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Abstract 

 

The development of monitoring technologies in smart grid is undergoing an essential 

transition from SCADA to WAMS, which means the periodical magnitude-based meas-

urement by RTU is gradually replaced by real-time PMU-based measurement. The im-

plementation of PMUs can substantially facilitate grid-wide state estimation, stability 

analysis, and many other applications, which are dependent on an effective PMU place-

ment strategy. Typically, Optimal PMU Placement (OPP) problem concerns problem 

finding the minimum number and the best location of PMUs to make the entire system 

observable. However, many other important benefits concerning state estimation, voltage 

stability and control were not properly considered. Particularly, dynamic voltage stability 

is a key operation index of smart grid and its assessment can largely benefit from PMUs, 

which however, has not been investigated thoroughly. In addition, earlier studies of OPP 

problems only focus on network topology yet neglect the effect of different operating 

scenarios, thus may lead to biased solution. 

In this thesis, a comprehensive study is conducted to develop innovative and cost-

effective OPP approaches, which can help to mitigate voltage estimation uncertainty 

and/or provide guidance for voltage stability assessment and control from both static and 

dynamic perspectives. The need of effective and efficient OPP approaches is highlighted 

in Chapter 1, where research background and overview of existing works about OPP are 
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also presented. The limitation of existing approaches is also identified. Motivated by pre-

vious works, a channel-oriented OPP approach aiming at global observability is proposed 

in Chapter 2. Since not only the placement of PMU base unit, but also the allocation of 

channel is to be optimized, the investment can be further reduced. The measurement re-

dundancy of each bus can be set in advance depending on the requirement of planning. 

To explore other potential benefits of WAMS, a new OPP regime considering mitigating 

voltage estimation uncertainty as well as providing guidance for zonal voltage control is 

proposed in Chapter 3. In this regime, the conventional OPP problem is converted to a 

multi-objective network partitioning problem, in which the optimal partitions find clusters 

with minimum voltage estimation uncertainty and maximum voltage changing con-

sistency in a static sense. Moreover, probabilistic load flows (PLFs) are deployed to rep-

resent various operating scenarios. In this way, the time-changing load patterns and power 

generations are considered stochastically as the operating uncertainties, so that the ob-

tained PMU placement solution is unbiased for planning purpose. Since voltage stability 

is a key operation index of power system and essentially a dynamic characteristic, in 

Chapter 4, a novel methodology is explored toward evaluating grid-wide voltage small 

signal stability in a dynamic sense. Then observability-based OPP approach is employed 

aiming to provide 1-time monitoring backup to the voltage-vulnerable buses, which are 

determined through the proposed stability assessment method. Similarly, to achieve a gen-

eral planning solution, various operating scenarios are generated by sequential Monte 

Carlo simulation. The experiment on test case and the dynamic simulation results validate 

the effectiveness of the proposed approach. 
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It is concluded in Chapter 5 that the proposed OPP approaches can effectively mon-

itor the voltage stability in both static and dynamic sense, thus can provide quick and 

correct guidance for voltage regulation. Meanwhile, future works that can further extend 

this study are also indicated in Chapter 5. 
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Λ the diagonal eigenvalue matrix of Â  
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Chapter 1  Introduction 

1.1 Background of Research 

In the field of smart grid monitoring and surveillance technologies, Phasor Meas-

urement Unit (PMU) is becoming one of the most widely used advanced measuring equip-

ment serving for real-time monitoring and control. With the Global Positioning System 

(GPS)-synchronized measurements with high sampling rate, the fast-changing system dy-

namics can be accurately captured, and it becomes possible to directly measure the phase 

angles of the state phasors at different locations in the power system. Thus, PMU can be 

used for many applications. Besides data-driven power system stability assessment, fault 

detection, and system protection [1, 2], PMU is mainly used for state estimation. With the 

synchronized measurements, wide area is observable in real time, and state estimation is 

simply relying on the measurements, so there’s no need to solve cumbersome iterative 

state estimation. The synchronization and high accuracy of PMU measurements are pre-

ferred by modern power grid. 

Fig 1.1 shows the functional block diagram of a typical PMU. The GPS receiver 

provides the 1 pulse-per-second (pps) signal with a time tag. Then in order to take sample 

of the analog signals, the l-pps signal is divided into required number of pulses by the 

phasor locked oscillator. The analog signals are obtained from the secondary side of volt-

age transformer (PT) and current transformer (CT) by anti-aliasing and surge filtering [3]. 
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The PMU measurement channel refers to the pass way from the voltage or current meas-

urement point to the digital signal generated by the analog/digital (AD) converter [4]. 

Thus each channel can take measurement of a voltage or current state. 

Phasor locked 
oscillator

16-bit A/D 
Converter

Phasor micro-
processor

Modems

Anti-aliasing 
filters

GPS receiver

Current/Voltage 
phasor input

 

Fig 1.1 Functional block diagram of a typical PMU 

Since placing PMU on every bus is uneconomical and impractical, to fulfil the con-

stantly emerging requirements of system monitoring and control in the smart grid envi-

ronment, it is necessary to propose more economical and effective PMU placement frame-

works for system planning. 

Conventionally, system state estimation (SE) dependents on the measurements of 

the remote terminal units (RTUs) in the supervisory control and data acquisition (SCADA) 

system. It is a significant drawback that such measurements of low sampling rate are 

asynchronous, thus can hardly capture the fast-changing system dynamics [1]. Therefore, 

in order to serve for SE, PMUs are most commonly deployed ensuring system-wide ob-

servability in many existing researches. However, considering the difficulties of real-time 
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communication, storage and management associated with the large amount of data pro-

vided by PMUs, SCADA system can hardly be completely replaced by wide area moni-

toring systems (WAMS) at the present stage [5]. As a result, measurements from SCADA 

and WAMS have to be collectively used to conduct system SE, which has been widely 

accepted as a practical approach [1, 5, 6]. 

On the other hand, voltage instability caused by various disturbances is becoming a 

major threat to the power system. To realize an effective system-wide voltage control, 

generators, reactive power compensation and tap changers should be controlled in a ho-

listic manner. An automatic voltage control may be effective to avoid time delay of human 

actions. Owing to the high speed of sampling of PMUs, the voltage variation of power 

system can be easily monitored and hence voltage control can be effectively indicated by 

the guidance obtained from the time-synchronized measurements provided by WAMS. 

Toward this end, to achieve accurate SE and fast voltage control, a new PMU place-

ment scheme, which should extensively account for the voltage estimation uncertainty 

and zonal voltage controllability, is necessary to be proposed.  

The secondary voltage control (SVC) is adopted by some companies to enhance the 

system voltage stability [7]. The effect of SVC scheme is to maintain the voltage of pilot 

buses at reference values through regulating reactive power sources. Therefore, in some 

previous OPP methods, PMUs are placed on the pilot buses. However, voltage control is 

essentially a dynamic problem, which cannot be perfectly reflected in static SVC analysis. 

The “critical buses”, on which the voltages are vulnerable and easy to collapse under dis-

turbance decide the stability of the whole system. Compared to “pilot buses”, they need 
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PMU’s real-time monitoring more, because PMUs can accurately capture the fast-chang-

ing dynamics of the system voltage. Voltage small signal stability considers the power 

system’s ability to maintain voltage in an acceptable range after small disturbance, e.g. 

change in load [12]. Therefore, the voltage small signal stability of critical buses is the 

preliminary indication of the changing trend of the system-wide voltage stability. The 

dynamic feature of the system voltage can be reflected by small signal stability analysis. 

To achieve accurate voltage stability assessment and then facilitate voltage control, PMU 

placement scheme considering dynamic voltage stability is also in need. 

 

1.2 Literature Review 

Generally, according to the problem formulation, OPP problems can be divided into 

two classes. The first class is about finding the minimum number of PMUs and their best 

location to make the entire system observable. According to this core idea, observability 

analysis and spanning tree construction based on Graph Theory are most widely employed 

to deal with this type of problems using different algorithms. Meanwhile, considering 

different constraints, different formulations of OPP problem are resulted. For example, in 

[8], considering the effect of zero-injection buses (ZIBs) and conventional measurements, 

a generalized integer linear programming (ILP) formulation of OPP is proposed. Addi-

tional contingencies like line outage and loss of measurement are considered in the OPP 

problems formulated in [9] and [10]. In [11], an exhaustive binary search method is used 
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to solve the OPP problem. In [12], in addition to full observability, OPP also seeks solu-

tion with maximal measurement redundancy under both normal and controlled islanding 

operating conditions. The approach in [13] determines the OPP solution that guarantees 

the observability of the system, and then the entire system is decomposed into observable 

islands that do not overlap with each other to achieve a distributed SE. Many heuristic 

algorithms such as simulated annealing (SA), genetic algorithm (GA) are used in [14-16] 

in order to construct full-rank measurement spanning tree. The second category of OPP 

problems are widely tailored for specific applications. For example, the approach reported 

in [5] seeks OPP solutions that can only observe a simplified core network, thus the num-

ber of PMUs is further reduced. The method in [17] considers the influence of topological 

properties on the feasibility of communication. In [18], the objective of OPP is to meet 

the specified real-time measurement availability profile throughout the system. The meth-

ods in [19] and [20] develop the OPP problem from an informational perspective to max-

imize the observed state information meanwhile minimizing the redundant information 

obtained by PMUs. In [21], PMUs are placed on pilot buses used for the secondary voltage 

control. The methods in [22-24] assign PMUs to observe the bus with vulnerable voltage 

stability status, which is ranked by static stability index. In [25, 26], PMUs are placed on 

generator buses or buses with high priorities to monitor the rotor angle variation and help 

in control scheme for small-signal stability. 

In order to fully understand the state of the art of the OPP problem, the comparison 

of the existing representative methods is shown in Table 1.1. 

Table 1.1 Comparison of existing representative OPP methods and the proposed methods 
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 Objective Methodology 

Consider 
channel 
alloca-
tion opti-
miza-
tion? 

Consider the 
participation 
of SCADA? 

Con-
sider 
different 
operat-
ing sce-
narios? 

Consider 
dynamic 
voltage 
stability? 

Refer-
ence 

Existing 
repre-
sentative 
OPP 
methods 

Achieve sys-
tem-wide ob-
servability 

Graph the-
ory: ob-
servability 
analysis 

Integer linear 
Program-
ming (ILP) 

No No No No [8, 9, 
27] 

Binary 
search algo-
rithm 

No No No No [11] 

Convex pro-
gramming, 
Simulated 
Annealing 

No No No No [10, 
12] 

Graph theory: spanning 
tree of full rank No No No No [14-

16] 
Achieve core 
network ob-
servability 

Load zone division No Yes No No [5] 

Ensure topo-
logical com-
munication 
feasibility 

Graph the-
ory: line of 
sight 
(LOS) 

Greedy algo-
rithm No No No No [17] 

Meet the spec-
ified real-time 
measurement 
availability 
profile 

Graph the-
ory: ob-
servability 
analysis 

Iterative lin-
ear 
program-
ming 

No No No No [18] 

Maximize the 
obtained state 
information 

Greedy algorithm No No No No [19, 
20] 

Facilitate sec-
ondary volt-
age control 

Place PMUs on pilot 
buses No No No No [21] 

Observe volt-
age-vulnera-
ble buses 

Follow the ranking of 
static stability index No No No No [22-

24] 

Facilitate as-
sessing small 
signal stability 
of rotor angle 

Place PMUs on genera-
tor buses No No No No [25, 

26] 

Proposed 
OPP 

Cost effec-
tively achieve ILP Yes No No No Chap-

ter 2  
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methods 
in this 
thesis 

system-wide 
observability 

Improve volt-
age estimation 
accuracy and 
facilitate SVC 

Graph the-
ory: multi-
objective 
network 
partition-
ing 

Spectral 
clustering No Yes Yes No Chap-

ter 3  

Provide high 
measurement 
redundancy to 
voltage vul-
nerable buses 

ILP 

New meth-
odology for 
voltage small 
signal stabil-
ity assess-
ment 

Yes No Yes Yes Chap-
ter 4  

 
1.3 Incentive of Thesis 

As can be learnt from Table 1.1, typically, it is assumed in OPP problems that each 

PMU assigns one channel to measure the voltage of the PMU bus, and one channel for 

each adjacent branch to measure the current flowing through it. In other words, maximal 

channel availability is assumed, which however, will cause channel redundancy and ex-

cess investment. The allocation of channel also can be optimized to achieve a more eco-

nomical solution. For the basic observability-aimed OPP problem, a channel-oriented op-

timizing formulation is in need. Therefore, in this thesis, a channel oriented OPP approach 

aiming at global observability is proposed. 

It is also learnt from Table 1.1 that most of the OPP problems raised in the literature 

are formulated for analyzing the observable depth in system-wide observability. This is 

because PMU measurements are used to cover the entire SE in a conventional manner in 

lack of cooperation with measurements from SCADA, which is not feasible at the present 
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stage. Moreover, effective voltage stability assessment and control can benefit signifi-

cantly from synchro phasor PMU measurement, which however, is very few studied in 

the literature. Voltage stability problem can be analyzed from both static and dynamic 

point of view. In the static sense, voltage variation of the system is caused by the change 

of the power flow. Especially, in transmission network, the system voltage is mainly in-

fluenced by the change of reactive power flow, which is resulted from the change of re-

active load and reactive power compensation. Therefore, SVC always follows the guid-

ance of the measurement on the pilot buses, which are selected based on voltage-reactive 

power (V-Q) sensibility. As far as 1990’s, PMUs were investigated to be placed at pilot 

buses used for the secondary voltage control [21]. The PMU placement approach in [28] 

also chooses pilot buses as critical buses in voltage stability. However, without the re-

striction of global observability, to achieve more accurate SE in cooperation with SCADA 

measurements, meanwhile facilitating SVC in a static sense, new OPP methods need fur-

ther investigation. Therefore, in this thesis, a new OPP regime considering mitigating 

voltage estimation uncertainty as well as providing guidance for zonal voltage control is 

proposed. 

OPP facilitating voltage stability can be investigated from another perspective, that 

is to make the voltage-vulnerable “critical buses” always observed by PMUs even under 

n-1 contingencies. When the global observability requirement is satisfied in normal oper-

ating condition, if the PMU backup is only given to some “critical buses”, the investment 

can be further reduced than providing backup for the whole system. 
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Then the question is how to choose the “critical buses”. Many previous works have 

been carried out about vulnerable bus selection or ranking. Pilot bus is the choice of many 

researchers. In [29], the vulnerability of bus is determined by the distance between actual 

load and maximum load limit, which is obtained through Continuation Power Flow (CPF) 

analysis. Therefore, this is also a static modelling of voltage stability analysis. Afterwards, 

many studies used the CPF-based loadability as a voltage stability index to rank and de-

termine the vulnerable or critical buses [30]. The methods in [22-24] assign PMUs to 

observe the voltage-vulnerable buses, which is also decided by the ranking of this static 

stability index. 

However, essentially voltage stability is a dynamic problem. Dynamic voltage sta-

bility is a key operation index of power system and also an important application of PMU. 

The “critical buses” should be selected as the buses, on which the voltages are vulnerable 

and easy to collapse under disturbance. Unfortunately, this cannot be accurately indicated 

by static index like loadability. In static voltage stability analysis method, the complex 

differential equations are simplified to simple linear algebraic equations, thus the solution 

can not reflect the dynamic characteristic of the voltage. 

The dynamic characteristic of bus voltage in terms of voltage small signal stability, 

which is an important subset of the power system global stability, is considered in this 

study. Voltage small signal stability considers the power system’s ability to maintain volt-

age within an acceptable range after small disturbance, such as load change [31]. Tradi-

tional small signal stability mainly considers electromechanical oscillation among gener-

ator sets, thus focuses on the variation of inner generator states, such as rotor angle, rotor 
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speed, and internal voltage [32]. Based on this idea, in [25, 26], PMUs are placed on 

generator buses or buses with high priorities to monitor the rotor angle variation and help 

in control scheme for small-signal stability. However, grid-wide small signal stability of 

voltage was rarely studied before, except for some static analysis methods. In [33], it is 

examined that the load-flow Jacobian can be used to evaluate system steady-state stability. 

After that, modal analysis technique is proposed in [34] to discuss voltage small signal 

stability, in which the voltage dynamic is considered only caused by load change, yet 

neglecting the generator’s dynamic influence. In [31, 35], although both of the static and 

dynamic analysis are carried out, essentially, they are just performed in two stages, in 

which the small signal stability still focuses on generator’s rotor angle stability, and volt-

age stability is evaluated through CPF. To the author’s best knowledge, there are hardly 

any studies in the literature analyzing voltage small signal stability essentially from a dy-

namic point of view including the influence of both load change and generator dynamics. 

Therefore, in this thesis, a novel methodology is explored toward evaluating grid-wide 

voltage small signal stability by modal analysis. Then the voltage-vulnerable buses are 

selected as critical buses that need PMU backup. 

In addition, traditional OPP problems are solved only based on the network topology, 

or only under one snap shot of the system operating condition, ignoring the effect of dif-

ferent operating scenarios, thus may lead to biased solution for system planning. There-

fore, all of the proposed approaches consider various operating scenarios so that the ob-

tained PMU placement solutions are unbiased for planning purpose. 
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As stated above, three OPP approaches are proposed in this thesis. The comparison 

between these approaches and those in the literature is also presented in Table 1.1, from 

which the advantages of the proposed approaches can be seen. 

1.4 Thesis Layout 

The remainder of this thesis is organized as follows. 

In Chapter 2, an observability-based channel-oriented OPP scheme is developed, 

which is presented as an integer linear programming problem. The innovation is that the 

channel allocation of PMU is also taken as an optimization variable. Each PMU can 

choose whether or not to allocate channels to measure the voltage of the bus on which it 

is installed and the current flowing through the adjacent branches. In this way, the con-

struction investment of the monitoring system can be further reduced. Although the opti-

mization objective is to achieve system-wide observability, the observation redundancy 

of every bus can be intentionally defined by the system planner according to different 

system requirement. 

In Chapter 3, a new OPP regime is developed. In this new regime, considerably 

small number of PMUs are used collaborating with widely configured SCADA system to 

reduce the uncertainty of voltage estimation meanwhile providing guidance for zonal volt-

age stability assessment and control in a static sense. Specifically, the OPP problem is 

converted into a multi-objective network partitioning problem, in which the best partitions 

seek clusters with minimum voltage estimation uncertainty and maximum voltage varia-

tion consistency. In addition, unlike the traditional OPP problems, the new regime takes 
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into account the uncertainties of the time-changing load pattern and generator output from 

a stochastic perspective. To best illustrate these uncertainties, probabilistic load flows 

(PLFs) are deployed to represent a variety of operating conditions so that an unbiased 

PMU placement solution for planning purpose can be obtained. 

An OPP approach aiming at facilitating dynamic voltage small signal stability as-

sessment is proposed in Chapter 4. Firstly, a novel methodology is explored toward eval-

uating grid-wide voltage small signal stability by modal analysis. Bus voltage is consid-

ered not only influenced by reactive load change but also by the inner generator dynamics. 

Afterwards, regional voltage-vulnerable buses are determined through grid partitioning 

by self-organization maps (SOM) algorithm. To achieve a general solution that is suitable 

for different operating conditions, various operating scenarios are generated by sequential 

Monte Carlo simulation. Finally, the regional voltage-vulnerable buses are taken as the 

critical buses to be monitored by PMUs with 1-time redundancy. The PMU placement 

and channel allocation solutions are obtained through the ILP formulation described in 

Chapter 2. 

In the end, Chapter 5 concludes this thesis. Some prospective extensions for future 

work are also summarized.   
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Chapter 2  Optimal PMU Placement and Channel Allocation 

for System-Wide Observability 

2.1 Introduction 

In this section, a channel-oriented Optimal PMU Placement (OPP) problem is for-

mulated as an Integer Linear Programming (ILP) model where the location of PMUs and 

their channels are treated as binary optimization variables. Their values are determined 

with minimizing an explicit cost objective function meanwhile making the entire system 

observable. The channel-based concept means a PMU will only observe some of its adja-

cent buses including the bus it is placed on through the optimally allocated channels to 

achieve an economically efficient solution [24]. In addition, the observation redundancy 

of every bus can be intentionally defined by the system planner according to different 

system requirement. 

 

2.2 Objective Function 

In the investment of PMU installation, the cost of channels of PMU accounts for a 

large proportion. In most previous studies, researchers did not consider optimal channel 

allocation and assumed current channels are allocated to every branch connecting to the 

PMU bus. In fact, this will cause channel redundancy, that make some buses observed by 

PMU channel for many times. If besides PMU location, we also consider the allocation 

of channel as an optimization variable, the number of redundant channels and the total 
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investment cost could be further reduced. Here we use CPMU to represent the cost of a base 

unit of PMU, and Cch for the cost of a channel of PMU. xi (i=1,2,…,n) is a binary variable 

representing PMU location. If a PMU is placed on bus i, xi=1; if not, xi=0. chij is a binary 

variable representing channel allocation of the PMU on bus i. If a channel is assigned to 

measure the voltage on bus i, then chii=1; If a channel is assigned to measure the current 

on branch ij, chij=1. Therefore, the objective function in the proposed method is to mini-

mize the total cost of the PMU base units and their channels. It is expressed as 

 
,

 PMU i ch ij
i SB i j SB

Min F C x C ch
∈ ∈

= +∑ ∑  (2-1) 

 
where SB is the set of all the bus number { }1,2, ,n! . n represents the number of buses in 

the power system throughout this thesis.   

 

2.3 Constraints 

The constraints of the proposed method are expressed as 

ij ij ich a x≤                                                                                                 (2-2) 

, 1i i SNZ ji
j SB

f ch∈
∈

= ≥∑                                                                  (2-3) 

1 2 1 2 1 21 ,i i ji ji z z
j SB j SB

f f ch ch i SAZ i SAZ
∈ ∈

+ = + ≥ ∈ ∈∑ ∑              (2-4) 

,i i SC ji
j SB

f ch b∈
∈

= ≥∑                                                                   (2-5) 

Equation (2-2) is the channel constraint. Asys is the node incidence matrix, whose 

element aij=1 if there is a branch connecting bus i and bus j; if not, aij=0. All the diagonal 

elements aii=1. Thus (2-2) indicates that, if i≠j, when a PMU is placed at bus i (xi=1), 

meanwhile there is a branch connecting bus i and bus j (aij=1), then a channel can be 
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assigned to that branch to measure the current (chij=1) or not (chij=0). If i=j, since aii=1, a 

channel can be assigned to that bus to measure the voltage (chii=1) or not (chii=0). 

