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Abstract

Because the edge of a hypergraph can join more than two vertices, hypergraphs are
much more powerful than graphs in storing multi-dimensional information, mod-
elling complex relationship in real world. Tensors arising from a hypergraph, such as
adjacency tensor, Laplacian tensor and signless Laplacian tensor, provide us a funda-
mental instrument to analyse the structure of a hypergraph, enrich the hypergraph
theory, resolve the application problems in hypergraph.

Eigenvalues of tensors associated with hypergraphs are the core objects in spectral
hypergraph theory. Although many achievements have been made in computation of
tensor eigenvalues, the problem of computing eigenvalues of tensors arising from hy-
pergraphs has not been completely settled yet, especially for large scale hypergraph-
s. By taking advantage of the sparsity of these tensors, we avoid saving the tensor
information and propose a fast computational framework for the most time consum-
ing operations. For the eigenvalue problem, we introduce a first-order optimization
method called CEST (Computing Eigenvalues of large Sparse Tensors arising from
hypergraphs) to solve it. It is proved that the sequence of function values and iter-
ate points produced by the CEST method converge to the extremal eigenvalue and
its associated eigenvector with a high probability. The CEST method is capable of
calculating eigenvalues of tensors from hypergraphs with millions of vertices.

The p-spectral radius of a hypergraph is a concept that covers many importan-

t invariants and connected with Turan-type problems in the extremal hypergraph



theory. The existing results about p-spectral radius problem are mainly based on
theoretical analysis. Upper bounds or lower bounds of p-spectral radius of several
structured hypergraphs are given, and as far as we know, there is not any compu-
tational method designed particularly for the p-spectral radius problem. By using
adjacency tensors, we reformulate the original p-spectral radius problem to a spheri-
cal constraint maximization model and propose a method, named CSRH (Computing
p-Spectral Radii of Hypergraphs), to solve it. The CSRH method can calculate the
p-spectral radius when p is greater than 1, and estimate the 1-spectral radii of u-
niform hypergraphs with high accuracy. As an application, we link the p-spectral
radius model to data rank problems and successfully apply the CSRH method to

rank 10305 authors according to their publication information from real life data set.

11



Acknowledgements

First and foremost, I would like to express my deep gratitude to my supervisor,
Professor Qi Liqun, for his patient guidance, generous assistance, and invaluable
advice on both my research work and my life. I offer my sincere appreciation for
the opportunity to learn from Professor Qi. Without his continued encouragement
and support, this thesis would not have been completed or written. I also thank my
co-supervisor, Dr Li xun, who gave me useful comments on my study.

I would especially like to thank my academic sisters Ouyang Chen and Liu Jinjie
for their help during my study and life.

Finally T would like to thank my family, whose devotion, accompany and uncon-

ditional love always motivate me to move ahead in life.

11



Contents

Certificate of Originality iv
Abstract i
Acknowledgements iii
List of Figures vii
List of Tables ix
List of Algorithms X
1 Introduction 1
1.1 Background and motivation . . . .. .. ... 0oL L 1
1.1.1  Why hypergraph? . . . . . . . .. ... . 1

1.1.2  Hypergraph related tensors . . . . . ... ... ... .. ... 3

1.1.3 Computational problems of tensors arising from hypergraph . 5

1.2 Main results and outline of the thesis . . . . . . ... ... ... ... 6

1.3 Notations . . . . . . . . . 7

2 Preliminaries 8
2.1 Tensor . . ... e 8
2.1.1 Structured tensors and tensor multiplication . . . . . . .. .. 8

2.1.2  Eigenvalues of tensors . . . . . ... ... 10

2.2 Hypergraph . . . . . . .. 12
2.2.1 Hypergraph and structured hypergraphs . . . . ... ... .. 12

v



2.2.2  Tensors arising from hypergraphs and p-spectral radius . . . . 15

2.2.3  Some useful results in spectral hypergraph theory . . . . . .. 17
3 Computation of eigenvalues of hypergraph related tensors 20
3.1 Introduction . . . . . . . .. 20
3.2 The CEST method . . . . .. ... ... ... ... . ... ..... 23
3.2.1 L-BFGS to produce a descent direction . . . . . . .. .. ... 25
3.2.2 Cayley transform to satisfy orthogonal constraints . . . . . . . 31
3.3 Convergence analysis . . . . . ... .. ... oL 35
3.3.1 Convergence of sequences of function values and gradients . . 36
3.3.2 Convergence of sequence of iterates . . . . .. ... ... ... 39
3.3.3 Probability of getting the extreme eigenvalue . . . . . . . . .. 43

3.4 Fast computational methods for product of vector and hypergraph
related tensors . . . . . ... L 44
3.4.1 The way to store a uniform hypergraph economically . . . . . 45
3.4.2 Computing products of a tensor and a vector . . . . . . . . .. 45
3.5 Numerical results . . . . .. .. .. 47
3.5.1 Eigenvalues of small-scale hypergraphs . . . . . .. ... ... 49
3.5.2 Eigenvalues of large-scale hypergraphs . . . . . .. ... ... 54
3.6 Conclusion . . . . . . . . L 56
4 Computation and application of p-spectral radius 58
4.1 Introduction . . . . . . . . ... 58
4.2 The CSRH method . . . . . . . . .. ... . ... ... ... 62
4.2.1 A model with spherical constraint . . . ... ... ... ... 62
4.2.2  An algorithm for solving the model . . . . . . ... ... ... 64
4.2.3 An inexact curvilinear search . . . . .. ... ... 68
4.3 Convergence analysis . . . . . . . .. ... 72



4.3.1  Primary convergence results . . . . . .. .. .. .. ... ... 72

4.3.2 Further results when piseven . . . . . . . ... ... ... .. 75

4.4 Numerical results . . . . . . . ..o 78
4.4.1 Calculation of p-spectral radii of hypergraphs . . . . .. ... 79

4.4.2  Approximation of the Lagrangian of a hypergraph . . . . .. 81

4.5 Application in network analysis . . . . . . ... ... ... .. 84
451 Atoyexample. . . . . . .. ... 84

4.5.2 Author ranking . . . . . .. ... o 86

4.6 Conclusion . . . . . . . . . 88

5 Conclusions and future work 90
Bibliography 92

vi



List of Figures

1.1
1.2
1.3
2.1
2.2
2.3
24
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
4.1
4.2
4.3
4.4

4.5

Articles that have common authors. . . . . .. ... ... ... ...
Authors that have collaborations. . . . . . . ... ... .. ... ...
Hypergraph representation of author-article relationship. . . . . . ..
A 4-uniform hypergraph. . . . . . ... ...
A class of 6-uniform S-stars. . . ... ... L
Aloose path. . . . . . . . ...
A 3-uniform complete hypergraph with 4 vertices: C3.. . . . . . . ..
Matlab codes producing D and d. . . . . . . .. ... ... ... ...
Matlab codes producing M; and y;. . . . . . ... ... ... ... ..
Settings of fminunc. . . . . . . . ... Lo
A 4runiform squid: G4 . .. .
CPU time for computing smallest H-eigenvalue of A(G%) by L-BFGS.
The Petersen graph Gp. . . . . . . . .. ... L
Some 4-uniform grid hypergraphs. . . . . . . ... ..o
4-uniform hypergraphs: subdivision of an icosahedron. . . . . . . ..
Process of searching a new point on the unit sphere. . . . . . . . . ..

Probability of finding A2 (A(G4)). . . . . . . ...
Approximating the 1-spectral radii of complete hypergraphs. . . . . .
A 6-uniform hypergraph. . . . . . ... ..o

2-optimal points. . . . . . . ...

50

81
83



4.6 12-optimal points

viil



List of Tables

1.1
3.1

3.2

3.3
3.4
3.5
3.6
3.7
3.8
4.1
4.2
4.3
4.4
4.5
4.6

Cooperations among 3 authors on 7 articles. . . . . .. .. ... ... 2
Results for computing N (A(GE)). . . . . . ... 50
Performance of CEST computing the smallest H-eigenvalue of an ad-

jacency tensor A(G%). . . . . ..o 51
Results for computing N (Q(GF*). . . . . . . ... 52
Accuracy rate of calculating AL (Q(G#¥)) by CEST. . . . .. .. .. 52
Results of computing A (L(GZ)). . . . . . . ... ... ... ... 53
Results of computing N2, (L(GE)). . . . . . .. .o L. 54
Results of computing N2, (L£(Gg)) by CEST.. . . . ... ... . ... 55
Computing M2, (L£(G%)) and N2, (Q(G35)) by CEST. . ... ... .. 56
Computing A2, (A) of small scale hypergraphs. . . . ... ... ... 80
Computing three-spectral radii of three-uniform [S-stars. . . . .. .. 81
Computing four-spectral radii of four-uniform g-stars. . . . . . . . .. 82
Computing pg-spectral radii. . . . . .. .. ... ... .. .. .... 83
Top ten vertices in Figure 4.4. . . . . . . .. ... 85
Top 10 authors. . . . . . . . . . . . 89

1X



List of Algorithms

1 L-BEGS. . . . ..o o

2 Computing eigenvalues of sparse tensors(CEST)

3 Computing p-spectral radius of a hypergraph(CSRH). . . . . . . . ..



Chapter 1

Introduction

1.1 Background and motivation

In this subsection, we review the background of hypergraphs and tensors associ-
ated with hypergraphs. We explain our motivation on tackling the computational
problems arising from hypergraph related tensors by displaying current state and

illustrating the importance of this topic.

1.1.1 Why hypergraph?

It was in 1735 that Euler studied the* seven bridges of Konigsberg” problem and
the graph theory arose subsequently (Gross and Yellen, 2004). Graph then became
a useful tool in modeling a variety of problems in conceivable areas, such as social
networks (Fasley and Kleinberg, 2010), communication networks (Newman, 2010),
software design applications (Agnarsson and Greenlaw, 2007), biological networks
(Aldous and Wilson, 2003). Despite the advantages and widely applications, graph is
confined to describe pairwise relationships via graph edges. Meanwhile, the complex
relational objects in real life possess higher-order than binary relations. Here we cite
the problem of grouping a set of articles raised in Zhou et al. (2007) to illustrate
the limitation of graph in modeling complex relations. Suppose there are 3 authors

(Auy, Aug, Auz) who collaborate 7 articles (Ary,..., Ary) as shown in Table 1.1. If
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Au; is an author of the article Ar;, then the entry (Au;, Ar;) in Table 1.1 is set to 1

and otherwise 0.

Table 1.1: Cooperations among 3 authors on 7 articles.

A’I“l ATQ A’I"g AT4 AT’5 A’I"G AT7
Ay 1 1 0 0 0 0 0
Aug 0 0 0 0 1 1 1
Aug 0 1 1 1 0 1 0

In order to model the connections of objects in Table 1.1, one may construct a
graph such that the two articles (Ar;, Ar;) are joined by an edge if they have at least
one common author or a graph such that the two authors (Au;, Au;) are contained

in an edge if they have collaborations as presented in Figure 1.1 and Figure 1.2.

Figure 1.1: Articles that have common authors.

Au

Al.la

Figure 1.2: Authors that have collaborations.
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The above two graphs demonstrate the information in Table 1.1 incompletely
even if we consider both of them jointly. A natural way of remedying the informa-
tion absence is to illustrate the data by a hypergraph instead in Figure 1.3. Also, it
is shown that the pairwise similarity measure for separating points of two intersect-
ing circles is inadequacy (Govindu, 2005; Chen et al., 2017). Some other examples
in CVPR domain are given to show that hypergraphs are much more powerful than
normal graphs in representing connections of objects in real world (Bunke H., 2008;
Ducournau et al., 2012). Hypergraph as an important tool to extract valuable infor-
mation and analyze massive data in our social life, is applied in science and engineer-
ing, such as chemistry (Klamt et al., 2009; Konstantinova and Skorobogatov, 2001),
molecular chemistry (Konstantinova and Skorobogatov, 1995, 1998), computer sci-
ence (Gunopulos et al., 1997; Karypis et al., 1999; Pliakos and Kotropoulos, 2015),
image processing (Bretto and Gillibert, 2005; Chen et al., 2016b; Gao et al., 2012)

and scientific computing (Fischer et al., 2010; Kayaaslan et al., 2012).

Au,
P 4
AU1 P \\‘
’

‘‘‘‘‘‘ ! .
g ~. i AI'?, \‘
r @ e : ® \
\ Ary Mo g N )
\ L Ars |
x T Ss. ® !

A}

» ’ [ [

Y 1 * -

‘\ J’ ¢ \\ére‘\ '/'

1 ~

‘s“ I Ar2.,I -..,“__-__f

"'a.'|t g ® ]
\ Ar, 1
e Al'a 4 J

*s L] ’

-~ ,

‘\“" "'
Aug

Figure 1.3: Hypergraph representation of author-article relationship.

1.1.2 Hypergraph related tensors

Matrices, such as adjacency matrices, incidence matrices and Laplacian matrices

are commonly used to represent graphs, simplify the graph computation and study

— 3 —
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the graph properties (Bondy and Murty, 1976). Similarly, tensors are connected
with hypergraphs (Shashua et al., 2006; Lim, 2005). The adjacency tensor of a
uniform hypergraph is proposed in Friedman and Wigderson (1995); Lim (2008), and
Cooper and Dutle (2012) proved some basic results in spectral hypergraph theory
analogous to those in spectral graph theory via adjacency tensors. On account of
the discretization of higher order Laplace-Beltrami operator, the Laplacian tensor of
a uniform hypergraph is given in Hu and Qi (2012). Other definitions of Laplacian
tensors of hypergraph are introduced in Li et al. (2013); Xie and Chang (2013a,c)
soon afterwards. In formalism, all these Laplacian tensors are not as succinct as
Laplacian matrices. Therefore, Qi (2014) defined the Laplacian tensor and signless
Laplacian tensor of a uniform hypergraph as a natural extension of the Laplacian
matrix in specral graph theory.

The hypergraph related tensors play important roles in at least the following two
aspects of hypergraph study. First, the spectral hypergraph theory, which focuses
on eigenvalues of adjacency tensors, Laplacian tensors and signless Laplacian tensors
of hypergraphs, generalizes many classical conclusions from graph to hypergraph,
estimates or gives bounds for hypergraph invariants, and is used to explore prop-
erties of the relevant hypergraphs. Lu and Man (2014, 2016a) directly extended
the Smith’s theorem from graph to hypergraph. Bulo and Pelillo (2009) generalized
Motzkin-Straus Theorem to a class of hypergraphs, and linked the clique number
to spectral hypergraph theory. Xie and Qi (2015) gave bounds for the clique num-
ber and the independence number of a uniform hypergraph via H-eigenvalues of the
adjacency tensor, the Laplacian tensor, the signless Laplacian tensor of the relat-
ed hypergraph. Hu and Qi (2012) introduced the algebraic connectivity of an even
uniform hypergraph by Z-eigenvalues of its Laplacian tensor, and Li et al. (2017) p-
resented bounds on analytic connectivity later. In terms of the bipartite property of
a uniform hypergraph, Bu et al. (2016) showed that a connected even order uniform

— 4 —



PhD Thesis CHAPTER 1. INTRODUCTION

hypergraph is odd-bipartite if and only if the eigenvalues of its Laplacian and signless
Laplacian tensors are the same, while Hu and Qi (2014) showed that any even order
hypergraph is odd-bipartite if and only if zero is its signless Laplacian H-eigenvalue.
Furthermore, the structures of uniform hypergraphs are discussed based on largest
H* eigenvalue of Laplacian tenors and spectral radius of adjacency tensors in Hu
et al. (2015); Hu and Qi (2015); Fan et al. (2016a). Second, many problems related
to hypergraph in science and engineering can be reformulated and solved by tensors.
The Lagrangian of hypergraphs, as well as the p-spectral radii of hypergraphs in the
extremal hypergraph theory are related to the adjacency tensors of the corresponding
hypergraphs (Chang et al., 2018; Nikiforov, 2014). To solve the hypergraph match-
ing problem in computer vision, a similarity tensor is constructed in Nguyen et al.
(2015); Duchenne et al. (2011); Lee et al. (2011). The adjacency tensor of a hyper-
graph is involved to establish a spiked model for community detection in Kim et al.
(2017). Ghoshdastidar and Dukkipati (2017) utilized the adjacency tensor of the
corresponding hypergraph to tackle the uniform hypergraph partitioning problem,
which is often encountered in computer vision, while Chen et al. (2017) introduced

a Laplacian tensor spectral method to partition vertices of a hypergraph.

1.1.3 Computational problems of tensors arising from hy-
pergraph
Due to the significance of tensors arising from hypergraph, many achievements have
been made in this area (Qi and Luo, 2017). Most of the research emphasize on
the theoretical analysis, such as spectral properties of adjacency tensors, Laplacian
tensors, signless Laplacian tensors (Hu et al., 2015; Lin et al., 2016a,b; Yuan et al.,
2015), the bounds for clique number (Xie and Qi, 2015), analytic connectivity (Hu
and Qi, 2012; Li et al., 2017), the geometric or bipartite property of hypergraphs
(Fan et al., 2016¢; Hu et al., 2013; Fan et al., 2015, 2016b; Qi et al., 2014) and so on.

