods have been proposed to accelerate optimization 

design. Combined with the RSM hybrid stochastic optimization method, and the 

clustering-based RBMare also applied to the single-objective and multi-objective 

functions problems of the motor design. In Chapter 6, optimal practical design examples 

are solved by combining FEA and optimization solvers. Finally, conclusions are drawn 

and future work is identified in Chapter 7. 
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CHAPTER 2 

BASIC THEORY OF LOW-FREQUENCY FEM 

 

In motor optimization, numerical methods are widely used for their convenience for 

the performance estimationas well as reducing the cost of a motor design. When 

designing electromagnetic devices, in order to determine physical quantities such as 

torques, forces, and flux densities, it is representatively required to analyze the magnetic 

fields. Among many works have been done, the finite element method (FEM) [B1] is one 

of the most popular numerical methods in the field of electromagnetic analysis. Finite 

difference method [B2] and the equivalent magnetic circuit method [B3] are also widely 

used approaches. 

The emergence of finite element method (FEM) is a breakthrough in the field of 

numerical analysis. Compared with other numerical methods, there are several 

advantages of FEM [B4-B6]. First, the finite element network has great flexibility; it can 

construct different types of units according to certain conditions. In a electromagnetic 

field, the element can be of single type or different types of elements can be 

combinedtogether;otherwise the single type of elements can have different 

shapes.Therefore, finite element mesh can easily simulate the boundary surface and 

interface of different shapes. Second, the finite element method has a sparse symmetry 

coefficient matrix, which simplifies the solution of the system, and the computer storage 

and computing time are greatly reduced. Third, the boundary conditions are easily 

integrated into the finite element mathematical model.It facilitates the programming of 

universal computer programs.  
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In this thesis, only the FEM is introduced for numerical analysis and the solution 

region is approximated by triangular elements.Firstly, to solve corresponding partial 

differential equations the A-φ potential formulations are deduced from the Maxwell’s 

equations. In addition, the Galerkin method is introduced to construct the FEM equations. 

Techniques of handling the nonlinear material will also be discussed. 

 

2.1 Maxwell Equations 
 

The partial differential equations derived from the Maxwell equations [B7]are 

generally applied to describe the electromagnetic field problems. The differential form of 

Maxwell equations reads: 

t


  



D
H J

       (2.1) 

t


  



B
E              (2.2) 

0 B             (2.3) 

 D          (2.4) 

The constitution relationships are: 

B H               (2.5) 

D E          (2.6) 

J E          (2.7) 

Where  

E  -- the electric field intensity 

H  -- the magnetic field intensity 

D  -- the electric flux density/ electric induction  

B  -- the magnetic flux density/ magnetic induction 

J  -- the (surface) current density 
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  -- the (volume) charge density 

  -- the magnetic permeability 

  -- the electric permittivity 

  -- the electric conductivity 

In general, as shown in Fig. 2.1 two classes of electromagnetic fields can be 

distinguished as the time independent static and time varying fields. The slow varying 

fields will not lead to current redistributions. Because of the geometrical dimensions of 

the conductor are smaller than the penetration depth of the field, there are no eddy current 

effects. In the low frequency cases (up to 10kHz) eddy current effects are considered as 

quasi-stationary. And the high frequency fields for example the electromagnetic wave 

will not be discussed.  

Most of the applications in electrical engineering, such as electrical motors, power 

transformers, high-voltage transmission lines and so on, can be considered as low 

frequency cases [B8]. For these applications, as given in equation (2.1), when compared 

with conducting current density J the displacement current density is small enough to be 

neglected. Such problems without considering the displacement current density are called 

eddy current problem.The magnetic permeabilityμ and electrical conductivityσare 

discontinuous at the interface between the mediums. 
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Fig. 2.1. Classification of electromagnetic fields. 

 

 

 

 

Fig. 2.2. Illustration of the investigated domain of a typical eddy current problem. 

 

Usually the investigated domain of an eddy current problem [B9]in Ω can be 

distinguished into two parts,the one in Ω1 is the eddy current region ( 0  ).This region 
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includes the conductive media which is not the source current. Boththe magnetic field 

and the electric field A and   are required to be calculated inΩ1. The other part in Ω2 is 

called eddy current free region ( 0  ).This region includes the non-conducting media 

which is the given current source. InΩ2, only A is needed to calculate the magnetic field. 

Fig. 2.2 shows an illustration of the investigated domain. The boundary ofΩis divided 

into two parts namely Γ1andΓ2, on which the normal component of the magnetic flux 

density B and the tangential component of the magnetic field intensity are given 

respectively. Γis the interface ofΩ1andΩ2. The Maxwell equations (2.1)-(2.4) can be 

given as following: 

In eddy current region Ω1: 

 H E           (2.8) 

t


  



B
E        (2.9) 

0 B          (2.10) 

And in region Ω2:  

S H J           (2.11) 

0 B            (2.12) 

Where JS is the given source current density. The boundary conditions are: 

0 B n , onΓ1            (2.13) 

0 H n , onΓ2        (2.14) 

The boundary conditions on the interface Γ ofΩ1 andΩ2are: 

1 12 2 12  B n B n         (2.15) 

1 12 2 12  H n H n         (2.16) 

Where n is the unit outward vector; n12 is the unit normal vector from Ω1 to Ω2. 
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2.2 Potential Formulations for Eddy Current Field Problems 

For Maxwell’s equations to a different type of partial differential equations with 

prescribed boundary conditions,potential formulations are used to reduce the number of 

solutions. The researchers used different vector potentials and scalar potentials to form a 

variety of electromagnetic potential pairs as the function to be solved, so that the 

expression of the control equation of the eddy current field was diversified [B10,B11]. 

There are several potential formulations for the Maxwell equations that can be applied to 

compute the electromagnetic field quantities. Two main types are the scalar potential 

formulations ( T ) [B12] and the vector potential formulations ( A φ ) [B13-B17]. In 

this thesis, both formulations are introduced but only the vector potential A-φ formulation 

is applied. 

2.2.1 Magnetic scalar potential formulations (T-Ω) 

The T-Ω  method is to divide eddy current field into two parts, eddy current region 

and non-eddy current region. Vector electric potentialT and magnetic scalar potentialψare 

used as unknown functions in eddy current region to determine the physical magnetic 

field and electric field.While in non-eddy current region, only magnetic scalar potential ψ 

exists as unknown functionto determine the field. 

The current density is uniformly expressed as: 

se
JJJ                            (2.17) 

Where Je is the eddy current density, Js is the source current density.  

0
e

J                            (2.18) 

Substitute vector electric potentialT into (2.18) 
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TJ
e

                           (2.19) 

Maxwell's first equation is written as follow: 

Sese
HJJJH                 (2.20) 

Where HS represents the magnetic field intensity generated by the source current 

density in infinite space. 

Synthesizing (2.19) and (2.20) can obtain 

0)( 
S

HTH                   (2.21) 

Then (2.21) can lead to: 

S
HTH                      (2.22) 

The magnetic scalar potential ψ can be regarded as the generalization of magnetic 

scalar potential in a static magnetic field. 

In non-eddy current region, since Je=0, and Js is already known, magnetic field 

intensity H is  


S

HH                      (2.23) 

From (2.1), (2.2), (2.22) and (2.23), the field equations for T and ψ are: 














(b)                     )(

(a)     
)(

S
HT

t

T
TT






(In eddy current region)   (2.24) 

 

S
H    (In non-eddy current region)(2.25) 

 

2.2.2 Magnetic Vector Potential Formulation (A-φ) 

The A-φ method is also to divide eddy current field into two parts, eddy current 

region and non-eddy current region. Vector magnetic potential A and scalar potential φ 
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are used as unknown functions in eddy current region to determine the physical magnetic 

field and electric field.While in non-eddy current region, only vector potential A exists as 

unknown functionto determine the field, and the source current is classified in non-eddy 

current region. The vector potential formulation possesses following advantages[B18]:  

(1) Due to the uniqueness of A-φ, in low frequency region a stable numerical 

solution is available for eddy current problems; 

(2) The boundary conditions on internal interface are natural boundary 

condition.When the FEM discretization is applied the boundary conditions will be 

automatically satisfied without additional processing;  

(3) This formulation is available for multiply connected regions and it is convenient 

to handle the current source.   

(4) The A-φ formulationwill obtainhighaccuracy solutions. 

Introduce the vector potential function A,and suppose: 

 B A        (2.17) 

Substitute (2.17) into (2.9) 

0
t

 
   

 

A
E        (2.18) 

Where φ is the scalar potential, introducing it to (2.18) gives: 

t



  


A
E        (2.19) 

Substituting (2.17)-(2.20) into (2.8)-(2.12) 

( )
t

   


     


A
A ,  in regionΩ1.   (2.21) 

( ) S  A J ,   in regionΩ2.   (2.22) 

The boundary conditions are: 
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0 n A ,   onΓ1        (2.23) 

0   A n , onΓ2        (2.24) 

The boundary conditions on the interfaceΓof Ω1 and Ω2 are: 

12 1 12 2  n A n A
        (2.25) 

1 1 12 2 2 12( ) ( )     A n A n
      (2.26) 

Where the magnetic reluctance 1/  . When A is continued, (2.25) will be 

satisfied automatically.  

Compared to T-ψ method, A-φ method has high computational accuracy and it 

iseasier to deal with the boundary conditions of the boundary between the eddy current 

region and the non-eddy current region. A-φ method can be applied directly to the 

situation of the multi-domain conductor area, and the employment of source current is 

also direct and convenient. 

 

2.3 Finite Element Method for A-φ Formulations 

The basic theory and method of FEMis generally associated with variational 

methods or residual methods.FEM based on variational principle [B19] is to find a 

corresponding functional with the solution-determination problem. The function which 

makes this functional reaches its extremum is the solution of the problem.FEM based on 

variational principle startsdiscretization from the functional extremum problem can get 

the corresponding algebraic equations. The other is Gelerkin finite-element method [B20]. 

That is to suppose the weighted integral of the remainder of the field equation is zero on 

average.According to the Galerkin criterion, the basis interpolation function defined in 

the subdivision unit is used as the weight function, and the discrete algebraic system is 
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derived.The value of the variable on the finite element node is the solution to the system. 

2.3.1 2D Finite Element Method 

In Electromagnetism the Galerkin method is a widely used one of residual methods 

which is comparatively simpler and easier to implement and, in addition, provides 

accurate results [B21-B23]. In this thesis, the Galerkin method is introduced to construct 

the FEM equations. Moreover, the detailed stiff matrix computation based on nodal 

element and issues such as the nonlinear materialwill be discussed in 2D problems. The 

process of FEM is shown as below [B24]: 

a. The First step of finite element method is generating the mesh. Finite element grid 

generation is the process of discrete objects in the working environment into simple 

elements.Common simple elements include: two dimensional triangles (Fig. 2.3(a) and 

Fig. 2.3(b)), quadrilateral elements (Fig. 2.3(c)) and three-dimensional tetrahedral 

elements (Fig. 2.3(d)), pentagonal and hexahedral elements. 

 

         

(a)                                    (b) 
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                     (c)                                            (d) 

Fig. 2.3. Several types of elements (a) A triangular element e. (b) Six-node 2d triangle element.(c) 

Four-node 2d triangle element.(b) Four-node tetrahedral element. 

 

The self-adaption of the finite element method is based on aclosed-circuit 

cycleprocess, which is based on the existing gridandfinite element calculation results. 

The process is estimating the calculation error, regeneratingmeshes and re-computing 

thevalues on nodes.When the error reaches the preset value, the adaptive process will 

stop.Therefore, adaptive mesh generation method is one of the key techniques of finite 

element analysis. 

b. Both in variational FEM and Galerkin method, the unknown objective function 

needs to be expanded on elements, uses the approximate solution which has a finite 

number of degrees of freedom (DoF), and is the combination of the element interpolation 

function to approximate the exact solution. Therefore, it is necessary to study the element 

interpolation basis function and its application. 

Then choose an interpolation function which is called basic function and can 

approximate A. They will be expanded to shape functions N associated with the given 

mesh. 

This process is called element analysis and on element e there are equations 
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eee fAK                           (2.27) 
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Where 
eK , 

eA , 
ef  are elemental stiffness matrix, elemental solution vector and 

the right-hand-side (RHS) of the elemental matrix system. 

c.The elemental stiffness matrix needs to be assembled into a global matrix and this 

process is called global synthesis.In the global matrix the terms assembled in the rows 

and columns are corresponding to the number of the nodes in the global mesh.  

In order to build the equations  

Build RBF model FRBF

YES

NO

error0  = fFEM – fRBF recorded

Build MLS model FMLS

Randomly choosing Sample points

YES

NO

Output the result fopt = FRBF + FMLS

Is  R2
RBF  >  R0 

Is  R2
MLS  >  R0 

                        (2.29) 

the results of the element analysisneed to accumulate to the relevant position of the 

global stiffness matrix and the RHS. Normally, ),,;,,( mjilmjink e

nl
  of element 

e should be accumulated to the K at nth row and lth column. 
RotorStator

Permanent 

Magnet

 should accumulate to 

nth element of RHS f. 

 

Fig. 2.4. Elements around a node. 
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Take the elements around node 8 as an example (see Fig. 2.4), there are six elements 

containing node 8. These elements and the nodes of these elements other than node 8 are 

referred as related elements and related nodes of node 8 respectively. The construction of 

relevantelements in global stiffness matrix is  
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       (2.30) 

From (2.30) it is obvious that to the node l, element analysis will produce Q number 

of non-zero element in the global stiffness matrix K of (2.29). Q equal the number of 

related nodes to node l. Because the element coefficient matrix K
e
 is a symmetric matrix, 

then the K is a sparse symmetric matrix. The source term will be similarly constructedas 

the RHS of the matrix system.  

d. After the global synthesis, the total discretization system (2.29)is 

established.After disposing the boundary conditions and solving the equations, the vector 

magnetic potential of the magnetic field on each node will be obtained, and thenthe 

physical quantities such as the magnetic induction intensity can be further calculated. 

2.3.2 FEM for 2D magneto static problem 

Firstly 2D magneto static problem is considered, the vectors J and A have only one 

component in the Oz direction. The related 2D magnetic vector potential Poisson’ 

equation reads:  
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x x y y
 

   
  

   

A A
J        (2.31) 

The solution domain is firstly discretized into small elements called “finite element”. 

The assembly of elements is called mesh on which the unknowns (Dofs) can therefore be 

definedon the nodes, edges or interior of the element. In this thesis, nodal FEM is 

adopted.  

Take a first-order triangular element as a simple example (shown in Fig. 2.3(a)), the 

expansion of the potential A(x, y) in the element e reads: 

332211
),(),(),(),( AyxNAyxNAyxNyxA              (2.32) 

)(
1

1

1

1
1

),(
111

33

221
yrxqp

D
yx

yx

yx

D
yxN                (2.33) 

)(
1

1

1

1
1

),(
222

11

332
yrxqp

D
yx

yx

yx

D
yxN                (2.34) 

)(
1

1

1

1
1

),(
333

22

113
yrxqp

D
yx

yx

yx

D
yxN                (2.35) 

1

1

1

33

22

11

yx

yx

yx

D                               (2.36) 

 

The shape function of a node only works on the element which includes this node. It 

equals to zero for the elements which do not includethe node. Thus the potential in the 

domain can be interpolated by a formula: 
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Where Ne is the number of nodes, i is the node number.  

Fig. 2.3(b) shows the six-node 2D triangle elementwith quadratic polynomial 

interpolation function in second order case. As shown in Fig. 2.3(c), the element is 

four-node triangle element with bilinear polynomial interpolation function. And in Fig. 

2.3(d), the element is first order four-node tetrahedral elementfor 3D problems.  

For second order case as shown in Fig. 2.5, the element analysis and global 

assembly is similar to previous [25]. The corresponding shape functions and derivatives 

are listed in Table 2.1 with polynomial basis [1  xy  x
2  

xy  y
2
]. 

 

        

     (a)                                          (b) 

Fig. 2.5. Second order triangular element. (a). In localcoordinates. (b). In globalcoordinates. 
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TABLE 2.1SHAPE FUNCTION AND THEIR DERIVATIVES 

Number of nodes W ∂W/∂u ∂W/∂v 

1 -t(1-2t) 1-4t 1-4t 

2 4xt 4(t-x) -4x 

3 -x(1-2x) -1+4x 0 

4 4xy 4y 4x 

5 -y(1-2y) 0 -1+4y 

6 4yt -4y 4(t-y) 

 

In the element analysis process, the shape functions in second order case are more 

complex than linear interpolation polynomial function, and det J is not always constant. 

Therefore, numerical integration methods [B26] are adopted to evaluate the integral 

calculation. The integration points and corresponding weights for 1, 3, and 7 point 

Gauss-Legendre integration are listed in Table 2.2. 

TABLE 2.2INTEGRATION POINTS AND CORRESPONDING WEIGHTS  

order Integration points xi yi Wi 

1 1 1/3 1/3 1/2 

2 3 1/6 1/6 1/6 

  2/3 1/6 1/6 

  1/6 2/3 1/6 

3 7 1/3 1/3 9/80 

  0.470142064 0.470142064 0.066197076 

  0.059715872 0.470142064 0.066197076 

  0.470142064 0.059715872 0.066197076 

  0.101286507 0.101286507 0.062969590 

  0.797426985 0.101286507 0.062969590 

  0.101286507 0.797426985 0.062969590 

 

Galerkin method is one of the weighted margin methods. Main process is to 

construct a set of weights ),1,2,( niW
i

 that are linearly independent of each other. n 

is the total number of nodes. Let the weighted integration of margin fLuR  *  in the 

solution domain Ω equals to 0. 
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niRdΩW
i

 1,2,..., 0, 


                    (2.38) 

Where u
*
 is the approximate solution of the differential equation. 

Substitute (2.31) into (2.38)  

( ) 0W d
x x y y
 



   
   

   
A A

J     (2.39) 

Where W is a weighting function.   represents the solution domain. In 

low-frequency EM problems, we usually contend with two types of boundary conditions 

[B27], the homogenous Dirichlet boundary condition A=0 and the homogenous Neumann 

boundary condition / 0n  A . For the Dirichlet boundary, the magnetic flux density is 

zero and the magnetic flux is tangential along the boundary. For the Neumann boundary 

condition, the magnetic flux is vertical to the boundary of the domain. The Neumann 

boundary condition will be implicitly satisfied when the weak form is given as follows. 

By invoking the vector identities, the divergence theorem and the boundary 

conditions, (2.39) becomesthe weak form of the formulation: 
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(2.40) can lead to 

 


















WJdd

y

A

y

W

x

A

x

W
)( (2.41) 

And by coupling the weak form with the weighted residual method the integral on 

 is given as following: 
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Where Ne is the number of elements in the domain. Then take the element e as an 

example, by recalling the (2.32)-(2.36)one can obtain the elemental stiffness matrices and 

the source term.   
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     (2.43) 

B

B0

H

Hc
 

Fig. 2.6. Magnetization curve for a permanent magnet. 

 

Consider the case when the domain contains permanent magnets (PMs).The 

magnetic characteristic curves of the PMs are given in Fig. 2.6. 

0 B H B                 (2.44) 

0 c B H                            (2.45) 

0 H                             (2.46) 

0J                               (2.47) 

Where μ is the magnet permeability and 
0B  is the remanent flux density and 

related to the coercive field intensity Hc which is well approximated in popular magnets 

such as ferrite, Samarium-Cobalt and so on. Together with (2.46) and (2.47)can have the 

following expression 
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0( ) ( ) 0    A B       (2.48) 

The first term was calculated in Eq. (2.43), nextneed to evaluate the second one. In 

2D case, B0 can be representedby its components: 

0 0 0x y B B i B j        (2.46) 

When applying the Galerkin’s method, the source term becomes: 

0 0 0 0 0
( )

,
n n

e e e

n n y x
L S S

N dl N ds       B B B B i B j       (2.47) 

where Ln is the edge of the boundary element; Snrepresents the surface.  