Equations (2-3)~(2-5) are the observability constraints. In the proposed method, the 

observability of each bus can be intentionally decided by system planner. The observabil-

ity for each bus is defined as the total number of times it being observed through voltage 

channel on that bus or current channel assigned to the branch connecting to that bus, which 

is expressed as 

 ,i i SB ji
j SB

f ch∈
∈

= ∑   (2-6) 

The basic requirement for observability is that every bus must be observed at least 

one time, which means !" ≥ 1. However, in many cases, some buses are selected as criti-

cal buses (SC) that are required to be observed more than once. This observability redun-

dancy ensures the critical buses being monitored in time even in contingency like PMU 

channel loss or line outage. This constraint is expressed in (2-5), in which b is the number 

of times that the critical buses supposed to be observed, which is decided by system plan-

ner. In addition, zero injection buses are specially considered. The zth zero injection bus 

and its neighboring buses make up the set of buses around the zth zero injection bus (SAZz). 

As expressed in (2-4), in SAZz, since the power injection of zero injection bus is known 

to be zero, as long as the sum of observability of any two buses is larger than one, then all 

the buses in SAZz are observable. At last, the buses that neither belong to SC nor SAZz 

make up the set of buses not around any zero-injection bus (SNZ). The buses in SNZ only 

need to fulfill the basic observability requirement, which is expressed in (2-3). 
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2.4 Case Studies 

The proposed OPP approach is tested on IEEE 14-, 39-, 57-, 118-bus systems. Here 

no critical bus is defined in the tests, which means all the buses in the system should be 

monitored at least one time. The test considering critical buses will be later introduced in 

Chapter 4. The cost for each base unit of PMU is assumed to be $20000 and $3000 for 

each channel per market price [24]. 

To clearly illustrate the result of this method, the numerical test on IEEE 14-bus 

system is presented here in detail. The bus categories of this system are listed in Table 2.1. 

 
Table 2.1 Bus categories in IEEE 14-bus system 

Category Bus # 
SC Ø 

Zero Injection Bus 7 
SAZ1 4, 7, 8, 9 
SNZ 1, 2, 3, 5, 6, 10, 11, 12, 13, 14 

 

The resulted PMU placement and channel allocation on IEEE 14-bus system are 

shown in Fig 2.1. The dots mark the location of PMUs. If the dot is solid, it means a 

channel is allocated to measure the voltage on the PMU bus. Each arrow represents a 

channel allocated on that branch to measure the current vector flow through that branch. 

The location of PMUs and all the details about where the channels are allocated are listed 

in Table 2.2. 



 

17 
 

 

Fig 2.1 Result of PMU placement and channel allocation in IEEE 14-bus system 

 

Table 2.2 Result of PMU placement, channel allocation, and total cost of IEEE 14-bus 
system 

 PMU location Channel allocation Cost ($) 

Bus # 

2 

2-1 
2-2 
2-3 
2-4 

 

6 

6-5 
6-6 
6-11 
6-12 
6-13 

 

9 

9-7 
9-9 
9-10 
9-14 

 

Total number 3 13 99000 
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The test results as well as the comparison with some previous studies are shown in 

Table 2.3. It can be seen that the planning solutions of channel-oriented OPP method take 

less cost than other studies. In most cases, instead of the number of PMUs, the number of 

channels has been largely reduced when they get reasonably allocated, which significantly 

contributes in saving the investment. These results confirm that more cost-effective solu-

tion can be obtained by the channel-oriented OPP approach due to a better allocation 

strategy of the PMU channels. 

Table 2.3 Test results of the proposed channel-oriented OPP method and the comparison 
with previous studies 

Test 
sys-
tem 

Method Number 
of PMUs 

Number 
of Chan-

nels 
Cost ($) Method Number 

of PMUs 

Number 
of Chan-

nels 

Cost 
($) 

14-
bus [36] 3 15 105000 

The pro-
posed 

method 

3 13 99000 

39-
bus [37] 8 33 259000 9 30 270000 

57-
bus [38] 14 60 460000 14 45 415000 

118-
bus 

[36] 29 141 1003000 

29 110 910000 
[37] 29 148 1024000 
[39] 28 137 971000 
[9] 28 147 1001000 

[40] 26 131 913000 
 

2.5 Summary of This Chapter 

In this Chapter, a new channel-oriented OPP approach is proposed aiming at system-

wide observability. In addition, the observability of zero-injection buses and their adjacent 
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buses are specially addressed, to make the observability to be strictly fulfilled. Consider-

ing the allocation of PMU channels as optimal variable can significantly reduce the un-

necessary redundancy of channel observation, therefore reduce the investment. The test 

results on IEEE standard systems confirm the cost-effectiveness of the proposed approach 

due to the reasonable allocation of the PMU channels. Moreover, for some critical buses, 

observability redundancy can be additionally added to them according to specific system 

operation requirement. This will be described in detail in Chapter 4.  
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Chapter 3  Optimal PMU Placement Considering State Esti-

mation Uncertainty and Static Voltage Controlla-

bility 

3.1 Introduction 

Provided that the power transmission network is already observable via the SCADA 

system. However, since the accuracy of the measurements from remote terminal units is 

low, and the measurements are asynchronous, the result of state estimation is not accurate 

enough. So we aim to place small number of PMUs in some important locations facilitat-

ing SCADA system to improve the accuracy of state estimation. Since the time resolution 

of PMU measurement is high, and the measurement is synchronized, the states of the 

whole system can be obtained with no time error. Due to these advantages, the accuracy 

and speed of system state estimation can be improved. 

 Therefore, in this chapter, a new OPP regime without the global observability con-

straint is developed. In this new regime, considerably small number of PMUs are used 

collaborating with widely configured SCADA system to reduce the uncertainty of voltage 

estimation meanwhile providing guidance for zonal voltage stability assessment and con-

trol in a static sense. The contributions of the work in this chapter include the following 

aspects: 
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1. Measurements from WAMS and SCADA are collectively used for system SE. 

This application is more practical at the present stage and the PMU placement 

does not have to fulfil the system-wide observability. Therefore, the required num-

ber of PMUs is further decreased. 

2. The OPP problem is newly formulated as a multi-objective network partitioning 

problem seeking best clusters with minimal voltage estimation uncertainty and 

maximal zonal voltage variation consistency, thus can facilitate the voltage stabil-

ity assessment and control in a static sense. 

3. Different operating conditions are considered stochastically in the OPP problem. 

The uncertainties of load pattern and generator output are considered by employ-

ing PLF, through which we can get unbiased solution for planning purpose. 

4. Spectral clustering is suitably deployed to solve the multi-objective network par-

titioning problem. This kind of problem is usually NP-complete and difficult to 

solve by traditional partitioning approaches. 

The rest of this chapter is organized as follows. Preliminaries related to our work 

are firstly reviewed and then the systematic procedure of the proposed new OPP regime 

is introduced, following by the detailed problem formulation. Afterwards, the proposed 

OPP methodology is described and tested on IEEE New England 39-bus and IEEE 118-

bus systems. 

 

3.2 Related Studies and the New OPP Regime 
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3.2.1 Uncertainty of state estimation  

The role of state estimation (SE) is to give the most likely estimate of the power 

system operating condition by dealing with the redundant measurements collected from 

the system and properly filtering out the measurement errors [41]. It can be implemented 

by a variety of methods that mostly based on weighted least squares (WLS) algorithm. 

According to [41], SE can be more accurately achieved with the measurements from 

SCADA and WAMS collectively than only depending on WAMS. Meanwhile, the volt-

age magnitude estimation uncertainty of different PMU placement can be calculated 

through branch-current state estimation (BCSE) algorithms. Specifically, for a power net-

work with nbr branches, if all the nodal power injections and/or generation are measured 

by RTUs, when one PMU is added on bus i, the uncertainty σij
2 in estimating voltage 

magnitude Vj of bus j can be obtained by Algorithm 1 described in Table 3.1. 

Table 3.1 Uncertainty calculation of voltage magnitude estimation 

Algorithm 1: Uncertainty calculation of voltage magnitude estimation 

inputs: index of the bus that the PMU is installed: bus i 

index of the bus whose voltage magnitude is to be estimated: bus j 

measurement error of each measuring device 

output: the uncertainty of voltage magnitude estimation on bus j: σij
2 

1. Based on the general measurement model z=h(x)+e, construct the vector of the 

measurement functions h=[h1…hm]T. Here z=[z1…zm]T is the vector of the m meas-
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urements, 1 2 2[ ]
br

T
nx x +=x !  is the vector of (2+2nbr) state variables, which in-

cludes the voltage magnitude and phase angle of bus j as well as real and imagi-

nary part of the nbr branch currents. e is the measurement noise vector. 

2. Construct the Jacobian matrix H of the measurement functions with respect to the 

state variables. 

3. Construct weighting matrix W as the inverse of the covariance matrix of the meas-

urement errors. 

4. Construct Gain matrix G=HTWH. 

5. Split G into four blocks as 
⎡ ⎤
⎢ ⎥
⎣ ⎦

A B
G =

C D
, where A is a 2×2 matrix, B is a 2×nbr 

matrix, C=BT, and D is a 2nbr ×2nbr square matrix. 

6. Construct vector b as the transpose of the first row of B. 

7. Compute the covariance matrix of the rectangular current estimation: 

-1 -1
IΣ = (D-CA B)  

8. Compute weighting factor 21/
i iV Vω σ= , where 2

iV
σ  is the variance of PMU’s volt-

age magnitude measuring error on bus i. 

9. Compute the uncertainty of voltage magnitude estimation on bus j by: 

2
2

1 1

i i

ij
V V

σ
ω ω

⎡ ⎤≅ + ⎣ ⎦
T

Ib Σ b          (3-1) 

 

In Eq. (3-1), the first term only depends on the measuring accuracy of PMU itself. 
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As for the second term, the following holds: 

    if  
( )

   if  
i

i

li li V bri

li li V bri

R l n
l

X l n

λ ω

λ ω

⎧ ≤⎪≅ ⎨
>⎪⎩

∑
∑

b                                                 (3-2) 

where λli is equal to 1 if branch l is in the path considered in the Jacobian from bus i to 

bus j, and 0 otherwise. li lR r= −  and li lX x= −  are the derivatives of the voltage magnitude 

measurement of bus i with respect to the real and imaginary part of branch l’s current, 

respectively. rl and xl denote the resistance and reactance of branch l. This indicates that 

the second term of (3-1) comes from the uncertainty of the voltage drop, which is caused 

by the uncertainty of current measurement along the path from the PMU bus to the esti-

mated bus. 

As a result, the accuracy of state estimation can be globally revealed through an 

underlying network, in which edge weights are expressed as pair-wise estimation uncer-

tainty σij
2. In this sense, two nodes with small inter σij

2 are closely related, and vice versa. 

In this study, the buses that are supposed to be closely correlated are clustered into one 

“self-estimated” area, based on which hierarchical multi-area BCSE is effectively de-

ployed. 

Typically, when considering multi-area state estimation, the concerned buses in area 

k can be divided into the following three categories. 

• internal bus—the bus whose neighbour buses are all belong to area k; 

• boundary bus—the bus which belongs to area k but with at least one neighbour bus 

belongs to another area; 
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• external bus—the bus which is boundary bus of other areas but with connection to 

boundary bus in area k. 

In this study, the PMU placement location is implied by the centroid of each self-

estimated area, which is resulted via optimal network partitioning. Therefore, for the pur-

pose of PMU placement planning, distinguished from conventional multi-area SE, this 

study only focuses on area-wide local state estimation. Admittedly, in multi-area state 

estimation, it is an essential step to comprehensively coordinate intra-area and inter-area 

state estimation results to correct the states of boundary buses for the sake of the overall 

performance of state estimation [42]. However, it is not necessary in an optimal-partition 

based PMU placement problem thus will not be discussed in this study. 

3.2.2 Zonal voltage control in a static sense 

Another important objective of the OPP problem in this study is to provide guidance 

for SVC. In order to implement effective SVC, all the buses in the system should firstly 

be divided into several self-coupled clusters. Here the related voltage stability and control 

problems are analysed in a static sense. That means, the voltage variation is considered to 

only depend on the change of reactive power flow in the network. Thus, the buses that are 

closely coupled to the same reactive power sources will be grouped into one cluster. Such 

coupling level can be represented by the sensitivity of bus voltage variation relating to the 

output change of the reactive power sources, which, in this study, are the generators. As 

reported in [43], if sig denotes the sensitivity of generator g’s reactive power output relat-

ing to bus i’s voltage magnitude, then for bus i, a coupling level vector is defined as 
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( )1 2, , ,i i igx x x! , where 1/ig igx s= . This vector reveals the effect of regulating the gener-

ator’s reactive power output on the change of bus i’s voltage magnitude. Therefore, the 

affinity in terms of static voltage control between bus i ( )1 2, , ,i i igx x x!  and bus j 

( )1 2, , ,j j jgx x x!  can be defined as 

2 2

1 1ij i j ig jgd x x x x= − + + −!                                              (3-3) 

In fact, it represents the closeness of the two buses coupling to the same set of gen-

erators. Therefore, the underlying network with edge weights expressed as pair-wise dis-

tance dij can globally reveal the efficiency of zonal voltage control. In this sense, two 

nodes with small dij are closely related, and vice versa. SVC is achieved by effectively 

dividing the network into multiple “self-governed” areas where the bus voltage changes 

in each area are strongly correlated under external reactive power disturbance. The PMU 

placement location is implied by the centroid of each self-governed area, which is resulted 

via optimal network partitioning. As a result, the representative voltage change of each 

area can be monitored in time, thus quick and correct guidance can be provided to the 

subsequent voltage control. 

3.2.3 Probabilistic Load Flow 

As mentioned in Section 3.1, different operating scenarios are considered in the OPP 

problem of this work. PLF is incorporated in our approach to deal with the uncertainties 

arisen from the stochastically changing load and generator output. In the PLF modelling, 
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binary distribution based forced outage rate is assumed for the generator output, and nor-

mal distribution is assumed for the load demand. Through the PLF computation, the prob-

ability distribution of system voltage value can be obtained, which is used to calculate the 

pair-wise voltage estimation uncertainty and voltage change consistency. 

Many algorithms are employed in the literature in order to solve the PLF, such as 

first-order second-moment method (FOSMM) [44], cumulant method (CM) with Gram-

Charlier expansion [45], point estimate method (PEM) [46] and so on. Among these al-

gorithms, PEM is shown to be the most efficient one. Furthermore, its result is the closest 

to that of the Monte Carlo simulation-based PLF. Therefore, the proposed approach em-

ploys PEM to analytically solve the PLF. 

3.2.4 Power network partitioning 

Generally, graph theory is utilized in solving the network partitioning problem. 

Given a set of n buses V with |V|=n and the set of branches linking V all with weights 

representing inter-bus affinity, then V can be partitioned into K clusters { }1 2, , , KC C C!

where iC V∈ , and i jC C =∅!  by removing branches connecting these clusters. This 

group of branches is called cutset, and the sum of the weights in a cutset is termed as cut 

[50]. The objective of the present study is to find out the network partitioning solution 

with minimum cut in terms of both the two electrical features. In this work, we use the 

classical spectral clustering technique [47] as the tool to get the optimal solution. It should 

be pointed out that this part of work can also be handled by other multi-objective parti-
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tioning algorithms such as spectral embedding by directly incorporating the two objec-

tives [49], self-organising map spectral clustering [48], and etc. However, this is not the 

focus of the current work and will not be further discussed herein. 

Spectral clustering is performed on the network Laplacian matrix. In order to avoid 

unbalanced partitioning, normalized Laplacian is utilized in the proposed method. Details 

are explained as follows. 

In a power network, when buses are taken as vertices and branches are taken as 

edges, this network can be simplified to a graph as described above. The electric-Lapla-

cian matrix of this graph can be regarded as a matrix representation of this power network, 

which can be expressed as: 

 ( )-1
eL = E E-A                                                          (3-4) 

 { }1 2 1
, , , ,     n

n i ijj
diag e e e e A

=
= =∑E !                                        (3-5) 

where ( )
, 1,2, ,ij i j n

A
=

=A
!

is the weighted affinity matrix, and E is the degree matrix. 

The eigenvalues of Le are denoted by , 1,2, ,i i nλ = ! , which are arranged corre-

sponding to the ascending order. It should be noted that λ1=0. As reported in [51], the 

performance of clustering has a close relationship with the eigengap between the two 

specified successive eigenvalues of Le. The larger the eigengap 1m mλ λ+ −  is, the more 

information indicating the correct partitioning solution is contained in the first m-1 eigen-

vectors corresponding to the first m-1 nonzero eigenvalues. In Section 3.4, the algorithm 

of multi-objective normalized spectral clustering will be introduced in detail. 
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3.3 Systematic Procedure and the Problem Formulation of the Pro-

posed OPP Regime 

The newly proposed OPP regime is based on the result of spectral network parti-

tioning, where the PMU placement location is chosen as the centroid of each partition 

with particular engineering consideration. Specifically, if the Laplacian of a combined-

weighting network is constructed considering both the uncertainty of state estimation and 

the consistency of voltage variation, its eigen structure can reveal the optimal network 

partitioning for bi-objectives [47-49]. For this purpose, spectral clustering method is most 

suitable to deal with the integrated Laplacian based partitioning problem, so that the op-

timal segmentation boundaries and the corresponding centroids fulfilling both targets can 

be effectively captured. Echo with the preceding review of the related studies in Section 

3.2.1, 3.2.2 and 3.2.3, placing PMUs on the resultant centroids can improve the local state 

estimation accuracy as well as monitor the area-wide representative voltage variation in 

real time. For clear understanding, the proposed OPP regime is interpreted as a conceptual 

systematic flowchart shown in Fig 3.1. 
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Fig 3.1 Conceptual systematic flowchart of the proposed OPP regime 

 

As described above, in the current work, the OPP problem is formulated as a multi-

objective partitioning problem, in which the power network is divided into several self-

coupling clusters in terms of voltage estimation uncertainty and controllability. In the next 

part, the detailed problem formulation is explained. 

If K PMUs are planned to be placed in the power system, then the network is aimed 

to be partitioned into K clusters { }1 2, , , KC C C!  with one PMU placed on the bus that is 

closest to the centroid of each cluster. The two partitioning objectives in terms of the two 

electrical features are: 
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min (): +,-./01	3/045.671	18.53/.5,4	6491:./54.;

min (<: 549,4858.149;	,!	+,-./01	9ℎ/4018	>5.ℎ54	9-681:
 

These two objectives can be mathematically expressed as: 

 2 2

k 1
1 2

1 1

1min : ,     :
kCK K

j V
j

i
kK

σ σε ε
Δ

= = =

⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

∑∑ ∑                                           (3-6) 

where ε1 is the grid-wide total uncertainty of voltage magnitude estimation; ε2 is the grid-

wide average intra-cluster voltage change variance. 2
ijσ  is the uncertainty of voltage esti-

mation on bus j as described in Section 3.2.1. 2
Vσ Δ

 is the variance of voltage change on 

all the buses in Ck under reactive power disturbance. Satisfying these two competing ob-

jectives, the estimation errors caused by long voltage drop path within clusters and the 

inconsistency of voltage change caused by loosely coupled intra-cluster buses associated 

with reactive power sources are simultaneously considered. Detailed description will be 

presented in the next section. 

 

3.4 The Proposed OPP Methodology 

In this section, the detailed algorithm for solving the OPP problem based on multi-

objective network partitioning is presented. Fig 3.2 shows the flowchart of the proposed 

method. 
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1.Construct D1 and D2

2.Calculate affinity matrices A1 
and A2

Network 
representation

3.Input K

4.Spectral clustering 
initialization

5.Spectral clustering based on 
the integrated affinity matrix A

6.Cluster refining

Multi-objective 
partitioning

7.Evaluating clustering 
performance with �1,�2

8.Criterion based OPP strategy  

Fig 3.2 Detailed flowchart of the proposed OPP algorithm 

3.4.1 Representation of the network 

The purpose of this step is to construct two weighted affinity matrices of the network 

from the view of both voltage estimation uncertainty and voltage controllability. Firstly, 

we define two types of inter-bus electrical distance matrix as follows. 

1) Electrical distance matrix in terms of voltage magnitude estimation uncertainty 

This n by n electrical distance matrix denoted by D1 is expressed as: 

 [ ] ( )2 21    if 
2
0                       if 

ij ji
ij

i j

i j

σ σ⎧ × + ≠⎪= ⎨
⎪ =⎩

1D                                              (3-7) 

where 2
ijσ  is the voltage magnitude estimation uncertainty of bus j when PMU is placed 

on bus i, and 2
jiσ  is the voltage magnitude estimation uncertainty of bus i when PMU is 

placed on bus j: 
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                                                   (3-8) 

Here we take the average of these two uncertainties as the distance between bus i 

and bus j in terms of voltage magnitude estimation uncertainty. 

As stated before, in order to get a planning solution suitable for different operating 

scenarios, PLF is employed here. Thus, the obtained system voltage under stochastic sce-

narios conforms to a form of normal distribution. Then the computation of ΣI takes use of 

the mean value of the voltage distribution, thus the distance matrix D1 is considered to be 

unbiased and suitable for different operating conditions. 

2) Electrical distance matrix in terms of voltage controllability 

The other n by n electrical distance matrix denoted by D2 is constructed according 

to the description in Section 3.2.2: 

 [ ]
2 2

1 1      if 

0                                                if 
i j ig jg

ij

x x x x i j

i j

⎧ − + + − ≠⎪= ⎨
⎪ =⎩

2D
!                                 (3-9) 

Likewise, the computation of xi1, xi2,…,xig takes use of the mean value of the voltage dis-

tribution obtained from PLF under various operating scenarios. 