— 5 —



CHAPTER 1. INTRODUCTION PhD Thesis

Although the computational problems, such as computing eigenvalues of adjacency
tensors, Laplacian tensors, signless Laplacian tensors, computing the hypergraph in-
variants, computing the tensor models in hypergraph applications, are of important,
few works have been done on these topics. Cui et al. (2016) proposed a feasible trust
region algorithm to compute the analytic connectivity for a uniform hypegraph, and
a quadratic penalty method for the tensor model in hypergraph matching was devel-
oped in Cui et al. (2018). Also, an optimization algorithm for the aforementioned
Laplacian tensor spectral method was given in Chen et al. (2017) to solve the hy-
pergraph partitioning problem. For other computational problems related to tensors
arising from hypergraph, they are still open to our knowledge. This motivates us to
work on the subject of hypergraph related tensor computation.

The tensor we study in this thesis refers to a hypermatrix or a tentrix (Gao,

2016).

1.2 Main results and outline of the thesis

In this subsection we briefly introduce the contributions of this thesis and give the
outline of the following parts. The results in the thesis are based on the works in
Chang et al. (2016) and Chang et al. (2018).

In Chapter 2, we give notations that will be used, and introduce results related
to our work in previous tensor and hypergraph research.

Hypergraphs generated from real life data are usually large scale, while on the
other hand the existing algorithms cannot solve problems of computing eigenvalues
of large scale adjacency tensors, Laplacian tensors and signless Laplacian tensors
completely. We deal with such problems arising from even uniform hypergraphs
by exploiting the uniform hypergraph structure, considering the tensor optimization

model on a unit sphere and introducing an efficient iterative algorithm called CEST.
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With the aid of Lojasiewica inequality, the algorithm CEST is proved to be conver-
gent, and numerical experiments are given to demonstrate that our method is highly
efficient. Detailed introduction of this topic is shown in Chapter 3.

The p-spectral radii of uniform hypergraphs are significant in the extremal hy-
pergraph theory, which cover parameters such as Lagrangians and spectral radii of
hypergraphs. In Chang et al. (2018), we formulate a spherically constrained ten-
sor optimization problem, and generate an algorithm called CSRH to calculate the
p-spectral radii of uniform hypergraphs. The globally convergence property of the
approach CSRH is proved. Furthermore, the p-spectral model is first suggested to
be applied in network analysis. The numerical results provide examples of the C-
SRH algorithm ranking real-life data via p-spectral radii of uniform hypergraphs. We

describe the specific results on p-spectral radii of uniform hypergraphs in Chapter 4.

1.3 Notations

(1) R
Set of real numbers;
(2) C Set of complex numbers;
(3) R” Set of n-dimensional real vectors;
(4) € Set of n-dimensional complex vectors;
(5) T™" Set of rth order n-dimensional tensors;
(6) Cmn Set of rth order n-dimensional complex tensors;
(7) R Set of rth order n-dimensional real tensors;
(8) Sm» Set of rth order n-dimensional real symmetric tensors;
9) A®B Tensor outer product;
(10) AeB Tensor inner product;
(11) Ao B Tensor Hadamard product;
(12) (X[r—1]>i 25! : the ith entry of the vector xr =11,

— 7 —



Chapter 2

Preliminaries

In this Chapter, we introduce the concepts of tensor, hypergraph, etc., and review

the relevant results in spectral hypergraph theory .

2.1 Tensor

2.1.1 Structured tensors and tensor multiplication

A tensor 7 is a multi array with its entry ¢;,..;,, € F, for i; = 1,...,n;, and j =
1,...,7r. When ny = ny = ... = n, = n, we say 7 is rth order n-dimensional, and

denote it as T™". If F = R, the set of rth order n-dimensional tensor is R"".
Unit tensor: A unit tensor Z is defined as

1 iy =dg = =4, =1,
dil"'ir =
0 otherwise.

Reducible and irreducible tensor: The tensor C € C™" is reducible (Chang et al.,

2008) if there is a nonempty set I € {1,...,n} such that
Ciyoviyp = O,Vil el and ig, R 72} ¢ I

Otherwise, it is an irreducible tensor.
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Nonnegative and M-tensor: If all entries of a tensor are nonnegative, then it is
an nonnegative tensor. As a natural extensional of M-matrix, a tensor A € T™" is
an M-tensor (Zhang et al., 2014) if there have a nonnegative tensor B and a positive
real number 7 satisfying

A=nl —B.

Tensor outer product: The outer product of two tensors A = (a;,..;, ) € T™"

and B = (bj,...j,,) € T"" is defined as

A@ B = (ail'“irl bjl”'sz) e Tr1+7~27n‘

Tensor inner product: The inner product of two tensors A = (a;,..;,) € T"" and

B = (bi,...,) € T"" is defined as

A 3= Zn: ail...irbil...ir.

ir-ip=1

Tensor Hadamard product: The Hadamard product of two tensors A = (a;,..;,) €

T" and B = (b;,..;,) € T™™ is defined as

AoB = ail...irbil.‘.ir € Tr,n‘

k-mode product: The notations of several frequently used k-mode products be-
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tween a tensor A = (a;,..;,) € R™ and a vector x' = (z1---x,) € R are as follows:

n

r—2 nxn
AX = Z QAijig-ip Lig * " * Ti, eR ,
13- p=1
n
r—1 n
AX = Z Qo ip Lig * * * L4, € R ,
Gotp=1
n
r
AX = Z gy .5 Ly~ * - T4, € R.

i1-ip=1

2.1.2 Eigenvalues of tensors

The eigenvalues of tensors are crucial in the computational problems we studied. The
spectral hypergraph theory emphasises on eigenvalues of adjacency tensors, Laplacian
tensors and signless Laplacian tensors of the corresponding hypergraph. The p-
spectral radius of a hypergraph is related to eigenvalues of the adjacency tensor of

the corresponding hypergraph when p equals two or the order of this hypergraph.

Eigenvalues and eigenvectors: For A € T"", if we can find a number A € C and

a vector x € C™ satisfying the following homogeneous polynomial equations
(Ax" M), =Xzl Vi=1,...,n, (2.1)

the number A and the vector x are eigenvalue and eigenvector, or so-called eigenpair
of A respectively. Moreover, denote a vector x["~1 € R™ such that its ith entry being
27t for short. The equation in (2.1) can be written as (Ax"~'); = x""1. If \ and x

is an eigenpair of A and « is a real number, then (a\, x) is also an eigenpair of A.

H-Eigenvalues and H-eigenvectors: If an eigenvalue A of A associate with a
real eigenvector x, the eigenpair (\,x) is called H-eigenvalue and H-eigenvector of

A. Since x is not zero, there exists at least one index i € {1,2,...,n} such that
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x; is nonzero. Therefore eigenvalue \ = %1 is real. On the other hand, if the

eigenvalue \ is real, it may not be an H-eigenvalue, because its associated eigenvector
x may not be a real vector. Such counter examples are presented in Qi (2005a). The

H-eigenvalue set of A is called H-spectrum of A, and we abbreviate it as Hspec(.A).

E-Eigenvalues and E-eigenvectors: Although eigenvalues and H-eigenvalues have
nice mathematical structures, they are not invariant under orthogonal transforma-
tion (Qi and Luo, 2017). In physics, some physical concepts are hoped to be in-
variant under orthogonal transformation in the laboratory coordinate system. The
E-eigenvalues and Z-eigenvalues are then introduced to fill this gap.

If a number A € C and a vector x € C" are solutions of the following equation

system
Ax"H = )x, (2.2)
x'x = 1, (2.3)

then A and x are E-eigenvalue and E-eigenvector of A respectively.

Z-Eigenvalues and Z-eigenvectors: If an E-eigenvalue of a tensor is associat-
ed with a real E-eigenvector, the E-eigenvalue and the E-eigenvector become Z-
eigenvalue and Z-eigenvector respectively. It can be deduced from (2.2) that A = Ax",
thus A is real when its associated eigenvector is real. Conversely, the condition that
E-eigenvalue is real can not guarantee x being a real vector. If A e S™" it always
has Z-eigenvalues. The Z-eigenvalue set of A is called Z-spectrum of A, Zspec(.A)

for short.

B-Eigenvalues and B-eigenvectors of tensors: In Chang et al. (2009), a general-
ized eigenvalue of tensor was proposed. If both A and B are rth order n-dimensional

tensors on R, and (A, x) € C x (C"\{0}) satisfies the following equation:

(A—AB)x" =0,
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we call (\,x) a B eigenpair of A. Denote Z as an identity tensor, whose elements
are 0 except the diagonal elements being 1. If B = Z, then the B-eigenvalues of A
are the eigenvalues of A, and the real B-eigenvalues of A with real eigenvectors are
the H-eigenvalues of A. Let I be the n x n unit matrix. When the order m = 21 is
even and B = I}, a real B-eigenvalue associated with a real eigenvector is in fact a

Z-eigenvalue.

2.2 Hypergraph

First, we introduce the concepts of hypergraph, uniform hypergraph, adjacency ten-

sor, Laplacian tensor, signless Laplacian of the corresponding hypergraph.

2.2.1 Hypergraph and structured hypergraphs

Hypergraph and uniform hypergraph: Hypergraph is an extension of ordinary
graph. Each edge of a graph has two vertices, while the edge of a hypergraph can
join any number of vertices. Let V = {1,2,...,n} be the vertex set, and £ =
{e1,ea,...,en} be the edge set for e, = Vip = 1,...,m. Define G = (V,E) as a
hypergraph. If a positive number s(e) is associated with each edge of the hyperpragh,
then this hypergraph is a weighted hypergraph with s(e) being the weight linked with
edge e. When the weight of each edge is 1, a weighted hypergraph is an ordinary
hypergraph. If the length of each edge in the hypergraph is the same, i.e.,|e,| = r for
p = 1,...,m, then the hypergraph G is called a uniform hypergraph or an r-graph
for short. When r = 2, a hypergraph is in fact an ordinary graph. For any vertex

1 € V, the degree of 7 is
d(i) = sum{s(e) :i e e,e € E}.

A 4-graph is given in Figure 2.1 as an example. The vertex set of the sunflower
hypergraph is V' = {1,--- 10}, and the edge set is £ = {e; = {1,2,3,4},e5 =
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{1,5,6,7},e3 = {1,8,9,10}}. The order of this hypergraph is 4. The degree d; equals
1fori=2,---,10 and d; = 3.

Figure 2.1: A 4-uniform hypergraph.

Connected hypergraph: If two vertices belong to the same edge, they are called
adjacent. Two vertices ¢ and j are connected, if they are adjacent or there exist a
vertex subset {i,vy,...,vx,j} € V such that vertices i and vy, vy and j, v; and vy,
fort =1,...,t—1 are adjacent. The hypergraph G is connected if all pair of vertices

are connected.

Odd partite hypergraph: A hypergraph (Hu and Qi, 2014) G is odd bipartite if

there exist two nonempty subsets V; and V5 such that
(1) V=Vul,,
2) inW =g,

(3) each edge of G intersects V; in an odd number of vertices.

Sunflower: Suppose an r-graph Gg = (V, E) has A edges and n = (r — 1)A + 1
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vertices. If the vertex set V can be decomposed as
V=VWwuWVu---uVa, with [Vo|=1, and |Vj|]=r—1fori=1,... A,
and the edge set E' can be represented as
E={VuV|i=1,...,A},

then Gg is named a sunflower with its maximum degree being A. For instance,
the maximum degree of the sunflower shown in Figure 2.1 is A = 3. A sunflower is

also called a [-star. A class of 6-uniform g-stars are given in Figure 2.2 for reference.

[ ] ° S [ ]

® ® °
Py [ ]

@
[ ]
L ] [ ]
[ ] ° ° ®
[ ] e @ [ ]

L] L] L ]

Figure 2.2: A class of 6-uniform [-stars.

Loose path: (Chang et al.; 2018) An r-graph with m edges is called a loose

path if its vertex set is
Vo= {iqay i) 62,2) - 4@ -2 2y - - ) §
and its edge set is

E={{ig, - ianh {iamn,i@2) i@t {iimatr) Gm2)s - - -5 bmir) -
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Figure 2.3: A loose path.

An r-uniform loose path with m edges has m(r — 1) + 1 vertices. For instance, there
are 21 vertices in the 6 order loose path in Figure 2.3.

Complete hypergraph: If an r-graph with n vertices contains all possible edges,

then it is called a complete hypergraph and denoted as C]. For example, the tetra-

hedron in Figure 2.4 can be regarded as a complete 3-graph with 4 vertices, i.e., C.

Figure 2.4: A 3-uniform complete hypergraph with 4 vertices: C5.

2.2.2 Tensors arising from hypergraphs and p-spectral ra-
dius

Let G be an r-graph with n vertices. Next, we introduce the definitions of adjacency
tensor A, Laplacian tensor £, degree tensor D and signless Laplacian tensor Q of G.

Adjacency tensor: The adjacency tensor A = (ay, ... ;) is an rth order n-dimensional

symmetric tensor as follows (Bulo and Pelillo, 2009; Cooper and Dutle, 2012; Xie and
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Chang, 2013b)

(r5£€)1)! if e = {i,....i,} € E,

a’il"'ir -

0 otherwise.

Degree tensor: The degree tensor D of GG is an rth order n-dimensional diagonal

tensor, whose entries are

d(i)  ifi =iy = =i, =1,

0 otherwise.

Laplacian and signless Laplacian tensor: The notations of Laplacian and

signless Laplacian tensors based on sums of rth powers in Hu and Qi (2012); Li
et al. (2013); Xie and Chang (2013c) are not the natural extension from matrix
forms. Hence, Qi (2014) introduced a simple definition for the Laplacian and signless
Laplacian tensors of an r-graph according to the definition of Laplacian matrix.
The Laplacian tensor is given as £L = D — A, while the signless Laplacian tensor
is @ = D + A. The signless Laplacian tensor Q of G is symmetric nonnegative.
Moreover, the Laplacian tensor is the limit of symmetric M-tensors. In the rest of
this thesis, the symbols D, A, £, and Q are specially referred to the degree tensor,
adjacency tensor, Laplacian tensor and signless Laplacian tensor of a hypergraph
respectively.

p-spectral radius: (Kang et al., 2015; Keevash et al., 2014; Nikiforov, 2014) The

p-spectral radius of G is denoted as

AP(G) =7 max Z s(e)xy, -y

p?l,HXH:p:l

(2.4)

r

e={i1,....ir}eE
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where |x|, = X, |xk|p)%, and the vector x solving (2.4) is called a p-optimal
weighting of G (Caraceni, 2011).

Lagrangian of a hypergraph: The Lagrangian of a hyeprgraph is defined as

77777

M(G) = st M= 1, (2.5)

From the definition of p-spectral radius in 2.4, we have A1 (G) = A1 (G).

2.2.3 Some useful results in spectral hypergraph theory

Define A (T(G)) and A (T(Q)) as the largest and smallest H-eigenvalue of a ten-

sor T related to a hypergraph G respectively. Similarly, the notation A2, (7 (G)) and

M. (T(G)) are the largest and smallest Z-eigenvalue of T related to a hypergraph

G respectively.

Theorem 2.1. For a connected r-graph G, the following conclusions are equivalent

to each other

(1) G is an even uniform and odd bipartite hypergraph.

(2) M2 (L(Q)) = E_(Q(G)) (Hu et al., 2015).

(3) Zspec(L(G)) = Zspec(Q(G)) (Bu et al., 2016).
(4) Hspec(L(G)) = Hspec(Q(G)) (Shao et al., 2015).
(5) Hspec(A(GQ)) = —Hspec(A(G)) (Shao et al., 2015).

For a simple graph G, the generalized power of G™* for r > 2s is given by replacing
each vertex of the simple graph by an s-subsect and adding r — 2s new vertices in

each edge.
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Theorem 2.2. If G is a simple graph, the 2r-graph G*"" obtained from G is not odd
bipartite if and only if G is nonbipartite (Khan and Fan, 2015). Moreover, Khan
et al. (2016) proved that

Amin(A(G)) = Amin (A(G®)), Anin(Q(G)) = Anin(Q(G?™7)).

The largest H-eigenvalue of the Laplacian tensor of an even order sunflower is

proved to have a closed-form solution.

Theorem 2.3. (Theorems 3.2 and 3.4 in Hu et al. (2015)) Assume G is an r-graph
with the order r being an even number and greater than 4. Let \j; be the unique real
root of the equation (1—X)*"1(A—A) + A = 0 lying in the interval (A, A +1). Then
we have

NI (L) = N3y

max

The equality holds if and only if G is a sunflower.

The following theorem gives the answer to the largest H-eigenvalues of adjacency

tensors of loose paths with m = 3 or m = 4.