For Dirichlet boundary condition and homogeneous Neumann condition,the first 

term equals zero. And the second term is a source term which should be assembled on the 

RHS vector. In the element e, it gives: 
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           (2.48) 

Considering the 2D eddy current problem, in whichthe excitation current is 

time-dependent in conducting materials, and the eddy currents will only be generated in 

the Oz direction. The current density Jcan be divided into the applied source current 

density Js and the induced current Je. Sincein (2.19) there exists 

0                                 (2.49) 

eJ
t

 


  


A
E                            (2.50) 

Then (2.31) can be rewritten as: 

S
t x x y y

  
    

    
    

A A A
J             (2.51) 

The time derivative can be given as: 
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Where t  is a time step and the first term of (2.51) is 

( ) ( )t t t

t t
 

 
 

 

A A
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Only the first term in the (2.51) needs to be considered. The unknowns at time step 

( )t t  can be similarly handled as discussed. After applying Galerkin method in the 

given element e, it gives 
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 (2.54) 

Note that in the second term of (2.54), A(t) can be moved to the right-hand 

side(RHS). Thus the matrix system is given as following: 

QSSA tt  )(

                           (2.55) 

0)( 0)(  tA tt ，                         (2.56) 

A
(t+∆t) 

represents the unknowns at time step ( )t t . Q  is the RHS which includes 

the applied source currents 
SJ . When the domain contains permanent magnets the 

induced currents will be asin (2.54) and the magnetization vector will be as in (2.48). The 

terms depending on the unknown vector A
(t+∆t)

 will be also constructed in SS. To 

establish the calculation procedure, an initial solution is assumed as (2.56). Then in the 

next step the new matrix is calculated and new A
(t+∆t)

 is obtained. If the difference 

between two steps is small enough this process stops.  
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2.4 FEM for nonlinear meterial 

Ferromagnetic materials are used to make all kinds of structural components in a 

large number of electromagnetic devices that are stimulated by the power supply such as 

electromagnetic motor and transformer. Ferromagnetic materials have complex magnetic 

properties [B28]. In order to improve the accuracy of electromagnetic field calculation in 

ferromagnetic materials, it is necessary to study the proper simulation of their magnetic 

property with numerical analysis. Magnetic properties of ferromagnetic materials have 

the characteristics of non-linearity, multi-value and anisotropy. The measurement of 

magnetic parameters of ferromagnetic materials and its simulation in numerical analysis 

are the subject of concern[B29]. 

2.4.1 Magnetic Hysteresis Loop 

During the magnetization of ferromagnetic materials reaches saturation, if the 

magnetization field is reduced, the B and H in the ferromagnetic materials also decrease, 

but the reduction process does not return in the OS segment when the magnetization. 

When the magnetization field is cancelled, when H= 0, the magnetic induction intensity 

still maintains a certain value B=Br, which is called residual magnetism. 
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Fig. 2.7. The initial magnetization curve and the hysteresis loop. 

 

To reduce the magnetic induction intensity of magnetized ferromagnetic materials to 

zero, a reverse magnetic field must be added and gradually increased. When the internal 

magnetic field intensity of ferromagnetic material increases to H= -Hc as the c point in 

Fig. 2.7, the magnetic induction intensity B will be zero and the demagnetization is 

achieved. The segment bc curve is the demagnetization curve and Hc is the coercive 

force. 

If the reverse magnetic field is continuously increasing, then the magnetization of 

ferromagnetic material will reach the reverse saturation.If the reverse magnetic field 

intensity is reduced, the residual magnetism will also occur.As shown in the Fig. 2.7, the 

enclosed curveabcdefa is called the hysteresis loop. The change of this B is always 

behind the change of H, which is called hysteresis phenomenon[B30]. 
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(a)                               (b) 
Fig. 2.8. The hysteresis loops. (a) Soft magnetic materials. (b) Hard magnetic materials. 

 

For soft magnetic materials, because the shape of the hysteresis loop is slender and 

surrounded the area is lesser as shown in Fig. 2.8(a), and in some cases, you can ignore 

the hysteresis characteristics, with an average magnetization curve to approximate the 

hysteresis loop instead.The average magnetization curve is the connection of the 

magnetic hysteresis loop vertex of different sizes and has been used for the finite element 

calculation of the constant magnetic field and the transient eddy current field for a long 

time [B31]. 

Hard magnetic material (permanent magnet material)[B32] magnetic hysteresis loop 

surrounded area is much larger than the soft magnetic material as shown in Fig. 2.8(b).In 

the operation of motor, electric appliance and various permanent magnet institutions, it is 

necessary not only to consider the limit magnetic hysteresis loop of permanent magnet 

material, but also to consider local hysteresis loop. 

2.4.2Numerical Example of Nonlinear problem 

TEAM Workshop Problem 25 [B33] the nonlinear magneto-static benchmark 

problemis studied in this section as an example to validate our FEM program for 
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nonlinear problems.Fig. 2.8 shows the model of die press with electromagnet. The aim is 

to obtain the design (4 parameters, namely R1, L2, L3 and L4 as given in Fig. 2.8) of the 

die molds to get the minimum value of the objective function value. Here it is only 

presented to testify our FEM program, therefore the parameters are fixed as R1=7.3mm, 

L2=14.3mm, L3=14.0mm and L4=14.5mm. The detail optimization process will be 

discussed in the following chapters.  

The B-H curve in this example is given in Fig. 2.10. The numerical solution 

calculated is given in Fig. 2.11.  

 

 

Fig. 2.9. The model of die press with electromagnet. 
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Fig. 2.10. The B-H curve of the iron used in TEAM 25 problem. 

 

 

Fig. 2.11. The flux line of TEAM 25 problem calculated by the FEM. 
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CHAPTER 3 

TECHNIQUES FOR MESH GENERATION, AND 

DEFORMATION METHODS 

Defining a study domain and subdivide it into smaller areasnamely finite elements 

during the implementation of the finite element methodare necessary. This process is 

usually called meshing, modeling the electromagnetic problems into finite elements.The 

process of mesh generationacts as an important link between the finite element method 

(FEM) and the geometric approach [C1].  

In this chapter, Firstly, Delaunay mesh generation, refinement methods and 

corresponding problems in electromagnetism are presented and discussed. For moving 

objectives, remesh-free method such as master-slave technique and parameterized 

meshing method are discussed. Moreover, another remesh-free method based on 

overlapping technique is proposed. The basic mathematical background and a thorough 

investigation of the implementation of these methods is introduced. In addition, meshing 

related subject such as post-processing of meshes are also discussed. The proposed mesh 

generation and deformation algorithms are introduced to realize a fast and robust 

modeling method in EM applications. 

3.1. Mesh Generation and Refinement Methods 

In engineering problems,the meshing method, numerical methods and physical 

propertiesanalysis are closely interrelated. The accuracy of the FEM is closely related to 

the quality of the mesh. For geometries with complex structure, meshgeneration, 
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refinement and deformation is time-consuming and error-prone. So for an accurate and 

rigorous analysis of electromagnetic fields, mesh generating and related mesh algorithms 

are consequently studied for new numerical methods and extended to applications.  

Meshing methods were first developed in 1970s for applications in mechanics and 

quickly extended to the 3D problems for electromagnetism [C2]. The FEM mesh should 

meet the following requirements: 

 

   

(a)                                              (b) 

Fig. 3.1. A sample of 2D triangular mesh. (a) Overlapped elements. (b) Non-overlapped elements. 

 

 

     

(a)                                             (b) 

Fig. 3.2. A sample of 2D mesh generation. (a) Original domain. (b) Element outside the domain. 
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(a)                                              (b) 

Fig. 3.3. A sample of 2D mesh generation. (a) Original domain. (b) Element outside the domain. 

 

a. Legitimacy. 

Elements cannot overlap each other as Fig. 3.1. Compatible with the original 

regional topology, the elements cannot completely fall outside the original area as shown 

in Fig 3.2, nor existing holes inside the original regional boundary as in Fig. 3.3.  

b. Accuracy. 

The fix points of the original domain should be the fixed nodes of the mesh, and all 

the nodes of the mesh should fall on the surface of the original domain.All the edges and 

sides of the original domain should be approximated by the edges and sides of the mesh 

elements. 

c. Reasonable shape. 

Each unit should be as close to the regular polygon as possible, and it is not allowed 

to have small sharp corners as shown in Fig. 3.4. Small angles cause poor conditioning of 

the finite element matrix and large angles cause discretization error and big errors in 

interpolated derivatives. 
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Fig. 3.4. Triangular elements with bad shapes. 

 

           
(a)                                              (b) 

Fig. 3.5. Structured (a) and unstructured (b) meshes. 

 

Generally speaking, Meshes can be categorized into two types which are structured 

[C3] and unstructured respectively as Fig. 3.5. Structured meshes have a uniform 

topological form which indices of the neighbors can be simply represented, and the grid 

size of which specifies the element size is the same. However, this method can only be 

easily implemented for applications when the object has simple geometry. Also in some 

cases, too many nodes are required since it must employ a uniform distribution of nodes. 

On the other hand, for problems with complex geometries of objectssuch as the modeling 

of electric motors, unstructured meshing methods can provide a multi-scale resolution on 

the mesh density and better applications. There are several popular unstructured mesh 

generation techniques: the Delaunay method [C4,C5], the Octree method [C6], and the 

advancing front method [C7,C8]. This thesis introduces the Delaunay method, and in 

addition, only meshes composed of triangles are considered.  
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3.2. Delaunay Mesh Methods 

3.2.1. Delaunay Mesh GenerationMethods 

Mesh generation methods have been studied anda lot ofwork has been reported. 

Among these methods, the Delaunay mesh generation method has the advantage that 

theresultant triangles, which had been proved [C9] that the Voronoï diagram can be 

converted in a unique triangulation of the vertices, are optimal for the given set of points. 

Inthis case the mesh usually does not contain many extremely bad elements.When using 

the FEM, this is a very desirable property that can elevate computational accuracy. 

 

 

Fig. 3.6. Every triangle of a Delaunay triangulation has an empty circum-circle. 

 

As shown in Fig. 3.6, The Delaunay method has maximum minimal angles and 

empty circle properties. The circumcircle of anytrianglecontains no point of theforming 

node set inside.So this method canavoid generating elements of bad shape.  

The circumcircle which is the circumcircle defined by the three vertices of the given 

triangleof every triangle contains no vertices of the triangulation other than the three 

vertices of the triangle [C10]. Fig. 3.7 shows a simple illustration of the criterion in 

two-dimension. 
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a b
 

Fig. 3.7. The empty circle criterion. (a) satisfied (b) not satisfied. 

 

In addition, the Delaunay triangulation also satisfied the min-max criterion [C11]. T 

Delaunay triangulation maximizes the minimum angle in the triangulation. This is done 

in all possible vertices in the triangulation. 

The Delaunay triangle intersects the interior of the edge as in Fig.3.8(a). Most 

applications omitsome of these triangles and edges so that the rest of them can avoid 

form a simplicial complex, as inFigure 3.8(b). Depending on which one of the Delaunay 

cells needs to be kept, which one is to be discarded and which one is used to receive a 

different Delaunay triangulation. 
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Fig. 3.8. Two ways to define a Delaunay structure. (a) Delaunay simplices are allincluded. (b) Select a 

subset of Delaunay simplices to form a triangulation. 

 

Lawson algorithm [C11] and Bowyer-Watson algorithm [C12-C14] are two 

important algorithms to complete the Delaunay method. The initial mesh of this thesis is 

generated using the Delaunay method of Lawson algorithm. The Delaunay method is 

applied and stitch points or Steiner points are added in the initial mesh. This approach 

ensures that existance of all the boundaries of the input domain and the interface 

segments of the material [C15]. 

The steps of the algorithm for generating mesh are as follows: 

a. Creation of the boundary meshes of domain Ω. 

First is creating a rectangle which encloses the domain R(Ω). Let T(R) is the mesh. 

Then create the T(R) of rectangle R(Ω). Next is inserting the points of S(Ω) into T(R) in 

order to give a definition to mesh T(R, S). Regenerate a set of the constrained edges F(Ω) 

in T(R, S) to give definition of mesh T(R, S, F). And identifing mesh T(S, F) in T(R, S, F). 

b. Creation of mesh T(Ω) of f2. 

First is initializing mesh T(Ω) by T(S, F). Then is a loop of creating field points: 
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Generate points use a length criterion on the inside edges of T(Ω). Inserte these points in 

T(Ω) and keep iteration continue if T(Ω) has been influenced. And then T(Ω) will be 

optimized.  

1. Delaunay kernel. 

The Delaunay kernel is the result of inserting an internal point in Delaunay 

triangulation. Proximity criterion considering the extension in assumption is well suited 

just as length evaluation. The main problem of this procedure is that it is based on a 

closed criterion. 

Authorsincluding Bowyer [C16], Watson [C17] and Hermeline [C18] have proposed 

the Delaunay kernel. The Delaunay kerneluses the classical Euclidean metric for a 

general space. In 2-D problems this algorithm leads, cf. (Fig. 3.5), to replace the set of 

triangles. This set of triangles open scircum circle which includes thepoint under 

consideration. The cavity is one of the circumcircles, which is composed of triangles. 

These triangles are formed by connecting this point by the edges with the ball. The edges 

constitute the boundary of the cavity. 

Formally, the Delaunay kernel is also known as 

T =T-C(P) + B(P)                          (3.1) 

Where C(P) is the corresponding ball which is the cavity related with point P. And 

B(P), T denoting thecurrent mesh. Construction of the cavity is using the proximity 

criterion which can be shown as 

})(such that   , ,{ KDiscPTKK 
                  

(3.2) 

Where Disc(K) is the open circumdiscof element K. 
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2. Mesh generation on the enclosing rectangle. 

Taking a rectangle enclosing the domain make to be in a convex background is 

possible. Such rectangle enclosed all the points on the boundary within it. In this case, the 

above Delaunay kernel can be bring into use easily. The rectangle uses four extra points 

for its definition. It is recovered with a mesh T(R) which is made up by two triangles. The 

points of S(Ω) inserted in T(R) are based on the application of the Delaunay kernel. The 

mesh T(R, S) is constructed by the nodes of the rectangle and the endpoints of the edges 

of F(Ω). Normally, T(R, S) does not contain all the edges in F(Ω). In this case, the 

proposed algorithm for regenerating the missing edges in T(R, S) uses local modification. 

 

          

Fig. 3.9. Diagonal swapping applied to f. 

 

3. Local topological modification. 

Supposethere is meshes T. Considering there are two triangles in T. These triangles 

share the same edges f , and the union of f is convex. Then the diagonal swapping [C19] 

allow the creation of the edge f  . The endpoints of f   
are the two vertices opposite to 

edge f. And then the edge f is removed as shown in Fig. 3.9. In the end, the topology of 

the triangulation is locallymodified by such a diagonal swapping. 
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Fig. 3.10.  81
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4. Regeneration of the constrained edges 

Suppose there is a segment g = [P, Q] and the set of edges v(g) which intersects g in 

T. The endpoints are shown in Fig. 3.10. Suppose an element has P as a vertex. Then the 

adjacency relationship starting with this element determines the τ(g). And g intersects the 

edge opposite to P. The algorithm ensures the regrowth of the constrained edges using 

randomly diagonal swapping. It has the following loop scheme over the edges in F(Ω): 

- Let an edge g and the relevent set r(g) in T(R, S). 

- When τ(g) is not a null set, randomly apply the diagonal swapping strategy to the 

edges in τ(g). 

5. Domain Identification. 

When regenerates the constrained edges in T(R, S), T(R, S, F) is obtained. In order to 

define the mesh T(S, F) of the domain, first should identify its complement in T(R, S, F). 
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The identification is by adjacency startingfrom a triangle with one of the four extra points 

as vertex. 

6. Creation of the mesh of Ω.  

Mesh T(S, F) is now known. So in order to obtain the desired mesh T(Ω) , internal 

points of the domain are selected iteratively. And the initialization of the mesh T(Ω) is 

based on the mesh T(S, F). At each iteration step the internal edges and points of the 

mesh are examined.  

Construct internal edges on the mentioned edges. The construction is in the way that 

the subdivisions are created based on proper length and a not too closed point to a point 

which is already exist. Meanwhile, they are interposed in T(Ω) by the Delaunay kernel in 

a variation which is constrained. And when T(Ω) is modified, this process will be done 

repeatly. 

The definition of the notion of an acceptable distance between two points, is to make 

accuracy of this algorithm under the condition where the size of the elements is already 

known. It also indicates what is constrained Delaunay kernel. 

Suppose (P, Q) is a pair of points, and hP (resp. hQ) is the required size at point P 

(resp. Q). Monotonous continuous function h(t) indicates the variation in terms of size 

along the segment[P, Q]. Initial data is that h(0) = hP and h(1) = hQ. The length of 

segment [P, Q] is l(P, Q). It is respect to h(t) if and only if  




1

0 )(

1

1
),(

th

QPl                           (3.3) 

Function h(t) represents the sizes of segments inside the domain. The required sizes 
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of segments at a boundary point is the mean length of the edges has this shared point.  

The classical kernel has a variation which is known as the constrained Delaunay 

kernel. The classical kernelkeeps the boundary completeness when point insertion exists. 

Following their lengths, processing step of the edges constitude the establish of the 

internal points with a variation of the above process. Therefore, most important edges are 

produced first. In order to stop the description step of the mesh generation, it is necessary 

to indicate the mesh. And the indication is resulted from the interpolation of the internal 

points which are optimized. So optimization of the mesh is based on the application of 

diagonal swapping as well as point relocation. 

3.2.2. Delaunay Mesh RefinementMethods 

For FEM it is necessary to assure the accuracy of its solution. So the mesh needs to 

be refined several times to achieve the desired accuracy [C20-C23]. The Delaunay 

method canalso manage the mesh refinement.The insertion of a vertex to a triangle is 

very local and it only needs minor modification to existing mesh. 

The refinement strategy determines the creation of new points in the triangulation 

until the required mesh size has been achieved. The main requirement of the refinement 

method is that the newly created triangulation should be conforming.  

Into the existing coarse mesh the candidate refinement points are created 

automatically. Therefore some refinement approaches will be considered as mesh 

generation methods. And usually according to a pre-defined criterion the refinement 

strategies will be designed as adaptive process. Many methods have been proposed by 

researchers and three widely used methods for triangle and tetrahedral refinement 
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includeBisection algorithms [C24],Point insertion in Delaunay context [C25] and 

Templates or Subdivision patterns [C26] are introduced in this thesis. 

       

(a)                                 (b) 

       

(c)                                 (d) 

Fig. 3.11. (a) Point P is inserted into the element e. (b) The element e is subdivided into three triangles with 

bad shapes. (c) The mesh with first edge swapping operation. (d) The mesh with second edge swapping 

operation.  

 

The trisection mesh refinement process as shown in Fig. 3.11 is the same as the 

formerly mentioned node insertion process. The regular mesh refinement method, also 

called the red-green refinement method. By bisecting all the three edges of an element, it 

will be subdivided into four similar triangles. The three neighbor elements are 
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bisectedand make the mesh to be conforming as shown in Fig. 3.12. But the mesh quality 

yet becomes worse than that of the original mesh.  

 

Fig. 3.12. Red-green mesh refinement method. 

 

 

        

(a)                           (b) 
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(c)                              (d) 

Fig. 3.13. Generalized bisection algorithm. 

 

Bisection refinement methodis a good choice to adopt. It can improve the mesh 

quality at the same time when refining the mesh [C27]. Rivara [C24] proposes a 

technique that on the longest edge of a triangle or tetrahedron the splitting of edges 

exists.In the bisection algorithms, therefore edges are split and the triangles or tetrahedra 

adjacent the same edge are also split into two.  

For any triangle required to be refined (such as e1 as shown in Fig. 3.13(a)).The 

longest edge of e2is bisected first. Assume n1 is the midpoint generated on the longest 

edge of e2. Then n1 is found to be a nonconforming midpoint for triangle e1 as shown in 

Fig. 3.13(b). A similar procedure will be implemented on element e1 by bisecting the 

element by the node n2 on the longest side (as shown in Fig. 3.13(c)). If n1 is different 

from n2, a further bisection is needed by connecting the two points to make the side 

conforming (as shown in Fig. 3.13(d)). This process is recursive until all the triangles are 

conforming. 
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3.3. 2D Parameterized Mesh Deformation Method 

Geometric shape optimization is a key technique to elevate the capability of EM 

devices when novel products are designed. In practice, FEA is an indispensable tool for 

magnetic field computation.It is applied for finding the objective function values of the 

sample points. When operating optimizations there are continual modifications in 

geometric design parameters; so that before one can proceed to the finite element 

computations, the computational mesh has to be regenerated at each iteration step. 

However, the re-meshing processes usually costs a lot of computing load regardless how 

minor the changes happens in these parameters. Thus it is essiential to make computing 

time decreased by limit regeneration of mesh on part of the domain. 

Several methods update the mesh when the new design parameters are produced 

according to the mesh in previous step. With the solution of equations of elasticity [C28] 

or the Laplace equation [C29], the updated coordinates of the nodes on current meshcan 

be calculated. It is to regenerate the mesh in limited area of the domain using this method. 

However this type of partially remeshing method has limited effect on controlling the 

cost of time and the mesh may not robust enough. Besides, when there are large 

geometrical modifications exists, the method may even generate folding elements.  

For the purpose of speed up the optimal design process of EMs, a parameterized 

mesh generation method is introduced in this thesis. The data structure of the node 

coordinates contains the geometric shape information. During the optimization procedure, 

once the geometric parameters are changed, the positions of all nodes in the mesh can be 

updated accordingly. This method is simple to implement with an acceptable additional 

calculation requirement instead of solving additional equations.  
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(a)                                              (b) 

Fig. 3.14. Vertex Pk is at the barycenter and the geometric explanation of bar centric coordinates. 