It is accepted that the affinity between two buses can be expressed as the inverse of 

the distance between these two buses. As a result, the two affinity matrices in terms of the 

two electrical features can be constructed by the two types of electrical distance matrix as: 
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 [ ] [ ] [ ] [ ]1/   1/   
,   

0             0             
ij ij

ij ij

i j i j

i j i j

⎧ ⎧≠ ≠⎪ ⎪= =⎨ ⎨
= =⎪ ⎪⎩ ⎩

1 2
1 2

D D
A A                             (3-10) 

3.4.2 Multi-objective network partitioning 

In order to reflect both of the two electrical features of the network in one affinity 

matrix, the affinity matrices A1 and A2 are firstly normalized and then integrated into one 

affinity matrix A by a weighted summation as: 

 1 2p p= × + ×1 2A A A                                                  (3-11) 

where p1 and p2 are weighting factors of the two objectives. In this preliminary study, they 

are assumed to be with equal preference and each one is assigned with a weighting factor 

of 0.5 for the sake of simplification. Of course, the weighting factors can be intentionally 

decided by the system planner according to the preference between the two objectives, 

which will not be discussed in this work. 

Since the number of PMUs to be placed, which is also the number of clusters to be 

partitioned (K) is uncertain at the beginning, it needs to be enumerated within a predefined 

range in the procedure of multi-objective network partitioning. 

Based on the integrated affinity matrix A, the PMU placement approach through 

multi-objective network partitioning is performed as described in Algorithm 2. 

Table 3.2 Optimal PMU placement based on network partitioning 

Algorithm 2: Optimal PMU placement based on network partitioning 

inputs: integrated affinity matrix A 
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            The number of clusters, i.e. the number of PMUs: K (to be enumerated) 

output: the network partitioning result and the PMU location 

1. Compute the normalized electric-Laplacian matrix Le. 

2. Compute the eigenvectors of Le and put them corresponding to the ascending or-

der of the eigenvalues. 

3. Following the order of the eigenvalues, find the first local largest eigengap 

1m mλ λ+ − . 

4. Construct ( 1)n mR × −∈X , which is consist of the m-1 eigenvectors 2 3, , ,… mv v v  as 

columns. 

5. For 1,2, ,i n= ! , denote the i-th row of X as the vector xi. Then each xi represents 

one bus of the power system in the Euclidian domain. 

6. Divide the vectors ( )1,2, ,i n=ix !  into K clusters 1 2, , , KC C C!  using the k-means 

algorithm. 

7. Refine the clustering result by moving the bus which singly creates a cluster to an-

other cluster in order to ensure the topological connection of all the clusters. The 

rule of this operation is that isolated buses should be regrouped into the adjacent 

cluster with the smallest cardinality. 

8. The PMU locations are decided as the buses closest to the centroid in every clus-

ter, which are named as the central buses. 



 

36 
 

3.4.3 Criterion based decision of the number of PMUs 

As is stated in the previous section, the number of PMUs K is enumerated in per-

forming the PMU placement algorithm. Thus, for each considered K, a network partition-

ing solution and a set of PMU location can be obtained. Within the solution set, the opti-

mal one should be selected with the optimal number of PMUs being installed. The selec-

tion should be guided by some practical criteria. For instance, when considering economic 

criterion, the cost of PMUs to be installed must be within the investment budget, thus 

limiting the installation number. In addition, the requirement for the two objectives ε1 and 

ε2 could be very specific in some practical applications. In such case, within all the solu-

tions that satisfy the specific criterion, the smallest number of PMUs should be chosen as 

the most economical solution. 

 

3.5 Case Studies and Discussions 

To validate the effectiveness of the proposed OPP regime, numerical tests are car-

ried out on IEEE New England 39-bus and IEEE 118-bus systems. For each system, the 

following two comparative tests are carried out: 

1) Comparative test 1: Deterministic approach (i.e. considering only one operating sce-

nario without deploying PLF) versus probabilistic approach (i.e. considering various 

operating scenarios with PLF deployed in a stochastic manner) 

This comparative test aims to examine the effectiveness of PLF deployed in the 

planning procedure, and whether it can help to obtain an unbiased solution suitable for 

different operating conditions. 
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2) Comparative test 2: Multi-objective PMU placement approach versus single-objective 

ones. 

This comparative test aims to examine the effectiveness of the proposed new multi-

objective PMU placement regime, and whether it can achieve a solution that balances 

both of the two objectives in an acceptable level. 

In order to examine the results under different operating scenarios, Monte Carlo 

simulation is performed to evaluate the two objectives: voltage estimation uncertainty (i.e. 

ε1) and intra-cluster voltage change variance (i.e. ε2) of every placement solution in both 

of the two tests. For every solution, 10000 operating scenarios are generated stochastically 

according to the distribution of the system load pattern. The computation is proceeded in 

the environment of MATLAB programming, and MATPOWER [52] is used to calculate 

the power load flow. 

3.5.1 Parameter setting 

To represent the stochastic load pattern and generator output in the PLF calculation, 

it is assumed that each generator is with a forced outage rate of 0.03, and its output con-

forms to binary distribution. On the other hand, the load pattern is assumed to conform to 

normal distribution, in which the load value in the original IEEE dataset is taken as the 

mean value and 0.5 times mean value is taken as the standard deviation. These assump-

tions are also used in Monte Carlo simulation. 

Measurements of different devices are all assumed to conform to Gaussian distribu-

tion. According to the empirical rule, if a data distribution is approximately normal, then 

about 99.7% of the data values lie within three standard deviations. Therefore, herein with 
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the mean value equals to 0, 1/3 of the measurement precision (i.e. measurement error) of 

the device is taken as the standard deviation. Spacifically, for PMU, the measurement 

precision of voltage magnitude is considered as 1% and 1 crad (10-2 rad) of voltage phase 

angle; whereas for RTU measurement, a lower resolution of precision with 5% for both 

power flow and current magnitude is used [53]. In this study, it is assumed that all the 

nodal power is already measured by the widely configured RTUs before PMU placement. 

3.5.2 Case study on IEEE New England 39-bus system 

It is reported in [54] that the IEEE 39-bus system is divided into three areas for 

voltage control. Thus, in the experiments on this system, the number of PMUs, i.e. the 

number of clusters is enumerated from 2 to 7, which is enough to test the approach and 

find the optimal solution. Firstly, for each number of clusters, a PMU placement solution 

is obtained. Afterwards, the optimal number and location of PMUs are selected from the 

solution set. To clearly demonstrate the feasibility of the proposed regime in a simple way, 

only the solution of ? = 3 is presented in detail. The data of IEEE New England 39-bus 

system is listed in Appendices, part B. 

A. Comparative test 1 

This test is performed to compare the solutions of deterministic approach and prob-

abilistic approach, in terms of the two single-objectives, which are minimizing the voltage 

magnitude estimation uncertainty (i.e. ε1) and minimizing the intra-cluster voltage chang-

ing variance (i.e. ε2). 

a) Minimizing the voltage magnitude estimation uncertainty 



 

39 
 

When solely minimizing the voltage magnitude estimation uncertainty is considered 

as the objective, the proposed approach is carried out in a deterministic and probabilistic 

way respectively, in which the essential difference is whether to employ PLF in the power 

flow calculation procedure. When performing Algorithm 2, single-objective affinity ma-

trix A1 is used, and the first local largest eigengap is found between the second and the 

third nonzero eigenvalues, thus the first two corresponding eigenvectors are extracted out 

to construct the eigen structure of the system. The Laplacian eigen structure in the Euclid-

ian space of the deterministic approach and the probabilistic approach are shown in Fig 

3.3 and Fig 3.4 respectively. The coordinate positions of the buses are determined by the 

afore mentioned two eigenvectors. Through network partitioning by the k-means algo-

rithm, the resulted clusters are marked by circles, and their centroids are marked with red 

spots on the eigen structure as shown. 
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Fig 3.3 Laplacian eigen structure and the partitioning on IEEE New England 39-bus sys-
tem with deterministic approach of solely minimizing voltage magnitude estimation un-
certainty 

 
Fig 3.4 Laplacian eigen structure and the partitioning on IEEE New England 39-bus sys-
tem with probabilistic approach of solely minimizing voltage magnitude estimation un-
certainty 

These two sets of spectral clustering result in Euclidian space fully lead to the two 

sets of network partitioning result and PMU placement location on the actual network, 
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which are illustrated in Fig 3.5 and Fig 3.6. The detailed cluster belonging of the buses 

are listed in Table 3.3. Now we can compare the results of these two approaches. It can 

be learnt that although the network partitioning results of the deterministic and probabil-

istic approaches are the same by coincidence, the location of two of the three PMUs are 

different. To decide which solution is better, the objective function ε1 should be examined 

under stochastic operating scenarios. Therefore, Monte Carlo simulation of 10000 itera-

tions is performed on the two PMU placement solutions respectively, and we take the 

average value of ε1 of the 10000 iterations to compare. The results are shown in Table 3.3, 

from which we can learn that the probabilistic approach leads to a lower ε1 thus outper-

forms the deterministic one. PMU placement determined by the probabilistic approach 

can better facilitate accurate voltage estimation in various operating conditions. Therefore, 

this probabilistic solution is named as solution1, which will be used later in comparative 

test 2. 
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Fig 3.5 Network partitioning and PMU placement location on the actual network of IEEE 
New England 39-bus system obtained by deterministic approach solely minimizing volt-
age magnitude estimation uncertainty 
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Fig 3.6 Network partitioning and PMU placement location on the actual network of IEEE 
New England 39-bus system obtained by probabilistic approach solely minimizing volt-
age magnitude estimation uncertainty 
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Table 3.3 Experimental Comparison of Deterministic and Probabilistic Approaches on 
IEEE New England 39-bus System (to solely minimize voltage magnitude estimation un-
certainty) 

K=3 Area 
# Buses in each area (bus #) PMU location 

(bus #) 
ε1 (10-

3) 

Determin-
istic 

1 1,4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 
4.0351 2 2,3,17,18,25,26,27,28,29,30,37,38 17 

3 15,16,19,20,21,22,23,24,33,34,35,36 20 

Probabil-
istic 

1 1,4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 
2.8473 2 2,3,17,18,25,26,27,28,29,30,37,38 25 

3 15,16,19,20,21,22,23,24,33,34,35,36 36 
 

b) Minimizing the intra-cluster voltage changing variance 

On the other hand, when solely minimizing the intra-cluster voltage changing vari-

ance is considered as the objective, the proposed approach is also carried out in a deter-

ministic and probabilistic way respectively. This time the single-objective affinity matrix 

A2 is used. Same as part a), the two eigenvectors corresponding to the first two nonzero 

eigenvalues are extracted out to construct the eigen structure of the system. The Laplacian 

eigen structure in the Euclidian space of the deterministic approach and the probabilistic 

approach are shown in Fig 3.7 and Fig 3.8 respectively. The coordinate positions of the 

buses are determined by the aforementioned two eigenvectors. Through network parti-

tioning by the k-means algorithm, the resulted clusters are marked by circles, and their 

centroids are marked with red spots on the eigen structure as shown. 
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Fig 3.7 Laplacian eigen structure and the partitioning on IEEE New England 39-bus sys-
tem with deterministic approach of solely minimizing intra-cluster voltage changing var-
iance 

 
Fig 3.8 Laplacian eigen structure and the partitioning on IEEE New England 39-bus sys-
tem with probabilistic approach of solely minimizing intra-cluster voltage changing vari-
ance 
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Similarly, these two sets of spectral clustering result in Euclidian space fully lead to 

the two sets of network partitioning result and PMU placement location on the actual 

network, which are illustrated in Fig 3.9 and Fig 3.10. The detailed cluster belonging of 

the buses are listed in Table 3.4. To decide which solution is better, the objective function 

ε2 is examined under stochastic operating scenarios by Monte Carlo simulation on the two 

PMU placement solutions respectively, and we take the average value of ε2 of the 10000 

iterations to compare. The results are shown in Table 3.4, from which we can learn that 

the probabilistic approach leads to a lower ε2 thus outperforms the deterministic one again. 

That means PMU placement determined by probabilistic approach can better monitor the 

representative voltage change in various operating conditions. Therefore, this probabilis-

tic solution is named as solution2, which will also be used later in comparative test 2. 
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Area 1

Area 3

PMU
PMU

PMU

 
Fig 3.9 Network partitioning and PMU placement location on the actual network of IEEE 
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New England 39-bus system obtained by deterministic approach solely minimizing intra-
cluster voltage changing variance 

Area 2

Area 1

Area 3

PMU

PMU

PMU

 
Fig 3.10 Network partitioning and PMU placement location on the actual network of IEEE 
New England 39-bus system obtained by probabilistic approach solely minimizing intra-
cluster voltage changing variance 

 
Table 3.4 Experimental comparison of deterministic and probabilistic approaches on 
IEEE New England 39-bus system (to solely minimize intra-cluster voltage changing var-
iance) 

K=3 Area 
# Buses in each area (bus #) PMU loca-

tion (bus #) 
ε2 (10-

4) 

Deter-
ministic 

1 4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 
9.8152 2 1,2,3,17,18,25,26,27,28,29,30,37,38 25 

3 15,16,19,20,21,22,23,24,33,34,35,36 21 

Proba-
bilistic 

1 1,3,4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 
9.1978 2 2,25,26,27,28,29,30,37,38 26 

3 15,16,17,18,19,20,21,22,23,24,33,34,35,36 21 
 

The above comparative tests in terms of the two objectives indicate that with net-

work representation reflecting the electrical features considered under different operating 
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scenarios, the resulted OPP strategy outperforms that of the deterministic approach in 

achieving both of the two objectives. It is because that in the probabilistic approach, the 

system operating uncertainties under different scenarios are comprehensively considered, 

thus its solution is more suitable for system planning. This conclusion also holds when 

the number of PMUs getting changed. As a result, the probabilistic network representa-

tions in terms of both the two electrical features constructed with PLF employed continue 

to be used in the following steps in solving the multi-objective OPP problem. The deter-

ministic approach will no more be discussed in the rest of this work. 

B. Comparative test 2 

This test is performed to compare the solutions of the proposed multi-objective OPP 

approach and the two single-objective ones. 

When both of minimizing the voltage magnitude estimation uncertainty and intra-

cluster voltage changing variance are considered as the optimization objective, the pro-

posed approach is carried out in a probabilistic way with PLF employed in the power flow 

calculation procedure. It should be noted that this time the integrated affinity matrix A is 

used instead of A1 and A2 of single-objective. The two eigenvectors corresponding to the 

first two nonzero eigenvalues are used again to construct the eigen structure of the system. 

The probabilistic Laplacian eigen structure reflecting the two electrical features in the 

Euclidian space is shown in Fig 3.11. The coordinate positions of the buses are determined 

by the aforementioned two eigenvectors. Through network partitioning by the k-means 

algorithm, the resulted clusters are marked by circles, and their centroids are marked with 

red spots on the eigen structure as shown. 
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Fig 3.11 Spectral clustering on Laplacian eigen structure of IEEE New England 39-bus 

system obtained by probabilistic multi-objective approach 

 

This spectral clustering result in Euclidian space fully leads to the network parti-

tioning result and PMU placement location on the actual network, which is illustrated in 

Fig 3.12. The detailed belonging of the buses are listed in  

Table 3.5, where the solutions of the two single-objective probabilistic approaches, 

i.e. solution1 and solution2, are also presented. For comparison, the objective functions 

ε1 and ε2 are examined under stochastic operating scenarios by Monte Carlo simulation, 

and we take the average value of ε1 and ε2 of the 10000 iterations to compare. The results 

are also shown in  

Table 3.5, from which we can learn that comparing to single-objective approach that 

only can achieve one objective, both ε1 and ε2 of the multi-objective solution can achieve 
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an acceptable value that is a compromise between those of the two single-objective ones. 

This conclusion also holds when the number of PMUs getting changed. Therefore, the 

feasibility and effectiveness of the proposed probabilistic multi-objective OPP approach 

has been validated. 

 

Area 2

Area 1

Area 3

PMU

PMU

PMU

 
Fig 3.12 Network partitioning and PMU placement on the actual network of IEEE New 

England 39-bus system obtained by probabilistic multi-objective approach 

 

Table 3.5 Experimental comparison of the proposed probabilistic multi-objective ap-
proach with the two single-objective ones on IEEE New England 39-bus system 

K=3 Area 
# Buses in each area (bus #) 

PMU 
location 
(bus #) 

ε1 (10-

3) ε2 (10-4) 

Solution1 1 1,4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 2.8473 10.1683 2 2,3,17,18,25,26,27,28,29,30,37,38 25 
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3 15,16,19,20,21,22,23,24,33,34,35,36 36 

Solution2 
1 1,3,4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 

3.4478 9.1978 2 2,25,26,27,28,29,30,37,38 26 
3 15,16,17,18,19,20,21,22,23,24,33,34,35,36 21 

Multi-ob-
jective 

solution 

1 1,4,5,6,7,8,9,10,11,12,13,14,31,32,39 5 
2.9699 9.9788 2 2,3,17,18,25,26,27,28,29,30,37,38 25 

3 15,16,19,20,21,22,23,24,33,34,35,36 22 
 

C. Criterion based decision of the number of PMUs 

As mentioned above, in the test on IEEE New England 39-bus system, the number 

of PMUs needs enumeration. For each number, a result of network partitioning and PMU 

placement could be obtained by the proposed probabilistic multi-objective approach, thus 

a solution set is formed. The final decision of how many PMUs to be placed depends on 

the preference of system planner or some specific engineering standards in terms of the 

two electrical features. For different number of PMUs, the performance of the placement 

solutions is shown in Fig 3.13, with the horizontal and vertical coordinates representing 

the two objectives ε1 and ε2 respectively. Here we suppose two selection criteria with 

specific requirements for ε1 and ε2: 

criterion 1 (loose): { }-3 -4
1 23 10 9 10ε ε≤ × ≤ ×�  

criterion 2 (strict): { }-3 -4
1 22 10 7 10ε ε≤ × ≤ ×�  

The feasible areas of PMU placement performance fulfilling these two criteria are 

marked by shadow area as illustrated in Fig 3.13. It can be seen that for criterion 1, the 

two objective functions ε1 and ε2 of the solutions with { }4,5,6,7K =  drop into the feasible 
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area. Thus, we choose K=4, which is the smallest number as the most cost-effective deci-

sion. In this way, the system planner uses as few PMUs as possible to effectively meet the 

selection criterion. Similarly, for criterion 2, it can be seen that ε1 and ε2 of the solutions 

with { }6,7K =  drop into the feasible area. Therefore, the smaller number K=6 is chosen 

as the most cost-effective solution. The detailed clustering result, belonging of the buses, 

and the PMU locations of the solutions under these two criteria are listed in Table 3.6. 

 
Fig 3.13 The performance in terms of the two objectives of the placement solutions with 
different number of PMUs on IEEE New England 39-bus system 

 
Table 3.6 Results of network partitioning and PMU locations under two selection criteria 
on IEEE New England 39-bus system 

Criterion K Area # Buses in each area (bus #) PMU location (bus #) 

criterion 1 4 

1 1, 2, 3, 17, 18, 25, 27, 30 2 
2 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 31, 32, 39 5 
3 15, 16, 19, 20, 21, 22, 23, 24, 33, 34, 35, 36 21 
4 26, 28, 29, 39 28 

criterion 2 6 

1 1, 2, 3, 17, 18, 30 18 
2 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 31, 32, 39 5 
3 15, 16, 21, 22, 23, 24, 35, 36 21 
4 19, 20, 33, 34 20 
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5 25, 26, 27, 37 37 
6 28, 29, 39 29 

 

3.5.3 Case study on IEEE 118-bus system 

The same two groups of comparative tests are performed on the IEEE 118-bus sys-

tem with the number of PMUs enumerated from 2 to 22, which is enough to validate the 

effectiveness of the solutions. In all the tests, the first biggest eigengap among the eigen-

values of the system Laplacian matrix occurs between the 13th and the 14th non-zero 

eigenvalues. Therefore, we take the 13 eigenvectors corresponding to the first 13 non-

zero eigenvalues to implement spectral clustering. It is hard to visually show the spectral 

clustering on the eigen structure and also hard to give all the detailed results considering 

page restriction. Therefore, in next sections we give the comparison of the PMU place-

ment solutions in terms of the two objectives of all the tests. And the finally selected 

network partitioning result and PMU placement solution are also given in the end. The 

data of IEEE 118-bus system is listed in Appendices, part C. 

A. Comparative test 1 

This test is performed to compare the solutions of deterministic approach and prob-

abilistic approach, in terms of the two single optimization objectives, which are minimiz-

ing the voltage magnitude estimation uncertainty (i.e. ε1) and the intra-cluster voltage 

changing variance (i.e. ε2). When the number of PMUs is enumerated, for each number, 

deterministic and probabilistic approaches are tested on the system aiming to minimize 

the two objective functions respectively. The Monte Carlo simulation of 10000 iterations 

is carried out and the average value of the objective function is taken for comparison. The 
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results of all the solutions with different number of PMUs for minimizing ε1 are shown in 

Fig 3.14 and those results for minimizing ε2 are shown in Fig 3.15. It can be seen that in 

almost all the cases, the probabilistic approach can achieve a smaller objective function 

than that of the deterministic approach. This indicates that the two electrical features of 

different operating conditions can be comprehensively reflected by the probabilistic net-

work representation constructed with the PLF employed, thus the OPP strategy of the 

probabilistic approach can better facilitate voltage estimation and control in different op-

erating scenarios. The probabilistic solution for minimizing ε1 is named as solution 1 and 

that for minimizing ε2 is named as solution 2, which will be used later in Comparative 

test 2. 

0 5 10 15 20 25

0

5

10

15

20

25

30

35
 probabilistic approach
 deterministic approach

ε 1 (1
0−3

)

K  
Fig 3.14 Experimental comparison between deterministic and probabilistic approaches for 
minimizing voltage magnitude estimation uncertainty with different number of PMUs. 
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 probabilistic approach
 deterministic approach

ε 2 (1
0-4
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Fig 3.15 Experimental comparison between deterministic and probabilistic approaches for 
minimizing intra-cluster voltage changing variance with different number of PMUs. 

 
B. Comparative test 2 

Since the superiority of probabilistic approach over deterministic approach is veri-

fied in Comparative test 1, the Comparative test 2 is performed to compare the solutions 

of the proposed probabilistic multi-objective approach with the two single-objective ones, 

i.e. solution 1 and solution 2. When the number of PMUs is enumerated, both of the two 

objective functions are compared among these three solutions. Monte Carlo simulation of 

10000 iterations is carried out and the average value of the objective function is taken for 

comparison. The results of all the solutions with different number of PMUs for minimiz-

ing ε1 are shown in Fig 3.16 and those results for minimizing ε2 are shown in Fig 3.17. It 

can be learnt that in almost all the cases, although ε1 of the multi-objective solution is 

larger than that of solution 1, it is smaller than that of solution 2. Similarly, although ε2 of 
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the multi-objective solution is larger than that of solution 2, it is smaller than that of solu-

tion 1. This indicates that both ε1 and ε2 of the multi-objective solution can achieve an 

acceptable value that is a compromise between those of the two single-objective ones. 