Theorem 2.4. (Yue et al., 2016; Chang et al., 2018) Assume G is an r-uniform

loose path with m edges. Then we have

(1) M_(G) = (155)" form =3,

max 2

(2) XL (G) =3+ form = 4.

max

Although there is no algorithm or formula specially designed for the numerical or
analytical solution of p-spectral radius of a general hypergraph, some progress has

been made in obtaining the value of p-spectral radius of structured hypergraphs.

Theorem 2.5. (Nikiforov, 201j; Chang et al., 2018) Suppose the r-graph G is a
B-star with m edges.
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7‘71)

(1) If p>r—1, then \P)(Q) = rlr em T

r

(2) If p<r—1, then \P(G) = rlr™».
1

(3) If p=r—1, then )\(P)(G) — (r— 1)y,

Proposition 2.1. (Caraceni, 2011; Chang et al., 2018) Let G be a complete r-graph

with n vertices, then the Lagrangian of G is

M(G) = ( n )i. (2.6)

r n’



Chapter 3

Computing eigenvalues of large
scale tensors arising from even
order uniform hypergraph

In this chapter, we consider problems of computing H- and Z-eigenvalues of the
adjacency tensor, the Laplacian tensor, and the signless Laplacian tensor associated

with a uniform hypergraph.

3.1 Introduction

Spectral hypergraph theory connects the geometry of a uniform hypergraph and
H- and Z-eigenvalues of its corresponding tensors. For instance, an even-uniform
connected hypergraph is odd-bipartite if and only if the largest H-eigenvalue of its
Laplacian is equivalent to the largest H-eigenvalue of its signless Laplacian tensor
(Hu et al., 2015). This result enables us to check the odd-bipartite property of a
connected even-uniform hypergraph.

Since the adjacency tensor and the signless Laplacian tensor are symmetric and
nonnegative, algorithms for eigenvalue problems of nonnegative symmetric tensors
are available for eigenvalue problems of adjacency tensors, as well as signless Lapla-

cian tensors. Therefore, an efficient algorithm called Ng-Qi-Zhou, for computing the

20
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largest eigenvalues of irreducible nonnegative tensors (Ng et al., 2009) is feasible for

calculating the largest H-eigenvalues and associated eigenvectors of adjacency ten-
sors and the signless Laplacian tensors. When apply the Ng-Qi-Zhou method to
a primitive nonnegative symmetric tensor, the sequence generated by Ng-Qi-Zhou
method is proved to be convergent (Chang et al., 2011). The convergence criteria
is relaxed to irreducible nonnegative symmetric tensor in Liu et al. (2010). Fur-
ther, the Ng-Qi-Zhou method is enhanced and it is demonstrated that this enhanced
method converges when a nonnegative symmetric tensor is irreducible (Liu et al.,
2010). In Friedland et al. (2013), the Ng-Qi-Zhou approach is shown to converge to
the largest H-eigenvalue problem of a weakly irreducible nonnegative symmetric ten-
sor R-linearly. Later, the Q-linear convergence property of the Ng-Qi-Zhou method
is proved (Zhou et al., 2013a,b). Furthermore, Zhou et al. (2013b) refined the Ng-Qi-
Zhou method, and showed that the refined one can acquire the largest H-eigenvalue
of nonnegative symmetric tensors. Besides, a local quadratic convergent algorithm
was proposed in Ni and Qi (2015).

Usually there are two kinds of approaches for eigenvalue problem of general sym-
metric tensors. One category can get all (real) eigenvalues of a small dimension
tensor. With the aid of resultant, a direct method was given in Qi et al. (2009).
Cui et al. (2014) established an SDP relaxation method coming from polynomial
optimization. Two homotopy continuation type algorithms were proposed in Chen
et al. (2016a). Also, subroutines “NSolve” and “solve” provided in softwares Math-
ematica and Maple can solve polynomial eigen-systems exactly. These methods cost
prohibitively long time when finding eigenvalues of a symmetric tensor which has
dozens of variables.

The other kind of methods focus on computing an (extreme) eigenvalue of a
symmetric tensor. The reason for computing only one eigenvalue of a tensor is that,
a general symmetric tensor has plenty of eigenvalues (Qi, 2005b), and it is NP-hard
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to calculate all the eigenvalues. (Hillar and Lim, 2013). A spherical optimization

model was proposed by Kolda and Mayo. They introduce shifted power approaches
for this model, which were proved to converge to an eigenvalue and its corresponding
eigenvector of a symmetric tensor based on fixed point theory (Kolda and Mayo,
2011, 2014). Hao et al. (2015) introduced a subspace projection approach to solve
the spherical optimization model. A quadratic penalty function of the spherical
optimization problem was constructed in Han (2013) to find eigenvalues of even
order symmetric tensors. Numerical experiments illustrated that these approaches
are able to calculate eigenvalues of symmetric tensors which have dozens of variables.

In terms of a Laplacian tensor corresponding to an even-uniform hypergraph
which has millions of vertices, how to calculate its (extreme) eigenvalue? Storing
and processing a large scale tensor directly are difficult.

For the purpose of computing eigenvalues and eigenectors of a large scale sparse
tensor, for instance the adjacency tensor, the Laplacian tensor, and the signless
Laplacian tensor, related to a uniform hypergraph, we propose a fast computational
method for products of these tensors and any vectors. In order to save a unifor-
m hypergraph, we construct a matrix, whose row elements are the vertices in each
edge of the hypergraph. Based on this matrix, our fast computational method avoid
producing and saving the large scale tensor explicitly when calculate the product
of a Laplacian tensor and a vector. The computational cost of the fast compu-
tational framework is linear in the size of edges and quadratic in the number of
vertices of an edge. Moreover, other tensors associated with uniform hypergraphs,
i.e., signless Laplacian tensors and adjacency tensors, can be treated in the same
way. Next we propose an effective first-order optimization method for calculating
H- and Z-eigenvalues of adjacency, Laplacian, and signless Laplacian tensors aris-
ing from the even-uniform hypergraph. By minimizing a smooth merit function on
a unit sphere, we get the first-order stationary point of this optimization model,
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whcih is an eigenvector associated with an eigenvalue. By using Cayley transform,

we develop a specific formula to deal with the spherical constraint. The spherical
optimization model is then transferred into an unconstrained problem. In view of
the large scale aspects of the problem, the L-BFGS method is explored to produce
a direction which is relevant to the gradient, and a backtracking search is employed
to guarantee that the sequence of iterates converges. Our algorithm (CEST) for
calculating eigenvalues of even-order symmetric tensors is established on the basis
of these techniques. Because the graph of the objective function is a semi-algebraic
set, the objective function satisfies the Lojasiewicz inequality, which ensures that the
sequence of iterative points given by the CEST method converges to an eigenvector.
Furthermore, it is proved that if the CEST method is started from multiple initial
points sampled uniformly from a unit sphere, the result could achieve the largest
(smallest) eigenvalue with a probability close to one.

When compute eigenvalues of symmetric tensors corresponding to small hyper-
graphs, numerical tests demonstrate that our CEST method performs dozens of times
faster than the power method. In addition, the CEST algorithm is able to calculate
H- and Z-eigenvalues, as well as their associated eigenvectors of symmetric tensors

arising from an even order uniform hypergraph which has millions of vertices.

3.2 The CEST method

We give the CEST method based on the unified equation for H- and Z-eigenvalues
of symmetric tensors (Chang et al., 2009). Suppose Z € RI" is an identity tensor.
Then, Zx"~! = x"=1. When r is even, let £ € RI"™ be a symmetric tensor such that
Exm 1 = (x'x)27'x. Because Ix" = Y. 27 and £x" = |x|" are greater than zero

for any nonzero vector x, tensors Z and £ are positive definite. The systems (2.1)
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and (2.2) are combined into

Tx"t = ABx"!, (3.1)

in which B equals Z and & respectively. In the rest of this chapter, if A € R and the
nonzero vector x € R™ satisfy (3.1), A and x are called eigenvalue and its associated
eigenvector of T respectively. Next, we concentrate on calculating such A\ and x
for large scale sparse tensors. Suppose r is even and the symmetric tensor 7 is
associated with an r-uniform hypergraph. Hence T is sparse and may be large scale.

We consider the spherical constraint optimization model

~ Bx"

min f(x) st. xe S, (3.2)

where S"! = {x e R" : x'x = 1.} Since f(x) is zero-order homogeneous, we limit
x on the unit sphere S"! = {x € R" : x'x = 1} without loss of generality. The
compactness of S"~! makes our algorithm CEST easy to obtain. Also, the spherical
constraint guarantee x € S*~! being away from the original point and the CEST
algorithm being convergent. The structure of the symmetric positive definite tensor

B is as simple as Z and &. The gradient of f(x) Chen et al. (2016¢) is

Vfx) = B:(T <TXT1 — Z;;(: Ble) . (3.3)

We reveal the connection between the optimization model (3.2) and the eigenvalue
problem (3.1) in the following theorem. Owing to the freedom of the positive definite
tensor B (3.1), the next theorem covers both the case of H-eigenvalue and the case

of Z-eigenvalue as B =7 and B = &, respectively.

Theorem 3.1. Let B be a positive definite symmetric tensor with its order r being
even. Let x, € S*™1. Hence, x, is a first-order stationary point, i.c., V f(x4) = 0,

if and only if there is a scalar N\, € R such that (A, X.) satisfies (3.1). Moreover,
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Ae = f(x4) is the Z-eigenvalue (resp. H-eigenvalue) with X, being the associated

Z-eigenvector (resp. H-eigenvector) if B =& (resp. B=1).

Proof. Because B is positive definite and Bx" is positive for any x in S"~!, we have
f(x4) is an eigenvalue and x, is its related eigenvector from (3.3) if x, € S"~! satisfies
Vf(x,) = 0. On the other hand, if x, € S*~! is an eigenvector associated with an

eigenvalue A, :
Tx, ' = A\Bx, 1,
we obtain Tx), = A\, Bx] by multiplying x, on both sides of the above equation. Since

Bx" > 0, we have A\, = 2% = f(x,). Then, we get Vf(x,) = 0 from (3.3). O

=
BxL

In the following part of this subsection, we introduce a numerical method for
calculating a first order stationary point of the maximization model (3.2). The
limited memory BFGS (L-BFGS) method is explored to produce a descent direction.
Afterwards, we apply a curvilinear search skill to keep iterative points on the unit

sphere.

3.2.1 L-BFGS to produce a descent direction

The limited memory quasi-Newton approach is efficient in solving large scale non-
linear unconstrained optimization problems. If ¢ is the current iteration, L-BFGS
generates an implicit matrix H. to estimate the inverse of a Hessian of f(x). In the
beginning, we review the primary BFGS method. The BFGS approach afresh the
estimation of the Hessian’s inverse iteratively. Suppose H. is the current approxima-

tion,

Ve = Vf(Xer1) — Vf(xe), Se =Xey1 —Xe, and V. =1 — prCsCT, (3.4)
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in which [ is an identity matrix,

1
= if ycTsc > Ke,
pc = yc Sc (35)

0 otherwise,

and k. € (0,1) is a small positive parameter. The new estimation H} generated by

BFGS method (Nocedal and Wright, 2006; Sun and Yuan, 2006) is
HY =V'H\V, + p.s.s,. (3.6)

In order to finding solution of large scale optimization models, the L-BFGS approach
was proposed (Nocedal, 1980), which implements the BFGS update economically.
Given any vector Vf € R", the cost for the matrix-vector product —H.V f is only
O(n) multiplications. For the current iteration is ¢, the initial approximation matrix
is as simple as

HO = .1, (3.7)

C

where 7. is a positive number determined by the Barzilai-Borwein method (Liu and
Nocedal, 1989; Barzilai and Borwein, 1988). Then g is updated by the BFGS

formula (3.6) recursively
HEHD =T gV, 4o yse sl ,,  for =L, L—1,...,1.  (3.8)
The approximation of Hessian matrix in iterate c is

H, = HD, (3.9)

[

If ¢ > ¢, the number p._, is set to zero and L-BFGS does nothing for that ¢. In
practice, the L-BFGS works well for a cheap two-loop recursion. The computational

cost is about 4Ln multiplications.
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Algorithm 1 L-BFGS.
P q _Vf(XC),
fori=c—1,c—2,...,c— L do
Oy <— IOiSzTCL
q < q— Q;ys,
end for
P — 7.9,
forto=c—L,c—L+1,...,c—1do
B < piy! p,
p —p+si(a; — ),
end for
Stop with result p = —H.V f(x.).

— =

In terms of the parameter 7., we have three options. The first two are as follows

(Barzilai and Borwein, 1988)

T 2
Ye S Isel
BB = 5 and BB2 — — (3.10)
Iyl YeSe

The third one is determined by the geometric mean of the above two canditates Dai

(2014)

Dai Isc|
v, = . (3.11)
lyel

We set 7, = 1 if ycTsC < Ke.
In order to show L-BFGS produces a descent direction p. = —H.V f(x.), first
we consider the classical BFGS update (3.4)—(3.6) and establish the following two

lemmas.

Lemma 3.1. Suppose that H} is generated by BFGS (3.4)—(3.6). Then, we have

AMN\? 4
|HS| < |H.| 1+ + —. (3.12)
¢ K

€ €

Proof. If y!s. < ke, we get p. = 0 and H} = H,.. Hence, the inequality (3.12) holds.
Next, we consider the case y.s. > k.. Obviously, p. < % From Lemma 3.7 and

all iterates x. € S"71, we get

Ise| <2 and |ly.] <2M. (3.13)
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Since

aM 4
”VCH <1+ pc”YcHHScH <1+ and HpcScSZH < pc”ScH2 < P

€ €

we have

AMN\? 4
[ < JHIVAP + [oosesT] < |E] (1 " )

€ €

Hence, the inequality (3.12) is valid. O

Lemma 3.2. Suppose that H. is positive definite and H} is generated by BFGS
(3.4)~(3.6). Let pumin(H) be the smallest eigenvalue of a symmetric matriz H. Then,
we get HY is positive definite and

K

- min Hc- 14
o ) i ) (3.14)

:U’min(Hj) =
Proof. For any unit vector z, we have
z' H'z = (z — pslzy.) H.z — pslzy.) + p.(s, z)*.

Let t = sz and
¢(t) = (Z - tpcyC)THC(Z - tchc) + pctQ-

Because H, is positive definite, ¢(¢) is convex and attaches its minimum at t, =

peyd Hez

—Ltefe <2 Hen
pet+pyl Heye encee,

z' H'z > oé(t,)
= ZTch—t*pcycTch

pez' Haz + p*(y! Hy.z Hz — (y! H.z)?)
pet pzye Heye

z' H.z

1+ pyl Hey.’

WV
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where the last inequality holds because the Cauchy-Schwarz inequality is valid for

m. > y) He.z. Therefore, H}

the positive definite matrix norm | - ||g,, i.e., |yc| m, 2]

Hc
is also positive definite. From (3.13), it is easy to verify that

AM? | H,|

1+ pylHey. <1+ -

Therefore, we have z' Hfz > H.). Hence, we get the validation of

_ kKe .
retAM2[HL| Fimin (

(3.14). O

Second, we turn to L-BFGS. Regardless of the parameter 7. in (3.7) either from

(3.10) or (3.11), we get the following lemma.

Lemma 3.3. Suppose that . takes Barzilai-Borwein steps (3.10) or its geometric

mean (3.11). Then, we have

Ke 4
e <V < = (3.15)

Proof. If y!s. < k., we get 7. = 1 which satisfies the bounds in (3.15) obviously.

Otherwise, we have r. < y.s. < |y.|l[sc]. Recalling (3.13), we get

K K
T<lvd<eMand o <s <2
Hence, we have
ke _ yese _ lscllyel _ lsel _ lsel® _ fsel® _ 4
= = - - < x
AM? - lyel® o lyel® el yellsel  ydse R

which means that three candidates 2B, 4582 and P4l satisfy the inequality (3.15).

[]

Third, based on Lemmas 3.1, 3.2, and 3.3, we obtain two lemmas as follows.



CHAPTER 3. COMPUTATION OF EIGENVALUES OF HYPERGRAPH
RELATED TENSORS PhD Thesis

Lemma 3.4. Suppose that the approximation of a Hessian’s inverse H. is generated

by L-BFGS (3.7)~(3.9). Then, there exists a positive constant Cyy = 1 such that
|He| < Cu.