 

Suppose that there are geometry parameters p1, p2, …, pN. These parameters will be 

modified when parameter sweeping happens.They areexpressed in a column matrix as: 
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Where N represents the number of parameters. Suppose the coordinates (xi,yi) of a 

vertex i is formulaed as linear combination of the parameters p1, p2, …, pN by: 
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Where [ ]i

xC and [ ]i

yC  are real coefficient matricesfor the vertices. For each vertex, 

the current information: coordinates (xi,yi), {p} and two coefficient matrices are known as 
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the properties of vertex. They will be stored at this iteration. When {p} modifies in the 

process designing, on the mesh the vertices coordinates (xi,yi) will be changed 

accordingly. In this caseparameterized mesh will be regenerated automatically. 

When the mesh is refining, newly inserted vertex Pk at the barycenter of the 

triangular element is shown as in Fig. 13a. its coordinates (xk,yk) will be derived 

according to three vertices Pi, Pj, Pm of the element: 
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With coordinates (xk,yk), the expansion coefficients for vertex Pk with parameters {1, 

p1, p2, …, pN} can be further expressed as , , , ,( [ ] / 3, [ ] / 3)l l

l i j m x l i j m yC C   . And the 

coefficients of the newly added vertices are computed by: 

 
, ,[ ] [ ]k l

x l i j m l xC C  , (3.9) 

 
, ,[ ] [ ]k l

y l i j m l yC C  , (3.10) 

Where the weights{ }l are the area coordinates of the vertex Pk located in the 

triangle element.The definition of the area coordinates is illustrated in Fig. 3.14b. 

Computing the area coordinate i of a point ( , )x x y  in the physical coordinates, first 

the area of the sub-triangle facing the vertex ( , )i i ix x y  is calculated as ( )i x , then  
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Where   is the area of the element considered. It is noted that the area coordinates 

have the following properties 
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3.3. Slave Master Technique for Moving Object 

In practical applications, movements of the electric motors are commonly happened 

and needed to be considered during the simulation process. One traditional method is to 

study in Euler coordinate. During the rotation, if in the equation a convection term is 

added, the coordinates of the moving part will keep stable [C30]. However, numerical 

error will also be brought in at this processespecially when the speed is large. Another is 

using the Lagrangian method.In this method the domain needs to be divided into the 

moving part and the stationary part. The coordinates of these two parts are 

independent.Meanwhileaccording to the rotational speed, the coordinates of the moving 

part can be updated. On the interface of two parts,the mesh will be non-conformity. Soon 

the sliding interface the slave master method is applied for this problem.  
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Fig. 3.15. Illustration of the slave master nodes on the sliding surface. 

 

A 2D example shown in Fig. 3.15 gives to illustrate the slave master method. The 

red nodes are master nodes (M1, M2, …, M7) and those marked with blue points and on 

the moving surface (S1, S2,…, S6) are slave nodes. By the slave master method, all the 

DoFs on the slave nodes Si, can then be expressed by the values on the master nodes Mi 

as: 






















7

6

6

6

5

6

6

7

5

6

5

5

5

5

3

2

2

2

1

2

2

3

1

2

1

1

1

1

321

321

321

321

M

S

M

S

M

S

S

M

S

M

S

M

S

S

M

S

M

S

M

S

S

M

S

M

S

M

S

S

AAAA

AAAA

AAAA

AAAA









                     (3.14) 

The interpolation coefficients 1 2 3{ , , }i i i  
 of the node i will be determinedby its 

coordinates and its master nodes [C31]. Suppose the element e contains one slave node S 

and its master nodes are M1, M2, and M3, and the nodal potentials are related by  

321 321 MMMS
AAAA                       (3.15) 

The DoFs {Ae} within element e can be written as the union of two subsets which 

has no shared element.One is the master DoFs {AM} and the other is the slave DoFs {AS}: 
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AAA                        (3.16) 

 

All the DoFs associated with e, its own master DoFs {AM} and the master DoFs

}{ M

S
A , are not belongs to {Ae}, of the slave DoFs {AS}. Thetransformation matrix [T] 

can be obtained by 
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Where [I] is the identity matrix and λ represents the interpolation coefficients. The 

slave DoFs within element e can be eliminated by modifying the element matrix and 

element RHS vector using [T] as 

[ ] [ ][ ][ ],T

e eM T M T
                (3.18) 

[ ] [ ][ ][ ],T

e eK T K T
                (3.19) 

[ ] [ ][ ],T

e eP T P
               (3.20) 

where
TT is the transpose ofT . It is not difficult to see from the above equations that 

byusing this matrix transformation method, the symmetry propertyof the original matrix 

system can be upheld. 

A calculation of a magnetic gearis shown in Fig. 3.16, which has been reported in 

the reference [C32]. As shown in the Fig. 16,the inner rotor contains eight permanent 

magnets (PMs) and the outer rotor includes 20 PMs. The PMs of both the inner and outer 

rotorsare arranged in a Halbach array configuration. A stationary rotor contains seven 

pieces of steel and the same spacing between these pieces. Since the experimental data is 

given for the initial prototype magnetic gear, we followed the same specifications for our 

FEM calculation. The gear ratio is set as 5/2. Close results of the axial torque profile on 
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the inner and outer rotors are 5.5 Nm and 13.4 Nm are respectively. In this case, the 

slave-master technique is applied to handle the rotational movement. The nonconforming 

mesh between the stator and the rotator due to the rotation is shown as Fig. 3.17. For 

slave nodes, no unknowns will be defined on them since their contribution to the global 

matrix are represented by their corresponding master nodes. The values on these nodes 

can also be calculated according to their master nodes and the transformation matrix.   

 

 

Fig. 3.16. The model of the magnetic gear. 

 

 

Fig. 3.17. The enlarged view of the nonconforming mesh between the stator and the rotator. 

3.4. Overlapping remesh-free Technique for Moving Object 

The mesh generation at each time step in transient FEM may be required and may 

cost dramatic amount of computing time. One of the approaches to solve this type of 
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problems is to develop a mesh structure which can make the mesh regeneration much 

convenient or the mesh regeneration is not required. One of such techniques is to allow 

overlapping meshes exist. It mean that a mesh of an object can overlap a background 

mesh in order to represent the surrounding domain of the object. 

The technique of overlapping meshes can significantly simplify the modeling using 

FEM and provide a generalized framework for FEM simulations. It controposes in 

simulations which refer to moving objects or large dimension changes during 

optimization. The most improtant merit is that, by using the overlapping mesh technique, 

one can avoid large variation of the meshes. The deformation may cause the destruction 

to the previous mesh. Therefore, it is much better than traditional mesh regeneration 

method. 

The overlapping method was first proposed by Heinz Kreiss. Then more detailed 

discussions of the mesh generation can be found, for example, in the book of Thompson 

et al. [C33]. After that, Chesshire and Henshaw [C34], Yu [C35] also worked on similar 

problems. To implement various overlapping mesh techniques, researchers have made 

effort on the presented algorithms.  

The overlapping mesh method has been also widely introduced into the study of 

fluid mechanics. The coupling at the fluid-fluid interface between the overlapping and 

underlying fluid meshes is handled using a stabilized Nitsche method developed for the 

Stokes problem [C36]. One can also consider the problems where the structure is 

described via its moving boundary which is immersed into a fixed background fluid mesh. 

The classical immersed boundary method was introduced by Peskin [C37]. Such hybrid 

schemes are built upon the concept of overlapping meshes introduced for finite 
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differences and finite volume schemes in the early works of Starius [C38].  

In this thesis, a method of two-layer overlapping meshes is presented. Instead of 

re-mesh the entire solution area as in traditional FEM, all meshes will remain the same in 

the proposed technique. To reduce the complexity of calculation, it employs a technique 

to adjust the boundary of up layer mesh. The proposed methodology has the advantage of 

simple element assembly and is easy to be implemented in computer program. Numerical 

tests are executed to showcase that the proposed methodology is practical. 

3.4.1Overlapping Algorithm 

 

Fig. 3.18. Two domains are separated by the boundary. 

 

The overlapping algorithm deals with the problems on the domain 1 2   （ ） in 

R
2
, with boundary ∂Ω, consisting of two (open and bounded) sub-domains Ω1 and Ω2 

separated by the interface 21  . We consider the following elliptic model 

problem as shown in Fig. 3.18: to find the u: R , 

2,1in-  ifu
iii

                    (3.21) 

[ ] 0 on u   n                           (3.22) 
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 on 0][u                        (3.23) 

0 on u                          (3.24) 

 The n is the unit normal to Γ, and [v] =v2-v1 denotes the jump in a function over the 

interface Γ. In addition, the boundary Ω where Dirichlet boundary condition is applied, 

respectively. 

Implementing the overlapping mesh method has the following steps.  

The first step is to mesh both the background and the other objects separately. In this 

case, the lower layer mesh of the background will remain the same at the entire process. 

Besides, the relative shape of the up layer mesh is stable. The pre-process of building the 

mesh for FEM can be simplified dramatically as Fig. 3.19. 

 

 

Fig. 3.19. Two layers overlapping meshes. 

 

The second step is to determine which cells are involved in the intersection between 

the two meshes. A proper searching area on the background mesh is identified. In this 

part, we introduce the displacement method to accomplish the collision detection.  

This part is to determine which cells are involved in the intersection between the 

two meshes. We design a scanning algorithm to find out the cut elements on the 
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background. 

Firstly a proper searching area on the background meshes is set up. Then in the 

searching area, we need to find out in each background element, whether all three nodes 

are at the same side of the boundary Γ. Supposing there is a point  P(x, y) on the 

boundary Γ, the displacement method is introduced to accomplish the collision detection. 

As we know, when one of the three vertices of a triangle is selected as a start point, other 

points on the triangle can be seen as moved from this point with two directions of 

displacement, which is shown in Fig. 3.20. If the node P is inside the element, the 

element is a cut element. 

 

Fig. 3.20. Displacement method for the collision detection. 

 

If P is inside the ΔABC, then the position of P can be written as: 

)1,0,0(  A)-(BA)-(CAP  vuv uvu     (3.25) 

Let A-B ,A-C A,-P  cba , and a, b, c are vectors. Then we have 

cvbua                           (3.26) 

Both sides of (6) dot-multiply b and then dot-multiply c, then it has 

bcvbuba  )  (                     (3.27) 
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ccvbuca  )  (                        (3.28) 

Solve (7) and (8),  

))(())((

))((-))((

bccbccbb

babcbacc
u




                 (3.29) 

))(())((

))((-))((

bccbccbb

cacbcabb
v




                 (3.30) 

If u and v do not satisfy the conditions 0u , 0v , and 1 vu , then the point 

P is out of the triangle and the element is not a cut element. 

The third step is element assembly, which is to compute the contributions from the 

cut cells of the background mesh. The intersection interface is represented by polygons. 

 

Fig. 3.21. The overlapping meshes in the intersection zone. 

 

As shown in Fig. 3.21, this computation may be phrased in terms of so-called 

Boolean operations. The Boolean operations are popular for building complex geometries. 

It performs Boolean operations between primitives from a finite set of geometries. 

Ear-clipping algorithm is used for the boolean operation. This algorithm computes the 

surface tesselation of the intersection objects. 

First, the array of arrays of vertices, triangles and adjacent relationship are built for 

the boundary overlapping elements and the cut element. 
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Next, in the former collision detection, when we find one vertex is on the other side 

of the boundary, it will be replaced by the segment and the intersecting points. 

The information of cut elements includes the number of vertexes, number of 

elements, boundary conditions and so on. After all information is determined, it will be 

stored and prepared for the next step. 

 

 

Fig. 3.22. The construction of mean value coordinates. 

The last step is to compute the FEM with polygon elements and complete the 

post-processing. A common technique of the extended FEM in the application is to 

decompose a cell into sub-cells. And the sub-cells and the interface are aligned. However, 

sub tetrahedralization of an arbitrary polyhedron is a problem of great challenging 

generally. Integration methods over domains of arbitrary polygonal have been recently 

presented. These methods is capable of implementing without the use of sub triangulation. 

Mean value coordinates retain the key properties of bar centric coordinates on arbitrary 

(convex and nonconvex) planar polygons. 

The scalar-valued function R :(x) u  has following interpolation scheme: 
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Where ri= ri(x) is the Euclidean distance between p and pi, and the angle αi is shown 

in Fig. 3.22. To ease the derivative computations, we have implemented a modified form: 
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The equation (3.32) is now valid for all points p that are in the interior of an 

arbitrary planar (convex and nonconvex) polygon. 

Letting  
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The entire mesh system is divided into three types of elements: background 

elements, cut elements, overlapping elements. The elements on different area are 

assembled separately. 
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3.4.2 Virtual Boundary Technique 

Suppose the geometric shape of the object is complicate, then the overlapping 

method will need complex batch process when object movements occur. For the purpose 

of simplifying the collision detection, a virtual boundary technique is proposed. The steps 

of this technique are shown as below: 

1. Build the initial mesh and calculate the problem with traditional FEM. The initial 

mesh is shown as in Fig. 3.23(a). 

2. Set a virtual boundary around the object as shown in Fig. 3.23(b).  

3. Build the two-layer meshes for the overlapping FEM method and the up layer 

mesh is constructed inside the virtual boundary. The meshes of adapted overlapping 

method is shown as in Fig. 3.23(c). 

4. Calculate the problem with adapted overlapping FEM. The meshes of the system 

after movement of the object are shown as in Fig. 3.23(d). 

 

 

 

 



79 
 

       
    (a)                                       (b) 

        

    (c)                                       (d) 

Fig. 3.23. The adapted overlapping FEM. (a) Initial mesh. (b) Virtual boundary. (c) Two-layer meshes for 

adapted overlapping FEM. (d) Meshes after movement. 

 

      
                       (a)                                      (b) 

Fig. 3.24. Comparison of overlapping method and adapted overlapping method. (a) Meshes of overlapping 

method. (b) Meshes of adapted overlapping method. 
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When the solution area of the object has been extended to the new virtual boundary, 

the electromagnetic field inside the virtual boundary still satisfies (3.21). Moreover, the 

boundary condition on the virtual boundary can be derived by the boundary condition of 

the object [39].   

For the object with complex contour line, meshes of overlapping method are shown 

as in Fig. 3.24(a). Meshes of adapted overlapping method are shown as in Fig. 3.24(b). It 

is obvious that when using the overlapping method, there will be more polygon cut 

element appears in the calculation. While applying the adapted overlapping method, 

regular shape of virtual boundary is employed. This technique can reduce the number of 

polygon cut elements. 

3.4.3 Appliction of the overlapping remesh-free FEM 

In order to verify that the proposed FEM is practicable for electromagnetic problems, 

electromagnetic field optimization problems are tested. 

The magnetic actuator model applied in this paper is modified from [40]. 

Geometries of each component of magnetic actuator are presented in Fig. 3.25. In the 

models shown in Fig. 3.25, the winded coil is modeled as two separated rectangles, and 

current density is applied in opposite directions. In this model, the position of armature 

will be modified. Here, the adapted overlapping FEM is applied to compute 

electromagnetic field in the process of armature movement. 
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Fig. 3.25.  Components of magnetic actuator. 

 

The initial mesh of the adapted overlapping FEM is shown in Fig. 3.26(a) and Fig. 

3.26(b) shows the virtual boundary added for adapted overlapping method. Fig. 

3.27shows the meshes of the system when the armatureis at the initial position and the 

end position, respectively.  

 

    
(a)                                             (b) 

Fig. 3.26. Preprocess of the adapted overlapping FEM. (a) Initial mesh. (b) Virtual boundary. 
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(a)                                              (b) 

Fig. 3.27. Meshes of the adapted overlapping method. (a)Initial position. (b) End position. 

 

    
(a)                                            (b) 

Fig. 3.28. Flux lines of the electromagnetic field. (a)Initial position.(b) End position. 

 

 

TABLE 3.1 COMPARISON OF REMESH-FREE FEM TO TRADITIONAL FEM 

Methodology 
Times of mesh 

generation 
Meshing time (s) Total time (s) 

Traditional FEM 10 3.1 13.7 

Overlapping 

remesh-free FEM 
2 0.5 10.4 

 

The design problem developed in this paper is to optimize the position of the 

armature in themodel. The optimization method is Particle Swarm Optimization (PSO) 

method. As shown in Fig. 3.26, the number of elements for the traditional FEM is 14687. 

This mesh is also the initial mesh for the proposed method. The number of elements for 

background mesh is 13276, the number of elements on the up layer mesh is 5036. The 

comparison of working time between the proposed method and traditional FEM is shown 
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in Table 3.1. It is obvious that in optimization iterations, the mesh generation times are 

reduced and the total computing time is also reduced. 
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Chapter 4 

Numerical Methods for Nonlinear Problems 

When solving a specific engineering problem by using the numerical analysis 

method of electromagnetic fields, the solving process of algebraic equations often 

occupies most of the computer storage and computation time required for the whole 

calculation [D1]. 

In this charpter, Newton-Raphson (N-R) method is presented. Based on it, by 

employ the stabilized bordered block diagonal form (SBBDF), the SBBDF N-R method 

is developed. And in order to save the computing load, parallel calculation is employed 

and adaptive multilevel N-R method is presented. Numerical examples are applied to 

verify the proposed methodologies are feasible and accurate. 

4.1. Newton-Raphson method 

Therefore, seeking for a quick and efficient method for solving algebraic equations 

has become one of the most important problems in the study of electromagnetism in 

recent years. FEM is the one of most widely used numerical analysis method of 

electromagnetic field, and the research of the method of solving finite element 

discretization algebraic equations is also widely concerned [D2].Whether it is linear or 

non-linear problem, the finite element analysis comes down to solving the algebraic 

equations with large sparse symmetry stiffness matrix. 

In electromagnetic field simulation and other problems, the nonlinear equations can 
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be linearized by Newton-Raphson (N-R) method [D3]. The popular N-R method has 

quadratic rate of convergence while the accuracy of the linear solver is well controlled. It 

can approximate iterative linear solver. There is one possible difficulty for applying the 

N-R method in solving nonlinear problems. The Jacobian matrix needs to be updated and 

resolved in every iteration, and this could be quite time consuming when solving large 

problems [D4]. 

4.1.1. Basic Theory of N-R Method 

Suppose there is a n order system of algebraic equations with real coefficients: 

ku=p                           (4.1) 

The element of the coefficient matrixk is a function of the solution vectoru, so this is 

a nonlinear system. N-R method is a universal method for solving such equations, which 

briefly introduces the principle and iterative format of the method. 

Set left side vector of (4.1) is f(u), the ith component of f(u) is 

),...,2,1(     
1

niukf
n

k
kiki




                       (4.2) 

u is the solution vector as well as a point in n order solution domain. The initial 

value of u is u
(0)

, and expand f(u) at u
(0)

 to Taylor series 
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(4.3) has a simple approximation 

)()()( )0()0()0( uuJufuf                       (4.4) 
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Where J
(0)

 is the zero orderJacobian matrix. Substitute f(u)=p for (4.4) 

)()( )0()0()0( ufpuuJ                        (4.6) 

Where u is the exact solution of (4.1). And then if u is approximated by u
(1)

, (4.6) 

can be written as  

)()( )0()0()1()0( ufpuuJ                      (4.7) 

(4.7) can be written as 
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(4.8) 

Solve (4.8) and then get the approximation solution u
(1)

. Fig. 4.1 represents the 

relationship between f(u) and RHS vector p, and the iterative process of N-R method. 

When n=1. The point u which is the intersection point of curve line of f(u) and line p is 

the exact solution of (4.8). Geometrically, J
(0)

 represents slope of the tangent line of f(u) 

at u
(0)

. u
(1)

 is thehorizontal ordinate of intersection of this tangent line and line p. Set u
(1)

 

as the start point of the next iteration step, draw a tangent line of f(u) at u
(1)

. And 

thehorizontal ordinate of intersection of this tangent line and line p is the next 

approximation solution u
(2)

. 
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Fig. 4.1. The iteration process of N-R method. 