Therefore, the feasibility and effectiveness of the proposed probabilistic multi-objective 

OPP approach get validated. 
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 single-objective (minimizing ε2)
 single-objective (minimizing ε1)

ε 1 (1
0−3

)

K  
Fig 3.16 Experimental comparison among solution 1, solution 2, and solution of the pro-
posed probabilistic multi-objective approach for minimizing voltage magnitude estima-
tion uncertainty with different number of PMUs. 
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Fig 3.17 Experimental comparison among solution 1, solution 2, and solution of the pro-
posed probabilistic multi-objective approach for minimizing intra-cluster voltage chang-
ing variance with different number of PMUs. 

C. Criterion based decision of the number of PMUs 

The performance of the placement solutions with different number of PMUs is 

shown in Fig 3.18, with the horizontal and vertical coordinates representing the two ob-

jectives ε1 and ε2 respectively. The final decision of how many PMUs to be placed also 

depends on specific engineering requirements in terms of the two electrical features. Here 

we suppose the selection criterion as { }-3 -4
1 23 10 , 2.5 10ε ε≤ × ≤ × . The feasible area of 

PMU placement performance fulfilling this criterion is marked by shadow area as illus-

trated in Fig 3.18. It can be seen that the two objective functions ε1 and ε2 of 7 solutions 

with different K drop into the feasible area. Thus, we choose K=13, which is the smallest 

number as the most cost-effective decision. The detailed clustering result, belonging of 

the buses, and PMU locations of the solution under this criterion are listed in Table 3.7. 
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Fig 3.18 The performance in terms of the two objectives of PMU placement solutions with 
different number of PMUs on IEEE 118-bus system 

 

Table 3.7 Results of network partitioning and PMU placement under the criterion on IEEE 
118-bus system 

 

3.6 Conclusion 

In this chapter, a multi-objective probabilistic OPP regime is proposed, aiming at 

using relatively small number of PMUs to reduce voltage magnitude estimation uncer-

tainty and meanwhile providing guidance for SVC. Distinguished from traditional OPP 

problems that only concerning global observability, this work collectively uses measure-

ments from PMU and SCADA system to complete voltage state estimation. In addition, 

this study also concerns the quick and correct guidance to SVC, which can be obtained 

from the synchro phasor PMU measurements. The related studies are introduced in Sec-

tion 3.2. This problem is converted into a multi-objective network partitioning problem. 

K Area 
# Buses in each area (bus #) PMU location (bus 

#) 

13 

1 17, 23, 25, 26, 27, 28, 29, 30, 31, 32, 113, 114, 115 31 
2 103, 104, 105, 106, 107, 108, 109, 110, 111, 112 103 
3 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 101, 102 89 
4 24, 70, 71, 72, 73, 74 72 
5 8, 9, 10 9 
6 43, 44, 45, 46, 48 45 
7 18, 19, 20, 21, 22 20 
8 1, 2, 3, 4, 5, 6, 7, 11, 12, 13, 14, 15, 16, 117 11 
9 33, 34, 35, 36, 37, 39, 40, 41, 42 37 

10 75, 76, 77, 78, 79, 80, 81, 82, 94, 95, 96, 97, 98, 99, 100, 
118 80 

11 38, 60, 61, 62, 63, 64, 65, 66, 67, 68, 116 65 
12 50, 51, 52, 53, 54, 55, 56, 57, 58, 59 57 
13 47, 49, 69 49 
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The two electrical features corresponding to the two objectives are reflected in the inte-

grated Laplacian based network representation and spectral clustering is suitably ex-

ploited to divide the system into several self-coupled clusters. In each cluster, one PMU 

is placed on the central bus. The problem formulation and the detailed algorithm are pre-

sented in Section 3.3 and 3.4. In Section 3.5, case studies on IEEE New England 39-bus 

and IEEE 118-bus systems validate that the proposed regime can effectively find the net-

work partitioning and PMU placement strategy, which can accurately monitor and esti-

mate the bus voltage magnitude. It is indicated that the proposed approach can achieve an 

acceptable compromise between the two objectives. Specifically, with PLF employed, the 

OPP strategy is more stochastically applicable because of the consideration of various 

operating uncertainties. In conclusion, the proposed PMU placement regime can obtain a 

placement solution that can effectively provide quick and correct voltage regulation and 

control guidance. However, this is considered only from a static perspective. In fact, the 

system voltage stability could be dynamically facilitated by PMU measurements, which 

will be discussed in the next chapter. 
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Chapter 4   Optimal PMU Placement Considering Voltage 

Small Signal Stability 

4.1 Introduction 

As mentioned in Chapter 1 , the voltage stability in power system can be effectively 

monitored and assessed by the real-time PMU measurements with an appropriate place-

ment strategy, which has rarely been studied before from a dynamic point of view. Small 

disturbance like load variation is traditionally regarded as steady state issue. However, in 

the actual operation in power system, at the moment the load gets changed, the generator 

terminal voltage changes dynamically, it should not be regarded as a PV point. Thus the 

changing of system-wide voltage state is also a dynamic process. Therefore, in this chap-

ter, a novel methodology is firstly explored toward evaluating grid-wide voltage small 

signal stability when instantaneous load change occurs at the current operating point 

through modal analysis. Bus voltage is considered not only influenced by reactive load 

change but also by the generator’s inner dynamics. Then the network is regarded as con-

sisting of several areas with different level of voltage small signal stability, which can be 

reflected by stability participation factor of voltage states. Then regional voltage-vulner-

able buses are determined through grid partitioning by self-organization maps (SOM) al-

gorithm on the participation factor matrix. To achieve an unbiased solution for planning 
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purpose, various operating scenarios are generated by the sequential Monte Carlo simu-

lation based on practical historical data.  

Although PMU can directly measure voltage stability, it is still uneconomical and 

impractical to install PMU on every bus in the system since PMU is very expensive. In 

the problem of this chapter, we want to only install small number of PMUs on the im-

portant locations, on which the voltage stability is representative of that area. In this way, 

by monitoring the voltage stability of the critical buses, the voltage stability of that area 

can be accessed with installing too many PMUs. Therefore, the observability-based chan-

nel-oriented optimal PMU placement scheme proposed in Chapter 2 is employed, spe-

cially providing the regional voltage-small-signal-vulnerable buses with 1-time monitor-

ing backup. At last, the proposed methods are tested on IEEE 9-bus system and the cor-

rectness of the PMU placement result is dynamically validated under small signal disturb-

ance. 

 

4.2 Voltage Small Signal Stability Analysis 

In this section, a novel methodology of assessing voltage small signal stability in 

transmission power network is proposed. The traditional small signal stability only con-

cerns the stability of rotor angle, never including the voltage of generator terminal and 

other load buses as state variable. Therefore, firstly we need to transform the variables in 

traditional power system dynamic model into the variables we need, which include bus 
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voltages. Then the modal analysis for small signal stability can be performed on the mod-

ified state matrix of the new dynamic model so as to obtain the participation factors of all 

the voltage variables in the unstable modes. As stated before, the system is regarded as 

consisting of several areas with different level of voltage small signal stability, which is 

reflected by stability participation factor of the voltage states. The buses that have similar 

participation factors are clustered into the same area by the SOM algorithm. Also, the 

representative or most voltage-vulnerable bus in each cluster can be determined in this 

way. Since the voltage small signal stability analysis process stated above is based on a 

specific operating condition, in order to achieve an unbiased solution for planning purpose, 

we use the sequential Monte Carlo simulation based on practical historical data to gener-

ate different operating scenarios and repeat the analysis process on every scenario to fi-

nally get a reliable solution for all the scenarios. 

4.2.1 Traditional power system model 

In stability analysis, the power system model can be mathematically described by a 

number of algebraic and differential equations. 

 ( , )d
dt

=x f x y   (4-1) 

 ( , )=0 g x y   (4-2) 

The differential function f describes the dynamics of generator, exciter, induction motor 

and other dynamically changing elements. It mainly incudes: 

1. Differential function describing the changing rule of transient and sub-transient 
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force of the synchronous generator set. 

2. Swing equation describing the rotor movement of the synchronous generator set. 

3. Differential function describing the dynamic characteristics of regulating excita-

tion system in the synchronous generator set. 

4. Differential function describing the dynamic characteristics of the prime motor 

and its speed regulating system in the synchronous generator set. 

5. Differential function describing the dynamic characteristics of the induction mo-

tors and the synchronous motor loads. 

6. Differential function describing the control behavior of the rectifier and inverter 

in dc system. 

7. Differential function describing the dynamic characteristics of other dynamic de-

vices like FACTS devices including TCSC, SVG, and so on. 

In this study, for simplicity, only the first three groups of functions are considered in 

function f. The algebraic function g describes the stator of generator and the external net-

work. It mainly incudes: 

1. Power network equation, which describes the relationship between nodal voltage 

and nodal injection current under x-y common reference coordinate system. 

2. Stator voltage equation of synchronous generator set, which is constructed under 

the d-q coordinate system. Coordinate transformation equation between d-q coor-

dinate system and x-y coordinate system. 

3. Voltage equation of the dc lines. 

4. Voltage static characteristic equation of loads. 
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In this study, for simplicity, only the first two groups of functions are considered in func-

tion g. 

Traditionally, since the small signal stability analysis only focuses on the rotor angle 

oscillation, the state variable x and algebraic variable y are defined as follows: 

 
' '( , , , , , , )

( , , , ,  and  at load buses, other operating parameters)
d q R fd f

d q d q x y

E E V E R

I I V V V V

δ ω=

=

x

y
  

It is noticed that the dynamic state variables being discussed only include generator inter-

nal states, whereas the grid-wide bus voltages are categorized as algebraic variables, 

which are considered static. However, this is not the phenomenon in practical operation. 

In general, when a disturbance occurs in the system under steady state, the generator set 

suffers the power unbalance. Since the level of power unbalance and the moment of the 

rotor inertia of each generator are different, the change in rotor speed of each generator 

are also different. As a result, relative movement will occur among the rotors of all the 

generators, which will lead to change of the relative angle among the rotors. Furthermore, 

the change of relative angle among the rotors will in turn influence the power output of 

the generators, which will further cause the constant change in power output, rotor speed, 

relative rotor angle among the generators. At the same time, due to the change of generator 

terminal voltage and stator current, the regulation process in the regulating excitation sys-

tem is activated. And the change of rotor speed of generator set will cause the regulation 

process in speed regulating system. Moreover, the change in system bus voltage may 

cause the change in load power, and the change in power flow through the network may 

also cause the regulation process in some control devices like TCSC, SVG, converter in 
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dc system, and so on. All of these changes can directly or indirectly influence the power 

balance condition on the generator shafts. It can be seen from the dynamic process of the 

system under disturbance that, the bus voltage in the entire system is constantly changing 

under the influence of generator dynamics. Therefore, it is unreasonable to treat it as a 

static variable. In the newly proposed methodology, the most important point is to trans-

form the system bus voltage into dynamic state variables. Next part explains the details 

of this operation. 

4.2.2 Transformation of state variables 

1. Differential equations f 

A. Generator 

The differential equations of generators are given as: 

Rotor motion equations: 

 ( 1)s
d
dt
δ ω ω= −   (4-3) 

 1 ( )m e
J

d P P D
dt T
ω ω= − −   (4-4) 

Rotor electromagnetic transient equations: 

 
'

' '
'
0

1 ( )d
d q d q

q

dE E X X I
dt T

⎡ ⎤= − + −⎣ ⎦   (4-5) 

 
'

' '
'
0

1 ( )  q
q fd d d d

d

dE
E E X X I

dt T
⎡ ⎤= − + − −⎣ ⎦   (4-6) 

Here we use the two-winding rotor model to make the computation simpler. 

B. Exciter 

In this study, the exciter model we used is the dc machine excitation system with 
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controllable silicon regulator, i.e. type DC1 exciter system [55]. The transfer function 

block diagram is shown in Fig. 4.1. 

∑ ∑
1
1

C

B

sT
sT

+
+ 1

A

A

K
sT+

1

EsT

E ES K+

1
F

F

sK
sT+

+

 

Fig 4.1 Transfer function block diagram of the dc machine excitation system with con-
trollable silicon regulator 

The differential and algebraic equations of the exciter can be obtained by the transfer 

functions. Here we assume RC=0, TB=0, TC=0. Then all of the link of soft negative feed-

back, the link of integrated amplifier, and the initiator can be expressed as differential and 

algebraic equation set. 

The link of soft negative feedback: 

 
( )F fd F f

f

d K E T R
R

dt
−

=   (4-7) 

The link of integrated amplifier: 
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max max

min max

min min

1
[ ( ) ]

when  and 0, 0, 

when , 

when  and 0, 0, 

A ref g f R
A

R
R R R R

R
R R R

R
R R R R

f K V V R V
T

dVV V f V V
dt

dVV V V f
dt
dVV V f V V
dt

= − − −

= > = =

< < =

= < = =

  (4-8) 

Initiator: 

 
1 ( )fd

R fd
E

dE
V E

dt T
= −   (4-9) 

 
Linearize all the differential equations presented above near the steady state values 

of the variables, we can get the linearized functions of the synchronous generator and 

exciter: 

s
d
dt
δ ω ωΔ = Δ                                                                            (4-10) 

1 ( )e
J

d D P
dt T
ω ωΔ = − Δ −Δ                                                                   (4-11) 

'
' '

'
0

1 ( )d
d q d q

q

d E E X X I
dt T
Δ ⎡ ⎤= −Δ + − Δ⎣ ⎦                                                  (4-12) 

'
' '

'
0

1 ( )  q
q fd d d d

d

d E
E E X X I

dt T
Δ

⎡ ⎤= −Δ + Δ − − Δ⎣ ⎦                                     (4-13) 

1 ( )R A F
R fd A f A g

A F

d V K KV E K R K V
dt T T
Δ = −Δ − Δ + Δ − Δ                         (4-14) 

1 ( )fd
fd R

E

d E
E V

dt T
Δ

= −Δ +Δ                                                                 (4-15) 
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1 ( )f F
f fd

F F

d R KR E
dt T T
Δ

= −Δ + Δ                                                           (4-16) 

  
where (4-10) and (4-11) are the rotor motion equations, (4-12) and (4-13) are the electro-

magnetic transient equations, and (4-14)~(4-16) describe the type DC1 exciter system. 

In (4-11), electromagnetic power Pe is equal to generator output power plus the sta-

tor copper loss, which is expressed as 

 2 2 2| | ( )e out a gx gx gy gy gx gy aP P I R V I V I I I R= + = + + +!   (4-17) 

However, here we assume Ra=0, so the last term is neglected. Thus, the small change of 

electromagnetic power can be represented by the change of the voltage and current of the 

generator bus: 

 
0 0 0 0

( )e gx gx gy gy

gx gx gx gx gy gy gy gy

P V I V I

V I I V V I I V

Δ = Δ +

= Δ + Δ + Δ + Δ
  (4-18) 

In (4-14), the change of the generator terminal voltage ∆Vg can be expressed by 

 0 0

0 0

gx gy
g gx gy

gm gm

V V
V V V

V V
Δ = ×Δ + ×Δ   (4-19) 

 
2. Algebraic equations g 

A. Generator 

The stator voltage equation represented by transient reactance can be expressed as 

 ' '
q q a q d dE V R I X I= + +   (4-20) 

 ' '
d d a d q qE V R I X I= + −   (4-21) 
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Thus, their small change near the steady state values of the variables under small disturb-

ance can be expressed as 

 ' '
q q a q d dE V R I X IΔ = Δ + Δ + Δ   (4-22) 

 ' '
d d a d q qE V R I X IΔ = Δ + Δ − Δ   (4-23) 

It can be seen that the change of d/q-axis transient electromotive force ∆Ed
’ and ∆Eq

’ are 

actually directly interact with the d/q-axis generator voltage and current. In order to cor-

relate the generator to the power network, the d/q-axis generator voltage and current ∆Vd, 

∆Vq, ∆Id, ∆Iq should be transformed to ∆Vx, ∆Vy, ∆Ix, ∆Iy on the synchronously rotating 

reference frame. 

B. Coordinate transformation equation between d-q coordinate system and x-y coordi-

nate system: 

 0 0 0

0 0 0

sin cos
cos sin

d gx q

q gy d

V V V
V V V

δ δ
δ

δ δ
Δ Δ−⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤

= + Δ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥Δ Δ −⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦
 (4-24) 

 0 0 0

0 0 0

sin cos
cos sin

d gx q

q gy d

I I I
I I I

δ δ
δ

δ δ
Δ Δ−⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤

= + Δ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥Δ Δ −⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦
  (4-25) 

By substituting (4-24) and (4-25) into (4-22) and (4-23), ∆Ed
’ and ∆Eq

’ are repre-

sented by x/y-axis generator terminal voltage and current ∆Vx, ∆Vy, ∆Ix, ∆Iy. Then by sub-

stituting (4-22) and (4-23) into (4-12) and (4-13), the variables ∆Ed
’ and ∆Eq

’ are elimi-

nated and replaced by ∆Vx, ∆Vy, ∆Ix, ∆Iy. At last, substitute (4-18) and (4-19) into (4-11) 

and (4-14), then all the state variables of the linearized equations of generators are 

changed to be comprised of x/y-axis generator terminal voltage and current, and other 

inner generator variables except ∆Ed
’ and ∆Eq

’. 
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When the system is operating at steady state, the initial value of the variables can be 

calculated by: 

 (0)
(0) (0) (0)

(0)

ˆ
ˆx y

S
I I jI

V
= + =!

!
  (4-26) 

 (0) (0) (0)( )Q a qE V R jX I= + +! ! !   (4-27) 

 (0) (0) (0)( / )Qy Qxarctg E Eδ =   (4-28) 

 ω(0)=1   (4-29) 

BC(E)

BG(E)
=

854H(E) −9,8H(E)

9,8H(E) 854H(E)

BJ(E)

BK(E)
                                 (4-30) 

LC(E)

LG(E)
=

854H(E) −9,8H(E)

9,8H(E) 854H(E)

LJ(E)

LK(E)
                                 (4-31) 

Efd(0)=Vq(0)+RaIq(0)+XdId(0)                                  (4-32) 

E’
q(0)=Vq(0)+RaIq(0)+X’

dId(0)                                  (4-33) 

E’
q(0)=Vd(0)+RaId(0)−X’

qIq(0)                                  (4-34) 

Pe(0)=P(0)        (4-35) 

C. Network equations 

Since only bus voltage is focused in the proposed model, next step is to eliminate 

∆Ix, and ∆Iy from state variables using the relation between generator and the network. 

Thus, in this step network algebraic equations, namely nodal voltage equations are utilized. 

The vector-representation of nodal voltage equation is given as 

 I = YV   (4-36) 

Due to linearity, the relation between nodal current deviation and nodal voltage deviation 
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is 

 Δ ΔI = Y V   (4-37) 

To explain it more clearly, we write it as block matrix equation 

 

1 11 1 1 1

1

1

i n

i i ii in i

n n ni nn n

Δ Δ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ = Δ
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ Δ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

I Y Y Y V

I Y Y Y V

I Y Y Y V

! !
" " " " "

! !
" " " " "

! !

  (4-38) 

where 

 , , , , 1,2, ,ix ix ij ij
i i ij

iy iy ij ij

I V G B
i j n

I V B G
Δ Δ −⎡ ⎤ ⎡ ⎤ ⎡ ⎤

Δ = Δ = = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ Δ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
I V Y !  

Since the current deviation of load buses cannot be directly related to generator dif-

ferential equations, they need to be eliminated from (4-38). Small signal stability is ana-

lyzed near the current steady operation state. Therefore, considering the current load level, 

for the load P+jQ connected to bus i, the following equation holds. 

 
i i i

xx xy
i

yx yy

G B
B G

Δ = Δ

⎡ ⎤
= Δ⎢ ⎥−⎣ ⎦

I Y V

V
  (4-39) 

where 
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2
0 0 0 0 0 0

4 2
0 0

2
0 0 0 0 0 0

4 2
0 0

2
0 0 0 0 0 0

4 2
0 0

2
0 0 0 0 0 0

4 2
0 0

2 2

2 2

2 2

2 2

x x y
xx

m m

y x y
xy

m m

x x y
yx

m m

y x y
yy

m m

PV Q V V P
G

V V

Q V PV V Q
B

V V

Q V PV V Q
B

V V

PV Q V V P
G

V V

⎧ +
= −⎪

⎪
⎪ +⎪ = −
⎪
⎨

−⎪ = −⎪
⎪
⎪ −

= −⎪
⎩

  (4-40) 

Here all the loads are considered to be constant power loads for simplicity, whereas they 

also can be represented by ZIP model. Substitute (4-39) into (4-38) to simply modify the 

network equations. As a result, ∆Ii becomes zero, and the ith diagonal block in the admit-

tance matrix changes to Yii-Yi. The new modified network equation is given as 

 
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦⎣ ⎦
g 1 2 g

3 4 l

ΔI C C ΔV
=
C C ΔV0

  (4-41) 

where 

 

1 1 ( 1)

1 1 ( 1)

, ,

g x g x l ng x

g y g y l ng y

gngx gngx lnx

gngy gngy lny

I V V
I V V

I V V
I V V

+

+

Δ Δ Δ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ Δ Δ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ = Δ = Δ =
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ Δ Δ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ Δ Δ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

g g lI V V! ! !   

and C1, C2, C3, C4 represent the corresponding four blocks in the modified admittance 

matrix. ng is the number of generators in the system. It can be seen from (4-41) that after 

the modification, the current of load bus is eliminated and only the current of generator 

bus is left. This is because the voltage of load bus is actually decided by the voltage of 
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generator bus and the load level, so here generator bus and load bus are separately ana-

lyzed. The relation between generator current and generator voltage at the present operat-

ing condition is obtained as 

 -1
g 1 2 4 3 gΔI = (C -C C C )ΔV   (4-42) 

Moreover, the relation between load voltage and generator voltage at the current state is 

 -1
l 4 3 gΔV = -C C ΔV   (4-43) 

At last, by substituting (4-42) into the modified generator differential equations, the gen-

erator current state ∆Ig is eliminated and replaced by generator voltage state ∆Vg. 