Proof. From Lemma 3.3 and (3.7), we have ||HC(O)H < H%. Then, by (3.9), (3.8) and

Lemma 3.1, we get

|| = |H"

N

nﬂ”%@+

AM 2L 4 L-1 AM 20
O (1+25) + 2 % (1427)
Ke S Ke

4M>2 4

€ €

N

N
=
=

N
= | N
g
7 N

—_

+
e
N———

Il

&

The proof is complete. O

Lemma 3.5. Suppose that the approximation of a Hessian’s inverse H. is generated

by L-BFGS (3.7)=(3.9). Then, there ezists a constant 0 < Cp, <1 such that

Hmin (Hc) = CVL-

Proof. From Lemma 3.3 and (3.7), we have ,umin(Hc(O)) > $i%. Moreover, Lemma

3.4 means that HH(EZ)H < Cpforall ¢ =1,... L. Hence, Lemma 3.2 implies

min H(ZJrl) = L min H(e) .
o (HEH) 2 et o (HE)
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Then, from (3.9) and (3.8), we obtain

,umin(Hc) = ILLmin(HC(L))
K

S —T—. HE=D
Re +4M20U1u ( ¢ )

\%

L
K
AL i (HO
(I{€+4MQCU) fimin(FL7)

Ke Ke - _C
AM? \ k. +4M2Cy ) — 8

We complete the proof. O
Finally, we get the following theorem from Lemmas 3.4 and 3.5.

Theorem 3.2. Suppose that p. = —H.V f(x.) is generated by L-BFGS. Then, there

exist constants 0 < C, < 1 < Cy such that

. (3.16)

P, V/(xc) < —CrL|Vf(x)|*  and  |pc| < CulV ()|

3.2.2 Cayley transform to satisfy orthogonal constraints

Cayley transform (Golub and Van Loan, 2013) provides an efficient way to create
orthogonal matrices, which is a useful tool for solving eigenvalue problem (Chen et al.,
2016¢; Friedland et al., 1987) and optimization problem with orthogonal constraints
(Jiang and Dai, 2015; Wen and Yin, 2013). Suppose that W € R™*" is a skew-
symmetric matrix. Then (I + W) is invertible, and we get an orthogonal matrix @

by the Cayley transform,
Q=T+W)'I-W)eR™ (3.17)

The eigenvalues of matrix () do not contain —1.
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Let x. € S"! be the current iterate, p, € R" be a descent direction produced by

Algorithm 1 and o be a damping factor. In order to keep the new iterative point on
the unit sphere, we want to find a suitable orthogonal matrix () € R"*™ and obtain

the next point via
Xep1 = QX,. (3.18)

Also, the iterate x.,1 should be a descent condition, i.e.,
V(%) (Xeq1 —x.) < 0.

It can be deduced from the Cayley transform (3.17) that (I + W)x.41 = (I — W)x,
and X.41 — X = —W(Xer1 + X.). To keep the skew-symmetric matrix W simple, we
construct it by

W =ab' —ba’, (3.19)

in which a and b are undetermined vectors. Further, we obtain
Vf(xe) (Xer1 —%e) = =V f(x.) (ab" —ba')(x.1 +x,).
Since the function f(x) in (3.2) is zero-order homogeneous, we have
x'Vf(x)=0, Vx=#0. (3.20)
Motivated by the equation above, we select a as x.. Further, we have
Vi) (Xer1 — %) = VF(x.) b(x] Qx, +x/x.)

from (3.18). Since the matrix () is orthogonal and the number —1 is not an eigenvalue
of Q, we get x/ Qx.+x!x. > 0 for any x. € S"~!. When set b equals ap,, the desired
descent property V f(x.)" (x.+1 — X.) < 0 is achieved from (3.16).

In actual calculation, we do not need to construct matrices W and @ explicitly.
The new point x.,1 can be directly created via a formula based on x. and p. with
the multiplications being about 4n.
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Lemma 3.6. Since the new iterate X .1 is produced by (3.17), (3.18), and (3.19),

we can reformulate it as

[(1— O‘XIPC)2 - ”OCPCHZ]XC + 2ap.

Xeii(la) = 3.21
() T+ Jop.? — (0x! po)? (3:21)
Moreover we have
1
Jope? — (0xIp.)? \?
Xepr(a) — x| = 2 < . 3.22
el =xd =2 (7 e et (3:22)

Proof. First we review the the Sherman-Morrison-Woodbury formula:
(A+UVHt=At AU+ viAtU)tvTa

where the matrix A is invertible. Based on this formula we have

ey xe= (1 e —on ][ ])

Xe

_ ([*[XC —ozpc]([(l) ‘f]ﬂax%l}[xc —apc])_l[ax%j ])Xc

L+axIpe  —lop? | [ ox!p.
= x—[x _O‘pc][ 1 1 — ax, p. 1
= X.— [ xc —ap. | ! ax!p(l — ax.pe) + |ap.[
s LR T T Jap P = (axTpo)? 1

(1 — ax,Pe)Xe + ape
1+ ape|? = (ex/pe)*’

I* -

in which 1 + |ap, (ax!p.)? = 1 because |ax] p.| < |ap.| and x. € S*~!. Then,

we have

W (1—ax!p.)x.+ap. [(1—ax/p.)?— |ap|*]x. + 2ap.
Xer1 = (I = >1 2 _ Th \2 1 2 _ Th )2 :
+ |lape[? — (ax[pc) + lape[? — (expc)
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The equation (3.21) is then obtained. Hence, we have

e (a) —x|*

2

B [2ax!p.(ax!p. — 1) — 2||ap|?]x. + 2ap.
1+ |ap.[?* — (ax/pc)?

[20x.pe(ax/pe — 1) — 2|ap|?][20x, pe(ax; Pe + 1) — 2]apc]*] + 4] ap[*

[T+ llap|? = (ax]pc)?]?

(20x;pc)*[(ax.pc)* — 1] — 2|apc[*(20x.pc)* + 4]ap.[* + 4]ap.[
[1+ llape[* = (ax[pc)?]?

(20x.pc)*[(0x.pc)? — L — |apc[?] + 4]ap[*[-(ax.pc)* + |apc|* + 1]
[T+ lap|? — (ax]pc)?]?

4)apc|* — 4(ax/p.)?
1+ |ape|® = (ax/pe)*

Then the equality (3.22) holds. O

A similar update scheme as (3.21) was given in Jiang and Dai (2015). The
projection of the descent direction p. onto the tangent space {y € R" : y'x. = 0} of

St at x, is q. = (I — XCXZ)pC. Based on q. we have

(1 - a2Hq0H2)XC + QQQC -1
c = S Sn .
Xer1(@) 1+ a?q.

Therefore, we say that the update equation (3.21) is a retraction on the unit sphere
(Wen and Yin, 2013). In fact, the new iterate x.1(«) is a geodesic rooted at x.
along the descent direction (Absil et al., 2008). In terms of the damping parameter

«, it is given via the following inexact line search.

Theorem 3.3. Assume that the gradient-related direction p. satisfies (3.16) and
Xer1(a) is giwen by (3.21). Ifne (0,1) and V f(x.) # 0, then we can find a constant

&, > 0 such that for all o € (0, ],

F(xeii(@)) < f(xe) +napg VI(xe). (3.23)
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Proof. By the formula (3.21), we get x.41(0) = x. and x.,,(0) = —2x]pcx. + 2p..

Then with the aid of (3.20) we obtain

df (Xer1(@))

o — V1 (61(0))T%444(0) = V(%) (~2x]poxc+2p.) = 20! V().

a=0

Since pIV(x.) < —C1|VF(x.)|? and [p] < Cu|Vf(x.)], we have p] Vf(x.) < 0

from V f(x.) # 0. If « is sufficiently small, we have

f(xer1(a)) = f(xc) + 2ap. Vf(x.) + o(a?)

by Taylor’s theorem. Since 7 < 2, then we could find a positive @, satisfying (3.23).
0

Broadly speaking, our new algorithm CEST is a modified version of the L-BFGS
method for orthogonal constrained optimization problem. The Cayley transform is
employed to keep the iterative points satisfying the spherical constraint. Then we
use an inexact line search to choose an appropriate damping factor. Theorem 3.3
ensures the availability of the inexact line search. Finally, We demonstrate our new
method CEST explicitly, which means computing eigenvalues of sparse tensors, in

Algorithm 2.

3.3 Convergence analysis

We demonstrate the convergent property of the CEST algorithm by three steps.
First, we show that the sequence of objective function values {f(x.)} is convergent
and any cluster point of the sequence {x.} is a first-order stationary point of the
objective function. Second, we prove the convergence of iterate sequence {x.} based
on the Lojasiewicz inequality. Third, it is illustrated that our CEST method is able
to get the largest or smallest eigenvalue of a tensor with great possibility when it is
tested from a large number of initial points.
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Algorithm 2 Computing eigenvalues of sparse tensors(CEST).

1: For a given uniform hypergraph G, we compute the degree vector d.

2: Choose an initial unit iterate x;, a positive integer L, parameters n € (0, 1),
B e (0,1), and ¢ « 1.

3: while Vf(x.) #0 do

4:  Compute Tx""! and Tx* by using approaches proposed in Section 3.4, where

Tel{AL 9}

Calculate A\, = f(x.) and V f(x.) by (3.2) and (3.3) respectively.

Generate p, = —H_.V f(x.) by Algorithm 1.

Choose the smallest nonnegative integer ¢ such that a = 3¢ satisfies (3.23).

Let o, = 3* and update the new iterate x..; = X.41(c.) by (3.21).

Compute s.,y. and p. by (3.4) and (3.5) respectively.

10: c—Cc+ 1.
11: end while

(Chang et al., 2016)

3.3.1 Convergence of sequences of function values and gra-
dients

If the CEST method terminates in finite number of iterations, there exists an integer ¢
satisfying V f(x.) = 0. Then from f(x.) Theorem 3.1, we know f(x.) is an eigenvalue
with x. being its associated eigenvector. Hence in our convergence analysis part, the
sequence {x.} created by the CEST algorithm is supposed to be infinite. Due to the
positive definite property of tensor B, the merit function f(x) is twice continuously
differentiable. Because the spherical domain of f(x) is compactness, we get the

following result.

Lemma 3.7. For the objective function value f(x), we can find a positive number

M > 1 satisfying
fI< M, |[VIx)| <M, and [V*f(x)|<M, VxeS
Further, since the sequence {f(x.)} decreases monotonically, it converges.

Theorem 3.4. Suppose the sequence of function values {f(x.)} produced by the
CEST algorithm is infinite. Then we have

lim f(Xc) = s,

c—0
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where A\, 1S a constant.

The next lemma shows that the damping factors a, are bounded.

Lemma 3.8. Suppose a. is generated by the inexact line search in the CEST algo-

rithm. Then we have

Omin < Q¢ < 1, Ve,
where ami, > 0 s a constant.
Proof. Assume 0 < a < & = % Then, aCyM < g;zgg; < 1. By inequalities

(3.16) and Lemma 3.7, we get
—ap; V(%) < afpef [V f(x)| < aCy|Vf(x)[* < aCyM? < M
and
lape[* = (ex:pe)* < o®[pe[* < @*CF [V (xo) .

Further we obtain

2ap. V f(x) + 2M (Jap.[* — (ax; pc)?) — nap, Vf(x)(1 + |apc|* - (ax!pc)?)
= (2-n)ap;Vf(x,) + 2M —nap,; Vf(x.))(|ap[|* = (ax/p.)?)
< (2—n)ap; Vf(x:) + (2 +n)Ma’CE|V f(x.)|?
< (2-map. Vf(xe) + (2= n)CralVf(x)|?

0, (3.24)

N

in which the last inequality is deduced from (3.16). Based on Lemma 3.7, Lemma
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3.6, the equality (3.20), and the mean value theorem we have

Flenr(@)) = fxe) < TF0x) (Rera(@) = x0) + M [xera(a) — xof?

204P Vf(x)+ 2M(Hap0”2 (O‘XIPC)2)
1+ [ap.|? — (ax/p.)?

nap, V£ (xe) (L + [ope|” - (axpc)?)
1+ [ap|?* = (ax]pc)®

= nap. Vf(x),

in which the last inequality is given by (3.24). Therefore, the inequalities 1 > a, =

B& = amin hold according to the rule of the inexact search. O

Next we show that each cluster point of the sequence {x.} is the first-order sta-

tionary point.

Theorem 3.5. The infinite sequence of iterates {x.} generated by the CEST algo-
rithm satisfies

lim [V f(x)[ = 0.
c—0
Proof. By (3.23) and (3.16), we obtain

f(xc) - f(Xc+1) =z —N:P, vf(xc) nacCLva(XC)”Q' (325>

Further, we have
o0 o0 0

2M = f(x1)=Ae = D [f(xe)=f(xe1)] = D naeCr|Vf(x)|* = 2 NminCL |V f (%)

c=1 c=1 c=1
from Lemma 3.7 and Lemma 3.8. Then

= oM

DIV <

— < oo,
=1 naminOL

and the reslut is acquired. O]
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3.3.2 Convergence of sequence of iterates

Lojasiewicz (1963) proposed the famous Lojasiewicz inequality for real-analytic func-
tions. Further, Absil et al. (2005) showed that, if the objective function of an op-
timization model satisfies the Lojasiewicz inequality, the iterates given by a signif-
icant class of approaches for this optimization problem converge to a unique limit
point without other hypothesis. The Lojasiewicz inequality was extended from real-
analytic function to nonsmooth functions in Bolte et al. (2007) afterwards. Lately,
many scholars have used the the Lojasiewicz inequality to study proximal algorithms
for nonconvex and nonsmooth optimization (Attouch et al., 2010; Xu and Yin, 2013).

The graph of a function f(x) is

Graph f := {(x,A) e R" x R : f(x) = A}.

Then the graph of the objective function f(x) = ZX is

Graphf = {(x,\) e R" xR : Tx" — A\Bx" = 0}.
It can be seen that the graph is a semialgebraic set. Then the merit function f(x)

enjoys the semialgebraic property, and satisfies the following Lojasiewicz inequality

(Absil et al., 2005; Bolte et al., 2007).

Theorem 3.6 (The Lojasiewicz inequality). Suppose f(x) is a real semialgebraic
function with a closed domain domf, and f|aoms is continuous. Let x, € domf.

Then in some neighborhood % of X

[f(x) = fxII” < Cx [V ()], (3.26)

where 6 € [0,1) and Ck is a positive constant.

The next theorem shows that the sequence of {x.} converges to a unique limit
point.
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Theorem 3.7. Let {x.} be an infinite sequence of iterates generated by the CEST

algorithm. Then we have

lim X, = X4,
c—0

where x, € S is unique.
Proof. Tf f(x) in (3.2) satisfies the Lojasiewicz inequality , the primary descent con-
dition, i.e.,

f(xe) = f(xes1) = Cp|V(xe)]l[xe = %Xe (3.27)

where C'p is a positive constant and the complementary descent condition, i.e.,

[f(xc+1) = f(xc)] = [XC-H = XC]7 (328)

then the reslut holds from Theorem 3.2 in Absil et al. (2005). Since the Lojasiewicz
inequality of f(x) is proved in Theorem 3.26 we only need to prove (3.27) and (3.28).
From (3.22) and (3.16), we obtain

1
[xes1 = x| <2 (Jaepe]® = (aex!Pe)®)* < 20c|pe| < 2Cvac|Vf(x)].

Then we have

nCr,

Se VGl =il

F(xo) = f(Xen1) = nCrac|Vf(x.)]? =

from (3.25). Therefore, when Cp = % the inequality (3.27) is obtained.
We prove the complementary descent condition (3.28) by contradiction. Suppose
Xe41 # Xe, then |V f(x)| # 0. Otherwise, the CEST algorithm terminates in a finite

number of iterations. Based on Lemma 3.8 and (3.25), we get
Fxe) = f(xes1) = nCromin |V (xc)|* > 0.

Therefore f(Xc+1) # f(Xe). O
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Hence, the iterative sequence {x.} converges to a first-order stationary point x,

from Theorem 3.5. In order to estimate convergence rate of the CEST method, we

first introduce the next result.

Lemma 3.9. For the iterative sequence {x.} generated by the CEST method, we

have

[Xer1 = %[ = Co [V (x)], (3.29)

where C,, is a positive constant .

Proof. Denote (a,b)

.
e [0, 7].
[afb]

{a,b) = arccos

as the angle between nonzero vectors a and b. Then, for any vector a # 0,b # 0,

and ¢ # 0, the following inequality
(a,b) < (a,¢) + (e, b) (3.30)
holds, and (-, ) is a metric in a unit sphere. Based on (3.30), we obtain

<Xca *Vf(XC)> - <*Vf(XC), pc> < <Xc> pc> < <Xca *Vf(XC)> + <7Vf(xc)v pC>'

From (3.20) we get (x., =V f(x.)) = . Hence, we have

T~ (V)P0 < (XeP) < 5+ (Y f(x0), o)

T
2
Then we deduce that

AT
P. vf(xc> > CL

sin(x., p.y = sin (5 —(=Vf(x.), pc>> = cos(=V f(X¢), Pe) = oV ) > Ty

in which the last inequality is given from (3.16). Since x, € S"™!, we obtain

N|=

_ 2a.||p|| sin{x,, a.p.)
V1 + a2|p.|? sin®(x, acpe)

Hacch2(1 B COSQ<X67 acpc>>
1+ Hacch2<1 - COSQ<X07 acpc>)

HXC+1 — X[ =2 <
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from (3.22). Based on the inequalities oy < a. < 1 and [[p.]| < Cy|Vf(x.)]| <

Cy M, we have

2OémincYL Cﬁl 2amin C’L

B e O > Al

Then it can be deduced from (3.16) that

[%er1 = %] =

[PV (xe)| = —pe VI (xe) = CLV ().