 

Continue the iteration process, it will be able to approximate the exact solution with 

certain precision. The general iteration format for this process is 












)1()()1(

)()1()( )(
kkk

kkk

uuu

ufpuJ
                   (4.9) 

Where 
)1(  ku  is the iterative difference vector between two approximate solutions 

,...2,1,0  ,)()1()1(   kuuu kkk
                  (4.10) 

Set the stopping criterion as 

 2)]([ kufp                      (4.11) 

When the criterion is satisfied, is is considered that the approximate solution has 

reached the precision requirement and terminated the iteration. )( kufp   is the error 

vector; and the   is the preset control error. 
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4.1.2. Application of N-R Method to Nonlinear Static Problems 

Magnetic field calculation is essential in the design of electromagnetic devices. The 

design of electromagnetic devices needs to deal with the magnetic field problems. The 

ferromagnetic materials in the magnetic field are nonlinear, and the corresponding 

electromagnetic field problem is also non-linear. The differential equation of 2D 

magnetic field is  

ZS

ZZ J
y

A

x

A


















)(

y
)(

x
                (4.12) 

Where Az is the vector magnetic potential component along the z axis. J is the 

electric current density along the z axis. Jzs is the current source density. The problem 

(4.12) is calculated by the Galerkin FEM.Take the weighted integral in the solution 

domain and make this integral equals to zero, then 
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Where Nk is the weighted function. The domain S is divided by three nodes 

triangular elements.And convert (4.13) to Galerkin weak form, then the corresponding 

integral is changed to the sum of the integral on element. 
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Where NE is the total number of elements. 
e

k
N  is the interpolation basis function 

on element e. The unknown function in the element can be approximated by  
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Where ai, bi, ci are the constants determined by the node coordinates. ∆ is the area of 

element e. Substitute (4.15) into (4.16) then a system of equations as (4.1) will be 

derived.  

Now the solution vector u=Az, and the Jacobi matrix is  

                   (4.17) 

And the RHS vector is  

a b

                       (4.18) 

According to (4.14), fi can be get by 
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Jacobi matrix for element e is  
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And the equations for element e is  
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For nonlinear material, 
e

gh
J  is the element of J
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Based on (4.13) there is 
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where ))((
Z

AB  . Partial derivative with respect to (4.23) 
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Substitute (4.15) and (4.16) into (4.24) 
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and 
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Where B is the model of magnetic induction strength vectorB. 
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Finally, the general formula of the elements in Je is  
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the 
B

 can be determined by the magnetization curve of the material and the magnitude 

of the element magnetic inductionintensity. 

4.1.3. Numerical Examples of Nonlinear Static Problems 

 

Fig. 4.2. The computational domain of the TEAM workshop problem 25.  

 

The TEAM workshop problem 25 [B28] is solved using the N-R method. The 

problem domain is shown as Fig. 4.2, and the B-H curve for the nonlinear material are 

shown in Fig. 2.9. In the computation, the NR iteration process terminates after 7 times 

iteration with the relative residual error 1.69 10
-5

. During each NR iterative step, there 

are about 5000 unknowns to be solved in the linearized equation, hence about 1400 DoFs 

are constrained.  

4.2. Stabilized Bordered Block Diagonal Form N-R method 

Parallel computer was first appear in 1972, and then many types of the array and 

vector machines have been contrived. In the distributed structure storage system, the time 
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for messaging between two different processors is affected by both the length of message 

and the physical distance between two processors [D5]. Compared with normal serial 

computing, parallel calculation can greatly shrinks the operation time.  

For the purpose of dealing with the challenge of balancing the load in parallel 

computing, it is necessary to mathematically define the problem. The main content of the 

existing algorithms are usually produced on the basis of task graph [D6]. Graph 

partitioning is suitable for many areas, such as scientific computing, information systems, 

operation research and so on [D7]. One partitioning method known for equations of large 

systems has been investigated in plenty of problems [D8]. A practical dividing methods 

of parallel processing has been proposed. It makes the matrix from the original graph into 

the stabilized bordered block diagonal form (SBBDF). Generally, in Newton-Raphson 

(N-R) method for nonlinear electromagnetic problems, it is sparse of the Jacobian matrix 

which is transmitted between two adjacent iteration steps. So partly change occurs in 

tangent matrix reflects the characteristics. The graph partition is a algorithm of dividing 

and conquering and it prevents local change from wide spreading [D9].  

N-R iteration method is popular for solving nonlinear problems. In this algorithm 

the parallel calculation is based on in the ordering steps of SBBDF. The ordering step can 

be performed by an open source computer program. But, communication cost between 

two processors in networked parallel calculation, should be careful studied. In this case, 

multilevel Newton analysis methods are more proper considering the communication 

load for parallel processing. 

In this work a multilevel N-R method based on SBBDF and parallel calculation is 

proposed for nonlinear problems of magnetic field. This adapted multilevel N-R method 
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is based on the graph partitioning of Jacobian matrix and parallel technique. It is an 

adaptive N-R method. The convergence speed of the proposed method need to be 

elevated. So for multilevel strategy, in the inner iteration, nested SBBDF method is 

applied. By preset a maximum inner iteration number, the variational blocks of the 

SBBDF matrix will be divided nested. Numerical example is presented for analyzing the 

feasibility of the proposed algorithm. 

4.2.1. Parallel Computation 

With the birth of the first parallel computer in 1972, a series of type of the array, 

vector machine has been invented. A lot of experts are engaged in parallel computer 

development and the parallel programming, and laid a foundation for the vigorous 

development of parallel computer in the future. When decide the structure of distributed 

storage system, the message length and the distance between processor are two impacts 

need to careful considered since the messaging time between the processors is related to 

them [D10].  

With the continuous development of computer technology, communication network 

technology and software tools mature, rapid development of parallel processing 

technology has been made to possible [D11]. It has become one of the necessary ways of 

high-performance computing. At present, the parallel technology has already been widely 

used in intelligent algorithms, for the aim of improving the speed and quality of them 

[D12].  

When applying the parallel algorithm into electromagnetic problems, it has 

following characteristics: 1. Discrete parts of the work will be separated in order to help 
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solving them at the same time on different processors. 2. Perform multiple program 

instructions at any time and in a timely manner. 3. When solving the problem, total 

computing time will be shorten under multi computational resources compared to single 

computational resource. As shown in Fig. 4.3, parallel computing manages multiple 

processors or multiple process executes instructions and process the data at the same time 

[D13]. In finite element method, large scale electromagnetic problems are difficult for 

solving considering the restricted computing speed and limited computer memory [D14]. 

So consider using parallel solving method seeking for solutions. Based on the discussing 

of principle of parallel solving, the two-dimensional model of electrostatic field problem 

is established. The model can be used in domain decomposition method [D15].  

 

 

Fig. 4.3. The parallel system structure diagram. 

 

 

Compared with serial computing, computing time of parallel calculation will be 

greatly shortened. With repect to the collaborative computing for the different calculation 

task managements, how to divide the process of collaborative work computing task in 
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parallel computing is the core issue of solving electromagnetic problems. 

4.2.2. Graph and matrix 

Graph G is defined as a binary group (V(G), E(G)), also known as G=(V(G), E(G)) 

or G=(V, E). The V is a non-empty vertex set, and |V| is the number of vertexes. The G is 

the set composed by pair of vertexes in V, it is called the edge set, and |E| is the number 

of edges. 

If there exists an edgee=(u, v), then u and v are called adjacent in G, or u and v are 

adjacent vertices in G. Two edges who share one vertex are called adjacent edges. All 

edges connect to vertex u is remember as E(u). A simple undirected graph which has edge 

connects between any two vertices is called a complete graph. In undirected graph, the 

degree of the vertex )(GVv  is defined as the number dG(v) (or d(v)) of edges which 

are connected to v.  

In graph G, if there exists a path between vertex u and v, vertices u and v are called 

connected. If the graph G has a path between any two vertices, then G is saidto be a 

connected graph, otherwise it is known as a disconnected graph. 

G is an undirected graph. A component of it is the maximal connected sub-graph of 

G. As the definition of graph, each vertex Vv
i
  located in only one component. If 

when vi and all edges involved with vi are removed this component becomes 

disconnected, then vi is called a point of attachment of G. Let S is a set of vertices of G. 

Moreover, when S and the edges involving S are removed, then G will be disconnected, 

under this situation, the S is the attachment set. In particular, in a graph G, if there are 

points of attachment, then theses points will form an attachment set A. Similarly, the 
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components of the graph G
*
 are called the subcomponents of G. 

Suppose that there is a weighted graph G=(V, E), this means any vertex Vv
i
  has 

a weight ω(vi) and any edge Ee
i
  has a weight c(ei). 

In order to apply the graph partitioning algorithm into N-R method, the graph needs 

to be associated with matrix. The column graph G of a matrix M is the production of the 

interchanging of "row" and "column" by the following definition of the row graph GR of 

M [D16]. The vertices of GR shall be the rows of M, and the edgesof GR are given by a 

column of M with nonzero entries in the two rows corresponding to the vertices.  

If there is a matrix A=(aij)m×n, and there are two vertex sets X={x1,x2,…,xn}, and 

Y={y1,y2,…,yn}. When 0
ij

a , aij is the weight of the edge (xi, yj). Then the graph G is 

called the weighted graph of matrix A. 

Example:           



















23-5

123

214

A  

The weighted graph G of A is shown as Fig. 4.4. 
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Fig. 4.4. The weighted graph G of A. 

 

4.2.2. SBBDF N-R method 

In this section, the Jacobian matrix of this algorithm employed in the N-R method 

should be ordered into SBBDF [D17-D19]. This is a ordering work contains two steps. 

First, ordering the matrix M into bordered block diagonal form (BBDF) as Fig.4.6. Then 

order it into SBBDF. The ordering process is a preprocess step and it should be worked 

out before the first iteration of N-R method. 

















SSS221

2S22

1S11

DDD

DD

DD

 

Fig. 4.5. Matrix with BBDF 

 

First step of ordering: 

Suppose there is a attachment set S in the row graph of a matrix M. At the same time 

when S and the attendant edges are removed, let R1,…, Rm be the subsets of the set of 

rows of M. These rows are related to the m components of the row graph. Then each 
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column of M, there are nonzero element entries in rows from at most one R. Based on 

conditions above, one can order the M into BBDF by such a way that: 

 (1) A row in Ri goes before rows that are related to a suppressed vertex of the row 

graph. 

 (2) In a row of some Ri , column with a nonzero entry comes before columns of Ri. 

Only nonzero entries of these columns are in rows that related to suppressed vertices of 

the row graph. 

 (3) For i<j, a row in Ri goes before rows in Rj. 

 (4) In a row of Ri, column with a nonzero entry goes before columns of Rj. These 

columns with a nonzero entry in a row. 

Meanwhile, choice of attachment set in column graph can also help to permute M 

into BBDF. Choosing the attachment set should notice that: (1) the graph would be split 

into maximum number of components; (2) the attachment set should be as small as 

possible; (3) the diagonal submatrices should be almost the same size. 

Example: Suppose that the matrix M is  























0
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0

6

0

0

1

0
02010

64700

06020

 

The column graph of M is as Fig. 4.5. 
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Fig. 4.6. The column graph of M. 

 

From the column graph, it is obvious that the V4 should be chosen as the attachment 

set. Then the M can be permuted into: 























2

6

1

2
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0

0

0

0

0
1-0560

4-0670

30001

 

When working on a specific problem, both the row and the column graph of M 

should be considered, since they may be of quite different levels of complexity. 

In the graph like Fig. 4.6, the D11, D22, and DSS are corresponded to the edges inside 

the sub-graphs G1, G2 and subset S. D1S, D2S are corresponded to the edges between 

sub-graph G1, G2 and subset S. Continue partitioning the D11, D22, the form of the matrix 

can be updated into:  
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Fig. 4.6. Updatedmatrix with BBDF. 

 

Update the matrix like this can reduce the number of component, and then save the 

time and load of computing. 

Second step of ordering: 

Construction of a rectangular matrix will be completed when the entries of the 

coupling rows are splited. In this case, in this matrix each new row has nonzero entries in 

only one non-border block. Then by appending new columns in it, a square matrix is 

produced. This process is able to help to make sure the stretched matrix is structurally 

non-singular. We apply a strategy named “row stretching”. This strategy can order the 

previous BBDF matrix to a square matrix with SBBD form and larger size. 

Example: Suppose M is a 5×5 2-block DBBD matrix given by 

































M  

 

After stretching, the SBBDF of M is  
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Here, +δ and –δ denote the added entries.  

When solving nonlinear problems of electromagnetic field, matrix equation can be 

obtain using FEM  

fxJ 
                          (4.28) 

Here ∆x is the unknown increment. f is the column vector excitations. J is the 

Jacobian matrix which is a n×n sparse and symmetric matrix as (4.28): 
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                    (4.29) 

Then J is ordered into the SBBDF with respect to the difference of magnetic 

reluctivity: 
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The SBBDF N-R method has following major steps. 

Step 1. In nonlinear electromagnetic problems, the changing part of sparse matrix J 

is limited. Based on this characteristic the J can be ordered into the SBBDF as (4.30). 

Take (4.30) into (4.28), then the system of (4.28) becomes: 
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Step 2. The equations (4.31) can also be expressed as: 
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      (4.32) 

Eliminating ∆xi (i=1,2,…, p) in (4.32) one can obtain 

sns fxJ                            (4.33) 





p
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iininns JJJJJ                     (4.34) 
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iinins fJJff                       (4.35) 

)1,...,2,1(,11   nixJJfJx
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            (4.36) 

Step 3. The following formulas are solved by the parallel computing and stored. 
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iinii JJJA                           (4.38) 
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After solving ∆xn, parallel computing Ai, Bi (i=1,2,…,p), then apply Ai, Bi to (4.37), 

we can obtain ∆xi (i=1,2,…, p). 

When calculating the Ai, Bi, it is necessary to calculate (4.34) and (4.35) first. This 

process includes p times of multiplication of matrixes 
in

1

iini JJJ   and 
i

1

iini fJJ  , which are 

parallelly calculated. Meanwhile, with the SBBDF Jacobian matrix, the results of Ai, Bi 

remain the same during the entire calculation, they can be stored and reused at the next 

iteration step of N-R method.  

When solving (4.33), the coefficient matrix JS is a symmetric matrix. However it is 

not sparse, so it will occupy a large amount of memory space in calculation [D20]. In 

single iteration step, the computing load of SBBDF N-R method spend on ∆xn, Ai and Bi 

is shown in Table 4.1. 

 

TABLE 4.1 CALCULATION AMOUNTS IN ONE ITERATION OF SBBDF N-R METHOD 

Items Formula Computing load 

nx  
ss fJ

1-  3/n)n3(n 23   

A in

1

ii JJ   1.5

i )max(n  

B i

1

ii fJ   1.5

i )max(n  

 

From Table 4.1, it is obvious that the number of blocks in the Jacobian matrix will 
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affect the complexity of the calculation and then affect the computing time. 

4.3.Adapted Multilevel N-R Method 

For solving nonlinear equations N-R iteration is a widely used method. The parallel 

calculation of this methodology has solid base in decomposed circuit analysis for 

example diakoptics or tearing [D21, D22]. By hierarchical LU-factorization the 

decomposition can be performed [D23, D24]. But in the parallel computation processes, 

especially in networked computation, it is a bottleneck of shorten the communication 

time between processors [D25]. In this case multilevel N-R methods which are suitable 

for parallel processing [D25, D26, D27, D28]. 

In this section, an adaptive multilevel N–R method for parallel circuit simulation 

with high convergence speed is presented. The main idea of the proposed algorithm is to 

modify the iteration steps so that better convergence properties in the global range can be 

achieved compared to traditional N-R method.  

4.3.1.Algorithm of Adaptive N-R method 

The multilevel N-R method in [D29] is inspired by [D30]. The main idea of 

multilevel N-R method is that instead of taking global, multiple levels iteration steps are 

taken in N-R method. The idea of multi iterations in this work is inspired by it. In 

adaptive multilevel N-R method in this work, outer iterations are designed to renew the 

nonlinear block Jnn in SBBDF Jacobian matrix, and inner iterations are designed to solve 

the Δxn. 

The iterations of the adapted NR method can be summarized as follows: 
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Algorithm 1: 

1. Set x0, ε, Nj, and Nk.Nj is the maximum inner iteration step number, and Nk is the 

maximum number of outer iteration step. 

2. Order the Jacobian matrix J into a SBBDF matrix. 

3. Parallel computing and store the Ai, and Bi. 

4. Start outer iteration: k=0. 

(a) Begin inner iteration for sub matrix Jnn: j=0. 

(b) Ordering (Jnn)
k,j

 to the SBBDF. 

(c) Applies the SBBDF NR method to the (Jnn)
k,j

. Store the (Ai)
k,j

, (Bi)
k,j

 for the(Jnn)
k,j

, 

j=j+1. 

(d) If j<Nj, applies the SBBDF NR method to the (Jnn)
k,j+1

 as the formal inner 

iteration. Store the (Ai)
k,j+1

, (Bi)
k,j+1

 for the(Jnn)
k,j+1

, j=j+1. 

(e) If j==Nj, stop inner iteration. Calculate the (Δxn)
k,j

 and update the Δx
 k,j

. When j = 

Nj, using the stored (Ai)
k,Nj

, (Bi)
k,Nj

, the Δx
 k,Nj

 can be derived by (4.33) to (4.37). And then 

theΔx
 k,Nj-1

, Δx
 k,Nj-2

, …, Δx
 k,0

 will be derived accordingly. 

5. Take outer iteration: x
k+1,0

=x
k,0

+Δx
 k,0

. 

6. End the outer iteration if ||Δx||<ε.  
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Fig. 4.7. Inner iteration of the SBBDF Jacobian matrix. 

 

The nest inner iteration steps are shown as the diagram of Fig. 4.7. The aim of inner 

iteration is to shrink the scale of the nonlinear block which will cause heavy computing 

load.  

 

4.3.2.Numerical example of Adaptive N-R method 

 

To verify the proposed method is efficient for solving magnetic problems, numerical 

tests are designed. 

First example is the U-shape electromagnet as shown in Fig. 4.8. The number of 

elements of FEM is 53386. The result is computed using the adapted N-R method and the 

flux lines are shown in Fig. 4.8. SBBDF Jacobian matrix is a n×n block matrix. We 

compared the test results under different number of n, the working time is shown in Table 
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4.2. T1 is the ordering time for the pre process. T2 is the communication time between 

different cores in one outer iteration step. T3 is the total computing time for one outer 

iteration step. 

 

 

Fig. 4.8. Flux lines of U-shape electromagnet. 

 

TABLE 4.2 COMPARISON OF WORKING TIME WITH DIFFERENT NUMBER OF BLOCKS FOR PROBLEM 1 

n T1 (s) T2 (s) T3 (s) 

2 1.67 0.09 3.01 

4 2.88 0.27 4.24 

6 4.73 0.38 6.12 

8 8.21 0.56 9.58 

 

Table 4.2 shows that the working time is different with different number of n. When 

n is added, the time T1, T2 and T3 are all increased accordingly. However, when n 

becomes larger the iteration time decreases. From this table, the number of n is better to 

be chosen as 6 for the first example. 

Second example is a nonlinear model [D31] as shown in Fig. 4.9(a). The number of 

FEM elements is 84757. The n is chosen as 6. The flux lines of this electromagnet are 

shown in Fig. 4.9(b). Nk is the maximum number of outer iteration steps and Nj is the 
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maximum number of inner iteration steps. Tp is the pre process time; TIter is the iteration 

time ; and TTotal is the total working time. The working time of the proposed method with 

different Nk and Nj is shown in Table 4.3. The computing time uisng traditional N-R 

method is 87.6s. 

        

(a)                                       (b) 

Fig. 4.9. Nonlinear problem. (a) Components of the model. (b) Flux lines. 

 

TABLE 4.3 COMPARISON OF WORKING TIME WITH DIFFERENT NUMBER OF BLOCKS FOR PROBLEM 2 

Nk Nj Tp(s) TIter (s) TTotal (s) 

15 0 8.2 51.0 59.2 

10 1 8.2 46.1 54.3 

8 2 8.2 38.7 46.9 

5 3 8.2 29.9 21.7 

4 5 8.2 43.6 51.8 

 

In Table 4.3, the Tp is only affected by n, so when Nk and Nj are changed it remains 

the same. When the Nj becomes larger, both the of iteration time and the total time are 

reduced accordingly. However, the last row in the table shows that there is an exception. 

Nj grows too large then the working time goes longer. This means that the combination of 

Nk and Nj should be chosen carefully. With proper choice of Nk and Nj, the working time 
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can be dramatically shorten compared to traditional NR method. 
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Chapter 5 

Inverse problem of electromagnetic field and 

Optimal Design Methods 

The equation simulating the problem is the conductivity equation, and the 

electromagnetic parameter is the conductivity of themedium. The general caseis the full 

system of Maxwell’s equations. The case is recovering all the electromagnetic parameters 

ofthe medium, the electric permittivity, magnetic permeability and electrical 

conductivityof the medium by making boundary measurements and the equation 

modelling theproblem. Finally,the problem is to determine electromagnetic inclusions 

and obstacles from electromagnetic boundarymeasurements. A common characteristic of 

these problems is that they are fixed energyproblems. The types of electromagnetic 

waves that we use to probe the mediumare complex geometrical optics solutions to 

Maxwell’s equations [E1]. In this chapter Evolutionary algorithms are introduced and 

based on these adaptive reduced basis method and novelresponse surface models are 

presented. 