3. New dynamic model of power system 

Until now, the new generator differential equations are arranged as 

 ˆΔx = Ax!   (4-44) 

where [ ]Tgx gy r fd fV V V E Rδ ωΔ = Δ Δ Δ Δ Δ Δ Δx , which means there are 7 variables for 

each generator. Matrix Â  is the modified state matrix, which is different from the classi-

cal one. It can be noticed that now the voltage of generator bus ∆Vgx and ∆Vgy are included 

into the dynamic variables. So the small signal stability of the voltage of generator bus 

∆Vg can be systematically analyzed, and then the small signal stability of the voltage of 

load bus ∆Vl can be analyzed based on the result of the generator bus and the relationship 

between the voltages of these two types of buses, i.e. (4-43). To summarize the above 

steps of the transformation of state variables, a flowchart is give in Fig 4.2. 
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Fig 4.2 Transformation of the state variables of small signal stability analysis 

 

4.2.3 Modal analysis for voltage small signal stability evaluation 

In (4-44), matrix Â  is defined as the modified state matrix, which is a 7ng-dimen-

sion square matrix. The stability of equilibrium points of the differential model for a given 

operating condition depends on the eigenvalues of matrix Â . Here we employ the classi-

cal modal analysis method [32] to study the small signal stability of the power system and 

determine the critical buses on which the voltages are easy to collapse. 

Let 

 ˆ
R LA = X ΛX   (4-45) 

where XR is the right eigenvector matrix of Â , XL is the left eigenvector matrix of Â , 

and Λ is the diagonal eigenvalue matrix of Â . 
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{ }1 2 7

[ ]

[ ]

ng

T

diag λ λ λ⎧ =
⎪⎪ =⎨
⎪ =⎪⎩

R 1 2 n

L 1 2 n

Λ

X v v v
X u u u

!

!

!

  (4-46) 

It is well known that for a stable system, all of the eigenvalues of the state matrix should 

have negative real part except one zero eigenvalue. Here the eigenvalues M), M<, … , MPQR 

are arranged following the order of the absolute value of real part from small to large. 

Thus M) is zero. Then the participation matrix P is formed as 

 

1 7

1 11 11 1 1 1(7 ) 1(7 )

1 1 (7 ) (7 )

7 (7 )1 (7 )1 (7 ) (7 ) (7 ) (7 )

i ng

i i ng ng

k k k ki ki k ng k ng

ng ng ng ng i ng i n ng n ng

x u v u v u v

x u v u v u v

x u v u v u v

λ λ λ

Δ ⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥Δ=
⎢ ⎥
⎢ ⎥
⎢ ⎥Δ ⎣ ⎦

P

! !

! !
" " # " # "

! !
" " # " # "

! !

  (4-47) 

The element of P, measures the degree of inter-participation of the ith mode and the kth 

state variable. Since there are 7 variables for each generator, P has 7×ng rows correspond-

ing to the 7×ng variables. The number of modes is 7×ng, which is the same as the dimen-

sion of Â . Thus, P has 7×ng columns corresponding to the 7×ng modes. Since it is aimed 

to determine the critical buses with vulnerable voltage state, we should identify the critical 

voltage variables that have significant influence on system instable modes like inter-area 

oscillation. Traditionally, only several dominant modes are analyzed. The real part of the 

eigenvalues of such dominant modes are usually close to zero, which means these modes 

are more apt to lose stability. However, it is hard to say how many dominant modes is 

sufficient to cover all the critical variables. Moreover, only selecting the variables with 
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high participation factor as critical variables may lead us to focus too much on one local 

part of the system. Therefore, in next part, a method determining regional voltage-vulner-

able buses by partitioning based on the full participation matrix is proposed. 

4.2.4 Critical bus determination by partitioning 

In power system, the voltage instability always firstly appears in a small area. If no 

control or islanding action is taken, it will spread to the rest of the grid gradually. In other 

words, the system dynamics has regional characteristics that the operating states of some 

buses standing close will have the similar changing trend. Therefore, we aim to find the 

area boundaries, and determine one representative critical bus in each area to be inten-

sively monitored by PMU. 

As described above, in participation matrix P, every row vector can be seen as the 

participation degree of the corresponding variable to all the modes, thus we call it partic-

ipation vector. If two variables have similar changing trends, the two corresponding par-

ticipation vectors should stand close in the Euclidean space. Therefore, the buses in the 

network can be partitioned according to their participation vectors. From matrix P, only 

the participation vector of the generator bus voltage can be obtained. To get those of the 

load bus voltage, only some simple calculation based on (4-43) is needed. The detailed 

steps of critical bus determination are presented in Algorithm 3 in Table 4.1. 

 
Table 4.1 Critical bus determination 

Algorithm 3: 
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inputs: the integrate participation matrix P 

             the modified admittance matrix ST SU
SV SW

 

output: network partitioning result and determined critical buses 

1. The first column of P is the participation factor of the variables participating in the 

first mode, which is corresponding to the first eigenvalue of Â . However, since 

λ1=0, the first mode has no meaning and will not be discussed in the analysis. Thus, 

the first column of P is deleted at the beginning. 

2. Corresponding to the 2×ng generator bus voltage variables 

BR)J, BR)K, …BRQRJ, BRQRK , extract the 2×ng rows of P without the first column as 

the generator voltage participation matrix Pgxy. Its dimension is (2×ng)×(7×ng-1). 

3. Based on (4-43), calculate the load bus voltage participation matrix: XYZ[ =

−SW
\TSVX]Z[. The rows are correspondent to the 2×nl load bus voltage variables 

B̂ )J, B̂ )K, … B̂Q^J, B̂ Q^K , and the columns are correspondent to the modes. Its di-

mension is (2×nl)×(7×ng-1). Here nl is the number of load buses in the system. 

4. Combine Pgxy and Plxy as one matrix as X_Z[ =
X]Z[

XYZ[
. Its dimension is 2n×(7×ng-

1). 

5. In Pvxy, for all the buses, integrate the two rows corresponding to one bus voltage 

(i.e. Vx and Vy) into one row representing the participation factor vector of the volt-

age magnitude V on that bus, thus formulate voltage magnitude participation matrix 



 

77 
 

Pv. For example, for bus 1, the element in Pv is obtained by 2 2
1, 1 , 1 ,i x i y ip p p= + , 

i=2,…,7ng-1. After integration, the dimension of Pv is n×(7×ng-1). The procedure 

of the transformation from Pvxy to Pv is shown below. 

2 7 1 2 7 1

1 1 ,2 1 ,7 1
1 1,2 1,7 1

1 1 ,2 1 ,7 1

                                                                      

                         ng ng

x x x ng
ng

y y y ng

V p p
V p p

V p p

λ λ λ λ− −

−
−

−

⎡ ⎤
⎡ ⎤⎢ ⎥ ⇒ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦

vxy vP P

! !

!
!

!
" " " "

" " " "

 

6. Partition the n row vectors in Pv into ng groups by the SOM algorithm. The buses 

in each group form one monitoring and control area in the system. Select bus j in 

each area with maximum pj,2 as the critical bus in that area. 

 

It needs to be specially pointed out that in step 6 of Algorithm 3, the number of 

clusters to be divided is set to be ng, which is the number of generators in the system. 

Since there are relative movement among all the generator rotors, as an initial study, here 

we assume that the dynamics of each generator will influence the bus voltage in one area. 

Admittedly, some generators may have similar impacts and therefore can be grouped to-

gether. This part may be discussed in the future work. 

4.2.5 Consideration of multiple scenarios 

As stated in Section 4.2.2, in state variable transformation in small signal stability 

analysis, the nodal network equations are analyzed under the current load level. In order 
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to avoid biased solution of critical bus selection in planning stage, instead of only consid-

ering one snap shot of operating condition, different operating scenarios should be con-

sidered to make the result stochastically applicable for any operating condition.  

A. Scenario generation by sequential Monte Carlo simulation 

In this section, sequential Monte Carlo simulation based on multivariate distribu-

tions is employed to generate the chronological load scenarios derived from historical data. 

The detailed steps of scenario generation are described in Algorithm 4. 

Table 4.2 Scenario generation by sequential Monte Carlo simulation 

Algorithm 4:  

inputs: Historical load data in real power transmission network with 1 time per hour 

sampling rate for one year. 

output: 1000 load scenarios with CDF, each one cover the load pattern in 24 hours in 

one day. 

1. Arrange the historical load power as a matrix in the form of 365 days × 24 hours. 

2. Calculate the 24-by-24 matrix containing the pairwise linear correlation coefficient 

between the load power of each pair of 2 hours in one day. 

3. Formulate the multivariate normal distribution with 1-by-24 mean vector, in which 

all the elements are assumed to be zero, and 24-by-24 covariance matrix obtained 

from step 2. 
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4. Generate probability values of 1000 scenarios × 24 hours, in which the 24-hour data 

of everyday are randomly chosen from the multivariate normal distribution obtained 

from step 3. 

5. Calculate the 1000×24 CDF of the normal distribution obtained from step 3, evalu-

ated at the values in the 1000×24 probability values obtained from step 4. 

6. Compute the estimated inverse CDF of the values in 365-day historical data, and 

evaluate them at the 1000×24 probability values obtained in step 4. These are the 

generated 1000 load scenarios, each one covering the load pattern in 24 hours in 

one day. 

 

B. Scenario reduction by backward reduction techniques 

After generating 1000 scenarios, it is necessary to select several representative sce-

narios from the big sample set. In this study, we decide to generate 10 representative sce-

narios using the backward scenario reduction techniques [56]. Using the scenario reduc-

tion method, the representative scenarios of load power as well as their probabilities can 

be obtained. Details about the techniques are described in Algorithm 5. 

Table 4.3 Scenario reduction by backward reduction techniques 

Algorithm 5:  

inputs: 1000 scenarios with the load pattern in 24 hours in one day. 

output: 10 representative scenarios with the load pattern in 24 hours in one day. 
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1. Compute the Kantorovich distance (KD) between the load value of each pair of the 

1000 scenarios and construct the Kantorovich distance matrix (KDM) consisting of 

the 1000×1000 inter scenario distance. The distance between 2 scenarios is ex-

pressed as: 

 
24

2 1/2

1
[ ( ) ]ik jk
k

KD SC SC
=

= −∑   (4-48) 

where SCik represents the load power of the ith scenario at hour k. 

2. Find the closest two scenarios with the smallest KD between them. Delete one sce-

nario, and add the probability value of the deleted scenario to the scenario closest 

to it. 

3. Repeat step 2 for (1000-10) times until only 10 representative scenarios left. 

 

For every obtained scenario after reduction, repeat the procedures described in Sec-

tion 4.2.2~4.2.4 to get the resultant network partitioning and critical buses. Then calculate 

the probability-weighted summation of the number of times that each bus is selected as 

critical bus. The buses that are selected most frequently are decided as the final critical 

buses. 

 

4.3 Optimal PMU Placement and Channel Allocation Considering 

Voltage Small Signal Stability 
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In this section, the channel-oriented OPP approach proposed in Chapter 2 is per-

formed, with 1-time measurement redundancy provided to the critical buses in terms of 

voltage small signal stability. Such critical buses are selected through the methods de-

scribed in the previous sections. 

 
4.3.1 Objective function 

The objective function used here is the same as that presented in Section 2.2, which 

is to minimize the total cost of the PMU base units and their channels. It is expressed as 

 
,

 PMU i ch ij
i SB i j SB

Min F C x C ch
∈ ∈

= +∑ ∑  (4-49) 

 
The meaning of the variables and symbols can be refereed to Section 2.2. 

4.3.2 Constraints 

The constraints of the optimization problem are expressed as 

ij ij ich A x≤                                                                           (4-50) 

, 1i i SNZ ji
j SB

f ch∈
∈

= ≥∑                                                            (4-51) 

1 2 1 2 1 21 ,i i ji ji z z
j SB j SB

f f ch ch i SAZ i SAZ
∈ ∈

+ = + ≥ ∈ ∈∑ ∑        (4-52) 

, 2i i SC ji
j SB

f ch∈
∈

= ≥∑                                                             (4-53) 

Equation (4-50) is the channel constraint, which is the same as that presented in 

Section 2.3. Equations (4-51)~(4-53) are the observability constraints. As stated before, 

the observability for each bus is defined as the total number of times it being observed 
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through voltage channel on that bus or current channel assigned to the branch connecting 

to that bus, which is expressed as equation (4-54). 

 ,i i SB ji
j SB

f ch∈
∈

= ∑   (4-54) 

The basic requirement for observability is that every bus must be observed at least one 

time, which means !" ≥ 1. As described in Section 2.3, the zero-injection bus (SNZ) 

needs special treatment. Besides, since the observability of each bus can be intentionally 

decided by the system planner, the critical bus (SC) also calls for special treatment in this 

case. The buses that are vulnerable in terms of voltage small signal stability, which are 

selected as described in the previous sections make up the set of critical buses (SC). For 

the buses in SC, every bus is required to be observed at least twice, which is expressed in 

(4-53). This one-time observability redundancy ensures the voltage instability being mon-

itored in time even in contingency like one PMU channel loss or line outage. Here b=2 is 

a particular case decided by the system planner, and it also can be defined as other number 

according to different requirements. At last, the buses that neither belong to SC nor SAZz 

make up the set of buses not around any zero-injection bus (SNZ). The buses in SNZ only 

need to fulfill the basic observability requirement, which is expressed in (4-51). 

 

4.4 Case Studies and Simulation Results 

In this section, the proposed voltage small signal stability analysis method and the 

optimal PMU placement and channel allocation approach are tested on IEEE 9-bus system. 

The data of IEEE 9-bus system is listed in Appendices, part A. The hourly real power 
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consumption data of Sweden in 2016 whole year is used to generate time-series multi-

scenarios in sequential Monte Carlo simulation. The cost for each base unit of PMU is 

assumed to be $10000 and $3000 for each channel [24]. After the PMU and channel place-

ment solution is obtained, dynamic simulation is performed using Power System Toolbox 

in MATLAB to validate the effectiveness of the placement under small signal disturbance. 

4.4.1 Transformation of state variables and state matrix formulation 

The topology of IEEE 9-bus system is shown in Fig 4.3 [32], in which there are 3 

generators, 3 loads, and 9 branches. Therefore, for the 3 generators, there are 21 state 

variables being discussed in the stability analysis, which are 

[ ] ( 1,2,3)T
i gix giy i i ri fdi fiV V V E R iδ ωΔ = Δ Δ Δ Δ Δ Δ Δ =x . 

 
Fig 4.3 Topology of IEEE 9-bus system 

 
Firstly, we use the load level in the original data set to illustrate the detailed compu-

tation procedure at one operating condition (we call it “base case” afterwards in this sec-

tion). Then the case of multi-scenarios will be discussed in Section 4.4.3. The parameter 

values of the three synchronous generators used during the computation are listed in Table 

4.4. 
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Table 4.4 Parameter values of the three synchronous generators 

Generator Ra Xd Xd' Xq Xq' Td0' Tq0' D TJ TA TE TF KA KF 

1 0 0.146 0.0608 0.0969 0.0969 8.96 0.31 1 47.28 0.2 0.314 0.35 20 0.063 

2 0 0.8958 0.1198 0.8645 0.1969 6 0.535 1 12.8 0.2 0.314 0.35 20 0.063 

3 0 1.3125 0.1813 1.2578 0.25 5.89 0.6 1 6.02 0.2 0.314 0.35 20 0.063 

 

The detailed analysis procedure of one scenario is described as follows. 

1. Run the power flow calculation under the given load level to obtain the static ini-

tial value of the voltage vector, injection current vector, and active and reactive 

power injection of all the buses. The results are shown in Table 4.5. Here voltage 

and current results are given as per unit values, the unit of voltage angle Va is 

degree, and the unit of power is MW. 

Table 4.5 Initial value of the voltage vector, injection current vector, and active and reac-
tive power injection of all the buses 

Bus Vm0 Va0 Vx0 Vy0 P0 Q0 Ix0 Iy0 
1 1.0000 0 1.0000 0.0000 71.95 24.07 0.7195 -0.2407 
2 1.0000 9.6687 0.9858 0.1680 163.00 14.46 1.6311 0.1312 
3 1.0000 4.7711 0.9965 0.0832 85.00 -3.65 0.8440 0.1071 
4 0.9870 -2.4066 0.9861 -0.0414 0 0 0.0000 0.0000 
5 0.9576 -4.3499 0.9549 -0.0726 -125 -50 -1.2620 0.6196 
6 0.9755 -4.0173 0.9731 -0.0683 -90 -30 -0.8988 0.3714 
7 0.9962 3.7991 0.9940 0.0660 0 0 0.0000 0.0000 
8 0.9856 0.6215 0.9856 0.0107 -100 -35 -1.0184 0.3441 
9 1.0034 1.9256 1.0028 0.0337 0 0 0.0000 0.0000 

 

2. Form the admittance matrix Y in (4-36): 
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 0 17.361 0 0 0 0 0 -17.361 0 0 0 0 0 0 0 0 0 0 

 -17.361 0 0 0 0 0 17.361 0 0 0 0 0 0 0 0 0 0 0 

 0 0 0 16.000 0 0 0 0 0 0 0 0 0 -16.000 0 0 0 0 

 0 0 -16.000 0 0 0 0 0 0 0 0 0 16.000 0 0 0 0 0 

 0 0 0 0 0 17.065 0 0 0 0 0 0 0 0 0 0 0 -17.065 

 0 0 0 0 -17.065 0 0 0 0 0 0 0 0 0 0 0 17.065 0 

 0 -17.361 0 0 0 0 3.307 39.309 -1.365 -11.604 -1.942 -10.511 0 0 0 0 0 0 

 17.361 0 0 0 0 0 -39.309 3.307 11.604 -1.365 10.511 -1.942 0 0 0 0 0 0 

Y= 0 0 0 0 0 0 -1.365 -11.604 2.553 17.338 0 0 -1.188 -5.975 0 0 0 0 

 0 0 0 0 0 0 11.604 -1.365 -17.338 2.553 0 0 5.975 -1.188 0 0 0 0 

 0 0 0 0 0 0 -1.942 -10.511 0 0 3.224 15.841 0 0 0 0 -1.282 -5.588 

 0 0 0 0 0 0 10.511 -1.942 0 0 -15.841 3.224 0 0 0 0 5.588 -1.282 

 0 0 0 -16.000 0 0 0 0 -1.188 -5.975 0 0 2.805 35.446 -1.617 -13.698 0 0 

 0 0 16.000 0 0 0 0 0 5.975 -1.188 0 0 -35.446 2.805 13.698 -1.617 0 0 

 0 0 0 0 0 0 0 0 0 0 0 0 -1.617 -13.698 2.772 23.303 -1.155 -9.784 

 0 0 0 0 0 0 0 0 0 0 0 0 13.698 -1.617 -23.303 2.772 9.784 -1.155 

 0 0 0 0 0 -17.065 0 0 0 0 -1.282 -5.588 0 0 -1.155 -9.784 2.437 32.154 

 0 0 0 0 17.065 0 0 0 0 0 5.588 -1.282 0 0 9.784 -1.155 -32.154 2.437 

 

3. Based on the load-voltage static characteristic parameters, use the initial value of 

the bus voltage and power injection to calculate , , ,xx xy yx yyG B B G  by (4-40). Then 

modify the diagonal block corresponding to each load bus in the admittance matrix. 



 

86 
 

The modified admittance matrix is shown below. It can be seen that all the ele-

ments remain the same except the diagonal block corresponding to bus 5, 6, 8 with 

loads on them, which are marked in bold. 

 

 

 

 

 0 17.361 0 0 0 0 0 -17.361 0 0 0 0 0 0 0 0 0 0 

 -17.361 0 0 0 0 0 17.361 0 0 0 0 0 0 0 0 0 0 0 

 0 0 0 16.000 0 0 0 0 0 0 0 0 0 -16.000 0 0 0 0 

 0 0 -16.000 0 0 0 0 0 0 0 0 0 16.000 0 0 0 0 0 

 0 0 0 0 0 17.065 0 0 0 0 0 0 0 0 0 0 0 -17.065 

 0 0 0 0 -17.065 0 0 0 0 0 0 0 0 0 0 0 17.065 0 

 0 -17.361 0 0 0 0 3.307 39.309 -1.365 -11.604 -1.942 -10.511 0 0 0 0 0 0 

 17.361 0 0 0 0 0 -39.309 3.307 11.604 -1.365 10.511 -1.942 0 0 0 0 0 0 

Ymodfied= 0 0 0 0 0 0 -1.365 -11.604 1.288 18.083 0 0 -1.188 -5.975 0 0 0 0 

 0 0 0 0 0 0 11.604 -1.365 -16.593 3.818 0 0 5.975 -1.188 0 0 0 0 

 0 0 0 0 0 0 -1.942 -10.511 0 0 2.332 16.285 0 0 0 0 -1.282 -5.588 

 0 0 0 0 0 0 10.511 -1.942 0 0 -15.397 4.117 0 0 0 0 5.588 -1.282 

 0 0 0 -16.000 0 0 0 0 -1.188 -5.975 0 0 2.805 35.446 -1.617 -13.698 0 0 

 0 0 16.000 0 0 0 0 0 5.975 -1.188 0 0 -35.446 2.805 13.698 -1.617 0 0 

 0 0 0 0 0 0 0 0 0 0 0 0 -1.617 -13.698 1.735 23.641 -1.155 -9.784 

 0 0 0 0 0 0 0 0 0 0 0 0 13.698 -1.617 -22.965 3.809 9.784 -1.155 

 0 0 0 0 0 -17.065 0 0 0 0 -1.282 -5.588 0 0 -1.155 -9.784 2.437 32.154 

 0 0 0 0 17.065 0 0 0 0 0 5.588 -1.282 0 0 9.784 -1.155 -32.154 2.437 

 

4. Organize the new network equations in the form of (4-41) by putting all the equa-

tions of generators before those of load buses. In this case the generator buses are 

bus 1, 2, 3, which are accidentally listed before the load buses, thus we do not need 
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to make more change on the modified admittance matrix. Then ∆Ig can be repre-

sented by ∆Vg in the form of (4-42): 

 
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦⎣ ⎦
g 1 2 g

3 4 l

ΔI C C ΔV
=
C C ΔV0

   

 -1
g 1 2 4 3 gΔI = (C -C C C )ΔV    

where 

 

 0 17.36111 0 0 0 0 
 -17.36111 0 0 0 0 0 

C1= 0 0 0 16 0 0 
 0 0 -16 0 0 0 
 0 0 0 0 0 17.06485 
 0 0 0 0 -17.0648 0 

 
 0 -17.3611 0 0 0 0 0 0 0 0 0 0 
 17.36111 0 0 0 0 0 0 0 0 0 0 0 

C2= 0 0 0 0 0 0 0 -16 0 0 0 0 
 0 0 0 0 0 0 16 0 0 0 0 0 
 0 0 0 0 0 0 0 0 0 0 0 -17.0648 
 0 0 0 0 0 0 0 0 0 0 17.06485 0 

 
 0 -17.3611 0 0 0 0 
 17.36111 0 0 0 0 0 
 0 0 0 0 0 0 
 0 0 0 0 0 0 
 0 0 0 0 0 0 

C3= 0 0 0 0 0 0 
 0 0 0 -16 0 0 
 0 0 16 0 0 0 
 0 0 0 0 0 0 
 0 0 0 0 0 0 
 0 0 0 0 0 -17.0648 
 0 0 0 0 17.06485 0 
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 3.307 39.309 -1.365 -11.604 -1.942 -10.511 0 0 0 0 0 0 
 -39.309 3.307 11.604 -1.365 10.511 -1.942 0 0 0 0 0 0 
 -1.365 -11.604 1.288 18.083 0 0 -1.188 -5.975 0 0 0 0 
 11.604 -1.365 -16.593 3.818 0 0 5.975 -1.188 0 0 0 0 
 -1.942 -10.511 0 0 2.332 16.285 0 0 0 0 -1.282 -5.588 

C4= 10.511 -1.942 0 0 -15.397 4.117 0 0 0 0 5.588 -1.282 
 0 0 -1.188 -5.975 0 0 2.805 35.446 -1.617 -13.698 0 0 
 0 0 5.975 -1.188 0 0 -35.446 2.805 13.698 -1.617 0 0 
 0 0 0 0 0 0 -1.617 -13.698 1.735 23.641 -1.155 -9.784 
 0 0 0 0 0 0 13.698 -1.617 -22.965 3.809 9.784 -1.155 
 0 0 0 0 -1.282 -5.588 0 0 -1.155 -9.784 2.437 32.154 
 0 0 0 0 5.588 -1.282 0 0 9.784 -1.155 -32.154 2.437 

 

5. Calculate the initial value of all the variables of the generator equations at steady 

state, as shown in Table 4.6. 