Therefore, |p.| = Cr|V f(x.)| and the inequality (3.29) is acquired by setting C,, =

2aminci D
CU(1+CUM) :

Then we have the following theorem based on Lemma 3.9. For the proof of this

theorem, please refer to Theorem 2 in Attouch and Bolte (2009) and Theorem 7 in
Chen et al. (2016c¢)

Theorem 3.8. Let x, be the stationary point of an infinite sequence of iterates {X.}

produce by the CEST algorithm.
e If0€(0,3], we have
Ixe — Xa| < 70"
where v > 0 and g € (0,1) are constants.

e If0€(3,1), we have

Ixe — x| < ye 3T

where v > 0 s a constant.

If the level set of f(x) is convex and the second-order sufficient condition is
satisfied at x,, the L-BFGS method is proved to be linearly convergent by Liu and
Nocedal (1989). In fact, without assumption of the level set being convex , when the
second-order sufficient condition holds, the exponent # in the Lojasiewicz inequality
(3.26) is equal to 1, and the sequence {x.} converges linearly from Theorem 3.8.
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3.3.3 Probability of getting the extreme eigenvalue

In order to obtain the smallest eigenvalue of a tensor related to a uniform hyper-
graph, we run the CEST algorithm from a number of random initial points, and take
the smallest objective function value as the smallest eigenvalue of the correspond-
ing tensor in practical experiments. The next theorem give the probability of this

strategy in getting the extreme eigenvalue.

Theorem 3.9. If we run the CEST algorithm N times from N initial points which
are sampled from S"' wuniformly and take the smallest cost function value as the

smallest eigenvalue, then the probability of getting the smallest eigenvalue is
1-(1-¢)", (3.31)

in which ¢ € (0, 1] is a constant. Hence, the smallest eigenvalue can be acquired with

a high probability when the number N s large enough,.

Proof. Let x* € S"~! be an eigenvector related to the smallest eigenvalue and % be
a neighborhood of x* as defined in Theorem 3.6. Then from the proof of Theorem
3.2 in Absil et al. (2005), we can find a constant p > 0 such that the initial iterate
x; belongs to the set ¥ (x*) = {x € S ! : |x — x*|| < p} € %, and the iterative
sequence {x.} converges to x*. Given an initial point x; which is sampled from S"~*
uniformly, next we consider the probability of the event that x; € ¥/(x*).

Suppose A and S are hypervolumes of (n — 1)-dimensional solids ¥ (x*) and S*~!
respectively.! Therefore, the “ area” of the surface of ¥ (x*) < S"! and S*~! in R
are A and S respectively, and 0 < A < S. For this geometric probability model, the

probability of x; belonging to #'(x*) is

> 0.

SIS

4

! The hypervolume of the (n — 1)-dimensional unit sphere is S = %, where T'(+) is the Gamma

function.
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In fact, the smallest eigenvalue can be obtained once {x.} n ¥ (x*) # &.

If we run the the CEST algorithm N times, the complementary event of the joint
event is that the CEST starts from /N random initial points and does not touch the
the eigenvector x*. The probability of this complementary event is (1 — ¢). If the
complementary event does not occur, we obtain the eigenvector x* associated with
the smallest eigenvalue. Therefore, the probability of getting the smallest eigenvalue

is 1— (1—¢)V. O

In terms of the largest eigenvalue of a tensor 7, what we need do is changing the
objective function f(x) in (3.2) into
~ Txk
Fx) = —5%
The results of computing largest eigenvalue by the CEST method can be deduced in

a similar way as the corresponding ones in the smallest eigenvalue occasion.

3.4 Fast computational methods for product of
vector and hypergraph related tensors

For computational problems related to adjacency, Laplacian and signless Laplacian
tensor, a popular operation is tensor and vector product, which is always time con-
suming. On the other hand, such kind of tensors are usually sparse. For example,
the adjacency tensor, Laplacian tensor, signless Laplacian tensor of the 4-uniform
hypergraph in Figure 2.1 are usually have only 0.72%, 0.76%, and 0.76% nonzero
elements respectively. Therefore, it is rational that we take advantage of the spar-
sity to propose a fast computational method for product of vector and hypergraph

related tensors (Chang et al., 2016).
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3.4.1 The way to store a uniform hypergraph economically

By saving the indices of vertices in each edge in a row of a matrix, we get an incidence
matrix G, € R™*" to store the information of an r-graph G = (V| E'), which has m
edges. The order of an element in its corresponding row, as well as the location of a
row in the matrix is insignificant because we could permute the order of elements in
each row, or the location of a row in the matrix without changing the information of
the hypergraph. Take the 4-graph in Figure 2.1 as an example. Its incidence matrix

1s:

111 10000O0O0O0
Gi=[1 000111000
10000O0O0T1T11
rrrrrrrr et
1 2 3 4 5 6 7 8 9 10 < (the indices of vertices).

In order to save storage space, we replace the sparse incidence matrix by a compact

one as follows
4
7

G, = e R34,

— = =
co Ot N
O O W
—_

0

It can be seen that, the quantity of columns in G, is greatly reduced when comparing
with G;, due to the fact that the condition & « n holds in most cases. We call the

matrix G, memory matrix of G.

3.4.2 Computing products of a tensor and a vector

Given an r-graph hypergraph G, we first obtain the incidence matrix G; and the
memory matrix G, by the above mentioned approach. In practice, we only need to
compute the product of D and a vector, and the product of A and a vector, because

the Laplacian (Signless Laplacian) tensor equals D minus (plus) A.
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Gi=sparse(repmat((l:m)’,r,1),Gr,1,m,n);

d =full(sum(Gi,1)’);
Figure 3.1: Matlab codes producing D and d.

Let us first study the product of the degree tensor D and a vector. Tensor D is
diagonal with its ith diagonal entry being the degree of a vertex ¢, i.e., d(i), fori € V.
We obtain the degree d(i) by summarizing the ith column of G;. The MATLAB codes
in Figure 3.1 create a sparse matrix G;, as well as the degree vector d = [d(i)] € R".
Since the degree vector d is fixed for a given hypergraph, we save it from the start.

Denote “#” as the component-wise Hadamard product. For a given vector x € R",

the computations of
Dx"t =d =« (xI"1) and  Dx" =d"(xI"

are straightforward.

Next, we deal with the product of adjacency tensor A and vector x. We combine
the hypergraph and the vector information by constructing a matrix X,,a = [2(a,) Zj]
which has the same size as G,. If the (G, )y; equals i, then we set (Xnq)e; as ;. The

product Ax* is then rewritten as
AX" =1 > ] [(Xmat)is- (3.32)

In order to compute the vector Ax"~!, we represent the ith element of Ax"~! by

(Ax i = 30 30 | 000 (G)eg) [ [(Xomanes |

where ¢ = 1,...,n. Using MATLAB codes in Figure 3.2, we construct a sparse

matrix M; = [6(¢, (G,)e;)] € R™™ and a column vector y; = [[[,:(Xmat)es| € R™

S#]J
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Mj=sparse(Gr(:,j),(1:m)’,1,n,m);

yj=prod (Xmat (:, [1:j-1,j+1:r]),2);
Figure 3.2: Matlab codes producing M; and y;.

respectively for each j = 1,...,r. Then, we can compute the vector
T
Axrfl = 2 ijj
j=1

via a simple loop.

It costs about mr?, mr?+nr, and mr?+nr multiplications to compute products of
tensors A , £, and Q with any vector x respectively. Since mr? < mr? +nr < 2mr?,
it is cheap to employ our approach to compute products of A , £, or Q and a vector,
which are large scale sparse tensors arising from hypergraphs. Besides, the methods

given above can be employed by parallel computing easily.

3.5 Numerical results

The experiments are compiled by using Matlab, while parameters involved are set

as follows:

L=5 n=0.01, and S =0.5.

The termination criterion for the CEST algorithm is
IV f(xe) oo < 107° (3.33)

or

|f (Xer1) — f(xc)]
1+ [f(xc)]

[Xei1 — Xellw < 107%  and <1071 (3.34)

When the number of iterations exceeds 5000, it is also stopped.

In this section, we compare the following four methods.
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GradObj:on, LargeScale:off, TolX:1.e-8,

TolFun:1.e-16, MaxIter:5000,Display:*off
Figure 3.3: Settings of fminunc.

e Two adaptive shifted power methods (Kolda and Mayo, 2011, 2014) (Power
M.), which can be obtained from Tensor Toolbox version 2.6 as eig sshopm

and eig geap for Z- and H-eigenvalues of symmetric tensors respectively.

e An unconstrained optimization method (Han’s UOA) (Han, 2013). The opti-
mization model is solved by fminunc in Matlab whose settings are shown in
Figure 3.3. Because this approach does not limit the iterative points on S"~1,

its tolerance parameters are not the same as other methods.

e CESTde: An immature version of our CEST approach without using the fast

computational technique proposed in Section 3.4.

e CEST: The approach introduced in this chapter.

In terms of problems involved in our numerical experiments, we run the related
algorithms one hundred times from one hundred random initial points sampled from
a unit sphere S*~!. By creating an n-dimensional vector with a standard Gaussian
distribution and normalizing this vector, we obtain an initial point on the unit sphere.
The one hundred initial points are generated in this way independently, which are
also uniformly distributed on the unit sphere. Hence, we get one hundred estimated
eigenvalues \i, ..., Adjgg. Suppose A* is the exact extreme eigenvalue of the related
tensor, the accuracy rate of the method is counted by

{i : i = X < 10—8}

1%. .
Y x 1% (3.35)

Accu. =

By employing the global tactics in Section 3.3.3, the largest (smallest) result among
the one hundred results is taken as the largest (smallest) eigenvalue computed by
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s

Figure 3.4: A 4-uniform squid: G%.

the corresponding method. The CPU time presented in the following experiments

are the summation of the one hundred runs in each case.

3.5.1 Eigenvalues of small-scale hypergraphs

In this subsection, we emphasis on computation of extreme eigenvalues of symmetric
tensors arising from small sacle uniform hypergraphs.

Squid. For an r-uniform hypergraph G% = (V, E), if it has (r* — r + 1) ver-
tices with edge set composed by legs {i11,..., %1}, .., {¢r—11,...,%r—1,} and a head
R T
ir—11,%,}, we call it a squid. For example, the hypergraph illustrated in Figure 3.4 is
a 4-uniform squid G%. An even order squid G% is connected and odd-bipartite. Then

the largest and smallest H-eigenvalue of the adjacency tensor of G satisty
Ain(A(G)) = =N (A(GE))

from of Theorem 2.1(5). Due to the nonnegative and weakly irreducible property
of the adjacency tensor A(G%), we can obtain the largest H-eigenvalue A2, (A(G%))
via the Ng-Qi-Zhou algorithm. In terms of the smallest H-eigenvalue of A(G%),
the following tests are implemented. The parameter L is suggested by Nocedal to lie

between 3 and 7 for the L-BFGS algorithm to get a good performance. Therefore, we
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Figure 3.5: CPU time for computing smallest H-eigenvalue of A(G%) by L-BFGS.

Table 3.1: Results for computing M, (A(G%)).

min

Algorithms | M (A(G%)) | Time(s) | Accu.
Power M. —1.3320 97.20 100%
Han’s UOA —1.3320 21.20 100%
CESTde —1.3320 35.72 100%
CEST —1.3320 2.43 100%

compare L-BFGS for L being 0, 3,5, 7. In fact, when L = 0 it becomes the Barzilai-
Borwein method. For the parameter 7., we use v28! vBB2 and ~P* randomly.
We calculate the smallest H-eigenvalues of the adjacency tensors of r-uniform squids
with r being 4,6, 8. In Figure 3.5, we show the CPU time for one hundred runs. It
can be seen that the L-BFGS method is approximately five times faster than the
Barzilai-Borwein method. In our CEST method, the parameter L is set to be 5
according to Nocedal’s setting?.

Next, we compute the smallest H-eignvalues of adjacency tensors of the G§. See
Figure 3.4. We obtain A _(A(G%)) = 1.3320 by the Ng-Qi-Zhou algorithm as a

reference. The results of four algorithms: Power M., Han’s UOA, CESTde, and

2 See http://users.iems.northwestern.edu/ nocedal/lbfgs.html.
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CEST are presented in Table 3.1. It can be seen that, all algorithms get the smallest

H-eigenvalue of A(G%) with probability 1. The CESTde method cost 22% and 37%
CPU time of Power M.’s and Han’s UOA’s CPU time respectively. Further, when
the fast computational skill is explored, the CEST algorithm is forty times faster
than the power method. Due to limitation of laptop’s memory, a dense adjacency
tensor for 6- and 8-uniform squid are unable to be stored. Therefore, we only report

computational results of the the CEST method in Table 3.2.

Table 3.2: Performance of CEST computing the smallest H-eigenvalue of an adja-
cency tensor A(G%).

roon | M(AGY) | AL (A(GY)) Iter. time(s) True Est.
2 3 | 14142135624 | —1.4142135624 844 0.66 100%
4 13 | 1.3320029867 | —1.3320029867 | 5291 2.43 100%
6 31 | 1.2640653288 | —1.2640653288 | 26443 15.10 78%
8 57 | 1.2202288301 | —1.2202288301 | 45993 37.19 9%

Blowing up the Petersen graph. An ordinary graph Gp called the Petersen
graph is demonstrated in Figure 3.6. The Petersen graph is non-bipartite. The s-
mallest eigenvalue of its signless Laplacian matrix being one. By blowing up each
vertex of Gp into an r-set, we get a 2r-uniform hypergraph G?I’r, which contains
10r vertices and 15 edges. From Theorem 2.2, the smallest H-eigenvalue of the sign-
less Laplacian tensor Q(G?f”") is the same as the smallest eigenvalue of the signless
Laplacian matrix Q(Gp), i.e., . (Q(G7™)) = ML (Q(Gp)) = 1.

The performances of four algorithms for computing the smallest H-eigenvalue of
Q(G;’Lf) are reported in Table 3.3, where the method Han’s UOA misses the smallest
H-eigenvalue of Q(G3°)? and the other three methods touch the exact solution with
a high probability. The CESTde method uses as much as 88% CPU time less than
Power M. method. When the sparse structure of Q(G?D’Q) is explored, the CEST

algorithm costs no more than 1% CPU time of CESTde. In Table 3.4, we show

3 (*) means a failure.
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Figure 3.6: The Petersen graph Gp.

Table 3.3: Results for computing AL (Q(G5?)).

min

Algorithms | ML (Q(G3?)) | Time(s) | Accu.
Power M. 1.0000 657.44 | 95%
Han’s UOA | 1.1877%) 93.09
CESTde 1.0000 70.43 | 100%
CEST 1.0000 3.82 | 100%

Table 3.4: Accuracy rate of calculating ML (Q(G%"*)) by CEST.

min

2r 2 4 6 § 10 12 14 16 18 20
Accu. (%) | 100 100 100 100 99 98 86 57 20 4

the accuracy rates of the CEST method for finding the smallest H-eigenvalues of
the signless Laplacian tensors of 2r-uniform hypergraphs G?DM with » = 1,...,10
respectively. The accuracy rate reduces along with the increase of the order r of the
hypergraph.

Grid. Given a square, we regard it as a 4-graph with 4 vertices and 1 edge. By
subdividing a square s times for s > 0, we get a grid, which is denoted as a 4-graph

¢, with (2° + 1)% vertices and 4° edges. When the subdividing order s is zero, the
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Figure 3.7: Some 4-uniform grid hypergraphs.

Table 3.5: Results of computing M2 (L(G%)).

max

Algorithms | M (L£(GZ)) | Time(s) | Accu.
Power M. 6.5754 142.51 | 100%
Han’s UOA 6.5754 35.07 | 100%
CESTde 6.5754 43.35 | 100%
CEST 6.5754 2.43 | 100%

grid G is in fact a square. We can also obtain G, by subdividing each edge of GSG_1
into four edges. For the s = 1,2, 3,4 order subdivision, please refer to the pictures
presented in Figure 3.7. Since the hypergraph G% is connected and odd-bipartite,
from Theorem 2.1(2) we have A _(L(GZ)) = M, (Q(G%)). As a reference we give

max max

the solution A _(Q(G%)) = 6.5754 obtained from the Ng-Qi-Zhou method. The

max

results of computing A7 (L£(G%)) by four methods: Power M., Han’s UOA, CESTde,

max

and CEST, are presented in Table 3.5. Each algorithm acquires M2, (£(G%)) with
probability 100%. The Han’s UOA and CESTde methods consume about 25% and
30% the CPU time of the Power M. method respectively, while the CEST method
saves about 95% the CPU time of the Power Method. Furthermore, we employ the
CEST method to compute A2 of the grids in Figure 3.7. The results are shown in

max

Table 3.6.
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Table 3.6: Results of computing N (L(GE)).

max

n o m| M. _(L(G)) | Tter. Time(s) | Accu.
9 4 4.6344 2444 1.39 | 100%
25 16 6.5754 4738 2.43 | 100%

81 64 7.5293 12624 6.44 | 98%
289 256 7.8648 34558 26.08 | 65%

=~ W N —Hl®w

3.5.2 Eigenvalues of large-scale hypergraphs

In this subsection, we list examples of the CEST method computing eigenvalues
arising from large scale even-uniform hypergraphs. With respect to the large scale
of the problems, it is rational that we slightly enlarge the the tolerance parameters

and multiply the constants in (3.33) and (3.34) by v/n .