 

5.1. Introduction to InverseProblem of Electromagnetic Field 

The differential form of full-wave Maxwell equations reads [E2, E3] 

 
,

D
H J

t


  


 (5.1) 

 ,
B

E
t


  


 (5.2) 
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0,B   (5.3) 

 
,D    (5.4) 

with constitutive relations 

 ,B H  (5.5) 

 ,J E  (5.6) 

 ,D E  (5.7) 

Where E  and H are the electric and magnetic field, D and B the electric and 

magnetic induction, respectively, J is the density of the electric current and   the 

electric charge density;   is the magnetic permeability,   is the electric conductivity 

and   is the permittivity, generally they are tensors for anisotropic materials which 

depend on the spatial variable ( , , )x x y z . Meanwhile, (5.1) is Ampere’s circuital law, 

(5.2) is Faradays’ law of induction, (5.3) and (5.4) are Gauss’s law for the magnetic field 

and electric field respectively. 

In the electromagnetic field study of engineering technology, when a system or 

device with known source parameters, structure parameters and medium parameters,  

the problem of solving the electromagnetic field and related information from the source 

is known as the electromagnetic field problems. The problem solving the source, 

geometric parameters and medium parameters based on the electromagnetic field is 

called electromagnetic field inverse problem. 

Since most engineering electromagnetic fields do not have analytical solutions, and 

some of the optimization variables do not have explicit deterministic relationships with 

electromagnetic field.Therefore, the researchers solve the inverse problems of the 

electromagnetic field by decompose them into a series of positive problems, and then the 
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iterative operation can be carried out with some optimization methods. The research 

works of the inverse problem of electromagnetic field mainly focus on the numerical 

method and optimization design methods. 

In the study of the inverse problem optimization of electromagnetic field, all 

optimization problems in electromagnetic device design can be attributed to the 

non-linear programming problem of multi-objective function.In addition, each target 

function is mostly a non-convex function of the multiple extreme points.Therefore, the 

research of global optimization algorithm dominates the research of the inverse problem 

optimization algorithm of electromagnetic fields. 

Through the simulation of social, natural or physical phenomena, the algorithms of 

inverse problem analysis and calculation of electromagnetic field are proposed.Genetic 

algorithm, adaptive dual population algorithm, genetic algorithm, Tabu algorithm and 

particle swarm optimization algorithm.Compared with the identification algorithm, the 

algorithm has the advantages of "uphill".Thereforethe algorithm can get out of the local 

extreme point and search for the global optimal solution.Compared with the traditional 

random class algorithm, the "uphill" of these algorithms makes the satisfactory results 

can be obtained with less computational cost. 

5.2. Evolutionary Algorithms for Optimization 

The global optimization problem exists in almost every area of science, 

engineering,and business.The finding of the optimal parameter configuration divides into 

the global optimization category. An enormous amount ofefforts have been devoted to 

solving the global continuous optimization [E4, E5]. The main challenge of the global 



120 
 

optimization is thatthe problems to be optimized may have many local optimal points 

[E6]. For theseglobal continuousoptimization problems, theevolutionaryalgorithms 

(EA)have been proposed for solving them [E7]. 

Evolutionary algorithm as a new kind of intelligent optimization technology has 

been widely used in various fields of engineering science.Compared with the traditional 

optimization methods, evolutionary algorithm solve the problems in the global 

optimization, complexity, and ease of use aspect shows its superiority [E8].Today, there 

are many methods, such as genetic algorithm, evolutionary planning, particle swarm 

algorithm, ant colony algorithm and so on 

5.2.1. Genetic Algorithm 

Genetic algorithm (GA)is a bunch of computational models which are inspired by 

evolution. In the latter half of the nineteenth century, great progress has been made in 

biological sciencethat is CharlesDarwin discovered the processes by which nature selects 

andoptimizes organisms fit for life [E9].Late 1950s, Holland begun to study the adaptive 

phenomena of natureand he attempted to apply the evolutionary theory of nature to the 

automatic programming of solving complex problems.In 1975, Holland summed up his 

research and proposed genetic algorithms [E10]. On a simple chromosome-like data 

structure, the algorithm makes a program to get a potential solution to a specific problem. 

And it applies recombined operators to the sestructures. GAs are usually viewed as 

proper function optimizers, although the range of the GAs applied problems is quite 

broad.  
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The GA starts with N randomly generated populations, and through the propagation, 

crossing, and crossover operations, the population generations evolve into better ones 

until certain termination conditions are met. The iteration steps are: 

Step 1. Initialization. Randomly generated the initial population P(t), andcalculate 

the fitness and target function of the initial population. 

Step 2. Produce the new population P(t+1) by reproduction, crossover and mutation 

from last generation population. 

Step 3. Determination of termination conditions. If the condition is satisfied, the 

iteration terminates. Otherwise, let P(t)=P(t+1), and then go to step 2, continue searching. 

General genetic algorithms usually include three kinds of operators: reproduction 

operators, crossover operators, and mutation operators. 

The main feature of the genetic algorithm is that the optimization process transits 

from one species to another species.In the process of transition, the best traits of the last 

generation are passed down to the next generation.And the most eligible individuals have 

more opportunities to choose, namely, that the value of the target function is better 

selected as the parent generation of the next generation of new variables.Thus, the genetic 

algorithm can take full advantage of the information that has been searched for the state 

space and the objective function, and guide the selection of the next iteration of the new 

state. Compare to traditional optimization methods, it has merits:  

a. Use the encoding set of parameters rather than the parameters themselves for 

processing. 
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In general, GA do not operate directly on the parametervectorx, but on a symbolic 

representation pofx, known as a chromosome. A chromosome is a concatenation of 

geneswhich decode to thexl, and is symbolically denoted as 

},...,2,1|{p
glj

Njg                         (5.8) 

Where Ngl is the genetic length and there is a correspondencebetween the xl and the 

gj given by 
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21
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           (6.9) 

Where Ngl = NNx. In allelic GA’s, the genes gj are selectedfrom a finite alphabet 

(most often the binary alphabet {0,1}),whose members are known as alleles, which 

together decodeto a discrete or (discretized) continuous parameter. 

The design variablesare usually coded in the form of binary arrays or 

real-valuedarrays [E11]. Tofacilitate the genetic operators, the binary string with fixed 

string length L is adopted for coding.The crossover of two parentstrings is themain 

operator with probability pcwhich is usually in range [0.6, 1.0]. It is implementing by 

moving one segment of one string with the corresponding segment on another string at a 

random position, as shown in Fig. 5.1. By the flopping of randomly selected bits,the 

mutation operation isachieved.Meanwhile the mutation probability pm is usually taken to 

be small value in range [0.001, 0.05], as shown in Fig. 5.2.  
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Fig. 5.1. Illustration of the crossover operation. 

 

 
Fig. 5.2. Illustration of the mutation operation. 

 

b. Searching for the optima in a population of Npop rather than a single point. 

},...,2,1|p{P
pop

Ni
i

                      (5.10) 

c. The genetic algorithm uses the objective function of the problem itself to operate 

without any other prerequisites. The GA itself is composed of operators which produce 

asuccession of populations whose members will have generallyimproving objective 

function values. 

For kth generation, in a single GA iteration given a population

},...,2,1|p{P
pop

Nik

i

k  , evaluating the vector },...,2,1|{F
pop

Nif k

i

k 

ofobjective function values fi
k
 associated with chromosomes pi

k
. The GA then applies the 

genetic operators of selection,crossover and mutation P
k 
to produce P

k+1
. 

d. Genetic algorithms use random transfer mechanisms rather than deterministic 

rules. The selectionoperator produces a new population )P(SP
S

kk  , it is also of Npop 

designs,andusually it will be better than thosein P
k
. One of the selection techniques is that 

selection randomly places each design in the next generation of population with a 

probability proportional to its fitness value.  
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Where s(P
k
) is the probability  
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The greediness of ranking algorithm is controlled by the parameter n. Larger n will 

force a faster convergenceat the possible cost of a thorough global search.  

Crossover follows with the selection process. It serves to hybridizedesign traits by 

creating a new population )P(CP
SC

kk   with which size is also Npop. Crossover can be 

denoted as theunion over a composition of operators: 

)]P(ch,)c[ch(P)C(P
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k
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                 (5.13) 

Where the operator )ch(P
S

k
randomly chooses a chromosomefrom P, and the 

operator maps a pair of chromosomes },...,2,1|{c
1 gl1j

Njg   and 

},...,2,1|{c
22 glj

Njg   to another pair of chromosomes. The map should obey a 

rule: 
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Where in (5.14) the hybrids chromosomes 
1

c~ and
2

c~ are 

},,,,{c~
2)1(2112111 glNkk

ggggg 


                      

},,,,{c~
1)1(1222212 glNkk
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                (5.15) 

In (5.15) the crossover locus k is chosen randomly from integers between 1 and Ngl. 
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Crossover is the mainsearch tool of the GA since it combines chromosomes 

whichcontain genetic information which is known to be useful [E12]. 

Finally, the mutation operator creates a new population )P(MP
CM

kk   by randomly 

perturbing genes and the size of this new population is Npop. 

Denote that the members of the population after crossover are 
k

i
p~ , mutation process 

can be defined as 
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Where gives },...,2,1|{p
glj

Njg   , },...,2,1|)({m(p)
glj

Njg   , and 
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Where 
j

ĝ is any other legal allele. 

To preventpremature convergence,the mutation is included by ensuring allelic 

diversity at eachgene position. In general, unlike crossover operator, it is not considered a 

search tool since it alters chromosomes blindly. 

The whole process of GA can be briefly summarized as Fig. 5.3. 
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Fig. 5.3. Structure of a GA. 

 

Begin from the early part of 1990s’; since the design of electromagneticdevices of 

increasing complexity, GA’s have been appliedwith growing frequency. GA has been 

applied to the optimization of perfectly matchedlayers for finite element applications 

[E13]. 

5.2.2. Particle Swarm Optimization 

The particle swarm optimization(PSO), it was only a curiosity a few years ago, has 

now around the globe attracted the interest of researchers in many area. PSO is first 

attributed to Kennedy, Eberhart and Shi [E14, E15] and was initial intended for as a 

stylized representation of the movement of organisms in a bird group or fish group. The 

algorithm was then simplified and it becomes conscious of performing optimization. 

PSO is an typical method for single objective optimization problem. In the PSO, 

many particles are evenly and randomly placed in the search space. And the 

corresponding objective function of each particle needs to be evaluated.Each particle then 

determines its moving velocity and direction through the search domain. In each iteration, 

position vector for a specific particle is updated i by tracking two extreme points. The 

first extreme point is the best one that the particle has searched so far (Pbest). The other 
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extreme point is the best point in the neighboring particle of this particle (Gbest).The next 

step is to takeplace after removing all particles. Eventually, the entire population foraging 

just like swarms, continue to approach the optimal solution. 

With regard to a the measurement of the quality, it optimizes iteratively trying to 

improve a candidate solution. It first has a set of candidate solutions which are refered as 

dubbed particles. And then the location of these particles are changed inside in the search 

area on the root of the simple mathematical formulae which is based on the particle's 

position and velocity. Each particle's movement direction and velocity is influenced by 

its local best known position, but is also guided toward the globle best known positions in 

the search-space. The globle best known positions are updated as better positions are 

found by other particles. With the direction and velocity, it is expected to move the 

swarm toward the best solutions. 

The current position of ith particle ),,,(
21

k

in

k

i

k

i

k

i
xxxx 


  is refered as a set of 

coordinates which is used to locate a point in search space. In each iteration step, each 

particle updates its location by tracking two temporary optimal points. Suppose 
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  is the previousbest position (Pbest), it is the temporary optima 

searched from the current particle. Every particle has a velocity vector
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 . In each iteration step, the current position is determined , 

posterior best position (Gbest) is the best amount that has been found so far, then the 

coordinatesare stored in the second vector ),,,(
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k
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 .  

The next iteration step (k+1), the position is 
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where the 
11   k

i

k

i
vx


, it determines the direction and velocity of the movement of the 

next iteration of ith particle. 
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where c1,c2 are learning factors which are constants. r1,r2 are random number in 

[0,1]. And 
max

d
v is the maximum velocity at the dth coordinate direction. 

In [E15], the (5.19) is improved as below,  
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Where the ω is the inertial weight coefficient which is in the range (0,1).  

Algorithm 1: Standard PSO. 

1: Initialize a population array of particles. Randomly select the particles and the 

velocities in the search space. 

2: Estimate the fitness function expected for each particle in optimization. 

3: Compare particle’s fitness Estimation with its Pbest. Pbest equals to the current 

value while it is not better than the current value. And then, and 
i

p


 is given the current 

location 
i

x


. 

4: Identify the particle in the neighborhood. The best success of the particle is 

considered as the identification. And the variable g is assigned to its index. 
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5: Change the velocity and position of the particle according to (5.16)-(5.15) 

6: If a criterion is met, that means the fitness is sufficiently good enough or it 

reaches the maximum number of iterations, the iteration should be ended and output the 

result. Otherwise, go to step 2 and continue the iteration. 

 

 
Fig. 5.4 Flowchart of thestandard PSO algorithm. 

 

The flow chart of the standard PSO algorithm can be illustrated as Fig. 5.4. The 

algorithm mentioned above has a limited number of variables that need to be fixed. One 

of the variables is the size of the population. The population is often set by experience 

considering both the basis of the dimensionality and estimted difficulty of a problem. 

Quite common the value is in the range 10–50. Compared with GAs, the data structure of 

individual of PSO is more complicated, but it requires less number of individuals in other 



130 
 

words the search will be faster. Therefore, in the optimization of complex problems, PSO 

has a relatively low consumption of computer memory.  

When the inertial weight coefficient ω approaches to 1, the algorithm has strong 

global search capability, and when ω approaches to 0, the algorithm has strong local 

search capability. Usually, the initial value of ω is 0.9, and as the number of iterations 

increases, ω linear decreases to 0.4, the algorithm will has expected ability of 

optimization. Suppose iter and itermax are the current and maximum iteration. In 

optimization the weighting 
min max( , )   can be updated automatically by the below 

equation 

iter
iter

x 



max

minma

max
-


                    (5.23) 

The parameters c1 and c2 in (5.22) determine the magnitude of the random forces in 

thedirection of personal best 
i

p


 and neighborhood best 
k

i
g


. These are also known as 

the accelerationcoefficients. The behavior of a PSO changes radically with the value ofc1 

and c2. If c1=0, it means experience of particle itself does not work, only the social 

experience is used to guide the search process. This may have faster convergence speed, 

but when dealing with a complicate problem, it is easy to fall into local optimal point. If 

c2=0, it means the social experience of particle does not able to lead the searching process. 

At this situation, the chances of finding a fine solution will be lowered down. 

5.2.3. Tabu Search Algorithm (TSA) 

Tabu searchis a metaheuristic search method employing local search methods used 

for mathematical optimization originally developed for combinatorial problems or integer 
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programming [E16]. It has been widely used in optimization problems with continuous 

variables [E17-E19]. Compared with its application in continuous variable function 

optimization problem, it is more widely and deeply applied in combinatorial 

optimization. 

It starts from aninitial points, then a set of individuals S arerandomly generated in 

the neighbors of S. Then evaluate the objective function valuesat each individual of S, 

and the best element s  in S becomes the new currentsolution regardless whether it is 

better or worse than s.Hence it is possible to escape from the local minima of 

theobjective function. Then a new iteration is generated: the previous procedure is 

repeated bystarting from the new current point, until some given terminal condition is 

satisfied. 

In computer implementation, the intervals of different variable directions 

min max 1{ , }j j d

jX X   
are all transformed into [0,1] first. Then around the current best solution 

a series of subdomainscontained in the whole feasible domain is selected according to the 

predetermined step-lengths 1{ }Np

i ih  . Meanwhile the population of the next generation is 

diversified in each of the subdomain. For each coordinate direction, the step lengths can 

be taken as [E18]: 
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Where minh
 
is the minimum step-length. It usually is 410  and it meets the 

accuracy requirementof practical engineering problems. The following formula is used to 
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update the population from the current best solution 1{ }j d

G jX   
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max min
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, (6.25) 

Where rij is a random number in the interval [-1,1].
 

The flowchart of the standard tabu algorithm can be illustrated as Fig. 5.5.  

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 5.5 Flowchart of thestandard Tabu algorithm. 

5.2.4. Optimization based on ALOPEX algorithm 

Artificial neural networks can represent complexclassification functions. With 

powerful learning algorithms it can find out these representations. In general, by 

minimizing an error functional, an weights which is carefully selected in these networks 

are learned. 

Learning algorithms [E20] for neural networks can be divided into two types. One 
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class is the widely used back-propagation (BP) and the other class related algorithms 

calculate explicit gradients of the error which is influenced by the weights. These classes 

ask for specific knowledge on two aspects: network architecture and calculation 

derivatives of transfer functions.  

A general learning algorithm has been proved to be very useful for neural networks. 

Ideally this algorithm should have several characteristics: use only partially available 

information; restriction is not imposed on the network strucure, error measures 

orindividual neurons transfer functions; it expected to be capable of searching for global 

minima oferror surfaces; andto reduce the overhead on hardware implementations, it has 

the capability of updating the weights at the same time [E21]. 

Algorithms ofpattern extraction (ALOPEX) is a correlation based machine learning 

algorithm. Learning in a neural network is also can be seen as an optimization problem 

[E22, E23]. ALOPEX is a correlation-based algorithm which possesses the 

characteristics of both gradient descent and simulated annealing [E24]. The algorithm 

broadcasts a measurement of the global performance of an objective function to all the 

points in the solution space. The weights are updated by the calculation of the explicit 

derivative of the objective function [E25]. Correlate measure between the change in 

weight and the value of the function changes is estimated. Then the probability index of 

the variable going in right direction will make change to the individual weights. As the 

solution goes to the right direction, the objective function is minimized. 

Considering the minimize problem of objective function ),,,(
21 n

xxxF  , 

),...,2,1(, nix
i

  are the variables of the function. The details of the algorithm are 
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given below. 

During the tth iteration, the value of the ith variable )(tx
i

 is updated as, 

)()1()( ttxtx
iii
                        (5.26) 

Where )(t
i
  will have a small step of size δ to the positive or negative direction 

with the following probabilities: 
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              (5.27) 

In which the δ is a parameter that relates to the error of last step. So in this paper, we 

define it as 

))2(-)1((ωλ))1(-)((ωλ =δ
0201

 tFtFtFtF
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     (5.28) 

Here  λ1 and  λ2 are two learning factors, andω0 is a pseudo random number 

between (0,1). 

The probability pi(t) for a negative step is given by the Boltzmann distribution: 
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                             (5.29) 

Where ∆i(t) is given by the correlation: 

))2()1(())2()1(()(  tFtFtxtxt
iii

         (5.30) 

For the first two iterations, pi(t) usually is taken as 0.5. In the expression of pi(t), T(t) 

is the annealing temperature that determines the effective randomness in the system.  

This method reduces the temperature T(t) with an attenuation coefficient λ. 



135 
 

 1)<λ<(01),-( λ =)( tTtT                    (5.31) 

The attenuation coefficient λ controls the speed of the convergence. If λ is close to 1, 

then the spend will be slow down and the computing cost will be raised. On the other 

hand, if λ is close to 0, then the accuracy will be reduced and the possibility confined to 

the local optimal solution will be increased. The use of a controllable temperature and the 

use of probabilistic parameterupdates are similar to the method of simulated annealing. 

The ALOPEX is different from other methodologies from the following aspects 

[E26]: (1) The procedure is iterative. (2) The change in the variable xi depends 

stochastically upon the change in xi over the preceding two iterations. (3) All increments 

in parameter values are retained and carried over into the next iteration. (4) The process 

is guided by two parameters: the step sizeδand the annealing temperature. (5) In order to 

implement the algorithm, the parameters as the attenuation coefficient λ and the step size 

δ need to be determined. 

The steps of evolutionary algorithm based on ALOPEX are: 

Step 1. Set the population size N and maximum iteration frequency. 

Step 2. Initializethe populationS. The individuals of Sare randomly distributed in the 

solution space. Calculate the objective function value of the individuals. Randomly 

distribute a velocity to each particle in S. 

Step 3. On the basis of the linear adjustment of inertia weight, the velocity and 

position of each particle in the particle swarm are updated. For each particle, the fitness 

of the evaluation function is calculated according to its position in the solution space. 

Update the variables of particles by (5.26) to (5.31). 
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Step 4. Apply the EAs for global search operations. When the end conditions (such 

as reaches maximum number of iterations, or the optimal solution to the search has met 

the expected requirements) are satisfied, output the global optimal solution. Otherwise, 

go to step 2 and continue. 

5.3. Adaptive Reduced Basis method for optimization 

In electromagnetic field computation, researchers sometimes have to deal with the 

issue with large geometric deformation, for example, movement with long distance. The 

calculation is complicate and it often causes abundant of working load. 