 
Table 4.6 Initial values of generator variables 

Generator δ0 (de-
gree) Vd0 Vq0 Id0 Iq0 E’d(0) E’q(0) 

1 3.8978 0.0680 0.9977 0.2890 0.7015 0 1.0153 
2 61.0660 0.7815 0.6239 1.3640 0.9040 0.6035 0.7873 
3 53.0250 0.7461 0.6658 0.6099 0.5932 0.5978 0.7764 

 
6. Substitute these initial values into (4-18), (4-19), (4-24), (4-25), then further sub-

stitute (4-24) and (4-25) into (4-22) and (4-23), replace the corresponding varia-

bles in (4-11), (4-12), (4-13), (4-14). At last, substituting (4-42) into the equation 

set, we get the modified generator differential-algebraic equation set. Extract the 

new state matrix Â , as shown at next page.
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  Vg1x Vg1y Vg2x Vg2y Vg3x Vg3y Δδ1 Δδ2 Δδ3 Δω1 Δω2 Δω3 Vr1 Vr2 Vr3 Efd1 Efd2 Efd3 Rf1 Rf2 Rf3 
 Vg1x 0.5001 -0.2942 -0.4356 0.3251 -0.2556 0.3860 -0.0046 -0.3287 -0.1721 8.5585 -7.3802 -1.1784 0 0 0 0.1015 0.0155 0.0144 0 0 0 
 Vg1y 0.1778 -3.7018 0.1635 0.6627 0.3306 0.4328 2.5171 0.0738 0.0813 292.3317 45.9464 38.7130 0 0 0 0.0125 0.0256 0.0201 0 0 0 
 Vg2x 2.5007 -1.1362 -4.0108 2.5948 0.9905 0.1427 0.0239 -1.8399 -0.3392 6.1861 -63.8469 -5.6555 0 0 0 0.0382 0.0719 0.0260 0 0 0 
 Vg2y -0.873 -0.0922 1.7970 -1.6163 -0.3656 0.2481 0.6329 0.9100 0.1668 73.8693 244.0646 53.7021 0 0 0 0.0072 0.1037 0.0230 0 0 0 
 Vg3x 2.4305 -1.3686 0.4170 -0.0786 -3.2855 2.9180 0.0360 -0.6954 -1.0057 7.9114 -18.7118 -20.5557 0 0 0 0.0419 0.0307 0.0743 0 0 0 
 Vg3y -0.9655 0.0611 -0.6584 0.9301 2.2490 -2.6230 0.7673 0.2281 0.7169 89.6636 79.0614 206.9599 0 0 0 0.0100 0.0377 0.0823 0 0 0 
 Δδ1 0 0 0 0 0 0 0 0 0 376.9911 0 0 0 0 0 0 0 0 0 0 0 
 Δδ2 0 0 0 0 0 0 0 0 0 0 376.9911 0 0 0 0 0 0 0 0 0 0 
 Δδ3 0 0 0 0 0 0 0 0 0 0 0 376.9911 0 0 0 0 0 0 0 0 0 
 Δω1 -0.0120 -0.0923 0.0131 0.0482 0.0134 0.0483 0 0 0 -0.0212 0 0 0 0 0 0 0 0 0 0 0 
Â = Δω2 0.0145 0.1761 -0.0636 -0.4106 -0.0043 0.2183 0 0 0 0 -0.0781 0 0 0 0 0 0 0 0 0 0 

 Δω3 0.0733 0.3838 0.0367 0.4727 -0.0959 -0.8545 0 0 0 0 0 -0.1661 0 0 0 0 0 0 0 0 0 
 Vr1 -100 0 0 0 0 0 0 0 0 0 0 0 -5 0 0 -18 0 0 100 0 0 
 Vr2 0 0 -98.5795 -16.7952 0 0 0 0 0 0 0 0 0 -5 0 0 -18 0 0 100 0 
 Vr3 0 0 0 0 -99.6535 -8.3175 0 0 0 0 0 0 0 0 -5 0 0 -18 0 0 100 
 Efd1 0 0 0 0 0 0 0 0 0 0 0 0 3.1847 0 0 -3.1847 0 0 0 0 0 
 Efd2 0 0 0 0 0 0 0 0 0 0 0 0 0 3.1847 0 0 -3.1847 0 0 0 0 
 Efd3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3.1847 0 0 -3.1847 0 0 0 
 Rf1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.5143 0 0 -2.8571 0 0 
 Rf2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.5143 0 0 -2.8571 0 
 Rf3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.5143 0 0 -2.8571 
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4.4.2 Decision of critical buses by modal analysis 

Based on the state matrix Â , we can obtain the 21 eigenvalues and the participation 

factor matrix P. The eigenvalues !", !$, … , !&'(  are given in Table 4.7, which are ar-

ranged following the order of the absolute value of real part from small to large. All the 

eigenvalues have negative real part except one zero eigenvalue. This indicates that the 

system is stable under the present operating condition. The participation factor matrix P 

is shown in the next page. Substitute P and the modified admittance matrix 
)* )+
), )-  into 

Algorithm 3 in Table 4.1, then we get the voltage magnitude participation matrix Pv, as 

shown afterwards. 
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 0.000 0.000 0.006 0.006 0.004 0.004 0.567 0.567 0.765 0.765 0.001 0.001 0.008 0.295 0.036 0.036 0.020 0.020 0.000 0.000 0.001 

 0.298 0.275 0.084 0.084 0.002 0.002 0.038 0.038 0.032 0.032 0.015 0.015 0.959 0.015 0.002 0.002 0.001 0.001 0.000 0.000 0.000 

 0.045 0.042 0.057 0.057 0.063 0.063 0.218 0.218 0.137 0.137 0.010 0.010 0.026 0.492 0.027 0.027 0.009 0.009 0.008 0.008 0.835 

 0.810 0.759 0.737 0.737 0.019 0.019 0.054 0.054 0.106 0.106 0.085 0.085 0.137 0.164 0.008 0.008 0.005 0.005 0.002 0.002 0.067 

 0.010 0.009 0.013 0.013 0.200 0.200 0.089 0.089 0.122 0.122 0.019 0.019 0.026 0.764 0.021 0.021 0.004 0.004 0.016 0.016 0.510 

 0.289 0.264 0.118 0.118 0.054 0.054 0.013 0.013 0.038 0.038 0.724 0.724 0.136 0.126 0.006 0.006 0.001 0.001 0.002 0.002 0.026 

 0.097 0.149 0.095 0.095 0.000 0.000 0.011 0.011 0.006 0.006 0.002 0.002 0.203 0.027 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

 0.381 0.415 0.045 0.045 0.241 0.241 0.376 0.376 0.330 0.330 0.014 0.014 0.012 0.074 0.007 0.007 0.003 0.003 0.003 0.003 0.136 

 0.121 0.134 0.002 0.002 0.658 0.658 0.082 0.082 0.138 0.138 0.063 0.063 0.006 0.194 0.003 0.003 0.001 0.001 0.005 0.005 0.136 

 0.000 0.245 0.249 0.249 0.000 0.000 0.000 0.000 0.000 0.000 0.008 0.008 0.002 0.002 0.001 0.001 0.000 0.000 0.000 0.000 0.000 

P= 0.000 0.063 0.591 0.591 0.001 0.001 0.002 0.002 0.002 0.002 0.151 0.151 0.004 0.002 0.002 0.002 0.001 0.001 0.001 0.001 0.014 

 0.000 0.030 0.097 0.097 0.003 0.003 0.000 0.000 0.001 0.001 0.664 0.664 0.001 0.011 0.001 0.001 0.000 0.000 0.003 0.003 0.022 

 0.000 0.000 0.000 0.000 0.001 0.001 0.064 0.064 0.047 0.047 0.000 0.000 0.000 0.000 0.500 0.500 0.608 0.608 0.005 0.005 0.000 

 0.000 0.000 0.003 0.003 0.025 0.025 0.042 0.042 0.041 0.041 0.000 0.000 0.000 0.000 0.396 0.396 0.327 0.327 0.341 0.341 0.001 

 0.000 0.000 0.001 0.001 0.068 0.068 0.010 0.010 0.022 0.022 0.001 0.001 0.000 0.000 0.286 0.286 0.128 0.128 0.614 0.614 0.001 

 0.000 0.000 0.000 0.000 0.001 0.001 0.103 0.103 0.074 0.074 0.000 0.000 0.000 0.000 0.485 0.485 0.589 0.589 0.005 0.005 0.000 

 0.000 0.000 0.003 0.003 0.042 0.042 0.068 0.068 0.064 0.064 0.000 0.000 0.000 0.000 0.385 0.385 0.317 0.317 0.331 0.331 0.000 

 0.000 0.000 0.001 0.001 0.111 0.111 0.016 0.016 0.035 0.035 0.001 0.001 0.000 0.000 0.278 0.278 0.124 0.124 0.595 0.595 0.000 

 0.000 0.000 0.000 0.000 0.007 0.007 0.555 0.555 0.340 0.340 0.000 0.000 0.000 0.020 0.157 0.157 0.182 0.182 0.002 0.002 0.000 

 0.000 0.000 0.001 0.001 0.235 0.235 0.366 0.366 0.291 0.291 0.000 0.000 0.000 0.018 0.124 0.124 0.098 0.098 0.100 0.100 0.007 

 0.000 0.000 0.000 0.000 0.623 0.623 0.087 0.087 0.158 0.158 0.000 0.000 0.000 0.014 0.090 0.090 0.038 0.038 0.180 0.180 0.007 
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  λ2 λ3 λ4 λ5 λ6 λ7 λ8 λ9 λ10 λ11 λ12 λ13 λ14 λ15 λ16 λ17 λ18 λ19 λ20 λ21 
 V1 0.195 0.073 0.073 0.013 0.013 0.495 0.495 0.531 0.531 0.014 0.014 0.612 0.155 0.350 0.350 0.453 0.453 0.004 0.004 0.001 
 V2 0.541 0.639 0.639 0.175 0.175 0.196 0.196 0.120 0.120 0.081 0.081 0.089 0.273 0.274 0.274 0.231 0.231 0.264 0.264 0.514 
 V3 0.188 0.103 0.103 0.548 0.548 0.078 0.078 0.088 0.088 0.692 0.692 0.088 0.407 0.209 0.209 0.097 0.097 0.522 0.522 0.314 
 V4 0.246 0.164 0.164 0.149 0.149 0.459 0.459 0.471 0.471 0.117 0.117 0.484 0.251 0.375 0.375 0.429 0.429 0.144 0.144 0.140 
Pv= V5 0.312 0.276 0.276 0.210 0.210 0.423 0.423 0.416 0.416 0.140 0.140 0.375 0.309 0.391 0.391 0.418 0.418 0.226 0.226 0.268 
 V6 0.249 0.178 0.178 0.294 0.294 0.385 0.385 0.395 0.395 0.255 0.255 0.374 0.329 0.369 0.369 0.375 0.375 0.276 0.276 0.223 
 V7 0.454 0.503 0.503 0.287 0.287 0.274 0.274 0.234 0.234 0.192 0.192 0.180 0.361 0.349 0.349 0.321 0.321 0.336 0.336 0.455 
 V8 0.373 0.380 0.380 0.396 0.396 0.246 0.246 0.225 0.225 0.328 0.328 0.178 0.398 0.339 0.339 0.287 0.287 0.407 0.407 0.418 
 V9 0.261 0.207 0.207 0.526 0.526 0.190 0.190 0.197 0.197 0.521 0.521 0.175 0.425 0.303 0.303 0.220 0.220 0.482 0.482 0.340 
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Table 4.7 Eigenvalues of state matrix Â  

 Eigenvalue 
λ1 0 
λ2 -0.045 
λ3 -0.327-8.031i 
λ4 -0.327+8.031i 
λ5 -0.407-0.533i 
λ6 -0.407+0.533i 
λ7 -0.419-0.769i 
λ8 -0.419+0.769i 
λ9 -0.423-1.266i 
λ10 -0.423+1.266i 
λ11 -0.837-12.392i 
λ12 -0.837+12.392i 
λ13 -3.29 
λ14 -3.57 
λ15 -5.094-7.763i 
λ16 -5.094+7.763i 
λ17 -5.17-7.878i 
λ18 -5.17+7.878i 
λ19 -5.189-7.926i 
λ20 -5.189+7.926i 
λ21 -5.493 

 
At last, according to step 6 in Algorithm 3, partition the 9 row vectors in Pv into 3 

groups by the SOM algorithm. Then 3 areas are formed as shown in Fig 4.4. Considering 

the most vulnerable mode corresponding to λ2, select bus j in each area with maximum 

participation factor pj,2 as the critical bus in that area. The critical buses are marked with 

pentagrams in Fig 4.4, and the results are summarized in Table 4.8. 
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Fig 4.4 Network partitioning result and critical buses in the base case 

 
Table 4.8 Network partitioning result and critical buses in the base case 

Area# Bus# Critical bus# 
1 1, 4, 5, 6 5 
2 2, 7, 8 2 
3 3, 9 9 

 

4.4.3 Consideration of multiple scenarios 

In this section, multiple operating scenarios are analyzed to obtain a reliable result 

of network partitioning and critical bus selection suitable for different operating condi-

tions. 

The hourly power consumption data of Sweden in the 2016 whole year [57] is used 

as reference. Based on this, sequential Monte Carlo simulation is employed to generate 

1000 scenarios of the 24-hour chronological load data. Then using the backward scenario 

reduction techniques [56], 10 representative 24-hour load scenarios with probabilities are 

generated. In the backward reduction method, during each iteration one scenario is deleted 

from the initial set of scenarios. The selection of the scenario to be deleted is based on the 

Kantorovich distance between each pair of scenarios. The detailed algorithm is described 
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in Algorithm 4 and Algorithm 5. The 1000 scenarios of 24-hour load data generated by 

Monte Carlo simulation are shown in Fig 4.5 and the 10 reduced scenarios with probabil-

ity pi are shown in Fig 4.6. 

 
Fig 4.5 1000 scenarios of 24-hour load data 
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Fig 4.6 10 reduced scenarios of 24-hour load data with probability 

 
 

It can be noticed that in the obtained 10 scenarios, only the total load power of the 

system at every hour can be got. Since in transmission network, the distance between 

different nodes can be longer than several hundred kilometers, thus it is assumed that the 

proportion of every node load among the sum load is unchanged. In this way, the total 

load power of every hour can be proportionally assigned to each load bus based on the 

proportion in the original dataset of IEEE 9-bus system. There are three buses in IEEE 9-

bus system with loads on them, which are bus 5, bus 6, and bus 8. The original load data 

of this system is shown in Table 4.10. For example, if we know the total active load power 

at some time is 201.5534 MW, then the active load power on bus 5 is decided by 

201.5534/315×125=79.9815 (MW), similarly, the active load power on bus 6 and bus 8 
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also can be decided. It is assumed that the power factor on every bus is unchanged, thus 

the reactive load power on every bus can be calculated based on the active load power. 

The data of this example is also shown in Table 4.10. 

Table 4.9 The assignment of the load power to each load bus 

 Original data An example of operating condition 

 P (MW) Q (MVar) P (MW) Q (MVar) 

Total 315 115 201.5534 73.5830 

Bus 5 125 50 79.9815 31.9926 

Bus 6 90 30 57.5867 19.1956 

Bus 8 100 35 63.9852 22.3948 

 

For the 10 reduced 24-hour scenarios, the load level at every hour of every scenario 

is regarded as an operating condition. Therefore, there are totally 240 load levels to be 

analyzed in finding network partitioning result and critical buses. Load level denoted as 

Lt,i (t=1, 2, …, 24, i= 1, 2, …, 10) represents the total load at the tth hour of the ith scenario. 

Repeat the procedures described in Section 4.2.2 to 4.2.4 to get the network partitioning 

result and the critical buses for every Lt,i. For bus n, Nn,t,i=1 if bus n is chosen as the critical 

bus at the tth hour of the ith scenario, and Nn,t,i=0 if not. Finally, the weighted summation 

of the number of times that bus n is chosen to be critical bus is calculated by 

 
24 10

, ,
1 1

n n t i i
t i

S N p
= =

= ⋅∑∑   (4-55) 

The result of Sn for all the buses are shown in Table 4.10. Among all the buses, bus 2, bus 
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5 and bus 9 are chosen most frequently in the proposed approach, thus they are decided 

as the final critical buses. 

 
Table 4.10 The number of times of every bus being chosen as the critical bus 

Bus # Sn 

1 2.427 
2 24 
3 0 
4 0.084 
5 23.58 
6 0 
7 0 
8 1.799 
9 20.11 

 

4.4.4 Optimal PMU placement and channel allocation 

In this section, the optimal PMU placement and channel allocation are decided 

through solving the ILP model described in Chapter 2 . It is assumed that 

CPMU=20000$ and Cch=3000$ [24]. In the IEEE 9-bus system, the bus categories are listed 

in Table 4.11. 

 
Table 4.11 Bus categories in IEEE 9-bus system 

Category Bus # 
SC 2, 5, 9 

Zero Injection Bus 4, 7, 9 
SAZ1 1, 4, 5, 6 
SAZ2 2, 5, 7, 8 
SAZ3 3, 6, 8, 9 
SNZ Ø 

 

The result of PMU placement, channel allocation and the total cost are shown in 
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Table 4.12. The result is also illustrated on the system topology shown in Fig 4.7. The 

dots mark the location of PMUs, among which, solid dot means a channel is allocated to 

measure the voltage on the PMU bus, and hollow dot means this PMU does not allocate 

voltage channel on this bus. Each arrow represents a channel allocated on that branch to 

measure the current vector flow through it. It can be seen from the result that only 5 PMUs 

and 9 channels are enough to fulfill the requirement of the global observability as well as 

one measurement backup for the critical buses. There is no need to allocate voltage chan-

nel to every PMU bus and current channel to every branch connected to the PMU bus. 

Therefore, this method significantly helps reducing the investment in system planning. 

 
Table 4.12 Result of PMU placement, channel allocation, and the total cost of IEEE 9-
bus system considering voltage small signal stability 

 PMU location Channel allocation Cost ($) 
Bus # 2 2-2  

 5 5-4 
5-5  

 7 
7-2 
7-5 
7-8 

 

 8 8-9  

 9 9-6 
9-9  

Total number 5 9 127000 
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Fig 4.7 Result of PMU placement and channel allocation in IEEE 9-bus system 

4.4.5 Result validation by dynamic simulation 

The proposed OPP scheme fulfills global observability and takes the critical buses 

as key monitoring points. The PMU placement and channel allocation are of high effec-

tiveness and economic efficiency as long as the critical buses are correctly selected. To 

validate the correctness of the selection of the critical buses, in this section, dynamic sim-

ulation is performed to examine the bus voltage oscillation after small disturbance. 