H

2. of Laplacian tensors

Sunflower. We employ the CEST method to compute A
of even-uniform sunflowers. The relative error between our numerical result and the
exact solution is computed by

Maax(L(Gs)) — Al

max
% )
>\H

RE =

in which A}, is given in Theorem 2.3. We present the detailed numerical results in
Table 3.7. It can be seen that the CEST method find the largest H-eigenvalues of
Laplacian tensors with high accuracy, and all relative errors are of magnitude less
than O(1071%). The total CPU time of one hundred runs in each test is at most 78

minutes.

Icosahedron. An icosahedron has twelve vertices and twenty faces. As shown
in Figure 3.8, we can approximate a unit sphere by subdividing an icosahedron as
many times as possible. If we consider the three vertices of the triangle together with
its center as an edge of a hypergraph, the s-order subdivision of an icosahedron is a
4-graph, named G7, containing 20 x 4° edges.
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Table 3.7: Results of computing A

max(

L(Gs)) by CEST.

k n| M _(L(Gs)) RE Iter. Time(s) | Accu.
4 31 10.0137 5.3218 x 10716 | 4284 2.39 | 100%
301 100.0001 7.3186 x 10714 | 4413 3.73 | 42%

3,001 1,000.0000 1.2917 x 1071 | 1291 4.84 | 100%

30,001 10,000.0000 5.9652 x 1072 | 1280 38.14 | 100%
300,001 100,000.0000 9.6043 x 107 | 1254  512.04 | 100%
3,000,001 | 1,000,000.0000 0 1054 4612.28 | 100%

6 o1 10.0002 2.4831 x 10712 | 4768 3.34 8%
501 100.0000 2.4076 x 1071° | 1109 147 | 98%

5,001 1,000.0000 3.2185 x 107 | 1020 5.85 | 100%

50,001 10,000.0000 5.7667 x 1072 | 927 44.62 | 100%
500,001 100,000.0000 1.1583 x 1071 | 778  479.52 | 100%
5,000,001 | 1,000,000.0000 2.3283 x 10716 | 709 4679.30 | 100%

Icosahedron (

s=3

s=4

Figure 3.8: 4-uniform hypergraphs: subdivision of an icosahedron.
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Table 3.8: Computing A2, (L£(G%)) and A2 _(Q(G3)) by CEST.

max max

(e o[
s n m | A2 Tter. time(s) | A2, Tter. time(s)
0 32 20 5 1102 0.89 ) 1092 0.75
1 122 80 6 1090 1.09 6 1050 0.75
2 482 320 6 1130 1.39 6 1170 1.23
3 1,922 1,280 6 1226 3.15 6 1194 2.95
4 7,682 5,120 6 1270 10.11 6 1244 10.06
5 30,722 20,480 6 1249 36.89 6 1282 35.93
6 122,882 81,920 6 1273 166.05 6 1289  161.02
7 491,522 327,680 6 1300  744.08 6 1327 739.01
8 1,966,082 1,310,720 | 6 574 125136 | 6 558 1225.87

The performance of the CEST method for computing the largest Z-eigenvalues
of both Laplacian tensors and signless Laplacian tensors of the hypergraph G is
shown in Table 3.8. It can be seen that the CEST method costs at most twenty-
one minutes for the one hundred runs in each test, even if dimensions reaches to
almost two millions. Since the 4-graph G7 is connected and odd bipartite, we have
N (L(GY)) = N2, (Q(G%)) from the conclusion in Theorem 2.1(3), which is consis-

tent with our numerical results. Besides, Bu et al. (2016) proved that

Z
)‘max

(L(GY)) = Maax(Q(G])) = A (3.36)

for r-uniform sunflowers when 3 < r < 2A. The results in our numerical experiments
imply that the equation in (3.36) also holds for 4-graphs G5. Moreover, whether the
equality (3.36) is suitable for any connected odd-bipartite uniform hypergraph is still

open.

3.6 Conclusion

In this section, we introduce an effective first-order optimization algorithm CEST

to calculate the largest or smallest H- and Z-eigenvalues of sparse tensors corre-
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sponding to large scale uniform hypergraphs. Based on the algebraic nature of these

tensors, the Lojasiewicz inequality is employed to prove the convergent property of
the sequence of iterative points produced by the CEST method. Furthermore, we
show that our method is able to obtain the the extreme eigenvalue of a symmetric
tensor with a high probability, and compute the eigenvalues of tensors involved in
hypergraphs with millions of vertices

By exploring the sparsity of tensors arising from a uniform hypergraph, a useful
fast computational framework for products of a vector and these tensors is con-
structed. With the aid of this technique, we can store a large scale hypergraph

economically, and improve the efficiency of a related algorithm greatly.



Chapter 4

Computing p-spectral radius of a
uniform hypergraph with
applications

In this section we introduce a first-order conjugate gradient based method (CSRH) to
calculate the p-spectral radii of uniform hypergraphs. We also analyse the convergent
property of the CSRH algorithm, and give the probability of the CSRH method
getting the global optimization solution. Finally, we apply the p-spectral radius

model, as well as the CSRH method in network analysis.

4.1 Introduction

Keevash et al. (2014) proposed the concept of p-spectral radius, which has impor-
tant application in the extremal hypergraph theory. In 1941, Turan (1941) gave
the famous Turan graph and Turan theorem, and it was regarded as the start of the
extremal graph theory. In the extremal graph theory, people study the extremal prob-
lems about graph parameters such as order, size and girth. These problems attract a
lot of attention and are widely studied in combinatorics. The Turan-type problems

were generalized from graph to hypergraph that is to find the largest number of

58
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edges in a hypergraph which is F-free!(Turén, 1961). In spite of the adequate study

of Turan-type problems in graph field, it becomes much more difficult to deal with
the Turan-type problems related to hypergraphs. A spectral Turan-type inequali-
ty was introduced, and extended the Turdn theorem in Nikiforov (2007). Keevash
et al. (2014) proposed the p-spectral format of Nikiforov’s inequality, which is useful
in resolving ‘degenerate’ Turdn-type problems. Moreover, Nikiforov (2013) showed
that the edge extremal problems asymptotically equals the extremal p-spectral radius
problems.

The p-spectral radius of a hypergraph contains other concepts, for example, La-
grangian, and the spectral radius of a hypergraph (Lu and Man, 2016b). Moreover,
the number of edges in the extremal problems is relevant to the p-spectral radii of hy-
pergraphs. If the parameter p equals one, the p-spectral radii of hypergraphs are, in
fact, the Lagrangians of the corresponding hypergraphs. Motzkin and Straus (1965)
introduced the Lagrangians of graph and hypergraph, which can be employed to give
proof of Turan’s theorem for a graph. The Lagrangian of a hypergraph was applied
to disproving a conjecture in Erdés and Stone (1946); Frankl and Rodl (1984), and
also to determine the non-jumping numbers for hypergraphs (Frankl et al., 2007;
Peng, 2008; Peng and Zhao, 2008). Also, the Lagrangian of a hypergraph is help-
ful in determining Turdn densities of hypergraphs (Brown and Simonovits, 1984;
Keevash, 2011; Mubayi, 2006; Sidorenko, 1987), which is an asymptotic solution of
the (non-degenerate) Turdan problem. If the parameter p is two, the p-spectral radius
of a uniform hypergraph is related to the largest Z-eigenvalue (Qi, 2005a) of the
adjacency tensor. If the parameter p is even and equals the order of a hypergraph,
the p-spectral radius is connected with the largest H-eigenvalue of the adjacency

tensor. Hence, the p-spectral radii of hypergraphs are linked with the spectral radii

L A uniform hypergraph that does not have a subgraph isomorphic to the uniform hypergraph F
is said to be F-free.
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of hypergrahs (Hu and Qi, 2015; Li et al., 2016; Lu and Man, 2016b). More theo-

retical results about p-spectral radii of hypergraphs are given in Kang et al. (2015);
Nikiforov (2014).

In addition to the application in the extremal hypergraph theory, p-spectral radii
could also evaluate the significance of items in networks. Quantifying the impor-
tance and rifeness of items is a hot topic in data mining, which is applied to rank
web pages (Page, 1999; Kolda et al., 2005; Ding et al., 2003), estimate customer be-
haviours (Krohn-Grimberghe et al., 2012), and retrieve images (Huang et al., 2010),
etc. We call elements of the vector related to the p-spectral radius of a hypergraph
the p-optimal weighting, which reflect the importance of vertices. The sorted re-
sults of objects change over the parameter p. In the numerical experiment part of
this chapter, we will give explanation on different ranking results. Moreover, we
demonstrate consequences of ranking large amount of real-life data via the method
proposed in this chapter.

Considering the computation of the p-spectral radius of a hypergraph, the meth-
ods for computing tensor eigenvalues, such as the shifted symmetric higher-order
power method (Power M.) (Kolda and Mayo, 2011), the generalized eigenproblem
adaptive power (GEAP) method (Kolda and Mayo, 2014), the Ng-Qi-Zhou method
(Ng et al., 2009), and the CEST method can be utilized when p = 2 or p is the
order of an even uniform hypergraph, in which case the p-spectral radius is the Z-
or H-eigenvalue of the adjacency tensor. With respect to positive p, when p is an
odd number or a fraction, the problem of computing p-spectral radii of a uniform
hypergraph is still open to the best of our knowledge.

We translate the the original p-spectral radius problem into a spherically con-
strained optimization model. By employing a conjugate gradient method, we get an
ascent direction based on the current iteration. In order to keep the unit length of
each iterative point, the Cayley transform is applied to projecting the ascent direc-
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tion onto the unit sphere. In addition, we illustrate that a positive constant can be

found to satisfy Wolfe conditions in the line search. By using these strategies, an
algorithm for Computing p-Spectral Radii of Hypergraphs (CSRH) with p > 1 is
obtained. Under situation of p = 1, the CSRH method can estimate the Lagrangian-
s (1-spectral radii) of hypergraphs. Moreover, the CSRH algorithm is proved to
be convergent, and can find the global optimization solution with high probability.
For calculating Z-eigenvalues and H-eigenvalues of adjacency tensors, the numerical
tests indicate that the CSRH method is predominant when compared to existing
approaches. Even if the dimensions of the hypergraph reaches to two millions, the
CSRH method performs well in experiments. Besides, we discover the relations be-
tween the importance of hypergraph vertices and the sequence of entries of p-optimal
weighting. By constructing a hypergraph model and sorting the vertices of the hy-
pergraph, the CSRH method is further employed in network analysis. Given a small
scale weighted hypergraph, the CSRH method calculates orders of the vertices from
different point of view. According to the publication information of 10305 authors in
real world, we construct the corresponding hypergraph model, and rank the authors
from individual and corporate angle respectively. We give reasonable explanations
for the ranking results, which are also consistent with the results in Ng et al. (2011).

If the elements in a set is repetitive, then this set is called a multiset. If a
hypergraph contains at least one edge which is a multiset, this hypergraph is called
a multi-hypergraph (Pearson and Zhang, 2014). The p-spectral radii problem can
be generalized from hypergraph to muli-hypergraph. As a matter of convenience, we
solve the p-spectral radii problems based on hypergraphs with no edge being multiset.
However, all computational skills, as well as theoretical results, in the following part

of this chapter is appropriate for p-spectral radii of multi-hypergraphs.
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4.2 The CSRH method

For the p-spectral radius problem in (2.4), we reformulate it to a maximization

problem with orthogonal constraint, and introduce an iterative algorithm to solve it.

4.2.1 A model with spherical constraint

By using the adjacency tensor of G, A?®)(G) in (2.4) can be expressed as

AP(G) = max (r — 1)1 AX", (4.1)

Iellp=1

which equals the unconstrained format

AD(G) = max(r — 1)1 (4.2)
x#0 I
Then the p-spectral radius of G in (2.4) is finally reformulated as
max f(x) = (r — 1)!AXT
AP(@) = 13 (4.3)

st x| = 1.

If the parameter p is greater than one and the vector x is nonzero, the merit function

f(x) is differentiable with its gradient being

rl

Vf(x)= (Ax"' — AX’"HXH;”X@_D) , (4.4)

x5

in which the vector x?~V is defined as
(xP~D); = |a|P tsgn(z;), for i=1,...,n.
Further, due to the zero-order homogeneous property of f(x), we obtain

x'Vf(x)=0, V0#xeR" (4.5)
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If we consider A?P)(G) as a function of p, the next proposition shows that AP (G) is

continuous in the variable p. Therefore, it enables us to estimate the p-spectral radius
of a hypergraph, especially the Lagrangian (1-spectral radius) of a hypergraph, when

we can not calculate it directly.

Proposition 4.1. Assume {py} is an infinite sequence satisfying

lim py = p, (4.6)
Y—00
where py > 1. Then we get
lim A\P9)(G) = \P)(@). (4.7)

$—00

Proof. Let f(x,p) be a function of both x € S* ! and p > 1 as follows

(x,p) € 8" x (1, +0).

Then f (x,p) is continuous in x and p. For any py € {py}, there exists at least an xj
such that
AP (G) = (x5, p0). (45)

Since {py} is infinite and {x}} is bounded, we have

lim xj = x;) (4.9)
¥—00

without loss of generality. From (4.3), we have
f&po) < f(x5.po). ¥ xS (4.10)
Further we obtain

lim f(%,py) < lim f(x5,ps) V €S
¥—00 Y—00
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Figure 4.1: Process of searching a new point on the unit sphere.

Since f (x,p) is continuous, we get

f&,pe) < f(xE,p) ¥V xS (4.11)
which means
flo,ps) = max f(x,p) = AP(G). (4.12)

On the other hand, from (4.8) we obtain

lim AP)(G) = lim f(x5,pg) = f(XE, ps). (4.13)
¥—00 ¥—00
Based on (4.12) and (4.13), the equation (4.7) is available. O

4.2.2 An algorithm for solving the model

In this subsection, we aim to design an iterative algorithm for the maximization
problem (4.3). Let x. be the current iterate. Then we want to seek a new feasible

iterate x.,1 such that
1. x.41 1s a unit vector;
2. d. = x.11 — X, is an ascent direction, i.e.,

d/Vf(x.) > 0. (4.14)
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Consider the iteration on the unit sphere in Figure 4.1.

First, based on a given unit vector x., the vector x.,1 is still on the unit sphere

if and only if the vector x.,1 + %, is perpendicular to the vector d. = x.11 — X, i.e.
(X1 +%.)'d. = 0. (4.15)
Given a skew-symmetric matrix W, = —W.", we have
(x. + Xc+1)TWC(Xc+1 +Xe) = —(Xeq1 + XC)TWC(X0+1 + x.) = 0,

which implies that when

d. = We(xe + Xer1), (4.16)

equation (4.15) and the first condition of x.y; are satisfied. Next, to meet the
second requirement, with the aid of optimization techniques we first construct an
ascent direction p. such that

p, Vf(x.) > 0. (4.17)

Since from (4.5) we have x!V f(x.) = 0, then we set the direction d. as a linear
combination of x. and p. :

d. = ax. + bpe, (4.18)

and get
dIVf(x.) = ax]V(x.) + bp Vf(x.) = bp. Vf(x.). (4.19)

Once the constant b in (4.18) is positive, d. remains an ascent direction from (4.17)
and (4.19).

In brief, if d. satisfies (4.16) and (4.18) with b > 0 the two criterions for the
new iterative point are achieved. Then by (4.16) and (4.18), we generate the skew-

symmetric matrix as

1
W, = §a(chcT — XCpCT) e R™", (4.20)
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in which « is a positive number. The equality (4.16) and (4.20) indicates that in

(4.18)
1 - 1 T
b= 50X, (Xe + Xep1) = éa(l + X, Xc11) = 0.
Here we claims that the constant b is positive. Because if b = 0, we have x., 1 = —X..

By substituting x.,; for —x. in (4.16) and from the equation
dc = Xe41 — Xoy

we obtain d. = 0 and d, = —2x, which contradicts the fact x/x. = 1. Therefore,
when the skew symmetric matrix follows the form in (4.20) and p. is an ascent
direction, the equations (4.16) and (4.18) hold with b > 0, which means X, is a

feasible point and d. is an ascent direction.