One of the approaches to reduce the computing load is to improve the algorithm of 

FEM. In this paper, a reduced basis method (RBM) is employed. The RBM is applied for 

both small scale deformation and large geometric deformation. It is a model order 

reduction techniques originally developed for parameterized partial differential equations 

[E27]. The reduced basis method is used to reduce the original research problem into the 

subtraction space by using a certain mapping principle, and the corresponding 

off-line-on-line is used to calculate the model. As a model of the lower order design 

method, RBM not only has the advantages of high computational efficiency and stability 

and reliability, but also maintains the original nature of the problem [E28]. 

For the real-time and many-query tasks of large-scale models in electromagnetics, 

the RBM shows the potential to enable them without model reduction. This work is about 

the computation of magnetic field in electric devices. The RBM shows exponential 

convergence while high accuracy is generated. 

The electromagnetic components considered are excited by parts, i.e. parts of the 
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structure where external sources such as voltages and currents are applied. 

To amplify the merit of the RBM, the selection of sample points is essential. The 

selection of the sample points should be able to reflect the original nature of the problem. 

The distribution of the sample point needs to be uniformed in the entire domain. Aiming 

to select sample points that is geometrically proper for the RBM, k-means [E29] 

clustering method is employed.   

The major contribution of this work is introducing the k-means clustering method to 

the RBM. This can help to maintain the quality of the reduced basis in the RBM. The 

comparisons between traditional FEM and the proposed method for the deformation 

problems are conducted. The results show that the proposed method is feasible and is 

able to save computing time. 

5.3.1. Reduced Basis Method 

The RBM is one of the approximate analysis methods.Its basic principle is to solve 

the FEM equations after obtaining the initial solutionof u, when the modification of 

design parameters occurs.Instead of gettingthe solution u
*
 by directlysoling FEM 

equations, RBM finds u
*
 through the relationship between u

*
 and u.Thereby it can 

significantly reduce the amount of calculation.  

The RBM calculation process can be divided into offline stage and online stage. The 

separation of the offline stage and the online phase essentially reflects the characteristics 

of the RBM suitable for real-time computing. The relatively time-consuming preparation 

through the offline stage can make the online stage get the full calculation efficiency, and 

the different problems have different separation methods [E30]. 
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1. Offline stage. 

The differential equation of 2-D magnetic field is 

J
y

A

x

A


















)()( 

yx                  (5.32) 

In (5.32) A is the componentof magnetic vector potential along the z axis; and J is 

the electric current density along the z axis.After applying the FEM to nonlinear magnetic 

problem, the matrix (5.32) on the entire solution domain is 

Au b                               (5.33) 

In (5.33), A is the initial coefficient matrix,u is the initial magnetic potential, 

supposing that the number of total degrees of freedom (DoFs) is n. In nonlinear problems, 

when the parameters p1, p2, ..., pm, have been varied, the equation (5.33) needs to be 

calculated repeatedly, and the computing load is heavy.  

Based on reduced basis (RB) technology, the magnetic vector potential u
*
 can be 

expressed by using the linear combination of linear independent vector u1, u2, ..., um, 

where m is thenumber of parameters, it is far less than n. 

*u Zv                                (5.34) 

Where Z={z1, z2, ..., zm } is the RB matrix, and v=[v1, v2, ..., vm ]
T
 is an unknown 

coefficient vector.Substituting (5.34) into (5.33), we have 

* T * TA Zv b Z A Zv Z b                        (5.35) 

 (5.35) can be written as 
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* *A v b                                (5.36) 

* T *A Z A Z  is then×morder RB coefficient matrix.b
*
 is the n×1 order RB right 

hand item. When v is solved, using the (5.35) one can get the next magnetic potential 

vector u
*
. 

The construction of the RB matrix is an essential step which can affect the working 

load. Traditional RBF requires that the zi are linearly independent vectors. Basic 

technique is to use the uias the zi. However this technique is complicate. In this paper, a 

strategy for constructing the RB matrix is introduced. 

This paper employs the Taylor series expansion of the magnetic vector 

potential,which is obtained after the modification of geometric parameters, in the vicinity 

of the initial magnetic vector potential. Due to the solution of second-order derivative and 

it is complicated and timeconsuming, here we only take the first-order derivative into 

consideration. 

* * 0
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To the both sides of (5.35), we do the first order partial derivatives to pi. 
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As b is a constant, we have 
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In FEM the region is divided into many units.The total coefficient matrix is the 

superposition of the coefficient matrix of each unit.Assuming that the number of 

elements is ne, (5.34) can also be expressed as 

1
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p p


 

 
                         (5.40) 

Considering the Taylor series expansion, the RB can be chosen as: 
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The calculation process of solving the (5.35) is replaced by solving the (5.36). The 

reduced basis zi will be stored and prepared for the online stage. 

2. Online stage. 

The online phase is mainly focused on the use of reduced basis to quickly calculate 

the results, combined with optimization algorithm to search for the optimal value of the 

optimization problem.In this paper, the optimization algorithm employed is the Genetic 

Algorithm (GA). The online calculation process is shown as in Fig. 5.6. 
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Fig. 5.6.  The Online stage of the RBM. 

5.3.2. k-mean Clustering Method 

At present, the sampling method selected in the RBM is realized by using the 

Greedy Algorithm combined with different specific sampling criteria, but these sampling 

techniques are generally time-consuming. The k-means clustering method is a split 

clustering method with mean values as a clustering center. This algorithm is simple and 

fast 

The k-Means algorithm first needs to select the initial clustering centers, then 

classify all the data points, and finally calculate the average of each cluster to adjust the 

clustering center to continuous the iteration cycle. Finally, the similarity of objects in the 

class reaches the largest value, and the similarity between classes is the smallest. k-means 

clustering aims to place n observations into k clusters. In these cluster each observation 

belongs to the cluster has the nearest mean. And this nearest mean is considered as a 

prototype of the cluster [E29]. 
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Suppose (x1, x2, …, xn) is a set of observations, where xi is a d-dimensional real 

vector. k-means clustering is to put xi into k (≤n) sets S = {S1, S2, …, Sk}. So the 

within-cluster sum of squares (WCSS) (i.e. variance) can be minimized. Formally, the 

objective function of the problem is to find: 

2

1 1

arg min || || arg min | |
i

k k

i i i
S Si x S i

x S VarS
  

           (5.42) 

Where μi is the mean of points in Si. This step eauals to make the pair wise squared 

deviations of points minimized in the same cluster. 
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                  (5.43) 

Because the total variance remains the same, this is also equals to make the squared 

deviations between points maximized in different clusters. 

 

    

    (a)                                        (b) 
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      (c)                                         (d) 

Fig. 5.7.  k-means clustering with n sample points (k=2).  

 

Let  X = {x1, x2, x3,…….., xn}, xi is the data points. V = {v1, v2, ……., vk}, and V is 

the set of centers. k-means algorithm aims to make the objective function minimized. The 

objective function defined as the squared error function and given by:  

2
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                     (5.44) 

Here the ||xi - vj|| is the Euclidean distance between xi and vj. Fig. 5.7 is the sketch 

drawing of the algorithm. The flow chart of the k-means algorithm is shown as in it. The 

recalculation of the new cluster center is shown in Fig. 5.7(c), The vi is calculated by: 

1
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j
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                         (5.45) 

Where ci represents the number of xi. The flow chart of the k-means clustering 

method is shown as in Fig. 5.8. 
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Fig. 5.8.  The flow chart of the k-means method. 

 

In this thesis, the k is decided by the geometric structure of the model. Number of 

components including air will be equal to k. Meanwhile, to make sure the sample points 

are uniformly distributed in the domain, the initial data set contains all of the vertexes of 

the FEM mesh. Each vertex contains the parameters that show the information of its 

character (e.g. material, number of components, etc.). After classifing these vertexes by 

k-mean method, the final sample points are chosen from each cluster proportional. The 

process can avoid that the sample points are selected overly centralized.  

5.3.3. Numerical Tests for RBM 

The RBM is applied to two types of nonlinear problems which involve small scale 
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deformation and large geometric deformation.  

1.Small Scale Deformation Problem: 

 

 

Fig. 5.9.  The geometry and its parameters. 

 

Considering that the variation only occurs in a limited area, limited number of 

elements in A is changed in the iteration.In RBFEM, the coefficient matrix A can be 

divided into two parts, stabilized A0 and parameterized Ap. 

0 pA A A 
                         (5.46) 

The application example is to optimize the geometrical sizes of an electromagnetic 

brake. The geometry and design parametersare shown in Fig. 4. There are three geometry 

variables, 10mm<p1<25mm, 23mm<p2<28mm, and 21mm<p3<26mm.  

By using the proposed RBFEM, the flux lines of the initial model and the model 

after parameters are varied are shown in Fig. 5.9. The Comparison of computing time of 

one iteration step between traditional FEM and RBFEM with different number of 

unknown magnetic potentials is shown in Table 5.1. In this problem, the number of 
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clusters is 4. The n is the number of elements of the FEM mesh.  

 

         

   (a)                                           (b) 

Fig. 5.10.  Flux lines before and after variation. (a) Initial flux lines.  (b) Flux lines after variations. 

 

TABLE 5.1 COMPARISON OF COMPUTING TIME FOR SMALL DEFORMATION EXAMPLE 

 Computing time (s) 

Method n=6327 n=13027 n=89871 

FEM 3.3 16.4 90.0 

RBFEM 3.6 12.5 61.1 

 

The Fig. 5.10 shows that the result of the proposed method is accurate. And the 

Table 5.1 shows that when the scale of the problem becomes larger, the advantage of 

reducing working time by using the proposed method is more obvious compared to 

traditional FEM.  

2. Large Geometric Deformation Problem 

In order to verify that the RBFEM is practicable for electromagnetic problems with 

large geometric deformation, a simple electromagnetic field problemas shown in Fig. 

5.11 is tested. The parameters are 8mm<p1<10mm, 3mm<p2<6mm, 0mm<p3<100mm 



147 
 

and 0mm<p4<100mm. The flux lines of the initial model and the model of the last 

iteration step are shown in Fig. 5.12. In this problem, the number of clusters is 2. n is the 

number of elements of the FEM mesh. The Comparison of computing time of one 

iteration step between traditional FEM and RBFEM with different number of unknown 

magnetic potentials is shown in Table 5.2. 

 

 

Fig. 5.11.  The geometry and its parameters. 

 

      

     (a).                                            (b)  

Fig. 5.12.  Flux lines before and after variation. (a) Initial position. (b) End position. 
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TABLE 5.2 COMPARISON OF COMPUTING TIME FOR LARGE DEFORMATION EXAMPLE 

 Computing time (s) 

Method n=15413 n=54138 n=86342 

FEM 17.4 31.7 80.3 

RBFEM 12.2 22.5 60.1 

 

Fig. 5.12 shows that the result of the proposed method is accurate. Table 5.2 shows 

that in the large scale of deformation problem, when the scale of the DOFs of the 

problem becomes larger, it is more obvious that the proposed RBFEM is capable of 

reducing the computing time compared to traditional FEM. 

5.4. Response Surface Method 

To optimize the design of electric machines, many optimization methods including 

deterministic and non-deterministic algorithms have been proposed and verified [E31]. 

Since finite-element method (FEM) is capable of simulating the operation of electric 

devices accurately in time domain, it has been commonly applied for computing the 

objective functions in the optimization problems of the machines. The FEM requires 

solving algebraic matrix equation at each time step for transient problems [E32, E33]. 

The problem of analyzing the electromagnetic field inside the machines with precise 

FEM approximation usually askes for huge amount of computing load, especially in the 

optimization process. So it is essential to build the objective functions which can be  

approximate rapidly and then considerably release computing load [E34]. 

In recent years, a new optimization algorithm has been developed in the field of 

electromagnetic field inverse optimization algorithm. This algorithm is a combination of 

surface response model and stochastic optimization algorithm.It provides a new 
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alternative method for solving the inverse problem of engineering electromagnetic field. 

Response surface model (RSM) have been employed in the optimization of the 

electric motor design [E35, E36]. The RSM is normally introduced to replace the FEM 

simulation, and then it is able to greatly reduce the cost of computation [E37]. In 

conventional approaches, with the support of a group of sample points the RSMs are built 

up. The number of sample points, the placement of these sample points in the design 

space and the selection of the parameters of the RSMs all have great influence to the 

accuracy of the RSMs [E38].  

5.4.1. Multi quadric radial basis function (MQRBF) 

Traditional RSM algorithm is to build up an approximate model of objective 

function of optimization to replace the FEM simulation. The model with multi quadric 

radial basis function (MQRBF) [E39, E40] is one of the popular RSM. It is flexible and 

can be built with limited number of sample points. Global optimization algorithms with 

RSM is based directly on the simulations or measurement. It is a much more efficient 

replacement to the traditional optimization algorithms which are associated with FEM.  

MQRBF has widely being used as a global interpolation. It can simulate the 

objective function smoothly and fit it with limited sampling points [E41]. 

The radial basis function ||)(||
i

xxH   is a monotonic function of the distance 

between a random point x and a certain point xi. The RSM based on the radial basis 

function is 

||)(||)(
1

i
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i
i

xxHcxf 


                     (5.47) 
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In which ci is the coefficient to the ith term associated with the sample point xi.The 

radial basis functions that are popular in electromagnetic computation maintain: 
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Where r=||x-xi|| is the Euclidean distance between x and xi; and h is the shape 

parameter. 

RSM is applied on many design sample points. The first stage of it is to collect the 

function values on these sample points and build RSM based on equation (5.47). After 

solving the equations, the coefficients of the equation (5.47) are obtained. In the second 

stage, with the help of the RSM, the objective function can be simulated and the task of 

design optimization can be released without computationally expensive finite element 

electromagnetic analysis at each step. 

5.4.2. The Moving Least Squares Approximation (MLS) 

The moving least-square (MLS) method is also a popular RSM. As a local fitting 

technique, MLS is commonly used in analyzing of electromagnetic problems [E42]. It is 

an effective and stable local optimization technique. It is brought out by Shepard [E43] 

for fitting problem of low dimensional curves. And then Lancaster and Salkauskas 

applied it to high order problems [E44]. 

For any f(x), if the value of objective function fi on the sample points xi, i=1,2,…,N 
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is already known, then under the situation of chosen basis functions 
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, the defined local approximation of MLS is  
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The MLS approximation is modify the original problem with the problem below: 
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Where the wi(x-xi) is the weight function of point xi. ai(x) (i=1,…,N) are the 

unknown coefficients. The ui is the ith node value. When approximating different object 

functions it has different level of accuracy, so it is essential to choose a proper weight 

function for the MLS. In the end, the coefficient  

yxwxpxpxwxpxa TT )()()]()()([)( 1                (5.51) 

5.4.3. Dual RSM based optimization 

Normally only one type of RSM is applied in the optimization process. However, 

the single model method requests high level of accuracy of the RSM, since without the 

accurate RSM, the optimization will become meaningless. So estimating the error of the 
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RSM is indispensible for RSM based optimizations. 

In this section a novel strategy to approximate the objective functions using two 

types of RSM is presented. The optimization of a dual permanent-magnet (PM) excited 

motor is taken as an example to verify the proposed method. A new technique which can 

estimate the accuracy of the RSM is bring out based on the application of the 

goodness-of-fit (GoF) [E45, E46]. The GoF can find out whether the RSM is suitable for 

the optimization. The merits of the proposed method are: it build an accurate RSM for the 

objective function; it is able to control the overall computing time. 

The preset GoF is employed for testing the accuracy of the RSMs. It helps to train 

the RSMs and obtain a acceptable result. By using residual sums of squares, R
2
 is defined 

as: 
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where the Ŷ  is the usual fitted value of the Y, and the Y  is the mean value of the Y.  

The range of R
2
 is [0, 1]. When R

2
=0, it indicates that the model does not match the 

objective function at all. When R
2
=1, it means that the fitting model matches the original 

function with little offset. Usually, when R
2
 reaches 70%, it means the fitting model is 

well feasible for the problem. 

Two test functions are used to test and validate the proposed algorithm. 

Test function one is 

 2
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And the test function two is: 

)10(  ),πsin(4e)πsin(4)(
2121212

21 


,xxxxe,xxf
xx

        (5.54) 

The maximum number of iterative steps is 200. For both functions, each of the two 

algorithms is run 20 times independently. In the Table 5.3, it is obvious that the proposed 

dual-RSM is feasiable and it reaches the same effectiveness compared to traditional PSO 

while less number of iterations are necessary. 

TABLE 5.3 COMPARISON OF THE DUAL-RSM TO TRADITIONAL OPTIMAL METHOD FOR EXAMPLES 

Functions Methods Iteration number Success rate 

),( 211 xxf  
Traditional PSO 921 40% 

Dual-RSM based PSO 682 100% 

),( 212 xxf  
Traditional PSO 1209 100% 

Dual-RSM based PSO 719 100% 

 

5.5. Multi-objective Optimization Problem 

In PM machines designing industry the optimization methods are obbligato. Usually 

the location and the shape of magnet conponents in the motor are arranged based on the 

experience of designers, or multiple requirements of simulation. However, it is difficult 

for designers to take both the properties of the motor and the magnets cost into 

consideration simultaneously. On the other hand, multiple attempts in simulation will 

lead to heavy computing load. 

Multi-objective functions are optimized at the same time, the optimization problem 

will present a set of solutions known as Pareto Front [E47]. It includes the solutions for 

all objectives balancely. From the Pareto Front, amount the output optimal solutions of 

the optimization problem, with balanced consideration on overall performance the 
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designer can choose the final optimal solution. When the specific objective functions are 

considered,the improved metric is proposed to multi-objective schedule. It is expected to 

enhance the diversity of the solutions and reduce the computational requirement in 

numerical simulation. 

In actual design processes multi-objective optimization problems (MOPs) often 

appears. It is essential to set accurate objective functions for the targets of MOPs, and 

constraint conditions for spectial restriction of the MOPs. The most representative 

multi-objective evolutionary algorithms (MOEA) include the Pareto Archived Evolution 

Strategy (PAES), Multi-Objective Genetic Algorithm (MOGA), SPEA, SPEA2 and 

Nondominated Sorting Genetic Algorithm II (NSGA-II) [E48-E50]. 

NSGA-II is an improved version of the NSGA [E51]. One has to determine how 

many solutions dominate it for each solution,as well as the set of solutions which are 

dominatedby it. The average distance which isbetween two points on either side along 

each of the objectives of the problem, is known as the crowding distance. The NSGA-II 

estimates the density of solutions by computing the crowding distance. In this thesis, both 

the nondomination rank of an individual and the crowding distance are considered. When 

the solutions have the same nondomination rank, the one with the less crowded distance 

will be preferred.  

In the last few years, the NSGA-II is very popular due to its computational 

efficiency and performance in practical engineering. Compared to other multi-objective 

evolutionary algorithms it is becoming a landmark. Thus in this thesis the NSGA-II 

algorithm is adopted for non-dominated and crowing distance in the multi-objective 

environment. 
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A MOP is a problem which has two or more objective functions to be taken into consideration 

simultaneously. There may also be some constraints imposed on the search space. The mathematical 

description of the MOP is 
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Where R
n
 denotes a decision space.Pareto optimal solutionsare those that are not 

dominated by any other feasible solutions. A solution F(x) is non-dominated when there 

is no other solution having better fitness for all the objective functions. If F(x) is 

non-dominated, then x is non-inferior. 

 

Fig. 5.13. Example of a Pareto front. 
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Fig. 5.14. Illustration of the crowding distance of a two objectives problem. 

 

Example of a Pareto front which is the set of Pareto optimal solutions is shown as 

Fig. 5.13. Theboxed points represent feasible choices.For MOP (6.25) smaller values of 

objective functions are preferred to larger ones. Point Cwhich is dominated by both point 

A and point B is not on the Pareto frontier. Points A and B are not strictly dominated by 

any other so they lie on the frontier. 

Kalyanmoy Deb [A32] first introduces the concept of crowding-distance to NSGA II. 

As shown in Fig. 5.14, to maintain a fine spread of solutions on the Pareto front with a 

solutions population, the density of point iis calculated as the perimeter of the cuboid 

which is formed by the nearest two neighbors point (i-1) and (i+1). 

Generally, the procedures of the NSGA-IIalgorithm can be described as following 

steps: 

Step 1: Population initialization. Initialize arandom population based on the problem 

range and constraint. 
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Step 2: Evaluation. Evaluate the function objectives for all individuals. 

Step 2: Non-dominated sort. Sorting process of the initialized population, and 

complete front ranking based on non-domination criteria. 

Step 3: Crowding distance. Calculate the crowding distance. And based on rank and 

crowding distance the individuals inpopulation are selected. 

Step 4: Selection.By using the binary tournament selection, the individuals are 

selected with crowded-comparisonoperator. 

Step 5: Genetic Operators. Generate new offspring population using GA optimizer. 