Since the change of operating scenarios considered in this study focuses on the 

change of load level, thus instantaneous loss of load is taken as the small disturbance in 

the simulation. Assume the system is operating at the base case (original load level). Sim-

ulation starts from t=0s, loss of load is applied at t=0.1s and recovers at t=0.15s. Then we 

observe the voltage oscillation of all the buses until t=15s. The simulation is performed 

three times, in which loss of load is applied on bus 5, bus 6 and bus 8 respectively. The 

simulation results are shown in Fig 4.8, Fig 4.9 and Fig 4.10, respectively. During the 

period from loss of load to the end (t=0.1s~15s), all the buses experience a process from 

oscillation to smooth. The oscillation severity of bus voltage should be in accordance with 
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the participation factor of that bus in the sense of voltage small signal stability. Based on 

this, next we calculate and compare the oscillation amplitude of all the buses to examine 

the correctness of the network partition and critical bus selection. We define the oscilla-

tion amplitude as the maximum voltage magnitude minus the minimum voltage magni-

tude during the oscillation process. The voltage oscillation amplitude of all the buses in 

the three cases are listed in Table 4.13. 
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Fig 4.8 Simulation of loss of load on bus 5 

 
Fig 4.9 Simulation of loss of load on bus 6 
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Fig 4.10 Simulation of loss of load on bus 8 

 
Table 4.13 Voltage oscillation amplitude in the three cases 

 Voltage oscillation amplitude (p.u.) 
Bus # Case (a) Case (b) Case (c) 

1 0.027071197 0.016464799 0.012837409 
2 0.036041109 0.017784476 0.033419148 
3 0.031337697 0.023942705 0.031239368 
4 0.029531125 0.017530137 0.022205739 
5 0.032664274 0.017786371 0.028189205 
6 0.030364347 0.019382001 0.026700403 
7 0.034465898 0.018520127 0.032552467 
8 0.032985891 0.019204337 0.032246858 
9 0.031814755 0.021506667 0.031113818 

 
 

Based on the voltage oscillation magnitude of the three cases, the clustering method 

based on the SOM algorithm is performed again to cluster the 9 buses into 3 groups and 
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select the bus with most seriously voltage oscillation in each group. The bus voltages in 

one area share the close level of oscillation, thus have the similar level of voltage small 

signal stability. The result obtained is the same as that in Table 4.8, which indicates the 

correctness of the network partition and critical bus selection. Therefore, the PMU place-

ment and channel allocation can effectively facilitate the monitoring of voltage stability 

after small disturbance. 

 
4.5 Conclusion 

In this chapter, the observability-based channel-oriented optimal PMU placement 

(OPP) scheme is employed, in which the voltage-vulnerable critical buses are monitored 

with 1-time backup. Particularly, a novel analyzing methodology considering the inner 

generator dynamics is explored toward evaluating grid-wide voltage small signal stability 

by modal analysis. Critical buses are selected through grid partitioning by the self-organ-

ization maps algorithm. Various operating scenarios are generated by the sequential 

Monte Carlo simulation; thus the planning scheme is stochastically applicable. The nu-

merical test of the scheme on IEEE 9-bus system and the dynamic simulation results val-

idate the effectiveness of the proposed approach.  



 

105 
 

Chapter 5  Conclusions and Future Work 

5.1 Conclusions 

A comprehensive study is carried out in this thesis, to develop innovative and cost-

effective OPP approaches with the objective to reduce voltage estimation uncertainty or 

provide guidance for voltage stability assessment and control in power transmission net-

work from both static and dynamic perspectives. 

Firstly, an observability-based channel-oriented OPP scheme is developed in Chap-

ter 2, which is formulated as an integer linear programming problem. The innovation is 

that the channel allocation of PMU is also taken as an optimization variable. That means 

each PMU can choose whether or not to allocate channels to the bus on which it is in-

stalled or the adjacent branches. The construction investment of the monitoring system 

can be further reduced in this way. Although the optimization objective is the same as the 

traditional formulation, that is to achieve system-wide observability, the observation re-

dundancy of every bus can be intentionally defined according to different operating re-

quirements. 

Then a new OPP regime is developed In Chapter 3, in which considerably small 

number of PMUs are used together with the widely configured SCADA system, aiming 

at reducing the voltage estimation uncertainty meanwhile facilitating zonal voltage sta-

bility assessment and control in a static sense. Specifically, the OPP problem is converted 

into a multi-objective network partitioning problem, in which the best partitioning pursues 

clusters with minimum voltage estimation uncertainty and maximum voltage variation 
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consistency. In addition, the new regime employs probabilistic load flows (PLFs) to con-

sider the uncertainties of the time-changing load pattern and generator output from a sto-

chastic perspective, so that an unbiased PMU placement solution that is suitable for dif-

ferent operating conditions can be obtained. 

At last, an OPP approach aiming at facilitating dynamic voltage stability assessment 

is proposed in Chapter 4. Particularly, a novel methodology is explored toward evaluating 

grid-wide dynamic voltage small signal stability by modal analysis. Afterwards, regional 

voltage-vulnerable buses are determined through grid partitioning by the SOM algorithm. 

To achieve a planning solution suitable for different operating conditions, the analysis is 

carried out on various operating scenarios generated by sequential Monte Carlo simula-

tion. Finally, the regional voltage-vulnerable buses are taken as the critical buses to be 

monitored by PMUs with 1-time backup. The PMU placement and channel allocation 

solution are obtained through the ILP formulation described in Chapter 2. 

 

5.2 Future Work 

The research works that could be further developed in the future include the follow-

ing aspects. 

1. Improve the proposed multi-objective OPP regime in Chapter 3 . 

1) In the present work, the number of clusters in the system is pre-determined, and the 

performance of PMU placement needs comparison after enumeration. However, this 

is computationally inefficient in case of large-scale system. On the other hand, using 
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the k-means clustering algorithm often leads to unsatisfactory solution or no solution 

can be obtained. As a result, we could employ a more robust and intelligent algorithm 

to improve the clustering optimality and efficiency. 

2) The OPP problem in this study is a multi-objective optimization problem. The pre-

sent work addresses this problem only by assigning equal weighting factors to the 

multiple objectives. However, there may be special preference among the objectives 

in some cases and it should be further discussed. 

2. Improve the consideration of state estimation 

1) Since the PMUs are placed based on system partitioning and the state estimation in 

the present work is carried out in multi-area, the boundary state consistency should 

not be neglected. In the present work however, the state estimation in one area only 

depends on the measurements of PMU and other devices in this area. This is too 

simple to obtain an accurate state estimation result, thus needs to be further modified. 

2) In the present work, only voltage magnitude is taken as the system state to be accu-

rately estimated, also only voltage magnitude is considered as our control objective, 

which is not enough for a comprehensive monitoring and control function. Therefore, 

in future work, the voltage angle should also be considered as an important system 

state. 

3) The present work underestimates the uncertainty in state estimation because the 



 

108 
 

measurement uncertainty is considered as the only uncertainty source of the estima-

tion process. In fact, the possible variation of system parameters is also an uncertainty 

source that needs to be discussed in future work. 

3. Improve the proposed OPP scheme in Chapter 4 . 

1) In the proposed OPP scheme considering voltage small signal stability, the number 

of clusters to be divided on the network is set to be the same as the number of gener-

ators in the system. Here it is assumed that the dynamics of each generator influences 

the bus voltage in one area. However, some generators may have similar impacts and 

therefore can be grouped together. This part needs to be discussed in the future work. 

2) Considering the high computational complexity, the proposed OPP scheme consid-

ering voltage small signal stability is only tested on the IEEE 9-bus system, whose 

scale is not large enough. In the future work, numerical tests should be carried out on 

systems with larger scale. 

3) The OPP scheme facilitating dynamic voltage stability assessment in this thesis still 

uses the ILP formulation for global observability. In the future, the analysis of dy-

namic voltage stability may be included into the newly proposed clustering-based 

regime to achieve a more efficient PMU placement solution. 
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Appendices 

A. Data of IEEE 9-bus System 

All data of this test case is from case9 in [32]. 

Table A.1 Generator data of IEEE 9-bus system 

Bus # Pg 
(MW) 

Qg 
(MVar) Qmax Qmin 

Vg 
(p.u.) mBase(MW) sta-

tus Pmax Pmin 

1 0 0 300 -300 1 100 1 250 10 
2 163 0 300 -300 1 100 1 300 10 
3 85 0 300 -300 1 100 1 270 10 

 
 

Table A.2 Bus data of IEEE 9-bus system 

Bus 
# Pd(MW) Qd(MVar) Gs Bs area Vm(p.u) Va(p.u) BaseKV zone Vmax 

(p.u) 
Vmin 
(p.u) 

1 0 0 0 0 1 1 0 345 1 1.1 0.9 
2 0 0 0 0 1 1 0 345 1 1.1 0.9 
3 0 0 0 0 1 1 0 345 1 1.1 0.9 
4 0 0 0 0 1 1 0 345 1 1.1 0.9 
5 125 50 0 0 1 1 0 345 1 1.1 0.9 
6 90 30 0 0 1 1 0 345 1 1.1 0.9 
7 0 0 0 0 1 1 0 345 1 1.1 0.9 
8 100 35 0 0 1 1 0 345 1 1.1 0.9 
9 0 0 0 0 1 1 0 345 1 1.1 0.9 

 
 

Table A.3 Branch data of IEEE 9-bus system 

From 
bus 

To 
bus r x b rateA rateB rateC 

Trans-
former 
ratio 

angle 

4 5 0.01 0.085 0.176 250 250 250 0 0 
4 6 0.017 0.092 0.158 250 250 250 0 0 
5 7 0.032 0.161 0.306 250 250 250 0 0 
6 9 0.039 0.17 0.358 150 150 150 0 0 
7 8 0.0085 0.072 0.149 250 250 250 0 0 
8 9 0.0119 0.1008 0.209 150 150 150 0 0 
1 4 0 0.0576 0 250 250 250 1 0 
2 7 0 0.0625 0 250 250 250 1 0 
3 9 0 0.0586 0 300 300 300 1 0 
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B. Data of IEEE New England 39-bus System 

All data of this test case is from case39 in MATPOWER [52]. 

Table B.1 Generator data of IEEE New England 39-bus system 

Bus # Pg 
(MW) 

Qg 
(MVar) Qmax Qmin 

Vg 
(p.u.) mBase(MW) sta-

tus Pmax Pmin 

30 250 161.762 400 140 1.0499 100 1 1040 0 
31 677.871 221.574 300 -100 0.982 100 1 646 0 
32 650 206.965 300 150 0.9841 100 1 725 0 
33 632 108.293 250 0 0.9972 100 1 652 0 
34 508 166.688 167 0 1.0123 100 1 508 0 
35 650 210.661 300 -100 1.0494 100 1 687 0 
36 560 100.165 240 0 1.0636 100 1 580 0 
37 540 -1.3695 250 0 1.0275 100 1 564 0 
38 830 21.7327 300 -150 1.0265 100 1 865 0 

 
 

Table B.2 Bus data of IEEE New England 39-bus system 

Bus 
# Pd(MW) Qd(MVar) Gs Bs area Vm(p.u) Va(p.u) BaseKV zone Vmax 

(p.u) 
Vmin 
(p.u) 

1 97.6 44.2 0 0 2 1.039384 -13.5366 345 1 1.06 0.94 
2 0 0 0 0 2 1.048494 -9.78527 345 1 1.06 0.94 
3 322 2.4 0 0 2 1.030708 -12.2764 345 1 1.06 0.94 
4 500 184 0 0 1 1.00446 -12.6267 345 1 1.06 0.94 
5 0 0 0 0 1 1.006006 -11.1923 345 1 1.06 0.94 
6 0 0 0 0 1 1.008226 -10.4083 345 1 1.06 0.94 
7 233.8 84 0 0 1 0.998397 -12.7556 345 1 1.06 0.94 
8 522 176.6 0 0 1 0.997872 -13.3358 345 1 1.06 0.94 
9 6.5 -66.6 0 0 1 1.038332 -14.1784 345 1 1.06 0.94 

10 0 0 0 0 1 1.017843 -8.17088 345 1 1.06 0.94 
11 0 0 0 0 1 1.013386 -8.93697 345 1 1.06 0.94 
12 8.53 88 0 0 1 1.000815 -8.99882 345 1 1.06 0.94 
13 0 0 0 0 1 1.014923 -8.92993 345 1 1.06 0.94 
14 0 0 0 0 1 1.012319 -10.7153 345 1 1.06 0.94 
15 320 153 0 0 3 1.016185 -11.3454 345 1 1.06 0.94 
16 329 32.3 0 0 3 1.03252 -10.0333 345 1 1.06 0.94 
17 0 0 0 0 2 1.034237 -11.1164 345 1 1.06 0.94 
18 158 30 0 0 2 1.031573 -11.9862 345 1 1.06 0.94 
19 0 0 0 0 3 1.050107 -5.41007 345 1 1.06 0.94 
20 680 103 0 0 3 0.991011 -6.82118 345 1 1.06 0.94 
21 274 115 0 0 3 1.032319 -7.62875 345 1 1.06 0.94 
22 0 0 0 0 3 1.050143 -3.18312 345 1 1.06 0.94 
23 247.5 84.6 0 0 3 1.045145 -3.38128 345 1 1.06 0.94 
24 308.6 -92.2 0 0 3 1.038001 -9.91376 345 1 1.06 0.94 
25 224 47.2 0 0 2 1.057683 -8.36924 345 1 1.06 0.94 
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26 139 17 0 0 2 1.052561 -9.43877 345 1 1.06 0.94 
27 281 75.5 0 0 2 1.038345 -11.3622 345 1 1.06 0.94 
28 206 27.6 0 0 3 1.050374 -5.92836 345 1 1.06 0.94 
29 283.5 26.9 0 0 3 1.050115 -3.16987 345 1 1.06 0.94 
30 0 0 0 0 2 1.0499 -7.37047 345 1 1.06 0.94 
31 9.2 4.6 0 0 1 0.982 0 345 1 1.06 0.94 
32 0 0 0 0 1 0.9841 -0.18844 345 1 1.06 0.94 
33 0 0 0 0 3 0.9972 -0.19317 345 1 1.06 0.94 
34 0 0 0 0 3 1.0123 -1.63112 345 1 1.06 0.94 
35 0 0 0 0 3 1.0494 1.776507 345 1 1.06 0.94 
36 0 0 0 0 3 1.0636 4.468437 345 1 1.06 0.94 
37 0 0 0 0 2 1.0275 -1.5829 345 1 1.06 0.94 
38 0 0 0 0 3 1.0265 3.892818 345 1 1.06 0.94 
39 1104 250 0 0 1 1.03 -14.5353 345 1 1.06 0.94 

 
 

Table B.3 Branch data of IEEE New England 39-bus system 

From 
bus To bus r x b rateA rateB rateC 

Trans-
former 
ratio 

angle 

1 2 0.0035 0.0411 0.6987 600 600 600 0 0 
1 39 0.001 0.025 0.75 1000 1000 1000 0 0 
2 3 0.0013 0.0151 0.2572 500 500 500 0 0 
2 25 0.007 0.0086 0.146 500 500 500 0 0 
2 30 0 0.0181 0 900 900 2500 1.025 0 
3 4 0.0013 0.0213 0.2214 500 500 500 0 0 
3 18 0.0011 0.0133 0.2138 500 500 500 0 0 
4 5 0.0008 0.0128 0.1342 600 600 600 0 0 
4 14 0.0008 0.0129 0.1382 500 500 500 0 0 
5 6 0.0002 0.0026 0.0434 1200 1200 1200 0 0 
5 8 0.0008 0.0112 0.1476 900 900 900 0 0 
6 7 0.0006 0.0092 0.113 900 900 900 0 0 
6 11 0.0007 0.0082 0.1389 480 480 480 0 0 
6 31 0 0.025 0 1800 1800 1800 1.07 0 
7 8 0.0004 0.0046 0.078 900 900 900 0 0 
8 9 0.0023 0.0363 0.3804 900 900 900 0 0 
9 39 0.001 0.025 1.2 900 900 900 0 0 

10 11 0.0004 0.0043 0.0729 600 600 600 0 0 
10 13 0.0004 0.0043 0.0729 600 600 600 0 0 
10 32 0 0.02 0 900 900 2500 1.07 0 
12 11 0.0016 0.0435 0 500 500 500 1.006 0 
12 13 0.0016 0.0435 0 500 500 500 1.006 0 
13 14 0.0009 0.0101 0.1723 600 600 600 0 0 
14 15 0.0018 0.0217 0.366 600 600 600 0 0 
15 16 0.0009 0.0094 0.171 600 600 600 0 0 
16 17 0.0007 0.0089 0.1342 600 600 600 0 0 
16 19 0.0016 0.0195 0.304 600 600 2500 0 0 
16 21 0.0008 0.0135 0.2548 600 600 600 0 0 
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16 24 0.0003 0.0059 0.068 600 600 600 0 0 
17 18 0.0007 0.0082 0.1319 600 600 600 0 0 
17 27 0.0013 0.0173 0.3216 600 600 600 0 0 
19 20 0.0007 0.0138 0 900 900 2500 1.06 0 
19 33 0.0007 0.0142 0 900 900 2500 1.07 0 
20 34 0.0009 0.018 0 900 900 2500 1.009 0 
21 22 0.0008 0.014 0.2565 900 900 900 0 0 
22 23 0.0006 0.0096 0.1846 600 600 600 0 0 
22 35 0 0.0143 0 900 900 2500 1.025 0 
23 24 0.0022 0.035 0.361 600 600 600 0 0 
23 36 0.0005 0.0272 0 900 900 2500 1 0 
25 26 0.0032 0.0323 0.531 600 600 600 0 0 
25 37 0.0006 0.0232 0 900 900 2500 1.025 0 
26 27 0.0014 0.0147 0.2396 600 600 600 0 0 
26 28 0.0043 0.0474 0.7802 600 600 600 0 0 
26 29 0.0057 0.0625 1.029 600 600 600 0 0 
28 29 0.0014 0.0151 0.249 600 600 600 0 0 
29 38 0.0008 0.0156 0 1200 1200 2500 1.025 0 
1 2 0.0035 0.0411 0.6987 600 600 600 0 0 
1 39 0.001 0.025 0.75 1000 1000 1000 0 0 
2 3 0.0013 0.0151 0.2572 500 500 500 0 0 
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C. Data of IEEE 118-bus System 

All data of this test case is from case118 in MATPOWER [52]. 

Table C.1 Generator data of IEEE 118-bus system 

Bus # Pg 
(MW) 

Qg 
(MVar) Qmax Qmin 

Vg 
(p.u.) mBase(MW) status Pmax Pmin 

1 0 0 15 -5 0.955 100 1 100 0 
4 0 0 300 -300 0.998 100 1 100 0 
6 0 0 50 -13 0.99 100 1 100 0 
8 0 0 300 -300 1.015 100 1 100 0 

10 450 0 200 -147 1.05 100 1 550 0 
12 85 0 120 -35 0.99 100 1 185 0 
15 0 0 30 -10 0.97 100 1 100 0 
18 0 0 50 -16 0.973 100 1 100 0 
19 0 0 24 -8 0.962 100 1 100 0 
24 0 0 300 -300 0.992 100 1 100 0 
25 220 0 140 -47 1.05 100 1 320 0 
26 314 0 1000 -1000 1.015 100 1 414 0 
27 0 0 300 -300 0.968 100 1 100 0 
31 7 0 300 -300 0.967 100 1 107 0 
32 0 0 42 -14 0.963 100 1 100 0 
34 0 0 24 -8 0.984 100 1 100 0 
36 0 0 24 -8 0.98 100 1 100 0 
40 0 0 300 -300 0.97 100 1 100 0 
42 0 0 300 -300 0.985 100 1 100 0 
46 19 0 100 -100 1.005 100 1 119 0 
49 204 0 210 -85 1.025 100 1 304 0 
54 48 0 300 -300 0.955 100 1 148 0 
55 0 0 23 -8 0.952 100 1 100 0 
56 0 0 15 -8 0.954 100 1 100 0 
59 155 0 180 -60 0.985 100 1 255 0 
61 160 0 300 -100 0.995 100 1 260 0 
62 0 0 20 -20 0.998 100 1 100 0 
65 391 0 200 -67 1.005 100 1 491 0 
66 392 0 200 -67 1.05 100 1 492 0 
69 516.4 0 300 -300 1.035 100 1 805.2 0 
70 0 0 32 -10 0.984 100 1 100 0 
72 0 0 100 -100 0.98 100 1 100 0 
73 0 0 100 -100 0.991 100 1 100 0 
74 0 0 9 -6 0.958 100 1 100 0 
76 0 0 23 -8 0.943 100 1 100 0 
77 0 0 70 -20 1.006 100 1 100 0 
80 477 0 280 -165 1.04 100 1 577 0 
85 0 0 23 -8 0.985 100 1 100 0 
87 4 0 1000 -100 1.015 100 1 104 0 
89 607 0 300 -210 1.005 100 1 707 0 



 

B-6 
 

90 0 0 300 -300 0.985 100 1 100 0 
91 0 0 100 -100 0.98 100 1 100 0 
92 0 0 9 -3 0.99 100 1 100 0 
99 0 0 100 -100 1.01 100 1 100 0 

100 252 0 155 -50 1.017 100 1 352 0 
103 40 0 40 -15 1.01 100 1 140 0 
104 0 0 23 -8 0.971 100 1 100 0 
105 0 0 23 -8 0.965 100 1 100 0 
107 0 0 200 -200 0.952 100 1 100 0 
110 0 0 23 -8 0.973 100 1 100 0 
111 36 0 1000 -100 0.98 100 1 136 0 
112 0 0 1000 -100 0.975 100 1 100 0 
113 0 0 200 -100 0.993 100 1 100 0 
116 0 0 1000 -1000 1.005 100 1 100 0 

 
 

Table C.2 Bus data of IEEE 118-bus system 

Bus 
# Pd(MW) Qd(MVar) Gs Bs area Vm(p.u) Va(p.u) Ba-

seKV zone Vmax 
(p.u) 

Vmin 
(p.u) 

1 51 27 0 0 1 0.955 10.67 138 1 1.06 0.94 
2 20 9 0 0 1 0.971 11.22 138 1 1.06 0.94 
3 39 10 0 0 1 0.968 11.56 138 1 1.06 0.94 
4 39 12 0 0 1 0.998 15.28 138 1 1.06 0.94 
5 0 0 0 -40 1 1.002 15.73 138 1 1.06 0.94 
6 52 22 0 0 1 0.99 13 138 1 1.06 0.94 
7 19 2 0 0 1 0.989 12.56 138 1 1.06 0.94 
8 28 0 0 0 1 1.015 20.77 345 1 1.06 0.94 
9 0 0 0 0 1 1.043 28.02 345 1 1.06 0.94 