Lemma 4.1. By (4.16) and (4.20), the new iterate X1 is reformulated as

[(2 — axpc)? — |apc|*]x. + 4op,

= 4.21
Xera(er) T+ fap P — (xp)? 42
Moreover, we get
1
lape]?* = (exip)* \?®
¢ — X.|| =2 . 4.22
HX +1<Oé) X ” (4 + Hapc”2 . (OZXIPC)Q ( )

Proof. From (4.16), we obtain
Xep1 = (I — W) I + W,)x..

Then the orthogonal transformation is in fact based on a Cayley transform to the

skew-symmetric matric W. We omit the proof since it is similar to Lemma 3.6. [

To find the new feasible point x.,; in (4.21), an important step to be dealt with is

generating a direction p., which is expected to be an ascent direction, i.e., satisfying
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(4.17). A hypergraph or a tensor probably is large scale and it is usually time-

consuming if we compute a problem involving a hypergraph or a tensor in practice.
On the other hand, the nonlinear conjugate gradient approach is devised for solving
large problems. Therefore, we adopt the nonlinear conjugate gradient approach to
get an appropriate p.. Suppose the current iterate is x., a new direction p. based
on X. and the vector d._; = x. — X._1; under a conjugate gradient framework is

computed by
Pc = Vf(xc> + Bc—ldc—l- (423)

An effective nonlinear conjugate gradient method called CG_DESCENT was pro-
posed and proved to have a good descent property in Hager and Zhang (2005, 2006).
With the aid of the formula of parameter . in CG_DESCENT, we update the pa-

rameter ._; by B._1 = max(0, B._1), where

[yees? "V
N rdo Yl g ) IO et v s ey ]
_ dcflyc—l

0 otherwise,
(4.24)
Veo1 = Vf(x:) = Vf(Xc-1), 7 > 1/4 and € > 0. We choose the gradient direction as
the initial direction, i.e., pg = V f(x0). The following lemma shows that the direction

p. generated via (4.23) and (4.24) satisfies the sufficient ascent condition.

Lemma 4.2. If p. is a search direction given by (4.23) and (4.24), then we have

PV > (1) 1971 (4.29

Further, there exists a number My > 1 such that

Ipel < MoV f (%) (4.26)
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Proof. For the trivial case of 5.1 = 0, the two inequalities hold immediately. Next

we consider the condition of 8.1 # 0. From (4.23) and (4.24) we obtain

d., Vi) [ye]
d;r—lyc—l dz—1YC—1

B y271Vf(Xc)
dz_lyc—l

P VI(x) = [Vf(x)|* +7 d. Vf(x) d. Vf(x)

d;_,Vf(xc) (i, VF(x))?

1
= —|Vf(x)|? - L VE(xe) + T et
TV G = SR L Ve 7 S e
1 2
(1= 2 ) IV el
1 2
> (1= ) IVFGIP,
It is derived from
lder -yl = [deat] - |y and [de—s-d/ ] = [des |,
that
Tyeq]? des- dZ—l - dcT—1yc71 de1 - ycT—1
Hﬁc— dc— H < ’ va(XC)H
' ' (d;rfl}Ic—l)Q
eyl | 7ly _1\2dc—1\2]
< et = Vx|
| A1y (dl1ye1)?
(1 7
<[tz [1wrea
Then we get
1 7
ol < 1V £6)] + 18esden] < |14 7+ 5| 1901
By taking My = 1+ 1 + %, the inequality (4.26) is obtained. O

4.2.3 An inexact curvilinear search

In this subsection, it is illustrated that we can find a proper «. for the inexact
curvilinear search such that the analogous Wolfe conditions hold.
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Lemma 4.3. Suppose f'(a) is the derivative of f(Xxc+1()) at point a. Then we get

af'(a) = =Vf(xe1(a)) .. (4.27)
Proof. From (4.21) we have
[4 + @®|pe[* — a®(x; pe)*|xcx1(a) = [(2 - ax.pe)* — o®pe[*|x. + 4ap..
By taking derivative with respect to a, we obtain

20‘<HPCH2 - (XIPC)z)Xﬁ-l(Q) + [4 + CY2||ch2 - a2(x;rp6)2]xlc+1(a)
(4.28)
:[—4><chC + 204(chpc)2 — 204Hch2]XC + 4p..

It is derived from multiplying both sides of (4.28) by « and analyzing the result
based on (4.21) that

—202(||lp.|? = (xTp,)?
ox’, (a) = @(|lpe|? — (%, Pc)?)

= TT @b P = al(xdpop et (@) T Xen (@) — e (4.29)

Combing (4.29) with the equation V f(x.11(a)) x.41(a) = 0, we obtain

af'(a) = aVf(xe(a)) 'x (@) = =V (X (@) x.
[l

Due to the fact f(x) is twice continuously differentiable in the compact set S*~1,

there exists a positive number M such that
F) <M, Vx| <M, and [V*f(x)| <M (4.30)

If an optimization method enjoys a good ascent or descent property, Nocedal and
Wright (2006)[Lemma 3.1] showed that we can find an interval of step lengths sat-
isfying the Wolfe conditions. In the following theorem we prove that, an analogue

Wolfe conditions are feasible for the curvilinear line search in (4.21).
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Theorem 4.1. Suppose the parameters c; and co satisfy 0 < ¢y < ¢ < 1. Then there

exists a positive number o, such that

f(Xc+1(ac)) = f(Xc) + Clacvf<xc)Tpca (431>

Vix(ae) ' pe < Vf(x) pe (4.32)

Proof. Let x(a) = x.41(a) and f(a) = f(xer1(a)). Based on (4.21), we obtain

x.1(0) = —x! pex. + p., and

7o) = Fxenl@Dl G 0 (0)

do a=0

= vf(xc)T(—XIPcXc + pc) = vf(xc>Tpc-

Define /() as a linear function l(a) = f(x.) + c;aV f(x.) pe. From 0 < ¢; < 1
and Vf(x.)'pe > 0 in (4.25), we have f(0) = I(0) = f(x.) and f'(0) > '(0) > 0.
Because f(a) is bounded above, there is at least one intersection point of the line

[(a) and f(a) when a > 0. Let @ be the smallest intersection point. Hence we get

f(xes1(@) = f(xe) + aaVf(x:) pe. (4.33)

By the mean value theorem, there exists a constant p € (0, @) such that

F(%er1(@) = F(x.) = af'(p)
- (4.34)
By (127)] = =V xens (o) xe

From (4.5) and (4.21) we obtain

[(2 = px]Pe)? = |oPel IV F (o1 () %
£+ [ppel? — (pxIpo)y?

4pr(XC+1(p))Tpc
4+ [ppc|* — (pxIPe)?

Vf(Xchl(P))TXcH(P) =

=0,
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which means

—[(2 = pxPc)? = | P *IV f (%c11(p)) "% = 4pV f (Xe41(p)) " Pe- (4.35)
By combining(4.34) and (4.35), we get
(2 = pxIPe)? = [pPeP]f (xe41(@)) = f(x)] = 4aV f(xc41(p)) " Pe- (4.36)
Further, it can be deduced from (4.33) that

[(2 = px.Pe)* = ppe [’ (xcr1(a)) — f(xc)]

(4.37)
=[(2 = px!pe)® = |ppc)*lcraV f(x.) " pe.
From (4.36) and (4.37), we obtain
4V f(xe1(p)) 'Pe = [(2 = pxPe)? = | ope[*]er V F (%) "pe
Since
X Pe = X (Vf(xc) + Be-1de-1)
= 5671XZ(XC - chl)
= /30—1(1 - X;FXC—1>
>0
and [x.p.| < |pe|, we have
(2 = px.Pe)’ = [ppe[® = 4 — 4pxpe + (px.Pc)? — [ Pe[”
< 4 — 4px;rpc
< 4.
Based on Vf(x.) p. = 0, we obtain
Vf(%et1(p)) 'Pe < a1V f(%Xe) ' Pe. (4.38)

By setting the parameter a, = p, the inequality (4.32) holds for ¢s > ¢;. Since
p € (0,a), we have f(a.) > l(c.). Hence (4.31) is valid. O
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Algorithm 3 Computing p-spectral radius of a hypergraph(CSRH).

1: For a uniform hypergraph G, p > 1, choose parameters 0 < ¢; < co < 1, 7 > 1/4,
¢ > 0, an initial unit point xg, and k < 0. Calculate py = V f(xg).

2: while the sequence of iterates does not converge do

3:  Use interpolation method to find «, such that (4.31) and(4.32) hold.

4:  Update the new iterate x..1 = Xq41() by (4.21).

5 ComPUte dca vf(Xchl) ) ﬂca and Pe+1 by (423) :

6

: c<—c+ 1.
7. end while

(Chang et al., 2018)

We present the CSRH method for computing the p-spectral radius of a hyper-
graph in algorithm 3. First, we rewrite the original problem of AP)(G) as an equiv-
alent spherical constrained maximization model (4.3). Then we generate an ascent
direction p. via (4.4), (4.24) and (4.23). Finally, by choosing a suitable «. in the
curvilinear search (4.21), the new iterate x..; is projected on the unit sphere and
the analogue Wolfe conditions (4.31) and (4.32) are valid. The fast computational
technique for products Ax" and Ax"~! in Section 3.4 is employed in the process of

the CSRH method.

4.3 Convergence analysis

In this section we prove that the sequence of gradient norms approaches zero and the
sequence of iterates converges to a stationary point of f(x). In addition, we point out
that our method is able to get the exact p-spectral radius with a high probability.
For brevity, suppose the sequence {x.} generated by the CSRH method is infinite

without loss generality.

4.3.1 Primary convergence results

Since f(x) is bounded above from (4.30) and increase monotonically from (4.14), we

have the following result.

Lemma 4.4. The sequence {f(x.)} generated by the CSRH method converges.
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The convergence property of {V f(x.)} is given in the following theorem.

Theorem 4.2. The sequence {|V f(x.)|} generated by the algorithm CSRH from any

Xo € S converges to zero, i.e.
lim [V f(xc)[ = 0.
c—0

Proof. The result is achieved by two steps. First, we prove the Zoutendijk condition

holds, i.e.,

Z cos? @ ||V f(x.)|? < . (4.39)

c=0

Here ¢, is the angle between V f(x.) and p, as follows:

Vf(XC)Tpc
V(x| Ipel

P = arccos

Since V2 f(x) is bounded (4.30), the gradient function V f(x) is Lipschitz continuous

on S"71 ie.,
IVf(x1) = Vi(x)| < Lixi = x| Yxi,x,€ 8", (4.40)
where L is a positive constant. From (4.20), we have

(% %
HWH = H?(ch;r - pcx;r)” < ?(HXCPZH + Hpcx;r

1) < aclpel-
Hence by (4.16) we obtain
[%er1 = Xe| < [Wel (Ixesall + xe]) < 20e]pe- (4.41)

It can be deduce from (4.40) and (4.41) that

(vf<XC> - Vf(xc+1>>Tpc < LHXc+1 - XCHHPCH < 2L0zc||pCH2.
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From (4.32), we get

(vf(Xchl) - Vf(xc))Tpc < (62 - 1)vf(xc)Tp0' (442)

By using the above two relations, we have
(1 - CZ)Vf(Xc)Tpc < 2LO[CHch2,

which implies

1 — C2 vf(xc)Tpc

4.4
L I (4.43)

Then based on (4.31), we obtain

ci(1 =) (Vf(xe) 'pe)? _a(l —e)

2 2
- c v C 9
TR 2 cos? 0|V £ (x|

f(xc+1) - f(Xc) =

which deduces the following inequality
C ci(l =) 2 2
F(e) = f(x0) = X f(Xipn) — [ (i) = — 57 > cos i |V f ()]
i=0 i=0

From (4.30), the inequality (4.39) holds.

Next, we show that the angle ¢, is bounded away from 7. By combining (4.25)

and (4.26), we get

1
4t

)va(xc)H > i(l _ i) = (. (4.44)

T
Ipe| Mo~ 47

IV f(xe)llpel ~

The above inequalities mean that

cos g = Cy > 0.
Hence from (4.39) the result:

lim [V £(x.)] = 0,

is obtained. 0
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4.3.2 Further results when p is even

In this subsection, we study the convergence property in the case p is even. The

graph of the function f(x) involved in (4.3) is

Graph f = {(x,}) e R" x R: [(r — DIAX"]" = XD |a )"}

)

Since Graph f is a semialgebraic set, f(x) is a semialgebraic function and satisfies
the Lojasiewicz inequality in (3.26) (Absil et al., 2005; Bolte et al., 2007). The next
theorem shows the sequence {x.} converges to a first-order stationary point when p

1s even.

Theorem 4.3. Let {x.} be a sequence produced by the CSRH method. Then we have

lim x, = X4,
c—0

with X, being a first-order stationary point.

Proof. Based on (4.43), (4.25) and (4.26) we get

—_ 2
o 5 1o LY/
2L 477 [pef?
1*02 1
> 20— 1)
2LMZV Ar
= Qi > 0.

By combining (4.31) and (4.25) we have

f(Xc-i-l) - f(xc) = Clacvf(xc)Tpc
1
> (1= )|V (x)[?

> 0, (4.45)
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which indicates that

[f(Xe1) = [(xc)] = [Xer1 = x]. (4.46)

Therefore from (4.26), (4.31) and (4.41) we have

f(XC""l) - f(Xc) = Clac(l — %)W
1
> (1= DIVl ). (447)

From (4.46) and (4.47), as well as the Lojasiewicz inequality (3.26), the results are
obtained based on Theorem 3.2 in Absil et al. (2005). O

In order to study the probability of the event that the CSRH approach get an

exact p-spectral radius, we introduce the next Lemma.

Lemma 4.5. Assume X, is a stationary point of f(x) and B(x,p) = {x e S : |x—

x| < p} € U, in which % is a neighborhood of x, defined in (3.26). Let

QM()OK
a(l—6)(1— L)

C

and Xq be the initial point such that

o> plxa) = ClF(x0) — FG)' + [0 — .. (1.48)
Then we have
X € B(xa,p), ¢=0,1,2,..., (4.49)
and
2\&“ ] < o) — Pl (4.50)
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Proof. Let ¢(t) = €5 f(x,) — t|'~0. Then it is easy to verify that ¢(t) is a concave

function for f(x,) >t. Fori=0,1,...,c, we have

o(f(xi) — o(f(xis1)) = &' (f(x:))(f(xi) — f(Xis1))
= Ckl|f(xs) — f(X¢)|_0(f(Xi+1) — f(xi))
[The Lojasiewicz inequality] > HVf(Xi)H_l(f(xiH) — f(x;))

[For (4.31) and (4.25)] = cia4(1 — )HVf(XZ)H
For [(4.26) ] = ecrou(1— 41 )M Ipil
For [(4.41)] > %cl(l _ %)Jé I

Then we obtain

[err =%l < 3 Ixisn = ] + 0 — x|

= % DB (x0)) = 6(f(xii1))] + |30 — x4
< M) + %o — x|

a(l =)
< p.

Hence, we get x.41 € #(Xx, p) and (4.49) holds. Moreover,

2 brevs =l < S oy Do O(f (xern))] < — o

1
k:O (1= E)

¢(f(%0))-

The inequality (4.50) is valid. O

Theorem 4.4. If we start the CSRH algorithm from N uniformly distributed initial

points on S"1, and choose the largest one among the results of these trails as the
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p-spectral radius of its corresponding problem, then the probability of getting a true

p-spectral radius s

1—(1-9)",

in which the parameter ¢ satisfies s € (0,1]. When N is large enough, the probability

1s close to 1.

Proof. With the aid of Lemma 4.5, we can prove the result similarly according to

Theorem 3.9. [

4.4 Numerical results

In this section, we represent the numerical performances of the CSRH method for
computing the p-spectral radius when p > 1 and estimating the Lagrangian (p = 1) of
a hypergraph. For eigenvalue problems of adjacency tensors (p = 2 or r), we compare
the CSRH method with several other algorithms. Further, we assign other different
values to p, and calculate the p-spectral radii of S-stars. In Subsection 4.4.2, the
CSRH method is applied to approximating the Lagrangian of a hypaergraph. We
carry out the tests by MATLAB. Experiments in Subsection 4.4.1 are terminated

when

IVF(l: <107 or AP —AP(G)| <107,

in which A® is the numerical result given by the CSRH method and AY )(G) is the
analytical solution from relevant theorems or conclusions. For the tests in Subsection

4.4.2 and Section 4.5, the termination criterion is
[Vf(x)]2 < 107"

In addition, all experiments, except those in Tensor Toolbox, are terminated when
the maximum number of iterations reaches 1000. As the experiments in Section 3.5,

for each test we run the CSRH method one hundred times from one hundred initial
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points which are uniformly distributed on the unit sphere S*~!, and get one hundred

approximated solutions Aip ), o ,)\5%)0. The largest one is taken to be the numerical

result of the p-spectral radius. Based on this data, we denote the accuracy rate of a

method as

x 1%. (4.51)

Accu. = { ) ’)‘z('p) _ )‘S‘p)(Gﬂ

(2
A(@))

< 10—8}

We report the number of iterations (Iter.), the total computational time (Time) for
all one hundred runs, the accuracy rate (Accu.), and the relative error (Err.) between

a computational value and a real solution.