Step 6: Recombination and selection. Offspring population and current generation 

population are combined.And the individuals of the nextgeneration are reset by selection 

on these combined populations. Subsequently,the new generation of offspring population 

is filled by each front until thepopulation size exceeds the current population size 
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CHAPTER 6 

APPLICATIONS OF THE OPTIMAL DESIGN OF 

ELECTRIC MOTOR 

In industry electromagnetic (EM) devices for example permanent magnet (PM) 

motors are widely used. Unrenewable energy resources have been consumed severely, 

and this have lead to serious issues of the atmospheric contamination and greenhouse 

effect [F1]. Designs of PM motors with high performance and high reliability are heavily 

demanded for reducing energy losses during the energy conversion process. The motor 

productsare required to meet somespecial specifications under many design 

parameters.So unfortunately, the motor design process is complicated and time 

consuming [F2-F5]. Prototyping usually cost much but the result may not satisfactory.To 

avoid this phenomenon optimal design by use of computers is necessary to find the best 

design before manufacturing. Mathematically, this is a optimization problem to find the 

optimal solution to meet one or more performance requirements under constraints of the 

design variables. In practice, single objective optimization is the most popular, which can 

be also used to solve MOP by using the intermediate method [F6]. In this chapter FEM is 

applied in global optimization processes. Two general patterns of rotor structure are 

generated for single objective optimization problem and multi-objective optimization 

problem repectively. The results show that these two general patterns are practicable and 

the algorithms are feasible and accurate. 
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6.1. Integrating FEM with Global Optimization Method 

Size [F2-F5] and shape optimization [F7-F11] is of paramount importance. The 

digital computers now havethe rapid increase of computing power, and the FEMis 

versatilityfor field computation. For a design with a set of chosen design parameters, 

postprocessingit and then theobjective function values can be extracted from the 

numerical solution. Static field analysis is for air-gap flux density that the PM and 

armature winding act on alone, no-load back electromotive force (EMF) and the thrust 

force in steady-state operation. And transient field analysis can computetorque, loss or 

the efficiency. In design process, FEM is much more widely used than analyticalapproach 

in order to get motor parametersand those must be computed by transient field analysis.  

Nowadays, FEM combines with stochastic or evolutionaryoptimization solvers. It 

makes the field computation to be successfully extended to the design stage andin the 

design phase of various EM devices it is greatly useful [F7, F11]. To accomplish the 

combination, there are two ways available. First, the optimization solver directly couples 

with the FE solver which can calculate the objective function values. Stochastic 

optimization solver is initializedand it generates an initial population of individuals.Then 

use the FE solver to get the objective function values for each individual.In the enda new 

population is generated again and again until the stopping criterion is met.  

Another direction is to use the RSM.It can reconstruct a relationship between the 

objective functions and the design variables. The RSM is built by choosing design 

parameters and observingresponse data from the systemFEM calculation. Then the 

optimization solver will find the global optimal solution based on the response surface 

function instead of directly calling the FE solver.This will save computational time. In the 
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following section, optimal design examples are solved using the FEM, RSM and global 

optimal solvers.  

 

6.2. Dual-response-surface Methodology for Optimal Design of 

a Permanent-magnet Motor 

6.2.1 Dual-response-surface Methodology 

The dual-RSM proposed in this section contains both the MQ-RBF and the MLS. 

MQ-RBF is a widely applied global interpolation model and it is very impressive of its 

smoothness and its fitting ability with limited sample points [F12, F13]. Choosing of 

MQ-RBF is to reduce the number of sample points and then control the times of the FEM 

computation. MLS has been proved successfully as an effective and stable local 

algorithm [F14]. The objective function is presupposed consists of two parts: the main 

body part and the error part. The two types of RSM are used to determine the expression 

of these two parts. The MQ-RBF is employed to build a model for the main body of the 

optimal result while MLS is used as a reference model for the error. After training the 

RSM for objective function with the GoF [F15, F16], the particle swarm optimization 

(PSO) which is one of the widely used optimization algorithms for PM motor designing 

[F17] is used for approaching the optimal solution. 

First a collection of sample points are selected randomly in solution space, and get 

the values of objective functions with FEM simulation. The RBF model is built for the 

main body part, and then the MLS model is built for the errors between the RBF model 

and the FEM simulation with the model training process. The adding of sample points 
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will lead to updating of both types of models and adding of the computing time. In order 

to obtain a suitable model without the waste of computing time, a pre-set GoF is applied 

as the error tolerance for the optimization.  

If the GoF between the results from the RBF model and the FEM simulation is 

better than the pre-set GoF, it means that the result from RBF model is acceptable and the 

objective function will be replaced by the it. The errors between the RBF model and the 

FEM simulation on these sample points are recorded. The first part of the optimal result 

is achieved.  

On the other hand, based on the recorded errors, the MLS model is built. Also the 

GoF of this model and the pre-set GoF are compared to make sure the MLS model for the 

error is good enough. If the MLS model is acceptable, then the error part of the objective 

function can be replaced by this model. The final objective function is constructed by 

both RBF and MLS models. The flow chart of the process of building the model of 

objective function with the Dual-RSM algorithm is shown in Fig. 6.1. 
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Build RBF model FRBF

YES

NO

error0  = fFEM – fRBF recorded

Build MLS model FMLS

Randomly choosing Sample points

YES

NO

Output the result fopt = FRBF + FMLS

Is  R2
RBF  >  R0 

Is  R2
MLS  >  R0 

 

Fig. 6.1.  Block diagram of the evaluation process of dual-RSM algorithm. 

 

6.2.2 Goodness-of-Fit 

Dual PM excited synchronous motor as shown in Fig. 6.2 is employed to verify the 

feasibility. The main design parameters for the motor are shown in Table 6.1. The 

variables of the optimization problem are given in Table 6.2.  

The objective function F of the optimization problem is designed considering both 

the output torque and the power loss. F has the following definition:  

CuFe ΡΡ

Τ
F




                         

(6.1) 
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RotorStator

Permanent 

Magnet

 

Fig. 6.2. The model of the PM synchronous motor. 

 

TABLE 6.1 SPECIFICATIONS OF THE STUDIED PM MOTOR 

  Design parameters Value 

Air gap length 0.6mm 

Number of poles-pairs 7 

Number of slots 24 

Outer radius of rotor 190mm 

Rotation speed 2000rpm 

Phase current 40A 

Axial depth 130mm 

 

 

TABLE 6.2 DESIGN VARIABLES OF THE STUDIED PM MOTOR 

Design Parameters Value ranges 

Thickness of PMs in rotor 5-7mm 

Thickness of PMs in stator 5-7mm 

Pole embrace of PM in rotor 0.5-0.7 

Pole embrace of PM in stator 0.5-0.7 

Outer radius of stator 145-155mm 

Depth of slot 40-60mm 

Width of slot openning 8-12mm 

Width of stator teeth 18-22mm 
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Where T is the electromagnetic torque, PFe is the iron loss, and PCu is the copper loss. 

Notice that the mechanical loss and the Joule loss are not taken into consideration. 

 

TABLE 6.3 COMPARISON OF DUAL-RSM TO TRADITIONAL OPTIMAL METHOD FOR STUDIED PM MOTOR 

Methods FEM computingtimes Torque(Nm) F(Nm/W) Efficiency 

Traditional  

PSO 
873 409.8 25.2%(FEM) 98.1% 

Dual-RSM  

based PSO 
128 486.1 26.0%(FEM) 98.2% 

 

TABLE 6.4 COMPARISON OF MOTOR PERFORMANCE BEFORE AND AFTER OPTIMIZATION 

 Coreloss(W) Copper loss(W) Torque(Nm) Efficiency 

Before 2007.5 420.8 354.9 96.8% 

After 1495.6 376.6 486.1 98.9% 

 

To test the advantage of the proposed method, the comparison of Dual-RSM to 

traditional PSO is shown in Table 6.3. The motor performance before and after the 

optimization is shown in Table 6.4. The optimized design variables are given in Table 6.5. 

The flux lines of the motor before and after the optimization are shown as Fig. 6.3 (a) and 

(b) respectively. 

TABLE 6.5 DESIGN VARIABLES OF THE PM MOTOR AFTER OPTIMIZATION 

Design parameters Value ranges 

Thickness of the PMs in rotor 6.1mm 

Thickness of the PMs in stator 5.1mm 

Pole embrace of the PM in rotor 0.62 

Pole embrace of the PM in stator 0.69 

Outer radius of stator 149.6mm 

Depth of slot 42.4mm 

Width of slot openning 8.8mm 

Width of stator teeth 18mm 
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(a)                                            (b) 

Fig. 6.3. The comparison of the cross-sections of the motor. (a) The design before optimization. (b) The 

optimal design. 

 

6.3. Optimal Structure Design of Permanent Magnet Motors 

Based on a General Pattern of Rotor Topologies 

6.3.1 Definition of the Optimization Problem 

In this section, a novel method for the optimization of the construction of PMs for 

permanent magnet synchronous motor (PMSM) based on RSM is proposed. First, a 

general pattern is presented, based on it five classical types of rotor structure of PMSM 

can be derived. Next, a RSM is built with the FEM simulation of the machine. To 

measure the accuracy of the model, a collection of sample points will be tested. In the 

end, this model is applied in the optimization. The whole process aims to get an optimal 

rotor structure for the PMSM.  

By using this algorithms, performances of the motor such as the efficiency, cogging 
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torque, etc. can be assessed within a short time. Hence, it is considered practical when 

improving the structure of the rotor and the property of PMSM. Additionally the 

optimization method based on the RSM for an actual machine has been studied. And it 

has been verified that this method is capable of finding an optimized result with sufficient 

accuracy for practical purposes. 

The rotor structures of the PMSM which are involved in this work are shown in Fig. 

1. The W type of rotor structure in Fig. 6.4 (a) is considered as the general pattern of PM 

arrangement. Other magnet arrangements (i.e., Fig. 6.4 (b) to Fig. 6.4 (e)) reported in the 

literatures can be derived by the variations of the geometric parameters from the general 

pattern. 

Each type of the PMs arrangement is related to a solution space. The initial 

performances of the machine with these potential types of rotors are shown in Table 6.6. 

TABLE 6.6 INITIAL PERFORMANCE OF THE MACHINES WITH ALTERNATIVE PM ARRANGEMENT 

Type Efficiency Cogging Torque (Nm) 

Radial 44.1% 9.41 

U 50.3% 7.2 

V 53.4% 7.8 

W 79% 5.3 

 

Since each rotor configuration has its own advantages and disadvantages, the final 

configuration of the rotor is decided by the optimized result. 

From Table 6.6, we can find that the initial efficiency and the cogging torque value 

are not as good as excepted. Therefore, it is necessary to improve the performance of the 

motor. In order to find out the optimal arrangement and the size of PMs in the rotor of the 

machine, an automatic optimization methodology is required. 
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 (a)                                         (b) 

    

                     (c)                                         (d) 

 

(e) 
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Fig.6.4. Alternative arrangement of PMs. (a) W type (serve as a general pattern). (b) Radial type. (c) U type. 

(d) V type. (e) Surface mounted type. 

The optimization problem is described as below: 

min ( )

. . ( ) 0 1,

n

i

f X X R

s t g X i m

 


 
               (6.2) 

Where f(X) is the objective function; g(X) is the constraint condition. X={x1,…,xn} is 

the set of PM parameters; n is the number of parameters; and m is the number of the 

constraint conditions. 

In this section, the cogging torque and efficiency are determined as two objective 

functions of two independent single objective optimizations respectively. The length, 

width, and inclination angles of the PMs, and the area of the air gap beside the PMs are 

the six variables of the optimization problem. 

Before the optimization, the affectiveness of the single design variable to the 

optimization target will be tested. Since five types of W type of rotor structures is used as 

the general pattern, here only the W type is tested.  

 

   

(a)                                            (b) 
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Fig. 6.5. Relationships between the width and the targets. (a) Width of PMs versus efficiency. (b) Width of 

PMs versus cogging torque. 

 

The width of the PMs 

Keeping other parameters the same, the width of the PMs is changed in the range of  

[3.5, 6.5]mm. From Fig. 6.5, it is obvious that with the increase of the width, the 

efficiency is raised while the cogging torque is first raised and then reduced. Considering 

the performance, the width of the PMs is in the range of (4, 6) (mm). 

 

The length of the PMs 

Keeping other parameters the same, the length of the PMs is changed in the range of  

[19, 27]mm. From Fig. 6.6, it is obvious that with the increase of the length, the 

efficiency is raised while the cogging torque is first decreased and then increased. 

Considering the performance, the width of the PMs is in the range of (19, 24) (mm). 

 

      

(a)                                             (b) 

Fig. 6.6. Relationships between the length of PMs and the targets. (a) Length of PMs versus efficiency. (b) 

Length of PMs versus cogging torque. 

 

The area of air gaps around the PMs 

Also keeping other design parameters the same, the value of the area of the air gap 
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around the PMs is in the range of [15, 23]mm
2
. From Fig. 6.7, it is obvious that with the 

increase of area, the efficiency is reduced while the cogging torque is first raised and then 

is reduced. Considering the performance, the area around the PMs is in the range of (18, 

25) (mm
2
). 

  

(a)                                           (b)  

Fig. 6.7. Relationships between the area of air gap and the targets. (a) Area of airgap versus efficiency. (b) 

Area of air gap versus cogging torque. 

 

6.3.2 Response Surface Models for Efficiency and Cogging torque 

In this section, there are two optimization objective functions. In order to process a 

more accurate simulation, two types of kernel function are employed. 

First step of building RSM is selecting sample points. The sample points we select 

are shown in Fig. 6.8. 
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(a)                                            (b) 

Fig. 6.8. Samples points for both problems. (a) Optimization of efficiency. (b) Optimization of cogging 

torque. 

 

With these sample points, the optimum result of efficiency is found to be achieved 

with the W type of rotor. Meanwhile the optimum result of cogging torque may be 

achieved with the V type of rotor. 

 

Build the RSM for targets 

First for the objective function of efficiency, a MQRBF is chosen to build the model.  

And then for the objective function of cogging torque, a Gaussian RBF kernel is selected. 

Since we have five types of potential rotors, in order not to mix the results of these 

types together, a specific RSM is going to be built for each individual type. In the 

optimization circumstances, when a new point is searched, the value on this point will be 

calculated by the corresponding model. In Fig. 6.9 and Fig. 6.10, it shows the comparison 

between the values from FEM simulation and the values from RSM calculation. 

To check the accuracy, in this work the error is defined as,  

2

1

(( ) / )
N

error FEM RSM FEM

i

E f f f


 
                 

(6.3) 
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The calculated errors are shown in Table 6.7. Twenty testing points for each type of 

rotors is selected. These points are different from the sample points that are used to build 

the RSMs. 

 

  

 (a)                                         (b)  

 

 

 

 

 

 

 

  

    (c)                                        (d)  

Fig. 6.9. The comparison of FEM and RSM values for efficiency. (a) Radial Type.  (b) U Type. (c) V 

Type. (d) W Type. 
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        (a)                                        (b)   

 

  (c)                                        (d)  

Fig. 6.10. The comparison of FEM and RSM values for cogging torque. (a) Radial Type. (b) U Type. (c) V 

Type. (d) W Type. 

 

TABLE 6.7 ERRORS BETWEEN THE FEM AND RSM VALUES 

Type Efficiency Cogging Torque 

Radial 2.8% 3.6% 

U 3.0% 1.94% 

V 3.5% 2.07% 

W 3.8% 3.1% 

 

From Table 6.7, it is obvious that the RSMs are highly accurate for calculating the 

original objective functions.  

In this section, the PSO method is employed for optimization process. In 

optimization the weight   can be updated automatically by the below equation 



180 
 

max min
max

max

iter
iter

 
 


  

                     

 (6.4) 

In which      and      are the maximum and the minimum weight respectively, 

     and         are the current and maximum iteration. 

The two individual optimization problems use the RSMs as the objection functions 

respectively. The maximum iteration number is 200, and the population number is 20. For 

the optimization problems, the range of values for each variable is used as constraint 

conditions. And the output torque should not be smaller than 50 Nm. 

The iteration process of optimization for efficiency is shown as Fig. 6.11. and Fig. 

6.12 shows the performances of the optimized designs. To guarantee the performance of 

the final design, the cogging torque is narrowed in the range of (0,5) (Nm). 

 

 

Fig. 6.11. The iteration of efficiency. 
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(a)                                             (b)  

Fig. 6.12. Performances of the optimized design. (a) Flux lines. (b) Magnetic flux density. 

 

The iteration process for the optimization of cogging torque is shown in Fig. 6.13 

and Fig. 6.14 shows the optimized design. The efficiency of the motor is constrained 

larger than 70%. 

 

 

Fig. 6.13. The iteration of cogging torque. 
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 (a)                                   (b)   

Fig. 6.14. The optimized design. (a) Flux lines.  (b) Magnetic flux density. 

 

6.4. Multi-objective Optimal design of permanent magnet 

arrangement in synchronous motors 

6.4.1 Definition of the Optimization Problem 

       

                     (a)                                        (b) 

Fig. 6.15. PMSM rotor structures. (a) Embedded type. (b) Surfaced-mounted type. 

 

In order to get synchronous motor model with high quality property and low 
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economic cost, it is requisite to optimize the structures of the PMs in the motor. Came out 

from the improvement of research on designing of PMSM up to now, the rotor PM 

structures of PMSM already has plenty of different types. Three basic rotor structures 

with different prominent PM arrangements which are surface mounted type, embedded 

type and spoke type [F18-F21]. In this section, surface mounted type and embedded type 

of rotors are studied and diagram of these types of motor are shown in Fig. 6.15. 

In this section a novel general pattern is presented. This pattern is designed for the 

producing many rotor structures with different types of PM arrangement. It is capable of  

generating multi types of PM arrangements. In this work the types of PM arrangements 

produced by the general pattern include five embedded types and a classical 

surface-mounted type as in Fig. 6.16. The proposed general pattern has been applied to 

the PMSM design work in our section. And to implement the sinsitiveness analysis, the 

connection between the design parameters and the objective functions are examined 

individually. And then the sub-group strategy of multi-objective optimization (MOP) is 

brought out. Finding out the optimal topology of PMs on the rotor of the PMSM is the 

mission of this work. The optimized structure makes the efficiency elevated and cost of 

PMs lowered down. In the end, simulation test and measurement results will be compared 

to prove the proposed general pattern and the algorithm are practicable. 

When the type of rotor structures of the motor is settled, it is the mission of 

designers to determine the geometry size of each conponent of the motor accordingly.  

The inner diameter of the stator affect the electrical energy conversion ability of PM 

motor, which means, when the inner diameter of the stator becomes larger, the energy 

conversion of equivalent volume will becomes greater. However, the size of the inner 
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diameter of the stator cannot be too large since this may cause the decline of stator space. 

Meanwhile, with a fixed outer stator diameter, enlarging the size of inner diameter of the 

stator means reducing the thickness of the stator yoke, and then lead to the saturated flux 

density easily. In this section, the inner diameter of the stator is chosen as a key variable 

of the MOP and it will be preferential considered.  

       

(a)                                           (b) 

        

(c)                                           (d) 
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(e)                                            (f) 

Fig. 6.16. Most commonly employed rotor types. (a) Concentrate type. (b) Radial type. (c) U type. (d) V 

type. (e) W type. (f) Surface mounted type. 

In this section, the stator core of the motor has 24 slots. The opening size of groove, 

the tooth width as well as the yoke thickness of the stator iron core are also selected as 

the variables of the MOP. 

In the general pattern of PMSM, the topological construction of the rotor iron core 

can be modified according to the values of the parameters of the general pattern. These 

parameters make changes in certain ranges and then change the topological structure of 

PMs. 

One of the objective functions of the MOP is the torque per loss, and the other is  

the cost which comprehensive includes motor material cost, batch production process lost, 

etc. of the motor. The constraint conditions are the ranges of the design parameter under 

different situations under which specific types of rotor structures are produced 

automatically.  

6.4.2 General Model of PMs 

The shape of general pattern of the PM should be able to be varied. The shape of the 
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magnet pole can be modified from a rectangular PM to surface-mounted PM. The 

diagram of a single piece of PM is presented as shown in Fig. 6.17. 

By adjusting the AC  and DF  which are the magnetic tiles can be edged up and 

down accordingly. Suppose the radius corresponding to AC  and DF  are R1 and R2 

respectively. Point B and E are placed in the middle of arcs AC  and DF  respectively. 

The thickness of the magnet pole is h1 at AD and h2 at BE and they are not necessarily 

equal. Let kA, kB, kD, kE, are the slopes of AB , BC , DE , and EF  respectively. 

 

 

Fig. 6.17. General pattern of one piece of PM. 

 

                                   

   (a)                      (b)                      (c)                      (d) 
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Fig. 6.18. Possible shapes of magnet pole produced from the general pattern. 

 

Based on the parameters mentioned above for the general pattern of the magnetic 

pole, innovative PMSM may be generated when the constraint conditions are satisfied. 

Following are the constraint conditions which can lead to the four types of PM shape as 

in Fig. 6.18. 