10 0 0 0 0 1 1.05 35.61 345 1 1.06 0.94 
11 70 23 0 0 1 0.985 12.72 138 1 1.06 0.94 
12 47 10 0 0 1 0.99 12.2 138 1 1.06 0.94 
13 34 16 0 0 1 0.968 11.35 138 1 1.06 0.94 
14 14 1 0 0 1 0.984 11.5 138 1 1.06 0.94 
15 90 30 0 0 1 0.97 11.23 138 1 1.06 0.94 
16 25 10 0 0 1 0.984 11.91 138 1 1.06 0.94 
17 11 3 0 0 1 0.995 13.74 138 1 1.06 0.94 
18 60 34 0 0 1 0.973 11.53 138 1 1.06 0.94 
19 45 25 0 0 1 0.963 11.05 138 1 1.06 0.94 
20 18 3 0 0 1 0.958 11.93 138 1 1.06 0.94 
21 14 8 0 0 1 0.959 13.52 138 1 1.06 0.94 
22 10 5 0 0 1 0.97 16.08 138 1 1.06 0.94 
23 7 3 0 0 1 1 21 138 1 1.06 0.94 
24 13 0 0 0 1 0.992 20.89 138 1 1.06 0.94 
25 0 0 0 0 1 1.05 27.93 138 1 1.06 0.94 
26 0 0 0 0 1 1.015 29.71 345 1 1.06 0.94 
27 71 13 0 0 1 0.968 15.35 138 1 1.06 0.94 
28 17 7 0 0 1 0.962 13.62 138 1 1.06 0.94 
29 24 4 0 0 1 0.963 12.63 138 1 1.06 0.94 
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30 0 0 0 0 1 0.968 18.79 345 1 1.06 0.94 
31 43 27 0 0 1 0.967 12.75 138 1 1.06 0.94 
32 59 23 0 0 1 0.964 14.8 138 1 1.06 0.94 
33 23 9 0 0 1 0.972 10.63 138 1 1.06 0.94 
34 59 26 0 14 1 0.986 11.3 138 1 1.06 0.94 
35 33 9 0 0 1 0.981 10.87 138 1 1.06 0.94 
36 31 17 0 0 1 0.98 10.87 138 1 1.06 0.94 
37 0 0 0 -25 1 0.992 11.77 138 1 1.06 0.94 
38 0 0 0 0 1 0.962 16.91 345 1 1.06 0.94 
39 27 11 0 0 1 0.97 8.41 138 1 1.06 0.94 
40 66 23 0 0 1 0.97 7.35 138 1 1.06 0.94 
41 37 10 0 0 1 0.967 6.92 138 1 1.06 0.94 
42 96 23 0 0 1 0.985 8.53 138 1 1.06 0.94 
43 18 7 0 0 1 0.978 11.28 138 1 1.06 0.94 
44 16 8 0 10 1 0.985 13.82 138 1 1.06 0.94 
45 53 22 0 10 1 0.987 15.67 138 1 1.06 0.94 
46 28 10 0 10 1 1.005 18.49 138 1 1.06 0.94 
47 34 0 0 0 1 1.017 20.73 138 1 1.06 0.94 
48 20 11 0 15 1 1.021 19.93 138 1 1.06 0.94 
49 87 30 0 0 1 1.025 20.94 138 1 1.06 0.94 
50 17 4 0 0 1 1.001 18.9 138 1 1.06 0.94 
51 17 8 0 0 1 0.967 16.28 138 1 1.06 0.94 
52 18 5 0 0 1 0.957 15.32 138 1 1.06 0.94 
53 23 11 0 0 1 0.946 14.35 138 1 1.06 0.94 
54 113 32 0 0 1 0.955 15.26 138 1 1.06 0.94 
55 63 22 0 0 1 0.952 14.97 138 1 1.06 0.94 
56 84 18 0 0 1 0.954 15.16 138 1 1.06 0.94 
57 12 3 0 0 1 0.971 16.36 138 1 1.06 0.94 
58 12 3 0 0 1 0.959 15.51 138 1 1.06 0.94 
59 277 113 0 0 1 0.985 19.37 138 1 1.06 0.94 
60 78 3 0 0 1 0.993 23.15 138 1 1.06 0.94 
61 0 0 0 0 1 0.995 24.04 138 1 1.06 0.94 
62 77 14 0 0 1 0.998 23.43 138 1 1.06 0.94 
63 0 0 0 0 1 0.969 22.75 345 1 1.06 0.94 
64 0 0 0 0 1 0.984 24.52 345 1 1.06 0.94 
65 0 0 0 0 1 1.005 27.65 345 1 1.06 0.94 
66 39 18 0 0 1 1.05 27.48 138 1 1.06 0.94 
67 28 7 0 0 1 1.02 24.84 138 1 1.06 0.94 
68 0 0 0 0 1 1.003 27.55 345 1 1.06 0.94 
69 0 0 0 0 1 1.035 30 138 1 1.06 0.94 
70 66 20 0 0 1 0.984 22.58 138 1 1.06 0.94 
71 0 0 0 0 1 0.987 22.15 138 1 1.06 0.94 
72 12 0 0 0 1 0.98 20.98 138 1 1.06 0.94 
73 6 0 0 0 1 0.991 21.94 138 1 1.06 0.94 
74 68 27 0 12 1 0.958 21.64 138 1 1.06 0.94 
75 47 11 0 0 1 0.967 22.91 138 1 1.06 0.94 
76 68 36 0 0 1 0.943 21.77 138 1 1.06 0.94 
77 61 28 0 0 1 1.006 26.72 138 1 1.06 0.94 
78 71 26 0 0 1 1.003 26.42 138 1 1.06 0.94 
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79 39 32 0 20 1 1.009 26.72 138 1 1.06 0.94 
80 130 26 0 0 1 1.04 28.96 138 1 1.06 0.94 
81 0 0 0 0 1 0.997 28.1 345 1 1.06 0.94 
82 54 27 0 20 1 0.989 27.24 138 1 1.06 0.94 
83 20 10 0 10 1 0.985 28.42 138 1 1.06 0.94 
84 11 7 0 0 1 0.98 30.95 138 1 1.06 0.94 
85 24 15 0 0 1 0.985 32.51 138 1 1.06 0.94 
86 21 10 0 0 1 0.987 31.14 138 1 1.06 0.94 
87 0 0 0 0 1 1.015 31.4 161 1 1.06 0.94 
88 48 10 0 0 1 0.987 35.64 138 1 1.06 0.94 
89 0 0 0 0 1 1.005 39.69 138 1 1.06 0.94 
90 163 42 0 0 1 0.985 33.29 138 1 1.06 0.94 
91 10 0 0 0 1 0.98 33.31 138 1 1.06 0.94 
92 65 10 0 0 1 0.993 33.8 138 1 1.06 0.94 
93 12 7 0 0 1 0.987 30.79 138 1 1.06 0.94 
94 30 16 0 0 1 0.991 28.64 138 1 1.06 0.94 
95 42 31 0 0 1 0.981 27.67 138 1 1.06 0.94 
96 38 15 0 0 1 0.993 27.51 138 1 1.06 0.94 
97 15 9 0 0 1 1.011 27.88 138 1 1.06 0.94 
98 34 8 0 0 1 1.024 27.4 138 1 1.06 0.94 
99 42 0 0 0 1 1.01 27.04 138 1 1.06 0.94 

100 37 18 0 0 1 1.017 28.03 138 1 1.06 0.94 
101 22 15 0 0 1 0.993 29.61 138 1 1.06 0.94 
102 5 3 0 0 1 0.991 32.3 138 1 1.06 0.94 
103 23 16 0 0 1 1.001 24.44 138 1 1.06 0.94 
104 38 25 0 0 1 0.971 21.69 138 1 1.06 0.94 
105 31 26 0 20 1 0.965 20.57 138 1 1.06 0.94 
106 43 16 0 0 1 0.962 20.32 138 1 1.06 0.94 
107 50 12 0 6 1 0.952 17.53 138 1 1.06 0.94 
108 2 1 0 0 1 0.967 19.38 138 1 1.06 0.94 
109 8 3 0 0 1 0.967 18.93 138 1 1.06 0.94 
110 39 30 0 6 1 0.973 18.09 138 1 1.06 0.94 
111 0 0 0 0 1 0.98 19.74 138 1 1.06 0.94 
112 68 13 0 0 1 0.975 14.99 138 1 1.06 0.94 
113 6 0 0 0 1 0.993 13.74 138 1 1.06 0.94 
114 8 3 0 0 1 0.96 14.46 138 1 1.06 0.94 
115 22 7 0 0 1 0.96 14.46 138 1 1.06 0.94 
116 184 0 0 0 1 1.005 27.12 138 1 1.06 0.94 
117 20 8 0 0 1 0.974 10.67 138 1 1.06 0.94 
118 33 15 0 0 1 0.949 21.92 138 1 1.06 0.94 

 
 
 
 
 
 
 
 



 

B-9 
 

Table C.3 Branch data of IEEE 118-bus system 

From 
bus To bus r x b rateA rateB rateC 

Trans-
former 
ratio 

angle 

1 2 0.0303 0.0999 0.0254 9900 0 0 0 0 
1 3 0.0129 0.0424 0.01082 9900 0 0 0 0 
4 5 0.00176 0.00798 0.0021 9900 0 0 0 0 
3 5 0.0241 0.108 0.0284 9900 0 0 0 0 
5 6 0.0119 0.054 0.01426 9900 0 0 0 0 
6 7 0.00459 0.0208 0.0055 9900 0 0 0 0 
8 9 0.00244 0.0305 1.162 9900 0 0 0 0 
8 5 0 0.0267 0 9900 0 0 0.985 0 
9 10 0.00258 0.0322 1.23 9900 0 0 0 0 
4 11 0.0209 0.0688 0.01748 9900 0 0 0 0 
5 11 0.0203 0.0682 0.01738 9900 0 0 0 0 

11 12 0.00595 0.0196 0.00502 9900 0 0 0 0 
2 12 0.0187 0.0616 0.01572 9900 0 0 0 0 
3 12 0.0484 0.16 0.0406 9900 0 0 0 0 
7 12 0.00862 0.034 0.00874 9900 0 0 0 0 

11 13 0.02225 0.0731 0.01876 9900 0 0 0 0 
12 14 0.0215 0.0707 0.01816 9900 0 0 0 0 
13 15 0.0744 0.2444 0.06268 9900 0 0 0 0 
14 15 0.0595 0.195 0.0502 9900 0 0 0 0 
12 16 0.0212 0.0834 0.0214 9900 0 0 0 0 
15 17 0.0132 0.0437 0.0444 9900 0 0 0 0 
16 17 0.0454 0.1801 0.0466 9900 0 0 0 0 
17 18 0.0123 0.0505 0.01298 9900 0 0 0 0 
18 19 0.01119 0.0493 0.01142 9900 0 0 0 0 
19 20 0.0252 0.117 0.0298 9900 0 0 0 0 
15 19 0.012 0.0394 0.0101 9900 0 0 0 0 
20 21 0.0183 0.0849 0.0216 9900 0 0 0 0 
21 22 0.0209 0.097 0.0246 9900 0 0 0 0 
22 23 0.0342 0.159 0.0404 9900 0 0 0 0 
23 24 0.0135 0.0492 0.0498 9900 0 0 0 0 
23 25 0.0156 0.08 0.0864 9900 0 0 0 0 
26 25 0 0.0382 0 9900 0 0 0.96 0 
25 27 0.0318 0.163 0.1764 9900 0 0 0 0 
27 28 0.01913 0.0855 0.0216 9900 0 0 0 0 
28 29 0.0237 0.0943 0.0238 9900 0 0 0 0 
30 17 0 0.0388 0 9900 0 0 0.96 0 
8 30 0.00431 0.0504 0.514 9900 0 0 0 0 

26 30 0.00799 0.086 0.908 9900 0 0 0 0 
17 31 0.0474 0.1563 0.0399 9900 0 0 0 0 
29 31 0.0108 0.0331 0.0083 9900 0 0 0 0 
23 32 0.0317 0.1153 0.1173 9900 0 0 0 0 
31 32 0.0298 0.0985 0.0251 9900 0 0 0 0 
27 32 0.0229 0.0755 0.01926 9900 0 0 0 0 
15 33 0.038 0.1244 0.03194 9900 0 0 0 0 
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19 34 0.0752 0.247 0.0632 9900 0 0 0 0 
35 36 0.00224 0.0102 0.00268 9900 0 0 0 0 
35 37 0.011 0.0497 0.01318 9900 0 0 0 0 
33 37 0.0415 0.142 0.0366 9900 0 0 0 0 
34 36 0.00871 0.0268 0.00568 9900 0 0 0 0 
34 37 0.00256 0.0094 0.00984 9900 0 0 0 0 
38 37 0 0.0375 0 9900 0 0 0.935 0 
37 39 0.0321 0.106 0.027 9900 0 0 0 0 
37 40 0.0593 0.168 0.042 9900 0 0 0 0 
30 38 0.00464 0.054 0.422 9900 0 0 0 0 
39 40 0.0184 0.0605 0.01552 9900 0 0 0 0 
40 41 0.0145 0.0487 0.01222 9900 0 0 0 0 
40 42 0.0555 0.183 0.0466 9900 0 0 0 0 
41 42 0.041 0.135 0.0344 9900 0 0 0 0 
43 44 0.0608 0.2454 0.06068 9900 0 0 0 0 
34 43 0.0413 0.1681 0.04226 9900 0 0 0 0 
44 45 0.0224 0.0901 0.0224 9900 0 0 0 0 
45 46 0.04 0.1356 0.0332 9900 0 0 0 0 
46 47 0.038 0.127 0.0316 9900 0 0 0 0 
46 48 0.0601 0.189 0.0472 9900 0 0 0 0 
47 49 0.0191 0.0625 0.01604 9900 0 0 0 0 
42 49 0.0715 0.323 0.086 9900 0 0 0 0 
42 49 0.0715 0.323 0.086 9900 0 0 0 0 
45 49 0.0684 0.186 0.0444 9900 0 0 0 0 
48 49 0.0179 0.0505 0.01258 9900 0 0 0 0 
49 50 0.0267 0.0752 0.01874 9900 0 0 0 0 
49 51 0.0486 0.137 0.0342 9900 0 0 0 0 
51 52 0.0203 0.0588 0.01396 9900 0 0 0 0 
52 53 0.0405 0.1635 0.04058 9900 0 0 0 0 
53 54 0.0263 0.122 0.031 9900 0 0 0 0 
49 54 0.073 0.289 0.0738 9900 0 0 0 0 
49 54 0.0869 0.291 0.073 9900 0 0 0 0 
54 55 0.0169 0.0707 0.0202 9900 0 0 0 0 
54 56 0.00275 0.00955 0.00732 9900 0 0 0 0 
55 56 0.00488 0.0151 0.00374 9900 0 0 0 0 
56 57 0.0343 0.0966 0.0242 9900 0 0 0 0 
50 57 0.0474 0.134 0.0332 9900 0 0 0 0 
56 58 0.0343 0.0966 0.0242 9900 0 0 0 0 
51 58 0.0255 0.0719 0.01788 9900 0 0 0 0 
54 59 0.0503 0.2293 0.0598 9900 0 0 0 0 
56 59 0.0825 0.251 0.0569 9900 0 0 0 0 
56 59 0.0803 0.239 0.0536 9900 0 0 0 0 
55 59 0.04739 0.2158 0.05646 9900 0 0 0 0 
59 60 0.0317 0.145 0.0376 9900 0 0 0 0 
59 61 0.0328 0.15 0.0388 9900 0 0 0 0 
60 61 0.00264 0.0135 0.01456 9900 0 0 0 0 
60 62 0.0123 0.0561 0.01468 9900 0 0 0 0 
61 62 0.00824 0.0376 0.0098 9900 0 0 0 0 
63 59 0 0.0386 0 9900 0 0 0.96 0 
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63 64 0.00172 0.02 0.216 9900 0 0 0 0 
64 61 0 0.0268 0 9900 0 0 0.985 0 
38 65 0.00901 0.0986 1.046 9900 0 0 0 0 
64 65 0.00269 0.0302 0.38 9900 0 0 0 0 
49 66 0.018 0.0919 0.0248 9900 0 0 0 0 
49 66 0.018 0.0919 0.0248 9900 0 0 0 0 
62 66 0.0482 0.218 0.0578 9900 0 0 0 0 
62 67 0.0258 0.117 0.031 9900 0 0 0 0 
65 66 0 0.037 0 9900 0 0 0.935 0 
66 67 0.0224 0.1015 0.02682 9900 0 0 0 0 
65 68 0.00138 0.016 0.638 9900 0 0 0 0 
47 69 0.0844 0.2778 0.07092 9900 0 0 0 0 
49 69 0.0985 0.324 0.0828 9900 0 0 0 0 
68 69 0 0.037 0 9900 0 0 0.935 0 
69 70 0.03 0.127 0.122 9900 0 0 0 0 
24 70 0.00221 0.4115 0.10198 9900 0 0 0 0 
70 71 0.00882 0.0355 0.00878 9900 0 0 0 0 
24 72 0.0488 0.196 0.0488 9900 0 0 0 0 
71 72 0.0446 0.18 0.04444 9900 0 0 0 0 
71 73 0.00866 0.0454 0.01178 9900 0 0 0 0 
70 74 0.0401 0.1323 0.03368 9900 0 0 0 0 
70 75 0.0428 0.141 0.036 9900 0 0 0 0 
69 75 0.0405 0.122 0.124 9900 0 0 0 0 
74 75 0.0123 0.0406 0.01034 9900 0 0 0 0 
76 77 0.0444 0.148 0.0368 9900 0 0 0 0 
69 77 0.0309 0.101 0.1038 9900 0 0 0 0 
75 77 0.0601 0.1999 0.04978 9900 0 0 0 0 
77 78 0.00376 0.0124 0.01264 9900 0 0 0 0 
78 79 0.00546 0.0244 0.00648 9900 0 0 0 0 
77 80 0.017 0.0485 0.0472 9900 0 0 0 0 
77 80 0.0294 0.105 0.0228 9900 0 0 0 0 
79 80 0.0156 0.0704 0.0187 9900 0 0 0 0 
68 81 0.00175 0.0202 0.808 9900 0 0 0 0 
81 80 0 0.037 0 9900 0 0 0.935 0 
77 82 0.0298 0.0853 0.08174 9900 0 0 0 0 
82 83 0.0112 0.03665 0.03796 9900 0 0 0 0 
83 84 0.0625 0.132 0.0258 9900 0 0 0 0 
83 85 0.043 0.148 0.0348 9900 0 0 0 0 
84 85 0.0302 0.0641 0.01234 9900 0 0 0 0 
85 86 0.035 0.123 0.0276 9900 0 0 0 0 
86 87 0.02828 0.2074 0.0445 9900 0 0 0 0 
85 88 0.02 0.102 0.0276 9900 0 0 0 0 
85 89 0.0239 0.173 0.047 9900 0 0 0 0 
88 89 0.0139 0.0712 0.01934 9900 0 0 0 0 
89 90 0.0518 0.188 0.0528 9900 0 0 0 0 
89 90 0.0238 0.0997 0.106 9900 0 0 0 0 
90 91 0.0254 0.0836 0.0214 9900 0 0 0 0 
89 92 0.0099 0.0505 0.0548 9900 0 0 0 0 
89 92 0.0393 0.1581 0.0414 9900 0 0 0 0 
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91 92 0.0387 0.1272 0.03268 9900 0 0 0 0 
92 93 0.0258 0.0848 0.0218 9900 0 0 0 0 
92 94 0.0481 0.158 0.0406 9900 0 0 0 0 
93 94 0.0223 0.0732 0.01876 9900 0 0 0 0 
94 95 0.0132 0.0434 0.0111 9900 0 0 0 0 
80 96 0.0356 0.182 0.0494 9900 0 0 0 0 
82 96 0.0162 0.053 0.0544 9900 0 0 0 0 
94 96 0.0269 0.0869 0.023 9900 0 0 0 0 
80 97 0.0183 0.0934 0.0254 9900 0 0 0 0 
80 98 0.0238 0.108 0.0286 9900 0 0 0 0 
80 99 0.0454 0.206 0.0546 9900 0 0 0 0 
92 100 0.0648 0.295 0.0472 9900 0 0 0 0 
94 100 0.0178 0.058 0.0604 9900 0 0 0 0 
95 96 0.0171 0.0547 0.01474 9900 0 0 0 0 
96 97 0.0173 0.0885 0.024 9900 0 0 0 0 
98 100 0.0397 0.179 0.0476 9900 0 0 0 0 
99 100 0.018 0.0813 0.0216 9900 0 0 0 0 

100 101 0.0277 0.1262 0.0328 9900 0 0 0 0 
92 102 0.0123 0.0559 0.01464 9900 0 0 0 0 

101 102 0.0246 0.112 0.0294 9900 0 0 0 0 
100 103 0.016 0.0525 0.0536 9900 0 0 0 0 
100 104 0.0451 0.204 0.0541 9900 0 0 0 0 
103 104 0.0466 0.1584 0.0407 9900 0 0 0 0 
103 105 0.0535 0.1625 0.0408 9900 0 0 0 0 
100 106 0.0605 0.229 0.062 9900 0 0 0 0 
104 105 0.00994 0.0378 0.00986 9900 0 0 0 0 
105 106 0.014 0.0547 0.01434 9900 0 0 0 0 
105 107 0.053 0.183 0.0472 9900 0 0 0 0 
105 108 0.0261 0.0703 0.01844 9900 0 0 0 0 
106 107 0.053 0.183 0.0472 9900 0 0 0 0 
108 109 0.0105 0.0288 0.0076 9900 0 0 0 0 
103 110 0.03906 0.1813 0.0461 9900 0 0 0 0 
109 110 0.0278 0.0762 0.0202 9900 0 0 0 0 
110 111 0.022 0.0755 0.02 9900 0 0 0 0 
110 112 0.0247 0.064 0.062 9900 0 0 0 0 
17 113 0.00913 0.0301 0.00768 9900 0 0 0 0 
32 113 0.0615 0.203 0.0518 9900 0 0 0 0 
32 114 0.0135 0.0612 0.01628 9900 0 0 0 0 
27 115 0.0164 0.0741 0.01972 9900 0 0 0 0 

114 115 0.0023 0.0104 0.00276 9900 0 0 0 0 
68 116 0.00034 0.00405 0.164 9900 0 0 0 0 
12 117 0.0329 0.14 0.0358 9900 0 0 0 0 
75 118 0.0145 0.0481 0.01198 9900 0 0 0 0 
76 118 0.0164 0.0544 0.01356 9900 0 0 0 0 
1 2 0.0303 0.0999 0.0254 9900 0 0 0 0 
1 3 0.0129 0.0424 0.01082 9900 0 0 0 0 
4 5 0.00176 0.00798 0.0021 9900 0 0 0 0 
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