4.4.1 Calculation of p-spectral radii of hypergraphs

When p equals two, the 2-spectral radius of an r-graph is (r — 1)! times the Z-
eigenvalue of its adjacency tensor. When p is even and equivalent to r, the r-spectral
radius of the r-graph is (r — 1)! times the H-eigenvalue of its adjacency tensor. For
the Z-eigenvalue problems of adjacency tensors, we compare the CSRH method with
the adaptive shifted power method (Power M.).

Eigenvalues of adjacency tensors. Given a 3-graph G with its vertex set
V being V = {1,2,3,4} and edge set F being E = {123,234}, the exact largest
Z-eigenvalue of its adjacency tensor is provided in Xie and Chang (2013b). For the
two loose paths Gy with V' = {1,2,3,4,5,6,7} and E = {123,345,567}, G3 with
V =1{1,2,3,4,5} and E = {123,345}, as well as the 4-vertex 3-uniform completed
hypergraph in Figure 2.4, Pearson and Zhang (2014) gave the the exact largest Z-
eigenvalues of their adjacency tensors. Here we renamed the hypergraph in Figure
2.4 as G4. The results of CSRH method and Power M. method for finding the largest
Z-eigenvalues of adjacency tensors of GGy, Ga, G35, and G4 are shown in Table 4.1.
The relative errors in the Err. column are given based on the the exact largest Z-

eigenvalue of the corresponding adjacency tensors in Xie and Chang (2013b); Pearson
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and Zhang (2014). In terms of the computing time, the CSRH method seems more

stable and efficient than the Power M. method.

Table 4.1: Computing A2, (A) of small scale hypergraphs.

max

H h CSRH Power M.
YPETErabh Freer Time(s) Accu. Err. Iter.  Time(s) Accu. Err.
Gy 13593  3.35 1.00 544 x107'° [ 2668  4.89 1.00 544 x 10716
Gs 1257 0.78 1.00  3.85 x 10716 | 18610 32.58 0.94  3.85x 10716
G3 674 0.42 1.00  3.85 x 10716 | 731 1.61 1.00  7.69 x 10716
Gy 8901 2.23 0.18 1.48 x 10716 | 2317  4.38 0.22 2.96 x 10716

The main goal of the next experiment is to verify that the probability of the event
that the CSRH approach find an exact p-spectral radius increases along with the trail
number. By randomly choosing the initial points from uniformly distributed points,
we apply the CSRH method to computing AZ__(A) of the hypergraph G,. When the
relative error of our computational largest Z-eigenvalue is equivalent to or less than
1078, we terminate the trail and write down the number of run times. The test is
run one thousand times repeatly. Denote o (i) as the occurrence of tests whose trail

time is the integer 4, and v; as the frequency of touching the exact Z-eigenvalue when

running ¢ times as follows:

qug(j)
=it 4,52
v 1000 (4.52)

The frequencies of different running times are displayed in Figure 4.2. It illustrates
the connection between trail times and success probability. We can see that the
frequencies increase with the trail times ¢. This phenomenon is consistent with the
result in Proposition 4.4.

Large scale examples with various p. Since the p-spectral radii of S-stars can
be attained from Theorem 2.5, we report the numerical performance of the CSRH
method for calculating the p-spectral radii of S-stars.

We compute the p-spectral radii of S-stars with different number of orders and

edges. Table 4.2 describes the numerical results of 3-spectral radius of 3-uniform
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Table 4.2: Computing three-spectral radii of three-uniform [-stars.

p=3,r=3(p>r—1)

" Iter.  Time(s) Accu. Err.
21 1835 0.34 1.00  5.38 x 10716
201 2609 0.60 1.00  3.55 x 1071°
2,001 3539 1.87 1.00  4.33 x 10714
20,001 | 4475 1293  1.00 6.39 x 10~
200,001 | 6038  263.39  0.98 1.93 x 107!
2,000,001 | 20018 15437.99 1.00 1.22 x 10719

[b-stars, while Table 4.2 displays the consequences of 4-spectral radius of 6-uniform

[-stars.

The relative errors listed in the Err.

column is provided via the exact

solution of the corresponding problem obtained from Theorem 2.5. We show that

the CSRH method is able to compute the 3- and 4-spectral radii of S-stars with

millions of vertices with high probability and efficiency.

4.4.2 Approximation of the Lagrangian of a hypergraph

The Lagrangian of a hypergraph G denoted in (2.5) is actually its 1-spectral ra-

dius. As f(x) is nonsmooth at the point x which has zero elements, we prefer to
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Table 4.3: Computing four-spectral radii of four-uniform [S-stars.

p=4,r=6(p<r—1)

Iter.  Time(s) Accu. Err.
51 14747 4.79 0.99 1.59 x 1071
501 26019 14.52 0.98 9.56 x 10712
5,001 30108 57.82 0.99 2.01x 1071
50,001 | 32387  426.60 0.95 1.08 x 107!
500,001 | 30070  6309.58 0.99 4.49 x 10711
5,000,001 | 51609 125869.02 0.97 2.40 x 10710

n

approximate A (G) by AP?)(G), where py is defined as

, ford=1,2,.... (4.53)

1
_ 1
Po = 1% 55

Since limy_,, py = 1, then we get

lim \?)(G) = \I(@),

$—00

by the result in Proposition 4.1. Therefore, it is rational that we estimate the La-
grangian of G by the py-spectral radius of G. Moreover, due to continuous and
differentiable probability of the function f,,(x), the CSRH method is suitable for

the py-spectral radius problem. If we denote a vector w as

1

w; =x, fori=1,...,n,

and substitute the variable x by wl?**+1 the function f,,(x) = f,,(w2*1) is a
semialgebraic function and satisfies the Lojasiewicz inequality in (3.26). Hence, the
convergence results in Section 4.3 also apply to the py-spectral radius problem in
this subsection.

We illustrate the feasibility of the CSRH method estimating Lagrangian of a
hypergraph by two steps. At first, examples of the CSRH method computing the

py-spectral radius of a uniform hypergraph are given. Second, we demonstrate the
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Table 4.4: Computing py-spectral radii.

Do Iter.  Time(s) Accu. Err.
po =2 [ 3037 0.99 1.00  0.00
po = | 13271 17.88 1.00  3.08 x 10716
pg == | 51018 110.53  1.00  1.85x 107'¢
po =3 | 84848 88.85 1.00 3.07x 1074

numerical performance of the CSRH method for approximating the Lagrangians of

complete hypergraphs via py-spectral radius.

The results of the CSRH method calculating the py-spectral radius of a 3-uniform

[-star with 10 edges are reported in Table 4.4. The accurate values of py-spectral

radii is attained from Theorem 2.5. We can see that all tests get the exact py-spectral

radius with accuracy rate being 100%, and the relative errors of all computational

results are not greater than 3.07 x 10714,

10° P
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Figure 4.3: Approximating the 1-spectral radii of complete hypergraphs.
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Since the exact Lagrangian of a completed hypergraph could be attained via

Proposition 2.1, then we use AP’ to estimate the Lagrangian of 3 completed hyper-
graphs C3, C3, and C3;, and show the absolute errors of our approximated solutions
in Figure 4.3. The horizontal line means the difference between py and 1, while the
vertical line represents the difference between the numerical result AP? and the actual
Lagrangian of the corresponding completed hypergraph. The tests indicate that the
py-spectral radii can estimate the Lagrangians of hypergraphs well when py is close

to 1.

4.5 Application in network analysis

Given a hypergraph, both the optimal value of f(x) in (4.3), i.e., the p-spectral
radius, and the optimal point x, reflect its structure. Recall that an optimal point is
also called a p-optimal weighting in (2.4). The ranking of elements of the p-optimal
weighting implies the significance of the relative vertices in the hypergraph. Hence,
we regard the jth entry of the p-optimal weighting as the impact factor of the jth
vertex. The ranking results vary with the value of p. When p is comparatively
large, the p-optimal weighting show the importance of vertices individually. When
p is comparatively small, the ranking result tends to give the importance of groups
in the vertex set. In this section, we compile the CSRH method 10 times for each
problem, and the p-optimal weighting is determined by the vector associated with

the largest computational result.

4.5.1 A toy example

The p-spectral radius model is first applied to a toy problem to demonstrate the
influence of p on the ranking results. In Figure 4.4, a 6-graph is created with the
weight of its each edge being 1, except the last edge which is assigned a weight of

%. It can be seen that the vertices numbered 1, 31, and 26 are different from other
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Table 4.5: Top ten vertices in Figure 4.4.
Rankin ng p=5 p =16
& & Num. Val. Num. Val. Num. Val.
1 39 0.4082483175 | 41 0.4081204985 | 1 0.1709715830
2 38 0.4082482858 | 39 0.4081204985 | 31 0.1678396311
3 31 0.4082482855 | 31 0.4081204983 | 26 0.1618288319
4 41 0.4082482854 | 38 0.4081204982 | 39 0.1600192388
5 40 0.4082482849 | 40 0.4081204973 | 38 0.1600192387
6 37 0.4082482834 | 37 0.4081204958 | 41 0.1600192387
7 24 0.0000000000 | 28 0.0073198868 | 40 0.1600192386
8 34 0.0000000000 | 30 0.0073192175 | 37 0.1600192385
9 23 0.0000000000 | 26 0.0073061265 | 23 0.1550865094
10 3 0.0000000000 | 29 0.0071906282 | 22 0.1550865094

vertices in terms of degree, and the edge {31,37,38,39,40,41} is distinct because
of its weight. With the aid of different p-optimal weightings, the ranking results
of vertices are given in Table 4.5. The numbers of the vertices are listed in the
Num. columns, while the values of impact factors of the corresponding vertices are
displayed in the Val. columns.

When p = %, the top 6 vertices come from the edge with largest weight, and the
impact factor of the top 6 vertices are far more greater than the impact factor of
others. All the elements of the %—optimal weighting, except those associated with the
top 6 vertices , are less than 5 x 107!°. Due to the predominance of the impact factors

related to the dominant vertices from the largest weighted edge, the influence of all
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the other vertices can be ignored. In other words, in this case the ranking results

provide the most influential group among the vertices of this weighted hypergraph.
When p = 5, although the top 6 vertices remain top 6, the gaps among the impact
factors dramatically reduce and the 26th vertex enters top 10. When p = 16, results
are clearly changed with the top 3 vertices being 1, 31 and 26. The impact factor of
a vertex are more relevant to its own degree rather than to the influence of its group.
Thus, we argue that the 16-spectral radius reveals the individual importance of all

vertices.

4.5.2 Author ranking

In this subsection, we generate the rank of a number of authors in accordance with
their collaborations in the publication information which can be downloaded from
DBLP2. By using the same data set, Ng et al. have given different ranking results
according citations of authors, category concepts, collaborations, and papers sepa-
rately. We will compare our sorting results with theirs.

We store the cooperation information in a weighted 3-uniform multi-hypergraph
G4, whose vertex set is composed of 10305 authors. If any three authors have
cooperations under a topic, then they are in the same edge. The weight of an edge
is determined by the total collaboration times among the three authors in this edge.
In this way, G4 becomes a 3-graph with 1,243,443 edges, and its adjacency tensor
has 1.17% nonzero elements.

It can be seen from the example in Subsection 4.5.1 that by calculating different
p-optimal weighting, we get different ranking results of the vertices in a hypergraph.
First, we demonstrate the consequence of author group ranking via 2-optimal weight-
ing in Figure 4.5. The stars show the 2-optimal impact factors of the corresponding

authors. The majority components of the 2-optimal weighting approach zero, while

2 http://www.informatik.uni-trier.de/ ley/db/
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Figure 4.5: 2-optimal points.

only dozens of stars are above the horizontal line y = 0.1. Considering the value of
the 2-optimal impactor factors , 97.2% of them are less than 1073, while only 18%
are greater than 0.1. As shown in the picture, several uppermost stars are at the top
and the value of the largest impact factor is 0.4481. It implies that a tiny fraction
of the elements of the 2-optimal weighting plays a leading role, and we treat the
corresponding dominant vertices in the hypergraph as a group. We also display the
top ten authors in the light of the 2-optimal impact factors in the second column of
Table 4.6. Among these top ten authors, each two authors collaborate 8.533 times
on average, while among the whole 10305 authors each two authors collaborate only
9.76 x 10~* times. Due to the intimate cooperation of the top ten authors, we re-
gard the authors listed in the second column as not only a group but also the most
powerful group.

The 12-optimal impact factors of vertices, which represent the 10305 authors,
are shown in Figure 4.6. It has an entirely different distribution from the 2-optimal

impact factors in Figure 4.5. Stars in Figure 4.6 spread evenly over the internal
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Figure 4.6: 12-optimal points.

between 0.006 and 0.014. In reality, the times of collaboration between different
cooperators are mainly one or two. Thus the balance and concentration of the impact
factors is consistent with the cooperation information. The top ten authors produced
according to the 12-optimal weighting are shown in the third column of Table 4.6. In
accordance with the collaboration and category information, Ng et al. also provide
the top ten authors based on the same data set as ours, which are presented in the
MultiRank column. 6 authors among 10 in MultiRank column appear in the top ten

list of our 12-optimal rank.

4.6 Conclusion

For the p-spectral radius optimization problem, we transform its constraint from p-
norm into a spherical one, and introduce an iterative method, called CSRH, to solve
it. Also, we prove that in the curvilinear search, a suitable step length satisfying the
analogue Wolfe conditions exists. In terms of the convergence property, it is shown

that the sequence of the gradients converges to zero. Further convergence results
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Table 4.6: Top 10 authors.
Ranking Author Name .
p=2 p=12 MultiRank
1 Zheng Chen Wei-Ying Ma C. Lee Giles
2 Wei-Ying Ma Zheng Chen Philip S. Yu
3 Qiang Yang Jiawei Han Wei-Ying Ma
4 Jun Yan Philip S. Yu Zheng Chen
5 Benyu Zhang C. Lee Giles Jiawei Han
6 Hua-Jun Zeng | Jian Pei Christos Faloutsos
7 Weiguo Fan Christos Faloutsos | Bing Liu
8 Wensi Xi Yong Yu Johannes Gehrke
9 Dou Shen Qiang Yang Gerhard Weikum
10 Shuicheng Yan | Ravi Kumar Elke A. Rundensteiner

are given under the condition that p is even. The CSRH method performs well in

solving the p-spectral radius problems in the numerical experiments. Finally, the

CSRH method successfully provide the rank of 10305 authors from real world data

set by calculating the p-optimal weighting of a weighted hypergraph with millions of

edges.
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Conclusions and future work

For the computational problems related to tensors arising from hypergraphs, we in-
vestigated the eigenvalues of such tensors and the p-spectral radius of hypergraphs
via adjacency tensors. The CEST method proposed for computing eigenvalues of
adjacency tensor, Laplacian tensor and signless Laplacian tensor of a uniform hy-
pergraph is well designed. The sequence of the function value and iterative points
generated by the CEST method converge to an eigenvalue and its associated eigen-
vector respectively. Numerical experiments show that the CEST method is efficient.
The p-spectral radius of a hypergraph is expressed as an adjacency tensor related
maximization problem. The CSRH method is proved to be convergent and it can
calculate p-spectral radius for different numbers assigned to p, which are greater than
one, effectively. Further, the CSRH method is able to approximate the Lagrangian
of a hypergraph accurately. In our numerical experiment, both the CSRH and the
CEST method can deal with hypergraphs with millions of vertices.

Just as we have mentioned in the introduction part, tensor is a useful tool in the
study of hypergraph field. Not only the eigenvalue problems and p-spectral radius
problem, but also many other problems in hypergraph theory and application can
be formulated and tackled by tensors. Such kind of unsolved problems, as well as

the development in tensor theory, motivate us to further solve computing problems
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in hypergprah area with the aid of tensors. For example, the k-way hypergraph
partitioning problems (Papa and Markov, 2007), which are widely studied in machine
learning, computer vision, and very large scale integration (VLSI) design. We restate

the problem as follows.

Definition 5.1 (k-way hypergraph partitioning problem). Given a hypergraph, group
all vertices of this hypergraph into k disjoint sets, such that a certain cost function

18 minimaized.

In Chen et al. (2017), the hypergraph bi-partitioning problem is studied by eigen-
values of Laplacian tensor of the corresponding hypergraph. The general k-way hy-
pergraph partitioning problem can be divided into two subproblems. First is to
construct the minimization model, specifically the cost function, while the second is
to solve this model effectively. Based on spectral clustering knowledge, a popular
method for k-way hypergraph partitioning is given in Zhou et al. (2007). In this
method, matrix plays a central role in storing the hypergraph information and gen-
erating the cost function. Since usually a tensor can represent a hypergraph better
than a matrix do, it is natural that we construct a tensor related model to solve the

k-way hypergraph partitioning problem. Actually, this is our ongoing work.
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