Suppose h1 = h2, then it is a equal thickness magnet pole.  

When kA = kB, then the two arc sides will be straighted, and the magnet pole model 

is rectanglar solid as shown in Fig. 6.18(a). If kA ≠ kB, the shape of the magnet pole is 

shown as Fig. 6.18(b). These are the most common two types of magnet pole in industry. 

If h1 ≠ h2, thus it is an unequal thickness magnet pole.  

If kA ≠ kB, and kD = kE, only one of the arc side will be straighted and the model will 

be modified as shown in Fig. 6.18(c). If kA ≠ kB, and kD ≠ kE, the model is the type of Fig. 

6.18(d).  

By above approaches the shape of the magnet pole will be confirmed. Under this 

situation, by choosing proper design parameters the tilt angle and the location of magnet 

pole can be controlled. And the type of the rotor will thereby confirmed. 

6.4.3. Basic Data of the PMSM 

The important specifications of the motor are: the length of the iron core, the size of 

air gap, the types of stator silicon steel sheet, the rotor silicon steel sheet and axis parts. 

These basic geometry parameters are listed in Table 6.8.  

The diagram of stator slot with design parameters Bs0, Bs1, Bs2, Hs0, Hs1, Hs2 is 
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shown as Fig. 6.19. Slot depth sd, inner diameter of stator Di and thickness of the stator 

yoke hy are shown in Table 6.9. The outer diameter of the stator is constant which means 

the volume of the motor is constand in the optimization. 

 

 

 

 

TABLE 6.8 BASIC GEOMETRICAL SIZE OF THE PMSM MOTOR 

Type Name Value 

Motor Air gap 2.51mm 

Length of the iron core 90mm 

Stator Number of slots 24 

Outer diameter of stator 90.5mm 

Rated current 25A 

Rotor Number of pole pairs 2 

 Rotation speed 8000rpm 

Axle Outer diameter 20mm 

 

 

Fig. 6.19. Design parameters of the stator slot. 
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6.4.4. Parameters of the Optimization of the PMSM 

           

(a)                                          (b) 

Fig. 6.20. Design parameters of the PMs. (a) Embedded type. (b) Surface-mounted type. 

 

When the constraint conditions are changed, the type of the PMSM will be altered 

accordingly, and at the same time, the involved parameters may be different. Fig. 6.20(a) 

is the diagram of the embedded type magnet pole, and Fig. 6.20(b) is the diagram of 

surface mounted type magnet pole. Table 6.9 and Table 6.10 show the ranges of the 

values of the design variables.  

TABLE 6.9 DESIGN VARIABLES OF THE STATOR 

Type Design parameters Value ranges 

Stator Di 48-55 mm 

 Bs0 0.2-0.5 mm 

 Bs1 0.1-0.3 mm 

 Bs2 0.8-1.5 mm 

 Hs0 0.8-1.2 mm 

 Hs1 2.0-2.5 mm 

 Hs2 1.5-2.5 mm 

 sd 9-13 mm 

 hy 15-22 mm 
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TABLE 6.10 DESIGN VARIABLES OF THE ROTOR 

Type Design parameters Value ranges 

Rotor Flg kA/kB 1-10 

 hm Thickness of the PMs 1.5-4mm 

 α 
Angle of inclination of  the surface 

mounted magnetic pole 
1-3 deg 

 θ 
Center angle of the surface mounted 

magnetic pole 
83-88 deg 

 dt 
Distance between the flux barrier and the 

outer surface of rotor 
1.5-2mm 

 db Length of the flux barrier 0.3-1.2mm 

 β1 Angle of inclination for PM 1 20-90 deg 

 β2 Angle of inclination for PM 2 20-120 deg 

 L1 Length of PM 1 3-7 mm 

 L2 Length of PM 2 3-7 mm 

 

When parameter Flg is modified, the shape of the magnet pole is changed from 

rectangle to magnetic tile.  

Flg = kA/kB                               (6.5) 

In optimization, the values of the parameters are different on the points in solution 

space. When a point is selected, it means the parameters are settled. Based on these 

parameters the type of PMSM is confirmed. FEM is undertaken for the electromagnetic 

field computation. 

6.4.5. Optimization of Multi-objective problem 

In practical design processes, there are usually more than one optimization targets . 

In this case, studies of MOPs are necessary. Objective functions need to be properly built 

and constraint conditions are need to be carefully determined. In this section, to assess 

the performance of the designed motor, promotion of the torque and reduce the total loss 

the two missions.  
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Definition of the first objective function f1 is as (6.6). fTL is torque over loss which is 

an indicator for observing the performance of the motor. 

 
1 TL

Torque

Total loss
f f   

                      
(6.6) 

Second objective function in this section is the cost of PMs. The cost which includes 

material expense, processing charge and the average labor cost is a crucial aspect needs 

to be considered in the designing of PMSM. Based on the quotation from a motor 

manufacturing factory, the definition of the PM cost is defined as below: 

V/10

cost (1.9 s+10V e )+ 3200kf N                 (6.7) 

Where  

N -- Number of PMs;  

V -- Volume of a single PM;  

k -- Coefficient of the influence of shapes on the price; 

s -- Coefficient of difficulty for manufacturing: 

ω -- Coefficient that says whether the PM is in a common shape used or not 

(If the shape of the PM is uncommon, it is difficult to produce and will lead to an extra 

cost). 

 

 

 

The MOP in this section is described as below: 
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             (6.8) 

Where f(X)={f1, f2} is the objective function; g(X)={ g1(X), g2(X),..., gm(X)} is the 

constraint condition while m is the number of the constraint conditions. g1, g2 are 

constants. X={x1,…,xn} is the solution of the MOP; n is the number of variables. 

The constraint conditions which are the range of parameters of rotor in Table 6.9 and 

6.10 present as below.  

1) The first set of constraint conditions is:  

1

1.5 4

1 3deg    

83 88deg

m

Flg

h mm








 


 
  

 

The generated motor is surface mounted type.  

2) The second set of constraint conditions is:  

1

2
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1    
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The generated motor is V type.  

3) The third set of constraint conditions is:  
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The generated motor is radial type.  

4) The fourth set of constraint conditions is:  
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The generated motor is concentrate type.  

5) The fifth set of constraint conditions is:  

1
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The generated motor is W type.  

6) The sixth set of constraint conditions is:  
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The generated motor is U type.  

In MOP, the optimum of all objective functions are normally impossible to achieve 

at the same time. So objective functions balance is necessary to be considered. Pareto 

non-dominated solution set is requested to be obtained. By experience and preference, 

proper final optimization solution which is a compromise of all the objectives can be 

selected in the Pareto Front. 

Sensitive Analysis for Design Parameters  

To estimate the influence level of the design parameters and divide them into groups, 

sensitivity tests are implemented. In the test, only one design parameter with increment is 

inspected, all the other parameters keep constant.The variation rate rp is defined as: 

p

Max Min

x
r

x x





                        (6.9) 

Where x is the increment of a variable x. The range of the value of x is (xMin, xMax). 

The value of rp  is from 0 to 100%. The sensitivity tests results of the stator are shown in 

Table 6.11. The sensitivity tests results of the rotor (take the W type embedded rotor of 

PMSM as an example) are shown in Table 6.12. Table 6.13 presents the sensitivity test 
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results of the surface-mounted motor. 

TABLE 6.11 SENSITIVITY ANALYSIS OF THE STATOR 

 Rates of change for fTL 

rp=0.1 rp=0.2 rp=0.4 rp=0.8 rp=1 

Di 2.73 2.61 2.87 2.45 2.56 

hy 2.11 2.09 2.17 2.14 2.01 

sd 2.45 2.45 2.44 2.44 2.44 

Hs0 0.09 0.07 0.07 0.08 0.09 

Hs1 0.10 0.07 0.09 0.09 0.08 

Hs2 0.06 0.08 0.007 0.09 0.09 

Bs0 0.03 0.03 0.04 0.05 0.05 

Bs1 0.11 0.10 0.11 0.09 0.09 

Bs2 0.09 0.12 0.12 0.10 0.10 

 

TABLE 6.12 SENSITIVITY ANALYSIS OF THE W TYPE ROTOR 

 
Rates of change for fTL Rates of change for fcost 

rp=0.2 rp=0.4 rp=0.8 rp=0.2 rp=0.4 rp=0.8 

hm 1.65 1.63 1.59 0.21 0.20 0.19 

L1 3.72 3.64 3.66 0.19 0.24 0.23 

L2 3.16 3.24 3.23 0.20 0.21 0.25 

β1 0.41 0.43 0.42 / / / 

β2 0.33 0.35 0.34 / / / 

dt 0.03 0.03 0.02 / / / 

db 0.02 0.02 0.02 / / / 

 

TABLE 6.13 SENSITIVITY ANALYSIS OF THE SURFACE-MOUNTED TYPE ROTOR 

 
Rates of change for fTL Rates of change for fcost 

rp=0.2 rp=0.4 rp=0.8 rp=0.2 rp=0.4 rp=0.8 

hm 1.81 1.85 1.83 0.21 0.21 0.22 

θ 2.12 2.13 2.10 0.19 0.23 0.20 

α 0.35 0.37 0.33 / / / 

 

According to Table 6.11 to Table 6.13, it is obvious that all of the stator parameters, 

the β1, β2, dt, db and α only affect the f1. Meanwhile, f1 is more sensitive to the parameters 

Di, hy, and sd than other parameters. The parameters hm, L1, L2 and θ affect both objective 

functions. Moreover, f1 is more sensitive to parameters hm, L1, L2 and θ than to parameters 

β1, β2, dt, db and α.  

Sub-group Optimization Strategy 
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When solving the MOP, FEM is employed to simulate the operation of electric 

machines, so it needs large amount of computation since the problem contains dozen of 

design parameters. Usually the process may take several days. So it is also a hot spot for 

finding out a practical methodology to achieve the goal of saving computing load. 

According to the sensitivity analysis results of design parameters in Table 6.11, 6.12 and 

6.13, the design parameters are classified into two types: the ones affect the objective 

functions more and the others affect less.  

Di is an essential parameter which determines the geometrical volume of the PMSM. 

Hence Di is pulled out and unary optimization is processed. This part golden section 

method is illustrated as Fig. 6.21.  

 

Fig. 6.21.Flow chart of the sub-group optimization. 
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For other stator parameters, hy and sd constitute the parameters of Group I, while the 

six parameters left constitute the Group II. Since the variables of Group I and Group II 

only affect f1, the particle swarm optimization (PSO) [F22] is employed for the 

single-objective optimization processes for f1. This part is shown as Fig. 6.22(a). 

 

                  

(a)                                              (b) 

Fig. 6.22. Optimization processes of stator and rotor. (a) Stator. (b) Rotor. 

 

On the rotor the parameters β1, β2, dt, db and α constitute Group III. They determine 

the positions of the magnetic poles. Group III is also only influences f1, so PSO is 

homologously applied at this part. The parameters hm, L1, L2 and θ constitute Group IV. 
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They determine the size of magnetic pole. Group IV affects both f1 and fcost. Hence 

NSGA-II is employed for the optimization process of Group IV. 

In order to reduce the computing time, parallel computation is applied in the 

optimization. The global optimization process is shown as the flow chart in Fig. 6.21. 

And the flow charts of the processes of optimizing stator and rotor are expressed in Fig. 

6.22 repectively. 

Results of the MOP 

Suppose M is the number of objectives and N is the population size. Then 

evolutionary algorithms (EAs) uses nondominated sorting and sharing in MOPs. It is 

mainly challenged from three aspects which are O(MN
3
) computational complexity, 

nonelitism approach and needing of specifying a sharing parameter. To alleviate these 

difficulties, NSGA-II which is a nondominated sorting-based algorithm is employed in 

this section. NSGA-II is a fast nondominated sorting algorithm with O(MN
2
) 

computational complexity [F23]. The diagram of the Pareto Front for MOP is shown as 

in Fig. 6.23. The point in the figure represents one of the Pareto solutions.  

The NSGA-II is a random algorithm, so the Pareto Fronts for different operation 

should be disparity. In order to have enough options for selection, the optimization 

process repeates for three times, and each time two optimal solutions are selected as 

candidates. In the end in the Table 6.14 six optimal solutions are listed. 
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Fig. 6.23. The Pareto Front of the MOP. 

 

TABLE 6.14 OPTIMAL SOLUTIONS OF THE MOP 

Number Type of motor fTL (N/M‧W) fcost ($) 

1 Concentrate 0.011 6.62 

2 Surface-mounted 0.022 7.14 

3 V type  0.017 7.06 

4 Surface-mounted 0.025 7.38 

5 V type 0.013 6.82 

6 Surface-mounted 0.024 7.27 

 

TABLE 6.15 FINAL SOLUTION OF THE MOP 

Design parameter  Value Design parameter Value 

Di (mm) 52.22 Bs0 (mm) 0.02 

hy (mm) 7.84 Bs1 (mm) 3.08 

sd (mm) 11.30 Bs2 (mm) 8.71 

Hs0 (mm) 1.09 hm (mm) 3.80 

Hs1 (mm) 2.22 θ (deg) 89 

Hs2 (mm) 7.99 α (deg) 0.5 

 

Based on the experience of designer and comprehensive considered the values of 

both objective functions, the final optimal solution is chosen. It is the fourth solution in 

Table 6.14. The design parameters of the detail structure for the optimized PMSM are 

presented in Table 6.15. 

Experimental Verification of Optimized PMSM 

After the termination of the optimization procedure a prototype with optimized 



200 
 

structure is manufactured. The performance of the prototype is tested. The practical 

experiment results are compared with the simulation results in this section. In this 

prototype, the type of the PM material is N35. And its B-H curve is shown as Fig.6.24. 

The photographs of the rotor and stator of the prototype is shown as Fig. 6.25 to Fig. 

6.27. 

 

Fig. 6.24. B-H curves of N35. 

The type of PM material for magnetic poles is NdFeb, and the type of silicon steel 

sheet is DG41. It is the 0.35mm thickness electrical steel sheet. With the 400 Hz alternate 

frequency, and 1.0T magnetic induction intensity, the tested iron loss density is 11W. 
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Fig. 6.25. The rotor with carbon fiber sleeve. 

 

 

Fig. 6.26. The appearance of stator.  

 

 

Fig. 6.27. The appearance of the prototype motor. 
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In order to evaluate the accuracy of the simulation, the values of no-load back EMF 

under different rotation speed in simulation and experimentally test are compared. The 

results are shown in Table 6.16. The output torque is an essential characteristic presenting 

the performance of the motor. So the setup of the motor with torque flange for 

experiment under certain rotating speed and load current is shown in Fig. 6.28. The 

comparison of the simulation results and the experimental results of the torque are shown 

in Table 6.17. It is obvious that the simulation results are accurate according to the 

comparisons of simulated and tested no-load back electromotive force (EMF) and torque. 

The simulation of the magnetic flux lines and the distribution of flux density of the 

optimized motor is shown as in Fig. 6.29. 

 

Fig. 6.28. The prototype with torque flange. 

 

TABLE 6.16 NO-LOAD BACK ELECTROMOTIVE FORCE WITH DIFFERENT ROTATING SPEED 

Speed (rad/s) Simulation results of EMF(V) Experiment results of EMF(V) 

100 24.6 23.8 

200 50.5 48 



203 
 

300 73.1 72 

400 98.6 95.8 

500 124.4 119.7 

600 147.9 143.6 

700 169.2 167.5 

800 195.1 191.3 

900 223 215.2 

1000 246.2 239 

1100 264.9 262.8 

1200 290.4 286.7 

 

 

TABLE 6.17 ELECTROMAGNETIC TORQUE AT DIFFERENT PHASE CURRENT 

Speed 

(rad/s) 

Current 

(A) 

Simulation results of Torque 

(Nm) 

Experiment results of 

Torque (Nm) 

300 25 9.9 10 

500 25.6 10.2 10.1 

800 25.6 10.0 10.1 

1000 25 9.9 9.9 

1200 24.5 9.7 9.7 

 

 

     

(a)                                           (b) 

Fig. 6.29. The electromagnetic field analysis of the prototype. (a) Flux lines. (b)The magnetic flux density 

distribution. 
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Fig. 6.30. No-load back electromotive force. 

 

The no-load back EMF is an important factor to reflect the performance of the 

PMSM. Fig. 6.30 is the no-load back EMF for the designed prototype under the rated 

speed. To check the accuracy of the simulation result, the error between the simulation 

result and experiment measurement result is recorded. The error is defined as (6.10). The 

error level of the back electromotive force which belows 6% is presented as Fig. 6.31. 

And the error level of the torque which belows 1% is presented as Fig. 6.32.  

| |e s

e

f f
err

f




                            (6.10) 
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Fig. 6.31. The error level of the simulation results of back electromotive force. 

 

 

Fig. 6.32. The error level of the simulation results of torque. 
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Chapter 7 

Conclusions 

 This thesis investigates numerical methods and techniques to carry out a fast and 

accurate optimal design of electric motors. Based on remesh-free finite element method 

(FEM) and novel global optimization methods, both single objective and multi-objective 

optimizations have been performed and reported. Examples are studied to implement the 

accuracy and effectiveness of the algorithms.  

A novel fast remesh-free finite element method (FEM) that is suitable for the 

optimal design of electromagnetic (EM) equipment is presented. Unlike traditional FEM 

mesh, a virtual boundary technique is employed help to build the two layer mesh. And 

the regular shape of contour line of the virtual boundary can reduce the computation 

complexity. In this method the composite use of polygon elements and triangular 

elements is a characteristic of this two-layer mesh. The method has been applied to the 

two-dimensional electromagnetic field with large deformation and the computer program 

is implemented in C++. The mesh regeneration time can be almost totally saved in the 

mesh deformation process using the proposed method. That is, the computational 
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complexity can be controlled in motor design optimization and computational costs can 

be greatly reduced.  

To implement the fast finite element numerical calculation of motor optimization, 

numerical method combined stabilized bordered block diagonal form (SBBDF) and 

multilevel Newton-Raphson (N-R) method is proposed and discussed in detail. The 

algorithm is capable of reduce the scale of DoFs, and the computing load will be released 

accordingly. Meanwhile the adaptive N-R method employed parallel calculation which 

hence greatly reduces the time needed when solving EM problems. 2D electromagnetic 

field problem is examined to verify the effectiveness of the algorithm. 

Powerful optimization methods are widely discussed both in single objective 

problems and multi-objective problems. One way is to propose a cooperation of 

evolutionary algorithms (EA) with two types of response surface models (RSM) and 

apply this methodology for practical engineering optimal design problems. The RSM is 

applied instead of the objective function in the optimization design. The good-of-fitness 

(GOF) is employed to verifies the rationality of the proposed dual RSM and control its 

quality. Global optimization methods including Genetic Algorithm (GA), and Particle 

Swarm Optimization (PSO) are studied and coupled with FEM program to find the best 

design. Flexible hybridization strategies and non-revisiting algorithms list are introduced 

to speed up the optimization.  

Another way is to propose an algorithm based on reduced basis finite element 

method (RBFEM) and clustering technique. It is effective of reducing the numerical 

computation time. The RBFEM reduces the size of the finite element equations and 

shrinks the scale of degree-of-freedoms (DoFs). To improve the quality of the sample 
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points which are the fundamentals of the RBFEM, k-means clustering technique is 

employed. It guarantees the sample points locally uniformly distributed in each 

component of the solution domains. An electromagnetic field problem is examined and it 

also verifies the feasibility of this methodology. 

Applications of topological optimization algorithms to both single objective 

problems and multi-objective problem (MOP) of optimization for permanent magnet (PM) 

motors are presented in this thesis. General patterns are designed for these problems.  

For single objective problem, the influence of parameters on the objective functions is 

examined and the RSM of objective functions are built on the basis of these examinations. 

For MOP the sensitivity of the design parameters are tested and a sub-group optimization 

strategy is proposed based on the sensitivities. This strategy helps to reduce the size of 

the parameter group which involves in each iteration step an then the computing time. 

These general patterns of permanent magnet motor  are capable of replace the partly 

manual optimization work to a total automatically work by computers.  

My future work will also be focused on reducing the computational time during 

motor optimization process.  

1. Apply the proposed remesh-free FEM method to the 2D motor design 

optimization problems.  

2. The remesh-free FEM algorithm will be improved for 3D optimization problems 

and examples will be applied to verify the improve methodology. 

3. Apply the proposed adaptive N-R based on SBBDF to 2D and 3D 

electromagnetic field problems to verify the feasibility of the proposed method. 
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4. Further study the RSM and optimization algorithms, considering the combination 

of RSM and optimization algorithms and then present an effective forward efficient 

methodology. 

5. Further research on topological optimization algorithms. Propose a practical 

topological algorithm and application of optimizing 2D and 3D PM motors. 

6. Improve the proposed general pattern and make it universal for practical 2D and 

3D PM design problems. 

 


